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1. Ccepuyeckas reomeTpus

CJ10BO «reoMeTpusy B IEPEBOJE C IPEIECKOr0 O3HATALT «3eMIEMEPUE) UIN
«I3MepeHue 3eMany. 1Ipyr TakOM TOJKOBAHUM DTOTO CJIOBA €CTECTBEHHO CIU-
TaTb, YTO TEOMETPUA 3aHUMAECTCS U3Y9IEHUEM CBOUCTB MPAMEIX HA, TIOBEPX-
HOCTY HEKOTOPOU ILIAHETHL. Ilpm 3>TOM KpuWBas HA MOBEPXHOCTY ILIAHETEHI
HA3BLIBAETCA OMPEIKOM NPAMOT, eCar Jro0as IPyras KPUBAA C TEMU XKE Ha-
YAJIOM ¥ KOHIIOM uMeeT O0ablryo aauny. KpuBas HaszwBaeTCsa npamot, wim
2eodeauneckot, ecan J00as ee TOCTATOIHO KOPOTKASA Lyra ABIAETCA OTPE3-
KOM TIPSIMOU.

3ameuanue 1. CaoBa npamas n 2eode3uueckas — CyLIECTBATEILHEIE, & HE
TIpUIaraTeJbHLIE.

3ameuaHue 2. YCIOBUE «I0CTATOYHO KOPOTKASY CYIIIECTBEHHO A C(epHI.
B ocranpHBIX CIydasx, KOTOpbE OyayT HAM UHTEPECHH! (E€BKIMLOBA ILIOC-
KOCTBb ¥ IWIOCKOCTB JI06adeBCKOro), 9T0 yCI0BIE MOXHO OTOPOCUTD.

B namGounee n3BeCTHON MOmEIM €OMETPUA PACCMATPUBACTCS HEOrDAHU-
YeHHAA TIAHEeTa, MPEACTABIAINAA COO0U MOAYIPOCTPAHCTBO. B KadecTse
IPYTOU MOJEIN MeOMETPUN MOXKHO B3ATH ILUIAHETY, TPEICTABIAIONIYI0 COO0N
map. Takyio reomeTpuio HaA3HBAOT cfepuueckoti. BEIICHNM, KaK yCTPOEHBI
mpsAMELE B chepudeckon reoMeTpun. HazoseM 60abwum Kpy2om CEIEHNE Ma-
Pa IIOCKOCTHIO, IPOXONAIIEN Y€pe3 ero HEeHTp. [paHuiy GOoabLIoro Kpyra
HA30BEM 004bWot 0KPYHCHOCMbIO. lepe3 mo0ble ABe TOUKKM CHEPHEl MOXKHO
npoBecTu OOMBIIYIO OKPYXKHOCTb. ECIM TOYKN HE UAMETPAILHO IPOTHUBO-
TIOJIOXKHEBIE, TO Yepe3 HUX MPOXOAUT €IUHCTBEHHAA OOJIBIIAsA OKPYXKHOCTD.

Teopema 1.1. IIycmv A u B — ne duamempaabro npomusonosoxcubie mo-
iy ceper. Toeda na noseprrocmu cPepor kpamuatiweti xkpusot, coeduns-
wweti mouku A u B, 6ydem 6oaee xopomxas dyea 60avwoli oxpyHcHocmu,
nporodswet wepes mouxu A u B.

JokasaTenscTBo. Hazosem cfepuueckoti somanoti KpUBYIO, COCTABICHHYIO
u3 1yr GoubLIuX OKpyxKHOCTer. KpuByio Ha cdepe MOXKHO C J0OOU TOIHO-
CTBIO NPUOIU3UTL KOHEIYHO3BEHHOU CHEePUIeCKON JJOMAHOU, IIODTOMY JOCTa~
TOYHO A0Ka3aTh, 9TO ayra AB kxopode awo6oun apyrou chepuaecKon JOMa-
sou, coequusatomen Touku A u B. Kaxk u B ciyyae eBKINIOBOU TLIOCKOCTH,
OOCTATOYHO PACCMOTPETH JBY3BEHHEBIE JOMAHEE. B caMoM fgere, ecau mapy



3BeubeB P u QR 3amenuTs Gonee kopoTkuMm PR, TO TOCIE HECKOIBKUX Ta-
KUX ONEpAlUy JOMAHAA 3aMEHUTCA HA OMHO 3BEHO, MPUYEeM DTO 3BEHO OyaeT
KOPOY€ MCXOIHOU JOMaHOMU.

[Mnvua nyrm AB pasua @R, rape R — pamguyc cdepsi, ¢ — yroma, nog
KOTOpPEIM 0TPe30K AB Bumen u3 umentpa cdeprl. Takum obpaszom, goxkasa-
TEIBCTBO TEOPEMEI CBOAUTCS K M3BECTHOMY HEPABEHCTBY [JISI TPEXTPAHHBIX
YIVIOB: CYMMa, ABYX IIOCKUX YIVIOB TPEXTPAHHOIO yIUIa OOJIBIIE €r0 TPETHEr0
IIOCKOro yriaa. U

3uauuT, CHepUIeCKUMU NMPAMBIMUA ABIAITCA GOJbIINE OKPYKHOCTH.

Paccmosanuem mencdy 08ymsa moukamu c@epbl HA3BIBAOT IIUHY 00IEE KO-
POTKOr0 OTpe3Ka ChepruIeckon mpaMon, IpoXoaamen Jepes >tu Toukn. (B
Cay4vae, KOrga TOYKU ANAMETPAJIBHO IIPDOTUBOIIOJIOXHBEI, MOXHO B3ATH JIIO-
060U U3 OTPE3KOB JI60U U3 CPepUIeCcKuX MPAMBIX, MPOXOMAIAX YE€PE3 DTU
TOYKH.)

Leuscenuemniu uzomempueti Chepsl HABEIBAIOT €€ B3ANMHO O THO3HAIHOE
npeo6pa3oBaHue, HE U3MEHSIOIIEE PACCTOAHUN MEX Iy TOYKaMu. [lpuMepaMu
IBUXEHUU ChEpHl CIyXKaT BparneHue chepbl BOKPYT OCH, IPOXOAAIIEN Yepe3
€e LEHTP, U CUMMETPUA OTHOCUTEIHHO INIOCKOCTY, IPOXO0 AAIIEN Y€Pe3 HEHTP.

Teopema 1.2. a) Jwboe dsumxcenue cepor moxcno npedcmasums 6 eude
KOMNO3UYUY He Boaee wem MPET CUMMEMPUL, OMHOCUMEILHO NA0CKOCMET,
NPOTOOAWUT YEPES €€ UEHNP.

6) Jo6oe deuacenue cepvl, COTPAKAIOUEE OPUEHMAUUID, ABAAEMCA B~
wenuem 80KpYe 0Cu.

HJokazaTeancTBo. a) Touky X Ha3EIBAIOT Henodeuxchott moukot npeodpa-
soBanusa f,ecau f(X) = X. [[Buxkenve cheprl, IMEIOIIEE TPU HETIO [BIKHBIE
TOYKY, HE JIEXKAIIE HA OTHOU CHEPUIECKON IPAMOU, TOXK IECTBEHHO.

Mycts f — mBuxkenue cdepni, A — TouUKa chephl, HE ABIAIIAACA He-
noasmxkHOU. PaccMoTpum cumMerpuio § orHOCHTENbHO miockoctu 11 (mpo-
XOAAIIEN Yepe3 UeHTP Cdepul), Ipu KOTOPOU TOUKa A MEPEXOAUT B TOUKY
f(A). Ecm X — HenoapuxHas TOYKa npeobpasoBanus f, To (€BKIUIOBO)
paccrosauue oT Touku X 10 Touku A pasHO paccrosuuo oT Touku X = f(X)
no touku f(A). CregoBaTenbro, Touka X JEXUT B IWIOCKOCTH 11, a 3HA4UT,
npeobpa3oBanue Sf uMeeT HemOABMKHBIE TOYK X u A.

OTa KOHCTPYKUUA O3BOJAET IOCTPOUTD IBUXKEHUE S ... Sk f, rae k < 3,
HMEIOIEe TPU HEMOABUXKHEIE TOYKH, HE JEXKAIME HA OJHOU ChepmuecKon
npamon. Takum 06pasoM, 81 ... sif = id (ToxgecTBernOe npeobpazoBanue)

1 1
uf=s, ...8] =8k...51.



6) CuMMeTpUA OTHOCUTEIBHO ILIOCKOCTY, IPOXOAAIIEH Yepe3 UEHTD Che-
PHI, u3MeHseT opueHTauuo chepnl. Il0dTOMY KOMIO3UINA HEYETHOO KO-
JUYIECTBaA CI/IMMeTpI/II‘/,I HU3MEHACT OPUEHTALNIO, & KOMIIO3UIIUA I€THOI'O KOJIN-
4YeCcTBA CUMMETDUU COXPAHseT OpueHTamuio. A Tak kak ja000e ABIXKEHUe
cepbl MOXKHO IPEICTABUTE B BUJE S1, §1S2 WIK §15283, TO JIOOOE [BUXEHNE
cephl, COXPAHSAIIIEE OPUEHTALMIO, MOXKHO IPEACTABUTEL B BIE S152-

JIel"KO IIPOBEPUTH, 9TO KOMIIO3UIIUA IBYX CI/IMMeTpI/Iﬁ OTHOCUTEJIBHO IIJI0-
CKOCT€H, MIEPECEKAIONUXCA 110 IPAMOU | IO YTVIOM @, ABIAETCA IOBOPOTOM
Ha yroa 2y BOKpyr ocu [. O

Cdepuyeckas reomerpus 061a0a€T O9€HDb BAXKHEIM CBOUCTBOM: JIOOYIO
TOUYKYy A MOXHO IBUXEHUEM TepeBecTu B Ji00YI0 TOYKY B, mepesens mpu
5TOM JH0OYI0 MPAMYIO, IPOXOIAILYI0 Ye€pe3 TOYKY A, B 100y NpAMYIO, IIPO-
xomairyio yepe3 Touky B. W3 5Toro, B 4acTHOCTH, CIeayeT, 9TO B GOpMY-
JUPOBKAX TeopeM CHEePUIeCKON reOMeTPUN HE HYXKHO YKA3BIBATL, O KAKOU
VMEHHO TOYKE WK TPAMOU UAET PedIb. A ecau OBl MBI MOMBITAIUCH CTPOUTH
TEOMETPUIO [JIA TUIAHETH HECUMMETPUIHOU (GOPMEL, TO M KAXKJOU TOUKA
IPUILIOCH OB (POPMYIUPOBATH OTAEIBHYIO TEOPEMY.

TlonaTue M3OMETPUM MOXKHO OMPEAEIUTHL HE TOJILKO [ OTOOPAKEHUN
MHOXECTBA Ha cebs, HO U [ OTOOPAKEHUN OTHOCO MHOXKECTBA HA IPYTOe.
AcHo, 9TO cdhepa ¥ MIOCKOCTH HE W3OMETPUYHEI, T. €. HE CYIIECTBYeT U30-
MeTpuu chephl HA IIOCKOCTh. B caMoOM fgese, PacCTOSHME MEXAY TOYKAMU
cdeprl OrPAHMYIEHEI, & PACCTOSHIE MEXy TOYKAMU ILIOCKOCTUA HEOTDAHUIe-
HBI.

Bonee comepxarenen BOIpOC O TOM, M30METPUYHA, i 00JACTH HA chepe
HEKOTOPOU OGIACTY HA, TWIOCKOCTU. VHBIMU CIOBAMU, MOXKHO JU HAPUCOBATD
Ha IUIOCKOCTHU KaPTy HEKOTOPOU 00JacTH Ha chepe Tak, YTOOH PACCTOSHUIE
MeX Iy JHOOOU Mapod TOYEK CHEpPHl PABHAIOCH PACCTOAHUIO MEXIY MapOon
COOTBETCTBYKOIINX TOYEK ILUIOCKOCTH.

Teopema 1.3. O6aacmov na cepe ne moxcem 6bimos U30MeMPUUHA 004GCNU
HA NAOCKOCTIU.

HokazaTenbcTBo. Haszoeem cgepuueckoti oxpyrcnocmvio MHOKECTBO TO-
49eK CPEPH, YAATEHHEIX OT HEKOTOPOU TOYKHU Chephl (Y4eHmpa OKPYKHOCTH)
Ha naHHOE paccrosuue 1 (paduyc okpyxHocTu). Ecau orpesox OX Bunen
n3 meHTpa Chepsl NoJ YIJIOM @, TO cheprdecKas OKPYXHOCTb C IEHTPOM
O, mpoxonamas depes Touky X, umeeT cepudeckuu paanyc Ra, a eBkiu-
OB PaIUyC 9TOU OKPyx HOCTHU paBeH Rsin a. Takum o6pasom, chepudeckas



OKDYKHOCTb paguyca r = Ra umeeT gamHy
2rRsina = 2nRsin(r/R) < 2nR(r/R) = 2.

JIiob6as obracTe HA cdepe CoaepKUT CHEPUIeCKyd OKPYKHOCTH JOCTa-
TOYHO MAJOrO paauyca 7. [amHa 3TOU CHeprIecKOr OKPY)HOCTU MEHBIIE
[IIMHEL €BKJINJI0BOU OKPYXHOCTH paguyca 7. Ho npm m3omerpum Okpyx-
HOCTB PAJUYCa I JOJKHA TEPEUTH B OKPYKHOCTH TOrO XK€ PAAAYCA, IPUIEM
IJIMHA ee OCTAHETCA TpexHen. [

3aMmeuanue. UToObI HE PACCMATPUBATEL MINHY OKPYXHOCTHU, MOXKHO PaC-
CMOTPEeTH JIVHY CTOPOHBI IPABIWIBHOI'O TPEYTOJIbHUKA, BIIUCAHHOI'O B OKPY-
XKHOCTb paJguyca .

[lna chepuaeckon reoMeTpun MOXKHO ONPEAEIATE NOAAPHOE COOMEEM-
cmeue, IPU KOTOPOM KaxkKJOU GOJBINON OKPYXKHOCTH S COMOCTABIACTCSA Ma-
Pa KOHIIOB quaMeTpa chephl, IEPIEeHINKYIAPHOTO S, a KAXKJIOU Mape auame-
TPAIHHO MPOTUBOMOJOKHLIX TOUeK A u B conocraBmaeTcsa GOMbInas OKPYy-
JKHOCTD, JEXKAIIAA B IIOCKOCTH, TepHeHuKyaapaon AB. Bygem rosopuTs,
9TO GOMBIION OKPYKHOCTY COMOCTABIAIOTCS €€ NOAI0CA,  TTAPe TUAMETPAIb-
HO TIPOTUBOIOJOXHBLIX TOYEK COMOCTABIACTCA UX NOAAPA. JIETKO IPOBEPUTD,
9TO ecau ABe OOJbIIue OKPYXHOCTH S7 U So MEpeceKaroTcs B Toukax Ay u
Aj, Ta moasipa Toyek A; m A, coBmagaeT ¢ GOMBLUION OKPYXHOCTBIO, IIPO-
XOIAIMIEN 9epe3 MOMca 6oabmmx OkpyxuOCTEn S u Ss. Taxum oGpazom,
TOJIAPHOE IPE0OPA30BAHME NIEPEBOAUT TOYKM B IPAMEIE,  IPAMBIE B TOYKU,
NIPUYEM yTBEDPKIEHUE (IIPAMBIE | U M IEPECEKAOTCA B TOIke A» mepexogut
B yTBep:KAeHue «Touky [ 1 m~* rexar ma mpamon Aly.

Cdepuyeckomy Tpeyroabauky ABC MOXHO CONOCTABATD MOAAPHLIN €My
rpeyroabauk A'B'C’ cremyomum o6pazom: A’ — TOT u3 moaocos cdepude-
ckon mpsimout BC'; KOTOPHIN JIEXXUT BMECTE C TOIYKON A 110 OfHYy CTOPOHY OT
srou npamon; Touku B’ u C’ onpeneasioTcs aHAIOrMYHO. JIerko mpoBEepUTh
CJIeyIOmue CBOUCTBA MOJAAPHOrO TPEYrOIbHUKA:

1) ecain Tpeyromsauk A’ B’C’ moaspen tpeyroasauxy ABC, TO Tpeyroan-
uuk ABC noaspen tpeyronsuuky A'B'C’;

2) ecnn o, 8 u v — yram Tpeyroasuuka ABC, aR, bR v ¢cR — mauHbl
ero ctopoH (R — paauyc cheps), TO T —a, T —b U T — ¢ — yIJILI TOAAPHOTO
rpeyroavuuka A'B'C’, (1 —a)R, (m — )R u (7 —y) R — AauHEL €10 CTOPOH.

[as noxasarenscTsa cBoucTsa 1) paccMorpum neatp O cheprr. Tax kax

OA" L OCuOB LOC,100C L OAB.



CBOUCTBO 2) CieayeT U3 TOro, YTO BHY TPEHHUE HOPMAIK K ABYTDAHHOMY
YTy BEIUYMHOU (@ 00PasyoT Mexay cOO0u yroai m — Q.

B chepuyaeckon reomMeTpun, B OTINYNE OT €BKIUIOBOU, TPEYTOMLHUKHA C
COOTBETCTBEHHO PABHBIME yriiamMu 00s3aTenbHO paBHEL. B camom memre, m3
DPaBEHCTBA YIVIOB ABYX TPEYT'OJbBHUKOB CJAEIYEeT PABEHCTBO CTOPOH UX MOIAD-
HBEIX TPEYTOJILHUAKOB.

Takum 06pazoM, B ChepruIecKon reOMETPUN MOXKHO BEIYUCANATE ILIOMIA Ib
TPEyTOJLHUKA, 3HAA €r0 yTJIEL

Teopema 1.4. ITaowade cepuuecrozo mpeyeoavnuka ABC ¢ yeaamu o, B
U Y PasHQ

(Oé+ﬂ+’)’*7T)R2,

2de R — paduyc cPepur.

HokazaTeabcTBo. Paccmorpum cravaaa chepuveckuti deyyz2oabnuk, T. €.
OJHYy U3 4YeTHIpex (Uryp, Ha KOTOpHIE Pa30UBAIOT cdepy ABe chepudecKue
mpameie. [Iycts S(a) — miomans cheprdeckoro AByYyrOJbHUAKA C YIVIOM (.
fcno, aro S(a) mpomoprmonamsra a 1 S(7) = 2rR? (mwiomans morychepsr).
Hostomy S(a) = 2aR?.

TMapur chepugeckux mpsamerx AB, BC' u C' A ob6pasyior 12 chepudeckux
OBYyrOIbHUKOB. Brifepem m3 Hux 6 cdepruecknx IBYyTrOJIBHUKOB, COLEP-
xamux 60 Tpeyroabauk ABC, au60 cuMMeTpuyaHE €My (OTHOCATEIBHO
nenTpa cdepni) Tpeyroasauk A; B1Cy. Kaxnas Touka rpeyromsauxka ABC
u Tpeyroabauka A; By C) HOKPHITA POBHO TPEMs TAKAMU IBYYTOJbHUKAMIE, &
a06as APyras TOYKa ChEepHl NOKPHITA POBHO ONHUAM ABYYTOJLHUKOM (TOYKA
cdpepudeckux npaMbix AB, BC u C' A mu1 me paccmarpusaeM). IosTomy

4(a+ B +7)R? = 4nR* + 2Sapc + 254, B4
A Tak xak Sapc = S4,B,04, TO
Sapc = (a+ B +v—mR>.
O

CaegcrBue 1. Cymma yeaos cepuueckozo mpeyzosvruka 60abwe T.



3apauu

Paguyc chepur R npeamnonaraeTcs m3BeCTHEIM. Q,b, ¢ — NIMHBEI CTOPOH
c(hepUIecKOro TPEYTOAbHUKA, Q, 3,7y — YIVIBL C(HEPUIECKOTO TPEYT OMbHUAKA.

1. Moxasars, yTo a + b > c.

2. loxasats, uTo a + b+ ¢ < 27 R.

3. Hautu aauHy CTOPOHBI HIPABUILHOTO CHEPUIECKOrO TPEYTrONbHUKA,
BIOMCAHHOI'O B C(PEPUIECKYI0 OKPYKHOCTH PAJUAYCa T.

4. Hautu yrist a8monoaspro2o TPEYrOJbHUKA, T. €. CHEePUIECKOro Tpe-
YT OJBHUKA, COBIIAAAIIETO ¢ MOJAAPHBIM K HEMY TPEYTOJIBHUKOM.

5. [loxazaThb, 4TO 06JACTE NUIMHIPA M30METPUYHA OOJTACTH IMIOCKOCTH.

6. CymecTByet qu oTobOpaxkenue 061acTu CPpephl HA 06IACTD TWIOCKOCTH,
nepeBoJAlee OTPE3KU CheprudeCcKuX OPAMBIX B OTPE3KU €BKINAOBBEIX NIPS-
MEIX?

7. Jokasark, 9T0 4151 10000 ChepUIecKOro TPEyroIbHIKA CYIECTBYIOT
BIIMCAHHAA U ONIUCAHHAA OKPYXHOCTH.

8. [lokazaTb, 9TO &) MEAUAHEI, 6) BHICOTH C(HEPUIECKOrO TPEYTOIbHAKA,
IIEPECEKAIOTCA B OMHOM TOYKE.

9. llokazaTk, YTO IJIOMAIL CPEPUIECKOr0 KPYyra paguyca I paBHA,

) r
47 R? sin® (—) .
2R
B zagagax 10-14 cumraercs, uro R = 1.
10. Joxasars, 9TO B C(PepPUIECKOM TPEYrOIbHUKE BHIIOJHIIOTCS CIELYI0-

e COOTHOIICHUS:
) sina  sinf  sinvy
a) — = —— = —
sina  sinb sinc
6) cosa = cosbcosc + sinbsin ccos a (nepsas TeopeMa KOCUHYCOB);
B) cosa = — cos § cos-y + sin 3 siny cosa (BTOpas T€OpeMa KOCUHYCOB).

11. MokasaTb, 4TO

in & = \/sm(p - b) s?n(p - c)’ cos & = /smg?sm(fn - a))
2 sinbsinc 2 sinbsinc
rnrep=(a+b+c)/2.
12. Ilycte S = a+ B + v — w. [Joxasars, 4TO
2) 2sin ; _ \/sinpsin(p — a) sin(p — b) sin(p — c) ;

cos < cos b cos <
2 2 2

(Teopema cuHyCOB);




S p p—a, p—b p—c
6) tg” =~ =tgot t t :
) tg” 4 =tgSte o tg 85
13. IIycTb r — paguyc BOMCAHHOU OKPYKHOCTU CHEPUIECKOTO TPEYTro-

abHUKA. [loKa3aTh, 4TO

sin(p — a) sin(p — b) sin(p — ¢)
sin p

tgr =

14. Ilycte R — paauyC ONUCAHHOUN OKPYXHOCTHU CPEPUIECKOrO TPEYro-
apHUKA. [[0Ka3aTh, YTO

ctgR = \/Sin(o‘ — 5) sin(B — s) sin(y — s)

sin s

?

rges=(a+B+vy—m/2
15. a) BosbMeM 0Tpe3ok cdepudeckon IpAMOu JIMHEL R 1 paccMoTpuM
TIOJTIOCA, BCEX C(HEPUIECKUX TMPAMBIX, TIEPECEKAOIUX JaHHEIA OTPe30K. [[oka-
3aTh, 9TO PACCMATPUBAEMbIE TOYKN 3aAMETAI0T MHOXKECTBO TLIoman 4aR?.
6) [JaHO HECKOIBKO OTPE3KOB CPEPUICCKUAX NPAMEIX, CyMMa [IUH KO-
Topeix Menbine TR. [okasarb, 4TO CymecTByeT chepudecKkas mpsaMas, He
IIePECeKAIOIIAsa HU OJHOIO JAHHOI'O OTPE3KA.

2. lNpoekTueHas reomeTpus

Teomerpus Jlo6adIeBCKOro HE UMEET CTOJb MPOCTOU U €CTECTBEHHOUN UH-
TepIpeTanyy, Kak chepudeckas reomerpus. [lag reomerpun JlobaueBckoro
M3BECTHO HECKOJIBKO MOJener. Y KaxJI0M M3 HUX €CTb CBOM JIOCTOMHCTBA,
HO ¥ Yy KaXJOU €CTb HEJOCTATKWU, T. €. [ PA3HLIX LeIer OBIBAIOT yaI00-
HBI pasuble Mogemu. Bce mogenu reomerpum Jlo6a<eBCKOro, KOTOPHIE MBI
OymeM PacCMATPUBATEL, NOCTATOYHO TECHO CBA3AHBLI C NPOEKTUBHOU reoMe-
TpI/IeIL/,I. HOBTOMy CHa4YaJ1a Hy)KHO IIO3HAKOMUTHCSI C OCHOBHBIMU IIOHATUSIMMN
TIPOEKTUBHON M€OMETPUMN.

TIpu mpoenupoBanuu npsamou l; Ha npamyo [y u3 HekoTopou Touku O
[NIUHEL OTPE3KOB MOI'YyT He COXPAHATCA. Ho eciw MBI A1 YeTHIpEX TOYEK

. Ci4, DA
A1,B1,C1 u Dy npsamon [ pacCMOTPUM BEIMUUHY L 1, TO TpU
CiB1 DB,
OPOEKIUAX HTA BEAMINHA COXPAHAETCH, T. €.
CiAd:r  DiA1 ChAy  DyAy
: = : (cm. puc. 1).

ClBl ) DB, - CQBQ ) D>B,
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Puc. 1

B camom meue,

ClAl _ SOC1A1 _ OCl . OA1 sinA1001 _ OA1 ) sin A1001
ClBl a SOClBl a 001 OBl sin31001 a OB1 sin 31001 )

ITosTomy

ClAl . D1A1 _ OAl .sinAlOcl X OAl ] sinAlODl
ClBl ) DlBl B OBl sin31001 ) OBl sinBlODl ’

Tlocae COKDPAIIICHUSA 3Ta BEINYNHA OKAXETCA BHpa}KeHHOﬁ TOJBKO Yepe3

yruer, npudem sin A; OC; = sin A,OCs u 7. 1.

DA
Bemnuuny CB " DB ya06HO 6paTh co 3HaKoM. J[lIs 5TOro HyXHO Ha

TnpAMON | BBECTU KOOPAUHATHL U BMeCcTO, Hanpumep, C A 6path ¢ —a, rae c u
c—a d—a
c—b d-b
omuowerueMm IeTEIPEX TOYeK. B masbHenmeM Mbl OyaeM OOBIYHO CYNTATH,
CA DA
. CB DB

[[BOMHOE OTHOIIEHNE YETHIPEX TOYEK 3ABUCUAT OT TOPALKA TOYeK. I[lpum
MEPECTAaHOBKAX TOYEK OHO MEHAETCHA MO JOCTATOYHO MPOCTHIM MPABIIAM.
Ouesuano, uro [A,B,C,D] = [B,A,C,D]™! = [A,B,D,C]!. Jlerko npo-
BepuTh Takke, uro [A,B,C,D] = 1 — [A,C, B, D] (370 5KBUBAIEHTHO pa-
BerctBy (¢ — a)(d —b) = (¢ — b)(d — a) + (b — a)(d — ¢)).

HazoeeM mpeoGpasoBaHMe MPSAMOU NPOEKMUBHbIM, €CIN OHO COXPAHAET
IBOMHOE OTHOIIIEHYE JIOOKIX YeTHIpex Touek. fIcHOo, uTo m060e mpeobpasoBa-
HEE TPAMOM, KOTOPOE MOXKHO MPEICTABUTDL B BU€ KOMIOSUIMYA HECKOJIbKUX
TIPOEIMPOBAHNN, ABIAETCA MPOEKTUBHEIM NPEOOPA3OBAHIEM.

HAa3LIBAIOT J60UHbIM

a — xoopauHaTe ToueK C' u A. Bemnmaumy

YTO BEIMYKMHA 6eperca co 3HaxoM; o6o3naqmM ee [A, B, C, D].

axr +b .
Orobpaxenue Bujga x — ——, rae ad 7 be, HazoBeM 0poOHO-AuHETHbIM.
cr

+d
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Teopema 2.1. IIpeobpazosanue Npamoti npoexmusro mozada u moabKo mo-
2da, xoeda 0no IpobHO-AuNEtiHO.

HokazaTenbcTBo. C moMompo0 GOPMyJIEL

az+b ay+b _ (ad—bc)(z —y)
ct+d cy+d (cx+d)(cy+d)

JIEFKO IPOBEPUTD, YTO OPOOHO-TMHENHOE OTOOPAXKEHNE COXPAHAET ABOMHOE
OTHOIIIEHUE.

Paccmorpum Temeps mpeoGpasoBaHUME MPAMOU, COXPAHAMIIEE ABOUHOE
oruomenue. Ilycts oy, f1 u y1 — 06pasbl Tpex Pa3AMIHBIX TOYEK «, [
u . Torga Touka = u ee 06pa3 &1 CBA3AHBEL COOTHOIIEHAEM

Yy—a rT—a Yo T1— 0
Y=B -8 m-B z1—PB

ODTO COOTHOIIEHUE MO3BOIAET BHIPA3UTE L1 Y€pe3 T 10 (hOPMyJe BUIA T =
ar+b

cx+d

ar + b
cx+d
ku £ = —d/c. IT0o6E n36exaTh TON HENPUATHOCTH, ZOGABUM K NPAMOU [
TOYKY 00. 1Orjga MOXHO CIUTATH, 9TO

JIpo6HO-1MHENHOE TPEOOPA3OBAHUE T — He OIpeJeNIeHO I TOY-

ar +b _d ar+b a _
m—oo opu .'L'—*E n m—z opu r = o0

Touxy 0o MOXHO HOOGABUTHL K MPAMOU CIAYIOIIUM OOpaszoM. Bribepem
Touky O BHe mpsamou | u comocraBuMm kaxgou Touke A € [ npamyo OA.
Torga TOYKe 0O COOTBETCTBYET NPAMAs, IPOXOAAas depe3 Touky O mapas-
neapHo npamou [. Hazosem npoexmusnoti npamoli MHOXKECTBO BCEX MPAMEBIX
Ha TIOCKOCTH, TIPOXOAAIINX Yepes pukcuporanuyo Touky (. [pu 3ToM npsa-
MBbIe, mpoxoasamue Yeped Touky O, 6y1eM Ha3LIBAThL MOUKAMU NPOEKMUSHOU

NPAMOTLU.
Ha mpoekTuBHOUN NPAMOU MOXKHO CJAEIYHOUIM 06pPa3oM BBECTU KOOD IU-
HaTHhI. By,qu CIUTAThb, YTO TOYKa O — HaYaJ0 CUCTeMbl KOOPpAWHAT Ha

mrockocTu. Torga npaMas, mpoxoasmas depe3 Touky O, COCTOUT U3 TOIEK
Buga (Az, \y), Tae A — HEKOTOPOe ¥IMCJIO0, T 1 Y — (PUKCUPOBAHHEIE TUCIA,
opuaeM XOTA OBl OJHO W3 HMX OTJIMIHO OT HyJA. Takmm 06pasoMm, TOUKE

12



IIPOEKTUBHON NPAMOM MOXKHO COMOCTaBUTH [Apy ducena (&,y), IpudeM ma-
put (2,y) u (Az, Ay) CUATAIOTCS SKBUBAJEHTHLIMUA. DTy APy IUCEJ HA30BEM
00HOPOOHBIMY KOOPIUKHAMAMY TOUKA TPOCKTUBHOU IPAMOU.

B oaHOpOgHEIX KOOPAMHATAX MPOEKTUBHOE HPEOOPA3OBAHME IPOEKTUB-
HOU MPAMOU UMEET B[

(@, y) = (az + by, cz + dy).

Ilo amasorum ¢ NPOEKTUBHON MPAMOU JAAMM ABA SKBUBAJIEHTHBLIX OIIPe-
IeJIeHUSA NPoeKmusHot naockocmau:

1) MHOXKECTBO IPAMBIX, NPOXOAAMUX 4Yepe3 (PUKCHPOBAHHYIO TOYKY B
TIPOCTPAHCTBE;

2) MHOXECTBO TPOeK umcer (T,y,z), TAe IUCIa &, Y U 2 He BCe PABHEL
HYJI}0; IPONOPIIUOHATLHEIE TPOUKU CINTAIOTCSI DKBUBATCHTHLIMU.

Ecan gucna a, b U C HE BC€ PAaBHEI HYJI0, TO MHOXECTBO TOYEK IIPDOCKTUB-
HOU TLUIOCKOCTH, YIOBIETBOPSIONINX YPABHEHUIO a + by + ¢z = 0, Ha3BIBAIOT
npAMot HG NPOEKMUBHOU NAOCKOCTU.

Ipoexmuenbim npeobpa3osanuem TPOEKTUBHON ILIOCKOCTYH HABBIBAIOT
npeoOpa3oBaHue BUIA

(%,y,2) — (a117 + a2y + a132, a21% + a2y + a232,a31& + a2y + assz.)

IMox4yepxuem, 9TO DTO AOMKHO OBITH UMEHHO IPEOOPABOBAHUE, T. €. B3AUM-
HO OJHO3HAYHOE OTOOPAKEHNE NPOEKTUBHOU IIOCKOCTH HA cebsa. Ha sswbike
OIpeNeaUuTeNeN YCAOBUE B3AMMHOUN OJHO3HAYHOCTU DKBUBAJEHTHO TOMY, ITO

aix ai2 a3
az a2 a3 | #0.
asi1 asz2 ass

IIpoexTuBHOE TPEOGPA3OBAHKE TPOEKTUBHOU ILIOCKOCTHU COXPAHACT TBOU-
HOE OTHOIIEHNE YeTHIPEX TOYEK, JEXKAIINX Ha OJHOU IpsaMou. B camom neire,
He 6osee YeM OfHA U3 TPEX OJHOPONHBIX KOOPAWHAT TOYEK NAHHOU TTPOEK-
TUBHOU NPsSMOU TOXJECTBEHHO PAaBHA HYJI. [[Be Ipyrue KOOPAUHATEL MOXK-
HO CYATATH OJHOPOJHEIMU KOOPAWHATAMYU Ha NPOEKTUBHOU mpsamou. IIpo-
€KTUBHOE IpeoOpPa30BaAHME ILIOCKOCTY MHIYLUPYET IPOEKTUBHOE Ipeodpa-
30BaHUE DTUX KOOPIUHAT.

HpOGKTIIIBHyIO TUIOCKOCTH MOXHO MIPEACTABUTH KAaK OﬁH‘IHyIO TUIOCKOCTH,
MIOTIOJTHEHHY1I0 6EeCKOHEYHO yaanenHou npamou z = (. B camom gene, Touke
(z,9,2), rae z # 0, MOXHO CONOCTABUTH TOYKY C NEKAPTOBEIMU KOODIWHA-
TaMu (E, y)

z z

13



TlepengeM Teneps K MOCTPOEHUIO OTHOU U3 MOAeaer reomerpun JloGades-
ckoro. IIpenBapuTeNbHO MOKaXKEM, KAK C IIOMOIILI0 JBOMHOI'O OTHOIICHUS
MOXKHO ONPENeTuTh «(PACCTOAHME) MEXKIY TOUYKaMu @ u b maTepsana (,y).
(Mbr mveem B BuAy He OOBIMHOE €BKINIOBO paccrosuue.) Ilomoxmm

m(*-e y-a
z—b y—-b/|

Jlerko npoBepuTh, 9TO TAKOE ONPENETCHNE UMEET CMEICT, T. €.

p(a,b) = |Infa, b, z,y]| =

T—a y—a
: 0.
z—b y—b>

B camom gene, x —a < 0,2 —-0<0,y—a >0, y—b>0. Acuo Takxe,
aro p(a,a) = 0 u p(a,b) — oo mpu b — = u npu b — y. Kpome Toro,
pla,b) = p(b,a), Tak xak

r—a y—a (xz—b y—>b -t
z—b y—b \z—a y—a

OrmernM, uto Infa,b,z,y] = —Infa,b,y,x], nod>TOMY HET HEOGXOAMMOCTH
Pa3IMYaTL TOYKYA T ¥ ¥, T. €. 33JaBaTh OPUEHTAIINIO UHTEPBAIa (T,).
W3 ToxpecTna

z—a y-—>b r—b y—c T—c y—a 1
<-’E—b'y—a> <w—c'y—b> <$—a'y—0) -
caeayert, uto +p(a,b) + p(b,c) + p(c,a) = 0. Boaee TmarensHas npoBepka
TOKA3EIBAET, ITO €CAM TOYKA C JEXUT Mexay a u b, To p(a,c) + p(c,b) =
p(a,b).

