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Kiiira piAnore  §paniiy3ckoro  MaTeMaTtHka 1o neda-
FOra  COACPMIT  CBOCOOPA3H0E  HAJ0KeHe s1eMelTaploi
reoMeTpilt, ochopalinue id paszpaldoTannoil aBTOPOM  cCH-
c1eMe aKCHOM, BeChMa Jadekoft oT Kiaccnueckoil. Bauskas
K Hardsuofl ouesiitnocty akcrovatika Hloke oTanuaercs
TeM, UTO GCHOBHLIE TCOMETpIiueckie (QaxTol 1o1ydaiores B
Heit Jerxo no ectecrsenso. 3a pyoemom xunra [Hoxe mo-
JAyUiLIa HNPOKee NPU3HATNE Rax ojHa 13 nanGo.1ee mPoO.Ly-
ManUuLX HONLITOR HEPeCTpoilkh  LIKO.IbHOr0 Kypca reome-
TPIIL

Kinty ¢ nnrepecoy ApodiN1 UJTdTeqn PasHbix Kate-
ropiil, naunpass oT VUGUXCH CTapiIiiX KJ1accoB MWIKOI C
sateMaTiyeckoil cnenmaansannefl. Ona Oy1er, HeCOMHEH-
HO. 1I0Jde3Ha YUNTEAsN MaTeMaThKil i CTyleHTaM nejaro-
FHYCCKIX HUCTHTYTOD.
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NPEAWC/IOBHE PELAKTOPA NEPEBOJA

«MartemaTHyecKasi 3KCIaHCHS» MOC/AeANUX Hecsarie-
THil — GypHOEe BTOp:KEHHEe MaTeMaTHKH B CaMbi€ pasJHi-
Hble 06JacTH 3HAHHS, — IpHBeNa K OCO3HaHHIO 1ie06xo-
AHNMOCTH YCHJIEHMsI MaTeMaTH4eCKOi MOAroTOBKH IIKO/E-
IHMKOB, YTO BBI3BAJO K JKH3HH LIHPOKOE MeXKAYHapoAHOE
JABHJKEHHe 3a MOJEepHH3alHio yueOHBIX [1J1alHOB W MpO-
rpaMM M MCPHOJ Cepbe3Hbix pedopM, 3aTparHBaloulux
JIHTepechbl OTPOMHOTO KOJHuecTBa JIodeii: yuauuxes 1 po-
JATesell yyaluxcs, yunteaeil 0 BocOHTaTenell yaureJeii.
Ilpu srtom, ecnu oblee HampasaeHHE npeobpaszoBaHus
Kypca ajareGpbl cpeliHeil IIKOJbl ABJISATCS B obuux uep-
TaX JOCTATOYHO SICHBIM (XOTSIH TYT BO3HHKJIO MHOTO pas-
HOOOpasHbIX W 3ayacTyi0 HEOxKHJIaHHDIX TOUEK 3peHHd,
rpeacTaBiieHiHe O KOTOPbIX MOKET AaTh, HANPHMEP, IKCT-
pemucrtckas naatpopma Ilanu [44]')), to nyTn nepe-
CTPOHKH IIKOJBLHOTO Kypca TeOMeTpHH IO ceil JeHb
ocraloTcsi Kyjaa 60./1ee HesICHBIMH.

Ceroans, KaskeTcsl, yKe MOYTH BCe COTJIACHBI C TeM,
yto TpaiuuMoHHas cucrema EBkania [1], B pyccko#
yue6HOil JuTepaType HauboJsee MOCAeN0BATEILHO TpPO-
Be/leHHAs B CO3JAHHLIX ellle B MPOLIIOM Beke yueOHHKax
Knceaepa [49], He 3acayXuBaeT cOXpaHeHHs:. BeAb HH
B HayKe, HH B NPAKTHUECKOH KH3HH BBHINYCKHHKY Cpell-
Heii WIKOJBI jAaJjiee He IpHAETCS HMeTb [eJlo C MHOTHMH
TeopeMaMH CJOKHBLIETOcsi Kypca TeOMeTpHu H ¢ THIHY-
HLIMH S 3TOTO Kypca MeTofaMH paccyxnenufi. Ho uem
cjelyeT 3aMeHMTb 3Ty cHcTemy? Ilo sTomy nocieanemy

1) Uudpsl B KBAAPATHLIX CKOOKAX OTCHbIAAIT UHTATES K CIHCKY
autepatypsl na crp. 221—224. (Tlo nosony «raatdopmui [Tanms oM.,
HanpHMep, peleHsnio Ha T. | KHHIH [44] — «MaTemaTuka B WKOIEH,
1965, Ne 4, cTp. 81—89.)
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NOBOAY CeroJHs BbICKa3blBAlOTCs caMble PA3HbLIE MHEHHUd,
HpuYeM CIEKTP NpPeANOXeHHH M NPOEeKTOB OT/IHYAETCA
PedKoll LIMPOTOMi: OT KaTeropHueckHx Bo3paskKeHHil npo-
THB NpeNoJaBaHNUs Te€OMETPHH B CTapLIHX KJaccax cpej-
Heil KOJBl BOOOLIe 10 NMOMNBITOK BKJWOUYEHHs B HpOrpam-
My cpejHeHl LIKOJB YyTb JH He Bceil aKCHOMaTHKH
Iunsbepra [2] (cm., Hanpumep, yueGuuk [44]) u  oT
hpennox{emm BO3POK/JEHHA B LIKOJIe M30LLPEHHOI «Ipo-
¢KTHBHOIl TexHuku» §I. LlrtefiHepa ‘W HeMelUKHX reomer-
pos XIX Bexa 10 BapnaHTOB InOCJe/0BaTeNbHOrO IO~
CTPOGHHs Kypca reomerpuu Ha Oase anare6panueckoil
TEOpUU TPYNN W HCUMCIeHHs cuMMeTpuil (cm. [34]).

OnHako B 06LIeM JOCTaTOYHO HECTPOHHOM XOpe€ 3KC-
nepTOB NO BONpPOCaM INpenojaBaHHsi TeOMETPHH B Cpen-
Hell IIKOJIE MOXHO OTMETHTb HECKOJbKO TroJ/ocos, Oec-
CNIOPHO 3aCJYXKHBAIOHUX TOTO, YTOOB NMpHCAymaTbesd K
HHM ‘BHUMaTEJbHee.

HCTOpYI‘{eCKl/I nepBoe cepbe3Hoe NPENIOKEHHe O Ie-
pecTpoiike IUKOJBHONO Kypca TeOMeTPHH NpHHAIJeXHUT
HM3BECTHOMY aMepuKaHcKoMy MaTemaTuky JLKopIxky
Bipkrody [8]. Hanucanuwit OZHOBPEMEHHO €O CTaTbelf
[8] mKonbHbI yueGuuk [9], cocraBaenubiii Bupkrodom B
COTpyAHHUeCTBE ¢ MeToAMCTOM P. Burin, Bhiwen B cseT
IepBbHIM H3faHHeM elle B 1933 r. U 3aTeM HEOAHOKPATHO
nepensjgapaJjcs. ATOT yyeOGHHK OKa3aJ BecbMa cepbe3HoOe
BJANSIHHE Ha  BCIO NOCJAEAYIOLLYIO JesTeNbHOCTb aMeph-
PHKAHCKHX YYeHbIX M METOAMCTOB: TaK, HalmpuMep, as-
TOphl ‘Beex yueOuukos [13]—[17] npnaepxuBaiorcst cxoi-
Hoil ‘cucrembl u3aoxkenus '). OcHoBHas uaes JIK. Bupk-
roa sak/mTovasach B MOCAEJOBATENbHO NPOBOAHMOM
B3IIA/le Ha NpPAMYIO KaK Ha TOUEYHOe MHOXKeCTBO, a
TaKkXke B M3BeCTHOH ajireGpausaunu reOMeTpHH, CBSI3aH-
HOM ¢ OTOXJeCTBJIEHHEeM TOYEK NPSAMOH C BelLeCTBEH-
HbIMH YHC/AMH, YTO CHMMaeT Bce TPYAHOCTH, C KOTO-
prMH CTOJlKHy.IICH II. Tuabbepr [2] B cBOMX- mOMBITKAX
C'rpororo OMUCAHHUS MOHSATHA TOPsAAKA (Touek Ha nps-

) CBuIeTe/bCTBOM HEHUCCSKAIOUIEro HHTepeca aMepHKaHCKHMX reo-
MeTpOB H TejaroroB K 5THM H/esIM MOXKeT CJYXHTb HelJaBHsf CTa-
rbsi [18], nocesillennast BLIBOAY M3 akcHOMaTHKH Bupkroha Heko-
TOPLIX TOHKHX (AKTOB 3/MeMEHTapHO reoMeTpHH, HMEOWHX, 10 Cy«
tilecTBY, TOMOJOTHYECKHE XapaKTep. ‘
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Moil). Bun3Koil cHcTeMbl H3J0KeHHst npHAepKUBaercs i
copetckuit reomerp A. B. [loropenos, aBTOp HEAaBHO
u3pannbix  yue6uukon [50] ssementapHoil reoMerpuH.
A. B. [loropenos, nogo6xo k. bupkrody, BbiaBuract
Ha rnepeIHHil MJaH TMOHATHE pPACCTOAHHA MeXAy TOUKa-
MH, UTO Cpa3y BBOAHT B TEOMETPHIO MOHATHE HHCAA!
0JHAKO B psijle MYHKTOB OH OTKJOHAETCA OT NPHHATOI
aMepHKaHCKUMH aBTOPaMH CXeMbl, AOCTHras OoJbiieil
reOMEeTPHUHOCTH, YCM OHH.

C/ieayOUIMM Cepbe3HbIM WaroM B 00JaCTH METOAMKH
reoMeTpHH, NpHUYEM Warom, eie Jajblie HAyUWHM 0O
NyTH aareGpan3alll OCHOB FeOMETPHH, CJIELYeT CUHTATb
KHUTY, OpeiJjaraeMylo HblHe BHHMaHHIO PyCCKOro 4ura-
teasi. Ee aBtopom sipasiercss BUAHGIL dpauiysckuii ma-
Temartnk, npogpeccop IMapuxckoro yuusepcutera (Cop-
6onubl) Fycras [loke. 9Ta KHHUTaA, KOTOPOIl NpeALIecTBO-
Baa paa apyrux ny6aukanuit I'. [Loke Ha Ty Ke TeMy Y,
MOposK/JeHa «BEKTOPHOIl» ~ aKCHOMATHKON — TeOMeTpHH,
BnepBbie NpeaoxKeHioil eme B 1917 r. onnum M3 Kpyll-
nefiunx martematiikos XX Beka [epmanom Beiem ?).
[Tpasna, llloke He pewaetcsi npsiMo MOJOKHTb B OCHOBY
ipesiaracMoil MM CHCTeMbl H3J0XKEHHS aKCHOMATHKY
Beiiasi, 10CTaTOUHO 1aJ€Kylo OT BCeX UIKOAbHBIX TpaaH-
UM, W OpOSBASET HeMa/J 0 OCTPOyMHsI B CTpeMJjeHHH
KaK-TO ajfanTupoBaTb cxeMy Beitns, npubansus ee K
IWKOJbHOW npakTHKe. OaHako O0JuM30CTb waJjaraemMoi B
9TOlf KHHIe CHCTeMbl MMOCTPOCHHA TEOMETPHH K IIHPOKO
M3BECTHOMY BCEeM MartemaTHkam (HO He nejparoram!)
BEKTOPHOMY MyTH 00OCHOBaHWsl FEOMETPHH OueBHAHA II
mepexoj or akcuomatuku [lloke K akcuomMaTHKe Beitas
HUKAKUX 3aTpyAHeHHH He cocTaBJser. ,

YKa)ieM TaKiKe, 4TO HacToAllaf KHHra He fABJACTCH
nocaefHell B ALY COUHHEHIH, CTaBALMX CBOEI LeAbIO
cOaMKelHe reomMeTpuu H aare6pol. B tom ke 1964 T,
B KAKOM BbILUEJ B CBET (ppaully3CKHii OpHUTrHHA/J HaCTos-
uieit KHurd, u B TOi ke cepun «[IpenogaBanne HayK»
(«Enseignement des Sciences») napHcKoro M3jaTe/b-

" Cwm, nanpuMyép, paiice nepeBesieHiiyio Ha pyccKiit sI3bIK CTa-
Thio [24] .
2 Cm., manpunep, [30], ki IV, etp. 369—380 wan cratbio [58],
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ctBa Hermann nosiBuiach 'KHHMIa OXHOrO M3 ABTOPUTET-
© Hefilux (ppaHIly3cKMX MareMaTHKOB -)KaHa Jlbenouue
«Jlunefinasg anre6pa u-sneMeHTapHas reoMerpusi» [29];
5Ta KHUra, B 3HAUHTENbHOH CTeNeHH HHCIHPHPOBaHHAd
npenuectBylomiuMu eii padoramu I, Hloke, ‘Besa nocs-
LIeHa YTBEPXKAGHHIO CJAeNYIONleldl MeToNnuecKo#l HAeH:
Aunelnan aneebpa — 3To U eCTb 3NEMEHTApHAA eeOMeT-
pus (M HUKAaKOH HHOH 3/eMeHTapHOH reoMeTpUd HeT H
ObiTb He go/mKHO!). Ceon Barasaabl JK. [benonne oTcrau-
BaeT C XapaKTepHOH pa/A BCeX NOJEeMHYECKHX BbICTYMJIE-
HHH 3TOro aBTOpa CTPACTHOCTBLIO; OJHAKO YUHTENI0 CPel-
HeH IIKOJIbl, BEpPOsATHO, mpHaercs Gojee N0 BKyCy CAep-
wkanHocTb Illoke, yem nagoc [begonHe. B nocaegnne
rofnl MOSIBUJIMChH 1I HEKOTOpbie pacCuMTaHHble HeNocpen-
CTBeHHO Ha HCIOJb30BaHHE B LIKOJe pea/u3alldd MeTo-
auuecknx upeit JIbeqoHHe, W3 uHcia KOTOpbLIX HaHOOJMb-
LIero BHUMAaHHUSl 3aC/ay:KHBAlOT OOCTOATE/NbHble «T€oMeT-
puueckue» toma «CoBpemenHnoit matematuku» JK. [Tanu
[44]: 1. 2, [leficTBHTE/IbHBIE YHC/A M BEKTOPHAs MJIOCKOCTD
(442 ctp.); 1.3, Bor EBkauag (452 ctp.); 1. 6, [lnanumer-
pus (277 ctp.; ator Tom nocssited JK. [IpenoHHe).
Cka)keM ellle HECKOJbKO CJIOB O Jexaluefi nepen
Bamu kuure. Ee HanpaB/eHHOCTb H KDPYr BO3MOKHBIX
yuTartesell JOCTaTOYHO NOAPOOHO pacKpbiBaeT caM aBTOP
B NPEAHCJOBHH U BO BBEJEHHH; 3[eCb MHE XOUETCS JHUIb
oTMeTHTb O/aH30cTb MHOTHX uzell Illoke K MeTomHUYeCKHM
nouckaM, BeAyLHMcCsl B Hawlell cTpaHe (cp., HampuMep,
n. 96 stoit kuurn ¢ cogepxauumem § 52 HoBoro yuebHH-
kKa [51]). 3amernm ewe, uro kuura [. lloke npeanona-
raer y uMrate.]f HEKOTOPVIO MATeMaTHUeCKYI0 KYJbTYpY,
BbIPAKaIOULYIOCsi, B YaCTHOCTH, BO BJAJEHUH PSAOM CHM-
BO.IOB M TepPMHHOB, 1aBHO y:Ke 3aBOeBaBLIMX npaBa rpa-
JKAaHCTBAa BO (paHLy3CKOH yueOHOA U MeTOAHUECKOH
JHTEpaType, HO HEAOCTAaTOUHO 3HAKOMBIX HAlIUM Yyuya-
IMUMCS 1 MpenojgaBaTensiM; AJs TOro 4To6bl CHENATH 3TY
KHHTY BO3MOXKHO 60/ee HOCTYMHOH IIHPOKOMY KpYry uH-
TaTesqeH, K Hell NpHJOXKeHbl COCTaBJeHHble pelaKToOpOM
PYCCKOTO H3aHHUSl CJOBapb MaTeMaTHUeCKHX TEPMHHOB H
cnHcoK oOo3HaueHHH. HeMHOrouHc/eHHd#e NOACTPOUYHBIE
#pUMeYaHHs pejakTopa oBg3nayeHbl 3Be3ZOYKaMH B OT-
JIHUHe OT HYMEPOBAaHHDLIX CHOCOK aBTOopa. PeaakTop. TA%-
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Me MNpHCOeAHHNT K aBTOPCKOMY CIHCKY JHTepaTypbl 1Ba
nocaeauux pasaeaa V n VI n goGasua psaj HauMEHOBA-
Hifl B APYrHX pasjesnax; HoMepa npuOaB/ieHHbIX KHUT I
cratefi oTMmeueHbl 3Be3noukamu. Ilpu stom u B Hacrod-
HemM CBOEM BHJE CIICOK JIITepaTypbl, AAIOUHil HEKOTO-
poc mpeacrapieHHe O COBPEMEHHBIX MOHCKax B 00JacTH
npenojaBaHus FeOMETpHH, HMEeT YHCTO H.ITIOCTPATHBHOE
3HAUEHHE W He MPeTeHAYeT HH Ha KaKylo MOJHOTY.

H. M. Aeron



APEAHUCNOBHE

Srta KHUra HaNUCaHa JJs [penojaBaTesell MaTeMa-
THKH CPeIHHX LWKOJ, AJNS TeX, KTO TOTOBHTCA K 3TOfl
HESITENbHOCTH, M JAJA BCeX TeX, KTO JIIOOHT reoMeTpHIo.
Ee moryr c mo.ab3oit ajns cebsa NpoudTath MOA PYyKOBOI:-
CTBOM YUHTEJs yuallhecs CTapLIHX KJaccoB cpeaHei
ILKOJIBI.

EBKJIN1 M0/102KHJ B OCHOBY CBO€H reOMeTpHH Ha MJocC-
KOCTH [MpH3HAKH paBeHCTBA TpeyroJbHUKOB. JlBaauarob
TPH BeKa CHYyCcTs MaTeMaTHKH ONpeje/sioT IJIOCKOCTh
Kak adduuHoe TPOCTPAHCTBO Pa3MEPHOCTH 2 C 3alaH-
HBIM B l[eM CKaJsfpHBIM npou3BefenueM. f nogaradj, 4to
HalWUM JAeTSIM NoHaaoOHTCA H3J10XKEHHEe FeOMeTpPHH, KOTO-
poe, Kak H u3joxeHue EBKIMIA, HCXOAHT H3 HAIVIAAHBIX
npeJcTaBjaelHil, HO KOTOpoe AACT UM BO3MOMKHOCTh OUEHb
OBICTPO MEePCHTH K MCMO/Ib30BAHHIO THOKHX H MJ10JOTBOP-
HbIX MeTO10B ajre0pbl.

dTa KHMra conep:KHT, TaKkuM o0pas3oM, aKCHOMATHKY
reoMeTpuH, OCHOBAHHYIO Ha MOHATHAX MNapaJJiejbHOCTH,
neprneH/NKyAsIPHOCTH H pacCTOSHHS, HO B TaKOM BH]E,
KOTOPBIil 103BOJISIET €CTeCTBeHHbIM 00pasoM ObICTpo me-
pefitn K asrebpanueckoil CTPYKType IJIOCKOCTH H MpoO-
CTpaHCTBaA.

B cBsian ¢ 3THM MHOrHe IJ1aBbl NMOCBAILEHBH Pa3bsc-
HEHHIO BOMPOCOB, KOTOpble YACTO CYUTAIOT KaBEP3HBIMH:
JBUKEHHH, YIJI0B M MX H3MEPEHH, OPHCHTALHH.

Hanucanuio 31Ol KHUTH HeMaJo Cnoco6CTBOBAJIH JHC-
KYyCCHH CO MHOTMMH MaTeMaTHKaMH H MpenojaBaTessMH,
KaK @paHUy3CKUMH, TaK U 3apybexubiMH. Ocobyro Gaa-
rogaprocTb st npuHowy AHape PeBy3y, KpuTHKa W mnpen-
JIOKEeHHA KOTOPOTO MHe OblIH YPe3BbiYaiHO MOJNE3HBI.

T'ycras Mloke



BBEAEHUE

3necb He Oyaer obcyxaaTbcsi HeoOXOAMMOCTb Ipe-
nogaBaHus reoMeTpuu *), nmpeiMeToM HaUIero HCCJeI0-
paHusl Oyaer JHWb cnocol ee NpenogaBaHud.

B Hacroflee BpemMsl B pasHBIX CTpaHax cyllecrByer
6oJjiee UJIN MeHee elHHOe MHEHHe MO CJAeAYIOUIHM ABYM
OCHOBHBIM BOMpOCaM:

1. IlpenonaBanue TreoMeTpHd B MJAAWHUX KJjaccax
IIKOJIbl He MOXKeT OCHOBbIBaTbcsl Ha Aedaykunu. Owno
JOJM)KHO ObITb OCHOBAaHO Ha HaOJIOJAEHHH; €ro 1eJblo
sipJsieTcsl BbipaboTKa (yHAaMeHTaJbHBIX TNOHATHII, Oa-
3HPYIOLLMXCS Ha OMBITE.

2. Camblit 3JeraHTHBIH, TayOoKHiT 1 ObICTPBIA CIo-
co06 ompegeNeHHsl TJOCKOCTH (M/IM TNpocTpaHcTBa) M5
MaTeMaTHKa — 3TO OMNpefejneHHe ee KaK JBYMepPHOro
(TpexMepHOro) BeKTOpPHOTO MpocTpaHcTBa naia R, cHad-
JKEHHOro CKaJsipHbIM TNPOHU3BEJeHHeM, T. €. CHMMEeTpHu-
HOil OuaHHelHO# (OpMOR u - v, TaKoi, uto u-u >0 nis
moboro Bekropa u % 0. Kpome TOro, 1mMeHHO 3TO onpe-
jgeJeHde HawaydymwiimM o6pa3oM MOJArOTOBJEHO IJf IJ0-
JOTBOPHBLIX 0000uienuii (npocrpancrtda R", C", ruib-
GepToOBO MPOCTPAHCTBO H T. 1.).

[To cBuzeTebCTBY MHOTHX HpernojasaTte’eil cTapLiux
K/J1aCCOB CpelHell IWIKOJbI, M3 HX OnbiTa CJelyer, HUTo
3THM onpejiejeHueM MOTYT BecbMa 3((HeKTHBHO MOJb-
30BaThcA YK€ YUEHUKH BBIMYCKHBIX KJaccoB (B BO3pa-
cre 17 user), oBaajeBliHe NPEABAPHTEJIbHO TMOHATHEM
cKkansipaoro npoussejaenusi. Taxoit meron obecredusiBaer

*) B nocjegHue roabl B pasHLIX CTpalax MHpa HEOAHOKPaTHO
pasaaBaJicb roJioca, NpejJaraiollie BOBCE OTKasaTbCsi OT mperoja-
BallHsl TeOMETPUH B CTAPWIMX Kaaccax cpejHell WKO Tbl.
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B 3TOM KJAacce BHAYHTEJNbHYIO 5KOHOMHIO MbIIIEHHS H
COBEPUICHHO €CTEeCTBEHHO NMPUBOAHT K J0KA3ATENbCTBAM,
OCHOBAHHBIM H& METOAaX, NPeJCTaBJSIOUINX pPeabHBIA
HHTepec. B To ke BpeMs Takas MeTOAHKa OKa3biBaeT
HEOUEHHMYIO MOMOIlb TpenojaBaTenio (GH3HKH, TaK Kak
OHa 103BOJSIET HAKOHEL-TO NMPaBHIBHO BBECTH H H3Y4YHTb
Takdle NMOHATHS, KakK paboTa, LUEHTP TSKeCTH, paBHONeM-
CTBYIOLLAS CHJI. .

[Tpo6aema cranoButcst Menee mpocTofi, Korga peub
3aXOJHT O JeTsX MNPOMEeKYTOUHOrO BO3pPacTa, CKaxeM
0 moapoctkax ot 13 no 16 ser. B stom Bospacre neru
HaUWHAIOT MOHMMAaTb, YTO TaKoe J0Ka3aTelbCTBO; Yy He-
KOTOpbLIX M3 HHX MPOOysKJaaeTcsl HacTosulas Kaxnaa Jo-
- THKH, [TOKa3bIBalollasl, 4TO NPHILJIO BpeMs BCepbe3 MNpH-
CTYNHTb K HeAYKTHBHBIM paccyxaeHusM. CJeloBaTelb-
HO, 3Jecb HaAO0 BLIAEJHTb KaKHe-TO  (pParMeHThl,
TIOCTpOeHHbIe JeJyKTHBHO C TOUHBIM YKa3aHHeM MPeAmo-
“ CbIJIOK BCeX BbIBOJOB.

- TMostomy ocoGenno BaxkHO, 4TOOBI YUHTedb, HMeO-
HIH* ReJIO ¢ YyYalUMHCST 3TOro BO3pacra, BJajesl MApH-
BONHMOl HHXKe NOJHON akcHoMaTHKoil reomerpud. Kpo-
‘M€ TOTO, MHOTOYHC/IEHHble 3KCIepUMEeHThl MOKa3aJH, 4To
‘HEKOTOpble JeTH onpejeseHHo 001a1a10T BKYCOM K CTpO-
FOil feayxumit: MaTeMaTHKa KaXeTcsl HM WTPOIl €O CTpO-
«THMH [IpaBH/IaMH, H UM OUeHb HPABHTCSl UIpaTb B 3Ty
urpy, cobmonas Bce ee npasuja. C/enoBaTe/lbHO, HaM
H&I0 HAHTH NMPOCTYIO aKCHOMATHKY C aKCHOMaMH, KO-
TOpble Oblin Obl CUAbHGIMU, T. €. TO3BOJAIOIIMMH OYeHb
ObICTPO BBIBOAHTL HEOUEBHAHBIE TEOPeMbl, H UHTYUTUBHO
ACHbIMU, T. €. NPENCTABJSIOUIHMHE CBOMCTBA OKPYXKAIO-
lero Hac ‘apocrpaHcTBa B (opMe, KoTopas RomycKaer
npOCTyro npoBepky. -

+ To, uT0 akcHOMBl NpH 3TOM He GYyAyT He3asucu-
MbiMU, He CTOJIb CYUIECTBEHHO, XOTSl He XOTeJochb Obl
HCXOIHTB ‘M3 CJAMLIKOM OOJNBLIOTO YHUCAA aKCHOM, Kak
379 “NpeAsaraloT HeKOTOphle NPENOAaBaTeNH: MAaTeMAaTH-
YecKas: €Hrpa» ¢ OueHb GOMILUIMM' UHCJAOM NMPABHJ CTAHO-
BHTCS CJIOJKHOM M yTPauWBaeT CBOIO YETKOCTb M Olpefc-
JNIeHHOCTD. |, ;. ,

Xopomo H3BECTHO, uTO «aKcHOMaTiKa» EBKauga e
oTBeuaeT GoJblie HAWIHM TPeGOBAHHAM JOTHYECKONH TOY-
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HOCTH;, TO e caMoe MOXKHO CKa3aTb O JYYIUHX aKCHO-
MaTHKAaX, BCTPEUaIOLUXCA B HIKOJMBHBIX yueOHHKaX, XOTH
B MOCJAe[HHX N3JaHUAX 3THX YyueOHHKOB 3aMeTHBl YCH-
Jusl, Hanpas/JcHHble Ha HX COBepLIEHCTBOBAHHE.

Hasectrro, uto ['napbepT HCKAIOUHI JIIIHHE aKCHOMBI
H3 axcuoMaTinki EBkanga u po6aBua  HepocTaiollye,
1IpeBpaTHB eCc B JIOTHYeCKH YJIOBJETBOPHTEJLHYIO CH-
cremy. Oanaxko npenojaBaHue 3JeMeHTapHOIl MaTeMma-
THKH He OBIO €ro OCHOBHBIM 3aHATHeM; pa3paboTka
3JeMeHTapnelX GOpMaabHBIX TNOHATHH, OCHOBaHHas Ha
ero akcuomartike (cM., HanpuMep, «Paunonanpnyio reo-
MeTpuio» XaJdbcTega*)) Takke Majo NPHCNOCOD-
JeHa s NpenojaBaHus.

Akciiomatuka EBkanaa — [uabbepra OCHOB283 Ha
NOHATHAX AJHHBI, YIJa, TpeyrodbHuka. Ilpu 37om Boryoe
HO CKpbIBaeTcsi BeKTOpHasl CTPYKTypa nPocEy2iier
npuyemM O TaKOH CTeleHH, YTO MHOTHC BeKS HOHATY
BEKTOpPa OCTABaJOCh HEH3BECTHHIM. 10T dayT, ¥ie THew
VIOABHHK €CTh <«IMOJYNapasaeJorpaa My, HWCKOAbKD I3
MelaJ B TedeHHe OoJjiee yeM ARAAL2TH BEKOB YIeAAT:
OCHOBHOE BHHMaHHe JOCKOHAJbHOMY H3YUEEAK) ChUICTE
BBICOT, MeaHall, MeaHaTpuc **) | OHCCeKTPHC THEY T d:fbe
HHKOB, YCJOBHSIM DaBCHCTBA TPEYroJbHHKOBR W MzijHdes
CKHM COOTHOIUEHHAM B TpeyronabHHKe. B 5:.:Gse Beeit
reOMeTpUH JezxKaJs TPeyroJbHHK, a He DapadlesorpaMM,
KOTOpHIH Mor Obl Jerko MPHBECTH I' NOHATHIO BEKTOpa.

Ko#Heuno, TpeyroibHHK BCeraa COXPaHHT 3a co0oi
JIOCTOliHOe MecTo, noJaraiolieecss eMy B CHJY TOTO, 4YTO
3TO NMPOCTEHUTHI TIJIOCKHI MHOTOYTOJBHIK H 4TO BCSKHI
TPEyrobHHK oOnpepe]sieT NJIOCKOCTh H MPHTOM TOJbKO
oany. Ho najgo peminresbHo CAepsKliBaTb pasBHTHC H3-
BPAUICHHOTO BKYCa K H3YUCHMIO 3aMeuaTeJbHbLIX TOUEK
TPCYFOJIbHUKA H NOAYAC 3JeFaHTHbIX, HO cOBepleno 6ec-
HOJIe3HBIX CTO MeTPHUECKHX CBOHCTB.

Mbl [0JKHBL OTAATH NpeanouyTeHHe MeTonaM, OCHO-
BaHHBIM Ha (yHIZAMeHTaJbHBIX  IIOHSITHSX, = BBIKPH-
CTaJJK30BaBUNXCA 3a JABajiuaTh  BEKOB ;. Pa3BHTHA

|1

*) Cm. [3]; cp. Taxze sjaeMenTapublil yueOunk [44].
**) To ecTb mneprneniukyJsipoB, BOCCTAHOBIGHHBIX K cwpouau
TPEYTONbHUKE B HX CEPeLHHAK. o
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MaTeMaTHKH: MOHSATHAX MHOXKECTBA, OTHOLICHHH 3JKBHBA-
JICHTHOCTH H TNOPsAJAKA, anreGpaHyeCKHX 3aKOHaX, BEKTOP-
HOM [IPOCTPAHCTBE, CHMMETDHH M FeOMeTpDHYECKHX HpcC-
00pasoBaHusX.

DTH MeTOAb He TOJbKO [03BOSAIOT HA OYEHb PAHHHX
CTalusX HCHQJbL30BAThb NpocThle W 3(Q(QeKTHBHHE cpel-
cTBa anare0phbl, NpUBeAd TakuM oOpas3oM K cBoeaOpa3HOI
3KOHOMHH YMCTBEHHBIX YyCHJMH, HO, npeamnosaras ob6pa-
HieHHe K (yHIaMeHTaJbHbIM MOHATHS M, OHH, KPOME TOrO,
Pa30BbIOT MbICAHTE/bHbIE CIOCOOHOCTH HAWIHX YUEHHKOB
U MOArOTOBAT MX TeM caMbiM K Oyaylleil pabote.

Hanpasasiowasn udes, sedywjas K xopouieid akcuo-
Maruke

Kak nocTpontb cucTeMy, YROBJETBOPAIOLLYIO HallHM
TpeboBaHuaM? XorteJocb Obl, uTOOB. B 3TOH CHCTeMe
ObLA0 'yIOGHO BbISIBUTH BEKTOPHYIO CTPYKTYpPY- HPQCTpaH-
CTBa, PaBHO KaK U CyLeCTBOBaHHe M CBOHCTBA CKaJsp-
Horo mnpousBedeHusi. CiexoBaTesJbHO, CHTYyaUHIO MOXKHO
pe3loMHpPOBATh CJAeAYIOLHM 00pa3oM: ceroiHs Mbl BJa-
[leeM MpPOCTHIM «L{@PCKHM MyTeM» B FeoMeTpHio *), Beay-
UIHM yepe3 ~MOHATHA = «BEKTOPHOTO TIPOCTPAHCTBAa» H
-«CKaJ/IipHOTO MPOH3BeNEHHS»; QNHAKO 3THMH HOHATHAMH
HeJIb3sl «OBJAJETb .IITypMOM», Ge3 BCAKOH MOJAFOTOBKH,
0cO0eHHO B TOM BO3pacre, KOTJa Yy YydYeHHKa elle He
coBceM chopMUpoBaNOCh MOHSTHe aArebpanyeckolt ore-
pauud. TeM He MeHee 5TH MOHATHS OYAYT CAYXKHTb HaM
TyTeBOAHOH HUTbIO. Mbl mnonbiTaemcs, uaberas H3JH-
HIeCTB, TaK 0JeTh caM 7o cebe COBEpIIEHHBIH, HO. CJHMLI-
KOM aOCTpaKkTHbIfi A pebeHKa JIOTHYECKHH KapkKac,
uyto0Bl OH [IPeBpPaTHJICA B HEUTO 3HAKOMOe H MpHBET-
JIHBOE.

[Tpoana/an3upyemM KpaTKo OCHOBHbie MOHSATHS:

a) TloHsiTHe BEKTOPHOTO MPOCTPAHCTBA CYLIECTBEHHO
OMUpaeTcst Ha MOHSITHE CJOKEeHH A — KaK CA0KeHHd
ToueKk mpsiMofi (uucea!), TaK U CJAOKEHHS BEKTOPOB; 3TO

*) 3aech- HMeeTCsl B Biy H3BECTHbIA HCTOpHUECKHIT. aHEKAOT,
corqacHo KoTopomy EBKama siKoBw OTBeTHJI: Baactuteato Erumra
Fronemelo, o6paTuBlIeMycs: K, HeMy ¢ PocbGoi .0 cKopeumeM H3J10-
JKelllll OCHOB reoMeTpin: «B reoMeTpiio HeT WAPCKOrO AyTH».
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nocie[lHee CBOJAMTCA K MOHATHIO MapaJaJaenorpam-
M a, HIH ‘K TIOHSITHIO CepeIHHDBl Napbl ToYek *).

'b) CkanspHOe NpoHu3BeJeHHEe BEKTOPOB €CThb O .1 H-
HelflHas CcUMMeTpHYecKas (QyHKuus, NepBoe
(«OunuHeltHasi») CBA3aHO ¢ OCOOOH pPOJBIO CJOXKEHHS;
HeJIb35i MTCHOPHPOBATH TaKxKe HOBOe MNOHSTHE — CHMMeT-
pHio, 6e3 KOTOpPOit HaM He OBOMATHCH.

¢) CkaasipHoe NMpoOH3BeJeHHe MO 0K UTETbHO (11K
10.107KHTeTbHO OTpe/ieJeHHO) B TOM CMbicJe, YTo u-u >0
nasi Bcex u = 0.

Taxkum o6pasom, HaM MNpeACTOUT CTPOHMTH Hally
aKCHOMATHKY Ha OCHOBe aOOUTUBHOL CTPYKTYpoL Tps-
MOH, HApPANNeAbHOCTY U CUMMETPULL.

Bo Bcex yyeGHHKaxX 3JeMeHTapHOH reOMeTPHH HCIOJb-
3yeTcsi MOHsITHE CHMMETPHH — HHKTO He 3HaeT, Kak 0ea
Hee OOONTHCH, — HO pEIKO KTO BBOAHMT 3TO TMOHATHE
B akcHomatuky **¥); B peay’abTaTe cTpoTast CHCTeMa
aKCHOM oOcCTaercsl HeyHOBJETBODHUTENbHOI, a ee aBTOpPbI
JHIIAIOTCSE MOLLHOTO OPYIKHA. :

Muorue npenojaBaTesH M0JaraiwT, YTO NOHSATHE CHM-
MeTPHH BecbMa CJOXKHO, W MNpPHYYaioT CBOHX YUEHHKOB
CHCTEMATHUYECKH TMOJb30BaTbCs NpPH3HAKAMH paBEeHCTBA
TPEYroJbHHKOB, faxKe B TeX cJayyasx, KOTJa OYeBHAHAs
CHMMETpHSi NO3BOJISIET pPeLIHTh 3afayy OYeHb ObICTPO.
C 3T0fi GOSI3HBIO CHMMETpPHH CJelyeT BcsueckH OOpOThb-
cfl; C caMOTo Hauaja CHMMETPHH CJELyeT MO 3aciayram
OTBECTH MOYETHOE MEeCTO.

Hawm ocraercst OTpasuTh B Hallleil aKCHOMATHKe 71040+
MCUTeAbHOCT cKaJsipHoro npousBesnenus. Ona npeinoda-
raeT ymopsiiOYeHHOCTb TMOJs1 CKaJspoB, UTO BHIPa3uTCA

*) 3jech HMeeTcs B BHAY CyUIECTBOBAaHHe JBYX Ompejedeniit
cymmpr BektopoB @ = OA u b = OB.

1° OA + 0B =0C& 0, A, C, B — BeplinHb napajieorpam-
Ma (370 ompejiesieHne He Hmeer cmbicaa, ecan O, A, B — Touxu 0ano#
npsiMoil; Ha 9TOT cayuail OHO pacrmpocTpanserca no TPaH3UTHBIIOCTH) ;

2° 04 + OB = 0C&cepeaunst nap (4, B) u (0, C) copnaaaiory
HapsAAy C HAMM CYILECTBYeT €Hle H TP € Tbe Onpeje/cHHe:

3° AB + BC = AC. '

**) Cp. ¢ kuuroit Baxmana [20] (cM., B UaCTHOCTH, BCTYITHTEIb-
Y10 CTaThi0 PeaKTOpa PYCCKOrO HepeBoja ITOil: KHilrif). o
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aKCHOMOIl mTopsjaKa = Ha MHOMKECTBE TOYEK HMpaMOil.
Ho Kpome Toro moJioxkuresdbHasi ONpefei€HHOCTh MO3BO-
JsfeT 3alaTb HEKOTOPYl0 HODMY B NPOCTpaHCTBE H, cle-
JIOBaTe/abHO, HEKOTOpPOe paccTOsiHHe, YJOBJETBOpsAiOliiee
HepaBeHCTBY TpeyroJbHHKa. BeITh MoKer, HaM NPHAETCS
BBECTH B COCTaB aKCHOM 3TO HepaBeHCTBO, €CJH OKa-
JKeTcsd, 4TO APYTHe aKCcHOMBI HeJOCTaTOUHO CHJBHBI, YTO-
Gbl 00ecneyuTb ero.

Huxke Oyaer mnocTpoeHa HeKOTopasd aKCHOMATHKA,
6asupyrollasics Ha YKaszaHHbIX NpHHUHNAX. MeTpHyeckne
MOHATHS B Hefl TLlATeJbHO OTHe/IeHbl OT AOHATHA ad-
(OUHHBIX; MePBBIX aKCHOM JOCTAaTOYHO AJISi TIOJIHOrO M3Y-
YeHHs BEKTOPHON CTPYKTYpbl MJOCKOCTH HJH IPOCTpaH-
ctBal).

[To-BHAHMOMY, aKCHOMBl HHUHIEHTHOCTH I H akcHombl
nopsiaka Il mo/kHBI GUrypHpOBaTh BO BCAKON pasyMHOM
aKcHOMaTHKe MJOCKOCTH. §1 mpoiny oOpaTHTh BHHMaHHE
Ha aKCHOMY HHIHASHTHOCTH Ip, KOoTOpas YyTBepXKaaer,
yTQ yepes JOOYIO TOUKY NMPOXOAHT MpsAMasi, Hapajiiefib-
Hasl JaHHOI MpsAMOil, u MPUTOM TOJBKO oAHa. B mocry-
nate EBkauga yTBep:KiaeTcs eAMHCTBEHHOCTb Hapast-
JIeTbHOI; CYLIeCTBOBaHHE Ke ee MoxKeT ObiTh H0Ka3aHo
C TMOMOLUbI0 APYIHX aKcHoM. §I mosaraio, uto oObeiuHe-
HHe B OJAHOIl aKCHOMe YTBep:XKJEeHHIl O CYLIEeCTBOBAHHH H
€[MICTBEHHOCTH Upe3BblyaliHO ynpollaeT TOCTPoeHHe
reoMeTpuH H 4TO, C JPYyroil CTOPOHBI, OUeHb HEeMHOTHe
JIeTH MoJoX<e 16 JleT MOryT <«IOUyBCTBOBaTb» JOKasa-
TeNbCTBO CYIECTBOBAHHA, IOCKOJbKY CYyLleCTBOBaHHe
napaJ/iieJbHbBIX JIpeicTaB/fgeTcss MM 10 Kpaiihed Mepe
CTOJIb K€ IKCIEePHMEHTaJbHO fACHBIM, KaK H eLIHCTBeH-
HOCTb.

CHayaJa f1 CTPOIO aKCHOMATHKY MJOCKOCTH; HECKOJlb-
KO HOMOJIHUTENbHBIX AKCHOM TMO3BOJAT BINOCJEACTBHH
CYeHb MpPOCTO onpefeautb a(@HUHHYIO H MeTPHYECKYIO
CTPYKTypY NpOCTpaHCTBa.

1) BnepBble 3Ta axciomaTHka Obl1a npenctasiena B 1959 r.
na cemutiape OECE B Pyaomorne. B npusoxedun st npuBoXy HaGpo-
COK BTODOH AKCHOMATHKH, B KOT@POIl Tri1aBias poJb OTBOAHTCA Me-
TPHYECKHM CBOMCTBAaM ILIOCKOCTIL M OGeBbIM CHMMETPHAM.
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AKcHOMaTHKa IJIOCKOCTH CTPOMTCAl 10 CJeayloiied
CXeMe: MJIOCKOCTb €CTb HEKOTOpOe MHOXKECTBO, ONpele-
JICHHbIe TOJAMHOK €eCTBa KOTOPOro Ha3blBalOTCs Mpsi-
MbiMH. Ha Kaxoil npsMoii 3ajana onpeaesennas CTpyK-
Typa nopsjika u HeKoropas aJjrebpanueckas CTPyKTypa.
JJis Kamaolt npsMoit 3TH JBe CTPYKTYPBl CBA3aHBI M-
Ay cobofi aKCHOMOH COBMECTHMOCTH. Kpowme Toro, crpyk-
TYpbl pa3/IMUHBIX NPAMBIX CBA3aHBI MexAy co6oil cooT-
BETCTBYIOIIHMH aKCHOMaMH. 3aTO aKCHOMBbI HHLHJAEHTHO-
CTH He CBfI3aHbl €O CTPYKTYPOil MNpPAMBIX: OHH MPOCTO
YTOUHSIIOT CTENEHb «Pa3pekeHHOCTH» MPSIMBIX W map na-
paJsienbHbIX. Mbl YBHIUM, UTO TOJNBKO H3 OJHHX aKCHOM
rpynn I u Il MOXKHO BBIBECTH MHOTHe CBOIiCTBa, OObINEO
CYHTalolleca CBSI3AHHBIMH ¢ adQPHHHOI HJIH MeTplive-
CKOH CTPYKTYPOIl MIOCKOCTH.

