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YK 513

Fpadnt ~ cetn AuHml, COEAMHAIOMAX 3ajaHHBE TOY-
KH, — LIKPOKO HCNOJAB3YIOTCA B pasHBIX pa3jenax wMare-
MaTHKH H B NPHJIOXKEHHAX.

AsropoM kHurH <[padll U MX mpHMeHEHHe» sBAfeTCA
BHUBA HOPBEXCKHE anreGpauct Ofictun Ope. das no-
HHUMAHHA KHHTH BNOJIHE JOCTATOYHH MHHHUMAJIbHHE npex-
BapHTeNbHBIE SHAHHS, NPAKTHYECKH He NpEBHIIAloLIHE KYp-
ca MareMaTHKH 7—8 knaccoB cpegHefi IIKOJHL,

Kak npu m3yuenmu moGofi Kuure mno MaTeMaTHKe,
OBJIajleHHe HOBHIMH MNOHATHAMH, KOHeyHo, norpeGyer oOT
YHTaTeNd HEKOTOPHIX YCHJIMA M M3BECTHOM HACTOAYHBOCTH.
OxHako 9TO JHIB JOCTAaBHT YAOBOJLCTBHE MCTHHHOMY
JOGHTENIO MaTeMaTHKH,

Pedakyus auteparype:
RO MaTemarudeckum Hayxam



O71 pepaKkTopa

HanarenpcTBo «Mup» HauMHaeT BHINYCK NONyJaapHoi
cepun «CoBpeMeHHasi MaTeMaThKa». KHHXKH 3TOl cepun
PacCYHTAHBI Ha TeX, KTO HHTEPeCyeTCi MaTeMaTHKOA H
XOYeT 3aHHMATLCA el0 caMocToATeabHO. CneuHanbHbiX
CBEeAEHMH y yMTaTeNell He npeanoJaraercss — AOCTATOYHO
3HAHHA Kypca MaTeMaTHKH 7—8 KJacCoB cpeiHelt WKOJbL.

B nocaennne mecatuneTHs MareMaTHKa 3HAYHTEALHO
H3mMenuna cBofi 06umk. Co3nanue GLICTpPOAEHCTBYIOMHUX
BBIYMCIHTENbHBIX MAalIHH I MOABJEHHE HOBHIX NpPHJOKe-
HHH MaTeMaTHKH (K S5KOHOMHKe, GHOJIOTMH, JHHTBHCTHKe
M Ap.) NpHBEIH K CMeUleHHIO LeHTPOB HHTepecoB. Umbie
pasjenbl, paHee HHTEpeCcOBAaBLIME /MHIIb Y3KHE KpPYrH
CMelHa HCTOB, CTAJH OUYeHb aKTYa/JbHbIMH H HO3TOMY Liit~
pPOKO nonyaspHuIMH. PoJb Apyrux pasnenoB NOTYCKHesa.

DTOT npouecc He MOr He OTPA3UThCS H BO B3rVsAAAX HA
UIKO/IBHYIO, TAK HA3blBAEMYIO «3JE€MEHTaPHYIO» MaTeMa«
THKY. [losiBunach HeOGXOAMMOCTb H3MEHEHHSl ILKOJbHO«
ro Kypca MaTeMaTHKH, BBeJ€HHS B HErO HOBBIX Pa3/eJioB.

Ceityac B psge cTpan — B ToM uncae H y Hac B Coser-
ckoM Colose — HaeT Goabluiasi IKCMEPHMEHTANbHAS Pa-
6ora no nepecTpoiike npenoaaBaHHs MaTeMaTHKH B KO-
Je. B nocaeanue rogsl Bo BceM MHpe BHAHelllIHe yueHbie
CTaaHd BIVIOTHYIO 3aHHUMaThCs npo6nemamn IKOJbHOIO
o6Gpa3oBaHug.

B nonyaspuyio cepuio «CoBpeMedHas MaTemaTHKas
npeanoJjaraeTcsl BKJIOYHTb NepeBOABI Jyyuiux o6pasuos
3apy6exxHoit JHTepaTypel NO MaTeMaTHKe 151 LIKOJbHI-
koB. Oco6oe BHHMAHHE GYAET yAE/IEHO HOBBIM /s LIKOJbE
BOMPOCAM HJH CBEXeMY OCBElleHHIO MPUBLIYHLIX BONPOCOB,

Cepus oTkpbIBaeTCs NMepeBONaMH HECKOJIBKHX KHHT W3
aMepukanckoii «HoBoii MaTteMmaTHuyeckofi GHOJHOTEKH».
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OT PEJAKTOPA

Cospnande 3Toft «BHGAHOTEKH» — OJHO H3 rMABHBIX HAUH-~
HaHUH HCCJE0BATENbCKON TPYNNLI M0 IUNKOJAbHOH MaTte-
matuke (School mathematics study group),cosgansnon
AMepHKaHCKHM MaTeMaTHUYECKHM OOIIECTBOM H COCTOS-
ed u3 Kpynuefimwmx yuennx. «HoBasa MareMaruueckas
6ubauoreka» noayuywsna B CIIIA Becbma wMpOKoe pac-
npocTpaHeH#ue.

[Tepasi knHra nonysasiphoit cepuu «CoBpeMeHHast Ma<
TEeMaTHKa» NPHHAIJIeXHT Nepy H3BECTHOrO HOPBEXKCKOrO
maTeMartHka, HbiHe npodeccopa Henbckoro yHuBepcutera
B CIIA Oiictuna Opel).

Yuenue o rpadax, T. e. 0 reoOMeTPHYECKHX CXeMax,
NPeACTaBAAIOIUX CO0OH CHCTeMbl JIHHHH, COeAHHSIOWIKX
KaKHe-TO 3aJaHHLIe TOUKH, Ou€Hb NOAXOAHT JJIS H3JI0Xe-
HUS HAYHHAIOUIMM, MOCKOJbKY OHO COeJHHfAET GOJbIIYI0
reOMeTPHYECKYIO HArJAAHOCTh C MaTeMaTHYeCKod coaep-
KaTebHOCThIO M C BO3MOXHOCTbIO OGXOAHTbC 6e3 rpo-
mosakoro annapata. MurepecHa Hcropus 3TOro cBOeoG+
Pa3HOro pasjesa MaTeMaTHKH. 3apowxKIeHUe.TEOPHH rpa-
doe B XVIII Beke OuIO CBSA3aHO ¢ MATEMaTHYECKHMH
roJIOBOJIOMKAMH, U HOBOJIbHO ROJIrO Ha yueHHe O rpagax
CMOTpEe/IH KaK Ha «HEeCepbe3HylO» TeMY, «IPHKJIaZHOe»
3HAYEHHe KOTOPOil MEeJHKOM CBSI3AHO C MrPaMM M pas3sJe-
ueHdsIMH. B 3ToM oTHOweHuH CyEbGy Teopuu rpacdoB
MOXKHO CPABHHTb C CyAb0O# TEODHH BEPOATHOCTEH, Takke
nepBOHAYaJbHO paccMaTpUBaBLIEHCS JHLIL B CBS3H C ee
«TIDUMEHEHHSAMU» K a3apTHHIM urpam. B nauvane XX Beka
rpadbl NpHUBJEKaJH BHHMaHHE TOMOJOrOB— H B NEepPBOH
NOJIOBHHE HAallero BeKa TEeOpHI0 rpadoB paccMaTpPHBAJIH
KaK OJHY H3 TJaB TOMNOJOTHH — BecbMa CJOMKHOro pasje-
Jia COBPEMEHHOH MAaTeMaTHKH, HHTepecyollero JHIb y3-
KU# Kpyr CHemHaJHCTOB.

OgHako B AanbHefinieM BHISICHH/IOCH GOJbILIOE 3HAYE-
HUe TeopHu rpacdoB ANs pellleHHs] MHOTHX BaXKHBIX BOMPO-+
COB MpPAKTHKH, H3 YHC/IA KOTOPBIX 3[leCh JOCTATOYHO YIMO-
MAAHYTb, HANpHMep, O TaK HAa3bIBaeMBIX «TPAHCIOPTHBIX

) PyccroMy uutaremo O.Ope H3BecTeH Kak aBTOp yBJeKaTeb-
Roit 6rorpadHH 3HaMmeHuTOro Hopmexckoro mMatemarnka H, X. AGens
(Ope O. 3amenartenpunit Matematsk Huasc Xewpuk AGems, M.,
®usmatrys, 1961),



OT PEOAKTOPA

3afauyax» (3alauH O NAAHHPOBAHHKM HauGONee PaAUHOHAND-
HOH CHCTEMb! NEPeBO3OK Ipy30B B TPaHCMOPTHOA CeTH)
HWAH O 3ajauax, CBA3AHHBIX C 3JEKTPHUECKHMH CETAMH.
Bce 3T0 BHI3BaNO GypHbIi POCT OTHOCALUEHCA K TEOPHH
rpaoB nuTepaTyphl, CpeAl KOTOPOii 0co60 CleayeT OTMe-
THTb 06CcTOATe bHYI0 MOHOrpaduio «Teopusa rpados» as-
TOpa Hactosule#t KHHrH. Hactoamyio He6onbWyl0 KHHX-
KY MOXHO paccMaTpPHBaTb KAaK alanTauHio 3Toil Hayu-
HOiI MoHOrpaduu A1A HAUHHAIOLUHX.

Kuura Ope B OCHOBHOII CBOe#t yacTH BnojHe AOCTYnHA
yyawHuMCca CPeHHX KJacCoB CpeliHefl WKOMbI; OHA MOXeT
6bITh C YCNEXOM HCMO/b30BaHa B paboTe WKOMbHLIX MaTe-
MaTHYECKHX KPYXKKOB. 3JHauHTelbHYI0 3acayry aBTopa
COCTaBJAseT YyAAuHLI noabop ynpaiHeHuii — coBepluen-
HO 9JIeMEHTAPHBIX, HO OJIHOBPEMEHHO i AOCTaTOYHO HHTe-
pecHbiX; Mbl OuYeHb PeKOMeHAyeM uHTaTento He npene6pe-
raTb 3THMH ynpaXHeHHAMH. B Konlle KHHIH COZepKHTCH
HeGONbLIIOA CNHCOK AONONHHTEABLHON JAHTePaTypH, ANA
PYCCKOTO M3/1aHHA COCTaBJeHHbi1 3aHoBo. Hemnorouuc-
JIeHHbIe ROACTPOUHBIE NPHMeYaHHA NPHHALNEXAT nepe-
BONAYHKY H PeAaKTOPY KHHTH.

H M }_Ie/tom






BesepeHHe

[lepsas pa6Gora no Teopuu rpacoB, NpHHAAJIENKAW AN
H3BECTHOMY wBeiilapckoMy MateMatuky JI. OSitnepy,
nosisunacs B 1736 r. Brayasne Teopus rpadoB kasanack
JIOBOJILHO HEe3HAUYHTEJbHbIM pa3jie/JOM MaTeMaTHKH, TakK
Kak OHa MMeJa JeJI0 B OCHOBHOM C MaTeMaTHYeCKHMH
pa3BieueHusiMH ¥ rojoBosoMkamMu. OgHako panbHeiiulee
pa3BUTHe MaTeMaTHKH K OCOOEHHO ee INPHJIOXKEHHH AaJ0
CHJIbHLIH TONYOK pa3BuUTHIO Teopud rpados. ¥Yxe B XIX
CTOJIETHH Tpadbl HCMONb3OBANUCH NPH MOCTPOEHHII CXeM
3JIEKTPHYECKHX lieneii H MOJeKyJspHbX cxeM. B nacros-
1iee BpeMs MOXHO YKa3aThb H TJaBbl YHCTOH MaTeMa-
THKH, HalpHMep TEOPHs MaTEeMaTHYECKHX OTHOLIeHuf,
B KOTOPBIX Teopus TPatoB CHYKHT eCTeCTBeHHBIM amnma-
paToM; ¢ APYroil CTOPOHbI, 3Ta TEOPHS HAXOAHT MHOrO-
yycJeHHble PUMEHEHHs B Pa3HOOGPA3HBIX MPAaKTHYECKUX
BONpOCax: NPH YCTaHOBJEHHH pa3HOIO POAA COOTBET-
CTBHil, NpM pelleHHH TPAHCMNOPTHHIX 3aAay, 3ajau o
NOTOKAaX B cerd Hed1eMpoBOAOB M ROOOIIE B TAK Ha3hIBAE-
MOM <nporpaMMHpoBaHuu». Teopust rpador Tenepb NPH-
MEHAIETCA U B TaKHX 06/1aCTAX, KaK 3KOHOMHKA, TMCHXO-
Jorugs H Ouonorusi. MaTemarHuecKue pasB/edyeHHs M
TOJIOBOJIOMKH TOXe OCTaloTCsl 4acThio TeOpHH rpados,
OCOOEHHO €eC/IH OTHECTH K HHM 3HaMeHHTYI0O npobaeMy
yeThIpeX KPAacOK, HHTPUrYIOUIVIO MAaTeMaTHKOB H IO cel
AeHb,



BBEJIEHME

B maremaTuke Teopus rpadoB paccMaTpuBaercd Kax
0AHAa M3 BeTBell TOMOJIOTHH; HENOCPeACTBEHHOE OTHOIle-
HHMe OHAa MMeeT TakkKe K aJjrebpe H K TEOPHH YHCeJ.

B nocaeayolieM M3JI0XeHHH Mbl BbIHYXKJEHH Orpa-
HHYATLCA JHIIL HEKOTOPBIMH NpOCTEHLIHMH BONPOCaMH
Teopuu rpados; M BeIGpann HX TakuM 06pa3oM, u4ToGLi
4aTb HEKOTOPOe NpeicTaBjeHHe, ¢ OJHON CTOPOHH, O Xa-
paKTepe HCCJeIOBaHHI, KOTOPble MOMKHO IPOBOAHTL
¢ nomoubio rpaos, B, ¢ APYrod CTOPOHH, — O HEKOTO-
PbHIX KOHKDETHBIX 3ajauaxX, KOTOphle MOXHO pelaThb
TakHMH Metojami. K cyacTblo, mpH 3TOM MOXHO 000ii-
THCh BeChbMa CKPOMHBIM MAaTeMaTHYeCKMM annapaToM,
uTO JenaeT yuyeHHe O rpacdax BIOJHe AOCTYNHLIM AAf
HayHH3IOLIHMX,



rnABA |

Yr1o Tanoe rpad?

§ 1. CnoprusHbe COCTA3AHHA

INpeanonoxum, uro ¢yT6éoabHAA KOMaHga Baluei
LUKOJbLI yYacTBYyeT B COPEBHOBAHHMAX M HrPaeT C KOMaH-
namu apyrux wkoa. IlycTh obiuee yHc/a0 KOMaHjg paBHO
wectH. Bawy komanay o6osnaunM GykBoit A, a apyrue
koMauabl — 6yksamn B, C, D, E u F. Uepea HecKOJbKO
HefleAb MocJe Hauaja COPeBHOBAHMH OKaXKercs, YTO He-
KOTOpble H3 KOMaHj Yy¥Ke ChIFpajdd APyr ¢ ApYroM, Ha-

npamep ) C D F
c , D, F,
B ¢ C,E,F,
C ¢ A B
D ¢ A E F,
E ¢ B, D,F,
F ¢ A B,D,E.

3T0 MOXKHO H306pa3uTh NPH MOMOLLH TAKOH reome-
TpUYecKoii cxeMbl. Kakayio KomaHay npeacTaBHM TOY-
KO# WM MaJIeHbKHM KPYXKOYKOM H COeJHHHM OTPE3KOM
Te Mapbl TOYEK, KOTOPHE COOTBETCTBYIOT KOMaHJaM, yke
urpaswuM apyr ¢ apyrom. Toraa asis QaHHOro CHHCKa
NPOBEAEHHLIX HMCP Mbl MOJAYYHM CXeMy, H3006parKeHHYIO
Ha puc. 1.

Cxema Takoro BHaa Ha3nBaercs rpadom. Oua
COCTOHT M3 HeckoabKux Touek A, B, C, D, E, F, na3biBae-
MHX BepPIUHHAMH, H HECKOJBKHX COEAHHSIOIHX 3TH
TOYKH OTPe3KoB, Takux, kak AC unu EB, Ha3biBaeMbix
pe6pamu rpada.
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TJIABA 1. UTO TAKOE TIPA®?

M3 puc. | BHOHO, UTO TOYKH NepeceYeHHs] HEKOTOPHIX
pe6ep rpada MOryT He fBJAATHCH €r0 BEPLIMHAMH; 3TO
NMPOHMCXOAUT NOTOMY, YTO Mbi M306pa3naM Haw rpad Ha

A
B

E D
Puc. 1

naockoctH. BoaMoxHo, y1o6Hee 6bli0 6Gbl npeACTaBAATh
cebe ero pe6pa HHTSMH, NPOXOASLIMMH APYr Haj APYroM

4 B

Puc 2

B IIPDOCTPAHCTBE; BO BCSAKOM cJay4ae, npH u300parKeHHH
Ha IJIOCKOCTH BeplUIMHBI rpaga Bo H30ekaHne MyTaHHILI
JIOJIXXHB OTMeyaThCsl NAOCTATOYHO OTYETAMBO (HampuMmep,
KPyXOuKaMm#u).

Kaxaylo coBOKYNHOCTb Hrp Ji060T0 TYpPHHPa MOXKHO
npeacTaBHTh cooTBeTcTBYIoWNM rpadom. Haoboport, ecau

12



§ 2. HYJIb = I'PA® U TIOJIHHIA TPA®

3anaH HekoTopHii rpad, T. e. ¢urypa, cocrtosiuias H3
TOYEK — BepIIHH, COeAHHEHHBIX NMPAMOJHHEHHBIMH OTpe3-
KaMH — pe6paMH, TO €ro MOXHO pacCMaTpHBaTh Kax
CXeMy Takoro cocrsizdahus. B kauectBe mpuMepa pac«
cMOTpHM rpad, nsobpaxeHnbii Ha puc. 2. Ero moxHO
npeacraBasaTh ceGe Kak rpag, cCOOTBETCTBYIOLIHH coCTs-
3aHHI0 BOCbMH KOMaHA, rie KomaHaa A yXe wurpaaa
c xomaunamu B, E, D, xomanuaa B urpana c A4, F, G, C
T 4

Ynpaxuenus

l. Haueptute rpad urp, CHIpaHHHX K cepefiuHe CE30Ha BaLUHMH
¢yT60MbHBIME HAH BONEAGOABHBIMH KOMaHAAMH,
2. lafite noaHbIA CMHCOK MNpOBeAeHHLIX Hrp, COOTBETCTBYIOULHA

rpady pHuc. 2.
3. Cxoabko peGep H CKOJILKO BeplUHH HMelOT rpadu puc. 1 1 2?2

§ 2. Hyav-rpad u noasnit rpad

CyllecTBYIOT HeKOTOpHIE CReltHanbHble rpadsl, BCTpe-
yaiouiuecs BO MHOTHX TNPHJIOXKEHHAX TEeOPHH rpados.
ByneM moka onaTh paccMaTpuBath rpad) Kak HarJAsSAHYIO
CXeMy, HJJIOCTPHPYIOILLYIO XOI CMOPTHBHBIX COCTSI3aHHMI.
Hdo nauana ce3oHa, MmokKa eille HHKaKHe TP He NPOBO-
Awanchk, Ha rpade HeT Hukaxkux pebep. Takoii rpa¢ co-
CTOHT H3 O/fIHHX W30JHPOBAHHBIX BEPUWHUH, T. €
M3 BEpIUHH, He COeJHHEHHbIX HHKaKHMu peGpamu. I'pad
Takoro BHja Mbi GyaeM Ha3biBaTh HyJAb-Tpa¢ oM. Ha
puc. 3 npHBeieHbl Takue rpads AAA CcAydaes, Koriaa
YNCJIO KOMaHA, MM BepiuuH, pasHo 1, 2, 3, 4 u 5. O
Hyab-rpagbl 06biyHO oGo3HaualoTcss cuMmBonamu O, O,
O; u 1. 1., TaK uto O, — 3T0 Hy/b-Tpad c 7 BepILHHAMH,
He wMelollui peGep.

PaccmMotpuM apyroit KpahHuii cayuail. [lpeanosos
KHM, YTO MO OKOHYAHMH Ce30Ha Kaxk/asg KOMaH[a chi«
rpaja mo oAHOMY pa3y ¢ KaXno#l H3 oCTaJbHBIX KOMaHJ.
Torna Ba coorsercTyiomieM rpade xaxdas napa sep-
WwHn Gyaer coennHeHa pe6poM. Takoi rpad HasbiBaeTCst
noaublM rpadom. Ha puc. 4 nsobpaxkennl nosHtie
rpagul ¢ yncaoM BepiunH n=1, 2, 3, 4, 5. M o6o3nauaeM

13
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§ 3. USOMOP®HLIE I'PA®H

STH noJjHble rpadu coorBercTBenno yepe3 Uy, U,, Us, Uy,
Us, Tak uto rpag U, cocTout u3 n BepuinH U pebep, co-
elHHADLX BCEBO3MOMHbIE NAPHl ITHX BEPIHH, DTOT rpath
MOXHO MpeAcTaBAfAThL cefe Kak M-yroJbHHK, B KOTOPOM
npoBeAeHbl BCe AHAroHaJH.

Hmen nexotopwiit rpad, uanpumep rpadp G, usobpa-
MKeHHBIt Ha pHc. 1, MBI BCeraa MoXeM NPeBPATHTL €ro
B MOJHBIH rpad c TeMH XKe CaMbIMH BeplUHHaMH, 106a-
BHB HejocTaloliue pe6pa (T. e. pe6pa, COOTBETCTBYIOLIHE
HrpaM, KOTopble TOAbKO ellle 6yayT chirpanel)., Ha pue.5
Mbl caenand 3to aas rpada puc. 1 (ewe He cocTosB-
1HeCs Hrpbl H300paXKeHbl MYyHKTHPOM).

MoxHo TakXe OTAeNbHO HAYepPTHTh rpad, cooTBeT«
CTBYIOUIHH TIOKa ellle He CHIrPaHHBIM, OYAYIIHM Hrpam.
Jlas rpada G npu sToM mnosnyuutcs rpad, H306paxKeHHbl i
Ha puc. 6

3ToT HOBHIA rpad Mbl HasbiBaeM AOMNMOJHEHHEM
rpada G; npunsaTo 0603HauaTh ero yepe3 G. Bass nonoa-
Heihe rpapa G, MH cHoBa mnoayuuM rpad G. Pe6pa
o6oux rpados G u G BMecTe COCTABJAIOT MOMHbLIA rpad
€ TeMH Xe BepLIHHAMH.

Ynpaxuenusn

I. Hauepture nononuenwe rpada, nsoGpaxennoro Ha puc. 2.
2. Yemy paBHO 4HCA0 pebep noanoro rpada Un?

§ 3. Usomopdunie rpadu

3amertuM, uto rpadp G (puc. 1) MoxHO M306pakaTh
no-pa3sHoMy.

Bo-nepsrix, coBceM He o6si3aTeqbHO M3006pakaTh €ro
pebpa npaMonuHeAHHIMH. MB MoXeM nposecTH JOGble
JIMHHH, COEAMHAIOIHE Te Xe CaMble BepIUMHbI, YTO H
paubuwie. Tak, rpag G MOXHO NMpPEACTaBHTL B BHAE, H30-
Opa)keHHOM Ha pHC. 7.

Bo-BTOpHIX, MH MOXeM NpPOHM3BONLHO pacnoJarats
BepiLMHbl Ha nJaockoctH. Hanpumep, sepwunnl rpada G
MOXHO DacnoNoXHTh TaK, KaK NOKa3aHO Ha puc. 8.

Ecan paccmarpusath TpH rpada, n3o6pakeHHbe Ha
puc, 1, 7 u 8, kak rpadi, onuchBalOUHe XOA CTOPTHB-
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TJIABA 1. YTO TAKOE TIPA®?

HOTO TYPHHPA, TO OHH OYAYT COAEPKATh B TOYHOCTH ORHY
H Ty Xe MH(QOPMAaLUIO0 OTHOCUTENHHO TOTrO, KaKHE HMEHHO
KOMaHIbl yXe HrpaJu Apyr ¢ APYrOM; B HEKOTOPOM

A

Puc 7

CMBICJIe 3TO 00uH u TOT e 2pa¢. Mu GyjieM rOBOPHTH,
4To ABa rpada — o6osnauuM ux Gy u Gy — usoMopgHol,

A

F
Puc 8

€CJIH OHH OTBeyaloT OAHOMY M TOMY e CIHCKY NpoBe-
IeHHbX urp. MueiMu caosamu, ecan rpadu G, u G n3o-
MOpP®HLI, TO OHH HMEIOT OJHO K TO XKe HHCJIO BepluMH H

16



§ 3. L3OMOPOHLIE TPAGH

Ans ao6bX ABYX Bepwnn rpaga Gy, ckaxem By n G,
coemmeﬂﬂblx pe6poM, COOTBETCTBYIOIIHE HM BepLIHHLE
C; rpada G; Toxe coeaHHEHB! peGpoM, H 06paTHO.

A D
A
| =

CoraacHo 3Tomy onpejenenuio, Tpu rpada Ha puc. 1, 7
n 8 n3oMopdHbl (T. €. HMEIOT OfHO H TO Xe CTpOeHue),
XOTS OHH W BBINIAAAT no-pasHoMy. (Tepmun «uzomopd-

17
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I[JIABA 1. YTO TAKOE TIPA®?

Hbl» YACTO HCNOJbL3YeTCH B MaTEMAaTHKE, OH COCTOHT M3
TPEYECKHX CJIOB O00; — paBHbIH, OAMHAKOBbI M MHOPYPH —
BuJ, (opma.)

Hepeako :npuxoautcs pewats BoOmpoc o  TOM,
SIBJIAIOTCA JIH 1Ba JaHHbIX rpada usomopdubimMu. MHorsa
cpasy sicHO, uTo 3To He Tak. Hanpumep, rpadsi, nszobpa-
»eHuole Ha puc. 9, He MOryT GblTb H30MOD(HLIMH, MO-
TOMY YTO OHM HMEIOT HeOJMHAKOBOe YHCJIO BepuwnH, He
MoryT ObiTh H3oMopdHbLIMH H rpadul puc. 10, Tak Kak
Yy HHX HEOLHHaKoBOe uucio pebep.

Puc 2

Oauako aast TOro, 4TOGHI NOKA3aTh, YTO He H3OMOPGHbI
rpagol, n3obpaxenHoie Ha puc. 11, TpeGyerca y&ke He-
CKONbLKO GoJsee TOHKOe paccyxpaeHue. Tak, MOXHO 3a-
METHTb, YTO Ha NepBOM rpade MMeeTcs NOcJAenoBaTeNb-
HOCTb W3 BOCbMH CMeXHbIX pebep (T. e. pe6Gep, nmonapuo
HMeLHX OOLIYyI0 BEPIUHHY):

(1,2), (23), (34), (4.8), (87), (7.6), (65), (51),

BO3BpaLLAIOLAsACA K HCXONHOH BeplliHe, B TO BPEMA Kak
Ha BTOPOM rpade Takoil Noc/efOBATENbHOCTH HeT. 3Ha-
YMT, KaK Obl Mbl HH OOO3HAYMJM BEPLIHHBH BTOPOrO
rpada, Mbl He CMOXeM [Js KakKAoH napbl CoOeaHHEeHHBIX
pebpoM Bepwun oagHoro rpad)a yxkasaTb BO BTOPOM CO-
OTBETCTBYIOLIYI0O [apy BeplIHH, TOXe COeJHHEHHBIX
pe6pom.. ([dokaxute arol)

Ecau cpasy He BuAHO, Kak Qoka3aTsk, uto ABa rpada
HE U30MOPQHBL, TO BONpPOC 06 HX H3OMOPHHOCTH MOKET

18



§ 4, TIJIOCKME IPAQOM

OKa3aTbCs AOBOJBHO TPYAHHIM. B xayecTBe nphaMepa pac-
cMOTPHM JBa rpaha, n3o6pakeHHbIX Ha pHc. 12; atH
rpadb Ha caMOM Jene H3OMOP(HBHIL.

YnpaxHeHus

1. Tokaxure, uto rpadm, uzoGpaxensne na puc. 1, 2, 6, ne uso-
MopdHB Mexay coboil.

2. YKkaxuTe ellle ONHY NPHUHHY, B CHIY KOTOPOl ABa rpada pHc. 11
He MOryT GLiTb H30MOpP(HBIMH.

3. O6o3HaubTe BepIHHK ABYX FpadoB phc. 12 1aK, 4T06H naomopd-
HOCTb 3THX rpadoB cTana o4yeBHIHOM.

§ 4. Naockne rpadu

Has MHOrux ueJsel 6e3pasnnyHoO, KaK MMEHHO M30-
6paxeH rpad, T. e. u3oMopdHEie rpadnl, 10CTaBASIOLIHE
OJIHY H Ty e HHGOpPMaLHIO, MOTYT paccMaTpPHBATbLCH KakK
oaun rpad. Tak Gyper, Hanpumep, B TOM cJayuae, ¢ KOTC-
poro Mbl HayaJin M3JIOXKeHHe, — Koraa rpad Hrpaer podb
cB0oeo6pa3HOro CMHCKa yiKe npoBefeHHHX urp. OaHako
B APYFHX CJAY4aaX CYILECTBEHHO TO O6GCTOATENbCTBO, 4TO
rpad MoxeT ObiTb HayepyeH HEKOTOPHIM CHELHaJbHLIM
o6pa3om. CpaBHuM ABa u3oMopdHbX rpada, usobpa-
Xennble Ha puc. | u 7. Ha nepBom u3 Hux peGpa nepe-
ceKaloTca B NATH TOYKaX, He ABJAIQWIHXCA BeplLIHHAMH
rpada, Ha BTOPOM BCe TOYKH Nepeceuerus peGep rpada
CAyXKaT ero BepiIMHAMH.

Cpa¢. KoTopbiil MOXKHO HauepTHTb TakUM o6pasoM,
yToGbl ero pe6pa nepecekaauchb TOJNBKO B BepHIHHAX.
HasbiBaeTcs nJocKuM rpa¢owm. Tak, rpap G, nso-
6paxeHHbI Ha pHc. |, ABJAsSETCS MJAOCKHM, NMOTOMY YTO
cyllecTByeT H3oMophHbIii emy rpad (puc. 7), Bce pe6pa
KOTOPOFO NepeceKaloTcsi TOABKO B BepLIHHAX.

IMnocknit rpad MOXHO paccMaTpHBATb KaK Kapry
JOpor, COeJHHSAIOINX MeXKAy co6oil pa3nuuHble CTaHUHH
nau gepeBHH. Tak, Ha KapTe, uzo6paykenHoil Ha puc. 13,
Mbl BRAMM 7 craHumii: A, B, ..., G, npHueM HexkoTepue
M3 HHX COelHHEHH Apyr c apyrom goporamu: AG, BC,
FE n 1. 1., 1 06paTHO, KaXAyl0 KapTy JAOPOT MOMXHO
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IJIABA 1. YTO TAKOE TPA®?

paccMaTpuBaTbh Kak njockuiét rpacg. Ilnan mo6oro ro-
pona (cm., Hanpumep, puc. 14) TOXKe ABJAETCH NJIOCKHM

B

Puc 13

rpadoM, rae yJaunsl cjayxar pe6paMu, a NJOIAAH H
YJANYHbIE TNEePEeKPECTKH — BepLIHHAMH.

Puc. 14

Brnpouem, cosBpemeHHasi TeXHHK4 H3MEHHJA MHOTHE
HallM MNpeJACTaBJeHHs, W, YTOGBl He OTCTaThb OT COBpe-
MEHHBIX TPeOOBaHHH, Mbl JOJKHbI NPH3HATh, YTO U KapTa
Aopor B HacCTosllee BpeMsl yXe He Bceraa INpeacTas-
JageTcss NAQCKHM rpadomM. K ceTH jgopor Tenepp 4acto
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§ 5. OAHA 3A4AYA O NJIOCKHX TFPA®AX

n06aBasOTCS JIHHHH, TPOXOASLHE HAa Pa3HLIX YPOBHAX,
TaK Y4TO B MecTe flepeceueHusi ABYX AOPOr MaccaXHp He
MOXeT MepedTH C OJHOH JNHHHUH Ha Apyryio (puc. 15).

Puec 15

HubiMi cnoBaMmu, pe6pa rpada Takoi KapTel nepece-
KaloTCsl B TOYKAX, KOTOpble HeMb3sl CUHTATh BEPLIHHAMM
rpada.

YnpaxHedun

1. Hapucyiite nnockuit rpad, oTBeuamowmuii CeTH A0por HeKOTOPOR
OKPEeCTHOCTH TOTO MecTa, T'ie BH JKHBeTe.

2. Caenaitte TO e caMmoe, HCNOAL3GBAaB NAaH BAawWeEro HaAH GaH-
Kailimero K Bam ropoaa.

§ 5. Oana 3apaua o naockux rpadax

PaccMoTpuM Teneps ABa mpuMepa NpHMeHeHHs rpa-
¢os aas pelleHus 3agay. B o6oux cayuasx geno cBo-
AATCA K TOMY, 4TOOGH BHIICHUTH, MOXHO JH HEKOTOPHIH
rpa¢ u3o0pa3HTb Ha IJIOCKOCTH TaK, 4ToGb ero pefipa



FJABA 1. UTO TAKOE TIPA®?

He HMeJH NHUIHHX TOYeK MepeceueHns. B kauecTBe nep-
BOTO MpHMepa pPacCMOTPHM OAHY OYEHb CTapylo roJoBo-
JMOMKY («3ajaua o Tpex AOMax M TPeX KOJOAUA3X»).

A B c
P
X Y
Puc. 16

Ha onHom yuacTke 3eMJH ObliM MOCTPOEHH TPH AOMa
U BHIPLITHl TPH KOJMOAUA AAst ux oburarteneit. Ilpupona

Puc. 17

CTpaHbl M ee KJAHMAaT TaKoBbl, YTO KONOALbI YacTo Mepe-
cHIXAI0T, MO3TOMY BaXKHO, YTOGB OT KaKAOrO U3 JOMOB
MMeJsicsl JIOCTYN K KaxkJOMy H3 Tpex kojoaues. Cmycts
HexoTopoe BpeMs obuTatenu aomos A, B u C cepnesno
MOCCOPHANCHL APYr C APYrOM H PeUIWIH TPOJOXKHTb
JOpOXKH K Tpem wkomoxnam X, Y, Z tak, utoGul mo nyTH
K KosojllaM M 06paTHO WM He NPHXOAHJOCL BCTPeYaThb
Apyr ppyra.
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§ 5 OAHA 3AJAYA O IVIOCKIHX TPA®AX

Ha puc. 16 n3o6paxen rpad, oTBeualolluii eCTeCTBeR+
HOMY PacnoOJIOXKEHHIO JOPOXKeK, KOrja Bce OHH INPAMO-
JUHeHAHH. JTH HOPOXKH, HAu pebGpa rpaga, nepece-
KalOTCs BO MHOTHX TOYKaX, OTJHMYHBIX OT TOYEK pacro-
aoxenusa aomoB A, B, C u xonoaues X, Y, Z. Unucao
JIHIUIHHX TOUYEK MepeceyeHHss MOXKHO CBeCTH K 1, ecan npo«
BEeCTH AOPOXXKH TaK, KaK yKa3aHo Ha puc. 17,

Bonpoc, KoTOphIii MB XOTHM NOCTaBHTb, COCTOHT B
cllepyIolleM: sIBASIeTCA JIK COOTBeTCTBYIOWIMI rpad nJao-«
CKHM, T. € MOXHO JH TNPOBECTH AOPOXKKH TakK, 4TOGhHI
OHH He nepeceKa/uCb HHrjJe, KpoMme BepiuuH rpada A, B,
C. X, Y, Z. CkonbKo HM NbITaiiTeCh, BHl He Haljere HyXK-
Horo pewenus, Oanako Hawa HecnocoGHOCTb peLInThb
3ajlauy nocpejAcTBOM nNpo6 M MOBTOPHBIX MOMBITOK He
JlaeT ellle MaTeMaTHYECKOro [0Ka3atenbCTBa TOrO, 4TO
3T0 BOOGUIe HEBO3MOXHO crenaTb. CTporoe XKe A0Ka3a-
TeJbCTBO OCHOBAHO Ha cJaelylouleil Teopeme,

TeopeMa YKopnana o kpusux. [Tycte o — Henpepois-
HAA 3AMKHYTAR AUHUR HA naockocTu (OHA MoxKeT ObiTb

H L

Puc. 18

MHOrOYro/IbHUKOM, OKPYXHOCTBIO, 3JJIHNCOM HJAH KAKOii-
au60 KpHBOit ropasno 6onee cinoxHoro Buaa). JunusJf'
0eauT nAOCKOCTb HA BHEWIHIOD U BHYTDERKIOW 06aacTi
TaK, 4t0 At06aa nenpepbisnan Kpuesas .L, coedunaowas
npou3sorbHyto TouKYy P snyrpenned obaactu c HexoTos
pod TO4KOl Q 6Hewmned obaactu, nepecexkaer o (cM.
puc. 18).

Bul yyBCTBYeTe, BepOATHO, YTO yTBepPKAEHHE TEOPEMH
Xopaana coBeplseHHO OYE€BHAHO; HHTYHTHBHLE reoMe-



TJIABA 1, UTO TAKOE TIPA®?

TpHYeCcKHe MpejcTaBjieHusi y6eX1al0T Bac B ee clipaBeil-
aupoctd. OHaKO [I0Ka3aTb 3Ty TEOPEMy COBCEM He NpO-
CTO; OCHOBHas TPYAHOCTb 3aKJIOYaeTcsi B TOYHOM oIipe-
neJeHHH TOHATHA «KpuBOM». Mbl omycTuM 3aech 3TO
onpejieJieHHe, TaK XK€ KaK H JOKA3aTeJbCTBO TEOPEMbI
JKopnauna'). Bnl MoxeTe npunare 3Ty TeopeMy 3a oue-
BHAHBIA (aKT.

M3 rteopembl )KopaaHa BbITeKaeT TOT, TOXe HHTYH-
THBHO OYEBHAHBIH, (hakT, 4TO ecau Jio6ble IBe TOUKU

Puc. 19

3aMKHYTOH JHHHMH o), CKaxeM A H Y, COelHHUTb KPHBOM
AY, He nMerouleil ¢ o6WuxX ToYeK, oTNHunbX oT A u Y,
TO BCS 3Ta KPHBasi, 33 MCKJIOUEHHeM ee KOHIIOB, JIEXHT
au6o BHe %", 60 BHYTPH " (cM. puc. 19).

1) Teopema JKopaana sBRSleTCSsl JOBOJLHO CJOXKHOA Jaxke H
B TOM GoJee MPOCTOM cayuae, KOrAa JHHHMA E npeAcTaBaser coGofi
MHOTOYrOJbHHK W oOnpejeneHHe ee He coctapaser -tpyAa. Cm. mo
stromy noeony kuury: KypauTt P, u Po66nuc I', Uro raxoe
mareMaTHKa, [ocrexuanar, M.—J1., 1947, ctp. 326—328 u 353—355,
rle MpOBEAEHO MOJHOE AO0Ka3aTeJbCTBO 3TOR TeopeMbl AJsA Cayyas
MHOTOYrOJIbHHKOB, @ Takke (6ojee cloXHble) KHHMH: AJeKcaHA-
pos A, Jl., Bunyxasie MHororpauuuky, octexuaaar, M.—JI., 1950,
crp. 69—72, ¥ T'nap6ept ., OcHoBanus reomerpry, locrexnsnar,
M. —JI,, 1948, ctp. 409—419 npuGasnenuii peaakTopa . KHMIH
J1. K. Paumebckoro. OTHocuTenbHO OOGLLIEr0 CJaydasi CM. IKypHan
«Ycnexu MateMaTHueckHX Hayk», T. 5, Bun, 5, 1950, cratbu: B osb-
nept 3. U, DnemenrtapHoe JOKa3arteabcTBO Teopemu Kopaawa,
crp. 168—172, n ®uaunnos A P, DaemeHTapHOE AOKa3aTedb-
cTBo TeopeMul )Kopaana, crp. 173—176.
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§ 5. OJIHA 3ANAYA O INOCKHUX TPA®AX

lMycts Tenepb Ha 3aMKHYTOMl JIMHUM ° HMeEIOTCS ue-
Thipe TOYKH, pacnojoxeHnHbie B mopsake A, B, Y, Z, u
nposejenbl auinn AY u BZ, He mepecekaioltuecs MexXAy
co6oii. Torna HenpeMeHHO OfHA M3 HHX, cKaxem AY,
NIeXHUT BHYTPH %", a Apyras(BZ) sHe %" (puc. 19). dro
MOXHO [0Ka3aTh c HOMoWbI0 Teopembl JKopaana, HO
B MoxerTe (Tak e Kak H caMmy teopemy )Kopaana)
ApHHATL 3TO 6e3 J0Ka3aTesbCTBaA.

MycTb, HaKOHel, HAa JAHHUH Y HMeeTCs LIeCTb TOYeK,
Pacno/IOXXeHHbIX B MOpsJKe

A X,B Y, C Z
(prc. 19). Torza Tpn coeauHsiomiye HX KpHBbe
AY, BZ, CX

He MOFYT He nepeceKaTbCAl.
s Toro yto6bt y6eaAuTbCS B 3TOM, 3aMETHM, 4TO 3TH
TPH KPHBble AOKHHEI GbITh pacnosioxeHo! B ABYX 006Js14-
CTX — BHYTPeHHeH M BHeWHell MO OTHOWEHHIO K% s MO
KpaifiHefi Mepe JABe M3 HHX MNONAAyT B OJAHY H Ty XKe
06/1acTh W, 3HAYMT, 06A3aTEJbHO MepeceKkyTcs.

AT0 paccyxkjeHHe HenocpeiacTBeHHO NPHMEHHMO K Ha-
Imeil 3ajaye O TPeX BpPaXKAYIOWIHX COCelX M HX KOJIOA-
uax. Ipeanonoxum, uto rpag puc. 16 naockuiét. Hauep-
THB HenepeceKalouuecs pe6pa

AX, XB, BY, YC, CZ, ZA

sToro rpaga, Mbl MONYYHM Ha MJAOCKOCTH 3aMKHYTYIO KPH-
Bywo. Ho Toraa, kak Mbl TO/IBKO 4TO OOBACHHAH, pebpa

AY, BZ, CX

yKe Hean3s 6yaer NMpoBeCTH Tak, YTOGbl OHH He mepe-
ceKaJuch ).

dtoT npuMep, MANIOCTPHUpYIOWHH TNoOHATHe rpada,
BpAA JH TNOKaxeTcss BaM ocoGeHHo BaxHbIM. Oanako
HHKOTAA He clelyeT npeHeGperaTh NMOZOGHLIMM TrOJIOBO-
nomkamu. Hepeako oHM OKa3biBaJqHCh TeMH 3€PHAMH, H3
KOTOPHIX BIOCJKEACTBHH BbipacTaiorT GoJbliHe MaTeMaTH-
yeckHe TeOPHH. MOXKHO HaNMOMHHTb TaKXke, yto obuaue

') Hpyroe AoKa3aTenwCTBO JaHO B NOACTPOYHOM MPUMEYAHHH
Ha cTp. 136.
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TNABA 1. UTO TAKOE TPA®?

CHMBOJIOB H (OPMYJ He BCeriaa CJOYXKHT MPH3HAKOM Fay-
GuHBl MaTEeMAaTHYECKOH HAEH.

VKaxeM elle OAHO NpPUJOXEHHe IVIOCKHX rpados
K BaXXHOH 3ajave npakTHk#. B jgonmonHeHHe K nepeumc-
JIEHHBIM BBIlIe NpejcTaBjeHusM rpada ykaxewm etle, 4To
€r0 MOXHO pacCMAaTPHBATb KaK CXEMY 3JIeKTPHYeCKOH
cerd, rae pebpaMp cayXaT NpoBoja, COeAHHsSIOIHEe pa3-
Jgunudble nyHKTH. Oaun U3 HauGosee 3(peKTHBHHIX ChO-
€060B MaccOBOrG TNPOH3BOJCTBA CTAHAAPTHBIX 3JEKTPH-
YeCKHX CXeM AJS PajHo- H TeJeBH3HOHHBIX NPHEMHHKOB
COCTOMT B TOM, YTO CXE€Ma HAHOCHTCH NEYaTHHIM CIOCO-
6oM B BHAe MeTaannuyeckod ¢(oabrd Ha OGyMaxkHylo
WK naacTMaccosyio ocnoBy. OfHako Ass TOro, 4tobu
310 GBIIO OCyunlecTBHMO, rpad) paccMarpHBaeMOH CeETH
TIPOBOJIOB JAOQJIKEH HMEeTb IVIOCKOEe NpejcTaBjeHHe; Belb
nepeceyenre ABYX peGep mpuBeao Obl K KOPOTKOMY 3a-+
MBLIKaHHIO B CHCTEME.

VYnpaxnenns

Kaxanfi #3 ueTnpex cocefefl coeausua cBofl AOM C TpeMsa APy
FHMH JOMaMH NipH fIOMOLIA HEMepecexkaioWHXcH Aopoxkek. Ilatwl e«
JIOBEK MOCTPOHJ CBOH JOM NOGIH3OCTH.

1. JlokaxuTe, YTO COEJIHHATL €ro A0M HenepeceKalouMHCHS NO0POK-«
KaMB ¢O BCeMH OCTaJbHBIMH AOMaMH HEBO3IMOIKHO.
2. IMokaxuTe, 4TO ¢ TPEMA AOMaMH COENMHHTb ero AOM MOXHO.

§ 6. Uncao peGep rpada

Korzna mbl BBenH noHaTHe rpada Kak CBOero poaa
CNHCKa yXKe NpoBeReHHHWX Hrp, Mbl IpeafiojarafiH, 470
KaXjble ABe KOMaHAbL HrpaioT APYyr c APYroM, camoe
6oabllee, no oAHOMYy pa3y. MoxeT, 0JHAKO, CTYYHTHCH,
4YTO KaXk/hle JBe KOMaHAbl MrpaloT Mexay co6ofi u no
HECKOJIbKY HIp, Kak 3TO 6biBaeT, Hanpumep, B Oeic-
Gosne'). Mul moxeMm OTpPa3HTh 3T0 Ha rpade, coeuHss
COOTBETCTBYIOlHE [aphl BEePLIHH HeCKOAbKUMu pebpamu
(puc. 20,a). B 3ToM cayuyae roBOPSIT, uTO rpag HMeer
KpaTutle pebpa.

1} Ananornuno 3ToMy nposoantcs, ckames, nepsercrso CCCP
o ¢yr6ony, rae KaXknasa KoOMaHla Wrpaer ¢ JAPYrod nsa pasa,
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§ 6. UNCAO PEBEP TPAGA

BMmecto Toro utro6n Ha caMOM fejie NPOBOAHTbL He-
CKOJBKO peGep MeXAy ONHHMH M TeMH JKe BePUIHHaMH
A u B, MOXHO TpoBecTH BCero oAHO pebpo, NPHNHCAB
€My KPaTHOCTb, NMOKA3bBAIOUIYI0 CKOJbKO pas Hano
cuutath 3To0 pe6po (puc. 20,6). Ha kapre mopor, Ko-
HEYHO, NMPOBOAAT KaXK/[Yyi0 AOPOTY B OTAEJNBHOCTH.

B kaXnoii HeH30MHPOBaHHON BeplHHe A HEKOTOPOTO
rpada G uMeeTcss OQHO MJIM HECKOJNbKO pebGep, AJAsi KOTO-
peix A CAYXHT KOHUOM; BCe 3TH pebpa Ha3wIBalOTCA

8
8

A ]
Puc 20

HHUHAeHTHBMH BepwnHe A. UYucno Takux peGep
o6nyHo 0603HaualoT uepe3 p(A) ¥ Ha3LBAOT CTe-
nenbio BepwuHu A Tak, aas rpada, uao6paxen-
HOro Ha puc. 1, cTeneHH BepLIHH TAKOBHI:

p(A)=p(B)=p(D)=p(E)=3; p(F)=4, p(C)=2.

JIoBOJILHO 4acTO NMPHXOAHTCA HAXOOAMTb 4uUCAO pebep
rpada. Mx MOXHO, KOHEUHO, NepecYuTaTh Hemocpen-
CTBEHHO, HO Ipollle COCYHTAThb YHCJO pebep B KaXKAOH
BeplIHHE OTAeJbHO U CJAOXKHTb Bce 3TH uHcaa. Ipu stom
Kaxjaoe pe6po OyaeT COCYHTAHO JBaXKAHL — COOTBET-
CTBEHHO [BYM BeplIHHAM, KOTOpble OHO COeJHHseT, No-
aToMy o6liee uucyao pebep rpada GyseT paBHO MOJNOBHHE
aToii cymMbl. Tak, nanpumep, uucao pebep rpada puc. 1
paBHO

S0 (A)+0(B)+p(C)+p(D)+p (E) 0 (F)| =9,

4YTO MOXKHO [IPOBE€PHTH H HENMOCPEACTBEHHO.
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TJJABA 1. UTO TAKOE TIPA®?

Uro6el chopMYNHPOBATL COOTBETCTBYIOMIKK pe3yabe
TaT B O6UeM BHJe, NPEANOJOXKHM, YTO HEKOTODPHIi rpad
G wmeer n Bepwun

AL Ay ..., Ay
CTeNeHH KOTOPhIX COOTBETCTBEHHO paBHEHI

p(Al)9 p(A2)v ev ey p(An)

Torpa uucno N peGep rpada G, xax nokaspiBaeT Haue
paccyKaeHue, paBHO

N=5[p(A)+p(A)+ ... +p(A). (1)

H3 sToit GopMyasl BHAHO, uTO AJds Jaio6oro rpada cyMma
CTelleHeH BCeX ero BepLIHH

EP(A1)=9(AI)+9(A2)+ .- t+p(4,) (2)

SIBASIETCS YHCJIOM 4E€THbIM, TIOCKOJbKY OHAa paBHa YIBO-
e€HHOMY uHcay pebep.