Paccrosuue p(a,b) He M3MEHAETCA NPU NPOEKTUBHEIX IPEOOPAZOBAHUAX
TIPAMOMU, COXPAHAIONINX UHTEPBAT (T, Y ).

Teneps MOXHO OmpenenuTh modeav Kaetina mnockoctu JIo6aueBckoro.
Touxkamu mogenu Kienna ABASOTCA BHYTPEHHUE TOYKM HEKOTOPOTO KPYTa.
Paccrosaue Mex 1y Toukamu a u b ompegensercs kak p(a, b)! musa unTepsata
(z,y), TAe T U y — TOYKW mEpeceIeHUs IPAMOU ab ¢ TPAHUIHOU OKPYKHO-
CTBIO MAHHOI'O KPyra. ECaIm TOYKM PACIOJIOXKEHBI B TAKOM IOPSIIKEe, KAK Ha
puc. 2, vo Infa, b, z,y] > 0, T. e. p(a,b) = In[a, b, z,y].

1970 me corcem Bepro. Kak Gyger o6msacueno B rmame 3, B mogemn Kieitna o6GuranHO
1 c
nonaraior p(a,b) = E\ln[a,b,z,y]\ mmn p(a,b) = E\ln[a,b,m,y]\, rjie TapaMeTp C UTPaeT

poab pazuyca. Paguyc yaio6HO CIATATH PaBHBIM 1.
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Puc. 2 Puc. 3 Puc. 4

Teopema 2.2. B modeau Kaelina npamvimu A64810Mcs TOpovt Kpy2a.

HJoxkasareascTBo. Hyxuo noxasars, uro p(a,c)+p(c,b) > p(a,b), npudem
eCcau TOYKa ¢ He JeXUT Ha oTpeske (a,b), To p(a,c)+ p(c,b) > p(a,b). Hycrs
axyau ab u ba mepecekaT OKPYKHOCTDb B TOYKAX I U iy COOTBETCTBEHHO, JIy4u
ac M ca — B TOYKAX Ty U Y1, ayuu ¢b u bc — B TOUkax xs u yo (puc. 3).
Torga Touka ¢’ IepeceyveHus XOp L1 Lo U TY JEKAT HA OTPE3Ke b, a TOIKa
y' mepeceveHUA XOPA Y1Y2 U TY JEKUT HA OTPe3ke ay. IlycTs p — Touka
[IEPECEeYUEeHUs NPAMBIX 1L U Y1Y2, ¢ — TOUKA MEPECEICHUA NPAMEIX PC U
zy. Touka ¢ mexur na orpeske ab.

[[BOMHOE OTHOIIEHNE COXPAHACTCSA TIPU TMTPOEKIINU OJHOU TIPAMOU HA, IPY-
ryio. IlosTomy

[aa C, X1, 111] = [aa cla -’L'/, y/]

[C, b; Z2, 112] = [cla ba mla y/]

(MBI paccMaTpUBAEM MPOEKIUYU U3 TOYKY P HA TIPAMYIO TY ).

HOKaX{eM? 9TOo [a7 CIJ ml? yl] > [a7 Cl? x7 y] u [C/7 b7 m/7 y/] > [c/7 b7 m? y]' I/IHH_
MU CJIOBAMM, HYXKHO JOKA3aTh, YTO €CJIN TOYKHU G, b, T,y PACIIONOXKEHEL B Ta-
KOM NOpsAgKe, KaK Ha PUC. 2, TO YBeIWIEHNE OTPE3KA, TY IPUBOAUT K YMEHb-
IIEHWIO JBOMHOIO OTHOWIEHWA [a,b,z,y]. Bygem cumrars momoxurensHbIM
HaIpapieHue Jay4da yxr. Torga mis yBeIwdeHus OTPE3KA TY K KOODAWHATE
TOYKU T HYXHO H06ABATH MOJOXKUTEIBHOE YUCIO €. BTOpou koHen oTpeska
OCTaBUM TOKA HA MecTe. [BOMHOE OTHOLIEHWE IPU 3TOM YMEHBIIMTCA, TAK
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KaK
r—a T+e—a e(b—a)

t—b xz4+e—b (z—b)(z+e—0b)

> 0.

151 BTOPOro KOHIIA OTPE3KA JOKA3ATEIHCTBO AHAJIOTUYIHO.
B pesysabprare mosyyaeM HEpaBEHCTBA,

[aa c, 37171‘/1] > [aa C/,JU,?/],

[CabaxQJyZ] > [c’,b,x,y].

CuenoBarensHo,
[a7 ¢, X1, yl][c7 b7 Z2, y2] > [a7 cla T, y][cl7 b7 z, y] = [a7 b7 z, y]:
T. e. p(a,c) + p(c,b) > p(a,b). O

Teomerpus JlobadeBCKOro, Kak u chepuieckas reOMeTPUsA U MeOMeTPUS
IJIOCKOCTH, UMEET NOCTATOYHO GOMBLIYIO PPYIINY U30METPUU, & UMEHHO, JII0-
Oy10 TOuKy A MOXHO mepeBecTu B JO0yI0 APYryl TOuky B u mnpu sTom
epeBecTy J0YI0 NPAMYIO, IPOXOIALLYI0 Yepe3 TO4YKY A, B a00y0 NpAMYIO,
npoxoaaInyo 4epe3 Touky B. YrTobrr 10Ka3aTh 3TO, JOCTATOYHO IPOBEPUTH,
9TO CYIIECTBYET MPeo0pasOBaHUE ILIOCKOCTH, KOTOPOE COXPAHAET ABOUHOE
OTHOIIEHNE, IEPEBOAUT IAHHBIA KPYT B Ce0s U IEPEBOUT BHY TPEHHIOK TOY-
ky A B m00y10 Ipyryo BHyTpeHHIOK TOYKy B. B camom geme, Takoe mpe-
00pa30oBaHue ABJIAETCA U3OMETpUEn. A 1A TOro, YTOOLI EPEBECTU JHOOYIO
NPAMYIO B J00YI0 IPYTYH IPAMYI0, MOXHO TOouky A mepesectu B menTp O
kpyra, a 3arem Touky O mepeBectu B TOuky B. Ilpm sTom m0byio mps-
MYI0, TPOXOJAILYI0 Yepe3 TOYKy (), MOXKHO MOBOPOTOM HEPEBECTU B JIO0YIO
IPYTYIO IPAMYIO, TPOXOAAILyIo Yepe3 Touky O.

Teopema 2.3. Cywecmsyem npeobpa3osanue naockocmu, Komopoe coTpa-
naem deotinoe ommowenue, nepesodum dannvii xKpye 6 ceba u nepesodum
€20 YEHMP 8 NPOU3BOALHYIO BHYMPEHHIONW TNOUKY.

JoxkasaTenscTBo. PaccMoTprM npsaMon kpyroeou KOHYC C BEpPIIMHOU S.
Cevenue KOHYCA IIOCKOCTBIO, IEPIEH IUKYIAPHOU €r0 OCH, SBJIAETCA OKPY K-
HOCTBIO ¢ fuameTpoM PQ u nearpom O. PaccMoTpuM Takxe cedeHne KOHyCa
IJIOCKOCTBIO, MPOXOAAIer depe3 TouKy O U MEePHeHAUKYIAPHOUN TLIOCKOCTH
SPQ (koHYC MEI CauTaeM GECKOHEYHEIM B OAHY CTOpPOHY). Ecmm Touka Q'
npuHagIexuT uaTepBary QR (puc. 4), TO paccmMaTpmBaeMoOe CEUEHUE ABJA-
€TCs DJUIAIICOM.
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Ha mrockoctu II', cogepxammen aToT samic, 1 Ha, maockoctu II, cogep-
JKaler OKPYKHOCTD ¢ graMeTpoM P(Q), MOXHO BBECTH KOO JUHATHL TaK, ITO
OKPYKHOCTB ¥ DJLIAINC COBIAAYT [IPU OTOXJECTBJIEHNN TOYEK C OIAUHAKOBBI-
MU KOOpAMHATaMu. lIpm 5TOM B Ka4eCTBE HAYANA, KOOPIUHAT MBI BEIOEDEM
COOTBETCTBEHHO LIEHTD DJLINICA U LEHTD OKPYXKHOCTH, a B KadecTse ocu Ox
BeIOepeM npsavibie P'Q’ u PQ. Torga touka O, Jexamas BHYyTPH SJLINAIICA,
OTOX AeCTBIACTCA ¢ Takou Toukoun O kpyra, uro P'O : OQ' = PO; : 01Q.

Ilpu mepemermenvu Toukm (' mo orpesky QR ormomernme P'O : OQ’
m3MenseTcs 0T 1 1o co. IlosTomy Touka (1 MOXeT OBITH JIOOOU TOYKOH,
Jexamen BHyTpu orpeska OQ).

UckoMbIM mpeoOpa3soBaHUEM ABIAETCA KOMIO3WLIUA OTOOpaxenuu [ :
IMI—-1; ug: 10— II; rae f — mpoekuusa u3 TOYKM S, & § — OTOXKIE-
CTBIEHUE TOYEK ¢ OQUHAKOBEIME KOOpauHaTaMu. O

3apauu

1. [loxazaTh, YTO NPOEKTUBHOE NPEOOPAZOBAHME IPAMOU OJHOZHAYHO 33~
IaeTca 00pa3aMu TPeX TOYEK.

2. Moka3aTs, 9T0 J11000€ MPOEKTUBHOE IIPEeOOPa3OBaHmue MPAMON MOXKHO
HpeIILCTaBI/ITb B B € KOMIIO3UIIU HpoeHI/IpOBaHI/II‘;I IPAMBIX.

3. Toxaszarh, 4TO KBAAPAT HETOXIECTBEHHOI'O MPEOOPA3OBaHUA X >

e TOXJECTBEH TOI'JIa U TOJBKO TOraa, koraa a + d = 0.
cx

4. a) Toka3aTh, 9TO OPU OTOXKACCTBICHUA NUAMETDAILHO MPOTUBOMO-
JIOXKHEIX TOYEK Cephl 3 CHEePUIeCKON IeOMETPUN MOLYIAETCA MeOMETPHU
MPOEKTUBHOU TLIOCKOCTH.

6) IlokazaTh, YTO MpPU HTOM TOIAPHOE COOTBETCTBUE MPUHUMAET CJIEIY-
oy Bug: Touke (a, b, ¢) coorBercTByeT npaMas ar + by + cz = 0.

5. JlokasaTh, 9TO CeueHMe MPAMOrO KPyroBOrO KoHyca z2 + y? = az
ITOCKOCTBIO, HE MPOXOIAIEN 9€Pe3 er0 BEPUINHY , ABIAETCA 100 DJLIAIICOM,
60 mapaboaon, b0 runepsomon.

6. CymecTByeT 1 mPOEKTUBHOE NPEOGPA3OBAHME TUIOCKOCTHU, COXPAHAIO-
IIee OKPYKHOCTD, HO [IEPEBOJAIIEe €€ BHYTPEHHNE TOIKY BO BHEIIHUE?

7. CKOBKO PA3JIVYHLIX 3HAYCHUN IPUHUMACT [BOMHOE OTHOIIEHUE YeTHI-
PeX TOYeK IIPU NEePEeCTAHOBKAX DTUX TOYEK?

8. Yb6enurech, 4TO ecaum TOYKA ¢ JEXUT MEXAy a u b, TO paBeHCTBO
+p(a,b) + p(b,c) + p(a, c) = 0 npurumaer Bug p(a,c) + p(c, b) = p(a, b).

2
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9. Kak ¢ moMOIIbI0 MUPKYJIa U IAHEUKY BHIIOJIHATD CJIEIYIONe TOCTPO-
exusa B Mojeau Kienna:

a) MOCTPOUTH CEPEUHY JAHHOI'O OTPE3KA;

6) COeAMHNTH NAHHYIO TOYKY C JAHHOU NPAMOM KPATIAUIIAM OTPE3KOM
(T. e. OIyCTUTH MEPIEHANKYJIAD);

B) IOCTPOUTHL OUCCEKTPUCY YIVIa MEXIY NAHHBIMU ABYMS IPAMBIMUA?

10. MoxasaTs, 9T0 10000€ APOOHO-IMHENHOE TPE0OPA3OBAHNE MOKHO TIPEI-
CTaBUThb B BUOE KOMIIO3UIIVN HE 60J1ee, YeM TpPeX MHBOJJIOTUBHBIX Hpe06pa—
soBanun. (IIpeoGpa3oBaHVE HA3LIBAETCS UHBOAIOTNUEHbIM, ECTA M0 KOMIIO-
3ULUA C COO0U €CTh TOXIECTBEHHOE MPE0OpPa3OBaHue. )

3. Mogaenu reometpuu Jlobauvesckoro

Ot mogean Kaenna MOXHO epenTn K IPYTroU BAXKHOU MOJEINA M€OMETPUN
JloGauesckoro. Hosas monens moayvaercs caepyromum obpasom. Paccmo-
TpuM ChEPY, DKBATOPOM KOTOPOU CIyXKUT JAHHAT OKPYKHOCTB. IlycTs A —
Touka mogenu Knenna, A; — TOYKA I0XHOU MOIYCHEPEI, TPOCHUPYIOMIAACT
B TouKy A, A’ — TOuYKka mepecevIeHns SKBATOPUATLHON IIOCKOCTH C TIPAMOK
AN, rge N — cesepubmt nomoc (puc. 5). Comocrasus kaxgon Touke A
Touky A’, mouayduMm npeo6pa3oBaHUE SKBATOPUAILHOIO KPyra. JUTOOHL 5TO
npeo6pa3oBaHue OBLIO M30OMETPUEN, HyKHO ONPEIEINTh PACCTOAHUE MEXKTY
Toukamu A’ u B’ B HOBOI MOJeIN KaK PACCTOAHUE Mex a1y Toukamu A u B B
crapou mogeiu. Ilomyaennyio Takum 06paszoM MOaenb reomerpun Jlobaaes-
CKOI'O HA3BIBAIOT Modeavio IIyankape 6 xpyze.

Puc. 5 Puc. 6
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BriacauMm, kak ycrpoenn npsaMere B mogeau [lyankape. Xopae AB co-
OTBETCTBYET CEYEHNE I0KHOU MOIYCHEPHI ILTOCKOCTHIO, IEPIEH JUKYIAPHON
DKBATOPY. DTO CEYEHUE IIPEICTABISAET COOOU IOMYOKPYKHOCTD, IEPIEHIN-
KyJAAPHYIO DKBATOPUATBLHOU OKpyX)HOCTH (puc. 6). Ilpn npoexmun u3 momo-
Ca Ha DKBATOPUAIBLHYIO ILIOCKOCTBH 3T MOJYOKPYXKHOCTB NEPEXOAUT B Ayry
OKPYXHOCTH, NIEPIEHIVKYIAPHON SKBATOPUAILHON OKPYRKHOCTH. (DTO Cie-
IyeT U3 CBOUCTB CTepeorpapudecKon MPOeKInu, KOTOPEE Oy 1y T pa3oOpaHkl
Ha cemunape.) Takum obpasom, ana mogeau Ilyamkape B Kpyre mpAMbIMEA
SIBAAIOTCS AYT'U OKPYXKHOCTEN, IIEPIEH INKYIAPHEIX IPAHNYHON OKPYKHOCTH
[IAHHOT'O Kpyra.

[nsa mogenu [lyankape gaHHBIM KPyr yAOOHO CIATATH €IVHUYIHBIM KDY-
IOM Ha KOMILIEKCHOU MI0CKOCTH. (Fdunuunbil xpye 3a5aeTCA HEPABEHCTBOM
|z] <1,2¢C)

[l TOYEeK KOMILIEKCHOU IJIOCKOCTHY, KAK U JJIS1 TOYEK BEIECTBEHHOU IPS-
MOU, MOXHO PaCCMOTPETH JBOMHOE OTHOIIEHUE

3 —R1 R4 — 2
[Z]_,ZQ,Zg,Z4] v —
Z3 — 22 Z4 — 29
B 5ToM ciy4uae JBOUHOE OTHOIIEHNE ABISAETCs, BOOOIIE FOBOPSI, KOMILIEKCHEIM
YHCJIOM.

HeTpyauo y6emgurbes, 9To ecau Touku Z u W aexat na xopae AB, a Z’

u W' — cooTsercrBytomue Touku Moneau Ilyankape, TO

A, B, Z,W]| = |[A,B, Z',W']|.

B camowm gene, crepeorpadudeckas IPOEKIns ABIACTCSI OIPAHNIEHAEM IIPO-
CTPAHCTBEHHOU WHBEPCHUM, MOITOMY OHA COXPAHACT IBOWHOE OTHOIICHUE.
Kpowme Toro,

AC? BC?
AB ' AB

(cM. puc. 6). Takum o6pasow, |In[A, B, Z,W]| =2|In|[4, B, Z',W']||.
Hanomunw, uro p(Z, W) = |1n[A, B, Z, W]|. TlosTomy

AZ 7B = = AC? : BC?

! I ! I
p(Z', W) =2|In|[A, B, 2/, W']|..
ITo amamoruu ¢ 6€CKOHEYHEIM CEMEUCTBOM DA3IMYIHBEIX C(PEPUIECKIX [eoMe-

Tpunl (4 pasHBEIX paguycoB R MBI momydaeMm pasHbE D€OMETDPUM) MOXK-
HO MOJIYYUATb OECKOHEIHOE CeMEeUCTBO reomerpuit JI00aueBCKOro, MOJOXKUB
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p(Z,W) = §|ln[A, B, Z,W]|. Pons napamerpa ¢ B reomerpun Jlo6adescko-

0 BO MHOI'OM AHAJIOTUYIHA PO paguyca R B chepuuecKon reOMeTpUn.
Eme oguy mogens reomerpun JI0O6AI€BCKOr0 MOXHO IIONYYUTh, OTOOPa-

3UB eIMHWYHLIN KPYT Ha BepxHIOK noxymiockocts H = {z+iy € C |y > 0}

¢ TIOMOIIBIO APOOHO-TMHENHOrO OTOOpaxenusa. [las 9TOU ueiu roauTcs, Ha-

npumep, 0ToOpaxeHue

A+ 2
Z—w =1 .
1—2

B camom meue,

; Re 1+ 2 1 1+z+1+2 1— |z
mw = =- =
1-2 2\1-2 1-2 |1 — 2|2

MosTomy Imw > 0 <= |2| < 1.

TTonyuennas Takum obpaszom Mogens reomerpuu Jlo6aueBCKOro Ha3LIBaA-
ercs modeavio Ilyankape 6 sepruets NOAYNAIOCKOCMU.

Teomerpuro JIo6au1e€BCKOro 4aCTO HA3LIBAIOT 2uNepbosuueckot reOMeTpr-
eu. IlosTOMy mpsiMBIE, OKPYXHOCTH U APYTUe OO0BEKTHI reoMeTpuu JloGades-
CKOTo OyIeM HA3HIBATL 2UNepbosuveckums, ITOOR OTINIATH UX OT €BKIU-
NOBBIX IIPAMBEIX 1 OKPYKHOCTEN.

[pobuo-1nHenHBIE TPEOOPABOBAHUA MEPEBOAAT MPAMEIE U OKPYXKHOCTH
B TPsAMEIE U OKPYXHOCTA. Kpome TOro, OHM COXPaHAT yriwl. I[losTomy
B BEPXHEN MOIYILIOCKOCTH H runep6omndecKkuMu NpAMBIMU ABJIAIOTCA BEP-
TUKAJBbHBIE JYYX U OAYOKPYXKHOCTH, HEHTPHI KOTOPBIX JIEXKAT HA [EeUCTBU-
TEJIBLHOU OCH.

Jpo6HO-IMHENHEE OTOOPAXKEHNA COXPAHAKT IBOMHOE OTHOIIEHWE, II0-
9TOMY PACCTOSHIE MEXK 1y TOYKAMU B Mogenu [lyaHkape B BEPXHEH TOLYILIOC-
KOCTH ONpPEAeIsaeTcs creaynmuM oopasoM. IlycTs runepbonauyueckas npamas
AB moaxonuT K BemecTseHHou ocu B Toukax X u Y (puc. 7). Torma

p(A,B) =c|In[4,B, X,Y]|.

([lna KpaTKOCTU MBI OyCTWIX BTOPOU 3HAK MOAyaA. [lemo B TOM, 9TO He-
CJI0XKHAA TPOBEPKA TO3BOIAET YOCAUTHLCA B €r0 HEHYXKHOCTH.) B ToMm ciy-
4ae, KOT4a rumepOoamdecKas IpAMas ABIIETCA €BKINIOBLIM JIY4OM, IIOJO-

—a
y—>
bopMyna 1A BLIMUCIEHUA THNEPOOIAIECKOTO PACCTOSHUAA TPUHUMAECT OCO-
6enHo mpocton Bug: p(ia,ib) = c|In(a/b)|.

xuM Y = oo, T. e. = 1. [las mos0XUTEIBHOrO Jy9a MHAMOU OCH
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BrisicuuM Temepnb, KaK yCTPOEHBI NBUXKEHUS ILIOCKOCTU JI06a4IeBCKOrO.
Jlroboe mpoOHO-TMHENHOE TPEeOOPA3OBAHNE, COXPAHAINEE BEPXHIOK MOIYTI-
aockoctsb H, sBasercsa gmxenuem mwrockoctu Jlo6agesckoro. Ilycrs a, b, ¢, d

€ R. Jlerko mpoeepuTh, 9TO OTOOPAKEHAA 2 > rae ad —bc > 0, u

z+b
+d’
az+b

atd rae ad —bc < 0, COXPaHAIT BEPXHIOK [TOIYILIOCKOCTL. B camoMm

AeJe,
az+b (cz+d)(az +b) bez + adz Im 2z
B rd T et d? R PG Dl Py
azZ+b Imz
m % — (be — ad) —2F
M Erd (be ad)|cz+d|2
A?1
B
A 7
T
Y X
Puc. 7 Puc. 8

Teopema 3.1. Jwboe (eunepbosuneckoe) deuxcenue 8eprueli NoAYNioCcKo-
cmu H umeem eud
az+b a(—z) +b

cz+d ET c(—-2)+d’

VA ad

2de a,b,c,d € R uad —be > 0.

HokazaTeabcTBo. ['eomerpua JlobadeBckoro obaagaer TeM CBOUCTBOM,
aro Touka C aexut Ha orpeske AB Torga u Tompko Toraa, xoraa p(A, C)+
p(C,B) = p(A, B). U3 3TOro CBOUCTBA, CIEAYET, 9TO M00aa H30METPUA TIe-
pPeBOaUT TUMEPOOINIECKYIO IPAMYIO B TUIEPOOITIECKYIO IPAMYIO.
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IIpeamonoxum, 9T0 U3OMETPUA Y IEPEBOAUT IOJIOKUATEIbHEIN 1yd L MaR-
MOU OCH B rUepOoIuIecKyo npaMyio (L), IOAXOAAINyI0 K BEIECTBEHHON
z2—x
)
ABISAETCA TUIEPOOINIECKAM IBMKEHUEM ¢ 1, IpIdeM DTO JBUXKEHHE Hepe-
BoAuT runepboandeckyio npamyo (L) B L (ecau y = oo, 10 g(2) = 2 — x.)
Taxum 06pa3oM, H3OMETPHUA ¢~ ' IepeBOAUT TUIePOOITISCKYIO IPAMYIO L
B cebsa. IlpuMenus, eciu Hyx)HO, udomerpuio z — kz(k > 0), MOxHO cum-
TaTh, YTO M3OMETpUA g 'y ocTamigeT TOUKy i Ha MecTe. CremoBaTernbHO,
rouxka ia(a € R) mepexogur B Taxywo Touky ib, uto p(i,ia) = p(i,ib), T. e.
|Ina| = |Inb|. B Tom caydae, Korga m3oMeTpua ¢ ¢ mepecTaBIfeT T'H-
nep6onuveckue ayan (i,00) u (i,0), IPUMEHUM FOMOJIHIUTEILHO U30METPUIO
2z + —z~ 1. Jlaa nomyuenHon maomerpuu g ‘¢ BapmanT b = a~! oTmaga-
eT, HOSTOMy OHa OCTABJAAET HENOABUXKHBIMU BCE TOYKU FI/IHep6OJII/I‘IeCKoﬁ
npsimou L.
151 BEIIUCAEHAA TUTIEPGOMMIECKOT0 PACCTOAHNA d MEXK Y TOUKAMU 2, W €
H MOXHO UCIIONB30BATH (GOPMYILY

dy _ |z — wl|?
ch (E) =1+ 2Tm(z) Im(w)’

1
rae cht = i(et +e7t) — eunepboauneckuii Kocunyc. DTy HOPMYIY MOKHO

ocM B TOYKax £ u Y. Torga OAHO M3 ABYX mpeoOpas3oBaHuu z — +

TOJAYYUTH, BEITUCJANB KOOP ANHATHI TOYEK B KOTOPHIX FHHep60.TIPI‘IeCKaJI ops-
Masgd 2W INOAXOOANUT K BeH.IeCTBeHHOﬁ OCH, a 3aTeM BBIYUCJIUB COOTBETCTBYIO-
mee qBOMHOE oTHOWEHWe. Ho Takou crnocod TpefyeT IpOMO3IKUX BBIYUACTE-
uuu. IIpoeeputs o1y dopmyay Moxkuo mpomie. Obe ee YaCT WHBAPUAHTHEL
OTHOCUTEJILHO BEIIECTBEHHLIX APOOHO-IMHENHBIX NPEeOOpPA3OBAHUU C IIOJO-
KUTEILHBIM OIpPefeauTeneM (I IPaBoU IacTu GOPMYJIE JOCTATOIHO IIPO-
BEPUTH MHBAPMAHTHOCTH OTHOCUTEILHO IPeoOpa3oBanuil 2 — z +a, a € R,
u z — —1/z). IIpeo6pasoBanuemM TAKOro BEAA NPAMYI ZW MOXKHO IEPEBe-
CTU B MOJOXUTEJIbHBIN J1yd [ MHUMOU OCH, & IJs TOYEK T,y € L merko
IPOBEPUTH, ITO 00e JacTu (OPMYJBI JAIOT OAUH U TOT XK€ Pe3yabTaT, a

:(52)
UMEHHO, — | — + = |.
2\y =

[1a BCeX MOMOXKUTETLHLIX HIceT ¢ M30MEeTPHUI ¢ ' OCTaBIAET TOUKY it
HETO [BUKHON, TIOITOMY [ BCeX z € H BHLITIOIHACTCA PABEHCTBO

plit, z) = p(it, g~ p(2)).

Oycts z = x + iy, g '¢(z) = u + iv. N3 HOPMYyIB MIS BEYUCICHEA
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PACCTOAHUA CIEIYET, ITO

it — 2 _ it — g~ p(2)]”
tIm(z)  tIm(g~1e(2)) ’

T e [22 4+ (t — y)?jv = [u? + (t — v)?]y. DTO PaBEHCTBO BHIMOJIHAETCA AJIA
BCEX TONOXUTETBHEIX t, modToMy y = v u 22 = u?, T. e. g7 p(2) = 2 wm
—Z. A Tax xax M30MeTpUs ABIAETCA HEMPEPLIBHEIM OTOOPAKEHUEM, TO O/HO
UX DTUX PABEHCTB BLIMOTHAETCA [IA BCEX TOYEK OJHOBPEMEHHO. lloaToMy

¢(2) = g(2) mm ¢(z) = g(—2). O

3ameuanue. B dpopmynuposke reopemsr 3.1 MOXHO cunTaTh, 94T0 ad —be =
1. B camom gene, mycts ad — bc = t > 0. Ilogemum wmcna a, b, ¢ u d Ha
Vt. B pe3yapTaTe MOIyYuM TO XK€ camMoe IpeoOpa3oBaHUE, HO IS HOBBIX
k03¢ puuureHToB a, b, ¢ u d Tpebyemoe ycroBue OyIeT BHIIOIHATHC.

Cdepuyeckyio reoMeTpuio u reoMeTpuio JI06a9eBCKOr0 MOXKHO TTOCTPO-
uTh eauHbIM oOpaszoM. Tounee roeops, pedb Oyaer uaTu He O cdepude-
CKOUM T'€OMETPHUH, & O TAK HABEIBAEMOU JA4UNMUYECKOT TeOMETPUN, KOTOPAs
TOIYy9aeTCa U3 CHEepUIeCcKOn TeOMETPUM OTOXKECTBICHUEM IUAMETPAILHO
IIPOTUBOIIOJIOXHBIX TOYCK.

Jisi equHOOOPA3HOr0 MOCTPOEHUS DJUIAITAYECKON W [UIIEPOOIMIeCKON
reoMeTpur HaM HOTPEOyeTCs KOMNAEKCHOE NPOEKMUBHOE NPOCTNPARCMEO
CP2. Omuo ompegensiercs aHAIOIMYHO BEIIECTBEHHOM MPOEKTUBHON ILIOC-
xoctu IRP2, HO BMECTO TPOEK BENIECTBEHHEIX HUCET GEPYTCA TPOMKU KOM-
TIJIEKCHBIX YUCEJ; TpOﬁKPI CIUTAKTCA 9KBUBAJCHTHBIMUY, €CIN OHU IIOJYyYa-
I0TCA APy M3 Apyra YMHOXEHWEM Ha KOMILIEKCHOE YUCIIO.

Baxwuoe 3Hadenue 6y1eT 418 HAC UMeTh Takxke KpuBag r2 +y2 + 22 =0
s Cp2

Paccmorpum Touku Py = (x1,y1,21) 1 Po = (Z2,ys, 22), Jexamue HA
cepe 22 +y2 + 22 = R?. Dru Touku MOXHO Takxke cantarb Toukamu CP2.
Mpsavas P, P, 8 CP? nepecekaer xpusyio 22 + y2 + 22 = 0 B Toukax J; u
Jo. IlokaxeMm, 4TO .

e:ﬁ:?up = [P17P2; Jl; J2]7

rae ¢ — yroa mexay paguycamu OP; u OP,. B camom gene, npsivas Py Py
B CP? cocrout m3 Touek Buga

(@1 + Az2,y1 + Ay2, 21 + A22)
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rae A € CUoo (Touxe Py coorsercTByer A = 0, a Touke Py COOTBETCTByeT
A = 00). 3HadveHus \, COOTBETCTBYIOME TOYKAM J1, U Ja, YAOBICTBOPAIOT
YPaBHEHUIO

(@1 + Az2)” + (41 + Ay2)? + (21 + Az)? =0,
T. e. 1+ (2cosp)A + A% = 0 (MBI BOCTIOTE30BATUCH TeM, YTO T3 + yi + 27 =

R* 23 +y3 + 23 = R? u 2125 + 41y2 + 2122 = R? cos ). CregosarensHo,

A1 cosptq/cos?p—1 cospEising E2ip

A cosp F y/cos2p — 1 ~ cosp Fising

C apyrou CTOpOHHL,

)\1*0_)\1*00_)\1

PP J, | =——  ——m— = —.
[ 1,42,J1, 2] AQ—O )\2_00 )\2
Taxum 06pa3om, .

[Pl, Pz, J1, Jz] = eiZW.

MosTomy paccTosuue d Mexay ToOYkaMu cepnl paanyca R MoxHO onpene-
JUTH IO (popMyIe

d:RQD:iQE;IH[Pl,PQ,Jl,JQ], (31)
rae In — yskuumsa, 06paTHAS DKCIOHEHTE. JTO ONpeeIeHre TpebyeT HeKO-
TOPBLIX MOACHEHNN, TAK KAK PACCMATPUBAIOTCA (PYyHKIINU KOMILIEKCHOT'O IIepe-
MEHHOT'0, IPIYeM TOXKIeCTBO e2™¢ = 1 mokaseIBaeT, 9T0 o6paTHad byHKIMAI
MHOTO3Ha9HAA. HO MBI HUKAKWMX TOACHEHUN JABATHL HE OyaeM, IIOTOMY 9TO B
HambOIee MHTEPECHOM [/ HAC Crydae reomeTpun JIo6adMeBCKOro aHaIormd-
Haa (GOPMyIa COAECPKUAT JUIMDL PYHKIUN ACUCTBUTEILHONO MEPEMEHHOTO.

Hanomuum, kak Obu1a oy dena popmyaa (3.1). Mer paccmorpenu Touku
P, P, € R3 kxax Touku C3, 3arem comocrasuin um mpamsie OP, u OP,, a
ot npaMere paccmorpenn kak saementol CP?2. Toukun P u P, nexar B
R3 u C? na nosepxmoctu 22 + 32 + 22 = R?2. B C? moxuo paccmorpers
HE TOIBKO Cdepy AeNCTBUTEIHHOTO PAANYCa, HO U Chepy MHUMOTO Paguryca,
22+ 9?2 + 22 = —c2, c € R. Tlo cymu gena, paguyc R MBI 3aMeHAeM Ha ic.

Kak u B ciaygae oOwraHOU cephl, 411 CPepsl MHUMOTO PAAUYCA Y006~
HO OTPAHWYATHLCA BEMECTBEHHLIMM TOYKaMu. lloaoxkwum z; = iz. Torma
nomyuum nosepxsocTh 72 + y? — 22 = —c?. Ilpu BemecTBeHHBIX T,y U 21
5Ta MOBEPXHOCTD NPENCTABAAET COO0U ABYIOMOCTHEI runepGoaons (puc. 8).
OTMeTuM Takxke, 9TO HPM YKA3aHHOM IIPe0OPa3OBAHMUM IIOBEPXHOCTDL T2 +
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y? + z? = 0 mpepammaeTca B moBepxHOCTD T2 + y? — 22 = 0, KOTOpasA Mpu Be-
IECTBEHHLIX T, Y U 21 ABAACTCA KOHycoM. Ilycts Py, u P, — TOYKM BepxXHEn
MOJIOCTH IBYTOJIOCTHOTO runepbononga x2 + y? — 22 = —c?. Paccmorpum ux
xak Touku CP?. Ipsvas P, Py 8 CP? nepecexaer kpusyio 22 +y% — 22 =0
B TO4YKax Ji u Jy. Ilo aHasorum ¢ D/ummnTU9eCKOd reOMeTPUed OIIpeneauM
paccrosane Mexay Toukamu P u P, o ¢popmyae

d= i;—; I[Py, Py, Jy, Jo] = ig In[Py, P, J1, Ja)].

OKa3bIBAETCA, 9TO B PE3yIbTATE MOIyIuTCa reomerpus Jlobauerckoro! B

camom gene, paccmoTpum ceuenne D? komyca z2 + y? — 22 < 0 mexoTopoi

ITOCKOCTBIO, IEPIEHIMKYAAPHON Ocu kouyca. Jlyuu OF; u OJ; nepecekaror

D? B rouxax P/ u J!, nputem [Py, Py, J1, Jo] = [P, Py, J{, J5]. Takum o6pa-

30M, CITPOEIUPOBAE BEPXHIO MOJOCTH ABYTIOJOCTHOrO runepGononga ua D2

73 HAYaIa KOOPAUHAT, moaydanM Mogens Kaenna reomerpun JIo6aeBcKoro.
OTMeTuM, 9TO TIO AHAJIOTUU C POPMYIOU

2
C052 i — (ua U) ,
R)  (u,u)(v,v)
— —
rae u = OP;, v = OP,, MOXHO 3anucaTb (POPMYTy

e [u,v] = u1v1 + ugvs + (u3)(iv3) = u1vy + usvy — uzvs. Tak xax cost =

it —it —t t id d
%, TO cos(it) = % = cht. TlosToMmy cos (z_) = ch (—)
c c

dopmyra - o
Ch (z)=m

rqu‘/JI(}TBI/ITeJIIaHO BEPHA; €€ MOXHO IMMPOBEPUTH HETOCPEACTBEHHBIMU BBIYTUCIC-
HUAMMN.

