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Mpeaucnosue

_CenmbCKOXO3AHCTBEHHbIE HAYKHA, B YaCTHOCTU - arpo-
HOMHYECKass M 300TEXHMYECKasd, CTPOATCS HA aHAJIH3E -
3aBUCHMOCTEH; CyIIECTBYIOIMHUX B MNpHpone, M Ha cTa-
TUCTWYECKMX M HHBIX 3akoHaX. Maremartmka sBisgercs
TeM YHUBEPCAJIbHBIM CPEJCTBOM, C NOMOINBIO KOTOPOTO
MOXHO ONHCATh PEAJbHO CYINECTBYIOLIUE 3aBHCHUMOCTH
W WCHONB30BaTH WX B JaJbHEHIIEM MUIS HayYHbIX
TIPOTHO30B SBJICHUH H IIPOLECCOB.

CrenmaucTel CeJIBCKOrOo X034#cTBA, Kak M IpyTHe
CHEeIUMAJIMCTHI, MCHOJB3YIOT METOABI MaTeMAaTHYeCcKO
CTATHUCTUKH. 37I€Ch CYIIIECTBEHHOE 3HAUCHUE HMMEET IIpa-
BUJIbHBEHA BHIOOP MaTEMAaTHYECKOH MOJAEIM U3Y4aeMOTo
SIBJICHAA, T. €. TaK Ha3blBaeMOH INPOU3BOJCTBCHHOH (hyH-
KIMH, OTpaxaromiell OCHOBHBIE OCOOEHHOCTH paccMart-
puBaemMoro mnponecca. [anpHeliinee uccsenoBanme 37O
(YHKIUE ~ [O3BOJIIET HANTH CKOPOCTH €€ M3MEHCHHUM,
PELMTL 33/1avd, HAMJYUINIErO MCHONb30BAHUA DPECYpPCOB,
‘TMOJTyUeHHs MAaKCHMAJBHOTO YpOXKas, ONpenescHUs Max-
CHMaJIBHOM NpuUOBUIM U MUHHMYyMAa 3aTpar Ha NpOM3-
BOJCTBO CIWMHALE! IPOAYKIMH W JPYIHe 3aiavu.
©, Jns ycrelmHoro OBJIAJICHASA CEIbCKOXO3AMCTBEHHBIMU
CHEIMAILHOCTSAMH TAKXE BaXKHO 3HATH 3aKOHBI (H3MKH,
TeHETUKH, GHOJIOTHH, XVIMHHM, SKOHOMUKH. Bce 3TH Hayku
B TOH WIN MHOH Mepe HCIONbL3YOT MaTeMAaTUKy, 4TO
CJIMIIHUA  pa3  CBUACTEILCTBYET B - MOJIB3Y  CEPhLE3HOrO
U3yYeHHS Kypca BBHICIIEH MaTeMaTHKA.

. Hacrosmas xaura HanmcaHa B COOTBETCTBUH € IIPOI'paM-
MO# 1o BbICIIEH MaTeMaTuke, paccyuTanHoi ra 100—120
-YMacoB, W TpeIHa3HavYeHa JUIsl CTYIEHTOB OMONOTHYECKHX -
" (paxyJIbTETOB CENBCKOXO3AHCTBEHHBIX HHCTUTYTOB, OCHOB-
Hasd Uejb KHATH — [IOMOYb OyAyIIMM arpoHOMaM, 300TeX-
HUKaM H BeTBpadyaM HpHOOpecTH OCHOBBI 3HAHWH IO
BBICITIE MaTeMaTHUKE, NMPUBUTE HHTEPEC K €€ M3YYCHHIO.
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- B ocmoBy paboTBH IIOJIOXKEH - ONEIT  TPEHOXABAHUS
BBICIIIEH MaTeMaTHUKH B CEIILCKOXO34HCTBEHHOM WHCTH-
TyTe, & TAKXKe PONCTBEHHBIX Kadeap APYrux MHCTUTYTOB.
O3paxoMileHye € KYPCAMH CHENUANbHBIX JAUCIHIIINH —
3eMJIeIeNs, PaCTCHUEBOJICTBA, KOPMJICHMS CEJIHCKOXO-
3AUCTBEHHBIX XWBOTHBIX, KHBOTHOBOJCTBA—H OTHENb-
HBIMK - MOHOTpadUsIMH MO3BOJIMJIO aBTOPY BKJIIOYUTH
B KHUI'Y MHOIO -TpUMEPOB H 3amad TPHKJIATHOTO
COMEPXKAHUS, WILIFOCTPUPYIOMMX -OCHOBHBIE HOJOXKEHUS
Kypca, a TakkKe MaTepHajbl HETPAJMIMOHHOIO COIEp-
xaHud., B OONBIIMHCTBE CIyYacB B [OCOOMM HOBBIE
HOHSITHS TPEBAPSAOTCA MPUMEPAME U 3aTaYaMHU, CBS-
3aHABIME ¢ ocobeBnocTsIMA Oyaymieii npodeccnoHa AR
OeATeTbHOCTH CTYAeHTOB. Martepuas u3JIokeH B J0-
CTyIHOI (popme, HO € JocTaTouHOll cTporocteio.” Cuemy-
€T 0Co60 OTMETHUTB, 4YTO (OPMYJIMPOBKU OTACIBHBIX
ompeJiesIeHAE M H3J0XCHHE BCEr0 MaTepuana B IEJIOM
CO3HATENBHO VIIPOIICHLI.

Bee riaBml 3akamuuBaroTcs  obobinarorumu - Tabnu-
IAMH, KOTOpBIE WIPAIOT BAKHYIO POJb UIS CHCTEMA-
TA3ANUH W 3allOMUH2aHWS usyueHHoro. Onm- MoryT
" HCITONB30BATLCS KaK CHPABOYHBIA MATEpUAT W OMOPHBIE
CXEMBI 110 COJACPXKAHWIO KaXKIO¥W TJaBBIL

- ABTOP BBIpaXaeT TPUHATEIHHOCTEL HOKTOPY QM3UKO-
‘MATEMaTUYeCKHX HaykK, mnpodeccopy A. B. 3apenya 3a
LUEHHBIE TPEAIONKCHUS M 3aMCUAHMS,  BLICKA3aHHBLIC UM
IpA  PEIEH3NPOBAHNHY PYKOIUCH, a TakXe CTapluieMy
upenonasaresro . H. Jlanmwuo#t, npuHsBIIel yuactue
B TOADOpEe psifia HPUMEPOB TNPHKIATHOTO COAEPXAHHA.

- ABTOp mpHHOCHT OJATOAPHOCTh PEHEH3EHTAM KHUTH
IOUEHTAM, KaHOmmataM (QH3TKO-MATEMAaTHYECKUX HAVK
A. b. Kpeiruny, JI. A. Kysmenosy, JI. M. [laBnouxoi;,
B. B. TuxomupoBy, - JOHEHTY, - KaHTUAATY TEXHMYECKUX
Hayk Uymecenko B. @., BHUMATENHHG:  ITPOYHTABIIMM
PYKOTIINCHL H C,Z[GJIEIBU.IPIM TIOJIC3HBIE NPEUIOKCHHS W 3a-
MEYaHu4.
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YacTb nepgan

SremeHThl
aHanuUTUYeckon reomeTpun

AnanuTudeckas reoMerpus — o0gacTb MaTEeMAaTHKH,
B KOTOPOH TeOMETPHMYCCKWE 3aiadM pemaroTcs aired-
pamdecKuM CcIocoboM Ha OCHOBE METOAa KOODIHMHAT.
Boepenle MeTOH KOOPIOWHAT BBEJI (DpaHIy3CKHHi yue-
- Hblll — unocod, Pusuk 1 mMaremaTux P. Jlexkapt (1596—
- 1650), moaToMy METOH HOCHT €r0 MMH.

fnaesa 1
Meron koopauHar. Bekropbl

B riaBe paccMaTpuBaeTCS CYIHOCTH METOIa KOOp-
OVHAT ¥ HAd €r0 OCHOBE YCTAHABIIMBAETCA COOTBETCTBUE
Mexay Toukamu . W uucnamu. C  NOMOINBIO 3TOTO
COOTBCTCTBUA H3YUCHUC TCOMETPHUCCKUX CBOHCTB TOYEK
M UX B3aMMHOTO DACIHOJOXEHHS CBOJUTCS K PacCMOT-
PEHAIO COOTHOICHUN MEXJy 4qHciaMmu. BBomutcs Tmo-
HATAC BEKTOpPa U GCKAJIIPHOIO NPOM3BEICHUSL

- § 1.1. YACNOBAA OCb.
_METO/, NMPAMOYTOJIbHbIX KOOPAUHAT HA NMPAMOW,
| HA TIOCKOCTW W B NPOCTPAHCTBE '

 Ilpeacraprenme o 4HMCIHOBOM oOcH JAaeT oObIYHAS
nuHelika. JIro60My NOJIOKUTENBHOMY YMCIY B Ipejeiax
JUIMHBl JMHEHKH MOXHO TIOCTAaBUTh B COOTBETCTBHUE
Touky. Yem Oonblue umcno, TeM Majipllieé COOTBETCT-
-Byrolass TOYKa OT HayajJa JHHEHKH.
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Puc. 1

Oupeneneuue. Ilpamvas, Ha Komopol yxasana
" Hauanenaa mouka O, noaoxcumebHoe Hanpagienue U eou-
nuya Oaunsr, Hasvigaemca Hucaoeoit ocvbio.  ObwluHO -
HOAOCUMENbHOE HANPABACHUE GbIOUPAIOM CAe6Q HANPABo
(puc. 1).

Bo3bMeM Ha YHUCIOBOH OCH TOHYKY M Wzmepus
JUTUHY oTpe3ka OM, nosyunmMm uucio m>0. Bseaem
ypcno x: 1) ecim M mpasee 0, To x=m, 2) ecnu
M gnesee 0, TO x=-—m, 3) ecsu M=0, 1O x=0.
Yncno x waspiaercs koopamuatod Ttouku M. Koop-
QVHATa 3aIHCLIBAETCA B KPYIJBIX ckoOkax psmom ¢ 00o-
3HaYeHWeM  camoii  Toukn: M(x). JBym. pasmmuHBIM
TOYKaM M m M, OTBeYalrOT [OBA pa3JIMYHBIX YHCIIA
X; M X,—HX, KoopJuHathl. Taxum oOpaszoMm, kaxaasd
TOYKA YHUCITOBOM OCH ONPENEAeT MeHCTBUTEIBHOE, YUCIIO.

Hyctp Temeps damo 4qucno x: OTHOKHM OT TOUKH
O oTpesok AnMHOM x €1. Bnpaso, ecam x>0, u |x|
el.  BJieBo, ecimu x<0. B KoHUE  OTpe3ka NOIYy4YHM
. TO4UKy, o00o3HauuM <ee M. [IByM pa3jHYHBIM UHUCJIAM
X; U X, OTBCHAIOT [BE pa3JU4YHble TOUYKU M; u M,.
. V3 W3JIOKEHHOFO JejlaeM BBIBOJA: MEXIY TOYKaAMH.
HUCAOBOH OCH ¥ JEHCTBUTEJILHBIMHU YHMCIaMU CYLHECTBYET
B3AHMHO OJHO3HAYHOE COOQTBETCTBHE. :
Hyetb nmambl gse ToukH A(xy) u B(x;). Ecim mmany
oTpe3ka ¢ koHmamu A u B obGosHaunth [4B|, TO Mk
Touek A(x;) u B(x;) |AB|=|x,—x]. :

® Hpumep IIaHm ase  Toukw A(2) m  B(6). Torna
) !
Orpezrcy AB CcOMOCTaBIACTCA MONOKHTENLHOE NEHCTRUTETbHOE
YUCJIO —€ro. AIuHa. @

1. paMoyro/ibHble  KOOPAMHATHLI - HA  NJIOCKOCTH.
Bo3pMeM ‘Ha TUIOCKOCTH B¢ B3AUMHO NECPUCHIUKYJISPHBIE
OCH C OJMHAKOBOW eawmHUIeH. QaumHLL. O003HAYMM UX
Ox u Oy (puc. 2). 3a Hayaygo OTCYETA HO . 0bOeHM
OCAM OpHUMeM TOuKy WuX nepecedernus (. Iipm sTom
ock Ox HA3BIBACTCA ocbro abcyucc, Oy—ocblo opounam.
Tem caMbIM COCTABHM: CHCTEMY KOOpDIMHAT Ha IUIOC-
xoctu. U3 nponaaonmon TOMKH M OmyCTHM mMepIeH-
JaKyaapet MN u. MP wa Oy n Ox. o
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" Iycrs x—xoopauHata TOYKK P Ha ocu Ox, yp—
KoopauHata Toukm N Ha ocum Oy. o

" UYmcnmo x Ha3BIBaeTCA  abCyuccot, -y -— opOuHamot
ToukH, o0a uucna BMeCTe — KoOpouHamamu Toudkn M.
Koopaunatsl 3anuchBaioT psamoM ¢ obozHavenuweMm Tou-
ku: M(x; y). Ilpm sToM Ha HEpPBOM Mecre B CKOOKax
TIUIYT aOCOUMCCy TOYKH.

CrenoBaTeabHO, KaXIOM TOYKE HA IUIOCKOCTH B CH-
.CTEME MNPAMOYIOJBHBIX KOOPIUHAT OTBEUAET «yHmOpH-
TOYCHHAs» Tapa NCHCTBUTENBHBIX wucex (x, y), T.e.
TakKuX YHCEN, AJIA KOTOPBIX M3BECTHO, KaK0e CUUTAETCS
nepBBIM, a kakoe—BTopbiM. Ecimu TOoYxa M cosepmaer
JIBVDKCHHE HO IJIOCKOCTH Oxy, TO € KOOpJWHATH OyIyT
‘MEHATLCSL. .

Cnpaaennnno u oﬁpaTHoe yTBepm,ueHne YHOPSHOYCH-
Has Tapa JCHCTBUTENIBHEIX YHCEN OMPEAeNIAET Ha IIOC-
~k¥oct¥ TOoYkKy. IlycTh nmamml aBa yucna x u y. OTROXRNIM
"mo ocm Ox or TouykE O OTPE30K MJMHOH X €7l BIPaBO,
‘ecmm x>0, wm |x| exm. BmeBo, ecmum x<0. Tloayumm
. Toyky P. W3 Touxm P BocCTaBUM nepneH):menﬂp K ocu
~.Ox; oTkaagwiBag oT O QTPE3OK INUHOH y €. BBEpX,
ecmr y>0, wm |y| ex. BHM3, ecom y<0, monydum
TOYKy (@, depe3 KOTOPYIO HPOBOAAM IHEPHEHIUKYJISAD
k ocu Oy. Touka mepeceueHUs NEPUCHAUKYISIPOB SB-
JIgETCA HCKOMOIA Toukoi M.

- VI3 m3II0KEHHOTO [eJiaeéM BBIBOJ: MEXAY NapamMu
JIERCTBATENBHBIX YHCEN W' TOUKAMU IUIOCKOCTH B CHCTEME:
KoopamHAT (Oxy HWMEETcs - B3aUMHO OJHO3HAYHOE COOT-
BercTBEe. [looTOMy NpHHATO TOBOPHUTB: «HaHA TOYKA»
BMECTO" «JaHbl KOOPIUHATHI TOUYKUY», «HalTH TOUKY M»
BMECTO - «HAUTH KOOP/IMHATHL TOUKH M». :
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A : Tabauya 1.1

Keappasr
I I I v
KoopauuaTer

4 - - +
y : ) -+ + - -

Ocu KOOpAMHAT HAENAT IUIOCKOCTH Ha HeTHIpe KO-
OpIHHATHBIX YFha (KBaapaHTe) (pHc. 3). 3Haku KOOp-
auHAT- 000 TOYKM maHM B TalOm. - 1.l.

HpﬂMoyranHme KOOPAHHATHI TOYEK N (2 3) P(1,5;
—-2), K(—=2 =), Q(—3; 2,4) usobpaxenn Ha puc. 3.

Hpsmoyrom:mne KOOPJMHATEY B  TPOCTPAHCTBE.
BosbMem TPH B3aUMHO HEPHCHIUKYISPHLIC YHCIIOBHIE
ocH, mepecexaroniuecs B Touke O; obo3zHayumMm ux Ox, Oy,
Oz (puc. 4). BeibepeM Ha kaxaol W3 HUX TIOJIOKHTENb-
HOE HampaBjieHHe; TPOTEBOIIOJIOXKHOE HalpapieHue Oy-
JIEM -CHMTaTh OTPUIATEILHEBIM. TeM CaMbIM OIpelesIseT-
€SI CHCTEMA NPSMOYTOJIBHBIX KOOPAMHAT B IIPOCTPAHCTBE.

INycts M —HekoTOopast Touka mpocTpaHcrsa. Illpo-
BeJleM 4epe3 TOuKy M TPH ILIOCKOCTH, NCPICHIUKYIAp-
Hele ocaM Ox, Oy m Oz. B pesynpTare DOIyquM
TOYKH IIepecedeHusl IUIOCKoCTeH ¢ ocamMun—M,, M,
M,. Touka M, —mnpoexnud ToukH M Ha ock Ox, TO‘IKI/I
M u M,—upoeknur TOukw M wa ocm Oy m. Oz
COOTBETCTBEHEO.

Ilycte x—KoopauHATa TOYKH 'M Ha ‘ocu Ox,
y——Koopausata To4Yku M, Ha ocu Oy, Z-—KOOpAHHATA
Toukun M, Ha ocu Oz.

Yncio x HasbIBaeTCs abcuEccoil TOYkH, y-—OpauHA-
TOW, a z— annaukamoti. Tpu aucna x, y, z Ha3bIBAIOTCSH

"y

Z

M Myz

Mz

My My

Puc. 4
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KOOPJAMHATAMH TOYKU M, UX 33IACBIBAIOT PSIOM.C 0060-
aHadesnmeM Toukm: M (x; y; z). IIpm srom Ha mepsoM
MecTe 3amvchIBaroT x —adcmuecy, Ha BTOPOM MecTe y—
OpAMHATY H Ha HOCJICHHeM — amummkaty z. Cnenosa-
TEABHO, KAXKIOH TOYKe HPOCTPAaHCTBA B CHCTEME KO-
~opmmuaT OXxy OTBEYACT «YNOPSHOYCHHAS» TpOika ei-
CTBUTENBHBIX 4HCEN. ECAH Touka M ABHTACTCA, TO, €€
KoopauHaTH MeHAroTcd. ChpaBe/umiBo # o0OpaTHOE YT-
- Bepkpenue. Ilycts pmamel Tpu wmcna x, y, z. Halimem
‘Ha - ocsix Ox, Oy, Oz coOTBEeTCTBYIOUE TOUYKH M.,
M,, M, u mpoBeJeM uepe3 HHX IIIOCKOCTH, HEpIIeH-
JUKYISpHBIE OcsM. IIONyuMM  eIMHCTBEHHYIO TOUKY
IEepECeICHUs] TIIIOCKOCTEN — M (x; ¥; z). ’

W3 u3noxeHHEOro AenaeM BBIBOJA: B CHCTEME NIPIMO-
YTOJBHBIX KOOPAMHAT B MPOCTPAHCTBE MEXIY YIOpS-
MOYEHHBIMH TpONKaMy JEHCTBUTCJBHBIX YUCE]T U TOY-
CKaMH TPOCTPAHCTBA YCTAHABIUBACTCH B3aHMHO OJIHO-
‘3Ha4yroe coorBeTcTBHE. Ocn Ox, Oy u Oz oupeneistoT
TpU B3aUMHO HEPHEHIUKYJISpHBIE NUIockocT Oxy, Oyz
n - Oxz, KOTOpBIE [T NPOCTPAHCTBO Ha BOCEMb
TpexrpanfbIx yrioB (oktasros). [lnockocrs Oxy nenmr
BCE NPOCTPAHCTBO HA JIBA IOJYIIPOCTPAHCTBA — HIDKHEE
M BepxHee; INIOCKOoCcTh Oyz—Ha ABa HOJYIIPOCTPAHCT-
‘Ba-—TIiepeniHee U 3ajgHee; ILUIOCKOCTE Oxz AENUT IIPO-
"CTPaHCTBO Ha MPaBO€ M NEBOE MOJIYNPOCTPAHCTRA.

KoopauHaTel TOuek, HAXOMIIUECH B BEPXHEM, LEpe/i-
“HEM ¥ IIPABOM [OJIYIPOCTPAHCTBAX IOJOXKHUTEIbHBL.
" Hymepanms OKTaHTOB JJIsi BEPXHErO MOJIYIIPOCTPAHCT-
“'Ba mokaszaHa Ha puc. 5. V, VI, VII n VIII oktanThH
"axonasarcs coorsercrBenno nox I, I, Il m IV oxtanTamu.
- 3HaKH KOOpAWHAT TOYEK Onpeneysrorcs Tabimueir 1.2.

Tabauya 1.2

OKTaBTH ) .
; I o (o |Iv | v Vi | VII | VIII
- KoopaunatTni ' - ] j .

+{ =1
-1+

+ | =1 -]+
+ 1+ -1 =

e+

@ Ipumep. ITocTpoiiTe TPeyroMbHHK C BEpPIIMHAMH B TOUKax
M (1;2; =4), M,(1; —2; 3), M3(—1; 3; 0). v
! Pewenue. OtmoxuM oT Touykn O B NOJIOKHTEIBHOM HAaIpaB-
JeHHM Ha ocH OXx OTpEe3OK ATUHOH, PABHOH OXHOH €. H. TPOBeAEM
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qepes ero KOHEI NHHWIO, mapamitensHyo ocu Oy. Bmoss sToit mamud
OTJIOXEM BIPABO OTPE3OK JIMHOM JIBe ek, 0003HAYUM €ro KOHELl TOUKOif
P. Yepes Touky P nposesieM JIMHUIO, NapaJUieibayio oci Oz, H OTIOXAM
BHM3 OTPE30K AJIHHOH ueThIpe ed. KoHenm »Toro oTpeska M OmpemesuT
TOYKY Ml(l; 2; -—4.). Ananornygo crposrcs Toukn M, u M, @

§ 1.2. MOHATNE BEKTOPA.'
CNOXXEHME, BbIYUTAHUE BEKTOPOB,
YMHOXKEHME BEKTOPA HA CKANAP

Honpo6yeM OTBETHTH HA CIEIYIONIHE BONPOCHL: 1)
KaKOB BO3PACT M3BECTHOTO BaM dYejoBeka?, 2) Kaxosa
Macca XHBOTHOrO IO Kimuke ' «SHTape»?; 3) Kakosa
BBICOTA pacTenus?; 4) CKOJBKO "KOPMOBBIX €X. COJEP-
xurca B 100 Kr céua, B3ATOTO W3 JaHHOrO crora’
5) xaxoBa Temmeparypa BO3AyXa B NOMEUICHUM IS
KHBOTHEIX] 6) KakoBa Macca OIHOIO 3epHa TIHEeHATBI?
Moxuo BHIETH, 4YTO OTBET HA KaXABIA W3 3THX
BOIIPOCOB BIIOJIHE OIPENEIACTCS OJHAM 9YHCIIOM.

- Benmuumnsl, ompepesnsieMbie OJHAM YHCIOM, Ha3bIBa-
JOTCSH  CKAJAAPHbIMU WA CKAAADAMU.

CyImecTBYIOT BeJIYMHBI apyroro Thma. llpm mepe-
MEIICHUN Ha TEJISKKY C I'PY30M HCHCTBYET CHIA, TEJIEkKKa
ABWXKETCS B _ONPEAEICHHOM HANPABJICHAM, IPOXOIUT
ompezesIeHHBIH TyTh ¢ HEKOTOPO# CKOPOCTHIO H YCKOpE- -
AneM. JIIs XapakKTepHUCTMKH 3THX BEJIMYMH HE0oOX0IEMO
KpOMe MX YHCJIOBOTO 3HAYEHHS 3HATH €IIe ‘HampapJcHUE.
Taxue BenWYHHBLI HA3BIBAIOTCS GeKHOpHbiMu. BekTOpHYIO
BEJIMIMHY ' M300DPAXKAIOT TEOMETPHICCKUM BEKTOPOM, HITH
IPOCTO . BEKTOPOM, T. €. OTPE3KOM IPSMOi, Ompeses-
€MBIM YIOPSAOYCHHAOM Iapod TOYeK.

, Onpenenenue. Bexmopom Hasvieaemcs ompe30K
. 0aHHOT  OAuNb u aaHHoeo Hanpae/zeuuﬂ—nanpae/zeﬂnblu
ompe3soK.

“Bextop 0651‘11{0 3a/1aeTCs YHOPAXOYCHHOH TIApOi
TOYEK (A B); A-—nHavano, B—-—KOHCH BCKTOpa O6b19HO

(AB)= AB ‘B xOHIE OTpe3Ka ' CTPEIKOM YKa3bIBACTCH
HANPABJICHYWE BEKTOPA. I/IHorz{a BeKTOp 000O3HAYaIOT
OIHON 6yKBOI/I HaTeYaTaHHOH - KUPHBIM mpmbTOM a.

Bexrtop BA masmBaeics NPOMUBON0A0HCHBIM BEKTOPY.

AB. B aroM ciyva¢ mmmyt: AB=—BA. Paccrosnue
MEXOY HaYaJOM M KOHIIOM BEKTOpa HAa3BIBAETCS €ro
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-QAuHOl WA m00yAem. Moayns 0603HAYAETCS TEMH Xe |
6yKBaMI/I, Hamev1aTaHHBIMUM CBETJBIM IIpudTom: AB, um

|AB| Wi a.

Hy/teebun 0 HaSI:IBaIOT BEKTOP, HAYAJO U KOHeI
KOTOPOro COBHAHAIOT; AA——HyJIeBOPI BekTop. Monyis

HYJIEBOTO BEKTOpa paBeH Hy.JIo. BexTop d, Moayns KOTOPOTro
paBeH 1, Ha3wIBAalIOT eOduHuuHolM W 0DO3HAYAIOT .

JBa BeKTOpa HA3BIBAIOTCS KOAAUHEAPHBIMY, €CIH
u3obpaxkarolye HX HAIPaBJICHHBIE OTPE3KH TAPaJIEIb-
HBI WM XOTSI OBl ONMH M3 HHMX DaBeH HYJIO.

Tpm  BeKTOpa HA3BIBAIOTCH KOMHAAHADHOIMY, €CITH
“M300pakalomue UX HANPABICHHBIC OTPE3KH Napallie/ib-
Hbl OJHOM IUIOCKOCTH (HJIM PACIONOXEHHI B OJHOIA
IUTOCKOCTH) WJTH €CJIH XOTsl ObI OJMH U3 HUX PaBeH HYJIIO.

} — -—
Ounpeneneuune. Hea eexmopa AB u CD nasviga-

— —
fomca pasuvimu (nuwym AB=CD), ecau onu Koaaume-

ApHBl U UMEIOM OOUHAKOGYI0 OAUHY U HANpABAEHUE.

U3. 3TOr0 SCHO, 4YTO BEKTOP MOXHO TIEPEHOCHTD,
'OCTaBJIsis €ro Napa/UIeTbHEIM caMoMy cefe, a Havamo
BeKTopa noMeIaTe B 00O TOYKE HPOCTPAHCTBA.

B gacTosmeM Kypce Mbl He OyAEeM yKa3bIBaTh, B KAKUX
SAVHUIAX U3MEPSIOTCS IUTMHBI BEKTOPOB, 4 CAMH BEKTOPHI
OyneM cudTaTh CBOOGOIHBIMH, T. €. AOMYCKAKOLIUMY KX
MEpEMENICHIE B NMPOCTPAHCTBE IIPH COXPAHEHUE MOJIYJIS
U HanpasjeHus. BekTop B MaTeMmatnke — 6o0Jiee CI0XKHOE
IOHATHE 1O CPaBHEHWIO C NOHATHEM WHCIA.

OnpesieuM  ONEPAlMi  CIIOXEHMS, BBLIYUTAHUA BEK-
“TOPOB. W YMHOXEHHS BEKTOpa Ha MHCIIO.

1, Cuoxenne BexropoB. -Bosbmem gBa_ BeIcTopa
anb (puc. 6, a) CoBMeCTHM HAYAJIO BEKTOPA & C NPOU3-
BOJIGHOM TOuxofl O, K ero KOHIY NPHWIOKHM HAYaJIo
BekTopa b. Komen BekTopa b 0603HaYmM TOHUKOif - M.

Cymmoﬁ BEKTOPOB 4 1 b HaamBaeTca,BeKTop OM co-

' EUHSFOIIMIH Haqano BEKTOpa d C. KOHLOM BeKTopa b
praTKO nauyT . .

OM=3+b. ; ,
Uro6sl HAWTH CyMMy  Tpex_ BekTopoB.g, b u ¢,
HeoOxoAMMO K KOHLY BRKRGSR, & #p ngﬁgb HavaJio
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v

9

~Puc. 6

BekKTOpa b, X KOHIY BEKTOpA E—Haqano BEKTOpa C.
BexTop, coeiuHsomi HagANO BEKTOpa & C KOHIOM
BEXTOpa ¢, ¥ SBIAETCH CyMmol a+b~+¢ (puc. 6, 6).
W3 ONpE/ICTICANs CyMMBI - IBYX BEKTOPOB CJIETYET, 4TO

BEKTOD OM MOXHO HAWTH Kak ATATOHAID HapasuIesior-

paMma, NOCTPOCHHOTO Ha BEKTOpax d ® b, xax wma
cToporax. BexTop d+b+C SBISETCA -BEKTOPOM- Auaro-
HAJIbIO NapaJulelleNAnesia, TIOCTPOSHHOrO Ha BEKTOpax 4,
b u § xax ma pebpax. :

2. Burmranne BEKTOPOB.

Onpenenenne. Bexmop ¢ Hazbleaemc pa3nocmb;o

. 6exmopos_a uh, m.e. ¢=u—b,
ecau d=b+¢. L

Boiuntanue Bektopa b u3
BEKTOpa ¢ 3aMEHSEIOT. CIOXe-
HUEM BEKTOpa d- C BEKTOPOM,
" OPOTHBOIIOJIOKHLIM BEKTODY

(puc. 7).

3. Onpepenenne. Ilpous-
gedenuem ma uau am geKmopa
4 HaQ YUCAO TR HAZLIBAEMCA HOBbL
. sexinop, O0AuUHA KOMOPO20. PasHd
Puc, 7 |m||é&|, a nanpasaenue cosnada-
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Puc. 8

em ¢ Hanpagaenuem 4 npu m>0 u NPOMUBONOAONCHO G,
ecmy. m<0 (puc. 8).
Hpu arom, ecma m=0, TO ma=0, u ecm/I a=
10 md=0. _
; 3aMeuanus. 1. Jloboit BexTOp Zz’ MOXeT OLITE
IPEACTaBICH B BHUAC YIPOM3BCACHMS JIBYX COMHOXH-
Tested — €ero ATHHEL |a| w enummaHOTO BeKTopa a°,
T. €. a—lala =qaq®
© 2.Ecmdub I(OJ'IJII/IHeapHH u a;éO TO CYHIECTBYET
eIWHCTBEHHOE HHCIO A Takoe, 4TO b=\a. HApyravu
CIOBAMM, OJIMH BEKTOP MOXHO BBIPA3UTH HEpe3 APYroil,
KOJUINHEAPHBIH €My, € NOMOIIBIO CKaJsIpHOI'O MHO-
KATEIH. .
HeitcrBuTensno, b=>bb"
KoJUIHHEApHOCTH 4. |

5=iba°=i9a.
a

O6o3navas =+ b A, mMeeM b=M\d.
: , o

OJ

=q4° Torma B cHI

a
b nMeeM b°=+4a",

JelicTBHS CIIOXKEHMS, BHIYUTAHUS BEKTOPOB H yM-
 HOXEHMSI BEKTOPa Ba YACIO HA3BIBAIOTCH JuUHEUHBIMU
-onepayuamu. VIMeIoT mMecTo cneny}cnme 8 merxo mpo-
BEPAEMBIX CBOMCTB JIMHEHHBIX ONEPAIMH HaJ[ BEKTOPAMM.

1°. G4-b= b—(—a——nepecmHOBquoe cBolictBo  (puC.
9, a);
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2°. (G+b)+¢=a+(b+¢)—couerarenproe  CBOHCTBO
(puc. 9, 6);

39, m(d+ B)=mia-+mb— pacnpenenmTepHOe CBOCT-
BO NMO OTHONICHMIO K CKANSPHOMY MHOXHTEIO;

4% 4+0=a;

50 d+(—a ) 0;

6%, d-1=a

7. (m+n)d=mi+nd, m W n— aeHCTBUTETbHEbIC
uncna;

8%, (mn)d= m(na) n(ma). :

VI3 5THX CBOWCTB CEAYET, UTO HAA CyMMOH BeKTopOB
MOXHO BBIIOJHATD T€ XKE nelicTBuA, YTO W Haj CyMMOit
HHCE.

§ 1.3. NMPOEKLUMWA -BEKTOPA HA OCb.
KOOPOWMHATbI BEKTOPA W KX CBOVICTBA
IIycts B JIeKapTOBBIX KoopauHatax Oxyz BEKTOP
.=
AB 3anan nByms Touxamu A (xi; yi; z1) 1 B(xy; ya; 22).
pu—

Oupeneneunne. Ilpoexyueti eexmopa AB na oco
Ox Hasvigaemcs pasHocmb Mencoy abcyuccamu Konya

—
u Hayasa eexkmopa AB. A
—
ITpoexumro BexTopa Ha 0Ch Ox 0603HAYAIOT NPg, AB.

AHaJIOTHYHO OTPENENAOTCA TPOEKIME BEKTOPa HA OCH
Oy u Oz. Taxum o6pasom,

HPOxAB=x2“x1; ' (1.3.1)
— R
OpoyAB=y,~yi; (1.3.2)
HpoZAB=22“"Zl. . (1.33)

*Jiasi KpaTKOCTH HCHOJB3YIOT Cliexyroinue o003HAYCHHA:
R Lol — L s
Ipox=AB=X; 1pg,AB=Y; npo,AB=2Z.

Torma , - - - n

e X = X2—X13 Y——y2 yl,_Z Zy—Z4. (1.3.4)

Ha puc. 10 -X=4,B,, Y=A4,B,, Z=A,B..
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Us dop Myn ,
(1.3.1)—(1.3.3) cie- ' By
RyeT, 4TO MPOCKIUA
BeKTOpa Ha JIFOOyIO ’

OCh €CTh JUIMHA OT- B

pe3ka Mexay OCHO- Az /

BaHUSAMY TNEPHCHAH- = A

KYASpOB, ONyWIeH- 7 » ; 5y
HbIX - #3 TOYEK :
A u B mHa 31y *e A -

Och, B3sTast CO 3HA- Bx
KOM «-», €Cnd Ha- o,
TIpaBJICHUS] OTPE3Ka
M OCHM COBMNANAIOT, Puc 10
U CO 3HAKOM «—», €CJIM OHH IPOTUBOMONOXHEI.
" MoxXHO J0KazaTh, 4TO. a) €CJIH NpOEKIuH BeKkTopa
3a[aHbl, TO OHH OJHO3HAYHO OIPEC/ISIOT CaM BEKTOD;
6) ecyim OBa BEKTOpa @ M b PpaBHBI, TO OHHM UMEIOT
‘paBuble npoekimu. [TosToMy mpoeknmuy BEKTOpa Ha OCH
KOOpIOVHAT HA3LIBAIOT €FO KoopauHaTtamu. Mx 3amichi-
BarOT pAgoM ¢ o0OO3HAYEHHEM BEKTOPA B  KPYIJIbIX
—_ .

ckobkax: AB=(X; Y, Z). -

1. Hekxoropbie cBoiicTBa HOpoeKkIMd BeKTOpa HA 0OCh.
Jns ompenencHHOCTH OyAeM paccMaTpHBaTh 3TH CBOKCTBA
-OTHOCHTENLHO OcH Ox. ECTecTBEHHO, UTO CBOMCTBA HPOEK-

UMM BEKTOpa HA . IPYIHEC OCH (bopMmepyrorc;x aHaJjo-
THYHO.

—

[pearoaoxuM, 4YT0o BeKTOp d=AB#0 o6pa3yeT
¢ oceto Ox yroyt ¢. Yroil Mexay BEKTOPOM d M OCBIO
‘OTpee M CIeayomuM odpasom. Uepes NPOU3BOIBHYIO
TOYKY MPOCTPAHCTBA IPOBEIEM [Ba JIyya — OJUH Tapalji-
JIENBHO IOJOKATESILHOMY HanpaiieHnto Ox, a Apyroi—
IapajuteIbHO HANPABACHUIO BEKTOpa. YToJa MExAy Jy-
YaMH ONpEJENAeT Yrog MeXay BEKTOPOM H OChIO.

a) Ilpoexyua eexmopa Ha ocy Ox pagna np0u3eec)euulo
O/unbl 6eKMOPA HA  KOCUHYC ye/ta Me3coy  8exinopom

‘u ocbio. Hycn; JaH  BEKTOD AB "(pug, 11) o<n/2,

A, B, — IpoeKIs 4B ma och Ox.

Ormyckad. NepHeHOuKyJasp u3 Toukud A Ha ock Ox, -
nojyunM Touky A,. IIpoBemem uepes TOUKY Ay MPAMYIO,

— . .
HapajUieNbHyIo - AB, 10 mepecevcHus ¢ mpsMoit BBy,
‘ s
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c \
| ( :
padi N
ol Ay B, X ol B, A X

Puc. 11 . . Puc. 12

nonyqaeM Toqicy C 'I/I3 ACB, A, umeeMm
— — : [
opoyAB=A,B,=|A4,C|coso=]|4B|cosp. (1.3.5)
Ecimm o>mn/2 (puc. 12), To u3 AA,B,C monydaem

— — —
poxAB= —[B.A.|=—]A,C|cos(n—@)=| AB|cos .
- : (13.6)

- 0) Ilpoexkyus cymmvl HeCcKOAbKUX 6EKWIOPO8 HA: OCb
PasHa cymme npoexkyutt cKadobleaemvlx 6EKIMOp0o8 HA My

~ace ocv (puc. 13). Ilycts namsl Tpu BekTopa AB, BC

u CD. Clcnaﬁbméﬂ I/IX,‘ TIOJIy4aeM
— — — —
AB+BC+CD=AD,

Tax 4YTO

npox(AB+BC+CD)=npo, AD=|A4,D.|. (1.3.7)

el

- W3 puc. 13 Bumso, 4TO
— — —>
NPoxAB+1po, BC+1pp, CD=

=| A, B, |+| B C,|+(— C.D,)=14,D,]. (1.3.8)

Tax xak npaseie wactu (1.3.7) u (1.3.8) paBHbI, UMeeM
Pos=(4B+ BC+ CD)=r11po, AB+11p o, BC+11poy CD.

| (1.3.9)
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v —-
B) Ilpu ymmuoocenuu eexmopa AB ma uucio m ezo

npoexyus - ymuoscaemes Ha m. llpu J0Ka3atenbCTBE
Or paHUINMCS cny‘iaeM m>0.

BekTop mAB= A C o6pa3yeT ¢ oceto " Ox TOT Xe

yron @, 9TO U BEKTOP AB (puc. 14). U3 AAxBxD-
nu NA,C,C nmeem

%

|4,C.) _A.C _

AB,  AD |AD|’

m|AB|

— E
Ho |A,.D|=]|AB|, nostomy

|A.C,| m|AB|
[ AxB.|

=m, a |A,C,|=m|Ad B,|.
| 4Bl

Kpatko roBopsaT: [pH  «pacTsOKEHHH» BEKTOpa B, M
pa3 RO . CTOJIBKO ' & pa3 «pacmrnBaeTcn» H €ro
TIPOEKIIHSL.

2. Painoxenne BexTopa mo Gasmey 1, J, K. BO3BM6M
TPSMOYTOJIBHYIO CHCTEMY KOOPAMHAT B NPOCTPAHCTBE
M BMeCTe C HCIO TP COHHMYHBIX BeKTOpa 7, ; W K.
“Yciaoeumces, 4TO:

1) Bavamo BEKTOPOB 7, J, k COBMGIHCHO C HauaJIOM
"KOOPIMHAT;

2) BEKTODHI 1, ] U k HMEIOT OIlI/IHaKOBOC HanpapjcHUue
'C TIOJIOKUTEALHBIME HanpasjieHusaMu oceii Ox, Oy u Oz
'COOTBETCTBEHHO. .
. Qmnpenenenue. Cucmema mpex 6exmopos 1,
JjH k Ha3bI8aemMcA ()elcapmoebw I’lpﬂMoy.?O/lebZM bazucom.
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A . , - . OTtBeTHM Ha - cneny-
Me ‘ fome  BOmpockl.  Moxmo
JM IPOM3BOJIBHBIA BEKTOP
M a ‘BBIPA3UTh YePe3 BEKTOPLI
1, j m k? Ecmu pa, TO
Py CKOJIBKO CYIIECTBYET CHO-
0 M, _  co0OB BBIPAXCHHA OHHOTO
Ki ¢ Bextupa? Kax nonyauts
Taxoe BbIpaxenue?’
Me My . Ilepenecem . ° ~BekTOp
' @ NapaJuIeIbHO CAMOMY Ce-
Puc. 15 e Tak, uTo6bl HAYANIO BEK-
TOpa d. coBHAfajgo ¢ Haua-
oM. koopauHat (puc. 15). Komer; Bextopa o0003HAUAM
OykxBoii ' M. U3 Toukm M onycTuM Ha MIOCKOCTH Oxy
TIEPIEHIUKYIAp, €r0 OCHoBaHMe obOosHaumm M,, U3
ToukM M,, onyctum Ha ocu Ox u Oy HCpHCHI[I/IKyJIﬂpLI /
HX OCHOBaHMSA OOO3HaYMM COOTBETCTBEHHO M, u M,
IpoBeneM, HakoHell, ¥epes TOUKYy M mpaMyro, napan—
AensHyro npsmoii. (OM,,). Ota npsmas IepeceyeT och
Oz » TOouKe M,. HerxocpeucheHHo u3 pnc 15 cnenyeT

OM,=X, OM,=X, OM,=Z; OM=OM,+M, M+

— —_—> -+ . - =+ -t
+ M, M. Ho OM,=0M=Xi;, MM, =0M,=1Yj,

— o

M, ,M=0M,k=Zk, nostromy
—> - t oo ‘ | :
OM=Xi+Yj+Zk. _ (1.3.10)

. —>
HpeIKCTaBJIEHHC BekTOpa a=0M B BUJIC CYMMBI

Xi+ Yj+Zk HA3BIBAETCA pa3/toofcenueM BEKTOpa d 1O
Gasucy 1, j, k. Bextopst Xi, Yj, ZK Ha3bIBAIOTCH
cocmagAsiowumuy BeKTOpa d.

Taxum 00pa3oMm, HoKa3aHA TeopeMa: kakum 6ol
Hu Obli_eexmop 4 ez2o 8ce20a MOJMCHO paaxto:»cumb no
basucy i, J» k, m. e,

a=Xi+Yj+Zk,
20e X, Y, Z—koopdunamel eexmopa a.

Kalc ZOKa3bIBAETCs B MOAPODHBIX Kypcax aHAJIUTHYEC-
KO TeOMeTpHH, TaKoe pa3JIoKEHHE EAUHCTBECHHO.
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CsolicrBa KOOpHMHAT BEKTOpA aHAJIOIMYHBI  CHOp-
MyJI]/(I)pOBaHHLIM CBOWCTBAM IIPOCKLYH.
Ecom nmaHbl 1Ba BEKTOPa a=(X; Y; Z)n b= (X5
YZ; Zz), TO .
Hp0x(2’zil3)=X1‘+Xz;}
HPOy(ai5)=Y1in§ (1.3.11)
Hf’OZ (aig)?yzl +Z,;
+b=(X,+X,)i+(Y1 £ V)] +(Z, £ Z,)k. (1.3.12)
TaxuMm o06pa3zoM, TpPH CIOXKEHHM IBYX BEKTODOB WX -
KOOPIIMHATEL CKJIANBIBAIOTCS, '

'@ Npuvep.  Haiimure  cymmy BeKTopoﬁ Zz:ST—HO}—ﬂ?,
-z+2]+6k Mmeem '
d+b=(5+1)7+(10+2)j+(—2+6)k =61+ 12 +4k. Q

2°. Vyuteipas pacnpeleuTeNbHoe CBOI/ICTBO yMHO-
KEeHHS Ha CKajdp, MOKHO 3aIlicaTth :

m(Xi+ YJ+ZI€) mX1+mYJ+mZk
HanpnMep,

+(51+ 10— 15K) =+ 2j-3F.

CrenoBaTenbHO, PR YMHOXEHUN BEKTOPA HA 9UCHQ
m_€ro KOOpIMHATEI YMHOXAIOTCA Ha TO Xe YUCTHO.

3°, Ycenosue KONIMHEAPHOCTH [ABYX BEKTOPOB. IIycte
BEKTOPBI 4 g b KOJUIMHCAPHBL, T.€. 4= mb. Tlycts

no-npexuemy a=(X; Yy; Z,), b=(X,; Y;; Z,), Torma -
a=m(Xy1+ Y, ]+ Z.k)=mX;i+mYj+mZ,k. (1.3.13)

Ho d=X,i+Y,j+Z,k, nosromy mXZ—~X1, mY2-Y1,
-mZ,=2,, OTKyAa CHAeayer, 4To

Hohlh 314

Taxum ofpaszoM, ycloBHE KOJUIMHEAPHOCTH IBYX
'BEKTOPOB COCTOHT B IMPONOPLUUOHATBLHOCTH HX . KOOP-
‘nuHaT. Hns Toro utobmr paeeHcrBa (1.3.14) Opum
OpAMEHUMbLI B CJIyUae, KOTJa XOTs Obl OJHO U3 YHCE]
X,, Y,, Z, paBHO HyJIO, YCIOBUE KOJIAHEAPHOCTH
3aNMCBIBAIOT B BHJE .

X]_ Yz X2Y1 O, YIZZ"'Y221=O.
' .25



® l'lplmep I'Iposepwrb, KOJUTHHEAPHB! JIH BEKTOPEL a=1+2j—8k
u b= —2i—4j+16k. Wmeem

X 1 Y 1 Z —8 1 | R,
e, = e e si=—b=atlh @
X, 2% 2z 16 2 2

§ 1.4. CKANAPHOE NPOU3BELEHUE BEKTOPOB

"B Quspke ¥ MeXaHHKE INPHXOIAWTCA BLIYHCIATH
paboty cwibl F, Tox OeHCTBHEM KOTOpPOH Teno mepe-
MeInaercs Ha PacCTOSHHE, onpenemxeMoe BEKTOPOM
S (puc. 16).

Ecnu Bce TOYKH T€Na TEPEMECTATCS 1O HANPABICHHIO
IEHCTBUA CHIBIL, TO paboTa CHBI PABHA npomBezermo
cunpl F ma npoiimeHHBIH WyTH S, T. €. -—]F HS).
Ecm ke Teno ABMXKETCHA IO YIJIOM ¢ X HalpaBJIEeHHIO
BekTopa F, To Oyaer JIeHCTBOBATL JIMIL COCTAB/SIOIIAL
cupl F, HampaBleHHas BIONML BEKTOpa S, a IepreH-
JUKYJIApHAST COCTABILIOIHNAS YpPaBHOBCIMBACTCA CHIION
conpotusiicaus._ [lpoekTupys cuiny Ha HanpaBicHUe
BEKTOpa NyTH S, moJTyyaeM npsF=|F|cosp. Cremosa-
- TeNBHO, padoTa

=|Flcos<p|§|=lf‘|{§|coscp.

B pesyanTaTe mostydaeTcs ckajsip A, paBHBIA IPo-
H3BEACHWIO [UIMH OJTHX BEKTOPOB Ha KOCHHYC YIia
MEXIy HUMH.

Onpepenenne. CraiapHeim_ np0u3eet)enuem 08yX
gexmopos @ u b (06osnauenue @-b) nasvieaemcsa npous-
6et)enue UX Oaun HA KOCUHYC y2Aa MedcOy Humu:

a- b‘—]allb]cos(&'b) - (1.4.1)

- <

ITo, _, OIpE/IEIERU,  eciu =0 wm b=0, 710

a-0=06=0. '

3HAaK _CKaJAPHOTO TPOM3BE/ICHUS OIpesiesseTcs Beiu-
qpHON (@A b). Ecmm (@A b)e [0 n/2), To @-b>0, ecnu

F
i 7
| g
' l
s |
, 4 [ - . { o
- Y = = 1 fry
|Flcos ¥ K S O g B |* a
B 1 B
Puc. 16 _ Puc. 17



(@Nb)e(n/2; ), T0 d-b<0. Cxandpsoe NIpPOU3IBEICHHE
ONpPENEeNseTCs. TOABKO JUIA [BYX BEKTODOB. '
1 CBoiicTBa CKAJAPHOTO TPON3BEICHHA.

0. Cranspuoe npouseedenue ~ 06yx _6EKMOpOE  pagHo
()ﬂuue 00HO20 EKMOpA; YMHOMCEHHOU HA NPOEKYUIo
6M0OP0O20 GEKMOPA HA 0Cb, ONPEOEAAEMYI0 NEPEbIM GeK-
mopom. '

HetictButenpuo, cormacHo (1.3.6) u puc. 17, umeeM
up ;b =|5|cos(@ " b)=|b|cos ¢; (1.4.2)
a-b=\d||b|coso=|d|mp;b. (1.4.3)
Hpoexmpya BEKTOp & Ha HAOpaBlieHHE BekTopa b,
HaXOAuM
a 'b=lb(np5c—i

2° Cranaspnoe npous’ee()euue nepecmanoeouuo, m. e.
d-b="ba. , (1.4.4)

HoxazaTtenbcTBoO. I/IMeeM

@-b=|al|blcos(@n b),
b:a=|b||d|cos(bNd).
Tax xak (@A b)=(6"a) u |d]|b|=|b||d|, To npassie
WACTH OTWX PABCHCTB DPABHEL, CJIC]IOB&TGHBHO, :
i-b=b-a

3%, Ecau e¢exmoper d u b nepnenduxyiapwul
opye K Opyey uau Xxoms Obl OOUM U3 HUX pABEH Hy—,
A0, MO

i b=0. 2 (1.4.5)
CnpaBezmnBo u o0paTHOE YTBEPXKICHHUE.
HoxazarenbcTBOo. IlycTs (a/\b) n/2; TOrja

-

5-b=(&f(|5(cosg=,|c?||5|-o=o.

Mycrs manee @ b=0; toraa |d||b|cos(@” b)=0. Or-
CIOfIa CTIEHyeT, 9TO BBUIOJHSETCS XOTS OB ONHO M3
CIEYIOMMX  YCIJIOBHIA:

| |@|=0, |b|=0, (@"b)=n/2.
VunteiBas csoiictBa (1.4.5), IOJIyYaeM A _
Ti=jk=ki=0. C(1.46)
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4° Ecnn m— OelicmeumeAbHOe YUcA0, Mo 014 /uo6bzx
8exmopos a n b

(mé’)-b=ndo'z’-b,_ )

a-(mb)=ma-b. \ (1.4.7)
~ DTO DpoBepseTcsi Ha OCHOBAHWUM OTpENEJCHUS CKa-
MAPHOTO TIPOU3BEACHMS,

5% Craaapnoe npous'eec)eﬂue' HOOYUHACINCA pacnpe()e-
AUMEALHOMY 3GKOHY . OMHOCUMEABHO CYMMbL

(@+b)-¢=a-c+b-c. - (148)

JedCTBUTENIbHO, BOCIQ/IL30BABIINCH TEM, 4TO d+ b —
BeKTOpP, 00O3HAYUM d+b=d, Torna, | yuuTBIBas (1 4:2),
uMeeM

d- c—lclnpc—d—lclnp (@+5).

. HpHHI/IMaﬂ, o BHuMaHme (1.3.9), zamumem
|Clups(@+b)=|¢|npsd+|C|npb=ad-c+b-¢

Ckanxpﬂoe OPOU3BEACHNE BEKTOpa a HA d  Ha3bIBACTCA

CKaJUSIPHBIM ~ KBaApaTOM HM paBHO KBaApaTy JUJTHHBI
BEKTOpa 4 v

- d-a=ldlld|cos0=|dl*=a®.  (149)
OT1crozia sICHO, YTO ?~7=ff=l€/€=l. (1.4.10)

Jas BLIYUCIICHUS CKAJIAPHOTO TPOU3BEICHUS BEK-
TOpoB I, j, k nomapHo yao6HO NOMHMTH Tab-
JIAIy. ' - '

Tabauya 1.3
i ¥ k-
i . 0 o
I “0 i 0
K 0 0 1

. 2. Cxa/nsipuoe Tpou3BeJenne BEKTOPOB, 33JaHHBLIX KO-

Op/HATAMH, Ilycts, gaHbl_  JABa BEKTOpa
a=Xi+Y,j+Z k n b= X21+Y2j+sz
Brruncaum

o 5'b=(Xll+ Y1]+Zlk)'(X2l+ Yzj"‘ZzE).
Ipumensia ceoiictea (1.4.7) u. (1.4.8), TOJTyIHM
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G b=X,Xpl i+ X, Y1l j+ X  Z,Tk+
Y Xof i+ Yy Yof j+ Vi Zy i+ ‘
+Z Xk i+ Z, Y,k j+ Z Z,K K. (1.4.11)

VuuTeBas, 4TO i, j, kK— eAWHWYHEBIC, NONAPHO TEPNEH-
JUKYJIApHBIE  BEKTODBI,  3ammmeM: ' ii=jj=kk=1,
ij=ik=jk=0 (1abn. 1.3). B npasoii wacTu paBeHCTBa
(1.4.11) ocraHercss TONLKO TPH ClIAraeMeixX, T. €,

G b=X\Y\+X,Y,+Z,Z,. (14.12)
@ Ilpumep 1. Haiitm ckangpHoe NIpom3BencHue BEKTOPOB
G=2—6j+4k u b=i+2j+k.
PCIHCHPIe.kIA/IMCEMt X1=2,Y,=—-6,Z =4, X2=‘1, YZ——‘2, Z,=1,
- Ca@b=214(—6)-2+4-1= —6. ’

3HaK «MUHYCH» YKa3BIBAET, YTO’ yron MC)K,D;y BeKTopaMn~Tynon
fem. (1.4.1)]. @

@ ITpmmep 2. Tlposepnts, nepneﬂ)mxynﬂpnm JIM BEKTOPHI
| | G=TH6-4k m B=—2i1j+F.
"Pewmenune. Haxomgum . ‘

d@b=1-(~2)+6-14+(—-4)1=6-6=0.

Taxum '06pa30M, ilLh @

§ 1.5. PACCTORHNE MEXAY lJ,BYMﬂ TOYKAMM
B I'IPOCTPAHCTBE HA NMNOCKOCTU U HA NPAMOMN

IlycTs- BeKTOpD .0 = AB 3a/laH - KOOPJMHATAMA TOYEK
Alxg; yg; z9) m B(xz, Y2; %). Koopmunats! Bekropa
TAXKOBEL ' '

X=Xo—Xy, Y=p,—y1, £=23—12;. (1-5-1)'
HaﬁneM CKaJIspHBIN KBaI[paT Belc'ropa a. "
. d*=a?

C npyroit cropossl, a’=X 2+ Y24+ Z2 Wzpnexkas kxo-
peHb KBaJPATHBIA M3 G2, MOJYIMM JUIHHY BEKTOpA WM
PACCTOSHIE MEXIY ToukamMu A u B:

a=|4B|=\/a’ = /X*+ Y21 Z".

BameHnM I(OOpIII/IHaTbI BeKTopa €ro 3Ha‘ICHPIﬂMPI u3
(1 5. 1) Minvieem .
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14B|=/ (2= 2,2 +(32=31) + -2z )2, (1.5.2)
Tpennonoxum, 970 A W B Jexar Ha TockocTH OXy,
Toraa z,=0, z,=0 u

§A3[~\/(x2 x1)*+(y2— yl) s (1.5.3)

Haxosen, ecim TOYKH “4 71 B nexaT Ha UUCIOBOM ocH,
HampuMep Ha oca Ox, 10 z;=z,=0, y;=y,=0 n

|ABl={/(x;—x1)* =|x,—x, . ~ (1.54)
IMonyuen TOT *)e pesynbrar, uro u (1.3.1).
® ﬂpnmep. Haner touxm A(}; —1; -2} n B(3; 0 ——4).

Paccrosnne mexjuy Ttoukamu 4 u B

|481= /B + 0+ P+ (4= (-2 =/ 2+ 7422 =3. ®

Vroa wexay AByMs BeKTopaMu. 3Has TPABHIIO
OIpE/IeNICHNUS. CKAJSPHOTO IIPOU3BEACHUS, MOXKHO HAWUTH
KOCHHYC yIna Mexmy Bekropamu (cos@). Vimeem

a-b=ab cos<p:¢o_scp=—

Ecnu BeKTgpLI 3aHadbl CBOMMU KOOpI[I/IHaTaMI/I a= (X 13
Yy Zl)a b= (Xz, Y,; Zz), TO :

X\ X0+ Y, Y,+Z,Z, o
cos @ =: AL (1.5.5)
\/X2+Y1+Z JXixYi+zh

§ 1.6.-ENEHUNE OTPE3KA B HAAHHOM OTHOI.LIEHVII/I

@ 3anaua.. Hamnr Touxd A (xg; ylj u_ B(xs; y2)
Ha mpsmo#t (AB) waittu Touxy . C(xc; yc), OENSIyrO
0Tpe30K AB cnemyrommm 06pazoM: .

— -3
AC=)CB. (1.6.1)

WNz00paszuM 3amady cxeMaTuuecku. (puc, 18 a, 0).
Eciu Touka C maxomutesa Mexay A u B, To oTpe3kn
AC u CB mMeroT oQHAKOBOE HAIPaBJICHAE, OTHOLICHHUE

AC
,'?»=-C§ OpHHUMAETCI HOJOXUTEIBLHBIM (cM. puc. 18, a);

ecmu Touka C pacnonoxeHa Ha TPOJOJDKEHHMH OTpe3kKa
AB, 10 otpe3sku AC m CB UPOTHBOMOJOXHO Hanpas-

. AC :
JIEHBI, YHCHO k=a§ MPUHUMAIOT - OTPHULIATEIbHBIM.
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yA A
15 & A ¢
73
a) 8
I U S AR g
AR e .
8 o o

Puc. 18 Puc, 19

BoemeM cHCTEMY KoopauHaT Oxy W HOCTPOUM
paamycel-BekTopel Touek A4, C u B (puc. 19).
Vimeem ’ - '
- —_— —_ — -
AC=VC—I‘1, CB:’.Z_”C' (162)
Us (1.6.1) u (1.6.2) mmeeM Fe—r=A{i,—rc). Pemas
3TO YypaBHEHHE OTHOCUTEIBHO F¢, MOJIYyYaeM: :
’ N ‘
Fo=——™>
Y

M3 (1.6.3), yumTBIBAaS, YTO pPaBHLIE BEKTOPBI MMEIOT
paBHbIE KOOPAMHATHL, HaXOOUM

(1.6.3)

Xy tAxg ‘
Xc= YW | (1.6.4)
L it
Y=t ‘ (1-.6.5)

® TIpuvep, Haiita Touxy C, Aensmiyio oTpe3ok AB B oTHoLIeHuH
1:2, ecma wusBecto, uro A(—4;2), B(5; 14). ‘

Pemenne. UmeeMm x)= —4, x;=5, yy=2; y,=14. A=1/2. Ianee
HAXOAUM :

—441/2°5 =32

=T 32
2412149 o
1+1/2 32

Taxum obpaszom, C(—1;6). @

§ 1.7. BbIBOAbI

- C moMouIsi0 MeToja KOOpAOWHAT IOJIOXKCHUE TOYKH
Ha HpﬂMOﬁ, Ha INIOCKOCTH H B IPOCTPAHCTBE MOXHO
3amaTh COOTBETCTBCHHO - OJHHM, ABYMA R TpeMs
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VHOPS/IOYCHHBIMM  UMCIIAMHE; YTBep)KACHHS O TOYKAX
(IePEBONATCS» B YTBEPXKIACHUA © YHCIAX; TreoMe-
TpUYECKMe 3akaudl MOXHO pemaTh —aJre0pamieckumM
myTeM, T.€. C IOMOUIBIO BBHIYHCIICHUIA.

‘Bce BeqmuumHBL JEjATCA HA ABAa KJacca: BEKTOPHBIC
7 ckaJspHble. BekTop MOXHO 3amaTh, YKaszaB Koop-
OUHATHI TOYEK HAaYaja M KOHLIA BEKTODA.
~ BekTopbl HA3BLIBAIOTCA KOJUIMHCAPHBIMM, €CJIH U300-
paXxarollde HX HANpaBJICHHBIE OTPE3KH NApaJUle/IbHBI
WIR XOTsi Onl OJMH W3 HUX HYJIECBOH.

BekTOpbt Ha3pIBAIOTCS KOMIIIAHAPHBIMY, €CJIM - H30-
Opaxarone MX HANPABJCHHBIE OTPE3KH IAPAJIICIbHBI
ONHOH IUIOCKOCTU, WM XOTsS OBl OJMH u3  HUX
paBeH HYJIO.

JexapToBeIM - prmoyroanmM 6a3McOM Ha3LIBAETCS
CHCTeMa TPEX B3AHUMHO NEPHCHAMKYISAPHBIX BEKTOPOB
i, j, k ¢ obumM HaYanoM H JUMHOK KaXA0TO paBHOI/I
SIHHULIE. .

B - Gasuce i, ], k moGoit BCKTOp IIpCI(CTaBJIHCTCH
B BHJIE DPaBEHCTBA

AB=XT+Yj+ZK,

rae  A(x;; yi; z;)—Hauano sektopa, B(xy; y,;
73)—KoHen BekTOp2, :

X=x,— xu Y—yz Y1, Z=Zz—

Yucna X, Y, Z—xoopauHaThl BekTOpa:

CKaJIHprIM NpOW3BEICHAEM JBYX BEKTOPOB @ U b Ha-
3bIBACTCA YHCJIO, pPABHOE TNPOU3IBEACHHIO JIHMH ITHX
BEKTOPOB HA KOCHHYC YIJI2 MEXIy HAMU

a-b=|dl|b|cos(d@" b).

PaBeHCTBO HyJIIO CKAJSIPHOTO NPOU3BEACHHUA HEHYJE-
BBIX BEKTOPOB 4 U b sBisieTCa HeOOXOAUMBIM U JIOCTATOU-
HBIM . HPHU3HAKOM MEPICHAUKY/SIPHOCTH .9THX BEKTOPOB.

Ckansproe MPOU3BEACHHE BEKTOPOB, 3a/JAHHBIX B Jie-
KapTOBOM NPSMOYIOJNBHOM 0asmce, paBHO CyMME NpOH3-
BEACHUN WX OMHOMMEHHBLIX - KoopguHAaT. C MOMOIIBIO
CKISIPHOTO TIPOM3BEEHMS JETKO HAMTH Yrojg Mexmy
BekTOpamu. Mcmosb3yst ckaispHOe NPOU3BENCHUE BEK-
TOp2 CaMOro Ha cebsi, MOXHO TOAYIUTH (POPMYITHI IJIsS
BBIYHCJIEHHS] PaCCTOSHAS MEXKAYy IByMs TOYKAMH = Ha
OpsAMO#, Ha IUIOCKOCTH M B NPOCTPAHCTBE.

Paccrosiane Mexay AByMs TOYKaMH PaBHO KOPHIO
KBaZpaTHOMY M3 CYMMBI KBaJApatoB - pasHOCTEd HX
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OJHOMMEHHBIX KoopauHAT. MMeroTcs Qopmynsl miis
BBIMUCIICHUS KOOPAHHAT TOYKH, nenﬂmen OTPE30K B JaH-
HOM OTHONICHUH.

BONPOChK! AnA CAMONPOBEPKW

.

1. JKaiite omnpenmeNiende AHATETUYECKON TFeOMETPHH KaK HAYKH.

2. ChopmymupyiiTe CyHIHOCT, METOJA KOOPAVMHAT Ha MPAMOil,
HA TUIOCKOCTH M B IPOCTPAHCTBE.

3. Maiite' onpedeneHNe CKAJBIPHBIX M BEKTOPHBIX BESTMUAH.

4. Yro wmaswiBaeTcsl BekTOpoMm?

5. ChopmymupyiiTe IPABUNE CIIONKEHYUS, BHIIHTAHAS ABYX BEKTOPOB
W YMHOXCHHUS BEKTOpAa Ha HHCIIO.
© 6. Kakue BEKTOPH Ha3BIBAIOTCS KOMHJ‘IaHapHLIMH KOJLIHeap-
HBIMH, KaKHE BEKTODHI. HA3LIBAIOTCA DPABHBIMH, HPOTHBONOIONKHBIMU?

7. Yro Ha3eiBacTCA NpOEKUHEl BEKTOpa Ha OChH? :

8. Maiire ompereneHne nexapToBa mpsMOYroJpHOIro Oasmca.

9. Kak 3ammchiBaeTcst BeKTOP B A€KapTOBOM HPAMOYroyibHOM Gasnce?

10. YTo HA3KBACTCH CKAAPHBIM TPOU3BE/CHUEM BEKTOPOB M Ka-
KOBBI €T0O CBOHCTBa?

11. Hanmmwmre (GopMynsr [UIS BBIMACICHAS DACCTOSHES MEKIY
JByMsI TOYKaMd HA OPAMOIH, HA IUIOCKOCTH H B IPOCTPAHCTBE.

"12. Haomumre GopMysisl AeieHRs OTpe3ka B, JAHHOM OTHOIICHUMU.

YNPAXKHEHWA

1. HajiquTe KOOPAMHATEL TOYEK, CHMMETPUUHBIX OTHOCHTEIBHO
HaYala KOOpAHHAT C Toukamu A (3; 0) B(0; ~4) C(~2; 3); D(—4;
3). IMocTpoiiTe JTH TOUKH.

2. TIpaMOYroapHEIL yuacTOX 3EMITH BMEET PasMeps 30%20 M.
Ornpefennte KOOPHUHATHL, €r0 BEPIUMH, €C/HM’ OPUHATH, 4TO OCh Ox
IPOXOAWT MapaUIebHO JIHHHON CTOPOHE Hepe3 CepeiuHy Koponcon
CTOpOHBI, 2 0cb Oy COBMEIIEHA C KODOTKOH CTOPOHOM.
~ 3. Hocrpoiite Tpeyromsuuk. ¢ sepumuavu A(—4; 2), B(0; -1)
" C(3 3) ®m ompesenHTe €0 LEPUMETP.

4. [lasr TOIKM A(2; 6), B(0; 2). Toctpoiite BexTOp AB ero
JIPOEKUMM HA OCSX M BBIMMCIHATE MPgy AB Poy AB, [AB( ’ '

S. Haiigute yrast AABC ¢ sepummami B toukax A(2; —~1; 3),
B(1; 1; 1), C(0; 0; 5).

. 6. Haligure [umdy MemuaH TpeyroJbEHKa ¢ Bepumsamu A(Z; 1),
:B(~2; 3),- C(0; 3):
A )IaHM Toukn My (1; 3), M,(2; 4), M3(0‘ —2), M,(3; 5)

Hauz(prre KOOPMHATHL BEKTOPOB: a) M Mz, 6) M,M,; B) M, M3,
r) M4M 3+

8. Jlamnl BepIIMHEI TPEYTONBHUKA A(l 5) B(3; —=7), C{-5; 1).
OupezennTe KOCHHYCHI CrO ‘BHYTPCHHAX YITIOB, CCPE/IMHBI €@ CTOPOH.

2. Ne 2030 . ' B 33



v, =2m/C

4
; ‘ \ 1] =3M/C
Pyc. 20 ] , Puc. 21

9. Mana Touka A(1; 2). Touka M(x; y) ABHFAETCS [O IUIOCKOCTH
Oxy. Haiigute YCHOBHS, XOTOPHIM JIOJUKHEL YROBICTBOPAT: X H p JUIf
TOro, 4robBl BEKTOP AM 6bi1 HEpICHARKYNAPEH BEKTOPY N = 3 4)

10. Hana touka A(l; 2; 3). Towka M(x; y; z) nsuraercs
B HpocTpaHcTBe. Hanumwrte yciosHe, KOTOPOMY MAOJIKHBI YHOBJIET-

: oD ‘
BOPATH. X, ¥, Z, VIl TOTO, 4ToOBI BeKTOp AM GBI NEPHCHIMKYJAPEH
-pextopy N=(3; 4; 5). ]

11. Bormcnute paboTy, HApomssesenHyro cunodl F=(5 2, 1),
€O TOYKA €¢ MPIJIONKEHMs IepeMelacTcs UPIMOIMHEHHO U3 Hadana
KOOpIMHAT B TOuKy M, (2; 1; 4).

12. Beruucimre, kakyio paGory mpowssomut cuna F=(3; 2; 4),
€CJIM -TOMKA € NMPUIIOKEHHA NEPEMEINACTCA NPIMONAHEHHO K3 MOJIOXKe-
mst M, (2; —5; 4) B nonoxenme M,(7; —1; 3).

13. Kamenr Maccoll m J€XMT Ha CKNOHE, TAHTEHC YIJla KOTOPOrQ
paneH 1/6 Hatigure COCTaBIAOMYIO - BEPTUKATBHOHR - CUNBI, HEHCT-
BYIOUIEA B HanpaBJcHUY, IIepIICH)IHI(yJ‘ISIpHOM TIOBEPXHOCTH  3EMIIH
(puc. 20).

14. C camonera mpy BricoTe Nonera 30 M HPOBOMUTCA HOAKOPMKA
TOCeBOB. BeTep, AymOUMiA TOPU3OHTANBHO B HANPABNCHUY, NEPICH--
IMKYTAPHOM HATPABJIEHHUIO . IBIDKEHUA CAMONETA, CHOCHT yROOpeHus
€O cKkopocThro vy, =2 Mfc (pue. 21).

YacTrupr  ynoOpeHus NOJ ACHCTBHEM  CHFpl TAKECTH M CUIBI
COTIPOTHMBIEENS BO3AYXA NalalOT BEPTHKANBLHO BHH3 CO CKOPOCTBIO
v,=3 M/c. OnpereimTbh BeIMIUHY ¥ HalpasjeHue CHOCR ymoOperuil
OTHOCHTE/LHO JIMHMHM, HAJX KOTOPOH - JIETHT camojeT: Ilog Kaxmm
YLIOM X THOBCPXHOCTH 3eMIIM MAajaroT wacTHusl ynobpenma? Halianre
BEKTOp MyTH §, TPOHAEHHOro uyacTHUeH yaoOpeHHs Npu €€ NANCHAK
Ha sewunio. CMemeHueM Macchl  najamomero yiobGpesms 3a  cuer
CKOPOCTH JIBHKGHHS CaMoTleTa MpeHeOpeds.
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fnasa 2

JluHum v ux ypaBHEHUA Ha rMNOCKOCTNU.
Mpamaa nuHuA

B aTolf rmaBe paccMaTpHBACTCH IMOHSTUE YPABHCHUS
quann. TepMud <«IMHHS) OCHOBBIBAETCS HA PpeabHO
CYHICCTBYIOIIUX HE3aBUCHMO -OT BONM M CO3HAHHA dYe-
JIOBEKA HOHATHAX — FPAHUIBI 3EMEILHBIX YYACTKOB, Ha-
YepTaBug Aopor, Gopma HATSAHYTOH CTPYHBI, CBETOBOTO
Jiyya, TPAEKTOPHs [BIDKECHHS Pa3JNYHBIX TeJl. B riase
W3JIOXKEHbI OOIMMA ¥ YacTHBIM NPUHNMIL IOJX0Aa IpU
IPEACTABICHUM JIMHUA YPaBHCHMAMHU, d 3aTCM PaccMart-
puBaroTcsa reOMeTpuqecme CBOICTBA .TII/IHHI/I Ha OCHOBE
aHamM3a uX YpaBHCHHIL :

§ 21 YPABHEHVIE JINHUK

IMonsTe «JHHMA Ha nnocxcocm» OyIeM . CUMTATh
HHTYATUBHO SCHBLIM, XOTS ONpPENeJIeHNe JHHHUU JAOBOJLHO
CIOXXHO ¥ MBI €r0 paccMaTpuBaTh He OydeM.

Kax ycraHOBJICHO B TJ. 1, MEXZy YNOPSHOUYEHHOU
napoil JeHCTBUTEIBHBIX YHCEH U TOYKOM Ha INIOCKOCTH
B JICKaPTOBBIX- KOOPJIWHATAX YCTAHABJIMBACTCSA B3AHMHO
. OIHO3HAYHOE COOTBETCTBHE.

CylmecTByeT NH aHAJIOrHYHOE . COOTBETCTBHE Mexc;[y
6oice CIIOKHBIME  TEOMETPUIECKUMA dgopmaMmu, B ua-

CTHOCTH JAMHHsIMM, .H  Ooiree

YA CIIOXKHBIMHU anre6panqecmm no-
' » HATHAMM — ypaBHeHUAMU? UTo-
7] FSp—— ) - OBl OTBETHTE HA BOIPOC, HAYHEM

: C mpuMepa.

HpOBCI[CM B CI/ICTCMC KOOp-

]
i
! .

45° 1 JuHar Oxy Ouccexkrpucy I m I
o X> * KOOPJIMHATHEIX YIJIOB (puc. 22).
., OTMETHM Ha HEHd TPOU3BOJIb-
: “Hyio Touky M (x; y). Ecim Touxa
Puc. 22 M npewxercs o OGHCCEKTPHCE,
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TO € KOOpIuHATHI OYyAYyT H3MEHSTHCH, HO HE INPOH3-
BOJIbHO, @ OCTaBasiCh CBS3aHHBIMU COOTHOIICHHEM X =
(wm x—y=0).

Ecnu Tovka «codmeT» € OHCCEKTPUCH, TO COOT-
gomenne x—y=0 He OyAeT BBIIONHATLCHA, abciycca
crageT GOJbIlie WM MEHDBIIE OPAMHATHL, T. €, BMECTO
pasencTBd mMeeT HepasenctBo. CooTHolrenue x—y =0
BEPHO sl KOODJMHAT (X; y) BCEX TOYCK, JEKAIUX Ha
OmccekTprce, W TOJNBKO I HUX.

Ilyctb x W y-——7ABE INPOU3BOJbHBIE IEPEMEHHBIE
BeJMuMHBL Boipaxenue F(x; y)=0, rme F(x; y)—co-
BOKYIHOCTH ACHCTBUI HAZX X U y, HA3LIBACTCS YPagHeHUeM
¢ 08yMA Heu3gecMHbIMY, €CIIM OHO BEpHO HEe MAJiA BCEX
Iap 4HCeNl. X H Y. Hanppnv[ep, YPaBHEHHSIMHU SBJITEOTCS
paserctea 2x—6y+4=0, 8x>+p2—16=0.

OnpenencHue. YpaeHeHueM AUHUY  OMHOCUINE ABHO
NPAMOY2OALHOT CUCINEMbL KOOPOUHAM HAZLIBAEMCSA MAKoe
ypastenue F(x; y)=0, xomopomy ydossemeopaiom Ko-
OpOUHAMBL X, 'Y 6CeX MOUeK, ACHCAWUX HA JAUHUU,
U MOAbKO OHU. _ '

Kak mpasuiio, B cucteMe KoopawHat Oxy ypaBHEHHE
F (x y)=0 onpenesser JUHMIO, HO OBLIBAIOT U HUCKJIFOYE-
nus. Hampumep, ypasHeHHE (x+1) +(y—4)*>=0 ompe-
Jensiet TONBKO omHy TOouky (—1; 4), a ypasHeBue
2x%4+3y2+6=0 He HMeET HHUKAKOIO TEOMETPHUECKOTO
oGpaza. B ypasreHuu F(X; y) CAMBOJIBL X H y HA3BIBAIOT
TEKYIIHMH KOODPAWHATAMHA.

Vcnons3ysi oNpenelieHue ypABHEHHS JAHUM, MOJXHO
YCTAHOBHTH, NMPOXOAWT -JIH AAHHAS JIMHUS Yepe3 HaHHYIO
TOUKY (Xq; yoli He ppuberas K TIE€OMETPHYECKHM [IO-
CTpoeHraM. [ 9TOro HOCTATOYHO B ypaBHEHWE JHHHU
F(x; y)=0 BMECTO TeKymHX KOOPIAMHAT HPEICTABUTE
/KOOpIWMHATHI JAaHHOM TOUKE (Xo; Yo). Ecmm mosydaercs
JMHCJIOBOE PaBEHCTBO. (TOXIECTBO), TO JIIHMA HPOXOAUT
Mepe3 TOYKY (TOYKA JieKWT HAa JIHHUM), €CIT TOXKIECTBO
He MMEET MecTa, TO JIMHHSA depe3 TOYKY HeE IPOXOIUT.

B mamnoMm xypce OyAyT pacCMOTPEHBI HEKOTOPHIE
JHHWH, ONpefeNseMble B IPAMOYTONBHOM . CHCTEME KO-
'ODIMHAT AJreOpaMiCCKUMK YPABHEHHAMY IEPBOH ¥ BTO-
poli cremeneii:

1) Ax+By+C 0;
2) Ax? +Bxy+Cy +Dx+Ey+F 0.

'

@ ITpamep. LleHTP OXPYXHOCTH pa}lﬂyca R coBMemeH ¢ TOYKOH
O, (x;; y,), 3amucaTh ypaBHeHHE OKpPYXHOCTH.
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'y \ . Pemenue. ITocTporM OKPYXKHOCTH

) B cucteMme Oxy (puc. 23). JIns moboit Tou-

ki M(x; ), Mexarueil #a OKPYKHOCTH, mve-

Micy) ™ O, M]=R, wm /(x—x}*+(y—y)=

- ‘. =R. Bo3soas o0e 4acTn PaBeHCTBA B KBa-
JApPaT, HOJYIEM

(x—x,)2+(y-y1)='R“ 2.1.1)

Boipaxernue (2.1.1) u sBiserca ypaBHe-

> o
o X1 ¥ HueM OKPYXHOCTH B BHIOpaHHO# cucre-
Me KoopauHaT. Ecrmu meHTp .OKpyXHOCTH
Puc. 23 'kcosna}laer C HAuaioM KOOpAMHAT, TO

YpaBHCHHC Opr)KHOCTI/I HpHHHMaeT BUI
x2+y2=R2. ® O (212)

§ 2.2. MPAMAA NUHUA. YTON HAKITOHA
u YINOBOW KO3OOUUUEHT. YPABHEHWE NMPAMOWN
C YINOBbIM KO3OOUUMEHTOM

Ilycth B cucteMe Koopm/lHaT Oxy 3axaHa upsMas /.
Onpepenenue 1. Yesom naxaona @ npamoi
HA3LI8AEMCA = HAUMEHBWMUN Y204, OMCUUMbIBAeMblil  Om
noaodcUmeAbHo20 HanpagieHus ocu Ox npomus 4acoeoi
cmpesky 0o Oannot npamoi (puc. 24).
“ Yeon @el0; m).
Ecau ¢©=0, mo [|Ox; ecau @=mu/2, mo lLOx
uu 1| Oy. :
XapakTepucTUKa HAKJIOHA OPAMOMf, = BhIpaXKCHHAS
_ B TIpagycHOM WM paguaHHOH Mepe, HEynoOHA upH
BBIYHUCJICHUSIX, TOITOMY XEJATEILHO BBECTH Oe3pasmep-
HBIH - TOKa3aTelh - HAKJIOHA.
Onpenenenne 2. TauzeHc Y24a HAKAOHA NPAMOL
Hazvigaemcs . y2a06viM KosghPuyuenmom k, m. e. tgp=~k.

K1

jj_
¥

Puc. 24 ' ‘ Pyc. 25
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. W3 orpegenenus 2 cieAyer, 4TO

3] ke{) 00; +oo);
= 2) ecau (p<7c/2 mo k>0

3) ecau o>mnf2, mo k<0

4) xancoomy 3nHauenuio y2n08020 K03 gﬁuuuenma co-
omeemcmeyem ooHo s3nauenue yeaa @©€|0; w);

-5) npamasa, napaiseavnasi ocu Oy, He umeem y2108020
rcosgﬁgﬁut;ueuma

- Yriosoii Koatb(bmmeHT ONpeiesIseT BEJMYHHY Ha-
KJOHA IpsAMO# IO OTHOIieHWIo K ocu Ox, Tak 4TO
TEPMUHBI «HAKJIOH MPAMOH» U «YTJIOBOU Koaq)(bnuueﬁr»
OOBIMHO OTOXICCTBIISIOT.

Ilonoxenne mnpsimoit B cucreme koopmuHaT Oxy
MOXHO 3a[aTh Pa3JiNYHLIMH YCJIOBHSMH, B YacTHOCTH
npsaMas oNpesie/icHa, ecid 3aJjaH yroJl HaKJIOHA (. B TOY-
ka B(0; b), nexamas ma mpsmoit (puc. 25). Kax mo
STUM JaHHBIM HafiTy ypasHenue npsmoi? OrpaHmauMcs
clyd4aeM, KOrga YroJ HakJIOHA ¢ OCTDBIA (b>0).
Bo3sbMem Ha npsmoii Touky M (x; y). I3 Tpeyronpauka
BAM cnemyer, 4T0 To4ka M JEKHT Ha NPSIMOil B TOM
B TOJBKO B TOM Cjy4ae, eCJii

- y—b=xtgo.
Vuurteisag, uro tgo==k, AMeeM
y=b=kx, uim y=kx+b, (22.1)

e k—yriaosoit xosdduuueHtT; b-—oOTpPe3oK, oTceka-
eMblit npsMoit Ha ocu Ox; X, y — TeKyllHe KOOPAMHATEI.

§ 2.3. yron mMEXgY ABYMA NPAMbIMMW.
YCROBME NAPANFIENBHOCTYU
¥ NEPREHAUKYNAPHOCTU ABYX NPAMBIX

Hych - JJaHBL - BE- nepecexa;omnec;{ IpsIMbIE
'l U m ¢ yrIIOBLIMI/I koapdunuenramu k, u k, coor-
{BeTCTBeHHo

Onpenenenme. Yeaom 0 Me.ucdy 'npﬂMblMltl
‘,u M HA3bLIBAEMCA Y204, OMCUUMbIGAeMbll OM -NPAMOU
¢ yenosvim kosPpuyuenmom ki, npomue yacogoii cmpeas-
Ki— 00 npamoii -c y21086lm koagppuyuernmom k.
. W3 puc. 26 Bumpo, 4to 0=¢,—@;. o (bopMyJIaM,,
‘M3BECTHRIM M3 TPUIOHOMETPUH, MMEEM

tg(Pz tg o,

tg9 tg((pz (Pl) 1+igQ,tge,
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VauTeiBas, 4T0 tgo,=k,,
tgp,=k,, momyuaem
k2_k1

lbkoky
Ecmm [{m, To 00e npsamsie
UMEIOT paBHBIC VIJIBI Ha-

tgh=

23.1)

~Y

KJIOHA! :
. 01 = Q18 =tg @k, =k,.
| 2.3.2)
Puc. 26 " Pasenctso (2.3.2) sBiseTCH

HCO6XO,III/IMBIM u aocratov-
HBIM ycnOBneM HapaJuIebHOCTH JBYX  TPSIMBIX. Ecm
[1lm, To
o ¢z+n/2©tgw1—tg(¢2+n/2)——ctg%=
. 1 1 3 .
= el = 2.3.3
Ctge, 1k 233

Pasencteo (2.3.3) sBuseTcs Heobxodumbim u docma-
MOUHBIM  YCA0GUEM nepneuaulcy/mpnocmu 06yx ApAMBIX.

1
@® Mpumep.  Cpema  ppsmeix 1) y=2x-3; 2) y=£—1x+2,

3) y=2x+3; 4) y=—4x—6 yKkasaTb NapanneIbBble M. ICPCHIY-
KyJISIPHBIE.

Pemenne. Haxomum - yrnoeele koddoummentor. Wmeem k=2,
k;=1/4 ky=2, k,=—4. Tak xax k;=k,, To npsmeic 1) u 3) mapai-
nenpEbl, Ecmu k= —1/k,, To mpamsre 2) u 4) nepueHAUKYIAPHEL @

. § 2.4. YPABHEHUE I'IPHMOM
APOXOAALLEA YEPE3 OAHHYIO TOYKY
TMEPNEHAUKYNAPHO JAHHOMY BEKTOPY

" Ilonoxenne npaMon [ Ha miockocTd OXy MOXET
ObITH ONpeneNeno, eciu 3amama Touka M (x5 y.)el
u BekTop N =(A4; B), mepuennu-
Kynsipaetit /. Bexrtop N Ha3biBa-
ercs Hopmdaavuwim. Haiinem ypae-
HeHue upsaMmoi /. BossMeMm Ha
npsvoft  Touxy M (x y) m pac-
CMOTPHUM BEKTOP M‘lM (x—2x3
y=1y,) (prc. 27). Cornacao ycio-

Puc 277 mmo N L MM, nosromy ckansp-

M(x;y)

Ml

.

o]
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HOE NPOU3BEICHUE N-M,M=0. Tlepexosis ¥ CKanspHOMY

IPOU3BEICHAIO BEKTOPOB, 3a4AHHLIX ~KOODAMHATAMY,

nMeEM :
A(x=x)+B(y—y,)=0. (2.4.1)

DTOMY COOTHOIICHHIO  YAOBJIETBOPSIOT KOOPIHHATHI
x, y moboit Toukw, Jexameii Ha npsaMoil /, W TONBKO
oan. U3 (2.4.1) cimeayer, 4ro

Ax+By—(Ax,+By)=0. (2.4.2)
Baefiem 0o3HAYCHTIE _ R
| —(4x,+By)=C. (24.3)
Torma 4
Ax+By+C=0, 44

rie A m B-—XoopaMHATHI HOPMAaJBHOTO BEKTOPA; X,
y— Texyumme kxoopauHaThl, C—cBobonusii wien. Coot-
HotneHue (2.4.4) Ha3BLIBAETCS 0OWUM ypasHeHUueMm NPAMOL
Ha naockocmu. Taxum o0pa3oM, HpAMas HA. HAOCKOCHIU
modcem Ovimb NPedCMAsAeHd ypasHeHUuem Nepeoti creneHu
T OMIHOCUMEABHO X U Y.

MoxHo moka3aTh, YTO 'BCSKOE YypaBHEHUE IIEpPBOI
CTETICHW C JABYMS HEU3BECTHBLIMH X H ) OIpeaenseT
npAMYr0 Ha Ttuiockoctw Oxy. Jns 3toro  Hago «o0-
paTHTL» TPENbIAYINUE PAcCyXICHHs, T.e. u3 (2.4.4)
MOJIYIUTh cooTHOMmeHHE (2.4.1).

[MpoananmusupyeM ypasHeHue (2.4.4).

" 1)Ecrm A=0, To N1Ox, a [|Ox. ’ .
VYpapreHne npsaMoii -npuEAMAET BEL By+C=0, nwm

: y=——% . HUcnonw3ys 0603HAYEHTE ,——%=‘b, 3aNAIEM
- y=b. _ Co 2.4.5)
2) Ecom B¥O; TO NL Oy, 110y, a ypaB’I;éHHe
Iips{MOﬁ umeer Bun Ax+C=0, wm x= —%.-

, : ‘ : C .
- Hcnonw3ya obo3HaveHue —~=d, 3amhIeM .

- x=a (2.4.6)
“3)Ecma A=C=0, 10 By=0, y=0«Ie0x; -
B ‘ y=0 ' - (247

| — ypasHenre ocu Ox.
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7y . & Bcm  B=C=0, TO
» Ax=0, x=0, =/ 0y, cneno-
3t %4 - BATENLHO,

x=0  (248)

N——.—
=¥

— ypaprenne ocu Oy.

® Ilpmmep. ITocTpouth Dpamyio
2x+3y+6=0 H ee HOpMaILHBIH
BEXTOD N. - .
- Pewmwrenne. YrobObl HOCTPOHTH
Puc. 28 ‘ NMpAMYO, JOCTAaTOYHO HAHTH KOOp-
: JUHATBI KakuX-HHOYNb IIBYX TOUCK,
JeKAHHMX Ha HpﬂMOI/I Coc-raBJmeM CICYFOIYIO Tabsmmy:

x|03
5 -2 o

OmHy M3 TeXylMX XOODAMHAT O€peM IIPOM3BONBHO, IPYTYIO
BBIYHCANM M3 ypaBHemun npsmoi.  Hocrpous Touxu A(0; —2)
u B(—3;0) u mposeas uepes HUX UPAMYIO, PEUIAM MEPBYIO YacTb
samauu. HopmaneHpid BekTop uMeer koopamathl N=(2; 3). Co-
BMECTHM HA4Yalo BekTopa N C HAaYaloM KOOPAMHAT, TOT/A - KOHEI
ero COBIIAAET C TO'—II(OI/I M2, 3) OM=N (puc. 28).

§ 2.5, YPABHEHUE MPAMOMW,
MPOXOOAIWENA YEPE3 ABE AAHHBLIE TOYKWN.
YPABHEHUE MPAMOW, NPOXOAALWER YEPE3
.u.AHHYlO TOYKY B AAHHOM HANPABRAEHUWU

HyCTL mamsr e TOUKH A (¥ yl) u B(x, y,)
‘TIposeseM. uepe3 HHX uHpsiMylo /| U BbibepeM Ha HEH
- TEKYHOIyI0 TOuKy M (x y) (puc. 29). VcraHoBHM COOT-
- HOILEHME MeX/y TEKyIIUMH KOODIMHATAME (X; y) M Ko-
opauHaramu_Touex 4 u B. BamuieM KOOP/IMHATEI
' BEKTOPOB - AM u AB. Vmeem AM_lx X33 Y=ri)
AB =(x,—X;; y5,). Bexropsl AM U AB paCHOIOXEHbI

Hd OJHOW IPSMOM, CIEHOBATEIBLHO, QHH KOJLTHHCAPHBL,
Vunreisas (1.3.14), HB,I/I,Z[CM

2N X (215.1)‘
Y2 ~)’1 X=Xy .

I‘I[e X5 yl—'—KOOpI(I/IHaTLI HCpBOI/I I[aHHOI/I TOYUKH; X5, Y, —
KOOpAHUHATHI BTOpOI/I IaHHOH TQUKHA; X, Yy — TCKYIIHC KOOD-
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mHath. Iloay4eno ypas-- M

A y
HEHME HPAMOH, NPOXOJs- 4
el yepes ABe TOYKH. : 2
Hs . (25 1) nmeem A
-1 l V
-y = X=X} ~ /
yon=ETReex) N
esy ~ °
3piecn wncno 2271 pap- Puc. 29
Xy Xy

HO erIOBOMy koapduumenty npamoi. O0o3nauas
Ya—

LNk ou TOACTABIIAA 5T0 3HAYCHUE B (2.5. 2) HMEEM _
Xy—X,

y—y =k(x—x,), | . @53)

Tie X;, y; —KOOPIMHATHl HaHHOU TOYKW; X, y— TeKyline
KOOD/(MHATEL, k— yrimosoi Icootbd)numm TMoay4aeno
ypaBHEHME NPAMOHN, NPOXOJALIEH. yepe3 z(aHHy}o TOYKY
B JaHHOM HaIlpaBJICHUU.

@ Hpamvep. Cocrasuth ypaBHeHme NPSMOH, NPOXOXAHied depes
Touxu M, (—4; 6) u M,(2; —1). Haittu ee yrnosoit kosbduument.

Pemenue. Moxncrasum B ypasmemme (2.5.1) x,=-—4, x,=2,
y1=6, y,=—1. Ameem

y—6 x+4 y—6 x+4

., WIH 2
—1-6 244 -7 6
Hocne ynpowenus  nosyuaem

Tx+6y—8=0;

§ 2.6. TOYKA TEPECEYEHMA ABYX I'lPﬂMle'.
B3SAUMHOE PACHONOMXEHUE ABYX NMPAMbDIX

Ilycts mpsMele [/, ® [, 3aaHbl COOTBETCTBEHHO
ypaBHeHRAMU A x+Bly+C =0 u A,x+B,y+C,=0.
Haiinem t1ouxy wux mnepeceyeHus. Touka mepeceycHus,
€CHE  oHa CYIIeCTByeT, sBjiscTcd oObmed mia  obeux.
HUPSMBIX, CHEJOBATEIBHO, €¢- KOOPAUHATHI X, J JOJUKHBI
. obpamaTs B TOXAECTBO o6a ypaBHeHus. OueBHIHO,
‘9TO 4HMCIA X, VY SABJSIOTCS PELICHUEM CHCTEMBI
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- (A, x+By+C,=0;
A, x+Byy+C,=0;
;_Bxcz‘Bzcl __AZCI_AICZ
A, B,—A,B,” ° 4,B,—4,B,

(2.6.1)

Cucrema (2.6.1) mMeeT emMHCTBEHHOE pellIcHHe, ecim
AB,—A,B,;#0. (2:6.2)

Cootromenne (2.6.2) o3HAYaer, YTO HPSAMBIE IIEPE-
cexarorcs.
' PaccMotpum ciy4ai, Korsia

A B,— A, B, =0,
B,C,;—B,C,#0 um (4,C, AC#O) (2.6.3)

IIpenmonoxum, 9To pemenne cucremsl (2.6.1) cymecteyer
B BHJIE NIaphI YMCET X, V- IToacTasiss ux B (2.6.1), umeem

A x5+ B,y +C,=0; -
A,x+B,y+C,=0.

VYMHOXHB NEpBOC U3 ypaBHeHHM Ha A,, a BTOpoe—Ha
A, u BHMHATAd U3 NEPBOrO YPaBHEHUS BTOPOE, MOJIydaeM
A,C, —A44C, =0, uTo mpoTHBOpeYHT ycioBHo. CHcTeMa
_peiieHHR HE MMEET, CIECAOBATENLHO, y NpsMbIX [, u I,
HeT oOImX TOYeK, T. €. [, || 1,. VYenosust (2. 6 3)——ycnosml
»IAPAIUIEABHOCTH JIBYX HpSIMBIX
Haxonen, Bo3sMmosxed ciyvail, korga 4, B,— A4, B, =0,
A,C,—A4,C,=0, B,C,—B,C,. VI3 3TUX paBeHCTB CJic-
- gyer, uro A,=pA,, B uBl, C,=uC,, wm

rae J—HEeKOTOpOoe YHCIIO.

Koad)q)mmeﬁrbl ypaBHEHIH nponopunananbﬂm Cuce-
Tema ypasHeEmMir (2.6.1) paBHOCHMIBHA OJHOMY  ypaB-
HEHIIO, TaK KaK BTOPOE YpaBHEHHE MOXHO IIOJIyYHTD
M3 OEpBOro, yMHOXas ero Ha (. YpaBHeHWE
Aix+B;y+C;=0  wumeer OecKOHEYHOE . MHOXECTBO

. pelIeHHuH
— —B,y—C,
—a

I

rae y —moGoe umcno. B srom cnyqae np;nvn,[e iy,
COBIIATAIOT.
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OdopMuM KpaTKde BHIBOALI B BHJAE TaGmuubI
Tabauya 2.1.

3aBHCAMOCTE MEXAY Bzanmmoe pacnoo- Komgectso
koo dummenTamu  ypasHe- KEBUE HPAMBIX perenuit -
HHH OPAMBIX

ABy,—A;B,#0 TIpsmele mepecekarorca |OaHo

AB, —4 3B, =0 Ipamele mapananenensr | He cymechyeT-
B,C,—B,C,#0 .
(A2C1 ~A4;Cy 9é0)

4 B C ‘| Conanaror BeckoneuHoe
P Yt , MHOECTBO
A, B, C

' @ Ilpumep. Haiitm Touxy TiepeceteHus  mPAMbBIX
' l,:2x4+3y—16=0;
5,:3x—y—2=0. .
Pemenne. Mmeem: A4,=2, B;=3, A4,=3, B,=—1. [anee
TIONYYaeM. :
’ A4,B,—A4;B;=2(—1)—33=—11#0.
CnenoBaTeNbHO, IIPSAMBIE IIEPECCKAIOTCA.
CocTaBisaeM . CHCTEMY

2x+3y—16=0,
3x—y—2=0.
VMHOXas mepBoe W3 ypaBHeHmii Ha 3, a BTOpo¢ Ha —2 H MOWICHHO
CKJIaBIBas, IIQJIyYaeM . '
6x+9y —48=0,
—6x+4+2y —4 =0,
Hy—41=0<«y=4.
VmuOXas meppoe W3 ypasHenuil Ha 1, a BTopoe—mHa 3 M IOWICHHO
CKJIAZBIBAS, TOIy4acM :
2x+4+3y —16=0,
9x—3y —6 =0,
11x—22=0«x=2". i
Taxam obpasomM, TouKa mepecedeHHs NpsMbIX M (2; 4).

v

.§2.7. TEOMETPUMECKWUA CMbICIT HEPABEHCTBA .
U CUCTEMbI HEPABEHCTB NEPBOW CTEMNEHW
' C OBYMA HEWSBECTHbBIMW

PaCCMéTpHM ypaBHeHue ocu Ox ' .
‘ y=0. : 2.7.1)
. : . 45



Ocp Ox menuT MIOCKOCTD
Oxy Ha ABE NOJYIUIOCKO-
CTH — HIDKHIONO, ISl BCEX
TOueKk kortopoi  y<O,
U BCPXHIOI, BCE TOYKH
KoTopoi umetor  y>0.
Hepasenctey y<0 yzos-
, , JIETBOPSIOT  KOOPAMHATHI
/] , ‘ BCEX TOYEK HUXKHEH ITO-
o1 ' JIYIJIOCKOCTH, TOTrAa Kak
HepaBeHCTBY y>0 ynos-
. JIETBOPSIIOT KOOPAUHATHI
Puc. 30 BCEX TOYEK BEPXHEH MO~
JymiockocTH. OrTciona  nenaeM  BBIBOJ. HEPABEHCTBO
Bga y>0 wm y<0 onpefensieT NOJYIIOCKOCTb.
IIyctyr maHo ypaBHEHHE

x=a. @1y

CooTtBercTByIOnIas mpsiMas IUIOCKOCTE Oxy Ha [IBE
MOAYIJIOCKOCTH:  JIEBYIO M mipasyro. [{ns Bcex Touek
 JICBOY TMOJIYIUIOCKOCTH X <@, a AJi NpaBoil IOJYILIO-
‘CKOCTH Xx>a. HepaBeHcTBO BHa X<g WWM Xx>a
OUPEACHSIOT B CHCTCME I[EKapTOBLIX KOODPJMHAT TIOJTY-
IUIOCKOCTD. .

Ilycrs Tenepb JaHO ypaBHEHUE

Ax+By+C=0, (424 B2#0).  (273)

CootaercTByroniass IpsMas IENAT IUIOCKOCTE Oxy Ha
ase moaymiockoctu. Pasenctso (2.7.3) ummeer Mecto
TOJIBKO JUIS KOODAWMHAT TOYEK, JISKAIIAX HA TPAMOIL.
Ecmu moxcTaBuTh KOOpAMHATHL TOYKA M (x; ¥), xoTopast
JIEXUT B KaKoH-THOO MOJNYNIOCKOCTH (T. €. HE JIEKHT
Ha upsmoil) B (2.7.3), TO pPaBEHCTRO (27 3) mepeineT
B HEPABCHCTBO

Ax+By+C<0 wim Ax+By+C>0.

M B olbmeMm ciayuae MOXHO IHOKa3aTh, YTO DpPH HOICTAHOBKE
KOOD/MHAT TOUEK OFHON NMOMYIIOCKOCTH B (2.7.3) MONy4aeTcs HepaBeH-
CTBO -OJHOTO CMBICHA, & i KOOPAMHAT TOYEK JPYTOM MOJIYILUTOCKOCTH
WMEET MECTO HEPaBCHCTBO HPOTHBOHONOXHOrO cMbicha. Jokaxem 3T10. -

IMycre mpamas L 3agana ypaeHenwem A4x+By+ C=0 (puc, 30).
Mpamas L pasbusaer mwiockocTs -OXy HA TPH YacTH:

1) oTkpeiryro moaymiockocts P, (Ges Touex L);

2) OTKpBITYIO. TOJyIUIoCKocTh P (Ge3 touek L)

3) camy npamyro L. -

Ha momymnockocTs P, YKa3biBaeT BEKTOp NN.
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Teopema. Touxa M(x; y)eP, mozda u moavko mozda, Kozda
Ax+By+C>0.

HoxaszaTenbcTpo. BosbMem Ha mpsmoit L TouKy My (%05 ¥0)
u TouKy M (x; y}eP,. PaocMOTpmM sextTop MM = (x—xo, Yy—Jo)- Slcro,
uto M (x; y)e P,<>(MoM 7 N)—octpuiit <> MM . N>0<>4 (x—Xx,)+
+B(y—yo)>0<>Ax+By>Ax,+ Bygs> Ax+By+C>Adxy+ By, +C.

Tax kak Mg (xg; yo)eL, To Ax,+Bye+C=0. Taxum oGpazom,

: Ax+By+C>0.
Teopema poxaszana.

AHaJOTHIHO MAOKA3BLIBAIOTCA CJICAYIONIHE YTBEPXKACHAS:

D M(x; y)eP_<>Ax+By+C<0;

2y M(x; y)e P | JL<>Ax+By+C=0;

3) M{x; y)eP_\UL<>Ax+By+C<0.
Brigod: B cucteMe koopamHaT Oxy HEPaBEHCTBA

' Ax+By+C<0 u Ax+By+C>0

onpeuenx}oT HOJNYNJOCKOCTH.

OunpemencHue. Muoxcecmeo mouek RAOCKOCHU,
KOOpOUHAMbL  KOMOPbIX  YO081erBOpAIOM Hepasencmgy
Ax+By+Cs0, Hazvieaemcea oOaacmulo e20 pewdeHuil.

O6J‘IaCTL}O peleHnii ABMASIETCS MOJIYIUIOCKOCTh, a4
HepaBeHCTB BHIa AXx+By+C<0 mm Ax+By+C=0
B 00JacTb pINCHMH BXOIUT W PAasNeNsiollas mpsmMas.

IIpasuno. Ymobwr nocmpoums o0baacmp pevieHu
HepaseHcmea, HeobXo0uUMo:

1) nocmpoums npamyro

Ax+By+C=0; 2.7.3)

2) emecmo meKywux KOOPOuHAm X u Y nodcmaeumb
¢ (2.7.3) koopounamwr mouxu 0 (0; 0).

Ecyii HepaBeHCTBO YIOBIETBOPSETCS, TO 0671aCTBIO
PeIlieHN SABJIAETCA IIONYIUIOCKOCTh, COAEpXKAllas TOYKY
0(0; 0). Ecnu HepaBeHCTBo HE YHAOBJIETBODPSETCS, TO
0o0JIaCTBIO PELUCHUM  CIYXHT [OpYyras IOJYIUIOCKOCTb.
Kopoue, ecnu .B HepaBeHcTBe Ax+By+Cs0 3Hax
CBOGOJTHOTO UJI€HA COBHAJAET CO CMBICIIOM HEPABEHCTBA, .
YO TOJIYIIOCKOCTD, COfepXammas touky O (0; 0), sBs-
eTcs 00JACTbIO pelleHuii HePaBEeHCTBA.

OGuacTp peluenvii HepaseHcTBa Ax+ By S0 CTpOI/ITCSI ‘
aHANOIHYHO, TOJBKO BMECTO kKoopiuHaT ToukH O (0; 0)
HAI0 NOJACTABINTH KOOPMMHATHI TOUKH, JieXauied B Of-
HOH H3 TOJYIUIOCKOCTEH.

0 l'[pnmep [TocTpouts B CHCTEME ,IlCKapTOBbIX KOOp/IMHAT 06-
T JIACTh  pelueHui HepaBeHCTBa

2x+3y~6>0.-
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- Puc. 32

Pewmenue. Crpomm mpamyro 2x+3p—6=0. 3max cBoGoamEOTO:
4jIeHa NMPOTHBOIIONOKEH CMBICIY 3Haxa HepasencTsa. CIieIOBATENBHO,
o0jacTb peiieHnd He COAEPXMY Havama koopauaar (#a puc. 31
mokaszaHa wrrpuxoskoi). IIpsmas. nmams He Bxomur B oOJacTh
peuicnuit. @ )

HYCTL B JCKapTOBBIX . KOOpAMHATAX Oxy JdaHa cH-
CTe€Ma n HEPABCHCTB

(4,x+B,y+C, <0,
A2x+B‘2y—i_—C2>0‘,’
Asx+Byy+C;<0, (2.7.4)

 Anx+B,y+C,>0. '

"5

A

Onpenpenenre. Muodcecmgo moyex NAOCKOCIU,
KOOpOUHAMbL  KOMOPEIX YOOBACMBOPAIOM HEPABEHCINEAM
(2.7.4), nazvieaemca o0badcmbio petdeHuil  CUcmeMmbl.

QO0nacte pelueHud — 310 0o0Was YacTh BCEX MOJY-
IUTOCKOCTEH, ONpenensieMpIX KaXa6IM HEPABEHCTBOM, OT-
JIETIbHO, T. €. cHCTeMa HepaseHeTs Buaa (2.7.4) onpenens-
eT mepecevcHHMe moJymiockocref. B sroM  cocTomT
TEOMETPHICCKHI CMBICT cHuCTeMbl” (2.7.4).

© Tipumep. ITocTpouts OGNACTSL pEIICHWIE CHCTEMBI HEPABEHCTB
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x+y—5>0,
—-x+3y—-7<0,
Ax—p<lIl,

Pecutenue. CrpouM COOTBETCTBYyMOUME IpsMbie  x+y—3,
—x+3y—T7=0, 3x—y=11 (puc. 32). :

Wtak, 0o6nacrpio peuicHuH SIBIAETCS 4YacTb IUIOCKOCTH BHYTPH
Tpeyrosniuka. CTOPOHEI TPEYroNBHHKA B 3Ty O6GNacTs He BXORAT. @

§ 2.8. 3A0AYN U3 ATPOHOMMWYECKOW
N 300VHXXEHEPHOW MPAKTUKU

IIpn cocrapiennu 3anay (YCIOBHBIX) JAHHOTO Hapar-
pada moHsATHE QYHKIMOHATBHON 3aBUCUMOCTY CUHTAJIOCH
- U3BECTHBIM YWTATENIO W3 IUIKOJILHOIO Kypca.

PaccMoTpaM HEKOTOpBIE MPOCTEHIINIE MaTeMaTHdec-
KUe MOJENH 3a7aY, CBA3AHHBIX C CENBCKOXO3ANUCTBEHHLIM
-mpomzBoAcTeoM. Kak m3BecTHO, MOJENb 3a7a4d JIOJDKHA
OTpaXaThb TPEX/JEe BCCrO TJIABHBIC, OCHOBHbLIC, ocoben-
HOCTH W CBOWCTBA, onpenenmonme YCIIOBUS TIPOTEKAHUS
- mporecca WM SBJICHUS.

Ipu yBenmucHAY 4HCIA npmmmaeMLIx BO BHMMAHME
YCIIOBUI MaTeMaTH4eCKast MOAEIL YCIOKHSAETCS, U3y4aTh
TaKyr0 MOIEIb TPYAHEE, HO .IMOJYYCHHBIC PpE3yIbTaThI
G6ynyt Oojiee 3HAYMMBIMM, & nporHo3 xoza npouecca -
okaxercs ©ojiee TOYHBIM.

HauGoneé -ipocToif MaTeMaTH4eCKOH MOZEIIBIO ;{B-
JISETCA YPABHCHMC NEPBOH CTENEHH — ypaBHCHUE OPSIMOM
JIAHIH. :

3amama 1. Macca y 1wn® cema, domomer u Apyrmx rpyOmIx
KOPMOB OupenessieTcs npn TPOYMX PABHBIX YCIOBHAX IPOJOIDKHTEIb-
_HOCTBIO X BPEMCHH xpanemm mocne ckiamuposanus. IlycTh vwepes
 Mecan nocae yknaikd 1 M° ceHa NPEPOIHBIX CEHOKOCOB BecMi S2 Kr,
‘a wuepes Tpu wMecaua-—62 kr. Ilpeamonarads, YTO B IPOMEXYTKE
BpemerHd - oT 0 g0 3 MecspeB 3aBUCHMOCTB MEXIY X Ky rpaduueckn
BBIDAXAETCA MPAMOL™, 3aNHCATh YPABHEHUE ITOM HPSMOM U MOCTPOUTH
‘ée rpaduk. Onpenénurs Maccy 1 M° cema mocne 1,5; 2 u 2,5 Mecaues-
. 'ge XpaHeHuWs, CHAYANA 1O rpadMKy, a 3aTEM C TOMOIIbIO BHIYHCICHUH.
o Pemenue. Haiinem ypaBHeume npsMoli, IpOXONALIEH depes JBe
Touku A(l; 52) = B(3; 62). Umeem

* CTporo roBops, TAaKOE IPEeNOIOKEHHS ABJIAETCA YCJIOBHLIM
B .mepsble AHM TOCHE CKIaaupoBanus macca 1 m® cema BospacTaer
.3AMETHO, 'C TEYCHMEM BPEMEHH BO3PACTAHHE 3aMeiaeTcs H. 3aTeM
TipakTHdeckH npekpawaercs. Jna ydyera sTux ycmosnit HOTpC60BaJ‘IaCI>
661 Gonee cnoKHAS MATCMATHYECKAS MOMIENb.
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y— 5 _x—1 y=52 x—1
62—52 3—1" "™ 10 Tz

. ¥Mmuoxasg o0¢ uvacTH paBeHCTBA
sa 2 u Ha 10 m yenvmuMB y,
OKOHYATEILHO HMECM

y=">5x+47. 2.8.1)

. Vpasmeane (2.8.1) - smusercs
MaTEeMAaTHYECKON MOIENHI0 H3Yy4da-
" €MOro IpoHecca ¢ y4eTOM IpHHS-
Puc. 33 Thix ponymenmit, Fpadux (2.8.1)

u300paxeH Ha puc. 33.

Ecmm x= 15 10 y=5-1,54+47=54,5; :

ecmd x=2; To y=5-2,0+47=57;

ecmt x=2,5, T0 y=5-2,54+47=759,5.

W3 rpaduka -Haxomum: y= 55 npu x=1,5; y=58 npn x=2; yp=60
npu x=2.5. @

@ 3anaza 2. Macca ¥y NMOACTHJIOYHOrO HABO3a OT OJHOM TOJIOBEL
‘KPYIHOTO POTATOr0 CKOTa NpPH OJMHAKOBGLIX YCIOBHAX COMEPKAHHS
3aBHCHT OT JJIHTCIBHOCTH CTOINOBOrc mepuopa x. Tak, mpH cTOiIO-
som mepwose B 180 mm macca =HaBosa Ba 1 TonoBy cocraBmAma
4,571, a npd JIMTENGHOCTH nepuoaa 240 ma—38 1.

Kakoil BEIXOJX HaBO32 MOXKHO OXHAATE IIPY CTORTOBOM Iiepuoze 210
IH, 225 nH, eCNE HA OCHOBAHMYM U3yYeHHs yCIOBUl IPOU3BOCTBA MOXHO
CYHTATD, ITO B JIAHHOM NPOMEKYTKE BPEMEHH MAcca HABO3a BO3PACTaa
NPOTICPIMOHAILHO - HPOACIIKHTEABHOCTH CTOIIOBOro neprosa?

Pemenne. I'paduk 32BHCHMOCTH BENHYMH y H X — IIpAMasi,
npoxondmas uepe3s touku- A(180; 4,5 =m B(240 8).

3ammmem ypaBrenme npamoi (AB):

y—45 x-180 - y—4,5 x—180
I =
‘8—4,5 T 240—180° 35 60

30 |
0 7 f22253 4 &

Lt i

>y

OxoHvYaTe bHO . NONMydaeM y= 0,058x —6.
—Ecma x=210, 1o y=0,058-210-6~6,2m;
ecmn x=240, 10 y=0,058 :225—6~7.0m. &

@ 3anaua 3. Jlus HEKOTOPHIX COPTOB BHKH YCTAHOBJIEHO, YTO
NpH IPOYHX PABHBIX YCIOBHSIX NPOIYKTHBHOCTE (YPOKAMHOCTH 3eNCHOM
MacChl, CeHa, CeMsH) 3aBUCHT oT wmacchl 1000 cemsm - TIOCEBHOTO
MaTtepuaa.

“Tax, ecim macca 1000 sepen cocrasmser 27,5, T0 YpoxaiHoCcTh:
seneHo#t Maccel cocraBuser 150 m/ra- m cemsH 8 1fra, a eciiH Macca
1000 3epenr paBua 42,51, TO COOTBeTCTBeHHO 225 u 15 mjra.

Cuauras, WTO rpaduKOM 3aBHCHMOCTH YPOXAHHOCTH 3€jeHo

- Maccel u cemsiH oT maccst 1000 cemsm Ba murepsasne (27,5; 42,5)

ABNseTCA NMPAMAS, HAWTH YPABHEHMS OJTUX OPAMBIX W OYPEACTHUTD.
YpOXafHOCTh 3€NeHOi Macchl W ceHa Ipu Macce 1000 cemsim B-30 r.

‘PemieHue. VPaBHCHHE NPONOPHUROHANBHON 3aBUCHMOCTH HMEET
BHQ .
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y=kx+b. ' 2.8.2)
IMpsmvas (2.8.2) npoxozur wepes touku A(27,5;150) m B(42,5; 225).
Ans ypoxXalHOCTH 3e/eHOH Macchl HMeEeM - yPaBHCHHS
- Coy=150  x=275.
225—150. - 42,5-27,5"
MaTeMATHYCCKAS MOAETh YPOXKAMHOCTH CeMAH B 3aBHCHMO-
cru- ot wmaccel 1000 cemsH nosydaercss ananoruyHo. Tlpamasn- -
(2.8.2) mpoxommr uepes Toukm C(27,5;8 m D425 15).
Mmeem .
Y-8 o x=275
15~8 42,5-27,5

Wi p=5x+12,5. (2.8.3)

nan y=04(6)x—4,8(3), wm y~0,5x~438. (2.8.4)

ITo dopmymam (2.8.3) u (2.8.4) MOXHO HaliTi TpPHGIIKERHOE
3HAYEHHE YPOXKAMHOCTH 3€JIeHOM MACCHl BHKA W CeMSH npu Jr06oit
Macce 1000 cemsmm, xe [27,5; 42,5]. - ,

Tak, npu x=30T ypoXalHOCTH. 3¢JICHO MAacchl

y=5-30+12,5=162,5 (w/ra).
VpoxaitHocTs ceMsH '
y=0,5-30—-4,8=11,2 (g/ra).

IMonyueHHble PE3YNBTATH CHEAYCT CUMTATh NPHUOIIKCHHBIMH, HX
TOYHOCTh 3aBUCHT .OT TOTO, Ha CKOJIBKO TOYHO OTPaxacT BhLIOpaHHAS
MOJENb PeabHBIE ~OuosorHMuecKHil mponecc. @

® 3anaua 4. TloceBHo#f arperaT ¢ HmMpHHON 3axBaTa 4 M INpH
CIUIOLIHOM PSAZIOBOM TIOCEBE TOJIEBOH KyJBTYPhl COBEpPIIAET HPAMO-
NUHEHHOE NBHXEHUE B CEBEPO-BOCTOYHOM HAINPABICHUH TOH YLAOM
60° x Hanpasnemmio -Mepumuand. Ilpuuss, 910 ocs Oy CoBHANAET
C HaNpaBACHASM MCPUANAHA M YTO TOYKA HAYAJA IOBYDKCHHS COBHAJACT
€ Ha4yajioOM KOOpIOMHAT, 3aMACATh YpaBHEHUS IPSIMONMHEHHBIX Y4aCTKOB
TPACKTOPUH HBYKEHHA arperarta (puc. 34).

Pemrenume. BocronesyeMcst YpaBHEHHEM IIpAMO# C  YrAOBHIM
xodbdunuenrom (Y=kx-+b). B maumoM cayuae

3
k;tg(90°—60°)=tg30°=—\3£.
- Ypasuenue HauaMbHOH Tpa-
CKTOPHE MMEET BUA
RVER
. r= 3 .
W3  Tpeyromsmuxa - ABO -
‘WMeeM '

BO| 2:4 8




JIst TMHEM [BYKCHHS arPeraTa, COBMAJAIONIEH ¢ oTpeskoM BA, nMeeM

J3 8

y=—X+—.

3/
Jins BCex APYrMX TPAEKTOPUIt YPABHEHHE MMEET CHCAYIOUMA BUA:
V3. |

y=——3——x+n TAac neZ. @

ﬁs
§ 2.9. BbIBOAbI

C HOMOHIBIO CHCTEMBI AEKAPTOBBIX npaMoyrohBme
xoopauHaT Oxy yCTaHABJIMBAETCA B3AHMHO OIHO3HAYHO
COOTBETCTBME MEXy JIMHHASIME Ha IUIOCKOCTH M ypaB-
Hegusamu BHAa F(x, y)=0. ‘ ~

IlpsiMas JIHHHS BBIPAXKACTCH YpPaBHCHMCM IEpBOM

CTCNEHH OTHOCHTENBHO X W ). YpaBHeHne nepBoi
crenenu Buma Ax+By+C=0 (47 + B?#0) onpenenser
B cucreMe koopauHat Oxy npsmyro JuHuto. Ilosoxenne
IPSMOi Ha ILIOCKOCTH M COOTBETCTBYIOHIEE €if ypaBHEHUE
MOTyT OBITh HAMJCHBI, eCIM M3BECTHO OGOe OnQHO U3
CJIETYFOINHUX ~ YCIIOBHIA:

1) yron HakioHA NpsAMOH M TOYKA €€ IepeceueHus
¢ ocero Oy;

2) KOOpJMHATHI TOYKH, JIEXKAINCH Ha NPSIMO¥, U BEKTOP

N, neprnengukyaspHsbIi OpsaMoii (HOpMaNbHBIT BEKTOP);
" 3) xoopa@HATHI JABYX TOUYCK, JIEKAIIAX HA TPIMON;

~ 4) XOOpHMHATEI OJHON TOUKH, JexKalleid Ha HPSMOH,
H €¢ YIrIoBOW Koaqxpnnnem :

5) KOOpAuHATEL OJHON TOUYKH, nexcameu Ha HpSMOIi,
‘M ypaBHCHHE NpPAMOMH, HApaJUICIbHOH MM TepreH M-
KYJISIPHOH WCKOMO# mpsMOii.

Moryr OBITH HM [JpYrHe YCIOBHA, HCTIONB30BAHHE
KOTOPBIX TPHUBOAUT K MNEPEIUCTICHHBIM.

B3anMHOE PAaCIONOKEHUE IBYX HPSMBIX MOXKHO oxa-
PAKTEPH3OBATE YIJIOM . MEXJy HPAMBEIMH M TOYKOH HX
nepecevenns. YToOb1 HaWTH TOYKY TNIEPECEUCHMS TPAMBIX,
HeoOXOIMMO M JOCTaTOYHO W3 YPAaBHEHMI NPAMBIX
COCTaBUThL CHCTEMY M DpeEImTh ee. B chywae, eciu
CHCTEMA HE COBMECTHA, IpPAMEIC  HE MMEIOT oOIeit
TOYKH, T.€. HE IEPECEKAIOTCH.

Hepasenctea Buma Ax+By+C<0 u Ax+By+C>0
B cucteMe KoopamHar Oxy OUPENSAArOT IOMYILIIOCKOCTH,
Ha = KOTOpbBIE  pa3feifeTcs — IUIOCKOCThL IpsSMOH
Ax+By+C=0. o -
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Cucrema JIMHESHHBIX HEPaBEHCTB ¢ ABYMS HEH3BECT-
HBIMIL OOpeleNisieT Ty 4acTh IWiockoctd Oxy, Koop-
JIMHATBl TOYEK KOTOPOH YIOBJIECTBOPSIOT BCEM HEPABEH-
CTBaM. é«

VYpasuenne Buna y=kx-+b mwm Ax+By+C=0 mpu-
MEHSIETCS /ISl H3YYCHHS NPOCTEHINNX IPONECCOB B CEJIb-
CKOXO3SMCTBEHHOM IIPOU3BOJICTBE,- I MOXHO JOHy-
CTUTb, YTO BENUYAHLI X WU J H3MEHSIOTCS HPONOPIH-
'OHAJILHO.

BOMPOCHI ANA CAMOIMPOBEPKW

1. Kakam 00pa3oM MOXHO ONpENEHTb IOJOKCHHAE HpﬂMOH Ha
mwiockocTu?

2. Hammmute ofmiee ypaBHEHHE IPSMOI.

3. VxaxuTe pasiHYHEIC Cly4ay MOJOXEHHS npsMO# OTHOCHTENBLHO
ocefl KOOpAYHAT U COOTBETCTBYIOUIMEC HM YPaBHCHUSA. :

4. Kak npoBeputb, JICKHUT /M JaHHAS TOYKA HA JaHHOH npmou"

5. Uro Ha3wpIBacTCHA YIJIOM HAKJIOHA HPSIMOH?

6. Uro Ha3pIBaeTCA  YIIJIOBBIM KOBQ)(I)HHHCHTOM— OpsAMOH, KAKOB
€ro reoMeTpUYEecKHil cMbica?

1. Yemy paBeH yrioBoi xoadbumenT rIpﬂMOH napannem:ﬁou
ocu. Ox?

8. Hanmumre ypaBHeHHMC NpPSAMOH, MNPOXOAMLCH uepe3 AAHHYIO
TOYKY B JAaHHOM HanpaBIICHHM.

9. Hanuumre ypaBHEHHe NpaMOif, Upoxomsiieii depe3 2. XaHHbIE
TOUKH, OOIee ypaBHEHHE MPAMOM. ‘

16. Haunmmre dopMysy Tamresca yria MexAY OBYMS IPSIMBIMIA.

11. Chopmysmpy#iTe yca0BHA NMapasUIEbHOCTH H NEPHECHAEKYIAP-
HOCTH [BYX NPIMBIX. ’ )

"12. Kak ompenemdaTs TOYKY “IEpecedeHus IBYX MPSMBIX?.

13. B 4eM COCTOMT r€OMETPHUCCKAM CMBICT HEPABCHCTBA nepBom'
‘CTETIICHN C JIBYyMs HEH3BECTHBLIMHU? :
" 14. B 4eM COCTOHT reOMETPHYECK i ' CMBICI CHCTEMBI HCPABCHCTR
UepBoil CTememm C IBYyMs HEU3BCCTHBIMU? :

YNIPAXXHEHWA

1. Hammnurte ypaBHenwe npamolf, NpOXOASINEH  4Yepe3 TOUKA
M(1; —4) TEPREH MK IIIPHO BeKTopy N=(2; 6). Toctpoiite 3Ty
OPSAMYIO.

2. Hoctpoiite BeKTOP N (3;.4), BpIXOSUMIT U3 HAYAJA KOOPIHHAT,
B apsmyio I 3x+4y—12=0. l'Ion KaKuM yrnOM X BEKTOpY
N ‘mpoxoant npsmas? . ‘
: 3. Hocrpoiite npsmele 2x—6=0, 4y+12=0, x—6y= 0 6x—y=0.
“Hatigure Hopmanm{me BEKTOpHL H yI‘J’IOBbIC K03¢><bmmen'ru 3THX
. APAMBIX.

) 4. TlocTpoiite NpAMYIO, IPOXOASILYIO Mepes Hauano Koopmmar
x To‘{](y (—2; 3), HanWUIATS €€ YpaBHEHME. ~
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5. Vpashenne NpAMEIX UMEIOT BUM 2x~3y=0, 2x+3y=0, y= =3,
§+§=1, HpHBeﬂHTe AX-X YPaBHEHHAM C YTIOBLIM KoadidumuenTom
U - ofIpenieNiATe mapaMmerpel k u b. ~

6. Hanmimre ypapHeHHE npmwon npoxo;mmen yepe3 TOYUKH
A(—-1;3) u B@; -2).

" 7. Hammmrte ypasHesve NPAMOM, npoxo;mmeu Hepes  TOUKY .
C(2; 4) mepueHmukymspHo npsMoli AB (M. 3amauy 6).

8. Onpenenvre BEpHIMHBI yIJia TPEYrOJbHUKA, CTOPOHBL KOTOPOIO
© 3anaHmbl ypaBHeruamu: x+3y=0, x=3, x—2y+3=0. Haligute cucremy
" HepaBEHCTB, MJisi. KOTOPOH 06nacn,}o PELIeHHI - SBIAIOTCH - TOUKH,

. JIeXalpe BHYTPH TPEYTOJILHHKA,

9. Cpemu . TIpAMBIX: 1) 3x—,2y+7=0, 2) 6x—4y—9=0,
3) 6x-+4y—5=0, 4) 2x+3y—6=0 Halindre mapajenbHbie H HEPHCH-
IukyspHsie. . IIocTpoiiTe 9TH HpAMBIE ¥ MX: HOPMAJILHBIE BEKTODHI,
HCXOLSINHe W3 Havafa KOOpAHHAT. ‘ :

. ‘ 2 :
10. JIyu cpera HanmpaBieH 1O - mpsMoit y=§x—4. Holiag no ocm
abcruce, oH OT Hee oTpasmicd. OmpermeluTe TOYKY BCTPEYM Jyua

€ OCBIO W YDaBHCHHE OTPAKEHHOrO Jryda.

11. TocTpoiite 06nacTb pELICHHM OTAENBEO KaXJOTO M3 CIEeHy-
IOLUMX HEPABCHCTB: | .

1) 3x—y+1>0;2) 3x— y+1<0 3) 2x+y—420; 4) 2x+y—4<0.

12. HOCTponTe o06nacTs peuleHEd CHCTEMBI HEPABEHCTB:. .

1) [3x—p+6>0, 2) [3x—y+6>0,
’ x>0; ; x<0;
3) {3x+y—6>0, : 4y §3x+y—6<0,
ox<0; x>0; R
',5) 3x—2p+630, @) [3n—2y<0,
3x -2y~ 6<0 (3x—2y—6=0;
7) Sx+y—-7<0, o 8y |2x-—-3y—-6<0,
2x~3y—~13<0, ) 4x—2y+8=0,
Tx—2y—320; x+2y”'—10<0;
x=~2y—5<0, ' 10)  §4x+5y—-8<0,
5x—3y+920, . . {3x—y+720,
2x+3y—11<0; ‘ 4x+5y—12<Q.

13. 3asmcuMmocTs- ypoxas xaprodens y (1/ra) o1 QOToanremqeG
xoro mortesimmana x (%) BLIpaxaercs. HPAMOH, Hpoxonmmed Hepes
HAYAIO Koopmmar u-TOuKy A4 (2; 450). 3ammuMTe ypaBHERWE 3aBH-
CHMOCTH.

14. 3aBMCHMOCTL  BeNWYMHBLL -obmeit cyxoli Gumomacchl y (r/m?)
xapTodes OT HapacTaromedl CyMMEl HCHAPEHUA x—ZE (MM) BRIpa¥ka-
€Tcs WpsAMOH,. DpoxonsmeH uepes Touku 4 (160; 0) u B(300; 1100).
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Samumure ypasrenve mnpsmvolt (AB). Vrmosoit xoaddumuent mpsmoit
BBIpaXaeT HanGompmit 3(b¢)eKT OpOICHAA B HEPUON HHTEHCHBHOT'O
pocra raprodess.

15. Usgepxxu npoussoxcrsa 100 en. HCKOTOporO TOBapa cocTan-
nsor y, =300 py6., a 500 emumun crosaTr y,=600 py6. Onpenenure
(YHKIUIO. U3EPKEX TPOM3BOACTBA H CTOMMOCTH 400 emummum TOBapa
fIipH yCHOBHM, UYTO (YHKIWI JHHCHHAS.

16*. ITocne Toro xak Obum yOpaHbI 12 Kr CHJIOCHBIX KYIBTYD,
critocoyGopounsiit koMbaliH npoaomkan paborars, youpas 3a xaxabrii
yac no 1,7 ra. Onpegenure rpaduiecKu, CKONBKO reKTapoOB CHIIOCHBIX
KyJbTyp ObLIO yOpaHO dYepe3 x uacoB paGoTHl, sammimute Gopmyny
JAHHOM 3aBHCHMOCTH.

17. Hanmusie o Macce 3epHa x(T) H co;:[epxcamm (%) B HeM
KHpa npnneueﬂm B ciexyroweii TaGmuue:

N x y

1 32,5 6,85
2 42,5 © 6,42
3 52,5 5,00

TlocTpoiite TOYKH W TO HUM TPHOIMKEHHO ONPENCUTE YPABHCHHE
nuHEAON 3aBHCUMOCTH y OT X.

18. V3pepxky nepeBO3KH ABYMS CpeLICTBaMP[ TpchnopTa BBIpaXXa-
JOTCA COOTBETCTBEHHO GynkmuaMu y; =50x+150 u y,=25x+250, rae
X— pACCTOsHME B COTHAX KM, J-—TPaHCMOPTHHIC Pacxogst B pyo.
Hajigute paccrosmue, Ha4YMHAs C KOTOporo Oouiee  3KOHOMHYHBIM
ZOyAET BTOPOE CPEACTRO. Onpenenme Hauﬁonee BKOHOMK‘{HE-IPI BApHAHT
; AIePEBO3OK.

19. Jlns ONpefcTcHES KaJOPHHHOCTH MOJIOKA MOXHO HCHOJIB30~
Ba’l‘b crenyromee - ypasaenue  [11];

y=304,8+ 107,2x, .
‘Toe X —MNPOHEHT XHUpPa B MOJIOKE; y——xonmécmo KWIOKANOpHi Ha
J kr monoka. ‘

IMocTpoiite rpaduk ypaBHeHHS, HafguTe KajopuiHOCTL 1 XT
‘momoka rpadmueckm mpu .x=3,6, 3,8, 4,0, 4,2,



Ypasuenne
APSMOH,
npoxoRsumeH
4epe3s aee

TOMKM

Axg; y) B B(xs )

Ofujee ypasHeuHe NPsMoiH

b ax+my+c=0

o Al(r, b))

N= (A;B);nemp HOpMAT! , i

B )Y 4 A= 063I0x -
i B = g&liloy.
'
VA A=C=0 1€O0x YpasHenne ApAMONH NO
Y=k ‘ B=C=0 I=0y KauHOH TOUKE
@ - yron magnowa, € [0; 1) W AAHHOMY Manpasnenuio
i;;;;:;«-e;om ) Y=y = k(x=%); k= N
. ! T
Touka nepacesenss ABYX
b y=kxt b APAMBIX
hry=kxth
I Aix+ By +Cy =0
-k i Ay + By + €y
e, b Ax+ By +Cy=0
1+ kykey
CiBy - CoBy
hilL©0=0k=k o= T ABy - 4B,
2 «g=T 21+ kk=0 YPABHERHME
h1h / 1k MR £ 4Gy 40,

) %o T AB - APy

) HA MAOCKOCTH

M(x: )) € Le> F(x; $) =0
M(x; 3) £ Le>
Fx; 5} #0

Ax 4 By + C =0

¥y /“ . 3
P . ) . ]
* A+ By +C +D <0 3
A;x + By + Cp “+ Dy >0
[
] A d By + G + D3>0 ™
M(x; ) ' ANV Y 0,<0
X
. o X &
’ ¥
hY R ” 2 v
/ N3 ) Mz ) 3 ‘
L4 .

MEPR e ax+By+ € >0
Ne&Perax's By'+ OO




‘ Tnasa 3 -
NIMHUXN BTOPOrO MNMOPAAKA

B sToit riaBe mpoIOJIKEHO H3JIOXKEHWE OCHOB dHA-
JUTHYECKOH reoMeTpuM Ha IftockoctH. llokazaso mpe-
AMYILIECTBO H3YUCHHUS TeOMETPHYECKUX CBOMCTB JHMIT
Gojiee CHOXHBIX, 4YeM IpsAMas, C OOMOUIbIO = aHAJIA3A
UX ypaBHCHUil. B KOHIe TJaBel NIPUBEACHLI HOPUMEPHI
HCHOJIE30BAHUS YPABHEHMH JIMHHA BTOPOro - MOpAKa
K 3ajadaM CelbCKOXO3sIiCTBEHHOI0 NPON3BOJCTBA.

§ 3.1. MOHATHUE O ﬂOPﬂﬂI_(E NUHUN

On p enenenue 1. Aqeebpauveckum — ypasHenuem
6MOPOIl CICNCHU HA3bIBACHICA  YPAGHEeHUE 8UOA

Ax?+Bxy+Cy?+Dx+Ey+F=0,  (3.1.1)

20e A, B, C, D, E, F—Qeiicmsumenptple 4ucia u no’
Kpatineti mepe oono u3 uuced A, B, C e .pagHo Hymo.

Onpenenenune 2. . Jlunuu, xomopwvie 8 cucmeme
deKapmosgulx Koopc)uuam onpedeanomca areebpauieckumu
"YpasHeHuAMU 6MOPOLL  CHeneHu, HAZLIEAIOMCS  AUHUAMY
emopozo nopAoKa.

- PaccMOTpUM  4eTHIPE JIMHHE: OKPYXHOCTb, 3JUIHIIC,
mapabony u rtunepGoiuy. C ypaBHeHneM " OKPYXHOCTH
‘YUTATENb YXKE 3HAKOM. ‘

§32.3nhwnc

PaccmoTpum ypaBHeHne Opr)KHOCTI/I ,
’ x24+y2=R2 (320
Ka;mon Touke (X, y), Jexamell Ha 9TOH OKPYXKHOCTH,
IIOCTaBUM B COOTBETCTBUE TOUKY (x; Ay). Ecm O <A <1,

TO OKPYXHOCTb PaBHOMEPHO CXMMAETCS B HAIPABIICHIH,
mapajuieabaoM ocm Oy, k oca Ox; ecam A>1, TO
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: ZA
YA By
M(Xo3Yo) o
Mixz;xs) ' b
1 . . . o.
] N I -
o % % A\ e I
B2
Puc. 35 _ Puc. 36

PABHOMEPHO PaCTATHBAETCH B HanpaBJIeHmr ocH Oy ot
ocu Ox.

TlonyucHHas JIMHUS HA3BIBACTCS IJAUNCOM.

Ilycte M, (x,; y,) —IOpOU3BOJIbHAS TOYKA DJUIHICA,-
M(x,; yo)-——coorneTchyromaa TOYKa Ha oxcpymHocm
(puc. 35)

x:a:xOv@xO:xa’
N ! ya
y3=7\‘y0<=>y0=3:'

IMopcTaBuB 3Ha4eHUss X, H y, B (3.2.1), mosydum
o ’ g 2 .
| xf.}.(%) = Rz

RZTaRT
Ucnons3ys oGosHauenus R2=a 2 . A’R?=b? u onycrus
HHZEKC- «O», HOJIYInM ,
2 2
+—==1.
a b . K 1
Onpen eftenne. Muoxcecmso mouex naockocmu,
0exapmossl KOOpOUHAMbL KOMOPbIX ybosxzemeopﬂrom ypa-
GHEHUIO

WTA

]x
l\c

~
~

2 2

+

®
S

|
|

=1, - S (322)

N
IS
R
)

HA3bI6AEMCA IAMNCOM.
Yucsia a ‘1 b— nonyocu swmmca. W3 (3.2.2) cnenyert:
1) asmmne — 3T0- JIMHAS, cnmmeTquHaﬂ OTHOCUTEJIb~
HO oceir Ox Oy,
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2) suymmnc mepecekaeT ock Ox B Toykax A, (a; O),
A,(—a;0), a ocv Oy—sB Toukax B,(0; b)) m B,(0; —b);
TOukd A, A,, B;, B, Ha3LIBAIOTCS gepuiunamy 3IJIAICA;

3) annnnc—(bnrypa BICAHHAS B NPIMOYTOJIBHUK
€O CTOpOHAMu 2a ¥ 2b, napaluieIbHBIME KOOPAUHATHBIM
ocam (puc. 36): ,

Yucno c=./a*—b? uasuiBaerca BoKYCHBIM PACCMO-
anuem, a Touku F (c;0) u F,(—c; 0)—doxycamu
aumanca*®, Dyumnc —imAnd, obiafaronias 3aMedaTesb-
HBEIM CBOHCTBOM: CYMMQ PAccmosnuuii om Aioboil ee .
mMouKu 00 (POKyCco8 GeAUUUHA HOCHOAHHAA.

