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Moubrpa_qmﬁ KPYTHOTO aMepPHKaHCKOT'o MaTeMaTHKa, O1HO-
ro H3 cosjareieft romosorvueckofi aare6pu ¥ TeopHH KaTe-
ropufi. KnHra nHanMcana Ha coBpeMeHHOM HaydYHOM YPOBHe,
MaTepHal HajlaraeTcA siCHO ® mnNoHATHO. KHHra curpaet
Gosbwyio poJib B pacnpoCTpaMeHHH cpejH LIHPOKHX KPYy-
roB MaTeMaTHKOB ujaefl H MeTOJoB romoJorHueckofl anare6-
pH, npHoGperaomHX Bce GoJbliee 3HaueHHe B COBpeMeHHOR
MaTeMaTHKe.

KHHra paccuMTana Ha MaTeMaTHKOB PpAa3JHYHHX Che-
uHanbyocTefl; Momer OHTb HCNOJAb30BaHa KaK YydeGHOe
noco6He AJAA  acNHPaHTOB, CTYJEHTOB CTaplUHX KYpcoB
MaTeMaTH9ecKHX (aKyAbTeTOB YHHBEPCHTeTOB H TNeAHH-
CTHTYTOB, @ TaKKe KaK OCHOBa JJjifl CHelHaJbHHEX KYpcoB
Nno TEOPHH rOMOJIOTH H romojorHueckoi aJre6oe.

Pedaxyua aumepamypor no mamemamuueckum HKaykam
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I1peducaosue pedaxmopa nepesoda

FoMosiornueckas anre6pa c/0Xuaach K HACTOAIIEMY BPEMEHH B XOpO-
o OPOPMHUBIIYIOCS H CAMOCTOATEJBHYIO a/1reGpandecKylo HayKy ¢ co0-
CTBEHHBIMH MeTOJaMH M COGCTBEHHHIM MpeaMeToM u3ydeHusi. [llupokue
KpYrd MaTeMaTHKOB Y3Ha/H O MNOfBJIEHHH 3TOH HOBO# HAayKH mocJe
Bbixofa B 1956 r. ocHoBonoJaratomeit kuurd A. Kaprana u C. Diinen-
Gepra «['omoJiornuecKas ajreGpa», pyccKHil mepeBOJ], KOTOpOil, Bhllie[-
waid B 1960 r., mocTyneH coBeTcKoMy u4uTarteaio. [losaxe, B cBsisu
¢ O6YpHHEM pasBHTHEM TIOMOJIOTHYECKOH aare6pel H  BhIABJEHHEM
HOBBIX BO3MOXKHOCTeH M/ MNpHMEHEHHS TOMOJIOTHUYECKHX METQ/I0B
B pa3/HYHBIX O00JacTAX MaTeMaTuKd, GblIu ONMyG/IMKOBAaHH M JpY-
rHe KHHUCH.

«'omostorus» C. Makieiina, pycckuit mepeBoji KOTOpO#l NpejJaraer-
cA cefiyac YMTaTe/N0, BRICOJHO OTJHYAETCH OT BCeX 3THX KHHUI TeM, 4TO
B Heil 60raTcTBO COIEDIKAHHA M caMblii COBpeMeHHbIH MOJAXOJ K H3Ja-
raeMoMy MaTepHaJy COYeTaloTCd € HCKJIOYHUTEJbHBIM MacTepcTBOM
usJoxeHua. YuTareap, U3ydMBIUHA 3Ty KHHTY, OBJajieeT MeTOLaMH
rOMOJIOTHYECKOH aJre6pel, O3HAKOMUTCA C MHOTOYHC/EHHBIMH MNpHMe-
HEHHSIMH 3THX METOJOB B a/ireGpe ¥ TONOJIOIHH H BMeCTe C TeM MOJY4HT
NpaBUJIBHOE MpEeJACTaB/JeHHe O JBHKYIIHX cuJaX Bced Toi 06JacTH,
K KOTODO#l KHHra otHocutcs. [0BOpPUTE 0 KHHre mofipo6GHee HeT Heo6Xo-
JHMOCTH — BBelleHHe, HAllHCAHHOe aBTOPOM TaJIaHTJIMBO M ¢ GOJIBUIMM
noLbeMOM, JaeT MOJHYI0 BO3MOXHOCTh YHTaTe/Io, Jame BJaJelomeMy
JUb OCHOBaMH o6iell ajre6pel, NpaBu/ILHO MOHATH H CBoeoOpasHe
KHHTH, H TpeIMeT, B Heil H3yyaeMmlid.

Aprop KHuru, mnpodeccop YuKarckoro yHuBepcHTeTa, SABJfeTCA
OJHHM H3 CaMbIX BHIHRIX COBPEMEHHBIX aMEDHKaHCKHX aJareGpancToB
1 TomoJioroB. Ero posb B romonoruueckoit ajre6pe, Kak u B TEOpHH
KaTeropui,— 3TO PoJib OHOrO U3 OCHOBOINOJ/IOXKHHKOB H CO3/iaTe/ied 3TOH
o6/sactu. B npeluc/oBHH K aHIVIMHCKOMY H3JaHHIO KHUCH, MOCBSIIEH-
HOM pasJ/iuYHuM 6/1ar0JapHOCTAM, aBTOP FOBOPHUT CJeAYIOlIee:

«['omosioruueckas asnre6pa BO3HHKJ/A M3 MHOTMX MCTOKOB B ajreGpe
¥ TonoJioruu. Peialomue npuMepH MOABHJIKCE NPH H3YYEHHH paciiupe-
HHA rpynm H WUX cHcTeM (paKTOpOB, H3Y4YeHHH, KOTOpOE $I MpOBe
B coBMecTHoii paGoTe ¢ Orro luanmuroM. anbHeiiiee pa3BuTHe
TOMOJIOrHYECKHX HJIEH ¢ 1eJbl0 HX NpPUMEHEHHS B TOMOJOTHH GhLIO
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NpoBeJieHO B MoeM MNPOJOJIKHTE/NBHOM coTpyaHndectse ¢ CaMmyajeM
itsienGepromy».

DTH ¢J0Ba, Ha MOU B3rJf]], NPaBHJbHO OTPAXKAIOT AeHCTBHTENBHYIO
HCTOpHIO. JTOMY He NpPOTHBODEYHT TO, YTO ellle B TPHAUATHX rojax
aKTHBHO pa3BHBaJIHCh H ajre6paudeckas (H/H, KaK TOrJa rOBOPHJIH,
KoMGHHaTOpHas) TONMOJIOrHA, H TeopHS pacllipeHHH TPYNNm H Teopud
KOHeYHOMeDHBIX NPOCTHIX a/jrebp, H 6e3 3Toil mpenuecTBylomieil paGoTH
romoJiornyeckasi ajreGpa He MorJa Gul B CepejJiiHe COPOKOBHIX [OJOB
BO3HHKHYTb. Bosbiie Toro, aBrop cam orMeuaer paGoty B. Maitepa
KOHLA JABajilAaTHIX [ONOB, B KOTOpOiH BHEpBhE [MOHATHE KOMILJEKCa
NOSIBH/IOCHE KaK YHCTO aJjrebpandeckoe moHsATHe. CrepyeT OTMETHTE,
C-pyrofl CTOpOHH!, 4TO OKOJIO CepelHHH COPOKOBHIX r'0JI0B paspaGoTka
TeOpHH roMOJIOrHH B rpynnax Gbisia HesaBHcHMO HavaTta JI. K. ®PajgneeBrM.
BrnpoueM, Bcs 3Ta 06/1aCThb ellle CTONbL MOJIOAR, YTO MHCATh €€ HCTOPHIO
NOKa MpeXJeBpeMeHHO. -

Hacroswmas Kuura, HecoMHeHHO, HEOGXOJHMa KaXKAOMY a/ire6paucry,
KaX#IOMY TOMOJIOTY, KaXXIOMy MaTeMaTHKy, pa6oTaiolieMy B TaKOH
o0nacTH, B KOTOPOH MeTOABl TOMOJIOTHYeCKOil ajreGpbl yxe HallJIH
HIH JO/DKHH HaWTH NPHMEHEHUS.

Mocksa, A. Kypoul
¢debpaabp 1966 r.



Bae@euug

Ara KHHra HaYHHAeTCs C 'OMOJIOTHH, FOMOMOD)H3MOB H TEH30DOB.

Tomosiorus jaer anre6panMyecKyl0 «KapTHHY» TONOJOTCHYECKHX Npo-
CTPaHCTB, CONOCTAB/AA KaMIOMy HpocTpaHcTBY X ceMeiicTBo abele-
Bux rpynn Ho(X), ..., Ho(X), ... H KaxIoMy HempepblBHOMY
oro6paxenmio f: X — Y — cemeiicTBO rpynnoBX romoMopdusMoB
fn : Hy (X) = Hy (Y). CBoiicTBa npocTpaHCTBa HJH OTOOpaXKeHUs YacTo
MOryT 6uTh 3¢pdeKTHBHEIM 06pa3oM HaiJeHBl [0 CBOHCTBaM rpynm H,
UM roMoMOpGH3MOB f,. AHAJOrHYHHIA MpOIECC COMOCTaB/IAeT IPYNNH
rOMOJIOTHl JDYrHM MaTeMaTHYeCKHM oObeKTaM, Hampumep rpynne [T
HJH accouHaTHBHON azreGpe A. ['oMoJOrHA BO BceX TaKHX CJydasx
H eCcTh NpeJMeT Haillero pacCMOTpEeHHA.

KoMn/iekch naloT HaM CpeACTBO AJf BbIYHC/EHHS T[OMOJIOTHH.
Kaxnufi n-MepHuIl «CHHrYJSpHHID» cuMmmieke 7 TomoJiorHdecKoro
npocTpaHeTBa X HMeeT MPAHHUILY, COCTOSIIYIO U3 CHHTY/IAPHBIX CHMIVIEK-
coB pasmepHoctdn n — 1. Ecan K, — cBobonnas abeneBa rpymna,
NOpOX/IeHHAsA BCEMH STHMH M-MeDHBIMH CHMILJIEKCaMH, TO GYHKLHSA O,
KOTOpas COMNOCTaBJsieT KakaoMy 1 aJjibTepHHpOBaHHylo cymMy 97T ero
rPaHWYHKIX CHMIJIEKCOB, omnpejensieT roMoMoppusm 0: K, — K,_;.
Taknm o6pazom BosuuKaer (ra. II) cocrosmmii u3 aGesneBrx rpynn K,
H rPaHHYHBIX FOMOMOP(H3MOB 0 «KOMILIEKC» BHia

0 <Ko em K=K< Ky ... .

Kpome Toro, a9 = 0, tak uro ajgpo C, romomoppusma d: K, = K,_1
cofiep®uT 06pa3 0K,,,. Pakroprpymna H, (K) = C,/0K,,, ectb
n- rpynna roMosioruii KommJjexca K MJH HCXOZHOro mpocTpaHcTBa X.
YHacro mMenbiinil Hau Goslee NPOCTOM KOMILIEKC JIOCTAaTOYEH JJ/Isl BhIYHC-
JIeHHSl TeX )Ke caMeIX rpymn romoJoruii mpocrpancrsa X. Ecau jana
rpynna II, To cymecTByeT COOTBETCTBYIOIMH KOMILIEKC, IOMOJIOTHSA
KOTOpPOro coBnajaeT ¢ roMoJiorueit, onpeesiensoii g rpynnei. Hanpu-
Mep, ojHoMepHas rpymnmna romoJjordii rpynmsl I1 — 3to dakToprpynmna
II/I1, 11) rpynnm I1 no ee KoMMyTaHTY.

FomoMopdusMul cooTBeTCTBYIOIErO THNA CBSA3aHBI C KaXILIM THIIOM
anre6panyecKofl CHCTEMH; OTHOCHTE/IbHO YMHOMEHHS TOMOMOP(H3MOB
CHCTeMBI M HMX roMoMopgpusMu! o6pasylot «kaTteroputo» (ra. I). Ecam
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Cn A — a6enesnl rpynni, To MHOXectBo Hom (C, A) Bcex rpynnoBhuix
romoMopdusMoB f:C — A Taxkxke uBJasercda aGesaesoil rpymnoii. Ilpu
¢ukcupopannoil rpynne C 3TO €CThb KOBapDHAHTHHIHA «(pYHKTOP», 3ajaH-
HHi B KaTeropun BceX a6esieBbIX rpynn A; KaxJuid TOMOMOpPGH3M
a:A — A’ uapyunpyet oro6paxkenue a, : Hom (C, A) - Hom (C, 4"),
KOTOpPOE NepeBOJHMT Kaduhlii romomopdusM f:C — A B npousBefienne
of. Ecaun rpynny A 3apukcuposars, To Hom — KoHTpaBapnaHTHRIA QyHK-
TOp: Kapuii romomopgusM y:C" — C uuayuupyer otoGparkeHue y*
B NpPOTHBONOJIOXKHOM Hanpasaennd, Hom (C, A) —» Hom (C’, A),
nepeBons f B nponsBenenne fy. Takum o6pasom, npuMenenue Hom (?, A)
K KoMmsekcy K = ? mnepeBOpauHBaeT CTPeJKH M JaeT KOMIJIEKC
Hom (Ko, 4) 25 Hom (Ki, A) 25 Hom (K», A) - . ... 3necs dak-
toprpynnut (Kernel d*)/(Image 8*) nator koromosoruio H™ (K, A)
kommiekca K ¢ xosgpbuunentamun B A. B COOTBETCTBHH C MPOUCXOMKIE-
HueM K 3To jaeT KoromoJorHio npocrpancrBa X miaum rpymnmt II. -
Pacuiupenne rpynnu A ¢ moMompio rpymnet C — 3T0 Takas rpyn-
na B > A, uro B/A = C; uHa si3blKe fuarpamMm paciiiupeHue fBJSAETCS
TI0C/IE/I0BATe/1BHOCTBIO : '

E:0—A—>B—>C—0

a6e/ieBLIX [PYNI U FOMOMOPGH3MOB, TOYHOH B TOM CMBIC/E, YTO fAPO
Ka)kgoro roMoMoptusMa paBHO 06pasy mNpeibiyLIero roMoMopgusma.
MuoxecrBo Ext! (C, A) Bcex pacuinpennt A ¢ noMomwpio C OKasbl-
BaeTcsi aGesieBoil rpynnoil H pyHKTopoM oT aprymentoB C u A, KoBa-
pUaHTHRM 1O A H KOHTpaBapHaHTHHIM mo C.

Bonpoc: onpenensier M romosiorHsi KommJekca K ero KoromoJsio-
THIO?

Omsem: mouTn ja, mpH YCJIOBWH, YTO Kaxnas aGenepa rpynna K
ceoGonna. B aTom caywyae rpynma H™ (K, A) onpepmeasiercsa «c Tou-
HOCTBIO JI0 TpYNNOBOro pacmiupeHufi» rpynnamu H, (K), H,_, (K)
U A; uMeHHO, «reopeMa 06 yHHBepca/bHhIX Koadhduinenrax» (ra. I111)
JaeT TOYUHYIO TNOC/e0BaTe/IbHOCTh

0 — Ext? (Hn_y (K), 4)— H" (K, A)— Hom (Hx (K), 4) —0,

BKJIIOYAIONLYIO TOJIBKO 4TO BBeneHHH ¢pyHkTop Extl. Ecau rpymns K,
He cBOGOJHEI, TO moJsydaercsi GoJsiee CJOKHHEA OTBeT, BKJIOYAIOMIHi
CHeKTpaJibHble T0C/e0BaTe/IbHOCTH, OnHcaHHHe B ra. XI.

TeH30pH BO3HHMKAIOT U3 BeKTOPHuIX mpocTpaucTB U, V u W u Guau-
HelHbIX GYHKUHA B (u, v), onpepenenHblx Ha U X V co 3HaueHHsMU
B W. [Toctpoum BekTopHOe mnpocrpancTBo U @ V, mopoxneHHoe cuM-
BolaMH u & U, GuiuHefinbiMu Mo u € U u v €V u Toabko. Torna
u ® v — yHHBepca/bHafg OH/HHelHAas GYHKUMA: XA BCAKOH GHJH-
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HeilHON ¢yHKUMH B cymecTByeT ejuHCTBeHHOE JIHHefHOe npeobpas3oBa-
Hue T:UQ® VW, naaa kotoporo B (4,v) =T (u ® v). Okassl-
BaeTCH, UTO 3JeMeHTH H3 V ® V coBnajaloT ¢ K/iaccuyecKHMH TeH30paMH
(c ABYMS HHjEKcamu), CBA3aHHEIMH C BEKTODHBIM NpocTpaHcTBoM V.
Ilse aGedepn rpynnu A u G uMeloT TeH30opHoe mpoussefenue A ® G,
NopoXAeHHOe Gu/HHEHHKIMH CHMBOJAMH @ @ g; OHO fABJjsercs abeJe-
BO# rpynmoi u ¢yHKTOpOM, KoBapuaHTHbIM Mo A u G. B uacTHocTw,
ecoim K —xkomnieke, 0 1 AQ K AQ Ko« AR Ky« ...
6yneT KOMIIEKCOM.

Bonpoc: onpefie/ifieT Ju TOMOJIOTHS KOMIieKca K TOMOJIOTHIO KOM-
miekca A ® K? ‘

Omeem: NOYTH J1a; ec/M Ka)daas rpynna K, cBoGojHa, TO cyluecTByeT
TOYHAS TNOCJIe]0BaTe/IbHOCTD

0—> A® H,(K)— Hn(A® K)— Tor, (A, H._y (K)) — 0.

3necy Tory (A, G) — HOBBI KOBapHAaHTHH (YHKTOp OT abe/ieBhIX
rpynn A u G, Ha3wBaeMblil «NePHOUYECKUM YMHOMKEHHEM»;, OH 3aBHCHT
(ra. V) oT 3JeMeHTOB KOHeuHOro nopsaka u3 A u G H mopoxpaercs
NOJYHHEHHKIMH TOAXONAIMM COOTHOIIEHHAM TnapaMu 3JeMeHTOB
a€A n g€G, ana KOTOPHIX CYIUECTBYET TaKOe Le/0e YHC/IO0 /12, uTO
ma = 0 = mg.

BosbMeM JiekapTOBO NpOM3BejieHHe ABYXx mnpoctpaHctB X X Y.
MoxeM JIH MBI MOJCYHTATh €ro FOMOJIONHIO MO FOMOJIOTHH NPOCTPAHCTB
X uY? UayueHue KOMNJIEKCOB, NOCTPOEHHBIX U3 cuMiiekcoB (ra. VIII),
CBOJMT 3TOT BONPOC K BBLIYHC/EHHIO FOMOJIOTHH TEH30PHOrO Npou3Bejie-
Hua K @ L nByx KoMnJekcos. B 370 BeiUHC/IeHHe BHOBb YEpe3 TOUHYIO
noc/e/I0BaTe/IbHOCTh BXOJIHT TeH30pHOe YMHOXKeHue (TeopeMa KionHera,

ra. V):
0— X Hp(K)® He(L)—>Hn(K®L)—
pq=n _
— X Tory (Hp(K), Hq(L))—0.

ptg=n—1

Ho, yBbl, ectu A — noprpynna rpynnu B, 10 A ® G 06u4HO He ecTb
noarpynna B B @ G; unaue roBops, eciu E:0—>A—>B—>C—0
€CTb TOYHaf MNOC/eOBaTebHOCT, TO MOC/EI0BaTe]bHOCTh TEH30p-
HBIX TpOHU3BeleHHuH

0-A4AG—-BRG—->CRG—0

TOYHa, 3a UcKAo4eruesm, GuTb MoXeT, uleHa A ® G. K cuacrblo, nepuo-
JHYECKOoe YMHOXKEHHE YCTpDaHfleT 3TO 3aTpyjHeHHe; AaHHas MOC/en0Ba-
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TeqbHocTe E onpenenser romomopdusm E,: Tory (C,G) - A ® G,
o0pa3 KoTOporo B TOYHOCTH paBeH fjpy romomopdusma A @ G —
— B ® G, u nocJenosare/ibHOCTh

0—> Tor, (4, G) —> Tor, (B, G) — Tor, (C, G) 2 A®G—> B ® G

TouHa. HasoseMm E, cBs3biBaooiuM roMoMopousmoM jas Tory v @ .

Ho BHOBB, yBHI, ecan A — noarpynna rpynnel B, To romomop¢uam
f:A— G He Bcerja MOXHO NpPOJOJ/KHTBH A0 romomopdpuama B — G;
JIPYrUMH CJIOBaMH, TOYHas nocJejoBarenabhoctb 0 - A —+ B — C —
— (0 uHAyUMPYET mOC/eJ0BaTeJbHOCTh (B OGDAaTHOM HalpaBJIeHHH
BBHJly KOHTDaBapHaHTHOCTH)

0 — Hom (C, G) — Hom (B, G) — Hom (4, G) — 0,

KOTOpasi MOMeT oOKasaTbcfi HeTouHoff B Hom (A, G). Ext! cnacaer
NOJIOKEHHe: CYIHeCTBYeT «CBfi3blBalolyii» romoMopdusM E*, KoTopwlii
nopoxnaer Gosee NJIHHHYIO TOYHYIO NOC/EN0BaTe/bHOCTD

0—> Hom (C, G) — Hom (B, G)—> Hom (4, G) =5
2 Ext1(C, G)—> Ext1 (B, G) — Ext! (4, G)—> 0.

Tenepb 0606KM cKa3aHHOE; 3aMeHHUM abeJieBbl FPYNNE! MOLYJISMH
HaJ NMpOHU3BOJIbHBIM KOMMYTaTHBHHM KoabuoM R. Torpa Ext! (4, G)
CHOBa omnpejenfeTcd KaK R-MOJyJb, HO Halla AJHHHAS MOCJEN0BATeJIb-
HOCTb MoXeT He OWTb ToYHoil B usneHe Ext! (4, G). Cywecrsyior
HoBuii (pyHkTOp EX1® (A, G), HOBHfi CBA3HBAIOIWHIA TrOMOMOpGH3M
E* ; Ext' (A, G) - Ext? (C, G) u TouHas mnocjieJ0BaTe/bHOCTb, NpO-
cTupatomasics 10 GecKOHEYHOCTH BMPaBo:

E®*®
. — Ext" (C, G)— Ext* (B, G) — Ext" (4, G) —
E.
— Ext™1(C, G)— ... .
AneMentnt u3 Ext™ (C, G) ABAAIOTCA NOAXOISIIMMH KJaccaMH dKBHBa-
JIEHTHOCTH JIJIMHHBIX TOYHBIX MOCJ/e0BaTe/BHOCTEH
0—>G—>Bn—1—> e -—)Bo-—-)C—>0,
HaymuMe 0T G Kk C 4Yepe3 n MpOMEKYTOYHBIX MOAYJ/eil. AHaJornuHoe
NOJIOXKEHHE MMeeTCH ]IS NepHOANYECKOr0 YMHOXEHHS; CYIUeCTBYIOT
¢yukropu Tor, (A, G), onpeneiseMue ¢ NOMOMbIO NMOAXONAMUX O6Gpa-

SYIOIHX H COOTHOUIEHHH, KOTOpblE BXOAAT B AJIHHHYIO TOYHYIO noc/je-
JI0BATeNAbHOCTDb

.. —> Tonss (Cy G) 22 Tor, (A, G) —> Tory, (B, G) —
—Tor, (C,G)— ...,
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MHIYUHDOBAHHYIO KaXJoi TOYHOi mnocJenoBaTesnpHocThi0 E : 0 —
— A =+ B — C— 0. OHu npuMEHHMBl TaKXe H B TOM cJydae, Korja
KOJIbIIO He KOMMyTaTuBHO, eciH A, B u C — npaBue R-mopyJH,
a G — aesblit R-monyab.

Otu byukropu Tor, u Ext™ aBasiorcs NpeiMeToM H3y4YeHHSI rOMO-
Jorudeckoit anre6pbl. OHH HalOT KOrOMOJOMHIO Pas/JHYHHX ajareGpau-
yecknx cucteM. Ecan [T — rpynna, To BosbMeM B kadecTse R rpynnosoe
KOMb1Lo, MopoxpenHoe rpynnoft II Hajy KoabuoMm uennx uuced. Toraa
rpynna Z ueJibiX YHCeJ1 eCcTb (TpHBHA/bHEA) R-Moayab; ecan A — mo6oi
aApyro# R-Moxyias, To rpynnel Exty (Z, A) siBasiioTes rpynnamu Koro-
mosoruit H™ (11, A) rpymmet IT ¢ koaddunuenramn u3 A. Ecau n = 2,
rpynna H? (II, A) oxasbiBaeTcfl, KaK W JO/KHO OhTb, PYNNoi Bcex
pacuiupeHuii B aGesieBoii rpynnul A ¢ nomoiteio (HeaGeseBoit) rpynmsi I,
npudeM cTpyKrypa A Kak II-Mony.s nokasuBaer, kKak A BKJ/aJblBaeTCs
B B B KauecTBe HOpMaJ/ibHOro seautensi. Ecan n =3, to H? (I, A) —
3TO rpymnmna, 3JeMeHTh KOTOpPOil ABJSAIOTCA «npensTCTBHAMHU» N/ 3aa4n
pacuinpenusi. Amnanoruydo Tor, (Z, A) 1aeT rpynme TroMOJIOTHH
rpymist II. Ecanm Tenepp A — anre6pa wan nosem F, 10 Ext"
CTPOUTCA C MOMOLUBIO JJ/HHHHIX TOYHBIX NOCJEJ0OBaTeJbHOCTEH JBYCTO-
poHaux A-monyneii A. Anre6pa A cama fiBJIfeTCH TaKHM MoayJeM,
u Ext® (A, A) —3t0 KoroMosorusi A ¢ kosbdunuenTamy u3 A; BHOBb
Ext? u Ext® cooTBeTcTBylOT 3ajnauaM paciuupeHusi ais aare6p.

Monyabr P mpoektuBeH, eciu Kaxamii roMomopduam P — B/A
MOXHO mpoBecTH uepe3 B ¢ momompio P — B. Kamauit cBoGoaHhii
MOZlYJIb NPOEKTHBEH; 3amHIIeM NPOH3BOJbHEI MORYJb B 0GpasyoILHX,
Toria OH BBbIPA3UTCA KaK (aKTOpMOAyJb CBOGOJHOrO MOAYAS
M, CJ/eJ|0BaTe/bHO, NPOEKTHBHOTO MOXY.JIA.

Kak MoxHO Bmuucautb Tor, H Ext"? 3anumem A kKak cdakrop-
MOAYJb NMPOEKTUBHOrO MOayJ/s Py, T. e. COCTaBHM TOUHYIO MOCJeJ0Ba-
TesbHOCTb 0 «— A <« P,. SInpo romoMopguama Py — A cHoBa siBJsteTcs
dakropmMony/ieM npoeKTHBHOro MoayJs Py. Ilpojoskenue atoro mpo-
lecca JaeT TOYHYK mocaenoBaTesbHOCTh 0 «— A «— Py« Py« . ...
KoMnsieke P HasmBaeTcs «NpPOEKTHBHON pe3o/ibBeHTOH» Moxyas A.
JTOT KOMILIEKC HH B K3KOM CMBbIC/Ie He OJHO3HayeH; CpPaBHHUM JiBa
TAKHX KOMILJIEKCa:

O APy < Py<Pye— -

” llo ‘!yh \!y
0O AP, < P« P+ .

[Nockonbky Moxyae P, mnpoekTuBeH, oToGpakenue Po— A MOXHO
nposectu 4epes P;— A c nomousio fo. [Ipouseenenne Py — P,
3aTeM MOXHO mnpoBecTH 4epes P; — P, ¢ momompio fy : Py — P,
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TaK, '4T0 Ofy = fo0, W Tak jaJjee N0 HHAyKUuH. PesyabTupyoumee
cpaBuenue fp : P, = P, KoMmnJexkcoB HMHAYuUHpYeT romoMopdu3m
Hp, (P ® G) > H, (P” ® G). Uamenenne poseit P u P* u nedopmanpus
npousseienns P — P’ — P B ToXnecTBeHHOe oTOGpaxenue (nedop-
MaLHH Ha3hIBAIOTCA [OMOTONHAMH) MOKA3KIBAIOT, YTO 3TOT rOMOMOPHH3M.
aBasercss usomopgusMoM H, (P ® G) =< H, (P” ® G). Cnenosarenn-
HO, Ppynnu romodioruit H, (P @ G) He 3aBUCAT OT BHGOPa NPOEKTHBHOI
pesosibBeHTH P, 2 3aBucAT TogbKO OT A # G. OHH OKa3wBaloTCs rpyn-
namu Tor, (A, G). Anaisormuno rpynmel Koromogoruit H™ (P, G)
aBasiorca rpynnamu Ext® (A4, G), a Heo6xonuMule CBA3LIBAIOLIME FOMO-
Mop¢dH3Mu E* MOryT GHTb MOJy4YeHh H3 OCHOBHOM TOYHOM roMoJoruye-
CKOil mocJlenoBatebHOCTH KommaexkcoB (ra. II). Takam o6pasom,
Tor u Ext MOXHO BLIMHCJHTBL C NMOMOINBIO MPOEKTHBHRIX PEe30JbBEHT.
Hanpumep, ecin Il — rpynma, 1o mMonyap Z muMeeT cTaHaapTHYIO-
«B-pesossBenTy» (ra1. 1X), Koromosioruss KOTOpoii coBnajaeT ¢ KOroMo-
Joruedt rpymne! II. a8 OTAe/bHEIX IPYNN CELHAJ/IbHEE De30JbBEHTh
6osee 3(pdeKTHBHEL. _

KayecTBenHble paccMOTpeHHSI OTHOCATCA K BONPOCY O MHHHMMAaJb-
HOH AJIMHE NMPOEKTHBHOH pe30JbBeHTH R-Moxyas A. Ecau cymectByer
NpOeKTHBHas pe3osbBeHTa JisA A, 3akanuuBaromasca Ha P,y =0,
TO TOBOPAT, YTO A HMeeT rOMOJIOrHYECKYIO Da3MepHOCTh, He NMPeBOCXo-
JAIYI0 n. OTH pasMepHOCTH BXOAAT B apH(METHYECKYIO CTPYKTYPY
KoJiblla R; Hanpumep, ecsin R ecTh KOJIbLO Z LeJbIX YHCeJ, TO KaXKIhli
MOZY/Ib HMeeT pasMepHOCTb, He 6oJblilyl0 1; KaK npuMep OTMETHM ellg,
uTo TeopeMa ['man6epra o cusuruax (ra. VII) oTHocHTcs K pasMepHO-
CTIM rpajyHupOBaHHbIX MOJAYJeEHd HaJ KOJbLOM MHOrOYJIEHOB.

IIse Tounble mnochepoBatesabHocTh 0—> A —+B—>C—>0 w
0+ C— D — F— 0 MoxHO «ckJeuTb» B C H NOAYYHTb IJHHHYIO

TOYHYIO mO0CJ€e/10BaTe/bHOCTh

0—+A—->B-——>D—->F—0;
\C/'

ApyruMu cjoBam, 3jement M3 Ext!(C, A) u anement us Ext! (F, Cy
ONpeNeNsloT JBYKpaTHOE paclIMpeHHe, KOTOPOe ABJATCH 3JIEMEHTOM
us Ext? (F, A), xasbiBaeMbiM HX npousBejenueM (ra. III). Oru u ana-
JIOTHYHble NpousBeneHHs A1 Tor MOryT GbITh BRIYHMCJEHBl C MOMOIIBIO
pesosesBedT (ra. VIII). '
Kaxpguii R-MOAyJb ecTb Takxe aleseBa rpymma, T. e. MOAy/b
Haj KosbuoM Z ueabix uuced. Hasoem pacmupenne E : A - B - C
R-mopyneii Z-paclienJsiiolumcs, eciy CpeAHHid Moaynb B kak aGe-
JMeBa rpynna pasaaraercsi B npamyto cymmy A u C. [Tocrpoum rpynny
Extig, z) (C, A), ucnosb3ys TOJLKO Takue Z-paciienjsioluecs pac-
WiMpeHns. JTOT (DyHKTOP HMeeT CBS3blBalolye roMomopusmbl E*,
onpejefienHue s Z-paciuenJIsOmuXcA noc/efosatespHocTed  E.
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BmecTe ¢ COOTBETCTBYIOIUMMH MNEDHOAHYECKHMH YMHOMEHHSAMH H HX
CBfI3BIBAIOIAMHE FOMOMOD(H3MaMH 3TH (YHKTODHI COCTABJAIOT NpeAMeT
H3YyYeHHS OTHOCHTeJ/IbHOHM roMoJorudeckoii aare6pu (ra. I1X). Koromo-
Jorus Tpynnel — 3TO NMPHUMEP TAKOr'o OTHOCHTesabHOro QpyHkTopa. Tou-
HO TaK e, ecaH A ecTb aire6pa HaJi KOMMYTaTHBHBIM KoJiblloM K, To
BCE COOTBETCTBYIOIIME MNOHATHS OTHOCHTe/bHB NO oTHoweHuio k K;
B YaCTHOCTH, KOTOMOJIOTHS ajreGpbl A BO3HHKaeT U3 TOYHBIX MOCJEN0-
BaTesabHOCTell A-GHMojyJ/lefi, KOTOPhE PACINENJAIOTCA KAK NOC/eN0Ba-
TeasHocTu K-MonyJeit.

Orciofia clefyeT, YTO MOAYJIH ABJSIOTCS CYIIECTBEHHHM 3/IEMEHTOM
uccaenoBanua. OJIHAKO TOYHOCTb DE30JILBEHTR M OmpejeJeHHe Npo-
€KTHBHOro 00BbEeKTa CYTh CBOHCTBA MOMOMOD(H3MOB; BCE pacCyXJIeHus
OCTalOTCA B CHJE, €CJH MOAYJH U rOMOMOPOH3MHE 3aMeHHTH JIOGBIMH
o6bvektamun A, B, ... c «MoppusMamMu» « : A — B, KOTOpLe MOKHO
CKJIaJbiBaTh, MEePEMHOXATh H KOTOpble HMEIOT MNOAXOAfAHe fJpa,
Kosinpa (B/a.A) n o6pasu. C TexHHYeCKOH TOUKH 3peHHS 3TO paBHOCHJIb-
HO TNOCTPOSHHIO TOMOJIOTHYecKOH aJdre6pel B alejeBOil KaTeropHu
(rn. IX).. U3 ¢ynkropa To(A) = A ® G ME mnOCTPOHJM TOCJ]E-
JI0BaTeJbHOCTb ¢YyHKTOpOB T, (A) = Tor, (4,G). Boo6we nycrb
Ty —npou3BOJbHRI KOBADHAHTHBIE (YHKTOP, KOTOPHI aJAHMTHBEH
[Ty (4 + ag) = Tooty 4+ Toos] 1 MEpPEBOAUT KAXKAYIO TOUHYIO NOCJIENO-
BareJbHOcTh 0 - A — B — C — 0 B TOuUHYIO cripaBa noc/ef0BaTe/b-
HocTb Tg (A) = Ty (B) = Ty (C) > 0. Mu onsATe Hceaenyem fapo
Mopduama Ty (A) = T (B) n cTpoum HOBble GYHKTOpHI A/IS €r0 ONK-
cauus. Ecau B KaTeropHH «I0CTaTOYHO» MPOEKTHBHLIX OGBEKTOB, TO
KaxIpii 06bekT A HMeeT NPOEKTHBHYIO De30/bBeHTY P H 06bekT
H, (To (P)) ne 3aBucur ot BeiGopa P u ompenensier ¢yukrop T, (4),
BXOJAIUHMIA B JJHHHYIO TOYHYIO NMOCJEI0BATENbHOCTD

v. = Tn(A) = Ta (B) = Tn(C) 5> Tooy (A)— ... .

Takum o6pasom, T onpeie/isier Lie/yIO0 NOCJAeN0BaTeNbHOCTh 1POU3BO]-
HeIXx ¢yHKTOpOoB T, H cBfi3mBatomux romomopgusmos E, : T, (C) —
— Tp-1 (A). OTu «npousBojiHbe» (YHKTOPH MOMKHO OXapaKTepH30BaTh
aKCHOMATHYeCKH TpeMsl OCHOBHbIMHM cBofictBaMu (ra. XII):

(i) npuBeienHas BbILIE NOC/EN0BaTe/IbHOCTb TOUHA,;

(ii) eciu P — npoekTuBHui 06vekT 1 n >0, 10 T, (P) = 0;

(iii) eciu E — E" — roMoMop¢usM TOUHBIX MOCJe]0BaTeNbHOCTEH,
TO AuarpaMMa H3 CBSI3bIBAIOIMX rOMOMOP(H3MOB KOMMYTaTHBHa (ecte-
CTBEHHOCTB!):

Tw(C) — Tny(A)

| |

Th(C)—>Tuy (A).
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B yacthoctH, eciin Ty (A) = A ® G, TO 3TH 2KCHOME! XapaKTepH3yIoT
Tor, (A, G) xax ¢yHKTOpH aprymenTa A. MMeercs nonoGuas xapakre-
pucruka u aas ¢ynxropos Ext® (C, A) (ra. 111). Muave rosops, Kax-
Jpté mpou3Boaubiit pyHkTop T, MOXeET GRITb ONHCAH TOJMILKO B TEPMHHAX
npeangywmero ¢pyHkropa T, ;; #MeHHo, ecan E : S, (C) - S,-; (4)
APYrofl ecTecTBeHHHIH CBSI3LIBaIOUi FOMOMOPGH3M MeXAY aiauTHB-
HeIMH (YHKTOpaMH, TO KaXXJO€ «ecTeCTBeHHOe» OToOpaxeHHe S,
B Tp-y NpOJOJIKAETCH €IHHCTBEHHBIM 00Da3oM JIO €CTeCTBEHHOro OTO-
G6paxennsa S, B T,. dro «yHuBepca/bHOe» cBoiicTBO ¢yHKTOpa T,
ONHUCHIBAET €ro Kak JeBbiit cateanur ¢yukropa T,-; OH MOMXeT GHITh
HCIIO/1b30BaK AJ5 MOCTPOEHHS YMHOMEHMH.

[TocniepoBaTenbHElE H B3aHMOCBf3aHHKlEe 3Talbl 0600LeHUS NOABJS-
IOTCAl BCIORY NPH H3JOXKEeHUH FOMOJOrHYecKoi anre6pn. Mu ugeM ot
afesieBLIX TPYNN K MOAYJAM, K 6HMOAYJAM, K oObeKTaM H3 abeseBo
KaTeropuH; OT KoJell K rpynnaM, K ajare6pam, K aare6pam Xomda
(ra. VI); or ToUHRX nocjenoBarebHOcTell K Z-paciuensIomuMca ToY-
HHIM TI0C/IE/IOBATENBHOCTAM, K «COGCTBEHHOMY» KJaccy TOYHHIX TIOCJeN10-
BaTeJibHOCTe#f, 0xapaKrepusoBaHHOMy akcuomamu (raA. XII). ITpepmer
HaxoAMTCA B nporecce GRICTPOro pasBHTHA; HanboJee obmas GpopMmy/in-
pOBKa ellie JO/KHa GbiTh moaydena. Ilo aToii npu4nHe NBHKeHHe HIET
B KHHre OT Y2aCTHOrO K o0lEeMY H NpeJIUIecTBYIOLIHe pe3yJ/bTaThl oGbe/u-
HAIOTCA B 3aKJIOUKTeJbHOM u3ydeHnH (rJ. X I1) ananTuBHEIX PyHKTOPOB
B abeNeBoil KaTeropHd MO OTHOWIEHHIO K cOGCTBEHHOMY KJ/accy TOYHBIX
noc/e10BaTeJbHOCTE.

Kak ToJIbKO HEKOTOpOe MOHATHE H3YYeHO, Mbl OCTaHaBJ/HBaeMCH
JlJIs1 TOro, 4To6h! onHcaTh ero npuMeHenus. Taxk, ra. IV o koromosoruu
CPYNIN CONEPIKHUT TOMONAOTHYECKYIO HHTepNPETALUIO TPYNI KOrOMOJIOrHii
rpynnst IT kak kKoromosoruio achepHyHoro npocrpalcTba ¢ pyHnaMeH-
TanbHoit rpynnoii I1, a Taxxke Teopemy lllypa o pacmensgeMocTn Kax-
JOro paciiiHpeHHsl OJHOH KOHeYHOi#l pYNNhl C MOMOIUBIO JPYroH, eciau
NOpSIIKKM 3THX rpymnn B3auMHO mpocTh. B ra. VII o paamepHoctu H3y-
YalOTCsl CH3HTHH H cenmapale/ibHbie ajre6pul. ['J1aBa X o xoroMoJoruu
aqreGpauyecKHX CHCTeM COJlepXKHT OCHOBHYIO TeopeMy Beaaep6ap-
Ha JJ1 a/are6p H KOrOMOJIOTHIO (Ha pasHbIX YPOBHAX) abesieBHIX
rpynm.

TnaBa X1 conepXuT craniapTHOE NOCTpPOEHHE CIIEKTPa/bHON mocJle-
JI0BAaTeNbHOCTH (HJBTPALHH M GUKOMIJEKCa, HCHO/b30BaHHOE M5
MOCTPOEHHA CHEKTPAJbHOH mNOC/e0BaTeJbHOCTH MOKDHTHA M [pyn-
NOBOro paciikpeHus (3Ta mocseqHss HieT oT JlunaoHa, a He oT mocJe-
nywomeil pa6otet Xoxumnabna u Ceppa, Kak yacTo aymawor). Bosbinas
YaCTh M3/0KEHHsT TOMOJIOrMYeCKOH ajreGpbl B JDYTHX IJ1aBaX MOXeET
GBITb TOHAT2 HE3aBHCHMO OT ITHX De3YJIhTaTOB.

Ilas cnenuaJ/iucra Mbl OTMETHM HECKOJIbKO ocoGeHHocrelt. OCcHOBHREE
dyukroput Ext u Tor onucaun HenocpencrBenno: Ext, cienya Honena, —
NpH TOMOUIK J/IHHHBIX TOYHBIX mocJejnoBate/bHocTeil, Tor — ¢ moMo-
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IbIO YJYy4llieHHOTO MHOXeCTBa 06pasylouX H COOTHOWeHHuH. Pesosib-
BeHTaM OTBEJEHO HX HCTHHHOE MeCTO, MECTO CpEACTB BBIYHC/EHHS.
Bce mHoroo6pasue anre6p (koasare6pnl, aare6put Xonda, rpagyupobaH-
Hble anareGprl, aucpepeHIMalibibe rpajyHpoBaHHble a/1re6pbl) onucaHo
en1uHo06pa3HO KOMMYTAaTHBHRIMH JHarpaMMaMH . IJs 0To6pakeHHi
ymHOxeHus. OTHocHTe/IbHas roMoJlorudeckass ajnre6pa paccMarpuBaer-
cfl Ha JIBYX YpOBHsAX OOIIHOCTH: CHAa4YaJa NMpu MOMOIUH «mpeHeGperaio-
mwero» ¢yHKTOpa, K NDHMepY TaKOro, KOTODHIH CYHTaeT R-Mony.b
abejiepoil rpyNnNof, NosjHee NMPH NMOMOMIM NMOAXOAAIIEro co6CTBEHHOr O
KJacca KOPOTKHX TOYHBIX MNOCJ/efoBaTeJbHOCTeNl B abesieBOil KaTero-
pun. Koromosorus rpynn onpenessieTcss GyHKTOpPHO Yepe3 B-KoHCTpyK-
1HI0. T2 KOHCTPYKUHSA NnosnHee GUrypupyer B aGCTPAKTHOM (opMe: pis
napel Kateropuil ¢ npenebperatomuM GYHKTOPOM H (PYHKTODOM, CTpOf-
MM OTHOCHTEJbHBIE MpOeKTHBHBIE 06BeKTH (ra1. IX, § 7). Ykasano
co6CTBEHHOE Ompeje/ieHHe CBfSEIBAIOMIEro roMoMopgusMa Yyepe3 aaau-
THBHhIE OTHOLIEHHS (COOTBETCTBHA); 3TH OTHOHIEHHS HCNOJb30BAHK!
J/1Sl ONHCAaHHA TPAHCrDECCHH B CHEKTPAJIbHOH MOC/EeN0BATeILHOCTH.
310 naeT yno6Hy ¢GoOpMy IJf PacCMOTpeHus TPAHCTPeCCHH B CHEK-
TpaJbHOH mNocJefoBaTe/ bHOCTH JIuHaoHa. Jlnarpammubii nouck pa6o-
TaeT B aGeseBoft KaTeropuu c Mojo6bekTaMu H aKkTopoGbeKTaMu BMe-
cto 3jeMentoB (XII.3).

OGosnaueHHs OGLIYHBIE, CO CJENYIOIHMH HECKOJbKHMH HCKJIOye-
uuaMi. Komniekc o6osHauaercst GykBoit K (MaTHHCKas), KOMMYyTaTHB-
Hoe KoJblo — GykBo#i K (rpeveckas). «['panynpoBaHHblit» Mony/ib M
ecTb cemeiicTBo My, M,, ... monyJeil, a ne ux psAMas cymma 2 M,
B TO BpeMs Kak o ceMeiictee . . ., My, My, My, . . . roBopurcs, uto
oHo Z-rpamyupoBaHo. MoHomopdusM o6o3HauaeTcss kak % : A » B,
anuMop¢u3M Kak o : B—» C, a cuMBOJ % || 0 O3HayaeT, YTO moc/eNo-
BarejqbHoctb 0-—> A —> B— C— 0 Ttouna. [lynkThHpHas cTpeJka,
A ...— B, o6o3nayaeT roMOMOp(}H3M, KOTODHIH HYXXHO IOCTpOHTb,
WTpuxoBasg cTpeaka, A --—B —3To rpynmoBofi roMoMopdusm
MeK1y MOLY/IIMH, HenosHas crpedka A —~ B — ajiuTHBHOE OTHOILIEHHE.,
Mb passnyaem Guxommiekc (X1.6) m kommiekc kommiekcoB (X.9);
MBI «TIOTIO/THSAEM», HO He «0NoJiHsAeM» a/re6py. JIBoiicTBeHHOMN K pe3oJib-
BeHTe SBJfAETCA <«KOpe3o/bBeHTa». EC/AH u — LHMKA H3 TOMOJOrH-
yeckoro -kJacca h € H, (X), To o6o3naveHue u € € H, ecTb coKpa-
menne 3anucH u € h € H,, B To BpeMAd KaK h 3anucbiBaercsl Kak
h = cls u. Korpanuua n-mepHoii kouenu f pasua 6f = (—I1)**1 fd co
aHakom (I11.3).

Ccpiika Ha TeopeMy V.4.3 o3HauaeT ccul/IKy Ha TeopeMy 3 § 4, ra. V;
ecJly HoMep I'JIaBhl ONYILEH, TO UMeeTCs B BHJy TEOPEMA U3 TOH JKe rJ1aBbl.
Ccelika Tuna Byp6akn [1999] oanavaeT cceuiky Ha paGoTy ynomsiny-
TOrO aBTOpA, YKa3aHHYIO B 6u6/Horpacdud B KOHLE KHHTH H onyG6.u-
KOBaHHYIO B 0TMeueHHOM roxy; [1999b]— aro ccrika na Bropyio paGory
TOrO e aBTopa, onyG/JKKOBaHHYIO B TOM e rony. OKasaBuini 60Jbiioe

2—353
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BiusiHve Tpakrar A. Kaprawa m C. DitnenGepra «['omoJsorudeckas
asre6pa» BRIIEJ/IEH TeM, YTO YNOMHHaeTcs Ge3 yKa3aHus jaaTel. Bubauo-
rpaus He NpeTeHAyeT Ha NOJHOTY; ee 3ajaya — OHTh NyTeBOJAHTEJEM
IAS AallbHeiiiero yTeHus, NOJCKa3aHHOIO B 3aMeYaHMAX, CJeJaHHHX
B KOHLle HEKOTOphIX IJ1aB H mnaparpadoB. ITH 3aMeYaHHS COJEpKaT
TaKe HeCHMCTEMAaTHYeCKHe HCTOpHYECKHe KOMMEHTapHH, KOTOphHE JaloT
onpejiesleHHElii — H, BepOATHO, CyGbeKTHBHBIH — B3rJIA Ha XOJ
pa3BHTHA TOMOJIOTHYECKOH aJre6pbl. YmpaXKHeHHs TpeJHa3HayeHbl
KaK JJd TOro,.4To6n AaTh 3JEMEHTApHYIO NPAKTHKY B NOJb30BAaHHH
BBeIEHHEIMH TMOHATHSAMH, TaK H JAJs Toro, 9rol6el chopMyJHpOBaTh
JIOHOJHUTEJbHEE CBeIeHHS, He BKJIOYEHHRlE B TEKCT.



raasa |

Mooyau, ouazpamms. u gyHkmopol

B Teopun romoJorufi mOCTOSTHHO NMPHXOAUTCH HMEThb jedo ¢ dop-
Ma/IbHEIMM CBOHCTBaMH (pyHkimii (oToGpaennfi) H HX NPOH3BEIEHHH.
PaccmaTpuBaeMble B 3TOH TeOpHH GYHKUHH OGRIYHO SAIBJSIOTCA rOMOMOp-
¢u3MaMH MoayJeil HJH CBA3aHHLIX € HHMH anre6paHyecKuX CHCTEM.
dopMasbHEIE CBOHCTBA, HCNQJIb3YEMbIE TIOCTOSHHO NPH H3YYEHHH TOMO-
JIOTHH, MOTYT OBbITh ONHMCaHH YTBEpXAEHHEM, YTO TOMOMODGH3IME!
0o6pasyloT KaTeropui. 3Ta rJaBa NOCBAIUEHZ MOHATHAM MOAYJAS
H KaTeropHH.

§ 1. O6o3HayeHHd WPH MOMOILA CTPeNOK

Ecmu X u Y — npa mHoxecTBa, To npamewm (Gexapmoesim) npousse-
Oenuem X XY Ha3nBaeTcsi MHOMECTBO BCeX YNOpANOYEHHHX Mfap
(x,9), tiex€EXnyeyY.

Cumboa f: X — Y o3nauaer, uto f asaserca ¢ynxyued, onpede-
AenHoll Ha mHoocecmee X co Snaderuamu 8 mrozxcecmse Y. @opmadbho
Takasgd (YHKUHA MOXeT OhITb ONHCaHAa YNOPAJNOYEHHOH TpohKoM
f=(X, F, Y), rpe F— nogmHoxectBo MHOXectBa X XY, cozmep-
Kamee AJ8 Kaxporo x € X ToJabKo oany napy (x, y). HeiicrButesbho,
MBI, KaK MpaBHJ/O, 3aNHCHIBaeM Kak f (x¥) = y 3Hauenue ¢yHruuu [
ot apryMeHTa x. OTMETHM, YTO MBI UIIEM (YHKILHIO C/IeBa OT apryMeHTa,
T. e. f (x). 3amMeTHM TaKxe, 9T0 Kaxknas ¢QyHKiua f cBA3aHa ¢ onpeje-
JIeHHbIM MHOMecTBOM X Kak 064acmei0 onpedesenua W oNpefieJieHHRM
MHOMeCTBOM Y Kak obaacmoero sHavenud,

Ecan panm pse ¢yukumn f: X - Y u g: Y = Z, 10 npoussede-
Huem gf, MHOrAa 3anAChIBAeMbIM B BHJE g o f, cunTaercd pyHkuus ua X
B Z, onpesesieHHas paseHcTBOM (gf) (x) = g (f (x)) nna Kaxnoro x € X.
[TockoabKy yHKIMH 3anHCHIBAIOTCA CJeBa OT apryMeHTa, gf o3Hauaer,
YTO CcHayala npuMeHsieTcs ¢yHKuus f, a notom ¢ynkuns g. [Ipoussene-
HHe gf ompeliesieHO Moabko B TOM cJjydae, Korja o6/acTh 3HaYeHHi
byukuuu f coBnagaer ¢ 06/acThio onpeetenna ¢pyHKuun g. B yacTHO-
CTH, YMHOMeHHe He OlIpeJieJieHO B TOM cJydae, Korja o6JaacTh 3Haye-
HHMA [ ecTb cOGCTBEHHOE NMOJIMHOMECTBO 0GAACTH ONpeeneHHs g.

2%
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[ npousBOJBHOrO MHOKeCTBa X TOXIECTBEHHHIM OTOGDaxKeHHeM
(1 nnn 1x) aBnserca Takas ¢yukuua 1: X — X, uro 1 (x) = x jpas
moGoro x € X. Ecian S — noaMHoMXecTBO MHOMXKecTBa X, To GyHKUMA
j: 8= X co 3HaveHuAMH [ (S) = s JJIA Kamjoro s € S HasmBaeTcA
(¢ToxnecTBeHHBIM») Gaoxceruem S B X. Il npousBOJbHON (YHKIHH
f: X = Y npoussesenue fj: S — Y (sanucuiBaeMoe uHOrja xak f | S)
€CTb «OrpaHHYeHHe» [ Ha NoJMHOMecTBO S MHOMecTBa X. AHaJloruyHo,
ecian Y — noaMHOXKecTBO MHOXKectBa W u k: Y — W ecTh BioXKeHHe
{k (y) = y), To npousBesienne kf : X — W assseTcs Toii xe caMoil pyHK-
uueld f, ob6JacTb 3HayYeHHH KoTopoil Y paciiupeHa jo MHoxecrBa W.
3ameTnM, 4TO QYHKIMH f H Af HMEIOT ONMHAKOBBIE 3HAYEHUA NIA KakK-
JIOr0 3Ha4eHUs apryMeHTa X, HO TeM He MeHee CYHTAKTCA DPAa3HLIMH
$YHKIMAMH, MOCKOJBKY y HHUX pasHble 06jacTH 3HadeHHil. JTO pas-
JIHUHe, Kamylleecs H3JHIIHE NeJAaHTHYHLIM, TI03jlHEe OKyNuTcs (CM.
npaMep 2 m3 IL.1).

B rnanbHeiinieM HCHOJB3YIOTCA OOHYHHE 0603HaueHHs TEODHH MHO-
wecTB: X (1Y o6Go3nauaer mepeceueHne mMHoxecTB X u Y, a ¢J o6o-
3HaYaeT MyCTOE MHOMECTBO.

§ 2. Monysu

[Tycts R — xoabuo ¢ epunuuedd 1 %= 0. Jesoim R-modysrem Hasbi-
BaeTcsl aJIMTHBHO 3amucanHas aGejeBa rpynna A BMecTe C onpejeJieH-
HOi ¢yuxupedt p : R X A - A, 3anuceiBaemoit B Bufie p (r, a) = ra,
yaoBJeTBopAowei 1ag Beexr, r' € R u a, @’ € A crenyomuM cooTHo-
LIEHHAM:

(r+rYa=ra+ra, (rrYa=r(r'a),

r(a+a)=ra+ra, la=a.

Us atnx cooTHoieHui ButekaeT, uto 0a = 0 u (—I1) a = —a. Hekoro-
phie aBTOpEI, onpejiensis R-MOAY/b, He TPeGYIOT BHINOJHEHHS COOTHO-
WeHHsA la = @ u Ha3HBAOT MOAYJH, AAA KOTOpPuX la = a, yuurap-
HeIMH. B 3T0ii KHure Bcerja 6yfer NpejnosaraTeCs, 4mo KOAbYO umeem
edunuyy u 4mo MoOYAU YHUMAPHBL.

Hamin paccMorpeHusi JeBnX R-monyJsedr 6ynyr mutatis mutandis
TIpUMEHHMbI K npasoim R-mo0yasm, KOTOpLE ABJSIOTCA abe/leBbIMH TpyM-
namu A ¢ ar € A, npuYeM BHINOJHEHBl COOTBETCTBYIOUIHE YETHIDE TOXK-
JectBa, Hanpumep a (rr’) = (ar) r’.

Mojyau BeTpeyaloTcsi oyeHb uyacto. B ToM cayuae, korna R ecTh
noJe HJH TeJo, JeBHii R-MOLyJb SBJAfETCA JEBHIM BEKTODHEIM Mpo-
crpancTBom Haj R. Ecau F — noste, a R = F [x]— KoJb1o MHoroue-
HOB OT OJIHOTO HEH3BecTHOro x ¢ koatduuuentamu u3 F, To R-moxynn
€CTh NpOCTO BeKTOpHOe mpocTpaHcTBo V Han F, B ‘KoTopom 3aduKcH-
poBaHo JuHefiHoe npeoGpasoBanue T : V — V; nmenno, T — 3To npe-
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o6pa3oBaHue, KOTOpOe 3ajjaeTcsi YMHOXEHHEM CJe€Ba 3JIEMEHTOB mpo-
cTpaHcTBa Ha 3JeMeHT x € R. PaccMoTpuM Takxe Z-MOAyJH, rje
Z — KOJIbllO UeJBbIX Ynced. [ KaXXIOoro. NONOXKHUTEbHOrO m, ma =
=a-+ ...+ a (m pas); suauur, Z-MonyJb A ectb npocto abeseBa
rpynna c o6biYHBIM NOHHMAaHWeM LEeAbIX KpaTHhX ma, m € Z. Ecan
Zy, — KOJIbIIO BBIYETOB M0 MOAYJIO &, TO Zy-MOnyJb A siBAseTCs abele-
BOH [DYNNO, B KOTOPO# MOPsI0K KaXA0ro d/ieMenTa Ae/ut k. Hakonen,
nyctb R — KOMMYTaTHBHOE KOJIbLIO, MOPOXJAEHHOE €AWHHIEH W TaKHM
3JleMeHTOM d, 4T0 d* = 0, T. e. R COCTOMT H3 Bcex nap Bujaa m + nd
¢ neaeiMH Ko3dduLneHTaMl m K n; Toraa R-Mony.b fBJseTcs abe/eBoi
rpynnoii A, B XKoTopo#l 3a¢uKCHpoBaH Takofi aHxoMopdusM d: A — A,
yto d? = 0. [lapa (A, d) HaseiBaeTcs «iuddepeHUHa bHON [pyN-
noit» (I1.1).

[TogmuoxecTBo S R-Mony./ia A nasniBaercs nodmodyem (0603Havaer-
ca S < A), et S —noarpynna rpymnmnst A w eciu u3 r €R, s€ S
caepyer, uto rs € S. B 3ToM cayyae S moxeT paccMaTpHBATbCA Kak
R-moznyab. Kosbio R camo- siBasiercs JeBuM R-monyneM. Iloamony.b
MonyJas R — 3T0 NojMHOXecTBO L, 3aMKHYTOe OTHOCHTENbHO CJIOXKe-
HHfl M BRIJIEPXKHBAIOLIEe YMHOXKEHHE CJ/IeBa Ha BCe 3JIeMeHTH! KoJbla R,
T.e.rL < L pna pecex r € R. Takoe NOAMHOMKECTBO Ha3hIBaeTCH TaKxKe
nesoim udearom xoabna R. Ecium L — seswniii upean 8 R 1 A — JeBuiit
R-MOyAb, TO MHOMeECTBO

LA ={Bce koHeyHHe cyivmu 3ha; paa LeL, a€ A}

fAIBJISTETCS MOJMOJYJIEM MOyl A, Ha3biBaeMbIM npoussederuem uieana L
Ha mMony/p A. B yacTHOCTH, MpoH3BejeHHe JBYX JieBHX HjieasoB LL’
ecTb JeBHii Hpean, H (LL') A = L (L' A).

IMycts A u B cyts R-Moayau. O6osuavenns @ : A — B nau A % B
YKa3bIBalOT, YTO & eCTb R-mo0yavHuili eomomopdusm A B B, T. e. Takoe
otoGpaxeHne A B B, uto g

a(@a+a’)=aa+aa’, a(ra)=r(aa).