3agaum

1. [okasaThb, 9TO npeodpa3oBanmne, 0OPATHOE IPOOHO-IMHENHOMY, TOXKE
IPOOHO-INHENHO.

25



2. [lokazaThb, 9TO J1000€e 1POOHO-IMHENHOE IPEOOPaA3OBAHNE MOXKHO IIPEI-
CTABUTL B BUJ€ KOMIO3UINK IIPEOOPA30BAHNNA BUAA 2 — — U 2 — Gz + b.
z

3. Joka3aTs, 9TO Npu APOOHO-IMHEMHOM IPEOOPa30OBAHUM KOMILIEKCHON
ILTOCKOCTY IPAMAS WX OKPYKHOCTD [IEPEXOAUT B MIPAMYIO WIN OKPYKHOCTE.
4. Toxa3aThb, 9TO IPOOHO-INHENHEIE IPEOOPA3OBAHNA COXPAHAIOT YIVIEL
5. a) [okasaTk, 9TO TOYKM 21, 22, 23 € C nexar ma ogHOM TIpAMON TOrIa
21 — 29
U TOIBKO TOTJAa, Korja ——— € R

21 — 23
6) [Joka3aTb, 9TO TOUKU 21, 22, 23, 24 JEKAT HA OJHOU NIPAMOK WIA OKPY-

KHOCTb TOT/Ia U TOJIbLKO TOTAA, KOTAa [21, 22, 23, 24] € R
6. [doxasarb, uro ecoim Imz; > 0 mw Imz, > 0, TO cymecrByer mpe-
az+b a b
o6pasoBanue z — ——, Ile € SL(2,R), mepesonsmee 21 B z».
cz+d c d
(SL(2,R) — wmmoxecTBO MaTpmi 2 X 2 C BEMIECTBEHHEIMHA JJEMEHTAMU U
ompegemuTeneM 1.)
7. a) Jokasars, 9T0 cTepeorpaduiecKkas IPOEKIUs NPEACTABIAET COO0U
OrpaHr4YeHne Ha Chepy MHBEPCUM B IPOCTPAHCTEE.
6) [JoxazaTh, 9TO CTEpPeOrpadIecKas IPOEKIW IEPEBOAUT OKPYKHOCTH
Ha chepe B OKPYKHOCTU WX MPAMBIE HA IIOCKOCTU U COXPAHAET YTJIEL.
B) [Jokazats, 9TO cTepeorpaduIeckas IPOEKIUsI COXPAHAET JBOUHOE OT-
HOLLIEHUE.
8. oxa3arh, 4TO T(Q)qu z B Mogenu Ilyankape B eqUHUYHOM Kpyre CO-
z .
OTBETCTBYET TOYKa ————— B Mogenu Kienna.
|22+ 1
9. Moxasats opmyry

o (é) g lpmwl
c 2Im(z) Im(w)
TIPAMBEIMA BHEIYUCICHUSAMU.
10. Joxasars, uTO runepboIMIecKas OKPyKHOCTb B Mogenu Ilyankape
ABJSETCA €BKINIOBON OKPYXKHOCTBIO (C APYTHM LHEHTPOM).
11. Joka3aThb HEPABEHCTBO TPEYTOJILHUKA, B MOAeau [lyankape B BepxHen
HOJIyHJIOCKOCTI/I.
12. Haitu MyHUMATBLHOE TUIEPOOIMYIECKOEe PACCTOAHNE OT TOYKU (T,Y)
BEpPXHEN MOMYIIOCKOCTH 10 ayda Oy.
13. a) [okasaTb, 9TO OpU ABUKEHUM TOYKU IPAMOU £ = 1 IO HampasJie-
Huio K ocu Ox paccrosuue oT Hee 00 mpsamon Oy GECKOHETHO BO3PACTAET.
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6) Jloka3aTh, 9TO IPU ABUKEHUA TOYKH BIOIL MUIEPOOIAICCKON TPAMOU
(z—1)24y? = 1 no manpasienuio k Touke (0,0) paccTosHME OT HEe IO MPAMOM
Oy cTpeMuTCsa K HyJIIO.

14. ToxasaTkb, 9TO BCE TOYKM E€BKIWAOBOU MPAMOU y = kI, Jexarmme B
BEPXHEU MOMYTUIOCKOCTH, PABHOYJATEHEI OT Tunepbomrmyaeckon npamon Oy .

15. ToxazaTh, YTO MHOXECTBO TOYEK, PABHOYJAJCHHLIX OT ABYX JAHHBIX
TOYEK, IPEACTABIACT COOOU MUIEPOOMMIECKYIO IPAMYIO.

16. Iycte A; = (21 + N2, y1 + Aiy2, 21 + Aize) € CP2. Mlokasars, uto

A—A1 M-\
A, Ay, Az, Ay = : .
[ 15412, 413, 4] )\3 — )\2 )\4 — )\2

17. Toka3aTh HETOCPENCTBEHHO (hopMyIy

d [u,v]?
ch(=)=—"22
c)  luulfv,7]
c —_— —
raoe d= :I:iln[Pl,Pg, Jl, JQ], u = OPl, v = 0P2
18. Moxa3aThb, 9TO eCau BCE YIVIBI I'HIEPOOJNYIECKOr0 MHOIOYIOJIbHUKA
MEHBIIIE 7T, TO OH BHIIYKJEIN.

19. JoxazaTs, 4To B Mogeau Kienna (rumepOommdeckas) OKPYKHOCTb
IpenCTaBIgeT COO00U (€BKINIOBY) OKPYKHOCTD WX DILIUIIC.

4. [unepbonuyeckasi anemeHTapHas reomeTpus

B runep6oanueckon reOMETpUN MOHATUE BEAUUUHbL Y2A0 MOXKHO OIpe-
IEMUTh CAeryrumM o0pa3oM. BymeM roBopuTb, YTO BEIWYUHA YTUIA PAB-
Ha 27/n, ecam n yraoB ¢ OOLeN BEPINNHON, KOHTPYSHTHLIX JAHHOMY YUy,
TMOKPHIBAIOT BCIO ILUIOCKOCTH JI0OadeBCKoro 6e3 HaloxkeHun. Temepnb JEerko
OIPEEMUTE YTON BEIUTUHOU 27 /7, & 3aT€M [0 HENPEPHIBHOCTH MOXKHO
OIPENENUTD BEIUIUHY J0O0r0 yria.

M monenn Kaenna u gis mogenu Ilyankape B Kpyre moBOPOTHI BO-
KPYT IEHTPa KPyra ABIAITCA ABUXKEHUAMU. [l03TOMy B IEeHTpe Kpyra B
00erx MOENAX BEJUYIUHEI MUNepOOINIECKUX YIVIOB COBIAJAI0T C BEIUIUHA-
MU €BKJIUJOBEIX YIUIOB. IIeHTp Kpyra rumepOoindecKuM IBUXKEHUEM MOXKHO
mepeBecTu B JO0YI0 Apyryko Touky. [as momnenu Ilyamkape maBuXeHUs CO-
XPAHAIOT €BKJIUOBEI YIVILI, TIO3TOMY [/ HEE TMOHATUE BEIUIUHE €BKJINI0BA
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yTJa COBHAAAET C MOHATUEM BEIUUMHEL TUIEPOOINIECKOro yria. (YToua Mex-
Iy ABYMsA IEPECEKAIOIMMMUCA OKPYXKHOCTAMHU OIPENENIeTCsa KAK YIOd MEX-
Iy KacaTeJIbHLIMU B TO4Ke mepecedenus.) [laa mogeau Kiuenna gsukenus
He 00s33TeIbHO COXPAHAIT €BKINIOBHEI yIVIBI, IOITOMY [AJA HEE BEINYUMHA,
runep60aMdecKoro yria He 065132 TeJbHO COBIALAET C BEIMYNHON €BKIINI0BA
yria.

A

Puc. 9 Puc. 10 Puc. 11

Ha eBKIMIOBOM IIOCKOCTM Yepe3 TOUKY A MOXHO IPOBECTH JUIIL OTHY
MIPAMYIO, TAPALIEIbHYI0 TaHHOUN mpsamou. Ha mnockoctu Jlo6adeBckoro de-
pe3 Touky A MOXHO IPOBECTH LENIOE CEMEUCTBO MPAMEIX, HE MEPECEKAOIMX
mauayo npaMmyo [. Takue npsMble 3amOMHAIOT Mapy BEPTUKAIBHBIX YIVIOB
(ma puc. 9 uzo6paxenst >tu yrasl B Mogeau Kienna). Cpeau o6pa3oBaBunx-
€A YETHIPEX YIVIOB C BEPUINHON A BEIJEIUM TOT, KOTOPHIU COIEPKUT MPAMYIO
I. CTopoHBL 5TOr0 yria HA30BEM AYUAMU, NAPasLeAbHblMy Npamot [. TIps-
MBIE, COIEPKAINMAE >TU JIy9Id, HAZOBEM NPAMbIMU, NAPAAAEAODHBIMYU NPAMOTL
l. B reomerpun Jlo6a4eBckOro ciaegyer roBOPUTHL UMEHHO O HMAPAJIEIBHBEIX
JIy4ax, & He MapaIeNbHBIX NPAMBIX, IOTOMY 9YTO OBA JIy4a, HA KOTOPHIE
Touka A pasbuBaer mpsaMyio, BeqyT cebs IMO-Pa3HOMY II0 OTHOIICHUIO K I1a-
PAIETBHON €U IPAMOU: ONWH JIyd NpUOIMKAETCI, 8 IPyrou yaaaiercs. B
YaCTHOCTHU, OTHOIIEHUE MAPALIEILHOCT TPAHSUTUABHO TOMBKO [ JIydeu.

Yeaom nepadseavrocmu 1as TOYKU A U npsaMon [ HA3LIBAIOT IMOJIOBU-
Hy BEIUYWHEI yIVIa, 00Pa30BAHHOIO Jy4aMy ¢ BePIIUHON A, mapaiiensHBIMU
npaMon .

Yroa napamieabHOCTE o 0013 83eT caenyomuM cBoucteoM. OmycTuM m3
Touku A nepnenaukyasp AH wa npsamyio [. Ilposegem u3 Touku A nya AB,
obpasyromuu yron 3 ¢ ayaom AH. Jlya AB mepecekaer npamywoo [ Torga
¥ TOJBKO TOrja, Korga < @. OTO CBOUCTBO MOXKHO B3ATH B Ka4eCTBE
ONIpEIENeHNs YIVIa, IaPAJLIeILHOCTH.

Jlerko mpoBepuTh, YTO YrOJI MAPALIETBHOCTH (¢ 3ABUCAT JIAIMEL OT PACCTO-
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SIHUA @ OT TOYKU OO HOPAMOM. BLIACHNM, KAK MMEHHO CBA33HBI @ U Q. ITO
HECJIOXHO CAETaTh B JIOO0U U3 Mogeren. PaccMoTpuMm, HampuMmep, MOIeIb
Kurenna, npuyem OyzeM CIUTaTh, 9TO TOYKA A COBIALAET C LMEHTPOM KPyra
(puc. 10). Ilo onpenenenuto

In <XH YA)‘ = Eln <71 +cosa> = cln(ctg%).

a= XA YH 2 1—cosa

c
2
Cregosarensho, e~ %¢ = tg(a/2). Ipu a/c — 0 momywaem a — w/2, T. e.
IIPY YMEHBIIEHUN PACCTOSHUA @ WIM IPU YBEIWYEHUN (MHUMOI'O PATUYCA» C
reomeTpus JI06aIeBCKOro TpubINKACTCA K €BKINI0BOU [€OMETPUMN.

B panprenmeMm gs ynpomenus Gopmya OygeMm CIuTaTh, 910 ¢ = 1.

B runep6omndeckon reOMeTpUK CyMMa YIVIOB TPEYTOJBHUKA MEHBIIE 7.
ODTO yTBEpXKIEHKE JErKO A0Ka3aTh B Mogenu Ilyankape B Kpyre, moMecTus
O[[Hy 13 BEPIUINH TPEYTOMbHUKA B IeHTP Kpyra (puc. 11). B camom nene, yron
A runep6oaunyeckoro Tpeyroasuuka ABC paBen yruy A eBKIMIOBA TPEYTO-
JBHUKA, a yrvisl npy Bepumuax B u C' y runep6oamdeckoro TpeyroabHuKa
MeHbIIIE.

B eBkiIn 10BOM reOMETpPUU CTOPOHEL M YTUIBL TPEYTONbHUKA CBA3AHEI HEKO-
TOPLIME COOTHOIIEHUAMU. B reomerpun JI0Ga9IE€BCKOrO TOXKE BBHITOJHAIOT-
CS1 OIIPEIeJECHHEIE COOTHOMIEHUA MEXK Iy DJEMEHTAMU TPEyrOAbHUKA. lIpome
BCEr0 IOLYYATH COOTHOWIEHNUS /IS IPAMOYIOABHOIO TPEYTOJbHIKA, II03TOMY
C HEro MBI ¥ HAYHEM.

Bemrunnnr yrios Tpeyromsuuka ABC Gymem 0603Ha49aTh ), [ 4 7, a
[UIMHEL IPOTUBOJIEKAIINX UM CTOPOH OyaeM 0603HAYATH a, b 1 c.

Teopema 4.1. B mpeyzoavHuke ¢ NPAMbLM Y2A0M Y BLINOAHMOMCA CAEOY-
ouUe COOMHOUEHUA:

a) chc=chachb;

6) tha =shbtga.

MokazaTeabcTBo. a) MoxnO camraTh, uto A = ki (k> 1), B = cos cp2+
2
ising u C = 4. Torma cha = _L, chb = ﬂ u che = i
sin @ 2k 2ksin g
IMosTomy chachb = che.

IIpu mansix a, b u ¢ coornomenue ch achb = ch ¢ npesparmaercs B coot-
somenue a2 + b2 = ¢2. Taxum o6pazoM, cooTHomenre ch ach b = ch ¢ MoxHO
HA3BATL 2unepbosuveckoti meopemoti ITugazopa.

6) CroBa Gymem camrarn, 9T0 A = ki (k > 1), B = cosp + ising u
C =i. Ilycte 9 — UEHTP €BKJINIOBON OKPYXHOCTH, COIEPIKAIIEU TUMEp-
Gommueckyio mpsamyio AB. Torga z2 + k* = (cosp — x0)? + sin ¢, . e.
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k? = 1 — 2z cos . Jlerko mposeputhb, uTo LAzoO = a. IlosTomy

¢ a_i_%coscp
8 Taol T R
2 2 1
Tak xak sh“t =ch“t—1ucha=——, 10
sin g
1 2 14 k2\?2 2 _1\2
sh?aq = ) —1=<C?S(p) Msh2b=<+—k> —1=<k—) .
sin® ¢ sin ¢ 2k 2k
k-1 tha

——— =shb, a 3pavur, tga = —.
2% ’ A= Shp
Ilpn mansix a u b 5T0 cOOTHOmEHNE npeBpammaeTcs B tga = a/b. O

CrenoBarensHo, cosp =tha u

"3 coorromennu chec = chachb u tha = shbtga ¢ nomompo ToxeCTB
I TPUTI'OHOMETPUICCKNX U FI/IHep6OJII/I‘IeCKI/IX (byHKHI/Iﬁ MOXHO IIOJTYYIUTH
Ipyrue cooTHomeHus, Hanpumep, sha = shesina, thb = thecosa, cosa =
chasin g, ctgactg f = che. Ilpu Manwix a, b 1 ¢ 3TU COOTHOINEHUs TPUHY-
MalT BUI a = c¢sina, b = ccosa, ctgactg S =1, cosa = sin .

7151 TPOU3BONBHOIO TPEYTOIBHUKA, B TUNEP6OJNIECKON T€OMETPUN CIIPA-
BEJIMBBI TEOPEMBI, aHAJOI'MYIHEIE TeOpeMaM CHHYCOB U KOCUHYCOB B €BKJIN-
IOBOU ILIAHUMETPUMU.

Teopema 4.2. /[as npou3soasvno2o MPey2osbHUKae BbINOAHAIOMCA CAedYl0-

Wue COOMHOUEHUA:
sha shb she

a) — =——% ==
sina sinfg  siny
6) cha = chbche —shbsheccosa (meopema xocunycos.)

(meopema cunycos);

HokazaTensbcrBo. Onycrum u3 Bepmunsbl C' nepnesauxkyasp CH Ha nps-
myio AB. Bygmem nis OnpeneseHHOCTH CUMTATh, 9TO TOYKa H nexut Ha
orpeske AB (crywan, xorga Touka H mexut BHE oTpeska AB, paccmarpu-
Baetcsa anagoruydsno). QO6osuauum nuunbl orpeskos CH, AH u BH uepes h,
T ¥ ¢ — X COOTBETCTBEHHO.

a) 3amumem coorHomenusa Buga sha = shesina gaa npAMOyrombHBIX
TpeyronsaukoB ACH u CBH. B pesyabrare nmonyuum shbsina = shh =

shasin 8. Cregosarensro,
sha shbd

sina  sinf’

30



6) 3ammmem coorHomenusa Buaa chachb = che gaa mpamoyrombubBIx
TpeyronsaukoB ACH u CBH. B pesyavrare nmonydum chbd = chxzchh n
cha = ch(c — z) ch h. CaemoBarensro, cha = (chcchz — sheshz)chh =
chbchc—chbshcethz. Kpome Toro, thz = thbcosa. O

BriscanM Teneph, Kak BEIMVIAIUT B MOaenu IlyaHnkape oxkpyaicrnocme, T. €.
MHOXECTBO TOYEK, PABHOYJAJEHHBIX OT gaHHOU Touku. [uas momenu Ilyan-
Kape B BePXHEU MOMYIUIOCKOCTY TUNEPOOITIeCcKas OKPYKHOCTE PATUYCA T C
ueHTpoM (a, b) 3a4aeTCA ypaBHEHUEM

(@a—2)*+(b—y)?

hr=1
chr + 2y )

1. e. (x —a)®> + (y — bchr)? = b*(ch®r — 1). Taxum o6pasom, B MOgean
Hya,HKa,pe B BerHeIl/i HOJIyHJIOCKOCTI/I FI/IHep6OJII/I‘IeCKa.ﬂ Opr}KHOCTB pa,,qny—
ca r ¢ ueaTpoM (a, b) mpeacraBaseT COO0N €BKINIOBY OKPYKHOCTb DAJUYCa,
bv/ch®r — 1 ¢ uentpom (a,bchr).

[na momenn Ilyamkape B kpyre A rumepboamdeckas OKPYXKHOCTbH TO-
e TIPeCTaBIgeT COOOU eBKINIOBY OKPYKHOCTD, TaK KaK IPOOHO-IMHENHOEe
mpeo6pasoBaHye IePEBOUT OKPYKHOCTH B OKPYXKHOCTD WK npsaMmyo. Eciu
LHEHTP TUIepOOIMIeCKON OKPYXHOCTH COBIAIAET C LEHTPOM Kpyra A, To
€BKINOB LIEHTP DTOU OKPYXKHOCTHU TOXKE COBIALAET C LHEHTPOM Kpyra A.
IMoxaxkeM, 9TO B TAKOU CUTYAllUU €BKJIUIOB paauyc R u rumeploamdecKkun
paJuyC r CBA33HEI COOTHOIIEHUEM

1+R e"—1 r

ef=—— T.e R= :th(—)
1-R e +1 2

B camom gene, mycts O — menTp kpyra A, X — TOUKa pacCMaTpPUBAEMOU

okpyxuocTH, A 1 B — Touku B KoTophix npamas OX mepecekaeT TpaHuILy

kpyra A. Torga
| (AX BOY| _ (1£R
"T"\40 Bx)|T"\1-R)"

O6¢cyaum Tenepsb, KAk U3MEPATDH JIAHBL KPUBEIX B IUIIEPOOIIMIECKOU I'e0-
merpuu. [lisa onpeneseHus JIVHL KPUBOY C IIOMOIIBIO UHTErPata Tpebyercs
SAEMEN 0AUKBL, T. €. PACCTOAHNE MEXITY OECKOHEYHO OIM3KUMU TOIKAMIEL.
Eciu As — runep6onndeckoe pacCTOSHUE MEX Iy TOYKAMU z u 2 + Az Bepx-
HEU HOJIYIVIOCKOCTH, TO

Az
2(Im z)?

(As)?

ch(As) =1+ u ch(As)~1+ —
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A d dz2 + du?
IMosTomy As ~ M,T, e.ds = |dz| - \/m
Im 2 Im 2 Y

s mepexona ot mogeau Ilyankape B BepxHen moayiiockoctu H k mo-
nenu Ilyamkape B kpyre A MOXHO BOCIOIB30BATHCSI OTOOPAXKEHUEM 2 >
z—1

z4+i
equErgHEH Kpyr A. HeclnoxHbe BEIMUCICHNA TOKA3LIBAIOT, TTO

w = OT0 0TOOpaAXKEHNE MMEPEBOAUT BEPXHIOK IMOAYILIOCKOCT: H B

|dz|  2|dw]
Imz 1—|w|?’

Takum ob6pasom, B mogenu Ilyamxape B kpyre A saeMeHT rumnepOoaude-
CKOU JJIVMHBI IOIYy9aeTCsA U3 DJIEMEHT €BKJINIOBOU [UIVMHEL YMHOXKEHUEM Ha

2 .
m. CaenoBaTenbHo, TUMepOOINIECKAA [IVHA €BKIUJOBOU OKPYKHO-
—|w

2
ctu pagauyca R ¢ menTpoM B meHTpe Kpyra A pasHa 27R (I—R?) Hamo-
MHEM, YTO DTa KPUBAA ABIACTCS CUIEPOOIMICCKON OKPYKHOCTHIO DA IILyca,
r, rage r u R cesasansr coornomenuem R = th (5) MosTomy nawna rumep-

00IMIECKON OKPYKHOCTHU PAAUYCA I PABHA

4mth (L
72(22 = 2mshr.

1—th* (3)
3ameuanue 1. [[1uHa rUnepOOINIECKON OKPYKHOCTU OOJBINE JJIMHBI €B-
KJIUOBOU OKPY3KHOCTHU TOT'O XK€ PAANyCa, a LINHA CHEPUIECKOU OKPYIKHO-
CTU MEHBbIIIe.

3ameuanue 2. Teopemy CHHYCOB BO BCEX TPEX I'€OMETPHUAX MOXKHO CHOp-
MYJIZPOBATH OJUHAKOBO, 8 UMEHHO:

la) _ 1) _ Ko

A T = - )
sina sinf  sinvy

rge [(r) — pauHa OKPYXKHOCTH DAJLYCa T

ILromans chepuaecKoro TPEyroIbHIKS MOXKHO BHEIMUCIUTE 1O (GOpMy.Ie
S = R?(a+ B+~ — ). llpu 3amene R Ha ic mory<duM hOPMYyIy AIA ILIOMA-
¥ TPEyroJbHUKA B rumnepboamaeckon reomerpun: S = c2(m —a — f — 7).
OTHU PACCyXKJEHUA MOXKHO IPEBPATUTD B MOJHOE JOKA3ATEILCTBO, IPUMEHUB
TEOpeMy O TOM, ITO JBE AHAMMTHYCCKHE (hyHKIMH, COBIIAJAIONINE TP BCEX
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BEIIIeCTBEHHBIX 3HAYEHUAX, JOKHEI COBIALATH U IIPU BCEX UNCTO MHUMBIX
3HadeHuax. Hac Takou myTh NOKa3aTeIbCTBA HEe yCTPAMBAELT, HO BCE XKe U3
DTUX PACCYXJEHUU MOXKHO M3BJIEYb HEKOTOPYIO moasdy. Hampumep, onu mo-
3BOJSIIOT NPEANONOXKATE, 9TO BemanHa 0 = m — (a+ 3+y) nponoprmoHaIsHa
IO, 1 TunepOoInIecKoro Tpeyroabunka. Hasosem oy Besuuuny dedex-
MOM TANEPOOIMIECKOr0 TPEYTOAbHIKA. BHIIYKIIBIN N-yTOJBHIK MOXKHO Da3-
pe3aTh AUAroHALAMHU HA N — 2 TPeyroabHuKa. Jlerko y6eauTses, 9T0 CyMMa
ux nedexToB pasHa (n — 2)m — Ya;, rae Q1. .., 0, — YIVBL N-yTOJbHUKA.
Hazosem dedexmom runepOOITIECKOTO N-YTOJBHUKY C YIVIAMEA U, - - - ,
BenuuuHy 0 = (n — 2)m — Yq; TpU BTOM N-yTOJBHUK He 00A3ATENILHO BhI-
OyKJIBM. BMeECTO BHYTPEHHUX YIVIOB (; yAOOHEE PACCMATPUBATH BHEITHUE
YIVIEL @ = T — ;. Jleno B TOM, 9TO GedeKT MHOIOYIOJBHUKA C BHEIIHIME
yriamu ¢« paser (Xa}) — 27,

Jlerko mpoBepuTh, 9TO nedeKT 06IaAACT CAETYIOMUAMI CBOUCTBAMIE:

1) dedekT m060r0 MHOMOYTOJLHAKA, TIONOKATEICH.

2) Ecmu muoroyroasuuku My u My pasuet, To §(M;) = §(Ms).

3) Ecau muoroyromsauk M paspesan Ha MuOroyroabHuku M u M, To
0(M) = 6(My) + 0(Mo).

ITnomant MHOrOYTOMBHAKA €CTECTBEHHO ONPENeNNTh KaK (PYHKIUIO Ha
MHOX€CTBE MHOTOYTOJBHUKOB, 0613 1a0ngyio ceorcteamu 1)-3). Moxuo no-
Ka3aTh, 9TO CBOUCTBA 1)-3) onpegensior GpyHKIUIO HA MHOUOYT'OJBHUKAX C
TOYHOCTBIO [0 MPONOPIMOHAILHOCTH (MBI 9TO JOKA3LIBATL HEe Oynem). Ilo-
aTOMy AedeKT MHOIOYIOJbHUKA ¢ TOYHOCTHIO 10 MPOIOPIMOHAIBHOCTH Pa-
BeH ero momanu. 1 onpenerenus ko3¢ duiineHTa IPOIOPINOHAILHOCTH k
MOXHO BOCIIOJIB30BATHCA TEM, UYTO NPU MAIBIX @ U b Iomans IpaMoyroib-
HOI'O TPEYTOJbHUKA C KATETAMHU ¢ U b JOMXKHA OBITH NPUOIN3NTEIHLHO PABHA
ab/2. [ns TAKOro TPeyroabHUKA,

thathbd B shashb
th% ¢ sh?c¢
_ shashb ab a®>+b*>  ab

R (chachb—l)zc—2 I

sind = cos(a + B) =

MMosTomy k = 1. HanomMHMM, 9TO MBI yCIOBAINCH CIATATH HAPAMETD C PAB-
HEM 1. YT06H HE mMyTaTh TOT HAPAMETP C [IUHOU CUIOTEHY3HI, BpDEMEHHO

. ab
o603uauuMm ero r. Torga sind = 22 MosTomy B 06mewm cayuae k = r2.
r

Jpyrou noaxoa K OIpefeseHuo IWIomA I GUIrypsl B runepOopnIecKon
reOMeTPUM 3AKII0YAETCA B pPa3bueHnn Gurypel Ha 0€CKOHEYHO MAJbIE IIPS-
moyrouabauku. [logpobuee >ToT moaAX0L MBI OOCYAUM HA CEMUHADE.
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3apauu

1. a) JokaszaTs, aT0 cooTHOmeHue e~ %/ ¢ = tg(a/2) PKBUBATEHTHO COOT-
ay . a a
svomreHusM ch ( — )sina=1,sh(—-)tga=1uth(—-) =cosa.
c c c

6) MokasaTs cooTHOmeHme ¢~ /¢ = tg(a/2), MCmOB3yA OJHY I3 MOJeel
ITyanxape.

2. [Toxa3aThb, YTO CTOPOHHI ¥ YIVIEI TPEYT'OJBLHUKA, CBI3AHKI CIeTYIOMINMHA
COOTHOIIICHUAMMN:

a) chasin 8 = chbsinacosy + cos asin~y;

cos « + cos S cos
6) cha = . - iy
sin 3 sin 7y

3. B mogenu Kneuna cTopoHa rumepOOJUIecKoro yIia MPOXOLUT depes
OEeHTDP Kpyra A ﬂOKaBaTB, 9TO eCIn 3TOT yroJ OCTpBIﬁ, TO €r0 BEINYINHaA
MEHBIIIE BCJINYINHEBEL COOTBETCTBYIOIICI'O €BKINIOBA YIVIA.

4. '[[OKaBa,TI), YTO TPEYTrOJMbHUK U KPYI' — BBIMTYKJIBIE (:I)I/Il"yphl

5. ,[[OKa3aTb, YITO eCa’ COOTBETCTBEHHBIEC YIVIBI IBYX TPEYIOJIBbHUKOB DaB-
HBI, TO PABHBI 1 CaMU TPEYT'OJbHUKN.

6. Joxasars,9T0 OPTOrOHAJbHAA MPOEKIUA OJHOU U3 CTOPOH OCTPOrO
yria Ha OPYTYIOo CTOPOHY HPEICTABIAET COOOU OrPAHUIEHHOE MHOXKECTBO.

7. ﬂOKaBaTB,“ITO CTOPOHEL ¥ YIJIBI TPEYTOJBHUKA C NPAMBIM YIVIOM 7Y
CBA3AHEL CrenyiomuMu cooTHomenuamu: sha = shesina, thd = thecosa,

ctgactgf = che, cosa = chasinf.
(n—2)w .
8. a) [lokasaTtb, 94TO npu o < -———— CyMIECTBYeT NPABUILHBLIN 7i-
YT OJBHUK, BCE YIVIBI KOTOPOI'O PAaBHEI (@ 1 BCE€ CTOPOHBI KOTOPOT'O PAaBHHEI.
6) [lokasaThb, YTO €CIU @ U ' — CTOPOHA U PAIUYC BIUCAHHOU OKPYKHO-
CTU NMPABUIBHOI'O N-YyIrOJBbHUKA C YIVIOM ¢, TO

o yis

cos £ a cosZ

chr=-—2, ch-=-_—_=2
sin

. g‘
2 sin 5

. 2m
B) IIpu kaxwux n CymecTByeT NPABUILHLIA N-YTCOJBHUK C YIVIOM (@ = —
n

(T. e. ¢ cymmon yrios 2m)?
9. Tpu yria 9eTHIPEXYTOJAbHUKA PABHEL /2, & YeTBEPTHI yrOl PABEH 7.
Haitu 7y, eciu n3BECTHHI AIUHLL @ U b CTOPOH, COEIMHSIIONAX MIPSIMbIE YIUIEL

zZ—1
10. JokazaTb, 9TO €Cau w = -, TO
Z+1
|dz|  2|dw|

Imz 1—|w?
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11. Joxasarsb, 4T0 B MOAeau KiernHa 3IeMeHT IJIMHLI UMEET B[

2 _ dz? + dy? — (zdy — ydz)?

ds (]_ —r2 - y2)2

12. a) [JoxasaTe, uT0 B Monennx Ilyankape B BEpXHEU NOIYILIOCKOCTHU M

B €UHUYHOM KPYTe€ ILIOMA b 6€CKOHEYHO MAJOrQ NPAMOYTOJbHUKY CO CTO-
dxdy dxdy

n
2 TG

POHAMU, MAPALIETLHEIMA OCAM KOOPJUHAT, PABHA, co-
OTBETCTBEHHO.

6) Paccmorpum B Mogenn Kienna 6GeCKOHEYHO Maiblll IPAMOYIOJbHUK,
00pa30BaHHLIN JUHUAME p = const, ¢ = const, rae p,p — MOASIPHEIE KOOD-
muHATH. [[0Ka3aTh, YTO IIUHLI €0 CTOPOH PABHEI

dp u pdyp

1-p? V1—p?

r
13. [lokazaThb, 9TO IIOMALb KPYrd PALMyCca T paBHa 4w sh? (5)
14. a) [oka3aTb, 9TO NEPIEHAUKYJIAD, BOCCTABICHHBIN U3 CEPEAUHEL CTO-

poust AB tpeyronbuuka ABC, nepneHauKyJaApeH TPSAMOU, COEIWHIOIIEN
cepeaunnt cropon AC u BC.

6) Oycte X +— X' — wmsomeTpuaHOe O0TOOPAKEHME OTHOM TPAMOU HA
apyrywo. [Jokasars, uTo cepegunbr oTpeskos X X' nu6o cosnagaroT, auGo
JIeXKAT HA OMHOU TPAMON.

15. [lokasaThb, 9TO B OQHOU TOYKE NEPECEKAIOTCA a) OMCCEKTPUCHL TPEY-
TOMBHUKA; 0) MEAUAHEI TPEYTOJABHUKA; B) BEICOTHL OCTPOYT'OJABHOIO TPEYTO-
JBHUKA.

Bceerga au MeauaHBI JEIATCA TOYKOUW MEPECEYEHUsA B OJHOM U TOM XK€
OTHOIIECHUU !

16. (Teopema Menenas) IIpsamvasn [ nepecekaer cropoust BC, CA u AB
Tpeyroasauka ABC B Toukax A;, By u Cy. [okasaTsb, 9T0

shAC; shBA; sh(CB;
shClB shAlC ShBlA

=1.

17. (Teopema Yeswr) Ha croponax BC, CA u AB tpeyronvuuka ABC
B3aTul Touku A;, By u C;. Hokasars, yro orpesku AA;, BB; u CC;
[IEPECEKAIOTCA B OJHOUM TOYKE TOrA4 U TOJILKO TOrA, KOr'Aa BLITOJHACTCS
OAHO nu3 CJIerlIyIOIHI/IX OKBUBAJEHTHBIX COOTHOHIeHI/II‘;I:

sin ACCy; sinBAA; sinCBB; L.
sinC;CB  sinA;AC sinBiBA
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sh ACl sh BAl sh CBl

: : =1.
sh ClB sh A10 sh BlA
a+b+c

2 7

6)

B zapgagax 1821 p =

d=m—(a+B+7).
18. loxa3aTb,49TO

sh(p — b)sh(p — ¢) cos? & shpsh(p — a)
shbshe ’ 2 shbshe

sina =

19. oxazaTb, 4TO
_ /shpsh(p —a)sh(p—b)sh(p —c)
B ch 3 ch % ch$ ’
6) tg2g =th§thp;athp;bthpgc.
20 HyCTB r — pagumycC BHI/IC&HHOfI OKPYXHOCTU TPEYIOJBHUKA. ,[[OKa—
3aTb, IYTO

)
2sin —
a) sin o

P \/sh(p—a) sh(p — b)sh(p — ¢)
shp

21. Ilycte R — paamyC ONMCAHHON OKPYXHOCTH TPEYyTOMbHUKA, (eCIu OHA,
cymecTByeT). [okasars, 9T0

sin d
thit = 5 3 5
sin(a + 5) sin(8 + §)sin(y + 5)

_ QSh%Sthhg
\/shpsh(p —a)sh(p — b) sh(p — ¢

22. 3amucaTh WIOMALL TPEYTOILHUAKS, ¢ HYJEBEIMU YIVIAMU B BULIE ABOU-
HOI'O MHTErpaJa, UCIoAb3ys MOaens Ilyankape B BEpXHEN MOIYILIOCKOCTH.