Ha rpacde MOXHO pa3nuuaTh JBa THNA BepLIHH: HC-
yeTHble gepuiunn A’, ctenenu p(A’) KOTOPHIX HEueTHHI,
H 4eTHole epuiursl A”, umelolide yetHsie ctenenn p(A”).
Tak, B cayuae rpada puc. | sepmvnnt A, B, D, E sB-
JSAIOTCS HeueTHbIMH, a Bepuinnbl C u F veTHnl. Ecan Bep-
LUMHBl PAcnosOXHUTh B aadaBUTHOM NOpPsSAKe, TO CyMMa
(2) 6ynmer paBHa

3+3+2+43+3+4=18.

3rta cyMMa yeTHa, TaK KaK UYHCJIO ee HEYETHbIX caarae-
MbIX PaBHO yeThlpeM. Boobiue, ans toro uyTo6nl y3HaTb,
Oyfer AM CyMMa UeJBIX YMCeJ YEeTHOH HJIM HeueTHOH, Mbl
MOXEM He pacCMAaTpHBaTh 4YeTHble cJiaraeMhble; cyMMa
6yzeT 4eTHOH HJH HeyeTHOH B 3aBHCHMOCTH OT YETHOCTH
HJH HEYETHOCTH YHC/IAa ee HeyeTHBIX cjaraeMblx. A Tax
Kak cymma (2) Bcerga siBAsieTCSl 4eTHOH, Mbl NPHXOAMM
K CJeRymolleMy pe3yJabTarty.

TeorEMA 1. Yucao HeweTHuix gepulun ai06020 epaga
4eTHO.

3To yTBepXK/eHHe CApaBeliMBO M B CJydae, KOrja
rpad BOBCE He COJAEPKHT HeYeTHHIX BepIUHH, Tak Kak 0
SIBJSIETCH YHCJIOM YETHBIM.
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§ 6. YNCJIO PEBEP TPA®A

Buipator rpadsl, y KOTOpPHX CcTenmeHH BceX BepuUIHH
OJMHAKOBBI:

p(A)=p(A)= ... =p(4,)=r.

Tako#t rpad HaswBaercds OLHOPOAHHM Trpadom
cTeneHH r; B cuny ¢opmyan (1) uucio ero pebep
pasHo

1
N=? nr,
rne n—uucno BepmuH 3toro rpada. I'pader, u3obpa-
XeHHble Ha pHuc, 21,a, 6, 9BAAIOTCS OJAHOPOAHBIMH; CTe-
NeHH HX PaBHLI TpeM H YeThIpeM.

Pac 21

B noasom rpagde U, ¢ n BepllHHaMu u3 Kaxaoi
BepIIHHB BuixoauT 7 — 1 peGep, BeAYWHX K KaxKAoi H3
ocTaabHblX n — | BepuiHH; TakuM o6pa3soM, U, ssasercs
oaHopoaHsIM rpadom crenenn n — 1. Hyab-rpad O, Toxe
ABNAETCA OJHOPOAHBIM MO TOH MPOCTOI NPHYKHE, YTO ANA
kaxpoit ero Bepwunb p(A) =0.

YopaxBeHHS

1 [posepute dopmyay (1) ans rpados puc. 2 u 6.
2 TlpoBepuTe, 4TO Ha KaXAOM H3 ITHX FPadOB UUCAO HEUETHHIX
BCPLIHK YETHO,



FTTABA N

CsAsHble rpagb

§ 1. KomnonenTnt

[Mpeanonoxum cHoBa, yTo Mbl uMeeM rpad G, ne
o0513aTeNbHO IJIOCKHH, KOTOPHIE MBI cefiuac GyaeM npen-
CTaBJATh cefe Kak Kapty gopor. Mbl HayHeM Haml nyTh
no rpady G u3 HekoTopoi BepiuHHH A, crepys cHavana
BJoJb pebpa, uau poporu, AB no HekoTopoil cranumu B,

-~
o/

Puc 22

satem ot B x C no apyroii coeguusioineii ux aopore BC
M T. i. MH He GyneM HajaraTh Ha 3TO CTPaHCTBOBaHHE
HHK3KMX OTPaHMYEHHH, MO3BOJIAS NMPOXOJHTbL uepe3 OBy
M Ty Xe BeplINHY HEeCKOJBKO Pa3 H Jaxe HCIIOJNb30BATDL
N0 HEeCKOJIbKY pa3 OfHH M Te XKe JOPOTH.

Ecaun Bepwwuna 7T rpada TakoBa, YTO Mbl MOKeM
AOHTH 10 Hee TakuM o6pasoMm, To roBopsT, uto I CBs-
3ana ¢ A B HameM rpade. DTO 03HAYAET, YTO HMEKOTCH
noporn, seayuue u3 A 8 T. Ecau npu s3ToM MBI npoitzem.
KaKyio-1H00 BepUIHHY fABa HJH GoJbllee YHCIO0 pas3, To.
Mbl CMOXKEM HCKJIOYHTh U3 HAllero NYTH HEKOTOPYy
3aMKHYTYIO JHHHIO # npoiith ot A x T Gonee KOPOTKHM
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§ 1. KOMINOHEHTH

nytem. Jluuua Ha rpade, He NPOXOAALLAs HH Yepe3 OAHY
u3 BepuiHH GoJsiee oaHOro pasa, Ha3HBaeTcs AYTOW;
Tak, NyTb, H306paxkeHHHit Ha puc. 22, npeacTasaser
coGoit ayry. Ecan nytb, 6biTb MOXeT NPOXOAAllHi AaXe
NO HECKOJILKY pa3 uyepe3 OAHH M Te XKe Bepulnbl, He
COMEPXKUT OAHHX H TeX e pebep, TO OH Ha3biBaeTca
uensio (puc. 23). Odyra npeactasasier co6oit uenb, BCe
BepLUHHbI KOTOPOH Pa3/IHYHH, ee Ha3biBAlOT TaKke 3 Ji e«
MeHTapHo# uenbio. Ecan uenp 3amkHyrta, 1. e
HaYMHAETCA H OKAHUHBAETCH B OAHOW H TOii Xe BepilHHe,

Punec 23

TO OHa Ha3biBaeTCA WHKJAOM., Llukn, Bce sepuwnuel Ko-
TOPOrO PasjH4Hbl, Ha3bLIBAaeTCx MPOCTH M, HIH 3dJe-
MeHTAapHB M, uHkaoM. Takum o6pa3oM, LHKA MOXKeT
nepecekaTb caMoro cefs B OTAeNbHHIX BepLUIMHAX, B TO
BpeMsi KakK npu -o6Xofe 3/MeMEeHTapHOro UHKAZ TOJNbKO
HayanbHas BepuUIMHA CHOBa NOABJAAETCA B KauecTBe KO-
HeYHOM TOYKH.

TosichuM 3TH nonsatua Ha rpade pnuc. 1. INlocaenosa«
TeNbHOCTL pebep

AFDEFB
npesacTasaser co6oil uenb; MOC/a€10BaTeNbHOCTD
ADFEB
- Ryry, uau sneMeurapnyio uenb. Ilocnegosatenshocts
AFEDFBCA
ABNAETCA UHKIOM, a
ACBFEDA

— NPOCTHIM, H/H INEMEHTAPHLIM, UHKIOM,
3t



FNIABA 11. CBAA3HBIE I'PA®DLI

Ecan kaxnyio BepmiuHy rpada MOXKHO COEIHHHUTH
¢ mo6o¥ Apyrodi ero BepIIMHOH HEKOTOPOH UENbIO, TO
rpad nasuiBaeTcd ¢ B s 3 Hb M. Bce paccMoTpenstle Bhillle
rpadsl, 3a HCKAIOYEHHeM HyJb-rpados, GbliM CBA3HLIMH.
Y HecBsi3Horo rpada He Bce BepLIMHBI MOXKHO COEIHHHUTH
uensMu ¢ AadHo#i BepmuHO# A. Te BepuiuHB, KOTOpHIE
MOXHO COEIHHHTb € BEpLIHHOH A, W Bce HMHUHIEHTHBIE
UM peGpa 06pa3yloT CBA3HYI0 KOMMNOHEHTY Bep-
muHpl A. Takum o6pasom, Becs rpag pacnajgaercss Ha
CBSI3HLIE KOMIIOHEHTH, He COeAMHEHHBle MeXay co6oi Hu
peGpaMu, HH LENsAMH,

Puc. 24

Ha puc. 24 u3zo6paxen rpad, cocrosmuii M3 yerbipex
CB3HBIX KOMIIOHEHT, OQHA M3 KOTODLIX IpeJACTaBJseT
co6oft M30/MUPOBAHHYIO BepulMHy. DTOT rpad) MOKET CO-
OTBETCTBOBATb, HaNnpHMep, KapTe HOPOr rPynms oOCTPO-
BOB, I'ie KaXIblil OCTPOB HMeET CBSI3HYI0 CHCTEMY AOPOL.
B Teopun rpacos oGHYHO TpeAnosaramT, YyTO paccma-
TpuBaeMblii rpad sBJseTCs CBA3HBIM, TaK KaKk MHaue
MOXHO OTAEeNbHO M3yyaTb CBOHCTBA KaXJIOH u3 ero
CBSI3HBIX KOMIIOHEHT.

§ 2. 3anawa o kénurcGeprckux MocTax

Teopus rpadoB sBAsieTcA OAHOH H3 HeMHOrHX o6sa-
CTeil MaTeMaTHKH, JaTa POXK/JEHHsI KOTOPHIX MOXET GbiTh.
yka3sana. [lepsas pabGora o rpadax, npusapiexamas
luBenapckoMy MareMaTHky Jleonapay Sinepy (1707—
1783), nosieunace 8 1736 r. B ny6aukauusx [lerepGypr-
ckoii Akazemun Hayk. Ditiep SBASETCS ONHOA M3 KOJO-
puTHefiMX ¢uUryp B HcTopuH Haykd. B 1727 r., xoraa
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§ 2. 3AJAYA O KEHUICBEPTCKHX MOCTAX

eMy eaBa ucnosHuaocb 20 Jjer, on Obl1 nNpUraalleH B
Poccuiickytio Akamemuio Hayk. OH yXe H3yuuJ TeO.O-
THIO, BOCTOUHbie SI3bIKH M MeLHUMHY, Npexae 4eM Lenu-
KOM TNOCBAATHA ce6Gs 3aHATHAM MaTeMaTHKOil, (u3ukoi
n actpoHoMued. OH no6uics OJeCcTALIHX YCNEXOB BO
BCEX 3THX 06JACTAX M Hamucal OrPOMHOE KOJHYECTBO
pabor. K Tomy BpemeHH, Koraa oH Hanucaa paboty o
rpadax, OH MoTepsa, 3peHHe Ha OAHH rNa3, a K CTapocTH
COBEPLIEHHO OCJen, HO Ja)ke 3TO He OCTaHOBMJO NOTOKA

Puc. 25

ero paboT. VKe ROBOILHO NaBHO lIBEfillapCKHE MaTeMa-
THKH, B YaCTHOCTH MaT@MaTHKH ero pojaHoro ropoaa Ba-
3ens, HayaJau wu3AaBaTb NONHEee COGpPaHHE COUHHEHHI
diinepa, u3 KOTOpOro moka ony6nukoBano 50 TOMOB.
[lepoHauanbHo npeanosaranocb, 4To o6liee YUCAO TO-
MoB Gyner Gausko k 100, HO Temepp yXe AyMaioT, uTo
OHO okaxercs Ganxe Kk 200,

Diinep Hauan cBolo paboTy o rpadax ¢ paccMOTpeHHs
OJHOH TOJIOBOJIOMKH — TaK Ha3blBaeMOH «3aflaud 0 Ké-
Hurc6eprckux Moctax». I'opon Kéwurc6epr (nbine Kaau-
HUHTpa]) pacnonoxeH Ha Geperax peki [Iperean (ITpe-
roau) H ABYX OCTpoBax. Pasnuuxble yacTu ropoaa 6niin
coefuHeHn ceMbio MocTaMH. Ilo BockpeceHbsM ropoka-
1le coBepllasu MNPOryikn no ropoay. Boopoc 3axkdmio-
yajcsi B TOM, MOXHO JiH COBEPLIHTb MPOTYJKY TaKHM
o6pa3oM, 4ToObl, BHIHAR U3 JaMa, BEPHYThCS OGPaTHO,
npoiiis B TOYHOCTH OAMH Pa3 MO KaXKAOMY MOCTY?
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{JIABA 1I, CBA3HBIE FPA®H

CxemaTnueckas kapra KéuurcGepra H306paxeHa Ha
puc. 25. Yernipe uacTH roposa oBosHauensi 6ykBamu A,
B, C u D. Tak Kax Hac HHTepecylT TOJbKO Mepexojbl
no MoctaM, Mbl MoxeM cuurate A, B, C, D BepuinHamH.
HekoToporo rpata, pe6pa KOTOpPOro OTBEHAIOT COOTBET=
CTBYIOUWIHM MoOcTaM. JTOT rpag u3zobpaxeH Ha puc. 26.

Jiinep noka3aa, uTo 3TOT rpad He RpeacTasiser CO-
6ol eaAHHOTO LHKJIA, HHLIMH CNOBaMH, C KaKoif 6GH Bep-
WHHH MBI HH Hadaad 06xo4, Mbl He cMmOXeM o6OirH:

c

Puc. 26

Bech rpad W BepHyThCA 06paTHO, He NPOXOAS HHKAKOrO®
pe6pa aBaxjbl. Beab ecan OH TaKOH UMK/ CyLIeCTBOBa,
TO B KaX/A0¥i BepHinHe rpada G0 OH CTONBKO Xe BXO-~
AsIMEX B Hee pefep, CKOJMBLKO H BLIXOASUIMX H3 Hee, T. C.
B Kaxjaoi BepumHe rpacga Gblio OBl HETHOE YHCAO pe-
6ep. OnHako 3TO yCJIOBHEe OYEBHJHO HE BBINOJHEHO AJfl.
rpada, npeacrasasiomero kapry KénurcGepra,

§ 8. 3haeposn rpadn

Hsnoxus petienne 3agauu o KEHUrc6eprckUx MocTax,
diinep B cmoefi paGoTe mepemen X chaenylomed o6uieit
npoGaeMe Teopuu rpadoB: Ha Kakux zpagax MOXKHO
natitu yuka &, codepxawyuii ece pebpa zpatha, npuuen
kaxcodoe pebpo 8 TounocTu no o0Homy pa3y? Takoit nuka
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& 3. SNNIEPOBH TIPAGH

Mbi GyzeM Ha3bBaTh 3filepoBOil AiHHHeH, a rpad,
o6aajaouiuit 3iNepoBok JHHHeH, — 3ii1epOBHM TP a-
doM.

Has Toro uro6nl rpad uMen 3ilNepoBy JHHHIO, OH
A0JKeH OuiTh cBA3HbBIM. Kak u B 3amavye o KEéHmrcGepr-
CKHX MOCTaXx, fICHO, UTO KaXKJIas 3i{NepoBa JHHAA AOJAKHA
BXOAWTb B KaX/JYyI0 BepPIUHHY H BbIXOAMTb U3 Hee OAHO
M TO XKe UKCAO pas, T. €. CTENeHH BCeX BeplIHH rpada
AOJUKHbl GbITh YeTHbIMH. Mbl monyyunau asa HeoGXOJH-
MbIX YCJIOBHMA Jiis TOro, 4TOoGbl Ha rpade uMesach siJe-
pOBa JHIINSA, — CBA3HOCTh H YeTHOCTb CTeNexeit BceX ero
BEpILYH.

Diinep n0KasaJ, YTO ITH YCJHOBHA SABJIAIOTCA TaKxKe
K NOCTaTOYHLIMH.

TeoreMa 1. Cea3Hbili epagh, cTenenu ecex sepuiun Ko-
TOPO20 HeTHbl, obaadaer 3diaeposold aunuell.

HoxasaTEabcTBo. IlpennonoXuM, 4YTO Mbl HauMHaeM
uenb 2 13 HEKOTOpoil BepiwmHbl A W npoaonkaem ee
HACTOJILKO JaJieKo, HACKOJbKO 3TO BO3MOXHO, MPOXOHS
Kaxnabli pa3 no pebpy, ellle He TNPOHAEHHOMY paHee.
BBuay KoHeyHOCTH uHcja pe6ep 3TOT nApoHecc KOraa-
Hu6ynb 3akoHunTcs. Ho Tak Kak B KaKAoil BepiiuHe —
YyeTHOE UUCNO pebep, TO U3 KaXKAOH BepIUHHB, 32 HCKJIO-
yeHyeM HauaJabHOH, 6yaeT Bo3MoXeHn H BbXxoA. Caeno-
BaTeJNbHO, 1lenb & AOMKHA KOHYa1bCsA B BepluuHe A (cM.
puc. 27).

Ecau & npoxoauT uepe3 Bce BepluHHb! rpagda, TO MH
yXKe noayuwaH TpebGyemylo 3ilziepoBy aunuio. Ecau ato
He TaK, Haijercs BepluuHa B, npuHaanexaumas 2
MHUKAEHTHAS HEKOTOpOMYy pe6py, He BXOAslleMy B Uelb
Z.Tak Kak Z uMeeT B BepuinHe B ueTHoe yucio pebep,
TO uMCI0 peGep, BHLIXOAALIMX M3 B M He npHHaajexa-
wHX Z,TaKXKe UYETHO; 3TO BEPHO M OTHOCHTEJNbHO BCeX
APYTHX BepIIHH.

Teneppr Mbl HAuHEM HOBYKO uenb & u3 BepuinHb B,
KCIONIb3YS1 Ha 3TOT Pa3 ToabKo pebpa, He NpuHALIENKa-
mue Z. AcHo, uTo 3Ta Lenb AOMKHA OKAHYMBATHCA B
Touke B. A TOraa MBl MOXeM MOAYYHTb GONBLIHA LHKA,
HauyHawluuica B A: cHauana caeayeM mo ¥ ot A k B,
3aTeM npoifigeM 0o LUKAY £ N, BepHyBwHcb B B,

¥



TJIABA II. CBASHBIE FPA®HI

npoiiieM OCTaBLIYIOCH YacTk ¥ o6paTtHo K Touke A (cMm.
pic. 27). Ecan Mbl ellle He o6ouwty Bech rpad, Mbl MO-
»KeM CHOBA pAacUIHPUTbL 3TOT NYTb— M TaK JO TeX IOP.
NnoKa Mbl He NOJYYHM Tpebyemyio SHIEDPOBY JIMHHIO.

3anayu Ha npoBeieHHEe SHIEPOBBLIX JNHHHH, T. €. 3a-
JlaiH O BOCMPOH3BeJleHUH H300paKeHHBIX JHHHA Ge3 mo-
BTOpeHud W Oe3 oTpelBa KapaHpama or Gymars,
ABJIAIOTCH H3MI00JIEHHOH TeMOH MaTeMaTHUECKHX pas3BJe-
YeHH .

Z(A,B)

Z(B,A)
Puc. 27

Ho cux nop Mbl TOBOPHJIH O LHKJE, NPOXOASIIEM IO
BceM peGpaM rpada B TOUHOCTH IO OJHOMY pasy; MOXHO
NOCTaBHTb 3aJauy ¥ 00 OTBICKAHMM LienH, o6aanaiouei
TeM Xe cBoiictBom. IlpeanonoxuM, uto Ha rpade
nmeerca uens % (A, B), naunnamoumascs B BepunHe A,
OKaHYMBAIOWIAsACST B HeKOTOPOil apyro#i BepiudHe B H
npoxojAsias Mo BceM pe6paM B TOYHOCTH [O OXHOMY
pa3y. Ota uenb, HauuHaschb B BepluuHe A, BO3MOXKHO,
B JajbHelillleM CHOBa 3aXOAMT B A, M HaXe He OZUH pas.
Ecau sta uems He okanuyuBaercs B A, TO BepuuHa A
JomkKHAa ObiTh HeueTHo#. Ilo aHasOrMuHOM npuuuHe He~
yeTHOH OyeT M BepuiuHa B, B To BpeMs Kak Bce OCTalb-
Hble BepLMHB rpada yeTHsl. 3TO NMPUBOAMT HAc K cJae-
Aywolleil Teopeme.
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§ 3. SAJEPOBbLl TPA®LI

TeoreMa 2. [laa 1020 4TO6bBL HA C8A3HOM 2paghe ume-
aace yenov Z(A, B), codepxcaujan ece ezo pebpa 8 TO4=
HOCTU no 00HOMY pasy, Heo6x00uMmo u GOCTATOHHO, 4TO-
66t A u B 6btau eOQUHCTBEHHBIMI HEHETHOIMU BEPUIUHAML
aroz20 zpada.

Ias mokasaTeabCTBa AOCTaTOYHO A06aBHTBL K rpady
HoBoe pe6po AB; Toraa Bce ero BepLIMHEI CTaHYT 4eT-
ueimu. HoBwlit rpad, cornacHo mnpenpiayuleii teopeme,
o6nagaeT HeKoTOpoil 3inepoBoii auHuell &°; ecan pe6po
AB ypanute u3 &, ocraHercs ucKomas uens 3 (A, B).
B kayectBe mpuMepa MOXHo yKasath uens FCDBAEC
rpada, u3ob6paxeHHoro Ha puc. 6. Itor rpad HMeer B
TOYHOCTH ABe HeyeTHbie Bepuuhbl F u C.

MartemaTuku Bcerda nuiTaloTca 006061aTh HalAeH-
Hbie pe3yabTaThl. [lonbiTaeMcsi W Mbl onpeaeauTs AN
TIPOH3BOJBLHOrO Tpada HaHMeHblIee YHCAO lened, Takux,
UTO HMKAaKHe JBe H3 HUX He HMeloT oOLlHXx peGep H BCe
OHH BMecTe MOKpPLIBAIOT BeCb rpad. flcHo, 4to ecau Ha
rpade HMeeTcs Takoe CeMeHCTBO Lieneff, To Kaxaas Hes
yeTHad BepILHHA AOMKHA ObITh J160 HaualnbHOW, AHGO
KOHeYHOH TOYKOH no KpaHHeil Mepe OQHOH H3 HHX, HHaue
3Ta BepiinHa Gbina Obl yetHoil. Kak Mbl Bugenau B ra. I,
YHCJIO HEUYETHHIX BEpUIHH rpada YeTHO, CKayKeM paBHO
2k. 3naunT, Kaxa0e CeMeificTBO MOKPHIBAIOILKX rpad e
nefi ¥ JAOJIKHO COCTOATHL MO MeHblueli Mepe u3 k ueneit.
Mb nokaxeM Tenepb, YTO CYLIECTBOBaHHe 2R HeYeTHBIX
BEePWHH ABJASETCA H JOCTAaTOYHBIM YCJIOBHEM CYIIECTBO-
BaHusa k Takux ieneft.

TeoreMa 3. Ha arobom caasnom zpage ¢ 2k Heuer-
HolMU BepUIUHAMU umeeTCs cemelicTeo u3 kR yenel, Koro-
pble 8 COBOKYNHOCTU codepxcar ace pebpa 2paa 8 TO+<
HOCTU nO OOHOMY pasy.

JokA3ATEALCTBO.  O603HauHM HeEYyeTHble BepLIHHNW
rpacda, B3aTHe B HEKOTOPOM NOpsAKe, uepes

Al‘ AQ, “ssy Ak; Bl’ BQ, ey Bk'
Ecan Mbpl no6aBuM Kk Haumemy rpacdy & peGep
AB, AB, ..., AB,,
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TJIABA I1. CBA3BHHIE TPADLI

TO BCe ero BepUIHHH CTaHYT YeTHHIMH M HAa HeM Hafi-
aeTcs 3itnepoBa aunus & . [Ipn ymaneHuw noGaBjeHHBIX
peGep auuua ¢ pacnajercsi Ha k OTAEABHLIX Lened,
coflepxalunx Bce pe6pa rpada.

B kauectBe npuMepa BO3bMeM rpacd, H3oGpameHHbIH
Ha puc. |. OH HMeeT yeTbipe HeueTHHe BepuiuHu A, B,
D, E u nokpblBaeTca ABYMS LeNsAMH

EBFA, BCADFED.

Yaopaxuenusn

1. Onpenennre, cko/bKo Hened HeOGXOAHMO A MOKPHITHA KaXAOro
#3 rpados, H306parKeHHHX Ha pHc, 28.

Puc. 28

2. Cnenafite TO e camoe AnA BCceX rpadoB, paCCMOTPEHHWX BHIIIE.

3. Jns noanslx rpadoB C YETHPLMA U MATHLIO BepUWIRHAMH Hafiaute
noxpwiBamue #x uend. [Tonuirtalitecs 0606WMTE mOJMyveHHbIE
pe3ynbTaThl.

§ 4. OrbicKaKue NMpaBHJBHOIO NMyTH

SitieposbiM rpadoM fo/keH Obil Obl OHTH M MJaH
JI0O0R BBHICTABKH: BAOJbL ee [OMELEeHHH MOXHO Ghljio
6 TOrga pacciaBHTh 3HAKH, MNOKAa3HBAIOImMe, Kak
HMeHHO TOCeTHTEeNM JOJMKHB [BHIaThCsl, UTOOH OCMO-
TPeTh KaXAblif JKCMIOHAT B TOYHOCTH MO OJHOMY pasy.
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§ 4. OTHLICKAHHUE TNPABHJIBHOTO NYTH

Ho npeAnoJioKMM, 4TO, KaK 3TO 06huHO GbiBaeT, 3KCMO-
HaTbl PAacnofoXKeHH NO o6eMM CTOPOHaM BCeX NPOXOAs-
IIHX N0 TeppHTOpMM BHIcTaBKu myTek. OkasuiBaeTcs, 4TO
TOraa, KakoB Gbi HM Obl1 COOTBeTCTBYlOW M rpad (eca
TOJBLKO OH SBJSETCA CBA3HbLIM), MOXKHO NPOBECTH MOCC-
THTeNs TakuM 06pa3oM, UTOGbl KaXAu# nyTbh Gbl Npoii-
JeH UM fiBax/bl — N0 OAHOMY pa3y B Kax/JOM Hanpas-
JIEHUH,

HOas poxkasareabcTBa Mbl AaniMm ofllee NpaBHIo no-
CTPOEHHUs lenH, NPoXoAsileli BROAb Bcex pebep rpaga
B TOUHOCTH MO OJHOMY pa3y B KaXAOM HanpasJeHHH.
Mbl HauHeM 3Ty ueNb M3 NPOH3BOALHON BepuwHHB Ag M
noiizeM BAOAL HeKoToporo pe6pa &= (Ao, A1), oTMETHB
3T0 pe6po MajieHbKOH CTpeJKOiH, NOCTABJNEHHOH B TOYKe
A, § yKasmiBaiouieil BHGpaHHOe HaMH Hanpasaenue. 3a-
TeM nepefZieM TIOC/N€N0BATEIbHO K APYTMM BepLIMHAM.
Oanu M. Te e BepLIMHB MOXHO noceulatb ¥ MO He-
ckonbKy pa3. Kaxawifi pas, nonasas B Kakyio-To Bep-
WwHHYy, Mbl GyjaeM CTaBHTb Ha COOTBETCTBYlOuleM peGpe
CTpeJIKy, YKa3biBalollylo Hanpas/enue npHOuITHA. Kpome
TOrO, NoONajas B KaKylo-TO BepIUHHY BRepBble, MbI Kax-
Hu6yap oco6o oTMeTHM BXojisulee pe6po, Tak YTOOH
NOTOM €r0 MOXHO OblJI0 OTJIHYHTL OT OCTa/bHBIX.

Brixoas H3 BepiMHB, Mbl Bceria 6ynem BbGHpaTh
elile HEHCNOJb30BaHHOe HampasJeHue: Jau6o pebpo, no
KOTOPOMY MBI COBCEM He MpPOXOAHAH, JuGo pebpo, oTme-
YyeHHOe CTPENKOH, YyKasniBalowe##i Ha TO, YTO Mbi MO
Hemy npuGbinu. IIpu 3TOM yCnOBHMCS, UTO TOJNbKO TOrAa,
KOT/la Y Hac HeT BHIGOpa, MBI HCNOMb3yeM AJsi BHIXOAd
pe6po, TO KOTOPOMY BNepBhle NPHUUIAH B 3Ty BEPLUIHHY.

Mgl npononxKaeM 3TOT W3BWIHCTHIH NMyTbh A0 TeX nop,
noka 370 BooOwe BO3MOXKHO. B xaxjaol BepliHHE
MMeeTCsl OAMHAKOBOE YHCJIO BO3MOXHOCTEH a8 BX0AI
M aaa BHXona. [losToMy npouecc MOXKET OKOHUYMTLCSA
TOMBKO B HauanbHoil Bepuiune Ao. Ocraercs npoBepuTsh,
yTo BO BCeX BepuipHax Bce pe6pa OGVAYT npodjeHH B
0o60HX HanpaBJieHUsX.

B Touke Ap 3TO sfiICHO — BCce BHIXOAsllMe pe6pa 31€Ch
6yayT HCNONb30BAaHbl, TAK KaK B NPOTHBHOM CJydae Mii
morau Gl ABHMTraThCs AaJjbllle, MOITOMY W Bce BXoaallHe
pe6pa ToXe OYAYT HWCNONBL30BAHH, TaK KaK MX YHCHO
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IJIABA 1I. CBA3HBIE I'PA®HI

aBHO UuHCJAY Bblxoasmux peGep. B uactHoctH, peGpo
o = (Ao, A1) Oyner npoiiieHo B 06OHMX HanpaBJeHUAAX.
Ho 3710 o03nauaer, uto Bce pe6pa, HHUuAeHTHHe A,
TOXe OyavT npoiiieHs B 000OHX HanpaBJeHHsiX, TaK KakK
nepsoe Bxojasauee B A; pe6po Aod|, no ycn0BHIO, JOMKHO
HCIIOJB30BATLCA B KAuecTBe BLIXOASALIEro JIHIWbL B IO-
CJe[HIOI0 oyepeAb. To Ke caMoe pacCyXieHHe NpHMe-
HAMO M K caeaywoiemy pebpy &, = (41, Az) u k caenyio-
meit sepwnHe Ay u 1. A. CrenoBaTenbHO, BO BCeX Bep-
LIMHAX, KOTopble 6YAyT AOCTUTHYTHI, Bce pe6pa oKaXyTcs
npofijleHHBIMH B 006onx HampasjaeHusix. Ilockosbky Hain
rpad sBJseTcs CBSI3HLIM, 3TO O3HAaYaeT, YTo OH 6yner
MPOH/IEH Bech LEJHKOM.

310t cnoco6 o6xonuTth Bce peGpa rpada MoXKHO HC-
NnoNb30BaTh AJA MHOTHX LieJel, HanpuMmep AJs OTHICKa-
HHS NYTH, NO3BOJIAIOILEro BHIOPAThCA U3 NaOHPHHTA, HAH,
CKa)XxeM, M3 Da3BeTBJEHHOH neulepsl, ecJH BHl B Hell
CayyaiHo 3a0MyaHIHCD.

Yuopaxuenus

1. INpumennTe M3/IOKEHHH 34eCh NMPHEM K rpadaM, pacCMOTpEeHHHIM
s§1l,ranl

§ 6. F'aMHALTOROBH JHHHH

B 1859 r. u3BecTHHH MpAAHACKHE MaTeMaTHK C3)
Yunbvam Poysn I'aMuibTOH BHIMYCTHA B NPOAAXy cBoe-
o6pa3Hyio ronoBoOMKy. Ee OCHOBHO!M uacTbio Gula npa-
BUJAbLHBIH JlO/eKasap, cAeNaHHbIH H3 fgepeBa (puc. 29).
JTO ONMH U3 TaK Ha3bIBAEMbIX NPABUALHBIX MHO202PAH-
HUKOB: ero rpaHsMH cayXatT |2 npaBHJbHHIX NSTH-
YroJbHHKOB, MpuueM B Kaxao# u3 20 ero BepiuuH cxo-
AuTCst o Tpu pebpa.

Kaxnas BepliuHAa raMUAbTOHOBA MAOJAeKa’apa O6blLia
noMeuyeHa Ha3BaHMEM OJHOT0 M3 KPYNHBIX T[OPOAOB —
Bpiocceas, Kanton, Henu, ®pankdypr u 1. 4. 3anaua
COCTOS1J1Aa B HAaXOX/JAEHHH NYTH BAOAL peGep noaeKasxapa,
NpoOXoAslllero uepe3 KaXJbl# TOpod B TOYHOCTH IO
OJHOMY pa3y; 4TcObl cenaTh 3ajgayy Oosee MHTEpeCHOH,
NMOPAAOK TPOXOXK/JEHHUs HECKOJbBKHX IepBhIX TropojoB

40



§ 5. TAMHUIBTOHOBH JIMHHU

ycTraHaBauBaJcs 3apaHee. [Ias Toro 4to6bl Jerde Gbiio
3aNOMHHTb, KakHe Mepexoibl yiXe cfe/laHH, B KaXAYyiO
BeplIMHY JofeKasapa Obl1 BKOJMOT reo3ib ¢ 6Goabuioil
LINISGKOH, TaK 4TO BOKPYr 3THUX rBO3/eil MOrja BUTbCS
BepeBKa, yKasbiBaiowlaa npoiifienHbit nyTb. OaHako Ta-
KOH nogekasap Gbil CAMIIKOM IPOMO3AKHM, M ['aMuib-
TOH NPEeAJOKHI ApPYroil BapuaHT CBOeH HIphl, Fae MHOro-
TPaHHHK 3aMeHAJCA NAOCKUM rpadoM, H3OMOPPHLIM
rpady, obpa3zoBaHHoMy peGpamMu joaekasapa (puc.30).

— 7~

Puc. 29

[Mo-BunuMoMy, 3Ta 3ajaya O myTeleCTBHH 110 AOAe-
Ka’Apy He MMeJa CKOJbKO-HHOYAb LIKPOKOTO ycnexa, HO
MaTeMaTHKH COXPAHWIH NaMATb 00 3TOH TOJOBOJNIOMKeE:
raMUAbTOHOBOK JNHHHUel HAa rpade n cefiyac Ha-
3LIBAETCA LMKJ, [POXOASAILHA yepe3 KaXAyl0 BeplIHHY
rpada B TouHOCTH no ofHOMy pa3dy. OH He mokpriBaer,
BooOlle roBops, Bcex peGep: Beab B KaXXAOH BeplLIHHE
OH NPOXOAHT B TOMHOCTH no ABYM pe6GpaM. Lluxa, uso-
6paxkeHHblit Ha puc. 30, siBJISeTCH raMHJIbTOHOBOH JIHHHEH
ans poaexasfpa.

Kak Mb BHAMM, HMEETCA H3BECTHAS aHAJOrHs MeXay
9/iepoBHIMH M raMH/LTOHOBLIMH JHHUsIMH. [lepBaa npo-
XOANT OAHH pa3 mno KaxaoMy pe6py, BTOpas — uepes
Kaxaylo BepwnHy. HecMoTps Ha TaKoe cXOACTBO, 3TO
3afla4yH COBEPILEHHO Pa3jHYHON cTemeHu TpyaHocTH. s
siinepoBa rpadga AOCTATOYHO MPOBEPHTb, SABAAOTCA JH

41



TJIABA 11. CBA3HBIE T'PA®H!

BCe ero BepUIMHB YeTHbIMH. JI/1s raMHJALTOHOBBIX JHHHUM
JIO CHX NOp He HaW/JeHO ellle TAKOro oGliero KpuTepHs,
YTO, KOHEYHO, JAOCTOHHO COXKaJIeHHs, TAK KaK BO MHOIMX
BONIpOCax TeopHH rpadoB BaXHO, CYIUECTBYIOT JH Ha
onpefeseHHEX rpadax raMUibTOHOBLI JIMHHH.

«3agaya O CTPaHCIBYIOIleM TODPrOBLE» HanOMHHAeT
3ajayy O pa3sbiCKAHWH TaMHJbTOHOBHIX JIHHHH — W CHOBa
Mbl He 3HaeM HHKaKoro oflero MeToja ee pelleHus.
IlpeanonoxuM, uTo CTPaHCTBYIOIWMHA TOproBel, npexje

Pue. 30

yeM BEPHYTbC JOMOH, AOJKEH NOCETHTh HECKOJLKO ro-
ponos. EcrecTBeHHO, OH 3aHHTEPECOBAH B TOM, YTOGLI
clles1aTh 3TO KaK MOXHO OHICTpee, WJIH ke B TOM, YTOOHI
caenatr 3TO C HaUMEHbIIMMH 3aTpatamu. Bceraa
MOMHO, KOHEYHO, DEelIHThb 3Ty 3a]auyy HOCPeACTBOM IMO-
ClefoBaTeNbHLIX  HCMBITAHHH, Haxoxs HeoGXoauMoe
BpeMs, PacCTOSIHHE WJIH CTOMMOCTb JJISl PAa3JMHYHBIX BO3<
MOXHBIX MopsjkoB o6xoaa ropoaoB. Onnako aist 60.b<
IIOro yKc/aa rOpOAOB 3TO CTAHOBHTCA MOYTH HEBO3MOXK-
nuiM. TeM He MeHee A/ HEKOTOPHIX NOCTATOYHO TpeC-
MO3/IKHX NPHMEPOB 3TO COCYHTAHO. Tak, HampuMmep, Haii
JleHa Kparyailllas IUMKAHYeCKas a5pPOJHHHSA, NPOXOAAILAs
no sceM rnaBHuM ropogaM Coemunenurbix llrtatos.
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§ 6. TOJIOBOJIOMKH M TPA®H

YnpaxHengas

1. Umerotca M raMHUALTOHOBH JIHHHE Ha rpagax, H306pameHHbX Ha
puc. I v 2,

2. Toprosen, XuBywufi B ropoge A;, cobupaercia NOCETHTs rOPOAA
As, As, Ay PaccTosHus MeXAy ropoAaMH TAKOBSI:

AA;=120, A A;=140, A|A4=180'
AxAs=T70, A,A,=100, AsA,=110.

Hafitu kpatyafimmh nnkauveckuds nyts u3 A;, npoxoasiwuft de-
pe3 TPH APYTHX ropoja.

§ 6. FonososoMkH u rpadm

B npeabiayiieM naparpade Mol 3aHHMAaNHCh OTHICKA-
nuem Ha rpade nyTH M3 OfHOro Mecta B apyroe. Takyw
3ajayy MOXHO paccMaTpHBaTh KaK POA MrPH, H XOTA
3TO Ka)eTCsi COBEePIIEHHO HaMBHLIM pa3BjeyeHHeM, HA
caMoM Jejie B 3TOM H COCTOHT IJ1aBHOe CcOlepXaHue
MHOTHX T'OJIOBOJIOMOK H HEKOTOPBIX HTp.

Bocnonbayemcss oueHb cTapoit «3ajaveil 0 nepeso3-
YuKe» AJAA TOro, YToOGh NMOKa3aTb, YTO HMEHHO Mbl HMeeM
B suay. IlepeBosunky (/7) O6nl10 nNOpyweHO nepeBe3TH
yepes peky Boaka (B), ko3y (K) u Memok kanycTn (k).
Ero Maneubkass JOAKa 3a OfHH pa3 MOIVIa TepeBe3TH
TonbKo uTO-HHGYAL ofHOo. Kpome TOro,  Helb3st ObO
OCTaB/AThL BOJKa HaelMHE C KO30H MJM KO3y —C Kamy-
croit. Kak oH poskeHn Gu1 nocTynuTh?

Mul paccMOTpHM Bce BO3MOXHBle 31eCh cayyau. B
nepBBIit peiic, OUEBHIHO, MOXKHO B35iTh TOJNLKO KO3Yy: NMpH
stom rpynna /1, B, K, & B ucxoaHO# TOuKe 3aMeHSETCA
rpynno#t B, k.

3aTeM nepeBO3UMK BO3BpAlLAeTCs Ha3ajl OAHH; Mhi
noayuaem JfI, B, k. Bo Bropo#t peiic oH Moxer nepe-
sestn aubo B, nubo K, ocraBnss COOTBETCTBEHHO K MIMif
B. B o6oux cayuasix oH pomxen nepesesth K o6partHo,
R B HCXOZHOR Touke oxaxyrcs [, y( B uwmn 11, K, «x,
YTO AOMYycTHMO. B ciegyoulyio noesaky oH nepesosut 3
(unu k), octaBasa Tonabko K. Hakoneu, on BO3Bpa-
Iaetcss oauH H nepeso3ut K.
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TJABA 11. CBAA3HLIE TPADH

Taxum o6pa3som, B 3TOM NpeleNbHO MPOCTOM CJaydyae
JIOMYCTHMBL JIHLIbL TepeMelleHus, YKa3aHHble HA puc. 31.
D10 MOKa3blBaeT, UTO pellieHHe MOXeT ObTh NOJyYeHO
AByMsi croco6amu; Kam/Abli M3 HHX ONpejessieTcsl HeKo-
TOPOH Uenblo, COeAMHSIOWEH HauadbHOe noaoxenue [,
B, K, kK c KOHEUHBIM TIOJIOXKEHHEM <«IYCTO».

CoBepuleHHO aHaJIOrHUHA 3TOH M 3ajaya «O Tpex pes-
HHBBIX MYXbAX»: TPH CyNpyKecKHe naphl B BOCKpeCeHbe
NOJOLIIK K peKe, Ile OHH HallJ¥ MaJeHbKYIO JOAKY,

3 NKw

o Q

O —0
nBKK BK nK ﬂyc,n”

NBK

Puc. 31

KOTOpasi He MOXeT NMOAHATH Oojee [ABYX 4YeAOBEK OJHN+
BpeMeHHo. [lepenpaBa ocjoxuserca TeM O06CTOsTENb-
CTBOM, YTO BCE MYXbSi OYEHL PEBHHUBHI M HH OJHH H3
HUX He MOXeT LONyCTHTb, YTOOLI €ro JKeHa OCTaBajach
Ge3 Hero B KOMIAHHH, Tle e€CTb KaKOH-HUOYAb APYroil
MYXKUHHA,

Mu npenocrasnsieM uuTateNio HavyepTHTs rpad no-
NYCTHMBIX MNepeMelleHHH M [0Ka3aTh, KaK TYT MOXET
6LITh OCyllecTBJEHA Mepenpasa.

Kak Mb BHIeNH Ha npeAbIAyIHX NpHMepax, rpad
MOXKHO npeictaBasiTh cefe M Kak HekoTopywo Hrpy. Bep-
LUMHBl €ro SIBJASIOTCSl PAa3JHYHBLIMH TOJOXKEHHSIMH B 3TOMH
urpe, a pebpa COOTBETCTBYIOT HBHKeHHAM (XomaMm), no-
nyckaeMblM npasuiamu urpbel, O6nIHO 3agaua cOCTOUT
B TOM, YTOGBLI YCTAHOBHTh BO3MOXHOCTb NPOXOXKIACHHS
BJO/1b pebGep rpada OT OAHOrO 3afaHHOTO NOJOMKEHHSN
K npyromy. Ha si3bike Teopuu rpados 3Ty 3anayy MOXHO
cHopMyAUPOBATL Tak: TPHHANJNEXKAT JH OBAa AAHHBIX
NONOXKEeHHsT ONHOR U TOM XKe cBA3HOH KOMIIOHeHTe rpada?
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TJIABA I1. CBAASHHE FPAOH

B xayecTBe caefylollero NpocToro NpHMepa PaccMo-
TPUM HFDY, COCTOSILIYI0 B mepeMElieHHM LIaxXMaTHOro
KOHsI N0 JOCKe COrJacHO OOBIYHBIM npaBuiaaM. Tax Kax
Ha IaxMaTHoH Jocke 64 KJETKH, COOTBETCTBYIOLIMH
rpa¢ umeer 64 Bepwunbel. HeTpyano BHIEETH, YTo KoHeM
MOXHO JAOCTHYb JI060ro mnoas u3 Jo6oro HayajJdbHOTU
NOJIOXKEHHS, TaK YTO rpad 3TOH Mrphbl ABJASETCH CBA3HLIM,

B HexoTopbix U3 HanboJiee paHHMX PYKOIMHCEll O max-
MaTax BCTpeyaercsi CJACAyIOUIHA BOOPOC: MOXKHO i1
NPOATH KOHEM M3 HEKOTOPOro HPOH3BOJBHOrG Hauasb-
HOTO MNOJIOXKeHHsI N0 BCel JOCKe H BePHYTbCH B HCXOJHOE
nonoXKeHHe Tax, 4YToObl MOGHIBATH HA KaXKAOM MmoJe B
TOYHOCTH 10 OJHOMY pa3y? 3T0 OYEeBMAHO PaBHOCHJLHO
3ajaye O HaXOXKJE€HHH HA HalleM rpacge raMHJIbTOHOBOM
aunpH. CyliecTByer MHOro pellenuit 3Toi 3azauu. Oano
M3 HHX NPELCTaBJEHO Ha pHc. 32.

Ha mwaxmartHoit focKe HMeeTcs GOJbLIOE YHC/O AOMY-
CTUMBIX JIBUKeHHH KOHA. MOXKHO HOCTaBHTL BONPOC
O TOM, CYLIeCTBYeT JIU IHKJ, COfepsKalluii BCce 3T nepe-
MellleHH B TOYHOCTH NO OJHOMY pa3y. 3JTO COOTBET-
CTBYeT NOCTPOEHHIO 3ilJIepOBOH JIHHHM Ha HauieM rpade.
CoraacHo ofuieMy pe3yabTaTy, AJas pellieHHns nocTaserl-
HOrO BOMPOCAa HAJA0 BLIACHUTBH, ABAAIOTCA JH CTElEHH
BceX BepluHH rpada yeruniMd. Ha puc. 33 ans xaxaoro
NoJA yKa3aHO YHCJAO BO3MOMHBIX XOJ0B KOHA C 3TOro
noJisi, T. e CTeNeHU BCeX BepPIIHH COOTBETCTBYIOLUErO
rpada. Mpl BHIHM, YTO HMeeTcs 8 mojeit neyeTHOH cre-
NeHH; 3HAYHUT, 3TOT rpad He MMeeT 3SHIEPOBO JAHHHA.

YVnpaxHenns

1. CKOJbKO XOA0B KOHS BO3MOXHO Ha WIAXMaTHOR AoCke?

2. Pemlte COOTBETCTBYIONHE 32]a4H AAS KOPOJA.

8. MpoBepbTe, uTO CyMMa YHCed B KaK/JAOM CTPOKE I B Ka¥10M
cronGue Ha puc. 32 oaHa 1 Ta ke W paBrHa 260.



rnasaA Il

Nepesba

§ 1. Aepesba H neca

IHepesom Ha3biBaercsa cBa3Hbiit rpad, He coaep-
JKaltHi LHKJAOB; TakoH rpad, B UaCTHOCTH, He HMeeT M
KpaTHhiX peGep. H3 onpenenennss nepeBa BHITeKaeT
Takxke, YTO O/ig KAaXAOH maphl ero BeplIMH CyulecTByeT

Puc 34

e[MHCTBEHHAs coeAuHsomWas uXx uens. Ecau rpad, Bo-
oflie TOBOPS He CBA3SHMI, He COAEPXHT LUKIOB, TO
Kax[as ero CBi3Had KOMNOHeHTa GyneT AepeBOM; NOJb-
3yACb TEpMHHOJIOrHel, npuHATOl B G6GOTaHHKe, TaKo#
rpad) MOXHO Ha3BaTk JeCOM.

Jng Toro uto6n NMOCTPOHTHL AepeBO, BbiGepeM Kakyio-
uubyns Bepuinny Ap,. U3 Ay npoBenem peGpa B cocennue
BepiuHbl Ay, Ay, .., H3 HHX npoBeseM pebpa K HX CO-
ceaam Ay, Ag, .., Az, Az, ... B T. 4., KaK N0Ka3aHO Ha
puc. 34. TlepBonauanbHo BuiGpaHHas BepiuuHa Ao Hasbl«
BaeTce KOPHEM JiepeBa; KaX/1as BepluHHa JAepesa
MOMET CHYXHTb €r0 KOPHEM.
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TITABA 111. NEPEBbHA

[TockosnBKY Ha JepeBe He HMMeEeTCH LHKJOB, pas/uy-
Hble lend (WJIH BeTBH), BHIXOAAIIHe U3 Ay, GyAyT H30AM-
pOBaHH JAPYr OT ApYra, Kak BeTBH HaCTOsLLEro Aepesa.
Kaxnas BerBs Takoro rpada gonxkHa HMeTb nocaeduee,
HJIH KOHeuHOe, pebpo ¢ KOHEe4HOU 8epUIUHOL, U3 KOTOPOI
yXe He BBIXOJHT HH OJAHOro HOBoro peGpa.

CornacHo 3TOMy 3aMeUaHHIO, AEPEBO MOXKHO [0-
CTPOHUTh, NOCJaeqoBaTeNbHO A00aBassAs pebpa B ero Bep-
LIMHAaX., DTO JAaeT BO3MOXKHOCTb COCYMTATh uucjao pebep
nepesa. [Ipocreiiliee gepeBo 1MeeT TOJBKO OAHO peGpoO;
TOUYHEEe TrOBOPSA, QHO COCTOMT H3 [BVX BEPIUIHH H OJHOTO
pe6pa. Kaxnanii pa3, koraa Mbl no6GaBisieM elle OAHO
pebpo B KOHIlle BETBH, NPHOABJAAETCS TaKXe U BeplIHHA,
cJIeIOBaTEeNbHO, CNpaBeJIHEA

TeopeMa 1. Mlepeeo ¢ n sepuunamu umeer n—I1 pe-
Gep.