Tpunumas 9T CBOMCTBO 3a OHpeneJicHHE OIIJIMICA,
MOXHO IOJIyJuTH ypasHeHHe (3.2.2).

" § 3.3. NAPABONA

MHOX€ECTBO TOYEK IUIOCKOCTH, KOODAMHATH KOTOPBIX
MO0 OTHONICHMIO K CHCTEME JCKapTOBBIX KOOPIAWHAT
VAOBJICTBOPSAIOT YPaBHCHUIO ’

y=ax?, (3.3.1)

Tae x, y—-*TCKYHII/Ie KOOPIHWHATHI, a ——HEKOTOPOC YHUCJIO,
Ha3bIBACTCA napa60/tou

"VcragoBuMm (popMy mapabosibl 10 €€ YPABHECHUIO.

1. Ilapabona npoxomuT yepe3 ~HAYATO KOOPAWHAT,
Tak kak mpu x=0 mmeeM y=0, Touka O (0; 0)— Bep-
A2 TapabossL. v .

2. Ecmz a>0, to 1 y>0—mnapaboia NEKUT BLIIE
ocu Ox, xpome Touku O (0; 0). Ecru a<0, T0 y<0—
rpaduk mexuT HHKe ocH  Dx. : ‘

3. Bcmu M (x;y) nexur Ha mnapaboje, TO TOuxa
M(—x; y) Taxke nexar Ha mapaboie, CIEIOBATENILHO,
ocbio cummerpun mapaboier (3.3,1) sBusércsa ock Oy.
Och CHMMETPHUH HA3BIBAIOT OChIO HapabobL

4; Ecmu | x| sospacraer, To npu a>0 y BO3PACTaeT,
a mpn a<0 yGuisaer (a6comomoe 3HaUEHWE )y BO3--
pacraer). -

5. Yem Oonpme jal, TeMm Kpydye BETBH IapadbobL.

Tpadux mapaGoms y=ax? m3obpaxen Ha puc. 37,
a>0. Hecitoxro npoBEpUTH, YTO JIVIHAA, ONMPEAEsIseMast

C* Bemw b>a, T0 c=./b%~a?% JoxycH nexar Ha oca O);;r
F (0 ¢); Fp(0; —c). . ‘ o :
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y) ,
x=by? b<0 x=0y2 >0

o
Y

>y

Puc. 37 Puc. 38

ypaBHEHIEM
x=by?, . (3.3.2)

rae b—vumcno, 3To mapabona, CHMMETPHYHAST OTHOCH-
TeJLHO ocu Ox. Ee BETBU HAIPaBJICHBI  BIPABO npn
b>0 u Bneso mpu b<0 (pumc. 38).
' Vpapnenne mapaGosibl €O cMeINEHHOH BEPHIMHOM. Pac—
cMOTpUM mapabolly, OChb CHMMETPUH KOTOPOH mnapa-
meeHa ocu Oy M He. coBHazaeT ¢ Helf, a BepIIHHA
Haxomutest B Touke O (x,; y;) (pue. 39). ,
Uepes touky O, (xl, yl) uposeaeM ocu O, X u 0,7,
napanienasHele ocaM Ox u Oy. CoorBeTCTBeHHo cuacTeMy
xoopauHAT O;XY Ha30BEM HOBOH IO OTHOINCHHIO
K cTapoii cucreMe Oxy. Y paBHEHNE apabobl IMECT BHJ

Y=aX®. (3.3.3)

‘ Haiimem ypasHeHme mnapabonbl B CTApOil cHcTeMe,
KOOPJMHAT JIJIsi YeTO’ BOCIIOJIB3yeMCs cne,uyronMH COoOT-
'HOIIECHAAMY, *

x~X+x1, y=Y+y,, X=x—x, Y=y—y1 (3.3.4)
‘Bamenus B-(3.3.3) X u Y ux 3navenusamu u3 (3.3.4),
;nonyth

"

y=yi=alx—x,)*
B pesynbraTe Hpeo6pa3OBaHI/II/I AMeeM ;
y=ax*—2ax;x+axi+y,. (3.3.5)
Tlonaras B (3.3.5)—2ax,;=b, axi+y,=c, samumem
y=ax*+bx+c.
* CoOOTHOIICHUS OYEBAIHBI, €t Touka O, Haxomures B I KkBajg-
paHTe, HO. MOXHO IIOKa3aTh, 4TO OHH "COPABEMJIHBEL M TIpH JEOoOOM

HOJIOXKCHUHA TOHMKH 01.
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Bvigoo.  VYpaBHeHue
napabonsl Co CMelleH-
HOW BEPIIMHOU, y KO-
TOpOH 0Ch CHMMETPUH
napajuienpHa  ocu- Oy,
UMEET BUI

y=ax>+bx+c. (3.3.6)
MoxHO  moxasars,

YTO BCAKOE YpaBHEHHE x
pama  (3.3.6) (a#0) ‘
onpenenser  napaboiy : Pug. 39

C OCBIO CHMMETPUH, Ia-
pannenshoil  ocu Oy. PaccMoTpuM IpumMep.

® Ilpumep. IloxasaTs, 9To ypaBHeHue y=4x2 —8x+15 ompegens-
er mapabouy..
Pemenne. Wmeem

y=4x2—8x+16~1, y=4(x2—2x+4)—1,
y=4(x—2)~1, y+1=4(x—2)%

Bepumnua mapaGonst nexur B Touke D, (2; —1).

Monaras y=Y~—1, x=X+2, nonysaem Y=4X? a 510 u ecTb
ypaBHeHHe mapalosel @ ) T

OrMeraM Ge3 HOKA3aTENLCTBA, YTO JIMHMS, ONpeneiseMas ypasHe-
maeM x=ay’+-by-+c, e a, b, ¢—jaelicTBuTenbHBe uHcHa (a#0),
ompenenseT mapaboiy, och XoTopoi mapamensHa ocu Ox. IlapaGosa
o6nmajaeT pPAAOM MHTEPEeCHBIX CBOMCTB. CyIecTByeT OJHA TOYKA—
dokyc TapaGoNel—u OAHA NpAMas-—ee AEPEKTPHCCA — TAKHE, TTO
XaxJasa Touka mnapabosisl paBHOydajeHa oOT ¢(oKyca M OT AWpeK-
TpHccHl (puc. 40); dokycoMm sBiseTcs Touka F(p/2; 0), a mupexTpuc-
coli —mpsiMast x= —p/2. DTO CBOMUCTBO MOXHO HPUHATH 33 ONpeacIie-
Hpe - mapabollbl W UCXOAS HW3 Hero IOMYYUTh ypaBHeHHE MapaGomer

2 ! 2
B BHIE y*‘=2px, WM x=§;y .

B pesynapraTe BpaliecHus mnapa-
6oyl y?=2px BOKPYI OCH CHUM-
METpHH IOJIydaeTcd TeJo Bpaille- |
HUS, HA3BLIBAEMOE HAPAOOAOUOOM.
Ecmm BHYTPCHHIOIO TMOBEP-
XHOCTL - mapabolonaa TOKPBITH
CBETOOTPAXKAOIUM CJIOEM, TO: IIO- '
JYYHM < BOTHYTOE 3epkayo. Jlyum
OT TOYEYHOTO WCTOYHWKA CBETa,
MOMEILIEHHOTO B (OKYCE, OTpa3zUB-
IHUCE  OT NOBEPXHOCTH, HONAYT . Puc. 40

Aupenmpuca
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- TIAPAJUICIBHBIM IYYKOM. ODTO CBOMCTBO HCHOJB3YETCS
- 1IpH M3TOTOBJICHAYM NPOXEKTOPOB, aBTOMOOWILHEIX (ap,
NPOCKUMOHHLIX  (hoHApEH ¥ JpYruxX YCTPOUCTB, I7ie
Tpebyercst 1peoOpasoBaTh PAacCESHHBIA CBET B MyYOK
- cBETA W3 NapaJUICNIbHBIX JIyYei.

§ 3.4, TUMNEPBONA

MH_O)KECTBO TOYCK INIOCKOCTH, JCKapTOBBI KOOP-
JUHGTHL KOTOpBIX YZAOBJICTBOPAIOT YPABHCHUIO
x2 2 )

F_if 1, . (3.4.1)
rae x, y—TeKylme KOOPOWHATHl, @ U b-—HEeKoTopEe
HOCTOSIHHBIE YUCJIA, HA3BIBACTCA 2unepboaoi. :

Ypapueuue- (3.4.1) Ha3HIBACTCA KAHOHUUECKUM  Ypas-
HeHuem eunepbo.iol.

VeranosuMm (opMy THEEPGOJBI IO €6 yPABHEHMIO.

1. Vpasaenne (3.4.1) comepx uT TEKyIIHe KOOPIMHA-
THl B YETHOMW CTENCHH. JTO O3HAYAET, YTO €CJM TOYKa
.M (x; y) nexwur ma rumepboune, To TOUKE M, (x; —y),
M, (—x —), M3(—x; y) Takke nexar Ha mnep6one
W3 aroro. penaeM BBIBOA: THOepOOJIAa—I3TO. JIMHHL,
CUMMETPUYHAA OTHOCHTENBHO ocell Ox m Oy. MoxHo
mcciaenoBaTh  (GopMy 4UACTH KpUBOH, pacloIOKEHHOH
B I xBampanre. o ,

2. Perumm ypaBHefme -(3.4.1) oOTHOCHTENLHO

y. Umeem ’ A

y=+f —at (3.4:2)

B IKBanpaHTe y>0, 1oTOMYy . B paBeHCTBe (3.4.2)
BLIGMpAEM 3HAK IUMOC. 3HAYCHHS )} ONPEENICHbI, eCiH
x>a. Ilpu x=a y=0. Ecma [|x| .pospacraer, TO
BO3pacraer ® y.

3. PaCCMOTpHM npﬂMon

Y——x ; (34.3)
CpasauM opauHatThl TOukH M (x; y) runepbossi (3.4.2)

g Toukd N (x Y) upsmoii (3.4.3). OGe TOYKH UMEIOT
omay m Ty x€ abcumecy x. Herpymmo yGemurses, 4TO

. b b
;):c>;, 7/ X ,'—v—.a H, cneﬂ;osarenbao? Y> .
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Haiinem paCCTOﬂHHe Mexay Toukamu M u N. Vimeem
|MN|=Y—y. :
s (3 4, 2) u (3.4.3) cuenyer, 11O

IMNf=§x—g«/x —a —l—)(x— xt—a?)=

_b —Jxl—az)(x+Jx2~a2)= ab (3.4.4)
d\ x4+ /xt—a? x4 /xi—a? o

Hanee HaxomuMm

lim |MN|= lim (Y—y)= lim-

X— -+ 00 X34 00 i x=»+00 x+\/x —a?
OnyctuM #3 TOYKH M TEPIEHAUKYIIAD HA NPAMYHO
b - T , ,
Y=-x, u o6o3HaunM ero ocHosaHme uepes P (puc. 41).

a o

Tpeyroneauk MPN —1nupsMOyrodbrelli, MP-—xarTer,
MN—runorenysa, . .mostoMy |MP|<|NM|  Ecmu
| MN|[—0, TO IMP|—>0 Ecimm x— 400, TO Touka M,
JBUTAsCh MO FHIepOoIe, TAKKE YXOMUT B OeCKOREYHOCTD.

Buigoo. Ecnu  mepeMeHHas Touka M CcTpeMHTCH
K OECKOHEYHOCTH, ABUTasCh 110 TUnepOone, PacioNoKeHHOH

- N b‘ .
B I xBanpante, vo | MP|—0. IIpamas y=—x Ha3zwBaercs
. . a .
acuMnmomoi. Tax xax mnep6ona CHMMETPHYHA QTHOCHTE-
‘ b
JIbHO KOOpI_II/IHaTHLIX oceit, TO HpﬂMaﬂ y=—-x TaKKe

sBJIAeTest acmMmnToTo. M3 (3.4.4) Buaso, yTo B 1 KBaJ.IpaHTe

rpaduk TUNEPGONLI JIEKUT “HUXKE» ACHMITOTHL
Taxxe «HIXKE» aCHMITOTHI JIEKHT YacThb IMIEPOOIbI

Bo II xBagpanTe. Honyth OCTAJIBHBIC 9aCTH THIEPOOIIBI

. YA
" ) .
IA (/\3/0 _
. N b
PN L YA N | -
, M Fé c 4] Ag Fl‘ X
o 57
Puc. 41 . Puc. 42
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¢ TNOMOIIBED NPeoOpa3OBaHUS CHMMETDHY, TOCTPOUM
kpusyro (puc. 42). [1as 0OCTpOoeHHs TUNepOOJIBL TETeCo-
00pasHo ' cHAYalla MOCTPOUTh ee acuMnToTel. Crpost
HPAMOYTOJILHAK CO CTOPOHAMH 2a W 2b, pacIioIOKCHHBIN
CHMMETPUWYHO OTHOCHTENBHO ocell Ox u Oy. HuaroHanu
3TOTO NPSAMOYTOJIbHAKA, HEOTPAHHICHHO HPOAOJLKCHHBIE,
ABJSIEOTCSA. ACHMIITOTAMHA. PaccMOTpPUM OCHOBHBIE 3J€-
MEHTBI THIEePOOIHL.

I'unepGona nepecekaer , 0Ch Ox B TOYKax A (a; 0)
u A,(—a; 0) —sepuunax eunepboavi. Orpe3ox A A,
IJTHOK 2a HA3BIBACTCS deilcrmaumenvtoil 0csio, OTpCBOK
OA,, mmaHo# a— deiicmgumensHoit ROAYOCHIO; b — mHu-
Mas noayocw.

Tunepbosa, ompenenseMmas ypasHeHuem (3.4.2), He
nepecekaer ock Oy, Tak Kak MHOXECTBO - pelIeHui

y= + .b_ x2 _.a,zv, .
CHCTEMEI a nycro.
{x=0

Qupepencuue. lunepbona ¢ PaBHBIMU NOAYOCAMU
(a=b) nasvieaemcsa pasHocmOpoHHEl.

KanonnquKoe YDaBHEHHE THIEPOONIBI AMEET BH

x>
a? a? ?
i
2_y2=g2,

AcUMITOTAMYM pPaBHOCTOPOHHEN THIEPOOJIBL CIIYXAT
OpsMbIe y=Xx U y= —X. J{0kasaHO, YTO €CIM aCHMITOTHI
PaBHOCTOPOHHEH TrUNMEPOOJIB NPHHATE 33 OCH CHCTEMBI
IEKapTOBBIX KOOPAWHAT, TO Trumepbosa onpe):xenﬂercst

' ypaBHeHI/ICM

S
P ‘ ;

Xy =—.
Y=o .

1

Bocnons3osasiuuch 0Go3HaYeHHEM a2/2=m, IOIy4AM:

xy=m, y=—, x=;. (3.4.5)
Vpassgenus. (3.4.5) onpez(eﬁﬂ;of obpaTHyI0 TpoTopIM-
OHAJBHYIO 3aBUCHMOCTb. Ecnm mpa m>0 B ypaBHEHHH
y——-g 3HAYCHHME |x| HEOrPaHMYCHHO BO3PACTACT, TO | ¥]
HEOTPAaBWYCHHO YORIBaeT, rpadux KpuBO# npubrmKasTes
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K ocu Ox. Ecou B ypas- -
> ”
HeHud x=— upu m>0

BeuduHa | y| HeorpaHu- .
YCHHO BO3PAcCTacT, - TO

[ x| HEOTPaHUYCHHO
ybbiBaeT, rpadmk byH- -
KIAH npudIHxaeTCs X

k ocu Oy. Orcroma ne:-
JaeM BeIBOA: ocu Ox
u Oy SABJISIOTCH AaCHM-
NTOTAMU - THEEPGOIBI
xy=m (puc. 43). [I'pa-
thuxn obparTHON nponop- '
OUOHAIBLHOMN - 3aBUCHMO- - Puc. 43
CTH HCHOJIB3YIOT NPH - 2HAJM3E ONLITHLIX JAaHHBIX,
Tunepbosiy MOXKHO  ONpenesuTs Kak MHOXECTBO
TOYEK IUIOCKOCTM, PA3HOCTh PpACCTOSHHMHA Kaxaod wu3 -
KOTOPBIX JO ' ABYX JaHHBIX TOYEK, Ha3uIBAEMBbIX (OKY-
caMM, €CTh BEJIMYMHA MOOCTOSHHAs, paBHas = 2a. ‘
IMomectur ¢okycer B toukax F,(c; 0) u F,(—c; 0)
M HCIIONB3YS OIpelesICHHe, MOXHO HOJYYHUThL ypaBHEHHE

[X]

2
Y
.—_2:15

b

'§|><
=]

roe bi=c?—a?

§ 3.5. NPUMEPHLI UNNIOCTPALUUW NPOLIECCOB
CENLCKOXO3ANCTBEHHOIO MPOU3BOACTBA
‘C NTOMOUWLLID YPABHEHUYA NIMHUA BTOPOTO NOPAAKA

V3yuenne 3aBHCHMOCTEH Mex Ay pa3IHIHbBIMM T0Ka3a-
TEJISIMU B CEJIbCKOM XO35UCTBE, B UaCTHOCTH 3E€MJICIIE I,
pPacTEeHUEBOICTBE, KMBOTHOBOICTBE, B 3KOHOMHKE U JPY-
TUX OTpacisix, 4YacTo IPUBOIUT X HUCHOJIb30BAHHIO
ypaBHeRMH mapabosibl ¥ THIEPOOJIHL.

1. 3aBucumocTts ypoxaitHoctn y (1/ra) 3epHa Ky-
Kypy3bl OT KOJIMYECTBA A30THOrO YIoOpenus x (xr/ra
.JEHCTRYIOIETO BEMIECTBAa) BBIpaXKaeTcst (HOpMyIoit

y=—0,0021x2+0,936x +49,84. (3.5.1)

Fpadux ypasuenusi um3obpaxen Ha puc. 44. Bepummna
mapabossl siexut B touke O, (222.8; 154,1). Tlo rpadwmxy
‘MOXHO TPOAHAIU3NPOBATH M3MEHEHHE YPOXKANHOCTH.
-Taxk, B6m3u Touku x =222,8 PyHKNUA U3MECHICTCH O4YCHD

~3'Ne 2030 . ’ : 65
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L | S
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Puc. 44 Puc. 45

MenneEHO. CylecTBYyeT Takoe 3Haderne x <2228 npnm
KOTOPOM YBEJIMUYEHHE KOJMYECTBA a30THBIX y;lo6pemm
CTAHOBUTCS HEBBITOJHBIM. JTO 3HAYEHUE X 3ABUCHT OT
COOTHOIIECHHN IEH HA KYKYpPY3y H yI[OGpCHI/IC Perenue
3anaun opuseacHo B[22

2. IlycTs y —CTOMMOCTHL HPOM3BEHEHHOTO NMPOAYKTA,
X—3aTpaThl Ha €ro mpomsBoxcrtso. Torma y—x—
npudbLie 17, Ecnu npuOuins pas3aenuth HA 3aTpaThl X, TO
TOTYYUM CICAYIOUIeE BHIPAXKCHHE Il peHTaGenLHocm

=2 (3.5.2)

YeM MeHbINE H3AEPKKHA IPOU3BOIACTBA, TEM BBILIE
-peHTabenbHOCcTh. Popmyna (3.5.2) ompenenser obpat-
+ Hy10 HPOTIOPUMOHANILHYIO 3aBUCHMOCTh, €€ TrpaduKoM
SIBJIIETCS PAaBHOCTOPOHHAS runepbona (cM. puc. 43).

3. Pacxonsl (B py6.) Ha OTKOpM OJHOTO KKBOTHOTO
ONpeNeASIOTCS ‘bopmyioi

P(1)=0,6(r—2)* +‘14,2(z—2)+34,

rae f—BpeMs OTKOpMa B Mecanax, 1>0. I'padmicom
~oroi. Gyuknuu sBnseTcs napabona (puc. 45).

. . ]

’ § 3.6. BbIBOAbLI

JlMBEUY Ha TUTOCKOCTH, HEKAPTOBHI KOOPIMHATH KO-
TOPBIX - ONPEACHAIOTCS anre6panquKMMM YPAaBHEHUAMM
BTODOM CTENCHA OTHOCHUTENLHO X, 7V, HA3BLIBAKOTCS -
HUAMU  6MOPO20 . NOPAJKA.

Mzur paccMoTpenn 4 JHHIT BTOPOTO nop;uma' OXpYi-
HOCTb, JJunc, runepdony u mnapabony.

HpOCTGHII_II/Ie YPaBHEHUS BTOPOTO . MOpAAKA HMEIOT
TaKo# BM,E[
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1) ona okpyxmocm

- )2 2__p2
(x——,.xl)l +{y~y.)?=R?,
TAe Xy, yl-—xoopnnﬂ\a{m UEHTPAa OKPYXHOCTH; R—
paguyc; X, y—TEeKyllue KOOpPIMHATSI,
2) png aasmnca
' ' 2
y
+=1,
rae a— GospuIas Moyyock; b— manas noayocsk (Gokychr
JexaT Ha ocd Ox), X, y— TEKyLIHE KOOPAUHATBHI;

&‘X
IS

3) ana runepboibt

=1,

alk
N to
D—l‘\-:
™ ()

rae a—nencmmenbnaﬂ HOJIyoCh, b — MHUMAS HOJTyOCH;
X, ) — TeKyle KOOPIMHATHI; -
4y ans napa60nbr
- 2
=2px Wim x°=2gy,
rAe g, p—mapaMeTphl, OIPEIE/IsIONMe (KPYTH3HY» €€
BETBEH;, Xx, y-—TEKYIIHUE KOODIAMHATBL
Vpaeucuure BUIA
y=ax*+bx+c,
rje x, y— TeKyIinue KOOPAHHATEL, 4, b, c—yucna, a#0, Ha
I0CKOCTH Oxp onpeaenseT napabony, ¢ OChIo, apasuteihb-
l b 4ac
2 p2 T
, 2a 4a
VpaBHenue runepOObl, ACHMIITOTAMH KOTOPOH CIIy-
KaT OCH KOOpAMHAT, HMEET BHA

Hoil ocu Oy W' ¢ BEpIUHHON B Touke O,

_m
y_;9

IJe m-—TnapaMeTp; X, y— TeKylIne KOOPJHUHATLI. .

VpaBHEHHS JUHUE BTOPOro MOPAAKA HCIOMB3YIOTCS
‘IpH ONMCAHMY M aHaJN3€ MPOM3BOACTBEHHBIX IIPOIECCOB
B KayecTBe HX MATEMaTHYECKHX MOJEIIEH. '

BOMPOCH! ANA CAMOMPOBEPKW

1. Haiite. ompedencHue JMHRA BTOPOro MOPSAKA.

2. Kaxuwe nweuw, BTOpOro nopsaxa Ber sHaere?

3. BriBenuTe ypaBHEHHE OKPYXHOCTH C ueHTpOM B TOUKE c(1; 2)
H paauycom R=4.
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4. Jadite onpeleNcHue. INIMICA.
5. Kakyro dopMy mMeeT smnumc? VKaxuTe Ha qeprexe M HA30BUTE
€r0 OCHOBHBIC 3JICMEHTBHI.
6. Yrto npeacraBnser coGolf 3MTHIIC, €CTM €ro nonyocu paBhE1?
7. ﬂanre onpejcreHue. napadobL
8.  Kakyro (bop'vry -AMeeT. napabona, onpeﬂenﬂemaﬂ ypaBHEHHEM
y2=2px, umm x?=2gy? Kax smsor napaMeTpm p u g na . popmy
napa6onm" :
9. Yro mpeacrasiseT coGoit Ha rpa(bmce B. CHCTEME" KOOleI/IHaT
Oxy nunus, 3afaHHAs YPaBHEHHEM y=ax>-+bx+c?
10. Haiire oupegencnue rugepboisl.
11.. Kaxyro - .¢$opmy - umeeT - runepbona? YKam«ITe Ha qepTeme
M Ha30BHTE €6 OCHOBHEIC. -QJIEMEHTBL
12, Hanmnmire ypaBHEHMS acCUMITOT rnnep6om>1.
13. Hanumure ypaBHEHHE PaBHOCTOPOHHEHR rnrxep6om>1, - acHMII-
TOTAMHM KOTODOH ABIAIOTCA OCH KOOPIAWHAT.
14. Ipusenure TPUMEPBI HCTIOJIB30BAHHSA YpaBHEHWHA TUHHUI BTOPO-
TO HOpAAKAa IUIA H3YYEHUs  KOHKPETHBIX -3aBUCHMOCTEH,

" YNPAXHEHUA

1. HamummTe ypaBHEHHME OKPYKHOCTH, UECHTD KOTOPOH JEKAT

B, Hauaje KOOPIMHAT, a paguyc R=4. Hocrpoitte oxpyxaocTs. Kax
.. M3MEHATCA ypaBHe}me ecim ueHTp oxpy)xnocm TIOMECTHTH B TOYKY
C©; 9H?

2. Jamer mee toukm A(3;3) m C(2; 1). Hammmmre ypaBHeHne
OKPYXHOCTH C IeHTpoM B Touke C u pamuycoM R=|AC|. ITocTpoiite
touxu A, C W  OKPYXHOCTb: '

3. HanummTe XaHOHHYECKOE YPABHECHHE JJUIMICA, MOJYOCH KOTO-
poro a=5, b=3. Onpexaesinre GOKYCH LIMICA K TIOCTPOMATE KPHBYIO.
- 4. Ilo 3a7anHBIM YPABHEHMAM . ONPEAENNTE HA3BAHME COOTBETCT-
‘BYIOIICH JIMHWH BTOPOFO -HOpsjika M mocrpoiite ¥x. Hailimre xoop-
AUHATEI BEPIIMH, KOOPAMHATHI (OKYCOB, YpaBHEHHS aCHMITOT *.

a) 9x'2+25y2—225=0; . 6) 16x7—9y? = 144;
B) 6x— y 2=0; r) xy=4;

n) 10x2 +7y =140; - . e) 2x24+y=0;’

x) 4x2—)y2—16=0; ©o3) 2xy+3=0.

.+ 5. .OpomBATEI BCEX TOYEK OKPYKHOCTH x2+32=25 yMeHblUeHH
B 5 pa3s. Hammuure ypaBHeHue COOTBETCTBYIOWIEH JMHUH, NOCTPOiiTE
€¢ H YCTAHOBHTE - Ha3BaHHE. .
‘x2 2
¢ 6. lano ypaBHEHME DJUIMNICA SE+E=1 H TOUKA M(3; y). Haitanre
. OpAMHATY TOYKH M TIpU- YCIOBHM, 4TO TOYKA NEXHT Ha SJUDAICE.
7. CocraBsTE - KAHOHMYECKOE * YPABHEHME OJUIMIICA, €CTH  SIUIHIIC
-TPOXOANT -9epe3. Touku M (4; 0), N.(2; 3). '

-* Kypc Bbiciiei MaTeMaTHKu"?'zmﬂ Texunxymos | Fllon pen. Mar-
Beepa H. M., M., 1977, c. 391
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8. }f[am,r ypaBHEHUS aCHMITOT ) = + 2x u rouka M (5; 8), nexamas
Ha rimep6one CocTaBsTe ypaBHEHME [UIEPGONBI . MOCTPOMRTE ce.

9. HanumnTe ypaBHCHHE DPABHOCTOPOHHEH TUTepOONBi, npoxoas-
1Leif. 4epe3 Touky M (2; —6), eCiM TOUKA TEPECEUEHHS €€ ACHMITOT
sexuT B Bavane xoopaunat. IMoctpoiire rumepGony.

10.. Cpensuit - ypoxkail JIOUEPHBL “B  3aBUCHMOCTH  OT rny6m{m
OpOLICHHS X XapakTepuayercs ypapuemmem y=0,0028x7+0,253x 4
+3,520, x—B cM, y—B 1u/ra. )

Tocrpoiite kpuByro: ypoxaiinoctn na umtepsane [0; 30]. Ompe-
IeJMTe mno rpaduxy, NpM  KAKMX 3HAYCHUAK X -ypoxcaﬁ Gyner
HauGOMbWKMM Ha 3aJAHHOM HHTEpBaJe.

11. 3aBUCHMOCTH yposxKas 3€pHa KyKypys3bl ) OT -3aIIacoB npoayx-
THBUMOK  BAArM X . BeIp@kaeTcs  ypapHenmem  y= —0,006x%+
+1,100x —4,200. HocTpolite COOTBETCTBYIOUYIO KpuBYIO. Ompencnure
npubHKEHHO (IO rpad)m(y), P KaKUX 3HAUCHHSAX X YPOXAKHOCTL
paBHZ HYyJIIO. -

12, 3aBucumocTn CyTO‘{HOl‘O yaoost y (B nmpax) OT BO3pacTa
KOPOB X (JI€T) BBIPAXKACTCS YPAaBHCHHEM

y==9,53+6,86x~0,49x"

- l'IOCTpome rpaduK 3aBHCUMOCTY Ha nHTepBane [2; 14]. TIpn xakom
BO3pacTe KOPOB yAOH MakcuMmaiex?

13. 3aBuUCHMOCTD NPUPOCTA BBICOTHI * PACTEHUN €XU c6opﬂoﬁ oT
HCXOHOM BJIAXHOCTH [0 TONMHBA B npejenax 25-—60% HaumeHblieit
BA4rOSMKOCTH - [IOYBBI  BhIpaxkaeTcst [25] ypaBHeHHeM -

12940

X

=215+

ric x—B %, y—B MM. HOCTpouTe rpa(,’pmc 9TOr0 yPaBHEHUS Ha
HHTEepBAe |25, 60]

14, 3aBHCHMOCTb BEJIUYUHBI NPHPOCTA BBICOTHI PACTEHHM Kjiesepa
KPacHOTO OT. HCXOZHOH BJAXHOCTH - mouBbt g0 nommsa (B %)
B Tpemenax or 35 go 60% HAuMEHbileil BAArOEMKOCTH BBIPAXASTCH
[24] ypasueHmem - i

y=—-240~+15500.

» 3 .
[MocTpoiire rpadukx ypaBHeHHs Ha unrtepsane “[25; 60] coBmecTHO
L C rpa(bﬂKOM upeasiaylleil -3aqauu. Yto pacter 6GpicTpee?
15. Kcyjmqecmo MoJoxa (3 aurpax), Hec:6xomdmoe U1 TIOJTYUCHHUS

88 :
1 kr Macna, Bpra)Kae’l‘Cﬂ (bopmynou y=-—, I'Zle X —TPpOLEHT XHUpa
x

‘B MoToKke 2<x<6. 1) Ckosibko TpeOyetrca MOJIOKA, YTOOBI TIOSYYUTH
5 xr Macna np# xupsHocTu x=4,27 2) Kakopa goykHa OBITb KHPHOCTH
MoJIoKka, 4ToObl u3 20 JMTpOB Mogoka momywmsics | kr macna? .

’
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Fnasav4

MnockocThb

B rmaBe pmaercs MOHATHE O IpoOcTefilieM BUE
nosepxnocrn———nnocrcocm B pesysbTaTe M3YUCHHs KO-
TOPOr0 CTAHET SCHBIM IEOMETPHYECKHH CMBICT CHCTEMBI
HEPABEHCTB IEepBOI CTENCHU. C TPEMS HEHU3IBECTHLIMH.

' §4.1. NOHATUE OB YPABHEHWM MOBEPXHOCTY

Monarue mosepxHOCTH OyAeM CYHTATH HHTYUTUBHO
ACHLIM. MOXHO TOBOPUTH O . MOBEPXHOCTAX LUApa,
NpU3MbI, TApajNesenunesa, JHa ¥ CTEHOK HEKOTOPOro
COOPYKEHHSI UM O IOBEPXHOCTH Y4acTKa IOJIS, ITOBEPX-
HOCTH CTOJIa, MOJIAa H T. [II. .

B amamuTmueckoil reoMeTpUM BCAKASI IMOBEPXHOCTH
PacCMaTPUBAETCs Kak MHOXCECTBO TOYEK MPOCTPAHCTBA,
_KOOPJMHATBI KOTOPBIX (x; y; z) mpu mepexome OT OJHOI
TOYKH K JOpyroil MEHSFOICS, HO HE IPOU3BOJILHO,
a OyIy4H CBA3AHHBIMH OUPEICJICHHBIM COOTHOILUCHHUEM.
Ecnm TOYka IBUXKETCH IO NMOBEPXHOCTH, TO 3TO COOT-
HOIIGHHE MEXAY X, y W z OCTaeTcs BEPHBIM, €CIIHA .
TOYKA OTPHIBAETCS OT IOBCPXHOCTH, TO COOTHOIICHWE
HAPYIUASTCH.

Onpeneneﬂne. Ypasnenuem nosepxnocmu & Oeicap-
Mo6oil cucmene KOOPOUHAM HA3bIGAEMCA ypaBHENUe -

F(x; y; z)=0, 4.1.1)

KOMOpOMY . YOOBACMBOPAIOM  KOOPOUHAMBL 410601  MOYU-
KU, Aexcaweil HA@ NOBEPXHOCMU, 1 He YOOGAEMBOPS-
0M KOOPOUHAMbL MOUeK, He AeHCauuXx. Ha ~3Moll nosep-
XHOCHU. \

CMEBICT BBIPAXCHUS «KOOp,HI/IHaTbI TOYEK YHOBJET-
BODSIEOT YPAaBHEHUIO» COCTOMT B . TOM, 4YTO UpPH NOJ-
craHoBke B (4.1.1) 'BMecTO X, y, Zz 3HaYeHUIl KOOPAMHAT
TOYKM Xy, Vg, Zo MHOJYYAETCsl BEPHOE PABEHCTBO.
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® Iipnvep. Tlycts navo ypaBHeHue /nonepxnocm Q-

X y+z—12=0. (4.1.2)

Ycrangsum, MeXat 1M Ha 9101 nosepxrocty TouxkA 4 (1; 1; 8), B(10; 2; 4)?
Pemenmne. [na toukn 4 umeem: x,=1, yo=1, zo—l Toxncrapngs

3Tu - u@cjga B ypaBHenume (4.1.2), monywaem 1—1+8-—12=—4;

—4#0=>4¢ Q. [na Toukn B nmeem xo,=10; yy=2; z,=4. B pesyis-
TATC TOACTAHOBKM OJTux umcen B (4.1.2) mmeem: 10-2+44-—12=0,-
0=0. . Takum obpazoM, Touka B Jexur Ha MOBEPXHOCTH. @

[Ipocrefiuiell NOBEPXHOCTLIO SABIAETCS IJIOCKOCTD.

§ 4.2. YPABHEHUE NMNOCKGCTHU,
NPOXOAOARLLEV YEPE3 BAHHYO TOUKY
NEPNEHONKYAPHO BAHHOMY BEKTOPY

Mycrs npamel Bekrop N=(A4; B; C),. nepneHuKy-
JIApHBIA [UTOCKOCTH ), U To4ka M (x,; y,; z{), KOTOpas
JIEXHUT Ha 3TO# mnockoctn (puc. 46). Ilpeacrasum BexTop

—

_—
N  nmanpaBneHEbIM oTpeskom M, P. - Bribepem Ha
npockoctd @ Touky M (x; y; z), Ha30BEM €e Texymen
a X, y, z— TEKyIllAMH KOOpIH/IHaTaMI/I

PaccmoTpumM BekTOp M, M M. Ero xoopamHatet paBHLI
(—x;;y=y;z=2,) [ gopmyry (134)], me
M, M=(x—Xx,; y—y,; z—2z,). BexTophnl MlM n N nep-
NEHAUKYJISPHBI, CJIG)IOB&TGJ’II:HO .y

N A N M, M=0, : (4.2.1)

BripasuM ckalspHOE POM3BEICHHUE BEKTOPOB, 3aJaHHBIX
KoopauHaTaMu. B coOTBETCTBHM C (1.4.12)‘ rMeeM

A=)+ B(y=3,)+ C(z—=2,) =0, 422)

rae A B, C—xoopauHaTbl HOPMAJIBHOIO BEKTOPA, X,
Y1, Z;—XKOOPAMHATHI JaHHOM TOYKM, X, y, z— TEKyIHe
koopaunatei. PaBeHcTBO (4.2.2) HA3BLIBAGTCS ypagHeHUEM

v ' RAOCKOCINU, NPOX00AWel Hepes
OanHyo mouxy, NePREHOUKY AAD-
HO OQHHOMY BeKmopy.

IIpeobpaszyem  ypasHEHue
(4.2.2); packpeiBas  CKOOKH,
- IIOJIY4¥M

Ax+By+Cz—

« Puc. 46 - o f(Axli}'By1+CZL)=O'
7



IIpuruMasn oBo3nauenne —(Ax1 +By, + Czl) D, 3a-
TIICBIBAEM

Ax+By+Cz+D=0, (4.2.3)

roe A, B, C—XoOpauHATHL HOPMAJBHOTO BEKTOPA; X,
V,. Z— TEeKyIIIWe KOOPAWHATHI, 'D—CBOOOIHBIA YJIEH.
Vpasuenue (4.2.3) Ha3bIBACTCS o00wuM ypaenenuem naoc-
Kocmu. :

Bbigoo. B CUCTEMe TPAMOYIOJBHLIX KOOPAMHAT
B NIPOCTPAHCTBE BCAKAs IUIOCKOCTH ONpPENCNSETCS YpaB-
HEHUEM MEPBOH CTCNCHH OTHOCHTENLHO TEKYIIMX KO-
OpOMHAT.

[Moxaxem, 4YTO MMEET MECTO M OOpaTHOE npe;moxce-
HEe: Besikoe ypaBuenue Ax+ By+Cz+ D=0 onpenenser
B CHCTEME NPAMOYTQIBHEIX KOOPAMHAT Oxyz HEKOTOPYIO
nnockocts (A% + B2+ C2#0).

Ilonaras, uro- B (4.2.3) nmo xpaiHelt mMepe oauH M3
KO3(1)(1)I/IIH/ICHTOB' He pased  HyJto, Hampumep C#0,
sanuinem (4.2.3) B BuIe

4 (}c—o)+B(y—0)+C <z+§)=0. | (4.2.4)

Vpaprenue (4.2.4) paBHOCHWJIBHO YypasHeHHIO (4.2.3).
CpaesuuBas ypasueuue (4.2.4) ¢ ypaeuenmem (4.2.2),
BHAMM, YTO OHO, a 3HAYNT, M. PABHOCUJIBHOE €My
ypaBuenue (4.2.3) sABAfIOTCS YpaBHEHMEM IUIOCKOCTH
'C HOPMaJbHBIM BeKTOpoM N=(A; B; C), npoxoasnmm

D
4epe3 TOYKy. M 1(0; 0; ;—E>. VTBepXKOECHHE IOKA3aHO.

@ [Ilpuvep. HailTu ypaBHEHHE ILIOCKOCTH, ﬁpoxo,usmg:ﬁ yepes
Touky M; (—1; 1; 3) unepneriaMkynapHo BekTopy N=(2; 2;
3). Hponepmb JexaT M Ha TIOCKocTH  Touxm. M, (—2; O
8 u M; (1;'1; 1) :

Pemenue. Mmeem A= 2, B=1, C=3; x,=-—1; y, =4 z;=6.
Tloncrapngem 5Tu HauHpie ‘B (4.2.2). Ilomydaem o .
- 2(x+1)+1(y—4)+3(z—6)=0
nm . : -

2x+y+32z—20=0. 4.2.5)
Tloncrasum B (4.2.5) KoopmuHATHI TOYKH M, BMECTO TEKYIIUX
KOOpAMHAT. B pesyabTaTte mostyuaeM 4

2-(=2)+0+3:8-20=0, 0= 0=M,<0Q.
Ons toukn M;(1; 1 1) nmeem ' L
“2: 141 14+3-1-20= - 14, 14#£0=>M3¢0. @
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3aMeTnM, YTO reOMETPHYECKasi 3a/1aya pelrcHa 0e3 reoMet-
PUYECKHX TOCTPOCHMI, a TOJILKO ¢ MOMOIIBIO BHEIUMCIICHHH.

Ilonoxenune mnockoctd (4.2.3) OTHOCUTENHHO oOCeH
KOOPJIMHAT ONUPEAEIseTCd 3HAYCHUSIMU KO3 UiReaTon
A, B, C, D. B wacruoctn, ecom D=0, TO ypaBHEHIIO
(4.2.3) ynosnersopsier Touka O (0; 0; 0). CnegorarensbHo,
IDIOCKOCTR, 3aJaHHas ypasHeHueM Ax+ By+ Cz=0, npo-
XOAUT duepe3 HA4Yalo KOOPIOHAT.

MOXHO [0Ka3aTh, YTO €CAM JAaHBI YpaBHEHUS JABYX
MOCKOCTEM, OTIHYAIOMIMXCH TOJBKO CBOOOMHBIM 4IEHOM
D, 1. e

TO IUIOCKOCTB, Y KOTOPOU GOJbILE MOAY/IL CBOGOJHOIO

YjieHa, JAajdblié OTCTOWT OT HAYAJIA KOODAMHAT.
OrMerum ©0e3 [I0KA3aTENBCTBA, YTO PACCTOSHUE OT

HaYana KOOPOUHAT A0 IIOCKOCTH (4.2.3) ompemensiercs

dhopmyoi

‘ D]

AT+ B+ C?

Tak, HampuMmep, HAYaJI0 KOOPHMHAT YJAJNEHO OT ILIOC-

kocTH 3x—4y+2z—,/29=0 Ha paccrosmue

d=

~/32 +22 V29
YacrHble Ciaydad TIOJIOXeHUs  IWiockoctd (4.2.3) npu

'pasnu¥HBIX 3HaveHHsAX 4, B, C D HJUIFOCTPHUPYET
Tabn. 4.1.

Tabauya 4.1
Jravenns ‘Vpapreuue Honoxenve IHonoxenne
‘KodppunuenTon IUIOCKOCTH HOPMAaNbLHOIO ILTOCKOCTH
BEKTOpA {
D=0 Ax+ By +Cz= " | Mockocts
: IPOXOAUT 4epes
Havano Koopiu-
HAT-
A=0, D#£0. By+Cz+D=0 [NLOx |01j0x (ctporo)
, — = = — -
B=0, D#0 Ax+Cz+4+D=0 [N1Oy | Ql|0y (cTporo)
C=0, D#0 ‘Ax+By+D=0 |NL1Oz 0110z (cTporo)
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Hpodosrncenwe maba, 4.1

3navenns Vpapuenue ) - Tonoxenue B TTonoxenue
k03hPUUIEHTOB - . TUIOCKOCTH | _HOPMANBHOTrO MROCKOCTH
B . BEKTOpA
A=0, D=0 i 'Bﬂc;: \ ghOx ' OxeQ
B=0, D=0 Ax+Cz=0 Nioy OyeQ
€=0, D=0 | Ax+By=0 {NLoz 0zeQ
A7=B=0, D#0 | Cz+ D=0 NLOx\JNL1Oy |QLOz
‘B=C=0, D=0 |Ax+D=0 NL1OyUNL10z |01 ox
A:c:ro, D#0 | By+D=0 ﬁioguﬁ;oz 0Loy
A=B=D=0 z=0 v ] 0'=0xy
A=C=D=0 p=0 . o to=0xy
B=C=D=0 Cx=0 - | 0=0yz

Bizanmnoe monoxenue OBYX IUIOCKOCTE
Oy Aix+By+Ciz+ D=0,
Q31 Ayx+Byy+Coz+ Dy =0
MOXKHO OMNICAThH TpeMs bﬂyqaﬂ.h&m:
1) ecnm. Q41{Q, (me CTporo), TO

B C :
NNt b 4.2:6
1Tl 2 4, BZ C27 o ( )

2) ecm Q;1Q,, 0 ,v
Nl J_N2<:>A1A2+B1B2+C1C2_=O; ' (4‘2.7)

3) écnm IIOCKOCTH NIEpPEceKaroTCd, TO OHHM 00pasyroT
YeTBIPE PABHBIX TONMAPHO. ABYXTPAHHEIX YIJA, ONUH M3
' KOTODBIX paBeH YIJIy MEXAY HOPMaJIbHBIMH BEKTOpaMu
Ny=(A4s; By; Ci) m Ny=(4y B, C,). OGosznauns
3TOT Yroj ‘4epes ¢, UMeeM

“cos o= A BBGE 4o
\/A Bi+C? A3+ Bi+CE S
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Puc. 48

@® Ilpumvep 1. Tloctpouts mmockocru z=0, y=0, x=0.
Pemenme. Ilnockocts z=0-—53T0 miockoctb Oxy, NIOCKOCTH
y=0 ecrb mIoCKoCTE Oxz, a MIOCKOCTs x=0 sBmAETCA NIOCKBCTHEO
»0yz
AN
® Ilpumep 2. IlocrpouTh NIOCKOCTH,
2x+3y+62—12=0.

"Pemenne. /I8 TOCTPOECHHS IUIOCKOCTH IO yPABHEHHIO [O-
CTATOYHO TOCTPOMTEH TPH €€ TOUKM, HE JEXaLWe HA OZHOA NPAMOHL.
ji f: KOODIMHATHL TOUKH GepyT TPOU3BOIILHO, A TPETBIO OMPEAENAOT
n3 ypasHeHws: Jlerde soero orxpegemnb TOYKH IEPeCeUCHUs] TUTOCKOCTH
C OCSMH KOOP/AUHAT.

CocTasuM, Tabauly 3HAYCHMR X, y, z AAS TPeX TOYEK.
Crpomm Touku A(0; 0; 2), B(6; 0;-0), C(0; 4; 0) U COEMMHSIEM
UX npsMbIMu TuauMsMu  (puc. 47).

® Ilpmvep 3. Hoérpourb I10CKOCTH
2x+62—18=0.

Pemenue. Tax kak’ B=0, to N1 Oy, 7. e mrockocts Tapan-
nemsHA ocu Oy. Haitmem Touku nepeceu€Hust ee ¢ ocsimu Ox u Oz,
Coctagum Tabimmy.

"

X y z
9 0- 0
0 0 3

CTpOHM TOYKH A(9 O 0) u B(0; 0; 3); nanee
IPOBOAKMM H3 TOUCK A U B JTUHHH, napannenbﬂme OCH.
Oy (puc. 48). :

%



§ 4.3. FTEOMETPUYECKUIA CMbICh
HEPABEHCTBA NMEPBOW CTEMEHU

‘W CUCTEMbI HEPABEHCTB C TPEMA HEW3BECTHbIMW

PacemotpnMm: ypasraenne y=0. B cucreme nexapToBhIxX
KOODIAMHAT B NPOCTPAHCTBE OHO ONPENENIET TLIOCKOCTH
Oxz.  Inockocts Oxz [elWT. WPOCTPAHCTBO Ha HABa
NONYIIPOCTPAHCTBA; JI€BOE, IJIA BCEX TOYEK KOTOPOToO

y<0, u npasoe, IIg Bcex TOYEK KoToporo y>>0. MHbIMA.

CJOBaMH, HepaBeHCTBY y<( YyHOBJIETBOPSAIOT KOOPAH-
HaTbl BCEX TOYEK JIEBOIO MONYNPOCTPAHCTBA WM TOABKO
OHM, TOTAd KaKk HepaBeHCTBY y>( yIOBIETBOPAIOT
KOOPJIMHATHI TOYEK MPaBOrO IMOJYNPOCTPAHCTBA M TOJb-
ko onw. OTCroZa OenaeM BHIBOJA: HEPABEHCTBO BHIA
y<0mmy>0'8 cucreme Oxyz OTIPE/IENACT NONYIPOCT-
"PAHCTBO.

" Ilycre Tenepp nano ypapHenume x=0. B cucreme
IEKAPTOBBIX KOOPIAMHAT B IPOCTPAHCTBE OHO ONPENENSCT
miockocTs “Oyz. Tlnockocts Oyz [EAUT BCE MPOCTPAH-
CTBO Ha JBAa TOJYNPOCTPAHCTBA: «IEPEeXHEE», IJIA BCEX
TOYeKk KoToporo x>0, u «3aaHee», I BCEX TOUYEK

koToporo x<0. JIpyruMu CjiOBaMM, HEPABEHCTBY yIOB-

JIETBOPSIOT KOOPJIWHATEI  BCEX TOYEK (IICPEIHETO» HO-
JIyPOCTpaHCTBA M TOJIBKO OHM, a HepaBeHCTBY Xx <0
YOOBJETBOPSIIOT KOOPAMHATHI TOHEK «3aJHETO» IOJY-
OpPOCTPAHCTBA W - TOJBKO OHH. W B sTOoM cayuae
HEPABEHCTBO BHAa x>0 U x<0 onpenenm JBa B3aNMHO
IONIOJIHSAFONINX [OJYIPOCTPAHCTBA.

Haxonen, paccMorpum ypasaenne z=0, B cucreme
IEKAPTOBBIX KOOPAWHAT B MPOCTPAHCTBE OHO ONPEIEIAT
mwiockocTs Oxy. Ilmockocts Oxy Ieiaut BCe IPOCTPaH-
'CTBO Ha JIB€ HOJYIUIOCKOCTM: HIDKHEE, UIST BCEX TOYEK
koToporo z<0, @ BepxHEe, I BCEX TOYEK KOTOPOTO
z>0. Unade roBops, HepaseHCTBY z< (. yIOBIETBOPAIOT
KOOPIMHATBI BCEX TOYEK HIDKHETO TONYIPOCTPAHCTBA
W TONBKO OHH, a HepaBeHCTBY z>(0 yAOBJIETBOPSIOT
KOOPIWHATBI BCEX TOYEK BEPXHETO MOJYNPOCTPAHCTBA
W TOJbKO OHH. Ecim - HepaBeHCTBa -HECTPOTHE, TO
B COOTBETCTBYIOIlIEE MOJAYNPOCTPAHCTBO BKIIOYAIOT U Ca-
MY PasAeNSIoUIyI0 THIOCKOCTD.

Ilycts Temepp maHo ypaBHEHHE

Ax+By+ Cz+D=0.

CooTBeTCTBYIONIas IUIOCKOCTE JISIHT BCE MPOCTPAHCTBO
Ha JOBa nonynpocrpancTsa. CoOrjacHO ONpeAeIeHUIO
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ypasuenuio (4.2.3) ynomser-
BOPST KOOPIMHATHI BCEX TO-
YEK Ha IJIOCKOCTH H TOJIBKO
OHH, Ecjim KOOpOWHATHI TO-
YeK, HE JIEeXaiMX Ha IUIoC-
KXOCTH, HOJICTABUTL BMEC-
'TO TEKYIDMX KOODAMHAT =B
. (4.2.3), " TO JeBas  4acTh
- HE paBHA HYJIO, a O0oJb-
M€ WIA MEHbIIE  HYyJIs,
¥ pasescreo (4.2.3) me-
Puc. 49 perner B HEPABEHCTBO
Ax+By+Cz+D<0 TN
Ax+By+ Cz+D>0. Tlpu 3TOM, Kak ¥ B pacCMOTPEHHBIX
YACTHBIX CJydYasix, AN KOODJUHAT TOYEK K3 pPAasHBIX
TOJIyIPOCTPAHCTB TOJYYaeTCA HEPABEHCTBO MPOTHBONO- .
JIOKHOTO CMBICHA, T. €. A KOOPAMHAT TOYEK OJHOTO
uonynpOCTpaHCTBa BMeeM

Ax+By-|— Cz+D<0,

a JUIs KOOPAUHAT TOYEK APYroro TOAYIPOCTPAHCTBA
HOJyYaeM ,

Ax+By+Cz4+D>0.

Hoxraxem 310 yrBepxkaeHue. Ilycts niockocTs Q 3ajaHa
ypaBHeHHEM

Ax+By+Cz+ D=0, N=‘(A; B: C).LQ.

IMiockocts Q pasbuBaeT DPOCTPAHCTBO HA TPH HacTH:
1) oTkphiToe mosynpoctparcTBo P, (6e3 Touek Q);
2) OTKPBITOE . IIOJIYHpOCTpaHCTBO P_ (Ge3 Touex Q)
3) camy miockocts Q.
Ha monynpoctpalcTBo P - YKa3bBAET BEKTOD N.

- Teopema. Touxa M(x yizyeP, mozda u mMO.AbKO
moeda, xoeoa Ax+By+4+Cz+D>0. -~ ‘
JdokaszaTtenncTBO. Boszemem © 1Be TOYKH
My(x0; yo; 20)=Q w M(x y; z) P, “(puc. 49) u co-

CTaBAM  BEKTOP MOM (x Xo; ¥ — yo,z—,.o) I/Ime-
eM M(x;y;z)eP, < (MOM N)—octpsit ¢>M0MX
x N>0<A(x=x0) +B(y—yo) +C(z —zo)>0©Ax+

+ By +Cz> Axy+ Byo+ Cz,.
“Ho Axo + Byo+Czy= —D, cnenoBaTesBHO,

Ax+By+Cz+D>0
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AHAJIOTUYHO JOKA3BIBAIOTCA CHEAYIONIME VTBEPHKICHUA:

1) M(x; y;z) eP_<Ax+By+Cz+D<0;

2) M(x; y; z) e P_| JO<>Ax+By+Cz+ D<0;

-3 M(x; y;z)e P\ JO=Ax+By+Cz+D>0.

3amern™, uto M(x; y; z) € Q< Ax+ By+Cz+D=0.

Taxum o6pa3oM, HEpaBEeHCTBO NEPBOH CTENEHH OT-
HOCHTENBHO . HEM3BECTHBIX X, y, Zz B cucreme Oxyz
onpeAeNseT NOJYHPOCTPAaHCTBO. Pasiuuath OXHO HOJY-
HPOCTPAHCTBO OT HAPYroro OyJeM B B3aBHCUMOCTH OT
TOrO, COACPXKHT JM ONHO M3  HMX Hayajo KOOpPAMHAT,
‘uma mer. Tak, ecnu B HepaBeHCTBe Ax+ By+Cz+D<0
)30 Ax+By+ Cz+D>0 3mak cBobomHOrO uNEHA
D. u cMBICII HepaBEHCTBA COBIANAIOT, TO COOTBETCT-
BYIQIIEC TOJYHPOCTPAHCTBO COAEPHKUT  HAYANO KOOP-
JMHAT, €CIM STH 3HAKM HE COBHANAIOT, TO HOJYNpPOCT-
PaHCTBO HE COJCPKHT Hayaja KOOPIMHAT.

IlycTh Temepbh B [AEKapTOBBIX KoopauHatax OXxyz
JaHa. CHECTEMA HEPABEHCTH '

A x+By+Ciz+D,;>0, v
“A2x+B2y+C22+D2<0, (432)
A3x+B3y+ C3Z+D3>O.

- Onpenenenue. Muodcecmeo mouek npocmpanemsa,

KOOpOUHAmul KOWIOPbIX yaosﬂemeopﬂ}om (4.3.2), Hasesa-
emcA _00AACMbI0  PeUienUil CUCeMBbL.

OO6nacTs perieHnii CUCTEMBI — 3TO O0IIas 4acTh BCEX
HOJYIPOCTPAHCTB, ONPENENSEMBIX OTHEILHO KAXBLIM
HepaBeHCTBOM. TakuM--0Gpd30M, CHCTEMa HepaBeHCTB
puna (4.3.2) onpenenser nEpeceueHMe NOJYIPOCTPAHCTB,
3a/laBaeMBIX KaxabIM HEpaBeHCTBOM. B 3ToM m cocrour

‘ reOmeTquecxmﬁ cMuIcsT cucTteMmbl (4.3.2). B cﬁyqae
-€CIIM - HEPABEHCTBA  HECTPOrHMe, B 00nacTh peieHuin
"BKIIIOYAIOTCS W CaMy  pas/ieuroue IUTOCKOCTH.

® punep. I‘Ioc-rpoym? of1acTe “PElICHRAI | CUCTEMBl HEPABEHCTB

3x+2p+z—6<0,

x>0,

>0,

z>0. - e

Pewenne. Jna mocrpoekns miockoctw 3x+ 2y +z—6=0 nalinem
STOUKHM ~TIEPecevcHHMsl TUIOCKOCTH € oesmu koopmumar: A{2; 0; 0),
=B(0; 3; 0), C(0; 0; 6). 3Hax cBOGOHOro YiEHA COBNAAAET CO CMBICIOM

HEPABCHCTBA, TOITOMY HepaBeHCTBO 3x+2p+z—6<0 onpenenser
: _TONYNPOCTPANCTBO,  COMepaLiice Haqano koopauHar. OTO YCTOBHE
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" oTMeueHo. Ha puc. 50 - crpeaxamm. He-
‘pasescTsa x>0, y>0, z>0 onpenensor
NEPBLIA - OKTAHT, . T. €. TOT, KOTOPBIH
JIEXUT B HEpeqHeM MPaBOM - H BCPXHEM
NOMYNPOCTPAHCTBE. : )

Takum oOpazom, obnacreio pere-
HHI ABJIAETCH YACTH FPOCTPAHCTBRA, 3a-
KJIOMEHHAS BHYTPH ~Teérpasapa (oM.
puc. 50). @ ' -

B coeumansHOU JjmTEepaType
IpU PacCMOTPESHHN NPUKIATHBIX
33724, B YACTHOCTH SKOHOMUYEC-
KHX, CHCTEMY HCPABCHCTB 3aIiil-
. _ ChIBAIOT B HECKOJIKO HMHOM BH-

Puc. 50 ’ 1€, pasamuasi koappunueHTs CcH-
CTEeMBI M HEM3BECTHBIE ¢ HOMOINLIO HMHACKCOB.

Hanpumep, cucrema (4.3.2) B apyrux o6o3HayeHUsX

MOXET UMETh BUX ‘

ay1xy+agx;+agaxs+by <0,
ay1%; +a22X3+a3xX3+by >0,
A31%1 + 32X +a33%3+ b3 =0,

rae a,--(Ai= 1,2,3; j=1,2,3)— usBecThpie k0d(dUIMEHTDI,
x;i(i=1,2,3)—mnemssecrunie, b;(i=1,2,3)—csoGoausie
YJICHBL. ' ‘ :

. § 4.4. TPUMEHEHME METOA0B

o AHANMNTUYECKOV TEOMETPUY

" K .3ADAYAM ONTMMUIALKN
CENbCKOXO3AMCTBEHHOIO NPOU3BOLCTBA

IIpobiieMa DPUHATHS . HAWJIYYLIETO PpEIEHNUS, KOIJAa
PE3YABTAThl JOJDKHBI 'OBITH TOJYYEHBI NPH MHHHMAJIL-
HBIX 3aTpaTax PECypCcoOB OIPEIEICHHOIO BHIA WA KOraa
TpU 33/IAHHBIX OTPAHUYECHHBIX BO3MOXHOCTAX JOJDKHO
OBITH IPOW3BECHO MaKCHMAaJbHOE KOIHYECTBO HEKOTO-
pOro mpoAyKTa—oOjlHAa W3 BAXKHBIX NPOOJIEM, CTOSIIMX
mepeq 4enoBEKOM. B . Takux ciy4yasx TOBOPSAT, 9YTO
HeoOXoMMO HANTH ONTHMAJIbHOE pelieHue (OnTHMYM —
HAWTY4Innii). B. paziuuHbIX © yCHOBHAX  ONTHMATHLHBIMUI
- MOTYT ' OBITL DpasHbie peUISHH. ‘ '

Hanpumep, ecrmu Tpedyerca peltinTh, CKONBKO U KaKue
BUABLI yAOOpeHuil HeoOXOAUMO TPHOOPECTH, TO MOKHO
bopMyrpoBaTE YCIOBHS Tak: NPH 3aJaHHOR CTOMMOCTH
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yaoGpesuil XONMMHeCTBO JeHCTBYIOIIErO BEIIECTBA TOJIK-
HO ObiTh HAMOOJBIIEM, WIM TPH 3aJ4AHAOW CTOMMOCTH
yIOOPEHNH YPOBEHL NOBLIIEHHS KHCIOTHOCTH TIOYBBI
MOCJIe UX BHECCHUS IOJDKCH OBITH HAUMEHBIIAM.

‘Ecm Tpebyetca peimrs 3afady, KaKuM IOJDKEH
ObITh pauNOH KOPMJICHHS JaHHOW TPYNIBI JKUBOTHBIX,
TO MOXHO TOCTaBHTH 3aJa¥y MHHWMH3AINH CTOMMOCTHU
KOPMOB TpH 33JaHHBIX UEHAX HA KOpMa MM 3aJavy
HOJIyYeHHs] MAaKCHMAJIbHBIX YIOEB HOPH OrPAHMYCHHBIX -
cpencTBax Ha mnpuobpeTeHnHe KOPMOB.

Kax BuamMm, B mpaxTu4eckofl NesSTC/IBHOCTH IIOHATHE
ONTHMAaJIbHBI BBIPAXKAETCS = KOJIUYECTBEHHO: MUHUMYM
3aTPAT, MAKCHMyM YPOXasi, NPUOLIIM .M T. A

Tipusenesm peurcHus HEKOTOPBIX 3aja¥ Ha ONTHMM-
3a1MIO, CBA3AHHBIX C CENIbCKOXO3ANCTBEHHBIM IIPOU3BO/I-
CTBOM.

® 3anaua 1 X03${HCTBy TpeGyeTCﬂ HPUOGpeCTH - ABA BUAA azommx
yooOpenuii. 4 —aMmpmaynylo ceymTpy U B—cyap(aT. aMMOHHS.
Ynobpenus A Heobxonumo uMeTe He Gonee 15 1, a ymobpenus B—ue
6onee 10 1. Comepxanne AefCTBYIOLUETO BEILECTBA UL A U B pasHo 35
u 20% cooreercrBenHo. OTHycKHas OIFTOBas LeHA ymoOpesus 4 u ygpo-
Gpenns B— cooTsercTBeHHO paBHa 53 u 35 py6. 32 TomHy. XO03ficTBO
MOMET BBIICHHT, Ha mnprobperenue ynobGpeuuii 600 py6.
~CKONBKO TOHH Ka)ZOro Bujaa ynoOpeduit ciexyer npuobpecrwy,
qroGel 00Was Macca AeUCTBYIOUIEro BeillecTBa ObLIa MaKCHMAabHOH?
" Pewenpme. OOosmaumm vepe3 x, —wmaccy yaobpenus A,
X;—Maccy ymoOperns B. :
VenoBHe 3agadd MOXKHO 3afHCATh Tak:

x <15, - :
x2<10, o (4.4.1)
53x; +35x, <600, x, >0, xzzp. '

’

“O003HAYMM KOJHYECTBO ﬂCﬁCT‘ByIOHIGFO BelliECTBA sepes L. Torna
'L=0,35x, +0,20x,. (4.4.2)

MuHMMaTBEHOS spaverne L COOTBETCTBYET 3HAYCHHAM  X;=0, x;=0.
®Oyugnusa L, onpenesistemasi  paseHcTsoM  (4.4.2), HaswiBaeTcs

JTHHENHOH GopMO#l OT x; H X,. TTocTpouM o6naCTs peleHuil CHCTEMbE

HepaseHcTs (4.4.1) n nuueitnyro ¢opmy npn L=0.

! O06nacTpro peleHnit CHCTEMBI ABJISETCA MHOXKECTBO TOYCK [1IOC-

KOCTH OX;X, BHYTPU TNATHYTONLHUKA OABCD (puc. 51).

.Ecnu npamyro 0,35x, +0,20x, =0 mepemensats- BIpaso, OCTABIISS
ee mapajnefsHO# camoii cebe, To 3Havwenme L=0,35x;+40,20x, nns
BCEX TOYEK B oOusactu pewenuii cucremsl (4.4.1) dygeT BO3pacTars.
Kpai#uum [oIoKeHUEeM SBIAETCA MPAMAA, MPOXOISIUAA UYEPE3 TOUKY
€. 3nece nuueinas QopMa TpUHEMAET HANGONBINEE 3HAYEHHE, TAK
‘KaKk: TIPAMAs - MAKCUMaJbHO YAaseHa OT Havaja KOODAMHAT.
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Haiinem xoopmusatel Touku C.
Jln TOTO pemIMM CHCTEMY

x1—10 ’
53x, +35x, =600, x; =10, xz-—]() :

3navenne L= 0,35-10+0,20-2=3,5+
+0,4=39 T,

Takum - obpasom, xoasmcmy He-
o0xomumo 10 T aMMBaYHON CenuTpPBI ©
i 2'T cynshara amvonus. @

® 3apnaua 2. Myery ans xopm-
JICHVs KABOTHBIX UCTONB3YeTCH 2 BU-
Ia KOPMOB: TPYOBbIE ¥ KOHIEHTPATHL,
npudeM B 1 KI TpyOBIX - KOPMORB €O-
nepxurca 0,25 KOPMOBBIX . €AVHHIL
u_ 0,04 xr mpoTemHa, a B-1 Kr XoH-
IEeHTPaToB— 1 XI' KOPMOBBIX ¢IHMHUL,
n 0,08 xr nporeuna. Cyrounntit pa-
IUOH = OJHOTO HBOTHOTO JIOJKCH
colepxars He MeHee 10 kr kopmo-
BHIX €AMHWIL M He Memee - 1,2 kr
‘mpoTenna. Kakos momxeR GHITH PalMoH KUBOTHOrO, YTOGBI CyTOUHAsS
CTOMMOCTE - KOpMOB 6HLTa - MUHMMANLHOM, €CAM H3BECTHO, YTO CTO-
HMOCTh KOHUCHTPATOB— 5 KO 32 1 KT, @ CTOEMOCTS rpy6mx KOp-
MOB—2 xon. 3a I xr? ‘

Pemenne: OGo3naunm vepes x, 4 x, COOTBCTCTBCH]_—IO KOJIHYECTBO
KOHIIGHTPATOB ¥ Ipy0GhIx kKopMoB B pauuone (xr). Torma B COOTBET-
CTBMU € YCJIOBHEM 3a1auu

x;+0,25x, 2 10,
{ 0,08x,40,04x,>1,2, x1>0, x2>0 (4.4.3)
CyTouHas CTOWMOCTb pauHOHA
L= 5x; +2x,. e (44.9)

HocrpouMm B cucreme koopaunar Ox;x, obracTs
. pewieHuit - HepaBeHcTB | (4.4.3), NOpenBapUTENbLHO
3aMEHMB HX PABHOCWJIBLHBIMHM (HEpBOC M3 HHUX
YMHOXKAM Ha 4, a Bropoe—-Ha 25): g

r‘ 4x1,+x2—40,>/0,
L 2x;+x5,—3020.

Hocrpoum TpaHuuBRple  npaMbie  4xy +x; =40,
2x; +x,=30, npamyro I: Sx;+2x;=0 u Bexrop
N= (5; 2). O6nacteio pemenuit smnsercs Gec-
KOHE4HH yron ¢ BepumHoii B8 Touke C . (ua
puc. 52 obnacTs pewrenuii 3amrpuxosasa). Tou-
ka C, Taxxe OpHHAANEXUT o6JacTH peLICHNMI.
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[Mpn ﬁepelvicmcmm npsimoii [ mapasutensuno caMoi cebe B HampasiieHUH
pekTopa N smauenme nueeitmodi - dopmer L mospactaer. I[lepsoe
HOTyCTUMOE MOJNIOXKEHHE MPAMOH HMECT MECTO B CIyuae, KOria npsaMasi
HPOXOAUT uepes T04ky C. Habeiiiice ABIKCHHC TPSIMOM HELE/1ec006- .
pa3Eo, TAK Kak NpH JTOM JmHEHHas~ bopMa Bo3pacTaeT, a Ham
HeoOxoouMO HaliTu ee MHHMMANbHOE 3HaueHme. OUCBHIHO, 4TO
MHHMMYMY JIHHCHHOM HOPMBI OTBEHYACT MONOXCHHE NPSIMOH, IPOXOXH-
nieit uepes touxky C. Koopaunator TOUKH C maiigem, peniB CHCTEMY

[ dx,+x,=40
1 2= £ N
L 2x1+x2=30, xl:s’ ?Cz=20.

Urak, cyTodYHBII palnuMOH XOJDKEH COACPXKATh 5 KI KOHLUEHTPaTOB

u 20 kv rpyGeix kopmos. Ero crommocts
‘ L=5-5+20-2=65(xom.). ®

@ 3amaua 3. Xo34iCTBO JOKHO HPHOGPECTH JBA BHJA KOPMOB!
A u B, mpuuem xopMa A4 we Gomee 100 T, xopma B ue OGonee
200 1. Mseectwo, uto 1T kopma A -comepxur 700 Kr KOPMOBBIX
~ enmuny, ero nesa—>50 py6. 3a TOHHY; oxHA TOHHA KopMma B cozepxur
800 xr xopMoBBIX emuHHuL, €0 UeHa 60 py6. 33 TOHHY. Xo3sHCTBY
OTHYUIEHO Ha NOKynky kopmos 7000 py6. Kakoe XoaMYeCTBO KaXXZoro
KopMa HeoOxoauMO NpuoOpecTH, 4TOOBI NIONYYHATh MAKCHMAIBLHOE
KOJIMYECTBO KOPMOBBIX CIMHHIL?

Pewenwue, O6GosHayum uepes x;—wMacCy xopma A4 (T),
x, —Maccy kopma B (7).

Torma B COOTBETCTBHM ¢ YCIAOBHCM 3aJa¥M HMECM

x1 <100,
X & 200,
50x; +60x, <7000, 4.4.5) -
Xy 20! . "
Xy 20. :
3anuieM 3KBHBAJICHTHYIO CHCTEMY, Das3ldenuB TPETbE H3 HepaBeHch
Ha 10. Himeem . ‘

x, <100,
x,<200,
. : 5x; +6x,<700, _
\ x,20, x,20.

O0illee KOIMYECTBO KOPMOBBIX €{HHHL
L="70x; +80x,. , . (4486

“Haiizem o6nacrb pemeHmii cucteMbl HepapeHCTB (4.4.5); ms
YEro MOCTPOMM IPAHKYHBIC NpAMEIE Xy =0, xz——O xy=100; x2—-200
53y 4+ 6x,=1700. . -

OOGIACTHIO PENeHni ARISIOTCS BHYTPEHHIE TOYKH quLIpexyrom,ana
OBCD, mxmouas u ero rpanmisi (puc. 53). Iocrpoum npamyro [
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Puc. 53 -

v
70x; +80x; =0 n nopmaneBeni pexTop N=(7; 8). IMpu HEPEMCLLICHUU N1psi-
Mot / mapaueNbHO. CaMoif ceOe B HANPABJCHUN BEKTOpa N 3HAaucHUe -
weitnoit gopmer L sospacraer. Haubonbiiee NepeMEmEHie COOTBETCTBYET
HOJIOKEHHIO TIPSMOIL, TIpOXonsucH Yepe3 Touxy C, HasbHeliniee IBmxenue
- MPAMOIl HEBO3MOXHO, TAK KaK B 3TOM CIyuac ee NOJOXKEHHe OymeT BHE
ofnactu pewenua cucreMsl (4.4.5). Crenopartenbno, MAKCUMyMy JUMHEH-
Ho# . dopmel (4.4.6) coo’rBeTCTByeT TONOXKeHUE NpaMol [, mpoxopsuueit
uepes Touky C, KOOpPAMHATHI KOTOPOH HalificM M3 pPCILECHHS CHCTEMBI

A fa=100, 0 4
{5X1+6x2=7007 x,=100, x,=333.

Taxum obpazoM, Hanbonbllas NUTATENbLHAS IICHHOCTH TNIPHOO-

-*pETaeMBIX KOPMOB HMEET MeECTO, €CIn x03siicTBO npuobperer 100 T

KopmMa A mn 3337 KopMa B. IIpn 3TOM
L=700-100+800-33,3=96640 xr kOpMOBBIX eAuuuL. @

§ 4.5. BbIBOAb! -
», N '
VpaBHEHHEM NOBEPXHOCTH B CUCTEME HPSIMOYIOJIb-
HbBIX KOOpI[I/IHaT Ha3bIBACTCA - YpPABHCHUE

F(x; y;2) =0,

KOTOPOMY YIOBIETBOPSAIOT KOOPOUHATHI TOYEK, JIEKAIUX
Ha TIOBEpPXHOCTH, W TQJBKO OHH. HpOCTeI/II_HI/IM BUJIOM
TIOBEPXHOCTH SBJSIETCS - TJIOCKOCT.

. B mexapToBoii cucreMe KOOpPIUHAT BCAKAS IIOCKOCTh
onpenessiETCs YPaBHEHUEM TIEPBOM CTENEHU OTHOCHUTEJTh-
HO X, y, Z: : ' )
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Ax+By+Cz+D=0. (4.5.1)

Besikoe ypaseewue, Buna (4.5.1), ecmm xorsi Obl OoauH
u3 koabh¢unmedtos A, B, C ormuued oT 0, onpejaesser
B JEKapTOBOH cHCTeMEe KOOPIMHAT ILIOCKOCTh. B ypas-
werun (4.5.1) A, B, C—rxoopauHaThl BEKTOpa N,
HEPICHANKYJIAPHOTO  TIOCKOCTH, D — CBOOOIHBIH HWieH,
IPONOPUMOHANBHEIA PACCTOSHIIO HAYAIA KOOPAMHAT OT
NAHHO! IJIOCKOCTH.

Y1o0sl TOCTPOUTH IUTOCKOCTb MO ee YPaBHEHHIO,
JOCTATOYHO NOCTPOUTH KaKhe-HUOYOb TPH €€ TOYKH,
HE JIOKAMME HA OJHOM TIPSIMOH.

HepapeHcTBO nmepBo#t CTENECHN C TPEMA HEM3BECTHEIMH
'B - CHCTEME [EKapTOBLIX KOOPAMHAT ONPENCIISCT IOJIy-
npocTpancTBo. COBOKYIHOCTL TOYEK HPOCTPAHCTBA, KO- -
OPJMHATHI KOTOPHIX YIOBJIETBOPSIOT AAaHHOMY HEpAaBEH-
CTBY, Ha3bIBacTCH OOJIACTLIO €r0 pELICHHUI.

CucremMa  HEpaBEHCTB IIEPBOHM CTENEHH C TpeMs
HEH3BECTHLIMU B JIEKapTOBOH CHCTEME KOOPAHMHAT OIpe-
JeJISeT 4acTh [IPOCTPAHCTBA, ABJIAIOLIYIOCH MEPECCUEHUEM
COOTBETCTBYIOIMX KAXKIOMY HEPABEHCTBY MOJIYOPOCT-
pascts.. COBOKYNMHOCTB TOMEK NPOCTPAHCTBA, KOOpIU-
HaThl KOTOPBIX YAOBJIETBOPSIIOT JAHHOW CHCTEME Hepa-
BCHCTB, HA3bIBACTCS OOJIACTBIO €€ PEILCHHIA.

BOMNPOCHI ﬂﬁﬂ CAMONPOBEPKW

1. [ajite ompenencHue ypaBHEHHS ITOBerHOCTH

2. 3anuumETe ypaBHCHUC ILIOCKOCTH, HPOXOASILEH yepes DaHHYIO
Touky  My(xy; yu zy) nepneanm«ympﬂo JAHHOMY  BEKTOPY
N=(4; B; C).

3. 3anuwmure obiuge ypaBHeHHE ‘mockoctn. Kakos [EOMETPUIEC-
Kuif *CMBICIT BXORALMX B HENO KOXPQUIMEHRTOB U CBOOOAHOro unmeHa?

4. YKaxnTe Das/MuHble Clydall MOIOKEHHA IIOCKOCTH H COOT-
BETCTBYIOLIME UM YDABHEHMS OTHOCHTEILHO CHCTEMbI JCKAPTOBBIX
KoopauHAT Oxyz.

5. B-ueM COCTOUT reOMETPHHMECKHA CMBICA HEPABCHCTBA MEPBOM
* CTEICHM C TPEMS HEU3BECTHBIMU? -
© 6. B.4eM COCTOMT reOMeTPHYCCKUH CMBICI CHCTEMBI HEPaBEHCTB
[EPBOM  CTEMEHH C TPEMs HCH3IBECTHBIMHT

YNPAXHEHUA

1. TlocypoiiTe TLICCKOCTH, 3a4aHHBIC CCAYIONMUMHI yPaBHEHHAMHM:
D) 3x+2y+4z—8=0; 2) 2x+3y—6=0;
3)22-3=0 4)2x+3y=0;

5) 2x—p+3z=0.
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2. CocTaBbTe. ypaBHEHHME MNIIOCKOCTH, HPOXOASINEH w€pe3s TOYKY
M, (1; 2, —1) u nepneRMUKYNAPHON BEKTOPY N=(3; 0 2).

CocTaBbTe ypaBHEHHE TIOCKOCTH, OTCEKAIOMIEH HA ocu Oy OTPE30K
OB=35 mu mnepnenauxynsapHoli Bextopy N=(3; —2; 4). ’

3. 3anmiuuTe ypaBHEHME ILIOCKOCTH, npoxons{men 1epes ock Ox
u. touky (1; 2; —3). .

4. Haitmire paccrosmue: Ve :

1) roukn A(1; —1; 2) or mnockoctH 4x— 4y+2z430=0;

2) rouxn B(—2; 3;,5) OT muockocTH x—8y+4z=0.

5. Iloctpoiite B cucreMe XOOPOWHAT HEPAaBEHCTBA:

1) 2x—3y+4z—-12<0, 2) x+3y+22—=6>0,

3) =2x4+3y—2z—6<0, 4) 2x—3y~42z+12>0. v
6. Tlocrpoiite B CUCTEeME KOODAMHAT CHCTEMY HEPABEHCTH
. . - 2x+3y+4z—-12<0,
. Lopx>0, '
y>0,
z>0.

7. MocTpoiiTe B cuCTeMe KOOpIMHAT CHCTEMY HEPaBeHCTB

x—2y+z-~8<0,

x—2>0,
y+1<0,
z—1>0.

8. Xo3siicTBy BBIACACHO IS  3aKYNKH [Ba BHAA a30THRIX YA00-
PEHBI: aMMMA4HON cesTpsl (A4) me Gonee 70T 1 xapGomuma (B)
ne Oonee 50 1. Copepxanue ACHCTBYIOWIErO BeIECTBa B . YAOOpeHAM
A—20%, a B ynobpesuu B-—46%. Onropas uena 1 T ynoGpenus—
A—53 pyb., ynobperus  B— 80 py0. Xo3s#CTBO MOXKET BBIACIUTE
Ans 3akynkH ymoOpenmit 3500 py6. Cxonpko ymoOpennmit kaxmoro
BUIa CJeayeT INpHoOpecTH, uTo0bl ofLlas - Macca -JCHCTBYIOLIETO
BemecTBa Obula MakcuManbHON? :

9. lns KOpMJICHHA CKOTAa MCHOJB3YIOTCH rpyOble KOpMa U KOH-
nenrpathl. 1 k¥ KOHUeHTpara CcojaepxuT 0,8 KT KOPMOBHIX €XHHUI
u 0,09 mpotenna, 1 xr rpybrIx xopMoB-—0,3 KI KOPMOBBIX EIMHHI
u 0,05 nporenna. CyTounblii panuoH HOJDKeH CONEPKATH HE MeEHee
12 kr KOPMOBBIX - €NMHHIl ‘M “HE 'MeHee 1,5 KT KOPMOBEIX €HMHML
npotenna. CocraBbTe pandoH Takum 00pa3oM, 4TOOEI €0 CTOMMOCTH
6nua Haumenbiuell, eciyw 1 xr Xouuewrpata crour .10 xom., 1 kr
rpy6BIX  KOpMOB —4 XoOIL. . M o
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Ax+ By + Cz+ D,/ <0
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HaCTb BTOpaﬂ

' OCHOBH
MaTeMaTUM4ecKoro aHanusa

fnaea b5
OyHkuua oaHON nepemeHHOMN

B rnaBe m3nararorcss OCHOBBI MaTEeMATHYECKOTO aHa-
msa. IlpeaMeToM M3ydYeHHS MAaTEeMaTHUECKOTO aHAJIN3a
ABJAIOTCA  TIEPEMEHHBIE Benmnmsx, paccMaTpuBaeMbie
"B UX B3aMMOCBA3MN.

OnHUM. U3 OCHOBHBIX NOHSTHH, INEPOKO HCHOABL3Y-
eMBIX B MaTeMaTHKe M B JPYrHX HayKax, SBISETCH
nonste GyHKUMH. IDTO mNOHATHE Haubojee TOMHO
W KOHKPETHO OTpa)kaeT ABJCHMA U INPOLECCH OKPYKa-
OIIET0 HAC MUpPA, Tlie BCE B3AHUMOCBA3AHO M B3aHMO-
00ycnosneno. '

Hzyuenne (byHI(I.II/II/I [AacT BO3MOXHOCTL nepeiTu
K TaKk¥M BaXKHCHIIMM TOHSTHSM, KaK TOHATHE TIpEeHena
W HEIPEPLIBHOCTH.. R ] L

B xoHme r1naBBl TIPHUBEAEHBI IIPUMEPBE  GyHKUUIT,
BCTPEYAIOLIUXCS B NPAKTHYECKOW AEATENLHOCTH CHELN-
aJuCTa CenbCKOTo XOo3saicTBa.

§ 5.1. NOHATUE MHOMXECTBA. YUCNOBbLIE MHO>XECTBA

" Ilpencrasinesne O MHOMXECTBE . BO3HHMKACT TOTHQ,
KOTJA Mbl MMEEM JEN0 C ONPENICICHHO! COBOKYIHOCTBEO
' 06BeKTOB, OONANAIOMMX KAKHM-TMGO OOMIMM ANs BCEX
HUX CBOWCTBOM. B psge ciaydacsB MHOXKECTBO ONpPEHeis-
eTcda ero HasBamumeM. [IpumepaMu MHOKECTB SBISIOTCA:
MHOXECTBO JIEPEBLEB B JIECY, MHOXECTBO HKHBOTHBIX
B. CTajie, MHOXECTBO pacTeHMil saMeHs Ha 1 M? mnocesa,
© MHOXECTBO CTP4HUI] B KHHIE, MHOKECTBO TOYEK HA
MpAMOHA, MHOXKECTBO = YETHBLIX umcell u T. 1. OOBLEKTHI,
00pasyIoIe MHOXECTBO, HA3BIBAIOTCA €T0 34eMeHmamis;,
X  0003HAYaIOT ManbiMu OyKkBamMHM JIATHHCKOTO aJI-
dasura: a, b, c, ..., X, ¥, 2, ..., & COOTBETCTBYIOIIHE MHO-
KecrBa— Oonpummu Oyksamu 4; B, C, ., X, ¥, Z, ... .
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MHOXEeCTBO 3aIMCEIBAIOT € MOMONIBIO (DUTYPHBIX CKO-
6ok, mampumep: A=1{a;; a,; a,; ...; a,}. Ecmm o00BekT
a OPHHAUICKUT MHOXECTBY A, To mHIIyT a€ A, B Ipo-
THBHOM caydae numyt A¢ A (@ He npuHaznexur A).
MHOXeCTBO M3 OJHOTO JJIEMEHTA HA3BIBAETCH 00HOI.Ie-
menmubvim. MHOXECTBO, HE CcOXepXargee HHU - OJTHOTO
3JIeMeHTA, Ha3blBaeTCs Hycmsim. Tak, panpmMep, IMycTo
MHOXECTBO JKUBBIX KJIETOK, KOTOPBIC BBDKMBAIOT NpPHU
Temneparype 500° C, MHOKECTBO 4€IOBEHECKHX CYLIECTB,
CTYNMBIIMX HA ILIAHETY -CatypH, .MHOXECTBO pPEIICHUH
ypaBHeHuss x2+1=0%

- Oupenenenue. Muoxcecmeo B nazvisaemcs noo-
MHONCECMBOM  MHOXMCEeCMEa A, ecau Kaxcovili IAeMeHm
MHOoMcecmea B agasemca  daemenmom - muoscecmea - A.
CuMBOIMYECKH 37O O0O3HAYAIOT, TaK:

* ‘ Bc A.

Hdnpnmep, écmu A ={x: x— BCe CTY/IHTHI Kypca},

~ B{x:x——BCe CTYHEHTHI KEHCKOTO
nona Kypeaj,”
‘To BcA.

Ounpénencuune. Ecau Bcd u Ac B, mo nuwym
umo A=B, m.e. muoncecmsa A u B paenvl.

Yucopbie MHOXKeCTBA. MHOXeCTBa, AJIEMEHTAMH KO-
TOPBIX SBJISIOTCS HWCIIA, 'HA3BIBAIOTCS UYUCAOGBIMU.

TMonarue uucaa MOSBHIOCH B PpE3yabpTaTe Heob-
XOOUMOCTH CYE€Ta IIPEAMETOB €II¢ BO BPEMEHa INEPBO-
ObITHO-OGIMHHOrO CTpost. BHayane BO3HUKIM HaTypa-
JpHBIE uYHcaa. MHOXKECTBO HATYpaibHBIX dMCEN 000-
snavaror Oykeoit N, N={1, 2, 3, .

HeiicTBust - CIOKEHNA W YMHOXKEHHS HaTypadbHbIX -
qucesl HE BBI3BIBATM HEOOXONEMOCTH  paciMpHTb IIO-
‘HaTHa yncna. [lo Mepe pasBUTHA UesIOBEYecKoro o06-
HIECTBA, KOrAa BO3HMKJIA HEOOXOJMMOCTL - PacyeToB,
HapuMep B TOProBIe, ObiI BBENEHH B OOparuenue
OTpHUATEJIbHBbIC YHCNA, HONb W ApoOH, Kak OTHOIICHHSA
JBYX ILIEJIBIX - YHCEI.

Mmuosxcecmeo 1eIBIX ymcen 0603HAuAETCA 6y1c130n Z

Z={., —4 =3, =2,-1,0,1,2,3,..}.

Yucna nensle. W IpOOHEBIE, NOJOXUTEILHBIE M OT-
punaTenbHble, a TaKKe YUCHO (). COCTABNSIIOT MHOMCECMEO

* B ob6macTH pAeACTBHTENBHBIX WHCEN. . -

" 89



payuorabnbix uuces Q. Beakoe payMoOHaJILHOE UYHCIIO
BBIPAXKACTCS OTHOILHEHUEM NBYX NEBIX YHCET i Oec-
KOHEUHOH  mepuoauveckol necaTu4yHOM gpodbIo.

B npakxTmyeckoil AEATEILHOCTH YEJIOBEKA BO3ZHHKAJIN
3aJaud, KOTrJa pe3yabTaThl HAOJIOACHUN WM BLIMHUCIE-
HYM HEMB3sE ObII0O OTHECTH HU K -OJIHOMY H3 YIOMAHYTHIX
BplIle. MHOXKECTB (HampuMmep, pe3yJbTaT - BHIMHUCICHHIT
OVHBL JUArOHANM KBajJpaTa CO CTOPOHOH, paBHON a).
Bosuukno muoxcecmso uppayuonasvnslx uucea. Vippanu-
- OHAJILHBIC - YHC/AA BBIPAXKAIOTCA OECKOHEUHOH Henmepu-
OUUECKON HECATHYHOW MAPOOLID. .

MuoxecTBa panMOHANLHBIX W HPPANHOHAILHBIX YH-
CEJ1 COCTABIISIIOT MHOMCECMBO Oelicmeumenvubix uuces R. -

Mexny  muoxectBamu N, Z, Q u R CYIIECTBYET
COOTHOILIERHE

NcZc<Qc<R. - .

MHOXeCTBO AEHCTBUTENBHBIX YHCES HOMOJHAIOT JABYMS
neMeHTaMH, O0O3HAYAEMBIMH -+ 00 M — 00 M HA3bLIBA-
EMBIMH RAIOC 6eCKOHEUHOCMb W MUHYC OeCcKOHeUHOCMb.

Muoxecrso R, [onogmeHHOE JlEMEHTAMHA + OO
U —00, HASBIBACTCS PACUUDEHHBIM MHOMNCECMBOM OCli-
cmeumevhvlX yuces (PACIIUPEHHON YNMCIOBOR UpsSMOIL)
1 oGosnavaercsi R. BeCKOHEYHOCTH +00 H — 00 HA3bI-
BAIOT ewie Oeckoneuno yoasenuvimu moukamu. Ilopsmox’
B R ecrecTBenmbill: BCAKOe MACHCTBUTENLHOE HYHCIIO
MeHpIle +c0 M Oosblie —oo, T.e. ecmm xeR, 1O
—W <X <+ 0, S -

[losie3HO mpeACTABIAATE, . YTO. —00 HA YHCJIOBOH
. OpSAMOM HAXONUTCH JIeBEE BCEX HHCEH, a -+ o0 Ipapee
BeeX ‘ymced. VIHOTZiIa MHOKECTBO IeMCTBHTEABHLIX YHCEN
AOHOJHSIOT OHHUAM JIEMEHTOM . (GECKOHEUHOCTD), HA3bI-
BACMBIM TakXe OCCKOHEYHO YHAAJCHHOM TOYKOM.

1Ipn BRIYUCIIEHUAX HpPPaMOHAJIBHBIG YHC/IA 3aAMEHSIOT
HpH6J‘IH)KeHHbIMH UM panpoHambHRIMU. Hampumep, mua-
TOHAJIb OPAMOYroibHUKA co cropoHamu 30 u 10 M

d=./302+102=./1000=10,/10
MO)KeT ObITh 3aMeEHeHa JIGBLIMI/I WA NpaBbIMU 4acTAMUA

mepasencts 31,6<10.,/10<31,7, 31,62<10,/10<31,63,

31 622<10~/10<31623 31,6227 <10. 10<31,6228
¥ T.A B 33aBUCHMOCTH OT Toro, Kakas Tpebyercs
TOYHOCTb BBIMHCJICHMI. S
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§ 5.2, BENMNYKUHA.
TNOCTOAHHBIE M MEPEMEHHbIE BENTNYNHBI

TMorsATHE BENUYMUHLI BCTpevYaercs B HayYHOH, y4eOHOM
AUTEPATYPE ¥ B JAPYTHX J€YaTHBIX W3JaBMAX. Mu
CcBOOOIHO ONEPHPYEM TOHSTHEM BENWYMHBI B HOBCEH-
HEBHBIX Pa3roBopax.

[laomans 3eMeILHOTO yqaCTKa Macca KUBOTHOTO,
YPOXARHOCTD CEIBLCKOXO3AMCTBEHHBIX KYJILTYD, cebecTo-
HMOCTh HPOAYKUNY, IPOICHT XUPaA B MOJOKE, KOJUYECT-
BO JKUBOTHBIX B CTaje ¥ T. I—BCE 3TO TIPHUMEPHI
pemuupd. Kaxmas w3 BesMYUH MOXKET OBITH W3MEpeHa
C . TOMOIIbI0 Npubopa WM BBIMHCICHA, B pE3yJbTaTe
YEro TIOJYYAOT YHMCHO, Ha3bIBAEMOE 4HCJIOBBIM 3Haue-
HHEM BeJIHYUHBIL. .

" Wtak, moa Benmuupoil. OyneM [OHRWMATL BCe TO,
4TO BbIpaxaeT CBOHCTBAa IIpegMeTa, - ABJICHHSA WU
rpouecca.

_ Benuumnbr BripaxaloTcsi B ONPENENCHHBIX CANHULAX.
Takme BENMUYMHBL Ha3BIBAOTCA paszmepuvimu. Kaxnon
BEJIMYMHE CBOWMCTBEHHA CBOSA €AMHUIA. EAUHUIDBI BEIWYHH
obpasyior cucremy. ObmenpunaTodl ssiaseTcst Mexay-
HaponHas cuctema (CH). Ee ocHOBHBiMH AUHILAMY
ABJISATOTCA!

METp (M) —eIWHKLA JJIMHbY;

KAJIOTpaMM (KT)— eOWHMIA Macchl;

CexyHOa (C)— enuHHUIA BpPEMEHH,

KeapBUH (K) — efHHUUA TEMIEPATYPEL,

KaHzena (KA)—eIWHNNa CHJILI CBETA,
MOJIb — eIVIHUIA KOJIMYeCTBA BELIECTBA. -

EnuHBne! Jpyrux BeNMUdH SBISIOTCS HPOU3BOIHBIMU.
‘Benmunael MOTYT ObiTh Oespasmepuoimu. Tax, manpumep,
TPONEHT XHpPa B MOJIOKE, IIOJis ONBITOB, B KOTOPBIX
HaboaeMoe SBJICHAE NPOM3OIIIIO,— BEIWINHBI 6e3pas-
MEPHBIE.

1. MocTosmnbie U NepeMenEbie Beammunl. Korja MBI
rabironaeM kako-guOynp Tpoliece WiIH SBICHHE N3
obsiacTh (1)1431(11(1/1 SKOHOMWKH, ArPOHOMHH, 300TEXHUKH
MM ApYrofi o0nacTd 3HAHWEH, TO. BUOAM, 4TO OIHH
BENUWUYUHBI COXPAHAIOT CBOW 3HAYCHHS, APYTUe XKE HOpu-
'HUMAIOT P33JIMYHbIE 3HAYECHMS. HanpnMep, BBICOTA CTEO--
J1% TOpOXa B NepHOoJl BereTalllin WM Macca XKUBOTHOTO
B TIEPHOJ OTKOpMa MEHSIOTCH, M3MEHSIOTCS M COOTBET-
'CTBYIOINUE MM YUCHa. BoicoTy CTEBNS B MOMEHT. HONHOM
3PEJIOCTH, Tak K€ KaK M MaCCy B3POCHOrO XUBOTHOTO
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.. B YCAOBUAX CTAHAOHAPHOLO COMAEPKAHHS, MOXKHO . C
HEKOTOPOM OTOBODKOM MPHMHATHL 34 BEJIMYMHBLL  I10-
CTOSIHHBIE. , ) .
~Takum 006pa3soM, HEKOTOPBIC BEJIMUYHHBI B ' OTHUX

YCIOBUSIX SIBJISIFOTCH TIOCTOSHHBIMU, 2 B JIPYTHX — Ile-
pemeaasiMu. TlocTosiHHEBIE BeaHYUHLI 0003HavYaroT (ecin
CHCIMAILHO HE OTOBOPEHO) NEpPBBEIMH OyKBaMH JIATHHC-
‘xoro andaButa a4, b, ¢, d, ..., a Ha YUCTOBOH IPAMOT —
HETIOABM)KHBIMH TOYKAMH., ' i ‘ BN

ITepemeHnble BesMYUHBI 00O03HAYAIOT MOCIEAHAMMU
OykpamMu yaTuHCKOTO audasuTa X, y, z, I, ... '

CymecTByoT u aOCOJIOTHO  MOCTOSIHHLIC BEJTHYUHEL, -
TAKUe, KaK OTHONICHHWE IIUHBLI OKPYXHOCTH K JHAMETDPY
' . n

. : 1 -
(1), upenes NOCICHOBATENLHOCTH l+-1] =€, cymma
- . . n .

BHYTpPEHHUX YIJIOB IUIOCKOrO TpeyroJbHUKA (21), CKO-
pocts cBeTa B nyctote (299 800 KkM/c), yCKOpeHHE CHIIBI
TsokecTH Ha umporte 45° (9,81 m/c?) m mp.

[lepemennas BeSMYYHA y HABLIBACTCS ~02PAHUUEHHOIL
cgepxy, €clld B IPOLECCE H3MEHEHHs OHA = OCTAaeTCH
MEHbIIIE HEKOTOPOH TOCTOSHHOW BEJMMHMHBL b, y<b.
AHajOrM4HO onpenesseTcs NepeMeHHasl BeJMYMHA, Orpa-
HUYEeHHAN ~ CHM3Y, y>da. .

B maremaruke o719 OOLIHOCTHM PACCYXKACHUH WHOrIa
NMOCTOSHHYIO BEJIMYMHY [NPHHUMAOT 34 NEPEeMEHHYIO,
mosjiarafg HpHM 3TOM, YTO paccMarpwBacMast BeJH4HHA
B IIpoOUecce CBOETO H3MEHEHUS IPHHUMAET OJHO M TO
KE YUCJIOBOE 3HAYCHHE. .

2. AGcomioTHAN BEJIMYHMHA IEHCTBUTE/ILHOTO “HCIA.
AbGcosroTHOM BesHudHON ACHCTBHTENHHOTO YHC/IA X Ha-
3pIBaeTCA 4mciao, obo3HadaeMoe uepes | x| W ompeness-
€MOE PaBEHCTBOM . : :

x, ecit x =0,
|x]= .
—x, ecam x <0
Tax, manpumep, |5|=5, |—5|=5. Y3 oupenencaus creny-
er, ur0 x<|x|. IlpuBemem HekoTOpBIE CcBOiiCTBA ab-
COJIIOTHBIX BENHYHH. - :

19, A6comomrias eeauuuna ‘cymmvl 06YX uuces He
Npesocxooum CcyMmol abCOMOMMHBLX BEAUYUH CAAZACMBLX

[x+yi<lx[+]pl. ; (5.1.1H)

HoxasarenbcTBO. Ilomoxum x‘+y>0, x<| x|
u y<iy], mostomy |x+y|<|x|+|pyl. Ilycts temeps
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x+y<0. Torga |x+yl———x y, HO —x<|x|, —y< 54
u [ x+yi<ixi+ivi

Gopmysia  (5.1.1) HaswiBaeTcs wmepagencmeom  mpe-
yZoabnixa:” Ero cneacTsieMm  siBJgeTCS HEPABEHCTBO

Ix+y+zl<lx[+|y|"+lzl.

20 Abcomommuas eeaununa pasnocmu 06yX Hucea He
MeHbie. PA3HOCHU AOCOMOMHBIX GEAUUUH IMUX UUCen

; lx=ylzlx|=]pl. ,
HeilcTBUTeIbHO, nOJIOXUM Xx—y=z. Torma x=z+
+y=|xi=lz+y|<|z|+IyI<Ix—=yl+|yl, wm [x|—
—|y1zlx=yl. ’
3% (x-yl=lxl-Iyl “
g0 | X1 : -
yi oyl
Ceoiictea 3° 1 4° cnenyror u3 omnpeneiesus ab-
COJIOTHOM BENMYUHLI JEHCTBUTENBHOIO. YUCIA.
- 3. Unrepsambl. Humepearamu HA3BIBAIOT NOAMHOXECT-
Ba BCEX JIEMCTBUTENLHBIX YMCEN, HMEFOLIME CHELYFOIIMIA BAL:
. |

la, b1={x: a<§c<b}——3aM1<HyTbu7x ' HHTepBaﬁ,

fa, b)={x:a<x<b}

(a, bb]={x‘: a<x<b}—I0AYyOTKPLITHIE MHTEPBAJIBL;
» (a, b)={x: a<x<b}— OTKpBITHI}l WHTEpBAa,
(—o0, bl={x:x<b}, '

(—oo, b)={x: x<b}, .

fa, +o0)={x:x>a},

(@, +0)={x:x>a},

(00, +m)={x: —0<x< + 0}

— beckoneunbie I/IHTepBaﬂbl

CYIIECTBEHHBIM 15l [aTbHEMIIEr0 H3N0XKCHUS 5B~
JIACTCSL NOHSTHE WHTEPBANd, HA3BIBAEMOTO OKPECHIHO-
Cmbi0 KOHEYHOM MM OeCKOHEYHO YIadeHHOH TOYKH.,

“Ecomm a—vyucno, t.e. acR, to mas moboro £>0
-g-okpecTHOCTLIO . U (@, €) TOYKH ¢ Ha3bIBAETCS HHTEPBAJ
{a—¢,a+¢e), 1.e, no onpegenesmo, U(a, g)=(a—¢,
a‘+a) [Tosromy, ‘ecmn xe U(a g), T0 a-— 8<ax<a+e
;mm fx—al<e. o ‘ ,
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Ule,e) ~oocasres HWrorma paccmatpusa-

Eoa

aes @ a+E ercs €-OKPECTHOCTH
Voo Uia, &) — " MHTEPBAJ
| > q=too (@—E, d+E), W3 KOTOPOro
0 ¢ «BBIHYyTa» TOUKA Q.
U2 o Ecmu xelU(a, €), 70
G Ty 0 _,’ O<|x—al<e:
& OKpecTHOCTBIO  CHMBO-
Puc. 54 ’ Ja —o0 HA3BIBAETCS JIFO-
‘ Goit - HHTepBaj
(—o0; —1/e), a OKPECTHOCTBIO CHMBOJIA -+ 00 — JIOBON

HHTCpBaJI (l/e, +o0). Bo Becex cayuasix ¢ yMmeHbIUIEHHEM
£ COOTBETCTBYIOLIAsl OKPECTHOCTL yMeHbaeTcs. JIobyro
'€-OKpPECTHOCTh TOYKH a€R ma3biBaroT ee OKpCCTHOCTb}O .

{puc. 54)

o § 5.3. NOHATAE OYHKUMN.
OBIACTb EE ONPEAENEHUA, CNOCOBbI 3ALAHUA

K - momaTuo (yBKIMM TPHBOOUT M3yYeHHe pPa3HO-
- OOpasHBIX SBJICHUM B OKPYXafolleM HAC MUDE. Taxc
HanpyuMep, SICHO, YTO: '

1) KaxmOMy B3HAYCHHIO JUTHHBI TpaHM Kyba COoOT-
BETCTBYET €ro o0nem;

2) K@XIOMY 3HAYCHUIO PAJMyCa OKPYXHOCTH coor-
BETCTBYCT €€ IMHA M IUIOWAJb KPyra; '

3) xaxxgoMy MOMEHTY BPEMEHW B JaHHOH MECTHOCTH
COOTBETCTBYET OIpeneNieHHAas] TeMiepaTrypa BO3IyXa,

4) KaxnoMy 3HaYEHHIO Bo3paCTa KHUBOTHOTO- COOT-
BETCTBYET €ro Macca; /

5) HEXOTOpOM [03€ BHECEHHBIX MHKPOIJIEMEHTOB npn
IPOYMX PABHEIX YCIOBHAX COOTBETCTBYEST ONPEACHCHHBLIA
IPYPOCT YPOKANHOCTH; ‘

6) mopone XMBOTHOI'O COOTBETCTBYET CpeHHSS BeIH-
YMHA B INPOIEHTAX XHUpPa B MOJIOKE., (€CIH TIOPOIH
3aHyMEpOBAT, TO HOMEPY HOPOJBI OTBEYACT NPOUEHT
XUPA B MOJIOKE);

7) KaxaoMy MOKa3aTesro peHTa6CJIBHOCTH COOTBET-
CTBYET ONpEIe/icHHAas BeawuuHa pruObLLIY,

Bo Becex sTHX npumepax oOMMM SBISETCH < TO, UTO
K2XJOMY YHCJIOBOMY 3HAYEHMIO ONHON BEJMYMHBI C€O-
MOCTAaBJISETCS ONPENCNCHHOE YHCJIOBOE 3HAYCHME JIPYTOil.

Ilycte maHs! nBa YKCIIOBBIX MHOXecTBa X m Y.,

Onpenenrcruue. Hpasuo f, conocmasasrowee xaxic-
‘0omy uucay xe€X eduHcmeenHoe Yucao y € Y, nasvigaemca
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YUCA0E01 ﬁvnxuueii 3adannott Ha Muodcecmee X u npu-
Humaroweli 3uauenus @ muoxcecmee Y.

Uuncnossle ¢ynkuum OyaeM Ha3biBaTh npoc.,ro tbyn-
 KIMISIMAL.

3anars (QyHKUWIO —3HAYMT 32JaTh TPHU 06’beKTaZ
‘1) mueoXecTBO X, 2) mmoxectso Y, 3) mpasuno f.
O’ ¢ysxuum [ TOBOPAT, UYTO OHA JACHCTBYeT U3
X B Y n mmayt: f: X-VY. g

TIpaBuiio, COMOCTaBIAOIIEE OJHOMY 4YHMCAY OPYroe,
MOXKeT ObITH pas3HsM. Hanpumep, MOXHO CONMOCTaBHTb
KaXIOMY QHCIy €ro ky6, T.e. X x>, ecnu x>y, TO
“y=x3. B obweM ciyyae, eclm X —y, TO NHWYT y=f(x),

R y F(x), nig y=y(x).

3ameuanug PyHKIUEH HA3BIBAIOT TaxkKe ypaBHe-
Hue y=f(x), T.e. GopMyly, T y BBIPAKEHO 4YEpe3
X C TOMOIIBIO IIpasuia f.
' 2. B ypaBuesun y=f(X) «x» HA3LIBAIOT HE3AGUCUMOT
' nepeMeHHOl WK ap2yMEesmoM, a Yy — 3A8UCUMOIL nepemer-
Hott, Wi pyHKkyueid ot «x». O BeNNYAHAX X H J TOBOPAT,
YTO OHW CBA3aHbI (DYHKIMOHAJIBHOH 3aBUCHMOCTHIO.

Onpenenenne Mmuoscecmeo ecex 3nauenuti He3a-
BUCUMOTI NEPEeMEHNOTL, O KOMOPBIX onpedesena PyHKyus,
Hazvieaemcd 004UCMbI0 Onpedeenuss U 00AaCMbI0 Cy-
wecmsosanua 3moil Gyuxyuu, obo3navaemcs D (f).

O6siuno D (f) npencrasnser coboif MHTEpBajl— OT-
. KPBITHI#, 3aMKHYTEIM, OECKOHEYHBIN, MM HX CyMMY,

@ Yipuvep 1. TycTs $ysxums mmeeT Buj x —>x? Wi f{x)=x72.
Dr1a ¢yHKuus conmocraBnser udcny 2 wueno 4, a wmeny 6 wmcno

©36; D(f) (—o0, +0). @
" @ Hpuuep 2. f(x):%—i—. Haiite f(4). Umeem.
x !

1‘3
2-06.
TO=1075

Hannas Qynxuua wucay 4 conocrasnseT uucio 0,6 @

Buittie nano onpenenenne GyHkuun oxHol HE3aBUCHMOMN
nepeMeRHoil: bonee yacto BCTPEYAIOTCA byuxumn 2 1 60J1b-
ILETO YUCAa HEPEMEHHBIX, B 3TOM I1aBe pacCMaTpHBAIOTCA
“¢pysxuun onpoil nepemenHod, npuuemM xeR, yeR.
1. Coocobnt 3amamms Qyaxmr. ViMeeTcss HECKOJIBKO
~cnocoboB 3amaHus (QYHKUIMH.
: 1) Anasumuueckuil  cnocob. COOTBCTCTBI/IC " MEXAY

X 2x
X W y 3amaercs B Bunme dopmynst. Hanpumep, y= ot
. €OS X
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y=2x%2—6x+4. D1oT croCO6 ymoGeH ANs BHLINOJHEHUS
Hax GyHKUMEH MaTeMaTUYeCKHMX JICHCTBMH, HO He Bcerja
HACJAsIEH. _ .

B mpwioxeHEAX ynoOHsl (YHKIUM, - 334aHHbBIE He-
CKOJLKUMH (HOPMYNaMH. R

Tak,. HanpuMep, CKOPOCTH YBCIMYCHHS JIHHEHHBIX
pa3sMEPOB KOPHEIUIIOAOB MODPKOBU xapamepmyercn (251
BBIPAKEHUEM
's
C, 1 ecn 0<r<6

—v, 3Vinax — g

a T ‘_"'ecmzr 6<1<10, :
p=< | (5.3.1)

10v; — 21 :
TE Ak - Umax- ecqm 10 <21,

Ug—Uy

max -

: t t+801—‘7v0, ec/Im 21<t<24
Tle v, ~—CKOPOCTh pocrra B MOJNyJCHHBIE 9achl, Vo R
~ —0,05 Mm/4; v, —CKOpoCcTh pocTa B 7-—8 4 yTpa,
v, = i—O 04 Mm/4; v, —CKOpOCTE pocTa B 20— 22 q,
Upax X +0,86 MM/4; f—Bpems B 4.
I'padur ¢yuxuum- 5.3:1 npusencH Ha puc. 55.
AHaan3upys rpaduk, MOXHO CKa3aTbh, 4TO CKOPOCTH
pocTa uMeer HauboJsibliee 3HayeHue B 10 4, 3aTeM OHa
CHIDKAeTCs, 1 B NMPOMEXyTke or 24 mo 6 4 yrpa UMeeT
OTPULATENHHOE 3HAYCHNE, B 3TOT HEPUO] KOPHH YMEHbIIA-
IOTCS B pasMepe co cpeareit ckopocthio 0,04—0,05 MM/,
- CoOTBETCTBHE MEXAY NEePeMEHHLIME  BEIXIHHAMU
X Wy He BCerma yaaeTrcs 3amucatb B Bume Qop-
mynsi. Bo mHOruX ciydyasx ¢opmyna ObiBaeT HeusBecT-
HOM WM MCKaTh W THACATh (QOPMYJy OKa3bIBACTCH

T : , - HENIeJIECOOOPA3HBIM. Hns
" BbIpaxeHWs  (YHKHHOHAJD-

006} (10;0,06) HOI  3aBHGHMOCTH  MOTYT

0,05} okasaTbes Ooliee y)106Hb1M14

0041 (210,09 rHe CHOCOOBL

0,031 = Apy

.02} 2. Tabauunorii crocoo.

0,01+ ITOT CNOCO6 sBASIETCS Ha-

A R V2 2 ubojiee MpPOCTHIM. B omHOM
© cTOJIONE 3amuchIBAIOT  BCE
3HAYCHUST apryMeHTa (duc-

(6:-0,04) Jia), a BO BTOPOM — 3Hade-
(24:~0,09)  wus f(x), COOTBETCTBYIOIIME

‘Puc. 55 ) KaxaoMy x.
96 '



@ IlIpumep 1. Beem 3HakoMbl TaOAUUB!  TPUTOHOMETPHYSCKHX
¢dyHKnmit, norapudmMop, KBaApaToB, Kybos, O6paTHI>IX BeUuMH, Tab-
JIMIBL OKEJIE3HOMOPOXKHBIX Tapudos. @

@® Ipavep 2 UYepez kaxnapie 10 OH H3Mepsiiu JHIaMeTp d, MM,
Kopo6o‘u<n XJOMYaTHHEA. B pesysibTaTe mosTydeHa caeayroas Tabuma;

Tabauya 5.1
d | o 27 | 37 | 38 |39 | 39 |. 40 | 40
Nan 0 10 20 30 | 40 | 50 60 70

Tabmuussii cioco® ymoOeH st MCIONB30BAHUSA, OH
'OCOOCHHO IIMPOKO MPHMEHSETCS MPH PETUCTPALUE . pe-
3yJLTATOB ONEITOB, JIaOOPAaTOPHEIX AHAIHM3OB, IPH TIOA-
cuetax obOrvema rpy6mx KOPDMOB B CKMpPJax H T. A.
K Hemocratky cmnocoba oTHOCUTCS TO, 4TO HPeCcTaB-
fAeHHe O (YHKIMOHANLHON 3aBUCUMOCTH 30€Ch HE AB-
JISETCH * HOJIHBIM, TaK Kak HEBO3MOXHO IIOMECTUTH
B TaOumie Bce 3HavyeHus aprymenta. Ho Bce ke mose3HO
NPEACTABIATL, (YHKIMIO KaK OECKOHEYHOE MHOMXKECTBO
CTOJIOIOB, WAX CTPOK Takoi TaOHIbL,

3. Ipaguueckuii cnoco6. TToceIas MeTeOPOIOTMYECKYIO
CTAHIMIO, MOXHO HAO/FONaTh paboTy HmpUOOPOB-CAMOIHC-
LieB, PETHCTPUPYIOLMX BEMMYMHBI aTMOCHEPHOIO JABJICHHS,
TEMIIEPaTyPhl BO3JyXa, €r0 BJIAXHOCTH B JHOOOH MOMEHT
BpemerH cyTok. IIpubop snexrpoxapamorpad BeIYEpUnBaET
rpauk —KpHUBYIO MIEKTPHYECKHX HMIIyJLCOB CEpaua, IO
KOTOPOH MOXHO HPOCHEAUTE W3MEHCHUE UMILYJILCOB U Haii-
TH MX 3HA4YEHHE B TOT WIM HHOW MOMEHT - BPCMEHH.

@ IMpumep. I'padux (GOPMHPOBAHUS 3PENOTO MOYBEHHOTO MPO-
Guna wsobpaxen Ha puc. 56, rae 0-— HyJb-MOMEHT — HA4ayuo I0Y-
BOOOpA30OBaHUS, f,— BpeMsS 00pa3oBa il 3pEJIOTO’ MOYBEHHOIO IPO-
Guns; f,— MOMEHT HAOMIOACHHUS, p— TOJMUHHA NOUBEHHOrO ciiod. @

3dech mMeeT MeCTO rpaduyeckuii cnocol 3agaHus
(PYHKIMOHANBHOW 3aBUCHMOCTH. ~ DTOT CHOCOO ' O4YeHB
HAIJSACH, HO TOYHOCTH €ro HEBENIMKA, IM0ITOMY Ipa-
duueckuit cnocob 3ana- '
HAS (PYHKUMM YaIle BCETO  p
TPUMEHSIOT B COYETAHUU |
C aHANMTHYECKHMM U Tab-
JIMYHBIM. '

CymecTByer emie oauH
crocod ‘3agaHns (pyHKINY,
BOSHMKIIMIA B cBsi3y € pas- . 91
. BUTHEM 'H BHEADECHUEM B. . Puc. 56 -
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Puc. 57

niponzBozcTBo DBM. DTOT cnocob coctoutr B ykazaHuM
HAPOTPaMMBl Ul BbIYMCIICHNS 3HaucHuil QyHknmii Ha DBM.
I'papuxem gyuxyun y=f(x) Ha3bBAeTCH MHOXECTBO
BCEX TOYEK IUIOCKOCTH € KoopauHaramu (x, f(x)), T.e.
TaxHX, KOOPIMHATHI KOTODHIX OGpAINAT BBIPAKECHHE
y=f (x) B TOXJAECTBO. ['padux ssnsgerca xax Obl HONAOM
Ta6jmuei/‘1 ¢dyrkupu: B Hem cogepxurcs Bes urdopManys
o ¢ymxmumn. Mmes nepen coboil rpaduk QyHKuMd Wk
€ro 4acTb, MBI Kak Obl «BUIUMY» (QYHKIUO.
2. BospacTawonme # - yObIBaOme §yHKIEMI.
'Onpenenenne 1. Dyuxyun y=f(x) . nasvigaemcs
sozpacmaroweii  (neybwisaioweti) na unmepeaie (a, b)=
={xra<x<b)}, ecau 041 ecex mouex >3mo20 unmepeala
npu X1 <X, umeem mecmo Hepagencmso. f(x{y<f(x;);
(f () </ (x,)). :
Onpenenenue. 2. Oyuxyua y=f(x) wnazvigaemcs
ybrisaroweli  (negospacmaroweit) — Ha UHmMepease
(c, dy={x: c<x<d}, ecau 0aa ecex mouex 3Mo20 um-
mepeasa npu Xx; <X, CHPABEONUBO HEPABEHCINEO

S >f(x2), (f(x1)2f(x2)).

I'padmxn  Bospacraromicéi. u  yOwiBalolmell (ymaKmuit
n300paxensl Ha puc. 57,4, 6. Jng Bo3pacratomeit GpyHk-
IMM - XapaKTepHO TO, YTO GONMBUIMM 3HAUERMSM He3a-
BUCHMOM HepCMCHHOH COOTBETCTBYIOT OONbITIMEe 3HAYC-

HUA (byHKupm a s yoObl-
¥ ) . . °  BalomEH, Ha060poT,

: ' DONbIIMM 3HAYEHHSM HE-
3aBHCUMOM nepeMenHON
COOTBETCTBYFOT MEHBIIWE .
3HaveHus  Qyuximm,

B

At r— W3 puc. 58 sugHo, 4TO
eCcllu - X BO3pacraer, TO
Puc. 58 bynxous f(x) Ha MHOXe-
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cree (—1;2) Bospactaer, 3areM Ha MHOXecTse (2; 3)
dyaxups  yoeiBact, a -Ha MHOXecTBe (3;5) cHOBA
BO3PACTAET ¥ 1pH x> 5 QyHKIuUs y6mBae$ OuYeHb OLICTPO
(mEMsT WACT KPYTO BHU3).

3. Yernpie ¥ HedeTHbBIC QYHKIME. (DyHKuHﬁ y=f(xYy
HA3BIBACTCH yemnoli Ha MHOXECTBe X, eCJH:

1) nna Beskoro xe X=>(—x)eX, 1. e. X—cummer-
PUMHO OTHOCHTEILHO D;

*2) f(x)=—f(x) s Becsikoro x€X.

HanprMmep, y=x2—vernas QyHKIUSL

Oyukuys y=f(x) Ha3bIBACTCS Heuemnol HA MHOXKECT-
Be X, eciau: ‘

1) mnsa Besikoro xeX=(—x)elX;

2) f(—x)=—f(x) mia Bcikoro xelX.

Hanpumep, p=x>—HeyeTHas (QyHKIHS. )

I'paduk geTHON QYyHKIMM CHMMETPUICH OTHOCHTEb-
HO OCH Oy (puc. 59). T'padux HeuyeTHOH ¢yHKUNH
CHMMETpPHYEH  OTHOCUTETBHO  HA4ana  KOOPAHHAT
(puc. 60).

Dyuxuys, HE SBJSIOIIASNCS YETHOW MM HEYETHOHM,
Ha3BLIBAETCS PyHKyuesi 00we20 - euod.

Y
YA
D X
0 X
Puc. 59 Puc. 60 Puc. 61

@ TIpumep. VcradoButh, sBasgercs g QyBxuus  f(x)=
= —(x+1)*+3 vuerunolf, HeueTHol  mau dyukxuueid obmiero suaa.
Tlocrpouts rpaduk 370  QyHkuuu Ha MHOxecTBe [—4; 2].

Peuwrenue. Mmeem

== +D 43, D(H)=(—w0, +®),
f=x)=~(=x+D+3, —f(x)=(x+1?-3.
158 s{nx PABCHCTB  BUOMM! f(x);'éf(——‘x) u —f(x)#£f(—x). Cnezo-
BATELHO, f(x)=—(x+1)2+3.e dyuxnus obuwero Buma. Has noectpo-

eHus rpaduxa coctasuM CreAyrouiyo Tabidiy:
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x | =4 b3 2] -1 |0 1 2

f)y | -6 | =1 2 3 2 -1 | -6

MMocTponm Toukm A, (—4; 6); Az (—3; —1); 43(—2; 2); A4,(—1;3)
u 1. 8. CoemuuuB Toukd A4; (i=1, 2, 3,...) WiaBHOU jaHHMEH, MONYYHM
npubmmxennoe, usobpaxenne rpaduxa. Gymknuu (puc. 61). Tounoe
n306paxeHne TONYyYATh HENb3fi, TAaK Kak uid 3TOro morpe6osaioch
Opt TocTpoOuTHL BCE TOUKH, NEKAmpe Ha rpa(}mxe

‘ 4. OcHOBHbIe 3JIEMEHTAPHBIC (bymcmm OCHOBHBIMH
3JIEMEHTAPHBIMHU (bymcummn SIBJISTEOTCS: ‘
~ . 1) crenenras f(x)=x* (OL——I[CI/ICTBI/ITCJIBHOC HYUCIIO);
. 2) moxaszarenbHas f(x)=a*, a#l, a>0;
3) norapmbMqugKaa f(x)=log,x, a#1, a>0;
4) TpuroHomerpuyeckue  GyHKIMH:  sinx, CcOSX,
tgx, ctgx;
- 5) obpartnbie TpI/II‘OHOMeTpI/I‘IeCI(I/Ie (bym(m/m arcsin x,
arccos x, arctgx, arcctgx.
- 5. Dnemenrapupie ¢ynxmm. K aneMeHTapHmM oT-
HOCHT BCE. @ynxunn HOJTYYeHHBIE W3 OCHOBHBIX 3JIeMEH-
Tapnmx $yHxnuii ¢ nomonsro YETBIPEX APAPMETHUECKHX
. IEHCTBUM: CIIOXEHUs, BBIYATAHUS, YMHOXKEHUs!, NENCHAS
U omepanmii B3ATHA d)yHKunn oT (bymcmm TIPUMEHEHHBIX
KOHEYHOE HHCIIO pa3. DneMeHTapHble GYHKINM 3a0af0T
¢ momompblo  HopMybl, HaanMep,

y#Ig(x /'—"x 1),y sm2,\+5/———'—2x 5

§ 5.4. NOHATUE O NPOUSBOACTBEHHBLIX ®YHKLMUAX
B CENbCKOM XO3AWNCTBE

- Onpenenenue. Dynkyuu, 6 KOMOPbIX 3a0aemMcA
coomgemcmeue mexncoy 6eAUNUHAMU, XAPAKINEPUIVIOUWUMY
X00 KOHKDEMHOZ2O npoyecca uau AGACHUA 6 -CeAbCKOM
Xo3Aaticmee, HAZLIBAIOMCA NPOU3BOOCMEEHHBIMU.
' HponanoacmeHHaﬂ _(pyBKOUS TEM TOYHEE Xapakre-
pu3yeT HCCHeIyeMblifi NPOLECC, ~YeM BHIILE YPOBEHb
pa3BUTHS MaTEeMaTM4YeCKOro anmapata M 4YeM TOJIHee
3HaHUsA 00  M3yvyaeMoM . mpouecce WM ~0OBeKTe.
M3BecTHO, 4TO OHMOJOrMYECKHE HMPOLECCHL, NIPOTEKa-
OMUe B PACTEHHSAX M KUBBIX OpPraHM3MAaX, B KOTOPBIX
y4acTBYyeT OOJIBLIIOE YHCIO B3aMMOCBI3AHHLIX 3JICMEHTOB,
OYeHb CHIOXHBI. MX TOUHOE ONMCAHHWE €CJIH M MOXHO
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BBIPA3UTh B BHIC (GOPMYJIBL, TO OHa OYAET HEBEPOATHO
TPOMO3AKOU U I/ICHOJH::‘sOBaTb ee ObLUIO OBl Hemenecoos-
pa3Ho.

HpOI/BBO,HCTBeHHLIC (bymcupm noJIy4aioT B pe3yﬂbTa-
T€ U3YUCHUS U 06pa6on<n YHCJIOBBIX [TAHHBIX PE3YJIbTa-
- TOB XO3AHCTBEHHOH JESTENLHOCTH MM Ha OCHOBE CIELH-
a/IbHO TIOCTABJICHHBIX JKCIIEPUMEHTOB. BosmoxHo u 4TO
IpU ITOCTPOCHAN MPOW3BOACTBEHHON (YHKLMHE IJIaBHOE
BHUMAHHE OOpAIAeTCs HA TO, YTOOHI QyHKIUs, 3aJaHHAs
B Buie (opmynbl, oTpaxana .Obl maubosiee . BaxHbIE,
CyllIeCTBEHHBIC 3aKOHOMEPHOCTH UCCICAYEMOTO mporecca.
Takum 0Opa3oM, NPOU3BOACTBEHHAS (QYHKIUS oTpaxaer
[POIECC NPUOIIMKEHHO, ABJSETCS €ro MaTeMaTHICeCKOH
Mogensto. TIponsBoncTBeHHbIE (YyHKIHH JAIOT BO3MOX-
HOCTDH IPOTHO3UPOBATH PE3y/IbTATHL JASATEJBEHOCTH Yesno-
BEKa, JaBaTh HAYYHBIE PEKOMEHIALWH, IIPUYEM TIPOTHO3
TEM TOWHee, 4eM JIydyimie cocTaBieHa Qymrxnwms. Pacuers,
NPOU3BEACHABIC C IOMOLIBIO NPOM3BOACTBEHHBIX (bymc-
1Hdi, TOJDKHBI PaccMaTpPHUBATHECH KaK CpeHUE MOKA3aTeNn
B TOM CMBICIE, YTO €C/IM PETHCTPUPOBATH OINBIT, TO
HOJIyUeHHbIE JaHHbIE OylyT KonebGaThesi OKOJIO pacyer-
HBIX M ONM3KM K HAM JIVIIG TIOCJIE BBIYHACIICHUS CPEIHIX
nokasareeif. Bonpoc o BeIOOpe Buaa ¢GyHKIHH TOAPOO-
HO paccmoTpeH B 1L 14, Tax kak - uucio  HaxTopos,.
ONPE/IESISFONNX - XOX TIPOIECCa WJIM  SIBJICHUS, ~BENKO
" d)aKTopm B3aMMOCBA3AHLI, TO GYHKIUS OXHOH He3apH-
CAMOM MEPEMEHHOM MMeEET HeOOJIbIIOEe PaclpOCTPAHEHHE.
ITpu 5TOM MOCKOJLKY rpaduku PasMaHbIX (j)ymcm«m Ha
OTPaHMYEHHBIX MHOXECTBAX M3MEHEHMS apryMeHTa Mo-
I'yT MOYTH COBNAJATh, OAMH M TOT XK€ IPOUECC MOXKET
-OBITH TIPEACTABICH Pa3THYHBIMU IIpOI/I3BOJICTBeHHbIMI/I
GYHKIMSMH, B YaCTHOCTH, FBaApaTWYHON, «dyHKuUEH
KBAJPATHBIA “KOPEHb < M3 X», NOKA3ATEJBHOW H Ap.
ITpumMepsr pON3BOACTBEHHBIX (DYHKIMIA Yke BCTPEYAIHCH
B rin. 1 u 3. TlpuBeneM eie HECKOJBKO NPUMEPOB.
1. B paImOHe KOPMJICHUS CBUHEH COHNEPKUTCH He-
CKOJILKO BWIOB KOPMOB. ECIM WX OTHOINICHHWE CUMTATH
IIOCTOSHHBIM, T. €. €CJIA C YBEJMYCHHEM HOPMBI OIHOTO
BUJa KOpMa YBEAMYHBACTCA H HOpMa APYroro, TO HET
HeOOXOAMMOCTH TIPOH3BOMUTH MOACYET BCEX BUOOB.
KOpMOB. B 3TOoM ciyyae wu3ydeHwe Hpolecca MOXKHO
'CBECTH K aHAIM3y MPOH3BOACTBEHHOM ynxiuy onHOM
nepeMeHHOH [23].

ITycTh y— npuBeC OMHOH TONOBHI (Kr) B Haqane
OTKOpMA, X —OTPeOIeHNE: KyKypy3sl (Kr) B Hauaie
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orkopma. Terma B panmore ¢ 10%-Hbiv coZiepXxaHIeM
6em<a KBaJ[paTHHAs GyaxkmEs UMeeT cnez(ylonmn BHJ;

, - y=—0,480+0,335x— 0,0001x2,
dyHKUMs KBAAPATHBIA KOPEHb M3 X — BHJ
y=—2,334+0278x+0411 /x,
nokasaTeabHas (QyHKUHsS — BUL
y=0,330x"92¢,

C nomompo 3THX ¢>opMyn MOXHO TNOJACYMTAThL ‘M CPaB-
HUTDH  IPUBECH!.

: 2. XKusas Macca JIBYXJIETHUHX  T€IOK  BBIPaXKACTCS
Pyuximei .

’ y:'578’4_ 244e~ 0,000148xb

TAe X —NOTpelJIeHNe TIOJTHOCTHIO YCBOSIEMOTO DUTATENb-
HOTO BEUIECTBA, KI.

3. XKuBass Macca y Tenar 10 OJHOro rozm (Kr)
BBIpaXaeTcss (QyHKIUEN -

y=1378,4—419, 6e”° 0001x

rac X—*HOTPCGHCHHS HOHHOCTLIO ycnoxemoro MITATCHb-
HOTO BeEMECTBA, KI. P

§ 5.5. NOHATUE CNOXXHOW OYHKUMU

PaccmoTpum Tabn. 5.2 w 53. B mepBoit m3 mHux
‘ApUBENEHA 3aBUCHMOCTh MACChI XHBOTHOTO OT  €ro
BO3pacrta LpH (AKTOPOCTATHBIX = YCIOBUAX  (YCIOBHSA
CONEPXKAHNSA nonnep»cnsa}oms; Ha TOCTOSIHHOM ypOBHe
KpoMe ,00beMa KOPMJICHHS).

‘ B Taby. 2 yxazaHO COOTBETCTBHE MEXIY CpPEIHECY-
TOYHBIM npmaecom ¥ Maccoil KHBOTHOTO. :

T a(Luéua 5.3

Tabauya 5. 2 .
Bospacr B me- | JKuBag macca Kupas macca | Cpenpecyrou-
cauax woene {{cpexmtec 3iaue- {cpenmee 3Haue- |HBIA OPHBEC, KT
oTBEMA HHue), Kr . Hue), Kr

1 i5 . . . 25 .. 0,250

2 22 35 0,350

3 32 . 55 0,450

4 46 . ) 75 0,650

5. 65 95 : 0,750

6. 88 - ' 105 0,750

7 110 : '
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TaxumMm obBpasom, Cpe,E[HCCYTO‘IHbII/I npusec (KT) MOX-
HO CHMTATh (YHKIMEH BO3PACTA XMBOTHOTO. KaxkJAOMY
3HAYCHUIO BO3PACTa COOTBETCTBYET ONPENE/ICHHOE 3Haye-
HUE CpeJIHECYTOYHOro mnpmBeca. llpueec 3aBUCHAT -OT
Macchl,” 4 Macca—OT Bospacta. JIa CelbckoXo3siicT-
BEHHOTO MPOU3BOJACTBA TaKas 3aBHCAMOCTD SIBJISETCH
XapakTepHoOM; HAnpumep, (HOTOCHHTETHYECKAS - aKTUBHAS
pamdandst 3aBHCHT OT [IPOAOJDKHUTEIEHOCTH COJIHEYHOTO
JHs ¥ sBjseTcd (YHKIMEH * MUCHa COJIHeWHBIX JIHEH
B BETCTAUMOHHBIA TIepuon.

PaccmoTpuM 3amauy B obIEeM BUIE. HYCTB JAHBL
nBe (bymcmm y*-f () u u=0(x), IpH 3TOM MHONKECTBO
3HAYCHUH BTOpOI/I dysKI BXOAUT B 00NACTH OmpeneIte-
nus mepBoit. Torma smobomy xeD(f) B cuny npasumia
O COOTBETCTBYET ONPEACISHHOE UHCIO #, a4 9HCIY
u Qyuxuua y=f(u) conocraBuser 4uciao y. SIcHO, 4YTO
B 9TOM CJIy4ae Opasia f U ¢ COMOCTaBJBIFOT KAKIOMY
X OIHO 3HA4YeHUE Y, T. €. )

y=flox)]=F(x).
3mech UMeET MECTO (DYHKIMSI OT (PYHKLMM MM CIIOXKHAS
hyHKIWs — He3dBHCAMAS IEPEMEHHAS, X — IIPOMEXYTOUHAS
nepemennas. Hampramep, dynxmun y =sin2x 1 y = = (\/} +6)°
MOXHO pacCMaTpHBaTh KaK CJIOXKHBIC 1 HpBIICTaBI/ITb B Bujie
HENOYKM TPOCTBIX: y=sinu, u=2x; y=u’ \/;+6

§ 5.6. Bb!BO.CI.b!

B rmaBe KpaTkO UWBNOXKEHBI IOHATHS MHOXECTBA
W YHCIOBBIX MHOXeCTB. Ha OCHOBE TIOHATHS MHOXECTBA
BBEICHO HOoHsTHe $yukiuy. OyHKIMS —ITO 3aKOH, COOT-
BETCTBHE, [0 KOTOPOMY KaXJIOMY OJIEMEHTY OJHOIO
YIICJIOBOTO MHOXECTBA OTBEYAET OJUH JIEMEHT APYroro
YUCAOBOI0 MHOXKeCTBA, MyHRuMs MOXeT ObITh 3a7aHa
npg momoinu: a) Gopmyssl, ©) Tabmmuel, B) rpagduxa,
r) mporpamMMsl s OBM. Kaxasri Cc1oco0 . yAoBIeT-
BOpSIET ONpefciacHu0 (QyHKIuN,

C nomoulpio (YHKIMI ‘3aUCHIBACTCH COOTBETCTBHE
MEXKAY BEIMYMHAMHE, ONPEIS/AIOMUME X0 NPOLECCa MK
SBJICHUS B CENTbCKOM X03sHcTBe. Takne QyHKIM HA3BIBAIOT-
¢Sl IPOH3BO/ICTBEHHBIMH. [paprILHO COCTABJIEHHAS POU3-
BOZACTBEHHasl PYHKIWSI, H3YYCHHE M aHAJM3 IPapUKOB HaeT

' BO3MOXHOCTB 00Jiee TiIy0OKO IO3HATE COOTBETCTBYIOMIMIA
mpouece H, .CAeA0BaTeARHO, IPAMOTHO WM YIPaBIATH,

103



BOMNPOCHI D.ﬂﬂ CAMOHPOBEPKVI

L prmemxre npmmepm MHOXECTB M - YHCIOBHIX. MHOMECTB.
: 2, VKaxuTe COOTHOIIEHME MEXNY MHOXKECTBAMH = HATYPaNLHBIX
9HCEN, LENBIX HYHWCEN, PAINOHANLHBIX 4HCed, AEHCTBHTENBLHLIX - HCell.

3. JaliTe ompeneneHHe BEMMYKHbI, TPUBCHUTE HPAMEPHI IIOCTO-
SHHBIX "M JIGPEMEHHBIX BEJIMYUH,

4. TlpuBenyte IPHMEPHI HHTEPBAJIOB:. 3aMKHYTHIX, OTKPBITHIX,
TIONYOTKPHITHIX, OECKOHEYHBIX. o
. 5..Hafite onpenesienwe ¢ynxuun. . Tlpusenure npumepsr. Uro
Takoe obnacrh onpepenenus Obynkumu, samaEnoil dopmymoit?

6. Mepeunciure  cnocabul 3amanus ynxmu, HX  JIOCTOHHCTBA
H HEXOCTATKH.

7. Haiite ompencnenne 4YCTHOH M He4eTHOM (DYHKUMI.

8. Uro rtaxoe mpousposcTeennas ¢ynkuua? Kaxosrl,ee ocoBen-
goctu? JIns 4ero HYKHbI MPOU3BOACTBEHHbIC bynaxuun?

9. IlpuBequTe NPUMEpPEl NPOWU3BOACTBEHHBIX (YHKLMA,

YHPA)KHEHVIFI

1. Ha xaxue mOJMHOXECCTBA MOXHO pa36m'b MHOKECTBO KMBOT-
HEIX JofiHOro craja Kopos?

2. Cpémm XHBOTHBIX OINHOIO CTajaa HUMeroTCs Gombunie, Ha kakwe
ABA MHOMKECTBA MOXHO PasGuTb MHOXECTBO KMBOTHBIX * BCETO'
crana? )

* 3. Ha kxakue NOOMHOXECTBA MOXHO pasbUTh MHOXECTBO paGor-
HUKOB MOJIOYHOTO ‘- KOMILIIEkca?

4. Jana dynxuus  f(x)=4x—5. Haimure: D) f(Q2);" 2) f(0),
3) f(—1). . .

5. Mama oOymxuus  f(x)=3x2+2. Haifgure: 1) f(—-2); - 2) f(5);
3) fla=1); 4) fQa); 5)[(c+Ax).

Hama  ¢ynxuma  x*+3.  Hafimare: 1) f(0);  2) £(1); - 3) f(—2);
4)f(f % S (/2+1).

6. a) TokaxuTte, 4TO as. GynKiu f(x) 2x*—~x24+1 nmeer
MeCTO paBeHCTBO f(—3)=f(3). Uermas A Heqemas JTa q)ym(-
nua? .

0) Vcramopute, ABIAETCS 1M KaXmas U3 CIENYOMUX (bym(mm

4eTHOH, HeweTHOM M (yHKumed ofmero Buga:

+
1 y=2x? 6 2) y=rior 3)y=———————VT ;4 y= /771 ,
B 7. Hana oysxuma f(x)=x3 —X }loxaxme uTo f(— 2) u —f(2)
u f(=x)=—f(x).
8. Hailigute xopHu (bymcuma f(x)=x2—5x4+6.
9, Hapmm‘e obiactr . onpedencrus GyHKIM —§ (/)

1 - 1 :
, )y—]+—' 2)y= 1; Ny=Jx-1  Yy=J1-x
5) y= ,/x —144/1 6)y e* 7)‘y=arcsinx. :
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10. Jlansl CHOXKHBIE $YHKUHA: oo

1) y=o/x?=1; 2) y=sin2x; 3) p=e*;-4) y=lgcos2x.
MpencrasbTe 3T (YHKWME B.-BU/JE  UETIONKA NPOCTBIX:

-11. Tloctpoiite. rpadux ¢Qyuxmum .-

x, ecnu x=0,
y=
—x, ecn x<0.