5. Tpu Tuna cobCTBEHHBIX [BUXEHUN NMNOCKOCTH
Jlobayerckoro

Just reomerpun JIo6a4€BCKOr0 MOXKHO NOKA3aTh CICAYIOUIYI0 TEOPEMY,
amanormaHyo Teopeme 1.2 (a) mias chepraeckon reoMeTpum.

36



Teopema 5.1. Jwboe dsuncenue naockocmu Jobauesckoz2o moxcno npeo-
CMasuMb 8 6UJE KOMNOZUYUU He D0aee Yem MPEL CUMMEMPUT OMHOCUMENb-
HO NPAMBIL.

HokaszaTeabcTBo. HanoMHMM OCHOBHYIO MIEH0 NOKA3ATEILCTBA, 3TOU TEO-
PEeMEHI B Cry4ae chepueckou reomerpuu. IIycTs g — HEKOTOpas H30MeTpus,
npuaeMm g(A) = B # A. PaccMOTpUM CUMMETPHIO § OTHOCHTEIBHO IIPAMOU
!l = {X|AX = BX}. Torga sg(A) = A. Kpowme Toro, ecmm g(Y) =Y, To
Y €1, asuauur, sg(Y) =Y. HosTOMy U30METpUA g UMEET MO KPAUHEN Me-
pe OJHY NONOMHUTEJILHYI0 HEMOABUKHYIO TOUKY 110 CpaBHEHu:o ¢ g. [Ipume-
HUB TAKyI0 KOHCTPYKIMIO HE 60OIee TPEX Pas, MOXKHO NOCTPOUTHL U30METPHUIO,
UMEIOLIYI0 TPU HEMOABIKHBIE TOYKY, HE JEeXAIIUe HA OJHOU MPIMOU.

OTy CXeMy I0Ka3aTeIbCTBA, MOXKHO IPUMEHUTH U B CILy4ae [€OMETDUU
Jlo6aueBckoro. Ho nis 5TOro Hy»XHO OTBETUTH HA, CJAEAVIOIINE BOIPOCHL:

1) ITovemy MHOXECTBO TOYEK, PABHOYJAJEHHBIX OT ABYX TAHHEIX TOYEK,
PEACTABIAET COOOU rumepOOMUIECKYIO IPAMYIOT?

2) Yro Takoe «CMMMETPUSA OTHOCUTEILHO MPAMOY B CAydae runepbonn-
YeCKOU FeOMeTpun?

3) Moyemy gBUMXKEHUE TUNEPOOIUIECKON ILIOCKOCTH, NMEIOIIEE TPU HEO-
IBUXKHBIE TOYKY, HE JEXKAIIMAE HA OJHOU IPAMOU, TOXKIECTBEHHO?

OTBeTUM HA 3T BOMPOCHL MOCAENOBATEILHO.

1) MoxHO cuMTaTh, UTO AaHHEE TOYKU UMeOT Buf ia,ib (a,b € R).
Torga muOXeCTBO TO4YeK (r,y) € H, paBHOyaJ€HHEIX OT HUX, 334aETCI
yYDaBHEHUEM

?+@-y)? _ 22+ (b-y)°
ay a by
T. e. 22 + y% = ab.

2) Hazosem Touku A u A* cummempuunvimy (MIA UKEEPCHLIML) OTHOCH-
TEIBHO OKPYXHOCTH S, ecau J100as OKPYXKHOCTh, IPOXOAAINAA Y€Pe3 TOIKA
A u A*, oproronasbua okpyxHocTu S. B TOM caydae, korga S — mpsamas,
9TO OMPEAETCHNE TOXE UMEET CMBICI; OHO DKBUBAJEHTHO OOBIMHOMY OIIpe[e-
JIEHUIO CUMMETPUA OTHOCUTEIBHO TIPAMON.

TlouaTve CUMMETPUYHOCTU IBYX TOYEK OTHOCUTEILHO OKPYKHOCTU CO-
XPaHACTCA MPU APOOHO-TUHENHEIX TPE0OPA30BAHUAX.

MoxHo mpoBepuTh, IYTO TOYKH A u A* CUMMETPUYHBI OTHOCUTEIHLHO
OKPYXHOCTU S TOrJa U TOJBKO Toraa, koraa ayuu OA u OA* coemagaoT u
OA-OA* = R?, rge R — paguyc OKpyXHOCTE S.

Hasosem Touku A u A* cummempuurbimu OTHOCUTENLHO TUIEPOOITIE-
CKOU mpsaMou B mogeau IlyaHkape, €Ciu OHU CUMMETPUYHBI OTHOCUTEIHHO
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€BKJIMI0BOU OKPYXKHOCTH, CONEPKAIIEN DTy IpaAMyl. B ToMm caydae, korga
runep60IMIeCKasa IPAMas ABIAETCA aCThI0 €BKINJOBOU IPAMOU, JEIKO IIPO-
BEPUTH, YTO TOYKU, CUMMETPUIHEIE OTHOCUTEILHO MPAMOU, PABHOYIAJIEHEL
or mee. Kpome T0Oro, cuMMeTpusi OTHOCUTEIHHO IANEPOOIMIECKON IPAMON
ABIAETCA N30METPUECH.

3) Ha Tperuit BONpOC MBI 4aAuM MOAPOGHBIA OTBET, & UMEHHO, OIAIIEM
BC€ BO3MOXHBIE MHOXKECTBa HEIIOABUXKHBIX TOYIEK rZ[BI/I)KeHI/II‘/JI ILIOCKOCTH! JIO—
6adesckoro. Cormacuo Teopeme 3.1 HyXHO PACCMOTPETH ABA TUMA, [BUKE-
HUU.
a(—z)+b
c(—z)+d

—czZ+dz+az—b=0,

a) YpaBHeHue z = MPUBOIUTCA K BUILY

—c(@®*+y*)+dr+ar—b=0, dy—ay=0.

IIpu a # d mocaenuee ypaBHeHuwe umeeT eauHCTBeHHOE pemenue y = (0. B
TakoM cay4ae z € H. Eciu xe a = d, TO MHOXXECTBOM HEIO IBAXKHEIX TOYEK
ad — be

2

a
SIBASETCA TUIepOOInIecKas npAaMas (:U — —) + y2 = 5
c c

az+b
cz+d

ABJAACTCA KBAADATHBIM. OHO uMeeT KOpHUu

a—d=+\/(d—a)?+ 4bc
2¢ ’

6) Ypasrenue z =

Z1,2 =
Mox#o cunrath, uTo ad — bc = 1. B Takom cayuae
D = (d—a)?®+4bc = (a + d)* — 4.

ITosTomy
D =0<= |a+d| =2 (napaboauueckoe neuxenue),
D >0 < |a+d| > 2 (eunepboauueckoe nBmKenue),

D <0 <= |a+d| <2 (sawunmuuecrkoe ITBUKEHNE).

az+b
HemoaBuxurie Touku npeobpas3oBaHus z — ot d B 33aBUCHUMOCTH OT
cz

3Haka D BHINMIAOAT Tak, KaK MOKa3aHO Ha puc. 12. OTMmerum, 4T0 Jumis B
crygae D < 0 ogHa 13 HEMOABUKHBIX TOYEK SBJIAETCS HEMOIBUKHON TOYKON
nBrxkeHusa miockocTu Jlobadesckoro. Bee ocranbHbIe HEMOABMXKHEIX TOYKA
JIEXKAT BHE BEpXHen nosyriockoctu H.

Meul oTBeTIIN HA BCE TPHU BOIPOCA. TeM caMbIM, TOKA3aTEILCTBO TE€OPe-
MHL 5.1 3aBepmeno. O
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D=0 D>0 D<O

Puc. 12

O6cyaum Gosee mOogPOOHO COOCTBEHHBIE NBIXKEHUA ILIOCKOCTH JloOades-
ckoro. CoOCTBEHHOE NBUXKEHUE MOXKHO TPENCTABUTL B BUIE KOMIIO3UIIUU
IBYX CUMMETPUU OTHOCUTEILHO MPAMBLIX. B miockocTu JIo6GadeBckoro ma-
PBI IPAMEIX OBIBAIOT TPEX TUIOB: MAPa/LIeJIbHEIE, He EPECeKAnmecs (1 He
napaJieJbHEIe) U Iepecekaromueci. [lokaxeM, 9T0 KOMIIO3ULMY CUMMETPUAN
OTHOCUTENBHO TAKUX MAP MPAMBIX IPEACTABIAIT COO0U COOTBETCTBEHHO Ma-
paboandeckue, runepOoInIeCKre U SJUTUTITUICCKUE TBUAXKEHUA.

TIpex e Bcero BHIsICHUM, K KAKOMY IPOCTENIIIEMY BUAY MOXHO IIPUBECTHU
[apy OPAMBIX C IOMOIIBIO [BUAXKEHUs.

1. [Ias mapsl MEPECEKAOIUXCA MPAMEIX YI00HO BOCIIOMB30BATHCA MOJIE-
awio [lyankape B kpyre. MoXHO cCUuTaTh, 9TO HEHTP KPYra ABIACTCA TOIKOU
TepeceveHus MpAMEX. TOorga paccMaTpUBaeMbIe MPAMEIE OyIyT AXAMETPA-
Mu Kpyra. KoMmosuimsa cuMMeTpuil OTHOCUTEIHHO HUX — TIOBOPOT BOKPYT
HEeHTPa. DTO IPeobPA3OBAHNE UMEET BUT 2 — ez,

2. [lns mapsl MapaiIeIbHEIX TPAMEIX YA00HO BOCIOIL30BATHCA MOIEIBIO
ITyankape B BepXHEN MOLYILIOCKOCTH. IIpu 3TOM MOXHO CUMTATH, 9TO MPsA-
MBIE CXOOATCA K TOYKE OO, T. €. OHU ABIAIOTCA Jy9aMU, NaPALICIbHBEIMA
ocu Oy. KoMmnoaumnusa cuMMeTpuun OTHOCUTEIBLHO DTUX MPAMBIX UMEET BUJ
z+—z+ h.

3. He mepecexamolmecs 1 He MAPALICTLHEE TPAMEE OyIeM HA3LIBATD
PACTOOAWUMUCA WA CEEPTNAPAALEALHBIMU. [lOKAXKEM CHAYATa, ITO PACXO-
IAUecs apamele 1 u [y umeroT o0umu neprned qukyaap m. O6paTuMmcs mis
aToro K Mojenu Ilyankape B BepXHEU MOAYILIOCKOCTH. MOXHO CIUTATh, 9TO
npamas [y asasercsa ayaom Oy (puc. 13). IIposegem m3 Touxu O xacaTeasb-
Hyi0 OA K eBKINJIOBOU OKPYXKHOCTH, CONEPKAIIEU MUIEPOOINIECKYIO MPs-
Myt0 l5. Jlerko npoBepuTh, 9YTO rumnepOOInIecKas IPAMAs 11, COOTBETCTBYIO-
asa eBKAN0BOU OKpyxHOCTH paguyca OA ¢ nearpom O, nepneHIuKyIAPHA
npsaMeiM [ u ls.
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IIpsimyro m moxuO nepesectu B xy4 Oy. Torza npsmeie [y u I mepernyT
B mostyokpyxuocTy ¢ ueHTpoMm O (puc. 14). Komnosunmsa uasepcur oTHOCH-
TEIBHO OKPYXKHOCTEHU, COAepXKAIInX uxX, umeer Bug 2z — kz, k> 0.

Puc. 13 Puc. 14

CoO6cTBEHHOE ABUMXKEHNE MOXHO NIPEICTABATDL B BUIE KOMIIO3ULIUN CUM-
METPUN OTHOCUTEILHO MPAMEIX [1 U |3 MHOTUMU pas3HBIMU criocobamu. s
PUKCIPOBAHHOIO COOCTBEHHOT'O BIXKEHU PACCMOTPUM MHOXKECTBO BCEX CO-
OTBETCTBYIOIMX eMy NpsAMEIX [;. HazoBeM 5T0 MHOXECTBO NyuKkoM NPAMbIL.
B COOTBETCTBUU C TUIIOM [IBUXEHUIA Hy‘IOK IPAMBIX Ha30BEM 3A4A4UNMUYE-
CKUM, NAPAOOAUNECKUM WIA 2UNEPOOAUNECKUM. DIIATTUICCKAN TTy90K CO-
CTOUT U3 IPSIMBIX, TPOXOJAIINX Uepe3 (GUKCHPOBAHHYIO TOUKY; napabdonnde-
CKUM MYYOK COCTOUT U3 MOMAPHO MAPAIEAbHEIX NPAMEIX (T. €. U3 IPAMBIX,
TIPOXOIAIIAX Yepe3 PUKCUPOBAHHYI0 OECKOHEUHO yAAJCHHYIO TOUKY); TUIED-
O0IMYIECKUN MIyY0K COCTOWT U3 MPSIMBIX, OPTOTIOHAIBLHEIX (PUKCUPOBAHHON
TIPAMOMU.

Puc. 15

C KaXIbIM IIyYKOM IPSIMBIX MOXKHO CBSI3ATh CEMEUCTBO KPUBBIX, OPTOr0-
HAJIBHBIX BCEM IPSAMBIM IIyYKA. JTO CEMEUCTBO KPUBBLIX IHOJLY4YAETCs CIELY-
oM 06pazoMm. Paccmorpum BCe gBMKEHUsA ¢, KOTOPBIE SBIAIOTCA KOMIIO-
3ULMAAMY CEMMETPUN OTHOCATEIHHO AP NPAMBIX TAHHOI'O MIy4YKa. Bo3bMeM
Ipou3BOIBbHYI0 TOuKy A miaockocTu JI06a4eBCKOr0 M PACCMOTPUM MHOXKE-
cTBo Beex Touek Buga g(A). Ha puc. 15 u306paxkeHnl MOy IeHHBIE KPUBEIE
IUISL BCEX TPEX TUIOB IIyYKOB NPAMBIX (IIPU 3TOM HA CAMUX MPAMEIX My9YKa
HAPUCOBAHLL CTPEIKY). [[JI BIUIMITUYECKOrO My9Ka UCIOIL30BAHA MOIEIb
[Tyanxape B xpyre, nis gByX APYIUX IIy4KOB — Mogelsb [lyankape B Bepxuen
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TOMYIIOCKOCTH.

B crydae a/IMITHYECKOTO My9Ka KPUBBIME, OPTOTOHAILHEIMY IPAMBIM
y9Ka, ABIAIOTCA OKPYXHOCTH. OpPTOrOHAJIBLHEIE KPUBLIE Al NapaboJu-
YECKOTO IYyYKa HABEIBAIOT OPUYUKAGMY UTA NPEOCALHLIMY OKPYHCHOCTNAMU.
Bropoe u3 »>Tux HA3BAHMU CBA3aHO C TEM, YTO DTU KPUBLIE IOJIYYAIOTCS
mpu OECKOHEYHOM YBEIWYEHUN PALUYCA OKPYKHOCTH, KACAIOUENCA TAHHON
OPAMOK B HAHHOU TOUKe. OPTOrOHATLHEIC KPUBLIE A MUMIEPOOITIECKOTO
[y9Ka HA3BIBAIOT 2UNEPUUKAGMYU WIN IKeuducmanmamu. BTopoe HasBaHue
CBA3AHO C TE€M, YTO BCE TOYKHU DKBUUCTAHTHI HAXOAATCA Ha, OJHOM U TOM XK€
pPaCCTOAHUA OT HPAMOU, KOTOPaAsA OPTOTOHAIBHA, IPAMBIM JAHHOT'O TUIep60-
JMIECKOTO TyYKa, MPAMBIX. QOLITHO SKBUAUCTAHTON (TUMEPIUKIOM) HABHI-
BAIOT MHOXKECTBO TOYEK, PABHOYIAJCHHEIX OT JAHHOM TIPAMOU; DTa KPUBASA
COCTOUT U3 OBYX BETBEU CUMMETPUYHHIX OTHOCUTEJIBHO TAHHOU MPAMOMU.

BrusicauM Tenepb, Kak yCTPOEHBI COOCTBEHHBIE [BIDKEHUS I MOLEIN
reomerpur JIOGAMEBCKOrO HA BEPXHEN MOJOCTH ABYIOJOCTHOrO runepO0o-
una [z,7] = —c?, rae [z,2] = ? + 13 — z3. Tpexae Bcero oT™MeTuM, YTO
1:060€e TUHEeNHOE IPe06Pa30BaHue, COXPAHAIOIIEE IICEB JOCKAIAPHOE IPOU3Be-
LeHue [z,y] 1 He MeHsIOImee MeCTaMI BEPXHIOK U HIXKHIOI IIOJOCTY CUIEp-
6010112, HHAYUUPYIOT ABUAXKEHUE ILIOCKOCTH JI06a9eBCKOro.

JIx06y0 MIOCKOCTH MOXKHO 331aTh YPABHEHUEM [T, a] = p, rae a — duk-
CUPOBAaHHBIA BEKTOD, p — ¢ukcupoBanHoe yucjao. OQupegenum cummempuio
OTHOCHTEIBHO IJIOCKOCTH [z,a] = 0 caepyrommum obpazoM. Ilomoxum z —
' = x + Aa, TOe 9MCaI0 A TAaKOBO, 9YTO BEKTOP & + &' JEXWUT B ILIOCKOCTH
cuMmerpun, T. €. [z + 2, a] = 0. B pesysnbraTe nomyunm oTobpakenue

[z, a]
T —T—2—a.
[a,a]
ITO ompejeseHne UMeeT CMBICI IpH [a, a] # 0.

IlnockocTy, KacaTeabHBIE K KOHYCY [2,z] = 0, 3a1al0TCs ypaBHEHUAMHA
Buja [z,a] = 0, rge [a,a] = 0. VIMEHHO OTHOCHUTEIBHO DTUX ILIOCKOCTEHN CUM-
MeTpus He OnpejeseHa. Bce 0CTalbHbIE IIOCKOCTY, IPOXOAAIINE YePe3 Hada-
70 KOOPIWHAT, TGO TePeCeKaT ABYMOOCTHLIN runepborout [z, ] = —c?,
GO He MEPECeKalT ero U MpU DTOM He KacaioTca KoHyca [z, z] = 0. Ipsa-
MEIM TUIOCKOCTH JIO6AaYEBCKOTNO COOTBETCTBYIOT JMUIIbL ILIOCKOCTH MEPBOrO
Tuna. CUMMETPUN OTHOCHTEILHO 3TUX IIOCKOCTEH HE MEPECTABIAIT IOJIO-
cTu runep6oIon1a, TaK KAK TOYKY NePECeIeHNs IIOCKOCTY U IUnep60I0u 1a
OCTAOTCA HENOBYXKXHLIMU.

HecnoxHEIE BEIMUCICHAS MOKA3BIBAIOT, ITO NpH [a,a] # 0 cummerpus
OTHOCUTENBHO IUNIOCKOCTH [2, a] = () COXPAHAET NCEBI0CKAIIPHOE IPOU3BEIe-
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Hue, T. e. ecmu £ — &' mwy — y', 1o [2,y] = [¢',y']. Takum obpaszom, cum-
METPHUSA OTHOCUTEILHO MIOCKOCTH, TEPECEKAIOMmeN TumepOoIon1, COOTBET-
CTByeT CUMMETPUU OTHOCUTEILHO NPAMON B IIOCKOCTH JloGadesckoro. Cob-
CTBEHHOE JBIKEHUE MIOCKOCTH JI06AIEBCKOT0, COOTBETCTRYIOMEE KOMIO3M-
IMU CUMMETPUU OTHOCUTENLHO Maphl ILIOCKOCTEH, OyAeT DILIANTUIECKUM,
Ha,pa,6OJII/I‘*IeCKI/IM nan FI/IHep6OJII/I"IeCKI/IM B 3aBUCHUMOCTHU OT PACIOJOXKCHUA
OPAMOY TIEPECEICHUS TLTOCKOCTEN (COOTBETCTBEHHO: TPAMAA MEPECEKALT T'h-
1ep6oNOn I, IPAMAsA IPUHALICKUT KOHYCY, IPAMAsA JEXKUAT BHE KOHYCA,).

Ilycts mwiockoctu [z,a1] = 0 u [z, as] = 0 mepecekaoTCsA MO MPSIMOU, CO-
nepxkamnert BekTop b, T. e. [b,a1] = [b, as] = 0. Torga mrockocTs [z, b] = p me-
PEXoauT B Ce6s MPU CUMMETPUAX OTHOCUTEILHO DTUX ILIOCKOCTEer. B camoMm
neJe, IPpYM TAKWX CUMMETPHUAX BEKTOD I IEPEXOmuT B BEKTOP T = T + Aaj;,
a 3HauuT, [2’,b] = [z,b]. CaexgoBaTenbHO, KOMIO3ULIUS CUMMETPUM OTHOCH-
TEIBHO MIOCKOCTER [Z,a1] = 0 ¥ [z, as] = 0 mepeBoAUT IWIOCKOCTS [,b] = p
B cebs1. ITO 03HAYAELT, YTO OKPYKHOCTH, OPUIMKJI U TUIEPIUKII [IPEICTA-
BIAIOT COGOU CeUeHMe TunepboIonIa WIOCKOCThIO [%,b] = p, Tae BekTOp b
COOTBETCTBEHHO JICKUT BHYTPU KOHYCA, IIPUHALJICKUAUT KOHYCY, JCXUT BHE
KOHYyCA.

3agaum

1. Jokasarb, 970 TO4YKU A u A* CHMMETPUYIHEI OTHOCUTEIBLHO OKPYKHO-
ctu paguyca R ¢ nearpom O Torga u TOIbKO Torga, korga ayuun OA u OA*
cosmagaioT u OA x OA* = R?

2. OnucaTh, KaK BEIMVIAIUT JIUNTUYECKOE IBUXEHUE B Mogenu lyanka-
pP€ B BEpPXHEU MOJIYILIOCKOCTH.

3. MokaszaThb, 4TO J1100yI0 Napy NapaiielbHbIX IPAMBIX MOXHO IBUXKEHU-
€M IIePEBeCTH B JII00YI0 APYIYIO Mapy IapallelbHbIX IPIMBIX.

4. a) [JokaszaTb, 9T0 ABE NPAMEIE, IMEIOIIe OOIIUI IEPIIEH JUKYJIAD, ABJLA-
IOTCS PACXOLAIIMMUACS.

6) /TokazaTb, YTO OOIIUI MEPIIEH UKYJIADP K ABYM MPAMBLIM €IAHCTBEH.

5. [lokaszars, yTo B Mogenu [lyankape B BEpXHEU MOIYIIOCKOCTU KOMIIO-
3UILINA CI/IMMeTpI/Iﬁ OTHOCUTEJIBHO OIBYX MapPaJ/UICJIBbHBIX NIPAMBIX, CXOIAIIUXCA
K Touke p € R, umeer Bug 2 — w, rae
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6. Joxasarhb, 9T0 B MO enu KienHa 0001 Iy 90K IPAMEBIX COOTBETCTBYET
CEMEVCTBY €BKIMIOBLIX NPAMEBIX, MMEIOMUX OOIIYI0 TOYKY (JeXKAIlLyio BHY-
TPU, HA CPAHWULE WIN BHE KPYra).

7. [loxa3aThb, YTO BCE OPUIMKJILI IOIAPHO KOHI'DYIHTHEL.

8. IIycts Cy u Cy — aBe KpuUBBIE, OPTOIOHAIBHLIE IIPSIMBIM OJHOI'O [Ty IKA.

a) oxazaTb, 9TO BCE IPAMBIE IIyYKa ABIAITCA OCAMU CAMMETDPUU KPU-
BOU Cl.

6) [okazaTb, 9TO CymecTByeT gBukeHue, nepesonsmee C B ceba u npu
2TOM mepeBoaiee A0y Touky A € Cp B mobyio apyrywo Touky B € C.

B) oxaszaTs, 94T0 BCe TOUKM KpuBou (| HAXOAATCA HA OJHOM U TOM K€
paccrosaun ot kpusou Cs.

9. a) Jokasarb, 4TO J100BIE TPU TOYKU IIOCKOCTU Jl0GadeBCKOro npu-
HaAJexkaT Jub0 OMHOU OKPYKHOCTH, JUO0 OJHOMY OPHUIUKIY, U060 OJHOMY
TUNEPIUAKIY .

6) MoxazaTh, YTO CEPEIUHHBIE MEPIIEHIUKYJIAPHI K CTOPOHAM TPEYTOlb-
HUKA TMPUHAICKAT OJHOMY MyYKy NpAMEIX. Q6A3aTENLHO JU DTOT MyYIOK
DILTATITAYECKUN !

10. a) JoxazaTh, YTO GUCCEKTPUCHL BHEIIHUX YIVIOB TPEYTOJLHUKA, IIPU-
HAJIEXKAT OJHOMY IIyYIKY MPAMBIX.

6) [lokazaTb, ITO BEICOTHI TPEYTOJLHAKA IPUHALIEKAT ONHOMY My IKY.

11. Touka C nepememaercs no gyre AB OKpPyXHOCTHU, OPULUKIA WK
runepuukiaa. JoKasaTh, 9TO IPU DTOM BeawduHa @ + [ — 77 HE U3MEHAeTCs
(a, B m vy — yramt Tpeyroasuuka ABC).

12. [loxasaTh, 9TO CHMMETPUSI OTHOCUTENBHO INIOCKOCTY COXPAHSIET IICEB-
IOCKAJIPHOE TIPOU3BEIeHNE.

13. [oka3aTh, YTO CUMMETPUA OTHOCUTEILHO IIOCKOCTH, HE TIEPECeKai0-
mei runep6oons [x,z] = —c?, nepecTaBageT MOJOCTU TUTIEPOOIOUIA.

14. Kak ycTpO€Ha KOMIO3WIUA CAMMETPHU OTHOCHATENHHO ILIOCKOCTEN,
nepecexaoumxca a) 1o ocu O,; 6) no ocu 0,7

15. Kak BRIMIAAAT OPUIMKILI U DKBUIUCTAHTHE B Momeau Ilyanmkape B
kpyre?

16. IlpuBecTu npumep aBUXEHUs ILIOCKOCTH JI06AEBCKOr0, KOTOPOE He-
JIb3A MPEICTABATEL B BUE KOMIIO3UIUN MEHEE 9eM TPEX CUMMETPUU OTHOCHU-
TEIBLHO TIPAMEIX.
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6. 3amoLleHne TpeyronbHMKaMu Cepbl, NNOCKO-
¢t n nnockocTun Jlobayesckoro

3agada, KOTOPOU MBI OyeM 3aHUMATLCA HA DTOU JEKIWW, BO3HUKIA Y
ITyankape B CBA3U C TOCTpOEHUEM (PYHKIUU, C MOMOIIBLI0 KOTOPHIX MOXKHO
pemars auHenHBE AU @EPEeHInaAIbHbIE YPABHEHUA ¢ AIre0pandecKuMu KO-
a¢pdunimenTamMn.

PaccmoTpuM HA €BKIMIOBOU ILIOCKOCTYM KPWBOJMHENHEBIN TPEYTOJbHUK,
OOpA30BAHHEBIN TPEMSA AyTaMu OKPYXKHOCTEUN mau OTpe3kamu npambrx. [luas
TAKOT' O TPEYT'OJbHIKA MOXXHO PACCMOTPETH I'PYIILY, MOPOX JEHHYIO OTPaXe-
HUAMHY (CAMMETPUAMY) OTHOCATEIBHO ero cTopoH. Hac 6y ayT unTepecoBaTs
TPEYTOILHUKY, TTPU OTPAKEHUAX KOTOPHEIX OTHOCUTEIHHO CTOPOH MOJLYdaeT-
CsA 3aMOIIeHue, T. €. nX 00pa3bl Ipy OTPaXKEHUAX JrO0 COBNALAIOT, 1100 He
MMEIOT OOIIUX BHYTPEHHUX TOYeK. IIpu DTOM COBHAJEHUE [10IPa3yMEBAETCs
NOTOYEYHOE, T. €. COBIATAIOT HE TOJBKO CAMU TPEYTOJbHUKU, HO U BCE UX
COOTBETCTBEHHEIE TOYKHU.

He Tepsas 06IHOCTA MOXKHO CIATATH, YTO ABE CTOPOHBI KPUBOIUHEMHO-
IO TPEYrOIbHUKA ABIAIOTCA OTPE3KAMU NPAMEIX (3TOr0 MOXKHO ZOOUTHCA,
CJIeNaB UHBEPCUIO C EHTPOM B OJHOU U3 TOUEK MEPECETeHNUsI OKPYKHOCTEN,
COIEP¥KAIIAX CTOPOHEI TPEYTOMbHUKA). O6pa3hl TPEYTrOMbHUKA IPU OTPaKe-
HUAX OTHOCUTEILHO ABYX MPAMOJUHENHEIX CTOPOH COCTABISAIOT 3aMOIIEHUE
TOrJa U TOIBKO TOCAA, KOUJAA yrol MeX[Iy STUMU CTOPOHAMHU paBeH 7/,
rae n — HaTrypaabHoe ducio. (Ecau He Tpe6GoBaTH MOTOYEIHOrO COBIAEHUA
06pa3oB, TO yroax MoxkeT OuITh paseH u 27 /n.) [lodToMy BCKOMBI Tpeyroas-
HUK JOJKEH mMeTb yriwl (m/p,m/q,7/r); nma kparkocTu GyneM COBOPUTD,
9TO TAKOM TPEYTOJIBHUK UMEET THll (P, q,T).

3agada 06 OTPAKEHUAX KPUBOJIMHENHOTO TPEYTOJbHUKA C YyIUaMu &, 3,
7 B 3aBUCAMOCTH OT 3HAKA, Iucaa & +  + v — 7 paKTU4ecKku sABISeTCA 33,1~
qen chepuveCcKor, eBKINJOBOY WM TUIEPOOJNIECKON reOMeTpun. Todunee
roBops, B caydae & + 3 + vy — 7 > 0 IOMKHEI JONOTHUTEIHHO BBIMOIHATHCS
TpU HEpPaBEHCTBa Buga & + f < v + 7, HO [Ia TPeyroabHuka Tuna (p,q,r)
TaKIe HEPABEHCTBA BLITOIHAIOTCA ABTOMATUIECKH.

Tosicuum 6Gonee moapobHO, 9TO MEI mMeeM B Bunay. HamomuwmMm, 9TO
cropousl AB u AC xpuBonuuensoro tpeyroabauka ABC MOXHO cauTaTh
oTpeskaMu TpAMBIX. IlycTh O — IEHTP OKPYXHOCTHU, COAEPKAIIEH Iy-
ry BC. Ecau Ttouku O u A mexat mo oaHy ctopory or mpamoun BC, To
a+ p+7v>m aecau Touku O u A 1exaT 1O pasHLIE CTOPOHHI OT HPAMOU
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BC, to a+p+v < 7. llosromy a+ f+v = 7 auimb B ToM caydae, korga BC
— oTpe3ok npsamon. Takum 06pa3oM, eciau ¢ + 5 + ¥ = 7, TO MBI IOLYyIaeEM
3aady 00 OTPAKEHUAX OTHOCUTEIHHO TPEX E€BKJIMJOBLIX [IPAMEIX.

Pacemorpum Teneps cayuan, korga a+ 3+ < 1, T. €. HUEHTDP OKPYXKHO-
cru S, onepxamen nyry BC, u Bepumua A sexar no pasHbie CTOPOHBL OT
mpsamou BC'. Tlposenem u3 Touku A kacarembunie AP u AQ) x oxkpyxHOCTH
S (puc. 16). Iycts S; — okpyxuocts pagumyca AP ¢ nearpom A. Torga
CTOpPOHHL TpeyronbHuka ABC ABIAIOTCA MrUNepOOINIeCKAMY IPAMBIMA UL
mogenn Ilyankape B kpyre S;. fIcHO Takxke, 9TO CHMMETPUM OTHOCUTEIHHO
CTOPOH KPUBOJIUHENHOrO Tpeyroabuuka ABC ABIAIOTCA CUMMETDPUM OTHO-
CATEILHO TUTEPOOINIECKAX TIPAMBIX.

P

Puc. 16

OTO TMPOCTOE PACCYXICHUE UMEeT BAXKHOE CICICTBUE: B caydae o + [ +
v < T BCe 0Opa3bl KPUBOIUHENHOrO Tpeyronbuuka ABC npu oTpaxxeHuax
OTHOCUTEIHHO CTOPOH JIEKAT JUOO BHYTPU HEKOTOPOT'O KPyra, Mu60 B HEKO-
TOPOU MOIYTLIOCKOCTH.

Hawm ocraercs pasobpars caydan o + 3 + v > 7. Taxoe nepaBeHCTBO
emme He 00ECIEeYNBALT CYIIECTBOBAHUE CHEPUIECKOrO TPEYIONIBHUKS C YIVIa-
Mu @, 3,7. [JONOIHUTENBHO MOMXKHBLI BHIIOJHATHCA TPHW HEPABEHCTBA BUIA,
a+ f < 7+ 7y, ABOUCTBEHHEIX HepaBeHCTBaM Buaa a + b > ¢. Ho ecim
a, 8,7 < m/2, TO HEpaBEHCTBO @ + § < T + 7 BHINOIHACTCA ABTOMATUIECKH.
IMosTomy Gymem cauTaTh, 9TO CymecTByeT chepudeckuu Tpeyroasauk ABC
¢ yruamu «, 8 u . Crepeorpaduyeckas NPOEKIKI ITOTO TPEYTOJbHUAKA Ha,
ILTOCKOCTh, KACAIOLIYIOCS Chephl B BepimHe A, mpeacrasiseT co60M KPUBO-
auHerHEn Tpeyroabuuk AB'C’ ¢ yraamu «, 8 u v, npudem yroa A npamonu-
HeUHBIN. JIErKO IPOBEPUTD, YTO €CJAM KPUBOAUHENHEE Tpeyroasuuku AB'C/
u AB;C] C COOTBETCTBEHHO PABHBIMU YIVIAMU UMEIOT OO NPAMOJIAHEN-
HEIU yroi A, TO Tu TPEYTrOABHUKA COMOTETUYHBI C IEHTPOM TOMOTETUA
A. B camowm gene, eciu O' u O] — HEHTPHI OKPYKHOCTEH, COAEPKAIIAX
nyru B'C’ u B1C1, To Tpeyroasauku O'B'C’' u O1 B1C} aBaaoTcs paBHO-
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6ell[peHHbIMI/I TPEYrOIbHUKAMU C IIAPAAICIBHBIMNI 6OKOBI:;IMI/I CTOpOHaMHU, a
3aamT, nx ocHoBarua B'C’ u B;C; Toxe mapamneabuel. [losToMy, mame-
HUB IPY HEOOXOAUMOCTH PAIUYC ChepBl, MOXKHO JOOMTHCSI TOrO, YTO 00pa3
cpepuveckoro TPEYroabHUKA, IPU CTEPEOrPaAPUIECKON NPOEKIUK COBIIAIET
C paccMaTpUBAEMBIM KPUBOJMHEUHLIM TPEYTOJBHUKOM HA miIockocTu. Slc-
HO TaKXe, YTO CAMMETPUN OTHOCUTEILHO CTOPOH KPUBOJIMHENHOT'O TPEYTO-
JBHUKA COOTBETCTBYKOT CUMMETPUAM OTHOCUTEJIBHO CTOPOH CCI)epI/I‘{eCKOFO
TpeyroibHuka. B camom gene, To9ku A u B CUMMETPUYHBI OTHOCUTEILHO
cepuueckon mpAMOu [ TOTa M TOJBLKO TOT[a, KOraa Jaobas chepudeckas
OKPY2KHOCTH nepecekaeT chepudeckyo npamyo [ mox mpsaMbim yriaom. [lo-
DTOMY NIpHU CTepeorpadriecKON MPOEKINN TOYKY, CUMMETPUYHLIE OTHOCH-
TeABbHO CHEPUIECKON NPAMOU [, MEPEXOAAT B TOYKU, CUMMETPUYIHBLIE OTHO-
cuTeabHO 00pasa l.