Poab uucea s eeomerpuu

ﬂpeBHl/le TPeKH O4YeHb HOJIT0 He 3Ha/JM O CYUWCCTBO-
BaHUH KaKHX-THOO qHuceJs, OTJMHYHBIX OT pallHOHaJdbHBIX,
n JAaxe 1mocje UX 3HaMEHUTOI'O OTKPBITISA HppanHoHaJb-

HOCTH uyucaa )/ 2 oHH He npuUIM K OOLIEMY NOHATHIO
Yhcna: YHCJO BCerja OCTaBajoch MJAS HHX CBS3aHHBIM
¢ reomerpueil. ITocsenoBarenu Epkaupa, neitTasch AoBe-
CTH JO COBEpLIEHCTBA ero TBOPEHUE, OTTOUMJIH «HCUHC-
JIeHHE OTPEe3KOB», KOTOpOe TMO3BOJSET, XOTS H C 060Jb-
IAM TPYAOM, BBIIBUTH CTPYKTYPY IMOJSI Ha MHOMKCCTBE
YHCEeJ, HCXO[s U3 TeOMEeTPHUH IJOCKOCTH *). Mbl He m0.-
XKHbl HHKOMM 00pa3oM MOBTOpATh 3Ty omubKy. Kak
MOXHO paHblile pefeHOK HOJKeH MOJYYHTb MpeacTaBJe-
HHe 0 MHOXKeCTBe R 4uces Kak 0 JUHEHHO ymopsigoveli-
HOM II0JIe: IPYTHMH CJOBaMH, OH JOJ/KEH OCO3HATh, UTO
B npollecce cueTa OH M3 BCEX CBOHCTB CJ0XKEHHS M yMIO-
KEHHS HCIOJb3yeT JHIIb HeOOJbIIOe YHCIO CBOMCTB, KO-
TOpble MaTeMATHKH Ha3blBAIOT aKCHOMaMH JHHEHHO ymo-
pPAAOYEHHOTO TOJS.

[Tosanee, ecin 370 noTpebyercs, OH BOCTOJB3YeTCst
akciomolt Apxumena (Hanpumep, B ¢popMme: «Jlas Bes-
KOTO 4uCJla CYUIeCTBYeT MakOpHpYIOlliee ero lesoe YHc-
Jo»), Hau OoJiee CHJIbHOH AKCHOMOW HenpepbiBHOCTH

*) Cp. Tuav6&epr |2}, cm, B yactHOCTH, § 15 U caea
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(nanpumMep, B ¢opme: «Bcsikoe orpaHHueHHOE MOAMHO-
}ecTBo MHOxkecTBa R o0/ajaer HaHMeHblIell Ma)KOpaH-
TOI»). ' S

Koneuno, nsyueHue aare6panueckofi CTPYKTypbl omne-
pauHil MOXKeT GbITh MPOHJUIOCTPUPOBAHO Ha NPSIMOIL; HO
TpH 3TOM He JOJIXXHA 3aTParHBaTbCsl reoMeTpHsA IJIOCKO-
cru. CaeayeT cOBepLIEHHO HCK/IOUHTb OOpalleHHe K
HCUHCJEHHIO OTPE3KOB, HCIOJb3YIOUEMY B MNPHMeHEHHH
K OTpesKaM NpsIMbIX (UHC/laM) pasBepHyTble NOCTPOE-
HHS TeOMeTPHH IIOCKOCTH: TNapaJljiesibHble, CeKYUIHe,
HHOTAA Jaxe MeprneHIuKyasaphl.



rJABA |

AKCHOMbIl MHUMAEHTHOCTH
N AKCHOMBI MOPSKA

§ 1. NIPAMBIE H NMAPAJIJIEJIbHBIE

1. Crpyktypa naockoecru

[lnockocTs ectb MHOMXeCTBO, 0603HauaeMoe uepes II,
Ha KOTOpOM ompejiesieHa HEKOTOpas CTPyKTypa IyTeM
3ajlaHus cHCTeMbl &) MOJAMHOXKECTB MHOXKecTBa Il, Ha3bi-
BaeMbIx npamoimu. Ha kaxpoit npsamoil B cBoio ouepein
Sajlana HeKOoTOpas CTPYKTypa, KOTOpas TOUHO oOmpejie-
JACTCA  aKCHOMAaMH; CTPYKTYPbl DasjHuHBIX MNPAMBIX
CBA3aHBL MeXAy co06Of C MNOMOWIBIO APYroil FpPYyMMbl
4KCHOM, KOTOpble MOXKHO Ha3BaTb aKCHOMAMH I e-
pexona.

st npocTOTbl M3/0XKEHHSA MOCTaBHM nepBoi  cJae-
AYIOULYI0 aKCHOMY:

Akcuoma 0. [laockocto codeprcur no kpaiineii mepe
dse npamoie, u Kamdas npamas codepmur no kpained
Mepe 0se Touku.

Mbl npunucanu stofi akcnome Homep 0, MOTOMY 4TO
ee MOXHO Oyner BbIBecTH M3 akcHomml 111, ruaacsuiefl,
dTO BCsiKast npsAMas COAEPKHT 110 KpaiiHeil Mepe nBe
TOYKH, M akKcHoMbl IV,, rmacsiei, 4to mnJaockocTbh co-
AEPXKHT MO KpaiiHeil mepe aBe mpsmble. Takum o6pasowm,
akcnoma 0 ecTb caencTBHe MAYIMX 33 Heii aKCIOM, HO
113J10’K€HHE BBIMT'PBIBAET OT TOrO, UYTO Mbl OyieM HCIOJb-
30BaTh €e C CaMOro HayaJja.

Jast Toro uTo6Hl HAM GbLIO y1OGHee GOpMYAHPOBATH
CJIeIYIOLIYI0O aKCHOMY, BBeIEeM

Onpeaeaeaue 1.1, Tesopsar, uro ase npsivvic A, B
niockoctd Il naparseasnor (u anwyr A||B), ecin anco
A = B, 6o ANB == 0.

2*
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Bo MHOrHX yueGHHKAX [apajuielbHOCTb ONpeAeaeTcs
ogee y3ko ycaopuem A () B-=@; 370 NPUBOAUT K yCa0HK-
HEHHIO f3blKa W 3aTylleBbiBaeT TOT (akT, 4TO 3JAeCh
HMEeT MeCTO - OTHOLIeHHe SKBHBAJIeHTHOCTH, C KOTOPbIM
Mbl CKOpO CTOJIKHEMCs. YiKe ceffyac OTMETHM, uTO, KaK
c/leflyeT M3 caMoro OfpejeneHusi, napasjelbHOCTb €CTb
cHMMeTpHUHOe N pedaeKcHBHOE OHHApHOE OTHOIICHHE Ha
MHOXKeCTBe 2D MPSAMbIX.

Ham 6yger yno0HO MO0Jb30BaThCs caeaylomelt Tep-
MHHOJIOTHel:

ToBopsAT, UTO ABe MpAMble nMepecekampTcd, ecan
WX [MepeceyeHHe B TEOPETHKO-MHOZKECTBEHHOM CMBIC/E
COAepKHUT eMHCTBEHHYIO TOUKY.

Tosopar, uto npaMas D nmpoXxoauT uepes TOUKYy 4,
ecin a D.

[oBOpPAT, UTO TOYKH [iOMHOKECTBA X wmuoxecrsa Il
KOJJHHEAapHDl, €I cyluecTByer npsmas, colepia-
mas X.

2. AKCMOMBI MHLHIAEHTHOCTV

AkcuoMa 1. Has awoboi naper (x,Yy) Ppasaudrolx
TO4eK NAOCKOCTU CyujecTéyer npamas, u Npurom edun-
CT@eHHAA, coOepxutawan 3Tu TOUKU.

Axcuoma Iy, Has aoboii npamoi D u awboil T04-
KU X cyujectsyeT NpAmas, i npurom eduHcT8enHan, na-
pannresvras D u npoxodawan 4epes X.

Ilast Besikoit mapbl (X, y) PasaH4HBIX TOUYEK IIOCKO-
ctu II Gynem 06o3HauaTh MPAMYIO, MPOXOASILLYIO Uepe3
3TH TOUKH, CHMBOJIOM A(x,y).

““B coorBereTBuM ¢ ‘aKcuoMmoil I, aBe mpsaMble JHOO
nepecekatorcs, Ju00 mapanjesnphbl, HO HE TO H npyroe
spmecte *) Pt : -

Tlpeinoxeing~ 2.1, "OrHowenué napariesbroct
eCTb OTHOULCHUE IKBUBANEHTHOCTU HA D. ’

PR
AN Nty

*) '[ipe’ pasHple’ MpAMLIe He MOTYT HMeTh dge ofuwue: TOUKH B
cuay akcuombl Ia. i



§ 1. Hpaneie u napasrseavHoe 2i

IleiicTBUTEIbHO, KAK MBI yiKe 3HaeM, 3TO OTHOLIEHHE
CHMMEeTPHUYHO M pe(JIeKCHBHO, OCTacTcsl M0Ka3aThk, 4TO
ono TtpausurusHo. Ilycts AlB u B||C. Ecan ANC = 9,
1o u AlC; B upotusrom cayuae A u C napannensus B
H cojJiepiKaT oOLLYI0 TOYKY — cJaefoBaTeabio, A = C, or-
KyJa onarb nogayuaem, uro Al|C.

HM3BecTHO, YTO €O BCAKHM OTHOIIEHHEM 3KBHBaJjelT-
Hoct R ma nexoropom mHoxkecTse E cBsisano pasGie-
HHE 3TOr0 MHOYKeCTBA Ha KJAaCChl 2KBHBAaJeHT-
HOCTH, KOTOpble SIBJAIOTCA 3JeMEHTaMH HEKOTOPOro
HOBOTO MHOKecTBa, oBo3Hauaemoro uepes E/R; Boc-
NOJIb3yeMCsl STHM A5 CJeIYIOLLEero onpeaeseHus.

Onpenenenne 2.2. Kmaccel 2KBHBaJIGHTHOCTH Ha MHO-
xecrse 2D, I1OPOK/AeHHBle OTHOLIEHHEM MapaJ/enbHo-
CTH, Ha3bIBAIOTCS HANPABACHUAMIL, KJACC SKBUBAJEHTHO-
CTH, KOTODOMY MNpHHaLJexXHT Hnpamas D, HasbiBaeTcs
rnanpasaernuem npamoi D,

Torza tor ¢akr, uTO mBe mNpsAMBle napajJeabHbl,
MOXHO BBIDa3uThb HHAaye, CKasaB, UYTO OHH HMEIOT OJNHO
H To e HampasjedHe. Uepes BCAKYIO TOUKY NPOXOAHT
leKOTOpas mpsiMas HNAaHHOTO HampaBJeHHS, H TPHTOM
TOJNILKO OJHa.

Ha pucynkax wacro ymo6Ho yKkasbiBaTh HampabJe-
HHe § 3ajaHueM OJIHOIl W3 MpPSIMBLIX HampaBJelus o.

IMeepnoxennr 2.3, g ecaxod npasoii D dono.ine-
nue £ D ne nycro.

IlokasaTEnbctBo.  Ilycth D’ — nekotopasi npamasi,
oriinuHas ot D. Ecau D'||D, 1o nononnenue K D comep-
kut D’. Ecin D u D’ nepecekatoresi, To mycTh @ — HX
oblias ToYKa, TOrJa CYyUIeCTBYeT Takas Touka x < D,
uto X #* a (akcuoma 0); mpu stom xe&& D.

OTH 1Ba cayuas HCUEPNBIBAIOT A0KA3aTeJbCTBO Hpei-
JoxkeHusa 2.3.

[Teennoxenne 2.4. fTycre D — nexkotopas npamas, u
nycry aeg D (cremoBaTenbHo, A5l Beex x D npsmas
A(a, x) onpeaesnsiercsl 0AHO3HAYHO).
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““Orobpamenue x.— A(a, X) MmHOKMCECTEA D '8 mnoorce-
cr60 9D ecTs Guexrugroe orobpaxcerue (6uexyus) MHO-
aecrsa D Ha MHONECTBO NPAMLLY, npoxooaLux uepes
TO4KY ‘a U He napainesbHolx npamoii D. : e

JIOKABATENLCTBO. DTO OTOOpa)KeHHe B3aUMHO OAHO-
3HAYHO, MOTOMY uTO BCAKas MpsiMas, npoxoasilas Hc-
pe3 a, BcTpeuaercs B %), W NPUTOM TOJIbKO OAHH pPas.
C napyroit CTOpOHB, BcAKas mpsMas A(a, x) nepece-
Kaercsi ¢ D; u Hao6opoT, BcAKas NpOxojasllas uyepes d H
nepecekaiouascs ¢ D npaMas nepecekaer ee B HEKOTO-
poii TOUKe X H, C/eJ0BaTeJbHO, HMEET gua A(a, X).

Caencreue 2.5. Cyugecreyer no Kpaiweid mepe TpU
HanpasAeHus. .

JleficTBATeNbHO (COXpPaHHM O00O3HAUEHHS MpelJoxe-
nus 2.4), D comepxur no KkpaiiHedl mepe IBE TOUKH;
cJle[loBaTeJbHO, Yepe3 @ MNpoXoAadr Mo KpaiiHeft Mepe
TpH TpsiMble: NpsMasi, napaJjjenbHasn D, n nBe npaMbie
A(a, x) (rne x& D).

[Teeanoxenne 2.6, [Tycre ©6— npoussoabroe Ha-
npasaenue U R — GurapHoe OTHOUIEHUE HA II, onpede-
Ademoe YCcAOGUEeM.

- (x ~ y), ecau cywecTeyer npAmMas Hanpagienus 9,
coleprauas X U Y.

Toeda R — oTHOUleHue 3KBUBANEHTHOCTU HA I, u Kaac-
“Col IKBUBANEHTHOCTU MO ITOMY OTHOULEHUO — 3TO ApPA-
Mole Hanpasaenus d.

. Jloka3aTesbCTBO. [lpsiMble HampaBJeHHs § o6pasyioT
pasbuedne P MHOXecCTBa I, MOCKOJIbKY, C ONHOH CTO-
pOibl, IBE TaKhe NpsiMble JHOO He mnepecekaiorcd, 1160
cOBMAjaloT, H C APYrofl CTOPOHBI, BCAKasg TOUKA MHO-
xecTBa Il MpHHALIEKHT KaKoi-HHOYIb npsiMOir Hampas-
Jtenusi &. Hakomel, AJas KaxXHOil TOYKH X MHOXKECTBO
Touek Y, TaKHX, 4TO X ~ Yy, €CTb He UTO HHOe, KaK
npsiMasn HanpapJeHus O, NpOXOAsulas Uepes Xy caeno-
BaTedbHO, AaHHOe OTHouieHHe R ecTb He HTO HHOE, Kak
OTHOWIEHHE . SKBUBAJEHTHOCTH, ~TOpOXKIaemMoe . pasbue-
nuem P. L
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3avmeuanne. CiheayeT YeTKO pasauuaThb OTHOLIe-
HHe [0apajicJbHOCTH, KOTOPOEe ABJSETCS OTHOLIEHHEM
9KBIBAJEHTIIOCTH Ha %), U TOJBKO YTO ONHCAHHOE OTHO-
uieniie R, KoTopoe fIB/AsieTCsl OTHOILEHHEM SKBHBAJelr-
wocti na I m KoTopoe, KpoMe TOro, 3aBHCHT OT BbIGOPA
Hanpas.JIcnus 8.

3. Kocas npoekuus

[Tycts D — nekotopast mpsimas n & — HeKoTOpoC na-
npapJjeHHe, OTJ/JHYHOE OT HampapleHus npsmoil D
(takoe § cyulecTByeT mno /
ciaenacreiio 2.5). Jlns Bes- )
Koil toukn m e Il npamas / ;
nanpas’enns 9, npoxoas- / /
uLast uepes /m, nepecekaer / om
D B HekoTOpOil  TOuKe / /
¢(m) (puc. 1). / /

Onrrgeaeuue 3.1. Oto- /
Opazkenie ¢ MHoxKectBa [T - J plm)
B MloxkecTBO D nasb-

BaeTcsl Kocoll npoeryuedi 11 Puc. 1

Ha D napaaaelbHo Hampa-

BJICHHIO O (NOCKOJNLKY & SIBJSIETCSE HanpaBJCHHEM lie-
Koropoii npamoit A 1 Bcex el mapaajenbHLX, TO ro-
BOPAT TaK/KC «napaJjJefbHOl MNpoekuHell B Hanpasfe-
HuI A»).

JIerko BiJeTh, YTO HENOABHMKHBIMH TOuKami oTobpa-
KCHHS @, T. C. TAKHMI TOUKAMH X, 4To ¢(X) = x, Gyayr
TOUKH npsiMoit D, 11 TONbKO OHH.

Haeen

¢{(h=D u ¢(D)=D.

Kocast npoexmist — 01110 3 oCHOBHLIX OpPYAHI, -
NO/Ib3YeMbIX B TeOMeTPHUECKHX J0KasaTeJbCTBax, RO
Mepe TOro Kak Mbl OyACM yBeJHUHBATL YHCJIO aKCHOM,
Oy1eT pacTi, Kak Mbl YBHIHMM, YHCAO CBOHCTB KOCOil
fIPOCKILHI.
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‘Muorna 6yner ya06HO Ha3biBaTb TaKike KOCOH MpOEK-
fueli orpaHMUeHHE KOCOH MPOEKLHH Ha HEKOTopoe MOA-
MHOMXecTBo MHOXKectBa II. S

Meennoxenue 3.2. MMycte A, B — dse npeusgoavtsie
npamvie u & — npoussoAbHOE HAnpasaeHue, OTAULHOE OT
nanpasaenuli 3Tux npamelx (Takoe HanpasjeHue cylue-
~ctByeT no caeactsuio 2.5). Kocaa npoexyus npamoti
Ha npamyio B naparsesvro § ecrv Ouexkyus mHOxCe-
crea A Ha mHoxcecTso B.

/ / / /
/ / /
A —X& L ',/ L
l / / /
/ / , /
/ / , /
J/ // / /,
Prx) / /; /
/ / p) /
a 6
Puc. 2.

Jloka3aTEABCTBO. [lycTh ¢ —Takas Kocas INpOeK-
1u7t;  0Ha B3aMMHO OJHO3HAUYHA, MOCKOJbKY eClIn X H
x’ — [iBe pasjiduHble TOYKH MPAMON A, 10 mpAMble Ha-
npapaedust 0, NpOXoAsuiHe uyepe3 3TH TOUKH, TaKike
pasNuuHbl H, CJel0BaTeNbHO, NMepecekanT MpsMylo Bs
JBYX pAasJMuHBIX Toukax @(x) H ¢(x’). Haxoney,
@ (A) = B, nocko/abky s BCSIKOH TOYKH Y NPAMON
npaAMas -HanpabieHus 8, mpoxoasulas uepes Y, mepece-
kaer npsMyio A B HEKOTOPOil TouKe X, U @(x) =Y.

OueBHaHO, KOCad TMPOEKLUHsl NpsMoil B Ha mpAMYIO A
napa/ieldbHo O eCTb He UTO HHOe Kak ¢~'.

CaenctBuE 3.3. MowrocTo scex npamolx (nodmno-
_owecta) - mroxcecra T svipaoxaercs OOHUM L Tem dice
KapOUHANbHOLM: 4UCAOM (3TO KapluHaNbHOE YHCIO Oyaer
'0603HAUATLCA UEPE3 or; OHO KOHEUHO W/H GECKOHEuHO B
a2BHCHMOCTH OT TOTO, KaKyio miockoctsb II Mbl uayuaem),
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3ameuanue. CHMMETPHUHOCTH poJeil npsivblx A
# B 1m0 OTHOWENHIO K KOCBIM MPOEKLIAM ¢ i ¢~' MOKHO
HOAYEPKHYTh C/IeIYIOUIHM (PAKTOM:

PasOueuiie MHoKecTBa I Ha mpsiMble HanpaBJaeHHA O
saedetT 3a coboif HeKoTOpoe pasfueHile MHOXKeCTBA
AUB, xkamablit KJIacc KOTOPOTO COJEPIKHT ABC TOUKH,
x 1 @(x),—oany na upsamoit A u apyryio Ha npaoii B
(puc. 2,a,0); 3TH TOUKH pa3J/HUHLL, 33 HCKIIOUCHIEM
rouxn X = ¢(x) =ANB (Mbl 3%ech paccmarpiiBaeM cly-
yaft, korga npamole A u B nepecekaiorcs).

4. Cucrema oceii

[Tycto Dy, Dy — aBe nepecekatoumecst npsivpie. QGo-
3uaulM vepes ¢ Kocylo npoekuuro Ha D) napansenno Dy
H uepes o — KOCyio npoexkuuio Ha D, napaanensHo Dy.

Haa modoit toukn me I touxku qi(m) u qo(m)
(puc. 3) naspipaioTcss COCTAaBJASIOUI UM U TOUKH /N
[0 OTHOUIENHIO K CHCTEMe ,
oceil D,, D, nepeceueHue ¢, (m)
npavbix D, u D, mnasbiBaer- LSS S LN
CH HayaJdoM CHCTEMB. /

Ka:xnoit mnape (my, ms) /
Touek maockoctn II, rae ;
mye Dy n imse Dy, cooTBeT- /
CcTBYeT eIHHCTBEeHIIad TouKa g
m njockocrn 1l, a8 Ko- / 1, (m)
TOpoit my = ¢ (m) w my; = /
= go(m); 3TO-—TOuKa Mepe- Puc. 3.
ceyeHHsl NpsaMoii, napaJJenb-
ot D, nm npoxoasuleil uepe3 m;, M OPSAMOM, napa.-
JAeapHoit D, u npoxoasiueil uepes ms OtoOpaxenue
m— (@ (m), g2(m)) ectb, chaenosatennblio, OHeKTHBHOE
otobpaxenrne mnoxkectsa Il wa MHOKecTBO-TIpoH3BENC-
nie Dy X Dos.

DT0 MOXKHO /10 1eKOTOpOil CTeleHH BbIpasHTb Tak:
(D), D) ectp penmep®) NI0CKOCTH, N KaKjias TOUKa

*y Moa «penepom» (OT (paHIy3cKOro cI0Ba repére — MeTKa,
3apy0GKa) [EKOTOPOro MioxKecrsa ajgementoB M B MmaTeMmaTHke mo-
HHMAIOT TeOMETPHUCCKHiI 00pa3, MO3BOJAAIOUHE 0XapaKTCPil3oBaThL
fo0KeHHe N0 OTHOWHINO K HeMy Kayk/A0ro sieMelita & wiowxe-
ctsa M onpeaedeniioil cicremoil wicea («xoopannatami» ).
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naockoctd Il onpenensiercs ABYMs CBOUMH COCTaBJSAIO-
LU MH. .

B uacTHOCTH, OTClOAA BbITEKaET YTO Kapxmnammoe
ypcsno mHoxectsa 11 (maockocTn) ectb a?—3TO coxpa-
HAeT CHJAY KaK AJd8 KOHEYHOro, Tak H AJsa OecKoHey-
HOro o

§ 2. AKCHOMbI NOPSAAKA

[TepBas akcHoMa nopsjaka BBOAHT MOPSAOK HA KaXK-
Ioil mpsaMoOil; BTOpas aKcMoOMa yCTaHaBJHBaeT CBA3b
MeXAY MOpSAKaMH Ha PasJHUHBIX NMPAMBIX.

5. CTpykTypa mopsiika Ha NPOH3BOJLHOH NpPAMOH

AkcuoMa Il,. C kamdod npamoi D csazausl dse
CTPYKTYpoL AUHE(HO20 nOpAdKa, NPOTUBONOAONHbIE Opye

opyey. :

dta akcuoMa cdopMyJHpPOBAHA CKATO, IOCKOJIbKY
npeanosaraercss H3BeCTHHIM MOHATHe JIHHEHAHOTO
NopsioHKa Ha MHOXecTBe. :

C -noMolLbI0 3TOM aKCHOMBI Ha MPSAMOH BBOAHMTCA
cpasy ABe CTPYKTYpHl MOPAJAKA; 3TO CBS3aHO C TeM, UYTO
Ha NpsAMOi He CylllecTBYeT HHKAaKOrO €CTeCTBEHHOro MpH-
3HaKa, Mo3BoJiMBLIero 6bl OTAATb MpPeANoYTeHHE OAHOMY
U3 3THX nopsinikoB. OueBHAHO, 3aflaHHe ONHOTO H3 3THX
NOpSIAKOB onpejenser Bropoil. MoxHo Obio Gbl u36e-
KaTb 00pallleHns K 3THM JIBYM MOpsAIKaM, paccMaTpuBas
BMECTO HHX TepHapHOe OTHOLIeHHe <«TOYKa X pacnoJo-
KeHa M e X 1y TOUKaMH y H 2», YAOBJETBOPSAIOIEe COOT-
BETCTBYIOItHM 06pa3oM MoAOOGpaHHLIM -aKCHOMaM; HO
TaKHM OTHOUIEHHEM CJIOKHEe M0/1b30BaThCs, UEM OTHOUIE-
HUEeM TopsiaKa, MOKeT ObITb H3-3a TOTO, YTO OHO Tep-
HapHoe.

Tepmuuoaorus. l. Beakyio npaMylo, Ha KOTOPOW
3alaH OJMH H3 CYLIECTBYIOLIMX Ha Heil ABYX MOPSALKOB,
Ha3bIBAIOT OPUEHTUPOBARHOU NPIAMOUL.

- 2. Hans Jnoébnc ABYX' Pa3HIUHBIX TOYEK- @, b -Bbtpame-
HUe «OpueHTUposanHas npamas A(a, b)» obGosnauaer
npamyio. A(a, b), opueHTHpOBaHHYIO TaK, uTo a < b.
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3. Ilns BcaKoil opueHTHpOBaHHOK npsmoit D u Besi-
KOH ToukM a & D MHOxecTBO {x:a < x} (COOTBETCTBEHHO
a < X) HasblBalOT OTKPOLIToIM (COOTBETCTBEHHO 3AMKHY-
TbLM) NOAONCUTEAbHbIM AYuOs (OPUEHTHPOBAHHON) nps-
moti D ¢ nauarom 6 Touke a. Buipaxenue «iyu D (a, b)»
c003HauaeT 1040 UTeAbHbUE Ny (OTKPBITHIL HAM 3aM-
KHYTbll) OpHEHTHpOBaHHOH mpsmoii A(a, b) ¢ mnauajiom
B TOUKE a.

4. Ilas mo6blX ABYX pPas3/HUHBIX TOUEK @, b MI0CKO-
cru II npamas A(a,b) onpeiensiercs eIHHCTBEHHBIM
06pa3oM; OTHOCHTeJIbHO O0OMX MOpPSIAKOB Ha 3TOi Mpsi-
Moit uHTepBaJgbl [a, b, Ja, b, [a, b[ coBnanaior; caenoBa-
TEJNbHO, 3TH 0003HAUEHHS] MMEIOT TOUHBIH CMBICT.

Haxonen, mjsi BCAKOH TOUKH @ MO CMBICAY HAUIMX
00603HaueHHull

la, al={a} wn Ja, a[=0.

Omnpenenenue 5.1. ToBopsat, uro noamuoxectso X
mHoxectBa Il soinyxao, ecanm past Bcex x,y & X nmeem
[x, y] < X.

Hanpumep, mHoxkectBo IT BBIIYKJO, Besikasi npsimasi,
BCAKHH J1yd U BCAKUH HHTEPBAJ — BBIYKJble MHOXKeCTBA;
Jpyrue BaKHble NPHMepbl Mbl CMOXE€M NPUBECTH HEMHOrO
nos:xe. Jlerko Bujaerb, YTO mepeceyeHue J0GOro cemeit-
crBa (X;) BBIIYKJIBIX TOAMHOXKeCTB MHoOXKecTBa Il ecTb
BbinyKJa0e MHOXkKecTBO. [lyctb Temepb A — npoussojibHOE
IIOJMHOZKeCTBO MHOzKecTBa II; CYLIECTBYIOT BBINYKbIE
MHOXeCTBa, copep:kauue A u ortauunsle ot 11; ux nepe-
ceyeHHe BbIMYKJO W ABJSETCS], OUEBHUIHO, HAHMEHbILIUM
BBIIYKJBIM MHOXKECTBOM, COfep:KaliuM A; ero Ha3biBaioT
BbIMYKJI0H 060, 04KO# MHOKecTBa A.

6. Axkcuoma nepexona

Axcuoma Ilp. (CBf3b MexK1y CTPYKTypamit Mopsiaka
Ha pasauuHbIX NpsIMbIX.) Has scakod naper (A, B) na-
PAANCAbHOLX APAMbIX W 048 A06bIXx TOweK a, b, a’, b’,
rakux, uto a, &’ = A u b, b’ = B, scakaa npanas, na-
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PAALCALHASA ITUM OBYM NPAMbIM U nepecerarouiasn [a, b],
nepecexaer rakxce u [a’, '] (puc. 4). :
3amertum, uto ecai A =B, T0O 3Ta aKcHoma BhIpa-
J)aeT OUEBMJHOE CJEACTBHe H3 NpeAbIAYLIHX onpenese-
uuii. Takum o6GpasoM, OHa HHTEpPeCHa JHLIb B CJy-
yae A #+ B. : ‘

a a’

A

Puc. 4.

Ipepnoxenne 6.1, [Mycre D — nexoropas npamas,
8 — HekoTOpoe HanpasieHue, OTAU4HOE OT HANPABAEHUA
npamoi D, u ¢ — xocas npoexyus na D napansessHo d.
Toeda dasa scex x, y =11

Cp([x, y] ) = [(P (x)v cP(.’/)]-

<. JIOKASATEJNBLCTBO. YTBepXKJeHHe OYeBHIHO B TOM
cAyuae, KOTa X H y PAacloJoXKeHb Ha OAHOM mpsmoi A
HanpaBJaeHHs O, TaK Kak npH 3TOM ¢(x)= const aas
x e A, 1 cleloBaTeNbHO,

o ([x, y]) ={o ()} ={o )

Mycrs-renepb ‘A # B —/iBe pasjnyHble NpAMbie Hanpas-
JleHHs 0, ‘NpoxXoAdiune Uepes TOUKH X H §J COOTBETCTBEH-
po; mo akcuome ‘1I, oroGpaxkeHne ¢ ecTb OHeKuus OT-
pe3ka [x, y] Ha orpe3ok [p(x), @(y)], uTo M AOKa3biBaer
npeanoxenue 6.1.

CAEAGTBHE - 6.2. 48 6CAK020 BbUNYKA020 MHONECTEA
X 1l eeo npoekyus ¢(X) na D ecto TaKde evinykroe
MHONECTS0. SRS
v JlA% BCAKO20 @bINYKAO20 MHOXcecTéa X D mnuoxce-
crea ¢~ (X) TaKxdwce goihyKro.
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CaencrBue 6.3. [Tycio A, B — dse opuenTuposannoLe
npamoie 1§ — HeKoTopoe HANpaAsAeHUe, OTAUYHOE OT HA-
npasaenuit atux npamvix. Kocasa npoexkyus ¢ npamoi A
Ha npamyto B napasresono nanpasienuro § OTHocUTENL-
Ho nopadkos npamoix A u B ecro monoronroe oro6pa-
acertte A na B — ybwsaroujee uiu sospacrarouiee.

HeiicTBuTeabHo, u3 mpemdoxenns 6.1 ciaeayer, uto
AJst Besikoll TpoHKH (X, y, 2) Touek mpsmoil A

(y memny x n 2)=>(p(y) vexny ¢(x) n ¢(2)),

OTKyla cJelyeT, 4To otobpazkeHnHe ¢ MOHOTOHHO (BO3-
pacraoliee HJIH yObBalOlIee).

Caeacreue 6.4. Ecau orseuarouiee ecarod npamoti
A naockocre 11 kapdunaavnoe wucao o > 2, 10 BCAKUL
oTrpoirol ayu naockocru 1 ne nycr.

HoxasateabcTBo. Ilyers D — npousBosbHas npsamMas,
u nyeth a & D. Ha ninockocru 11 cyuiectsyer npsamas D',
napaaneabias npaMoli D W or/iiuHas oT Hee, Mo npej-
noJokeHno Ha npamoit D’ cyuectByer no KpaitHci
Mepe TpH pasaHuHbIX Mexay coboii Toukn x’, y’, o,
Takie, uto a’ =[x/, y’].

Hanpasaenue npamoit A(a,a’) oramuso or uanpas-
aennit npameix D u D’; caexoBatenbHo (npepsioxe-
g 3.2 u 6.1), npoekuuu a, x, y Touek a’, ¥, y’ Ha nps-
myvio D napaniensrHo npamoil A(a, a’) Bce nmomapHo pas-
Juunsl, 1noa =[x, y]. Ilostomy ofa OTKPBITHIX Jyua
npsnmoit D ¢ HavyaJsoM @ He IYCTHI.

M3z caeacteust 6.4 cpasy e BLITEKaeT, YTO KapAHHAb-
HOe MHCI0 o > 2, oTBeualoliiee BCSIKOH NPAMOI MJAOCKO-
ctu II, o6a3atenbHo 6eckoueuno. [locnenuuit pesydn-
TaT 1eNnoCPeACTBEHHO caenyeT u3 akcHombl IlI, 1no nawm
y1o0nee viKe ceflyac cUMTaTh ero H3BECTHBIM.

7. PaszGueHne NJOCKOCTH HEKOTOPOi mpsiMoii

[Ipraomenne 7.1, Ilpednoaoxus, wro KapoOuHar,-
Hoe uucao o > 2. Has ecaxkod npamoi D cyuwecrsyer
eduncraentoe paabuenue muoxecrea (IIN\D) na OJsa
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sonyravx muoxceersa By u Iy O6Ga aru mnoxcecrsa He
nycrol, u O0an aoboix x) & My, xo I, orpesox [xy, x3)
nepecexaercs ¢ npamot D.

IokasaTEabCTBO, 1) Cyujecrsosanue. Tyctb A — nps-
Masi, mepecexalomas npamyo D B Touke a. OGosnaunm
yepes ¢ npoekuuio Ha A napannenbho D u uepes A,
A, — oTkpbiThle Jyun npamoit A ¢ Hauajqom B a. Artu
Ayun BBINYK/Ab H 00pasyloT pa3bHeHHe MHOXKECTBa:
AN{a}; cnenoBarenbHo (cieacrue 6.2), o6a MHOMKeCTBA
I; =¢'(A;) (i=1, 2) Boinykasl u oGpasyior pasbue-
Hue mHoxectBa (II\D).

2) Eduncreennocte. Ilycts (E), Ez)— eiue OJlHO pas-
6nenre MHo)kectBa (IT\D) Ha BbINyKJble MHOXECTBA.
Kaxnoe u3 MHoXkecTB ¢(E;) BHIIYKIO H COLEPKHTCH
B mHoxecrse A;UAy 1. e B OXHOM U3 ayueit A,, A,
Jlpyrumu ciaoBamu, Kaxjioe M3 MuoxkecTB E; coaep-
KHTCA B OJHOM M3 MHoxecTB Il; u Tak Kak Ey U E, =
=1I,UIl, u kaxgoe u3 mMHoxectB II; He mycTo, TO

au6o E, =TI, u Ey=1II,, au6o E, =1l n Ey=II,.

C/lefoBaTe/IbHO, C TOYHOCTbIO 1O TNOPAAKA HHIEKCOB
pas6uenne (E;, Ez) coBmagaer ¢ pasbueHHEM (I, IIz) .
3) Hakoneu, ecan x; Il u xp € Ilp, TO KOHIMI OT-
peska @([x, Xo]) mpuHamnexar cooTBetcTBeHHO A H Ay,
W 3HAUMT, STOT OTPE3OK COAEPKHUT TOUKy a. Cienopateb:
HO, [X1, X2] mepecekaercss ¢ muoxectBom ¢~ ({a}) = D.

OnpeneaeHdE 7.2 MuoxkecrBa IIj, Ilp, ¢urypupyio-
e B NpeNloKeHuH 7.1, Ha3blBAlOTCA OTKPOLTOLMU NO-
AYNRAOCKOCTAMU, OnpeseneHRHMU nipsmol D. Mnoxectsa
;U D, TI; U D HaswBalOTCA 3AMKHYTOIMU NOAYNAOCKO-
¢TAMU, onpeleJenHbiMI D; OHH TaKke BLIMYKJ/BI (TaK KaK
H; UD =g (i U{a}). |

VYnpaxHeHnus kK ranase |

" FlpuBeaen#ble- HHKe -YAPAKHEHHS OTHIOAb He ABAAOTCA- oba3a-
TeAbHbLMU, TIPH 3TOM HEKOTODHIE. 3 HHX MOTyT 6biTh pelueHbl 6oJee
NPOCTLIM CNOCOGOM IOC/Ie TMPOXOKIAEHHS HEKOTOPLIX W3 MoCaerylo-
uiux pasgenos. Lleab 5TuX ynpamHeHWll — npuobperenue HABLIKOS



§ 2. Axcuomer nopadka 31

obpaujernusn ¢ axkcuomamu Ha TOH CTajHi, KOTja B paclOpsKeHH:
yuaulerocsl ele MOUYTH HET TEOpeM.

1. Tlycte E — HeKOTOpOEe MHOXKECTBO H £ — MHOMKECTBO €ro
noamuoxkects. [ast Ly, Lye=Z Gyaem roBoputb, uto Ly u L,
napanneabHsl  (o6osHauaerca LillLs), ecau anGo L, = L, aubo
LiNL =

Ipe1nonoxkiiM, uto £ ynoBAETBOPSET CJAEAYIOUEH aKCHOME:

«JIast mogoro L & & u moGoro a & E cyuectsyer
efuHCTBeHHOe L' = &, Takoe, yto a = L" u L' || L».

ﬂoxa3aTb, YTO 3Ta aKCHOMa 3KBHBaJEHTHa C./“lEI],nyLlleﬁi

«OTHowmenne napaJJeJbHOCTH €CTh OTHOLIeHHE
3KBHBAJEHTHOCTI Ha £».

Hcnoab3ys 3Ty akcHoMy, MoKa3aTb, 4TO s JioGoro L oTiolue-
HHe Ha MHOXecTBe E, ompejensieMoe YCJ0BHEM

«a~b, ect cyuwecrByer L/, mapaanenbHos L u
cojepxaiiee a u b»,

€CTb OTHOLIEHHe 3KBHBAJEHTHOCTH M HTO €ro KJacChl 3IKBIBAJEHT:
HOCTH eCTb 9/1eMeHTbl MHOXKecTBa &, mapaJ.efbhbie L.

2. Ilyete K — npousBosibHOe MoJ€; Ha30BeM MNP s MO MHOKe-
ctBa K? = K X K BCsiKOe NMOJAMHOMXKECTBO 3TOrO0 MHOMKeCTBa, omnpene-
JsieMoe OTHOLIGHHEeM BH/a

ayx+axo=">b (a, a;, b= K; a; u a, He paBubl 1y.110
OAHOBpPEMEHHO).

[TokasaTb, 4To B 3TOM cayuae MHOMKeCTBO K2 y1oB/1eTBOpsieT aKkcuo-
mam rpynnsl .

3. Uccaenosarp, B uactioct, cayuail, korga K — koneuiioe nose
(Hanpumep, moJie BBIYETOB MO MOAYJIO p, Tae p — MPOCTOE).

HeccaenoBath Takke caydai, xorna K ectb note C KOMIIEKCHDLIX
qice1.

Bo Bcex caeayoowux ynpaKHeHHsX Mbl OyaeM Inpejno.arats
soinoaHeHHoimu akcuomor 1 u 11,

4. TlokasaTb, 4TO 3a HCKJ/IOYEHHEM TOTO CJyyast, KOraa KapiH.
HajbHOe uucao o paBHo 2 (B stoM caydae II usomopopuo K2, rae
K — nose BblueToB no Moayaio 2), KapaHHAAbHOE UHCJAO BCAKOTO
OTKPBITOrO HHTepBaJa |a, b[ Geckoneuno (ecau a == b).

Bonee TouHo: nokasaTb, UTO BCSIKHH OTKPBITBIA Ayd I BCSIKIF
HelyCTOH OTKPuITbII HHTEPBAasJ H30MOPODHH  (OTHOCHTEIbHO jall-
HOTO MOPSAKA) HEKOTOPOH MpSIMOI.

Bo Bcex caenyowix ympaxieHusx Mol OyieM Npeino.iaraTts,
yTto a > 2.

5. Ilycte A, B,C — Tpu ayua ¢ navaiaom B Touke 0, npiiHajie-
MHAaHIHe TPEM PasHBLIM MpAMBIM.
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[MokasaTs, yTo nHGO MmoGble ABA M3 9THX Jy4efi pacnosiomentl
[ pasHbie CTOPOHbI OT NMPSIMOH, Hecymledl TpeTHil Jyy, au6o cymte-
TTBYET npsaMas, He mpoxoasmas Yepes 0 u nepecekaromas A, B u C.

6. Tlycts A, B — nBa ayua ¢ o6mum HauamoMm O, He npuHaane-
Kamue onHo# mpsmofi. Hasosem cextopom (A, B) nepeceueHne mo-
AYIIOCKOCTH, onpeje/neHHOR Npsamoii A u comepxameit ayy B, ¢ no-
JIYNJIOCKOCTLIO, OmpejieieHHOA mnpsaMofi B u comepxawiedt Jyu A.
Iycrs teneps D — npousBoabHbif ay4 ¢ Hadaaom 0, OTaHUHBIA OT
ayueit A u B u npunapiexauguii cexTopy (4, B).

Moxasats, uto D nepecekaer .060i oTpe3ok [a,b], rne as A
U b & B, paBHO Kak H BCAKYIO MpAMYIO, napaaneabsyio A u mepece-
Kaomyio B.

7. BbiBecTH M3 NpeibIAyIIero ynpaKHeHHs, uTO ecJH (a,b,c) —
NpOH3BOJIbHAA TPOfiKA TOUEK, He MNPHHAAJIEKAIUMX ONHON MpSIMOL,
W ¢’ —TOYKA MNepeceueHHs] MNPAMBIX, NAapajJIenbHbiX npAMBIM
A(a,¢) u A(b,c) u npoxonsmux yepes Toukn b u a COOTBETCTBEHHO,
TO ¢ H ¢’ nexaT Mo pasHbie CTOPOHHI OT NPSMOI A(a, b).

Tlokasats, uto unrepsasnt o, b[ u Ic, ¢’[ nepecekaloTcs.

8. Tlycrs 0, a, b — 1pu toukn maockoctu II, He NpHHAaAIeXKallHe
OnHOH mpsiMOR, u mycTs o’ & [0, a] u b’ < [0, b).

Tlokasare, yro gaa Beex m & [a, b] orpesku [0, m] u [a’, b'] ne-
pecekaiorcsi. BuiBecTn otciona, uTO O6menuHeHHe oTpeskos |0, x],
COEMHHSIOWHX TOYKY 0 C TOUKAMH X HEKOTOPOTO BLITYKJOTO MHO-
KECTBA, BbINYK/0. PacmpocTpanuTh 3TOT pedysbTaT Ha caydail o6be-
AHHEeHHus OTPE3KOB, COENAHHKFIOINX TOYKI ABYyX BblHYKJ']bIX" MHOKeCTB.

9. TTokasatpb, uTO BhIyK/Mast 060JOUKA BCSKOTO KOHGYHOTO MHO-
XKECTBa (HauMenblllee BHINYK/I0e MHOMNECTBO, COZepiKaliee AaHHOE
MHOXECTBO) ecTh MepeceyeHHe KOHEYHOTO UHCAA 3aMKHYTHIX MOAY-
NJI0CKO€ETeH.

B uactHocTn, Bhiyknas oGonouka Tpex He NpHHAATEKAUHX
ONHOH MPAMON TOYeK &, b, ¢ HA3LIPAGTCS TPEY20AbHUKOM: 3TO eCTh Mo-
pecevenne = 3aMKHYTHLIX MOJNYMJIOCKOCTeH, ONpEACNCHHBIX NPSIMbIMU
A(a, b),A(b,c),Ala, c) u comepKaUX COOTBETCTBEHHO TOUKH ¢, a,b.

10. JaTh HECKOJIbKO 3KBHBAJIEHTHBIX ompejeseHull nosecwl, 3a-
JaBaeMoil ABYMs napaieJbHuMH npsmbiMu A, B. Tlox Hanpae.ae-
Huem noaocor Mpl GyneM BOpeab NMOHHMATb HaNpaBIEHHE 3aalOHIHX
€e mapaJiJIeJIbHbIX NPSMBIX.

1. TloxmuoxecrBo X muoxectBa II uaswmiaercs 02panu4en-
HoiM, ecit IJ1s1 BCAKOTO HamnpaB/ieHHst O MHOXecTBO X comepiuTes
B HEKOTOPOH MOJOCe ITOr0 HampaBjeHHS.

ITokasaTb, YTO BCAKOE KOHEYHOE MHOMKECTBO OTpaHHYeHO.

IMoxasats, 4T0 ecam MHOXKecTBO X CONEPKHUTCS B ABYX MOJOCAX
PasJIMYHOro HanpaB/EHUs, TO OHO OTPaHHYEHO.

okasate, uTo BCsIKOE OrpaHHYUEHHOE MHOMKECTBO COIEPKNTCS
B HEKOTOPOM TpeyroJbHHKe.