12, Toxczlecrnenﬂbx aH. clemyromue. QyHKIHN:
1 f(X)*— n g)=1;

2)f(x)—1gx u g(x)= 21gx,
3) fx)= \/x“ u g(x)=x

&) f(x)~’-x— n glx)=x;
5) f(x)=sin? x4cos*x u g(x)=1?

13. Paamep TOMY/IAUMY HACEKOMBIX B MOMEHT t (B JHHSIX) 3aaeTCs
dynknmeit

P(t)=10 000—»9000(1 ~1).

Brrancnure HavaJbHYR NONYJISUMIO. . _

14. ¥V romomanpx Jococeit norpebueHue lcncnopona ¢ moBBe-
HHEM CKOpPOCTH IUIaBaHWS BO3PACTAET 9KCIOHeHHManbpHO*. Halimure
3aBACHMMOCTL MeXy y{(v)-— BEIMYMHONA NOTPEONEHUS KUCHOPOSA B Hac
FOZIOBANbIM JIOCOCEM —— U -CKOPOCTBIO IUIABaHuUA v (M/C), €Cin H3BECTHO,
yro y(0)=100 mrfa, y(3)=800 mr/a.

Hatimure y(1) n y(2).

15. Cogepxanue KapoTHHA k (8 upomunne, 7.¢. B r Ha 1 kr
CYXOTO BELIECTBA) B C](OI.UCHHOH Macce monepm,l uepes ¢4 BRIpaskaeTes
3aBHCHMOCTBIO k=pe“.

Tlo paHHbLIM ONBIT2 TIOJYYeHa clenyrowmas Tabauna:

! 0 18

k, % | 024 | 008

HAIIMTE TapaMeTps! p M-¢, COCTaBbTe TabJuuy H MOCTpoiite rpadux
' paiinenHo#t 3asucHMocTH, B3sB ¢ oT 0 mo 24 u. -
16. Cozepxanue Genka (%) B CKOWCHHOM TpaBe dHepes ¢ (4) °
BLIPAKAETCA™3aBUCHMOCTBIO - B=pe®. Haiiaute napamMeIpel p # ¢ 1O
HAHHBIM ODBITA. o

* SKCHOHeHImaanaﬂ dynxims umeeT Bum y=Ae", 4 u b—
AAPAMETPHI.
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‘L 0 {12

B, % | 154 | 104

CoctaBbTe Ta6mmy HaiAeHHOH 3aBHCHMOCTH, B35B TOYKH ¢ 4epe3
19 or 0 20 24 4 u mocrpoitre rpaduxk. -

17, Pyaxmua x(1)=1000+500(1=27") cooTBETCTBYeT HempepsIs-
HOMY poCTy Nomynsuuu Gakrepuii OT HauabHOro pasmepa x(0)= 1000
Jo npenensHOro x{¢)=1500. UeMy . paBHBI HHCICHHBIC 3HgYEHUA
nonyasiuMA 8 MOMeHTE! Bpemenn t=1, 2, 3, .., 10. TTocrpoiite rpadux.



HATYPALHEIX uMCeN - N -

. nenmx yucen -7

M TBa = 1e ——
N PRUMONANLHBIX ucen - Q
BEACTBRYENEHBIX uucen - R
> - € | g
) A A : 0 T
— — - f
/ nocrosumbie (a, b, ¢ . ) HEMOMIBMKHAR TOMKA
Bepnunkib 0 .
’ \ TIepEMCHHBIE (X, % & v } . —_—
- X
. BEMAYILAACA TOUK .

¥ v v v
Bpema cxopocTh  atmocepROE . Macca
pADEHWE  KMBOTHOIO

Cnocobur 3apanws Boapacraroman’
1. Amanurizgeckuit y=/x)
y=22-6x +4 - g
BK
2. Tabmninprit Q’ LUU) . .
x{xp[xmbxfulx X 4 x
N
> uncaonsie :
Yiujni{n|e|hn ¥6i
e
) v
3. Tpagmucckuit Oynxan - 3aK0H, COOTBETCTENE )
Moy xEX HYE Y .
. \ o
y= 1)
4. Tiporpammz Ba 3BM ]
R 9= =59
Yy
y=s
. 0 x
Crowmas HynruMs . Mp hyrry

y =) 6= Fex)
¥y =y &) = FR)
X = HE3ARHCMMAS DEpeMEHHAn - peayILTar, IpOmyKT
Y - BpoMexyrounas nIEpEeMEREAA . N

¥ = f(x)  x~-daxrop, sarparsi




I'naBa 6

I'Ipep.en n HenpeprBHocrb cbyHKu,vm

o f
#4

o

Hom{me npeziesia JaCTO MCIONL3YeTCs B HOBCEIHEBHOM
xu3Hu. OHO acCOUMMPYETCS B HALUEM CO3HAHUM C YUCIIOM,
K KOTOPOMY NPUOIIDKAETCS 3HAYCHUE NIEPEMEHHON BeIMYU-
HBI, OCTaBasCh WX MEHBIIC 3TOTO YHCIIA, ITH OOJIbLIe, I
M3MEHSISICh, IPUHAMAS TO OOJBILME, TO MEHBIIIME 3HAYSHHUSL.
B riaBe paccmMaTpuBaeTCs TOHSTHE NpeAena mocle-
XOBATEJALHOCTH W HA €ro OCHOBE BBOAATCS HOHATUA
JTpenena. pysxmyun, OeckoHeddo OoJibmux M OECKOHEYHO
Maiblx Gyakuuii. VI3noxeHsl OpaBHjia BEIMUCACHHUS Ipe-
JIeNoB, OJHOCTOPOHHHUX WpenesioB M MnpejesnioB Ha Oec-
koHewHocTy. Ha s3wixe mipeaenoB maHo $ynnamMeHTtasb-
~HO€ MOHATHE AHAJM3a — HEMPEPBIBHOCTL (DYHKIWH.
V3yuuB rJI. 6, YHTATENL MHOATOTOBUT Ce0sl K BOCIH-
PUSATHIO TOHATHH HUPOHU3BOJHON H HHTErpaJa.

§ 6.1. NOHATUE NMOCNEAOBATENLHOCTU

Onpenpenenne 1. IlocaedosameabHocmulo HA3bIGA-
emca wucaA08an GyHKYUs S (n), sadannan na mmnoocecmse
Hamypa/lbnbzx yucea N.

8-
5f- f
Z—I o

i Ll iy
[4]
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172345 n
Puc. 62

Ecu  n-—BATypambHOE YHCHO,
a f(n)——sHauenne mocieaoBaTeb-

-+ HOCTH' B TOYKE M, TO TOBOPST, YTO

n—3T0 HOMep 4ucig f(n), a camo
quciio f(n) Ha3BIBAIOT A-M  YICHOM
NoC/IeIoBaTENRHOCTH. B nabHeil-
wemM BMmecto f(n) OyaeMm mucateb f,.

@ [pumep 1. Iyors f, =3n—1. Vimeem
R f1=2, f225, ﬁ00=299 u T. A

I'padurom TTOCIENOBATELHOCTI
J,=3n—1 SBRISETCS HEKOTOPOE M30JIUPOBAH-
HOE MHOXECTBO TO4EK, YaCTh KOTODOro
floKa3aga ®Ha puc. 62. @ )



On penenerme 2. Hocaedosamenvrocmye f, Hazviga-
emca nocmosnnoil, ecau f,=C daa 106020 neN 20e
C — nexomopoe deiicmeume sHoe uuco (CeR).

Onpenenenue 3. Ilocredogamensrocmy f, Hasviea-
emca 02paHudenHoll, ecau Haildymea wucaa m u MeR
makue, umo m<f,<M Oaa 06020 neN.

Onpe AeneHue 4, Hocxze()oeame/zbuocmb [, Hazbl-
gaemcs:

1) cmpozo eoapacmaroweii (cmpozo y6bzearou;eu) ecau
Jo<Jfos1(fu>fne1) 0aa mobozo neN;

) eo3pacmaroujeil (neybvisaroweii), ecau f,,< fur1 048
awbozo neN;

3) y6bzeamu4eu (Heeospacmamweu) ecau fiz2fii1 042
Mobozo neN.

Onpenenenne 5. Hocxzeaoeame/tbnocmb f, Haswiea-
emca MOHOMOHHOU, eCAU OHA 803pacmaiowan aubo yool-
saowan, . AUO0 CMpozo  603pACANWAA, AUDO CMPO20
ybvigarowas, '

o n+l
@ Tipimep 2. Jana dynkuus f,=—— Haxogum:
' " n

n+1 1
1) fy=———=1+->1 mna moboro neN;
] n
n+1 1 ’
2) fu=——=1+-<2 nns moboro neN;
n n - ‘

n-+1 ‘ ! . -
3) ﬁ,:T—orpaaneHHaﬂ . MOCTCAOBATENBHOCTD, - TAK  KaK

1<f,<2; .
(n+-1)+1
4 fisr=—"—
) Jus n+1
n+1 n+2 n2~|—2n;l-1—n2~2n 1
f—fn+l—— T =

n+l n(n+1) T

ang moboro ne N=f,> f,l+ L= f(l —CTporo yﬁbIBa}Ol]Iaﬂ
NIOCJIEI0BATENLHOCTD.

§ 6.2. CXoaAWNMECA MOCNENOBATENBbHOCTH.
NPEAENT NOCNEAOBATENBHOCTN. HNCNO e.
HATYPANbHbLIE NOFAPUOMbI

@ Ilpumep 1. [lycts
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) 1
C pocrom -HOMepa 7 uicno f,=1+— (n-ii 4ieH mocnenoBaTEILHOCTH)
n :

CTAHOBHTCSH BCE Oamxe x 1, HO f;ﬁé | Hu NIpH KaKuX HATYPajibHBIX 7. @

PaccmoTpum Takme HOCJIG)IOBaTeJII:HOCTI/I ¥ KOTOPBIX
C pOCTOM - HOMepa . «n» n-H 4iueH f, mnpubmnxaercs
K HekoTopoMy umciay a, acR.

Onpenencune 1. Yucio a ecmv npedea nocaedo-
eameviocmu  f,, ecau 0as moboeo €>0 cywecmgyem
MAKOe YUCAD Ny, YO NPU 8CeX N>H,y,” neN | f,—al<e.

Ecnu 910 ycnoBHE  BBIIOJHSETCS, TO  NHIIYT
lim f,=a: . -
n—+ oo

HocnenosatesbHOCTS, HMEIOMIAS npe,uen HA3BLIBAETCA
cxo0AweticA. .

B omnpemesieHmM CXOQMMOCTH W TpeAeaa IOCTeNo-
BaTEJBLHOCTH HET JCHOTO YKa3aHWs Ha TO, KaK NMPOBEPSTH
CXOMUMOCTE M KAK HaxXoguTh mpeden. EcrecTseHHO,
BO3ZHUKAIOT TPH BOIPOCA. '

1. Hana mocaeqoBaTeabHOCTh f,, -Kak BBISCHUTE,
CXOAMTCS JM OHA WIH HET?

2. Ecoim  f, cxomutcs, TO CKOJI‘LKO OHa nMeeT
npeaenos?

3. Kak Haiitn BCe npenesnt nocnenosarenbﬂocrn"

Ha nepsslif BOOpoC OTBET JAOT TAK HA3LIBAEMBIE
TEOPEMBI CYIIECTBOBAHUS, KOTOPHIE HA3LIBAIOT EILIE Npy-
3HAKAMH CXOJIMMOCTH.

Teopema 1. Ecau nocaedosamerviocmv f, oepanu—
YeHA U MOMOMIOHHA, MO OHA CXOOUMCS.

Vinmoctpamust TEOpeMbl daHa Ha pHC. 63

5

: n+1 i .
Iycts f,=—— OTa mociaenoBaTelbHOCThL CTPOTO
== :

yObBaromas u orpanmyennas. IIposenem aBe JIHHWY,
IapauIeIbHBIE OCH A HA PACCTOSHUMM OT HeEe HA
-1 u 2 egunmipl. C BO3pacTaHHeM 7 COOTBETCTBYIOLIHE
TOYRM. OyayT npuOIMXKATHCA CBepXy X AuEmu f,=1.

&Y
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Teopema 2. Hycmv Odana NOCMOAHHAA  UUCAOBASA
‘nocaedoeameavrocms f,, f,=C o0aa moboco neN, CeR.
Toeda nocaeddsameavrocms f, cxooumca u

lim f,= lim C=C
n—+ o0 n—+ 00 .
(xaccuueckas QOpMyIMPOBKA: Hpesien TOCTOSTHHOM pa-
BeH II0CTOSHHOM). ;

HokaszarenscTBo. BozpMmeM npousBojsHOE £>0
U NyCcTh nHy—roboe uncno (nyeR). Torma mns moboro
n>ny, neN, | f,—Cl=|C—C|=0<¢. Teopema noxaszana.

Teopema 3. Iycme Odana nOC1e008aMeAbHOCHE f,,

1 . ‘ '
fo=—, (>0, ae R). Tozda nociedogamesnocme f, cxo-
n-o. :
dumca u \ , o
. .
lim f,= lim —=0.

n—+ o0 n—+oo M

,[[ 0Ka3aTeNnbCTBO, Bo3bMEM TPOW3BONbLHOE &> ()

1/u

H RyCcTh no— - Torz[a nns odoro n>nyg, neN
€

im0l L= e [0l <.

"G

TeopeMa noka3aHa.
Teopema 4. Ecau |gl<1, g€ R, mo nocaedosame.o-
nocmv  f,=g" cxodumesn u

lim f,= lim g"=0.

n-—-+oo ‘o0
JdoxazarenbcTBoO. BO3.)MCM IlpOI/ISBOJIbHOC e>0
lge
U MyCTh no=1g—. Torpa nns moboro n>ny, neN,
: : . 88 )

lge

|fo—0l=g"<gle=E.

Teopema noxasana.
Yncino e, Harypaabsble .norapmimm. B noapobHbIX
Kypcax MaTeMaTHYecKoro aHaM3a, Hanpmwep [26]

JOKa3LIBAeTCA, UTO IIOCHGI{OB&TGJ’IBHOCTL j;,, 1+—-

CTporo BO3pACTAIOWIAA W  OrpapMuCHHAS. Hoaromy
oHa cxoamcx W MMeeT mpesern, KOTopbm obo3Haya-
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\\
‘ 2,72-——————-——I———-—{——]-—[——-
O 1 2 3 4 &§ 6 7 8 9 0
Puc. 64 T
erca €, T. €.
¥ . »‘ 1 n
Vyzl,ﬂx hm (1 +;> =e.
e n—-t+ oo
| " (62.1)
! > I'padux nocnenosate-
4 Ty Ted medsonane
Puc. 65 ' JILHOCTH (1 +—> ‘m306pa-
. . n X

xer Ha puc. 64. Yucno e xopomio u3ydeno. V3secTHo,
4TO0 3TO YHCIO HppAlMOHAJbHOE, HApSAAY C° YHCIOM
T .eMy NPUHAJICHKUT B MaTeMaTHKe OONBHIAS POJb.
B xmwre: Kpeumep B.'A. 3anaunuk mno anrebpe (M.,
Hayxa, 1968) MPUBE/ICHO 3HAYCHHE €, COAePXKaIlee 2500
3HAKOB TOCJTE 3amaAToil. MBI yKkaxeMm ,HCCHTL 3HAKOB:
e=27182818284...

J'[orapmme qiicesI .10 OCHOBAHHIO € HA3BIBAIOTCS
namypaavreimuy W 0603Hadar0TCA Inx.

Jlerxo mpoBepuTH, 4TO MEXAY HECATUYHBIMUA M HAa-
TYpajBHBIMH JlorapudMaMy CYUIECTBYET CBS3b:

Inx=In10lgx=2,3031gx,
lgx=Igelnx=0,4343In x.

I"pa(bmcn byuxmuit y=Inx u y—lgx H306pa)KeHBI
Ha puc. 65.

v § 6.3. BECKOHEYHO BONbLIIUE NOCH EﬂOBATEﬂbHOCTW
ITycts R— pacumdpesHoe MHOXKECTBO JICHCTBUTE b

HBIX YHUCCII. KaK H3BCCTHO, R COCTOHUT M3 BCEX \Ilei/'l-
CTBUTCJILHBIX YHUCCJI, 1 OBYX «OECKOHEYHO ynaneHme»'
Touek (—o0) u (+ oo).

' @ Ifpumep 1. PaccMoTpuM nochenoBaTenbhocTs f,=n2. MHTy-
HTUBHO #CHO, YTO #-# WIEH IOCACHOBATENLHOCTH  C BO3DACTAHUEM
1 CTaHOBATCA Bee Oouibine u GoJIbine, IPH 3TOM, HAYHHAS C HEKOTOPOIO
HOMEpa, f, NMPEBBINACT MHO60€ HEHCTBHTENLHOE uMCI0. BeTecTBEHHO
HAmMCaTh, YTO
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lim f,=+0o.

. p—+o0
Bwmectre . ¢ TeM n-i YJICH «nepeBepHyToﬁ» HOCNICHOBATCIBHOCTHU

g,=— ¢ Bo3pacTanweM n npubmmxaerca k 0, T.e. lim g,=0.

M n—+ o

Mosicnum ckasarHOe ciepyromell TaGmuuei:

noo | 1 2 101 100 | 10* | 10®
£ 1 4 100 |10000{ 10° | 10

1 _ _
g,=— 1 0,25 | 0,01 {0,0001| 1078 | 107'¢

S ‘ o ]

® Ilpuvep 2. f,=(—1)"n. -

C sBospacranwem # 3Hadenme |f,i=|(—1"n)| cradoBurTCcH BCE
Gompiie u Gojblue, HO f, He npHbOmMIKaeTcd HE K KaKOMYy YHCIY.
Ecnu #n ‘ueTHOe, TO f,; upubmKaeTcas K -+ 00,7 a €CAM H HE4YeTHOE,
TO K —o0. llepesepHyTas NOCACAOBATEALHOCTD

1 1
==
o S (=1)'n ’
I toro 4robnl f, npubamxanacs K +OO(—OO),‘H606XO,IH_/IMO,
4yToOBl HAYMHAS C HEKOTOPOrO HOMEpa MMENI0 MECTO  HEPABEHCTBO
f£i>0 (f,<0) mn, KoHeuHo,

.

1 .
g,=——0 mpu n—>+00. @
5 .
Onpenenenue. IIycms dana nocredosamenvHocnis
[ u evinoAHeHbl CcAEOYIOUUE "YCAOGUA:
1) fa>0 npu 6cex n>ny, 20e n,——Hexomopoe uuC/to

1
2) mepeBepHYTAsS NOCAO06AMEALHOCHTy g, =7 cxo-
. ' " P

oumca, u

lim g,=0.
n——>+oo
Tozoa eoeopﬂm umo nocxzeboeamefzbnocmb fo cmipe-
mumea K +00 u nusym ‘ ‘
’ im f,=+o00. (6.3.1).

n—+ o

Ecau sce xomsa 6Ovl 00HO U3 " 08yX . ycaosuili He

BHINOAHEHD, MO 2080PAN, UMO GECKOHEUHO ~YOadeHHAA
TMOUKA -+ 00 He ABAACMCA Npedesom HOCACO08aMebHOCIU

TER

- N



@ Iipnmep 3. Jdana dyuxnus  f,=n?, f,, n >0 ,mpu  neN,

1 ! :

.= 0, noaromy lim n?= +4oo.
B pot oo s+ 0

AHANOrMYHO . MOXHO [ATh ODpPCACTICHHE nocnenonarenwoan
crpenvseiica k. —co. ' Kpatko anryr
lim fi=-~cc. @ O (63.2)
R . Bt )
Ipmvep 4. Hana Gysxmsa f,= —\/;z npu Beex ne N, —\/Z <0.
’ 1

o - 1
TlepeBepHyTas NOCHCNOBATCILHOCTD g, =— —= ———0, nosTOMYy

"ﬁ,' \/;n—>+00
lim (—\/;;)=—-'oo. ® v

n—too '
Knaccadukamus noc/ieaoBaTeasHOCTEN.
Kuaacc ., 1. CocronT #M3 BCeX CXOIAuuxcd TIIO-
CeAOBATENLHOCTEN TaKMX, 4ro lim f,=a, roe a—
n—-+ow

YUCIO0, aF# + oo,
Ecnm a=0, 1. e. lim f,=0, 10 TOCTIEIOBATENLHOCTD

n-—+—+ oo
Ha3biBacTCA 6€CK0H€11H0 Mmanoii.

Kaace 2. Cocront m3 BceX HOCIENOBATENBHOCTEH f,
Takux, 4ro lim f,= 4 co.
r—+ w0
Kaace 3. Cocrour us BCEX HOCHIEAOBATENLHOCTEH f,
Takux, 9t0 lim f, = —c0.

n—-- 0
] Ecom HOCAENOBATENLHOCTL f, BXOAUT B OIUH u3
STHX TPeX KJaccoB, TO GydeM TIOBOPHTB, 4TO oHa
umeeT Dpenen lim f,=a. (a—4HCIO WM OIMH U3
n—+.w

CHMBOJIOB + 00).

Kaace 4. Cocromt m3' meex TIOCJIeIOBATENBLHOCTEH,
He TONABINMX B HEPBRHIC TPH KJjiacca, . T. €. TeX, KOTOpHIC
HE HMMEIOT Tpenena.

Moxuo nokasare, 4TO, HaTIpUMep, Hocnenosa'renb-
goctm (—1)*, sinm He HMEOT npenesa.

Ecmn lm f,=a, a=+ 60 wim a=—00, 10 FOBOpﬂT

S n—+w

uro J,— becxoneuno ' 6ospImas IIOCJIC,IIOBaTeJII)HOCTb
- Tpusesiem eille HECKONBKO JETKO DPOBEPIEMBIX YT-
BEPKICHUH: »

1) ecnm f, — BeCKOHETHO 60.11}:1]185{ TIOCTIe{OBATENb-

1
HOCTb, TO nepeBepHyTaﬂ Hocneuoaarenbnocn g, = T

n

-

OécxoHeuno Manaﬂ'
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2) »lim f,=+00< lim ("fn)=-—'00'§'
3) " f,= — o e m’ (1) = + 0.

Cr—>to A=t oo

~ § 6.4. OCHOBHbBIE TEGPEMbI
O NPEAENAX NMOCNEACBATENLHOCTEM

‘C(bopmymp'yeM CEMb TEOpPEM O mOpefejaax moce-
NOBATEILHOCTEH, KOTOpEIE Ui ymobcTsa Oyaem Haszbi-
BaTh mpaswiamd. Ilpa sToM B mepBeIX YIATH mpaBHiax
npeaessl HOCHEAOBATENLHOCTEH KOHEYHBI (HJm J. B g,
CXOIATCH).

vaaBl/l.ﬂO 1.

lim (f +g,)= lim f,+ lim & (6.4.1)

n—+w n—+ oo ‘n~+w

" (npeden arzebpauueckoii cyMsz pasen -moi dce cymme
npedeaos). :

IIpuBeneM TOYHYIO (bopmynnpomcy ecau nocae-
dogamenvnocmu  f, u .g, cxodamca, mo cxooumes

 nociedosamenshocms g, u  cnpasediusa gﬁopmy/la
(6.4.1).

Iipaeuno 2. 4
lim (f,g,)= lim f, lim g,
n—+ oo n—+o n—+o

(npede/l npoussedeHuA paeen npousee()enum npebe/loe)
IIpasusao 3. =
lim (Cf,,)=c lim f,,
- n— 40 ‘n;+m.

20e C— Hexomopoe Uucao.
(Iocmosnnylo  6euduny ~MOJNCHO —6bIHOCUMIb 30 3HAK

_npedeaa.)
Mlpasnao 4 )
s . tim: £,
lim “*=222__ ecau lm g,#0
n~+w&' lml&‘ n—+ oo ’

i~ ®

(ipeden  ommowenusn pasen OMHOWIEHUIO  NPEedeAVs).
“Ilpasuao 3. ,

lim (fn)"‘:( lim f")m, méN.;

#t—+ n—— 4 o

115



- Ilpasuao 6. B S
MIyems lim g,=0 u lim f,=C+#0. Tozda

n—+ oo - n—+ oo
1) ecau fﬂ>0 npu cex N=n,, MO lim'&=+oo;
&n 'n_.+00gn
2) ecau P npu ecex n=ny, mo lim e _ o,
n—+a &n

N Hpann.rlo 7. IIycmo f,— beckoneuro maraa nocie-
doeame/tbnocmb m.e. lim f,=0, a g,— oepanuuennas

nocneaoeameﬂbuocmb T oeda Ju gn—-6eCK0Heqno manas
ROCACO08AMEALHOCHIL, 1. €.

lim (f,g,)=0

n—+aw

OrpaHuuuMcs  IOKa3aTeabCTBOM - IpaBwjia 1 s
ciydas mpenena cymmel. Ilycrs lim -f,=a, lm g,=b.
n—+ o n—s++ o0 .
Bo3eMeM nipousBoibHOE yucio £>>0. Torna cymecTsyior
uhcia n, M n, Takue, YTO NPH BCEX N>A,

. Ifi—al<e/2,
NpH  BCEX n>n, '
g —bl<e/2.

‘Hycre ny—uncno, Gosbee, uem n; u n,. Torma
NpU n>n; TOCHCTHWE JiBA HEPaBEHCTBA MCTHHHBI Of-
noppemenso. ITostomy

|(fo+2a)—(a+B) |=1(/,—a)+( n¥b)|<
<|f,—al+lg,—bl<g2+e2=¢"

(MCTIONB30BAHO HEPABEHCTBO TPEYTOMBHUKA IS MOAY-
‘neit). ClenoBaTeNnsHO, MOCAEN0BATENBHOCTD f,+g, cxo-
muarcs (eMm. § 5.2) u

im (f,+g,)=a+b= lim f,+ lim g,,,.
n—+ o0 T Rt n—+ 00
OcTanrpHple IpaBMjla HOKa3bIBAIOTCS AHAJIOTMYHO.
3ameuvanue. B mpaBmmax 1" u 2. MOXHO B3ATH
moboe KOHEYHOE YHUCHO claraeMbIX (MHOXUTENEH).
Ilpasmina 1—7 naroT OTBET Ha TPETHIT BOIPoC U3 § 6.2.
« ChopmympoBaHHbIE TIPABHNA CBA3LIBAIOT -ONEPALMEO
HpeJeNnbHOTo Hepexofa ¢ apuMETHYECCKUMHE - Onepai-
avi. OHE TO3BOJSIOT BBIMUCIATL NPENESbl IOCIEN0-
BaTEJIbHOCTE# BO MHOrHX ciydasx. Jlia 3roro Hano
BBINIOJIHATD TOXIECTBEHHbIE NPEOOPa30OBanus n-ro 4sieHa
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noCHeA0BATCIIBHOCTH Tak, 4TOOBI npasuiia {—7 comunu
BLI‘{I/ICHGHI/IG VCXOQHOTO Ipeaciia XK N3BECTHbIM HpeL{CHaM

e Hpumepu
. n4+1 X 1 i . 1
1. lim = lim {14+~]= lim 1+ lim —-=14+0=1
n—-+tow n n—4 o0 n, n—+om n~+_oon
3n?—1 3 1
. o 3n?—t . n? . n?
2. lim 5= lim 5= lim =
n-v+<n1 2n n——+m1+2n o=t )
-3 "‘2+2
i n

’ Col 1~
lim (1—-— lim 3~ lim —
_n-n*oo( nz)*n‘—~+w n—‘*oonz____3+0 3

T 1 1 042 20 T
lim | —+2 lim —+ lim 2.

n—+ n—v\‘-mn n—+w
. [ » o 1 o1
3. lim —=sin{n+1)=0, rtax , xak lim ——= lim =0
n—+ 0 13 n—+on N on—tw N2
—1sin{n+ 1)<t (npasuno 7) ‘
n3+1 -
. . 3 . n? . n®
4. lim 7—= lim ———= lim ;
N n—tam M n—+ 1 T h—tw
n® n
1 X . . 1
fiml+—, lm fi= lim |+ lim —5=1+0=1
n n—+ o n—+ o0 "+ 00 ’

‘ 1 1 .
. g,== lim ~= lim g,=0;
n n

n—+o n—~+an

1 n3+1 ’
“£>0 npz aobom neN. IMo mpasmmy, 6 lim -~ =+w. @

2
&n n—+ 0

§ 6.5. MPEAEN (DYHKLWWI OOHOCTOPOHHWE MPEJENDL.
BECKOHEYHO BOMNbUWMNE .
A BECKOHEYHO MAJIbIE @YHKUUN

Hycts a—uncio. ®@yukuus f(x) 3amana B HEKOTOPOH
. OKpeCTHOCTH TOHYKHM X, T.e. x€(a—g; a+e). Touka a we
obszarensio Bxomut B D(f).

PaccMOTpUM ps/l TOCHEA0BATENBHOCTEN X, 3HAYCHHS
KOTOpBIX NexaT B obnacTu oupexcnenus f(x), x,#a
mis moboro neN m rakmx, yro lim Xx, ~a(x —»a) '

n—+w

- insi Kaxmo# Taxoi MOCIEAOBATENLHOCTH X, TIOCTPO-
MM HOBYHO NOCHEIOBATENBHOCT y,=f(x,). BO?,MO)KHBI

caeayrome npa  ciryvast.
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Cnyuafi 1. Bce mnoCHenoBaTesLHOCTH ), HMe-
0T Npeacsibl, 5TH HPElesibl  COBHAAalT MEXAY €O-
Ooii m pasHEel  HexoTopoMmy A (A —uucno - wim
OJWH W3 CHMBOJOB +00, —o0). B a3rom ciyuae
roBopst, uro Gyekuus f(x) npu x, cTpemsiiemcs
K a (W B TOYKE a), HUMEET Tpenen, paBHLII/I 4.
Kparxo rmmyT

" lim f(x)=4 wm f(x)—»A'. - {6:5:1)
. X—a X—a

Onpenencenue Y. Yucao A naswisaemes npedesors
dyuxyuu f(x) 6 mouke x=a, ecau 012 m060il HUCA080T
nocaedosamesnocmu - x,, cxodaueiica k  a{x,eD(f),
X,#a npu A000M ), NOCACO0BAMEABHOCHIL COOMBEMCIN-
eyiowux suauenusi @dynxyuii y,=f(x,) cxodumca u ee
npeden -pasen A:

lim f(x)=
x—a .

Cny4ait 2. IMonoxenwe, ONHCAHHOE B ciydae 1,
HEBO3MOXHO:

1) xota 0Obl omHa u3 nocnenoaarenbﬂocmn ¥y, He
uMeeT . Ipenesa; «

2) BCe nocnenoaaTeanocm ¥, UMEIOT MpPEneybl, HO
€cTh, KaK MHUHHUMYM, [Ba pa3HbIX. ,

B stom CiIydae FOBOPSAT, 4TO (bymcmm f(x) npu
X—a@ HEe HMeeT upenesa.

® lipnmep 1. Joxasath, uro lim x—-=+oo‘

x—Q

Pemenue. BossmeM moOyio IOCHCAOBATENHLHOCTS X, X, 3540,

=

Taxyro,:.41o  lim- x,=0. [TocTpomm NOCHEHOBATEIEHOCTh Yn= =f(x ( )= -
X X
n—+w n
U moxaxeMm, uro lim y,=+eo. ;

n—+aw

Tak xax y,=-—>0, T0 AOCTATOYHO TOKA3ATH, JTO “TepeBepHyTasn

1
NOCHC/I0BATENBHOCTE "~ —— 0.

., ynn-—~+uo
HaxozmM . )
.1 ;
Iim —= lm x)= lm (x,?=0=0. @
n—todn note -+ o :

@ Iipuvep 2. [foxasars, uro. ¢ymxuas f{x)=sin— He mmeer
d : P
npezena . npu. x—Q. i
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. ’ .
“'Pemenue. PaceMoTpuM. ABe nocneuoaaTeanocm x,, = T
) B TN
1 ) ) ’ ! " ) . 14 b "
# X"'=——— ., ScHO, |TO x,,#(), X ;éo, {im Xy = hm x, =0,
T E2nn
2 n—towo n— Fow
TioeTpouM. - COOTBETCTBYIOINUE TOCHENOBATENLHOCTH  pr=sin2nn= O
u  ya=sin("f,~2xn)=1.  BolumciEM HX ,Hpefes: lim y,=0,
X : : : n—t o -
+ lim yy=1. Pmeer mecto .ciuydait 2. @yuxmug f(x)=sin— nme mmeer’
X

n—+o0

npenena opu x—0. @

Bamewanue. Ecmu ¢ymxuus f (x) AMEET Hpene
IpH X—d, TO €r0 Yacro YAAETCH ZIOCTATOYHO JIETKO'
BBIYHC/IATD, YAA9HO ‘BRIOPAB [OCIENOBATEIBHOCTE X,
X,~a, X,7#a, TakuM obpasom, uTOOBI mpenes rocsie-
JOBATEBHOCTH y,=f(x,) ObUI 3apaHee HM3BECTCH WM
AETKO BBIUMCHSICA. Toraa

limf{x)= lim y,= lim f(x,).
x—a n—++oaa n—+ 00

CymiecTByeT ApYyroe OUpejeNicHHe npeaena (QyHKIUH,.
9KBUBAJICHTHOE OIpeesieHnio 1, B KOTOpOM HE HCIOJIb-
3yeTcst NOHATHE HPElesia HOCIeHOBATEILHOCTH. :

Ounpenenenne 2. Yucao A Hazvigaemca npedeiom
Ppynkyuu f(x) npu x—a (uau 6 mouxe x=a), ecau 041
mobozo >0 cywecmeyem maxoe 8>0, umo npu ecex
x, yoosaemgopawowux ycaoguro 0<|x—a|<d 8bINOAHA-
emca nepasencmso |f(x)—A|<e.

Joxa3aTensCTBO  3KBHBAJICHTHOCTH — OIpeneseHui 1
u 2 npuBoadrcs B OoJice HOAPOOGHBIX - Kypcax Marema- -
THYECKOI'O: aHAMM3a, Hampumep [.3]-
" JlamuM  reoMeTpHMMecKOe  TOJKOBAHME — ONPEACIICHMs
npemena ¢ymkpm. [Iycrs rpadux  Qysxuwmm, uMeromme
npefesl B TOYKe X =g, u3obGpaxen ma puc. 66. Ilposenmem -
-Be upsMbie x=g U y=A. Bbibepem £>0 u mocrpoum
mpsMbie y=A+¢g, y=A—&
Yucno A ABigeTcs npeseiom 7
dymxmm f (x) B TOUKE Xx=4,
CCJIM HAHACTCA 6-oxpecmocrb b Y 7
TOYKH ¢ Takas, 4TO Yacrb p-g 22222224
rpaduxa QyEKmmEH f (x), mas
koropoii xe[a—5, d+8), .
X#a, NONAJAET BHYIPh IIO- v
JIOCHI, orpazmqenﬁoﬁ IpsIMEBE- S
ME y=A—¢ =A+e. 1O a-va
B atom ciyuae If —r{<E&. Puc. 66

>

>
-
L o o e
I,

C 3
)
£
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1. Onuocroponnse npenessi. Eciu B - onpesienenun 1°
npeznena GYHKINME JONOJHATENILHO MOTPeGOBATH, ITOOBI
mobas NOCIeN0BATENLHOCTE X, —d, X,<a (a-—4ucno
"WML CHMBOJ -+ 00) Ipu Jro60oM neN TO (byHKunﬂ £ )
npn x—a (cnesa) HMeEET NEBbIH ozmocmpommn npenest

.limf( )= hmo——f(a 0)=4.

OCTaTOYHO  OTpeboBAThH IPH 3TOM, 9TOGH (PyHKIHS
f(x) 6sina onpenencsa B OTKpLITOM wuarepsane (c, a)
T. €. JIeB€e TOUYKH - d.
‘ Ecnu npm: oupenmenenuu npeaena .byHgimu  qomon-
HUTEJIBHO JIOTPeOOBaTh, 4TOOB JO0Aas NOCIE/IOBATENL-
HOCTb X,—d, X,>a (@—49UCIO WI¥ CAMBOJ— 00) OpHU
mo6oMm neN, T0 dynximsa f ( ) mpu x—a (cupasa)
MMeeT TPaBbli OJHOCTOPOHHHMH IpeneNn

y ~ limf(x)= lim f(x)=f(a+0)=4.

x—a
x>a x—a+0

HlocTarouro norpeboBaTs Opu 3TOM, 9T00R PyHKIUS
I ( ) Gblia ompeneneHa B HEKOTOPOM HHTepBaJIG (a, b),
T. €. NpaBee TOUKU d.

@ IIpevep 3. lloxaaa'rb, yTO!
. | S . . | S
1) hm ——= — 00, 2) hm =+,
x:l x--1 o1 Yx—1

Pem eHue. Hycrb X, — nocnenoxaarenmocm u x,<1, x,~I.

. Ho-

HOCTpOHM nocyICA0BAaTENbHOCTD! -y, = 1‘
N X,—

KaxeM, - YTO MNePEeBEpHyTad HOCIEAOBATCIBHOCTE ——0.

HimeeMm - , ?’" .
im —= lim (x;—1)= lim x,~ lim 1=1-1=0.
n—tooVn n—+w n—+ a0 n—+o
A2 l
CJIC}IOBaTCJ]bHO [em. PABEHCTBO (6.3.2)], lim ——1= — 0.
x—=1X

N . N

x<1

)ZloxasaTeanBo BTOPOTO paBePICTBa ananormno TOJIbKO . 31€Ch
Hajo yuwecTs, uro y,>0.

Onpenenennsa npeaenos GyHKHAA OOCBIMHOTO, H OX-
HOCTOPOHHMX Ha A3LIKE nocnenosaTeanocren UMEIOT
CBOM [OCTOHMHCTBA ‘U  HEJOCTaTKH.

K noCTOMHCTBAM MOKHO OTHECTH: .2) BOSMO)I(HOCTB )
BBLIBO/IA NPaBWI NPEHAEIbHOTO Hepexona Aid (yHKiiui
Ha OCHOBAHWUH TIpaBWJI ANA ~ HOCHCIOBATEIBHOCTEH,
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.6) BO3MOKHOCTE" JIOK&3aTelIbCTBA TOrO, H4TO ¢)ym<xm;1
B TOYKE He MMeEET mpeena (CM. OpuMep.2). ,
HenoeTaTok COCTOMT B TOM, YTO Halo HGPCGI/IpaTL
TEOPETUYECKH GECKOHEYHO MHOTO HOCJIENOBATENbHOCTEH
X,, TOITOMY HEJb3d AaTh YETKOI'O NPaBHJa BBIYUCIICHUSA
npenentoB  Gynkumid. EcrecTBEHHO JKelaHue IOTYyYHTH
IpaBuiia JJisl BBIYUCIICHHS UpenenoB ¢ynknuil, ocHoBaH-
Hbl¢ HAa NPaBUJIAX BHYMCICHHS IOCIEHOBATENBHOCTEH,
HO «MHHYS» CaMH IIPEJesbl IOCIeXOBATEIBHOCTEMH.
Teopema. Hssecmno, umo f(x) umeem 6 mouxe
a (a—muucno) oonocmoponnue npedest f(a—0) u f(a+0)
u fl@a=0)=f(a+0)=A (A—uucio uau 0dun u3 cumeo.n06
to0). Toz0a f(x) umeem ¢ mouke a obbrumviii (08y-

cmoponHnuit) npedea lim f(x)=f (a— 0)= A (puc. 66).

Ecim 8II,HOCTOpOHHI/Ie OpeAessl pa3anuHbl (puc. 66),
T.¢e. fla— O) #f{a+0), To mWe cymecrByer M upenena
byrxuuE npu x—a. o ' :

Lt

" @ Tpumep 4. oxasate, uto dymxnus f (x):——l—— npu x>1 He
HMCCT npeacia. =

Pemenue. M3 npamepa 3 creayer, uro f(l-—O)——oo f(1+0)

1
=+00, —009é+oo:f(x)=;c—];npn x—1 He nmeer mpeicna. @

IIpaxTuyecku NpPH OTLICKAHWUH TpenenoB QyHKUMH
HET HEOOXOMMMOCTH YOexIaTbCs B TOM, CYINECTBYET
‘mpeen WM HeT. Hamuume miam OTCyTCTBHE mnpeaena
YCTAHABIUBAECTCA B IPOLECCE BRIYUCICHMIM,

2. Becxoneuno GoJibime M. 0eckoHevyHo MaJjible (])ymc-,
. Ouapepenenne GeckonedHo OOJIBIINX H Beckomeund
MAJBIX nocnenoBaTenbHOCTedl npuseneno B § 6.3. O6006- -
HWIEHHOE OmpejeseHue npenena -Qpyaxkuuu mamo B § 6.5,
mpUYeM TaM DPacCMOTPEHBI W Cjydyad, Korja C

lim f(x)=o ‘wm lim f(x)=

Bsuxy Ba)I(HOCTFI 3THX J:(Byx cnyqaeB OCTAHOBUMCS
Ha HHUX HoapoOHee.

Ounpenencuue 3. @ynxyus f ( ) Hasvieaemca becko-
Heuno boabwioli npu x—a (a—Yuca0 AU 0OUH U3 CUMEOA08
40, —o0), ecau imf(x)=+o0, uau limf(x)=—co.

- : X—a X=a ’

Ounpenenenne 4. ®Oyukyua o(x) nasvieaemes bec--
KOHEUHO = MaAoli ‘npu X—a (@—uucao uay OOuH- u3
" cum80106 + 00, —o0), ecau lim a(x)=0.

x—=a
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3amevanune. Ecmm 1ima(x)=0 T0 B cuny onpe-
X—a

nenenus 2 mnpepena. GyHxouM mmyrmM YTO PasHOCTb
f (x) A —OeckoHeyHo Manas QyHKUHES, T. €. ¥3 paBeH-

crea lim flx)= A cnepyer, ¥ro
x—-A

f(x)—A=a{x) npu x—-»"d,‘

: ~f(x)'~A+oc(x), S (6.52)
rae ofx )—>0 opu x—»a. ,
C apyroit CTOpOHBI, €CnM Ijs (bymcmm f(x) mmeer
- MecTo paBeHCTBO (6.5.2), TO 4ucIo A——npenen PyHKTIHN
f (x% opu x—d. :
erepb MOXKHO [ATh €Ilie OfHo ONpeesicHAe mpeiesia
¢bysruma. Yucao A nasvisaemcs npedesom gyuxyuu f(x ( )
npu -x—a, ecau f(x)—A=ox)—beckoneuno maas
PyHKYUA npu x-—a.

78117

£3n, »
§ 6.6. OCHOBHbIE TEOPEMbI O MPEAENAX OYHKUNA.
SAMEYATENbHLIE NPEAENDI '

CohopMysmEpyeM psii TEOPEM O Ipeaesax, KOTOphIe
ans yaobersa GyneM HaspIBaTh NPaBHIaMH (B NEPBBIX
TATH UPABAIAX TPEATONATAETCH, UTO CyMIECTBYFOT KOHSU-
Hble Hpefesbl GyHKuui f(x) 1 g(x) OpH X—a (a—qucno
Wil - co).

- Hpasunao 1. IIpedes aﬂeeépauqecxou CyMMBL OBYX
Pynryuii pagen cymme npedesos mwex xce Byukyuil.

iim (f(x)ig(x)) = lim f(x)i lim g(x);

Hpapuao 2. Hpe()efl npou3eer)euuﬂ paeen npouseede-
HUIO . Npededos.

i (/(+) 5= lim 109 lim ().

Hpannno 3. Hocmoﬂnnyfo MOJCHO  BBIHOCUMb 34
SHAK npet)e/m

hm(Cf( )= Climf(x)

xX—a ! Cox=a 3
- rae C—HEKOTOpOE UWCHO.

Iipasuino 4. Hpe()e/t OMHOWEHUA pacen omuomeuwo
npeodenos
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lim f{x). :
) _ e , ecam lim g(x)#0.

x—a 8 —; hm g(x) . x-a
=4

Iipas uao 5. Hpeae/z CIenenu  pageM  cHeneHu
npedesa

Iim [f(x,)]m=[ lim f(x ]m, rpe meN. |

X—q X—a

Mpaeuno 6. Iycms lim g(x)=0, Tim f(x)=C#0.

x—a X->Q
Toeoa:
1) ecau f—f—c—;>0 npu  8cex X, y0081emMEOPAIUWUX
glx
yeaosuto X —al<g, ede £>0, mo hmf~(——)—+oo
‘ X—a g( )
2) ecau g%x—;<0 npu  ecex X, YOOGACHIBOPAIOUUX
yeaosuro | x—a|<e, 20e £€>0, mo lim A — 00,
x—a 8 (x )

‘Hipasune 7. Hycme f(x)— beckoneuno maran @yi-
kyus, a g(x)-—ocpanuuennan @ynryud, |g{x)|<M, rme
M>0. Tozoa [lim(f(x)g(x))=01], m. e. npoussedenue
OecKoHeuHo Maaoti GyHKYyul HA 02PAHUYEHHYIO gﬁyukqum
‘ecmb  GecKoHeuHo MAAQA.

ITpuseneM * eme TpW Tpaswia, Wi KOTOPBIX = HE
cOPMYJIMPOBAHEI  COOTBETCTBYIOIME IpaBHia IS
NOCEI0BATEILHOCTEHR. .

Mpasuno 8. Eciu wmexncdy coomeemcmsyiomumu -
sHauenuamu ‘mpex. gyuxyuii f(x), @o(x) u g(x) evnos-
naemea nepagsencmeo f(x)<@(x)<g(x) oaa ecex x -u3

Hexomopoil oxpecmiocmu mouku a u lim f (x}=b, lim g(x)=
) ' X—>a X—a

- =b, mo lim ¢(x J=b. Teopema MMeEET IPOCTOE TEOMET-

X—a
pwyeckoe ToaxosBaHue. Eciu npemenom  byRximit f
u g(x; ABNSETCH YMCJIO b, TO BYKYWIACCH TOUKH f (X

b4 g( H4 YUCJIOBOU HpﬂMOH npu x—q nonajgyr BHYTPb
g o ? 'bl—'e ? b+e

£00) ()4 (x)

Puc. 67
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€-OKPECTHOCTH TOYKM b u mHajiee TaM oOcCTaHyTcs. Yum-
ThIBAs HepaseHcTBa f(x)<@(x)<g(x), 3akmodaem, uro
TouKa, @(X) momajaer BHYTPb &-OKPECTHOCTH TOMKH b,

2 50 W o3mawaeT uTO |(p(x)—_—b|<a©lim o(x)=b
S x—a o
(puc. 67).
Mpasuno 9. Hycms lim g(x)=b, g(x)#b, npu mobom
x—a S

X u3 oKkpecmmocmu mouku a (x #a) u’lin}; f(y)=4. Tozoa
, . y= .

tim /[ g (¥)] =tim / ()= 4
x—a V—’
(3amena mepeMeHHOA TPY mepexone K npenenty; b u A —
yycia, WiIM OeCKOHEYHO YHNAJICHHBIE TOYKM.)
Hpammo 10. Ecau gpynryuu @ (x) u f(x) onpedesetwr
8 OKpecmHOCIMU MOYKYU d; 047 8CeX X, QOCMAMOUHO OAUIKUX
Kk a (x#a), umeem mecmo Hepasercmso f(x)< @ (x) u Pyuk-

yuu umerom npeae/zbl npu x—a, mo lim f (x )<hm @ (x).
X—

B uacmnocmu, ecau f(x)<0, mo hmf( )<0, ecau

f(x)>0, mo limf(x)=0
xoa :

[pasuna 1-—7 [OKa3bIBAKOTCA HA OCHOBE HCIOJb-
30BAHUA COOTBETCTBYFOLIMX NPABMJ AJA IOCIEAOBATEb-
HOCTeil,

Hoxaxem, sanpumep, upasmino 1.

BosbMeM mpom3BOJIBHYIO LOCHEHOBATENBLHOCTE X,

Xy, Xp7#a, X, €D(f) 1 x,€D(g). Mmeem lim( f(x)+
+g()= tim (/(s)+g(n)= lim 7 (x)+ lim g(x,)=

=lim¥f( )+11m g(x )

3a.meqa1{ne B npaspmax 1 u 2 BMmecto msyx
cJaraeMbix (MHOXHTEJEH) MOXHO. OpaTh n}o6oe KOHeU-
HOE HX YHCIO.

C nomompro npasut 1—9 Mol 6ynem aanee mec-
JSITh  TIPENeibl (yHKIMHA.

3ameuaTenpHbie TpeeisL. :

1). Ilepsuiii 3ameuamenvrniii npedes. TIpu BLIMUCIEHUN
TPE/ICIIOB, COAEPXKAIIMX TPHFOHOMETPHUECKHE dyuxuum;

{

X
" 4acTo I/ICHOJ'[I:?.yCTCSI npeacit 11m~——
x—0 X
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Teopema.
fim S0X =1, 6.6.1
Nim — (6.6.1)
Ons  noxazatenscrea  (6.6.1)
BOCTIOJNIb3YEMCsi  HEPABEHCTBAMMU
sinx<x<tgx, 0<x<m/2,(6.6.2)

KOTOpPBIC CIIEAYIOT M3 pPACCMOTPE-

Hus  puc. 68, rae’ Sinx=A4B,
x=AC, tgx=AD, (0OA=0C=1).
M3 (6.6.2) umeeMm

smx .
»——<1 Xcosx<sin x.-
x N

Cne,uosar_@nbﬁo, mpu O<x<mw/2
cosx<§;lf<1. (6.6.3)

sin x
Tax xak hm cosx=1%, lim 1=1, To oTHOLICHNE —— npn
x>0 x—-0 X
x—0 3aKII0Y€HO MEXIy ABYMS BEJMYMHAMHU, I/IMGEOH.II/IMI/I
OMMH W TOT Xe€ Hpemes, HodToMmy (cM. mpasuwio §),
o ' . sinx L
m —=1. (6.6.3)
x-0 X )
, . x>0 N
VunrpiBas, 4ro sinx—QyHKHMA ~HeyerHas, T. €.
. - sin(—x} sinx
sin{—x)= —sinx, —_ = HOJIYYaeM
e X —X X
. sin x
lim. —=1. TeopeMa JOKa3aHa.
x-0, x<0 X .
2) Bmopoii 3ameuametvhuiii npec)e/t
B § 6.2 mpuBeneH mnpuMep CXOOAIICHCA LOCIENOBA-
TEILHOCTH ‘

f,.=(1+1), lim- (1+1) =
n n— 400 Y n

B moaHBIX Kypcax MaTéMaTHYCCKOrQO AHAJIM3A JOKA3aHO,
X

yro npenen dysxmmn f(x)= 1—]—%

* JloKa’aTelLCTBO paBeHCTBa HaHO B § 6.8 [cMm. dopmyay (6.8.1)].
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, \ x } ; .

lim (1+1> =e. L (66.4)

X—a0 - B

N Hpn sTOM X MOXET NPUHHMATh KaK IOJIOXATENbHBIE,
TAK ¥ OTpUnaTesbHble 3Hadenus. [Tonaras x=1/a ((x—»O)
(eM. -Teopemy 7 B § 6.6), mosydaem apyryroo (hopmy
3aI¥CH 3TOTO mpesiesa:

- lim (1 +oc)1’°‘~—e

0(—-»0

§6.7. FIPI/IPAll.I,EHVIE DOYHKLUU
¥ HE3ABUCWUMOW MEPEMEHHOW.
HENPEPbLIBHOCTL ®OYHKLUN B TOYKE
' HA UHTEPBANE

@ Tipumep 1. Tlpy u3MepCHME UIMHEL CTEOs nepa 10.07 Gruto
noJyueHo 3Havenue 75 cM, 2.08 mamepenue nano 94 em. Ompemenurs
TNPOOOTIKUTCIHLHOCTE BPEMCHHM MEXAY lIByMS{ H3MBp€H}‘IﬂMH B OHAX
U B NpupocT crebis JbHa.

Pemenne. Iycrs x,=10.07, x1—2 08. Hpouonmmenwocrb
Mexay M3MepeHmaME Xx; —xo=31+2-10=23 gm.

Ilycts y,—nNepBOHAYANLHOE - 3HAYCHME JUIMHBL, )| —HOBOC (Ha-
pamenHoe) 3HaueHne. Torma y, —y0—94 75=19 {cm). & )

Onpenencune 1. IHycmb X — nepemennasn geauyuna.
B nexomopvii nauaavueiii momenm X=Xx, 6 Opyzoii
momenm x=x;. Tozoa pasnocmb Ax=x;—%, Hasviéa-
“emca: npupayenuem (uiu uMeHeHuem ) nepe/vzennou X.
Acno, umo x,=x,+Ax.

Oupeneneuue 2. Ilycmb 6 oOKpecmHOCMU MOY-
Ku X, 3a0aua gﬁyum;uﬂ y=f(x). Hasosem yo,=f(x,)
UCXOOHBIM  (HauaabHbim)  3uauenuem @dyuxyuu. Tlono-
KHUM, YTO Xj=Xy+Ax —HOBOE, HapalleHHOE 3HAYCHUE
HE32BHCHMOit nepemerHol;  y,=f(x,)=f(x,+Ax)—
HOBOE HapallleHHOE ‘3HavYeHHe OyHKkimn y=f(x).

Pasznocme Ay=y,=y,=f (x0+Ax)-—f ()xov) HA3bI8aEN-
ca npupamenvem Gyncyuu y=f(x) 6 mouke x,.

Hpupamenne GyHkmma Ay 3aBHCHT OT JIBYX BEJIMYHH:
Xo M- AX, npu (HKCUPOBAHHOM X, mpupameHne Ay
3aBHCHUT TOJIBKO OT Ax, I'eoMeTpmieckuii CMBICIT BEIMYHH
Ax u Ay siceH w3 puc. 69.

3ameuanue. He CEAYeT CYHTATH, 9YTO Bcerz(a

~Ax>0 u Ay>0. 3naxu Ax u Ay moryt GbITE THOGBMH
U BO3MOXEH ciyyail, xorma Ax=0 u Ay=0.

@ Ilpuvep 2., VpoxaiiHOCTh caxapHoil cBexyin y :(T/ra) B-3a-
BHCUMOCTH. ' OT KOJHYECTBAZ BHOCHMBIX MUHEPANBHBIX - YROOpeHHHd
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x {u/ra) BHpaxacTcs  QyHKUmCH Y e PO
y=54x~29, x>1. Ha ckonsko yse- N =
NHYMTCH YPOXANHOCTHL caxapHOW CBex-. -

JIBL, €CIIM KOJIMYECTBO yRoOpenmit yse-
auuuTs: ¢ 4 po 6 n/ra?

‘Pemenne. Wmeem x,=4-—mna-
YaJBHOE ZHAYEHUE Xx; x;=6—HoBoe Xo Xo+AX
(HapaitieHHoe) 3HA4YCHHE X; 7] l AX
Yo=5,4-4-2,9=18,7 —mnauanouoe
sHavenue y; y;=5,4:6—29=295— Puc. 69
HOBOE (HapaineHsoe) spauenne y. [pu-.
palenue ypoxamnuocTH

4y

Fxo) N\
R3]
FlXatsx)

>\

Ay=yp,—y,=29,5—18,7=10,8 (1). @ .o

HenpepriBnocrs Gyskimm B Touxe. HenpeprsBHOCTL —
BEChbMa BaXXHOE CBOMCTBO ¢yHkuun. PaccMmorpum mipH-
Meprl. [TocTaBunu kunaTuTh Boay. C Te¥eHHUEM BPEMEHN
TeMuepaTypa BOML NopbiuaeTcs. TioBbunaercs, Ho kax?
Tocrenenno, T.e. 3a Majblil - TIPOMEXYTOK BPEMEHM
TEMAEpaTypa TOBLICHTCA HE3HAYMTENbHO. Jpyrod mpu-
Mep. byneM M3MepsaTs BBICOTY CTeDJIs pacTeHus B HEpHU-
ol pocra. Ha pocT BIUAIOT: MHOTOUNCJICHHBIE (PaKTOPHI,
neficTBylouMie BO BpPEMEHW, TOITOMY He3aBHCHMOH Iie-
peMenHnoit Oynem cudTaTh Bpemd. M o3xmece Ta ke
KapTUHA, TIONTBEPKIAEMas OIBLITOM MHOTI'OBEKOBOH Jie-
SATENBHOCTY YEJIOBEKA: MajbiM MPOMEXYTKOM BPEMEHU
COOTBETCTBYIOT MANbie M3MEHEHHS BBICOTHI PACTEHHA.

" AHanoTnunO, HEGONBIIAM HPOMEXYTKAM  BPEeMEHM

OTBEYAIOT - MaJlble W3MECHEHHS TEMIEpPaTryphl BO3IXyXa.
Hukro emte we HaOmonan, yTo6bl TeMneparypa BO3OyXa
HM3MEHSUTACh MOMEHTANBHO, Hanpumep ot 15 g0 —45°.
ManbiM U3MEHEHHSM BPEMEHU COOTBETCTBYIOT MAJIbIe -
TIPUBECH] . JKUBOTHBIX, COJEPKAILHUXCS  HA OTKOPME.

Onpeneneune. Hyemv ¢ynkyus y=f{(x) 3adana
8 Hekomopoa ‘OKPEeCIHOCHIU MOYKU Xo, Ay — npupawenue
3mol hyHkyuu € mouke X, coomeemcmeyzou;ee npupage-
Hul0 Hesagucumon nepemennoit Ax. Hzeecmno, umo
1) gynxyua Ay npu Ax -—>O umMeem npe()exl

2) hm Ay=0Q. - -

Ax—0 ’
Tozda gynxyusa y=f(x) Ha3b164eMCA HENPEPLIGHOT 8 MOU-
Ke X=X,, G CAMO HUCAO Xo— MOYKOIl HeNpepui6HOCINU.

Kpatko sro ompenenenne (GopMysupyercs Tak: ¢pyu-
kyua y=f(x) Hazvleaemca HenpepviBHOU 6 MOUKE X=X,
ecalt DeCKOHEUHO MAAOMY NPUPAWEHUIO APZYMEHma COOMm-
-semcmeyem 6ec:<oueuuo Mmasgoe npupau;e}me dyrcyuu.
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v

® pumep 2. VpoxaliHocTs 3epda Kykypyswt (n/ra) B 3asucu-
MOCTH .OT KOJMYECTBAa BHECCHHOI'O B MOYBY A30THOrO yHOOpeHus
(kr) mpH WPOUYHX YONOBHMAX Bripaxaercs Gopmyoit

y=~0,0021x2+0,936x +49,840.

[AoKa3atb, YTO OGECKOHEHMHO MAajbiM H3MEHEHMSM KOJHYECTBA
a3o0Ta, COOTBETCTBYIOT OCCKOHCYHO MAlble U3MEHEHUH YDPOKAWHOCTH.
Pemenue, Mmeem

Jim, Ay=1im[—-0,0021 {xo+Ax)*+0,936{x, +Ax)+

+49,840+4-0 0021x0——0 936x,—49,840] =
lxm [ 00042x0 Ax+0,93Ax— OOOZI(Ax )]=0.

3necy npuMenenst mpasuma 1—3 (om. § 6.6).
Taxum 06pa30M GYHKUMA HENpephiRHA. @

Teopema 1. Oynkyusn y=f(x) Henpepblsna & mouge
Xg 10204 U MOABKO MOoedd, Ko204a:

1) g?ymcuuﬂ y=f(x) umeem Kowneumbll npe()e/t_
8 mouKe X,

2) lim fx)=1(x,).

x—x,

lIOKaaaTenbc TBO. Ilycrs (bymcum y~f(x) He-
MpepLIBHA B TOHYKE X,. lorma

:AETOAJ’ 0=>A1:_n}0(f(xo+ x)=f{xo))=0

BBIMOAHMM - 3aMeHY  IEPEMEHHOM (npaBmiio - 9):
x=xo+Ax; ecnu Ax—0, To x—-Xx,. B srom cuyuae
hm ( f (x)—— f (xo)) 0, OTKy,aa HMEEM -PaBEHCTBO

lim f(x)= f(xo). | (6.7.1)

HpOBeIISI paccyxnenus B OOGpaTHOM TOPA/IKE, IIpI/IXOI[I/IM
K PaBeHCTBY lim Ay= 0 TeopeMa IIOKA3aHa.
' Ax—0 :
@ Ipnmep 3. dokasarts, 4TO (byHKLmsr f(x»=x? muenpepsisHa
mpu xeR.
JdokazatenbcTBO.. UMeeMm
lim f(x)=lim x?=(lim x) " =x§=f(x,) @
T EXy x—»x‘; X=Xy . .
Ilpu BLI‘{I/ICJICHI/II/I IPEJeJIOB YacTO HUCHOJB3YETCs cie-
Ayroliast Teopema.
Teopema. 2. yems gyukyus y=f(x)— 9/zeMeHmap-
HAA U U3BECHIHO, UMO OHA 3Q0AHA 6 OKPeCMHOCMU MOUKYU
“Xg. Toeda y=, f (x) Henpepwisna 6 mouke Xx,, m.e.
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lim f(x)=/"{x,)-
XX,

Bameuanus 1. [Mocnennue uBe TEOPEMBI  TAFOT
ocHoBaude chHopMyIUPOBATH CJASAYIOHIES NPABWIO: Npu
goluucaenuy  Apedead PYHKYUU, HENPEPLIGHOU 8  MOUKe
Xo, HPU X — X, HA00 emecmo X 6. e@wipaxceHue f(x)
nodcmasums Xo. Iloayuennoe uucao u Asagemca npedeiom
Ppyukyuu f(x) 6- mouxe Xx=Xx,

2. Ecma x,—rpaHuvHas Tqua u3 0bIacTH ofpe-
meneHuss (GYHKIMH, TO BMECTO OOBIMHOTO (ABYCTOPOH-
nero) fhpenena: s Qopmyse (6.7.1) Ha,IIO MHCATh  3HAK
OIHOCTOPOHHErO TPeNesa.

@ Tlpnmep 4. Vimeem
(2*+3)% (2*+3)* 25

2) 1 = S
D I xSl 1

6) lim /x=./0=0. @ s

x>0

U3 ycooeust (6.7.1) menpepsiBHOCTH QyHKmmz f(x)
B TOYKE X, .IIPU NPOU3BOJBHOM 3HAYCHAM AX HMeEeM

AliTO_f(xo +Ax)=£ (%), (6.7.2)

IMonaras, 4yT0 Ax MOXET UMETb KaK IOJOXHTEbHbIMH,
TaK ¥ OTPHIATEIbHBIA 3HaK, COOTHOLICHNE (6.7.2) MOXHO
3aIMCaTh B Pa3sBEPHYTOM BHJIE: ‘

| f(xo—i—O):f(va—O):f(xo),’; (6.7..3)
rae : e
F(x +0)_,,11m £ o+ Ax); f(x0—0)= lim f(x0+m)
Ax>0 Ax<0

HOHY‘{GHO elle o7HO (TPeTbe) ONpelecHIe HENPEpHIB-
HOCTH Qyukuum f(x) B TOUKE X,: (PYHKYUA Henpepvleha
6 IMOUYKe Xy, eCAU OHA umeen OOHOCHOPOHHUE npedesl,
pasHvle mexncdy coboil U pasHwle, 8 €GO - 0Ouepeds,
3HAUCHUIO PYHKYUU 8 MOUKE X. ' '

@ IIpumep 5. Hava ¢yukuus
' i X, -ecan x <0,
y=f(x)= {x? com 0<x<l,
2, ecom xzl.
HccnemoBaTh ec HA HEMPepwIBHOCTL npu NroboMm xeR, moctpouts
rpaduxk.
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YA Pemernmue. 1) Iycts
L y=2 X=X Xo#0,. x,#1. Torza
" bysxims fi(x) BOaM3uM" x, TO-
LR KIECTBEHHO CRBIIANAET C OAHOM
R T /. 1 | | . W3 CEOYIOHIMX DJieMeHTapHbIX
-4 =3 =2 <t 4t 2 3 4% dymxumii: y=x, (x<0); y=x2,.
/-1 O<x,<1), y=2 (x=1). Io-
“ob 3TOMY X, — TOUKA HCHpPEPHIB-
o+ HOCTH.
Y -3 2) Paspbie  MOXeT GBITH
/ 4k mpu x=0 u mpu x=1;
» &7‘0 F0)=0>=0; f(0—0)=
uc. . Nl 1 e
. ‘ —-xﬁl(l)ffl?‘.>0f(x)—x_’lg%<ol—(‘),
S(0+0)= lim f(x)= lim;O x¥=0%=

f(O) =f(0— 0)—f(0+0)

3naunT, X=0 —TOYKA HENPEPHIBHOCTH.

3) x=1. B sroM ciyuae
SF{1=2; f(1=0)= lim f( )= lm x%=1; f{1+0)=
. x—1,x<1 x—1,x<1 S
* = lim 2=2.

x— 1, x>1

Tax kak 12, To*ycmosue (6.7.3) HApymeHo u Touka x=1He
ABJIZETCA TOUKOH HempepeBHOCTH (puc. 70). @

Onpenenenue. @Pyukyusn f(x) Hazvieaemcs Henpe-
poisHOT 8 obaacmu D, ecau oHa HenpepwisH § KAMCOOU
© moyke 3moi 00aacmu.

§ 6.8. TABNWLIA UN3BECTHbIX NPEOENOB.
NPAKTUKA BbIYUCIAEHUA NMPEQENOB

ITpuBemeM TabuUIy U3BECTHLIX IMPEACIIOB, HOIOJIHUB
ce - mpefesiaMK  3JIEMEHTAPHBIX (OCHOBHLIX) = (hYHKIIAN
‘B TOYKax, He BXOAAMHX B OOIACTH ONPEReCHWS, HO
JeXANMX Ha rpaHuue obiactu OTPENEICHIS, B TOM
YUCe B HPH X — 74 00.

1) lim f(x)=f(a), rae f(x) HCHpCpBIBHaﬂ B TOUKE

toX—a

a QYHKIMS, a—— YuCIo;
2) hm f x)=f(a), f (x)*SHEMCHTapHaFI c})yHKuI/m
,onpeneneHHaﬂ BOM3H (B HEKOTOPOI OercTHOCTn) To'nm

a, a— qucio.

B wacTHOCTH, 1im C=C, ‘1'1m x?=aqa?
u T. n.  Ecmm a—Tqua aeD(f) u-f () 3a11aHa HpI/I
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Xza (86msu,a), to lim f(x)z“f(a'), ecmu f(x)

3a11aHa npn x<a (B6mu3M a), o lim f (x) =f (a)

. X, x<
3) lim e -=+oo, lim e*=0;
x—.»+a‘ X—= = R p
4y lim a*=+4o, lim a*=0, eciu d-—4ucno,
X =+ 00 X — 0 Lt ;
ax>1l; ‘ : ‘ '
5) lim a*=0, lim a*=+o00, ecau ~a— Yucio,
x—+ o0 X — 0
O<a<l; _ . B
)] hm X —+oo ecsii o>0 m . lm x*=0, ecin
. X+ X—+o0 - N
a<0; N ' :
7) lim lmx=+oo m lnx= —o0;
x—+ 00 x —0, x>0 '
7). lim log,x=+o0,  lim" log,x=—00, a>1,
X~+oc0. x—0,x>0-~
@ —— YUCJTIO; ' _p
8) lim logax~———oq, © lim log, x= + o0, ‘ecnu
X —+ o . x -0
O<a<l; ‘
9) lim tgx=+o0, hm tgx——oo;
x——-%—O x~§+0
10) limartgx=+4mn/2, lim arctgx=—m/2;
x—»oo' X —> =00
. sinx
1) lim—==1,
x—0 X

12) lim <1+1> =
X —+ o0 X

Kak mnpaswio, npu BBIYUCICHHU IPENeNIOB .(hYHKIUH
IIPH X —» BEITOJNHSIOT TOXICCTBCHHBIE npeo6pa303aﬂmﬂ
BBIpaXeHMA f(x) BOMM3K (B HEKOTOPOH OKPECTHOCTH)
TOYKH a(x#a) Tak, 4yTOOBI, mpuMeHss mnpasuiaa 1—7,
CBECTH BBIYHCICHHE HCXOMHOrO mpeleia K H3BECTHBIM
WIA JIETKO HAXOIAINHMCS HpeAesIaM.

MOKET O0Ka3aTbCs, YTO UPH OTBICKAHUM IIpeesia
YaCTHOTO JIBYX (yHKIIHHA J;—((—)) TpU X @ YHACKUTEIE
W 3HaMeHaTeJ s BMecTe cTpemsatcs k 0, mnum 4HUCINTENb.
M. 3HAMEHATENb CTpeMstcs K oo. bymeM roBopurs, 4To
aTa ApoObL NpH X — @ NpeAcTaBisieT coboil, Heonpedeen- .

. 0 0 : : .
HOCMb BUNA o W —, 2 HAXOXJCHWE Mpeesna npobu
- 00. , ;

HA30BEM PACKPbIUEM HEONPEOeAeHHOCHIU.
IlpuBeneM HECKOTBLKO HPUMEPOB.
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e L i ©x2-5x+4
HmMe im
 puvep =1 x2—=3x42

Hucnuteas W 38aMeHATENb Mpobu npu x=1 pasuel 0. BerrosiHmm
TOXAECTBEHHbIE IIPe0OPa3OBAHYS

7= Sxd=(x—=1)(x—4f x?-3x+2=(x—1)(x—2);

o L ) B B

i oA G D)

=1 x*=3x+2 a1 (x—1)(x—2)
x*=5x+4" x—4
—— "
X2-3x+2  x=2
=1, (x#1), modroMy NX mpenesibl PaBHBI npu x—-1:

(x—1}(x—4)  x—4 -3
im ~—— o | =3

xl—»l ( 1)( 2) xl——-n} x—2 =1 .
@ TNpuvep 2. Umcem " S S

Oynxnnu COBNAAOT B OKPECTHOCTH TOYKU

3aMeHa;
) x2+1 o\ 1
Im I = X=-, =
x—+oo X4 3x+72 00 ¥y
1
=->0; y>0
X
Ayiel 241 0241
" =lim L =l 4 5 : =1. @
=0 1/y* +3/y+2 =9 252435 +1 20243041
y>
© Ilpumep 3. Hmeem
3aMeHa:
Jx=1-1 (0 Jx—=1=y, y—1
il 1) R IR S S L e o
LX2 x=1+y2 y—1 3 —1

y—1 npu x—2

_K y—1 - 1 1 1

=lim ~—=—"_=
=1 =) +1) a1yl 14172

. TTpumep 4. HenpeprisHoe M3MEHEHHE MCICHHOCTH nonymmml
BBIpaXKaeTCs cpymumen BPEMEHH S

1007
1+

x(r)=80+

HaiiTu npenentHbii pa3mMep TIONYIANME B HAYANLHYIO TIONY SO,
Pewenne. Iloaysaem

. 100 . . 100
lim (80+—}= lim 80+ lim =
T+¢ +

2
t— 4 oo 1—+ o t—+ 0
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3dMEHA !

1-

t=-, 100/ x 100x " 1000
x o {=80+1lim ;=80 + lim ———=80+-—5—=380
= 1 x—0 1+1/x° x—0 X241 x“+1
x:~_,0, : x>Q - x>0
x>0

— TpelesibHBIA. pasmep nomynsuun, v{0)=80. @

§ 6.9. CBOWCTBA
HENPEPbIBHON O®YHKUUN
HA 3AMKHYTOM WHTEPBAMNE.

TOYKU PA3PbLIBA o

Ecim cbymcmm y=f (x) HenpemeHa Ha I/IHTepBaﬂe
[a, b] u f(a)f(b)<0, T.¢c. suaku f(a) ) u f(b npom—
BONONOXKHBL, TO Ha (¢, b) Haiimercs xoTs oHA
(He Memnblie, 4eM OQHA) TOYKA X = Takas, 4TO j c)=0
(cBOICTBO MMeeT MPOCTOE IEOMETPHUYECKOE MCTOJIKOBAHHUE
‘(puc. 71)). JAedcTBUTENBHO, NYCTH [ (a)<0 f(b)>0; mo-
crpoum TOouky A(a, f (a)) u Touky B(b; f(b)). Ecmu
TOYKa X ABMXETCH Mo ocd Ox OT TOYKH @ K TOUKE
b, To 3pavenus GyHxkuuH uaMeHsrorea. I'papux dyaxmum
y=/f(x) npn sTomM mnepeceueT ocb Ox B TOUYKE X=c,
B KoTOopoi 3Hauemme Qymkuuu f(x) paspo 0.

Teopema Beiiepmtpacca*  Eciau ynkyusn
y=f(x) uenpepvigua na [a, b}, mo ona docmueaem na
3MoM - unmepease ceoe20 Hauboavwezo M u  cgoe2o
Haumenvle2o m 3HaueHua, m. e. na [a, b cywecmeayrom
maxue MoOuKU X| U X,, 4mo 044 ecex X€ [a, b] umerom
mecmo  nepasencmea f(x)= f(x ) u f(x2)< f(x).

Tak, m3 puc. 72 BuAHO, uTO |AA,|=f(x,) Oonsue,
a ‘lBBol =f(x;) MeHblue BCeX ApYrUxX SHAYCHUM, MPH-
HUMaeMbIX QyHkuueii wa untepsane [a, b]. Ha puc. 73
|AAo| =f(a) Gompwe, a |BB,|=f(b) Menpme Bcex
JPYTMX 3HAYCHMH, NPUHUMaEMbIX (QYHKIUECH Ha UH-
TepBane [a, b]. - « : '

Eciu ¢ysxmus y=f(x) menpepsiHa Ha [a, b], TO,
[ePEXOAs OT OJHOTO 3HAYEHUS K IAPYroMy, OHA IPUHUMA-
eT KakJO0€ MNpOMexyTouHoe 3uauyenue. CBOWCTBO 03-
HAYaEeT, YTO €CJIM YHCJIO |4 YROBJIETBOPAET HEPABCHCTBAM
fle)<w<f(xz), rne x.ela, b] u x,€a, b], TO na

* K. T. Beliepurpace (1815*1897)—,H6MCHKPI[7[~’MaTeMaTIf[K; '
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Puc. 71 o Puc. 72

[x1, x5 ] HAH/IeTC Takag TOUKA ¢, X < <Xy (X >c¢>Xx,),
yT0 f fcv)—u

CBONCTBO 3 MMeET reOMETPHYECKOE IIPECTABIICHHE,
JaHHOEe Ha puc. 74.

Touka, B KOTOPON He* BBLIIONHSETCS YCIOBHE HEIpe-
PLIBHOCTH,  HAa3bIBAETCs  rmouroii  paspwiéa. IIycrh
Xo— TOYKA " pa3phiBa. 7

Onpenenenune 1. Touxa x, Hazvieaemcs MOUKOi
paspeisa nepeozo pooda, ecau YHKYus umeem KoHeuHble
negocmoponnuit - lim - f(x) u NpasocmopoHHull npedeasl

Xx—x,~0 :
u lim f(x); lf(xO—O)—f(xo-i— 0)| Hazwigaemca ckau-
—Xx,+ 0 :
KO/TI Bynxyuu 6 mouxe x,. : ‘ -

Ounpenenenue 2. Touxa x, HA3bIEAEMCA MOYKOTL
paspviea emopo20 . poda, ecau HO KpauHell mepe 00um
u3 Smux npe()e/loe He cywjecmsyem uau pagen Oeckorney-
HOCmUY. '

® HpHMep 1. PaccmoTpum CI)A/HKLII/IIO

y=f(x)={ X mpu x<3,

x+2 upn x>3.

*

A .
y 1\ yg f‘()()
- Fixa) |B
# |
I ) |
A !
I
0 X CTol @ X ¢ X 6 X
" Puc. 73 Puc, 74
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‘<
i
~

Y

Puc. 75 ) Puc. 76

Gyuxups f(x) cosmagaetT ¢ OAHOE 3. aMemeHTAPHBIX (yHKUUI
npu. x€R, x#3. PaspeiB Moxer ObITh mnpu- x=3.. [locTpoum .ec
rpacduk. Y3 puc. 75 BUOHO, 4TO rpaduk QyHKUMH HEAB3S HAPUCOBATH,
Hc OTphIBAaf KapaHjamia oT Gymaru. '

BBlumCINM OXHOCTOPOHHHE TPEIeIIBL

S(3-0)= lim f(x)= lim x=3;

x=+0-0 x—+3-0
F3+0)= lim f(x)= lim (x+2)=5.
~ x—3-0 X3+ 0v

B touke ¥=3 (YHKIMS TEprHT pa3phiB:-
1fB=0)=f(3+O0) = +3-5| =2.

Oyukins uMmeeT cxadok B 2 equpmusl. Touka x=3-—rToduka paspsisa
nepsoro poxa. @ :

® IMpumep 2. Paccmorpum QyHKIuio
x+2_ 6

f(x)=x—4—1+x——4-1’

D1a. Qyskums me ompemenena upH- x=4. Ecnm x-—4, ocraBasch.

menbine 4, TO B 3HaMeHaTene Apodu

p onyyaeTcss OeCKOHEHHO

Manas QYHKOES CO 3HAaKoM MuHyc . (x—4<0),. uumcamrens ke—
BeIMYAHA TOCTOSHHAs, Bropoe ciaraemMog¢ CTPEMHTCS K —00- H,
CIeIOBATEIBHO,

6 . .
B lim <1+—>=—oo.
x—+4—0 x—4

Ecau  x—4, ocraBasch - B mpolecce H3MeHeHWa OGomeumie 4, TO

B 3HameHaTele apobu nonaydaeTcs OeCKOHEUHO Manast QyHKIMs
x—4 S . s
CO 3HAKOM TUIOC (x~4)>0. B pesynapTaTe uMmeeMm
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] : .
- lim (1 +—’—>: + .
x—440 x—4

Touyka x=4-—Touka pa3peiBa BTOporo psaa. I'paduk Qyukmu

. X+ 2 .
f(x):x~4 uzobpaxen Ha puc. 76. @

[MpuseneM npuMepsl Pas3pbIBHLIX (YHKLHIA,

1. Ilpumepom - pyHKINH, UMEIOIMIEH MHOIO TOUYECK
pas3priBa, SBISCTCS (QYHKHHS, OTPAXKAIoOMmas XOH BBIIOJ-
JHEHUst [JIaHa TNPOAaXU CEJILCKOXO3SUCTBEHHBIM 1Ipen-
OPUATHEM . MOJIOKA 32 HSATHIHEBKY TIpH VCJIOBHM, YTO -
perucTpanus NPOMCXOIMT eXKEeOHEBHO, [(x)—B ImHMTpAax,
x—8 gpu. dopmyna [ns ONUCAHNS HOAOOHOW QYHKILMH
MOXET OBITH CJIEYIOIIEH.

_ v
0 npn 0<x<l,
4000 o1mpu 1<x<2,
_J 8500 npum 2<x<3,
f()f)f 12800 mpum 3<x<4,
. 16000 mpu 4<x<35,
21000 npu 5<x<6.

A

\

. Tpadux srtoit dbynkuuu npuseneH Ha puc. 77.

2. 3aBucuMocCTb BO30OyxIeHus E (Hampmmep, HEp-
BHBIX KJIETOK MBI ¥ T. J.) OT BPEMEHHU [IpU BHEIIHEM
BO3/JCHCTBHN M300paxaetcd pa3pelBHOH (QyHKIMEH.
I'pajpux  E(r)=f(t) umeer BUA, H300paxeHHHIN- HA
puc. 78. ‘B MOMeHT ./, KJeTKa mHoJjiyyaeT ~CHTHAl.
Bo3byxneaue NPOUCXOMUT B MOMEHT ¢;>{,. 3am-
KHYTBI WHTepBaN [7o, ¢y | Ha3LIBACTCS AamieHMHbIM
nepuodom. - Bo3byxaeuane KIACTKM B MOMEHT. =1,
NPOUCXOAUT MIHOBEHHO JO MAaKCHMAaJLHOH BeIu-

*

) ' ' |
25000} ' 1
1
20000}
100 00| ' ! [ !
, | i ]
5000 i | { | i
~ ' ] | ) ]
} } i 1 [
ol7 2 3 4 5 6 X
Puc. 77
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YMHBI, 3aTeM OHO IO- £

CTEIIEHHO YMEHBIIAET- ‘

¢ {0 TeX Mop, Noka |

ae OyaeT JOaH HOBBLIH ‘ |

cursaj. Eciau curgana L -

HET JNOCTATOYHO [OJI- of & 4 ¢

ro, 10 E(t) craHo-

‘BUTCSL PaBHOM ~HYJIIO,
3aBACMMOCTh HU3MEHEHHsT OHOMAcChl MHKpPOOPraHW3-

MOB, YYBCTBHTEJBHBEIX K TEMIEPATYpHBIM KoJeOaHu-

 AM,— pa3pbiBHasA ¢yHKums temuepatypst. Ilpu Bo3spa-

CTAHHH TeMIepaTypsl obmas Omomacca m yBEIHYUBA-

erca. OmHako, Korga TeMHmepaTypa OdYeHb BhiCOKas, BCS

kosonusi morubaet. ‘BenmuuHa m CKaukooOpazHO MeHs-

Ach, cranoBuTcs pasHol 0. @ynxums Xesucaiiga [26]

ONKUCHIBAET MIHOBEHHOE BKJIFOUEHHE Kaxkoro-jaubo Bo3-

IelicTBAS Ha OOBEKT WM MEPEeXon M3 OIHOH Cpensl

B JpYryro: ‘ \

1)~

~Y

Puc. 78

0, ecnm x<0,

1, eccim x>0.

§ 6.10. BbIBOAbI

ITonsitue fipenena NEPeMEHHOW BEJIMYHHLI SBIIICTCH
- B aHanmu3e OCHOBHbIM. C €ro NOMOLIbIO BBOIMTCA
noHsTHE - OeCcKOHeYHO Majiol . u  OeckoHeuHO OoJbloi
penuuuH. Ilperienbublii nepexoi OTKPHIBAET HOBHBIE BO3-
MOXHOCTH MAaTEMATHKM, B YaCTHOCTM BO3MOXHOCTbH
HM3Y4YEeHHST OTHOINCHHS ABYX OECKOHEYHO MafblX M JBYX
Gecxoneuyno Goabluux BeqwduH. C NOHATHEM mpeAena
TECHO CBSI3aHO Takoe (YHAAMECHTAILHOE MOHATHE, KaK
HENPEPBIBHOCTh (QYHKUMU B TOYKE H HEMPEPBIBHOCTE
HAa WMHTCPBAJE.

B OKpyXaromleM Hac MHpE’ HpOLEcchl u SIBJICHUS,
B KOTOPBIX YYaCTBYIOT MHOTOYHMCIICHHBIE B3aMMOCBSI3aH-
Hpic (akTOphl, OOBIMHO HEmpephIBHLI. HenpephiBHOCTH
HPOIECcCa UJIM SBJICHUS O03HAYACT, YTO OECKOHEYHO MaJbIe.
U3MEHEHUS 'OQHUX BEJIMYMH BBI3LIBAIOT CTOJIb XK€ Oec-
KOHEYHO MAJble M3MEHEHHS APYTux. TakoBbl mpoiiecchl
POCTa BBHICOTHI PACTeHHMs, M3MEHEHUE MaccChl XMBOTHOTO
npy KOPMJICHWH, TPOLECC HAKOWJICHHsS OWoMacchl, W3-
MEHEHHE - BEIMYUHBI YpOXas B 3aBHCHMOCTH OT [03
BHECEHHBIX yIOOPCHUIA,
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BONPOCH AnA CAMONPOBEPKN

1. UTo HA3BIBACTCS HOC/EZOBATEILHOCTBIO? )

2. Kakas nocieaosaTeIbHOCTh HA3BLIBAETCH orpaﬁmem{on”

3. Yro TAKOe MOHOTOHHAS IOCICAOBATEILHOCTE?

4. Kaxue mocie1oBaTeIbHOCTH HA3BIBAIOTCS cxouﬂmnMHCﬂ? ,Ham‘e
onpeleNicHUEe MpeAeTa INOCIeTOBATEILHOCTH.

5. ChopmymupyiiTe TpU3HAK CYIIECTBOBAHMSI NPEIETa NOCAEN0-
BaTEILHOCTH.

6. Chopmynupyiite moustiue GECKOHEYHO GOIBINOM MOC/IEOBATEIb-
HOCTH.

7. OCHOBHBIE TEOPEMBI O MNPEIEax NOCIe [OBATEMBHOCTEIL.

8. TIlepeunciute c¢BOiCTBA OCCKOHEHHO MAJIBIX TIOCIICIOBATE/Ib-
HOCTEH. .

9. JlaiiTe ompesencHuMe mpeaena (yHKIMHU.

10. Uto Takoe OZHOCTOPOHEME Npenensl QyHKIHH? .

11. CohopMymupyiiTe OCHOBHbIE TeOpeMbl O MpeAenax (yHKiuiL.

12 Yro Takoe mepBbli W BTOPOH 3aMEHATENbHDBIE pPEAEibl?

. “Halite onpen¢sieHHE HENPEPHIBHOCTH Q)ymcmm B TOHYKE, Ha

nHrepBane .

14. Yro Taxoc Touxa paspeBa? Touku paspelBa I1epBOTO
. H BTOPOTO poja. '

15. OchoBHBIE CBOI/ICTBa HETNPEPLIBHBIX  (yHKINH. Co

YNPAXHEHWA
. 1. Hanumigre 3HaYCHMs nocieloBatensHocTeldl mpu n=1, 2, 3, 4:
1 n . 1

Xp=—) Xp==———; Xp=n%; X,= .
n n’ n 2’1_15 n ? n 3n_1

2. JoxaxuTe, YTO CJACAYHONIHE NOCICAOBATEALHOCTH OCCKOHEYHO
Majible TIpU A= 00 -

I 1
a)'x,,=—; 6) Xyp=—3 B) Xp= zk .
n n; . no+n
3. -JOKaXATE, YTO CJICAYIOIIUE NEPEMEHHBIE  ECTL - BECKOHEUHO
Gonbme: o
. . .

n
a) x,=n; 6) x,=——; B) X,=n% 1) x,=4"
Y} X, ) —— ) )

4, HanunmTe 3HavYcHUA IOCHeAOBaTeNBHOCTEH mpu n=1, 2, 3, 4;
. w n+1 . (=1)"1a - n+1
a) Xy=—7; 6) x,=——; B) X=————; TI) X,=—5;
n n nt1 n :
) x,,—\/;.
CyLL(CCTByBT NI ApejieNl KaXIOW [MOCHCAOBATEIBHOCTH W YeMY OH

paBeH? -
5. Hafioute npenesnsl QyHKUdi:
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a) hm( x2=2x+7); . x*—6x+38
x—2’ e H) ‘Im 2 H
- . x—>4x —5X+4
3x2—1 i 2x3—x+1
6) hmx—' &) lim —————
ea 2x?6x2 -5 S X+ 2x%~1
. x—2 ’ 2x%43x— 4
B) lim————; %) lim ——
w2 X7+ 3x-1 ] ¥ 3x*4-x+2"°
. 5xP4+2x2-3 ‘ 3x +dx—2
r) lim ——————; 3) lm T
%0 3x S . s X2 —3x2 44"

6. Haﬁnmc Tpeaensl  GyHKIHA:

) tm (142 ) lim Y
im -1 o im
A . Mo\

2 ' 2
6 m S, &) lim S0 _3/2) (i/ );
x—0 « o x—0 2x
(3 _ o
B) lim M; %) lim (1+2x) V=,
e ox—0 X ] 20

o, 1\* -
r) - lim <14——> H
X— 00 x

2x
7. Jana Qynxnus y=—-—1— U - IBa 3HAYEHHs apryMeHTd
SORE

=1, x,=2.
1) IlpoBepbTe, ABIAETCS JM JaHHAs (YHKUUS BeNpepbIBHOM WM
paspeiBHOH IpM [JAaHHBIX 3HAYCHMIX apryMeHTa. ;
. 2) Haiimute OJHOCTOPOHHHE UpPEJCHABI B TOYKaX PpAa3phIBA. .
3) Tloctpoiite rpaduk ¢yHKIME Ha HHTepBate [—6, 61.

. : 4
8. a) Haifmute TOuKy pa3pbiBa: QyHKIHH y=———§. Brruuciaure
: e

lim p, lim y, limy n IIOCTpOI/ITe KPUBYIO IO TOYKAM x==2
x—=2-0 - x—2+0 x—+®
0; 1; 3; 4; 6.

0) <I>yH1<1m;1 3aJaeTcs pa3anHmMn aHanumqecngn BLIPAXKCHU-
SIMH IS . pasiIHMuHBIX  obnacreit naMeHeHuz aprymenrta. Haligute
OJHOCTOPOHHHE TIPEICHBI. H CKatuoK byHKIIME B TOUKE pa3phlBa.
ITocTpoiite rpaduk ¢yHkmim Ha uHTepBajge [—4, 4]

R x?—4 mpu x<2,
flx)= -
6—2x mpu x>2.

*

9. }Iaﬂé InN=2,7129. Hafioure 1gN u wumcmo N.

10. @ymkius  x(t)=1000+500(1—27) coorBeTcTBYeT Hempe-
PHIBHOMY DOCTy TNOWyJIsiuu GakTepuit OT HAYAIBHOTO -~ Pa3Mepa
x(O)—lOOO 0 TIPENEILHOro pasMmepa. Haymme TIpeJICNABHEIA  pa3-
© Mep HOIYNSLNH. .
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11. HenpepniBrpiii pocT Homynsumii x (¢) BePaskaeTes QyHKIUAME
OT I . ' ' :

100 i
a) x(t)=100+ﬁ7; . B) x(t)=90+10;.2;

6) x(t):l()O—[—lOOe“‘; 1) x(f)=10e"10.

B kaxmom ciydae HAWONTE UpeAe/IbHBIE .PasMeEphl HOITYJIAmuit
n HauaibHyio nomymmi x(0). ‘

12. Nonynsinust 6akTepHil yBeJHIXBaeTCS OT HAYAJBHOTO pasMepa
.- mo pasmepa p(f) B MOMCHT ! (JHH) COIJAcCHO YDABHCHHIO

(1 1000¢°
PO T o=y

Haiiaute lim p(t)—‘—paBHOBeCHy}o TIOTY JISIIIHIO.
t—c0 .
137 Ipu BIMBAHHAM TNIOKO3bI €€ COAEPXKAHHE B KPOBH OOJBHOIO
. cnyers ¢, cocrasnser ¢{t)=10—8¢ ~*. Haitmure lim ¢(f)— paBHoBecHOC
. .

COCTOSIHUE  COREPIKaHusL [JIFTOKO3BI B KpOBH.- d



MocneposarensHocTs
f() = f, ~uHCnoBan

0
. . x
Orpannuentas ceepxy Pyuruyus E - g if
f,sM e ; 1 )
= i -] = [
. m=te SF 8 o8
OrpannyeHHas CHusy & nocronHHan =@ E t 8 i
fazm ¢ E o g
g 5 II'E "
Orpanniensas » Becxonewno 55 Ss § R
M€ fug M mansie v 2 At Bt
o E A
im fn =0 E é o = d £
Cxopawascs (Bomm fim fy =tooey ™ § E: _i: 1:
lim 1/fp =0f g
Vn-d <€ fy>a e a
’ ehm fy=a, . acR Cfi " "
= aBbIH ORHOCTOPOHKHH
neo IPE, nen - 4 ‘ POH
DYHKUMH Xy >a x:a
lim (1+1/n)t=¢ lim f(x) = A m f¢) = fa+0) = 4
[ . x>a x >a
€ = 2,71828182 .. e
Sebuiii ogHOCTOPOKNMA . )
xl’i'm"a’ xl<“0 . A~ npenen QYHKUMR y = f(x) B T0MKE X = a, CH LA JHOGOR
x—)a,(x) = fla- )—' X, = a (xy € D(f), x,£.6) HOCTH
e Y= f(%y) CXopsTeA X A
Beckoneuno Gonkmuwmne pyHKuUMH ‘ B pyHuy
bm f(x) =cc imA(x) = 0
X »a . Xra -
. APABMRA BLIYMCNEHMA NPEQENOB

3AMEYATENbHBIE NPERENDI

1. lim sin x= 1&lim x/sin x=1

%20 x © X0

2lm (l+i/x)x=ce>lim 1+l J/k = ¢

oA>0

EEFTe]

() m g(x)

MMEIT NpeRensl NPR X -» a)

1 fim [f(x)g(x)] = lim f(x)¢lim g(x)

2 lim [()-g(x) = im 1) lim 29

3. lim of(x) = ¢ lim f(x) .

4.lim f()/6(x) = lim f(x)/lim g(x) lim g(x) # 0

, 5. lim [f(x)m = lim f(x)im




Hesasucumas
nepemennan Pynxyuz
- .
A
Xy HAYANbHOE 3HAYEHUE F(xg)
Xy HOBOE, HAPALEHHOE FE]
X =% =Ax npupanieHne 1Ay= Sfxg- };(xn) A
/
L £(x) Henpeﬁbmﬁa Ha (a; b)
[ I nwoboro x € (g, 8)
x f(x) nenpeprtana
Onpegeneune HEMPEPLIBHOCTb ®YHKLIMHA
1.1im Ay =0 .
AX >0
3. Cymectsyior
2. lim f(x) = £(%) HEMPEpLIEHa B lim f(x - 0)
x> X TaUKe xq Pl ~ - *o
F(xg) ~ umcno Tm f(xo+ 0) -
o x=0 a
[ -
- Fx=0) = f(xg +0) | E
. A 1§ ] o N
g 3aMKHYTBIX- MHTEPBATIOB |a, B ’ HenpepoIBHBL 8 T0MKaX x € D(f)
1. Ecmm fla)-f(6) <8 =>f(c) =0, a<c<b . -
2. OYHKUMA HOCTHTAET m u HambC 17 M Inemerrapunte QyRIIMM
(m < f(x) € M) . HenpepuBHEl B TOYKAX X € D(f)
3. Gynkums npyu nep OT ONHOTO 3H K ApYromy )
BCE TIPOMEXYTOMHBIE HACHUS

TOYKM PA3PLIBA

*X; = TOYKA PaspslBa TMEPEOTO Pofa
Fxy=0) = Sz + O)

%, ~TOYKA Pa3pblda BTOPOTO PONA
fo) = +oo




Fnasa 7

‘MlpounssogHaa u nmdxbepenuman
d)yHKu.uu

B sroit riase paCCManHBaCTCHFOJIHO 3. OCHOBHBIX
HOHSATHIL MATEMaTHYeCKOTO aHAJN3a — MOHATHE NPOU3-
BonHoH. M3n0XeHO NOHATHE IPOU3BOAHOH, CIOCOOBI €€
BBIYMACIEHUA, a TakXKe I[IPUMEHEHHE OTOrOo IOHSTHUSI NpU
pELICHNM TPHUKIAAHBIX 3a7ad. IloHATHE NpOH3BOAHOMH
B OTJHYME OT TMPOCTHIX © ECTECTBCHHBIX NOHATHH
GYHKIMH W Tpelena AOCTaTOYHO CIOXKHO, OMHAKO BBUAY
€ro MHOTOYUCJICHHBIX OPHJIOXKEHWH, MPHBOJISIINX K KpPaT-
| KOMY H U3SIIHOMY PEHICHMIO MPAKTHYECKUX 3asadv, OHO
3aCIlyXHUBACT CEPHLE3HOTO paCCMOTpe}II/Iﬂ W OBJIaJieHus
B 00BeME HAHHOIO Kypca.

Beskuit npomnecc miIM  ABIEHWE, NPOTEKAOIICE BO
* BpEMEHH, XapakTepu3yeTcs Hapsay ¢ APYTUMH HOKa3a-
TEASMU TAaKOH Ba)KHOW XapaKTepHUCTHKOH, Kak CKOPOCTE.
MoOXHO TOBOPUTH O  3afaue HaXOXJICHHS CKOPOCTH
HEPABHOMEPHOTO JIBIDKEHHS, O CKOPOCTSIX ~HAKOTUICHUS ~
Omomacchl, M3MEHEHWs! IHHEHHBIX Da3MEPOB pacTeHus,
H3MEHEHHUS YPOXKAMHOCTU (IPHPOCT ypPOKAWHOCTH Ha
€AMHUIY 3aTpaT), XUMHYECKOHW peakuuy, HarpeBaHus
¥ OCTBIBAHHS HATPETOrO Tejia U T. 4. Bee 51m 3amaunm
IPUBOISAT K OJHOTUIIHBIM  BBIYHMCIECHUSM, pe3ynbTaT
KOTOPBIX HA3BIBAIOT MPOU3BOJIHOM. |

K nouaruto nmpou3BOJHOE NPHBOMHUT 3a/aYad BBITHC-
JIEHHSL CKOPOCTH HEPaBHOMEPHOT'O MBW)XCHHUSA B JaHHBIN
MOMEHT, a TaKXe 3ajgaya o IIPOBE/ICHUN KacaTeJIbHOH
K IUIOCKOH KPUBOH B HCKOTOpOI/I ee Toyke. Boocneacrsum
¢ MNOMOIIBI TPOU3IBOAHON OB peNIeHsl MHOTOYHC-
JNIEHHbIE 3aaui $U3NKY, OMOJIOTrHY, CEJIHCKOTO XO3$II/ICTBa
" Apyrux obnacreil 3HaHEI.
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§ 7.1. BAO0A4HN, NPUBOAARWNME K MOHATUIO
NPOU3BOAHON.
I'IPOMSBOAHAFI OYHKLWII/I

1. 3a)1aqa 0 CKOpOCTH ABwxkenHs. PaccmoTpim ypas-
HCHHUC HEPABHOMCEDHO INPAMOJIMHEHHOrO  IBMXCHUS -

S=£(1), . | (711)
onpencscHHoe Ha MHOXecTBe (o, B).
3adukcupyeM nOCHEOOBATENBLHO HABA MOMEHTA BPEeMEHH
to M 1y, (to,1€(0, B)) m obosmaumm At=t,—1,.
Cpedueti CKOPOCMbIO  08UMICEHUA; COOTBETCTBYIOMIEH
HEKOTOPOMY npOMemyTKy BpeMeHH Af, Ha3bIBaeTCs

OTHOIUEGHHE IPOMJEHHOIO 3a 3TOT NPOMEXYTOK NyTH
AS x Ar:

AS
P At

CpenHsst CKOpocThb He xapamepmyeT JIBI/I)KSHI/IG B onpe-
[EJICHHBIE MOMEHTHl BpeMeHU. Jlisg TOro 4ro0bl HaiTH
CKOPOCTHh IBWIKCHHS B TaHHBII MOMEHT f,, HEoOXomxumo
YMEHBIIATh IIPOMEXYTOK BpeMeHU Afl=t,—1,.. Uem
MEHBIIE MPOMEXYTOK Af, TEM MEHBIIIE CPEAHSS CKOPOCTD
OTJINYACTCS OT CKOPOCTH B JNAHHBIA MOMEHT, T. €. OT
MITHOBeHHOM. TOYHOE 3HAYEHHE CKOPOCTH Uy, PABHO

Uep=

AS
npefety —— HpH At—0, T. €.

Ve = im 22, C(712)

‘ TaK, IUIS YpaBHEHUsS! [BIDKEHUS CBOOOJHO TANaromero

Ed

. . . gt*
(8 mycrote) Teina, omnpeaenseMoro. GhopMysioi S=%—

l'lOII-y‘{I/IM ) . -
(+A) gt . g2 L 2gtAr+ (Ad)—gt?
. UMI‘H”_ hm ( ) = lim g £ ( ) g =gt.
A0 At—0Q 2 .

Ecim t=3¢c, 10 v=9,8-32294 M/C

2. 327242 0 HAKJIOHE KACATEIHHOIL. ITycTh HA MHOXECTBE
(¢, b)={x: a<x<b} 3amana dymxuus y=f(x). OrmeTAM
B CHCTEME HeKapTOBbIX xoopymHaT Oxy ee rpaduk B BUIE -
xpusoit K (puc. 79). Bosbmem ase Touxn Mo (xo; f(x0))
u M, (xy; f(x4)) u npoBemem uepes HuX cexyriyro Mo M, ;
ee yroJi HaxkJoHa ofo3Ha4InM wepes o, . Toraa, ecnm Toyxa
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M, nBurascr 1o KpHBOH,
Oyner npuOAMXKATHCA K TOYKE
My, ocTaromencst HeEmo IBUXK-
HOM, TO TIOJIOKEHNE CeKyLieH
naMensiercs, - Korma Touka
M; COBMECTHTCI C TOYKOM
M,, cexymasi TpeBpaTHUTCH
B KacaTesibHy10. B aTOM city-
gae *© lim o=, rae

M, —M,

X—Xq

—yron HAKJIOHA  Kaca-
TCJIBHO[/I.. U3z puc. 79 BAgHO, YTO

|CM | f(xl)';f(xo)

tgo, = = .
T AT

Tak Kak x; —Xo=Ax (UpApaueHue aprymenra), f (x1)—
—f(xo)=A y (npmpameHHe $ynxumm), TO

Ay

(=27 7.1.3
| tgog =1 ( )
OcylecTBUM  BpefeaAbHbIN nepeXOz{, koma M;—M,, u,
crnegoBaTenpao, Ax—0: v
lim tga;=tg lim o, =tgo,., (7.1.4)
M, ~—M, o~y : .
AX—0 " Ax—0
Vuureisas, (7.1.3), nmeem |
Ay . '
——== . . .1.
Hm e tga (7, 5)

Ax—0

WTak, TaHreHC yria HaKJOHa tgo KacdTeNbHOH paBeH
npenesly OTHOUICHHS NpupamieHns GYHKIMA K npUpanie-
HHIO apryMeHTa, KOorja NOCIeAHee CTPEMHTICS K HyJIo.
TaHresnc yrja HAKJOHA XacaTejbHOMH IIOKAa3bIBAET, BO
CKOJILKO pa3 ObICTpee  u3MeHseTcss QYHKIHUS 10 Cpas-
HEHHIO C W3MCHCHHMeM apryMeHTa B. TOYKE KAaCaHHs,
T. €. - XapaKTepu3yeT CKOpPOCTH IMpollecca WIN SBJCHUS,
onuceIBagMoro kpuBoil K. 3Hast TAHTeHCHI yIJIOB HAKJIOHA
KacaTeJAbHLIX K Ipaduky QYHKUMH B IBYX Pa3JIMYHbIX
TOYKAaX, MOXXHO CPaBHUBATH «KPYTH3HY HOABEMAa» rpacu-
xa. Tak, B TOIKE (X0, f(x0)) (cM. puc. 79) xacaTenbHas
PACHIONOKEHA «KPYTO», T.€. TAHICHC YyIJIa HAKJIOHA .
Oonpmoil, (QyHKOHMS W3IMEHSeTCs OBICTPO, TOrAAa Xax
B, TOUKE (xl, S(x;)) raurenc yrna maxioHa KacaTeibHOM
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maj, QYHKIHS W3MeEHsieTcs MeAJieHHo. B Toukax, rume
KacaTelbHAs TOPH3OHTANbHA (tgoae=0), QyHKuust kax
Obl «3aCTHIBAET» HA MECTe. '

Ecnu xacatenmsHad K rpaduky &YHKIEE B HEKOTOPOM
TOUKE HepPIeHIUKYIspHA  oc Ox, TO HAKJIOH paBeH
OECKOHEYHOCTH, . PYHKIMA HIMEHSAETCT C 66CKOH€'~!HO'
GONBIION © CKOPOCTHIO.

‘B ofenx 3amavax Mpl NPHINIE K HEOOXOXAMOCTH
BLIYKC/IAThL HpeNeNbl OAHOro Tuna. YToOBl NpHIATh
OOIMHOCTE PACCYXKACHUSM, OTBIEUYEMCS OT KOHKDPETHOTO
CMBICTIA PACCMATPHUBAEMBIX MPHUMEPOB, U cHOPMYIHpYeM
3anavy B obmem Buze. '

- 3. Npoussoanas ¢ynximn, ;

ITycrs Ha muOxecTBe (0, b) 3anana Qyskuus.y=f(x).

Byaem cumTaTh, 4T0 f(X) JOHYyCKaeT CylIECTBOBAHME

KOHEYHBIX TpefeNoB Byjaa lim L(ﬁ—jl);i;()c—‘ﬁ
- : X —X e

MHOXKecTBa (a, b), mosTomy OI/IHIICKCLI 1 u O OIYCTHM,
nojarasi, 4ro Xo=2Xx, X;=Xx+Ax.

BLImo.THAM clenyiolnge ONepanuy.

1) Ilpumagum apryMedaTy x upupauiewe Ax, mo-
JIyYHM. HOBOE 3HAYCHWE aAPryMeHTa X-+AX W IOJICTABUM
ero B Qymakumio. B pe3ynpTraTe MMeeM HOBOE 3HAYCHHE
Gysxmm y+Ay=f(x+ Ax).

2) . BrruuciuM nipupanieHue (byHIcuHK Ay. I[Jm 3TOrO
M3 HOBOI'O 3HAYCHHsS (YHKIMA BHIYTEM €€ IEPBOHAYAIIb-
HOE 3HAYCHHE ;

Ay=f(x+Ax)—f(x).
3) Cocrasum OTHOIIICHNE

Ay flx+Ax)~f(x)
Ax ’ Ax

N

B MI000H TOYKE

- KOTOpPOE ONPEJelUT CPENHIOI0 CKOPOCThL  HM3MEHEHHs
byHKUME TIpM H3MEHEHMH apryMEHTa Ha EAUHUHY.
4) Haigem mpexes 3TOro OTHOUICHHS npn Ax—0

Ay f(x—l-Ax) —f(x)
= lim —————~——M .

lim —

Ax——»O Ax—0

Onpenenenne Hpou3600H0il gﬁymcz;uu y=f(x)

8 MOYKe X HA3bIGACHICA NPEeOes OMHOWEHUR NPUPAUeHUA

PyHKYUR K RpUpalyeHwo apzymewmd, Ko20a nocaednee
cmpemumes K ny/uo m. e. npeae/t -

(7.1.6)
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. x+Ax)—fix »
Iim ji(_.____)__f(_):f'(x) .
Ax—Q Ax - . -
Jdns o00o3HaveHns TPOU3BOMAHOM HCHONB3YIOT ClieAy-
FOIHEe KpaTKHe 3anucH:
. A . A . A \
lim ~2=yp’, wu lim =X, wm  lim —Z=y’(x).
Ax Ax (X T Ax
x—0 . Ax—0 ) Ax—0
JekcTBue HaxOXIEHWS = TPOU3BOJHOM HA3BIBACTCS
ougppepenyupogariem @ynxkyuu. llepedeHs NPUBEACHHLIX
~onepauuil  Ha3bIBAETCA - 00wum npasuiom Ougdepenyu-
© posauua. 3HAYEHHE apryMeHTa X, KOTOpOoe (UKCHPYeTCs
Ha NEpBOM onepanyu, eCTb TOYKa JuQdepeHIMpoBanus.
Ecia  dyaxuus 1npun MAHHOM 3HAYCHHM X MMEeT
NPOM3BOJHYIO, T.€. €CiH p'(X)—sIHCIO, TO TFOBOPAT,
uro Gymkmus apbdepeHnupyemMa B TOUKE X.
POynxups, mipdepernapyeMas BO BCEX TOYKAX MHO-
scectBa (@, b)={x: a<x<b}, wuaseiBacrcs Ougfepen-
YUDYeMOU HA' IMOM MHOMNCECHIBE.
® Dpnvep. TposepuTs, AuddepenHmupyeMa u GYHKIHA -y =X
B TOUKE w=2.
Pewenne. Hmeem
" : A x+Ax)3—
y'= lim 2y lim (—~—)—————=
Ax—0BX  Ax—0 Ax
" 234+ 3x2Ax+3x(Ax)2+ (Ax)?
= am - =
Ax—0 Ax '

—lim (3x2+ 3xAx+ (Ax)})=3x% y(2)=322=12,

TaxuMm, obpazoMm 3agaHHAA cpym(m/m zm(pcbepemmpyeMa B TOYKE -
x=2. @

- § 7.2. FEOMETPUYECKUN
" MEXAHUYECKNA CMbICN I'IPOI/ISBOLI,HOM
MNPUMEPb! MHTEPNPETALUU MNPOU3BOAHON
B BUONOINUN Y SKOHOMMKE

L. FeomerpnquKun CMBICS npomnonnon. VaurtniBas
pasercTBo (7.175) u oupeneaenne mpomseogHoin (7.1.6),
JejaeM BbBIBOJl, YTO NPOU3BOAHAN OGYHKLHH B TOUKE
Xo PABHA TAHTCGHCY YIJIa HAKJIOHA ‘KacaTelibHoll k rpadu-
Ky Oyskupm B TOuke My (xo, f(Xo)), T.e. yrimosomy
K02 OUIMEHTy KacaTeJbHOR ‘ ' '

f(xo)=k. 2.0
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VpaBHEHHE KacaTenbHOM k rpaduky dyHkumu y =/ (x)
B Touke Mo(xo, f(Xo)) MMeeT BHA

y=1(x0)=1"(xo)(x—xo)
[ep. ¢ (bopMynon 2.5.3)].

@ [pnmep. Haiitu Yra0Bele KOIBOUIMEHTH KaCaTeNbHEIX K Tpa-
duxy dyuxpm y=x> B Toukakx A(2; 4 m B(3; 9) ]
* Pewenne. Wmeem ky=f'(2), k,=,"(3), . nanee momyuaem

" (Xo+Ax)*—x3 o x§+2xoAx+ (Ax)? —x3
Ax—Q Ax ’ Ax—0Q ' Ax
' f@)=4, /10)=

B Touke B «xpyrusHa» rpaduxa B 6/4=1,5 pa3é Oonslue, MeM B TOYKe A.

=2x; '

2. Mexannyecknit CMBICI TPOHIBOABON, YUHTHIBAS
'paBenctBo (7.1.2) M ompeleiieHHe TNPOW3BOLHOM, 3a-
KIoYaeM, YTO MNPOU3BOAHAS OT HNYTU 10 BPEMEHU
PaBH2 CKOPOCTH HECPABHOMEPHO HPAMOJMHEHHOrO IBU-
JKEHMd B JAaHHBIA - MOMEHT  f;, T.€. MTHOBEHHOM
'CKOPOCTH OpH I=1{,.

. Hpamep. Ilycr,  ABIKeHHME — onpeilenseIcs  ypaBHEHHEM
S=202~¢+1 (1, ¢; S, M) HaliTu cKOpOCTb ABWXKEHHS, mpU (=S C.
B xkakoii MoMenT BpCMCHPI CKOpPOCTE OBINa paBHa Hyno?

HonyqaeM . .

t+ AN - {1+ At 1—22 -1
u=1im2(+ 12— {1+ At)+ 12+t
At—0 : At
v(5)=4-5(m/c).
Ecmm v=0, 10 41— 1=0=>1=1/4c. @

=411,

3. DuoJjiormveckmii cMplcn npomsBoamoit. Ilycrnh ' 3a-
BHCHMOCTD MEX/Iy MUCIIOM 0COGeH Nnomynsiuus MUKPOOD-
raHu3MOB y ¥ BpeMeHeM ¢t (c) ee pa3sMHOXCHHUS 3aJaHA
yPaBHEHHEM

y=p(1). A .

Iycrs At—~np0Me>1<yT0K BpPEMEHH OT HEKOTOpOro Ha-
| 4anbLHOro 3HadeHMs ! #o f+Atr Torma y+Ay=p(t+ A1)
-——HOBOE 3HAYEHUE YHCIICHHOCTH MONYJSHUHM, COOTBETCT-
Byloliee MoMeHTy. I+ Az, a Ay=p(r+ At)——p(t)——m—
MEHEHHe Yucia ocolelf MUKPOOPTaHM3MOB,

A : -
OtrHonicHARe ﬁ ABJIETCA CpeNHell CKOPOCTBIO pas-
MHOXEHHs MJHN, KK IPAHSTO TOBOPHTb, CPEIHEH MPOU3-
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BOAUTENBHOCTBIO  KM3HEAEATEIbHOCTA IOy JISIIKH. Bri-

L. A .

yncnsis’ lim 22, TOJTydaeM y'=p’(t), wm npomsBoau-
At—0

TEJILHOCTh  JKM3HEJEATENILHOCTH = NONYJISIUUA  MUKPOOP-

TAaHU3MOB B MOMEHT BpPEMCHH I.

© Fpuvep. IlycTs NONYNAIHA B MOMEHT [ HACIWTHIBACT p(f)
ocobeit (t—B ¢} [7]

p(7)=3000+ 1002,

Hamu CKOPOCThL POCTa MOTY ASUAK: a) B IpOU3BOJIbHBILA Momem t;
0) B MomeHT (=1c.
‘Pemcuue. Mmeem

e+ Af)— -
v=p'(1)= tim L2020 _
. A0 At
© 3000+ 100(+ Ac)?—3000— 1003
_ fjm 2000100 A’)t =200r, p'(1)=200. @
T At—0 .

4. Tlpumep wu3 oIxonmoMukn. BoszbMeM 1poussoi-
CTBEHHYIO  (PYHKUMIO, ONpEACIAIOMIYIO ~ COOTBETCTBUE
MEXJTy BEeJIMYMHOW 3aTpaTr x U BCJII/X‘II/IHOI/I nonyqaemoro
nponyma ‘

| y=f(x)- |
Obo3HauMM uepe3 Ax u3MEHEHNE 3aTpaT OT HEKOTOPOIO
3HAYCHNUA X o BEINYIMHD] x4+ Ax. Toraa

y+Ay=f(x+ Ax)-—HOBOe 3HAYCHHE MAcChl NPORYKTa,
COOTBETCTBYIOIlEE ~ 3aTpaTaM B  pasMepe x+ Ax,
a Ay=f(x+Ax)—f(x)—go6aBouHblii MPOJYKT, HOJY-
YeHHBIA B pPE3yJbTATE POCTa 3aTPAT Ha BeauyuHy AXx.
A L ‘
OTHoulcHuE A—y, €CTh CpEeHHsS . CKOPOCTb H3MEHEHHS
x : . :
BEJIMIMHBL nponyi(Ta HUIH CPENIHSS OT3BIBUMBOCTH MPOU3-
BOACTBECHHOM (QYHKIMH, coomercrsyfoma;l BeJUUAHE 34-
TpaT B pasmepe Ax. ’
Beruucimm
. Ay L x+Ax)~flx
lim ~y_= lim Lot Ax)~/x) ).
Ax—02%  Ax—0 Ax
DTOT mpenen ONPENENsieT CKOPOCTh WIMEHEHHS MACChI
MPOXYKTA TPH JAHHOM BeIMUYMHE 3aTpat (Maccy Mpoayk-
Ta, MOJYYaeMyI0 HA EOUHHIYYy 3aTpaT) WM, KpAaTKo,
OT3BIBYMBOCTH TPOU3BOJICTREHHON (YHKIHY IPU NAHHOM
YPOBHE 3aTpar. B 3TOM M COCTOUT 3SKOHOMMYECKUH
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CMBICJI IPOU3BOAHOM. B 3xoHOMMYecKoll maTepaTtype f” (x
HA3BIBAIOT HpededbHblM NPoOyKmom, CuuTas, 4ro f(x
—Macca HpoAyKTa, X——3aTpaTsl HA €ro NMPOU3BOACTBO.

® Tlpamep. Ilpmeec XMBOTHOTO y (KI) B 3aBUCHMOCTA OT
CKOPMJIEHHOH ~Macchl Kykypy3sl ¢ (kr) (mpu 12%-HOM . ypoBHE
coep)KaHUs Gemca B panuone) onpexenserca Qopmyioit [23]

=—3062+0433c 0,000 c2. ) °

Haiiti BenuinHy TpuBeca (OT3bIBYUBOCTD), MPUXOIMILYIOCT HY €IUHALLY
Macchl 3epHa KYKypy3bl, €CIH Macca CKOpMHCHHOFO 3eprHa ¢=50 xr.
Pemenue: HMmeem:
1) BreluumcimM 3HavYeHHe (bymcmm npd - yCIOBHM, YTO Macca
CKOPMJICHHOI'O 3¢pHa -paBHa c¢+Ac. HMmeem .
y+Ay=—3,062+0,433 (c+ Ac)—~0,0001 (c+Ac)>
2) Haiinem Ay. -Honyuum . -
Ay=—3,062+0,433(c+Ac)—0,0001 (c+Ac)*+3,062—0,433¢ +
+0,0001¢%=0,433A¢=0,0002cAc+0,0001 (Ac). :

A -
3) CocraBUM OTHOLUECHHE X)j =0,433-0,0002¢—0,0001 Ac.
R ¢ )

. A )
4) Haiigem  mpoussomuyio .y = Alimo _A_y =1im (0,433 - 0,0002¢ —
- - c=0 Ac i

—0,0001Ac)=0,433-0,0002¢. . /
5) Ompenenum 'y’ (50)=0,433 —-0,0002¢=0,423 xr. @

. § 7.3. NPABUNA ONOOEPEHLIMPOBAHMA.
NPOU3BOAHbLIE OT OCHOBHbIX
~ 3NEMEHTAPHBbIX ®YHKUWA.
NPOU3BOAHAA CHOXHOWM OYHKUMKU

Brruucnerue npousBoHOW QYHKIMM MO €e OUpeiee-
HYIO TOPHBOJAUT K TPOMO3JKHM npeoOpaszoBanusm, Mc-
mosp3yst obmee mpaBmwio muddepeHUpoBaHus, MOKHO
NOJIYIHTh  PE3YJIbTAaThl, HO3BOJISIOHNIME 3HAYUTEIHHO
YIPOCTATH HAXOXIECHUE 'IIPOM3BOHBIX.

Wrak, 3Has, YTOo NPOU3BOAHAS q)yHIg{mH

iy LA~ (x)

Y Ax—0 Ax o

‘Toe: (x+Ax)——HOBoe (uapamiennoe) 3uavenue GpyHKIHH;
f(x)—wucxomnoe (HaYajbHOE) 3HAuYCHHE  (QYHKUHM;
f x+Ax‘)—f (x)— npupaienne bymxmm; Afx‘wnpnpa-
IeHne aprymenTa; BeiBelleM psafg dopmyn s’ mud-
(depermupoBanus GyHKIMmIi,

1. Ilpon3somnas uocrosuuoii Bemwumnsl. [lycth nama
‘pysxiusa f(x)=C. Torma f(x+Ax)=C,
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' A .. C-C ., 0 .
y'= lim Jhtdx)=flx) hm <~ Z=lim —= lim 0=0.
Ax—0 Ax ax-0 Ax Ax-0Ax Ax-0

Hpou3eodﬂaﬂ NOCIMOAHNOTE BEAUMUHDL - DASHA HY A0
- (C)'=0. (73.1)

Hosicamm dopmyny (7.3.1). T'padux Pynxmmu f(x)=
=C-—upsaMas, napaulesjbHas ocm Ox. KacatenbHas
K rpa(pmcy hyHKIIH COBHAfaeT C CaMHM rpadeOM
smaunt, v =0.

2. IIMd)(bepenuuponanne (l)ymcunu y=X. Hycrb y=x,
TOTAta Ay=Ax n-

TaxuM 00pazoM, HpouszeodHas PyHKYuu y=Xx pacHa
eounuye: : R .

y'=(x)=x=1 (1.3.2)

3. AuddepenmupoBanne CcyMMbI #  PasHOCTH JIBYX'

dymenmit,  Iycrs  y=u(x)+v(x), rae u(x), v{x)—

mabdepeHuupyeMbie  HAa  MHOXecTBe X QyHKIWMH.
Vnmeem -

y'= [u( J+olx)])' = lim (X+A%>H+v(x%£;) [i(x) 40 ()] _

* lim u(x'+Ax)—u(x)+v(x+Ax)—u(x)
T ax -0 Ax - : Ax
Au

Av
= lim ==+ 'him —
Ax =0 Ar Ax—0 Ax

Jdas ¢yrknud y= u( )—v(x),
nojyaeM -

=u'(x)+v'(x).

paccyxasi aHaJOTHIHO,

| Y = ()=o),
WM, KpPaTko, \ ‘

(u(x)2v(x)) =u(x) 2o’ (x).

I/ITaK npouwodnaﬂ cymmbl (pasHocmu) 06yx PyHryui
pasna cymme (paznocmu) np0u3eoanbzx ITpaBuno serxo
PacpoCTpaHuTh U HA Ciy4aik CyMMBI GoBLIEro qHCIIa
(yHKIMiA, a UMEHHO:

(u(x)+o(x )—w(x))=u’/(x)+v’(x)~—w'(x).. (7.3.3)
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4. Nuddepenuuponanne HpON3BEICHIN, Ilyctn
y=u(x): v(v) roe u(x) n v(x)—nase auddepeHmupy-
eMple Ha MuOxectBe X diynkmma. Ecnmum x nomywaer’
gpupaniesre Ax, TO ero HOBOC 3HAYCHHE paBHO X+ AXx,
HOBOE 3HavycHHEe QymkumMu y-+Ayp, bysxkonm u(x) u v(x)
NOJIy4aT COOTBETCTBEHHO Ipuparuenus Au u Av U ux
HOBBIC 3HAYEHUS TAKOBBI: u+Au H v+Av,
y+Ay= (u+Au)(v+Av) Hdanee uMeem '

S +Au)(v+Av)—uv . Av Au
"= lim (u =lm {u—+v—+"
Y Ax >0 - Ax Ax =0 Ax+ Ax+

Au* . . -
+——Av)=uv'+vu"+u" lim Av.
Ax Ax—-0
INocnemnee cnaraeMoe paBHO HYJIIO, Tak Kak s
HCNPEPLIBHOM (byHKmm v(x) Av—0, ecanm Ax—0.
CiienoBatenpHO, :

[u(x)o(x)] =u'(x)v(x)+0" (x)u(x). (7.3.4)
Wtak, npouzsodnan npoussedenusn pasHa npou3gedeHuro
_ HPOU3BOOHOU. NEPEO2O COMHOHNCUMERR HA GIMOPOl, NAIOC
npouseedenue HPOU3GOOHOT BINOPO20  COMHONCUMEAS HA
nepevitl. B ciysae GONBLICTO YMCHA TNEPEMHOKAEMBIX
muddeperupyeMbix  PyHKUAR UMEEM

(uvw)’ %[(uv)-w] =(uv)’ waw (uv)=

=u'ww+v uw+w'uv,

(7.3.5)

T. €. npouaeodyaﬂ NPOU36EOEHUA HECKOALKUX COMHONCU-

meaell pagHa cymme Rnpoussedenuii npoussooHol xamdou

@Gyukyuu Ha ece ocmaashvle. B UaCTHOCTH, €CJI y =x"
=XTX XX, TO -

L__
npa3 S s :
y’:x'ktx'x'x...x)j—xk’k(x_-x'x...-x)j-...+
4 Y
n—1 pa3 - .n—2 pa3
F(xxox. xD'—nx - -
< n—1pas ~ - : o

Mur  noayuunu - opmyny s auddepeHIHPOBAHUS
CTENEHHON (QYHKIMM 0OpU # LEJIOM. U HOJIOKUTEIb-
HOM.

-Pax, ecnm y=x>

x%, 10 Y’ =5x% wmm (x°)=5x"
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CnencrtBue. Ilycts yp=Cf (\) C — nocTosiHHAA
BeMYHHA., YUHTHIBaS OpaBuiio  AA(GPEpeHUHPOBaHHA
npousBenenus (7.3.4), uMeeM

(Cr(x)y=CfxJ+Cf (x),
Ho C’'=0, no3tomy i

CIEY=Cr (). . (039

CrneIoBaTebHO, HNOCIMOAHHbIE MHONCUINEAb MONCHO
8bIHOCUMb 3a 3HAK npouseodHoti. ~  Hanpumep,
y=\‘/§x2=>y’=2ﬁx. : <

o : u(x
5. Juddepenunposanne uactHoro, I1ycts y= %,_rne
vix

u(x) 1 v(x)--QyHKUEM APTYMEHTA X, HMEIOUIHE NPOH3-
Bomuble #'(x) m v'(x), v(x)#0. danee BMecTO u(X)
n v{x) Oymem ymcate u u v. Ecom x moayunt
npupalieane Ax, To 1 QYHKINH y, 4, U TaKXe NOJy4aT
~npupamesnass Ay, Au, Av COOTBETCTBEHHO, a MX «Hapa-.
[eHHBbIE» 3HAYeHus paBHB y+ Ay, u+Au, v+Av. Torma

ut+Au u
, - Ay . v+Av v . vAu—ulAv
yp'=lm —=1lm ———=1lm ————=
Ax—=0 Ax  Ax—0  Ax Ax-0 v{o+Av)Ax
Au Av
U —— 1
Ax  Ax  wuv—v'u
= Im — = 3 .
Ax—0" v +vAv v o

Tipu BLIYMCIICHMM  lim vAy Obuio  yYTeHO, YTO U—

Ax—-0
orpanyyenHas GyHKuEs ¥ 4to lim Ap=0, Tak Kak v—
- ) Ax—0 . -
HelpepbIBAAS (DyHKIS.
OKOHYATEIHLHO HMEEM,

(K):@ - | (7.3.7)
v v .

Ipouszsoonas Opobu pasna npou3eodHOL HUCAUMEN,
VMHOMCEHHOU HA 3HAMEHAMEAb, MUHYC NPOU3EOOHAA 3HA-
MEHAMEAR, VYMHOMCEHHAS HA YUCAUmMEAb, U 6ce IMO
Oedennoe Ha Keaopam 3HAMeEHAmeAd. - :
xl

@ Iipnamep. Haiitu npomadzmy}o byBxnHR y=m
. N X

W BLIYHC-
JITH. €€ 3HAYeHHe IIpH Xx=2.
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Pemenne. Vmeem

N ( 5x? ) V(Sx 2Y/(2x% 4 4)— (2x° + 4)’ 5x

2x%+4 (2x3+4)?
_10x(2x°4+4)—6x° SSx? 20x440x—30x* —10x*440x
(2x?+4) IR P R P P L
—10-2%+40-2 80 ’
"{2)= - = =—0,2. ®
R )v (2 27142 400

- Cnencraue. Ilycrs mama dymsxmus y=x", n—ie-
joe u orpunateisbuoe. O0o3HauUM K= —m, HI= —n,

m

- 1 .
x"=x"" = Nméem

! B - -
n\s 1Y Ux™—mx™ ' mx™'
(x ) - ‘,_; - 2m = S2m

X X

— _n,lx—2m+m—1= ___’nx—m—l'

3ameHuM Temeph m Ha —n, Torma (x") =mnx""1,
IMonyyeHn TOT Xe pe3ynpraT, 4TO M B Clyvae, Korjaa
‘H——TIeJI0€ M TOJIOXHUTEIBHOE,

6. HpOl{BBOJlﬂaﬂ CJI0KHOM q)ymcmm Onpenérienue
CJIOKHOU (PYHKIWHZ JTaHO B II. 5.5. YMeHue pacmo3HasaTh .
CIOXKHYIO (QYHKIIO ¥ pa3duBaTh €€ HA HECKOJBKO
MPOCTBIX JOCTUTAETCs pellieHueM OONbLUIOro KoJdecTBa
- mpumepoB. Hanpumep, ¢yuxmmo y=(x*—2x2)° moxHo

«pa3feNuTh» Tak: y=u, u=x"—2x%; y=cos2x oy=
=Ccosu, u=2x. : oo e '

Ilycrs pambl nBe oyHkuun u=@(x) u y=f(u).
ITpr 5TOM MHOXECTBO 3HAYECHUI HCpBOI/I (byHKuHH
BXOIUT B o0O0JacTh ompeaesienns Bropoi. ITonoxum,
yro ¢Qymxuus u=@(x) muddepeHmpyeMas B TOUKE X,
a y= f(u) maddepeHIpyeMas B TOYKE #, COOTBETCT-
Byrome -touke x. HMckomas I‘IpOI/ISBO,I[Haﬂ V5% €cTh

A
npenesl OTHOLICHMS, A_y npa Ax =0. Hepem/lmeM oT-
X
Ay
HOIIICHUE —— B BHUJEL.
Ax
Ay _'A y Au
“Ax AuAx’

HaxoauM

Ay . Ay A Ay .. Au
lim 22 =1lim (—y—f>—1im 2 fim 22,
Ax -0 AX Ax—0
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B mepBoM COMHOXHUTENE HpaBOM YacTH B PABEHCTBE

. A
lim ,—y
Ax - 0
3ameHuM yciaosue Ax — 0 SKBUBAJICHTHLIM €MY YCIIOBHEM |

Au—0. Torna

B cmay HenpephiBHOCTH (yHKImMH u=@(x)

lim & lim ——yu.
Ax—0 Au Au-0 Au
I/IH,ZIeKC u O3Hayaer, 4YTo HpOI/ISBOlIHaH 6CpeTCH 1o
HpOMC)KYTO‘IHOI/I HepCMCHHOH
BTOpOI/I U3 COMHOXUTENEH IO onpeneﬂeHmo poun3- .
BOI[HOI/I PaBEH ux. CJICI[OBH.TCHBHO,

yi=yuuk. (7.3.8)

Urax, npousgoonan caoxncnoii gynkyuu paena npousee-
Oeruro np0u3eoanblx PyHKyuil, uz KOMOPvLIX OHA COCHIOUM.
3aM euanue. Ilpu moxasarenncrse dopmyn (7.3.8)
nperonaranocs, 4ro Au#0 B OKPECTHOCTH TOYKH X.
®opmyny (7.3.9) MOXKHO HOSCHUTH HNPOCTHIM pacCyX-
JIEHWEM: ', — CKOPOCTH H3MEBEHUS (PYHKITMM IPH TaHHOM
3HaYeHNM #, U,— CKOPOCTh HU3MEHEHHS i TPU JAHHOM
3HAYEHNU X; €CIIH Y H3MEHAETCA, HampuMmep, B 3 pasa
OvicTpee, UeM u, a u H3MEHsETCs B 2 pa3a OsicTpee, YeM X,
TO SCHO, UTO Yy M3MEHAETCA B 3 +2 =06 pa3 OwIcTPee, UeEM X..
B wactmoctu, ecim y=u", u=@(x), TO

y;=nu”‘1u;. ‘ (7.3.9)
@ Hpnmep Haiite npomnsponuyio GyHKmMu y= (w —2x%)° u Bu-
YUCAUTL e¢ 3HAaYCHWe NpH x=—1.

PemeHHe DT1a GyHKHUS CIOXKHAS, TOCIIEIHAM ZeHCTBHEM BBIYHC-
JICHUS 3HAYCHHA (YHKIUM SBIfETCA ACHCIBHE BO3BBILICHHA B CTEHEHD.
B JEBATYIO CTCNCHb BOSBOAUTCS QYRKLuA @ (x)=x —2x Pa36HBaeM
dynxmmo p=(x* ~2x2) Ha LEMOYKY MPOCTHIX: y= u®, u=x*-2x2%
Ouddepennupys y= (v ~2x)9 Tpex e BCero Kak CTeneHHylo (yHK-
umo noTyuaeM y =9(x*—2x)%. OcTaeTcs yMHOXHTL Y, Ha
wi=(x*—2x2)=4x3~4x :

"~ OKOHYATENBHO HMEEM

ye=9(x*~2x%)% 4x3—4x), ‘
Y(—l) I((=1)*=2(=1D*) @ (-1’ —4(-1)).

BTopon COMHOXHUTeNp paBeH —4+4=0, nostomy y'(—1)= 0 Berync-
mseM y(—D=((—1)*+2(=1)?)’=—~1. B Touxe (—1; 1) xacaremsnas
K rpaduKy JaHHOM (bymmpm napamiensha ocn Ox. Ilpu mocratousoM
HABLIKE 3alUCh Y| M #) HE MCIOJL3YIOT, 4 MHILYT Cpasy:

Y=t =2x7 )P (x =2x? ) =9 (x4 —2x7 )P (4xP ~4x). @
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7. ..l[u(l)d)epenuup'osanue ,TpﬁFOHOMeTpﬂ‘!ECKHX hymrcipii.
1) Ilpouszsoonas @Pynkyuu y=sinx.
1. Hpumensiem- obmiee npasuiio muddepeHIpoBaHHS .

y+Ay=sin(x+Ax).

II. BelugraeM - M3 HOBOTO 3HaueHHA GYHKIAU ee
HAYaJIbHOE 3HAYCHHUE . -

y+Ay=sin(x+Ax)
~y=sinx
Ay=sin (x—i—Ax)—smx

Hpeo6pa3yeM IpaBylO 4YacTb paBeHCTBa 1o d)opmyne
“Pa3HOCTH CHHYCOB

Ay=2¢os<x+¥) sin &%,
2 2
* III. Brruncasiem: .

) +Ax Ax : ‘ '

C _— Sll'l-"—‘ N

S\ 2 ~Ax sin(Ax/2)
= ——=c0s | X+ — | ——=.

Ax T Ax Ax]2

IV. llepexonum x mpeneny npu Ax — 0, npumenss
TeopeMy O Ipedesic NpPOU3BeAcHUS (ByHKUMI: .

S A . CAxY ... sin(Ax/2
y' = lim 2= tim cos { x+ 55 ) lim M;
Bx~=0AXx  Ax-0 2 Jax-0 Ax/2

AAJICC HaAXOOUM

L Ax\
a) lim cos "<x+ ~25>=cos;x;

Ax -0
. osin(Ax/2) . . ‘
6) lim gl-(——~=.1 NEPBBIN 3aMevaTeNbHBIN Mpeses).
)Ax—>0 Ax/2 ( P penen)
"OKOHYATEIBHO HMMeEeM ™ . _ .
(smx) =COSX. - (7.3.10)

2) Hpoua’eodHaﬂ gﬁym\uuu P=COSX..
[Ipeobpasyem I[aHHyIO Q)yHKm/I}o 1o dopmyne mpu-
Benenns. Mmeem
Cos;ézsin(n/2~X).
~ Torma (cosx).= (sm(i——x . . Obozmauns n/2—x=u
u IIpI/lM/eHI/IB bopmyny (7.3.8), momydum A
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(cosx)’-——(sinu)v’=cosuu/=kcos(n/2——x)(n'/2—xb)'=

= —cos(n/2—x). -
x>=

tx)l?—i

Vcitonb30BaB Te ke (hOPMYJIbI HPUBEICHUS (cos (

’:‘Sil’lX), OKOHYATECJIBHO 3alHILCM

(cosx) = —sinx. - (1.3.11)
Ecm nlaHa (GYHKIHES ) =COSD, vz(p(x), TO
(cosv)' = —sinv-v'". (7.3.11a)

BriBoa dopmys sl NpoHM3BOAHBIX (QYHKIMHA y=tgx
H y=ctgx B KayeCTBE YIPAXKHEHHA NPEHOCTABIAEM
quratensto. Jlokaxure, 4TO:

. 1 ’ o
,(tgx) T costx’ ,(tgu) T cos?x’

(7.3.12)
(ctgu)=—-“—.  (73.13)
sm-u

8. Hpomnozmaﬂ ¢ynkmm  y=Inx. Bocnonaszyemcs
o0mwM mpaBuiioM u@depenuuposanns. Hmeem:

I y+Ay=In(x+Ax); ‘
1L Ay=In(r+Ax)—lnx=In 2 —In <1+%>;

1 |
uL &= n <1+ >

VMHOXWB W pa3laciuB npaBy}o 4acThb paBeHCTBa Ha X,
nojyyaem .

Ay__l__)ﬁ_ é_‘c __1 Ax Ax
K;_xAx'n(l—l‘ x‘)~xln< T >

31eck UCIIONB30BAHO CIIEylolliee CBOMCTBO JIOTaph(MOB:

(ctgx) =—

sm x

alnb=1Inb* OGosmaunvm =*=0.  Ecmu Ax -0, - T0
: X ‘ .
u o-—0. o ‘
Iv. hm Ay hm lln(l’-q-oc)l/“ =
Ax -0 Ax - X ’ -

a—>0

= lim = hm In(14a)'
« Ax-50 X a0
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IlepBBlif M3 COMHOXHATETEH

BTOpOif COMHOXHTENE
lim In(14o0)*=1nlim In(1 +o)*=Ine=1
o0 a0 .

TaxuMm oOpa3zom, _
(lnx)"=i. . (7.3.14)

EBcm y=Iny, u=¢(x), T0 no mnpaswiy muddepen-
upoBaHUs CciaoxkHON ¢ynkumu (7.3.9) .

v

14 1 ! ‘ .
(nu) =-u'=%. (7.3.14a)
) u Cu -

9. Mpoussonmas yuxumn y=log,x, a>0, a#l.
TlepeiineM oT OCHOBaHHS a K OCHOBAHWIO € IIO W3BECTHOH
U3 IIKQJIBHOTO Kypca QopmyJie

- Inx

log,x=

<ln

y'='(log,,x)/=(k‘—">———( X)=—

Ina lna xlna’

Torpa

Takuam ob6pazom,

(log,x) = ——. (73.15)
B cnyuae cnoxaoi (i)yHKIII/II/I
(log,u) =~ . (13.152)

wlna .