Yro6Br HAUTH BCE BO3MOXKHEBIE C(PEPUIECKUE U €BKIUIOBBI TPEYrOMbHUKA

¢ yrnamu (7/p, 7/q, 7 /T), Hy’KHO PEmUTb B HATYPAIBHBIX IACIAX COOTBET-

1
CTBEHHO HEPABEHCTBO — + — + — > 1 u ypaBuenue — + — + — = 1. Moxwuo

q p q r
caurarh, 470 p < ¢ < r. Torga B 06oux cayyasx p < 3. Hecaoxuwim nepe-

60p mpUBOAUT K Chepraeckum Tpeyroabaukam tuna (2,2,n), (2,3,3), (2,3,4),
(2,3,5) m eBxmaOBEIM TpeyroabHukam Tuna (3,3,3), (2,4,4), (2,3,6).

RALE
ATEIA
CRALY
ATTIA

Puc. 17

HenocpeacTBeHHO MOXHO yOeauTHCs, 9TO 0OPA3bl BCEX YKA3AHHBIX TPe-
yFOJII)HI/IKOB npu OTpa)KeHI/I}IX OTHOCUTEIBHO UX CTOpOH COCTABJAAIOT 3aMO-
1menue chephl WM eBKJINI0BOY IIOCKOCTU. [l €BKINIOBBIX TPEYTOMLHUKOB
cM. puc. 17. [uas 06pa3oB cheprdecKrx TPEYyrOJIbHUKOB IIPU cTepeorpadu-
YECKOU TPOEKIINU MOXKHO HAPUCOBATHL AHAJIOTUYHBLIE KADTUHKA. B mepBobIx
IByX HambOJee MPOCTHIX caydasax cMm. puc. 18. Ormerum, uTo Tpebyemuie
3aMoIeHus cdepbl (KpoMe TIePBOU CEPUN TPEYTOMbHIKOB) MOXKHO MOy IATh
crepyromuM o6paszom. CoequHuM IEHTP KaXIOU IPAHU MPABUIBLHOT'O MHO-
FOrPAHHUKA C BEPIIMHAMU U CEPEAUHAMY CTOPOH DTOU TDAHU. 3aTEM IMOJIy-
YEeHHYIO CUCTEMY OTPE3KOB (BMeCTe ¢ pefpaMu) CIPOenUpPyeM Ha OIUCAHHYIO
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chepy u3 ee neHTpa. Torga aas TeTpasApa MOJIYUUM CACTEMY TPEyrOJbHU-
k0B Tuna (2,3,3), maa Kyba U OKTadApa HOLYIMM CACTEMY TPEYrOJLHUKOB
tuna (2,3,4), a 41a oneKasApa U MKOCAdAPa MOLYIMM CUCTEMY TPeyrofb-
HUKOB Tuna (2,3,5).

Yr06b1 HAUTH BCE BO3MOXHBIE MUIIEPOOIMIECKIE TPEYTOJbHUKYA C yIvia-

1
mu (7/p,m/q, 7/T), Hy*HO PEIUTEL B HATYPATBLHEIX IACIAX HEPABEHCTBO — +
p

1 1
— + - < 1. OTO HEPABEHCTBO BEHIIOJHAECTCA M BCEX NOCTATOIHO OOJbL-

q T
LIUX YUCEN P, ¢, T, TOITOMY OHO MMeeT OECKOHEYHO MHOrO pemenuu. MoxHO

IOKa3aTh, 4YTO ecau — + — + — < 1, To 06pa3bl TunepObOInIecKOro Tpey-
q

COJBLHUKA, TUMA, (P, ¢, T) TIPUA OTPAKEHUAX OTHOCATEILHO CTOPOH 3AIOIHAIOT
0€3 MEePEeKPHEITUI BCIO TUNEPOOINIECKYIO IIOCKOCTh. [[0Ka3aTenscTBO 3TO-
O yTBEPXKIEHUA HE CTOJb OYEBUAHO, KAK [ €BKIUIOBOU U CHEPUICCKON
reomeTpun. MBI OTVIOXUM €0 A0 JEeKIUK 8, KOTOPas MOCBAIIEHA TOKA3a-
TenbCTBY Gomee 001en TeopeMul Ilyankape 0 3aMOIIEHUAX TUnep60InIeCKON
IVIOCKOCTU MHOT'OYI'OJIBHUKAMMU.

Puc. 18

3agaum

1. HailTu BCe TWIIBI €BKIMIOBLIX TPEYTOMLHIKOB, IEPEKATHIBAS KOTOPHIE
Yepe3 MX CTOPOHBL, MOXKHO 3aMOCTUTH IIOCKOCTb. (/JOMOTHUTENILHO MOABIA-
€TCs TPEYroabHuK ¢ yraamu (2m/3,7/6,7/6).)

2. JlokasaTb, 9TO B IPyIIe, IOPOXKACHHON OTPAKEHUAMI OTHOCUTEIBHO
CTOPOH TpeyroabHuKa Tuna (p, ¢,), MOXKHO BEIOPATH Takue 00pasyiomue ,
yuz aro 2 =y?2 =22 =1u (zy)? = (y2)? = (22)" = 1.

3. [lokasaTh, 4TO I'PYIILl, NOPOXKAEHHEIE OTPAXKEHUAME OTHOCHTEIBHO
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cTOpoH runepboandeckux TpeyroabHukos (0,7/2,7/3) u (0,0,27/3), uso-
MODP}HEI.

4. Yran MHOrOYIOJBHUKA, OOPAa30BAHHOIO AyraMU OKPYXKHOCTEN, UMe-
ot Bug 7/k. O6a3aTensHO mm ero 06PA3EI IPU CUMMETDPUAX OTHOCATEIHHO
CTOPOH HE MEPEKPHIBAIOTCS !

5. CKOIBKAMY TPEyrOJbHUKAMY € yruamu 7/2, /3 u w/5 MOoXHO 3aMo-
cTuTh chepy?

7. PyHpameHTanbHas obnacTb MOAYNSPHOW Tpyn-
Mbl

Iycts G — rpynna, TOpOXAeHHAA OTPAKEHUAMA OTHOCUTEIBLHO CTOPOH
rpeyronbuuka T ¢ yraamu (w/p,7/q,m/r). Torma cdepy, miockocTs mim
IVNIOCKOCTh JI06a4eBCKOr0 MOXKHO HPEACTABATH B BUAE OOBEIMHEHUS TpPe-
yroaeaukoB g1 (g € G), npmaem Ttpeyroasruku g17 u goT npm g1 # go
He UMEIT O0IIMX BHYTPEHHUX To4ek. llocienHee CBOMCTBO 00eCnednBaeTCsa
Tpe6OBAHUEM MMOTOYEUHOI'0 COBIAAEHUA 0OPAa30B TPEYrOMbHUKOB. B camom
nese, ecin TpeyroabHuku g1 1 u goT uMeroT ObIIy0 BHY TPEHHIOI TOYKY, TO
g1(z) = go(x) mna Bcex z € T, a 3Ha9UT, g1 = go.

Hasosem Tpeyroavuuk T @gyndamenmabnots obaacmoio rpynmsl G. ITO
OmpefeNeHne NOmycKaeT caeayiomee o6obmenne. Ilycts G — moarpymnma
TPYIIbLL ABMXKEHUN Chephl, IIOCKOCTH win mwiockocTu Jlobadesckoro. Haszo-
BeM D gyndamenmaavnoti 06aacmpio rpynnel G, eCau BEITOIHSIOTCSI CIELY-
JOIIE YCIOBHUA:

1) D — BHINYKJIBI MHOTOYTOJBHUK (B CIydae MIOCKOCTH JIOGaueBCKOro
y HEro MOryT ObITH GECKOHEYHO YIaJEeHHEIE BEPIIMHLL U CTOPOHEL);

2) muoroyronsuuku gD (g € G) nOKpHIBawOT BCIO Cdepy, IIOCKOCTD WK
ILIOCKOCTD J106a4eBCKOro;

3) muoroyroavuuxu g1 D u goD npu g1 # go HE MMEIOT OOMUX BHYTDEH-
HUX TO4YEK.

OrMmerum, 9TO HE y 11000U NOATPYNIIILL IPYINEl IBAXEHUN €CTh (PyHIa-
MeHTagbHAA o6nacTh. Hanpumep, y BCell IPyNnbl IBUXEHUN HET (hyHIAMEH-
TAJIBHOU 00IACTH.

B kavecTBe mpoCTOro mpuMepa HaugeM QyHIAMEHTAILHYI 00MACTb [JA
TOATPYNIILI COOCTBEHHBIX JBUXKEHUU B TPYIIIE, IOPOXK IEHHOU OTPAXKEHUAMA
OTHOCUTEILHO CTOPOH Tpeyroubuuka T tuna (p,q,r). HeTpyaHo moHaATs,

48



9TO €CJIN § — CUMMETDPUs OTHOCUTEIBLHO OLHOU M3 CTOPOH TPEeyroabHuKa 1,
10 o6beguuenue 1 ¢ sT mpencrapiaserT cOOOU NCKOMYIO (PyHIAMEHTAILHYIO
obmacTs. B camom gmeme, TpeyroabHuku Buga g7 MOXHO pa3buTh HA MAPHI
{gT,gsT}. Meno B TOM, 9TO TpEyroabHUK gsI ONPEReNseT Ty XkKe CaMyIo
napy, Tak kak (gs)sT = gT

Tlepengem Temeps k 6onee MHTEPECHOMY TIpUMEPY (yHIAMEHTAILHON 06~
aactu. HamomuumwM, uto B Mogenn Ilyankape B BEpXHEU HMOIYILIOCKOCTH COO-

CTBEHHBIE [BIKEHUS UMEIOT BUL 2 ,rae a,b,c,d € Ruad—bec=1.

zZ+

+d
I'pynny maTpun pasMepoM 2 X 2 ¢ BeIIeCTBEHHLEIMU DIEMEHTAMU U OIpeje-
mutenem 1 o6osmagaror SL(2,R). JlobeM AByM MpONOPIMOHAILHEIM Ma-
TpunaM (M TOJABKO MM) COOTBETCTBYET OJHO U TO ke APOOHO-IMHENHOE IpPe-
ob6paszoBanue. IlodToMy rpymnmna cOGCTBEHHBIX ABMXKEHUU ILIockocTu Jloba-
geBckoro m3omopdua daxroprpynmne SL(2,R)/+I = PSL(2,R); 3nece I —
enuamanas matpuna. B SL(2,R) ects Baxmas noarpynna SL(2,7Z), cocro-
ANAsA U3 MATPUL C NEJOYUCICHHBIMY DJIEMEHTaMu. Ei COOTBETCTBYET IOJ-
rpymma PSL(2,7Z) 8 PSL(2,R). Tpynmy PSL(2,7.) nasesaioT Mo0yaaprot
2pynnot.

Teopema. Tpeyzoavnur D c yeaamu (O, g, g), u3o6paxcennvit wa puc. 19,

asasemcsa Pyndamenmasvnots 064acmv10 MoAYAAPHOT 2pynnvl.

1 1
-1-5 0 5 1
Puc. 19 Puc. 20

MokaszaTenbcTBo. Pacemorpum B rpynme G = PSL(2,7) anemenTrr S(2) =
—1/zu T(2) = z + 1. Oun nopoxgarT HeKoTOpyIO noarpymny G'. M=l go-
KaxeM CHavanxa, 970 D — dyngamenTanbras obnacts rpynnsl G, a 3aTem
nokaxem, 9to G’ = G, T. e. saemenTo S u T mopoxgaoT BCo rpynmy G.

Ipexpe Bcero mposepum, uTo Tpeyroavuuku ¢'D (¢ € G') moxprsa-
0T BCIO IWIOCKOCTE JloGadtesckoro, 1. e. ecam Im(z) > 0, To g’z € D pun
nekoroporo g’ € G'.
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Jlemma 1. Ecau Im(z) > 0, mo npu g € G seaununa Im(gz) npunumaem
AUWD KOKEUKOE WwuCA0 3nauenut, npesocrodswuz Im(z).

lokaszaTeancTBO. fIcHO, 9YTO

Tm(gz) = Im az+b\ madz-i—bcé_ Im(z)
9% = cz+d) lcz+d|2 ez +d|?”

IMosromy Im(gz) > Im(z) ums B TOoM caydae, korga |cz + d| < 1. Iocren-
Hee HEPABEHCTBO BLIOMHACTCSA JUIMb A1 KOHETHOTO MHOXKECTBA Map MEJIEX
ancen (¢, d), npuaeM A Kax 0N TAKOU nmapwl BenrmanHa Im(gz) onpepenena
OMHO3HAYHO. [

I'pynna G’ comepxurcsa B G, nosToMy miasa ai000d TOYKA z B BEPXHEH
MOJIYILIOCKOCTH MOXKHO BHIOPATH dieMeHT ¢ € G/, mias KOTOpOoro BeawmdnHa,
Im(g'z) makcumanbra. [Ipeobpasosanune T'(z) = z + 1 He U3MeHsIET MHUMYIO
YaCTh YMCIa 7, TOPTOMY [ HEKOTOpOro aaementa w = TXg'z, k € Z,
BHINONHsAETCA HepaBeHCTBO | Re(w)| < 1/2, a pemmunna Im(w) mo-npexzemy
MakcrManbHA. B dacTHOCTH,

Im(w) > Im (l) _ Im(w)

w |w]?
Iosromy |w| > 1, a 3nadur, w € D.

Jlemma 2. Ecau z — enympennas mouxa obaacmu D w gz € D das g € G,
mo g — modcdecmeennoe npeobpa3osane.

az+b

cz+d

¢ =0. Borom caygae ad = 1, 1. e. g(2) = z+b. Ecim b # 0, To smmb

s npeobpasoBanun g(z) = z + 1 o6pas muoxecTBa D mepecekaeTcs C

muoxectBoM D. Ho nx mepecedenme mpunagrexut muoxectsy |Re(z)| =

1/2, xoTOpOE He CONEPKUT BHYTPEHHUX TOUeK MHOXKecTBa D.
IIpeanonoxum Teneps, uto ¢ # 0. Torga

HoxkaszateancTso. Ilycts g(z) = PaccmoTpuM cHAYAMA, COydan

(=2~ ——
9= =1 clez+d)’
HODTOMY

a d 1




Yucna a/c u d/c BemecTBeHHEL, TO2TOMY MHUMEIE 9acTh ducel g(z) —a/cu
z + d/c paBHBEI MHUMBIM 4acTsAM uucel ¢(z) u z. A Tak Kak MHUMAas 4acThb
m060i Touku obmactu D me membme \/3/2, To Monymu wmcer g(z) — a/c u
2+ d/c Toxe ue menpme \/3/2. Caegosaremsuo, |c| < 2/1/3, npuem ¢ —
HeHyseBoe nenoe uuciao. Takmm obpaszom, ¢ = +1, mOdTOMY COOTHOMIEHUE
(7.1) MoxHO 3anucaTh B BUIE

9(=) Fa| -] £d = 1.

Ho eciu g(z) € D u z — BHyTpeHHAA TOUKa o6aacTu D, TO mis J06LIX
LEJIBIX YUCeT @ U d BHINOIHAIOTCA HEPABEHCTBA

l9(z) Fa| > 1, |z +d| > 1.

13 nemMMEL 2, B 9aCTHOCTH, CAEAYET, 9TO AJA HECOBNAJAIOIINX DIEMEHTOB
g1 u gh rpynmer G' mmoxectsa g1D u gD He mMeOT OOIMX BHYTPEHHUX
Touek. Taxum obpaszom, D — dpyngamenTanrbHas obaacts rpynmst G-

Teneps MOxHO 6e3 TpyAa nokaszaTh, uro G = G’. B camom gene, nmycTs
g — TIPOU3BOJBHEI 1eMeHT rpynnsl (. BosbMeM mpousBoJbHYIO BHYyTpEH-
HIOW TOYKy z obmactu D. Touka gz neXuT B BepXHEU MOLYILIOCKOCTH, 110~
aTOMy cymecTByeT saemeHT ¢ € G', mua xoroporo ¢'(gz) € D. [Ismxenue
9’9 € G mepeBOAUT BHYTPEHHIOK TOYKY 2z 00sactu D B HEKOTOPYIO TOYKY
obnactu D. TlosTomy cormacuo remme 2 npeobpa3oBanue §'g TOX JECTBEHHO,
T.e.g=(g)teq.

Joka3aTeasCTBO TEOPEMBL 3aBepLIeHO. [

®dyngamenTarsHasg o6racTs rpynmsl PSL(2, 7)) npenctasaseT co6oi Tpe-

™
yronpuuxk ¢ yraamu (0, 3 E) Ho ee yno6Hee pacCMaTpUBATEL KaK I€THIPEX-
T
yroaeauk ABCD c yrmavu 0, 3Ty (pmc. 20). [leao B TOM, 9TO CTOPOHEL

DTOr0 YeTHIPEXYTrOJLHUKA PAa3OUBAIOTCA HA MAPH; CTOPOHBEI KAXKAOW MaphI
MepeBoIATCA APYT B APYTa HEKOTOPEIME daemenTamu rpymnmst PSL(2, 7).

3apauu

1. a) /lokazaTs, 9T0 byHIaMEHTATEHYIO 0061acTh rpymmnet PSL(2, 7)) mox-
T
).

HO pa3pe3aTh Ha ABa TPeyrombHuka ¢ yraamu (0, 33
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6) JokazaTb, 4TO MOATPyNNA COOCTBEHHBIX ABMXKEHUU B CDYyNIE, DO-
DOXIEHHOU OTPAXKEHUAMU OTHOCUTEILHO CTOPOH TPEYTOJbHUKA € yIVIAMU

(0, g, g), momopdua PSL(2,7).

2. Moxasars, uTo Tpeyroabuuk ¢ yraamu (0,0,0) MoxHO paspesaTs Ha 6
TpeyroabHukos ¢ yraamu (0, g, z).

3.Mycte D ={zc C||z| > 1, |Re(z)| <1}.

a) [lokasaTb, 9TO OBUXKEHUS 2 — 2z + 2 U 2z — —1/z mepeBogAT OHy U3
cropos obaactu D B gpyryio.

6) Joxazarb, uro D — dyHgaMeHTaIbHASA 0OIACTD PYIILL, TOPOXK IEH-
HOU [OBUXEHWAMH 2 — 2 +2 U 2 +— —1/z.

1 1 1
4. Myere D = {z € C | ’

1
—| > = — = > = <1}
z+2 25 z 5|2 3 |Rez| <1}

a) Hoxasare, uro D — dyHaameHTadbHAs 00aacTh rpynnsl G, mOpo-

JKJIEHHOU JBIKEHUSAMU 2 — 2 + 2 U 2 — ———.
2z+1
6) oxazaTb, YTO BIEMEHTAM YKa3aHHOU rpynnkl G COOTBETCTBYIOT B

SL(2,7) B TOYHOCTH Te MATPUILI, 11T KOTOPEIX
a b\ _ (10
(25)=(1 0 )moun

8. Teopema [lyaHkape o pyHAaMEHTANLHOM MHO-
FOYrONbHUKE

PaccMOTpeHHEI® HAMU TIPUMEPHI 3aMOIIEHHOU ChEephl, TIOCKOCTA U TLIO-
cxkocTu JI06aueBCKOr0 TPEYrOJbHAKAMY MOKA3LIBAIOT, YTO Hambomee CIOXK-
HYIO CTPYKTYDPY UM€IOT 3aMoIeHus miockoctu JJobadesckoro. Tem He meHee,
MOXHO OIMCATH BCE BHITYKJIBIE MHOI'OYTOJIBHUKY HA, IIOCKOCTH JIo0aueBCcKo-
0, KOTOPBIE CAYXaT (PYHIAMEHTAIHLHEIMA O00MACTAMA IPYII, COCTOALINX U3
COGCTBEHHBIX ABUXKEHUN. [[OqIYepKHEM, YTO B OTJIMYMAE OT 3AMOIIEHUU TPe-
YTOJIBHUKAMY PEYb Tenepb OyaeT UATU TOJIBKO O COOCTBEHHBIX IBUKEHUIX.
Ho 510 He MermaeT 0HOBPEMEHHO MOIYYATh PE3YILTATHL O 3aMOIICHUAX TPE-
yroapuukamu. [leno B ToM, 9TO ecau ckiaenTh Tpeyronpuuku 1 u sT', rae s —
CUMMeTPUsA OTHOCUTEIHHO OJHOU U3 CTOPOH TPEYTOIbHUKA, T, TO B pe3yab-
TaTe MOLyInTCA PyHIAMEHTAIBbHAA 06JaCTh D IPymibl, COCTOAIIEH JUIIb 13
COOCTBEHHBLIX IBYKEHUMU. A 13 3aMOLIEHUA ILIOCKOCTHU JI06aIeBCKOro 06pa-
samu ¢urypsl D Jerko noiy<uuTh 3aMOIenne o6pasaMu TpeyroabHuka 1.
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Ilycre M — BBIIYKJIBI MHOIOYTOJBHEK HA ILIOCKOCTH Jlo6aueBckoro.
IIpegnomoxum, uro M — dyHzaMeHTaIbHAA 00JACTH HEKOTOPOU CPYIIIBI
G, cocrosAmen Juiib u3 COOCTBEHHBIX ABUMXKeHun. [laa pyHIaMEeHTAILHON
obamactr M MOXHO paccMOTpeTh MHOrOyrouabHuku Buga gM (g € G), nepe-
Ce4veHuUs1 KOTOprX C M HeHyCTbIe; TAKUX MHOFOyFOJIbHI/IKOB KOHE4YHO€ 4YUCII0.
IMepeceuenne Brinykiarix MuOXECTB M u gM He mMeeT BHYTPEHHUX TOYEK,
[ODTOMY OHO SIBISAETCS JUOO TOYIKOU, aub0 OTpe3koM. Bce oTpesku Buga
M N gM umazoeMm cmoponamu dyHIaMeHTadbHOU ob6macTu M, a BCe TO4Y-
KU TPOUHBIX mepecedenun M N gM N hM HazoBeM @epwunamy PyHIaAMEH-
TambHOU obnacTu. KOHIAMu Kaxkg0u CTOPOHHI (byHIAMEHTAILHON 00IaCTH
SIBAAIOTCSA BEPUIMHEL (pyHAAMeHTaIbHOU obaacTu. OTMeTuM, U4TO BEpIINHA,
dyugamenTanbaOn ob6xactu M He 00s13aHa OBITH BEPIINHON MHOI'OYIOJLHI-
xa M (puc. 21).

Puc. 21 Puc. 22

K xaxnou cropoue a ¢pyHgamMeHTaIbHON 061acTy M NPUKIENBACTCS HE-
KOTOpBI MHOTOyroabHukK g(M), nostomy a = g(b), rae b — mexoTopas cro-
pona dyuzamenranbaon obiaactu M. fcHo, 9TO K cTOpOHE b IpUKIEUBaELT-
cs cropona g~ ' (a) dynmsamenTarsHon obaacti gL (M). TlosToMmy cTOPOHED
dynmgamenTambuon obaactu M pasbUBAIOTCA HA TAPHI CTOPOH, MEPEBOMIA-
muXcs Apyr B apyra apuxenuamu g € G. COOTBETCTBYIOLUME ABUXKEHUA
HA3BIBAIOT JBUXEHUAMU, CNOAPUEAOUUMY CTOPOHbL.

Cayvan a = g(a) me uckmoder. Jlerko mpoBepuTb, YTO COGCTBEHHOE
nBUXeHue g 7 id mepeBoaUT OTPE30K B Ce0s JUIIb B TOM (JIydae, KOrga g
— CUMMeTPHUA OTHOCUTEILHO CEPEeNuHEI OTPe3Ka. lloaToMy OT cmTyanwmwu,
xorga a = g(a), MOXHO M30ABUTHCA, NOOABUB K YKCIYy BEDIIUH CEPEIUHY
oTpeska a. IloguepkHeM, YTO BEpIIMHEl TAKOTO TUMA NOOGABIAIOTCA JUIIH
[ TOTO, 9TOOLI CTOPOHET B TTAPaxX OLLIM PA3IWYHLL. FCAM 5TU BEPIIMHEI HE
NO6ABIATE, TO HUKAKAX IPYTUX OCIOXHEHUU HE BO3HUKACT.

Kaxmoe nuxenue g, CapuBaiomee CTOPOHLI, TEPEBOIUT APy BEPIIMH
A1, Az B npyryio napy Bepmus g(A;), g(Az). Coenuunm Beprmmuet 4; u g(A4;)
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OPMEHTHPOBAHHEIM PeGPOM; IBIKEHMIO § & COOTBETCTBYET TO 3Ke Camoe pe-
0po, HO ¢ apyrou opwenTanwen. IIposemem Takme pebpa A BCEX CIapU-
BAIOIIMX ABUXKEHUN. B pesyabrare momyduMm HekoTopwin rpad. Kaxmon
BeleII/IHe COOTBeTCTByIOT pOBHO ABa CHapI/IBaIOIHI/IX ,[[BI/I)KGHI/IH, HOBTOMy u3
KaXkIOU BEPIINHBI Ipada BEIXOAAT POBHO ABa pebpa. Takum o6pasom, momry-
YeHHHIN I'pad COCTOUT U3 HECKOJIBKUX IIUKJIOB. BepUINHEI, BXOAAIE B OAUH
LIUIKJI, HA30BEM K616 A4EHMHbLMY.

Pacemorpum muka A; ... A,. Ero pe6pa MOXHO OpUEHTUPOBATH TaK, ITO
9i(4;) = Ajy1. Hoxaxem, uto ecau Touku Aj, ..., A, He gexaT HA a6COMIO-
Te, TO NpeoOPa3OBAHUE § = §nfn—1 - - - g1 ABIAETCS MOBOPOTOM C LIEHTPOM
A; Ha yroax oy + - + oy, Te oy — yroua npu Bepummae A;. flcHo, uTo

(A1) = gngn_1-..g2(As) = --- = Ay.

ITycts @ — Ta cTopoHa (PyHIAMEHTAILHOU 00IaCTU, KOTOPYIO IBUXKEHUE g1
MEPEeBOAUT B APYry0 cTOpoHy. COOCTBEHHOE IBUXEHUE

f=Ry 9n- Ry 92 R 00

MEePeBOIUT B ce0s TOUKY Ay u mpamyio a, mosromy f = id. Jlerko nposeputs,
YTO Ui TIOOOTO IBUXKEHUA h CIPABEINBO PABEHCTBO

hRS = R4 h, (8.1)

rme € = 1 masa coOCTBEHHOrO aBukeHusa h m € = —1 aaa HecOOCTBEHHO-
ro gemxenus h. Bocnomp3oBaBmmch 5>TuM paBeHCTBOM (A1 COGCTBEHHBIX
IBUXKEHWH ) , TIOJLY IAM

f=R{gn...REgquRY = =gRG+ Tom,
CaegoBaTensHo, g = R;fa1+"'+a")

Meuoroyroasauku g,(M), gngn—1(M), ..., gngn-1-..91(M) nmetor 06-

1y BepuinHy A, NpuYeM WX yIVBl OPU TOU BEPIIMHE PABHBL (p, Qlp—1,

., 1 COOTBETCTBEHHO. IIpuMEHUM K DTUM MHOTOYTOJHHUKAM CTEIeHU
peoOPa3OBAHUA § = gpgn—1 - - - g1- HEOOXOAUMEIM U TOCTATOYHBLIM yCIOBU-
€M TOT0, YTO B PE3YJbTATE MOJYIUTCS 3AMOIIEHUE OKPECTHOCTU TOUYKU A,
ABJAETCA PABEHCTBO oy + - -+ + ay, = 27 /k, k € N.

Mu nonyYmiu HEKOTOPEE HEOOXOAUMEIE YCJIOBUA TOTO, YTO BHIMYKJIBIN
MHOIOYT'OJBHUK HA, MIOCKOCTU JI06a4eBCKOro sBiseTcs (yHIAMEHTAILHON
obaacTeio. OKa3bIBAETCHA, ITO DTU YCJAOBUS HE TOJBKO HEOOXOIUMBI, HO U
[IOCTATOYHEL.
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Teopema (Ilyankape). [Tycmo svinykabiti 2unepbosvueckut Mwoeoy2o.ao-
wuk M obaadaem caedyrowumu coticmsamu:

1) cmoponbr muozoyzoavnura pazbumer wa naper {a,b}, npuuem das Ka-
0ot maxoli Napvl CMOPON CYWECTNBYEem CNAPusaowee ux cobCmesen-
noe deudcenue g, m. e. b= g(a) = M Ng(M);

2) cymma Y2406 Npu IK6uUEALENMHBIT 6epuunaT pasna 2m [k, k € N.

Toeda M — gyndamenmanvras obaacms 2pynnet G, nopoxcdennot deu-
HCEHUAMYU, CTAPUBAIOUUMY CTOPOHbL.

Hdoka3aTennbcTBo. [Ipexae BCEro MOKaXeM, YTO €CAM MHOrOYTOJbHUKH
hiM uw hoM (hi,hy € G) umeoT 00y BHYTPEHHIOI TOYKY, TO hy =
hs. IIpumenuM K 000OMM MHOIOYT'OIBHEUKAM IpeoOpa3oBanHue hi ! Tocae
TOro MOXHO Oyger cumrarh, 9410 h; = id. IlpeobpasoBanme g = hy
TpPEICTaBUM B BUAE KOMIIO3UIIUU TNPEOOPA3OBAHUN, CIAPUBAIOIIAX CTOPO-
HBL: § = Qk9k-1---91- llpeanonoxum, uro ¢ # id. mpum DTOM MOXHO
BHIOpATH MpPeoOpa3OBaHUe g ¢ HAMMEHBbIEN IJUHOU pasnoxkenus k. Ilyctsb
A — oO0was BHyTpeHHss TO4YKa MHOroyroibHukoB M u g(M). Paszmoxe-
HUIO § = f ...g1 MOXHO COIOCTABATH 3aMKHYTYIO JOMaHy A; ... Ay, rae
Al = A, Aspq = gs(As) mpu s > 1. Touku A; u Agy1 HE MOTYT COBHA-
,anb, HOTOMy 49TO OHU SBJIAKOTCS BHyTpeHHI/IMI/I TOYKaAMU ABYX BBIITYKJIBIX
MHOFOyFOJH)HI/IKOB, MMEIOIIUX OGI_I_IyIO CTOpOHy. I/I3 MUHUMAJIBHOCTU [NJIVNHBI
pas3JokeHus caegyeT, 9To JomaHaa Aj . .. A, HecaMOmepeCceKaIasacs.

B Tom cayuae, korga momanas A ... Ay npencrasasior cob6ou 06X01 BO-
KPYT OJHOU U3 BEPIINH MHOTOYTOJbHUKA M, mpeobpas3oBaHue g mo yCIOBUIO
SIBAAETCS MOBOPOTOM HA YrOJX 27 BOKPYT DTOU BEPIIUHEI, OITOMY ¢ = id.
IIpeanonoxum Tenepnb, YTO JOMAHAA TOLYIACTCA B PE3YIALTATE 00HEINHEHUA
IBYX JOMAHBIX, TPUYEM UX OOIIue CTOPOHBI MPOXOAATCA B PA3HLIX HATIPABJIE-
musx (puc. 22). Us pasencts afy = 1, fia; = 1 u B = B~ crenyer, ato
aayy = 1. TlosToMy mias 3aMKHYTOU JOMAHOU, MOJIYYEHHOU B PE3YIbTATE
00BEINHEHNA HECKOJBLKUX 00XOM0B BOKPYT BEPIINH MHOTOYTOJLHUKOB, TOXKE
BBITIOJIHAETCA paBeHCTBO g = id. flcHO Takxke, 4TO MOOYI0 BAMKHYTYIO HECa-
MOIIEPECEKAIOIIYIOCS JOMAHYI0, COOTBETCTBYIOILYIO PA3IOKEHUIO TPEe0GPas3o-
BaHUs ¢, MOXHO [IPENCTABUTEL TpedyeMuiM 06pas3omM, mosToMy g = id.

OcraeTcs A0Ka3aTb, YTO OOPA3LI MHOTOYTOJBHUKA M 3amOmHAIT BCIO
mockocTh Jlo6avesckoro. Bepmmuer moroyroasaukos gM (g € G) o6pasy-
0T CYETHOE MHOXECTBO, IIODTOMY BHYTPU MHOTOYIOJbHUKA M MOXHO BBI-
6pathk TOUKy A Tak, 4T0 0Tpe30K X A He CONEepKUT HU ONHOU U3 BEPIINH
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MHOTOyTOoabHUKOB gM . [locTaTovHO MOKa3aTh, 9TO 0Tpe3ok X A mepeceka-
€T JUIMb KOHEYTHOE INCJI0 MHOI'OYyT'OJIBEHUKOB gM

Paccrosuue mex 1y AByMs CTOPOHAME BBIMYKJIOIO MHOIQYT'OJBHIKA, PAB-
HO HYJIIO JIWIIb B TOM CIy4ae, KOrJa DTU CTOPOHEI cocequue. [losTomy pac-
CTOsIHuEe Me)K.I[y JIIO6I)IMI/I ABYMs1 TOYKaMNn HeCOCGrE[HI/IX CTOpOH MHOFOyFOJII)—
Hrka M 60sbIne HEKOTOPOro (PUKCUPOBAHHOIO MTOMOKUTENBLHOrO unciaa. Cie-
IOBATENBHO, Ha O0Tpe3ke X A PaCHoI0KeHO JUIlb KOHEYHOE YUCIO OTPE3KOB,
COeNUHSIOMUX HEeCOCeJHNEe CTOPOHBI MHOrOyroiabHukoB gM. Bymem roso-
PUTBL, 9TO OTPE3OK CMAUEGEM BEPIIUHY MHOTOYTOJILHUKA, €CIU €TI0 KOHIIEI
PACHONOXKEHEI HA CTOPOHAX, BLIXOIAIINX U3 DTOU BepimHLl. IIpeamonoxum,
YTO napa COCEOHUX OTPE3KOB CTATUBACT HEIKBUBAJCHTHBIC BEPIINHBI MHO-
royroasHukoB g1 M u go M (puc. 23). Torga B muoroyromsauxe g1 M | ) go M
OTPE30K, COCTABICHHBIM U3 OBYX PACCMATPUBAEMBIX OTPE3KOB, HE MOXKET
CTATUBATH BEPINUHY (B OHY U Ty X€ TOYKY NONaIaI0T JUIIb SKBUBAJECHTHLIC
BEPIIVHEL), TODTOMY OH COEIUHAET TOYKHA NBYX HecocemHux cTtopoH. Caeno-
BaTeJIbHO, [IVHA TOJYIEHHOTO OTPe3Ka 00IbIe HEKOTOPOTro (PUKCUPOBAHHO-
0 MOJOXWTEJILHOr'O YUCaa. TakuM 0Opa3OM, MCKIIOYUB U3 PACCMOTPEHUS
KOHEYHOE YHCJI0 OTPE3KOB, MOXHO CYNTAaTh, IYTO BCE€ OTPE3KU CTATUBAIOT
BEPIMMHBI OJHOI'O M TOI'O XK€ KJaIaCCa O9KBUBAJCHTHOCTHU.

IIpenmonoxum, 410 Ha OTpe3ke X A pacIon0KeHO 6ECKOHEIHO MHOI'O Ta-
KUX OTPE3KOB. B TOM ciaydae, KOrjaa CTACMBAEMAs UMY BEPIINHA HE JEXKUT
Ha abcoumoTe, npaman X A NomKHa Crupateodpa3Ho 0OBUBATHCA BOKPYT DTOU
BepuwHEL (puc. 24), 4ero He MOXeT OHITh.