12. a) Omnpenenuts TOmo.10rHMI0 Ha NpSIMOM, HMCXOAST W3 MOMATHS
OTKPLITOrO HHTEpBaJa.

b) Tyers D), D; — nBe nepecexawuiuecs npsaMbie maockoctu I
oroxcagcronsb F ¢ mmomectsom D) X D, u 3anaty na I TONOJIOTIHO
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NPOCTPANCTBA-NPOU3BCAGHHS, HMCXOAAN U3 TOMOAOFUH Ha NDAMBIX D,
w D, Tloka3zaTb, uTo 3Ta TOMOJOCHA Be 3aBHCHT OT BhOOpa 1ps-
mbix Dy u Ds.

13. Tyets X < 1, n nyers a,b & X; noioxin (a ~ b). ecan
CyllecTBYET Takasi JOMaHas JHiHg C KOHuaMi a u b, 110 BCe ec
ppsiMoJHICHbe 3BCHbY NPIHALIeKAT MuomecTBy X. ITo oTioure-
Hue ecTh OTHOIUEHHE IKBHBAJEHTHOCTH Ha X; €ro Kiacch 3IKBHBA-
JEHTHOCTH HA3bIBAIOTCA KOMROHEHTAMU CGASHOCTH MHEOKCCTBA

[lycts Teneph P — 3aMKuyTHl IIOCKHH MHOTOYrOJeHlK Ges ca-
MoTiepeceueHHi, T. €. TaKoi, UTO /100Le ABe €ro He CMexlbie CTO-
POHLI e MMElOT OOMHxX Touek, d mycTb C - rpauiua MHOIOYTOIDL-
nuka P (o6beaunenue ero cropon). IloxasaTp, WTO MHOMKECTBO
(TIN C) 1Meer B TOUHOCTH ABe KOMIOHSHTHI CBFA3MOCTIH, OAIA H3 KO-
TOPHIX OrpaHHueHa; MoKasaTh, UTO B TOMOJIOTHI APOCTPAHNCTBA IT ode
9T KOMIOHEHTbl ABJSIOTCS OTKPBLITHIMI MHOMKeCTBAMH U UTO BCAKaA
Touka MHO:xKecTBa C ABIAETCST AJs HIX TOUKOH [PHKOCHOBEHUS
(reopesma Mopdana).

Peluende 37O 3a4auu 971eMeHTapHO, HO He OYEBH.THO.

VkazaHie: BoGpaT HEKOTOPCE llanpapienie O, OT.1nuHOe OT
nanpabieniii CTOpPOH  MUIOTOYIOJbHUKA, I TUPOBECTiT ApsiMbie 1L
npapJeHis O yepes BepIUHHLI MHOTOYTOAblHKa P; VIOPAAOUNTb Mic-
JKEeCTBO STHX NapasCibHBIX M  pPaccMOTpeTbh T0C1e10BaieTLHOCTh
onpejeAeMbIX HMI 110.10C.

14. Tlyerb K — nuHefiHo ynopajouenHoe 1o.e:
@<t)=>la+x<b+x) 1 (0<a 0<<h)=> (0L ad).

Onpeseants na Muokectse K2 CTPYKTYPY ILIOCKOCTIL, Y10BICTBOPSHIO-
nefi akcuoMam 1 u I (eMm. cravana ynp. 2).

[Mpuscctd npumepnl MojoSHbIX nodell K, OTIHHBIX 0T nOI-
noJeii moJs R BeLlecTBEHHBIX ulices.

15. Tlyers IT — oTkpbITHIl KPyr Kaacchueckofl mirockoctH R2
tlasoseyv «npsMoil» MHoOxecTBa II BCAKYIO OTKPBITYIO AyTy OKpyK-
1tocTH, coaepzamyiocs B II, KOHUBI KOTOPOH $BAAIOTCS KOHUAMH Ka-
koro-nubyab axamerpa kpyra II; ma xaxpoli 13 nux BpegeM ecre-
CTBEHHBLIM 00Pa3oM MOPSI/I0K.

Iloxasate, uto B I BRInOaHstiotest akcuomer I 1t IT 11 wtOo 37O
NPOCTPAHCTBO He H30MOP(QNO (OTHOCHTEILHO BBEACHHOTO TaKuM 06-
pasoM mnopsiaka) mpocTpanctsy R% XoTa  ero  «mpaMiie»  H30-
Mopdunl R

TMocTpouTh ApYrHe aHaNOrHunble NpUMCpHl B OTKprIToM Kpyre I,
pLi6paB B KauecTBe CCMeHCTBA <«UPAMBIX» Te HAH HHbIC CceMelcTBa,
HHBApHAHTHBIC OTHOCHTEILHO BpAILEHHsd, NPHIEM KOHUBI 3THX «Mps-
MBIX»> JOJXKHBI COBIia1aTh C KOHIaMil HEKOTOPOro JIHaMeTpa Kpyra.
(Ilng TOro uToGpl TIPOBEPUTDL, H3OMOp(UA I TaKag ILIOCKOCTb
KJIaCCHYECKOH TMJOCKOCTH, PEKOMCHAYEeM BCCHOIb30BATLCA Kiaccie-
CKHM CBONCTBOM CeTKil, 60pazoBaHHOl BYMA ClCTeMaMIl Napasiiedb-
HLIX TIPSAMBIX.)

3 3ax. 323



TJABA ][I

AKCUOMbI Ad®UHHOW CTPYKTYPbI

§ 1. AGOPHHHAA CTPYKTYPA NPSAIMBIX MPOCTPAHCTBA 1I

8. Meppaa akcuoma adduHHOINE CTPYKTYpHI

B ¢opMmynnpoBKe aKkcHOMBI, KOTOpYIO MBI ceHuac
npuBeleM, (QHUIYpDHPYIOT BelleCTBEHHble 4YMCJA, HO Ha
caMOM JeJle BO Bcell riaBe OyleT CYIIECTBEHHO JIHILUb
TO, 4TO0 R ecTb JHMHEHHO YNOPANOYEHHOE apXHUMeLOBO
noje (Ho Ge3 akchHombl #enpepbiBHoctH!). M3 srtoro 3a-
MeyaHHusl clelyeT, YyTO NpH OOYYeHHH MOAPOCTKOB 12—
16 ner MOXHO 06OHTHCH 6e3 HCIOJb30BaHHS MOJNHOTHI
nojst R M cBA3aHHBIX C 3THM MOHATHH BepXHeH rpaHu,
ceyeHHs, Bo3pacraloulell NMOc/ef0BaTeJbHOCTH HAH (YH-
JNaMeHTaJbHOH MNoc/eJ0BaTeJbHOCTH.

Axcuoma Ill,. (Adduunas crpykrypa npsmoi.) das
nacckoctu I1 onpedeaeno Hexoropoe oTobpascerue d
mroncecrea Il X I1 6 mHoscecreo R, masvieaemoe pac-
crosnuenm u obaadarowjee caredyroujumu ceoticTeamu:

l. d(y,x)=d(x,y) 0aa scex x,y<=1IL.

2. Has aroboid opuenruposantoli npamot D, arobozo
xe D u aoboeo wucaa 120 wa npamoti D cywecrsyer
e0UHCTBEHHAA TOUKA Y, TAKAR, 4TO

xSy uodx, =L
3. (x&la,b]) = (d(a,x)+ d(x,b)=d(a,b)).

Odra axkchoMa 3ajaer adGHHHYIO CTPYKTYDPY KaxKAoft
otaenbHOR mnpamMoit D miockoctr II; HecKOJIbKO HHXKe
oHa Oyzer jpomonHeHa akcuomo#t IIly, ycramasmauaio-
el CBA3b MeXAY apOUHHBIMH CTPYKTYypaMH pasiHd-
HBIX TIPSIMBIX.
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OueBUAHBIE CJAEACTBHUS
1. B coorBercTBuu ¢ akcudomoil 1ll,, nas Bcex x, Yy

d(x, x) +d(x, y)=d(x, y), otkyna d(x, x) =0.

Ecau x =y, 1o npu x <Yy H3 OTHOLIEHHA r<Lx<Ly no
akcuome Ill,, caenyer, uto d(x, y)#0%).

Takum obpasom, (d(x,y)=0)&(x=y).

2. Tlo akcuome 111, )

(x =[a, b])=>(d(a, x) <d(a, b)),

rje paBeHCTBO HUMeeT MeCTO TOJIbKO B cJhaydae X = b.

9. U3omopthu3M R ¥ LEHTPUPOBAHHOI NPAMOil
naockoctu I

Meepnoxenue 9.1, Jag 8CAKOIL 0OpueHTUpOBAHHOL
npamoti D u dan awoboii Touku a D cywecreyer 00HO
4 ToAbKO 00HO Takoe sospacTaroujee oTobpascerue [
npamoii D na R, uro

f@)=0 u d(x, y)=If () —[(x)] 02 scex x, y& D.

10 orobpadcenue ecTv Ouexyus muoscecrea D na mro-
acectso R.

TTOKA3ATEJALCTBO. 1. EOQuUHCT8EHHOCTO.

M3 ycaoBuii, Hak/JajblBaeMbix Ha OTOOpaxeHie f,
crenyer, uro d(x,a)=|f(x)| (monoxure y = a), OTKy-
1a, OCKOIbKY oToBpaenne f Bospacraiowee u f(a) =0,
BbITEKaeT

f(x)=d(a, x), ecan  a < x;

f(x)=—d(a, x), ecn x<a.

2. TokaxeM, uTo oToOpaxenue f, 3amabaeMoe 3THMH
ABYMSl pDaBEHCTBaMH, YOBJETBOPSAET yCJOBHAM TEOPEMBI.

*) W60 B mpoTuBHOM cayuae pasencrsa d (¥, X) =d(x.y) =0
NpPOTHBOPEYHIH Obl YCJOBHMIO eamuHcTBenHOCTH B aKciome o,

3*
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M3 akcnombt Ill,, caemyer
k<asy)=d(x; y)=d(x, a)+d(a, y) = .
=—f()+1 @)
@<x<y=>d(a, y)=d(a, x)+d(x, y)),
) T. e. [(y) =T(x) +d(x, y);
k<y<a)=d(y, a)=d(x, y) +d(y, a)),
CTeoe = [(x)=d(x, y)—[(y).
B KkamxaoM M3 STHX ciayuaeB HMeeM, CJeJOBaTeJdbHO,
d(x, y)=[(y)—[(x) aaa Bcex x, y, Takux, yto x < .
Tak kak d(x, y) >0, To 0TCIOfa BLITeKaeT TaKike, YTO
dix, ) =1f)—Tx) | 1 [x)<F(y),

T. €. oTo0paxeHue f — Bo3pacrailiee.
C napyroil cropoHb,

(v <p)=( W) —T(x)=d(x, y) + 0);

c/leloBaTeJibHO, oTo0paxkeHue [ B3aHMHO OZHO3HAUHO.
Hakoneu, kxak BuaHo n3 akcHoMmbl IIl,, asaa Besikoro
{2 0 Haiiayrcs Takue X, y, uTo

a<<x n d(a, x)=1[, orxkyna f(x)=1
y<<a u d(a, y)=I[, otkyna [(y)=—1.
Hdpyrnvu caosamu, f(D) = R.

Caeacreus. M3 rteopeMbl 9.1 BBITeKaer, uTo BcsKas
OpHEHTHPOBAHHAsA YeHTpuposarnas npsamas D (r. e. npsa-
Masi, Ha KOTOpOii BbiOpaHO HEKOTOpOe «HauaJo») H30-
Mopiia MHOMXECTBY R; 3TOT H30MOP(H3M CAHHCTBEH H
CoxpaHsieT CTPYKTYpPY paccMaTpuBaeMmofi npsiMoil, ompe-
JensieMyl0 BBeNEHHbIMH Ha Hefl MOPSJIKOM H paccrosi-
HHEM.

ITostomy Mbl MOXeM BCerfa, KOTJa HaM 3T0 yZoGHo,
OTOXKIECTBIATb OPHEHTHPOBAHHYIO LEHTPHPOBAHHYIO NpSi-
MY C NPOCTPAHCTBOM R, mepeHoCsl Ha TaKyl0 NPSMYHD
c momouwblo H3oMopdHu3Ma [ Bce MOHATHS H CBOMACTBA
nosns R. Tounee, nyctb (D, 0)— HekoTopasi OpHEHTHPO-
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BaHHasl LEHTpPHpPOBaHHAfA TMpAMAas ¢ HavyajoM B Touke O
w f-— KanoHHueckoe oTobpaxkenue 3Toi NMPsAMOI HA Opo-
CTpaHCTBO R.

1. AGcuunccoii Toukn x B cucreme (D,0) Oyaer
[(x); 3nauenue aGcuuccel pasHo d(0,x) uan —d (0, x)
B 3aBHCHMOCTH OT TOro, HMeeT Ju MecTo cayyail 0 <x
win x < 0.

2. OpueHTHPOBAHHBM pPaccTosdaHHEM TO-
yek (x,y) uentpupoBaHHoil npsamoit (D,0) 6yaem ua-
3bIBATh YHCJIO

xy =[(y)— [ (x) =0y — Ox.

OpueHTHpPOBaHHOE paccrosHne xy pasHo d(x,y) uan
-—d(x,y) B 3aBUCHMOCTH OT TOTO, MMEeT JIH MECTO CJay-
yait x <y wan y <X, TakKHM 00pa3oM, OHO He 3aBHUCHT
ot Bbi6opa Hauaja 0 Ha npamoii D u MeHseT 3HAK NpH
u3MeHEHHH mopsigka npamoil D Ha oOpatabii. [Ipu aTom
SICHO, UTO 3/CCh BBINOJHSIeTCa T0%cOecT60 Lllara

E-I—y_z'-+z—)c=0, W Xy + y2 = x2 LI BCeX X, y, 2.

Yacto ObiBaeT yHOOHO, €ciH B XOJe paccyAeHHR
nauano orcuera 0 ma npamoil D He MeHsercs, ob6osHa-
yaTh OAHON OYKBOH X M TOUKY X, W ee abcuuccy; 3To

ynpoiaer BBIKJIAAKH, HaNpHMep, MOXKHO MHCAThb XY =
= Y — X, KaKk B cayuae noas R.

3. UentpupoBannas npamaa (D,0) obxanaer cTpyk-
TYypoOil OJHOMEpHOrO BeKTOpHOro mpoctpancrsa R! ¢ Ha-
yajoM B Touke 0.

4. [Tepenocom a B cucreme (D,0) wnaspipaercs
npeobpasopanue

x—>x+a;

nepeHoC ecTb dgudicerie.
Pacrsixkenuewm*) B cucreme (D, 0) nazmBator npe-
o6pasoBanue x >kx+a (k< R*); npu k=1

*) OTMeTUM HEeNpUBLIYHOE MJIA PYCCKOTO HHTaTeja HCMO.Ib30BA-
HWe AByX pasHbIX TepMuHOB «romoreTHs» (homothétie — cm. Huxe,
crp. 55) n «pactsxenue» (dilatation) ana poacrsenusix pyr Apy-
ry noHaTufi: pacrsukenue X->kx +a c «xospduunentom» k=1
ectb romoterusi. (CM. HHKe mpejsoKenne 24.3.)
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= —1 310 6yneT TakxKe ABHKEHHe (IePeHOC HJH LEHT-
panbHas cummerpus). O6parHo, scaKoe dsuoicernue nps-
moii D ecto aubo nepenoc, au6o (UeHTpaibHAf) CUM-
METPUSA. o
5. Cepefunoft mapnl (x,Yy) TOUEK IJIOCKOCTH I,
rie X ¥ Yy, Ha3bIBAETCA TOUKA M MPSIMOH A(x,y), onpe-
fejsieMasi Ha 3TOH NPAMOH C MPOH3BOJIBHO BBIGPaHHBIM
HayalOM YCAOBHEM m— X =Yy—m; TakaM o0pasoMm,

1 o
3TO ecTb TOUYKa = x+y). CepepuHoil mnaphl

(x, x) HasbiBaercs TOUKa X.
6. Jlas BCeX TOUEK X, Y, 2 NPAMOH D umeem

d(x, 2)<d(x, y) +d(y, 2);

3lecb pPaBeHCTBO MOCTHraercsd, ec/H y [x, 2], 1 TONBKO
B 3TOM ciyuvae.

7. Ienenue mapol (X,Yy) B 3aLaHHOM OTHOIUEHHH;
cJ10KHOe OTHOIIeHHe, B KOTOpDOM Iapa TO4YeK MeJUT ApYy-
I'yio napy TOYeK TOi ke HPsSIMOIL. -

8. IIpoGHo-NHHeAHbIE (npoeKTHBHBbIE) NPe0GPa3OBaHHA
npsimoit D, nononHeHHO# GeCKOHeUHO yaaJNeHHO! TOYKOM;
HHBOJHOIMH,

§ 2. CTPYKTYPA ALAMTUBHOM TPYIINbl B CHCTEME I,0)

10. Axkcnoma mnepexopaa

Axcuoma 1lIp. (CBsasb Mexay ab@HUHHBIMH CTPYKTY-
paMH pasTHYHbIX NPSAMbIX.) Ilas scaxoii napot (A, B)
nApasseAbHOLE NPAMbLX U OAR At06ulx TOUex a, b, a’, b’,
rakux, 4t0 @, o' €A, u b, b’ & B, npanas, napaiirero-
Has OannoiM OBYM NpPAMbIM U npoxodaujas 4epes ce-
peduny napot (a,b), npoxodur Takie 4epes cepeduny
napot (a’,b’) (puc. 5).

Tenepb Mbl MOXKeM MepedTH K Onpefe]eHHio rpymnio-
Boil cTpykTyphl Ha MHOXecTse II ¢ 3ajJlaHHOH Ha HeM Ha-
yaJabHOI TOYKOH («HAYaIOM»).
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11. Kocas npoekuus u napaJjjenorpamm

Jlemma 11.1. ITycrs D — nekoropas npamas, 8 — He-
KoTOpoe Hanpasienue, OTAUYHOE OT HANPABAEHUSL 3TOL

Puc. 5,

npamod, u @—xocaa npoexyua Ha D napasressro 8.
Tozda

(m — cepeduna napor (x, y))=>
= (¢ (m) — cepeduna napor (¢(x), ¢(y))).

O6biuHO 3TOT pesyabTar GopMyaHpyeTcss Tak: Kocas
IIPOEKLHs COXPaHsieT cepeIHHbI OTPE3KOB.

JlokasaTEabeTBO.  Ilyers A, B — npsiMble Hanpas-
JeHns 8, MPoOXonsllie yepe3 TOUKH X U § COOTBETCTBEH-
Ho. M3 akcuombl IIly caemyer, uro npamas HanpasJae-
HHS O, NMpoxoAsulas depe3 TOYKY M, NPOXOAHT TaKike
uepe3 cepeauHy napol (¢p(x), ¢(y)).

Takum o6pasom, semma 11.1 —3to Bcero auwb apy-
ras ¢gopma axkcuombl 111y,

Caencreue 11.2. Hycre (D, Dy)— HekoTOpas cucre-
Mma ocel, u nYcTo x, Yy, m— Tpu To4KU naockoctu I1, co-
cTagasiowue KOTopoix pasHul (X, xX2), (Y1, ¥2), (my, ms).
Toeda

(m — cepedurna naper (x,y))& (my— cepeduna napul
(x1,y1) u my— cepeduna napot (xg, Y2)).
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Oneeneacnue 11.3. ITaparseroepamsom HasbiBaercs
Bosikas uetBepka (a, b, a’,b’) TOUEK MJOCKOCTH II, ra-
kas, uTo cepexamns map (a,a’) u (b, b’) coBnanaior.
Ipn stom napwt Touek (a,a’) u (b, b’) wuasbBalOTCA
Juaeonasamu mapajiesorpaMma.

HemocpeACTBEeHHO H3  ONpeJeJeHHs  ClelyeT, 4To
(a,b’,a’,b) Takxke ecrb napajienorpamm. ITombaysach
NOHATHEM LEHTPaJbliofi CHMMETPHH, MOXKHO 1aTb Jpyroe
onpesesieHne napadsjenorpaMma.

Mycts X, y, m & II; TOBOPAT, UTO X, Y CUMMETPUUHbL
OTHOCHTEJNbHO TOYKH 111, €ClAH m eCTb CepelHHa maphl
(x,y). das mo6eix x, m& Il cyecTByeT eanHCTBEH-
Has TOYKa y, Takasi, 4TO X, § CHMMETPHYHbl OTHOCHTE/b-
HO m: ecau X = m, TO Y = m; eclH X ¥ m, TO TOUKa Y
NeHT Ha OPHEHTHPOBAHHOH mpAMOH A(X, m) u ompepe-

JisieTcsl paBeHCTBOM xm = ym.

Onpeneaenue 11.4. Iaa do6oi Toukn m e I Oynem
HA3LIBATDb YEHTPAAbHOU cummeTpuel ¢ LEHTPO M B TOU-
Ke m (W YeHTPAAbHOU cusmmerTpueti OTHOCUTEAbHO m)
oroGpasenue s miockoctu Il B ce0st, MPH KOTOPOM Kax-
10l TOUKE X CTaBHTCA B COOTBETCTBHe TOUYKa S(X), CHM-
MeTpUYHAfA X OTHOCHTEJIbHO TOYKH 171

OueBHIHO, §2— TOXKAECTBeHHOe OTOOpaKeHue; cJe-
AOBaTeNbHO, S—HHBOJIOTHBHOE rnpeobpasoBanue
naockoct 1.

WMeeT MecToO C/eAylOIas 3KBHBAJAEHTHOCTb!

((a, b, a’, b’) — napaaaeqorpamm) & (a’, b” —o6paasl
Touek @, b TpH HEKOTOPOH LEHTPaJbHOMH CHMMETPHH).

Tenepb MOHATHO, YTO A Ao6blx Touek a, b, b' 11
HalijeTcsl Takas Touka a@’, ¥ NIPUTOM TOJbKO OJHA, 4TO
(a,b,a’,b’) Gyser mapa.nejorpaMmMoM; 3TO TOYKa, CHM-
MeTpHUHas TOuKe & OTHOCHTE/IbHO CEpPeJMHbl maphl
(b, ).

Caegpcreue 11.5 (us aemmpt 11.1). [Tpu 10608 Kocod
npoeKyul Nnapasrenopamm Nepexofur 8 napaineno-
epamm.
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JleificTBUTEIbHO, ecan cepedudbl nap (a,a’) u (b,0)
¢OoBMaJaloT, TO, COIVIACHO JeMMe, COBIAafaloT il cepelutibl

nap (¢(a),e(a’)); (¢(b),p(b)).

'

12. Caoxenune Ha ueHTpupoBaHuoit nicckoctn (1, 0)
M ee rpynnosas CTPyKTypa

Oneeaeqacnue 12.1. Has ao6oit touxkn 0& I Oyaem
waswbiBaTe napy (I1,0) yenrpuposausnoid niockocroo 11
¢ Hauarom 0.

Caoocenues na (I1,0) Oyaem HaspiBaTh OHHapHYIO
onepawio (X, y)—x Ty na II, 3agapaeyyio ycaoBHeM
x Ty =2 rac z-—rakas Touka miockocrn Il uro uer-
Bepka Ttouek (0,x,z,y) obpasyerT mapanielorpaMu.

Jemma 12.2. ITycre D — npousgoavraa npaxmad, npo-
xodawaa depes 0.

. Ha npaxoii D onepayus T cosnadaer co caoxce-
HueM Ha uenTpuposarnoli npasoil (D, 0).

2. Ecau ¢ -— npousgoavras KOCas NPOKYUA HA NP~
myto D, 10 0aa aw0boix x, y < 11

¢ (xTy) = (x) Te(y).

JIlokasaTeabctBo. 1. JLas moOux x, y & D ToUuKa
x Ty ects Takas Touka z& D, uro (0, x, 2, y)—napaa-
Jeqorpany; caeloBareanio, ¥ + y = xTy. Orciona cae-
ayer, uTo D yCTO[MIBO OTHOCHTeALHO ounepaiopa T %)
1 o0pasyer OTHOCHTEAbHO T KOMMYTATHBHVIO TpYIHly.

2 Tlo caexctsuio 11.5 npoekuis (0, ¢lx).g(x T y)e(y))
napaadenorpayya (0,x, x Ty, y) rakme ecrb napadie-
JOTpaMM, OTKYZa H CJCAYeT yTBEPKICHIC JeMMbL.

TeoreMa 12.3. 1. Lentpuposannasn naockocro (11,0),
na koTopotl 3adana onepayus T, 06pasyet KOMMYTATUS-
HY1o epynny ¢ HeldTparbHoum dsementon 0.

2. Bcaras npamas naockocru I, npoxodaiyas ue-
pes 0, o6pa3yer nodepynny 3TOU epynnol.

*) [pyrumit closami, uto eean X, yE D, 1o u xTys= D.
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3. HOas mwoboii napot Dy, Dy paszauunoix npamelx,
npoxodaujux wepe3 touxy 0, epynna (II, 0) ectv npamasn
cymma nodepynn D; u Dy, Opyeumu caosamu, ro6oii
x & I moocer 6oiTo npedcrasren eOUHCTBEHHbBIM 00pPA3OM
8 sude

x=x,Tx,, 20e x,=D, u x, D,.

Kpome toco, x; u xy ectv cocrasasoujue TOUKU X
8 cucreme oceti (D,, Ds).

4. Bceaxuii nepenoc epynnet (II1,0) nepesodur xa-
Oyro npamyrw, npoxodawyo 4eped 0, 8 napassesbHylo
el npamyro; ecaxkaa npamas naockoctu II momcer 6oiTo
noAy4eHa NepeHocom U3 HeKOTOpPOoU npamol, npoxoosn-
weii wepes 0.

HoxasaTeasctBo. 1. Ilycers Dy, Dy — ABe passivuHbIe
npsmeie, npoxoasiuue yeped 0; 0603HAUUM uyepe3 @, Qg
npoekuuu Ha D;, Dy mapannensHo Dy u D; coorsert-
crBeiHo. Kak caempyer u3 gemMmnl 12.2, naa  Bcex
x,y,ze Il u paa moboro i (i = 1,2) umeem

@i (xTy) =@ (x) To; () = ¢: () T (x) = 9; (T x),
@ ((xTy) T2) = (9 (x) Te; () T; (2) =
=q; (x) T(@: (1) Tep; (2)) =; (xT (é/Tz) ).

Orciona caenyer, yTo cocTaBasiiollHe Touek xTy u
yTx B cucreme oceit (D;, Dy) coBmagaior u, cjenoBa-
TeJIbHO, 3TH TOUYKH WAEHTHUYHBI, aHAJOTHYHO HOKa3biBaeM
paBeHcTBo (xTy) Tz=xT (yTz).

HpyrumMu cnoBamMu, T — KOMMYTaTHBHasi M  acco-
nuartaBHas OnHapHas onepauus. Haxonen, 0, oueBHAHO,
IBJIsIeTCA1 HefATpaJIbHBIM 3JeMEHTOM OTHOCHTEJIbHO 3TOMH
onepauuu, W OJas BcaKon Touku x & Il Touka x’, cHUM-
MeTpHuHAsl X OTHOCHTeabHO 0, yZOBJIETBOpPSET, OUEBHIHO,
cootHowenuio x Tx’ =0, T. e. 37eMeHTH X U X’ CPynibl
NPOTHBONOJ/IOXKHBI OTHOCHTEJIBHO 3TOH ONepalHH.

2. Kak cieayer u3 Jemmbl 12.2, Bcakas npsmasi, npo-
xoxsuasi yepes 0, o6pasyer moarpynny rpynnet (I, 0),

3. Ilycts x =11, u nycTb X1, X2 — COCTABJSAIOLIHE TOYU-
Ku x B cucreme oceil (D, Dy). Torna

@1 (% Txg) = @, (%) Ty (xg) = %, TO=x3
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aHaJOTHYHO @2(x; T X2) = Xo. JIpyruMu cJ0BaMH, COCTaB-
JSIOLIHE TOYKH X; TXp PaBHBI X1, Xz, TaK 4TO Xj T Xg = X.
Hao6opor, ecu x = Y, TYs, rae y1 € Dy u y2 € Dy, 10
=0, () =0 (1 Ty) =y, T0O=y;
aHaJIOTHYHO HOJydaeM
X9 = Y3
OTciofa cjaedyeT eIHHCTBEHHOCTb pasJOXKeHHd.

4. Ilycrs D, — HekoTopas mnpsiMasi, NpoxoAslias uye-
pes 0, u nyctb a & IL.

Ecau ae Dy, 1o (D;Ta)=D,, tak kak D, — nox-
rpynna rpynnst II. Eciu ags Dy, To mpamas D,, npoxo-
fsias yepes Toukd a u 0, He conanaer ¢ Dy, u, cie-
poBateabHo, (D, D2) ecTb cucreMa KOOpJAHHAT C Haua-

4
gom B Touke 0. Ilycts D;— npsmas, napaJJe/bHast
npsamoit Dy u mpoxojisiias 4cpe3 TOUKy a; Toraa HMeOT
MeCTO OYeBHJHble SKBHBAJEHTHOCTH:

(reD)S(x=a)S(x=aTx, rie v, €ED)&S
&S (x=aTD).
Huaue rosops,
D{=aTD.

PaccMoTpuM Temepb MPOH3BOJbHYIO MPAMYIO Di, ue
npoxoasiyo uyepes Touky O, mycrb D, —mnpsamas, na-
panjenbHasi D u npoxonsumas yepes 0. Mbl TOJbKO uTO
BHJIe/IH, UTO AJ51 BCeX @ & D| BBINOJNHSETCA PaBEHCTBO

Di=aTD,.

O6o3unauenusa Tak Kak paccMoTpeHHasi OuHap-
pas omepauusi T B cucreme (IL, 0) sBasercs rpyINoBOH
onepauuefl KOMMyTaTHBHOH TIpYNNBL, a OrpaHHuenne ee
Ha BCAKYIO MpAAMYIO, npoxofswyio uepes 0, o6o3Hauaercs
3HAKOM -+, To H caMa omepalusi OyaeT 0003HAYaTHCH
TeM Ke 3HaKOM.

Capacreue 12.4. Iycre x, y, y — Tpu TO4UKU, He Ae-
acaujue Ha 00Ol npamoil, D — npamas, naparrelbrad
A(x, ), npoxodawas wepes TOUKY Y, U D’ — npamas, na-
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paasesvraa A(x,y), npoxodauasn wepes rouxy y'. Toeda
((x, y, ', y') — napaanenorpamm) & (x’ = (DN D’)).

DTa 3KBHBaJEHTHOCTb. HENOCPEACTBEHHO CJHeLyeT H3
TpeTbell uacty TeopeMmbl 12.3, ecnu 3a Hayajto MPHHATD
TOUYKY X.

Cnepctue 12.5.
(Touxka a— cepeduna orpeska (x, y))&
Sx+y=a+a, uw x+y=2a).

Orcioga caefyer, YTO CHMMeETpHSI C LEHTPOM B TOU-
Ke a ecTb oToOpaxeHue X — 2a—x; 3TO0 cpady NpPHEO-
IOUT K TOMY, UTO NMpOH3BeleHHe ABYX CHMMETDHH C LEHT-
paMu B TOUKax a@ W b COOTBETCTBEHHO €CTb MepeHoc nJo-
ckoetu (11, 0):

x>2(b—a)+ x

W UTO mpoMu3BejeHHe JIOOCro uuc/aa LEeHTPAaJbHbIX CHM-
MeTpUH M [EpPEeHOCOB ecTh INepeHoC HJAH UeHTpaJsblias
CUMMeTpusl (B 3aBHCHMOCTIH OT YETHOCTH HJIH HEYETHO-
CTH UHCJAa LEHTPaJbHLIX CHMMeETpHi).

3ameuanue. B nokasareiabctse Teopemnl 12.3 nu-
rae He HCNOJb3YeTcs CTPYKTypa NopsijiKa Ha MJIOCKOCTH:
Mbi [I0/Ib30BAJHCh TOJbKO aIAMTHBHOH CTPYKTYpo#l Ha
npavoil. [losToMy MOMHO OXKHMAATh, YTO 3TO HOKasa-
TeabLCTBO OyneT cnpaBeAauBO U npH Gojee cnalbix npen-
NoJsoiKeHusAX (akcuomax); Mbl HNDHBOAHUM CXeMYy TaKoi
CHCTEMbl aKCHOM B MpPHJIOXKEHHH.

§ 3. MEPEHOCHI NMJIOCKOCTH I

13. XapakrepHcTHKa nepexHoca

JIEmMa 13.1. 1. Ha yentpuposannoi naockoctu (I1, 0)
cepeduna napot (a,a’) ecto onpedesseman eOUHCTEEH-
HbiM 06pa3om TOYKa p, TaKaa, 4to 2p =a + a’.

2. ((a,b,a’,b’) — naparsesoepanm) & (a+a' =
=b+b’).
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[TepBoe yTRepACHHE CJIENyeT HefoCpeACTBeHHo H3
oupesenenysa cJI0XKeHHd, BTOpOe BbiTeKaeT H3 3KBHBa-
JIEHTHOCTH

2p=29)&(p=29q).

Cargcrsue. 1. [lpu scakom nepenoce cepeduna napot
ToYeKk nepexodur 8 cepeduny ux obpasos.

2. [lpn ecaxox nepeHoce napasrenro2pamMm nepexo-
Our 8 napa.1.1e.102past.

JleficTBHTELIO, 3aMeTHM CHauaJla, UTo

Cm=x+y=>2(m+a)=(x+a)+{y+a)).

Orciola Takzie BbiTekaer, uto ecan (a,a’) u (b, b')
HMCIOT OOLLYIO cepemnuy, To oua Oymer obueil H 114
1x 06pa30B HpH BCSKOM MepeHoce.

[Meeadomrenne  13.2. Orobpancenue | muomecrsa 11
¢ ceba Oyder neperocosm epynnot (II,0) roeda u 1046KO
0200, Koeda 0daa ecex X, ye<ll uersepka ToueK
(x, [(x).f(y),y) obpasyer napasiesoepas.

JIOKA3ATEILCTBO, Cobo3nauus uepes [ 1epeHoc
X — X + ¢, N0.1y4IIM PaBeHCTBO

x+[ ) =T +y,

TaK K4K 0110 MoyKeT 6bTh 3anucato B BHie X+ (y + a) =
={x+a)+y.

OdGpartio, ecau mnpeobpaszoBaHue f TaxkoBo, uTo AJIf
BCeX X, i BHIIOJIsIETCS paBeHcTBo X + f(y) = f(x) + y, 1o,
noqokuB x = 0, NOJTyuHM

[(y)=T10)+y.

CaegoBateabHo, [-—rnepenoc. M3 pokasanuoro ytsep-
AeHHST CJIelveT, UTo MOHSiITHe IepeHoca He 3aBlICHT OT
puibopa Haya a; B 4acTHOCTH, MOJayuYaeM

Caegacrene. Qaa aoboix a, b <11 scakull neperoc
epynnot (I1, a) ecro nexoropuii nepenoc epynnot (11, b).
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14. Wsemopdusm rpynn (II, 0)

ITeeanoxenue 14.1. 1. Ilepenocol epyninbl (11, 0) o06-
pasytoT  OOHOTPAHBUTUBHYIO  2pynny npeobpasosaruli
naockocru I1; ara epynna I usomoppra epynne (I, 0);
cooTgercTayrowutl usomoppusm umeer sud

a - (neperoc ty: x> X + a).

9. Jlan scex a, be Tl orobpaxcerue x—f(x), e0e
f — nepenoc, nepesodawjuii a 8 b, ecTo U30MOPPUIM
epynnot (11, a) na (I, b).

JIOKA3ATEABCTBO. 1. DTO CBOHMCTBO ao6oft TpyNmbl;
J0KaxeM ero AJsl AaHHOTO cJy4das. O6o3nauuM 4epes fa
nepeHoc X — X + a CHCTeMBbl (1L, 0).

Oro6paxenue a—>f, B3aNMHO OJHO3HAUHO, TaK Kak

(a 7 b)=> ([ (0) 7 [, (0))-

Haaee,
fa«}b(x)zx+(a+b)=(x+a)+b=fb(fa(x)) = fbofa (X);

cnefopaTenbio, oTobpaxenue a—>f, €cTb TMpeicTaBJe-
Hye, a 3HAUMT, H H30MOPHH3M.

2. Ilpexpe BCero, f — OGuekuus TpyINIbI (I, a) Ha
rpynny (I, b). OGosnauum rpynnoBbIC omepauuH B
STHX TPYNNax COOTBETCTBEHHO Uepes3 T n 1. Haa Bcex
x,y < Il uerBepka (a, x,xTy,y) ecTb napaJjenorpamm,
cJefoBaTEJNbHO, W UYETBepKa (b, f(x), f(xTy), [(y)) 06-
pasyeT MapaJjuiesiorpaMm (cemcTBHe M3 JIEMMbI

Vnaue rosopd, f(xTy) = f(x) LF(4)-

15. CBoGojHbIe BEKTOPLI M TOXKIAECTBO Wang

Omn-gpeqaenue 15.1. Jlaa BCsAKOH mapbl (x,y) TOUEK
[iOCKOCTH C80600HbIM B8EKTOPOM, TOPOKACHHDIM napo#
(x,y), HasbiBaeTcs IepeHoc NJOCKOCTH 11, nepepons-
wmit X B Y; STOT NMEPEHOC (cBOGOAHEI BEKTOP) OOBIYHO

0003Haual0T CHUMBOJOM XY.

Ha si3blke cBOGOXHBIX BEKTOPOB KOMIMO3HILMS Nepe-
HOCOB 0GO3HAuaercsi C TMOMOLIbIO AJAMTHBHOH CHMBO-
JIUKH.
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Has a06wix x, y, 2 11
N
Xy + Yz = xz,
3TO OTHOIIEHHE MPOCTO BbIparxkaeT TOT (PAKT, UTO Pe3yJib-
TAaTOM IMepeHoca, IepeBOMSLIEro X B Y, H mepeHoca, rie-
PeBOASILIEr0 Y B 2, SABJACTCS MEPEHOC, IepeBOIsIHi X
B 2.
B ofuien caydae

_  — > —>
X\ Xg+ XoXg+ ...+ X, x,=2xx, (roxdecrso Illais).

_—>
B u4acTHOCTH, XX ecTb TOXKIeCTBEHHbII mepenoc, 06o-

3HauyaeMblii yepe3 0; Takum o6pa3oM, MOXKHO MHCaTh
—_ > — —>
xy+yx=0, uan xy= — yx.

3amerum, uto B cucreme (I1, 0) aas seex x,y, z&(I1, 0)

>

;;=(x +2)(y +2),

OTKyJla, B YaCTHOCTH, caenyer, uto

_ —
xy=0(y— x).

YacTo B XOJe BHIUHC/AeHHII OblBaeT TaKxke ya0610
OTOZKIECTBJATh MHOXKECTBO CBOOOJHBIX BEKTOPOB IJIO-
ckoetu II ¢ mMHOxKectBoM 3jementoB rpynnbl (II,0); on-
HAKO, He cJelyeT HHKOTJa ynyckaTb W3 BHIY, UTO B ITOM
caydae peub HAET O JABYX DPa3/iMuHBIX MHOJKeCTBaX, He
COBINAAAIONIHX, @ TOJbKO H30MOP(HBIX.

16. JeiictBue nepeHoca Ha OPHEHTHPOBAHHYIO
npsMylo

B n. 4 teopemnl 12.3 yTBepikjaercs, urO MHOZKeCTBO
%D, npAMBIX, OTBEUAIOLIHX HAMpaBJeHdio 9, YCTOHUUBO
OTHOCHTE/IbHO BCSIKOTO MepeHoca H 4To Tpylma MepeHo-
COB TPAH3UTHBHO JeHCTByeT Ha 3TOM MHOXeCTBe.

Cefiuac Mbl 3aliMeMcsl H3yyeHHeM JeHCTBHUsI TPOHU3-
BOJILHOTO IMepeHoca Ha OPHUEHTHPOBAWHYIO MPSMYIO.
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IMeensoxenue 16.1. fIycro D — npou3eosbras opu-
eHTUPOBAHHAS NPAMAS U [ — HEKOTODbL Neperoc. Ecau
f(D) = D, 1o [ ecro usomoppusm npamoi D wna cebs
(no” ornowenuio nopadka). Ecau f(D) #+ D, 10 [ ecro
usomopuam uru anruusomoppusn npamoi D Ha mnro-
scecreo [(D) (8 sasucumoctu oT nopadka, 66i6panH020
na muoxcecrse f(D)).

IlokasaTEabcTBO. Eciu f(D) = D, To orpanuuenne
otoGpaxenus [ na D ecTh mepeHoc MpsMOil D n, caeno-
BaTeJbHO, eCTh BO3pacralomiee oToOparkeHHe.

Jo ,Y..r D

Puc. 6.

Ecau f(D) # D, To paccMOTpHM HEKOTOpPYi0 TOuky 0
npamot D; rtouka f(0) & D, u npu aoGoMm xe D uer-
sepka (0, x, f(x), f(0)) oOpasyer napajJeaorpamm
(cM. puc. 6). CaenoBaTtesbHO, A(x, f{x))IA(O, f(0)). Or-
panHueHue OTOGpaxkenus [ Ha MPAMYIO D ecrp He utO
unoe, Kak npoekuus Ha f(D) mapaaaensno A(0, f(0)).

Takum o6pazom (caexctsue 6.3), [ ecTb H30OMOPQH3M
uau antuusoMopdusM npsimoit D ma (D) B 3aBHcHMO-
ctu or opuentamuu npsavoit f(D). CaenosartenbHo, Beer-
Jla MOXHO TaK opuentuposathb f(D), utoGul [ OblIO H30-
MOp(pH3MOM.

OnrepeneHue  16.2. ToBopsiT, 4TO ABE OPHEHTHPOBAH-
nbie npamMbie D u D’ napassessrol u 00uHAK080 Hanpa-
gaenbl (o6osnauaercs D44D’), ecan cyuiecTByer TaKoii
nepenoc f, KOTOpBIl ABJAETCS H30OMOPMHIMOM OpHEN-
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THpOBaHiOfl mnpaAMol D Ha OpHEHTHPOBAIY Npsi-
myto D’

MMeeanoxenue 16.3. 1. OrHowenue 44 ecro ornoute-
Hue 3KBUBANCHTHOCTU HO MHONECTBE OPUCITUPOBAHHbLY
npamolx naockoctu 1l

2. Has scakoeo wanpagaenus & MHO%NCECTBO Dy opii-
EHTUPOBAHHBLX NPAMbIX HaAnpasaerus § ecto ob6vedurc-
Hue 08YX KAQCCOB IKBUBANEGHTHOCTU 3T020 OTHOWLCHUS;
0ee OpueHTUpoBaHHbIC NpAMble, oOTEeuaroujue O0HOL u
Toll ace (HeopueHTuposaHHol) npsamoil Hanpasaedus 8,
npuradaencar 08YA PA3AULHOIM KAACCAM.

JOKASATEJALCTBO. 1. DTO yTBep:KACHHE CAelLyeT He-
NOCPeACTBEHHO M3 TOro (akrta, uto orobpa:enue, 006-
paTHOE K HEKOTOPOMY H30MOP(H3MY (A5 OTHOLICHHS
jopsifika), B CBOIO OYepPCAb ecTb H30MOP(HU3M, paBHO Kak
W NPOH3BeleHHE JBYX H30MOP(H3MOB eCTb H30MOPPU3M.

2. Tlepenockl AelicTBYIOT TPaH3HTIBHO Ha MHOMXKECTBE
Dy; TakuMm o6pasom, u3 yreepxaenna 16.1 creayer, uto
D5 npeacTaBaseT coboil G0 CAMHCTBeHIHDLII Knrace, JiM-
60 o0bedMHRHHE ABYX pasauyHbiXx Kiaaccos. Opnako nas
Kax10H OpHeHTHpoBaHHOH mpaAMoit D BcaAkuil mepeiioc
3TOl TMpAMONH ecTh 130MOP(H3M; C/eloBaTeabHO, HHKa-
KOil mepeHoc He npeobpasyer D B Ty e caMyio IpsiMYIo,
oGpamas nopsanok Ha 3Toil mpamoil. Taxkum o6pasom,
5TH [B€ OPHEHTHPOBAHHbIE NpAMble NpHHALJE)KAT HBYM
pasJHyHBIM KJaccaM.

Caegcreui 16.4. Ecau 0Ose opuenruposantvle nps-
note D, D’ napaasreaviol 4 00UHGKOBO Hanpagaeril, 10
scakuil nepenoc, nepegodawuii D 8 D', ecto usomopgusm
(no ornouienuio nopadka) npamoit D na D’.

Ecnn nBe OpHEHTHPOBAHHbIE NpsAMbLIEe Napajnesbubl,
HO He OJHHAKOBO HAaNpaBJeHLI, TO TOBOPAT, YTO OHII 1ia-
npapsaelibl TPOTHBOMOJO XK HO.