.HponsBo/:[Haa (bymcmm y=e*. Io onpeneneﬂmo o~ ,
KazaTeJbHOU (yHKIME U3 Toro UTO _y=¢%;, CJEHyeT,
uro x=Iny.” HaiizeM mnpoussomsbie Mo apryMeHTy X
OoT o0eux dacreit 3T0ro paBeHCTBA. I/IMeeM x'=(lny)’,

5801 1=—y , OTKyma  y'=y. anTmBa;{, 410 y=¢%
nonyt{aeM N

, o y =e.
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OKOHYATENLHO HMEEM

(e*) =e". (7.3.16)
}Imx CHOXHOH dyHKIE y=e* o
(e*)=e" u'. ’ : (7.3.16a)

ITycts Teneph naHa ¢ymkmus y=a”. Vmeem
x=log,y, x'=——y, y'=ylha (1.3.17)
‘ yina:

16. TIpouzBomunie 0GPAaTHLIX TPUIOHOMETPHYCCKHX (hyH-
womii. TTycre mana ¢ymknus y=arcsinx, ompefeleHHAs
Ha MHoxecTBe [—1, 1], npuyeMm, Kak HU3BECTHO, Y€

b pid . : .

—-, =-. Tax kak y=arcsinx, TO MMeEEM X=siny.

27 2 .
HalineM TpoOuU3BOAHBIE IO apryMeHTy X OT o0eux -
YaCcTel STOro paBeHcTBa: X' =(simy);, wm l=cosyy’,

1 —
OTKyzIa y’=——y, Ho cosy=+./1—sin*y.

cos
B wunmtepBane (—n/2, n/2) ¢yHkuus cosy >0, mosromy
nupu 3aMeHe cosy Ha +./1-—sin’y Gepem 3HaK «+».
OxoHYATENBLHO - IOJIYyYaeM
1 1

h— = - ) 7.3.18
7 \/1—~si112y \/l-x? ‘ ¢ )
HeTpymmo mokasaTh, 9TO €CHNM Y =arccosx, TO
(arccos-x)'='———~1——-. L (7.3.19)
: f=x?

Hns coxueIx QYHKIUA #MeeMm

’

. b .
J1-u? ’ )
. (arccosu) = — ———, - - (7.3.19a)
J1-u?
OCTaHOBI/IMCﬂ Teneph HAa BBIBOJIE TPOU3BOTHBIX (QyHK-
e y=arctg x u y=arcctg X Tlockonbky y=arctgx,
nMeeM x=1tgy. Ham:[eM HPOU3BOIHLIE TO aprymMeaTy

x oT obenx wactelt sroro pasencrsa. Umeem (x) =(tg y)’,

(arcsinu) = (7.3.132)

wm, 1=
. VGOS

[
1+tgzy_1+x2’

y, orkyma .y’ =cos’y. Vuuresag, 4TO

cos?y=

I10JIy1aeM
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N (ércfg x) "= (7.3.20)

T+x2°
HecnoxHo moka3aTe, MTO e€ciM y=arcctg X, To
1
1+x?
B cityuae CIOXKHBIX byHKIMiH cbopmym)x (7 320) (7 3. 21)
UMEIOT BHU]

(arcctg x)'= — (7.321)

’

u'

(arctgu) = T

(7.3.20a)

(arcctg u)' = — (7.3.21a)

u
1+u?’
11. Jlorapudmuseckoe mupdepenmmponanme.  Jloza-
PUPMUYEcKol  nPou3gooHOl HA3BIBAETCH NPOU3BONHASN
or gorapudpma OQYHKIMH O HE3ABUCHMOM MepeMeH-
HOM.
- Ecm  mama  bymkmmas y=f(x), y>0, 10 Iny=
=Inf(x) un

' 1,y -
C(lny)=-y ==, - (7.3.22
(nyy=y=3. (132

“Tenmepb MOXHO JIErKO JOK43aTh (bopmyny meb(bepeﬂ-
IMpPOBaHUsA CTEeNeHHOH (yHKmMM y=x®, rae o— JeHcr-
BuTeNBLHOE umcino. Haifimem HaTypaanmn sorapudm or
obenx qaCTen paBencrea y=x%

\

Iny=olnx.

IIpomubdepenpyeM 0O X J€BY0 M IPaBYIO YaCTH,

, : S
3TOro paseHcTBa, yunteiBas (7.3.22). Ilomydaem Y —as,
: 5%

14

OTKyHa
vy’_—:yoc%.' w o (1323)

Bmecto y moncrasum B (7.3.23) ero BhIpaxeHue ye-
pe3 x ‘ 7 .
y’:ocx“%=ogx“‘?. (73249

Kakx - BuamMm, nonyuena Ta ke .dopMyna, uTO
W [Ans ciydas, KOrjJa IoKa3aTedb CTENeHH LEeJoe -
YHCIO. . : : : '
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Tabmuya dopmyr xuddepeninposanus

GopMyasl ans mubdepen- | Gopmynst Aas muddeper-
n/ﬂ BI[,E[ (byﬂku}ﬂ{ UUPOBAHUA ITEMEHTAPIUBIX TUPOBAHIA CIIOKHBIX
. ] dyHkuui byHKIui
| [Mocrosmuas (C) =0 (€)' =0
byuxmus
y=C :
2 | CreneHnas (x9)=axt (@ =ou*"tu
byrxmus
{y= x*
3 [MoxasaTens-
Has QyHKIUS : N -
y=a* @) =d"Ilna a") =a"u'lna
y=¢e" eY)=¢* e") =e"u'
4 | Jlorapudmu-
yceKan
GyHKUMS -
! e [ s
y=logx 08, x) = og,u) =
’ 8 . 8 xlna & xloa
i u
y=lnx (Inxy == (lnu) =—
x u
5 Tpuronomer-
pudeckue '
bysRINN
y=sinx sin x)' =cos x sin u)' =cosu-u’
y=cosx cos x)'= —sin x cosu) = —sinuu’
y=tgx tgx) = tg ) = .
& (tgx) cos? x (tg) cos?u
t (etgx)' == = (etgu) = —
y=ctgx ctg x) = — ~ ctgu) = — —
, g sin?x & sin®u
06paTHMC
-| puronomet-
pHryeckue
PyHKIHH
. Ly { N u
y=arcsin x {arcsin x)’ = (arcsin )’ = g
. 1—x? I—n?
, 1. , u'
y=arccosx [(arccosx) = — (arccos u)' = —
1—x? 1—u?
Sty farctg ) = retguy =
y=arctg x arctg x)' = arcigu)'=
& & 1+x? B = T2
y=arcct};x (z;rcctg x) = — L (arcctgu)' = — all
’ C1+x? T+u®

6 Ne 2030
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§ 7.4. AMOOEPEHUMAN OYHKLUUN

B npunoxkeHusx MaTEeMaTHKU K PEIEHHIO KOHKPET-
HBIX 3aJad NPUXOIUTCH HMETh [EJIO C BEJIMUHHAMM,
YHCJIOBBIC 3HAYEHHS KOTOPLIX IOJIYYEHBI NMYTEM H3MEpE-
HEH H, CIEHOBATEIBHO, TOYHOE MX 3HAUEHHE HEH3BECTHO.
Ecnu nexoaHbie NaHHABIE COAEPKAT MOTPEITHOCTH u3Mepe-
HUH, TO UpPHMEHEHHE TOYHBIX METO/MOB - BRIYHCIICHMH
Henenecoofipasﬂo JUnsi yupouieHust ¥ OONCrYeHHs BLITHC-
JEHUH B TakWxX CIydasx JIydile HCIOJib30BaTh MpulIin-
JKEHHbIC METOAbl. TeopeTUdecKOoH OCHOBOH ONHOIO M3 .
NPOCTERINNX NPUEMOB HPUOIMKEHHBIX - BLIMUCIICHAR B~
nseTcs nonaTue uddepeniuana. Mel yxe HCIONL30BAIM
(cM. ra. 1) nupnOmKeHHBIC BBITHCICHUS, 3aMCHSIS He-
KOTOPYIO INIOCKYIO KPHUBYIO OTpe3koM mpsimoil. Scuo,
YTO YE€M MEHBHIE PAcCTOSHUE MEXIY NBYMs TOYKaMH,
JeXamlMMA Ha Jyre, TeM TOYHEE 3Td YacTh KDPHBOH
IPEeICTABISIETCA NPAMON NUHMEH.

Iycty nana nupdepennupyemas Ha (a, b) CI)YHKI.II/IH

y=£x), xo€(a, b). 3a1mmeM ‘ONPE/ICIICHIE MPOU3BOAHOM
(byHKumI :

, e S (xo+Ax)—f{x0)
Xo}= lim ——— 2 27
R f ( 0) Ax—0 ‘Ax )
Ax)—
Mpu mameix |Ax| camo oTHOICHUE ‘):()C—OJF—AY)—‘[(_XO—) CKOJIb
. X
yroamo mano otmimdaercs oT f'(xo) [eM. (6.5.2)],
MOXHO HPHHATH, 4YTO .

e )
%o+ Ax)—f (xo) xS (xo) Ax. (7.4.1)

JleBas uacTs” (7.4.1) ecrp npupamrenue QyukUa Ay,
TI03TOMY  UMeeM

nim

Ayf (xo) Ax. S (142

D10 npubMIKeHHOE 3HAYCHUE pUpaIieHnd QyHKuun (4eM
MeHbIte Ax, TeM TouHee Oy/leT BBIYHACICHO A y) HA3LIBA-
eTCs auﬁgﬁepewuaﬂowz ¢ym<14uu " 0603Ha‘laeTC${ dy:

dy —f (x0) Ax. (7.4.3)

Onpenenenue. Jupdepenyuarom PyHkyuu Hasviea-
emea npoussedeHue NPOU3EOOHOH PYHKYUU Ha NpUpaujerue
HE3ABUCUMOTE, HEPEMEHHOT. ‘
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Ecmu y=x, 10 dy=dx=1"Ax. By/:(eM Ha3BIBATh
nucb(bepeHuHaHOM HE3aBACHUMON NepeMeHHON uddepen-
nual (bymcmm y=x. Torna npupaineHue He3aBHCHMOUN
nepeMeHHON U e¢ qubdepenuman paBHbl MeXAY coGoiL:
Ax= dx MO3TOMY

dy=f"(xo) dx. (7.4.4)
Wz (7.4.1) n (7.4.3) nonyuaem o
 f(xo+Ax)=F(xo)+dy, (7.4.5)
i, yuurbisas (7.4. 4),
T (%o +Ax) xS (x0) + (x0) dx. © (1.4.5a)

CrenoBaTe/bHO, HOBOE (HapallieHHOe) 3HauYeHUE (HYHKIUH
NpuONMKEHHO DAaBHO €¢ HavaJbHOMY . 3HA4YEeHHIO IUTIOC
mapdepermuan bysxmun, Gopmyny (7.4.5a) HpI/IMCHﬂ}OT
B IPHUOJIMXEHHBIX  BBIYUCIICHUSIX. :

Brruucists umb(bepeﬂuﬂaﬂm byHKUE AOCTATOYHO
npocro. CnenyeT HalTH OPOM3BOAHYIO (QYHKUUM M yM-
HOXUTL e¢ Ha auddepenuman aprymenta.

1. Teomerpuueckuii cmbica mupdepennmmana. I1lycTs
Jana Gyuxnus y=f (x) TMoctpoum ee rpad)mc (puc. 80).
N3z ANCM, HMeeM

re=tga=/ ()<= NC = (x0) MoC:

MyC=Ax, NC=f"{x,) Ax<>NC=dy.

N3 puc. 80 Bugso, 9T0 NC €CTh HM3MEHEHHE OpIWHATHI
KacaTeNbHOU, TpoBeAcHHON K rpaduxy QyHKIHU B TOUKE
(0, f(x0)), Mpu m3MeHennn x, Ha BemuuuHy Ax. B arom
COCTOUT TEOMETPHYECKWH CMbICH juddepenivana.
3amena npupameHus QyHKIHE ee AuddepeHImaioMm

‘o3Ha4YaeT 3aMeHy vactu rpabuka Gymkumu My M ort-
pe3koM * KacateapbHOU MyN. I{eM MEHBIIe lel TeM
MEHBIIIE ~ KacaTesbHas
OTKIIOHSETCH OT Ipa-
dbuka GysxkumH, TeM
TOYHEe NPUOIMKEHHAS oM
dopmyna (7.4.5a). |

@® 3amava 1. Beroicoure
npubmmxeHHo obvem chepu-
YeCKOI'0 CIIOSt, €CTIM M3BECTHO, v Ax
9r0 paguyc BHYTpeHHEH no- | 1%
pepxnocte R=0,5M, a ToJI- 0 )
um#a passa 0,1 M. _ Puc. 80

I
“\
- \=
) dyl\ .
ay

F{Xg)

i
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Pemwenne. O6bvem mapa
" 4
=—nR3.
3

O6BeM cepudeckoro C1os e€cth NpHupallenre o6beMa Liapa, Bbi3BaH-
Hoe usMeHeHueM paguyca ot 0,5 mo 0,6 M. Hpupameﬂne o0beMa
mapa 3aMeHsieM Jmtbcbepeﬂuuanom

AV=dv =3 n3 R*dR=4nR*dR.

Houcia‘BnM '{HCH(;BBIC SHa‘leHI;IH R=0,5, dR=0,1. Nmeem
AVx4- 3 140,25 001—0 314( )

TO‘{HOC 3Haqe}me O6'beMa CJIOH . ' \’
‘A_V:gn(o,sm—0,53)=0,381(M3).

OrHoCHTeAbHAS ONIMGKE
' 10,314—0,38t| 0,067
0,381 0,381

=0,174. @

@ 3anmaka 2. 3akOH HAKOIUICHHA CYXOH 6roMacch! y BHHOrpana
copra Iacia onpexensercs ypaBHCHHEM ) .
y=0,03x=0,0004.2, ) (7.4.6)

rAe X — 4¥CJIO AHEeH OT pacmycKaHUs IIOYeK, y— HakoIleHne OMOMAacChl
B xr Ha 1 xycr. PasencTBo (7.4.6) OTPakaéT 3aBUCHMOCTb BEJIMUUH
X M y KaKk CpeAHHH pe3ysibTaT MAacCOBbIX HaOIONeHWH. BBHIICHUTD,
KaKk M3MEHHTCS Ccyxad Oumomacca Kycra® IpM HU3MEHCHHH X OT
50 mpo 60 nu?

Pemenne. Msmenenne GHOMAcCel —9TO HPHUpALICHUE GMOMaccm
3AMEHHM €ro nmb(bepeﬂunaHOM

Ayxdy= (0 03x—0 0004\2) dx =(0,03—~0 0008x) dx.
TToacrasaseM . YUCIIOBLIE 3HAUCHUA X = 50, dx-— 10. ‘Vmeem
dy= (0 03-0, 0008 50) - IO—0,0I(Kr).

@ 3anawa 3. OupeneauTh NPUBGIHKEHHO NOTPEILHOCTh BLIMHCHC-
HusA . IUIOINALM KBajaparTa, €CJIM OpPH - U3MEPEHHH JUMHBL  CTOPOHET
B 60 M pmomymieHa nOTpemHOCTH 0,2 M. ‘

Pemenne. Inomans xagparta S= x2 IMorpemnocTs BLITHCIICHUS
NnoWafd 3aMeHseM mubdepeHINAIOM MIOMATME ‘

as=Sdx=2xdx.
IMoncrasnseM  YHCIOBLIE 3HaueHUs X =60, dx =0,2. VimeeMm
dS=2-60-0,2=24 (14?).
Tounoe 3Haqekné. ) .
AS=( 60’2)2 —602= 3624,04 —3600=24,04 (M2).
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OTHOCHTEBHAS TOTPEIIHOCTD

124,04—24| 0,04
T -0,0017. @
24 4

" @ 3anaua 4. OULITHLIM NyTeM YCTAHOBJIEHO, 4TO- MACCy >KUBOT-
HOI'O [HPH YCTAHOBMBHIEMCS pPEXHME OTKOPMA MOXHO CUHTATh
cbyHKuuen BpCMCHI/I OTKopMa t, 1249 nam, )

- . P= 5\/

roe P--macca, Kr, [—BpeMs, ad.  HafiTm TpHBEC KHBOTHOIG 3a
10 an, HaumHAas €. 64-r0 AHS KOPMUICHUS. -

Pemienne. [IpuBec XUBOTHOFO pPaBeH OPUPAINCHUFO MACChL AP
KOTOpOE 3aMeHseM umbt})epenunanom dP:

5571050
APrdP=Pdi=——di, aP=—2= 3125 (xr). @

2/1

2. Bourmcienue uddepennnanos. HOILO6HO Tabnmne
NPOM3BOAHBIX, MOXHO COCTAaBATH Tabaumy mudpeped-
LIWaJIOB OCHOBHBIX OJEMEHTAPHBIX (YHKIHHA.
d(C)=C'dx=0-dx=0.
d{utv)=(u'tv")dx=u'dx+v'dx=dutdv. .
d{u-v)=(u-v)dc=u'dv+v'du. (7.4

' d

. d(inx)=(lnx) dx—%
d(sinx)=(sinx’)dx=cos xdx u T. 1.

.m&.wswr

§ 7.5..MPON3BOAHBIE BbICLINX NOPAAKOB

PaccvorpuM  dynkmmio  y=f(x). IIpousoanas
y' =f'(x) sBiusierca B oOmem ciyyae HOBOH (yHKuMeil
OT X, HOITOMY OT Hee MCKHO IpH. HEOOXOAUMOCTH
B35Th MPOU3BOJIHYIO.

Oupenenenune: llpouzsodnas om npou3sooHol Pyu-
-KYuw Ha3bl6deMEs npou3eodnou emopoeo nopﬂ()fca u obo-
,3Haqaemwz "

| V=)= @) =1 ().
"Touno = TakXke OUpeNEsseTcs: IPOM3BOAHAS TPETHETO
nopsiaKa.

S T

® Tpuvep. y=x* Hadith npomssomuyo TPETBErO TOpsAKa
B Touke x=1/8. Hmeem : . .

Ty =(x) =4x, yr=(dxY) = 1242,
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1 1

Mexanruecknii CMbIC/I NPON3BOLHOH BTOPOro nopsaka.
brino mokazaHo, -4TO mnepBas TPOW3BOXHAS OT IIyTH
10 BPEMEHU eCTh CKOPOCTh JIBIKEHUS B JAHHBIH MOMEHT.
Ecnu ppuxenue paBHOMEPHOE, TO CKOPOCTH HOCTOSHHA
U, CJEIOBATEJIBbHO, TEJNO NBUXETCA 6€3 yCKOpEHUs, Tak
KaK YCKOPEHWE —OTO HM3IMCHEHHE CKOPOCTH B eIVHHUIY
BPEMEHH.

Eciu nBwxeHue HepaBHOMEPHOE, TO CKOPOCTH 3a-
BUCUT OT BpEMEHH, T. €. ABJAETCA (QYHKIMEH BpeMCEHH:
v=¢(r). Hanpumep, mus ypasHerus S=5(7—61+1
‘ckopocTh v=.S5"=10f{—6— byHKuus BpeMeHH, TEJIO IBU-
xercsi ¢ yckopenmeMm. CpenHee yckopeHme 3a npOMe—
KYTOK BPEMEHH OT 1, 10 !+ Af paBHO

4 _Av
AT
VcekopeHHe B JaHHLIH MOMEHT OIPEACIISETCS aHaJlOTHYHO
BLBIYUCIICHUEO CKOpOCTI/I B ﬂaHHBIfI MOMCHT

Av
Oy = lim a = lim =
At—G At—o A

OTo npeaes OTHOWICHUS IpUpaIeHus (QyHKIUHA K- TIpU-
pallleHuo apryMeHTa ¢ mpu Ar-0, T. e nponzBouHaa'
OT CKOPOCTH II0 BpEMEHHU
. ’
aMTH—(U) =0’
IToactaBuM BMECTO U ero 3Ha4YCHHE v—S’ Vnmeem

aMﬂ{ ( ) S” :

Bropas -nmpom3BoAHas OT IyTH JIO BPEMEHHU paBHa
YCKOPEHHIO JBMXKECHHS B JAHHBIE MOMEHT.

o ‘I'lpnmep.‘ Jlano ypaBHeHme K01e6aTENHHOrQ, ABMKEHHA TOYKH
S=Asinkt, ' (750

roe A-—aMImTysa  kosnebaHMM, k-—wvacToTa,  {—BEAMYHHA YA
B pagmaHax. Torma CKopocTh ) '
. v=_S"'=Akcoskt; - (7.5.2)
YCKOPCHHE : . .
a=8"=—Ak?sinkt. (7.5.3)
N3 (7.51)—(7 5.3) Buzmwo, 4F0 HyTh, MPOMJCHHBLIA TEIOM, KOTOPOE
COBEPIIAET KosebaTeNbHOS ABHKEHHUE, CKOPOCTh U 'YCKOPEHUE I(BUKEHUS
H3MEHSIOTCS HEPHOIMYECKH H ¢ OTHHAKOBBIM IEPUOLOM KoJieGauus 2n/k. -
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§ 7.6. TEOPEMDbI O BO3PACTAHUU U YBbIBAHUW
- OYHKUUU. SKCTPEMYM OYHKLUUAU

B § 5.3 nmamo omnpesngieHwe BO3zpacTaroilieil u yObI-
BaroIei (bYHKLII/If;I Ha _pwmc.'81 wu3obpaxen rpadux
Bo3pacTaromelf, a~ ma puc. 82 —rpadux yObBaromien
¢bysxmun. M3 puc. 81 Bugso, 4TO eciu (yHKOHS BO3-
pacraer, TO YroJl HAKJIOHA KacCaTeJIbHOW K JIroOOo# Touke
rpaduka OCprIﬁ u u3MeHsieTcst Ha MHOXecTBO [0, 7/2),
tga=0m y'20. Ecom Q)yHKum{ ybBIBACT, TO, Hao6op0T
YyroJl HAKJIOHA KacaTeJbHOW B 06O TOUKe KpHBOI
TYHo#, T.e. WM3MEHAEeTCs 'Ha  -MHOXKecTBe (T/2, m);
tga<0=y' <0, ‘ ’

Teopema 1. HeoOxonuMulii DpH3HAK BO3PACTAHHS
(youiBauns) yaxmua, Fcau Juggdepenyupyeman @yHKyus
gospacmaem (yoblgaem) HA HEKOMOPOM UHMEpEAne, MO
ee npousso0HAA HEOMPUYAMEAbHA (HeNnOA0HCUMEebHA) Ha
Imom unmepsase. .

Teopema 2, JIOCTaTOtmbm OpU3HAK BO3PAcTAHMA -
(yObiBaums) ¢ynkmma. Ecau npouseodnas @ymkyuu na
HEeKOMmopom unmepeae noAoMNCumesvha ( ompuuameﬂbna)
mo pyHKyua eo3pacmaem ( y6vigaem) na amom  fin-
mepsase. -

Crporoe’ JIOKA3aTeJCTBO 9THX TeopeM naercst B 0o-
Jee  TOAPOOHBIX  Kypcax  MaTeMAaTHYECKOTO aHAJIM3a,
_manpumep [7].

"

@ Ilipuvep. Haitrn nHTepBaﬂm{Boz‘pacraHuﬂ n y6eBagma’ (GyHK-
: 1
wait: 1) y=—3x; 2) y=2x% 3) y=2x3- ' -

Eciu y=—3x, 1o y'=-3. IlpousBogHad He 3aBHCUT OT 'X,
CHENOBATEIbHO, y———3x yObiBaeT Japu BCex 3HAYCHUsX X (pue. 83).
Ecim y=2x?%, To y'=4x.

Pemaem HepaBeHCTBo 4x <0 = x <0— Qyukus y6MBaeT ecH

2

1
4x>0, x>0, To dyuxmus BO3pacraer (puc. 84). Eecmm y—Z ~3, To

’ A
4 B
X ¢ -
) <| IC
| g 3 &
N ‘ ,
@ .
ﬁ( Agl By -
al 4 X2 X0 4

Puc. 81



.Puc. 83 Puc. 85

i J

Puc. 86

3 .
» y':é_lx_z, y'20 npy mobiix 3HaueHHAX X. OYHKIUA BO3PACTAET BCIOMY

(puc. 85).

PaccmoTpum Gonee cjoxHBI npnMep.  OmNpenenuTh moBeacHME
dynxumn p=2x3—3x2—12x47 B Toukax x,=2, x,=0, x3=1, x,=4.

. B xako#l u3 5TuX Touex (PyHKLHA H3MEHSETCH C «caMoil 0ONbLIOi»
W B Kakoil ¢ «caMO# MaJleHbKOH» CKOpOCTBIO?

Pewmecnne. (Mmeem

S (x)=6x?~6x—12,

DyHKuMA BO3pacTaer, ecnd 6x’—6x—12>0; wm xX—x—2>0.
HepapencrBo peniacm MCTOJIQM uHTepBanoB. (puc. 86). Kopuu xsag-
parHoro TpexuneHa ¢(x})=x2—x—2 TakoBb: x;=—1, X,=2. Buruuc- -
nseM ¢(—2)=4, ¢(0)=—2, ¢(3)=4. INosromy Ha unTEpBaNaX (— 00,
—2) u (2,.4c0) .byHkuma Bo3pacTacT, Ha wuuTepBane (—1; 2)
¢yHKkuusa yOBIBaeT. ' : L )

Pemraem BTOpyro vactb 3ajadd. Bermemam f(2), f7(0), /(1)
H o f*4). Hmeem [f(2)=6-22-6-2+12=0;, f@)=-12;, [ ()=
=6-1"—6-1-12=—12, ' (4)=6"4°—6-4-12=60.

IMpu x=4 ckopocTs H3IMEHEHHA (YHKIMU HaHGOJILmaﬂ mpu
x=2-—HauMeHbluad. @

MalccnmyM " MmmmyM (l)yﬂkunn;

@® 3agaua. Ol'IpeJICJII/ITL PasMepbl OTKDHITQTO bac- -
ceifHa ¢ KBaZpaTHBIM aHOM o6beMoM 108 M* Taxum
06p.’:130M yTOOBl CyMMapHas IUIOIHAAb TOBEPXHOCTH
JTHA U CTEHOK Oblla MMHMMAaNbHOW. B kadecTBe mpuiioxke-
HUS 3a7a4Yy MOXHO CHOpMYJMPOBATh WHAYE: HAWTH
TaK@E pazMephl CHIOCHOTO COOPYXEHHUA ¢ KBaApaTHBIM
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- Puc. 87

- IHOM, 4YTOOGBI UpH 3agaHHOM obbeme 108 mM* Ba 06-
JMULOBKY [IHA U CTEHOK ObLIO I/IBpaCXOIlOBaHO HaUMEHb-
iee - KOJMYECTBO MaTepHaa.

Pemenue. O003HAYUM CTOPOHY OCHOBAHHS HYepe3
X; TOoraa BBICOTA WM TJIyOMHA COOPYXEHHMS paBHA
108/x2. dyukums CyMMapHON IUIOMAMH  TOBEPXHOCTH
AHa M creHox S=S(x) mmeer Bux (puc. 87):

S=5€2+4—1§x=x2+%, x#0.

KaxgoMy 3HAYEHHIO X COOTBETCTBYCT OHHO 3HAUEHUE
Xx. MOXHO TPeANoiOKUTL CYIIECTBOBAHUE TAKOTO 3HAYe-
HUS. X, [UpH KoTopoM S HMeEeT caMog MEHBIIeE W3
BCEX BO3MOXHBLIX 3HAYCHHUM. 3anaqa COCTOUT B TOM,
‘YyTobBI HANTH 3TO 3HavcHUC. @

Onpenenenne. Iosopam, 'ymo dyuryus y=£(x)
uMeem 6 mouKe X=X, CPpO2Uli MAKCUMYM (MUHUMYM ),
ecau f(x)<f(xo) (f(x)>f(x0)) 04a 6cex x, docmamouno
bAUBKUX K Xo; Xo——MOUKA MAKCUMYMQ . ( MUHUMYMA ).

Maxcumym u  Munumym . PYHKyuu HASGIBAOMCA K-
cmpemymamy  GyHKyul, a MOUKa- xo——TquOI/I 9KCT- -
pemMyma.

MaxcumMymam - u MI/IHI/IMyMaM dynxmma y=f(x )» COOT-
BETCTBYIOT «IpeOHU» U «BHAOUHB rpaduka, u300-
paxennoro ma puc. 88. B rouke xy, X, W X, QyHKIHSA
UMEET 'MAKCHUMyM, 4 B TOYKAX  X; H X3 MHUHUMYM.
[lo onmpesencHuIo MakCHMyM # MHHUMYM (QYHKIHH
HMEIOT JIOKAJILHLIA XapakTep: 3HAYEHHsT (QYHKIHH CpaB-
HHBAIOTCS TOJBKO B  TOYKAX, [JOCTATOYHO OJM3KHX
K TOYKAM 3JKCTpEeMyMa. OrzienbHbe MUHUMYMBI MOTYT
" OBITH GonblIe MaKCEMyMOB (yHKIHH.

Hanpumep, B Touke X; (YHKOUS UMECT MUHHMYM,
B TOuKe x,—MakcumyM (puc. 88), xorst f(xy)>f(xs).
- Kak e ompenenurh Te 3HAYECHHA aprymMeHTa X, IpUHAZ-
_JleXalnpe 3aMKHYTOMY HHTEPBAJIy, MPH KOTOPHIX JaHHAS
~yskums  y=f(x) wuMeer nanbosbee (HAMMCHbIIEE)
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JA . 3HaueHne? 37eCh BO3MOMKHB! JIBA

© ciayvast: 1) wmambonpliee U Ha-
MMCHBIIEE 3HAYCHUST (QyHKIM
MOXET TIPUHAMATL HA KOHIAX
uatepsaga [a, b], a aro f(a)
! i 1 f(b), BBIUHCICHHME HMX HE CO-

|
|
1
|
|

0 X % X ‘craBiaseT Oonapmioro Tpyma; 2)
HanOonbllee (HaHMeHbIIeE) 3Ha-
Puc. 89 . ueHue (bYHKIlI/Iﬂ MOXET UPUHU-

MaThb B TOYKax JkcTpemyma. Kak HalTH TOYKH IKCT-
pemyma? M3 puc. 89 Buano, uTO KacatenbHas K. rpaduky
" muddepeHumpyemoint (byHKupm B TOUKax DJKCTpeMyma
JIOJDKHA OBITh romeHTanLHon Ee yrox naxiiona paBeH
Hymo, nostomy f'(x)=0. -

Teopema 1. Heo6xoaumoe yciioBue cymeCTBOBaﬂml
IKcTpemyma, Ecau Pynxyua y=f(x) umeem IKCMpemym
8 HeKxOomopol Mmouxe, mo e¢ NPou3BOOHAR 6 omoii mouKe
PasHQ HYAO UAU HE Cyujecmgyem.

MoxkazarenbcTBo. IlycTh mpu x=x,, xq€(a, b)
Gyukuus  y=f(x) umeer makcumyMm. Ha ocHOBaHUH
onpeJesicHHsT MakCUMyMa Il BCEX IOCTATOYHO MAalbIX
1o abcomoTHOH BemuuMHe AX

- flxo)>/(x0+Ax)

Ay =f{xe +Ax)=f(x0) <.
Ecmn Ax<0, 10 -

-

2¥-0, (7.64)
. . AX
a ecaun Ax <0, TO ’
Ay
—<0. ! (7.6.2)
Ax

IIpenen otHomenus (7.6.1) He MOXET- GLITH OTPHIATENb-

HbIM, T.e. lim iy>0 - um y‘(xo)'>0., ecmn  Ax<O0.
Fpenen OTHOIEI}ggHﬂy(7 6.2) ue MOET BBITh [ONOKUTE -
HeM*, T. €. lim Ay =0, wm y'(x0)>0, ecian Ax>0
B cnny TOTO, e;l'—éo ngomBonHaa B TOYKE Xp cymeCTByeT
3TU HPeAeabl JOJDKHBI OBITH PaBHBI OXHOMY YHCIY,-T. €.

¥/ (x0)=0 wmm f’()g9).=‘0. - (7.63)

* Cm. §6.6 mpasuso 10.
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Jns' cnydast, xorma y=f(x) HMeeT MHHHMYM, JO-
Ka3aTesibCTBO AHAJOTMYHO TIPHBEACHHOMY.

Ycnoewe (7.6.3) o3HaudeT, 9TO B TOYKE IKCTpeMyMma
-maddepermupyemoir Gysxmmy f(x) HAKIOH KacaTedbHOI
kK ee rpaduKy paBeH HYJIO; KacaTelIbHAs HapaJUIeIbHa
ocu Ox (puc. 89).

Tor ¢axr, 4To B Tque IKCTpEMyMa, HeHpepLIBHO
GYHKIUM NPOU3BOJAHAA MOXET HE CYMIeCTBOBATS, IOsIC-
HieT OpuMep GYHKIHUH, rpa(bmc KOTOpOH’ UMEET H3JI0M
(puc. 90). _

Venosue f7(x)=0 He sBisieTCs HOCTATOMHBIM. MOXHO
NpUBECTH OpUMEpPH (PYHKUMHE, KOrAa YCIOBHE COOJIFOMa-
ercsi, a okcrpemyma wetr. Hampumep, ans  dyHxiun

=£1—1x3, y’———f—lx2 npu x=0 mmeem y'=0. U3 rpaduxa
(cMm. pmc. 85) BUAHO, 9YTO B TOYKE IKCTPEMyMa HET,
KacaTeNbHAs IIEPEeCeKacT KPHUBYIO. '

. 3paveHns apryMeHTa, HOpH KOTOPLIX NPOU3BOJHAS
paBHA HYJIIO WK He CYLIECTBYeT, HA3BIBATOTCH Kpumuuec-
xumu. Taxum oOpazoM, ecnn QyHKIMS MMEET, 3KCTPEMYM,
TO OH MOXET OBITH TOJBKO B KPHUTHUCCKUX TOYKAX.

Teopema 2. JHocTaTo4HBIZ YCJHOBHSI CYINIECTBOBAHHA
axerpemyma. [lycme @ynxkyus f(x) nenpepvigna 6 Hexo-
-MOpoM unmepsaie, cooepicalem KPUMIHECKYIO  TOYKY
Xo, U Oupdepenyupyema 60 6cex HIOUKAX IMO20 UH-
mepeana, Kpome, Gvimb MOdNCEm, CAMO Mouku Xo. Ecau
npu nepexooe apeymeHmMa- CAe6a HANPAGO Yepe3 MOUKY
Xo npouseodnas f'(xe) mensem 3HaK ¢ naOCa HA MUHYC,
mo @PYHKYyua 6 Mol MmouKe UMEem MAaKCUMYM;  eCcau
3HAK MEHACHICA ¢ MUHYCA HA HAIOC, MO GYHKYUA umeem
MUHUMYM.,

HoxasatenncTBo. Ilycth xo—KpuTHUECKAS TOY-
Ka W NpH OEepexofe apryMeHTa 4epe3 TOuYKy Xo 3HaK
NPOW3BOHHOHW M3MeHseTcs ¢ maroca Ha wMuHyc, Ha
ocHOBaHMM TeopeM .1 m 2 (cM. § 7.6) 3axirodaeM, 4TO
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HA MHTEpBaJE (Xo— AX, Xo), Ax >0, QyHKUHUs BO3pACTAET,
a HY (x5, Xo+Ax), Ax>0, ybwiBaer. CiemoBarenb-
HO, B TOUKe X=X, 3Hauenus oymkuun f(x) Goubiue,
YeM €€ 3HAYEHUS BO BCEX TOYKaAX HMHTEpBana (X,—Ax,
Xxp+AX), a 9TO M 03HAYaE€T, YTO B TOYKE Xo (i)YHKHI/ISI
UMeeT MaKkcuMyM (cM. puc. 89).

AHAJIOTHYHO JIOKA3BIBAETCS BTOpPasg YacThb TEOPEMBL.

JocTaToyHBle YCIOBUS CYHIECTBOBAHMS 3KCTPEMyMa
MOXHO TIPOBEPHUTH ¥ ¢ MOMOUILIO BTOPOH IpOW3BOAHOM,
€CJI  TONIBKO HucchegyeMas (yHKIHS ﬂﬂd)(i)epeHquyeMa
‘HE MeEHee ABYX pas.

Ilycts f' xo) 0 npu x=01x,. Jomyctum Tenepb YTO
/" (x0)<0. DT0O O3HauaeT, YTO B OKPECTHOCTH KPHTHYEC-
KOH Touk: xo f'(x) ybpaer. Ho f"(x,)=0, mosTomy
F(x)>0 mpy x<x4, a mpu x>x, HMEEM f(x)<0

poussopHas f” (x) MeHseT 3HAaK C IUIIOCA Ha MHHYC.
CreoBaTenbHO, €CliM B KPUTHYECKOH Todke f”(x,)<0,
TO (BYHKIES HMEET MAKCUMYM.

Ecmu f”(x0)>0, 1O 2TO o0O3Hauaer, uro f/(x) BO3-
pacraer B OKPECTHOCTH TOUKH Xx=X. Ho [f'(x)=0,
nostoMy f'(x)<0 mpu . x<xo, f'{x)>0 mpum x>x,.
[MpouwsBomuas Gyuxuuu y'=f x3 MEHSET 3HAK ¢ MHHYyCa
Ha IuEoC, TakuM oOpa3oM, e€cii B KPUTHYECKOW TOYKE
NpOU3BOHAN HOJIOKHUTENbHA, TO B 3TOH TOUKe (YHKIIUSA
. UMEET MUHUMYM. : _

Ecmu f”{x9)=0, To dhakT HajHumsi SKCTPEeMyMa M ero
XapaKTep C MOMOIBI0 BTOPOM HPOU3BOJHON YCTAHOBUTH
Henw3s. Haxoxjemue TOUEK 3IKCTpEMyMa W 3HAYCHHIM
GYVHKIMKM B 3THX TOYKAX HA3bIBACTCS HCCIIEAOBAHUEM
-pYHKIIUE Ha O3KCTPEMYM.

lpaeuno. Hccaedosanue ougpdepernyupyemoii hynryuu
HQ  IKCHpeMyM Rpedycmampugdens  GuINoaHeHue caedy-
oWux  onepayuii.

1. Haiimu npouseoduyio dynkyuu: y'=f(x).

2. Hatimu me 3HaueHua X, Komopvie Qbpawaron dmy
npoU3e00HYI0 8 Hyab. JAsA 3M020 HA00 peuiumb ypaeneuuer
C OOHUM HEU3GECHTHBIM :

f'(x)=0.
3. Yemanoeums 3naxk npouseoonot 664usu Kpumuuec-
KUX mMouek u onpedeiumb. Xapakmep OSKCmMpemymad.
4, Boruucaumbv 3naueHue @yHKyuu 6 MOYKAX MaK-
CUMYMA U MUHUMYMA,
HccmenoBanre 3axaHYfBAETCS TOCTPOCHHEM  I'pa-
buxa. : o R
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@ 3amaua 1. UecnenoBaTh Ha  oxcTpeMyM  (Qynxmmio  f(x)=
=2x%+4x. T :

1. /" {x ='4x+4;’
2. f(x)=0=4x+4=0<>x=—1;
3. CocraBnseM Tabnuuy:
—~w<x<—1 -1 —l<x<+w
x -2 0
S {x) -4 0 4 -
f(x) ~ — -

4 f(=1)=2(=1)2+4(=1)=—2.

Taxum obpasom, mpu x=—1 Q)ymcunﬂ HMECT MHHHMYM. @

§ 77 HAWBOJbUEE - n HAI/IMEHbLI.lEE BHAYEHMA
_OYHKUMA

B HAyyHBIX MCC/IEIOBAHHSX M NPOM3BOJCTBEHHEIX
UCMBITAHUSX Pe3yJbTAThl ONBITOB dallle BCErO MH300-
paxaroT B BUOe TabmMu u rpagukoB, u3 KOTOPBIX
MOXHO Cpa3y YBHACTb, IPY KAKHX 3HAUYCHUSX PEryJupy-
€MbIX 4eJIOBEKOM (aKTOPOB JOCTHIacTCs >KeJIaTeJILHbIMA
MaKCUMyM (MHMHMMYM) H3Y4aeMOH BEIMYHHBI.

Tax, Hampumep, 3aBUCUMOCTh ypOXas (u/ra) JIUCTBEB
H 4YepeHKOB BHWHOTpaza OT A03 (Kr/ra JeHCTBYIOIIEFO
BElIECTBa)  ymobpennit m3o0paxaercd rpaduxkoM, npu-
BeJcHHBIM Ha puc. 91. Ho ecnu maHHBIE onbITa NOABEPI-
HYTh MaTeMaTHveckoit o0pabotke (cM. ri. 14), To Takyro
3aBHCAMOCTE MOHO BBIPa3’uTh GOpMYNON ¢ ompenesicH=
HBIMH TOTPELIHOCTSAMM, TaK KaK TIPH . BBIYHCICHUAX
OJOOHOro Poda CTPEMSTCS YYECTH TOJIBKO (aKTOPHI,
onpencngIonie HamOoJIee CYIECTBEHHBIE OCOOEHHOCTH
uzygaeMmoro mupouecca. Ilonyyaemas .mpum 3TOM Dpo-
M3BOACTBEHHAN (PyHKIUS, KOTOpas yxe 6BIJIa pacemoT- |
peHa (cM. § 5.4), mmeer -,
JONOJHUTENLHBIE Orpa-
HUYeHAs, oTpaxaromme %Y
YCIIOBHUsl MIPOM3BOJICTBA  © 300

1 0coOEHHOCTH JUHAMU- § 250 '

KH CaMHMX HPOUECCOB.  &zppl , , , ., 4 . .
B wumTepecax npouszson- O 200 %00 605 800 1000 1200 x
CTBa BaXHO 3HATHL TAKHE Aosst ydodpenus

3HAYEHMs HE3aBUCUMON  Puc. 91
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Puc, 92

IUsl Kak HEKOTOPBI pe3ynbTaT
"B BUIE YHCJI2a HEMeST HanOo bllce

udospIee -(HAaUMEHBIIEE) 3HAUE-
ol @ ©6 X ume QyEKUMS MOKET HPUHMMATDH
* Kak Ha KOHnax obnactm ompene-

JIEHHA, Tak ¢ BG BHYTpEHHel
Touke obmactu. U3 puc. 92, a, 6, 3axmovaeM: eciu HyHKIMs

Puc. 93

Ha vHTepBase {a, b]uMeeT oauH MakxcuMyM (MEHAMYM), TO

3TO0 U ecTh HamOOJbIee (HAUMEHBUIEE) €6 3HAYCHUE HPH
xe(a, b). Vrteepxnaenue cHOPMyTMHPOBAHO HA ypPOBHE
HarJIs{HOW HHTYHIAH, HO Mbl Oy/IeM €r0 HCIIONB30BATH IPH
peLueHnil 33134, He NPUBOAS CTPOTHUX paccyxacuuit. Ecim
xe (QYHKHHMS HE HMECT 3KCTpeMyMa Ha HHTepBase, Kak
‘HaOpuMep JiHHeiiHas QyHKIHS, TO Haubonbiiee (HaUMEHb-
[iee) ee 3HayeHWe OyAeT B TPAHHYHBIX TOYKAX, 4YTO
OTMeYeHo, Ha puc. 93, rae f(a)— HamMmeHbInee 3HATCHIC,
f (b)——Han6oanee 3HAYeHUE OGYHKIUH.

* @ Temepb BepHeMcs K  PEIICHUIO cq)opmynuponaHHou BEILIE
“3agau {cM. c. 168). Dyaxmus CcyMMapHOi unoma;m TOBEPXHOCTH
AHa U CTCHOK Oacceiina MMeeT BH

2 432
S=x +—x—, x#0, x>0.

1. HaxoauM -npou3BoaHYIO
’ ' 432

x 2 .

S'=2x—
« 2. IlpupapEMBacM HPOH3BOFHYIO HYIIO

) 432 o
2x——r =0e2x3—432=0<x3=216.
Es .
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TOPBIX IIPOU3BOACTBEHHAS (PYHK-

«(HauMeHbIlee) 3HaueHme. Ha-



¥paBHeHHME HMEET OHWH lleﬁC’fBHTéHbeIﬁ 'mopeHb x==6 M, TOrJa
h=108/36=13 (M). -
3. YcTanasiuBaeM 3HaK NPOM3BOAHON BOIM3M TOYKH Xx=6. UMeeM
] 432
S'(S)‘:—33—;10—17,28z—7,28<0, -

432
S(7) 7: 2——4—9—=14 8,382~ 518>0

4. HaxomuM

T 43 o
S(6)=36+--=37+72=108 (u?)

Taxum ofpaszomMm, x=6, h=3(m). BrInosnenue _BOCTaTOYHBIX
YCAOBMH 37Ch MOKHO HE NPOBEPATD, TNOCKOJIBKY 110 CMBICTTY 331a4H
GyHKUAS HMEET ONWH  MUHEMYM, OH X¢ M SBIACTCS HAMMEHBIINM
3HAYEHHEM, T. €. Syuu,=108. @

PaccMOTpHM HECKOJIBKO TIPHMEPOB HpOI/ISBO}ICTBCHHLIX dbyuruwmii,

) &® 3anaua 1. VccneayeMm Ha xHaubGonbuice ¥ HAaUMCHBINCE 3HAYCHHS

NIPOHU3BOACTBEHHEYI0 GYHKLIMIO, OTPaXAIOUIYIO 3aBHCHMOCTL YPOXKas
KyKYDPY3BL.(1i/Ta) OT KOJMYECTBA a30THOrO ymobpenua (xr/ra). OyHKIus
UMEET BUJ ‘

y=—0,0021x%+0,936x - 49,84.

O671aCTBI0 OTpEICHCHUS IAHHOM (BYHKIMH €CTECTBEHHO CUMTAThH
Geckoneunbrif uHTepBanm [0, +o0). [paduxom oyHkmmu sBageTCs
napaboina, oOpamenHast BETBIMHM BHHS3. lTIoaTOMy dbyuxuHs uMeeT
O[UH IKCTPEMYM — MAKCUMYM: ’

V= —0,0048x+0,936; —0,0042x+0,936 =0 > x = 222,86,
(222,86)= —0,0021 (222,86)2+0,936 - 222,86 +49,84 = (54,16 (/ra).

. Ovuesumno, wro 154,16 —uanGonbiiée - 3HAUCHHE YPOXAMHOCTH. -
VickaTh HauMeHsINge 3HAYEHUE (DYHKIMM He MMEET CMEICIA, TAK Kak
ecTecTBeHHas OGNACTh ONPEACTCHHUS (yHKHKH — GECKOHEUHBIH MHTEp:
pay. Ffo yenoBuro zamaud HANMEHbIIEE 3HAUCHAE PABHO HYO. @

@ 3anaua 2. 3aBucumocTh CYTQUHOIO ynox y B JIUTpax . oT
BO3pACTa KOPOB X B roiax ONpEAeACTCA ypaBHeHHeM

y-——953+686x 049x ., x>2

Haiita BO3PACT zlcnxmmx KOpOB Hpﬁ KOTOPOM: CYTOUHRIR ynoif Oyner
HaUGOTEIIEM.

Umeem: ]
1. y'=6,86—-0,98x; « : -
6,86 : : i
2. 6,86— 0,98x=0=sx= =7
98

3.y ( )——6,86—,0,98 6=6,86—5,88x0,98>0,
»'(8)=6,86—0,98 8= 6,86~ 7,84 —0,98 <0.
Tlpu x=7 QyHKUAS BMEeT MAKCHMYM.
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Wrax, npu x="7 cyrounsii ynoli Gyner mawGomsimmm, y(7)=
=1448. @ - ‘

B OoJiee CIOXKHBIX CAYYagx, KOraa (QYHKIMS HMeeT
HE MEHEE [BYX OKCTPEMYMOB, IHPaBHIO HAXOXICHNS
HauOONbUIETO (HAMMCHBIIETO) 3HAUCHUS (bymcmm Ha
{a, b] cocTouT B CIEOYIOLIEM:

1. HaxomsT BCe KPUTHYECKHC TOYKH (bymcupm Ha
uarepsayic [e, b} u  BLMUCHAIOT 3HAuYCHHE QYHKIHH
B 3THX TOUYKaX, HE BLIACHAA XapakTepa JIKCTPEMyMa.

2. BoruucnsoT 3HadYends (QYHKUMM Ha KOHIAX MH-
TEepBaa. '

3. 3amuChIBAIOT NOJYUEHHBIE 3HAYCHUS QYRKIMK B IIO-
psnxe BospacTanud. lleppoe umcio dpisieTcss HAUMCEHB-
UM 3HaUeHHEM f(X), a NOC/IeNHee — HAHGONBIINM.

@ Iipamep. Haiitn naumMensliuee u HaPlGOJIbILIee SHAYCHUSA (bymmnu
f() =0,5x>—6x Ha umutepsasie [—4,5, 3]
1. Haxo;mM KPUTHYECKHE TOUKH B 33JJAHHOM ° nHTepBane

S (x)=154-6; 1,55 —6= O=x=—2; x,=2.
BoIMUCHHM 3HAYCHHS q)yﬁkunu B JTHX TOUKax:
S(=2)=0,5(—2)>—6(=2)= —4+12=8;
F(2)=0,5(2)3—~6(+2)=4-12=—8.
2. Beraucnoum 3HAUCHMS q;ymcumi Ha KOHHAX WHTEpBAala:
f(=4,5)=0,5(—4,5)>—6(~ 45)=—45 5625+27—~18 5625,
f3)= 05 3%-6-3=13,5— 18_—45

3. 3amumeM NOJIyYEHHBIE 3HAYCHUS B TOPAAKE BO3PACTAHMS:
—18,5625;, —8; —4.5; 8.

Taxum oOpa3om, nanbospiiee 3HA¥CHME f,,,6=8 mocruraercs
B TOYKE - X= —2, HANMEHBIIEE B3HAYCHHE [fyou,= — 18,5625 (ymxmus
mMeeT Ha \JICBOM - KOHIe MHTCpBana. @ : .

§ 7.8. OI'IPELI.EI'IEHVIE ONTUMATIbHOW
nPOﬂOH)KVITEanOCTVI OTKOPMOYHOIO MEPUOOA
. B CBVIHOBO,D.CTBE [22]

C/10BO ONTHMANLHBIH nponcxo;:[m OT JIATHHCKOTO
cioBa optimum— gawryqumi. ChopMysmpyeM nomyuie-
HUS, OTpaxxarolnue - Hambosiee . BaXKHBIE -~ OCODEHHOCTH
uzydaeMoro mporecca. Ilpeamoyoxmm, 4To Macca on-
HOTO )XMBOTHOTO HPY HAJUISKAIMX YCIIOBHMSX €r0 Comep-
JKaHAsA ecTh (PYHKIUE BpPEMECHU »m=p(t)., JonmycTtaM
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-Janee, 4ro -3atparhl S HAa OTKOPM OJHOI IOJIOBBL
BhIpaxkaercs JIMHEHWHOW (QyHKIMeH OT BpeMenn

S=a+ bt,

‘rae a—IeHA MOJIOTHAKA, TMPHOOPETEHHOro OTKOPMOY-
HbIM XO3sicTBOM; b-—3aTpaThl B €QMEMNY BPEMEHH.
 OmnpelendM ONTHMAJBHBIA CPOK OTKOpMA- IO KpH-~
Tepuro makcumyma mpubbsinm. [Ipubsiis IT pasra cro-
MMOCTH HpOU3BEAEHHOTO npoaykra ¢ () MmHyc cro-
" HMOCTHL 3aTpatr S ‘

=0 (1)~ (a-+ bi),

e @()=m()p(t), a m(f)—mneHa eIUHUIBI MACCHI,
- KOTOPYEO /Ui oOlIHOcTH OyZeM CYHTATh M3MEHAFOLICHCH
po Bpemenu. Dynxius npudsum I onpenenena mns
.Bcex (>0, nosroMy HaumOosblliee 3HAYCHHE MPHOBLIN
(ecim OoHO CyIlUecTByeT) COBHAZAET € MAaXCHMyMOM
npubsim. IlpuMensis HeoOX0AUMOE YCIOBHE 3KCTPEMY-
Ma, HMEEeM

fR_2_p=o. ‘_ a8

-Permas- 3TO ypaBHEHHE, HAXOJUM, YTO MAaKCHMyMY
npubbLIIM - COOTBETCTBYET  NPOJODKUTEIBHOCTbL - OT-
KOPMOYHOTO uepuoxa t=t*. DTO U €CTh ONTHMAJIBLHELA
Cpok.. ' C

W3 (7.8.1) umeem

do do .
o b=0, =0 (7.8.2)
CremopaTe/qbHO, 3HAYeHWe ¢*—3T0 TAKOW MOMEHT

BpEMEHH, IS XOTOPOIO ' Yrii0BO¥H . KO3(pGHIMENT . Kaca-
© TenpHOM K rpaduky (yHKImM CTOMMOCTH npoxykra o (r)
paseH yrioBomy koaddmmenty mnpsmoii—rpabuka ¢yn-
kg 3atpar | —=»~b}. Omrg-
. . (dt ) #(t)
MAaJTBHBI CPOK OTKOpMA COOT-
BETCTBYET TOuke (=t*, B KO-
TOpO# KkacarenbHas K rpaduxy
Gysxiym @(¢) mapamnenbHa
npsivo#t  3atpar  S=a+bt.
MoXHO "JIETKO COCTAaBUTH Ipa-
BWIO OTBICKAHWS 4MCia ¢* rpa-
¢uveckum criocoboMm (puc. 94).

N

N
<




. § 7.9. BbiBOADb!

OnpuMm w3 BaXHEHIIUX NOHATUH MATEMATHYECKOTO
amanMsa sApiaseTcs npomsBonHas ¢yuxuwmu. Ilpomssoanas
XapakTepu3yeT CKOPOCTh U3MEHERHS (byHKIII/IH o OT-
HOWICHWIO K U3MEHCHWIO HE3aBUCHMON HepeMEHHOM.
B FeOMeTpHI/I ITpOI/IZBOLlHaﬂ XapaKkTepu3yeT KpPyTU3Hy
CKOPOCTH HEPABHOMEPHOTO IIps-
MOJTHHERHOTO IBKCHISA, B OHOJOTHH — CKOPOCTh Pa3-
MHOKEHHNS KOJIOHHH MUKPOOPIaHU3MOB, B 3KQHOMIIKE —
OT3BIBYMBOCTH IPOU3BOACTBEHHON (GYHKIMM (BRIXO TIPO-
JyKTa Ha eAUHHLY 3arpar).

HelicTBite HaXOXKICHUS IPOUIBOIHOM HA3BIBACTCH Mud-
(hepermmposanneM. O6iee npasmio uddepeHumpoBanys
J2eT BO3MOXHOCTbH IIQJNYYHTH T[OTOBBIE (OPMYIbI IS
HaXOKJICHUs NPOM3BOJAHEIX OCHOBHBIX DJIEMEHTAPHBIX (yH-
kmpi.  Mcnmonbssys 310 UPABAJIO, @ 3aTEM MPABHIO
AuGPepeHIMPOBARMS CHOXKHON (GYHKIHA, MBI HOJIYIHIN
dopMyJBl IS MPOU3BOJHBIX CIIOKHBLIX (QYHKHIMA,

Cpenu MHOTHX 3a/a4, PEIaCMBIX C IOMOIIBIO NPOH3-
BOJIHBIX, Haubosee BaXHOM SBJACTCA 3371448 HAXOXK/ICHUS
skcTpeMyMa QyHKUMM M CBA3AHHAs C Hell 3ajada HaXOX-
JicHnst HauOonblIero (HaVMEHBLILEro) 3HAUYCHUS NPOU3-
BOACTBEHHLIX (YRKIMIH, B YaCTHOCTH 327392 OTHLICKAHUS
OITHMAJILHOIO  CPOKa- OTKOPMOYHOTO HEpHOAa, 3adada
ONPEHENICHAS  ONTHMANBHOIO ~ BO3PACTa KHUBOTHOTO MO
KPUTEPHI0 MaKCUMAJIBHOTO yIos U T. A.

BONPOCHI AnA CAMOIMPOBEPKU

1. faitte ompegencrMe cpexHel CKOPOCTHM . HEPABHOMEPHOIO Npsi-
MOEHENHOTO JBIHKEHMSE, CKOPOCTH B IIREBHL MOMEHT.

2. Yro madeiBaerci CpefHed . CKOPOCTBIO HM3MeHEHHST (QyHKIu,
CKOPOCTLIO H3MEHEHNA QYHKUMH TIPH [JAHHOM 3HAYCHHM HE3ABHCUMOM
NEePEMEHHOR? ) .

3. Jaiite onpenesienue IPOU3ROAHOM (bymcmm npmenme o6o3naye-
Hus npoussoaroil. Chopmympyiire obmee npasuno puddepeHpoBanUs,

4. B 4eM COCTOHUT reOMETPHIeCKUI CMBICH MPOUABOAHOMA, MeXaHHUEC~
KUl CMBICI TIROM3BOJHOMNM, KAKOB' CMBICK TPOM3BOIHOI B Omonorum,
B 3KxoHOMuUKE?

) 5. Uemy paBHS npon:mo,mxaa o1 - mocrosmHOR  QymKkIMA, OT
dynxmm y=x?

6. Chopmymupyiite nipasnia JUBGEPEHITHPOBAHAS CYMMET, npom- :
BEJEHAA M YACTHOTO [BYX QyHKImE.

1. Hammuwre . GopMyJist JnhOEPEHIPOBAHNS OCHOBEBIX 3nEMEH-
TapHBIX (bymcmm .
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8. Tipueemure npasmwio mmddepeHmupopanna CloxHON QyHKIMM.

9. I[ame onpemenenne Mubdepennmana GyBEKIHU H YKaXHTE €ro
‘ reomerpmecxym CMBICIL. .

10, Hamiumte (GopMyTy NpHOIIXEHHOTO BHIYHCIICHUA 3HAYCHHS
GyHximn ¢ oMok auddepennmana.

11 chopMy:mpyme NPABUNO BHIMUCIICHIS ;m(b(bepei{u;uanoa by--
HKITHH.

12. Maiire oupezesnecHue npomBom{ou BTOPOTO NOPSAKA M YKAXKUTE
€ MCXaHW4YCCKHH CMBICIL

13. CopmyrmpyiiTe NPHIHAKA BO3PACTAHMA (yﬁbIBaHMﬂ) byHKIM®
HA WHTEpBAJE.

14. Jaiite ompeaencHue MaxcuMyma (MUHUMYyMa) (yHKIHH.

15. B 4eM COCTOHMT - HEOGXOAMMOE YWIOBHE CYLICCTBOBAHIA 3KCT-
pemyma? :

16. B uem cocToAT AOCTATOUHEIE yCIOBUS CYUIGCTBOBARMS IKCT-
pemyma?

17. Chopmympyitre 06mee NPABAIO KCCIEA0BAHUA (bymcnrm Ha
9KCTPEMYM.

3A0AYU U YITPAXKHEHUA

1. Hadiaute yrmoBolt  xosddurimeHt KacaTenbHOH, TpOBEICH-
‘Hoit. k kpuBO#. y=2x% B Toukax, Izle abcumcca papHa: 1) x=1; 2) .
x=-2; 3)x=-—1; 4) x=0. Iloctpoiire kpuByw0 U K4CATEbHYIO.
B Kkakux U3 OPUBEACHHBIX TOYEK Ipaduk OYHKUMA . MMeeT Cambii
. Goxpuioit Haknon? S

2. HajimuTe yron HAakyoHa KacaTelMbHOH kK NMummm y=2x> B TOUKe,
a6c1mcca KOTOpO# paBHa 1/4.

3. K mupwu y=3x’+x B TOUKE C abenmccoit x=—1 npobeiena )
Kacarenpras., HammmmTe ce ypaBHeHHe.

4. Halimute OpoHM3BOIHBIE pyHKIHS:

2
ra) y=3; 6) f(x)—ax B) y=x 1) y—?x"”, o p=2x—3x;

e) S=.Zt“+%t2+’2t; *) f(x)=-—%x3+—z—xz—2x+1. Haitoure f’(3).

5. Hpﬂ " KakWxX | 3HAYESHUSX x HPOU3BOJHAA byHKIIM
y=x3—2x?—4x-5 pam{a 1) 02, 2) 3? !

6. K xpusoit y=3x>—6x-+5 HpOBCﬂBHa KacaTenpHasl, NapaniacibHas
oct Ox. Halizmmre TOuKy XacaHHA. /

7. TipuBec XMBOTHOro y (KI') B. 3aBHCHMOCTH  OT KOJIMECTBA

CKOPMIICHHOTO 3epHa Kykypy3sl C (kr) mpm 12%-HOM ocozepXaHUM
. Beska . onpenensiercs - hopMysoki

y=—3,06240,433C—0,0001C2.

" Haiigure OT3BBYMBOCTE NPOHMIBOACTBECHHON dymxmum mpr C=50 kr.-
8. Hamlm‘e HPOU3BOIHLIC cnem;yroumx yBRImiL .

a) y=(x+2)% 6) y=(x*-57% B) p={x* -2x)3 ny=

=2 1+2x—x2; m S=(—t+1)*% e fW)=50Bu~u+d)*; x)p=
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3

- 5 . ,
=/R*~x?% 3) y=(x+1)2(/x~1);, n) y:(—Sj‘%F; K) y=x-—sin2x;

I 1
) v=zcos2x M) y—ism x; H). p=./5i020.
Haiimure HpOI/I3BOIlHLIe CITEYIOUHX q)ymcmm

a

a) y=xlhx, 6) y=lg2x ») y=I’x T) f(x):ln(l—#;);
2 ! . .

;1)y=1n X 55 € y=In%sinx; %) y=Incos2x; 3) yp=xe*—e%
’C

) f(x ) — ,K)S el h)f(t):sine';'M)f() =xe2%; H)f() g2sint,

9, Hpn COKPAICHUH MBIIIEl HA. X CM 3aTpauMBaceTCs JHEprus-

E=A+Px+ax? rtoe A, P, a-—TNOCTOSHHEIC BEMYHHBL. Onpeﬂemlre
MOIIHOCTD, - PA3BUBACMYIO Imueﬁ NIpH COKPALICHHM,

10. Cmemenue B OTBET HA OIUHOYHOC MBIIICHHOE coxpameuue
(eOUHMYHEIA MMIYJIEC) ONMCHIBAETCA YPABHEHHEM X =€ —r Han,ame
CKOPOCTb U YCKOPEHUE B 3aBHCHMOCTH OT 1. -

11. 3aBUCUMOCTD MEKy KOMHYECTBOM X BEIISCTBA, IOJIy4aEMOTO
B HEKOTOPOI XMMHYECKOHN PEakiity, 1 BPEMEHEM. ¢ BEIPAXKACTCS YPAaBHEHHEM

x=A(l+e7").

Onpenenure CKOPOCTb PEAKLUK B MOMEHT BPEMEHH . 1.
12. HalignTe B yka3aHHBIC MOMCHTEI BPEMEHH ! CKOPOCTB H YCKOpe-

HHUE TOYKH, HBH)KYIHBMCH IIpSﬂvIOJ'H/IHeI/IHO II0 3aKOHY, 3aJaHHOMY

nezxyroummn ypaBHeHHS{MI/l
a) s=13+2t% npn t=2
6) s=2—1t> mpu t=1;
B) s=2sint mpu t=m/4;
r)s=3cos(n?/3) mpu r=1. ..
13, dsmxeHde Tela 1O IPAMOH ONpPEAENAeTCS 3AKOHOM

1
s=§t3~——2t2+3t.

Onpezenmre CKOpOCTb B YCKOPEHHE HBIDKSHMS Telda B Bufe QyHKiM Bpe-
MeBH. . B kakne MOMEHTE! BPEMEHH Tello, MeHseT HAIPABIICHUe [BIKCHUA?

14, 3aBHCHMOCTE MeX/Iy KOJHYCCTBOM X BEILECTBA, IOJIYyYAEMOTO
B HEKOTODOH XMMMYECKOW PpEAKUMH, M BpeMeHEM 7 BhIpaxaercs
ypasuernem x=4(14¢e7"), rae A —HauanbHOE KOMHECTBO BEICCTBA.
Ompenesiure CKOPOCTh XHMHYCCKOH peakUid B 3aBHCHMOCTH OT
HanAyua JefCTBYIONIEro- BEIIECTBa. :

15, Haiimure cuny F, HeficTBYIOHIVIO Ha MATEPUAIBHYIO TOYKY
Macchl M, KOTODas ABMXETCA NPAMOJHHERHO 10 3aKOHY, 33JaHHOMY
OJHMM H3 “CICHYIOILMX YpPABHCHUHA:

1) s=2t1~1? npu t=2; . ,

2) s=sin2¢t mpu .t=n/8;

3) s=e? mpm 1=0. . .

Vxasarme. Cuia, AedCTByOmas HA MATCPUATLHYIO TOUKY MaC-
Chbl M, PaBHA MPOM3BEJCHUIO MACCHI TOYKH HA YCKOPEHME €€ JBHKCHHA,
T. . F=ma.
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16, Touxa Maccel m COBEPUIACT KoscOATESBHOC IBIKEHUE OKOJIO
TOJIOMKEHHS paBHOBecust O IO 3AKOHY

X=asin2nvt,

rae X—- PACCTOSHUE TOYKM OT TOYKM O, a M. V— OOCTOSIHHBIE
penuunnel. [lokasate, 4ro JAciicTByrolmas Cuia nponopumomnbﬂa
paccTosHuIO OT Touku  O:
17. Jlana dynxuua y=2x>. Onpenenmb, BOBPACTACT OHA WJIU y6£[BaeT
B Toukax: 1) x=1; 2) x= — 1. Hocrpolite rpaduk 1 TIpoBepbTe Pe3yabTAT.
18. Bo3pacTaeT unun yObiBaeT QyHKUus y = —x24+x—1 B Touxax: 1)
x=12)x=~1;3)x=2. TIpoeepbTe MOMYYCHHBIA pe3yabTat 0 rpa(bmcy
19 Hau)m‘re MakCEMyM M MHHAMYM (DyHKLU:
) y=xt—2x;2) y=—x>+4x; 3) y=2x*+3x+4; 4) §x3—~2x2+

+3x—1; 5) y=
) o= A4 x?

20. Haiitu ckopoCTh W3MEHEHUs TOMyJsauun . GakTepuil, ecsu
B MOMEHT BpeMeHH [ () oma HacuuThiBacT p(f)=3000--100¢> ocobeit.

21. Macca mpoxikell B Caxape YBEJIMUMBAETCA 33 KAXIBIA 4ac
Ha 3%. Ecnn HauwanpHasg Macca cocTaBiser 1T, To mocne 9 pocTa
macca pasna m(r)=1,03'. Haiiqure npubiiKeHHOE 3HAYOHHE MACCHL
a) nocne (=10 mum;" 6) mocne ¢=20 MuH . pocra.

22. 3aBUCHMOCTL MEXy BO3PAacTOM KODPOB X (J1€T) u CyTO‘IHbIM
yaoem y (1) BBIpaXaeTCs NPOU3BOJACTBEHHOM OYyHKIUEH

y=-—9,5346,86x— 049~c

Kax u3MEéHuTCS CpBILHecyTOHHbII/I YAOH KOpOB, “ecaM BO3PACT HX
yBesuzuicss ¢ 3 po S oner?

23. Ypoxail caxapHoil cBexIbl (T/ra) B 3aBUCUMOCTH OT KOJUYECT-
BA BHOCHMBIX MHEHCDATBHBIX YHOGpeHHH (1y/ra) BHIPAXAETCH TPOM3- -
BOACTBeHHOM yRKNmed y=154x—29, 0,6 <x<6. Ha npyrom MBOXKeCT-
Be 3Mavenuii x Gopmyna umeer apyroit Bun. IMoacyuraiite mpnbmimxen-
HO, KAaK M3MCHUTCA Ypoxal caxapHOW ~CBEKJIB], -€CJIM  KOJHMYECTBO
BHOCHMBIX yHobpenuil ysenmuuth. ¢ 4 Ao 6 u/ra.

24, Papuyc ocmopamus Oypra’ xapTodens xommueckoi d)oprvn,l
‘paBen 5 M. - Kax wusMeHHTCH Bec xapTodens B Oypre, ecad ero
BhIcoTa yBequuutes Ha 1,5 mM? (1 m? <aprodens secur upumepso 4 u)

25, Tpebyercss  BHIPBITH CHIOCHYIO SIMY obsemoMm - V=32 m3¢

KBAAPAaTHBIM JHOM TAXWHX pa3MepoB, 4ToObl Ha OBJMIIOBKY ee [IHa
d. CTEH TOILIO HAKMEHbIUee KOJMuecTBO MaTepuaina. KakoBel JOJIKHBL
ObiTh “pasMepbl: AMbI? : . .
' 26.Cxopocts pocTa ‘Y NOOYINIME X . 3amasa - GopMynoi
y=0,001x(100—x). Ilpum kdKOM pasmepe NONYISALME 3Ta CKOPOCTh
MaxcuManwa" KakoBa papHOBecHAS WONYJIILMA, T. €. TOTY 1SS,
JUI KOTOPOIf -CKOPOCTh paBHA Hymo0? .

27. 3aBUCHMOCTD MEX4Y YpoxKaem 031MOit - ITILIEHMIBL y (u/ra)
H HOPMOMN TOCER2 CCMSH x (vud. 3epes/ra) BBIPAXAETCA TPOH3BOA-
cTBenHON (pyHKUMeH - L
y=5,648,1x—0,7x> ) ’

Hapmme ONTHMAJBHYI0 HOPMY HOCEBA CEMSH [JIA TOrO, YTOOBI
HOJYYHTh MaKCUMAaJbHBIA ypOXal.
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FTnasa 8

OYHKUNM HECKONbKUX MNEepPEeMEHHbIX

B 3TOll riaBe paccCMaTpPUBAKOTCA HEPEMEHHBIE BEIM-
YMHLI, 3aBHUCALIME OT HECKONBKUX HAPYIUX IEPEMEHHBIX
BenurH. HeoOxoamMocThs W3yvYeHHs TakorQ BHAA, 3a-
BHCHUMOCTEH BBI3BAHA TEM, YTO BO -MHOTHX MPOLECCAX
7 SIBJICHUSIX, BCTPEYAIOMINXCS B IIPUPOJE, B NPAKTUYECKOH
JeATEeNBHOCTH  4YeJIOBEKA, - YHCIJIOBBIE ~ 3HAYEHHS OJHOM
BEJIMYHHBLI - onpefesisitorcss HabopoM W3 JABYX, Tpex.
7 OOJBINEro KOJUYECTBA HE3aBUCHMBIX _HepEMEHHBIX. -

Ilpu wu3ydeHWH 3THX 3aBUCHMOCTEH HCHOJIB3YIOT
TIOHATHE d)yHKIII/II/I HECKONIBKMX TEpeMeHHBbIX. Hampumep
Temneparypa 7T, uszMepsieMas B pa3fuYHBIX TOYKAX
HEKOTOPOIro Tena . MM - NPOCTPAHCTBA, 3aBHCHT OT
KOOPIOHMHAT TOYKH (x Vs z) (or wmecra, Tme ycra-
HABJIUBACTCA TepMOMeTp) M OT MOMEHTA BpeMCHH
t. B osrom ciydae mnminyT

T=f(x, y, z, 1).

B riaBe paccMaTpuBacTCs TONBKO Cliyvait (QyHKIWiA
JIBYX TIEpEMEHHBIX, Mx auddepeHnupoRaHue H MPUIIOKE-
HHC K PCLICHUIO HEKOTOPBIX 3a7ay CeJIbCKOXO3SHUCTBEH-
 HOTO TIPOM3BOJCTBAa. BLIBOJBI, HOJy4YEeHHBIE NPH ITOM,
MOHO JIETKO paCHpOCTpaHI/ITL Ha QyHKIWH OT 60nbmero
YUCIa TEPEMEHHBIX. »

§ 8.1. OYHKUKA ABYX HE3ABUCUMBbIX MEPEMEHHBIX
® Tipumepnl :
1. [Tioma s HPAMOYFOJIBHOTO YYacTKa 3¢MJHM S 3aBHCHT OT IJIHH
_ero cropos a 1 b CooTsercTByromas (yHKUUA HMEET BUI
’ s =ab.

"2, B pe3syneTaTe ONBITOB HPH KOPMICHHH CBHHEH JUIS. BHIMHCTICHHES
TIpEBECA KUBOTHOIO y (KI) B 3aBUCHMOCTH OT JBYX BHIOB HOTpPED-

184 , . , .



JSIEMBIX KOPMOB — 3€pHA Kyicypy%l C- (X1} ¥ COECBBIX XMBIXOB P (xT)
nonydena [23}* ¢opmyna

y= 1,243C0’547P 0;289.
I/Ismepe}mﬂ NPOU3BOOMITACE TPH }IOCTPDKCHPII(I KUBOTHBIMA MACChI- OT

14 no 25 «xr. ) .
3. B onwmirax ¢ -6poiinepamu [23] dopmyna mpuBeca MMEET BHA

y_o 9922C0,5537P0,3371
Ecmu ¥, P C BBIPA3UTL B KI', TO d)opMyna NPUHAMAET CHC}Iyl-OH_U/IPl BRI

L y= 08977C05537P033H

B oTEX npuMepax MMECT MECTO COOTBETCTBHE MEXAY yHOpH,HO‘lCH-
HOW mapo#t ¥uceN ¢ OxEON CTOpOHI B OAHAM 4HCIIOM —C Apyroid. @

Onpenesenue. (Dyﬁkuuﬂ d6yx NepemeHHbIX — MO
HpPASUAO, CONOCMABAAIOWEEe KAMCOOH YRopsaooueHHoll nape
yuces X u y (uz obaacmu 00nycmu/wb1x 3HaueHuil )
onpegdencHHoe YUCAO Z.

B orom ciydae mammyt z=f{x; y) U YATAIOT: «33T
pasHo 3¢ ot ukc mrpek». CumBoJl f 0003HaYaeT 3aKOH
COOTBETCTBUS. ‘

Tak, Hanpumep, ypaBHEHHS BUIA

z=xX"+y?, z=Xx—y, z=Xy

CTaBT B COOTBETCTBMC MHape X, y spauenne z. [lox
CHMBOJIOM [ HJIsl NEpBOH M3, HMX MOHUMAEICS IOCIIe-
J0BATENLHOCTD JEHCTBAMN: CHa4aja X BO3BOAUTCS B KBAJ-
par, 3aTeM J BO3ZBOOMTCS B KBaApaT U MOJyYEHHBIS
pesynbTaThl ckiaawiBaroTcs. Ilycrs aia mepsoro ypas-
HCHUMS X = 2, y=4 Torna

-f(z 4)= °2+42 20,

;‘:
a opu x=1, y=1
x_1~f(1 1) '12—1-12=_2._

Iy=i

CnenoBartenbHO, Zz ;mnﬂeTca dysKIACHE OT X W Y.

Onpenenenune. Muoncecmeo A nap uwucea X, y,
na komopom onpedesena Pyukyua z=f(x;y) (3snauenue
‘@YHKYUU ecmb YucAo ), Hazvieaemca obaacmoelo onpedeie-
nua gymeyuu D(f). -

* B xmure nupHeefeHa ¢opmyia y=1,445C%**7 P09 rpe 3y,
¢, P pauet B ¢ynrax. Ilepesom B cucremy CH cmenan asTopoM.
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B npocTedmux ciaydasx oBIacTh MOXET HMETh BHI
MPAMOYT OJIHHIKA asx<b, ¢c<y<d wm xpyra ¢ rpa-
HHUIEH, 3aXaBaeMol ypaBHECHHEM

(x— a) +(y— b) r2

O6nacr}, C TOYKaMH Ha T'PDAHULE HA3BIBACTCS 3AMKHYMOLU.

B npyrux coayuasx D( f)—Bca miockocty Oxy-nnu

Oouee CIOKHAS ¢durypa. Tax, manpumep, mis Qysrunn
=x+y a ' ' \

D(f):xeR, yeR, .

o v . _ ;
a g QYHKIHH z=——,—2—+T 00acThIO  OUpEIeIICHUS

D{(f) smasetcst BCs IWIOCKOCTH OXxy, KpOMe TOUEK Ha
HpHMOI/I x—2y+1=0.

§ 8.2. TEOMETPUYECKOE UCTOJIKOBAHUE
OYHKLMK ABYX NEPEMEHHbIX.
NMOHATUE HENPEPbLIBHOCTN OYHKUWK

Ilycre nama dysxmus z=f(x, y). Hocrpoum mpsmoy-
royipHyro cucremMy koopaumar Oxyz (pumc. 95). Kaxiou
Touke . (X, y)eD(f) COOTBETCIBYCT .OJHO 3HAYeHHE
z=f[x, y ‘M  CAMBIM ONPEJIEASCTCA YIOPANOUECHHAS
TpOMKA YHCE (_)lg, ¥, f(x, y)) mm Touka mpocrpancTBa
P(x, y, f(x, y)). Takux TOUEK MOXKHO OIPENENHTEH CKOJb
yrogHo Muoro. ITpemmonoxmm, 4ro Touka (X, y), ABUIa-
SCh B IUIOCKOCTH OXxy, [OOYEPETHO COBMEMIAETCA CO
Bcemn Toukamu (X, y)e D(f), umi, Kak roBOpAT, TOUKA
(x, y) «ipoGeraet» Bcro-obiacth D( f). Torna coorsercr-
Byromiast Touka P(x, y; f(x, y)) Oymer ommchBaThH B IpO-
CTPaHCTBE .HEKOTOPYIO TIOBEPXHOCTD, HA3LIBAEMYIO IDa-
¢duxom  dyuxkumm. Takum 06pa3oM, COOTHOLICHUE
z=f{x, y) B cucreme Jj[eKapTOBI:IX KOOPIMHAT B OOILEM
ClIyJae ONpe/IENseT NOBEPXHOCTb.
HanoMmuuMm, 4TO B aHATHTHYECKOM
TEOMETPUM KaXIOM MOBEPXHOCTU
CTABUTCS B COOTBETCTBHE ypaBHE-
mae F(x, y,z)=0 wm z=f(x, p).

Px;y:z)

e 5 IToBepxHOCTH, - SIBISIOLIANCS
¥ - rpaduxom TIPOU3BOICTBEHHOMU
@ ¢bynxuuu oT IBYX (akTOpOB, Ha-
. 3LIBACTCS. NPOU3BOICMBEHHOU HO-
Puc. .95 " BEPXHOCIYIO. ,

!
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AV , 64

L32

: ,/! ¥ Kzo,l(f"
0 32 64 96 128 =

Puc. 96 : Puc. 97

Tak, 7S TPOM3BOACTBEHHON (QyHKIHH
y=1,084+1,31: 102K +8,00- 10~3P—
~43-10"7P24+7,8- 107°KP,

‘rge K COOTBETCTBYET YIOOPEHHIO KZO kr/ra; P—
ynobpernto  P,O5, kr/ra, y-—ypoxallHOCTh KieBepa,
T/ra, COOTBETCTBYIOIAS IHOBEPXHOCTH HM300paxicHa Ha
puc. 96. Mu1 BuauM, uYTO npH OONBIIHX KOJMYECTBAX
OJHOTO WiK 000X BUIOB YIOOpEeHMII NMPOU3BOACTRCHHAN
HOBEPXHOCTh CPABHHUTENbHO Iiiockad. IIpm ouednr 0osb:
mmx xonmuectBax P,O; ypoxaflHOCTE YMEHBIIAETCH.

. TIpencrdsiaenne 0 ¢GopMe MOBEPXHOCTH H, B 4acT-
‘HocTH, O (hopMe HNPOU3BOINCTBEHHOM TIOBEPXHOCTH, MO-
SKeT JATh METO JIHUM YpOBHS. I'€OMETPHYECKOE MECTO
_TOYEK IUIOCKOCTH, B KOTOPHIX (yHKumms z=f{Xx, y) npu-
HAMAET TOCTOSHHOC 3HAYEHWE, L.a3bIBACTCH JuHuell ypos-
‘HA. OTO JHMHHS TIEPECeUCHMS TOBEpXHOCTH z=f(X, y)
IIOCKOCTRI0 z=C ¥ OPTOTrOHANBHO , CIPOCKTHPOBAHHAS
'Ha 1iockocTb Oxy. Chenas HECKONBKO TaKHX CEYCHHM
mockocTaME z=C, KOTOpBE OTCTOST OAHA OT Apyroi
‘Ha paBHOEC DACCTOSIHNE, ¥ BLIMEPTHB JIMHUM YPOBHS,
"MOHO COCTaBHTH IPEACTABIICHHE O CaMOH IOBEPXHOCTH.
‘Tam, rae JMHAM NPOXOHXAT OJH3KO Jpyr X Jpyry,
“IOBEPXHOCTSH TMOJHUMAETCS KPYTO, a 3HA4MUT, U QyHKIuA
‘m3MeHsieTCs - OBICTpeEe TO.  CPaBHEHUIO C U3MEHEHUEM
. QYHKIHH B TE€X MeECTax, I'le PACCTOSHEE MEXITy COCead-
HEMHA JITHUSMU GOJILme. IosepxHOCTD, OIpenenseMas
ypasHeHHeM z= X"+ y?, nzobpaxena Ha puc. 97, a coor-
BETCTBYIOIIMC JIMHIM YPOBHS—HA PUC. 98.
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- Dyrxops [ (x, y)’ HA3LIBAET-
CSL HenpepuigHol ¢  moOuKe
Pg(xq, yo), ecit  GECKOHEUHO
MaJjibIM “H3IMCHEHNSM 3HAYUeHHH
- X Wy COOTBETICTBYET -OeCKOHEY-
HO MAJIO¢ M3MCHEHHME 3HAYCHHUSL
£l y
I"pa(bmc HCHpGpLIBHOI/I (byH-
KOUH TPEaCTaBIisIeT ¢o6ol mo-
Puc. 98 BEPXHOCTL  0€3  pa3phIBOB,
«IPOKOJIOB» U APYTHX OCOOEH- .
HOCTE. (I)YHKHHSI z=f{x, y) HasbBacTCS HenpepbIsHOi
6 obaacmu D, eciu OHA HEMPEephIBHA B Kaxcnon TOYKE
3TOH 06HaCTPI

a\ J

§ 8.3. HACTHbIE NPOU3BOAHbLIE MNEPBOIO
“ BTOPQOIo 'noPAOKOB

- Paccmorpum dyEkumio z=f(x, y). Iycth me3aBucu-
Masg TEpPEMEHHAs y NPHUHAJNA I[OCTOSHHOE 3HAYCHHUE
y=1Jp, a MEpeMeHHasa x u3Mensiercd. Toraa us (I)yHKupm
JBYX TEPEMEHHBIX IIOJYYHM QYHKIHEIO OJHOW HE3aBH-
CUMOM IEepeMEeHHON z= f(x ¥o). Ee rpaduxom sBisercs
JINHAsI TEPECEUSHHST HOBerHocm z=f(x, y) 1 mnockocru
y=3 (puc.99).

Haitnem masnee mpou3BojHyro oT dyHKIME z=/f{x, o)
B TOUKE Xx=Xx (OymeM cunTaTh, .MTO NPOU3BO/IHAL
cymeCTByeT) OTa mpom3BOAHAS SBISETCS YACTHOM Mpo-
M3BOJHOK - OT Gynxmun  z=(x, y) B TouKe Py(Xo, Vo)

‘ 0z
U 0603HaqaeTc;1 CHMBOJIOM. —~ WJIH zy, M f ( ). Mtax,

S(xo+Ax, yo)=f(xo, ¥o)
0x Ax—0 Ax )

"

Z=F0¥p)

£=r(x,3)

Puc. 99
is8 ' o S o



Pasnocts f(xo+Ax, yo)—f(Xo, o) HasbiRaeTCs uacmupim
npupaweruem QyHKIMH 1 00o3HaYaeTcs Az,

Onpenenenue. Yacmuoii npou3eoouoit  PyHkyuu
z=f(x, y) no apzymenmy x Hasvieaemcs npedea om-
HOWEHUA YACMHO20 NpUpaujeHus GyHKyuu K coomeemecm-
eylouemy npupawenuio apzymenma Ax, kozoa Ax—0.

TaxkuM o0pa3oM, yacTHasA DPOM3BOJHAS NMOKA3BbIBAET,
BO CKOJIbKO pa3 «OblcTpee» u3MeHseTCs (yHKIMs 10
CPaBHEHMIO C M3MEHCHMEM AapryMEHTa, Korja BTOpOH
apryMeHT. 3aQUKCHPOBaAH.

AHaJIOTVMHO ONPEAENsIOT )lpyrylo YACTHYIO IpPOHU3-

'Bo,tu}o gi . I/IMeeM

m f(x05 }’0+AJ’)_f(x0: yO)
3y Ay—0 Ay )

. o, Oz
Kak u B _ciyyae dyHKUNE OIHOM MIEepeMEHHOH, o paBHaA
X

TaHreHcy yraa  HAKJIOHA ~KACATENLHOM K KPHUBOH
=f(x, ¥o), ¥ =0, B TOUKE P(xo, Yo), T. €. TAHLEHCY YIJIa
MC)KJIy KacaTeJbHOM M JHHHEH, TapasnenbHol ocn Ox
M NPOXOJSILEH depe3 TOUKY P(xo, Yo)- CHC}IOB&TGHBHO .

2.0z
5* JaeT BO3MOXHOCTD OIICHHUTL «KPYTHU3HY» HOBEPXHOCTH

z=f (x, y) B TOUKE: P,, mm  CKOpPOCTh H3MEHEHUS
'iby}ncnnn [0 HAIIPaBJIEHHIO, ApaJUIeIbHOMY oc OX, 9TO
oueHp BaxHo. Haxoms wacTHbIC IPOM3BOAHBIC OT HPOM3-
BOJACTBEHHBIX (YHKLMHA, MOXHO HaliTH OT3BLIBYMBOCTH
GYHKUME BBIXOJA MPOIOYKTA, T. € KOJMMYECTBO MPOIYKTa
(KaK pe3ynbTara ACATENILHOCTH), TPUXOJSIIEeCs HA elu-.
“HULly BEJMYUHBI OofHOro ¢axropa, IPU YCIOBUH, 4YTO
BTOPOIii- (hakKTOp OCTAETCH NOCTOSHHBLIM.

0z dz ‘
Hpe,I[HOHO)KI/IM YTO HpOI/I3BOI[HBIe 0— u é— MOXHO

HaiiTn B kaxpoit Touke obuacru D(f). Torma Po (x> ¥o)
MOXHO paccMaTpHBaTh. Kak IEPEMEHHYIO TOYKY M OIY-
crath uHIeKC 0. YacTHbie NPOU3BOJHBIE CTAHYT HOBBIMH
(bymcummn JIBYX. TIepeMeHHbIX. O003HAUUM UX CHMBOJIAMHU
Zy(x, y)m zy(x »). IIpu HeOGXOAMMOCTH OT ITHX dymirmit
'MOXHO HAalTH YaCTHEIC NPOU3BOIHDIC, IPHYEM OT KaX 0K
3 HUX Kak [0 NEPEMEHHOM X, TaK # IO IepPEeMEHHOH Y. .

Onpexaenenue. Yacmmas npou3eOOHAs - oM 4acm-
“HOtl npou3eooHol PyHKYUU HAZLIEAEMCA HACHIHOU RPOU3-
800HOl 6Mopozo nopaoka.
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[Mpoussoansie BTOPOTrO mnopsiaka B obuieM ciydac
TaKXKe SBIAAOTCS (QYHKIMAME OBYX FNEPEMEHHBIX, HX
Oynet yxe 4yeThipe. His NPOU3BOOHBIX BTOPOTO mopsaKa
TPHHATEL creayromue obo3HaYCHNS:

d [ 8z " " o,
a(a)zzxxz xx(xs y)

~— ¢dyuxnus auddepennupyercs mo x TIOCIIEJOBATENBHO
HABa pasa;

- .0 {oz

. 5}(5) Z;y_ wx y)
— ¢yaxma cHauana gudpepeHIAPYETCS 0 X, 4 pe3ynb-
tar 3ateM muddepenuupyercs mo y;

e , '
5(‘2“) Zyy yy(x y)

~— thyrxims nocnenogarenbno ﬂncb(bepemmpyemﬂ no

'y JBa pasa;
0z
ax(ay)—zyx—fyx(x y)

— dysxima cHavana nmbd)epeﬂunpyeTc;i‘ no y, a pe3ym>-
Tar muddepeHmupyeTcs mO X,

YacTHbIE MPOU3BOMHBIC - HAXOIAT- 1O npaBpmaM
© ® dopMyraM, aHATOTHYHBIM GOPMYIIAM JUIL OOBLIYHBIX
npou3BoAHBIX. Hamo TOMBRKO NOMHHTBL, IO Kakoi mne-
- PEMEHHOW IPOM3BOAUTCS nncb(bepeﬁunponanne CUUTATh
9Ty BEJIHYUHY I/ISMGHSIIOIIICI/ICH a ‘OCTaJbHBIE — ITOCTO-
SIHEIBIMH,

@ Iipamep. Hanm HaCTHBIC NPOUIBOMHEIC BTOPOrO NOPAAKA OT
bysxmwn

z=x3p2+2p—6x+1.

Pemernde. [locnenosaTebno HAXOAUM:

e.{0z
e — =2 =(3 2'2—‘6:;':6 2;
0x(é‘x> L (Gt —6)e=tay

@ {8z " , :
,b;(a>=z§y =A(3x2y2—6)y=6x2y;
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(& | =(2px¥ +2)% —éxz '
=zl X 5 -
ax'ay e Y 7 i ’

: d (o2 ' X
, 5(@—\/) =z, =(x®+2),=2x>

Kak BuanM, B HaHHOM CIy4ae Zp, =z, =6x2y. @

-OT™METHM, YTO 4YaCTHBIE MPOUIBOJHBIE BTOPOTO IO-
paaKa zy, 4 zyx ‘He 3aBUCAT OT Hopanka auddepeHInpo-
BaHU4, T. €. zxy—zyx [IPH YCIIOBMM, YTO OHU HENPEPBLIBHBL.

§ 8.4. 3AOAYA, I'IPMBO.D.FII.I.I,AH K NOHATWUIO
QAKCTPEMYMA OYHKUMW. BKCTPEMYM @YHKLIKA
ABYX HE3ABUCUMbBIX NMEPEMEHHbIX

@ 3amaua. Paccuutath pasMepsl OapalUlejiemuieja Tak, ITo0b
OpH 3ajaHHOM oOBeMe V=32 M> cyMMapHas IUIOIIAAL OCHOBAHHS
u GokoBbIX rpaseil ‘Gplia . MMEEMATRHOM. B kadecTBe IpHIIOKEHHA
9Ty 3aJady MOXHO CHOpMYHPOBATH HHAYE: PACCUUTATHL  Pa3Mephl
CHJIOCHOTO, COOPYXCHUSl C UPAMOYTOJILHEIM OCHOBAHHEM TaK, 4TOOHI-
OpH 3a1aHEOM 06BbeMe Ha OGJIMIIOBKY JHA M CTEHOK VIILIO MHHUMAIb-
HQE KOJMYECTBO MaTepuana. B § 7.6 mpuBemeHd NOYTH Takas Ke
3anaa, HO TaM yKa3zaHo, 4T0 OCHOBaHME — KBaJpaT. - 3AeCh TAKOro
OTPAHMUCHUS HET.

Pewenne. O6o3naunm vepes x u y (puc. 100) pasmepsl oc-
HOBaHUA, TOIZ@ BBICOTA /i BBIYACAMTCA M3 COOTHOWIEHHA 32=xyh,

32
T.e. i=—. CocTasuM (yHKIHIO IIOMIANK
Xy

32 32 1 1 -
S=xp+2p—+42x —=xy+64{ —+—), x#0, y#0.
xy Xy - \X Y/

MoOXHO TpeanoIoXKuTb, HYTO CYINECTBYXOT Takue X H Y, HpH
KOTOPBIX S [OOCTHracT HAHMEHBINETO - 3HaucHusA. 3ajava COCTOUT
B TOM, 4TOOBI HaliTm 3TH wUmCiHd. @

JUts Toro 4ToOB JCrko W NPOCTO pemaTts a1y
U Apyrue ToAoGHBIE 327a4M, HEOOXOAMMO IOCTPOMTD
COOTBETCTBYIOIIHH MaTeMATHYECKUI ammapat.

1. MaxcuvMym H MmmMyM
QyHKHHH BYX  NEPEMEHHbIX. I
. Onpenenenne. ycmo ’
Pyuxyus z=f(x, y) onpedesena | :
6 HEeKomopolk ' OKpecmHOCHuU g8
mouku (xo, yo). Tosopam, umo /
pyuryua  z=f(x, y) umeem
6 mouke (xq, Yo cmpozuti mMax-
CUMyM ( Munumym )},  ecau Puc. 100

) x"m
‘C}\)

N
&

m



Flx, p)<fxo, o) (%, ¥)>f(x0, ¥o)) 048 scex mouex
(x, y docmamouno 6AUSKUX K Xo; yo. Touxa (xo, yo)
—MOUKA MAKCUMYMA  ( MUHUMYMA ).

Makcnvmym  u - MuHEMYM  GyHKIMH 6yneM ‘Kak
u B ciydae (YHKIME OMHON NEPEMEHHONU, HA3BIBATH
IKCTPEMYMaMH WM IKCTPEMAJIbHBIMA 3HAYCHUIMHU.

Ilonarue 3KCTpeMyMa HOCHT JIOKAJIBLHBIH CMBICI.
3HaveHUss QYHKIMHA CPAaBHHBAIOTCS TOJIBKO JUIS TOYEK
(x, ¥), mocrarouno Gumskux X TOUKaM (xg, Yo).

v TBET HA BOIIPOC, CYINECTBYET JI CIOCOO OTBICKAHUS

3HAYEHUH HE3aBUCHMEIX TEPEMEHHEBIX, TPHU KOTOPHIX
dyHKIMST TMEEeT 3IKCTPEMYM M B HEM .COCTOMT Takou
€11ocod, AAIOT CHEOYIOMHNE JBE TEOPEMSBI.

Teopema 1 (neobxoaumMpie YCIOBHS IJKCTpeMyma).
Ecau  ouppepenyupyeman  gyncyun z=f(x, y) umeem
axcmpemym 6 mouke Py(xo, o), Mo ee uacmuvie npoussoo-
Hble Nepeo2o NopAOKA 6 3MOoti MouKke paeHvl HYAr0, M. e.*

Y_ou Y-

ox dy
HdokazaTtenncTBO. 3aduKcUpyeM  HE3aBUCHMYIO,
HepCMCHHy}O y, TpumaB ei 3Hademume Y, Torzma
=f(x, yo)— byHKIMS omHON NepemMeHHOH X; ora QyH-
I(I_[I/Iﬂ EMeeT IKCTPeMyM B Touke Pg(xo, ¥o): Kak m3Bect-
HO, HEOOXONUMBIM YCIOBHEM 3TOIO SBSCTCH PABEHCTBO

8.4.1)

i) .
HYJIIO €¢ TPOU3BOJHOH, T. €. s . =0
. \9x/5sw
L ‘ {ar
AHamormyHo MOXHO IOKa3aTh, 4YTO P e =0
. ) Y/ v=ya

Teopema moka3saHa. :
B cucreme ypaBueHuii (8.4.1) uUMCHO HEHM3BECTHBIX
PAaBHO YHCIY YypaBHEHWIl. PellmB. cucTeMy, UTONYyYHM
KOOP/MHATHL TOYEK, B KOTOPHIX MOXKET OBITL IKCTPEMYM.
Touxu Po;(Xo;, Yoi), B KOTOPBIX HACTHBIC IPOM3BOJHBIC
o0pamarorcd B HYJIb, Ha3BIBAKOTCH KpUMIUYECKUMU.
Taxum oOpazoM, eciam (QyHKIUS HUMEET IKCTPEMYM
B HEKOTOpDOH TOUKe, TO OH MOXET OBITb TOJIbKO
B KPHTHYCCKOM TOYKE. _ :
Teopema 2 (IocTaToMABIE YCJOBUSL CYIIeCTBOBAHMA
skcrpemyma). [Tycmo. dyuxyusn z=f(x, y) Henpepvisna

* TlpusemeM TOHYIO (QOPMYIMPOBKY TEOPEMBL ecau OJugpgbeperyu-
pyeman ynxyun z=f (x, y) umeem sxcmpemym ¢ mouke Py(xy, ¥,), mo
€e yacmuple NPOU3GUOHbIC 8 IMOL MOYKe PABHBL HYMO UMY He CYWECmEYIom.

192



¢ D(f) emecme co csoumu uacmuvimu RPouU38OOHBLMY
nepeozo u 6mMopozo nopAdKos u mouxd P(xg, yo) n8aReMCA
Kpumuueckol.

HaiiieM B Touke P, NPOW3BOAHLIE BTOPOTO MOPSIKA
M OpUMeEM cieayiomue 0Go3HaueHHs:

A=(4&);€:;¢:5 Bi(?la;y);z;?’ C=(Z’y’y);‘==§:'

Ecm AC—-B?>0, To dynkuus umeet B Touke Po(xo, ¥o)
3KCTpeMyM MaKCHMyM npu A <0 u MuaEMYM 1pu A>0.

Ecim AC—B*<0, 10 B TOuKe Po(Xo, yo) HeT
IKCTpEMyMa.

Ecmu AC—B?*=0, To 3akmoueHus o6 31<0TpeMyMe
cAeiaTh HEIb3d. B 3TOM cCitydae Tpe6yeTC${ nonon—
"HATEJILHOE WUCCJISIOBAHNE.

B mpakThueckmx 3aJavax 4acTo. ObIBa€T TaK, 4TO
XapakTep SKCTPEMyMa OIPENENSeTCS CMBICIOM 3aAadu
(6e3 TWpOBEpKH BBLINQHEHHS NOCTATOMYHBIX YCIOBHH).

Bepremcs x 3agade, chOpMYyJIMpPOBAHHOH B Havaje
nmaparpada. HccmenyeM Ha IKcTpeMyM (QYHKIHEO

S=xy+64(1+1>.' -
S\

1. HaiigeM vacTHBIC NPOU3IBOHEIE;

o 1 64 ,
Sx=y+64<——;5>=y7, x#0;

s’ —x+64<——y—>—~x 2, y#0.

2. IlpupaBHAEM HYIIO YaCTHBIE NPOM3BOAHBIE U CO-
CTABAM CHCTEMY. :

y—64/x2=0,
X—64/y2=0.
[MoacTaBum y =6—4 -, HailJICHHOC W3 TEepPBOrO yPABHEHHS,

BO BTOpOE ypaBHeHne meem
y=64/x,
x=64x*/(64)?,

fy=64x>  [y=64x?
64)_c~x4=‘0, 43 - x3=0. .

7 Ne 2030 ’ 193
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Ha MBEOXeCTBe IeHCTBHUTENBHBIX YUCE]l CHCTeMa HIMe-
32 32

er onmo pemenme: x=4, y=4; TOrma h=1-=-2=2
‘ Coxy 4-4
HaitneM wacTHBIE TPOM3BOMAHLIE BTOPOTO HOpPAAKA:
. 128 128. ‘
S;x=?3's S;x x=4;a=2, A=2,
w128 128
S,J’y=}—3—7 ;yly=4:—a:2, C=2,
Sy=1 Shlr=s=1, B=1, AC-B*=3>0.

B TOuKE “4 q)yHKnm*nMeéT MHAHUMYM:

Sx=2=4-4+64<%+1)= 6+32=48 (m?).
y=4a

4
@ Tpuvep 1. Mcenemosath Ha SKCTPEMyM (PYHKIHIO

z=xy—x2=2p*+x+10y—8.

1. HaitizeM w9acTHBIE MPOM3BO/HBIE: o
6z 0z
—=y—-2x+1, —=x—4y+10.
ox dy
2. TpupasnseM HyIIO 4acTHBIEC NPOHU3BOHBIE U CdCIaBMM CHCTEMY
y—=2x+1=0,
x—4y+10=0.

Haiigem w3 nepBoro ypasHerus y=2x—1 H noAcTaBuM BO BTOpOE:
X~=4(2x—1)+10=0,
y= 2x— la » I
Wi
x—8x+14=0,
y=2x—1, x=2, y=3.
3. HaiineM vacTHble NPOU3BEAEHWst BTOPOTO MOPSIKA:

p " " »
Zh=—2, zy,=1, z,,=—4.

Kax BuauM, 4YacTHBIC IIPOM3BOMHEIE’ BTOPOrO NOPSAKA  pPaBHDI
NOCTOSHHBIM BeJu4MHAM B oboH Touke, B.TOM MHCIE M B TOYKe
Py (2;3). Tostomy A=-2, B=1, C=-—4. [anee ‘Haxomum
AC—-B?*=(-2)(~4)—1=7>0. Cnenosatenbio, B Touke Py (2;3)
GyHXIMA MMeEeT MaKCHMYM

2(23)=2-3-22-2°3242410-3—8=8. @

.2. A6comornpni dxcTpemym ¢ynxmun, Teopema Beiiep-
mrpacca. Pacemorpum dymxummro z=f(x, y), 33 JaHHYIO
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Ha HekoTopoii obgactu D. Touka M Ha-
3BIBACTCS SHYympeHHell 048 o0baacmu D,
ecu M e D BMecTe C HEKOTOPOH CBOEH
okpectHoCcTEIO (puc. 101). Touka N Haswbl-
BaeTCs 2panuunoii 042 obaacmu D, ecin
B TIO0OH ee OKPECTHOCTH MMEIOTCS TOYUKH,
KaK TpyHaJUIeKaNme 00JacTh, Tak U He
‘nprHamexamye eif. Toukda N MoxeTt He Puc. 101
‘MpUHaIIIeXaTs 0baactu D. MHOXecTBO

BCEX TpaHMYHBIX TOYEK Ha3bBaerTcs rpanuued I

. Oupenenenue 1. Obaacmy D Hazvisaemca om-
Kpuimoti, ecau 6éce ee MOuKU — GHYMPEHHUE.

~ " Obaacme D, sxaougronas 2paHuunbie mouKy, HA3bIGA-
enca  3aMKHYmMOIl. ‘ :

Onpenenenue 2. Qbaacme HA3LIEACMCA 0ZPAHUYEH-
HOTI, ecAau OHA YECAUKOM COOePHCUMCA BHYMDU Kpyad
docmamouto 6oavuioz0 paouycaq.

Ounpenenenune 3. Haumenvuiee (Hauborvuiue) 3ua-
‘yenue yHkyuu 6 OaHHOU obaacmu nazvisaemca ab-
.COMOMHBIM - IKCPEMYMOM  PYHKYUU  ( COOMBEMCINGEHHO
A6COMOMMBIM  MUHUMYMOM UAU AOCOMOMHBIM MAKCUMY-
mMoMm) & 3moil obaacmu. .

Teopema Beiiepmrpacca . Eciu @dynkyusa ne-
NpEPLIBHA € O2PAHUYENHOU U 3AMKHYmMOL obadacmu, Mo
OHA docmuzdaem -6 IMOI 00AACHU CE0E20 HAUMEHLULEZO
U Haubobuiezo 3HAUEHU. ' :

ITo teopeme Beifepmirpacca B obnacru D Hadpercs ro
Kpaiineii mMepe omma Touka (X, Vo), B KOTOpO# (pyHKIms
uMeeT HamboJmbinee (HauMeHblce) #3- Beex 3Havenwmil. Ecm
TOYKA (Xg, Vo) JEKUT BHYTPH obsiact D, To B Hell QyHk-
U uMeeT abCoMOTHLIA. MakcuMyM (MuauMyM). Ho dyHxk-
st z=f(x, y) MoxeT mocrurar:, abCONOTHOTO SKCTPEMY-
Ma u Ha rpaHune obmgactu. [TosToMy misi HaxOXICHUSA
panboNbIuero - (HaWMEHBHIEro) - 3HavYeHAs  (QyHKIMH
z=f(x,y) B obmactu D HEOOXOIMMO HAWTH 3HAYCHMA
(YHKIIK B TPAaHUYHBIX TOYKAX ¥ CpAaBHUTH ux. Haubonwiuee
(HauMeHbIlee) W3 3TUX 3HAYCHYWN W sBIIETCH HAMOOJIBILIAM
(manMenpinmM) 3HaueHueM ¢GyHkmm Bo Beel obmactu D.

@ Ipumep 2. Paccmorpum [2] mpousBoncreenHyro (yHKUuIo
z=15,63x0372)0138 -~ (8.42)

'rne z—ypoxail KyKypysbl, I/ra; x—s3aTpaThl Ha ynobpenus, pyb/ra
(x>0); y—s3arpaTel Ha cemena, -py6/ra, (y>0). :

ITpu kak\x 3madeHusix x H y (GyHKIHUA FocTHraer ‘HaubGobulero
3Havens? : 4
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. . Pem¢nue. PaccMaTpusacMas GyHKINA ABJIACTCA NPOM3BEACHUEM

"mBYX cTemeHHbIX GyHxuui. OHa ZOCTHraeT MHHUMYMa, PaBHOTO HyJIO,
B Toukax P (0, y) u Q(x, 0), roe x u y — MoObIc NOJIOKUTENBHBIE YUCIIA,
M BO3PACTAET ¢ BO3PACTaHueM X U y. O MakcyMyMe 31eCh MOXKHO rOBOPUTH
TOJILKO TOTJA, KOTAA TIO YCIOBHSAM NPOU3BOACTBA HEOOXOMAMO YUHTLIBATE
DOTIOHUTENEHbIE orpasndenus. [TycTs 3T0 cyMMapHbIe 3aTPaThl B COTHAX
pyOJeii Ha npuodpeTeHne ypoOpeHuii W ceMsH, HapuUMep,

x+y 2. (8.4.3)

Takum oOpa3som, yuutweisas (8.3.3), aenaem BbIBOI[, 410 obnacty
onpeaé¢nenns Qynxuun (8.4.2) TPEYroNLHUK, 3aXaHHBIA HEPABCHCTBAMM
x>0, y>0, x+y<2. Han6onbmero 3HaueHnsd  (YHKOMS JOCTHTAET
Ha rpanuue obsdcth.

Berpazum u3 (8.4.3) y ‘lepe3 X B TIOACTABUM nonyqel-moe 3HA4YCHHE
B (8.4.2). Nmeem

2=15,63x %372 (2 x) %158,

Monyuena ¢ysxuus oxnmoil mepemennoit. Mccnenyem ee Ha 9KCTpe-
MyM

z,,_1563(0372x“°628(2 x)°158+0158(2 x)TOB () x 0372}
=15.63x0372 (2 — x) 0842 (0,372 =4 (2— x )~ 0,158).

Uz Toro, uro z'=0, umeem x=0 u 0372(2—x)—0,158=0, a ecan

zh=00, TO 2—x=0=x=2.

Tpu x=0 mmeem y=2, a npu x=2 nmeeM y=0. Haiizem
3HavYCHUA (QyHKIHH: :

0.

x=0= 0, 2z
y_'?

2z

x=2=
. y=0
B royxax (0;2) u (2; 0) yHxuus umeeT MUHHMYM.

M3 ypasnenns 0;372(2—x)—0,158x=0 wumeem 0,530x=0,744,
x=1,404. Torpa y=2—x=2-1,404=0,596.

Beruucnum 3Havenue GyHxkuuM z B TOuKe (1,404; 0 596):

Zlx= 1404—1563 14040 372.0,596%198 = 16,33.

»=0,596 9

WUtak,~z=0 upn x=0, z=16,33 upn x=1,404, z=0 mpn x=2.
Taxum obpazom, ¢yskmus npu x=1, 404, yhO 596 wumeer ab-
CONFOTHBIH MaKCHMYM. o

§ 8.5. TPUMEHEHUE TEOPUMN IKCTPEMYMA OYHKUUU
OAHOVI W ABYX HE3ABUCHMMbIX NEPEMEHHbDIX
K 3AAAYAM CENbCKOXO3AMCTBEHHOIO
NPOU3BOLACTBA

® 3amaua 1. PaccuuraTh, paiMepnr IMAMHADHYECKOFO Gaka Ans
. BOJOHANIOpHON 6aluHM NpU YCNIOBHH, COCTOSINEM B TOM, 4YTOGHI npH
33 aHBOM NONHOH 1Towa % nosepxBocTi S ero oGbeM Obi HaNGoIbIIIM.
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Pewenue. OGo3HAYHM pap;uyc OCHOBAHMH UMIHHADE 4epe3 R,
a Bmcory*h (puc 102). Torma ero obwbeMm pase

V=nR2h. ‘ . 8.5.1)
I/Ia TOrO, YTO T[OJHAA ~ILIOWAAh TOBEPXHOCTH = §=27R 2 4 2nRhA,
$—2nR?
cneuyeT 4TO h———-?%— HOD,CTaBP[M 3HayeHue h B (8.5, 1) Nmeem
18
§S-2nR* SR—-2nR*" = 1 :
V=nR? = . V'==(5S—6nR?2).
2nR 2 2>( )

Heobxoaumoe: ycnoBue dKCTPpEMyMa HaeT S~-6TcR2 umt R=./S/6m.
Bropas npousBoguas V= —6nR<0. Cnenosarenbﬂo Hpu R=./§/6m
QyHKUMSE HUMEET MAKCHMyM.

" Haitpem h. Hwmeem

2
=5
3

S—2n(S/6n)
= = =2,/ S/6m.
2n./Sj6r . 2m./S/6n o

Taxum obpasom, Oak HuaMHAPWuecKOU (OpPMBI UPKH 3aNAHHOM
MOJIHOM MJIOWIAZM NOBEPXHOCTH WMeeT HamOonbumit obbem, ecau
[UMaMeTp OcHOBaHUA 2R paBeH €ro BhICOTE h. @

@ 3anaua 2, OnpelennTh pa3Meps! IWICHOYHOM TEILTHIBL C MPSIMQ-
YrONbHBIM OCHOBAaHHEM Tak, 4ToOb ec 0ObeM Obl1 HaubombLIMM,
€CH OHA NOJDKHA HMEThb BHA, U30OpaKeHHBIH Ha puc. 103, a.romans
[TOBEPXHOCTH paBHA S.

Pemenue. O6o3HAYMM pa3Mepbl OCHOBAHHA 4eped X H
a BelcoTy uepes h. Torpa

xx L ox?
= h ——
(x +62) (xh—i—lz)

Bocrionp3yemes TeM, 4TO IUIOMAML MOBEPXHOCTH BCEX CTEHOK, KPbIUM
# JBYX «(DpOHTOHOB» paBHa

b
S=2xh+2yh.+2§;+€x~/10y‘=

zxy\/——

6

=2h{x+y)+ (8.52)

Haiipem BbicoTy h ® moactakum B (8.5.2).
Vimeem

h_S—xz/é—xy.,/ 10/3

2(x+y)

(8.5.3)

- Torma



S—x%/6—xy./10/3 x*\"
V=<x x2/6—xy /+X_)><

2(x+y) 12
¥ 6xyS—2x2y*. /1 +xy
b X Y=
12(x+y)
h . 6xyS +x2y(1—2.,/10)
- 12(x+y) '
x HaiiieM 4YacTHBIE - IPOU3BOHBIE
) Vi u V), u npupaBHSEM HX HYJIO.
Puc. 103 oo s

3anumem CIIenaCcrBue:

{65)»2_—4)@3~ /104 2xy® +x2y? (1-2,/10)=0,
6Sx%—4yx®/10+2x3y + x2p2(1-2.,/10)=
BTopoe YPaBHCHUC nonyq_ae'rcsx #U3 NEPBOTY, €CIM B HEM 3aMEHHTH

Yy Ha X, a x Ha y, U3 3TOTO CHeAyeT, YTO Xx=Yy. YuHuThiBas 3TOT
¢daxr, neppoe M3 ypasHeHHH M3 (8.5.4) MOXHO 3amucaTh B BUIE

6Sx% —4x* /104+2x*+ x*{1-2./10)=0,
3x2(28—-2x2,/10+x%)=0.

TIpupaBanBaeM Kaxibii M3 COMHOXMTENEH Hymo. Vimeem x2=0,
OTKYAa HaxomuM: - Xy ,=0. Ilo cmbicmy 3amauw 3TH - 3HAUEHHS He
MOTYT CHyXUTh PEHICHHAMH CHCTEMbL. Bropyro mapy pemen#i

(8.5.4)

unu

ToydaeM u3 YDaBHEHHSA ZS 2x% . S 10+x2=0, OTKyHa
x2(2./10——1)=2S, x=% [————. Tax xak, x>0, TO
i 2. /10—=1

28

X= ————, YUHTBHIBAi, YTO X=y, NoJay4dacm
2./10-1 ,
25 :
= f—— (8.5.5)

. _y 2/10-1

Tlpunumas 1@6 pauManue (8.5.3) n~(8.5.5),'* HAXOHMM

25 28 ‘ . ~_
S ~2 J10 :
2/10-1 2/10"  8(/10-1)/2,/T0-1
( 28 ) 3./25(2/10-1)
122 [—=—} ,
' 2./10-1 o

Yrobu yBemuTbCA B  TOM, UTO IpU HAUMEHHBIX 3HAYECHUAX
X M y obbeM MaKCHMaJeH, Heonommo NPOBEPHUTE - BLINOJHCHHAC
MOCTATOUHBIX YCIOBUIA ‘
4% /104+1285y2 —2y* 2y*(2/10~ 1)+ 128y?
12(x+y)? - 12(x+y)3

"
Vxx= -

>
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ax*/10+128x? —2x*  2x*(2/10—1)+ 128x?

V/I = - — s
. 12(x+y)? 12{x+y)?
- _2x*(6S—(24/10—1)5x*)
T 12(x+y)*

Onst  waxoxnmenus - Vi, Vi, m VY, mnpumem o6o3nauenne
2./10—1=a% ViMmeem ‘ o

2
A=Vl =_2(~2%)_a2+‘lzsz;§=_'23”
Rl P 25 /28 3./25
| 122753 ,
228 5-28 6S*
B=Vlv‘ @ <68—a2 a? >= J,é’z __se .
~ smyeVBE 28425 #8525 328
- a? a. a® ‘ :
c=v1, | . 28a ,
- Vhemy=vasia 3 /28
4C_prStal_a’S? 3a’S? a’S

e =2250.
925 &S 188 6

B pesyastate mveeM: A <0, AC—B?>0, cnefoBaTesbHO, DyHKIHS

I'/' V(x, y) B Touxe ( \/ 25 \/ 25 ) HMEET MaK
=V{x,y) s T , M CAMYM.
2,/10~1 2/10—-1

. 2-48 : )
Ilycts, manpuMep, S=48 m*. Torma x= | =3 =./18 =424 (m),
y=424(), ’

_48(3,06—1),/532 48-2,1€:2,31 240
T 3/2.48532 ° 3°98:532 1565

h

=1,53 (m).

TakaM 0GpasoM, MAaKCHMATbLHEIH OGHEM TEIIMIB! B . yCTOBHAX
‘mamHOM  3amaum  obecmeuymBaeTcs. WPH ~ COOTHOLICHHM . CTODOH
4,24:4,24:1,53, w, upubmmsurensuo, 2:2:0,7. )

"MoxHO mokasaTh, 4TO €CJd JeNlaTh NOJOOHBIE pacueThl AAf
TEIUTHUBI C IUIOCKOH KpbIuled, TO COOTHOINCHME u3MeHHWTCH u OymeT
mvers Bua 2:2:1. Hedicteutensuo, S=2xhi+2yh+xpy, oTKyma

S—xy
h= . 8.5.6
ty) 6.56)
Torma . ) N
o S—xy Sy?—x2y?—2xy?
V=xyh=xy . Vi= RY) )
_ 2(x+y) 4(x+y)
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Sxlx?y?—2yx3
4{x+y)?
Heobxomumeie YCTOBHS 3KCTPEMyMa JaloT
‘ [ Sx2—x?p?2yx3=0,

{Syz—xzyz—fo:O.

V,=

=

Bropoe ypaBHeHHE MOXHO NONYYHTL M3 MEPBOIO, €CIHH 3aMEHUTD
B HEM X HA y, a y Ha X, nostomy x=y. Iloacrasum B mneppoe
ypaBHerue y=yx. Wieem :

Sx?—x*—2x*=0«Sx2 - 3x*=0.
Pemennem, yAOBIETBOPAIOLMM YCIOBHIO 3afiaud, ABJSeTcs x=./S/3.
Torna y=./S/3. Beicory Temmmnsl Hafimem u3 ycious (8.5.6):
’ ,5
S WAYEINAYE ~/S/ 1
2(V/S/3+4/5/3) 4«/5/ 2 2

TMpu ToO# x¢ mnOmWAIN noaepxnocm TewmueEl S= 48 M? pasmeprl
TakoBbl: 4X4%x2 (M). @

S/3.

® 3aua‘la 3. l'lycn, npubeins I1 Xo3siicTBa 0T BO3AenbiBaHus 1 ra
Kykypy3er onpeaensrca* dopmynoi

H=My—x,—x,—k, I (8.5.7)

rae’ x; —s3arparsi Ha ynobpenus, py6/ra, X;~—3aTpaThl Ha cémeﬂa,
py6/ra y—ypoxaiinocTs (1/ra), ompemensemas u3 COOTHOWICHHUS!

= 15 63x0 3’72 (2)158

rie M—muerHa 1 kyxypysm, k —TOCTOSIHHEIC 3ATPATEI, HE IABUCSIIC
O Xy U X,. .
Heobxomumo HaliTH Te 3HA¥EHMS X; M X, TIPH XOTOPHIX NpubbuIL
makcumanbHa. HeoOxoaumele ycnoBust 3KCTpeMyMa HaxoT
oIl dy . oM oy
—=M =

-1, ——=M-1,

oxy . 0xp . x4 0%,

TIpupaBEHMBas yacTHBIC TPOM3BORHBIE HYNIO, 00pasyeM cCHCTeMY

dy 1 "

(7x1 M’ )
1 (8.5.8)
0x2 M

l7) 0 .
Haiinem ‘—?—Ji u 5)1- n3 dynxumy y=15,63x9372x$1%® i noscraBum
' X1 X2 . .

px B (8.5.8). B pesymsrare nOIyunM

* Jamaua yCIOBHAS.

200



15,63+ 0,372x91%°

0,628 - 3
xy M
15,63+ 0,158x937% 1 (8.5.9)

O6a uwpcanrens B JIEBOM UacTH paBeHCTB JOMONHHM JAO J, ANd ¥ero
YMHOXHM H pa3felnM JCBYI0 vacTh MEPBOFO M3 YPABHCHMH Ha

x93"2, a sroporo—mua x2'°%. B pesynerate nosyuum
: i
Lo372=—, .
X1 M
' 1
2 0,158=—.
Xa M

Otxkyma cneayer, 4ro Xx;==2,35x,. IloxcraBum 3T10 ‘3Hauenne
B (8.5.9), umeem
15,63 0372x°158_1

(2,35x,)%8 M
15,63 0,158(2,35x,)%%"2 1

s

x(z),842 M’
WA
%:—:L%, 2,47(2,35)0’372x2_°’47°=$.’
W3 sroro ‘coornomenns’ cieayer, YToO
' 2,47-2,35%37283,4 x3470=34M
i X, =347 M2 =135M 3 3, =2 35x,=2,35+ 13, 5M213

._3] 8 Mz 13

. Wrax, zaTpaThl Ha ynoOpeHMa W Ha CEMCHA 3aBHUCAT OT HEHBI
1 0 KyKypys3hl, HO TIpH' 3TOM 3aTpaTel Ha ynoﬁpe}mx B 2,35 pasa
Gonbuie 3aTpaT Ha CceMcHA. @ :

© 3agavya 4. TTon xakuM yriuoM o cienyer cOHTbL TpH ONMHAKOBBIC
MOEKH, YTOOBI NOJYYUTh NOHUAKY Hanbojbiueit BMeCTHMOCTH?

Pewrenue. HauGombiuyro . BMECTHMOCTB - 6yneT HMeTh.  XKEnob
'c RarboNpImKUM HonepeyHbM cevenzem. [lonepeunoe cevenue xenoba —
paBroGouHast  Tpamenus. Ipumem, - 9TO IUPHHA HOCKH
AB=BC=CD=a; [ BAD=x (puc. 104), Torma BBICOTA Tpamenuu
BE=asinx, ee Gompmee ocuoBanue AD=a+2acosx. Iloaromy
HjlouiaAp Tpaneuun

Puc. 104
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S(x)=a?{1+cos x)sin x, 0<x<g.

Viccnenyem S(x) ma skcrpemym. Hmeem
S’(x) (1+cosx)(2cosx—1)
cosx——1<¢x1_1t 2COSX—1<$X n/3.

Yucio m He BXOZUT B 06JacTh ,zxonycmmmx sHayenudl. [puHEMa-

"\ _ g2 S(z) ENEP

eM x=n/3. Jdanee naxomum: S(0)=0; S 3
" CrenosaTenbho, fipy x=7/3 miowans S(x) mmeer HaHGOJ'ILLUeC

3Hayenne, Mrak, )
a=n—n/3=2r/3=120°

. ‘ T
Yrtobsl B oTOM ybemurhes BeivucauM S”7| — }. WUmeem
y 3

S"(x)=az(~5iﬁx)(2605x—1)+d2(—25inx(1+cosx)=
=qz(sinx-—2cosx sinx—2sinx—25inxcosx)=

=a*(—sinx—2sin2x),
. ’ 3
S"(;):a (—51n§—251n ;)—— f 2<0. @

@® 3anaua 5. Jlns 15 OTKOPMO4YHBEIX COBXO30B HEKOTOPOIi  06iacTh
934 noJyYeHa NPOU3BOLCTBEHHAS dyuxuus flx)=
=199,2+67,6x+0,14x2, raue Sf{x)—3aTpaTel Ha OTKOpM CBHHEH,
Thic. py6., X— BanoBoi mpmsec, Thie. . HallTm MUHMMAaTbHYIO Ce-

6ecTOMMOCTh ' 1 1T CBHHMHEL
Pemenue. CocraBUM ' QyHKIHIO ceﬁecromwocm

199,2
=f_—( =————+67 6+0 14x.
HaﬁneM NPOA3BOAHYIO
iy 199 2
199,2

S§"=0=0,14=
x

©x?=14228ex=./1422,8237,7.
OGmre 3aTpaTsl Ha NPOM3BOACTBO CBUHAHEL
f(37,7)= 199,21+ 67,6 -37,7+ 37,72 -0,14=2946,7 (tBiC. PY6.)

" OmuH HEeHTHED. CBHHHHBL cToMT 2946,7/37,7=78,16 py6.
IIposepnm, ABNAETCA JIH NIPH HAHHOM X €eGECTOMMOCTh MUHHMAJb-

HOH. Jlng 3TOro Hal/ieM BTODYIO NPOU3IBOIAHYIO
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1992 © 21992 3984
S ={ ~ 10,14 ) =2—20

= =i >0,
xz x3 x3. o

S">0, cnezxdaajenbno, S Hmeet MHHHMYM IIpH x=78,16.
§ 8 6. BblBO.D.bl

"B . 8 moKasaHO, Kak C IOMOIIBIO HOHATHS (YHK-
MY HECKOJIPKHX NEPEMEHHBIX MOXHO pelaTh YHCTO
IpaKTHYeckue 3a1ayu. OYHKIHS MHOTHX IEPEMEHHBIX —
3TO COOTBETCTBHE MEXIY YHOPAIOYEHHBIM HABGOPOM
quceN - ¢ OMHOM CTOPOHBI, -~ W ONHHM  YHCJIOM —C
- mpyroit. T'padmkoMm (yHKOHMA [ABYX TIEpeMEHHBIX B CH-
creMe KOOpIMHAT Oxy ABJIAETCA HEKOTOpAas TMOBEPX-
HOCTb.
 Yacrnoe npupainenue Gyskuun z=f(x, y)—aTo npu-
pamzenue (GYHKIMM, BLI3BAHHOE W3MEHEHMEM TOJBKO
OITHOU HE3aBHCUMOM nepeMeHHoﬁ, T. €. Apyras nepeMeH-
Hasl OCTaeTcs MOCTOSHHOM.. _

. YactHo# mnpoussomHOdl GyHKNUM z~f (x, y) mo xa-
KoMy-mubo OAHOMY W3 ee ApTyMEHTOB HazhiBaeTCs
mpeen OTHOIIEHWS COOTBETCTBYIOLIETO YACTHOTO IIPH-
patileHus (YHKUMH K . BRI3BABIIEMY €ro IpHUpaIleHUIO
apryMeTa, KOTJa MOCTeaHee MPOU3BOJBHO CTPEMHUTCA
K HyJO.

K TOHATHIO 3KCTpeMyMa cpymcmvm IIpHBOII;HT ‘3a1a4a
oNpeesicHAs  pa3MepoB  NapalUleslenunena 3aJaHHOIO
obvemMa V. mpHU YCJIOBHH, COCTOJIIEM B TOM, YTOOBI
IJIOIIA b OCHOBAaHHs W OOKOEBIX rpaHeil Oblia HaUMEHB-
meil. 3amada MMeeT HPHIIOXKEHHE.

HanGonbuiee  (AamMeHspliiee) . 3HAYCHHE (bymcmm
MOXET TpPAHAMATL KaK BO 'BHYTPEHHEH TOYKe, TdK
u Ha TpaHuHume oOjacty copeneneHus. B mpoctel-
IHX Ccydasx, Korja Haubospiiee (HaumMeHbILEE) 3HA-
uyeHMe (PyHKIMA TPUHEMAET HA TpAHANE, 3amada. CBO-
JATCS X onpeneneﬂmo 3K0Tpemyma GbysKITHM  OnHOMH
epeMeHHOI. i

PaccMoTpens!  npumepst HpI/IMeHCHI/ISI TEOPUH -3KCT-
peMyMa K 3afadaM CelbCKOXO3AHCTBEHHOTO HPOU3BOA-
CTBa:. 3a/la49a pacueTa pasMepoB IMIMHApHICCKOro Gaka
CIiIs  BOMOHANOPHO#H OalllHM W[pu  yCJIIOBMM, 4TO IUIO-
. Manb MOBEPXHOCTH 3afaHa; 3aladya o0 ompeaeicHUH
pasMepoB IUIEHOYHOMW TaOMUIBI, 3amava O HamOoJbIIeH
OpulbBUIH X0351CTBa OT BO3JE/IBIBAHUS KYKYpPY3bl; 3a/1a4a
HaxOXIEHUS MHUHHMyMa CeOECTOMMOCTH €IUHHIBI HpO-
IYKIUH, ) ' ’
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BONPOCHLI ANA CAMONPOBEPKW

1. Uto Ha3swmBaeTcs ¢PyHKIMCH nsyx HE3aBHCUMBIX nepemeﬂnmx
obnacreio onpeaencHus QyHKUnU?

2. B 4eM ' COCTOHT TeOMETPHYECKMH CMBICH q)ymcu[m HBYX
nepeMeHHEIX? ' -

3. Yro HasbBAETCA YaCTHOH NMPON3BOMHONW (PYHKUHM ABYX HEPEMEH-
uHbix? Kakos ee reomerpudeckuit cmurcn?

4, Halite OoupeneneHUe HACTHBIX IPOU3BOJAHBLIX BTOPOro MOpAAKA,

5. Uro .Takoe 3KCTpeMyM (QYHKIHH JIBYX HEPEMCHHEIX?

6. Chopmymupyiite HECOOXOAUMBIC YCIOBHA CYUIECTBOBAHUS IKCT-
peMyMa (QYHKIUH [BYX NEPCMEHHBIX. .

7. Kaxue TOUKM HA3LIBAIOTCS KPUTHUCCKHMM, KaK OHH Haxoaarca?

8. Chopmymupyiite HOCTATOUHBIE YCROBHS BKCTpCMyMa hysKImn
JBYX TNEPEMCHHBIX.

YMPAXHEHUA VI 3A,EI,ALIIA

1 HalauTe wacTHble 3HAHEHMS d)ymcmm
2x . . .
D flx, p)=———== . B TOuKe P(53); 2eoxyz)=
2 g ’
XY Y rowe P(I; —1; 99).
X2tz
2, Haidiaure obnactu onpeneneHus GyHKumii:
x+1

D z=x+y=1; 2)f(x }')=—2—+7;

3. Hajimute nepBble HacTHbIE npomBonHme HO X H MO y OT
cneayrommx . hyHKUUiL:

X
Dr=x?yi  Dz=e”;  Yr=x’tyh D=

x“+y
. 1.
5) z=0;425-2,93x+6y—28,9y2; 6) z=6x2y-—8xy5—l8x+lly—~i;

=3x+lg

3) z=x?4y2.

7) z”=xz’~|-'xy-(~y2 B Touke P(1; 2); 8) z#xy; 9) z=.—x— B TOuKe 0, n/2).
] sin y

]

. 4. ByHkep-mapajefenines 3anojiHeH 3epHOM. Bobipasure 06b-
em OyHkepa Xak (YHKUMIO €rO OCHOBAHWE H . BBICOTHI, BhIuHCIUTE
MacTHOE 3Ha4eHHE QYHKIMH npu x =125, y=275, h=200 cM. Beruucnure
Maccy 3epHa, ecam 1 m® 3epHa umeer Maccy 800 kr.

5. 3 Bcex NpAMOYroJbHBIX NApa/UICNCHUNE0B, HMEIOUWMX JaH-
HYIO Harosans /, Haimure pasMephbl TAKOTO mapauienenuneaa, oonem
KOTOpOro Obut OB HAMOOALLINM.

6. Paccunraiite Takue pasMepbl 3aprn‘oro Gaxa mumMHApHYECKOit
$hopMBI I BOAOHANOPHOH OAlIHH >XMBOTHOBOJYECKOrO KOMILIEKCA,
4TobGsl TpU 3amaHHOM obbeme V=8n M Ha ero msrotomicHHE ObIIO
U3PACXOAOBAHO HAMMEHBILEE KOJMYECTBO MaTepHalia.



DYHKUUS ABYX NMEPEMEHHBIX . .-
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2= fx, 5)

’

YacrHeie W NonNoe HPHPALGEHHS
A= Flxg + Bx yo) - fixe, %)
Ay = Hxy yot 8¥)-1xo %)
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e

Xg Yo — XPUTHUECKAA TOYKA

A= (@ des ag B= @ de ey
EA/IN 7= 5

€= @peen } FA=ac-p?

yeh

A >0 A>0& 2(xg y) = min Z

A>0 A<0ED 2(x yp) =max 2

A < 0> 3kcTpeMyma Het

4 =0 & weanpenencunmit ciysai

Z,(%g, ¥p) = 0 unu me cywecrsyer
~ &y(x o) = 0 mnu jre cymecrnyer
" Xg, Yo~ KpWTHYECKan TGuKa




Fnaea 9

HeonpepenexHbiit
M onpepeneHHbll MHTErpanb

B sToil r1aBe u3naraercss BTOPOE OCHOBHOE TIOHSTHUE
MaTeMaTHYeCKOro aHauu3a — IOHATHE HHTerpaia. B ucro-
PHE pa3BUTHS MaTEMaTHKU K IOHSTHIO HHTErpasia MprBesa
3a/laya BBRIYHCIICHUS IIPEHENIOB CyMM OECKOHEYHO MAJIbIX
BEJIYMH, KOTAA YUCIIO CIAracMbIX HEOTPAHHYCHHO BO3pa-
craer. B cBA3HM C TPYIHOCTSME BHIMHCIICHUHA, BO3HHAKABILIH-
MH IIPH ‘3TOM, HEOOXOOMMO ObLIO HAUTU eNHHBIA METOM
OTIpelleNicHns TpeJeNioB TaKMX CyMM. Brociexcrsun
MOHSATHE WHTErpajla pa3BUBAJIOCh ¥ COBEPIIEHCTBOBAJIOCH
KaK HMHCTPYMEHT NO3HAHWUS OKPYXAFOUIETO MHUPA.

Kax onpenenuts IUIOMank IUIOCKOH QHIYphI mpPOU3-
BOJILHOM (opmel,” BesmumHy - paboTHL,. coBepuiacMoH
HNEPEMEHHOH CHJIOW, KONMYECTBO BEUIECTBA, BCTYIHBIIETO
B XUMMYECKYIO peaknuio, o0beM Tena, HOTEPIO TEILIOTHE
TP - OXJIAXKAEHUH Tena? DTH ¥ MHOTHE IpYyrue 3ajgadu
MOXHO ' PEIIUTh C TOMOIIBIO HHTETpasa.

’§ 91. nEPBOOSPA3HAH' OYHKUMA
N HEOMPEAENEHHDbLIA WHTEMPAS.
I'EOMETPM‘-IECKOE VICTOJ'IKOBAHI/IE

B rn 8 6nuto HpI/IBeJICHO HpaBHJ’IO COTJIACHO- KO-
TOPOMY 1O 3aJaHHOH (YHKIMA MOXHO HaiiThH ce
npomssofiHyto. PaccmoTpmm jefictBue, obpaTHOe [eii-

CTBUIO HAXOXJACHHUS TPOU3BOMHOIL. »
' Onpenenenue. Jupdepenyupyeman gyrxyun F(x)
HA3bI6AENCA NEPBOOOPA3ZHOT NO OMHOWEHUI K- ByHKYyuu
f ()2) Ha fzelc)omopOM unmepease (a, b), ecau npu xe(a, b)
F'{x)=f1{(x). :

anpuMep, sl QyHkan f (x)=2x neproobpasnoii
apnsiercs Qynkumsa F(x)=x% tax xak F'(x)=(x2)=
=2x=f (x) mna mobeix x; min Gysxmum f(x)=sinx
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nepsoobpasnoil  ciyxur GyHKmus F (x)= —CosX, Tak
kak F'(x)=(—cosx) =sinx=f(x), xeR.

Bo3HHKAIOT Clleayromue TPU BOIPOCA.

1) Cymecrsyer mu nepBoobOpasHas i JaHHONH QyH-
- KIMW, WJIH HEeT? ‘

~2) Ecimm  cymiecTByeT, TO CKOJIBKO HepB006pa3HI>IX
MOXET HMETh JanHast GyHKims?

3) Kak maiitd 21 nepsoobpasusie?
~ OTBeT Ha NEPBBIHA BOMPOC JAeT CISAYIOIIas TeopeMa.

Teopema. Ecau gynxyus f(x) HenpepuIsHa Ha [a, b],
mo oHa umeem Nepeoobpasuyio.

Jlns Toro 49TtoOBl OTBETUTH Ha BTOpOI/I BOTIPOC,
IpUBEEM eIl [BE TECOPEMBL.

Teopema 1. Ecau F(x )———nepeoo6pa3naﬂ oaa Pyn-
kyuu f(x) na unmepsase (a, b), mo F(x)+C—makoce
nepsoobpasnas, 20e C-—npouseoavHas NOCMOAHHAA.

JoxaszatenncTro. Ilo yenosmo, F'(x)=f(x), HO
(Flx)+C)=F'(x)+C'=f(x)+0=f(x); mooTomy F(x)+
+ C — nepBoobpaszHas Aot F(x). TeopeMa AoKa3aHa.

Hanpumep, pyaxuua x2+1, x*—6, x2+ C apasiores
nepBooOpasHbIME st f (x )=2x.

Teopema 2. Ecau Fy(x) u F,(x)— dse nepsoobpas-
note dan f(x) na (a, b), mo Fi(x)=F,(x)=C na (a, b),
2de C——nocmo;mnoe caazaemoe, KOHKpEmMHOe OAA KANC-
doii_naper. Fy(x) u Fy(x). _

' Hoxasartenbcrso. Ilycts Fi(x)=Fy(x )wHeKo-
Topas (byHK s 0T X. Han/:[eM €¢ - HPOUBBOJIHYIO:
[Fy () Fa (x) /= F4 (x)~ Fy (¥) =/ (x)—/(x)=0. Mox.
HO TOKa3aTh, 4YTO €CJIH ‘(.J[)YHKIII/ISI umMeeT Ha -(a, b)
nponaBonHy}o, paBHYIO -HyJIHO, TO OHAa TOCTOsHHA Ha
(a, b). ITosToOMy. MOXKHO VTEECPKIAaTh, YTO BBIpaXXcHUE
F(x)+C, rme F(x)—HexoTopas mnEpBOOGpa3Has s~
f (x), a C—Tpou3BObHAS TMOCTONHHAL, ONpeAe/sIeT BCe
nepBooOpasubie: IS TaHHOH ~QyHKIMH.