Ecin o : A— B, To A Hasosem obaacmoto onpedesenus, a B —
obaacmero arasenuii . 06pas Im () = A COCTOMT H3 BCeX 3JEMEHTOB
Buna aa, a € A; on sBJAgeTca moaMoxyJeM o6JacTH 3Hadenuit B. fdpo
Ker (@) cocrout u3 Beex aeMeHToB @ € A, I KOTOpX ad = (; OHO
ABJsieTc noamonyJeM obnactu onpenesedns A. Ecin ad = B, 10 Mbl
GyneM roBopuTb, 4TO o — 3nuMoppusm, u mucath o : A —» B; ecau
Ke Ker (@) = 0, To 6yaeM roBOPHTb, YTO 0. — MOHOMOPGU3M, Y TIACATH
o :A>» B. Hakonen, o — usomopdusm, ecium o OIHOBPEMEHHO
fABJseTCA U 3nUMOpdHU3MOM, H MOHOMOpH3IMOoM. JIs kaxoro monyas A
TOXECTBeHHOe oOToGpakeHne ly : A — A ectb wusoMopdusm. s
JOGbIX MOnystelt A u B nyaeBasi WM «TpHBHAAbHAA» GyuKuus 0, pas-
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Hag 0 aqs Bcex a € A, ectb romomopeusm 0: A — B. T'omomopduam
®:A— A c coBnajalomuMH OGACTAMH ONpeje/]eHHs M 3HaueHHH
HasbiBAeTCs SHOOMOPPUIMOM.

IMycrs oy, @y : A — B — roMoMopdH3ME © OGIDMMH O0GJIacTSIMH
onpefe/eHns H 3Havyenuit. Toraa oro6paxeHue oy -+ &y, onpejeseHHoe
paBeHCTBOM (xy + @3) @ = a4@ + %y@, €CTb R-MOAYJABHHA roMOMOp-
¢u3M &y + ay : A - B, HasbiBaeMuIll cymmoll oy M Q.

Ecmn :A—Bu p:B— C cyrb R-MonyJIbHEE rOMOMOP(H3MEL, TO
npoussedenue Pa TakKe aABAgeTcS R-MOAYJbHBIM roMoMOphH3IMOM

: A - C. Caeiyer HanOMHHTb, YTO yKa3aHHOEe NpOH3BeJieHHe onpe-
JIeJIEHO TOJIbKO TOTr/a, Korja 06JacTh 3HadeHHH roMoMopdH3Ma o coBna-
Aaet ¢ o6JacThio onpejeseHus roMoMopguama f.

YMHOMKeHHe rOMOMOP(U3MOB acCOIHATHBHO, €CJIH OHO HMEET CMBICJ.
O6pamuwm (nBycTOpOoRHHM) K o : A — B Ha3mBaeTcs Taxkod roMoMop-
¢usma-t: B— A, 4t0 ao™l = lg n a-la = 1 .. OTOGpaxeHue o 06/1aaeT
0o6paTHRIM TOr'2 H TOJIBKO TOT'/la, KOrJja 0. eCTh H30MOP(H3M, H B 3TOM CAY-
yae o6paTHblit romoMophH3M efuHcTBeHeH. Mut 6yneM nucatb o : A =< B,
ec/lH oo — n3oMopu3aM. JIeswm o6pamusim K oo Ha3nBaeTcs TaKoA romo-
MopdusM ¥ : B— A, uto ya = 14: O He 06f3aH CYIIECTBOBATh HJH
6HTh eAMHCTBEHHBIM.

loBopsT, 4TO mapa roMoMop¢usmMos (o, P)

A3BAc
mouna B B, ecan Ker p = Im e. [Tocaenosarensnocts roMoMopdusmMoB
Ai E)Azi;A‘q—) ce e —> An_i—a-n—_iAn

cuHTaeTcs modroll, eclu napa (d;—y, @;) TOdHa B A,;, i =2, ... n— 1.

Ina kaxnoro moamonynfs 7 < B. BaoxkeHnHe ecTb MOHOMOpdH3M
j: T — B. I1aa gaxmoro b € B muoxecrBo & -+ T Bcex cyMM Buja
b+t rme t €T, HasHBAGTCA CMeNCHWM Kaaccom Monyas B mo noj-
MoayJo T; 1Ba CMeXHRIX KJacca Ju60 He mepecekawoTcs, JAH6O coBna-
JalT (npHYeM moc/eaHee HMeeT MecTo npu by — by € T). Hanomunw,
yro gpakmopzpynna B/T cocTouT 3 cMeXXHBIX kJaccoB B no T, a cioxe-
HHe B Heil npoussonutTca no mpasuay (by +T)+ (b + T) =
= (by + by) + T. Mockoabky T — moxMonyJb, abesea rpynna B/T
CTaHOBHTCH R-MonyJeM, ecJH YMHOXeHHe JIOGOro 3jJeMeHTa r € R
Ha cMeXHul kKaacc b + T onpepenuth papenctBoMm r (b + T) =
=rb+ T. _

Mu nasosem B/T ¢pakmopmodysem Monyas B. OroGpaxenue 1,
CTaBsilIeE B COOTBETCTBHE Ka)kJIOMy 3JeMeHTy b € B ero cMexHbIfi kjacce
b + T, sBasercs snumopgusmom m : B » B/T, Ha3biBaeMbIM ecme-
crmeenroLm STUMopduaMoM, HIH npoexyued B Ha B/T.
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H_penﬂomeﬂue 2.1. Lcau p:B—+B" u TcKerf, mo
cywjecmeyem  maxoll  eOUHCMBEHHOUL ~ MOOYAbHOBIL — 20MOMOPPUIM
p’ : B/T — B’, umo p'n = P, m. e. duacpamma

B-"—»B]T

\. ‘p p(T)=o0,
&

Moxcermn Goims Gonoanena 60 KOMMYMAMUBHOL NpU NOMOWU eQUHCINGEr-
nozo zomomoppusma B’ (Bm = p).

HokasateabcTBo. [loaoxum p’ (b + T) = pb. [Tockoab-
Ky T < Ker B, oto6paxenue oxHo3nayHo. B yacraoctn, ecu f : B —
— B’ ectb anumop¢usm ¢ sapom T, to PB”: B/T =< B’.

STOT pesyJbTaT MOXKHO BbIPA3HTb H NMO-JPYrOMY: KaXKIhli FOMOMOp-
¢usm P, xasa xoroporo BuinogHsierca P (7) = 0, enuHCTBeHHBIM 06Gpa-
30M NpencTaBuM B BHJE npou3senenus nf’. Mul GyneM TakiKe rOBOpHTb,
uTo P 00HOSHAHHO npoxodum 4epe3 . 3TO CBOHCTBO XapaKTepH3YeT 3MH-
Mop¢usM 1: B — B/T ¢ TouHocTelo 10 n3omopdusMoB moayas B/T;
HMEHHO, HMeeT MeCTOo CJeJylolee

MMpennoxeune 2.2 Ecau T<B u ecau §:B—-D —
maxoil zomomopuam, umo & (T) = 0 u xaxcoeui eomomoppuam p : B —
— B’ ¢ B (T) = 0 odrosnauro npoxodum uepes §, mo cyuecmayem uso-
moppuam 0 : B/T == D, npuwem § = 6.

IlokasaTeabcTBo. B cuny yciaoBus Haulero npeasioxeHHs
n npenioxenns 2.1 cymectBytor pasaoxkenus § = {m, n = n°L. Cae-
nosateabdo, § = (§'n’) £ = 15. BBuny enuHCTBeHHOCTH pasJOXeHHUS
oro6paxenus §, &'n” = 1. [To cummerpun n'f’ = 1. 3nauur, 0’ =
= (£, u §’ ABAgeTca HCKOMBIM H30MOpdH3MOM 6.

Ilna kaxporo nogmoayas T < B Baoxenue j U MpoeKuHS 7 [03BO-
JSIOT TIOCTPOHMTb TOYHYIO MOCJAEN0BAaTeNbHOCTD

0T -5 B3 BT —0.
O6parHo, nyctb '

(%,0):0 A5 B35 C—0

— KOpOMKQf MOYHAs NOCAe008AMEAbHOCMb, T. €. TOYHasf [oCJ]enoBa-
TEJILHOCTb NATH R-MojyJefi, B KOTOpPOH NepBLIi M mOCJefHHH MOnyJH
HyJleBble (M, 3HAYHT, NEpPBOE M NOCJEJHee OTOOpAKEHHA TPHBHAJBHKL).
Tounocts B A 03Hayaer, 4T0 ¥ — MOHOMOP(H3M, TouHOCTh B B o3Ha-
uaet, uto ®*A = Ker o, u ToyHocTh B C 03HayaeT, YT0 0 — 3NHMOP(GH3M.
IToaToMy kopoTkasi TOUHasi NOC/ENOBATeLHOCTb MOXET GbITh 3amucaHa
TaK: A » B-» C, npuueM HMeeTcsl TOYHOCTb B B. MoHOMOpdu3M x uHRy-
uupyer usomopgusM x’: A =~ xA, a 0 — usoMopusm o’ : B/xA = C.
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OTuMH H30oMopH3MaMH YCTaHABJIHB2ETCA HBOMOP(GH3M TOUHBIX MOC/e-
JioBaTe/IbHOCTe/l B (pOpMe KOMMYTAaTHBHOCTH AHArPaAMMBI

0> 4 5BSC—0
) e (2.1)
0— %A i>'B—>B/nA—>0.

JpyruMn cjioBaMH, KOPOTKAs TOYHAs MOCJe0BaTeJbHOCTb — 3TO JpY-
roe HasBaHue AJf NapH, COCTOALIEH W3 NOAMOAYJA H (GAaKTOPMOAYJS
no 3TOMY TNOAMORYJIO.

C kaxabpM romomopuamoM @ : A — B cBaswiBaoTcs aBa ¢akTop-
MOaYJIs

Coima=A/Kera, Cokera=B/Ilma,

KOTOpHIE HA3BbIBAIOTCH K006pA30M W KOAGpOM . 3TH OmNpejeJeHus
NO3BOJIIOT MOCTPOHTH JIBE © KODOTKHE TOUHLIE TOC/E10BATeNbHOCTH

Kera> A-» Coima, Ima » B-» Cokera, (2.2)
nsomoppusm Coim o o Im o U JJIMHHYIO TOYHYIO MOC/EN0BaTe]BHOCTh
0— Kera —> 4-% B Coker a — 0. (2.3)

Us paBenctsa fa = 0 B cHay npenjyomenus 2.1 caexyer, uro f onmo-
3HAYHO NMPOXOJUT Yepes 1, T. e. f = Pm. IIBoiicTBeHHO, ec/in, 1/ HEKO-
Toporo y : A"+ A, oy = 0, TO y ONHO3HAYHO NPOXOJHUT Yepes j, T. €.
v = jy" ana epuHcTBeHHoro y" : A’ — Ker a. 310 cBoiicTBO Xapakre-
pusyeT BJoxkenue j : Kera — A o1HO3HaYHO ¢ TOYHOCTBIO 710 H30MOP-
¢u3moB Moyt Ker oe. OTMeTHM gBoOiiCTBEHHBIE YTBEPKACHHS: O ABJIAET-
€Sl MOHOMOPGH3MOM TOT/id H TOABKO TOrAa, Korja Keroa =0, n a aBsercs
anuMopdusMoM Torjad M TOJBKO Torna, Koraa Coker a = 0. Jra nBoii-
CTBeHHOCTb GyneT paccMoTpeHa B § 8.

Ecima: A— B uS c A, T0 MHOXecTBO oS BceX 3/1€MEHTOB BUJA
as ¢ s € S ecTb nogMonyJ/ib Monyas B, HasbiBaeMblit 06pazom S npu c.

AHajsiornudo, ecau T < B, 10 MHOMecTBo a-1T, cocTosmee u3
BCeX 3JleMeHToB s € A, Takux, uto as € T, ecTs nogMoayJs MoayJas A,
KOTOpBI HasnBaeTcs (MOMHBIM) npoobpazom noxmonyas T. B yactHo-
cru, Kera = o710, rne 0 o3sHavaeT moamozxynb Moayas B, conepika-
IHi TOJIBKO HYJIEBOiH 3J/eMeHT.

Ecan K < S — noaMonyau Monyas A, To Monyas S/K HasbiBaeTcs
nodgpaxmopom Monyns A; oH fiBAseTcA (aKTOpMOAyJ/eM moaMonyas S
H OJHOBpeMeHHO mnoxmoxyJeM ¢akropmonyas A/K. Haneuwe, ecan
Kc K =8 < Sc A, 1o K'/K — noamonynbs monynsa S"/K u npo-
uspenienne npoekuuii S"— S'/K - (S"/K)/(K'/K) umeer saxpo,
pasHoe K", oTKyna BbiTeKaeT uapectHblil naoMopousm (S"/K)/(K'/K) ==
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2 8'/K". Ou nosBossieT 3anuckiBath BesiKpii noadakrop (S*/K)/(K' /K)
noadakropa S/K Kak moagpakTop camoro mMoxydas-A.

[Tycrs S/K u S'/K’ — noagakTopsl Monyseit A u A" cooTBeTcTBeH-
HOo. EctnaS < S gis a: A—> A’ naK < K’, To cMexHbIl KJjacc
as + K’ noagakropa S’/K" oHO3HAYHO Ompejie/ieH CMEXHBIM KJaccoM
s + K noadaxropa S/K. CnenosaresbHo, oToGpaxeHue a, (s + K)=
= as-+ K’ 3ajaer roMoMop¢u3m

ay:S/IK—S'/K' (aS< S, aK < K'). (2.4)

ToBopaT, uTo 3TOT roMoMopdH3M undyyuposan roMoMopH3MOM G Ha
JIAHHBIX nojapaKTOpax.

Ecan S u T — nonMonyau moxynas A, To ux nepecevenue SN T
(kak MHOxecTB) GysnieT NMOAMOJYJIEM, TaK ke Kak H HX 00%edunenue
SUT, cocrosimee u3 Bcex cymm s+ ¢, rae s€ S, t € T. B meopeme
Hémep 06 usomopguamax yTBepijaaercs, 4To 1,4 HHIYLUPYET H30OMOP-

dusm
1y SI(SNT)=(SUT)/T. (2.5)

§ 3. narpammsl
ToBopaT, uTO nuarpamma R-monyJiei H roMoMopdH3MOB

0-45B5%C—0
la By 3.

0455 Cc—0
Kommymamuena, ecan x'a = Px: A — B" (neBnfi KBajparT KOMMY-
TatuBeH!) u o'f = yo: B - C" (npaBuii KBajgpaT KOMMyTaTHBeH!).
Boo6me nuarpamma romoMopdu3MOB KOMMYTAaTHBHA, e€CJH JIo0bie

JBa NMyTH, YKa3aHHbe CTPeJKaMH, H3 OJHOrO MOAYJS B APYroii MoayJb
JIal0T OJIHH H TOT 2Ke FOMOMOP(H3M.

Jlemma 3.1. (Maraa semma o namu zomomopgusmax.) ITycme
gr Kommymamuerot ouazpamme R-modyaed (3.1) obe cmporxu mounsi.
020a:
(i) ecau o u y — usomoppuamer, mo u P — usomopusm;
(ii) ecau @ u y — moromopguamsi, mo u p — moromopcpusm;
(iii) ecau o u y — snumopguamer, mo u p — anumopcpusm.

Smu xce ymeepacdenus cnpasedruss 018 duazpamm epynn, He o6a3a-
meabro abenesuix.

ILokasateanbcTso. ScHo, uTo (i) BuTekaer u3 (ii) u (iii).
Hnas nokasatenncrpa (ii) BosbMeM s/ement b € Ker P. ITpapuiii kBagpart
KoMMyTaTHBeH, noatoMy yob = o'fb = 0. [Tockosbky y — MoHOMOp-
¢usM, BepHo, uTo 0b = 0. BBuay TOUHOCTH BepXHeil CTPOKH CYIIeCT-.
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‘BYeT Tako#t ajeMeHT @, uTo xa = b. Tenepp x'aa = Pxa = pb = 0,
MOCKOJIBKY JIeBbIl KBajpaT KoMMYyTaTuBeH. HudKHAA cTpoka TouyHa
B A’, n noatomy aa = 0. Ho @ — mMonomop¢usm™, u nosromy a = 0,
oTkyaa b = xa = 0. Tem caMuIM J1OKasaHo, YTO P — MoHOMOpDH3M.

Ilas noxasatesberBa (iii) paccMoTpuM asement b° ua B’. [TocKoJbKy
¥y — anuMop¢u3M, CyuiecTByeT Takok 3jeMmeHT ¢ € C, uto yc = o’b’;
NOCKOJIbKY BEpXHSfl CTPOKA TOYHA, CYIIECTBYET Takoi 3JjemeHt b € B,
uto ob = ¢. Torna ¢’ (Bb — b)) = 0 B C’. BBuay TOYHOCTH HHIKHEfH
cTpoku b — b" = x’a’ a9 Hekoroporo asementa a” € A’. ITockosbKy
o — 3NHMOP(H3M, aa = a' 1/ HEKOTOpOro 3JeMenta a € A, cJejioBa-
TeqbHO, Pxra = x'aa = fb — b'. Orciona b" = B (b — xa), 4To M Tpe-
60BafoOCh N0KasaThb.

[Tono6Herit THN JOKa3aTe bCTB Ha3LIBAETCA IHarpaMMHBIM HOHCKOMY,
MOXHO 3aMeTHTh, YTO 3TOT ¢NOHCK» OKa3hIBaeTCSl YCNeniHbIM H B TOM
cJydae, KOrja paccMaTpHBaeMble TPynIbl HeaGenesbl.

Tor e MeToZ 03BOJISET YHTATEIO YGNUThCS B CIIPaBeIMBOCTH CJie-
nylo)umx 6osiee o6mux pe3ydbTatoB (copmyanpoBaHHbX Jxk. Jledx-
TOM):

Jlemma 3.2. (Cusrvnan aemma o yemoipex 2omomoppusmax.) Iycmeo
8 Kommymamuenoll Ouazpamme

F i e

CMPOKY MOYHBL, T — anumoppusm, a v — monomopdusm. Tozoa
Kerp=E (Kera), Ima=n™ (Im§p).

B 3toft puarpamme TOUKH 0603HAyalOT MOAYJH WMJH TpYNNH (He
o6s13aTebHO abesleBhl).

B ynpormenHoii ¢popmy.inpoBke (ciAaas JeMMa O YeTHIpeX FOMOMOp-
¢usMax) yreepanaercsd, YTO B TOil e caMOil KOMMYTaTHBHON puarpam-
Me P — MoHomOpdH3M, ecaH & U vV — MOHOMOP(H3MBI, 2 T — 3MHMOp-
¢usM 1 o — snuMopu3M, ecian T H B — snuMopduU3ME, 8 ¥V — MOHO-
mopdusm. HaunGosee yacto HCNoJib3yeTcs TaKoe CJAeJCTBHE,

Jlemma 3.3. (lemma o namu comomoppusmax.) Ilycme dana
KOMMYMAamueran ouazpamma

. — —_ . J——— J——
loo Jo e Ja | (3.3)
. —_ . _ . - —_— .
¢ mouxsmu cmpokamu. Ecauoy, og, o, o5 — U30Mopduametr, mo u oy —
usomopduam. bosee noano:
(i) ecau oy — anumoppuam u oy, 0, — MOHOMOPPUIMBL, MO U O3 —
MOHOMOPDUIM;
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(ii) ecau oy — moroMOpPuU3M U @y, O, — INUMOPPUIMEL, MO U Oy —
snumopuam.
HNokasateabcTBo. [IpumeHnTb puarpaMMHbIf NOHCK HJAH

JemMmy 3.2 K MepBbIM TpeM KBaJpaTaM cJeBa H K NMEPBRIM YETbIDEM KBa-
ApaTaM cnpasa.

§ 4. lpamuie cymMu

Brewrian npaman cymma Ay @ A, nsyx R-monayneit Ay u A,
fiBJfieTcA R-MOJyJIeM, COCTOSILIIUM H3 BCeX YNOPANOUEHHBIX nap (a;, as),
rae a; € A;, B KOTOpOM MOJyJIbHHEE OllepaLHi ONpeJie/ieHn! cleyOmuM
o6pasom:

(ah ‘12) + (av az) = (ai+av a2+a )v r (d‘, az) = (rah ra‘z)-
Oro6paxeHnst \ u 7, 33jaHHEe dopMyaaMu Liay = (ay, 0), L2 =

= (0, ay), ™ (@, @) = a1, My (ay, Qo) = a,, ABAAOTCA OMOMOPGH3-
MaMH
|.1 l.

AZA®AS = Ay, (4.1)

nu
KOTOpble YXOBJIETBOPAIOT PaBeHCTBAM:
by =1, w®L=0,
oy = 07 Tigly = lsz (4'2)
LTy + LTty = 1 4y a,-

HasopeM \y 1\, 6203€CERUAMY, @ Tty H Ty — NPOEKYUAMU TIPAMON CYMMBI.
Inarpamma (4.1) BKJIOYaeT 4acTHYHBIE JHArpaMMBL:

Huwexmusnyto duazpammy npamoii cymmoe A 5 A, @D A, &2 Ay
M poexmusryro duazpammy npamoil cymmo Ay XL A, @ A, ™2 A,

L
O0dnocmoponnion duazpammy npamold cymmor Ay :_1* A, @ A,

n
Huazpanny nocxzeaoeame/tbnocmu npamoii cymmor Ay 5 A, @D

@A21>A2v

B YaCTHOCTH, NOCJAeJHAS JHAarpaMMa ecTb KOpOTKas TOYHas noc/enoBa-
TeJIbHOCTb. BMeCTO 1aHHOrO BRIl OnpeeseHHs NPSMOii CYMMR!, HCHOJb-~
3YIOLIEro 3/1eMeHThI, MOXXHO 0XapaKTepH30BaTh KaWK]yI0 U3 YKa3aHHEIX
AMarpaMM TOIXOASIHMH CBoOACTBaMH. MMess B Bupy moczenylonuge
o606menns (ra. 1X), MBI npH HOKasaTeJbCTBE 3THX CBOACTB HCMOJIb3yeM
TOJIbKO jauarpaMmy (4.1), pasencrBa (4.2) m cdopmaibiHe CBOHCTBa
CJI0eHHUS M YMHOXKeHMS. roMOMOp(®U3MOB; B YacTHOCTH, HCHOJb3YIOTCA
AUCTPHGYTHBHEIE 33aKOHBI

p(ay+ay)=Pa;4Pa, u (a4 az)y=0asy+azy.
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[Mpennoxenune 4.1. Haa Oannsix modyrell Ay u A, mobas
duazpamma

suda (4.1), 0an omobpaxcenutl Komopoll 8biNOAKEHs NAMb pAseHCmS,
anarozudnbix pasencmeam (4.2), usomopra duazpamme npamoll cymmol.
Bonsee mouno, cywjecmsyem maxod  eouHcmserHoul  U30MOpPuUIM
0: B> AP A, umo

nf=n, 0=y, j=I, 2. (4.3)

IHokasaTenabcCTBO. OnpeneJmM 0 paBseHctBoM 0 = vy, -
—+ o7, H aHagorndHo 0°: A; @ A, — B paseHcTBOM 0" = [1ty + 1 7y,
Hs pasenctB (4.2) BurtexaeT, yto 0" sB/AsETCH NBYCTODOHHHM 06par-
HuM jis 0 u, caenoBateanHo, O — usoMopgusm. CoiictBa (4.3) cie-
IYIOT HerocpeacTBeHHO U3 (4.2). 3Hauut, eciu O ynoBsersopsier (4.3),
TO 6 = (147t + to75) 6 = vym; + 17, TaK YTO H3OMOpGH3M O neﬁc‘rau-
TeJIbHO OJIHO3HAYHO OmpesiesieH.

Tenepp MH! OxapakTepuayeM OZHOCTODOHHIOI JHArpamMmy np;mou
CYMMHL.

Mpennoxmenne 4.2. Jwban duazpamma A, Yy B A,,
6 xomopoti n"\" = la,, u3omoppra «odnocmoponneil» Ouazpamme
npamoil cymmot Ay @ Ax X Ay, 20e Ay = Ker ",

Ilna nokasaTesibcTBa Tpe6Gyercsl MOCTPOHTh H3omop¢duaM 0: B —
—+ A @ A, ynoBieTBOpAIOWHII paBeHCTBaM 017 = 1, 7,0 = n”
Onpenenum 0 paseHctBoM 0b = (b —1"n"b, n”b) 1 6~! paBeHcTBOM
071 (ay, a)) = a; + "a,.

UTobn! joKa3aTh 3TO npepoxkeHne Ge3 HCIHO/Ib30BAHUSA 3JEMEHTOB
MOjlyJiel, pacCMOTDHM JHarpammy

-

l’
Kern” — B =5 A,,
-

B KOTOpOﬁ \" — BJIOXeHHE. HOCKOJIbe n” (13— V') =0, To
lB-—t n” TpEJICTABHMO B BHJe lp— """ =1 n AJIL HEKOTOPOro

:B—> Kern” Temepp t"v" =0 u V'V’ = ', otkyna n'/ = 1.
CﬂenoaaTeJleo, noJy4yeHbl paBeHCTBA, aHAJIOTHIHLE paBeHcTBaM (4.2),
H MOXXHO MPHMEHHTb mpejioxeHue 4.1.

Onuiiem Tenepb NPAMYIO CYMMY KaK KODOTKYIO TOUHYIO 1OCJej0Ba-
TeJIbHOCTb (t,, nt,). B sToM caydae i, — mnpaBelii o6paTHHIl K T,
a 7y — JeBelfi OGPATHEIA K 'ty
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[Tpenanoxenue 4.3. Caedyrouque ceolicmsa Kopomrot mourodl
nocaedosameavrocrnu (\', 1) 1 Ay » B » A, axgusarenmmst:
(i) 022 " cyuwjecmayem npaseui obpammei V"2 Ay — B, m.e. n"\" =
(ii) 045 v cyugecmeyem aegoui o6pamnei n': B— Ay, m. e. W'V =1;
(iil) dannasn nocaedosamenvHocme USOMOPPHA NOCALO0BAMENLHOCTIU

04 > 4,@4, 3 4,—0,

nputem Ay u A, omobpaxcaromen 8 Ay u A, coomsemcmeesHo moxcoecn-
GEHHBIM 06PA3OM.

ToBopsAT, YTO KOPOTKAash TOYHAS NOC/eN0BaTe/IbHOCTh, 06Janaoman
OJIHMM H3 3THX CBOHCTB (2 3HaYHT, H BceMH) pacujenasemcs (HEKOTOphIe
ABTODHl ['OBOPAT, YTO MNOC/EN0BATe/IbHOCTb HECYLIECTBEHHA).

JoxasaTeabcTso. Cpasy 3aMeTHM, 9TO H3 yTBepK aeHnA (iii)
caenyior yrBepxaeHusi (i) u (ii). O6patHo, M3 TOYHOCTH mNOCJejOBa-
TeJbHOCTH BLITEKAeT, YTO t° HHAYLupyer H3oMmopouaM A, o< Ker n”,
Tak 4T0 u3 (i) csienyer (iii) BBuay mnpensoxenus 4.2. AHaJOrHYHO
u3 (ii) caenyer (iii).

Tenepb pacCMOTPHM NapH KOMEPMUHAAbHBLX TOMOMOP(GH3MOB Gy, Oy,
o6pasylomuXx jAdarpaMMy BHAA

D:4, 3B &4, (4.4)

ToBOpAT, YTO 3Ta AUarpaMma YrueepcaabHa oTHocHTesbHO Ay u A,
ecu 1aa Jao6oi guarpaMmuet D*: Ay — B” <« A, ¢ TeMH XKe MOLYy/IIMH
Ha KOHLAX CYLIECTBYET eJHHCTBeHHbIl roMoMopgusm D B D*, Toxnect-
BeHHHH Ha Kaxaom A;. JIpyrumu cioBamu, D yuuBepca/abHa, ecau
B KaXJYI0 NPAMOYTOJBHYIO JHArpaMMy

A S B <& A4

i (4.5)
a; a;

A‘ — B’ « Az

¢ D B KauecTBe mepBoii CTPOKH H TOXMIECTBEHHBIMH OTOGpaXKeHHSIMH
Mo KpaWHMM BepPTHKA/NAM MOMHO BCTaBHTb eJHHCTBEHHHIM 0GpasoM
CPeJHIOI0 CTDE/NKY TaK, YTO BCA AHArpaMMa CTaHeT KOMMYTaTHBHOM

( 1=a;7 P, = a,).

[Mpennoxeunune 4.4. (Huvexmusnas) Ouazpamma npamoil
cymmor Ay - Ay P A «— A, yuugepcarvna omuocumeastio Ay u A,.
O6pamno, mobas duazpamma (4.4), yrusepcasvras omuocumensno Ay,
usomopdra amoili Ouazpamme npAMol Cymmbl (npusem @ mom UOMOP-
pusme ouazpamm npu Ay u Ay croam modicdecmsennsie 0MoBPaXcerus).
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HoxasarteabcTso. Iag nokasareabcTBa yHHBEpCaJbHOCTH
A, @ A, onpeneanM romomopcusM P, TpeGyeMuit B auarpamme (4.5),
paBeHctBoM P (ay, ap) =@y +@,a;, T. €. P=a;;+any; 3TO AB-
JIfieTCS1 eJMHCTBEHHOH BO3MOXXHOCTBIO /11 onpefiesienus B. Utobel foka-
3aThb 06paTHOEe yTBepXKIEHHe, JOCTATOUHO YCTAHOBHTh, UTO JOGHIE JBe
yHHBepca/lbHhle OTHOCHTeNbHO Ay H A, auarpaMMbl H3OMOpHR! (npu-
YeM B 3TOM HM30MOpQH3Me Ha KOHLaX cTosT exuHuub). [Ipeanonoxum,
uro o6e cTpoku B jauarpamme (4.5) ynuBepcasbHbi. [TocKoabKYy Bepx-
u4s CTPOKa YHHBepca/ibHA, CYIecTByeT romoMopgusm f : B — B’
TaKoii, 4To Pa; = oj; NOCKOJbKY HHXKHSAS CTPOKA YHHBEpCAJ/bHA, CyIle-
crByeT Takoii romoMopduamM B’: B’— B, uro p'aj = ;. Toraa
B'B)a; =0y, j=1, 2. Ho 1 yo; = oy, OTKyzna B CHJly CBO#CTBa eiHH-
CTBEHHOCTH JJfi BepxHe#t cTpoku P’ = 1p. Anajoruyso cBOHCTBO
€lIHHCTBEHHOCTH I/l HHXHelt cTpokH Jaet lp- = PP’. CrenoBaTesbHO,
p u B’ — BsanmHo o6paTHEle H30MOPGH3MRL, YTO H TpeGOBaJIOCH JOKA3aTh.

IMockoabky yHHBepcajbHasi AHArpamMma eJHHCTBEHHA C TOYHOCTHIO
A0 H3oMopdu3ma, o*roﬁ;ameﬂuﬂ o; B J060ft yHuBepcaJJbHON guarpamMme
oTHOCHTeJbHO Ay M A, ABAAIOTCA MOHOMOp}H3MaMH, TaK KaK OHH
MOHOMODGH3MBI B JHAarpaMMe BHelUHeH NMPSAMOH CYMMBL.

3ameTHM, UTO BTOpas MOJOBHHA JJOKA3aTeJbCTBa 3TOrO NpejJioxKe-
HUS He HCNOJb3yeT 3JeMEHTOB MOJyJeff, a HCNOJb3yeT ToJbKO ¢op-
MaJibHhle 3aKJiodeHHss o romoMopdusmax. ITosTomy 3To jokasaTednCT-
BO CNpaBejJHBO B JIOGOA KaTeropHH; CMBICJ ITOrO NOHATHA CKOpPO
6yzer pasbsacheH (§ 7).

JBoficTBenHO, mMapa Kournuyudabnslx oTOGpaXkeHui, obpasyrolas
auarpammy D: Ay < C — A,, KoyHusepcasbrna OTHOCHTENbHO Ay u A,
€CJH AJf KaXJoH# mpsAMOYroJbHON JuarpaMMbl

" ¥2
A‘ «— C —> Az
A
I : I (4.6)
v Ya
Ai <~ C — Az
¢ D B KayecTBe nepBoit CTPOKH M eJHHHLAMH 151 A; B KayecTBe BepTH-
Ka/bHBIX OToGpakeHHil MMeeTCs €NMHCTBEHHBI CcNOco6 NOCTPOeHHA

cpenxero romomopusma, OTME4eHHOTO MyHKTHDPHOM CTPeJKO#, KOTOPHIH
JeJlaeT JHarpaMMy KOMMYyTaTHBHO#. UuTaTe o Npepjaraerca JOKasaTh

th ennoxeHune 4.5, Huazpamma npamoil cymms.
A 24043 4

Koyrugepcarona omnocumesvio Ay u A,. O6pamno, aobas Koynusep-
catbnas duazpamma omHocumenssHo Ay u A, usomopgua yrxasanwoll
duazpamme (npudem 6 smom usomopduame kpadnue omobpairesus —
eQuruybl).
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[IpAMule cymMMu! GoJjiee 4YeM IBYX MojyJeil CTpoATCS aHAJOrHYHO.
Hanpumep, snementn npsamoit cymmbl Ay @ As @ A; MoryT paccmar-
pHBaTbcAd KaK YNOpAjoYeHHble TPOHKH (ay, Q2 @3) HWIH KaK GYHKUHH
MHOXecTBa HHpekcoB {1, 2, 3} c a (i) € A,. Boob6iue 145 npousBoJbHO-
ro cemeiictea Monyneft {A.}, oTMeueHHBIX 3JeMeHTaMH MHoxectBa T,
deapmossim npoussederuem ) HtAt CYHTaeTCs MHOXECTBO BceX TAKUX
¢dyHKuMA f, onpele/ieHHEIX Ha MHOMecTBe T cO 3HayeHHsIMH B 0OBesu-
HEeHHH MHOXecTB A;, AJs KoTtopbiX f (f) € A; aaa kaxporo f. Onpene-
JIIM MOJYJbHEE ONEpaIUH «NOKOMIOHEHTHO», T. €. OmpeneJuM (yHK-
uuM f + f* u rf nas r € R nocpencTBOM paBeHCTB

F+FYO=FO+7 @), H@O=r{®), teT.

Torma [J:A: 6yzer R-vomysem. Tomomopdusmum w, : [[:4: — A4,
onpege/ieHHble paBeHCTBaMu T;f = f (f), Ha3HWBAIOTCA NpPOEKYUAMU
JeKapToBa TNpOH3BeJEHHS.

IOas nauHuex moxyneit A; paccMorpum amarpammy {y: : B - A;}
C JIOMOJHUTEJbHRIM MoayJeM B H romomopduaMaMH y¢, 3aJaHHRIMH
no ofHOMYy aJs Kaxporo ! € T. Dra puarpaMMa Koyxueepcasbha OTHO-
CuTeJabHO Beex A, ecan 1aa Kaxpuoi auarpammu {y; : B' — A |t €T}
CYLIECTBYeT efHHCTBeHHbIi romomopdusM P : B" — B, ynoBJeTBOpAIO-
mmil paBeHcTBaM y: = y:f ana Bcex f. [Ipoekuun noaHoro mpsimoro
npoussenenns [[:A; o6pasyloT Takylo KOyHHBepCaAbHYIO Auarpammy,
H, KaK NpexJe, JBe TaKHe JuarpaMMbl H30MODQHBI.

Brewnsa npaman cymma D:A; ex xe Monyaeir A; 6yaer nogMony-
nem Moxyas [[:A;, cocrommmm us Bcex dysKumi f, MpHHHMAIOMEX
TO/IBKO KOHEYHOE YHC/JO HeHYJ/eBhX 3HadeHuHA. [oMoMoppH3IMH
b1 A = D¢A; ONpenensiiorcss CONOCTAaB/eHHEM KaXAOMY 3/eMEeHTy
acA, ({Jymmml \¢ (@), 3anannoit Ha T cienyromum o6pasom: [ig (a)] () =
=a, [v(@)](s) =0 npu ss=f. Ot roMoMOp(H3IMBI HA3LIBAIOTCA
erodcenuamu npaMod cymmel. Kak u B ciydae ABYX cJlaraeMsix,
JHarpamma {L,:At—>2tA,} YHHBepca/JbHa OTHOCHTE/IbHO JaHHHIX
Monysie#t A¢ W ompejiefieHa 3TUM CBOMCTBOM OJHO3HAYHO C TOYHOCTBHIO
JI0 u3oMOp¢pu3mMa.

Ins Komewroeo yWcaa csaraeMblX BHELIHAS NpsfMas cymMMa coBHa-
JlaeT € TOJHBIM NPAMBIM IpoH3BefieHHeM. [lostoMy Jo6ag KoHeuHas
yHuBepcaJ/bHas auarpamMma a;: A;— B, j=1, ..., n, nopoxpaaer
KOYHuBepcaJbHylo auarpammy {y; : B — A;}. Bosee TouHo, Kaxuplit
roMOMODGhH3M p; ABJSETCA OTOOpaKEHHEM, OJHO3HAYHO OmNpesie/eHHEBIM
(mockosibKY B yHHBepcaJbHa) YCJIOBHAMH Y0; = lAj, vior = 0 npu

1) B copeTckoft suTepaType NMPHHAT TepMHH "NOJHOE MPAMOE NpOM3BEAEHHE”,
DTOT TepMHH GymeT HCNIONB3OBATLCA B JAajbHefiuleM HapAAy € TepMHHOJOrHeR
astopa. — [Tpum. nepes,



32 Ta. I. Modyau, duazpammer u pynxmops

j # k. IIBoiicTBeHHO, M3 KaXJOH KOyHHBepCaJBbHOH JuarpaMMbl YHTa-
TesleM MOMeT GhiTh MOJyYeHa YHHBepCaJbHasi JHarpamma.

[IpsaiMule cyMMBl MOr'YT GbITh ONMHCAZHK B TepMHHaX NOAMOJYJeH.
Ecin S; — nekotopoe ceMeficTBo mnogMoayJedl Mopyas B, uHaeKCH
KOTOpOro — 3J/1eMeHTH MHOMecTBa T, TO ux o6wedunenue |J S; onpene-
JIfieTC KaK MHOMXECTBO BceX KOHEeUHhIX CYMM BHIA sy + ...+ s,
e KAXKJO0e S; B3TO H3 HEKOTOPOro S;. ITO MHOXECTBO fBJsSETCA Moj-
MozyJ/ieM MoAyJas B, Bk/aouaiomuM Bce S; M copepMammuMcs B J0GOM
IpyroM mnojiMoiyJ/e, cojepxameM Bce noaMonyaum S;. Ilepeceuenue
(I S; ompenenseTcs KakK MNepeceueHHe MHOXECTB S;; 9TO MHOXeCTBO
fBJIfeTCa NoaMonyJeM Monyas B, conep:amumcs B Ji060M noaMonyJie
S: n BKMouawomuM B ceba M0G0 moAMOAYJb C TEM e CBOHCTBOM.
Mgl GyneM TaKKe nHcaTh Siu Sz uan SiN S, aaa OﬁbeﬂHHeHHﬂ HIu
niepeceveHdsl JBYX moamonyJeir Sy, S.

Ilpennoxenne 4.6. Haa noomodysed S; < B, t €T, cae-
Oyoujue YcaoBUR 3KBUBANCHIMHbL:
(i) Ouaepamma {j::S:— B}, 2de j; — eroxncenue, yrueepcarsna
OMHOCUMENbHO 6CeX Sy
(ii) B =USt, u Ston( Lj St) = 0 dan Kkaxcdozo to € T.
=ty

JokasaTeancTBs o. Ecan Bumoaneno ycnosue (i), To MOLy.ib

B usomopen mpsiMoii cymme ) S;, ynoBJeTBopsiomedi ycuoBmio (ii).
06paTHo ecJIH BRINOJHeHO ycJoBHe (ii), To BBHay paBsencrBa B =) S;
Kaxnpli 3JeMeHT b %= 0 MoXeT GbITh 3anucaH KaK KoHeYHas cymma b =
=8+ ...+ s, 3aeMentoB s; 7= 0, nNpHHANIEKAIHUX pPa3JUYHBIM
HOAMOAYAAM S,i, i=1, ..., n; BTOpas yacTb ycJoBHua (ii) obecne-
YHBaeT eJHHCTBEHHOCTh mojobHoro mnpejcrasienns. Jlas Jawoboi apy-
roii nnarpammer {o; : S; — B’} romoMopdusm p : B — B’, onpenenen-
Heiit opmynoit P (sy+ ...+ ) =asi+ ...+ s, saBaser
€ eJUHCTBEHHBIM TOMOMOP(H3MOM, YJIOBJETBOPAIOUMM paBeHCTBaM
fje = oy; oTclona BhITeKaeT yHHBepCcaJbHOCTD Auarpammut {j; : Sy — B}.
Ilpu BhIMOJIHEHHH YKa3aHHBIX YCJOBHit MOy b B Ha3nlBaeTcs gHym-
penneli npamot cymmoll cBoux nopmonyseit Sy, CrnenoBaresibHO, BHYT-
peHHsil mnpsfMas cyMMa H3oMopdHa BHellHeH NPSAMOA cymMe > S
B uyacrHocTH, B ABasercsa BHYTpeHHeH NpsAIMO# CYMMOH JABYX MOIMO-
nynen Siu Sz TOTJA H TOJNbKO Toraa, Koraa S;1S; =0 u S;US, =
= B; u3 3THX yc/10BHil BhiTeKaeT usoMopduam B =~ S, @ S,.

YOPAXHEHH A

1. Tloxasats, yTo guarpamma (4.1), B koTopoll myy = 1, Maly = 1, w1, =
= 0 u napa (y, 7p) TOYHA, SIBASETCH AHATPaMMOR MPSIMOH CYMMBL.

2. Ecsiu augomopdusm @ : A — A ynoejerBopfier paBeHCTBY @2 = @, To
A ecrb npaMasa cymMma mogmoxyaefi Ker a u Im a.
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3. Moxkasatb, uto guarpamma {a;: Ay - B, t € T} yuuBepcajdbHa OTHOCH-
TeJIbHO JAHHHX MoAyJAer A; TOrja u TolbKo TOrga, Koraa (i) moxysim B ects
ofbefHuente TMoaMoxyaedt a;A; H Xoraa (ii) cymecTsyloT TakHe roMoMopgHaMbl
ng:B—> Ag, tET, uro mpay = 1 n mwgay = 0 npu s 5 L.

4. ChopMmynupopath u jOKa3aTh INpelJioXenHe, ABOHCTBeHHOE INpel/ioHe-

uno 4.6. ([JBoficTBeHHLIM K TOHATHIO NOAMOAYJA sBJASeTCH IOHsATHE (akTop-
MOAYJs.)

5. IlycTh 3afaubl roMomopoHaMH @;;: A; — Aj, i, j =1, 2. Iloxasars,
9T0 CymecTByeT eJWHCTBeHHBH roMoMopdHaM © : Ay @) Ay - A; & A;, yno-
BJAeTBOpAlOIMKA paBeucTBaM iy = @, L, j =1, 2.

§ 5. CeoGoaHKe H NMPOEKTHBHHE MONLYJIH

Koabuo R Kak JeBblii R-MOnyJ/lb HMEeT CJAEJYIOUIee XapaKTepHCTH-
uyeckoe cBOHcTBO. Ecau a — npou3BoJIbHEIA 3JieMeHT R-moxyas A,
TO CYWIECTBYET eIHHCTBEHHEI! R-MOAY/IbHEI roMOMOPGH3M i, : R — A,
06J1ajal0IHiA CBOKCTBOM i, (1) = @; uMeHHO, OTOGpameHue W, ompe-
Jeasiercss ¢opMyJod p, (r) = ra.

CBoGopHul# J1eBlii R-MOAY/b — 3TO mpfAMasg cyMMa HEKOTOpOro
cemeiicTBa R-MopyJiell, KaXAnlil U3 KOTOPHIX n3oMopgeH R-moaydio R.
IMpuunMas Bo BHMMaHue YKasaHHOe Bhillle CBOHCTBO MOny/s R, Mbl
MOMKeM CKasaTb GoJee TOYHO, 4TO JieBuldl R-Monynb F caoboden omnocu-
meabro nodmwoscecmsa T CBOHX 2JIeMEHTOB, €CJH TOMOMODP(U3MEI
ue : R — F, onpezesierinbie s Kaxnoro ¢t € T paBeHcTBOM W, (r) = rt,
o0pasyloT yHHBepCaJIbHYIO JHarpamMMmy oTHocuTedsHO R. ITockosbky
KaXARH roMoMop¢uaM v : R — A 01HO3HAYHO ompejesieTcs 3JeMeH-
ToM v (1) € A, cBOHCTBO yHHBepCAJBHOCTH MOMET GBITh CHOPMYJHPO-
BaHO B BHJE CJEYIOWEro MNpPeIJoKeHHUs.

[Tpenanoxeunue 5.1. Modyas F ssasemca ceo600nbim omrocu-
meabro nodmnoscecmsa T < F @ mom u moabko 6 mom cayude, Koeda
0an mo6ozo modyaa A u aoboeo omobpaxcenun g muoxcecrnea T 8 A cyuje-
cmsyem maxotl eQurcmeenoul mooyabHoll comomopdusm p: F — A, umo
() =g () orn raxdoeo t € T.

BBuny usoMopdusMa Mexjy BHEHIHMMH H BHYTPEHHHMH NPSMBIMH
CYMMaMH chpaBe/IHBO

[Ipennoxenune 52. Modyse F mozda u moavko moeda ceo-
600en omuocumenrvno nodmwoxcecrnsa T < F, xozda kaxcowii sremenm
u3 F moxcemn 6bumo eQurcmaernsim o6pa3om’ npedcmasaen 6 eude cymmo:
2rit ¢ kospduyuenmamu ry € R, Komopsie noumu ece pasHbL HYMO
(m. e. pasne: Hyato 8ce, Kpome KoHeuHO20 4ucaq).

Monyas F, cBOGOAHHI OTHOCHTE/NBHO MHOMecTBa T, ompeje/sercs
MHOXecTBoM T ¢ ToyHocThlO g0 H3oMopduama. [lpu 3ajaHHEIX
Ko/ibue R u MHOMecTBe T MHEI MOXeM MNOCTPOWTb R-Mojy/b, CB0GOJI-
HbIl OoTHocuTenpHo T, Kak npsamyl cymMmy F = 3,Rt, rae Rt ecTb
3—353
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MHOMECTBO BCEX OJIHOYJEHOB rf, r € R, ¢ oueBHAHOi MONYJ/bHOR
CTPYKTYpO#i.

JleBuiit Monysib A noposcder mopMHOMecTBOM U CBOHX 3JIEMEHTOB,
ecin A fBAseTCA €JMHCTBEHHLIM CBOMM TOJIMONYJ/IEM, COJIepIKaIlKM
BCe 3JleMeHTH! u € U, T. e. ecqi KaXKIblii 3jeMeHT H3 A 3amuchiBaeTca
B BHAe KOHeYHOH CYMMH 2r;u; ¢ Kospduuuentamu r; € R. Mojayas,
cBoGoaHbIll oTHOCHTeNbHO T, nopoxped T.

MMpeanoxenne 53. Kawooi R-modyrs usomopger gpaxmop-
MOOYat0 ce0600H020" MOOYAA.

HokasaTeabcTBo. B nannoM monyie A BuGepeM noaMHo-
xectBo U, nopoxpaiomee A (Hanpumep, nonoxkuM U = A). [Toctpoum
monyse F, cBoGommblit oTHOCHTesNbHO MHOMecTBa U, M paccMoTpuM
Takoil roMmoMopuam p: F— A, uto p (u) = u € A. ITockosbKy MHO-
#ecTBo U mopoxnaeT monysb A, To p — 3nuMOppH3M H NMostomy A =
= F/(Ker p). ,

Monyas A korewro nopoxcOen (HIH KOME4HO20 mund), eClH ORH
NOpOXJaeTcsl KOHEYHRIM MOJIMHOXKECTBOM, T. €. eCH OH H3oMopdeH
(akTopMopymo KoHeyHOH mpsamofi cymmMme R @ ... D R. Moayas C
yukaudeckutl, ecai OH NMOPOXKA2eTCA ONHHMM 3JeMEHTOM; B 3TOM CJydvae
C =~ R/L, rae L — noamonyab Moayas R (1. e. L — Jepwlit uaean B R).
OcHoBHasi TeopeMa TeODHH 3JIEMEHTapHRIX JejHTesell yTBepXKAaer, uTo-
BCAKHE KOHEYHO MOPOXAEHHBIA MOAYJb u30MOpdheH mnpaAMol cyMMe
LHKJIHYeCKHX MOAYJel, ecld R fABAfeTcA KOMMYTaTHBHOH 06JacTbio
LEeJIOCTHOCTH, B KOTOpOH KaMIBIA HJead rJaBHHA (T. . HHKJIHYECKHIT).
B uactHocTH (R = Z), KaXaasa KOHeYHO NMopoXxJieHHas aGeseBa rpynmna
€CTb NpfAMas CyMMa LHKJHYECKHX Tpymm.

Monyne P HasnBaeTcl npoexmusHoiM, €ClH KaXAYylo auarpammy

P
R % 5.1}
B'a—¥c (

¢ 3nuMOpGH3MOM G MOXHO cleJiaTh KOMMYTAaTHBHOH, TONOJHHB ee
oToGpaxeHueM, YKa3aHHBbIM NyHKTHPHO#i cTpeskoit. [Ipyrumu croBamy,
NpH 3aJaHHOM 3nuMoppusMe o : B » C aaa xaxmuoro oTobpakeHus
¥ : P> C wnaiiperca romomoptdusm P : P — B, Takoii, uro off = y,
T. €. Joboit roMoMOpGhH3M P MOXHO npoeecmu 4Yepes o.

Jlemma 5.4. Kaxcovui c80600roud MOOYab npoexmusen.

HNdokasateasncrtso. [Iycts F — cBOGOpHBIA MOAYJb CO CBO-
6onuuiMH  o6pasytomuMu t. [lockosbky oB = C, MOXHO BuGpaTh
J1l KaXJoro ¢ Takoit 3jeMeHT b; € B, uto 0b; = y¢. Torna enuHCTBEH-
HEli romomopdusMm f: F— B, onpelensiemMuit paBeHcTBamu Pt = b,
IJA Kaxnaoro f, fABJSETCH HCKOMBIM. ' ’
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B naabHeeM npoe KTHBHBIE MOAYJIH GY1YT NOCTOSHHO HCTIOJb30BATh-
c. OTMeTHM, Y4TO NPOEKTHBHHIA MOJAYJb MOXeT He GBITb CBOGOIHEIM.
Hanpumep, eciu B KavyecTBe KOJbIA R B3fATb NPSAMYIO CYMMY JIBYX
3K3eMILIAPOB Koablla Z Heabix 4ucel, R = Z @ Z (c yMHOXEHHeM,
onpejieieHHBIM dopmysioit (m, n) (m’, n’) = (mm’, nn')), To nepsoe
cnaraeMoe Z Kak moAMOAYyJb R-Mony.as sBasfieTcs R-MmoayJeM. JTOT
R-Monyab, . OUeBHAHO, He fABJAseTcA CBOGOAHHIM, OJHAKO OH NMDOEKTH-
BEH, YTO BRITEK2ET H3 CJEJYIOMEro NpejJoKeHN:

MMpennoxeHue 55. R-modyas P npoexmusen mozda u moavko
moz0a, Koz20a OH ABASEMCR NPAMBIM CAG2AeMbIM C60000H020 R-mModyis.

IHoxasateanscrtso. [Ipenonoxum cuavana, yto monyas P
ecTb NpAMOe cjaraeMoe cBoGopHoro Moayni F=P@P Q u n: F— P
ecTb cooTBeTCTBYIomass mnpoekuus. Ecam pana nuarpamma (5.1), 1o
orobpamenne Yn : F— C MOXHO mnpejcraBuTb B Bujpe off = ym,
rae B : F — B. YMHOXHB 3TO paBeHCTBO Ha BJoxeHue u: P— P @ Q,
noayuuMm o (fu) = ymu = y, OTKyna clenyeT, 4to moayJs P mpoek-
THBEH.

O6paruo, nycts P npoektused. B cuiy npepnoxenus 5.3 cymecr-
syer snuMopgusM p : F — P, rae Moayab F cBoGones. FomoMopdnam
Ip : P — P moxHo npeicraputh B Busie pf = 1, p : P — F. U3 npen-
Joxkenus 4.2 BbITeKaeT, 4To MOAYJb F ecTb nmpsiMas cyMMa noaMoayJes
BP = P u Kerp.

Jliobas noarpynna cBoGojHO# abefeBoH rpynmbl cBOGOjHA; CJe-
10BaTe/IbHO, BCAKHH NMPOEKTHBHBIA Z-MOAYJAb CBOGOJEH.

YVOPAXHEHRHA

1. IokasaTh, 9T0 MPAMOE claraeMoe TNMPOEKTHBUOTO MOAYJAS NPOEKTHBHO.

2. Tlogkasars, 9T0 MoOaYiab Z, MpoekTHBeH (MO He cBOGOAeH) Haj KOMBUON.
Z,in BHIYETOB TMO MOAYAIO mn, ecAH m U 1 B3aHMHO IPOCTHI.

3. orasatb, 9TO NpPOH3BOAbMAA TNpPAMafw CyMMa NpPOEKTHBMHX MomyJeR
NpoeKTHBHA. ’

§ 6. dynkrop Hom

ITycte A u B uexoropbie R-Moxynau. MHoxecTBo
Homg (A4, B)={f|f:A— B}

BceX R-MoayJ/bHBIX roMoMopdusMoB f Moayast A B MonyJb B sBasierca
abe/eBOi rpYNMOil OTHOCHTENBHO CJOXKEHHA, -ONPENEJEHHOr0 paBeH-
ctBoM (f + g) a = fa + ga pas moGeix romoMopuaMoB f, g : A — B.
Ecin A = B, to Homp (A, A) aBiseTcs KO/BIOM OTHOCHTE/NBbHO
YKa32HHOrO CJIOXKeHHf ¥ YMHOXEHHS [OMOMOP(QH3MOB;, 3TO KOJIBIIO
HaskIBaeTCs Kkoavyom R-smdomopdusmos monyas A. B ToMm cayuae,

Rid
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Koraa Koselo R xommyraruBHo, Hompg (A,B) MoxeT paccmaTpuBatbes
He TOMBKO KaK rpymma, HO H KaK R-MOAfyJb, ecJu roMOMOpGhH3M
tff:A—B, t €R, [: A— B onpepenuts 1aK: (tf) a =t (fa) a1 mo6o-
ro ajemenTa a € A. To, uTO If JeificTBUTE/NbHO R-MOJY/IbHBIN rOMOMOp-
¢u3M, ciaesyer U3 DaABEHCTB

(#) (ra) =1 (fra) = tr (fa) = rt (fa) = r [(tf) a),

B KOTODHIX HCMOJb30BAHA KOMMYTAaTHBHOCTb KOJbLa R.

I'pynna Hom Bcrpevaerca uacro. Korga R — nosie, Homg (A, B)
ABJIAETCA BEKTODHBIM MPOCTPAHCTBOM BceX JHHEeHHBIX Mpeobpa3oBaHuit
BEKTODHOrO NMpocTpaHcrsa A B BeKTOpHOe nmpocTpaHcTBo B. Ecan G —
abeseBa rpynna, a P — ¢akroprpynna aaauTHBHOH rpynnbi AeficTBH-
TeJbHBIX YHCeJl M0 NOArpymnie LeJ/bX Yuces, o6e paccMaTpHBAaeMble KaK
Z-monyau, 10 Homz (G, P) — rpynna xapakrepos rpynnul G. Ecau
9 : R - Hom; (G, G) — xoJbueBoii roMoMopdHaMm, To abeseBa rpym-
11a G craHoBHTCA R-MOJYJIeM OTHOCHTEJbHO JIEBOTO YMHOMeHHS rg =
== ¢ (r) g. Bce neBbie R-MOAyJH MOr'yT OHITh NOJYYeHBI TAKHM OGpa3oM
#3 pasHulXx rpynn G H roMOMOP(H3IMOB Q. '

PaccmoTpuM  fieficTBHe  (DHKCHDOBAHHOrO MOJYJIBHOTO T'OMOMOp-
dusMa B : B— B" Ha Hompy (A, B). laa kaxporo f: A — B onpepe-
neHo mnpomsseaesne Pf: A — B’, npuuem P (f + g) = Bf + Pg.
[Tostomy cootsercrBHe f—- Bf sBAfeTcs romoMopdH3IMOM

B, : Homg (4, B)— Homg(A, B’) (6.1)

abeseBbIX T rpymnmn, HasplBaeMbIM [OMOMOP(H3MOM, «HHIYLHDPOBAHHBIM?
. Bonee touHo, B,f =P o f. Ecau B — ToxxmecTBeHHEIH roMOMOpdH3M,
T0O H P, TOXIECTBEeHHO; ecan P pasiaraercsl B Npou3BeleHue, T0 u P,
ecThb COOTBETCTBYIOUlee npou3senenue. Tounee,

(IB)* = IHOED(A. B)y (pp')* = ptp;v (6~2)

NMpUYeM NOCJejHee PABEHCTBO MMEET MEeCTO BCAKHMI pas, Korja ompe-
neJieno npoussesetne Bp’. Moxuo o6venunnts (6.1) 1 (6.2) B crenyiomem
yreepxnennn: Hompy (A, B) ectb «KoBapHAaHTHHIA (YHKTOP» 1O apry-
MenTy B (o6luee onpenenenne naHo B § 8). _

Jlns nepBoro aprymenta A H3MeHseTCs HanpaBJeHHe HHIYLHPOBAH-
noro romomopguama. IIpn ¢puxcupoBaHHOM MOAY/IBHOM roMoMop¢usMe
a:A—A" nan Kaxporo [ :A"— B omnpejeneHo mnpou3BejeHHe
fla: A~ B, npuuem (f' +g')o=fa+ g'a. CaenoBaredbHo, oTo6pa-
Kenue a*f’ = f'a 3a1aeT «HHAYLUHPOBAHHLIA» rOMOMOpGH3IM

a* : Homg (4’, B) — Homp (4, B) (6.3)

aGesesnix rpynn. BroBb (14)* — ToXuecTBenHoe oroGpamenue. Eciu
a:A—>A",a : A" —> A’ To onpeiesneHO NPOHU3BEEHHE OL'0C M HHJIY-
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LUpYIOTCA oTobpareHHus
Homg (4", B) 25> Homg (4, B) %> Homg (A, B);

MOXKHO TNOKasaTh, 4T0 a*a’* = (a'a)*. J10 obpalleHHe NOpALKa MHO-
Kureseil 06o6maer TOT ¢GaKT, YTO TPAHCNOHHPOBAHHAS MATPHLA NpO-
H3BeJeHHA JABYX MaTpHIl fBJSeTcs NpOU3BEJEHHEM TPaHCMOHHPOBAH-
HBIX MaTpHL COMHOXHTeJell B obpamnom mnopsijike. Beuny H3MeHeHuS
Nopsi/Ka B NpOHM3BeJeHHH, Mbl 6yieM ropoputh, 4T0 Homg (4, B) npu
(HKCHPOBAaHHOM MOnyJe B sIBNAETCH KOKMPasapuasnmusim GbyHKTOpOM
no aprymeHry A.

Teneps 6ynem MeHaATs U A, u B. Ilpu 3amandux a: A — A" u
p:B—-B" nn1a kaxnoro f[:A"— B onpeneseHo mNpOH3BeAeHHE
ffe : A > B’; coorBerctBHe [ — Pfa ABAsieTcs romoMop¢dH3MOM

Hom (a, p) : Hom (4’, B) — Hom (4, B’)

a6eneBbix rpynm, npuyeMo*B, = Hom (o, f) = P,a*. dtor romomop-
¢usmM o6aanaer cBOHCTBaMH:

Hom (1, ') =TOXecTBeHHOe oOTOGpaKeHHe;
Hom (aa’, pp’) == Hom (a’, ) Hom (a, p’);

nocJsieJiiee MMeeT MeCTO BCAKHA pas, KOrja onpejie/ieHbl NpOH3BefeHus
aa’ u pp’. Mel 6ynem rosoputh, 4to Hom siBaIsieTcss ¢pynxTopoM ot aByx
apryMeHTOB, KOHTpaBapHaHTHBIM 1O NEPBOMY apryMeHTY H KOB3apHaHT-
HEIM 110 BTOpPOMY, H3 KaTerophil R-MojyJeil B KaTeropHio rpymm.