BMmecTto oaHoro pepeBa paccMOTpPUM Tenepb Jec,
COCTOSIIHIT M3 R CBSI3HBIX KOMIIOHEHT, KaX/as H3 KOTO=

<1

Puc 35

puix sBaserc gepesoM (puc. 35). Ilns Kaxaod u3 KOM-
IOHeHT uHca0 pebep HA eIHHHILY MeHbllle YHC/IA BepUIMH,
CuoenoBaTesbHO, CNpaBeliuBa

Teopema 2. Jlec, cocroawjuii uz k KOMNOHERT U umerQ-
wuii n eepwun, codepiur n— R pebep.

IlepeBbsi HMEIOT MHOIQUHCJEHHEIE NPHMEHeHHs. 3lech
Mbl YNOMSIHEM JIHIb, YTO KaXXAbLI{ NPOUECC COPTHPOBKH
MoxeT GOBITb NpeACTaBNeH B BHAE HEKOTOpPOro naepesa.
Tax, nanpuMep, puc. 34 MOXKHO npeAcTaBasTs cebe Kax
OnHcaHnue NPOLECCa COPTHPOBKH mnouThl. [lepBOoHadab-
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§ 2. UMKJB U NEPEBbLA

Has mayka nuceM oGo3HaueHa Ao. [louTa BHyTpH cTpaHbi
MoXeT GbITh oGo3HaueHa uepe3 A,, nouta B Espony —
yepe3 Ay, nouta Ha Hdaabuuit Bocrok —uepes Az u 1. A
MectHas mouta A, peautcs Ha BOCTOUHYIO, 3aNajHylo,
ueHTpanbHylo, nouta B Espony A, neantcs no cTpa-
HaM H T. A.

[Mpouecc coptupoBKH nepdokapT Moxer ObiTh mpeld-.
CTaBJ€H TAaKHM Ke rpadoM, TONbKO 3/ech fepeBo 0ObiYHO
HMeeT BIOJIHe ONpeleNeHHbId BHA, TaK KaK OTBepPCTHA

A

Aw Am"‘AagAm AH"'AIQ
Puc. 36

Ha nepdoKapre pacnooXeHbl NPaBHJAbHBIMH KOJOHKAMH,
B KaX/0#t H3 KOTOphX oObiuHo GuiBaer 10 mecrt. Cneno-
BaTeJAbHO, NIPH pacnpefneteHdy nepdokapT N0 OTBEPCTHAM
B nepBoil KosoHke umeerca 10 Bo3MoxHocTeii: Ao Ay, ...,
Ao, B KaxX/0# H3 uX — cHoBa no 10 Bo3moxHocTel: Ago,
Ao, ..., Ap U 1. 4. (pHc. 36). STOT npouecc MOXHO pac-
CMaTpHBaTb KaK mnpouecc pa3bMeHHs UEJbIX YHCead Ha
rpynnsi B 3aBHCHMOCTH OT HX NepBO#A, BTOPOH H T. A
uudpul. BnpoueM, kaxjnoe nepeso MOXKHO NMPeACTaBAsiTh
ce6e Kak HEKOTOpYIO BecbMa OGILYIO UHCJIOBYIO CHCTEMY.

§ 2. Wukau ¥ aepesbs

Hawy HoByio 3afiauy Mbl cOpMYJHDYEM B CeJbCKO-
xo3sficTBeHHbiX TepmuHax. Ha puc. 37 wu3zobpaxena
Kaprta noaeil Hekotopoi depmul. I1peanonoxuM, uro 3To
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TJABA III. ZEPEBBA

KapTa HeCcKOJIbKHX PHCOBRIX NOJieH, PacrnoJIOKeHHbIX Ha
OCTPOBE; MOJIA OKPYXXEHB! 3eMJSHbIMH IJIOTHHAMH, KOTO+
pole B CBOIO odepelb OKPYXKeHbl BOAAMH o3epa.

Kak o6bluHO Tpu BO3AE/NLIBAHHM DHCA, MBI XOTHM
HMETb BO3MOJKHOCTb 3a/iMBaThb TNOAS BOAOH, OTKPHIBast
OTBEPCTHS B HEKOTOPBIX M3 CTeHOK. Jlns Toro 4roOnt
OpOCHTb BCE TNOJIA, HeOOXOZHMO, OYEBHAHO, CJOMAThb MO
KpaWHelt Mepe OJHY CTEHKY B Kam/JOM LHKJe KapThl,
T. €. CeNnaTh TaK, YTOObI CTEHKH, OCTaBLIHECH HECJOMaH-
HBIMH, o6pa3oBanu rpad 6e3 uuxaoB. Bompoc cocrouT

B TOM, 4TOOHI BbIACHHTb, CKO/IbKO HMEHHO CTeH NPHAETCH
CJIOMaTh.

Puc 37

OTo mpuBOAMT K caeaylolleil obuieii 3a4aue OTHOCH-
TeAbHO rpaoB: KAKOBO HAuMEHbUiee HUCA0 pebep, KOTo-
pbie HaOo yodaaruts u3 OanHO20 €8A3HO20 epagha, 4TOGbL
HQ HeM He OCTAN0Ch HU 00HO20 yuKAQ.

ITpeanonoxum, 4To mpexke BCEro Mbl yAa/aHJH pe6po
& =(A, B), npunaanexaiiee HEKOTOPOMY LMKy Ha
rpage. Ilpn 3ToM rpad ocraHercs CBA3HBIM, TaK Kak
BMeCTO TOrO, uTo6bl poXoauTs or A Kk B no &, Mu Mo«
XeM npoiTH oT A K B mo ocraBileficst YacTH COOTBET+
cTBywulero nukaa. Ecau nocne ymanedus pe6pa & na
rpade ocTaHyTcs eule UHKJAB, Mbl OTGDOCHM TakHM ke
obGpasoM apyroe pe6po. ITpogonkas 3TOT npouecc, Mbl
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§ 2. UHUKNTH A REPEBbY

NpHAEeM B KOHLE KOHLOB K CBA3HOMY rpady 6e3 LHKJIOB,
T. €. K aepesy J-

A Tenepb yie JIerKo NOJICYHTATh, CKOJbKO peGep HaMm
npuwioch yaaautb, Jepeso J COAEPKHT TO XKe caMmoe
YHCJIO L BEPUIHH, UTO W NepBOHavaJbhbiil rpag G. B cuay
TeopeMbl | u3 § 1 unciao ero peGep pasuo n—1. Caesno-
BaTeNbHO, ecJy BHauaJe Ha rpade G Guaio N pebep, 10
HaM TIPHILNOCH YAAJUTh B TOYHOCTH

y=N—n-+41

pe6ep. 3TO YMCAO HA3BLIBACTCH WUKAUHECKUM NOPATKOM,
WIH YUKAOMATUHECKUM. HUCAOM, TPa(a; OHO PaBHO yBe-

Puc 38

JAHYEHHOH Ha eAMHHLY pPa3HOCTH MeXAy YHCJIOM pebep
M uncaoM BepiuuH rpada G.

Hrak, ana toro urobbl npespartith rpad G B nepeso,
Halo YyAaauTh No KpaiiHell mepe y pe6ep. [Has Toro
yTo66l npeBpatHTh rpad G B Jec, COCTOAWIMI M3 He-
CKOJBKUX JepeBbeB, HAaM MpuHAETCH YAAMHTh W3 Hero
Goabille yeM y pebep, Tak Kak (B CHJIy TeopeMm 2 M3
§ 1) uncao peGep Jieca, comepiKalleroc n BepUIHH, MeHb-
1ie, YeM YHCJIO peGep JepeBa C N BepPIIHHAMH,

ITponamocTpHpyeM 3To npeBpaileHHe rpada B jge-
peso Ha puc. 1 (ctp. 12). Yaaaum chauaaa pe6po ED,
nphHagnexauee uukary EFD, satem pe6po AD, npu-
Haanexauee unkry DFA, u, nakoneu, pe6pa AC u BE,
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TJNIABA [Il. IEPEBbS

Ocraercst aepeBo, H3oGpaxeHHoe Ha puc. 38. Bcero mul
yAanuIH
y=9—6+1=4 pebpa.

Ynpaxuensus

1. ITposepbTe pesyiabraTHl 3TOro maparpada Ha rpadax puc. 2 u

37.
2. Uemy paBHO LHKJIOMaTHYECKOR YHCJIO NMOJHOrO rpaga?

§ 8. 3agaya o coeauHeHHH ropoaos

Mbl BepHeMcst Tenepb K uMeloulell GoJblIoe MPAKTH-
yecKoe 3HayeHHe 3ajaue O CpeACTBax cooblieHus, nocra-
BHB_ee CHayajaa B (opMe BONpOca O NPOBENEHHH AOPOT.
Hmeerca neckonnko roponos.A, B, C, ..., KOTOpbIE HYXKHO
COEIMHATL MeXJy cOOOH CeThI0 IIOCCEHHBIX HJIH XKeJse3-
HBIX popor. as kaxpao#t mapsi ropoaos A, B u3mectHa
croumoctb ¢(A, B) crpoutenbctsa coeauHSIONIEH HX
nopory. 3aaya COCTOUT B TOM, YTOGHI OCTPOHTL CAMYIO
Oewesyto M3 BO3MOXKHBIX ceTeli jgopor. Bmecro Toro
yTO6bl FOBOPDHTb O CETH 2KeJE3HBIX JOPOr, MOXHO OblIO
6Ll rOBOPHUTh 06 3JIEKTPHUECKHX JIMHHUAX, HJAH O BOXHBIX
NyTAX, HIH 0 HedTeNnpoBOAAX H T. M.

B Tom uactHOM cayuae, Korja HMeEeTcs BCEro TpH
ropoaa A, B, C, n0CTaTO4HO NOCTPOHTH OAHY H3 COE/H-
HAIOUUX JIMHUA

ABC, ACB, BAC,

npuueMm ecin BC — camas goporast JMHHS, TO HMEHHO ee
B HaJ0 HCKIIOUHTb, NocTpouB aopory BAC,

PaccmorpuM Tenepn obwmii cayuait. ['pad manGosee
JleuleBoil coeAMHAIOUEH CeTH JOJXKeH OHITh AEPEBOM, TaK
KaK ecaM 6bl OH COJEPXaJ UMKJ, MOXKHO OGBLIO GBI yAaa-
JHTb OZHO M3 3BeHLEB 3TOr0 HMKJa M ropoja Bce eLie
ocranuch Obl coeguHeHHbIMH. CiemoBaTesNbHO, M5 CO-
€AHHEHHS N TOPOJOB HYXXHO NOCTPOMTL 7 — 1 popor.

Mbl noxaxkeM, YTO CeTb MUHHMAaJIBHOH CTOMMOCTH
MOXHO TOCTPOHTb, TIOJb3ySiCh CJAEAYIOIHM IIPOCTHIM
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§ 3. 3AAYA O COEAVHEHHH TOPOLOB

npasusom Ixonomuunocru. llpexkpe Bcero CcoeRuHsEM
IBa ropoja ¢ HaHOoJsiee jellleBbIM COEAHHSIOIIHM 3Be-
nom &,. Ha kaxgom u3 caeayoomwux maros xoGasiseM
caMoe felieBoe H3 3BeHbeB &;, NPH NPHCOEAMHMH KO-
TOPOro K yxKe MOCTPOeHHbIM peOpaMm He obpa3syercst HH-
KAaKOro IHKJa; ecJd HMeeTcsi HeCKOJbKO 3BeHbeB OAHOM
H TOil XKe CTOMMOCTH, BHOGupaem JioGoe H3 Hux. Kaxnoe
nepeeo J, NMOCTPOEHHOE TakKMM 06pa3oM, Mbl GyleM Ha-
3bIBaTb IKOHOMUUHGIM Oepesom. Ero cToMMocTe paBHa

Puc 39

CyMMe CTOHMOCTEH OTAEJbHbIX 3BEHLEB:
c(@)=c@)+c&)+ -.. +c(8,-):

Ham nago nokasartb, 4TO HHKakOoe Apyroe nepeso &,
cOefMHSAIOILEe Te K€ BepLIHHb, He MOXeT O0Ka3aThCs
JellleBsie 3KOHOMHYHOro nepesa J. Ilycts & — camoe
feLleBoe AE€PEBO, COeAMHSIONIEe HALH BepUIMHbl, a J —
a06oe sKoHoMuuHoe aepeso. [lpeanonoxum, uto pe6pa
€., &, ... sxoHOMMUHOrO AepeBa J 3aHYMEPOBAHH B TOM
nopsiike, B KOTOPOM OHHM NMPHCOEIMHSJHCH NMPH NOCTpOe-
Huu 7. Ecau caMoe nemnesoe nepeso ¢ He coBnanaer ¢J
TOJ MMEET M0 MeHblleH Mepe 0HO pe6po, He NpHHaaJe-
wautee . Ilycro &,=(A, B) — nepsoe Takoe pe6po, H
nvets & (A, B)—uens rpada o7, coeqnnsaionas epuuHyl
A u B (puc. 39). Ecau pe6po &, no6asuts k &, T0o rpad

53



rJTIABA [111. NEPEBbS

& -8, 6yner comepxkate uuka C=8§,+&(A, B), a Ttak
kak J He HMeeT UMKJOB, TO UuKA C D0MXKeH coaepkarh
o KpaliHeii Mepe oaHo peGpo, He npuHamiexallee J -
Yaanus sto pe6po &), Mbl nomyunm nepeso

P =+ 8 —8

C TeM e CaMblM YHCJOM BEPUIHH, YTO H é’, fnpuyeM ero
CTOHMOCTL paBHa

() =c(F)+c(8&:)—c(8).

Tak kak &’ HMeeT HauMEHbLUYI0 BO3MOXHYIO CTOMMOCTD,
TO

c(8:)>c(8).

Ho §; O6nuto 3BeHOM HauMeHblued CTOHMOCTH, NpPH JO-
6aBnenun kotoporo K &,, &, ..., &,_; He moayuaercs
unknos. Tak Kak npu jaoGasienuu pe6pa &, Kk 3TuM

peﬁpaM Mbi TOXe He MOJYYHM HHKAKOro LHKJa, TO
C(gl)=0($l’)o

H, CJell0BaTeNbHO, ¢’ TOMXKE HMeeT MHHUMAJbHYIO CTOH-
MOCTb:

(&) =c ().

TakuM 06pa3oM, Mbl HaWaM APyroe fepeso ¢’ MUHH-
MaJbHOH CTOMMOCTH, HMelolllee C 3IKOHOMHUHBIM Jepe-
BOM JOIHHM o6umum peGpom Goslue, uem . Mbl MOXKeM
NOBTOPATh 3Ty ONEPalHI0 A0 TeX Nop, IO0Ka OKOHYa«
TEJIbHO TMOJNYYHM COeluHsIoNlee JepPeB0 MHHHUMaJbHOH
croumocTH, cosnazaatouee ¢ J. Takum obpasom, T, a Tak-
Xe BCce Jpyrue 3KOHOMHYHBIE JAePeBbsl NEHCTBHTENBHO
HMEIOT MHHHMAaJbHYIO0 CTOHMOCTD.

VYnpaxHenus

i. BospMuTe Ha naockoctH mecth Touek. Halnaure gepeBo sHau-
MeHbllelt ofuwlelt Anuub, peGpa KOTOPOrO COGAHHSAIT 3TH Bep-
WHHLL
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§ 4. YIHUH 4 NNOWALH

§ 4. Yannou v naomanu

H3menenne Ha3BaHuil yavi u nuoinaneil scerga 6b10
H3J100N€HHBIM BpPEMANPENPOBOXKAEHHEM TOPOICKHX BJaa-
cTed BO BceM MHpe — HHOraa B 6o.bluefl, HHOrAa B MeHb-
iweit crenenn. [peanonoXxum, 4T0 «OTIH FOPOAAY, XKenas
106uThcs GoJbllied CHCTEMaTHYHOCTH B HA3BaHHAX YJHU
B nJollaaeit csoero ropoja, norpe6oBajn, YToOH Kaxkaas
yaHua Gusia ANHHOM B OfMH KBapTaJ M HOCHIA Ha3BaHHe
OJHOTO H3 CMEXHBIX ¢ Heil yJHUHHIX NEepPeKpecTKOB; TaK,
HanpuMep, Ha OJHOM H3 KOHLOB YJHUH BauiuHrrona
ROMKHA HaXoauTbes nuowais Bawuurrona.

Puc. 40

Mbl KOHEYHO, XOTHM TMOCTaBHTb COOTBETCTBYIOLIHR
BONpPOC AJA Npou3BoJbHOro rpada. Ilan cBa3ubiii rpag.
B kakoM ciyyae MOXHO ONHO3HayHhIM 06pa3oM nocra-
BHTb B COOTBETCTBHE KaxXaoMy peGpy OAlly Hu3 ero
BEPIIHH?

ITpexxne Bcero noxkaseM, 4TO 3TO BCErAa MOXKHO CAS+
JaTh, eCJdH paccMaTpHBaeMbiit rpad sBJAAETCA AePeBOM.
ITocae Toro kak Mbl BuGpanH NPOH3BOJBLHYIO TOUYKY Ao
jaepeBa B KaueCTBe ero kKopss (pHc. 34), Mbl mocraBuM
B cooTBeTCTBHEe pebpy AoA, Bepuuny A,, pe6py AoB, —
Bepunny B,, pe6py AoCy— Bepunny C;. Hanee, pe6py
AA; MBl MOCTaBUM B COOTBETCTBHE BepWIHHY Az H T. A
Tak kaxaomy pebpy A;—;A;: 6yder nocrasieda B COOT-
BETCTBHe BepluinHa A; Gosee yaanenuas or Ag.

[TpeanonoxuM Tenepp, uTO Ha rpade HMEETCH LUK
C (puc. 40). Kaxaomy pe6py uukaa € A0MKHA C€OOT-
BETCTBOBAaTh OfHA H3 €ro KOHEUHbIX BEPUIMH, T. €. OfHA
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TJIABA 1I1I. NEPEBbS

n3 sepiius uukaa C. Ecau, Hanpumep, pebpy A;A4, co-
otBeTcTBYer BepuinHa A, 10 pebpy A»A; nonxua cooT-
BeTCTBOBaTh BepuinHa As u T. n. Hukakomy peGpy, He
npuHaznexameMy C, He MoOXKeT COOTBETCTBOBATb Bep-
muua u3 C.

CnepoBatenbHo, Kaxpomy pebpy AuB;, umewowemy
c uvkaom C obuyio BepIIHHY Aj, JOJXKHA COOTBETCTBO-
BaTh BepluMHa B,, pe6py BB, -— pepuuna By, u T. ..
Takas uen» ABByB; .. He Moxer BepHyThcs K G,
TaK Kak Bce BepIUHHB LHKJa C yXKe NOCTaBJEHH B CO-
oTBeTcTBHEe pe6GpaM Toro xe uukaa. Ilo amanoruunod
NPUYHHE Takas lenb He MOXXST BepHYThCS M K OLHOH H3
CBOMX BEpLIHH,

Mebl BuguM, TakuM ob6pasoM, uTO 4acrb rpada, KOro-
poil MOXCHO JIOCTUTHYTh M3 TOYKM A; Ha NyTH, HaYyMHaIO-
wemcs pe6pom AB, mosxuHa GbiTh OepeBoM J; C KOp-
Hem Aj;; TO Xe camoe CIpaBef/i¥BO M AJS BCEX APYruX
pepwHH A; mukaa G. Ho Mbl TONLKO 4TO BHAENH, UTC
KaxaoMy pe6py AepeBa Ji MOXHO IOCTaBHTh B COOTBET+
CTBHE OJIHY M3 €ro KOHEYHBIX TOueK — 6oJsiee YA aJeHHYIO
ot kopHa A,. Tak kak pe6pam mukaa € cooOTBeTCTBYIOT
ero Xe BepIIHHBl A;, MBI NPUXOAUM K CJEAYIOLUEMY pe-
3yJbTary.

Hna 1020 urober moxHo GblAO NOCTABUTL B COOTBET-
cT8ue Kawcdomy pebpy c8s3HO20 zpaga OCHY U TOALKO
O0HY U3 e20 KOHeuHblx 8epuluH, Heobxodumo u docra-
TO4HO, 4TOObL 3TOT 2pag aubo asaarca Oepesom, AubO
cocroan u3 eduncrsennozo yukaa C c Oepesvamu, evipa-
crarounu u3 ezo gepwur (puc. 41). Cornacno teopeme
1 u3 § 1, uucno BeplIMH fepeBa Ha eAMHMLY GOJbLIE
YyHcaa ero pebep; ecaum rpag npencraBaser coGoH UMK
HAH UHKJA ¢ JepeBbsMH, PAaCTYLIMMH H3 €ro BeplliuH, TO
YHCcno ero peGep paBHO YMCJY BepIIHH. TakuM o6pasoM,
JIMWIL NPH 3THX YCJOBHUSIX MBI MOXEM PacCYMTHIBAThH HA
ycTaHoBJIeHHe TpebyeMOro COOTRETCTBHS MeX1y peGpamu
H BepIlUHHaMH.

Hepeso puc. 34 wau rpad puc. 41 Moryr npexcras-
JIATb KapTy YJHL TOJbKO OY€Hb MaJIeHbKUX TOPOAOB, TAe
HeT OGBLIYHBIX TOPOACKMX KBapTalioB HMJH TAe HMeercs
JHWL OAMH LEHTPAJIbHBIA JKHJIOR MaccuB, K KOTOpPOMY
NoAXoAAT YJIHLB!, WAYIIHE OT OKPaHH.
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§ 4 YVJIHUH H NjaomaAnn

H Bot, 3aMeTus, He 6e3 ropaocTH 3a CBOH ropof, YTO
OH CAMIIKOM BeJHK IJ8 NpPHUMEHEHHsI TaKoro MeTo/a,
uJeHbl TOPOACKOTO COBeTa pELINIH 3aMeHHTb ero cJje-
LYIOUIHM NPABHJOM: YJHUL H MJOULAAH HOJIKHB GHTH
Ha3BaHH TaK, uToOGbl M3 KaXAOH MJOLIAAK HCXOAHJAA
yaMua ¢ TeM JKe Ha3BaHHEM; HanpHMmep, Ha MJOILAaAH
Bawunrrona HenpeMeHHO [NOJXKHA HAYMHATHLCA YAHLA
BawuurrtoHxa.

Puc 4l

Ha s3bike Teopuu rpados 3To O3HauaeT, yrto A1
Kaxcaoll BepuMHH rpada Hafo G/HO3HAYHO YKa3aTh CO-
OTBeTCTBYIOlIee el pe6po, BbIXOASILEE M3 ITOH BEPUIHHBL
BuiBaloT cayuam, Korga 3TO chaesaaTbh HEBO3MOXKHO: AJs
IepeBa, HanpuMep, no Teopeme 1 u3 § 1, uncao Bepuua
Ha enuHHUY OGoabule uucaa pebep. OnHaKo paxe K B
5TOM CJyuyae Halle YCJOBHe MOXeT GBITb MOYTH MnoJ-
HOCTBHIO BhINoJHeHOo, IlocMoTpuM Ha aepeBo, H306paxKel-
Hoe Ha pHc. 34. MoXHO KaX1oil ero BepllMHe MOCTaBHThH
B COOTBETCTBHe TO pebpo, KOTOpoe BeldeT OT Hee
K KopHio Ao. TeM caMbIM KaXK[oii BepliHHe, 33 HCKJIO-
YeHHEeM KOPHs, GyJeT NOCTaBJeHO B COOTBETCTBHE HCXO-
nsllee u3 Hee peGpo.

IlepeBbst B 3TOM OTHOWIEHHH TPEACTABAAIOT COGOM
HCKJIIOYeHHe; BooOlle e MMeeT MECTO CJejyloilias Teo-
peMma.
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TNABA 1T, JEPEBLA

B csa3nom zpagpe, ne asanouemca 0epesom, Kaxcoodll
epuiuHe MOXCHO NOCTABUTL 8 COOTBETCTBUE CMENHOe
¢ Hell pebpo.

Joxasateasctso. CBA3nui rpad, MMeOWuit 7 BePLIXUH,
CONEpKUT N0 KpaiHei Mepe n— 1 pebep, a ecaum on
He fIBJISETCA AepPEeBOM, TO YHCaO ero pebep Gosblue ueM
n— 1. Ho xaxpabiii rpag MOXHO npeBpaTUThL B HepeBo,
yaanss M3 Hero HekoTopble peGpa (cMm. § 2). Tlycrs
&, = (4o, By)) —oaHo u3 ynpanasemHx peGep, Koria
rpad npuBoauTcs K nepeBy J; BmGepeM Touky A, 3a
KopeHb 3TOro paepesa. Kaxpoifi BepuiuHe jepesa, 3a
HCKJIIoueHHeM Ag, MOXHO TNOCTaBUTh B COOTBETCTBHE
cMexHoe ¢ Heit peGpo; mocse storo pe6po &, rpada
MOXHO OTHecTH K Bepwune Ay — Torga Kaxpaoit Bep-
iMHe rpaga Gyjaer NocTaBJeHO B COOTBETCTBHE CMEX-
Hoe c Heil peGpo.

UnrepecHo OTMETHTBb, UTO, KaK BHAHO M3 HALIHX pac-
CyXJAeHHH, Bceria MOXHO JH60 Bce BepluHHbl rpada
NOCTAaBHTh B COOTBETCTBHE CMEXHLIM ¢ HuM pebpam,
aun6o, HaoGopoT, Bce pebpa NocTaBUTh B COOTBETCTBHE
CMEXHBIM C HHMH BepmiHHaM, B kakux cayyasx Bos-
MOXKHO ¥ TO u apyroe? Ecau uHcs0 Bepiuns rpada pasHO
iucay ero pebep. Takoii rpad He MoXeT ObiTe JepeBOM;
OH JOJKEH MMeTb BHJ, H300pakeHHblil Ha puc. 41, 1. e.
JIONKEeH HMeTb ToabKo oauH uuxka C!). B atom cayuae
IefiCTBHTEJIbHO MMeeTcs COOTBETCTBHE OOOHX BUJOB:
peGep — BeplIHHAM M BepliuH — pe6paM. Pebpa uuk-
Aa € cTaBfiTcsl B COOTBETCTBHE BepwIHHAM Toxe u3 C:
Kaxpaaa BeplUidHAa, He NpHHagnexawas C, — ToMy H3
CMeXHBIX ¢ Helt pebep, xoropoe Gauxe K C.

YnpaxHeHus

1. YcTaHOBHTE COOTBETCTBHE MEXAY BEPIUMHAMH H CMEXHBIMH C HHMM
peGpaMR aas rpagos puc. 1 u 2 (crp. 12).

1} Tak KaK ero UMKNOMAaTHYECKOE YHCJO PaBHO 1.



TNABA IV

YcTaHoBneHWe COOTBETCTBMIA

§ 1. 3azaua o Ha3HAYEHHH HA AOMKHOCTH

IMycTb HMeeTcsi HECKOABKO pa3f¥yHbLIX BaKaHTHLIX
NO/MKHOCTEH M Tpynna Jull, CTPeMsLHXCA HX 3aHATh,
npuyeM KaXKAblH M3 npeTeHfenTos obaajaer AOCTaTOM-
HOH KkBanHdHKauHeli A/ HECKOJbKHX, HO, BoOGiie ro-
BOpsi, He BCeX HMeIOIHMXCA JomKHocTefi. Bonpoc cocront
B CJeAyIOlleM: MOMXHO JIH NPeAOCTABHTb KaXAOMy H3
3THX J1OJeH OJHY M3 TeX AO/KHOCTEH, AN KOTOPHX OH
NOAXOAHT?

Mbi MoXeM CHOBa NPOHJIIOCTPHPOBATH 3Ty 3ajavy
NpH NOMOILM HeKoToporo rpada, UMeIOLlero B 3TOM CJaYV-
yae [AOBOJBHO crneunaJybHbiit BuA. Kak Mb yxKe ckasaui,
HWMeeTcs Ipynna Jull, KOTOPYI0 M 0603HayHM depe3 M,
H HEKOTOpPOe MHOXECTBO MECT, HAH HOJKHOCTeH, P. Mu
nocrpouM rpad, npososs pebpa (m, p), coeauHsoUIHE
KaXk0ro uesioBeka m H3 MHoXectBa M ¢ TeMH HOJIKHO-
CTAMH P M3 MHOXecTBa P, KOTOpble OH MOXET 3aHsTh.
Ha stom rpade ne Gyaer peGep, COeAMHSIOUIMX MEXIy
coGoii JABe BepIIMHLI H3 MHOXectBa M uaM nse Bep-
LIHHBl U3 MHOXecTBa P, no3toMy Tako#l rpad uMeer BHJ,
u3obpaxeHuniit Ha puc. 42. I'pad, MHOXKecTBO BepuwiMH
KOTOpOro pacnajgaercs Ha asa mHoOXecTBa M u P, takue,
YTO HHKaKHe [iBe BEPUIHHBH H3 OJHOTO H TOro Xe MHO-
XKecTBa He COeWHEHH MeXAy coGofi peGpamH, Ha3H-
BaeTcs ABYAOJAbHHM rpacdom.

flcHO, YTO MBI He MOXEM PaCCYHTHBATb BCErja HaiTH
NOAXOAAWLYI0 paboTy A/18 KamAOro NpeTeHAeHTa: AJs
3TOrO, BO BCAKOM CJIyYae, HeOGXOAMMO, YTOGH YHCAO0 MecT
6uio He MeHbille yucaa.oaed. Ho u nocaeauee yeaosue



T'JIABA 1V. YCTAHOBJEHHE COOTBETCTBUR

ellle He sBJSETCH JOCTaToyHbiM. I[lycThb, HanpuMmep,
Ipynna InpeTeHAEHTOB COCTOHT H3 JBYX MJIOTHHKOB H
4eJIOBEKa, KOTOPBHIE MoKeT pa6oTaTh H IJIOTHHKOM H
BOAONPOBOAYHKOM, H JJIi HHX MMEETCH YeThipe JOJIKHO-
CTH — OJHO MECTO IJIOTHHKa M TPH MeCTa BOJONPOBOA-
yukoB. Torga, oyeBHAHO, OAMH M3 MJOTHHKOB OCTaHETCsH
6e3 pa6oThl, XOTH B 3TOM cJayyae MecT OoJblle, YeM JIHL,
JKeNalINX UX 3aHATh, U XOTS CPEIM 3THX JHIL HMEIOTCH
npeacTaBuTesq 00edx TpeGyeMblx mpogeccHit.

P Py P2 Ps Pa Ps

m, mz my

Puc. 42

[TpennonoxuM, uto Qbllee YHCJIO JIHIL, XeJalOUHX
nonyunth pabory, passo N. SIcHo, uTo a3 paspewmnmo-
CTM 3aJa4Yy O Ha3HAUEeHHAX Ha JOMKHOCTH MOJKHO Bhbi-
HOJIHATECA CJexylollee ycJaoBHe.

Kaxyro 661 epynny us k 4enosex, k=1, 2, ..., N, mot
Hu 83A4u, QOANHO HaUTUCL no KpaiHel mepe k O0OANHO-
crell, KaXCOYI0 U3 KOTOPbLIX MONMET 3AHATL XOTb OOUH U3
nHawux k nperendenros (T. e. Takue k pabor, 4To ¢ Kax-
doii u3 Hux cnpasutcs wawa epynna k auy).

Tak, manpuMep, eciu OfMH M3 JIOJeH fBASETCS MJOT-
HHKOM, a APYroil — OJHOBPEMEHHO H IJIOTHHKOM H BOJO-
NPOBOAYMKOM H €CJIH MMEIOTCS [ABA MeCTa BOJONPOBO/-
YyyKa, TO Hallle yCJIOBHe BHINOJHSETCS NPH k=2, HO He
BBINOJIHAETCH] NpM k=1, ¥ NO3TOMYy yKasaHHbBle JIHIA He
MOryT OLITb OJHOBPEMEHHO YCTPOEHH Ha paGory.

BrigenenHoe KypcHBOM YCAOBHE MBI IJI8 KPaTKOCTH
6yaeM Ha3bBaThb YCJOBHEM gaanooﬁpasnn.
Hama ocHoBHas uenb — J0Ka3aTh O0OCTATOYHOCTb 3TOrO
ycJIoBHSL.

60



§ 1. 3AAYA O HA3SHAYEHHH HA OODKHOCTU

Teopema t. Ecau ycaosue pazmoobpasus esinoinero,
TO Kawcdomy uenrosexy MONMHO npedocTasuts nodxod:i-
Wy 0an Heeo pabory.

DTy TeopeMy HOKa3aTb He OueHb npocro. Pasy-
MeeTcsl, OHa oueBHAHA Npu N=1; ec1H UMeeTcs ONUH ye-
JIOBEK, TOIHLIA XOTb AAA OAHOH PaGOTH, OH MOXKeET MoJy-
uyuth UMeHHO ee. Ilpy N=2 ycioBue pas3noo6pasus ra-
paHTHPYeT, YTO HalifyTcs mo KpaiiHei#i Mepe aBe paGoTH,
NS KaXAOH M3 KOTOPBIX NMPHIOAEH XOTb OQMH K3 HAUIKX
ABYX JIHII, H 4TO, KPOMe TOrO, Takas HENpHATHOCTb, Kak
B MPHBOJKMOM BhIllle MPHMepe C MJAOTHHKOM W BOXOMPO-
BOMYMKOM, 31ech APOH3OATH He MOXEeT, TaK Kak npH
3TOM KaXKAblHf YeJIOBEK MOXET BBIMOJHATL X0TA Gbl OOHY
pa6ory. U B sToM cayuae o6a uenoBeka Moryt OhiTh
YCTPOEHBI.

Mu BunuM, uro TeopeMa BepHa npu N=1 u N=2.
EcrectBenHO nombiTaThes A0KasaTh ee B ofllem cayuae
METOAOM MAaTEeMaTHYeCKOH HHAYKIHH: MBl NMPEANOJOXKHM,
YTO Hallle YTBepXKJeHHe CNPaBeIHBO, €C/IH YHCIO JIofed
He npesocxoaut N — 1, u noKaXeM, YTO B TaKoM ciayuae
OHO BepHO H ansi N ueoBex.

Ecan ycnoBue pasHooGpasHsi BHINOJHEHO, OHO MOXKeET
BHIMOJIHATBLCA C 3aMacoM HJH. B 06pe3, a MMEHHO MOXKeT
CHYYHTbCR, YTO Kaxkjas rpynna us k uenosex (k=1,2, ...,
N — 1) BMecTe MOXeT BBHIMOMHATL GoJblle YeM K pa6oT
(ycJioBHe BHINOJHAETCS ¢ 3aMacoM), WM MOXKeT OHThb
TaK, 4TO JJsf HeKOoToporo Ry (Roy=1, 2,..., N—1) umeercs
rpynna us Rg Jiojieil, BMeCTe NPUrOAHLIX B TOYHOCTH AJA
ko pabor (ycnosHe BmmnosHsercs B ofpes). Mu noka-
XKeM, YTO B KaXKAOM H3 3THX CJlyyaeB MOXHO Mpenocta-
BHTb COOTBETCTBYIOILYIO PaGoTy KaxaoMy u3 N uesioBek.

. Ecan ycnoBre pasnooGpasus BHIMOJHSETCS ¢ 3amna-
coM, Bbi6epeM OfHOro Koro-Hu6yab M3 3THX N uenoBek
H NOCTaBHM €ro Ha OAHy H3 paloT, K KOTOPOH OH npH-
rogeH. Cpemu ocraBiunxca N — 1 mioneit kaxasie R ye-
JoBeK (ana Jo6oro k) BMecTe MOTYT BHIMOAHATH MO
KpaiHeH mepe k paGoT, Tak KaK CpefH MMEBILHXCS BHa-
yase pabor Ouio no xpafiHein Mepe k41 pabor, koropHe
STH JIIOAH BMeCTe MOIVIH BHINOJIHATb, HPOH3BEJEHHOE XKe
HasHaueHHe HA MeCTO M3BbfJI0, caMoe OoJbluee, OAHY

61



TJNABA IV. YCTAHOBJIEHHE COOTBETCTBUHA

roguylo ans HuX pa6oty. ITo npeanosoxeuuio MHAYKUHH
Raxaui 13 aTuX N — | uesoBek Moxker GBITh ofecneueH
noaxonsmel eMy paboroil.

Ecau ycaoBue pasnooGpasus Bhinoguserca B o6pes,
PacCMOTPHM KaKyio-HHGyab rpynny A, u3 %k, uenosex
(kc<N), BMecTe TrOmHBLIX B TOYHOCTH JJds ky paGor.
B cuay ycnoBus passoo6Gpasusi ANsi KaXKABIX B U3 3THX
moaeir (npu k=1, 2, ..., k) HaiizeTcs He MeHee ueM R
noaxoAsuMx pa6ot. ITo npeanonoXKeHHIO HHAYKUHH Rg

8 n K] K w W
-~ ‘ ; ° q o~ Horwnocmy

Ssol by / H AN 1

-~ \ ll 1 \ |

oy H “ !

N IJ Se H A t

n -~ : i $
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FARR ~4 v )
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’I \\ : ~. N \ : i
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'] ne n « [ w
- - N, Y
A, B

Puc. 43

yenoBek MHoxecTBa A, Moryr Ourth oGecneuennl paGo-
toit. PaccMoTpuM Teneps rpynny u3 N — kg octaBmnxcs
auu. MB IOMKHE 1TOKa3aTh, YTO YCJAOBHE Pa3HOOGpa3us
OCTaeTcsl CIpaBefIHBLIM Sl HHX C YyUeTOM JIHIIb OCTan-
wuxca pa6or, T. e. UTO AJAA Kaxnmoi rpymnns B, cocros-
wieit u3 R u3 atux auu (npu k=1, 2, ..., N—ko), nafinercs
euie no Kpalined Mepe CBOGONHEIX MECT, Kaxjuoe H3
KOTOPHIX OHH MOTYT 3aHsiTh. Jlia Toro uro6n yGeauThcs
B 3TOM, MPEATIONOKHM, YTO JIIOAH M3 HEKOTOPOH rpyMibl
B BMeCTe MOryr BHINOJAHATH JHWbL k' pabor, rme k' <k.
Torpa moan u3 rpynne Ag+B, coctosmedr us ko+k
ye;i0BeK, BXOASAMKX B rpynnb Ao, u B, nepBoHauanbio
JOMKHE ObiH 6H GHTb NPUTOAHBIMH JHIIbL ANR Ko+ R’
pa6oT, YTO NPOTHBOPEUHT NPERNONOKEHHIO O CrnpaBes-
BOCTH YCJOBMst pasHooGpasus. CnenoBaTennHo, A&aAf
ocTapierocss MHoXxectBa N—=&q iun ycloBue pasnooGpa-
SHS BBIIOJIHSETCA, M NO APEANONOXKEHHIO HHAYKUHH 3TH
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§ 2. APYTUE ©OPMVYJIUPOBKH

MIOAH TOXe MOTyT OHTb YCTPOeHH Ha {IOAXOAfILHEe HM
HO/IKHOCTH; TeM CAMBHIM TeopeMa MOJHOCTBIO JOoKa3aHa.

Ha puc. 43 nso6paxen rpad ana cayuas N=6. ITep-
Bble TPH BepUIHHH Ha HUXKHefl JMHHM NPeACTaBASIOT
rpyany Ao (npu ko=3) u3 Tpoux mopeh, ABASIOWHUXCA
COOTBETCTBEHHO BOJIONPOBOAYHKOM (B), IVIOTHHKOM H BO-
RONPOBOXYHKOM (MB) OXHOBPEMEHHO H MJOTHHKOM (n),
a pebpa HAYT K COOTBETCTBYIOLIHM JOJIKHOCTAM (Bep-
IIMHaM Ha BepXHelt auHuu). OcraBiuvecs TPH BepuUIMHH
(N—ko=3) npexpcTaBasioT TPOHX JI0Ael, rOTOBHX paGo-
TaThb COOTBETCTBEHHO KaMeHIIHKOM (K), BOXONPOBOAYH-
KoM (B) H mITyKatypoM (i). 3aMeTHM, YTO YCJIOBHE pas-
HOOOpa3Hs He CnpaBeAJHBO g Tpynnun B, cocrosuei
M3 KaMEHLIHKA H BOJOMPOBOAYHKA, TaK KaK CpeAH OCTas-
LUHXCH BaKaHTHHX MeCT HeT MecTa BOJONPOBOAYHKA,
a ecTh TONBLKO MeCTO KaMeHIiMKa. $IcHo, uto yc/oBHe
pa3HQo6pa3sHs He CNpaBeANHBO TaKXKe M A MHOXeCTBa
Ao+ B n3 naTH YenoBeK, TAK KaK MMeEIOTCA JHUIb yeThipe
nojixojsilie HM JOJMXKHOCTH. ’

§ 2. Apyrue $opmMyanposku

BBeas asynonbHuit rpad, kak Ha puc. 42, Mbl pac-
CMaTPHBAJNH OJIHO MHOXECTBO ero BepliHH M Kak MHO-
JKeCcTBO JIHI, XKeJAaIoUHX MoJayuuTh paboTy, a apyroe
MHOXeCTBO P — KaK MHOXECTBO COOTBETCTBYIOLIHX MeCT
pa6oth. Ilpeamonoxum Tenepb, 4To MH MOXeM Npeao-
CTasHTb NOAXOAAILYI0O PaboTy KaXKAOMy M3 STHX JIHIL
Ha sasbike Teopuu rpados 370 03Hauaer, YTO M3 KaXO
BepinHbl M BLIXOAWT onpesnesieHHoe pe6po, NpHuEM HH-
KakHe fBa M3 3THX pe6ep He BeAyT B OAHY H Ty Xe
BepmiaHy 3 P. B 3Tom cayuae rosopaT, uTo MMeercs
oTo6paXKeHHe MHOXKeECTBA BepMIHH M B MHOXeCTRO
BepwnH P (puc. 44). Mb Bugenn, uto ans cyuiecTsosa-
HHsi Takoro orob6paxenns M B P Heo6xomuMO M gocTa-
TOYHO, YTOGH GLLTO BHIOJIHEHO YCJ/O0BHE Pa3HoOGpa3us,
T. e. 4ToOH Kaxaue k BepuwnH M3 M Guu coexuHenut
peﬁgaun No KpafiHeit Mepe ¢ & pa3/iHuYHBIMH BepLIHHAMU
u3 P. Ecau P u M umelor oHO ¥ TO e UHCJO BepIIHH,
TO TaKoe oToGpakeHHe ABJAECTCA B3aHMHO OAHO3HAYHHIM
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TJIABA V. YCTAHOBJIEHHE COOTBETCTBUN

COOTBETCTBHEM MeXAy MHoOxectBaMu M u P; coorser-
CTBYIOIUME APYr APYry BePUIHHH COELMHEHbl peGpaMi.
rpada (puc. 45).

Ora 3ajaua ycTaHoBlenns Ha rpade HeKOTOPOro
COOTBETCTBHS MEXIY €ro BepLIHHAMH MOXeT HMeTb H

Puc 44

MHOrO HHBIX ¢(opMmysuposek. IlIpeanonoxuM, nanpu-
Mep, YTO y Hac MMeeTcs rpynna u3 k loHomwedl u k Je-
Byurek. Hexkoropbie U3 HHX VKe 3HaKOMBI ApYT ¢ ApY-

Puc. 45

TOM, H BO3HUKaEeT BOMPOC: B KAKOM CJyyae MOXKHO pa3-
6GMTb 3THX MOJOIBIX JIOJAeH Ha napel AJs TaHIEB TAaKHM
06pa3om, uTOObl BCe IOHOUIM TAHLEBAJH CO 3HAKOMBIMH
JeBYIIKAMH?

MoxHO Takke o6paTuTh 3Ty 3a1ayy W NOCTaBUTL ee
caenyomsM ofpa3oM: B MalleHbKOH J[epeBHe HMeeTcs
OJAHHAKOBOE YHCJO B3POC]bIX IOHOWIEH W HEeBYILEK; OGbi-
yaeM He JOMycCKaercsi, YTOOH IOHOLIA JKEHHJICA Ha OJin3<
KOil pOJICTBEHHMIE — CecTpe, CBOAHOH cecTpe MAH HBOIO+
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§ 2. APYITHE ©OPMYJAHPOBKH

poaHofi cectpe. IIpm KakKOM ycJaOBHH AJs KaXKAOro
IOHOIIH HaHAeTCA HeBecTa M3 3TOff ke aepeBHH? [lo-
ApeXXHeMy MBI MOXeM H306pasHTb BCe BO3MOXKHOCTH
KeHHTHOH AMs KaXAOro JIHIA NMPH NMOMOLLA HEKOTOPOro
ABYAOABHOrO rpadha — B 3TOM cillyyae e€ro BepLiHHN Gy-
AYT coeinHeHH peOpaMH JHIIb TOrJAa, KOrjga COOTBET<
CTBYIOLHe JIHIIA He COCTOAT MEXAY co00if B pOACTBE.

A Bor eme oxMH BapHaHT 9Toi 3ajzauH. B Bamedl
LIKOJIe HMEETCS HeCKOJIbKO KPYXKKOB, MBI MOXEM Ha-
3BaTh HX

C: Cl’ Cg, "oy CN'

EcTecTBeHHO, YTO KaXKABH H3 3THX KDYXKKOB HOMKEH
uMeTb ctapocty. s Toro YTo6b HCKAIOYHTE NEPerpysKy
yuamuxcs, OHJIO NOCTaBJEeHO YCJAOBHe, YTOGHI HH OAMH
YUeHHK He sABJAsICE cTapocroit 6ojee ueM ORHOro
KpyXKa. CHOBa BO3HHKaeT BONPOC: NPH KAaKOM YCJIOBHH
3TO BO3MOXHO? §ICHO, YTO 3TO BO3MOKHO He BCErAa; eclu
YHCJAO KPYKKOB B CPaBHHTENbHO HeGOJBILOA LIKOME
CJHLIKOM BeJIHKO, 3TOMY YCJIOBHIO YAOBJIETBOPHTh HEMb3f,

Uro6n pemHTh 3Ty 3agauy, MW No-NpexHeMy o6pa-
THMCSl K ByA0abHOMY rpady. B saToM cayuae oano MHo+
KeCcTBO BepliHH rpada Oymer €octoaTe H3 N KpyKKOB,
a Jpyroe MHOXeCTBO BEpIIMH P — 3T0 MHOXECTBO BCex
YUYeHHKOB WIKOAb. Mul mpoBosuM pe6po oT Kpyxkka Cj
K YYEHHKY p B TOM Cayuae, ecsid p fiBasieTca uneHoM C.
fipu atom ycnoBHe pasHooGpasus npespaiiaercs B cJe-
Adyiloluee: Kaxpas rpynna u3 k kpyxkos (npuk=1,2,..,
«n N) noNXHA BKAIOYATb MO MeHbIIEA Mepe & pa3iHys.
HbIX YyyeHHKOB. CorsiacHO HOKa3aHHOM HaMH Teopeme,
3TO— TO YCJIOBHE, NPH KOTOPOM KPYXKKH MOTYT HMETb
PasJMYHKIX CTapoCT.

[TocraBuB 3amauy TakuM 06pa3om, Mbl NpHBENH ee K
TeopeMe, onybaukoBauuoii B 1935 r. auraufickum Mmare-
mMatHkoM Pununnom Xoasnom. [laHo Hekoropoe yucao N
mHoXecTB C;, KaXK/ioe H3 KOTOPHX COCTOHT H3 3J€MEH-
TOB P; COBOKYNHOCTb BceX p 00603HauHM uepes P. Mu
XOTHM MNOCTaBHTb B COOTBETCTBHE KaXAOMY MHOXECTBY
C: OXMH M3 ero 3JeMEHTOB p; TaknM 06pa3oM, 4TOOH
pasyivyHBIM MHOXecTBaM GHUIH NOCTaBJeHH B COOTBET-
CTBHE Pa3NHYHHE 3MeMeHTH #3 P. 3T0 BO3MOXKHO TOALKO
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TJIABA 1V, YCTAHOBJIEHHE COOTBETCTBUR

B TOM cCJyyae, KOrla BBHINONHEHO Cjeiyiolliee YCAOBHE
Kaxasie k MHoxects C; (npu k=1, 2, ..., N) Bmecre
JOJKHBL COEepKaTh No KpalHeil Mepe A& pasAHYHBIX 3Jes
MeHTOB H3 P,

BepueMmcs elle pa3 XK QopMynuposke nHamed 3afaud,
CBS3aHHOH © HMMEIOUIHMHCH B ILUKojae KpyxkamH. Ecad
YHCJIO KPYXKOB CJIMIIKOM BeJHKO, He BCErAa JIerKo JO-
Ka3aTb CHpaBeld/HBOCTb YCJIOBHSA pa3nooGpasus, I1oaro-
MYy €CTeCTBEHHO NOCTaBUTb CJIELYIO:IHiAl BOIPOC: MOXKHO
JIN YKasaTb Kakoe-HUOYAb NpocToe NPaBuIO (OPMHPO«

1 2 3 q 5 6 7 8

C C, 2, 3 Cs
Puc. 46

BaHHSI KPYXKOB, rapaHTHpylollee BO3MOXHOCTb BhGopa
AJS HHX PasjIHYHRX CTapocTr?

ST0 RefCTBHTENbHO ocylnecTBHMO, s Toro uTOObI
[I0Ka3aTh, YTO MbI HMeeM B BHAY, NPEANOJOXKHM, YTO
KaX[blil KPYKOK COCTOHT 1O KpaliiHell Mepe M3 ISATH yue-
HukoB. Torza Ha cooTBercTBylOmeM rpade u3 KaXuoMH
BEepIIKMHE MHOXectBa & 6yAer HCXOAHTL MO MeEHbLIeH
mepe 5 peGep. [lns rpynnst u3 & kpy»KKoB 6yjer HMEThCst
He Menee 5k pe6ep, WAYUIHX M3 COOTBETCTBYIOIIHX Bep-
wuH C K BepminHaM u3 P (cM. puc. 46, e k=4). Te-
nepsb, ecaH Mbl norpebyeM, 4TOOH KaXKOHH YYEHHK yya-
CTBOBaJ He 06OJlee ueM B NATH KPYXKKax, 3TO OYyAeT 03Ha-
4aTh, 4YTO pebpa OT X KPYy>KOB AOJIKHH HATH 1O Kpaii-
Hell Mepe K k& BepmmHaMm u3 P, H, cleI0BAaTENbHO, YCJI0-
BHe pa3Hoobpasus GyAeT BbiOJHEHO.