Oupenenenue. Obwee guipancerue F (X')—I—C MHO-
Jicecmea  gcex  nepoobpasHblX  PyHKYUil  04A  OAHHOU
pyuxyuu f (x) Hasvisaemcsa neonpedesenrvim unmezpasom
om f(x) u obosnauaemca |f(x)dx, T.e.

[f(x)dx=F(x)+C, . (©9.1.1)
rae f(x)—moapmTerpansHas * pynkmus, f (x)dx —mon-
BIHTETPANIbHOE BBIPAXKEHNE, |— 3HaK HEOIPEIEICHHOrO
MHTErpana, Xx—IepeMeHHAs HHTEIPUPOBAHUS.
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Onpenenenune. Onepayusn Ha-
“XOMCOeHUA - Nepsoobpasnoi  no  3a-
OanHoili npou3eooHol umu Ougipepen-
yuaty GyHKyuu HA3bLIGAEMCA unmes-
puposaruem.

UnTerpupoBanue — aelicTBUeE,
obparHoe nudhepeHIpoBaHTIO,
M ero MOXHO mnpoBeputs aude-
-0 PEHUHPOBAHUEM.

Puc. 105° - OTBeT Ha TpeTHii BONpPOC CO-
CTaBHUT COIEpIKaHUE -NOCICIYIONIEero

=y

N3JIOKEHUS. :
T'ecomerputieckuii. cMBICST HeoNpeAeJEHHOTO WHTErpajia.
Ilycre maH HeompedeneHHBIE HHTErpan

[f(x)dx=F(x)+C.

- ITpunaBas mpOW3BOJBHON MOCTOSIHHON KOHKPETHBIC
yuciosble 3Havenus C;, C,, C;, ..., C,, HOJyduM Cie-
JYIOIUe YHKOMHA OAHOH  HE3aBHCUMON  mepemMeH-
Holt: y; =F (x)+Cy, ¥, =F(x)+C,, y3=F(x)+C;, ..., ya=
=F(x)+C,. B cucreme xoopaunat Oxy rpadux kaxmoi
U3 (QyHKIMHA OpeAcTaBiAsSeT €000l IUIOCKYIO KPHBYIO.
Bece rpadukn, Ha3LIBACMBIE UHIMEZPAABHBIMU KDUBLLMUL,
CABHHYTHI OPYT OTHOCHTENBHO  Apyra B HAIIPABJICHUH,
napaiensHoM ocu Oy (puc. 105).

Brigoo. Heomnpeneneunslit uHTErpas [ flx ( Jdx B cn-
creme. Oxy HPEACTAaBIACT CEMEHCTBO IUIOCKHX KPUBBIX, '
CMELIEHHBIX APYT OTHOCHTENLHO Apyra BJIOJL ocu Oy,

"~ Ecyim w3 3TOrO CeMEHCTBA XOTHT BBIOCIAHTL OJIHY
KpHBYIO, TO 3apadee 3a[ar0T HadajbHOoe yciosme. Ha-
IpUMep, HEOOXOJWMO BBIOPATH Taxkylo W3 KPHBBLIX (/A
TY HepBOoOOpAa3HYIO), KOTOpAas NPOXOJHUT Yepe3 TOUYKY
"My (%o, yo). VcioBue y=y; UpE X=X, Ha3bIBAIOT
HAYAALHBIM. ' . o

® Dpavep. Haittu neppoobpasiyro mis Qyskumm [ (x)=2x,
rpaguk KOTOpOK UPOXOAUT uepe3d TOUKY Mo (2; 3). :
- " 'Pemenue. Hckoman nepi;ooGpaaHan s f (x);——Zx COACPIKUTCS.
cpead MHOXeCTBA (yHKIMI

i

y=x*+C. - 9.1

Ornpenensem HpOPI3BOHI>HyIO HOCTOHHHyIO C 1o HaYanbHOMY ycnoamo
Nz (9.1.2) nonyunm C=y-—x?. Tloncramnss 3maueHMe x=2, y=3,
nonyyaeM C=3-—4=-1.

" Takmm o6pasoM, y=x2—1. Jlgnus, - onpesesnsemMas ypaBHEHUEM
y=x%—1, npoxogar w€epes TOUKY Mo{(2; 3). @
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§ 9.2. CBOMCTBA HEONPEAENEHHONO UHTErMPAMA.
: TABAULLA WUHTENPANOB :

10 Hugﬁg?epeuuua/t oM HeonpeOeAeHHO20 . uumeepaﬂa’
~ paseH NOObIHMEZPAALHOMY  BbIPUNCEHUO.

DTO CBOMCTBO BBITEKAET U3 ONMPEHAEIICHNUS BeonpeaeseH-
woro uATerpana. Ecam mamo, uro { f(x)dx=F(x)+C, 1o

(] () dx)=d (£(x)+C),

d(F(x)+C)=(F'(x)+C")dx=f(x)dx, T.e.
d([f(x)dx)=f(x)dx ©2.1)

Hanpumep, dfx*dx=x?dx; djcosxdx cos xdx.

Csoiicteo 1°° xpaTko q)opMmepyeTcs{ TakK: 3HAKU
Ouppeperyuasa u uHMezpaia, NOCMAGAEHHbIE PAOOM,
63QUMHO  YHUUMONCAIOMCA. :

Caencrsue, IIpoussodnas om ueonpedeseHno2op ur-
mezpaia - pagHa NOObIHME2PANbHOU gﬁymcuuu

Heitcrsutensno, ecmd | f(x)dx=F(x)+C u F’ (x)

=f(x), To
(§/(x)dx) =(F(x)+C) =F (x)+C'=
- =f(x), T. e | (9.2.2)
(Jf G )ax) =£(x). (9.2.3)

2°. Humezpan om ougpheperyuana Gyrkyuu pagen smoii
PYHKYUU, CAONCEHHOU C NPOU3EOALHOU NOCMOAHHOM, M. e.

fdF(x)=F(x)+C. 9.2.4)
HoxazatenbctBo. Wmeem dF(x)=F'(x)dx=
=f(x)dx: no omnpenenennro (9 L.1),

JdF(x)=]/(x)dr=F(x)+C.

Hanpnmep, jd(cosx) cosx+C u [dx=x+C.
3 HHocmosinwtli MHOMCUMEAD MOMCHO BBIHOCUMb 30
3HAK uHmezpaia, m. e. umeem Mecmo paeencmeo

[af(x)dx=aff(x)dx, a0.

- JoxkasartenbctBo. Halimem muddepennmanet ot
obeux wacTedl sTOrO paseHcrsa. MmeeM

| (f af (x) dx)=af (x) dx
(@ff(x)dx)=(a[f(x)dx)'dx= af( ydx. (9.2.5)

Parenctso. {af ( )dx aff(x )dx CHPaBeUTUBO C TOY-
HOCTBIO [0 NOCTOSIHHOTO CHaraeMoro.

HO .-
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4°. Mycmw. gyuxyuu fi(x) u fo(x) umerom nepeoob-
pasuvte. Toeda dyuxyua fi(x ifz( MaKsce umeem
nepsoobpasHyo, Npu IMOM :

T/ (x) 2 ()] de =1 () e £ 72 () s

CBOHCTBO mpoBepseTcd IH(PepeHUUpOBAHIEM,

Tabnuua ocHOBHBIX ¢opMyJT HHTerpupoBauns. [lis
TOr0 4TOOBl OBJAJETH METOAAMH BHLIMUC/IECHHA HEOII-
PEIeJICHHBIX MHTEIPaloB, HEOGXOMMMO 3HATH OCHOBHBIE
GhOpMYJILI  MHTETPUPOBAHU,
" Ilycte HeoOXoammMo HaWTH MHTErpa [x*dx. Pac-
cMorpuM  yaxmmro  x%TY o —1, HaymeM ee mud-
depennpan

d{x**1)=(a+1) x*dx.
BrrumcmuM HeonpeneneHHBI MHTErpai oT obenx uacreit
fa(x*")=[(a+ 1) x dx=(a+1) [x*dx.
Ha OCHOBAHMH CBOJCTBa (9.2.4) mony4aem

x4 Cy=(o+ 1) | x*dx,
- OTKyJa ' ‘

u+1 C
fx“dx——i—i.
+1

C
OGo3HaunB —+‘—1=C, 3aIHLIEM
¢

u+1
Jx“dx— +C.

Ora dopmyna, kKak ObUIO OTMEUEHO BLIIIIC crIpaBeInBa
s Jiro6oro AeHCTBUTENBHOIO YUCHA o, KpoMme o= —1.
Hpr o=~1 ¢opmyna Tepser cmuica: B atoMm ciayuae
PaccMOTPUAM HMHTErpas

_ d .
jx lde=|Z,

dx

d(lnx)=x,

Tax xax

TO MOXHO 3aIUcaTh v
dc .
Z=d(inx+C).
x ,
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BosbmeM mHTErpanst oT o0eHX 4YacTeil 3Toro paBeHCTBA.
VuureBaa (9.2.4), mosyvnm

Jﬁ_lkan»+c)1nx+c.
X

JUtg Toro 9ro0nl yOpOCTHTH NEHCTBUAE MHTETPHPOBA-
HUsI, COCTABISIOT TAOJHIy OCHOBHBIX (GOPMYJ  HHTEr-
puposanus. Huxe npuseneHa Ttabympma w3 10 uaTer-
pasioE, OJHAKO CYINECTBYIOT TaOnuipl, COJAEpXamme
HECKOJILKO COTEH ¥ faxe Oosbie GopMyn HHTER-
puposanus. BeiBox 3THX $OpPMYJl OCHOBAaH HA HPSAMOM
WCHOJIB3OBAHNM . OIPEJICJICHNS - HEONPEIeJICHHOTO HMHTEr-
pana, a WMEHHO: INPOW3BOAHAS DpaBOH YacTH paBHA
MOALIHTErpANbHON (GYHKIMM JIEBOW UYacTH paBeHCTBA.

Tabruma HHTETPAJOB

' " ——.xa+1 ’ . _
l. X dx-—m‘l’“c, ((1# 1)
2, i)f=ln|x|+C.
N e
3. e*dx=e*+C.
4 {ardx="1%C.
Ina

5.  [cosxdx=sinx+C.

Py

6. {sinxdx= —cosx+C. (9.2.6)
7. | dx =tgx+C.
J COS X
8. ,df =—ctgx+C. -
J sincx
: [ dx R )
9, | ———==arcsinx+C.
R VA B
10.

(I)OpMyJIBI (9.2.6) zammcambl I TIEPEMEHHOH WH-
Terpuposapus x. OmHAKO €CIHM X 3aMEHUTh Ha JAPYTYIO
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NECPEMEHHYIO MHTETPUPOBAHMUSA, KOTOPAsk MOXET ObITh KaK
HE3dBUCHMOI, TaK 1 (bynmmen TO GOPMYJIBI OCTAIOTCS B

CuIE. HanpnMep, ?=ln|v|+C, | cos® xd(cos x)=

COS“+ 1X d x2 . er
=—+C, fu——coizx)2=tgx2+C, fexd(e")z—é—«kC
H T. O ,

B 3TOM COCTOUT CYWIHOCTH NOHATUS UHBAPUAHIMHOCHIU
bopmys uHTErpupoBanud. ITouTH BCe UHTErpainl B JaH-
HON KHUIE NyTEM YNpOileHuH U mpeobpaszoBaHMii IO-
ABIHTETPAJIbHOTO BBIPAXKEHHS CBOAATCHE K TaOJUMMHBIM,

.@ IHpamepbr.
. Haittn f(10x°+6x3 +4x—~11)dx.
Pewenue. Ha ocsopamuu cBojicTsa 4° mmeem
§(10x5 4 6x°+4x = 11) dx = 10x° +  6x3dx+ [ dxdx— | 11dx.
Mo dopmyne (9.2.5) (cpoitetBo 3°) maxomum _
[30x3dx f6x3dx fdxdx~§ 11dx=10 [ x5dx+6 { x3dx+4 | xdx—
1 [ar=105 4 0 e deoidveiai e c
— == —_—t——_—— X == - X X5 — X .
' T T, 37T

3amMeTHM, YTO HYeTBIDE NPOM3BOJBHHIE IOCTOSHHBEIE JUIA . BCEX
YETBIPEX - CllaraeMuIX OOBLCAMHEHB! B OOHY W 3alHCAHLI B KOHUE
: nepaooGpaaHon @

@ 2. Haittn {x2y/ x3dx.
Peumenue. [Ipeodpasyem nonmmerpanbﬂy}o (pymcumo Hmeen
l / =x2x3/4=x2+3/4=xl1/4,

11441

4
Jz,/ dx-J‘ ”/4dx—tn> +C=— ‘5’4+C— Y+ C. @
1

15

1 ”
® 3. Haittu f(7+29in x) dx. .
x .

Pemenue. [Tonysaem

K:;—}: 2sin x) dx=f%+2jsin xdx.

, _ i v
HonemTerpanpiyo  QyHKIHIO —= npeoGpasyeM B  CTENeHHYIO:
] x
—=x
X
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IIanee HaXOILKM

. xmU2EL :
J——+2 Jsm xdx —J‘ - 1’zalx+ 2 Jsm xdx R

1
. - 2+
—2cosx+C=2\/);f2cosx+C=2(\/;—cosx)+C. ®

e 2
Jx xtx?

X )
x? iy

Pewenne. IlowieHHO pa3fenuM YUCIUTENb HA 3HAMEHATEND.
B pesyabTaTe mosyvyaem

2
sz-3/2_1_+1 . j—[tizii—dx=j(x"’2—l+l>dx=
X X X

® 4. Haiitn J

XZ

x——1/2~ . 2 —
= —In{x|+x+C= —Inlx|+x+C. @
s

2

§ 9.3. NPOCTEAWMUE NPUEMDb! WHTEFPUPOBAHWNA

Eite w3 IOKOJABHOTO Kypca MAaTEeMaTHKH MOXHO
clenaTh BBIBOJ, 4YTO MJCHCTBHE BBLIYUTAHUS CIIOXKHEE,
qeM JICHCTBHE CJIOXKEHM, JACNeHne DoJsice TPYyHHO, YEM
YMHOXEHME, U3BJIEUEHNE KOPHS Tpy/JIHee, YeM BO3BLIIIE-
HHE¢ B CTEHCHb.

Onepanns - nuddepeHmpopanns (QyHKOUHA, Kak  Mbl
BUJICIN, MPHBOJUT K HEKOTOPBIM HOBBIM (QYHKIUAM, He
BLIXOIAIIMM M3 KJjacca 3JeMeHTapHbix. .00 onepaluu
MHTETPHPOBAHHS H3TOro cKa3aThb Heab3s. CymecTByror
(HDYHKIMH, HHTErPaibl OT KOTQPBIX HE BHIPAXKAKOTCA 4epes
JNIEMEHTAPHBIC (bymcuml BoT = HECKOJIbKO JIpUMEPOB

S oosinx COS X _x? . 2 2
TakuX  yHKImiL; — — - €7, sinx%  cosx?
(a+bx?)'3xY? (a m b— peficTBurensHbie uncna). s
nomoOHBIX (yHKnHE pa3paboTaHpl METOABI, TO3BOJ-
JOlIME HaXxOOUTh  NEPBOOOpasHble  GyHKIUHA —npubiu-
weuno [13] :

Murerpuposanne criocobom noacranosku. Iycts Heo6-
xomumo HaiTi wmurerpan |f(x)dx. MoxeT oxasaThcs,
4TO, B3AB TAOJMILY HHTEIPANiOB, COJEPXAlyro, HampH-
mep, nmaxe 150 ‘Gopmysn, MBI He HaHAEM NOJXOMLINEH.
Kak ciaenyer moctynuths B jgadHom - ciydae? Iepsoe,
4YTO MOXHO C/ENATh—3TO IpeobpazoBaThk IOABIHTEr-
PAIBHOE BBIPAXNKCHHE TAKHM obpasom, ‘ITOGBI EIOJ'Iy‘{CH-
- HBIA BHTErpaj craj TabJauYHbIM.
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3amernM TEePEMEHHYIO WHTCTPUPOBAHKSA - X HOBOH
MEPEMEHHON, CBA3AHHOH ¢ X (bymcunonanbuon 3aBUCH-
MOCTBIO u=@ (x), EMeeM

x =0 (u). (9.3.1).
Haiimem dx u BeIpasuM f(x) u dx uepes HOByIO
[EPEMEHHYI0 HMHTEIPUPOBAHHS. Torga IOJydHM

[f(x)dx=[flo ()] o (u)du (9.3.2)

CopaBelutdBOCTh  9TOM - QopMyisl  mposepsiercs  aud-
tdepeanypoBanneM o6eux uacrel pasencrsa. Ecim
OKa3aJI0Ch, ‘UTO HHTErpan cTaj TabaudaeiM uim 6o-
Jee MpOCTBIM, 4YEM HMCXOZHELA, TO Meab 3aMEHBL Ie-
PEMEHHOW = TOCTUIHyTa. DBHIIOTHWB HHTErPUPOBAHME, .
HeoOXOMMMO cHeJlaTh oOOpaTHYH 3aMeHy, T.€. Bbi-
pasuTh NEPBOOOPA3HYIO Yepe3 HCXOOHYEO - HEPEMEHHYIO
unterpuposanus. ®opmyna (9.3.2) nHorjga OpicTpee npH-
BOJIAT K YCHeXy, €Cli €€ NPUMCHSATHL B «o6paTH0M

IOPSIAKEN:
i/ Lo (@' (x) =1 o (] do (x)-

Honoxus u=Q(x), NOJyIEM

§/ Lo (] o’ (x)dx={f(u) du
® Flpumepnr.

1. Haiitu §{4x—2)%dx. :
‘Pemenune: MogpmrerpansHas QyHKuus clioxHAd. BBemeM HoByio

du
TIEPEMEHHYIO, NONOKKB 1=dx— 2, du={4x—2) dx=4dx, dx= y

BHeceM 3TH BLIpaXKEHMS B MHTErpan

du 1 17
— = ldu=~ —+C.. -
fu 2 4Jlu i 2 7+

CnenaeM o6parthyio 3aMeny L
(4x—2)7

c
28 *

1 u7+ c

47

- 2, Haiitu [(2x+4)"dx. -
Pewenne. Kak ‘¥ B npefbuyiiieM npEMepe, TPUHAMAEM

: d :
u=2x+44. Torma du=2dx, dx:—zl—l M MBI IIPUXOOMM K HHTErpay

sau 1 " 1 u*3 3 .
du=z —+C=2(2x+4)** 4 C.
f” PR 2j * 24/3+ gex

3.k Haittn . /2x*—1 xdx.
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Pewenue. 3aMeTup, wTO NpouspogHas or “2x%-1 pasma 4x,
nonoxum w=2x?~1. Halinem mabdeperumans: ot obenx vacteit

pasercrBa. VMeeM du=4xdx, oTxyna xdx=zdu. Hanee nonyuaem

du 1 1 2432
2 — dx = —=— 12 =— =
Jl/x lxxf 4j du 2 3+C
1
=g./(2x —1)3+C=g(2x2—1),/2x2—-1+C.

4. Haittr |sin’®xcos xdx.

Pemenue. Tor daxrt, yro cosxdx ecTb MudbepeHUMar or sinx
OpUBOJMMT K MBICIH BBECTH HOACTAHOBKY u=sinx. B nampHelmem
pexomenayercs ohopMIIATh PelIeHHE CleaylomuM obpasom:

6 C ain6
u sin® x
=uSdy=~—+C=:
S 6
Tipy Hanuuk{d HaBBIKA SAIKCHL . PEUICHHA NpHUMEpa 4 BBITJISATUT Tak:

x .
+C: ®

u=sinx

‘[sins X Cos xdx = +C.

du=cos xdx |

. e sin
 sin® x cos xdx = | sin® xd (sin x}=

2. VinterpupoBanve mo 4acram. Ilycts w u v-—jse
GYHKIMH He3aBUCUMOH mepeMeHHOH X, mubdepeHUupY- -
embie Ha [a, b]. Hanmommmm dopmyiy

(o) =u'v+v'u
CnemosaTteapHo, #-v-—nepBoodpa3Has Jaasg CyMMbI
u'v+v'u, MOITOMY
f(wv+v'wydx=uv+C.

Orcroga uMeeM f v dx + juv’dx uv+ C. YauTsBas, 4ro
w'dx=du, v'dx=dp, nonyuaem -

fvdu+fudv=uv+C.
OKOHYATENILHO HMEEM
~fudv uv— velu+ C.

Talc KaK f vdu BKJIFQUAET HpOI/ISBOJIBHyIO MOCTOSHHYIO,
TO B Hee MOXHO . BkAouuTh u ciaraemoe C. OxoH-
YaTEeNBHO TIOJYyYae€M BLIPAXKEHHE

fudv=ww—{vdu, (9.3.3) -

HA3LIBAEMOE (POpMYA0I UHMESPUPOBAHUA NO UACIAM.
Cwmpicn npumenenus ¢opmynsr (9.3.3) cocTouUT B TOM,
4ToObl  IONBIHTErpajAbHOE BLIpaXeHWE pasfcauTh Ha
JIBa COMHOXHTENA. B. pe3ynbrare HHTETrpas, CTOSLIMA
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B WpaBOM 4YacTh, IOJ/DKEH OKa3arTbCs TAOJIHYHBIM, WM
OepylruMcss € IIOMOMIBIO 3aMEHBI HEepEeMEHHOH, Wi
BooOme Oonee IPOCTRLIM.

© Tlpuvep. Haittu {In|x|dx.
Pentenume. MnMeem

iizlnlx[

do=d dx
flnlxldx: = =xln|x\—Jx§=xln)x|—x+C. o
dx

x N

‘ du=

§ 9.4. ONPEOQENEHHbIN UHTEMPAS

K nomartuio onpeneneHHOro HMHTErpasia HpHBon'm
‘3a7la¥a  HAXOXACHHA TUIOLIAu I(pI/IBOJII/IHeHHOI/I Tpa-
MEURH,

Hycrs  Ha HeKOTopoM UHTepBae [a, b] 3apana
HenpephIBHAS GyHKUES y= =f(x)>0. Mocrpoum ee rpa<bmc
n Haiinem wiomans F, GUIYpH, OrpaHMYEHHON 9TOi
KpWBOH, NBYMS NpPIMBIMH Xx=g U x=b, a cHM3y—
OTpE3KOM OCH abcmmec MexJy TOYKaMM X=4q W X=b
(puc. 106) ®urypa aAdBb BasuBaeTcs KpueO/tuHeuHou
mpaneyueii. CylliecTBOBaHUE ee mWwiowaay F5 kak yucia,
OCHOBAHHOE Ha MHTYHI[UH, SBJISCTCA ;[onymelmeM " Tpe- '
}OyeT N0Ka3aTeNLCTBA.

Pazmenmm unTepBan [o, b] Ha n paBme JaCTHYHBIX
MHTEPBAJIOB TOYKAMH HEJIEHUSA X,, X5, X3, oy Xp—3
W3 Touex peneHds BOCCTaBUM UEPICH K TAPLI zxo
nepecedcHus ¢ KpuBoii AB. Bes mwromans Fh pazobeercs
HA - psAJ  YaCTHMHBIX nnomaﬂen AS C OCHOBaHMEM

Ax-—?—n—‘f. Torma F” ZAS

Hnomane AS; MO)KHO BBIMUCHHNTD . IPAOIHKEHHO,
B3sB HaWMeHbllee m; uiM Hambospiiee M; 3HadeHMe
¢yaKOEE Ha "IaCTI/I"!HOM unTepBane Ax;. B3ss cmauana
HanMeHbIIEeE 3HaYeHune (GYHKIHH Ha KAXKIOM YacTUYHOM
UHTEpBaJe, & 3aTeM HaubonbIice, NONYyYAM HBE CTYIEH-

. 4aThie (bnrypbx CTynenanaa ¢urypa, mzoOpaxxeHHAsA
CIUIOWIHOW jumueH, umeeT mwiomans F,, Mensniyio

MCKOMOH, a Apyras cryneHvaras ¢urypa, 1«1306pa>1(e1ma51
- IYHKTHPOM, UMECT nomanh F, 6om;myro HACKOMOIi, T. €.

F,<F!<F,.
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LY =10

YA
r_
: A )
{ 4 | X 8 /94
| o
y, A | | 7
L A
L1y [ |
FEELT i
IR E |
- -4 l d_1 & i .
o @ x X% X b % Olaex g, %6 % &, *n=b X
Puc. 106 - Puc. 107

byneM yMeHpliaTh [JMHY KaXIOLO 4YacTHYHOIO MH-
TepBaia Ax;; TOrfa 9WACAO WHTepBanoB Oymer BO3-
pactarb. Hanpumep, ecinu amuHy AX yMEHbIIMTEL B 2 pa-
3a, TO YHCJIO YACTWYHEBIX WHTEPBAaJOB BO3PACTAET B 2 pa-
3a, PasHOCTb MEXAY m; M M; YMCHBIUACTCA ¥ BEIHTHHbI
F, n F, c6jm>1<a}oTca u CTpelvacsx Kk mpemeny Fo.
Taxum 06pa30M

-,

Ft=lim F,=1limF,.
n—>o0 n—0
K Takxomy e BBIBOAY MOXKHO TPHHTH, €CAM KHTEPBAJ
[a, b] pa3burh Ha YaCTUUHBIE HHTEPBAIL! MPOU3BOJLHOU
JUIMHBI M Y4€CTh, YTO AN—>C0, & ANMHA HaubGOoJbIIEro
YaCTHYHOTO HHTEpBaiia Ax; ~0.

Kpome ToOro, Ha KaXIOM YacTHYHOM MHTEPBaJIC
MOXHO Opath He m; B M, a HECKOJBKO OodbILHE
3HAYCHHS, YeM M, W HECKOJNBLKO MeHpIUME, deM M,
3HaueHWs GyHKIMN.

VuuteiBas 0000ImMenns, TpOXOIKIM paCCMOTpeHI/Ie
Tlycte na mHTepBane [a, b] 3amana HenpepblBHas (QyHK-
s y= f(x) IMoctpoum ee rpadux (puc. 107). Pazobpem
MHTEpBaJ Ha 7 YaCTHYHBIX MHTEPBAJIOB, HE OOA3aTENLHO
PABHBIX, TOUKAMH JEICHHUA Xy <X; <X3<..<X,.q. 0b60-
3HAYNM KaXAbIA YaCTHIHLINA MHTEPBAN ¥ €T0 AJIMHY Yepe3
Axy, Ax,, ..., Ax, Buyrpm xaxgoro mutepsana Ax; Boi-
Oepem Touky &;, i=1,2, 3, ..., n, U BBMUCIAM 3HAYCHUS
byuxman f(E,), f(&z), f(Es) .o f(E,) B 9THX TOuUKax.
Cocrasum -npomssenerus f(§,)Ax, f(&;)Ax,, f(&3)x
XAxy, ..., f(E,)AX,. C reomMerpuyeckoil TOYKM - 3peHMs

KaK0€ Takoe MPOW3BEACHUE OupefenseT ILIOMAdb -NO-
JIOCKH C OCHOBaHWEM AX; M BHICOTOH [ (F,,.), i=12,3,..,n
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Oupenenenue. Cymma

(§ )Ax, +f(§z)sz+f(é3) X3+
' +...+f(§,,)Ax,,= Zf(i,-)Ax

HA3bIGAEMCA  UHME2PAbHOLE  CyMMOil gﬁynm;uu f(x) na
unmepgase [a, b).

Ha mwiockocTd Oxy wuHTerpajbHas CymMMa oOIpe-
JenseT IUIoOmadb CTYOeHYaTol ¢urypel, u3o0paxeH-
“HOM ma puc. 107. Pasbupas wuHTepBan [a, b] npy-
TMMH TOYKaMM JEJIEHHS HA YacTHYHbIC HHTEPBAJIBI
u BeIOHpas BHYTPH HHX Touku &; HO-HHOMY, MOX-
HO COCTaBUTh MHOXECTBO HHTErPAILHEIX CYMM. Haii-

JEM Tpenes CyMMEI BHIA Z f(€)Ax, xorma mmmua

HAUOONBIIETD YAaCTUYHOTO uHTepBana Ax -0 u ¢ geob-
XOMMMOCTBIO —00, T. €,

lim )j f(&)Ax;

maxAx~0i=1

Onpenenenite. Yucao I nasvisaemca npedesom

n

unmezpaavroli cymmvt Y. f(€;)Ax; npu max Ax;—0, ecau

i=1 ,
oas mobozo €>0 maiidemca maxoe 8>0, umo npu
maxAx; <0 6bINOAHAEMCA HEPABEHCMEO

'.zil‘f(ii)Axi—I

Dmom npeden HA3LIBAEMICA ONPedCACHHBIM UHMEZPAAOM
- om yrxyuu f(x) na unmepea/te [a, b) u obosnauaemca

b

lim z f(&)Ax,= j flx)dx.  (9.41)
/ maxAx—0,p—~o i=1 " ‘
3mece a m b-—coomgemcmeaenno. HUMCHUL U @epXHULL
npedeast unmezpuposanus; f (x)—noabmmeapgfzwaﬂ pyn-

Kyus, X-—nepemennas uumezpupoeauuﬂ

[Io pnpemeneawto, -

£ (x)ax=o. L (942)

a

<E&.

.~ Ecum - cymnectsyer Komeunslii npemen (9.4.1), To
bymxumst f(x) HaseBaeTcs uwmezpupyemoii Ha [a, bl
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VimMeer MecTO Clemyromias. TeopeMa CyIleCTBOBAHHS
onpene/IeHHOrO HHTErpaJa:

ecau Pyrnkyua f x} Henpepvigha Ha unmepease [a, b]

uau umeem Ha |a, KOHEUHOe UYUCAO MOUeK pa3pulea

nepeozo poda, mo ouna ummezpupyema Ha la, bl.
TeomeTpuHecknii CMbIC]I  ONpe/IeNEHHOr0  HHTerpasa.

Ornipe/ieIEHABIHA . MHTErPa § fx)dx, roe f(x)=0, maer

TOYHOE BHAYCHME IUIOINAMM KPWBOJIMHEHHOH Tpanenus,
orpanuyenHoit rpapuxom ysruum y=f(x), oceio Ox
W OBYMS OPSIMBIME x=g W x=0b. ;

OnpezneneHHbl MHTETpak KaK IUIOWIANb HE 3aBUCHT
oT 0003Ha4YeHHs NEPEMEHHON WHTETPUPOBAHUS, TAK YTO

ff(x)dxsz(z)d2=}f(t)dt n T. 1.

PaccMOTpeHHbIH TPUHIMI ONpeAESICHNsA Mo Kpu-
BONUMHEHHON Tpamenuu, COCTOSINWI B TOM, 4YTO BCH
WCKOMasi. IIomah pazOuBaercss HA 4YacTH, HAXOAUTCA
npubIMKEHHOE BLIPAKEHUE HIA KaXJ0H 4acTH, a 3aTeM
IIeJIOC BBHIYHMCASIETCS KaK OPEAesl CyMMbl 4acTed, upu-
MCHACTCS [pH PeIlCHMHM paga Jpyrux 3aljad. Baxkuo
VACHUTB, YTO ONPEAENCHHbIA MHTErpasl: eCTh Ipeaes
CYMMBbI HEOTPaHHYCHHO BO3PACTAIOLIEro YMCiId clara-
€MBIX. TIpH YCJIOBHM, 4YTO Kax[Aoe ~cjlaraeMoe Heor-
paHIU4YEHHO YMEHbIIAETCH. :

‘

§ 9.5. DOPMYJIA HbIOTOHA—NEVBHULIA

BrIunclcHREe - ONPEAeaeHHOrY HHTEerpasa no Gopmyse
(9.4.1) paxe s npocreimux QyBEKnUE - IPHBOIUT
K CJIOXHBIM npeobpasoBanuaM. [ToaToMy nenecoobpasno
BAaUTH METOX, TO3BOJIIOIINH BHIYUCIIITH ONpENeICHHBIE
HHTErpalibl 0e3. COCTABACHAA HHTErPalbHEIX CYMM H TiE-
pexona K Ipeaesam. .. ,

Tlycts fama Qymxuus y=f(x), HempepsiBHas Ha
la, b], a<b, n wmmeromwas mepsoobpasmyro F(x)+Ch
TloctpouM rpadux dysximmuE y=f (xg) ¥ BO3bMEM Ha
kpuBoit Toukm A m P (puc. 108). Ilonoxum, 4TO TOYKA
A mwenomswxHa, ee KoopmuHathl (g, f(a)), a  Touxa
P pBuxercs, ee XKOOPIAMHATHI (x, f (x) Torpa mouans
KpuBOJIMHeHHOH Tpaneiun 4,APP, ABIAETCA HEpEMEH-
HOW BeIMYMHOM, 3aBHCcAlIed OT X. OO003HaYHM ec depes
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yA- : © S u, yuuTHIBasA TEOMETpPH-

M, N_.B , B
(530 YeCKUH CMBICH Omnpe/esieH-
ey M| M © HOTO WHTErpaja, 3anuiieM
¥ | : A R
P
A ew S=®(x)={ f(t)dr. (9.5.1)
Ay ‘ M Al - ' e .
o x x#ix§ x B moammmTerpannuo#t ¢yH-

KIUH [IEpEeMEHHAs WHTECPH-~

. ‘ pPOBAaHMUS X 3aMEHEHA HA I,
Tak Kak OykBo#l x o6o3Ha4eH BepxHUl npegen. J{okaxem,
uro ®(x)—omsa u3 meppoobpasmbix mast f(x), T.e.

=0 () =11).

IMpupagum aprymMeHTy x unpupamenne M, N, =Ax;
torga miomams @(x) woosmyuwnr mnpupamenne A®(x),
paBHOe IUIOLIAAM KPUBOJIMHEHHON Tpameuuu M, MNN,.

Beenem cnenyronme obosnawenms. Ilycte Y m y—
COOTBETCTBEHHO HAWOOJIbIIAs U HAMMEHBIIAT OPAMHATHI
rpaduxa Qpynkmm Ha uETEpBanNe [ X, X+ Ax |. Kpupommeii-
Has Tpanewys M, MNN,; HaxoQuTCsi BHYTPH NPSIMOYTOJIb-
HHUKa C OCHOBaHHEM AX U BBICOTOH Y M CONEPKUT BHYTPH
ceOs IPAMOYTOJIBHMK C TEM K€ OCHOBaHHEM A X U BBICOTOH
y (puc. 108). Ilosromy

yAX<A® (x)< YAx. (9.5.2)
Pasgenus HepaBencTBo (9.5.2) Ha Ax, HOMYIHM
<Ad)(x)

=~

Puc. 108

<Y. (9.5.3)
b . .
PaccMoTprM NOBeACHWE BEJWYMH, BXOMSIUMX B 3TO
HepaBeHCTBO 1npnm Ax—0. Bemyumusl y m Y B cuny
HENpepbIBHOCTH QyHKUEA [ (x) GymyT CTPEMHTLCS K 00-
meMy npeneny M, M= f(x{—— OpAHHaTE KPUBOH B TOUKE
x'(f(x)— duxcupoparnoe 3mavenue QyHKkumu). Tak xak

AD(x)

BEJIMYHHAMH, UMeromumMu upd Ax—0 ooMH H TOT Xe

BCJIMYHHA | HaXoguTcst MCKIOY ,ZIBYMH ApYrumMu

NPEAEN, TO —-— HMEET TOT K& mpefer {cm. npasusio 8

§ 6.6), T.e. R 0 o
im 290 f), (954
A xso BX 7 _ , )
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Win ) R
' {x)=f(x). 9.5.5)
Urtax, yunreizas (9.5.1) u (9.5.5), MOXHO yTBEpXIaTh,
4TO ONpPENENICHHBIA HMHTErpan ¢ TNEPEMECHHBIM BEPXHHUM
TIpefesioM  siBisiercsty nepBooOpasHol  (yHkumeil  pns
NOABIHTErpajbHON ¢yHkumu. ECid u3BecTHA - Kakas-HU-
Gymbp onma meppoobpassas Qynkmus F (x) mas f(x),
TO HETPYHHO HA@TH BEJHYMHY OINPEHEIEHHOTO WHTET-
pana. TIoK®keM, Kak 3TO CHAENATh.

B coorBercTBun ¢ Teopemamu | u 2 (em. § 9.1)
MOXHO HaNucath

ff(t)df=F(X)+C. (9.5.6) -

OunpenenuM Tpou3BONbLHYIO nocrosauyto C. U3 puc. 108
BUAHO, 4TO ecmd x=a, T0 ®(a)=0. HNmeem

" a)=f fl)di=F(@+C. (957
Taxum obOpa3om, o o '

. F(a)+ C=0 - (9.5.8)

! C=—F(a). \ (9.5.9)

3amennMm Teneps B (9.5.6) x ma b, a MEPEMEHHYIO
HHTErpUpOBaHus 0003HAYUM, Kak OOBIYHO, uepe3 X.
IIo_ﬂyqaeM . ’
. b b ‘
[f(e)dr={f(x)dx=F(b)+C.

Vumrbipas (9.5. 9) 3anuIIeM
jf dx=F(b)—F(a). - - (9.5.10)

Buigoo. Onpenenem{bm HHTErpaj ecTh NpHUpALIeHue
nepBooOpasHo#l GYHKIMH TIpY W3MEHEHUH INEPEMEHHOM
HHTErPUPOBaHUsL X OT a RO b.

(I)opMyna (9.5.10) maswmBactcs opmyaoii Heromona —
ﬂeuéﬁuua : .

* B. I'. Jleitbnun (1646—1716) — 3naMenuTeI HeMeuknii Gpunocodp
n marematuk. WM. Heworon (1642-—1727)— penuvaiiimmii aBTIviCKAi
Gu3NK ¥ MareMaTuk. VIM NPUHAMICKUT 3aciyra co3JaHHa [ud-
$epeRIMaNbEOro ¥ MHTErPaIbHOTO JMCYMCICHAS.
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MNpasnao. Ymobsl sbluucaumes onpedeiennbuil . ui-
b .
mezpaa f f(x)dx, oocmamouno:

a

1) naiimu neonpedeaennviil unmezpas om O0auHot Gywu-
ryuu, noaoscue C=0;

2) nodcmasums @ ewvipascerie nepeoo6pa3nou 8Mecmo
apzymenma X cHa4aad eepxuuti npeoea b, zamem HuicHuil
npedes a, U3 NEPeo20 pPe3yAbmama Gblecmv GMopoil.

HpI/IBeJIGM npumep (o6paTuTe BHUMAHHAE HA MOPSIOK
oopMIIeHHST pelLieHH ).’

2

@® Tpuvep. Haitn j.xzdx.

i .
1. Haxonum meompeneseHusiii wuterpan, nonaras C=0. HMeem

3
fx%lx:i—.
3

2. BeruucyigeM npupanicHue népsooGpamoﬁ:
223 13 81
¢ 3 3 3 3

X3

3

7
=3

le/l HaJIMYMY HABBIKA 3aHMHCh peLIcHns npnmepa IIOTKHA BBITTIAACTE
TakK:

2

5
szdx=i—
3

1

2

1

W=

8 1
3.3

- OcHoBHBIe CBOfiCTBA - OnpedesieHHOro uHTerpana. llousrme «ompe-
JeNIeHHBIA HHTETpam» BBeAeHO M1 caydas a<b, Ilpu a=b, mno
b

olIpeaeICHUIO, f f{x)dx=0, rne f(x)——moGaﬂ dyukuus.

1°. Hycms b<a dynxuus f(x) uwmezpupyema na b, al; moeeoa,
110 - onpedeeiuo,

jf jf(x) . .,

2% Ecau ymxyua f (x) unmezpupyema na [a, b] mo - ynryus
Kf(x), 2de K— nocmosannan, maxstce unmezpupyema Ha smom ompeske,
npu ImMom i

 krax=k [ r(x)ax

3% Ecau dse gymeyuu f(x) u ¢ (x) unmeepupyessr na [a, b], mo
UX CymmMa U PASHOCM>, MAKHCe WMEZpUPYEMbl Ha [a, 8] u umeem
Mecmo  pasencmeo
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![f(x)i(p(x)]dx=£f(x)dxi!(p(x)dx

Caoitctpa -2° u 3° JoKa3sbBaOTCA' € HOMOIIBIO NOCTPOCHUS
AHTErpaJibHBIX CyMMbI ¥ HepeXxoja k mpenenay ypu max Ax;—0.

4°, 3amena nepemennoii 8 onpede/teuuom unmezpase. npouseodumcﬂ
no ¢popmyae

jf dX—jfBP (o ()dr,

a

20e a=o(a), b=0(B), o(r)ela b] d1a mobozo te[u, Bl, bymryuu
@ (f) u (1) nenpepoignr na fo, Bl @ -

IMokaxeM, XaKk WCHONB3YeTCs cBoiicTBo 4° Ha
IpUMEDE. ' ‘

® l'[pnMep Haiitu J
¥(8—x)? ’
Pemenne. Honoxch 8—x=1t, Torma~dx=dt, oTtkyna dx= —di.
HaxonuMm HOBbIe Npelesbl HHTErpupoBanus. st 3TOro COCTaBUM
tTabuuuy, B BepxHedl cTpOKe KOTOPOH 3amuCaHbl TIPEEHbI H3MEHCHUS
NEPEMEHHON MHTETPHPOBAHMS X, a B MIDKHEH —Ipeaeisl And ¢,
BBIYMCIIEHHBIE 1O QopMmyne (=8 —x:

Taxum 00pasom,

7 ., 1 8 ‘ .
d 2 118
j—ﬂ—— f;—';:frw::m‘ =
(8 x)? . ! ) S !
=31 —3f 3f 3-2-1=3. @

Cpemlee 3Hauenne (bymmnn Hycm f(x)— bynxuus,
[

HHTErpHpYeMas Ha [a, b]. Yncno C= =*——— HA3BIBACTCS

cpednum 3nauenuem @ynkyuu Ha ompeske [a, b].
. @ Hpumep. Hajitu cpemnee 3mavenue dymxumu f(x)=x>+0,5 Ha
orpeske [1, 4] ‘

Pemenne. UmeeM a=1, b=4, b—a=3. [anee naxonum
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4

. ’ 3 ,
f(x2+0,5)dxi(%—+0,5x)
1

"’—'43+054 13+0‘51 84 2l 052235
TR Ve et S 3 I

4

1

22,5
Taxum o6pazom C=T=7,5. ®

, 7§ 9.6. NPUMOXKEHUA ONPEAENEHHONQO UHTErNPANA
K 3AAAYAM TFEOMETPUNK, OU3UKU W BUOROTUN

1. TInomams anIocm)cTeﬁ ¢uryper. B § 9.4 O6nut0
NOKa3aHO, YTO j f(x)dx mpn f(x)=0 onpenenseT mwo-

a
aj b GUrypsl, 3akIrOYCHHOR Mexay rpadmkoM (QyHKUHH
y=f(x‘§), oCbi0 Ox ¥ ABYMA IPAMBIMA X=a W Xx=b.
B cnysae, ecnm f(x)<0, B Qopmyne (9.5.10) umeer
MECTO 3HaK «—». AOCOMIOTHAs BEJMYHHA BBIPAKAET
HCKOMYIO ' IUIOINA/ib, T. €.

- S= ) ‘ 9.6.1)

[1(s)ax

Ecim rpadux dysximm y=f(x) na murepsane [a, b]
HECKOJIbKO pas- mepecekaeT ock Ox, TO HeoOXoquMo
BLIYHCJINTS IIOIALY (PUTYP, PACHOJIOKEHHBIX BhIIIE OCH
Ox, a Takke WIOIAAR QHUIYp, KOTOPBIE JEKAT HHXKE
ocu Ox, ® CIOXATHL UX abCOMOTHLIE BEJUYMHBL, Tak,
IOMWAAL 3AMTPUXOBaHHON (GUrypHl, M300pakeHHOM Ha
puc. 109, pasna

S=18, 118, |48 =8, 1S, [+8,=
C d b
=jf(x)dx+ _ff(x)dx —l—jf(x)dx. (9.6.2)
. a c d »

ol @ > X
Puc. 109 i : Puc. 110
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~ Ecnu mwtockas durypa -orpaBmdcHa HECKOJIbKMMHU
JuamsMu  (puc. 110), To Qopmyna s  BBIMHCIICHUS
IUTONIAAM TaKOH (1)I/Il"ypbl UMEET BHU

s

5§ [£(x) - ()] dx. 9.63)

N

Juamn y=f(x). 1 y=¢(x) nmepecekaiorcs. B TOUKAX
A n B. Onyctmm n3 ToYek 4 W B NeplHeHIUKYJISPHI
Ha Ox. OcHoBaHMS 3THX IepPIEHIUKYISIPOB — TOYKH
¢ abcippccaMu @ U b, KOTOPBIE SBJISIFOTCS COOTBETCTBEHHO
HIDKHUM M BEPXHEM NpeleslaMil HHTerpupopanusd. Hucua
@ W b HAXOLST W3 PpEUIEHUS  CHUCTEMEBI, B KOTOPYIO
BXOXAT YPaBHCHUST OOCHX KPHBBIX. :
Hckomas momals

SA,,J?,. =S84, 4nBB, — SAlAzBB, =
—jf dx—j'(P dx~ff @ (x)dx.

2. PaGota, comepimaeman mnepemenHoi civtoii. Ilycts
Ha MAaTEepHAJIbHYIO TOYKY B IOJIOXHTENILHOM HampasJe-
ond ocd Ox AeHcreyeTr cuna F (x), B pe3ynbTaTe 4Yero
. TOYKa MMepEMEUIacTCs U3 MOJIOKEHUS X=d B MOJOXKCHHUE
x=>b. Halitem copepuraeMylo mpu 3ToM paboty. Ecnm’
F (x) mocrosmma, to A=|F (x)|(b—a). Ecin Benmurna
CUIIBI MEHSIETCS. B 3aBUCHMOCTH OT . TOUKH HPHIOKEHUS,
TO 9Ta (QopMyrna HempuUroJHA.

Pa3zobpeM uHTEpBa Zga b] wa psn YACTHYHBIX HH-
TepBaJIOB AX, =X —a, =X, =Xy, Ax3 Xy — Xy,

, Ax,=b—x,_,. Tlpn mamex Ax; cuna F (x) usmens-
eTCsl HE3HAYMTENbHO M Ha 3TOM HHTEPBAJIE €€ MOXHO
CUMTATEL NOCTOSHHOM. Ha KaXIoM 4acTHYHOM MHTEpBase
MOXHO HpPHOIIIKEHHO BBIMHCIATH COOTBETCTBYIOIIYIO
pa60Ty A A, WNmveem =

A4, NIF( )leiniSC_,-Sxi.

PaGoTa Iia' BCEM TYTH
Ax Y |F (c)|Ax;
i=1

[Mpubmmwxennoe 3uavenue A OynmeT TeM TOUYHee, HeM
MEHbBINE JUIMHA WACTHYHBIX HHTepBajoB. TodYHOE 3HAYe-
HuEe PpaboThl

8 Ne 2030 | | s



n
A=lm ) |F(c)lAx,
Con—o i1
CpaBrnB@g 31O BhIpaxkeHue ¢ dopmynoi (9.4.1), Buaum,
4TO B IpaBod HacTu PABCHCTBA  HAXOMATCH  CyMMa,

HOCTpOCHHaSI Kak ¥ cymMMma Z F(&:)Ax,;, Tonbko dynxuus.
i=1

f (x) 3aMeHeHa Ha lF\(ci)I= (x) CrnemoBaTeabHO,

-A=3~F(x) dx. 064

Buvisod. BenuuuHa paboThl, COBeplaeMoil mepemen-
HOM cuNIOfi, HanpaBieHUe KOTOPOH coBmalaeT ¢ Hampae-
JICHHEM  [IBIKCHUA, PaBHA ONPENCJCHHOMY HMHTErpay
OT BEeJMYUHBl CHJIbI IO NJIMHE IYTH. '

3. Buiunc/ienne IyTH NP HEPABHOMEPHOM JXBMAKEHMII.
IMycry Bpems nwxenus usmensiercst ot ¢, go 7. Ilpu
PABHOMEPHOM [BIIKCHHM HPOWUIEHHBIA NyTh paBeH mpo-
H3BEJICHHIO CKOPOCTH U Ha BpeMst ABIDKEHHS [ —1,, T. €.

s=u{T—1,), v=const.

B ciysae HepaBHOMEPHOIO JIBIDKEHMS O5Ta (opMyna
nenpuronna. Pazo6eem nutepsan [1,, 7] va psg wactnu-

HBIX - I/IHTepBaJ'IOB Atl—tl—to, Aty=1,—1t,,
At3—-z3 25 ey A, =T .- IIpu Maabix At; CKOpOCTb
v(l):,lvv(z)| H3MEHATCA HE3HAYHTENBHO M HA . KaXKJIOM

4acTMYHOM MHTEpBasie ee npubmmKeHHO MOXHO CUHMTATh
NOCTOAHHON. BplMHMCIUM Ha KaXIOM YAaCTHYHOM WH-
TEPBAIlE CKOPOCTb |V (ci)l, t,.<;<t;, 1 HalileM Besu-
YHHY MPORAEHHOTO IyTy Als;~|v (el Ay, 1=1,2,3, .., n
Becy npoiimenubii nyTh o

Sxv(c )A’1+U(02)Atz+v(c3)A;3
) tole ")At"%igl (\i)Abt,.. \

3nayeHUE BEJIMYMHBI nyTn 6y[16'1“ BBLIMMCJICHO TEM TOYHEE,
4YCM  MCHBIIE YaCTHYHbIE ﬂHTGpBaJILI BpPEMECHHI At
ToyHoe 3HaueHME S HOJ’Iy“II/IM Kax: npenesl CyMMBI, ,T C.

s=. lim Z v(c;)At

maxAt—0i=1




B mpaBoil HacTH paBCHCTBa " HaXOZMTCH. Hpenen HH-
TerpajgbHOM Ccymmpbr GyEKUEE 0(f) Ha WATepBaNe
[tos t,], paBHBL COOTBCTCTByEOLHeMy oIpe/Ie/ICHHOMY
HHTETpany

_fo(yar. 9.6.5).

HaanMep‘, ecmn v(1)=10745 (M/C). TO TyTh, TPOHACH-
HbIi1 OT HavYasa mmmemm [0 KoHua 7-if CeKyHIbI, paBEH

s= §(10t+5)dt (5¢2 +5t)|
=5 72+35 5:0-5-0= 280 ().

4. Boiuuciienve odbeMa Tteda Bpamenus. Ilycte nanHa
nenpepbiBHas Qyaxkuus y=f(x), xe[a, b]. ocrpoum
KPUBOJIMHEHHYIO TpalClUI0 1ABB,, -OTrpaHHYEHHYIO
rpabuxom y=f {x;, ochl0 Ox M JBYMS TOPSAMBIMH. X=q
u x=b (puc. 111) u GymeM Bpam@arth €€ BOKPYr OCH
Ox. IlonyvyeHHOE HpH ITOM TEJIO. HA3BIBACTCS MHEAOM
épawjenus. BplMUCIAM ero o0BeM.

Pasobbem muTepsat [a, b] Ha paq MACTHYHBIX HH-
TEPBAJIOB TOYKAMU X;, X5, ..., X,_ 1, X,=b M TpOBEHEM
Yyepe3 - 9TW TOYKH TUIOCKOCTH, TEPNEHAMKYJSIPHBIE OCH
Ox. Obbem Tena BpamleHUs TakKe pa3obbeTcs Ha psn
4acTHIHBIX 00beMOB A V. Bemuuuay A V; MOXHO CYMTATH
OpHOIIKEHHO paBHOW O00BeEMY HWIMHApPA C BBICOTOM
Ax; u pammycom ocHoBamus f(c;), Tme Xx;_,<¢<X;
(puc. 111). Takum ob6pasom;

AV,an(f(e)?Ax.

‘O6beM Tesa BpaiieHus V HpI/I6HPI)K€HHO paBeH cmee
YACTHYHBIX OOBEMOB:

Puc. 111 ’ Puc. 112
Cg* : 4 27



Vam(f(e,) Ax,+n( F(ea))? Ay + 7 (f(c3) 2 A%+ .
et n(fle)?Ax,= Y n(f(c)* Ax,.

i=1"

O6reM - V' OGymeT BBHIYMCIEH TEM TOYHEE, 4€M MEHBIIE
. N - n

YaCTUMHbIC MBTEPBabl Ax, Boipaxenne Y m(f(c:))*Ax;
; ., , : i=1

ecTh uHTErpanpmas cymma dymxmmm 7t(f(x))> Ha uH-

TepBase [a, b], mpemen xoropoit mpu max Ax;—0 pasen

OIpeSie/ICHHOMY MHTerpany. OKOHYATENHHO HMeEEeM

b
n

V= lim ﬁ(f(ci))ZAxi=fn(f(x))2dx, |
muxAx;»0 =1
UM - \ / ‘ .

¥

‘Vznjyzdx, S (9.6.6)

rae y=f(x). Eciu npeanonoxunts, uro kpusas y=f(x)
Bpamaercs BOKPYT ocd Oy, To (GopMyia A BBIYHC-
aeHMs o0beMa Teja BpalleHus IPUHAAMAET BUI

. .

Uznszdy, rae x=q(y). 9.6.7)

o o .
@ TIlpwvep. IlpenmonoxnM, 410 Gurypa, orpaHUueHHAs MPIMBIMH
y=‘—17x, x=4 n ocpto QOx, Bpamacrcs Bokpyr ocu Ox. [lonyuennoe

\
" Teqao BpauieHHs —KoHyc (puc, 112). Burmcauts ero o6bem.
Pemenne. Ilpefenamu = MHTErpupOBaHHUsS SBJISIOTCS  aOCIMCCHI

TOYEK [lepeceveHusl MpPsAMBIX y=Zx A x=4 ¢ ocpio Ox. Pemaem

y=-%, x=4a \w . . ’ "
CHUCTEMBI 4 u . Urax, a=0, b=4." [Janee nixomum
—0 y=0
y=0 o
“ .

' 3\ 9 x*
V= X} dx=—n—
\4 16 .3
Q

PemmM 2Ty 3a7auy C TOMOIMIBLIO  (POPMYJILI IS BEIMUCIICHHS

4 943
= =T
o 423

=12x.

‘ 1
obpeMa Kpyrosoro komyca. HMmeem V:gnth. Haxomum ‘pamuyc
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v » 3 ‘
ocHoBaHus. W3 ypaBHeHus y=¢—1x npu x=4 umeeM y=3=R=3.

Bricota koryca ‘h=4. Taxum obpazom,
V—-nR h—— 3%24=12
3 37: T @

5. Hpnpom‘ YUCJICHHOCTH nonynﬂmm Hycrb HW3BECTHA
CKOpPOCTb ¥ (f) pocTa HEKOTOPOM NOMYJIALHHL. o

Tpebyercst HAUTH OPUPOCT HUCIEHHOCTH N (t) 3a
IPOMEXYTOK BpeMeHu OT £, jo 1. Eciam ckopocts
pocra mocrosiana, To N(f)=v(T—¢,). Ecim cxopocTs
U3MEHAETCA, TO OTOM (OpMyJiofl  BOCHOJIB30BATHCS
HEJIB3S, \ o ;

Pa3zobreM HHTepBan (T, t,) Ha psan YACTHYHBIX HH--
TepBaJIOB Af; M BBIYHCIHM OpupocT momyssimit AN (c;),
 Ha KaXJOM YaCTUYHOM HHTEDBAJE HUMeeM
AN(c.)zv(c)At. 3

1

~1S6GS

HpI/I .MaJBbIX Al CKOpOCTb paBMHO)KCHI/Iﬂ I/IBMCHSICTCS{
HC3HAYHUTCIIBHO., BCCB l'IpI/IpOCT ‘cocTaBuT

Uem MeHBIIE YACTUYHBICE WHTEPBAJIbI BPEMEHH, TeEM
TOYHee HajfieHHOe 3Hauenwe N (7), Tak KaK 3a MaJbli
IIPOMEXYTOK BPEMEHH CKOPDOCTh PAa3MHOXEHHMS Ha Kax-
JIOM HETEpBAIe At; namensercs He3Ha‘{I/ITeIH:HO Touuoe

sHavende N (i (t) pasmo mpenemny Z v(c;)At,, xoroa Hau-
G6onabiuee 3Hauenue At,—0. I/I:AeeM

 N()= lim 2 (c)As. '.

maxAt=—0 i=

B mnpaBoif uacTH paBEeHCTBA HAXOMHMTCHA MNpeieN WHTer-
panbHOM CyMMBl (yHkuuu v(f) Ha uHTepBane [fy, T |,
PaBHBIA ONpENEeNEHHOMY HHTETPANy, T. €. :

IIprpOCT MONYNMSLUWH paBeH ONpPEeACIEHHOMY HHTErpay
'OT CKOPOCTH II0 MHTEpBaJly BPEMEHHM €€ Pa3sMHOKCHHSA.
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§97 VIHTEI'PAan c BECKOHE4YHbIMN I'IPED,EJ'IAMVI
WHTETPAN NYACCOHA'

[MouaTUE oOupeeNeHHOTO mnerpana 6BLT10 BBCI[CHO

a1s GyHKIMi, 3aJaHHBIX HA MATepBate [a, b]. O606muM |

NOHATHE VHTErpaja Ha Ciydail GYHKIMHA, ONpeleNeHHbIX
Ha HEOTpPaHWYCHHBIX HMHTEPBaJIax.

Onpenenenue. Iycmb @yuxyusn f(x) onpedesena
Ha Geckoneunom ummepsase [a; +o0| u unmezpupyema
Ha mobom uHmepea/te [, b] 20e b<+o0. Ecau cywe-

cmeyem  lim J‘f (x)dx, mo smom npedea nasvisaemcs
b—+ o . ’

A ,
HecobcmeeHHbIM  uHmezpaIoM: Qymwuu f(x) na unmepsane
[a, +oo] u 0603Hauaem0ﬂ f fix

TaKI/IM 06pa30M o onpeﬂeneﬁmo
b

flx Jdx= lim’ 3 J f(x)dx. (9.7.1)

b—+
a

FCOMeTpmcCKoe NpeICTaBJIeHue HMHTETpaja 0. 7.1H
nano ua puc. 113. MaTerpan f f(x)dx pasen miomam

" .
OeCKOHCYHOM TOJIOCHE, NPOCTHparomieiics Brpabo. Boc-
nosib30BaBIIACh (opmysnoit HeroroHa — JleiOHuna

: 8 ‘

-

f f(x) dx=F(b)—‘—F(éz),

a

hd]

HalhgeM
. ,

“ooo J f(x)dx= lim ff(x)dx_;

b—+ 0

L lim (F (b)—F (a)). 9.7.2)

b—+ 0

Ecmm artoT npeacyi — KOHEY-
Puc. 113 HOE HHCJIO0, TO HHTCIpal
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+ 00

J fx)dx HA3BIBACTCS CXO0AWuUMCA, CCITH Tpelena He

0 L
CyIeCTBYeT, WM OH paBeH 00, TO TOBOPAT, UTO
HUHTErpajg pacxoJUTCH. ’
+ 0

WuTerpan Buaa j f(x)dx BbrmCasIIOT MO QOpMmMyIIe

Pl v I -

o o [

a 3areM mo ¢opmyre (9.7.1); d—mo60& YHCTIO.

o ﬂpﬂMep. S’CTaHOme, CXOAATCS . JTA UHTETPAJIBL
N . ' ’

S

Pemwenue. Umeem

’ + o0 b ’ i |
dx . . 1
Iy {—="lim: x ?dx=lim{ ——
X b—+ o0 X,
1 -

b . 1 o1
= lim | —= 1+ lim —-=1
1. b=t b/ pvwl
d Raas .

Taxum o0pa3om, MHTErpaj CXOAUTCH.

dx . dx - to . .
2) —= lim |—= lim Inx‘ = lim Inb— lim Inl=w
X patad X bota 2 b—tw bt oo
2 : 2 ) .

CrenoBaTenbHO, WHTErPAT DackouTcs. @

Hnrerpan Tlyaccoua., B Teopuu BeposTHOCTEH BCTpe-
9aeTCH MHTErpaj ¢ JAByms OeCKOHEYHBIMH | NpENeIaMH
+ 00 :

xZ
BHIA J e dx.

[leprooGpasnast mis ¢ * /%" e BBIpAXAETCA B DIEMEH-
‘TapBbIX— (bymcmmx oaHaxo 3TOT MHTETpas xopomo
H3YYEH. ‘
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+ o

¢ _ . i -
[onaras a= 1, nonyyaem J e ™™ dx—mnurerpan Ily-

. — 00
accoHa *. Unterpan ITyaccona cxoauTcs, U ero 3HAYEHHE
paBHoO ﬁ -

§9.8. BbIBO/bI

D I(III/DI F(x), mpou3BoHas 0T KOTOPOii paBHa JAHHOM
dyuruun f(x), xe(a, b), Ha3pIBaETCH NEPBOOGPA3HONA UL
{ ). HeiicTBre HaXOXICHNs TEPBOOGPA3HBIX HA3BIBACTCH
HHTETPUPOBAHUCM. COBOKyrIHOCTB BCEX INEPBOOOPA3HBIX
F(x)+C ‘mns panmoit ¢ymkmum y=f(x) HasbiBaetcs
HEOIIpeIeIEHHEIM HHTEIPAIOM U 0603HAYAETCH CHMBOJIOM
{f(x)dx=F(x)+C.

B r1. 9 mpuBenens! 10 oCHOBHBIX (OPMYJ MHTEIPUPOBA-
HHS, K KOTOPBIM C TOMOIIBIO METOHA IOJCTAHOBKH
U MeTOJa WHTECTPHPOBAHHS TIO - YACTSM HPUBOIATCS
OPHEMEPEHI, PacCMOTPEHHBIE B ~HACTOSIIEM 'KYpCE.

K mnomsTHio onpenesieHHOro WHTETpana MPUBOJUT
3374244 BBEIMUCJICHHS ILIOIIAAN KPUBOJIMHACHHON Tpanenny.

OnpeneiieHnblii MHTErpan Qyukuud y=f(x) npu xe
€[a, b| sBusercs mpenenoM MHTErpanbHON CymMmbl (yH-

‘KimM f(x) Ha WHTepBaJe M 00O3HAYACTCH CHMBOJIOM
. b

n
lim Zf(&i)Ax=jf(x)dx.
maxAx—0i=1
a * .
Ilox 3HaKOM ompeHesleHHOro MHTErpaia Ta xe QyHKIus,
YTO W TIOJ 3HAKOM CyMMBI. OupesienieHHBI MHTErpas eCTh
npefen CyMMBl HEOTPAHMYEHHO PAcTYNIETo 4YHUcia ciarac-
MBIX IpPH YCHOBHH, 9TO KaXJoe CJIaracMoe CTPeMHUTCS
x Hymo. TpyaHocry, BO3HHKAIOILVE IpH  BBIYHCIICHUHI
IIPe/esIOB TAKAX CYMM, KaK IIPABHUIC, MOXHO NPEOJOJIETh
c HOMOIIIB}O dopmyner Herorona — JleitGanma: ‘
b

J F()dx—F(b)~F(a).

a

* C. A Hyaécoa‘ (1781—1840) ¢panuyscknit mMateMaTuk, Qusdk
¥ MeXaHHMK. 3ajada BBRIYAC/ICHHS WHTErpajna BIEPBBIC HOCTaBjCHA
JI. Ditnepom (1707—1783).
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OnpenesieHHbI MHTETPAN —=3TO - 3HAUEHUE IPHPAIICHUS
‘moGoli  mepBooGpasHoit A maHHOW  QyHkrumz f(x)
NOpH  W3MEHEHWH TEPEMEHHOW WHTEIPUPOBAHUS X  OT
a no -b. Tlpunoxenns OUPENENCHHOrO MHTErpajga MHO-
FOYHCJICHHBI; B T[JIaBe W3JIOXKCHBI 3a4a4M BBLIYHCIICHHSA:
- 1y mnomamm 1utockoll Guryper

b

s=jf(x) dx, wm s= J (0)-0 ()a

a

2) pabotsl, ¢oBeplIaeMoOH- IEpPEMEHHOH cuIIoH
; : ik

N A

» a

.

3) myTu B clydae HEPaBHOMEPHOIO IBUKEHMS
T. S o

s =ﬁ (1) ds;

t,. .

4) oObeMa Tejia BpaUIeHHs

b ' d
V=njy2dx wu V= nj 2 dy;

v

5) mpupocTa - YUCJICHHOCTH Oy ISR MUKpOOpra-

HU3MOB
, T
=jv (¢)d.
oy

BOMPOCH! Af1A CAMOMPOBEPKM

1. [aiite ompeneneHue nepnoo6pa3non (yHKIYH.

2. Yro TakOe HEOUpEACHCHHBI HHTErpan of AaHHOH Q)ynxuun?

3. Uro masmIBaeTcs MHTErpupoBanmeM QymKknun?
. 4. Chopmynmpyiite =OCHOBHBIE cpoifcTpa Heonpeueneﬂﬂoro WH~-
Terpaa.

5. B 4eM COCTOHT - TEOMETPUYCCKHIl CMBICT HEONPEACIEHHOTO
uHTerpaya?

. . 233



6. Hamuummre ocHOBHEIE (HOPMYIIBI MHTET PUPOBAHNA.

7. B uem cocTouT cnocob HOJCTAHOBKH H MHTEIPHPOBAHHE MO
qacTam? )

8. Chopmymupylite 3amady, IPHBOASIHYI0 K NOHATHIO onpezxeneﬂ-
" HOrO HHTErpaa.
. 9. Yro Taxoe nmerpanbﬁaﬂ cymma (yrxima y=f(x) Ha uaTepsane
la, b1

10. Uro maspiBaeTCH . OMPEAEICHHBIM I/IHTeraJ'IOM OT JaHHOM
GbyRkiMM Ha JaHHOM WHTepBajge, B ueM cocTomT FCOMeTpH‘IGCKHH
CMBICIT OTPEHE/ISHHOTO MHTErpaa? _ -

11, Chopmysmpyiite CHONCTBA ONPEIGICHHOTO HHTErpana.

12. Hamumure dopmyny Hororona—JlcitGuuua.

13. Kakue wuHTErpasibl- Ha3blBAIOTCH HECOOCTBEHHBIMH, KaK OHH
BBIMHCASIOTCS? R

14. Hanumure ¢opMyly BeIMHCIeHHsS o0beMa Teja BpaIUECHHS
B CIyYae,- KOrJa OCBIO BpalleHud. spiasercs ock Ox; ock Oy.

15. Hanmmmre ¢opMyty Ajs BBIYUCICHHS paboTh, COBepUIaeMOit
IepeMCHHOH CWJIOH Ha TNPAMOJIMHEHHOM - yYacTKe . IIyTH.

YOIRPAXHEHUWA

1. Haiinure nep3006p33ﬂyxo ana (byl-ncmzm f{x)=x—4, xoropas
pasma 2 mpu x=4,

2. Halitute mepsoobpasayro : F(x) mia  dynkmmm  f(x)=
=2sinx+3cosx, ecd F(x)=4 mpn x=0.

. . 2
3. Haitqute mnepsooGpasuyio ans ¢yHkwwn f{x)=-—1, xoTopas
x

6yneT paBHa 6 mpH x=1,
4. CxopocTs OBWXKeHHS Tela 3aaHa ypaBHenmmem v=4:>+1 m/c.
Haiiaure ypaBHCHME IBIDKCHUS, £CTH B MOMEHT [=3C NPOHACHHDI
" myTs paBeH 60 M. -
’ 5. KacatennHas, nposenem{aﬂ K rpa(bmcy y=F(x) umeer yrnosoit
k03¢ PuLmenT, BETHYUHA KOTOPOro obpaTHA KBAaApaTy abCHUCCHl TOUKH
kacanusl. Hajinqure ypaBHEHWE JIMHHM, €CJH  M3BECTHO, YTO OHa
‘mpoxoaut wepes touky A(l; 3). : ; ‘

.-

.6. Haitourer ’ o
D [(3x=5Pdx; - 2) feosdxdx;
3) [(a+bx)"dx; 4 |

) ) dx )
3 J4x+l o 2  3(2=3x)7

7 ‘jsin 2xdx; ‘ S 8) [{sin2x=~ qos4x)dx;
7 '

9) Jcos<§(p—4>dcp; 10) §Acoskedt;

1) fe2ax; L 12) fem*dx;
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tdt
13)4[ =5 14)J ;
2e , J1+1?
d. ’ .
15) JL; 16) [/sinxcosxdx;
CJJext—11 ‘ -0
17) fe***sinxdx; ‘ )J’

‘ ) Alnx
lnxd ‘ -3 ,
19 | x, ) 20) | dx
‘ : x*—6x+1

21) J' 2x—3
/1—x

7. BLl4mcnure ONpenesieHHbIE WHTErPAsbL

2 B 3 . 1

1) {xdx; 2) [x2dx; 3) [ 2x%dx;
[ 0 -1
2 ’ 2 . /2

4) [(2x+4)dx; 5) fe*(1+x)dx; o 6) f cosxdx;
0 1 . [¢] :
0.1 : 5 ‘ /2

7y f xe 4 8) [ /x~1dx; 9) [ cos’xdx;
-0,1 1 3} !

10) Jsin"'fdx.
6

8. BerumciouTe naomwann Q)nrypbx OTPAHHYCHHON  CIICIYOMUMYA
TTHHASAMH: : 1

1) ocamu KOOp}lHHaT, mpsaMoit x=3 u mapabonoit yv=—2—+5;

2) mapa6onoflt y=—x>+6x—5 H ocko Ox.

9. BuupciuTre IJIOWAAb SIUMANCA € NONYOCSMH a U b.

10.- Ha 1 ra semnn Tpebyetcs 60 T Haposa u 120 kr MnHepaanle
ymobpernif. Ckonmpko ymoOpeHuit Hamo BHECTH HA YYACTOK, ecim OH
orpasudeH JuEEsME Tx—2y=3, Sx+y=7, y=0, (x n y—EB KM)?

11. Berunciure 06beM Tea, 06pa30B8HHOF0 B peaynb'ra're Bpartge-
HUS qmrypm OTpPaHHYCHHON JIMHMSIMH! .

1) y*=x, x=1, y=0 Boxpyr ocu Ox ocujOy;

2) xy=4, x=1, x=2, y=0 Bokpyr ocu Ox;

3) y=x°, x=2, y=0 Bokpyr ocz Ox.

12. ‘Boruncnute o0beM  Tena  BpalleHus, oOOpPa3’OBaHHOrO ' IpH
BPAILEHAA BOKPYr OCH Ox GuUIyphl, OrpaHMYCHHOR JIMHMAMHU
y=2x-x%, y=0 {x u y—38 ™). KakoBa Macca NpoAyKTa, 3amoOi-
HAIOWEro 3ToT obseM, ecm 1 M3 secur 04 T

13. Beruucnute 06BbeM Tella BpalleHMs, 00pa3oBaHHOTO B PE3yNb-
TaTe BPAUCHMsA BOKPYT OcH (x (GHIYpbl, OTPAHMYCHHOH JIMHUIMH
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x=e?, p=0,x=0, y=—1, x u y u3MepeHpl B MeTpax. ~CKoabko
noTpebyercss PelicoB. HATHUTOHHOrO TIPY30BHKA U IEPEBO3KH IPy3a,
3aMOJHAIOLIEr0 3TOT. 06bem, ecnmu Macca | m> pasma 400 kr?

14. BricoTa Kyud 3epHa, HMMeEMoLlel KoHuueckyio ¢opmy, pasha
2,5 M, a OKpyXHOCTb ee ocHoBanus 20 M. Macca 1 M® 3epma
pasia 750 xr. KakoBa macca 3epHa B- Kyue? M

15. BermcnuTe paboTy, COBEPHIACMYIO NPH PACTSKEHHM MPYXUHBI
Ha 10 cm, ecim s, pactsxenud ec Ha 1 cM HeoOxoamma cmna 60 H.

Vxazanue: Cornacuo sakoHy Iyka, Ciia pactseHus yHPYrou
HOPYRHHB NPSAMO NPONOPUMOHATILHA BEIMYMHE PaCTIXKECHHA.

16. K npyxure moxsemtena rupa 60 xr, pacrsHyBmasg ee Ha 20
¢M. Ompenenare paboTy, COBEPIIAEMYIO OPH 3TOM CHJIOH TAKECTH.



B8 auddiep HOM MHC'
llauo: y = f(x). Haifrn lim—A—’-‘—=y'

Ax>0

" - npowssonnan dynkuus

B MHTETPAnbHOM MCNHCREHHH

' Jlar;oz FR™= (2.
Haitn F(x)+C= [ {(x) dx
F(x) ~ nepsoobpasnasn

Tabnnua NPOM3BOAHBIX
(cM. B KEure)

—

Csoiicrea

Tabnuya murerpanos

(eM. B xuure) °

yd

1.dS A0 dx = 7(x) dx
2./ dF(x) dx = F(x} + €
3. Af(x) de= AS f(x) dx

HEONPEGENEHHLIA
KHTErPAN

4./ Ity () = -
=/ J(x) dx 2/p (%) dx

ONPEQENEHHbIA
" MHTETPAR

HecobersesiHuie
uHTerpan \
woo 5 )}
S7x) de=lim [f(x) dx =24
a £ o

00
Ecnm A 4ucio = yrTerpan

CXOUMTCA; ecTM A =09 =» yHTerpan

"

fipocTeiiwne upHemsl
' WHTErpHPOBaHHA

> I 3amena nepemcuuoit

1. Murerpupopanue
1o YacTam |

pacxongutca

oo _x2
Se * dx=\/.1?—uﬂ1'erpan

-oo

Tlyaccona

Saas 7 Jim

(:is’?.sxxn)
[ 1(x) dx = F(8) - F(a)

Zf(f.)Ax' /f(x) dx

X

CooiicTsa

L fAf(v) d(»)—A/f(v) o
2. ff(x) de=0
3. ‘;/l;f(x) dx= - {/(x) dx
4. j [/(x)iy(x)] dx =
,l‘ f(x) dx +jy(x) dx
5 f £(x) dx = ﬂry«uw@ dr

I‘IPKJ'IO)KEHMSI

T "bxomaﬁx: ninckol dmryphr: § = f F(x) dx
2. Pabora, conepmaemax ncpcMex-moﬁ cmoﬂ F(x): A= / F(x) dx
3, [pnwa nyra s(f) = f "9 & () - cxopocrs)
4, OﬁbeM Tema npauxenvm V=g f £(x) dx-ﬁcffz(}') dy
5. l'Ipupocr\mc:leHnocm nanymmnu W= Jvﬂ)#




Fnasa 10

MpocTeiiwve auddepeHumnanbHble
ypaBHeHUA

MHoro4uciaeHEbIe 32712491 - €CTECTBO3HAHUS, - TEXHIKHU
U MEXaHHMKW, OWOJOTHH, MEIWHMHEL HW JPYTAX OTpaciei
3HAHWA CBOJATCS K TOMY, YTO IO 3aJaHHBLIM CBOMCTBaM
HEKOTOPOr0 Tpoliecca WIH SBJICHHS HEOOXOOUMO HANTH
MaTeMaTHYECKyI0 MOMAETs CaMOro Tmpouecca B BHIAE
GbopMynbl, CBSI3BIBAIOILEH IEpEeMEHHEIE BEJUMYMHDI, T. €.
B BUAC OGYHKNHOHAILHOW 3aBUCHMOCTH. '

[Npr u3yveHwmy Takux 3ajad HCHONB3yioT muddepen-
IAJNLHLIE ypaBHEHMs. B TIlIaBe pacCMOTpEHBI OOBIK-
HOBEHHbBIE nmb(bepeﬁunanbﬂme ypaBHEHUSI.

B nmanbHeiieM BMECTO «OOGBIKHOBEHHBbIE NuUddepeH-
IMAJILHBIE YPaBHEHHS 6yneM MMHCATH «nmbd)epeﬂunanb-
HbIC ypaBHEHUSD.

§ 10.1. 3ARAYM, :
nPMBoAﬂuwm|<nmmmEPEHuwAanbmnyPABHEHwﬂM

" Vxe Owun paCCMOTpeH opocTedinmii T Im(b(bepeH-
IMAJILHLIX YPaBHEHHH, KOTJa N0 3aJaHHON IpOU3BOJHON
HaxoauTcs mepBooOpasHas Qyskius. Tak, ecam ObLIO
U3BECTHO, 4TO y'=f(x) mmm y'—f(x)=0, TQ HeusBecTHas
GyHKLUS y OuUpedessIach W3 paBeHCTBA

y=[f(x)d

Q 3agaua 1. CkopocTh peakumu, T.€. KOJMYECTBO BEIECTBA,
BCTYNAIOLIETO B’ PEakuMio B €AWHANY BPEMEHH, NPONOPIHOHANILHA
OPOU3BEICHUIO MAaCC BCIUECTB, Clie He ' BCTYNMBIIMX ‘B  PEAKIHIO.
OmnpefeuTh 3aKOH TEYCHMS PEaxKiud B3aUMOJCHCTBHSA [BYX BEIECTB
PaBHOM MacCChI m, T. €. BLIPA3UTbL 3ABHCUMOCTH MEXAY KONMYECTBOM
BENIECTBA, BCTYNHBIETO B PEAKIHMIO, W BPEMCEHEM [ OT ee Havaia,
eCIH M3BECTHO, Y10 MACCH! BEINECTB, BCTYNMBIMX B peammo B Jtoboit
MOMEHT BPEMEHN OHHAKOBbL
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O0Go3nayuM uepe3 X Maccy KaxJoro M3 BELUECTB,  BCTYHMBLUNX
B DeaKUMI0O K MOMEHTY BpemeHM f. OCTATOK Macchl, T.€. Macca,
He BCTYNUBLIAs B PEaklMio, PABHA 71— X, & NPOM3BEJEHAE OCTABIIHXCA
macc pasio (m—x)?

. dx
Torpa, o6o3Hauas CKOPOCTH :1;, ‘UMeeM
. !

dx -~ ‘
—=—~k(m—x)? (10.1.1)
dt .

rae k>0—K03(b¢)Hu1{cHT HpOHOpu/IOHaHhHOCTH 3uak munyc Geperea
NOTOMY, YTO C TedYCHHEM BpeMeHM MAacca s yMeHbllaercs. @

@ 3agauya 2. OnBITHBIM TYTEM yCTaHOB.T!CHO, 4TO TIpK OPOKEHHU
KOPDMOB CKOPOCTb M3MEHCHMS Macchl (NPHUPOCTA) - AEHCTBYIOLIEro
(pepmeHTa ' NPONOPIHMOHANbLHA Ero  HaAMYHOMY kosniuecTsy. Haiftn
3aKOH M3MEHEHMS . Macchl (bcpMeHTa B 3aBHCHUMOCTH OT BPEMEHM.

OGo3nauum vepes x(7) Maccy QepMenTa, o0Opa3oBaBLIyIOCS K MO-
MerTy Bpemedd (. Torga, yuurTeiBas, 4TO CKOPOCTh HPHPOCTa paBHA

d.
TIPOM3BOAHOI 7 HMEEM
ft

=kx(t). N (10.1.2)

“dx
dt
B paccMOTpeHHBIX 3aJaYax Mbl NPHLUUIA K COOTHOLUCHWIO, CBS-

3BIBAIOINEMY HEeH3BECTHY0 OyHkmmio x{I) W ee TPOM3IBONHYIO

dx
o BerpewaroTes  3aJaud, KOrja COOTHOILCHHUE  CBA3BIBACT  €LLE
1

M HE3aBUCHMYIO HECPEMCHHYIO. B IIpHBEACHHBIX 3alayax HEe3aBHCHMMOH
nepeMeHHol - SBNIseTCT Bpemsi. @

§ 10.2. OCHOBHbIE NOHATUA W ONPEOENEHWUA.
ONOOEPEHUMATBLHDLIE YPABHEHWA
NEPBOro NJUPAOKA.
3AJAYA KOLWW. TEOPEMA CYILECTBOBAHMUA
‘U EBUHCTBEHHOCTW PELWIEHUA

"Onpenenenuce 1. Qupdepenyuarvnsim Hazvieaemca

. ypagHenue, c6A3bl6AIOUIEe HE3ASUCUMYIO NEPEMEHIYI0, HEeu3-
8ECMHYI0 PYHKYUIO U ee NPOUIEOOHbIE PA3AUYHBLX NOPAOKOS,
HenspectHyo ¢yukuwro oObMHO 0O03HauaroT y(x)
Wik NpOCTO Y, 'a ee NpPOH3BOAHBIE—Y', »' W T.A
BosmoxHBl W Jpyrue - 00O3HaueHHs], HanpuMmep: x (1)
— HeusBecTHAs QyHKuwMs, x'(¢), X”(#)—ee NPOMIBOMHBIE,

{ — HE3aBHUCHMAS TIEpeMEHHAd; e

Ilmb(bepemmanbuoe YPaBHEHHE  OTHOCHTENHLHO- ¢yH-
KiMii ORHOW = HE3aBHCHMO#  TNEpEeMEHHO# HA3BIBACTCHA
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obviknosennvim. OOMMA BuUX’ OOBIKHOBEHHOro audide-
PSHIMAJILHOTO YPaBHEHUS OHpenenseTcs cnenyroumM
BLIpa)I(eHI'ICM

F(x, y, vy, jf”, ", y")=0,  (10.2.1)

yP=f(x, y, ¥, Ly y"h), (10.2.2)

rae F(x, y, ¥, ¥ »" .. y®) u flx, », v, ¥
"y o, y®D)—panannble  QYHKIMHM COOTBETCTBYFOIIMX
aprymerToB. ®@yEKkmum F. u f MOTUYT HE COJEPXATH
HEKOTOPBIX apTyMEHTOB, HO s TOro YToOHI AaH#Oe
YPaBHEHHE HA3BIBAJIOCH AMpQepeHIMaNbHEM, CyWIecT-
BEHHO HAJIMYHE INPOUIBOAHOM.

Onpenencaue 2. [opsagxom ()u_tﬁgﬁepem;ua/tbuozo
ypashenus Hasvleaemca Nopaodok. cmapuieli npoussooHoil,
8xo0awell 8 He20. 4

Hanpumep, x2y'—y=0—nuddepeHmani-Hoe ypas-
HEEWe TIepBOro mopsmka, ¥’ -+2y'+ 5y=x— muddepen-
IHATBHOE YPAaBHEHME BTOPOrO TMOPSKa.

_ L[I/I(bcbepeHunanLHoe YPaBHEHHE MOXeT OuITh 3amy-
CaHo M B TaKoi Qopwme:

CF(x, y)dy+e(x, y)dx=0.

wim

dy
Ecmm ero pasfequTs Ha dx U Y4eCTh, 4TO a«:,y , TO
X
,HOHy“II/IM

F(x, y)y'+o(x, y)=0.
Onpepnenenne 3. Pewenuem dugﬁgﬁepem;ua/tbno
ypasnenus (10.2.1) nazvieaemca maxas pynkyus y= (p(x)
Komopas Oy0yuu noOCMAaGACHHOI 6 ypasHeHue emecme

€O C8OUMU NPOU3BOOHBIMU ODpauaem e20 8 MoHcoecmso.
Hampumep, mna muddepeHIAaNibHOr0 ypaBHeHU

¥y —(¥")*=0 . (10.2.3)

q)yHKm/m y=e* geuserca pemenueM. JleHCTBETEIBHO,
‘Halna y =2e?*, y”"=4e?* W NOACTABUB 3TH 3HAYCHUS
B (10.2.3) BMecTe ¢ (dynkmued, moryauM

e¥*4e? —(2e%)=4e** — 4e** =0,
I'paduk peuerns nmb(bepeﬁunanbﬂoro ypaBReHus
. Ha3bIBACTCH UHME2PAAbHOU KPUBOIL.

[Ipu OTHICKAHMH peleHns AA((GEPEHINANLHOTO ypas- -
HEHUSI HCIOJNB3YIOT = ONEPAlMIO HMHTErPUPOBAHUS, YTO
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CBSA3aHO C NOSABJICHHUEM IPOM3BOJLHON HOCTOSHHOM.
Eciu neiicTBHE MHTETPHPOBAHUS NPHMEHSETCS H pas,
TO, - OYCBHIHO, ¥ B peIeHuu OyneT COAEPKAThCS
7 TPOU3BOJBHBIX IIOCTOSIHHBIX. - -
Oupeneneunune 4. Obwum pewernuem Ougpdepenyu-
anvrozo ypaerenua (10.2.1) nasvieaemca ¢@ynkyusn euda

y=0¢(x, Ci, Cay Cs, ..., C), (10.2.4)
Y0084eMEOPAIOUIAA caedyomum yeaosuam: 1) npu aobom
rabope mocrosmueix C;, i=1, 2, 3, ..., #, sma Pynxyus

AGAACMCA peuleHueMm t)ugﬁQSepenuuaﬂaHoeo ypaeHeHus; 2) 0aa
06020 pewtera r(x) cyu;ecmeyiom marue 3Hauenun Cyg,
205 C30, Cho, umo. \Il(x)'*(P X, Ci05 C205 C305 o5 Cnos
Wnorna umerores elue 0C06LI€ PeIeHms, KOTOpbIE
He oxBauern (opmyioit (10.2. 4). '
Jiaa muddeperumanbHOro ypaBHEHHS NEPBOrO TOPS-
xa ofOmee pemenwe uMeer Bux y=@(x, C), s
mubdepeHnUanbHOTO YPaBHEHUSI BTODPOTO IIOPAIKa Clle-
nyromii Bux: y=o¢(x, C;, C;) u T. I
Ecom 8 (10.2.4) mocrosmaeim C,, C,, (s, ..., C,
NpUATh KOHKPETHBIC YMCIIOBBIC 3HAYCHUS, TO IOJIyYeH-
Has (QYHKU#S HA3BIBACTCS YACHHbIM PeUleHUeM. ‘
. JAnddepenimanbnble ypaBHeHUs NepBoro mopsaka. 3a-
naua Komm. Teopema cyumiecTBOBamHMS M eAHHCTBCHHOCTH
pewienms. OOmmii Bunx aubdepeHNNANEHOIO YpaBHEHUS
IIEPBOTO  TOPSIIKA OHpCI[GJISIeTCSI BBIPAKECHAEM

F{x, y,»')=0, umn y'=f(x, y), (10.2.5)

ecnu OHO paspeumMo oTHocuTejsHO yp'. Kak ykazano
panee, oOmMM pemieHAeM auQpdepeHINabHOIO ypaBHe-
aust (10.2.5) aBnsercs MHOXecTBO QyHxmmit y=o¢(x, C),
- TAe C—NpoU3BOJILHAS IIOCTOTHHAS. Ipnpasas pas-
JMYHbIE 3HAYCHHUSA, MOXHO IIOJNYIATH YACTHBIC DEILCHHS.
Ha mnnockoctu Oxy o0liee pemieHNe OPEACTABISCT
CoOOH CceMEHCTBO MHTETPAJILHBLIX KPUBBIX, COOTBETCTBY-
FOIIAX KaXAOMY HaCTHOMY DEHICHHIO.

Ecnm 3amats 109Ky A(Xo, ¥o), Yepe3 KOTOPYIO JOIDK-
HA TPOXOAWTHL MHTETpANbHAs KPUBas, TO, Kak NPaBUIIoO,
u3 MHOXecrBa QyBxmmit y=¢(x, C) MOXHO BBIACIHTH
" OHY —4acTHOe pemienue. ' JomycTmM, 4YTO HaigeHo
obuiee pemernne  y=@(x, C); TOrAa W3 YCIOBHSA
y0=(p(x0, C) Mox#o Haiith C. VcioBHe y=yp, UpH
X=X, HA3BIBAIOT - HAUAALHBIM YCAOBUCM.

3amaya HAXOXJEHHS YACTHOTO pelreHEs muddepen-
mmagpHOro ypasmemms (10.2.5), ynosieTBopsrOIEro

241



HAYANBHOMY VCJIOBHIO Y=} NPU X=X, HA3LIBACTCA
3adaueii Kowu®. UYrodwm ypasuenue (10.2.5) wumeno
yacTHoe pelenne, Qymkuma f(x, y), JOIKHA yHoBJe-
TBOPATL YCJIOBUAM, CHOPMYJINPOBAHHLIM B cneny}omen
TEOpeME.

Teopema cymecTBoBaHHS M e}lﬂHCTBeHHOCTH peie-
uns. Ecau ¢ Oupppepenyuamvrnom ypasuenuu y'=f(x, y)

Ppyuryua f(x, y) u ee uacmnas npoussoonasn b—; Henpepuvlg-
‘Ha 6 omKpvimoil - obaacmu D, codepyucaweii mouxy
A(xo, vo), mo é obaacmu D cywecmeyem eouncmeeHHoe
petuenue ypasnenus’ y=o(x), ydosaemeopsarouee AT~ -
HOMY YCACBUID Y=Yo HPU X=2X,.

Teopema yTBepKIaeT, YTO IPH ONpEISIEHHBIX YCIO-
BHAX CYIIECTBYeT OJIHAa MHTErpajbHas KpuBas y=(x),
npoxonamast depes Touky A({xg, Vo

Mur GymeM paccMaTpHBATD TOJIBKO TAKHE muddepen-
IHAJIbHBIE YPaBHEHUS, KOTOPBIE 3aBEIOMO UMEIOT OIIIHNe
U uacTHBIe peueHud. JlanpHeHmas . Lenb W3JI0KEHUS
COCTOHNT B TOM, 4YTOOBI HAyYuTHCA HAXOAUTHL oOIIEe,
.4 3aTeM M vacTHoe perueHue. Crnemays NPUHIHIY «OT
MPOCTOrO K CJIONKHOMY», HAYMHAEM C paccMOTpeHus
JuddepeHINaIbHbIX ypaBHEHUH IIEPBOro TNOpPsIKa. '

'§ 10.3: AMOOEPEHUMANBHBIE YPABHEHUA
MEPBOTO NOPAAKA C PASAENEHHBIMW W
PASHEHH}OU.IMMMCH I"IEPEMEHHbIlVIVI

YpaBHeHne Bpma ' S -
S(x)dx=g(p)dy, - (103.1)

fx )dx o (y)dy=0

HA3BLIBACTCS YPAGHEHUEM C pa3deﬂennbm4u NepemenubiMUL.
IlepeMeHHBIMU 371€Ch CUMTAIOTCS BEJIMYUHBI X H y. DTO
caMBblif IPOCTON THUII ypaBHEHUE. PenieHue MX HaxoguTcs
HEJIOCPEe/ICTBEHHBIM, HHTErPHPOBAHUEM.:

® Ipumep. Haiitu obuiee pemeHue nubdepeHIHATBLHOIO  ypas-
HepHA xdX= ydy ‘

Pemenne. Ha mepsbli B3rasn MOXET noxasarhcn, 4To Y=Xx,
OJHAKO 3’]?0 TOJILKO YacTHOC PEHICHHUC.

_ *.Q, . Ko (1789—1857) — dpannysckuit MaTeMaTHK. .
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VHTerpupys JIeByr0 ¥ NPABYIO HacCTH, IOJIy¥aeMm
)

2
fxdx= [ ydy, wm %_—_‘)2

Vmuoxus 06¢ yacta Ha 2 u mnonaras 2C,=C, umeem

x2—y?=C, wm y=+./x*~C.

Ha rpaduke sToMy O0OlUeMy pENICHHIO COOTBETCTBYET «CeMeHCTBO
TUIOCKHX HMHTErPAbHBIX KpuBBIX». ECAM XOTAT M3 ITOrO CceMelicTBa
BBLAC/IUTE OJHY KPHUBYIO, TO CAeRyeT OMpPEACIUTH HAYaThbHOE YCIOBUE,
Hanpumep Touky M(5; 3), mexamyro ma -kpusoit. Torma
C=x%—y2=25-16=9. Yactnoe. peuieHne . 0. COOTBETCTBYIONIEE yPAB-
HEHMEC UHTErPaJIbHOM KPHMBOH HMEET BUL

y=tx*-9. ®

Onpeneneuue 1. Hufiepenyuasvhoe ypasHeHue,
& KOmopoMm Rnymem Hpeoppazoeamuil nepemenuvie MO2Ym
boimb  paszdesensl, HA3BIGAEMCS YPABHeHUeM ¢ pa3dedn-
IOWUMUCA  NEPeMeHHbLIMU (cp. ¢ pasae/zermbmu u ¢ pas-
0eAAUUMUCAH).

VpaBHEHWE 3TOTO THIIA MOYXKHO Hpe,Z[CTaBI/ITB B BHUJE

vy =f(x)o(y), : (10.3.2)
rfie ‘B MpaBOMl YACTM pPABEHCTBA KAXKABIA U3 JBYX
MHOXHUTEJIEH ABNACTCA QYHKIMEH OAHOM IIEPEMEHHON.

Tak, ypaBHeHue .y’:—%T ABJIICTCA . yPABHEHMEM C pas-
; ¥ . :

, .
NENSIOMEMUCS  TTePEMEHHBIME (f(x):m, (p(y):y),

a ypaBHeHHE X2y’ ~—2y—x? Henb3a NPeACTABUTH B BUJIE
(10.3.2). Pemenne ypaBHCHHUH ¢ pa3AC/ISIOINUAMUCS Iie-
PEMEHHBLIME COCTOMT B CIEAYIOIIEM. YUHTHIBasL, H4TO

y’-——j—y, nepermnem (10.3.2) B Bume e
X . . s

g—;:_ (x)9 (»)- (1033)

I3 3TOrO0 ypaBHEHRY MOJIYUUM Jm(b(bepeﬂuuanbﬂbxe
paBHeHI/Iﬂ c pa3neneHHban TIePEeMCHHBIMH
dy i
—=f(x)dx. (10.3.4)

TTounenso MHTefpryﬂ (10.3.4), I{IMeei\/I.
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f = [Ax)dx (035

Mpu nmenemun (10.3.3) ma o(y ) Mbl TIONIATaiM, 4YTO
¢(»)#0, nosromy perenus, TpH  KOTOPBHIX o (y)=0,
MOTYT OBITH MHOTEPSHBI. . -

Bepuemcst x 3amadam, C(bopMmepOBaHHbIM B Ha-
qane § 10.1. PeILmM ypaBHEeHUE

b —k(m x)z

Pazmenum  mepemMenable, m#x, —‘—-x—..——k,dt. HWurer-

(m—)°

PR
“J(m_—'x)_fjkdt’

pPUDYsL, NOJIYUYUM

J58)054

kt+C (10.3.6)

., m— X
HOI(CTaBJIHH 3HAYCHUS t-O m x=0 B (1036)

TOJIY UM —+C Tornma umeem

! =kt+i, it —— L g,

m-—x m m-—x m

IMosyueHO W3BECTHOE M3 XUMHHM ypaBHEHHE

=kt.

m{m—x)

FEcnmum  ypaBHeHHe 3amucaTh B BAE

s

u 0003HaYMTL dYepe3- m—Xx Maccy, eme
ki+— - o
m

m-—x=

He BCTYNHBIIYIO B peakluio, a uYepe3 J— OCTATOK
'MAacChl, TO YpaBHEHHE MOXHO 3aITUCATh B APYTOM BHJE:

1 ‘ o .
y=— 1.,(91"0 YpaBHEHHE CEMEHCTBA PAaBHOCTOPOHHUX
’ kt+~ ; '

' rnnep6on B' KOTOPBIX ACHMOTOTHI NAPAICHbHEl OCIM
KOOP/IMHAT.)
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Kospopumuent k& B (10.3.6) ompedensroT ONBITHBIM
nyTteM. JIns 9roro HEOOXOHMMMO 3HATH KOJHYECTBO
BCILIECTBA X, BCTYHHUBIIETO B DPEaKIHIO K MOMEHTY I,
W HAYaJIGHYIO Maccy pearupyrollero BellecTBa M.

. Pemmum Tenephs ypaBHeHHE

dx
‘ :1'? = kx ( t) .
Paspenum nepemennble, mosaras x(z)>0. Fmeem
& ks, j"’—% fkdt=Inx="
x(1) x

=kt InCx(1)=Ce. - (103.7)

IIpeanosoxumM, 4To ueped 2 4 mocie OpOxeHHs HajIny-
HOe KouuuecTBO (epMeHTa cocraBnser 4 1, a yepes
3 u—5 r. Torma, moacrasue atm 3Hauenus B (10.3.7),

HOJIyYUM CHCTEMY _
4=Ce?,
5=Ce3*,

Pasnem/m BTOpOE W3 YpaBHEHHH Ha nepBoe HOJTyYUM
1,25=¢k. U3 NIEPBOTO _ ypABHEHMUS! nalineMm C=4e ™ %F=
—-4( ) =4 125‘ C=4-1,25"2 YpaBHeHHe (10.3.7)
DPUHAMAET BUJ

x(1)=4-1,25721,25'=4-1,25'"2,

® [Ipumep. Haiitn pemenme rubdepeHHUanbHOro ypabHEHUs

y= Y
x+1’

YAOBNETBOPAIOWIETO HAYadbHBIM HaHHBIM y=6 npm x=2, (y(2)=6).
Pewenne. Vmeem

dy oy
ax x+1

Uro6bi pasfeNATs HePEMEHHEIE, BBIIOTHIM cnenyxoume onepaimu,
1) yMHO)KHM obe uacru Ha dx:

ydx
dy=2"".
’ ‘ r= x+1°
2) Paspemum oOe wacte Ha y, y#0:

dy ax

y x+1
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3) Uurerpupyem:

dy
x4+ x+1° Y,

In|y|=1In| v+1|+,,ln Cy, (c=InCy).

uinum

4) Horemmpys{ HONMYYuM

y= C (x+1).
5) T1o HayaTBHEIM JANHBIM OMpEIeseM TIPOU3BOALHYIO HOCTOSHHYIO
' C6=C(2+1)=C, =2

OxonuatensHo uMmeeM y=2(x+1). @

i

§ 10.4. AVHEAHBIE DUOOEPEHLMANBHBIE YPABHEHUA
MEPBOrO MOPAAKA.

OnpenesieHue. ﬂugﬁgﬁepenuua/tbnoe ypasHeHue nep-
6020 NOPAOKA HAZLIGACWICA AUHEUHBIM, "€CHL €20 MOMNCHO
npedcmasume 6 ude ‘

y' +P(x)y= Q( ). | (10.4.1)

3neck P(x) u Q(x)—musBecrHbie QyHKIMM OT X, B ua-
CTHOM CIIy4a€ MOIYT OBITh NOCTOSHHBLIMH BeIMYMHAMU.

Tax, ypasHenue ’y’—; y=x?2 SBIICTCSL JIMHEHHBIM, @ ypaB-

nenve yy —xy’= cosx suHe#iHBIM He sBJIAeTCH. YpaB-
perane (10.4.1) pemaercss ¢ NOMOMIBIO CHENUAIBLHOIO
f[pyeMa, B OCHOBE KOTOPOTI'O JIEXHUT. IPEACTaBJICHHE
" (YyHKIIEM y B BHJE NPOU3BEHCHUS I[BYX(IprrPIX dbyHaKumi,
T.e ¢ MOMOIIBIO TIOJICTAHOBKH
y=u(x) v(x), - (10.4.2)

Iie u U U— HEW3BECTHBIE (QYHKIMH OT X, npnqu OOHY
U3 HEX, HanpuMmep v(X), MOXHO BHIGPATH JPOU3BOJIBHO.
(DYHI(]_[I/ISI u(x) ompenenMTCA B 3aBUCHMOCTH OT BbIOOpa
byHKIIAN v{:c _

Urtax, ccim y=u(x)- v(lx), T0 y'=u'v+v'x U moA-
cragoBka y u y' B (10.4.1) maer -

u'v+v'ut P(x)uv=0(x),
wotu(o'+P(x)p)=Q(x).  (1043)

QyHKIMH 4 ¥ 0 HEU3BECTHBI, ONPENEe/IUM OJHY U3
HUX, HanpuUMEp v, U3 YCIOBHA K
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y+P(x)o=0. . (10.44)

VyurbiBast 3T0, ypaBHEHHE (10.4.3) JamumeM B BUAC

' u'v=0(x). C(10.4.5)
Haiigem ¢ymxmuio v. U3 (10.4.4) mosnyunm .

== —P(x).

: dx
YMpoxas obe yacTH Ha —, 3alHIIEM
: _ > {

Vlaterpupysi, uMeeM
lhlvl——fP( )dx =@ (x)+C.

W3 obmiero peutenust le6npaeM OIHO YaCFHOE, CaMoe.
MIPOCTOE pEIICHUE. HanpnMep, MOJIOXEM C 0. Ilony-
qaeM , :

1ntv|=(p(x), oTkyga v=e%®,
[MoncTaBuMm Halimennoe 3mHaueHue v B (10.4.5)

u"e“"x)"zQ(x‘)sgﬁew(x)=Q();)=>du=Q(x)¢"”(x’dx;
u=[Q(x)e"*@dx = (x)+C.

o dopmyne (10:4.2) HAXO/MM o6mee pellieHne JIHHCH-
HOr'O YpaBHCHUs

y=u(x)-v(x)= (U (x)+C)e*™.
,. TNpumep. Haiitu 66mee PCLICHUE ypaBHCHUS
Xy hy=e"%, x#0..

VpasHeHHEe JMHeHHOe, Tak Kak y' M y .BXOJAT B ‘,Her0~ B IIEPBOH -
CTeleHX M HET 4ieHAa C OPOU3BEACHHEM py’.
HNonaraem y=u‘v; Torma p'=wuv+v'u. YpaBHCHUEe NpUHUMA-
€T BHA - ' )
7 ! : 1 e—x
uv+vut-u-v= s
: x x

HIA
x

1 ' _
wotulo +-0)= . L (1046)
v R
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Haiinem Temeps ¢ynkuuro. v(x), YIOBIETBOPSIOMWIYIO YCIOBHIO v+
|

+—-v=0. Moxro Onuno ObL BHIOpPAaTh U IPYroe yCIOBHE, HANPHMED,

.x .

NPUPABHATL BEIDAKCHUEC B KPYIIBIX ckofKax Apyromy IIOCTZ)HHHOMy
YHCITY.
Pasnensem IlepeMeHHLIe
dv+1 0, dv+dx
—4=v=0, wm —+—
dx x dx x

B iﬁestynb'rare HHTerpHpOBaHMﬂ TMOJIYYHM
Injy|=—lnx|+ InC=>p=—

V3 muOXecTBa ¢yHkumii BrIGepem omuy. Ilomaraem C=1; Torna
v=1/x. IloactaBuMm 31y ¢ysknuio B ypasHeHue (10.4.6). Hmeem
. L

1
w—=e"%—; um du=e ¥dx;
x x :

fdu=fe *dx=>u=—e *+C.

1
HUrax, v=—, u=—e *+C; TOorma
X | .

1
=u-v=—=(e"*~C).
y=u'v x(e_ ). ®

§ 10.5. ANOOEPEHLIUANBHDIE -
YPABHEHUA BTOPOro NOPAOKA,
© BONYCKAIOLWUE NOHWXEHUE NOPAAOKA

1. Tipocreitimee muddepenmnansuoe ypaBHeHHe BTO-
pOTO MOpSAKA HMEET BUIL

y'=f(x). . O a0s)
IIpaBast gacth ypaBHeHnﬂ—énenpepLIBHax yHKIUS O
HOIl mepeMmeHHO# Xx. Vpasremme (10.5.1J- moxassiBaer,
Y10 uckoMas ¢yHknus npoaunbdepeHIMpOoBaHa IBa pasa.

OO6miee pemuenne ypaBHEHHS HalJeM IBYKpaTHBHIM MH-
- TerpupoBadueM Odysxmmm f(x). WTak, umeeM :

| y=()y=fx) (0s2)
O6o3nauum y' =P, rme P-—¢yaxmus ot x. Torma
y"=P', cremosatenpro, P'=f(x) umm

%:f(x), dP=f(x)dx, P= [f(x)dx+C;.
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BuimonenM obpaThylo 3ameny. ‘MMeem

Py =0, G= 1T Cy,
dye=([f(x)dx+ Cr)dx,

y={(f f(x)dx+C )dx+C,.

@ IIpumep 1. I’Ipc}nHTerpHposaTb YpaBHEHHC
2

«X
yi=—dt1 (10.5.3)
2
] . : dapr
Peutenue. ObGosnayum y'=P, TOorma y”:F:E_"
, : I
aP x? x?
—=—+1=dP={ —+1 )dx;
2T <2 - > ¥
x2 xS -
P= J<—2—+1>dx=-6—+x+cl; (10.5.4)
. dy dy x3
P= '=—— — = C N
y dx’ dx 6 G
x3 .
dy=<—6-+x+C1)dx;
%3 \ ;x47 %2 '
y= J‘<Z+X+C1>dx=.2—4+—2—+C1x+C2' (10.5.5)

Fcan u3 oBImEro pemieHys XOTAT BLIAEJINTH YACTHOE, TO HMCHONb3YHOT
BavajpHble ycrnosua. Jna Au(OepeHIHANBHOTO YPAaBHEHUA BTOPOrO
NOPANKA YACTHOE PEIUCHHUE OJDKHO YAOBJICTBOPATh HE ONHOMY, & yKe
nsym  yemosusm, mampumep, p(1)=1, y'(1)=4. Iloacrasus oTH
snavenus B (10.5.4) u (10.5.5), momyunm cucTemMy

4=é+1+C1,
‘ i .
——4+2+C1+C2, | -
17 57
OTKyZAa .C1=—6~’ C2=——22.
“Takum 0BpasoM, YACTHOC DELICHHE HMECT BHJ
y=— 4+-1—x2+1——x—§1 @
24 2 6 24

® Iipmvep 2. Hafitn dysxuuro, KOTOpAs onpenenseT NyTh,
NpONICHHBIA MATEPHANILHOM TOUKOH Macchi m TOX AeHCTBHEM CHIIBI
36MHOTO MPHTSKEHHS.,
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Pemenue, 1) Uapectno, uto Teno, cBoboano magaromiee B Iy-
CTOTE, MMEET IIOCTOSHHOE - YCKOPEHHE — YCKOPEHHE ' CUJIB TKECTH.

2) I'Iy'rb NMpORACHHBIA TeJIoM, CCTb QyHKHUSA He3aBUCHMOH Te-
PEMEHHON — BpeMEHH

5= (t)-

3) chopeﬂne——aro BTOpas MPOM3BOAHAS OT IYTH IO BPEMEHHU

(s”). Mo ycnosuo, s”=g. B pesynprare nByKpaTHOrO HHTCI‘pHpOBaHI/ISI
TIOJTyYUM 06mee peitieHue N
th

S=T+ C 1[+C2.

§
/

i o' .
Ecnmu 13 0OIero peileHHs XOTAT . BBIACIHTS . YACTHOE, TO 3apaHee
- YKa3splBaoT HayajbHbie ycnosus. Hanpumep, nyTs, mpo#ioeHHbIH TeloM
K ONPEICIEHHOMY MOMCHTY BPEMEHU, W CKOPOCTH HBUWXKEHHS B 3TOT
moment. Ilycty mpu £,=0 ckopocts v,=2M/c, s=0. NUmeem

v=gr+G, - (2=g:0+C,
gtz . g,OZ - .
s-—2—+Ct+c2, 0= +C,0+Cy;
cl_z C,=0.

OKOHYATENBHO MOJTyHaeM

. ‘ gt?
N = 21,
K 5 T3

Ilpu t=5c¢ .
. 25 -
s=9,87+2- 540=122,5+10=132,5m). @

PaccMoTpuM crnemuaibHbll BuA guddepeHIMamTbHBIX
YPaBHEHHII BTOPOTO -NOpSIKA, KOTOpbIE nonycxaroT
TIOHWXEHUE TOPATKE.

2. Pemernue ,amb(bepeﬂunanbnmx ypaBHerm BHAA

"=f(x,y'). ©(10.5.6)

OHO HE COIEPXHUT B SIBHOM BHIE HeW3BecTHOH (yHKIHH
y. Honmzum TMOPSIOK YPABHEHUS, BBE/ MOJICTAHOBKY
mwm 3amery y'=p, torma (y')'=y'=

BLIOMHUM -COQTBETCTBYIOILYIO 3aMeHy B (10 5.6); -
B PE3yJNBTATE IOJIYYHM nn@@epenunanbaoe ypaBHEHMeE
MEPBOTO TOPSAKA

p'=flx, p). \
Petms 510 ypaBHeHne nonymm p=@(x, C )
BLIHOJIHI/IM Tenepp OOpaTHY!O 3aMEHY: TaK Kak p =}/,
10 y'=0(x, C,;). Msl' momyummi mapdepenimanbHOe
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ypaBHeHHe C paBI{CJ’IHIOIlII/IMI/ICH HCpCMCHHbIMI/I u3  Ko-
TOpOTO AMEEM .

dy=9 (X, Cl)dxav.
y:j‘;p(x, Cl)dX‘l‘ CZ" ’

@ Ilpumep. Hajitm oOmee pemieHue ;m(bd)epen’nn‘anbnoro ypa}’a—‘
HeHMsI

Y=y : (10.5.7)

D70 ypaBHEHUE He COIEPKHT HCH3BECTHOH Q)yﬁmnn y. Obo3nauum
y'=p. Juddeperuupys N0 X NEBYH M- HPABYIO - YaCTH, HOJIYYHM

"__ r__dp

BhimoasuM jameny B ypaBHeHﬁn (10.5.7). Bi pesyibTaTe HMeeM
‘ dp 2p
dx  x

INonyueHo ypaBHEHHE C PA3ACIAIONIMMUCH IEPEMEHHEIMH. YMHOXaeM
Ha dx u pmenum Ha p, p#0, obe ero uacTw,

dp 2dx
. P x
TlepeMeHHBIE — pa3jiesieHbl, BHITOJNHAEM  HHTerpupopanme. VmeeMm
dp dx p P,
—=21—, wm lnp—-InC,;=2Inx, orxysa In—=Inx2, “-=x2
p x ¢ o
' : L . dy. d
p=C,x% BomonuuMm = of6paTHyO. 3aMeny: p=EZ, EX =C, x*=dy=
. ‘ . x - dx

' ) Cx
=C,x%dx; TOoCNe MHTETPUPOBAHMSI HMEEM y= 3

3. Pemenne npi(i)(bepenunanbﬂblx ypaBHemuii BHIa
y'=f(y', ) - (10:58)
YpaBHeHue He COIEPKHT HE3ABHCHMON  IlepeMeHHOI

x. Iloumsum  mopsiox ypaBHEHUS, BBLINOJNHUB MOJCTa-
HOBKY

y"=p. ' (10.5.9)

'T aK Kax (10.5.8) He comepxut x, OymeM CYHTATh, YTO

y", y' 1 p sBIArOTCA (QYHKOHSMH OT y, 4 y— (byHIcmm

oT Xx. CnenoBaTeNbHO, TEPEMEHHAs —BEJNMYMHA . p-— -

cnoxHas (yHKIMS, 3aBHCAINas OT X lxepe:‘a y.
Haitnem BTOpYyIO IPOR3BOIHYIO.
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- Vumresas (7.3.8) m (10.5.9), mmeem (y'),=p.=
=py'Vy HO Y,=p, TOITOMY

py p——p

Beinosuum B ypasaenuu (10. 5 8) IIpI/IHHTBIe 3aMEHBL

Ep=f(p, y) (10.5.10)

ITonyyeno ,umbqpepe'ﬂn;nanbﬁoé YpaBHCHUE [EpPBOrO IIO-
pagka. PemmB ero,  HaxomuMm p=¢(y, C,). 3ameHum
r_dy, : .
p Ha Y=g
Q_q,(y, c,). ~(10.5.11)
Pemas (10511) HaxomuMm y=f(x, C, C,), wm
F(x, y, Cy, C,)=0.,
@ Ilpamep. Haiitu oOmee peenue yPaBHEHUS
1+(p')?
2

D10 auddepeHNUATLHOS YPABHCHHE HE CONEKUT HE3aBHCUMOH Tie-

"__

y#0. - (10.5.12)

d
pemMeHHO# x. ChenaeM TIOACTAHOBKY y'=p; TOrma y”=d—p p. YautniBas
: ’ ‘ y

dp 1+p

dy 2y
YPaBHEHHE ¢ pasAeArOLHMUCS HCpCMeHHLIMH Vmuoxum o6e ero
YacTH Ha dy n paspenum Ha 1-+p2 ‘B pesyabrate mveeM

2pdp “.dy
1+p2—y’

" Ilepémennnle pa3meseHb

2pdp |[dy g '
==, wm In(l+p?)=In In|Cyl.
ol Eal (1+p7%) |71+1n]Cy]

N

. ; d

Orcroma nmonytaeM 1+p?=C,y=>p=+./C,y—1. Tax kak p=y’=c—i)—),‘
: . X

dy I
TO gy tvCy-L

d -2./Cy—1 .
dx=f——y—=>x=:i:~——L)i-—‘+C2

. \/Cl)}—l ‘ C

— ofuee pelucHue. @
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™ §10.6. NPUMEHEHWE
AVNOOEPEHUUANDBHbLIX YPABHEHUN
B ®U3WNKE, 300TUIMEHE, BUOJ1IOTUU

@® 3apaua 1. YCTaHOBICHO, YTO CKOPOCTh pacmaja pPamus NpsMo’.
NpONOPIMOHAJbHA €0 XOJHMYECTBY. B KaX/Iblf  JaHHBIA MOMEHT.
OnpenenuTh 3aKOH W3MEHEHWs MAaCCHl Dagusd B 3aBHCMMOCTH OT
BPEMEHH, €CIId HayajJbHAs Macca paaua Owina mg npa (=0,

IMycTs B MOMEHT ¢ Macca paBHa M, a B MOMEHT ¢--Ar oHa
paBHa m+Am. Ilpupamnesne maccet (B JAHHOM CIy4ae NPHPAILCHHC
UMEET OTPHUIAFETpHBIl 3HAK) COCTaBIseT Am 3a COOTBETCTBYHOLUMI

Am . .
npomexyToxk Bpemenu At¢.. Torpa A7 paBHO cpemHedl CKOPOCTH

pacnaga, COOTBETCTBYIOLIECH NPOMEKYTKY Bpemenu Ar. Bymem ymeHb-
waTtk Af; B 3TOM ciysae W Am To abCcomOTHON BenmumHe GypeT
TaKke yoOwnBaTe. Torma )

. Am dm

lim —=—

At—0 At dt .

“— CKOPOCTbL pacmaja UpPH . JaHHOM 3HAYCHHHM BPEMEHH [
CornacHo yCJIOBHIO 33434

i | (10.6.1)
— = —fm, . 6.
dt » :

rae k— ko3 uIeHT NpoTOPIMOHATLHOCTH, XapaKTepmy}omxjxﬁ yCI10-
BUS NIPOTEKaHMs pacHaja (TeMIeparypa, arperaTHoe COCTOSHHE W Ip.).

: dm
3uak  «—» ykaswBaeT, uto Am<0 mpm Ar>0, mosTomy —d?<0.

Pemas ypapuenue (10.6.1), momyuaem

Inm=—kt+ InC,

niIn
m
In—=—kt,
co
OTKy 2
M,
C ‘ ,

Oxonuatensro umeem m=Ce~*. DTO W €CTR 3aKOH pacmaja pamus.
. Ompenenmm nocrosmuyto C, Y4WTHIBAS, 4FO Mm=my upH t=0.
UmeeM my=C"*°, T.e. - C=m,, CIEOOBATENLHO, OKOHUATENLHO
1oJIy4aeM ' : '
m=mpe . ‘ (10.6.2)
Berauciium, gepe3 CKOIBKO BpPeMEHH OCTAHETCA MOJIOBHHA BEIECT-
‘ 1 : Mg :
Ba, T.E¢€. m=—2—m0. MoacraBum B (10.6.2) > BMECTO. m; TOCIe
JEJICHAA HA M, s0JIydacM
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1 e In2 ®
—=e Wi .t =—.

2 ’ : k ‘
Hafinernas BeqMuMHAa f HA3BIBAETCA TEpHOMOM moaypacmana. Koap-
GuuueHT & Oonpeensercs OSKCnepuMeHTaNMbHO. JUIT pa3snuyHBIX H30-
TONOB pajWfA NEpHOA TOJYPACHALA PA3HBIH — OT HECKOJBKUX CEKYHI
OO MOJIyTOpa THICHY JET. ) '

. 3amaua 2. Haiitu 3ak0oH H3MEHEHMA OABJICHHS BO3AyXa B 3a-
BACHMOCTH OT BBICOTHI Haf ypOBHEM MODSI.

Pemenne, IlioTHOCTH BO3dyXa mponopumoHANbHA aTtMocdep-
HoMy mamnenimo. OO6o3nayuM BbicoTy uepe3 h. Torma mpuparienue
NaBleHus Ap TpH U3MEHEHMM BBICOTHI Ha Ah paBHO Macce cTosbGa
BO3lyXa ¢ IUIOIIAJBIO OGHOBAHHS, PAaBHOK EAWHMNE, U BRICOTOI AZ,
T.e. Ap=—kpAh, k>0. IlpupasuuBas npupainesue GyHKIAN zmq)
(bepeﬂunaﬂy, MOJTyYUM

dj
dp=—kpdh, nmn —p—=—kdh.
14

3HaK «—» HMeeT MeCTO, Tak Kak [0 Mepe MmoabeMa MIOTHOCTH
BO3/iyxa yOBIBaeT U aTMmocepHoe Hdasnenme Takxke mamaet. Ilomyueno
Takoe ke mudepeHImANbHOE YpaBHEHHE, YTO M B NepBoil 3anave.
Ero pemelivie TakoBo: p=p.e ", rae p,—at™MocthepHoe dapeHue
-HaJ ypoBHEM Mopsa. @ N ‘

@ 3apaia 3. B momculcumd s KPYDHOTO  pOratoro ckotra
pabGoraior pABa BCHTHHHTOpa KaX/Ibl M3 KOTOPBIX JOCTABIACT
B MuHYTY 10 60 M> wmcTOrO BO3myxa, comepxamero 0,01% yriekmc-
sotel. [Tonaras, wTo B Koposumuke oOBemoM 1600 M3 ¢ HavanbHpIM
comepxkaHueM yriekucnoTsl B 0,2% mHaxomurcs 120 kopoB, Kakaas
W3 KOTODPBIX BEibIxaer B MuHYTy 0,10 M? BO3Iyxa ¢ 5% yriekuciOTHI,
onlpenenMTs HanmuMe yriekuciaoTel B 1 M® Bozayxa mocie AByXua-
COBOIO COMEPXKAHUA XUBOTHRIX B NOMEIIEHHUM.

Pemenue. Ilycte comepxanme yriexucioTel B 1 M3 Bosgyxa
B MOMEHT BpeMeHM ¢ ecth y(f) (8B mameHeiimem y).  Cxopocts
M3MEHEHUs KOHUCHTDAlM{ pABHA NPHPALICHHIO  YIJIEKHCIOTEL Ay,
HENICHHOMY Ha COOTBETCTBYHOMIMH npomemyrox Bpemenu  Ar; Ay
OUPEHESIIETC] YIIEKUCIOTOM: : -

1) BLI}IEIU{EMOH npm Abixanud 120 KUBOTHBIX, |

120-0,10 0,05 0,6

At=—2TAt;
1600 1600

2) BBOAUMOH BEHTWIATOPOM Ha Kaxabli kybomerp,
2-60¢:0,0001 - 0,0120

- At= Ar;
1600 1600

3) ynameMoifl 3a C;{eT paGoTHl BEHTHIATOPOB .‘
2‘60‘y-At_120y'At
1600 1600
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CleOBaTENbHO,

0,64+0,012—120y - Ay
Ay=-2 AT Y 6 i 0,0003825—0,0155.
V=TT 1600 A Y

Kak BHAMM, CKOPOCTH M3MCHCHHSA COIEPXKAHUA YIJICKHCIIOTH! NMPONOP-
vuonanpHa y. Ilepedina x npeneny mpH Ar—0, nveem

d .
7);=0,0003825—0,075 y. ‘ (10.6.3)

Tlonyueno smueitnoe aubdepennnansHoe ypaBHeHne Haiinem ‘ero
pewierue. Vmeem

dy ' ‘
E,—*— 0,075y =10,0003825.

Ob6osnaunM y=u-v; Toraa y'=u'v+uv'u. IlpaMem creayromue o6o-
3navenus: a=90,075;, b=0,0003825 n noacrasum B (10.6.3). B pesyns-
TaTe MONYyYUM

uu+v'utauw=>b,
HIM

wotup'+av)=b (10.6.4)

IMonoxum v’ +av=0=>v=e"*. Toraa, yunteisas, 4to v+ av=0, uMeeM

.. o pedt b
ue F=p=>—=¢b=>du=be®dt=>u=-¢"+C,;
dt a

y=<ée“‘+ C) e "‘"=l—7+ Ce "“=0,00517+ Ce ;°’°75‘.
OmnpenennM Npon3BONLHYIO NOCTOsIHEYIO C. Ilpu ¢= 0 COI‘.IIaCHO
yenosmto 3agauu y=0,002.
. 0,002=0,00517 + C=C= —0,00317.
OxoHYaTEAbHO HMeeM ‘
7=0,00517—0,00317¢ %075,
Ecnu t=120, 10 ¥ zi(),00517, TaK Kak BTOPOH WICH O4YCHb Mal

) 0,00 3]7
(0,002’:176"’075'“0=0,00317f:‘9 ~x3:107 ) o

Takum o6pa30M, KONMUYECTBO VFICKUCIOTHI B 1mM? (KOHUEHTpAnuU)

0,00517
‘0 002 =2,6 pasa, ¥ B JambHeieM YBEIMUMBATHCH

yxe He OymeT 6nar011apﬂ paﬁoTe BEHTILIATOPOB. ]

yBE/IMYATCA B

® 3anaua 4 [26]. - Cxopocrs oxna)!me}m;x TJIAa B BO3OYyXe
'IPOMQPIMOHANbHA PA3HOCTH MEXITY TEMIEPATypol Tema u Telvmeparypon
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o .
Bo3ayxa. Temnepatypa Bosmyxa 20°C. MssectHO, uro B TeucHue 20 MuH
Teno oxjaxmaercas or 100 mo 60°C. OnpemeiuTs 3aKOH. U3MEHEHHSA
TeMIepaTypbl Tella B 3aBHCHMOCTH OT BpeMeHH. B wactHoCTH, Hepes
KAKOH NPOMEXYTOK BpeMeHH Teso oxiagurcst 1o 40°C?

Pemenue. Cropoctn OXJIaXJeHUs TeJia —O3TO CKOPOCTh HM3MeHe:

dT
HUA TEeMIEpaTypbl TEJIa - CO BPEMEHEM, T. €. HPOU3BOAHAA E‘—, rac

T—remmeparypa  tema, a t—spems.  CorjmacHo.  ycioBmio

ar daT . .
— =~k (T—20), orxyza T = —~kdt. VIHTerpnpys, nosydaem

di 20 ;
In(7T-20)= —kt+InC=T=20=Ce™™. " (10.6.5)

ITo ycnosuro, t=0 npu T'=100° C, noacrasss aTu navenus B (10.6.5),
nonysaem C=80. Cnenosatensho, T—20=80¢™".
) Cornacso ychoputo T=60°C mpu ¢=20. CnegoBaTeabHo, #MeeM

1 .
60—-20=80e™*%, orryna e‘2°"=—2—, u. e F=(1/2)1/2°. Oxomuatensro

. \ t/20
nonydaeM T=204-80 <§) Lo

s onpejesieHus BPEMEHY f, B TeYEHHE KOTOPOIO TEJIO OXJATATCH
no 40°C, nomcrapuM T=40 B gaiigeHHBIA 33aKOH M3IMEHEHHUS TEM-
NEpaTyps! B 3aBUCHMOCTH OT: BDEMEHH I, B pesyabTate noJgydaem

- 1 t/20 - 1 /20 20 1 1 2 .
40=20+80| ~ otkyma | - =—=-={~} . CnemosaTeanHO
2) o CTOR3) TRTaT\2 ’

~6=2, t=40. Taxum o6GpasoM, 3a mnepesie 20 MUH TIOCTE Havana

OXIAXAECHUA TeMIeparypa Tenia moHm3wiach Ha 40°C, a 3a mocie-
oyrome 40 MHH fIOHWKEHVWE TEMIEPATypel . cocraBmito . 20°C, T.e.
. C TEYEHMEM BPEMEHH CKOPOCTb OXJIAXIeHus] YymeHbIIaercs. @

@ 3amaua S5 [6]. M3yynM KOJIOHMIO MHKPOOPIaHH3MOB, MKUBYLIIX
B YCJIOBMSX HEOTDAHMYCHHBIX DPECYPCOB NMUTAHMA ¥ HEOrPAHMYECHHOTO
TIPOCTPAHCTBA JIPH OTCYTCTBUM BHYTPUBMZIOBOH M MEXBHIOBOH GOpb-
6b1.  [TONOXUM, YTO MHKPOOPTaHH3MEI He HOAABIAIOTCS HHKAKUM
IPYTUM BHAOM. YCTAHOBHM 33aKOH H3MEHEHHS KOJIMYECTBAZ IKHMBBIX
Opranu3MOB B 33aBUCHMOCTH OT BPCMECHH.

Pemenue. OGosHaumm 4epes x(f) wmeno MHKpOOpI‘aHHSMOB
B MOMEHT [, a 4epes 'x( ~|—At)——nx upcio B MoMeHnt t+At¢. Torma
TIPHPOCT MMCIA MHKDOOPTaHA3MOB PpaBeH

Ax=x(t+At)—x(t).

C npyroit cTopoHEL, Ax ecTh PasHOCTE MEXAY HCIOM -PONHBINAXCH
R u upcriom normbmmx S opranusmMoB 3a Bpemsa At:

Ax—R—‘S

IlpumeM, uro mpupoct KONHYECTBA OpPTaHU3MOB, T. €. (IIOTOMCTBO®,
nponopunonaneﬂ YHCITY po,zxmenen X H nponom{cmenbnocm Ar:

Ax=gxAt.
256



- Benmuupna R 3aBucutr ot Af (qu 60m,mc At, TeM Gonplue. H_R).
"‘Kpome ‘Toro,” R’ 3aBMCHT emle M OT KOTHYeCTBA «ponmenen» ch~
Goneie B3pochbix ocobei, TeM OONbpIle U MOTOMCTBO.

Takum oGpazom, o

R=®(x, Ar),

Cthe dymxumia: @ pactéTs ¢ poctoM Xt wim Ar, “w” pasHa. 0, ecm
paBHA HY/EO “OfHa ‘W3- 9THX - MEPEMEHHBIX "HTO  KaCaéTCa mepeMEHNOM
At, To cdMbie HPOCTHIE 3KCIEPHMEHTEI TIOKA3bIBAIOT, “4TO OHA ROJIXHA
BXOOHTh JIMHEHHO: eCiu IPOMEXYTOK  BPEMEHH At yBenuuuBarh,

HanpuMep, B 2 pasa, 70 Hu npnpom‘ HOTOMCTBA MPIKpOOpl‘aHH?vMOB‘
TaKxe yBemmnTcn B maa pasa. CnenosaTeano

O (x, At)=f(x)At.

Usmenenne ¢yuximp f(x) cymecTBennHo 3aBUCHT OT ocoGeHHOCTEH
OHOJIOTHYECKOro BUAA U [/ €ro- ONMCAHMA TNOTpebyeTcs HeXoTopas
IPOU3BOACTBCHHAS  QYHKIHUA B BHAC MHOrOUIeHa . MM (QYHKUMS
C KBAZPATHBIM - KODHeM: MEI. OrpaHHYEMCH, CIERys NPHHHUIY «OT
TIPOCTOr0 K CHOXHOMY», NPOCTEHLINM ClydaeM, KOTAa HHCHEHHOCTb
HOTOMCTBA TNPONOPHMOHANBHA KOMHYECTBY <«pomuTenei» f(x)=ox,
o=const. Hrax, :

R(x, At)=axAt.

Auanornunpic -coobpaxenus npuMeHEM u. kK pemwuume S.- Takum
ofpa3som, mojaras

S{x, At)%BxAt,“
ToyTyaeM . T
Ax=axAt—PxAr=(a— B)xAt

Ax ’ '
0603Haan .a—B=¢. Torma Ax=¢ex At Bblpa)xeﬂue A onpenemxeT
t

CPE/THION cxcopocrb pa3MHo>erm xonomm Mnxpoopranmmon €00T-
BETCTBYIOILYIO IPOMEXYTKY BPEMEHH At Hmeem

Ax

At

MMepexoas K npelieny W Y4uTHIBAA, 4TO X ABNACTCA (yHKumed.. f,
nonyuaeM. auddepeHUMaIBHOE YpaBHEHe : o

sx

e a0
Ero pemeuncm ABJIACTCA cbym(mm .
g ff" ()—x(t Jetl L (106T)

Vpapaenue (10.6.7) onpenenseT -3aKOH H3MEHEHHMA. KOJMYECTBA MUK~
POOPraHM3MOB B KOJOHHM B 3aBHCHMOCTH OT - BPEMEHH, T. €.
3T0-  MAaTeMATHYCCKAsA MOACHL MPONieCed, MNOJIYuCHHAR MDY  O4CHD
LIHPOKHX NPEATOAOKEHAAX (HPM HEOFPARHHYCHHBIX PECYpCax MHTaHHA
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¥ TPOCTPaBCTBA fyin OGHTaHUA M OTCYTCTBHE Gopwbr). B npponme
K€ - CyHMIECTBYeT BHYTPUBHIOBAA M MEXBHIOBAn GopeOa W HM
B OfHOH peanbHO cyxuec'rBylonxeﬂ KOJIOHAM TaKoi * pom‘ rabmonats
Mbl HE MOXEM. S

OTBer Ha BOOpOC, HACKOJILKO .3aKOH (1067) OTBEYAET ~ Peash-
HOMY.. TIPONIECCY NAeT  ONBITHAS TIPOBEPKA. OYeBUZHO, HA KaKOM-TO
nogMuOXecTBe f&(t;, {,) MaHHbe oOUBIfa GyHyT  XOpoio  &orma-
COBaHBl € MOJENBIO, '@ caMy Mo,n;enb MOXHO MCIIONB3OBATE JJIA.
IpOrHo3a. *

Vpasuenue (10.6.6) BnepBee B 1802 r. nonyaun -Mametyc. Ero
3a0sya/IcHHE - COCTOSLIO B TOM, YTO- YPABHEHHE, CHPaBCIIHBOC JUIA
OHEHb Y3KOTO ' KJlacea - IMQUYIAIWIl -~ ¥ MOJyYCHHOS TPH - XECTKHX
NpeIONOKECHUAX, OH CYATAT YHUBEPCAJLHBIM 3aKOHOM HE TONBKO.
JUIA TPHUPOABI, HO W JIA uelloBeweckoro obimecta.

VpaBHeHHE, B KOTOPOM YYTEHA BHYTpHBHIOBas Gophbba B XOJIOHHM
MHKPOOPTaHU3MOB, 1oayymi-B 1845 r. ®epxroncr-Ilepn. B pesynbrarte
KOHKYPEHTHO# '6opbObl BHYTPH BHIA 3a IHMITy M MECTO DaclpocT-
paHCHHsA, @ Takke 33 cier -6one3Hel CKOpPOCTR PpOCTa CHMXKAETCH.
B ofmem  Bufc - yMCHBINCHNE - NPHPOCTa, HO-BHEUMOMY, -ABIACTCH
Hexoropon noBOH (yHkumueii OoT x u Ax, xkoTopyro 00O3HAaTMM uepe3

b(x, Ax). YcraHOBMM, Kak COCTaBNAeTCS 5Ta dysxums, yHUTHIBaIOLIAS
B 9MCJIC NPOYMX (aKTOPOB BHYTPHBHAOBYIO KOHKYDCHIMIO. VMeEHbLre-
HHE KOJIHYeCTB2 OcoOel B -pe3ynbTaTe KOHKYPEHIMH TeM Oolblue,
yem OoNblIe MHCNO BCTPEd MEXIY ocoﬁ;wm, T. €. nponopuuouanbﬂo
x2, Takum 06pa30M, .
b(x, Ax)=08x%Ar. . (10.6.8)
Toraa ) .

Ax—axAt—'szAt ‘ (10.6.9)

3necy £ —cnenuduyeckas (BpO)K)lCHHaﬂ) CKOPOCTh PA3MHOXNEHHS TO-
Iy JIAUAR, S—Koaq)(bmmeﬂr BHYTPUBUIOBON ' KOHKypeHinty., W3 ypas-
nHenus (10.6.9), paszaemns o6e €ro yacru Ha At H TepEXOAiA K Npeneny,
NOXYyHIM

d .
£=sxfax2. : . (106.10)

310 ¥ €CThH ypaBHeHue ¢epxxom.c’ra Hepna Ero MOXKHO  3anucaTh

' B BUIE R o ‘ A
dx 1 FIAY —“_ 'dx_ 5/6 x
dt—ex . 8x , W @ vsx N

IMpnuas obo3nauenue €/d3=h, NOaywIM

‘dx h—x . : Lo ,
—=gx| —— . : Coo (106,11
dt- x(vh) . . (061D
Pemax 3T0 - ypannenne _mpw t(,-() o x(0)~xo, MMEEM
) xohet
- ' 0 h-xo+x0e“
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xoh P (4.

Puc v11‘4

r paq)mc q)ynkmm x(t) moﬁpamen Ha pnc 114. Ecna xo——Jc( )>h,
10 rpa(bmc DyHKIMH x=x(t ) npn t—>+oo, npnG.rmxcaeTcsL K [IpEMOil:

G §107 BbiBOAObI

K ROHATHIO TH((EPEHIMATLHOTO ypaBHEHNs npn—
BOJAT 3afaul XUMUHM, Qpu3nku, OHoJIOrun W APYIHX HayK.
, lImbtbepeHuuanLHoe YPaBHEHHE YCTAHABIMBACT CBs3b
'MEXJLy HE3aBHCHMOH IIEPEMCHHOM, HEM3BECTHOM ‘(byHK-
el ¥ ee MPOM3BOMHBIMY Pa3iIMIHbIX MOPSIKOB. Petnits
mndpepeHInaIbEHOE ypaBHEHHE — 3HAYUT HAWTH (YHK-
muio y=f(x), xoropas ofpamaer JaHHOE YpABHEHHE
B TOXIecTBO. K mpocreifiimM OOBIKHOBEHHBIM sz(b-
‘(hepeHIMaILHBIM YPABHEHUSM' OTHOCSTCH:

a) YpaBHEHHs C paslIe/eHHBIMH U pa3zxensnomHMncs{
TIEPEMCHHBIME; : :

' 6) smueiiHpe ypaBHEHUS [EPBOTO ‘HOPAIKA;
- .B) TaKk HA3BIBAEMbLIC HEMOJIHbIE AU(depeHnnaNbHbIE
ypaBHEHHS BTOPOTO nopsmxa, TOIYCKarore IIOHI/I}KCHI/IG
nopﬂmca. :

Ay yr=f(x) 2y =1 (% v); 3) y'=f(»y)

- €. moMoInkio-. U GepeHINaIbLHLIX YPaBHCHUN PELICHE
CHeIylomue 3afadd: O paclaje ~ pamusd, O 3aKoHe
M3MCHEHHs [JABJICHUS BO3JyXa B 3aBUCHMOCTH OT BEICOTHI
Ha/l YPOBHEM MODs, HalJleH 3aKOH HW3MEHEHHST TeM-
TepaTypel HATPETOTO Tejla B 3ABHCUMOCTH OT BPEMEHH,
3aja4a OTIPENEsICHUsl CONEPXAaHUs - YIJICKHCIOTH B - KU~
BOTHOBOJYECKOM HOMEIIECHAHM, 3aa4d Pa3sMHOXEHUS KO-
JIOHMU : MEKPOOPTaHH3MOB.

- Anddepennmanbuple ypaBHEHUS SABISAIOTCA MOIUHBIM
CpPEeINCTBOM TIO3HAHUS OKPYXAIOUIero Hac.Mupa..Takxme
‘SIBJICHAS, KaK pacmad palus, U3MEHEHHe aTMOCQEpHOTO.
JaBJIEHHS, POCT PepMEHTOB HpH OPOKEHUH, PA3SMHOXEHHE
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Mmcpoopranuamon ONHCBIBAIOTCS om{on abcTpakTHOM
MaTeMaTHISCKOM (bopMmeponxou Takue xe quddepen-
[MaJIbHBIC . YPABHEHHS MMEIOT -MECTO, KOrja BeluvHHA
M3MEHSIETES. IO CHOXHBIM MPOLEHTaM, Hanpnmep, pOCT
KQmuTaNa M0 CHOKHBIM npoueHTaM. ' :

BOMPOCH A4nA CAMOMNPOBEPKW

1. Maiite. onpenenenne nmbq;epenunanbnoro ypanﬂem

2.'Yto Takoe mOpANOK AnpdepeHnuaNiLHOTO ypapHeHns?