Ecana,y, ay : A—> A’ cyTb 1Ba roMoMopdu3aMa, TO MOXKHO NOKa3aTh,
4TO

Hom (a; + a3, B) = Hom (ay,p) + Hom (a,, B). (6.4)

Ananornyio Hom (o, pi+p2)=Hom (2,p;) +Hom (a,B,). It apa
cBOiicTBa O3Hauawrt, uto Hom —«anauTnBHbIi» (yHKTOD.
[Tpu ¢urcuposanroM B npumennm Hom (—, B) kK xamarpamme npsi-
Moit cymmbl (4.1). B pesyabrare
(8.4 o2

1
Hom (4, B) =5 Hom (4, @ 4,, B) :_: Hom (A,, B)
ﬂf Tl:’

BJOMEHHS |; mepeifyT B NpOeKUuH \;, HO BBuAY (6.4) Mo-npexHeMy
BBINOJIHAIOTCA paBeHcTBa (4.2) 1JA auarpaMmel npsAMoil cymmbl. Ana-
JIOTHYHO MpH (HUKCHPOBaHHOM A JuarpamMMa MpsiMOi CyMMbl MOAyJel
By u B, nepexomur npu npumenednd Hom (A, —) B nuarpammy nps-
Mol cyMMbl (MpHyeM BJIOKEeHHe mepedjier Bo BJoxkeHue). Takum o6pa-
30M

Hom (4; @ A,, B)=~Hom (A, B) ® Hom (A,, B),

Hom (A, B, @ Bx) = Hom (4, B,) ®Hom (4, B). (6.5)
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B uactHocTH, TOYHa Takas mochenosarenbHocth Hom (A, B,) >
» Hom (A, By @ By) » Hom (4, B,).

Teopema 6.1. [an mobozo modysn D u aoboii nocaredosament-

Hocmu 0 —+ A ¥, B 2 L, mounoii 6 A u B, undyyuposasnas nocaedo-
eameavrocms abeaesolx epynn

0—> Hompg (D, A) 2% Homg(D, B) 25 Homa(D, L)  (6.6)
moyna.

HJoxasateambcTBOo. UYUToOn MNOKasaTh MOHOMOD(GHOCTb %,
paccMoTpuM TaKoil romoMopdmsm f : D — A, uto %,f = 0. Iaa sno6oro
sjementa d €D, %,fd = xfd = 0; nockoJbKy % — MOHOMOPGHU3M,
To Bee fd = 0 u, sHauurt, f = 0, 1. e. %, — MoHOMOpdHu3M. OueBHTHO,
uro P,x, = (Bx), = 0, = 0, u noaromy Im %, < Ker-B,. 117 noka-
3aTeIbCTBa QODATHOrO BKJIOUEHHS pacCMOTDHM Takoii roMoMopgu3aM
g:D — B, uro fg = 0. Torna fgd = 0 naa moGoro saementa d. Ho
Ker p = %A BBHIY TOYHOCTH IaHHOH B YCJIOBHH MOCJeNOBaTe/IbHOCTH,
MO3TOMY CYIIECTBYET eJHHCTBEHHLLA 3JieMenT a € A, /51 KOTOPOro xa =
= gd. Oto6paxeHue fd=a onpeaenser Takoit romomoppuam f: D— A,
uto %,f = g. CnenosarensHo, Imx, o Ker f,, 4Yem u 3akanyuBaeTcs
NOKasaTe/JIbCTBO TOYHOCTH MocJenoBaTesbHocTH (6.6).

AHaJIOrHYHRIMH pacCy(NIeHHSAMH YHTaTe/lb MOXKeT JoKa3aTb CJeaylo-
Iyl TeopeMy.

Teopema 6.2. Ecau nocaedosamesonocme M % B %, C—0
mouna u D — npousgonrereul modysb, mo UHOYYUPOBAHKAR nocaedo-
BAMeALHOCLL

o* a*
0 — Homg (C, D) = Homg (B, D) — Homgz (M, D)  (6.7)
moxna.

[Tocnenosatensuocts M — B — C — 0, TouHasds B B u C, Hasw-
BaeTCl KOPOTKOH mounod cnpasa nocaenoBateibHoctbio. [Tocaennsa
TeopeMa yTBepnaet, 4To ¢pyHxrop Homp (—, D) npu duxrcuposanuom
D mepeBoinT KaXJAyl0 KOPOTKYIO TOYHYIO CNpaBa IIOCJEOBaTeJbHOCTb
B KOPOTKYI0 TOYHYIO cJieBa NOCJAeA0BATeNbHOCTh; MO MpeAplayiuei
TeopeMe Homp (D, —) mepeBOAHT KOPOTKYIO TOUHYIO CJeBa IIOC/ENIO-
BaTeJbHOCTb B KODOTKYK) TOUHYIO CJeBa [MOCJ]el0BaTeJbHOCTL. Ecau

g
A » B -» C — KopoTKasfi TOYHafl NOCJAENOBaTe/IbHOCTh, TO KeJaTesb-
HO HMeTb TOYHHI® NOCJE0BaTeJbHOCTH

0 — Homg (D, A)— Homg (D, B) = Homg (D, C)— ?, (6.6)
0 — Homg (C, D)— Homg (B, D)—> Homg (4, D)—?. (6.7)
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B cuay ABYyX npeiBAYIIMX TeOpeM KaXKjuasf H3 3THX MNOCJeoBaTe/lb-
HOCTeil TOYHA, KpOMe, BO3MOXKHO, NpaBoro koHia. Ecaun BMecro ? nocra-
8uTb 0, TO, Kak NpaBHJO, TNOCJENOBaTeJIbHOCTH He GYNYyT TOYHBIMH.
Hanpumep, TounocTs nocaenosarteastoctd (6.6") B Hompg (D, C) o3sna-
Yaja Gel, 4TO Kaxzplii romomoppusm Ak :D — C npejacraBuM B BHAE

= oh" npu HexotopoM Hh':D — B, T. e. KaXjuuii roMomopdusM
B hakropmonyab C = B/xA Mmor 6Gbl 6uITh NpoBejied Yepe3d B (4To 6Gbio
6Hl BO3MOXHO npH npoekTuBHoM MoayJe D). Uro6u y6enuTbca B HeBep-
HOCTH 3TOr0 YTBepXJeHHS, moJoxuM R = Z u D = Z,,, uuxinve-
cKoit rpynne nopsaiaka m. s KOpOTKO#i TOYHOH noOCJ/e0BaTebHOCTH
Z»7Z>»Z,, B KOTOpPOil NepBHIi rOMOMOPDH3M % 3aJaeTCA YMHOXe-
HHeM LeJHX YHcea Ha m, mochaenoBareJbHocTb (6.6) nmpuHHMaer BHR
00— 0-> 0->Hom (Z,,, Z,,) = 0 u, oueBHAHO, He ABJAETCHA TOYHOM.
AHaJloruyHo 1oc/e0BaTeabHOCTh (6.7") MOXeT He GHITb TOYHOM, ec]H
noctaBuTh () BMecTO ?, MOCKOJBKY He Besskufi romomopdusm f: A -+ D
noaMonyas A < B moxeT GuITh npojoJKeH 10 romomopgusma B B D.
MoxHo onuncaTb 0GBEKT, CO3NAIOUIHI «NPENATCTBHE» IS pacLIMpeHHS
yka3aHHOrO romoMopdmuama f. I'pynna 3THx 0GBEKTOB, NOCTABJEHHAs
B (6.7°) BMecTO ?, BOCCTaHABJAMBaeT TOYHOCTb MOCJENOBATEJBHOCTH.
Ora KOHCTDYKIHS, CTPOALIAsCA OJHOBPEMEHHO AJf MNOC/eNOoBaTeNb-
Hocteir (6.6") u (6.7"), ABAAeTCA ONHMM M3 OGBEKTOB M3Y4YeHHS TCOMO-
JIOTHYecKOil aJre6pHl.

Tenepb ME MOXeM JJOK23aTh HECKOJIBKO CBOHCTB, XapaKTepH3YIOIKX
fIPOEKTHBHEIE MOAYJIH.

Teopema 6.3. Caedyrowue ceolicmea mooysn D axaugarenmmups:

(i) modyae D npoexmusen;

(ii) 04s Kaxcdozo snumopgusma o : B » C undyyuposasnsill eomo-
mopgusm o, : Homg (D, B) - Hompg (D, C) ssasemca anumopcpus-
MOM;

(iii) ecau A » B » C — kopomkana modYnan nocaedosamenbrocme,
mo u nocaedogamenvrocme 0 — Homg (D, A) - Homg (D, B) -
— Homp (D, C) = 0 mouna;

(iv) xaxcdan wxopomxas moynas nocaedosamesvriocms A > B » D
pacueninena.

HoxkasaTteabcTso. Copepxameecs B (ii) yrBepxnenue, uto
0, — anuMOp¢H3M, O3HayaeT, YTO KaXjplii romoMopdmsm y :D — C
MOXeT GbiTh NMpeJCTaBJeH B BUJe Y = Of; 3TO B TOYHOCTH H O3HAyYaerT,
4to D — npoeKTHBHbIA MORYJb.

BBuny Tounoctn mocaenoBatesbHocTH (6.6) ycaoBue (ii) 3kBMBa-
JieHTHO ycaoBuio (iii). Haxonen, ecau moxyar D npoexTtuBen H
0 :B-»D, 10 oto6pamkerne lp: D — D MOXHO mpeicTaBHTh B BuAE
I = of, rne P : D - B, nostoMy nocJenosateabsocth H3 (iv) pac-
wenasiercs. O6parHo, NycTh BCAKAas KOPOTKAs TOYHAs MOCJe0BaTelb-
HOCTb, OKaHuuBalomasaca moaysieM D, pacwenasercs. IIpencrabum D
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KaK obpas p : F-» D nexotoporo cBoGoasoro Moayas F. ITockoAbKy
nociefosatedbHocTh Ker p > F » D pacwenasercs, D saBasercs
NPSMLIM cJiaraeMEIM MoayAs F no npepioxeduio 4.2; B cuay npejso-
xeHus 5.5 moayss D npoekTuseH.

YNPAXHEHHNSA

1. Kaxpauit nepuii Hpead L xosnpna R ecTb R-MOAYJbL fi NOC/ENOBATENbHOCTD
L > R > R/L touuna. Ilpegmosnoxum, 9to L2 =% L.

(i Mocnenopatenbuocts (6.6') MoxeT He 6HWTH TOYHO!M, ec/IM BMecTO ? MocTa-
Buth 0. [lokasate 310 ans D = R/L, ycrauoBHB, 9T0 TOMOMOPH3M
Hompg (R/L, R) > Hompg (R/L, R/L) wue sasasercs snumopdusmoM (1 He
fiBJsieTcs . o6pa3som!).

(ii) TTocaenopaTeabuocts (6.7') MOXKeT ue 6HITH TOUHOH, ecau BMecTo ! NoCTa-
putb 0. [Tokasats 310 Ay1a D = L, ycraHosus, 9to romomopdusm Homp (R, L) -
— Homp (L, L) ue asiasiercs snumopdHuaMom (1 ue sBasercs oGpasoml).

2. Jlan npoH3BoNbHOrO MHOMECTBA HHAeKcOB 7 ycTanOBHTh H3oMopdH3M
Homp (2¢4s, B) = I, Homg (4;, B),

conocTaBiassi KaxJoMy oToGpameutio f: ZA,—»B Ha6op ero orpaHuvexHi
ft: At — B.

3. lns npoH3BoAbHOTO MHOMKecTBa T HHIEKCOB YCTaHOBHTbL H3oMopdH3M
Hompg (4, I1;By) = II; Hompg (4, By).

§ 7. Kareropun

KaTeropusi cOCTOMT H3 «OGBEKTOB» M GMOP(H3MOB», KOTOpLIE MOTYT
MHOrJ]a «nepeMHOKaTbcf». PopManibHO, Kateropus € — ato xaacc
obsexmos A, B, C, ..., BMecTe C

(i) cemeiicTBOM MmonapHo HemepeceKaluxcs MHOXKecTB hom (4, B),
npuYeM Kaxpuo#t nape OGLEKTOB OTBeyaeT €JHHCTBEHHOE MHOXKECTBO;

(ii) dyukuueit, 3ajaHHoR AAA Kaxnod Tpoiiku o6vekToB A, B, C
U comocTasJsomel saementaM o € hom (A, B) u p € hom (B, C) aJe-
MeHT Pa € hom (A4, O);

(iii) dyHKumei, comocTaBasOUEed KaXAaomMy o6beKTY A 3JeMeHT
1, € hom (4, A). :

[Tpu 3TOM JO/KHBI GHITH BRINOJIHEHH! JIBE aKCHOMBI:

axcuoma accoyuamuerocmu: ecau o € hom (4, B), p € hom (B, C)
u y €hom (C, D), To y ()= (vf) x;

axcuoma edunuy: ecam o € hom (4, B), 10 @l =a = lza.

Ecan a € hom (A, B), To 6yneM nucaTe o : A — B u HasbBarh
o Moppu3Mom KaTeropnu @ c obaacmesio onpedenrenus A U ob6aacmoio 3na-
wenuil B. Beuny (ii) npousBenenue Pa ompezneseHO TOrJa H TOJBKO
Torja, Korjga o6Jactb 3HayeHHH MOp¢pH3Ma o cOBNajaer ¢ 06JacTbio
onpenesennust Mopdusma f; npousBeseHHe TpeX COMHOXuTeseit yfa
accoLuaTHBHO, €cJH OHo onpeneeHo. Hasosem Mopduam x edunuyed
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KaTeropuu %, ecaHu xo = o BCAKHH pas, KaK [IPOH3BeJIEHHE Xo. Ompe-
nejeHo, u Px = P BcAKMi pas, Kak omnpejeJeHO NpOH3BeleHHE ﬁu.
Kaxnpiit Mopousm 1, aBaserca exunnuei. O6paTHo, ecan % exuHuLa,
To %: A —> A a7 HexkoToporo o6vekTa A H % = xly = l4, T. e.
KaxXjas equHuIa U3 B uMeeT BHI 1,4 1/ OJHO3HAYHO OmpeJeJeHHOro:
obvekTa A. JIpyrHMH CJOBaMH, eJMHHLB KaTeropHH @ omnpejesior
06beKTHl 3TOH Kateropuu. MOXHO OmMHCaThb KareropHio NPOCTO Kak
KJacc MOp(H3MOB C YacTHYHO OmNpeJie/IeHHBIM YMHOXEHHeM, YJOBJeT-
BODPAIONUIMM MOAXOASAIIMM aKCHOMaM (CM. ympa)cHeHue 3 B KOHIle 3TOro
naparpaga).

Mop¢usM 0: A - B HasnBaeTcs IKGUEALEHMHOCHIbIO KaTeropuu €,
ec/u CyILecTBYeT TaKoil MopdusM @: B — A, uto 90 = 14 u O = 1.
B 3aToM cayuae @ oHO3HaYHO onpefeeH: ecu ¢'0 = 1,4, Togp = 1,40 =
= ¢'0p = @'l = ¢". HasoBeM ¢ o6pamuem, ¢ = 0-1, K 3KBHBAJIEHT-
Hoctn 6.

[TpousBenenne jABYX 3KBHBaJeHTHOCTeH, €CJH OHO ONpeJeseHo,
TaKe SBJASETCd 3IKBUBAJEHTHOCTBIO.

(MyaptunankaTuBHas) rpynna G ecTb KaTeropHs ¢ OJHHM OGBbEKTOM
G; MoxkHO cyuTath, 4to hom (G, G) COCTOMT M3 3JeMeHTOB rpynmu G.

Ecau MHOMKecTBO M 3aMKHYTO OTHOCHTEJIbHO aCCOLHATHBHOI'O YMHO-
MeHHSl C eluHHLell, TO ero TaKXe MOXHO DaccMaTpHBaThb KaK KaTe-
FOpHIO C OJHHM OGBEKTOM H YMHOXEHHEM, COBMAJaloUMM C JaHHRIM
YMHOXeHHEM.

Bosee TumMYHBIM mMpHMEPOM KaTeropHH fBJfETCH KaTeropusl poff
(neBux) MonyJiell HaJ JAHHEIM KOJbLOM R. O6GBeKTbl 3TOH KaTeropHu —
aTo Bce R-Mopyyiu A, B, C, ..., mHoxecTBO hom (A, B) Mopdmus-
MOB — 3T0 MHOoxecTBo Homp (A, B) Bcex R-MOAYJBHBIX roMOMOp¢H3-
MOB U3 A B B, B To BpeMsl KaK YMHOXeHHE — 3T0 OOLIYHOE YMHOMKeHHe
roMoMopu3MoB. AKCHOMBI acCONHATHBHOCTH H CYIIECTBOBAHHS €IUHHUIL
BRINIOJIHEHBI OYeBHIHEIM 06pasoM. B aToill KaTeropuu HCHoJabs30BaH KAaCC
Bcex R-moayJeii. Mbr He MOXXeM TOBODHTb O MHoxcecmse BceX R-Mony-
Jeil, IOTOMY YTO 3TO MHOMECTBO SIBJISI€TCA HE3aKOHHOH COBOKYMHOCTBIO
npu oOBIYHBIX AKCHOMAaX TeOPHHM MHOMecTB. Ec/in e NpHHATH aKcHo-
MaTHKy TeopuH MHOMecTB [énens — Bephaitica — ¢on Heiimana
(Fémeas [1940]), To B HamieM pacnopsKeHUH OKasbiBaloTc GOJblilHe,
YeM MHOXEeCTBAa, COBOKYMHOCTH, HasblBaeMble KJaccaMH, H MOXHO-
3aKOHHO TMOBODHTb O KJIacce BCeX MOAYyJed HJu BceX TOMOJOTHYEeCKHX
npocTpaHCcTB. Mbl OnpefiesI/IH KAaTeropHIO KaK KJacc 00beKTOB, HMef
B Bujy 3Ty HuTepnperauuio. HasoBeM xarteropuio maiod, ecam KJacc
ee 06beKTOB fIBJASETCA MHOMECTBOM.

UTo6bi NpHBECTH JApYrde NPHMEPH! KaTeropwid, JNOcTaTO4HO O6yjer
YKasbiBaTh 06BbEKTH 1 MOpGU3MBlI KaTeropHil; B GOJIBIIHHCTBE CJayYaeB
06J1acTH onpeje/ieHHsI M 3HaYeHHi MOpPGU3MOB, YMHOXKEHHE H eJHHHIL
6YAyT uMeTh HX OGHIYHBIA CMbicJA. MbI NpUBONMM NepedyeHb TeX MpHMe-
poB KaTeropuii, ¢ KOTOPEIMH HaM NPHAETCS BCTPETHUThHCH. :
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Kamezopus monoaozuseckux npocmpasicms. OGBeKTH — Bce TOMNO-
JIOTHIECKHE MNpOCTpPAaHCTBA, MOP(H3MH — Bce HeNpephiBHhe 0To6pa-
¥kenns f: X — Y ogHoro mpocrpaHcTBa B ApYroe.

Kamezopus aberegoix epynn. O6beKThl — Bce aGeneBn! [pYNIEL
MOp(pH3MH — Bce romMoMOopdH3Mbl alesieBHIX rpymn JApYyr B Jpyra.

Kamezopua epynn. OO6beKTHl — Bce (He 00f3aTeslbHO a6eJieBhi)
rpynnui; Mopdu3Mbl — Bce FOMOMOP(H3MBI Tpyml.

Kamezopus muoxcecrns. OGbeKTh — Bce MHOMeCTBAa, MOPGH3Mbl —
Bce oToGpaxceHHSl OLHOTO MHOMecCTBa B JpYyroe.

B caenyomux npumepax noa R noHuMaeTcs (pUKCHPOBaHHOE KOJIbLO.

Kamezopus mounsix nocaedosamenonocmed R-monyJaefl JJIMHEIL .

OGbeKThl — BCe TOUHBIE MNOCAENOBATEJBHOCTH S : Ay — Ay — ... —>
- Ay~ A,, moppusmpi I' : S — 8" — Bce Takme Habopu I' =
= (Y1, Y2, - - -+ Yn) MOAYJBHBIX FOMOMOPGH3MOB ¥, : A; — Aj, uTO
JMarpamMma

Ai—>A2'—) ces '_>An—1_)An

Jn v Y¥ne vn

A—-A—...>A4,_,—A,
womMyTaTuBHa. Ecom B = (B4, . . ., Bn) : "> S”, 1O npouasene-
#ueM BI' cuuraerca Ha6op- (Biyy, - . - Ba¥n)-

Tak e MoMeT GbITh NMOCTPOEHA Kareropus GecKOHEYHHX BIPABO
#aM  GecKOHEUHBIX BJIEBO TOUHBIX MOCJEAOBAaTeJbHOCTEH MJH e
nocjeaoBareJabHocTeli, GeCKOHeYHBIX B 06e CTOpOHBL. JIpyruM npumepom
fIBJIAETCH KaTeropHs KOPOTKHX TOYHHIX mocjefoBaTtesbHocTedf E : A »
>» B » C, moppuamami KOTOpOH cuuralorcd Bce Tpohku (, P, v)
MOAYJIbHBIX FOMOMOP(}U3MOB, Jenailompe KOMMYTaTHBHBIMH AHarpaMMH
THNa gHarpamMMul (3.1). Temepb AocTaTOYHO ACHO, KaK MHOTO NIPHMepOB
MOXeT ObITb NOCTPOEHO,— KaTeropHA mNOCJEeA0BaTeJbHOCTEHl TOUHBIX
nocJenosaTeJbHocTe H T. A. A0 GeCKOHEYHOCTH.

Tak xe sicHo, 9TO MHOrHe NOHATHSA, IPHMEHHMEIE K MOAYJAM, MOTYT
OLITh NPHMeHeHH K 06beKTaM J1060i KaTeropHH — MPH YCJIOBHH, YTO
onpefie/ieHHe 3TUX MOHATHIL He HCNOJB3YeT 9JeMEeHTOB MOAYJlel, a OTHO-
CHTCA K CaMHM MOAYJIIM ¥ HX roMoMop¢usmaM. Tak, B MpOH3BOJBHOM
KaTeropun @ puarpamma, cocroamas U3 Mopdusmos a;: A; — C
U3 6, 3ajaHHBIX AJA KaXAOro ! M3 HeKOTOporo MHoxkecTBa T, yHu-
88pCaNbHa OTHOCHTEJIBHO JaHHBIX OOBeKToB A, (Mau ABAserca dua-
-2pammol npamol cymme. AAA A;), ecam AAA KaXjaod auarpaMMel
{at: Ay — C’|t € T} c TeMu e o6beKTamu A; cymecTByeT B 6 Taxoit
eanHcTBeHHEA Mopduam P: C— C’, uro Pa; = o aag Beex € T.
(das muoxecrsa T = {1, 2} ata dopMyaupoBKa B TOYHOCTH COBNAfaET
‘CO CBOWCTBOM, YKa3aHHbIM ]/ AHarpamMmei (4.5).) Jloka3aTesbCTBO €1HH-
CTBEHHOCTH, MPOBEJIEHHOE PaHblie AJA NPAMOH CYMMH ABYX MOAYJed,
JOCJIOBHO MOBTOpsAeTcA AJIS JOKa3aTe/ILCTBa CJAEAYIOUIErO NPeAJoKeH .
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MMpennoxeunune 7.1. MMyemo {a;: Ay~ C} u {a;: Ay —
— C'} — 0se Ouazpammo. npamoll cymme: 00H020 U moeo Jce cemelicmea
o6vexmos {A;} npoussonvroill xamezopuu €. Tozda ¢ € cywecmsyem
maxaa eduncmeennas sxausarenmnocms 0: C — C', umo Ooy = oy
Oas kaxcdoeo §.

AnpanornuHas TeopeMa eAMHCTBEHHOCTH ChpaBelJuBa AAs Aua-
TpaMMbl [IPSIMOrO TMPOHM3BEAEHHUS, T. €. auarpaMMbl {y;: B— A;|t € T}
TaKoi, 4To AAA JwoGolk apyroit muarpammer {y;: B’ — A;|t € T}
CyluecTByeT eAMHCTBeHHHR MopgusM P : B"— B, a1 KoToporo
v¢ = v:f ana Bcex £ € T.

OnpepeneHne npAMOro Npou3BeJleHHS CTPOro mapaJJefbHO ompe-
JeJIEeHHIO TIPAMOI CYMMEI, OJHAKO HANPABACHUA 6CEX CMPEAOK USMEHEHbL
HG npomueonosoxcHsie. Mbl rOBOpHM, YTO MpAMoe NPOH3BeAeHHEe «ABOH-
CTBeHHO» NpsiMoit cymme. Boobiue dsotdcmasennom K HEKOTOPOMY YTBepIK-
IeHHio & (McyHuc/eHHs BBICKa3HBAaHHiA MepBOro MOpsAka) O KaTeropuu
€@ cunraercs yrBepKaeHHe ©*, nosJydenHoe U3 © H3MeHeHHeM Hampas-
JIEHHSl BceX MOP(H3MOB, 3aMeHOH KaXJoro npomspefieHHs MOp¢H3IMOB
of Ha mpousseleHue Pa M mepecTaHOBKO! 06GJacTH onpejeseHHs H 06-
Jactd 3HadyeHui. Cpasy Ke OTMETHM, YTO ABOHCTBEHHOE yTBepXJeHHe
K Ka)JIofi aKCHOMe M3 onpefie/leHUA KATerOpHH TaKKe sIBJIAeTCA aKCH-
omoit. [losTromy poKa3aTesbcTBO, JBOHCTBEHHOE K JAOK23aTeJIbCTBY
HEKOTOporo yTeepxjeHua & o Kareropuu 6, omupaiomieMycsi TOABKO
Ha aKCHOMEI, eCTh AOKa3aTeJbCTBO ABOHCTBeHHOro YTBepxkueHus S*.
Hanpumep, npeasoxenne, 1BoHCTBEHHOE K npeajoxeHuio 7.1, yTeepx-
JiaeT, 4YTO AMarpaMMa npsAMOro NpPOH3BeJeHHS OTHOCHTEJLHO AAHHEIX
06BEKTOB eIMHCTBEHHa (C TOYHOCTBIO 0 3KBHBaJeHTHOCTH). [TocKoabKy
JI0Ka3aTeJbCTBO NpefJIoXeHHA 7.1 onupajoch TOJBKO Ha aKCHOMH
KaTeropuy, JABOHCTBEHHOE NpeAJOIKEHHEe CcnpaBefJuBO Gea JONOJHH-
TeJAbHOrO A0KasaTesbcTBa. OJHAKO MOXKET CJYYHThCH, YTO mpefJioKe-
Hue &, GopMyJHpOBKAa KOTOPOTO HMCHOJb3yeT TOJbKO 00BEKThl M MOp-
¢usMel, cnpaBeliMBO B HEKOTOpORl ompejesleHHOH KaTeropuH, XOTd
IBoficTBEHHOe YTBepXIeHHe HeBepHO. HanmpuMep, B Kareropud Beex
cYeTHRIX afe/ieBbIX TPYNN CYIIECTBYET JHAarpaMMa MpfAMON CYMMbI cYeT-
HOrO MHOXecTBa cyeTHmix rpymnnm Ay, ..., A,, ..., HO He cyiuecr-
BYeT MOJHOTO NPSMOro MPOH3BeleHHS TeX XKe rpynn (B CYILHOCTH,
noToMy, YTO MOJHOe NPSIMOe MPOH3BeleHHe STHX IPYIIN, CyIEecTBYoiee
B Kareropud BceX a6e/leBblX TpYIN, HECYETHO).

Has kaxpoll kateropuu @ MOXHO MOCTPOHTbL 080UCTGEHHYIO Kame-
20puto €°?. B kauecrBe 0o6beKTOB KaTeropuH ©°P BO3bMeM KJiacc,
Haxoismuiics BO B3aHMHO OJHO3HAYHOM COOTBETCTBHH A* +— A ¢ 06b-
eKktaMu A Kateropuu €. B xauectBe MOpdH3MOB Bo3bMeM KJjacc, HAX0-
AAMACA BO B32aHMHO OJHO3HAYHOM COOTBETCTBHH a.* +— o ¢ MOp(H3MaMU
u3 €. Jlonoanutesapno norpe6yeM, 4ToObl o*: A* — B* Toraa u Toib-
Ko Torja, Korja « : B— A, u uTo6bl npousseeHue a*f* Guio omnpe-
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IeleHo W paBHAJoch (Po)* Toraa u TOJBKO TOrAa, KOrjia ONpeJesIeHO:
npousBesienne Pa. Torga 6P Gyjaer karteropHell, H JoGoe yTBepHie-
Hue ©* o Kateropun € — 3TO B TOYHOCTH TO e camoe, YTO U HCXOJ-
Hoe yTBepxjeHue & o Kateropuu °P. 3To 06CTOATENbCTBO BHOBb NOKa-
3LIBaET, UTO YTBepXJcHHe, JBOHCTBEHHOE K JIOKa3yeMOMY, JOKa3yeMmo.
Baaumno onHosHauHoe ortoGpaxenne T:% —6°r, T (A) = A*,
T (@) = a*, #ABAAeTcA «aHTHH30MOpdH3MOM», nockoabKY T (fa) =
=T TP

BrocnefcTBHH Mbl ONpeAeJuM ChnelHadbHBI KJaacc KaTeropufi,
Ha3ulBaeMbIX «aleJsleBLIMH KaTerOpHsIMH», noTpe60BaB MO CYIIECTBY,
yTo6el MHOMKecTBO hom (A, B) 6bl10 aGesieBoii rpynnoi H 4To6hl cyume-
CTBOBaJIM fiipa H KOMJpa, KaK B cJydyae Kareropuil MoxyJeii. OKash-
BaeTcsl, YTO MHOTHE TEOPEMbI O MOAYJISX OCTAIOTCS BEPHRIMH, €CJIH MOAY-
JU H UX rOMOMOp(®M3MH 3aMeHHThb O0OBEKTaMH U MOphH3MaMH NpOH3-
BoJIbHOH abefeBoil Karteropuu. HHTepecyommuiics uuTaTesin MOMKeT
cpady mepefitu x ra. IX u XII.

YONPAXHEHRNSA

1. lokasaTh, 9TO B KaTeropHH TOMOJOIHYECKHX MNPOCTPAUCTB HeNepece-
Kaiomeecsi of6beIdHeHue JBYX MNPOCTPAHCTB JaeT AHArpaMMy MNpAMOil CyMMHr
H 4TO JekapToBo npou3segeude X X Y xaByx npocrpaucre ¢ o6uuHOll Tomodo-
ruefi ¥ ecrecTBeHHHIMH npoekuMsaMH Ha X H Y jaer guarpamMMy npsMoro npo-
H3BejeHHus.

2. Tloxasath, uTo AA4 MO6GHX XBYX OOBEKTOB B KaTerOPHH IPYIN CyLIeCTBYe
auarpaMMa npAMOR CyMMH H jHarpaMma INIpsIMOTO INIPOH3BEAEHHA. :

3ameuanHe. «[IpaMas cyMma» He o6s3aresbHo aGeseBHX rpynn Godee
H3BEeCTHAa KaK HX «cBOGOAHOE NPOH3BejJEeHHEs.

3. PaccMorpuM kaace off anementoB a, B, y, . . . € YAaCTHYUO ONpejedeHHHM
yumuoxeueM fa € off. HazoBem 3jaeMeut % exuunneli B off, ecin xf =P u ax =
=@ BCAKHil Pa3, Kax onpejetenn npouspelenus kP u ax. Torga off HasuBaercs
abcmpaxmnol kamezopued, ecNH BHNOMHEHH CJelyIOUIHe AKCHOMH.

(i) Ilpouspegenne y (fa) onpegeseso Toraa  TOABKO TOrga, KOrxa onpepe-
Jeno npousbenente (yf) a. Ecau 3TH NPOH3BeJeHHNA CYWIECTBYIOT, TO OHH PABHH,
3o npousBenenHe TPeX MHOXKHTeAeR GyleT 3anuchHBaThes Kak yPa.

(ii) MMpoussegeune yfa onpegeneno BcsKuil pas, Kak onpejedenH o6a npo-
usBejleuns yp u Pa.

(iii) Jas Kamporo 3jeMenta @ € off CYUIECTBYIOT TAKHe eJHMHUB X H %',
970 ONpexesieMb NpoH3BeneuHf ax u x'al).

Jlokasatb, 9T0 kaacc mMopduaMop Kateropud oGpasyeT aGCTpakTHYIO Kare-
ropHIo, 1 06paTHO, YTO 3JeMeHTH NPOU3BOAbLHONH aGCTPaKTHON KaTeropHH ABAAIOT-

cA MopdH3MaMu HeKoTopoll Kareropud ©, KoTopas ompejefiesa ¢ TOYHOCTBIO
IO H30MOop¢dH3MA KaTeropHi.

1) [Mponymeno clegyioliee yCAOBHE: ecliH % B %' — jBe eJHUMUH, TO MOp-
¢$H3MH G, A KOTOPHX ONpejeseHH NPOUSBEJEHHA @X H X'Q, COCTABJAAIOT MHO-
XKecTBo.— I[Ipum. nepes.
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§ 8. dyHkTOPH

[Tycts € u & — kareropuu. Kosapuanmnom ¢yuxmopom T us €
B & HaspiBaeTcAl napa oroGpaeHuil (Kamjoe U3 KOTOPbIX 00603HAUaeT-
-cs1 OHOH U ToH ke GyKBoil T): oTo6paxeHHe, onpefieleHHOE Ha OOBEK-
‘TaX W comocrapisiiomee KamkjaoMy obwvexty C € € obwektr T (C) € D,
H oro6pakeHue, olpejejeHHOE Ha MOpP(PH3IMAX H COINOCTaBJSIOIUEE
Kaxaomy moppusmy y: C— C" u3 € mMopdpusm T (y) : T (C) - T (C)
Ha P. SOra napa oTobpakeHHi NOJ/DKHZ YJOBJETBOPATH CJELYIOLUM
JABYM YCJOBHSM:

T (Ic)=1zr(e Cese, (8.1)
TPY)=T@)T (y), Py onpeneseso B €. (8.2)

‘CnepoBaresibHO, KoBapHaHTHbik ¢(pyHKTOp T M3 Kateropun € B KaTe-
roputo & —31o orobpaxenne u3 € B 9, Koropoe coxpauser o6JacTi
onpefeJeHHsT M 00JacTH 3HaYeHWA MOp(GH3MOB, a TakXKe eIUHHILBI
H TPOU3BEJIeHN .

Hanpumep, nycts R — ¢duKcHpoBaHHOE KOJbLO. JIAf NpOH3BOJb-
Horo MHoxectBa T myctb F (T) = Z;Rt ecTh cBOGOAHEIA MOLYJIb OTHO-
cureabHO MHOecTBa T. Torna F aBJsieTci KOBapHAHTHBIM (PYHKTOPOM
H3 KaTeropHH MHOMeCTB B KaTeropuio R-mony.jeii. Bosnmem Teneps,
HanpuMep, kareroputo ¥ Bcex rpymn, rae G’ = [G, G] — xoMmyTanT
rpynobl G, T. e. MOArpynna, NMOpPOXJEHHAs BCEMH ¢KOMMYTaTOpPaMH»
£18:8,'¢;", rie g; € G. Kaxawit roMomopduam y: G — H, oueBuaHO,
oroGpaxaer G’ B H’ ¢ nomompio y*. Orobpaxenua T (G) =G u T (y) =
= v" npeppamaoT G’ B KOBapHaHTHHI# (PYHKTOp H3 KaTeropuu ¥ B Ka-
Teropuio §. Auasnoruuno ¢akroprpynna G/ (G, G] moxer paccmat-
pHBATbCA KaK KOBapHaHTHRIL ¢(yHKTOp M3 KaTeropuu ¥ B KaTeropuio
abeJeBbIX TpymIl.

[Tycte S u T — nBa KOBapHaHTHHIX (PYHKTOpa H3 KaTeropuH 6
B Kateropuio &. Ecmecmsennoim npeobpasosanuem h: S — T Hasm-
Baerc oTo6parKeHHe, KOTOpPOe COMOCTaBJsAeT KamaoMy o6bexty C € 6
Takoii MopgpuaM h (C): S (C) > T (C) u3 P, uto pis KaMKIOro Mop-
¢usma y: C— C" us € B kareropun & HUMeeT MeCTO KOMMYyTaTHBHas
JHarpamMma

h(C)
S(C)——>T (0
) (k) (8.3)

S5 T (C).

Ecau mopdusmul 4 (C) ynoBJeTBOPSIOT 3TOMY YCJOBHIO KOMMYTaTHB-
HOCTH, MBI GyjneM GoJjiee KOPOTKO OBOPHTb, 4TO «A ecrectBen». Ecim
K TOMY Xe kaxgaufi mopdusM A (C) fBAseTcs IKBHUBAJEHTHOCTHIO, TO
MBI GyJieM TrOBOpHTb, YTO A — ecrmecmasennbul usomopdusm.
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HuTynrnBHo, ecrecTBeHHOe npeoGpa3oBaHue A onpenesisercA enu-
HOOOpa3HO MJH OfHOH (opMyJOH AJA JI060ro o6BEKTa H3 paccMar-
puBaemo#i Kareropuu. Hanpumep, onpepenum AJs xaxmo#t rpynnel G
roMomopgusm k (G): G— G/IG, G, conocTaBUB KaXKAOMY 3JIEMEHTY
g € G cMexunit kaacc g [G, G] u3 akToprpynnsl MO KOMMYTaHTY.
HOuarpamma Ttina (8.3) B 3TOM cJlyyae KOMMYTaTHBHA, TaK YTO A MOXHO
paccMaTpHBaTh KAaK ecTeCTBEHHOE npeoGpasoBaHHE TOXKJIECTBEHHOrO
¢yHkTOpa B GYHKTOp B3fATHA (aKTOPrpynmel nO KOMMYTaHTY (o6a
¢yHKTOpa B Kareropmio Bcex rpynm). Ipyrue (u Gosee Harasfiiubie)
npyMephl ecTeCTBEHHbIX npeoGpa3oBaHuii BCKOpe NOABATCA (HampuMep,
cM. npeanoxenne I1. 4.2 06 orHOCHTEJNbHOH TOMOJOrHH).

Konmpasapuarnmnei gpynkmop T u3 € B & cocTouT H3 oTOGpaKe-
Hus T, onpedesernnoeo na o6%exmax U3 € U CONOCTABJAOIIEr0 Kax-
aomy o6nekty C o6bexT T (C) € P, u otobpaxenusn T, onpedesenrozo
Ha Mopdusmax W CONOCTABJAIOMEro Kampomy Mopgusmy y : C— C’
moppusm T (y): T (C")— T (C) n3 &, umeiowuii npoTHBONOJOKHOE
HanpabJeHHe. JTa napa oto6pakeHHi MO/XKHZ YAOBJETBOPATb ABYM
YCJIOBHSAIM:

T(l¢)=l1cy CEE, (8.4)
T(@y)=T (v) T (B), npoussenenne Py onpeneneHo 8 €. (8.5)

To, aro npousbeneHHe Py ompeneseHo, o3Hauaer, yro y: C — C’,
p:C" — C”, caegosareasto, T (B): T(C")—>T (C"), T (v): T (C") —
— T (C) u nostomy npoussenende T (y) T (B) ompepeneno. 3uaumur,
H3MeHeHHe MOpAJAKa MHOMuTeJeli B papeHctBe (8.5) HeoGxomuMmo.

B § 6 wmu.ormeyans, 9TO INpH (HKCHpPOBaHHOM R-moaynse B
Hompg (A, B) ectb KOHTpaBapHaHTHHA (QYHKTOp no aprymeHty A,
omnpejeseHHbli B Kareropun R-moayJedl. I'pynnma xapakrepoB aGede-
Boi rpynnsi A — ato rpynna Ch A = Homg (A, P), rae P — ¢axrop-
rpynna ajfHTHBHOH rpynnbl JAeHCTBUTEJAbHHIX YHceJa Mo MOArpymnne
uenabix unces. Ecan, kak B § 6, onpefeantb orobpamenne Ch o = a*,
rie o — romomopduam, To Ch CTaHOBHTCA KOHTPaBapHaHTHBIM (YHKTO-
pOM M3 KaTeropud abesieBBIX PYnm B TY JKe caMyl0 KaTeropuio WJmw
M3 KaTeropHH JHCKPETHBbIX abeJseBbIX FPYINN B KaTeropHIO KOMNAKTHHIX
a6eJsieBLIX IPYIN NpH OGLYHOM ONpee/eHnH TonoJoruu B rpynne Ch A.
IOas moGo# Karteropun & u ABOACTBEHHONH el KaTeropun Z°P mapa
orob6paxennii P, rae PD = D*, P (8) = 6*, 3amaeT KoHTpaBapuaHT-
Huft yHkTop M3 & B Z°p. Kaxnuplii KOHTpaBapHaHTHHIH ¢yHKTOp T
u3 € B & moxer paccMaTpuBaThcfl KaK KOBapHaHTHBIH (YHKTOp H3
% B 2°P, UMeHHO Kak npousBeeHue PT.

Ecmecmesennoim npeobpasogasuem h:S—> T, cBasbiBalOmHEM aBa
KOHTpaBapHaHTHLIX GYHKTOpa H3 € B &, HasbiBaeTcH (YyHKIHSA, cono-
crapJsiomas xKaxaomy o6bexry C € € Takofi mopdusm k (C) : S (C) -
— T (C) B D, yto naa kaxporo Moppusma y : C— C’ u3 € rommyra-
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THBHaA CcJeayloliass Auarpamma:

()2 1 (¢

}sw ) (8.6)
h(C)
S(C)——T(0C).
Sra puarpaMma noJydaerca M3 auarpaMmel (8.3) M3MeHeHHeM Hampab-
JIeHHsl BEPTHKAJbHBIX CTPEJOK.

Ecan T — ¢yHukTop u3 Kareropuu € B Kareropuio 2, a S — ¢yHk-
Top U3 Z B TpPETbIO KaTeropuio &, TO MpoM3BeAeHHe OTOOpaXKeHHi
SoT onpenensier GyHKTOp H3 € B &, BADHAHTHOCTb KOTOPOTO paBHa
NPOH3BEJIEHHI0 BapuaHTHOCTeR (KOBapHAHTHOCTb = + 1, KoHTpasa-
puanTHocTh = — |). Hanpumep, nycte of  — KaTeropusi BeKTOpHHIX
NpocTpaHCTB Haj GHKCHPOBaHHHM noJeM F, u mycte D — ¢yuxrop
U3 off x B off p, CONOCTABIAIOWMIA KaXAOMY NpPOCTPaHCTBY V compsikeH-
noe mnpocrpaicrtBo D (V) = Homg (V, F), a xaxaomy JuHeftHoMy
npeoGpasosauio (=Moppusmy H3 ofp) a: V-— V' HHIyuHpOBaHHOE
npeo6pasosakue o* : D (V') = D (V), onpeneneHnoe kKak B (6.3).
Toraa D ectb KOHTpaBapHaHTHHIH (YHKTOpP, B TO BpeMs Kak D?=DoD
ABJseTC KOBapHAHTHBIM (YHKTOPOM, COMNOCTABJSIOUIUM KaXAOMY
JIHHEHHOMY NpOCTPaHCTBY V ero BTOpOe CONPAMEHHOE MPOCTPAHCTBO.
Cyurecrsyer roMoMoppH3aM

h=h(V):V — D (DV),

KOTODHII COTOCTaBJAAET KaXAOMY BEKTOpY U TaKylo OYHKUKIO
hv:DV —F, aro (hv)f={f(v) 1A Kaxnoro npeoGpa3oBaHus
fEDV. B cayuae koHeuHomepHocTH V' roMomopdusm k (V) asasercs
H3BeCTHBIM M30MOP(U3MOM MpOCTpaHCTBa V ¥ €ro BTOPOro CONpsiKeH-
HOrO nmpocCTpaHcTBa. Jlerko nmposepsiercs, YTO A onpejensieT ecTeCTBeH-
Hoe npeoGpa3oBanue i : [ — D? (rxe I o6o3HauaeT TOXAecTBeHHbIf DYHK-
TOp). .

HMeercs aHanoruHuHbIi ecrecTBeHHBIH H30MOp(}H3M KOHeYHOH abe-
JleBoii TpynNbl ¢ rpynnofi XxapakrepoB ee rPYNNbl XapaKTepos.

YxaxeMm npumep Heecrmecmeennozo nsomopodusMa. Hamomuum, uré
1A 1060ro KOHEYHOMEPHOro BEeKTODHOro mpocTpaHcrBa V cymecTByer
usomopusm £ : V=< D (V). A HMeHHO A/ KaXKJOro TaKoro npocTpaH-
ctBa V BhiGepeM (PMKCHDOBaHHBI 6asuc 0y, ..., Uy H TOCTPOHM
B D (V) nyaabHbiii 623uc 02, . .., v, rie v* onpenenel TpeGoBaHHeM,
uTo v' (v;) paBHu O HJAH | COOTBETCTBEHHO NPH i = jH i = |.

[Tonoxxum £k (v;) = vi. 3Iro JuHeiinoe mpeoGpasoBaHue £~ =
=k (V): V= D (V) onpeneseHo aaa kaxnoro V. OHo oto6paxaer KoBa-
PHaHTHHI TOXaecTBeHHbIA pYyHKTOP I B KOHTpaBapHaHTHHA ¢yHKTOp D.
Ec/iu mpr orpanmunmcs kateropueil, 0GbeKTaMH KOTOPOH SBASAIOTCS
KOHEYHOMepHbIe BEKTOpPHblE MPOCTPAHCTBA, a MOp(U3MaMH — H30MOp-
(U3MBI & 3THX NIPOCTPAHCTB, TO MOXKHO 3aMeHUTb PyHKTOp D KoBapuaHt-
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HbIM ¢yHKTOpoM D, onpenejeHusiM cJlenyiomum obpasom: D (V) =
=D (V), D (@) = D (@-?). Onuako & (V):V—> D (V) He siBasiercs
€CTeCTBeHHHIM MNpeo6pa3oBarneM. Hanpumep, ecam npoctpauctso V
OfIHOMEepHO H M3oMop¢H3M & : V — V onpenenien papeHcTBoM o (vg) =
= cv; /1A HeKoToporo ckaqasipac € F,0%=c* 1, 10D (@) &2 (V) vy =
= (1/c) v'; omnako k (V) av, = ct?, Tak yro auarpamma (8.3) B aToM
CJy4ae HeKOMMYTaTHBHA.

QYHKTOPEl OT HECKOJbKHX apryMEHTOB MOryT GhTh KOBapHaHTHHI-
MH 110 OHHM aprymeHTaMm H KOHTpaBapHaHTHHIMH [0 ApYyruM. s niumo-
CTPALHH JIOCTaTOYHO ONPENEeHTb (PYHKTOP OT ABYX apryMeHTOB, KOHTpa-
BapHaHTHHI 10 ONHOMY M KOBapHMaHTHBIA mno apyromy. [lycte #, €
H P — tpu kateropud. Bugpynxmopom T, onpefiesieHHBIM HA B X
X € co 3HaveHHAMH B &, KOHTpaBapHaHTHHRM B % H KOBapHAHTHRIM
B @, HadpiBaeTcs mapa QyHKuuii, cocrofias u3 (yHKIUH, CONOCTaB-
Jagomei kaxaoi nape o6vekToB BE€E B n CE€ € o6rvexr T (B, C) € D,
u QYHKIMH, CONOCTaBJsIOMEA Kaxjol nape mopgusmos P : B — B’
u y: C— C' Moppuam

T®, v):TB, C)—T (B, C) (8.7)

u3 &. (3amerum, 4TO HampaBJeHue MO apryMeHTy B MeHsieTcs, a mo

aprymenTy C coxpaHsieTcd.) ITH GYHKUHH JOJIKHRE YJOBJIETBOPATh
YCJIOBHAM

T(lg, 1¢)= 11, ¢) (8.8)

TEB YVI=TEGY)TE v (8.9)

npuYeM mNocjefHee COOTHOLIEHHE NOJ/DKHO BBHIMOJHATBCA BCAKHH pas,
KaK onpeneseHn npoussenienus PP u y'y. Torna npouseesenue cripa-
Ba onpejeseHo, Tak Kak aag p’ : B"— B" u y" : C' - C” BBuny (8.7)
noJsy4aeMm ,

78", ¢) X% 7B, ¢’y &Y, 7B, C).

Yno6Ho nonoxurs T (B, 1¢) =T (P, C) u T (15, v) = T (B, 7).
Ecan sapukcupobars B, To T (B, C) u T (B, ¥) craHoBaTcA DYyHKIM-
fIMH, ONpeJe AIOIKUMH KOBapHaHTHBIA ¢yHKTOp H3 € B &, B TO Bpems
Kak npu ¢ukcupoBaiioM C ¢pyuruuu T (B, C) u T (B, C) onpenensior
KOHTpaBapuaHTHbIA ¢yHkTop 3 & B 2. It ¢dyHxuun T (B, y) u
T (B, O onpenensior ¢yuxumio T (B, y), nockoabKy BBuAy (8.9)
T@® v)=TE@ls vIc) =T (B, V) T (f,C). Mwm npenocrasisem
YHTaTe IO BO3MOXKHOCTb MPOBECTH OKOHYAHME JIOK23aTeJbCTBa CJefy-
IOIEro MpeJIJIoXKeHHs.

lMMpenanoxenune 8. 1. Ilycme F, € u I— mpu xamezopuu
u nyemo T — ¢yrxyus, conocmasrsouan xaxcoold nape obvexmos B
u Cobvexm T (B, C) € D. ITycme npu xaxdom purcuposatnom B € F
¢pynxyus T (B, C) u nexomopan ¢ynxyusn T (B, y) onpedeasiom xoea-
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puanmuoul ¢ynkmop € —~ D, a npu Kawdom HuUKCUPOBAHHOM
C €@ pynkyusa T (B, C) u nexomopan pynxyun T (B, C) onpedeasrom
xonmpasapuarnmael pynkmop F — PD. IIpednosroicum, wmo 0 Kax-
doti naper mopdpusmos p: B— B" uy: C — C umeem mecmo kommyma-
musKas duazpamma

T®, ¢) Y 178, C)
T, 0}, 7@, ¢ (8.10)
T(B, ¥)

T(B, C) —— T (B, C).
Toe0a OuazondaivHoe omobpajcerue
TEY=TB,YWTH.C)=TE C)T(B, v)

amoil duazpammer npespaujaemn T 8 Gugyrkmop, onpedesennsili na F
u 6 co 3nadenusmu 8 P, xonmpasapuanmneml 8 F u xosapuarmroul
8 ©. Kaxooui maxoli ¢ynxmop moxcem Ooimb NOAYden YKAIANHHIM
obpasom.

Ecau Bmecro T (B, C) u T (B, y) AAA npOCTOTH nHcath B* H v,,
TO yCJIoBHe KOMMYTaTHBHOCTH AuarpaMMul (8.10) MoXHO 3anHcaTts meHee
aKKypaTHO, Ho 6GoJiee HarJIfAHO B BHIe paBeHcTBa f*y, = v,.p*. Chop-
MyJpOBaHHOe mpejjioxeHne OOLIYHO N03BOJAeT HauGoJsee npocto yGe-
AUTbC B TOM, 9ro paaHHoe T peficTBuTeJbHO GHYyHKTOp. THIMHY-
HbIM IpuMepoM GHOYHKTOpa mnoOAOOHOrOo THna fABJSAETCA (QYHKTOP
Hompg (A, B), KoBapuaHTHRIA N0 B 1 KOHTpaBapuaHTHbIR mo A.

Ecim S u T — nBa Takux ¢yHKTOpa, ompejefeHHuX Ha #F X 6
co 3HaueHHsAIMH B P, TO ecrmecmgennoim npeobpasosanuem f:S — T
HaspiBaeTc (yHKUHA, KOTOpas COMOCTaBJAfET KaXJIO# Nape OGLEKTOB
B, C taxoit Mopgusm f (B, C): S (B, C) - T (B, C), 9t0 aJs Kax-
noit mapul Mopdu3aMoB f : B — B" H y : C — C" umMeeT MeCTo KOMMYTa-
THBHasg jHarpamma

s@, o2 B, o
56, | LTe. v (8.11)
(B, C)

s, Y2 18, ¢).

[Tpunumas Bo BHHMaHHe yKasaHHoe Bhile pasJoxenue man T (B, v),
AOCTaTOYHO MNOTPe60BAaTh BHIMOJHEHHA 3TOrO YCJOBHA TOABKO Aaa P
M lc ¥ nas lp uy. JJpyruMu cJoBaMH, JOCTATOYHO NOTPeGOBATh, YTOGHT
¢byuxkuus f (B, C) npu pUKCHPOBaHHOM OJHOM aprymente Gblja ecTe-
CTBEHHBIM npeobpa3oBaHHeM IO OCTaBIIEMYCS apryMeHTY.

[Ipamnle npousBefeHHs al0T npuMep GH(YHKTOpa, KOBapHAHTHOIO
no nBym aprymentam. [lyctb € — kaTeropusi, B KOTOpO#l A/ Kasaoh
Napel OGbEKTOB CYIUECTBYeT JHarpamMma MpAMOro NpPOM3BeJeHHS,
M NYCTb JJS KaX1ofi mapw O6BbEeKTOB Bbi6paHa Takas AuarpaMMma BHJa
4-353
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{n;: Ay X Ay— A, | i=1, 2}, npeanonoxeHne BKJIOYaeT BLIGOp npA-
Moro npoussenenuss A; X A, 1aa Kaxpuoi nmapw Ay u A, [lyers
a;tA; > A, i=1,2 — Mopcpusmu u3 €, ykasaHHble B JHarpamme

Ai (—- A‘ X Az A2
Jar P lesy B=0yXa,. (8.12)

’

alaala

Torma o;n; : Ay X Ay — Aj; BBHAY CBOACTBa KOYHHBEpPCaJIbHOCTH
_HH2KHEN CTPOKH CYILEeCTBYeT TaKoi efMHCTBeHHBI MOpduaM f: A1 X A,
—+ A; X A, uto mp = a,m;, T. e. CymeCTBYeT eJHHCTBEHHEIN
mop¢u3M f, npeBpaluaomuil 3Ty AMarpaMMy B KOMMyTaThBHYyl0. Hanpu-
Mep, ecsiH € — KaTeropnfl MHOXKecTB HJH R-Mopynelt u ecjin npou3se-
nerne Ay X A, BbIGpaHO OGHIYHBIM CNOCOOOM KaK MHOXKECTBO BCeX map
(a1, ay), T0 P (a1, as) = (1@, 2ap). Hazosem Mopdpusm p = oy X
X Oy NPAMbBIM npoussederuem HaHHBIX MoppuU3MOB. BBuay cBoiicTBa
KoyuuBepcaspHocTH 1 X 1 =1 u (y1 X y2) (%1 X &p) = vy X
X Y:0s BCAKMA pa3, KaK ompejeJeHbl NMPOMU3BENeHHs Y&y, [ = I, 2.
CuepoBatennto, ¢pyHkuun P (A,, A= A; X Ay, P(oy, o) =0y X
X oy ONpeAeJAIoT KoBapHaHTHHIA 6udyHkTop P us 6, € B 6.
IOns Tpex o6beKktoB Ay, A, A; o6biuHOe oToGparkenue (A; X
X Ay) X A3— Ay X (A X A3) fABJAETCA ecTeCTBeHHBIM [OMOMOp-
($HU3MOM KOBAapHAHTHHIX TPHGYHKTODOB.
[ToHsiTua Kateropuu n ¢yHKTOpa 06eCrneyuBaloT He rJy6oKue Teope-

MHl, @ YJIOGHBIA crnocoG Beipaxenus. Hanpumep, paccMoTpuM noHsiTHe
JuarpaMM «oJHOTO H TOr'O XKe BHJa», CKaXeM, JMarpaMm MoayJeil Buia
D : A— B — C. Kaxnaa Takaf aparpaMma MOXeT paccMaTpHUBaThcs
KaK ¢pyHKTOop. [leiicTBHTEJbHO, BBEJleM B pacCMOTpeHHe KOHEeUHYIO Kare-
ropuo &¥, uMelolyio Tpu o6bexTa a, b, ¢, COOTBETCTBYIOIHe TOXIECT-
BeHHble MOPGH3MbI H MOPGH3MEL %o :a—> b, Ag: b—c u py:a—c,
npuieM Agxo = po. Toria Jobass AumarpaMma MoOAyJed YKa3aHHOro
BHJIA eCTb Koaapuaﬂmmﬁ GYHKTOp U3 &£ B KaTeropHio po# MOAY.Jeil:

TaKoil KoBapuaHTHbIH ¢yHKTOp D onpejenser Tpu MonyJas D (a) = A,

D(®b)=B,D()=C—mun Tpu romoMoppuamMa D (x), (}»o),
D (no) = D (M) D (%0). Oro6paxkenue nuarpammel D B jpyryto nuar-
pamMMy D’ Toro Xe BHja ecTb B TOYHOCTH €CTeCTBEHHOe NpeoGpasoBaHue
D — D’’ ¢pyukropoB. B a3ty (OpMYyJHPOBKY MBI MOMEM BKJIOYHTH
.TaKxe NMOHSTHUA IHArpaMM C YCJOBHSMH KOMMYTaTHBHOCTH. TaK, KOM-
MYTaTHBHaf KBajpaTHas AuarpaMma ecTb ¢yHKTOp M3 KOHeYHOH Kare-
ropuu

a-—»b

fnl\’:l”h ﬂo"o=wo="’ofn~ (813)

c-—»d
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Yacmuuno YnopAGOUeHHBIM MHONCECMBOM S Ha3LIBAETC MHOXECTBO
c GuHapHbLIM OTHOWEHHeM r<S, pedeKcuBHEIM (r<r), TPaH3HUTHB-
HEIM (M3 r<s U s<f chenyer r < f) H aHTHCHUMMETDHYHBEIM (U3 r<s
u s<r caenyer r = s). HacTHYHO YNOpANOYEHHOE MHOXECTBO S HMeeT
HYAb, €CAH CYIIECTBYeT Takoi 3JeMeHT 0 € S, HeOGXONMMO eUHCTBEH-
HBIH, 4TO0 0 S /19 KaXaoro s. DieMeHT % € S Ha3hIBaeTCA HAUMEHb-
well eepxHell epanvio (H. B.T.) (WaM oGbeJUHEHHEM) 3JIeMEHTOB s,
tES, e s<u, t<u H ecn n3 s, KU CIeqyeT, YTO
u<v. H. B. r. elMHCTBeHHa, ecJH OHA CYIECTBYeT, H o6Go3HayaeTcH
u=s | t. AHaJOrMuHO 3JeMeHT W = s () ! HasbiBaeTcA H. H.T.
(aanGoJbiiieil HUXKHEAl TPAHBIO HJH TnepecedeHueM) s u £, ecan W< s,
wgt 1 ecad H3 x<s, x<t caneayer x<w. YactudHo ymo-
psilodeHHOe MHOXKECTBO S HasmBaeTcs cmpykmypod, ecau s | t u
s {] t cymecTBYIOT AJif1 BCeX 3JIEMEHTOB S U [. .

Kaxpoe yacTHYHO ynopsiioueHHOE MHOXeCTBO S MOMKHO paccmar-
pMBaTh KaK KaTeropHio o, o6beKTaMH KOTOPOiHl fIBJSIOTCA 3JEMEHTHI
s € S, MmoppusmamMu — naphl (S, r) : r = s OpH r < s U C YMHOXKeHHEM
mMop¢u3MOB, omnpelieJeHHRM paBeHcTBOM (£, s) (s, r) = (¢, r), ecam
r<s< t. Hanpumep, Koheunas xareropus (8.13) BosHHKaeT yxasaH-
HbIM CNOCOGOM M3 HYacTHYHO YNOPAAOYEHHOrO MHOMECTBAa, HMEIOIIEro
ueThlpe 3JeMeHTa @, b, ¢, d, c vacTHyHblM mopAakoM a<b<d,
a<c<d. Eciu S sABasieTc CTPYKTYpOi#l, TO Jo6bie JBa 3JeMeHTa
S, t M3 o HMeIOT NPAMYIO CYMMY (paBHYIo § |J ) u npsiMoe mpou3Bele-
HHe s ) ¢; o6paTHO, ecJH of UMeeT NMPAMbIE CYMMBI H NPSIMble NMPOH3Be-
JeHus, To S ABJSAETCA CTPYKTYpOil.

Oas n060ro 4aCTUYHO YNOPAJOYEHHOrO MHOXKeCcTBa S KOBapHaHT-
Helll ¢yHkTOp T @ f — poff aBasercs cemeiictBoM {7, |s € S} R-mo-
nyJeii BMecte c TakuMH roMomopduamamu T (s, r) : T, — T,, 3agau-
HEIMU /I KaXknoit napul r<(§,uto T (¢, s) T (s, r) = T (¢, r) Bcakuii
pas, Kaxk r <s<f. [IpamMoi1 npegen Takoro cemeficTBa Yao6HO OMH-
caTb B TeDMHHAX TeopuUM Kareropmii (disenbepr, Maxknein [1945],
ra. IV, Kaun [1958]).