[/

Puc. 23 Puc. 24

N3 pokasarenbcTBa TeopeMul IlyaHkape BHIHO, YTO BCEe COOTHOIIECHUA
MeX 1y CHAPUBAIOMVMY IBIKEHUSAME CJAEAYIOT X3 COOTHOIIEHNN, BO3HUKAO-
X Ipu 06X0 e BOKPYT BEPIIUH MHOI'OYIOIbHUKA. 1Ipu 5TOM COOTHOIIEHN,
BO3HUKAOIKE IIpyu 00X01€e BOKPYT BEPUIVH OJHOI'O IUKJIA, JKBABAJECHTHEL.
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3apauu

1. [Moxazarb, 4T0 00pa3bl runepOOIMIECKOr0 TPEYTOJBHUKA, C YIVIaMU
™ [p, T /q, T[T IPA CAMMETPUAX OTHOCUTEILHO CTOPOH IMOKPHIBAIOT BCIO IIIOC-
xocThb Jlo6aueBCKOro.

2. BepHO 11, 9TO B rUnep60IMIecKON TeOMeTPUU KOMIIO3UIINA TIOBOPOTOB
Ha yriel @ # 3 (C pa3HBIMU LEHTPAMHU) ABIAETCA IOBOPOTOM HA yroa a + 37

3. MokaszaTs, ¥To rpymna PSL(2,7) zanaerca obpasytomuvu S u T u
coorromenuamu S? =1, (ST)? = 1.

4. PaccMOTPUM MPABIILHEIN TATIEPOOITICCKINA BOCOMUYTOMBHUK C YTIOM
w/4. IlycTts cnapuBaoIye JBUXKEHNA OTOXIECTBIAIOT €r0 IPOTUBOIOIOK-
HBIE CTOPOHLL J[lOKa3aTh, 9TO MOMYyYaeMas B Pe3yJbTATE TPYINa 3a1aeTCa
o6pazyomuMu a, b, ¢, d u coorromenuem abeda b le td! = 1.

5. a) YkasaTb QpyHIaMEHTAILHYI 00IACTh MJIA IPYIILL, 33JaHHON 06pa-
3yIOIWMY a, b, ¢, d u coorsomenunem aba b lede 1d™1 = 1.

6) MoxaszaTb, 9TO 5Ta rpynna n3oMopdHA rpynme u3 3a1a4m 4.

9. lNpocTpancTeo Jlobaderckoro

Bce paccmoTpennbie HaMu MO genu II0CKOCTH JI06a1eBCKOro gerko 0606-
IIAFOTCSA HA CLydal N-MEPHOI'O IPOCTPAHCTBA, IPUIEM NOKA3ATEILCTBA, U30-
METPUYIHOCTH DTUX MOJETEN IPOBOAATCA 03 CYIIECTBEHHBIX U3MEHEHU.

s mogenu Krnettna u mogenu Ilyankape B n-MepHOM mape x5 +- - -+122 <
1 paccrosuue mex gy ToukaMu A m B MOXHO OIPEReInTh KaK PACCTOSHIE
Mexay Toukamu A u B B cooTBeTcTBYyIOmEN Mogenu reomerpun JloGaues-
CKOI'O [UIsI CEYEHUs IIapa IIOCKOCTHIO, IPOXOIAIIEN 4Yepe3 IEHTD IIapa U
Touku A u B.

Mast mogenu Ilyankape B momynpocTpascTBe

H™ = {(z1,...,%,) € R*|z, > 0}

paccrosuue Mexay Toukamu A u B onpegensercs KaK PACCTOSHUE MEXIY
HuMu B Mojean [lyaHkape B MOMYIUIOCKOCTH, TPOXOAAIIen Yepe3 Touku A u
B v nepnieHAuKyIAPHOU TPAHUIE TOJyNpocTpancTea H™.

s Momenn Ha mosocTH ncesaocdepst [r,z] = —c?, rae [r,y] = z1y1 +
<o+ TpYn — Tpt1Ynt1 PACCTOsiHEE d MEXKAY TOIKAMU T U Y 3343aeTCs HOp-
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MyJIOn

@ (2) = mater

B pganpaemmeMm Mel OygeM paGoTaTb TOMBKO ¢ Mogeaavu Ilyamkape.
B 9TUX MOAEJIAX FI/IHep6OJII/I‘{eCKI/IMI/[ DOAIIPOCTPAHCTBAMM ABJIAITCA I1aCTHU
cdep, OPTOrOHATBHEIX AGCOMIOTY (E€BKIMIOBHL MOANPOCTPAHCTBA MEI DU
5TOM PaCCMATPUBAEM KAk Chepel GECKOHEYHOTO pagmyca). IlogmpocTpan-
CTBa Pa3MEpHOCTH T — 1 B IPOCTPAHCTBE Pa3MEPHOCTHU 7 OyJeM Ha3LIBATD
2unepnaockocmami. IToOH ONpeNeTuTh CAMMETDPHUI0 OTHOCUTENBHO TUIep-
TIOCKOCTY B TPOCTPAHCTBE JI06a¥eBCKOT0, T0CTATOYHO OMPEJeTUThL CUMMe-
Tpuio oTHOCUTETHHO chepr S”! B R™. Hazosem Touxu A u B cummempu-
nolmu oTHOCUTEnBHO cheprr S™ 1 B R™, ecim mobas cdepa pasmepHOCTH
n — 1, mpoxogsamas depe3 Touku A u B, oproronanbha chepe S? L. Cum-
MeTpUA OTHOCUTEILHO Chephl COBMaJaeT ¢ MHBEPCUEH OTHOCUTEILHO 3TOH
cheprl. MuBepcus coxpaHseT IBOMHOE OTHOIIEHNE, TODTOMY CUMMETDPUU OT-
HOCUTEIBHO TUMEPILIOCKOCTEN ABIAIOTCA [BUKEHUAMU TPOCTPAHCTBA, Jl06a-
YEBCKOTO.

Teopema 9.1. Jwboe dsudxcenue n-meprozo npocmparcmsa Jobauescro-
20 MOKHCHO mpedcmasumb 6 sude Komnozuyuu ne 6oaee n + 1 cummempuu
OMHOCUMEALHO 2UNEPNAOCKOCTED.

JdokasaTeabCTBO. AHAJOIMIHYIO TEOPEMY MBI YK€ NOKA3BIBAIMA [JIA ILIO-
ckoctu Jlo6agesckoro. IoaTOMy OCTAHOBMMCS JWMIIBb HA TOU YaCTH JOKA3A-
TEIBCTBA, KOTOPAsA HE NEPEHOCUTCA ABTOMATHICCKHA. A MMEHHO, IMOKAXKEM,
9TO €CaAM JBVDKEHUE MMEET 7. + 1 HemoABIXHYKO TOYKY, MPUIEM DTH TOY-
KU He JIeXAT B OJHOU I'MIIEPILIOCKOCTH, TO JBMXKEHUE TOXAeCTBeHHO. IlycTh
Ai,..., Apy1 — JAHHBIE HENOOBIXKHEE TOYKH. SICHO, 4TO TOukm A4, ..., A,
HE MOTYT JEeXaTh B OQHOM (1 — 2)-MEepHOM HOANPOCTPAHCTBE. [ J06bh1xX
OBYX HECOBMAIAIONIAX HEMNOABMKHEIX TOUeK X # Y CTPOTOE HEPABEHCTBO
TPEYrOILHUKA, BJACIET, YTO BCE TOYKM NpAMOU X Y HEMOABWKHEL B wact-
HOCTH, Bce TOukM mpavon A; As Hemoasuxubl. Yepes mo0yio Touky X Iwio-
ckoctu Aj Ay A3 MOXHO NPOBECTH TPAMYIO, TIEPECEKAOIIYI0 mpsaMbie A Ay,
A As m A1 A3 o xparHen Mepe B AByX PA3IMYHBIX TOYKAX. JTO O3HAYAET,
910 BCEe TOYKU TIOCKOCTH Ai Ay A3 HEenogBmxkHEL AHATOrMYHO MOXydYaeM,
9TO BCE TOYKM MOATPOCTpaHCcTBa A Ay A3 A4 menogswxuer u T. 1. O

Teopema 9.2. Jsudxcenue npocmparcmsa Jobauescrozo 00no3nauno onpe-
Jensemea c60uUM 02PAHUUEHUEM HA aOCOAOM
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Hoka3zaTenbcTBo. Bocnonbayemcs monensio Ilyankape B moaympocTpas-
crBe. PaccMOTpUM MHOXECTBO BCEX THUIIEPILIOCKOCTEN, TMPOXOAAININX Yepe3
Touky X. Cpemu ux OrpaHvyveHUN Ha, A0COMIOT MOXKHO BHIEIUTH Chepy
MVWHUMAJIBHOTO paguyca (LEHTD >TON Chepsl COBHAIAET C OPTOrOHATLHOU
npoeknmen Toukn X Ha abcomot). fICHO Takxke, 9TO MO BELIENEHHOU Cde-
pe Touka X OOHO3HAYHO BOCCTAHABIWBAECTCA. [BUXKEHUE ¢ TIEPEBOLUT PAC-
CMaTPUBAEMOE CEMEUCTBO TUTIEPILIOCKOCTEN B CEMEUCTBO TUNEPILIOCKOCTEN,
npoxogaumx depe3 Touky g(x). B coorBercTByromem cemeuctse cdep HA
abCoMI0Te CHOBA, MOXKHO BHLIEIATE C(hepy MUHUMAILHOT'O PAANYCA, a IO HEH
MOXHO BOCCTAHOBUTB TOYKY ¢(x). DTO 03HAYAET, 9TO TOYKY ¢(Z) MOKHO
OTIPeIeUTh, 3HAA JUIIL TPEOoOPa30oBaHue CeMenCcTBa cdep Ha abcomore. [lasa
DTOr0, Pa3yMeeTcs, JOCTATOYHO 3HATH JIUIIL OIPAHIYEHNE IPE0OPA30OBAHNS
g Ha abcouror. O

Teopema 9.3. I'pynna cobcmeennvir dsuxcenut mpeTmeprozo npocmpan-
cmea Jlob6auescrozo uzomopdna PSL(2,C).

HokazaTenscrBo. Cormacuo Teopemam 9.1 u 9.2 rpynmna [BMKeHUU TPEX-
MepHOro npocTpancrsa Jlo6adeBckoro w3oMopdHa rpynmne npeobpa3oBaHul
IJIOCKOCTH, MOPOXKIEHHOU CUMMETPUAMU OTHOCATEIBHO MPSAMEIX U OKDPYXK-
HOocTen. Bymem paccMaTpuBaTh IIOCKOCTH KAK KOMILIEKCHYIO ILIOCKOCTD
C. CumMmeTpun 0THOCHTEIBHO BEIECTBEHHON OCH 1 €IMHIHOR OKDPYKHOCTH
nepesogAT z B Z u —1/Z coorBercrBennHo. Kommosuumm cmmmeTpui OTHO-
CUTEILHO JIBYX MapaJIeIbHBIX TPAMEIX, IBYX TPAMEX, MPOXOMAIIAX Yepe3
HAYaI0 KOOPAWHAT, U ABYX OKPYKHOCTEU C IEHTPOM B HAYANE KOODPAUHAT
TepeBogAT 2 B z + a, ez u kz (k> 0) coorBeTcTBenHO. CleIOBATETHHO,
a60e oToOpakeHue BUIa,

az+b ZHaZ+b e a b
N e
cz+d’ cz+d’ A d

) € GL(2,C),

MOKHO IPENCTABATH B BIIE KOMIIO3AUMAY CUMMETPUA. SICHO Takxke, 9TO JIio-
6as KOMIO3MIUA CAMMETPHUI OTHOCUTEIBHO MPAMBIX U OKPYKHOCTEU MMEEeT
TAKOU BU[I.

Co6CTREHHBIC TBUXKEHUA COOTBETCTBYIOT MPE0Opa30BAHUAM
az+b
cz+d’

2 —

A Tak Kax IPONOPUMOHAIBLHEIM MATPULIAM COOTBETCTBYET OHO U TO XK€ IIpe-
o6pa3oBaHue, TO rPynna COOCTBEHHLIX IBUXEHUU 3-MEPHOI'O IPOCTPAHCTBA
Jlo6auesckoro msomopdua SL(2,C)/ +£1. O
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Js1 TpexMepHOro npocTpaHcTBa JI06AYEBCKOr0 0 AHAJIOTUU C ILIOCKO-
cThi0 JI06AIEeBCKOr0 MOXHO OMPEIeINTD JJLTANTHIECKUE, TapaboIndecKue u
runepOOAMIecKre MyIKU IIOCKOCTEN. DTO MO3BOIAT NOKA3ATH CJICAYIOIINE
YTBEpPK JCHUsI:

1) rpynma PSL(2, (C) COEPXKUT B Ka4¥eCTBE NMOATPYII IPYIIIE COOCTBEH-
HEIX OBUXEHUU C(PEpPHI, INIOCKOCTA U TWIOCKOCTH JI06aIeBCKOro;

2) B TPEXMEPHOE NPOCTPAHCTBO JIOGAIEBCKOTO MOXKHO U30METPUIECKU
BJOXUTH CPepy, WIOCKOCTD U IIOCKOCTL JI06a9eBCKOTO.

HazoseM suaunmuuecrkum mydkoM (B TpexmepHOM npocTpascTse Jloba-
YEBCKOI'0) CEMENCTBO ILIOCKOCTEN, TIPOXOIAIIUX Yepe3 (PUKCUPOBAHHYIO TOY-
KY; HA30BEM NaAPAOOAUNECKUM TYIKOM CEMEUCTBO ILIOCKOCTEN, IPOXOIAIINX
4gepe3 GUKCUPOBAHHYIO TOYKY HA a0COMIOTE; HA30BEM 2UNepboauueckum Iwyd-
KOM CEMEUCTBO ILUIOCKOCTEN, OPTOTOHANBHEIX (PUKCUPOBAHHOU ILIOCKOCTH.

Teopema 9.4. Mnuoxcecmso 6Cer KOMNO3UYUT CUMMEMPUT OMHOCUMEALHO
nap naockocmeti 0dnozo nyuxa ssasemca nodepynnot 6 PSL(2,C). daa
FAAUNMUYECKO20, NAPAOOAUUECKO20 U 2uUNepbosUUecKo20 NYuKa Ima nood-
epynna uzomopPua 2pynne cobcmeennbir deuxcenut cepvl, naockocmu u
naockocmu Jo6auesckozo coomeemcmeero.

HokazaTenbcTBo. [l 5IIUnTUYECKOrO Iy YKa PACCMOTPUM MOaeas [lyan-
Kape B mape, npudeM OyJeM CINTATBb, YTO BCE INIOCKOCTU MYYKa IPOXOLAT
4gepe3 ueHTp mapa. CuMMeTpun OTHOCUTENBHO TAKUX IIIIOCKOCTEN TOPOXK 1a-
0T TPYNITy ABMXEHUU Chephl, KOHIEHTPUIHOU ¢ a0COTIOTOM.

[ mapabonmgeckoro mydka paccMoTpuM Mogens Ilyankape B OIympo-
CTPAHCTBE, Ipu4eM OygeM CINTATh, YTO BCE ILIOCKOCTHU Iy YKa, ABAIOTCS €B-
KIUJOBEIMY TOIYTIIOCKOCTAME, OPTOIOHAJIBHLIMEA a6COMIOTY (BCE TAKUE TLIO-
CKOCTY TIPOXOJAT Y€pe3 TOUKY 00 Ha abcomoTe). CuMMeTpun OTHOCUTEILHO
TAKUX INIOCKOCTEN MEPEBOAAT B €05 KAXKIYIO €BKINIOBY ILIOCKOCTD, TIaPal-
JeIbHYI0 a0ComTy. OrpaHnveHus dTUX CUMMETPHU HA YKA3AHHEBIE ILITOCKO-
CTU MOPOXK AT TPYIIY €BKIXIOBBIX IBIXKEHAU 3TUX ILIOCKOCTEN.

[as runep60oanYecKoro mydka paccMoTpuM Mogenb llyamkape B momy-
TIPOCTPAHCTBE, IpUyYeM OyIeM CUMTAThH, YTO BCE IJOCKOCTU OPTOTOHAJILHEL
HekoTopou mwiockocTu II, mpoxomsaien depes Touky oo. IlycTs | — mpsamas,
0 KOTOPOU MIOCKOCTH II mepecekaer aGcomor. CuMMeTPUE OTHOCUTEIB-
HO IUIOCKOCTEU JAHHOI'O IIY4YKa ABIAIOTCA WHBEPCUAME OTHOCUTENIBHO Cdep,
LEHTPHI KOTOPBIX JEXKAT HA TPAMOU [; 3TU [BUKEHUS TePEBOAAT B Ce0s JI0-
6y10 €BKIUI0BY HOLYILIOCKOCTD II', orpanndennyio mpamon |. Orpananyenus
»TuX mpeobpa3oBanuil Ha I ABAAIOTCA CUMMETPUAMU OTHOCUTEILHO OKPY K-
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HOCTEU, OPTOTOHANBHEIX MPAMOU [. dTu mpeoOpa3sOBaHUA MOPOXK JAOT TPY-
nmy gewkeHuu mojean [lyankape B BepXHEU MOMYILIOCKOCTH. [

Ha nosepxuoctu F' B npocrpancTse JI06a4€BCKOr0 MOXHO BBECTH UHIY-
Yuposarnyo mempuky. [as 3TOro HyKHO ONPEIENUTH DIEMEHT IJINHEL Ha
nosepxuocTu F' (paccrosHue Mexgy OeCKOHEIHO OIU3KUMU TOYKAMU) KAK
paccTosHME MEXOy COOTBETCTBYIOIIUMU TOYKAMU TPOCTPAHCTBA JloGaden-
CKOTO.

PaccMoTpuM MOBEPXHOCTH, COCTOSIIYIO U3 00pa30B (DUKCUPOBAHHON TO-
YKU TOJ IEUCTBUEM CEMEUCTBA, COOCTBEHHBIX NBUKEHUU, COOTBETCTBYIOIIUX
My4Ky IIOCKOCTeN. TaKyio MOBEPXHOCTD B (JIy9ae DILIANTUIECKOr 0, Iapabo-
JUYIECKOT'O U TUMEPOOIUIECKOTO Iy YK HA3KIBAKT cfepot, opucdepoti u 2u-
nepcdepoti COOTBETCTBEHHO. B pacCMOTPEHHBIX HAMU CUTyauusax cpepamu
Oy yT eBKIUIOBEL C(EpHl C LEHTPOM B LEHTPe Mogenu, opucdepamu OyayT
€BKJIUIOBEI ILIOCKOCTH, ITapaJjielbHble a0COMIOTY, a runepcdepamu OygyT
€BKJINIOBHI IOIYILIOCKOCTH, COTEPKAIIME IPAMYIO [.

Tlas mogemn Ilyankape B moaynpocrpanctse H® = {(z,y,2)|z > 0} axe-
MEHT NJIWHBI uMeeT Bui ds/z, rae ds?> = dx® + dy? + dz?. llosromy Ha
opucdepe z = a KBAIPAT dIEMEHTa AIUHLI umeeT Bun a2 (dz? + dy?). Ta-
KuM 06pa3oM, B KOOpAuHATaxX (,y) PACCTOAHNE MEX Y TOIKAMUA OPUCHEPHI
IPONOPIMOHAILHO €BKINIOBY DACCTOSHHUIO.

Ha runepcdepe y = kz kBagpaT 2IeMEHTa, JINHEL UMEET BUALJ

dz? + (1 + k?)dz>
22

du® + dv?
v2 ’

=(1+k%

roe u = z/vV1+ k%, v = z. Takum o6pazoM, B KoopauHaTax (u,v) pac-
CTOSTHUE MeXIy TOYKAMU TUMepchepsl MPOMOPIMOHAILHO PACCTOAHWIO HA
miockocTu JlobaaeBckoro.

[t momenu Ilyankape B eIMHWYHOM IIape JIEMEHT NIWHEL UMEET BUJ

2ds
1- R?’
Tpa mapa. [Io3ToMy paccTosHue MEX Ay TOYKAMU TUIEPOOInIeCKON Chephl

2 +y?+2> =R’

rae ds — €BKAMIOB DJIEMEHT IIWHEL, K — paccTosHue oo IeH-

]_—_R2 p33 6OJII)IHe paCCTOfIHI/IfI Me}K,E[y TOYKaMU €B-
xmgoBon cheprr 2 + y2 + 22 = R2. Taxum 06pa3oM, paccMaTpuBaeMas
2R

runepboandeckas chepa U30METPUYHA, €BKINI0BOU chepe paamyca 1—re
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KBaTepHUOHHasi Mosienb

[IBIKeHne TPEXMEPHOTO HPOCTPAHCTBA JI06aMEBCKOr0 MOKHO IIPEJCTa-
BUTbH C HOMOIIBLIO KBATEPHUOHOB. HAOMHUM, 9TO K6aMEPHUOHAMY HABHLIBA-
10T aare6py Hajg R ¢ obpasytommumu 1,4, §, k 1 cooTHOmeHMAME 2 = j2 =
k2 = -1, 4 = —ji =k, jk = —kj = i, ki = —ik = j; oTa amrebpa
acconuaTusHa. llomoxum

H?={z+tj| € C, t>0}.

JleficTBIE MATPUIEL Y = < Ccl Z > € SL(2,C) na Toukn a6comora C 3a-
az+b

cz+d
KBATEPHUOHEL BUAA ¢ = z + tj, ¢ > 0. DTO MOXHO CIeJaTh NByMs DKBUBA-

JIEHTHBIMH CIIOCOOAMM:

naeTcs popMymon vz = TpebyeTcsa TpONOIKUTEL 3TO JEUCTBUE HA

vq = (ag + b)(cqg +d)~" = (gc + d) ' (qa + b).

ITpex ge Bcero nposepuM, 9T0 06€ (POPMYJILI JEUCTBUTEILHO SKBUBAJICHTHEL,
T. €.

(gc + d)(ag + b) = (ga + b)(cq + d).

Yucaa a,b,c u d nonapHO MEepeCTaHOBOYHEL, IOYTOMY TPeOyeMOe PAaBEHCTBO
skBuBaneHTHO paBeHCTBY (ad — be)g = q(ad — be). Tocmeanee paBeHCTBO
O4YeBHUIHO, TaK Kak ad — bc = 1.

Tposepum Temepn, uT0 vq¢ = 2 + t'j, roe t' > 0. YumrTwmsag, 910
jlez+d) = (cz +d)j nu ad — bc = 1, monygaem (aq + b)(cq + d) = (az +
b)(cz + d) + act?® + tj, mosToMy

_(ag+b)(cq+d) _ (az+b)(cz+d)+act® +tj

leg+d?2 leg + d?

OcTraeTcsa mpoBEpUTH, YTO MPEOOPA3OBAHUE 7y ABIACTCA IBUKEHUEM TIPO-
crpancTBa JlobadeBckoro. s 3TOr0 HOCTATOYHO HPOBEPUTH, ITO 7Y CO-
XpaHAeT ABOUMHOE oTHOImeHue. fIcHo, 9To

Yq¢—vq¢ = (ag+b)(cq+d)™" — (dc+d) " (da+b) =
(¢c+d)~ (dc+d)(ag+b) — (¢a+Dd)(cg +d)|(cg+d)~! =
(de+d)g—¢)eg+d)™.
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Kpowme Toro, ¢'c+d = ('c+d) +tcj u e’ +d = (cz’ + d) + tcj. Moaromy
|¢'c + d| = |cq’ + d|, a sHauwur,

lg —¢'|

— /:—‘
Ivqg — 74| g+ dljog +d

C moMoImb0 31ou GopMy Lt Jﬁrxo y6equTHCs, YTO IPeoOpPasoBaHuUE Y COXPa-

. DA
HsET IBOWHOE OTHOILIEHUE —— ! ——

CB DB’
3apauu

1. Toka3aTp, YTO €CaU ABUKEHUE IPOCTPAHCTBA JI0OaIEBCKOrO OCTABIIA-
€T HEMOJBMXHEIMU BCE TOYKU HEKOTOPOU I'UIEPILIOCKOCTH, TO 3TO IBUXKEHUE
00 TOXKAECTBEHHO, 100 ABIACTCA CUMMETPUEN OTHOCUTEILHO JAHHON [U-
HEPILTOCKOCTH.

2. [loka3arh, 9TO OrPAHUYCHUE IBUKEHUA TPEXMEPHOI'O IPOCTPAHCTBA
Jlo6a4eBCKOro Ha a0COMIOT UMEET OJHY WIXA IBE HEIOJBUXKHELIE TOIKIU.

3. Mycts A, B,C, D — nonapHO pa3iuvHBIe TOYKU aOCOMIOTA, I TPEX-
MepPHOro mpocTpancTBa Jlobadesckoro. [[okasaTh, YTO CyIECTBYET IBUKE-
HUe, nmepecTasisionee Kak Touku A u B, tak u Touku C u D.

4. PaccMOTpHM TeTpasap C BepIIMHAMU HA a0COMIOTE.

a) JToxazaTb, YTO CyMMa €ro NBYTCPAHHLIX YIVIOB MpPU JIOOOU BEpIIVHE
paBHa 7.

6) Jloka3aTb, 9TO €ro NPOTUBOIOIOKHLIE IBYCDAHHEIE YIVILL DABHEL.

5. [IpaBuIbHBIN MHOrOIPAHHMK C BEPIIMHAMYA HA, a0COII0TE COOTBETCTBY-
et B mogenu Kienna HEKOTOpOMY runep6oamaecKoMy MHOrOrpasauKy. Han-
TN BeJII/I‘{I/IHy IZ[Byl"pa,HHOl—'O yFJIa. TOr0 MHOFOFpaHHHKa IJL5T Ka)Kr[LOFO TUIIA
NPABWIBHOIO MHOIOTPAHHUKA: &) TeTPasapa; 6) kyba; B) OKTasApa; I') UKO-
canpapa; 1) AOAEKadPA.

6. BosbMeM B n-MepHOM runepOOJnIecKOM MPOCTPAHCTBE TOUKHA 21, - - - ,
Zn42 1 pacemorpum Matpuny A = (ai;), aij = ch(ds;), rae d;; — paccrossue
Mex [y TOukKaMu z; u zj. Jlokasars, uTo det A = 0.

7. Mycte R u 7 — pammycer asyx (n — 1)-meprerx chep B R™, d —
paccTosHue Mex [y ux nenTpamu. [[0oKasaTb, ITO BEIUIUHA,

R2 472 _ 2
2Rr

COXPAaHAETCs IPU WHBEPCUX.
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10. [lononvenmne'. Yto Takoe opueHTaums?

B sTou rmase Mo MIOCKOCTBIO, €CIU HE OTOBOPEHO MPOTUBHOE, MEI Gy-
IeM TMOHUMATH OLHO U3 TpexX: Chepy, eBKINIOBY MIOCKOCTh WIA TLIOCKOCTH
Jlo6auesckoro.

B rnaBax 1 u 5 MBI y3HAIN, 9YTO, KAK U B €BKJIUIOBOM M€OMETPUH, B Che-
PUYECKOU U TUNEPOOINIECKOU MeOMETPUAX CYIIECTBYIOT ABA TUIMA [BUXKECHUN
ILIOCKOCTU — COOCTBEHHBIE U HeCOOCTBeHHbIe. QnpeneneHue DTUX MOHATUN
OCHOBBLIBAETCSl HA MHTYUTHUBHO OYEBUIHOM MOHsgTUM opueHTarmu. O nHAKO
IPUIATH eMy CTPOrMU CMBICJ OKA3BIBAETCS HE TAK IIPOCTO, KAK KAXKETCs HA
TIEPBLIN B3TVIAL.

NaBecTHO, 9TO CyIECTBYET POBHO ABE OPUEHTAINA ILIOCKOCTH, CHEPHI U
mI0CKOCTU JI0GAYEBCKOT0, 8 TaKke MPOCTPAHCTB JOO0U PA3MEPHOCTHU Ka-
JKJI0r0 M3 yKasaHHbIX THUNOB. (O IHAKO Ke MPOEKTUBHAS ILJIOCKOCTH MMeeT
BCErO OJIHy OPUEHTAINIO, T. €. BCE €€ ABUNKEHUS ABIAIOTCA COOCTBEHHBLIMU.
A xax 06CTOUT [ET0 C MPOEKTUBHOU TPAMOU WX TPEXMEPHBIM MPOEKTUB-
HEIM TIPOCTPAHCTBOM? A MOXHO JU TPEACTABUTL cebe TeOMEeTPUI, UMER-
uyo Oosee AByX opueHTamuu! B KakoM-TO CMBICIE HepedhOpMyIUnPOBKOU
MOCIEHETO BOIPOCA, ABIAETCA 3HAMEHUTHIN KJIACCHIECKUN BOIPOC, NOYEMY
3€pPKaJ0 MEHSIET MECTaMU MPABO U JIEBO M HE MEHsAET BepX W Hu3. ATOOBI
Pa300paThCA ¢ DTUMHU BONPOCAMI HEOOXOAUMO CTPOTO ONPEIEIUTh MOHATUE
opuenTanuyu (wiy COGCTBEHHOIO U HECOOCTBEHHOI'O IBUXKEHIUA).

Mu mocTapaeMcs 31eCh M3I0KUTHL HECKOIBKO MOAXON0B K OMPENeIeHU0
NOHATUN COOCTBEHHOIO M HECOOCTBEHHOIO ABMKEHMA. MBI Kak ObI MOCMO-
TPHUM HA HUX C PA3HBIX CTOPOH. B pesynbrare nmoABATCS TPU PABHOCUILHBIX
OIpeeIeHrsI — I'eOMETPUIECKOe, AHAIUTUYIECKOE U anredpamdeckoe. Tpya-
HOCTH B CBA3M C HEOOXOMUMOCTBIO TOKA3ATEILCTBA PABHOCWILHOCTU OIpPEe-
nesneHuy OyIyT CIONHA KOMIEHCAPOBAHLI TE€M, YTO B PA3IMYHBIX CUTYALUAX
MBI CMOXKEM TOJb30BATLCA TeM U3 OMpeNeleHul, KOTOpoe 6oiee ya00HO B
paccMaTpUBAEMOM CIydae.

[eomeTpuyeckuin noaxon

Mzr 3HaeM, 9TO J1000€ ABMKEHUE IIOCKOCTH MOXKHO IIPEACTABUTE B BUIE
KOMTIO3WIUY HE OOIEe, 9€M TPEX OCEBEIX CUMMETPHUUA. DTO NOKA3LIBAETCA B

Hamucano B.O. Byraenko
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Teopemax 1.2a) u 5.1 gua chepsl u wiockocTu JI06a9€BCKOr0 COOTBETCTBEH-
HO, OJHAKO IOKA33aTeIbCTBA DTUX TEOPeM (HPAKTUIECKU HE UCIOJIL3YIOT TO,
KaKOU U3 TPEX TUIOB INIOCKOCTEN PACCMATPUBACTC.

Ounpepenenne 1. Jeusxcenue naockocmu wasvisaemcs (2eomempuuecku)
CcOOCMBEHRHBIM, €CAU €20 MONCHO Npedcmasums 6 sude KOMNO3UYUU 08YT
CUMMEMPUT U HECOOCTEEHHBIM 8 TLPOMUBHOM CAYUIE.

W3 onpepnenenus ciegyer, YTO TOXIECTBEHHOE NPEOOPA3OBAHUE ILIOCKO-
CTU SIBISAETCA COOCTBEHHBIM [BUXEHWEM, TaK KAK [PEACTABIAETCSI B BUIE
KOMIIO3UIMM [BYX CUMMETPUM OTHOCATENHHO ONHOW NIpAMOU. Mul xoTmM
[NOKA3aTh CAEAYIOLIYIO TEOPEMY.

Teopema 10.1. Jwboe deuscenue, npedcmasumoe 6 8ude KOMNOZUYUL YeTm-
HO20 UUCAG 0CEBLIT CUMMEMPUT ABAAETNCA COOCTNBENHBIM, G 6 BUJE HEUEN-
HO20 YUCAG OCEBLIT CUMMEMPUT — HECOOCTNGEHHBIM.

Joka3zaTenbcTBo. BriTekaer neocpeacTBeHHO u3 Tpex memMm 3, 6 u 7, npu-
BeJEeHHBIX HUXe. [

Jlemma 3. Ocegasn CumMmMempus A6AAEMCA HECOOCMEEHHBIM JBUNCEHUEM.

‘Z[OKaBaTeJIBCTBO. Hepr,[[HO BUIETH, YTO MHOXECTBO HENOABUXHBIX TO-
YEK KOMTIO3UIIIYU JBYX OCEBHEIX CAMMETPUN €CTh TEPECEIeHne OCe, T. €. ABJIA-
ercst 60 BCel MIOCKOCTHIO (€CIM OCH COBIALAIOT), IM00 TOYKON (eCau OHU
TIEPECEeKAIOTCA ), U0 MyCTHIM (€CaIM OCH He mepecekaloTcsa). Bo Bcex ciayda-
AX OHO HE MOXKET COBIIaJaTh C HpﬂMOﬁ — MHOXE€CTBOM HEIIOJABM2XHBIX TOYEK
oceBou cuMMeTpun. O

Jemma 4. Jas arobix mpex npamoiz b1, lo u 1}, npunadiercawur oono-
my nyuxy, cywecmsyem (eduncmeennasn) npamas ly (uz mozo e nyuwxa)
maxas, wmo s182 = s18h. Amnasozuuno, das amobviz mpexr npamuir l, la u
Iy, npunadaexcawur 00momy nYuKy, cywecmsyem npamas 1y maxas, wmo
8182 = 8185. (3decv u dasee uwepes s; u S 0603HAUEHA CUMMEMPUSL OMHOCU-
meavho l; u l; coomeememeenno.)

Hoka3zaTenbcTBo. PaccMoTpuM OpTOrOHAIBHYIO KPUBYIO IIy4YKa, — OKPY-
JKHOCTb, OPULVKI Win >KBUAUCTAHTY (cM. riaBy 5). CoGcTBEHHOE ABHXKE-
HUe, SBJISIOUIEECS KOMIO3UIMEA CAMMETPUN OTHOCATEABHO HMPSIMBIX IIy9Ka,
COXPAHAET 3Ty KPUBYIO U OJHO3HAYHO ONIPeNeaseTcss 06pa3oM J060u ee TO9-
xu. Ero orpanmyenue Ha 3Ty KPUBYIO CIBATAET €€ BAOJbL Ce0s HA yABOEHHOE
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paccrosuue (B MeTPUKe, MHAYLNUPOBAHHON METPUKOU ILIOCKOCTH), MEXKIY
TOYKAMU €€ TIEPECEYUEHU C OCAMU CUMMEeTPu. PaccMOTpUM Temepb TOYKA
Ly, Ly u L) nepecedenus npamerx l1, I u [] COOTBETCTBEHHO C PACCMATPH-
Baemou kpusou. Crpoum Touky L), oTK1ageBas oT Tou9ku L] paccrosHme,
PaBHOE PACCTOAHMIO MexAy Toukamm Lq m la (BCe paccTosHMA MepSIoTCsa
BJOJb KPUBOU) B Ty K€ CTOPOHY, B KOTOPYIO HaxoauTcsa TOYKa Lo OTHO-
cureasro Ly. Ilpsamas mydka, OpTOrOHATBHASA PACCMATPUBAEMOU KPUBOU B
rouke L) u 6ynet uckomou npsamon 1. Ilepsoe yTBepx eHue 10Ka3aHo, BTO-
po€e NOKAa3BEBAETCA AHAJOIMIHO. [

Jlemma 5. IIycmb movt umeem 06a NYuUKa NPAMIE, N0 Kpatinet mepe 0dun u3
romopuix dasunmuveckut. Tozda cywecmsyem npamas, NPUHAOLEHCAUOA
um oboum.