3TO paccyXIeHHe SBJSETCS COBEPLICHHO OGLIHMM, TaK
YTO MbI MOXeM COpPMYJHPOBAThH CAEAYIOUIHH Pe3y/bTaT,
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§ 3. KPYTOBBLIE COOTBETCTBUA

IToTpe6yem, urobsr 8 KAKOOM KpYIcKe Y4acre08a.10
no kpadnetl mepe t yueHukos u 4TO00bl, KpOMe TO20, HU
00un yueHux He cocTosa Goaee uem a t kpywkax. Tozda
ace20a MONHO HAlTU OAR ITUX KPYWKOB PAIAUYHBIY
cTapocT.

Ynpaxunenus

1. TlpuBeauTe npuMep TaKOr0 MHOXECTBA KpYMKKOB, B KOTOPHIX
HeJMb3st 6bljIo 6nt BLIGPATh PA3JHUHBIX CTAPOCT.

2. CKOMBKO KPYMXKOB. M3 TpeX YYacTHHKOB MOKHO o6pasoBath B
Kaacce u3 12 y4yeHukoB? Moryr aH Bce 3TH KPYXKH UMeTh pas-
JHYHBIX CTApoCT?

3. Yraxure ortobpaxenne M B P nis rpada, nsobpaxensoro ua
puc. 42.

§ 3. Kpyrosbie cooTBeTCTBHA

Bo Bcex cOCTA3aHUAX NMPHXOAMTCA CTAJNKHBATLCA ¢ BO-
npocoM O TOM, KakHM o6pa3oM O6beaHHATL B faphl OT-
IeJbHbIX yuacTHHKOB. MHoraa 3ajaua okasniBaercs Mpo-
CTOl; HanpuMep, eCAM YCJIOBHTBCA, YTO MOC/e KaxAoro
Typa BCe NOTepneBlIHe NopaxieHHe BLIOLIBAIOT W3 HIPLI,
TO M3 OCTABIUMXCHA YYACTHHKOB 06pasyioTcs HOBhIE maphi,
NpHYEM BO3MOXKHO (KOrAa YuC/A0 HTPOKOB HEueTHO), 4To
OIHH M3 HMX OKaxKercsi CBOGOIHLIM OT UTpbl.

dTa 3a71a4a HeCKOJbKO CJIOXHee B cJyuae <«Kpyro-
BOTO TYPHHpa», NOAOGHOro OGLIYHBIM WAaXMaTHLIM TYPHH-
paM. 3dechb KaXAblii M3 yYaCTHHKOB HOJMXKeH HrpaTh ¢
KaXJbM M3 OCTa/NbHBIX, H Ba)KHO 3apaHee NPHTOTOBHTH
TYPHHPHYIO TabJauuy.

ATy CUTyauuio cHoBa yA06HO H300pasuTh C MOMOLILIO
rpaga. INpeanonoxuM, uto uMeercas N HIDOKOB, TaK uTO
Kaxablit U3 HUX urpaetr N — 1 urp c ocTajJbHBIMH YYacT-
uukamMu. Kaxnaas urpa mno-mpexHeMy nNpeacTaBJsercs
pe6pom (A, B), coeauHswolluM ABYX HIPOKOB, T. €. IBe
BepuiHasl A u B rpada. Bea coBokynHocTe Hrp npes-
CTaBHTCH TOrZa MOJNHbLIM rpagoM, uMelowuM N Bepuiny;
Ha pHuc. 47 uzo6paxen Takoh rpad ana N=6.

B kaxnom Type HrpoKH Kak-T0O OOBEAHHAKTCA B
napsl. [lpeanonoxum noxa, uto N yeTHO, H 3TO MOXHO
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FJIABA IV. YCTAHOBJEHHWE COOTBETCTBUR

caeaars. Ha rpade Takoe o6benHeHHe B mapel cOOTBET-
cTByeT BHOOPY 5 N HecMexHuXx peGep, no ogHOMY A1s
Kaxcao#t u3 N Bepunn. [Jas cienyioulero Typa MOMKHO
BHIOpAaTh HOBOE MHOXECTBO U3 5 N pebep u 1. 1. no Tex
nop, noka Bce urpel He Oyayt coirpanbl. Ha pue. 47

Py
Puc. 47

pefpa nomeueHH cileayloOlluM 06pa3oM: Te, Ha KOTOPHIX
CTOMT YHCJI0 |, OTHOCATCS K NMapaM, BCTPeualoLMMcs B
nepsoM Type, Te, Ha KOTOPBIX cTOMT uudpa 2,—~k ma-
paM, BcTpeualolIMMcs BO BTODOM Type, H T. 1.

ITpu GoabuioM uMcae HIPOKOB (haKTHYECKOE COCTaBJE-
HHe Takod TaGaHuuBl AN BCeX TYPOB CPa3y CTAHOBHTCS
IOBOJILHO TPYAOEMKHM, €CllM He YKa3aH KaKof-HUGYIb
CHCTEMATHYECKH MeTod. MHOTHe CNpaBOYHHKM MO MpO-<
BEJIeHHIO TYPHUPOB COAepPIKAT NpPOCTPaHHBle TabGauubl
O6belMHEHHS! HI'DOKOB B Maphl AJS Pa3HhIX YHCEJa Hrpo-
koB (N=6, 8, 10, 12 u 1. n.). Ilpu cocraBnenun Tabauubl
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§ 3. KPYTOBHIE COOTBETCTBHSA

JOCTATOYHO MpeanoJjaratb MO-NPeXHeMy, uTO HHCAO
urpokoB N uyetHo. Ecan oHO oOKaXeTcs HeueTHHM, TO
BCerja MOXHO no6aBHTb (UKTHBHOTO Hrpoxa F, moroso-
PHUBLIHCh, YTO TOT, KTO AOJIKeH Hrpath ¢ F, B 3ToM Type
¢B06OJeH OT Hrphl.

! 2 3 4 5 6 e e e « N
2 | A N N-1 N=2 N—=3 -+ + « 43
3 4 Il 2 N N—~1 « « « 65
4 I3 5 41 3 2 N « « 8 7
AN + 1 N N-1 N—=2 . e s 3 2
N+2 | 3 2 N N-1 < e+ 54
N |[N—71 N-2 . . . e e a2 M
Puc. 48

OnuieM npocToit M BNoJHe OGUIMH MeTOJ NOCTpoes
HHA TYPHHPHOH TaGAHUB AJs YEeTHOro 4uc/ia Mrpokos N.
OGosHayuM HTrpoKoB uuciamu 1, 2, ..., N H 3anuuem
3TH YyKucaa B HX €CTEeCTBEHHOM MOPsJAKe B nepBOH CTPOKe
KBaapatHo#t Ta6amun, B caepylomweit cTpoke 3toii Tab-
JIHIB Mbl XOTHM MOCTaBHTL HOMepa MPOTHBHHKOB 3THUX
HrPOKOB B NepBOM Type MaTua. AHaJOTHYHO B TpeTbei
CTPOKe MBI BLINHUIEM HOMepa MPOTHBHHKOB TeX XKe Hrpo-
KoB 1, 2, ..., N BO BTOpOM Type H T, I. AO TeXx fop, MoKa
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TJIABA 1V, YCTAHOBJIEHHME COOTBETCTBHI

BCe HIPOKH He ChIrPaloT APYr ¢ XApyroM. $IcHo, uTo Hama
Tabanua AOAXKHA ObITh TaKO#, uTOGB BCe BO3MOMKHbBIE
napbl HFPOKOB BCTPETHJHCh B Hell B TOUHOCTH Mo OJHOMY
Elasy. Crnoco6 cpenate 310 NoKa3aH B Tabiunue Ha puc. 48.

TOOK! YCTaHOBHUThL NMPOTHBHHKA j-rO MrpOKa B k-M Type,
[AOCTATOYHO B3I/ISIHYTh HA IlepecedyeHHe j-ro croabua M
(R+1)-# cTpoKH 3TOH TaGAHULL

Ta6anua ycTpoeHa ClelylOlHM 0GPa30M.

B nepeoft cTpoxe, Kak yxe GBUIO CKa3aHo, MepeyH-
cJeHbl MTPOKH OT 1 po N; 3TH e yuc/la MBI MOCTABHJH
¥ B nepeoM ctonbue. Tenepp Ha ocraBminecs N — 1 mect
KaxJoH CTPOKH Mbl CTABHM yHcaa oT 2 go N B UHMKJIH-

YecKkoM nopsiike Mo y6uiBaHHIO. IlepBbie fN CTPOK HA-

YHHAIOTCS C 4YeTHHIX vuyucen 2, 4, .., N © Buraggar
Tak:

2 N N—1 . . .+ . 4 3

4 3 2 N N-—-1 ., ., . 65

N N _1 N '—2 s . . . ¢ 3 2
Ocranbible CTPOKH HAYMHAIOTCH C HEYETHHIX YHCEJ
8,5 ..., N—1 u uMeior Bug

3 2 N N—1 . . .« . B 4

5 4 3 2 NN-—1 ., . . 7 6

N—1 N—2 . .+ « 2 N

3aMeTuM, YTO B 3TOH TaGauue OTCYTCTBYeT uMcio 1;
€ Apyroi#t CTOPOHbl, TaK KAaK HHUKTO He Hrpaer IIPOTHUB
camoro celsi, TO YHCJO, CTOslee BBEpPXy cTo/abuUa, Hi<
Korja He JO0JKHO B 3TOM cToallle NOBTOPAThCSA. MBI
ycTpanuM o6a 3TH HeJO4eTa, ec/qH 3aMeHHM Bce UHCJA,
CTOAIHE HA IJIaBHOM [MATOHAJM, eJHHHUAMH, KaK Io-
KazaHo Ha puc. 48. Tenmepy Kaxpblii UrpoK HaigeT HOX
CBOHM HOMEDPOM HOMepa HMrPOKOB, ¢ KOTOPBIMH OH HIpaer
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§ 3, KPYTOBBIE COOTBETCTBHSA

B pasnuuHbiXx Typax. Hanpumep, urpok 4 urpaer ¢ urpo-
kKoM N — 1 B nepBoM Type, ¢ HTPOKOM 2 BO BTOPOM Type,
c UrpokgM 1 B TpeTbeM Type, ¢ HrPOKOM 6 B 4yeTBepTOM
Type H T. A. H, HaKoHell, ¢ urpokoM N —3 B (N —1)-M

TYpe.
YnpaxHenus

1. Tloctpoiite TypHupHYIO Tabanuy ass N = 6, 8, 10,

2. IloxkaxuTe, YTO NpHBejeHHAaA BHue Tabnuua NeHCTBHTENLHO MO-
XeT CAYXKHTb rpadHKOM TypHHPa, AJA 3TOr0 NPHAETCA npo-
BepHTDb, UTO:

a) KaXAWA H3 MrPpOKOB B 3TOM TYpHHMpe HrpaeT No OAHON NapTHH
C KaXAblM H3 OCTaJbHbLIX HIPOKOB;

6) KaXAbiil H3 HFPOKOB B PasHBIX Typax HMeeT pa3HHX NPOTHBHHU-
KOB;

B) eClli B HEKOTOPOM TYype HFPOK j BCTpeuaercs ¢ HIpOKOM &, TO
B Tabauue B KayecTse NPOTHBHHKA 2 B 3TOM Type RO/MKeH ObITh
yKa3au j.



r1ABA V

OpueHTnpoBaHHble rpadel

§ 1. CHoBa cnopTHBHBIE COCTA3AHHA

B nepgoit raase, BBoasi noHsaTHe rpacda, MH paccMa-
TPUBAJH B KauecTBe NPHMepPa COCTA3AHHA CIIOPTHBHBIX
KoMaHI. Mbl coeaHHsanau aBe KoMaHnibl, ckaxeM A u C,

A

E D
Puc. 49

pe6pom AC B ToM cayuae, KOraa 3TH KOMaHAB yxe
urpanu Apyr ¢ ApyroM (cM. puc. 1 Ha ctp. 12). Onnako
Takoi rpad He jlaeT OTBETA HA OJHH BEChbMa CYLIECTBEH-
HBIH BOMPOC: KTO HMEHHO BBIUTPAN Hrpy?

STOT HENOCTATOK JIerKo MomkeT ObiTh ycrpaHen. Ecan
KoMaHna A Buiurpana y C, ycaoBuMcst cTaBHTh Ha peGpe
AC crtpenky, Hanpasaennyw or A k C. Tlpeanonoxu,
YTO HaM M3BECTHHl pPe3yJbTaTsl BCEX YKe CHIrpaHHHIX
urp, ¥ pobasum K rpady puc. | cooTBercTByWOILKE
CTPeJKH; NYCThb NMpH 5TOM Noayuutcs rpad, nzobpaxeH-
Hulii Ha puc. 49, Ha sTom rpade nokasano, uto xoMaHzaa
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§ 1. CHOBA CHOPTHUBHBIE COCTSI3AHHUSA

A Buiarpana y C, komanaa F npourpana D, a B Bu-
urpana Bce urppi—c¢ C, E, Fu 1. A.

F'pad G, Ha KOTOpOM YKa3aHO HalpaBJeHHe KaXAOTO
ero pe6pa, Ha3LlBaeTc! ODPHEHTHPOBAHHBM TP a-
¢ oM. Takoii rpad, Kak MH BHAe]H, MOXKET COAEpIKaTh
HHbopMauHio o© pe3yabTaTax = COPeBHOBaHHS MeEXAY
KOMaHIaMH HJH OTAeJbHHIMH urpokaMu, O6paTHo, Kax-
Abli OPHEHTHPOBAHHHBIH rpad MOXKHO paccMaTpHBaTh Kak
reoMeTPHYecKoe npeacTas/]eHHe pe3ysbTaToOB HEKOTOPOro
COCTA3AHUA.

A B

Puc. 50

Mu ofolin MoJYaHHEM OOMH BONPOC: a YTO, ec/it
KaKas-To urpa OKOHuHJach BHHYbl0? Huueitubie pesyns-
TaTHl CJYXKaT MoMeXoil NPH cyeTe OYKOB B JI0GOM Typ-
Hupe. Yacro, HanpuMep npH urpe B TEHHHC HJIH B
ckBouw '), mpaBusa Hrpnl GOPMYJHPYIOTCA TaK, UTO HH-
YefiHble pe3yAbTaTH BooOGule HeBO3MOXHb. B apyrux
Hrpax, Taxkux, Kak rojab uau ¢yr6os, HrpoKH M KOMaH-
OB, AJs Toro uto6MW H36eXaTb HHUEHHOro pe3yJbrara,
HrpaloT AonojaHHTenbHble TYPH. Ecan ke HHueiiHble pe-
3y/bTaThl HeM36€KHB!, Ml MOXKEM OTPa3UTb UX Ha rpade,
OCTaBJIsiI COOTBETCTBYIOUHe pebpa HeOpHEHTHpPOBau-
HeiMu, Tlpy 3ToM MBI MONYyYHM TaK Ha3biBaeMblil CM e-
WaHHBHA rpad, Ha KOTOPOM HMEIOTCSE KaK OPHEHTH-
POBaHHble, TaK H HeopHeHTHpPoOBaHHHe pebpa. Kaxk Mnl
YBUOMM aajee, rpadsl Takoro BHAA BCTPEYalOTCs H B
ApyruXx BOMpOCaXx.

B kauectBe npumepa cmewanHoro rpada paccMoT-
pum rpad, nsoGpaxkennsidt na puc. 50; Ha 3toM rpade

1) Urpa B My, noxoxas Ha TEHHHC.
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TJIABA V, OPHEHTHPOBAHHBIE T'PA®L]

yKa3aHbl pe3yJbTaThl Hrp uethipex koMmaua A, B, C u D;
Komauaa A seurpana y B u C u cerpana sHuueio ¢ D;
B npourpana A, curpana Buuubio ¢ C u Buiurpana y D;
C npourpana A, suurpana y D u ceirpana BuHubio ¢ B;
D cuirpana sunusio ¢ A u npourpana B u C.

§ 2. OanocToponHee ABHKEHHE

Kapra nio6oit cetH aopor MM yJAML JaeT HaM Hes
CKOMBLKO CNeuHadbHbBIH, HO 3aTO HarJAfHbIE npHMep
rpaga. Ha coBpeMenHoM nsaHe ropoja JONXKHB ObITh

Pnc. 51

NOKa3aHbl He TOJILKO OTHOCHTE/]LHOE PACTIOJ0KEHHE YJHIL
W HX IepeceyeHHs, HO TaKXKe M TO, Ha KAKHX YJHIAX
HMeeTcsi ABYCTOPDOHHHH IOTOK TPAHCIOPTA, a HA KAKHX -—
OJIHOCTOPOHHEe JBH)KEHHe, NMPHYEM B IOCJAEAHEM Ciayuae
JOMKHO OBITh YKa3aHO M HampasJeHHe ABHxKeHuda. [Ipu
3TOM CHOBa MOMyYaeTCsi OPHEHTHPOBaHHBI WJIH, walle,
CMewaHHLIA rpag, eclH ONHOCTOPOHHEEe JBHIXKEHHE yCTa-
HOBJIEHO He Ha BceX yaulax ropoja (puc.51). Brnpouem, B
nocjeHeM ciyyae MOXHO chenarth rpad OpueHTHpPOBaH-
HBIM C MOMOIUBIO NIpHeMa, KOTOPLIH YacTo HCIOJAb3yeTcs
B TEOPHH IpagoB M COCTOHT B 3aMeHe KaXI0ro HeopH-=
€HTHPOBAHHOrO pe6pa ABYMsSI OPHEHTHPOBAaHHBIMH pefi-
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§ 2. OXHOCTOPOHHEE JABW)XEHHE

paMH, COeAHHAIOUIHMH Te e caMble BEPLIMHBI H HMeIO-
wWHMH TIPOTHBONOJOXKHbIE HAaNpaBJeHHS.

ITpu paccMOTPeHHH OJHOCTOPOHHEro [BHIKEHHA B
ropojie BO3HMKAIOT BOTPOCH], MHTEpecHble H s obuiei
TeopuH rpacdos. IIpeanonoxkuMm, uro B ropoge peuieHO
BBEeCTH HOBble NpaBHJa [BHMKEHHS, COTMACHO KOTOPBIM
ABHXKEHHe N0 KaXAOH YJHle CTAHOBUTCA OZHOCTOPOH:«
HHM. JT10 OblI0 Gbl, KOHEYHO, HENpHEeM/JEeMO, ecau G6bl
0Ka3alloch, YTO NpPH 3STOM He BCerJa MOXHO INpoexaTh
H3 oaHoro Mecra B apyroe. ChpammuBaercs, MpH KakoM
YCJAOBHM YJHLBI ropoja MOXHO OpPHEHTHPOBATb TaKHM
ob6pa3oM, 4robbl #3 11000r0 NMyHKTa MOXHO GOBIIO Mpo-
exaTb B Jio6oi Apyroii, He Hapyilas APaBHJ ABHIKEHHS
no yauuaM. CooTBercTByiolllast 3ajfaya Ha s3blKe TeOpHH
rpajos Qopmyaupyercs caeayiouuM o6pa3oM: NpH Ka-
KoM YycnoBHH pebGpa rpada G MOXKHO OpPHEHTHPOBaThb
TaK, uyToOb O7s JA060H napel ero BepIIHH Hal1ach
COeIMHAIONIAA HX OPHEHTHPOBAHHAA UeNb?

SlcHo, uto Tako#t rpad noakeH GbiTb CBA3HBIM. Of-
HaKO 3TOr0 HEeJO0CTaTOYHO.

Pe6po &= (A, B) rpada Mb 6yaeM Ha3HBaTh CB fi-
3HBalOMHUM pe6poM, HIH NepelleifKOM, eclH
DHO sBASIeTCA eAMHCTBEHHBIM mnyTeM oT A K B wau
obpaTthHo. CBfA3biBaollee peGpo AeNHT BCe BEPLIHHDI
rpaja Ha ABa MHOXeCTBA: Te, B KOTOpble MOXKHO MPHATH
u3 A, He npoxoas no pe6py & u Te, B KoTOpbHe MOMKHO
npuiitu u3 B, ne npoxoms no & I'pad B sTom ciayuae
cocTouT M3 ABYX uacteil Gy u Ga, COeHHEHHBIX TOJBLKO
pe6pom & (puc. 52).

Ha kapte ropona cBs3piBalouiee pe6po — eqHH-
CTBEHHAast MarucTpafb, COEZHHAIOUaN OTAeNbHBlEe YacTH
ropoga. OHO MOXeT GbITb €IHHCTBEHHBIM MOCTOM yepe3
PeKy HJIH €JHHCTBEHHBIM XeJe3HO/JOPOXKHLIM TOHHENEeM.
SlcHo, utO ecnm GBI Ha TAKOH Marucrpanu GO ycTa-
HOBJIEHO OJHOCTOpPOHHee [BMXKEHHe, TO H3 OZHOH 4YacTH
ropoja B APYrywo He 6bli1o Obl mpoe3za.

Brie (§ 1 ra. 11I) Mp HaswBadH KOHEUHBIM
pe6pom Takoe pe6po &= (A, B), oaMH U3 KOHLOB KO-
TOpOro, HanpuMep A, He NpPHHALNEKHUT HUKAKOMY ApY-
romy pe6py rpada (puc. 53). Takoe pe6po & Toxe
JO/KHO paccMaTpuBaTbCsl Kak cBsi3biBalollee, TaK Kak,
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IJJABA V. OPHEHTHPOBAHHBIE TI'PAQLI

kpoMe &, ner nyTH, coepunsiiomero A ¢ B. MoxHo cus-
taTh, uto rpad G, puc. 52 kak Obl «CTAHYT» B OIHY
Bepwuny A. Ha nnane ropoaa koHeuHoe pe6po coOTBeT-
CTBYET TYNHKY; Ha HEM TOXe HeJlb3sl YCTaHOBHTb OJHO-
CTOpPOHHEE ABMIKEHHE, He GJOKHPYH 3THM Bbe3l B A HiH
Bble3n u3 A.

Ecau pe6po &= (A;, B;) He sABAseTcs CBA3LIBAIO-
ILKM, TO HaleTcs W APYro#l myTh, coeuHsiomnii A, u By
H He TPOXOASLHI MO E, (puc. 54). ITostoMy Takoe pe6po

Puc. 53

&, Ha3biBaeTcs uMKAHYECKHUM pebGpom Hrak, na
rpade uMmerorcsi pe6pa ABYX THIOB — LHMKJIHYECKHE H
CBA3bLIBAOLLHE.

Teneps MBI MOXeM [0Ka3aTh CJEIYIOLLYIO TeOpeMy.

TeoreMa 1. Ecau G — HeopueHTUPOBAHHbLLE CBA3HULI
epagh, To sce20a MONHO TAK OPUEHTUPOBATL YUKAUYECKUE
pebpa u3z G, ocrasus csa3visaroujue pebpa HEOPUEHTU-
posannbimu, 4T0bbL A100YIO napy sepuwiun 3To20 2pagpa
MOJMCHO Obla0 COeOUHUTL OPUEHTUPOBAHHOL Yensio.

Has nnana ropoja 370 yTBepsiacHHe MOXHO cdop-
MYJHpOBaTh cjelyiou[uM o6pa3oM: ecAH OCTaBHTb ABY-
CTODOHHEe JBHXKEHHe TONbKG Ha MoCTax (NpH YCJIOBHH,
YTO [aHHBLIA MOCT siBJAsieTCSl €AHHCTBEHHHIM MOCTOM 4epe3
peKy) M Ha TynHMKax, TO Ha BCeX OCTaJbHBIX YJAHLAX
MOXKHO YCTAHOBMTb OJIHOCTODOHHEe JBHXKEHHe TaKHM
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§ 2. OTHOCTOPOHHEE HABW)XEHHE

of6pa3oM, 4YTOObl TpaHCHOPT O0GecmeunBan CBA3b BCEX
yacTeit ropoja.

Mb MOXeM 10Ka3aThb 3Ty TeOopeMy, yKas3as cnocof
COOTBETCTBYIOIIEr0 OpHeHTHpoBaHHa rpada. Hauxem
¢ Toro, uro BhGepeM B (i nponsBOJbLHOE pe6Gpo
&= (A, B). Ecan & — cpasniBaiomwee pe6po, OHO OCTa-
HeTCsl ABYCTOPOHHHM, H TOTAAa MOXHO Oy/er nepeiT ot
B x A u obpatho Baoap & (puc. 55). Ecan & — unkau«
yeckoe pe6po, TO OHO BXOAHT B HEKOTODHIH wHkKa C
H TOTZa Ha Bcex peGpax nukia € MOXKHO yCTaHOBHTb

B
B

Q

Puc 55 Puc. 56

HUKJIHYECKYI0 OpHeHTauHIo; SICHO, YTO M3 Ji000H BeplIH-
HHl @G MOXHO mepeiiTH K JI060it Apyrofi, cleays yKasaH-
HbIM Ha pe6pax HanpaBjeHusaM (puc. 56).

STOT npouecc MOXKHO NPOROMKHTb. [lpeanosnoxKuM,
YTO MBI yXXe OPHEHTHPOBaAHM HekoTopyio uacte H pac-
cMmarpusaeMoro rpada G Tak, uTo u3 M0G0 BepLIHHBL
rpada H MoxHO npoiiTH B A106yI0 APYryi0 ero BepLIHHY
¢ co6JloeHHeM NpPaBUA OJHOCTOPOHHero aBuxenus. Tak
Kak rpa¢ G sBasercs cBs3HLIM, To AH6o H cosnanaet
co BceM rpadom G, mubo Haigetrcs pe6po &= (A, B),
«kacamwolleecsi» H, T. e. Takoe, 4TO OHO He NMPHHALIENHT
H, 1o onna u3 ero sepuny, ckaxem A, npuHagnexur H.

Ecan & — csasbiBatomee pe6po AB, To, Kak MH yxe
YCJAOBHJAHKCH, OHO OCTaeTcsi ABycTopoHHHM. Toraa nad
Jo6oi epuunsl X rpada H MoXKHO HaHTH OpPHEHTHPO-
BaHHylo uens &, coepunsiomyo X ¢ A, a 3Hauut (uepes

——
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I'TTABA V. OPMEHTHPOBAHHBIE T'PA®BI

pe6po &), u ¢ B. O6paTHo, or BeplkHbl B uepe3 pe6po &
MOXHO miepeliTH K A, a 3aTeM — 0 OpHEHTHPOBAHHOMK
nend J —or A k X (puc. 57). Hpucoenuusia & x H, mnl
nonyuuMm yiKe OO0abuiyio uacTh rpatda G, obnagamiuylo
TpebyeMblM CBOHCTBOM.

Puc. 57

Ecau ke pe6po & =(A4, B) sBasieTcs UMKIHYECKHM,
OHO NMPHHAJJIEXHUT HeKoTOpoMy Lukay C. Msl ycraHoBUM
HanpasJaeHne Ha C ot A x B u manee sgons G 1o neg«
Boit BepwuHbl D u3 C, npunaanexawein H (puc, 58).

Piuc. 58

Bce 3tu pe6pa mbi npucoegunnm Kk H. Ilycre X — mpo-
M3BOJbHAs BeplinHa u3 H, a Y — nio6as sepuinna u3s G;
MOXKHO HaHTH OPHEHTHDOBAHHYIO UeNb ¢, NPHHAAMEKA-
myo H u coepunsiomyio X ¢ A, a 3arem Bioab € npoii-
M K BepwinHe Y u3 €. OGpartHo, oT Y MOXHO NpOHTH
Broap C x Bepwnne D, a or Hee — npuHaanexawen H
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$ 2. OTHOCTOPOHHEE J[ABWXEHHE

opuenTHpoBaHHONl uenbio Z~or D k X. Ilostomy
OpHeHTHPOBaHHEI rpad, noayueHHbli go6asnennem K H
yKa3aHHBIX pe6ep uukna €, TakKe yAOBJETBOPSET Tpe«
6yeMbIM YCJOBHSIM: TO, YTO OT JI000OH H3 H0GaBJeHHBIX
RepllMH HuKAa C MOXKHO npoiTH K J1060# Apyroit u3
3THX BepIIHH ¢ coG/IOAeHMeM YCJOBHH, CBA3aHHHIX C
opHeHrauueit peGep, ouesuaHo (puc. 58), Ilpomonxas
3TOT Nnpouecc, ME B KOHIlE KOHLOB OPHeHTHpyeM Tpebye-
MbIM 0o6Gpa3oM HcxoaHbulii rpad G.

VYcraHoBiieHHe Ha yaHLAX TopoAa OXHOCTOPOHHEro
ABHYKEHHA TO03BOJNSET CHIbHO YBEIHUYMTL CKOPOCTb ABH-
JKeHHsl TPaHCMOPTAa; OAHAKO OHO CTABUT HACTOsLHe ro-
JIOBOJIOMKH Nepen BOJAHTENEM, KOTOPHIi XoueT o6bexaTh
Ha MallHHe He3HaKOMbIH eMy ropoa. B cayuae asycro-
POHHEro YJHYHOTO MABHIKEHHS IJA 3TOrO0 MOXKHO Obl10
Obl BOCNOJB30BATBCSA, HanpHMep, cNoco60OM, H3IOXKEHHBIM
B § 4 ra. 11. Ho TaM 6o cyimecTBeHHO, UTO MO KAXKAOMY
pebpy MOXHO mpoiiTH B 000MX HanpassieHHAX. Ecau Ha
ynunax pesjie MM YacTHYHO YCTaHOBJEHO OLHOCTOPOHHEe
JABHXKeHHe, TO 3ajlaya CTAaHOBHTCA HaMmHoro 6osiee CJAOXK-
HOHM, flaXke eC/Ix CAeNaHO Heo6XOAHMOe MPeANnoNokKeHHe o
CYUIECTBOBAHHH O XpafiHeli Mepe OLHO OpHEHTHPOBAH-
HOIl wemH, coeauHsiiowieli awo6yi0 napy BepiidH rpada.

O6mas npobiemMa TaKoOBa: KakuM crnoco6oM MOXKHO
ABHraTeCA MO rpady BAOJb YKa3aHHBIX HanpaBleHHil,
uTo06bLl B KOHEUHOM cYeTe MPOHTH MO BceM ero peGpam?
Iins sTOro, KOHeYHO, Haf0 HMMETb XOPOIUYI0 MAMATH, a
elle Jyylle npefABapHTeNLHO COCTaBHTbL Ha6POCOK rpada,
0Gpa30BaHHOIO CEThIO YJMIL

Mbi oTnpaBaseMcst U3 HEKOTOPOH TOUKHM @y MO OHOM
H3 BBIXOAALMX H3 Hee yaul. [Ipoxoas nepekpecTok, Msl
OTMEYaeM Ha PHCYHKe, 10 KAKOH yJiHlle Mbi Clofa NMPHULIH
M Ha KakKylo HOBYIO yJHLY NepexofuM; AJs AajbHelitiero
NOJIE3HO OTMETHUTb TaKXKeé H JApyrHe yJHUH, BLIXOASILIHE
Ha 3TOT MepeKpecTOK, BMeCTe C MX HampaBjeHusMH. Ye-
pes HeKOTOpoe BpeMs Mbl BepHeMCA K OJHOMY M3 Mepes
KPecTKOB @), Ha KOTOPOM Mbl Yyxe NOGHIBajNM paHblie
(puc. 59).

IMocMotpuM na naam, cocTaBleHHBI HaMu 3apauee,
Ecan Mbl yXe oGountd Bce yJamIbl TOpOAa, TO Hamia 3as
Aaya pelleHa, B npoTHBHOM cayyae Haiifercs eule He
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I'JIABA V. OPUEHTHPOBAHHBIE T'PA®H!

npoiinennas yanua (c, d). Ilo npeanonoxenno, cyie-

CTBYET OPHUEHTHPOBAHHAA UeMNb, COEIMHSIOWAS Q@ C C;

MBI NOHAeM 1O HeH, a 3areM npoiifem yauny (¢, d).
i

& \ -

’ -

Puc. 60 Puc. 61

(Pasymeercs, ynoGHee BCEro HauMHaTh C He NPOHAEHHBIX
paHee yawl, BBIXOAAWMX M3 a;.) ScHo, uro, mocrynas H
JaJjiee TaKuM e o6pa3oM, Mbl B KOHLle KOHLOB 06oiifeM
BCe yJuUbl ropoja.

YnpaxHeHHus

I. Hcnoap3ysn BBeneHHHit B 3TOM maparpade MeTon, OpPHERTHpyiiTe
rpadu puc. 14 u 37.

2. CnenafiTe TO Xe camoe A NJI2HOB FOPOJOB, H306pa)KEHHHX Ha
puc. 60 u 61.

80



§ 3. CTEMEHH BEPUIHH

§ 3. Crenenn Bepmnn

B § 6 ra. I MBl nOACUHTHIBANM YHCAO peGep Heopweil-
THpOBaHHOrO rpada; ctenensio p(A) sepwunn A MLl
Ha3BaJM YHCA0 pebep, AN KOTOPHIX A CAYKHT OAHHM H3
KOHIOB. B kaxaoit sepuune A opueHTHpoBaHHOrO rpada
HMeloTcs pe6pa ABYX THNOB: BhIXOAsIHe M3 A u BXOAsI-
wHe B A. COOTBETCTBEHHO Mbl HMEeM B KaXKZOil BeplUMHE
ABe crenmeHu: uucao p(A) suixomawmux u uucao p*(A)
Bxoaauwux peGep. Tak, nanpumep, mias rpada, uzobpa-
/KeHHOTO Ha puc. 62,

p(A)=3, p(A)=2.

Kaxnoe opuenrupoBansoe pe6po & = (A, B) umeer
HauaJbHylo BepwuHy A u koHeudyio Bepuuny B. Cneno-
BaTesabHO, obuiee unciao N peGep rpada MoxHO Ha#iTH,
noacyuThBas AH60 oblLuee YHCJIO BHIXOAALIHX H3 KaXXJAOH
BeplIHHB pebep, JAH6G0 oflllee 4HCAO BXOASIIHX pebep.
OTo o3Hayaer, 4TO AJA OpHeHTHpoBaHHoro rpada G,
HMEIOLIEro 7 BepLiMH

A, Ay .l Ay
o6utee yucao N peGep paBHO ONHOH M3 CyMM
N=p(A)+p(A)+ ... +p(4)=
=p*(A)+0"(A)+ ... +p"(4,)

B xavecTBe mpumepa paccMoTpuM rpad, u306parkeHHBI
Ha puc. 49. 3aech

0(B)=p(D)=3, p(A)=2, p(F)=1, p(C)=p(E)=0
H
0" (E)=p"(F)=3, ¢"(C)=2, p"(A)=1, ¢"(B)=p" (D)=0.

B o6onx cayyasix cyMMa pasHa 9.

HMelorcss pasinuyHuie THNBI OPHEHTHPOBAHHBIX Tpa«
dosB, M5 KOTOpPHIX CTeleHH BepHIHH 00/131aI0T KAKHMM-
au60 cneuMasbHBIMH CBOMICTBAMH. YNOMSIHEM HEKOTOpble
u3 Hux. Fpad naseiBaerca ogHOpOAHBIM Trpadom
CTeneHHW r, ecIH CTENEHH BCEX €ro BepUIHH PaBHH

6 Q. Ope 81



IJIABA V., OPHEHTHPOBAHHBIE I'PA®LI

OZIHOMY M TOMY 2Ke YHCAY r: AJf KaxKAoH BepluuHbl A
p(A)=p"(A)=r.

ITpocTHIM NpPUMepoM MOKeT CAYXKHTb UHKA (puc. 63)%
8/16Ch /1A Kaxkaoil BepuinHel A

p(A)=p"(A)=1,

H rpad sBaseTcs OLHOPOAHBIM cTemeHH I.

Paccmorpum ewe rpad kpyrosoro TypHHpa, Korja
Kaxkjasi KOMaHja HOJKHa HIrpaTth C KaXJOH M3 OCTalb<
HbiX, Ilpeanoso:xuM cHayasa, YTo YHCJO KOMAHJ, y4as
ETBYIOINX B COCTA3aHHH, YETHO, TaK YTO BCe KOMaHJbl

Ser¢

Puc. 62 Puc. 63

8aHATH B Kaxzaom type. Torga mocine k2 TypoB Kaxpaas
KoMmaHzaa curpaer ¢ 2 gpyrumu. CooTBeTcTBYIOWHE rpad
I KaxJoi Bepluiune OyneT uMeTb B pebep, NpHuYeM HEKO<
Topble pebGpa OynyT BXOASIUMMH, O3Hauas MOpPaXKeHHe,
Jipyrue BLIXOIALIMMH, 03Hauas noGexy (Mbl CUMTAEM, UTO
BO3MOXKHOCTb HMYbHX McKJOueHa). CnegoBaTennno, ams
KaxJao# Bepwuuet A Takoro rpada

p(A)+p* (A) =k (1)

Ecan ynes0 XoMaHa HeYeTHO, TO B KaXK/JAOM Type OfHa
u3 KoMaHa cBoboaHa OT Mrpel. [Ias KoMaHA, MrpaBIIMX
B Kam}?M Type, ocTaercst cnpasBeJJHBBEIM paseHcTBo (1),
a and kB xoManx B, nponycTHBIIMX 1O OJHOMY Typy, MO«
JIy4aeTcsi paBeHCTBO

p(B)+p*(By=k—1. (2)
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§ 4. TEHEAJJOTMMECKHE ,FPA®LI

YnpaxHeHHs

1. TlocTpoiite rpacbi, oTBeyaloLIHe MOJ0XKEHHIO B TYDHHpe C NATHIO
Y4acTHHKaMH Noc/ie ABYX H TPEX TYpOB.

2. Kak wu3mensitca cootHowenns (1) u (2), ecam AOMyCTHTL BO3-
MOKHOCTb HHUbHX?

3. Moctpoiite oaHopoaHble OpHEHTHPOBaHHble rpadbl cremenu r= 2
¢ uucaom Bepwnn n =5, 6, 7, 8.

§ 4. leHeanornyeckue rpadul

Pucys ube-1160 poaoc/10BHOE AepeBO, MOXKHO BOCNO/b-
30BaThCsl OPHEHTHPOBAaHHBIM rpadoM, uTo6bl MOKa3aTh
Ka HeM poACTBeHHble oTHOWeHHS. OpueHTHpOBaHHOE pel-«
po (A, B), npoBoaumoe or uneHa ceMbH A K ujeHy
eeMbH B, yka3biBaer na 710, uT0 B sABAseTCs CHIHOM HJH
nouepsio A. Buosorn cucTeMaTHUeCKH NOJMb3YIOTCH Ta-
KOro poja cXeMaMil /s OMHCaHHA Pe3yJbTaTOB T'eHETH-
YeCKHX 3KCNMEepHMEHTOB HaA JKUBOTHbIMH, 0603Hauas
opdentuposannbiM pe6pom (A4, B) To 06CTOATENBCTBO,
yTo B sBJAsETCS HENOCPEACTBEHHLIM NMOTOMKOM A.

Takne cenea.roeuyeckue epagor 061a7al0T HEKOTO-
PbLIMH TOYTH OYEBHAHBIMH ClEUHaJbHBIMH CBOHCTBaMU.
OAaHO M3 HHX COCTONT B TOM, UTO TaK KaK KaXK/blii MHIH-
BUAYYM HMeeT ABYX POAHTEJelH, OTIa H MaTb, TO Y Kaw-
I0fi BepililHBI A0/1XHO ObiTh ABa BXOAMIUKX pebpa, T. e.

0" (B)=2. 3

Takum o6pa3oM, OCHOBHAs Ayelika reHeasorHYecKoro
rpada cocTouT u3 ABYX peGep, Kak Ha puc. 64, rxe 8
SIBASETCSA HEMOCPeACTBEHHBIM NMOTOMKOM ABYX HHAHBHIY-
ymoB — otua O u matepu M.

31ecb MOXKHO 3aMeTHTb, YTO POROCAOBHbie JepeBbf
(nono6i10 OGBLIMHBIM JepeBbAM) He NPOCTHPAIOTCA 10 He-
6ec. Tak Kak Haluy 3HAHHA OrpaHHYeHHBI, Heu30eXHO
HaCTYNHT MOMEHT, KOTJa HaM HeHU3BECTHbI ORHMH HJH
o6a poautensn. IToatomy paBercTso (3) npasuabHee
6bis10 OB 3aMeHNITb HePaBEHCTBOM

0"(B) < 2. (4)
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TJIABA V, OPHEHTHPOBAHHBIE TI'PA®LI

Bcsikoe pOACTBEHHOE OTHONIGHHE NpPeACTABJASETCH He+
KOTOpoii omnpeneneHHoH KOHUrypaunueii Ha reHeaJorH-
yeckoM rpade. Tak, sHanpumMep, pHc. 65 noka3ssiBaer, 4TO

1, By, Bs siBAsioTC 6paThfIMH MJM CECTPAMH, TaK Kak
BCE OHH — JIeTH OJHHX H Tex Xe poxauteaeid O u M.

g M

B
Puc. 64

Ananoruuno us puc. 66 BuaHo, uro B, asasercs cBog-
HBIM 6paToM WM CBOJAHOM cecTpoi no OTHOWIEHHIO K B,
B,, Bs, Tak KaK y HUX OflHAa U Ta e MaTb M, HO pasubie
orusl O u Oy

0 | M

e
B] 32 BJ
Puc. 65

Mub npumag Teneps K MHTepecHoMy Bompocy. Ilpen-
IIOJIOXKHKM, 4TO Y HAC MMEETCH OPHEHTHPOBAHHHIH rpad
CNeLHaNbHOr0 THNA — B KaXKAyI0 €r0 BEpLIMHY BXOMUT
He Gosee nBYyX peGep, T. €. uTo ycaosue (4) BBHIIOJAHEHO.
CnpauiyBaeTcs, MOKHO JIM CUHTATh 3TOT rpad reHeasord-
yecKuM rpacdom, T. e, HHBIMH CJOBaMH, MOXHO JIH pa3«
JleINTb ero BepLIHHBI, WJIH OTBEUAIOIUHUX ITHM BepHIMHAM
HHAMBUAYYMOB, Ha ABa kaacca — kmaacc O (oTumoB) u
Kaacc M (marepeil) — takum 06pa3om, UTO AN KaXAOH
BepUIMHB JIBA BXOASIIMX B Hee pebGpa Bcerjga o6pasyloT
¢urypy, u3obpaxeHHyo Ha puc. 64.
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§ 4. TEHEAJIOTUYECKHE T'PA®LI

IMpuMep (puc. 67) noxasniBaer, YTO 3TC HE BCEFrAa
Bo3MoXHO. IIpeanonoxum, uto A, oTHocHTCs K Kaaccy O.
Torpa Tak xak ero peGeHok B, sBasieTcs Takxe peGen-
KoM Aj, 10 A, otHocuTCsa K Kaaccy M. Tak kak Az u A;
uMelor pe6Gerka Bj, To A; TakkKe A0NKHO OTHOCHTBHCH K

o M 0,

B’ BZ B.l Be
Puc. 66

kaaccy O. OnHako 3TO MPOTHBOPEYHT TOMY, YTO, B COOT+
BeTcTBHH ¢ rpadom, B, sBasercs peGenkom A; u A,
KaX[bli U3 KOTOPLIX OTHOCHTCA K Kaaccy O. Ananorud«
Hoe NPOTHBOPeYHe MOJIYYHTCS H B TOM CJyuae, ecH npel-
NOJIOXKHTb, 4TO A; OTHOCHTCA K Kaaccy M.

A, Ay A

Bi Bz Ba
Puc. 67

Ilns Toro 4toGbl BBLIACHHTL NMPHUYHHY 3TOrO 3aTpyame-
HUSA, OTNPaBHMCS H3 HeKOTopoil BepiiHHbl Aj, KoTopyw
Mbl 6ynem oTHocHTb K Kaaccy O. Ecau Ay asaserca oa-
HHM H3 poauteneft By, To aApyroit ero poautenr A, or-
HocuTcs K Knaccy M. Ecaum Az, kpoMe Toro, ssasercs
poautenem B, 10 aApyrofi pomuTenb nocaenxero Ag
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TJIABA V, OPHEHTHPOBAHHbBIE I'PAGH

otHocuTcsl K Kaaccy O u 1. A. Tak MBI NOJyuuM «uepes
AyIOILYICs» 10CAe10BaTeabHOCTh

A, Ay ool A, (%)

HHAMBUIYYMOB, ICTIepeMEHHO OTHOCSLIMXCH K KJaaccaM
O u M. Ha nawem rpade oHu CBS3aHBl N0C/I€0BATEN b+
HOCTBIO pebep

(As Bi)y By, Ap) (Ay By), (By Ay vy

B KOTOpOH KaXjble JBa cocefHUX pebpa npoxoasatca B
NPOTHBOMOJIOKHBIX Hanpas/aeHHsax (pHc. 68).

Al A2 A3 [ . . An

B, B, By ¢ * i Bn, Bp

Puc. 68

INpeanonoxum tenepb, uto A; u A, ABASIOTCH POAH<
TenssMH By, Xak Ha puc. 68. D10 paer «uepeaywomuicsa»
LIMKJT

(A B))y (Ax B), (Ay By)s -y (An By) (Ay By). (6)

Torna sicho, uto BepwHbl Ay u A, JOMKHBL OTHOCHThCA
K pasHbIM KJIaccaM, a 3HAuYdT, 7 JOMKHO GHITb YETHBIM.
OTO MPUBOAMT HAaC K CJeAYIOLIEeMYy pe3yJbTary.

Ycaorue poacrea. Ilycte G — opuentuposanssli 2pag,
O0as kotopozo ycaosue (4) ewvinoaneno. Ecau mosxcHo
pa3deauts sepwuns. zpaga G Ha 0sa Kaacca: Kiacc
emarepeii» M u «oryos» O ¢ cobaiodeHuem YyKa3auHbLX
ebuue ycaosul, To Kawoas nocaedosaresbrocts (5) po-
Oureaeil A; 8 a06om cuepedyoujemcas yuxie 0oAxHA CO-
CTOATb U3 4ETHO20 4UCAQ 4NeHOB. DKBHBAJEHTHOE 3TOMY
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§ 4 TEHEAJIOTMYECKHUE TPA®BI

yCJOBHE COCTOHT B TOM, YTO 4YHCIO peGep KaXKIAOro «ues
pelylollleroca» unkjaa (6) KpaTHO ueThipeM.

Ecau yc/ioBHe poACTBa BLIMOMHEHO, TO KaXKAYlO Bep-
IWHHY rpada MOMKHO OTHECTH K OJHOMY M3 YKa3aHHBIX
KjaccoB. HauneM ¢ BepiuuHel A; H OTHeCeM ee K NPOH3-
BoJbHOMY kaaccy (O uau M). Ecnn A, He umeer nereit
WIAH eCaH 3TH JeTH He HMEIOT APYTHX M3BECTHBIX HaM
ponuTenielt, To M3 ompeieNeHHst Knacca A; He BHITEKaeT
HHKAaKHX caeactBuit. Ecan ke A, numeer zereir, o6pa-
3yeM BCEBO3MOXHbIe <«uepelYIOIIHeCs» leNH, KOoTophle
nauynHaloTtcst B A;. dtum Gylder 04HO3HAUHO onpeneneH
Kjaacc aas Jo6oro M3 poaureneil B nOC/AeR0BaTeNbHO-
ctu (5). HefictBuTeabHO, ecsin Obl NOJYUHJIHCH OBe Ye-
penylowuecs ueny, seayune or A, k A, u otHocauue A,
K OBYM pa3iuyHbIM KiaaccaM O 1 M, To MOXHO GBbLIO 6[,1
npo#ith ot A, Kk A, no nepsoll uenu H BepHyThCs K Ay
110 BTOPOKH, a 3T0 NpuBeno Obl K «uepeiyIoleMyca» LUK«
Jy ¢ HEYETHHIM YUCJIOM BEPLUHH, YTO NPOTHBOPEYHT YCJO~
BHIO POICTBA.

Ha stom nepeoM 3Tane Gyner onpefesied Kjaacc eule
He Bcex BepiukH rpada. Ha ,CleflylolieM Lare Mbl BbIGe-
PeM HEKOTOPYIO BEDIIMHY AL, ne CBA3QHHYIO C A; HuKa-
KOl uyepenyiollleiics Lenblo, H oTHeceM A; K NpPOH3BOJMb~
HOMY  Kjaccy, Npojo/Kas npeﬂ.bmymee NoCTpoeHHe.
3atem B KayecTBe HCXOLHOI TOUKH Bbl6epeM TpeTbio Bep-

winy Ar, He cBssanuyio ¢ A1 u Ay, M T. 1. I0 Tex nep,
noka He 6yneT onpesesieH KJacc Kax Aot H3 pepulnd. Ta-
Koii cnoco6 onpefesieHHs KJacca, OYeBHIHO, HHKOraa He
NpHBeAET K NPOTHBOPEUHIO, COCTORILEMY B TOM, YTO Ka-
KOH-HHOYAb MHRUBHAYYM HMeeT POAMTeNeit M3 OLHOro H
Toro *e Kaacca. Ilpy sToM He uMeerT 3HaueHHsd, UTO
OGLIYHO BepHIKHBI rpada MOXKHO pa3GHTb Ha Kaacchi He-
CKOJIbKUMH croco6aMy.