YVOPAXHEHMKA

I. Iyers a;: A_,-—»Aj CyTh MoAy/NbHBle romomopdHamu. [Tokasarb, 4TO
oto6paxenne §= a4 X @y : Ay D Ay >~ AP A;, xapaktepusyeMoe paBeH-
CTBaMu :rcjﬁ = aq;n;, | = 1, 2, xapaxTepuayercs TakKe paBeHcTBaMH fi; = Laj,
i=1, 2

2. TNoxasaTbh, 4TO acCOLKATHBHEIA 3aKOH s (BHellHefl) mpsMoli cyMMH
Mol‘li/neﬁ MOJXeT GLTh BHIPaXKeH Kak ecrmecmsennbil usomopouam (A (5 B) P C =

DB D 0).
3. Jlokasatk, uto usoMopdusmb (6.5) ecrecTBenmbi.

4. Tlyctb € — manas kateropus, B xoTopolt kaxnoe MHoXectBo hom (A, B)
MOPDH3IMOB MMeeT He GoJiee OAHOTO 3MAGMeHTa, a KaXAas 3KBHBAJEHTHOCTb eCTh

4‘
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TOXJecTBeHHOe oTo6paxkeHnue. Jloka3aTh, 9To ¥ MoXKeT GHTh MoJyyexa U3 4acTH4-
HO YNOPAJOYEHHOr0 MHOMKeCTBa.

3amMeuauHa Haes Moxyiasa Bocxogut nmo kpaiineit Mepe x Kponexepy,
KOTOpHl paccMaTpUBan MOAY/H Haj KOJAbLOM MHOTrOYJEHOB, 10 ToAbLKO B nochaen-
uHe ABajnath Jer 5Ta Hjes CTada Hrparb LeHTPadbuylo poib B aare6pe. Ilpoek-
THBHHE Mong.vm BnepBue GrUTH 3¢deKTHBHO HcNoAb3oBaHK KapravoM M 3haeu-
G6eprom [1952]. Tenepp cTalo ACHbLIM, 9TO OHM JaloT JHHelinol anreGpe moaxo-
Anumee o6o0imente BeKTOPHOrO NMpocTpadcTBa (KOTOpoe Beerga spasercd cBoGOA-
HEM MOAYyJeM). DuMu Herep B cBoux Jexnusax B [eTTHHreHe NojgyepKHyJ/a BakK-
HOCTb TOMOMOP(H3MOB.

IlepBoHavanshoe orpaHMdeHHe B onpejejesud romomopdusma a: A — B,
a umeunuo a (A) = B, npupefenuoe B «Codpementold asrzebper Bau gep Bapaeua,
BCKOPe OKa3anoch M3JIHIIHE CTeCHHTE]bHRM B GHA0 or6poweuc. Temepb ecre-
CTBEHHO OXHJAATh, 9YTO KaXpoe ONpejesedHe THNA MATEMaTHUECKOH CHCTeMH
Jaerci ojHOBpeMeHHO C onpepenenHeM Mopdu3MoB Takolt cHcremun. OGo3Hade-
HUA TIPH TIOMOMmMM CTPEJOK NOABHJHCbL B TOMOJNOrHYECKHX HCCAEJOBAHHAX OKOJIO
1940 r., BepofiITHO B CBA3H € HCMOJb3OBAHHEM COOTBETCTBHA, a 3areM I Helpe-
pHBHHX oToGpaxennii. To4nbe nociaeZoBaTeNbUOCTH BlepBHe OoTMeueHH Iype-
puuem [1940]). ®yukrop Hom papsO H3BeCcTEH, HO BHIHMO BNEpPBHe MOABHJIACK
moj 3THM HWMeueM y Ditnen6epra u Maknefina [1942). KareropHu H GYHKTOPH
6uNH BBeeHH TeMH Xe aBTopaMu B 1945 r. OuM okasajdHCh noJiesybiMHE B aKCHO-
maTtHYeckofl TeopHH romoloruft (cM. ra. II), B Teopum koromonorHf nydka uan
ronoaorudeckuM npocrpaucteom (Tofemau [1958]), B paddepenunansuoft reo-
metpuH (dpecMann [1957]) B B anreGpauuecKol TeoMeTPHU (leOTeHJ_lHK — Hbe-
goune [1960], cM. Takke o630p Jlenra [1961]). Bonpocw oGocuoBanHs TeOpHH
Kanrc[);l);lgl € HCMOJMB30BaHHEM MHOMECTB M  KfiaccoB paccNorpern MakJedi-
HOM ]l



rAABA [1

["omonoeus xomnaexcos

B 370t rnaBe Mbl BnepBble BCTPETHMCH C OCHOBHRIMH MOHATHSAMH
TEODHH TOMOJIOrUfi B NMPOCTHIX reOMETPHYECKHX clyyasX, Tle nossJe-
Hue PPYNIBI FOMOJIOTHi 00yCJI0BJAEHO HaJHYHeM rPAHHYHOrO oneparopa.

AGesieBa rpymnna c rpaHdyHblM rOMOMOp(GHM3MOM HasbiBaeTcs BooO-
me «auddepeHnHaabHOM TPYNNOi», HJIH <«LEeNHbIM KOMIJIEKCOM», B TOM
cJy4yae, KOrja oHa cHaGxeHa pasMepHOCTAMH. B atoft raase paccmar-
puBaeTcA aJre6paHuecKuii mpolecc MOCTPOCHHS TPYNI [OMOJOrHH H
KOrOMOJIOTHi /IS LEMHBIX KoMmmJekcoB. OCHOBHEIM siBJsieTcsl TOT (aKT
(§ 4), 9TO KOpOTKas TOYHAf MOCJeNOBaTeJbHOCTh KOMIJIEKCOB MOPOX-
J@aeT AJHHHYIO TOYHYIO MOCJAEA0BATeJbHOCTh TPYHN roMoJdoruii. Kak
HJJIOCTPALHA B MOCJeNHHX naparpadax AaHo KpaTKoe OMHCaHHEe rpynn
CHHIYJISIPHRIX TOMOJIOTHII TONOJOrHYECKOro INpOCTPaHCTBA.

§ 1. JAnddepennnaapnnie rpynnui .

Hugppepenyuanoroti zpynnoti C nasuBaerca aGeseBa rpymma C,
B KOTOpO# 3ajaH TaKoii augoMopdusm d: C — C, dto d* = 0; HaszoBem
d «ddepeHuHaTOM» HIH «DaHHYHBIM roMoMopgusmom» rpynmut C.
Dnementel H3 C YacTO HasblBalOTCH YenAmu, 3jeMenTn u3 Ker d —
yukaramu, a sjementnt M3 Im d — epanuyamu. TpeGoBanue d2= 0
3KBHBa/JeHTHO BKJoueHH0 Im d < Ker d. I'pynna romodqoruii augde-
peHnuadeHoi rpynmH C onpefedserca Kak ¢aKroprpynmna rpymnmbl
IMKJOB MO MOArpYNIe rpaHHI ’

H (C)=Ker d/Im d=Ker d/dC. (1.1)

DJieMeHTaMH 3TO} CPYNNbl ABJAIOTCA cMeXKHhe Kjacchl ¢ + Im d uuk-
JIOB C; Mhl HAa30BeM HX 20MOA02UMecKUMU Kaaccamu u 6yneM o6o3Ha4YaTh
X Kak

cls(c)=c+dCEH (C). (1.2)

IBa 1ukaa ¢ U ¢" H3 OJHOrO H TOrO e rOMOJIOrHYECKOro Kjacca Hashl-
BAIOTCS 20MOANC2UMHOIMU, UTO 3AMMCHIBAETCA KaK € ~ C.

B KauecTBe mepBBIX MPUMEPOB Mhl PAaCCMOTPHM HECKOJIBKO CIELH-
AJIBHEIX JH(dEepeHHANbHBIX TPYNN C HX FOMOJNOrHAMH. BOJBIIHHCTBO
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3TUX NpuMepoB GyjeT HalileHO MPH MOMOIIM pasbueHHs NpOCTOH reo-
MeTpuyecKod ¢(urypel Ha KJETKH W B3AITHS B KadecrBe d omeparopa,
KOTOpBIii CONMOCTAaBAAET KAXJOH KJ/eTKe CyMMy ee rPaHHYHBIX KJETOK,
CHaGXeHHBIX MOAXOAAIUMM 3HAKOM.
Ilpumep 1. Bo3bMem Ha OKpYX-
Hocth S! 1Be TOYKM p H ¢, pas6u-
BAIOIHEe OKDYXHOCTb Ha JBe NOJY-
OKpyXHOCTH a H b. «[paunuamm»
WM <KOHIAMH» JYTH 4 ABAAIOTCA
TOYKH ¢ H p. Bsenem cBoGoauylo
7 P a6esesy rpymny C (S?) c ueThIpbMs
cBoGOMHEIMH o6pasylompMu @, b, p
H ¢ H onpeleiuMm 3HEoMopdu3M d
rpymnal C (S?), nonoxuB

da=q—p, db=p—q,
b dp=0=dgq. (1.3)

Puc. 1. Kaxnuiit anemenr us C (SY) enun-

CTBEHHRIM 0GDa3oM NpPEJCTaBHM Kak

JHHeAHas KOMOUHALUHUA mya + myb -+ myp+m,q c UedsMH xosclxpu-
LIUEHTAMH My, My, M3 U mM;, B TO BpeMA Kax

d(maa+mzb+man+maq)—m.(q—p)+mz(p—q)=
my —my) (9— p).
Takum o6pasom, C (S') cranoBuTcs auddepenunalbHOR rpynnoi.
Ee uukib — 3To Bce LeJible JHHeHHble KOMOHHAUMM p, ¢ U a + b,
B TO BpeMsl KaK IrDaHMIIAMH SIBJAAIOTCA BCe KpaTHble 3JEMeHTa ¢ — p.

CuienoBaTeNbHO, p H ¢ FOMOJOrMYHE, M rpynna rOMOJOrHH sBJsieTcs
npaAmoil cymMmoit

H (C (8%) = Zu (cls (p)) ® Zw (cls (a-+ b)), (1.4)
rie Z» (cls (p)) o6o3Havaer 6eCKOHEUHYIO LUKJHYECKYIO [Py, NOPOXK-
JeHHYIO TOMOJIOTHYeCKHM KJaccoM cls (p). 3HauuT, OKpyXHocTh S!
HMeeT JIBa OCHOBHBEIX F'OMOJIOTHYECKHX KJacca: Touky p (pasMepHocTb 0)
H OKpYXHocTb a +b (pasmepHocTs 1).

B 3Tom npuMepe Ta e camasi OKPYXHOCTb MorJa GuTb pasjefeHa
M NO-APyroMy, HanpuMep Ha GoJbliee YucJao ayr. I'pynnsl romoJorufi
OKa3hIBAlOTCA He3aBHCHMbIMH OT BbiGpaHHoro pas6uenus. Hampumep,
M30MOpQHEIE PYNNK TOMOJOTHA BO3HHKAIOT, €CJH OKDYXHOCTb pasje-
JeHa Ha TPH AYCH TaK, YTOOBI NOJYYHJCHA Tpeyronbﬂux'

IIpumep 2. BosbMeM TpeyroJbHHK A ¢ BepiminHamu 0, 1 1 2 1 cTopo-
uamu 01, 12 u 02. CoorsercrBytomas nudxbepeﬂuuanbﬂaﬂ rpynna C (A)
SABJIAeTCS cBoboaHoN alesieBoii rpynnoi ¢ wectbio o6pasytomumu (0),
(1), @, 1), (12), (02) n nudpdepenurasoM, 3aJaHHEIM paBeHCTBAMH
d0) = d(l) =d@) =0, 4@O)=(1—(©0), d(©2=(2—©O),

a
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d (12) = (2) — (1); npyruMu cJOBaMu, IDaHHIA KaXKJOi- CTOPOHBI
€CTb Pa3HOCThb ee KOHLOB. MoXHO y6enuThbCs B TOM, YTO

H (C (A)) = Za (c1s (0) @ Zw (cls [(12) — (02) -+ (O1)).

Ora rpynna B JiefiCcTBUTEJBHOCTH H30MOp(hHA rpynile F'OMOJOTHH OKPYXK-
HOCTH, HaiifleHHOH B npuMepe 1: o6e rpynmnel AABJAIOTCA CBOGONHBIMH
a6eseBbIMH Tpynnamu ¢ jaBymsa o6Gpa3yiomumu. HMsomopdusm mexay
STHMH [PYNNaMH MOXeT GbITh NMOJIYYeH U3 HeKOToporo romoMopdusma f
gudpdepennuaneuoii rpynmnet C (S') B C (A); noaoxuM, K TpH-
mepy, f(p) = (0), f(9)=(1), [(@ = (O1) u f(b) = (12) — (02).
Torpa df (b) = fd (b), df (@) = fd (@) u [ nepeBoauT oGpasyouHe
uukasl p u a+ b us H (C (S?) B obpasyomue uukas (0) u (12) —
—(02) 4+ (01) rpymmet H (C (A)).

Boo6Guie nycre C u C' — nBe AudpepeHunanbubie rpynnsl. I omo-
mopuamon [ : C — C’ nudpepeHIHANBbHEIX TPYNN Ha3nBaercs rpym-
noBOH romMoMop(gH3M C JONOJHHTENbHREM CBOHCTBOM fd = d’f; npyrumu
CJ1I0BaMH, 3T0 oToGpaxeHHe rpynnu C B rpynny C’, KOTOpoe coxpaHsfieT
UEJNHKOM 3aJ]aHHYIO ajareGpauuyecKkyio cTpYKTypy (cJoxeHue u Iute-
penuua). Orcioaa cienyer, uTo 06pas fc nenu ¢ u3 C ABafeTCA UHKJIOM
MJIH TpaHHLeil BCAKHHA pas, KaK ¢ — IHKJ HJH IPaHHLIa COOTBETCTBEHHO.
CnenosarenbHo, orobpamenune H (f) = f,, onpejesenHoe nocpencTBOM
paBeHctBa f, (cls (¢)) = cls (fc), ectb rpynnoBo#i roMoMoOp¢H3M

H():H(C)— H(C') (upu f:C— C'). (1.5)

Mu nasoBem H (f) romomopdusmom, urdyyuposantsewm f. Tlockonbky
H(¢) = lgicy v H(f'f) = H(f') H(f), To H saBAsleTc KOBapHaHT-
HbIM (P)YHKTOPOM H3 KaTeropHH Au(pepeHIMaibHEIX TPYyNN B KaTErOpHIO
abeJsieBbIX TpyI. _

ITpumep 3. Kpyroso#t auck (kpyr) D noayuaercs pno6aBiieHHeM
BHYTpeHHell 4acTH ¢ K OKpYXKHOCTH S!; coorBercTByiomas audpepen-
uuanbHag rpynna C (D) crpoutcs nytem no6asieHHs K C (S) xoBoro
cBobGoaHoro o6pasyiomero ¢ ¢ rpaHunel dc = a4 b. Torza
H (C (D)) = Zw (cls p). Baoxenne j:C (S*) - C (D) unayuupyer
oroGpaxeune H (j) : H (C (SY)) - H (C (D)), xoropoe oroGpaxaer
BTOpOe csaraemoe U3 (1.4) B nyab. IpyruMu cioBamu, roMoMopguaM
H (j), nHpyuupoBaHHEIH BJIOXKEHHEM, MOXET He GbITb MOHOMOD(H3MOM,
T. €. TPymnIa roMoJIOrtii MoANpOCTpaHCTBA MOXKeT He GBITb MOArpynmmnoi
IPYNIEI [OMOJIOTHIH caMOro mpocTpaHcTBa. [TloatoMy Mul ¥ oGo3HauaeMm
BJIOXeHHe j CHMMBOJIOM, OTVIMYHBIM OT €IHHHLBL.

ITpumep 4. IlycTb u — BepXHAA, a | — HUXKHAA noaychepnt che-
pet S ¢ akBaropom S! (cm. puc. 2). [Moctpoum nudxpepernuanbHy0
rpynny C (S?) no6asaexneM K C (SY) 1Byx HOBhIX cBOGOAHEIX 0Gpasyio-
KX u u [ ¢ rpanunamu du = a + b = — dl. Torpna

H(C (8%)=Zw (cls () @ Zw (cls (u + 1)), (1.6)
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3HaUAT, HMeeTCA LMK/ p pasMepHocTH 0 M OIYH WMKA pa3Mep-
HocTH 2.

MTpumep 5. [ehicTBuTesbHafi NPOeKTHBHaA MJIOCKocTb P2,. pac-

cMaTpHBaeMasi KaK TOMOJOrHYecKO€ NMPOCTPaHCTBO, MOXKeT GhiTh MOJY-

yeHa H3 ctephl S% OTOMJECTBJEHHEM

Kaxao# Toukn M3 S? ¢ qHaMeTpaJabHO

[IPOTHBOMOJIOKHOH TOUKOH. B uyactHO-

CTH, KaXJafl TO4yKa BepxHe#l mnoay-

cepn oToxAecTBAAETCA C TOUKOM

HH)XXHell noaycdepri. D10 HaBOAMT Ha

q P MHCAB, YTO C anre6paudYecKOf TOUKH

3peHus  1e/ecoo6pasHO  MOJOXHTDH

=—1[/,a=0>b ¥ p= ¢B yKa3aH-

HOMt B UpeAnyIueM mnpHMepe aucd-

¢pepenunancuoit rpynne C (S?). Tem

caMhIM ToOJy4aeTcsl HoBasm AU(pdepeH-

Puc. 2. uuanbuas rpyma C (P?), xotopas

ABasgerca cBobonHoit abeneBoit rpyn-

noff co cBOGOAHKIMH oGpasylomuMu &, a@ ¥ p u jJuddepeHurasom

du = 2a,da=0, dp = 0. B s1off rpynne uukn a He ecTb rpaHHIa,
xota 2a — rpauuua. CrefoBartesLHO,

H(C(P")=Zx (cls (p)) D Z2(cls (a)),

rae Z, (cls (a)) o6o3HayaeT uMKJIHYECKYI0 rpynny nopsaka 2 c obpa-
sytomm cls (a).

ITpumep 6. Ilyctb f (x, y) — pefictBuTenbHan pyHKuHA Kjaacca C*
[T. e. f (x, y) MMeeT HenpepbiBHbE YacTHEIE MPOH3BOAHbBIE BeeX MOPAA-
KOB], onpejie/leHHast Ha CBSI3HOM OTKPHITOM MHOXecTBe D Touex (x, y)
nexaptosoid miockocTd. [lpn ¢ukcuposaHsom D wmuoxectBo A Bcex
TaKHX ¢QyHKIHH sBAAeTcs abesleBON IpYNNOH OTHOCHTENILHO ONMEpanuu
c/OKeHHS 3HaveHH#t ¢yHkuuit. O6o3HauuM uyepes C npaAMYIO CyMMY
ADPADADA; torna anemedTr M3 C — 370 uerBepka ¢pyHKuUHHA
(f, g, h, k), xotopyio Gonee yno6HO 0GO3HaUHTL KaK (HOPMaJbHHIN
«aubdepeHnHaN»

(f, g h, B)=f+gdx+hdy-+kdxdy.
Onpenenum d: C — C, nonoxus

- ' d d oh d
dif, g, h, k)——‘Ti—dx—l—-%dy—{— W——i—}dxdy.
PaBencteo d? = Q- gBasieTcd CAEACTBMEM TOrO, YTO ai—?y: azzf: .

Jlro6o#t 1HkaA U3 C ecTb cyMMa IEMEHTOB CJEAYIOIHX TPeX THIOB:

. dg _ oh :
KOHCTaHT f = a; BbIpaxenuii gdx + hdy, rue a—‘;’ =5z (apyramu
CJIOBAMH, TOYHBIX JNH({epeHuuaoB), H BupaXeHuil k dx dy.
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Ecau o6nactb onpenenenuss D saBisieTcs, K npUMepy, BHYyTPeHHO-
CTbIO KBajpara, TO Mhl MOXeM 3anucaTh ¢yHKuHIO B Kak Oh/dx pis
noxxossmeii GpyHkiun A, B To BpeMs Kak Jo60o# Tounnit JudpepeHunan
MOXeT ObiTh BhblpaxeH (NMpPH NO-

MOLUH NMOAXOASAINEr0o HHTErpHpOBa- a,

HHA) Kak AnddepeHunan ¢yHK- /"‘\
uun f. CnenoBaTesibHO, IPH TaKOi 4 Y Pt
o6nactd D eayHCTBEHHBIMH FOMO- R N ir _____ -

JIOTHYECKHMH KJaccaMH fBAAIOTCA
KJIacChl, Ompeje/ifieMble KOHCTaH-
tam#, ¥ nosatomy H (C) saBasercs
ajJIMTUBHON rpynnoid JelcTBU- 9,1
TeIbHHX YHCENM. 3TO e 3aK/iyue-
HHe ocTaercsi B cHJe, ecan D —
BHYTPEHHOCTb KPYra, HO CTaHOBHT-
cA HeBepHRIM, ecsiH D ecTh, HanpH- Qg

Mep, BHYTPEHHOCTb KpYra c BbI-
KHHYTHM HauajOM KOODAHHAT. g, Po
B 3tOoM mnocienHem ciydae TOu-

HRlil  gudpepeHIIHaT MOXeT He by
6biTh audpeperaloM HeKOTOPOH

dyuxkuun f. Hanpumep, —yds+zdy Puec. 3.

x24y2
He fBJSleTCH TaKHM. -

Ilpumep 7. KpyroBoii UHJHHADP MOXKHO paccMaTpHBaTh KaK NPsSMOe
npoussefienHe S'X | okpyxkHocTH S! H efiHHHYHOro HHTepBana I.
Mmul paso6beM ero, xak MOKasaHO Ha pPHC. 3, TaK YTO OKpYXKHOcTb S?
Ha HHXKHEM OCHOBAHHH MMeeT BepIiMHBl po, §o H AYTH 4y, by, 2 Ha
BepXHEM OCHOBaHMH BepUIMHB H AyrH 0603HaueHHW TeMH ke GyKBamH,
HO ¢ HHAekcoMm |. .

[ToBepxHOCTh UMJIMHApPA COCTOUT U3 HHTepBaJoB pXI u gXxlI,
pacnoJioXeHHKX HaJ Po U §o COOTBETCTBEHHO, M moBepxHOcTelt aX [
u bxI uan a, u b,. BeegeM cBoGonuyio aGesesy rpymmny C (S* X I)
¢ JBeHaAuartblo cBOGOAHBIMM obpasyounMH pXxI, gqxI, axl,
bx1I u ay, by, pi, g; i =0, 1). Onpeneanm nugpepeunan d: C —»C
Ha HMJKHEM H BepXHeM OCHOBAHHfX TaK JKe, KaK Ha OKpPYIKHOCTH
(day = ¢, — pi, dby = p; — q;, dp, = 0 = dq,;). Tlonoxum rakike
dp X I)=py—po, d(g X I) = g, — qo. PaccmorpeHue reome-
TPHYECKOH rpaHHIlbl MOBepXHOCTH a X [ NOACKasbIBaeT, YTO HYMKHO
MOJIOXKHTD

pxl

di@x=a—(@xD—a+(px1)

d(bx)=b—by+(gx)—(px1).
STiMH paBenctBamu 3HjoMopdusM d onpeneneH Tak, yro d® = Q.
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Paccmorpemte IIHKJIOB H rpamm NNOKa3hbIBaEeT, 4TO
H(C (8 % 1)) = Zea (€15 (90)) @ Zeo (cls (20 + b))

3ra rpynna romosoruii HsomMopdHa rpynne romoJoruit H (S?), unafineH-
HOMH J/1 OKpYxHOCTH B npumepe 1. HMsomopdusm moxer 6biTh 3anucaH
kak H.(fo) : H (S‘) =~ H (S! X I), ecau B Kauectse f, B3ATb rOMO-
mopduam fo : C (SY) - C (S X I) muddepenunanbupix rpynm, ompe-
IeneHHbIR caenyomum o6pasoM: fop = po, fogd = qo, fo@ = ao, fob =
= by. D710T Ke U30MOP(PH3M MOXKeT GHITh 3anucaH Tak e Kak H (fy),
rie romomopduaMm fy : C (S?) - C (St X I) ompenenern nomoGHO fo.
Papencrso H (f) = H (fy) BeImoJIHASTCA MOTOMY, YTO LHKABI @y + by
H a; + b; Ha UMJIMHIDE TOMOJOrMYHBI, MOCKOJbKY HX PasHOCTb ecThb
rpaHHIa

d(ax I+bx1)=(a;+by)—(ao+ bo)-

s TouHoro cpaBHeHHS fo M f, onpenesnm ¢QYHKUHIO S COOTHOLIE-
HHAMH

sp=pXxI, sq=qx1I, sa=axl, sb=bxl.

dyuruua onpeneaser romoMopgpusm s : C (SY) = C (S* X I) aGene-
BbIX rpynfl (M0 He jnHdpepeHUMadbHBIX rpynm), o6najfalOmuid TeMm
CBOHCTBOM, 4TO

dsc+sde=f,c—fo (1.7

a5 Bcex 3jeMeHToB ¢ M3 C (S?). 310 paBeHCTBO MOXHO NPOYMTATH TaK:
rpaHiua d (s¢) UMAHMHAPA SC HajJ ¢ COCTOHT H3 BEpXHEro OCHOBaHMA fi€
MHHYC HHMXKHee OCHOBaHHe fo¢ M MHUHYC LHIHHAD § (dc) Hax rpaHuieit
aneMeHTa ¢. M3 atoro paBeHcTBa caenyer, uto romomop¢HaMul A (f,)
u H (f,) paBHH, NOCKOABKY Al HKAA ¢ (dc = 0) u3 paBencrBa (1.7)
noayuaeM fi¢ — fo¢ = d (s¢), oTkyaa fi¢ ~ foc.

OroGpaxeHns, oGaagatonue cBoiictBoM (1.7), GyayT wacTo BCTpe-
yaTbCfl NMOJ Ha3BaHMEM <IEMHbIX TOMOTOMHi».

[YNPAXHEHHKS

1. Oyere  C — puddepenunanvuas rpynna. Onpepenenne H (C) =
= Kerd/Im d Moxuo 3samucarb xax H (C) = Coker (d’ : C — Ker d), rge d’
muaynuporano d. Hemoawsays wusomopdusaMd C/Ker d = Im d, noxkaszarb, uro
H (C) umeer gpofictBennoe omucaude kak Ker (d”: (Coker d) = C).

2. Ina cemefictBa C;, t € T, AuddepeHLHANbHLX IPY NN ONPeAeNHTh NPAMYIO
cymmy ZC; u npamoe npouspegenne LIC; u goxasats, uto H (2C;) = ZH (Cy),
H (¢, = IH (Cy).
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§ 2. Komnaekcu

B o6eiunbix audxpepeniuanbinx rpynnax C u3 § 1 Mel MOXkem HeKoO-
TOpBIM 3JeMeHTaM U3 C npHnucaTh Lejble pasMepHocTH. MHoxecTBO C,
BCeX 3JEMEHTOB Pa3MepHOCTH n ecTh rpynna, a C ectb npAMas cymma C,
H dC, — C,_;. Bonee mnenecoo6pasHo HMeTb AEJO HEMOCPEJCTBEHHO
¢ 3tuM HaGopoM rpynn. O6bEKT, KOTOPHIH MOJyuyaeTcsl B pe3yJbTaTe,
Ha3LIBaeTCH «KOMILJIEKCOM» aGeJ/ieBBIX Tpymm.

Oas npoussoabHOro koabua R yenwod xomnaexc K R-monynefi
ectb cemeiictBo {K,, 0,} R-Moayneit K, H R-MOAY/JbHBIX rOMOMOpP(H3-
MOB 0, : K, = K, -4, 3aJJaHHBIX ] BceX UEJRX n, — oo < n << oo,
nipuyem 0, 0,41 = 0. 310 nocsieiHee ycJAOBHE SKBHBaJEHTHO YTBepIKIe-
Huo, uto Ker 8, o Im 8, ;. 3Haunt, xomnaexc K nossasiercs Kax
GeckoHeyHas B 00e CTOPOHBI NOCJ€I0BATEIbHOCTD

K:...—Ks«—Ky<—Ky—Kj<—Kye— ...,

B KOTOpO# mpoMsBeseHMe JI00bIX IBYX MOC/IE0BaTebHRX 0TOGp aXKeHH
paBHo Hymo. I'omonoeun H (K) — 310 cemeficTBO MoxyJed

Hp (K) =Ker d,/Im 0p4+; = (Ker Kn— Kn—i)/an+1Kn+1- (2-1)

PaBenctBo H, (K) = 0 osHayaer, yTO nociefoBaTesbHOCTb K TOYHa
B K;; n-meproitl yuxa xoMniekca K — ato anemedt noamoayas C, (K)=
= Ker 0,, n-mepuas zpanuya — 310 3jeMeHT H3 0,+1K, 1. Toraa
H, = C,/0K,+y (daKTtopmoayib MOAYJA UHKJIOB MO MNOAMOLYJIO
rpaHun). CMeXHR knace uukaa ¢ B H, Gyjner samucbiBaTbCi Kak
clsc =c+4 0K,+1 man kak {c}, npuueM nocseaHee 0GO3HayeHHe
4acTo BCTpeuaeTcs B JIHTepPaType.

ToBOpAT, UTO n-MepHBIE LHKJAK € ¥ ¢’ U3 OJHOrO U TOrO JKE rOMOJIOTH -
yeckoro kaacca (clsc = clsc’) eomonrceuuror (¢ ~ c¢’); sto Gyner
TorJia U TOJABKO TOrAa, Korja ¢ — ¢’ € 0K, 41.

Ecmn K u K' KOMIJIeKcR!, TO yenkoim npeobpasosaruem f: K — K’
HashlBaeTcsl TaKO€ CEeMeHCTBO MOAYJbHEIX TOMOMOPGH3MOB f, : K, —
— K7, 3aJJaHHRIX MO OJHOMY JUIl KAXKAOrO N, YTO On f, = fr-4 0, ANA
Bcex n. [locnennee ycnoBue o3Hauaer, YTO KOMMYTaTHBHA cleayiouias
nuarpaMma (Ha NYHKTHDHBIE CTPeJIKH He Hajo obpamaTb BHHMaHHA)

K: Ly = K”_l‘ a. K”£n+l Kn+1<——---
l.-, l/.. l/w (2.2)
K- ""_K;“fn_‘mﬁ e 1e——

(BriocaienicTBrn MBI OGBHIMHO GyJeM ONYCKaTh HHAEKC n Yy O, H WTPHX
y 0" : Kn - K,_y.) Oro6paxenne H, (f) = f,, onpenesennoe pabeH-
ctBoM [, (¢ + 0K 41) = fc + 0Knyy, ABAAETCA  roMOMOpPGH3MOM
H, (f): H, (K) - H, (K’). C atiM onpeje/iennem kaxjoe [, craHo-
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BHTCSL KOBapHAHTHRIM (YHKTOPOM H3 KaTeropMH LeMHBIX KOMILVIEKCOB
H LEeNHKIX Npeo6pa3soBaHyii B KaTErOPHIO MOJAYJed.

Lennan zomomonus s mexny AByMSA LeNHWMH npeoGpa3oBaHHAMH
f, g : K =& K’ — 3710 cemeiicTBO MO yJbHEIX TOMOMOP(GH3MOB §, : K, —
— Ku4y O OHOMY AJISL KaWIOH pasMepHOCTH n [3TH romMomopdusMbi
yKasaHbl B juarpamme (2.2) MyHKTHDHBIMH CTpeJKaMH ], npuyem

a;z-}—isn‘*‘sn—lan =fn—gn- (23)

Mgt 6yznem nucath s @ f-o~ g. [eomeTpHYeCcKHi UCTOUHHK 3TOrO OTHOLIE-
HHA oTMmeyeH B npumepe 7 § 1. C anreGpauueckofl e TOUKH 3pEeHHS
CrnpaBeInBa

Teopema 2.1. Ecaus:f~g: K —>K', mo
Hn()=Hn(g): HW(K) = Ha (K')y, —oo<n<oo. (2.4)

HokasateabcrtBo. Eciu ¢ —uuka us K,, 10 d,¢c = 0;
ciefoBaresqbHo, BBHALY (2.3), f.€ — g.¢ = 0s,C, UTO O3Hayaer, 4YTO
fac H g,c romonormunu. [lostomy cls foc = cls g,c B H, (K’), ut0
H TpeboBaJoCh JOKasaTh.

ToBopAT, uto LenHoe npeo6GpasoBauue f: K — K’ ectb yennan
SKBUBANERIMHOCMb, €CJH CYIIECTBYIOT APYroe LemnHoe HpeoGpa3oBaHHe
h: K’ —K (B o6paTHYIO cTOpOHY!) H rOoMOTONHM S Af ~ 1k, t: fh 1 k..
ITockoabky H, (1g) = 1, H3 TeopeMnl 2.1 moayyaeM

CanenctBue 22, Ecau f: K — K — yennasn asxsusarenm-
Hocmb, mo undyyuposannoe omobpaxcenue H, (f) : H, (K) =~ H, (K')
ABASEMCA U30OMOPPUIMOM 018 KancOod pasmeprocmu n.

[Mpepnnoxenue 23. Ecaw s:f~g: K—K us:f ~
~ g': K' = K" — yennoie 2omomonuu, mo yenuoti comomonuel A8A8em-
CA u omobpadicerue

f's+s'g:f'f~gg:K—>K"

HokxasateancTBo. [lo ycnoBHIO MMEIOT MecTo paBeHCTBa
Os+sd=f—gu ds’ + s0=Ff —g'. Ilna noka3aresbcTBa npef-
JIOXKEHHS JOCTaTOYHO YMHOMKHTBH [lepBOoe PaBeHCTBO cJsieBa Ha f', a Bro-
poe cripaBa Ha g H CJOXKHTb.

[Mogkomniekcht M (PaKTOPKOMIVIEKCH HMMEIOT CBOHCTBA, aHaNOrHy-
Hble cBoiicTBaM mojmonyJseft u dakropmoayaeh. [Tooxkomnaexc S Komm-
jJekca K — 3T0 ceMeficTBO TaxMX mopMopyJaeir S, — K,, mo ogHomy
JJIS Kaxmoro n, 4yto 4S, < S, -;. CliefoBatesnbHo, S — 3T0 KOMIJIEKC
¢ Au(depeHnHANOM, HHAYUHPOBaHHbIM O = Ok, INIPHYEM BJIOXKEHHE
j: S &> K ectb uenHoe npeoGpazoBanue. Ecam S — mojkomniekc
komnJaexca K, 1o garxmopromnaexc K/S coctour U3 cemeficTa paktop-
Monyaeit (K/S), = K,/S, n nuddepenunana 0’ : K, /S, - Kn-1/Sn-y,
HHIyLHpoBaHHOTO OJg. [Ipoekuus sBJfeTCH B 3TOM cJydYae LeNHbIM
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npeo6pasoBanueM K — K/S H KOpPOTKaf NOC/ef0BaTe/IbHOCTh MOAYaed
S, » K, » (K/S), TouHa 1y Kaxumoro n.

Ecnu f: K — K’ — uenHoe npeo6pasoBanue, 10 Ker f = {Ker f,}
siBAsieTcs  nogKommiekcom kKommiekca K, Im f = {f,K,} — non-
KoMIJieKcoM kommnJexkca K’', B To Bpems Kak Kommaekc K’'/Im f ectb
kosaapo f, a kommaekc K/Kerf ecrb KooGpas. [lapa nenmbix

npeo6pasoBaHHi K—’> K’ % K" naseiBaercs mounod B K', ecanm
Im f = Ker g, T. e. ec/IH KaXjafi nocJef0BaTeIbHOCTh MOAYJaeh K, —
— K, - K} touna B K,. Idas moGoro f: K — K’ nocienoBatesb-
HOCTb KOMILJIEKCOB

0—>Kerf—>K—!-> K'—Cokerf — 0

SIBJIAETCHA TOYHOM.

BMecTO HCOJB30BaHHA HHXKHHX HHJIEKCOB, Kak B K, uacTo -GoJgee
yao6uo mucarb K™ gas K_, W 0" : K" — K™tl Bmecto 0., : K, —
— K_,-y. DTUM cnoco60M TOT JKe CcaMblif KOMILIEKC 3anHChIBaercs
NPH MOMOIIH ¢BEpXHHX HHJIEKCOBY.

Komnaexkc K noaoxumesen (T. e. HeOTpHuareseH), ecad K, = 0
npu n << 0; ero romoJIOrHfi Takike nosoxuresisHa [H, (K) = 0 npu
n < 0]. Komnaeke K ompuyamenern, ecnu K, = 0 npu n > 0; 3KBH-
BaJICHTHO KOMILJIEKC MOJIOMKHTENieH N0 BepXHHM HHJEKCaM H HMeeT BHJ

80 ol 8?2
0 KOS K15 K2—> ..., 6§6=0,

npuueM romogorusi H" (K) = Ker 3"/8K™-! nojoxurtenbHa no Bepx-
HUM HHJEKcaM. 3anHCaHHBIH YKa3aHHHM CrnocofoM KOMILIEKC YacTo
HA3BBAIOT «MPaBLIM KOMILUIEKCOM» HMJH «KOUENHRIM KommJexkcom». [op
«KOllenHOA romoTonHei» s : f ~ g : K — K’ nOHHMaeTcs LienHas romo-
TOMHS, 3amHCcaHHAa# C BepXHHMH HHIEKCAMH, T. €. TaKoe CeMeHCTBO
oTo6pameHuit s" : K® — K'm-1, uto 8s + s8 = f — g. [NoaBasiomuecs
Ha NpaKTHKE KOMIJIEKChl OGLIYHO HJH TMOJIOXHTEJNbHbI, HJH OTDHIA-
TeJIbHEL; O6lee NOHATHE LENHOr0 KOMIJEKCa MOJIE3HO NMPH NPOBEAEHHH
OOIHX JOKas3aTeJbCTB (OPMAJbHBIX CBOMCTB, MOJOOHHIX CBOWCTBawm,
copMY/JHPOBaHHEIM B Teopeme 2.1.

Kaxppit Moaynb A MOMHO pAaccCMaTpPHBaTh KaK «TPHBHAJbHEIH»
TIOJIOXKHTENIbHBIE KOMIJIeKe, Y Kotoporo Ag = A, A, = 0 npu n5= 0
H 0 = 0. Komnaexc nad A — 3710 nOJIOXKUTENbHBINR KoMmiieKe K BmecTe
C UenHuM npeoGpasoBaHHeM € :K — A; Takoe npeoGpasoBaHue & —
3TO NPOCTO MOAY/ABbHBIAi TOMOMODGDH3IM €: Ky — A, AJaA KOTOPOro ed =
= 0: Ky = A. Cmazusaowetl comomonued naa e: K - A HasnBaercs
uenHoe npeoGpasoBanue f: A — K, LaA Kotoporo ef = l,, npHueM
HMeercs romotonus s: 1 ~ fe. [IpyruMu cJioBamH, cTAruBaroinas romMo-
TONHS COCTOMT M3 TaKHX MOAYJbHHX romoMop¢usmos f; A = K,
Hs,:K,>Kypq,n=0,1, ..., 4r0

ef=1, so--fe=1lky OnssSntspgdn=1 (n>0). (2.5)
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SKBHBaJNEHTHO, PacIIHPHM KOMILJIEKC, NoNoXuB K_j=A, dy=¢ : Ko~
—K_y u sy, =f. Torma paBencrsa (2.5) osHaualT mNpOCTO, YTO
s:1 ~ 0 naa oro6paxenuit 1 u 0 paciiMpeHHOro KOMIJIeKca B ce6A.
Ecin npeo6GpasoBahne e : K — A HMeeT CTArHBAIOWYIO NOMOTOINHIO,
TO rpynnaMy roMoJOruid sAsasiorces rpynnel e, : Ho (K) =< A npn
n=0u H,(K)=0 npn n> 0. '

B Ttomosornu BerpedaioTcs Kommiekchl K cBOGOAHHX abefeBbiX
rpynn. Ecin kaxnas rpynna K, uMeeT KOHeYHOe YMC/0 0GPa3yIomuX,
TO H KaXfas rpynmna M, (K) aBafeTcs KOHEYHO NMOPOKAEHHOH abeseBoil
rpynnoii. CTpyKTypHas TeopeMa M TaKMX Tpynn INpeAcTaBJsier
H, (K) xak npamyio cymmy Z@... @Z@Zm‘@ e @D Zmy,
rie 4ucyo b, GecKOHeUHBbIX LIMKJIHYECKHX [PYNN H HaTypajbHble YHC/IaA
my, ..., My (KaXa0e H3 KOTOPHIX €CTh JeJNHTENb CJAEAYIOUIero) 3aBUHCAT
toabko oT M, (K). Uncno b, HasuBaerca n-m «ucaom Bemmu xomnJek-
ca K, a uncna {m;} Ha3bBAIOTCA N-MH KOPPUYUEHMAMU KDYUeHUS.

YIIPAXHEHH A

1. HasoBeM koMmnaexc S g-cneyuaronsim, ecan S, = 0 npr n== ¢q, q + 1
B 0 : Sgqq - Sq — mouomopduam. Jlokasars, uto M0G60H KOMMIexc lg cBoGox-
HHX a6eneBpx rpynn K, sBJseTCA NPsIMOK CYMMOH ¢-crenuaibHHIX KOMIUIEKCOB
(ans KakAOro ¢ HMeeTCs TOJBLKO OAHO CJaraeMoe).

2. HasopeMm ¢-cnenManbuuit xoMmiexc S aGesieBHX TPYNN SaemenmapHbim,
ecid Sgyy = Sq = Z waw §; = Z, S,y = 0. JloxasaTh, uTO Kamjui g-cre-
nHaAbLKBA koMnlexe S, y koToporo Sg, Sgiy — cBoGojHHe aGeleBH rpymnul
¢ KOHeYHHIM YHCJAOM OGpasylolIHX, ecTh NpsAMas CyMMa 3JeMeHTapHBX KOMIJeK-
coB. (YKasaHde: HCIOJb30BaTh ONepalMH Haj CTPOKAMH H CTOAGNAMH B 1EJNO-
uHC/IeHHOA MaTpHue Vst BuGopa MOBHX Ga3ucoB B Sg M B Sgiy.)

3. Joxaaare, 4To KaXJui KoMmjexc, y kotoporo K, — cBo6ojHne a6eJeBh
FPYNNB C KOHEYHHIM YHCJIOM OOGPa3yIOLIHX, ecTh NPAMAf CYMMa 3JeMeHTapHbX
KOMIIJIEKCOB.

§ 3. Koromonorus

[Tycte C — nudppepennnanbuad rpynna, a G — aGeneBa rpymna.
[Toctpoum aGeneBy rpynny C* = Homj (C, G); 3aeMeHTaMH 3TOH
rPYNNE! cayxaT rpynnoseie roMomopgusmel f: C — G, Ha3biBaeMule
xoyenamu rpynnsl C ¢ «<koadduunentamu» B G. Iudopepenunan d: C—C
HHAyuHpYer otoGpaxeHue d*:C* —C*, omnpeneneHHoe paBeH-
ctBoM d*f = fd : C — G; Ha3oBem d*f kozpanuyeil Kouend f; KorpaHuua
yacto 3anuceiBaercA kKak Of = d*f. Ilockoasky d* = 0, (d*)2 = 0.
Crnenoparennto, rpynna C* ectb AupdepeHunaibtias rpynna ¢ auddpe-
peHuuajom d*. I'pynna romoJIordif 310l rpynne! HaspiBaeTcs rpynnof
xozomonoceull rpynnnl C ¢ KoapduurentaMH u3 G H o603HayaeTcs Kak
H* (C, G) = H (Hom (C, G)).

[Tycts K — komnaekc R-MoayJdefi # G — R-moayab. [Toctponm
aGenepy rpynny Hompg (K., G); ee 3leMeHTaMH cAyXaT MOAYJbHbIE
roMoMopduamMbl f: K, — G, PasbiBaeMble N-MEPHHIMU KOUENAMU KOMII-
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Jaexca K. Koepatnuya romomopgusma f — 310 (n 4 1)-MepHas Kouenb
8"f=(—1)"*1f0n4y: Knyy —G. 3.1

Ipyrumu cnoBamu, Op 41 @ Knyy = K, HELynupyer
s : Hom (K, G) — Hom (K44, G) u 8" =(—1)*"*10%44

(3Har Gymer o6bsacHeH HHxe). [Tockoabky 676""1 = 0, nocaenoBa-
TEJILHOCTD

on-1 an
-+« — Homg (Kn-y, G) —— Homg (K,, G) —

ﬂ HOlTln (Kn+h G) i (32)

ABJRETCA KOMILJeKcoM abeleBriX rpymnm, HaswiBaembeiM Homg (K, G),
npHYeM OGHIYHO KaXKAYIO TPYINY 3alHUCHIBAIOT C BEPXHHM HHAEKCOM:
Hom" (K, G) = Hom (K,,, G). Ecan komnjekc K mnoJoXHTeJeH Mo
HUXKHHM HHIekcaM, 10 KommJaexc Hom (K, G) noJoxuTeneH no Bepx-
HUM HHJIEKCaM.

Tomounorus atoro kommiekca Hom (K, G) HaswiBaercs Kozomoaceuel
koMmiexca K c xkospguyuenmanu B G. OHa sBAsieTcs: ceMe#cTBOM aGe-
JIEBRIX FPYIN, OTMEYEHHBIX BEDXHHUMH MHJAEKCaMH,

H™(K, G)= H" (Hom (K, G))=Ker 8"/6 Hom (Kn-4, G). (3.3)

Oaementr u3 8 Hom (K,_,, G) HasweBaercss n-meproil Koepanuyed,
a ajemeHT H3 Ker 8" — n-mepunim xoyugaom. 3H2UAT, KOUMKI —
3TO Takoil romomopdusm f: K, —G, uro fo = 0: K,y — G. JlioGoe
LernHoe npeoGpasoBanne h: K — K’ HHAyuHpYyeT LemHoe npeo6Gpaso-
Baune Ah* = Hom (4, 1) : Hom (K', G) - Hom (K, G).  [loatomy
Hom (K, G) v H™ (K, G) sBasoTcA GuU}yHKTOPaMH, KOBapUaHTHLIMU
no G H xoHTpaBapuauTHeMu mo K. Ecau s: h ~ g — romotonus,
TO 3 (2.3) caenpyert, uto Sj Opyy + Onsn—y = A% — gn. CienoBatenbHo,
tntl = (—1)"*1s}k ectb romoronus f: h* ~ g*

Bonee o6uie, Mbl MOxkeM omnpeneantb kommieke Homg (K, L) mas
mo6oit mapet K v L xomniexkcoB R-monyJeii. Ilosbaysick HHMHHME
HHJIEeKCaMH, TOJ0XKHM

HOlTln (K, L) = H HOITIH (Kp, Lp+n), (3.4)
pP=—00
TaK 4TO 3JjeMeHToM [ niaa Hom, cayxuT cemeiieTBo romomop¢pusMOB
fo: Kp = Lpyn, THe — 00 << p << oo. I'panuueit Ouyf ABAseTCA ceMeii-
ctB0 Oy flp: Kp = Lpyn-1, ThHe oTOGparkenue (Onf), ompenensercs
chenyromuM oGpasom:
(Ouf)p k= 0L (Fok) + (—1)™* fp-1 (0xk), kEKp, fEHoms; (3.5)

J., ¥ Ox 0603HayaloT rpaHuyHLe roMoMopdusmul B L u K cooTBercTBeH-
Ho. IIpAmoil mojicueT NOKa3kIBaeT, YTO 3TO ONpesiesIeHHe JeHCTBUTENIbHO
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AaeT KOMIJIEKC
(0u0uf)p k= 0101 (fpk) + (— 1)" Orfp-10kk +
+ (= 1)" 01fp-10xk +(— 1) fp-2 (Ox0xk) =0,

NocKOAbKY 0y, 8, = 0 = 0g Ox. fcHo, YTO Homn (K, L) ectb GudyHk-
TOp, KOBapHaHTHBIN N0 L U KOHTpaBapHaHTHBIHA no K.

3uak B onpeneneHnd (3.5) BuOpaH Tak, 4TOGH GhWIM cnpaBeJmuBH
CleylolHe [Ba pe3yJbTara.

[Tpeanoxenune 3.1. Ecau xkoavyo R paccmampusdemca Kak
mpUBLANbHBIL KOMNAEKC, MO UMEEM MECMO eCIMECMBEHHbIL USOMOPPUIM
Hom (R, L) = L, ycrmanasausaemoil conocmasienuem Kaxcoomy 2omo-
mopdpuamy fp: R —>L e20 obpasa fp (1) € Lp.

JoxasatTeanbcTBO. YKasaHHOe cONOCTaBJeHHe fAaeT M30-
mopduam Hom (R, Lp) =~ L, ans kaxaoro p. B atom ciayuae B popmyJe
B3fiTHA rpaHuubl (3.5) HeT uJjeHa c Og; ocTaBWHiACA 4ieH +0J.f nokaswi-
BaeT, YTO 3TOT M30MOP(pH3M mepecTaHOBOYEH CO B3AITHEM TPaHHIL.

[Tpeanmoxenne 3.2. Luxa nyresol pasmeprocmu KomMniexca
Hom (K, L) ssanemca yenusim npeobpasosanuem f: K — L; on ssrnem-
cr eparuyel anemernma s us Hom, (K, L) moeda u moavko mozda, kozda s
ecmo 2comomonusn s : | o~ 0. 3

HNoxasateabctTBo. Popmyna (3.5) a1 B3ATHA TrpaHHIM
(co anaxom) npUHUMaeT BUA

(aHf)p:‘apr—fp—‘ax npu ﬂ=_0,
(OwS)p = 01Sp + Sp-10k npH n= 1.

[TosTomy paBeHcTBO Oyf = 0 03Hauaer, uTo f — 1ENHOEe npeoGpasoBa-
HHe, a paBeHCTBO OJys = [ o3Hauaer, uto f = dps 4+ sO0g, OTKyAa
s:f~0, 4ro W yTBepXKAaNOCh. ITH BBHIBOJAH MOXHO CGHOpMYJIHpO-
BaTb KaK

Canencreue 3.3. Mpynna zomonceud H, (Hom (K, L)) ecrms
abenesa zpynna 20MOMONUMECKUX KAACCO8 UenHblX npeobpasosarudl
f: K—L.

B wyactHoctH, ecnn L = G — TpHBHAJbHBII KOMMJEKC, TO rpa-
HHYHRIH roMoMop¢uam J;, paBeH HyJo, a aaeMeHT f us Hom, (K, G) —
3T0 mnpocto romomopduaM f: K., =G, 118 Kotoporo Oyf =
= (—1)"+1X fd: K_p +1 —=G. [1pn 0603HayeHUSIX C BepXHUMH HHAEKCAMU
3TO O03HayaeT, yro sjemeHT u3 Hom™" (K, G) — 3to romoMopduam
f: K, = G c xorpannueit 8f = (— 1)"+!f 0. O10 BhIpaKeHHe coBnajaer
¢ paHee BBelleHHOH dopmyJoit (3. 1) H 06GbAcHAET HCNOJB30BaHHBIK Tam
3HaK.
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OnHako HEO6XOAHMO NPeAyNnpefuTbh YHTaTeNs, 4Tt0 B GONBLUIMHCTBE
COBpeMeHHbIX PaGOT M0 KOTOMOJOrHAM 3TOT 3HAK He HCMOJb3yeTcs,
a BMecTo 3Toro nuuwyt 8f = f0.

_ § 4. Toynas roMoJiOTHYECKasi NOCAENOBATENbHOCTD

PaccMOTpHM KOpPOTKYIO TOYHYIO NMOCJIEN0BATENbHOCTD
E:0—>KSLSM—0 (4.1)

LEeNHBIX KOMILIEKCOB H IenHbIX npeo6pasoBaHuil %, o. [lepBoe npeo6pa-
30BaHHe % MMeeT HyJeBoe APO, OJIHAKO HHAYLHPOBaHHOe oToGpaikeHHe
H, (%): H, (K) > H, (L) rpynn roMoJIOrMd MOXeT HMeTb HEeTPHBH-
anbHOe A2Ipo, Kak nokasaHo B npumepe 1.3. UTo6wu uccnenosath, xoraa
3TO MOMeT MpoHsoHTH, oToXKAecTBHM K ¢ MOAKOMIJEKcom K Kowmm-
JAexca L U paccMOTpUM UMKJA ¢ M3 K, roMoJorHueckHif Kjacc KOTO-
poro paBeH Hymo B L. 310 3Hauut, 4t0 ¢ = 0/ 10 HeKoTopoh
(n+ 1)-mepHoit uenu [ € L u, cnefoBaTesibHO, cMexHbIl Kaace [ + K, 1y
ABAseTc LHMKJIOM (akropkommiaekca L/K = M. OGparuo, mio06oit
roMOJIOTHUeCKH# Knacc M3 H, 4y (L/K) cOoCTONT M3 TakMX NHMKJOB
! + K, 41, uto 0l = ¢ € K,,, 1 3HaYUT, eMy COOTBETCTBYET rOMOJIOTHYye-
ckuii knacc clsc u3 H, (K), kotopsit 1exuT B faape H, (x). Comocrasae-
HHE CMeXHoMy KJjaccy [+ K, .4 3JemeHTa ¢ onpellesifieT roMoMophu3M
H, 11 (L/K) - H, (K), KOTOpHIfi MBI Tenepb ONHIIEM AETAJbLHO.
[Tyets B (4.1) m — unka us M, 1,. [Tockoabky 0 — snHMOp¢HaM,
MOJXHO BbIGpaTh Takofi azemeHT [ € L, ., 4T0 0/ = m, H, NOCKOABKY
dm = 0, uMeem 00! = 0; pas nocjaepoBatenbHOCTh E TOYHa, TO cymre-

CTBYeT eAMHCTBEHHBI IHKI ¢ € K,, Aas KOTOpPOro %¢ = 9/, uto oto-
6GpaxkeHO B JHarpammax

l—>m Ln+1'i>Mn+l—>0
I o
c—dl—0 B Kn= L, — Mh.

Tomosornuecknfi Knace clsc € H, (K) He saBhcut oT BriGopa [,
YAOBJIETBOPAIOIIETO PaBEHCTBY o/ = m, OnpejiesifieTca TOAbKO rOMOJIO-
FHYECKHM KJaccoM 3JIeMeHTa /M H ajJuTHBHO 3aBHUcHT oT m. CienoBa-
TeNbHO, oToOpaxeHHe O (cls m) = clsc onpenenser romoMop¢HaM

0g: Hnyy (M) — H, (K), (4.2)

Ha3blBaeMHIH UHEAPUAHMHAHOU 2panulel UAN CALIBAOUUM 20MOMOpHU3-
mom nocaenoBarensHoctH E. Bosee metannHo,

drclsm=clsc, ecim xc=0l, o/l=m ans uekoroporo [. (4.3)
5—353
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310 NOACKa3kBaeT 0003HaueHHe ¢ = x~! do~im; WiH, ecAu paccMaTpH-,
BaThb CHMBOJ cls kak romoMop¢uaM clsg : C, (K) = H, (K), To Og onpe-
nensercs «oGpamaiomei» ¢Gopmyaoil dg = (clsg) %71 007! (clsy)t,
HECMOTpS Ha TO, 4TO O6paTHble oToGpaxeHus cls™, %1, 0~ onpeneseHsl
HeoAHO3HayHO (cM., onHaKo, § 6, HHXKe).

Teopema 4.1. (To4nana zomorocudeckas nocAeaoeame/tbnocm;.)
Jra kawdoidl xopomkod mounoidl nocaedosamesvrocmu (4.1) yenwoix
KOMNAEKCO8 COOMGEemCMmaeYouan OAUHKAA NOCALO06AMENLHOCITIL

- = Hoy (M) B, H, (K) =25 H, (L) —»
25 Ho (M) —Z Hoey (K) = - - (4.4)

epynn eomonoeull, 8 xomopold omobpaxcenue Op — COASLIBAIOUUE 20MO-
moppuam, a x, = H, (»), o, = H, (0), asasemca mournod.

[MocnenoBatenpHocTh (4.4) GeckOHeuHa B o6e CTODOHBI, HO paBHa
HyJ0 npH n << 0, ec/H KOMILIEKCH NOJOXHTeJIbHE. OHa jaeT HcKomoe
onHcaHue siapa H Kosipa otobpamenusa H, (x): H, (K) - H, (L)
B TOM CJlyyae, KOrJa X MOHOMOP(H3M, HMEHHO, PO paBHO O, 1y (M),
a kosiApo usoMop¢Ho o, H, (L).

HdJoxasaTeascTBO. B cuay omnpexnefleHHii npoHsBefieHue
MOGBIX [BYX MOCAENOBaTE&NbHEX TOMOMOP(}H3MOB IOCJEI0BATENBHO-
crH (4.4) paBHO HyJeBOMY rOMOMOPGH3MY. I KaXIOH pasMepHOCTH
n nokaxeM, yro (i) Ker x, < 0g H, .y (M); (ii) Ker 0, = %, H, (K);
(iii) Ker g < o,H, (L). HaumuMu npejBapHTebHBIMH PacCyX 1eHHAMH
NI0Ka3aHa YXKe CNpaBejIHBOCTb [ePBOro BKJIIOUEHHS.

Ins  10Ka3aTeAbCTBa BTOPOrO BKJIOUEHHS TPEANOJOXHM, YTO
cls (¢) — 370 rOMOJIOrHYECKHH KJlacC TaKOro LHKJa ¢ M3 L,, uto
o, (clsc¢) = 0. Dro 3HauuT, 4T0 GC = Om /A HEKOTOPOro m € M, .4.
[Mockoabky © — 3nUMOpPGH3M, CyllecTByeT 3aJeMeHT [ € L,,.,, jaad
kotoporo o/ = m. CreoBaresbHO, 0 (¢ — 0/) = 0, Tak uro ¢ — 9] =
= nk a8 Hekoroporo k € K,, npuuem dk = 0. 310 03Hauaer, uTO
cls (¢) = cls (¢ — dl) = %, cls (k) nexur B o6pase x,,.

Ilnfa jOKasaTeNbcTBa TpPeTbero  BKJIOUEHHS  HANOMHHM, 4TO
dgcls (m) = clsc, rne ¢ € K,—y, H cymecTByer afemedr [ € L,, nas
Kotoporo ¢ = 9!, o/ = m, kak B (4.3). Eciu cls ¢ = 0, 10 cymectByer
Takol aJjeMeHT k' u3 K, uto 0k’ =c. Torna » 0k’ = 9!/, caepoBa-
tesbHO, 0 ([ — %k') = 0. 3HaunT, | — %k’ ectb WMKAB L Ho(l — xk')=
= o/ = m, TaK uro cls (m) € Im o, 4TO H YyTBepXAaJOCh. ITHM JOKa-
3aTeJIbCTBO 3aKOHYEHO.

PaccMOTpHM KaTeropHio § KODOTKHMX TOYHRIX MOC/eElOBaTe]lbHOCTef
!’ o
LleNHBIX KoMIUIekcoB. Mopgusmom E —~ E’ B 3710/l KaTeropuu ssnisiercs
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Tpofika (f, g, h) nenHnx npeo6pasoBaHUi, NpeBpallAOIAA AHATPAMMY

EE0—>K—>L3M=0
boole n (4.5)
E:0—-K =L —-M >0

B xommyratusHywo. [Tpu kaxnom n, H, (K), H, (L), H, (M) aBasioTcs
¢yskTopaMu aprymenta E

Mpennoxenue 4.2. [Ja kandod nociredosamenvrocmu E € §
censvisarowull eomomopduam og: Hy 1y (M) — H, (K) ecmecmesen.