MMpunoxenns

16.5. Ilonatue opueHTUpPOEAHHOZ0 HANPABAEHU
OpuentupoBannbie Hanupasiaeins naockoctu IT cyrb

4 3ax. 323
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KjacChi 3KBHBAJEHTHOCTH, MNOPOXKJEHHble OTHOIIEHHEM
skeuBajentHocTH 1} Ha MHOMKecTBe £’ OpHEHTHPOBAH-
HbiX TpsAMBIX nutockoctd 1.

16.6. O6pa3 ayua npu neperoce
OnpeziefiiM Ha MHOXKECTBE 3aMKHYTDIX ayueil mjo-
ckoctu II oTHOLIEHHE

(A~ B), ecaiui CyuiecTBYeT TaKoi nepeHoc f, uro f(A)=B.

B stom caydae A w B OyneM HasbiBaTb mapad-
NenNbHBIMM ¥ OLMHAaKOBO HampaBJieH-
H bl M H.

Jlerko BUieTb, YTO 3TO OTHOUIEHHE eCTb OTHOLICHHE
5KBHUBaJIEHTHOCTH.

W3 onpexenenns Jayda H NpesoKeHHs 16.1 caenyer,
KaK HeTPy[HO [0Ka3aTb, 4TO MPH BCAKOM mepernoce f 06-
pa3oM NPOH3BOJLHOTO Jyya € HAUAJIOM a OyLeT HeKOTO-
puiit siyu ¢ Hauanom f(a) u uto

(A~ B)& (opHeHTHPOBAHHBIE MPAMbIE, aCCOUHHPOBAHHLIE
¢ A u B, napaJjJieJbHbl U OJHHAKOBO HanpasJeHbl).

16.7. O6pas orpeska npu neperoce

Besikuii  oTpesok [a, b] ecTb mepeceuenue Jyuen
D(a,b), D(b,a); cnenoBaTenbHO, [ Jaio6oro mepe-
nmoca f o6pas f(la,b]) ecTp nepeceuetHe Jayueft
D(f(a), f(b)), D(f(b),f(a)), 1. e. orpesok [f(a),f(b)]
AnajiorHuHble YTBEPXKIEHHs CNpaBelMHBbI M sl HHTEp-
BanoB (OTKPHITBLIX H TNOJYOTKPHITHIX) .

Orciofa clefyeT, uTo 06pas3 8CAKO20 6bINYKA020 MHO-
scecTéa npu NepeHoce ecTo TaKice BbINYKAOE MHONCE-

CT8O0.

§ 4. CTPYKTYPA BEKTOPHOTO MPOCTPAHCTBA HA (11, 0)

17. YMHOXeHHe Ha CKaJasp M ero CBOMCTBA

HamnoMHHM, UTO B8EKTOPHbIM NPOCTPARCT8OM HAL TO-
neM R HasblBaeTcs Bcsikas KOMMYTaTHBHAsi rpymma
c sajamHOl Ha Heil Gumapuoii omepauueit (A, X) —AX,
HasbIBaEMOll YMHOXKeHHEM Ha_ CKajsp, Koropas oto6pa-
xaetr MHoxectBo R X E B E Tak, uTO BbIMOJHAKOTCSH
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clefylollle YCJIOBHS, HCNOJb3YIOUMe KaK TIpYyNnosble
cpoficTBa MHokecTBa E, Tak M cBoiictna nojs R:
Ilast Bcex A, pn=R u Beex x, ysE

Ax+y)y=Arx+ Ay, (1)
(A+p)x=rx +px, (2)
A (px) = () X, @)
lx = x. (4)

Jlo cux nop Mbl CBs3bIBANM C KaxJoH LEHTPHPOBAH-
poit naockoctbio (IT, 0) CcTPYKTYypy KOMMYTaTHBHOI
rpynnel; HaM OCTAeTcst OmpefeNuTh YMHOXKEHHe Ha CKa-
asp. dro onpenenenue OyNeT OMUPATLCS HA CYLIECTBO-
BaHMe Ha KaXKJOH OPHEHTHPOBAHHOI TPSIMOHl CTPYKTYPDI
BEKTOPHOTO MPOCTPAHCTEA.

Onpeneaesne 17. 1. Ha IeHTpHPOBaHHOH NJIOCKOCTH
(I1, 0) oroGpaxenue

(, x)—>Ax

Mmuokectsa R X II B mnoxkecrso II onpenpessietcst cae-
AylomuM obpasom:

1. 20 = 0.

2. Ilns qo6oro x =0 mnpousBejennHe x Ha CKajasip
AX eCTb Pe3y/IbTaT YMHOZKCHHsI X Ha A B BEKTOPHOM MpO-
cTpaHCTBe,  3alaBaeMOM IleHTPUPOBAHHOH  NpsAMOH
A(0, x) ¢ nauajom 0. Drta omepauys Ha3bIBACTCA YMHO-

o

sicenues Ha ckaaap Ha nentpuposannoil naockoctu (II, 0).

Ceotictéa ymHodcernun Ha ckarap 6 cucteme (II,0)

T[IpoBepuM BHITIOJHEHHE COOTHOLICHHI (2), (3), (4).

Hast x =0 OHM OYEBHIHBIL

Ias x 0 3TH COOTHOLICHHSI TaK:Ke BBINOJHSAIOTCS,
[IOCKOJIbKY OHH KacaloTcs JHUIb BEKTOPHOTO MPOCTpaH-
cTBa, 06DPA30BAHHOrO LEHTPHPOBAHHON MPSMOIi A(0, x)
¢ navaaom O (cm. caexcrue 3 mpeanoxkennst 9.1).

3aMeTHM AJsa JadbHeiimero, uro (—1l)x = —x ecTb
TOUKa, MPOTHBONOJIOMKHAA TouKe ¥ (OTHOCHTEILUO onpe-
NeJeHHOI BbIILC OMEpauui CA0KEeHH:).

4*
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18. JIHEHHOCTh KOCO¥ NpoeKuuH

Jlis poKasaTenbcTBa cOOTHowlenusa (1) Ham I10HAZO-
Gurcsl JeMMa, Kotopyio Bo PpanHunu NPHHATO HMEHO-
BaTb 4eanol Pasreca.

Jlemma 18.1. ycre D — nexkotopas npamnas, npoxo-
dawan uepes 0, & — HeKOTOpoe Hanpasaexue, OTAULHOE
OT HanpagAenus 3Toll NPAMOL, iU ¢— KOCas NPOEKYUs
na D napaanreavro d.

Tozda 0ra scex he= R u scex x =11

@ (hx) =29 (x). (®)

[Toka:;keM cHauana, yTo 9TO PABEHCTBO CNpPaBeAJTHEO
ais paunoHaapHbex A Ilpu moGom nemom n >0

N3 paBeHCTBA nx=x4+x4+ ... +x ciaeayer, 4To
n pa3s
@ (nx) = ng (x). (6)
Tak kak (—n)u=—(nu) n @(—u)=—¢u), TO

cootHomenune (6) Boimoamsiercst Ais Beex n & Z. Ecan x
l /i
uveer BUA — Y (rze n % 0), To coornowenue (6) mpu-

HiMaeT BHA

1 1 1
¢ (y) =ne (; y) , OTKyAa @ (—,; y) =—0 ().
CuaeoBatenblo, I Beex Ledablx p, g 0 u Beex

xell

P N=wlp(2 —pollx)l=p(L =P o(x
o(55)=wlp (5 7)) =re (5 2)=r(G e @)=Fow

Takum 06pason, 048 6cex PAYUOHAAbHLLY 1. paBer-
creo (5) cnpasedaugo.

IMonoxum Temeps x 0 (cayuaii x = 0 Tpusnanen).
Ecnn npsvas  A(0,x) wuMeer HanpasJaeHHe 6, TO
@(hx) = 0 ans BCex 2, W, C/1€[10BaTEbHO, PABEHCTBO (5)
yaosJaeTBopsiercs. B nporuBHOM cayuae @(x) =+ 0; BBe-
nem nopsaok Ha mpambix A(0,x) H D takum oGpasom,
yro6sl Ha mupsamoil A(0, x) BBIMOMHANOCH HEPABEHCTBO
0 < x, a Ha npamoii D — Hepasenctso 0 < ¢(x).

OroGpamenne A—)x MHOXKeCTBa R una A(0,x) Oyaer
poapactatomium. OTo6paxkenne y—¢(y) npsvolt A(O, x)
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Ha npsMmyio D Takxke GyleT BO3pacTalolluMm (C/aeAcIBHE
6.3). 3unauut, n orobpaxenve A—q(Ax) BO3pacraloiice,
PaBHO KaK n oToOpaxKenue A—X¢p(X). 0JHAKO Mbl NoOKa-
3aJH, uTO 3TH OoToOpa/KeHWa COBHAAAIOT AJA BCeX pa-
LHOHAJBHBIX A; CJA€AOBATeJbHO, ONHM COBIAAAIOT [J14
Bcex A= R (6ynem cuuraTb, yTo moge R obnranaer Ta-
kuM coilcTBoM). Mhaue rosopst, nemMMa JLoOKasaHa.

CaenctsME. Haa eécex =R u ecex x, y= Tl uncer
MCCTO PABEHCTBO
Ax+y)=rx+ry. (1)

JOKA3ATEABCTBO. Ecau x W y npHHAAJIE)KAT OAHOIN
npsimoil, npoxoasiucii yepe3 0, To pasencrso (1) Buinoa-
HAeTcs, TNOCKOJbKY IHeHTpupoBantas npamaa (D,0)
€CTb BEKTOPHOE TPOCTPAHCTBO.

[Mycts Tenepb mnpamele A(0,x) u A(0,y) pasauunbL
HOaa toro utobnl yOeluTbcsl B CIpaBelHBOCTH paBeH-
crpa (1), HocTaTouHO mnoKasaTh, YTQ JeBas WU npapas
YyacTH 3TOr0 PaBEHCTBA MMeEIOT OJHHAKOBble COCTaBJ/AI0-
e B cucreMe oceil (A(0, x), A(0,y)).

Hrak, nycts, nanpumep, ¢ — npoekuuss Ha A(0, x)
napaanensio A(0,y). M3 aemmo 18.1 caenyer, uto

P (x+y)) =20 (x +y)=2x.
C npyro#i  CcTOPOHH, DNOCKOMBKY ixeA(0,x) »n
Ay = A(0, y), nMeeT MeCTO PaBeHCTBO
¢ (hx + Ay)=Ax.

OTtcloga u ciaeayer uckomoe paseHcrso (1),

19. TeopeMa 0 BeKTODIIGH CTPYKTYpe

Teorema 19.1. Lenrpuposannas naockocrs (I1,0),
Ha KOTOpoU 3adaHvl YKa3anHovliy Bbiule 06paszom onepa-
Yuu CAONCEHUS U YMHONCCHUS HA CKAAAP, eCTb JBYMepHOC
8eKTOPHOE NPOCTPAHCTBO HAO R; eeco odnomeprole agpdun-
Hble NOONPOCTPANCTEA CYTb fipamole naockoctu 1.

JIOKASATENBCTBO. Mbl TOIBLKO UTO MOKa3anaW, dYTo
(11,0) ecth BexkTOpHOe npocTpanctBo Hax R. C ppyroi
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cTopoHsl, ;s Beex a % 0 mpamasn A(0,a) ecTb He 4TO
yHOe, KaK MHOXKECTBO TOYeK Aa TIOCKOCTH Il (roe
re R).

Haxouewn, (II,0) ecrb mpsimas cymMma [BYX TIpOH3-
BOJIBHBIX HECOBHAAAIOUIMX NPAMEIX, MPOXOAALIUX Hepe3
Touky 0; cJIefOBATENbHO, DasMepHOCTb TPOCTPAHCTBA
(I1,0) pasua 2.

Kak Mbl yiKe 3HaeM, BCE MpsiMble MJIOCKOCTH IT nmoay-
qalOTCsl NMEepeHoCOM H3 MPsAMbIX, MPOXOMALIKX Hepes ToU-
Ky 0; ciefoBaTelbHo, OHH 00pa3yloT OLHOMEpHbIE ad-
(unHble NOANPOCTPAHCTBA NPOCTPAHCTEA IL.

Mreunoxenne 19.2. Tenepn, korma una (I, 0) s3agana
CTPYKTypa BEKTOPHOTO MNPOCTPAHCTBA, H3 COOTHOLIEHUS
(5) aemmbl 18.1 W affHTHBHOCTH MPOCKUAA @ MOZKHO
BHIBECTH cJellylollee YTBEpKACHHE:

Kocas npoexyus @ YEHTPUPOBAHHOU NAOCKOCTU
(TI, 0) Ha YeHTPUPOBAHHYIO NPAMYIO (D, 0) ecto aunei-
Hoe npeobpa3osarue.

20. Basuchl ¥ KOOpPAMHATHL. YpaBHeHHE npsaMoii

B COOTBeTCTBHH C OOGLIMM OIpeneseHueM, CipaBeiln-
BbLIM /51 TPOH3BOJLHBIX BEKTOPHBIX MPOCTPAHCTB, 6a-
aucom uenrpuposannoit niockoctn (I, 0) HasbBaercs
napa (ai, Qg) 3JI€MEHTOB MHONKeCTBa I1, oT/AHYHHIX OT
touku 0 W He KOJJIHHEapHBIX C Hefl.

Kaxnapili a1eMedtT x MHoxectBa II sanuceiBaercs
eIHMHCTBEHHBIM 0Opa3oM B BHIE

x = Eia; + 5o,

Ckassipuble BeauunHbl § u 2 HaspBalOTCA KOOP-
OUHAaTaMH TOYKH X OTHOCHTEJIBHO Gasuca (@i, A2);
7erko BHAETb, 4To &, W E2@y €CTb COCTABJSIOUIHME TOH-
KN x OTHocHTenbHo cHcreMbl oceil (A(0,a1), A0, as));
o6paTHo, ecnu &j, & — MPOH3BOJbHbIE CKAJADLI, TO TOY-
Ka x C KoopaunataMu &, & 0Oo3Hauaercs 4epes
(&1, &2).

1. ITycrs D — npsamasi, napaJ/esnpHas A(0,a;3) u ne-
pecexatouasi npsamyio A (0, a;) B TOYKe, nepBas KOOPIHU-
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Hara KoTopo# paBHa ay. OueBHAHO, 4TO
(xr=D)&E =)

. AHAMOTHYHBIH pe3ysJbTaT HMEET MeCcTo AJs TNPAMBIX,
napanienbubix A(0, ap).

2. Mycts D — npsmas, npoxoaswas uepes Touky 0
u otauunas or A(0,a;) u A(0,az); nycth, najee, b =
= (B1, B2) — Touka D, otnuunas or 0; rorna

(x=D)&(x nveer BuR Ab, Tae KER)@’('B&TI =%)

Ortnowenue Pg/B; Ha3biBaetrcss yTrJAOBHBM KO3( -
GuuuenTom npsamoil D oTHoCHTeIbHO 3alaHHOro Oa-
3uca.

3. Ilycrb, nakoHeu, D — npousBo/ibHasi mpaMmas, me-
pecekawomass o6e ocu. Jlna Kaxjaofi Touku a = (ai, G2)
npsamoii D npsmas (D —a) npoxoaur uepes 0. Caeno-
BaTeNbHO, 00603HauMB uepe3 (Pi1, B2) TOUKY mnpaAMOR
(D —a), orauunyio or 0, noaydaem

—Qa —a
(xED)@(gl l=§2 2).
B B2
C MOMOLIBIO 3TOr0 pe3yJabTara Jerko nokasaTtb, 4TO
BcAKasi npsmMast MJIO0CKOCTH II umeer ypaBHeHHe BHJa
u§]+0§2+w=0,

Tle 4,V He paBHbl HYJIO OJHOBPEMEHHO, H 00paTHo, BcA-
KOe ypaBHEHHe TAKOTro BHJA €CTb ypaBHEHHe HEKOTOPOH
npsiMOil.

21. OnucaHue roMoTeTHH

B npouecce usyuenus rpynnnl (II, 0) mbl oxapakre-
pu3oBaau nepeHocel X — % + a cucrems (II, 0), uto mo-
3BOJIMJIO HAM BIIOCJAEACTBHH JA0Ka3aTb H30MOpQHOCTb
rpynn (IT, @) u (II, b)) npu mobbix a,b. Boiscuum Te-
nepb cTpoeHue npeobpa3oBaHuil BHAA X—AX.

Omnpepenenue 21.1. Oasa mo6oit Toukn 0 = I1 u alo-
6oro ckaasipa k=0 eomoreruel c uentpoMm 0 H Ko-
s¢pduuuentoM Kk HaspiBaerca oToOpaxenue H (0, k)
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niockocrn I1 B ce6n, onpeaensiemoe (B CBA3aHHBIX C M10-
ckocrbio (I, 0) o6o3HaueHHsX) Kak

x—>kx.

HOns awboro X < I MHOXKecTBO BCeX TOYEK kx, rae
x e X, o6osnauaercss uepes kX. ~

Caenyioiise CBOHCTBA BHITEKAKT HEMOCPEACTBEHHO H3
onpeaeJeHus: |

1. [MpousseeHne roMOTETHI x—kx w Y —> ¢ Y €CTb
ToXKZecTBeHHoe oTo0paxkeHue; - CJl€A0BaTE]bHO, H(0, k)
ectb npeoGpasoBanue miockocrd II, obpaTHbIM K He-
my Gyner npeoOpasoBanue H(O, —L—

2. YiMeloT MecTO TOXECTBa

"k(X+a)=kX+ka n E(X+Y)=kX+kY.
‘3. Ec;m k=+1, 10
(x=k0)E((1—k)x=0)&(x=0).

C/e10BaTeNbHO, eIMHCTBEHHOH HEMOABHKHOIM
TOUKOf J060i roMoTeTHn c Kodpduumentom k-1
ABJsieTcsl ee LEHTP. '

Mpeanoxenne 21.2. Orobpadcenue [ naockocTu n
g ceba ecTo somoreTus ¢ yenTpom & To4ke 0 To20a u
roabko T020a, koeda f(0) =0 u Oas aw0boi npamol D
mroxcecrgo [(D) ecrv npamas, naparrenrbHan D.

Jlokasateascteo, 1. Ilyctb f—romoretus x—kx c
uentpom B 1ouke 0. Torma f(0) =0 u nas BCsIKOH mps-
moii D, mpoxonsmeil uepes 0, (D) = D.

Ecnu D — npousBosibHas npsmas, TO, KaK H3BECTHO,
D =D’ + a, rae D’ —npsamas, npoxoasitas uepes 0 u
napaianenbhas D, a a— HekoTOpas (npousBosbHasn!)
touka npsiMoit D. CiefoBatesnbHo,

f(D)=kD =k (D’ +a)=kD" +ka=D"+ka,

u f(D) ectb mpsAMas, napaanenbHas MpAMOH D', a cne-
AoBatenbHo, M npamoi D
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2. Hao6opor: myctb [-—Takoe OTOOpaxenue MmJO-
ckoctu IT B ce6s1, yto f(0) =0 u uro f(D) nas BCsAKO#
npsmoit D ecTb npsMas, napanneasuas D.

Nns  Besikoit  mpamoit D, npoxoasuledr uepes 0,
f(D) = D; 3nauut, 415 KaxAoit TouKy ¥ * 0 maockocTu I
HalieTcst TAaKoi CKalap Ay, 4TO f(x) = A.X; ocraercs mo-
Ka3aThb, UTO Ax 5= 0 M UTO A, He 32BUCHT OT X.

IMycts A, B—nBe pas/inuHbie MPOM3BOJbHBIE Npsi-
Mple, nmpoxoasiuiue uepes 0; Tak Kak f(A) = A, 10 Ha
npsiMoil A cyluecTsyet Takas touka a < 0, uto f(a) #0,
H CJeI0BaTeabHO, Ag = 0; 0003HaYNM uepe3 g roMOTETHIO
H(0, Ag).

PaccMOTpHM NPOHM3BOJIBHYIO TOUKy b & B, npsmsle B
u A(a, b) nepeceKaloTcs, U TOUKOIl HX mepeceueHHs oy-
ner b; caeaoBaTesbHO, 06paspl STHX NPAMBIX MPH OTO-
GpaxeHuu [ MepeceKaioTCss M TOUKA HX [EPECceyeHus
ectb [(b). Oanako o6pasaMu ITHX NMPAMBIX OyAyT Mps-
mas B u npamas, napaineabnas A(a, b), caBunyTas Ha
f(a) = Aqa; oHH coBmajalOT c 06pasaMu MpAMBIX B wu
A(a,b) npu otobpaxkenun 4.

Takum obpasom,

[(b) = g (b) = Asb.

Wuaue rosops, Ag = Ay A4 Bcex b & B; nomenas
poasmu A u B, nonyuum, uTo A=Ay M7 Bcex a= A n
Beex b e B, 1. e. uto Ha MHOxecTBe A U B Benuuuna Ag
OCTOSTHHA.

CnenoBatenbHo, Ay = Ay 0 1is BCEX X, y=+0, 1. e
A0 B Ay HE 3aBHCHT OT X.

Ho 310 HaM u Tpe6OBaJOCh A0Ka3aTb.

Caeactae 21.3. Ha yeHTpupo8aHnol naocKOCTU
(11,0) orobpascenue f

x—>k(x—a)+a (tne asllu k=R

ecre eomoretus H(a, k).

IeiicTBuTeIbHO, [ €CTb KOMMO3HLUHA [iepeHoca M ro-
MOTETHH; CJ1el0BaTe/bHO, OHO mpeofpa3yer BCAKYIO mps-
MyIO B MpAMYIO, €l mapaJjje/bHylo; C Apyroit CTOPOHB,
f(a) = a u, 3HauuT, f eCTb rOMOTETHS C LEHTPOM 4.
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Ecan a =0, 1o, oueBuano, [ = H(0, k). Ecau a0,
T0 npamas A(0, a) ycTOAYHBA OTHOCHTENbHO OTOGpaxe-
HUS [ U Ha 3TOH MPAMOH COOTHOLIEHHE

y=k(x—a)+a

MoxeT ObITb NpeACTaB]EHO B BHIE ay = Rax; cjenoBa-
TeJIbHO, KO3 (PHIHEHT TOMOTETHH paBeH A.

dt1o cnencrBHe MoxeT ObITh Takke cHOPMYJHPOBAHO
caefyiomuM o6pasom.

Caegcrsue 21.4. Iycre (a,i), (&y)—rarcue dse

napot Touexk naockoctu II, uto ax = by. Mycro x’, y’ —

06pa3vl ToHeK x U Y COOTBETCTBEHHO NPU 2OMOTETUSX
H(a,k) u H(b,k); To20a ax’ = by’

3ameuanue. [Ipennoxenne 21.2 MoxHo monoJ-
HHTb CJEeAYIOIUHM 00pasoMm:

Beakas eomorerus ¢ noaoxuresvHoiMm (COOTBETCT-
BEHHO OTPUYATEAbHBIM) KO3 puyueHTom npeobpasyer
KanOyro OPUEHTUPOBAHHYIO RPAMYIO 8 RPAMYIO, napat-
AeAbHYIO ell u 00UKHAKOBO HANPABAEHHYIO (COOTBETCT8eH-
HO NpPOTUBONOAONCHO HANPABACHHYIO).

3To oueBMAHO JJIA TNPAMBIX, TNPOXOJASILHX Uepes
LEeHTpP TOMOTETHH; OGIIUA cayyait CBOAMTCS K 3TOMY TNO-
CleIHEeMYy TpHMeHeHHeM J[ABYX IIepeHOCOB, COXPaHSIOLUIHX
HampasJieHHe.

22. Hzomoptusm BektopHbix npocrpatcre (II, 0)

IMrepnoxenus 22.1. Aaa awbox a, b 11 orobpasce-
Hue x ~ f(x), ede f— nepenoc, nepesodawjuii a e b, ecto
uzomopgpusm eexroproeo npocrparcrsa (II, a) Ha eex-
roproe npocrpancrso (I, b).

HoxasaTesaberBo. Kak Mbl yKe 3HaeM, [ ecTb u30-

MOp}HH3M OTHOCHUTENBHO TPYIIOBOH CTPYKTYpbl 3THX
npoctpaHcTB (mpeanoxenune 14.1). Ocraercsa noka3aTh,

uTOo
fu-x)=2=f(x),
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rge CHMBOJAaMH + M * 00O3HAUeHbl YMHOXEHHS Ha CKa-
asip B (11, @) u (II, b). Ho ecan cnoxenue B (II, a) o6o-
3HAYUTb uYepe3 -, TO MepeHoc [ Ompefensercs paBeH-
CTBOM

fw)=u+b;

CJIeI0BATEJbHO,
fh-x)y=A-x+0.

IMpoussenenne A «f(x) (B cuay CIAeACTBHA 21.3) 3amu-
HieTcsi B BHJIE

Axf(x)=A-(F(x)—b)+b=A-x+b,

OTKyJa H cJelyeT HCKOMoe TOXAECTBO.

23. CTpyKTypa BEKTOPHOro MPOCTPAHCTBA Ha
MHOXECTBE NepelocoB

[ycrs 0 = I0; aaa aoboro a < (I1,0) obosnauum
yepe3 f, mepeHoc X —(X + @) LEHTPHPOBAHHOH IJIOCKO-
ctu (II,0). U3 npeanoxenus 14.1 caenyer, uro oroGpa-
JKEHHe Qo @ —> f, eCTb H30MOP(H3M ajAJUTHBHOMN TPYMIbI
(11,0) ua rpynny I mnepeHocos. OueBHAHO, oTOGpae-
HHe (o eAHHCTBEHHbIM 00pa3oM 3anaer Ha I CTPYKTYpY
BEKTOPHOTO MPOCTPAHCTBA TakK, YTOOB (o OblIO H30MOp-
($HU3MOM MeXXJy BEKTOPHBIMH NpPOCTPAHCTBAMH (IT, 0) u
- (nyrem nepenecenns ctpykrypul ¢ (I, 0) na 77).

OmnpenenenHasi TakuM o6GpasoMm Ha I CTPYKTypa
BEKTOPHOTO NPOCTPAHCTBA HE 3aBMCHT OT Bbibopa Ha-
yagbHO#i Toukd 0; 3TO HENOCPEACTBEHHO CJefyeT H3
npensoxenns 22.1.

[Tonb3ysich HeCKObKO HHOM TePMHHOJOTHEH, MOXKHO
cKa3aTb, YTO MBI 3aJajli Ha MHOXeCTBe CBOOOJHBIX BeK-
TopoB miockocTH II cTpyKTypy BEKTOPHOTO MpOCTpaH-
cTBa; 9Ta CTPYKTYpa TaKoBa, 4TO /A JI060H TOUKH

0 = I orobpaxenue x—O0x onpejesser BEeKTOPHbIH H30-
MopouaM uentpuposanHoi miockoctu (II, 0) na BekTop-
HOoe MPOCTPAHCTBO CBOGOAHBIX BeKTOpoBs miockoctu II.
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§ 5. PACTSHDKEHHE NJIOCKOCTH
24. XapakTepH3auusi pacTsSKeHHH

Onreaeneuue 24.1. Pacrascenuem niockoctu II Hasbl-
BaeTcs BCsiKoe mpeoOpasoBaHHe 3TOH IJIOCKOCTH, 3alu-
coisaemoe B cucteme (II,0) caenyomum ob6pasom:

x—>kx+a (k50— ckaasp).

HenocpenctBenHo W3 onpejie/ieHHs] clelyeT, uTo pac-
cMaTpuBaeMoe Npeo6pa3oBaHHe HMeET TOT K€ BHJ Ha
BCSIKOH LEHTPHPOBAHHON IJIOCKOCTH (T. €. NIpH Jio6oM
Bbi6ope Havasa). Bcskoe Takoe mpeoGpasoBaHHe eCTb,
OUYeBHIHO, PON3BeJleHle TOMOTETHH M NepeHoca.

TrepnoxEnuE 24.2. Orobpascenue [ naockocru 11 6
cebs ecTv pactancerue Toe0a u TOAbKO Toz2da, Ko2da Oas
1060t npamoii D ee obpas f(D) ecro npamas, napan-
aeavrasn D.

JlokaSATEALCTBO. BbiGepem Ha njaockoctn II ma-
yaapaylo Touky 0. Bcskoe mnpeoGpasoBanne f Buza
x—kx + a (rme k=0) ectb npousBeieHHe TOMOTETHH U
nepeHoca H, CJeOBaTesbHO, NepeBOAUT BCAKYIO NPSMYIO
B NpSIMYIO, NMapaJJesbHylo efl.

O6paTtHo, nycth otobpakenue [ o6Jajfaer ISTHM
cBofictBoM; oTo6paxenue x—f(x) — f(0) ocrasaser He-
noABHXKHOH Touky O W NEepeBOLHT BCHAKYIO NpPAMYIO B
npsAMyo, el napajJesbHyld, a 3HAUHT, 3TO TOMOTETHS
¢ uedtpoM B Touke 0 (mpemnoxenne 21.2); ecin kR —ee
K03 pHHHEHT, TO

f(x)=Fkx +f(0).

Trennoxenue 24.3. ITycro [ — pacraocenue x > kx+a
naockocru TI ¢ nawarom 0. Ecau k =1, 10 [ — 310 nepe-
Hoc; ecau e k =+ 1, ro [ — aro eomoretus ¢ Kosgppgu-
yuerntom k. :

Ieficteutensne, ecnu k= 1, to ypaBHenne x = f(x)
HMeeT eJHHCTBEHHOe pelleHne C

1
Xo= (_l———E) a.
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CienoBatenbHo, [—romotetusi H(xy, k) (ciemcrBie
21.3).

Benuuuny k2 HasbiBalwoT Ko3d PHuLHEeHTOM npeod-
pasoBaHHs [.

1 .

3 paBenctBa x0=(l—~7)a c/JellyeT, 4yTo B HeKOTO-
poM cMbicae (KOTOpPBLIH Jerko MoXeT OBITb yTOuHeH) Ie-
peHoc Xx—X + a ecTb INpeleq TOMOTETHl OpH cTpeMJe-
HHH HX IEeHTPOB K GeCKOHEUHOCTH MO HalpaBJeHHIO Nps-
moit A(0, a) u mpu cTpemyaeHun ux Koddh¢uureHToBK 1.

25. I'pynna pacTsaxeHHi

Paccmotpum Ha uentpuposanHoit miockoctu (II, 0)
pactsikenue [ (coorBercTBeHHO [)

X —> kx + a (cooTBeTcTBeHHO X —k'x +a’).
Jlerko BHAETB, YTO:
1. O6partnbiM K mpeoOpasoBanuio [ OyxeT pacTsike-
1 1
HHe X —*("E) X —~(~k—)a.
2. Komnosuuusi pacts:kenuil ["of ecTb pacrsikeHue
x—>kkx+ (Ra+a’)

¢ Ko3pduuuentom k'k.
3 ('ef=fF)&S (Kata =k +a)&
S ((1—k)a" = (1 —Fk)a).
Taxkum o6pasom,
auGo [ uan [’ — ToxKaecTBeHHOe Tpeodpa3oBaHue;
au6o f u f’— mepenocsr;

anbo k+ 1,k #1 u (llk) a=(l~lk,>a’,1*. e. fu

f/ — romoretuy ¢ OOIHM LEHTPOM.

4. Ecan cyuwecrByer Takas npamas D, urto f(D) =D
uf/(D)=D, ouf of(D)=D.
© CuemoBatesbHO, eciH [ u [/ — ABe rOMOTETHH ¢ LEHT-
pamu 0, 0/ (npuuem 0=~0"), 10 f'of (u fof’) ecTb aMGO
TOMOTeTHSl ¢ LEeHTPOM, MNpHHAAJexalwHuM mpsamoit D =
= A(0, 0'), nubo mepeHoc B HampaBJieHHH, Tapalelb-
HOM mpsmoit D.

Aunanornyno, ecam [ — romoteTHs ¢ UeHTpoM 0 H-
f’ — nepenoc x > x + a (a=0), To KoMnosuuuu ' o f u
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fof/ GyayT roMOTeTHAMR, LEHTPbl KOTOPBHIX NpHHALJE-
xar npamoit A(0, a).

_ CopMyiupyeM KpaTKo OCHOBHbIE TIONYueHHbIE pe-
3yJIbTaThI: 59

[pepoxERuE 25.1. Pacragcenus nA0CKOCTU I oo6-
pasytor epynny G npeobpa3osanuil; aTa epynna HEKOM-
MyTaTUBHA; 08Q 3AEMEHTA Zpynrbl % nepecranoso4Hbl
TOALKO 8 ToM CAy4ae, Koeda aT0 Aubo 0sa neperoca,
Aub0 dse 2omoTeTUl ¢ OOWUM YEeHTPOM *).

Or1ob6paserue P

f— (koagppuyuent npeobpasosanus f)

ecTy npedcrasrenue epynnol Y 8 MYAbTUNAUKATUBHOU
epynne R* noasa R.

26. Moarpynnbl rﬁynnu pacTsKeHui

1. s Bcex a< Il mHoxectBO J6(a) rOMOTETHH C
GUKCHDOBAaHHBIM IEHTPOM & ob6pasyeT KOMMYyTa-
THBHYIO NOATPYNNY IPynmbl &, n30MOPOHYIO MYJbTHILIN-
kaTuBHOi rpynne R*. Bceskoil moarpynmne M rpynnsr R*
COOTBETCTBYeT, TakKMM 06pa3oM, HeKoTopas NOArpymnna
rpynnsl 6 (a):

Ipynne M = {l, —1} cooTeTcTBYeT rpynna, obpaso-
BaHHAN TOXIECTBEHHbIM npeoOpasoBaHHeM # CHMMET
puefi OTHOCHTEJbHO IE€HTpa d (ompenensieMoil  Kak
x—2a—x).

I'pynne M= R’ cooTBeTcTBYyeT Trpynna T OJ0 X u-
TeqbHBb X TOMOTeTHH (roMoTeTHit ¢ K03 PHULHEHTOM
k> 0) c uentpom a.

Viomsinenm eme rpynnsl M =Q u M= {k"}nez (TR
k+0).

2. Toarpynna g mepeHOCOB H BCe e NMOATPYIEL.
Ilas WayueHHs MOArpymm rpymmst 7 yno6HO BOCIOJbB30-
BaTbC H30MOP(HU3IMOM MEXAY rpynnoit J ¥ ajJIMTHB-
noit rpynmnoii R% Tloarpynnam Zx{0}, ZXZ, ZXR

#) 3ameTuM, U4TO TOXJECTBEHHOE npeoGpasoBaHue X —> X MOXHO
paccMaTpHEATh KAK FOMOTETHIO C IeHTPOM B TP O M3BOJAbBHOMN TOYU-
Ke a 1 KodbduuneHToM 1 WIH KaK NepeHoc Ha 0 (1. e. 1160 Kak mpe-
o6pasoanue X —>1-x, an6o Kax npeo6pasopanne X —>X + 0).
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rpynnel R? COOTBETCTBYIOT NPH 3TOM H30MOpdH3IMe HH-
TepecHble NOATPYMILE IPynnel J ; Tak, HanpHMep, Ipym-
ne Z X Z npu Jwo6om BeiGope Touek a, b & II, nekonin-
HeapHnix ¢ TOuko#l 0, COOTBETCTBYeT rpylma MNepeHOCOoB
Buga (pa + gb), rne p, g = Z.

3. [Tycth @ — KaHOHMYECKOE NpeACTaBJEHHEe TPYINbI
% B R*, onpepensieMoe Kak

[ — (koadunuenT npeoGpasoBanus f).

JIlas Beaxo#t noarpynnsl M rpymmsl R*  MHOXKeCTBO
¢! (M) ecTb HOPMAJIbHBIA A€MHTENb TPyNNbl F.

Eciu M = {1}, To ¢~!(M) ectb rpynna nepeHocos.

Ecau M = {1, —1}, To ¢~ (M) ecTb rpynna nepeHocos
H IEeHTPaJbHBIX CHMMETDPHH.

Ecim M=RS4, 1o ¢ '(M) ectb rpymma pacrsixke-
HHil, COXPAHSIIOUIMX HaAMpaB/eHHAsl OPHEHTHPOBAHHBIX
PSMBIX.

27. Pactsixkenuss noaMHoxects MHoxectBa II

[lo Tpaguumum B 3JMeMEHTapHOH TE€OMETPDHH MHOrO
BHHMAaHMsS YAe/seTcsi H3YyYeHHI0O napbl TOMOTETHUHBIX
TPEYroJIbHUKOB; Mbl paccMoTpum OoJsiee oOLIME caydai
pacTsAXKEeHHH NpPOH3BOJBHBIX uacTell muaockoctu II

JIemma 27.1. Aaa awboix u, v, v/, v’ = I1, Takux, 4ro
uv, w0, A 0)IAW, v),

cyujecteyer eduncrsennoe pacrasicenue [ naockocru TI,
das Kotopoeo f(u)=u" u f(v)="1"

JlokasaTEnbcTBO. 1. Cyufecreéosanue. Tlapy (u, v)
nepepeneM nepeHocom B mapy (u',v”); nanee, HeKoToO-
pasi roMoretusi ¢ ueHtpom u’ mnpeobpasyer (u/,v”) B
(u/,v’); npoM3BeleHHEe 3THX ABYX pacTsKeHHi u OyjeT
HCKOMBIM Npeo6pas3oBaHHeM.

2. Eduncrsennocts. Ecnm f, ¢ —nBa mpeoGpasopa-
HHS, YIOBJIETBOPSIOUIHE YCJIOBHAM JIEMMBl, TO pacTsxe-
HHe f~'og oCTaBUT TOYKH 4 M ¥ Ha MecTe; MpPENCTAaBHUM
€ro B BHIe x—FkxX 4+ a; Torma:

ku+a=u v kv+a=v, orkyna (1 —k)(u—0)=0.
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~

-~ CnenosatesqsHo, k=1 u a=0; nHaue rOBODS,
f! o g — ToXKmecTBeHHOe TNpeo6pasoBaHue, H  3HAYMT,
f=g
i .
Meepnoxenne  27.2. [Tycre X — HekoTopoe ROOMIO-
acectTeo muoxcectea I, He npunadaexcaujee yeaukom 00-
Hotl npamoil, u nycTe [ — 0TOOPAdNCEHIE MHONCECTEA Xell
Ecau 01s scaxoil napel pasauinbix Touek X, y X
rouxku f(x) u [(y) npunadiexcar npamoi, naparrerb-
Hoi A(x,y), 1o aubo [(X) ecTo eduncrsennHas TOUKA,
aubo f ecTo ozpanudenue HQ MHOKECT8O0 X HEKOTOPO20
(00r03HAUHO Onpedessemoeo) pacTaNcenus NA0CKOCTU II.

JLOKASATENBCTBO, 1-i cayyad. CyllecTBYIOT N0 Kpai-
Hell Mepe 1Be HENOJBH)XHBIE TOYKM a, b mpeoGpasosa-
Husa f. A
Ilna Jgioboit Toukn x & X, Takoi, uto x & A(a,b),
npsmbie A(a, X) ¥ A(b, X) COOTBETCTBEHHO NepecekaroTcs
¢ npampiMu A(a, f(x)) u A(b, f(x)) u napaijeibHbl HM,
OTKyJa CJaefyer, uTo f(x)= X.

CnenoBaTesbHO, [ TOXAeCTBeHHO BHe npsamoi A(a, b).
Ho no npexnonoxenuio B X HaiiieTca no kpaiHeil mepe
omHa Touka ¢ & A(a,b). Paccyknas aHaJOrHYHbIM 00-
pasoM, rnokaxeM, uTo [ TOXIECTBEHHO BHe MpAMOfi
A(a, c); clefoBaTeNbHO, [ TOXKIECTBEHHO BCIONY Ha X.

2-i cayuai. TpeanosoxuM, uto MHOXKecTBO f(X) ne
CBOANTCS K OJHOH TOuKe, TOTr[a CYyLIecTBYIOT JB€ pas3-
Juunble Toukn a, b & X, naa goropuix f(a) # f(b); Tak
kak A(a, b))l A(f(a), f(b)), To cywecTByer (nemma 27.1)
takoe pacTszkenne g miockoctd II, uto g(a) =f(a) n
g(b) =f(b). Otobpaxenne g-!of mHOXKecTBa X B MHO-
xecTBo II YIOBJETBOPSET YCJOBHAM, ONMHCaHHbBIM B ¢op-
MYJHPOBKE TNpeNJIOKeHHs, H 06J1afaer ABYMS HEMOIBHX-
HBIMH TOYKAMH a u b; cJefoBaTeJbHO, OHO sBJseTCs
toxpectBeHHbiM Ha X. Muaue rosops, oroGpaxenue f
€CTh OrpaHHueHHe pacTsKeHns g Ha MHOxkecTBO X. Enun-
CTBEHHOCTb OTOGpaXKeHHsl g cJaeiyer, Hampumep, W3 NpH-
peJicHHOM Bblle JeMMbl 27.1.

“3aMeuanne. OueBHAHO, 4TO ecMH X TPHHAMJIEKHT
O/LHOH TIPSAMOIi, TO B C s KO e oTo6paxenue [ MHOXeCTBA
X B HeKOTOpYI0 NpPAMYIO, NapaelbHYI0 TNPSIMOH, co-
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nepxanieit X, o6Jafaer BCeMH CBONCTBAMH, YKa3aHHBI-
MH B QOpMyJHpPOBKe mpensoxenns. Takum oO6pasom,
ycaoBne «X He TNPHHALJIEKUT OLHOI MPSAMOI» B thopmy-
JIHPOBKe TpeioxKeHHs 27.2 CyLIeCTBEHHO.

§ 6. BOBMO)XKHBIE NMYTH JAJIbHEAUIETO H3YYEHHSA
A®PHHHOH CTPYKTYPbI

28. Hexotopbie TeMbl MJsi JAajabHeiiiero H3yueHus

1. Agppunnoie npeobpaszosanus NAOCKOCTU: 3TO, NO
onpenenenuto, npeoGpasopanus Buga x—I/{x) + a, rne
! — rakoe muneithoe oto6paxkenue (I, 0) B cebs, uro

g9 —
f —
e —|
d —
c —|

b —]

a —

Puc. 7.

(I{x) =0) = (x=0). Moxuo mnOKasaTb, 4TO MHONe-
ctBo adduuHbIX npeoOpasoBaHuil COBMAagaeT C MHOXKe-
cTBOM npeoOpasoBanuit maockoctn II, mepeBoasuinX
KaXKAylo MPAMYIO CHOBA B NpsAMYIO *).

2. Bosnee o6uiuii 00beKT H3yyelHs TMPEeACTABJASIOT
coboii apgpunnsie orobpascenus naockoctu I 8 Opyzyo
naockocto IT.

MHTyuTHBHOE NpeACTaB/]eHHe O TaKuX Mpeo6pasopa-
HUsIX JIeFKO NOJYuYHTb ¢ MoMollblo (BooGuie rosopd,

*) Cm., nanmpumep, Sraom M. M. n Awxiunyse B. T,
Hpenn u MeToabl a(@UHHON ¥ NPOEKTHBHON reoMeTpiH, d. I, M,
«Ipoceeutenne», 1962, § 2, ra1. L

5 3ak. 323
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KOCOYTrONbHO#) KOOPAMHATHOI ceTKH Ha miockoctd II u
ee oOpasa B muockocti I1” mpu npeoGpaszoBanuu [ (CM.
puc. 7). K Tomy xe ¢u3HuecKMH MHp mpeijaraer HaM
MHOTOYHC/JICHHble HJIJIIOCTPAllUH TaKoro OToOpa<eHud,
HanpuMep: TeHb Ha MOJY OT OKOHHOIl paMbl, OCBeIlleHHOMH
COJIHLIEM; NMPOEKHHA HEKOTOpOH BepTHKa/JIbHOH MJOCKOCTH
Ha TOpPH3OHTA/NbHYI0 IJIOCKOCTb; LIApHHUpHAsl CeTKa H ee
ndedopmanuu.

3. Agpdpunnvie oTobGpanenus NAOCKOCFU HQA NPAMYIO
I JuHelHbie (opMbl; apdunnbie 0TOOpaXceHUs noaf
R 8 naocrocre 11 (mapamMeTpH3alHH HPSIMBIX MJOCKO-
cru II).

4. Lentp TAMecTu; ero HHBAPHAHTHOCTb OTHOCHTE/Ib-
HO J1060oro addHHHOrO mpeobGpas3oBaHusi; NMPHUJIOKEHHe K
M3YUYEHHUIO BBLINYKJBIX MHOMKECTB.

29. Kocaa cummerpus

[Toxaxkem Ha mpumepe, Kak ¢ MOMOILbIO OUEHb MpO-
CTBIX CPEJCTB MOKHO MOJOMNTH K H3yUEHHIO KOCOH CHM-
MeTpHH.