Tlocne Toro Kax Ml HaWsAH yC/AOBHe, NO3BOJAOLIEE
HenpoTHBOpeuHBLIM 006pa3oM pa3GUTL BCe BepLUIMHH jpa-
t¢a Ha ABa Kjacca, eCTeCTBEHHO 3aJaTh BOIPOC, MOXKeT
Jau rpad, ynOBAETBOPAIOUIHH 3TOMY YCJIOBHIO, orobpa«
KaTh pPe3yJbTaThl HEKOTOPOro TIeHETHYECKOTO 3KCIIepH-
Menta. HerpyiHo BHAETh, 4TO AMS 3TOr0 NMPHIETCS HANO<
KHMTb Ha rpad eille OZHO NOMOJHHTEJbHOE OTpaHHYEHHE,
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FJIABA V. OPUEHTHUPOBAHHHE - I'PA®BL

[TpeanoaoKHM, YTO MH HMeeM TOC/AEA0BATENLHOCTD
MHIUBHAYYMOB
D,, D, ..., D, (7)

rae Kaxawi D; siBaserca notomkom npeabiaymero. Ha
rpade 3TO 1aeT OpHEHTHPOBaHHYIO Henb (puc. 69). Pox-
[eHHs1 3THX ocobeil (7) MOMKHB M 110 BpeMEHA NPOHCX0+
JIUTb B TOM JXe NMOPA/Ke; CJAeJOBATENLHO, He MOXeT Cay-
yuthesi, yTO6H D, oKaszaiacs poauteneMm D; (puc. 69),
T. €. Ham rpad He JOJXeH COJepKaTh HHKAKOrO OPHeH-
THPOBAHHOTO IIHKJa; Takue rpadel Ha3bIBAIOTCA a Il H-
KJIHYECKHM H.

D, D,
o
i
1”’ DJ
d
Ds \\

Da
Puc. 69

HMrak, Mbl Hallld TPH YCJOBUA, HeoOXoauMhle mJift
TOro, 4ToOhl HEKOTOpPHIf OPHEHTHPOBAHHBIH rpagd Mor
ONHCHIBATb T'€HETHYECKUH SKCMEepPUMEHT.

1. Aas scex A cnpasediuso nepasencrso p* (A) <2,
T. e. HUKaKas eepuiuna He umeer Goaee J8Yyx 8xodaujux
pebep.

2. Jucao pebep rawmdozo <«uepelyroujeeocss» yuxKaa
KpATHO 4eTbipem.

- 3. I'pagp asanerca ayukaudecKum.

OO6paTHO, ecan BBHINOJHEHH 3TH YCJOBUS M BCe Bep-
HIMHBL COOTBETCTBYIOIUMM 00pa3oM pa3buThl HA KJACCHI,
TO BeCh Ipad) MOXHO PacCMaTpPHBATh Kak NIHCaHUE HEKO«
TOPOro reHeTHYeCKOoro 3kcnepuMenTa: pe6po (Ao, B) yka-
3blBaeT Ha TO, uTO B aABJsieTCH HENOCPENCTBEHHHM IO-
TOMKOM Ay, APyruM poauTeseM B sBaseTcs HeKoTopas
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§ 4. TEHEAJIOTHYECKHE rPA®LI

(xoTs,, BO3MOXKHO, H HeM3BecTHas Ham) 0col6b APYyroro
Kaacca.

Hawm Tpu ycnoBHst MOXHO, CJled0BaTeNblio, paccMaT-
pHBaTh KaK yC/IOBHs, KOTOPHIM TOAYHHAETCS oblas re-
HeTHuecKkas cxema. Ha oGblyHOM si3biKe 3TO COBEpILEHHO
OYeBHHbIE MCTHHMI:

1. Kaxdoe cyuwjecreo umeer, camoe 6Goavwee, 08yx
podureaedl.

2. O0un u3 poduteneii agaserca OTYOM, a 8TOPOLU —
marepsio.

3. Hukro He moxcer Goito csoum coGCTBEHHbIM NO-
TOMKOM.

Puc. 70 Puc 71

B sakniouenue coesaeM elle oQHO 3aMeyaHue OTHO-
CHTEJIbHO reHeasoruyeckux rpagos. Mbl paccMaTpuBaau
Hall rpad Kak npeAcTaBjieHHe Pe3yJbTaTOB NPOH3BOJb-
HOTO reHeTHueckoro skcnepuMmeHTa. Ecam peub nger o
YeJIOBEKE, Mbl JO/MKHB HCKAIOUHTb M3 Hallero poaocioB-
HOTO JepeBa ellle HEKOTOpPble Crelua/bHble KOHQHrypa-
und. Tak, HanpuMep, NMOCKONBKY HHUKTO He MOXeT e«
HHTbCA Ha CeCTpe WJH BHHTH 3aMyX 3a 6para, Ha HalleM
rpadpe HeBO3MOMKHH KOHQHrypaUHM TaKoro BHAA, Kak
Ha puc. 70. Tak Kax HHKTO He MOXeT BCTYNHTh B 6pak
CO CBOHM pOJHTeJeM, He MOXeT OGhTb H KOHHUTYypauwuil
TaKoro BHAa, KaK Ha puc. 71, u 1. 4.

YnpaxkHeHusn

1. Haueprute rpat, nokasmsaimoluuii, 4TO ABa HHAMBHAyyMa f8-
JAIOTCA: 38) ABOIOPOAHBIMHM GpaTbAMH (MJIH CECTPaMH, uaH GpPaToM
u cecrpoft); G6) Terehi (mam Asnelt) M RJAEMAHHHKOM (MAM nae-
MAHHHIEH) .
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TNABA V. OPUEHTHPOBAHHHBE TIPA®H

2. Onpenennte BCeMH BO3MOMKHLIMH CIIOCOGaMH KJacChl BEPUIHH rpas
¢a, u3o6paxKeHHOro Ha puc. 72.

Puc. 72

8. Haueptute konurypaumio, KoTopas HCKJIO4ZETCA H3 POJOCJIOR-
HOTO JepeBa HAaJIOKEHHEM 3anpeToB Ha Gpaku: a) MeXAay CBOA-
HhMu GpaTOM H cecTpofi; 6) MeXAay AelylIKof M BHyYKoh; B) Af-
AM MAH TETH C MAEMSHHHKOM HJIM BJIEMAHHHIER,



rnmasa Vi

Urpbl 1 ronoBoOsOMKH

§ 1. Ton0BOJNOMKH H OpHEHTHPOBAHHHE Tpadul

Brime (§ 6 ra. 11) Mbl yxKe nokasaJu, Kak MHOTHe To-
JIOBOJIOMKH MOTYT OBITb M3J0XKEHbHl Ha si3blke TEOpHH
rpagos. Ilpn 3TOM pa3nHyHbIe IONOXKEHHS COOTBETCTBYIOT
BepiiHHaM rpada; peGpa rpada OTBEYalOT BO3MOXKHBIM
nepexojaM M3 OJHOrO MOJIOXEHHsT B apyroe. PemeHnue
TOJIOBOJIOMKH CBOJHTCA K HAaXOXIEHHIO Llenu, Beaylled
M3 3aJaHHOTO HAYaJbHOTO IOJIOXKEHHS K OJHOMY HJH,
6LITb MOXKET, HECKOJILKHM KOHEYHBIM, HJIH BBIMTPBILIHBIM,
TNOJIOKEHHAM.

Ins Takux rosloBOJIOMOK Mbi HCIOJb30BAAH HEOpHEH-
THpOBaHHble Irpadbl. 3To 6bIJI0 OCHOBAHO HAa MOJYAJIHBOM
NpearnoNoXXeHHH, YTO NepeMelleHUss M3 OLHOr'0 II0JoXKe-
HHSE B Jpyroe BO3MOXHBI B 0OOMX HanpapJjieHHAX. DTO
NeHCTBUTENEHO OBLIO TaK AN TOJOBOJIOMOK O TepeB03-
YyHKe, O TpPeX PEBHUBBHIX MYXKbSiX M O MepeABHKEHHAX
KOHSI Ha LLaXMaTHOH JOCKe.

Ho nns MHOrHX roJoBOJIOMOK TakKHe MepeMelleHHs
PO3MOXHbI TOJLKO B OJHOM HaNpaBJieHHH, H B ITHX CJYy-
Yyasgx Mbl BHIHYXIEHB! MOAb30BaThCA OPHEHTHPOBAHHBIMi
rpadamu. Ecau orgenpHble nepeMelleHHsi BO3MOXKHLI B
060oHX HanmpaB/eHHsX, TO COOTBETCTBYIOLHE BEpLIHHL
COEHHSAIOTCS ABYMS NPOTHBOIIONOXHO OPHEHTHPOBAHHLI-
MH pe6paMH; B 3TOM CAyiae MOXHO TaK¥Ke BOCIOJb30+
BaTbCi CMellaHHBIM IpadoM, OCTaBHB COOTBETCTBYIOLLHE
pe6pa HeopneHTHpoBaHHBIMH. [l Toro utro6M pelMTh
TaKyl0 TOJIOBOJIOMKY, HYXKHO HaiiTH ODHEHTHPOBaHHYIO
llenb, BeAYLIYI0 H3 HauasJbHOTO NOJOXEHHs Ha rpade B
Tpe6GyeMoe KOHeYHOe IOJIOXKEHHE,
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TJABA VI. HIPHl U TFOJIOBOJIOMKH

B kauecTBe npHMepa paccMOTPHM OAHY H3BECTHYIO
CTaDHHHYIO TOJOBOJOMKY. HeKTo uMeer Tpu KyBuIHHA
A, B, C o6bemoM coorBercTBeHHo 8, 5 u 3 smrpa. Kys-
WHH A HanosHEH BMHOM, M- BJajeJell XOueT pasfesHThb
BHHO Ha /[Be paBHble YacTH, NMepeNHBas €ro K3 OXHOro
KYBUIMHA B APYIOM, T. €. He MCNOJb3Yys HHKaKo# Apyroi
TIOCYAbl, KPOME CaAMHX 3THX KYBIIMHOB,

C
A, A
342 12 1T Auhay
1 AI b
00 1 2 3 2. 5

Puc. 73

Ons rpaduueckoro pelieHus 3TOH roJIOBOJIOMKH MEl
BOCMOJIb3YyeMCsl chefyloweit cxemoil. Kaxkinomy pacope-
JeneHulo BHHa no KyBlumHaM B u C Mbl comocTaBuM
napy uucen (b,c), rue b — KONHUECTBO BHHA B KYBIIH-
He B, a c¢—ero KoauuecTso B KyBmuHe C. Buauane
(b, c) umeer 3nauenue (0,0), a Tpe6yeMoMy OKOHUATE/b-
HOMY pacnpejeNeHHIO COOTBETCTRyeT 3HaueHHe (4,0) —
KyBwrHB A u B ponXHbI cojepaTh BHHA NOPOBHY, A
KyBiinH C nomxeH GbITb MYCThHIM.

Tak kax Kaxjavio nmapy BsemectBeHHnix uucesa (b, c)
MOXXHO NDeACTaBUTL TOYKOH HAa MIJIOCKOCTH ¢ KOOPAMHa-
Tamu b, ¢, To BCeBO3MOXHbie pacnpeieJeHHsi BHHA MO
KyBUIHHAaM Mbl MOXXeM Npe[CTaB/aTbh cefe KaK TOUKH,
KoTopbie u OyayTr BepmmuHaMu Hawero rpada. U3 dop-
MYJHDOBKM 3a/laud $ICHO, YTO MHE HE MOXEM HaJHThL B
KyBuiuHH B 1 C TOYHO Kakue-To APOOHBIE 4acTH JAHUTPa,
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§ 1. TONNIOBONMOMKH W OPHEHTHPOBAHHDBIE FPA®D

[O3TOMY B JyullleM cjyuae b MOXKeT OpHHHMaTbh 3Haue-
una 0, 1, 2, 3, 4, 5, a ¢ — 3nauenun 0, 1, 2, 3. Caenosa-
TeAbHO, Bcero umeercss 6X4=24 BO3MOXKHBIX pa3JHYHBIX
nap (b, c), 1. e. Haw rpad coaepxut 24 BepinHL. B TOM
cayvae, KOraa, pa3nuBas BHHO MO KyBIIHHaM, MOXHO 3a-
MEHHTbL AaHHOe pacnpefeneHHe (bo, Co) HOBHIM pacmpe-
nenenneM (b, ¢;), Ml coepunsiem Bepuuny (bo, o) C
BepuiHHO#l (by, ¢;) OpHeHTHpOBaHHLIM peGpoMm. B nawem

c

) ) 1

2 -

1

OGL 1 2 3 T"z}' 5 b
Puc 74

npuMmepe U3 wucxoaHoro mnosoxenus O(0, 0) BuHxoasaT
pe6pa OA; u OA; (puc. 73). Buixona us A;, MOXHO J10-
cturnyTs BepwnH Ay (5, 3) u Ay (2, 3); BhHxoma u3
A, —epuunu Ay (3, 0) u Axn (5, 3). 3ateM MH Mo-
JKeM MNepevyHC/aHTb BCe BEpUIHHBI, JOCTHXKHMBlE M3 3THX
¢ cobaioieHeM NMpPaBuA MIPH, M Aajee MPOAOAKATH Ta-
KHM e o6pa3oM. Ecnu koneunas sepwuuna T (4, 0) Bo-
obuie MoxeT GbITb NOCTHTHYTa, TO 3TOT METOA B KOHIE
KOHUOB K Heit npuBeser. Ha camom nene cywecrtsyer
Muoro ueneit, uaymux ot O K T, u Mb! MOXKeM NOCTaBHTb
cebe nesbio BoIOpaTh «nyuliee» pelleHHe (B TOM cMbice,
yro6bl HAa NepejMBaHHe BUHA GbLI0 3aTpPaueHO KaK MOX-
HO MeHblle BPEeMeHH), onpefenss uenb, Beayuyio or O
xg‘ H COAEpXKallyid HauMeHblllee BO3MOXKHOE YHCJ/O
peGep.
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TJIABA VI, UTPbl H TOJIOBOJIOMKH

B To BpeMs KaK H3 HEKOTODOH HaYaJbHOH BepIIHHBI
O K 3anasHOi BepwHHe T MOXKHO NPHATH MHOTHMH my-
TSAMH, HMeIOTCS, BooOlle roBOps, H TakHe BepuiuHb U,
KOTOPHIX HeJh3sl JOCTHTHYTH U3 () OMHCaHHBIM crocoBoM.
B RaweM npuMepe TakMMH HeNOCTHXHMBIMH BeplIHHaA-
mu U asasiorcs

U. (1,1), (1,2), (2,1), 2,2), 3, 1), 3,2), 4, 1), 4,2).

HubiMH cloBaMi, M3 24 BepiiHH, NepPBOHAYaJbHO
BKJIOYEHHbIX B YHCJ0 OTBEUAIOUIMX «BO3MOXHBIM®» pac-
npegeneHussM BHHA, 8 Boo6lle He MOryT GbITh AOCTHI-
HYTHI H TOJIbKO Ans 16 mpuBoasilee K ueaH nepesuBaHue
BHHA BO3MOXHO.

3aMeTuM, uTO Hallle pellleHHe 9TOIl TONOBOJIOMKH O
KyBIUHHAaxX (puc. 74) He sgBAseTcs AOCTATOYHO XOpoiueit
WINIOCTPalHell MeTofa OPHEHTHPOBAHHBIX . rpados, Tak
KaK BCe 3TH NepeNHBaHHS, KaK OYeHb JIerKo IPOBEPHTb,
o6patuMbl. OnHaKo ecin Mbl HauHeM ¢ APYroro pacmupe-
JeJleHus BHHA, HMes, CKaXXeM, B HauajbHblii MOMEHT Mo
OLHOMY JIUTPY BHHa B KaxaoM M3 KysuinHos B u C, T. e.
c B(e}pmlp;um (1,1), To Bce pebpa 6yayT HanpasjeHsl
or (I, 1).

VYnpaxuenus

1. TlokaxuTe, 4TO, NOBTOPAA NEpeNUBaHHUs, HHUKOrAA HeJIb3A NepeiiTH
OT OAHOTO H3 pacnpeaeneHuil MHoxectBa U K ApyroMmy.

2. Uso6pasute na puc. 74 Touxu MuoxectBa U. Ha uro ykasbpaer
HX pa3Mewtenue?

3. Pemmte Ty XKe 3ajavy 148 KYBIUMHOB Kakoro-uubyias J1pyroro
obwema, nanpuMmep A=12, B=7, C=4.

§ 2. Teopusa urp

Pelas roJloBONIOMKY, 4€JIOBEK HMeeT Jea0 ¢ TPYAHO-
CTAMH, PHCYHIMMH caMOil 3ajaue, B TO BPeMs KakK B Hrpe
OH BBHICTYIIA€T MPOTUB APYroro vesacoBeka. Tak Kak Mhl
yXKe NPUCTYNHJY K 3ajayaM u3 o6JacTH MaTeMaTHYeCKUX
pa3sjeueHud, cjenaeM elle HeKOTOpble obllHe 3aMeyas
HUS- OTHOCHTeNbHO Hrp. Teopus urp ¢ AByMs YyuYacTHH
KaMH B NOCJdeIHHe TOABl cTaJjJa BaXHOH 06J1aCThbi0 MaTe«
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§ 2. TEOPHUj UTP

MaTHUECKHX HccaeqoBaHuil, OHAa NPHMEHAETCA KO MHOs
rHM 3ajauaM MPHKJIAJHOro XapakTepa, HanmpuMep B TeX-
HMKE H B 9KOHOMHKe, e TeOPHs HFp HCIOJb3yeTcs A
peliieHHs BONPOCOB, CBA3AaHHHX ¢ HaXOXAEHHEM HauGo«
qee 3¢ (deKTHBHOrO HAM HanbGoJiee SKOHOMHYHOTO crnocoda
BLIMIOJTHEHUA KaKuX-Au60 CIO0XHBIX 3alaHuil.

3aecb Mbl He MOXeM H3yuaTb OOGLIYI0 TEOpHIO Hrp.
Mul TONBKO MOKaX<eM, KaK MOXHO HCNOJIb30BaTh OPHeH-
THPOBAHHHE Ipadbl AJs Onpee]eHHsl CTPaTerHu B TakoH
Wrpe, rie XoAbl 3aBHCAT JHIlb OT BOJM HrpaiolllUX, HO
He oT cayuas. [TpeBocxoaHbIM MPUMEPOM HIp TaKoro poia
MOTyT CJAYXHMTb LIaXMaThl HJH WIALIKH, U Aa)Ke HaUBHaA
urpa «KpecTHKHM M HOJHKH» NPHHALMEKHT K 3TOH KaTe-
TOpHH.

B nomo6Hbix Hrpax Mbl uMeeM, Kak OOGBIYHO, HEKOTO-
pble MOMOMEeHHsl, COOTBETCTBYIOLIHe BepIHMHAM, M HeKO«
TOPHIe Nepexojbl OT OJHOIO MOJNOXEHHA K APYroMy, cOOT-
BETCTBYIOIlMe OpHEHTHPOBaHHBIM pebpaM. B Kaxaom
NOJIOKEHHH MBI JOJIXKHBI TAK¥Ke 3HaThb, KTO H3 ABYX Hrpo-

xoB A u Aj uMeer npaso caenaatb xox. IToatomy ecte-
CTBEHHO pa3feJHTh BCE NOJOXKEHUS Ha ABe IPYNMbl, CKa«
KeM A; v Az, Tak uTOGH KaxAwii XoA OB MpeacTaBieH
OpHEHTHPOBaHHbIM peGpoM, naywum ot Ay Kk A, uau or
A; Kk A;. OHO M TO Xe MOJOXKEHHe MOXKeT NpHHamle-
XaTb OfHOBpeMeHHo H K A; u k A,.

, Hrpa toraa coctour Qaktuuecku B TOM, YTO HrpOK

A nenaer Xoa BAOMb HEKOTOPOro pepa B HOBOE NOJIO-

XKeHHe U3 MHOXecTBa Ag, a A BO3BpallaeTcs o6paTHo
B A;. MBIl MOXEM CUMTATD, YTO 3TO — Urpa C €AHHCTBEHHOMH
¢urypoit, xoropas ABHKeTCS BJOJb OPHEHTHPOBAHHBIX
pe6ep B3ad H Brepe] MeXJy AByMd MHOXecTBaMH. B ka-
XKJIOM MOJIOXKEHHH KaXIblfi MrPOK, NMO-BHAHMOMY, 3HaeT,
KaKoi Xxox OH Xxouer caenartb. CieRoBaTeJbHO, Mbl MO-
KeM Ja)ke COBCEM OTKa3aThCs OT MIPOKOB, CYHTas, UTO
KaXKAblit U3 HUX 3aMuCaj B HEKOTOPYIO KHHTY CBOIO CTpa«
Terdlo, T. €. yKa3aJ, Kakoil Xox oH Bei6paj Obl mpH 3a-
naHHblX ychoBHaX. Takum o6pa3oM, Bcsg Hrpa ompese-
JieHa, eclii M3BecTeH ee rpad, T. e. JONYCTHMbBle B Hrpe
XOAbl M CTPaTeruf UIpaioiiuX.
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TJIABA VI, UTPBl U TOJIOBOJIOMKH

Insa Toro uro6bl BHIMFPATh MIPY, Al jomKen ABH-
raThcsi H3 HEKOTOPOrO HaYaJILHOTO MOJOXEHHs N0 OpHeH-
THPOBAHHOM IENH, YAaCTHYHO oNpefeseMoli urpokom Agz,
JI0 HEKOTOPOrO BHIHTPHIIHOTO NoJoXeHus Ba, B MuoXe-

ctBe Ap; aHANOrMyHO, AN TOro 4TOGH BHIMIPAJ A;, ero
MOCJAEAHHM XOJOM JOJNKHO OHITh IepeMellleHHe B HeKOs
TOpOe BBIMTPHIIHOE NoJjoXeHne Ba, B MuoxectBe A).

Huubsi MOXeTr NMOJIYYHTLCA B OXHOM M3 CJIENYIOUIHX
aByx cayuaes. C ofHOH CTOPOHHI, MOT'YT OBLITh HEKOTOpLIE
KOHEUHHIe MOMOXKEHHS B MHOXecTBe A; wan A — ux
MOXKHO Ha3BaTh HHYEHHB MH,— H3 KOTODHIX He BbI-
XOIUT HH ofHoro pe6Gpa. B maxmartax Takoe mnoJioxeHHe
HasbiBaeTca «natom», Jpyroff Tum HHUYbLMX — KOTZa HIpa
MOKeT <«IpPOROKATLCA A0 GEeCKOHEUHOCTH»; yalle BCero
3TO CBSI3aHO C NOBTOPEHHEM HEKOTOPHIX xo4o0B. [as Toro
4yTOGBl UCKJIOUHTh 3TO, MOXKHO NMOTpeboBaTh, 4TOOH! Hrpa
OKaHYMBAJNacCh MOCJe HEKOTOPOro YHCJIa MOBTOPEHHi 0«
HUX M T€X Xe XOA0B. B maxmarax Hrpa OKaHuMBaeTcs
BHHUBIO I1I0CJ]IE TOrO, KAK OfHA W Ta Xe MocJie0BaTeNb-
HOCTb XOJIOB NOBTOpPEHa TPH pa3a; Hrpa TaxmKe JHMHTH-
pyercs npaBuioM, uTo6bl B TeueHne 50 xo40B KaKasi-Hil+
6yab ¢urypa Gbuia B3aTa Wil Kakas-HUOYAb nelika Gnlia
niepeBHHYTA.

Teneps Mbl KMeeM COBEpLIEHHO SICHYIO KapTHHY HIpBL
OcTaercs JUIObL OOMH CYLIECTBEHHLI BOMPOC: MPH KAaKHX

YC0BHAX A (unu As) MOXEeT, Hrpasg AOJKHBIM 06pa-
30M, HaBepHsKa BHIMrpaTh? Ha 3ToT BONpOC Takke MOXK-
HO OTBETHTHb ¢ nmoMombio rpada. Jlydmuit crnoco6 paso-
6paThCsl B 3TOM — HATH Ha3aJd OT KOHEUHBIX BBIMIPBILU-

HBIX NOJOXeHUN and Al. DTH Xe NOJNOXKEHHS SBJISIOTCS

NPOUTPHILHLIMY AJS Az, n03TOoMy 0603HAYHM COBOKYII<
HOCTh TaKHX nonoxenuii uepes Ily(A.). B mHoXecTBe
A, MMeIOTCS HEKOTOpHle NMOJIOXKEHHs ¢ peGpaMH, Hiau x0-
aamu, sexywuMa B Ilo(Ag). M3 Takux novioxenuii Al
MOXKET BBHIMIpaTh OJHHM XOIOM; MBI 0603HAaYUM 3TO MHO-
KectBo Bi(A4,). Janee, o6o3nauum uepe3 I1;(A4;) como-
KYNMHOCTb TOJOXKeHHH, Au6o npuHaatexawmx I1o(4,),
J46O TaKKX, YTO W3 HUX BO3MOXKHO MEPEeMelleHHe JIHIIb B

B;(A,). Ecan nrpok A: AonajaerT B TAKOe NOJOXKEeHHe,
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§ 2. TEOPUA UTP

oH nu60 yxe npourpaj, JH60 He MoxkeT H30exarTh
NpOUrpbIlia B TeyeHHe OAHOrO Xoda. Mul Moxewm, caeno-
BaTe/IbHO, paccMaTpuBaTh H 3TO GoJjblllee MHOXECTBO
1,(A;) KaK MHOXEeCTBO MPOHIPHILIHBIX MOJOXEHHUIT AAsI

A; (pHuc. 75).

v
Ng

Puc. 75

DT0T mpouecc PacHIHPEHHS MHOXKECTBA MPOHTpbIL-
HbIX TONOXeHH# s Az MOXHO NpogoMKHUTb. Mbl noay-
YHM TOrfa HeKoTopoe MHOXecTBo'!) B2(A,)=2B)(A))
BepluH u3 A; ¢ pgépamn, seaywnmu K [1,(A4:). U3 1a-
KHX nosioxeHHit Ai MOXeT BHIHrpaTh, camoe GoJbliee,
3a naBa xona. Jlanee, M noayuuM MHoxectsBo I15(Aj3)
NoJOXeHul, U3 KOTOPHIX BCe peGpa uayt K Bp(4,) u B

KOTOPBIX A; He MoxeT H36exaThb nopa)<eHus, camoe
Gonbllee, B ABa xona. IloBTOpeHHe 3TOr0 paccyXIeHus
NPUBOAUT K JIBYM MOCJAEJOBATENbHOCTAM MHOXECTB COOT~
BeTcTBeHHO B A; M Aj:

B,(4)eB,(4)=s ...,
MnA)shAd)s...,

1) Tlo nosoay cuMBosIa & cM. HHKe, cTP. 121.
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TNMABA VI. UTPHl U T'OJIOBOJIOMKH

*
TaKHX, UYTO ecmx A, nonazaer B nojsoXKeHHe H3 MHOXe-
ctBa Bx(A:), oH MOXKer BBIMIpaThb uepe3 k XOLOB i

paHbLIE. 3Ha‘lHT €CJIH HayaJbHOE IOJIOXKeHHe /5 Al

NPHHAJJIEXHUT HEeKoTopoMy MHoXecTBy Bi(4;), To Al
BCEra MOXET BHIMIPaTh, €CIH e 3TO He TaK, TO A; non-

KeH <TapaThCsa NMOMewaTh Al nonacrtb B TaKOe IOoJOXKEe-

Hue. BHIUTpHIIHBIE NOJOXKEHUA A4 A; MOXHO HaiiTH
TaKHM Xe 06pa3oM, a B OCTAJNbHBIX cJydyasiX BCerja Mox-
HO no0uTbCS HHUBEH.

B npuHuune Bce 3TO paccyX/eHHe NMPeKpacHO: OHO
NOKa3blBaeT, Kak coBceM He6GoJblIoe 3HAKOMCTBO C Teo-
pHell rpadoB no3BoJIsieT NPOAHAIH3HPOBATL BCE TIOJOXKE-
Hus urpel. Ecu 66l 3To ObIIO BCerAa OCYLIECTBUMO H
NpaKTHYECKH, BCE TaKue Hrpel ¢ JBYMS HTpOKaMu cTaju
Gbl TPHBHAJBLHBIMH M KaXK/Iblii HIPOK Bcerjga 3HaJa Obl, Ka-
KOl XOA sBJsieTcs TJIOXHM M Kakoi xopownM. K cua-<
CTbIO, COBEPIUEHHO HeBepOsiTHO, uToObl, HampuUMep, Hauy
JI06MMYI0 HIPy B LIAXMaThl OXKHAAJa CTOMb MedalibHas
yuyacTb. Unca0 moJioxeHHH B LIaxmarax HacTOJbKO Be-
JIMKO, YTO JaXe Halll¥ CaMble MOLIHble BLIYHCJAHTENbHbIE
MalUMHbl BPSJ JH CMOTYT YDOHHTH PeNnyTauuio Laxmar
KaK Jyylled HHTeJJNeKTyaabHOH wurphl. ONBIT KPYNHBIX
TYPHMPOB YKa3blBaeT Ha TO, YTO Urpamwoiluii 6esbIMH, NO-
BHIMMOMY, HMeeT HEKOTOpOe NMpPEeHMYIecTBO, HO BOMPOC
O TOM, SIBJISIETCH JIH 3TO NMOJIOXKEHHE BBIMTPHIIHBLIM B TOM
CMBICJIE, YTO HEKOTODBIH CBEpPXbEeCTECTBEHHBI MO3r Bce-
raa MOXet NpuBecTH Gennle GuUryph K nobene, BepPOSTHO,
HaBCerja OCTaHeTCsl HepelUeHHBIM.

B 3akaioueHHe pacCMOTDHM B KauecTBe IIpUMepa [Be
npocrbie Wrpel. [lepBas M3 HHUX COCTOHT B CJEAYIOLIEM.

* *
Ha crone nexur kyuka cnudex. Mrpokn A u As no

ouepenyu OepyT M3 Hee MO HECKOJBKY CIHMYEK, CKaXKeM OT
1 no 5. Bbmrpbmae'r TOT, KTO BO3LMET MOCJIEIHIOI CIHY-

Ky. Urpox A MoXeT mOCTHUD BBLIHTPBINIHOIO TOJIOXKE-
Hust 0 u3 nonoxenwit B)(A,), korma ograercs 1, 2, 3,
4 uau 5 crnuyex. Tom:xo B OJHOM CJyyae — KOrjla uMeeT-

csa 6 couuek — A, BHIHYXKJeH mepeiit B By(4;). dro
YHCJI0 6 B CBOIO ouepellb MOXeT OLITh AOCTHIHYTO HMIDO-

kom Ai B Tex cayyasx, Korga ocraercsa 7, 8, 9, 10 nau
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§ 2. TEOPHA HIP

11 cnuuek. CrenoBaTenbHO, MHOXKeCTBO Bp(A;) coctour
u3 Bcex uHcea or 1 mo 11, 3a uckaoueHuem 6, a MHOXe-
ctBo I13(A2) cocrout u3 uncen 0, 6, 12, I'Iponomxaﬂ 370
paccyxIeHHe, HaxodHM, UTO Al Mmoxer BLIMrpaTh U3
BCeX IOJIOXKEHHH, KOrZa 4MCJO CIHYeK He ReauTcs Ha 6.
Tlocsie Xaxa0ro cBOero Xofa OH JOJKeH OCTaBHTb UHCJO
cnuyek, aensieecsa Ha 6. Ecau uncno CMHYeK B NEPBOHA-
HaNbHOH KyUKe eMTHIOCH Ha 6 u ecnn Ap nenaet TniepBblif
X0f, To Az Bceria MOWKET BLIMFPATh TOYHO TAaKHM e
o6pa3oM.

Ham BTopoit mpuMep — cTapHHHAasA KuWTakckas Hrpa
«HuM». B npocreiinieit popMe oHa COCTOHT B CAEAyIOLIEM,
Ha crone nexar Tpu Kyuku ¢umek. Kaxawiii xox 3a-
KJI0YaeTcss B TOM, YTO HIPOK BbHIOHpaeT Kyuky u Geper
K3 Hee N0 KpaiiHeii Mepe OIHY (HIIKY, OH MOXKeT Aaxke
B34Th HX Bce. 3lleCh CHOBA BbIMFPbIBAeT TOT, KTO BO3bMET
nocaenHion ¢HiIKy. B aToM ciayuae Mbl AaAHM OfHcaHue
TOJBKO BC€X BLIHIPHIHBIX nosoxeHuit. Kcrath, ato 6y
JeT ynpa’KHeHHeM Ha MpejcTaBieHHe YHCENT B NBOMYHOMU
CHCTeMe CuHcieHHsi. Bbl, BepOATHO, yXKe 3HaKOMBHI ¢ pas-
JIOXKEHHEM LeJBX YHCeJa MO CcTeneHAM ABOHKH., [lepsbie
HEeCKOJIbKO TpeACTaBJeHHH TaKOBHI:

1=(1),

2=(1, 0)=1-240,

3=(1, 1)=1-2+1,

4=(1, 0, 0)=1-2240.2-0,

5=(1, 0, )=1-2240.2+1,

6=(1, 1, 0)=1-2241.240,

7=(1, 1, 1)=1-2241.2+41,

8=(1,0, 0, 0)=1-2340-22+4+0-2-40,

9=(1, 0, 0, 1)=1-28-40.2240-241,

10=(1, 0, 1, 0)=1-240-2241.2-4-0.
Memnee MPUBBIYHO TAK Ha3piBaeMoe «nopaspsiaHoe CJaoXKe-

HHe», KOTOpOe MOXHO NPOH3BOAHTb HaJ 3THMH «IBOMY-
HeIMH uYncaamu», as Toro urofbl mokasaTh, KaK 3TO
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TVIABA VI. UTPBl U TOJNOBOJIOMKY

Jenaercs, pacCMOTPHM [ABa IpuMepa:

1011 1111
1 01 110
110 11
1100 1010
0100

Kak o6blyHOe cJj03KeHHe, 3TO CJAOKEHHEe BLIMOJHSETCS IO
croabuaM, HO CyMMa CUHTaeTCs paBHOH HYJIO, ecad B
COOTBETCTBYIOLLEM CTOJIOLE YHC/IO €IMHHIL YeTHO, W elH-
HHLE, ecJM HMX udcao HeueTHo. Kak BuauTe, 3TO cjaoxke-
HMe OTJIHYAETCst OT OGLIYHOTO CJIOXKEHHS B ABOHYHOM CH-
CTeMe CUHCJIEHHS.

BepueMmcs Tenepb K urpe «HuM». Jas Kaxjgoro noso-
JKeHHsl HalJleM NopaspsiiHyl0 CyMMY TpeX 4HHCes, NOKa-
3BIBAIOIIKX, CKOJNBKO (uimek B kaxjoi kyuxe. Ecau stu
uucaa paBHbl, HanpuMep, 13, 12, 7 uan 14, 11, 5, T0o co-
OTBETCTBYIOLME CYMMbI GYyAyT HMETh BUJ

1101 1110
1100 1011
111 1 01
0110 0000

HasoBem Hy/ieBBI M Takoe TOJIOXKEHHe, HJisi KOTOPOTO
nopaspsiiHas CyMmMMma, Kak BO BTOPOM NpHMepe, COCTOHT
M3 ONHHX HYyJiel; OCTasbHble NOJOXEHHS Mbl OylaeM Hil-
3bIBATb PETryJNAPHB MH. BhIUTPHILIHBIMH MOJOMXKEHHUS-

»
MU Jas Ap SBJASIOTCS BCe PEryJ/sipHble NOJOXKEHHS; PO~
UTpbIBA€T OH B HYJEBHIX MOJIOXEHUAX.

*
Hoxasate sto npocro. Ecan Ay nHaxopurcss B pery-
JIIPHOM MOJIOXKEHHH, OH MOXeT B3ATb HECKOJbKO (PHIIeK

*
Tak, uTo6bl A; focTajock HysaeBoe nogoxenue. Jas
35TOr0 MOXHO BbIOPATh KYyYKy, 4YHCJIO (uillek KOTOpPOIi
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§ 2. TEOPUA UTP

uMeeT eAuHHUY B TOM cronblle, rae CTOUT NepBas eaM-
HMLA CYMMBbl; M3 3TOH KYYKH MOMHO B35iTb HECKOJbKO
¢ulek Tak, 4yTo6H HOBas NOpaspsifHas cymma Gbina paB-
Ha uHyaio. Tak, B HauleM NMepBOM NPHMePE MBI MOXKEM Bbi-
6patb Kyuky, B Koropoit 13=(l, I, 0, 1) dumek, u
B3aTh 2 ¢umkyu, ocrasus l1=(1, 0, 1,1}). B 3tom uacr-
HOM cJyyae Mbl Morau Obl TakXKe 6paTtb (uuikh U3
KaxJ0d #3 ocTajbHBIX ABYX KyueK, 3aMeHsist 12 uyuciaom
10=(1,0, 1, 0) uau 7 uucaom 1=(0, 0, 1).

L J -
Ecau Ap nepeseser A; B HyseBoe NOJOKeHHE, TO

L *
uto 6bl HH aenan Az oH BepHer A cHOBa B peryispHoe
NoJIoXKeHHE; AeHCTBHTENbHO, KaKoe Gbi YMCJO (HIIeK HH

-
B35 A2, OH U3MEHHT B OJHOM M3 UHCeN XOTs Gbl ONHY M3
undp; caeR0BaTeNbHO, H3MEHHTCA M COOTBETCTBYIOLIAS
uudpa B nopaspsaanoit cymme. Mrpa 3akonuurcs, ecnu

A nepesener A; B HauMeHblllee HyJieBOe MOJOXKeHHe,
Koraa Bce KyukH mycthie. Kak BHAHTe, 3Ta Mrpa HeCKoJb-
KO HalMOMHHAeT Ty, KOTOPYIO Mbl pacCMaTpHBaJH B fep-
BOM npuMepe. ‘ '

SIcHO, YTO TOT XKe MeTOA MPHMEHHM M B TOM cJjyuae,
Koraa uMeercs Gosiee Tpex Kydyek. 3aMeTHM, Y4TO Npu pac-
CMOTPEHHH MTPbl «HHM® Mbl He HAYHHAJNM C MYCTOro Mo«
JI0JKEHHS, 4TOOb!, ABHrasch Ha3ajl, HAalTH BCE BBIMIPHILI-
Hble MOJOXEeHHs. DTO MOXHO OGHJio 6bl CAeNaTh H, KOHEY-
HO, C TeM Xe caMbiM pesyabtatom. OfHaKo Jerde Gbij0
HCTOJIb30BaTh HM3BECTHOE pelleHHe H TOJNbKO MPOBEPHTH
ero npaBUJAbHOCTbD.

Ynpaxuneuns

1. Curpaiite B WFpy «HHM» C OJHHM H3 BAWIRX Apy3eH.

2. Onpeneante nepphie BHIMFPHILIHbiE H MPOHTPHIIHLIE MHOXECTBA
Bi(A4)), Bz2(A)), M, (As), IT2(A2) B urpe <Hum».

3. PaccmoTtpute Takylo urpy. MmeioTca aABe KyuKH COHueK, M KaX-
Alfi HFpalOWHUA MOXKeT B3ATb AHG0 OZHY CAHYKY H3 ONHON KY4KH,
au6o no onHoft M3 KaXaofi KyukH. BHHUrphiBaer TOT, KTO Geper
nocaeaxiolo cnuyky. Hafth muoxectBa B, (A)), B:(4)), IN(4:),
Ny(A2). Moxere au BW yKasath oflliee NpPaBuO onpeaencHrd
BHINIPHILHLIX NOMOXKEHHI?
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IJTABA VI. UrPBl U TOJOBOJIOMKH

§ 3. NNapanokc cnopTHBHHX o003peBaTeJeit

TMocsie okoHuaHusi GyTOOMBHOrO CE30HA, KOrja BHOBL
W BHOBb OOCYXIAIOTCS BCE NMPOHMCIUIECTBHS BO BPeMs HIP,
0cO6eHHOCTH KOMAaHJ M HIPOKOB, [0 TeX HOp HOKa 3Ta
TeMa MOJHOCThIO ce0sl He MCYeplaeT, MOYTH BCerja Haxo«
AUTCS JIOBKUH JKYDHAJHCT, NPENOAHOCAIUINH CBOHM YMTAa-
TEJSAM TOT NOPa3HTeJNbHBIH (PAKT, UTO CHJbHellIed KOMaH-
J[OH Ha CaMOM fieJie 0Ka3aJjach He BeJMKOJeNHas KoMaH-
na «Pyku BBepx» (P), a cxopee yHBUIBIA CHOPTHBHBIIH
kay6 «Iloxaneiite Meus» (IT).

B noateepxxpeHue 3TOro NpUBOAUTCH NOCJTE]OBATE/]b-
HOCTB MTp, B KoTophix II Buiurpasia y A, A—y b u 1. 1.
10 TeX Nop, moka P He OKaxeTcs B caMOM KOHIle 3TOr0O
paaa.

Jas Toro yTo6bl BLISICHUTH, NPH KAKOM YCJIOBHH TA«
Kasg ODHeHTHDOBAHHAasA dJeMeHTapHasd uenb HeficTBUTENb~
HO MoOXeT OBbITb HaHAeHa, PaccMOTpUM cJayyaf, Korja
HMeeTCd f KOMaHJ, MJH HrPOKOB

Ay Ay oony Ay M

KaX[blil 3 KOTOPBIX HrPaeT CO BCEMH OCTaJbHHIMH, s
IPOCTOTHI NPEANOJNGKHUM, UTO HHUEHHbIe Pe3yJbTaThl HCK-
siouensl. CooTBercTBylouuil rpag Gyaer B 3TOM cayuae
nonueiM (cM. § 2 o 1), T. e. KaxKAble [Be €ro BEPLIMHLI
GyayT coeauHeHbl HEKOTOPHIM OPHEHTHPOBAHHLIM peGpoM.
Haur nepBhii pe3yabraTr Taxos.

TeorEMA 1. B noAHOM OpueHTUpPOBAHHOM 2pahe
sce20a Hali0eTcs OPUEHTUPOBAHHAS 3AeMEHTAPHAA yeno,
npoxo0awan uepes 8ce €20 8epPulLLHbL.,

JOKA3ATENLCTBO. JlOCTATOYHO NMOKA3aTh, YTO €CJH Ml
HMEeM ODHEHTHPOBAHHYIO 3JIeMEHTAapHYI0 LeNb

& = (A Az)' (Az» Aa)’ ey (Ak—b Ap) 2

NPOXOJsILYI0 TOJbKO Yepe3 HeKoTopble u3 Bepuwnu (1),
TO MBI BCET/Ja CMOXEM HAiTH OpPHEHTHPOBAHHYIO 3JieMeH-
TAapHYIO IeNb, COAEPKAIYI0 HAa OJHY BepUIHHY GoJnblie,
Hrak, no6aBuM K ¢ NPOH3BONBHYIO BepIHHY Apyy H
PaccMOTPHM pa3jHYHBle BO3MOXKHBIE ODHeHTaluu# pebep,
COeMHAIOMHNX Agyq C BepUIHHAMH U3 &
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§ 3. TIAPALOKC CTIOPTHBHBIX OBO3PEBATEJIEM

Ecau naitnerca peGpo, nanpasiaennoe ot Ax K Apsi,
MBI MOXEM MPOCTO NPOAOMNKHTb & no Ayyi. [Tpeanono-
XKUM N03TOMYy, uto pebpo (An41, Ax) HanpasiaeHo OT
Aws1 (puc. 76), u paccMOTPHM noCJefoBaTeqbHo pebpa,

coenuHsomme Aryy ¢ Apoy, An-g, ..., Ay Tlpeanonoxum,
uTO NO KpaiiHeil Mepe OJHO M3 HHX HANpasJeHo K Axyi, H
A.
‘ Aier

-
-

Akol
Puc 76

nyctb (A;, Ary) — nepBoe Taxkoe pe6po B nocnenosa-
1eqbHOCTH (Anyt, Ap-i1), (Arss, Ah-z)_, vooy (Apg, Ain),
(Ai, Art1). Torna Mbl MMeeM napy CMeXHbX pebep

(Ab Akﬂ)’ (Akﬂ’ AI—H)» (3)

npuueM fepeBoe M3 HUX HanpaBaeHo oT A; K Ay, a BTO=
poe — OT Apt1 K Aiy1. ITO NaeT OpHEHTHPOBAHHYIO 3Je-
MEHTapHYIO Lenb

Al’ o0 0y Al, Ak.}.l, Al_‘,l, s ey Akn

Ocraerca paccMOTpeTh cayuail, koraa éce pebpa Ha-
npasnedsl oT Axy1 K &. B 3TOM cIyyae MBI MOKeM Ha~
yaTh SJeMeHTapHylo uenb ¢ pe6pa (Ary1, A1) u nponoa-
KuTh ee 1o &. 3aMeTuM, YTO 3TO €JUHCTBEHHbI Cayvai,
KOTla MPHXOAUTCSH MeHATb HauaJ/bHYIO BEPIUHHY UenH.

DTOT pe3ysnbTAaT NOKa3HBaeT, UTO MOC/Te OKOHYAHHS
TYPHHpa BCerfia MOXHO PacnoJOXHTh NPOTHBHUKOB B
OpHEHTHPOBaHHYIO uenb noGefuteneil. Teopema He BnOJ-
He OOGDBACHAET, OAHAKO, YTO Mbl HMeJH BBHAY, TOBOPS O
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TJTABA VI. UTPEl U TOJIOBOJIOMKH

napajaokce cCNOpTHBHHIX o6o3peBatenell. Beap anecs Tpe+
6oBaJsioch B3fiTh HEKOTOPYIO (QHKCHPOBAHHYIO BepIIHHY A,
M TNpOBECTH OPHEHTHPOBAHHYIO LieNb OT Hee 4Yepe3 Bce
ocTajibHble BepLIMHbl. BO3MOXHOCTL 3TOrO He BhiTEKaeT
M3 NpelIeCTBYIOLIET0 PACCYyX/eHHs, TaK KaK NpH Mpo-
IOJIXKEHHHU Lend &° MOIJIO CJAYYMThCs, YTO HaM MPHILIOCH
6bl H3MEHHUTb €ee HauaJIbHYIO BepLiHHY.

Ha camoM nene He Bcerna MOXHO NPOBECTH TaKyl0
nens, 3TO OUEBHAHO, Hanpumep, echu A, — «moburas
KOMaHia», T. e. TaKasg KOMaH[a, KOTopas HMena B Typ-
HHpe ONHHM TOJbKO mopaxeHus. B Oosee obuieM ciayuae

Puc. 77

tTakas uens M3 A; He Moxer GbITe HalleHa M TOrAa,
korga A, npuHamnexut K «nobutoil rpynme» O, uiaeus
KOTOPO#l KOHKYPHPOBaJH, TaK CKa3aTb, TOJbLKO JAPYr ¢
APYroM, MOCKOJbKY HM OAMH M3 YJIEHOB 3TOH FPYNNbl HE
MOr' ofepkaTb nobey Hajl NPOTHBHHKOM, K HEH He NpHu-
HagaexaumuM. Ha cootBerctBylouiem rpade (puc. 77)
HMEIOTCS TOJILKO OpPHEHTHPOBaHHble pebGpa, HanpasJeH-
Hble K O, U HM OHO M3 HHUX He HanpasJgedo ot O. Onnako
HMeeT MECTO cJeayloulas Teopema.

Teorema 2. Ecau A; ne npunadaexur Hu & Kaxkoti enn-
Ouroli epynne», T0 8ce2da HalOETCA OPUBHTUPOBAHHASA
yeno, Hauunarwasca 8 A; u npoxodawan 4epes ace gep-
wuHsL epaga.

Hoka3aTEAbCTBO.  Mbl noctpoum u3 A; 3jementap-
Hy10 uenb &, Takylo Xe, Kak (2), ¥ NPONOMKUM ee Ha-
CTOMIbKO AAJ€KO, HACKOJbKO 3T0 Bo3MoXHO. M3 aokasa-
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§ 3. MMAPAIOKC CMOPTHBHBIX OBO3PEBATEJIER

TeNbCTBAa TeopeMsl | BHIHO, YTO Henb ¢/ MOXKHO NPONOJI-
JHUTh, He MEHAA HavaJbHOH Bepunuu A;, [0 n060ii Bep-
muHs Apyy, ANS KOTOPOH HalAeTcs OPUEHTHPOBAHHOE
pe6po, BhixoAsllee U3 ¢°. 3HAUHT, B TOM Cayyae, Koraa
& He MoxeT GBITb NPONOJKEHA, ee BEepPUIHHH 06pasyioT
«no6utyio rpynny». OaHako no ycaosuio A; He npuHaji-
JIeXKHT K TaKo#ft rpymnne, M, cJejfoBaTelbHO, LEeMNb
JOJIKHA NPOHTH yepe3 BCce BepUIMHMW rpada.

Ha camoM pene cnpaBeannso faxe caeayiouee yT-
BepXeHHe.

TeoreMa 3. Ha opuenTupoBaHHOM NOAHOM epadhe, He
colepocaujem «noGUTLIX 2pynns, UMEETCA OPUBHTUPOBAH-
Houl Yuka, npoxodawuii yepe3 ece sepuiunbl epaga.

Rokasatemctso. Ecnu & ecTh aneMeHTapHas uens,
NpoxoAsiiias 4Yepes Bce BepiuHHBI rpada B KOHEUHYIO TOU-
Ky A,, TO HenpeMeHHO HaiiayTcs peGpa, BHIXOAAIME H3

A}(ol

Ap

A
Pnc. 78 Puc. 79

Ay, TaK Kak A, He asasercs «no6GuToft KomMannoii». Takoe
pebpo (An, A;) nomkKHO BecTd K ONHOH M3 NpeblAyuliuX
BepwHH A; Ha &, a 3T0 yXe [laeT HEKOTODPbIl OPHEHTH-
posaHHbIt uuKA (puc. 78).