3. Yto Ha3kIBaeTcs - peieHMeM  Au(IEPEHIUATEHONO  ypaBHEHN?
Uto’ TaKoe o6mee pemerme madbepermanbHOro ypanneﬂm" 'qacmoe
petenize?

4. Haitre - onpenenenne YPaBHEHHA C  DPa3feIAIOLUNMHCA nepe-
MEHHBIMH.

5. Hatite onpez[ene}me nuuedinoro auddepenimaiLEoTo ypaanem«m
NEPBOLO NOPAIKA.

6. Kax pemaro‘rcx nmbd)epenunanmme ypaBHemm c.nenylomero
BHa:

y'=fx), y=f% ) y=Ff(» )

‘7. TIpmBenute mpumeps! mihdepeHINANBHBIX YpaBHeHHH B GUIHKe, .
XUMHH, OHOJIOTHU, CEIbCKOM  XO3SICTBE.

YAPAXHEHWUA

HaliauTe. 4acTHEIE pelUeHAs ypaBHeHumil:

1. xdx=dy, y(1)=0, T.e. mpu x=1, y=0.

. ds=(4t=3)dt, s() 0.

. xdx=ydy, y(2)=1.

. x2dx+ydy=0, y(0)=1."

. cos x—sin ydy—cos ysinxdx=0, y(m)=n

. Teno, Temreparypa xoroporo 32°C, norpymeﬂo B TEPMOCTAT,
B KOTOPOM mnojfepxusaerca Temreparypa 0°C. 3mas, 4TO CKOPOCTh
OXJIAXACHUA Tefa NPONMOPHHOHAILHA DASHOCTH MEXAY TeMIepaTypoit
TeNa M TeMHepaTypoﬁ oxpymammeﬁ CpeJBl, OIpeNeNuTe, 3a KaKOe
BpeMs TENO:. OXIAANTCSA 110 5°C, ecma. 3a 20 MuE -OHO OXNAAWIOCH
o 15°C.

7. Hpu 6poxennn CKOPOCTD - HPUPOCTA ﬂencmylomero (bepMeHTa .
[PONOPIHMOHAJIBHA €ro HaJHYHOMY KOJNH4YecTBy, UYepes 14 4 mocne
6poxenns Macca depmenTa cocrasmia 6 I, a yepes 3 w—8 r. Haifnure
maccy (epMeHTa 10 Hadaia 6poxenus.

8. JIns COXpAHEHHA CHEPMBI CAMUOB-IPOM3BONATENEH HA INTATENb-
HOe BpEMS e¢ 3aMOPAXHBAIOT U JEpXaT npu Temmeparype —~4°C.
3a ckoNBKO, BpeMeHH cmepma oxnazutca mo 0°C, eciim ee HavaiubHas
temneparypa 30°C ® W3BECTHO, HTO 3a 20 Mun B TepMmocTaTe OHA
oxmaamunace jfo 20°C? ‘

. CKOpOCTIi OXJIAXICHHS TPAMO HPONOPIUOHAIILHA PA3HOCTH MEKAY
TeMIepaTypoil Tejla W TeMIepaTypoll B  TEPMOCTATE.
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"9, Cxopocrb pacmaga  HEKOTOPOTO nexapcmennoro : aemccua
nporxopnuonanwa €ro HaAYHOMY ‘KojfmyecTsy. B pesylnisrare ananmusa
ycTaHOBMIIM, YTO Yeped 14 TOCIE HMHBEKIMH B OPraHH3ME ocra.nocb
314 r JicKapeTBEHHOTO nemecma, a 10 HCredeHun: 3 q-—97 I

Onpegenure: . w

1) Cxombko I‘paMMOB nexapcmermoro Bemecrsa 6bmo BBeneHo
B opragmsm? -

2) Yepes CKOJBKO Bpemem HOC/e BBeAeHus B opranmme OCTaHET- .
¢ 1% nepBoHa4aNLHOIO KOJMYECTBA JekapcTsa? .

10, Cuetusx Tenrepa ycraﬂomeﬂnbm ‘BOM3K paauoaxmnﬂoro
n3oTona “cepeGpa, TPH HEPEOM H3IMEPEHUH 3aperrcTpuposan / 5200
B- qacmn B MuH, a uepe3 24 u—romeko 300, Onpedennte nepeon
HOYpacmaja M30TONd NPH YCIHOBHH, ¥TO CKOPOCTb PAAAOAKTUBHOFO
pacriaa TPONOPIEMOHATLHA KOJMYCCTBY HEPACHABUIEIOCA BCIIECTBA.

11. HaiiiTe 3aKOH pOCTA. HaNOYKOBMIHEIX KISTOK € TeUCHHeM
Bpemelm ECIH CKOPOCTL POCTA KJIETKH nponopxmouam,ua ee me«me 1,

(=Bt

rage o M f-—mapamerpsl, xapamepnay}omue yCJIOBHA pocTa KJIETOK;
I=], npn t=0.
12. CkOpOCTb COKPAIUCHHS MBILIIE! OMUCKIBACTCA YPABHEHHEM

—=B(xy—x
\ =B —x), |
rae xo—'l'IOJ'IHOE compamcm«xe MBI B, B—HOCTOS{HHaS{ BCJIH‘IKH&,
3aBHCsIAsA OT HATPY3KH; X — COKPAUICHHUA MBIUINLL B JIaHHBIH MOMGHT.

Haiigure 33KOH COKDAIIEHHA MBUNIE, ccoi x=0 npu =0,
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HacTb Tpetbsa

OnemeHTbl Teopuu BEPOATHOCTEV
N MaTemMaTnyeckon CTaTucTUKin

, Frnasa 11

OCHOBHbIe NOHATUA
u Teopemu Teopvm BepomHOCTeu

.B rJIaBe aaﬁo onpeﬂeﬂenme TEOPUH BepOSITHOCTEN
KaK HAYKH, OpUBEICHH! PA3JIMYHEIEC OIPECNCHAS BEPO-
ATHOCTH, TIPOCTCHINNE csoncma 'BEPOATHOCTH M METOABI
€¢  BBIYHCIICHHS. : :

§11.1. NPEOMET TEOPWUWN BEPQHTHOCT‘EVI

MHorue SIBACHHS B OKPYKAIONEM HAC MHpE-—B
-UPHPOJE, TEXHUKE, CEILCKOM X03sHcTBE W B ApYyIrHx
061acTaX 3HaHME HOCHT CIy4YalHEIH XapaxTep, 4 HMEHHO,
-€CyiA sBNeHMe Hab/MOmATh OAWH Pa3, TO HEIB3S TOYHO
npencka3aTh, Kak OHO OymeT mporexath. Ho ecim 370
siBJIeHMEe HaOMIOHaTh MHOTOKPAaTHO TIPU  HEM3MEHHBIX
' YCIIOBHSAX, TO OKa3bIBACTCS, YTO SBJCHHE (€r0 ‘IpoTeKa-
HHE) MOXHO ONHCATh C IOMOLIBIO HCEH, T. €. KOJHIECT-
BEHHO: :

77 Taxk, HampuMep, ecia rxo,116pac1>naarl> 'MOHETY OIWH
_pa3, TO HEAB3A TpEACcKa3aTh, 4TO BhIIagaeT — «repbd»
WiE - «oabpay;, OpH [ocajgke ‘OOHOTO HepeBa  HEE3s:
3apaHee YTBEPIKAATb, YTO OHO TPUKABETCSH; IMOCESHHOS
3epHO MOXET IaThk BCXOJ, & MOXET U HE B3OHTH.

© . Ogpmakxo eciad HaOJIOINCHHE IOBTOPSTH MHOLO pas,
TO MOXHO 3aMETHTh 3aKOHOMEPHOCTH: TIPU non6pacx>1Ba-
HUM . ‘MOHETH OTHOIICHWE YHCJIA BBIMAZaHWl . «repba»,
K obmeMy umcily noaOpachklBanuii Majlo OTHMYAETCA OFT
1/,, 1 4em Goublue aneso noabpaceiBanui, TeM Omaxke
310 oTHomerye k '/,. Ilpm mocese 3epeH OTHOLICHHE
qHCa 3€PEH, [ABIIAX BCXOM, X ODMEMYy 9HCNIy HNOCEsH-
HBIX C BO3pacTaHUEM HX 4YHCNAa OyIneT Majo OT/IHIaThCs
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OT HEKOTOPOTO INOCTOSHHOrQ. vucia. OTHOWeHHE YuCTa
- IIPWKMBIUIMXCA CAXEHIEB K O0MmIEMY. YHCHY MOCAXEHHBIX
C BO3pacTaHMEM YHCNIA  CaXeHIEB OyAeT TakKe Maio’
OTIHYAThCA OT HEXOTOPOTO. IIOCTOSHHOTO YHCIIA: - O pe-
3ynbTaTax TomXOGHBIX Ha6monermn TOBOPAT, 4YTO  OHH
OGIaNaroT  cmamucmuuecKoit ycmoiiyugocmsio., .

Teopus Bepo;rrHocren JaeT MaTeMaTHUeCKHe MOIEIH
IUIs OTICAHMSA CTy4alHbIX ABJICHMI TaKOro pojia, a MMeH-
"HO, SIBJICHUH, KOTOpBIE MOTYT OBITE BOCIIPOHU3BEICHSI
“npn HEU3MEHHBIX YCJIOBHAX CKOJb yrom{o MHOTO pa3
" o6na.uaronmx CBOMCTBOM CTaTI/ICTI/I‘{CCKOI/I yc*rontm-,
"BOCTH.
" Ilpmcrymas K HOCTpoeHmo MOIICJ'[K qubma}o'r
IJ1aBHble, HauGOJIEe CYIIECTBEHHLIE oco6eHHovm H3yda-~
€MOro SBJICHMS WM Ipolecca M OTOpaceBalOT  Te,
KOTOpBIE Ha JaHHOM  YPOBHE HCCICHOBAHUI CYUTAIOTCSA
BTOpOCTENeHHbLIMA. Ecnu 6bI Mbl IOHPOGOBAJM Y4eCTh
Bce OCOOEHHOCTH U YCJIOBHS, TO TaKas MOJENb OKa3anach
651 CIMIIKOM TPOMO3AKONH W NMPAKTHYECKH HE HPHUroHOM
g ucnosbi3oBapua. CleroBaTeabHO, -HPH MOCTPOCHHH
MATEMATUIECKOH MOJENU HEU30EXKHBl NOMYIECHHS,  BbI-
3BaHHBIE KaK HENOJHBIM 3HaHueM 00 M3ydaeMoM Ipolec-
ce, TaK W HEOOXOIHUMOCTBIO - CHENIATh MOMIEL Goee
OPOCTOM M HOCTYNHOM [t u3yveHus. OcobeHHO 3TO
XapakTepHO ISl ONHUCAHUS SBJICHWA B- CELCKOM XO-
3AHCTBE, . TAe: AEHCTBYIOT MHOTOYHMCIICHHBIE ~(HaKTOpHLI,
B3aUMOCBS3aHHbBIE MEXAY COO0OH .M CKpBITBIE OT HENo-
CPEeICTBEHHOIO HabJIro/ieHu . : ;

~ B 3amavax, CBsI3AHHBIX, HANPHUMED, C MOCAAKOM
IepeBLEB UM C BBICEBOM CEMSH, MOMYIICHHUE COCTOMT
B TOM, YTO CaXKCHILI ¥ ceMeHa aBCOMIOTHO OAMHAKOBOTO
KauecTBa, BBICAXKHUBAIOTCS B OJUHAKOBBIX YCIOBHAX;
pasJiMgHe B Ka4ecTBE, YCJIOBHSIX NOCAIKH.W- IPOU3pacTa-
HHA HE YYUTBIBAIOTCH, < T. €. CYATAIOTCS HE  CYIIECTBEH-
HbIMU. B JEHCTBATENIBHOCTH U Ka4eCTBO CEMSIH, U CaXXeH-
LEB, U YCIOBUS WX IIOCEBA, M npompﬁmam{;{ onuHa-
KOBLIMM HE OBIBalOT. ;
~  Tlpu noabpachIBaHHU MOHETHI npe,uuonararorcx TOJIb-
KO JBa BO3MOXHBIX HCXOHA -~ BhINafaHue «repOa» WA
BBINAMAHHUE «IHGPED»; BO3MOXHOCTE NAHEHUS - MOHETBI
Ha pebpo WM BO3MOXHOCTE. €€ HCYE3HOBCHUA B Pe3yJib-
TaTe€ HCNBITAHHSA HE YYHUTHIBAETCS.

Tlpu Takxoili mMOCTaHOBKE- Bonpoca BBIBOJPI, . ITOJIyeH-
Hble B PE3YJbTATE U3YUCHUS MOJEJEH, 6y1:[y"r OTpaxaTh
ocoﬁeHHocm SABJICHNSA JIALIG B rnaBHOM, a JIpH pelueHyn
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' OPUKJNAJHBIX 33024 OTBET HA NOCTABJEHHBIH Bonpoc
‘6yaet NpuGIMKEHHBIM B TOH MeEpe, B Kako# peaJlLHoe
" ABJICHAE OTJIIMYACTCA OT €ro MOAENH. -
i Pa3nHyHbIE TIPEANONOKEHUS JONYIIEHAS, KaK npa—
“Buno, Gyaem OTOBapHBaTh 0C000.

Tenepr, MOXHO [JaTh  CJIEIYIOIIEe “onpenénenue.”

- Teopus ' eepoamHocmel — MameMamuueckas ' HayKa
' 0 KOAUUECMBEHHbIX 3GKOHOMEPHOCMAX Mmooeneld  cayyail-
. HBLX ‘ABACHULL HE3ABUCUMO OM UX " KOHKpemHOil npupoObz
" OCHOBHI ‘TEOpHH BEPOATHOCTEH HEOOXOMMMO. 3HATDH
“'crenuaructaM, paboralommM B obnacrsix, TAE¢ OYeHb
MHOTHE  SIBJIEHUS M npoueccm IIOI[BCp)KCHbI CJIy‘IaI/IHbIM
BOSI(CKCTBI/ISIM :

§ 11.2. OBLUWME ‘NPABMNA KOMBUHATOPUKM |

Paccmorpum &k - MuHOXECTB - My, M,, "My, ..o M,
COHEPKAIIMX TIO My, My, M3, ..., Wy IIEMEHTOB COOTBET-
. CTBeHHO. Bribupaercs 1mo 0JHOMY 3JIEMEHTY M3 KaXIOoro
MHOXECTBA M COCTABJETCH €Ie OJHO MHOXKECTBOQ.
Yncno. cnnocoGoB, KOTOPLIME MOXKHO BBHIOpaTH 110 O]~
© 'HOMY 3JIEMeHTYy 43 KaXI0ro MHOXeCTBa, paBHO NpPOHU3-
BENCHUIO My, My, M3, ..., M. B 3TOM A COCTOUT OCHOBHOM
TPHHIUIT KOMOHHATOPHUKH.

B 3amawax Tteopun BCpOHTHOCTCI/I 9acTo ‘paccMarpH-
BAIOTCH Pa3J/IMYHbIC COeHUHEHUS (KOMOUHAIMY) U3 MHO-
KECTBA 7 -3JIEMEHTOB IO k 3IeMEHTOB (k<n). bymem
paccMaTpUBATh TAKHE COCHHMHEHHUS, B KOTOPBIE KaKIbIi
9JIEMEHT JAHHOI'O MHOXECTBA MOXET BXOJMTH He Ooutee
ONHOTO pa3a, T. €. COSHAUHCHHUN O0€3 NOBTOpEHMH.

PaccMoTpuM Tpu BHAA CoenMHEHH: 1) pazmMerneHud,

+2) epecTaHOBKH, 3) COYeTaHHs,
: Onpenpenerue. - Pasmewenuamu U3 "n 31eMeHmMos
no-k snemenmos nasvieaiomca nHoomuoxncecméa k -anemen-
Lmos, omauuarowuecs 00HO Om OpY2020 UAU - CAMUMU
dAeMeHMaMU UM UX nopﬂ()xom ‘Iucxzo pa3meu4enuu
obosnauaemca Ak,

Teopema. ’Iucxzo pasmeu/enuu U3 N 9AEMEHMO8 No
k- sﬂemeumoe oo . : e

At =n(—1)(n—2) .. C—(k—1).

, HdoxasaTenbcTBo. Just TOro 9ro6e! pacno.ﬂoxcmb
_ k 3J1eMEHTOB B ONpEeNICHHOM nopsunce, BBIOEpEM: OJMH
u3 HMX # GyOeM CUHTATH €ro «mepBhiM». DTO MOXHO
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_CAEMATH N -cnocobamu. OcraBlieeci MHOXECTBO COmEp-~
*ur #— ) aneMenToB.- M3 Hero BpibepeM OHWH B HA30BEM
ero «BTopbIM». g BEIOOpa BTOPOrO IEMEHTa HMEIOTCH
.n—1.cnocobos. OcTanoch MHOXKCCIBO: B3 B—2 9JIEMEH-
TOB,. BpiOupaeM = ¥3  HETO OIHH - 5ACMEHT W HA3EIBAEM
€r0 «TPETHbHMY», UTO MOXHO €Neliath n—2 cnocobamu.
IIpoaopxus ppomecc orbopa, mocmemmmii k-# ameMeHT
MoxHO BHOpats #n(k—1) cmocobamu. Cornacko OCHOB-
HOMY HpHHIMITY - KOMOMHATOPUKH, “HCIO BCEX CHOCOOOB,

KOTOPBIMH MOXHO COCTABHTH pasmemeﬂnﬂ T. € 9HCIO
pasMeIICHH paBHO ‘

Ak=n(n—1)(n-2) ... (n—k—1)). (1121)

® TIIpnvep. OnpelieuTh, CKOJBKO TPEX3HAUHBLIX YHCEN MOXHO
COCTaBUTh U3 MHOXECTBA mdp 1, 2, 3, 4, 5 6e3 MOBTOPEHUH.

" Pewrenue. Mimeem n=S5, k—-3 A5‘=5 -4+3=60,

3mecs wmonaramm, 4ro O<k<n. Hpn k=0, mo ompeneieHnIO,
A1=l .

Onpenenenue. Ilepecmanoskamu us Oanusix n ase-
MEHNIO8  HAZLIGAIOMCA  MHOXNCECINGA U3 M. DNEMEHMOS,
PA3AUNAIOUUXCH  MOABKO nopAOKOM. |

ITepecTaHOBKH —9T0 YacTHBEIM Ciydail pa3MeIleHH.
Uuciio Beex IEpecTaHOBOK 0003HAYAIOT CHMBOJIOM P,
Yucino P, mafitm mecnoxuo. [ns sroro. B dopmyie |
(11.2.1) HeobxommMo mMONOXUTH k=n. Umeem

—n(n—l)(n 2) .. (n— (k—l))

O open cHCHIE. Hpouaeeéeﬁue n nepebzx Hamypa-
AbHbIX  uucen obosmauaemcsa cumgoiom n! (uumaemm
9H- gbaicmopuaﬂ) HosmoMmy

Py=1-2:3 .. ?—‘n‘? (1122)
ITo onpeaeneﬂmo HpI/IHI/IMaeTG)I PQ——O"—I‘

0 YIpumep. K kacee 3z HomygeHnem (ays YEIATEL) IeHeT FOROLUTH

onHoBpeMeHHO 4 uesoBeka. CRONBKUMH. crocoSaver W MOTYT
BEICTPOATECHE B OUCPEIib. : .
" “Pemenue. Quepems COCTOMT M3 ~4eTBIPEX pasnmm.rx JINH,
TIOPTOMY. B Ka[OM ~CHOCOGE COCTABHCHUS = GMEPEHH - YIHTHIBACTCA
HOpSIOK WX ' paciojoxenus. -Takum o6pa30M, FMEIOT * MECTO- mepe-
CTAHOBKH 3 HETHIDEX HCJIOBEK, HX qncno paBHO

Py=1-2-3-4= 24.

. Onpeneneune.. Couemanusmu, = codepiucarjumu
k oaemenmos, evibpanHbIX u3z W IAEMEHMOE 3A0AHHO20
MHOJICECTNEA, HAZBIEATOMCA * 6CEEOIMOICHbIE MHONCECEA,
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pazaukaiowmueca xoma- Ot -00HUM daeMenmoM.  Hucao
wuemauuzi U3 N IAEMEHMOE 1O k e MEHIMO8 oﬁo:mauamm
C wm (%)

Teopema. Yucao couemanuii - u3 n d4eMeHmos ho
k A€ MEenmos onpec)e/memt:ﬂ gﬁopmyﬂau

k n!

Cn‘=m. (11.2.3)

JoKazaTennrcTso. Paccmotpum HIEPECTaHOBKY U3
n anemenToB 1o k. Ux wncao Ak=nn—1)..(n—(k—1)).
Eciu He CYHTATLCA C ' TOPAMKOM BEMEHTOB B TEpE-
cTaHOBKe M3 Kk 37eMCHTOB, TO cyIecTByeT k! mepecra-
HOBOK, KOTODBIE HEPA3AWYHMBI, T. €. UX HEJb3sl OTJIUYHTH
OT IEePBOHAYANILHOM MEPECTAHOBKH: ITostomy umcno
BCEX COYETAHHHM H3 B HO k B k! pas Mesblle uHCAa
'BCEX nepecmnonox, T. €.

() n(n—l)(n 2)...(n— (k—l))
k k!

21y (i)bpMyny MOXHO YOPOCTHTB, €CIIH JAOMHOXHTb
qaenst  gpobu, crosmeit B mpaBoif YACTH paBEHCTBA,
Ha npowssemenue (n—k)n—k—1)..3-2-1=m—k)l:

'Ck_n(n—1,)(n‘—2)._.(n—(k—‘1)) (n—k) - n
» Kl (n—k)! K-k

(112.3)

@ Ilpnmep 1. PlMeetcsa 6 mramMoB Gaxtepmil. i onpenernenus
CKOPOCTH HX PpPOCTa HEOOXOARMO B},!Gpan 3 ITaMMa. CKOIH:KHMP[
cnocobaMH MOXKHO 3TO: CHSTATH? -

Pememme. Crnocobsr -orbopa CHATAIOTCA pas;mmmm €can
xaxgas oroOpannaas TPYANA TUTAMMOB DAa3lHTacTcs XOTA OB OJHAM
- DHEMCHTOM. - DTO. IHCIIO :

, ‘
cio 6! 12345620-
‘ 3'(63)'123123

‘Talmm oﬁpawM, upseres 20 COOCOGOS, :‘

. @ Tipumep 2. V3. rpynm:l B 20 rojos prIIHOFO poraToro ckota,
NpEfHA3HAYCHHOTO I OTKOpMa, IV KOHTPOJNBHOTQ OTPEXCICHHS
CPEANECYTOYHOTO - TipEBeca oTOHpaerca fpynnma M3 8  KUBOTHHIX.
‘CrobKEMH  CLIOCODAMI. 9T0  MOXHO © CHCIATH? :

Pemerne. Uncmo €HocOGOB PaBHO HHCITY MHOXECTB, KOTOPEHIE
MOXHO cOCTaBUTh u3 20 5neMeHTOB HO 8, paanuqa}omnxca X0TH
661 opEHM 3nemen-rom, .a ar0

R cs I 125 970. @
X T 81(20-8)1" s
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@ IMprvep 3. B smuke 20 mapos, cpefu’ KOTOpLIX. 127 Geimix,
ocranbnme—rony6me 0T6npaeircz HayTajn 2 ulapa COJTLKMMI«I .cno-
cOBUMU MOXKHO “0TOGPaTh: @) 7[Ba GEAbIX mapa 6) nBa rony61>1x
B) opun Oensii, npyroit rogyboi. .

"Peirenne. HuCHO CIOCOGOB, KOTOPHIMA MOXHO OTO6EHTI> ABa
Generx mapa u3 12, He 3aBUCHT OT MOpAAKa OT6OP2 M PaBHO YHCITY
MHOXECTB M3 12 1.2, Pa3HAIOUHXCS TOIBKO COCTABOM, CrnenosatensHo,

120 o112 o
L T_66.
212~ 2)v 1-2.

qngno CIIOCO6OB Koropmwm MOKHO o'ro6pa'rb 2 ronyﬁmx mapa u3.
8 paBHO

,~v2
C12

) 81 - 7.8 O
2—‘—_—.'——: . A
’ 'C,s—-2!16! ) 28 e e
Ynco cnocoGOB KOTODPBIMH - MOKHO 0T06paTL omm 6cm>m zxpyrou
rony6ou HIap, COTJIACHO OCHOBHOMY TDHHIMIY KOMGHHaTOpHKH DPaBHO
12- 8 96 HIH

Ccl, Ci= 8! —’12 8= 96 ob
28T un

§ 11.3. COBblTMFl u MX KHACCMQMKAUMH

BBeneM TepPBOHAYAIBHO CJ‘ICL[YIOH.II/IC TOHSATHSL: HCIIbI-
Tauue (OmbIT) M coObITHE. [la M HEKOTODPHIE ITOSCHCHUS.

Vicniertanye —9TO | OCYUIECTBIICHAE — ONPEC/CHHOTO
KOMILIIEKCa YCJIOBAH, TIpH KOTOPLIX TPOW3BOAUTCA HA-
omonerue. Tak, npu cTpensde nO MUIIEHH HCHBITAHUE
COCTOUT B.TIOATOTOBKE K CTpeinbe, 3apsKEHUM OpYXKHS,
DpUIEIMBAHUY, HAXATHUH CI[yCKOBOIO KPpIOYKa,

. Ilpu ompeneneHMH KadecTBa - [OCEBHOIO MaTepHana
WCTILITAHAEM SBIAETCS IOATOTOBKA M CO3JAHHE HEOO-
XOJIIMOTO - BOAHO-BO3JYHIHOTO “H  TEILIOBOTO PEXHMA
A TPOM3PACTAHHA ceMsH, moceB. IIpu ompenmeseHuu
OPOHEHTa XHpa B ‘MOJIOKE = MCHBITAHMEM , CUATACTCH
B34THC npo61>1 1abopaTOPHEIHA, - aHaIA3. Byaem . npen-
nojarath, YT0 MCHBITAHME MOXET ObITh BOCHpOI/IBBeILeHO
CKOJIL YTOZHO MHOIO pas. |

B Teopuu BeposTHOCTEH mOK CO6I>ITI/I€M MIOHUMAETCS
_Ka4eCTBEHHBI pPE3YNBTAT . MCIbITAHHUSA WA ncnmramm
© ecnM | OHM HOBTOPAIOTCR MHOFOKpaTHO :

Q HNpavep 1. Ilpun ognom Bmc:Tpene TI0. . MHIIIEHH BO3MOQKHBI
crepyionMe cobpiTHsa: 1) momamaHke B MUILEHbL; 2) Mpomax. @

@ Ipuvep 2. Hpu non6pacmBaHuH MOHeTm 2 pa3a noapsm‘
BO3MOXHS! CICNYIOIIHE conym .
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1).06a pasa ppman. «repby;

2) o6a pasa ‘smifana ungpa; .

~ 3) npu nepBoM no.a6pac1;max-mu BHINAJ «rep6» a npn BTOPOM —
undpa;.

4), npu_meproM non6pacbmanun BEIMAA MDA, -2 npn BTOpOM—— ‘
«repbn. @ B ) y -

" Bo3MoXHbIe, NCKIIIOYAIOIME APYr APYyra, Pe3yIbTAThHI
ONHOTO MCHBITAHUA HAJLIBAIOT - J4eMEHMADHLIMU  CO-
6uimuamuy. .

Tax, mp:m onHOM 6pocam«m HTPabHOI'O Ky6mca
BO3MOKHBI CJIEAYIOIIAE 37IEMEHTAPHEIE COOBITHA: BRITAME-
HHE OJTHOT' O, IBYX, TPEX, YETHIPEX, IISTH UM IIECTH OYKOB.

'CobrITHs 0003HAYAIOT 3araBBEBLIMM OyKBaMH JIaTHHC-
KOTO ambaBnTa A, B, C, ...

B manpreimeM ormcaHne coOrITHsI, Kak MPaBHIIO,
OyneT CTOATH PAROM C €ro- 0BOIHAUCHNEM H COE/TMHEHO
c HuM 3HakoM =. Hampumep, cobbitie A={npmu
nonﬁpacmBaHnn MORETEl BB repb}; coGniTme
B={ppmHyTBHIl AP u3 anmxa~—6enbm} cobnrTHE
C={nBa monmajauusa MO MHIIEHH NP ABYX BLICTpeJIaX}

CoOviTHs NpHHATO KJjaccupuIMpoBaTsh.  Pasimuarot
JOCTOBEPHBIE, HEBO3MOXHBIC H CHyvaliHble cOOBITHA.

HocToBepHBIM HaspiBalOT COOBITHE A, KOTOpOE LpH
HCTILITAHNM HE MOXET He IPOH30WTH, a IpH nonropemm
MCTIBITAHKUH BCSKMH pa3 NPOUCXOIMUT.

@ Ilpumep 1. Ilpu non6pacmsa1mu KaMus cobBITHE A4, cocrosiee
B.TOM, MTO KaMeHb YHaJeT Ha 3¢MJIO, JOCTOBEPHOE, @ .

CobeitHe ' B H43LIBAIOT HEEOSMOXICHBIM, " €CIH  TIPH
HCIEITAHUM OHO HE MOXET NPOM3OHTH.

e l'IpnMep 2. B suumce HMEIOTCH ‘TONBKO OeJiple IUaphl. Coﬁmme
B={nosenenue ronyﬁoro Iapa. NP HM3IBJICUCHMU OHOTO mapa} —.
_HeBo3M0>KHoe .

C/tyuaunbm HaSBIBa}OT CO6BITHC KOTOpoe npn Hc-
HBITaHI/II/I MOXeT mbo nponaonrn Jmﬁo He IIpOPI30PITPI :

‘ Hpumep 3. IIpn nonGpacuBaHnn MOHETBI MoryT HACTYIUTh:
cobrITHE = {MOHETa yHana «repoom» KBepxy} au60 cobriTHe B= {monera
ynaﬂa «Imcppou» KBepxy} 3}1€cB A " B~—c.71yqam{me coﬁmmx L 3

Coﬁmrnﬂ Ax B Hassma}oT HEeCO8 MECHIHbIMU; - €CIIA
OpH  ONHOM HCIBITAHWN TIOSABJICHHE OI(HOI‘O ‘M3 an
ncxmoqaeT noaBJIeHne JIpyroro h

¥ IIpnmep 4 l’Ipn OMHOM . BBICTPEJIE. TO. . MHUIIEHH co6x>rmc
A= {nonanaﬂne} u coGbitue B= {npomax}—necosmecmbl ° .
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~CobuiTust ‘A W B Ha3LIBAIOT CcOSMECMHBIMU, < €CTH
OpH WCHBLITAHUM  IOABJIEHHE; OFHOTO " M3 HHKX HE  HC-
KJIOYaeT IIOSBJICHUE JpPYyroro.

@ Hpnvep 5. H3 mapTus nOCEBHOFO Marepnana oTOnpacTcs ABa
sepHa: - [Iycrp  cobnitme A= {nepBoe 3¢pHO . TIPH ;- TIOCEBE B@onzm:}
B—cobriTHe, COCTOSILEE B TOM, 4TQ BEOPOE. 3¢PHO HE. JIaCT BCXOR;
A " B———COBMCCTHBIe coGLITml o

COGBITI/ISI A, B C o6pa3y}0T B JJAHHOM -MCTIEFTRHAH
TONHYIO TPYWHY, €CIA OHM HOMapHO HECOBMECTHBLI
U B pe3yiIbTaTe HEITPEMEHHO nponcxmmr O’I[HO H3 HEX.

@ Ilpuvep 6. IlIpu mnocaunke Mono,ublx uepeBbeB BO3MOMKEBI
crnefyromue  cobuitms: . A={mepeso’ upmmnel'cx} B={mepepo He
npuMETCs}. Conmx A u B ofpasyior TOJTHYXO. rpyrmy ®

HBa HECOBMECTHEIX co6mm oGpazymmme TIOJHYIO
rpynry, Ha3biBalOTCHd NPOTHBONOJIOKHBIMU. llomamamme
U IpoMax TPH OIHOM BBICTPERE — COOLITHS - IPOTH-
BONOJIOKHBIE. BrinageHne «repba» W BhINAACHHE «HUD-
pbI» —COOBITHE TPOTHBOHOJIOKHEIE.

IlycTe ucubiTaHue, B Pe3ydabTaT¢ KOTOPOFO MOXKET
TOSIBUTECS . COOBITHE A, moBTOpseTes n pa3. Colbvitue,
COCTOMINEE B TMOABJEHMU COoOBITHA A4 XOTs OBl OOUH
pas, - 03HAYAET; YTO OHO MOSBISICTCH He MeHee OXHOTO
paza u He Oosee n pa3z. Iloseuenme xoTs Obl OOHOTO
COOBITHS W HEHOSBJICHUES - COOLITHS HHL  OJIHOTO paza——
COOBITHS TIPOTHBOMOIOXKHBIE. '

CobuiTusa: A, B, C u T. O. Ha3HIBAIOT paBHOBosMoxc-
HLIMH, €CNI1 HeT OCHOBAaHMH CYMTATh, YTO B JAHHOM
VICOBITAHMM OJHO U3 HUX Goljee BO3MOXHO, YeM ApYTHe.

@ Iipumep 7. Epu nopGpaceipammm MOHETH . cobprrue A {BEI-
najienme «repGan u cobmrrue - B= {epmagenne «upp»}  PABHOBO3:
Moxust. TIpH ToceBe 7+ OMMHAKOBBIX 3CPEH conme A; (i=1,2, £
COCTOSLIEE B TOM, 4TO {—€ 36pHQ NPOPACTET, nannMaerca paBHoBO3- -
moxubiv. Tlpr nozxﬁpacsmarmu ArpanbEOro Kybmka BruIafeHne rpancn ‘
¢}, 273 45 a6 OUKAMH — COBLITHST paBHOBOBMO)KHBIe ecnu
_ KOCTh 'WM3roTOBJEHA CTPOro chMeTpmHo ®

§ 11.4. OTHOCUTERbBHAA lIACTOTA COBbITUIA
n EE CBOMCTBA

HYCTL npOBonHTCﬂ N ‘ I/ICHLITaHI/II/I B Kaxcnom u3
KOTOPBIX MOXET MOSBUTBCS WJIE HE MOSBATHCS COOBITHE
A. TTo 3aBepileHNH MCIIbLITAHMI oxasanoca YTO: €06BITI/IC
A macrynmmwio- M -paz. . oot RPN e
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Onpeacnenue. Omuocumenvhoil Yacmomoii  (ua-
cmocmpio,)- cobvimua naabmaemc;z yucao

P*(A) i (11.4.1)

r,ue M —qECHO" TIOABJICHMI - coﬁmml Ay N~— obee
YUCIO TPOBEMICHHBIX WCHBITALHA.,

@ Xipumep 1. Crpenox cuenan 100 BRICTPENOB IO  MHLLICHU
u nmouan 90 pas. HycTs cobuitne 4= {nonanaﬂue B MMIIECHD HpH
OIHOM mncrpene} Tor.ua ~

90
P*(A)————O 9. @

® Tpwmep 2. Tlpumeuska chcnama 12  KWBOTHBIM. PmmvynuTeT
nprobpenn 9, Pacemorpum cobuiTue A = {faHHOE KUBOTHOE npnoﬁpeno
nmmynme‘r} Nmeéem

9 )
* P 7
P ;(,4.)_12_0,75. ®

@ Ilpamep 3, Tlocaxermo 70 TNAOHEOBRIX JEpeBbEB, HA APYroit
TOJ OKa3aJ0Ch, 9TO NPHKHIOCh 50. Cobritue A = {IocaxeHHOE JepeBo
npmxusacrea). Iomyvaem

500 T
PHA)==071. @

CBoJfCTBA 4aCTOCTH CODBITHS.
1°. Yacmocms c06bzmuﬂ—eeﬂuuuna 6e3pa3mepnaﬂ
U UBMEHAEMCA HA MHONCECTBe

[0, 1]={P*(1): 0<P*(4)<1}).  (11.4.2)

29, ‘Yacmocme docmoeepnoeo cobvimun pasna 1.
3% Yacmocme Heso3mouCH020 cobwimun pasna 0.
4% Yacmoems cayuaiinoso cobeimus usmMeHAeMcA Ha
mroocecmee (0, 1). oo ;
"~ CsoiicTBa 1° 4° JIerKo HOKAa3HIBAIOTCS C TOMOMIHIO
onpe,uenenmx 4acToTHl B Kjaccrbuxammy cobsrruil. Tak,
HATIPEMED, OYCThL cobhITHE A JOCTOBEPHO, 9t0 o3Havaer,
yTO B cepmM w3 N HcnsTaEmi oHo Hacrymmio N pas

. P’-"(A)-—‘-%:l.

'§ 11.5. BEPORTHOCTb COBbITUA W EE CBOWCTBA

OTHOCHTENLHAS HacTOTA 3ABUCHT OT  CHydalfHBIX
-0BCTOATENLCTB, CONMYTCTBYIOMMX HcnbiTanmio. Hazomem
MHOTOKpaTHOE HOBTOPEHHE ncnbnamm cepml HCHBITAHHIH.

?
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Tpu nepexoite OT OZnHOM cepun ncnmrarmu ‘K npyron
4acto ObIBaeT, '4TO JUISL OMHOIO M TOTO “XKe COOLITUS -
oTHOCHTEbHAs dactora P*(4) o6Hapy>1<m;aeT yCTOHYH-

BOCTD, T. €. C BO3PACTAHMEM UCIA UCHIBITaHHH N B CepHsix

KoneGaHm SHA4YCHAN OTHOCUTEIBHON 4aCTOTH YMEHBIIA- -
10TCs. MOXHO DPeIIIOsNoKNTS, MTO CYIIECTBYET OCTOSH-

HOE 4YHCIIO, OT KOTOPOTO YacTOCTH ‘B Pa3HLIX CepHSX

OTKJIOHSIFOTCS B Ty MJIM JPYTYO CTOPOHY. DTO YHCIIO KakK

KOJTIMYEeCTBEHHAsA Mepa OOBEKTHBHON BO3MOKHOCTH OCYIINE-
CTBJICHAA COOBITHS IPH OJHOM HMCHBITAHUU npnmlmaeTc;l

32 CTATHCTHUYECKYIO BEPOATHOCTB.

W3 sToro ompeneseHUs CICAYET, 9YTO. 4aCTOCTh
coObiTHS €CTh NPHOGIMKEHHOE * 3HATEHHE BEPOSTHOCTH
3TOr0  COOBITHS, YTO HCHONB3YETCS B NPAKTHYECKHX
3agagyax. Ecim coObiTHE  HMeeT OONbUIYIO. BEPOSTHOCTD
HO CpaBHEHMIO C JDYTHMMH, BO3MOXHBIMH B JaHHOM
HCIBITAHAN, TO OHO H IIOABJSETCA Yallle OPYI'HmX.

Knaccaueckoe onpefesicHHe BePOSATHOCTH COOLITHS.
Habaronas wm n3ydas Kakue-HHOYZAL IBA MIH HECKOJb-
X0 COOBITHIA, . MbI- yOekIaeMcs, yro ofuu w3 Hux OoJee
BO3MOXHEI, YeM IpPYTHE, T. €. Kaxjaoe cobiTie obnanaer
TOM WM MHOH Mepo#t BO3MOKkHOCTH. Ecim kaxmoMy
cOOBITHIO, BO3MOXHOMY NpH MCIBITAHAH, CTABUTHL B CO-
“OTBETCTBHE HEKOTOPOE MOJIOKUTEILHOE YHCIIO, TO JOrHY-
HO NpPUOUCHIBaTL Gospluee 9uCa0 Gojiee BO3ZMOXHOMY
coGbrTuro. - Uncno, BeIpaxaroniee Mepy BO3MOXKHOCTH
co61>m«m, HA3LIBAETCS BEPOSTHOCTHIO 3Toro COOBITHSL.

@ IHpamep 1. B suumke 20 mapos, u3 Hux 10 6em>rx, 7 ronyOsrx,
4 wenteiX, 4 cumuux. Ilapel mMepeMeuIMBAIOT M HAayAady, HE TIAASA,
6epyr | miap. Ilpn 5TOM BO3MOKHBI CHEAYIONIHE COOLITHS:

A={p3aTIii wap Gemnbui}; .

B={paarslii wap ronyﬁou},

C={B3aTHIi mAp >KEITHLIA};
... D={B3areii map cumwuit}. :
Hoctats . w3 - smmxa . Gespif Wap MOXHO ckopee, ueM ronyGoi,
a romyGoil ckopee, 4eM XeNTbL JHJIH, CHHUK. BO3MOXHOCTH - IOCTATH
~ wenTeif Wi CuEMH Inap ommuakoBet. Hmena %f,s, /ys, *fys Yas
" ONpPEAENSIOT *MePY  BOSMQXHOCTH. IOSBIICHHS - coo'mercrayxemnx co-
ObiTHil © HasmsamTcx X BepOﬂTHOCTﬂMH ¥ i

R

o l'lplmep 2. Hyc-n: uMeeTCH xopsmia €. 25 xnyﬁnm kaprotbeml,
npu4eM H3 HUX 5 MMCEIOT MEXaHHIECKHAE . IOBPEXACHNS, HAHECCHHEIE
npu y6opxe KayGun nepemeumnalo'r o 6cpyT OIuH H3 HHX. Bo:uvxoxcﬂm
crenyronue “CoLITU:

A={xiyGens B3dT- 6e3 - nospemeunn}

B= {k1y6eus: nonpemen} St
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SIcHO, -4TO 'BOIMOXKHOCTE BINTH :moposmx xryGens GofnLie, YeM: .
HOBpC)K)JeHHLIPI Tak Kak . 370POBEIX KJyOHedl Goibile. ‘{ucna s

°/,s - MOKa3BIBAIOT Mepy O6LEKTHBHON BO3MOXHOCTH * COBMITHA
A u coﬁm-mx B u ramxe Haauaalorm ux seposrmocmMH Q

Ilycrs B peaym,TaTe VOTILITAHAS  MOXKET HACTYIITE.
KOHEYHOE YHCIIO /1 9JEMEHTApHBIX cobbITH. Cpemd 3THX
n COOBITHIT: UIMEETCH M TAKHX; OCYLUECTBJICHHE KOTOPBIX
BENET K IOSBJICHHIO coburrus A. Dt m -coObITHI
Ha3BIBAKOT GarompUATHRIME Ui 4.

‘Onpenpenenne.. Beposmnocmvro coboimus A Ha-
2bIBAEMNCA OMHEOUEHUE YUCAA 1 DABHOBOIMONCHBIX I AeMeH-
mapuelx  cobwvimuil, baazonpuamusix 048 A, K. uucy
N 6CeX BO3MONUCHBIX. IACMEHMAPHBIX cobeimui.,

-BeposarrocTs cobObiTHs A oéoanaqaon P(4). TaKI/IM
obpazomMm, o

P(A)=%.- , T (11.5.1)

@ lipamep 3.;Bpomena wurpasnHas xoctb. Haiith BeposTHOCTL
cobbiTust A= {BBIIANO 9ETHOE HUCIO OYKOB}.

Pemenne. DIeMECHTAPHRIMU COOBLITHAMH, GIATOTIPUSTHEIMY I
A, spisiorcs cobuitus: A= {Bhmagenue, 2 O‘H(OB} *4, = {BBITafgHue
4 oukoB}, A,={BHmaneHpe 6 ouxos}. -Bcero Taxmx coGelThit 3.

MiMeeTca INECTh IEMEHTApHBIX COORITHIH, 7=06, CIeAOBATENBLHO,

P(d)= 3/6-— 12. @

. Iipumep 4. Haiita Beposrmocu cobbrtus A= {BRIMTpEIL Ha-
n6oNbIe CYMME! TIpH Erpe B J10TO M0° 1 Gmiery}, ecmd* jumsi-sToro
neobxoaumo -yragaTe 5 mH3 36 umcen.

Pewenue, Mpn HATHSHM OfiHOTO OHNeTa MMEETCA .OmHO' Gnaro-
npuaTace mus A anememapﬂoe conme = {Bce 5 uucen YTanaHbL
npaBwILHO}, T.e. m=1. ‘ ’

Yucno 7 BCeX dEMEHTAPHBIX COOHITHI paBHO HMCIy BCEBO3MOK-
HBIX pymI W3 5 unces, OTIMYAOMUXCH x0Tt 6ur ORHEM HHCIOM,
T.C. n= C36 .

‘ P(A,) c 376 922

HopnseneM eBolicTaa: Bcpo;n"noc-m co6bmu. »

Tax xax 0<m<n, mo. 0<P(A)<], KaKogo . 651_‘.‘

Hu 6bmo no ‘ceoeti npupoc)e cobvimue A. -
2°, Ecaii - A— cobeimiie  negozmomcroe, mo P(A)=0.
3% Ecau B-—coébzmue aocmoeepnoe, mo P(B)-—l

® I]pnmep 5. Tanoam sanyMepoaaﬂLx BoCMH aByaﬂaqxbmn -mc.ua— :
mu. Y3 nayuxu Haynauy 6epyT 1 zanon: Kakosa BepoaTHOCTE, coﬁsrmx A,
COCTOALICTO B TOM, YTO HOMECD TajJOHA COCTOHT ‘M3"OJAHHAKOBRIX Tup?
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Y

Pemenne. TloacurraeM - uueao BceX  TajoHOB . (obmice. uuCio
BCEX' BOBMOXKHBIX 3IEMEHTapHBIX - coOrTanii). Homepa ¢ ll-ro. no. 19-i
6ynyr mMeTh. MecTo Ha 10 Tanouax, W Tak B . KaxAO# crexyromei
Jecarke. Yucno apysHaunsix uudp n=90. TanoHy C OMHAKOBLIMH
nu(bpaMn 11, 22, 33,.., co;xepmarcz B xcaxcnmx u3 10 _T4JIOHOB 110

: om{omy, T. € m—~9 Tor,ua

P(A}——:O i

BCPOXTHOCTB MaJia, CHENOBATENBHO, RpH OI(HOKpaTHOM ncm,rram«m

. COOBITHE €KOpee BCEro He npomsoiigeT. @

® Hpnmep 6. B auxe 20 mapos, #3 HEX 12 Geabrx, ocranwme

_ romy6uie. M3snekaroT nBa miapa.

Haiitn BepostrOCTH cOGBITHIE 4 =={06a mapa Gemvic}; B={o6a
mapa ronybsie}; C={omur map Genbii, apyro# romyboit}. O6pasyror
an’. cobeitus 4, B, C ‘momuyio rpymmy? IlposephTe pPABEHCTBO

P(A)+P(B)+P(C)=1.

B xonne § 11.2 (mpumep 3) 6buro HallAEHO, CKOJILKAMHE crocobamu
MOXHO oTo0paTh: a) ABa Genbix; ©) oBa ronbeIx B) onnH Oenblif,
Apyro# roay6oii map. TeM caMbIM OTIpenieIeH0 M YHCIO SMEMEHTapHLIX
coObITHi, GraroHpHUATHBIX IS DOSBJICHHS KaXI0ro u3 cobprtnii 4,
B, C. Ocraercs HOLCUUTATH YHCIO BCEX O3NEMCHTAPHBIX COBBITHH,
BO3MOXHBIX TIPH HCHBITAHAM, MK YACHO CHOCOGOB, KOTOPHIMHE MOXHO
oTo6pars 2 mapa w3 20. OucBMIHO, 9TO 9TO

i - Cly= 201 190.
T os
Torma, no dnpe,ueneumo, ’:
Cc?, 66 33 €% 28 14 . CL-Ch 48
PA)=—P= 2 20 pBy=—C == p(C)=—2 o
“)= CZ%, 190 .95’ &)= C%, 190 95 € 190 95

B IAaHHOM HCUBITAHMH COGHITHS A, BuC nonapﬂo HECORMECTHEL
Ony. 06pasyior HOJNHYIO. IPYIIY; TaK :Kak B pesymra're HACTymaeT
oano H3 3THX cobpituit. Flosromy - .

33 14 48

P(A)+P(B)+P(C) §§+;5- 3 ‘1 (‘UM §116)

§ 11.6. TEOPEMbI CJ'IO)KEHMH n YMHb)KEHMﬂ

Onpenenenne. CyMMou uau obveouneruem deyx
cobormuti A u B Hasvigaemca. cobvimue C, cocmosawee
8 nosgAenuu xoma bvl 001020 U3 HUX.

Muuym C=A+B, um €= 4B, umt C= (4 g B).

© Ilpamep. Hycrh A ~—cobriTHe; COCTORIICS B TOM, YT0 HayHAauy
Brifpannas M3 craga KopoBa  HMecT FOINOBOH Yol ot 3000 no
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3500 xr, -B—~CoOGBITHE,  COCTONMIECE B - TOM, . ¥¥0: BrOpanHas koposa
uMena yaoi -ceoie 3500 xr. Torma coburrae - C=A+ B o3HauaeT,
410 BHIOpaHHas KOpOBR ‘HMECT YHOM - CBLILIE 3000 xr. @ -

" Haxoxnenue: Bepomﬂocm HACTYIUICHUS. CYMMBEI HBYX
COGLITHIl OCHOBBHIBAETCS Ha . CHeyrouie TEOpeME. .

1. Teopema clOXKeHHNHA BePOSATHOCT eIl Bepo-
AMHOCMb HACMYNAEHUA OOHO20 . U3 06YX HECOBMECHMHbIX
cobuimuil pasHa cymme ux’ 6epoAmMHOCHEl, m. e.

P(A+B)=P(4)+P(B). -  (11.61)"

HoxaszarensbcTBo. Ilycrb n-—M4HACHO BCEX- BO3-
MOXHBIX 3JieMEHTAPHBIX COGLITHM, NPH KOTOPHIX MOXET.
macTynuth cobbitue A wim  cobwrtme - B, Ilycts -
4 ——9IUCIO paBHOBOBMO)KHLIX 3/IEMEHTAPHBIX COBBLITHIA,
6naronpraTHBIX - A0A. A, Mg =—TaKkoe XK€ HUCTO M
coGme B. Nmeem

P(A)—";'*,

QueBHUOHO, 4+ mMp—4YHUCIO 3JIEMEHTAPHBIX COOBITHH,
OaroNpUATHLIX Ais TOSBICHHS cobbiTus W A4, Win
B, Tak d4TtO

P(A wim B)= P(A+B)_.'fiﬂ'f I TE—P(A)+P(B)

Teopema - moka3aHa.

' Teopema CIOXEHHS IS BOJIBLINETO UHCHA TOMAPHO
HECOBMECTHBIX COOBITUH, (bopmymapyeTcsx U JI0Ka3bIBACT-
CS aHAJIOTHYHO: .

P(AHJm BmmC) P(A+B+C)=PA)+
+P(B)+P(C) (11.6.2)

-Caenctnrne 1. Ecau cobvimus A B, C obpasyiom
HOAHYIO 2DYRRY, MO CYyMMA UX seposmuocmeii pasHa 1.
lIenchmeano B pEByabTATE HCHBITAHUSA 00SA3aTENb-
HO IPOW3OHIET OMHO W3 5TUX coObiTHH (Wwim B, unm A,
win C). Iosromy A+ B+ C—cobiTie NOCTOBEPHOS H

P(A+B+C)=1. o (11.63)
Bk (1163) n (1162) cleyer,  9To o
P(4)+P(B)+P(C)=1.

Cneacrane 2.. Cymma . eepoammuocmeri 08yX. npo-
MUGONOLOMHCHBIX cobvimuii. A u A pagna 1. :
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Hpomnononomme “COOBITHST  SBJISIOTCH ~ MaCTHLIM
cnyqaeM co6?>1mn 1o6pa3y10nmx TIOJIHYIO rpyrmy, H03TOMY

P(A)+P(A)-1 O (11.6.4)
CPA)=1-P). . (1165

B 4acTHOCTH, eCIlM BEPOATHOCTH MONANAHUS B MULIEHD
Opd OHHOM BRICTpeNe pasHa O, 8 'TO  BEPOATHOCTB
npomaxa pasHa 1-0,8=0,2. ' '

‘@ Tpumep. B mum(e 4 GesbiX, 5 KpacHbIX, 8 3eseHbIX M -3 romybeix
wapa: [laper mepemennisaroT ¥ m3sjiekaror 1. map. Kaxosa BEPOAT-
HOCTh COGBITHSA, COCTOSIIETO B TOM, YIO AP OKAXETCH HBETHEIM?

Pemenre. DneMeHTApHEIMHA HCXOJAMH ABJISIOTCH  COOLITHS:
A={n3Bnevenne Genoro imapa}, B={n3mieucnye  KpacHoro Imapay,
C={u3pn¢uenne 3eneHoro iiapa}, D={m3pnevenne romyboro mapa}.

Hurepecytomige Hac COOLITHE COCTOHT B TOSBICHHM COOBITHS: B,
um C, wm D, T.¢. cobuituas B+C+D. Tax xak cobeitus B, C,
D -~ HECOBMECTHEI, ‘TO

5.8 3.4
B+C+D)=P(B)+P(C)+P(D)==
FEHCHDI=P B PO P D=5+ 36205 @

2. Teopema - yMHOXKeHHS] BepOSITHOCTE.

Onpenenenne. Ilpoussedenuem unu nepeceyeHuem
cobeimuti A u ‘B nazvigaewica coGeimue C, cocmoaujee
8 CO6MECIHOM HACWYNACHUU IMUX c06bzmuﬁ,_ m. e.
8 HacmynaeHuu u cobvimusa A, u cobvimus B.

‘B cayuge npoussedenun cobvimuti nuuym AB=C uu
ANB=C, um (A m B)=C. ,

Ilponseenienne HECKOIBKHUX - COOBITHI onpe,ueﬂﬁeTc;x
aHAJIOTHYHO.

@ Ilpamep 1. Ilycte A= inaocaxmp OTNPABUICA ° U3 JAOMA -Ha
aBTo6yce # mobpancsa mo Box3ama}; B={maccaxup  KyHEI XKeIe3HO-
mopoxHblt  Guner); C={naccaxup xopajncs [0 CBOEro Mecra
B BdroHe}; D={Baron ¢ TWACCAXAPOM B COCTaBE HOE3A OTHPABHICH
B HYTB} Torna ABCD - E= {naccaxmp yexam},

Tenepb MOXHO ,I[aTb onpeneneHne TIOHATHS yCJIOBHon
BEPOATHOCTH: |- i~

OunpeneneHue. BepOﬂmHocmb CO6meUﬂ B npu
yeaosuu, umo cobvimue A npousowino, HaA3bIBAEMCA
yeaosnoil éepoamHnocmvo - cobvimus B u 0bosnauaemca

P(B/A) uA PA (B).

AHaJ'lOl“PI‘IHO onpegensieTcs - YQ}IOBHaﬂ Beposmiocn,
COGBITHSI A, 0603Haqeﬂue P(A/B)
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@ Tipamep:2. . ‘B ‘eranie XABOTHBIX - U3 24 -ros0B OAHOM: MOPOABI
4 KUBOTHBIX - HE, nony'mnn -mpupusky.  Haynauy . nocregosatensHo,
Ge3 BO3BPAILEHAS OTOMpAETCA IBa MUBOTHLIX. BepOSTHOCTH.COBHITUSA
A={neproMy OTOGpaHHOMY XUBOTHOMY He'CfieNaHA IPHBHEKa}, T. €. .
P(4)=4/24=1/6. BeposTHOCTS cobbiTH B={BTOpOMY XMBOTHOMY
He CHeNaHAa TIPUBUBKA} IPH YCHOBHH, YTO TIPOH30KILIO cobritue 4,
P(B)=3/23. ,

_Ecim e -nepsoe oroGparmoe xcmsomoe BepHyrs B crano T0
P(B)= 4/24—1/6

B mepsoM ciysac BEPOATHOCTH coﬁm'm B 3aBucHT OT TYOro,

_HACTYMMNO COOLITHE 4 WM HET, a BO BTOPOM CIlyyae He 3aBHCHT. @

Onpenenenue. Cobormus A"‘ uB 'Ha3'btea'romc,tz :

~H€306u£’uMblMu ecxtu

P(B/A)=P(B) u P(4/B)= P(4).

Ecrm P(B/A)#P(B) wm "P(AIB)#P(4), To cobsrrnn

A wn. B 3aBHCHMEL

TeopemMa. Beposmnocmo npou3eedeﬂuﬂ 08yx cobbi-
muti, M. e. BepOAMHOCMb COEMECMHO20 HACMYNAEHUA
cobuimuii A u B PABHA RPOU3GEOEHUI0  BEPOAMHOCIU

00HO20 U3 HUX HA YCAOBHYI0 6EPOAMHOCMb. OpPY2020.

HoxaszaTtenbcTBO. IlycTh mnsg cobnitna A G6maro-
NPUATHBI M, PAaBHOBO3MOXHBIX 3JEMEHTAPHBIX COOBITHS
u3 oOIero 4YHcjJa 7 JEMEHTAPHBIX . MCXOMIOB, IIPHYEM
M, U3 OTHX M, COOBITHH GraronpusaTHBI I COOBITHA
B. Torma mo onpenenermio (11.5.1) mmeem

myp Mmag/n P(AB)

PO = = i~ P(4)

OTcmaa CIIeyeT, 4TO
P(AB)= P(A H B) P(A) P(B/A) (11.6.6)

Teopema moxazana.
-~ CHpaBe/yIMBOCTb PaBEHCTBA

P(4B)=P(B)- P P(4/B) (11.6.7)
JIETKO yCMATPHBAETCH M3 JIOKaBaTeJILCTBa bopMybl

(11.6.6).

Ecnn conrﬁz A u B HE3aBHCHMBI, TO
P(4-B)=P(4)-P(B). -

BeposiTHOCTH *COBMECTHOI'O - HACTYIUIEHWS] JBYX He3aBM-
CHMBIX COOBITHH paBHA NPOM3BEINCHNIO X BEPOATHOCTEH.

J1s BRIYUCIIEHNst BEPOSTHOCTH COBMECTHOTO HACTYII-
Jiegnst - GoJybIero - wHcia conrym, HanpuMep - Tpex,

- HCHOJIB3YIOT (GOpMYITy
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P4, A2A3) P(A4,)- P(4;{A) P(4 /A Az)

r,ue P(A3 /A4, Az) BEPOSTHOCTb  COBBITAS As, BBITHC-
JeAHad UPH YCHOBHH, 9TO coﬁmma A1 .4 A2 yxce
TIPOW3OIILIH.

) ® Ipamep 1. B mumKe 60 Tpymr copra” 4 n 40 rpym copra B.
Ot6uparot 2 rpynm. Oﬂpe}IeJme BEPOSTHOCTH cne,uytomnx OOGI:ITHH :

a) obe rpymm copra A4;

6) obe rpymu copta B;

B) OfiHa  rpyma copra 4, a }.l;pyrau €opTa’ B

Pemenne. QOGo3HATHM: -

cobrrTpe A, = {npu nepsomM H3BREYEHHR B3ATA IPYHA copra A}

coBriTHe A2={npu BTODOM M3BIICHCHUH B3ATa rPyma COPTa, A}

cobuiTHe B ={Npu MepBOM M3BjCYeHMH B3sTa Ipylua copta B);

-cobrrTAe B, ={mpu BTOpOoM M3BIEdeHME ‘B3sdra Ipymla copra B}

BosMoxmsl ¢reayromue . cobuTHs: a) (A, m 4,); 6) (B1 u B,);
B) (4, u B,) wm (B, u 4,). Haxomm ,

60 59
a) P4, n Az) 100 99 ={),36;
40 39

6) P(B, 1 Bj)=rorio=0,16;

B) P(4;B, mm. Bl 2)—P(A1) P(Bz/A1)+P(B ) P(4,/B))=
T 99 100 % 048 Tax\xax cobprran A, A,, B, B,, A B,,
‘A B, 06pasyior HOJNHYH TPYnmy, TO cmea HX Beposn"nocren pas-

HA 1
Heticreutensao, 0,36+0,16+0,48=1. @

@ Tlpamep 2. BcxomecTs ceMsH, IpEAHASHAYEHHRIX 1~ HOCEBA,
OLIEHHUBAETCA BEPOATHOCTEIO B 98%. BepOATHOCTL HONMARaHUA CEMAH
B GnaronpusTHble ANA IPOpAacTaHHA YCAOBEA pamrHa 96%. Kaxoii
NPONEHY CeMHH HACT - BCXOOmI?

Pemenue. O6osHamnM A4, — COGBITHE == {CeMEHHON MATEPHAN CTIO-
", cobeH JaTh BCXOBL}, A3 = {ceMenanonamu B 6aronpusATHEE YCAOBHA),

Cobritie C=={nOCEHHHEIC OEMEHA. AAAYT BCXOABI} COCTOMT B CO-
BMECTHOM HACTYIUICHUA coﬁunm 4; m A2

P(C)=P(4,4,)=P(4,) P(4,/4,)=0,98 096 =0,94,
TakuM o06pasom, moi‘me‘r 94% cemaH. @
3. Teopema cioxenns neposmlocren Ans cnyqan, Korjaa
COOBITHA COBMECTHBI.

Teopema. Bepoamuocms noagrenus xomsa b1 0HOZ0
u3 ()eyx coeMecmHbLX - coDblmuil pasha cymme eposm-

nocmeil SmuX - coébzmuu MllHyC 8EPOAMHOCHIL: UX CO-
BMECHIHDZ0 ndﬂeﬂEHUH m.e -

P(A+B)=P(4)+P(B)-P(4B).  (1165)
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TTo ompenenennio coburrie A-+B COCTOMT ‘B HACTYN-
meAun wm cobmrtua AB, wm coGera AB mm
co6hrms{ AB ClleIOBATENBHO, ' ‘

" A+B= AB+AB+AB

 CoGBITHS, CTOSINMC B  NpaBOI . 9acTH paaencma,
HECOBMECTHBI: IOSBJICHHE OHOTO M3 HMX JHCKIIFOYACT
MOsIBJICHUE = OCTaNbHEIX. [loaTomy

" P(A+B)=P(4B)+P(AB)+P(4B). (11‘5 9)
Ho A=AB+AB, P(A)=P(AB)+P(AB);, B=AB+AB,
P(By=P(AB)+P(AB). CrenoBaTenbHO, P(AB)=P(A)—
—P(4B), P(AB)=P(B)—~P(AB). HOI[CTaBP[M 3T 3HAYe-
mast B (11.6.9). Mveens

P(4+B)= P(A)+P() P(4B). (1»16 10)

Teopema npomamrocTpEpoBaHa Ha pic. 115. Hacryn-
nennto cobwitus A wm B, wm AB orBeuaer ¢Qurypa,
A300pakenHast mrpnxonoﬁ muauet. OHa cocToMT U3
¢uryp, orBevaromux cobOpiTHI0O 4 H cobmiTiio B, 6e3
¢urypst coemeincHus A4 u B.

@ Iipuvep 4. B mocepax MIEHHIH Ha JendHke mmeeres 95%
3X0pOBbIX pacrenmil. BeibuparoT AaBa pacTeBus. -OnpenenuTsh BeposT-
HOCTH TOrO, 9TO Cpef# HHX XOT# Obl OHHO OKAXKETCA 3/I0POBBIM.

IMycrs coﬁbf'mﬂ A,= {uepBoe pacTenme. 3I0POBOE); colriTae
A,={BrOpoe pacrenue 3moponoc); cobuiTHe A;-+4,={x0Ta Gur omHO
pacterne 3poposoe}. Tak Kak COORITHE AL u A, COBMECTHBI,. TO

P(Ay+A,)=P(4,)+P(4,) - P4, 4,)=
=0,95+0,95--0,95 0,95=0,9975~1. @

COGBITI/IC A+ A, HpaKTHYSCKH - JOCTOBEPHO. 3azxa‘1y
MOXHO PELITh W APYFEM crocoGoM. IIpy moBTOpHBIX HC-
ILITAHUAX, KaK 3TO HUMCIO MECTO- T 3a7a4c, MOsIBJIICHHME XO-
14 GBI omHOr0_CobBITUS (4 + A3) ¥ HeMOsIBIEHNE COOBITUS
w1 pasy (4, 2)——co6blm IIpOTI/IBOHOJ'IO)KHBIC Torma

(A+A)1P(AA2) R
=1—P(4,)P(4 2)—1—00025 09975
Kak BamuMm, . mojiydeH OZHMH M TOT. XK€ pesymfraT

A+B

[ T L=

vempassss? = f

I
i
Al - ians
i :
I

" Puc. 115
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‘ o6pasyronmx TONHYIO rpyuiry, ompezensAeTcs opmynon

"Tl'lpumep 5. B mnnomono):mecxoxw KOMILIEKCE 1A KPYITHOTO
FOro . CKOTA. JUIA - Pa3fiauil KOpMoB “pabotatot 2. Tpascnoprepa.

- TIpeAIIONOMMM, UTO BEPOSTHOCTS 6e30TKA3HOM PaboOThl B TEYCHHE SUMHHX
. “Mecaues xaxnoro 3 mux pasHa 0,9, Tpancroprepst ‘paboraret npn nofave
‘anexmosﬂepnm -He3aBucEMO. HailTu BEPOATHOCTH TOrO, YTO B TEYEHUE
fﬁsmero Bpemenn GyayT paboTath: a) xoTs Oul o TparcnopTep; 6) oba

/rpchnopTepa, ‘B) HM.OAMH TPAHCHOPTED; ). TOMBKC OIMH TPAHCTIOPTED.
“Pewmeuné. Iycrs
cobuitre ‘A, = {6e3oTkasHas - pabora. nepsoro TpaﬂcnopTepa}
cobsrTHE Az_{Besorxaanax pab0Ta BTODOrO . TPAHCHOPTEPA).:
Coﬁm'mx A, ‘m."A, COBMECTHH,  Tak Kak paGora oOZHOIO He

gﬂcxcmoqae'r paﬁo-ru BTOpOFO. ¥ _Ha0GopoT,

. - Ilo. QUIpEIeNeHHIO. CYMMBL. COOBITHHA - €CTh, coﬁwme, cocro;mxee

:—;B TOM,  4T0 . paboTaer XoTs Ghl OmMH Tpancnoptep 4, + A I/IM-CEM

P(A;+A,))=P(A4,)+P(4,)~ (A A )a=09+09 0,81=0,99.
Cobuitite A, A5 COCTOUT B TOM, 4T0: paboTaroT 06a TpaHcnoprepa:
P(A,A;)=P(d,) P(4,)=0,9-0,9=0,31.

Coﬁmme C={sm omum. TpaucmopTep He GymeT paﬁorarb} COCTOUT
B COBMECTHOM Hac’rynncmm cobuitus 4, u 4 2, T. €. 3T0 coOBITHE A A 25

P'(Z,Zz);P(Z yP(4,)=0,1 0,1=0,01.
BepositaocTh HaCTyrmeHm coBBITHE Mana, T. e co6mme npaxmqecm
HEBO3MOXKHO.

CoGeirne = {6yzer paGOTaTB TOJBKO OAUH Tpaﬂcnoprep} 03HA4aET,
4910 Hacrynm wim  cobuitue A, A,, wm - 4, 4,. Cobrrtun 4,4,
u A A; HECOBMECTHBI, HOSBJICHHC con‘mx Ay /T ncm}oqaer
nosxmeﬂne cobrrrus. 4 24;. 3mecs mMmeeT mecTO COGLITHB Ay A+
+A4 Al tP(4,4, nmu A, A4,)=P(4,4,)+P(4, Az) P(A )P(Az)-l-
+P(A ) P(Az) 09 01+01 0,9=0,18. @

§ 11.7. TEOPEMA_I'IOHHOVI BEPOATHOCTY.
-~ ®OPMYNA BAMECA

[Ipusenennas Hmxke $opmMmysia 0ObeTUHAET TEOPEMBL
CJIONEHUA M YMHONCHHS. Bepo;miocn COOBITH. A,
KOTOPOE MOXeET NMPOU3OATH TPHU YCIOBUR,OCYLIECTBIIEHHS
OJJHOTO U3 HECOBMECTHBIX coOmitmii By, B;, Bj,.., B

ns

P(4)=P(B,)P(4]B,)+P(B;)P(4]B,)+.
-+ P(B,)P (4/B,)= ‘;p(a,.)P(A/Bi)‘_

Jnsa vactynnenus coGpitas 4 HeoOX0aUMO W 0-
CTATOYHO HACTYILICHHS WM COOBITHR 4B, WK COOBITHS
AB,, nmu cobbiTus AB,, ..., co6bmm AB, (puc. 116),
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 A=AB+AB,+ABy+..+ 4B, .
Tax: xak coOnITHA AB; HECOBMECTHbI,

“T0. P(A)=Z P(AB,); mosTOMy
C S o= . R

: 'P(A):-Z P(Bi)P(A/Bi). (11.7.1)
. =1 :

- @ Tpamep:’ Asorroe yroOperue nocryma-
€T Ha CKJajJ XO3fHcTBa M3 NMyHkTa | W HyHKTa .
2,-ipudem, u3 1-ro myuxTa B 2 pasa 6onbire; deM u3 2-ro. BepoarHOCTB
cobiTas = {ynoOpenue u3 MEPBOTO’ MYHKTA YAGBIETBOPAET CTaBAAPTY}
+0,9, 2 COOTBETCTBYIOMAA BEPOATHOCTE A BTOPOTo MyHKTd pasHa 0,7.

OnpenenuTh BEPOATHOCTb CobuiTH A= {B3aT0C JUIA MpoOH Ha cknaae
X034#CTBa , yA06perue YAOBICTBOPSET CTAHAAPTY). -

Pemenne. O6o3Hauum :
- cobuitie B ={ynoGpenue moeTymuno m3 myekra 1}; -
cobuite B,={yno6penue mocTymmIo W3 TyHKTa 2}
HaxomaMm - :
- P(By)=}, P(B;)='f, P(4]B,)=0)9, P(4/B,)=0,T,
P(A)=P(B,)-P(A/B,)+P(B,)P(4/B,)=
='?/io"2/3+7/'10 “13="/s=0,8 (3). ' -
CobuiTee A uMMeeT OOJIBIIYIO BEPOSTHOCTh, OHO MPAKTHYECKH
IOCTOBEPHO, T. €, HaCTYIMT B cpemHeM B 83 cayuasx H3 100. @
®opmyna Baifeca*. PaccMoTpuM CleAYIOUIYIO 3a/aqy.
Ha ¢epmax A m B mpomsomna Bcnwimka 3abosieBanus
anfypoM. Jonm ' 3apaxeHusi CKOT4 COCTABJIAKOT COOT-
BETCTBEHHO '/ u 1[,. CnyuaiineiM o6pazom oTOGpaHHOE
#3 OnHOM depMbl XUBOTHOE OKa3aJoch 3a00JEBLIEM.
Haiiti BepOsATHOCTh COOBIEMSA = {’KHBOTHOE BHIOpaHO H3
depmbr A}. O6o3HAYMM: . h
A ={orobpaHHOE KMBOTHOE 3aPaXCHO};
cobsitue B, = {¥uBoTHOe PBLIGpano m3 ¢epmbr A},
P(B,)=0,5; - : -

 cobuitue B, ={xusoTHOE BRIOpaHO u3 Gepmsr B},
P(B,)=0,5; S R U

. A/B,={xusotHoe, oroGpanHOe H3 (epMBI A, 3a-
paxeHo}; _ : ) :

A/B, ={xuBoTHOE, oTOOpanHOE W3 ¢epMEI B, 3apa-
KEHO} . : : B ‘ .

BepositHOCTL cOGBITHA = {3KHBOTHOE BBIGPaHO M3 dep-
MBI A W 3apaXeHO} MOXHO 3amucath B BHIC
P(A)-P(B,/A)=P(B,) P(A/B,), otxyma

* T. Batiec (1702—1761)— asrmufickpil MaTeMaTuK,

281 -



A P8 )= FE): P15 ;;j};f‘/B,?,, O
-~ | )
e 05-1/6

'P‘(Bl/A)'\ 0,5 1/6+05 1/4

2
g ; .
3ameHnB B ( ) P(A) Ha Z P(B )P(A/B ), nonyan

i=t

p(B /A) _ ) (*’*)
ZP( )P(A/B) |

(I)opmyna (**) xBJmeTca qaCTHLIM cnyqaeM (bopMym:I
baiieca.

" PaccMoTpuM 3az[aqy B o6iiem Buze. ITycTs B pesyis-
TaTe WCHOBITAHUS IIpou3ouio cobbuitThHe. 4, KOTOpoe
‘MOIJIO HACTYIUTD TOJIBKO BMECTE € KQXbIM B3 COOLITHH
B, B,, B,, ..., B,, 06pa3ylonmx TOJHYyO TPYIIY; P(B ),
P (B )5 ven P(B) 3apaHee. M3BecTHHL - TpebyeTcs HaiTH
Be:pOﬂTHOCTI/I co6mmn By, B,; ..., B, iocie HCIBITAHUS,
Korma cobwiTue A yxe mMeI0 MeCTo 1. €. P(B /4),
i=1, 2,..,n.

Hponona PACCYXXIEHNS, AHATOTHYHEIE IIpHBeJIeHHBIM
NpH pelieHnd 3a4avd, HoayiaM (opmyity

(B/A) PEPWE) - (1179
Z P(B)P(4/B) o

1

3Ta (bopMyna HA3BLIBACTCH . (bopMynon Baneca. ITo
d)opMyJLe (11.7.2) MOXHO BHYHCAUTH. BEPOSTHOCTH €O~
OBITHIA B, - KOrza- cobniTHe A npomomno T. €. nepe—
OLICHUTD BeposITHocm.

@ TIpumep. Bonbumias norrymmm{ J'I}O,IIBH pa36m'a Ha 2 rpyrmm
onmuuaxoBo#t wucieHHOCTH. JIMETa OHON rpyIIILL omuqanacx, BHICOKMM
COEpKAHUEM: HEHACHIIICHHEIX JKUPOB, 4 HHETa KOHTpOJILHOPI FpYNIEL
6biTa GoraToit HACBHIIEHHBIME Xupamu. [locie 16 JET Tpebhipanms
Ha,. 3THX AMETAX BOHUKHOBEHME - CepIeTHO-COCYNMCTHIX 3360MeBanmit
COCTABAIQ B OTHX TPYIIAX 31% u 48%. Caywaiino BeIOpaHHEIH u3
TNOLYIAIAA 9e/I0BEK HMEeT CePIeYHO-COCYIMCTOe 3aboeBanuye. Kaxona
BE|POSTHOCTL TOTD, 910 3ITOT 9ETIOBCK npnﬂamemm' K KOHTpOJ'IBHOPl
rpiynne? . . . .

Penienne. 0603Ha‘IHM :

coBertie B, = {4citoBek npnnepxcnsanca cneunanLHon ,rmen,x}

" cobniTHe Bz—{BHGpaHHMH YETIOBEK npﬂﬂaanexcan K Komponmon )

rpiynme};
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~cobrITHE A/B,:{qenonex sabosnen npw ycmomm, 4TO OH NpnAacp-
KMBATICHA CHELBANBHOMN * IUeTHI};

cobriTue A/Bz—{qenonex 3abonesn npu ycnoann 4YTO CH NpHHAA~
nexan K KOHTDOJLHOM rpynme};

cobrrmne A= {crnyualino oToGpamMHLIX 4enOBEK 3abonen).

Toraa, ncnom;ayx dopmyny (11.7.1), TOTy M

P(A)=P(B,) P(4/B,)+P(B,)  P(4/B,)="/;"0,31+"/,-0,48=0:395.
BeposTHGETH ‘roro, YTO  4ENOBEK, . UMEOLIHIE " 3a6one3a1me, TpUHA-
JEXHT K KONTPOJIbHOI Ipynme onpegenuM no gopmyie (11.7.2). Umeem
‘ P(B,)-P(4/B,) 0,5:0,48:

T P(4) 0395

?(BJA); =06l. @

§ 11.8. 3ALAYM, NPUBOAAWME K Oi"lPEﬂEJ'IEHMIO
YACTOThbl MNOABAEHUA COBbLITUA
B HE3ABUCUMBLIX WUCNBITAHUAX.
OOPMYNA BEPHYNIU

@® 3amaua 1. JomycruM; 9TO Ha OIGITHOW MAElsHKE HOcesHO 15
ceman. TTpaMem, uTO. BCXOXKECTb BCEX CeMSH OJUHAKOBZ M paBHA
80%*. BO3MOXHEI CIEAYIOWEC 3JIEMEHTapHbIC COOBITUS:

Ao ={umcno CemsH, [JABIHX POCTOK, .paBHO 0}

- A, ={4ncno. B3OEAMNX CEMAH paBHO .1};

Ay={4Eci0 B3OWICMUMX CCMSIH DA&BHO .2};

H T. . M, HaKOHeI,

A s={Bce ceMeHa RafyT BCXOHBI}.

.Kak naifTH BepOATHOCTH 3TUX COOBITHIl, B YaCTHOCTH, BHIYMCIIUTH
BEPOATHOCTEL TOTO, YTO M3 15 [MOCEAHHBIX CEMSH B30OHmeT posHO 12,
6espasmuuno B kakoil nocnepoBaTensHOCTH!? @

§

. @ 3agaua 2. B Tewenue dempans Mecqua HeCATh KOpOB JOJ-
KHEI * orenuthest. JomyetaM; uto B mpumioge Oyder 1 Tenenok.
VeioBuMes, wro. BEPOSTHOCTS POXAEHUS OBUKA OT KaXIOH KOpOBHI
DOCTOSHHA W PaBHA 05** *BO3MOXHO OCYHIECTBICHHE CNEAYIOIHAX
cobbITHIA: :

Ao-{'mcno ponmamnxcsl 6uiukoB paseo 0, Bece 10 Tenouxu);

A, ={umucno popuemuxcs 6urixos pasHO 1, ocTaMbHNIE 9 TENOUKM);
M T. A |, HAaKOHEHN,
A= {qncno DOIHBIOMXCA 6quos paBHO 10 ¥ HA OIHOH TeOuKH].

* Taxoe corjallicHHe - AOCTATOYHO YcioBHO. OHO UpHEATO A4 .
TOTO: YTO6RI’ MOXHO 6BITO HCTIONL30BATH. MPOCTEHNIYIO MaTeMaTHYCC-
Kyro' ‘Mopens 3amaud. B - neHCTBATENHHOCTH BCXOXECTh 3EPeH, T. €.
c11ocOBHOCTE JaTh POCTOK, AJA JBYX Pa3iMYHEIX 3€PEH HE OJWHAKOBa,
T. € MBI pacCMATPUBAEM HE DEAJBLHYIO .3aLady, 4 €c  -MOXICIb.

** TIpeATIOIONECHUE "TAXXKEe YCJIOBHO. PealbHO TO, 9TO Kaxnoe
KOHKPETHOE. JKMBOTHOE HMMeEeT HE OAHMHAKOBBIC BO3MOXHOCTH, B TOM
4HCJIe B BO3MOXHOCTH JaTh B Npnimioze Opiuka wnd Tenoaxy. U spech
Mbl abcTparupyeMcs’ M DEpEXofMM K MOAEH.
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Haitne™; HATPHEMEp, BEPOATHOCTS: TOIO, 4ro B 10 ‘oTenax  wycie
pomuBmuxcs OprakoB 7, a Tenodex 3. Obe.’samaun MOXHO, 060OMMTE
OmEIM a6crpax"rm,m PACCYXIICHHEM. ®. :

Paccmorpmvx cepmo H3 n HezaBuchLxx HCTILITAHN,
B KaX(IOM M3 KOTOPHIX HEKOTOpoe cobhitue A uMeer
OOHY M Ty XK€ BepOATHOCTH P(A) =p, HE 3aBHCAMYIO
OT HOMEpa WCHULITAHUS.

Takas cepus - HCTIBITAHMA Haamnaercx ‘cxemoii  bep-
HYJLIH. b

PelmM  CJie/yIOIIyIo . 3ajady. - B yCIOBHSAX  CXeMsI
Bepﬁ,ymm . OTIPENIEIAM - BEPOSTHOCTE P, ;. cobprTHS, :CO=
CTOAIIETO: B TOM, YTO. IIPH 7 JIOBTOPEHHUAX HCIBITAHUS
“cobObiTHE A, KOTOpOE .MMEET OHHY W TY K€ BEPOSTHOCTH
HOSBJICHUS B KaXAOM: MCIBITAHAM, INPON3OHIET DPOBHO
k - pa3 . Ge3pasamyHO B = KAaKOH - IOCIECNOBATEILHOCTH.
OneMeHTapHBIMH. UCXOJAMH . UCUBITAHUH - ABJISIOTCS:

cobrrTae A;= {nosBnenne cobbitus A4 B M mensITa-
Hau} (=1, 2,3, s n), P(4;)=p;

cobrrTHE A {Heno;nmelme cobbITHS A lM Hc-
HBITAHAN} (z-—l 2, 3,.,n), PA)=1-p=g.

Ipenmnosnoxum, 4To coObITHE A HMENIO MeCTO B k mep-
BBIX HCIIBITAHUSAX U HE IPOU30HLIO B 71— K NOCIEAYIOLIMX,
T.€. B COOTBEICTBHE C ONpEIEICHUEM npox«;;menengﬂ
coOpITuit, mpousonuio cobsrtme A, A, A5.. A Apyiq...
Tax Kax UCHIBITAHUS HE3aBUCHMEI, TO HIPUMEHVB TeopeMy
YMHOXCHUS BEPOATHOCTEH, I10J1yIUM

P(A A2A3...AkAk+1 A ) p gn k

= Ho;mnerme cobprTus - A pOBHO k pa3s . u conmx
- A posEO n—k pa3 ¢ Taxo#l ke BEPOITHOCTHIO BO3MOXKHO
1 B Jpyrofi mocieroBaTENBHOCTH, T. €. OPYTHM . CIIOCO-
6om. Hampumep, cobbitue A4 MoxeT HacTymutb B k—1
IePBBIX ~ MCTIBITAHHUSAX, ~HE HOSBUTHCA B  HCIBITAHUSIX,
HOMEpP KOTOpBIX OT k Jo-n—1, m CHOpa : MOABATHCA
B_UIOCJICIHEM, H-M WCIBITaAHUMA. Uncno cnocoGon HACTYII-
' JICHHS CJIOXHOTO COOBITHS, COCTOSINETO B IOSBJICHHH
cobprtns A mMeHHO -k pa3 W HenosmicHuM n—k pas
PaBHO YHCJTy BCEBO3MOXHBIX MHOXECTB, KOTOPBIE MOXHO
o6paaoBaTb ‘W3 A 3AEMEHTOB- 110 -k 9JIEMEHTOB, H.;OT-
JIMYAFOIAXCSE TOJIBKO coctaBoM. UHCIIO TaKHX MHOXECTB

k,"(’ AT [CM dopmyary (1123)]

. VITak, BepOSTHOCTb HACTYILICHUS. cobbITHS A poaﬁo
k pas m cobmitus A posHO n—k- pas: pam{o p"g
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1 3TO -CIIOKHOE COBBITHE! MOXET HPOM3OHTH OJHEM' U3
€} cnoco6oB. - [To  TeopeMe ‘ClIOKERHS BepoaTHocren

n-k kon-k ko h~k
J R ey X AR AT A J—C‘pg"" (11.8.1)

s b

C" pas
VHATHIBAS. (11 2. 3), 3anmneM (bopmyny (11.8, 1) B BHIIG‘

n!

Pk’"wp g f : (1182)

3ro dopmyna bepryum. 3aeck n—4HCIO NGBTOPEHHUH
. HE3aBUCUMBIX HCHBLITAHRI; k- 4HCiI0 MCHLITAHHH, B KO-
TOPBIX COOBITHE A NPOM3OLUIO (YUCIO yénexon) pP—
BEPOATHOCTH ITOSBJICHUS COObITHS A B ©JTHOM HCIBITA-
HHAH; g-— BEPOSTHOCTh HeNoOsBJIcHUS COORITUA A B OXHOM
HCOBITAHUN (g =1—~p); Py ,—BEPOATHOCTHL CIOKHOTO
COOBITHS, COCTOANIErO B TOM, YTO OPH 7 HCIIBITAHMSAX
cobsrtTue A HaCTymwiio “poBHO k' pas.
Bepremca x cq)opmynnpoxsaHHmM BEINIE 33a1a4aM.

® 1. UHCHO MOCESHHEIX CEMSH PABHO MHCIIY He3aBHCHMBIX HCIIbITA-
HUM, T. €. n=15, unxcnor «ycnexms» k=12,p=08,g=1-0,8= 02 Torma
15t 13-14-15 °
P =—:0,82.0,2% =" —.0,8!2.0,23=
2453 : 2-3 ey
=13-35-0,8"2-0,008%:0,2551.

Cobnitie «12 u3 " 15» mMeeT HEOONBILIYIO BepOATHOCTH. Ecau Ha-
OmomaTe TakHe CEPUE TOBTOpEHWH MCIBITAHHHA, To 12 ycmexos w3
15 ucnpitanmii 6yAyT ‘HMeTh MeCTO "B cpeiHeM. B. 25 cepuax m3 100.

2. Yncno HabmoNaeMEIX KOpPOB NPHUHHMAEM DABHBIM HMHCIY He-
3aBUCHMBIX WCTLITAHUH, T. €, n=10 k=17, p=0,5, g=0,5. Haxoaum

10! 8:9:10 '
Py jo=sr———re0,57 - 053——— 0,510=120-0,50x ~0,12. ¢
1o _7!(10—7) 123 |

MoO%HO - OK43aTh, - UTO Ps 10 (Bepoxmocrb POXKIACEUS - S TENIOYEK:
U5 6b14K0B) GojIbINe, 4eM P4 15, A CICHOBATENLHO, H CaMO COGBITHC‘
Goree  BO3MOXHO, - MEM DOXIHEHHE -7 Teaouek U3 GBI‘IKOB

or 678910

P“° SI{i0—s) 2345

-0, 510—0 25 .

Bepoamemuee HHCJI0 nom;.uemm coﬁmml npn no--
BTOPCHUH MCHIBITAHMIA. ‘

@ 3agaya 3. CafoBon;: cheia: . OCEHBIO 6 npmmnox TIo -omury
OPOLLTHIX JET H3BECTHO, YTO INOCHE 3MMOBKM 7/ M3 Kamupix 10
YepeHKOB OCTABATHCE )KH3H€CH0006HHMH KaKoe lmcno npmxnnmnxca
txepenxoa HauGouee - BepOSTHO? , 2%
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Pemrenme. ‘ByaeM yCIQBHO CHMT4Th, UTO BEPOATHOCTH COGBITHA,
COCTOSIIIETO B TOM, YTO NPHBUTEIL YepPeHOK MpUKHBETCH, oﬁmr{axosa'
Ui BCeX HEpeHXoB M paBHa 0,7 M uTO MCHBLITAHMS HC3AaBHCHMBIL*

CocTtaBuM cnenyromyto Talauny, y!meBax 10 p 07 g= 03.

Taﬁﬂuz;a 11

B,epo-‘ Uncno”
ATHO= HpPI-
CTR | B~ | g . 2 3 4 5 6
TIAXCSE ; o
YyepeH-
KOB.
C° 036 C50,7% |CE0,7* x C6 073 C¢:0,7* x [C3-0,77x]| CE- 076
x07 x0,3° | x0,3* [ x0,3® | x0,3? x0,3 x0,3%
Pk' n . R . :
0,0007 |0,0102 | 0,0593 |0,1852 10,3241 10,3025 0,1176

U3 Tabmunel BUOHO, YTO HanbONBIIAS BEPOSTHOCTH COOTBETCTBYET
COOBITHIO, COCTOSIIEMY B TOM, HTQ NpIXMBYTCS 4 wepemka. Cre-
JOBaTENILHO, 3TO cOOBITHE $Osée BOZMOXHO, YEM BCE OCTaJIbHBIE. @

Pemum 3amagy B obmem Bmte,fne COCTaBJsAA " HPUBEACHHYIO
Boile  TabmIy. T

OG6GO3HAYMM YHCIIO TIOSBJICHUI CO6BITI/ISI A, nmeronie-
ro HauOOJNBIIYIO BEPOSTHOCTH IPH X HUCHBITAHUSIX, 4epe3

k,. Torma -
Py nZ Prvin (11.8.3)
, v PynZ Py (11.8.4)
W3 (11.8.3) umeem L, -
i ’ : Pk0+1 n<1
' Pkon
WTH, Y‘II/ITBIBaﬂ (bopMyny BepHymm (11.8.2),
: _____,__n'___ kot 1 gn—ko=1
P,,°+1,"_(k+r)!(n—k6—1)! e
Py nt- ¢ . ko -
ko n—o)! P
_(n—ko)p ’
L S —_—'_(kﬁl)g" (11.8.5)

* Crporo roBops, DPE3YNBTATEL npnBuBox, CHEAAHHBIX OAHUM
MeJIOBEKOM, HE SBILIOTCS Hezapucumeivit, KpoMme TOro; BO3MONKHOCTE
ycnemnoro MO/IBOS .y KAXAOro HepeHKa' He, oamHaxona, Tloaromy’

M Pe3YJIBTAT PELICHHUS HeHCTBUTENCH HE I Komcpemoro SIBJICHUS,
a IUISI €ro MOJCHH. .
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W3 nocnefHero HEPAaBeHCTBA CHCAYET, WTO
© o r=ko)p<leot g
/Hocne neperpynmlponm TOTyYaeM-
np— g<k (p+g)
p—g <k, © o 186)
3anumem C.IIeJICTBPIe u3 HepaBeHcrBa (11.8.4) .

OTKyAa HMeEEM

Pko—!.nl<1 -
ko,n

BuinosHAs Te Ke npeo6pa30BaHn5{ 970 H A
(11.8.3), umeem

WA
ko(g+p)<np+p,
OTKyJla OKOHYATENLHO TNOJY4aeM _
ko<np+p. (11.8.7)
“ Obreanuss (11.8.6) u (11.8.7), nmeem ‘
np—g<ky<np+p. - (11.8.8)

Yucna np—g u np+p oTSMYarOTC Ha equimny. ITostomy,
ec np —g— ApOOHOE 9HCIIO0, TO ‘np -+ p— TaKkKe ApobHOoe
u HepasenctBo (11.8.8) onpenenser ommo k,. Ecrm np—g—
[1ef10e YUCI0, TO M np+ p— TaKkKe Enoe; TOraa ¥ucna k, u
ky+1 OymyT mMeTh paBHYIO U HanGonbmyro BEPOSATHOCTD.
B 3apmage o camoBome BBIYHCIIMM HmeeM n=0,
p=0,7, g=0,3; np—g=6-0,7-0,3= 39 np-l—p 6 0,74
-l—07 4.9; 39<k0<49 ko=4.

§ 11.9.- NOKANBHAAR WU WUHTEIPANIbLHAR
TEOPEMbI MYABPA—JAINACA*

@ 3azava. Ha onwitHOM mome mocesHo 1500 cemsm. Haittu
BEPOSTHOCTEL COOBITHS, COCTOMIIIETO B TOM, YTO BCXOXBI BaZyT POBHO
- 1200 cemsH, eciu “YCNOBHO CHYMTaTb, YTO KaXgoe 3€pHO B3odner
. C 'BepOATHOCTBIO 0,9 %¥,

‘ * A Myasp (1667——1754)—anr.rmncxmu MaTCMaTﬂK ITI. C. Nlan-
-mac (1749-—1927)— dpanuysckuii MaTeMaTHk, (bnamc H acTPOHOM.
: ** Cm. mpumeyanue Ha c. 283.
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- l'Io (bopMyne (11 82) YUMTBIBAA, 9TO. n=1500, k=.1200, P 0,9,
£=0,1, Haxomum g

ﬂmmmf‘iﬂl—omemwo
’ 1200' 300' ’ ’
HOJI)"{CHHB OTBETA conpsmceno Ch Hemanw\m BBMMUCITUTCIBHEIMH TPy
JHOCTAMU. HCHO ‘KTO HpPI OonsUIOM HHCTIE N HOBTOPCHHI/I HUCTIBITAHKHI
BBIYMC/ICHHE BEPOATHOCTEH TI0 tdopmyne Bepuy:mu CTaHOBMTCA IpO-
MO3JIKHM. .

anGHH)I(eHHaﬂ dopMyna OIS HACTHOTO CiTydas
=1/, BmepBhie Obuta’ soxazama Myaspom B 1730T.,
a BnocnencTsun Jlamnac npmsen 0606meHHym q)opmyny
g O<p<l.
-~ Teopema. Ecau eepOﬂmnocmb Hacmyn/tenun cobwi-
mua A 6 KawdomM u3 N He3A8UCUMBIX UCNBIMAHUL
nocmosanna u pasna p(0<p<1), mo cnpasedﬂuea cae-
oylouyjaa gopmyaa:

.,< L G '
lim{ Py p————=c€ 2w >=0, (11.9.1)
n—w \ \/E\/;IZE ' oo
rae Py ,— BEepoATHOCTH TOrO, YTO KPU M WCIBITAHUSX.
cobrlTHe A TmosiBUTCA poBHO k pa3z (k ucnbrTaHmi
yCHEIUHBI) ; g=1—p—BEpOATHOCTH HEIOSBJICHMS CO-
ObiTHs A B O,IIHOM UCOBITAHUA: JI7I1 MPaKTUMECKHX
HeNel MCHONb3YIOT NPUOIIMKEHHOE PaBEHCTBO — CIleACT-
BHE H3 (OPMYNEI (11 9.1) '

1

Peamr——0(x), -, (119.2)

e ¢ (x)=—e""% a 'x=—~k_"p
2n npg

d)opmyna (11.9.2) nmaer. Tem GoJiee TOUHBIH pe3yjib+
TaT, 4YeM OOJibllie YMCIO H.

,Hnsx GyHkE @ (x) COCTaBJICHBI Ta6nm{m Tak kax

¢ (x) 3aBHCHT OT X B YeTHOH CTemeHHm, To. @ (x)= O(—x).
I'IoaTOMy TaGJIAIBI  COCTAaBJICHBI - JUIfl  3HAYCHHH x>0
(CM Hpunoxenue 1). : :

@ Ilpumep. B zanaue 1 (CM § 11.8) bUTO HAKEHO Pyay5=0,2551.
ITo cpopmy.ne (1192), apu -n=15, k=12, p=0,8, g=0,2, umeem.

. vnpg—1508 02 = .4 e e
k«-nrp 1215-0,8 12-12

s 50802 g e
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. 1
©(0)=0,3989; P,s (s~ ~——0,3989 =0,2581.

J24

Kax BH[LHM Jfaxe mpu  HeOOJIBIIOM  YMCie HUCnbITaHuilt (n=15)
NOTPCIUHOCT B PE3YIbTATE 3AMCHBI TOUHOM (HOPMYJIBI NPHOIHKECHHO
pasua 0,003.

‘BepHeMcst K uCxoaHO#l 3afave U HaWAeM Pjaoo. 1500 11O -HopMyne
(11.9.2). Ilpu n=1500, k=1200, p=0,9, g=0,1 umeem

1200—1500°09 150 150 -

T 00901 Ji3s ez
9(—12.91)=0(1291)~6,3-10" 4,
6,3-107*

Pi300,1500 % ————
135

Kax summm, BepositHOCTh Mana. CoObITHE, COCTOAMIEE B TOM, HTO
u3 mocesHHBIX 1500 cemsH B3oiiger posHo 1200, mpk OIHON cepuu
UCILITAEMH, HPAKTHICCKH HE NpousohacT. @

—12, 91

~5,4-1075.

Uunrterpanbnan teopemMa MyaBpa—Jlanaa-
ca. Ecau sepoamnocms nacmynaenus cobbimusa A 6 Kagic-
00M U3 K HE3A8UCUMBIX UCHBIMAHUL NOCIMOAHHA U PAGHA
P (0 <p<l), mo cnpaeec)/tuea dopmyaa

k,—np ‘
lim< (kl,k J “Zz/zdz> 0,
| T

roe P(k,, k,)— BEpOSTHOCTBL TOTO, YTO IPU H MOBTOPE-
HISX HUCHBITAHUS COOBITHE A HMeeT MECTO He MeEHeEe
yeM k, u He Oosee k, pa3s. Ilpu pemenum 3anav
IPUMEHSIOT CIEACTBHE U3 TEOPEMBL:

x2

/ =1 2 .
Plk,, k,)x—— e~ dz, - 11.9.3
( 1 2) \/EJ\ ( )

rac v
ky—np ky—np ;
X, = , X,= ) (11.9.4)
, ‘1 W/ rrg 2 npg

Uurerpan e~ Pdz we BLIPAKAECTCS vepe3 EmemeH’TapHHe

¢bynxmum. [ BoIMMCIEHNs BeposTHOCTEH mo dopmyite
(11.9.3) mCUOAB3YIOT XOPOWIO W3YYCHHYIO (HyHKIEEO
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j - D D(r)=— e~y
’ ~Y=P ) ) : (Y) \/Z—RJ}: . -

0 : ° (11.9.5)

x HJIsT HEE  COCTABNEHLI
v Tabiuuel, S a rpadmx -
-1 : M300pakeH Ha  pHC.. .
117. ®ysxmmo @ (x)
Puc. 117 - MacTO Ha3bIBAKT (QyH-
kipeit Jlanmaca (cm. Ilpunoxemme 2). @ynxkmua @ (x)
meyeTHass, P (x)=—®(-x), Tak wro TabiaMupl COCTaB-

JeHbl TONBKO. s x=0. .
Vicnosmays  obosnauenwsi,  mpuaarsie B (11.9.4)
u (11.9.5), samimeM Gopmyay (11.9.3) B sune

x, 0 ' B
1 2 2 1 =2
Pk, Lk )x—— e Pde= e T Pdz 4+ —— | e 724z,
Pl k)= | J =
x, ) X, 0
W ‘OKOHfIaTeJILHO B CJEAYFOIIEM ‘BHJE:
Pk, k) 2D (x,) =D (x, ). (11.9.6)

& Ilpumep. B nabopaTtopun u3 NapTHU CEMAH, MMCIOIMAX BCXO-
xecTb  90%, Bricesro 600 ceman. Haiitu | BeposaTHOCTh  COBLI-
Tnﬂ—{qucno CEeMSIH, MABLIMX BCXOMABI, HE MGHCC 520 u He 6once
570}, eciu HPUHATH, 9TO KAX/I0€ NOCEAHHOE 3€PHO B3OMACT C OXHAM
U TOH Xe BeposTHOCTHIO P=0,9%

. Pemenue. Mmeem n=600, p=0,9, g=0,1, cieposartensuo,

P(320, 570)= @ (x,)~®(x,),
520-600-0,9 20 . 570—600-0,9
rae xl~——~———f~=2,72, Xy = = 4,08,
P(520, 570)~ © (4,08)— B(—2,72) =0,49996 10,4967 = 0,99,

CobpiTHe NPaXTHICCKH [AOCTOBEPHOE. & i "
§ 11.10. MCI’lOﬂb3OBAHI;IE,.-TEOPETM KO-

‘BEPOATHOCTHbLIX METOLOB
B CENbCKOXO3RNCTBEHHOW MPAKTUKE

CelbCKOXO3sIHCTBEHHOE IPOU3BOJCTBO, KaK HU OJHO
EPYIoe, - MOHBEPKEHO BO3NCHCTBHIO MHOTOUHCICHHBIX .
({aKTOPOB, YACTO CKPBITHIX OT HEMOCPEACTBEHHOrO Ha-

* Cwm. mpumedanne uHa C. 283.
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Gmomennsa. IIpocnemuTh Bee OTH 3aBUCAMOCTH H ,JlaTB
HX KOJ’II/I‘IGCTBCHHy}O XapaKTepHUCTHKY Hero3MOKHO. Ecte-
CTBEHHO, 4TO IPH H3y4YeHuu Jr00Oro mpouecca, ¥ B va-
CTHOCTH B PACTEHUEBOICTBE UM JKUBOTHOBOJCTBE, CTPE-
MATCA BLUISINTL TJIABHBIC CBSI3H, OIPEAC/IAIOIINE OC-
HOBHBIE OCOOCHHOCTH H3y4aeMoro nporecea - 1 npenet-
. peub BTOPOCTEHCHHLIMH.

Ecny n3BeCTHBL YCIOBHSA ocymecr}melma HeKOTOPOI‘O-
gpollecca B BHAE OHPENENCHHBIX TpeOOBaHMII MU orpa-
HUYECHUH, TO TEOPHS BEPOATHOCTEH Kak MaTeMaTHYeCKas
HAYKA AT BO3MOXHOCTb HPOTHO3UPOBATE 3TOT MPOLECC
Ha OCHOBE HM3YYEHMS COOTBETCTBYIOHIUX TEOPETHKO-BEPO-
ATHOCTHBIX MOJICIEH, TpUUeM IPOTHO3 TEM TOUHEE, YeEM
~oyduie  (IeTanbHee) BEPOSTHOCTHAST MOJENb  OTPaXkacT
CYIHOCTh M3y4aeMoro nponecca. BMmecTe ¢ aTuM, mM3yyas
MOJEIN M YCTAHABIMBAS BEPOSTHOCTH HEKOTOPOrO CO-
OpiTHd —KaKk pe3yibTaTa OCYLIECTBJIEHHS KOMILIEXca
YCIOBUA, ONPEAEAIONIMR U3Y4aeMBIH IpoLecc, MBI HUMe-
€M BO3MOJKHOCTH IIOJIYYHTh BaXKHbIC IPAKTHYECKHE pe-
3yJILTATHl M PYKOBOJICTBOBATHCS UMM B KOHKPETHBIX
YCIOBUAX HPOHU3BOJICTEA.

@ Tipumep 1. PaccmoTpum cryuaifioe cobuiTe A4, cocTosLee
B-TOM, ¥TO ypOXaffHOCTE MIHMEHUIM] (I/Ta) C JAHHQErO HONs 3aKI0UCHA |
B HEKOTOPOM HHTepBaNe [a;, a,], Hanpmmep 35—45u. CobrrTue
A chnegyer paccMaTpHBATL KaK OYEHb CJHOXKHOE. YCIIOBHMCH, 9TO
cobbITHE A MOXKET HACTYNHUTh TOJLKO HPH OCYMIECTBICHUH cnezxy}oumx
BaxkHelX, onpefenstomux A coBbITHIL*: .

A, —1noceBHOU Mafepran oTBedaeT CTAHAAPTY, T. €. €T0 TeHETHYIEC-
kil TOTEHIMMAM CHOCOOEH JaTh ypomalHOCTh B 3afaHHBIX TPEALsax;

A,—HopMma IoceBd HA ¢IMHMILY ILUIOIIAIA COOTBETCTBYET MIABMpPY-
emo# ypoxaiinocTty; '

A;— TOArOTOBKA NOuBEL ¥ TIOCCBY BBINOJIHEHA € cobJromeHueM
Tp€6OBaHI/II/I ArpoTEeXHHKY;

A, —conepxaHue ‘Blary, Heo6xo;(mvroe oIS pocTa M pa3BI/ITHﬂ
paCTeHPIM ONTUMANIBLHOE; '
As—conepKaHue NHTATCABLHBIX BEIUIECTB B NOYBE o6ecnequo

As—KomduecTBa ' TEIUIa - M CBETA, HEOOXOMMMBIC [UIT pOCTa
1. PA3BUTHA PACTEHUI B COOTBETCTRYIOIME NEPHOIBI, HE OTKJIOHSIOTCS
OT DPAcYeTHBIX (B TOM HMCIE ¢ yYeTOM LC/ICHANIPABJICHHON AeaTeNh-
. HOCTH HEJOBEKa MO COBJIOACHUIO TEIUIOBOTO M CBETOBOI'O DEKHMA);

A;—yXox 3a TOCEBOM OCYUIECTBJIEH B COOTBETCTBUH C TpeboBa-
HHAMM  4rpPOTEeXHHUKH;

Ag—ybopra npomnuta 6e3 moOTEPh.

* B [eficTRUTENLHOCTH COBHITHE A MOXET HACTYNHTb, €Cin
Kaxoe-HuOyab m3 cobortuit A; He mpomsoizer. Ilpasaa, BepoATHOCTHL
P{A) npu sTroM OyneT MeEHBLIEC, YeM IPH IPHHATOM COTJAIHNCHUH.
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Cobpitna 4;, i=1, 2, 3, ..., 8, Hazosem cocrarisiomumu., Kaxmoe
H3 HHX, B CBOIO Ouepe/lb, S(BJ'ISICTCSI COOBITHEM CINOXHBIM # COCTOMT
B COBMECTHOM - HACTYIUIGHHHM JDYTMX MEHEE CIOMKHBIX COOBITHIL
Hanpumep, coOwpiTHe 4, HACTYNUT, €CIH OCYILECTBATCHA COOLITHS:
A, —Cpenusas . Macca 3epHA COOTBETCTBYET HOMHHATY,
Azs — BHICEBAXOUIAN ammapat orperynnpOBaH A3 —BAAXHOCTL OT-
BeyaeT pacqemon 4 T. A

Wrak, 1ma 'T0ro. 4rob6sl HacTymmro cobeiTHe A, HEOGXOIHMO
COBMECTHOE OCYHIECTBJIEHHE cobpITHit 4;, i=1, 2, .., 8, T.e.

v A=A A, A3 Ay AsAgAq As. (11.10.1)

Beipaxenue (11.10.1) sBasercs npocTeifiueil TEOPETUKO-BEPOSTHOCTHOM
MOJIENBIO MPOIEcca BO3NEIBIBAHAS MueHUNBL. Tak Kak kaxaoe coObITue
sBIsETCS clydaiinelM, To P(4;) <. ) .
EcrecTBeHHO npemnosoxuth, 4ro uncna P(A4;) pasamums. s
OLICHKM 3HAYEHHH P(A,-) HEOOXOMWMO HMMETh OOLIMPHBIA cTaTHcTHYeC-
kil matepuan. Ilpu atom, maxe .ecm Obl “Takoil MaTepmas u ObIY
cobpan u obpaGoran, TO oH Ob1 OB TPUrOAEH TOJBLKO IS
TPOTHOINPOBAHAA PEIYILTATOB AEATEIHLHOCTH, HPOTEKAIOIeH B TOUHO
TAKHX K€ YCHOBUAX ¥ [0 TEM K€ 3aKOHaM, YTO. H H3y4aeMBIi IIpoHecc.
MpenmonoxuM, 410 COOBITHS A; UMEIOT CIEAYIOU{HE JOCTATOYHO
Gonbime BEPOATHOCTI: a) P(4)=090; -6) P(4)=095 B5)
P(4;) =0,99. .
Cobbitna A4; B o6meM clly4ae MOXHO CUHTATh 3aBHUCHMBIMHU,
a4 COOTBCTCTBYIOLIME BEPOATHOCTH YCJIOBHBIMH. Torma mo _Teopeme
YMHOXeEHHS. BEposTHOCTER U ¢ yueTom -(11.10. 1) nonyqaeM
a) mpu P(4;) =09

P(4)=09-0,9:0,9-0,9:0,9-0,9-0,9 10,9098 Z0.43;
6) 1pu P(A,-) =0,95 v
« P(4)=0,958=0,66; ‘
B) jpu P(4;) = 099 - - .
P(4)=0,99%=0,92.

CpaBHHBAs WOJYYEHHBIE BEPOSTHOCTH, Cpa3y BHAMM, 4YTO NpPH
IPOrpaMMHPOBAHUI _ypoxas Ha OCHOBAHHH [AHHBIX HAYKH M TEpe-
HOBOLO OIBITZ HEOOXOMMO CTPEMHTBCA TOJYuaTh MAaKCHMATTbHBIC
SHAUCHHUS BEPOSTHOCTEH - OCYIIeCTBICHHN cobnITmit W, i=1, 2, 3
8, cooGpasyacx: TPH STOM C 3aKOHAMH SKOHOMEKH. . @

@ Ilpamep 2. PaccMOTpHM  CIOKHOE cobLITHE A, cbﬁoumee
" B TOM, 4TO IIPY OTKOPME CBHHEH Macca XMBOTHOTO K LICCTHMECAIHOMY
BOZpACTY TONAfgaeT . B HekoTopuit umrepsan [Cy, C,]. MHreppan
PAcCYUTAH TPH YCIOBMH, UTO HPOHCXOXJEHHE, COMEPKAHUE U KOPM-
_JIeHKE JKHUBOTHBIX OTBEYar0T HEOOXOAUMBIM TpeOOBaHUSM. YCIOBHMCS,
4TO0 COOBITHE A MOXeT OCYLICCTBHTHECS TOJBKO, B pe3yJbTaTe CO-
BMECTHOTO HACTYIUICHHA CIEAYIOIUHX COOBITHH.
A, = {npoucxoxgenne XUBOTHOTO COOTBETCTBYET €ro HOMUHAIL-
- Holt mopoze};

2 . ' .



Az—{xopMneHne KHBOTHOTO OCYIIECTBIAETCH no Haylmo 06o-
CHOBAaHHBIM PEKOMEHNALMSIMY}; . -
A3—{ycnosm COJIEPKAHHA XHBOTHBEIX OTBEYAT Hayuno obo-
CHOBAHHBIM Tpe6OBaHmM}
Torma
A= A Ay As. C(11.10.2) -

JIsist Toro 4ro0Er HACTYNIHIIO CO6I>ITI/IC A, H606XO)1PIMO coamecmoe
OCYILIECTRJICHHE CIIGTYIOMHX COOBITHIL:

A4y, ={nopoga poaureneil orpeudeT HOMHHAIY};

Ay, ={cobmonen MeTon pasBeneHUs);

A13-{Mop(bonormecxne ¢m3uomoruyeckue, npo,uyxTuBHHe Kave-
cTBa pofuTench COXpaHWINCH 0€3 M3MEHEHHs};

" A1a={BO3pact posuTenel COOTBETCTBYET HEOOXOMUMBIM TpeGoBa-
HASAM TOJYYeHHs HAMJIYYDIETO IMOTOMCTBA};

A, 5={coueTacMOCTh poiUTeNEH HMeNa MeCTo};

Ay6={IpOAOAKHATECILHOCT, OLOpOCA OTBEYaeT (PU3HONOTrHYECKH
obocHoBaHHON HOpMe};

Ay1,={0py poxmeHuM NOPAAKOBEIA. HOMEP MOPOCCHKA OTBEYAET
HAWIYYIUCMY HuCIY};
~ Ayg={xuBas macca mOpoceHKa DPH PO ACHMH OTBEuaeT CTaH-
[apTY};

Ao ={cobbiTHe, 3aBuCALicE OT HOMEPA COCKA CBEHOMATKH, COOT-
BETCTBYIONIETO JAHHOMY TOPOCEHKY};

Ay 10={c0obm0eNa NPOJOIIKATENBHOCTD MOJCOCHOIO MEPHOIA}.

Paccmorpum coGpitue A,. TlpuMeM yCNOBHO, YTO 3TO COOBITHE
BO3MOXHO - TOJLKO U[PH COBMECTHOM ocymeCTBneme cneuyxonmx
coObITHIA ¥;

Ay, ={comepxarue oOMeHHOW 3JHEPTUEM B pamuoHe obecmedeHO};

“ Ay ={colepxanne CYyXOTO BelleCTBA B DAUMOHE BBIACPKAHO};

Azz={conepianue NEPEBAPHBACMOTO NPOTECHHA OTBEYAET pacyeT-
HOMY };

- Asy={cogepxande B palyoHe JusHHA BbI}le)KaHO}

A,s={cTpykTypa pammoHa BbiIepXaHa};

Ayg=1{cTeneHr W3MEJBUCHHA KOPMOB OTBEYAET 300TEXHHYECKHM '
TpeGoBaHUAM}. .

CobbiTHe  A,7 COCTOMUT B TOM, 4YT0 B PpAaUHOHC BRIICPKAHO
HEOBXOMMMOE O 300TEXHUYECCKHM TPEOGOBAHMAM CONEPKAHUE pas/IHti-
HBIX BEIIECTB (METHOHWAA K WMCTHHA, TPUITO(paHa, CHIpOl KISTYATK,

KB, d)oc¢)opa HATPRs, XJIopa, xejie3a, Med, MapraHna, ko6asb-

Ta, MOAA; LHHKa, KapOTHHA, PETHHOJA, 3prokaipmudepond, Toxode-
poia,. THamuHa, puboduiaBuHa, NAHTOTEHOBOM KHACIOTHI, XOJIAHA,
HUKOTHHAMHMA, MHPHUIOKCHHA, HuaHkoGanamMuga). '

Az ={B pammone BEFOUEHBI BCe (epPMEHTHI};

Ays={B KOpMax OTCYTCTBYIOT BpEIHBIC IPHMECH};

A3 1o={mpoussonmurcs Temropas o6paGoTka KOPMOB};

Ay ={BIAXHOCTS KOPMOBOH CMECH OTBEYaeT HEOOXOMUMBIM
TpeGoBarmaM};

* CMm. EpmMedamme Ha C. 291,
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Az 12={XPaTHOCTL KOpMIICHIS cOGMmOAaeTCA);

Aj 3= {umeeT MecTO CcBOGOMHBIN HOCTYI K TUTHLEBOI BOKE};

Aj 14={xauecrBo BoAsl Xopomee}.’ .

OcyuiecTeienne coObITuS A; BO3MOXKHO TONLKO TPH COBMECTHOM -
HACTYIUICHHH CHEAYIOUHX - COObITHI *.

Aszy={1pebyemoe KaUeCTBO THOATOTOBKH TOMELICHHAS nepesL 3ano-
HEHHEM - KHBOTHBIMY - BBITIOJHEHO}; ‘

Asz;={n0ronoepe CBUHEHR B W3OJHPOBAHHON CEKIMU o,uHopoz(Ho}

As3 ={KOHCTPYKIHS CTAHKA COOTBETCTBYET HCOGXOAMMBIM YCIOBHAM ;

Ajss={KOMHYECTBO KUBOTHBIX B OHOM CTAHKE HE IPEBHIIACT
HOpPMBbIL};

A35—{rmomasz CTaHKa Ha 1 roJIoBYy BblAEpKaHa};

Asze={mnomaxe nmorosa Ha 1 ronoBy BeIIEpKaHA};

A37—{T6HHOHpOBOJIHOCTb JOroBa OTBeYdeT HEOGXOOUMBIM Tpe-
GoBaHMsIM};

A3s={pa3HOCTs B IKHBOM MACCE MXMBOTHBIX B OJHOM CTA4HKE
HOIyCTHMAA}; o -

“Aso={cobbITHE, 3aBuc5(mee OT KOJIHYECTBA UEPErpyNIHPOBOK:
KHBOTHBIX };

Aj 10 ={remuepatypa B TOMeLilcHIH ONTHUMAJILHAS};

Az 11={BIaXHOCTb BO3AYXa B HOMECHICHUM Bmuepmnaaercx Ha
Heo6XOAUMOM YpOBHE};

Az 13 ={CKOpOCTb OBWXKEHWSI BO3AYXa nonnepmmaercx Ha HeoG-
XOIUMOM YPOBHE};

Aj 13 ={comepxanme B BO3J:[yXe yrnemcnoro rasa, amMMmuaka,
CEpOBOAOPOAA, TLLIH, MHKPOOPTaHH3MOB B IOMEIUCHUH COOTBETCTBYET
Hopme};, '

Ajs 14={cOGBITHE, 3aBHCALIEC OT .OCBEIICHHOCTH);

A3l5—{HpOILOJDKPITCIIbHOCTB CBETOBOTO [HSA OTBEHacT ﬂeo6xozm-
MbIM TpeOOBAHISIM};

A3 6= {mMer0  MecTO HCOGXOL{I/IMOC obryueHne yanpa(bHoneTo-
BLIMH U MHGPAKPACHBIMH JIy9aMu};

A3 1,={0becneueH NOMHONCHHBIE MOIMOH >XHBOTHBIX).

. Cobwrrus A4;, 4;, A; MOXHO CIHTATh HE3aBHCHMEIMH, COOBITHs

Atis izl, 2, 3 ey 103 A')J, —1 2 3 .., 14, u Az, k—l 2,

3, .., 17, cnenyeT TONAraTh, 3aBHCUMBIMA M HCIONL30BATH NPH
‘ pacueTax HX ' YCIOBHBIE BCPOSTHOCTH. :

Tlycrs BeposaTHOCTH COOBITRE Ay;, A,;, A3, AOCTATOUHO QOIbIIME.
PaccmotpuM TpH ux  yposEs: a) p=0,90; 6) p=0,95; B) p=0,99.
VyureBas (11.10.2), umeem :

4 iAxﬁzAs =A11A12A13~--A10A21A22A23--~A2 14d31 432433 A3y

a) P(4) =09 0,9"*-0,9'7=0,941=0,013;

6) P(A4)=0,95 0,950,957 =0,95*'=0,077;

B) P(A4)=0,991° 0,991*- 0,99”=0,99‘“=0,66.

Kax BpauM, maxe npu OONBHIMX . BEPOSTHOCTAX COCTABIISIONMX
cobeITali BepPOATHOCTH -OCYIICCTBAECHUS cOBbITHS A4 Hebomman.

* CM npuMesanue ®a ¢ 291
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Tonoxum Ttemeps, uro P(4)=0,729. s nomyueHus Taxoif
BEPOATHOCTH. - HEOOXOAHMO, YTOOEL YCIOBHS HPOUW3BOACTBA obecmeun-
BAJIM BEPOSTHOCTH OCyHIeCTBICHUsS cobpituit A4,, "4,, A3, pasHYIO
0,9; cobbitie A,; NODKHO HMETh MECTO. ¢ BeposTHOCThLIO (,99;
Ay;—c BepositrocThio 0,993; Aa—c BeposTHOCTRIO 0,994,

B [eiicTBUTENBHOCTH JXE BEPOSTHOCTH COOBITHH Ay;, A,; A He
SBJISIOTCS  SOCTATOMHO OONBIKMHM, WO3TOMY  COOBITHE, COCTOSIIES
B TOM, YTO IO AOCTYDKCHUM OIpEISTEHHOrO BO3PACTA MACCa XKUBO-
THOTO, NONAZAET B 32AaHHLLT -HHTEPBAJ, IPOUCXONT HE OUYCHL YACTO.

Venosus npousBOJICTBE HOJDKHBL ObITH OPTaHU3OBAHL! TAK, YTOOH
cobrrTus Ay, A,j, As; ObliH DPaKTUYECKH . HOCTOBEPHEL Pa3ymeercs,
Opu pacdeTax il KaxIoro KOHKPETHOro *Clydas HOJIKHS! ObiTh
YYTECHBL IKOHCMHYECKUE COOCPAKECHHSL.

W3 upumvepos 1 u 2 BrauMm, Kakoe 5OnbIIOC 3HAYCHUE
B CEJIbCKOXO3SHCTBEHHOM HPOM3BOCTBE UMEET COOJIFOE-
HUE TEXHOJOTHYecKol mucIuiummHbl. TOIBKO B -9TOM
CIYUae MPAaKTHUECKH JAOCTOBEPHO OCYIECTBIICHHAE KaX-
JOro cocrapisgroliero cobpiTusa. Torma KOHEUHBIN pe-
3yABTAT, KaK CHAEACTBHAE COBMECTHOIO HACTYIUICHUA
cocTaBNgIOMuX COGHITHI OyIeT WMETL  BEPOSTHOCTD,
OAM3KYIO K eRMHMIE.

\

§ 11.11. BEIBCAbI

Teopus BeposxTHOCTeH——HayKa 0 KonuquTBeHme
3aKOHOMEPHOCTAX MOJEHeH ciayuadiHbIX siBlieHud. B o71-
JUYME OT CTPOTO ACTCPMUHUPOBAHHBIX 3aBHCHMOCTEH,
pPacCMOTPEHHBIX B TEPBOM wactu mnocobus, B TCOPHHU
BEPOSTHOCTEN HPOCTEHIINE: 3aKOHOMEPHOCTH H3Y4YaeMbIX
IPOLECCOB M - SBJICHUM - yCTaHABIMBAIOTCA NpH  (Puk-
CHPOBAHHOM pE3yNbTaTe GONLUIOTO YUCJIA HOBTOPEHHMI
HCHBITAHUIT Ha OCHOBE CIICU;I/Ia.T'bHO TIOCTABJICHHBIX TIPH-
MEPOB.

TiaBHbLIM IOHATHEM TCOPHU BEPOSITHOCTEH ABJIAETCS
nonaTre cobpitida. CoObITHE —53TO° Ka4yeCTBEHHBIH pe-
3yApTAT ucnbiTanus. ClaeaylomuM OCHOBHBIM IOHSITHEM
SIBJIICTCST OTHOCUTE/IBHAS  YACTOTa . COOBITHA. JiaBHO
- 3aMEUEHHOE CBOMCTBO HACTOTHI-—€€ YCTONYUBOCTE € KO-
JieOaHUAME = OKOJIO HEKOTOPOro TOCTOSHHOIO YHCHa —
HCOONL3YETCA  YEJIOBEKOM B €r0  NPaKTUYECKOH Jie-
ATEJBHOCTH. ODTO IOCTOSHHOE HYHCIIO, OKOJIO KOTOPOILO
FPYNIUPYIOTCS OTHOCHTENBHBIE YaCTOTHI - COOBITHS - IIPH
HECKOJIbKUX CEPHAX MCHBITAHUN ¢ BO3PACTAIOINM HHC-
JIOM TOBTOPEHWM M ~ €CTh = BEPOATHOCTH = COOBITHS. .
BeposaTHOCTE — 4MHCHEHHBII NOKa3aTelb BO3MOXHOCTH
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HACTYILICHUS! COOBITHS. DTO oOIpenesieHue BepOsSTHOCTH
cOOBITHS TPHHATO HA3BIBATh CTATHCTHYECKUM. Bepo-
ATHOCTh MOXHO HAHTH TOJLKO B Pe3yJLTATE HPOBEACHUA
MHOTOKPATHO ITOBTOPEHHBIX ucmbiTanuid. CymecTByioT
331241, KOrja IoKa3aTeslb BO3MOXHOCTH OCYIIEeCTBJICHUS
cobrITHSL MOXeT OblTh 3apaHee - mupenckasas. - s
TOTO HAJO 3HATHL YHUCIO TAK Ha3bIBAEMBIX  3JIc-
MEHTapHBIX CIy4aeB HWJAH CcoObITHH, OJarompusrcr-
BYIOIIIHX OCYILECTBJIEGHHIO JaHHOrOo cobbiTis. Torma
BEPOSATHOCThL COObITHA A PpaBHA OTHOIICHHIO YHMCJIA
PaBHOBO3MOXHBIX 3JICMEHTapHBIX cOoOBITHI, Onmarompu-
. SITCTBYIOIIKX TIOSIBJICHHIO COOBITHA, K OOIEeMYy UHCITY
CJTy4acB, BO3MOXHBLIX B [JaHHOM WCHBITAHUH:

P(A)="1

BepodTHOCTh CIIOXHBIX COOBITHII BLIUHCISIOT HEpe3
BEPOSITHOCTH TPOCTBIX COOBITHH, HCIIONB3YS TEOPEMBI
CIIOKEHMS M YMHOXEHHs, (OpMyJbl MOJHOH BepoAT-
HocTH, (popMynnl Bafieca, NOKambHYIO M UHTErPAIGHYEO
Teopembl Myarpa — Jlamnaca.

[oxa3aHo, Xakue NPAKTHYECCKHE BBLIBOILI MOXKHO
clenaTh W3 TOTO, YTO HM3BECTHA BEPOATHOCTH COOBI-
Tust. [Ipy 3>TOM BaXHO PYKOBOICTBOBATLCH CIENY-
omuM: 1) eclii YCTaHOBJIEHO, YTO BEPOSTHOCTH HEKO-
TOPOro CJIOKHOIO COOBITMSI Majla, TO MOXHO ObITh
YBEPEHHBIM, UTO TPH OJHOM HCILITAHHUA 3TO COOBITHE
He Tpom3oiineT; 2) eciau BEPOSTHOCTL COOBITHA BEIHKA,
TO TAaKXKe€ MOXHO YTBEPXAAaTh, YTO NpH OJHOM HC-
OBITAHUK OHO Hpowm3zoiaeT. OTBeT Ha BONPOC, HACKOILKO
MOJDKHBI OBITH «MAjIbl» WIH «BEJUKH» BEPOSTHOCTH,
3aBHCAT OT KOHKpeTHOH 3amavu. Boollle mocTaTovHO
ManbIMH  BEPOATHOCTAMHU IIPUHATO CYUTATDH Clenyro-
mme: 0,1, 0,05, 0,01, a mocrarouno Gompummu — 0,9,
0,95, 0,99. -

BONPOCKL! AN CAMOITPOBEPKY

1. Yro fBIAETCA HPECAMETOM TEOPHH BEPOATHOCTEH?

2. Uro HaswBaeTCs coOwbiTHEM? )
_ 3. Halite onpenenenue coOBITHI: a) caydapnoro; 6) mocrosep-
HOTO; B) HEBO3MOXHOTO. »

4. Kakue coObITHS: HAa3HLIBAIOTCA COBMECTHLIMY, H6COBMCCTHLIMH
PaBHOBOSMOXHEIME, OGDa3yIOUUMI IOJHYIQ TPYINY, IPOTHBONIOION-
HLIMH" HpHBeJII/ITe TIPUMEPEL. -
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5. Yto Ha3LIBACTCSA OTHOCUTEILHONH yactoTo#l cobertua? Kaxue
CBOUCTBA « OTHOCHTENLHOH HacTOTEI BBl 3HAcTe?

6. aiiTe CTATUCTMYECKOE ONpENEJICHHE BEPOSTHOCTH CcOOBITHA.

7. MpuseanTe ONpeneNeHHE BEPOATHOCTA COOLITHSA Hepe3 IOKa3za-
Tenu, ONaroNpHATCTBYIOLME HACTYILICHUIO COGBITHA.

8. Yto Takoe cymma u HpOI/ISBCLLEHI/Ie ABYX COOBITUM, HECKOJIBKHUX
CcOoOBITHE?

9. ChopMymupyiiTe Teopemy CIOKEHHS BEPOATHOCTEH B COydasx:
a) COOBITHA HECOBMECTHBI; 0) COOBITHS COBMECTHEL

10. JJalite ompeaesicHNE YCIOBHOW BEPOATHOCTH COOBITHA.

11. ChopmysmpyiitTe TeopemMy- YMHOXEHUS BEPOATHOCTEH M ee
cnepcTBus. 3anuumre . GOpMyly HOJHOH BEpOATHOCTH COOBITHSI. ﬂo-
xaxure ¢opmyny balieca.

12. B 4em COCTOMT 3ajava BBIYHCICHUSA BEPOATHOCTH YACTOTHI
mosBcHuA  cobprrus. 3amummre GopMmyny BepHYIIH # - OIpeIeNuTe
CMBICJI BXOASIUMX B Hee IApameTpos.

"13. Chopmysupyiite JtoxajepHyto Teopemy Myaspa— Jlanmaca.

14. Chopmynupyiite unTerpansryro TeopeMy Myappa — Jlanmaca.

SAIAYN - U YIIPAXKHEHUS

1. B Kopobke 150 s6mox. U3 mHux 3 610Ka MOpaxeHbl GONE3HBIO
B siBHOU ¢Qopme. YeMy paBHa OTHOCHTEIBHASA 4YacTOTA MOABJICHUA
nopaxensoro a6aoxa? .

2. OTHOCHTENbHAA YACTOTA HOABJICHHA KayOmed xaproders, mme-
IOIMX MEXaHu4YecKue NOBpexacHns mpu yoopxke, pasta 0,15. B xop3une
350 kny6neii. CKONbKO KiyOHEH OKaXKeTCs NOBPEXICHHBIMH?

3. MI3BecTHO, 4TO BCXOXECTh MileHUUB! cocrasnseT 90%. Cxobko
HEOOXOOUMO B3ATh 3¢peH, 4TOoOBI B3oWILIO 360 pacreHmi? . ,

4. BcxoxecTh ceMsH  aukod  s0nomHu paBHa 60%. Ckosbko
noTpebyeTcs BHICESTL CeMSH, YToOL mony4uth 120 poctkos?

5. JIng onupeneneHMsS BCXOXECTH IIIECHUIB! TOCSSIM  [JBE CEPHH
o 200 3epen. TTonyuerno cootsercTnenno 189 m 193 Bcxona. 1) Kakosa
OTHOCHTE/LHASl Y4CTOTA BCXOXCCTH B xaxmoit cepuu? 2) Uemy paBHa
HPOUEHTHAS BCXOXKECTh IIIECHAD!?

6. B crane 200 xopos, u3 HUX 90 He TIPEBBIIAIOT TPEXJIETHErO
pospacta. ‘Haymauy orOupae¢rcs omuo. xkuBortHoe. Haiimmre Bepost-
HOCTB TOrQ, 4YTO BO3PAacT KOPDOBHI HE MeEHee 3 JeT. -

7. Ha monounoM komrnekce 10% KODOB HMMEOT yIO# CBBIIIC
3600 xr, 25% xopoB—oT 2800 g0 3600 Kr, OCTAJBHbIC — MEHEe
2800 xr. OnpezenuTe BEPOATHOCTL TOIO, YTO YIOH Hayna}iy BH6paHHon ’
KOPOBEI - cBpIme 2800 kT,

8. B aByx OTCeKaX 3CPHOXPAHHIIMINA HAXOXHTCS 16CeBHOM Marepu-
an (mmenuna). CeMeHa TepBOro OTCEKa HMCIOT BCxoxkecTs 80%,
BTOpOTOo —85%. OTOupaercs nmo 1 3epHy U3 Kakgoro orcexa. Haliaure
BEPOATHOCTH CJeHyloLux coOniTuil: 4—oba 3epHa HajgyT BCXOIBI;
B-—onno 3epso B3OMmer, a apyroe—muer; C—oba 3epHa He HamyT
BcxooB. IIposepbTe pPaBEHCTBO ‘ :

P(4)+P(B)+P(C)=1.
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9. W3- 5 nyummx B X03sfiCTBE CBHHOMATOK' HAMO BHIGpaTh Tpex
ans BeicTaBKH. CKONBKHMIT CIIOCOBAMH MOXKHEO. CHEJATH BBIOOD?

18, Wcenepopatess’ 3adHKCAPOBATT PE3YIbTATHL MOJIEBOTO OMBITA
¢ 20 mensHok M BHec pe3yibTaThl B OBM. Tipu pacnewarTke BeIOMOCTH
DE3YABTATEL «CMCUIATHCH.

a) Haiigute BepOATHOCTH TOTO, YTO HPU 3TOM Kaxmoi JCTISHKE
COOTBETCTBYET BEpHBIH pE3yibTaT.

6) Kaxosa BepOSTHOCTH TOFO, 9TO AN 19 ACISHOK B pacnedaTke
yKa3aH BepHBIA pesymerar? =

11. B xo3zsiicTBe 5 y4acTKOB 3eMJm KOTOpHIE . HEOBXOMMO 3aHATD
moA 5 xymeryp. KakoBa  BEDOSTHOCTE TOTO, WUIO IPOH3BOJLHOC
3aKpeiiene KyJbTyp 32 YYacTKAMH COBHNANACT C 3aIUIAHAPOBAHHBIM?

12. 3ddexTurHOCTE HEKOTOPON BakUUMEBI B (QOPMUpPOBAHUM HM-
MyHuTETa CcOCcTapnseT 75%. Baxnummuposanocs asa xusorasix. Ilycrs
A\ A;— coBHITHA, COCTOSIHIME B TOM, YTO COOTBETCTBEHHO IIEPBOE
M BTOPOC XHUBOTHOEe mpuobpenn HMMYHHATET. Haiigute BepoSTHOCTH
cregyromux cobbrthil: A={06a XUBOTHBIX TPUOOPETH MMMYHWTET};

" B={o7H0 XHBOTHOE NPHOBpENo mMMyHuTeT); €= {H¥ OHO KHBOTHOE
He npuobpeno -ummyHuteT); D= {X0T4 6B OJHO XUBOTHOE nprobpeno
UMMYHHTET}. ABIAIOTCA 1M 33BHCAMBIMA coBBITHS: Ay U Ay, AL ¥ /{2,
A1 u A2 .

13. BepoaTHOCTh pOXIcHUA OBMKA WM TEJOYKM TpY OTENe
nprHATa pasHoil 0,5. Cxompko pas HODKHA TETUTHCS KOPOBA, 9TOOB
¢ ‘BeposrHOCTRIO 0,9 mMeThb -X0Tsl OBl OFHY TenOuky?

14. Hexortopas mnomymnsuusi pacTeHsil COCTOMT M3 ocobell Tpex
- THIIOB, TIOMEYeHHBIX AA,  Aa, aa. YNHCHCHHOCTH KAKIOrO THIA
cocrasset cooreTeTReHHO 200, 600 M 50. M3 TLOTLY SR BBHIOMPAIOT
OIJHO pacTCHHE. Hanzmre BEPOATHOCTH COOBITHIL:

a) BLIODAHHOE PACTEHME HPHHAANEKHT K THIY "AA;

6) BeIOpaHHOE pacTcHME TIPHHAUICKUT K THiy AA wmm Aa.

15. B xiuetke. 6 OemeIx B 4 cephle” M. Cnywaiino orbupaior
3 Mpnmeii, He BO3BpaINAs 0O0paTHO. BEIMUCINTE BEPOSTHOCTH COGHITHIL .
‘A={Bce Tpu MpuuH Gemwie}; B={npe Genste m omma cepas); C={npe
ceprle ¥  OfHA 6ena;1}' D={Bce Tpu Ccepsic}.

16. Inst mexQTOpoil MECTHOCTH CpenEee YUCIO CONHEMHBIX IHEH
B MXOJIC COCTaBIACT 25. Hannme BEPOATHOCTH TOFO, . YTO. IIEPBHIE
3 mES WIONS  COJHEYHLIE.

17. B xopsune 12 nnonos. I/Is HEX 3 mOpaxeHkl 60JIC3ABIO B CKPEITOM
tdopme. Vi3 KOP3MHEL IOCIEROBATEILHO U3BIEKATOT ABA IUIQNA. Beiaucimre:
1) BepOATHOCTL TOrO, YIO. IEPBBI B3ATHIE MmIOJ - OOIBLHOM;

2) BepOSTHOCTB TOLO, YTO.BTOPOM BEIHYTHIA IIOA CyneT 6OJII>HI>IM

' pU YCTOBWH, €CTH WEPBBIH OKA3ACA 3JOPOBLIM.

18. B smiaxe 30 sGnox. Vi3 Hux 3 mopaxeHsl GONE3HBIO B CKPHITOH
¢opme. Ilocnenosateneno Ge3 . BO3BpAmIEHMs  HOCTAOT 3 516J101<a
KaxoBa BeposiITHOCTE TOr0, YTO OHH 3HOPOBHI?

.19. B xopsmae 12 610K, u3 HEX 4 .copTa A, OCTANBHBIE COPTA
B. Bsaanm 3 sa6moxa. Halipure BEpOSTHOCTH CHEAYIOINUMX COOGBITHIA:

cobrrrue Cy=7{cpenu B3sreiX 3 sbnoxa copta A};

. cobertme C,={BasTo 3 abmoxa copra B};
cobbrTue C3-—{B3srro 2 sbmoka copra A u 0REO cop'ra B}.
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20. KoodpdruumedT wucrnonbp3osanusa pabouero BpeMenu (0THOCH-
TENBHOE BpeMS) ABYX KOoMOaifHoB cootrBercTBeHHO. pasen 0,8 u 0,6.
VunThiBas, 4T0 OCTaHOBKH B- pabore Kaxaoro xombadua cirydafinbi
M HE3aBUCHMBL OJIHA OT APYrOH, ONpPEENUTE OTHOCHTENLHOE BPEMSL:

1) coBmecTHOl. paboTer koMbailHOB; ‘

2) pabGoTBl TONBKO OIHOTO KoMOaiiHa;

3) npocros obomx xoMmOaliHOB.