Onrenenenue 29.1. Ilycte A — HekoTopasi npsiMasi
8 — HekoTOpoe HampaBJeHHe, OTJHYHOE OT HaMpaBJeHHS
npamoii A. Kocod cummerpued mnapannenbHo 6 (uau B
nanpas/iennd 8) ¢ ocklo A (mam ornocutenbHo A) Ha-
sbipaloT orobpaxenue [ maockoctu [I B cebs1, ompene-
JIeHHOe CJelyIOlHM 06pa3oM:

Hns Bcex x =TI touka [(x) pacmosiokena Ha nps-
MOil HamnpagJeHHs 0O, npoxoisllell uepe3 TOUKY X, NpH-
yem cepeanHa mnapsl (X, f(x)) npunamnexur npamoit A.

OueBupno, 4T0 [2— TOXKIECTBeHHOE MpeoGpasoBaHue;
¢lle10BaTebHO, [—HHBOJIOTHBHOe mnpeobpasoBa-
nue nuaockoctu II.

[Tyctb B — npousBosbHasi npsiMasi HanpasJ/eHus 9,
nepecekatomasgs A B Touke 0. OGosmaunm uepes xi, Xo
coCTaBJ/sIollHe HEKOTOpoil ToukH x maockoctd IT B cu-
creme oceit (A, B). Torma cocraBasiomumMu ToukH [(x)
OyayT TOYKH X; H —xp (OTCIOfA cJedyer, 4To [— Ju-
HefiHoe npeo6pa3oBaHHMEe LEHTPHPOBAHHON  IJOCKOCTH
(I1, 0)); a”asoruuHo, ecau g — Kocas CHMMeTpHs napas-



§ 6. Haabreiwee usyuerue ap@urHod CTpyKTypol 67

JesbHO npsiMoi A ¢ ocwio B, To cocraBasioliuMu o6pasa
g(x) 6ynyr —x; u Xg.

Orciona c/eiyer, uTo KOMIO3MUUM fog H gof cyThb
He UTO HHOe, KaK oToOpaxeHnHe

(%1, Xg) = (— Xy, — Xx9),

T.e. LeHTpaJdbHass cuiMMeTpua h c uenrpom 0
(nu cumMeTpHust oTHOcHTeNbHO 0).

O6parHo, ecau mpousBefleHHe [ABYX KOCBbIX CHMMeET-
puil ecTb cuMMeTpHusi ¢ ueHTpoM 0, TO OYeBHAHO, UTO ITH
KOChle CHMMETPHH CBSI3aHbl OMHCAHHBIM BhbIllle 00pasoM
c mapoil nepecekamouuxcs B Touke 0 mpaAMbIX; Takue 1Be
CHMMeTPHH Ha3bIBAIOTCA COT P K €H Hbl M H.

OtHouleHue
g o f = f 0 g = h
Mo:KeT ObiThb 3alHCcaHO TaK:kKe B BHIE
g = f o h = h o f;

clefloBaTe/bHO, Hhpousdsedenue KOCOU  cummerpuu €
ocoto D 1 YeHTpasbHOil cummerTpul, yenTp KoTopoi npu-
Hadsexmur D, ects Kocas cummerpus, CONPANCEHHAA C
nepsoii.

ITeegaoXEHME 29.2. Bceakas kocas cummerpus ne-
peBoOUT NPAMYIO 8 NPAMYIO.

JIOKABATEAbCTBO. IlycTh B NPHHATHIX Bhile o6o3na-
yenax (a, b) — rtaxoii 6asuc cucremsl (II, 0), uto
as=A, beB.

Ypasuenne qi06oii npamoit D maockoctu 11 umeer
BUI

ut+on+w=0 (rme u ¥ v He paBHsl 0 OJHOBPEMEHHO).

Ho cummerpus [ ectb oroGpaxenue (& 1)—>(E, —n);
nosToMy ypaBHeHue oGpasa [(D) mmeer Bujx 4E—un +
+ w =0, u caenosaresabno, f(D) ecTb npamas.

Otciofia cjelyer, YTO NPOHU3BefeHHE KOCHIX CHMMeET-
puit ectb adduHHOe npeobpasosanue mjockoctd II;
MOXKHO TOKa3aThb (CM. ympakKHeHHs), 4YTO MHOXKeCTBO
TaKHX TPON3BeJeHHH coBNajaeT ¢ TIpynnod skBuad-

5*
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GuuubXx npeobGpasosanuii, T. e abPuHHBIX
npeoGpasoBanuii ¢ pgerepmunantom +1 wim —1 (ad-
¢HHHBIX Npeo6pasoBaHuil, COXPAHAIOWIHNX IUIOWAADb); 9T
rpynna urpaet B MHOxecTBe addunHbIX npeobGpasosa-
HHIl pOJb, AHANOTHUHYIO POJH TNOATPYNIbl ABHMKEHHI
rpynnsl npeoGpasosanuil nopobus. Ilpyrumu cloBamy,
8caKoe agpunnoe npeobpasosanue ecTo npousgedetue
(MONOKHUTENBHON) 20MOTETUU U KOCLLX cumMeTpuil.

Ynpaxuenus K raase Il

1. [Mycto A — noamuoxkectso miockocti II, ueHTp CUMMETpHH
KOTOpOro ecTh Touka 0; MoKasaTb, YTO ecaH Besikas mpamas D, mpo-
xoasiast uepes 0, nepecekaeT A B KOHEUHOM YHCjae fo > 0 Touek,
To 0—eAUHCTBEeHHL i UGHTP chuMMeTpuu MHOxecTBa A.

2. Tlyets A — noaMHoxecTBo miockocth II, oGnanaiouiee LeHT-
poM cummerpui, a [ -— pactsxkenue II; nokasaTe, uTO CyllecTBYeT
elle ogHO pacisaxenne g == f, Takoe, uto f(A) = g(A).

3. Ilycts  (ay, @y, ..., an) — KOHEIHAsT MOCJIe10BaTeIbHOCTL TO-
yex maockocTn 1T; HalTH TaKie NOCJIE10BAaTENbHOCTH (X1, Xo,. .., Xn),
YTO cepeAlHOl Kax10# mapbl (Xi, X,4+1) CJAyXKHT TouKa a; (mpil co-
FAQUIeHHI Xy 41 = X).

4. Iyctb A — upoussogabHoe noaMmHoxkectso miaockoctn II. Ilo-
Ka3aTb, UTO MIOXKECTBO X LeHTPoB chMMeTpuil MHokecTsa A cum-
METPHUHO OTHOCHTEJIbHO KaXK/J0ro H3 HHX; I[0Ka3aTb, YTO MHOXe-
cTBO X 3aMKHyTO, eca MHuoxectBo A 3aMmkHyro. HaifiTh Bce 3aMKk-
HyTole MHOxkecTBa X Ha naockoctH 1I, cummeTpuuHnie OTHOCHTE/BHO
K a X ,10if cBoeft TOUKI.

5. Iycte 8, 82, 03 — Hanpasaenus Tpex nomnapHo pasHYHLIX
npsMbix, U nycTb A, B — aBe npAMble, HaNpaB/IeHHA KOTOPbIX OTAHY-
Kbl OT 0.

Jas xaxnoi npsiMofi Dy manpasnaenns O; oGossauum uepes D
npsAMylo nanpasaeHna O, nposeleHnyio depes Touky A (1 Dy, n
yepes D; — npaMmyio HanpasienHss 0z MpoBeleHHYIO uepe3 TOUKY
B (D,

Monouwum (D)) = Dy N D3. Kakoso mHomkecTsBO Touek f(Dy)?

6. [lyct, (A4, B), (A’,B’) — aBe mapbl MNpsAMbIX, TaKIX, u4TO

Al A" u B B’. Haiitu Bce pactskenus, nepesogsiuine A U B B
U B

7. [lycto A, B— Ba orpanuuenubix OTJHYHBIX OT TOUKH MO~
muoxkectBa nsockoctd II. [TokasaT, uro cyllecTByeT He Gosee ABYX
pactskennil [ naockoctn II, takux, uto f(A4) = B.

8. Ilycrs [ — otoGpaxenne naockoctn IT B ce6s n § — Heko-
Topoe uanpas.aesne. ITokasarts, uto ectai aqaq scex X, ye II, takux,
uto X 5=y, Toukd [(x),f(y) npuHainexar npsMofi, napansenbHOH
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A(x, y), u ecan pas moboi Toukn x & II Touku x, f(x) mpunaanexar
HeKoTOpOll npsamoii HanpasaeHus 8, To oroGpaxenue [ ecTb mepenoc.

9. Pacrsaxenns R:

a) OToxpmecTBHUM pacTamenue X—>kx + a mniockoctu II ¢ Tou-
Koit (k,a) wmuoxectsa R%, rpymna ¥ pacrsaxennit niockoctn
OTOMKJIECTBHTCSI TeM CAMbIM C HEKJTOPHIM MNOJMHOMXECTBOM MHOXKE-
ctBa R% uuTaTenio npepJjaraerTcst NOJHOCTBIO pa3obpaTe 3TOT BO-
npoc. 3anaaum Ha rpynne & TOMONOTHIO, HHAYLHDOBAHHYIO Ha leil
TomoJoruel mpocTpanctBa R? npu TakoM OTOXKAecTBaeHuH. Uro
Gyner o6pasamu B mpoctpaHcTBe R? moarpynn rpymmsl &, oGpaso-
BaHNLIX: 1) FOMOTETHAMH C IeHTpoM B Touke (? 2% nepeHocammn?

b) Tloka3saTh, UTO ecqu HekoTopasi nmoarpynna ¥’ rpymnsl & co-
nepxut  romoretmio  H(xo, k) ¢ xospduumuentom k=1, —1
U Takoe pactskenue f, uto f(xo) 5= Xo, TO MHOXKECTBO WENTPOB Tro-
MOTeTHH n3 rpynnsl &’, Koa(pUIHEHT KOTOPLIX paBeH kK, BCIOAY
naoto B R. Tlosb3ysch 3THM, TOKasaTh, 4TO eCIH &’ 3aMKHYTO,
TO OHO COJePKHT Bce NepeHOChl mpocTpancTsa R.

10. TTokasaTp, YTO JeTePMHHAHT BCAKOH KOCOH CHMMETPHH ILTOC-
koct IT pasen —I1. Iloka3aTs, uto Bcaxkoe addunHoe npeobpaszosa-
HHe naockoctd II, netrepMuHaHT KoToporo paBeH =1, ecTh npousse-
peniie 3 waM 4 KOCBIX CHMMETPHH (JI0Ka3aTesbCTBO aHa/JOTHUHO J0-
KasaTeIbCTBY TeopeMbl 45.6).

11. Halitu Bce 3aMKHyTbie TPyNnbl iHeHHbIX Ifpeobpa3oBaHiii
nerTpuposanHoil nuockoct (II, 0), oAHOTPAl3HTHBHBIE Ha MHOXKe-
cree IT \ {0}.



raaBA JI1

AHCHUOMbl METPHYECKOM CTPYHKTYPbI

§ 1. NEPNEHOAUKYJSPHOCTb

30. AKcHOMa NepneHAUKYASAPHOCTH

Qopmynupya akcuomy III, Mbl ucnoab3oBanu noHs-
THE pacCTOSIHHUSA; HO paccrosdHHe OLLIO BBeieHO B pac-
CMOTpEeHHEe JAHIb LJS TOro, YTOOBl HEeCKOJbKO YNPOCTHTh
3ajanue ap@UHHON CTPYKTYPHl Ha MNPSMBIX, H INIOCKOCTD,
onpenensiemas akcuomamu I, II, III, ue oGnamaer mer-
pHUYecKO#l CTPYKTYpoHl B NOJHOM CMbICJIe 3TOTO CJOBa:
Ha Kaxpao# npsMoil miaockoct Il 3apmanma Hekortopas
METPHKA, HO MEeTPHKH pas3/jHuYHBIX NPAMBIX HE COTIJaco-
Badbl, He CBSI3aHbl MeXKOy COOOH HHMKAaKON aKCHOMOH me-
pexona; akcuoma Illp BBOAHT /HIIL TIOHATHE CepeLHHBI
oTpesKa, W, CJIef0BaTe/AbHO, HOCHT YHCTO adUHHEIL Xa-
pakrep.

3tor (aKT MOXKHO NOAYEPKHYTb CJEAYIOIIHM 3aMe-
yaHieM:

[Tycrs IT — nyockocThb, yAOBJAETBOpAIONLAsA aKCHOMAaM
I, I, 111, u nyctb d — paccTosiine Ha 3TOH NJOCKOCTH,
paccMOTpUM TPOH3BOJbHOE OTOGpaeHue f Muoxkecrsa 2
npsimbix maockoctu I B uutepsadn [0, oof.

Ina scex x = II nmonoxum d’(x, x) =0. Has Bcex
x, y = II, Takux, UTO X = Y, TOJIOKHM

d’ (x, Y)=ky, yd(x, y), Tre kb, ,=[(A(x, y)).

OueBnnHo, uTo Miaockoctb I, Ha KOTOpOH 3amaHo pac-
crosiiue d’, Tak:xe ynosaersopser akcuomam I, II, III n
obaamaer Toit xe adduHHON CTPYKTYPOH, YTO H MJO-
ckocth II ¢ paccrosinneM d, XOTA paccTosiHHe Ha KaxkJoH
NpsiIMOH yMHOXaeTCsl Ha HEeKOTOPBIH TMOJOXKHUTeNbHLIH
CKaJsIPHbIl MHOKHTENb, 3aBHCALIHI OT BbIOOpA NPAMOI.
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Temepb Mbl NONbITAEMCH yCTAHOBHTb CBfA3b MEXAy
MeTPHKAMH Ha DPas/IHUHBIX NPAMLIX C MOMOLLbIO OPTOro-
HaJIbHLIX MPOEKIHH; AJA 3TOTO Mbl JAOJIKHH CHauanaa
YTOUHUTh TOHSTHE MEePNeHAHKYJAPHOCTH NPSAMBIX.

AkcuoMa IV, (o nepunesaukyaspax). Ilepnenouxy-
aapHocTs (06o3Hauaercs yepes | ) ecrTo buHapHoe 0THO-
wenue Ha muoxcectse % npamolx naockocru 1l, Takoe,
0K

1) (ALB)&S(B1A) (cummerpuurocte oTHOUWLE-
Hus 1);

2) (A1B)= (A u B He napainesvnol);

3) Ilaa scakod npamoid A cyujecteyer no kpaiHed
Mepe o0na Takas npamas B, uto A | B;

4) Nasa awboi naper (A, B), rakoi, uto (A L B),
cnpagediusa IKBUBANEHTHOCTb

(BIIB)& (A L B).

31. MepneHauKyJASIPHOCTD JABYX HanpaBJeHHH

Mzl roBOpHM, YTO ABa Hanpas/eHus 6 U &’ mepmeH-
LIMKYyJAapHB, U nuumeM 8 | 6, ecau CyllecTBYOT Ta-
ke nBe npaMbie D, D’ nanpasiienuit § u 8’ cooTBeTcTBeH-
Ho, uto D | D’.

Tem caMbiM MbI onpefenu/u GHHApHOe OTHOILEHHE Ha
MHoxecTBe D manpassenuil; u3 akcuomnl 1V, caenyer,
YTO 3TO OTHOIIeHHe o6jajfaer CJAefyOUMMH CBOi-
crBaMu P’:

I.CHMME@TPHUYHOCTb;

2. AntupedpnekcuBHocTbp (8 L 8 HeBo3-
MOXHO);

3. Jlas BcsKOro HampasseHduss § CyLLeCTBYeT eluH-
CTBEHHOe HampaBJ/enue o', Takoe, uto 6 | 8" (cyume-
CTBOBAHHE H eJHHCTBEHHOCTD).

JIpyrumMu cloBaMH,

(D | D)& (nanpassenne npsaMoi D | HanpapJ/eHRIO
npsamoit D).

Jlerko yGenutbesi, 4yTO H 06paTHO, BCSIKOE 6uHapHoe
oTHOIIeHHe Ha MHoxecTBe D HampasJ/eHuil, o6sajaroiiee
cBolicteaMu P/, ecTb OTHOlUeHHe, NOPOXKIEHHOE HEKOTO-



72 Ta. 1. Akcuomsr smeTpuueckoi CTpyKTypoL

PbIM OTHOUICHHEM IepPHeHJUKYISPHOCTH Ha MHOMeCTse
% npavpix (D nm D’ cuuTalOTCs MeEpPreHIHKYIAPHBIMH,
ecau nanpassenuss npsnpix D o D’ mepneniuKyasapuHel) .

OGUWHOCTb OTHOWEHHUS NepHeHAUKYJIADP-

HOCTH

TonbKO UTO H3/J0XKEHHOe MO03BOJSET OLUEHHUTH CTeneHb
OGLIHOCTI OTHOLIEHHI nepnenauKkyasiproctH Ha D, yAO-
BaeTBOpsIOILHX aKcHoMe IV, JeficTBUTENBHO, 3ajaHHe
Ha @) TaKOro OTHOLIEHHs SKBUBAJNEHTHO sajfauuio Ha D
HEKOTOPOTO OTHOLIEHNs, 06/1a1al0llero CBOHCTBAMH P,
a 3T0 BCe PaBHO, UTO 3a1aTh HEKOTOpOe pa3bueHue MHO-
xecersa D Ha MOAMHOMXKECTBA, KaxJoe H3 KOTOPBIX CO-
JlepKUT B TOUHOCTH [Ba dJeMenTta (o6pasyioulne napy
nepreHauKyJsiPHBIX HaupaBJieHui).

B cBsi3n ¢ Takoil upe3BblualiHOl OOUIHOCTbI® AKCHOMA
IV, nHuero He gaeT A/ M3yueHHs METPHUECKHX CBOHCTB
MJIOCKOCTH, €CJH 5Ty aKCHOMY He JOMOJNHUTb aKCHOMOi
IV, kotopasi BBOAHT B pacCMOTpeHHe PacCCTOsIHUSA; MO-
caeaneil akcHOMe, HeCMOTpPS Ha TO YTO OHa OYeHb Ipo-
CTa, KAaKHM-TO CBEPXbECTECTBEHHbBIM 00pa30oM yaaercs Ox-
HUM Y1apOM UCKJIOUHTb BO3MOMXKHbIE OCOGEHHOCTH MeT-
PHKU ¥ MepHeHIHKyasapHOCTH.

Kommentapuii. B akcnome IV, nepneHaHKysp-
HOCTh BBOIHUTCA KakK HCXO/HOe IMOHATHE, Mbl no.araem,
4TO 3TO He BLI30BET TPYAHOCTEH NPH MpernofasaluH, no-
CKOJIBKY yUeHHKH yXKe BCTPeYa/UCh C Pa3/MUHbIMU aCneK-
TaM# STOrO MOHATHS: JaucT OyMmMard B K/eTKy, OpU3OH-
Taablioe H BePTHKa/AbHOE HaNpaBJAeHHs, Kpardaiiliee pac-
CTOSTHHC OT TOYKH [0 npfAMoil u T. K.

32. Adidunnsie cBoiicTBa, UMeloUIKe BHI METPUIECKHX

HecmoTps Ha cBOil BecbMa oOuiuil XapaKrep, aKCHO-
ma IV, mnosBoaser Ges ocoboro tpyaa (opmyJsiupoBaTh
MHOTHe pe3yJibTaTbl, KOTOpble OOLIYHO (OPMYIHPYIOTCSH
Ha GoJiee MO3IHHX CTAAUAX H3yueHHsA FeOMeTpHUM:

|. Bcakoe pacraicenue COXpaHaer nepneHOuxyiap-
HOCTO NPAMBIX.

BoJiee TOUHO, A5 BCIKOTO PACTSKEHHSA [

(D LD)=({ (D) LT(DY)).
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drto oueBunHO, nockoabky D || f(D) u D’ [ f(D’).

2. HazoBem oceBoil cumMMeTpueii ¢ ocoio -D
(v cuMMeTpHeli OTHOCHTEJbHO NMPSIMONH
D) xocyio cummerpuio ¢ ocblo D mapasnenpbHo Hampas-
JIEHUIO, TIepIeHIUKYJ/ASPHOMY K HampajeHuio npsivoit D.
Torna umeer Mecto

IMeepnoxeune 32.1. Ilpoussedenue Odsyx cummerpull
OTHOCUTEAbHO nepreHouKkyiapHelx npaseix D, D’ ecro
YeHTpasbHas cummerpus ¢ yeurposm 8 toune D () D’

JeficTBUTENIBHO, 3TO €CThb YacTHHIH cayyail mnpenso-
JKEHHS O ABYX CONPS2KEHHBIX KOCHIX CUMMeETpHSX, C/eJo-
BaTe/bHO, 3TOT (PakT BblpaxaeT uucrto ah@uUHHOe CBOM-
CTBO IJIOCKOCTH, XOTb (DOPMYJHPOBKa €ro TakKoBa, UTO
MOXKeT C03[4aTh BIeuaT/JeHHe O MeTPHUYCCKOH ero mpH-
poze.

33. Koaghduumedt npoekuuu napsi Jayueii ¢ o0WHM
HayajaoM

Ilycts D — npoussoJipHast npsiMas; Ha3oBeM O TO-
roHanpbHO nmpoexkuueih Ha D Kocyl® NMpPOEKLHIO
Ha D napa/ienbHo HanpaB/eHHIO, IepHeHIHKYIAPHOMY
HanpasJeHHIo npsiMmod D.

Iycts Teneps Ay, Ap— nBa Jayua c HayaJoM B TOu-
Ke 0 u D,, D, — conepxKaline HX TNpPsiMble, OPUEHTHDO-
BaHHble TaKuM o6pasoM, uto A; >0 u Ay > 0. .

Hns kawxpgoit Toukwm x & D; oGosnaunm uepe3 0Ox
opuenTHpoBaHHOe paccrosHue d(0,x) Ha opueHTHpoOBal-
HOll mpsamoil D; auajoruunbie o603HaueHHsT BBeAeM AJA
npsamoit D,.

ITycte ¢ — oproroHanpHast npoekunss Ha Dy, a a —
Takas Touka Jyua A, uto Oa = 1. M3BectHo, uto npi
aoboM L R

¢ (Aa) = L (a).
CrenoBartesbHO, MOCKOBKY BCe ¥ & D, nMCIOT BH AQ,

otHouenue Op(x)/Ox, ompenenennoe nanas Bcex x =0,
He 3aBHcuT OoT X U pasho Og(a), MOITOMY MOKHO BBECTH

1
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OnrepeaeHME 33.1. B npuHATHIX Bhille 0603HAUEHUAX
Koshpuyuentom npoexyuu syda A, Ha ays Ay nasH-
Baercsi uncao k (o6osnauaemoe uepes ¢ (A, Az)), Taxoe,
yTO /19 BCeX X & D,

0 (x) = kOx.
Taxum oGpasoM, c¢(A4y, As) = Og(a).
HenocpencTeeHHo M3 onpefesieHdsl CJeayer, 4To

(c(4;, 4)=0)S(p(a) =0)&(A, L 4y

(rne sanuch Ay | A, osnauaer, uto Dy ] Dy).

Ecau A; = A,, 10 ¢(A1,A2)=1; eciu A, u A, npo-
THBOMOJOXKHO Hanpaeaens, 10 ¢ (A, Az) = —1; onvako
HOKa3aTb OGpaTHOe, MOJb3YsACh TOJAbKO aKkcHoMoli IVa,
HEeBO3MOXKHO.

§ 2. CKAJIAPHOE NMPOU3BENEHHE

34. Axcuoma cuMMeTpUH

AkcuoMa IVy. Haa arwbod naper (Ay, Az) ayueil ¢ 06-
WUM HQUANOM UMEeT MeCTO PABeHCTE0

c (A, A)=c (4, A)).

ITpuseseM 3KBHBaJeHTHYIO (OPMYJHPOBKY  3TOH
AaKCHOMBI, GoJiee 3JeMEeHTApPHYI0, HO MeHee IOYUYHTe/b-
HYIO:

ITycro (0, a, b) — npoussosvras TPoUKa To4ek, He
npunadaexcauyux 00Kob npamoi u rakux, 4ro d(0,a) =
=d(0,b); obosnauum uepez a’ u b’ oprozonarsHble
npoexyuu Totex a u b Ha npamvie A(0,b) u A(0, a) co-
orsercreenrno; Toeda, ecau npamoe A(0,b) u A(0, a)
opuenruposanst Taxk, uto 0 L b u coorsercreenro 0 < a,

10 Ha 3Tux npamelx O0a” = 0b’.

35. HopmMa u ckajsapHoe npou3BeleHHe

Onrepenaenue 35.1. Ha ueHTpHPOBAaHHOH MJIOCKOCTH
(If, 0) nopmoii Touku x (rae x & II) naspiBaercs noJo-
kuTeabHoe uncdao || x | = d (0, x).
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HenocpencreeHio U3 onpejeseHus cJaelyer, UTO HOP-
ma | x|l pasna O tomsko aaa x = 0 u uto Aas Jo6oro
queaa A

IAx=1A1-1xl,
OTKyna, B HaCTHOCTIH, BbhITEKAeT, UYTO
l—xl=lx].

Onerpeapuue 35.2. Ha ueHTpHpOBaHHOH IJIOCKOCTH
(11, 0) ckaaapuoim npousgederuem x -y 6eKTOPO8 X H Y
HasbiBaeTcsa JeHCTBUTE/bHOE UHCAO, OlpejeaseMoe cJe-
LYIOUIIM 06pa3oM:

1. Ecau xots 6bl ogut u3 BeKTOpoB X, y paseH 0, TO

x-y=0.
2. Eciux#0ny +0, o0
xoy=xl[-lyll-c(X, Y), rie X=A(0, x), Y=A(0, 1.

Yacto OblBaeT yROO6HO 0003HAYaThb YHCIO X - X Ue-
pes x2.

HenmocpenmcTBeHubie CAeACTBHI

1. OtHoweHue x -y = 0 3KBUBANEHTHO CJACAYIOLIEMY:

auGo OHH M3 BeKropos X,y pased 0, ango X | Y.

Hnsa ymo6erBa uyacto ycJaaBAHBAlOTCS CYUTATh, UTO
LiBa BEKTOpa X,y UeHTpupoBaHHOil maockocti (II,0) me p-
MeHAUKYJJASpHb (06o3HauaeTcss ¥ | y) B TOM CJy-
yae, Korja OIMH H3 BEKTOPOB X,y paseH 0, man x = 0,
y*+0u X | Y. Ilpn rakoil 10roBOPEHHOCTH MNOJYyyYaeM

(x-y=0&(x Ly).

2. Ilycte D — npousBoJibHasl OpUEHTHPOBaHHAsT Opsi-
Mast, comepxauiass 0 U x;, o603HAUUM uepe3 ¢ OpPTOro-
HaJbHYI0 TIPOeKIHIo Ha D; Toraa

x-y=0x-09(y).

3T0 paBeHCTBO, OUYEBUAHO, YJAOBJETBOPSETCH, €CJIH
XO0Ts1 Gbl OJHH H3 BEeKTOpOB X,y paseH 0; B NMPOTHBHOM
cayyae BBHAY TOro, UTO H3MeHelMe OpHEHTAlHH He

Bausier Ha Benununny Ox-O¢(y), AocTaTo4HO JOKa3ath
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5TO paBeHCTBO AJsi cayuasi, Korma D ecTb OpPHEHTHPO-
Bannas npamas A (0, x). Torna

Ox =[xl u Op(m)=lylc(X, ),
OTKY/la H CJie[lyeT HCKOMOe PaBeHCTBO.

O6osnauenus. Ha ueHTPHPOBAHHOH IIJIOCKOCTH
(11, 0) unoraga Gouiaer yao6HO 06osHayaTh c(X,Y) uepes
c(x, y); 370 moc/enHee o003HaYEHHe, OUEBHIHO, HE HMEET
cmbic1a B cayuae x =0 nau y = 0.

TroreMa 35.3. Orobpasnenue (x,y) — X-Yy MHONMe"
crea (T1,0) X (IT, 0) @ mHoxecTso R cummerpuurno u 6u-
AUHCLUHO.

Kpose 1020, 0HO NOAOKHUTEAbHO 8 TOM CMblCAe, HTO
x+x>0 0aa scex x + 0; Tounee: dasn 106020 X
F.

TOKA3ATEIbCTBO. 1. PaBeHcTBO X-y = Y- X OUeBHI-
1O, ecJl OfMH M3 3THX BeKTOpos pasen 0; B NMPOTHBHOM
cjlyyae OHO BbITEKaeT M3 ONpejeleHust 35.2 u U3 papeH-
crBa ¢(X,Y) = c(Y, X), 1. e. u3 axcnombl IVy.

2. Jlasi a06oro PHKCUPOBAHHOTO X OTOOpaxe-
HHe y —> X+ IeHTPHPOBAHHON MJOCKOCTH (I1,0) B MHO-
KecTBo R smHcCiiHO:

Ecau x = 0, TO 3TO OUEBHIHO, IOCKOJbKY B 3TOM CJy-
yae x -y = 0 aast moboro y,

Ecau x 5 0, TO nycTb (¢ — OPTOroHaJ/bHasd MPOEKLHST
na opuentuposauiyio npsamyo A(0, x); Toraa otobpaxke-
Hife y = @ () UEHTPHPOBAHHON MJIOCKOCTH (11, 0) na nps-
myio A(0, x) ¢ mauasom O JTHHeH HO; TaK Kak otobpa-

skenne u — Ou npsimoit A(0,x) B R Taxxe NUHEHHO,
ro u Komioszuuusi y — Op(y) Takke OyneT JHHEHHBIM

O'roépame}mem, a 3Ha4yuT, H

x-x=|[x

y—>0x-0@(y)=x-y
AuHelHo.
Tak Kak x+y = y+x, TO OUIHHEIHOCTb CKaJlspHOro
NPOM3BEAEHHS TeM CaMblM JIOKa3aHa.
3. PapenctBo X-x = [[x[|? caexayer HemocpeacTBeli-
10 H3 onpejeseHHst CKaaspHOro MpoH3Beenusl.
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36. ToxnaecTBa M HepaBeHCTBA

1. BuivHeiHOCTb H CHMMETPHYHOCTb CKassiPHOro npo-
M3BeIeHHs] yA0OHbl MPH BBHIYMCJAEHHSX: TaK, HampHMeEp,
HMeeT MecTO TOXKAECTBO

(; aixi) . (Zﬂi!/z‘) = ?‘7 afixi-y; (o, B ER).
A ,
OTciofa, B 4YacTHOCTH, MoJy4yaeM KJ/accuueckue TO-
HKJeCTBa
(a+bP=0a>+b>+2a-0,
(a—bP=a®>+b*—2a-b,
CJIOKEeHHe U BblUMTaHHe KOTOPHIX 1aeT
(a+ b2+ (a—b?=2(a*+ b,
(@ +b)?*—(a—b)y=4a-b.

2. U3 cBoficTB CKaJfipHOrO MpPOM3BELeHHs JIerko fo-
JYUUTb OJHO Bax{HOE HEPaBEHCTBO.

Iycrs x, y — nsa sekropa us (I1, 0), npuuem %, Yy +0;
TOrjAa AJs JI000ro uncia A

(hx —y)? =A% —20x -y +y* =0.

DTOT Tpexu/en BTOPOil CTENEHH OTHOCHTEbHO A 10-
AodcuTeser npu a060mM ), Clef0BaTeIbHO, €ro AHCKpH-
mupanT <0 *); APYTHMH CJA0BaMH, LA JIOOBX X, Y

(x-yP<<x2-y? wam |x-y|<lxl-lyl.

PagencTBo 31ech HMeeT MeCTO JHUb B TOM Clyd4ae,
KOT/la TPeXuJieH OTHOCHTENbHO A MOXeET o6parurbea B 0,
T. e. ecqu CyllecTByeT Takoe A, 4To Y = AXx; moclieiHee
" paBeHCTBO O3Hauaer, YTO 0, x, y mnpuHHALIEKAT OJtHOI

npsiMOH.
PesioMupyem:
[x-yl<lxl-lyll, ecnu 0, x, y He MpHHALIEKAT
OJHO# MPAMOH;
x-oy=lxl-llyll, econ y=hrx u A>0;
x-y=—|xll-llyl, ecnu y=hx ¥ A <0.

*) }60 AHCKPHMHHAHT MOJOMKHTENbHOTO MPH MOGBIX A MHOrO-
ynena 2-it cTeneHH OTHOCHTEJbHO A JoJzKeH ObiTb OTpULATENIEH.
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Jlerko BuaeTh, uto ecau x = 0 unu y = 0, TO BLITOJ-
usATes 0 6 a nocsaeanux paBeHcTBa. COOTHOLIEHYE X - i =
=|lx|l-llyll c(x,y) npaer BO3MOKHOCTb MNPELCTABHUTb
9TH pe3yJbTaThl KakK

ITrepnoxenuE 36.1. [Haa aroboix eexkTopos X, Y u3
(I1,0) npu x==0u y+0:

(Je(x, ») 1<) E(0, x, y ne npunadaemar o0HOL

npamoti);
(c(x, y)=1)ES(ayau D0, x) u D(0, y) cosna-
daror);
(c(x, y)=—1)S(yw DO, x) u D(O,y) npo-
TULBONOAONCHDL).

37. UHBapHAHTHOCTh PACCTOSIHHS U CKaJsPHOrO
NPOM3BEIEHHs] OTHOCHTEJbHO NepeHoca

CkaJisipHOe MpoU3BeJeHHe, KOTOpPOe MbI TOJBLKO 4YTO
paccMoTpesH, CBf3aHO ¢ BLIGOPOM HEKOTOpPOro Hadasja
B miockoctd II. MBl XOTHM [0Ka3aTb, YTO B HEKOTOPOM
CMBIC/Te (KOTOPBIEE Mbl YTOUHHM HHXKe) OHO He 3aBHCHT
0T BEI6OpA 3TOrO HayaJja.

UroObl mpuiaTh [JOKa3aTeJbCTBY OO/bLIYI HarJsig-
HOCTb, Mbl 6yJeM MCXOAHTb B HallleM 10Ka3aTebCTBe U3
MHBADHAHTHOCTH PaCCTOSHHSA.

Onpepeacuue  37.1. [IpamoyeosvHuxkom Ha3blBaeTCs
rakoii napaJacasrpamMm  (a, b, a’, b’) UeHTPUPOBAHHOM
naockoctu (II, @), uto b - b” = 0 (nocnenHee ycaoBHe MO-
sKeT ObIThb TaKKe 3alHcaHo B Bule b | 0').

JIEMMa 37.2. Bo 8cAKOM npAMOyeOAbHUKe OAUHbL NPO-
TUBONOAONHCHOIX CTOPOH PABHbL.

HokasaTeabcTteo (cM. puc. 8). Ha ueHtpupoBaHHOH
nnockoctu (II, a)
a’=b+b" u blb,
OTKY A
A" =(b+bP=02+b"+2b- 0" =b>+0b"
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d?(a, a’)=d>(a, b) +d*(a, V).

To e paccy)kKIeHHe OCTaercsi B CHle s BCex
OCTa/bHbiX BEPLIMH MNPAMOYrOJIbHHKA; BOCMOI53yeMCs

a

b’ a'
p B
[s} b
o
Puc. 8.

3THM H, yrnotrpebassa obo3HayeHust, yKazahHbple Ha pHC. 8,
MOJYHIHM

CHP=o 5 a2 Hp =a” B
CkJaanpiBasgs M BblUWTad 3TH paBeHCTBA, HMeeM
2=ao u pP= |3'2,
4yTo U TpeﬁOBaJlOCb J0Ka3arThb.

dra JeMMa JOMYCKaeT TaKikKe CJAeAyloulyio GpopmyJiu-

POBKY:

[las scakotd npamoii D u 6cakoeo neperoca [ 8 Ha-
npasaenul, nepnenOUKyAApHOM ITol NpPAMOU, 02paHu-
werue otobpascenus [ na npsmyio D ecto deusxcenue (T.e.
coxpaHseT paccrosiusi). B Gojee obluem ciayuae HMeeM:

[TPERNOKERUE 37.3. Beakui neperoc ectb dsusicenue.

JokasaTEabcTBO. Ilyern x, y & I, u nycth [ — mepe-
noc 4 — u + a naockoctu (I1,0); Tpebyercs A0Kasarh,

qyTo

d(x, y)=d (), [ W)
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Cayuail x = y TpHBLaJeH.

Ilpn x =y npeasoxcHHe CrnpaBeiIHBO, €CJIH Mepe-
HoC | NPOM3BOANTCS B HANMPABIECHHH, Napajie bHOM Nps-
Mol A(x,y) (motoMy d9to [ B 3TOM cJayuae oOcTaBaseT
HeNOABHXKHOK npaMyio A(X, y)) HIH meprneHAHKyJIsPHOM
9TO! NPAMOR (CM. NPeALLAYLLYIO JeMMy).

Ilycte Tenepb ai, @, — cocraBasiollde TOUKH a Ha
IBYX MNPAMBIX, Npoxoiaumux uepez 0 H COOTBETCTBEHHO
napaniejbHbiX H HePHeHIHKYAAPHBIX npaMolt A(x, y), u
nycTb f; — nepenoc u —u + a; (i = 1,2).

[Tepenoc [ ectb mpowusseneiiie mepeHocos fi, fa coor-
BETCTBEHHO B HanpaBJ/elHsX, NapaasiegbHOM H NeprieHIu-
KyJsipHOM mipsiMOoH A(x, y); cJeioBaTenbHO, PacCTOAHHS
Mex1y napamu touek (x,y) u (f(x),f(y)) pasubL

CaeactBue  37.4. Ha yewrpupoeantoti naockocru
(I, 0) 025 6cex x,y = 11
d*(x, y)=lly— x|’ = (x — y)*.
HeiictBurenvuo, B cucreme (I1,0) npeanoxenue 37.3
NPHHUMAET BHI
d(x, y)=d(x+a: y+a)

AJisl BCEX a.
B vacTtHocTH, npu a = —x noayuaem

d(xa y)=d (O’ L’_")=”!/—«‘“
OTC]O,H,a HeNnoCpeaCTBEHHO BbITEKAaeT CpaBedJIHBOCTDb
CJIe ICTBHA.

Ipennoxenur 37.5. Mpu awboix a,beTl, ecau «>»
U «o»— CUMBOAbL CKAAAPHOSO NPOU3BECEHUS BEKTOPOB
coorsercréenrno 6 (Il,a) u (I1, b), 10 015 scex x,y = 11

x-y=Ff(x)ef(y)

e0e [ — nepenoc, nepesodawuii a 8 b.
IleficTBUTENbHO, pABEHCTBO

(x+yyP=x+12+2x.y

I0Ka3blBaeT, YTO X - iy MOXKET OBITh BhIpaXXeHO Yyepe3 cKa-
JiAipHble KBaJparhbl, a CJefOBaTeJbHO, W uepe3 paccros-
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BHA, HO [ cOXpaHsieT PacCTOsAHMS, ¥ 3HAUUT,

xox=[)f(x); y-y=FWeTQ)
(x+y) - (x+y)=Fx+F@®) &) +T©).

Orclofa Jerko BLIBOAUTCS CHpaBelJIMBOCTL INpeaso-
KEeHUsl.

M3 npeanoxennit 22.1 u 37.5 caeayer, uto nepeHoc f
eCTh M30MOpP(H3M BEKTOPHOr0 NPOCTPAHCTBA (I, a) co
c(,KaJIﬂprlM nponsBe/ieHHeM Ha BeKTOpHOE MpPOCTPaHCTBO

I1, b).

38. CkanspHoe npou3BejeHHe B BEKTOPHOM
NPOCTPAHCTBE NEPEHOCOB

B n. 23 Mbl onpemesuan CTPYKTypy BEKTOPHOrO mpo-
cTpaHCTBA Ha MHOXecTBe J CBOGOJAHBIX BEKTOPOB (nam
nepenocos) muaockoctu Il Takum 0Opasom, yroObl  AJI

>
Besikoil Touku 0 & I otob6paxkenne x — Ox Obli0 Obi BeK-
topHBIM H3oMopduamonm cuctembl (11, 0) Ha 7.

Ipu cdukcuposanHoii Touke 0 3T0 orob6paxeHue 3a-
[laeT, OUeBHAHO (NyTeM MepeHeceHust CTPYKTYpPBI), CKa-
JsipHOe TpPOM3BeJeHHe Ha MHOXKeCTBe I ; U3 Mpeioxe-
Husi 37.5 caenyer, UTO 3TO CKajasipHOe NPOU3BEAEHHE HE
3aBHCHT OT BhIGopa HauasibHOH Toukn 0. OHO MOXeT
6biTh OXapaKTepHU30BaHO TeM, 4TO AJf aw6oro 0 = 11

—>  —>

x-y=0x-0y,

rjne cKaJsipHble NMPOH3BEILEHUS cJjieBa U crpaBa B3ATH CO-

orBerctBeHHo B (I1,0) u 7.
— —>

Takue BbIpaxKeHusi, KakK ab - Xy OTHbIHE HMEIOT, CJie-
JOBATeJbHO, UETKHIl CMbicJ. 3aMeTHM, 4To HHOrjaa Obl-
BaeT ymo0HO B TOM CJyuae, Korjaa B nuockoctd II Bbi-
6paHa HekoTopasi HauadbHas Touka 0, MOJb30BATHCS
ONHOBPEMEHHO 0GO03HAUEeHHSIMH, COXPAHSIOUIHMH CMbICH
aasi nentpuposannoii nuockoctn (I, 0) u gas nmpocTpat-
cTBa 7, UTO PABHOCHJIBHO OTOZKIECTBACHHIO STHX JBYX

MIIOJKECTB ¢ MOMOILbI0 oToGpaxenua X — 0x.

6 3ak. 323
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Hanpumep, Mbl OyaeM mHCaThb
— > >
xy=0y—0x=y—x,

d2(x, )= (WP = (y = 2P = = 25 - y + .

§ 3. OCHOBHBIE METPHYECKHUE CBOMCTBA

39. Merpuueckue COOTHOWIEHHs B Mapanjenorpamme
W TPeyrojabHuke

IMoppnoxenue 39.1. a) Bo gcakon napaasesozpamme
cymma Keadparos duazoHaneli pasHa cymme K8a0paTos

CTOPOH.
b) Mapasrseroepamm 10200 U TOALKO T020Q ABAALTCA
NPAMOY2ONbHUKOM, K020a e20 OuacOHAAU DABHOL.

TIOKA3ATEJNLCTBO. /st mpocToTl MpHUMeEM 3a HavaJb-
Hylo Touky 0 OQHY W3 BEepUIMH; TOrAa Mapasienorpamm
6yaer umets Bua (0, %, x + y, Y).

ToxmecTBo

(x+y)°+=p)?=2(s>+4)
BLIpaXKaeT IlepBoe CBOHCTBO, KOTOpOE HaM Hauo0 JoKa-
3aThb. Jlanee U3 ToxaecTea
(x+yr—(x—yy=4x-y
caefyer, uto
Ux+yl=lx—yh&SkE-y=0
&((0, x, x+y, y) ecTb NPSIMOYTOJIBHHK).

Meepnoxeane 39.2. Mycro (a, b, ) — npoussorbHoLil

TpeyeoroHur naockoctu II, Takod, «to a#+b u a * C;

nycro o, B,y — €20 COOTBETCTBEHHble CTOPOHbL U k — Ko-
appuyuent npoexyuu ayueit D (a, b), D(a,c). Toeoa

a? = + y? — 2kpy.
B uacrsocTu,

(@=p+v)&(D(a, b) 1L D(a, ).
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HesicterTennHo, B naockoctd (I, @) MOXHO 3amucath
a?=d*(b, c)=(c— b’ =02+ b>—2c - b=75"+ y* — 2kBy.
C npyroil cropousl, nocKoabKYy fy # 0,
(kBy =0)&S(k=0)&(D (a, b) L D(a, c)).

B 3ToM mpeisoxeHHH UHTaTeJb JIEKO y3HaeT Teope-
my [ludaropa; B npusoxent 1 Mbl faguM TakKxe JOKa-
3aTeNILCTBO 3TOI TeOpeMbl, He HCIOJb3yiollee B SIBHOH
(dopmMe cKaAsfpHOE NPOU3BECHHE.

Ipeanoxenne 39.3. [aa scex x,y < (11, 0)
lx+yl<lxl-+ly

Pasencrso 3dece Jdocrucaercs auwe 8 cay4ae
x [0, y] uau y [0, x].

HoxkasaTeabctBo. Cayuail x = 0 uan y = 0 TpuBHa-
JeH; GygeM cuuTath nosromy, uro x # 0 u y =+ 0. Ilo-
JIOXKHM

a=[xll, B=lyl, v=Ix+yl.
HnmeeMm

Vi =a?+ B + 208c (x, y) < o + B + 208 = (a +B)?,

rjie paBeHCTBO HMeeT MeCTO JHlib B cayuae ¢(x,y) = l.
Huaue rosopsi, y < « + p ¥ PaBeHCTBO HMeeT MeCTO
ToJAbKO Toraa, korpa x & [0, y} uau y [0, x].