[IpennonioxuM, uTO Takol OPHEHTHPOBAHHLIH LUK/

e=(Al' A.‘Z)' “v ey (Ak—-l' Ak)’ (Ak' Al)

CONEPIKHT He BCe BepIUHHLI rpada, H nycTh Agy — TaKas
BepiuuHa, uT0 Mexay C u Ay ecTb peGpa o6oux Hanpas
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TJABA VI, UTPHI H TOJOBOJIOMKH

Baenuit. Torna, Kak Ha puc. 79, HaflnyTcsa cmexcHole peG-
pa, coepunsolide Ay ¢ C H NPOTHBONOJIOXKHO OPHEHTH-
pOBaHHLIE; B ITOM CJHydyae MOXKHO paciuuputh G, 3ameHss
pe6po (A; A1) pebpamu (Ai;, Appr) ¥ (Apyr, Aip)
(puc. 79).

Ocraerca paccMoTperh cayualf, Korja BepIUHHBI, He
npuHaanexawne C, pacnafalTcs Ha fABa Kjaacca: Bep-
wHHEL M, u3 KoTOphIX Bce peGpa HanpasJienn K G, uBep+
wHHb N, Bce pebpa KOTOpbIX Hanpasiaens oT C. IIpu

M,

&,

Puc. 80

STOM JIOJIKHBI CYLIeCTBOBATh BEePIIHHBI 0GOMX THIOB, TaK
KaK ecqu 6bl He Halmiock BepmHH M, To MHOXecTBO {N}
Bcex BepmuH N o6Gpa3oBano Gbl «mOGHTYIO rpynmy», a
ecnu Obl He Obio BepmuH N, To Takylo rpynmy o6pa3o-
Banu Onl Bepuwimubl U3 € (puc. 80).

Bepmuner MuoxkectBa {M} coennnensl pe6pamu ¢ Bep-
muHaMu u3 {N). Tounee, HOMXKHO HAHTHCL 1O MeHbIUEH
mepe ofHo pe6po (N, M,), HanpaBJeHHOEe OT HEKOTOPOii
sBepmunnl Ny MHoXectBa {N} x HekoTopoi Bepuiumne M;
MHOXecTBa {M}, Tak Kak B HDPOTHBHOM CJlyuae MHOKe-
ctBo {N} 6buno 6bt «noGuteiM», Ho TOrpa cHoBa MoxHO
pacuiuputs G, 3amensis pe6po (A; Aip1) Tpema peG-
pamu

(Ah Nl)v (Nl’ Ml)v (MI' AI-H)'
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§ 3. TTAPAIOKC CIMOPTHBHBLIX OBO3PEBATEJIER

Tak MBI MOXXeM HOCTeNneHHO pacupaTts uuka C Ko Tex
nop, MOKa B Hero iie BOHAYT BCe BeplIHHH rpada.

YnpaxHennsn

1. Paccmotpure TaGaumy pesysibTaToB KaKoro-HHGYAn KPYroBoro
maxMaTHOro TypHupa. HafiiuTe OpHEHTHPOBaHHYIO SJeMeHTap-
Hyl0 Uenb, MPOXOASLLYI0 uepe3 BCe BEpUIMHH COOTBETCTBYIOIIETO
rpada. BuiAcHHTe, HMMEIOTCA JH KakHe-HHGYAb <€NOGHTHE TIpym+
Nbi»; €C/IH HeT, MONbITafiTeCh HaWTH OPUEHTHPOBAHHHA WHKJ, NPO<
XOAfUlHA Yepe3 Bce BepLIHHH rpada.

2. Kak u3MeHATCA nNpelHAYyWIHEe pacCyKAeHHA, €CAH CYHTaTh BO3-
MOXHHEIMH TaK)Xe H HHYbH?



r1ABA VI

OTHOWweHHA

§ 1. Ornomenus U rpadhnt

Ho cux nop Mbl paccMaTpuUBaju pa3jiMyHbIE <«MPaKs
THYECKHe» MNpHIUKeHHss rpadoB — K HEKOTOPHIM 3aaa-
YyaM, BO3HMKAIOWIYM B NOBCEXHEBHOH JKH3HH, a TakXe K
HrpaMm M roncsojsoMxkaM. Mubl nogoGpaJsiu Marepuan Tax,
yToOH OH OBLT CBA33aH TOJbLKO C OOLIEHM3BECTHHMH H
NPOCTHIMH MOHATHAMH. B 3Toit rnaBe Mbl mocrapaemcs
NoKa3aTb, YTo rpadnl TeCHO CBSI3aHLI C HEKOTOPHIMH OC-
HOBHBIMH TNOHATHAMH MaTeMaTHKH, NpeAcTaBisis coboH
(hakTHYeCKM JHIIb APYroi cnoco6 OMHCaHUS ITHX NOHS-
THH.

Besikas MaTemaTHueckasi cucTeMa HMeeT elo ¢ MHO-
#KecTBOM KaKHX-To 00'beKTOB, HJIH 3neMeHToB. Hanpuwmep,
TaKUMH 3J€MEHTaMH SBJSIOTCH yHcjaa Oosee wiau MeHee
o6illefi NPHPOILI: MBI MOXKEM paccMaTpHBaTh MHOMECTBO
HATYPaJIbHBIX (IeJIbIX MOJIOXHUTENbHBIX) UYHCEJ, MMOJOXKii~
TeJIbHBIX YHCEJ, PALHOHAJbHBLIX YHCeJI, BEUECTBEHHBIX YM~
ceJi, KOMIVIEKCHbIX uMces. B anreGpe Mbl pMeeM neno ¢
3JeMEHTaMH, KOTOpbleé MOXHO CKJajiblBaTh, BBIYHTATb,
nepeMHOXaTh M T. A. B reomerpuu Mbl o6blunO paccma-
TPHBAeM ONpejle/ieHHble MHOMKECTBA TOYEK HJH COBOKYII-
HOCTH TOYeK CIELHaJbHOTO BU/Aa, TaKHE, KaK NpsaMble JiH-
HHH, OKDY2KHOCTH, IUIOCKOCTH H T. A. B JIOTHKe MBI H3y-+
yaeM CBOWCTBA Da3jIMuUHOTO POAA YTBEPIKIEHHIL.

Ias Toro 4To6H NOCTPOUTH MATEMATHUECKYIO TEOPHIO,
HaM HYYKHBl He TOJBKO CaMM 3TH 3JIEMEHTHI, HO TaKXe H
oTHOWenus MeXay HHUMHU. [IpuBeneM HeCKOJNBKO NpHMe-
poB. Jlns uncesq WMeer CMBIC] MOHSATHS PaBEHCTBA: a=bh.
Ecnu uncaa a w b pasnuunn, MBl nuiieM a¥b. 3anucs
a>b o3nauaert, 410 a Goablue, yeM b, aHanoruydHoa 2> b
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§ 1. OTHOUWIEHHA W TPAOHI

o3HayaeT, uTo a aubo Goabiue, AuGo pasHo b. Ecau a u
b — uesbie uucaa u b geautcs Ha a, Mb nHuleMm a|b.

B reomerpuu nBe OHrypH, CKaxKeM /[Ba TpPeyrois-
HHKa, MOTYT GbiTh paBHbBIMH (3TO OTHOLUEHME 3aMHChI-
Baercs Tak: A=B) nian olHa ¢GHrypa MOXeT cofepxarth
BHYTpH ce6si apyryio (B 3TOM ciayuae Mbl muweM ADB).
JBe npsiMbie Moryt ObiThb napaaneapHbiMu (AflB) wuau
B3aHMHO TNePNEHAHKYJASPHLIMH (NepeceKkaTbesl 1104 MNps-
mMbiM yraoMm, A LB). B norike omHO yTBepiKiaeHHe HJH
npefsioXKeHue Moxer BbiTeKathb M3 jpyroro (A-—>B).
B Teopnn MHOXecTB OTHolleHHe @ €S MeXIy 3JeMeHTOM
G ¥ MHOXECTBOM S O3HauaeT, YTO 3/JEeMEHT a NMpUHaMJe-
MHUT MHOXeCTBY S.

Bce 3TH OTHOWeHHS KacaioTcsd ABYX OGBEKTOB, MO-
3TOMY OHH YaCTO Ha3biBalOTCA GHHApPHBLIMH OTHO-
WEeHHAMH, HAIH, AN KPATKOCTH, NMPOCTO OTHO I e-
HusaMH. HMMmeioTcs m apyrue TUnbl OTHOWIEHMH, HanpH-
MEp TepHapHBEe OTHOLIEHHUS, Kacamoiuuecs Tpex
06bekToB. B kauecTBe npuMepa Takoro OTHOLUEHHsI yKa-
XeM caenyiouree: Touka A NexuT Mexay roukamu B u C.

BBuay Ba:XHOCTU NOHATHS OTHOIUEHHMs] B MaTeMaTHKe
HeoOXOAHMO BBECTH AMs Hero obiuee onpenenenue, Has
o6meroR(6nHapHoro) OTHOLIeHHS, 0603HauaeMoro CcHM-
BOJOM R, Mbl mHueM

aRb 1)

M rOBOpHM, UTO b HaxoduTca 8 oThowexuu R k a. dro
3HAUUT, YTO b NMpPUHAAMNEKHT HEKOTOPOMY CNEeLHaJbLHOMY
unoxectsy P, onpenensieMoMy 3THM OTHOLIEHHEM AJ#
kaxpaoro a. Tak, HanpuMep, oTHoueHHe a>b o3Hauaer,
YTO b NpUHAMJEKHT MHOXKECTBY BCeX YHCeJ, MEeHbIUHX
ueM a. Jas venvix uucem a u b oTHouleHHe alb, wiau a
sBaserca geauteneM b, o3Hayaer, uto b mpHHaLAEKHT
MHOXKECTBY BCeX LeJblX yuces, KpaTHolX a. Takum obpa-
3oMm, 3anuch (1) sBAsieTcs Auwb APYrHM cnoco6oM Bhi<
paxenus toro ¢akra, uTo b NPHHAANENKHT MHOXKECTBY
R., kotopoe oTHouweHHe R comocraBisier 3JeMEHTy d.
Bepuemcst Tenepb K rpacdaM. PaKTHUECKH KaxKAbli
opHeHTHpoBaHHbII rpad G onpenensieT HEKOTOpPOe OTHO-
ieHHe B MHOJKeCTBe €ro BepHIHH. DTO OTHOUIEHHEe MOXKHO

3anucaTth B BHAe
aGb; 2
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TJIABA VII. OTHOWEHHSA

OHO 03HAYaeT, YTO HA rpade MMeeTCs OPUEHTHPOBAHHOE
pebpo, uaymee or @ K b. CooTBeTcTByIOllEE MHOXKECTBO
R.=G, cocTOHT U3 BceX Takux BepuwdH b rpada G, k Ko-
TOPHIM HAYT peGpa oT a. Takum 06pa3oM, cKa3aTb: HA
rpage G umeercs pebpo (a, b) —3TO0 BCe paBHO uTO
CKa3aTb: HMeeT MeCTO OTHOolueHue (2).

O10 MorJo Obl CKJIOHHTh Hac PacCMaTpUBaATh TEOPHIO
rpagos- Kak HEKOTOPYIO CIeLHaNbHYI0 YacThb TEOPHH OT-
Homenuid. OXHAKO Ha caMOM JeJie IBeé 3TH TEOPHM B He-
KOTOPOM CMBbIC/Ie 3KBUBaJeHTHb. Ilpeanosioxum, uto B
MHOXeCTBe S OnpefeneHO HEKOTOpPoe OTHOUIeHHe R, Ko-
TOpPOe KaxkJoMy 3J]eMeHTY a M3 S OTHOCHT HEKOTOpoe

No

Puc. 81

MHoxKecTBO R,. Torma moxHo noctpoutb rpad G oTHO<
wenus R, npocto npoBoas pe6pa u3 BepIIMHBI @ K KaX-«
no# Bepuinne U3 R, (puc. 81).

Hraxk, Teopust orHoweHuit ¥ Teopus rpadoB OT/IHYA«
I0TCA TOJBKO NOAXOAAMH, HO He CcoJepiKaHHeM; NoueMy
Xe B TaKOM CJlyyae MaTeMaTHKH PAaCCMaTPHBAIOT HX pa3-
RenbHO? JTO OGBACHSETCS OTYACTH NPHUBLIYKON W Tpaau-
UMSIMH, NOJO6GHO TOMY KaK B aHaJMTHYECKOH reoMeTpHi
TOBOPAT O NPsIMOH JIMHHH, a B aiareGpe TO Xe caMmoe NO-
HSTHe pacCMaTPHBAETCA KakK JIMHEHHOe ypaBHEHHE ¢ JBY-
Ms HeH3BecTHHIMH. OZHAKO Ha caMOM JeJe MMEercst He-
6onblioe pa3nnude B MeTo#ax 3THX Teopuil. OHo co-
CTOHT B TOM, YTO TEOPHs OTHOMIEHHH MMEeT JeJo IJaa-
HHIM o6pa3oM ¢ GeCKOHEUHBIMM MHOXKeCTBaMH R,; B Ka-
yecTBe NpuMepa NpHBeJeM OTHOLIeHHE a>b mas Beiues
CTBEHHBIX uHceJ. Ha coorBercTBylOIIeM rpade AOMKHO
6b10 6b1 OLHITH GECKOHEYHO MHOTO BepLIMH H B KaxXJoil
BepluHHe — OecKOHeuHO MHoro peGep. Ilpu u3yueHuu Tta-
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§ 2. CIIELIMAJIBHBIE YCNOBHUS

KuX rpadoB Hamla reoMeTpHYecKas WHTYHLHsS MOUTH He
MoXeT HaM mnoMoub. Korma Bblile MBI paccMaTpHBAJIH
HeKOTOpble BOMpPOCHl TeOpHH rpadoB, Hallie NOJNOXKEHHE
oyeHb 006/ier4ajoch BO3MOXHOCTBIO HarJsiAHO MNpencTas
BJASITH ce6e rpad KaK COBOKYNHOCTh KOHEYHOro YHCJIa
BepIIMH K COefHHAIOWHX uX pebep. OfHAKO OA/isT MHOTHX
THMOB OTHOLUEHHl MpeIliecTBYIOLIUe PacCyXKAEHHA MoTe-
pAIOT CBOKO yGeAHTENbHOCTb; B AeHCTBHTENBHOCTH OHM
MOTYT HaXe OKa3aThbCs HeBepHhHIMHM AJs rpados c Gecs
KOHEYHBIM MHOXXECTBOM BepLIMH H peGep — H YX, BO BCil-
KOM cJayuae, 34ech NpPHUIJIOCh Gbl aBaTh COBEPLIEHHO HO-
Bbie JOKa3aTe/bCTBa.

YnpaxHeHusd

1. Tlepeuncanre Kakue-HHGYAb OTHOUWEHHS, OTMHYHHIE OT YMOMSHY-
Teix Bbime. [lonbiraiitels camocrosiTeNbHO npHAYMaTh Kakue-
uu6yab HOBLIE MPHMeEpHL.

2. Ona mHoxectBa umucea 2, 3, 4, 5, 6 uaueptuTe rpadn H nepe-
YHC/HTE MHOXKECTBA R AJIA KAXI0TO M3 CJEAYIOUIHX OTHOLICHHHA:

a) x>y, 6) x£y, B) x|y

§ 2. CnenuanpHHe yCJIOBHSA

HoBble Touku 3peHHss OOGBIYHO NMPHBOAAT U K HOBHIM
sakaouenusiM. HaM npugercs sBectd B Teopuio rpados
EEKOTOpPble OCHOBHbIE TOJIOXKEHHSI TeOpHH OTHOLLUEeHHH,
yTo6Bl clenaTh NapajjelusM MexX1y 06eHMH TeOpPHAMH
GoJiee MOJIHBIM.

lMycte naHo HekoTopoe orHouleHue R. Moxer cay-
YHTbCA, YTO KAKOHU-TO 3JeMEHT @ HaXOJHMTCS B 3TOM OT-
HOILUEHHU K caMmoMy cele:

aRa. 3)

Tak, manpuMep, kaxnas npamas A cuuraercss napas-
JgensHoi camout cebe: Al|A 1), Kaxioe UMCIO YIOBIETBO-
pser yciaoBHIo a>a u T. A. Ha rpadax Ke y Hac no cux

) B pycckoii yyeGHON JHTepaType COBEpIUEHHO €CTECTBEHHOE
oTaomieHne AllA gacto, K COXajeHHIO, 3aTylUIeBHBAeTCH.

A



TJABA VII. OTHOWEHHUSA

nop He GBI NMpenycMOTpeH 3TOT cayuai. EMy momxHO
COOTBETCTBOBaTh peGpo (@, @), KoneuHble TOYKH KOTO-
poro coBnagaior. Taxkoe pebpo Ha3pBaercs nerjaei
(puc. 82).

OrHowenue R, naas kotopore ycaosue (3) Bbino.a-
Hsercs npu A06om a, Ha3HBaeTcss pedaeKCHBHB M;,
COOTBETCTBYIOUIHA rpad B KaxXAOH BepIIMHE UMEET NETJIO0.
B kauectse npumepa pedIeKCHBHLIX OTHOLUEHHH MOXKHO
yKa3aTh yXe Ha3BaHHOe Bblllie OTHOLUEHHME MapaJsiens-
HoeTH A|lB 1ast npsAMbIX MM OTHOWIEHHe a>b ansg yuced.

Ecnn ycnosue (3) He BbInonHsiercss Hu 04 00HO2O
37eMenTa, To R Ha3biBaeTcss aHTHPe(DNEKCHUBHLIM
otHomeHnneM Ha coorrercrsylomeM rpade HH oaHa

Puc. 82

BeplIMHA He MMeeT neTad. B xauecTBe npuMepa MOXKHO
yKa3aTb OTHOLIeHHe NEePNeHIUKYJSPHOCTH S NpPSMbIX:
ALB.

Jans xaxaoro otHoweHHss R MOXHO OnpenesuTh 0 G-
paTtHoe otHoweHnne R* cuurtas, uro bR*a B TOM N
TONBKO B TOM cayuae, koraa aRb. Tak, nanpumep, nas
OTHOUIeHus: al|b, T. e. a ABasieTcst peautenem b, obpart-
HbBIM CJYXHT OTHOlUEHue

bl'a,

o3Haualwoluee, uro b kKpatHo a. Yacro Ans oTHoeHHS
R* BBomMTCA cnenHanbHBI CHMBOJ; TaK, [Js OTHOLIe-
HBs a Gosblie, yem b, a>b, o6paTHHIM ABJSETCH OTHO-
wenue b<a, 1. e. b MeHbine, yeMm g; oTHOlteHue a€ A, a
€CTb 3JEeMEeHT MHOKecTBa A, uMeer B Kauectse o6par-
Horo ADa, T. e. A cofepXuT a.

W3 onpenenenns o6paTHOro OTHOLIEHHS BHIHO, YTO
ecad Ha rpade G, cootBercTByowem R, uMeercs pe6po
(a, b), To Ha rpage G*, cooTsercTByOIlEM R*, n0JXHO
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§ 2. CTIELMAJIBHHIE YCJIOBUS

6uiTh pe6po (b, a). MubiMu caiosamu, rpad G* ssasercs
o6paTthHb M aaa G, T. e. rpadoM ¢ TeMu ke peGpami,
yto U G, HO NMPOTHBOMOJOXKHO OPHEHTHPOBAHHBIMH.
Moxer cayuynTbCs, YTO A/ HEKOTOPOH napbl sJjeMeir-
TOB @ U b B HeKOTOPOro OTHOLIEHHH R Mbl HMeeM O1HO-

BPEMEHHO
aRb n bRa €))

Ha cootsercTBylouieM rpade A0/xKHH GHITH ABa NpPOTH-
BOMOJIOXKHO OPHEHTHPOBaHHHX pe6Gpa (a,b) u (b, a).
Takyio napy pe6ep MOXHO 3aMeHHTb OJAHHM HEOPHEHTH-
poBaHHLIM pebpoM, TaK XKe KaK U B cayyae yaull ¢ ABY-
CTOPOHHHM ABHXKEHHEM.

Jlns HEKOTOpHIX OTHOMWIEHHH oOaHO M3 ycnoBuit (4)
BCeraa BJjeueT 3a co6oit apyroe. Takve OTHOUIEHHs Ha«
3LIBAIOTCST CHMMeTpHYecKHMU. B kauecrBe npimes
pa MOXHO YyKasaTbh OTHOLIeHWe napaaneabnoctu AllB,
OTHOLIeHHe TepneHAuKyJspHocTH A LB u oTHOWeHHe
paBerctBa A=B. B CcOOTBETCTBHH C TOJBKO YTO CleNaH~
HbIM 3aMeyaHHeM MOXHO CKa3aTb, YTO

Cummerpu4ecKomy OTHOWEHUIO COOTBETCT8YeT 2pag C
HeOPUEHTUPOBAHHBIMU pebpamu; obpaTHo, epa ¢ He-
OpueHTUpoBanHbimu pebpamu onpedesser HeEKOTOPoE
CUMMETPUYECKOe OTHOWeHUe.

CylecTBYIOT H TaKHe OTHOLIEHHst R, 1/ KOTOPHIX M3
BLINIOJIHEHHS OJHOTO M3 YCJOBHI (4) BHITEKAET, YTO BTO«
poe 3as3el0OMO He MMeeT MecTa. B kauecTse nmpumepa npH-
BelleM OTHouleHHe a>b. Takue OTHOLIEHUs] Ha3BIBAIOTCH
aHTHCUMMeTpuyeckuMHu. Hx rpape He wumelor
HEOPHEHTHPOBAHHLIX HAH TMPOTUBOMOJOXXHO OPHEHTHPO-
BAaHHLIX pe6ep, COEAMHSAIOWHX ONHY M Ty e mapy Bep-
LIHH; KPOMEe TOro, Ha HHX HET M MNeTejb, T. €. 3TH OTHO-
LIeHUs1 aHTHpe(JIeKCUBHBL.

HMeerca eile omHO CBOHCTBO, Mrpaiollee BaXXHYIO
poiL B TeOPHUH OTHOWeHHH. Mol roBopHM, YTO OTHOMIE+
Hie R TPAaH3HTHUBHO, eCllH U3 ABYX YCJOBHil

aRb w bRc
aRe.

ITpumepoM cayxkat otHowenus napaanensuoctn AlB,
paBencrBa a=»>b, oTHoweHus a GoJblie, yem b: a>b; a
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§ 2. CIIELHAJIBHHIE YCJIOBUS

aBaseTca AeauteneM b:alb. C ppyroil CTOPOHBHI, OTHOS

wendss A LB u a#+b He ABAAIOTCA TPAH3UTHBHBIMH.
Fpad TpaH3HTHBHOIO OTHOWIEHHS o6Jagaer CAedyio«

LIHM XapaKTEePHCTHYECKHM CBOHCTBOM: A/ KaXAOH maphl

peGep
(2, 8), (b, ¢) ()]

HMeetcsa 3ametkarowyee pebpo (a, ¢) (puc. 83). Ipume-
HASl 3TO CBONACTBO NOBTOPHO, MBI NPHXOAMM K 3aKJioye-
HHIO, YTO eC/i Ha TakKoM rpade ecTh OpHEHTHPOBaHHas
uenb, HAyLlas OT BePIUHHBI X K APYroi BeplllHHe Yy, TO
€CTb TaKXe M OpHeHTHpOBaHHoe pebpo (X, y).

ITpexnonoxuM, HakoHel, YTo y Hac uMeercs rpag 7
C OpPHEHTHPOBAaHHbIMU pe6paMH, He MBJAIOUIMACA TpaH-
autuBHbIM. Hanpumep, rpad puc. 84 He umeer pebpa me-
X1y BeplIHHaMu a u ¢, a rpad puc. 85 umeer peGpo
(c,a) B TO BpeMs Kak 3aMbiKaoWuM Aas pebep (a,b)
u (b, c) monxHo 6ul 6biTh pebpo (a, c). Bo Bcex cayuasax
OpHeHTHPOBaHHBLIH rpad G MOXKHO caesaTb TpPaH3UTHB-
HBIM, 100aBJAsi K HeMy OpPHEHTHDOBaHHBle pe6pa O TeXx
nop, noka He OydeT NpHcOoefHHeHa 3aMbIKaloumias AJA
Kaxaoit mapsl ero mocjaenoBarteibHblx peGep. IToayuen-
Hbii Tak HoBbi rpad GT HasbiBaercs TPaH3HTHB«
HbIM 3aMbikaHueM rpapa G. Ha puc. 86 u 87 mno-
KasaHbl TPAaH3HTHBHble 3aMbIKaHHsS COOTBETCTBEHHO Ipa-«
¢oB puc. 84 u 85. 3aMeTHM, UTO NoOcje NPHCOEAHHEHHS K
rpady puc. 85 3aMbiKalomux pebep ga, ¢) — naa (a,b)
u (b,c), (c,b) —ana (c,a) u (a,b) u (b,a) — nas
(b,c) u (c,a), noayyeHHoe TPaH3HTHBHOE 3aMHIKAHHE
OKa)kercsl rpagoM HEKOTOPOro CUMMETPHYECKOTO OTHO-
LIEHH .

YnpaxHeuns

L. TlpuBenute npuMepH APYrHX OTHOWEHHHA, OGNANAIOUIHX YymOMS-
HYTHIMH BHIllIE CBOACTBAMH.

2. PaccMoTpuTe ceMeiiHbie OTHOLIEHUS:
a) A aBasercs MOTOMKOM B;
6) A H B umeior obuero npesxa.

3. OGpasyfite TpaH3HTHBHHE 3aMHIKaHH® TpadoB, H306paMKeHHHX
Ha puc, 49 u 50, '
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I'JTABA VII. OTHOWIEHUS

§ 3. OTHOmeHHs SKBHBAJEHTHOCTH

Cpeau MHOTHX BHAOB MaTeMaTHYeCKHX OTHOLUECHH
OTHOWEeHUA 3KBUGAAGHTHOCTU WrpaioT OcOGEHHO BAXKHYIO
poab. OTHOLIEHHEe SKBHBAJEHTHOCTH, 00LIYHO 0003Hauae-
MOe CHMBOJIOM ~, XapakTepH3yeTcs cJelyIOLIUMHU TpeMs
CBOUCTBAMH:

1°. Pegaercusnocmeio:. a~ a;
2°. CummempuuHocmsio: 3 a~ b Bntekaer b~ a;

3°. Tpansumusnocmsw: u3 a~»b u b~c BHTEKaer
a~c.

[TpuMep, HeMel/IeHHO TPHXOAAWHA HA YM, — OTHO-
wieHue paBeHcTBa: a=>b. JlecTBUTENbHO, OTHOLIEHHE 3K-
BHBaJEHTHOCTH oO6aafaeT CBOKCTBAMH, aHaJIOTUYHBIMH
CBOHCTBAM PaBEHCTBA, U BO MHOI'MX CJyyasiX SKBHBaJIEHT-
HOCTb paccMaTpHBaeTcsl KaK CBOEro poja paBeHCTBO; X0
POLIMM MPUMEPOM MOXET CJAYXHTb KOHTPYIHTHOCTH re€o-
MeTPHUECKHX (HUryp, KOTOpas HeJapoM 4acTO TOXe Ha-
3LIBAETC PaBEHCTBOM.

B Teopun umncen Hcmoab3yercsi OTHOLIEHHe 3SKBHBA-
JEHTHOCTH JAPYroro THIA, KOTOPOe HAa3biBaeTcs Cp a B«
numocTeio. Ecau a, b u m — Tpu UeabiX 4Yucaa, TO

3anuch

a=b(mod m) (6)

03HayaeT, UTO PA3HOCTb @ — b [EeJNUTCH HAa M WM, HHbI-
MH CJIOBAMH, YTO AJsI HEKOTOPOro uenoro k

a=>b-}+km. )

B Teopuun umcen orTHoulenue (6) BbIpaxaloT CIOBaMH:

YHCJI0 a CpaBHHUMO C b no MOAYJI0 M. B kauectBe np4a-
MepOB NpPHBEINEM CDABHEHHSA

11 =2(mod 3),
—7=19(mod 13).
Has enuHooGpasus 3amuch (6) ucnmoab3yeTcss MHOraa M

B TeX CJAYY&sX, KOrja oObiYHO NMPUMEHSIOTCS Apyrue Tep-
muubl. Tak, nanpumep, cpaBHeHus

b=0(mod2), c=1(mod?2)
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§ 3. OTHOMEHHSA 3KBUBANEHTHOCTH

O3Ha4YaKwT COOTBETCTBEHHO, UTO b sasaserca YE€THLIM, a
¢ — HEUeTHHM YHCJOM. AHAaJNOrHYyHO CpaBHEHHE

a=0(modm)

03HayaeT, YTO @ HEJHTCH Ha M.

IlokasaTb, 4TO OTHOLIEHHe cpaBHHMOCTH uncen (6)
YAOBJIETBOPSET TPeM YCJAOBHAM, KOTOPBIM HOJKHO YAO-
BJETBOPATL OTHOUIEHHE 3KBHBAJEHTHOCTH, OUEHb MPOCTO:

1) a=a(modm), Tak xak a=a +0-m;

2) ecau a=¥b(mod m), To, coraacuo (7), @ = b km,
oTkyaa b=a -+ (—k)m, Tak uto b=a(modm);

3) ecan a=b(modm) u b==c(modm), T0 no ¢op-
myae (7)

a=b-+km, b=c-+Im
H, C/Ie0BATENbHO,
a=c+t+im+km=c-+( +k)m,

T. e. a=c(mod m).

lMpu m=0 cpaenenue (6) B cuny ycnoBus (7) cBo«
IUTCS K OGBIYHOMY paBEeHCTBY.

OTHolueHHe 3KBHBAJIEHTHOCTH, KaK Mbl cefiyac yBH=
IMM, MOXXHO HCTOJNKOBaTb H ApPyruM cnocoGom. IMpexne
BCEr0 3aMETHM, YTO OHO BCerja OnpeieseHo AAs 3Je-
MEHTOB HEKOTOPOro MHOXecTBa S; ABa 3JeMeHTa H3 S
An6Go SKBHBAJNEHTHH, JH60 He SKBHBAJEHTHHl MeXAy co-
Goit. Tak, cpaBHenne (6) paccMaTpuBaeTcss Ha MHOXe-
ctBe S Bcex UeanXx uuced. OTHOUIeHHEe MapassieNbHOCTH
Al|B sBasieTcsi OTHOLIEHHEM 3KBMBaJEHTHOCTH, oOfnpec-
JEeHHHIM Ha MHOXECTBE BCEX MNPAMLIX MJIOCKOCTH HJIH
NPOCTPAHCTBA.

[TpennosioXXHM, YTO AASI 3J€MEHTOB HEKOTOPOrO MHO-
XecTBa S onpefeseHO KaKoe-TO OTHOLIEHHe SKBHBaJeHT-
HocTH: a~b. PaccMoTpuM Bce 3seMeHTH b, 3KBHBaJsieH1-
Hble a. Onu 06pa3syioT MHOXKeCTBO B,, sBjswouieecs 4a-
ctbio S. TakHe MHOXecTBa B, COOTBETCTBYIOT BBEJAEHHHIM
Bhllle AJS OTHOWEHHa OO6iIero BHAAa MHOXeCTBaM R,,
HO B 3TOM cJiydae MH GyaeM Has3bLiBaTh HX KJAacCaMH
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TJIABA VII. OTHOIIEHHA

5KBHBAaJeHTHOCTH, OTBEUAOIHMMH paccMaTpUBaes
MOMY OTHOLIEHHIO 3KBHBaJIEHTHOCTH.

KakoBHl CBOHCTBa 3TUX KJAaccoB? Tak Kak OTHOLIEHHE
5KBHBAJIEHTHOCTH pediieKCHBHO, @ ~a, T0 Kiaacc B, aJe-
MeHTa a COJepXHT caM 3jieMeHT a. Ilpeamonoxum Te-
nepb, uTo sjaeMeHT b mpuHamnexur B, T. e. uto a~b,
a 3JieMeHT ¢ NPHHaAMJeXHT Knaccy By snemenrta b, T. e,
b~c (puc. 88). BBuILy TPaH3HTHBHOCTH OTHOLIEHHS 3K-
DHBAJICHTHOCTH OTCIOfa BHITEKaeT, 4To a~cC, T. €. €
NPHHAAJMEXKHUT Kaaccy B,. T0 o3Hauaer, 4TO BeCh Kjacc

5 s

Bs
Ba

Puc. 88 Puc. 89

5KBHBAJEHTHOCTH B, uesukom cogepxurcs B B,. Ho
ecin a~b, T0 U b~a (Tak KaK OTHOIICHHE SKBHBA-
JICHTHOCTH CHMMETDHYHO), a 3HAuuT, H B, cojepxurcs B
By, Takum o6pasom, eciu a~b, To By=Bs.

Bo3bmeM Temepb B MHOXeCTBe S [Ba He SKBHBAaJIEHT+
HbIX MeXJy co6oii sneMeHTa @ u b; Mbl GyaeM 0603Ha<
YyaTh 3TO, NepedyepKHBasg 3HAK SKBUBAJEHTHOCTH: @ ~~ b.
B stom canyuae kaacchl B, u B, He mepecekawTca,
T. . He HMelT ob1uxX 3neMeHToB. [leficTBHTeNbHO, ecau
Obl KaKOH-TO 3JIeMEHT ¢ NpPHHAJJeXaJ OJHOBPEMEHHO H
B; u By, TO Mbl uMeaH Ol

a~c¢ M be~cy
HO TOTAa @~b, YTO MPOTHBOPEUHT NPEAIONONKEHHUIO.
TaK KakK Ka}KleIﬁ 3JIEeMEHT npuﬂanne}xm B TOYHOCTH

OAHOMY KJaccy, Mbl noJjayyaeMm pas6neHue BCEro MHOXe-
ctBa S Ha HenepeceKalUuluecss KiacChl 3KBUBAJAEHTHOCTH
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§ 3. OTHOWIEHUA SKBUBAJIEHTHOCTH

(puc. 89). Kaxapiit Takoil KJ1acc COCTOMT M3 BCEX 3KBH-
BaJIEHTHBIX JPYr ApPYry 3J€MEHTOB.

KauecTBe NpHMepa pAacCMOTPHM CHayaJja COBO-<
KYNHOCTb S BCeX NpPAMBIX HAa NJAOCKOCTH H OTHOILEHHEe
AllB; 3nech Kaxablil KAacc 3KBHBAJIEHTHOCTH COCTOHT W3
BCeX NpPsIMBIX, HMEIOUWIHX OJHO H TO XKe HanpasieHue.

Bor eme onux npuMep. TeopeTHKO-UMCI0BOE OTHOLUE-
HHe CpaBHUMOCTH uHcesa (6) HeJHT Bce Lefble YHCJaA HA
KJ1acchl 3KBHBAJIEHTHOCTH; OHH HA3LIBAlOTCA KJaccaMH
BhiUeTOB No Moayai m. Kaxiabii kaacc COCTOHT
COOTBETCTBEHHO M3 umucen

By={km}, B,={1+-km],
By={2-+km}, ..., B,.,={(m—1-km}.

HHbiMH caoBamH, B, COCTOMT H3 BCeX UYHCeN, AAIOLIHX
npH AeJeHHH Ha m ocTatok r. Jaa m=2 sto — paspee-
HHe BCeX MLEeNbIX YHCeJ Ha YeTHble W HEYeTHBlE; eCJH
m=3, NoAy4aloTCcs YHCAa TPeX THUIMOB:

3k, 3k+1, 3k--2.

Mbl BHAHM, YTO KaXK[J0e OTHOLIeHHe 3KBHBAJEHTHOCTH
olpefiensieT HeKOTOpoe pa3fueHHe BCEX 3J€MEHTOB MHO+
KecTBa S Ha HenepeceKalollHecs] KJacchl, KaK NMOKa3aHO
Ha puc. 89. Ilpepnonoxum Tenepsb, uto, 06paTHO, HaM
LAHO HEKOTOpoe pa36HeHHe MHOXKecTBa S Ha Henepece-
Kalouuecsi MHOoxKectsa By, Toraa Mel MOXeM onpepenuts
Ha MHOXeCTBe S HeKOTOpOe OTHOLeHHe SKBHBAJEHTHOCTH,
noJjarasi mpocTo, YT0 @~ b B TOM H TOJbKO B TOM CJAyuae,
Koraa a U b npuHasaexxat OfHOMYy H TOMY e MHOXe+
cTBy B;. fIcHO, 4TO TpH YCJAOBHS, KOTOPHIM HAOJIXKHO MOA~
YHHATHCA OTHOIUEHHEe SKBHBAJNEHTHOCTH, GyAyT BHIMOJ-«
Henbl. OTclofla BHAHO, YTO OTHOWIEHHE 3KBHBAJEHTHOCTH
¥ pasbHenue MHOXKecTBa S Ha HemepeceKaiouluecss ya-
CTH — 3TO ABe CTOPOHH OZHOrO M TOro Xe sonpoca. Ka-
JKJ0e OTHOLIEHHe SKBHBAJEHTHOCTH NPHBOAHT K pasbHe-
HHIO MHOXXECTBAa Ha Hemepecekalolluecs 4acTH; o6paTHO,
Kaxaoe Takoe pa3GHeHue ONHO3HAYHO OMpPeERessieT HeKO+
TOpoe OTHOLIIeHUEe 3KBHBAJNEHTHOCTH.

IMpuseneM elie oAuH — He MaTeMaTHUECKMit — NP«
Mep, ByneM roBopuTh, 4TO ABOe JIOJEH HMEIOT OAHO H
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TNABA VII. OTHOWEHHA

TO e NOJ/1aHCTBO, €CJH OHH SBJASIOTCH TpPaXkKIaHaMH
OJHOro M TOTO e rocyaapcra; o6paTHO, 1O NOAJAAH-
CTBY BCe YeJIOBEUECTBO AEJHTCT Ha Kjadcchi (32 HCKJIIO-
4YeHHeM JIIOAeH, He HMEIOLIUX TPaXKJaHCTBA; KaXKAblH W3
HHUX COCTaBJsieT OCOGHIH KJaacc).

BcnoMHHM, HaKOHel, O TPeTheM AacleKTe OTHOIUEHUst
SKBHBaJIeHTHOCTH: ero rpade. 0O6o3HauuM MHOXECT30
BepUIMH rpacda vepe3 S; Bce BepIUMHB, NPHHAIJEXKAIHE
Kaaccy Bj;, coeauHeHb MeXAay coGoit peGpaMH, Tak uTo
IS KaXKJ0ro MHOXecTBa B; BepilIHH MBI MMeeM MOJIHbIH

@

Puc. 90

rpad G;; kKpome TOro, B KaXK10il BepliHHe Takoro rpada
ectb metns. He cymecrsyer pebep, coeqHHSIOIIHX Bep-
IUMHB H3 ABYX PA3jIMYHBIX KJaaccos, Tak 4to rpad G pac-
cMaTpuBaeMoro otHouenusi R cogepxut rpagpu G; B Ka-
YyecTBe CBOHX CBSI3HBIX KOMITOHEHT.

Ha puc. 90 n3o6paxkeH rpa¢d OTHOLIEHHS 3KBUBaJIEHT-
HOCTH JJISi MHOXKECTBa, cocTosiitero u3 12 3jeMeHToB;
COOTBETCTBYIOIIHE KJACCHl COCTOAT 3jech M3 5, 4, 2 u 1.
3JIEMEHTOB.

YnpaxHeHus

1. Haiinnre npyrue npuMepH OTHOWIEHHR SKBHBAJEHTHOCTH,

2. Jokaxure, 4To cpaBHeHusi (6) MOXHO MOYNEHHO CKJAALIBATh,
BHIYNTATb W MEPEMHOXKATh:
Ecan a = b (mod m) u c =d (mod m), to

axc= b*xd (mod m), ac == bd {mod m).
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§ 4. YACTHYHASI YNOPAOOUYEHHOCTDH

3. HasoBem ABa BeliecTBEHHHX (MM KOMILIGKCHBIX) 9HCAA COOT-
BeTCTBYIOUMIHMH JApYyr JApYyry, €C/l¥ OHmy paBHH Mo aGCoJIOTHOHR
seauuuHe (o moayao). ITokasath, WTO 9TO OTHOLleHHe NBJSETe
C OTHOMIEHHEM 3IKBHBAJEHTHOCTH, W ONpEJE/HTb 3JEMEHTH KaX-
NOTO H3 KJaccos.

§ 4. YacTHynas ynopaaoyeHHOCTHh

IOasa Toro uro6ul gaTh NpaMep ellle OQHOTO BaXKHOTO
MaTeMaTHYeCKOro OTHOLIEHHS, pACCMOTPUM MHOXKECTBO S
KaKMX-HUGYIb “JeMEHTOB. IDTH 3JEMEeHTHl MOTYT GbiTb,
HanpuMep, YHCIAMH, TOUKAMH WJIH Aaxe JI0AbMH, 06beau-
HEHHBIMH NO KaKHM-TO NpH3HaKaM. BHyTpu 3Toro MHo-
XKecTBa S MbI PaCCMOTPHM HEXOTOPOE CeMeHCTBO MeHb-
IIKX MHOXeCTB, uau noamHoxects, A, B, ... . Ecau S
COCTOHT, CKaX{€M, H3 BCEX BelleCTBEHHBIX YHCEJ, TO KaX-
10e MOJMHOXECTBO TaKOro cemeicTBa MOXKET COCTOATD,
HanpuMep, H3 YHCEeN HEKOTOPOro HMHTepBaJa; eciau S —
MHOXXECTBO TOYeK IJIOCKOCTH, TO MHoXecTBa A, B, ...
MOTYT COCTOSITb M3 BCeX TOYEK HaHHBLIX JIHHHI WJIH
Guryp.

Ona xaxaoll mapbl TAKHX MOAMHOXECTB MOXKET Bbl-
MOJIHATBCA MJAH He BBINOJNHATLCA OTHOIIEHHE BKJIo-
yeHusn A2B, o3naualoulee, YyTo BCe 3/EMEHTbl MHOXKe-
ctBa B conepxatca B A. [IBa 3THX MHOXeCTBa MOTYT €O-
CTOSITb M3 OJHHX H TeX XKe 3JIEMEHTOB; B 3TOM cJyuae
A=B. HenocpeacTBeHHo BHAHO, YTO A 3ITOFO OTHO-
LleHUs!  BKJIOYEHHSI BBIMOJHRAIOTCA  CJeayioulde TpH
VCI0BHUS:

1°. Pegaexcusnocms: A2 A.
2°. Tpanszumusnocms: ecan A2B n B2C, 1o A=2C.
3. Toxcdecmsennocms: ecin A2 B u B2 A, to A=B.

Bmecto oTHoweHuss A2B uacTo HCMOAbL3YETCs OTHO-
lleHHe CTPOroro BKJIOYeH U, o603Hayaemoe 4 DB.
OHo BbIpaxKaer no-npexHeMy, 4To B siBAsieTCA 4acThio,
WIH TNOAMHOXECTBOM, MHOXeCTBa A, HO BO3MOXHOCTb
coBnazieduss A=B B 3TOM cayuae HCKJIIOYEHa, TaK uTo B
aBJAsieTcd COGCTBEHHHIM MOAMHOXecTBOM A.
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TFJJABA VII. OTHOWEHHSA

OTHoWeH’e CTPOrore BKICYeHHs1 o6JafiaeT CleayOUuMR
CBOHWCTBaMH:

1°. Aumupeparexcusnocms: otHomenne ADA Hukoraa
HEe MMEeT MecrTa.

2°. Tpansumusnocms: ecau AoB u BoC, 1o AoC.

BunapHoe oTHomeHHe a’>b, BBOAUMOE B MHOMKECTBE
KaKMX YTrOJHO 3JIEMEeHTOB a, b, ... W YZOBJIeTBOpsIOLIEE
YCJIOBHSIM, HAJIOXKEHHBIM HA OTHOLIEHHe BKJIOYEHHSH, HA+
3LIBa€TCA OTHOLIEHMEM YAaCTHYHOH ynopsjpoueH-
HocTH. OHO YJOBNETBOPSiET, CJ€JOBATENbHO, TaKHM
aKcHoMaM:

1) a>a;
2ecu a>b ub>c, 10 Qa0
3)ecmmea>b nb>a, T0a=b

B pasnuyHbIX 06JiacTAX MaTeMATHKU B KauecTBe 3Ha<
Ka BKJIOUEHHS NPHMEHSETCH W OCTPOKOHEUHHBIH CHMBOJ
a > b v 3aKpyrJeHHBI @ 2 b; HMEHHO B NOCJERHEM BHje
OH OOBIUHO MKCIIONB3YETCST KAK 3HAK BRJIOYEHHSs MHO-
2KECTB.

Ha camoM pnene yacTHYHAst ynopsiA0YEHHOCTh M OTHO-
IIeHMe BKJIOYEHHS N MHOXKECTB — 3TO TOJbKO pas-
JUYHBIE BBIPAXEHHS ONHOH M TOH Xe cutyauud. Ilpu
YACTHYHOH YyMOPAMOYEHHOCTH KAXKAOMY 3NEMEHTY @ COOT-
BETCTBYEeT MHOXECTBO R,, COCTOsILee U3 BCEX TAKHX 3Je4
MeHTOB b, uTo @ >b. Tak Kak 310 OTHOUIEHHe pedJeKCUB-
HO, TO @ NpUHaAdeXHT R, JIBa pa3HbiX 3jeMeHTa a u b
OnpeenslOT pasHble MHOXecTBa R, u Rp; neiicTBuTenn~
HO, ecaiu R,= R, TO ofHOBpEeMeHHO a > b u b >a, 3nayur,
a=>b. [{anee, KaK MhI ceiiyac MoKaxeM, OTHOLIeHue @ > b
BHINOJIHRETCS. B TOM H TOJbKO B TOM CJydae, KOrjaa AaJs.
COOTBETCTBYIOLUHX MHOXKECTB MMEET MECTO OTHOIIeHHE
BraoyeHHs R, 2 Ry. HelictButensuo, ecau a > b, 1o gas
KaXJoro 3JeMeHTa ¢ H3 R, BLITOJHSAETCS OTHOIUIeHHE
b > ¢ u, caenoBarensHo, a >¢, T. e. R, 2 Ry, C apyroit
cTopoHb!, ecan R, D R, 10 a > b, 1aK Kak b npunagae-
KUt Rp.

Touno Tak xe oTHowlenneM a>b BBOAMTCA CTPpO-
rag YaCTHYHAafdg ynopsJOYeHHOCTDH, YIOBJET-
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§ 4. YACTHUUYHAR VIIOPAAOUYEHHOCTD

BOPAIOIIAS CJAEAYIOLIHM YCJIOBHAM:
1) oTHOWIEHHE @ > @ HEBO3MOXHO;
2Q)ecmua>bub>c 10a>c.

Kak u BHIlle, AOKa3bIBAaeTCH, YTO OTHOLIeHHe a>b BB«
NIONHsIETCA B TOM H TOJMbLKO B TOM CJyuae, KOrja ajs co-
OTBETCTBYIOMIHX MHOXECTB HMeeT MeCTO CTpOroe BKJIO-
uyende R;>Rp. CHuMBOM > 34€Ch HCMOJNbL3YETCA B He-
CKoJIbKO Gosiee o6leM cMbicje, yeM OObIuHOe «6oJblLie
yeM» JJ51 YHCeJ.

Paccmotpum Temeph rpad G OTHOLIEHHS YaCTHYHOM
yMopsiA0YEHHOCTH, B YaCTHOCTH ANS c/ayyas, KOrja 4HC/I0
BeplluH KoHeyHo. Her Heo6XomuMocTH CJAMIUKOM TIUa-
TEJbHO Pa3jqH4aTh MOHATHS YACTHYHOH YNOPAMOYEHHOCTH
M CTPOTOH YaCTHYHOM YMOPSAOYEHHOCTH; eAHHCTBEHHOE
pa3iHyHe MeXAYy COOTBETCTBYIOMIMMH rpadaMH COCTOHT
B TOM, YTO Ha MEPBOM €CTh NMET/AH, 2 Ha BTOPOM HX HeT.
Ecnau a>b, na rpape G umeercss opUeHTHPOBaHHOe pes-
po (a,b). Ha puc. 91 muso6paxen rpad, oTBeuarouiuii
OTHOLIEHHIO CTPOrOH YaCTHYHOMH YNOpPsA04EeHHOCTH B MHO-
KecTBe 8 371€MeHTOB — BepIUHH rpada.

IMocnewuM 3ameTHTh, YTO OGHIYHO rpad HacTHYHOH
YNOpSIOUEHHOCTH H306paxaeTcsi B HECKOJIbKO HHOM BHJE.
Tak, Ha npuBefeHHOM Billle rpade AJAa JIO0BX ABYX pe-
Gep (a,b) u (b, c) umeercs Takxe pe6po (ga,c), nosrto-
MY MOXHO YIOPOCTHTb Hauly cXeMy, Onyckas Bce
TakMe 3aMblkawowue peGpa. BooGuie, KakoBa 6bl HH Ghiia
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IJIABA VII. OTHOUWEHHUSA

opueHTHpoBaHHaa uenb A(a, b), naywmas ot a K b, Ha
rpade ROMXKHO ObITh, CTPOTO rOBOpPHA, Takxe H pebpo
(a, b); HO Tak KaK CyI{eCTBOBaHWE TaKHX 33MbIKaIOUIHX
pe6ep HeNOCPeACTBEHHO BLITEKAET H3 CYIECTBOBAHHS CO-.
OTBETCTBYIOLIMX ODHEHTHPOBAHHHIX Leneil, To Takue pe6-
pPa MOXHO CUHTaTb JHUWIHHMM H OTOpachiBaTh. M3aMeHus
TakuM obGpa3oM rpad puc. 91, Mpl mosiyuuM HamHoro 6o-
Jiee npocToil rpad, naobpaxenuniit Ha puc, 92.