YTBepxKJeHHe O ecTeCTBEHHOCTH roMomopdusMma OJp O3Hayaer, yTo
AuarpamMma

7]
Hnst (M) ——> H, (K)
R A R A0 (4.6)

o
Hyvy (M’) — H, (K’)

KOMMYyTaTHBHa. [l0Ka3aTe/IbCTBO JIerKO NPOBOJHTCS METOJIOM «HarpamM-
HOro moucKa» B (4.5), HCOAB3YIOIIUM omnpefeseHne romomMopduama og.
[MonyueHHBIt pe3yfbTar MOXHO chOpMYaHpOBaTh B BHie GOAbwed
AUarpaMMal

On 9 Mok
cor > Hpyy (L) =25 Hppy (M) —=> H, (K) —* Ha (L) —

Les ’ Jra L 8%

o* O/ u;
e = Hpay (L) —25 Hpyy (M) —> Hp (K') —25 Hp (L) —> - -
(4.7)

B ar0it nnarpamMMe CTPOKH fIBJSIOTCH TOUHRIMH NOMOJIOrHYECKHMH NOCTe~
JIOBAaTeJIbHOCTAMH H3 TeopeMsl 4.1, MOCTPOEHHBIMH JJIfl NMOCJEN0BATENb~
Hoctre#t E u E’, a BcA pHarpamMma KOMMYTaTHBHA, HanpHMep xpaﬁl-mf{
C/leBa KBaJpaT KOMMYTATHBEH, NOTOMY YTO 0.8, = (0’9 h,0,

= (ho), H 0'g = hO B ‘CHJY KOMMYTaTHBHOCTH AMar paMMel (4 5)

Ham BLIBOJ, MOXHO copMyaupoBath Tak: MopdH3m E B E’ uHpyuupyer
MOP(H3M TOUHHIX FOMOJIOTHYECKHX MOCJAEI0BaTE/NbHOCTEN, NIOCTPOEHHKIX
ans E u E’ cooTBeTCTBEHHO.

Konyc oTo6pakeHHfl LEmHOro npeoﬁpasoBaHm{ fi: K=K naer
npuMep YKa3aHHOM TOYHOMH NOCJeIOBaTeJbHOCTH. 3ajjaya 3aKAI0uaeTcH
B TOM, 4YTOGBl HHAyLHPOBaHHHe oTobpaxeHus f, : H, (K) = H, (K’)
rpynn roMoJOrHfi NMOMEecTHTb B TOUHYIO NOCJEAOBaTeNbHOCTb. JlafA
STOf uead mnoctpoum kKommieke M = M (f), Ha3biBaembilt Kkowycom

5
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omobpaxcenun npeoGpa3oBaHusA f (MHOrja MeHee TOYHO Ha3hIBaeMbIH
yurundpom omobpasxcenus NpeoGPasOBaHHA f), NOJONKHB

Mn=Kn@Kny 0 (k, k') =(—0k, Ok’ + fh).

Toraa 9: M, = Mn_, yaoBaerBopser ycjoBuio. 0% = 0, tax yro M —
KoMIJexkc, a BiaoxeHde i K’ —M ecTb 1enHoe npeoGpasosaHue.
[Mpoexuusa n: M — K+, onpenenennas Kak =n (k, &) = k, taxxke
fiBAsieTCA LUENHLIM npeoGpasoBaHHeM, ecH nof K+ mbl 6y1eM NOHHAMATD
KoMIIeKC K CO CABHHYTHIMH Ha e{MHHILy pa3MepHOCTAMH M H3MEHEHHBIM
aHakoM Y au¢pgepenuuana [t1. e. (K+), = K,-,]. Boaee toro, nocsae-
nopatesibHocth Ej: K' > M - K+ ABafieTcs KOPOTKOH TOUHOM mocie-
JOBATEJBHOCTBIO KOMILIEKCOB. CnefoBaTeNIbHO, HMeeM

" Mpeanoxenune 4.3. Lennoe ripeo6pasoqanue [: K—->K
¢ Konycom omobpancerun M(f) onpedeanemn mounyto nocaedosamens-
HoCcmY

i Hy (K) S Ha (M ()33 Hoey (K) 25 Hy (K= -

JlokasaTeJdbcTBO. Ora Noc/el0BaTebHOCTb ABJAAETCS TOY-
HOA rOMOJIOTMYECKO# MOC/eJoBaTeIbHOCTEIO A E;, mnockoabKy
H, (K*) ¢ Hyy (K), a cBasbiBatomuii romomopgusm Og,: H, (K*) —
— H,_y (K’) coBnajaer, XKaK MOXHO I[POBEPHTb, ¢ F'OMOMOPQH3MOM,
MHLyLHpOBaHHEM f.

.KoHyc oro6pakeHus ecTb aJjre6padMyeckdil aHajor cieayoile
reomerpuueckoft koHcTpyxkumu.! ITyerb f: X — X' HenpepuBHOe 0TO-
GpaxeHHe TOMOJOrHYeCKHX npoctpaHctB. [loctpoum komyc Haj X,

. ’
A T T K X
4 N I R AN

Puc. 4.

B3AB JeKapToBo npouaBefenHe XX/ ¢ eIMHMYHBIM MHTepBajoM [
H OTOXJecTBHB Bee TOYKH (x, 0) aas x € X. [IpHcOEAHHMM 3TOT KOHyC
K X', OTOXZECTBHB KaXiaylo Touky (x, 1) m3 XXI ¢ f(x) € X’;
TNOJyuHBIIEECA NPOCTPAHCTBO eCTh KOHYC OTOGpaKeHHs f M MOJCKashi-
BaeT ¢opMyJay M B3ATHA rpaHHusl. Joaba [1960] nposen Aanbuefee
HcceNoBaHHe 3THX Hieil.
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Tenepb MBI pacCCMOTPHMM TOYHRIE KOMOMOQJIOTMYECKHE NOCJAe0BaTE/b-
HoctH. [0BOPAT, 4TO KOpPOTKasA TouHasA NOC/AeAOBaTebHOCTH E KoMm-
JekcoB R-MoayAefi pacmelvisieTci KaK NOCAENOBATEbHOCTh MOAYJEH,
ecsIH A KaXaoro n nocienosartensHocts K, » L, » M, pacwenaser-
cd, T. e. ecJIH JIa Kaxjaoro n, K, ectb mpaMoe ciaraeMoe Anfi L.
Hanpuwmep, ecin xaxablét MOAYJab M, MpPOeKTHBEH, TO NOCJEAOBaTeNb-
Hoct E M3 (4.1) pacmennsiercd Kak mNOCJAeNOBaTeJbHOCTb MOAYJEH
B cHay Teopembl 1.6.3.

Teopema 4.4. Ecau G— R-modyav, a E wxopomxasa mouras
nocaedosameavrocme (4.1) xomnaexcoe R-modyaed, komopas pacujen-
AREMCR KAK nocAe008amenvrocmy mooyaed, mo cywjecmsyem 042 Kascool
pasmeprocmu n maxoll ecrnecmeenHbill CA3bIBAIOUUL 20MOMOPPUIM
0 : H* (K, G) - H™' (M, G), umo nocaedosamenvrocme epynn Kozo-
monceuld

a* Fid op
cee—> H*M, G) S H* (L, G) > H™ (K, G) — H™*' (M, G)— - - -
(4.8)
mo4Ha.

JokasaTeabcTBO. [N NOCTPOEHHA KOrOMOJOTrHYecKoi
nocjefoBatesibHOocTH Ags E cHayalla npAMeHHM KOHTpPaBapHaHTHBIN
¢ynkrop Hompg (—, G) k E. B pesyabTate nonyuyum oGpalleHHYIO
MOCNEN0BAaTeNIbHOCTh KOMILJIEKCOB

E*:0— Hom (M, G)— Hom(L, G) — Hom (K, G) — 0.

[NockoapKy nocsenoBaTeibHOCTh E paciuennifieTcss Kax nocjieoBare/b-
HOcThb MOAYJel, mocienoBatenbHocTh E* touHa. CBAsbBaomMi romo-
Mopduam ama E*

g : H_nsy (Hom (K, G)) — H_,, (Hom (M, G))

JlaeT HCKOMBIH CBA3LBAIOMNA roMOMOpPGHU3M 3z, eciH 3anucaTh YJeHbI
NOC/Ie/IOBATE/ILHOCTH C BepXHHMH HHJexkcamu: H™! = H_,.,.
Beuny npemnoxenus 4.2 8z ectecTBeH, eCJIH aprymeHTBl CpPynn
H" (K, G) u H™' (M, G) paccMaTpHBaTh KaK apryMeHTh KOHTpaBa-
PH2HTHBIX (PYHKTOPOB M3 KaTeropHH TeX KOPOTKMX TOUHBIX MOCJEJOBa-
TeJIbHOCTEH KOMIIJIEKCOB, KOTOphIE paciienslorcs Kak moxyau. [To Toi
Xe TpHUHHe dp TakKe €CTECTBEeH, €CJIM paccMaTpHBaTh YKas3aHHRIE
GyHKTOpDH Kak KoBapHaHTHbie no apryMenty (. Haxonen, TouHas
roMOJIOrMyecKan Nocjef0BaTeNbHOCTb A/l E* ¢ nOAHATHIMH HHAEKCaMH

CTAaHOBHUTCSI HCKOMOH TOYHOH KOroMOJIOTHYECKONH mOC/Aef0BaTe/]bHO-
CTBIO (4.8).



70 T'a. 1]. F'omosroz2un xomnaexcos

Ilaisi CCHUIOK MHI OTHIilEM, KaK jeficTByeT O Ha kouend. [Tockosbky
nochefoBaTesIbHOCTE E* TouHa, KakABIl n-MepHBIf KOLMKJA H3 K,
paccMaTpHBaeMblt Kak romMomopdHsMm f: K, — G, MOXHO NpeJCTaBHThb
B BHae [ = gx, e g: L, -G ectb n-mepnad Kouenb H3 L. Toraa
g0x = gxd = fo = 0, Tak uTO g0 NMpeNCcTaBHMO B BHje g0 = ho 1ad
Hekotoporo h: M, 44 —G. Tlockoabky hdo = hod = gdd =0 u ©
anuMoppusM, To hd = 0, T. e. A — Kouuka B M. Torna oroGpaxkenue

8z cls f = cls h onpenensier romomopusm 8z H™ (K, G) —H™1 (M, G),
: (4.9)

npHueM Ao = gd, gx = f nnis Hekotoporo g. CHoBa noJyuyaercs «obpa-
wamomee» NpaBuao: Oz = cls o* 16x* 1 cls™™.

Ilpyras TOYHas noc/eJoBaTe/IbHOCTb FPYNN KOroMOJOrHii BO3HHKaeT
H3 KODOTKOH TOYHOM NOCJ/ef0BaTebHOCTH

5:0—G 5G56"—0 (4.10)

monyJelt «koappuuuentoB». EcaH K — npoH3BoJbHEIL KOMIJIEKC, TO
MOHOMOp(H3M A: G' — G HHAYUHpYeT romomopusM A, : H® (K, G') —
— H™ (K, G). UugopMauus o sjpe H Koajape A, COAepKHTCS B CJIeAYIO-
meft ToyHON MOC/eNOBaTeNbHOCTH (KOTOpas Ke ABJseTcA ABOACTBeHHO#
K NOC/Ie/I0BAaTeJLHOCTH H3 TeopeMsbl 4.4). '

Teopema 4.5. Ecau K — xomnaexc R-modyreid, 8 xomopom
KascOoui modyas K, npoexmuser, u ecau S — Kopomxas modnas nocae-
dosameavrocmo R-modyreli muna (4.10), mo 048 kascdold pasmeprocmu n
cyujecmayem ceAsvisarouil comomoppusmds: H» (K,G") - H*+! (K, G');
amom zomomopguam ecmecmgen, ecau paccmampusame H® (K, G) kax
Kosapuanmueul GYHKmMop no apeymenmy S U KOHMPABAPUAKMHbLL
pynkmop no apeymenmy K, u 6xaiouaemcs 8 ONUKHYIO MOYKYIO nOCAed0-
6amensHOCITb

o > HM(K, G') 23 H* (K, G) 35 H™ (K, G”)is> H" (K, G)—> - - - .
(4.11)

HJokrxasatedascTBo. [TockolbKy Kaxauit Moayas K, npoek-
THBEH, MO0CJeJ0BaTeIbHOCTh

S, : 0— Hom (K, G')— Hom (K, G) — Hom (K, G")—> 0

TOYHAa H jaer romomop¢dusm Og, paBHbIfl Jg,, NMpUYEM HHIEKCHI NMOJHH-
MaloTcsi, a TOYHOCTh IO0C/en0BaTeNIbHOCTH (4.11) craHoBuTCH chen-
CTBHeM TeopeMs! 4.1.
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YkaeM fBHOe NpaBus1o0 Aas noctpoenus 8g. [Tyers f: K, - G" —
KOUHUKJ. [TocKOIbKY moOcC/IeioBaTeNbHOCTh S, TOYHa, f = 1g AJs HEKO-
topoii kouenH g: K, —~G; nockoabKy f— KOuUMKaA, gd = Ak, rae
h: K,4+1 =G — xonuka. Toraa .

8sclsf=clsh, M=gd, 1g=F. (4.12)

CuHoBa nonyuyaerca ofpamaioiee npasuao: dg = cls A28t cls™.

YONPAXHEHMHU A

1. Ilyers npeo6pazosanusa f, g: K — K' nemno romoronuw. Iloxasarth,
YTO aCCOUMHPOBAMHLIE TOUHBE TMOC/TeNOBATeALHOCTH AAs KOHYCOB OTOGPaMeHHS

M (fy u M (g) wn3oMopdHLI.

2. (Onepatop DBoxwreftna.) ITycte K — xommiekc cBoGoanbix aGesneBbx
rpynn, Zp — aJIuTHBHas rpyNna ueAnx 9uced, NpuBeAeHHas 1o MOAYJIO Npo-
croro uucia p, ¥ S=(A, T} : Z>> Z -» Z, ABJAAETCA KOPOTKOR TOuHOK nocie-
JOBaTeNbHOCTBIO, I'le A ecTh YMHOKeHHe Ha p. [JocTPOUTE COOTBETCTBYIOULYIO TOY-
Hyl0 nociefoBaTenbHocTh (4.11) B NMOKasaTh, . 4TO IPH 3TOM TOMOMODP(H3M
B = t.dg: H™ (K, Zp) > H™1 (K, Zp) MoXHO ONHCaTh TaK: MPEACTABHM Kamhiil
n-Mepunit Koumukr1 ¢: K, — Z, xax o6pas n-mepuoi xouent a : K, - Z, Torga
da = pb naa uexoroporo b: Knyy = Z u P (cls ¢) = cls (vb). Dror romomop-

fxgaea )B M3BeCTeH KaK KoromoJorudeckufi oneparop Boxunredna (cp. Bpaynep

1)).

3. Ilyers npeoGpasobanHe f: K — K’ HMeeT XoHyc orobpamenus M,
sippo L v KoAgpo N, Tak 9T0 TOUHH KOPOTKHe NMOC/AEAOBaTe/bHOCTH KOMILJIeKCOB
F:L» K->»fK v G:fK> K -»N. Tlocrpouth uensse mnpeo6pasoBanHs
g: Lt M u h: M — N, nonoxus g (I) = (1,0), h(k,k) = g’ + fK, u no-
Ka3arb, YTO TNOC/IEJ0BaTeNbHOCTD

&% he |
e Hp (L) Hy (M) > Hp (N) = Hp o (L)— -

Toyna, rge 1) = Jpdc ecTb npoH3BeAeHHe CBA3LIBAIOIIEX FOMOMOD(HIMOB
ama F u G.

4. Tloxa3sats, 9TO TOUHBE NOCAEAOBATENbHOCTH NPEALIAYUIETO YIpaXKHeHHs,
npepJoxesks 4.3 B rOMOJOTHYeCKHe nocAegoBarefibHocTH ;8 F B G Berpe-
qapTCca B «CnJIeTEHHOﬁ) AHarpaMmde

o H G (K) ———H,  (N) ——H,_,(L) >~

Hn+l<K) Hn+1(M) H,.(/K) H”(M-)

/

see—> H_(L) H,(K) H (K') — =+

KOTOpasi KOMMYTaTHBHA ¢ TOYHOCTBIO Jo 3Haka (—1) B cpeanem kBajgpare (Maxk-
nefin [1960b)). (=1) » cpes P
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§ 5. Hexoropnie JemMmu O AHarpammax

Kax npuioxenne TOYHONH TOMOJOTHUECKOH NOCJRLOBATEIBHOCTH
MOXKeT GhiTh noJyueHa

JTeMma 5.1. (3X3 aemma.) Ilpednoroscum, umo 6 ciedyrowet
KommymamusHot ouazpamme

0o 0 o0
Vol
O—>A31’>A211>A,—>0
row) v
0—B,5 B, B0
L3 R
0>C BC,BC,—0

R

0 0 0

ace mpu cmoabya u Oee eepxnue cmpoxu (uau 08 HUNCHUE cMpOKuU)
mounw. Tozda u mpemos cmpoKka mouna.

HJokasaTeJdbcTBo. JlI06ad nocheioBaTelbHOCTE Ay = A5 —
— A, c TakuMH O0TOGpaXKEHHAMH @y, G4, YTO @@z = (), MOXKeT paccMa-
TPHBATbCA KaK LENHOM KOMIVIeKC A ¢ rpaHMuYHLIMH roMoMopgH3MaMH
@z, Gy U HEeHYJIeBRIMH LENAMH TOJBKO B pa3MepHocTsix 1, 2, 3. I'pynnu
rOMOJIOrHi 3TOrO0 KOMIJeKca McyesaloT (B pasMepuoctax 1, 2 u 3)
TOrZla H TOJIbKO TOTA2, KOTA2 YKa3aHHas Moc/eoBaTeIbHOCTh ABJAAETCA
KOPOTKOH TOWHOM mocJieloBaTesIbHOCTbIO.

[MpeanonoxuM Temepb, YTO MOCJeAHHE ABe CTPOKH TOYHBI. Toraa
ana Jaoboro a € A;, vaya.a = f,fha = 0; nOCKONBKY v — MOHOMOp-
¢usM, aya.¢ = 0. 3HauuT, mepBas CTpOKa AeHCTBHTENBHO sABJsercs
koMmjiekcOM. [TockoNbKy cTOIGUBI TOUHBI, MBI MOXKEM paccMaTpHBATh
Bclo 3X3 JAMarpaMMy Kak KOPOTKYI0 TOYHYIO fIOC/efOBaTeNbHOCTh
0 - A - B — C — 0 tpex kommiekcoB. CoOTBeTCTBYIOWAA MOMOJIOrH-
yecKas NOC/AENOBaTE/IbHOCT MMEeT BHJ,

voo —>Hopy (C)—> Hpo(A)—H, (B)— ... .

Ho Hp 44 (C) = 0 = H, (B) BBHAY TouHOCTH cTpok B u C. Iloatomy
H3 TOYHOCTH COOTBETCTBYIOINEH roOMOJIOrHYecKOH noc/el0BaTeIbHOCTH
caenyer, uto H, (A) =0 maa n =1, 2, 3.
JloxasaTenscTBO aHaJIOTHYHO, ecJIM TOYHBI TEpBble ABe CTPOKH.
OcHOBHON pe3yJbTaT 3TOH TrJiaBbl — TOYHOCTh T'OMOJIOTHYECKOMH
NocJIefIoBaTeIbHOCTH (4.4) — MOKeT GbiTh BhiBE€JeH HHbBIM NyTeM H3
NeMMBl 0 KOPOTKHMX TOYHBIX MOCJIEAOBATENbHOCTAX MOAYyJef.
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Mop¢H3M KODOTKHX TOWHBIX TOCJAENOBATEALHOCTEH ONHCHIBaeTCs
KOMMYTaTHBHOH AuarpaMmoi

0—A B —C—0.
le 18 v (5-1)

045 B —>C =0

C TOYHBLIMH CTPOKAMH; PO H KOAAPO 3TOro MophHama ABJIAIOTCA KOPOT-
KHMH [OC/IEJ0BATENbHOCTAMH, He 00A3aTe/IbHO TOYHHIMH (HampHMeEp,
oto6pamenne 0» A =ABA =A-»0cp = 1,). [opusonranbuue
orobpaxeHus 3TOl JHAarpaMmbl MHAYLMPYIOT O0TOGpameHHs, AalolHe
TOYHBIE MOCJAef0BaTeIbHOCTH

0— Kera—Kerp—Kery

Coker a — Coker f — Coker y — 0.

OHH MOryT GHTh COEAHHEHH B IJIMHHYIO TOYHYIO NOC/Ae10BaTeNbHOCT.

JJemma 52, Hun mobod xommymamusHold Ouazpammel

A—-BLCc>0
(D): Lol v

042585

C MOMHLIMU CIMPOKAMU cYuecmeyem maxoe omobpaxcenue D, : Ker y —
—Coker a, ecmecmeenroe 012 ¢ynkmopos ¢ apeymenmom D, umo
nocAegdosamenbHocms

Ker a — Ker p— Ker y 2%, Coker a — Coker p— Cokery  (5.2)
mo4na. Mot nasosem (5.2) nocaedosamenbHocmbio Ker-Coker.

HJoxasarteascrtBo. [lyere : Ker ¥ = C — BIOKeHHe,
n: A” > A'/aA — npoekuus.  OGpamalomas  ¢opmyaa D, =
= nx''fo-1 v oaHo3HauHO ompenenser D,. Ilaa nokasarteqbcTBa TOY-
HOCTH mocJ/efoBaTesbHOCTH (5.2), Hanpumep B uiene Coker a, mpejn-
NOJIOXKHM, 410 %, (@' + aA) = O ana Hexkoroporo a’. Torna x'a’ = Pb
JJ18 HekoToporo b u o’'%'a = yob = 0, TaKk uro b € Ker y u, caenopa-
tesibHo, D,0b = a’ + aA, uT0 i Aaer HyXHYIO TouHOCTh. OcTaBlIascs
4acThb JOKa3aTebCTBa NPOBOJHTCH aHAJOTHYHO.

Mu nasoBem D, ceAsmisaouyum 2omomopgpuamosm auarpaMmul D.

Tenepn mbl noKaxeM Teopemy 4.1 LI KOPOTKOH TOYHOH MOc/AeNOBa-
TefbHOCTH E kommaekcoB K » L -» M. Ilyers C, (K) ofosHauaer
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MOJYJIb N-MEPHBIX IHKJIOB MOAYASl K; MOCTDOMM muarpammy
Kn/oKnyy— Lp/0Lnyy — M, /0Mpy — 0
D (E): Vo | o o
0—Cny (K)— G-y (L) = Cn—y (M)

C TOYHBIMH CTPOKaMH ¥ BePTHKaJbHEIMH OTOGpa)KeHHSAMH, MHAYLHPO-
BauHbiMH 0. [lepBoe sapo — ato C, (K)/0K,+1 = H, (K), a nepsoe
Kosapo — 310 C,_y (K)/0K, = H,—y (K), Tak uto Ker-Coker nocne-
JOBaTeNIbHOCTD (5.2) MpHHMMaeT BHA
D

Hn (K) > Hn (L) = Ho (M) =23 Hyey (K)—> Haey (L) — Hny (M)
Cpennee oro6paxenue D (E),, onpeaeneHHoe o6paineHHeM, cOBnajaer
€O CBAI3bIBAIOMIMM [OMOMODPGH3IMOM O TeOpeMbl 4.1.

YOPAXHEHMS4

1. Dokasate 3X3 AeMMy JHarpaMMHBIM IIOHCKOM, He HCMOJAb3YS TOYHYIO
FOMOJIOTHYECKYIO IIOC/ef0BaTedbHOCTD.

2. Nokasars, YTO BTOpasi CTPOKa MOMKeT He OHTb TOYHOH, ecH B ycJo-
8HH 3X3 JeMMH TpeANOJAOKHTL TOUHOCTb TOJIBKO MepBoft U TpeTbeH CTPOK;
5Ta cTpoka Touna, ecau Pifiy = 0.

3. B npeanosnoxkenusx 3X3 AeMMH _yCTaHOBHTbH TOYHOCTh NOCJEAOBAaTe]b-
HocTelt
0'—>A3‘_> Ba@Az'é Bz'9 Ci-—>0,

0'_'>A3"'_)Bz"'—)62®3“_> C"—>0.

4. IlpexmoJioxkuM, 910 B KOMMYyTaTHBHOH 3X 3 gHarpaMme Bce TPH cTosIGUA
TOYHHI «cjIeBax (T. e. Touub B A u B) u JBe nociejHue CTPOKH TOYHH caena. Jloka-
2arTh, 9TO NepBas CTPOKa TOuUHa ceBa. Ecam ponoanureavho Py u § — anuMop-
¢H3aMB, TO JAOKa3aTh TOYHOCTH MepBOR CTPOKH.

5. Jokasarb touHoctb Ker-Coker mnoclegoBaTellbHOCTH INIPH  TOMOIIM
TOUHOH rOMOJIOTHYecKOfi IocjejoBaTesdbHOCTH. [Ykasawue: 3amenuts A
Ha Coim (A — B) m apofictBenuno ana C’.}

6. dna aw6ux romomepduamon a: A — B, B: B — C nocTpouTh TOYHYIO
10CAe0BaTEIBHOCTD

0 —> Ker @ — Ker fa — Ker § —> Coker a —> Coker fa —> Coker § — 0.

§ 6. AZAHTHBHHE OTHOIIEHUA

«O6pamaiomue» (GopMyJn MOryT GbITh OOBACHEHB B TEPMHHaX
«aIHTHBHRIX OTHOLeHUi». OHM NOABATCA NO3JHee NMPH PacCMOTPEHHH
CNEeKTpaJbHEIX TNOCJefoBaTe/bHOCTel.

Aoddumusroe ommowerue r: A — B onpepensiercs Kak MOAMOAYJb
npamoit cymmel A @ B; Apyr¥ME CJI0OBaMH, r eCTh HellyCTOe MHOXeCTBO
nap (a, b), 3aMKHYTOe OTHOCHTEJbHO CJOXKEHHS M YMHOMEHHS Ha 3Je-
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MeHTH M3 R. O6pamuus K r BJsieTCA aAlNTHBHOE OTHOLIeHKe r™1: B—~ A4,
coctofimee H3 BceX Takux mnap (b, a), uro (@, b) €r. Ecam
s: B—~ C — npyroe anJuTHBHOE OTHOIEHHE, TO NPOU3GEOEHUEM
sr: A — C cyuTaercs MHOXECTBO BceX TakKHX nap (a, €), AJA KOTOPEIX
cymectByeT Takoe b € B, uto (g, b) €r, (b, ¢) €5. IT0 YMHOMEHHe
acCONMAaTHBHO, ec/ii OHO onpefesieHo. I pag roMomoppusmaa: A -~ B —
3TO aJAHTHBHOE OTHOILLEHHE, cocTosAlee U3 BeeX map (a, aa) Aas a € A;
NIOCKOJIBKY MpOH3BeAeHHeM JIByX rpadoB siBJseTcs rpad npoH3BeneHus
roMoMop(¢M3MOB, Mbl MOJKeM OTOXJECTBHTb KaXKInfi TOMOMOD(H3M ¢ ero
rpadoM. Kuacc Bcex moayJiel, HrpaiolX poJb OGbEKTOB, H BceX
aJJUTHBHBIX OTHOWeHuU# r:A — B, wurpalomux poab MoOppU3MOB,
AIBJseTCA Kareropueil, Ho OTMETHM, YTO NpOH3BeJieHHe rr~t He 06d3aHO
6bITh €IMHHYHEIM OTHOLIEHHEM.
JJas Kaxnoro ajiiuTHBHoro oOTHouleHHs r: A — B BeeflleM noa-
Mozy I
Defr=[a|(3b), (a,b)€r] Imr=Deir?,

Kerr=Ja|(a, 0)€r] Indr =Kerr1. (6.1
3nece Kerr < Defr c A u Indr < Imr = B. [MoaMoayas Defr —
3T0 06.aacme onpedeserus r, B To BpeMs Kak Ind —«weonpedesennocmeon r,
cocroAmas M3 BceX Takux b, uro (0, b) € r. Bonee Toro, r ectb rpag
roMoMop¢H3Ma TorAa H ToJabKo Toraa, koraa Defr = A u Ind r = 0.

Hanpumep, o6patHbiMm a4 romoMopdusma f: B—> A  caAyXKur
apautuBHoe otHouwieHue P!, rme Def p~* = Im B, Ind p~* = Ker f.
B komnuekce K MHoxectBo map (¢, cls ¢), rae ¢ € C, (K), cocraBiaser
ajauTHBHOe oTHouieHHe cls: K, = H, (K) ¢ Def (cls) = C, (K).
B cuay atux sameuann#i «o6pararomasn» GopMyJa AJs CBA3LIBAIOLIETQ
romoMop¢u3Ma nosiB/JsSeTca Kak Npou3BeJieHHe alUTHBHRIX OTHOLIEHHI .

Kaxxqoe anfuTHBHOE OTHOLIGHHWe MOXET paccMaTpuBaThCA Kak
«MHOrO3HaYHbIA» roMoMopdusM; 6oJee TOYHO, KaK rOMOMOpPGHU3M NOA-
MoayJii B (pakKTOpMOAYAb.

[Mpeannoxenue 6.1. Kawodoe addumusnoe ommuowerue
r: A —~ B onpedersem maxol 2omomopdusm r°: Defr — B/(Ind r),
4mo

r=n1%71 j: Defr—A, =a: B— B/Indr, (6.2)

ede j — eaoxcenue, a n — npoexyus. Obpamno, nycme Oans: nodModyab
S < A, ¢axmopmodyae. B/L mooyan B u zomomopgusm . S — B/L.
Cyuwecmayem marxoe edurcmeenrnoe adoumusHoe omnowenue r: A —~ B,
umo r* = f.

HJoxkasarteasncTtso. Ecima € Def r, To us Toro, uro (a, &) € r
u (a, ') €r caenyer, uto (0, b — ') € r, 3nauur, b — b’ € Ind r.
Torpa oro6paxenue r° (@) = b + Ind r onpeneasier romomopdusm
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Tpebyemoro Buia (6.2). O6patHo, ecsiu AaH romomopdusm f, TO r ecThb
MHOXecTBO Bcex map (s, b), rae b € p (s).

AHaJsioruyHoe paccyXJieHHe MOKa3biBaeT, YTO KaMXJOe alAHTHBHOE
OTHoWeHHe r MHAyuupyer  u3omopduam  0,: (Def r)/(Ker r) ==
== (Im r)/(Ind r); o6paTHO, Kaxabl H30MophH3M noadakropa moxyas A
u noadakTopa MO1yJ1f B BO3HHKaeT 3THM NyTeM H3 eAHHCTBEHHOTO ajjiH-
THBHOTO OTHOLIEHHS r.

[Tycrp navbt noadaktop S/K mopyas A u noagpakrop S*/K' mony-
as A’. Kaxpwii romomopgusm o : A — A’ undyyupyem agauTHBHOE
OTHOLIEHHE

agy=a(S/K, S'/K’): SIK—S'IK’, (6.3)

onpejieleHHO® KaK MHOMXecTBO BeceX map (s + K, s” + K') cmexubix
KJaccoB, rie S€ S, s"€S" u 5" = as. Co1a BKIOYaeTCs BBejeHHOe
paHbllle NOHATHE HHAYLMPOBAHHOTO FOMOMOpP(H3MA.

Il 3KBHBAJIEHTHOCTH MOXHO ONpEAEJHTb OGpPATHOE OTHOUIEHHe
AJIS MHAYLHPOBAHHONO OTHOWIEHHS.

[Ipennoxenue 6.2. (ITpunyun sxsusasrenmnuocmu.) Ecau

0: A > A’ — sxsusarenmnocme, mo
(04)t =04 : S'/K'— S/K.

IefictBHTeNIbHO, Kaxpoe H3 oTHOwenu#t (O04) ' W (07Y)y cocrout
H3 OJIHHX H TeX e nap.

B ra. XI Mbl HcmoJb3yeM NpOH3BeJeHHe ABYX HHAYLHPOBAHHBIX
orHoiieHH#. OHO He Bcerja fBAseTCs OTHOLIEHHEM, HHAYLHMPOBaHHBIM
npoussefienneM romomoptuamon. Ilycte, nanpumep, By — nogmoayas
npsamoit cymmal A = B @ B, cocrosmuit W3 Bcex map (b, 0), By —
noaMonyJab Beex map (0, b) ¥ A — noamoayJas Beex nap (b, b) («auaro-
HaJbHRI» noaMonyJb). Torpa 1, HHAYUHMPYeT H3OMOphH3M By o
= A/B, = A, oaHako oTHolWleHHe B, — A, uHAyuMpoBaHHOe |1,,
cocTouT TosibKO H3 (0, 0). [TpousBeeHHe OTHOLIEHHI COryacoBaHo C Npo-
H3BeJleHHeM OMOMOp(H3MOB JHUIb NPH JOMNOJHHTE/bHBIX MPeANoJioxKe-
HHAIX, YKa3aHHbIX, HanpHMep, B CJeYIOIIEM MNpelJOMEeHHH:

[Mpenanoxeunue 6.3 ([Ipuryun rxomnosuyuu.) Ecau eomomop-
puamn o: A~ A" u p: A* > A" unoyyupyrorn adoumusroe omrole-
Hua oy :S/K—~ S'/K’ u By : S'/K' = S"/K", mo

Buay = (Ba)y : SIK—S"/K"
npu ycaosuax (i) aK o K' wwu BK' < K" u (ii) aS = S" uau
p1S" < S

lokasaTedbCTBO. [Tpennonoxum cHavyaJa, 4TO

(s+ K, s"+ K") € By [To onpeneneHHI0 yMHOXeHHS ABYX OTHOLLEHH

CYIIECTBYIOT TAKHe 3JeMeHThl s, H 5; B S’, uTo 5; + K’ =5, + K" u as =
= s, Ps, = s”. Buauur, 5; —s, = k' € K" u pas = s" + p&’. B cay-



§ 7. Cuneysnapuan 20M0402UR 77

yae, korja PK'< K” win K'< aK, umeem (s + K, s” + K") € (Po)s,
TaKk 4TO M3 ycJaoBus (i) chepyer BrmodeHHe Pyuoy < (Por)y. Ananto-
rH4Ho ycnoBue (ii) obecrieunBaer o6paTHoe BKJIIOYEHHE.

YIPA)XHEHNHSA

1. Hokasarb, YT0 7rr~lr = r JAAS KaXJZOro AajIMTHBHOrO OTHOLIEHHSA
rnA— B, )

2. Jlokasarb, uto (rs)~! = s~lr~! jgAs aJAMTHBHBIX OTHOWIEHHH r H 5.

3. Nyets u: A ~ A ecTb Takoe ajJAUTHBHOE OTHOlIeHHe, 4T0 U~ = 4 = y2

JlokaaaTh, uro CYWIECTBYIOT TOAMOAYAH K C S < A, AAA KOTOPHX U ==
= {(s, s+ k) |s€S, #€ K]. YcranoButb o6paTHoe yTBepKAeHHe.

4. Onucatb rr~} ¥ r~}r g8 aAQHTHBKOrO OTHOWIeHHMs r : A — B.

5. B ycaoBHAX cHJbHOH JeMMH o ueThHpex roMoMmopduamax (Memma 1.3.2)
ZAokasarb, uyto Ea~! = f-1q.

§ 7. Cuuryasapuas roMoJIOTHA

[Tosle3HOCTE KOMIJIEKCOB MOXKHO MPOHJJIOCTPHPOBATh, KPaTKO OMH-
CaB rpynnbl CHHI'YJAPHBIX FOMOJIOTHii TOMOJIOTHYECKOr0 NpOCTPaHCTBA.
Iaa storo BeefeM adprHHEBIE CHMILIEKCHIL.

[Tycte E — n-MepHOe eBKJMAOBO NpPOCTPAHCTBO, T. €. n-MepHoe
BEKTOpPHOE NMPOCTPAHCTBO HaJ| MOJIeM JefiCTBHTeIbHRIX YHCeJ, B KOTOPOM
3alaHo CHMMeTpHyHOoe, OHJIHeiHoe U TNOJOXHTEJALHO oOmnpenejieHHoe
CKaJspHOe (BHyTpeHHee) npou3BeleHHe (4, U) AAA KaxAoA maphbl BeK-
TopoB u, v € E. OGununoe pacctosune p (€, V) = (u — v, u — V)/3
npespaijaeT E B MeTpuyeckoe fIpOCTPAHCTBO H, CJEAOBaTe/NbHO, B TOMO-
JioruyecKoe npocTpaHcrBo. B yacTHocTH, E MOXeT GHTh POCTPAHCTBOM
E™ Bcex ynopsiouenHbIX Ha6opoB u = (ay, . . ., @,) H3 N AEHCTBHTEJb-
HHX YHCEJ &;, B KOTOPOM CJOXeHHe omnpeliesieHO NOKOMMOHEHTHO,
a cKaJfipHOe NpPOH3BeJEHHe 3aaHO CTaHAapTHO,

@y e vr @) b1y - - ., b)) =D aiby.

Ipamoruneiinsili ompesox, coeAMHAIOINA JABe TOYKH u, v € E,—
3T0 MHOMeCTBO Bcex Toduek fu + (1 — f) v, rae ¢ neficTBUTEJBHO
H 0], T. e. MHOXKecTBO BCeX ToYeK Xod + XU, The Xp, X4 —
JeficTBHTE/IbHHE 4YHCHAR, Xg + X3 = 1, x>0, x;>0. [logMHOXKe-
ctBo C u3 E ewvinyxao, ecim OHO CONEPMHT OTpPE3OK, COeNHHAIOMHMA
Jio6nie ABe TouKH M3 C. EcdH Wy,. .., Upm €cTb m + | Touka H3 E,
TO MHOJXECTBO BCEX TOYeK

U=Xlp+ Xty + ... + Xmlhm, %o+ ... +xm=1, x>0, (7.1)

ABJIAeTCA BHIMYKJBIM MHOXECTBOM, COIEpMaIlUM Uy, . . ., Upy, NPHUEM
HaHMEHBLIUM BBIMYKJbLIM MHOXECTBOM, COAEPMAINMM 3TH TOYKH, OHO
HasblBaeTcs auinyrroli 000A04KOU TOYEK Ug, ... ., Um.
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ToBopAT, YTO TOUKH Ug, . . ., Uy APHUHHO HE3ABUCUMBL, €CTTH KaXK-
JlaA TOYKa2 MX BBINYKJ/o# 060J0Y4KH HMeeT eAHHCTBEHHOE MpejicTaBAeHHe
B Buje (7.1); HmeilicTBuTe/bHBIE YMCJAa X; HasbIBAIOTCA Oapuyenmpude-

CKUMU KoopOuHamamu TOYKH U OTHOCHTEJNBHO U, . . ., Upy,. MoXHO
N0Ka3aThb, YTO TOYKH Uy, . . ., Uy apOHHHO HE3ABHCHMBI TOTAA U TOJbLKO
TOrja, Korja BEKTOpPHl Uy — Uy, . . ., Uy — Wo JUHEHHO He3aBHCHMBI.

Adpunneid  m-meproil  cumnaexc — no onpefieleHUI0  BbINYKJast
o6osouka m + 1 adduHHO HE3aBHCHMBIX TOYEK. DTH TOYKH fBJSIOTCH
eepuiunamu cumniexca. Tak, OJHOMEDHBIi CHMIJEKC — 3TO NPAMO-
JIHHeHHBbIH OTPe3OK, JABYMEepHEIH CHMILIEKC — 3TO TPEYroJbHHK (C BHY-
TPEHHOCThIO), TPeXMepHbifi CHMIJEKC — TeTpasfp U T. A. [lAa Kaxuon
pasMepHOCTH n Mbl BbiGepeM cmandapmupil ahhHHHBIA n-MepHBIR
cuMIliekc A™ B npocTpaHcTBe E™ H 6yjeM 0603HayaTh BepIIHHK A™ KaK
O, 1, ..., n). (Hanpumep, BosbmMeM 3a 0 Haua/s0O KOODAMHAT, @ 3a&
1, 2, ..., n oproroHaJbHuiit 6a3uc u3 n BeKTOpoB H3 E™.)

Ias  mo6oro TOMOJOrHYECKOro mNpPOCTPAHCTBA X  CUHZYARPHOIM
n-meprbim cumnaexcom T B X HasniBaeTcs HenpephlBHOe oTOOpakeHHe
T: A~ X. Tak, HyabMepHH cuMnjexc B X — 3TO NMpOCTO TOYKa
13 X uim, 6oJiee TOYHO, OTOGpa)eHue CTaHnapTHoH Touku A° B Tou-
Ky u3 X. CHava/Ja Mhl TOCTPOMM HEKOTOpbie CHHTYJSpHEIE CHMILJIEKCHL
B BBIMYKJBIX MOJMHOMeCTBaX npocrpaHcrsa E.

[Tycrs E u E’ — eBKaupoBel mpoctpaHctBa, L: E — E’ — auHeit-
Hoe mpeoGpasoBaHHe W u, — (UKCHPOBaHHbIf BekTOp B E’. PYyHK-
uus f (u) = u, + L (u), u € E, HaswiBaeTca adpunnoim npeobpas’osa-
Huem f: E — E’. Bynyun KomnosuuHet JuHeiiHoro npeo6pasoBanus L
H CIBHra Ha U, f ABJAETCS HeNpephIBHRIM OTOGPaXKeHHEM.

[Tpennoxeunne 7.1. Ecau ug, . . ., 4, cyme (n + 1) appun-~
HO He3asucumblx movex 6 E®, a vy, ..., v, €E", mo cyuecmsyem
eduxcmeenroe agpunnoe npeobpasosanue f: E® — E', dan xomopoeo
fFlu)=1v,,i=0, ..., n

JoxkasatedabcTBo. Bektopw u; —ue, i =1, ..., n cocrab-
Jasior 6asuc B E™. [Tycth L —ofHO3HauHO ompejesieHHOe JuHelHOe npe-~
o6pa3oBaHHe, AJa koToporo L (u; — ug) = v; — 0o, Toraa f(u) =
= vo— L (o) + L (u) ectb uckomoe addunHoe mnpeoGpasoBanue.
Ono MoXeT 6bITh 3aMHCAHO TaKXe B GapHLEHTPHYECKHX KOOpAHHATaX:

f (Xotto+ ety + . .« + Xnltn) = XeUp+ - .. +Xnlp, Au=1.

B u4actHocTH, nycTb vy, . .., U, — YNODAAOYEHHOE MHOXECTBO:
TOYeK BhINYKJOro nogMHomectsa C u3 E’. EpuncreenHoe addunHOe
npeo6pasoBaHue f: E® — E’, koropoe nepeBoauT Bepiiniel 0, 1, . . ., o
CTaHAApPTHOrO CHMIIEKca A™ B TOM e MOpsJKe B TOYKH Uy, . . ., U,
3ajaeT HenpephiBHOEe oroGpaxeHue A" — C, o6o3nayaemoe Kak

(Voy - .., Up)c: A®—C. (7.2)
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310 oTo6paxenue Mbl GyJeM Ha3bBaTh ahhHHHEIM CUNSYARDHOIM N-MED-
HoiM cumnaexcom (OTOGpaXKaoOIUM CTaHAApTHble BepliuHet O, ..., n
B U, ... U,). Hanpumep, ecau vy, ..., U, abpbUHHO He3aBHCHMHI,
3ro oTo6paxkeHue sBJAeTCA roMeoMOpGH3MOM CTaHAADTHOTO CHMIJIEKCa
A" Ha appuHHEA cHMNJIeKC, HaTAHYTHA Ha TOYKM v. B wacTHocth,

J,= (0,1, ..., na, — TOXKAecTBeHHOe oToOpaxeHHe A™ Ha ce6f.
Ecnn vy, ..., v, 3aBHCHME, TO COOTBeTCTBYKOIlee OTOGpaXkeHHe
(vey, - .., Uy)c CTArMBaeT CTaHIAPTHEIA cHMIJIEKC A" Ha CHMIJEKC

MeHblllefi pa3MEPHOCTH.

Tenmepp MBI MOXKEM ONHCATH ¢IPAaHHILY» A", COCTOAILYIO H3 HeKo-
TopeiX  (n — 1)-MepHBIX  CHHTYJSPHBIX  CHMNJEKCOB,  KOTOpbIe
apasores  «rpaiama» A", HampuMep, rpanHu TpeyrodmHmka A% =
'= (0, 1, 2) cyTb cTOpOHHI, NIpesicTaBaetHule oTpe3Kamu (12), (02) u (01);
B o6o3HaueHuAX (7.2) oHH ABJAAIOTCA TpeMsl HenpephLIBHEIMH OTOGparke-
HUAMH (1, 2)az, (0, 2)as 1 (0, 1)az cumMmyiekca Al B A2,

B obieM cayyae A" umeeT n - | rpaup; i-A rpaHb 3TOr0 CHMmJe-
Kca — 310 adxpuHHBIA cCUHTYJAADHBIA (1 — 1)-MepHBIN CUMNJEKC

eb=ei: (0,1,...,0,...,n)m: A"1— A"  i=0,...,n, (7.3)

rfie CHMBOJ { O3HAa4Yaer, YTO BepliMHA { JOJ/IKHA GHITh NpoOMyIUeHa.
Jlo6oit cHHryAfpHbIl n-MepHBI cHMIexc T: A" — X umeer n + 1
rpaib d;T. Otu rpaHu onpeaessiorcs GopmyJaof

dT=Te : A1 - X, i=0,...,n n>0. (7.9)

Hpyrumn caoBamy, d;T ectb oToGpaxkeHHe, NOJy4YeHHOE OrpaHHUYEHHEM
T Ha i-it rpadn A™ y paccMaTpuBaeMoe (IpH NoMolnH ef) Kak otoGpaxe-
HHe, onpejenerHoe Ha A™~1. JIio6o# CHHryAApHBId cuMneke T MOXKHO
sanucaTh xak mnpouspeiedne T = TJ,, rme J,: A > A” — ToXKJe-
cTBeHHOe oToGpaxkeHHe A™ M, clleJloBaTe/bHO, CHHTYJAPHEIR n-MepPHBIi
cuMnJekc npocTtpaHcrBa A”. [panu T 3apalorcs Toraa dopmyJioi

dT =T (dJ,), i=0,...,n n>0. (7.5)

Ias apdunsoro cuuryaspHoro cumnJgekca (7.2) i-A rpaHb noJy-
qaeTcAd, ecJH ONYCTHTh (-0 BepUIHHY

di(Vg, -« -» Un)o=(Voy - .+, Dts -+, Un)ce (7.6)

[Tpolecc NOCTpoeHHS WTEPUPOBAHHBIX rpaHeil yJOBJETBOPHET TOXK-
IeCTBY

didT=dy dT, i<]j. (7.7)

BBupy (7.5) pocTaroyHoO YCTaHOBHTb 3TO COOTHOmieHMe ajas T = J,;
HO B 3TOM Cjy4Yae OHO OYEBHJHO, NMOCKOJbKY ONYCTHThb CHayaJa Bep-
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IIHHY |, @ NOTOM BepUIMHY i — 3TO TO Xe camoe, 9TO OmyCTHTh CHavaJja
BepUIMHY i, a 3aTeM (B HOBOH HyMepauuH BepliuH d,J,) BepmuHy j — 1.
Jpyroe noKasaTeJbCTBO MOMKHO MOJYUHTh, NPEACTABHB KaXAYIO TOUKY
CTaHAApPTHOrO n-MepHOro cuMnJjexca A" ee 6apUIEHTPHYECKHMH KOOP-
JAHHATaMH X;, . . ., X,. CHHTYJApHRIA n-MepHbli cuMniekc T B mpo-
crpaHcTBe X fBJAfieTCA TOTAA HENpPepHBHON (YHKIMEH cO 3HAUeHHAMH
T (xo, . - -, X%,) € X, onpefieJleHHOK 1/ BceX AEACTBUTEJbHBIX YHCEJ
X, tRe X, >0m Xy + ...+ x, = |, npuueM i-s rpaHb Gyzmer QpyHkK-
uueft, onpefeerHoi dopmy.oii

(dgT) (xo, ey xn_,)=T(xo, ey Xioyy 0, X, Ve ’ xn_,),

T. e. NpUpaBHuBaHWeM i-i nepemeHuofi B T Hymo. ClepoBaTe/bHO,
nonydaem (7.7), motoMy 4TO NpPHPABHATbL CHawaja X; HYJIO, a 3aTeM
xyuymonpu i << f B T (%o, . .., X,) — TO }Ke camoe, UTO PHPABHATDH
X; HYJIO, a 3aTeM NPUPaBHATH HYJIO NepeMeHHOe C HOBBIM HOMEpPOM
j— L

Ias xaxporo mpocTpaHcTBa X Mbl [OCTPOHM Tenepb KOMILIEKC
S (X) aGeneBbix rpynn, Ha3biBaeMhIi CUNZYAAPHOIM KOMNACKCOM TIpO-
ctpanctBa X. BosemeMm 32 S, (X) cBoGoanyio aeneBy rpymnny, cBoGoa-
HbIMH 00pas’ylOIIHMH KOTOpPO# fBJSAIOTCS BCE CHHIYJSAPHbIE n-MepHHIE
cumnaexcsl T npoctpanctBa X. Toraa onmepamus B3ATHA (- rpaHH
onpeneasier romomoppusm d;: S, (X) = S,y (X) ana i=0, ..., n
1 n> 0. OnpeneauM 2pasuynsiii roMoMopuaM

3t Sn(X) = Snq (X)

Kak CyMMy roMoMop¢usMOB B3AITHA IpaHell ¢ UYepeAYHOIIHMHCA 3Ha-
KaMH, T. e.

T =dT—d,T+ ... +(—1)"d,T= _20(—1)i dT, n>0. (7.8)

Hanee, n-MepHas uenb ¢ € S, (X) NMeeT eqUHCTBEHHOE MpeACTaBJeHHe
B Bufie cyMmbl ¢ = 21 ¢ (T) T, rae xospduuments ¢ (T) 6YAYT LeJLMH
YHCJIaMH, PaBHEIMH HYJIO, 32 UCKJIOYEHHEM KOHEYHOro YMCJ/a CHMIJe-
kcoB T; ee rpanuna dc = 3 ¢ (T) 0T. ]Ina aokasate/bCTBa TOrO, UTO
S (X) ectb KOMNJIEKC, HYXKHO NI0Ka3aTh, YTO Npou3BeeHHe 00 : S, —>Sp_,

paBHO HyJleBOMY roMoMop¢usMmy npH n > 1. JI0cT2TOYHO YCTaHOBHTE,
yto 90T = 0. Ho

30T =D (— 1y d; d;T+ Y (—1)"* d; d,T.
1<Zj i=j
Hcnonbsyem (7.7) © H3MeHHM CHMBOJIHI { H j Bo BTopoil cymme. Torna
00T= 3 (—1)* djydiT+ J (—D*dd/T.
(=

j—12i
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OGe cyMMRI paBHH C TOYHOCTBIO IO 3HaKa, CJef0BaTeJbHO, OHH B3aHMHO
YHHYTOXKAIOTCA, YTO H AaeT d0 = 0. Tenepsb n-MepHas rpynma cHHryJsp-
HbIX romoJioruit M, (X) mpoctpancTea X onpeeisercs Kak n-f rpynmna
romoJgioruft H, (S (X)) komnaekca S (X).

Teopewma 7.2. I'pynna comorceuldl H, (X) ssrnemcs kosapuanm-
roim pynxmopom om X.

HokasateanbcrtBo. Ecm Y — Bropoe Tonosornueckoe npo-
ctpaHcTBO H f: X — Y — npou3Bo/ibHOe HemnpepbiBHOE OTOGpaiKeHHE,
TO Kadzplii CHHryJspHBH cumnjekc T: A"— X mnpocrpanctBa X
onpefesfer NPY YMHOXEHHH Ha f CHHTYJADHHA cHMnJexc fT: An— Y
npoctpaHctBa Y. CoorBercrBHe T — f7T, 3ajaHHOe AJa 0GpasylomHx
rpymnst S, (X), onpenenser romoMopdusm S, (f): S, (X) - S, (V).
Bosee toro, d; (fT) = f (d,T); cnenoBareawno, dS (f) = S (f) 9, Tak
uto S (f) — uenHoe npeo6pa3oBaHHe, KOTOPOE MHAYLHUPYET TOMOMOD-
¢usmu H, (S (f)): H, (X) > H, (Y) rpynn romoJoruii J1060ii pasmep-
HoctH. Bmecre ¢ atumu roMomoppusmamu H, aBasercs KOBapHaHT-
HbIM (PYHKTODOM B KaTeropuy, OOBEKTaMH KOTODOH cCJYMXaT Bce
TONOJIOTHYeCKHE MNPOCTPAaHCTBa, a MOp(GH3MaMH — BCe HeNpephIBHbIE
orobpaKeHH .

Ecau G — npousBoabHas abeJeBa rpymnna, To IpyInsl KOrOMOJIOr Hit
H™ (S (X), G) ABAAOTCA 2pynnamu CUKeYAAPHOIX Koeomoaoeull mpo-
crpaictBa X ¢ koapuumentamu B G. Onu sBaAIOTCA GHYHKTOpaMH,
KOHTPaBapHaHTHRIMH 1O X H KOBapHaHTHRIMH o G.

ToMomopduam e: Sp (X) - Z, nepeBoAsluyil Bce CHHrYJsSpHBbIE
0-mepHbie cHMIIeKchl B 1 € Z, HaswiBaetcs nonoarneruenm S (X). [Tockoas-
Ky ed=0:8,(X)—> Z, e: S (X) > Z ectb koMnJexc nap Z. Bosee
TOro, € MHAyuHpyeT 3numopdusm e, : Ho (X) » Z. [Ipocrpanerso X
Ha3biBaeTCs ayuxaudnom, ecid H, (X) = 0 npu n > 0 u e, ABJAseTCA
n3omoppuamoM Ho (X) =< Z.

Mpeaanoxenue 7.3. Tonosozuueckoe npocmpancmso ¢ eouH-
CMBeHROE MouKod AyuUKAULHO.

HokasateabctBo. [lyctb X = {x} — nauxoe npocrpau-
c1Bo. JIna /o6Goli pasMepHOCTH n npocTpaHcTBO X HMeET TOJABKO OJiHH
CHHTY/NSIpHbIA CHMIJEKC, HMeHHO oToGpaxkeHue T, : A" — {x}, KoTo-
poe ctaruBaer A" B TouKy x. CjejoBaTesbHO, Kaxjas rpadb d;7T,
ectb Tpy, i =0, ..., n Ilockoaeky 0T ecThb ajabTepHHpOBaHHas
cymma rpaseft 073, = Tom—y U 0T3m—y = 0. 3HauuT, B YeTHBIX
pasMepHocTax S (X) Her 1uKJIOB, KpoMe 0, B TO BpeMs KaK B HeUeTHRIX
PasMEPHOCTA X BCE 3JEMEHTHl H3 Sam—4 (X) ABJAAIOTCA IMKJIAMH, 3 TAKIKe
rpaHunamu. CriepoBaresnbho, H, (X) = 0 npu Bcex n > 0; oueBHAHO,
yto Hy (X) == Z.

6—353
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YOPAXHEHHS

1. Ilycry appuuubd cummaeke T sBageTcs BHIYKAoR oGonouko#t apduuHO
HE3aBUCHMHIX TOYEXK Uy, . . -, Um. 110RA3aTh, 4TO TOYKA 4 TOTAA H TOABKO TOrAa
coBnagaer ¢ ogHoft M3 TOUEK &;, KOTrXa u3 Toro, uro v, @ € I' U u Aemur Ha oTpes-
Ke, COeJHHAIOEM U H W, CEIYeT, 4YTO &4 = U WJH ¢ = w. BubecTu orcioga, 4T0
I' kax BHINYKJIOE MHOMXKECTBO ONpejfesifieT CBOM BepIIHHH.

2. Tlyets npoctpascrBo X AuHefiHO cBA3HO. JloKasaTh, 4TO &4 : Hy (X) = Z.
(Onpepenenne: nycts [ — egunHuHmi HuTepsan. [lpoctpancrso X aunedro
ceA3HO, ecau AJs J1o6oft mapw Touek X, y € X cyllecTByeT HempepniBHoe 0TOGpa-
xeuue f: I - X, gaa xoroporo f (0) = x, f(r) = y.)

§ 8. I'omoTonus

loBopaT, yTO 1nBa HenmpephBHHIX OTOOpa)eHus npocTpaHcTBa X
B NPOCTPAHCTBO Y 20momonksi, eC/IH MOXHO HenpepnlBHO aedopMHpo-
BaTb NepBoe oToOpaMeHune BO BTopoe. PaccMoTpHM jedopmauuio Kak
NPOTEKAOILYI0 Ha eJHHHYHOM BpeMeHHOM HHTepBaJe; TOTAa €& MOXHO
CYMTaTb HeNpepHBHBIM OTOOpaKeHHeM, ONpejeJeHHBIM Ha JeKapTOBOM
npousBesenun X XI npocrpanctBa X M eIMHHYHOrO HHTepBaja /,
0< 1< 1, neficTBuTeNIbHOM OcH £. 3HAUUT, MKl jaeM TaKoe

Onpeneaenne. JIBa HenpepHBHBIX OTOGpaXKeHHA fo, [y : X —
— Y HaswBaloTCA FOMOTONHKIMH, €CJIH CYIUECTBYeT TaKOe HeNpephBHOE
oro6paxenne F: X xI— Y, uro

F(x,0)=fo(x), F(x, 1)=F(x). (8.1)

B stoM cayyae mMu GyjgeM nmucath F:fo~fi: X > Y.

Yeaobue (8.1) osHayaer, 4TO roMoTONmHs HauWHaeTcA Npu ¢t =0
¢ HauaJbHOro OToGpaeHHs [o (X) ¥ KOHYaeTcs mnpu { = | mocaen-
HUM oToGpaxeHueM fy (x). Hanpumep, mpoctpancTBo X HasuBaercs
CMmAzusdeMoiM, €ClH TOXIecTBeHHoe oTobpaxenHe l: X — X roMo-
TOMHO 0TOGpaXeHHIO, KOTopoe NepeBoxuT X B TOUKY. JIi0Goe BHIMYyKJIOe
MHOXecTBO C eBKJHAOBAa NPOCTPAHCTBA CTATHBaeMO B JIOGYIO CBOIO
TOYKy w roMoronueil D, onpegeJenHoil dopmyoi

Du,)=tw+(1—-9Hu, 0KtL], ucC. (8.2)

Ora ¢yHKUHA, OYEBUJHO, HENpephIBHA - M NpPHHHMaeT 3HAYEHHS M3
mHoxecrBa C, notoMy uto C BHINYKJIO.

T'eoMeTpHYeCcKOE MOHATHE FOMOTONHH TeCHO CBA3aHO C aJreGpauye-
CKMM TIOHfiITHEM IllenHO# roMoTOnHH. B Kauecrse mepBoro mnpumepa
MRl JIOKaXeM

[Mpenaoxenne 8.1. Jwboe sonykroe mroxcecmso C egxau-
006a NpPOCMPAHCMBa QUUKAUYHO.

B noxasareibcTBe HCHOJb3yercsl lielHasg romoromus s: S, (C) —
— Sp+1 (C). Iockoapky S, (C) — cBo6Gonxas aGeseBa rpynmna, nopox-



§ 8. F'omomonusn 83

NEHHaA CHHIYJADHEIMH n-MepHbiMH cuMmJjlekcamu T mnpoctpaHctsBa C,
JIOCTAaTOYHO ONpele]uTb AjfA Kaxporo T cuuryaspumi (n + 1)-Mep-
uutit cumnJekc sT : Art! — C. Ucnosb3ys 6apHieHTpuYecKHe KOOpu-

HaTH (Xg, - . -, X,+1) TOUKH CHMIJIeKca A™+!, mosnoxum
(ST) (XO, ey xn+1) =
X4 Xntg
_ x0w+(1—x0)T<'l____xoa ceey l_'—xo>s Xo#l, (8.3)
w, Xo= 1 ’

rjae w — puKcapoBaHHaA Touka u3 C. [1asa Toro 4Tobn! yGeAUTLCA B TOM,
uto ¢pyHKIHuA ST HenpepHBHa NpH X, = |, MK NepenulleM oNpeaeeHne
TaKHM 06pa3oM, YTOOR! OHO MOXOAHJIO Ha reOMeTPHYECKYIO roMOTONHIO D
u3 (8.2). ITyetb vy, = 0 ecTb nepBas BepuinHa cumnaekca A™+!, Torxa

(0, x4/(1 —xp)y «« vy Xnsa/(1 —x0))

MOXKHO paccMaTpHBaTh KaK GapHLEHTPHYECKHe KOODJHHAThl HeKOTOpO#H
TOYKH &’ Ha NMPOTHBOMNOJOXHON rpaHu. Kaxpaas Touka u3 Ant! Moxer
6biThb 3allHCaHa KaK CpejHee B3BelleHHOE XoUo -+ (1 — x¢) ' ana
HEKOTOpOH eJIHHCTBEHHOH TOYKH u', 3a HCKJ/IOYEHHeM TOro cJayuyas,
koraa xo = 1. Touka «’ MPOTHBONOJOXKHOK PaHH ONpejiesfieT TaAKYIO
Touky u € A", pas koropoil e’y = u’. Onpenesenue (8.3) Temepb BO
BceX CJAy4asX MOXHO MpPOYHTaTh CJejyloImHM o6pa3oM:

(sT) (%o + (1 —xp) ') =0+ (1 —x0) T (1), &u=u'.