CaepcrBuie 39.4. [as scex x,y,z = 11
d(x, ) <d(x, 2) +d(2, y);

pagenctso 3deco doctucaercs auwb npu 2 < [x, yl.

JleficTBUTE/IBIIO, HA LEHTPUPOBaHHOHA miockocTH (11, 2)
MCKOMOEe COOTHOLIEHHE 3aNHChiBAeTcs Tak:

lx—yl<lxl+lyl.

Tpeb6yemoe HepaBeHCTBO MoJlyyaeTcs Tellepb H3 Hpel-
JgoxeHust 39.3 3aMeHOH y Ha —y.

6*
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Mo:KHO TakKke [J0Ka3aTb 3TO CJieJACTBHE, HCXOAfA HE-
nocpeiaCTBEHHO H3 COOTHOILIEHHSI

o® + B2 — 20fc (x, y) <o+ B2+ 208 = (a + )%

B KOTOPOM paBeHCTBO HMeeT MeCTO JHWIb MpH c(x,y)=
=—1, 1. e. npu 0 =[x, yl. .

MMeeanoxenue  39.5. Haa ecarod rpoiiku (o, B, )
HeOTPUYATeAbHbIX 4ucen CAedyloujue cgollcTéa 3K8UBA-
AeHTHbL MedcOy coboli:

a) cywecTéyer TpeyeoLbHUK €O CTOPOHAMU O, B, Y,

b) nauboivuiee us ITUX uucea He 00Abule CYMAbL
08YX OCTAAbHBLX,

¢) Kkaxcdoe ug ITux 4ucea He 00Avile CYMMbL osyx
OCTANbHBLY;

d) ja—pi<y<a+§.

JIOKA3SATENBCTBO. MBI J0Ka)KeM 3TH 3KBHBAJIEHTHO-
CTH, YCTAHOBHB CJAEAYIOLLYIO LEMOUKY HMIJIHKaLH:

a=>b=>c=>d=>a.

1. CnpaBeA HBOCTb HMIIHKALHH (a = b) BoiTekaer
n3 caegacreuga 39.4.

2. (b=>c) oueBHJHO, MOTOMY YTO €CJH, HAMPUMEP,
oLy n p<Ly, 10 a<Bp+yu pLy+ o

3. (¢c=d), mnoCKO.IbKYy COOTHOLICHHS a<lBp+y Hu
p<La+y moryr ObITb MpeicTaBleHbl TaKkKe B BHAC
o—B<Ly u p—a <y, uto Biaeuer |a—PB[<Ly; coot-
nouene y< o + P BHINOJHAETCH MO MPEANONIOKEHHUIO.

4. (d=>a); 310 oueBHaHO, ecin o =0 um g=0;
npeanonoxkuM, uto a0 u B=0. CoorHowenune
lo — B <y <o+ p Moxker ObITb TakKe NMPENCTABICHO
B BIJE

o + B2 — 208 <TyP < o® + B + 20,
HIIH
vi=a?+p2— 2kaf, Tie —1<<R<I.

JlonycTHM Ha KaKoe-TO BpeMs, UTO CyIIeCTBYeT TaKas
napa (A, B) Jyueii ¢ HauaabHofi Toukoit 0, uTo
¢{A, B) = k.
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[Tycte TOrma x—touka Jayua A, A4S KOTOPOR
d(0,x)=a, n y—Touka Jayua B, naa xoropoii d(0,y)=

I;I3 COOTHOUIIEHUSA
¢ (x, y) = o2+ B — 2afc (4, B) = a? + * — 2kaf

caejyer, 4To CTOpoHel Tpeyroabhuka (0,x,y) paBib
o, B, y COOTBETCTBEHHO.

Ocraercsi [JokasaTb CYLIeCTBOBaHHE TakoH napbi
(4, B).

JIemMa 39.6. Jaa arboeo uucaa k <[—1, 1] naider-
ca napa (A, B) ayueti ¢ obujum nawarom 0, Takas, uro
c(A,B)= k.

Ioka3aTEabcTBO.  [lycts U, V— 1Be nepnenmuky-
JsIpHble OpHEHTHPOBaHHbLIe MpPsIMble, [POXOASALLME ue-
pe3 0, ¥ mycTh b — TouKa ¢ KOOpAHHATAMH (%, V1 —£)
B cucreme oceit U, V.

Jlerko npoBepuTh, uTo HCKOMBIMH JyuamH A, B Gy-
YT COOTBETCTBEHHO [10JI0KHTENbHBIT Jyu ocH U n ayy
D(0,b).

KommeHnTapuit. 3ameruM, 4To 3TO MNOCTpOEHHE
OCHOBAaHO Ha CYLIeCTBOBAaHHH KBaApaTHOrO KOpHS

V1 —k2 JlemMa MOXKeT Ha caMOM Jejie OKa3aTbCs He-
BepHOIl B cJyyae MJOCKOCTH, KOTOpas YJAOBJETBOPSET
akciomam I, II, III, IV, Ho mas Kotopoii mose R 3ame-
HeHO KaKuM-HuGyAb ero noxnoseMm K. [leficTBHTeNbHO,
nycrs K — rtakoe moanoJe noas R, 4to

xeKnygeK)=>VE+FeK)

M npu 3ToM B noje K cyulectByer uncio a >0, ais Ko-
TOPOro

Vaek.

OunpegennM oueBHAHbIM oOpa3om Ha K2 cTpyKTypy
MJOCKOCTH, yaoBaerBopsiioutyio akcuomam I, I, I, 1V;
OMHAKO Jjisi 3TOH MNJIOCKOCTH MpedblAyiras jsemMa OGyner



85 Ta. I1]. Akcuomoer merpuueckoii cTpykTypbt

HeBepHa, TaK KaK ecan nojoxuts k= (1—a)/(l + a),
10 uncno Y1 —Fk% we Gymer npunamiexats K.

Mo>KHO NOKa3aTb, YTO CYLleCTBYeT MHOrLO TaKHuX MO-
aeil K.

HMmenno nostoMy Heo06Xx0AMMO B Mpoliecce MNpenoaa-
BaHHUsi TOUHO OroBapHBaTb, NOAOOHO TOMY, KaK 3TO CJe-
JIaso B MOCJeJHEM A0Ka3aTeabCTBe, UTO TpebyerTcs Cylle-
CTBOBAHHe KODHs KBaJpaTHOTO /sl BCeX MOJOKHTEIb-
HBIX yHceJ; Gsarogaps TOMY Han yaaeTcsi u30exarTb B
JajbHefilieM TPH H3YYEHHH NepecedeHHst JBYX OKDYZKHO-
cTeii MyCTHIX «IICeBJOL0KA3aTe/IbCTB», OCHOBAHHbBIX Ha HE-
TOYNBIX OHSATHAX HENpPepbiBHOCTH.

40. OpToronanbHasi MPOEKIHUA

Meenaoxenne  40.1. [Tycro D — Hekoropasa nparas,
acsIl, u nycro p— OpTOLOHANLHAA NPOEKYUA TOUKU 4
na D.

1. ra ecex x, y= D,

d(p, x)=d(p, y))&Sd(a, x)=d(a, ).

2. Mycro Dy — 0dun u3 ayueil npamoit D ¢ Hauwasom
8 TouKe p.

Orobpascenue x —d(a, x) ayuwa Dy 6 R 6yder cTpoeo
803pACTAOLUM.

Joxkazareabcreo, O0a yTBepK/AeHHs HEMeLJIeHHO CJe-
RYIOT H3 COOTHOILIEHHS

d?(a, x)=d*(a, p)+d*(p, x).

MoxHO Takke 1006aBHTb, YTO INOCKOJbKY H3BecTeN
¢axT cylecTBOBaHHsA KBaJApaTHOIO KOPHSA W3 BCeX IO~
JIOKMTENBHBIX Yuces, TO (QyHKuus x— d(a, X) B3aHMHO
onHosHauHo otoBpawxaer Dy Ha [d(a, p), ool.

Caepcreur 40.2. Paccrosnue d(a, x) odocTueaer mu-
HumMyma 6 eOUHCTBEHHOU Touke X = p.

Caepcreue 40.3. [Mycre D — nexoropasa npamas,
aesD u b£D. Toeda

(DLA(u, b))E(dla, b)<d(a, x) dan scex x & D).
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Caencrsue 40.4. Haa ecex a, b, ce=1l u e6cex
xe b, c]
d(a, x)<Lsup(d(a,b), d(a,c)).

Mregnoxenne 40.5. Oproconassbnas npoexyus Ha
NPOUSBOALHYIO NPAMYIO YMEHOIUAET PACCTOSHUSA,

JlokA3ATEABCTBO. [lycth D — HekoTOpas npsamas, H
nyctb x, y & II. O6osnauum uepe3 D’ mpsimyio, napai-
aeapuyio D u comepxaiyio x, uepesd x’, y’ — mpoeKuuu

>y
|
|
|
D T Jy n
?
|
|
0 :
xl l'yl
Puc. 9.

Touek x, y Ha npsMyio D u uepe3 y” mMpoeKUUIO TOUKH Y
na D’ (puc. 9). Torza B npsamoyroasuuke (X,y”,y’,x’)

d(x’, y')=d(x, y”).
B npsamoyroibHoM Tpeyroabiinke (X, y, y”)
d(x, y")<<d(x, y).
Cnemosatennuo, d(x, y’) <d(x, y); paBeHCTBO

UMEeT MeCTO TOJbKO B TOM CJjydyae, KOTAA X, y OpHHaK-
JAexat npsmofl, napaJenabHoil D.

41. Meaunatpuca

Onpeneneuue 41.1. Jas mob6eix a, b I, Takux, uTo
a + b, meduarpucoii napel (a,b) Has3biBaeTcs npamas,
npoxofslasi uepe3 cepeAuHy napel (a,b) u nepnenau-
KyasipHas npsamoil A(a, b).
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Meennoxenue 41.2.07ycre a,b 11, a+b, 0— ce-
peduna napor (a, b), u nycro D —meduarpuca napol

(a, b).
Tozda 0aa scex x= 11

d?(x, b)—d*(x, a) =A4lE,
20e l =d(0, a) u & — abcyucca TOUKU X & cucTeme oceil

0

(A(a, b),D) (puc. 10; npsimas A(a, b) opieHTHPOBAHA
rak, uyto 0 < a).

JloKA3ATENBCTBO.  JlelicTBUTENbHO, Ha TJIOCKOCTH
(11, 0)
d2(x, b)—d?(x, @) =(x — b — (x—a)’ =
=(x+aP?—(x—af=4a-x=4.

Caeacrue 41.3. [Tycro D — meduarpuca napot (a, b),
u nycro Iy, 11, — oTKpbITOIE NOAYNAOCKOCTU, onpedease-
mote D u codeprcaujie cooT8eTcT8eHHO ToUKU a U b.

B sasucumocti 0T T020, RPUHAOAEHUT X NOAYRAO-
cxocru Iy, npanoi D uau noaynaockocru 1l

d(x, b)<d(x,a); d(x,a)=d(x, b) ww d(x, b)>d(x, a).

JleficTBUTENbHO, B COOTBRTCTBHU € TeM, NMpHHALJIe-
KuT x moaymiockoctt I, npamoit D uin mosmynsaocKo-
cru Il,, nmeeM £<0, £ =0 um &> 0; ocraercsa mnpu-
MenuTh npefioxenue 41.2.
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CaencrBue 41.4. Haa ao6oeo h & R muoscecTso 10+
yex x naockoctu 11, 048 Koropobix

d*(x, b)—d?*(x, a)=h,

ecTb npamasn, nepnendukyaspras npamod A(a,b) u ne-
pecexaiowas 3Ty npamyio 8 Touke ¢ abcyuccoil § = hi4l.

42. MoMeHTbl MHHepUHHU

OnpeaeneHuE 42.1. Hasosewm cucresoti ToueuHblx MACC
nockoctn 11 BesiKoe KoHeuHoe ceMeiictBo map (@i, o),
rie ;<11 u a;=R.

Ilasi mo6oro x & 11 mosmenTom uHepyuu Takoi CHCTe-
Mbl OTHOCHTEJDBIIO TOUKH X Ha3bplBaercs uucao *)

f(x)= 12 o d* (x, a;).

Meeanoxenue 422, Mycre (@i, o)ier— clicTesa
Touednolx macc naockocru 1L

1. B cayuae 2ja; =0 MOMEHT uHepyuu f aroii cucre-
MbL eCTb auuHas QyrKyus TouKu X, 6Osee TOUHO: HA
yenutpuposanrodl naockoctw (I1, 0)

f(x)=2aia‘f— 2(2(11.(11)- x.

_
CaedosaresvbHo, ecau, Kpome roeo, dloa; =0, 1o f(x)
He 3aBUCUT OT X.

3
2. ITycro Ma;50, u nycto a— yeuTp TANCECTU pAC-
cmarpugaemoti cucremo, rozda

Fo) = a)d(a, x)+ D ad®(a, a).

JloxasaTeabcTBO. 1. [eficTBiiTe1bHO,

fx)= 2 o (x —a,)= (2 az) x*—2 (Z aiai) <X+ Z o,a;,

#) $lcHo, uTo ecii Bce o0p > 0, TO MOMEHT HHEpUHil OTHOCHTEIb-
HO TOUKH X CHCTCMbI MaTepHaJbHLIX TOYEK, PaClO/IOXKCHHBLIX B IyHK-
Tax a; niockoctn IT W obmajalowHx Maccamu o, notnMaeMblit
B TOM CMbiCle, B KakKoM ynorpef/aercs 3TOT TepMHll B MeXallHKe,
paBeil f(x); oOoOlleHIle 31ech COCTOHT B OTKase OT TpeboBatus
o; >0
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\
OTKyJa noJjyuyaeM fiepBce COOTHOILIeHHe, NOCKOALKY Z a; =

N1
2. Ecan Zaﬁ#O, TO, KaK H3BECTHO, Zaiai =0 B TOM
c/lyuyae, KOrAa TOYKa @ NMPHHATA 3a HauaJjo, OTKY[a H cje-
JyeT MCKOMOe COOTHOILEHHE.

Cagncteue 42.3. 1. Ecau 2o;=0 u > a0, 10
MHOXCECTBO TaKux x, 044 KoTopoix f(x) = h, ecTo npamnas,
nepnendukyAapHaAs D 0;a;.

2. Ecau Qa;#0, 10 moment unepyuu f(x) docrucaer
8 UeHTpe TAMECTU a CTPO2020 MUHUMYMA UAL CTPO2020
MAKCUMYMQ 8 3ABUCUMOCTU OT T020, NOAOMUTEAbHO UAU
OTPULATENDHA BEAULURA Do,

3. Mnuooecréo Takux x, 0.8 kotopeix f(x) = h, ecTo
AUBO OKPYHCHOCTb ¢ yenTpom a, Aubo mrosxcecrso {a}, aubo
nycroe muodxcecrso 9.

YacTHble cJyuau Paccmarpueas cucremy, obpa-
30BaHHYIO TOUKaMu @, b ¢ maccamu 1, 1 nau 1, —1, Mbl
HOJYYHM paHee JOKa3aHHble Pe3yJbTaThl (CM. MpeaJoxe-
wns 39.1 u 41.2).

43. CxaaspHoe npou3BefieHHe U PacCTOsIHHE
B NPOH3BOJILHOM 0Oa3uce

ITycts (ay, @) — 6a3uc LEHTPHPOBAHHOH IJIOCKOCTH
(I, 0), u nycts (&, &), (§f, &) — KOOpRHHATHI BEKTOPOB
X, ¥/ oTHOcHTeJbHO 3TOro Gasuca. M3 cooTHOLIEHHH

x==ta +ta; x =% +E&a,
cJIeayeT, uTo
x-y=%Ea + 50+ (58 + &), - ap

[Ipn x = y nosyvyaeM KBaJApaTHYHYIO ¢opmy, Bbipa-
xatomyio (x|l kak ¢yHKUHIO KoOpAHHAT &y, Eo.

Dt QopMyJabl CYLIeCTBEHHO yNPOUIAKTCs, €cau
(a1, @) — OpPTOHOPMHDPOBAaHHB K 6asuc, T. e. €ClIH

lall=llall=1 u a;1a,.
Torna
X y=5F+EE u [[x|P=x - x=8+E.



rjaaBa IV

JBUHEHUA. NPEOBPA30OBAHWUA NOAOBMA.
CUMMETPHUYHBIE MHOHECTBA

§ 1. ABHOKEHHUSA

B MeTpuyecKo#l reoMeTpuH MJIOCKOCTH Hanbojee Bax-
HBIMH Npeo6pa3oBaHHAMM ABJAIOTCS Te, KOTOpbie COXpa-
HAIOT KaK ap(UHHYIO, TaK H MeTPHYECKYI0 CTPYKTYpY
IJIOCKOCTH.

Cpeau HHX OCeBble CHMMETPHM 3aHMMAIOT NMPUBHJETH-
pOBaHHOe MOJIOKEHHE; MOXKHO Jaxe — 3To OyjeT nokasa-
HO B NPHJOXEHHH | — MOCTPOUTH aKCHOMATHKY MJOCKO-
CTH, OCHOBAHHYIO Ha oOceBblx cummerpuax *). [leiicTsu-
TeJbHO, C OJHOH CTOPOHB, OHH MOPOKIAAIOT TpyNNy ABH-
JKEHH{l, a ¢ ApPYrofl CTOPOHBI, SABJSIOTCS CXeMaTHsauwueii
ouellb MPOCTbIX KOHKPETHbIX oOmnepauni, Kak, Hanpumep
CKAajbiBAHME JHCTA OyMard, BpalleHHe MNIOCKOil mnia-
CTHHBI BOKPYT OTpe3Ka NpsMOH, OTpaxKeHle B 3epKaJe.

44, OceBble CHMMETPMH H UEHTPaJbHble CHMMETpPHH

B ra. 11 Mbl OnpegesnIu Kocylo cuMMeTpHio ¢ ocbio D
nmapa/JesbHO HCKOTOPOMY HanpaB/eHHIo O; 31eCb Mbl
XOTHM 3aHATHCSA U3yYyeHHEM TOTO 4aCTHOrO cayuad, KOrha
dnepneunaukynspuo D. Cefiuac Mbl 32aHOBO AafMM
onpejesnenne TaKON CHMMeTPHH, MOJb3YsICh NOHATHEM Me-
AUATPHCHL.

Onpraeaeane 44.1. Jlaa peako#t mpsiMoit D ma0CKOCTH
Il GymeM HasblBaTh cummerpuel OTHOCUTEAbHO D (unn
cummerpueii ¢ ocoro D) otoGpaxenue f mnockoerit I B
ce6s, omnpenessieMoe CaeIYIOHM 06pasom:

Eciu x = D, 1o f(x) = x;

*) Cp. rakwe Heabcep [34] (n Baxman [20]).
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Ecan x & D, To f(x) ectb onpenensieMast eAHHCTBEH-
HbIM 00pa3oM TouKa, Takas, yto D ecTb Mexuarpuca na-
phi (x, F(x)).

HHuorpa 6piBaer yno6Ho o060o3HauaTh CHMMETPHIO OT-
HocHuTeabHo D yepes (D).

Kak u B ciyuae Kocoii cHMMETpHH, Mbl OMSIThb 3aMe-
yaeM, 4To [? ecTb TOXKJAeCTBeHHOe MpeoGpas3oBaHie H,
clefloBaTeNbHO, [ — HHBOMIOTHBHOE mpecGpasoBaHue IJ0-
ckoctu I

ITrepnoxxeEnnE 44.2. Beakas ocesas cummerpus ecTo
appunnoe npeobpazosarue niockoctu II, u 6oaee T020,
dsuoicetite.

JoxasaTeabctBo. [lepBoe cBOficTBO eCTh YacTHbI Cay-
vaii npenioxenus 29.2. ITyctp teneppr A —ocb cCHMMeT-
puu f, u B — neprnenpukyasip K A; B cucreme oceit (4, B)
0603HauuM uepes (Xj, X2) COCTaBJsOUINe TOUKH X; TOrAA
Touka f(x) 6yaeT umerb cocTaBasouiue (xi, —xg); cJje-
JoBaTebHo, s Bcex X, y &= 11

FE)=F@) P =, = 5, + (xg— y)* = (x — y)*.
W3 atoro paBencrBa ciaenyer, uTo [ — JABHKeHHE.

Caepcteue 44.3. Beakaa ocesan cummerpus npeobpa-
3yer 110604 ay4 8 Ay, 410600 0Tpe30K 8 oTpe3ok (u,cae-
dosarenbHo, Tarxe A1000e BbinyKi0e MHONECT80 8 Bbl-
AYKA0E MHONCECTBO).

Jto ciaeayeT u3 ap¢UHHOrO XapakTepa CHMMETpHH,
au60 M3 HHBAPHAHTHOCTH PacCTOSHMH; MOMKHO TaKke
IoKasaTb 3To0 OoJjlee 3JeMeHTapHBIM CIOcO60M, HCXOIA
H3 KOODANHATHOH 3amucH (OceBOi) CHMMETPHH .

(x1, %) = (x1, — xy).

CaepctBue 44.4. Bceakaa ocesas cummerpus npeo6-
pasyer 4:06yr0 napy nepneHOuUKYALPHOLX NPAMBIX 8 napy
nepnenouKyAIPHoIX NPIMBLX.

JleficTBUTENbHO, CHMMETPHSI COXpPaHfieT pacCcTOsIHHE:
OJlHAKO MNepNeHAUKYJASPHOCTb NPSAMBIX MOXKET ObITh BbI-
pa’kcHa B TepMHHax paccrosinuii (teopema I[ludaropa
Il MHHMMYM paccTOsiHMS; cM. clefactBue 40.3).
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Mpepnoxesue 44.5. [Mycre A, B— dse nepnenduky-
aapuse npamoie, npoxodawue uepes 0. [1pouseedenue
oceaoix cummerpuil (A), (B) ecrv yenrparonas cummer-
pua c¢ yeurpom 8 Touxe 0. [Ipoussedenue ocegod cum-
smerpuu (A) U YEHTParbHOU CcuMMeTpuu ¢ UYeHTPOM 8
Touke 0 ecTo 0cegasn cummerpus ¢ ocoio B.

Cwm. npeaioxenue 32.1.

CHEACTBUE, Bcakas yenrpasrvHaa cummerpus ecrs
dsudcenue.

IMeenaoxenue  44.6. [lpouseedenue 0syx ocesvix
CUMMETPULL ¢ NAPAANEAbHOIMU OCAMU eCTb NepeHoc, Ha-
npagiexue KOTOpoeO NepneHOUKYAAPHO ITUM OCAM.

Ipoussedenue ocesoii cummerpun ¢ oceto D u ne-
peroca, Hanpagienue KoTopo2o nepnenduxyaspuo D,
ecTb 0cesas CUMMETPUA C OCblo, NAPAAAeAbHOL npR-
noti D.

Iloxa3aTeEAbCTBO. [lycts A, B — aBe mnapaJJediblibie
npsimble, 1 nyctb (D), D) — cucrema mnepreduKyJIsapHbIX
oceil, Taxux, uro D||A.

OceBast cuMMeTpHsi C ocbio A 3anuceiBaetcs Kak
(x1, x9) — (%1, 2as — Xp); aHAJOTHYHO 1/ OCH B.

[Mpoussenenne (B) o (A) 3THX CUMMETpHil €CTb, CJe-
JlOBaTe/NbHO, MEPEeHoC

(x1, X9) = (x), Xo+2(by—ay)) =(x,, x9) +(0, 2(by—ay)).

BTOpaﬂ yacTh YTBepxKAeHHs J0oKa3blBaercst ahalo-
TH4HoO.

CaenctBuE. Beakuil neperoc ecto npousgedenue 084x
ocesovix CumMeTputi ¢ 0CAMU, NEPReHOUKYAAPHbIML HA-
npagaenulo 3T020 nepexoca; nepsol (uau 8TOpOU) U3
TUX Ocell MOXeT CAYNHUTo A 100 a s npamas, nepnendu-
KYAAPHAZ HARPABACHILIO Neperoca.

HeficTBUTENbHO, paBeHCTBO fod; = 8y 3KBHBaJEHTIQ
paBeHCTBY [ = §00;; aHaJOrHYHO, ) of = 0y DOSKBHUBA-
JieHTHO ¢ = 0; ° do.

[TpousBeleHHsT OCEBBIX CHMMETPHIl AaiyT HaM BO3-
MOXKHOCTb 3aHAThCS TeNepb H3yueHHEM MPOU3BOJbHLIX
aBuzKenuit niaockoctu IIL
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45. JlBuxeHus

Mui YxKe HCC/lenoBaJqil paHee HEKOTOopbie ABHXKEHHS
MJIOCKOCTH; celdyac Mbl nepexognuM K CHCTEMaTHYECKOMY
H3YUEHHIO 3TOr0 NOHATHA.

Onreneneaue 45.1. Ilyets X < II, u mycrs f— oTo-
6paxenue muoxecrsa X B II; ropopsr, uto [ ectb 0su-
scenue MHOMxKecTBa X, ecaH s JNOOHX X, y & X BbIIOJ-
HSIETCS1 YCJIOBHE

d(f(x), f(y)) =d(x, y).

$IcHO, YTO BcsiKoe JBHIKEHME eCTb B3aMMHO OJHO3HAau-
Hoe oTOOpakeHWe, UTO OrpaHUuYeHHe [BHKEHUS MHOXKe-
ctBa X Ha HEKOTOpOe ero MOJMHOXKEeCTBO Y ecTb HBU-
JKeHHe MHOKecTBa Y, ¥ UTO KOMMO3HLHs JBYX JIBHXKEHHUH
€CTb JBHIKEHHe.

Hanpumep, nepenoc, oceBass cuMMeTpusi U LeHTpa/b-
Hasi CUMMeTpus — ABHKeHHsi MHOxXectBa II.

Tenepp MbI mepexoauM K JOKa3aTeabCTBY OAHOTO 3a
IpYrHM deTelpeX HpelJIOKeHHH, KOTopble NpHBeAYT Hac
K BaxKHOH TeopeMe.

[TpEa0KEHKE 45.2. [as scakoeo X < II aroboe dsu-
acenue f, nepesodauwee X 8 nodmnoxcecrso I u umero-
ujee no Kpaineil mepe TPU HENOOBUNCHbLE TOYKU, He RPU~
Hadaexcawue 00HOU npamoi, ecTo TOMOECTBCHHOE npe-
Gbpasosanue.

JdoxasateasctBo. [lycTh @), ap, @3 — HemoABHIKHEBIE
TOYKH; TOrJa JJst Bcex x e X

d(x, a)=d(f(x), [(@))=d(f(x), a) (i=1, 2, 3).

Takum oGpasoM, cayuail x 5 f(x) BO3MOIKEeH TOJBKO
TOrJla, KOTjga Bce TOYKHM @; MPHUHAAJIe}xaT MeIHaTpUce
napet (%, f(x)), 4to HCKJIIOUAETCS YCJIOBHEM.

[Trepnoxenne 45.3. Aasa arwboeo X < 11 scakoe dsu-
acenue f, nepesodauee X 8 nodmuoncecrso II u umero-
wee no Kpainelli mepe 08e pasziutHble HENOOBUINCHbLE
TOYKU a1, Qa, ecTo Aubo ToxdecrgeHHoe npeobpasosa-
Hue, aubo ocesas cummerpua ¢ ocvio A(ay, ag).
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JeiicTBHTEIBHO, €cIH [ He ecTb TOXKAECTBEHHOE Ipe-
oGpasoBaHHe, TO Hailjercsi Takas TOYKa az= X, uto
a; + [ (as); menuatpuca napbl (as, [(az)) COMEPKHT a
M ap (paccyJeHHE CTPOMTCS TaK Ke, Kak B JOKa3a-
TeNbCTBE NpelsioxKeHHs: 45.2); cielloBaTeNbHO, 3TO €CTb
npsimast A(ay, @z); MO3TOMY, C OJHOH CTOPOHEI, @y, dg, 43
He NpHHANJEKAT ORHOM MPAMOH, a C APYrod CTOPOHHL,
ecau 0603HAYUTh Yepe3 S3 OCEBYID CHMMETDHIO C OCbfO
A(ay, az), TO ai, Gz Q3— HENOABHMKHbIE TOUKH [BHIKE-
HHA Szo .

[To npemnoxenuio 452 mnosaydyaeM, CJel0BaTe/NbHO:

Syo f — TOXK/leCTBEHHOE TpeoOpasosanne, OTKyAa [ =S,

Caenctsue. [Tycto A — OTKpoiToll UL BAMKHYTLLE
ayu. Beakoe dsudicenue | naockocru TI, nepesodaujee e2
8 cebs, 0aa kotopozo f(A)= A, ecto aubo T0NKIECTBEH-
Hoe npeobpasosanue, Aub0 0cesas CUMMETpus, ocb Ko-
Topoii codepaucutr A.

TTeepnoRERUE 45.4. daa aroboeo X < 11 scakoe dsu-
acenue f, nepesodawyee X 8 nodmunosecreo 11 u umeroujee
no Kpatineii mepe 00HY HENOOBUNCHYIO TOUKY Qy, €CTb
2160 ToxcOecTaennoe npeobpazosanue, 4160 ocesan CuM-
MeTpUs, OCb KOTOPOL COOepitur Touky aj, AubO npous-
gedenue 08YX TAKUX cuMMeTpull.

Jloka3ATE/MbCTBO, JleficTBUTENbHO, e€cau [ He ecTb
TOXAecTBeHHOC TMpeoOpa3oBaHHe, TO Haiigercs TaKas
Touka as < X, uto a; # [(ag); Menuatpuca D, mapsl
(as, f(ag)) npoxomut, cjenoBaTe/bHO, uUepe3 TOUKY ai;
0003HaulB Yepe3 Sy OCEBYIO CHMMETPHIO ¢ ocbio Dj, mo-
JYUHM, 4TO @; U @g — Pa3juyHble HENOJBHKHbIE TOUKH
otoGpaxceHusi Spof. M3 npennoxenns 45.3 cienyer, Ta-
KM o6pasoM (0003HAUEHHSI COXPAHAIOTCSA), UTO JHOO
90 [ — TOXKIECTBEHHOE [peoGpasoBaHue, JMHOO Sz of=s3,
oTKyaa Ju60 [ = Sg, JH60 [ = Sz0 S3.

[TpepsioKEHUE 45.5. [as aw6oco X < 11 scakoe dsu-
acenue [, nepesodsiyee X 8 nodmroxecreo 11, ecto npo-
uszsedenue He 6oaee wem tpex (1. e. 0, 1,2 nmu 3) oce-
8olX cummerpud.
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JIOKA3ATE/LCTBO. [leficTBUTeNbHO, ecau [ He eCcTb
TOXKIECTBEHHOe Tipeobpa3oBaHue, TO HalgeTcs Takas
touka a; € X, uto a; % f(a;); o003HauuB uepe3 S, oce-
Byl0 CHMMETDHI® OTHOCHTEJbHO MeIHaTpuchl D) mapsl
(as, f(a1) ), 3ak/iouaeM, 4To @y €CTbh HEMOJABHIKHAsA TOUKa
npeo6pa3oBanus Sy o f.

ITo npenmnoxenuio 454 mnoaydyaem, CJIELOBATeJbHO
(ucnosb3ysi Te e 0003HAUEHHS] UTO H Bhillle):

60 Sy o f — TOmAECTBeHHOe npeoGpazoBaHue, JHO0
S1of = So, 1MGO §) °f = Sy ©83, OTKyAa Ju60 f = s1, AH6O
J = 8108y, b0 [ = §4 0850 8.

TropEMa 45.6. 1. Beakoe dsuienue naockocru 11, ne-
pesodsujee ee 6 ceba, ecto aubo TONOECTBEHKOE npe-
obpasosanue, aubo npeobpasosanue, usernoujee 00uH u3
caedyoujux Tpex 8u008: Sy, SyoSs, SioSyoSs 20e S;—
ocegble CUMMETPUU.

Heuscenue ecto apdunroe npeobpasosarie NAOCKO=
CTU;, OHO COXpaHser NeprneHoOUKyAIpPHOCTb NPAMBIX.

2. Mycre X < M; roeda, ecau X He npunadaeincurt
00roil npamoi, To scakoe dsuxcenue [, nepesodauee X
8 nodmroocectso TI, eQuncreennoim 06pasom moxcer ObviTo
npodoaxceno 0o Osunerus g naockocru II, nepesodsa-
wezo ee g ceba; ecau e X NPUHAGAEHUT HEKOTOPOU
npamoti u codepiur He meree 08yx Touex, TO 370 08uU-
aenue moxcer 6oiTo nPodoAdNceHo 00 O8uNceHus 8cet nao-
CKOCTU 08yms cnocobamu.

Joxa3aTEJbCTBO. IlepBasi yacTbh BbITEKaeT U3 TMpen-
aoxenus 45.5 U U3 Toro Qakxra, yTo BCAKAs OCeBas CUM-
MeTpus ecTb adduHHOe npeobpasoBanne mniockoctd II,
coxpausiollee MNeprneHIHKyasipHOCTb. Bo BTOpOHl uacTH
TeopeMbl CyIleCTBOBaHHe NpeoOpasoBaHus g ecTh CJel-
creHe mnpensoxenus 45.5. C gpyroil cTOpOHbBI, MYCThb
g, 8 — nBa TpPONOJIKEHHs JBHXKeHHA [; Torja glog’
TOXeCTBeHHO Ha X; cieaoBatenbHo, ecin X He MPHHAA-
JAEXHT ONHOH TpAMOM, TO g~'og’ TOX1eCTBEHHO BCIOAY
na I, a ecau X npHHALJIEXKHT ONHOH MPSIMOH H COAep-
XKHT 110 KpaiiHell Mepe iBe TOUKH, To g~'og’ ecTb JHGO
TOXKJIECTBEHHOe npeoGpaszoBaHue, JH0OO oceBass CHMMET-
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pusi, pHYeM B 3TOM cayuae 160 g =g, abo g' =g -0,
e G — OCeBass CHMMETPHS, OCb KOTOPOH COJePXKHT X.

46. Tpynna ABHKEHUA C HEMOABIKHONH TOYKO

Celluac Mbl 3aliMeMCsl U3yUeHHEM MHOXKECTs3a Fo BBU-
senuii nmaockoctd I, OCTaBJSIOUIMX HEMOABHMKHON tie-
KoTopyio Touky O 3TOfi M/IOCKOCTH; 3TO BAMKHO [OTOMY,
YTO, C OJIHOH CTOPOHBI, MOHSATHE BpalIEHHs OYEHb Cyile-
CTBEHII0, 2 C APYrofl CTOPOHbI, HAM 3TO noxagobuTCs NpH
onpenencHin yraos. I1pu uayuennu MHOXKCCTBA ¢ OCHOB-
HBIM OPYIHEM ONSTb-TAKH OYIyT CAYyXKHTb OCEBbIE CHM-
MeTpHH.

OueBHAHO, 4TO ¢ €CTb Tpynna npeo6pazoBaHuil nioc-
koctn I1. Uepes Fo obo3Hauaercs 4actb TPYyNIibl I o
06pa3oBaHHas OCEBBIMH CHMMEeTpHSMH, OCH KOTO-
peix cogepxat 0; a uepes Ry — vacTb Tpynnbl Jo,
06pa3oBaHHas Bp alleHMUaMH BOKPYl TOUKH 0, 1. e
s7eMEHTAMH Trpynnbl Jo, UMEIOUIHMH BHI Spo Sz, TAC Si
H sy Po (apyrumu cjoBanmu '), Ry = Fo o Fo). Has
usyuennsa Jo, Po, Ro HaM NOHaJOOHTCST HEKOTOpoe
BCIIOMOraTeJbHOE MHOJKECTBO; 3TO MOXKET OblTb au6o
MIHOJKEeCTBO Jiyuefi ¢ HauajJoM B TOUKE 0, nu6o obpas
3TOro MHOXECTBA TNpPH B3aHMHO OJHO3HATHOM oto6pa-
JKeHHH ero Ha OKPYMKHOCTb C LEHTPOM B TOHKE 0.

Vitrak, nyctb Co— MHOXKECTBO TaKHMX TOUEK X MJ0C-
koctu II, mas xotopwix d(0,x)=1 (smpouem, panuyc
OKPYHKHOCTH HeCyllecTBeH).

CocTaBuM Temepb CIHMCOK CBOHCTB, KOTOPbi€ Mbl yXKe
3HaeM H KOTOPHIMH (M TOJMBKO MMH!) MBI 6yaeM MoJb30-
BATHCA B MPEACTOSILEM HCC/IeL0BaHUH!

Il — HeKoTOpOE MHOKECTBO, Cy — ero NoJMHOXEeCTBO;
o — rpynna npeobpasoBainil MHOKECTBA IT, #o — uacTb
31Ol Tpymmbl; nonoxuM Ho = Fo ° Fo. DeMeHTB MHO-
KecTBa Po HA3bIBAIOTCS (ocesbimu) CHMMETDHANMHE,

1) HamomHHM, 4YTO B Goaee obuieM cayuae, ecan A, B — npa
NOJAMHOKECTBAa HEKOTOPOro MHOXECTBA E, CHaGxenHoro OGunapHoi
onepaieil, o6o3nauaeMoli yepes T, 1o uepes AT B ofo3nauaercs
COBOKYIHOCTb 3/IEMCHTOB muomectea E, umeiomux Bua xTy, rae
x=AuyesB.

7 3ax. 323
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3JEMEHTBl MHOXKeCTBa Ho-—BpaumeHuamu Kpome
TOTO:

1°. Ins BcsAKOH OCeBOH CHMMeTPUH ¢ npeo6pa3oBa-
HHe 02 eCThb TOXKIECTBEHHOe nmpeoGpaszoBaHue.

2°. ToxpecTBEeHHOe Mpeo6pa3oBanie He eCTh OCEBast
CHMMETDHS.

3°. IInst Bcex X, y & Cy CyuleCTByeT, U MPUTOM €LHH-
CTBEHHas, oceBasl CHMMETPHA O, Takasl, 4To o(x)=y;
oHa OygeT 0003HAYaTbCS YEPE3 Oy.

4°. IIna Kaxaoif 0CeBOii CUMMETPUH G CyIIECTBYyeT
xots1 Obl ofHa Touka x & Cop, Takasi, 4To o (X) = x.

5°. s moGoro fe& Ty u Beex x = Cy

(f(x) = x)& (aubo [ ecTb TokaECTBEHIIOE
npeoGpasoBanie, JH60 [ = o,y).

Bce sTu yTBepikIenHsT ONHCBIBAIOT yiKe H3BeCTHblE
HaMm CBOHCTBa:

B n. 3% ecam y = x, To 0y €CTb OCeBas CHMMeTPHUS
¢ ocbio A(0,x); ecn xe Y+ 2, TO G, €CTb OCeBas
CHMMETpHS, OCbIO KOTOpOIl fIBAsETCS MeAHATPHCA mnapbl
(),

Ynomnnaemas B m. 4° Touka x muoxectBa Cy ecTb
OJHA H3 [BYX TOYEK OCH CHMMETPHH O, A KOTOpPbIX
d(0, x) = 1; nyHKT 5° ecTb He YTO HHOE KaK HHaue cop-
MyJMpOBaHHOe MpeanoxeHue 45.3.

ITeepnoxeuue 46.1. Hurxaxoe spawjenue He modxcer
6uiTe ocesoll cummerpuell (unaue eogopa, Ry N &y =0).

HoKA3ATENBCTBO. [leficTBUTE/bHO, NYCTh P, 0, T E Py,
mo caoiicTBy 3° Haigerca Ttakoe a < Co, AnA KOTOPOTO
t(a) = a. [lokaxeM, 4TO pPaBEHCTBO p = G oT HEBO3MOXK-
HO:
(p=0°1)=>(p(a)=0(r(a))=0(a))=>

= (p = 0) = (T — TOXK/IeCTBeHHOE NPe0GPa30BaHHue),

YTO HEBO3MOJKHO B COOTBETCTBHH C II. 2°

Bropas u3 sTux mMnuinkauuii ciepyer us csoiicta 3%
TpeTbsi CJEAYeT M3 COMOCTaBJeHHS pPaBeHCTB P =0 U
p = (0ofT.

[Trepnoxenue 46.2. Qaa aroboix x, y = Cy naddyres

rorbko dsa daementa [fe o, 043 koropoix y = f(x):
0Ce8an CUMMETPUR Cyy U 8PAULCHUE Oyx © Oxy.
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JIOKA3ATEJNBLCTBO. JlefiCTBHTENBHO,
Fx)=y 1 0, (y)=x)=>(0°[(x)=1x).

B coorBercTBHHM ¢ 1. 5° moJiyuaeM, cJel0BaTesIbHO:

JHGO Oxy o [ — TOXKECTBeHHOe TpeobpasoBanue, JH60
Oxy©f = Oxx.

Orciona au60 [ = Gy, MO0 | = Oyx © Oxx.

CaenctBuE 46.3. Has awbeix x, y e Co cyujecreyer
eQurcT8enKoe Bpaujenie, nepegodswee x 6 Y.

CaeacTBHE46.4. Ry u &y 06pasyor pazbuenue MHO-
acecrea Jo.

IelicTBUTENBbHO, Aas Ja060or0 f& o n Beex as G
u3 npeasioxenus 46.2 cieayer, uto [ ectb nubo ocepas
ciMMeTpHa, au60 BpalieHle, epeBoasiee a B [(a).

[T ennoKERUE 46.5. Haa scakoeo epaujenusn [ Ry
u 2106020 o = &F,y Haliderca Takoe T & Fy, UTO f=1¢0
(u rakoe v/, uto [ =0 <7').

JoKA3ATEALCTRO.  [leficTBHTENbHO, B COOTBCTCTBHH
¢ m. 3° cymecrByer takoe a e Cy, uto o(a)= a; nonao-
KuM f(a) = b.

IIMeeT MecTO paBeHCTBO: Opgoc(Q)=b; nostomy
BpalleHus [ U Opq oG COBNAZAOT NO clelAcTBHIO 46.3.

Orciofa BBITEKaeT, 4TO Opq — HCKOMasi oceBasf CHM-
MeTpHA T.

Hakoneu, o6patubiM K Jdi060oMy BpalleHHIo Oyier
Tax)e BpalleHHe, H cJeJ0BaTesNbHO, CYLIECTBYeT Takoe
veP, uto fl=100,T.e f=001.

Ieraaoxeune 46.6. [1poussedernue uernoeo (coot-
BETCTBEHHO HEYETHO20) HUCAQ OCeBblLX CUMMETPULl ecTo
epaujerue (COOTBETCTBEHHO 0CEBAA CUMMETPUS).

Joka3aTEnbcTBO. JoCTaTOUHO MOKasaTb, YTO TNPOH3-
BeJleHHe TpeX OCeBbIX CHMMETPHH ecTb oceBas CHM-
MeTpHsl; CINpaBeNJIHBOCTb YTBEpPXKAeHHA OyleT noay-
yaThCsl OTCIOAA WHAYKUHel no uncay comHoxureneil. Ho
B COOTBeTCTBHHM ¢ npenstoxenuen 46.5 pas  Beex

7*
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n, p, 0 = Py nHaigerca Takoe T P, UT0 mWop = Tog, OT-
Kyla ftopo0 = T.

TroreMa 46.7. 1. MHroxecrso Hy spawjeruii ¢ teHT-
posm 8 Touke 0 ecTo KommyrarusHas nodepynna epyn-
not J,.

2. lrsn scex 0 & Py umetoT MeCTO paseHcT8a o o Fo=
=.%0 o = ?o.

3. F'pynna Ry odnorpansurusna') na mruoocecrse Co.

HokasaTeanctBo. 1. M3 npeanoxkenus 46.6 caenyer,
YTO Npou3BeJeHHe [BYX BpallleHHH eCcTb TaKie Bpalle-
Hue;, npeodpasoBaHHe, 00paTHOe K BpalleHHIO Qo G, eCTh
BpailleHue o op. CaenoBaTenbHo, %y ecTb Ipymmna; noxa-
JKeM, UTO 5Ta Ipynna KoMMyTaTHBHA.

Has nao6bix [, g & Ho 1 1106bIXx 0 Py HAUAYTCA Ta-
KHe 1, pE Fo, U0 f=1o0 U g = 0op; OTCIOAA MOJY-
yaeM 35KBUBaJIEHTHOCTH

(feg=g-N&Smooo0oop=00°pon-0)&
&E((wopo0)? — TOXKLECTBEHHOE NpeobpasoBanue).