Puc. 93

I'pad yacTHyHOM! yNOPsiAOYEHHOCTH, H3 KOTOPOro yAa«
JeHbl Bce METJAH H Bce JHIIHMe pefpa, Ha3wiBaercss 6 a-
3UMCHBHM TrpadoM COOTBETCTBYIOWIETO OTHOIUEHHS.
Ecau A(a,b) — opueHTHpOBaHHass uUenb Ha OGa3uCHOM
rpade, T0 OpHeHTHpPoBaHHoe peGpo (a,b) Ha HeM oT-
CYTCTBYET, TdK KaK OHO sBJsieTcs JumHMM. He Moxer
6LITh 3jieCh H NPOTHBOTIONIOXHO ODHEHTHPOBaHHOrO peb-
pa (b,a), Tak xak smecrte ¢ A(a,b) sto npuseso 6b K
OpHEHTMPOBAHHOMY UHMKJY, BO3Bpallalouemycs K d, OT+
Kyaa cjefoBaao OB, 4TO @>>d, YTO NPOTHBOPEYHT yCJO-
Buio 1 (puc. 93). C apyroii CTOpPOHH, KAXKAKH AUHKIHYE-
CKHFi OpHEeHTHPOBaHHbIH rpad, T. e. OPHEHTHPOBAHHLIA
rpad, He coAepxalud OPUEHTHPOBAHHBIX WHKJOB, NpH-
BOAMT K YACTHUHON yNOPSIAOYEHHOCTH, €CJIH CUHTATh, 4TO
a>b B TOM cJayyae, Korja HMeeTCss OpPHEHTHPOBaHHas
Lens, HAyMas OT @ K b.
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§ 4. YACTHYHAS YNIOPANOUYEHHOCTDH

OTHomeHHEeM ynopsiaoOYeHHOCTH (B CTpO+
roM CMbIC/ie) Ha3biBaeTcsi (CTporas) YacTHYHasi ynopsiios
YeHHOCTb, @>b, nAs KOTOPOi B HOMOJHEHHe K Mpeablay+
LIMM YCJOBHAM BHINOJHEHO TakXke chejyioliee

Ycnosue noanots. [as arobolx 0syx Hecosnadaroujux
aaemenTo8 a u b eceeda svinoaneno 00Ho u3 08Yx €OOT=
nowenutl a>b uau b>a.

HupiMu cjoBaMu, 6ce sneMeHTH MHOXKeCTBa <«Cpas-
HHMBI» MexAay co6oit mo 3ToMy oTHomwenuio. MHoraa srto
OTHOLIEHHEe HAa3biBaeTCsl OTHOLIEHHEM NOJHOM ymo+
PANOYEHHOCTH B OTIHYME OT YACTHYHOH YIOPALOUEH
HOCTH. AHAJIOTHYHO OTHOLUEHHE YNOPSAOUEHHOCTH a > b

R
2

Purc 94

onpefensieTcss TeM Ke CaMbiM YCJIOBHEM TMOJHOTH B [0*
TNOJIHEHHE K YCJOBHAM YacCTHYHOH YNOPAAOYEHHOCTH.

Jlns OTHOLUIEHMs] YNOPS/AOYEHHOCTH MHOMXKecTBa R, u
Ry, oTBeyaioulye ABYM 3JeMeHTaM a H b, Bceraa AOMXKHbI
YAOBJETBOPATb YC/AOBHIO R, DR, uan Ry>R,. Kak B Ma-
TeMaTHKe, TaK H B NOBCEAHEBHOH XH3HH YacTO NPUXO+
JMTCA HMeTb eJ0 C YyNOPAAOYEHHBIMH MHOXKECTBAMM; Ha+
NpHMep, CJI0Ba B CJAOBapsAX YNOPSAOUHBAIOTCH JIEKCHKO-
rpaduuecky, T. e. B aJ(PaBUHTHOM NOpsAAKe: YYEHUKH MO-
TyT GBITh YNOpsilOu€Hbl MO POCTY, MO HYHCAY NOJYYEHHBIX
B CHOPTHBHOM COCTA3aHHM OYKOB, IO LIKOJIbHBIM OTMeET-
KaM WM M0 MHOTHM HHHIM npH3HakaM. HauGonee u3-
BECTHO B MaTeMaTHKe YMNOpAAoOuYeHHe YHCeJa BelllecTBeH«
HO#l 4HC/I0BOIt OCH. 31ech MHOXeCTBO R, COCTOHMT H3 Bcex
yncen b, ynoB/NeTBOPAIOWNX YCAOBHIO a>b, T. e. B 06bIY-
HOM TNIpeACTaBJeHHH Ry COCTOHT M3 BCeX YHCes, JieXallux
Ha YuCJ0BOH ocu neBee a (puc. 94).

OueHb 4acTO NPUXOAHTCH MMETb Jes0 C YNOpsiAoYeH-
HbIMH MHOXECTBAMH, COCTOfIIIKMH M3 KOHEYHOTO YHcna
371eMeHTOB. TaKoe MHOXECTBO COHEPXKHT HEKOTOpbiil
3JIEMEHT 4y, MEHbUIHA YeM BCe OCTaJbHble 3/EMEHTLI,
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I'JIABA VII. OTHOWEHUA

CJeNyIOIHA 3JEMEHT ap, GOJBIIME YeM a;, HO MeHbluuft
yeM Bce APYTHe 3J€MEHTH, H T. X. 10 HauGoJjbilero sJe-
MeHTa @n. CnefoBaTeNIbHO, 37€MEHTHl TAKOIO MHOXKECTBA
YIOpAZOYEHBl TOYHO TaK JK€, KaK YIOPSAOYEHB! LeJbe
uhcaa 1, 2, ..., n, pacno/oxeHHble B NOpsIKe BO3pacTa-
HHSA. DTO MOXXHO BBIPA3HTh TaKXe CJAeAyIOLIUM o6pasoMm:
Kaxpaoe YNOpsJOYeHHOE MHOXECTBO, COCTOSILEe H3 11
3JIEMEHTOB, B OTHOLUEHWH NOPAJAKA YCTPOEHO TaK XKe, Kak
MHOXECTBO LennXx yucea 1, 2,.,., n.

VYnpaxXHeHHus

1. Haueprute noanmii rpad u GasucHelit rpad nas ynopsinouen-
HOTO MHOXXECTBa, COCTOsALero u3 uerblpex uucen I, 2, 3, 4.

2. KakoB GazucHblit rpad ANsT ynopsAOYEeHHOrO0 MHOMXKECTBA H3 1 UH«
cenl, 2,3, ... ,n?

3. JloxkaxnTe, YTO OTHOUWIEHHE AENMMOCTH alb B MHOXKecTBe LEJHX
yyucesl fABJAETCA OTHOMIEHHEM 4YaCTHUYHOH ynopsaoueHHocTH. Ka-
KOBO B 3TOM CJyuyae pasjJH4yHe MeXAy 4YacTHUHON ynopsaoven-
HOCTBIO M CTPOTOi YacTHYHON YNOPSiLOYEHHOCTHIO?

4. YKaxuTe BCce MOXMHOXECTBA MHOXeCTBa S, COCTOSLIEro #3 Tpex
snementoB a, b, ¢. Cxonpko 3aech uMeeTcst nogMHoxects? Ilo-
crpofite rpad U GasucHWA rpad AJA COOTBETCTBYIOULEA UYacTHU-
Hoit ymopspoveHHoctH. [loueMy 3mech CTOMT BBECTH TaKXKe Ny«
cToe MHOXKeCTBO &, BOBCe He COAepiKalnee 3JEMEHTOB?



raABA VI

Mnockue rpadui

§ L YcaoBua AAA MAOCKHX rpados

llnockuMm rpadomM, Kak MB yXKe FOBOpHJH (me-
peuntaiite § 4 ra. 1), nHaspBaercs rpag, KOTOPbIH MOX-
HO HaYepTHTb Ha NJOCKOCTH TaKuM o0pa3oM, uToGHl ero
pe6pa He HMeJH TOUEK NepeceueHHs, OTJIHYHLIX OT Bep-
wuH, Ml yXe npHBeNH HECKOJbKO NPHMEPOB INVIOCKHX
rpadoB. B§5 ra. I Mp paccmorpenu 3apady o Tpex no-
MaXx H Tpex KoJjoauax u OOGBACHHIAH, MOYeMYy COOTBET-
crBylolini rpad He sBasercss naockuM. I'pad aroit 3a-
nauu (puc. 16, ctp. 22) Moxer OHITh HauepyeH MHOTHMH
cnoco6aMu, KakK 3TO BO3MOXXHO, BOpPOYEM, H [Jsi BCex
rpagos. Korna Mbl roBopuMm o «rpage 5TOH 3a1auH», MH
HMeeM B BHAY M1060ii rpad, n3oMopdHBIAi KAKOMY-TO YacT-
HoMy rpady, onuchiBaioleMy AaHHylo cHryaumo. Creno-
BaTe1bHO, YTBepXAeHHe «rpad, H306paKeHHBH Ha
puc. 16, He sBAsSeTCHS MJAOCKHM» O3HAuaer, YTO He cylile-
cTByeT H3omopdHOro emy rpada, HauepueHHOro Ha MJO-
CKOCTH, ¢ colaiofeHneM TpeGyeMbiX ycsaoBuii. Bepiuunni
atoro rpaga MOXKHO, HampuMep, PacnoNOXKHTb B BepUIH-
HaX NMPaBUJLHOIO WIECTHYTOJbHHKA, Kak Ha puc. 95. Tou-
Ka rnepeceuenus pebep B UeHTPe LIECTHYTONbHHKA He s~
Jsercsl BepLIMHOH rpada: MBI JO/KHBHI TNIpPecTaBaATh
ceGe, uTo B 3TOH TOuKe ero pe6pa NpoOXoAAT APYr Haja
Opyrom.

CymecTByer naxe rpad, umelouiit Bcero nsTb Bep-
IIHH H He SIBASIONIMHCA NJOCKHM — 3TO NOJHBIA rpad c
naTteio BepuuHamu (puc. 96). To, yro stor rpad nei-
CTBHTEJNBHO He ABJAETCS NJIOCKUM, MOXHO OOBACHHTH,
TaK Xe, Kak 370 cAenano B § 5 ra. I nas rpada puc. 95
(uan puc. 16). Ipu aoGoM u3oGpaxeHuyu Takoro rpada

127



TJIABA VIII. IMIOCKHE TPAOLI

Ha NJOCKOCTH ero BePIUMHEL, CKaxeM B nopsiake ABCDEA,
JOMKHBl 06pa30BBIBATL HEKOTOphI WHKA & . [TpoBoas
pe6po (B, E) Ttakoro mJjockoro rpada, Mb ellle uMeeM
BbI6Op — pacnoJiarath ero BHYTpPU UaM BHe . Paccyx-
JleHHC B o6oMX caydasx oauHaKoeo. [Ipeamonoxum, yto
Mbl poBeJiu 3TO pe6po BHYTpU &, Kak Ha puc. 97. Bep-
mwuHa A gonxkHa GITb coeauHexa pe6Gpamu ¢ D u C.
Taxk kak pe6po (B, E) Melaer uM NpoXOAUTh BHYTPH &,
TO 06a oHu npoitAyT RHe . Pe6po (D, B) moxHO nposectH

A
A
V4 X
E B
c B
Y D c
Puc. 95 Puc. 96

TONbKO BHYTPH ¢, notoMy uto pebpo (4, C) mewaer
noaxoay x B ussne, Ho Toraa y nac Her cnocoba npose-
CTH Ha nJockocTu nociaefHee pe6po (C,E), Tak Kak oHO
He MOXET NMPoHTH HU BHYTpH & — u3-3a pe6Gpa (D, B),
HH BHe & — u3-3a peGpa (4, D)!).

Mu pacemoTtpenu noapofso stH asa rpada — rpad
3a/aud O TPexX JoMax M Tpex Koaoauax (puc. 95) u moJ-
Hulil rpad ¢ nsThio BepwuuaMmu (puc. 96), moroMy uto
CHH HrpalioT ocobylo posib B ONpefeNleHHH TOTO, siBJsfeTcs
nauueidt rpad nnockuM uam Her. Kpurepnfi, xapakrepu-
ayoumui njiockue rpacdsl, 6611 npepaoxen B 1930 r. moas-
ckuM MaTteMatukom Kypatosckum. Uto6ni chopmyanpo-
BaTh €ro, Mbl JOJJKHB CHayasla OGBACHHTb, YTO MBI HO-<
HUMaeM NOJA pacmMupeHUEM U cKaTHeM rpada.

[Tpeanonoxum, uto Ha Hekoropble peGpa rpada Mu
NOCTaBHJIM HOBHIe BepUIMHBI, TaK 410 3TH pebpa craan

1y Hpyroe mokasatenscTBo cM. B § 3.
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§ 1. YCJIOBHA N8 NJAOCKHX I'PAGOB

3/eMEHTAPHLIMH UEeNsIMH, COCTOSWIAMHM H3 HECKOJbLKHX
peGep. D1y onepauuio Mb Ha30BeM pacLIHpeHHeM
rpacda. Ha puc. 98 npusenen npuMep paclIHpeHHs, ne-
pesoasitero rpag a, coaepxallHX Bcero ueThipe Bep-
LWHHH, B rpad 6.

OG6patHo, npeanonoXKuM, YTO Ml HMeeM Takoi rpad,
Kak 6 Ha puc. 98, cogepaluuil sneMeHTapHBe LenH, pas-
AelieHHble Ha pe6pa, NpHYEeM M3 NPOMEXKYTOUHBIX BepUIHH
He MCXOMHT HHKaKux apyrux pe6ep. ITocpeactBom oGpar-
HOM onepauuH oH MoxeT ObiTh CX aT B Takoi rpag, Ha
KOTOPOM €ro aNeMeHTapHble UENH CTAHOBATCA peOGpaMH.

A

D c
Puc. 97

Tak, rpad 6 puc. 98 Moxer GuTb CKat B rpad a nyrem
yoajeHHss H3 COOTBETCTBYIOILMX 2JIeMEHTapHHIX Heneil
pa3fedsIoluX UX BepIUHH.

Tenepp Mbl B cocTOsIHEK CHOPMYJAHPOBATL TEOPEMY
KypaTtoBckoro.

Has T020 4T068L 2pagh Gewn naockum, HeOGXoO0umo U
GOCTaTauHo, 4T06bL OH He co0epian BHYTPU cebs Huku-
Kozo 2pagha, xoTopuiti MowHO Obiao 6ol cxcare do natu-
yeoxrbroco epatha (puc. 96) usu wecruyeorsvrozo epagpa
(puc. 95).

Ioka3aTeabCcTBO 3TOH TeopeMbl He CAWIIKOM CJACXKHO,
HO HeCKONbKO rpoMo3aKo u norpeb6oBaso O6bl Gosablle
MecTa, 4eM TO, KOTOPbIM Mbl 31€Chb pacroJiaraeMm.

CphenaeM ellle HECHOJNbKO 3aMedaHHii OTHOCHTEJbHO
naockux rpagos. Bhile Mbl nelTanuch, HanpuMmep AAA
rpadoB puc. 17 (cTp. 22) uau puc. 97, HafiTy ux naockoe
NpeacTaB/JcHHe, NPOBOAS B KadectBe peGep Gosee nin
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Puc 98

Punec 100



§ 2. POPMYJIA BANEPA

MeHee CM0XKHble KpuBble. Ha camom jgene 3To He cyie-
cTBeHHO. MOXHO NoOKa3aTh, YTO KaXAB nJaockuil rpad
MOZKHO HAYePTHTb HA IJIOCKOCTH TakHM o6pa3oM, uTo Bce
ero pe6pa 6yayT npsaMOJIHHEAHBIMH, NIPH YCJAOBHH, KOHEY-
HO, UTO HHKaKaf Mapa ero BepLWIMH He coejHHeHa GoJee
ueM OXHUM peGpomM. B KauecTBe MpHMEpPa Mbl MOXKeM
yKka3zatb rpag puc. 97 u ero «npamoJaHHeiiHoe npeacra-
BJIeHHE», H306paxeHHoe Ha puc, 99.

3acayKHBaeT YNOMUHAHHA TaKkKe H TO, UTO BCAKHH
naockuii rpad Moxer ObITb H306pa’keH Ha MOBEPXHOCTH
cepbi. CylecTByer MHOTO Cnoco6oB NOJYYEHHS TaKOro
npeactasiedns. Hanpuyep, MOXHO BOCMNOJb30BaThCA
Ing 3TOro crepeoepaguaeckoli npoexkyueti; 3T0T MeTol
4yacTo HCMo.ab3yetcsi Kaprorpadamu, ocoGeHHo ans co-
cTaBJeHusi Kapr o6aacreli 3eMHOro uiapa, JeXalllux
BO.1M3H NOJIIOCOB.

IMycts P — naockocThb, Ha KOTOPOit pacnoyokeH Hall
rpad. IMomectuym cepy S Tak, utobbl oHa Kacajach niac-
ckocti P B cBoeM, TaK CKasaTe, IOKHGM NoOJIOCe
(puc. 100). Ceepr:blit nontoc N npumeM 3a LEHTP npoek-
uny. Kaxayio Touky p miockocTH P coeanHHM npsaMoit
auHuei ¢ Toukoii N. Drta npsimas nepeceuer chepy S B
HekoTopoit Touke S. [Ipn 3TOM Aas KaXK10il TOUKH p MJaO-
cKocTi P Haiinercsa COOTBETCTBYWOILAA eil Touka § coe-
pol S. O6paTHoii npoexuneii MOXHO KaxAbil rpag na
cdepe S nepesecTi Ha MIOCKOCTb, Kacaloulylocs cdepn.S.
EnnncteenHoit Toukoit cdepst S, He nMetouweii o6pasa Ha
nJocKocTH P, AiBasieTcs UEHTP npoekuuu N.

Ynpakuenusn
1. Yaaaute pe6po (A, Y) rpada pnc. 95 u naueptute nonyuennuit
nocie 3roro rpad Ha NJAOCKOCTH TaK, uToGhl Bce ero peGpa
GHlU  HeMepeceKaloULHMHCA NPAMOJHHEHLIMI  OTPE3KaMA.
2. MonwiTaiitech HaliTH Bece rpadul ¢ WeECTLIO BEPINHNAMH, He ABAAIO-
iuecs NJOCKIMH.

§ 2. dopmyaa Jilaepa

Teneps, Mbi GyfeM paccMarpHBaTh TNJOCKHe rpadsl,
o6pasyiolie Ha [ILIOCKOCTH MHO2OY20.AbHble CeTU. ITO
3HayuT, 4yTO pe6pa naockoro rpadpa G o6pasyior
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TTIABA VIII. IINMMOCKHE TI'PA®LI

MHOMECTBO NpHJEralouHx APYr K APYrY MHOrOYroJbHH-
KOB, pa3eJsIoIlUX NJIOCKOCTb Ha MHOrOYroJbHble 06.a-
cre nono6io ToMy, KaK 3T0 udo6pameno Ha puc. 101.
IMoguepkHeM, YTO, rOBOPS O MHOTrOYFOJIbHHKAX, MBI,
B NPOTHBONOJOXHOCTh OGBLIYHOMY yNOTpebJieHUI0 3TOro
TepMHHA, He MpejarnoJaraeM, YyTo HX peGpa HenpeMeHiO

2

Puc 101

NpSIMOJIMHEHHB. JTO MOryT OBITH Kakue YrOQHO Hempe-
puiBHbie KpuBbie 6e3 caMonepeceyeHul, pasfensioulye
MJIOCKOCTb Ha OTAeJbHble 06/acTH. XOpOilHM NpHMepoM
TAKOrO0 MHOTOYroJbnoro rpada cayxut kapra CIIA, pas-
AesieHHAsl Ha OTAe]bHble LITAaThl, a TaKxe Jai06as apyras
reorpapuyeckas Kapra ¢ rPaHHUAMHE MeX1y CTPaildMH.
Otu rpauuubl ABAsiorcs peGpamu rpada, a cama crpa-
Hbl — MHOI'OYrOJIbHHKaMH. .
Hrak, Mel 6yneM paccMaTpHBATL Teneph MHOIOYTOJbe
Hole rpagel. M3 onpemeneniss sCHO, YTO OHH CBSI3HBI;
norpeGyem, Kpome TOro, 4ToGbl HH OMMH MHOIOYTOJbHHK
He Jexasn BHYTpu apyroro. I'panuunblie pebGpa Kax-
HOro TaKoro MHOTOYroJbLHHK2 OGPa3yioT .LIMKJ, HHOrIa
Ha3bIBAEMbIi MUHHMAaNAbHBM LHKJOM. YacTe mio-
CKOCTH, 3aKJIIOYeHHAS BHYTPH TAKOr0 MHOFOYTONbHHKA,
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§ 2. ®OPMYJIA 3AJIEPA

Ha3biBaeTcs rpaHblo rpada. Ha Takom rpade umeerca
clle 1 MaKCHMaabHbLA nuxa Cp, OKPyXalowWwwuii
Bech rpad co BceMH ero rpaHsiMu. B MaTtemaTike o6biund
PYKOBOJCTBYIOTCS MPEBOCXOAHEHUINM NPHHIHNOM, COCTOH <
KM BO BBEJEHMH TAKHX COTJalleHH#i, yToObl Bce ¢op-
MYJbl CTAaHOBWIHCL BO3MOXHO Gonee npocthiMH, Tak, B
lalleM cJayyae BLIFOAHO PACCMaTpHBATh YacTb MJIOCKO-
ct, aexawyio Bie C;, ToXe Kak rpasp rpada c rpanu-
neit C;. Mul Ha3oseM ee 6eCKOHEYHOH rPaHbI0 Fe.
Ilpoextupysa rpad na coepy (cm. § 1), MoxHo yGeautn-
CSl B TOM, YTO Ha CaMOM jJe/ie HeT HHKAKOH pasHHUBI Me-
# Ay 6GeCKOHEeYHOM rpaHbio H M1060it H3 OCTAJbHHX.

IMpouanioctpupyem Bce 970 Ha rpade puc. 101. dto
rpad c 10 rpanamu, 3aHyMepOBaHHBIMH uHucjAaMH OT [
no X. I'pans |, nanpumep, uMeer B KauecTBe TpaHHIbl
LHKJ, cocTosAulnit n3 pebep

(1, 2), (2, 11), (11, 10), (10, 1),

a rpaub VIII orpannyeHa Tosbko aByMs peGpaMu, coe-
nuHgomuMy sepuiiant 10 n 12, PeGpa MakcuManbHOro
uukna C, npoxoaar no sceM BepwHHaM ot 1 go 10 no
TOPAAKY, a 3aTeM BO3BpariailoTcs Hasax k 1. Deckoney-
Hag rpanb X npeacTaBaseT co60of COBOKYNHOCTb BCeX
TOuEK, Jexawux e Cy.

Oas npocTpancTBEHHBIX MHOTOTPaHHHUKOB CYLUECTByeT
OJHO MHTEpecHoe COOTHOUIeHHe, BNepBbie A0Ka3aHHoe Di-
JiepoM H H3BeCTHOe MoJ Ha3BaHHeM gopmynm ditne-
pa aAas MHOrorpaHuHukos Osxa cnpasesimusa H
A HalWIHX MHOroyroJbHbIX rpados. OGo3nauum uyepes

8 P, 2

COOTBETCTBEHHO YHCI0 Bepiuud, pelep H rpaHed Takoro
rpada G. Teopema Jilnepa yTBepikAaer, YyTo Bceraa

6—pte=2. (1)

Hoxasateasctso. Popmyaa (1) oueBnana B TOM mpo-
cTefilleM cayuae, KOFja pacCMaTPHBAETCS TOJbKO OXHH
MHOTOYTOAbHUK, HMelownit n pebep (puc. 102). B stom
cayvae

6=p=n, e=2
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TNIABA VIII. IINOCKME T'PAOHL

n paserctBo (1) neiicTBuTensHo numeer Mmecro. g po-
Ka3aTeJbCTBA CINPaBeJJHBOCTH 3TOH ¢GOpMyJEl B obliem
cayyae MH BOCHNOJIb3yeMCS MeETOXOM MaTeMaTHYecKoll
HHAYKUHH, @ HMEHHO MBI [OK2XXeM, YTO ecJHd OHa Chpa-
BeJINBa JJs rpagos, HMEOUHUX & rpaHell, To OHAa TaKke

Fl Fee

Puc 102

Oyner ®wepHa m aas rpados ¢ 241 rpanamu. Muoro-
yrosbtble rpafbl MOMHO CTPOHTb, MOCJIEAOBATEIBHO HAO-
GaBasis Mo OAHOI rpaHH «u3BHe», [IpeanonoxuM, uto G
(cniownas nunug Ha puc. 103) — MHoroyroabHli rpad,

Puc 103

nmewomnil 8 Bepluyy, p peGep u 2 rpauedl, 1 uT0 419 UH-
cen 8, p U & cnpasejanusa ¢opmyaa Dinepa. Lobasum
HOBYIO IpaHb (MyHKTHPHAs JauHUA Ha puc. 103), nposoas
no rpann Fo HEKOTOPYIO 3/E€MEHTAPHYIO LeNb, COeLHHsAI0
IYI0 [Be BepLIIHEI MaKCHMaJbHOrO HHKaa rpaga G.
Ecau ata ayra nmeer r pe6ep, To Ham npuaetcst ao6a-
BHTL 7 — | HOBbIX BepLIH M ONHY HOBYIO rpanb. Ho Toraa
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§ 3. HEKOTOPLIE COOTHOMIEHHA AJIA TPA®OB

sicio, uto GopMmyna Diinepa OCTaHETCH CNPaBeASHBOMN i
ons Hosoro rpada, Tak Kak

¢ —p'+=(6+r—1)—p+nN+(+1)=s—p+te

YopaxueHusn

1. Nposepsre ¢Qopmyny Dinepa ans rpaa, H306parkeHHOro Ha
puc. 13.

2. Caenaitte 10 e camoe aas rpatda, oGpasopannoro 8X8 ksas-
paTHHMH noaAMHM laxMaTHo@t Aockn. OGoGuite STO paccyxae-
Hue na cayuait J0ckH, o0pa3oBaHHON NX N KBaAPAaTHHIMH MONSMH.

§ 3. Hexotoprie cooTHOmeHns AAas rpados.
JiBoficTBeHHBE Fpadu

B stom naparpade Mbi onsath 6yleM paccMmarpuBath
MHoroyroabHsle rpadel. Popmyay Jitnepa (1) Mbi mepe-

nuumeM B BHAE .
6t+2=p+2. (2

Yucno peGep rpada Moxkuo HaliTH, nepecuuTtas pebpa,
BLIXOJISIIE H3 KaXA0il ero BepiunHbl. Tak Kak npH 3TOM
Kaxkjoe pe6po cuHMTaercd ABaXKAbl, TO Mbl MOJyuaeM pa-

BEHCTBO
2p=0(A)+ ... +0(Ad) 3)

copnagaioitee ¢ paseHctsoM (1) w3 § 6 rn. I, rae
p(A;) —crenenb BepuinHB A;, T. €. HHCAO HCXOAAWMX
u3 Hee pebGep. [lna rpaga puc. 101 p=22,

MoxHo 1 HHaue cocuuTaThb pe6pa MHOTOYTOJBLHOrO
rpada. OGosnaunM uucao k-yronbuulx rpaueir rpada G
yepe3 @x; 3necb k=2, 3, 4, ... Tak, Hanpumep, aasa rpa-
¢a puc. 101

P=1, (93=3v (P4=3p =1,
%=1, ¢,=0, ¢3=0, ¢3=0, ¢p=1.

Hubimu caosamu, cpean ero 10 rpaHeil nMeercs OoAHa
orpaHHueHHas ABYMA peGpaMH, TPH OTPaHHYEHHHIE Tpe-
Ma pe6paMu # T. A. Tak KaK Ha TaKHX MHOIOYroJbHLIX
CeTAx HeT MeTesb, TO HAa HAX HET H Tpallell, orpaHuyeH-
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TTABA VIIIL ILTOCKHE TPA®MNI

HBIX oaHMM pe6pom. ClemoBareibHO,
2=+ P+ 4+ ... ®

A Teneps, aasa TOro YTOGH CHOBAa COCYMTATH YHCIO pebep
rpada, 3aMeTHM, YTO KaXjoe ero peGpo CJy:XKHT rpaHil-
Ieil B TOUHOCTH ABYX I'pPaHeil, cje0BaTeabHO,

2p =29, +3¢;+ 49+ -.. (5)

Orciona ans rpada puc. 101 MBI no-npexkueMy noJayuaem
p=221).

Hnsa kamxaoro MuoroyroasHoro rpaga G MoXHO cJe-
AylomdM 06pa3oM TIOCTPOMTh HOBBIH MHOrOYIroJbHbIH
rpad G*, HasbiBaeMblii XABOHCTBEHHBI M K NEPBOMY.
BuyTpu kaxjoit rpany, B TOM uHuCJae # GeCcKOueuHOH, Bbl-

1) Moav3ysach ¢opmyaamu (4) # (5), MOXHO CHOBAa 10Ka3aTh,
910 moMHbiit rpad c nATbi0 BepwHHaMn (puc. 96) u rpad 3zazaun
O Tpex JoMax 4 Tpex Kojgoxuax (puc. 16) He fBAAIOTCA MIOCKHMH,

B nepsom cayuae uncino BepuwHH 8 = 5, unc.i10 pe6ep p = 5 = 10.

Ecan 61 3T0T rpad Gbl1 MIOCKHM, TO N0 Teopeme Jillepa 4uCIO ero
rpaveii 2 6na0 6b paBHo 2-—8 + p = 7. Kaxawme 1Be BepuIHHbi
3T0Oro rpaga coeaHHeHbl €IHHCTBEHHHIM peGpoM, NOITOMY AJS HEro
¢ = 0 1 no ¢opmyaam (4) u (5)

t=T=04 0+ ¢4 ...
2p=20=3¢;+ 49, + S¢s 4 ...

YMHOXasl nepBoe PaBeHCTBO Ha 3, MOJYYHM
21 = 3¢5 43y + 395 +- .. .;

HO 3Ta CyMMa MeHblie BTOpOit cymMbl, pasHol 20. IToayuenHoe npo-
THBOpEYlie MOKa3blBAeT, YTO Hallle NPeJN0J0KEHHE HEBEpHO.

Bo BtopoM cayuae & = 6, p=—é—= 9; ecan 6ol rpag Geui

TJOCKHM, YHCJIO €ro rpaHei 2 paBHajoch Obt 5. Tak kak 3aech He
TOMbKO @2 =0, HO 1 3 = 0 (aBa J0Ma HIM ABA KOJAOAUA MEKAY
coboit He coeauHAOTCR), TO

t=0=q+qs+ g4 ...
2p =18 = 4¢, + 595+ 65 - ...

Ymioxan nepsoe paBencTso Ha 4, noayuuM
20 = 49 +4ps 4+ ...,

HO 3Ta CyMMa Meiblle BTOPOJi cyMMbl, paBHoOji 18.
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§ 3. HEKOTOPHE COOTHOUWIEHHS ANf T'PA®OB

Gepem no oanofi Touke. JIBe TakHe BHYTPeHHHE TOUKH
A u B coenunnm peGpoM B TOM H TOJALKO B TOM cayuae,
XOraa OHH NMPHHAAJEXKAT ABYM COCEBAHHM TpaHAM ¢ 06-
INHM TpaHHYHEIM pebpoM E, u 3To HoBoe peGpo nposes
nem ot A K B tak, uto6rt oHo mepecekano E, o He mepes
cekano apyrux peGep rpada. Ecau umeerca neckosibko
rpaHHYHBIX peGep, o6LIMX OISR ABYX FpaHeil, TO Aasl Ka-
AOTO H3 HHUX NMPOBOAMM MO OJHOMY pe6py. DTo nokasaun

Puc. 104

ra puc. 104, rae rpa¢ G usoGpaken CIIOWHBIMH, a rpad
G* — nyHKTHpHbBIMH JuuusiMH. [lBoiicTBenHbili rpadp G*
MOXHO MOCTPOHTb TOJbKO AAsi Miockora rpaga G.
Fpad, nBOMCTBEHHBLIHK MHOrOyroibHOMy rpagy, caM
SIBAISeTC MHOroyronbHuiM rpadoM. M3 puc. 104 suano,
yro Kaxnoi rpaen F rpada G cooTBeTcTBYyeT B TOUHOCTH
onna epuinHa W* rpada G*, npuuem uucao peGep, cxo-
aswuxcs 8 pepunne V* rpapa G*, pasHo uHcay peGep,
OrpaHHYUBAIOWMX COOTBeTCTBYIOWYI0 rpaib F rpada G.
CaenoBatenbHo, cTenens BepwnHbl V* rpaga G* pasua
uucay peGep, OrpaHHUKHBAIOUIMX COOTBETCTBYIOULYIO FPaHb
F rpada G. Kaxaomy pebpy E rpada G cootercTByeT
eHHCTBEHHOe Nepecekawoiiee ero pe6po E* rpada G*.

137



TJIABA VIIL IIJIOCKHUE TPA®HI

U3 kaxpaoit Bepuwnnbl V rpada G suixogut p(V) pee
Gep. Onu mnepecexalorcs peb6pamu rpadpa G*, oGpasyio«
muMu rpaib F*. CrnepoBarenbHo, rpais F¥ orpannuena
p(V) pe6pamu rpada G*. U3 puc. 104 Herpynno BuAeTs,
uyto rpad G B CBOIO OUepenb fBJAETCS JBOHCTBEHHBIM K
G*. JIBa stux rpada MMeIOT OAHO H TO XKe YHCJIO pebep,
yucao Bepuiny rpada G* pasHo uMcay rpaseit rpaga G,
a uyucnao rpaseil rpadpa G* — yucay sepwun rpaga G.

§ 4. TipaBuabHNE MHOTOTPAHHHKH

I'pad HaswiBaetcs oanopoxaHbuM (cM, . I, § 6),
CCJIM B KaxA0H ero BeplIHHE CXOAHTCS OIHO H TO e YH«
c1o p peGep; OAHCPOAHBI MHOTOYroJeHblit rpad G uas
3bIBAETCSI P aBHJbHBIM, eCJIH i ABOHCTBEHHBIl K HEMY
rpad G* Takxe siBJAsieTCS OMHOPOAHBIM. DTO O3HAyaeT
(cM. npeasiaywmit maparpad), yTo Kamkjaas rpaHb rpa-
tba G nomxKHa ObITb OrpaHUYeHa OAHHM H TEM e YHC-
JIOM, ckaxeMm p*, peGep.

Ceituac MBI MCKaxeM, YTO CYWIECTBYET OY€Hb MaJjo
npaBusbHBIX rpagos. Ecan cotunraTs ucio peGep rpa-
da G no dopmynam (3) u (5), To AT NpaBHILHBIX rpa-
¢oB 06e CYMMBI CBelyTCS K BhIPayKeHHIO

2p=ps =p". (6)
U3 pasenctsa (6) naxomum
D O
P— D] PBa 2—? 8,

NOJACTaBJAAS 3TH 3HauyenHs B Gopmyny ditmepa (2), no-
JyyaeM

0 Ly
(342
YTO MOZKHO Nepenucarb Tak:
6 (20 + 2p* — pp*) = 4p". ]

Tak xak 8 u p* — Hesble NOAOKHUTENbHBIE YHCAA, TO
BBIpaxKeHHe B CKOOKax TOXe AOJMYKHO GbiTh LieJbIM MOJO-
¥KHTENBHBIM YHCJIOM

20+ 20" —pp* > 0.
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§ 4. NPABUJNIBHBIE MHOTIOIrPAHHHKH

9’1‘0 nocaejHee HepPaBEHCTBO Mbl nepenimieM B BHAE
pp" — 20 — 2p* <0,
P—2)(*—2)< 4 8)

Mb 6ynem pewrarb HepaBenctBo (8) B ABa mpuema.
CHauana paccMOTpuM TOT caydail, Korga o6a MHOMCH-«
Teass p— 2 u 0% — 2 NOMOXKHUTENBHEI, T, €, KOTAa H pH p*
6oablue aByX. Tak Kak Bce maphi LeAbIX MOMOMKHTENbHbIX
uHceJl, TpoH3BeeHHe KOTOPHIX MeHbile 4, HCUepNbIBAOTCS
napaMmg 1 ul,1n2, lud 10p—2<3np*—2L3.
B stom cayuae p u p* MOryT NpHHHMATh TONBKO 5 3Hu«
YeHHil, nepeulcaeHHbIX B caeaylouleii Tabanue:

HJH

[IpaBuabtinie rpadni

Pl | e} p]| e Tun
313146/ 4] Terpasnp
314 |8112] 6 [Ky6

3|5 |20 ]30] 12| Noaexasap
4131|612 8 | Okrasap
513 [12]30]20 | Hkocasap

Uncno pebep, Bepiunu 1 rpaueil 3gech 6bl10 COCUHTA-
HO ¢ noMoulblo dopmya (6) u (7). I'lpn nocTpoenun npa-
BUAbLHBIX Tpados, nepeuncieHHbIX B Tabaule, HAUHHAIOT
€ Tpeyro.1bHHKa, YeTHipeXyro/bHHKa HJH NATHYTONbHHKA,
B COOTBETCTBHM cO 3HayeHusiMH p*=3, 4 uau 5. Cobu-
pas MHOTOYTOJBHHKHM BMecTe, TaK 4TOObl B KaXkJOH Bep-
wHHe CXOAHA0Ch TpebyeMoe UHCJ/O TpaHed, Mbl HaflleM,
WTO ¢ TOYHOCTLIO A0 H3oMOpdH3IMA 1A/s KAXIOro W3
NATH C.1y4aeB HMeeTcst B TOYHOCTH OAHH THN NpaBHJb-
Hpix rpagos (cM. puc. 105).
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§ 4. TIPABUJIbHBIE MHOTOI'PAHHHKU

Tpad, asoiictBenHblit npaBunpHOMY rpady, caM, no
onpeieNeHHI0, TOXKe ABJAAETCA NPaBHAbHHIM. M3 Hauwei
Tabauubl BHAHO, YTO OKTa’Ap ABJIAETCA [BOICTBEHHHM
Kyby, HKocasap — ZoAeKa’Apy, a TeTPasap ABJjseTcA
ZABOHCTBEHHHM CaMoMy cefe.

INpu onpesneneHHH HeJBIX MOJOXKHTEJNBHBIX YHCESa P H
p¥, YIOBJIETBOPAIOLIAX HepaBeHCTBY (8), MBl paccMoTpe-
JIH IOKA TOJIbKO 3Ha4YeHHs p>2 u p*>2 H NPHUWIAM K YKa-
3aHHLIM B Tabauue pesyabraraM. OAHAaKO 3TO HepaBeH-
CTBO HMeeT peilleHHS TaKXe M B TeX cjaydyaaX, Korga p

Puc. 106 Puc 107

(unu p*) npunuMaer 3Hauende 2 uam 1. CootBercTBYyIO-
i(Me rpagbi OKa3blBalOTCA COBEPLIEHHO TPHBHAJbHBIMH.
Ecan p=2, Mbl uMeeM cBaA3HH rpad c asyms pe6-
paMu B KaxJ1ofi BepLUHHe, WJH, KOpOue roBOPS, 3JMeMeHs
tapuulit uuka (puc. 106). Ecau p*=2, To paBenctBo (7)
NPHHHMAET BIA
8(20+4—2p)=146=38,

TaK yTo 6=2; B 3TOM CJyuyae rpac COCTOHMT H3 ABYX Bep-
1IHH, COeJMHEHHBIX HecKoJbKHMH pebGpamu (puc. 107).
3ameTuM, uTo rpad, ABOACTBEHHBIH UHKIAY C ABYMs rpa-
HSIMH, N BEpLIMHAMHU ¥ n pe6GpaMH, HMeeT flBe BEPILHHEI,
n rpaseii 4 n peGep. MHbiMu cnoBaMM, Takue rpads,
Kak H306paxennble Ha puc. 106 u 107, nBoiicTBeHuH
Apyr ApyTy.

[Mpu p=1 Hepasencrso (8) yaosnersopsercs Aas Jio-
Goro MoJOXKHUTeNbHOro 3HaueHus p* (npoBepnTe 3TO!).
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TIJ1ABA VIII. IVIOCKHE T'PA®BI

Ho cBsisubifl rpad ¢ eIHHCTBEHHHIM peGpoM B Kaxaod
BepLIHHE JIOMKeH MMeTb TOJIbKO OAHO pe6Gpo, T. e. A0J-
XKHO ObITh

6=2, p=::=1, p=1, p'=2

Bhl Jerko Moxere npoBepHTh, uTO Npu p*=1 rpag
npejacTasiaser co6oit OAHY NeTNAI0, ISl KOTOPOH

e=p=1, 2=2, p=2, p'=1.

B 13-ii xunre «Havan» EBxksnaa usnoxeHo yyeHue o
NPpaBUJbHBX MHOFOrpaHHMKAaXxX. OTH MHOTO+
FPaHHHKH MOZHO BOHCATb B cepy; BCe rPaHH Kaxka0ro
TAKOT0 MIOrOrpaHHIKA — NpaBiJIbHble H paBHblE MEXY
€0060ii MHOroyTOMBHHKH, IPHYEM B KaX[AOH ero BepluHHE
CXOAHMTCST OHO M TO e yucao peGep n rpaueir. I'pad
TAKOro MHOIOrpaHHHKa, COCTaBJEHHHI{t ero BepLUHHAMU
K pebpamii, fBJA€TCd NPaBHJIbHBIM; 3TO NJIOCKHH rpad,
TaK KaKk ero MOJKHO CIPOeKTHPORaTb Ha cdepy H3 ee
Henrpa.

[TpaBiibHble MHOTOTPAHHHMKH YTNIOMMHAIOTCS TakxKe
y Ilnatona B ero counnennn Timaeus; Bausinue Il1aTona
6blJI0 CTOAL BEIHKO, YTO C TeX IOP 3TH MHOrOrpaHHHKHU
YaCTO HAa3bIBAKOT MJIATOHOBHIMH TenaMu. OnHAKO H He
EBKNMIA OTKpPbI TPaBHAbHBIE MHOFOTPAHHHKH; OHH GbLIH
H3BECTHLI elile ero npenwectBeHHHkaM. Hexoropble 3
NpaBUALUBIX MHOTOTPAaHHHKOB 3HAJHW jaxe nudaro-
peiiubl. B apeBHOCTH 1 B cpelHHe BeKa MpPaBHJIbHbBIE MHO-
TOTPaHHHKH pPaccMAaTPHBANHCh KakK CHMBOJIbI TapMOHHH
BCGJEHHOIl ).

M3 nawero uccaenoBaHusi npaBHaAbHBIX rpadoB BHI-
T€KaeT, UTO He CYLIecTBYeT HHKAKHX NMPABHIAbHBIX MHOTO<
TPaHHHKOB, OTJLIYHBIX OT TeX NMATH, KOTOPble H306paskeHbl
Ha puc, 105.

Ynpaxuenns

1. Haueptire rpadwr, npoiicTBeHHBle TeTpasapy, KyGy H OKTa’apy.
2. Ha scex o npaBHALHBIX MHOTOTPaHHHKAX HMEIOTCA FaMHALTOHOBH
AnHuu?

1) Tak cuntan, manpusmep, M, Kennep, monoxuBuui 3TH Tesa
B OCHOBY CBOHX JOBOJILHO COMHHTEJbHHIX pacyeToB, CBA32HHBIX
¢ onpejesieHHeM NapaMETPOB MAAHET CONHEUHOH CHCTEMUI,
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§ 5. MO3AHKHU

§ 5. Mo3aukn

Ecau nocMoTperb Ha Mol B BaHHOH KOMHaTe, MOXHO
yBHOETb Y30pP H3 NOBTOPSIOUHXCS NPAaBHAbHBIX MHOrO-
yroabuukoB. @dopMa 3TUX MHOTOYrOAbLHHKOB MOXeT
OGLITb pa3HOi; OHH MOFYT ObITb KBajpaTamH, HJIH Tpe-
yroJbHHKaMH, HAH lWecTHyronbHuKaMu (pHc. 108). Takue

e
T

Puc. 108

y30pbl AJ8 MO3aHYHLBIX MOA0OB ObLIM pacnpocTpaHeHH
ellle B rayGokoii apeBHOCTH. B mpupome MoXHO HaiiTH
MHOrO MPHMEPOB TaKHX MOBTOPSAIOIIHXCA Y30POB CO CXO0A-
HbIMH HJH Aa)Xe C OAHHAKOBHIMH siveiikaMH. B GoTaHuke
OHH BCTPeYaloTCsl NPH H3YYEHHH pPACMONOXKEHUS JHCTHEB,
noyek H ceMfiH y pacreHuil. Bbl, Bo3aMOXHO, 3aMeuanu
TaKyl0 MNpPaBHJIbHOCTb, HampuMep, B XapaKTepHOM pi-
CyHKe Ha NOBEpXHOCTH aHaHaca HAHM B PacnosOXeHHH
CeMsIH NMOACOJHEUHHKA.

C TOuKH 3peHus Teopnu rpagoB nogo6Has Mo3aHka —
5TO NJIOCKHH rpa¢, Bce rpaHu KOTOPOro HMelOT OZHO N
TO e 4HC/0 pebep H noBTOpsIOTCA 60J/bILOE YHCJIO pa3.
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TJIABA VIII. IUVIOCKHE TPA®GbLI

Mbi cHOBa nokaxeM, 4TO CYLIECTBYeT JIMIIb BechbMa He-
6oabloe YHCJAO JeHCTBHTENLHO BO3MOIKHBIX Y30pOB.

Bocnoab3yemcs TeMH ke 0603HaYEHHSIMH, UTO H BhLIILIE:
nycTb B KaxJoH BepunHe rpada cxoautcs p pebGep o
KaX/jasi ero rpaHb orpaHuueHa p* pe6pamMu. Mb HauHeM
Hally MO3aHKy C OfHOH H3 TaKUX rpaHed u 6yneM J10-
GaBasaTh K HeH JApyrue rpaHu 10 Tex TNOp, NMOKa HeKo-
TOpas 4acTb NJIOCKOCTH He OKaXeTcsi NOKPHITOH — Tak,
KakK OObIYHO KJaJercs MoJ.

Mbl nonyuuM TOraa MHOroyroJbHbiii rpad G, B KoTO~
poM Bce rpald, 3a HCK/IIoueHHeM OecKoHeyHoOH, orpa-
HuueHbl p* pe6paMu M B KaXXJIO# BeplINHE KOTOPOro, 3a
HCKJ/IIQUEHHEM TeX, KOTOpble JIeXaT Ha rpaHulle rpa-
Hu F., cxonutcs p pebep.

[TpeanosoXuM, uTo Mbl KJaZeM 5Ty MO3aHKY TakHM
o6pa3om, uTO, KOrila 4YHCJIO KYCKOB BO3pacTaeT, OTHO-
HieHHe uHcJa 6; BEPUIMH, JeXallHX Ha rpaHuue, K o6
LleMy YHCJy BepLIMH 8 CTaHOBHTCSl BCe MeHbllle U MeHbe
me. B repMuHax TeopHH npefesnoB 3TO MOXHO 3anHcarh
Tak:

‘:‘ —0, ecau 8-—»oco, 9)

8
T. e. ApoGb —;— CTPEMHTCS K HYJIO, €ClIH 8 CTPeMHTCH
K 6eCKOREeYHOCTH.
Ouenum uncao pebep rpada G, noacuuThiBas ux
OTAENBbHG B KaXKJIOH BeplIHHe ¥ NMOJb3ysch hopmyoii (3).
Ecau 6u1 B Kaxnofi BepmiHHe rpada CXORHIOCH B TOYHO~

cTH p pebep, To obulee yucso peGep Obl10 661 paBHO -;—pB.

Ecan Mbt He 6ydem cuuTaThb pe6pa B IPaHUYHBIX BepLIH-

HaX, Mbl NOJYYHM % {6 —8;) pebep. CaenoBaTeqnHO,
pe —ps, < 2p < p8,

rae p — yucao pe6ep rpacda G. DTH HepaBEHCTBA MOMKHO
nepenucatbh B BHOE

P_p 8 I
7—'<<

H3 (9) mbl 3akaouaeM, uto

—f-—>%. ecau  6-—»> oo. (10)
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§ 5. MO3AHKH

Cocuuraem Tenepr uHcao peGep rpada no dop-
myae (5). Hmeerca e— 1 rpanet ¢ p* rpaunyubHIMR
pebpaMu ¥ rpanb Fo, UHCNO TPaHHMHBIX peGep KOTOPO#H
PaBHO YHCAY 8 rpaHHyHbX BepwuH rpada. Caenosa-

TeJNbHO,
2p=(2— 10"+ s

‘pa3nennB o6e yaCTH 3TOrO paBeHCTBA Ha 8P *, Mul npea-
CTaBHM €ero B BHAE

2P 1 8

8 p* s 8 p*s
Ecan 8->o00, T0O 06a nociefHUX uwjeHa B NMPaBofl 4acTH
cTpeMaTcsa K Hymo, ¥ u3 (10) caeayer, uto
: 2 p_p

e i

é

Bepnemca x ¢opmyne Dinepa (2), KOTOpyio 3anuiueM
Tenepp cleaylomiM obpasom:

1+2=242

Tpu Bo3pacranuu 6 Jsepas uactb, coraacxo (11), crpe-
MHTCS K

ecam 8-> 0. (1

1+-p°7.

B TO BpeMAf Kak mnpaBas u4actb, corsnacHo (10), crpe-
MHUTCH K —,3-. Tak kaKk oSe 4acTH AOMKHLI MMETb OAHMH H

10T Xe npejen, 10
0

1 + %’ = -2'1
oTKyaa .
—2(" —2)=4.
DToMy ypaBHEHHIO YAOBAETBOPAIOT TOILKO CjeRyloline
Hapbl HeabiX HUCen

p=3, p*'=06; p=4, p*=4 p=6, p*=3.