Jpyrumu cjaoBaMu OoTpe3ok u3 A"t coelHHAIOWMHIA U, ¢ KaXuoil TOu-
KOl «’ MpOTHBOMOJOXHOM TrpaHH, oToGpaxaercs MNocpeacTBoM sT
JuHeiino Ha cerMeHT, coequusionmii w € C ¢ T (u) € C. B yacrhoctH,
MOCKOJBbKY A™ KOMNakTHO, To TA"™ KOMIAKTHO H, CJeJI0BaTeJIbHO,
orpaHu4eHo, Tak 4ro sT: Ant! — C HenpepriBHO Npu x, = 0.

dro oro6paxenue s:S, (C) > S,+1 (C) ABAAeTcs cTAruBaowei
roMoTonue:d AJs pacliHpeHHoro kKommJaekca e: S (X)— Z. [lyctb
B o6o3naueHufx (2.5) f: Z— S (X) — uenHoe npeo6pasopaHue, KOTO-
poe nepeBOAMT | € Z B CHHIYJAPHEINA HyJAbMepHR cuMmieke Ty JaHHO#M
Toukdh @ € C. Ecan nonoxute x;, = 0, i-a rpadb d; (sT) sABasgerca
CHHTYJSIDHRIM n-MEpHbIM CHMILIEKCOM, noJayvaiomumMcs u3 (8.3). Cre-
JnoBaTeanno, do (sT) = T, a di+4 (sT) = sd;T, eciu n >0, u dsT =
= Ty, ecit n = 0. Orciona 8 (sT) = T — s (0T) npu n> 0, 9sT =
=T —feT npu n =0 u ef = 1, B cornacuu c (2.5). 3uayur, Komn-
Jeke S (X) auuKiauueH, 4To H TpeGOBaJOCh JOKa3aTh. Lo/

BoJsee o6ire, paccMOTpUM NPON3BOJIBHYIO roMoTonuio F: XX 1 — Y.
Bynem cuntatb X xXI uMaMHApPOM € ocHoBanueM X; rpaHMueil
3TOro UMJAHMHJPA ABJAETCA BepXHee OcHOBaHMe (Ha Kotopom F = fy)
MUHYC HHXKHee ocHoBaHue (Ha KotopoM F = f) MHHyC CTOpOHH

6%
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[r. e. Munyc F na (0X) x/]. OkonuaresbHasi cxeMaTudyeckasi ¢opmy-
Aa OF = fy — fo — F@ nopckaspiBaer onpenenelne 9s = f, — fo — S0
HenHOX romMoTONHM. IDTH HaBOSINME pacCyXJeHHA MOMXHO TOYHO
chopMyIHpOBaTh B BHIE CJeRYOleil TeopeMkl.

Teopema 82. Ecau fo >~ 42 X > Y ecmp 2omomonnuvie nenpe-
puisroie omobpasicenus, Mo UHOYLUPOBAHNHLIE YenHew npeobpas’osanHus
S (Fo), S :S(X)—>S(Y) yenno zomomonre.

Mul cBesieM 3Ty TeopeMy K ClielHa/IbHOMY caydaio nnauHapa X x I.
[Ton HwXHEM OcHOBaHMEM b M BepXHMM OCHOBaHHMEM ! 3TOTO LHJHH-
Apa Mbl GyjeM ToHMMaTh HenpepbiBHble ¢YHKuHH b, f: X — X X1,
olpejiesieHHnle paBeHCTBaMHu b (x) = (x, 0) u ¢ (x) = (x, 1); 3T dyHK-
LM, OYeBHUIHO, TOMOTOINHHI.

Jlemma 83. [Has aoboo yurundpa cywecmsyem yenwas 2omo-
monus u : S (f) =~ S (b).

M3 a3toit Jemmbl BbiTeKaeT Teopema 8.2. [leiicTBuTenbHO, NYCThb
F: XxI— Y — npousBoiibuass  romotomuss  F:fo~f;. Torma
Fb=f,, Ft=Ff nu S (F) — uenuoe npeoGpasoBanue. OnpenesuM s
KaK [pOH3BeJieHHe

§=S8n1t (F)u:Sp (X) = Snss (X X I) = Snss (¥).
Toraa
0s+-s0=S (F) (0u + ud)= S (F) (S () — S (0)) = S (f) — S (fo)-
[Tpn nokasarenbCcTBe JieMMBbl MBI YCTaHOBUM GoJibllee: O0TOGpaXKeHue
u=uy:S8(X)> S (XxI) MOXHO TNOCTPOHTb cpa3y JAJs BCex
TOTOJIOT HYECKHX NPOCTPAHCTB TaKUM 06pa3oM, 4TO6L! 3TO OTOGpaKeHue
6bljI0  ecTecTBeHHBIM. JIJ KaXpgoro HeNpepHBHOro oOToGpakeHud

g: X - X" TonojoruyeckuX MpPOCTPAaHCTB e€cTeCTBEHHOCTb Tpebyer,
4TOGR! JHArpaMma

S (X) —2> Spat (XX 1)
}s@ } stexty 8.4)

Sn (X') —X> Snpa (X' X 1)

6blla KOMMYTaTHBHONH. 3ameTHM, 4To oroGpaxenns b, f: X - X x [
y¥e ecTecTBeHHbl. Mbl MOCTPOMM HyXHOe OTOGpaeHHe U HHAYKUHeH
no n, Iasg n = 0 CHHrYJAApDHLI# HyJbMEPHHHA CHMIJEKC — 3TO NPOCTO
touka T (0) u3 X. BosnMeM B KauecTBe U] CHHT'YJASPHBIA OJHOMEPHBIH
CHMIJIEKC, onpeaesieHHblt paBeHctBoM (UoT) (xo, x1) = (T (0), x,), Tak
uT0 Uo7 €CTb BePTHKAJBHLIN OTPe30K, npoxoasmuik yepes T (0) B HHIHH-
ape X xI. Torpa dy (uoT) = ¢t (T (0)), dy (uoT) = b (T (0)), Tak 4TO
0 (uoT) nefctButesbHO paBusiercs S (f) T — S (b) T. Boaee Toro,
Uy, OYEBUHO, ECTECTBEHHO.
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[Tpu n > 0 npexnosoxuM, YTO OTOGpAKEHUA U, ONpeJEJeHB! Yyxe
a5 BeeX m << n, B dacTHocTH S (f) — S (b) = Oup—y + u,_20; ecau
n=1, To u,_» B 3TOM paBeHCTBe eCTb HyJb. [lycTb J,: A" - A™ —
TOXJeCTBEHHOe OTOGpaieHHe CTaHAapTHOro cuMmJjexca. CHavya/la Mel
onpeneauM uJ, € S,4y (A"X I); rpaHuma 3TOro 3JeMeHTa IOJIKHA
6LITb paBHON

Oudn =S (t) Jn— S (6) Jn — tin_y 3Jn. (8.5)

BripaxeHue ¢, cTosmee cnpaBa B 3TOM paBeHCTBe, fIBJAETCS LEMNbIO
u3 S, (A™x I); ero rpanuua

dc=0S () Jn — S (b) 0Jn — Bty 3Jp = (S (£) — S (b) — Butp—s) 3/

paBHa HYJIO MO MHIYKTHBHOMY NpeANoJoXeHHI0. 3HAYuT, C ABJSETCH
n-MepHBIM 1uKAoM 3 A™X I. Ho A™ X I — 3T0 BRUTYKJIOE MHOMECTBO
eBKJHJ0Ba MpPOCTPAaHCTBa, H, CJeNOBaTe]bHO, OHO AUMKJIMYHO B CHJIY
npeaaoxenus 8.1. [loatomy ¢ — rpanuua, T. e. ¢ = 0a AJ8 HEKOTOPOroO
a€S,+1(A"xI). Mu nonaraem uJ, = a; Torna paseHcTBO (8.5)
HMeeT MecTo.

Ecau tenepp T: A™ — X ecTb CHHrYJfApHRI CHMILIEKC HEKOTOPOro
npoctpaicBa X, T=TJ, =S(T) J, u Tx1:A"XI—-> XXI, 10
noaoxuM uT = S (Tx1) uJ, = S (Tx1) a. [Ipu Takom orpeneJe-
HHM U HEeMe[IeHHO BHINOJHSAETCA TpeGOBaHHE ecTeCTBeHHOCTH. UTOOH
YCTaHOBHTb, YTO B pe3yJbTaTe MOJy4yaeTcs Hy»KHas rOMOTONUA, MOI-
cyuTaeM

uT =S (T x 1)0a=S(T X 1)[S (£) Jn— S (b) 1 — tin-1 3J ),

rie t u b — BepxHee W HuXHee ocHoBaHus umauHgpa A"XI. Ho ¢, b
H ug_, ecTecTBeHHH!, cJjefoBaTeJbHo, BBuAy (8.5) duT = S () T —
— S (b) T — u,-40T, uTO0 M Tpe6oBaJOCH.

OTOT THN AOKa3aTeJbCTBA COCTOMT B TOM, YTO HCKOMHEH OGBEKT
(B naHHOM cJydYae — HCKOMas LeNHas# FOMOTONMSA) CllepBa CTPOHTCH
IJIA 1IenH, B3ATOR B KayeCTBe MOJEJH, HanpuMmep aas J,, nmpudyeM NpH-
HHMaeTcss BO BHMMaHHe, YTO MNpocTpaHcTBO A"X I, B KOTOpOM 3Ta
MOJIe/Ib JIEXKHT, allHKJAHYHO, a 3aTeM 3TOT OGBEKT PacHpOCTPaHAETCH Ha
Ipyrue MpOCTPAHCTBA NpH MOMOWTH oToGpaxkeHuil T. Iro cTapuift MeTOR
JIOKa3aTeJbCTBa B TONOJOTHH, OH BCTPETHTCA No3nHee BHOBb (ra. VIII)
KaK MeTOJl alMKJHYHbIX MofeJell. 3[ech e ero JOCTOMHCTBO COCTOMT
B TOM, YTO OH MO3BOJIsieT H36eXaTbh YCTAHOBJEHHR ABHOH (hOpMYJIbI
JJI TOMOTONHH U. "

CaepctBue 8.4. Ecau nenpeposroe omobpaxcenus fo, f1 1 X —
— Y comomonun, mo undyyuposannee eomomoppuamer H (fo),
H(f) : H, (X)—> H, (Y) pasneL.
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YOPAXHENHSA
1, Tloxasarb, 4ro JA1060e CTATHBAeMOe MPOCTPAHCTBO ANHKIHYHO.

2. Myers B npusme ARX [ uncina 0, 1, .. ., n 0603HAYAIOT BepIIHHE HHXK-
Hero ocHoBanHs, a 0', 1, ..., n’ — BeplWIHHH BepXHero ocHoBanHsa. IloKasaTs,
YTO0 TOYHOe BHpa)KeHHe JAs FoMoTONMMH u« npu X = A™ B Jemme 8.3 pmaercs

dopmyaoh
n
W= (= 1DO, 1, ooy 6y & D 1) gy
i=0

B KOTOPOW HCMOJBL30BaHH 0603HaveHHs, BBegeHHHe AN appuHHBIX CHHIYAAP-
HHX CHMILIEKCOB.

3. IMokasarb, uto mpu n = 1, 2 B ynpamkHeHHH 2 WieHH uJ, COOTBETCTBYIOT
«TPHAHTYAAUHH» npuUaMul AT X/ (cpenath uyepTex!).

4. Tloxasatsb, uto A® X/ MOXKHO ¢TPHAHryJAHPOBaTh» cJAelylOWUM O6GpPa3oM.
Yacruano ynopsmouum Bepunuk A"X (0} m A"X ({1} no npasuay: (i, e) <
L(yn),raee,n=20,1 ecnn i jue< n BosbMeM B KauecTBe CHMNJIEKCOB
TPHAHTYJAAUMH BCe Te CHMMJIEKCH, KOTOPHe 06pa3oBaHH JuHeflHO yIOpsAOueH-
HBIMH [IOJMHOMECTBAMH BCer0 MHOXECTBa BepliuH. IloKasarb, yTO NMoOJyueHHLE
n-MepHHe CHMIIEKCH — 3T0 B TOYHOCTH Te CHMIMJEKCH, KOTOpHe Urypupyior
B u/, B ynpakHeHnuu 2.

§ 9. AxkcHOMB AJS TOMOJIOrHH

[Tycte A — mopnpoctpaHcTBo mnpoctpanctBa X. OToxjecTBuM
KaXXubi#i CHHryJspuuit cumnaekc T: A™ — A npocrpanctea A ¢ oro-
GpaxenneM A" - A — X; Torna T CT2HOBHTCA CHMIJEKCOM K3 X,
a CHHryJspHbiii koMniekc S (A) — nogkomnJekcoM B S (X). I'pynnsi
roMoJoruii ¢aKTOpKOMINJIEKCa

Hyn (X, Ay= Hn (S (X)/S (A)) (9.1

Has3pIBAIOTCA 2PYNNAMU OMHOCUMENbHLIX 20MOA02ULL Napsl NPOCTPAHCTB
(X, A). Oun sBasrorca noagakTopamu ¢akroprpymna S (X)/S (A),
CJIe[0BaTeJIbHO, OHH MOrYT GBIThb MEpENHCaHbl KaK Moj(paKTophl

H, (X, A)=Cr(X, A)/B, (X, A) (9.2)

komniekca S (X). Tpynna C, (X, A) COCTOMT H3 TaKHX 3JIeMEeHTOB
c € S, (X), ans kotopeix dc € S,—4 (A), B T0 BpeMa Kak B, (X, A) =
= S, (A) U 0Spy1 (X). dnementnt ¢ H3 C, (X, A) HaswBawTca omHo-
cumenvromu yurramu;, diementsl u3 B, (X, A) HaswiBalotcs ommocu-
menvromu epasuyamy. Camo npocTpaHcTBO X MOXHO paccMaTpuBaThb
Kak Napy mpocTpaHctB (X, (J), rae & — MYCTOE MHOMECTBO, TOr[a
H, (X, @) = Hp (X). ’

Oro6paxennem f: (X, A) - (Y, B) Oxuoit mapbl TpocTpaHCTB
B JIpYryio Mo Onpelie/leHHIO cYnTaeTcs TakOe HelpephiBHOE OTOGpaKe-
uue f: X — Y, uto f (A) = B. OTHOCHTeIbHO 3 THX OTOGpaXeHHH Kak
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MOp}H3MOB Napul MPOCTPAaHCTB 06GpasyloT Kareropuio, a I, (X, A)
ABJIAETCA KOBaPHAHTHHIM ()yHKTOPOM M3 3TON KaTeropHu B KaTeropHio
afesieBeIX [pyMNI.

Kaxpaa napa (X, A) nopoxjaer KOPOTKYIO TOYHYIO MOCJ/eJ0Ba-
TeJbHOCTh KoMIJekcoB S (4) » S (X) » S (X)/S (A). CeasuiBaromuii
romMoMop(H3m 9, 3Tof moc/e0BaTe/IbHOCTH HA3KIBAETCA UNBAPUAHMHNbIM
epanusnbim onepamopom (auddpepeHiuansom, uxsapuanmrol epasuyer)
napel (X, A); U3 TOYHO# roMoJIOrHYecKOH MocJesloBaTeJBHOCTH Teope-
MH 4.1 noJsyyaem TeopeMy:

Teopewma 9.1. Ecau (X, A) — napa npocmparcms, mo drunxan
nocae0o8amebHoCb

s Ha(A) S Ha(X) S Ha (X, ) B Hu () >+, (9.3)

oxanuusaoujancs drenamu — Hy (X) > Ho (X, A) - 0, mouna.

B 3to0ii nocaepoBatenbnoctn i: (A, ) (X, @) u j: (X, @)~
— (X, A) cyTb otoGpaxkeHHs nap, MHAYLHPOBaHHEIE TOMXAESCTBEHHBIM
oToGpaxkeHHeM, a 0, 3ajaeTcdl AJSA KaXJOro OTHOCHTeJbHOrO LHKJA C
pasenctBom 0, (cls ¢) = cls (0c). Mbt yxe ormevann [mpumep (1.3)],
yTo oToGpaxenue i, : H, (A) - H, (X) Moxer He GhITb MOHOMOpGH3-
MOM; YKa3aHHasl BHIIie TOYHAsi MOCJeN0BaTeJbHOCTb OMMCEHIBET S1PO
H obpa3s i,.

IIBa oro6paxenus fo, f1 : (X, A) - (Y, B) nap npocTpaHCTB roMo-
TOMHR!, €CJH cymecTByeT roMotonus F: fo ~ f; : X — Y, npu xoropo#
F (A x I) < B; 310 nocaegHee ycJoBHe 0O3HauaeT, 4To F KakK oroGpa-
meHne U3 A X [ saBAsercs romoronuell Mexny fo u f; Kak oToGpae-
HuAMH A B B. PacnpocTpaHenneM J0Ka3aTessCTBa TeOpeMbl 8.2 MOXHO
NoKasaTh, YTO JAJS TOMOTONMHHIX oToGpaxeHuit fo, f; map H, (fo) =
= H, (f) : H, (X, A)—> H, (Y, B).

Teopuss Tpynn CHHrYJSpHHEIX TFOMOMOrMA Nap NPOCTPAHCTB JaeT
TaKHM o6pa3om:

1. ®yuxropu H, (X, A) u3 Kareropun map NpoCTPaHCTB B KaTero-
puo abeseBnx rpynm, n=20, 1, ... .

2. EcrecrBenHbie romomopgusmu 0, : H, (X, A) — H,-y (A),
n=1,2 ....

OTH 06BeKThl YIOBJNETBOPAIOT CJENYIOIWMM JONOJHHTENBHBIM YCJIO-
BHAM:

3. Ecau X cocTouT u3 oxuoil Toukn, 10 Ho (X) =~ Z, a H, (X) =0
npu n> 0.

4. Ias mo6oii napel (X, A) oTHOCHTebHAsA rOMOJIOTHYeCKas mocje-
JoBaTesbHOCTh (9.3) TouHa.

5. TomoTonubie 0TOGpaXeHHA Nap fIPOCTPAHCTB HHAYLHMPYIOT paB-
Hble rOMOMOpG®U3MBl IJ KaXjoi rpynnut H,.
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6. (Bupesanme.) Eciu X > A © M — Takue npocTpaHcTBa, YTO
3aMbiKaHHe M cofiepXHTCS BO BHyTpeHHe#l oGaactu A, To 0603HaYuM
yepes X — M o A — M npoctpascrBa, noayyensule u3 X u u3 A
COOTBETCTBEHHO BHIGpachiBaHHEM BCeX Touek NpocTpaHctBa M. Torza
BiaoxeHne k: X — M — X uugyuupyer u30MOpGH3M rpyNnm OTHOCH-
TeJIbHBIX FOMOJIOTHH

Hy (k) : Hy (X—M, A— M) e H,, (X, A). (9.4)

B HamnX paccMOTpeHHAX ORVIM YCTaHOBJEHH! BCe 3TH CBOMHCTBa,
KpoMe iilectoro. JloKasare/lbCTBO 3TOrO CBOHCTBAa HCNOJB3YeT «GapH-
LUeHTpuYecKue Mojpa3jeseHnsd», OHO MOXeT Guith HaiifeHo y CTHHpo-
Ia — ditaenbepra [1952], Yoaneca [1957) uau Xuarona — VYaiau
[1960].

OTH 1uecTb CBOHCTB MOT'yT OHITb B3AITH B KayeCTBe aKCHOM MJIs
TEOpHH roMojorufi. MoXHO JoKa3aTb, YTO B TOM cJydYae, KOrja napa
(X, A) TpuaHryaupyeTcsi KOHEUHHIM YHCJAOM at(HHHBIX CHMIIJIEKCOB,
Jio6kle FPYNNE OTHOCHTENbHEIX [OMOJIOTHH, YAOBJETBOPAIOIHE aKCHO-
MaM, JOJ/IKHBI COBIAJATh C FPYNNaMH CHHIYAAPHBIX roMoforuii. Bosee
TOr0, MOXHO BRIYUCJHTH TOJbKO H3 aKCHOM CHHrYJISIDHHE FOMOJIOrHYe-
CKHe TpPYNNbl 3JeMeHTapHBIX NMPOCTPAHCTB, COBNAJAlOUIHE C BBIYHCEH-
HpiMi B § 1 Npu noMmomy «HauBHOro» nozpas6Guenns rpynnamu. B vacr-
HOCTH, ecaH S™ ectb n-MepHas opepa, TO YycTaHaBJHBaeTcs, 4YTO
H,(S"V=>~Z, Hy(S")=>~Z n H;(8")=0 npu 0% i~ n. Itn
U JpYrHe NMopasuTejbHEE reoMeTpHYecKue cBoiictBa (Teopema Bpayapa
0 (MKCHPOBAHHOM TOYKE H T. J.) H3JOXKeHHb! B KHHre Jiinen6epra u CTuH-
pona [1952], ra. XI.

Mtul Ke Temeph 3aKaHYHMBaeM Hallle CJAHLIIKOM KOPOTKOe ONHCaHHe
HCIOJIb30BAHUSI TEOPHH TOMOJIOTHH B TOMOJIOTHH.

3amezanus CIoBO CKOMNJAEKCY NepBOHAYaNbHO O3HAYANO CHMILIH-
M aAbHLA ROMNJEKC; B TONMOJNOTHH C/IOBO CKOMIJIEKCH HMeeT pa3jiuyHbe reOMeTPH-
YecKHe 3HaYeuHs, TaKHe, Kak nenunoft koMnaexc uianH «CW-koMmuexkcs. UenHue
KOMTJIEKCH B HallleM 4YHCTO anareGpandyeckoM cMbiciie GbsiH BBefenbl Maftepom
[1929, 1938). PopMyAHpOBaKHe TOUHHX TOMOJOTHYECKHX NoOcJefoBareqabuocrei,
caenaunoe Keaan u IutuepoM [1947], nosBoauno npoeecTH cHcTeMaTHHecKoe
HcollefoBakne mnpocteXx ¢akToB, KOTOpHe paHblle KakJWH pas mnodydyalduch
«Bpyunyios. Ilyaukape BBes roMoJorus uyepes yucia Berru; dumu Heérep mogp-
YepKHY/a, YTO FOMOJIOTHH MPOCTPAHCTBA CBA3aubl C 2pynnamiy TOMOJOTHH, a He
TONBbKO ¢ yHcNamu Berrn M rospduuMentamMu xpydenHs. CHHryAsipHbHE FOMO-
Jorud B MX HHHellxe#l ¢popme BBefeHn DfineHGepProM; aKCHOMH TEOPHH T'OMO-
JOFHH ¢ NpUJOKeHUAMH K APYTHM TOMOJIOrHYecKHM TeopHsaM (teopus Yexa)
NOSBHAHCH B okKasasiefl Gosbiioe BAUSHUE KHHTe Dfien6epra u Cruupoxa.
ALMUTHBHLE OTHOWIEHHS OLIH OTMedeHH B SIBHOM BHJe ToJAbKo HelaBho (JI0G-
kun [1960}, Maxkneiin [1961], Ilynne [1962]). CoorBercTByOMIEE MOHATHE A
MYJABTHIMIMKATHBHUEX rpyIn scrpeyaercsi y BenmepGapua [1941], Uaccenxaysa
[195[81],583 s o6WwuX anreGpandyeckux cucrem y Jlopeuuena [1954] u JlamGe-
kKa [1958].
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Pacwuperus u pesonsvsermol

HinnHafA ToyHad NocJ/eNoBaTeJbHOCTh R-MoayJefi
0—A—-B,.y—:-+—B—>B—C—0,

uaymas or A Kk C uepe3 n mpoMeXyTOYHBIX MoayJe#, Ha3blBaeTcs
«N-KpaTHHIM paciinpeHHeM» Moxyas A npu moMomu momyas C. dtu
pacllnpeHus, KJaccHpuIpOBaHHHE COOTBETCTBYIOIIUM 06GPa3oM MpH
NOMOIIH OTHOIIEHHA KOHTPYIHTHOCTH, AIBJASIOTCA 3JIEMEHTaMH CPYIIIbI
Ext" (C, A). IIna BWuHcJeHHs 3Toft rpynnbi Mbel mpeactaBuM C Kak
¢dakropmonyar C = Fy/S, csoGoguoro Monyas Fo 3TOT mnpouecc
MOXHO HTepupoBaTbh S, = F;/S,, Sy = F3/S,;, ..., B pesyabrare
BO3HMKaeT TOYHasl fl0c/e]0BaTeIbHOCTh

oo > Fp—Fpy— .-+ —=F, > F;—C—0,

HashiBaeMas «cBOGOLHOH pe3osbBeHTOH» Moayas C. Koromosorus
komnaekca Hom (F,, A) cocrour us rpynn Ext™ (C, A). C pmpyro#
CTOPOHEI, MOXHO BJOXHUTb MOAyJb A B HHbeKTUBHBIA MORyaAb J,o (§ 7),
3areM ¢akTopmonyab Jo/A B MHBEKTHBHHII MORYJb J4; HTEpHpOBaHHe
3TOro mpouecca JaeT TOYHYIO MOCJeN0BaTeNbHOCTh

O—-AaJy—m>Ji— o aJpy—Ji— -,

Ha3blBaeMyl0 «MHBEKTHBHON Kope3oJbBeHTOi» moxynaa A. Komnaekc
Hom (C, J,) nmeet koromoaoruio Ext™ (C, A). B uactHocty, Ext! (C, A)
yacto HasbBaerca Ext (C, A).

Ora raaBa HayuHaerca c onpeletenus ¢yukropa Extl, koropuit
HemenJeHHo npuMeHsieTcsl (§ 4) AJA BBIYMCJEHHS KOrOMOJOIHH KOMII-
Jiekca cBOGONHEIX aGeJieBhIX TPYIN MO €ro roMOJOTHH. 3aKaHYHBaeTca
rjaBa ONHCaHHEM KaHOHHYECKOro npollecca BJOXKEHHA J060ro MoapyJs
B «MHHHMAaJbHbI#» HHBEKTHBHBI MONYJb.

§ 1. Pacunpenns monyaei

[Tycts A u C — monyau Han GpUKCHPOBaHHBIM KOJIBLOM R. Pacuupe-
Huem A npu nomouw C HaswBaeTcss KOPOTKasi TOYHAS MOC/e0BaTe/b-
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HocTb E = (%,0) : A>» B-» C R-mopyje#t H R-MOgyJbHBIX TOMO-
MopousamoB. Mopguam T': E — E’ paciiupeHuii — 370 TaKas Tpoiika
I' = (&, B, ¥) Moay/abHEIX rOMOMOpPGH3MOB, YTO JHArpaMMma

E:0—>A 5B %5C—0
J/I‘ lu. lﬂ \l/y (l.l)
E:0—A5B 5 =0

KOMMyTaTHBHa. B uwactHocTH, nonoxuM A" = A u C" = C; pBa pac-
wupenus £ H E” monyas A npu nomomu moayas C CYHTAIOTCH KOH-
epysumuomu (E = E'), ecan cymecrByer mopduaMm (14, B, 1¢) : E—
— E’. Ecan Tako#t MOpdH3M CyImECTBYeT, TO B CHJY KOPOTKOH JIEMMbI
O NATH roMoMOp¢H3Max cpeiHuil romoMopousm f sABaseTcs u3oMopdus-
MOM; [0STOMY KOHTPYHTHOCTH pacliHpeHHH ABJsETCH CHMMETPHYHLIM,
pedieKCHBHBIM M TpaH3HTHBHbIM oTHowlenueM. [Ilycte Extg (C, A)
0603HauaeT MHOMECTBO BCeX KJ/acCOB KOHI'DYSHTHOCTH paciiupeHuit A
npu nomomu C.

Pacuinpenne A npu nomomu C uHOrAa omMchiBaercsl napoil (B, 6),
rae A sBaserca noaMonyJeM monyas B, a 6 — usomopgusamom B/A =«
=~ C. Kaxpana takas napa onpejesseT KOPOTKYIO TOUHYIO NOCJaeA0Ba-
TeJbHOCT A > B » B/A, u xaxnoe pacuupeHne A npu nomomu C
KOHTPY3HTHO paciiHpeHHIO, MNOJyueHHOMY TaKHM cIoco6OM.

[Mpsamas cymma A » A @ C » C ecTb paciinpenne A NpH NOMO-
i C. ToBopsaT, yto paciuuperue E = (x, 0) pacujenasemca, eclid oHO
KOHTDYSHTHO NPAMOH CYMME KAaK pPaclIHPEeHHIO; BBHAY MHpeAJoxe-
HuA [.4.3 3TO uMeeT MecTo Torga M TOJBKO TOrha, Korja ¢ obJanaer
npaBsbiM o6paTHeIM U: C — B (uan 3KBHBaJeHTHRIM 06pa3oM % HMeeT
JeBplii  06paTHbIK). Jllo6oe pacillupeHHe ¢ MOMOIUBIO HPOEKTHBHOIO
moayas P pacwenasercs, tak uro Extg (P, A) umeer TOBKO OmMH
aJjieMeHT. [/ HAMIOCTPAIHH HETPHBHAJILHOrO CJAyYas NOJOXHM R = Z.
Torna, HanpuMep, ajAHTHBHasA rpynna 2Z YeTHBIX 4YHCeJ HMeeT JBa
paciiipeHns NMpy MOMOIUH UHKJIHIECKOA rPYNNsl Z; NOPAJKA 2: NpAMYIO
cymmy 2Z @ Z, u rpynny Z D 2Z. JT0T npuMep SBJSETCH YACTHRIM
caydaeM chenyiomero ¢akra.

IMMpeanoxeunne L.1. Hra aobol aberesold epynnot A u yurau-
ueckotl epynnst Z,, (€) nopadka m ¢ obpasyrouum C CyUecmayent e3aumHo
o0no3raunoe coomsemcmaue

1:Ext; (Zn (c), A) == A/mA,

20e mA — nodepynna zpynnet A, CoCmMoawan ua ecex afemenmos euda ma,
acA.

IHokasarteabcTso. BosbmeM mo6oe paciiupedue E rpynnst
A ¢ noMompio rpynnet Z,,; B cpeaueft rpynne B BriGepeM B KauecTBe
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«TpeJicTaBuTeN» 06pasylomero ¢ Takod 3JeMeHT u, 4To ou = ¢. Kax-
JIbI 3J1eMeHT U3 B MoxeT GhITb 3anmHcaH eJHHCTBEHHBIM 00pa3oM B BHIE
b=mna—+ hu pna Hexkotoporo @ €A M HeKOToporo ueiaoro A,
h=0,1, ... m—1. INockoabky mc = 0, o (mu) =0, Tak urO
mu = »g JJA OJHO3HAYHO ONpejesieHHOro 3Jemenra g € A. Sror
3J1eMeHT g ONpefiesIfieT «TaGaHLy CJIOXKeHus» 14 rpynnsl B, motomy uto

x(@+a)+(h+h)u, h+-h' <m,
w@+a' +g+h+h —myu, h+h'>m.

JNleMeHT g HeMHBApHAHTEH: MNPEJICTABUTENb U MOMeT OWTh 3aMeHeH
mo6eM dJeMeHTOM 4’ = u + xf, roe f € A; Torza g 3ameHsiercsi Ha
g = g + mf. OnHako cMexHbil Kaace g + mA us A/mA onuosHauHo
onpeseel pacuiupeduem E. [Tonoxum 1 (E) = g + mA. Ecmn E =
= E’, To 1 (E) = n (E"). Ecaiu g — mo6oit 3nement u3 A, BoabMeM
JUIs nocTpoeHus rpynnel B MHoXectBo Bcex map (a, k), rae a € A,
h=0,1, ..., m—1, uonpereJnm cjIOKeHHe Nap, HCNOJb3YH g KaK
B NpHBeJieHHOH BhIle Ta6auie. IDTO CJAOXKEHHe acCOLMaTHBHO, mpe-
BpamaeT MHOMecTBO B B rpymmy M xaer Takoe pacuinpenune E, urto
v (E) = g + mA. CuenoBatesbHO, 1) €CTb B3aHMHO OJHO3HaYHOe OTO-
GpaxkeHue Ha A/mA.

Tenepb n ecTh cooTBeTcTBHEe MeXay MHomecTBoM Ext, u aGesepoi
rpynnoii  A/mA; 310 mnoxackaseiBaer HaMm, uto Extgy (C, A) Bcerma
ABJferca abeseBoil rpynnoii. Mu BcKope MOKa)KeM, Y4TO 3TO JefiCTBH-
TesbHO TaK. CHauaJa Mbl ycTaHoBHM, 4to Ext ecTb ¢ynkTop u3 Katero-
pHH MoJyJleil B KaTeropuio MHOMKECTB.

[Tycre Mopyas A ¢ukcupoBad. JIas Toro uyTo6bl NMOKasaTh, YTO
Extp (C, A) ectp KoHTpaBapuaHTHEIi ¢YHKTOp no aprymenty C,
Tpe6Gyerca gmas kaxuoro E € Extp (C, A) u kaxmoro y:C" — C
yKasaTb noaxosasiuee pacuinpenne E' = y*E € Exty (C’, A). 3ro pac-
mupenne E’, Kotopoe MOXHO 0603HaYMTb Kak E'y, onmuchiBaeTcs cJe-
Jymomen JeMMO#, noKaseBawole#, yto E’ eIUHCTBEHHO, OTKYJa JErKo
BHITEKAIOT KOH[DPY3HTHOCTH

Elc=E, E(w)=(EvY. (1.2)

Oun nokaseBawT, uto E 3aBucut o1 C KOHTpaBapHaHTHBEIM 06pasoM;
3aMeTHM, B YaCTHOCTH, YTO oGo3HaueHHe Ey, B Kotopom y mnHuiercs
Ha BTOPOM MeCTe, JiaeT XOpOIiyl0 YNOPSNOYEHHOCTh AJd YMHOMEHHS
Ha y H v’ Bo BTopoM paBeHctBe (1.2).

(xa+-hu)+(xa’ +h'u)=

Jlemma 1.2. Ecau E — pacwuperue R-modyasn A npu nomouju
R-modysn C u ecauy : C' — C — o0y aoHbili comomopdusm, mo cyuye-
cmayem pacuwiuperue E' modyan A npu nomowu C' u mopgpuam I' =
= (14, B, ¥) : E' = E. Iapa (T, E’) onpedeserna 00HO3HA4HO C MO4HO-
cmeio 0o komepyanmuocmu E'.
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JokasaTeabcTBO CyumecTBOBAaHHA B guarpavme
E:0>A45%25% ¢ =0

| e v (1.3)
E:0—-ASBSC0

JlaHn! GOKOBHle CTOPOHH! H HHXKHee OCHOBaHHe; Mh! XOTHM 3aMEHHThb
3HaK ? MOAYJeM M NYHKTHpHBlE CTPEeJKH rOMOMOPGH3MaMH TaK, YTOOh!
JHarpaMMa craja KOMMYTaTHBHOMH, a BepXHSf CTPOKa To4yHOH. UTOOH
NOGUTbCSA 3TOro, NMOCTaBUM BMecto ? noarpynny B < B @ C’, cocros-
Iyt U3 Takux nap (b, ¢’), uro 0b = yc’; onpenenum o’ H f caeayoMUM
o6pazom: ¢’ (b, c’) =c’, B (b, ¢’) = b. Sror Bubop Bieuer 3a coboil
KOMMYTaTHBHOCTb mpaBoro kBajpara u3 (1.3). [Tosoxus x'a = (xa, 0),
ME! TOCTPOHM TpeGyeMyIO IHarpaMMy; BHINOJIHEHHE OCTAJIbHRIX yCAOBHI
MO2KeT OhITb NpOBEpPEHO.

JokasaTenabCcTBO e€JHHCTBEHHOCTH. BosbMeM
AioGoe apyroe paciunpende E” ¢ moppuamom I'” = (14, ", ) : E" —
— E. Ecan B” — cpenuHii moayab u3 E”, 1o onpenenum p’ :-B” — B’
paBenctBoM B’6” = (B"6", 0"b"); Torna T'y = (14, B’, l¢?) : E” = E"
€CTb KOHTDY3HTHOCTb H mNpouaBeaeHne E” —- E' —FE pasuserca I'",
TaK uro auarpamMa I' : E' — E omnpeseneHa 0JHO3HAYHO C TOUHOCTBLIO
10 KoHrpysHtHocTH 'y pacuinpenus E’, Y10 M yTBepKAA/NOCh.

Haaosewm pacuiupenne E' = Ey komnosuyueti paciimpeus E 0 romo-
mMopdH3Ma y; yKasaHHBI cnoco6 MOCTPOEHHS MOCTOSTHHO BCTpeyaercd,
Hallpumep, NPH H3yYeHUH HHAYLHPOBaHHBIX PacCJAOEHHBIX MPOCTPAHCTB
(rme v — oToGpaxeHye pacclOeHHHX NpocrpauctB). C ajare6panueckoi
TOYKH 3peHHs pacuinpenne E’ HMeer ciepyloiee «KOyHHBepcaJbHOE»
CBOHCTBO. '

Jlemma 1.3. B npednonroscenunx semmot 1.2 xancowl mopgusm
pacuupenuid Ty = (a4, By, v1) : E1 > E, rhe vy = vy, moxem Gouno
e0UHCMBERNbIM CrOCoBOM npedcmagen 6 eude npoussederusn

(a1, p’y 1) (1, B, ‘Y)\

E, Ey E. (1.4)
Bonee kopomxo: T'y moxcro «nposecmu uepes» I': Ey — E.

JlokasaTteasbcTso. [lycte pacuinpenne Ey = (%4, 0,) HmMeeT
BHA Ay » B, » C’. (HauepTure auarpammy!) Onpenesum romomopguam
p’: By B’ Tak: P’by = (Byby, 04by). 310 enMHCTBEHHBI crocob
onpenenuth P’ Takum oGpasom, uToGn By = PP’ u uToGH AHarpamma
(a4,p', 1) : Ey > E’ 6buta gomMmyraTHBHO#H. [IpoBepka Toro, uro
romomopguaM B’ mopoxnaer Hckomoe passoxenue (1.4), TpuBHanbHa.

Mexay npouHM, BO3MOMKHOCTb MOJOGHOrO Da3JjOKeHHS CONEPIKHT
B ce6Ge yTBepKIeHHe 06 eqMHCTBEHHOCTH M3 JeMMH! 1.2, mOCKOJAbKY
MopdusM I'” = (14, B”, ¥) : E” — E npencrasum B cuay (1.4) B Buae
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LBy =0,8,v) (1, P, 1) c wmHOoxurenem (1, p’, 1): E" - E’,
ABJIAIOIMHUMCS KOHI'DYIHTHOCTBIO. _

Teneps Mul nokaxkem, yto Ext (C, A) ectb koBapHaHTHBIH (YHKTOp
no aprymeHty A npm ¢uxcHpoBaHHOM C, NMOCTPOHB JJIsT KaXJOro pac-
wiHpeHHs E W kaxaoro romomopguama a: A — A’ «KOMNO3HUHIO»
E’ = aE, xapaktepusyemyio cljefyiomeil JeMMoi.

JJemma 1.4. Jaa E€Ext(C, A) u a:A — A’ cyuwecmsyem
pacwuperue E' modyan A’ npu nomouwju C u mopgpusn I' = (a, B, 1¢) : E—
—E'. Ilapa (T, E’) onpedesena 00HO3HQYHO C mMO4HOCTBI0O 00 KOH-
epyanmnocmu E’.

HdorxasaTteasncrtBo. Mu JOMXKHE B JilarpaMMe

E:0—A4 5B5C—0
Yo e | (1.5)
E’:O—»A’-f>?-c-'->C——>O

3aMeHUTb 3HaK BOMPOC2 H MyHKTHPHLIE CTPEJKH TAKHM 06pa3oM, YTOGk!
JlMarpamMma CTa/Jla KOMMYTaTHBHO#, 8 HHXXHAS CTPOKa — TOYHOH. YUTOOKI
caesiath 3TO, BO3bMeM B npfMoit cymme A° @ B moxrpynny N Bcex
3/1eMeHTOB BHJa (—aa, xa), rae a € A. Bmecro ? B iuarpaMme noctaBum
¢akroprpynny (A’ @ B)/IN u GyneM 3amuchBaTh 3JeMEHTH 3TOi
tdaxkroprpynnel Kak (@', b) + N. Torana paBeHctBa %'a’ = (a’, 0) +
+ N, o {(a’, b) + Nl =0b u pb= (0, b) + N omnpegeasor oro-
6pakeHHs, KOTOpble YJOBJETBOPAIOT TpeGyeMbiM ycaoBHAM. Eann-
CTBeHHOCTb E’ MoOxer OBITh JJOKa3aHa HEMNOCPEACTBEHHO WJIH BhBeleHa
H3 CJeNYIOLEero «yHHBepcaJbHOro» cBOHCTBa paciinpeHus E’.

Jlemwma 1.5. B npednoaosicenusix semmor 1.4 awbold moppusm
Ty = (a4, By, v4): E - E, pacwupenuii c ay = a moxtem Goims 3anucan
e0UHCIMBEHNbIM 06PA30M 8 GUOE NpPOU36LOeHUS

B, 1 1,p,
(a, 8, 1) G.E( B, v1)

E E;.

Bonee kpamro, Ty moncro «nposecmu uepes» E — oE.

HJoxasateabcrTtso. Eciu B paciiupenun Ey = (%, 04) cpen-
HRUi1 Monyab By, To romomopguam B': (A’ @ B)/N — By moxHo ompe-
neauts paseHctBom P’ [(@', b) + N1 = »ya’ + Pib. Torza wmoxuO
npoBepHuTh, 4t0 By = B'P, uro (l4-, B', y1) — Mopdusm pacruupeHuit
¥ 4TO roMomop¢u3M P’ OJHO3HAYHO ONpEJEseH, TEM CaMhiM H 32KaHYH-
BaeTcs JIOKa3aTeJbCTBO.

M3 cBoiicTBa eiHHCTBEHHOCTH pacHIHpeHHs E BLITEKAIOT KOHTPY3HT-
HOCTH

Iu4E=E, (aad')E=a(a’E).
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CnepoBatenbho, Ext (C, A) — xoBapuaHTHEI (DyHKTOp NO aprymeH-
Ty A. U3 chenyromero peaynbrara Bpitekaer, uto Ext (C, A) ectb
6upyuxrop (ot A u C).

Jlemma 1.6. Han comomopdpusmos o, y u pacuupenus E u3
semm 1.2 u 1.4 cywecmeyem ronepysnmuocmoy pacwuperuti a (Ey) =
= (aE) ¥.

HokasateabcrTso. [To onperesennio Ey u aE cymectByior
MOpP(H3IMEI

1, B, v) (a, B2, 1)

E

Ey akE,
NpOH3BeJiIeHHe KOTOPLIX paBHO (a, P, Pi1, v) : Ey — aE. B cuay Jaem-
Mbl 1.3 paciuupenune (aE) y KoyHUBepcaJbHO AJSA TaKHX 0TOGpameHui,
T. €. (a, Bs, By, v) pasnaraercs B npousBeneHHe

(a, 4,8 v

aFE.

B, 1)
Ey (aE)y
Ho nepBriii MHOXKHTe/b 3TOr0 pasJioKeHHS ABJAETCS B TOYHOCTH TaKHM
MOPGH3MOM, KOTOpBIH 6bl1 HCNOJNBL30BaH B JeMMe 1.4 A MOCTPOeHHS
a (Ey) us Ey. 3HauuT, B CHIY YTBEpXKHEHHS 3TOH JieMMbl 06 eJHHCTBEH-
HocTH a (Ey) = (aE) v, uto u TpeboBajoch JOKa3aTh.

UTo6B! MPOHUAJIIOCTPHPOBATL MOJAE3HOCTh 3THX JIEMM, JOKaXeM

MNpennoxenue 1.7. Jan mobozo pacwupenuns E = (%, o)
komnozuyuu xE u Eo pacwenasiomes.

NokasaTedapcTBso. [Juarpamma

E:0>A—>B-25C—0

A

E':0—-B—-B@C—->C—0,

B KOTOPOIi 0TOGpaXkeHue v onpejedieHo gopMmyaoi vb = (b, 0b), kKommy-
taTuBHa. CieoBaTeNIbHO, Onpegenende xE u3 semMbl 1.4 NokaseBaer,
uto %E 3ajaercs HMMHeHl CTPOKOil H, 3HauMT, pacienasercs. [Tycrb
4yHTaTeJb IOCTPOUT JBOMCTBEHHYIO IMarpaMMy, KOTopas pacuienaser Eo.

[Tpennoxenune 1.8. Jobod moppusm pacwupenuii Ty =
= (a, B, y) : E = E’ erevem rornepysumnocms aE = E'y.

HokasateabcTso. B cany cBoificTBa yHHBepcalbHOCTH pac-
mwupenus aFE (1emma 1.5) otoGparkeHHe I'y MOXHO NpOBECTH Yepes
' E—~aE B Bupe I't=T,I', roe Ty = (la, B, y) : 0E —-E".
310 mocienguee oroGpaxenHe Xxapakrepusyer aE kak E’y B cuay
JeMMut 1.2.
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§ 2. Cioxense paciIMpeHHiH

[Tpamas cymma A @ C AByx mopyJeil MOXKeT pacCMaTrpuBaThCs Kak
KOBapHaHTHBIN 6u¢yHKTOp OT aprymeHToB A 1 C, MOCKOJBKY JAs JI06bIX
nByx roMomopgusmoB a: A - A’ u y: C —C’ cyumecTtByer IoMO-
MOP(H3IM

a@Py:ADC—-APC

¢ o6nluHbIMU cBOlicTBaMU (@ @ y) (@ P V) =aa’ @ W ulsy D e =
= l ag¢. DTOT rOMOMOPGHH3M MOXKHO ONpeJieHThb, MOJOXKHB (@ @ ) X
X (a, ¢) = (aa, yc), HAH ONPEJEJHTb KaK €IHHCTBEHHbIN rOMOMOPhH3M,
Jenaloui jHarpaMmy

A— A®C —C
be o ymy
AI(_AI@C/__»C’

KOMMYTaTHBHOH. B 3710/ auarpamMme KaxIas cTPOKa COCTOMT M3 NpOEeK-
umit, Kak 1 B I (8.12).
Huazonanoreui romomopduam monyias C — ato romoMopduam

A=Ac:C—-CPHC, A@)=(c, o). 2.1

OH Moxker OBITH ONMHCaH KaK rOMOMOpGH3M, NpeBpairalomuit aua-
rpamMmy

C=—=0C C
| |
clcpcSc

B KOMMYTaTHBHyI0. KoauaronaiabHOe OTOGpamenue moayas A — 3to
roMoMop¢dH3M

V——'—-VA:A@A%A, V(a‘, az)zai—}—az. (2.1,)

On nuMeer 1BOficTBeHHOe uarpaMmHoe onucanue: Vi, = 1, = Vi, A —
— A. Oro6paxennsa A H V MOryT GuTb HCNOJB30BaHH Jyis nepedopmy-
JIHPOBKH OOBIYHOTO OMpefieJieHHA CYMMEI f + g ABYX roMoMop¢H3MOB
f,g:C—A B Buge

f+g8=V4(® g Ac; (2.2)

YHTaTeJb JOJMMEH MPOBEPHTb, YTO NMPH TAKOM ONpEJEeJeHHH NO-Tpex-
HeMy (f + g) ¢ paBHsercsa fc -+ gc.

Ecan nanw mBa pacwepenus E; = (x;, 0;): A, » B;» C; naa
i =1, 2, To Mul OnpejeJHM HX NPAMYIO CYMMY KaK paciiHpeHHe

E‘G-)Eg:0—>A1@A2—-—)Bi@32—)ci@62—>0. (2-3)
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Teneps Mu nmpeBpatum Ext (C, A) B rpynny no cjioxeHuio, onpejese-
HHe KOTOpOoro ucnoJgnayet (2.3).

Teopema 2.1. [an Oanmsix R-modyred A u C mmuoocecmso
Extg (C, A) ecex xaaccos konzpysnmuocmu pacuiuperuil modysn A npu
nomowyu mooysn C sernemes aberesoll 2pynnot OMHOCUMEAbHO GURADHOL
onepayuu, KOmMopas conoCmasAnem KAacCam KOMZPYSHMHOCMU pacuiupe-
rull Ey u E, KaacC KOMZpYSHMHOCMU paCUIUDEHUA

Ey+Ey==V4 (Es@ E») Ac. 2.9

Kaacc  pacuenasouezocs  pacwupenus A » A @ C» C  asanemcs
HYAeBoiM SAemenmom Smoil epynnvt, 8 Mo 6pems Kaxk o6pamHsim OAR
moboeo pacwupenus E caywcum pacwuperue (—1,4) E; 0a8 2omomop-
Qusmos a: A > A" uy:C —C ewnosnens. pasencmsa

a(Ey+Ey) = aE;-+-aE,, (Ey+E)y=Ew+Ey, (2.5)
((l‘ -+ (12) E = 01E+ (le, E (Yi +’Y2) = E’Y‘ + E’Yz. (2.6)

Komnosuuus (2.4) HsBecTHa KaK caostenue bapa; npasuio (2.5)
ycTaHaBJHBaeT, 410 oOrobpaxeHns a,: Ext (C, A) > Ext (C, A)
n y*: Ext (C, A) > Ext (C’, A) saBasiorcs rpynnoBbIMH TrOMOMOp-
¢H3IMaMH.

Mg jaauM B2 pasnHYHBIX JOKasatesnbcrBa. [lepBoe U3 HHX «BBIYHC-
JAUTe1bHOe»; OHO NOX0XKEe Ha BBIYHCJAEeHHS, NpoaeaaHHbie B § 1 fas Toro,
yTo6bl Nokasatb, uto Ext; (Z,,, A) ectb rpynna A/mA.

BoabMeM npousBoJbHOe pacuypedHe E = (%, ) monyas A npu
noMowu Moayas C, rae o: B» C. [lasa kamxaoro 3jeMenrta ¢ us C
Beifepem npeAcTaBHTenss u (€), T. €. Takoi 3aeMmeHT u (c) € B, uTO
ou {c) = c. Ias kaxnoro r € R pasHocTb ru (¢) — u (rc) € ®A B cuay
TOYHOCTH E; aHajlOrMyHO ecqH 3JjemenTh ¢, d €C, 10 u (c + d) —
— u (¢) — u (d) € xA. CienoBatebHO, CYLIECTBYIOT 3JemeHTh f (¢, d)
ugi(r,c) €A, 1N KOTOpPHIX

u()tu@=x«f(c,d)+u(c+d), ¢, deC, (2.7a)
ru(c)==g(r,c)+u(rc), reR, cecC. (2.7b)

HasoBem napy ¢yukuut (f, g) cucmemoid ¢axmopos pacuwiupernus E.
[Iycte B TeueHue 3TOro JpoKasatenbcTBa Fg (C,A) o6GosHayaer MHO-
xectBo Becex mnap (f, g) pyukuuit f, onpenesennnx Ha CXC co 3Ha-
yeHUAMH B A B ¢yHKuui g, ompepeeHHbIX Ha RXC co 3HaueHHAMH
B A. Kaxnas cucreMa ¢akrtopoB sBJjsiercs 3jemeHToM H3 Fg (C, A),
a Fp Gyner rpynno# OTHOCHTEJBHO MOUYJEHHOrO CJAOMKeHHS, T. €. OTHO-
curenbio onepaund (fy + fo) (¢, d) = fy (c, d) + [2 (¢, d).
Cucrema (aKTOpPoOB 51 mOCJefoBaTeNbHOCTH E He elHHCTBEeHHA.
Has npyroro BriGopa npencraBureseii u’ (€) Mbl JOJMIKHH UMETh COOTHO-
weHue u’ (¢) = »h (¢) + u (c), rne h — HekoTopas ¢pyHKuMA U3 CB A.
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MoxHO nopcuuraTh, 4YTO
u)+u (dy=%fh(c)+hd)—h(c+d)+f(c, ) +u' (c+d),
ru’ (€)= x[rh () —h (rc) + g (r, ) -+ (rc),

HoBas cucrema dakropos f' (c, d), g’ (r, ¢) A1 npexcraButeneit u’
ompeje/asieTcs BbIpaXKeHUSIMH, CTOSIIHMH B KBafipaTHHIX CKOGKax B Ha-
NHCaHHHIX BbIlle paBeHCTBaX. Mbl MOXKeM BEIpa3HTb 3TO OOCTOATENb-
CTBO MO-IpyroMmy: AAf KaxIoi yHkuuu h, otobpaxatomeit C B A,
cymectByer aaemeHT (8¢h, 8gh) € Fg (C,A), onpejeneHHblt caenyio-
HM 06pa3oM: :

(8ch) (c, d)=h(c)+h(d)—h(c+d), (8gh)(r,c)=rh(c)—h(rc).

CucreMa ¢aktopoB f', g’ nis npencTaBuTeselt 4’ TOrma uMeer BMJ
f'.g) = (f, 8 + (dch, drh). O6paTHO, J0Gan TaKasa GYHKLUHA A MOXKET
GuITh HCMOJb30BaHa AJf H3MEHEHHS TpeNCTaBHTeNeH pacuiHpeHHs.
[Tostomy ecan Mbl 0603HauuM uepes Sy (C,A) moprpymmy Bcex map
¢yuxkuuit u3 Fg (C, A), nmeromux Bua (8¢ch, 8gh), TO cHcTeMa ¢akTo-
poB (f.g) pacmuupenns E oKxasbiBaeTcsl OJHO3HAYHO OMpejeseHHOH
no moxyao Sg (C, A).

Ucnoarayem Teneps ¢akroprpynny Fpg (C, A)/Sg (C, A); kax-
IOMY pacmihpenuio E comoctaBHM cMmexHbii kiaace o (E) u3 Fg/Sp,
cojlepaIHil KaKylo-T0 cHcreMy daktopoB (f, g@) 3TOro pacuinpenus.
Ksace o (E) oqHO3HauHO ompejensercs pacmidpeHueM E.

KoHrpysnrHocTh pacuinpenHii otobpaaer npejcTaBuTeseil B npea-
CTaBHUTeJH, CJel0BaTeIbHO, KOHMPYIHTHBIE paclIMPeHHS HMEIOT OJHH
M Te e cHcTeMmbl ¢akTopoB. OTCIOfla Cc/lejyeT, YTO @ €CThb B3aHMHO
0JIHO3HayHOe 0TOGpaXieHHe MHOMKECTBA KJacCOB KOHI'PYSHTHBIX paciiiH-
peHHi Ha mnoAMHOMKecTBO aGeneBoil rpymnnbet Fpg (C,A)/Sg (C,A).
Yro6bl nokasatb, uto Ext (C,A) aBaserca aGeneBoit rpymnnoii oTHO-
CHTEIbHO CJOXeHHf DBapa, noctatouno npoBepHTh CHpaBeAJaHBOCTDb
paBeHCTB

o (Ey+ Ep) =0 (E))+0(Ey), o[(—14)E]= —0o(E).

[TepBoe paBeHCTBO BhITEKaeT H3 MOjCYeTa CHCTEMB! (paKTOPOB JiJIsl Paciiu-
peuus Ey @ E, u, suauut, ana E, + E,. Bropoe paBeHCTBO BRITEKaeT
H3 3aMeuaHusd (HauepTuTb auarpammy!), uto (— 1,) E noayyaercs
u3 E H3MeHeHHeM 3Haka y oTo6GpaxeHHs % : A > B H, 3HauuT, H3Me-
HeHHeM 3HaKoB y QyHKuH# [ M g, cocTaBAfomUX cHcTeMy (akTOpOB.
Hakonen, paciuenasiomeecs paciinpeHue E, B KauecTBe OJHOK U3 CH-
creM ¢akropoB umeetr napy (0, 0) u mostomy sBAseTcs HyJeM OTHO-
CHTEJIbHO BBEJIEHHOrO CJIOXKeHHS.

Bo3mokHO TakKe (CM. ynpa)kHeHHs) OXapaKTepH30BaTb HENOCPEs-
CTBEHHO Te mapel ¢yHKuUHA (f, g), KOTOpPEle MOr'yT BCTPETHTbCH KaK
CHCTEMH (PpaKTODOB pacUIHPeHHA M, CJlel0BaTe&IbHO, NOKa3aTth, YTO

7-353
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lé:xtn (C, A) ectp abeneBa rpynna, Boofllle He HCHOAB3VA CJIOXKeHHe
apa.

IlokaaarenbeTBO cooTHOHeHus (2.5) npocto: Fr (C, A)/Sy (C, A) —
310 OHYHKTOP, 2 @ — €CTeCTBeHHRIH roMoMop¢u3aM. JIoka3aTeJbCTBO
(2.6) auanorhuno.

' . MH Tenepb nepexoiHM KO BTOPOMY (¢yMO3pPHTEJIbHOMY?®) JJOKa3aTe/b-
cTBy TeopeMul. Jlas npsamoit cymmbl (2.3) AByx pacuinpennft E; KOHTI-

PY3HTHOCTH
(01 @ a3) (Es @ Ez) = o4 Ey @ B, (2.8)
(Es@® E2) (v+ @ ¥2) = Evv1 @ Ezy, (2.9)

MOTyT GHiTh yCTaHOBJeHH IPH MOMOLIH JeMM § 1, KOTopble XapaKTepH-
aytor koMnosuuHd E,y; H a,E,. lna romomopgusma a : A — A’ nerko
pOBEPHTh, YTO

aV=V(aePa):ADA—-> A (2.10)
H aHaJOrMyHo Aas romoMopgusMa y : C' —C
Ay=(y®yA:C—>CPC. (2.10")

Teneps caenyiomasn 1enoYKa KOHIPYIHTHOCTE! JJOKa3blBaeT yTBEPK-
JeHue (2.5) TeOpeMnl:

a(Ey+Ex) = aV(Es@E) A=V (a@a)(Es @ E)A =
=V(@E® aEz)_A = aE;+aE,;

BTOpas NOJOBHHA YTBepXKIEHHS JOKa3WBaercs aHaloruyHo. Jlokasa-
TebeTBO (2.6) MpOBOAMTCA MapalJeNbHO MpPHBEAEHHOMY, KaK TOJABKO
MBEl YCTQHOBHM, 4YTO

AE=(E@E)A, EV=V(EQE). (2.11)

[Tockonbky Tpoiika (A4, Ap, Ag) : E > E @ E sBasierca mMopdusmom
pacluHpeHHU#, NepBoe H3 3THX COOTHOLIEHHI BHITEKaeT M3 MpelJOXKeHHs
1.8. AnanornuHo u3 Toro, uto tpoiika (V, V, V) : E@ E —E ectb
MOp(H3M, BLITEKaeT BTOpOe COOTHOLIeHHe. ‘

~ Tenepn mokakeM, uTo cj10xeHHe Bapa (2.4) npespamaer Ext B rpyn-
ny. AcconMaTHBHLIA 3aKOH BbITEKaeT H3 onpejedeHHs (2.4) cpaay,
KaK TOJbKO YCTaHOBJEHO, YTO JHarOHajJbHOE U KOJHaroHaJbHOE OTOG-
paXkeHHS YIOBJETBOPAIOT TOXJAECTBaM

APl)A=(1cPAA:CCHCDC, (2.12)
VVPRl)=V(1.OVN:ADADA—A. (2.12")
DTH TOXJIecTBa CJEIYIOT NpsAMO H3 onpejedednit A u V, eciu otox-
nectButh (CP C) @ Cc C @ (C @ C) npu nomoinu OYEBHIHOrO H30-

mopgusma. JIs JOKa3aTeJbCTBA KOMMYTaTHBHOIO 32aKOHa JJs CJOXKe-
HHs1 Bapa ucnonabayeM H3oMopduaM T4 : Ay @ A; > A P A4, onpe-
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JeJIeHHEIl paBeHCTBOM T4 (a3, @;) = (@2, @y) (MM NPH XeJaHHH CBOil-
CTBOM YHMHBEPCaJlbHOCTH H TNoaxoAsmeii auarpammoii!). Mopduam
(ta, T8, T¢) : (E1 @ E3) - E» @ E;nokasniBaer, uto 14 (E1 @ E») =
= (E; @ E,) t¢; noacuetoM WM NMpH NOMOLIH AHUarpaMMbl JOKa3hIBaeT-
cfl, 4T0 VT4 = V4 M Ag = 1cA¢. CnefioBaTesIbHO, KOMMYT2THBHMIH
3aKOH MOJIyyaercs MOCPEACTBOM IIEMOYKM COOTHOLIEHHH

Es+ E=V(E\@E)A=VT(E@E)A=
=V(E@E)TA=V (Es@E) A=Ey+E,.