21. Kosddunuent HCIIOJib30BAHNUS pabouero BpeMcHU Y 3 Tpak-
TOpOB cooTeeTcTRerHO pared 0,8, 0,7 m 0,6. YVunrsipag, 94T0 OCTAHOBKH
B paboTe Kaxjaoro Tpakrepa CiAydadlHsl M HE3ABUCHMBI OXHA OT
JApyro#i, HaHzuWTe OTHOCHTENLHOE BpPEMS:

1) cosmecTHO# DPadOTHL BCEX TPAKTOPOB;

2). coBmMecTHO) pabOTEL ABYX TPAKTOPOB;

3) paboTHl TOJBKO OJHOIO TPAKTOPA;

4) mpoCTOA BCECX ' TPaKTOPOB.

22. BOOJB ASMHHBIX CTEH XHBOTHOBOJUECKOTO KOMILTeKCA npo-
JIOXEHO ABa TpaHcHopTepa, paloTarouX -He3aBrcumo. TpennonoxumM,

- YMTO BCPOATHOCTB 0e30TKA3HOH pa6OTi>I Kaxagoro M3 HUX B ’I:C‘iCHI/XC

mus pasHa 0,9. Oupenenurte BEPOATHOCTH 6€30TKA3HON paboTsl oHoux
TPaHCIOPTEPOB!

4) B TCYCHHE OIHOTO [HA,;

"6) B Teuenvie Opxafiuinx nuecTy jHedl.

23. V mectd XHBOTHBIX KMEETCS 3a00JIeBaHHC, IPHYCM BEPOSIT-
HOCTHL BhI3ZOpoBNicHHS papua 0,98, KaxoBa BeposiTHOCTH TOro, 4TO:
4) BBI3JNOPOBAT BCe IUECTEPO  XHUBOTHHIX; ©O) HE BBI3IOPOBAT HH
OJIHOIrO; B) BBI3HOPOBAT TOIBKO ‘HATEPO?

24. BeposaTHOCTh  COOBITHSA = {ONHO NOCESHHOE 3€PHO MUICHHIBI
He ‘mpopacreT} pasHa  0,009. Kaxosa: BepoATHOCTE COOLITHS = {m3
1000 cemsan we mpopacrer: a) paBHo 8'7} 6) —{He Gonee 5 cemsul};
B) ={He Menee 5 cemsn}? ;

25. B xozaiicTee HMeEETC 6 TyCEHHYHBIX ¥ 4 KOJIECHBIX TPaKTOpa.
BeposaraocTs coGLITHﬂ—{sa BpeMsI BHIIOJNHCHAS HEKOTOPO# paboTn
T'YCEHMYHBIA TPAKTOP He BBLANET U3 cTpos) pasHa 0,95, a JUIt KOJECHOrO'
TpaKTopa 3Ta BepodTHOCT: pasHa 0,8, Jlms BHIIONHEHHS HEKOTOPOH
paboThl . IpOU3BONLHO BHIOUpaetcs TpakTop. Hadinure BeposTHOCTL
cobbITHs = {10 3aBepiierns paboThl TPAKTOP HEe BRMALET U3 CTPO4).

26. B Tpex Xop3umax Haxomurcs kaprodens. B mepsoit 10%
TOBPEKACHHBIX XTyGHel, Bo Bropeit —15%, B Tpérsei—10%. Ua’
Haymady BbiGpanHoil xopsuubl Gepyt omun kiyGenn. Kaxosa BEPOST-
HOCTB COOBITHS = {KnyGeHL He - rxospexmeﬂ}'?

27. B mByx KOpSHHaX Haxonarcs sbioxu. B nepmoit 20 ILIT n3
HUX ‘5 HOBPEXICHHBIX, BO BTOPOi—30 mwr., u3 HEX 6 nogpexmcnnmx

‘W3 maypmauy BBIOPaHHOM KOP3MHBEI B3SUTH OIIHO a6moxo0.

1). Kaxoga BEPOATHOCTH COORITHA = {SIG.HOKO Oyner He NOBpEX-
neno}? :
J) S6nOX0 OKA34NOCh HE NOBPEXACHHBIM. Kaxosa BCpOHTHOCTL

'fco6mnmv— {s6noxo B3ATO W3: a) mepeolt xopsmmml}; 6) = {BTOpOIi

KOP3WHBI}; Xakoe W3 cobuThil a) mim 6) Gomee BepoaTHO?
28. BeposTHOCTh COOBITHS = {aMEPUKAHCKUY JIOCH IEPEHECET  3H-
My}, oneumgasted B 80%, ecsd nock 370poR, B B 30%, ecxm on Gouex.
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a) Ecnu B -nomynsupuu  Gomerel 20% - moceif, To ‘kakas mous
MOIIYJAUA  TlepeHeceT 3umy? :

6) Ecnu Bosiku yomsaror 80% 3zmopoBeXx M -70% OOJBHBIX INocei,
U3 TexX, KOTOpble HE BBUKHMBAIOT 3a 3UMY, TO KaKyio HOJIO OT Beel
TONyJISHUM COCTABNSIOT IIOCH, - yOUTRIC BOIKaMH 32 3uMy?

29. JlaGoparopuoe xmBoTHOE JHGO 370p0BO (C BEPOSTHOCTBIO
0,9), 60 met. Ecau %WBOTHOE 340POBO, TO OHO MOKET BEITIOJIHHTE
HEKOTOpoe 3ajanue B 75% Bcex mombiTok. Ecii XKHBOTHOE HE3ZOPORO,
TO OHO CIOCOGHO BBIHOJHATE 3TO 3aJaHUC JHMIbL 3B 40%. Bcex
monsiToK. JomycTnm, ‘YFQ NPEeNUPHHIMAETCSA IONLITKA H JKHBOTHOE
HE CHIPaBASCTCA C 32JAHACM. Kaxosa BepOHTHOCTb TOT0, 9TO XHBOTHOE
30PORO? .

30. Baknumna q)ovampyeT HMMYHATCT y XHMBOTHBIX IPOTHB TyDep-
Kyjaesa B 95% caydaes. Bakumauposamoce 30% XusBOTHEIX. Beposrt-
HOCTH 3a0071€Th TyGepKyJIe30M Y BAaKUMHHDOBAHHOTO KUBOTHOIO 6e3
AMMYHHTETa Takas ke, KaKk y HeBaknuHumposagHoro. Kakxosa sepo-
SITHOCTH TOTO, 4YTO JKHBOTHOE, 3aboeBiice TyGepKynesoM, [§350)
Baxunm{posd}{o? '

31, Opemnpusitast L, M, N nponsaonm cooTBeTcTReHHO 25, 30
n 45% samacHbIX wacTei OITHOro . HAUMCHOBAHYUA ~ K  HOUJIBHBIM
ammaparaM, KOTOpPEIC NOCTYMAKT Ha NEHTpaibHyto Oasy. Joms Opaka
A7 HUX COCTaBJfeT. cOOTBeTcTBeHHO -1, 2 u 3%. Bistoe Hayran
W3HEIME OKA3aloch OpPAKOBRHHBIM. - BLIMHCIMTE BEPOATHOCTH TOTO,
YTO OHO CHETaHO HA npezmpmrrxm L, va mnpemnpusrtan M, Ha
npegupuaTan  N.



TEOPEMbY CJIO)KEH“SI W YMHOMEHUA BEPOSTHOCTEM

-

P(A + B) = P(4) + P(B)

A+ B
P(A+ B)=P(A)+P(B)
- P(AB)

P(AB) = P(AyP(B/A) ~ cobburan A m B Sapuckmst

Teopema cnomeHus

\

T

P(AB) = P(A)P(B) - OGBS A ¥ B{He3anucHMLL

reop

7

Ocnomibie  Teopems!
TeopuM meposTHocreH

/
Z

3

TEOPEMBI CITOX(EHMSA H YMHOIEHKS

‘BEPOSTHOCTEM

: A= AB; + ABy + ABy + ..} AB,
By 05pasylor MONHYIO TpyMTy

P(AY= Z':‘ PBYPA/B)

=1
opryna P(B [y — P(BYP(A/B)
Eciicea. ;_- P(BYP(A/B)
i pt H
" ®opmuyna BepHynsu ”-
e pkgn-k
Fha K- Rl Pty
TIPENETBHBIE TEOPEMBI MYABPA - JIATUTACA
TIOKANbHAaA HHTErpanbLHas
Plly, k) = ©g) - P(x))
)
1 1 -27/2
B(x) = —— dz
Pip ™ e 4 (9 9 7 § 5
P(x)= —1—-e z,/z x= konp Xy = kione %= —_k?_—_np—
Vex 4  npz Y Ve i Vonpe.




Fmasa 12

‘CnyyaliHble BeNUYUHbDI

B oatolt rymaBe paccmarpuBaercs elle OAHO U3
BaXKHCHILINX NOHATHH TEOPUM BEPOSATHOCTEH — CIIyvailHbie
BesqnunHbl. OCHOBHAs LEJb TJIaBbl— PacCMOTPETb OCO-
OeHHOCTH ClIy4a¥HBIX BEJHYHMH, 3aKOHBI PAacIpeesICHUs
M MOKAa3aTh, KaK UX HPHMEHSIOT Ha npakTuke. W3noxeH
3aKOH 6om>mnx yicesl B 00oOImeHHON ¢opme u nos
4YacTHOTO ciaydasd, B ¢opMme beprymmn.

'§12.1. NPUMEPK! CAYYAMHbLIX BEAVYUH, :
B3ATbIX M3 CENbCKOXO3ANCTBEHHOIO NPOU3BOA-
CTBA

PaccMoTpuM " credyrouide BeJIMUUHBL

1) rogoBoit ymoif OT OMHOHW KOPOBLI B JIUTPAX;

2) YHUCIO AL, HOJyYEHHBIX OT OJHOM HECYIUKH 3a TOL;

3) HPOMOIKUTENLHOCTD JIAKTALMM JIAHHOW . KOPOBEI
B JIHIX;

4) KOJMYECTBO nopocm pOJZ[I/IBIlII/IXCSI OT CBMHOMATKH;

5) 4MCIO pacTeHmM cmeyiol pxu Ha 1 Mm%

-6) ruyOuna 3adesKd CEMSH TPH TIOCEBE; ,

7) macea  OZHOrO - pacTeHus -K Hawaly 10-it HeIen
ero pasBuUTHS;

8) IpONEHT XWpa B MOJIOKE;

9) XONUYECTBO . OCA/IKOB, BBIMABUIMX B HEKOTOPOUH
MECTHOCTH B HIOJI€ Mecsiie.

Uro o0beguHsEeT OSTH BEJMYNHBI] CymeCTByeT Jn
cTporasi - 3aKOHOMEPHOCTp, KOTOPO#. OHHM  TIOAMHHEHBI?
MoxHo i 3apaHee, /[0 BBINOJIHEHHS H3MEPECHHH WM
CYeTa, YKasaT, KaKO¢ 3HAUCHHC. IPAMET Ta WM UHAst
BeTTAHA?

Ecmm pysi xaxjoil BeJIWYMHLI H3MEPEHUE - WJIN CHET
IOBTOPATH 'MHOTOKPATHO B HPAKTUYECKH OIMBAKOBBIX
YCIIOBHSIX, TO OOHAPYXKHUTCA, YTO BCSKWHA pa3 HOAYHAIOTCA
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HECKOJILKO OTJIMYHBIC pe3ysbTaThl. [eno B TOM, 4TO
Ha PE3yNbTAT M3MEpeHH# AEHCTBYIOT NPHYMHEB! (CBS3N)
IBYX KaTeropwii: a) OCHOBHBIE, ONPECIIAIOLINE IJIABHOE
3HaUYCHHE pe3ynbrara W 0O) BTOPOCTEIICHHBIE, o6ycnaB-
JIMBAFOIIME UX PACXOKICHIE.

ITpu cCOBMECTHOM [EHCTBUM OCHOBHBIX M BTOPOCTENEH-
HBIX IpUYYH (CBA3EH) TaKMe MOHATHS, KaK HEOOXOOUMOCTD
M CIy4aiHOCTH OKa3pIBAIOTCS TECHO CBA3AHHBIM MEKILY
co0OH, HO HEOOXOHMMOE HPeodNATACT HAA CIIyYalHbIM.

OTBeuast Ha TMOCTABJIERHbIE BhIMIE BOIIPOCHL, MOXKHO
CKa3aTh: 3aKOHOMEPHBIM UL HEPEYUCICHHBIX BEJIMUMH
ABJIAETCS TO, YTO MX BO3ZMOXHBIE 3HAYCHHS HPHHAIJICKAT
HEKOTOPLIM ~ OTPAHMYCHHBIM YHCIOBLIM ~ MHOKECTBAM,
CAy4aliHbiM K€ SBJISIETCH TO, MTO HA 3THX MHOXECTBAX
OHH MOTYT TPUHATH mo6oe 3HAYEHHE. YTBEPKAATD
3apaHee, YTO KaXK/Aasi M3 NEePEeUHCIICHHBIX BEJHYHH INIPH-
MET HABEPHOE HEKOTOPOE HYHCIOBOE 3HAYEHWS, HEIb3A.

Onpenenenne. CayuaiiHoil nHa3pleaemca 8eAHULNHA,
Komopdasa @6 pé3y/1bmame UCTIBIMAHUA MOMCEM HPUHAIND
mo ugAu  UHoe Hucaosoe 3H(1H€HH€, npuueM apariee
HEU3BECMHO, KAK0€ UMEHHO. ‘

CiryuaiiHass BenHYWHA CBF3aHA CO cnyqamn)m co-
OpitvieM. Ecnm criyuaiinoe coOBITHE —3TO KaYCCTBEHHad
XapakTepUCTUKA UCNLiTaHnif, TO ClydaiiHas BeJIWYHHA —
€ro KOJIMYECTBEHHAsl XapaKTepHCTUKa. Eciau npH 3TOM
COOBITHS HE3ABHCUMD!, ‘TO ¥ COOTBETCTBYIOUIME CITy4ail-
Hble BEJIMYWHB! TAKKE HE3aBHCHMEL.

Crnyuaitgple BeJMUMHLI ACAATCA Ha 2 “TRLA I[I/ICKpCT-
HbIC W HCIPEepPLIBHBIC. :

Cupecnencuue. Cayuailnas seauuuHd HAZbI6aCMES
OUCKPEMHOT, eCAu 8Ce 803MONCHBIE 3HAYEHUA UZ0AUPOEAHD]
Opye om Opyed U UX MONCHO 3UHYMeposams  [CM.
npumepor 1—5)1. ‘ .

Onpenenenve. Cayuailinyio 6CAUYUNY HAG3BIGAIOM
HENPEPBIGHOU, €CAL 6CE. €€ G03MOMNCHbIE 3IHAUCHUA 3qHOA-
HAIOM. HEKOMOPblll rcorteuﬂbn"e A beckoneunsill unmepaad
fem. npumeper 6)—~9}1. ’

Crayyaiitibic BeJINIAHEL 0603HATAIOT 3ArTABHEIMHA Oyx-
BaMM JNaTHHCKOTo andasura X, Y, Z, a AX BO3MOXKHBIE
3HAYCHUS -— COOTBCTCTRYIOIIMMY ManbiMi OyKBamu, T. €.
Xy Xzo Xzs oo Xps Vis Voo V3o woos Yins Z1o 225 Z35 woes Zpe
BeposiTHOCTh TOrO, 4TO cnyqaxﬂaﬂ BeuunHa X OpIMeT
3HAYCHHE, PABHOE X, MM 3Ha4YCHHUE X,, OOO3HAYAYOT
uepes p,, p, H T. X, Tak u4to P{X=x;)=p,,
P(X=x,)=p, BT I ’ '
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' § 12.2. AUCKPETHAA CJ'IYHAI‘/'IHAFI BENMUYMNHA.
3AKOH PACNPEOQENEHWA. C
YNCNOBbLIE XAPAKTEPUCTUKU

@® Houmep. TlpenmonoxuM, 410 mpom3Boautcs o6paboTka cTaja
KUBOTHBIX AC3UHOUIMPYIOUMM COCTABOM TPOTHUB 3aboneBanns A. Ycenex
omepanud oneHuBacTcs B 90% (BeposTHOCTH cOOLITHS = {3a6osepanue
JMHKBHAMPOBaHO}, pasHa 0,9)*. M3 crama mocie obpaboTku oT6upacTes
4 XUBOTHBIX. BBIMECINTL BepOSTHOCTL COOBITHH = {MUCIO 3MOPOBBIX
KHUBOTHBIX CpeaH oToOpaHHBIX paBHO 0, pasHo 1 mT. a}..

CocraBuMm Tabimiy, B MEPBOH CTPOKE KOTOPOH NOMECTHM BO3-
MOXHBIC 3HAYCHMS - CTyYaliHOW BENMUMHEI, BO BTOPOI — COOTBETCT-
BylOIIMe HM BeposTHOCTH (cM. ~Tabm. 12.1). :

Tabauya 12.1

X 0 RS | ! 2 3 4
14 Px—Po4= 8 P1,4=C},pg§ P2‘4=C‘2¢p2g2 P3.4=C3P38 P4‘4=Cﬁp4g°
gt '
0,0001 ‘0,0036 0,0486 0,2916 0,6561

Tak xax Bce cOOLITHS . B. ITOM HCHBITAHHM OOPA3YyIOT TOJIHYIO
4 .
rpymmy, 10 Y. P, ,. Jeifcreutensto, 0,0001 40,0036 +0,0486 +0,2916 +

=1
+0,6561 =1,0000. Tabnmuua HOJHOCTBIO  XapaKTEPHU3YET * CIIydaiHYIO
BeMUMMHYy X —9HCIO. 3MOPOBbIX KHBOTHBIX CDEJH YETHIPEX OT-
o0paHHBIX. @

Onpenpenenue. 3axonom pacnpeaeﬂeuuﬂ CAYYALIROU
8eAUUUHbL HA3bIBACMCA COOMEEmCmEBUe, YCManasayeaioujee
C8A3b MENCOY BO3MONCHLIMU SHAUCHUAMU CAYUQUHON 6eAu-
YUHBE U UX 6EPOAMHOCIAMU.

Tabsmma 12.1 sBisercs npocremnen (bopMon 3aK0Ha
. pacupeneacHAY.

- @ Hpmvep. OrmeueHo, 4TO B HEKOTOPOH MECTHOCTH B TCUCHUE
psga ger B moHe 30% moxanmBrix AHeH. GOCTaBUTH 3aKOB
pacupefiesicHust ClIydalfHOW BEJMHMHBI X —4YHCTA JOXIUIMBLIX AHeif
B TCYCHUE OHHOM Hexemu MroHsA Mecsma. CoObITHS, COCTOSIUHE B TOM,
yro B -1-H AeHp HemenMm HoXAb, BO 2-H [AeHB JOXIOb, B TPETHI
. JIeHb  JOXAb M T. [, CUHTaTh HE3ABUCHMBIMH.
Bosmoxuble 3HAUYCHHS CiyualiHoi Benmummbl X rakoBel x; =0,
X,=1, x53=2, X,=3, x5=4, x4=5, x;=6, xg="T.

. i

* ‘JlagHOE CorNamienue ycfoBHO. CHOCOGHOCTL K BBI3IOPABJINBA-

BWO Y KaXJOr0 XMBOTHOTO PA3JIM4HA, BO3MOXHO, C  HEGOJIbLLIMMHU

otknomecpaava. Cornmamenve UpUHHMAETCAd IJA TOro 4robH  OT
 HAaHHOH 3amaul nepedIm X ee MoJeiH.
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BepoATHOCTH 3THX 3HAYCHHI COOTBETCTBCHHO DPABHBL _
= 07—6“"03'0 -0,77=0,0824, pz—-P17—C103 -0,7°=0,2472,
p3=P,,=C3 0,32-0,75=0,3178, Pi=P;3,=C303%0,7=0,2263,
ps=P,,=C%503*- 073—00973 ps—-P57—-C 0,35 072—00250
Pr=Pg ,=C50,3°-0,7= 00036 ps—P”—C 0,37-0,7%= 00002 _

3akoH pacHpeneneHus npencraBnM B BHJE Cjlelyrounel TaGumeL.

Tabauya 12.2

‘x| o 1 2 | 3 4 5 6. 7

p; | 0,0824.] 0,2472 | 0,3128 | 0,2263 | 0,0973 '0,0250 0,0036 | 0,0002

HauGompInyio BeposATHOCTh UMEET COOBITHE, COCTO-
siee B TOM, 4TO Ha Hexene OyAeT /Ba JOXIMUBBIX HHSL

Yuchopbie XapaKTEPHCTHKH MCKpeTHOH cayuaiinoi
BeJIMMHMHBL. 3aKOH PACIpe/eNCHAs CIY4aiiHo! BEIWYNHBI
MOJIHOCTHIO XApaKTepu3yeT ciiydailHyro BenmuuHy. Ha-
nbonee BaxKHbIC CBOMCTBA CydYaifHON BEJIMYMHBI, UCIOJIb-
3yeMble NpH PEIeHnd 3a0a4, XapakTepu3yroTCs HECKOIb-
KVMH TMOCTOSIHHBIMEP BEJIMUMHAMU — UX YHACJIOBBIMU Xapa-
KTepUcTUKaMu. BaxxHelnmvy U3 HEX SBJIIOTCA MaTeMa-
Tuveckoe oxupamnne M (X) m pumcmepcus D (X).

1. Maremaruuecxoe oxunaamme. OunpeneieHue.
Mamemamuueckum oxncudanuem M (X) ouckpemnoii cay-
YaiiHOt  Geauuunsl X HA3BIBAEMCA CYMMA. NPOU3eeOeHuti
Kaxcoo2o ‘3HAQYEHUsA SMOLl  GeAUNUHBI HA COOMGeMCH-
SYIOULYIO - 6EPOAMHOCTIE :

M(X)= x1p1+x2p2+x3p3+ +xkpk Z X P; (12. 2 1)
i=1

- Cmbicn MaTeMaTI/I‘{eCKOFO cxcnnarma MOXHO YTOYHUTD,

yCTAHOBUB €I0 CBSI3b CO CPEIHUM apH(QMETHYECKMM 3HAYeE-

M. IT0J10%HMM, YTO HCIBITAHME TpoBeAcHO N pas, mpu

3TOM cCioyYaiiHas BeJuYMHA X HpHHsIA SHAMCHHE X; My

Pas, X, my Pa3, .., X, My pas. SAcro, uro ), m;=N.
i=1
Torna cpemmec 3HAUSHME CIYMANHON BEJMMMHEI

my pa’ m, pa3” m;, pa3

I's A — A \ | e e——
Y= Xyt F x4 x4 X4 +x2+ XXt +xk
' N

XMy XMyt . X,
N

m
=x, =t +x2 z+ +xk1—v’f
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L my  m, Ty, )
Apobu —, -2, ..., —4—53T0 OTHOCUTEJIbHbIE YaCTOTHI
, L NN N

* - - .
Pi>» P2 s Dk CHCI{OB&TCHLHO

X= ’\1p1+x2172+ +"\kpk'“zxpt'
=1
Ilpm OGosblioMm vHCTE HCIEITAHUA OTHOCHTENBHBIC Ha-
CTOTHL TPUOIIKEHHO PAaBHBI BEPOSITHOCTAM (CM. HIXKE
§ 12.10). Taxmwm . 06pa30M, cpeJHee 3HAUEHUE CIIy-

- YaWHOM BEIUYHHBI X Z X‘DL MaJIoO OTJ'II/I‘IaCTCSI oT

Ci=1 x

MateMartmueckoro OxmuaEns M (X)=) x;p;, T.e.
‘ i=1

,, M(X)xX. (1222

TepMuH «MATeMAaTHYECKOE OXHIAHME» BO3HMK B CBSI3H C
NPUMEHSHAEM BEPOATHOCTHBIX METOJIOB B CTPAXOBOM JIENie,
Korja HeoObxoaumo ObUIO OIPeeNUThH OXHUAaeMyro (Iped-
NOJaraeMylo) BEJHYUHY BHILIAT O CrPaxoBbIM OTOBO-
paM. B mpaktrdeckux 3a3dax 32 MaTeMaTHHYeCKOS OXKHAA-
HIE IPHHHNMACTCA CpeiHee 3HAYCHUC CRYy4aiHOH BEJIHYMHBL.
- CBONCTRA MAaTEeMAaTHYECKOTO OXWUOAHUSA CIyyaiHOU

BEJITIUHEL.

1°. Mamemamuueckoe odcudanue noCMoanHoil. 6eiu-
yunvt C pasno camoii NOCMOSHHOU 6eeauyuHe,

HoxazarenscrBo. Crnyvalinas enuumHa Oyner
HOCTOSHHON, €CjiM OHAa IPUHUMACT OJHO 3HAYECHUE, paBHOe
C, ¢ BeposrHocTero p=1. Torma, mo ompenenenmio, ’

M(C)=C-1=C. '+ (1223)

2°. Hocmosnnnviii MHONCUMEAL MONCHO GBIHOCUMb 3
SHAK MAMEMArmu4ecKoz0 OXCUOaHUs, m. e.

M(CX)=CM(X). (12.2.4)
JMokxa3aTenbcTBO. BO3MOXHBIE 3HAUCHAS CIydail-
Hoii Bemmummbl CX taxoskl: Cx;, Cx,, Cxs, ., Cx,,

a COOTBCTCTBy}OH],PIe Bep05ITHOC'II/I CJICAYIOIINC! P1> Das
p3a 5pk TOT}I&

k .k
M(CX)=Y Cx;p;=CY x;p;=CM(X).
i1 i=1

3% Mamemamuueckoe oxcudanue cAy4aiinoti 6eAUUHbI
3AKAIOUEHO MeJCOY ee. 8O3MOMCHBIMU HAUMEHbUUM U Ha-
Ub0ABUUM  SHAYEHUSAMU. :
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HoxasatenwvcTBo. [Iycth @ 1 b—COOTBETCTBEHHO
HaUMeHblIee U HauOosbllee M3 BCEX BO3MOXHBIX 3Hade-

HOH Xy, Xp X3 ., X C BCpOHTHOCT}IMH DP1s Pys D3
, Pr- Torma R
'aP1+aPz+ L Fap<x 1P1+x2172+ +)”1cpk bpy +
+bp,+ ... +bp,,

npeodbpasys, EMeeM

. k '
a('P1 +pt+ . +Pk)< Z, xipigb(pl +py+ . +Pk)~

Tax Kak p,+p,+ .. +p,=1, T0
as<M(X)<b. (12.2.5)

HOpI/IBelIeM "0e3. . I0Ka3aTCILCTBA ellle [Ba CBOWCTBA.

Mamemamuuecxoe  oxcudanue — areedpauuecKont

"CYMMBL CAVUATIHBIX GeAUUUH DABHO CYMMe MAmemMamuyec-
KUX OCUOGHUTE 3MUX 6€AUYUH, M. €.

M(X+Y)=M(X)+M(Y). (12.2.6)

~ 3ameuanue. Ilpexne uyeM mnepediTm kK paccMoTpe-
HIIO CHEJYIOIIETO CBOMCTBA CIIydallHBIX BeH4uH, chop-
MYJIHPYEM IIOHATHE HE3aBHCHMOCTH CIy4aliHBIX BEJIMYMH.
Crayvalinple BedHMUUHBE! X ¥ Y HA3BIBAIOTCSA HE3aBU-
CHMBIMH, €CIM 3aKOH DACHpENENcHUs ONHOM MX HHX
HE 3aBHCHT -OT TOI0, Kakhe 3HAYCHHS anH;ma Apyras
BEJIMYIHA.
; Hanpx/IMep, BO3bBMEM ceMeHa nByx coprosB (A u B)
pacrenuii. Ecim 5TH ceMeHa “BBIpAlEHBI #  3aTeM
BBICESTHBl B Pa3JIMYHBIX YCJIOBUSX, YCIIOBHS POCTa ¥ CO-
3peBaHNs PACTEHUH TaKXKe He ~OBHAJAIOT, TO KOJMYECT-
BCHHBIE PE3yNbLTATHI MCILITAHHHN, & CICIOBATEILHO, H CO-
OTBETCTBYIOIHE CIIYYaHHLIC BEIUIMHDI OyIyT He3aBHU-
CHMBIMY,
5°. Mamemamuueckoe oo;cu()auue npousgedenus 06yx
HE3ABUCUMBLX CAVUAUHBIX GCAUHUH PABHO HPOU3EEOeHUIO
UX . MAMEMAMUUECKUX  ONCUOAHUT

MXY)=M(X)-M(Y): (12.2.7)

2. Incpepcusi M cpeHee KBaJPATHYECKOE OTKIIOHEHHE
cay4aiinoil Besmgumant. Eine onHoll BaxXHOH xapakTepucTU-
Ko#l ciyuaiimo¥l BeNMHYHHBI ABJIAETCS Aucrepcns. ucnep-

cust xapamepmyeT -MEPY paccexrma BO3MOXHBIX 3HA4c-
HIHA Cﬂyan/IHOH BEJIMYUHBI OKOJIO €€ MaTeMaTI/I‘lCCKOFO
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oxupaHus. OTO OYeHb BAXHAS XAPAKTCPUCTHKA., B
HPWIOKEHHSAX TEOPUH BEPOSTHOCTEH NPUXOAUTCS CpaB-
HHBATH [IBE ,OJNHOPOAHBIE CJyyvyaliHble BeJWYHHBLL -~ W3
IBYX BEJMYHH C PABHBIMI MaTEeMATHYECKUMH OXUTAHHS-
MH Ta CUATAETCS (WIY4Ilew», KOTOpas MMEeT MEHLITIHM
pa3bpoc. 3a Mepy pazbpoca MOXKHO ObUTO OBl HPHHATH
cpenHee 3HadeHue. aOCOMOTHBIX BEJIMYMH OTKJIOHEHMIA
A=Z|xi—M(X)|

n .
JaeT XOpOIIYIO OILEHKY, TAaK Kak OoNbIIie OTKJIOHEHUS
CTAHOBSATCA «Majio: OIMYTHMbBI». [103TOMY BLIYHCIAIOT
OTKJIOHEHUS BO3MOKHBIX 3HAYCHUN CIyYaiHON BeTHUYBHbI
oT M(X), BO3BOAAT WX B KBaJApaT, YMHOXAIOT Ha
BEPOATHOCTH p; M CKJIANBIBAIOT INOJIYYCHHBIE npousBezIe-
HsI. I[pyrI/IMI/I CJ10BAMH, BBIMUCIISIOT (x,—MX)p,+
+(,—=MX)p,+ .. +(ka(X)) Py, T. €. MaTeMaTH-
YeCcKoe  OXHAaHWe KBaJpara CIy4YalHOH  BeNvMHBI
X—-M(X).

Onpez{eneHI/Ie Hucnepcueit D(X) cayuaiinoii eeau-
yunvl X HA36I8AeMCA MAMEMAMUYECKOE - OXCUOGHUE K8a0-
pama  pasHocmu mMexcoy CcaAyuaiHon eeauvunoti X u ee
MAMEMAMUYUECKUM.  OHCUOAHYEM

D(X)=M(X=M(X))> (12.2.8)

CocraBuM 3akOH paChpelesieHus ClayvaiiHOM Benu-
yuHel (X — M (X ))2 B BUIE T36J‘I 12.3.

, HO Takasd XapaKTCpucCtukKka HE BCeraa

. ) Tabauya 12.3
(x—MEN| (= | o= | (o= | (o=

M -M)?|-may?| L [—arn)?
Pi - Py | P2 Ps ’ Dr.

ITo onpe,ziene:Hm'lM JUCIEPCUU 1 MaTeMafn'IeCKofo oxcu-»
MaHUsA CIydailHoii BENIMUMHLI MONYYUM
‘ D(X)=M(X—-M (X)),
HIH ' . ‘ 7
D(X)= % (v~ M(X))p: (12.2.9)
i=1
Yr[pocmM dopmyny  (12.2.9), . cz[enaB ee ynobuol
U TPAKTUYECKOT' O ' IPUMEHEHN,
D(X)=M(X-M(X))?* =M[(X—M(X))(X~M(X))]~
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[Tpumenus cBo#cTBa 1°-—5° MATEMATHYECKOTO OXHAA-
gus [eM. dopmynnr (12.2.3)—(12.2.7)], unosyunm
DY) =M (X2)=2M (X) M (¥)+ (1 (X)) =
=M(X*)-(M(X)?* .
D(X)=M(X?)—(M(X))> (12.2.10)
Taxum obpazom, izmcnepcm‘ PaBHA PAa3HOCTH MEXIY
MaTEMATHYSCKUM OXUJAHUEM KBajpaTa ciyYaiiHoO# Be-
JUYUHBL M KBAAPATOM MAaTEeMaTHYECKOTO ~OXHAAHUA.
- CpolicTBa JYICHIEPCHH.
1°. Ecau cayuatinas eeaununa X npunumaem MOALKO
o0no. go3moxcroe 3nauenue C ¢ gepoammocmuio p=1,
mo D(X)=0, T.e. DpUCIEepCHA - MOCTOSHHON BEJINUHHBI
paBHA HYJIIO.: ‘
JoxasaTenrcrno. Umeem
D(X)cD(C)=M(C-—C)2=M(0)=0. (12.2.11)

2°, HocmoAnubIll MHOMCUMEAL MOJNCHO 6bIHOCUMD 34
BHAK aucnepcuu npe()eapume/tbuo 6038e0s €20 6 K8aodpam,
(CX) C2D(X). (12.2.12).

3°. Huchepcua cymmbl uAu pasHoCmu O0BYX HE3a6U-
CUMBIX CAYHQIHBIX eAUNUN PABHA CYMMe UX OUCnepcuti

D(X+Y)=D(X)+D(Y). (12.2.13)
Noxasarenscrso. Ilo (bopmyne (12.2.10) monyyaem
DX+ Y)=M(X+Y)> —fM(X+Y))%

PackpbiBast CckoOKM W~ HCHOsb3yst  cBodctBa  (12.2.6)
u (12.2.7), umeem

DX xY)=M(X*+£2XY+Y?)~[M(X)EM(Y)]*=
=M(X*)£2M(X) M(Y)+M(Y?)—(M(X))*F
CF2M(X)M(Y)—(M(Y)* =M (X?)~(M (X)) +
- +M(Y?)—(M(Y))*=D(X)+D(Y).
B ciryuae cyMMBbI GOJBIIETO YHCIA HE3aBUCHMBIX CIydaii-
HBIX BEJIWYHH CBOMCTBO (HOPMYJSIHPYETCSl AHAJOTHYHO.
Crunenctsue. Jucenepcusa cymmbl ROCIMOAHHOI U CAY- .
uaiinoii eeAudUH pPasHa oucnepcuy CAY4aiHou GeAUUUHbl

D(C+X)=D(X). (12214

Hucnepcust D (X) uMeeT -pa3sMeEpHOCTb KBajgpara
CoyvyalHOE BenmumMHBL EcTecTBeHHO JkejaHme HMETh
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oKa3aTeNb pAaccesHus CAyYairHod BENMYMHBLL TOW K€
PA3MEPHOCTH, YTO U PA3MEPHOCTL CAYYaAUHOU BEIHYHMHEL
A1 3TOTO M3BJIEKAr0T KOPEHS KBAAPATHBIN U3 JUCHEPCHIL.
‘ Onpenenenue. Kopeuvr xeadpamnsiii uz oucnepcuu
CAYUQUHOU GeAUUUHB! HA3VIBAEMCA CPedHUM Keadpamuuec-
Kum OmMKaoHeHuem U obosuauaemcsa & (X) uwu o,:

=./DX). (12.2.15)

§ 12.3. BUHOMUWANBHOE PACNPEAENEHUE

Tlycrs ciyuaiisast Besmumua X ecThb 4Hcno k nosiB-
JeHu# cOOBITHS A TpW 7 HEIABUCHUMBIX WCHEITAHHSX.
BepositHocTh  mosBneHus coObitHa A B Ka¥EOM HC-
NBITAHUY HOCTOSMHHA M paBHa p. BO3MOXKHBIC 3HAYCHHA
cnyvaiHOM “Besmyuabl X wwmexa 0, 1, 2, 3,. .., n
BeposTHOCTH NOSBICHMS KaX/JOro H3 3THX 3HAYCHMI
B CWIY HE3ABMCHMOCTA WCHBITAHMA ONPEHEIMOT 11O
dopmyne bBepmymmm (11.2.9)

n—1

’PO,HZCI?]J g :g 9 ln_C pg s
P, ,=Clp*g" 2, P, ,=Clip3g" 3, .,

Sk L kon—k __non O0_ _n
Pk,n“Cnp g [T Pn,n"-Cnp g _p .
OTH XKe BEPOATHOCTH MOXHO TOJYYATH, €CHH BOCIONb-
- 30BaThcst opmynioit OGunoma HeroToma

N
(g+p)=g"+5g" p+( Dgr2pry 4

+n(n_1)(n—2)....(n—-(k—1))gn—kpk+ N

(g+p)'=g +C1£g"“ +C2p 2" 2+...+
- +Ckp*g™* 4+ . +p".
OunpenenceHue. ‘3CZKQH‘ pacnpe()e/teh:uﬂ duckpemnoti
CAVUATHOL  GeAUYUHES . HATBIBACINCA OUHOMUAABHBIM,  €CAl
| GEPOAMHOCINY  BO3MOMCHLIX €€ 3HAYCHUIl PAGHbL COOM-
BEMCMEYIOW UM HACHGM pazaodcenusn bunoma ( g+p)
Marematrdeckoe - oxumanue  GHHOMMANBHOTO pac-
EpefeiicHEs Haitem mo Gopmyne (12.2.1)
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M(X)=0-g"+1- npg"“1+2 ( 1) Zp24
+3n(n-13)'(n z)gn—3p3+,”'+

n.(m—l)v(n—iz;..(l’l"(k"l)) gwx—lcpk+ . Fupt=

+m

_ ~1 - ) o
znp(gn g o0 sy

+("*1)('1"(;;21"{)(7_('6—1» gk p %_p,,ﬂ)_

B KpYIIIbIX ckoOKax 3allHCcaHo pa3oXeHme OuHOMA
(g+p)""*=1. CienosaTemnsHo,

M(X)=np(g+p)"“1=np. ‘ (12.3.1)

MOXHO 1OKA3aTh, YTO JHUCHEPCUS CydaiHOM BeaMuHHb! X,
pacrpenesncHHOl 1o OHHOMMAJBLHOMY 3aKOHY, paBHa npg:

D(X)=npg. (12.3.2)

@ Ylpuvep. BepostHOCTb Ge30TKa3HOW paboOTBI OFHOM  sefiku
nownbHOM  ycramosku pasxa 09, CoctaBuTh 3aKOH  PACTIPCHETICHHA
‘chtyvaitnolt Besmaunbr X (uncna Ge3oTkasHo paboTaronmx syeex NOMILHOH
YCTAHOBKH) BO Bpemsi noitka 6 xopos. Hatimure M(X) u D(X).

Pemenune. Oupenensiem Bo3MoxHble 3xayenus X, Ilo ycnosuio,
x; =0, x,=1, x3=2, x,=3, xs=4, xg=5, x;=6. BeposTHoCTH
BeMuCcIteM 10 Qopmyne Py ¢=CE0,9%-0,1°7%, k=0, 1, 2, .., 6.

Cocrapasem Ttabauny.

Ta6xu)ua 124

X, 0 1 2 3 4 5 .6

i

p; {107°10,000054 | 0,001215 0,014580| 0,098415 ] 0,354294 0,531441

Ilaﬁee HaXOARM ‘
M(X)=np=6-09=54; D(X)=npg=6-09-0,1=0,54. @
'§ 12.4. PACNPEAENEHUE NMYACCOHA

* @ 3anava 1. BeposATHOCTH TOrO, YTO 3¢pHO TLICHHIBI HE HPO- i
" pactert, TpHHEMACTCS paBHOI/I 0,01*. Kakosa Beposxrﬁocn: TOTO, YTO"
‘u3 500 TOCesHHBIX CEMSH HE JadyT BCXOJAOB pPOBHO 8 cems? He
G6omee uem 5 cemsn? He memee uem 5 cemsn? @

* CM. npaMesasue Ha c. 283
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@ 3anaua 2. B pesynpTaTe u3yuenus paboThl KapToQeaeKoNaiku
YCTaHOBJICHO, 4TO BEPOATHOCTh MEXaHUTECKOIO HOBPEKICHMA KaXIOro
kiayOHs pasHa 0,01. Haiitu BeposSTHOCTL COGEITHS A, COCTOMAILETO
B ToM, uro cpemu 800 kmybHeit moppexieHebXx He Gomee 12. @

B 5TuxX 3amadax 4HCIO CeMsH, HE JABLIMX BCXOJBI,
4UCHO NOBPEXJICHHBIX KJIyOHel KapTodens — qucKpeTHble
CiIydaliHple BETMYHHBL 3aMETHM, 9TO YHCIO WCIBITAHUN
n B obenx 3a/la¥ax BeJIMKO, a BEPOATHOCTH TOABJICHUS
COOBITHS B KaXJOM . JCHBITaHMKA Majia. BoO3MOXHBIE
3HAYCHUST CHOyYallHOM BEJIUYWHBI - yKas’aThb HETPYIHO.
B mepsoit 3amage 310 X, =0, Xx,=1, x3=2, ..., x50, =500,
BO BTOpoil 3amave x,=0, x,=1, x;=2, ..., Xgq,=
BeposiTHOCTh, HacTymwieHUs codObitus A k pa3, xorzaa
7  BEIWKO, a p MaJlo, ONpedessioT no GopMyle
ITyaccona, BmepBble HCCIENOBaBIErO 3Ty 3a7a4y:

ake™

P,sz!— (12.4.1)
I7¢. a— MaTeMaTu4eckoe OXHIaHue Cclydaiinod Benu-
yuHel  (a=np); k-——unucio mnoSBlieHUH cobwiTus A (k
. MOXET UPHHMMATHL TOJIbKO IIEJOYHCIICHHbIE. 3HAYECHMUA,
TEOPETUIECKH HEOTpaHHYCHHBIE, k<n).

Onpeneneaume. 3axon pacnpedesenus ()ucxpemnou
CAYUQTHOU BeAUYUHBI, KO20A GEPOAMHOCHIU GOIMONCHBIX
ee 3Hauenuil naxodamca no gopmyae Ilyaccona (124 1),
Hasvigaemca pacnpedesenuem Ilyaccona.

MoxHo [oka3zaTh, 4YTO [N CiIy4alHOM BeJUYMHBI
X, pacupenesneHHOi mo 3axomy [lyaccoHa, ee Martema-
TUYECKOE OXHUIAHWE PABHO JMCIEPCHH. JTO CBOHCTBO

TIPUMEHSIETCS] B CTATHCTHKE.
: OmnpeaenuM Teneps BEPOSATHOCTH TOTO, HYTO HHUCIIO
nostBIeHMA coObITUs A (cay4aiiHas BeIuHa X ) He MeHBbIIIE |
HEKOTOPOTO 3apaHee 3aJaHHOTO YUCHA dy, T. €. P (ay-+ o0). -

Jlo TeopeMe CIOXEHMSA BEPOSTHOCTEH, WCHOIB3YS
dopmyny (12.4.1), HaiimeM BEPOATHOCTE TOTO, %10 COOBITHE
A npowmzoiimer” He MeHee k; pas m He Oosee k, pas:

k,

Plly ka)ve™ 3, o (242
k=k,

BepOHTHOCTL TOro, 4TO CnyyailHast BeuuMHa X 6y11eT
HE MEHBIIE HEKOTOPOIO HHMCiIa d4,, PaBHA

+ o0
Play, +o0)=e* Y . (12.4.3)
- k=a,+1 .
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Ho nyuiné Bcero HalTH

P(O,fl’o)= g

(12.4.4)

“‘ IS

Torma .
P(aq, +0)=1=P(0, ag)=1—ec*

ak

> o (12.4.5)

Hna  ¢yaxmmm  (12.4.4) umerorcss TaOMUIBI € OBYMSA
BBonaMH rje. mo uUCIy a4, U 4 HaxoouTCcd cymMMma

Z € “- (cM. TIpmnoxenwue 3).

BepHeMcsi K TpUBEICHHLIM BhIIE 3a1.‘1a!1‘aM
1. Umeem n=500, p=0,01, g=1—p=099; a=np=
=500-0,01=5. [Ilo Ta6nnue HAXOJUM

8
Py 5002565 =0,06528.

BeposiTHOCTE Py 500 Mama. BeposArmocTs TOrO, 4TO HE
B30iieT He Ooyee dYeM 5 CeMsH, paBHa
5
PO, 5)= Y e —k~'=0,616.
, k=0 :
BeposTHOCTH TOrO, YTO He B30iiZeT Oojee IATH CEMSH
Pk> 5):1,—0,616=0,384. :

. 2. meem n=800, p=0,01, g=1—-p=0,99, a=np=
—800 001~8 ‘o Ta6nnue (HpI/IJ'IO)KCHI/IC 3) maxonum
12

‘ ' _q 8% -
P(0, 12)—,;0 8 7= 0.9%.

Kax BuxuM, BepOdATHOCTbL 3HaumTeNbHa. MOXHO OBITH
YBEPEHHBIM, H4TO cobbiTue A mOpd OJHOW CepuU HC-
NBITAHAA NPOW3OUIIET.

B cnydae GuHoMuaIBLHOTO paCHpCI[CJICHI/IFI cnydaiinoit
" BEJIMYHWHBI, KOIJa ~MAaTeMaTHJYeCKOe OXHAAHUE MaJlo
OTNMYAETCA OT MUCHEPCHH, T, €. KOTHA ‘Hp R hpg, UPU
pelIeHnH 3a/1ay NoJIR3YIOTCA pacnpeneneaueM Ilyaccona.

§ 12.5. HEMPEPbIBHAA CNYYANHAA BEMUYUHA.
WUHTETPANBbHAA OYHKUMA (3AKOH) PACTPELENEHWA

B § 12.1 mano ompejeieHne HEOpepHIBHOI CiyYaiHON
BeNMYUHBl. BO3MOXHBIE 3HAYCHHSA HEIPEPBLIBHOM Cryvaii-
HOHM BEJMYHMHLI HEPEYMCIIATh HEIb3s, TaK Kak KX YHCIIO
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OECKOHEYHO BEJIUKO, W I[OITOMY 3aKOH paCIpele/icHus
‘B BUJE TabJMIB! TAKKE HENB3S COCTaBHTL, €CHH HE
OpubernyTh K YIPOUICHUSIM, _
Bo3emem Geckoneunnlfi mHTEpBai (— 0, X), X —pO-
M3BOJIbHOE AeficTBuTesnbHOe ymceno. Ilpeanosioxkum, 9To
B Pe3yIbTATE HCHLITAHUA Clydainas BeJquumHa X IIpU-
‘HsUIa OJHO M3 3HavyeHW# x;, X,e(—o0, Xx), T.e. OKa-
" 3a)0ch, 4T0 X <x. CoOblTHE, COCTOSIIIEE B TOM, YTO
IpH OHOM HCUBITaHUM CilydaitHas BenuamHa X OpUMET
3HAYCHUE, MECHBIEEe, €M HEKOTOPOE YUCHO X, WUMEEeT
OIpeNicNICHHYIO BEPOSTHOCTh, 3aBUCAINYIO OT Xx. Beposar-
HOCTh cobpiTusa={X<x} sBiasercs QyRKumeH x:

P(X<x)=F(x).- (12.5.1)

Onpenenecuue. Humezparvnoii Pyuxyueil pacnpe-
OeneHus - UAY  UHIME2PAAbHBIM  3AKOHOM.  PACHPEOeAeHUA
Cayuaiinoi  eeauuunvt X - HA3bIGAEMCA.  8ePOAMHOCINb
P(X<Xx) cobvimua, cocmosnwezo ¢ mom, Umo CAYUALHAA
seauuuna X npumem 3Hauenue, meHbuiee X.

Ha u9ucimoBo#l mpsmMoOil PABSHCTBO P(X <x)= F (x)
ONIPEJEsIsieT BEPOATHOCTH TONANAHHS ClHydallHo# TOouKU
X TeBee TOYKM X.

CeoiicTBa OGyaruun F(x).

1°. F(x)—eeauuuna 6e3pasmepnas u usmeHAemcsa Ha
muoocecmge [0, 11, m. e. 0<F(x)<1, max kax F(x)—
eepOﬂmHocmb cobvimus.

20 F(x)—pynryun neybvisamowan, m.e. F(x,)<
KF(xy) npu. x;<x,. , :

_CBOHCTBO OYECBUIHO, €CIIH HOPUHATH BO BHUMAHNE
reOMoeprIeCKHﬁ cMeIcT F(x).

P(x; <X <xy)=F(x,)—F(x;). . (12.5.2)
HoxaszartenscTBo. CobblTHE, COCTOsIEE B OCY-
IIECTBIIEHAN HepaBeHCTBA X <X,, MOXET OBITH Tpea-
CTaBJCHO KaK CyMMa [ABYX HECOBMECTHBIX GOOBITHIA:
(X <x,y)=(x, <X <x,)+(X<x,)
Toraa _ o
P(X<x,)=P(x; <X<x,)+P(X<x;),
i - . ‘ v
P(x; SX<x,)=P(X<x,)—P(X<x)=F(x,)—F(x,).
BeposITHOCTE MONANEHNS 3HAYCHUS CIAYYaWHON BeNHYMHEL
B WMHTEpBAN. [x;, X,) paBHa NpHUpamecHuo (GyHKIUH
’ pacnpencnefmx Ha 9TOM wmHTepBane. Ecmu X=Xy, TO
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-

O e R
08 ‘

06~ : T
a4l C —d
0.2+

Puc. 118

lim P(x, <X <x,)=P(X=x,)=F(x,)—F(x,)=0,
MO3TOMY ;
| Plx,<X<x)=P(x,<X<x,.  (1253) -

"BepoATHOCT,  TOTO, YTO HEOpepbiBHAas ClydailHad
BEJIMYMHA TPHMET TOYHO OnpeesicHHOE 3HayeHHe,
paBHA HYJIO.

4° F(—o0)=0 u F(+o0)=1.

Cpoiicteo 4% ‘Boitekaer u3 onpegenenust (12.5.1).
I'padur dysxomm- F(x) cMm. ma puc. 117,

WuaTterpanbayro QyHKHUIO MOXHQ COCTABUTHL H IS
JUCKPETHON CIIydailHOM BeIMYHHBL :

F(A)——‘ z P(X=xl-).

) . . x,<x

Hampumep, mns CiayuaitHON BeJWYWHB!, 3aJaHHOI
tabn. 12.1;

~
0, ecim x<0,

0,0001, ecom 0<x<1,
Flx)= % 10,0037, ecmit 1<x<2,
~ 0,0523, eciu 2<x <3,
0,3439, ecom 3 <x<4,
L 1,0000, ecnu x> 4.
CooTBercTByroumii rpadux m3obpaxen Ha puc, 118

Cynss mo rpadwmky, [is . JECKpETHOM BenwvuHbLI F(x)
HC ABJSETCS HEOPEPLIBHOW. .

§ 12.6. AMODEPEHUMANBHAR @YHKUMUA
PACNPELENEHNA

Bo3bmeMm na wmcroBolt npsmMoit HHTCpBaJI (x x+Ax)
Ilo dopmyne (12.5.3) Haxomum -

P(x<X<x+Ax)=F(x+Ax)—F(x)
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&

)
Y-

Puc. 119

‘ ) : F(x+Ax)—F(x)
Ounpenencune. Bopasncenue ————— hasvisa-
emca  cpedkeli HAOMHOCHIbIO  GEPOAMHOCHIU  CAVHATHOU

. seauuunbl HO uhmepease [x, x+Ax ). .
Cupenenenue. Ilpeden cpedueis naomuocmu eepos-
muocmu - npu . Ax -0  Hazvieaemca ()ugﬁgﬁepent;ua/tbnou
pynKyued uay nAOMHOCMbIO pacnpedesenis 6epoAMHOCeil

HeNnpepoleHoll CAYUaiiHOW eeauuunbl u obosnavaemca f(x),
f(x)= lim w:ﬂx):p(x) |

Ax—0 Ax
- Kpusas, cOOTBETCTBYIOINAsA ypaBHEHUIO y=f(x), Ha~
3BIBACTCSL KPUBoll GepoAmHocmeil W MOXKET HMeETh BUI,
m3obpaxerHeri Ha puc. 119. :
~ CpoiictBa $ysrxmmz f(x).
19, £(x)>0 kax npouzsodnan om Heyﬁbzeaioweu PyHryuY.
2°,

.

Pr<X<x)= jf( ydx.  (261)

IIOKasaTenLCTBo I/IMeeM (puc. 120)

Pl <X <) =Fs)~ F(x) = F/(x) = If()
3°.

§ f(x’)dX=F(x)-v v»{ (12.6.2)

7
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JdoxasatennbcTBo. MMeem (puc. 121)
[ f(x)dx=P(—00<X<x)=F(x)~F(—o0)=

o =F(x)—0=F(x). - (12.63).

+oo .
{ flx)de=1. (1264
L[o;casaTenbc:TBo. He{){ozmM |

+ o0 . )
§ Fs)ds=E(+o0) = F(=e0)=1-0=1.
50 ECﬂM BO03MOMCHBLE 3Haq€HMﬂ C/zyuauuou Geﬂu’{qul
npuHa()/lemam SAMKHYHIOM)Y NPOMENCYWIKY, M. €.

f(x>={

f(x), ecom a<x<b,
0, ecmt x<au x>b,

b

[f(x)dx=1. (12.6.5)

a

§ 12.7. YNCNOBbLIE. XAPAKTEPUCTUKM
HEMPEPbLIBHOW CNYYAWHOW BENUYUHDI *

PaccMoTpuM HeNpepbIBHYIO ClyHaiiHyio BeimiuBy X,

‘Bo3Mo>KHLIe 3HAYEHWS] KOTOPOH HaxXOJsTCA B HHTEpBaje -
={X:a<X<b}, ¢ TIJIOTHOCTBIO BEPOSATHOCTH

f (x) HaI/I):[eM ee MaTeMaTHYECKOE OXUIOaHUe, IJI1 JTOLO
pa3obbeM HMHTepBal [g, b] HA 7 YaCTUYHBIX HHTEPBANOB
Ax;, i=1, 2, 3, .., n. BpibepeM B KaXJAOM H3 HHX
IO OJHOM TOYKEe X; W BHMHCIMM 3HaueHws f(x;).
CocraBuM mpomssenmerust f(x;)Ax;, i=1, 2, 3, .., n
Ilpousse/ieHie INIOTHOCTH BEPOATHOCTH B TOUKE X; Ha
IJUEY . - 4acTHYHOTO | WHTepBajia Ax; A€t
NPUOIMKEHHOe - 3HAYEHHE ’ o
BEPOATHOCTH  TOHMAJAHUSA | fpoh
- cnydaliHOM  BenMuWEBL X A
B ‘mutepBan Ax,. Ymcio . L Foxi) dx
f(x;)Ax;, ectb  suemenm '
“eepoamnocmu. OO T1IpHE- - - ‘ \
OIMKESHHO < PAaBHO  BEPOST- : ‘
HOCTH p; TOTO, 4TO CiIydaii-
Hasi BEJIMYMHA ~ [PH- ] Puc. 122

of X XA X
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MET 3HaYeHHE, paBHOe X; (upm Majuelix Ax;) (puc. 122).
Torna -

M(X)lef(xl)Axl+xzf(xz)"Ax2+x3f(v3)Ax3+ e

45,/ 8%, =Y 5/ (1) Ax

Tounoe 3maucnue M (X) monayuum, econ OyaeM YMeHb-
ATk  JUIMHY HanOONBIIETO YAaCTHYHOIO WHTEpBaia
IpA 7 —00:

M (X ) =.'limi=il>xi F{x;) Axiv=§ xf (x) dx

Utax, MaTeMaTHYeCKHM OXHMIAHHEM HEIPEPHIBHOM
caydaliHOU BENWYMHBI, BO3MOJXHBIE 3HAYEHUS KOTOPOWM
npuHagiexaT ugrepeany [, b 1, HazbiBacTCA onpenesicH-
_ 3 v

HBIA MHTErpan jx f(x)dx, t.e.

Mv(X)=f,xf(x)dx. S (127.1)

Ecnu BO3MO)KHI)IC 3HAYCHIA CJ'Iy‘{aHHOI/I BCJIMYHMHBI HpII-
aIUIe)Ka.T BCEH HYUCNOBOH oCH, TO
+ o0

M(X)= | xf(x)dx,

: +
HpH. 3TOM TpeAnosaraercs, uro mHTerpan | xf(x)dx
CYLIECTBYET. e

Ilo -amanorau ¢ zmcnepcmen I(I/ICKpCTHOI/I cnyqam{on
BCJIMYHHBI OHpeﬂeﬂﬂeTCﬂ AHUCHCPCHA HCI‘[pepI:fBHOI/I Clry-
ya oM .BGHPI“II/IHBI

DY) =fj:(x—M(X))2 7(x)dx.

Eciu  BO3MOXHBIE 3HAYeHMs NpUHALIERAT Beelt
ocu Ox, TO T

*y

~(12.7.2)

too
D)= § (=M (X)) d.
iR :
CBOHCTBa M(x) u D(x) Q)opMyJII/Ipy}OTC;I TaK e,
KaK  H COOTBETCTBYIOUIAE CBOMCTBa JUIsl JIICKPETHOM
BEJIUYUHEI, o
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Besmunny o,=./D(X) wBasuBaloT cpedHum - Keao-
- pamuveckum OmMKAOHeHueMm CIYMalHOH BEJIMINHBI MU
CTAHJAPTOM, O, HMEET Ty XKe Pa3MEPHOCTb, UTO U cama
cayyaitgas seqwauna. Y3 dopmynsl (12.7.2) HeTpymHO |
HOJIyYUThL 6ONee yaoOHbIE (GOPMYJIBI Uil BBIMACIICHUS
IHCHCPCHUHA, a HMEHHO!

D(X)é?xzf(x)dx_—[M(X)]z, C(12.7.3)

+ o0
DX)= | x*f(x)dx—[M(X)]> (12.7.4)
— 0 .
-@ Tpamep. -Cryuaifuas Beaudausa x -3amaHa  GQywximed pac-
TIpeesIeHIs ‘ ’
0 mpux<l,
flx}=< ax mpnm <x<3,

0 npu x>3.

Haiinute: 1) xooddumuent a;.2) M(X); 3) D(X).
Pemenne. Hcnomesys Qopmyay (12.6.4), nonmyuaem:

3 3 2103
. X 1
D 'jaxdx=l, ajxdx:a—‘ =4q, da=lg=-;
2y ) 4

3

3 ]x 3
2) M(X j v=1 5

14 .

3

=2,1{6);

1

. 1 °
3) D(X):szfxdx—(z,l(s))z =5-4,69(4)=031. ®

1

§ 12.8. HPMMEPbI, nPUBOOAWMNE K TMOHATWUIO
HOPMATbHOTC PACNPELENEHWA.
HOPMATIbHOE PACNPEOAENEHUE

Cnyvaiiuple BeJIHYHHBI, UMEIOUIHE HOPMAILHOE. pac-
nmpeAesIeHAE, OYCHB YaCcTO BCTPEHAIOTCS B 3eMIIEIEIINH
W KMBOTHOBOJCTBE, BCTEPHHAPUU, WHXCHEPHOM Jeje
X B JOPYrUX - OTPacisiX 3HaHWS, HpHBeneM npmvxepm
TAKUX . BeJIMYMH: ‘

1) macca wnyGHS . KapTodoenﬂ

2) Macca OIHOTO 3¢pHA MIICHUIE HEKOTOPOTO COPTa;

3) comepxaHHe XHpAa B MOJIOKE, IOJIYYEHHOIO OT
Pa3IAYHBIX KHBOTHBIX;

4) comepxanue KOPMOBBIX & MHUI B’ CYTO‘iHOM pa-
HRLOHE MIeCTUMECTIHBIX TEJOK; .

'
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5) Macca KHBOTHOTO HEKOTOpPOHN TOpOXBI HA Ompe-
JICJIEHHYIO - JIATY; - ' :

6) MOTPeHIHOCTH - U3MEPEHHIA,

Jns 3THX BeNMYMH XapakTEepHHIM  ABJSIETCA - TO,
4T0 HAa MX (OPMHPOBAHUE BJMAET OONBIIOE  YHCIO
dbaxTopoB, upuYeM BIHMSHUE KAXOTO W3 HUX MAaJo
1 HY OXMH (axkTOp HE WMeeT 3HAUMTEILHOTO TpeuMy-
[ecTBa Hepen APYTHMHU. DTH BEIMYUHBI MOXKHO OTHECTH
K -BEJIMYMHAM, FKMCIOIUIMM HOPMAJNBHBIM 3aKOH pac-
IpeJeIeHNs, IoJIarasi, 4YTO X BO3MOXHBIC 3HAUCHUS He
OTPHLATENbHEI, ‘ ' :

Onpenenenue. Cayuaiinas eeauuuna X umeem
HOPMAAHBLL ~ 3AKOH . PACAPEOeAeHUA, ecau ee (GYHKYUA
NAOMHOCIU 8ePOAWMHOCINU UMEeem 640

fx—a)?

20 ©(12.8.1)

Flr)=—=e
‘o \/2_1'5
20e G U a—napamempvl pPACRPeOeACHUA.
I'padux ¢ysxmum f(x) HaspBaeTCs KpUBON HOP-
MaJIBHOTO pacupeneserud. Metomamu mzi(i)(bepeﬂunaﬂb-
HOTO HCYHCIICHHS MOKHO YCTAHOBUTH, YTO:
|} KpI/IBaH CHMMETPHYHA OTHOCHTEJBHO IPSMOii
x=a - :
, 2) Q)yHKuI/m HMEET MaxCUMyM  1pu X=a,

fla)= f

3) mo Mepe yAaJeHds X OT TOUKH a q)yHKuI/m
yObIBaeT ¥ Opu X -+ 00 KpHBag nOpHOMMKAETCA
k ocn Ox;

4) xpuBas BHINYKJIA NpH X€(¢—O, a+G) U BOTHYTa
upu xe(— o0, a—06) u xe(a+0o; +o0). I'paduk (byHKm/m
f(x) mmeer Bua, m300paxenHbld Ha puc. 123.

PopMa KpHBOi M3MEHSETCA C U3MEHEHHEM ApaMET-
pa .o. C BoO3pacTaHuEM ©. (bYHKHI/ISI f&y y6mBaeT
KpUBasi CTAaHOBUTCS fosee TOJIOro U PacTAHYTOM BIOJb

ocu Ox.

/) SHaueHUsM Cryuaii-
evar HOH BeJIMYMHLL, OJIH3-

KUM K MaTeMaThiec-
KOMY OKHJIAHHIO, CO-
OTBETCTBYeT OCojbluas
IDIOTHOCTE = BEPOATHO-
CTH, T. €, Majble OT-
Puc. 123 -KJIOHCHHS 3HAYCHUH

—1

ol a6 a a+é
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ClIy4aiiHO# BeJIFYUHBL OT ee- MATEMATHYECKOTO OXNUIAHHS °
BCTpeyaiotTcs Oojiee 4acro, 4eM Oosbline.

Tak kak ciaydaiiast BeJ4nHA onpeneneﬂa Ha BCCH
YHCJIOBOH OCH, TO

+.00
(x~a)?

M(X)=| x dx—- Jxe_ 57 dx,
1= ls)ds— ﬁ
Haxonum ‘

H S

, X€ 207 AX= y=gt o™
G\/ﬁ'_w ‘dx = odt

2 y w -
(a+ot)e ’/zcdt=——~|:jae"‘ 12 d¢
‘ 0\/21c j c\/iE i +

+oo + o

4 [ 1oerrza |- f 124t = RO (+ w0) =
+J.ce :I\/ﬂe' (oo)

-~ -~ 00

=a2-05=a.

. +~00 .
2
Unrerpan o j te " 2dt=0, Tak Kax NOABIHTETrpaNbHAS

bynruus HC‘{CTHa 2 NpEjelbl MHTErPHPOBAHUA CHM-
METpHHHEI.
Taxnm obpazom;

o0
(x=a)?
f x2e” 25 gx—a?
o-./Zn
ITpumensa cHoOBa MNOJACTAHOBKY - =t M HHTCTPUPYI
. ! . . - [s3
MO0 YacTaM, ‘HOJIy‘IaeM

(X%}¢E

U N2030 R

JGZZZ-I—ZaGt—I—a) CRadi—qt=



»
+

+ 0
o’ 5 —1%2 2 2 [ e 2
= t‘e di+a*—=| e "*dt—=a*=
J/2n J2m :

0

2 2
=2 J 1?e " ?di+a?2® (4 00)—
o

+a 2 + 0

_t O | z
+ | e"Tdt)=20c2 J e ' 2dt=
J; ) an

0

=022@(+w)=02:2:0,5=02
" Takum oOpaszom, mapaMeTp « eQTb MATEMAaTHYECKOC
OXHIAHUE CIy4aiHOM BEIUYMHBLL, A O©—CpelHee KBal-
pPaTUYECKOE OTKJIOHCHHE.

@ Tlpumep 1. HssecrHo, uTO ciuyuaiinas BesmunMEa X moOuuneHa
HOPMaJIbHOMY 3aKoHy pacmpeleneHust, M (X)=6, o®=9. Haiiaute
GyHKIMIO IUIOTHOCTH BEPOSTHOCTH. |

Pemenne. Mmeem a=6, c=3:

T _e-ep
e 18 . @
3/2n -

@ Tlpnmep 2. M3sectHo, ¥TO CiyyaiiHas BenuMHA X ITOJYMHACTCS
HOPMANBHOMY 3aKOHY ¢ (byHKUHEH IIOTHOCTH BCPOATHOCTH

)=

L 10/2m
Haitnure M(X) u D(X). .
Pemenne. Vimeem M (X )—15 D(X)=0c>=102=100. ®

)=

1 _ai?
260

§12.9. BEPOATHOCTb MONAAAHUSA
HOPMANBHO PACNPELENEHHON CNYYAAHOW
BENWUYMHbLI B 3AL0AHHLIA UHTEPBARN.
APABUNO TPEX CUTM

Mycty nan uaTeppan o< X <pP. HalizeM BeposTHOCTH
TOTO, 4TO Cy4YdiiHas BeJIWYHHA, MOAYMHCHHAS HOpMaJlb-

HOMY 3aKOHy, momajaer B 3TOT HHTerpai. Mcmosassys
(12 6.1), umeem
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X—a

=1 g

. G ofa—a | 1 —t%2

T x=a+tc 5 = J‘ (~ dt.
dx=odt B|B=

VyuTeiBas, 4TO

HAleEM

P(oc<X<B)=(D<B;a>—<D<a;a>, C(129.1)

rae ®(x)— dynxums Jlamaca.

Paccmotpum uvacTeBNE cnyyait. [Tycrs Heobxommmo
HaWTH BEPOSTHOCTH MNONAJAHUS C/IyYaillHOA BEJIMYHHSI
B HHTEPBajd, CHMMETPHUYHBIH OTHOCHTEIIBHO MaTeMaTu-
yeckoro oxupanus. Yumresas (12.9.1), mmeem

'P(a-—8<X<a+8)=<I> (‘”’5;“)*(1)- <“‘5““) =2] (E) _
- ) c o c

Tak kak a—80<X<a+d8~|X—al<d, 10

P(1X—a]<8)=2® (g) ' (12;9.2)

Borupcimm TCICPE BCPOATHOCTH.
(o3

1) P(1X—al<c)=20 (E) =20(1)=0,6826; -‘(12.9.3) |

2) P(|X—a|<20)=20 (2_6‘3) =20(2)=0,9545; (12.9.4)

3) P(|X—al <3c);2<1> <3;‘*)=2q>(3) =0,9973. (12.9.5)

PesynbraTel BerMuCHcHHA 1o ¢dopmyne (12.9.5) mo-
Ka3bIBAIOT, YTO BEPOSATHOCTh OTKJIOHCHHS CIy4alHOM
BesmuuHsl X ot M (X) Menbime yeM Ha 30 Gmuska k 1.
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TIpaBAio Tpex CHIM. Hpazcmuqecm docmosepno, umo
npu OOHOKPAMHOM UCHbENAHUY OWMKAOHEHUE HOPMAALHO
pacnpededeHnotl - CAYUHALHOL  GeAUMUHbL OM- €e  Mamemd-
MUYECKO20 ONCUOAHUA He Npegbliidem ympOeHHO20 cpe-
OHE20 KEAOPAMUUECK020 OWKAOHeHUA,

OTO IPaBWIIO YaCTO HCIOJNL3YETCS B MAaTeMaTHYECKOM
CTATHCTHKE.

§12.10. MOHATUE O 3AKOHE BONbIINX YUCEN

Teopus BeposiTHOCTER 0600mMACT peanbHBIC CBOHCTBA
clyyaMHBIX ABJCHUI H BeNWYMH. BaxHLIM B Ipolecce
0000meHnsT ABIASTCA BBIpaXKeHHE O0BEKTHBHO CYIUECT-
. BYIOIMX 3aKOHOMEPHOCTEH B BHJE 3aKOHa OOJIBIIHX
YHCEL. '

Hcnons3ys noHsTHe CIyvafiHOM BeIMYMHL], MaTeMa-
THYECKOT0 OXuAaHus H gucnepenm 11 JI. UeGnmes *
chopmymuposan, a A. A. Mapkos** [OHOJHWI 3aKOH
Sonpumx wymtes.

Onpenencuue. logopsm, umo nociedosameib-
S HOCMb  CAYUATHbIX 8CAUHUN : :

X, X5, X5, s X, (12.10.1)

umerowux mamemamuyeckue oxncudanus M(X,), M(X,),
M(Xs), ..., M(X, ), noduunsemea 3axony Gosvuux uucea,

n

ecau cpednee apuMemuHecKoe IMUX CAYUQUHBIX 8CAUYUH

1 "

-Y X, npu H—>W0 ¢ GEPOAMHOCHBIO, HEO2PAHUUEHHO
M=y )

npubauncaroweiica K 1, ckoabko yzo0HO maao (meHvuie
uem Ha €>0) omauuaemcsa om cpedneeo apughmemuyec-
K020 UX MAMeMAMUYecKuX 0Ncudanuil, m. e. Npu n— oo’

"P{nZX—*ZM( )

i=1 ‘nl 1
OO0mye yCIoBUA, KOTOPBIM JOJKHEl VIAOBJIETBOPATH
cayyanHble BesmuuHbl Xy, X, Xj, ..., X,, JHOCTAaTOYHbIE
st GONBINVHCTBA TIPAKTUYECKMX BCTpC'—IaIOH_U/IXCﬂ ciy4a-
eB, Obnma wHafigens!  I1, JI. YeOnimesnlM, a 3aTeM elle
Oomnee pacumpenbl  A.-A. Mapkoeemm. KpaTtko ‘oun
dbopMyIIpYIOTCS TaK, :

<a}—>1 (12.10.2)

* I1. JI. YeOniucn (1811~1894)——pycci<m}'1 MaTeMAaTHK 1 Mexa-
HHK. , .
** A. A Mapxos (1856—1922) - pyccxuif MaremaTuk.
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Teopema Yebbimena. Ecau 8€AUUUHDL
X, X,, X, ..., X, nonapuo nesagucumvl u ux oOucnepcuu
D(X); oepanuuenvi, m. e. D(X;)<C, 20e C— nexomopoe
Yucao0, He 3dagucAujee Onl N, MO npedeavHOe PABEHCIEO .
(12.10.2) ewinoanaemca, m.e. o1a X, X,, X3, ..., X,
CNpaseoud 3aKoH Ooabiuux uuced. o

Teopema Bepuyanu*. Ilycme . npouzsooamcsa
n ucneumanuil, € KAMCOOM U3 Komopulx cobvimue A Mo-
Jrcem nOABUMBCA ¢ OCHOU U MOl dice 6epoAMHOCHIbIO P.
Obosnauum depe3 Xx; wucAo nosigaeHuii cobvimua A 6 i-m
ucnoimaniy, Bozmoxcuele  3nawenua x;:  x;=1, .ecau
cobvimue A Hacmynuao, u. x;=0, ecau A He npousoULA0
8 oamom ucnvimanuy. Cymma x;+Xx,+x3+..+x,=m
ecmb  4ucAo rio;ze/zeuua A 6 n ucnvimanuax.. Toeda

n

i=1 n

. g 1
Z,M(xi)=np, D(xi)=pg<2.
i=1

(Moxuo mokasarh, uTo ecmu p+g=1, To maxpg=1/4)
YcnoBus OrpaHMuEHHOCTH JUCHICPCHU  BBITIOJIHEHO. to-
" 3TOMY K CaydaiiHou BENMYUHE  X; NPUMCHEM  3aKOH |
OOJIBIINX YHCEJL. -

Iopcrasus B (12.10.2) BMEcTO —Z X; 4ucno -
: Mi=1, - . n

1« :
¥ BMecTO -~ ». M(X;) wucno np, moiydum
n, . . : .

i=1
m
. P( 4

T. €. C BEPOATHOCTEIO, CKOJib YTOIHO GIH3KOH K CI[I/IHI/IHC
MOXHO YTBEPKIATH, YTO NP HUCIe HCOBITAHHE n-— 00
OTHOCHTCbHAS YacTOTa IOSBJICHUS COOBITHS B CIHOM
“MCOBITAHMA CKOJIb YIOZHO MAJIO OTJIAYACTCS OT €ero
BEPOATHOCTA. OJTO M .€CTh [JOKA3aTEIBCTBO TEOPEMBI
Bepuysuin, Kak 4aCTHOTO Ciiyuas 3akoHa GOJIBIIMX YHCE],
chopmynuaposardoro I1. JI. UeOpmuenprv.,

3akoH GONBIUMX YHCEN HMEET BaXKHOE INPAKTHIECKOE
3HageHme. VIMEHHO, Ha 3TOM 3aKOHE OCHOBAHO YTBEp-
KICHHE, 4YTO - CpeAHee apu(pMETHUECKOE DPEe3yJIETATOB
H3MEpEHMi - cyutaerca Hambojiee ToumbM, Haubomee

<s>-+1 mpn n—oo,  (12.10.3)

* S, Beprymm (165'4-—1'705)'——umex71uapcmﬁ_ MaTEMATHK.
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OJM3KMM K MCTHMHHOMY 3HAYCHHIO H3MEpSEMOH BeJM-
YAHBI. 3aKOH OOJIBIIMX YHMCEJ IIHPOKO . HCIO0JIb3YETCH
B CTATHCTUKE, HA HEM OCHOBAH BLIOOPOUHEIH METOM,
PacCMOTpPEHHBI B CJSAYIOLNCH IJaBe.

§12.11. BbIBOAbI

CaygaiiHol HA3BIBACTCS BE/IMYHHA, KOTOPAsX B PE3yb-
TaTe UCHBITAHUA MOXET IPHHATHL TO WM HHOE YHCIOBOE
3HAYCHUE, 3apaHee HEM3BECTHO, Kakoe MMeHHO. Ciyyai-
Hbi€ BEJMYUHLI OBIBAIOT MUCKPETHHIE N HEIPEPBIBHBIC. -
Jnsd  NUCKpETHHIX BEMMYHH 3aKOHOM  PaclpelesIeHHs
aABsiercs  Tabmuna, B KOTOPOM YKa3aHbl BO3MOXKHEBIC
3HAYCHUS CIYYaiHOM BEJWYMHE U COOTBETCTBYIOUIHEC MM
BeposiTHOCTU. JIJIS HENPEPBIBHBLIX BCJIKYHH 3AKOHOM
pacnpelesieHus CIYXXUT HHTerpanbHasi GyHKUIUs pacmpe-
nenesns F(x)=P(X <x) u gnpdepenumansHas dyHKis
"pacnpenenenus f(x)=F'(x). ®yskuus F(x) smusercs
Haubonee oburell dhopmol 3a7aHMd 3aKOHOB pacupesesie-
HufA CIIy¥afiHeIX BEXUYMHH KaK AMCKPETHBIX, Tak W HENpe-
PLIBHBIX ¥ ONpedeiisier Bce apyrue QopMmbl, a HMEHHO,
mubdepennuanbuy0 QyHKImIO, TAONMIy B T. A.

Iipnvepamu pacmpenenermil 1 AUCKPETHOU Ciydaii-
HOl BemMYMBHI ABNAOTCA OHHOMUANBHOE pacipe/iesicHue
n pacnpenencune Ilyaccoma. IlpumMepoM pacupedesieHus
HENPEPLIBHOU CIIy4alHOW BEIUMMHBbI SBISCTCS HOPMAaib-
noe pacupexenenue. HopmaibHoe pacnpesiesieHue ABII-
ETCS IpenesibHBIM 3aKOHOM. BeJu4nHBL, C pacnpenesie-
HEEeM, OJIM3KMM K HOPMAaJbHOMY, O4YeHb YacTO BCTpeda-
FOTCH B CEJIbCKOXO3SUCTBEHHOM IIPOU3BOJICTBE.

Baxmoe mnpaxkTHYecKoe 3HayeHue npu  obOpaboTke
pe3yibTaToB HAOIOAEHHM HMEST IPABWIO TPeX CHIM.

Ha ocpoBaumm wusydeHHs 3aKOHa  OOJBIIMX YHCEN
MOHO CHeJlaThb BBIBOJA: Mpu COOJIONCHUM VCJIOBHA,
oropoperHEIX B § 12,10, u npu HEOTpaHMUEHHOM BO3-
pacranum umcna HaOmroAeHMH NpakTHYECKH JTOCTOBEPHO,
YTO CpejiHee 3HAUYCHUE PE3YJIbTATOB HAONIONEHHH Crydaii-
HON BEJMYMHBI CKONb: YTOJHO Majl0 OTJMYAETCH OT ee
MaTeMaATHUYECKOTO OXUIARUS, : ‘

'

- BOMPOCHI ANA CAMONPOBEPKU

1. Chopmynupyiite - ompeiencHue cuy4ailHON BeIMIHHBL
2. Kaxve cnyuaifBble BeJMYHHBL Ha3blBaroTCs auckpeTubivu? He-
npeppiBabiMA? TIpusegure DpUMepsl CilydyafiHBIX BeJIMYUH.
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3. Jaiite omnpenencHue 3aKoHa ‘pacnpefieieHAS CIOyYaliHOM Be-
JIYHHBL

4. qTO Taxoe, HHTETpabHAT (QyHKIHA pacnpene/eHus cny4yaliHoM
BEJIMMUHLI, KaKOBBI e¢ CBOUCTBa?

5. Kax onpemenseres anddepenimanbsas @ynxunﬂ pacopenene-
HHA, KAKOBBI ¢e cBolicTBa?

6. Maiire onpeneneHne MaTeMaTHYCCKOTO OXunaHus M (X ) CiIy-
uaitnoit penmumabl. Kaxas CylIecTBYeT CBA3b MEXAY MATCMAaTHYECKUM
OXHAAHUEM M CPeOHUM apUbMETHYECKMM BO3IMOKHBIX 3HAYCHUH
-ciTydaitHoi BeTMIHHE?

7 Haiite onpenencrne aucnepeun D (X ) u cpepsnero KBagpaTuyec-’
KOTO OTKJIOHeHHH G, Kakue cBoHCTBa CIyuaiiHON BeIMYHHBI Xapak-
Tepsyrt D(X) u ©,.? S
‘8. MNpusemute cmoiictea M (X) u D(X).

9. Jalite onmpemeNCHUC 3aKOHOB pacnpele/eHHus: GHHOMPIaJ'IbHOFO
Hyaccona. .

10. [laiite ompesenenme HOPMANBHOTO . 3aKOHA pacnpeueneﬁna
Cay4alinoil BEeIMYAHEL.

11. HavepTuTe KpHBYIO HOPMATBHOIO pacnpe,ueneﬂml

12. Kax HaiiT¥ BepOATHOCTh NONAJAHUs HOPMAJbHO DPACIpeicseH-
HOM criyyaliHO{i BEIVYHWHBI B 3aJaHHBIH HHTepBai?

13. Hammmmte dopMyiiy Uil ONpPenesIeHud BEpOSTHOCTH nonazna-
HUA CIyYaiiHO#M BEJIMYUHLI B MHTEPBAJ, CHUMMETPUYHBIA OTHOCHTCIIBHO
MaTEMATHICCKOTO  OJKAIaHUSL.

14. Chopmynnpylite 3akoH OGONBLIMX 4HCE.

15. Copmymupyiire Teopemy Bepuynmm; ee npakmqecxoe 3Ha-
YeHHE.

YTIPAXKHEHWA

1. B 3epue, upejsHa3HaueHHOM - s odmciku, 10% copHsKeB.
Haynauy orobGpanet 4 3epua. Hanmmmre OmHOMWANLHEI 3aKOH pac-
NpencieHs IUCKPETHOH cirydaifHoit Benwumasl X (4HCHA COPHSAKOB
cpeau 4 0oTOOpaHHBIX  3€peH) W HOCTpOiiTeé MHOLOYIOJBHUK pac-
npeaeneHusl.

2. B cpennem na 1 M2 mocesa BCTpeqaeTCﬂ 0, 5 paCTeHIm COPHAKOB.
Haiinute BEPOATHOCTL COGHITHS = {Ha IUIOmAAW 5 M® OKaxeTcs:
POBHO OxuH COpHSK}; {He OKaXeTcs HH OJHOTO COpPHIKA}. .

3. dons mopaxeHWs 3¢pHA BpEIUTENSMM B CKpLITOil dopMe
coctapnaer 0,002. a) CocTaBbTe 3aKOH pacupelescHus  cilyyaiiHoR
BE/IMHMHBL X -—vuHCIa 3apaXCHHRX 3epeH cpemu 500 oToGpaHHBIX.
6) Hajinure HauBCPOATHEHIICE YUCIO NOPAKCHHBIX 3epen cpenu 500
OTOOPaHHLIX.

‘4, Onupenenurte cpeffiee YUCIO COJHEYHBIX JHel Ha nporﬂxemm
HE/IENH, €I AJIs AAaHHOH MECTHOCTH BEPOATHOCTL TOTO, ¥TO KaMAbLA
nedb OymeT conHedHbMM,  coctaBaser 0,6, -

5. Ilpu msydesum XxapakTepa - PaclpeseleBus CesUIKOH CemsH TO
IJIMAE PSOKd YCTaHOBJCHO, uTO Ha 20 u3 100  ABYXCaHTHMETPOBBIX
orpe3koB Oputo mo 3 mr., cemsan, Ha 40—mo 2T, Ha 30—ToO-
1 3¢pHY, a Ha OCTAJLHLIX CeMAH  BooOule HE okasadoce. Halaute
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M(X) u D(X) cayuaitsoit BeNMAMHEL X ~—HHCIA CeMSH HA JABYXCAH-
TUMETPOBOM orpesxce TPHUHIB OTHOCUTENLHEE - YACTOTH -32 BEPOHT:
HOCTH.
6. IIpu COPTOUCIIHLITAHNHH orypuoa B KOHTPOJILHOMN rpyrme Obto
IUIOAOB CEMEHHUKOB C OJHOro pacrenus. Pac-
npesiesicHus - 3aJaH0- Tabmuueit :

NOJIy4eHo X IUT.

X; 4

RO 4

Haiiante M{X ) n D(X),

NpUHAB OTHOCMTEJIBHLIC HYacTOThI

JTIOABJICHUS ciydaliHOM BesMUMHEI X 3a BEPOATHOCTH.

7. B ONHOM M3 ONBITOB IO COPTOUCHIBITAHMIO PXH ObUIO MOA-
CYNTAHO KOJMYIECTEO 3CPEH B KOJNOCHAX. Pesynbratel 0OBeMHEHEL
B cne/:(yromylo Tadyuny:

Xi 30

40

50

60

70 80

n; 10

10

20

30

20 10

f(x)

n/4); 6) B murepsan [n/2;

DaHel ee mapameIpsr 1) M(X)
3) M{X)

328

Hatimure M(X) u D(X), NpuHsB OTHOCHTEIbHbIE HYACTOTHI 3a
BEPOSITHOCTH.
8. CnyvaitHas BenmumHa X 3amaHa IUIOTHOCTBHIO PACHPEIEICHHUS
=2sin 4x B unTepsane [0, n/4], Bue sToro mmrepsama f{x)=0.
Haliaure - BEpOSATHOCTE co6l>n‘m{~—{X momajer: a) B MHTepBad [m/6
n}; B) B mutepsan [0, n/8].

9. CocrasbTe nmini)epeﬂunanbﬂyro ‘GyHKIMIO AN HOPMAJIBLHO
pacipere/ieHH0i cirydaiiHoi BEJIMYMHBI M TOCTpOliTe ee rpaduk, ecim

=4, 5,=0,2; 2) M(X)==05, c,=2;
=3, 6,=1/4 4) M(X)=0, c,=1I.

10. Cryvaiinas BemuuuHa X —Macca OZHOI'O 3€PHA — PACIpEese:
HA HOpMaJjIbHO. MaTeMaTH4YeCkoe OXUIAHME Macchl 3e¢pHA pasHo 0,18 r,
cpeanece kBagparuyHoe otkiomeHme 0,05. Xopomme BCXOMBI- AT
3epHa, MAacca KOTOpHIX Oosblne, weM 0,15T. Haitguret a) mpouent
CEeMsH, KOTOPHIE JAAYT XOPOUIME BCXOIbI;
¢ BeposiTHocTsto 0,95 He npesbicuT Macca OTOGpaHHOTO 3epHA.
11. Hopma BriceBa Ha 1ra pasma 150 xr. @axTHueckuii pacxon
Ha 1 ra xomeGiercsa OKoo 5Toro 3HaueHus. ChaydaiHele OTKIOHEHHA
XapaKTCPH3YIOTEA  CPETHHM KBAIPATHUYCCKUM OTKIIOHeHWeM B 10 kr.
IMonaras, 4To HOPMA BBICEBA —CNyYafiHAS BEIMYHHA C HOPMAILHBIM
pacmperencHaeM, Haiiaure: 1) BeposTHOCTb COOBITHA = {pacxos CeMsH
Ha 100 ra me mpessicut 15,1 T}; 2) Maccy cemsd, KoTOpasd obecreynBacT
nmoces mmowaaz B 100Ta ¢ .BeposTHOCTEIO 0,95,

12. MeTogoM Tpo6 . YyCTAHOBIEHO, YTO. TIOTEPH 3€pHA IpPH y60p1<e
B CpeIHEM COCTaBIAroT 3T Ha 1 M%

0) BeJIMUAHY, KOTODYIO

CpeHEee KB3APaTHYECCKOE



orxnouerne pasuo 1 r. Haiimure: 1) Bepostaocts coGuitua={Ha 1 ra
oTEpd COCTABAT HE MeHee veM 29,8 Kr} 2) BenuqMHY, KOTOPYEO
¢ BeposTHOCTBIO 0,99 He mpesbicaT moTepu Ha 1 ra. Cumrats, uTO
X (moTepu 3epH2) e€CTb HOPMAJBHO paclipeiencHHad cCiayialHasd
 BeJMYUHA. »

" 13. Cpegnss - Macca IUIOJOB B OOHOM smguke pasHa 10 xr,
. a cpegHee KBaApaTHYCCKOe OTKJIOHEHHE B MAacce IHJOJOB OJHOTO
suka 1,5 kr. Haiigmre: 1) BepostHOCTh coGsiTusi={8 100 smiugax
‘Macca IIOA0B oKaxercs He menee 970 kr}; 2) HauGonsiliee 3HaveHUe,
xoTopoe ¢ BeposrHocreio 0,95 He npersolizer macca 100 supmxos.
"' TlpuHAT, BO BHHMAHHE, YTO Macca IUIOJOB B OIHOM smmxe—
HOPMAJILHO paclpeaeeHasn cny'{amiax BENHYHHA.
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3. Yncno 3epen B Kooce

4, Y410 mOpOCAT O CBHHOMATEN

5. Yuono sum OT HECYEUKM 33 TOR

CobLirne

”
Ka

- pesymbrar

UCTILITARKA

1. InyOuHa 3aEENKu CEMEHU NpH IMOCERS

2. TIPOLEHT XHpPa B MONOKE

3
4, Boicota pacTeHus N

5. inuna xonoca

& ()
Bucxpersan E3 o, Henpepuisuan
x .
5[ coymannan |3 =
. %\ BEMMUMHA |3
. 1 Tabnnna 1 F(x)y=PX < %)
X | %2} B~ F(x + A Xy~ F(x) 4
AR " :3AHOH 2. f(x) <lim —~——-———-Ax) = F(x)
PACNPEAEREHNS . Aaee ¢
2. PyHKUEA pacip
Fx) = PX <%)
i b
L M(X) = 5yPy + 25P5 + 5Py + o KPy . UUCTIOBBIE LM =[x dx (@sx<d)
2. DX) 5 (xy = MYy + .. KAPAKTEPMCTHKHM M) = }G;f(x) dx (- oco<x < +%)
+ (3~ MOOYPy = . - !
2 D(x) = [ [ - M(JPA(x) dx
=3 (% - M), ¢
5 Gi=VD®
3. Gx= VD) FIPMMESDDI
PACMPEAENEHWMM 3. Hopmanbhoe

1. Brunommansuoe: X; = 0,123, .. &
Py=Cipgr!
2. Tyaccona: x;= 0,123, .. %k

I

fxy =

[

1 J- <x—M(x»/z]
v L 26

. -3axon Goxpuiux wuwcea

L6im P (

n+ 00

xl-;x2+x35+...+x
.—_r-f.._—'i-— MR <€)=1

2. tim P 6m/n-p| <€) =1, m/n - orHoCHTENLHAT HACTOTA
n* oo




Tunasa 13 -
" JaeMeHThl MATEMAaTHYECKOH CTAaTMCTHKHM

MaTtemaTHUYCCKas! CTATHCTUKA UCTIONB3YETCS B pasimd-
HBIX 0O0JacTsIX 3HaHuil, B TOM 4HCIe B 3KOHOMUKE
CENIbCKOTO  XO35HCTBAa, ONBITHOM JleNie, 3eMJIIE/IEITHH,
*KHUBOTHOBOJICTBE, JIECHOM XO3SHICTBE M T. N, T. €. TaM,
TAe ISl M3YYCHWs NPOLECCOB M ABJCHMH HEZOCTATQUHO
TONBLKO KaueCTBEHHOM XapaxTepHUCTHKH. YTobnl riryboxo
NO3HATEL CYIIHOCTH IIPOIECCOB, HEOOXOMMMBI KOJMYECT-
BEHHbBIC XapaKTCPUCTHUKHA B BUAC U3MEPEHHAH, HaOJIroeHUi
¢ ¥MX TOCHEeRYIOUIMM aHAIM30M, 000O0IIeHHeM M BEIBOJA-
Mu.- Usyuernto crioce6os cOopa pe3ynbTaroB Haburogie-
HUA B HX 00paboOTKM OTBOAMTCH HACTOAIMIAs TJIaBa.

§ 13.1. NPEOMET W 3A0AYM
MATEMATUYECKOWM CTATUCTUKU

I‘eﬂepa.rmnaﬂ K Bblﬁopo-maﬂ COBOKyIlHOCTL. Bblﬁopoq-
HLIH MeTo.
‘ Onpe/:[enefme Mamemamuueckan cmamucmura —
IMO HAYKA, 3AHUMAIOWAACA pa3pabomKoii memodoa cbopa,
peaucmpayuu U 0bpabomKu pe3yavmamos HAOAOeHUlL
( U3Mepenuil) ¢ yeablo NO3HANUA 3AKOHOMEPHOCMER CAy-
YaiiHBLX  MACCOBLIX  AGACHUIL

Peaynprathl m3MepeHuii (Ha6monemm) Ha3EIBAIOT CIng-
mucmueckumu OanHbiMy. B 3aBECHMOCTH OT TOCTABIEHHOI
IeNIA BCE 3aJay¥ -MAaTeMaTHYeCKOH CTATHCTUKH MOLYT GhITh
chopMyIIPOB2HEI B PasMuHbX (OopMax, cpeay KOTOPBIX
TUIDMHLIMA ~ ABJBROTCS: 1) npulOIoiKeHHOS OMpe/IeICHHE
HEU3BECTHOTO 3aXOHA paCHpenesicHus. CclyvaiiHol Bemi-
- 4RELL 2) NpUOIIMKEHHOES OTpe/IesicHUe HEW3BECTHBIX Ha-
PaMETPOB paclpe/IeNietyd, T. €. ¥X CTaTHCTHYECKUS. OLEHKY;
3) mpoBepka NpaBRonOnolHs | THIIOTE3 O PacHpelC/ICHHH.

Opaum ©3 OCHOBHBIX CHOCO0OB cOOpa cTaTHUCTHYEC-
KAX [NAHHBIX ABJIACTCA BBHIOOPOYHBIN METOX. .

332



Omnpenenenue. Bea uccaedyeman cosoKynHocns o0Ho-
POOHbIX 0BBEKINOE HA3LIBACNCA 2EHEPAALHON CO8OKYNHOCIIBIO.
. Ecm  penonoxuTh, 4TO. HaJ BCeMH OOBEKTAMU
NIPOBEICHO ~ HAOIrOICHUE (w3Mepenue), TO pesyanaTm
MOYHO. pACCMATPUBATE KaK 3HAYEHUs CIIy4aifHOM Bemuuu-
Hbl ¢ QyHKOUeH pacmpenenenus BepostHocTeit F(x). Kax

¥ B TEOPUU BEPOATHOCTEM, JOJIS BCEX 3HAYCHUH X B reHe-
PaJILHOM COBOKYIHOCTH, MEHBIINX YeM Xo, paBHA F(x,).

Onpenenenune. Muowcecmgo uz n o0vexmosg, om-
OOPAHHBIX  CAYUATHBIM  00PA30M U3 2€HEPAALHOU CO80-
KYRHOCMU, HA3bIEACMCSA. LI60POUHOI COBOKYNHOCHIBIO  HAY
6v160proti (n— o0bvem 6LIGOPKLL).

- Heo6X0mMMOCTb HCCIEOBAHMS CTATACTHIECKOrO MaTe-
pHajia ¢ IOMOIILIO BBHIOOPKH OOBICHIETCA TEM, dTO:
1) uccrenosanue Beel reHepaabHOM COBOKYIHOCTH TPYIO-
€MKO W NPUBOUT K GONBIIIM 3aTPaTaM CPEIICTB M BPEMEHH
WM TIPAKTHYECKM HEOCYHIECTBHMO; 2) B PAAE CIyvTacB
HCCIIeJOBAHNE BCeX 00BEKTOB TeHEPATILHON COBOKYHHOCTH
npuBeso Obl X WX TOpYe, HAPUMEP WCCIICNOBaHNE BCEX
INEKTPOIIAMIIOUEK Ha IPOFOJDKATEIBHOCT TOPEHHUS], HCCIe-
| XOBaHWE HA - BCXOXECTHb BCETO CEMEHHOTO MAaTepHaa.

Onpeneneune. Memod, 0OCHOBAHHbIL HA MOM, UMO
no OaHHbIM 06CAe006aHUA 6bIO0PKU, BblOEACHHOU U3 OaHHO
2€HEPAIbHOLL COBOKYNHOCHIUL, deaaemcs 3axa04eHue o gceil
2€HEPAbHOLE  CO8OKYNHOCIIU, Ha3bzeaemm 8bI00POUHBIM
Memoodom.

Bribopxa HA3BIBAETCH penpesenmamugHotl, eCiH Kax-
IBIit  00BEKT TEHEepPANILHOM A COBOKYNHOCTH = MMEET O/~
HAKOBYIO BO3MOXXHOCTH IOIacTs B BeIOOpKY. Ecmm
BEIOOpKA PEIPE3eHTATURBHA, TO B COOTBETCTBHHU C 3aKOHOM
GONBIINX YUCEN, PE3YNBTATHI €6 U3YUEHUS ¥ BBIBOABI OyAyT
OJMM3KH K pe3ynpbTaTaM, Kakue MOIVIM ObITh IOJIydeHbl,
eciy b1 HCCIEAOBANACH BCS TCHEPAIbHAS COBOKYIHOCTS.

Ina Toro wrobuI BHIGOPKY COCTaBUTL KAYECTBEHHO,
HEOOXO/IUMO BIAJIETH CIIeIII/IaJ'IBHbIMI/I ‘3HAHUAMHI ¥ WH-
TYWIMEH B COOTBETCTBYIOmed orpacam. Hebpexro co-
CTABJICHHAS BHIOOpKA MOMET CTAThH NPHYUHCH ommbou-
HBIX BHIBOJOB ¥ TIPOTHOZOB.

‘§ 13.2. CNIOCOBbLI OTBEOPA
CTATUCTUYECKOTO . MATEPUANA

Pasnuuaror © [Ba OCHOBHBIX cnoco6a CocTaBlieHHS
BEIGOpKU: Hogmophbll I Gecnogmopnutii. IIpu TOBTOpHOM
crocobe  kaxanii OTOOpaHHLIM  OO0BEKT BO3BpaIAcTCH
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B. TEHEPAJIBLHYIO coaoxynﬂocrb nocie 4Yero Buibupaior
cAeAyrOILMiM, OYepeqHOll OOBEKT.

IIpu 6ecn0Bop0THOM crocobe OOBEKTHI B TeHEPasIb-
HYIO COBOKYHNHOCTH HE BO3BDaIIaIOTEs. :

- IosTopHbIi criocod oT6opa MOXHO paCCManI/iBaTI)
KaK II0C/eJ0BATENBHOCTh HE3aBUCHMBIX MCIBITAHUIM, Gec-
NOBTOPHBINA —KaK NOCIEHOBATEIBHOCTh 3aBUCUMBIX. HC-
neitanuit. O0a coocoba. cocTaBiieHUs BBIOOPKH HPUBOMIT
K IPAKTUYECKH OMMHAKOBBIM PE3YJIbTATAM, €C/ll 00BeM
BLIOOpKH MaJl 1O CPaBHEHHUIO © o0peMoM reHepam)Hom
. COBOKYTHOCTH.

Kpowme Toro, Pa3IMIAIOT CIIeAYIOIHe C1ocoObI COCTaB-
neHns BRIOOPKH: a) IPOCTOl (CJ'I}"-IaI/IHbII/I) 0) MexaHuyec-
Kuif; B) TUIMYCCKHIL; I) cepuitipiid. Tax, eciu 3aHyMEepo-
BATh BCE 4ICHBl T'CHEPAJILHOW COBOKYIHOCTH ¥ 3aTeM
U3TOTOBUTH KAPTOUKM ¢ TAKUMH XK HOMEPAaMH, THIATETBHO
nepeMemaTL UX 1 0TOGPATh MAYKY KAPTOUCK, TO OOBEKTHI
TeHEPAIBLHON COBOKYIHOCTH C HOMEPaMM H3BJIECYSHHBIX
KapTouYek 00pasyroT MpoCTyro (Ciy4aiiiyro) BHIGOPKY.
3mech BO3MOXHA NOBTOpHAS M OECHOBTOPHAS BHIOOPKA.

Ecim oObeKTH resepalibHON COBOKYNHOCTH BbIGHpa-
'EOTCH Yepe3 ONpee/ICHHbIA NHTEPBAI, TO TaKas BbIOOpKa
HA3BLIBACTCH  Mexanuueckon. Hampumep,. TIpY  aHanuse
 KayecTpd UL, CXOISIIMX C JICHTHI KOHBeWepa, oTOHMpa-
eTcs Kaxgoe 25-¢ fHmo.

Ipennonoxum Teneph,. YTO FeHepaJIBHyIO COBOKYII-
HOCTH Pa30Wwid HA HECKOJBKO - HENEPEKPHIBAIOIIUXCS
TPYHI M U3 KaxgoH Ipymmer oToGpaHel B CiyvyaitHOM
mopsiike OOBEKTHI, DTO THHUYECKHH CHOCO0 COCTaBICHUS
BbiOopKU. Hampumep, mpu onpeeneHud ypoXadHOCTH
BCE  TOJie NpUOVDKCHHO MACHMTCH HA - YYACTKM ¥ Ha
KaXJOM Y4YacTKe OIpeNesIieTCS YPOKANHOCTD.

Haxonmen, cepuitnas BeIOOpka oOpa3syeTcs cieay-
romuM obpaszom. I'eHepanbHas COBOKYMHOCTh JIEJTUTCA
Ha HemepekpheiBarommecs rpynmnel. ITocne aTdro, ciaydaii-
HbIM 00pa3oM OTOUPAKOTCS HEKOTOPBIC rpymmet. ITo-
JIyueHHas BbI60pKa 6yzler CcepuitHoi,

§133 CTATUCTUUECKOE PACHPE,D,EHEHVIE
FEOMETPUYECKOE N3O0BPAXKEHUE

Boszpmem BbIGOpO‘IHYIO conoxynHocn, obbeMa n.
Ecan reHepaibHas COBOKYIHOCTL HMeeT He60IbLION
00beM, TO B HECKOTOPBIX CiIy4asx MOXKHO B BLIGOpKy
BKJIFOYHTH BCE €C WJICHBL.
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KonuyecTBeHHOE 3HAYEHHE NpU3HaKa, HaGromaeMoe’
npu orbope,—3TO ciaydaiiHas BelNH4KHA, €€ BO3MOXHBIC
3HAYCHAS OOO3HAYAIOT CHMBOJIAMH X3, X3, X3, ., Xp
a 4Yucia M; OOBEKTOB € OJUHAKOBHIM KOJUYECTBEHHBIM
IPU3HAKOM HA3hIBAIOT YacTOTaMH H. 0603Haqa}or Ry,
Ao, N3, vy M.

Wsyuenue BHIGOPKH HAYMHAIOT C COCTABJICHNSA- CTa-
TUCTUYECKOTO pacnpeueneﬁn;x—Ta6ﬂnum C ABYMi CTPO-.
Kamu. B ofHOM CTPOKE yKa3biBAalOT 3HAYEHMS NPH3HAKA,
B APYTOH — COOTBETCTBYIONIME MM HYacTOTHI.

Onpenenenue. Cmamucmuieckum pacnpedescHuem
CAYUQLIHOIL GeAUUUHbL HAZLIGRIOM MabAuYy 3Haverull npu-
SHOKA,  PACROAOMCCHHBIX &  8o3pacmaroujeM HopAdxe,
U COOMGEMCIMEYIOWUX UM HACMOM: UAU OMHOCUINEIbHbIX
uacmom.

. Pasnuyaror duckpemnvie (BO3MOXHBIC 3HAUCHUS NPH-
3HaKa H30JIMPOBAHBLI. APYr OT [ApYra), U .UHMEpeaibviible
. (¢ HempepHIBHLIM ‘MPH3HAKOM) pacupeaeiieaus. Cocras-
JIEHAE  CTAarTUCTHYECKOTO - pacupefiefieHuss  HavYMHAIOT
¢ ompeleNcHrs HAaUMEHBIEr0 W HalOOoNbIIero 3HaueHUH
npussaka. OctajpHbIE 3HAYCHHS 3aNUCHIBAIOT MEXIY
HAMH B UOPSJIKE BO3PACTaHHUS. ‘I[anee LOJCYATHIBAIOT
YaCcTOTHL KaXAOTQO 3HAYCHWS NpH3HaKa.

J1s HempepbIBHO BapbUPYIOIIETO KOJHYECTBEHHOTO
pU3Haxa HHTEPBAJN €ro - M3MCHEHWs pa3buBaroT Ha
YACTHYHBIC HHTEPBAJLI ONUWHAKOBOM JUIMHBI (KJIACCHI)
«oT w moy. BenmuwHa YacTUYHOTO MHTEpBaja (kjacca)
Haxogarcs [3] nmo dopmyne

Xmax — Xmin

T 1+3,21gn’

rie #— 06BeM BBIOOPKHU; Xmax — Xmin — PA3HOCTH MEXKIY
HAuOOJLIIEM W HaNMEHBIIAM 3HAUCHUSMH [IpH3HAKA.
OO0pyeo nprH HeOONBIIHX BHIOOPKAX HUCHO ; KIACCOB
APUHEMAIOT paBHBIM 5—9. TouHOe WX YMCIO YyCTAaHABIINA-
BAETCS MPaKTHUYECKMMH COOOPaKEHUIMH: C OJHOU CTOpO-
HbI, BaXHO, YTOOBI Tabiuua He ObUIA CIUIIKOM I'POMO3JI-
KOW M C JpYTOH CTOPOHBI, B Hel He NOJDKHBI UCYE3HYTDH
0COGEHHOCTH M3y4aeMOro NPU3HAKA. 3aTeM TOCIHTHIBA-
FOT YHCJIO KOJMYECTBEHHBIX NPU3HAKOR B KAXKJOM TaKOM .
uHTepBase. OOBIYHO NPHU3HAK, HAXOMSINUMCS Ha TPAHMIE
JIBYX MHTEPBAJIOB, OTHOCAT K IpaBoil TpaHUIe MHTEPBaJIA.
Tlpamep amckpeTworo pacmpenelemus. B pesyibrarte:.
obcnenosanus S0 CBEHOMATOK, IO KOJIMYECTBY POIAMBLINIXCS
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HOPOCAT B OAHOM MOMETE, COCTABJICHO pACHpElesicHHe,
npuseaeHnoe B tabm 13.1. - '

Tabauya 13.1

x 14 {5 {61 718 |9 ]1w|n]|1

w31 a6 |11 |15 (] s8] 7] 2

Ilpuvep pacnpede/cHHS ¢ HeHPEPHIBHO .BAPHLHPYIOLINM
KO/BIMECTBEHALIM mpu3HakeM. [lpm wu3MepeHums OJHHEL -
50 xomockeB suMeHS copTta «MockoBekuit 121» mouy-
YEHBbl ITaHHBIC, MOMEIICHHBIE B TadJ. 13.2.

Tabauya 13.2

HAmara xo- | 6...8 8...10 | 10...12 12...14 14...16 16...18 -
JIOCBEB, CM

Yacrora |6 12 17 . |10 4 1

OTO . IpuMep HHTEPBANLHOrO paclpeicIcHuUs.

I'pymmuposky o KjaccaM TPUMEHSIIOT U B Clydac
OUCKPETHOTO pachpenencHus. Tak, eciu Yucso 3eped
B kosoce or 5 mo 30, TO OITOT WMHTEpBal
pasOmBaroT Ha  KJACCHL, HampuMmep, 3..6, 6.9,
9..12 u 1. 1 '

I'eomeTprueckoe u306pamelme CTATUCTHY4ECKOrG pac-
npefedenns. HarnsmHoe npencraBicHue O pacupelese-
Hud naer rpaguk. bygeMm oTkianpBaTh Ha OcH adciuce
YHCIIOBOE 3HAYECHUE HPU3HAKA X; & Ha OCH OPJUHAT — UX
9acTOTBl 7; WM OTHOCHTENbHBIC 4acTOTHL IloJydeHHBIe
TOYKH COCOMHUM JIOMAaHOW JIMHEEH, KOTOpas BMECTE
¢ ockto Ox oOpasyroT Hoauzou pacnpede/zeuuﬂ 9acTOT
VUII  OTHOCHTENIHBIX 4acTor. Pacnpeneitnue (oM.
Tabn 13.1) wu300paxeHo
o Ha. puc. 124.
15 . o i Ecnu xonmyecTBEHHbIH
UPHU3HAK W3MEHAETCS He-
IPEPHIBHO, TO HA KAXIOM
_MHTEpBaje CTPOST -Nps-
~MOYTOJIGHUKH C BBICOTOM,
paBHOM YHCITy 3HAUCHM
OpU3HAKA H; WIM OTHO-
Puc. 124 - cHTeJNbHOH HactoTe. I'pa-

nh

10}

=y

L {
o4 6 8 10 12 14
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¢duueckoe - m3obpaxe-: »
HHE" WHTEPBANBHOTO'

o

pacnpenenieHuss Ha3bl- 20

.BACTC  2ucmozpammoit - 15} J
(puc. 125).  Obsenem K '
TACTOrpaMMy IUIaBHOH : / h

JNHHUEH  Tak, - 4YTODBLI sk
Opumi IpubmI3uTENibHO LA
paBHBI HAOLAJH, OT-
paHHYEHHBIE: &) CTY-
NeHYaTod JiomMaHo# W Puc 125

' 0) xpupoil. B pesyms-- - -

.TaTe moay4uMm rpacbdux (bymcmm f7(x), -HasbIBaeMbIi
amnupudeckol  pyrxyuer: - pacnpede/zeuu;z yacmom WM
OTHOCHTEbHBIX HYacTOT, ‘

B Teopuu . BeposTHOCTEH eil oTBeuaeT JIHCbeepeHHI/I-«
aabHAS (DYHKIWS PACTIpEIeIeHHus f (x). Ecomt yBestnuuBaTh
001eM BBIOOpKH, TO B €OOTBETCTBHH '€ 3aKOHOM GOJIBIINX
YHCeJl© OTHOCHTEJIbHASA ‘-yacToTa OyJeT BechbMa — Mamo
OTJIYAaTBCA . OT BEPOATHOCTH = IOSABJICHAS cliydadHOU
BeWTHEbL X 0 rpadux [~ (x) 6y,ueT 1o q)opme pH-
GmecaTbcx K rpaguxy f(x)

-

7 6 8 10 12 15 16 8%

§ 13.4. 3MI'IVIPW~IECKAR OYHKUMA PACMPELENEHUA

@ Ilpnumep. PaccMOTPUM CTATHUCTUIECKOE PACUIPEAC/ICHUE, COCTaB-
JICHHOE B DPE3yJIbTate o6cneu03amm 70 CBHHOMATOK TIO. YHC/y PO/UB-
LIMXCS TOPOCHT. :

P i ‘ Ta6/mua 13.3

x; 4151617 |89 ]10 1112

mo|3)alesinfis|7tal 7 1|
n |70[70 {70{ 70 {70} 35|35 70 10 |35

N P R A BER EY 39 | 53 61 68 | 70
AT 0|77 (70|70 |70 70 70 | 70

Kaxc OTMEYANOCh - B . § 13 3, qacmru noxaabmam‘r cxomﬂco paay‘
B JAHHOH cosoxynuocm BCTPEYAIOTCS OIMHAKOBBIC 3HAYCHHS NPUIHAKA, .
m Ta6n 13.3 Bumuo; Hal'lpPIMep, 470 4 cauﬂomarm npunecmx no.
5 mopocar, a 11 camioma"rox——no 7 ‘mopocst. MoxHo TOCTABHTL
BOIPOC H no-npyromy CKOJIBKO cnnuomarox NPUHECTH  TOPOCHT
. MEHbIIie" HEKOTOPOTO HYACHIa, HanpiMep Meubwe 4, MeHbine 5 u T. 4.
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Fx)h ) S CBHHOMATOK, . OT . KOTODPBIX
70l- " . poamnocs - MeHBIle 4 HOpo-
¢ CAT, HET HH ' ONHOW; CBH-

sol- r~—t : HOMATOK T YHCJIOM TIOPOCST
‘ 11y MersIe 5 b0 -3, a ¢ uumc-
504+ : ﬁ : { IOM TOPOCAT MeHpmie 88—
: ot : 24. Taxum NyTEM MOXHO
401 -t 1 [ nonyuuts wacaa 0, 3, 7,
01 R 13, 24, ., 70 (mocnenmee wu-
Ly gy | C€710. COBNAZaET C obBEMOM

20l gl Bifopku). DTH uMcHa Ha-
. P r b { _3LIBAIOTCS HAKOMAEHHBIMLL Ya-
w0l .‘.&I«? : l| { ! \ . cmomamu. Haxornennsie 4a-
-4 { { ll ! ! : CTOTHI (ONPENENAOT  YACIO
o4 56 78 9075 OSHAUCHHN TNpE3paKa, MeHb-

WX HEKOYOPOro . BNAHROro

Puc. 126 - e
Danee BBIAHCISIOT  OT-

v n
HOCHTENLHEIE YaCTOTHI - — H
: n

HAKOTUIEHHHE ~ OTHOCHTENLHEIE %acTOTHL . HAKOIICHHEE OTHOCHTENH-
HBIE YaCTOTHI- onpene.vmror GyHKIMIO | pacnpelesiesus  sHI0OPKH

F*(x). @

OnpenencHue. 3mnupu1tecrcou gfymcuueu pacnpe-
de/zenuﬂ sbzb'oprcu Hazvisaemca EYHKYUA

Fre)=, 0 (34)

rae n~o61>eM BHIOODKH, #;— 4ACIO 3HAYEHHH NpU3HA-
Ka, MEHBIIHX YE€M' X, T. €. . TeX, I KOTOPBIX X;<X.
, Qynxuun F*(x) B Teopuu BEPOSITHOCTEH OTBEYaeT
uHTerpaibias Qysxkmus pacupeaencHns F(x).

9 Hpnmep Jus. pacnipenencmus, npueegessoro B Taba. 13.1,
IMIEPHYCCKAS ())ymcmm pacnpcnenem MMEET . CHEAYIOUIAHE BH:
0 mpm O<x<4,’

3/70 -mpm - 4<x<S5; . : 3 <
770 npn  5<x<6, ’ Y K
4t 13/70 npr 6<x<7

F*(x)':{ 24/70 npu . T<x<8§,

. 39/70 nmpm 8<x<9,

5370 mpu  9<x<10,

61/70 “mpu  10<Xx<11,

67/70 mpn 11<x<12,

1 opR x>12,

Ipadux ¢yrxmun F*(x) n3obpaken na puc. 126. Gymxama F*{x)
OTIMMAETCd OT MHTErpalbHOM . GyEKIUM pacnpemencuus F(x). Tem,
4TO. IpH cocTapneHun F* (x) pMecro. BeposTHOCTH COGHITAL - P(X <X)
BLITACTIACTCS  OTHOCHTENbHAs wacrora cobumitua P*(Y<x). @
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'§-13.5. BbIBOPOYHbIE XAPAKTEPUCTUKHK
CTATMCTM‘IECKOI’O PACNPEOENEHMA

IIycte umeercs BLxGOpKa 061>ema A CO 3HAuYCHHAMH

NIpU3Haka Xg, Xj, X3, ..., Xg. Hocrpomv[ CTATUCTHYMCCKOC
- pacnpelencHue. ) : ' :
‘ Tabruya 13.4
x, 1 x X, X, M
m ny n, o " e

. HAns Ttoro 4robbI - oxapakrepusopaTh . Hambosiee cy-
IIECTBEHHRIE . CBOMCTBA 3TOIO PpACIpEHESTACHHUS, TaK IKE
Kak ¥ B TEOPHH BEPOSTHOCTCH, HCHOJIB3YIOT CpEeIHHE
MOKa3aTesId WM, KaKk WHX Ha3bIBaIOT, GbIOOpouHble HuC-
n08ble xapakmepucmuky, PacCMOTpHM HEKOTODLIE U3 HHX.

1. Bblﬁopoqnaﬂ cpennss X,. [pu HaJIHHH -TIOBTOPS-
TOMMXCS  3HAYCHUE npmnarca

=1 Z xin;, (13.5.1)

rae n-—061>cM BbI60pKH Xi, M; B3ATHl ®3 Tabu. 13.4.
Boibopounas cpenHss X, U3MCHACTCH NpPH MEpEXofe OT
oquo# BRIOOpPKM K APYrod, NO3TOMY B CHJIY Ciay4aHHOro
otbopa sBisieTcs CAYYalHOH BEJMYMHOM.

Ecnu gano pacmpenesieHHe HENpephIBHON cCiyvaitHOH
BEJIMYMHBI, TO BMECTO Xx; OepyT cepeiMHY HHTepBaja
Xy e Xin 1)y T. €. J%x—*l o ]

Jns  ynpolneHHs BBIMHCICHMS BBIOODOYHBIX Xapak-
TEPUCTUK YHOOHO NepeiiTh OT JAHHBIX 3HAUCHMII DpH3HA-
K& X1, X3, X3y.0, Xx K YCIOBHBIM 3HAYEHMAM U, U,,.
us, ..., 4, O popMyie L '

(13.5.2)

, ' . X=cC
T. €. BBCCTH BCIHOMOTaTC/IBHYIO BCIHYUHY U=—h—, rac

C-—HOBOE HavYalno OTcuYeTa, OOBMMHO ~3TO 3HAYCHHUE
HpH3Haka ¢ Haubosbluell wacToTol, h—MaciiTab.
MoXHO nokasaThk, YTO HPH HEPEeXOofe K YCIQBHBIM
3HaYEeHUsM npu3Haka no ¢opmyne (13.5.2) 3aBHCAMOCT,
cBs3biBaromas X, u U, umeer Bumg
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‘ X=Uh+C. - (1353)
- JelCTBUTENBHO, -

koo k n % R
Y oun Y (6—C)= Y xim Y n
U —i=1 —i=1 h___li=1 ;__Ci'='1.
»B n n h  n B on’
= X, C X,-
U,="2 "o
" h h

. I'lpnmep Hano cramc-mqemcoe pacnpenenelme
: : Ta6/1ut;a 13.5

X RRE NERE: JER DU SEURY SR 9 | 1
n; 2 | .8 15 i 7 4
Havrm X

: Pewenne. Mepeitaem YCIOBHBIM JHAYCHUAM npmﬂaxa, NpUHAB
3a C 3Havenue C nan60m,men "YACTOTO, T e. C 5 Jane¢ maxomum
h=x;— X~ 1-2 .

Vimeem:

CocrapisieM pacnpevne.ncrme‘ YCNOBHBIX 3HAYEHHMI Ipu3HaKa.’

Tabauya 13.6

u; -2 | =1 1 - 0 N U 2 3
o 2 8 15 18 | 7 | 4
" Haxomum

- 2)2 18015+114273428 '
= (=2) +( )8+ +2:7+3-4 B o056
N . e 50 : A "150 .
< X =0,56- 2+5 612 o

Oco6eHHo BBIFOJIHO .. TIPUMEBATE: (bopMyJIy (13.5. 2),
€CAH 3HAYCHHS TPH3HAKA: BEJHUKU. e

2. BriGopounas u HKCIpaBJICHHAn zmcnepcml OAHa
YHUCIOBAA . XapaKTepHCTUKa X, He, JaeT NOJHOro npej-
CTaBJIEHUS O CTATHUCTHYECKOM ' pacupenesennud. B.arpo-
HOMUYECKOH 1 -300TeXHIYECKOM NIPaKTUKE, KaK ¥ B Jpy-
rux ¢pepax NpoU3BOACTBA, NPH aHANU3EC PE3yhbTATOB
CYINECTBEHHBIM ' ISl BEIBOJOB SIBISETCS XaPAKTEPUCTHKE
paccesiHisi 3HaYeHWH HpU3HAKa OTHOCHTEJILHO BLIOOPOU-
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Hoit “cpenHel. OTKIOHEHUE OTHEJBHBIX - 3HA4YCHHH OT
BBIOOPOUHOIM cpelHeil ObIBaeT 3HAYUTENHHBIM M .C ITHM
HEJb3s HEe CYMTATLCA. _ .

CocrasuMm Tabmuny OTKJIOHEHMH = Xx;—X,, yka3bplBas
COOTBETCTBYIOIIME YACTOTBHL

e

Tabauya 13.7

HaPUICM cpeaHee 3HAUYCHUE ormonemm X-X, X Nmeem

Z(x.-—X.)n:;, Zx.n. Zn o :
XX, =i L =EL LK EL K, - X,=0.

n n

CregoBaTe/IbHO, CpeJHEe 3HAYEHWE OTKIIOHEHUS X;— X,
paBHO HYJIO,” B [O3TOMY. HEOPHTOMHO IUIA Xapax-
TEPUCTHKH .paccesHUA mnpu3Haka. Jua Toro 4robmn
OCBOOOAMTLCS OT 3HAaka OTKJIOHEHHS H [pH - 3TOM
clesaTe. BiMsHAE OOJIbIIMX OTKJIOHEHMH «bojyiee omy-
THMBIMI», MX BO3BOJAT B KBaJpaT M HAXOJAT CpeHee
3Ha4enue. T1oJTyMEHHYIO XapaKTEpUCTHKY HA3bIBAIOT 6€bi-
Gopounoti Qucnepcuetr- m obo3Haqaror D,.
" Urak,
D _(x X) ny+(x = X) np+ +(xk )—(s)znk
=

b

n

Wi ok o :

‘ D,,=—' Y (x—X.) . (13.5.4)

z—~1

Onpenenenune. Boibopounoi Oucnepcueit Hazviga-

\emcAa cpedﬂee apugmemuueckoe 3HAUEHUE KEAOPAMOB
omxK aoHenuti npusnaka om  evibopounoll cpedneil.

@ Hpnmep VpoxXalHOSTL  BYX  COpToB A M B mueHuirsL,

BO3)ICJ'II>IBaCMl>IX Ha TPEX y4YacTkax ¢ OIIKHaKOBBIMH yCJIOBHHMﬂ pocta
4 pa3BHTHA, XApPAKTECPHU3YETCA CICAYHOILIRMH Tabmmuamu;

copm A - o cépm B
Xu o | 18] 19 |20 Y, u 17 | 19| 22
Mowans, | ' . [Tnomazae, | ] 40
ra 15 25 15 ra 200120 3




HaiiTn mucnepcms 3HaueHWi npu3HAaka OGOUX COPTOB.
Pewenne. Berimemm X, Y, D,, D, Haxozng

o - 18-154+19-254+20-15 1045

X,= - =—=19,
7 55 55
, _17vzoﬁL19120+22‘40/3_3o40_19
i 20+20+40/3 160
18——1921 19--19)2254-(20—19)215 30
p, (8197 15+(19-197254+@0—19)°15_30_ .,
55 55
T (17-19)220 +(19—19)220+ (22 19)2 (40/3) 600
p, (1719720 +(19-19220+ 22— 19/ (G0/3) 60 _, .- o
20+20+40/3 160

Kax suamm, mucnepens D, xax Mepa pacce;mmx
nu  paszbpoca ypoxaidHOCTH copTa B -otHOCHMTENBLHO
CpeHero 3HavyeHud Y, B ciaydae NPUMEPHO OJHHAKOBBLIX
nnomaneit Gonsiire, eM. D, 2 3TO ABNEHHE HEXelaTeNlb-
Hoe. I3 mByx copros JYYIIUM  SBJISICTCA TOT, ypoxam-
HOCTh XoTOoporo Gosee ycrofausa. ITo nammbiM ‘onbiTa
COpPT A mnpeAnoYTHTENRHEE copra B.

Jnst BuluuCIeHMsT BHIOOPOYHOM MUCHEPCUM HCIOINb-
3VIOT cneny}omy}o bopmyiy:

D,=X2—(X,)?, - (13.5.5)

T. €. JUCIEPCHs PaBHA PAa3HOCTH MEXIY CPEIHHM 3Haue-
HUEM KBAaApaTa ¥ KBAJPAaToM BHIOOpOUHOM cpemueii.

I[eHCTBHTeJILHo,
D= z(x—X)Z Zx ~2X, Zx,"‘
i=1
+(X, )2 X2—2XX +(X, )2 (X,,)Z.,

Jns obneryenus: BLIMUCICHAS nncnepcpm HCHONB3YIOT
cne,u folnpe. CBOWCTBA!
Hucnepcus He M3MEHWTCS, eCNH 'Bce 3HAYeHWS
npmHaxa yBenM4uTh (yMEHBIINTE) HA NOCTOSHHOE YHCIIO.
2°, Tlpu yMHOXEHWHM 3HAYEHWI NPU3HAKA HA nocro-
SHHOE WHCIO h#0 JucmepcHs yMHOXaercs Ha h2.
Bribopounas aucriepcus, Kak. 3TO TIOKa3aHO B Bonee
noapobHLIX Kypcax (Hanpumep, [4]), umMeer cucrema-
THYECKYIO OMMOKY, NPHBOISAULYIO K YMEHBINCHHIO IHC-
nepcun. YTtobbl 3TO - YCTPAaHHTB, BROIIT NOIPABKY,

R n .

yMHoxcag D, ‘ma = B pesymbTate TmoOJy4aroT HC-
TIPaBJICHHYIO * AUCIIEPCUIO '
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st="_p, T (13.5.6)
I A .
S2=-1_ % (x,~X,)%n, ‘ (13.5.7)

Ha npaxrtike vacro BMecTo 9TO# (OpMyNBl HC-
HOJIB3YIOT JOPYryo, el pPaBHOCHJBHYIO, & HMEHHO!

Crrstn 1.
: S2=[ﬂ——(XB)2] ;'—:T. . (1358)

n

Ilpr majsix BbibOprax § omyTnMo OTJIMMAETCH OT
D,,, HanpuMep, npH n=2 nMeeM S?=2D,. C Bospacra-
HHEM 7 chpanneHHax JACTIEPCHUS Sz—>D,,. Vxe npu
n=30 nucnepcuu S? u D, pazmuuarorcst Ha 3%.

3. BriGopounoe cpenHee KBaJpaTHUECKOEe OTKJIOHEHME.

Onpenenenune. Apugpmemuyeckoe snauenue Kk6aod-
Pamuo20 KOpHA u3 GyOOPOYHOU Oucnepcuu HA3biBaenicA
GbIBOPOUHBIM  CPEOHUM  KB8AOPAMUUEeCKUM OMKAOHEHUEM:

.=/ Dy O (1359)

HcnpapjieHHoe BI>I60p0‘IH08 cpenHee KBaApaTHYECKOE
OTKJIOHCHUE

S=\/—,—"—D,= —"—lc‘ (13510)

—1 H—

4, Mopa. Onpenenenue. Modoii MO HA3bIEAIOM
3HAUEHUEe npusnaka Komopoe ‘umeem HauboAbWylO ua-
cmomy (n;=max). _ '

- Hanpumep, mns pacnpezxeﬂefmﬂ Aagroro tabia. 13. 5
MoJa paBHa 5.

5. Memana. Meduanoii m, Hazvigarom 3HQUEHUe Npu-
3HaKa, Komopoe Oeaum crmarmucrmuieckoe pacnpedeﬂeuue
Ha O0ee paeHble HACMIU:

me—-ka, ecin n=2k+1,

X X o

e 2‘

, ecan n=2k.

6. Koaqu]muuem _BapHaumy, Hna cpaBHHBaHﬂx Mephl
paccesHMs 3HAYCHM NPUIHAKOB OKOJIO BbIOOpOYHOH
cpenmeil B PA3HLIX BHIOOPKAX CIYXHT Kombdmrmeﬁ'r
BapuaLiy,

343



Onpenenenue. Koadgpuyuenmom eapuayuu V na-
. 3bI6AEMCA OMHOUICHUE GLIOOPOUHO20 CPedHez0 Keadpamu-
YeCK020 OMKAOHEHUA K @blO0pOuHOll CpedHedl, ablpadceHtoe
8 npoyeHmax:

. V=22100%. i (1‘3’.5.11)
B . X, -

Mycts wu3ywaercs ciyuaiinas BeJTHYUHA X, U3
reHepabHON COBOKYIHOCTH ClesaHa - BEIGOPKA 0bheMa
1 €O 3HAYEHUAMM HPU3HAKA Xy, Xz, ..., X, TIPEANIOIOKAM,
HTO Xy, X3, Xy PASTMYEREL MX MOXHO paccMaTpuBaTh
KaK cnyqamn,re BENMUMHLL X, X,, .., X,, HMeloume
TO K€ [pacHpelesieHnue, 4YT0 H cnyqannaﬂ BEIMYUHA

¢ X, M, -CIeloBaTeNbHO, ozmHaKoBbxe 3HAYCHHS, M(X)
u D(X) Torna LR

Xy+X+ o+ X,
-0 (‘“”““) :

.BOCHOHLSOBaBHJHCb caoﬁCTBaMH zmcnepcuﬂ (122 12)
H (122 13) Haxozng

D(X )*_, D(X)—ﬂ’i)

Hycts o (X, )——cpezmsm KBaJpaTuyecKas 0mn61<a BbI-
G6opounoii cpenHen TorJIa

o(%,)=/D(Ex.y= |2P }  (135.12)

'Bb1600. Cpeanm RBaﬂpamqecxaa ommbxa - BrIGOpOY-
‘Hoit cpenmeii o(X,) B \/; pa3 MEHBIIE CPEQHETO
KBaAPATHYECKOTO OTKJIOHEHUS ClydYailHOW BeJuvuHbI X,
- BO3MOXHEIC. 3HAYCHUS. KOTOPOH monasim B Bm6opquy10
conoxynnocn

'§ 13.6. CTATUCTUYECKWUE OLIEHKM
NAPAMETPOB PAcnPEnEnEHnﬂ

Ouemcu MaTemaTmecKoro oKuANMA M ABCTIepCHH.
C noHaTHEM NapaMeTpoB - pacHpENesIeRHs MbI [IO3Ha-
. KOMIUINCh B TEOPUH - BepogTHoCTel. “Hanpumep, -8 Hop-
MaJIbHOM 3aKOHE PAacIpe/Iefients, 3a1aBacMoM byaxuueit
IUIOTHOCTH BEPOATHOCTH v
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(x—a)®

f(x)fc'\}_e‘_ 207 .

2n

napaMeTpaMH . CIYXKaT '@— MaTeMaTHYeCKoe OXHIaHHE
¥ G — CpeaHee Kpaaparmieckoe oTKJIoHenue. B pacrpene-
neanu IlyaccoHa napaMeTpoMm . sIBISETCA YHUCIO  a=Hnp.

Onpenenenue. Cmamucmuueckoli oyeHKoll Heus-
8ECTIHOZO NApPaAMempa MeopemuiecKo20 . pacnpedeierun
HA3bIBAIOM €20 NPUBAUNCEHHOE 3HAUEHUE,. 3agUcAwee Oom
" danmbix ebz6opxu (15 X5 X35 00ey Xt nl, M3, N3, e By )s
m. e. Hekomopyto PyHKyuro  ImMux eeAudun. ,

3nech . xi, Xz, X3, ..., X, — 3HAUCHWSA TIPH3HAKa, nl,
| N2, A3y, m— ‘COOTBETCTBYIONINE YACTOTEL CTATHCTHYEC-
Kas O¢HKa ABJIAETCS CHyYaliHoM BETMIUHOM.

OGo3HauuM uyepe3 B — olieHMBaEMEIA MapaMeTp, a ue-
pe3 0* —ero craTHCTHYECKYIO OLEHKY. Benmumny |0* — 0|
HA3bIBAIOT ' MOYHOCHBIO oyerKu. - YeM Menbuie [0*—6),
TeM JIydine, TOYHEE OHpefielicH HEM3BECTHBINA NapaMeTp.

YToObl oneHka. 0% uMmena npakTHYeckoe 3HAYEHHE,
OHAa He NOJDKHA COJAEPXaTh CHCTEMATHYECKOH OImbKu
M BMECTE C TEM MMETh BO3MOJKHO MEHBIIYIO AHCIEPCHIO.
Kpome Toro, npu ysenuyeHnn o6beMa BbIGOpKPI BEpO-
ATHOCTb CKONbE YTOJIHO MAaJbIX OTKIOREHHH |[0% —0]
noykHa ObiTh Oim3ka, k1.

CopMyJIpyeM CleayIONe OUpeieIICHIS.

1. Oyenxa ‘napamempa HA3BLIGACMCA HECMEWEHHOI,
ecau ee mamemamuueckoe oxcudanue M (0*) pasno
ouenueaeMomy napamempy 6, m. e.

M(O*) 0, _ (13.6.1)
u cmewenuou, ecai - o ' i

: ' 'M(G*)#G o (1362)
2. Ouemca 0* Ha3bzeaem0ﬂ cocmoame/tbnou ecxzu npu
mobom 8>0 :

Hm. P(IG* 6]<8)-—1 - (13.6.3)
n——‘oo
PaBeHCTBO (13 6 3) qHTAETCA Tak: ouemca 6* CXoauTCA
no BEpoATHOCTH kK O.
3. Oyenxa. 8* naswigaemca agﬁﬁekmueuozi, ecau npu
3A0AHHOM 1., OHA UMeem . HAUMEHLIUYIO OUchepCuio. .
-Teopema.l. Bubopounas -cpednas X, Asiaemcsa
HeCMeWeHHOll U COCMOAMEbHOT OYeHKOU MamemMamuyec-
K020 0MCUdAHUA.
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HoxasatenbcTBo. I[lycTh BBIGOpKA penpeseHTa-
TABHA, T.€. BCE IEMCHTHl [€HEPAIHLHOR COBOKYIHOCTH
'MMEIOT OJMHAKOBYIO BO3MOXHOCThH TIOIACTh B BLIGODKY.
3Ha4CHUA IPHU3HAKA Xy, Xa,° X3, .., X3 MOXHO NDHHIATH
33 HE3aBUCHMEIC CHyvaiHble BEIMMHHBL X, X, X, .., X,
'C OMHAKOBBIMH DacCHpeleIeHUsAMH W YHCIOBBHIME Xapak-
TEPUCTHKAMHE, B TOM YHCIE C DPABHBIMHI MaTeMaTH4ec-
KAME  OXHRAHHSAMH, PaBHBIMH 4,

M(X ) M (X1+XZ+X3+ +x,,) - lna='a. )

- n

Tax’ KaK -Kaxzaas u3 BEJIUINH Xl, X5, X, ..., X, mMEET
pacupe/iesieHye, COBIAJAOLIee C pacnpe,z[enenneM TeHe- -
panLHon conoxynHocrn T0 M(X)=a. Iloatomy

M (X,)=M(X). ,
Janee, HA OCHOBAaHWH 3aKOHA OOJIBLIMX HUHCEN HMeeM
X1+ Xz X540 +x,,

lim P( f<8);-=
=1=lmP(¥%, M(X)I<e) =1, £>0.

OTKyfla crnefyer, 4uTO X,—COCTOATENBHAS ONEHKA
M(X). :

Wcnosb3yst mpaBmiIo nccne,szaxmx Ha DJKCTPEMYM,

MOXHO  JIOKa3aTh, 9TO X, sBisercs " a(bcbeKTnBHon
ounenkodl M (X). :
' B kauecTBe OLEHKH JUCHEPCHA H3YyYaeMOro MpH3HAKA
B TeHepaubHO# coBokynuoctu D(X) IPUAUMAETCS HC-
IpaBJICHHAs JUCTIENCHS.

Teopema 2. chpae.zzenuafz ebz6op0tmaﬂ ducnepcuﬂ

n.

S 2——D ﬂe/tﬂemwz HeCMeUeHHOT U~ COCI?'lOﬂme/leOll
n—

oyenxoii ducnepcuu D (X).

he 1

§ 13.7. AOBEPUTENbHBIE WHTEPBATDI
" ﬂOBEPMTEanbIE BEPOATHOCTU

TeopeMm 1 u ,2 , xom A SBISIOTCS obmmMH,
T. €. CHOPMYJHMPOBAHbl - HPH JOCTATOTHO INHUPOKUX
MPEATIONOKESHUAX, OHU HE JAAI0T BO3MOXHOCTH YCTRHO-
BHTb, HACKONBKO - OAW3KE OHEHKH.- K.  OLCHHBACMBIM
napamMerpam. M3 ¢paxra, 9TO OHECHKH SBJBIEOTCA COCTO-
ATCABHBIMY,. CHEAYeT -TOABKO: TO, YTO. NPH YBCAHYCHUH
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‘obbeMa BLIOOpDKH 3HAYCHHE P(IG* —0]<38), 8>0, mpu-
Ommmxkaerca k1. ’ -

Bosmnkator cnenyxoume Bonpocm.‘

1) KaxkuMm pospken OBITE 00BEM BHIOOPKH. 7, YTOOLI
3a/:(annaﬂ TOYHOCTh * {6*—0]=8 Ovura rapaHTHPOBAHA

C 3apaHee NpPHHATOH BEPOATHOCTHIO?

2) Kakxosa TOYHOCTH ONEHKH, €CIM 00bEM BHLIGODKH
M3BEETCH W BEPOATHOCTh Ge30MMOOYHOCTH . BEIBOJA
3amaHa?

3) KakoBa BEpOSTHOCTH TOrO, YTQ IPH 3aJaHHOM
o0BeMe Bmﬁopm -byner oﬁecneqeﬁa 3aJilaHHasi TOYHOCTh
onenKu?

BeeeM HECKOJIBLKO HOBBIX onpenenennn.