[MocneaHee yTBepKJeHHEe BHIIONHAETCA BCJAEACTBHE
TOro, YTO L °opoo €CTb OoceBasg CHMMeTpHs (mpenJsoxe-
HHe 46.6); caemoBaTesbHO,

feg=g-°f.

2. Kaxk BuaHo u3 npemyoxenus 46.6, umeroT Mecro
COOTHOLIEHUA: CoFRo = Fo M ooFo= Ry, mnocaenliee
BKJIOUeHHEe MOXKeT ObITb MpEeACTaBJEHO TaKKe B BHJIE
Py = 00 FHy, TaK UTO UMeeT MeCTO PaBeHCTBO O o Ho=Fy.
Anasnoruuyto nonyuaeM %oo o = Po.

3toT pe3yabTaTr KBHBaJEHTEH YTBePXKAEHHIO, UTO Hy
eCTb HOPMAAbHOLL OeauTeab TPyNNbl Jo U UTO KOMIIO3H-
LIMH BCEX 3JEMEHTOB rpynnsl #o H HEKOTOpOro npeobpa-
soBanus [ e o obpasyor Ho win Fo B 3aBUCHMOCTH OT
toro, f& Ry unn & Po. dpyrumu caoBamu, (paxrop-
epynna Jo/Ry ecrv epynna 8Topoeo nopaoka.

) To ectb ana mobuix X, y & Cp cywecTByeT eOuUHCTB2HHOC npe-
o6pasoBanue [ & Ry, Takoe, uTo Yy = f(X).
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3. CnpaBeAJIMBOCTb TPETbEro CBOHCTBA YCTaHaBlil-
Baercsl B caeacTBuu 46.3.

Mui BepHeMcSsl K H3YUEHHIO BpallleHHil nocje Toro, Kax
AaguM onpeiesenue yraa. Temepb Mbl cobupaeMcsa HC-
N0/1b30BaTh TOJYUYeHHbIE pe3yJabTaThl s TOTO, YTOGLI
NpoBecTH KpaTKOe HCC/eloBaHHe MPOU3BOJDIBIX LBiAE-
muil njaockocru II.

47. CoOcTBeHHbie H 3epKaJjbHble TBHKEHHSA

OnpeaeaeHuE 47.1. ToBopdAT, 4TO ABHXKEHHE MJOCKO-
ctu I ectb cobcreernoe Osuscerue (COOTBETCTBEHHO
3epkaabroe O8ulcerue), ecad OHO ecTb INpOW3BedeHHe
YeTHOTO (COOTBETCTBEHHO HEYeTHOrO) UMC/Ia OCEBBIX CHM-

merpuii!).

MuosecTBo ABHKeHHH maockocTH [l (coGcTBEHHBIX
JBYKEHHE, 3epKaJbHbIX ABHXKeHHI) Gyner 06o3HauaThCd
yepea J (coorsercTBeHHo J*, J7j.

Kak BHAHO M3 TeopeMbl 45.6, crpaBeiquBO paBei-
crso = 9*UJ~; Mbl ckopo yBuaum, uro J+1F-=0.
HenocpeCTBEHHO W3 ONpejieseHns c/aeIyer, 4To J+ ectb
noArpynmna rpynnsl J, U aaxke GoJjee 10ro, — HOpMaib-
HBIH JeJuTeNb.

Ml cBegeM H3yUeHHe MPOU3BOJbHbIX JBHXKEHHH K
M3YUeHUIO [BHIKEHHH, OCTaB/SIOLIMX Ha MeCTe HEeKOTO-
pyo Touky 0; mpennaraeMblil HHAE METOJ OUEBHIHbIM

1) B 3TOM NMyHKTE TEPMHHOJOFHA ABJIAEICA BECDMA pasHoobpaz-
HOft 1 HeueTko#l. Mbl OTKA3a/juch OT TEPMHHOB <IpsAMOe» H «o0paT-
HOe» JiBHIKEHHe, TaK KaK MOTJIO Obl BOBHHKHYTL CMeWeHnHe NOHsTHHA
«0fpaTHOEe JBHMKEHME» U <«JBHKEHMHe, obpaTHoe K JaHHOMY»; MbI
TaKyKe OTKAa3aJHChb OT <IOJOMKHTENbHOrO» I «OTPHLATeNbHOTO» JBil-
JKEHUs, TaK KAk [eHTpajbHas CHMMETPHA TOTJa OKaMeTCs OIHO-
BPEMEHHO «IOJIOKHTEJIbHBIM JIBHKEHHEM» H ToMOTeTHeli ¢ oTpuua-
TeJbHbIM KO3 (UIHEHTOM; HaKOHEl, Mbl OTKa3a/iiChb OT «APAMOro» if
«HEMPAMOro» JBHMKEHHs, TOCKOJIbKY WHTYHTHBHBUI CMBICH STHX Tep-
MHHOB MOJKET CTaThb NMOHATEH TOJbKO NMOCJAE YCBOEHHSI MOHATHA ABH-
JKeHHsl TJIOCKOCTH Kak mejoro. [ABTOp HCNOJb3YeT 3LeCh TePMUHLI
«YeTHOC» U <«HEUeTHOeS JBHrKeHHe, HeyNoTpeGHTe]bHBIE B PYCCKOH
nuTepaType; M3 ABYX OWITYIOWMX y HAC BhpaxeHHil «aBixeHns l-ro
posa», «ABHIKEeHHs1 2-T0 poma» (CM., Hanpumep, Mepeneaxun [43])
1 «coGCTBEHHbIE JBHKEHUs», «3epKajbHble ABHKenHs»> (S a0 wm[331)
BTOPO/l BaPHAHT KaxKeTcs HaM 6oJiee BBIPA3HTENbHBIM. — T pun. ped.]
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00pasoM MOZKHO NPHCNOCOOHTb NJA H3yyeHHsl npeobpa-
30BaHMH NPOCTPAHCTBA; PaBHBIM 0GPa3oM JIETKO NOJY-
YHTh €r0 aHAJUTHYECKOe OMHCAHHE.

Mbt Gymem o6osHauaTh Yepes I TPyNmy MNepeHOCOB
naockoctu II; MHoxecTBa 4, Py, Ho—Te XKe, UTO U
B m. 46.

JIemma 47.2. 1. Jlwboe npeobpasosanue fe=9 mo-
et 6biTo npedcTasieHo eOUHCTBEHHOIM 06pa3om 8 aude
f=tof e0e teT u fe . (npeobpaszosanne f Ha3bl-
Baercd NMpHBeZeHHOW ¢GopmMoll mnpeoGpasoBanus
f Ha maockocru (11, 0)).

2. Ecau [-—neKkoropas ocesas cummerpus c¢ ocoto
D, 10 ee npusedennoii popmoti 6yder ocesan cummerpus
¢ ocoio D', napaarnrersroii npamoi D u npoxodsweii ue-
pes Touxy 0.

HokasaTenbcrno. 1. TpeGyercst mnpeacTaBHTh f B
BHIe x —a + f(x) (B cucreme (II,0)).

Eduncreennocrs. Ecan f ectsb npeo6pasoBaHue Ta-
KOrO BHJA, TO OYeBHAHO, 4T0 a = f(0) u f(x) = f(x)—
—(0).

Cywecrsosanue. Tlyctb f-— otobparienue x -> f(x)—
—[(0); ato nBuKeHue, npu KOTOpoM Touka 0 ocTaercs
HemoABHKHOH; cJel0BaTe/ b, & .

Tak kax [(x)=f(0)+ F(x), To MBl mOMyUHIH, TAKHM
06pasoM, HCKOMYIO KaHOHHYeCKYIo (GopMy.

2. Ilycts g — oceBast cumMeTpus ¢ ocbio D’; 1o npen-
JoxkeHnio 44.6 npeoGpasoBanue fog ecTh mepesoc f, or-

Kyla nojyuaem, uto f = tog; caexosare/bHo, g = f.

Heepaoxenue  47.3. 1. Orobpascenve f—7F epyn-
no. J 8 Jo ecto npedcrasienue epynnot J 6 epynne I,

2. O6pasamu nodmnoocecre I+ u I~ npu aronu npeo-
crasaenun 6yoyr cooreercréento Ry u Fo.

HoxasateabcrBo. 1. Paccmorpum  mpeoGpaszosaHiis
g€ u f, §— npusenennvie GopMbl ITHX npcodpa-
30BaHHUH.

Tak kak f u

F(x)=F(

JIHHelebI, TO H3 COOTHOLICHHUN
)+ () gW)=gO)+g()
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cIenyer, uTo
g(f(x))=g ) +g(f(0) +g((0))=g(©)+g( ),

OTKyJa MoJydaeM:
(g-D=g-f
2. Mpl 3HaeM (aeMma 47.2), 4To A/ BCSIKOIl OCeBOH
cumMmeTpuu [ ee mpuBeleHHas (popMa f eCTb TakKxe oce-
Basi CHMMETPHS; TOJbKO 4TO OblJIO MOKa3aHo, YTO IpHBe-
JcHHasi GopMa NPOU3BELEHHS A OCEBBIX CHMMETPHH ecTb
npou3Be/eHne n 31eMEeHTOB MHOXKeCTBa o, 4TO AOKa3bl-
BaeT BTOPYIO 4YacTb NpPEIJIOXKeHH.

CaexctBue  47.4. Mnoxcecrea I+ u 9~ o06pasyio1
pasbuenue mroocectsa J'; 0an 406020 o= 9" cnpased-
AUBO PABEHCTBO

It =9rte=9".

Caepcreue 47.5. Has awbod naper Ay, Ay 3amKHY-
Toux ay4eil naockocru T1 cyujecreyer, u npurom TOAbKO
00no, cobcreennoe dsuncerue naockoctu TI, nepesods-
wee Ay 6 Ay, ananocuuroe yreeprcoerue cnpagedauso
045 3epKasbHbLY O8UNCEHU.

Dro cJeACTBHe BhiTeKaeT M3 TeopeMbi 45.6 M clen-
creus 47.4. .

O6 oxHoll moarpynme rpynnbe J*

I'pynna, o6pasoBaHHasi LEHTPaJbHBIMH CHMMETpHA-
MH u nepeHocaMu miockoctd II, ectb moArpymnna rpym-
nbl g+, HNeACTBUTENbHO, Ka)Xjoe H3 3THX npeo6pasoBa-
HUil ecTb IpOM3BeJleHHe JBYX OCEBbiX CHMMETpHI.

48. CTpyKTypa ABHMEHHH

Ilycth ¢of — KaHOHHYecKasi (opMa HEKOTOPOTO JBH-
wenust f Ha nenrpuposanHoil maockoctd (II,0).

1. Ecaiu 7 — Bpauienue, To npeiacTaBuM ¢ B BHIE
p 0, TAe p U 0 — OCeBble CHMMETPHH H OCb CHMMETPHH O
comepxut 0; KaK HM3BeCTHO, f MOXKHO TNpeACTaBHTb B
BHLE f = GoT, e T— elle OfHA OCeBas CHMMETpHA.
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Takum oGpasom,
i:—.tof:poo’oo’of:po‘[;

c/lefoBaTenbHo, [—au6o mepeHoc, Jau6GO BpaileHue (B
3aBHCUMOCTH OT TOTO, NapaJJesbHbl OCH CHMMeTpuil o
H T WIH HepeceKaloTcs).

2. Ecan 7—ocepas cuUMMeTpHs, BbibepeM CHCTEMY
neprneHJUKyJAapHbIX ocefl Tak, 4ToObl mepBas OCb COBMa-
paja ¢ ocblo 3Tofl cumMMeTrpud. B 3TOoll cucreme ocefl
oToGpax<eHue [ uMeeT BHJ

(1, xo) = (x; + a;, — X5+ ag);

WM HHAYe, NOC/Ae COOTBETCTBYIOULEro HepeHoca nepsoil
ocH,
(x1, x9) = (x; + aj, — Xy).

B cayuae a; = 0 npeoGpasoBanue [ ecTb oceBas CHM-
MeTpus; B NPOTUBHOM CJyuyae, XOTf CYLIECTBYeT HeKO-
tTopas mnpamas D, Koropas IMpuH 3TOM mnpeo6GpasoBaliuil
nepexoAuT cama B cebd, [ He ecTb oceBadg CHMMeTpHs
¢ oceic D.

B kauectBe pesioMe chopmyaHpyeMm caepyloliee

Ileepaoxenne 48.1. 1. Bcakoe cobcrseennoe 0susice-
Hue ABASeTCA npousgederuem 08YX 0CEBbIX CUMMETPUl,
noaromy OHO ecTb Aubo neperoc, aubo epaujerue.

2. Bceakoe sepranvHoe Osusicenue ecTv npousgedeniie
HeKOTOPOLL 0Cesoll cuMmeTpuu U nepenoca, Hanpasaerue
XOTOpPO2O NAPAAACAbHO OCU 3ITOU cummerpuu *).

Orciona dceH Xxapakrtep HeNOABHXKHBIX TOYEK BCAKOIO
JBHIKEHUS.

§ 2. MPEOBPA3OBAHUA NMOAOBUSA

49, XapaxrepucTuyeckue CBOHCTBA

Oneeneacuue 49.1. Ilyctb X < I u k— HekoTOpOE
NOJIOXKUTEJNbHOE UYHCJO0; pPaccMOTpuM oToGpamenuc f
MHOxecTBa X B MHOxKectBo II. T'oBopsiT, uro f ecth npe-

*) Ilpoussenenue cummerpuu ¢ ocbio D u mepenoca B Hampasie-
Hud 6 D nasbiBaetes cKoMbssimed cumMerpueid ¢ocbioD.
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o6pazosanue nodobus ¢ Kos@Quytienrom nododus k,
ecnu aag JabbX X, y & X HMeeT MecTO PaBeHCTBO

d(f(x), F(y)) = kd(x, ).

TIpeoGpasosanue noxobus ¢ kospduuuenron 1 ectb
He UTO HHOE KaK JBH2KCHHE.

JlemMma 49.2. Bcaroe pacrsocenue naockocru I ¢ Kko-
ahpuyuentom h ecto npeobpaszosarue nodobus ¢ KO-
puyuenros nodobus \hi.

JeficrpuTebHO, TaKOe pacTsxeHre B LCHTPNPOBA-
noil naockoctn (I1,0) Mouer ObITb MPCACTABJICHO B BHJE

x—hx +a,
OTKY/aa

d(f (), F @) =IlF () =Fl=1h

[TeeanoxeHuE 49.3. Aasn awbozo X < I ecakoe npe-
o6pasosante nodobus [, nepegodsuiee X 8 nodmnooce-
creo T, ¢ Koaphuyuentom k moocer 6uiTo npodoalcCHO
Qo npeobpasosanus nodobus snoxcectéa 11, nepesods-
weeo Tl 8 ce6a u umeiowjezo 10T ace KO3Phepuyuent nodo-
6us k, npuder 310 npodoixcenue eOUHCTBEHHO, ecau X
ne npuradaexcur o0nol npamod, u moocer boiTo onpede-
aeno Geyma cnocobamu, ecau X npunadaeftur Hexkoro-
poil npAnOil 1 codepacut He menee 0BYX TOUEK.

3

x—yll=1hld(x, 9.

HoxasaTEabcTzo. JleficTBUTeAbHO, MYCTh ¢ — HEKO-
topasi romorterusi miaockoctu II ¢ Kospduuuentom k;
npeoGpasosanne @' of ecTp ABIKeHne MHOKecTBa X, H
cJefoBaTe 1bHO, MOMKeT OBITb MPOAC/NKEHO [0 JBHXKe-
ausa  nuockoctn II, mepepopsiuiero ee B cebs, Jaubo
eJMHCTBeIIHBIM 00pa3oM, 0o AByMs crocofaMil B 3a-
BHCHMOCTH OT paHee YyKa3aHHbIX Yycjopuil (Teopema
45.6); wckoMbiM npojgoJKentieM Oyaer mpeobpasopaliue
noaooua @ o).

[Tpunumasi BO BHHMaHNe 3TO NPENJIOKEHHE, Mbl MO-
eM OrpaHHyuTbCS H3yueHHeM npeoGpasoBanuil MO0~
6us, nepepoAsiuX muockoctb II B cebs.
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TreoreMma 49.4. Bcakoe npeobpasosanue nodobus ¢
Ko3gpuyuentom nodobus k, nepesodauee naockocto I1
8 cebs, ecTv npoudsederue HeKOTOPOL 20MOTETUU € TeM
sce KoIphuyueHTOM U O8UNCEHUS.

Jro aggunnoe npeobpasosanue NAOCKOCTUL II, co-
xpansouee nepnesouKyAapHocTs.

IIpeo6pazosanun nodobus naockocru I obpasyror
epynny S u orobpadcenue

f— (koappuyuent nodobusn k(f))
ecTo npedcragaerue 3ToLl epynnot S 8 MYAbTURAUKATUB-
Hot epynne R..

Bce 3TH cBOficTBAa JOKa3blBAalOTCA 3JeMEHTaplo B
TOM MNOpSsiIKe, B KOTOPOM OHH ctopmyauposanbl. [Ipuse-
IeM ellle 00paTHOe yTBepikJeHHe K OJHOMY H3 HHX.

ITpEanoxERRE 49.5. Bceakoe agpunnoe npeobpazo-
garue naockocru Il, coxpansioujee nepneHOUKYAIPHOCTD,
ecTy npeobpasosanue nodobus.

IlokasaTEabCTBO. IlycTh [—3ananHoe npeobpasona-
HHe, ¥ nycTb A;, A;— ABa NepNeHIHKY/SIPHBIX Jyda C
o6muM HauanoMm B Touke 0; torma f(A;) u [(Ag) Gymyr
nepneHUKy/ISPHBIME JydaMH ¢ HadasoM B Touke [(0);
cJe0BaTe/IbHO, CYLIECTBYeT ABHKeHHe g, IepeBojsilee
Ay, Ay B (A1), [(A2).

B takom cayuae g-'of ectb suHeliHOe npeobpa3osa-
une cucrembl (II,0), coxpaHsioulee mNepHeHAUKYJASAP-
HOCTb M OCTaBJsiOUlee HENOABHKHbIMH ayuu A, A,

[lycrs (aj, @) — 6a3uc naockoctu (I, 0), onpene-
JiieMblil YCJOBUAMH

la;l=1 nu a4, (=1, 2).
B sTom 6asuce npeo6pasoBanne g7'of nMeeT BHA
(1> Eo) = ()&, agfy), The @, ap>0.
Ho Bektopnt (1,1) (l,—1) nepneHAHKyJAspHbI, Ha-
NHCaB  YyCJAOBHE  NepHeHAUKYJAPHOCTM HMX 00pas3oB
(o1, @2) U (o), —02), TOAYYHM

2 g2 = —
of—a;=0, oTkyna a, =a,
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Coaenoatensno, g~ of — romoterust H(0, ), n sua-
qur,

f=g°H(0) al)r

YyTo H JOKal3bIiBaeT Tpe6yemoe YTBCpAAeHHE.

50. CoGcTBennble M 3epKaJbHbie npeodpasosatus
nogodus

Oneeaearunr 50.1. Tosopsit, uto npeobpasobanue
nopoGus | naockoctH I sBasieTcs cobcTéennvim (cOOT-
BEeTCTBCIHO 3CPKAAbHOLLM) Nnpeobpasosanien nodobud,
ec/Ii OHO MOKeT ObIThb NpejacTaBsieno B Buie [=dog,
rie d ecTb PacTsKeHHEe C MOJO0XKHTeAbHLIM KO3 duuneil-
TOM, a g —— COGCTBEHHOE (COOTBETCTBEHHO 3epKajabHOC)
IBIDKCHHE.

[Irpagoxkenus  50.2. Huraxoe npeobpasosanue no-
006us naocrocru Il He moxcer O6lTo COOCTGEHHbIM U 3Cp-
KAALHOILM OOHOBPEMCHHO.

IokasaToabcTBO.  JleficTBHTE/IbHO, W3 COOTHOIIEHHA
d->g =00y noayyaem 8'od = yogl; 370 ecTb COOTHO-
uieHHe BHJA

(pacTsKeHHE C MOJOXKHTEbHLIM KOIQOHUIHEHTOM) =
= (ABHKCHHUC).

Takoe COOTHOLUEHIIE BO3MOKHO TOJBKO B TOM cJjyuac,
Korga ofa uJeHa paBeHCTBA — [ICPENOCHI; CJefoBaTesL-
HO, Yo g~! ecTb coGcTBeHHOR ABIIKENHE, T. €. y 0 g aubo
06a cobcTheHHble ABHzCHHUS, a1100 o0a 3epKajibiible ABH-
JKeHH.

Tropema 50.3. 1. [Ipoussederue dsyx npeobpasosa-
Huii nodobus ecto cobeTsernoe npectpasoganue nodo-
6us, ecau o6a OasHbix npeobpa3osaHus AGALOTCA COO-
CTBEHHLIMU UAU 006a OHU 3epRAbHbIe, eCAU dce OOHO u3
npeobpagosanuti nodobua coOCTBeHHOe, @ B8TOPOE —
3epKaabHoe, TO UX npoudsederue ecro 3epranbHOe npe-
obpasosanue nodobus.
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¢. Muosxcecreo St cobcT8erHbix npeobpasosaruil 1.0-
dobua obpasyer epynny, 3ra epynna OeticT8YeT TPAH3U-
TUBHO Ha MHONCECT8e nap (X, Y) pPasAUdHbLY MeHOY CO-
60ii Touex naockoctu IL

Hokasatrabcrso. 1. Ilyers f, g & S; Be mI0CKOCTH
(I1, 0) npeoGpasoBaniie nogobus f:

x— 2 () = (0),

rie A — Kosdduuuent nonobusi npeoGpasosauus f, npu-
HaJJICKHT Tpynne Jo; NMOITOMY NoJyuyaeM COOTHOlleHHe

f(x) =F(0) +AF (x).
Aunanoruuso,
) g(y)=2g(0)+pg(y),
rie g Jo.
CnefoBaTe/ibHO, MOCKOJIbKY g JHHeIIHO,

gof(x)=gof(0)+angef (x).

Ho ecan HassaTh (Kak 310 HHoraa peJsalor *)) cob-
cTeeHHble NpeoGpa3oBaHMsi YeTHBIMH, a 3epKajb-
Hble—He4YeTHB MH, TO B COOTBETCTBUH C oOmpejele-
nnem 50.1 uetHocTu npeobGpasoBanuil f, g n geof OyayT
COOTBETCTBEHHO COBMAXatbh C YeTHOCTAMH Ipeobpasona-
nuit f, @ u g o°f, oTKyna cjeayer CnpaBelsHBOCTb yTBep-
M eHus.

2. HenocpeACTBEHHO M3 TOJbKO UTO JOKAa3aHHOrO
caenyer uto S* ecrb rpynna. Ocrapuwasics YacTb yTBep-
JKIEeHHd caeayeT M3 npeusoxenus 49.3, moromy uTo,
nonoxue X ={x,y} n X' ={x",y’}, vae x#+y u ¥ Fy’,
noJyuaeM, utTo oOToGpaxkenue X-— X', y-—y’ MHOWKe-
crea X Ha MHOoxecTBO X’ ecTb npeoGpasoBaHHe MOJO-
6ua [ muoxecrsa X, a M3 ABYX npeoOpasoBaHHil Mojo-
6ua mnJaockocrn Il, SIBJASIOIIMXCS IPOMOJIKEHHSIMH OTO-
OpaxeHusi [, OJHO siBAseTcsi COOCTBEHHBIM, a BTOpOE —
3epKaJibHbI M.

*) DTa TepMHIOJOTHSl HMCHOJb3yeTcs BO (paHmysckodt (pair,
impair) u B nemeukoit (gerade, ungerade) MaTeMaTHUeCKoil JnTepa-
Type — HO He B aHT.nificKoli, 1 He B PYCCKOIi.
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V3 ZOKAa3aHHOIO CJeAYeT, UTO Ha MHOXKECTBe
A = (IT X I\ guaroua’nb),

Ha KOTOpPOM BbiOpaHa B KauecTBe Hauaja NPOU3BOJbHAA
napa (Xo, Yo), MOKeT ObITb KaHOHHYECKHM 00pasoM 3a-
daHa CTPyKTypa TPYMIBl, H30MOpOQHOA S*, ¢ HeHTpalb-
HBIM 3JEMEeHTOM (Xo, Yo); Takoe oroxpecTsienue A ¢ S*
y106HO: OHO MO3BOJISIET, HANMpHMep, 3aAaTh Ha S* TomoO-
JIOTHIO, BBOAMMYIO KaK 0Gpas TONOJIOTHH npocTpanctsa A
(paccMaTpuBaeMOro Kak MOAMPOCTPAHCTBO MPOCTPAHCTBA
ITI X 1I) npu KaHOHH4YeCKOM OTOOpaxKeHHH MHOXKeCTBa A
Ha S+

[eeanoxenus 50.4. Beakoe pacrsvenue (¢ nOAOKNCU-
TeAbHOIM UAL OTPULATCAbHbIM  KOIPHUULEHTOM) eCTb
cobcraennoe npeobpasosaniie no006GUS.

HelicTBUTeabHO, J1000Oe pacTAXeHHe eCTb Ipou3Be-
JeHHe [MepeHOCOB, MOJNOXKHTeJIbHbIX TOMOTETHH H UEHT-
pa/bHbIX CHMMeTpHil, a KaxKjoe H3 3THX MpeobpasoBa-
HUI SIBJSIETCS] COOCTBEHHbIM Mpeo0pazoBaHHeM MOAOOCHS.

51. I'pynna npeoGpa3oBaHuii nopobus c OAHO
HeNoABHXHOE TOYKOM

[Teepaoxeuue 51.1. 1. Tpynna Sy npeobpasosatiuii
nod0obus, OCTABAAIOULUYX HEnO0OBUICHOL HEKOTOPYK TO4-
ky 0, ectv npamoe npoussederue nodzpynno. MOAOKU-
TeavHolx eomoreruti ¢ yeurpom 0 (usomopgHoi Ry u
epynnol 0sudcerutl 7.

9. Modepynna Sg aroii epynnel, o6pasosarHas cob-
cT8eHHbIMU npeolpa3osanuami nodobus, KOMMYTATUBHA
u Odeiicreyer odnorpausurusno Ha II* (r. e. na II Ges
rouku Q).

Jloka3aTEabcTBO, 1. Ilyers f, g&So u A, p—HX
K03 PHUHMEeHTb [0X00HUS; MOMKHO eIXMHCTBEHHBIM 00pa-
30M npexctaButh [ u g B BuAe [=Af, &= pg& rae
7, 8 =7, CaenopartesbHo,

fog(x)=2F (ug () = () (F o g) (x),
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WM HHaue, .
fog=@n)(fe2g)

[ostomy oToGpaxenne f— (A, f) rpynnn So Ha nps-
Moe nponssefenne Ry X J, IPYIn ecTb H30MOPHH3M.

9. B uwacTtHocTH, Si usoMopdua rpynne R X Ry
NOCKOJIbKY 06e IPYMMBE-COMHOXKHTENH KOMMYTaTHBHBI, TO
S& TakmxKe KOMMYyTaTHBHA.

Tlo Teopeme 50.3, st Jme6bX x, ¥’ & II* Haitnercs, n
NPUTOM €eJMHCTBEHHBIM 06pa3oM, cobcTBeHHOEe npeobpa-
30Banne nojpo6us f, nepesoasmee napy (0,x) B (0, x');
tak kaK f(0) = 0, uMeeM Takxke [ E S¢, oTKyna cieayer
yTBepIKIeHue.

51.2. Mpusoxcenue K onpedeneHurd NOAR KOMNAEKC-
HbLX qucea.

dukcupyeM HekoTopylo Touky e & II*. 13 BTOpOIl 4a-
¢t npemoxkenust 5l.1 caenyer, uto oro6paxenue @
rpynnsl Sg Ha II*, onpenensiemoe Kak f—f(e), B3anm-
HO OIHO3HAYHO.

[lepenecem na IT* npu nomown oTo6paxeHus ¢ 3a-
JaHHYIO Ha Sg TPYNNOBYIO CTPYKTYpy M OGO3HAUHM
MYJLTHIIMKATHBHO onmepaunio B 1%, Apagiomyiocs ob6pa-
30M MNpOW3BEJEHMSI B Tpynmne S¢ npu otobpaxkeHuu @;
pacnpocTpaHHM, HAKOHell, 3Ty onepaunio Ha T1, noj0XXHuB
1as moboro x 11

x0=0x=0.

Ins Bcex x, y & IT* saeMeHT rpynnsl Sy, nepeBoasi-
wuil e B Xy, ecTb NPON3BeeHNe 31eMeHTOB [ H g TPynnbl
Si, mepeBOASIILNX € B X M Y COOTBETCTBEHHO; APYrHMH
cnoBamu, xy = [ o g(e) = f(y); OueBHAHO, 4TO 3TO CO-
OTHOLIEHHe BhnoaHsAeTcst U npu y = 0.

Taxk Kak [ JnHeiiHo, T0 175 Beex ¢, b € 11

x(@a+b)=f(a+b)=F(a)+[(b)=xa+ xb.

Tenepb Jerko y6eauTtbcst B TOM, uto Muoxecteo II,
Ha KOTOPOM 3aflaH0 CJIOXKEHWe, ONpe/ieJieHHoe Ha LeH-
tpuposanHoii miockoctu (IT,0), ¥ ymHOXeHHe, KoTopoe
Mbl TOJbKO UTO BBeJM, e€CTh I0Jje, HyJeM KOTOPOro sB-
asercs Touka 0, a efuHuLlell — TOYKa e.
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TakuMm 06pa3oM, HaJHIO BCe 3JCMEHTh KOPPEKTHOro
onpejeneHust KoMmmiekcHoro uucnaa. IlycTe i— onuH u3
nByx BekropoB cucteMsl (II, 0), KoTopbie mnepneHAHKY-
JApHB e ¥ HopMa Kotopbix paBHa |l e ||, u mycts f — Bpa-
lIeHHe, epeBojsliee e B L.

M3 orHowenus i | e caeayer, uto [(i) 1 f(e) wumw
f(i) L i; cnepoBartenbHo, f(i) = e uau f(i) = —e; Apy-
THMH CJIOBaMH, 10 ONpeJeseHHI0 YMHOXKEeHHS

2=—e¢ uwm i’=e.

Bropoe peienne paeuer (e + i) (e—i) = e —i*=0,
YTO HEBO3MOKHO HHM B KAaKOM IoJe; CJel0BaTe/bHO,

= —c.

Bekrtopwl e, i o6pasyior 6asuc cuctemsl (II, 0); mo-
3TOMY JI060# /MeMeHT X & II moxkeT ObITh NMpeNCTaB/eH
B BHJIE

x=ae+pi, rie o, PER.

OnHAaKO, eCJH OTOMXKAECTBUTb Kaxkjgoe A & R ¢ ToukoH
Ae naockoctu (I, 0), To CTAHOBHTCA OUYEBHIHBIM, UTO JJIS
moboro u & (II,0) Touka Au ecTb De3ysnbTaT yMHOXKe-
HUS Ae Ha &; MOXHO, C/l1el0BaTeNbHO, B JaJIbHelIIeM IH-
caTth

x=ae+pi=a+pi, rae o, P& R.
Torna
(@ + Bi) (0 + B'i) = (a0’ — Bp') + i (0B + ’B).

CTpykTypa onpejensieMoro TakuMm obpasom Ha II
noJst, ouYeBHAHO, H30MOp(HA CTPYKType MOJs, 3anaBae-
Moro Ha R X R = R2? c moMouiplo onepauui

(a’ B)+(a,! B’)=(a+a’, B"I'ﬁ,)’
(@ B) X (@, B) = ((ae/ — BB), (af’ +0'B)).
O6LIYHO TIPEANOYHTAIOT Ha3bBaTh mosieM C KoMIl/IeKc-
HBIX uMCes MJOCKOCTb R2, Ha KOTOpOH 3ajfaHbl 3TH MO-
chegHue ONepalyH, a CTPYKTypy IoJs, OnpeaenseMyio

na (II, 0, e), paccMaTpuBAIOT JHIIb KaK yn00HYIO reo-
MeTpHuecKylo monenb moas C
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52. Crpyktypa npeo6pa3opaHuii nopoGus

Mbl yxe 3HaeM CTPYKTYpy npeo6pas3oBaHuil nonoGus
¢ kosdpduunentoM nonobus k= 1; npu Kosppuuuente
nopobua k == 1 CTpyKkTypa Takux mnpeoGpa3oBaHHd ro-
pasno onHoo6pasHuee.

Mpennoxeuue 52.1. Besxoe npeobpaszosarue nodo-
6us | naockoctu 1l, Kospguuyuenr nodobus KoTOpPo2o
k1, umeer HenodsuscHyro TouKy (Ha3bIBaeMylo U e H-
Tp oM npeobpasoBanHs f).

CaMbIM 3JIeTaHTHBIM JIOKa3aTeJbCcTBOM OblJIO OBl Clle-
Aylollee: TAK KaK HeNojBHKHbIe TOYKM npeobpasoBaHuid
[ w [! coBnagalor, MOXXHO NPH OTHICKAHHH HX TOJOKHTH
E <'1; Torna otobpaxenue [ ecTb CxKHMalollee oToGpa-
x)enue ¢ KoshoduinerroMm £ < 1; caeqoBaTesbHO, TaK KaK
1l — nosnnoe MeTrpuyeckoe npocrpaucmo { umeer Hemo-
ABHIKHYIO TOUKY, KOTODasl COBMalaeT C npepesioM Jawe6oi
nocaenosareibioctn {f?(a)} (@ — npousBosbHAs TOUKa
naockocty II).

Ho 3To 10Ka3aTtenbCTBO HCNOJbL3YET HelJEeMeHTapHbIe
nouaTus; 6Gojiee TOro, OHO OCHOBAHO Ha YTBEPKIEHHH,
yTo R yHOBJETBOPSieT aKCHOMe HENpPePbIBHOCTH, aKCHOME,
6e3 KOTOPOH MOXHO OGOHTHCL B 3/J€MeHTapHOH reomer-
PHH; T03TOMY 3JleCb Mbl OT HEro OTKa3biBaeMCHl.

JokasarenbcTBa, OCHOBaHHBie Ha MOHATHAX yrja H
pMenlaioniell aQyru, OblIM HaMH PelINTeNbHO OTBEPrHYTHI
1o Ipyrofi NpuuMHe: B HHX HCMOJIL3YIOTCA YIVIBl H OKPY K-
HOCTH /s pelieHHs BONPOCOB, OTHOCSILMXCA K JIHHEH-
HOW ajrebpe.

IMpaBuabHbIH MOAXOA 3aKJI0OUaeTCsl B OTLICKAHHH pe-
II€HHs] BEKTOPHOTrO ypaBHeHHd

FO)+Ef(x)=x, Tae [€ I

pemenye uuterca B (ukcuposanHoil naockoctu (II, 0).

1. Ecn f & Po, TO OTHOCHTEAbIIO Maphl OCeH, Nepeas
B3 KOTOPHIX €CTb OCb CHMMeTPHH f, 3TO ypaBHeHHe 3anH-
ercsl Tak:
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kxi+a =x; —kxotay=2xy

OTCIOA JIETKO MOJyuaeM BbIDaKeHus Js X3 H Xa.

2. Ecn f & Ko, 10 B maockocrn (I, 0), Ha KoTopo#
3ajaHa CTPYKTypa NOJs NyTeM BbiGopa einiuubl e (CM.
51.2), 310 ypaBHeHHe 3ANHIIETCS TaK:

f(0)+oaz=2, raec aze;

z=[(0)/(1 —a).

Ilpennoxkenne 52.1 onicbiBaer CTPYKTYpy npeobpa-
30BaHMii TOHO6GHS ¢ Kos(pduuueHTom mopobua k= 1.
JleiicTBMTENBHO, NYCTb [ — npeofpasoBaine NOAOOHSA
C LEHTPOM @ M ¢ KOI()(PHLUHEHTOM NOnoOHs k.

Ecau f— co6cTBeHHOe npeofpa3oBaHHe, TO OHO SIB-
JSIeTCS SJMeMeHTOM rpynmnbl Sy .

Ecan [ — sepkasbHoe npeoOpasoBaHHe, TO OHO eCThb
npouspenenne romorerun H(a, k) n HEeKOTOpOoH oceBoii
CHMMeTpPHH, OCb [ KOTOPOIl NPOXOAHT Yepes a; 3Ta oCh Ha-
3BIBAETCA O C b 10 NpeobpasoBanus nopobus f*).

OoTClo4a

53. Kaaccudukauua 3aMKHYTbIX Fpyfin
npeo6pa3oBaHuii NOROOHA

B reoMerpun, W Jaxke B aHa/u3e pacCMaTpPHBAIOTCHA
TOJILKO Te TPyMIbl NpeoOpa3oBaHHii, KOTOpble 3aMKHYTDI
OTHOCHTE/IBHO €CTEeCTBEHHON TOMOJIOTHH, 3alaBaeMoit ') Ha

*) CaMo npeo6pasoBahie f B 3TOM Cjyyae WHOTAA Ha3bIBAIOT
yeHTParbHo-nodo6HOU cummeTpueld (C UEHTPOM 4, OCbIO ! u KoapPu-
LHEHTOM R).

1) OTHOCHTEJbHO HEKOTOPOTO (PHKCHPOBAHHOTO 6asuca mjoc-
koctH I Beskoe apuuHOe mpeoGpasoBaHie [ TJIOCKOCTH IT sanu-
ChLIBaeTcst B BHJE

X =ax+by+ec y=ax+by+c, rae ab’ —ba’ 0.

Eci OTOXAECTBHTb MHOKECTBO npeo6pasoBaHmil [ ¢ MHOMKeCT-
BOoM TOuek (a,b,c,a’,b’,c¢’) npocTpancTBa RS, Takux, uro ab’—
— ba’ 50, To ecTeCTBEHHO 3aJaTh Ha ITOM MHOXKECTBE TONOJIOTHIO,
MHLYUHPOBAHHYIO Ha HeM TOMOJOTHeH MPOCTPaHCTBA RS; orciona no-
JyuaeM TOMOJOTHIO Ha MHOXecTBe S¢ a(pHHHBIX npeobpa3oBanuil.
Jlerko moxasaTb, YTO 3Ta TOMOJOTHS He 3aBHCHT OT BbiGOpa Gasuca
B muockoctd I M 4TO Tpu TaKOH TOMOJIOTHH Omnepaunu f=>F" n
(f, g) = [° g HenpepbIBHbL.

I'oBopAT, uTO NOArpynma Tpynnbl S 3aMKHYTa, €Cld OHA
eCTh 3aMKHYTOE MOAMHOXECTBO TONOJIOTHYECKOro MPOCTPAHCTBA S

8 3ax. 323
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rpymnme Bcex adUHHBIX NMPeodPa3OBAHUN ¢ MOMOULBLIO KO-
shuuHeHTOR MaTPHL, ONPEAeJNAIOUIUX 3TH npeobpaso-
BaHnsl  (OTHOCHTEJIbHO  HEKOTOpPOro  (HKCHPOBAHHOTO
6asuca). B ynpakHeHusX Mbl NpelJIOXKHM 3alauy
CHCTEeMATHYECKOTO 1CC/AeJA0BAHUA HEKOTOPHIX 3aMKHYThHIX
MoArpynn rpynnsl npeodpazoBauuil nogobus; 34echb ke
Mbl OI'DAHUUIMCH JIHIIb ONHCAHHEM HEeKOTOPOH KJjaccCH-
dukauuy 3THX NOATPYIIL

Mayuenne HEKOTOPBIX H3 3THX TPyNI HeobA3aTeNbHO
B Kypce o0yueHHdA; OHH BKJIOUAIOTCA B MPOrpaMMy IO
BulGopy. Ham Oyner yao6HO MO3HAKOMHUTBCA C 3aMKHY-
TBIMH MOArpynnaMu rpynn R, R? U MyJbTHIJINKATUBHBIX
rpynn B*, C*,

Iast anmiTusHol rpynnsl noJs R BellleCTBEHHBIX YH-
ceJl Hac OyayT wHHTepecoBaTh CaMo R u JHCKpeTHbIe
rpynnst {na}, ., rae o € R. Jlag agauTHBHON rpymmbl
BelCCTBeHHOIT mocKocTH R? (aaaHTHBHOH Tpymmbl mjo-
CKHX BEKTOPOB) pAacCMOTPHM JIHHEHHbIE B3aUMHO OJHO-
3HauHble OTOGpakenus nrockoctH R? Ha cebs; TOrna
3aMKHYyTBIMH moArpynnaMu OyAayT o6pasel CiaedylollHX
noarpynn *)

R Z%, RXZ, RX{0}, ZX{0}, {0} X {0}.

Has C* saMKHYTBIMH noarpynmaMu 6yayTt obpasbl
3aMKHYTBIX Mojarpynn agguruHoil rpynnsl C (usomopd-
HOit agAuTHBHON rpynme miaockoct R?) npu ortobpake-
HUH 2z — e? MHoxkectBa C KoMmeKCHbiX uucen Ha C*.
B uactHOCTH, 3aMKHYTBIMH TOArpynmnamMu rpynnst R* 6y-
OYT CPYNIbl

R', R, u xamzoe u3 muomxects {k"},_,, rae k0.

53.1. Bamknyreie epynnot pacrascenuti naockocru I1
(unu, B Gosee ofuleM cJayuae, — eBKJAUAOBA MPOCTPaH-
CTBa).

*) Teomerpuueckum o6pasoM rpynmel Z2 (afAMTHBHOH Tpymnul
MHOZKCCTBA L €10 UKRCJAEHHDB X BEKTOPOB) CJAYXKHT ILIOCKAH pe-
LieTKO — MHOKECTBO TOYEK IIOCKOCTH C LeJOYHC/ICHHBIMH KOOp M-
HaTaMH.
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[lycts (E,0) — LeHTPUPOBAHHOE €BKJHAOBO TpO-
CTpaHCTBO paaMepHocTH n. Jlisi MPOCTOTH H3J0KEHHS
OTOXJIECTBHM BCSIKOE OTOOpa)KeHue BUAa X — X + @ Npo-
crpanctea E na ce6s ¢ Touko# a npoctpanctsa (E,0);
IIPY 3TOM TpPYMNNBl [EePEeHOCOB NPOCTPaHcTBa E MOXKHO
NpeACTaBHTb KaK MOArpymmbl mpoctpancTtsa (E,0).

a) [Mepenocn. Paccmorpum Junefinbie oTo0paxe-
Husi mpoctpancTBa R™ Ha (E, 0). 3aMKHyTbIMHM IpynnaMu
nepeHocos mnpoctpaHcTBa E 6ynyT o6pasbl npu TaKHX
0TO6paKeHUsIX MOArPYNN NPoOCTpaHCTBA R™, HMMEIOMHX
Bug RP X 27 X {0} (rmep + g +r = n).

b) lleuTpansbHble CHMMETDHH U NE€PEHO-
col. Jas Bcgkoi 3aMKHyTOH noarpynnbl G rpynmbi
(E,0) rpynna, nopoxjgaeMasi LEHTPaJbHLIMH CHMMeET-
PHAIMH C LEHTpaMu, NpuHajijexalumu G, Oyaer 3aMK-
HYTOH.

¢) Apyrue rpynnb. Jdas Bcsikoro apduusoro
nopnpocTpaHcrtea A mnpocrpanctea E (BKalouas mpo-
CTPAHCTBO, COCTOsilllee M3 OJHOH TOUKH) H BCSKOM
3aMKHyToft moarpynnsl G rpynnel R* rpynna pacrsikeHuii

x—>kx+a, tne kG n as A,

3aMKHYyTa.

53.2. 3amknyTele epynnol dsunceruti naockoctu I1*).

a) 3aMKHyTble IPYINbl A1BHAKEHHH C OJHOH HEMoABHX-
HO# ToukoH 0.

TakoBuIMHU fiBAAIOTCS T, Fo, KOHEUHBIE I'PYNNLI Bpa-
meHnit (mopoxnaeMmble BpallieHHeM Ha yroa 2m/n), Ko-
HeuHble TPYNNbl OCEBBIX CHMMETPHI M BpalleHH# (mopo-
J1aeMble Mapoil OCEBBIX CHMMETPHH, Yrosl MeXay OCsSMH
KOTOPBIX paBeH 2m/n).

b) Ias Bcsakoit saMkuyToil moarpynnel G rpynnbl o
Tako# 6yjgeT rpynna, nopoxjaenHasi rpynnoi G u nepe-
Hocamu myrockoctH II.

*) Cp. Maabues A. WU, Tpynnet u npyrue agreGpanueckue
cucTeMh, B KHure «MartemaThka, ee cojep)xaHue, MeTOJIbl H 3Have-
wue», 1. 111, M., Han-s0 AH CCCP, 1956, ctp. 268—275.