Jns Ttoro uto6H mNOKasaTb, YTO paciuuenJsomeecs pacwinpenne Eo
IefiCTByeT KaK HyJb Aas cioxeHHa DBapa, cHavasa samernm, uto Bif

aoboro pacukpenus E € Ext (C,A) cymecTByer KoMMyTaTHBHas
Iuarpamma

E:0>A—>B-—25C—0

oo

Eg: 0> A—->APC—- C—0,

rae v — orobpaxkenne, jgeficTByiomee Tak: vb = (0, ob) = t,0b. 3ra
IHarpaMMa yTBepXKIaeT, YTO paclielAoeecs pacliupedde £, MoXeT
ObiTb 3amHCaHO KaK KOoMnosuuus Eq = 04E, rae 04 : A - A — HyJte-
Bofi romoMopdu3am. Tenepp B culy 3akoHa AHCTPHGyTHBHOCTH E -
+ Eqg=1,E + 0,E = (14 + 04) E = 1,E = E. AHanorugsoe Jao-
KasaTeIbCTBO MOKa3biBaeT, 4TO (—1,) E ecTb ajuTHBHHA o6GpaTHHI
K E otHocHTeabHO chaoxeHHss Bapa. Hawe Bropoe nokasartesnbcrso
TeOpeMhl 32aKOHUYEHO. _

Bropoit amctpn6yTUBHHIA 3akon (2.6), coaepxamuiics B 3TON Teo-
peMe, MOXHO BHDa3HTh CJEAYIOIHM 06pasoM. [ KamIoro romomop-
¢usma a:A - A’ nyere a,: Ext (C, A) — Ext (C, A’) o6osnauvaer
MHIYIMPOBAHHEI TrOMOMOP®H3M, H aHaJOTHYHO NOJOXMM Y*E =
= Ey. Torna (v{ + v2) E = v{E + viE, Tak uto (2.6) Moxuo nepe-
nicaTh B BHJE

(@ +az)e =(01)y +(0e)gs (Va4 V2)*= (v0)* + (yo)*.

ToBopsit, uto 6UYHKTOp addumueex, eciv O 06JajfaeT STUMH CBOM-
crBaMH. ToyHo Tak xe, Kak U B (1.6.5), H3 3THX CBOHCTB BLITEKAIOT €cTe-
CTBeHHble H30MOP(H3ME!

Ext(C, A4, @ A4,) &«Ext (C, 4,)® Ext (C, 4,),
Ext (C, @ Cs, A) 2<Ext (Cy, A) @ Ext (C,, A).

Ias R = Z u xoneyHo nopoxeHHON abeseBodt rpynnu C 314 dbopMyn
BMecTe ¢ npeanoxenuem 1.1 u pasencrsom Ext; (Z, A) = 0 nosso-
JfI0T Bhiuucauth Extz (C, A). - : .

T*
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CaencrtBue 2.2. Ecau koneunvie aberess epynnot A u C umerom
83auUMHO npocmsie nopadku, mo ao6oe pacuuperue A npu nomowu C
pacwenanemcs. .

JokasateabcTBo. [lyetb m ® n— nopaaxku rpynn A
n C u nycTb pp, : C > C — romomopdusM, onpeje/ieHHbIH YMHOXKEHHEM
Ha m aneMeHTOB U3 C, TaK YTO W, = mc. [TockoabKY 'm H n B3auMHO
NpOCTHI, CyllecTBYeT Takoe m’, uto m’'m = 1 (mod n), crenoBaTeNbHO,
Iy — ABTOMOP(H3M, H KaXAwi ajaemeHT H3 Ext (C, A) umeer Bup
Ep,, nns nekotoporo E. OnHako p,, = 1¢g + . . . + ¢ (m caaraemeix),
TaK 4TO .

Epm=E(lg+ -+ +1c) = (la+ -+ +14) E=vmE=0,

rae v, : A - A — rakoit romoMQp¢HsM, 4TO v, (@) = ma = 0, uTO
H Tpe6oBaJOCh NOKa3aTh. :

YNPAXHEHHGH4

B cnexyromyx ynpaxueHusx yAo6HO CYHTATh, YTO BCE CHCTEMB )aKTOPOB
{f.€) YHBOBJNETBOPSIOT «YCJOBHIO HOPMaJIH3AIMH»:

fc, )=0=Ff(0, d), g(r,0)=0.
SToMy YC/OBHIO Bcerja MOXHO YAOBJAETBOPHTb, BHOGpAaB NPeJCTABHTENH u TaK,
yrobum u (0) = 0.

1. IMokasats, uro Ans a6elesuix rpynn (r. e. npu R = Z) «uopmaiusoBan-
Haf» pyukuHa H3 CxXC B A Torja M TOJNBKO TOrAa sABJAsAeTcA cHcTeMoft dakro-
PoB IJa pacliHpeHu# aGedeBHXx rpynn, Korxa

fc, D+f(c+d, ey=Ff (e, d+te)+f (d, e), flc, d=f(d, ),
4YTO COOTBETCTBYET 3aKOHAM acCOUHaTHBHOCTH H KOMMYTATHBHOCTH.

2. Mycrs Gz (C,A) — MHOKeCTBO BCeX HOPMaNW3OBAaHHHX (YHKUHA f,
YAOBAETBOPAIOMKX TOXKAECTBaM YNpaMHEeHHS _l. Iokasare, uto Extz (C, A) =
e Gz (C,A)/Sz (C,A). '

3. YgasaThb asajor ynpaxHeuwHs | ans npoHsBoAbHOro KoJdbua (ykasaTh
TOMIECTBA A cucteM HAKTOPOB, COCTOALHX H3 ABYX dyuxuuhk f u g).

§ 3. MipensaTcTBHs A8 NPOROGJIKEHHS roMoMopdH3moB

Mbi yxe oTmeuatd, yro ¢yHkrop Hom He coxpanser TouHocTb
noc/ieAoBaTeJbHOCTEH, NMOTOMY 4TO romoMopgusm a: A — G nomMo-
ayas A moayas B He Bcerfia MOXeT GbiThb NMPOJOJIKEH A0 TOMOMOpP(pH3-
Ma B B G. Mu MoXeM Tenepb ONUCaTb HEKOTOPHIH 3JeMeHT aF u3
Ext (B/A, G), KOTOpHIt CAYKHT «NPENATCTBHEM» AJS 3TOr0 MNpOaoJ-
JKEHHA. :

JdJemwma 3.1. Myemoe A — nodmodysb modysn B, u E:A» B
-» C — coomeemcmeylouan Mo4Has nocAL008amesbHOCb, 68 KOmopot
C = B/A. Tomomopdpuam a: A —G moxnem Oomb npodonsicen 0o
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2omomoppuama B —G moz0a u moaske mozda, koeda pacuiuperue
aE pacugeninemes.

JokasateanbcTso. [IpeinosoxuM cHaYala, 4TO a@ Hpo-
Joaxaerca a0 a: B —G. [Toctpoum puarpammy

E:O—->A——>-B—°—>C—>O

|
Fooloa |

B KOTOpO# E’—nnarpamma BHewHe# np;mon CYMMBI C BJOMEHHEM Ly
H npoekuuei m,. [TocTaBuM BMeCTO NYHKTHPHOMN CTPeJKH OTOGpaXeHHe
b —(ab, ob) = 1,4b - 1o0b. [Tonyualomasnca B pesyiabTare AHarpam-
Ma KOMMYTaTHBHa H, CJeIOBaTesbHO,. ompejnenser Mopdusm E —E’.
B cornacun c aemmoit 1.4 E’ = aE. [lockoneky E' paciuenusercs,
aE Ttaxke pacienssercs.

O6pamo, npennoNoxuM, 4to eF pacmenasercsa. JJHarpamMma
E:0>A —-B »-C—0
I b
Y my
eE:0 -G 2B —C—0,

Ty

HCMOJIb30BaHHasg JMA mocTpoeHuss afF, onpefensier oTo6paxeHHe
P : B — G, KoTopoe fABJAAETCHA NpPOAOAIKEHHEM a. JleMMa JoKa3aHa.

ConocraBJienne Kaxuomy a: A —>G ero npensrctBus aoF asasercs
BBHAY (2.6) rpynmnoBeM roMOMOpGH3MOM -

E* : Homg (A, G) — Extg (C, G).

Hasosem 3TOT roMoMOp¢H3M CBS3BLIBAIOIIMM FOMOMOpPGH3MOM AJIfi TOY-
HOH mocaenoBaTesibHOCTH E.

k] g
Teopema 32. Ecau E :A>» B-»C — rxopomxas mounan
nocaedosamenvrocme R-molyaeii, mo nocaedosamesbrocme

0 — Homg (C, G)— Homg (B, G) — Homz (4, G) =
B Extn (C, G) S Extp (B, )5 Extz(4,G) (3.1
abenesvtx zpynn mouna 041 4106020 R-modyan G.

HokxasarednbcTBo. Beuny 1(.6.7) nam yxe usBecTHa TOY-
HocThb B wieHax Hom (C, G) n Hom (B, G). Jlemma 3.1 ycraHaBauBaer
Tounoct B Hom (A, G). Ilo mpemnoxenmo 1.7 o*E* = (Eo)* = 0.
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O6parno, 49TOGbl yGEAMTLCS B TOM, UTO SIAPO COAEPIKHTCA B 0Gpase
rpynnet Hom (A, G) B Ext (C, G) Mbl 101KHBI B3SITh TAKOE paciiMpeHHe
E, € Ext (C, G), uro E 0 pacinenasercs, U noxasatb, 4o E CAyXHT
NpenaTCTBHEM J11 HEKOTOpOro otoGpaxenus A — G.. B CHIY paciuen-
AseMoctH E,;0 KOMMYTaTHBHa Auarpamma

A

L]

E0: 0+GC->GOB B0

e

El: 0 '—)GLPBl—al—)C—)O .

~ Pacienasiomee otro6paxkenne p, yMHOMeHHOe Ha P, maer ortoGpa-
skenve By = Pp : B — B, (ykadaHo NMyHKTHpHOH CTpeJKO# B mnpHBe-
IeHHOH BBIlie AHArpaMme), KOTOpOe JieJlaeT NpaBuIfi HHIKHHI TPEYTOoJb-
HHK KOMMYTAaTHBHbIM. 3HauMT, 03fy% = ox = 0.  Ho nocaenoBarennb-
HocTb Ey TouHa, Tak 4TO fy% mpeacTaBUMO B BHIE X404 LIS HEKOTOPOro
ay: A = G. Torna Tpofika (ay, Py, 1) : E - E4 aBasierca MopdH3MOM
TOYHBIX TOCJ/IEIOBATEJNbHOCTEH, - KOTOPHH YyCTaHaBjiMBaeT, yt0 Ey =
= G‘Eo ’

AHanornyHbBIM paccyKeHHeM JOK33biBaeM TOYHOCTb MNOCJe0Ba-
tenbHOCTH B Extnp (B, G) H TeM caMbIM 3aKaHUHMBaeM JOKa3aTeIbCTBO
TeopeMHI.

" Sra TeopeMa yTBepxaaer, uto dyHktop Ext HenpaBasier HetounocTs
¢yukropa Hom cnpasa. B 10 xxe Bpema Ext nopoxnaer noByio Herou-
HOCTb: B mocaenosatenbHocT# (3.1). oto6paxenne. Extp (B, G) —
— Extg (A, G) He Bcerna sBAseTCA 3NHMOPGHIMOM (CM. yNparKHeHHe).
IIaA omucaHus KOSApa 3TOro o*ro6pa>xemm MEl HYXJi@eMcs B HOBOM
¢ynkTope Ext2.

OGparuMcs Tenepb K Takofl 3ajadye: KOrjaa romomopcusm y : G —
— B/A MOXHO «nofHATB» 0 B, T. e. KOrja cymecrByer Taxoﬁ romo-
mopdu3aM ¥ : G — B, uTO y papHfieTca nmpouaseaeHHio G - B — B/A?
ST0T BONpOC NPUBOJUT K JieMMe, ABOMcTBEeHHON NpeAnayiei emme 3.1.

JJemma 3.3. ITycmv C = B/A — paxmopmodyrs, a E — coom-
8emcmeyouyan  mouHan “nocaedoeamenvrocme. I'omomoppusm vy : G —
—B/A moscem 6Goump nodHam 0o, aououoptbuama V:G—> B moeda
¢ moabko moeda, Koz0a pacwuperue Evy pacujenasemcs.

JIOKa3aTeJIbcTBO B TOYHOCTH ABOHCTBEHHO JAOKA3aTeNbCTBY JeMMbi
3.1 B ToM cMBIC/ie, YTO HaNpaBJleHHs BCeX CTPEJIOK H3MEHEHH Ha IMpo-
THBOMOJIOXKHEIE H TP AMbie CYMMH! 3aMeHeHbl IPAMBIMK POH3BeIeHH AMH.
CuoBa HasoseM 3anement Ey € Ext (G, A) npenamcmsuem nas nopHa-
THA y. ComocraBnenne xaxmomy y: G'— C ero npensatcrsus Ey ompe-
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IejsieT TPYINNOBOH TOMOMOPGH3IM
E, :Hom (G, C)— Ext (G, A),
Ha3hiBaeMBIH CBSA3HBalOHM roMoMmopdusmoM aas E.

Teopema 3.4. Ecau E:A>» B-»C — xopomkasa mo4Han
nocaedosameasrocme R-modyaed, mo nociedosamenbHocmb

0 — Homg (G, A) — Homg (G, B) — Homg (G, C) By
£% Exta (G, A) — Extz (G, B) — Extz (G, C) (3.2)

abenesbix 2pynn modna 0an Kaxcdozo R-modyan G.
HdokaszatenncTBo ZBOHCTBEHHO J0Ka3aTeJbCTBY TeopeMul 3.2.

Teopema 3.5. R-modyss P npoexmuser moeda u moasko mozda,
xoeda Exty (P, G) = 0 04n moboeo R-modyan G.

ITo Teopeme 1.6.3 P npoeKTHBEH TOTJa H TOJBKO TOTAa, KOrja Kax-
Joe pacliHpeHHe npH momomu P pacmenasercs. Teopema 3.2 yka3shl-
BaeT cJaefylOIHi nyTh AaA onpeleeHus rpynnu Ext.

Teopema 3.6. Ecau C u G — dannoe modyau uecnuF:K:-'

»®
= P » C — mounaa noc.ie0osamesbiocnb € NPOEKIMUBHUIM  MOOYAEM
P, mo

Extg (C, G) 22 Homg, (K, G)/»* Homg (P, G). (3.3)

B uacmuocmu, epynna, cmosuas cnpasa, He 3asucum (C Mo4HOCMbIO
do usomoppuana) om awvibopa Kopomkoti mounol nocaedosamersrocmu F.

JloxaszateabcTBo. B (3.1) 3aMennM nocaenobarenbHocTh E 1O~
caenoBateabHOCTbIO F. [Tockonbky Monyas P npoekTtuBeH, Exty (P, G)=
= 0 ¥ ToyHoCTh nocienoBatenbHoctH (3.1) maer dopmyay (3.3) ans
Extg (C, G). '

[Nockoabky ao6oit Momynp C MOXKHO NPEACTaBHTh Kak (haKkTop-
MOAYJb CBOGOAHOTO MOZRYJSl, MOMHO BHYHCAHMTb Bcerja Extgp (C, G)
no ¢opmyae (3.3), B kKotopoit P cBoGogeH. Hanpumep, Toynas nocae-

H

IoBateJbHOCTb Z » Z-» Z/mZ, B KOTOPOH TrOMOMODP()H3M * O3HauaeT
YMHOXeHHe Ha LeJoe YHCAO m, AaeT IpeicTaBJeHHe IHKJAMUeCKOH
rpynnu Z,, Kak ¢akroprpynnel rpynast Z. [Tockoasky Hom (Z,4) =~
= A, rjie u3oMophu3M yCTaHaBJIHBaeTcs 0TOGPaXKeHHEM, NepeBOLSIIEM
KaXnpiii roMoMopdusM f: Z —~ A B anement f (1), MbI nosyuaeM H30-
Moppusm Ext, (Z,,, A) =< A/mA. 1o cootBeTCTBHE yHe GBIO HCIIOJb-
30BaHO B npensoxeHuy 1.1.

Ipennoxenne 3.7. Hra aberesoix epynn nocredosamenbro-

cmu, ykasarmusie 8 meopemax 3.2 u 3.4, ocmaromes MoYHbIML, ecAU cnpasa
dobasums nyap.
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HJokasaTtedabcTso.B cayuae Teopemb 3.2 MH IOJKHBI IOKa-
3aTh, YTO MOHOMOpPH3M % : A > B HHAyuHMpPyeT 3NHMOPGH3M
x*: Ext (B,G) — Ext (4,G). Lns 3toii uenu Bo3bMeM cBoGogHylo aGe-
aAeBy rpynny F H snuMopdusM @ : F —» B ¢ agpom K. Ilyers L =
= ¢~ (»A). Torpa @ oro6paxaer L Ha xA c TeM xe aapoM K  nosro-
MY BO3HHKaeT KOMMYTaTHBHAas AHarpamma

E,:0—K—L-—->A—-0

[

E,:0—>K—>F%B_>0

¢ TOUHBHIMH CTpOKaMH E, H E,; chaepoBarenvno, Ey, = E,x. Orcloza
MBI [IOJyyaeM KOMMYTAaTHBHYIO JHarpamMmy

Hom (K, G)E’;Ext (B, G)
I
Hom (K, G) — Ext (4, G)— Ext(L, G)

C TOYHOH HH)KHeH CTpOKOH B cHay TeopeMul 3.2. Ho L'kKak noarpymnna
cBo6oznHO# abesieBolt rpynnul cama cBo6ogHa. ITo reopeme 3.5 Ext (L, G)=
= 0, caenoBareabHO, oToGpaxenne E; M3 pquarpamMMmbl fiBAsieTcs
3NMMOpGU3MOM, a MO3ITOMy M %* — 3nHMopdu3M, YT0 M TpeGOBaNOCh
JI0Ka3aTh.

B cayuae Tteopempl 3.4 HaM JaHa TOYHas IIOCJeAO0BATENbHOCTD
E:A»B-»C, ¥ Mb J0axHb HOKas3aTh, 4YTO 0TOOpakeHHe
Ext (G, B) - Ext (G, C) — snumopdu3sm. [IpencraBuM m1060ii 3meMeHT
u3 Ext (G, C) tounoft mocnenoBatesnbHocThlio S: C > D -» G. ITockoab-
Ky p: C - D — moHOMOP(H3M, yHe pacCMOTPeHHBI Caydail Teope-
Mbl 3.2 NOKasbBaeT, YTO CYIIeCTBYeT TOYHAs IOCJAEA0BATeN]bHOCTDb
E:A» M-»D, naa Koropoit p*E’' = E. DTHM YCTaHOBJEHO, YTO
Mbl MOXEM MOMOJHHTb CJAEAYIOmYI0 KOMMYTaTHBHYIO JHarpaMMy TaKHM
06pa3oM, 4TOOhl NepBbie JBe CTPOKH H NocjeqHul cTon6el GbLIH TOYHBI:

E:0—>4-—-»>B—-C—0

[T
E':0-—>A->?->D—0

v ¢

G =G.

JuarpaMMHBIZ NMOHCK NOKa3niBaeT, YTO CPeAHHH cToq6el TOYeH. IJTOT
cpelHuit cronbew M npencrasaseT agemeHT M3 Ext (G, B), oto6pamxaio-
muiics Ha nocienHHi cronbeu S € Ext (G, C), uto H TpeGoBanoch
JIOKasaTh.
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OrMeruM, 9TO NpHBejeHHAs Bhllle AHarpaMMa CHMMeTPHYHA: eClH
TOYHBI BEpXHSAA CTPOKA H NpaBbli cT0/16el, TO TOYHOCTb CpeftHel] CTPOKH
IKBHBAJNIEHTHa TOYHOCTH cpeaHero ctroabua. B cayuae teopembl 3.2
yTBepXKAaeTcsi, UTO AMarpaMma MoxeT GHITh NONOJNeHd TaKHM o6pa-
30M, 4TOGbl CpeflHsAs CTPOKa O6blia TOWYHOH; B caydae TeopeMbl 3.4
yTBepXKAaeTcs, yTo AHarpaMMa MOXeT GbIThb MOINOJHEHA TAKHM 06pasoM,
4TO6H CpegHHi crogGel 6u1 ToueH. ToT ke (hakT MOKHO COpMYAHPO-
3aTb Ha TpYNNOBOM f3blKe CJAeRyloHM 06pas3oM.

Cnepcrsue 3.8. Ecau Oanw abesesor cpynnst D u A < B
u monomopguam p : B/A » D, mo cywecmayem abesesa epynna M o B
u npodoaycerue p 0o usomopdpusma M/A =~ D.

J10 cle[lICTBHe NPUBOIUT K NOCTPOEHHUIO rpynnul M no gaHHOH mox-
rpynne rpynnel B H «HakprBamouei» ¢akroprpynme D.

YOPA)XHEHHS4A

1. (Herounocts Ext cmpaea.) Ilyerb R = K[x,y] — xonbio MHorodwJe-
HOB OT JBYX HEHM3BecTHHX X H y ¢ KosbduuueuraMu u3 noia K, u nycrb
(x, y) — ngean, cocTOAIHNA U3 BCEX MHOTOYJIEHOB €O CBOGOJMBIM YJIEHOM, PaB-
Hum 0, ¢pakropmonyab R/(x, ) usomopden noaw K, rae K paccmarpusaercs
Kak Takofi R-mopyab, uro xk = 0 = yk jpnsa scex k€K, a E: (x,y) » R »
- K — rouHas nocaepoBaTelbHocTb R-Moxyaef. IlokasaTh, uTo oroOpamenue
Extp (R, G) - Extp ((x, y), G) He AiBAAeTCA 3MUMOpdHU3IMOM 1A Beex G, BHGpaB
BO BTOpOMl rpymme TaKoe pacll¥peHHe, B KOTOPOM (X, y) NMpEACTaBAAETCA KakK
¢daKTOopMOLYyah CBOGOZUOrO MOALYJAA ¢ LBYMA oGpa3yIOL{HMH.

2. Tlogo6HuM e o6pasoM MOKa3arb, 9TO MocJel0oBaTeNbHOCTh TeopeMu 3.4
He BCEerja MOKET OKau4MBaThcA HYJNEM € COXpaueHUEM TOUHOCTH.

3. Iloxaaars, uro ciegcreue 3.8 NMPUBOIUT K clelylomeMy (camoxBoficTBeH-
HOMY) YyTBepKIeuuio: Jio6of roMomopduam a: B — D aGeseBHX IPYNN MOMXKHO
3anucaTh B BHJe TNPOU3BEJEHUA @ = TV, TJe Vv — MOUOMOPU3M, T — 3MUMOP-
¢uam u Ker v =v (Ker a).

4. Jlatb npsAMoe JOKa3areJbcTBO BTOPOA TNOJNOBHHH Npeinomenus 3.7
(samucarb G Kak ¢axTOprpynny cBoGOZHOH TIpYNIMA).

5. Jlokasarb npepnomkenye 3.7 jna Mogynedl Haj KOJbLOM IJ1aBHEIX HIe€aJoB.

6. Ilaa npocroro uuciaa p u taxod aGeaesodt rpynnu C, yro pC = 0, goka-
3aTh, 4TO

Extz (C, G) = Homgz (C, G/pG)

(OfinenGepr — Maxnedn [1954], Tteopema 26.5).

7. lag npocroro ucia p afiuTHBHOA IPpyNNu P BceX palMOHANbHBIX YUCEX
BHRa m/p®, m, e € Z, ¥ apAUTHBHOA IpYNNK p-agjHuecKuXx uces Z® poxasarb, 4To

Extz (P, 2) & Z(»/Z

(Ofnenbepr — Maknefin [1942], ZoGasnenue B).



106 Tr. 1I1. Pacwupetnusr u pesosvaermot

§ 4. Teopema 06 yHuBepcaJbHbix KoatpHuHeHTax
RISl TPYNn KOTrOMOJOrHH

B kauecrse nepsoro npuaoxenus ¢pynkropa Ext mbl pagum Meton
«BLIYHC/IEHHS» TPYNN KOTOMOJIOTHH KOMIJEeKCa ¢ NPOM3BOJIbHOH Tpyn-
‘nofi K03 HEHTOB N0 TPYyNIaM FOMOJIOTHH 3TOTO KOMILIEKCAa — B Npefl-
HOJIOKEHHH, UTO MBI HMeeM JIe]I0 C KOMIIJIeKCaMH CBOGOXHBIX abeJe-
BBIX I'PYNN HJH CBOGOAHHIX MOAYyJeH Hal KOJbLOM TJAaBHHIX Hje-
aJIoB.

Teopema 4.1. (06 ynusepcarvmsix xosppuyuenmax.) ITycmo
K — romnaexc ceobodwnsix aberessix epynn K, u nycme G — npoussoan-
Has abeaega epynna. Toz0a 048 xaxcOoll pasmeprocmu n umeemcs mo4-
Has nocaedosamenbroCHb

0 —Ext (Hn-y (K), G)-> H" (K, G)->Hom (Hy (K), G)—0, (4.1)

6 Komopoti eomomoppusmer P u a ecmecmeenns no apaymernmam K u G.
Ima nocredosamesbHOCMb PACUENAREMCA NPU NOMOUWL SOMOMOPU3MA,
ecmecmsentozo no G, no ne no K.

Bmopoe omobpaxcenue o onpedesero HQ KO2OMOAO2UHECKOM KAacce
cls f caedyrowum obpasom. Kaxcdoi n-meproui yuxa uz Hom (K, G)
sagasemes eomomoppusmon f: K, — G, komopoui pasen ryao na 0Kn 14,
max umo undyyupyemcs eomomopdpusm f,: H, (K)—~ G. Ecau [ =
= 8g — Koepanuya, mo Ha yukAax 3mo omobpaxcerue PasHo HYAI0, MaK
umo (8g), = 0. Ioaosxcum o (cls f) = f,.

JHokasateabcTBo. O603HaunM uepes C, rpynny n-MepHbIX
uuKaoB H3 K; torma rpymna D, = K, /C, usoMoppHa rpynne B,_,
(n — 1)-MepHuix rpannil u3 K. I'pannanbiit roMoMopdusM 0: K, - Kn_)
TIpeICTaBUM B BHJe

Kn-> Do -2 Cnoy —> Koy, (4.2)

rpe j — mpoeKuus, [ — BJOXeHHe. KOpOTKHe NOC/€[0BaTeNbHOCTH
a’

Th:Ch»Kn»Dpn, Sp:Dnyy» Gr»H, (K) (4.3)

TOYHH, NIDHYEM BTOpPasfA TOYHA B cHAy ompezeneHus H, kak C,/0K,.
Korpannunnii  puddepenunan  koMnaekca Hom (K,G)  pasen
6= +0*, rme romomopgusm 9*: Hom (K,-1,G) > Hom (K,,G)
HuayuyupopaH auddepeHnnasoM 0. DTOT KOMIVIEKC INOSBJAETCA Kak
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cpenHan CTPOKB B )marpaMMe
0 0
1 |
0— Hom (Ha, G) — Hom (Cn, G)Z> Hom (Dp4s, G)
Ti* \LJ'"‘
-+ — Hom (Ka—1, G)—> Hom (Ka, G) —>Hom (Kns1, G) —> . ..
Lm 1‘:‘*
. s¥_
Hom (Ca_i, G)Z> Hom (Dp, G) —=> Ext (Hn-s, G)— 0.

| )

0 0

Jra puarpaMMa KOMMYTaTHBHA C TOYHOCTBIO [0 3HAKa (BKJIOYEHHOTO
B onpenenenue § = 40%). B atoft gnarpaMMe ¢yHnaMeHTaNbHAs ToOY-
Has nocaegoBateabHocTh Aas Hom u Ext (teopema 3.2) BcTpewaercs
HECKOJIbKO pas. BepxHsifi CTpoKa — 3TO TOYHaf MOCJeNOBAaTe]bHOCTDb
aas S,, HHXHASI CTPOKa— Ta e IOCJE[OBaTeNbHOCT A Sp_y
c HyJeM cnpaBa, 3aMeHstouM rpynny Ext (C,-,, G), kKoropas wucue-
3aeT, NocKoJbKy rpymna C,—y < K,-4 cBo6oana. Cro6upl xe sBAAIOT-
cfl (4acTsIMH) TOUHHIX mocaenoBateabHOCTeR A Tr-y, Tn U Thiy;
HyJb B cpenHefi BepiunHe cTouT BMecto Ext (D,, G), nockosibKy rpym-
na D, cBo6ozaHna.

Ipynna xoromosioru#t cpennet crpokn pasra Ker §/Im 8. [Tockosnb-
Ky j* — MoHoMopdm3M, a (* — 3nuMopdH3M, OHA  paBHAeTCA
Ker (0'* i*)/Im (j* 0'*) n oro6pamaercs npu moMowM i(* Ha rpynny
Ker 0'*, usomoppuyio Hom (H,, G) B cHJly TOYHOCTH BepXHell CTPOKH.
PesyabTHpyiOmee OTOGpaXeHHe IPyNnbl KOTOMOJOTHH H ecThb OTOGpa-
xenue a. fAgpo ero paBuo Im j*/Im (j*9°*); Tak Kak j* — MoHOMOp-
¢usm, ono cobnagaer ¢ Ext (H,-4, G) BBUAY TOUHOCTH HHXHeH CTPOKH.
Tem caMbIM TOYHOCTH mocJeOBaTeabHOCTH (4.1) noKasana, nmpuueM f
ONHCHIBaeTCA B «o6paialomux» 0603HaueHHAX Kak j* (Sp-4)~1, U nosto-
MYy eCcTeCTBEeHHO.

Uro6H paciuenuTh Moc/enoBaTes bHOCTD (4.1), 3aMeTHM, YTO Tpynma
D, >~ B,y < K,-; cpo6oaHa, MO3TOMYy TMOCJeROBaTeJbHOCTb T, H3
(4.3) pacmenserca TakuM roMomoppusmoM @ : D, — K, uro jo =
= lp. Toraa @*j* = 1, TaK uro oTo6paxeHHe S @* ABIACTCA JNeBbIM
o6paTHeM gas P = j* (Si-y)”!, uTo M TpeGoBajsOCh. ITOT JeBblil
o0paTHLIi 3aBHCHT OT BbIGOpa OTOGpaxkeHHs @, pacuwenasiomero T,.
Taxkoit BriGop He MoxeT GHITh clie/laH elMHOOGPAa3HO AJst BCeX CBOGOJ-
HBEIX KOMIJIeKCoB K, T03TOMy ¢* He 3aBHCHT ecTeCTBeHHO oT K (HO 3aBH-
CHT eCTecTBeHHO oT G npH ¢uKcupoBaHHOM K).
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B 3ToM noKasaTte/bCTBe HECKOJBKO pa3 HCNOJb30BaJjCs TOT (hakT,
YTO MOArpyNnbl CBOGOAHBIX abe/ieBbIX TPynn CBOGOAHHL. AHAJOrHYHOE
yTBEDXKJeHHe CnpaBelJIHBO [JIsi CBOOOZHBIX MORYJeH Haj KOJbLOM
TJIaBHBIX HJl€aJIoB; CJeJ0BaTeJbHO, TeopeMa BepHa AJs KoMmJjekca K
CBOGOIHEIX MORYJef Haj TakuM KoJsbuoM D (u gas D-Monyas G). Hau-
60Jlee MOJIe3HBIA CJIYyYall 9TOH TeopeMBl — 3TO CYy4ail BEKTOPHBIX MpPO-
crpancTB Haj noaeM. Torma u3 TeopeMnl 4.1 BhTekaer

Chneanctnue 4.2. Ecau K — yennoll komnaexe, cocmoawudl u3
sexmoprosix npocmparcms K, nad nosem F, u ecau V — moboe sexmop-
Hoe npocmpancmeo HAO mem e noaem, Mo Cyujecmayem ecmecmeernbil
usomoppusam H" (K,V) =~ Hom (H, (K),V).

B wacmnocmu, ecau’ V = F, mo H™ (K, F) seasemca npocmpancmson,
conpsicenroim npocmparcmsy H, (K).

TeopeMa 4.1 sBAseTcA CcHelHaJbHBIM CcJaydaeM GoJee OOILETO
pe3yJbTaTa, KOTOPbIH ¢«HNOJCYMTHIBAET» TrpYNNy KOTOMOJIOTHA KOMO-
jgekca Hom (K, L), o6pasoBaHHOro jasyMs KoMmiekcamu K u L.
Hanomuum (I11.3.4), uro Hom (K,L)— 3To KOMIJeKC, Yy KOTOPOTO

Hom, (K,L) = [[Hom (Kp,Lp+,), a TPaHHUHBEI TOMOMODGHH3M
r

0 = Oy JeiicTByeT Ha Jo6ylo n-MepHylO uensb f = {fp : Kp > Lp+n}
N0 NpaBUJIy

(Ouf)p b = 0L (Fpk) + (— 1)"+! oy (Oxk)s R EKp. (4.9)
O6mas TeopeMa TakoBa:

TeopeMa 4.3. (Teopema o 2omomonudeckod Kraccuguxayuu.)
Ecau K u L — xomnaexco, abeaegsix epynn, npusem xaxcoas epynna K,
ceob00Ha kax aberesa zpynna, mo 048 KaxG020 n Cyuwecmayem Kopomsan
MmouKan nocaedosamesbrocms

11 Ext (Hy (K), Hpnsa (L) Ha (Hom (K, L) 5

a o (4-5)
-» H Hom (Hp (K),Hp+n (L)),

p—=—o0
8 komopot eomomopdusmee f u o ecmecmaennst no apeymernmam K u L.
Ima nocaedosamenrvrocms paCWEnAREMC 20MOMOPHUIMOM, ecrmecmaen-
Ko no apeymenmy L, no ne no apeymenmy K.

3aMeHUM HH)XHHe HHIeKCHl BepXHHMH B COOTBETCTBMH C OGbIYHBIM
cornamienneM H_, = H™ u npeamnoJoXuM, 4To Komnaekc L = Ly = G
HMeeT HyJeBo# auddepeHunaN; Torga Kamaoe H3 NPOH3BElEHHI HMeeT
He GoJiee OJIHOTO HEHYJIeBOro uJeHa, Tak uto (4.5) npeBpamaercs B (4.1).
BooGie, ecad Mbl YMEHBUIHM BCe MHIeKCH B L Ha n (M H3MeHHM
3HaK y rpanun u3 L Ha (—I)"), mu npespatum H, (Hom (K, L))
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8 Hy, (Hom (K, L)); 3uauuT, JOCTaTOUHO A0Ka3aTh TeopeMy aJjs n = 0.
Tenepb B cuay (4.4) 0-mepuuiit uuka u3 Hom (K, L)— 3To B TOYHOCTH
uenHoe npeobpa3oBanue f: K — L; 3170 npeo6pa3oBanHe HHLYLHPYET
B KaXQoH pasmepHOCTH p roMoMopdusM = (fp),: Hp (K) = Hp (L).
CeMelicTBO 3THX rOMOMOP(H3MOB FIBJISETCA 3JIeMEHTOM

“fe={(Fe} [T Hom (H, (K). Hy (L).

Jlio6oe npeoGpasoBaHHe f’, TOMOTONHOE [, HHAYLUHPYET TOT e TOMO-
MopH3M f,. Hockoabky saement u3 H, (Hom (K, L)) — 3to romoronH-
YeCKHMit KJaacc, cls f, uenHpix npeo6pa3oBaHHit (npe,unomeﬂne 11.3.2),
conoctaBsienne a (cls f) = f, onpenenseT ecTecTBeHHbII roMOMOpGhH3M
a, yka3aHHbli ‘B TeopeMe. OnpenelieHHe roMoMopdu3Ma p Gosee TOH-
Koe M 6yjeT naHo Huxe. CHayasa MB PacCMOTPHMM YaCTHBIH- CJayvail
TeOPEMBI.

JleMMa. 4 4. Ecau epanutmud autpcpepeuqua/t 8 K modicOecmeenno
paser HYAl0, MO 20MOMOPPHUIM O = o ABAREMCA, UIOMOPPHUIMOM

ao: Ho (Hom (K,.L)) 2 [ Hom (Ky, Hp (L))

P=—00

JHokasarteabctBo. IlockonmbKy dx = 0, Hp (K) = Kp.
[Myers Cp (L) — rpynna p-mepHbIX uukJa0B U3 L, a B, (L) — rpynna
p-MepHHIX TpaHHL. Jo6oi 3eMeHT g = {g,} € H Hom (Kp,Hp (L))
COCTOHT W3- romomopcpnsmon gp: Ky — Hyp (L); HOCKOJIbe rpymna Kp
cBobopHa H - Cp (L) » Hp (L) — anumopdusm, - Kaxapi FOMOMOp-_
$u3M g, MOXHO «no,uHﬂTb» 1o ToMoMopdu3Ma gp : K, = Cp (L). 3t
oto6paxeHHs, paccMaTpHBaeMble KaK orobpaxenus B L, D Cp (L)
o6pa3yloT uenHoe  mpeoGpazopanue f: K— L, naa . KOTOpOl‘O
o (cls f) = g. 3uaunr @y — 3NHUMOPGhHU3M. _

YTo6n YCTaHOBHTD MOHOMOP(HOCTD @y, MNPEAMOJONKHM, YTO
@ (cls f) = 0 zas HeKoroporo f. JlnA KamJoro p 3To 03HayaeT, uTO
fo (Kp) < Bp (L). TIockoabky 0:Lpyq»B,(L) u rpynma K,
cBOGOJHa, o'r06pa)xeﬂne f» MOXHO NIOZHATD A0 romomopqmsma sp: Kp—
> Loy ¥ 0sp = fp. Iploc'xo.nbxy Sp—10 = sp_10g = 0, nociegHee
PaBeHCTBO MOXHO INepelHcaTb B Bule fn = 0sp + sp-40. Orciona cae-
JyeT, 4TO f LeNHO TOMOTONHO HyJO, CJejoBaTesbHO, clsf =0 B
Ho (Hom (K, L)). ITostoMy Ker ay = 0, 1 JeMMa j0Ka3aHa.

Tenepb paccMoTpuM oOmHui ciayuadl TeopeMbl 4.3, HCHOAB3YS AJd
KoMnuiekca - K o6osnavenns (4.2), (4.3). Cemeitcto rpynn C, < K,
MOXHO PacCMaTpHBaTb KaK KOMILJIEKC C HYJIEBHIM T'PaHHYHLIM ONlepaTo-
pPOM. AHaJsiorHyHOe coryauleHne aasi D paeT TouHylo mocJenoBaTelb-
HOCTb KOMIIJEKCOB

0—C —>K 2> D—>0. (4.6)
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[Tpumennm ¢yukrop Hom (—, L) naa nmonyyeHuss apyro#t TOYHO#M
NOCJIe[I0BaTENbHOCTH KOMIJIEKCOB

E: 0 — Hom (D, L)-> Hom (K, L)~ Hom(C, L)—0,

B KOTOpOR HyJb cmpaBa CTOHT BMecro rpymmnl Ext (D, L), ucuesaio-
wefi, nockoabky D, == B, , < K,_y — nogrpynna  cBoGoxHo#
TPynnel M nmo3ToMy caMma cBobopHa. TouHasi TOMoJOrHYecKas IOCJefo-
BaTeJbHoCTh A E pmaer

° i* i* g
-+« —> Ho (Hom (D, L))— Hy(Hom (K, L)) — Hy(Hom (C, L)) —=- - -,
CO CBA3LIBAIOMMMH roMomopdu3MaMu (s n = 1 U n = 0)
0g,n : Hn(Hom (C, L))— H,_, (Hom(D, L)).

CpenHsisi 4aCTb 3T NOCJIEZIOBATE/ILHOCTH MOXeET GHITh ONHCAHA C HCNOJIb-
30BaHHeM Op KaK KOPOTKas TOYHAs IOCJIef0BaTEJbHOCTh

0 — Coker dg, y — Ho (Hom (K, L)) — Ker 9z, o—> 0.  (4.7)

Kak u B Halllei TeopeMe, CpeliHHH WJeH 3TOH IOCJeNOBaTeJbHOCTH
pased Hy (Hom (K, L)); ocraeTcsa 0ToXnecTBUTb KpafiHHe YJeHHI, NPO-
aHaJM3HpOBaB Of. '

Oro6pakenne :D—-C HHAYUHPYET 0TOGpaXKeHus
d’*:Hom, (C,L) - Hom,_, (D,L), aHTHKOMMYTHpYIOLHe C Or, H, CJe-
JIOBaTesIbHO, MHAYLHPYET TaK e 0TOGpaxeHHs TPYNN TOMOJOTHH. 2Th
oto6pameHHs (C TOYHOCTHIO [I0 3HaKa) COBMNAJAIOT CO CBS3bIBAIOIIHMA
romoMoppuaMaMi Og. HeficTBHTENbHO, OF onpenensieTcss Ha IMKJAaX
¢ noMomplo «o6pameHns» Kak j*~10y4i*"1. Iluka g u3 Hom, (C, L) —
5TO ceMeiicTBo oroGpaxeHufi {g€p:Cp = Lp+n}, A KOTOPHX Orgp =
= 0; nockoabky rpymma D, csoGomna, K, e C, @ Dp, Tak uto
Kasbifi rOMOMOPGH3M gp MOXKHO PacIlHPHTb IO TaKOTO roMoMophu3Ma
fp: Kp = Lp4n, uT0 Orfp = 0. Ilockopky i*f = fi = g, nonoxum
i*"1g paBupiM f. [TockoapKy Of = 0, dopmysa (4.4) nas rpaHHYHOTO
auddepenunana dy B Hom (K, L) cBomurcs K O4f = 4 0%f. Tenepn
dx = (9"j B cuay (4.2), TaK 4T0 Oyf = + j*0'*i*f, ¥ MBI MOXKeM CUUTATH
j* 10yi* g paBHLIM 4 0*g. TakuM 06pa3oM, Og AEACTBHTENbHO HHIY-
mupoBano + 0’*. Ho usoMopdusM ap B leMmme 4.4 ecTecTBeH, NO3TOMY
JMar paMMbl

0E=:h

H, (Hom (C, L) ~E—223 H,_, (Hom (D, L))
Yoo Yoo

[ Hom (Cp, Hpsn (L))=> [[ Hom (Dpis, Hpsn (L))
r r

KOMMYTaTHBHEI C TOYHOCTBIO 10 3HaKa. IToaToMy MbI MOXeM OTOXzeCT-
BUTb AAPO roMOMOpdu3Ma Oy ¢ H30MOPGHBIM eMY ALPOM roMomMophusMa
0'* (13 HMXXHell CTPOKH JiMarpaM Mbi).
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Tenepr npuMenuM ¢yukrop Hom (—, Hpin (L)) K TOYHOR mnoOCJe-
poBaTesibHOCTH Sp u3 (4.3). CorsnacHo OCHOBHOM TOYHOH MOCJenOBa-
TeabHOCTH (TeopeMa 3.2) nas Hom u Ext, Mer monyuum Tognylo mocJe-
J0BaTeJIbHOCTh

0 — Hom (Hp (K), Hpen (L)) —Hom (Cpy Hpen (L)) >
2 Hom (Dpssy Hpen (L)) 2> Ext (H (K), Hpen (L)) =0,

B KOTOpOH mocJenuuil Hyab crouT BMecto Ext (Cp, Hpin (L)), Tak Kak
3Ta rpynna HcdesaeT B cHay Toro, uro rpymna Cp, < K, cBoGoxHa.
[Tpsimoe mpou3BeneHHe 3THX MNOCJeNOBaTeJbHOCTEH MO BCEM p TaKXe
A2eT TOYHYIO NOCJef0BaTeJbHOCTh, KOTOPas ONMHCBHIBAaeT AApa H KOAZpPA
roMoMopdusMoB d'* B BHIe

Ker dg, 0 2 Ker 8" = [[ Hom (H, (K), Hp(L)),
r

(4.8)

Coker 0, , =< Coker 0™ = [[ Ext (H, (K), Hp+s(L)).
r

[ToncTaHOBKa 3THX BhipaxeHH# B (4.7) U naet Tpe6yeMylo TOUHYIO IIOCJe-
JoBaTteabHOCTb (4.5) TeopeMst 4.3. T'oMoMopdusM a onpellensieTcss NpH
3TOM Kak IpOH3BeleHHe

Hy (Hom (K, L)) —> Hy (Hom (C, L)) 3 [ Hom (Cp» Hp(L)) —
P
—+[pl Hom (H, (K), Hp (L));

3Jiecb NOCJERHAS CTpeJKa o603HauaeT aJNUTHBHOEe OTHOLLeHHe, «o6paT-
HOe» K nepBoMy MoHOMoppu3My u3 (4.8). 210 npouspeseHue o CONOCTAB-
JsieT KaxaoMy f: K — L ceMeficTBO HHAYyLMPOBaHHHLIX 0TOGpaxeHUH
rOMOJIOT HUECKHX KJIaCCOB, TaK 4TO COBMNaAaeT € yxe OMMCaHHbIM 0To6pa-
xenueM. ['oMomopdH3M B sBasieTCs NpoOH3BeaeHHeM

[’1 Ext (Hp (K), Hpst (L)) 227 [pI Hom (Dypsiy Hpes (L)) >

. Ho (Hom (D, L)) > H, (Hom (K, L)),

T. e. f = j*a;! S*°1, rge S* 1 — «o6paTHHIi» K roMoMOpDH3MYy S* H3
(4.8), moayuenHoMy mas mocJepoBaTtenbHocTH S. Byayum npoussene-
HHEM eCTeCTBEHHBIX oToOpameHu#, roMoMopdusM P ecrectseH. Urobh
pacitenutb (4.5), BbIGepeM, KaK H paHbllle, TAKOA FOMOMOP(H3M @, YTO
j® = 1p; Torma S*e,@* — JseBw o6paTHRE AaA P = j*ag S*7,
€CTeCTBeHHBI! o L, Ho He mo K.

B Teopeme o romMoronuueckoil Knaccudukauuu rpynns Ext annyau-
pytorcs, ecan H, (K)— cBoGogable rpynnsl. [Tostomy noayuaem Takoe
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Canepcrpue 4.5. Ecau K u L — xomnaexcor aberegoix 2pynn,
npusen epynnst K, u H, (K) cgobodns, mo 0sa yenwsix npeobpa3osanus
f f K — L yenuo zomomonne moz0a u moavko mozda, Ko2da f, =

: H, (K) > H, (L) 048 awbod pasmeprocmu n.

Ionaaa-re.nbcmo OCHOBLIBaeTCA Ha 3aMeyaHuH, uto f ~ f' o3HauaeT
To ®e, utro W cls f =cls [’ B Hy (Hom (K, L)). C ppyroit cropoHml,
ecju Hekoropas rpynna Ext (Hp (K) Hp+1 (L)) 0, ycnosue fe = Fs
AJS BceX n HeOCTAaTOYHO [AJAl UEeTHOH MOMOTONHH [ H f

[Tone3nwM npuaoXKeHHeM TeOpeMbl 06 YHHBePCAJIbHBIX KOMppHinen-
Tax fIBJAETCA

Canegctbue 4.6. Ecau f: K— K’ — yennoe npeobpasosarue
romnaexcos K u K’ ceobodnoix aberegoix 2pynn, npusem f, : H, (K) ==
= H, (K") 042 acex n, mo 0an aoboil epynnet kosgppuyuenmos G omo-
bpaxcenue f*: H" (K’', G) > H" (K, G) Asasemca usomophusmon.

JHokasateabcTBo. [lockoabky orobpaxenns @ u f ecre-
CTBeHHH], JHarpamMma

0 —> Ext (Ha—y (K'), G)— H" (K, G)— Hom (H» (K’)," G)— 0

I I I

0—> Ext (Hn_; (K), G)— H™ (K, G) — Hom (H,, (K), G)—>0

kommyTtaTHBHA. [lockosbky otoGpamenus f, : H, (K) > H, (K") —
H30MOp(H3MBl, KpailHue BepTHKaJbHbe oro6paxenus Ext (f,—i, 1g)
n Hom (f,, 1g) Takxe sapJasiorcs usoMmoppusmamMu. B cuay Koporkoit
JIEMMBI O TIATH TOMOMOp(}H3MaX cpeftHee 0TOGpaXKeHHe eCTh H30MOPhHU3M,
uTO H Tpe6oBaJoch JOKA3aTh.

YAPA)XHEHHSA

1. Jlarb npsAMoe J0OKa3aTelbCTBO cJhencTBuf 4.2,

2. Tloxasarb, uto TeopeMH 4.1 u 4.3 ocralTCA CNpaBefIUBRIMH LA KOM-
nnexcos R-MonyJedt, eciu TpeGoBanue 0 cBoGoge K, 3aMeHHTb NMPeANOJOIKEHHEM
o ToM, uro C, (K) u K,/C, (K) ABAAIOTCA NMPOEKTHBHRIMH MOLYJAAMU LA KakK-
Joro n.

3. Ecqiu K u L — KoMmJeKcw aGejieBRX Tpynm, NpHyeM Ipynnu K, cBo-
Gomunl, TO IJA Jio6oro ceMefictBa romoMopguamoBs Yy, : H, (K) - H, (L)
Mo OXHOMY JIJfl Kajgoro n, cylllecTBYyeT ueMHoe npeoﬁpaaoaaﬂue f: K —
L1 Kotoporo y, = H, (f).

§ 5. YMHOXeHHe paciiHpennit

Bepremcs Tenepb K H3yueHHIO pacuiHpeHuil MonyJteil. [IBe KopoTkue
TOYHblE NOCJEN0BATENbHOCTH

E:0—>A—>B,-3K—0, E':0—» K —> Bj—>C — 0,
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TilepBas 3 KOTOPHIX OKaHYHBaeTcs MoayJeM K, ¢ KOTOPOro HaguHaeTcs
BTOpasi, MOXHO COeQUK LM BMECTE C IOMOIbIO 0To6paxenus By — K —
— By ¥ moNyunTh AJHHHYIO TOUHYIO NOCJENOBaTeNbHOCTD

EoE':0— A—> B, X3 By—> C—>0, (5.1)

Ha3biBaeMyio npousgederuem Homenn nocnemosatesbHocrein E u E'..
O6paTHo, Jai06asi TOYHas mocaenoBaTedbHocTh A » By — By » C
o6Jafaer TaKUM pasjoxeHHeM, B KortopoM K = Ker (B, — C) =
= Im (B‘ - Bo).

JINMHHBIE TOYHblE IIOCJENOBATEJNbHOCTH I€PEMHOMKAIOTCA aHaJo-
ruyHo. PaccMOTPHM n-KpaTHYIO TOUYHYIO IIOCJE0BaTEJbHOCTb

S:0-A—>B,—~>»B,3— +»- = B;—C—0,

natunaouyrocs ¢ Monyas A u konuaouwyroca MonyaeM C. Ecom T —
Jo6as m-KpaTHasi NOCJefOBaTe bHOCTb, HauMHAwWasAcsa ¢ Mopyas C,
KOTOPHIM OKaHuMBaeTcsi S, coennHeHue B C naeT npoussefeHne Honennt
S o T, koropoe sBJaseTcA (n -+ m)-KpaTHOH TOYHOH NOCJeJ0BaTeNb-
HOCTHIO, MMeloel Havano, obiee ¢ S, U KOHel, o6uuit ¢ 7. 210 yMHO-
XeHHe I0CJe[|0BaTeJbHOCTel, QUeBHIHO, aCCOLMATHBHO, HO OHO MOMET
He GhiTb CBSI3aHHBIM aCCOLMATHBHBLIM 33aKOHOM C YMHOMEHHEM Ha TOMo-
mop¢usmbl. Hanmpumep, nycrs E u E* — nocnenopareabsoctd u3 (5.1),
M — npousBosbHbI Mogyab H 7t 1 K @ M — K ecTb npoekuus npsi-
MO CyMMbl. M3 KOMMyTaTHBHBIX JHarpamm

E;:A»B ®OM»K®M E :K@®M»B,@M»C
| | |z |= ) ll
E:A» B, =» K, E':K » By, =»

H onpefeseHUs YMHOXEHHH Ha roMoMop¢Hu3Mel BuaHO, uT0 E, = En
1 E’ = nE}; onnako npou3BejieHHe BEpXHHX CTPOK
, - Aosi .

Ey0E;:0—>A—>B ®M—> B,®OM—->C—0 (5.1)

He coBnapaer ¢ (5.1), apyrumu caoBamu, (En) o E, == E o (nE}),

M aCCOLHaTHBHBIA 3aKOH He BhIMOJHeH.

JIsi KOPOTKHX TOYHBIX NOCJENOBAaTeJbHOCTER Mb yXKe Onpefe/HJH

KOHTPY3HTHOCTb KaK H30MOP(H3M C TOXKIECTBEHHbIMH OTOGpaXKeHHSIMH

Ha KoHuax. JlJf JNJHHHBIX MOCJe[0BaTeJbHOCTEH HaM HeOGXOZHMO

GoJiee LIMPOKOE OTHOLEHHE KOHTPYIHTHOCTH =, of.ajalomiee CBOH-
CTBOM

(E'B)o E'=E" - (BE"), (5.2)

NpHYeM 3TO OTHOLIEHHEe HMeeT MeCTO BCAKHHA Pa3, KaK ONpeaeseHbl BCE
BCTpevalolmuecss MPOU3BeJeHHA, T. €. BCAKMA pa3, KaK I0CJEN0BATE b~
HocTb E " oOKaHUHBaeTCss HeKOTOpbIM MoftysieM K, P: L' — K ans Hekoro-
poro L u nocaenoBatesnbHocTh £’ HaunHaeTcs ¢ Mogyas L. OmpeneanM
8—353



114 Ta. 111. Pacwupenus u pesosvsermot

KOHTPYIHTHOCTb KaK HauMeHbllee pet/leKCHBHOe, CHMMETPHYHOE
H TPaH3HTHBHOE OTHOIIeHHe, BKJiouawinee (5.2) u paHee BBeleHHYIO
KOHTDY3HTHOCTb KOPOTKHX TOYHHIX IOCJeJoBaTe/bHOCTEH. JTO oInpe-
JIeJIeHHE MOXKHO BbIPAa3HThb CJAERYIOLUM 06pa3oM. 3alHIeM ITPOH3BOJIb-
HYI0 n-KpaTHYIO TOUHYIO MOCJel0BaTeJbHOCTb S KaK NPOH3BeAeHHE N
TOYHHIX [OCJefloBaTeJbHOCTel Ey,

S=En°En—1°"' oEi; (5.3)

nocJenoBaTeJbHOCTH E; €QMHCTBEHHBl C TOYHOCTBIO JO H30MopGH3Ma.
BTopasi n-KpaTHas NoCJe0BaTebHOCTh S’ ¢ TEM JKe HayaJoM H TeM Xe
KOHILIOM Kon2pyswmna S, eciin 8" MOXKHO IOJNyUHTh H3 S KOHEYHO# nocJe-
JOBaTEJbHOCTBIO 3aMelleHUA CJeAYIOUX TPeX THIIOB:

(i) samena JmoGoro MHOXHTeass E; KOHTPyIHTHON KOpPOTKOH TOYHOH
N0CJ/Ie 10BaTeNbHOCTDIO;

(ii) ecsin 1Ba moOcJefOBaTe/IbHBIX MHOXHTENA MMeloT BHA E°p o E’
a5 Hekotopux E”, P u E’, Kak B (5.2), TO HX MOMHO 3aMeHHTb Ha
E” ° ﬂE,;

(iii) ecam nBa mocJienoBaTeIbHBIX MHOXHTe s WMeloT BUR E” o BE,
TO MX MOXHO 3aMeHHTb Ha E“f o E’.

Hamnpumep, aBykpaTHble nocjepoBaTeabHocTH (5.1) u (5.1°) Kon-
TPYSHTHHI.

Mbl TakKe ompefieJUM NPOH3BeJeHHE JJHHHOM TOYHOMH MOCJeJ0Ba-
TEJBbHOCTH HJIH ee KJacca KOHFPYIHTHOCTH H HEKOTOPBIX FOMOMOpGH3-
MoB. MMeHHo, ecan S — n-KpaTHast TOYHAs MOCJeA0BATENbHOCTb, HAYH-
Halouascsa ¢ A ¥ Konualomasics C, TO Mbl ONpefiesIiM NPOH3BefeHHe oS
AJs BCAKOTO TOMOMOp(H3Ma o ¢ 06/1acTblo onpefiesiennsi A H onpeeauM
npou3BeseHHe Sy AJs BCAKOTO roMomopdHsMa y ¢ 06JacTbhio 3Have-
Huit C ¢ noMoipio dopMya (S npeacrasieHa kak B (5.3)):

G(En" vee °E1)=(0En)oEn_io “re °E11
(Eno “ e °E2°E1)'Y=En° “ee °E2°(E1,Y)-

Ecau S n 8" — n-KpaTHble TOuHBlE NOCJE0BAaTeNbHOCTH, TO MOp-

guam I':S— S —>a310 ceMeilicTBO roMoMopdusMoB (2, . . ., V),
06pa3ylomMX KOMMYTaTHBHYIO AHarpammy
§$:0—»>A—B,y—> .-+ >B—C—0

lr l“ l l lv

§:0—-»A"—>B,_4y—---—B,—C —0.

Mg 6yneM rosoputh, uto I' nauunaemces c roMoMopdu3Ma a U Konwaemcs
roMoMopHu3MoM y. Komnosuuus aFE onpejiesinach Opu NOMOIH Mono6-
Hoil auarpammbl £ — aE, Tak uTo npHBeJEHHOe Bblllle onmpejeseHHe oS
nopoxziaeT Mopdu3M S — a.S, HAUHHAIOMHUEACA ¢ o H KOHYalomuics 1;
aHaJIOTMYHO BO3HHKaeT MopdusM Sy — S, HaunHawowmiics ¢ 1 ¥ KoH-
valomuiics y. B 0606ienne npegsoxenus 1.8 Mul moayyaem
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[MMpennoxenune 5.1. Kawdoui mopusm T' n-xpamuowx mou-
Hoix nocaedosamensiocmeti S u S’, navunarowulics ¢ o U Konuaoujulics
¥, nopoxdaem konzpysmyuo aS = S'y.

JHokasateabcTBoO. Jad cHMMeTpHH B 0003HaueHHAX
nonoxuM B, =A4, B =C. Ilyers K;=Im(B;—> By =
= Ker(Biy—>B,,), i=n—1, ..., 1; Torma S pasnaraercs
B IpousBemeHHe E,o ... o E rne E; : Ky » By » Ki-y H Kp=
= A, Ko,= C. TlocsenoBaTesbHOCTh S’ MOXKHO pa3JOKMTh aHa-
Joruydo. 3apanHbit MoppusM I': S — 8" unayumpyer romoMopdus-
mbl f;: Ky — Ki, KoTopble 06pa3yloT KOMMYTAaTHBHYI0 jJHarpammy

Ei : 0—>K,—> Bi_1—>Ki-1-—>0

R S 1T

E;.O——)K;——)B;_1-—>Kfl_1——>0

B cuay npepnoxenns 1.8 u3 stoil quarpaMMubl BhITekaet, uto B,E, =
= Ejf;—,, npuuem Ha KoHnax P, =a u fo=v. CuenoBaTesbHo,
0 HameMy ONpeleJeHHIO KOHI'DYSHTHOCTH

aS=(aEn)o En-y ... =(EnPn-1) e En-go... =Eno(BnyEn-1)e. ..
= Eno(En—iprn-2)e...=... =8p,=8y.