HokazaTenscTrBo. Ecan 06a nyvyka >/munTudeckue, TO UCKOMOU MPAMOU
Oy eT mpsMas, IPOXOIAIIAsa Yepe3 OOy TOYKY MPSAMEBIX EPBOrO IyYKa U
OOLIyI0 TOYKY IPAMBIX BTOPOro Imydka. Kciau BTOPOU my<ok mapadonmde-
CKUI, TO MBI TAKXE MPOBOAUM IPAMYIO 9epe3 ABe TOYKHU, OTHA U3 KOTOPBIX
JeXUT Ha abcomoTe (B CILy4ae eBKINL0BOU INIOCKOCTH 3TO CBOAUTCS K [IPOBE-
[EHUIO Yepe3 NAHHYI0 TOYKY MPAMOMU, mapaiiteabHon ganuon). Hakonen, ec-
JI BTOPOU IIyYOK TUIEPOOMMIECKUN, TO UCKOMAS IPAMAas IPOBOJUTCA Uepes
IBE TOYKHU, OJHA U3 KOTOPHIX COOCTBEHHAS TOYKA, MIOCKOCTH JI06aIEBCKOrO,
a BTopas — ugeanbuas (1examan B CP2, vo Bre MuO)ecTBa Doy, 33,Ja101IET0
IUIOCKOCTH JI0GadeBCKOro B COOTBETCTBYOmEN Mogean (cM. riasy 3)). O

Jlemma 6. Komnoszuyusn > 3 ocesvir cummemputi moxcem 6vims npedcma-
BAEHA KAK KOMNOUYUA N — 2 cumMmempudi.

lokazaTenscTro. [IpoBoauTCa UHAYKIIMEN TIO N.

Baza nugykimun — n = 4. IlycTs MBI IMEEM KOMIIO3UIUI YETHIPEX CUM-
METPUN S1$25354. PACCMOTPUM [BA My9Ka NPAMBIX — ME€PBLIU, COIEPKAIIUN
upsaMete [y u ly, 1 BTOpoOn, cogepxamui npsamee I3 u [y (MBI coxpanseM 060-
sHavenus JeMmel 4). Ecan no kxpalinen Mepe OVH U3 3TUX IIy9IKOB DILTANTA-
YeCKUM, TO COMJIACHO JeMMe 5, CYIIeCTBYeT mpsaMas [, TpUHAIIeKAIIAsa UM
o6oum. IlycTte s — cummeTpus oTuocuTensuo [. Ho Torga, cormacHo jem-
Me 4, CyIIeCTBYIOT CUMMETDUM S| U Sj TAKWe, 9TO S1S2 = §18 U S384 = S8).
Torga $1528384 = §1888) = 818}, 1 MBI TIOIYIaeM UCKOMOE NPEACTABICHUE
KOMITO3UIUY YeTHIPEX CUMMETPUM B BUAe ABYX cuMmMmerpuu. Ecau xe o6a
pacCMATpPUBAEMBIX IYYKA HE SABIAIOTCA DILIMITAYECKUME, TO PACCMOTPUM
BHAYAJE B My4IKe, CONEpKAmeM npaMuie [y u l3, npamyto 1}, mepecexaromyio
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l;. Haxozum mpsimyto 1§, urober laols = 151}, otkyma lilalsly = 1115151, Iy-
90K, COAEPIKAMMMYA MPAMBIE [; 1 [} ABIACTCA B/UIMOTAYECKUM, HOPTOMY MEL
MOX€eM HOBTOPUTL ITPUBEICHHLIE BEHIIE PACCY K ICHUA.

ITar mugykuun Tprenanes. O

Jlemma 7. Komnoszuyus mpex 0Ce6biT CUMMEMPUL ABALETCA HECOOCMEEH-
HOIM DBUNCEHUEM.

‘Z[OKaBaTeJIBCTBO. Hpe,Z[HOJIO}KI/IM I'IpOTI/IBHOE!7 YTO OJIA HeKOTOpHX CuIMMe-
TPUU S1, 8o, 83,11, 'y BEITOJHACTCA PABEHCTBO S18283 = T171. JJOMHOXUB €ro
Ha S§1 CI€Ba M Ha S3 CIIpaBa, y‘II/ITI:;IBa.ﬂ, 9TO CUMMETPHUsA — HMHBOJIOTHUBHOE
npeoOpa3oBaHue, UMEEM Sy = $1T17283. CoracHo JemMe 6, TPaByK YaCTb
MOXHO MPENCTABUTL B BUJE KOMIO3UIWKA [BYX CUMMETPHUU t; u ty, OTKYIa
So = t1ta, YTO poTUBOpPednT JdemMme 3. O

"3 Teopemur 10.1 HETOCPEICTBEHHO BLITEKAIOT IBA CAEICTBUI.

Caegcrsue 1. Jhoboe necobcmeennoe deunxcenue npedcmasasemcs 6 sude
KOMNOZUYUYU COOCTNEEHHO20 DBUNCEHUA U 0CEBOT CUMMEMPUL.

CaegcrBue 2. Komnosuyus deyr deusrcenuti odnoeo muna (cobcmeennvis
UAY HECOOCTNBEHHVIT) ABAAETMCA COOCTNBEHHBIM JBUNCEHUEM, G KOMTOSUYUSL
deyx deuscenutli pasnozo muna (COOCMBERHOZ0 U HECOOCTNEEHHO20 UAL He-
co6CMBENH020 U COOCNEENHO020) ABAAEMCA HECOOCTNBEHHVIM DBUNCEHUEM.

Nubivu cioBamMu, Onepalus KOMIIO3ULIAA JEUCTBYET Ha, KIaCCaX COOCTBEH-
HBIX ¥ HECOOCTBEHHBIX |I[BI/I}KeHI/IIt/)I KaK YMHOXCHUE Ha KJIaCCaX BBIIETOB IIO
MOAYJIO 2 (KIACCaX YeTHHIX M HEYeTHBIX YHUCe).

Teopemy 10.1 MOXHO B3ATE 3a OIpeeleHre COOCTBEHHOI'O U HECOOCTBEH-
HOr'O JBUXEHWU. B Takou popMyIupoBKe OHO 6€3 M3MEHEHUN MePEHOCUTCA
Ha CJIyYayd MPOCTPAHCTRBA Jo0ou pasmepuocTu. O nHAKO, 060CHOBAHUE KOP-
DPEKTHOCTY TAKOI'O OIPEeNeJeHNs B OOIeM CIydae 3aTPyLHUTEILHO 0e3 ucC-
[IOJIB30BAHUA AIre€0PAMIECKUAX COOOPAKEHNN.

AHanuTuyeckumn noaxon

JBmxenue mrockocTu OyqeM HA3BIBATH AHATUTUIECKHA COOCTBEHHEIM, €C-
JU ero MOXHO OCYIIECTBUATH HEIIPDEPHIBHBIM [ABUXKEHUEM, HE BBEIBOIAIIMM 33
ee npegeast. Caegyromee onpeaeaenue GpopMyaIupyeT 3T0 ke 6omee cTporo.

67



Onpepenenune 2. Jeuscenue @ naockocmu nasvieaemcs (aHaGAUMUUECKU)
cobcmeennbim, ecau cywecmeyem muoxcecmso deudcenut, {, | € [0,1]}
maxoe, umo pg = id (moscdecmeennoe deumcenue), Y1 = @ u das 410601
mouky A omobpaxcenue f(x) : x — p,(A) ecmov nenpepvisnas no x Pymwx-
YUA.

Teopema 10.2. ['ecomempuuecku cobcmeennoe JBUNCEHUE ABAAEMCA GHA-
AUMUYECKY COOCTNEEHHBIM.

JdokazaTeabcTBo. IlycTs MBI UMeeM KOMIOBHUIMIO SgS1 ABYX OCEBBIX CUM-
MEeTPUU OTHOCUTEILHO NpaMmbiX lo u ;. Ha kpuBou, opToroHaabHOU mnps-
MeIM lg u [} BBegeM KOOpAMHATY Tak, YTOOLI nNpaMEle [y u [ nepecekanu ee
B TOukax ¢ koopmuraramu 0 m 1 coorsercreenno. Ilycts s, — cummerpus
OTHOCHTEJBHO IIPSAMOY IIyYKa, IePEeCEKAOMEN PACCMATPUBAEMYIO KPUBYIO B
Touke ¢ koopaunaron . Torna {p, = sos; | ¢ € [0, 1]} u Oyzer MHOXKECTBOM
IBUXEHUY, TPEOYIOIIUXCA B ONPENENCHUN aHATATUIECKA COOCTBEHHOTO IBU-
XKeHusa. U

IIpuBeneHHOE AHAMUTUYIECKOE ONpPeaeNeHne Jerko 0000IaeTcs Ha, Mpo-
CTPAHCTBO JI0O0U PA3MEPHOCTH, OJHAKO, MHOI'ME CBOMCTBA COOCTBEHHBLIX U
HECOOCTBEHHBIX |.Z[BI/I)KBHI/II‘/)I MTOKa3bIBATb, OCHOBBIBAsICb HA HEM, TOCTATOYIHO
Tpyauo. B wacTHOCTH, 4TOOBI JOKA3aTH, YTO OCEBAsS CUMMETPUS SBJIIETCSI
HeCO6CTBeHHbIM ABUXECHUEM, HeO6XO,E[I/IMO npuBa€Yb OOIIOJHUTEJNBHBIC aJIre-
Opamueckre COOOpaXKEHN.

Anrebpauyeckui noaxop,

Mer HaYHEM C PACCMOTPEHMA €BKJINIOBOU ILIOCKOCTH.

Buavane HamOMHMM HEKOTOPBIE CBeNeHUs U3 JuHeuHOU aarebpor. Omy-
IEHHEIE NOKA3ATeJIbCTBA IPUBEICHHEIX HAXKE yTBEDK IEHUN MOXKHO HAUTH B
n1060M CTAHZAPTHOM KypCe JWHEWHOU aire6pel. PaccMoTpuM MHOXECTBO
BCEBO3MOXHEIX 0PMOKOPMUPOSAHKLIE 6a31Cc08, T. €. Iap BEKTOPOB {z,y} ¢
yeaosuamu (z,z) = (y,y) = 1, (z,y) = 0. (3mecs (-,-) o3HAUaeT cKAIApHOE
npousBefenue.) Bce Takue Ga3suCHl 4eIATCA HA OBA KJIACCA: T€, Y KOTOPHIX
BEKTOP ¥ IEPEXOAUT B BEKTOD Y NPKU IOBOPOTE HA yroa 7/2 MPOTHB Ha-
COBOU CTPEJKM WU MO IaCOBOU CTPESKE COOTBETCTBEHHO. BEIOOP OXHOrO
73 DTHUX KJIACCOB M O3HAYAET 33JaHWE OPUEHTAUUM NPOCTPAHCTBA. UTOOBI
IATh CTPOrOe ONPEIETeHNE 3APUKCHPYEM OJMH OPTOHOPMUPOBAHHEIN 0a3UC
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{z*,y*}. Jlobou apyrou 6as3uc MOXKeT OLITH BLIPAXKEH B BUAE JUHEUHOU
KOMOMHAIIAYN

T =arz* + by*

{ by (10.1)

Yy = asx™ + boy*

ay a2 .
Marpura ( by b ) HA3LIBAGTCA Mampuyel neperoda oT 6asuca (:c*,y*) K

6azucy (r,y). YIoBus, 9T0 MATPULE IEPEX0Aa IEPEBOSUT JI0O0M OPTOHOP-
MUDPOBAHHLIA 6a3UC B OPTOHOPMUPOBAHHLIA 0a3UC 33JaI0TCSA COOTHONIICHMUA-
Mu

a% -+ b2 = a% -+ bg =1, a1as + biby =0 (10.2)

MHuOx)€eCTBO MATPHIL, ¥IOBIETBOPSAIOIINX TAKOMY COOTHOMIEHNIO 0003HAIALT-
¢t Oz. Onpepennrens mo6ou marpuus: u3 Oy pasen +1. Bee opronopMupo-
BaHHBIC 0A3UCHI ACJIATCA HA [Ba KJIACCA TAK, YTO MATPUILIA IE€PEX0oaa MEeX 1y
6a3mcaMy OJHOI'O KJIACCA MMeeT OmpefeauTenb 1, a Mexnay Oas3ucamMm pas-
HEIX KJACCOB — omnpegemuTenas —1. BeiOoOp 04HOrO U3 yrIOMAHYTHX KJIACCOB
U O3HAYAET 33JaHUE 0PUEHMAYUY HA IIOCKOCTH.

3ameuanue. [pynma O(E?) apuxenuii eBKINI0BOM IIOCKOCTY He COBMATA-
et ¢ rpymmo# Q. Mur mums noctpomtu otobpaxerue O(E?) — O,. Sapo
5TOr0 OTOOpaXKeHus HeHyaeBoe. JII060My MapaIelbHOMY MEPEHOCY COOT-
BETCTBYET €IMHUYIHAA MaTPULA, TAK KaK aPALICJIbHEI IEPEHOC, XOTb U He
OCTaBIAET HEMOABUKHOU HU OJHOM TOYKM ILIOCKOCTH, HA MHOXKECTBE BEKTO-
POB IIOCKOCTU NEUCTBYET TOXIECTBEHHO.

Onpepenenune 3. Jeuscenue naockocmu nasvieaemcs (anzebpauuecku)
co6CmEenHbIM, €CAl COOMBEMCMEYIOULAA €My MOMPUYL NEPEToda umeem
onpedeaumend 1, u Heco6CMEEHHBIM, €CAU COOMEEMCNEYOUWAS EMY MATPU-
ya neperoda umeem onpedeaumens —1.

[Mpyrumu croBaMu, COGCTBEHHOE IBUXKEHUE MEPEBOAUT JIO0OU OPTOHOP-
MUPOBAHHLIM 0a3uC B 6a31C TOrO Xe KIACCa, HECOOCTBEHHOE MIEPEBOLUT JIIO-
60U OpPTOHOPMUPOBAHHLIN GA3UC B 6A3UC IPYTOro KIACCA.

OpmenTamuio B IpOCTPAHCTBE MOXKHO 3a1aTh aHanoruwdHo. Kiaccer op-
TOHOPMUPOBAHHEIX 6a3UCOB (M3 TPEX BEKTOPOB!) B NPOCTPAHCTBE TaKXKe
[eJIATCA Ha JBA KJIaCCa (BCHOMHUTE U3BECTHHIE U3 (QU3NKU [IPABUIA, IPABOK
u neBou pyku). Taxxe Ge3 CyLIIeCTBEHHBIX U3MEHEHUN ONPENeJCHNE TIEPEHO-
CUTCA HA CIy4all IPOCTPAHCTB OOJBIINX Pa3MepHOCTeNn. MaTpulbl, mepeso-
IaAmue Jr601 OPTOHOPMUPOBAHHEIA 6A3UC 1i-MEPHOI'0 JIMHEMHOI'O IPOCTPAH-
CTBA B OPTOHOPMUPOBAHHEIU 6a3uc o6pasyoor rpynry Op.
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JIro6oe nBuxkenve (n-MepHON) cephl MOKHO HHTEPIPETAPOBATE KAK IBU-
xenue ((n+1)-MepHOro eBKINI0BA) IPOCTPAHCTBA, COXPAHAIOIIEE (PUKCUPO-
BaHHYIO HEMOJBUXHYIO TOUKY (meHTp cdepri). Co6CTBEHHBIE U HECOOCTBEH-
HEBIC rZIBI/I)KeHI/Iﬂ Cq)epbl OHper[[eJIHIOTCfI TeM7 ABJIAIOTCA I TAKOBBIMU COOTBET-
CTBYIOINE IBUXKEHWs IPOCTPAHCTBA. TakuMm 00pasoMm, OpmeHTanus Chepsl
OIIpeeIAeTCA OPUEHTALMEN 00BEMIIONIEr0 €€ eBKINI0Ba, IPOCTPAHCTEA.

Nupivu cioBamMu, IBUXEHUAMEA N-MEPHOU CPEPHl MOXKHO CUATATD JUHEN-
HBIE IpeoOpasoBanus (n + 1)-MEpHOro JIUHENHOrO MPOCTPAHCTBA, COXPAHI-
HOIIME CKAJIAPHOE MPOU3BEIEHUE, 3a,1aBAEMOE TOMOKUTEIBHO ONPENeJeHHON
KBaApaTWIHOU opmont zf + =7 + ... + z2. [pynma ABMXKeHWI n-MepHOH
cpepsr m3omoppua Oy .

s onpegesneHya OpUEeHTANMY IWIOCKOCTH ([IPUBEJEHHAA HUXKE KOHCTPYK-
U Jerko 0600maeTcs Ha 6onee OOMUY CIydadl N-MEPHOI'0 IPOCTPAHCTBA)
JI06aeBCKOr0 BOCHIOMB3yeMCs MO AeIbI0 Ha, runepboaoune (cm. raasy 3). I'py-
NIy JMHEVHBIX TPEOOPA3OBAHNN TPEXMEPHOr0, COXPAHAIOMNX IUIepO0Iom ]
22 +y? — 2% = —? o6o3nauum yepes Oz 1. OnpeeruTens MATPUIL J060T0
upeo6pasosanusa u3 Oz 1 paser t1. I'pynna gemxenni miockoctu Jlobaxes-
CKOT'O ABJAETCA TOATPYIIION Oé’l urgexca 2 B rpynmne Os 1, COCTOAIEH 13
Tex Ipeo6pPa30BaHKUN, KOTOPEIE COXPAHAIOT KaXK YO MIOI0OCTh ABYIOJIOCTHOIO
runep60a0ua. AHAJIOrMYIHO CIy49ai0 €BKAMOBON ILIOCKOCTH JAJIUM OIPene-
JeHus mis chepudecKoro u runepOoIuIecKoro CIydaeB.

Oupepenenne 4. Jeusxcenue cepvr (naockocmu Jobauescroeo) wnasviéa-
emcs (aa2ebpauuecku) cobcmeennbim, ecau 3adatowas uxr mampuya ud O
(02,1) umeem onpedeaumens 1, u necobecmeennovim, ecau —1.

Teopema 10.3. Jwboe anasumuuecku cobecmeennoe J6UNCEHUE ABAAETMCA
an2ebpauvecky cooCmeeHHbLM.

JokazaTeabcTBo. IlycTs MBI MMeeM aHATUTUYECKH COOCTBEHHOE [BUKE-
Hre. KoopauHaTel 06pa30B 0a3UCHLIX BEKTOPOB IIPU NPUMEHEHUU MHOXe-
CTBa [IBIKEHUU, BBEIEHHOI'O B ONPEIEICHUN AHAIATHIECKH COOCTBEHHOIO
[IBUXEHUs, ABISIOTCS HEPEPLIBHEIMU (DYHKIUAME OT t. SHAUYUT, HEIPEPHIB-
HEIMIU ABISAIOTCS BHIPAXKaeMEIe Yepe3 HUX MATPUYHEIE DJEMEHTHl MATPUIILI
COOTBETCTBYIOLIErO IUHENHOIO IPEOOPA3OBAHUS, & TAKIKE €€ ONpeNeIuTelb.
ITockonpky HenpepbiBHAsg GYHKIWs, IPUHAMAONAA NUCKPETHBLIE 3HAYEHINS
(B paccmarpuBaeMoM ciydae 1), ABISETCA KOHCTAHTOU, PACCMATPUBAEMOE
[IBVKEHNE ABIAETCA aJredpanmdeckyu COOCTBEHHBEIM. [

Teopema 10.4. Jwboe aseebpauvuecky cobcmeennoe J8UNCEHUE ABALEMCA
2EOMEMPUUECKU COOCTNEEHHBLM.
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HokazaTeabcTBo. OcrasiaseMm yntaTenio. O

3agaum

1. Moxaxute, 4TO A JHOOOU MPAMOU HA TLIOCKOCTU U JIOOHIX IBYX
€e TOYeK CYIIECTBYeT eIUHCTBEHHOE COOCTBEHHOE NBUKEHUE, TIEPEBOAIICE
IpAMYIO B ce0s, a MEePBYI0 U3 JAaHHBIX TO4YeK BO Bropyw. (Takue aBumxenus
OyeM Ha3BIBATD C08U2aMU 6004b NPAMOY — B CIyIae €BKINIOBOU IIOCKOCTH
CABUTY €CTh OOBIMHBIE TTAPAILIEILHEIE IEPEHOCH).

2. [Mokaxkwre, 9TO a1060€ HECOOCTBEHHOE NBUKEHUE IUIOCKOCTH (OXHO-
3HAYHO) MPEACTABIAETCS B BAAE KOMIIO3WIMA OCEBOM CUMMETDHUH U CIBUCA
(cM. 3agady 1) BAOIB OCK 3TOM CUMMETDHUU.

3. [okaxwuTe, 4TO JI000€ COOCTBEHHOE IBUKEHUE €BKJINI0BA IIPOCTPAH-
CTBA ABIAETCA BUHTOBLIM [BUXEHUEM, T. €. KOMIO3UIUEN TIOBOPOTA OTHOCU-
TEIBHO HEKOTOPOU OCU U CIBUTA BIOJL DTOU OCH.

6) CopMymupynTe U IOKAKUATE AHAJIOCUIHOE YTBEDPKICHUE [JIA TIPO-
cTpaucTBa JlobaeBckoro.

4. [lokaxuTe, 9TO N-MEPHOE MPOEKTUBHOE IIPOCTPAHCTBO OPUEHTUPYEMO
TOr'JIa X TOJBKO TOT/a, KOTAA 7 HEYETHO.

5. Hokaxute Teopemy 10.4 mis Kaxmaoro m3 TPEX TUIOB ILIOCKOCTH.
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33,[],3‘-“4 NMMNCbMEHHbLIX 3K3aMEHOB

BapuaHT 1 (4 pexa6ps 1994 r. Jlektop — B. B.Npaconos)

)

[ — Apo6HO-TMHEeNHOE TPe0OPA30BAHNE TTPOSKTUBHON MPAMOU TAKOE,
aro f(a) # a u f(f(a)) = a gua wexoropou Touku a. [JokazaTsb, 9TO
f(f(x)) = x mna Bcex z.

YxazaTh IpOOHO-TMHENHOE TPEe0OPa30BAHNE BEPXHEUN MOMYILIOCKOCTH,
coorBercrByiomee B mogenn Ilyankape mrockoctu JlobaueBckoro cum-
MeTpUu OTHOCUATENBHO 4.

ITycts @ u b — cTopoHBI rUNEpHONNIECKOrO TPEYTONAbHUKA, JIEXKAIIVE
NpOTUB yrioB & u [ coOOTBeTCTBEHHO. [loKasars, 4To ecau o > 3, TO
a>b.

Havtu gmuny nyru AB OpuIuKiIa, €CIu U3BECTHO PACCTOAHUE d MEXK Iy
AuB.

[loxazaTb, 9TO JIWHA CPeTHEeN JUHUYN TUTIEPOOIUIECKOTO TPEYTOMbHIU-
Ka MEHbIIE TTOJOBUHEI [IVHEI IPOTUBOJIEXKAIIEN CTOPOHHI.

Hantu pynmamMenTanbHyo 061aCTh TPYTINLL, HOPOXK IEHHOU ABYMS JBU-
JKCHUAMMY, 340aBACMBIC B MOAeTu Ilyankape B HOJTYTIOCKOCTA (OPMY-
saMu z—1—zZuz—1/z.

OmpegemmTs TUT CIEAYIOMEro COOCTBEHHOTO ABMKEHUA IIIOCKOCTH JIo-
6aMeBCKOT0: KOMIIO3UINA IETHLIPEX CUMMETPUN OTHOCUTENLHO MOCTETO0-
BaTEILHEIX CTOPOH KBaApaTa (B Mogenu Kienna), Buucansoro B abco-
JIIOT.

Paccmorpum B mpoctpancTBe JIOGAaYEBCKOT0 BHIMYKJLIU 71-TDAHHBIA
YOI ¢ BEPUIMHON Ha abcommoTe. [[oka3aTs, 9T0 CyMMa, €ro JByTPAHHEIX
yrioB paBHa (n — 2)7.
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BapuaHT 2 (12 despans 1995r. Jlektop — B. B.paconos)

1)

[lokazaTb, 9TO I1I060€ HETOXKJECTBEHHOE APOOHO-TMHEMHOE mpeobpa-
30BaHME C HEIIOABUXXKHBIMUA TOYKaMWU G U b nMeeT BULI

Az —ab
2 —
z+A—a—>b
3amnucars B BUIe APOOGHO-INHENHOrO TPEe0Opa30OBaHMsI CUMMETPHUIO OT-
HOCUTETBHO runepbomraeckon npsavon (r — a)? + y?> = R? B momesm
IIyauxkape B BEpXHEU MOIYILIOCKOCTH.

CKOJIBKO UHBAPUAHTHBIX MMPAMBIX MOXET UMETh COOTBETCTBEHHO JJLIN-
MITAYECKOE, MapaboInIeCKOe U r'unepOoInIeCcKOe IBUXKEHNE TLIOCKOCTHI
Jlo6auesckoro? (IIpsavas | nHBapUAHTHA OTHOCUTEIBLHO MPEOOPA3OBA-
uusa @, ecau p(l) =1.)

[lau npaBunbHb runepboandeckun deTupexyroasauk ABCD. Tps-
vasa [ cummerpuana npamoun AC orrocuTeasno npsamou AB. oka-
3aTh, 4TO npaMee [ u BD pacxogamuecs.

Ha mnockoctu Jlo6ateBCKOT0 MOXHO €CTECTBEHHBIM 00pa3oM Ompene-
auTh romoTreTuio ¢ neHTpoM O u xoapduumentom k # 0. Bepro unu,
9TO BTO MPeOOPA3OBAHUE YBEINYIMBALT DPACCTOSHNE MEXIY JHOOBIMI
OByMsA ToukaMmu B |k| pas?

Beprunnt A, B u C' tpeyroapuuka A nexat Ha abcomore. Tpeyroas-
uuk A’ moryden u3 A mocIeI0BATENEHBIMA OTPAKEHAAMEA OTHOCUTETb-
uo mpaveix AB, BC u AC. Ecte mu o6mue TOuku (BHyTpU WIM HA
rpanune) y TpeyroibHukos A u A’?

a) Paccmorpum B npocTpancTse JIO6aIeBCKOrO TpexrpaHusm yroa T
C BEPIIUHOU B TOYKE 0O B Mojeau [lyaHkape B mOIympocTpancTee. EB-
KIUJ0BA TIIOMA AL cedenus 1 opucdepon z = a pasHa S. Borauciutsb
o0weM 4vactu T, jgexaien B 00JIaCTH 2 > G, €CJAU U3BECTHHI S 1 a.
(Dnement o6vema B Mmogenu Ilyankape B mOIynpOCTPAHCTBE 330ASTCA
dedydz )

23
6) okasaTb, 9T0 06BEM TETPadAPa C BEPIIMHAMU HA abCOMIOTE KOHE-
YECH.

dopmyaon dV =
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BapuanT 3 (3 nekabps 1995r. Jlektop — B. B.[paconos)

)

az+b
cz+d’

. z
COXpaHsoIIee eUHUIHbI KPYT |z| < 1, umeer Bug 2 — ——, rae

MoxazaTs, 9T0 M060€ TPOOHO-TMHENHOE TPEOOPA3OBAHME 2

lp|> — g = 1.

I[OKaBa,TB, YTO KOMIIO3UIIUIO CI/IMMeTpI/Iﬁ OTHOCUTEJBHO TpEX NMPAMBIX
OMHOT'O IyYKa MOXHO IIPEACTABUTH B BUAE€ CUMMETPUN OTHOCUTEJIBHO
OJHOU TIPAMOMU.

[lokazaTh, 9TO OKPYKHOCTH PA3IAYHEIX PAIUYCOB r 1 R MOXHO pa3me-
CTUTBH TAK, YTOOBI MX O0IIUE BHEIIHNE KACATEILHEIE HE IEPECEKAINCH.

CywmecTByeT a1 HETOX [eCTBEHHOe aBuxkenue 2 — f(z) mrockoctu Jlo-
6a9eBCKOr0, M1 KOTOPOr0 PACCTOAHME MEXIy TOUYkamu z U f(z) mo-
CTOSHHO?

PaccmorpuMm BeImykias deThipexyroabuuk ABC D ¢ npsaMbiMu yriaMu
A, B, C u BuiGepem Ha orpeske CD touxky P rak, uro BP = AD.
lokazarek, uTo ayuun BP u AD napajieibHbL.

[oxazars, uro a0b0e aBmxkenve mogenu Ilyankape B Kpyre MOX«HO
MIPEICTABATEL KAK KOMIIO3UIUAK CAMMETPUN OTHOCATEIBLHO TUIepOOIn-
YECKOU TIPAMOU U €BKJINI0BA, IBUXKEHUA KPyTa.

[okazaTh, 9TO K ABYM ILIOCKOCTAM B IpOCTpaHcTBe JI06a4eBCcKoro He-
JIB3s IPOBECTHU O0Jee 0THOTO OOIIEro NepIeH IUKYIIPa.

BapuaHT 4 (18 despans 1996 r. Jlektop — B. B.paconos)

)

2)

[lokasaTh, 9TO gBUXKeHUE MIOCKOCTH JlobGaderckoro B Mogemu Kiewn-
Ha OyJeT eBKINIOBLIM IBUXEHNEM TOr[a, ¥ TOIBKO TOI'Ad, KOT 3 OHO
OCTABJAACT LIEHTP OKPYXHOCTU MOJCIN HA MeCTe.

Jokazarb, 9TO QINHA TPETHEU CTOPOHEI TPEYTOJbHUKA CO CTOPOHAMU
a, b u yriom Mex gy HAMEU Y MOHOTOHHO 3aBHCHUT OT 7.
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3)

YxkaxuTe QyHIAMEHTAILHYIO 001aCTh IPYIIIEL ABWKEHUN ILIOCKOCTH
Jlo6a1eBCKOro, MOPOXK AEHHOU IBUKEHUEM, KOTOPOe B Mogeu lyanka-
p€é B BepXHeU MOIYILIOCKOCTHU 330aeTCA 2 — 22.

Oxkpyx#ocTs 01 pACIOIOXKEHd BHYTPU OKPYXKRHOCTU (O3, PACIOIOKEH-
HOU BHYyTpU OKpyx)HOCTU O3. ONuIcaTh BCe BO3MOXHLIE KOH(DUTYPALIAN
00pa30B 3TUX OKPYKHOCTEU TMOCIEe IPOOHO-TUHEMHOTO MPEeoOpa3oBa-
HUSA.

Y 4deTHIpeXyroJbHUKA HA MIOCKOCTY JI06a9eBCKOr0 paBHEI IPOTUBOIO-
JIOXKHBIE CTOPOHEL. [[0Ka3aTh, YTO NpsAMEIE, HA KOTOPHIX JI€XAT IPOTH-
BOIOJOXHBIE CTOPOHBI, PACXOAAIINECH.

R — paguyc xpyra, mwiomans KOTOPOro PABHA ILUIOMALN IPABAILHOIO
8-yrompauka ¢ yriaoMm 7 /4. O603HaMMM Yepe3 a yroJ NapalielbHOCTH,
cooTBeTcTByROImUR 0Tpe3Ky R/2. [lokasaTs, 94To tga = 2.

[Byrpansbiz yroa ky6a B IpOCTPAHCTBE JI06AIEBCKOr0 PaBEeH @, YOI

e
MeX Iy CTOpOHaMU rpaHu paseH (. [JokasaTb, 9TO sin 085 =35

BapuaHT 5 (22 pnekabps 1996 . Jlektop — B.B. lMpaconos)

)

2)

3)

KakoBo B3amMHOE DaCIONOXKEHUE MAPHEL NPAMEIX, CUMMETPUIHEIX OT-
HOCHUTEIBHO TOYKY (HapauIelbHbIE, IEPECEKAIOIINECA UIU PACXO AT~
ecs)?

Kakoe Haumboubliiee KOIUIECTBO HENEPECEKAIOIIUXCS MOMYILIOCKOCTEN
MOXHO PACHOJIOXUTh Ha MIOCKOCTH Jlo6aueBckoro?

Jly4 nmagaeT Ha OPAMYIO X OTPAXKAETCS IO 3aKOHY «yI'OJ A IeHUsA PABEH
yIUIy OTpaxeHus». HamucaTb ypaBHEHNE OTPAXKEHHOI'O JIy4a, B MOIEJIN
Kiaenna B eqUHUYHOU OKPYXHOCTH, €CJIU JyY UIET 1O OCU a0CIUCC, a
«3epKaIoMy ABIseTCA npsamas ax + by =1 (Va2 + b2 <1).

Opunukn kacaercs cropousl AB u mpogomnxenun cropod CB u CA
Tpeyroabuuka ABC. Joka3ars, 94T0

B

sing+sin——cos—
2 2 2"
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5)

[oxkazarb, 4T0 1:1060€ HECOOCTBEHHOE NBUMXKEHUE ILIOCKoCcTU JloOades-
CKOr'O nIpeaCTaBAACTCA B BU A€ KOMIIO3UIINN CUMMETPUN OTHOCUTEIBHO
TIPAMOU U TUMEPOOINIECKOTO TBUKEHUSA, TEPEBOIAIIET0 DTY MPAMYIO B
cebs.

B TpexmeproM mpocTpancTBe JI06a9€BCKOrO COOCTBEHHEIE [BIKEHUS
f 1 g nmveror (pasnudnbie) o0IME HENMOABUKHEIE TOYKA Ha, abCOIIOTE
A u B. [lokasars, uto fg =gf.

Yucna i, ag, - - -, Qp, DpuHaAaexammue uatepsarty (0, 7), TAKOBEL, 9TO
nx cymma Mensbine (n — 2)w. JlokaxmnTe, 9TO Ha IIOCKOCTH JloGades-
CKOT0 CyIIECTBYET OMUCAHHBIN 7-YTOJLHUK C TAKAMHU yTJIAMU.

BapuanHT 6 (16 mapTa 1997 r. Jlektop — B. B.paconos)

1)

Hawtu geuxenus miockoctu JlobaueBckoro, koropuie B mogenu Ilyan-

)
Kape B MOJYILIOCKOCTH MEPEBOAAT TOUKY 144 B — 5 a TOuKy —1414
144
B
2

CyiecTByer Ju mpsaMas, NEPECceKaomas BCe IPAMbIE U3 JAHHOI'O Iy YKa
[MaPALIENbHBIX !

Cropona AB B Ao ABC saBaseTcsa guaMeTpoM omucansHou BOKpyT A ABC
oxpyxHocTn. Jlokasare, uro ch® Rtgatgf =1 (R — paguyc onucan-
HOU OKPYXHOCTH, v, 3 — yruibl pu BepmmHax A, B COOTBETCTBEHHO).

Nwmerorea gee pacxogsamuecs npameie I/, 17, paccTosaue mMexny HuMu
d. W3 Touku O, nexamen va I’ n 06mem neprenankyaspe x I u 1", mo
mpaMol |/ HaYMHAET PABHOMEPHO CO CKOPOCTBIO ¥ JBUTATHCA YaCTHUIIA.

HawuTu 3aBUCMMOCTD OT BPEMEHU PACCTOAHUA OT YACTHUIBL O MPAMOU
.

B mogenn Kaenna cTroposa ocTporo (runepGoamdecKoro) yria mpoxo-
OUT depe3 [eHTp Kpyra. [lokasaTh, 4TO BeIXYUHA DTOr'O yIvia MEHBbIIe
BEJINYUHBI COOTBETCTBYIOIIET0 €BKIN0BA YIJIA.

a) Ipsmasn nmepecekaer runepuukna B Toukax A m B. Jlokasats, 910
YIVIBL, 00pa3yeMble KACATEAbHLIMY K MUIIEPIUKIY B DTUX TOYKAX U 3TOU
NIPAMOU, PABHLL.
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6) PaccmoTpum npoussoashyio Touky C Ha gyre AB runepnukiaa. [Jo-
Ka3aTh, YTO BeIW4uHA & + [ — <y He 3aBucuT OT BhIGopa Touku C (a,
B, ¥ — yrumt Tpeyroasuuka ABC).

Orpanvvenre IBUXEHHS TPEXMEPHOrO MPOCTPAHTCBA JI0OaIeBCKOro
az+b

cz+d
[loxasaTs, 9TO 3TO ABUKEHUE ABIAETCA MTOBOPOTOM BOKPYT HEKOTOPOU

npamon Ha 180° Torga m TOIBKO TOrga, korga a + d = 0.