CnenoBaTenbHo, BCE MOBTOPSAIOULIHECS NJOCKHe rpagy
V30pOB, WM MO3aHK, NOMKHH OHTb 00pa3oBanbl aHGO
TpeyroJbHHKaMn, JuGO  YeTbipexyronibHHKaMu, Jaun6o
tlecTHyronbtnkaMu. Bce 3Tm cayyan npeactaBieHbl Ha
puc. 108.



risaspa X

PachpawmuBaHue KapT

§ 1. IlpoGaema uyeTHpex Kpacox

Kaxablii MHOrOyronbHbift rpad MOXHO NpeacTaBHTDH
cebe KaK HEKOTOpyl0 reorpadHuecKylo Kapry, rie
rpand — 3TO CTpaHbl, a OeckoHeynass rpaHb — OKpYKalio-
wHd uX okead. Ha raxoil Kapre Bce cTpaHn H OKean
packpamuBalTca TaK, 4TOOBl IIX MOXHO OBIJIO OTJIHYHTH
npyr or apyra. I1s 3toro crpanbl ¢ o6Lieli rpaHuue
ROJKHBl ObIThb packpauleHsl B pasusble usera. Ecau B Ha-
LIeM DAaChnopsiXKeHHH HMeeTCs JAOCTAaTOUHOE KOJHYECTBO
KPacoK, 3TO He COCTaBHT HHMKakoro Tpyaa. Hawmsuoro
CJIOKHEe peUIHTb BONPOC O HQUMEHbLUIeM KOJHYeCTBE
KPacoK, J0CTaTOYHOM /A8 TAKOr0 pacKpallWBaHHs CTpaH
AaHHOH KapThl.

HInpoko H3BecTHOE MNpPEANOJONKeHHe COCTOHT B TOM,
uTO Kaxoas Kapra MoxeT OblTb packpatiena c¢ cobaro-
Oeruem Tpebyemolx Ycao8ull npu NOMOUL deTbipex Kpa-
cox. bpuranckuit marematuk A. Kaau, 0AHH u3 nepBbiX
HcenepoBaTedeit Teopuu rpacdos, B 1879 r. ony6.1ukoBan
CTaThlo O npobJeMe ueTHIpeX KpPacoK, OKa3aBIIYIOCH
BloJiie yMecTHOi B nepsoM ToMme TpynoB Kopoaesckoro
reorpatuueckoro obulecTBa. Ty CTATbI0 YaCTO CYHTAIOT
«CBHJETE.IbCTBOM O POX/JEHHH» mNpoG6.1eMbl ueThipex
Kpacok. OnHako sto He coBceM npasuabuo., Illotaana-
ckuil ¢u3uk Ppenepux 'yTpu pacckaswslBaj, yTO OKOJMO
1850 r. sta npo6mema Gblia JMOCTATOYHO TOMyJAsipHA
CpedH CTYAEHTOB-MaTeMaTHKOB B JIOHJoHe M 4TO ero
6pat ®psrcuc I'yTpn oOpaTun HA Hee BHHMAaHHE CBOEro
npenonasare.st MmateMaTHka A. [le Moprana.

[Tonauany npoGieMa He Kasanach CJAHIIKOM cepbe3-
noii. MareMaTHKH, NO-BIANMOMY, PACCMATPHBAMH €€ Kak
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§ 1, NPOBJEMA UETHIPEX KPACOK

MOUTH OueBHAHMI ¢akT. B panpHeilwleM nossuioch ne-
CKOJIbKO HEBEPHBIX J[0Ka3aTe/lbcTB} npobieMa uerhipex
KpacoK, cOHBaiouLasi ¢ TOAKY APOCTOTOM CBoel popMynu-
POBKH, CONPOTHBAANACL BCEM YCHJHAM CaMbiXx BHAalo-
IHXCA MaTeMaTHKOB. DoJsbwoit HHTepec K Teopun rpa-
0B, BO3HHKIINIA B CBA3M ¢ 3ToH mnpolaeMmoil, crocoG-
CTBOBa/J OTKPBHITHIO MHOTHX BaXHbIX pe3yJbTaToB 3Toil
TEOPHH, NOCKONbKY OHH Kasajicb MOJE3HBIMH AJst pes
eHHs npo6ieMbl YeTHIPEX KPacoK,

Puec. 105

YKaxeMm cpa3dy e, uTo AJsl PacKpaluBaHHs HeKO-
TOPHIX rpadoB cyuiecTBenio, YTo6Ll Mbl 1EHCTBHTEIbHO
pacnonaranu yeTeippMa KpackaMu (cM. puc. 109). B
AajbHefitleM Mbl 6yaeM o0Go3HauaTh pa3.iHulble WLBeTa
rpeueckuMH GykBamu a, B, Y, 9, &, .., pasymeercs, He
MMeeT HHKAKOro 3uaueHns, Kakoii HMelHO uBeT 0603Ha-
yaeT Ta MM MHasa 6ykBa. [Ipenno.10uM, uto Geckoneu-
Hag rpanb, HAN BHeWHss 06/]acThb, TeTpa3apa OKpaileHa
B uBeT a. Toraa Tpi oCTajbHble €ro rpaHH A0NKHB! GLITh
oKkpaulenbl B pasHbie (i MPUTOM OTJHUHbIE OT o) lBeTa,
TaK KaK Bce OHH FpaHHuat Mexkay coGoil.

3ameTHM nadnee, UTo, pelilasi BONPOC O PaCKpalluBaiiii
KapTbl HaHMEHBUIHM BO3MOXHBIM YHCJIOM KPacOK, MOXHO
npeamo.araTh, YTO 3Ta KapTa He COJAEPKHT BEPLIHH, B
KOTOPHIX CcX0AATcA JHWb ABa peGpa. B caMoMm nede,
€CIH a— Takasi BepuiHiia, TO MOXHO 0Ga cxoasautuxca
B tieil pe6pa 0GBEAHHHTL B OAHO, HCK.IOUHB caMy 3Ty
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IJIABA 1X. PACKPAUIMBAHUE KAPT

sepiinHy a (puc. 110) u He M3MeHMB CXeMbl pacKpaliH-
BaHHA KapThl.

JoctaTouHo, clef0BaTeNbHO, PACCMATPHBATH TOJBKO
rpadsl, B Kax/10# BeplIHHE KOTOPHIX CXOAATCHA MO Kpai-
Hefi Mepe Tpu pebpa. Ho moxHO caenaTs ¥ ropasso

a

Puc. 110

Gosee CUJbHOE NpeAnoJoXeHHe: pacKpallHBaHHe MPOU3-
BOJIbHOrO MHOTOYroJILHOrO rpaja HeKOTOpbIM ornpeje-
JIEHHBIM KOJIMYECTBOM KPacCOK MOXKHO CBECTH K CJy4aio,
Korga 3TOoT rpat fBAsETCHA OOHOPOOHbLIM CTenexu Tpu,

Puc, 1lla Puc. 1116.

T. €. KOTAa B KaXX/0# ero BepluuHe CXOAATCS POBHO TpH
pe6pa. MupiMu c10BaMH, eciid Mbl YMeEM DEUIHTh 3aaauy
0 Kpackax /Uit OJHOPOAHHBIX rpag0B CTENEHH TPH, TO MBI
CMOXEM PelHTh ee U A5 JoGuX rpados. B camom gene,
NPEANOJIONKHM, UYTO B HEKOTOPOH BeplUIMHE @ CXOHATCH
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¢ 1. TIPOBJIEMA YETHPEX KPACOK

GoJiee Tpex pe6ep (puc. 111a). ITposenem oxpyxHocts C
C UEHTPOM B TOUKE @, NpHYEM HacTONbKO MaJaylo, YyToOBI
OHa He [OCTaBaja [0 OCTaJbHBIX BepUIHH. YAaJdHM
BepIIHHY 4 H Te YacTi nepeceKkalouiuxcs B Heii peGep,
KOTOpBIE JIeXXaT BHYTPH 3TOI OKPYXKHOCTH, BBelsi BMECTO
HHX pe6pa, sBJsIOWIMECs AYraMH caMoft OKpyXXHocTH C
(puc. 1116). B kaxnaoil HOBOH BepuIHHE CXOAMTCA MO
TpH pebpa. U3 xaxporo packpauwiHBaHMs HOBOro rpaga
G| MOXHO NMONYYHTL H PACKPAIIHBAHHe NepBOHAYaNbHOIO

Puc. 112

rpada G, ecan okpyxHocts C cTanyTh B Touky. ITpone-
JlaB TaKoe [OCTPOEHHe AJs1 BCeX BepUIHH, B KOTO-
pbix cxoautcss Gonee Tpex pebep, Mbl ApHBeldeM Haluy
3ajlayy O pacKpallHBaHHH KapTel K 3ajaye packpa-
UIHBAaHHA OJHOPOJHOrO MHOTOyrosbHoro rpata crenenu
TPH.

B panbuefinteM MBI orpaHHuHMcs ORHOPOAHBIMH rpa-
¢aMu cremedd Tpu. s HHUX uMeercsa noaesnas ¢op-
Myna, OONOJHsOUIAas Te, KOTOPHe Mbl BbiBead B § 3
ra. VIII; oHa ocHoBana ua TOM, 4YTO Tenepb Kaxjas
BeplIHHAa NPHHALJNENKUT B TOYHOCTH TPeM TpaHAM
(puc. 112). CnenoBatenbHO, COCUHTAB YHC/I0 BEPIUHH HA
BCeX FpaHfX, Mbl NOJYYHM yTpPOeHHOe obulee YHCAO Bep-
wui. Bolite Mbi 0603Havaau uepe3 @; YHCAO rpaHeR ¢ {
pe6paMu u, ciepoBaTeabHo, i BepWIHHAMH. ITO NpHBO-
JLHT K paBeHCTBY

36 == 2¢, + 33+ 404 + S5 + 605+ 79, 4+ ... (D)
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TNABA 1X. PACKPAIIHBAHHE KAPT

YMuoxus paeHctBo (1) Ha 2, a pamenctBa (5) u (4)
u3 ra, VIII coorBercrBenHo Ha 3 u 6, nonyyum ciaeayio-
IlHe TPH paBeHCTBA:

68 =49, - 69,1 8¢, + 10¢; 4 1295+ 149, ...,
6p = 6@, 993+ 12, + 15¢; 4~ 18¢s+ 219, 4+ ... ,
62 = 6¢, 1+ 6¢;+ 6¢, +6¢; —-69; +6¢; + ... .

[Mepenniwem dopmyay ditnepa (2) B BHAE
12 =68 —6p 162

H NOACTAaBHM B Hee HaiJeHHble 3HaueHus. B pe3yabTaTte
Mbl TTOAYUHM

12=4¢;+ 3P+ 204+ Ps—@; — 20— +0n  (2)

rae BCe He BbINMHCAHHbIE YJeHbl OTPHUATENbHbL. Taxk Kax
npaBasi yacTh paBeHcTBA (2) AOMKHA ObIThb IOJOMKH~
TeJAbHOH, Mbl NPHXOIHM K CJAefylolleMy pe3yJbTarty:
OdnopolHulil epagp crenenu Tpu Henpemesno codep-
WUT 2PAHL, OSPAHUNGHHYIO MeHee uem ecTbio pebpamu.

§ 2. Teopema o naATH Kpackax

B stom naparpage Mbl pacCMOTPHUM 3ajayy O pac-
KpalUHBaHUH Trpada yeThipbMA HJAH MNATHIO KpPacKaMu;
COIJIaCHO pe3y/bTarTaM Npeablayliero naparpaga, MOXHO
npeanosaratb, YTo Mbl HMeeM [en0 C MHOrOYroJbHhIM
OIHODOAHEIM Trpad)oM cTenmeHu TPH, Ha KOTOPOM €CTh IO
KpalfiHe#i Mepe oOJHa rpaHb, OrpaHHueHHash MeHee YeM
lmecTbio peGpaMH. Mbl paccMOTpHM OT/Je/]bHO CJyyaH,
Koraa Ha rpade HMeeTc I'PaHb, OrpaHHYeHHas AByMSA,
TpeMs, YeThpbMsl H IAThIO peGpamu. B KamaoM ciayuae
Mbl TIOKa)eM, YTO a) HEKOTOpble IPaHHLULI MOTYT ObLITh
H3BATH TaK, YTO MNOJY4YHTCS CHOBa OJHOPOJHHIY rpad
CTEMeHH TPH, HO C MEHbIUHM YHCJAOM rpasei, H 6) eciu
NoJyuYeHHBI TNPH 3TOM Trpad MOXKHO packKpacHTb He
6osiee yeM NATHIO KPacKaMH, TO 3TO e MOXHO cAenaTb
1 ans ucxogHoro rpada. Tak kak HOBHIA rpad ToXKe
Oyner 0AHOPOZHBIM rpadoM CTENeHH TPH, TO NOCJIe KaX-
JOr0 TaKOro YNpOILeHHss CHOBAa HaWAeTcs rpaHb, orpa-
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§ 2. TEOPEMA O TSAITH KPACKAX

HHYEHHAA MeHee YeM IleCTblo pe6paMM, H, 3HAYHT, MH
GyzeMm 1noci1elAoBaTe1bHO no.gay4yaTth rpadnl Bce ¢ MeHb-
IIHM H MeHbIIUM YHCJAOM o06.1acTeif, KOTOpble HYXHO 3a-
KpauIuBaTh.

Kpatube pe6pa. a) Ilpexae Bcero MH nokas
KeM, yto rpad G Bceria MOXHO YNPOCTHTb TaKHM

Puc 113

o6pa3oM, 4TO OH He 6yleT COMepKaTb IpaHed, OrpaHu-
veHHBIX AByMs peGpamu. Eciu Mexny BepluniaMu a u b
NPOXOAUT ABOiHOE pe6po,KaK Ha puc, 113,70 Mbl HCKJLO-
YHM OHO M3 3THX pebep, 06benHHHB OcTaBlIeecs pe6po

Puc. 114

¢ pe6pamu (a, ¢) u (b, d), BEIXOLAUWHMHU COOTBETCTBEHHO
H3 BepIIHH @ H b, U 3aMEHHB HX eLMHCTBEHHbHIM peGpoM
(¢, d). Hoswiit rpadp Gy cHoBa GyleT OAHOPOAHBIM CcTe-
NeHH TPH.

6) Eciu rpad Gy MOKHO pPacCKpacHTb, TO C ABYX
cropod oT pebpa (c, d) GyAyT KaKue-TO ABa pa3HbIX
uBeTa @ 4 B. MBI CMOXeM TOria BepHYTb Ha CBOH MECTA
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IMABA 1X. PACKPAILMBAHHE KAPT

BepuHHbl @ ¥ b B BTOpoe pe6po (a, b) wu 3akpacHTh
rpanh A B TpeTuil user y.

Tpeyroanbunaa rpaHub. a) Paccmarpupaemsiil
rpad MOXKHO YNDOCTHTL Tak, 4TO OH He OyneT coaep-
}KaTh TpeyroabHbIX rpaneff. Ilpexnonoxum, yro D —
TaKas rpaHb, TpaHyyamas ¢ tpems apyrumu A, B, C.
Ilycrs (@, b) —rpaununoe pe6po mexay C n D
(puc. 114). Ynaaum pebpo (a, b) u ob6beauHHM ABa
Apyrux pe6pa, NMPOXOASIUHX uepe3 BepPIIHHY @, B OJHO
pe6po; TO Xe caMoe mpojenaeM W B BepiuinHe b. Iloay-
yenubifi rpa® G; GyaeT ofHOPOIHBIM rpacdoM CTeneHn TPH.

6) Ecan rpad G; MOXHO pacKpacuTb HOMMKHBIM
o6pasoM, To rpaHb A Gyaer 3aKpalleHa B KaKOH-TO LBET
a, rpaib B—pB user § u rpasb C+D B user y. Boc-
cTaHoBUB pe6po (a, b), MB cMOXeM 3aKpacuTb rpanb D
B yeTBepTHIl uBeT 0.

YetspexyrojdbHag rpaHb. a) Heckonsko
CJl0XKHee MO0Ka3aTb, YTO MOXKHO MHCKJIOYHTb TpPaHH H

~_ s

D
Puc. 115

€ YeTHIpbMsi rpaHHuHbiMnl peGpamn. [lycrs F — taxas
rpanb c cocenuumi rpanamu A, B, C, D (cm. puc. 115),
Torna unafinercs napa npoTHBOMOIOXKHBIX TpaHei, HanpH-
Mep B u D (unu A u C), KoTopble He SBJSIOTCS YacTAMHU
ONHOH 1 TOH e rpaHu M He IPAHMYAT MeX1y COGOii.
HeiictBuTeasHo, ecan, nanpusep, A 1 C—ToabKko pa3-
JNIHYHble YacTH OJHOH M TOH JXe rpaHy HWJAH ecqH OHH
HMeloT ofbwmyio rpanuuny (m, n), Kak mnokKa3aHo Ha
puc. 116, To rpans B He MoxeT HMeTb O6Iie# rpaHMIbE
¢ D. Torna Mbl uckmouuM pe6pa (a,b) u (¢, d) u 06b-
eaHuM pebGpa (a;, a), (a, c), (¢, ¢;) B oaHo peGpo
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§ 2. TEOPEMA O MATH KPACKAX

(ay, ¢;) n ananoruuso pe6pa (b,, b), (b, d), (4, d,) —
B oaHo pe6po (b, d,). Hosmit rpadp G; Gymer oamo-
poaHbIM cTeneHu TpH, a B+F4D OGyner omHoR M3 ero
rpaei.

6) IMpeamonoxkuM, uto rpad G packpaiued u rpaHs
B + F + D umeer user o. Torxa rpanu A u C packpa-
IIeHH B KakKHe-TO LBeTa B H Y, ObITh MOXeT, OQHHAKO+
Beie. Boccranosus Tenepb aBa peGpa (a, b) u (c, d),
MBI 3aKpacuM rpadn F B yeTBepTHlil uBer d.

Puc. 116

[MaruyroasHaa rpaHlsb. a) [lpeanosnoxum, uto
rpaub F rpaHuunT C nATbiO Apyrumu rpausmu 4, B, C,
D, E, xak nokasaHo Ha puc., 117. Touno 1aK xe, Kax pas
YeTHIPEXYroJbHHKA, HAHAETCs napa HecMeXHHX rpaHH-
yamwux ¢ F rpaneii, ckaxem A n C, He aBAsIOLIUXCA Y-
CTAMH OJHOH H TOH Xe rpaHH W He HMeomux obuieii

153



TJABA 1X. PACKPAIIMBAHHE KAPT

rpauunel. Mckalounm torpa pe6pa (a, b) u (¢, d) (cm.
puc. 117) u Bepwiunu a, b, ¢, d, o6benuusa ABa OcTaB-
IIMXCH B KaMJOH H3 3THX BepInH pebpa B OIHO; mpH
3TOM CHOBAa IIO1Yy4YaeTcst OAHOPOAHBI rpag crenelu Tpii.

6) IlpeanosoKHM, YTO MBI PACKPACHJIH IOJYYE€HHbI
rpa¢ u uto rpanb A+ F+ C umMeer npu atoMm user a. Ha
TpH rpauu B, D, E Moryr notpeGoBaThCs ellle TPH pas-
HHX upera B, y, 6. FiMes B cBoem pacnopsaxennu natb
KPacoK, Mbl CMOXeM BOCCTaHOBHTb 00a pebpa (a, b),
H (¢, d) w 3akpacuth rpanb F B narbiit uer e. Ofnako,

c

Puec. 117

€C1M y Hac ecTb TOJbKO YeThbipe KpackH, 3TO He BCerja
MOXKeT OBITh CHedaHo.

HMrak, Mbl nokasaad, YTO ec;d OJHOPOANBI rpad
MMeeT TpaHH, OrpaHHyeHnble ABYMSH, TpeMsl, YeThipbMs
WJIH mATbI0 pe6paMH, M B HalleM pacnopsiKEHHH ecTb
NTh KPacok, 1o 3a3Jaya O PacKpallyBaBHH Bceraa Mo-
KeT GbiTh NpHBeJeHa K 3ajaue 0 packpawiiBaHuu rpacda
C MEHBUIHM 4YHCJIOM rpasedl. B konue npeasiayilero na-
parpada 6bl0 NOKAa3aHO, UTO ONHOPOAHLI rpad uMmeeT
no KpaliHei Mepe ONHY TaKyH TrpaHh ¢ HeGOAbLIHM
UHCIOM peGep, TaK YTO 3TO NpHBEJEHHE BCErJa MOMKHO
npoposxXatb n0 TeX Mnop, NOKa He NOJY4YHTCA rpad,
HMeOIHi He GoJiee NATH IpaHell, KOTODHIH, CJaenOBa-
T€JbHO, HaBepHAKA MOAHO packpacutn He Gojee ueMm
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§ 2. TEOPEMA O NATH KPACKAX

AsTbi0 KpackaMmu, TakuM of6pasoM, AOKa3aHa cjefyio-
was

TeoreEMA o natH  KPAckAX. JTw0b6od naockuii epagp
MOJXCHO PACKPACUTS NATLIO KPACKAMU.

INpusesenHoe N0Ka3aTeJbCTBO TOH TeOpeMbl Henpu-
MEHHMO B cJyyae, KOraa y Hac HMeeTcs JHLIb uYeTbipe
Kpack#. Kak Mul BHJeqH, NATHYTOAbHHKM B 3TOM CJy-
yae He MoOryt GbiTb HCKJAlOueHs. Haw mpouecc npuse-
JeHHSl MOXKeT OCTAHOBHTHCS HA HEKOTOPOM OJHOPOAHOM
rpade, Kaxaas rpanb KOTOpPOro HMeeT He MeHee MAATH
rpauuynelx pebep. Ha Hem coBcem He Oyger rpaHeit
C ABYMS, TpeMs H YeTLIPbMS TIDaHWYHBIMH peGpamu M,
3HAYHT,

P=03=0¢;=0.

®opmyna (2) nokasbiBaeT, YTO TaKOH HeMPHBOAHMbIA
Jajee ONHOPOAHBIH rpad [AOMKeH HMeTb Mo Kpaiwued
mepe 12 nATHYroJbHHIX rpaseit.

Ha camom nene moka3ano, urto Jai06asi Kapra, YHC/IO
rpateii koropoii MeHbue 39, Moxer ObiThb packpaiuena
ueTblpbMsl KpackaMH. KoHeuHo, B Hall Bex BbIYHCAM«
TeAbHBIX MalliH 3TO He CJAMIUKOM BBLICOKAas TPaHHUA.
Ecan xro-uubyab npuaymaer cnoco6 rnporpaMMHpOBa«
HHS 3TOH 3ada4ud, YTOOb! €10 MOIJa 3aHATLCA BbIYHCJU-
TeabHas MalllMHa, TO, BO3MOXHO, OHa CYMEeT CHJbHO
OTOABHHYTb 3TY TIPAHHUY H— KTO 3HAET, — GLIThL MOXeT,
AaXe HAaTKHETCA Ha KapTy, KOTOPYIO Helb3sl PaCKpacHTb
yeThlpbMsl Kpackami. OAHaKoO 3TO MajgoBEpPOsITHO, AAA
TakoH KapThl ObIJIO YCTAHOBJEHO TAaK MHOTO pa3HHIX
orpanqyeHdii, 4TO ee CVLIECTBOBAHHE KaXKeTcsl OuYeHb
COMHHTEJILHBIM.

Ecau 6bl Mbl 3axoTequ paccka3aTb O MHOTOYHC/EH-
unx paforax, OTHOCAWIHXCA K npoG.ieMe ueTbipex Kpa-
COK, Ha 3T0 noTpe6oBasach Obl eille OAHA TaKas KHHTra,
NO3TOMY NPHXOAHTCH JOBOJLCTBOBATBLCA TEM, UTO Mbl
xoTa Obl MO3HaKOMHIH Bac ¢ 3TOH npobaeMoi,



PeweHHa ynpamHeHH#

FrTABAI

§ 1 crp. 13

2. AB, AE, AD, BC, BG, BF, CD, CG, DH, EH, EG. EF.
FH, FG, GH.

3. 9 pebep, 6 pepinn; 15 peGep, 8 BepunH

§ 2 crp. 15

§ 3 crp. 19

1. I'pad puc. 1 ne nsomopden rpady puc. 2, Tak Kak BTopoi
nmeer Bepunny G c naTbio peGpaMu, B TO BpeMs Kak Ha rpade
puc. | Takoii mepmnnm ner. [pad puc, 1 He H3omopden rpady
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PEIWIEHHA YTNIPAXHEHUA

puc. 6, Tak Kak mocneaHHR HMeer BepwiHHY F ¢ eaHNCTBeHHWM
peGpoM; no Toif Xe npHuHHe He H3oMophHM W rpadw puc. 2

u pHc. 6.
2. Pe6po (5,8) nepsoro rpada NpHHAANEKHT ABYM UHK/IAM

AJNHHH 4, a Ha BTOpPOM rpage Takoro pebpa Her.
3. Tpe6GyeMOoe COOTBETCTBHE BeplIHH YKA3aHO Ha PHCYHKe:

A

A

§ 5 crp. 26

1 u 2. OGo3nauum ueThipex mepBux coceaehi uepes A, B, C, D;
mycTb HX Aopord 0GpasyloT maockuit rpad, wiolpaskeHuuii mna pu-
cyuke, [ne Ol HH noMecTHTb nATylo Touky E, ona Bcerna Gynmer
oTpesana HeKOTOPOlt 3aMKHYTOR KpHBOfi OT OZUOM M3 OCTa/bHBIX

TOUEK.
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PEMIENNS  YIIPAXXHEHUR

§ 6, ctp. 29
1. Ha puc. 2 umeem

p(A)=p(C)=p(D)=3; p(G)=35;
p(B)=p(E)=p(F)=p (H)=4
yHcno peGep rpaga pasHO %(3- 3+4-4+5) =
Ha puc. 6

p(A)=p(B)=p(D)=o(E)=2- p(C)=3, p(F)=1,

ofuiee uucao pebep pagHO (4 24+34-1)=6.

2. OBy HMeIOT COOTBETCTBEHHO 4 1 2 HeueTHhle BEpLIHHBL,

rTABA
§ 3, crp. 38

1. Tak kaK Ha KaxAoM n3 rpados, H30GpaxeHHBIX Ha puc, 28,
HMeeTCA NO ABE HeyeTHLE BEPIUIHHLL, TO KaXAblll H3 HHX MOMKHO mO-
KPhITh €AHHCTBEHHON LENnbIo.

3. I'pap U, moxuo nokpuith XBYMA nenaMu 1,2,3,4 n 2,4, 1,3,
Ina rpadpa U pocratouno enuHctBenuoii uems 1,2,3,4,5,1, 4 2 5,

§ 5 crp. 43

1. Tepsriit rpa(p uMeeT ramnabronoBy auenio ACBFEDA, s1o-
poi — ABFEHGCDA

2. Kpatyajiwas uenb A AA A4 umeer aaunry 470,

§ 6, ctp. 46

1. 336 x040B, €CJH NPHHATL BO BHHMAHIE M HanpasieHue XOAa,
r 168 — B npoTHBHOM cayuae.
2. Umeetca 4 yraoswix nonomenus c Tpems xomamu, 24 Goko-

BbIX NOJOXeHHs ¢ NATbIO xoaaMu ¥ 36 UEHTPaJbLHBIX NoA0Kenki
€ BOCEMBIO XOAaMH.
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PEMIEHHS YNPAXHEHUM

ri1ABA U
§ 2, crp. 52

I. LluknoMaTuyeckue yncaa 3tux rpagoB COOTBETCTBEHHO PABHLL
Yy=15—~8+1=8 u y=32—-21+1=12

2. Y-.-.—;-(n—l) n—-n+1=-é-(n-—l) (n—2).

§ 4, cp. 60

1. dana rpada puc. 1 nmeem, nanpumep,
A>AC, B->BE, C»>CB, D>DA, E-»>EF, F->FA

Das rpaga puc. 2
A->AB, B->BC, C—>CD, D- DA,
E->EF, F->FG, G->GH, H-HE.

TJIABA IV
§ 2, crp. 67

1. IloytH TpusHanLHLIT NpHMEpP Mbl MOJIYUHM, NPEANOJO0NKHB, YTO
KaXAbfi yueHHK o6Gpa3yeT OTJeAbHBIl KpyXoK. Toraa HuKTO He
cMomKeT ObiTb CTapocToft eille K4KOro-HHOYAb HOBOIO KpYHKa,

2. Uncno KpysKoB PaBHO

12:11-10 _ o0
123 b

0HO HaMHoro 6ojbllie HiCAa BO3MOXHBIX CTapocT, pasioro 12.
3. Oaxo u3 oToGpaNeunii: my=>py, My—>p,, Mz=~> Pi, My-» Ps.

$3 crp. 71

2. CsofictBa a) u 6) BLITEKalOT M3 TOro, YTO KaXAad CTPOKA H
Kaxawlii croaben 1H306paxkerHoNl Ha puc. 48 TaGanubl COASPIKHT BCe
yicna or 1 no N B TouHoCcTH no oaHoMy pa3sy, HOas Toro utolmi
NOKa3aTh YTBepXjeHue B), npoaHanusupyeMm 3Ty Tabauuy. Cuuras
nepByio CTPOKY M mepBuit croaGen, Mpl HMeeM N ctpok u N cron6-
OB, KOTOpbE YCTPOEHH CIeAYIOUHM 06pa3oM:

(a) uucao, crosillee Ha MepecedeHHH i-H CTPOKH K i{-ro CTONG-
1a, oTBeYaeT BCTpeue Urpoka i ¢ HrpokoM 1;

(6) ecam =k j, TO duchO, CTOALlee HA MepeceYeHHH i-il CTPOKH
H j-ro cToa6la, OTBeuaeT BCTpeYe HIPOKA | ¢ HTPOKOM, HOMep KOTO-
poro paseH

k=2 — j 4[N —1)]
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PEMIEHHA YIIPAXHEHHR
(rne, ecn sto TpeGyerca, MW upHGaBaseM uiaK seiuntaem N — I,
uTOGH yHCNO0 K HaxoAmaoch B mpemenax or 2 jno N). Bupaxas or-
cioaa f, noJayaaem ]

jo=2— k- [= (N—1)];
YTBeDXKJIEHHE B) CNEAYET H3 TOTO, 9TO R H j BXOAAT B 3TH QopMy.anl
CHMMETPHYHO.

TJABA V
§ 3 crp. 83
2. MoxHo HanucaTe
P(A)+0*(A)+po(A)=k p(B)+p*(B)+po(B)=k—1,

rae po(A) — YHCAO HIYLHX,
3. Ilan n = 5 nMeem crenylomuii rpac:

§ 4, cTp. 89

. 37u rpadini HMEIOT CAeRYIOWHE BiA:
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PEUWIEHHS YNPAXXHEHHNA

2. Oaso »3 BO3MOMHLIX pelieHuil: oTHeceM BepitvHy 1 K knac-
cy O; roraa BepuMun 2 ¥ 7 ROMKHE OTHOCHTBCA K Kaaccy M, a
BepuriHa 5 — K kaaccy O.

3.

a ) 8
raABA VI
§ 1, ecmp, 94

1 u 2. Tak kak eAHHCTBEHHLE HMEIOWIHECS B HAWIEM Pacnops-
senuy NpHGOPH ANH H3MepeHHSt — 3TO caMH kyswHw B u C, 10
Mbl MOXeM ONeHHTh, KaK pacnpeneJe-

Ha XHIKOCTb, TOMBKO B TOM ChAyYae,

eCqH OAMH H3 STHX KYBLIHHOB AHGO NoJ-
Hblli, anGo nycron. Bce takue pacmpe-
JeNeHus KHAKOCTH MpeACTaBJeHH TOY-
KaMn (OTMeYEeHHHIMH Kpymoukami) na
TpaHile NPAMOYTOJibHHKE, H306paKeH-
Horo cnpaBa. COBOKYNMHOCTb pacnpenee-
nufi U npeacraBiieHa BHYTPEHHHMH TOY-
KaMu (oTMeueHHMIMH OykBofi x) sToro
npaMoyroabinka. Ilpeamonoxum, uto
MW UMeeM pacnpejiesieHHe, COOTBeT-
CTBYIOllEe KAKOA-TO BHYTPeHHe#l TouKe.
Torna eauHCTBeHHBLIA C€nOCO6 TOUHO
OTMEPHTb XKHAKOCTb CAELyIOUIHM me-
peauBannem — b0 0CBOGOANTL OAMH H3 KyBwHHOB B, C, anbo na-
NOAHHTL oau# u3 HHX. B o6oux cayvasx Takoe nepeausanue
HHAKOCTH NPHBOAHT K HEKOTOPOA TOuKe, Jexalleft Ha rpauuie
rpaga. Ho pas bl yXe uMeeM NOMHHA HAH OYCTOA KyBIUMH, Che-
Ryoulee mnepenHBaHie CHOBa NPHBOAHT K PACNPENEEHHIO, B KOTO-
poM mo Kpafinefi Mepe OAMH KYBUIHH OKashiBaeTcd JAHGO MyCThIM,
6o nonuuiM. MHEIMH  ca0BamH, Kaxaoe fepefuBaHue U3 TpPanHHy-
HOTO MOJIOKEHUsi CHOB3 MPUBOAHT K HEKOTOPOMY rpaHHYHOMY MOJ0-
HeHHIo, TaK YTO BHYTpPeHine ToukH U He Moryt ObiTb AOCTHTHYTHI.

3. (7. 0), 3, 4), (3, 0), (0. 3) (7, 3), (6. 4), (6, 0).
161




PEWUEHHS YMPAXHEHHPA

§ 2, cmp. 101

2.B,(4)=(0,0, a), a>1; M(4)=(, 1,0y
By(4)=(0.0,a), (I, L), 0Ly, B=1, v>2
M. (A)=(,1,0), (0,2 2.

3. Ila pucyHke KpPYMXOYKN O3HAYAIOT BHIMTPHLILINBIE MNOJOMKEHHUA
ans A, KBaJpaThl — NPOHIPbILINbIC MOJIOKEHHR A8 Aa.

4
3lo o

B, (4;)) = (1,0), (0,1), (1.1)
20 o g M, (A7) = 02), 20)

B (4)) = (1,0), (0,1), (L.1), (3,0), (31)
710 O O O p,a)=02. 20. 22

O O O
I 2 3 4
§ 3, crp. 107

2. Huupn nomkHB! ObITb NpejcTaBielbt peGpani, OpHEHTHPOBAK«
HbLIMII B 00OMX Hanpas.eHHSX,

rJTABA VI
§1,cp. 111

1. Bo3nMure, HanpuMep, OTHOIUeHHe «a Go.bwle KBaapata' by,
i «MHOMecTBa A 1 B me nmelorT oGWHX 371EMEHTOB», HJAH COLHH
TPeyroJibHHK MePeceKkaeTcss ¢ APYTHM»,

2 a)

R5= {2» 3, 4 5}‘
R5 = {2, 3, 4},

R, = {2, 3),
R3= {2).
Ry = {2}

162



‘PEIIEHHA YMPAXXHEHHMA

G) 3To OTHOlleHHe MNpejcCTaBisieTcd NOJHbIM rpadoM ¢ 5 peps
mwunaMn Ge3 neteab: Rg={2,3,4,5}, Rs = {2,3,4,6}, Ry = {2,3,5, &,
R; =1{2,4,5,6}, R; = {3, 4,5, 6).

B)

Rg=1{6}, Rs={5}, R,= {4}
8 Ry= (3,6}, Ry=1{2 4, 6).

Othoenne alb pedaekcHBHO, TaK KaK Kaxjoe YHCIO SBASETCR
AenMTeNeM caMoro ce6a; CM. Takie pelieHne 3aRaul 3 H3 ynpax-
Hesni x r1. VI, § 4.

§ 2 crp. 115

2. a) D10 oTiOWeHHe aHTHPedIEKCHBHO, AHTHCHMMETPHYNO B

TPAH3HTHBHO,
6) 3710 oTHOLlenHe Ped.ICKCIBHO, CHMMETPHYHO, HO HE TpaH3H-

THBHO.

$§ 3 cip. 120
2.Ecma=b4-km n c=d -4 kym,
" atcmbbdt(hth)m,
a—C=b—dt(k—Fk)m
u

ac = bd 4 (dk + bk;) m 4 kkym? = bd 4 (dk - bky 4 kk;m) m.
CaenoBateabHo,
axc=mbrd(modm), ac==bd(mod m).

3. Ornowenne la| = |b] ana uucen a,b pedaekcusno, cumme-
TPHUHO M TPAH3HTHBHO; CJ€NOBATENbHO, 9TO eCTb OTHOUIGHHe IKBH-
panenTHocTH. KamAbf KJaacc SKBHBAJEHTHOCTH COCTOHT M3 maphl
(a, —a); wieHbl KaXION Takofi nape pPa3iNuBH, 32 HCKIOYEHHEM
cayuasi, koraa @ = 0

§ 4, crp. 126
1. Ha rpade noauoii ynopsaaoueniiocTs umeiotcs pebpa
43 42, %162 61, @1y
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PEUIEHHS YNPAXXHEHHRA

6asucrbIM rpadoM fBJAETCA OPHEHTHPOBAHHAA SJeMeHTapHas Lens
14 ’ i .

2. BasncumiM rpadoM sBAAETCA OPHEHTUPOBAHHAs 3jeMeHTapHas
nens

Ot atfrmteaO e © © 8 OO

3. lnas Toro uTtofn noKasaTh, 4TO OTHOWeEHHe al|b sBasercs
OTHOLIEHHEM YacTHYHOMI YNOpSAJOYEHHOCTH, 3aMETHM TpeXnae Bcero,
uyto ala, T2k Kak a = l.a. (Aasa cTporofl uacTHYHON yNOpAAOHEH-

HocTH oTHoweHue alb osnasaer, uto b = ka, npuuem k<~ 1; apy-
IHMH CJIOBaMH, €C/JH B OTHOWEHHH a | b yucno a AoaAKHO 6biTh coG-
CTBEHHBIM JenuteseM b, To 3TO oTHoweHue aHTHpedaekcusHo.) [a-
Jiee, NpoOBEPHM, YTO 3TO OTHOWICHHE TPAH3IHTHBHO! AEﬁCTBHTe.ﬂbHO.
ecan alb w blc, 0 b="ka u ¢= kb, tak uro ¢ = kka u, cne-
nosatensno, alc. Haxonen, ecan alb u bla, to b= ka, a=1b,
12K 410 b = klb, yTo MOXKeT BLINOJHATHCHA JHUIL B TOM cAyuae,
Korna uensie uucaa 2 u [ 06a paBHH eJuHHuUE, T. €. Koria a = b,
Jaa cTporoii 49acTHYHOH YNOPAAOUEHHOCTH OTHOWIEHMA alb u bla
He MOTYT BHINOJHATLCA OLHOBPEMEHHO.

4. WUmeetca 8 noamuokects, cuutas u &, Basucuwtit rpad npu-
BOAHTCA Ha DPHCYHKE;, 3aMeTHM, 4yTo obpatubifi rpad usomopden Ga-
3HCHOMY rpady.
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PEWIEHUA YNPAXHEHWRN

r1ABA VI
§ 1. crp. 131

c Z

X A

2. 910 1) rpad puc. 95 u Bce rpadl, KOTOpHE MOXHO MONYUHTH
u3 uero noGasnenneM pebep; 2) rpad puc. 96 ¢ eute oanod H3o0aM-
poBaHHOR BepiuuHOR u Bce rpadsl, KOTOPHE MOXHO NONYYHTL M3

Hero ‘aoGasaennem pebep.

§ 2, crp. 135
lLe=T7p=1l,2=6u7—1146=2

2. Boobme s=(n4-1)2 p=2n(n-41), z2=n"4+1 u
8—p+2=2

§ 4, crp. 142
2. Ha scex.
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Cnoeapb OCHOBHbLIX TepMHHOB,
HCNOJ/Nb3YEeMbiX B HHHIE.

Ayuxauseckud zpads. OpueutuposaHuslii rpad, ne colepxawuft
HIIKaKOr0 OPHEHTHPOBAHHOrO LKA,

Bepuwuna 2paga. JuGo xouen Kaxoro-uubyas peGpa rpada,
A460 M30AHPOBAHHAA TOuKa rpada.

Famusrpronoga Aunun. DieMeHTapHBI URKJ, NPOXCAAUIHA M0
BCeM BeplinHaM rpada.

Tpane muozoyz0.16n020 2pagpa G. Yacth NAOCKOCTH, OrPaHHYEH-
Has KaKMM-HHOYAb MHHHMaJbHBIM UMKJAOM H3 G HJIH MZKCHMAJbHBIM
uukiaom C, rpadga G; B mnocaesHeM cjayvae 3TO 4acTb NJIOCKOCTH,
Jgexaumana Bue C;; ee Ha3blBAKT TakXKe GECKOHEUHON TIpaHblo,

Tpagp. ®urypa, cocTonmias H3 ToueK (Ha3bIBAaeMBIX BepIUHHAMH)
¥ OTPE3KOB, COSAHHAIOWHX HEKOTOpHie H3 3THX BepluuH. Coeaunsio-
1He OTPE3KH MOryT GbiThb MPAMOJNHCHHBIMH HJIH KDHBOJMHHERHBIMH}
OHH Ha3BBAIOTCH pebpaMu rpada.

Tpap G*, OGsoiicreennsil muozoyzoabromy epady G. Muoro-
yroibHolil rpad, Kamaas BepllHHAa KOTOPOTO COOTBETCTBYET ompeje-
nentiofl rpand rpada G, a Kaxaas rpaHb — ONpeJe]EHHOR BepHIHKE
rpapa G. Mse sepumunt rpaga G* coennHenst peGpoM B TOM

H TOMBKC B TOM CJy'ae, KOraa COOTBETCTBYIOWMWe rpaun rpada G
nymeror obuiee peGpo.
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CJIOBAPb OCHOBHHLIX TEPMHHOB

Hdeydoasnuul epagh. Tpad, BepuIHHN KOTOPOrO MOXHO pa3sfe-
JUTL HA [iBa HeMepecexalouluxcs MHOXKECTBA TaK, 4TO BepUIHHb
OHOTO H TOrO € MHOXEeCTBAa He COeAHHEHH MeKAYy cobofi peGpamu.

Hepeso. Ceasuuil rpad, He AMEIOLLNI UNKAOB.

Hodexasdp. Muororpanunk, orpannuenubld 12 NATHYTOJABHBIMH
TpansMu.

HAonosnenue G epapa G. Tpap G coctont n3 Bcex peGep (u nx
KOHLOB), KOTOpble Heo6xoauMo RoGasuTh K G AN TOro, uTOGH mO-
AYYHICA NOARLIL rpad.

H3oauposannan eepmuna. Bepwuua, w3 Kotopolt He mHexoaur
nn oaHoro pe6pa.

Hsosoppnuste epage. Tpapn Gy 1 Gy HIOMOPGHK, €can Mexay
HX BePIIHHAMH MOJKHO YCTaHOBHTb TaKOE B3aHMHO OZXHO3HayHoe
COOTBETCTBHE, YTO naphi Bepwun rpada G; 8 TOM ¥ TONLKO B TOM
caydae coefuHeHH peGpoM, KOTAA COERHHEHM pe6poM COOTBETCTBYIO-
ue napul sepwiud rpada Gz B cayuae opuentnpoBanubix rpagos
STO COOTBETCTBHE MNO/MKHO COXPaHATH OpHeHTaunw pebep.

Hxocasdp. Muororpannuk, orpanuyenunti 20 TpeyronsHuMu
rpaHsiMu.

Huyudentrocrs pebpa u gepwunot. PeGpo Hasbizaercss HHUH-
ACHTHHM BEpLIHHE, ecAH oHa ABJAAETCA OJHNUM H3 ero KOHIOB.

Kopens Odepesa. JlioGas BepmuHa, KOTOpyi0 MH BubupaeM 3a
HananAbHYl0 TOUKY AepeBa.

Kpatnote pebpa. Ecan nse sepwniun rpada coeaunenn Gosce
yeM OfHHM peGpoM, TO Kawpoe Takoe peGpo Ha3nBAETCA KPATHBIM.

Jec. [pad, Bce cBA3ALE ROMNOHEHTH KOTOPOro fBJAAIOTCH
nepesbAMH (rpad 6e3 BuKAO0B).
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CJIOBAPb OCHOBHHX TEPMHMHOB

Makcumanoneui yuka C, muozoyeoavroze epagpa G. Huxka,
okpy®Ratomnii Bech rpad G.

Munumasrenoiid yuxa smHozoyzoabnozo 2papa G. luka, oGpaso-
BanHblli TPaHMYHEBIMH pe6paMuH OJHOTO H3 MHOTOYTOALHHUKOB, CO-
crasasiomux G.

Mnozoepannuk. TpexmepHoe Tel0, Fpaniia KOTOPOro COCTOMT M3
VIOCKHX MHOTOYTOJbHHKOB.

Mrnoeoyeoasneni epady (muozoyeoasnan cers), Iliockuit rpag,
peGpa KoToporo OGpA3yIOT MHOMECTBO CMEXHBIX, Il Hajeralouux
/PYT Ha JIpyra MHOTOYFOJIbHIKOB.

Heuernaa sepuiuna. Bepuwiina, creneib KOTOPOil HeyeTHa.

Hyas-cpagh. Tpad, coctonuunii TOIbKO 13 H30IHPOBAKHLIX BEp-
wun: rpad, ne wveounii pedep.

Obparnoui epagh G* 0.9 JaHROcO opuenTuposantozo epaga G.
I'pag G* noaywaercss u3 G wu3nedenueM Hanpas/jeHHil BCex ero
peGep.

Odnopoduntii epagh creneny r. Tpad, cTeneny Bcex BEpLinH KOTO-
poro oauuakoBul N paBisl r. (B cayyae opuedTHpoBankBIX rpados
Tpebyercs, yToGbl cTeneHn P n p* Oblan 0AHHAKOBBI BO BCEX Bep-
WIIHAX ¥ PaBHH IPYT APYry.)

Ox1a3dp. MHOrorpaliHuK, orpaniveuibli BOCEMbIO TPEYroAbHbi-
MH TpPanfAMH.

Opuentuposannoti epagp. I'pad, Ha KOTOPOM YyKalaHH Hanpa-
BJIEHHS BCeX ero pebep,

Hepeweex. [Apyroit TepMun 1as csf3uiBawollero pebpa.
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lletas. PeGpo rpada, o6a KoHUA KOTOPOro COBNAAANOT.

Mrockuid 2pach. Tpad, KOTOPHIT MOKHO HAUEPTHTb Ha MAOCKO-
CTH TaK, 4ToGul ero peGpa nepecekanlCh TOAbKO B €ro BepIDHHaX.

Moanwd 2pap. Tpad, nioGuie nBe BepUIHHB KOTOPOTO COEAM-
ueusl peGpoM. IToawwii rpad, y koroporo n Bepitul, HMeeT

-%—n(a - 1) peGep.

llpasursnoul epagp. Muoroyronbublit OAHOpOAHENT rpag, Taxof,
4TO ABONCTBeHHbIl K HeMmy rpad G* TOXKe ABIACTCA OJAHOPOAHBIM.

Ilpasurvnbii mHO202paKHuK. MHOTOrpaHHHK, BCe TpaHH KOTO-
POro ABJAIOTCA PABHLIMI NPaBHLIBIMH MHOTOYFOJILHHKAMI Il B KaX-
AOW BeplunHe KOTOPOrOo CXOAHTCH OJHO H TO XKe uHCA0 peGep.

Pebpo zpagha. Kpupas, coepnnsoulas Jse Bepluunsl rpagda o
He cojepiKaimias ApYrHX Bepiiui.

Ceasnan Komnonenra scpuiunv. A. Bce Bepuusl rpaga, Ko-
TOpble MOXHO COEJMHHTL C TOYKO A LenAMH, H Bce HHUMACHTHHIC
us peGpa.

Ceasnoul epah. Tpad, Kakaas BepIIHHA KOTOPOTO MOXNET
GbiTh COEIHHEHA HEKOTOPOH WeNbIo ¢ JAi06oft Apyroit ero BepuIHioi.

Caassiearongee pepo. Pebpo, yaadeie KOTOPOrO NPHBOXHT K
yBeJHUCHHIO UHC/Aa CBA3HBIX KOMMNOHEHT rpacda.

Cuewannoul 2pad. Tpad, Ha KOTOPOM HMEIOTCA KaK OPHCHTH-
poBaHHBE, TaK H HEOPHEHTHpOBaHHLEe pelpa.

Crenens p(A) eepuiunot A. Hucno pebep, cxoAsutuxca B sep-
wnne A. laa opuentnposanvoro rpada p(A) o3Hayaer 4ucno BuIXO-
namnx pebep, a p*(A) —uucno Bxoasmux peGep B Bepuiune A;
B 3TOM CJyyae HMEIOTCS /JBE CTeMeHH.
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Terpasdp. Muororpansik, OfpaHHYEHHBIH YETHLIPLMSA TPEYTOJbY
HBIMH Tpanfivy,

ILens, Jluana na rpade, He NpoxoxsuUIas HH NO KaroMy pebpy
Gonee ogHoro pasa.

Huxa. 3aMKHyTaa nemb.

Luxaudeckoe pebpo. PeGpo, ue sBIAIONIEECH CBS3LIBAIOUIMM,

Huxromaruueckoe wucao epaga G. Uucao pebep rpadpa G mu-
HYC HMHCJO0 €ro BepUIMH naKc eafudnna,

Yetnan sepiuuna. Bepmuna, crenenb KOTOPON dertna.
Siiaepos epah. [pad, conepaunii 5iNEPOBY JHHHIO.

3iiaeposa aunus. llens, gpoxoasmas no Bcem pebpam rpada
B TOUHOCTH MO OIHOMY pasy.

Saesmentapras yenv. llenb, He npoxoAsmlas HE uepes oany
13 cBOMX BepwHH GoJee 0iHOro pasa,

J.aementapubul yuka. LIukn, He npoxoasuluii 1N yepes oAl
u3 cBoux Bepwiny Goee 0HOTO pa3a.
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