210T pe3yJbTaT faeT HHOE ONpefeJieHHe KOHTDYIHTHOCTH, NIPHBELEHHOE
B CJeAYIOeM DIpenJiOXeHHH.

MNpennoxeunne 5.2. Konepysumuocme S = S" mexncdy dayma
N-KPAMHOIMUL MOMKOIMU NOCAEO08AMEALHOCMAMU, Havunarouumucs ¢ A
u konuarowumucs C, umeem mecmo moz0a u moavko mozda, Koeda 0rs
HeKomopoeo xamypaasnozo ducra Rk cywecmsyrom 2k mopgusmos
N-KpAmubX ModKbLE hocaredosamenstocmetl,

S=8—>8,«S— --- <—‘Szh—2_—>82h—1<—‘szk=s,,~

npusem smu mopusmsel Hanpasiens: Hascmpedy Opyz Opyey u éce Ha4u-~
Hawomea ¢ 1, u kowuaromes 1¢.

3ro npejJoXeHHe YCTaHABJMBaeT, YTO0 S = S’ — Takoe HaHMeHb-
Llee pedleKTHBHOE, CHMMETPHYHOEe H TPAaH3UTHBHOE OTHOIUEHHe, YTO
cymecrBoBanne MoppuaMa I': S — S’ ¢ | Ha KOHUAX B/IeYeT KOHIDYIHT-
Hocth S = S’

JHokasarteabcrtso. [lpegmonoxum cuauana, uto S = S’
Ias ucxonno#t koHrpysunuu (5.2) onpejelieHue npou3BelieHuss E'P

nopoxnajo moppusm Ef— E”, B To BpeMs Kak onpexeseHue PE’
nopoxaano mMoppusm E° — PE’ TouHbIX mocJaepoBaTeabHocTelt. Coenn-

8*
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HEHHe CJIEAYIOUIMX ABYX RHarpaMm
E'B:A»By»L L~»B,»C:E

R

B;»K K»By»C:pE

no ofmemy oroGpaxeHulo B mnopoxamaer MoppusM (E"B) o E' —
— E” o (BE’). CnenopaTesbHO, CTPOKa KOHI'PY3HIMIH Buza (5.2) nopox-
JiaeT ONHMCaHHYIO NOCJAeA0BaTeIbHOCTh MOpPH3MoB. O6paTHOe yTBepXje-
Hue HeMeJJeHHO BLITeKaeT M3 NpemJomeHHs 5.1.

[Tycts Extg (C,A) nas ¢urcuposannsix R-mopyneis A u C o6o-
3HayaeT MHOXeCTBO BCeX KJIaCCOB KOHTPY3HTHOCTH O = clsS n-kpar-
HBIX TOYHBIX MOCJIeOBaTeJbHOCTEH, HAUHHAIOMUXCA ¢ A H KOHYAIOUHX-
ca C. Bbymem mucats S € € Ext" (C,A), ecin S € 0 € Ext" (C,A).
Ecau T € v € Ext™ (D, C’'), 10 mnpoussesenne S o T ompeznesieHO
npu C = C’; Kjaacc, B KOTOPOM JexuT S o T, OnpelefisieTci 6 H T
H sBaseTcs 3jemeHToM H3 Extr+m (D, A), KoTopeiit Mbl 0603HaYHM
o1 (He HCNoJb3ys 3HAaKa o JJA YMHOMeHHS). «Bcrpeunoe» ycJioBHe,
Heo6XOfMMOe IJIfl ONpeleseHHs OT, MOMXHO C(HOPMYJHPOBaTh, €CJH
cuntaTh ¢ € Ext® (C,A) «wiopdpuamom» mocsenuero Monyas C B HauaJb-
HHII MORyJb A; Tora Gv onpejiesieHo, ecaM 06JacTh Omnpene/eHUs
MopdusMa T coBnagaer ¢ 06,1acTbio 3HaueHUiH MOphH3Ma 6. ITO YCJIOBHE
BKJIIOYaE€T «BCTPEYHOe» YCJOBHE /1A YMHOMEHH TOMOMOpPGH3Ma
a:A > A" na pacunpenne ¢ € Ext" (C, A). OHo Takke BKJI0YaeT
B ce6s yCJOBHE RJA NepeMHOMEHHS! OObIYHBIX TOMOMOP(H3MOB, €CJH
unTepnperuponath Ext? (C,A) xak Hom (C, A), uro Mo u GyneM
JieN1aTh.

Jas kaxporo n, Extg (C,A) ectb 6udpyHKTOP, KOHTpaBapHaHTHBIH
no C u kosapuaHTHut o A. budyukrop Extg (C, A) saBasieTcs Takxe
a6eJieBOfi TPYNNOA OTHOCHTEJIBHO CJIOMEHHS, BBEJEHHOTO NMPH MOMOILH
cnoxenus bBapa. JeiictBuTesibHO, [iBe n-KpaTHble TOUHBE MOCJENOBa-
tesbHocTH S € 0 € Ext® (C, A) u 8" € ¢’ € Ext™ (C*, A’) umelor nps-
Mytlo cyMmmy S@ S" € € Ext* (C@DC’, A @ A’), KoTopasi HaXOIUTCH .
IyTeM B3fITHS NMPSMOH CYMMBI COOTBETCTBYIOIMX MOAyJieil H oToGpae-
Huit B S u S’. Kaacc KOHrpy3HTHOCTH mocJefoBatebHOcTH S @ S’
3aBHCHT TOJIBKO OT KJIaCCOB G H G', H NIO3TOMY €ro MOXHO 0603HAYHTb
¢ @ o'; 1219 KOKa3aTeJbCTBA 3aMETHM, YTO KOHTpYsHuus (E” f) o E'=
= E”" o (BE’) u3 (5.2) pacnpoctpaHsiercs caenyiomuM o6pa3oM 10 KOH-
TPYSHUHH DPSAMBEIX CyMM:

(E'BOF ) (E@F)=(E'@F)BD N (EBF) =
=(E@F)-BONEDF)=(E@F)-BEDF).

Haxkonen, caoxenne bBapa onpemenserca mas o4, 0, € Ext™(C, A4),
i=1, 2, yxe uspecTHo# opMyJioi

0340, =V 4 (01 @ 02) Ac. (5.4)
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Teopema 53. ITycme Extg — cobpanue scex Kaaccos KoHepysHm-
HOCMU O, T, . .. KPOGMHbIX MOYHbIX nocaedosamensrocmed R-modyaedi.
Kaxcooui kaacc 6 umeem cmenews n (n=20, 1, 2, ...); R-modyss C
Kax o6aacmoto onpedeserus u R-modyasv A Kax obracmero 3nadenud,
6 3mom cayuae mo nuwem o € Ext™ (C, A) u Ext® (C, A) = Hom (C, A).
I1pou3sedenue ot onpedesero, ecau range t = domain o, degree (otT)=
= deg 0 + deg v, range ov = range 0, domain ov = domain ~.
Cymma 6, + G, onpedesena 015 Gy, Gy U3 00HO20 U MO0 Je MHONCECTNEA
Ext" (C, A) u npespawjaerm Ext™ (C, A) 6 abeaesy epynny. Hucmpuby-
MUuGHbIE 3AKOHbL

(014 02) T=0,T 4 0,1, o (t14 1) =01} 01, (5.5)

u accoyuamusnul 3axon p (0t) = (p0) T cnpasedauso. ecAKul pas,
KaK onpedenetibl GCHLPEUAIOULUECS CAONCEHUE L Y MHOJICEHLE.

Kopoue, Extp mogo6Ho kKoabny, 3a HCKJIOYeHHeM TOTO, UTO CyMMa
0 + T W NpoH3BeleHHe GT He BCerza onpefeJieHH.

Ota TeopeMa, OYEBHAHO, BKJIOUaeT B ce6f JOKa3aHHYIO paHee Teo-
pemy 2.1 nas Extl = Ext, u ee pokasateancTBo moao6GHO «yMO3pH-
TeJbHOMY» JOKa3aTeJbCTBY TeopeMn! 2.1. Takoe H0Ka3aTe/bCTBO ONH-
paeTcsi Ha HEKOTOPHe NPaBHJa AJf «IpAMBHIX cyMm». B HaieM ciyvae
3TH NpaBuAa (M X aHAJOTH H3 TeopeMHl 2.1) BHTAAAAT TaK

(c@o)(t@T)=01@o't, (2.8) n (2.9), (5.6)
oV=V(o®o), (2.10), (2.11) (5.7)
Ar=(t@®1), (2.10"), (2.11") (5.8)

o(c@ad)=(c' Do)o, (5.9)

rje ©® — ecTeCTBeHHHIH H3oMopdusM © : A @ A" - A" @ A. Ocraer-
CAl TOJIbKO 0KAa3aThb 5TH NpaBHJa.

CHauaJsia paccMoTpuM (5.6). Ecai ¥ 0, H T HMeIOT cTeneHb HyJb, TO
OHH ABJAIOTCS O6LMHBIMH roMoMopdH3MaMHy H (5.6) npeBpainaercs B 06bIY-
Hoe ((hyHKTOpHOe) IIPaBHJIO A/ NMOACYETa MPSMONH CyMMbl FOMOMOp(H3-
MOB. EcaiM ¥ 0, H T HMeIOT NI0JIOXKHTebHYI0 CTeneHb, To (5.6) cTaHOBHTCA
OYeBH/IHBIM NTPABHJIOM IJISl IPOM3BEJEHHS NPSMBIX CYMM TOUHBIX IOCJe-
HoBaTeJbHocTefl. EcaH O — cTemeHH HyJb, @ T — IOJIOXKHTEAbHOH

“CTeNleHH, TO 0 M G’ B JeHCTBHTEJbHOCTH JeHCTBYIOT TOJbKO Ha KpaiHHe
JieBble MHOXHTeJIu T H T’; 3Hauut, (5.6) cBOAMTCH K cayuvaio, Korza
T M T — KOpPOTKHe TOYHble MOCJEA0BaTeJbHOCTH, a TOT CJayuyai pac-
cMOTpeH B (2.8). AHaJIOTHYHO, KOrja O MOJIOXKHMTEJbHON, a T HyJeBOH
ctenenH, (5.6) ceogutcs k (2.9). ,

Teneps BosbMeM (5.7). Korga o uMeer crenens HyJb, (5.7) npeBpa-
maercs B (2.10); Korza ¢ creneHH | H sABJs€TCA KOPOTKOi TOYHO#H MOCJe-
AoBaTebHOCTBIO, TO (5.7) coBmagaeT co BTOPbIM cooTHoweHHeM (2.11).
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B cayuae, koraa crenenp 0 paBHa 2, u3 (2.11) caeayloT KOHTDYSHLUHMH
(Epe E)V=Ezo(E\V)=Ep o V(E\@DEy) =
=EVo(Es@ E) =V(E;, @ E,) o« (E1 @ EY),

ycranaBaupatomue (5.7.). Bonee naunHbe ciyuan pas6uparorca nmopo6-
HbIM e 06pasoM.

JoxkasateanctBo (5.8) anasoruuno, a (5.9) BbiITeKaeT U3 COOTHO-
mweHHss © (Ey @ E;) =2 (E; @ E,) ®, DNOJNyueHHOTO NpUMeHeHHeM
npepJioxenus 1.8 Kk Moppusmy (o, o, o) : Es@ E;— E, @ E;.

Ham octanoch To1bKO yKa3aTb HyJb H NPOTHBONOJIOXHBIA 3JIEMEHT
B aGeseBoii rpymme Ext" (C,A). [NporusBonosoxueiM K cls S Gyner
cls (—14) S). HyneBeiM aneMentoM B Ext™ pas n = 0 cayxHT HyJe-
BOH roMoMopdusM, ajas n = | — paclllHpeHue, SBJSIOmEeCA NPAMOA
CYMMOH, Aasl n => 1 KJacC KOHIpYIHTHOCTH 7-KPaTHOH TOYHOM NOCJefio-
BaTeJIbHOCTH :

Sp:0—>A2A—0-— ... >0—C->C—>0.

JelcTBUTeIBHO, AJS Kamaoi mocaenoBaTesabHocTH S € € Ext™ (C,A4)
cymecrsyer Mmoppusm (0, ..., 1): S— S, TaKk uTO B CHay IpeaJo-
XKenusi 5.1 Sy =0,S nclsS + cls S; =cls S.

[NpaBuna (5.5) nokasmBaoT, uto ¢ynkrop Ext™ apmutnBeH, Tak
YTO MbI Mos1y4aeM, Kak u ajas Extl, usomopdpuamu

Ext™ (A @ B, G) = Ext" (4, G) @ Ext" (B, G),
Ext" (4, G @ H) = Ext" (4, G)® Ext" (4, H).

HaJee, J06Goe KOPOTKOE pacliipeHHe C IIOMOLIBIO TPOEKTHBHOIO MORY JIst
pacmenisiercs. Iloatomy

Ext*(P,G)=0, n>0, P npoeKTHBeH. (5.10)

Hame noctpoenne 3nemenra o € Ext™ (C, A) kak kaacca Bcex
(BO3MOKHBIX) n-KPaTHBIX NOC/EA0BATENbHOCTEH, KOHTPYIHTHBIX JaHHOR
NOC/Ie0BATENbHOCTH S, naeT «GOJBLIOH» KJacc, M INOITOMY KJjace
Ext" (C, A) Takux KsaccoB He CTPOro onpeeJieH Npx OOGBIYHON aKCHO-
MaTHKe TeOPHH MHOXECTB. DTO «HeNOPANOYHOe» HCIOJb30BaHHe TEOPHH
MHOXXeCTB MOMHO HCNIPABMTb: HHTYHTHBHO fICHO, YTO JOCTaTOYHO OTpa-
HHYHTb KapJHHaJbHbie YHCJIA MHOMECTB, HCIOJb3YeMbIX NpPH NOCTpoe-
HHH MO0CJeJoBaTeabHoCTed S a5 naHHBIX MoayJed A u C. ’

[TepeiinéM Tenepb K OTHICKaHHIO MeTOJOB BbluucJeHus rpymn Extr.

§ 6. PesoabBeHTH

Jlio6ofi Monyab C sBaserca darropMonyneM C = Fy/R, HeKoTO-
poro cBo6ogHoro Monyas Fo. IToxmonyab R, CHOBa eCTb (haKTOPMOAYJIb
Ro = Fy{/Ry nas noaxonsimero csoGogHoro Moxyas Fi. Ilponomienne
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3TOTo Mpouecca NPUBOLHT K TOYHOH [OC/EJ0BATEJbHOCTH « -+« —> Fy—
— Fp— C—> 0, &KoTopasi Ha3bBaeTCi «CBOGOINHOH pe30J/bBEHTO»
monyasi C. Mbl XoTHM CpaBHHTb MeXx1y co6ofi JBe TAKHE pe30JIbBEHTHL.
Bonee peranbHo, komnaexc (X,e) Had R-MonyaeM C — 310 Takas
nocJef0BaTebHOCTb R-MoayJefi X W roMoMopdu3MoB

e X Xy e XD Xy 2> C—> 0, (6.1)

YTO IpOU3BefleHHe JIOGBIX JABYX IOCJEIOBaTeJbHBIX TOMOMOP(}H3MOB
paBHO HyJ10. [pyruMu caoBaMH, X — 3TO MOJOXHTE/IbHBIH KOMIJIEKC
R-monyaneit, C — TpuBMAJbHHI UenHoit KoMiekc (C = Cy, 0 = 0)
u &: X - C — uenHoe npeo6pa3oBaHue KoMImjekca X B KoMnJuekc C.
Pe3oavsermodi MonyJa C Ha3blBaeTCA MOUHAA NOCAEN0BaTeNbHOCTD (6.1),
T. e. KoMnaekc (X, €) ¢ rpynnamu romosoruit H, (X) = 0 npun >0
ne: Hy(X)=C. Komnaekc X ceofoder, ecqn KaXaui monyas X,
CBOGOJEH, H Npoekmused, €CcJH Ka)Kiuli MoAayJab X, NMpoeKTHBeH. Mul
CpaBHUM JOOOHA MPOEKTHBHHIA KOMIJIEKC € HEKOTOPOH DPe30JbBeHTOM.

Teopema 6.1. (Teopema cpasnenun.) Ecau, y: C— C' —
2omomoppuam modyael, e: X - C — npoexmusnoil Komnaexc #ad C
ue': X" C" — pesosvgenma C', mo cyuwjecmsyem yenuoe npeobpaso-
eanue [ : X — X, npuuen e'f = ye, u mobvie dga maxux yennolx npe-
06pA306aHUS YENHO 20MOIMONHbL. ‘

Mz GyneM rosopuTh, YTO npeoGpa3oBaHue [ HaKpbieaen TOMOMOp-
dusm y.

JloKa3aTe/bCTBO HCNOJb3YeET JHIUL KaTeropHble CBOMCTBA IPOEKTHB-
HbIX MoayJeil H ToyHocTH. [TockoabKy Mogyab X, MpOeKTHBeH, a &' —
3nuMopH3M, oToGpaxenHe ye : Xo— C’ MOXHO IPOBeCTH Yepe3 OTO-
6paxeHnne fo : Xo— X, tne &'fo = ye. Jlas saBeplueHus JoKasaTeJb-
CTBA JOCTAaTOYHO IOCTPOMTb MO HHAYKUMH TaKoe oTo6paxeHHe f,,

€CJH JaHB OTOGpaMeHHs fp-1, . . ., fo, YTO AHarpamma
on - e
Xn—>Xno) —=5Xpng —>++- —>Xo—C
L fn- fn-3 o v
o l L i l ¥
R R L,
Xn'_>xn—i_‘ Xn—Z"—>""—>X0'—>C

KOMMyTaTHBHAa. BBHAy 3TOft KOMMYTaTHBHOCTH Oy-yf,-10, = f,_200 =
= 0. 3nauur, Im (f,-0,) < Ker dp—y. B cuay TouHOCTH HHXKHelt
CTPOKH nocsenHee Anpo paBHO 0,X.. Ilockoabky Moay.ap X, npoek-
THBeH, oOTo6paxeHHe f,-10, MOXHO DIPpOBeCTH uepe3 O : Opf, =
= fn-10,, YTO H TPeGOBaJOCh 10Ka3aTb.

[TocTpoeHne roMoTomuu NPOBOZMTCA NOZOGHBIM XKe 06pPa3OM; OHO
MOXeT GbITh NPOBENEHO HENOCPEACTBEHHO HJIM C HCMOJb30BaHHEM 3aMe-
YaHHSA, YTO Pas3HOCTb MeXAY [IBYMS UENHBIMH MpeoGpa30BaHHAMM
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f: X — X’, HakphlBalOmuMH OZHH H TOT Xe T'oMOMOP}HM3M ¥, ecTh
uenmHoe npeo6GpasoBanue, HakphBawomee 0 : C— C’.

JlemMma 6.2. IIyecme 6 ycrosusx meopemor 6.1 f: X > X' —
yennoe npeobpasosarue, naxpusarowee y: C — C’'. Ipednoroxcum, umo
cywecmayemn maxod  eomomoppuam t: C— X, umo et = y. Toz0a
Cyuecmeyom maxue 2oMomMopPuamet s,: X, — )8,’,+1 oamn=0,1, ...,
4mo 0aa ecex n o

a’So+t8= fos 0'Sp41+ 520 = fn+1-

HoxkasareabctBo. Orob6paxenne & (f, — te) : Xo— C’
paBHo HyJo. [Jostomy f, — fe oToGpaiaeT NPOeKTHBHHII MOZRYJb
X, B Ker e’ = Im (X; - X;), caenoBareqbHo, 3TO oTOGpaMeHue
MOXXHO NpOBecTH uepe3 0': 0'sy = fo — te. [IpeamosoxuM no HHAYK-
MM, YTO MBI YyX€ TOCTPOMJH HCKOMble  oToGpameHHs [ =
= S_4, Sy -+ +» S,. MBl XOTHM HafiTH Takoe OTOGpaXK€HHE S,+i, UTO
s, +1 = fa+1— 8,0. Tenepb

0’ (fn+1—,Sna)=fna—(fn—sﬁ—ia) 0=0

N0 HHAYKTHBHOMY NDEANOJIOXEHHIO, TaK YTO f,yy — 8,0 oTOGpaxaer
Xp,+1 B Kerd = 0'Xp42 4, chaenoBate/bHO, MOXeT OhITh Mpo-
BelleHo Yepe3 @' C NOMOLIBIO HYMKHOTO OTOGPaMeHHS Sp41 : Xp+1—>
- Xh+2 '

[Tyetb A — QUKCHPOBAHHHIA  MOAYJb; NPHMEHHM  (YHKTOD
Homp (—,A) k pe3oabsenre (6.1). [TockoabKy 3TOT QyHKTOp He coXpa-
HA€T TOYHOCTb, pe3yapTHpylowuid kKoMmniekc Hompg (X,4) MoxeT
HMETb HETpHBHaJbHbe T'PYINNbl KOTOMOJOTHH

H™ (X, A)= H" (Homg (X, A)).

CanepnctBue 6.3. Ecau X u X' — Ose npoexmusnoie pe3osvéermmot
modyan C, a A — npoussosreroui moOyse, mo epynnot Hp (X, A) =
2 H™ (X', A) aasucam moavko om C u A.

JJokasaTeabcTBo. B cuiay nepBofi N0JIOBHHE TeopeMsl 6.1
cymecTByloT oroGpaxenns f: X — X' u g: X' - X, HakpbiBawoupme
l¢; B cHJly BTOPO#l MOJNOBHHBI TeOpeMbl NMpOHM3BeneHHe gf TOMOTOITHO
1: X - X. CaenomareanHo, pa/as oro6paxennit f*: H™ (X', A) —
— H" (X, A) u g* uMelor Mecto paBeHctBa g*f* = | = f*g*, 1ak uro
3TH OTOOpaMeHHSI SBJAIOTCA H30MOpPPH3MaMH, YTO H TpeGoBaJjoCh
JI0Ka3aTb. :

Teneps Mbl MOKaxeM, uto 3ta pyukuusa H" (X, A) or A u C B Tou-
noctu cosnagaer ¢ Ext™ (C, A). Ilyerp n = 0; nocJ/ienopaTeibHOCTh
X, = Xo— C—0 TouHa cmpaBa, MO3TOMY IIOCJELOBATEJLHOCTD

0—> Hom (C, 4) =5 Hom (X, A) — Hom (X, A)
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ToyHa cJseBa. OHa mokasblpaet, yTo &*: Hom (C, 4) = H° (X, A).
[Tycte Tenmeps n > 0. Kaxaylo n-KpaTHYIO TOYHYIO NOCJeLOBATe.b-
HOCTb S MOMKHO paccMaTpHBaTb Kak pe3oJbBeHTY C, B KOTOpOil 3a uJe-
HOM A CTeNeHH n CTOAT TOJNBLKO HYJH, YTO M IIOKA3aHO B AHarpaMme

7
Xn.H.-%Xn——)Xn_i——) LRI 'ﬁXo'—)C
( L

g, | i le (6.2)
S:0>A— B,;—>+++—Bj—>C—0.

Teopema 6.4. Ecau Cu A cymb R-mooyru uw e: X - C —
npoexmugnas pesoavgenma C, mo cyujecmayem u3oMopduam

L:Ext™(C, A)=H" (X, A), n=0,1, ..., (6.3)

onpedenennbil 028 n > 0 caedyoujum obpasom. Paccmompum nocaedo-
sameasvtocms S € € Ext™ (C,A) kax pesoaveernmy modyas C u naxkpoem ¢
yennoim npeobpasosanuem g : X - S. Toeda g, : X, - A — royuxnr
Komnaexca X. Iloroxcum

E(clsS)=clsg. € H" (X, A). (6.4)

Imom usomoppuam t ecmecmsen no A, On maxe ecmecmgen no C
6 caedyrowem cmoicae: ecau y: C'— C, €': X' — C' — npoexmusnasn
pesonvgerma C’ u f : X' — X naxpwsaem y, mo
L'yt =f*C: Ext* (C, A)— H™ (X', A). (6.5)
HokasaTeabcTBo. CHayajla MOKa)eM, 4To oTo6paxeHnue §
onpefiesieHo KoppekTHo. [JocKoabky g,0 = 0, g, — KOUHMKJ, Kak
M YTBepXfaJjochb. 3aMeHHM g JIOGhIM ADYrMM LENHbIM npeoGpasoBa-
HHeM g’, HakpuBalowuM l¢ [eM. (6.2)]. ITo Teopeme 6.1 cymecTByer
TaKafl LeNHasg TOMOTONHA S, 4YTO0 g — g, = 0s, + s,-40. Ho
Sy : Xp—0, Taguto s, = 0, gn — gn = S3-10 = (—1)" 8s,-4; NoCAER-
Hee 10 oNpeleJeHHI0 KorpaHuyHoro auddepenuuana [I1(3.1)}F
B Hom (X,A). 2tuM nokasaHo, YTO KOUMK/IbI g, H g7 KOTOMOJIOTHIHB,
noatoMy cls g, = cls g,,. Tenepb 3aMeHuM S NPOU3BOJBHON KOHTPYIHT-
HOM TOYHOH MOCJEef0BaTeNbHOCTbIO S’. COTJIaCHO ONHCaHHIO OTHOLIEHHS
KOHrpy3HTHOCTH S = §’, JaHHOMY B NIpejJIOMEHHH 5.2, HOCTaTOYHO
paccMoTpeTh cJayuval, Korja cyuectsyer MopgusM I': § — S, nauu-
HalOIWMACA H KoHuyatomuiica 1. B sToM cayuae ao6oMmy mpeo6Gpa3oBa-
HHIO0 g: X — S oTBeuaer mnpeo6Gpazosanue Ig: X — 8" ¢ TeM Xe
CaMbIM KOUHMK/IOM g, = (['g),; caemoBarennHo, cls g, — KOpPpPeKTHO
onpeneneHHas ¢yHKuusa cls S. TeM caMuM { onpeneseHo; cBoiicTBa
€CTeCTBEeHHOCTH 3TOro 0To6pakeHHf, CHOPMYJHPOBaHHbE B TeOpeMe,
MOJTy4yaloTcs HeMeAJIEHHO, NIPH MCNOJb30BaHHH MOAXOAAIMX IPOH3Be-
JeHHHA neNHbIX NMpeoGpa3oBaHHH.
BMecto npsiMoro jokasatesbCTBa TOTO, 4TO § — H30MODGH3M, MbI
nmoctpouM o6paTHoe oTo6paxenue. [TycTs nana pesosnbBenta X; npexacra-
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9 % .
BuM 0: X, - X,_1 kak X, - 0X, > X,-(, TAe % — BJIOXEHHE;:
TIDH 3TOM BO3HHKAET n-KpaTHas ToYHasi nocaejoBatenabHocTh S, (C, X ),
YKa3aHHasd B Clefyioliell Juarpamme:

Xn+1'—’X
la'\ ,
S"(C,X): 00— 3X”_.X”_l—> -..—)XD_»C
| |

kS,: 0— A C.

Jlo6oit n-mepuwit unka X, — A aunyaupyet 0X,+, = Ker 0’ u nosro-
MY MOeT GbIThb €JHHCTBEHHBIM CIIOCOGOM IIpeCTaBJeH B Buae hd’ aaa
‘uexkoroporo h: 0X, — A. Iloctponm npoussejenue hS, romomop- :
¢u3ma b u n-xpaTHoﬁ TOYHOH NOCJEeJOBaTeIbHOCTH S,, OHO BKJMIO-
YaeTci B HHIKHIOIO CTPOKY jauarpaMmel. OmnpemesHM oro6GpameHHe
7. H* (X,A) - Ext™ (C,A), nonoxus

ncls (k') =cls (hS» (C, X)), h:0X,— A. (6.7)

B cuay 3akoHa AMCTpHGYTHBHOCTH, MMelouiero MecTo B Ext, npaBas
YacTb HANKCAHHOTO papeHCTBa aAAWTHBHA no k. CienoBaTelbHO, AJA
JOKa3aTe/IbCTBA KOPPEKTHOCTH OMNpeJie/IeHHs 1) JOCTATOYHO MOKa3aTb,
yro M (cls hd") = 0, eciu hd" ecTb KOrpaHMlda HEKOTOPOH Kouenu

a-1—A. Ho paeencrso hd" = 8k = (—1)" k0 = (—1)" knd’
o3HayaeT, 4To h = *kx W, 3HaaHT, kS, = *kxS,, rae xS, = 0 no
npenyoxenuto 1.7. CrenosaresbHo, oTo6GpakeHue 1) onpefie/leHO KOp-
PEKTHO M SBJISIETCA rOMOMOpq:)PISMOM CpaBHrenne auarpamm (6.2) u (6.6)
TI0KasblBaeT, yTo 1 = §7L.

Ora Teopema yTBepxpaaer, uto rpymmsl Ext™ (C, A) moryT 6biTh
BBIYHCJIEHBI C TOMOIIBIO 0G0 NPOEKTHBHOA pe3oJbBeHTh £ X — C;
B uacTHocTH, (6.5) moKa3biBaeT, KaK BLIYHCJAUTD HHAYLHPOBaHHLIE TOMO-
MopduaMel y*: Ext™ (C, A) - Ext" (C’, A) c noMoupio pe3oJibBeHT.

C npyroit CTOpOHBI, MHOTHe aBTOpbI onpedeasrom (yHkrop Exi™,
He MHCNoJb3yS JJHHHbIE TOYHble IIOCJEJOBAaTeNbHOCTH, [OJaras
Ext* (C, A) = H" (X, A) = H" (Hom (X, A)). TakuM nyTeM nouy-
yaercsi GyHKTOP, KOBapHaHTHHIA Mo A, B To BpeMs Kak pas y: C'— C
yHIynHpoBaHHble oTo6paxenus y*: Ext™ (C, A) — Ext™ (C’, A) omnpe-
JeJIsIOTCA HaKpHITHEM y 10 cpaBHenus X' — X.

Lpyrum ClIe[ICTBHEM FIBJISETCH «KAHOHHUECKasl ¢opma» aJ1s mocIeno-
BaTeJIbHOCTEHl OTHOCHTEJIbHO KOHI'PY3HTHOCTH.

CaenctBue 6.5. Ecau S € € Ext" (C, A), n> 1, mo cyuwe-
cmgyem  nocaedosameavrocms T =S euoa T: 0+ A— B,  —
— B, _y— -+ —>By—>C—0, ¢ komopoti modysu B, _, . . ., Bycso600rust.
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HoxasateabcTno. [onoxkum T = kS, (C, X) aas nog-
xonsuero b : 0X, >~ A n NpoH3BOJbHOH CBOGOAHON DPE30/bBEHTH X
moxnyJa C.

Caencrsue 6.6. [aa aberesoix 2pynn A u C, Extz (C, A) =
=0, ecrun>1.

JHokasateabcrtno. Ilpeactasum C B Buze C= F/R, rae
F — cBoGonHas aGeJsepa rpynna. [Tockoabky noarpynna R cBOGOAHO#H
a6enepolt rpynnbl F cBo6ogHa, 0 > R — F — C — 0 ectb cBoGoaHas
pe3osibBenTa C, TpHBHA/bHASA (BMecTe C IPyNNaMH KOrOMOJIOTHil) B pas-
MepHOCTAX, Goablinx 1.

PaccMorpus Tenepb JeficTBHE KOJblIeBOTo roMoMopdu3Ma p: R — R
{pl = 1). Jlioboit seBniHt R-Mopysb A CTaHOBHTCH JeBbIM R’-Mony-
JeM, eCJH JeHCTBHe ONepaTOpPOB ONpENeJHTb CJefyIOmHM 06pasoM:
r'a= (pr') a; Mo G6yieM TOBODHTb, 4YTO MOAYJb A npeBpaieH
B R’-Monyab ,A omcmynaenuem 6doab p. Kaxaplit R"-MOAyJIbHBI ToMO-
Moppu3M a : C— A sABaAsieTcs Takke R’-MOAYJBbHBIM rOMOMOP(HH3MOM
oC = ,A. TouHo TaK e Kaxias JJHHHAS TOYHAS MOCJEN0BaTeNbHOCTD
S u3 R-Moayséih mpeBpaimaeTcsi B JJHHHYIO TOYHYIO IOCJEJ0OBaTe/lb-
HOCTb ,S U3 R’-MOLyJIedl; IPH 3TOM KOHTDY3HTHbIE IIOCJE/l0BaTe IbHOCTH
OCTaloTCs KOHrpy3HTHhIMH. CiejoBaTenbHO, 0TOGpa)eHus pHo = a,
% (cls S) = cls ,S onpeneasioT romMoMopHHU3MEbI

p# :Ext} (C, ) —Ext3 (,C, p4), n=0, 1, ... (6.8)

HasbiBaeMble 3amenotl kosey. IIpn GUKCHPOBAHHOM P OHHM €CTeCTBEHHBI
noCuA.

ITH roMOMOp(}H3MbI MOTYT GbITh BHIYHCJIEHH! C MOMOILbIO MPOEKTHB-
HbIX pe3osbBeHT £: X - C u €': X' —» ,C qas R H R’-Mopy et coot-
BercTBeHHO. J{nsg yKa3aHus Koabua R 6yneM nucatb H™ (Homg (X, A))
Bmecto H™ (X, A).

Teopema 6.7. 3amena kosrey p¥ ¢ mourocmero 0o usomopdusma
L meopemet 6.4. cosnadaem c npoussedernuem

H™ (Homg (X, 4)) 25 H* (Homg: (,X, ,A)) > H* (Homg (X', ,A)),

2de p* — omobpadcenue epynn Ko2oMoA02ul, UNOYYLPOBAHHOE YENHbIM
npeobpasosaruen p# : Homg - Homg:, a f: X" — ,X — yennoe npe-
obpasosanue, HAKPbIBAIOUlee MoXcOecmseernoe omobpadcerue Modysa ,C.

JHokaszateabcTso. Cayuaiht n = 0 OCTaBJfieTCA YHTATEJO.
Ilpn n > 0 BosbmeM S € € Exty (C, A). Kak u B (6.2), 1 HakpniBaeT-
cs1 otoGpaxenueM g : X = S. IlockoabKy ,X — ,C ecTb pe3o/bBeHTa
oC, 10 TeopeMe CpaBHeHHS TOXJECTBEHHOE OTOGpakeHHe MoRyJasa ,C
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HAKpbIBaeTCsl LenHbIM mpeo6pa3oBanueM. f : X’ — ,X. CooreercTByIO-
as JHarpaMMa TaKOBa:

o> Xp—> Xog — - = Xp — ,C
o l I
= X=Xy — = Xg— C

len Lo

$S:0—A —->B,y —+-- — B;,— C.

Tenepb NpocyefidM 3a oTOGpaxeHHsMH: u3oMopdusM { nepeBoput
cls S B cls g,, p# paccMaTpuBaet g, Kak R’-Mojy/IbHblii TOMOMODGH3M,
f* oro6paxaer cls g, B cls (g.f,), paBubiit § (cls, S), Tak kak gf
HakpuBaeT 1. Orciona H BHITEKaeT yKa3aHHBIA pe3yJbTaT, KOTOPbIN
OXaxercs MOJIE3HBIM NPH H3YYeHHH YMHOXKEHHH.

YVHINPAXHEHHSA

1. IIyctp €: Y - C — npoektuBHuA xommiaekc uag C u € : X - C —
pesonbbenta C. IlocTpourh ecTecTBeHHHE TFOMOMOPGU3IME

t:Ext}(C, A— H™ (Y, A), n:H™(X, A)—> Ext}(C, A).

2. (BuiHcieHue npousselenus Honegn ¢ momompbio pesoabseut.) Ilycrs
X—=>C u Y —> A — npoeKkruBHne pesoasBentn, g € Hom™ (X, A) u
h € Hom™ (Y, C) — xouuknn. 3anumemM g B BHRe god , Toe go:98X, > A,
u HaKkpoeM g, oTobpaikeHHeM f, KaK MOKa3aHO B guarpamme:

Xyn—> -+ —> Xp—> 0Xpn —> 0
, .
o1 v &g

Ym —> o0 —>Y,—>A—>0.

IToxasarb, 9t0 Af ecth (m - n)-MepHufi komwnkn 8 Hom™+* (X, C), u noKasars,
qro npouasenenne Homegn 1 (cls A) om (cls g) pasuo 1 (cls kf).

3. Nlaua TouHasa nociegoBaTeabHoctb E = (%, 6) : A > B -» C u oro6pa-
wenua a: A—~>A', £:B - A’. Tloxa3ars npu NOMOmM JHATPAMME, 9TO
(et Ex) E = eE.

4, Echiu S = E, ». ..o E;, To noKasarp, uro J1060f mopduam I :S —
— 8’ n-KpaTHHX TOYHHIX NMOCNEJOBATENbHOCTeM, KOTOPHA HauMuaeTcAi c a : A —
— A’, MOXCHO Pa3JOXKHTbL B NPOH3BELEHHE

S —>(@Ep) © Ep-y©... o Eg—> §'.

5. (Ipyroe onpegfejeude OTHOMIEHHA KOHTPYIHTHOCTH JLJA TOYHRIX TNOCTe-
poBareasuoctedt.) Ilycrs S, S’ €€ Ext™ (C, A). Tlokasats, uto S = S’ TOrza
H TONBKO TOTJa, KOTJAA cymecTByeT mNociegoBareabuocTs 7T €€ Ext™ (C,A)
u MoppusMul I': T — S u I' : T — §’, HauHHalOmMecs U KOHYalOlHecH eju-
uulamu. (Mcnoab3osars ympamHeuua 3 u 4 H noclefoBarensuocth T =

=hS, (C, X).)
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§ 7. HHDbeKTHBHBIE MOJAYJH

Omnucanpe rpynn Exi” ¢ moMompio pe3osibBeHT TaKOBO: 3aMeHHTb
nepBblii apryMeHT NPOEKTHBHEIMH MOAYJAMH M BbHCIHTb EXt™ ¢ mo-
Mompio Trpymn Koromodoruii: Ext* (C,A) == H™ (Hom (X,4)). Mu
XOTHM IIOJIYYHTb [IBOACTBEHHOEe yTBepXKIeHHe, HCIOJb3YyA MOAXOsILHE
Pe30JIbBEHTSI 19 8Mopoeo apryMenta A. Jjia 3Toro HaM HY JKHBEI MOZLY JIH,
JBOACTBEHHblE IPOEKTHBHLIM, TaKHe MOLYJH HA3LIBAlOTCA HHDbEKTHB-
HBIMH. .

ToBopAT, uTO JeBHIA R-MoyJIb J unwexmusen, ecau JoGoH roMoMop-
¢u3M o ¢ 061acTbio 3HaueHu#l J MOXKHO ‘BCeria NpojoJ/KaTh, T. e. AJ
Beskoro a: A - J u A < B cymecrByer romomopgpusm f: B—J,
NPOfIOJIKAIONMA ot. JKBHBAJEHTHO, MOAY/Ab J HHBEKTHBEH, ecH Ipo-.
H3BQJIbHAasA JuHarpaMma BHJa

o (7.1)

C TOYHOA TOPH3OHTaJbHOM CTPOKOHA MOXeT ObITb JOnoJHeHa (IyHKTHP-
HOR CTpeJKOi yKa3aHO NonoJiHAomee oTo6paxeHHe) 10 KOMMYTaTHUB-
HOM nuarpaMMbl. XapaKTepu3alUH NPOeKTUBHBIX MOLYJeHd H3 TeopeMhl
[.6.3 u Teopemb 3.5 HeMelJIEHHO 1YaJH3HpPYIOTCA:

Teopema 7.1. Caredyroujue ceoicmsa modysn J 3Keusarenmmust:

(i) J — unvexmusnoul modyav;

(ii) 848 kawmdozo monomopdpusma w: A — B omobpascenue
»* : Hom (B, J) - Hom (A4, J) ssasemca snumopduamon:

(iii) xaxcdas xopomxas mounaa nocaedosamesvtiocms J = B » C
pacuienasemcs,

(iv) 04 kaxdozo modyarn C, Ext! (C, J) = 0.

[TocnenHee cBOMCTBO MOXKHO eie 6oJee OrpaHHUYMTD.

[Tpeganoxenue 7.2. Jeswui R-modyss J unvexmusen mozda

]Li moavko moeda, koeda Exty (R/L, J) = 0 041 xaxdozo sesozo udeara
us R.

JoxaszaTeabcTBo. YcioBue Heo6xonuMo. O6paTHo, npen-
noJIoXHM, uTo Kaxjaa rpynna Ext (R/L, J) paBua mymo. Jas pau-
HoiXx A < B ua:A — J MH JOJKHB, KaK YKa3aHo B (7.1), mOCTPOMTh
npopo/mxeHne f: B — J roMmoMoppusma o. PaccmMorpuM Bce naph
(S, v), cocrosmme u3 nmogmomyas S, A © S < B u npoposKeHHs
v: S - J roMomopdusma a. : A — J. UacTuuHO ynopAaoOYMM 3TH Naphl
no npasuay: (S, )< (S, ¥'), ecmu S < 8" u " — npogo/keHue Y.
Has moGoro JuHefiHO YNOpPALOYEHHOTO MOAMHOXeCTBa (S;, V;) 3THX
nap cyuectsyer BepxHfs rpanuua (7, 1), T. e. (S;, v)<(T, 1):
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HYXHO B3:Tb T paBHHIM OGBEHHEHHIO MOZMOAYJel S; H ONpeCJHTb T
cyenytomuM o6pasoM: Tf = y;f, ecau ¢ € S;. 3Hauut, no semme Llopua
CYIECTBYET MaKCHMaJbHas Mapa (S, Y). HaM HyXHO TosbKO 10Ka3aTh,
4T0 Se = B. [lpepnonoxuM, 4to 310 He TaK. Toraa cymecTByeT 3Je-
MeHT b € B, He mpuHajiexamuil So; Bo3bMeM nopMonyJb U monyas B,
NopoXaeHHLIH b M Sw. OTO6paxenue r - rb + So fABJIAETCHA 3MHMOP-
¢u3MoM R » U/S», AIPOM KOTOPOTO CJYMKHT JeBbii Mieal L u R
R/L == U/S~. IlocKoIbKY MOCJ/IE0BATENBHOCTD S = U = U/Sx Tou-
Ha, TOYHa MNOCJEN0BaTEeJbHOCTD

Hom (U,J) —> Hottl (S, J) = Ext (U/Su,J); (7.2)

HO Ext (U/Se,J) >~ Ext (R/L,J)=0 nmo ycJaosuio, TakK uTO
Hom (U,J) - Hom (Sw,J/)— 3numopdusM. JIpyruMu CJ0BaMH, Kax-
Ibli roMOMOpPGH3M Se — J MOXHO NPOJOJIKHTB 1O TIOMOMOpP}H3MA
U — J. B 4aCTHOCTH, MOXHO NPOJO/KHTD Ym : Sw — J, UTO MPOTHBO-
PEYHT MaKCHMAJBHOCTH (Soo,Va)-

PaccMoTpuM Tenepb HHbEKTHBHBIE MOAYJIH Haj CMenyaJbHEIMU THIIA-
Mu KoJer. Ecim R — nosie, To He CyINecTByeT COGCTBEHHBIX JeBbIX
uieaqoB L — R, B o BpeMs Kak Extg (R, —) Bcerna ectp Hysb. Cae-
JI0BaTeJNbHO, KaXIblii MOAYJIb (= BeKTOpHOe MPOCTPaHCTBO) Haj IOJEM
uHbeKTHBeH. [TonoxuM R = Z, rae Z — KoJpIo neabix unceqa. Haszo-
BeM Z-MoayJib (= aGesieBa rpynna) D nosnewm TOrza m TOJNBKO TOTAa,
KOTJa 419 BCAKOTo liesioro m = 0 u Kaxkaoro d € D cymecTByeT pellle-
HHe ypaBHeHHs mx = d. ‘

CaenctBue 7.3. Abesesa epynna unvexmusna (Kax Z-modyav)
moeda u moavko mozada, Ko2da OHQ NOAHA.

JJokasaTeabcTBo. EJMHCTBeHHBIMH pjieaJiaMH B Z SAABJISIIOTCSA
rJaBHBe HpeaJnl (m), a Z/(m) — UHKAWYecKas TPyNNa Nopsajixa m.
[To npeanoxenuo 1.1, Ext (Z/(m), A) == A/mA, a A/mA =0 paa
BceX m==0 B TOYHOCTH TOorja, Koria A — moJiHas Ipynmna.

[TocTpoeHHe NpPOEKTHBHHIX PE30JLBEHT ONHPaJOCh Ha TOT akrT,
YTO KaXIblii MOLYJIb eCTh (paKTOPMOAYJIb CBOOOXHOrO MOJYJIsl, @ 3HAUHT,
1 GaKTOPMOAYJIb NPOEKTHBHOrO MoAyJs. s moJyyeHHs HHBEKTHBHBIX
pe3oJhBeHT HaM Heo6XouMa

Teopema 7.4. Kawdwid R-modyse ssrsemcs nodmodyres
UHBEKMUBHO020 R-mo0yrs.

HJokasaTteabcrTBso. [Ipegnosoxum cHayana, yto R = Z.
AnpuTuBHas rpynna Z BKJajblBaeTCA B aNMTHBHYIO rpynny Q paumo-
HaJbHBIX YMceJ, a rpynna Q noaxa. Jlio6as cBo6ofHas aGesieBa rpyn-
na F aBiasercss npsMOM CyMMOiT KomMil Tpynmnbl Z; OHAa BKJIAJBIBAeTCH:
B MPSMYIO CyMMY COOTBETCTBYIOIIMX KOMUA Q, H 3Ta npsMas cymma D
nonna. Tenepb MpeJCTABHM MPOHM3BOJIbHYIO abeseBy Ipynny Kak tak-
toprpynny A = F/S cBoGopHo#l rpynmnsl F u BAOXuM F B HeKOTOpYlo
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noJHylo rpynny D, Kak yka3aHo Bhillle; TeM caMbiM A = F/S BkJIajbi-
Baercs B D/S. [IpsaMass nposepka mokasbiBaeT, yTo JioGas ¢akTop-
rpynna D/S nosHoi rpynnel noJHa M, 3HaYHT, HHbEKTHBHA. AGeJieBa
rpynna A okasbiBaeTcsl, TakuM 06pasoM, BJOXEHHOH B HHbLEKTHBHYIO
rpymny D/S. _

BepHeMcs Tenepb K CJyyaio MPOH3BOJbHOro Koabua R. Jlas jro6oi
a6eneBoit rpynnel G anauthBHas rpynna Homz (R, G) siBasieTcs JieBbiM
R-monyneM, ecan npoussenenue sf i s € R u f : R — G onpepeauts
Kak romoMmopdusm sf : R — G, JaeficTByIOMA Ha 3JeMeHT r € R Tak:

(sf)(r)=f(rs), reR. (7.3)

Ecan C — JeBwiit R-Mojy/b, MBI MOXEM OINpelle/IuTh TOMOMOPGHU3IM

j: C— Homg (R,C), (7.9)

noJIOXHB jc ansa ¢ € C paBHBIM ToMoMopdu3My jc : R — C, 3ajaHHOMY
(je)(rYy=rc, reR. (7.5)

Osna JOKasaTesbcTBA TOrO, YTO 3TO TroMOMOpdH3M R-MojyJeit,
BO3bMeM S, r € R U mojacuHTaeM

[/ (s€)1 (r) =r (s¢) = (rs) c = (jc) (rs) = no (7.5)
=[s (je)I (r). no (7.3)

[ToatoMy j (s¢) = s (jc). ITockoabky lc = ¢, TO j ecTb MOHOMOP(H3M.
Tenepb BJIOXKHM aJAUTHBHYI0 Ipynny moxpyas C B noaHyio rpyn-
ny D, 310 BJIoXeHHe HHAYUHPYeT MOHOMOP(H3M R-MomyJelt

k: Homz (R,C) — Homg (R, D).

[Tpouseenenne kj BkaapnBaer G B Homy (R, D). Ecan Mbl Nokaxem,
utro Homy (R, D) = J ecTb HHBEKTHBHBIA MOJYJb, TO Mbl JOKameM
teopeMy. Ilo Teopeme 7.1 (ii), moCTaTOUHO NMOKA3aTh, UTO KaM /bl MOHO-
mMoppu3M x: A - B R-MoayJedt HHAynHpyeT 3ImuUMOPDH3M x* =
= Homp (%, 1;). 3gecb ®* BepXHASA CTPOKAa AHArpaMMEbl

Hompg (%, 1;): Homg (B, Homgz(R,D))— Hompg (A4, Homy (R, D))

l“B \L“A

Homg (%, 1) : Hom, (B, D) — Homgz (4, D),

B KOTOPO¥ BepTHKaJbHbe 0TOGPaXKEeHHS — H30MOP(H3MEI, YTO yCTaHAB-
JIMBaeTcs B CJefylouieil faJjblue JeMMe. DTH H30MOP(hH3Mbl eCTECTBEHHDI,
TAK YTQ AuarpaMMa KOMMyTaTHBHA. HHXHsA CTPOKa OTHOCHTCA He
K KoJiby R, a TOJBKO K KoJbLY Z; NMOCKOAbKY D — mosHas rpymna,
HuxHee oTtoGpamenue Homgz (%, 1p) — smuMopdusm. Tak Kak mp H
MNa — H30MOpdU3MbI, Bepxuee oToGpamenne Homg (%, 1;) Takxe
AIBJAIETCA  3NMUMOPPU3MOM.
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Jlemma 7.5. Ecoau G — abenesa epynna u. A — R-molyae, mo
cyujecmayem ecmecmaennouli usomopusmn, : Homg (A, Homz (R, G)) =«
= Homz (4, G).

JoxasaTtedabcTso. BosbMeM f € Hompg (4, Homz (R, G)).
Has a €A, fa: R — G, 1. e. (fa) (r) € G. Tenepp paccMOTPHM | Kak
¢yHKIHIO OT ABYX nepeMeHHHIX f (@, r) co 3HaueHHsiMH B G. Tor dakr,
41O fa ecTb Z-romMoMopdu3M, 03Ha4aeT ajIHTHBHOCTBL f (@, r) mo apry-
MeHTy r, a 10, uT0 f: A - Hom; (R, G) ectb R-roMomoppusM, o3Ha-
YyaeT aJIUTHBHOCTb 110 @ M BHINOJHEHHe paBeHCTBa s (fa) = f (sa) ana
kaxzaoro s € R. Ilo onpenenennio (7.3) yMHOXeHHsI Ha s, 3TO 3HauMT,
YTQ Bcerga

[s (fa)l (r) = (fa) (rs) = (sa)] (r),

IpyruMH cJoBaMH, f(a, rs) = f(sa, r). B wactHocTH, f(a, s)=
= f (sa, 1), Tak uTo QYHKUHA [ ompefleasercs quHKIlHeH g (@) =
= f(a, 1). OueBupHo, uto g : A - G — romoMop¢uaM. Tenepb romo-
MOD(GH3M 1,4 1 06PaTHHIA K HeMy ONpefle/IlOTCH HopMyJIaMH

(Maf) (@) =f(a, 1); (Ma'g)(a, r)=g (ra).

OroGpamenus N4 H N3, OYEBHAHO, TOMOMOP(HH M ecTecTBeHHH (o A
u G).

Bosnukinas 3gech ujes paccMaTpuBaTh QyHKUHIO f (@, r) oT ABYX
NepeMeHHBIX KaK (DYHKIHIO apTyMeHTa a, 3HaueHHSIMH KOTOPOi AABJISIIOT-
ca ¢yHKIuM oT r, BcTpeTHTcA no3xe (V.3) MHoro GoJee ¢popMasbHBIM
0o6pa3oM, a 3Ta JeMMa OKaXeTCs YacCTHLIM cjiyuaeM GoJee o6ILero ecre-
CTBEHHOTO H30MOP(QH3Ma, Ha3bIBAEMOTO «CONPAMEHHOH acCOLHaTHB-
HocTbio». MIHBEKTHBHHIE Mopmyam OyayT u3yuaThes fajbie B § 11.

YOPAXHEHHSA

. IIyerp R — o6nactb UedocTnoctH. ITokasarb, 9TO NMOJe YaCTHHX KOJbIa
R ecrb nonuuf R-Moxynb. Eciu RONOAHHTENBHO R — KOJbLO T7IaBHEX H7€anoB,
TO NMOKasaTh, YTO 3TO NOJe HHBEKTHBHO KaK R-MOIyJb.

2. Eciy A — neBuft R-monyas u L — JeBuil ugean B R, TO KaWjui 3Je-
MeHT a€ A onpeneiger R-monyJdsHHH romomopduam fq: L — A, 3ajaBaeMuil
dopmynoit f, (/) = la. lokasars, 9TO MOAYJIb HHbEKTHBEH TOrJa U TOJbKO
TOTAa, KOria s Bcex L Kamxpuii roMmomopduam f: L — A paseu f; naa HeKo-
TOpOro d.

3. Ecan K — xomnaekc R-moxynell n J ecTb MUBEKTHBHHA R-MOnydb, TO
nokasarb, 4to orobpaieHde e u3 (4.1) mopoxnaer M3oMoppH3aM

H" (Homg (K, J)) & Homg (5 (K), J).
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§ 8. HHDbeKTHBHBIC Pe30dbBeUTH

KomnJekc e : A — Y nod MonyJjeM A — 3To noc/iejoBaTeJbHOCTD
BHJA

045y iyl Ly Sy, (8.1)

B KOTOPOil NpOU3BeJieHHe JIOGHX JBY X MOCAE0BaTebHbIX TOMOMOP(H3-
MOB.paBHO Hymo. JIpyruMu cioBaMu, Y — OTpHuATeJ/IbHLIA KOMILJIEKC,
T. €. MOJIOXKHUTEJbHHIA 0 BEepDXHHM HHJeKcaM, a € : A - Y — nenxoe
npeoGpasopanne. EcaM ykasaHHas mnoOCJefOBaTeNbHOCTb TOYHA, TO
e : A— Y Ha3biBaeTcs Kope3zoavsenmoil Mopyas A; eCqH KaXIbli
Monyab Y, uHBeKTHBeH, TO €: A — Y HashBaeTCA UNBEKMUBHLIM
komnaekcow noa A. PesysapraThl npeabiiyliero naparpaga mnokasbi-
BalOT, YTO KaXAblil MORYJb A HMeeT HHBEKTHBHYIO (KO) De30JIbBeHTY,
JJs1 Y106CTBA PeUH —<«HHBEKTHBHYIO PE30JIbBEHTYY.

Teopema 8.1. (Teopema cpasnenusn.) Ecau o:A— A" —
MO0y abHbll  2omomopusm, e: A — Y — kopesorvsenma u €': A" —
— Y’ — unvexmugneui xomnaexc nod A", mo cyuecmsyem yenrnoe npe-
obpasosanue f: Y —Y’, 021 xomopozo e'a = fe, u awbwe 0sa maxux
UenKulx npeobpasosanus eOMOMonHbt.

JIoKa3aTeJILCTBO CTPOro ABOACTBEHHO NOKA3aTeJbCTBY TeopeMbr 6.1,
B KOTOPOM HCIOJIb30BAJIUCh JIHIIb KaTeropHble CBOMCTBa MPOEKTHBHBLIX
MOflyJ/leit H TOUHBIX NOCJejoBaTesabHocTeli. Mbl ¢HOBa 6yleM I‘OBOpPlTb
uTo oTo6paxeHue f naxkpoisaem romomopqmsm a.

Ins kaxgoro monyJas C OTpPlHaTe.TIbeIH KOMIJIEKC Y onpe,ue.rme'r
Kak 4 B (4.4), oTpHUATEJbHEH KOMILICKC

Hom(C,Y) : Hom (C,Y®)—Hom (C,Y})— - .- —>Hom (C,Y")— ....

(8.2)
Tpynnbl roMosoryii 3T0T0 KoMnsiekca pasHbl rpynnaM Ext, xak noxa-
3bIBaeT cJejyomas

Teopema 8.2. [ra kaxndozo modyss C u xaxcoot unvexmuerol
Kopesoavsenmer € . A — Y cywecmeyem: usomoppusm

{:Ext®(C,A)=H"(Hom (C,Y)), n=0,1,..., (8.3)

ecmecmgennnitl no C u no A 6 mom cmoicae, umo ecau o 2 A — A’
e: A" Y" ecmb uwvexmusnan pesomsserma u f: Y — Y ecmo npo-
U380MbH0e UenHoe npeobpasosarue, HAKPHIBAIOWEe o, Mo Ca = f, g
3deco f, — unayqupoeanubzu eououoptpuam f,, : A" (Hom (C Y)) —
— H" (Hom (C,Y")).

I'omoMopduam { ompezensercs cJenywomuM 06pa3oM. PaccMoTpuM
Jmobyio nocsaefosatessHocts S € € Ext™ (C, A) kak kopesoabsenty A
C HYJIIMH, CTOSILIMMH 32 YeHoM C (BerHeu) cTeneHu n; no reopeme 8.1
9—353
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NIOCTPOHM lieNHOe MpeoGpa3oBaHue, YKa3aHHOe B JAuMarpamme
Y:04A—-Y' Yl ... Y'Yt Y
S t fe G
$:0—»A—>B,,—>Brp—...—->By —C —0.

Torpa g™ C— Y™ saBasercia uukaoM u3 Hom (C,Y). Ilonoxum
L(cls 8) = (cls g*) € H™ (Hom (C,Y)). (8.5)

v

OcrasibHasi uyacTb JoKasaTe/bCcTBa, MOAOGHO ompejeneHHIo L, IBOfH-
CTBeHHa JI0Ka3aTeJ/IbCTBY TeopeMbl 6.4. '
Mz1 MoxeM cyMMupOBaTh pe3ysibTathl § 6 1 § 8 B cxeme

H™(Hom (RespC, A))=<Ext"(C, A) =< H" (Hom (C, Res;4)),

rie Resp C o6Go3nauaeT nPOH3BOJIbHYIO MPOEGKTHBHYIO Pe30JbBeH-
Ty Moayas C, Res; A — npou3BOJIbHYI0O HHBEKTHBHYIO KODe30/ib-
Bedty  Mopyas A. CummerpuuHaa dopmyaa Ext” (C,A4) =«
o A" (Hom (Resp C, Res; A)) Takke MoxeT GLITh jOKaszaHa (ynpax-
Henue V.9.3).

VOIPAXHEHHA
1. Tlpopectn nmoctpoenne g B (8.4) 1 NOCTPOHTL H3oMOpdH3M, o6patunil K §.
2. ChopmyanponaTh B JOKa3aTh JemMmy, ABoftcteeHuylo JemMe 6.2.
3. ina DpAMHX cyMM H TpOH3BeXEeHHA YCTAMOBHTH M30MOPQUIME

Ext® () Cu A) & [[Ext®(Cp, A),  Ext»(C, [JA¢) = [[ Ext® (C, 4.

§ 9. lee TouHble mochejpoBaTeabHocTH Aas Extr

[Tponssenenne AJHMHHBIX TOYHBIX NOCJAENOBATEJNBLHOCTEH C KOPOTKOM
TOYHOH mocJsenoBaTesbHOCTBIO E oT A 1o C mopoxaaer cgssvisaroujue
20MOMOPPUIMBL

E*:Ext* (4, G)—Ext**(C, G), E,:Ext*(G,C)— Ext* (G, A).

Mockoasky E onpenenser A u C, u Ext* (4, G) u Ext*+1 (C, G) moxuo
paccMaTpHBaTh KaK KOHTPaBapHAHTHbIE (YHKTOPH OT KOPOTKHX TOYHBIX
nocsenoparespHocteit E. Boaee Toro, Mmoppusm I' = (¢, B, v): E - E’
KODOTKHX TOYHBIX IOC/e[|OBAaTe/bHOCTEl oONpeleJsieT KOHTPYIHIHIO
aE = E’y u, 3Hauur,

E*a*=y*E"*: Ext* (4", G)—Ext*1(C, G).
D1uM ycraHaBaHBaeTcsl, yTo E* ecTb ecrecTBeHHOe mnpeoGpasoBaHue

Mexny dynkropamu ot E, Kak u E,. YKa3aHHble cBI3bIBaIOuMe FOMOMOp-
(bU3MBEI IO3BOJISIIOT MPOJOJXKHTb TOYHBIE MOC/e]0BaTebHOCTH Ata Hom





























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