Onpenencuue, Bepoamnocmy. Y GbIHOAHEHUA He-
pasencmea |0* —0] <8 nasvlieaemca Ooseepumenvnoii epo-
AMHOCMbBIO UAU HAOEHCHOCMBIO - OYEHKU

P(0*~0i<d)=y. - '(13.7.1)

Iepeiinem oT HepaseHcTBa |0* —0|<d X mBOitHOMY
HepaBeHCTBY. MsBectHo, uro [0*—0]<6~0*—0<6<
<0*+0. I'Io:aTOMy ,HOBepHTeanym BEPOSTHOCTH MOXHO
3ammcaTh B BHIE

P(0*— 8<6<9*+8) v. (1372

Tax xax 0 (oneHuBaeMEBIH NapaMeTp)-——YHCIO IOCTO-
sapHoe, a 0* —Benmuuna cnydaiinHas, TOHATHE JOBEpH-
TEJIHLHOH BEPOATHOCTH ChOPMYJIMpOBaTh Tak: . JOBEpH-
TENLHOM BEPOSATHOCTHIO 7Y  HA3BIBAETCS - BEPOATHOCTH
. Toro, 4ro uaTtepsan (0* -3, 6*43) HakpLIBAET ONEHHBA-
eMBIif Hmapamerp. :

Onpenenerue. C/tyuauubzu . unmepeaﬂ
(6*—3, 6*+98), & npedesax _KOMopozo ¢ 6epOAMHOCHIbIO
Y HAXOOUMCA - Heu36ecmHblii - oyenugaembvlil . napamemp,
HA3bI6AEMCA  008ePUMEALHbIM UHIMEPEANOM I coomeem-
cmeyrouum koagﬁgﬁuuuenmy dogepun v,

1=@*=5, 0% +9). (13.13)

HanexHocTs - ouneHku 7y MO)KCT 3a,Z(aBaTI:CSI 3apasHee,
~ TOT/1a, 3Has 3aKOH PAacHpejeicHAs H3ydaeMoil ciaydaiHoH
" BEJIMYAHBI, MOXHO HAaWTH ROBepUTENbHBIN HHTEpBa) I.
Pemaercs u oOpaTHas 3ajava, KOrja HO 33JaHHOMY
I maxommrtcs COOTBETCTBYIOMIAS HANECKHOCTH OLEHKH.
IMycrs, . mampumep, v=0,95; Torma  4MCIO
p=1-v=0,05 moxkasmBaer, ¢ Xaxoit BEPOATHOCTHIO
3aKJTIOYEHHE O HAIEXHOCTH OlleHKH ommbouno. Yucro
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p=1—Y HasbBaeTCI yposHem IHaAuUMOCH. ~YPOBEHH
3HAYMMOCTH 3aJaeTcsi 3apaHee B 3aBHCHMOCTH OT KOH-
KPETHOTO CiIy4ast. O6pr4HO p HpHHUMAIOT PaBHbIM 0,05;
0,01; 0,001,
BmennM Kax TIOCTPOHTH HOBEPHTECILHBIA HHTEPBAJ
JUISE MaTE€MaTHYeCKOr0 OXUAAHUS HOPMAJBHO. pachpe-
AC/CHHOrO NpHU3HaKa. Bbuio. mokasaHo, ¥TO

M(X) zW(X) a
‘ O'(X)

(X )—

n,

OueHHM MaTCMaTH‘{CCKOC oxcnnalme c rIOMom;mo BhI-
GopouHoit cpénmeit X, yuuTeIBas, 4TO X, TAKKE MMEET
HOpMAJILHOE pacnpenenelme* I/IMeeM

P(IX, M(X)|<6) S (13.14)
a’ mo (bopMynq (12.9.2) l‘nonyqaeM - ‘
P(|)?,,—.M(X')|"<'a) 2@( (X ))

IIannMax BO BHEUMAaHHE (13 5.12), nonyth T

c(X)

IlycTe u3BecTHA Beposrmoc:TB 'y Torma

o(55)-

Hos yz106cnsa HO0JIb30BAHMS Ta61muen Q)ymcmm Jlan-

P(IYB—M(X)|<5):2®(5—£>. (1375

Aaca MONOKAM §—‘[~=t, TOTa S—to(x), a"’
o(X) . Jn
P(|)?,—M(X)J’<‘°(X)>=2¢(t),
RV

uiM

(X’ ~'°(X)<M(Y)<X +m(X)

Ve o

" * Vreepxneune, uTo X, HMeeT ﬂopmanbnoe pacnpenenenne,
TpUHAMAETCA Oe3 JI0Ka3aTeNlbCTBA. R

348

> 2<1>(z) (13 7.6)



UnTtepBan

p LI B ’“‘X)) 1377
(o= ma=) s

HAKDBLIBAET NApaMETp a= M (X ) ¢ BEPOATHOCTBIO y
B GosbumucTBe CllydaeB CpelaHee KBaApaTHYECKOe
OTKJIOHeHHe G (X)) MCCNeIyeMOoro mpH3Haka HEU3BECTHO.
IToaromy BMmecto G (X) npu Goneiioi BeIGOpKe (n>30)
NPUMEHAIOT HCOPABJICHHOE ‘BHIOOPOYHOE CpellHee KBaJl-
paTHYECKOe OTKJIOHEHHE S, ABJISIOIICECS, B CBOIO Ove-

L2 n ]
peaw, omneHkoi G (X), s= — G,. HoBeputeabHbli

UHTEpBan OyJeT MMETH BUL

-

4

I= (X —J<M(X)<X +f)

@ Tpumep. C BepoATHOCTbI0 y=0,95 wHaiitn JOBepHTENRHBI
uaTepBan ang M (X)—wiHel xojoca suMeHsa copra «Mockosckuil
121». Pacnpepenenme 3jamaerca tabmuueil, B KOTOpOil BMECTO HH-
‘ i+ Xiaa

, ¢M. CHHTATb,
2

uTO CllyvaiiHas BEeJMYMHA X TOYMHEHA HOPMAIbLHOMY PAcHpelesICHHIO.

TEPBAJIOB U3MEHEHUs (X;, X;4 1) B3ATHL YHCHA

x—+2x—1—‘ 75 | 85 | 95 | 105 | 11,5 ] 125135
no 4 {02zl s {40

Pewenue. Bbxﬁopxa Gom;maa (n=>50). Pmeem

- IS ’ o s
PlX,———<MX)<Xy+—= |=2d(t)=7.-
( '_ﬁ< ()<‘ ﬁ) ()=v

g 7151448510495 14410,5: 124 11,55+ 12,5 4+13,51
" 50 T =

30+85+133+126+57 5+50+13 5 495
50

=9,9 (cMm);

. f7,5'-‘9,9)24+(8,5—'9,9)2 104(9,5-9,9) 14+(10,5—Q,9)2 124
S$= T = N —_
c 49 . o . :
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\/+(11,5—9,9)2 54+(12,5-9,9)24+(13,5-9,9)7 |
5

49

. z ‘
L [HEST L,

HaitgeM TOYHOCTBH OUCHKH

\/(—2,4)24+‘(——1,4)210+(0,4)'214+(0,6§212+(1,6)25+(2,’6)24+ ’

ts  1,96- 144

7 E

C20(r)=0,95, B(1)=0,475, =196,
OﬂpCJICJTI/IM ﬂOBCpHTCHhHMC rpanuuu

-t R
¥ ——2=09-04=9,5,
n - :

- s v ‘
Xyt —-=9,9+0,4=10,3.

S ‘

Takum o6p_azo$4, C HaNeXHOCTBLIO ¥ =0,95 MaTeMaTHYECKOE OXKHAA-
HHE 3aK/OYCHO B HOBCpUTCHbHOM HHETEpsane [=(9,5;10,3). @

HUrak, B ciaysae Gompinoit BoiGopxum (r2>30), xoraa
HCIpaBJIeHHOE Cpe/Hee KBaJApPATHUECKOE OTKJIOHEHHE He-
3HAYMTEJBHO OTKJOHAETCA OT CPEAHEr0 KBaAPATHYECKOTO
OTKJIOHCHUS 3Ha4CHWS HPU3HAKa B eHEpaJIbHOM COBOKYN-
' HOCTH, MOXHO HAHWTH nOBepHTENLHBIT uATEpBays. HoO
Oenatk OoJbimyto BBIOOpDKY yAaeTcs HE BCerga M 31O
He Bcerpa uenecoodpasuo. M3 (13.7.7) mupno, 4ro ueMm
MEHBIIE 7, TEM NIMPE HOBCPUTEILHBIA HHTEPBAJI, T. €.
I 3aBucut OT OOBEMA BHICOPKH .

Anrmaickuit ctatucTuk [occeT - (DceBAOBMM Croio-
IEHT) [0Ka3aj, YTO B ClIy4ae HOPMaJBLHOI'O pacipeaecsie-
HYMS Wpu3Haxa X B TeHepasibHOM COBOKYHIHOCTH - HOD-
MHPOBaHHUs - CiIydaifHas BeJHYMHA

X,—M(X)
N

, \/; ‘
3aBUCUT TOJ’IBKO oT OG"beMa BBI60pI(I/I Bblﬂa Ham[eHa
beHKI.tI/ISI pacnpe}:[enermn cnyqanﬁou BCIIH"II/IHL! T )59 Bepo-

atHocTs P(T<t;), t,~— TOYHOCTD OHCHKH.
© Dyuxuys, OHpC,E[C.TISICMaﬂ pPaBEHCTBOM'

T= (13.7.8)
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s, 1,)=P(|T|<1,)=7, (13.1.9)

HasBaHa (-pacnpedesenuem Cmviodenma ¢ n—1 crerne-
HsaMH cBOGOoan. PopmMyna (13 7.9) cBA3BIBAET CJIy4adHYIO
BeJMMUHY 7, JOBEPUTE/ILHLIA MHTEPBAJ Iu JOBEPHTEND-
- HYIO BEPOSTHOCTH Y. 3Has JIB€ M3 HHUX, MOXHO HailTH
- Tperblo. YunthiBas (13.7.8), umeem

g

Hepasenctso B sesod wactu (13.7.10) 3amenuM pas-

YI-M(X)
N

n

<IY>?7. (13.7.10)

HOCWJIBHBLIM €My HepaBeHCTBOM |X — M (X )|<t\/Ls_. B pe-
: - n

3yJALTATE NOJYYHM

pPl1X.-Mx <ﬁi>= :
(l_ 1<z )=
1017 ' .
PlX,—t —<a<X,+t i): . 13711
(e v
roe t,=t(y, n). [Ans GyBExmum ¢, cocraBieHb TaGIMIbI
(M., lemoxcexme 5). Ilpm n>30 uncna t, A

HaitieHHbie o Tabmmie dyskuy Jlamnaca, nmpaxTUIecKn
COBNAJZAIOT, .

® 3anasa. HabGmognenus 3a AHEBHRIM yNOEM BOCHMH KOPOB,
cny4aiino OTOGpaHHBIX M3 CTaja, O/ CNEAYHOUME Pe3YIbTATHL

Vot x, xr 12 | 13 5 | 16 | 18

Ypeno ronos n; 1 1. 3 o2 b

.

1) Onpegenuth BEpOSITHOCTHL TOTO, WTO CPEOHWH YAOH [O BCEMy
cragy Oyner ommMYarecs OT CpefHEro yAOs BOCLMM KOpOB He Oonee
yeM Ha 2,5 kr.

2) C seposTHOCTBIO Y=0,95 Haiity JOBEPHUTEIBHEIE HMHTEPBAN
MU CPENHEro yAoa MO CTamy X=MX).

_Pemenne 1. HaxomumMm

2 12:1413-1+15-34+16-2+18-1
s i ; 8 .

=15,
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(3 T+ T+0%- 3411437 i % s,
7 RV

Br>16opx<a _Maja. BocnonwyeMcx Tabnunei : £, =t(Y, n). Hmeem

d=— \/_8 \/— 25~3,82.v |
\/; s 1,85

Npu #=38, ¢t=3,82 mo Tabmume HaXOHI/IM Y= =0,993. [lanee umeeM
P(|15—X}<2,5)=0,993. CobbiTHE NPAKTHUECKH HOCTOBEPHO.
2. JloBepUTenbHLI HHTEPBAN

R(ls—t,—s—<)?<15+:,—s—)=o,95.
Ilpu n=8 u ¥=0,95 no Ta6m«me t—t(y,n) HaxommM: £,=2,37.
Tounocts ouemm

JoBepHTENLHBIC rpammu
X —1,55=15~1,55=13, 45 X, +1, 55=15+1, 55=:16,55.

TaKHM obpasoMm, ¢ BEPOSTHOCTEIO 0,95 cpegmuit ynou Ho BCEMY
CTady 3akioyeH B AOBepuTensHOoM uHTepbasne (13,45; 16, 55) o

B nepmoit vuacTH. 3a4audM HAaWAEHA BEpOSTHOCTD
OTKJIOHEHHS, BBLIOOPOYHOM cCpedHedl OT. cpedHelt 1o
XO3SHCTBY HA' BEJWYHAHY, MEHBHIYIO 4eM - 2,5 xr, T.e.
BEPOSATHOCTh TOTO, YTO CpenHWil yHmoH 3aKIIOYeH B HMH-
Tepsase (12,5;17,5). Ora BeposTHocth pasHa 0,993.
- Ecmm Ob1 BO BTOpOH 4YacTu 3a7a¥d MBI TOJIOXHIN
v=0,993, To B pesymbrate fiomyaunn GbI Takol ke
NOBEpUTENbHEI HHTEpPBAJ. - VI3 3TOro mpuMepa BUIHM,
9T . OONBIIEMY - JOBEPUTEILHOMY MHTEPBAJY COOTBET-
CTBYCT MPH OFWHAKOBBIX - YCIOBUSIX M 60III>H.I3.SI no-
BEPUTEIbHAS BEPOATHOCTD,

-/loBepuTe/IbHLI MHTEPBANL. NS ouem«u Cpexuero KBaj-
PaTHYECKOTO = OTKJIOHEHHH . G, B cnyqae HOPMAJTLHOrO
pacnpeziesicHRS.

Teopema. Hycmb u3eecmuo umo C/lyllauHaﬂ eeau-
YUHQ . UMeem HOpmAabHOe pacnpedenenue. Tozda 04A .
oyeHK ' napamempa G, 3M020 3aKOHA UMeem Mecmo

paserncmeo .
(-

<3> =¥ B, (13712

st



20e Y— 008EPUMEAbHAR  GEPOAMHOCIb, 3ABUCAUAR.  OM
obvema evibopku n u mouHocmu oyewku P.

®dynxnus y=¥(n, ) xopomo m3yyena. C ee mno-
Mowsio - onpenensior B=PB(y, n). Ana B=Pp(y, n) co-
CTaBJICHb! TAGIMIUBL, IO KOTOPBIM 110 U3BECTHBIM # (00b-
'eMy BBHIGOpPKH) H -y (HOBEepHTEJBHOH BEPOSATHOCTH)
onpenensiercs f.

, o i
Hepasencrso |—— ll <f paBHOCHALHO HEPABEHCTBY
, 5 j »

s—Bs<o<s+ps. O (13.7.13)

@ llpamep. [ OleHKM NapamMeTpa HOPMaJIbHO pacTpeiesieHHOH
cilyuaiiHOM BejmumHBl ObLTa chenaHa BeiGOpra (mmeBHOH ymo# 50
KOpOB) M ' BhMHCIEHO * §=1,5. HafiTu joBEepHTCILHLIE HHTEpBAL,
HAKpLIBAIOIUMA O C BEpOATHOCTBIO ¥ =0,95.

Pemenne, ITo tabmuue B(y, n) ana n=50 u y=0,95 naxomum
B=0,21 (cm. Ipunoxenne 6).

: ‘B COOTBETCTBHM ¢ HEPABEHCTBOM (137 13) mafiieM rpaHmipe
JlOBepUTENBLHOrO HHTEpBaja. Mmeem

1,5-021-1,5=1,185, 1,5+0,21- 1,5=1,815,
1,815<c<1815. @

Haxoxzagenne. o0beMa BLIGOpowMON  COBOKYIHOCTH,
®opmyna :

p(|x“, ,—,M(X)I‘<$)=2d><sﬁ>

c(X)

CBA3BIBACT £ (TO'-IHOCTB OLICHKH), JOBEPHUTENILHYIO BEPO-

STHOCTh Y= 2(1) 821:) ~m obbveM BoiGOpkM. 3Has

- aBe W3 ITHX BENIMYMH, MOXHO HailTH TpeThio. Bax-
HOW siBiseTCA 3ajaya ompefeneHMs obmemMa  BbIOO-
pOMHOH COBOXYHNHOCTM 7 TPH 3aJaHHOH HOBEPUTENLHON
BEPOSTHOCTA Y M 33JaHHOM JOBEPUTEILHOM HHTEPBAJIE,
OIpENCICHEOM TounocTeio 8. Kax mHaiity Takod Mu-
HUMaabHBIH 06BeM - BHIOOpKH 7, 9TOOBI OUCHUBACMBINA
HapaMeTp HaKpbIBAJICA MOBEPUTEILHBIM - HHTEPBAIOM
, o o ) -8 n
¢ 3amamsoit BepoaTHOCTHIO YT O6Go3HAYEM _.(,‘% =1,
TOrzEa ‘ ) ‘

to(X) n__tzcz(X)

.
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3mecs 6(X )— cpemiee KBaAPATHYECKOE OTKJIOHEHUE, ! —
3HAYCHHE HE32BUCHMON mepemeHHod B ¢ymxuum Jlan-

Jnaca, mias kKotopod ®(z)=-

@ Ipumep. Bricora creGas kykypyss! X —cayualinag sejuunma,
uMelonmias RopManbHOe pacnpefenenve. Ckoiabko Heobxomumo oToG-
paTh pacreHmil, yro6s X, OT/AmM¥ANOCH or M(X) MeHBIUE YeM Ha
2.cM, £CHH. M3BECTHO, YTO 1O peayxma'raM TPEAbIAYINHX H3MEPEHUHA
o(X)=6 cM. Pesyaptar HaiiTE ¢ magexmocThio ¥=0,95.

Pcmeﬂne Mmeem y=0,95, ®(1)=0,475, t=196,

] 962 - 62
‘ 22
Taxum oGpaaom, n>35. @

=34,5744.

§ 138 OLEHKA CYMECTBEHHOCTM PASNNYUA
BbIBOPOYHbBIX CPERHMX

TIycTh ¢ mesbio HUCCHERXOBAHMS BIUAHUS NBYX (haxto-
pOB Ha ypoxal NpOBOAMIIMCL NOJIEBbiC ONBITHI U3 [BYX
cepuit 110 n Aessaok. Ilosydensl cienyroinme pe3yaLTaTh:
cpemnmii ypoxail X, u X, (u/ra) m ucnpasJjicHHbIE CPEHNE
KBaApAaTHYCCKUE OTKIOHEHHUS §; M. 5, Kak ycTamoBHTL,
SABJIAETCS JIM pacxoxaenne | X — X,| cnydaliReIM, Hi1H OHO
0DyCI0BJIEHO BIMAHAEM M3ydaeMbIX dakTopos? B nepsom
cirydae pacxoxgeHue |X; —X,| Ha3mIBaeTCA HECYINECTBEH-
HbIM, @ BO BTOPOM pa3Jmdue  cymecTBenHo. Creayer
HMETHL B BHAY, YTO OTBET HE MOKET OBITE CTporo
OnpefieneHHbM, OH MO0 OymeT  BepeH ¢ HEKOTOpOi
BEPOSTHOCTBIO g, /mbo OmmbGoueH C BEPOATHOCTHIO
p=1-—g, HA3LEIBAEMOU ypogHem IHAYUMOCHIU.

CocraBuM  cirydaiiHyro. BeIHYHHY

1 <

=Rl 138
The O4=4/5%+52, n—obbem Bblﬁopm (tmcno JEITHOK
B cepun). JlokaszaHo, ¥To ciyuaiiHas BesmuuH2 T HMEET
t-pacupesenenne CTHIOAEHTa, A8 KOTOPOTO COCTABJICHBI
TalaaneL. .

Cny4aiipas BeJMIuHA T 3aBHCHT OT 4HCIIA crenenei
ceoboapl v=2(n—1) =m ypoBH# . 3HaumMocTH p. [lo
3a7IaHHOMY p M- UHCHY CTCHCHCH v HAXOJHUTCS ! Te-
OpeTHYECKOE.
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Ho (bopmyne (13 8.1) Haxomn T npax'mqecxoe‘

X~ Xl
=

o Jn

ECiu 1, <tyeop, TO € BEPOATHOCTBIO OMMOKHA, paBHOM
.p, CYMTAIOT, YTO  PACXOXKACHUNE MEXKIY CpPEIHUMH He-
3HauyAMO, ¥ BJHsabue (akTOpoB HA YpOXaltHOCTB Cy-
IICCTBEHHBIM WPH3HATL HEMb3H. ECHH [y 2 fieop, TO
PacXOXAEHUE MEXJY CPSJHUMHE BHIOODOUHBLIMU CYIIECT-
BEHHO, .OHO OOBICHICTCS BIINAHHCM . H3yJaeMbiX ¢ak-
TOPOB.

Eciu obrem BblGOpoqﬂb{x COBOKYHHOCTEH HEOXHHA-
'KOB, TO HCOJIL3YIOT GoJsice chonkHbie GOPMYALI, KOTOPbIC
MOXHO HaifTH B moapoOHbIx Kypcax (mampumep, [8]).

@ Ipnmvep. ‘B pesynnrare HOJEBHIX MCUBITAHNWH BLIPAIICH ypOXal
nByx- coproB kaprogeng: «FlpuekynsCkui pammuip» u  «[pyxGan.
Orobparo no 25 kaybuei xaxmoro. copra. PedyanTaThl B3BEIIMBAaHMS
TakOBbL BLIGOPOYHOE CPEAHCC 3HAYCHMC U WCTIPABACHHOC CpCfHee
KBafipaTHYECKOC OTKIOHCHHE, MACChL onHOTO = KiIyGus ‘copra “«IIpu-
“exymbckuiDy paBan X, =65 F, s; =15, pas copra «,IIpy)KGa» X,=9Tt,
52 =20 r.

Ha yposnne 3HAYAMOCTH p—-O 05 mposeputs cymecmeﬂﬂocm
pasnsyuii Buﬁopomux CpEIHHX.

Pemenne. Haloamm -

. X=X
,p Gd/\//_
ou=y/152 4207 = /225 +400= /625 =25;

16590}

top= ” f =7,

Umkcno creneseit  csobomet - v=2(25—1)=48. Jlanee = monmysacm
Lreop=2,01, T. €. l5p>teop Pacxoxmenme cywiecTsenno. Ipunnmaercs
yTBEDXAEHHE, 4TO 06¢ BBIOOPKM CHENAHBI M3 PA3HBIX reuepanmmx
COBOKYNHOCTEHR, T. €. BIHSHHE COpTa 3HA4YUMO. @ .

§ 13.9. CTATHCTVI‘-!ECKVIM METOA KOHTPOI’IH
KAYECTBA HPOD,YKI.IMM

Kauectno splyckaeMoi HpOleKI.lPIH " noxymaemoi l'IOTpe6HTeIIeM
Y TPOH3BOAMTENS, PEAKO HPOBEPHACTCA METOXOM CILIOMMHOH NDPOBEPKH.
3aKkoH GonbUIEX uECen ¢ GONBUION CTEMEHLIO JOCTOBEPHOCTH [apaH-
THPYET BRICOKOE - KA4ECTBO KOHTDO/I BCCHl MPOAYKINHWH HA OCHOBE
KOHTPONS BHIGOpOUHON COBOKYNHOCTH. bonee Toro, mo pesynsraram
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_KoHTposst BuIOOpKM CymsT O BCeH TNpOmyKilMy, BHUNTYLICHHON B aHa-
JOrWYHbIX  yenoBMAX. B -§ 13.7 moxasamo, Kak YCTAHOBHTH TakoM
o6beM BBIGOpKH, 4TOOBI XapakTepUCTHKA BHIGOPOYHOH COBOKYNHOCTH
OTIIMYAIINCH OT xapaxTepHch BCEil NPOAYKIMH HA 3apaHee 3aJaHHYIO
BEJIMYMHY, a BBIBOJA 00siadan OIpelefeHHbIM YPOBHEM 3HAYMMOCTH.
. W3 MHOruxX BUJOB CTATHCTHYECKOrO KOHTPOJIA KPATKO OCT@HOBHM-
€A Ha KOHTpOJEe No BuIGOpouHOH cpeauelt M, B  4¥acTHOCTH, HA
KOHTpOJIE rny6nm>1 BCNAWKA TPAKTOPHEIM arperatom. Ilpumem, uto
HCTIPEPLIBHASL cny4aiiHas Benuqnua X (cmyOuHa BCUAWIKA) HMEET
HOPMaJIsHOE PACHPETICNEHHE, N

Onupenenenue. Mamemamuueckoe oorcudanue M (X)=a xonm-
PoAupyemoti cayuainoli geauyunvt (@ OaHHoM cayuae 3apance 3a0aHHAA
24y6una  écnauiku) HAILIGACHCHA . HPOSKMHLIM  3HAYEHUEM  CAYYaiiHol
GeAutunsl. ' v ‘

Bymem cuntarp, 4ToCpelHeE- KBAApAaTHUYECKOE OTKIOHeHHE & (X)
HM3BECTHO (A3 PE3YNBTATOB OOCNEAOBAHMA  GONBIIAX COBOKYMHOCTEH,
BLINOJHEHHLIX panee). IIposeneM .1 3amepoB . CIydaHHOK BEIMMHHBL
"W BBHIYMCIOEM X, ¥ BOCcmoiansyeMmcs Qopmymoit

([X <MX)|<t k)) 2<I>(t)

Ecmz  xorar, uTOGH! KOHTponnpyeMoe 3HAYEHHE TOTANO B 3ITOT
WHTEPBAN C BchﬂTHOCTb!O 0,999, To Benmuusy. ¢t cnenyer 6parts
pasHoii 3,09. Ecim BepostrocTs ymeHbmts g0 0,95, To t=1,96.

PesyapTathl BHIGOPOK H3OOPAXKAIOT, KaK IOKa3aHo Ha puc. 127.
" ITo ropu3oHTanbHOW OCH OTKIAALIBAIOT BpeMs . BHIGOPKM, a TIO
BepTHKAbHOH — cpe/Hue BuiGopousbe. KOHTponbHble MMHEMM MPOBOAAT
B COOTBEYCTBMM C DPOCKTHBIM 3HAYCHHEM X W CPEIHMM KBaJpaTHYec-
KAM " OTKJIOHeHHEM © (X').

MpoBenenye KOHTPONBHLIX TPENCTLHBIX JIMHMI s . CpeBuX
BBIGOPOWHEIX OCHOBAHO Ha MPEANONOKEHNH, YTO BENWYHHA X,~M(X)
HMECT HOPMATBHBIR 3aKOH paclpefeNcHus. B 3TOM - Cliydae TOJBKO
0,05 BCEX BLIGOPOMBEIX CpeaHMX Oyner JekaTh BHE HCHTPaJbHOM .

o o (X) s (X)
nonocy wupaHo# { a— 1,96 ———, a+1,96

9 . AHAJIOTUYHO, OJHO
, . - . a(X)
_ cpennee 3mavenue u3 1000 BBIiileT H3 mpenenos a+3,09

S

, T.€.

ard gapmuu Koungmﬂbub/u
7 HewuL -npegen .
a+38 [ aiva 77 BepxHud KowmponsHsiil
L Lo Onympennud  npeden
a 3az7¢2ﬂﬂaﬂ‘my6uﬂa » )
, Genowwy . i
a-96. 1 . o Humnud Kopmponerid o
STV U iohvek’ rympenrud. Apeden :
a-4 Huxruid Kalllﬂpﬂllbh’b/ll
Snewrud /zpeﬂew
s Puc. ‘127
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5 (X)
Ju

npumn'o o0603uauaTh

o;ma 'ro‘uca X, OymeT NexaTh BBILC JTHHEU a+3 09 HJTH - HEDKE

o (X) 196 3,09
Benuquab:

o e
Ao 025 H Agooos. JJNA HHAX COCTaBJICHBI Ta6mmm

[ toro wrober wmalith KOHTpOJIbHbIE mpenedikl, HCOGXO}IHMO
c(X ) wm S YMHOXHTL HA COOTBETCTBYIOIHE Ao oas MM
Ap.0005 M TOIYYEHHBIE PE3Y/ILTATHL MPUOABUTH X M (X ) | BEMECTD
H3 HErO.

Jmmm a—3,09

' § 13.10. BbiBOAOBI -

MarteMaTrudeckast CTaTUCTHKA 3AHMMACTCS U3 YYCHMEM
u - pa3paboTkoil . MeTOXOB cDopa,: pemcrpamm H o6~'
paboeTKH ‘CTATHCTHYESCKOTO *MaTEpHaia.

OCHOBHBEIM HOHATHEM MAaTEMaTHYECKOH CTATHCTHKH
ABJIETCA CTaTHCTHIeCKoe pacupenencHne. CTaTucTH-
4eCKMM paclpe/icieHAeM BbHIOODKH H33BIBAETCA COOT-
BETCTBHE MEX/IY KOJMYECTBEHHBLIMH DPHU3HAKAMH H HX
YaCcTOTaMH WM OTHOCHUTENLHBIMH dacroTamiu. ITo memy
COCTaBJIACTCS 3Mnnpnqec1caa ‘byBKumA  pacmpe/iesIeHus,
. SIBJISTFOLIASICS | OLECHKOH GyHEKIMM pacnpefcsicHus Mpu-
3HAKa B TeHepajbHON COBOKymHOCTH. [{na mapamerpos
pacupenesieHAs NPHU3HAKA B FEHEPAILHOW COBOKYIHOCTH
HAaXOJAT TOYEYHblE W HHTEpPBaNbHBIC ONeHKH. OueHKa
Ha3bIBaeTCS TOUYEYHOMN, €CIH OHA XapaKTEpH3YETCHd OIHHM
yuciioM. TOYEYHBIMM OLEHKAMU IapaMeTpOB - pacHpe-
JeJIieHdss, B YacCTHOCTH, .CHYyXaT BbIOOpOYHas 'Cpeinsd,
BLIGOpOUHas jwcnepcus, HCHOpaBJieHHAs BBIGOpOvYHAs
nucniepensi. ITlpn mMamoM  o6bkeMe BBIGOpKH TOdedHAN
OLIEHKA MOXET HAMHOTO: OTJIHMYLTBCA OT ONECHHBAEMOIO
napaMerpa.

Onenka, onpenenxemaﬂ ,E[ByMSI YACIIAMH,— KOHIAMH
MHTEPBAJIOB, HA3BIBAeTCA WHTepBaJbHON. MHTepBan
-(0* —96, 040), KOTOpHIHA ‘HaKpHIBAET OLICHMBAEMBIA mHa-
PaMeTp C BEPOSTHOCTDIO Y, HA3bIBACTCH JOBCPUTCIbLHBIM.
BepoaTtHOCTE Y Ha3bIBAETCS nonepmenwon Mexnay
JOBEPUTENBLHLIM HMHTEPBAJIOM, [OBEPUTENLHOM = BEPOSIT-
HOCTBIO H 00BeMOM BBLIGODKH CYINECTBYET TECHas CBA3b.
Jlist cmyvas HODMAJBHO PACTIPENC/ICHHOrO Mpu3HaKa
B TEHEpaXbHOM cosoxyrmocm 9Ta CBs3b OTIPENEISETCS
topmynoi :

‘. P X”,,—M'X <is =2q>z,‘
<1 (A)l<ﬁ), 10
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rae 2(I>'(t)='y, t=(I)‘1(Z), CD”I(X)—d)yHKm;m, o6paT—A

- Has (bymclmn Jlannaca. p
‘ Baxuoe npaxcmqecxoe 3Ha9eRue 3Toi  opMybt
COCTOUT B' TOM, YTO 1O Hell MOXHO 3apaHee YCTaHOBHTH
MUHAMATBLHEIA O6BEM BRIGOPOYHOH COBOKYDHOCTH npn
H3BECTHBIX JPYIHX BEJMYMHAX Tak, YTOOBI ¢ 3aJaHHOM
BEPOSTHOCTBIO OTKJIOHEHHE BBIOOPOuHO# cpexmeit oT
MaTeMaTHYeCKOr0 OXHIaHUSI HE npenbrmano 3apaHee
HA3HAYEHHOM BEIMYMHBL

3A0AYM U YTIPAXHEHWA

1. B pesymsTaTe B3IBEUBAHUSA o*roﬁpamlx Haymaay 50 xyOnei
KapTodens. ToJydeHBl CIEIYIOIMME pPEe3YITbTATHE

93 209 135 216 206 80 197 - ‘134 145 183
251 53 142 120 177 159 111 . 185 200 191
9% 206 1383 213 .209. 77 200 131 148 180
253 S0 . 145 117 180 156 113 3181 203 188
152 150 110 118 140 81 120 135 220 144
CocTaBbTe HHTEpBATBHOC paciipenesenne. UYHCno 4aCTHYHBIX HH-
TEpBAJIOB onpeResmTe N0 (dopmyne k= \/;1 Hocrpome THCTOrPaMMY
4acTOT.

2. [Cpymma u3 50 xopoB oﬁcnenosana o mcny otenoB. ITonyueRsl
CReayIomMe JanAble (YMCHO OTENOB): -

7 6 1 2 8 7 5 3 5 4
1.1 10 6 4 5 5 3 2 2
2 23 5 5 4 6 9 1 1
4 5 3 5 7 8 2 1 6 7
1°2 3 4 4.5 6 7 7 8:

CocTaBpTe CTATHCTHUECKOE pacrpenenenue. Iucno  YacTHHHBIX
MHTEPBAJIOB NOACYMTATES -~ 11O rbopmyne k=143 21gn Hocrpoﬁre
FHCTOrpaMMYy 9acToT.

3. Jlammt - pesynsTaTsl (u) B3permpanus S50 KOpOB oro6pammx
u3 erana. ¢ .

42 . 4,5' 31 51 43 . 47 35 44. .53 37
40 48 46 30 32 52 42 39 48 46
42 29 38 56 44 55 41 43 45 54
30 - 41 46 30 52 42 48 34 45 50
38 38 49 45 31 53 42 42 44 41

CocraBbTe MHTEPBAILEOE pacupencieHue. UMCIO YaCTHIHLIX MH-

TEPBANOB HaiindTe IO tbopmyne k= \/;l TocTpoiiTe rucTOrpaMMy
4acToT.
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4. CocTaBbTe HAUCKPETHOE pAaclIpeAelIeHHe, NOCTPOHTE MNOJUIoH
pacnpefesieHAs 4acTOT ¥ OTHOCHTENLHBIX  WACTOT,. €CTH MAHBI Pe3yiib-
TaThl uaMepenuii 50 oObeKkTOB.

0087 1 10

7 5 3 9 4

5 9 8 4 -9 6 & 7 1012
7 9 8 10 -9 9 8 5 .7 .7
6 9 71 8 i1 3 7 9 4 10
5 8 9 5 7 6 1o .7 8

1

5. Ilo pmanueiv 3agaud 1 nadgure: L

1) BLIGOPOYHYIO CPEAHIOINO; ] : ;

" 2) BHIGOPOUHYIO JUCIIEPCHIO W HCHPABJICHHYIO JUCHEPCHUIO;

3) BuIGOPOTHOE UCHPABJICHHOE CPEHEE KBAAPATHIECKOE OTKIIOHCHHCE.

© 6. Tlo mampubiM- 3amaum 2 Haiigmre:
_ 1) BEIGOpOUHYIO CDPEAHICIO;

2) BBIGOPOUHYIO HWCIEPCHIO W HCIPABIICHHYIO HAHCHEPCHIO;

3) BEIOOpPOYHOE CpelHEee KBaApaTHUCCKOEe OTKIIOHEHHE.

7. Ho ‘mapueim 3amauw 3 -Haltmure: :

1) ouenky cpenHero 3HadYeHHUS renepanbnon conoxyrmocm

2) OLEHKY ONCOEPCHM FECHEPAILHOH COBOKYNHOCTH;

-3) BesMUYMHY, KOTOPYIO CIAEAYeT HPHHATh. 3a CpelHEe KBaJpaTavec-
KOE OTKJIOHCHHE.

8. Cpennee KBaJIpaTPI'-{CCKOC OTKJIOHEHHE HOPMANbHO pacnpenesieH-
HOM CriywaiiHoll BeMuuEBl X pasno (X)), BbibopoyHas cpenmss X,,
o6sem BriGopxit n. Haiimure z(osepmemzame nmepnanu I MateMa-
THYeckoro oxunanus M (X) ¢ 3alaHHOH NOBEPHTENLHON BEPOATHOCTEIO
(uanexHOCTRIO) Y. ITocTpoliTe HETEPBANRI B yCTAHOBUTE, KaK H3MCHACT-
¢ BEJIMMHHA MHTEPBAJA B 3aBHCHMMOCTH OT BEMWYMHEE HAJXC)KHOCTH.

a) 6(X)=1,5;, X,=12,0, n=49, y=095,

6) a(X)=1,5, X,=12,0, n=49, y=099;

B) 6(X)=15, X,=12,0, n=49, y=0,995.

9. VcTaHOBHMTE BIHMsAHHE -00beMa BHIGODKM HA BENUMUHY KO-
BEPHTENBHOrO UHTEPBAJA A/ HEM3BECTHOTO MATEMAaTHYECKOIO OXHIa-
Hua M (X) HOpMANBHO PACHPEACTICHHON CHYUaiHON Be/MIMHbL X, CCHH:

a) o(X)=6, X,=20,1, y=0,95 n=64,

6) o(X)=6, X,=20,1, yv=0,95, n=36;

B) o(X)=6, X 201 v= 095 ne=144.

10.. B BpiSopke M3 25 3epeH MUIEHHUBI CPemHsis Macca 38pHA -
cocrasuna’ X,=0,5r u 5=0,05r. llpeanonaras, 4ro ~ ciyvaiiHas
penmanHa X - (Macca 3epHa) HMeeT HOPMAJIBHOE pPACHPEIEICHHE;
¢ HaxexaocTeio y=0,99 Halinure: . ‘

a) KOBEPHTENBHBIE uuTepBat mus M(X);

6) HOBEPHTCIbHBIA HMHTEPBAT [SA HEU3IBECTHOTO CPEIHErO 1<Ba11-
PATHYECKOLO OTKJIOHCHHA,

B) AOBCDHTEILHBIA METEpBAN, A1A M(X), ecnm obvem BLIGOpKH
pasen 50? - : .

. Crenalite TpaKTHYECKHME BBLIBOMDL,

11, Jos onpezzenemm cpezmeﬁ ypoxcam{ocm 0Bca B3ATO HayRauy
20 npo6 Ha 1'mM® u mns ums - onpexesneno X, 0 125xr. Cpezmee
KBAaAPATHYECKOE OTKNIOHEHHE §= =(,052.

P
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Onpezxenmb B KaKuX IPAHMIAX 32KIIOMEHA CpejHsfs ypOxaliHoCTb
¢1-M? no BeeMy TIOMTIO, ecili. BEIBOA CliefyeT CHENaTh C HAZIEKHOCTHIO
09.

12, Tipn n3y‘1emm JJIMHDL JIHCTBEB CANOBON IEMIISHUKH CHENARA
BoIGopKa.  Cpefifiee KBAAPATHYECKOE OTKJIOHCRHE OTACILHOTO M3MEpe-
mia s=1,32cm.” C BeposTrOCTBIO 0,95 OMPEAETMTH TAKOE MUHHMAINh-
HOE 9ACJO HM3MEPEHUH, YTOOBI OTKJIOHEHHE BHIGOPOYHOI cpemien or
MATEMATHYECKOTO OXUAAHUA He npepbmnano 0,06 oM. )

13, Ha asyx rpymmnax GeiYKOB A W B CPaBHABANH BIMSAHUC HA
CYTOUHBIHA. HpUBeC (Kr) ABYX BHJOB KOPMOB: JBHSHOTO XMBIXA H COH.

Ilanume NOMEIIEHN B CICAYIOIMAX Taliuuax. :

JIBHSHON  KMBIX

%, 195 | 205 | 211 | 217 | 224 | 2%

", 2 B 1 L[ 1
e Cosx ;b |

¥ '/jb Caga o | oass | 18 | o192 | 250

mo 1|2 2 a2 :;: 1

BoraucuTs - pasHOCTb . MEXKIY BBIOODOYHBIMM CPCIHUMM M YCTa-
HOBATL Ipu-ypoBse 0,05, 3HaWMMO WIM ciy4afiHO 3TO PACXOXAEHHE.

14. [Jdaunl 2 pacnpepeseHus CAy4ayOH - BeAMInHLL X — ypoxaii-
“HOCTh CBEKNEI;, BHIPALGEHHON C MPHMEHCHHEM MMKpOyAo6penmit n ¥ —
6e3 mpuMenenna Mukpoyxobpennil. C ragexHocThIO 0,95 YCTaHOBUTS,
" 3HAYMMO WM HE3HAUMMO PACXONICHME MEKIY CPETHMMM 3HAYEHUAMH.
Cnenatb BBIBOX O *BIIHSHUH Mmcpoynoﬁpeuma Ha ypoxail ¢ yuerom
JAHHBIX B 'CHEAYIOUIUX TaGJmuax ’

x| 200..210 | 210..220 | 220..230 | 230..240 | 240..250 | 250..260

L3

n| 2 IR S B 6 | 3

‘ 190... | 200... | 210... | 220..7| 230... | 240... { 250... | 260...
Yi 2200 | ..210 | ..220 | .230 | ..240 | ..250 | ...260 | ..270




o s s
aladalalalalalals;

P : TMosropubt
) GecnonTopHi

Kas Bwbopxa

BuiGopounsiti meTon
4l .
g N

§ LI Y "5 ‘
- B
¢ QMHHPH“IECW QYHKIHA PACIPEIENEHNA
et ‘
F'(x)=nfn =~ | - |
@ nal S
. b [
g I |
x

BLIEOPOUHDIE : XAPAKTEPMCTHKH

’ & ‘ i
.1 = - s My = x,
PRI X3 o
N %x‘n, D'_‘ n ;(1' Xo'm $G,= VD, |- e
= dad : i=1 . - max
=, T P ! s=Ve : o
. Ste — Z(x; = X¥on; o § vaGL /X, 10%
’ Py e ’
' noaspmenbuslé MHTEPPANLY 1= (@ - O+ d)
npy uasecTnom Gy npy nenecTiioM Gy (v > 30) TPH HEMIBECTHOM G.t(" < 30)
e e e - SUE (BTN
,=(x__ £5%, x_+_L_) 1=(%,- 5 %, + 25 AR T
‘4 v ' Vi VA trzt(‘r,n}




I'naBa 14

3nemeHTapr|e cBegeHuna
M3 Teopuum Koppenauun

M3BecTHO, HTO NIPOLIECCHI, IPOTEKAOIINE B PACTEHHAX
W KHBBIX OpPraHM3MaX, ODOYCIOBJICHBI BJIASHHEM OOJIb-
IIOr0 4YHC/a B3aMMOCBA3aHHBIX (DaKTOPOB, - Cpeld KO-
TOPEIX uMetoTCs  [NaBHBIE, = ONpE/IE/ISIONIUE OCHOBHBIE
CBOHCTBA H X4PaKTEPHUCTUKH npouecca WM SBJICHHA,
¥ BTOPOCTCHEHHBIE.

Kak: Hailtu B BHAOC <bopMym,x 3aBUCHMOCTb MEXIY
JBYMsI CJIyYaiiHbIMHA BEJTHYMHAMH, MOJIyYEHHHIMHU B pe3yiib-
TaTe HaOMIONCHUHM, €CiHM KaXOOMy 3HA4eHHIO OJHOM
BEJIMYMHBE! COOTBETCTBYET HECKONBKO 3HAYECHMI APYroi?
Kax naliTu mapameTpsl 31X $OPMYJI IPH YCAOBHH, YTOGHI

+ OHH OTPAXaJIi CYIMHOCTh H3YYaEMOTO HPOLECCa M «CIIIaKH-
BAJIN» BJMAHUE CIIyYailHBIX, HE XapaKTEPHBIX LIS JAHHOTO
nporecca paxTopon? Hackonbko CHILHO BIMSET H3MEHE-
HHE ONHOH BENWYUHBLI HA W3MEHeHHe Apyroi? OrTseTsl Ha
9TH Bonpocm COCTaBJISIOT conepxcarme HaCTosmxeﬁ IJIaBHI.

§141 NOHATUE KOPPEﬂﬂuWOHHQW 3ABMCMMOCTM
KOPPEHHHMOHHAH TABHMUA

[poseaeno HaGJIIO,HCHHe ABYX TpH3HAKeB y 15
KOJIOCHEB HHICHWHBI— H3MEpPeHa MJINHE KaXJOoTro KoJjoca
X (cMm) m moxcumrano umeno 3eped Y. CocrasieHa
chenyromas Tabmna;

x, {10 o1} 8] 9f1o| 9ftt| 8|10 9f10/| 8| 911

Vi 24120 |27 |18 )20 |24 |20 {27 |20 |27 |24 |27 |20 |27]30

I/IHTYI/ITI/IBHO MOXHO IIpCI[IIOJ'IO)KI/ITB 910, GosbIeii
JJINHC - KOJIOCA OTBCYACT 6onbmee YHUCIIO- 3Cp€H B HCM.
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VinopsaounM 5TH NCpBUYHBIC ITAaHHBIE, IOMECTUB HX
B Tabnumy (14.1). B mepBoM cronbue 3anuiieM B MOpsA-
Ke Bo3pacTaHms 3HaueHus x;: 8, 9, 10, 11, a B nepsoit
CTpOKe—B TOM JXe Hopsiaxe 3Hauenms y,: 18, 20, 24,
27, 30. Ha mepeceygHHMHM CTPOK ¥ CTOJOLIOB 3amyilieM
qUCNO MOBTOPEHMII OIMHAKOBBIX Hap (x;; ;) B pagy
naGmronennii (tabn. 14.1).

Tpebyercst  yCTaHOBHTS  H - OLEHHTL 3aBHCHMOCTD
caydaiinoll BenuyuHbl Y OT BenuuuHbl X, DT 3a13a4u
SIBJISIFOTCS. “OCHOBHBIMH B - TCOPHM - Koppen;mnn n ¢op-
MYJIIPYIOTCS TakK:

1) onpe,uenenne 3aBHCHMOCTH MEXIY | CoyYalHBIMA
BeJIMUAHAMK B BHAE (OPMYJIBI;

2) omnpeneneHUe CAMIbI WIH TECHOTHI 9TOH 3aBUCHMOCTH.

Tabruya 14.1

M ow o | w 30 ‘;1,‘
, S
3 1 2 3
9 | 3 1 1 5
10 : 2 | .2 4
" 1 5 3 5 1 15
A}

A5t Toro 9To6Hl HX PenTh, HEOOXOAMMO OCTPOUTE
COOTBETCTBYIOMME MaTeMaTHYecKui: ammapat. Paccmor-
puM 3amayy B obmem suge. Ilycrs mmerorcs asa psaa
HaGrocHuA - 3aBUCUMBIX Mex. Iy coboil BeymumH X-u Y,
Ecim x; ® 'y; BCTpedaroTcs IO OITHOMY pasy, TO HX
3anuCLIBAlOT B BHIE Ta6mmu (Ta6n 14.2),

Ta6./tuua . 2

- N 1 S/ RS R B A R 2 n
X X X, X3 R X X,
yi o N1 Y2 Vs . Yo 4 - Ya

rae x;, y,—HabIronaBIecs 3HAUYEHNS 3aBYCUMEBIX MEX-
ay cobot mpusHakoB X m Y; N-—mnomep HabmoncHus.
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Ecmu kaxaoMy' 3HAYEHHIO ); OTBEYAET HECKOJIBKO
3HaYeHMHA X, a KaxIOMY X;— HECKOJbKO 'y, TO ITH
“JaHHBlE HAJO YHOPAOOYHTDH H 3armcan> B Bpme Ta0JTHLIBI
(TaGH 14.3).

Ta,6/lm,;av 14.3

yy V2 PER Y 2n,

Xy RCY LoV N3 S in Z”n
. 4 :

X3 A2y B2z 23 e Bp Z"xz
X3 sy 2y, R LW 2hss
X, T My R " Yn..

. . H N N N i< ] . +
va‘ an : Z"vz‘ Z"ys R BN Z"yn : Z”xy

X A L . .

3aech 4MCIa R ——YaCTOTHI, MOKA3bIBAIOMIUE CKOJBKO
pa3 NOBTOPAIOTCS NAapHbE 3H3aYeHus Xx;, y;. Hanpu-
. Mep, M,3 MOKA3bIBAET, CKOJBKO pa3 “HPOHU3OMITIO
CODBITHE, COCTOSIIEE B TOM, HTO X=x,, a Y=y,.
Ta6mn. 14.3, B xoTopo# pezyabTrarel HabOmogeHu 3a-
HHUCaHsl B NOPSAAKE BO3pacCTaHUS C YKAa3aHHEM 4a-
CTOT '#;;, HA3BIBACTCS ~ Koppensyuonnoh.. Koppensuu-
OoHHas Tabiupma ~'MOXET OBITH COCTaBJEHA  KAK
AN AUCKPETHBIX MPU3HAKOB, TaK M JUIS HENPEPHIBHBIX.
B nociepmeM ciydae pasHOCTE ' BAPHAHT . Xmax — Xmin
JeiTcs  TOYKAMHM HA P YaCTHYHBIX MHTEPBaJIOB
(x1accoB), - O6BITHO PaBHBIX, a NpH HNajibHeHweid 06-
PpaboTke HEPeXONAT K AUCKPETHOMY CTATHCTHYECKOMY
pacupesesienHIo, 3aMensis HHTCpBaJI Xi—p..X; €O Ie-
) JC;- +x¢
2 : . Lo .

U3 Tab. 14.3,,31?11&10, YTO KAXKAOMY - 3HAUCHUIO
npusHaka X oOTBeuaeT pacmpedelienue Tpu3Haka Y u,
HaobOpOT, OJHOMY 3HAUCHIIO Y oTBedaeT pacnpenene—
HUE -npH3Haka X. .

Taxk, Hampumep, npH X --x1 nMeeM

HTpOM Xi=

364



_.Vj T C0 Y2 Y3 Vn

Ry; i Ny ny,. Myg. et By,

\

opu X=x pacrpeeenne HMEET -CIICAYIOUIMHA BUT:

7N Y2 Ya o b
: - - 1o HT. A
naj Ay gy} Maa Hzn
Hanee npu Y=y} mOIy4aeM -
x; ‘ Xp - X, Xy . S
Mgy "‘:11 1 M3y . Ry
npn” Y=y, uMeeM :
X g b ox ) x| e X
- U T I
ny | M ng | Mas e L)

B oTmmyue OT (QyHKHMOHAIBLHOM 3aBUCHMOCTH 31ECh
HET CTPOroro COOTBETCTBUA Mexay X u Y, HO MOXHO
HafTH COOTBETCTBUE MEX/Y 3HAYCHHSAMH OJHOH H cpen-
HAM 3HAYEHHEM JNpPYyro¥ BEJINYMHBL

Onpeaenenne 3asucumocme mexncdy cayuatinvimu
geauuunamu X u Y, cocmoawan e mom, umo Kancoomy
3HAUEHWI0 OOHOT GeAUHUHbL coomeemcmeyem pacnpec)e/te-
Hue Opyeoil, . Ha3bIeaeMcA CHAMUCHIUYECKOT.

CTaTrCTHYeCKAs 3aBUCHMMOCTD TOKA3LIBAET, YTO €CIIH
BeuYMHA X NPUHUMACT OJHO 3HAYCHUE MIH TOMaJacT
B ONpENECHHbIH WHTEPBAJ, TO. TPHU 3TOM . Apyras
Be/MUMHA Y  IPUHUMAET HECKOJBKO. ‘3HaveHuii C ompe-
AeneHHBIME yacToTamu. KaxzgoMy 3maveHmio X .COTIO-
CTaBiseTcs pacnpeiesenue Y.

OCo0eHHO BAXHLIM = ABJIACTCH YACTHBI cnyqan cra-
THCTHYECKON 3aBUCHMOCTH, KOTJa KaXHOMY BO3MOX-
HOMY 3HAYCHHIO ONIHOM BENUYMHBI COMOCTABIACTCH Ka-
Kasg-1m60 YHCIOBAs xapamepncmxa COOTBETCTBYIOILETO
pacnpenencrus Apyro#. Takas 3aBACUMOCTb Ha3bIBAETCS
cmamucmiyecKkotl KoppeiAyueti WIH [OPOCTO Kappe/zm;u-
OHHOT 3aeucumocmeio. . .

[
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Onpeneneuue. Cpednee apupmemuueckoe 3HaueHue
seauuunbl Y, ebluucAeHHOe npu ycaoeuu, ymo X npunuma-
em . guxcuposantoe SHaeHue, HA3bIGACMCA  YCAOGHLM
cpednum u obosHauaemcs J..

AHAJIOTHYHO ONpENENSIeTCS YCIOBHOE CpEfHEe X,

B ciaydae manbix BRIOOpOK pachpeiesieHue npﬂaﬂarca
MOXET COCTOATH, M3 OJIHOTO 3HAUCHHS, TO3TOMY KOp-
peamMonHy 0 Tabimmy He COCTABIIAIOT. '

Obparumen x taba. 14.1. 3madennio x, =8 ormewaer
pacmnpenejicaie

oy o ]2
n; 1 2.
o 18:-1+20-2 :
H YCIOBHOE CpejHee. yxl=—-3——=l9,3.
Hanee npun x,=9 nmeem
Cy 200 [ 2e |27
L3 3 IR
- 20-34+24-1427-1 L.
Xy = =222,
npa x,=10 .
oy e o
n, 2 2
242472 ,
v, = ———=125,5; g
_ 4.
npu x, =11
»; .27 30
;. 2 1
27293000 o
P =T IR 080.
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B il —

=

[} IR
= SR

4 "N T T WU SN VSN o
V718 20 27 2% 26 28 90
Puc. 128 Puc. 129

]
-~ SRR,
=

TaxuMm o6pa3oM, MoyyueHa Cheayromas HoBas Tabiuma:

Fu ] 193 22,2 25,5 28,0

ONIpENIe/ISIOIAs COOTBETCTBHE MeEXAY 3HAYECHUSIMH X,
W YCJIOBHRIMH CpeiHuM# y,. IlocTpoum B p;exapmnon
CHCTeMe KOOPAHMHAT ToukH M, (X, yx) A COCOMHAM uX
OTpe3KaMH NPAMBIX. HonyquHax JINHHUS Ha3LIBAETCA
Imnupuueckoii - auHuell pezpeccun Y nHa X (puc. 128).

= U3 T1abn. 14.1 MOXHO COCTAaBHTD. €lie OJHY TalimIy,
NIOKa3bIBAIONIYIO COOTBETCTBHE MEXAY 3HAYECHHAMH J;
" yCHOBHbIMPI cpemmMn x,,,

¥; 18 {20 | 24 27 | 30 ,
% | 8 | 86 97 | 102 | 110
Jlomanas mmuHuA C BepnmnaMn N, (x Ha3biBaeTCA

IMAUPUYECKOU auHueli pezpeccuut X Ha JY (puc. 129).
Wi3y9as nuHNIO, HTOCTPOCHHYIO HO NaHHLIM IPUBEOCHHBIX
pbiIlie TaOJHI, MOXKHO «HAMETHTL» HEKOTOPYIO MIABHYIO
«CTHAKUBATOHTYION KPHBYIO, OKOJO KOTOpOH Ipynnupy-
I0TCA, WM K KOTOPOH «TATrOTEIOT» TOYKH M; wnu N,
'Taicym JHHUIO HA3BIBAIOT MeopemuuecKoll aunueil pe-
epeccuy. Y ma- X (X Ha ' Y) Hum JwHuEH PpETPECcCHH,
‘a coome’rcmymmee ypaBmerue j, =f(x) (%, =o(y)—
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ypaBHeHueM perpeccun Y Ha X (X Ha Y). HamGonee
TIIPOCTHIM ABJISCTCA YpPaBHEHHE HPSIMOM. . JIHHUH, HauzxeM ‘
ypasHerme j,=f(x).

®opma JMHUE PErpeccu M coomercmyromee 'ypas-
HEHHE YacTO TIOACKA3BIBAXOTCH IMIMPUYECKOIL . JIMHMEH
perpeccmn. Ecnu Touxu M, (xl, Vi) wm Ni(%,5 y))
pacnonararoTCs BAOJNb OPSAMOH, TO . JHHUSA perCCCHH
HA3BIBACTCH npﬂMou peepeccuu u OHepanysa «Crjaxmea-
HUS» - IOMAHOH CBOJHTCA K HAXOXKICHAIO NApaMETPOB
anb doymcunn

y=ax+b. Co(ary

Koppensuuonnass 3aBUCUMOCTH . WM IPOCTO - KOP-
peJISiiHs Ha3bIBAETCS MpAMOH, ecliu DOJMBIUEMY 3HAUCHHIO .
x oTBe4yaer OoJiblliee 3HaueHHe j,. M oOpaTHOH, ecnn
_C BO3pacTaHUEM X ‘3HadcHHE y, yOwrBaer. [l mpsimoit
Koppessiudd B, ypaBHeHHU (14.1.1) a>0,.a ans oOpaTHOI
a<(. Qysknus ypy=ax+b ABISETCH MATEMATHYECKOH
MOJE/IBIO H3y4aeMOil 3aBHCHMOCTH, KOTOpas TpH npa-
BUJILHOM €€ [IOCTPOSHHMH OymeT BBIABJIATH TCIaBHeHIIME
cBoficTBa M3ywaeMoro mpolecca WX HBJICHHA M HC-
KJTI0YaTh OTACIbHBIE «BO3MYIUCHUS, BLI3BAHHBIE CITy4aii-
HbIMH, HE XapaKTepHBIMH [JIt NAHHOTO SBJICHMS, (ak-
TopaMn

§ 14.2. TMHENHAA KOPPENALMA.
ONPEAENEHVE MAPAMETPOB
NINHENHOW 3ABMCUMOCTW

'METOAOM HAUMEHDbLINX KBAAPATOB

[MpeanoIoKUM, YTO IO - SMIMPUYUECKON JIMHHH pe-
rpeccuyt WM - B3 APYFHX COOOpaXeHWi YCTaHOBJIEHO,
MTO. MEXAY ABYMS KOJAYECTBEHHBIMA IPU3HAKAMHU CYILE-
CTBYeT, JHMHEHHAA KOPPEIAUMOHHAS 3aBHCUMOCTD.

YpaBHeHne perpeccpm HMeeT BuA N h
o Vi ——ax—l-b
s i ng _ax— b =0, _ . (142 1)

CHat{ana paCCMOTpnM npom*emnnn cywai, Koraa
napel’ uuces B Tabn 14.3 uHabmonanuce nmo OIHOMY
pasy, T.e. ng=1 jmua Beex i=j u n;=0 anw Bcex
[#J (CM rra6'11 14.2);-- IlogcraBus B (14.2.1). smecro
X My, x; Wy, MBI HE HOJYYMM B NpPaBofl 4YacTH
paBCHCTBa HOJIb, Tak Kak HA  pe3ysbTATHL, KaXZAOTo
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‘HAOMIOJEHAS BIAHAIOT CiyHaiiHble «BO3MYyweHus». Mme- .

..........................

Yncia vy, Uy, V3, .., U, HA3BIBAIOTCH OTKJIOHSHHAMM;
TlapaMeTpet a. b ‘HaXORAT W3’ YCIOBHS, coctommero
B TOM, 4TOGBI CyMMa KBaipaToB OTKJIOHEHHH

v-l+u2+v3+...+y,,~=z v _(14;,.;2,2)

6bula  HamMeHbIUEH W3 BCeX . BO3MOXHBIX. ITo3roMy
METOJl Ha3LIBAETCA MemodoM - HAUMEHbIMUX K8aopamoe.
Cymma (14.2.2) sBisietcs  ¢yHKUpel  mapameTpos
a u b. CocraBuM 3Ty OQYHKHUIO, 3aMEHUB 3HAYCHHS
v; Ha' y,—ax;—b. VimeeM )
H n . .
Fla, b)=} vP=% (yi~axi—b)".
i=1 i=1
s HAXOXIECHUS MUHEMyMa (bymamn F (a, b), 3aBu-
calmel OT HBYX HEW3BeCTHHIX @ M b, HalJeM YacTHBIC

: oF oF , .
IPpOU3BOJHEIC -a— n -5; W NOPHAPABHSACM HX HYJIIO:
a .

2 ymax=b)(~x)=0,
| i (14.2.3)
2(y;—ax; —b) —1)=0

BrineceM IOCTOSHHBIA  MHOXHTEND 3a 3HAK cyMbe
yMHOXUM 06e dactu paseHcTe (14.2:3) Ha (—1) ¥ me-
PerpyniupoBas CiaracMble, 3aluileM

Zx +b2x Z'xiy,.,-k-» '

‘ =t (14.2.4)

aZx+bn~—Zyl P

i=1 . . L Cod

Haiing u3s cucremst (14.2.4) a u b, IOJTY4aEM HCKOMOE
ypaBHEHHE NPAMOH JIMHMH DPErPECCHH
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Fx=ax+b, (14.2.5)

rne a-—BbI60pO‘iHI>II/I Ko9d)q)1/nmeHT perpeccpm

Cucrema (14.2.4) cocrasnena ans ciydas, KOraa
mapel YHCEN X; ¥ Y, HaOOJAMCh O OJHOMY pasy.
Eci HeobX0AUMO ~ HaiTH mapaMeTpsl @ u b, Korma
CBsA3b MexXAy X u Y omuchiBaeTCI KOPPETSUMOHHOMN
Tabnuuedf, To cUCTeMa ypaBHEHMt OyIeT HMeTh BHI

2. he_ —
ax‘4+-bx=x
TR (14.2.6)
ai+b=7j,
rac ' L
=
< = < HijXis V5
_ Imd Tas B sz,
i=1 = __i=1 - __j=1 = =
X = X= , Xy=
N 7 N Y v YT
3navennsg Ny, My, N, —NOsACHAIOTCS Tabm 14.3.

Hns onpe,uenemsx a u b wu3 cucrembt (14.2.6)
YMHOXHM BTOPOE YPABHEHHE Ha X M BBIYTEM pesynbrar
IIOYJIEHHO N3 HepBOFO ypaBHeHHﬂ

T ax +bx=xy
a(x)*+bx=xp

a(x®—(X)?=xy—%p,

OTKYId

_ Xy—Xj
, (%)%
U3 Broporo ypaBHeHI/IH (14.2.6) HaI/II{CM b=j-a%

M UOICTABAM €0 B VYPaBHCHUC PErpeccuu (142 5).
‘B pezyibTate umeem

» o yx =ax+b.
Hanee momyudem o ‘
. Ve=ax+y—ax -
Fe—y=a(x—X). 427

IMpoBoas aHalxQruvHLIE paccy)lc,neﬂﬂ;! VTS ypaBHEHHUS
perpeccuu

L X=cxtd,
TpHXOZHM K ypaBHeHn}o v E R
| x,—x=c{y—73) ' - (14.2.8)
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IS : . e ;
Vrnosoit xodbduument npsmoi (14.2.7) HazwmBaercs
eutbopounsim Koagguyuenmom pezpeccuu ¢ Y Ha X, ero
0003HAYAIOT CHMBOIOM. P, : '
Xy~ %y
"
BbI60pO‘IHbII/I Ko:a(bdmnneﬁr perpeccpm ¢ X na Y na-
X0gaT mo ¢dopmysie
3y %7
y2_( y—)Z ‘
B pesyabrate ypaBHEHHS NPAMBIX - PETPECCHY  IIPH-
HEMAIOT CHACHYIOUIMA BHI

Fim P =Pylx—%); (14.2.9)
xy—fj:pxy('y—'ﬁ)‘, . (14.2.10)

Pxy=

§ 14.3. ONPEAENEHUE NAPAMETPOB
NUHENHOA 3ABUCUMOCTU
CNOCOBOM BbIBPAHHbLIX TOYEK
Y CNOCOBOM CPEAHENA

[IycThs HAanHbic HAOMIOACHHI NPEACTABACHLI B BHIC
Tabyn. 14.2. IlocTtpouM B cHCTeME KOODAHHAT TOYKH
M; (x;; ), i=1, 2, ..., n, 1 NpoBeJeM NpAMYIO [ TakuMm
obpaszom, 4TOOBI OHA [POXOJWAA KaK MOXHO OJke
K 9TuM ToukaMm. Jlanee BeiGepeM Ha HOpsMOH IBe
Npou3BoIbHBIE Toukd N; 4 N,. YIx koopauHaThl Hallaem
C TIOMOIIBEO UEPKYIIL W WOFCYHTAB - AAHHY . COOTBET-
CTBYIOLHX OTPE3KOB, BOCHOML3OPABIIACH MHAIEMETPO-
Boi Gymaroii. IMTomyaum pse . WAPBI  UMOCEN (e ¥1)
1 {x,; y,). VpaBmemue upsmoii, mpoxoAsied yepes
JIBe HaHHBIC TOYKW, M OIPEHEIMT HapaMeTphl 3IM-
oupuueckoi  GopMyJIs - -

' Jy=ax+b.
B 3TOM H COCTOHT CHOCOD BLIGPAHHLIX TOYEK.

Cnoco6 - cpeoneii. Pazobnem pesynsTaTel HaGmIO-
OeHuil, moMelieHHHX B Tabua 14.2, Ha JABE paBHbBIC
(AAM OOYTH paBHbE) HO 00BeMy rpynnel. Jlas ompe-
JIeNeHAs TapaMeTpoB a H b uoTpeﬁycM 4TOOLI
OTKJIOHERH :

yi—ax;—~b=uv; {(14.3.1)
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B3aHMHO .  IIOTAIIAJIHCH
B Kaxaoi rpynmne, T. €.
YTOOBI | BBRIIOJHSIACH
paBeHCTBa ‘

(v —ax’;b);o,

IS NN B SO N |
ol 1 23 4 5 7

Lo
)

(;;)‘—dxi—fb)='0.

,’)“F toIuTLITL L L

i=m+1

Hocne neperpynm’/lpon-A
KH CIAraeMbiX HPUXOIMM K. CHCTEME IOByX ypaBHeHi
C IIBYMH HCI/ISBCCTHLIM](I

Zx—t—mb Zy,,

Puc. 130

' "1"' vodE EE ‘('1'4,.3.2)
a y x+(n m) Z Vi
ifmsl 0 i=m+1-

@ Ilpumep 1. Micnone3ys meronx BEIODAHHEIX TOYEK, HaiTH KOp-
PEIISLHOHHYIO 3aBHCHMOCTb BHA2 y=ax-+bh, ecyum pe3ynbTarsl Ha-
Garozennii mpencTaBneHsl B cleRylowel - Tabiuue:

y | 28 13 | 4 21 | 39

Pemwenue. Crpoum Toukn. M, (1; 2,8), .M, (2; 1,3), M;(3; 4,1),
M4 2.1), Ms(5; 39) (puc. 130). Iposesem mnpsamyio /. - Brr
GepeM mee Touku N,el w N,el 4 u3MEPUM HX KOODAHHATHI.
1'ch1'1> N Q; 12), N,(% 3 »3). 3amumem = ypasnenue mpaMoit
(N 1 i ‘ v - { ‘

y=20 x=1
33-20 4—1°

B peayanaTe npeoﬁpaaoaamm noJIyuyuM y= 043x+1 57
Taxum obpasom, a=043,:6=1,57. @ v

g ] l'lpmep‘z‘.‘ Hcnons3ys crocoG cpenHel, HafiTH KOPpPEIAIMOH-
HYIO - 3dBUCMMOCTBL BHIA . y=ax-b, €CIn pe3yibTaThl, HAOIIONEHMH -
npencrasyienbl Tabmuneit npumepa. 1.

Pemenne. PazbupacM pedynsTaTthl Ha 2 rpymmel. Ilycte m=2,
n—m=3. Jlna cocrasienus cucremul (14.3.2) Bhiumcienus UpoBeaeM
B8O BCcHoMoratenpHO# Tabinune (Tabs. 14.4):



Tabnuya 144

x =12 | oy i=12 x =345 | Y i=345
1,0 28 | 30 a1
2,0 13 40 21
50 39
3,0 4,1 120 10,1
Penus cucreMy -

.

f 3a+2b=4,1,
’ 12a+36=10,1,
gaxommMm a=0,53, b=1,26, ky=0,.53x+l,26. ® ‘
! . R t
@ IIpumep 3. Vicnonb3ys Merod HAMMEHBIIMX KBAXPATOB, HAUTH
KOPPE/ILIAOHHYIO 3aBHCHMOCTh BHja y=ax-+b, ec/m pe3yanTaThl
nabiofesuii npejcraBnaeHsl Tabuuued npumepa 1. '

Pemenne. [na onpeaencHus gapaMeTpoB a ¥ b BOCROJB3yeMes
cucremoit (14.2.4)

 Burumcnenne koopduimenTos a u b MpPOBSAIEM BO  BCTOMOTATEMbHOR
Tabme. (Ta6.n 14.5). ; -

Ta6/mua 14.5

oot | % o a
1 | 28 1 28 .
2 2 13 4 26
3 .3 a1 9 12,3
4 i 21 16 Y
5 5 39 |2 195
Tx=15 “zyi=14,2 CYxP=55 | Yxyi=456

Pewas cucremy o '

: : 55a+15b=45.6,
15a+5b 14,2,

nosydaemM a=0,3, b=1,94, y=0,3x+1,94.
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- Kag. BumuM, TpHUMEHSS PA3IUYHBIE METOJIBI, . Mp .
NONYyYHIH U pa3Hble pe3yabTaThi. Pacxoxnaenue 06BIC- -
HAETCA MPEXJE BCETO TEM, YTO YHCJIO Hap HabGIIONeHMmi
CPaBHHUTEJILHO Mayo (n= 5) ‘MeTon, HamMeHBIIAX KBa-
PaTOB. MMEET CTpOroe MarTeMaTmyeckoe OO0OCHOBAHUE,
HO3TOMY Ppe3yJIbTaThl BBLIYHCIICHME, IOJYYEHHBIE C €ro
nOMOHIbIO, cuuTalrTcs Oolee 6)‘[1/13KI/IMI/I K TOYHOMY
3HAYEHMIO HEM3BECTHLIX NapaMerpoB a W b. .

§ 14.4. KO3 @UUUEHT KOPPENAUWN U EFTO CBOWCTBA.
nPUMEP BbIPA»BHI/IBAHVI'ﬂ" OnNbITHbIX .ClAHHbIX

Ob6patumMca K TadI. 142 u Ham:[eM X, u ¥,, nanee
COCTAaBAM pasHoCTH x;— X, M y,— Y,, 3aTeM BBLIYACIIHM
HPONSBENEHYS (l —X, )(yl Y,). Bce BBIYMCITGHMST TOMe-
cruM B Tabi. 14.6. C ’

- Tabauya 14.6

Howmep - :

Habmo- | Tx; Vi x;—X, »n—-Y, =X Yy-T)

HeBusa . - . e
1 X1 Y1 Xy —p }’z"?a (x1"Xa)(y Yn)
2 X2 Va2 x,—X, 7 (2= X,) (v~ 1)
3 X3 Y3 x;—X, =¥} (x-X )’(Vs_f’n)

i Xn ’ Vn xn_/‘—;n yn*Y;i (xn——‘?s)(yn_yn)

int Zyi: 'Z(?‘i"‘/‘?s) ~;Z(yi7‘ }”’,?) PRERSRITEINE

Eecnn mexay X u Y cyniecTByeT JnHeiHAsN KOppesAnmsl,
TO Pa3sHOCTH X;— X U y;~ Y, A KaxA0oro i, i=1, 2, 3, ...
UMEHOT OJIMHAKOBBIE 3HAKM B CIIy4ae UPSIMOM KOPPEITAIHHT .
U OPOTUBOHONOXHEIE B Cliy#ae  0OpaTHOH KOppEIALMu.
- CnepoBaTesibHO, NpH HAJNUYHHA KOPPEJSIMOHHON 3a-
: n

Bucumoct  cymma  y (x,—X,J(y;,—Y,) ecrn. wucio,
g i=1 i '
OTJMYHOEe OT Hyjsd. Ecmi xe X u Y He CBS3aHEI
. KOPPEAALIMOHHON 3aBHCHMOCTRIO HJIM, KaK TOBOPAT, HeE
KOppEJIMPOBaHbI, TO 3HAKH pasHocTed x;,—X, ® y,— Y,
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H‘o-c'ﬁ_r CaydaiiHblif XapakTep, OpH cywnponafmn OHU

B3AMMHAO . HOTALIAIOTCS M CyMMa %Z (xf—-XB)( Y)
i=1 . "

npu GosasiioM umciae HaGmomeHud OyJeT Maja HiH
paBHa Hyso. CiAeAOBATEALHO, 3TA CYMMA XapaKTepH3yeT
Mepy BJIMSHHS W3MCHCHNS OJIHOM BE/IMYMHBI Ha H3MCHE-
“HHE APYroi.

QupeaencHue. Bbzéopounbm KOpPeAAYUOHHBIM MO-
MEHIOM UAU KOBAPUAYHET- ny HA3bIBACINCA YUCAO, OHpe-
Oeanemoe HopMmya0s

v-—-_%Z(x X)0=F) (44

‘B Teopuu KOppESIIMM JOKA3LIBACTCH, 9TO - 8CAU
X m Y wnesasmcumel, Tto K, =0. Koppensumonmblit
MOMEHT XapakTepU3yeT CHITy Ca3m mexay X nm Y.
Pasmeprocte K, paBHA IIPOH3BEACHUIO pasMepHOCTEl
_HabrofaemMbIx cnyqaﬁﬂmx sesmumn. Pasmenus K, Ha
OPOU3BENICHAC CPEFHUX KBAAPATHUCCKUX OTKJ’[OHGHPII/I
HoNAyYHM Be3pasMepHsiil ToXa3aTe b

: K, .é b= K)o 1) k14472'
TS memem 44D
NN -
SR |
NP 1 . (14.4.2a)

JEbmr S vy
i=1 i=1-~

Onpenene HYe. Boibopounsim Koaﬁgﬁuuueumowz Kop-
peasyuu 1, HA3LIBACTNCA  OMHDUICHUE  EbIDOPOUHO20 KO-
PeAAYUOHROZ0 momenma K., k npousseoenuio 6s160pouibLx
CPEOHUX KBAOPAIRULHBIX OMKACHEHUT FWUX  CEAUNH.

Dopmyiy (14.4.2) MOXKHO 3a1mMCaTh B APYroH dopme,
yaoOHOH IS - ciydaeB, KOrAA - 3aBUCHMOCTH  MEXAY
X mn Y zajaercs KOppeJSIMOHHOMN T&6J‘IHIICI/I Nmeem

%i '(xi"vyn)(}"i._ Yn)=%<i (x3:—X,¥,~ qu

.



Torma

_XTRT (1443
Mo
CgoiicTBa BBIGOPOUHU-

ro xoaq)(bmmema Koppe-

JIAIuN, v

1% 3uauenun xospgu-

Yuenma Koppeiayuu uame-

HAIOMCA  HA - MHOJICECmEe

[=1, 1] {r: —1<r<iy.

. . Yem 6oavuwe |r],

.meM mecHee C8A3b MeHcoy

uzyUaAeMbIMU . KOAUYECH-

| H | 1
oz 4 6 8 10 12

Puc: 131

SEHHBIMU NPUSHAKAMU,

3% Ecau |r|l=1, mo Koppe/tﬂuuounaﬂ 3aeucuM0cmb
cmarosumes PYHKYUOHAABHOT.

4° Ecau r=0, mo Memz)y u3yttae/wbmu npusHaKamu
Hem AUHEUHON KOPPeAAYUOHHOT 3aBUCUMOCINU, HO YCAO8UEe
r=0 He uckmouaem cyujecmeosanun KaKozo-aubo Opyz020
suda KOPPEAAYUOHNHOU  3aBUCUMOCIU (napaboauueckoii,
noxaszameabHol u Op.). :

)

@ Tlpamep. 3aBHCHMOCTL MacCHl NOpPOCEHKA, Y (kr) OT ero
Bo3pacta X (B ‘HeHensx) XapaKTepusyercs cheayrowiedl TaGnuueit:

x | o |y p 231 a5 |6 | 7|8

R - : 4

v |-13 1'25 139 | 52 | 537590 |108]131

a) Moxkasare, 4TO KOppensuus . JIHHeHHas;

6) ¢ noMouIIo CrIocoGa. HAMMEHBUIHNX KBaJIpaTOB HaHTH NHHEHHYIO
3aBHCHMOCTh Mexay X u Y, ;

-B)-HailTH BHIGOpPOYHBIH KOS(b(bPIIH«IeHT koppemumu

Pewenne. ITocTpouM B cucreme KOOPAUHAT Oxy Touku M; (s ¥2)
(puic. 131). M3 puc. 131 ‘Bugno, TO, TOUKH DACTONAralOTCA BHOJNb
npamoit nurum. Jna onpepencHus ko3bhGHUMEHTOB @ H b coCTaBUM
BCIIOMOTATENbHYIO Tabumuy (rabin. 14,7).

Tabauya 14.7

Homep ma- )

6mopnenns X;; Helem - Vi Kr x? X;¥i
1 0 1,3 . 0 0
2 i 2,5 , | L0025
3 2 39 4. 7.8
4 3 52 1 9 15,6
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« Tlpodoasicenue maba. 14.7

Homep ma- e :
601eAN s X;, Benen ¥y KO x? x;
5 4 53 . 16 21,2
6 5 7.5 25 37,5
7 6 9,0 36 54,0
8 7 10,8 49 75,6
9 8 13,1 64 104,8
Y x=360 | Ty=586 | Y x?=204,0 |3 x3=319,0

o CucremMa ypaBHeHWH HMeEET BUA
204,0a+36,0b=319,0,
36,0a+9,06=58,6,

OTKyna Haxogum: a=142, b=0,83, . y=1,42x+0,83.
-OnpenenuM Teneps  BEIOOpOYHbIH xovddument Koppemmpm Boc-
nons3oeapmuck Qopmynoit (14.4.2a), Haxomum . . .

2,54 755 651
’4 +=73 9 s
" .CocTaBngeM BCHOMOTATENBHYIO raGmmy (Taba. 14.8)
g \ Tabauya 14.8

Homep _ - o o ] _
gabmo- {x; | yi | %~X, L 3= T, | (=X )x 1 (xi';“X»)z AL
llém*ll ‘ . " ':(yi_ Y.) ‘ ]
1 |o| 13} ~40[-521] 2084 16,0 27,14
2 1{25} -3,0-401 12,03 9,0 16,08
3 2| 39f —-2,01=261 522 {0 40 L 6,81
4 |3]52)-10]=131" 131 | 10 SR
5 4153 0,0 { —1,21 000 (- 00 | " L46
6 5{75| 1,0 099] - 099 R0 00,98
7. |6} 90| 20| 249 498 40 17620
8 7.110,8 3,0 4291 12,87 ~9,0 718,40
9 8 113,1 4,0 6,591 26,36 160"‘ © 43,43
Y, =84,60 | Y =60,00 {7y =12222
Mmeem " ' : : sk ]
(e, -X)(y—Y) - !
i=zl ( ¥ !) (yl B l) 84,60
= — = - ===0,98.

z": (x,—X.)> i (y;;y )2 E\/g(),o_'122,2(;)
i=1 S ¢ s/ R
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Kax BumuM, CBW3h MeXAy BeIMduMHEAMM X H Y OveHh TecHad.
Koadpbunmear xoppensuuu  Ommsox x 1. e

: § 14.5. APOCTEAWINNA CRYYAN
vKPMBOﬂMHEVIHO’W KOPPENALIMN

B § 14.2. paccMoTpeHO TIOHSITHE AMHEHHOH Kop-
pensimu. PaccMoTpum Teneps Oofee COXKHBIA CITydai.
IIycts pesynpTatThl HAOKIONEHWM Haf CITydalHBIMU BEJIH-
ypgnamu X ®m Y mamet B Buze Tabn 14.2 wium B Bune
KOppeassuAonHod Tabmust 14.3. _

Hocrpoum B cucteme xoopauHat Oxy touxd (x; ;).
HonyctuMm, 4YTO BCe OHM - PACHOIOXWIHCL BHYTPH KOH-
typa ACBDA (puc. 132). MOXHO NpPEQION0XKHTL Cy-
mecrsosanve nuHud M, M, M,..M,, nmo obGe CTOPOHBI
KOTOPOH HAXOJSTCH TOMKH (X y,) Y1066l OnpenenuTh
3Ty IUHUIO, MOCTYNUM CIeaAyiomM oGpazom; Pazobeem
PA3HOCTH a6c1mcc TOYER A u B Ha n paBHbIX JaCTHYHBIX
MHTEPBAJIOB (X;...X;, ) H 4epe3 TOUKH ACNCHUA HPOBEAESM
npsiMele, papajuienbhsle ocu Oy. B pesynbrate dmrypa
ACBDA pa3o0beTcsi Ha ' n IIOJOCOK.

BorupesruM  cpegHue 3HaYeHMsI y; IUIS BCEX TOYEK,
oIaBIIUX .B I-fo- monocky, i=1,2,3, ..., n, 0o ciemy-
oM (hopMmyaam: -

<

my mz ‘my . Mn
Lr I PR Zn
,ylzl;’;l » y2: » .y3 m, 3 20y yn%%,

TJe #,—4ACJI0 TO4YeK, HONABIIAK B i-#0 TOJIOCKY.
Jlanee BbwCTHEM I T—— XM rowex B cepemmue
KaXJOro YaCTHYHOTO HHTEPBANA, X{=X,

x(l1)=x1+xz. x(21)=xz+xs, x(1')=x3+x4”. F Tt
o2 2 '

» v 3 P n

Ho CH psm TOYEK
M(le, v i=1, 2, 3,
. M. IlOCTpOHB TOUKH
M; 1 coemHUB ¥X ILIaB-
HOI HPSIMOM, BUAMM, UTO -
Bce TOUKH (x; y;) «rs-
TOTEIOT» K 3TOH JIMHVH,
HA3HBACMON JTHMER pe-

oG % Ipeccmu. B pamiom-ciy-
‘ YaE - HIMEET MECTO. KpPH-
. Puc. 132 : BOJIMHCHHAS ROPPEILIML.

i’



- B TeopHH KpUBOIMHECHHON KOPPE/IIHN  PEIHAIOTCH
TE K€ OCHOBHBLIC ROIIPOCEHF, YTO B B CIIYYa€ HPSIMONMHEH-
golt xoppensomm (cm. § 11.2). DvMuospadeckyro JIHHHIO
PEFPECCHt - €CTECTBEHHO 3aMCEHUTL  yX¢ HE - IpIMOl
JUHUEH, &, HanpuMmep, Mapabosiol Bropo WM FpeTbeil
CTENeH!, T.-€. TPEeAHOJIONKATE, YTO YpaBHEHHE = Teope-
. THIECKOH JIMHUM perpeccEH Y Ha X wuUMeeT BULI

J.=ax*+bx+c, - (14.5.1)
28134 .
Jo=ax*+bx*+ex+d . (14.5.2)

Bo3aMoxHBI - B Apyrue = THHLI ypaBHEHHUH,  HampHMeEp

y.=alx, wm p.=Ae", rne a, A b—~HOCTo;IHHb1e~

HOJIEKATTHE  OIIPeIeAEHUTO.

Urak, mycrs 1o gopme 3M1'II>IpI/I‘IeCKOPI AUHUA pe-
IPECCHH, YUMTHIBAS OCOOEHHOCTH WM3yd4aeMOro Iponecca,
MBI PCIIMIA, YTO 3ABHCHMOCTD MEXAY cnyqanHmMM

BeJnvUHaMHa X B Y HMEET BHI ¥, =ax +bx+c Hs.

9TOrO PAaBEHCTBA CJEIYET, HYTO
Fe—(ax?+bx+c)= 0 (14.5.3)

Ho B pesynprare moncranoBry B (14.5.3) Bmecto x u j,
pesynpTaToB HabmoneHni (X;, y;), MBI HOTYIHM HE HOMb,
a HEKOTOpOe HHCNO U;, T.€. HMEeT MECTO OTKJIOHEHME.

Kosbdunuenter a, b, ¢ HaXOHAT UpPR YCIOBHH, CO-
CTOSEHIEM B TOM, YTOOBF CyMMa KBaApaTOB OTKITOHEHHH
v;, BBMHCAAEMBIX Ho (opmyre

‘vlzy.—(ax-"—i—b'x.—l-c) i=1,2,3,
6buia MuHMManbHOH. C  9TOH  menpro  COCTAaBISAETCS
dyaKOUA .
. n n )

F(a, b, c)= Z vi=Y (y;—(ax?+bx;+c))’

l_‘ i= .

Hccrenys 5Ty GYHKIMIO Ha 3KCTPEMyM, IOLOOHO TOMY,
Xak 9T0 - Opuio. caemano B § 14.2 1m0 OTHOIUCHHMIO
K JHEeWHOH (1)yHKIJ;I/II/I nonyqafor CI/ICTeMy

(az.x +b2x +c2x—zx Yir

i=1
n

) =1
aZx +b2x +e Z Z Xy, (145.4)

i=1 . i=k

aZx +b2x =Zy,..

s

.
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PesyibTaThl- Babmomenmit (X, y;) noAcTaBisoT B ITY'
CHCTEMY M, peluas ee, ONYYaroT MCKOMBIE Ko3hpumuen-
Thl a, b, ¢. TecHOTa WIM CHla 3aBUCHMOCTH MEXIY
semmuuHEaMu X u Y B Cayuae KpUBOJMHEHHOH KOppess-
1M ONPEHAEIACTCH BHIOOPOYHBIM KOPPEJIANMORHBIM OTHO-
IIEHAEM T, KOTOPBI Bceraa Gepercs €O 3HAKOM «+».

-

- - : (14.5.5)
. ' ’ 0" ‘}

e - M, ~—OUCHKA -KOPPCIAUMOHHOrO OTHOIICHHA [T
BCEH MCCNIETyeMON COBOKYNHOCTH \ v

.n - n ‘ n
v XA Y
o*,?:",:’, -, 2=zt ——, va=‘—;

§ 14.6. MHOXXECTBEHHAR kKOPPEﬂFIVUMFI

TIpeanosyioxuM, YTO HYXKHQ YCTaHOBHTH 3aBHCHMOCTE
MEXJAY - Maccod XWBOTHOIO Z, KOJHYECTBOM CKapM-
JIMBAaEMBIX €My I'PYOBIX KOpMOB X M XOHUECHTPATOB Y.
3aBUCHMOCTE MEXIY JTHMH BEJIMYMHAMH NOJTBEPXIACT
TOT (akT, YTO HPOLECCHI M3MEHEHNS MAacChl XHBOTHOIO
u notpebieHne KOPMOB IPOTEKAIOT BO BPEMEHH, KPOME
TOrO, ONBITHBIE [JAHHBIE CBHIETEILCTBYIOT, YTO MEXKIY
X, YnZ CYWIECTBYET ONpE/CICHHAs CBA3D. B pesynsrate
Habmozieniit nmonyuena Ttabsmma (taba. 14.9).

Te d5ﬂuua 14.9

X Xy Xy X3 s e x,
i Y1 B2 Vs . T Y
z; z, [z, ] Z4 e 'z,

Koppe/suuoHHy10 3aBHCHMOCTS MEXTy STHMI. 3HAYEHH-
SIMH IPH3HAKOB HA3LIBAIOT MHONCECMBEHHOL Koppeiayueti.

PaccMoTpuM HPOCTERIME CiIy4ail, KOrga IO CYIECT-
By H3y49a€MOIO SBJICHUS MOXHO CUHTATh C AOCTATOYHO
60/IBINON BEPOATHOCTBIO, YTO MeXAYy X, Y u Z mmMeercs
JIuHeHHas 3aBHCHMOCTD, KOTQPYIO MOJXKHO IIpeJCTaBUTh
yPaBHEHUEM e ‘

Z=aX+bY+e. - (146.1)
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B, aToM caydae HYKHO. PCIUHTh .CICAYIOUIHE 33JaYM:
1) mo JaHHLIM . TAGIMOBI . HANTY . KOIGOUUMEHTEL | a
b c TaK, 4TO0BI (bymcmm (14 6.1) Hamtyunmam o6pa30M ,
OTpakana BaXHEHMIIME, CBOUCTBA. U3y9aeMOTrO  SBJCHWS;
~ 2) BHIpa3uTh . B . BUAE UMCIA . MEpY MM TeCHO:ry”
3aBUCHMOCTH MEX/Ty 3HAYERHSIMH IpPU3HAKOB X Y, Z;.
3) BBIPa3UTh B BHJE UMC]A MEPY MM TECHOTY CBSI3H
mexnay Z nu X opu Q)annpOBaHHOM Y, Mexc;:(y Z n'Y npu
¢uxcupoBaHEOM X,
- Koadpduuuenrst a,. b, ¢ Haxonsrr C IIOMOIIBIO ciIocoba
HAKMEHBIIHX ' IcBa,upaTOB I[Jm aToTo Bblqncnﬂm'r oT-
KJIOHEHHUS: : S S

u1=Zl,v"—_(ax1_—§‘—by1+c);,_ P
vy=Z,—(ax,+ by, +c),
vy=25— (ax3+by3+c)

vy=2, (ax +by,,+c)
PaCCMOTpuM cymmy KBaJpaToB OTKIOHCHMS
Z v Z (Z;—(ax;+ b y;+c))?, - 3aBHCAIyIO oT. a;

i=1
b I/I cC Hu 1'I03TOMy HBJI?I}OIIIy}OCSI ux (byHKIII/ICI/I T C

=

Fl(a, b, c)= (Zi—(raxi'l’by‘iv—}' c))?.

i

=1
Haiimem Taxxe 3Hauenus a, b, ¢, HOpUE XOTOPBIX
F (a b, c) =min. Kax H3BeCTHO, IN# 3TOro HEOOXOMUMO
HaiiTH YacTHLIe DPOM3BOJHKIC TO APTyMEHTaM @, b,
¢. Mmeem

=2 En_j( » —(ax; +by,+c))( x;),

-

{

5=2 Y (Z=(ax byt o) (=),
oF o

—=2% (Z,—{ax;+by;+c)) (= 1).
[IpupaBHHBAs YACTHBIE TPOM3BOMHBIE HYIO K neperpyﬁ- :

MUpOBaB CiraracMepiC, MEL IIpUXOJUM K. CHCTEME U3 TPEX
ypaBHeme C TpeéMs HCU3BCCTHBIMH®
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bey,+ch—-Zx,zl,

x;yi+b S yitey y= 2 yifzi, (14.6.2)
1

1—1 i=1

4 S ibne= 52

-

-~

uM': ,EM’ ﬂM:

N\ ) »
MoxHo moOKa3aTh, YTO 4HCIA 4, b, ¢, HAlACHHBIE W3
: : '

cuctemsl (14.6.2), mocrasistor dyskmmn F(a, b, ¢)= ). v
i=1

MUHUMYM.
Yacro ypaBHeHne cBSI3H Me>r<,z:[y X, ¥y ¥ Z 3aIUCBIBAIOT
B BHIE

Z-Z =A(X—X‘)+B(y—,Y)
rae Z X’ Y, —cpeanue 3HadYeHHS HAOIIONAEMBIX
npmHaKOB VR OIpesieNsIIOT N0 (hopMynam

[ SN O,

A,;’%Lﬂ ;’/, ‘ (14.6.3)
. 7 ,yz_rw,z,x o, : ‘
. B B___:E;__ oTy' (14.6.4)

30ech 7, ¥y, Fpy— KOIQQUOHEHTH KOPPESIIUN COOT-
BETCTBEHHO MEXJly 3HavYeHHSMH HOpU3HAkoB X u Z,
YuZ XnY o, 0, 0,—Cpeaguc KBaIpaTH¥ecKne
OTKJIDHEHHANA COOTBETCTBYIOIHHX  HPU3HAKOB.

Mepa mAR TECHOTZ CBA3W 3HAYCHW mpu3Haxa Z €o
3HaYeHUSIMH NPU3HAKOB X M Y OIICHUBAETCS MO (PopmyJie

. - MYIE
R= \/ Taylaslye s , (14.6.5)

l—-r” . "y

rae R—noussli xoadduunedtr koppeasiuy (B OTIHYHES
OT KOIDQUUMEHTOB 7y, Fygs Tys)-
‘Besruysy R BCEIJa CUMTAIOT NONOXKHTEHALHON, OHA
MOXET NPUHHMATHL 3HAYEeHUS Ha MHOXecTBe [0, 1].
‘MoxHoO pgOKa3zaTb, YIO TECHOTA CBS3U MEXIY
Z n X (upr QUKCHPOBAHHOM Y) OHECHHMBACTCH YACTHBLIM

BEIOOPOYHBIM KOI(D(PHUIMEHTOM KOPPEJISIHH

L ____ Ly rx;y’ry.z
Txz(n™

"_‘{i —-7”9%(3 —ry
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a TECHOTA €BAH MEXKITY ZuY (mpm (bmccnpOBaHHOM
' X) TakuMm xe ‘KOG PUHUCHTOM |

i

g rxyrxz

Yyz o) = s r~———-———-
/ _rxy, _'rxz).

CaolicTBa r,, () U I, (, AHAJOTHYHEI CBOHCTBAM BELIGOPOU-
HOTO Koa(b@mmema KOPPeJISIMA, U3JI0OKEHHbIM B § 14.4.

§ 14.7. Bbl‘BOlel

HepeMeHHbIe BesmadHbl X B Y MOryT OBITH CBS3AHBL

ay (13YHI(HHOH3HI:HOI/I 3aBHCHMOCTBIO;

6) craTHcTHYeCKOH 3aBHCHMOCTBIO, B YaCTHOM CiIyvYae
KOPPENAIMOHHOM,

3aBHCUMOCTD = HA3RIBAGTCSA. KOPPEISIUUOHHON, €CJIa-
KaXIOMY - BO3MOXHOMY 3HAYCHUIO OJHON BEIUYUHBI
COHOCTaBJAETCA Kakasg-Tu60o YHUCTOBas XapaKTepUCTHKA
COOTBETCTBYIOILETO PaCHpPEICTCHIsE ApYr O

Tabmuna ¢ AByMs BBOJAMH, B KOTOPOH pE3YIBLTATLI
HabJuo/leHuil 3aiMCansl B HOPAAKE BO3PACTAHUS C yKa3a-
HHEM 4YacTOTht (YMCiIa.. MOBTOPEHWIH) -Hap HPHUIHAKOB,
Ha3bIBAETCS KOPPEISIIMOHHOMN.

ITo pmaBEEBIM KOpPEIANuOHHON Tabumubl MOXHO TNO-
CTPOHUTH 3MITAPHYCCKUE JUHUA perpeccun X Ha Y i Y ma
X. BelpaBamBarommas «riaakasy KpuWBas Ha3hIBACTCHA
TeopeTHIecKoil Jmauel perpeccun. Haubosee mpocras —
OpsMas perpecers. B oroM cnaytdae KOpPPEISIEOHHYE
3aBUCHMOCTD (KOPPE/ISHHIG) HA3hIBAtOT mHeliHo#, Pasim-
YaroT OpsMyro @ obpaTHyio JuHeHHy0 Koppensmuto. Jhia
OTIpElleJICHAS [TAPaMETPOB d U b B ypaBHEHUM y=ax+b
HCHONB3YIOT METOJ, HAUMEHBIILX KBAaJAPaTOB, MMEIOIIMH
- CTpOroe MaTteMaTHieckoe OOOCHOBAaHME, M NPHOJIIIKEH-
HBbIE METONBI: METOM CpeAHed U METOX BI:I6paHHbIX TOYEK.

Cuny UM TECHOTY JIMHEHHOH KOppenslMOHHON 3a-
BHCHUMOCTH Ol’IpC,DZC.HH:eT BBIGOPOUHEIH KOIPDUIHEHT KOP-
PETSIHR . , . _—

M:

(5= 1) (- 7.) .
lc,,(x')c(y') » re(=L ).

1
n

il

i

Ecim |r|~1, 1O m3ygaemas CBS3b MEXIY BENMIAHAMH
oucHp TecHasa. Ecmm r=0, 10 Mexny X u Y mHer
 TUHEHHON KOppeAsUMOHHON 3aBUCHMOCTH, HO BO3MOXXHO,
4TO - UMeeTcsi  Gojiee” CJIOKHAS 3aBUCHMOCTD.
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|BONPOCK! ANA CAMOMPOBEPKM i« <l

R CQ)opMynnpyme xme OCHOBHbIE 3204l Teopnu xoppemmm
2. Kaxas- 3aBUCHMOCTE MK BE/MUHHAMY - HA3BIBACTCH ' KOD-
penANMOHHON? ‘

"*3.B 9EM COCTOMT ' pA3NMuMe MEXIY (YHKIMOHANLHOR M KOp-
PENANONHOM 33 BHCAMOCTBIO?

4. Ommuwte dopmy Koppemmnonﬂon Ta6manpL
s, Yro -Ha3slBaeTCA - IMIOMpHUueckoif nHHuelt ‘perpeccan?

* 6. YUTO ‘TAKOE YpaBHEHHME JIMHMH Derpeccun?

. 7. B, ¥eM. COCTOUT CYHWHOCTE METOAA HANMEHBIINX - KBAJPATOB,
METOZNa |BHIBPAHHEIX TOYEK ' H MeTOza- cpenneu IS OTpenencHHS
'napame'rpoa JIAHHUHM DErpecCHH.

8. Hro Ha3BIBACTCH  BHIOODOYHBIM Koaq)q)mmemom Koppensuuu?
: ‘9, Cq)opmy.rmpyme cBoiicTBa Bb!60p0‘lﬁ0r0 koadunuenrta xop-
. penmmn
YNPAXHEHIUA .

1. [JanHple O 3aBHCUMOCTH MHMEJa 3€peH SuUMeEHsS B. KOJIOCE OT
€ro. [UIMHB! npuBejieubl B Tabmuue 14.11.

Tabsuya 14.11

JJ;m»ma‘ KOJI0- : )
ca, cM 7 8 9 10 11 12 13 14

,Cpéﬁﬂee qucIo L .
3gpen B kojoce( 16,0 | 20,3 | 23,5 | 24,5 | 28,0 | 29,0 | 29,5 | 31,0

ITocrpoiite rpadux s BuOe noMano#. [IposemuTe CriaXxuBaloOIIyio
: ‘Kpi}lByxo. Kaxas ¢ynknus sBiseTcs B JaHHOM CIydae «IOIAXOISALICH»,
" 3amMiuATe €¢ YPABHCHMC ¢ HCH3BECTHBHIMH NApaMETPAMH.,

2. /175 NOBBILECHASA YPOXAHHOCTH XJIOIKA-CHIPHA BHECJIH Ha OJXHOM
nosie aMmpadnyro cesmtpy NH,NO;, a na apyrom—cyaspart am-
monus (NH,),SO,. OmbiTHEIE naHHBIE TMOMELIEHH B Tabu. 14.12.

Tabruya 14.12

KosuvectBo - : : il )
azora, Kirfra 30 40 120 180 240 - 300

Ipupoct ypo-
' kas, ufra, s )
aMMHavyHOR ce-

JIHTPBI 3,5 10,3 | 19,8 22,9 24,0 24,5

. Tipupoct: ypo- :

xag, ufra, mnd Y ;

-Cypphata aM- o B

Mowua 2,3 6,7 12,9 15,5 179 | 150
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Hocrpoiite  rpadwux.: [poasammsupyiire pe3yNbTATH! . ONBITOR:

3. Vicnonbaysi MeTOX BHIODaHEBLIX TOYEK, NOCTPOHTE-3ABHCHMOCTS
“THWA © p=ax b, eCNy - JaHHBIE Ha6mo;xemm IIPeHCTABACHDI - CACAY~
IOWMMH  Tabrumamu:

3 : e :
X 1 2 .3 4 5
o | aa | osa fias | o1 | s

o X 1 23 e s
w08 03 ' 23 38 | 28

4. Ucnions3ys MeTON CpenHei,

HOCTPOﬁTC 3aBHCHMOCTb THIIA

y=ax+b, ecmu pesynpTaThi HaOJNIONEHUN NPeNCTABICHD! Tabnanuamu:

2) T
X 1 2 | '3 4 5
Vi 4,6 5,0 4,1 2,1 2,9
6)
x; 1 2,2 3,0 4,5 51 6,0
<y |07 | 16 | 3.1 3,3 35 | 4L
5. Haiinure =~ ypasHeHMe npsAMoOH JIMHHM perpeccun ¢ Y -Ha

X ¥ x02bHMIHEHT - KOPPEISAIMH, €CITH peaymfra-rbl HaGII}O)ICHHH HaHBI
B ClleayloLuX 'ra6mmax

a) ‘ —
x 1 2 - 3 4 5
Vi 32 42 2,7 07 1 1,5
6)
x | 1 2 3 4 5 |6
o |13 | 25 [ o8| 38 | 18 | 36

6., B Tabn.a) u O) npuBeneHbl MaHBRIE M0 Tpynine Xo34HCTB
0 Jo3ax BHeceHHMA ynoOpemuii Ha 1 ra mocesa 3¢pHOBRIX. (1) mecT-
Bymmero BemecTBa X M 06 ypOKaWHOCTH 3EPHOBBHIX xcynbryp

{/ra) —
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Tomaras, ure mexay X n ¥ CymecTByer Jmemas EOPPEIALASA,
| maliATe YpaBRECHUA HPSMON ITEHUNE perpeccnm, woaGdumueHT KOp-
pemsyE 1 HoCTpoiire. rpadmy. ROPPCIAHEQHAON 3aBHCHMOCTH

2. ' — ‘ -
1 10} 41] 38| 39} 121 39| 41| 08| 07} 1,3

7 [23.6]31,9(352136,4 23,6 34,0382 173|288 [ 19,7

9

x 1 30 L1} 294 30] 087 15| 21| 32| 1,2} 3,0

i

¥ |37,6]18,5)29,1 38,5:—18,8 20,6 [ 29,6 36,8 | 15,8 | 33,4

7. Rava xoppensnuoHHas Tabnmmna, B xoTopol ykazaHel: X -— yaoH
OT KOPOBBl 33 OHY NaKTanuio, Y —cCoHepkaHHe XHpa B MOJIOKE.
Ham:m're a} koabumuent xoppesanuy; §) cocTaBbTe ypaBHEHHE -Hps-
‘moft nuEum perpeccum ¥ Ha X, .

Vxazanwe. [Ilepeiiiure .k IHUCKPETHOMY -TPHU3HAKY, 3aT€M CO-
CraBbTe Tabaily B YCIOBHBIX 3HAYCHWAX INDPU3HAKA.

X12000... 12400... 128060.. [3200... |3600.. {4000.. }4400... (4800..

Y 2400|2800 [3200  [3600° (4000 14400  [4800  ]5200
36.37 |} 1 B e
3,7..3,8 o2 1 » 4
3,8..3,9 I 1 3 5
3,9..4,0 5 2 2 9
4,0..4,1 1 I )4 2 1 6
4,1..42 1 ‘ 1 1 3
4,2..4,3 . 1 1
43..44 ¥ i 1

)
=
—
<
w
o
{98 )
—
—_
w
=)




DYHKUHUA

CTATHCTHYECKAR 3ABMCHMOCTS
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az:x+£n. Z y;.
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0TB~eTbI K’ 3a.qaan L ynpa)KHeHMﬂM
Fuana 1
1. A.(=3; 0); B,(0; 4);. C; (25 ~3) D;(4 3). -
2, A(O 10), B(30; 10), C(30; —10); D (0; —10), wm A (0;
10); B, (=30; 10); D(0; —10); €, (=30; —10). 3. p=10+5 /2.
4. po, AB = —2; npoyAB—-—4 |AB|—-\/— 2f 5.,4=

=n/2, LB=n/4; L C=n/4. 6. /13; /10; 1. 7. M1M2=(1 1;

——— — —
.M2M4(1; 1), M M;=(-1; =5 M M;=(-3;, -7
9, y— —%x-&—%l- : 10'3#%4})*—52—26:0. 11. 4= FS--16 )
12. 19. 13. mg%. 14. |u[—Ji—3m/c; [;I=MM

Iiasa 2 -

Lx+3y+11=0. 2. <p'=12—t-. 3.N,=(2; 0); N,=(0; —3),
Ny=(6; —1), Cky=0, ky=0, "3=‘g’ k;=6. 4.y;—§x.

2 2 ) 3 : .
Ss. y=~3-x—2; y= —EX; y= -—A3, k:O, y=—ZX+'3. 6.y=2—x.

7. x—y+2=0. 8.4(G; —1; BG; 3 C(=9/5 3/5)

[ x+3y>0, ‘ 2 ‘
x<3, - 10. B(0; - 4); y=—-x+4. 13. 225x—y=0. ‘
xX— 2y+3>0 ' 3

14, 55x+Ty— 8800=0. 15. y—-%x+225 225. 16. y=1,7x+12.

18. x=400 xmM, Hanbonee IKOHOMUIHBIH BapHAHT COOTBETCTBY-
) et Jmmm 50 x+150- mpu 0<x<4, L
Y= 125x+250 mpm d<x< +o0.
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I'napa 3

L x2+y2=16; x2+(y—4)*=16. 2.‘(x;2)2+(yf;1)2.2=13.‘

2 2
3 f_.+29—=1; F, (4 0), F2(5—4; 0) 4. a) syumHIC ;—5+y9 1;
X2 y?
6) mnep6ona ~9——1—'6—1 B) mapabona y?=6x; r) rumep6oia
2 2.
y
ol —=1- 2. 2.
paanoc*ropomx@ 11) 3JLAMIIC 1 4-l— 20 1; e) n.apaﬁona} x%= X
'x‘z . y.2 ) R
. XK) n»inep6ona T_E=l; n) mnepﬁona pannocropommx
x’Z y2 .
xy=-—§. 5. —2~5+———1—3mmnc 6. M1(3 3 M2(3 —~3).
2 2 2 2 12
- . —+ll)—2—=1 8. %—;)—6=1 9. y—-é—;mm xy=—12. 12, 7 nert.

14. Brictpee pacter knesep. 15. 1) 104,76; 2) 4,4%.

I‘Jmna 4

2 a) 3x+2z-1=0; 6) 3x—2y+4z+10=0. 3. 3x+z 0. 4.

1) 7; 2)2/3. 8. XoagitictBy meobGxonuMo npuobpecti 43,25.1

Kap60Mn.Ha. Jiuwetinas ¢dopma L=20,1251. 9. CyTouHBIi

pauuoH cocraBaser 9,23 kv rpy6Geix - kopmoB m 11,58 xr
KOHIeHTpaToB. Jlmmeitmas ¢opma L=1,52py6.

Tinasa 5

1. Q —MHOXECTBA XUBOTHBIX HOHHOTO CTaja KOpOB; A, —
MHOXECTBO >XHBOTHBIX NEPBOTENOK (J4, MHOXECTBO KHBO-
THBIX C ABYMA OTCHAMH M T. &.; B, —MHOXECTBO XHBOTHBIX, ..
ynoit xotoperx Meree 3000 1, UBz—Mnoxcecrno KHBOTHBIX
¢ ynoem ©6oxee 3000 xr, 4;<cQ, 4,<Q, 4,{)4<Q. 3. Q—
MHOXECTBO PabOTHHKOB Monoimoro KOMILIekca; A, — MHOXe-
CTBO - HOSpOK |4, —MHOXECTBO 'amvmnncrpa*mnno-xozﬂﬁf
cTBeHHbIX pabotHmKoB, Q=4,U4,.. 4. f(2)=3; f(O)=-5
f(=D)=-9. 5. D f(-2)=14;. 2 f(5)=17,
Nfla-D)=3a—1)>+2; 4 fQRa)=12>+2; 5)f(x+Ax)=

C=3(x+Ax)?+2. 6. f(--3)=154; f(3)=154; byHKuEA UCTHAA.
8. x, =3 x2—2 9. D x#£1;2) | x|#5L3) x=21; 4 x<1; S)x=1;
6) (—o0; +c0); 7) [—1 1]. 10. 1) y=1/4 u=2*—1; 2) y=siny,
y=2x; 3)y e“ u=x* 4)y=lgy, v=cosu, u=2. 11. 1) mer;
2) mer; 3) ma; 4) met; 5) na. 13. p(t—~0)—1000 14. y (v)=1002";
y(1)=200Mmr; y(2)=400mMr, 15. k=0,24¢ ~0.061¢
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Insa:moctpoenus rpadmka coeTaBiasercs Tabmund.

L e =006l | eroeste | «
1 o o | 1,000 0,240
2 I —0,061 . 0,940 0,225
3 2 -0,122 | 0855 | 0212

4 3 —0,183 0,833 | 0,200

5 10 —0,610 0,543 0.130

6| 24 — 1,464 0231 | 0055

16. B=15,4¢ %2254 17, x(1)=1250; x (2)=1375; x(3)= 1478.

-T'naBa 6
I 2 3 4
L {xn} ={1’ Z,‘g, R}a {xn} 1, 3'2 ga 7(’ { n} {17 4,
I 1 1 1 1 2.3 4
=8 o s TA(* nS =N > S s (s 19
{4 7 10 13} 2) ) {2 ¥ 4 5}
3 4 5 1 2 3 .4
A~ A s 1’ B) {x"}= s T 7, —T s HET,
2 3 4 2 3 4 5
3 4 S 1 2 3 4
e = s 0; X4l s =:_) T v T (s s
£9 10} ) {xa) {2 3 T BT

13

ot &

%}»; 0; m) {‘Xn}?\={1=>\s/i V3 2 e

' 2 2
1—03; B)0; 1) ao; m2; e) g; K) 5; 3)3.-6. a) e

o)
D a W

5. a) 15; 6)

1 I I 1 !
6) 2; B) 3 ). & o - &) ¢ x) e’ 7.Mpu x=2 ¢yskuus
. e , ,

HEMPEPBLIBHA; IpHw  x=l—Toyka paspesea H  pona,
0 2x , 2x o 4 -
lim —=—ow; lm ——=+cw. 8 2) lIm ——=—og;
x—»k—OxZ wop b XL x> —0 X7
im ——=400; 6y lim f(x)=0 lm f{x)=2, ckavox
%3240 X x—2—0 x—2 + 0
[2-0=2. 9. IgN=2;7129-0,4343, N=15,07. 10. 1500. 11.
a) 100; 200; 6) 100; 206; B) a0, 90; 1) co; 105 12. 10000. 13. 10,

Fﬂana T

L6 2)24; 36 40, B Towke x=-2. 2. 7/
Jy=—5x-3 4.2)0; 6)a B S5x% 1)2x" m)6x*-3;
€) 33+ 142 K) —x243x—2; £ (3)=—2.6. (1; 2). 7. 0,423 xr.
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8. a)4(x+2)3 | 6) 10x(x2—5)% = B) (6x—6)(x*~2x)%
27—2x .

) —————y B 42—+ 121} ©) 20387 —u+4)3(6u—1);
J1+2x—x2 :
%) X )5x '+ 2x — 3 ) —60x?
JR—x2 2/~ : Vgt
K) 1—2cos2x; ) —§s1n2x, ‘M) sin X cOS X; 9. P+a;

10 xj=e P (1-¢2);  x"=te "P(>=3). 1L —dke ™,
- —m./3 ‘

12.2)20; ©)0; /2% 1) — “2_ . 13 0=12—4143;

a=2¢—4; up# t=1, t=3 Teno MeHNCT HANPABJICHHE ABYDKCHEN.

4. o=k{d—x). 15.1)2m; 2) —-2./2m; 3)4m. 17.x=1
¢dyuxnus  Bospacraer, nupu x=-—1  ¢yHKuEs yGniBaeT.

19. ) ppa=—1 mpm x=1; 2) ypu=% BpE x=2; 3) x= -7
23 4 :
y‘mi"=§';"‘ 4) X—_—'l, ymax—'g; ‘x=3" ymin= —1; 5) )C=--:1,

| 1 , v
Ymia =~ 5} x=1, Vmax =3 20) 200¢. 21.a) 1,005 r; 6) 1,01 1.
22. 7,84 1. 23. 10,8. 24. ~157,1 m. 25. 4x4x2. 26. Hpﬂx 50,
ymax—25 x=100, Yp=0., 27. x=35,79 mamn.

[masa 8
1 1) 2 5; 2) 2. 2. 1) BCK IUIOCKOCTD Oxy; 2) Bea IIJIOCK’OCTB

O_xy, kpome ToukH (0; 0); 3) BCH TLUIOCKOCTB Oxy. 3.1) é—=2,xy R
. e x

dz. . - 0z 6z 0z

-_:3 2.,2, —pXy = xy. = 2 2.
ay Xy )—6x e®y; Fre xe,  3) o =x/\/x74y%
——y/\/x +y% 4)—=y(y —x?)x? %)% 5 2p= 293

z) —6 57,8y, 6)z% —12xy 8y°—18, z}.,—éx —0xy*+11;
7) 2 =4; z,=5; 8) zi=yx’", z —x”lnx, 9)zx—1, zyy=10.

- -
4.5,5 1. 5. Ky6, pebpo —=. 6. R= 2M H= 2m.

7
T'naBsa 9
. 2. B ) .
1. y=%—4x+10. 2. y=7sinx—2c08 X +6.
~ o 4 R |
3.y=2ln|x|—x+7. . 4. s;§,13%1-f+21- 5. ;y='4f;.



1 S
I)—(3x 5) +C 2) sm3x+C 3) ( )(d+bx)’?‘+1+
+C; 4) = X+4 ,/x+ +C 5) +C 6) —2—3x;

8(4
1 1 1
7) —Ecos2x+C; 8) —Ecos2x—-zsm4x+C; 9) 3sin(p/3—4)+

1 0
2eX

: ] . 1 .2
14) J14+12+C; 15)ﬁ«/6x4—11;‘ 16)§-si'nx,/sinx+C;

1
v20)—1n[x2—6x+1|+C; 21)'—2,/1— 2-3arcsinx+C. 1.
.16 2
DRI 3)0 912 Hee—1) 6L 7)0; D55 95
' 35 4
8. 1)—- 2)— 9. nab. 10. S=———g—0r 5828, 57 11,66 My-

A 1 1 )
+GC; 10).—k—sinkt+C; ll)iez"+C;‘ 12) C—Ze*4x; 13) —

Hepam,mﬂx yno6peﬂm71. 11.'1) =5 = 2) 81:, 3) 8 12,3351
13, ~2 peiica. 14.20 T1. 15. 30» Ibl( 16 70,8 I[;K.
FJlana 10 ‘
- : » x? y?
L y= . 2. 5=21231. ' 3.7—-2—=

A 1 .
=+ /§(3—2'x3). 5. cosy=cosx. 6. 48,86 mun. 52r. 7.5.2r.

x2~1

031w

4.‘y=

8. 126 Mun. 9. mo—56 49 ; 7,84 vaca. . 10, 5,83 u.
1L I=[,e® P 12 x=x (l—e"") :
I'zasa 11

Y '
1. §6 2. 52 wm 53. 3. 400 4, 200. 5. 0,945 n 0965
94,5% . u 96,5%. 6. 0,55 7. 035 8 P( ) 068 P( )—029

| 1 1
"P(C) 0,03. 9..10. 10. a) —- So7 6) 0. 11. —0 00083 12. P(A)—
© =0,5625; P(B)=0,3750, P(C)=0,0625; P(D)=0,9375. 13, n=5.

1 1 3
14. 2) ~023; 6) ~0,94. 15, P(d)=; P(B):E;’ P(C):Ia;

1 111 '
P(D)=—. 16. P=— — —. 17.1)0,25; 2)0,273. 18. 0,720.
(P)=5g: 16. P=35 o0 53- 171025 2)0 g

1 1412
19.1) 5 2) 55 3) 55 20. 1) 048; 2) 044; 3) 0,08. 21. 1) 0.336;
2) 0,452; 3) 0,188; 4) 0,024. 22. a) 0,81; 6) 0,815. 23. a) 0,985;
392



-«

16) 0,025 8) C30985-0,2. 24. 2)0,358; 6)0,116; B) 0,945.
' 25.0,875. 26.0,88. 27.1)'0,775; 2)0,483; 0,516. 28.a)0,7;
6) 0,226. 29.0,790. 30.0,021. 31.0,113; 0273; 0,614,

Tnapa 12
1. N

x| O 1 2 3 4

Pi 0,6561 - | 0,2916 0,0486 | 0,0036 0,0001

2. a) 0,15625; ‘6) 0,3125.
3.3) -

x o | 1 2 |3 o4

p | 0368 | 0368 | 0184 | 0061 | 0015

6) Eu ommoro mam 1 3epHo. 4. 42. 5. M(X)=1,7; D(X)=0,81. 6.
M(X)=6; D(X)=24. 1. M(X)=57; D(X)=201. 8. a) 'Z; B) =; 2)

4
1 ’ U w-a)?/0,08 I +osys, -
=6 1.9 1 e~ —aN008, gy #0578, gy
2 0,2./2n 2./2n
4 T :
e mEINONS, gy _— om¥2 19, a) 72,57%; 6) 0261 1M
2n 27 ) )
1) 0,841; 2) 15,19 1. 12. 1) 0,9772; 2) 30,23 xr. 13. 1) 0,9772; 2) 1,025 T.-
» ‘ I'nasa 13
L :
M| 45,75 175..105 [105...135]135...165 [165...195 [195...225|225.. 255
Xiry : ’ .
melo2 | s |ou |pouofos, | o0 2
. : : : . |
2.
Xi 1 2 3 4 | 5167181910
m 775 elols|e |31}l
T 6.3,0[3.0..34]3.4..3,8]3.8..4,214.2..4.6/4,6..5.0(5.0..5,4/5.4..5.8
Xy ) 5 ] N
w | 4 | 4 | s 1 12 6. 6 | 2
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x {3 14a]s]efr{s]o]w|nln]

23| s | 3luls|olef2]1

5.°1) X,=155,40; 2) D( 2) 211284, s _2155 96, 3) s= 4663 6. 1)
X,=4,40; 2)D(X3—57“8 s%=15,90; 3) s=2,40. 7. l) X5=4,20, s2=0,54,
s—O 74 8. a) (11,58; 12,42); 6) (11,435; 12,55); 8) (11,40; 12 60)
C ypemricHUCM HAHCXKHOCTH BO3PACTACT BCJIMTHHA ‘[OBCPHTEILHOTO
HHTepBaza. ‘9. a) (18,63; 21,57); 6) (18,14; 22,06); 8) {19,12; 21,08) —c
yBelMYeHUEeM BHIOODKM NPU IOCTOSHHOM KOI((UIMEHTEe HANEKHOCTH
YMEHbUIAETCS JMOBepUTENbHBIA  uHTepBan -10.a) 7=(047, 0,53); 6)
00255<0‘<0 0745; B) I=(0,48; 0,52). 11. (0,10; 0,15). 12, n=1860. 13.
< treop = 2,31; t,,p~2 4. Pacxomeﬁne 3HAYHMO. o = 12 13-1,901=0,23. 14.

Teop—z 04 t,,p—O 25. Pacxoxnaenue HC3HAYKMO d—1 232,0-231,0|=1,0.

I'aasa 14

1.. Cm. puc. 133.
2. Cwm. puc. 134.

.

T 6 9 0 H 2 65 # 151 2

: Puc. 133

Y I -
% .

b74

2 = e [t

B i A e

% e =

H—— =

1 —T -

s ] 1,
9
i , :

4 50 80 100 120 140 160 160 200 220 240 260 80 30 *x

Puc. 134

Ipupoct ypoman 3aMEIIISIETCH ¢ BO3PACTAHAEM KOJIMUECTBA yno6pemm
" Buecenue cyib(aTa amuonus ceenme 240 krfra CHIEACT YPOKaMHOCTD.
3. a) y=0,5x%%13,5. Touxz (1; ¥), {8;'5,5); ©) y=x-1. Tourn {1; 0), (4; 3).
5. a) y=—0,69x+4,53; r=—0,79; 6) y=0,35x+1,6; r=0,54. 6. a)
y=7,"2’7x+,1’0,3§; r=30,94 6) y=3,T3x+3884; r=0, 95. 7. r=0,46;
Fu=1,833x—~13851. 8. +=072; 7.=0,76x+0, 88 x%,=0;68y+1,11. 9,
r=0,62; 7. =0008014x+3,51; £,=2797,95y— 7313 18.



Mpunoxenua

. 0002

0002 |

1. Tabmma suadenmi Qymapm @ (x)= T S
T .
X 0 F 2 3 4 5 | 6 7} 8 F 9
0,0 10,3989 | 3989 | 3989 | 3988 | 3986 | 3984 | 3982 | 3980397713973
0,1 | 3970| 3965 | 3961 | 3956 3951 | 3945 | 3939 |3932(3925|3918"
0,2 [ 3910] 3902 3894 | 3885 | 3876 | 3867 | 3857 |3847|3836(3825
0,3 3814 | 3802 | 3790 {3778 | 3765 | 3752 | 373% |3726[3712 3697
0.4 3683|3668 | 3653 | 3637 | 3621 | 3605 | 3589 {3572 (35553538
0,5 3521 [13503 | 3485 | 3467 | 3448 | 3429 3410 {3391 (337213352 .
0,6 3332 13312 | 3292 | 3271 | 3251 | 3230 | 3209 {3187|3166(3144.
20,7 3123 | 3101 }'3079 | 3056 3034 | 3011 | 2989 {2966:2943 2920
0,8 2897 | 2874 | 2850 | 2827 | 2803 |- 2780 | 2756 {2732[2709:(2685
0,9 | 2661|2637 | 2613 | 2589 | 2565 | 2541 | 2516 12492 |2468.|2444
1,0. 10,2420 [ 2396 | 2371 | 2347 |.2323 | 2299 | 2275 |2251]2227(2203
1,1 2179 | 2155 | 2131 | 2107 [ 2083 | 2059 | 2036 (2012 1989 1965
1,2 1942 | 1919 | 1895 | 1872 | 1849 | 1826 | 1804 [1781 1758|1736
1.3 | 1714 1691 - 1669 | 1647 | 1626 | 1604 | 1582 | 1561 | 15391518
1,4 | 1497 1476 | 1456 | 1435 | 1415 {1394 | 1374 1354113341315
1,5 | 129511276 | 1257 | 1238 | 1219 | 1200 | 1182 |1163}1145]|1127
‘1,6 1109 | 1092 | 1074 | 1057 | 1040 | 1023 | 1006 (098910973 0957
1,7 | 0940 0925 | 0909 | 0893-| 0878 | 0863 | 0848 |0833.1081810804
1,8 | 0790 | 0775 | 061 | 0748 [ 0734 } 0721 | 0707 0694..0681 10669
1,9 0656 | 0644 | 0632 [ 0620 [ 0608 } 0596 | 0584|0573 0562 0551
2,0 |0,0540 | 0529 [ 0519 | 0508 | 0498 [ 0488 | 0478 | 0468 |0459|0449
2,1 0440:| 0431 | 0422 | 0413 | 0404 | 0396 | 0387 (0379103710363
2.2 0355} 0347 | 0339 | 0332 10325 | 0317 | 0310 |0303.,0297 |0290
23] 028310277 | 0276 | 0264 0258 | L0252 1 0246|0241 1023510229
2,4 0224 0219 | G213 | 0208 | 6203 | G198 | 0194 |0189}0184 0180
2,5 | 0175} 0¥71 | 0167 | 0163 | 0158 | 0154 | 0151 0147|0143 0139
2,6 0136 | 0132 | 0129 | 0126 | 0122. | 0119 | 0116|0113 011010107
2,7 | 0164 0101 | G099 | 0096 | 0093 | 0091 | 0088 | 008600840081
2,8 | 007910077 } 0075 | 0073 | 0071 | 0069 | 0067 | 0065 0063|6061
2,9 | 0060 | 0058 | 0056 | 0055 | 0053 | 0051 | 0050 0048 {0047 0046
3,0. { 0,0044 | 0043 | 0042 | 0040 {0039 | 0038 | G037 | 00360035 (0034
3,1 00331 0032 | G031 | 0030 | 0029 0028 | 0027 1002600250024
321 002410023 | 0022 | 0022 | 602F | 0020 | 0020 (001900180018
3,3 | 0017 0017 { 0016 | 0016 0015 | 0015 | 0014 |0014 10013 0013
3,4 0012} 0012 | 0012 |-001t | 601LF | 0010 | 0010|0610 {0009 0609
3,5 | 0009 | 0008 | Q008 | 0008 | 0008 | 0007 | 0907 | 0007 ~QQ07 0006
36| 0006 ’0006 . 0006 | 0005 | 6005 | 0005 | 0005 0065 10005 10004
3,7 | 0004 | 0004 - 0004 | 0004 | 0004 } 0@04 0003|0003 | 00030003
3,8 | 0003 [ 0003 } 0003 [ 0003 | 6003 | 0002 - 0002 0002.10002:10602
39 0002 | 0002 0002 0002 (0002 10001 |




2. TaGmuma: 3uaqecunii - pymsumn O (x) L f ¢ 1%
: 2n /
x| ®(x)" x | @) x ®(x) x ®{x)
0,00 00000 ||040{ 0,554 jl0s0| 02881 |[1,20] 03840
0,01 . .0,0040 [10,41}..0,1591 110,81 0,2910 |j1,21| 0,3869.
0,02¢ 0,0080 110,42} 0,628 {{0,82]. 02939 |[1,22| 0,3883
34 0,43 0,1664 |{0,83] 02967 [}1,23} 0,3907
0,441 01700 {1084 0,2995 |[1,24] - 0,3925
0451 0,1736 |[0,85} 0,3023 || 1,251 0,3944
0,46 .0,1772 |]0,86] . 0,3051 1,261 0,3962
0,47] 0,1808 .|{0,87] 06,3078 [|1,27] 0,3980 -
0,48 0,1844 |r0,88| 0,3106 ||1,28 "0,3997
0,49 .0,1879 110,89 -0,3133 ||1,29] 04015
0,501 .0,1915 ]0,90| 10,3159 |]1,30] 0,4032
‘ 0,51} °0,1950 [[091} 03186 {}1,31| 0,4049
0,12 . 0,0478 110,52 0,1985 {092 10,3212 ||1,32| 0,4066 = -
0,13 [ 0,0517 .110,53] .0,2019 {|0,93| 0,3238 |{1,33] 0,4082
0,141, 0,0557 |{0,54'| 0,2054 {;0,94{ ' 0,3264 1,34{ 0,4099
0,15} 00596 [{0,55| 02088 |[095| 03280 [[135| 04115
0,16 |° -0,0636; 10,56 0,223 {1'0,96| 10,3315 {i1,36( 0,4131
0,17 }..0,0675% (0,571 0,2157 {(0,97| 0,3340 {{1,37{ 04147
0,187 00714 |}0,58} '0,2190 [{098 0,3365 {{1,38}| 04162
0,191 0,0753 10,59 02224 1{{0,99| 0,3389 11,39 0,4177
0,20{ . 0,0793 ||0,60| 02257 '{|1,00| 0,3413 (1,40 0,4192
0,21 0,0832 {{0,61| 0,2291 1,01 03438 {141 0,4207
0,227 -0,0871 - |{0,621 :0,2324 - || 1,02 - 0,3461 1421 04222
0,23{ 00910 (10,63 0,2357 {{1,03f 0,3485 {/143| 0,4236 -
0,24 0,0948 .|{0,64| 0,2389 1,041 03508 |l1,44] 04251
0,251 - 0,0987 ||0,65] 02422 [/ 1,05 0,3531 1,451 04265
0,26 .0,1026 10,66 10,2454 || 1,661 0,3554 {|1,46| 0,4279
027| 0,1064 |{0,67| 0,2486 1,071 - 03577 ([1,47] 0,4292
0281 10,1103 110,68] 0,2517 1,08] - 0,3599 ||1,48| 0,4306
0,297 0,141 }|0,69|. 02549 [11,09] .0,3621 ||1,49{ 0,319
0,30 06,1179 [{0,70| 10,2580 ||1,10{ .0,3643 1,50 | : 0,4332
0,31} . 0,1217 410,71 0,2611 {[1,11 0,3665 1,51 . 0,4345
0,321{- 0,1255 {0,721} ":0,2642 || 1,12| 03686 |[1,52| 0,4357
0;331-10,1293 '1{0,73} 10,2673 1,13{ 03708 {{1,53| 0,4370
0,341-- 0,1331 {{0,74| - -0,2703 1,141 0,3729 || 1,54 0,4382
0,35} 0,1368 |10,75| 02734 || 1,15] 0,3749 |[1,55] 0,4394
0,36° 0,1406 {10,761 0,2764 {1,161 03770 ||1,56| 0,4406
0,37 0,1443 1|0,77| 02794 [l 1,17 0,3790 || 1,57 0,4418
0,38 10,1480 |{0,781 02823 |i1,18} 0,3810 [|1,58| 10,4429
0,39 01517 (10,79 0,2852 1,19 0,3830 ||1,59| 0,4441
1,60 { 0,4452 1,857 . 0,4678 2,201 0,4861 2,70 0,4965
1,61 04463 1,86 04686 (2,22 0,4868 (12,72 04967
1,621 04474 111,871 0,4693 12,24 2,74 0,4969
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Hpodosncenue npusoxcentn - 2

x| o s b ow I x e || x| i‘&’(x)

C1,63| 04484 111,88 04699 |[2,26| 04881 |[{2,76] 0,4971
1,64 0,4495 [11,89] 0,4706° 12,28 0,4887 " ||2,78 | "0,4973"

1,65| 04505 11,90 04713 |[2,30| 04893 |[2,80| "0,4974

1,661 04515 [1191] 0,47197{[2,324 04898 ||2,82] " 0,4976
L67| 04525 111,92| 04726 '1]2,34|" 04904 '|[2,84| 04977
1,681 04535 |[1,93| 04732 {|2,36| 04909 "{{2,86] - 0,4979
1,691 04545 |[1,94] 04738 [|2,38] 0,913 |[2,88 | - 0,4980 -
L70| 04554 |1195] 04744 |{2,401 04918 ||2,90| 04981
L71[ 04564 ||1,96] 04750 ({242 0,922 {2,92 0,4982
1,72 04573 {197 04756 12,44 | 04927 1294 04984
L73] 04582 {11,98 | 04761 12,461 04931 |(2,96 - 0,4985 "
1,741 0,451 (11,99 04767 ||2,48] 04934 ||2,98| 0,4986 "
1L75) 04599 {12,001 04772 |[2,50] 0,4938 '{|3,00| 040865

1,76 | 04608 - |12,02| 0,783 |[2,521 04941 '|[3,20] 0,49931
1,77. 04616 |12,04| 04793 ||2,54] 0,4945 |}3,40! 0,49966
1,78 04625 112,06] 10,4803 |{2,56 | 0,4948 {|3,60| ~ 0,499841
1,79'). 70,4633 |{2,08] 04812 (2,58 04951 1|3,80| -0,499928
1,80 | 04641 /2,10 04821 [{2,60} 044953 || 4,00] 0,499968
1,81 04649 |12,12] 04830 |{2,62] 04956, || 4,50 0,499997
1,821 04656 |{2,14| 0,4838 |{2,64| -0,4959 - {}:5,00 | 0,49999997
1,83 | 0,4664 [|2,16] 0,4846 ||2,66| 04961 0| 05 -
1,84| 04671 |{2,18] 04854 [|2,68] - 0,4963 o

. ’ Coay akata : ' Co
3. Tabmuna 3uavennii Qymemm Y - P (pacopenencune Tlyaccoua)
. k=0 s R : . :
WGl o1 |02 [ o3 |04 fas | 06| 07 {08 | 09
0 |oges| 89| 7a1 | 60| 07| sa9| 497 | aa9 | 407"
1 995 |. 982 963 | 938 910 878 | 844 809 7712
2 1,000 999 996 9921 986 979 {7966 | 953 937"
3 1,000 } 1,000 | 1,000 999 998 998 994 991 989
4 1,000 | 1,000 { 1,000 | 1,000 | 1,000 999 999 998 -
k35 ‘ | 1,000 | 1,000 | 1,000 -




4. Tabmmua 3uauenmii

e 21 o ] oe2 | 63 | os | o5 ] w8 ] w7
: | ! 3 ] ',
o : 0,90484 0, 81873‘ 0,740682 10,67032 | 1),60653K 0, 54881 10,43659
17 10,69048: 8,16375 1:0,22225 10,26813 10,30327: 9, 32929 | 0,24761
2 10,0045210,01638 [0,3334 10 05363‘ 0, 07582< 0,09879 | 0,12166
3 ]0,00015 |0,00109 |0,00333 0,00715 10, 01264, 9,01’97@6: 0,02839
4 10,00006 |0,00025) 0,00072 10, 00158 110,00296 |-0,00497 -
5 ) 10 00@02, ,00006 {0,00016 | D, 00036 0,00070
6 ) ‘ ; ] ,&),OGJGOM 0, 00004 0,00008
7 ; i . ] 1:0,00001
8 ; : i I
9 !
10 ) 4 y y 1
i | ' ] ‘: !
12 ; \ ; 2 |
13 ] i ‘ e :
14 ; | ] ,
15 ] ] .
16 1 { : i 3 4
17 »1 | N ] 1 ] |
5. Tabamua saasemnii Qymxmm 1,=:{y;n)
Y ¥
n n b - i
0,95 0,99 0,999 '~ 0,95 0,99 0,999
5 2,78 | 4,60 8,61 20 ; 2109 | 2,86 ! 3,88
6 2,57 1 4,03 6,86 1 -25 2106 2,30 i 3,74
7 4 245 1 3,71 | 596 | 30 { 2004 | 2,76 | 3,66
B 2,37 3,50 541 35 § 203 2,73 1 360

9 1 230 { 336 | 504 { 40 Y 202 | 27 || 356
W | 226 Y 325 | 478 || 45 1 202 | .20 | 3353
1M 4 228 1 3,17 | 459 so0 | 200 1 268 || 350
12,4 220 § 3,11 | 424 || 60 | 2000 | 266 | 346
134 218 | 3,06 | 432 70 | 199 [ 2,65 | 349
12 1 216 | 300 | a2 8 | 199 | 262 | 342
15 | 215 ] 298 | 414 || 9 | 198 | 263 | 340
16 | 213 | 295 | 407 || 100 | 1,98 | 263 | 339
17 ] 212 | 29 | 402 || 120 | 198 | 262 | 337
18 | 211 | 290 | 397 w | 1,96 | 2,57 | 3,29
19 2,10 | 2,68 | 392
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. ac
Symciun i
0,8 0,9 1,0 2,0 3,0 4,0 50
0,44933 | 0,40657 | 0,36788 | 0,13534 | 0,04979 [.0,01832. | 0,00674
0,35946 | 0,36591 | 0,36788 | 0,27067 | 0,14836 | 0,07326 | 0;03369
0,14379 | 0,16466. | 0,18394 | 027067 | 0,22404 | 0,14653 | 0,08422
0.03834 | 0504940: | 0,06131 | 0,18045 | ©,22404 | 0,19537 | 0,14037
0,00767 | 0,01112 | 0,01533 | 0,09022 | 0,16803 | 0,19537 | 0,17547
[0,00123 | 0,00200+ | 0,00307 | 6,03609 | @,10082 | 0,15629 | 0,17547
0,00016 | 0,00030 | 0,00051 | 0,01203 | 0,05041 | 0,10419 | ;14622
0,00002 | 0;00004 | 0,00007 | 0,00344 | 0,02160 | 0,05954 | 0,10445 -
’ | 0,00001 | 0,00086 | 0,00810 | 0,02977 | 0,06553
0,0001% | 6,00270- | 6,01323 | 0,03027
£ 0,00004- | 0,00081 | 0,00529 | 0,01813
0,00001 | 0,00022 | 0,00193 | 0,00824-
! - 0,00006 | 0,00064 | 0,00343
10,00001 | €,00020 | 0,00132
; * £ 0,00006 | 0,00047
‘ | 0,00002 | 0,00016
: f  0,00005
i 0,00001
6. TaGasma snavemwiv Qyweimn. £ =1(y, »)
Y ¥
n n
0,95 0,99 | 0,999 095 0,99, 0,999
5 K37 | 267 | 564 039 | 060 | 092
6 | 109 | 201 | 388 037 | 058 [ @88
71092 f ne2 | 298 © 032 | 049 | 073
8 | 080 | 1,38 | 242 028 | 043 | 0,63
9 | e 1,20 | 2,06 - 026 | 038 | 056
10 065 | 1,08 | 180 024 | 035 | 950
M| 059 | 098 b L66 022 | 032 | . 046
12 ] ®55 | 69 | 145 021 b630 | 043
3 652 | 08 | 1,33 019 | 03 | 0,38
14 048 | 0,78 1,23 ot7 | 624 | 034
t5 | o046 | 073 | 115 016 [ 023 | 031
16 044 .| 070 | 1,07 6,1S | 021 | 029
17 0,42 0,66 1,01 0,14 | 020 | 027
18 | 048 | 063 { %90 012 | o6 | 022
0,10 | .0,14 | 0,19
009 | 012 | 016
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