Ha a0COIIOT 3a4aeTCA APOOHO-IMHEMHBLIM NPeoOpa3oBaHUEM

BapuaHT 7 (13 pexabps 1998r. Jlektop — O.B. lllsapuman)

1)

2)

Haiitu obracte Jupuxae D(zg) rpymmst SLy(Z) ¢ nenTpoMm B TOUKe
20 = %

W3 Touku B, nexarrei HA CTOPOHE MAEAIHHOIO TPEYyTOIbHUKA, OIyIIe-
Hul nepneHauKkyaapsl BA u BC ua nBe gpyrue cropousl. Hautu yron
ABC.

[okazaTh, 9T0 AUAMETD OKPYXKHOCTY, BIMCAHHON B TPEYTOJLHUK, HE
npeBocxoauT In 3.

3agagum Tpu opuchepu ypasaenusvu (I;,z) = v—x2 (i = 1,2,3).
Hawtu ycrnoBus Ha BEKTOPHI [;, IPU KOTOPHIX OpUCHEPHI MOMAPHO Ka-
CaIOTCs.

MoOxXHO 17 3aMOCTUTH MPABWILHLIN TPEYTOJIBHUK CO ¢TopoHou 100 mpa-
BIWIBHBEIMU TPEYTOJIBHUKAME CO CTOpOoHOU 1 7

Hautu TOYKy, cyMMa PaACCTOAHUU OT KOTOPOU OO CTOPOH UIEaJbHOTO
TPEYTrOILHUKS, MUHUMAILHA.

CKOIB3AMAA CAMMETPUA IIOIYyI€HA B PE3YIbTATE KOMIO3UIMYA OTPAXKe-
HUU OTHOCHUTEIBLHO TPEX CTOPOH MACATLHOIO TPEyTrOJbHuKA. Hanrm
a) MHBAPUATHYIO IPAMYIO,

6) BeAWYUHY CIBUTA, BAOJb IPAMON.

Maner epkaugos u runepbonrmdeckun Tpeyroasauku ABC u A'B'C’ ¢

OJIMHAKOBLIMK COOTBETCTBYIOMUMHE CTOpOoHAMU. [[oKazaTh, 9TO Mean-
ana AM nmumanee, vem menuana A'M'.
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BapuaHT 8 (10 nexabps 2000r. JlekTop — O. B. Lllsapuman)

1)

6)

ODKBUAUCTAHTA, Npoxogaman depes Touku C; u Cy, mepecekaeT abCco-
JI0T B ToUkax A, u As; npavere A;Ch u AsCy nepecekaroTcsa B TOUKe
0. Nokaxwute, uro OC; = OC5.

Havtu paguyc Hauboabuien OKpyKHOCTH, KOTOPYIO MOXHO BIKACATDH B
MIeCTUYTOJNBHUK.

Ha mnockoctu JIo6a4eBCKOr0 MOXHO OHPEAEINTH IOMOTETHUIO AHAJIO-
TUYHO €BKAWAOBY caydaio. JokaxwuTe, 9To B Mogean Kienna romo-
TEeTUsa C UEHTPOM B IIEHTPE MOAeau U KodddunueHToMm 1 / 2 mepeBOIUT
npsMbIe B (QUIyPHI, ABIAIOIINECT IPpIMEIMUA B Mogeau Ilyankape.

PaccMOTpuM KOMIIO3UIIUIO TPEX MOBOPOTOB BOKPYT BEPIIUH HEKOTOPO-
O TPEYTrOJbHUKA. Beqmamna moBOpoTa B KaXK0M CIydae PABHA, yIBO-
€HHOMY YIUIy IIPH COOTBETCTBYIOMEN BEPIIMHE, HATIPABJCHNE IIOBOPOTA,
BCEra BEIOMPAETCA MPOTUB YACOBOU CTPEIKM. llOCIemqoBaTEIbHOCTH
IIOBOPOTOB COOTBETCTBYET 00XOy BAOJL KOHTYPa TPEYrOJLHUKE, IIO
9aCOBOU CTPeJake. BepHO Jam, 9TO paccMaTpUBaeMOe IBUXKEHME BCErIa,
ABJIACTCA TOXK JECTBEHHLIM !

Tpu npsMEBIe IEPECEKAIOTCS B OAHOU TOYKE HA abcomore. [Jokaxure,
YTO CYLIIECTBYET TPEYTOMbHUK, NI KOTOPOI'O ITU IPAMBIE ABIAIOTCA
CepeIVHHBIMU NEePIEeHANKYIAPAMI K CTOPOHAM.

B uernipexyronpauke ABC'D BHIIOMHAIOTCA COOTHOLIEHUS
LA+ /B=/.C+ /D, AD = BC.

Moxaxure, aro AB = CD.

BapuanT 9 (9 mapTa 2001 r. Jlektop — O. B. LLIsapuman)

1)

Paccrosuus Mex 1y mapamu pOTHBOIOIOXHEIX CTOPOH YETHIPEXYOJb-
HUKA, C BEPIIMHAMU HA a0COMIOTE paBHEL a u b. [lokaxwure, 9T0

b

a
he . shl 1.
Sy 8y
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2) Bce yrinl TpeyroabHUWKA PaBHEL . PaccMaTpUBaEeTCA KOMIO3ULWA
TPEX MOBOPOTOB Ha yrol & (IPOTUB YaCOBOU CTPEJKHU) OTHOCUTENb-
HO €ro BepuvH (BepUIIMHEL 00XOAATCA N0 JacoBou crperke). Hamgure
HEMOJBMKHBIE TOYKU 3TOrO MPeo6pa3oBaHna (BKIIOYAs TOYKMA HA ab-
comore).

3) DKBUAWCTAHTA U NPAMASA MEPECEKAIOTCA B ABYyX TOYKAX HA abCOOTe.
Koneuna au mioma b 06JaCTH, 3AKI0IEHHON MEX Iy HUMU?!

4) B BomyxioM runep6onndeckoM derwpexyroiasauke ABCD yrawt A un
B mpsavuie, a ayuun AB u DC napamiensast. [JokaxuTe, 9TO

elCDl _ sh |AD|
sh |BC|

5) [as xaxg0ro u30TPONHOI'O BEKTOPA € (B TPEXMEPHOM IPOCTPAHCTBE
C TICEBAOCKATAPHLIM IIPOU3BEJEHNEM CUTHATYDHI (2, 1)) 0603Ha4nM |e-
pes O, opunuki, 3a7aBaeMblll ypasHerueMm (e,z) = /—(z,) B Bek-
TOpPHOU MOeau miockocTu Jlob6advesckoro. Hamaure HEOOXOAMMEBIE 1
IOCTATOYHLIE YCJIOBUA HA B3 M3OTPOIHEIX BEKTOPA €1 U €2, ITOOBI
opunukasl O, u O, Kacaiuch Apyr apyra.

6) Bomykimm runepGommaeckun qermpexyroabauk ABCD takos, 9T0O
ayan AB n DC napanrnensusl u ayau AD n BC Toxe napajienbHbL.
[oxaxuTe, 94TO

|AB| 4+ |BC| = |AD| + |DC]|.

BapuaHT 10 (16 gekabps 2001 r. Jlektop — B. Q. Byraenko)

1) Ha cdepe nposenens gse paBHbie ayru 6oabimoro kpyra AB u CD.
MokaxuTe, 9TO HAUAETCA Takad TOYka M, 4TO chepudeckue Tpe-
yroasuuku M AB n M CD paBHEL

2) Ha npoexTusnou miockoctu npameie AM u BC nepecekanTcsa B TOY-
xe A, mpameie BM u AC — B Touke B;, npsueie CM u AB —
B Touke C7, a npavmele A1 B; u AB — B Ttouke X. [okaxwnure, 9TO
[A,B,Cy, X] = -1.

3) Iycre f m g — NPOEKTWBHEIE NPEOGPA30OBAHNSA, OCTABIAIOMNIE HEIIO-
OBU2KHBEIMU TOYKY A M KaXIyl0 TOYKY NpAMOU £, HE IPOXOIAIICH Ie-
pes A. [Moxaxwure, yro fg = gf.
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4)

Hazoeem opurpeyroasHukom Gurypy Ha miockocTu JIo6aueBcKoro, or-
PAHUYEHHYIO TPEMs AyraMU MOMaPHO KACAIOUIAXCS OPUIUKIIOB.

a) [lokaxuTe, 9TO BCE OPUTPEYTOILHUKYA PABHEL.

6) Hangure paguyc OKpyXHOCTH, BIUCAHHOU B OPUTPEYTOIbHYK.

Bce yruml mecTuyroabHuKa, Ha, IWIOCKOCTH JIO0a9eBCKOrO PABHBI, IJIK-
HEI IIPOTUBOIOJIOXHEIX CTOPOH TAakKxXe paBHHL. JoKaxkuTe, 9TO aua-
TOHAY, COEIUHAIOIIME TPOTUBOMOMIOKHEIE BEPIIUHEL, TIEPECEKAIOTCA B
OJJHOU TOYKE.

[Buxenue miockoctu JIo6aIEBCKOr0 ABAAETCA KOMIOSUIINEN TPEX CUM-
METPUM OTHOCUTEILHO MOCJASJOBATENLHEIX CTOPOH TPEYTOJILHUKA, C BEP-
IMUHAMY Ha, a0COJI0TE. CKOJIBKO HEIIO ABU2KHBIX TOYEK MMEIT 3TO ABU-
JKEHNE U er0 OrPAHMYCHNE Ha, a0COTIOT?

[okaxuTe, 9TO K OBYM CKPEIIWBAIOUMMCS IPAMEIM B IPOCTPAHCTBE
Jlo6a4eBCKOro CymecTByeT POBHO OQUH OOLIUY MEPIICH TUKYJIAP.

BapuanT 11 (24 despans 2002r. Jlektop — B. Q. Byraetko)

1)

[uaronanu cepudeckoro dernipexyroasuuka ABCD pasuul di u do,
nepecekaiorcs B Touke O nog yrioM « u geastcs Toukou O momosaam.
Haungure paccTosuus Mex gy Toukon O U TOYKAMU mepecedeHus cde-
pudeckux npameix AB u CD.

IIycre addunnOEe mpeobpasoBaHme NEPEBOIUT KOHEYHOE MHOXKECTBO
TO4YeK B cebs (BTO 3HAYUT, 9YTO KaXK /a1 TOYKA MHOXECTBA IEePEeXOnuT
B KaKyIO-TO TOYKY 3TOI'O XK€ MHO)KeCTBa). llokaxuTe, 9T0 OHO UMEeT
HEMOABUXKXHYIO TOYKY.

Touku A, B u C' eBkiIug0BOU IIOCKOCTH JexaT HA npsmon £. Ha or-
peskax AB, AC u BC xak Ha numamMerpax MOCTPOEHBI OKPYKHOCTH.
OKpyXHOCTDb W KAaCAeTCA BCEX TPEX MOCTPOEHHBIX OKpyxHOCTEU. [lo-
KaXKUTe, YTO JUAMETP OKPYKHOCTH W PABEH PACCTOAHUIO OT €€ IEHTPA
10 mpamon £.

IIpoexTuBHOE IPEOOpa3OBAHME ILIOCKOCTU INEPEBOIUT BEPIIWHEI KBa-
npara ABCD B cebs caegytoumum obpaszom: A — A, B— C,C — D,
D — B. CymecTByer Ju mpsaMas, Iepexonamas B ceds npu 3TOM mpe-
obpazoBanumu?
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5)

6)

ﬂ;OKa)KI/ITe, YTO BCE€ ONMCAHHBIC YE€THIPDEXYI'OJBHUKHN C BEPIIMHAMUY HA
abcomore wIockocT JI06aIeBCKOrO PABHEL.

JokaxnTe, 9TO IPAMOYTOJIBHEIN MECTUYIOILHUK HA II0CKocTH Jlo6a-
YEBCKOI0 OJHO3HAYHO 33JAeTCS IJIMHAMYI TPOUKHY ITOMAPHO HECMEXHEBIX
CTOpOH (T. €., 9TO s JHOOOU TPOUKYA TOJOKUTEILHEIX IUCENT MIECTH-
YT'OABHUK C COOTBETCTBYIOIIUMU NIUHAMU CTOPOH CYINECTBYET U €IUH-
CTBEH).

MoXHO0 1 BOCCTaHOBUTH COOCTBEHHOE IBUXKEHUE TIOCKOCTHU Jlobades-
CKOI'0, €CJIM U3BECTHA KOMIIO3UIMA 3TOr0 ABUXKEHUA U OPTOrOHAILHON
TIPOEKINY HA HEKOTOPYIO MPAMY0?

IIycre orpanwyienve HA a0COMIOT COOCTBEHHOIO NBIIXKEHUS TPEXMEP-
HOT'O TIPOCTPAHCTBA, JIOOAYEBCKOTO UMEET OMHY HEMIOIBUKHYIO TOUKY.
[lokaxuTe, YTO OHO HE UMEET HEMOIBIKHLIX TOUYEK B IPOCTPAHCTBE
Jlo6adeBckoro.

BapuaHT 12 (1 peka6ps 2002r. Jlektop — B. B.paconos)

1)

B R? naner mpamsie l1, lo, I3. Ipavsie a, b, ¢, d mepecekaroT KaxIyio m3
DTUX TPeX NPAMEIX. [J0Ka3aTh, 9TO JBOMHEIE OTHOIIEHNS N5 9€TBEPOK
TOYEK, JeXAaIluX Ha NPAMBIX l1, [, I3, oquHaKoOBLIE.

PaccmoTpum Ha miockocTu JI06aueBCKOTO MHOXECTBO TOYEK, YAATEH-
HEIX H3 PACCTOsAHUE He Oosee 1 OT NJAHHOIO OTPE3Ka MIuHHL d. Boruum-
CJIUTH [UINHY KPUBOU, OTPAHWYUBAOIIEN 3TO MHOXKECTBO.

W3 cepeauHbl IUMIOTEHY3EI IPSIMOYTOJIBHOIO IUIIEPOOINIECKOrO TPEY-
TONBHUKA ONYIIEH IepPIeHIUKYadap Ha KaTeT a. [JokasaTb, 9TO [IUHA
DTOrO NMEPIEHANKYJIAPA MEHbIIE TTOJOBUHEL KaTeTa b.

CKOJIBKO CyIIECTBYET ABUAKEHUU ILIOCKOCTH JI00a4eBCKOro, nepeBois-
mux B ¢e0A: &) TaHHBI OTPE30K; 0) TaHHEIA Jyd; B) JAHHYIO IPAMYIO?

Han yroa ZAOB na nnockoctu Jlo6adesckoro. Touka X gBuxkeTcs mo
ayay OA. U3 touku X onymen nepnenauxyasap X H na mpsamyo OB.
Buruucaurs limy o ZOXH.
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6)

7)

OKBUIUCTAHTA, yAAJEHHASA HA PACCTOSAHUE d OT JAHHOU MPAMOU, Tepe-
cexaeT abCcomoT moxg yriaoMm . [Jokasarsb, 9TO (¢ — yroJ HapaJiieb-
HOCTHU [JA PACCTOAHUA d.

Brraucants mmomans chepsr paguyca r B npocrpancTse JlobaueBcko-
ro.

BapuanT 13 (16 despans 2003 r. Jlektop — B.B. Mpaconos)

1)

[lBoUHOE OTHOIIEHNE YETHIpEX TOYEK paBHO A. Kakwe sHavenms mo-
XeT IPUHNMATH IBOUHOE OTHOLIEHUE TEX K€ CAMBIX YeTHIPEX TOYEK,
B3ATHIX B IPYIOM HOPSIKe?

[okaxuTe, YTO MHOXECTBO TOYEK, PABHOYJAJIEHHLIX OT OBYX JAHHBIX
PACXOIAMUXCSA IPAMBIX, ABIACTCS IPAMOMU.

B mogenn Ilyankape B BepXHEN MOIYILIOCKOCTH AAHBI TOYKU Z U W.
|2 — w|
IMonoxum ¢ = ﬁ [lokaxuTe, YTO PACCTOSHUE MEXK Y TOYKAMUA 2
zZ—wW
t
7 w paBHO In ——.
1-1¢
IIycts g1 u g2 — HETOX JeCTBEHHBIE COOCTBEHHBIE ABMXKEHUS ILIOCKOC-
Tu Jlo6aeBckoro. UaBecTHO, UYTO g1g2 = g2g1 M ABUXKEHUE g; Tapado-
andeckoe. [[okaxuTe, YTO IBUKEHUE o TOXKE TMApadOIMIecKoe.

[aH BHINYKJIBIA YETHIPEXYTOJBHUK, BCE YIVIEI KOTOPOro octpeie. [lo-
KaxXXUTe, 9YTO IPAMBIE, Ha KOTOPHIX JeXaT €ro IPOTUBONIOJIOXHBIE CTO-
POHEI, PACXOLAIIMECH.

IIycte g1 1 g2 — COOCTBEHHBIE NBMXKEHUS IUIOCKOCTU JI0OA4EBCKOrO,
MMEIOIye OOy HEMOABMXKHYI0 TOYKY Ha abcomoTe. [JokaxwuTe, 9TO
[OBUXEHUE §1020, ! gy ! napa6omueckoe.

[Be mockocTu B npocTpancTse JI06aI€BCKOr0 HE MEPECEeKAXTC.

a) O06s13aTeabHO 1 CYWECTBYET IIOCKOCTDb, UM IEPIEeHINKYIAPHAAT

6) O6a3aTENBHO U CYIMECTBYeT IPAMAs, UM IEPIIeH IUKYIAPHAL?
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Pelwenns nabpaHHbix 3a4au

B mymepanuu 33124 CHaYaMa NAET HOMED [VIABHI, & 3aTEM — HOMED 3a1a-
uu B raaBe. Hymepaiusa 3aJa49 u3 TVIABHL «33JaY0 NUCHMEHHBIX DK3aMEHOB)
HAYMHAETCA ¢ OYKBHI «J», 3aTeM UAEeT HOMED BapPUAHTA U HOMED 33139 B
BapHUAaHTe.

1.15. a) IMomoca cdeprdeckrx OPAMBIX, MEPECEKAIOMNX JAHHYI TOY-
Ky A, 3aMeTalT OKPYKHOCTHL GOJBLIIOrO KPYyra, 8 WMEHHO, MOJSAPY TOYKA
A. TlosToMy paccMaTpuBaeMbIe MOMAPHL 3aMETAIOT Mapy CHEPUIECKUX ABY-
YT OIBHUKOB, 06Pa30BAHHLIX MTOJASPAMU KOHIIOB JaHHOI'O OTPE3KA.

6) Housapsr chepraeckux NpPAMEBIX, NEPECEKAIOMNX NAHHBIE OTPE3KH, 3a-
MEeTAaT MHOXECTBO, ILIOWIATh KOTOPOro Mmensnine 47 R, mosTomy Ha cdepe
HaUAETCA TOYKA, HE JEXKAMAA B DTOM MHOXECTBE. 1lomApa 5TOU TOYKM HE
IepeceKaeT Hu OQHOIO JAHHOI'O OTPE3KA.

4.14. a) IIycte Ay u By — cepenuunt cropor AC' u BC cOOTBETCTBEHHO.
Onycrum u3 Bepumusl C' nepnenaukyasap CH ua npsamyio A; Bi u paccmo-
TpuM TO4YKU Ao u Bs, cuMmMeTpudHEe TOUKe H oTHOCHTENBbHO TOYeK A1 u B
coorBeTcTBEHHO. Jlerko nposepurs, uro Ay # Bs. B Tom cayuae, korga H
JeXUT Ha 0Tpe3ke A; By, 3T0 0ueBuaHO, a ecau H monanaeT Ha MPOJOMIKEHTE
orpeska Ay By, To paBeucTBo A1 H = By H BHIIOJIHATLCA HE MOXKET, IO9TO-
My HE MOXET BHIIOJIHATBLCA M paBeHCTBO Ay H = By H. Takum o6pasowm,
Touku As m By OMHO3HAYHO OmMpemensioT mpaMyio Ay Bp, mosToMy nocTa-
TOYHO A0KA3aTh, YTO PACCMATPUBAECMBIN TIEPIEH UKYIAP [, BOCCTABICHHBIN
u3 cepeauHul oTpe3ka AB, nepnengukyaspen mpavou A Bs.

Tpeyromvuuxu Ay CH u A; AAs (a Takxe tpeyroasuuku By CH u B; BBs)
SIBJAIOTCA PABHLIMEU MPAMOYTOJBHEIMUA TPEYTOJbHUKAMU, MOITOMY B U€THI-
pexyroabuuke AAs By B yrub npu BepmmHax As u By IpsMEIe, 8 CTOPOHEBI
AAy u BB, pasun (06e ouu pasubl CH). Takou 4eTHIPEXYTOJLHUK JOIKEH
VMEeTBb OChb CUMMETPUHN, IPUYEM OHA, JOKHA COBNACTD ¢ npsamon [. Caenosa-
TenapHo, | L Ay Bs.

6) Caydan COBHAJAIOMMX NPAMEIX OY€BUIEH, MODTOMY OyneM CIATaTh,
YTO IPAMEIE, K30METPUIHO OTOOPAKAIOMUECH APYT HA APYra, HE COBIAIA-
0T. BO3aMOXHEBI 1Ba Ciry4as.

1) [Oea pasmmaabix orpeska X X' u VY’ nmeror obmywo Touky M. B
TAKOM CIy4Yae PACCMATPUBAEMAs U3OMETDPUS ABISAETCA CUMMETPHEN OTHOCH-
TenbHO TOYKu M.

2) Cepenuubl Bcex oTpe3kos Buga X X' momapuo pasmuunbl. IIycts P,
Q, R — cepequnnt otpeskoB X X', YY', Z7Z'. MocTtaTodno NOKa3aThb, 9TO
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Touku P, (), R mexar Ha oxuou npsamou. [Ipum cuMmeTpum OTHOCUTEILHO
Touku P Toukm X, Y, Z nepexonat B Touku X" = X', Y" u 7", nexamme
Ha oguou mpamou. Ilpu srom mpamas PX’' apaseTcs cepequHHLIM TIEPIEH-
mKyaspoM k orpeskam Y'Y u Z'Z". TlosTomy cOrnacHo 3agade a) npamas
PX'’ 6yger neprnengukyspaa npameiM PQ u PR. ChegoBaTenrbHO, TOYKA
P, @, R nexat HA OJHOU MPAMOU.

4.15. a) Touka nepeceveHus AByX OGUCCEKTPUC TPEYTOIBHUKA PABHOYAA-
JIEHA OT BCEX €r0 CTOPOH, IO3TOMY OHA JEXUT HA TPEThEN OUCCeKTpUce.

6) IIycte M — cepeguna croporsr AB, P u () — cepequHbl CTOPOH
AC u BC. Paccmorpum mogeas Kraenna u momectum Touky M B meHTp
kpyra. CormacHo 3agade 4.14 cepeIUHHLIN MEPHEHINKYIAD K OTpe3ky AB
OyaeT mepneHIuKyJaapeH npsamou P(). OTo 03HavaeT, 9TO B €BKJIUIOBOM
Tpeyroasuuke ABC orpesok P() 6yaeT mapasiernen ctopoue AB. B Takom
caygae orpesku AQ u BP nepecekaroTca B Touke K, 1exainen Ha OTPe3Ke
CM. B camom gene, npu (eBKINZOBOK) roMoTeTHd ¢ HeHTPpoM K 0Tpe3ok
P(Q mepexomut B 0Tpe3ok BA, mosToMy mpaMas, COEIUHAIONAA CEPEAUHEL
DTUX OTPE3KOB, IPOXOAUT depe3 Touky K.

B) Pacemorpum mogens Kaenna m nomectum Touky A B LEHTD Kpyra.
B rakom cayuae runep6oauyeckue BeicoTel BB u CC) 6yayT u eBKIngo-
BeiMu BeicoTaMmMu. Qnu mepecekanTcsa B HekoTopon Touke H. Ilpamas AH
OyIeT eBKIUIOBEIM TepreHaukyaapoM K npamou BC. Ho AH — muameTp,
nosToMmy AH GymeT u rumepOOIuYecKuM MeprneHauKyaspoM K npavon BC.

5.9. B Tom cayvae, kOrga ABa CEPEIUHHBLIX MEPIIEHIUKYIAPA IEPECEKa-
IOTCSL B OJJHOU TOYKE, YTBEPK JEHIE OYEBUIHO, TOr A BEPIIUHEL TPEYTOIbHY-
Ka JIeXKAT HA, OJHOU OKPYKHOCTH.

B Tom cayuae, KOrga aBa CepeqUHHEIX TEPIeHINKYIAPa MAPALICTLHEL, UX
MOXHO CYUTATD JyYaMU B BEPXHEU MOJYIIOCKOCTH, napasieabasivu ocu Oy.
Torma BCe BEPIIMHLI TPEYTOJLHUAKA JEXKAT HA OJHOU BHICOTE HA,T BEIIECTBEH-
HOU OCBIO, TIODTOMY BEPIIUHBI TPEYTOJbHUKA, JEXKAT HA OJHOM OPHUIUKIE, 4
TPeTUN CePEAUHHLIN MEPIEHIUKYIIP OyaeT aydoM, napamwensasiM ocu Oy.

B ToM ciayuae, kKOrga nqBa CepequHHBIX MEPIEHINKYJIAPA I€PIIEH UKy JIAD-
HEI HEKOTOPOU IIPAMOU [, BCE BEPIIMHBLI TPEYT'OJbHUKA, Y AAJIE€HEL OT IPAMOH [
Ha OJHO U TOXE PACCTOAHUE, TO €CTh JeXKAT HA O JHOM MUIEPIUKIE, TOITOMY
TPETUN CEPEIUHHLIN MEPICHIUKYIAP TOXKE MEePIEHANKYIAPEH MPAMOn [.

3a0IHO MBI MOKA3aJd, YTO JIOOLIE TPU TOUKU JEXKAT JUGO HA OTHOU
OKPYXHOCTHU, TUOO HA OJHOM OPHUIUKIE, TUOO HA OJHOM TUIEPIUKIIE.

5.11. dyra P OKpyXHOCTH, OPUIUKJA WX TUNEPUUKIY, 00pa3yeT B
Toukax P u () pasuee yriam ¢ (runep6oamyeckon) npamou PQ. Hycrs ay,
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B1 m y1 — yrust, coorBercrBytomue nyram BC, CA u AB. Torga B ciydae
OKpyXHOCTU @ =TT — 31 — Y1, B=7—a1 —"1, ¥ =7 —ai — 1, & B CIydae
OPUILIMKJIA, WX TUIEPIWMKIA & = Y1 — 1, B =7 —aq1, Yy =7 —a; — P1.
Taxum 06pazom, a+ 3 —v = £(m — 27y,). IIpym 5TOM yrom 41 mMOCTOAHEH, Tak
KaK OH COOTBETCTBYET MOCTOAHHOU nyre AB.

9.3. JocTaTo4uHO 10KA3aTh, 4T0 ecanu a,b,c,d € C — momapuo pasmms-
HEIE YKCJIA, TO CYIIECTBYET TAaKOe IPOOHO-IMHENHOE IPeodpas3oBanue f, 410
f(a) =b, f(b) = a, f(c) =d, f(d) = c. IlepBrie Tpu PABEHCTBA MO3BOLAIOT
OJHO3HAYHO ompegeanTdb f. Ilpu 3TOM ApPOOHO-IMHEHHOE MPeoOpa3oBaHUe
f o f uMeeT HENOABUMXKHEIE TOYKU @, b U €I1e KAKYIO-TO HENOIBUXKHYIO TOY-
Ky, (a UMEHHO, HEMONBUKHYIO TOYKY OTOOpaxkeHus f; OHA, BOOOIE TOBOPA,
MOXeT ObITH GECKOHEUHO yIAJEHHON), KOTOPas He MOXKEeT COBIAJAThL HU C @,
uu ¢ b. Takum obpasom, fo f — ToxkaecTBeHHOE IPEOOPA3OBAHNKE, 8 3HAUNT,

fld)=c.
Ilpusegem Taxxe apyroe nokasarTeabcTBO TOro, uro f(d) = ¢. Ilycts
f(d) = z. Torga [a,b,c,d] = [b,a,d,z]. OueBuano, 4TO 3HAYEHHE T = C

YAOBIETBOPSET dTOMY ycaoBui. C APYyroM CTOPOHBL, DTO YCIOBUE SBIASETCS
JIMHEUHBIM YPABHEHUEM OTHOCUTEIBHO X, IODTOMY OHO OLPEIENseT T OLHO-
3HAYHO. JHAUUT, T = C.

9.4. a) B mogemn [Iyankape B BepxHEM MOIYIPOCTPAHCTBE MOXKHO CYIH-
TaTb, YTO PACCMATPUBAEMAsS BEPIINHA TETPADAPA HAXOAUTCA B OECKOHEIHO
yAaJeHHOU To4YKe. TOrga rpaHu TPEXTPAHHOrO yIVIa NMPU 3TOU BepimHe Oy-
IyT PACIOJOXKEHEL Ha, OOKOBBIX I'PAHAX €BKJINIOBOU TPEYTOJILHOU MIPU3MEL €
ocHOBaHUEM Ha, abcomore. CyMMa IBYTPAHHBIX YIVIOB NPU GOKOBBIX I'PAHAX
TPEYrOALHOU TPU3MEI PABHA, 7.

6) O6osuauum paccmarpuBaemuin Tetpasap ABCD.

Iepoe pemenme. Cormacuo 3agade 9.3 CymecTByeT IBUMKEHUE, Mepe-
BOJAINEE NBYTPAHHLIM yroa mnpu peOpe AC B IByrpaHHEIM yroJa npu pebpe
BD.

Bropoe pemenne. O603HAMNM Y€pe3 U, BEIUINHY ABYTPAHHOIO yIVIa IPU
pebpe r. U3 mynkTa a) ciegyer, 9T0

uAaptuac+uap = Uucptucat+ucB, UAB+tUBC+UBD = UcD+HUDATUDB-

CJIO}KI/IB 9TU NBA PABCHCTBA U YHUYTOXWUB DABHBIC WICHBI B obenx TaCTAX,
noJayvaeM UAB = UCD-

9.6. Bribepem B KagecTBe MOIEIN IPOCTPAHCTBA JIOOAIEBCKOIO MOIE/Ib
Ha [IBYIOJOCTHOM rumnepbonouge, T. e. OyaeM CIATATb, 9YTO TOYKU 21, ...,
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Znte dexar B R™H! u ux KoOpAMHATE yIOBIETBOPAIOT COOTHOIICHHIO
2 2,2 _
i+ ...+, — T =1,

npudeM Tpy1 > 0. Iycers [u,v] = wivr + ... + UpUp — Up41VUny1 — HCEBIO-
ckamapuoe npomssenerne 8 R Torga ch(d;;) = [z, 2]

Iycts S = (21, -- -, 2nt2) — MaTpuna pasmepom (n + 2) X (n + 2), obpa-
30BaHHAA CTOIOIAME KOOPAMHAT TOYEK 21, ..., Zp+2, K KOTOPEIM B Ka4ECTBE
TIePBOU KOOPAMHATHL JOOABIEH HyJ b; J — AMaroHaIbHAA MATPUIA TOPALKA
n + 2 ¢ guaronamnsio (1,1,...,1,—1). Jlerko nposeputs, 9TO

A= ([Zi,Zj]) = STJS

Ho y marpunsr S nepBas crpoka nyaesas, modromy det S = 0, a 3uadwur,
det A =0.

31.4. MoxHO cIuTaTh, 9TO B MOojeau Ilyankape B BEPXHEH IOIyILIOC-
xoctu Touku A u B mmeror koopaunaTh (z1,y) u (22,y). Torga

(21 — 29)?

hd=1
(¢ + 2 ,

a qmHa | tyrum opunmkia paBHA |z — Ta|/y. Takum o6pasom,

2
chd:1+l§, T.e. 1 =2sh(d/2).

I1.7. O6osuauunm paccmarpusaembin kBaapar ABCD. Koumnoswnus
CUMMETpPUU OTHOCUTEILHO npaMbix AB u BC MoXeT ObITh NpPENCTABICHA
KaK KOMITO3UIUA CAMMETPUN OTHOCUTENbHO npambix BK u BD, rape K —
HEKOTOpas TOYKA, Jexkalas Ha abcomore mexay A u B. AHamorudno, KoM-
MO3UIUA CUMMETPUN OTHOCUTEALHO mpaMuix CD u DA moxeT OuITH mpea-
CTaBJIEHa, KAK KOMIIO3WUIUSA CAMMETPUN OTHOCUTEIBHO mpsaMuix DB u DL,
rae L — Touka, dexaman ua abcomore mexay D u A. TlosTomy koMmo3u-
IUA CUMMETPUU OTHOCUTEIBbHO BCEX YETHIPEX CTOPOH KBAAPATA €CTh KOM-
TO3UIWA CUMMETPUN OTHOCUTEIbHO npamMelx BK u DL (Tak Kak ABaXKIbl
B3ATAaA CUMMETPHUA OTHOCUTENbHO BD — TOX 1ecTBEHHOE TPeo6pa3oBanue).
Tockonbky npsameie BK u DL pacxomsmuecs, pacCcMaTpuBaemMoe mpeodpa-
30BaHUE I'UNepOOINIeCKOE.

3aMeTuM, YTO IPUBEIEHHOE PEIIEHWE OCTACTCSI B CHJIE, €CIU 3aMEHUTH
KBaIPaT HA MPOU3BOJBLHEIN Y€ THIPEXYTOIbHUK, BIUCAHHBLIN B a0COMIOT.
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99.4. MoxHo cunTaTh, 9T0 B Mogeau [lyankape B BepXHEU MOIYILIOC-
xoctu Touku A, B, C, D umewr koopaunars (0,a), (0,b), (k,vb?> — k?),
(k,Va% —k?), rge a > b > 0. Torga

ool _ VE— R+ (a— V&) a

, ch|AD| =1+ = ,
b2 — k? 4P| 2ava? — k? va? — k2
ch |BC| = b
V2 — k2
IMoaTomy
1 1
sh|AD| = —=—= u sh|B(| = ——.
AD| = o sh|BC = s

I9.6. [JokaxeMm CHAYAMA BCIOMOrATEIbHOE yTBepK qerue. IlycTs TOYKn
M u N nexar va aydax OK u OL coorsercrBenno (K u L — Touku Ha
abcomore). Torma ycmosue |OM| = |ON| paBHOCHIBHO TOMY, 9TO TOYKH
M u N pasuOygatesst o1 mpavon K L. OTo yTBepXK [eHUE JerKO CIeayeT U3
COOOPAXKEHNI CUMMETPUN, KOTOPHIE CTAHOBSATCA COBCEM HATVIIIHEIMU [IPU
pacemoTpenuu mogenu Kiaenna ¢ Toukou O B meHTpe.

TlepengeM Temepsb K pemieHuIo 3a1a49u. PaccMOTpuM mpamyto [, mapad-
neapHyto Kak aydam AB u DC, tak u aydam AD u BC. Oraoxum Ha gyde
AB touxy Cy Takyto, uro |[BCy| = |BC| (Tak, 4T00b TOuka B nexana Mex-
oy A u Cy). 3 BCnoMOraTenbHOro yTeepxk aenusa ciaenyet, 4o Touku C u Cy
PaBHOYAAMEHET OT TPAMOK [. AHamoruyubiv 06pa3om Ha ayde AD oTiaoxum
touky Cy Takywo, uto |[DCy| = |DC|. Touknu C u Cy Taxxe 6yayT paBHOY 13-
JIEHHI OT TIPAMOU [. 3HAYUT, PABHOY JAJEHHLIMU OT npsaMou | 6yayt Touku C
u Cy, IO3TOMY M3 TOI'O € BCIOMOI'aTEILHOI'O YTBEPXKIEHUSA CIEAYeT, ITO
|ACy| = |ACq]. A 510 m 03mAvaeT, aro |AB|+ |BC| = |AD|+ |DC|.
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