8*
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¢) BeckoHeunbie IHCKpETHblE I'DYMIbl ABHIKEHHIT ).

K TakuMm rpynmnam OTHOCATCS MPOH3BOJbHbLIE MOATPYII-
bl CJAEAYIOMUX TPYIIIL:

[pynmna, mopoxjaaemas ueTbIPbMsl OCEBHIMH CHMMeT-
pUSAMH, OCSIMH KOTOPBIX fABJAIOTCS CTOPOHBI HEKOTOPOTO
NpPSMOYTONbHHKA;

[pynna, nopompaemas Tpems OCEBLIMH CHMMETPHA-
MH, OCSIMH KOTOPBIX HABJSIOTCA CTOPOHEI PaBHOCTOPOH-
Hero TpeyroJibHUKa (COOTBETCTBEHHO pPaBHOGEAPEHHOrO
NpsIMOYTOJILHOTO TPEYIObHHKA).

OTH NOArPYyNIlbl OueHb PAa3HOOOPA3HBI;, MpUBELeM
B KauecTBe MpuMepa HEKOTOPble H3 HHX:

[pymma, nopoxkjiaemas HEKOTOPbIM 3epKaJibHBIM JBH-
KeHHeM;

[pynna, mopoxaaemas AByMst BpauleHusaMu Ha 60°
(uma Ha 120°) ¢ pa3HbIMU LEHTPaAMHU.

[Tpumeuatesen ToT (akt, uto B J060H GecKOHEUHOI
JAHMCKPETHOH rpyrime ABHKEHHH MepHoa BCAKOro Bpalle-
HUA MOXKeT ObITb paBed ToJbKO 2, 3, 4 u 6; cneuuasu-
CTBl MO JEKOPATHBHOMY MCKYCCTBY OTKDPBIIH 3TO OrpaHH-
yeHHe OUeHb AaBHO.

53.3. Hdpyeue 3amiHyTole epynnst npeobpasdosariili
nodobus naockoctu II.

a) [pynnbl coGCTBeHHBIX nNpeodpaszoBaHuil mMoa00Hs
¢ OJHOi HenoaBHKHOH TouKoii 0.

OroxAecTBUM mJA0CKoCTh II¥ ¢ MyJbTUIIHKATHBHOMH
rpynnoit C*; torga 3aMKHYTHIMH rpynnaMmu OyiyT yro-
MSIHyTble Bbllle 3aMKHyTble MOArpynnbl rpynmel C* — i
TOJIBKO OHH.

b) [pynmnbl npou3BoOJIbHBIX npeoBGpasoBanuil nogodus
¢ HenojsmKHOH Toukoi 0. B kayecTBe yrnpaxKHeHHUsl mpe-
JOCTaBJisieM UYHTATEN0 HAUTH HX. )

¢) Hns no6oit saMkHyToll noarpynnsl G npeo6paso-
BaHHi 10n06HA C HeMoABHKHOH TOuKoil 0 3aMKHYTOMH
Gyaer rpynna &f, nopoxpaemas rpynnoid G H mnepeso-
camu naockoctH II.

1) Tak Ha3bBAIOT MOATPYNMNLI IPyNIbl adpdHHHBIX npeoGpasona-
HUIl, KOTOPBLIM OTBEYAIOT NNCKPETHDbIE IOJAMHONKECTBA NOAHOH Tpyuibl
(1. e. rpynnl B cex adp@uHHBIX nmpeoOpa3oBannil), T. €. MHOXECTBA,
COCTOsILLME M3 OJHHMX TOJILKO M30JIMPOBAHHBIX TOYEK.
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§ 3. MHOJKECTBA, YCTOWYHUBBIE OTHOCHTEJIbHO FPYTHIbI
MPEOBPA3OBAHUH )

54. PeryngpHecTb MHOXECTBa

BreuaTJeHHe TNPABHJIbHOCTH HJIH CHMMETPHUHOCTH,
KOTOpOEe BO3HHKAeT Yy Hac NpPH B3IJsile Ha HEKOTOphie
MHOMKECTBA, MOMKET OBbITb OOBSCHEHO C MaTeMaTHUeCKOH
TOUKH 3DEHHS TeM, 4TO STH MHOJKECTBA YCTOHUMBBI OTHO-
CHTEJIbHO HEKOTOPOIl rpynmbl npeoGpasoBanuii; s1a yCToH-
YUBOCTb M NMPHIAET UM ONpeeNeHHYI0 OJIHOPOAHOCTD.

Tounee, ecin E — HEeKOTOpOe MHOXKECTBO U & — rpyn-
na npeofpa3cBanuil 3TOr0 MHOXKECTBA, NMPHUEM Kaxioe
W3 3TMX NpeoOpas3opaHyii COXpaHfieT KaKue-TO cBOHcTBa
MHOKecTBa E, JOCTAaTOYHO JIEerKO HENnoCpeiaCTBEHHO BOC-
NpUHHMAaeMble OpraHaMu 4YyBCTB, TO CO3LaeTcs Breuar-
JleHHe «CHMMETPHUHOCTH» MHOMKecTBa E. DTO BreuatJe-
Hie YCHIHBaeTcs ¢ oforallieHHeM MHOXKeCTBa & . KoneuHo,
CKa3aHHOe BOBCe He O3HauaeT, uTo yeMm Ooraue 37eMeH-
TaMH MHOMKECTBO &, TeM MHOMecTBO E «Kpacupee» —
Be/lb MOHSITHE KPAacoThl CyObeKTHBHO ¥ HE MOXKET GbITh
onucaHo **) B CTPOrHX MaTeMaTHUYECKHX TEPMHHAX.

Hanpumep, rosopsit, uTo napa (E,&) ecTb OLHO-
pojHOoe MPOCTPAaHCTBO, ecan & HedCTBYeT TpaH-
auTHBHO Ha E, T. e. ecau Ojs J1OOHX X, y & E nait-
nercs Takoe f € &, 470

[(x)=y.

B Tex cayuasix, KOrja 3JeMeHThl MHOXKeCTBa & rTa-
KOBBI, UTO OHH He BOCIPHHHMAIOTCH NOCTATOYHO HENOo-
CpPeICTBEHHO OpraHaMu UyBCTB HabJalonaTels, MOXeT
0Ka3aThCf, UTO NPaBHILHOCTH MHOxecTBa E ocTanercs
HesaMeuenHoii. Harpuvep, 2osmeomopgusm (Henpepbis-
Hoe B3aHMHO OHO3HAUHOE NpeobpasoBaHHe, 0OpaTHOE K
KOTOPOMY TaKiKeC HeNpephiBHO) HH B KaKoil CTelleHH He
BoCIIpHHHMaeTCsi HaGmiofaTesieM HeMaTeMaTHKoM, 1 Tpo-
¢Thie 3aMKHYTBIe KPHBBIE, HECMOTPSI Ha MX OIHOPOAIOCTD

*) B cBfi3N C CONEPIK2HREM 3TOrO naparpada CM. NMPeBOCXOA-
nyio knury Befina [32]
**) Tlo kpafinefi mepe B HacTOsIlee BpeMs.
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OTHOCHTEJILHO IPYIMbl rOMeoMOPPH3MUB, 0ObIUIIO Hie npo-
H3BOJAT BNEYATJCHHUSI NPABHJAbHBIX MHOMKECTE.

HMuaue rosops, ouwylieHHe CHMMETPHUHOCTH BO3IH-
Kaer JulIb TOTAa, Korja npeoGpasoBaHust u3 & coxpa-
HSIOT B KAKOM-TO MOAXOJAIIEM CMbIC/Ie «(POPMY» MHOMKC-
crBa E. Hanpumep, addurusie npeobpasosanus BOCIpH-
HAMAIOTCS yiKe Jlerye, ueM TrOMeoMOpP(HU3MBI, HO OHH
OGHIYHO ellle KaxyTCsl HCCKOMBKO HeCKJANHBIMH, KODSI-
BuMH. [losTomy napul (£, &), KoTopbic — 3a HeuMenuHemM
Jly4lIero c/a10Ba — NPHISITO OGLIYHO Ha3bIBATH NPaBH/Ib-
HHIMH HJIH CHM M €T P HY HBI MU — 3TO Te, AJs KOTOPbIX
E ectb uacTbh eBK/IHIOBA MPOCTPAHCTBA, a KaiABIH .-
MeHT MHOXecTBa & ecTb orpaHuuenne Ha E HeKOTOPoro
ABMXKEHHsT 3TOrO INPOCTPAHCTBA, WJIH, B BMJE HCKJIOUEC-
Hus, npeoGpaszoBanus nogobus *).

Met paccmatpuBaem 34ech TOJMBKO 3J6MEHTHI CHMMeT-
pud (TOYEUHDBIX) MHOMKECTB; B HCCJAELOBAHHH, B GOJbilel
CTEeNeHH OPHEHTHPOBAHHOM Ha 3CTETHKY, MEXaHMKY IJiu
¢Gusuky, cnefoBaso Obl TakKe NPHHATh BO BHHMAaHHe
CBOWCTBA CHMMETPHH NBeTa (yudTLIBasi 37eCh BCe OT-
TeHKH BHJHMOIO CIEKTPa), MacChl, XHMHUUECKOrO cocTa-
Ba, 3JIEKTPOMArHHTHbBIX CBOHCTB H T. 1.

55. Iocrpoenne npasuasusix rap (E, &)

Mert Hamepenbl 1aThb noceg0BaTedbHOE OMHCAHHE
fipouecca nocTpoeHnst npasuabhbX nap (E, &), koropwlii
6but Obl MPUMEHHM KaK AJsl MJIOCKOCTH, TaK H A npo-
CTPAHCTBaA.

[Tycts A — ncxoropoe MHOMNECTBO 1 S — rpyina
npeobpasoBaHuii, onpeeseHHbIX HAa 3TOM MHOMKECTBe.

Hns no6oro X < A u moboro | < 52 .

[X) =F (A=A

*) Oas wamocTpamdd  3TOTO  MOMOMKEHHST YKAXKEM, UTO Ka3K-
Romy HenpenyGeKACHHOMY HaG/I0AaTeN0 OKPYICHOCTL, TPYINA CaMO-
COBMELUECHHI KOTOPOH COCTOMT 113 JL B M K € H H H, NMOKaMKercs Gosee
NPaBHALHO YCTPOCHHOM HaH «Bosiee CHMMETPUYIOH», ueM .02apugh-
MUACCKAA cnupaab, TPyNna caMOCOBMeEILEHHIl KOTOPOHl CoCTOHT u3
npeob6pasoBaHuil mMogoGHSA, XOTb U MOCAEAHAS KpHBas
NMPEACTABASIETCA JOCTATOYHO «CHMMETDPHYHOM» JaxKe UYesnoBeKy, He-
3HAKOMOMY C HaJIHYHEM TPAH3HTHBHOM FPYNilbl ee CaMOCOBMeILCIIHH,
06pa30BaHHOH NpecOpa3oBaHHAMI HOKOGHS.
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TlonoxuM
A X)=E= |J FX).
fe £

ILas no6oro g € ¢
g(E)=g(Uf(X))=Lfchi(X).
. P

Onnako & — Ipynmna; CHeoBaTesbHO, MHOKCCIBO
npeo6pasopatuii Buna g« [ (rae [ npobGeraer s£) copna-
naet ¢ S¢; NO3TOMY

g(E)=E nasa Bcex g .

O603naunm uepes & MHOKECTBO OTpaHHYEHHH Ha E
npeo6pasoBaHuil U3 S; TOrNA & — rpynna npeo6paso-
pauuii Muoxectsa E (oueBHAMO, MOMKeT CJAYYHTbCA T2K,
YTO NMpPH COOTBETCTBYIOLIEM BEIGOpE X muoxecrso E Gy-
ZET yCTOHYHBO OTHOCHUTENBHO €llle KaKMX-TO MHTEPECHLIX
npeo6pa3oBaHuil, He BXOAALKX B &).

ToBopsiT, 4TO Nnapa (E,&) mopoxjaeTCs MHOXe-
cteom X B mnape (A, $#); Ha s3biKe JEKOPAaTHBHOrO HC-
KyccTBa MOXKHO 6bl10 Obl CKa3aTb, 4TO X ectb moTUS,
nopoxaaomui E.

OrobpakeHue, KOTOPOe KaxkKaoMy [ & S craBuT B CO-
OTBETCTBHE ero OrpaHuueHde H3 rpynnbl &, ecTh Mpea-
cTaBJeHHe TPyNnbl ¢ Ha rpynne &; B oblieM ciayyae OHO
He B3aHMHO OJHO3HAYHO.

CaMble TIPOCTBiE MOTHBBI — 3TO MHOXeCTBa, CBOAS-
limecss K OQHOH TOuKe: HJs JOO0ro X & A MHOXKECTBO
E = s¢({x}) nasbiBaercs TpaekTOopHel TOUKH X OT-
HOCHTEJbHO TPyMnbl &¢; Kaxjas TPaeKTOpHs eCTh Kjacc
KBMBAJEHTHOCTY MO CJelylolleMy OTHOLIEHHIO 3KBHBA-
JEHTHOCTH Ha A:

(x ~y), ecnn cyuiecTByeT Takoe npeoGpasoBanue
fe s, uro [(x)=y.

Pasauunble TPaeKTOpHH MHOXKecTBa A MOryT HMeTb
pasNuuHYIO CTPYKTYpy: Hampumep, ecCiH & — rpynna,
nopoxjaemass ila MJOCKOCTH A [ByMS OCEBBIMH CHM-
METPUSMH C B3aHMHO MEpNeHAUKYNAPHLIMA OCAMH, TO
TPaeKTOPUH MOIYT COMepXKaThb OJHY, ABE HJH HETbpe
TOUKH.
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W3 cooTHoLIeHH S

St (U Xi) = U&if (X))

clefyer, 4To KaxKjaoe MHOXKecTBO S£(X) ecTb obbennuHe-
HHME TpPaAeKTOpHH; cJei0BaTenbHO, MHOXKecTBAa E Oyayt
M3BECTHbI, €CJIH TOJbXO H3BECTHbl BCe TPAEKTOPHUH MHO-
xKectra A.

Cayuati e8KALO08bIX NPOCTPAHCTS.

Ecan A — nnockocth (uaH, B Gojiee ofuieM cayuae,
€BKJIMJOBO TNMPOCTPAHCTBO HEKOTOPOIl pa3MEPHOCTH 1) 1
o — rpynna npeoOpa3oBaHuH MoJ0o0Ms, TO MpeACTaB-
JAIT HHTepec TIJaBHBIM o00pasoM JHUIIL Te cjydad,
Korga of — 3aMKHyTtas rpynmna, u rtaxkve napel (E, &),
B KOTOpbIX E 3aMKHYTO.

Knaccuduxanuus 3aMKHYTBHIX TPynn nofofus, npuse-
JeHHas Bblle, yiopollaet H3yueiiie MHoxecTd E, ycrofi-
UMBbIX OTHOCHTENbHO TAKOH rpymnmnsl; 370 6yAYT, ZeHCTBH-
TeabHO, OObLEIMHEHUsI TPAeKTOpPUiH, a HAXOXKAEHHE 3THX
TPaeKTOPHUil He3aTpPYAHUTeAbHO AJf BCEX TIPYIM, TOUHO
ONMHUCAHHBIX paHee.

3aMeruM, 4TO GOJILIIHHCTBO TAKHX TPYMN NPUBOIUT
K HEHHTEPeCHbIM MHOKecTBaM L, — Hanpumep, B cayuae,
KOT[a Ka)Kaasi TPAeKTOPHsl COBMajaerT co BCEM NPOCTPaH-
cteoM Al 3ato Geckoneunble AUCKPRTHHIE TPYMNIbl JABH-
JKEHHI H rpynnbl coOCTBenNsIX npeodpasobansnii nonos1st
C OJHOM HENOABMXKHOII TOUYKOH NOPOKAAIOT MHOMKECTBA,
NpUsiTHBIE AJs1 [7as3, T. e. AeKOPAaTHBHO LeHHbie ).

56. DaeMCHTH CUMMSTPUM 3a[aHHOIO MHOecTBa

Mbl TOJALKO 4TO BHAENH, KaK AJst Ji000od rpynmel S¢
npeo6pazopaunii nogobus naockoctu I MOXKHO HaliTH
muoxKecTBa FE, yCTOIUMBBIE OTHOCHTENbHO S%; KpoMe
TOrO, MBI YK€ OTMeyaJil, YTO Takoe MHOXKeCTBO E MoxeT

*) CoOTBeTCTBYIOUIHE el UWLIPOKO HCIOJIb30BAMHCh TOJIANL-
ckum rpadukom Mopucom Dduepom (cm. ero ambom Esher M. C,
Grafiek en Tekeningen, Zwolle, 1959 u cien., u3 KoToporo, B uacrt-
HOCTH, 3aMMCTBOBala Ccynepo0JoXKKa PYCCKOro H3JAHHS  KHUTH
I'. Beitnsa [32]).
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0Ka3aTbCsl YCTOHUMBBLIM OTHOCHTE/bHO MPeobpasoBakil
nono6usi, He BXOJsAUKX B s£. B obuieM ciaydae BONpoc
cTaBuTCsl Tak: Aas Joboro E < II HaliTu MHOXeCTBO &
npeo6pasopanuil nmopo6ua [ naockocrd II, Takux, uTo
j(E) = E; 3T0 MHOXeCTBO, Ou€BHIHO, obpasyer rpyi-
ny 9 *).

B sieMeHTapHOH reoMeTPHH MO yCTaHOBUBILEHCS Tpa-
JMIMH PacCMaTpPUBAIOTCA TOJBKO OCH CHMMETpHU U
LeHTPH CHMMeETpPHH MHOXecTBA E, 1. e. Te ac-
MeHTBl TPYNNbl &, KOTOPbIe sBJSIOTCS OCEBLIMH HJIH [l
TpaabHbIMU CcHMMeTpusMH. OIHAKO MHOXECTBO 3IHX
cHMMeTpHH B 0ofllleM cayuyae He oOpasyer Ipynmy; Takum
06pasoM, ymycKaercsl OTJHMYHash BO3MOXKHOCTb U3YyUeHHsd
rpyfnibl npeo6pasoBaHMil M U3 PAaCCMOTPEHHs HCKJIO-
yaloTCsl KOMIIO3HIMH MosyueHHbix cummerpuii. C apyroit
CTOPOHbI, OrPAHHUUBASICh TOJMBKO CHMMETDPHSIMH, OOLIULO
3aGBIBAIOT CYLIECTBEHHYIO POJIb CIBHTOB H TCOMOTETHIL.
Hanpumep, Hauaydiiuii cnocol jAarb onpejesenue Iu-
JMHAPA M KOHyca B R™ 3akiouaercst B TOM, 4TOGHL orpe-
[eJIUTh KOHYC ¢ BepuuHoi 0 KaKk MHOXKeCTBO, yCTOHUHBOE
OTHOCHTEJIBHO T'PYIIbl MOJ0KKTEIbHBIX TOMOTETHH C Lel-
tpoM 0, a UMIAMHAP C 0OpasylouliMu Hanpas/eHUs 6 —
KaK MHOXeCTBO, yCTOHUMBOE OTHOCHTENbHO TPYMIbl Ie-
PeHOCOB B HalpaBJeHuH 6.

Tem He MeHee, OCH CHMMETPHU M LEHTPbl CUMMETPHH
TOUEUHBIX MHOMKECTB MMEIOT MepPBOCTeleHHOe 3HaueHHUE;
BecbMa CYLIeCTBEHHO, 4YTOObl YYeHHK yMeJa pacnos-
HaBaTb 3JeMeHTbl CHMMETPHH CJedyIOLHX MPOCThIX MHO-
KECTB:

[1psimasi, my4, oTPE30K, Mapa ToUekK;

O6bearHeHHe ABYX MPSIMBIX (IepeceKaloluxes — nep-
MeHIUKYASPHBIX UM HET, napasJenbHbIX) ;

O0benuHenye IBYX Jyued ¢ oOLUM HAvasaoM;

PaBHOCTOPOHHUi TPEyroJIbHIK; paBHOGeAPEHHbIH Tpe-
YrOJIbHHUK; NPSIMOYTOJ5LHUK.

[osnnee GyayT M3yueHbl 3/EMeHTHl CHMMeTphH 00b-
e[lMHEeHHS JBYX OKPYXKHOCTEH MJId OKPYXHOCTH H npsiMoi.

*) Oty rpynny MOxHO Obwio Obl Ha3BaTh epynnoi cummerpun
MHomecTBa E, XOTs1 uaule mocjejHee HauMeHOBaHHe HPHCBAHBACTCH
rpynme ABHKeHHI, nepesoasux E B cebs.
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JlBa npoCThiX MPHHIHKNA SBAAIOTCS HANpaBJsiOMMH
NpH OTHLICKAHMH OCeH M LEHTPOB CHMMETPHH:

1. Eciu mHoxectBa A, B ycTOHYHBHI OTHOCHTEJILHO
HEKOTOPOH CHMMETPHH (, TO YCTOMYHBBI H MHOXeCTBa
A UB, AN B, a rakxe nonojHennuss MHoxects A u B.

2. TlycTs @ — HeKoTOpasi CUMMeTpHs; s Joboro X
muoxectsa X N ¢(X) u X U ¢(X) ycroiiuuBel OTHOCH-
TeJILHO @.

BoT ellle ORHO OleHb T[0Je3HOe CBOHCTBO:

3. TMycts (D;) — KOHeuUHOe CeMEHCTBO MOMapHO pas-
JHYHBIX MPSAMbBIX; TOTAA Kaxjaas npsmMas, colepxaiasncs
8 MuoxectBe UD;, ecTb ofgHa u3 npsmbx D;.

IleficTBHTEIbHO, Ka)kaasi mnpsiMasi CofepXHT Gecko-
HeuHoe YMCJI0 TOYeK, CJefoBaTe/bHO, OHa MepeceKaercs
¢ Kakoii-To npsiMmoil D; mo Kpaiineii mepe B ABYX TOYKax
(«npuHUHMD KaeToK» Jlupuxje *)) u, cieloBaTe/bHO, COB-
najaer C 3Toi NpsAMON.

QueBHHO, aHaJOTHYHOE YTBepXJeHHe HMeeT MeCTO
1/ ceMellCTBAa OKPYIKHOCTEH H /151 CeMeHCTBa OKpYX-
HoCTe M MpAMBIX, MOXHO Aa)ie (MCMOJb3ys TOT (akrT,
YTO MOILHOCTb KOHTHHYyMa NpeBbilIaeT MOLIHOCTb CUeT-
HOrO MHOXeCTBa) pacnpoCTPaHHUTL 3TO YTBepKJenue Ha
‘calyuail cueTHBIX CEeMeHCTB.

MBI pacCMOTPHM TOJBLKO OAHH NMPOCTOH

IMpumep. IlpennosokuM H3BECTHBIM, HYTO OCAMH
CHMMETPHH HEKOTOpoi npsaMoit D sBjAsiOTCS caMa nps-
masi D ¥ Bce mepneHAMKYASPb K HEH, H TOJBKO 3TH Nps-
vble. Haiinem Tenepb ocd cHMMeTpHH 00beAMHEHHS IBYX
HECOBMAAAIOIHX nNapasenbibix npambeix A, B.

O6wumu ocsimu s A u B 6yRyT nepneHauKyaspbl
kK A u B; ¢ apyroil cropoHbl, A u B ciMMeTpHYHbI OTHO-
CUTeNbHO npsMol D, paBHOyAajeHHOH OT 3THX NPAMBIX
¥ mapajsieibHON MM, cilefloBaTtenbHo, D — ocbh cHMMeT-
puu muoxectsa A U B.

Ocraercs nokasaTtb, uto muoxkectBo A U B He umeer
HUKAKHMX APYrHX oceff CHMMETPHH.

*) OGbiunasi GOPMyaHpOBKa «npuHunna kaerok» JI. Jlupuxae
TaKOBA: eCJM m 3aillleB paccakeHbl 10 N KJETKaMm H m > 1, TO X0T4
6bi B OfHOH KJeTKe CHAAT ABa safiua.
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JonycTuM MPOTHBHOE: MYCTb @ — CHUMMETPHS C GCLID
C, Takas, 4TO

p(AUB)=AUB.

U3 sxaouennss ¢(A) < A U B B COOTBETCTBHH C VKa-
3aHHBIM Bbillle CBOHCTBOM 3 cJjeiyer, uto npamas @(A)
copmanaer auGo ¢ mpamoit A, mubo ¢ npamoi B; ecau
@(A) = A, To C ectb 0Cb CHUMMETPHH MNPsiMOH A u Tax
kak pemenne C = A cpasy uckmeyaercs, 10 C nepreil-
aukyaspua A; ecin xe @(A) = B, 10, KaK JIerko BUIETb,
C ue Moxer nepecekatb HU A, HU B, sABJsASICH, TAKUM 06-
pasoM, napaJjjeiabHoil mpamMbiM A ¥ B n paBHoynasnen-
HOH oT 3THX npsMbIX, T. e. C cosnajaer ¢ HalleHHOH
yxe panee npamoii D.

Ynpaxuenus K ranase IV

1. Tlycts A, B — npe npsimsie miockoctn II. [las modoro x & il
o6o3naunm uyepes a(x), f(x) paccroshue OT X JO MPAMBIX An B
COOTBETCTBEHHO H MoJoXHM [(x) = a(x) + P(x). Kakoso wmuoxe-
CTBO TaKiX TOUex X, AJs KOTophix [(x) << (mam f(x) =1), rae
| — 3ajaHHOe TIOJIOXKHTEIbHOE UHCJIO?

[lycts, D — npon3BosibHas NpaMas; HafiTH TOUKH X 3TO# mpsi-
MOH, MHHUMH3HPYIOUHe GYHKUHIO f(¥); OpH KaKHX YCI0BHAX 3TO
6yneT eiMHCTBEHHAs TOYKa?

2. Myctb  (D;) — KOHEUHOe CEMEACTBO MPAMbIX; A/ M060ro
x Il pacctosHue OT TOYKH X 10 MNpsMOH D; o6ostiaunm uepe3
ai(x). [Toka3aTb, 4To BCE QYHKLUHH O BLITYKJIBL

BpiBECTH M3 3TOrO CBOHCTBA, UTO MHOXKECTBO TOHEK X, AJA KO-
TOPBIX

Zkiai (x) <<U (vme A, m [—1eoTpuuaTebibe wicaa),

ecTb BBINYK/BIH MIIOTOYOJBHUK, OTpAHUUEliHLI Wl HeT.

3. TMycrs D — npsamas maockoetn IT w a, b = IL

Tnst moBoro x & D nonoxum f(x) = d(a,x) +d(b, x).

Tloka3aTh, 4T0 (yHKUUA [ BbUYKAa; HaHTH ToukH x mpamod D,
B KOTOPHIX (OYHKUHS | HMeeT MHHUMYM.

PemuTh ~aHAJOTHUHYIO 3ajady Add  MaKcuMyMa  QyHKUUH
|d (a, x) — d(b, x)|.

4. Tlyctb A, B — 1Be HeCOBMajaloliHe Mapajiienbibie MpaMbe, H
nycts a,b E 1IL

Hafitu Toukn x = A,y € B, MHHUMH3HDYIOIHE CYMMY

d(a, x)+d(x, y)+d(y, b).
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Pewurts aHaJornyHylo 3ajady Ajdsi ToueK X, Y, Taklux, 4to A(X, 1)
HMeeT 3ajauHoe Hampasgenue §.

5. Iycts (ai, bi) (i=1,2,3) — tpu naps Touek maockoctn II,
Takux, uro d{a;, bi) = d(as by) = d(as, bs). CyilecTByloT /1l Takue
Tpu npsvoie Dy m Takas mapa (a,b) Ttowek miockoctu II, 4urto pas
aoboro i napa (@i, b;) cuMmerpiuHa mape (@, b) oTHOCHIeabHO Tps-
moit D;?

6. Tlyctb [ (cooTBeTcTBeHHO g) — BpamienHe Ha yroa 0 BOKpYT
TOUKH X (COOTBCTCTBEHHO Ha —O Bokpyr Touku y). Haifitu gef.

7. Mlycts (a1, ag, @3) — Tpoiika pasauuHbix Touek miaockoctH I
oGosnaunM uepe3 d; yriabl 3Tofl TPOHKM (CM. CAeAYIOILYIO TJaBy).
Haiitn npoussenenne fzofqo f1, rae fi — Bpaitenne Ha yroa d; Bo-
KpYyr TOUKH @;.

8. Mycts a,b 11 u a=£b; nanee, nmyctb [ — BpallleHHe ¢ IiCH-
TPOM B TOUYKE 4.

a) Hajitn MpomxecTBo % BpauieHHii g ¢ IleHTpoM B TOouke 0,
Tawix, YTo go f ecTh BpalleHHe.

b) Haiitn MHOXeCTBO LUEHTPOB BCCX Bpaulenuit gof (rze
gE %).

9. llyetp & — moarpynna rtpynnbl Jo; mNokasaTb, 4TO ecan &
CONEPKUT XOTs Obl OIHY OCEBYIO CHMMETpHIO, To & mopoxpaercs
BXO/5IHMI B Hee OCEBbLIMH CHUMMETDHSIMIL

10. HaliTy nopsiJlok Tpynfibl CaMOCOBMEILEHHH JIift CJAAVIOMHX
muoxects X (3pecb HULyTCs JlMIb J B XK eHI s, nepesojsme X
B cchs ¥)):

MHO3KeCTBO BepIUHH PaBHOCTOPOHHEro TpPeyroJbHHKa, KBajapard,
npsiMOyrobHiKa, pomba.

11. Tlyets A, B — nBe npsmblie naockoctn I, u nmyers a < A,
b B.

WceaenoBath cOGCTBEHHBIE ABHXKeHNs f, nas Kotopux f(a) & A
w f(b) = B.

12. Tlyctb Z — meTpHueckoe NOANPOCTPAHCTBO NpocTpanctsa R,
o6pasopaHHoe MHOXKECTBOM UeJbiXx uuces. Onpenenuts Bce pasfue-
HHS NPOCTPaHCTBA Z Ha [[BA H3OMETPHUHBIX MHOXKeCTBa.

Ananoruuias sagava g N, nias R u aaa R

13. Oupejeants Bce pasbuenus maockoctd II Ha gBa nsomerphu-
HLIX MIOKeCTBA. .

14. Tlycte A, B— nBa nmoamnoxectsa miockoctn I, takue, uro
A ) B copepxut mo KkpaliHeii Mepe nBe TOUKH, X1 M Xs. IlokasaTb,
WTO ecau CyWeCcTByeT ABHKeHHe f, oToGpakaiolllee MHOKecTBO A
Ha MHoxecTBo B M Takoe, uto ero orpaHuyenwe Ha A (1 B ectb
TOXK/ECTBEHHOEe INpeo6pasoBatiie, TO JHOO [ — TOXKIECTBEHHOE npe-
o6pasosaiine, 60

ANB=(AUB)NA (xy, x,).

VicenenoBaTh CBf3b MEXIY 3THM CBOHCTBOM H TeM (aKTOM, UTO
Junus cru6a sumcra Gymard Bceraa ecTb OTPe30K MNPsIMON.

*) Tlouemy?
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15. Ilycrb [ — co6eTBenHoe npeoGpasopanue MOAOGHMS  MJIOCKI-
cru II u A — npousBosibHoe uucso. Hduas moboro x € II o6osuauiim
yepes 3 (x) Touky, measumyio (x,f(x)) B otHowenud A. Uto Muxiio
cKa3aTh 06 0TOOpaKeHHH X —> f (X)?

16. IMyct A; (i =1,2,3) — 1pu  npsmbie miockoctu I, u
aeA; (1=1,273).

a) PaccMoTpuM MHoxecTBO F  CcOGCTBEHHBIX mpeobpasopaniil
nogob6us f, rakux, uto f(a;) = A; (i=1,2,3).

[ToxasaTh, uTO JAH60 BCe 3TH NPEOOpPasOBAHUA MOAOOUA KHMEIOT
o0uIuil LeHTp a, J160o BCe OHY — HEepPEeHOCHL.

PaccMoTp#M NpOM3BOJBHYI0 TOYKYy X miockoctd II, Takyio, uro
X £ a.

Uro MOMXKHO CKasaTb O MHOXKeCTBe Touek f(x), rae fEF?

b) Iycts & — MuOXKecTBO COGCTBEHHBIX NpeoOpasoBaHuii mo-
n06ua g, Takux, uto a; < g(A:) (i=1,2,3).

KakoBa cBsa3b Mexay 9 u F?

17. Iycts (0, a, b) — Tpoiika Touek miockoctn II, rakas, uyro
a u b ormmuner or 0. Onucath Takue oroGpaeHust f nmockoctu II
B ceba, npu kotopbix aas Bcex x &Il Tpoiika (0,x,f(x)) nuGe
copmajgaer ¢ Tpodikoit (0,0,0), saubo ectb ob6pas Ttpokiku (0,a,b)
IpH HEKOTOPOM cOGCTBEHHOM NpeoGpasoBaHHM NOAOOHS.

18. ITycts E — nponsBoJibHOE MHOMKECTBO M & — KOMMyTaTus-
Hasi M OJHOTPAH3WTHBHAs rpynna mNpeoGpasoBanuil MHOXecTBa £.

Iycts @, b — xBe ToukW MHOXKecTBa E M f-—Takoe oTobpaie-
aue E B cebs, uto gaa moboro x = E cyuectnyer Takoe g &9, uto

gla)=x n g(b)=F(x)
Uro MOKHO CKa3aTh O mpeobpasoBaHuu f?
19. Bocnonb3oBaBmuck pewernem ynp. 9 k ria. II, mocrpouts

KnaccH(QHKXAiMI0 3aMKHYTBIX Tpymn pacrTsaKenuit mmockoctu II (4
npoctparcrsa R™), yKasaHHbIX B I. 53.

Ynpaxcrenua na conpascenrie npeobpasosanus. Hanomuum, uro
ecain | u g— JBa npeoGpasoBaHHs HeKOTOporo MHoxkectsa £, To
conpaXeuHnM o6pasoM npeob6pasoBaHud [ OTHO-
cuTebHO MpeoGpazoBalua g HashiBaeTcs npeobpasosa-
Hue gofe g-l; npn qio6om x oso mepepoaut g(x) B g(f(x)).

20. IlycTb f—romoTeTHs ¢ LeHTpoM a M Kodpduuuentom k.
Iokasarb, YTO CONpPsYKEHHLIM 00pa3oM npeo6pasoBanus [ OTHOCH-
TeJbHO JI0Goro npeoGpa3oBaHus mogobus g (M gaxe BOOOLIE OTHO-
cutenbio JioGoro ad¢duHHOrO mnpeodpasoBaHusi) OyNeT TOMOTETHS
¢ uentpom g(0) u ¢ KoapduunenTom £ (paccMOTpeTh CHayana cay-
yafi g(0) =0 u cayuail, korga g — mepeHoc).

21. IlokasaTb, YTO COMNpPsSIKEHHBIM 00pa3oM JI060ro mepeHoca
X > X + b oTHOCHTe/NbHO JHHEeHHOro mpeobpa3osanus g OGyner nepe-
roc x > x + g(b).

22. [lycts f— oceBast cummerpus ¢ ocbio D H g — IpoU3BOb-
Hoe npeoOpasoBaHHe MOJOGH; MMOKa3aTb, UTO CONMPSKEHHLIM OOpa-
30M [ OTHOCHTeJbHO TNpeobpasoBauua g OyJer oceBas CHMMETpHA
¢ ocbio g(D).
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23. Tlyctn fi — oceBasn cumMeTpusi ¢ ocbio D (i=1,2,...,n)
W g -— MpoH3BOJIbHOE NpeoGpasoBanue mojobus. [lokasats, uTO CO-
npsKeHHEIM 006pa3oM fiof2o... ©f, nTHOCHTENbHO g Gyner npeobpa-

4 4 ’ 4
sopaune f| °fge...of,, THe f; — oceBas CHMMETpHS C OCLIO g(D;).

24. Tlycrts f— Bpawenne na yron 0 Bokpyr Touku a. IlokasaTb,
4TO COMpSIKEHHLIM 06Da3oM Npeo6pas3oBarus [ OTHOCHTENBHO HEKO-
TOpOro mnpeo6pasoBanus Mopobus g Oyner BpalleHHe BOKPYr TOUKH
g(a) (na yroa 0, ecan g—cobcTBeHHOe npeobpasoBaHue, M Ha
yron — 0, ecan g — 3cpKaablioe npeodpasusaiiie).
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§ 1. TPYNINA YIJOB

57. TpYyAHOCTH, CBsA3aHHble C MOHATHEM Yria

[Tonsitue yrJaa, Ge3 COMHEHHS, NMOPOXKAAET B Mpemno-
JlaBaHHH reoMeTpHH 0oJibllle BCETO CIOPOB H TPYAHOCTEH.

DTu TPYAHOCTH BO3HHKAIOT OTYACTH HM3-3a TEPMHUHO-
JIOTHYECKHX HeTOYHOCTell, OTYACTH M3-3a CO3JaBlueics
3/eCh MelIaHHHLI U3 HeCKOJbKHX MaTeMaTHUYeCKHUX MOHSI-
THil, 0603HayaeMblX OJHHM H TeM K€ TePMHHOM <«YroJ»,
HO MO CYLUIECTBY COBEpIIEHHO pPAasJHyHbIX, a YacTHYHO
TaK)Xe H3-3a peaslbHOI CJO0KHOCTH 3TOr0 BOIPOCA.

[Tyranula BO3HHKaeT, Npexk[e BCEro, H3-3a HCIOJb-
30BaHHsl OJHOTO CJIOBA «yroji» A 00O3HAUEHHS MOHA-
Tuil G6ojiee HJIHM MeHee CBSI3aHHBIX, HO BOBCE He HACHTHU-
HBIX: TMJOCKMH CeKTop, hapa Jydeil, HeKoropas Mepa
(«yrjoBast Mepa») H T. &. %)

Haumenee pa3paGoTaHHBIM ONpenesieHHeM sBJ/AETCS
c/efylonlee: yeA0M ¢ BepUIHHO i B TouKe 0 — HiH mJo-
CKHM CEKTOPOM — Ha3blBaeTCs fnepecedyeHHe [BYX 3aMK-
HYTBIX TOJYIJIOCKOCTeH, TIpaHHuHble TNpAMbIE KOTOPBIX
pasnuuHbl M npoxoaat uepes 0.

D10 onpejeneHHe XOPOLIO MPHCMOCOOJIEHO s H30-
GpaykeHust yrja Ha uepTexke, [is Bblpe3anus, I H3Me-

*) Botr ueTbipe Haubosee pACMpPOCTpAaEHHLIX (O coBceM pas-
Hpix!) MoAXo4a K MOHATHIO «yrja»: 1° reomeTpHueckas ¢urypa, 06-
pasoBaHHast mapoii ayueil ¢ oOUIHM HavasoM (mogxon H. Tuabp-
GepTa [2]); 2° yacTb MJOCKOCTH (OrpaHiyeHHas «yrjaoM» B CMbIC-
ae 1°); 3° Mepa Bpallienus, onpejenelHas TaK, uTo CoBnajeHue AByX
Bpaluentfi paBHOCHILHO COBNANEHHIO HX LEHTPOB H YIVIOB MOBOpoTA
(31ech «yrosi» eCTb «BeJHUHHA» @, 3aK/IOUeHHasg B npejetax
0<a<in wu—n<a<x), 4 aprymenr TPHUTONOMETPIUECKAX
GyHKuMA (3aMeTHM, 4TO cjoxKelne 0e3 BCAKHX TPYAHOCTEH onpene-
JSeTCsl MHMb AJs «yrJ0B» B cMmbicae 4°).
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peHuil TPAHCIOPTHPOM, OJLHMM CJIOBOM, JJIS «HHTYHTHB-
HOil» reomeTpuHn neteii no 12—13 ner. OgHako OHO MpH-
BOAMT K 3aTPYNHEHUsIM, KaK TOJbKO TpeSyercsl CJIOXKHTb
MHOT'O JOBOJIbLHO GOJIBIIMX YIJIOB, NMPH 3TOM u4acTo AaloT-
csl myTaHbie OGbSICHEHHsA W OIpeleNenusa, B KOTOPbIX HC-
MOJIb3YIOTCSI H3MepsieMbie «[0 CHHPaJu» YI/Ibl (66abIIKE
360°) *); 310 3areMHseT BOMPOC H CJHYKHT npHUYHHON
TOrO, UTO K MOHATHIO yr/ja HauMHAIOT OTHOCHTHCH, Kak
K sanafiHe.

HekoTopbix TPyIHOCTE! yaaeTcss W30exaTb, HECKOJIb-
KO pPa3rpysuB IIOHsTHE YIJia: Yrojl CTaHOBHTCA He YacTbhiO
JIOCKOCTH, a YIOPAAOUEHHOM napoil jyueil ¢ oOLIMM Ha-
yagom. OAHAKO 4acTb TPYJHOCTEH OCTAE€TCHA; OHHU CBA-
3aHbl CO CJOXKehueM ABYX yrioB. Bo nsbexaHne 3THX
3aTpylHeHHIl NPUXOAMTCA CHayala BBOAHTb HEKOTOpOE
OTHOLLEHWE SKBUBAJEHTHOCTM Ha MHOMKecTBe mnap Jyuel
¥ 3aTeM ONpefleNsaTh COXKeHHe Ha (PaKTOPMHOMKECTBE 110
3TOMY OTHOLIEHHIO. DTa Npoliefiypa MaTeMaTHYecKH co-
BepLIEHHO KOPPEKTHA, HO [OBOJIbHO TPOMO3JKa H MaJjo
JOCTYNHA GOJIbLIMHCTBY YUAUIHXCsl CpedaHed MKOJBL.

Yro6bl H36aBUTbCS OT 3TOH TPOMO3IKOCTH, HEKOTO-
pble aBTOPbl MOCTYJMPYI®T CYILIECTBOBAHME «Mephl» Ia
MHOMKeCTBE YIIOPAAOUeHHbIX Map Jydedl (He MPOTHBOMO-
JIOXKHO HanpaBJeHHbIX) H aiJHUTHBHOCTb 3TOH Mepbl JJIst
«MaJbiX yrioBy». [IpH Beeil KaKylleHcs cTPOrocTH TaKasi
aKcHOMAaTHKa B KOHEUHOM cueTe nary0Ha, TaK Kak B 3TOM
cilyuae CTUPAIOTCS CYIeCTBEHHBIE PA3JANYHs MEKIY TpyIl-
noil yIJIOB M alJMTHBHOI rpynmofi R; nanpumep, TOT
¢axt, uTo B MepBOfi M3 3THX TPYNNl H3 paBEHCTBA
0+ 60=0 me creayer pasercrBo 6 =0; ¢ apyroi cro-
POHEI, 3TO ONpejesenue MI0Xo paboTaer faxe B CaMOM
HauaJe Kypca 3JeMeHTapHOil TeOMeTpHH, TaK KaK OHO
He ZOMycKaeT uTepalHH oueHb NPOCTOH Omepalii yaBoe-
Hus 6 — 20.

Bo BceX KOPPEKTHbIX OIpejeseHHsIX yrabl BLICTYNAlOT
KaK HeuTo [OBOJbHO abcTpakTHoe; 3ajlaya Mpernopasa-
reas 3aK/IOUAETC B TOM, uTOObI clenaTb 3Ty abCTpak-

*) CoOTBETCTBYIOUIHE KOHCTPYKIHH TPHBOAAT K CBOEOOPA3HbIM
«MHOTOJIUCTHBIM 00pa3aM», TOJOOHEIM pHMAHOBLIM TOBEPXHOCTAM
TeopHu GYHKIMA KOMIJIEKCHOTO MepeMeHHOro; MeAarorHieckn OHu
COBEpUICHHO HempHeMJIeMBI.
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‘W10 - AOCTYTIHOMN, NPHHAB oONpeje/eHne, B KOTOPOM HC-
HOJb3YIOTCSl TOJBKO HHTYHTHBHO SICHbIE NOUSITHS.

Hanpumep, aare6paHcry MOMKET nokasaTbCs Ostectsi-
HIHM clenyiollee onpeaesenie.

3aMeTuM cHauasa, YTO MHOXKECTBO 7 INePeHOCOB MJ0-
ckoctnn Il ofpasyer HopMaJbliblii Aeanteab rpynnbl J*
coOCTBCHHBIX ABHXKEHHH (Tak KaK CONpsIKCHHBIT o0pas
nepeHoca OTHOCHTEJNbHO 11€KOTOPOrO JIBHKEHHSI eCTb Ie-
penoc); rpynnoil yriaos GyAeT MO ONpele/eHHIo PakTop-
rpynna J+/7°. VYraom coGerBeliHoro ABixenus [ Oymer
KaHOHHYECKHH 06pas 3Toro ABHIKEHHs B (PaKTOPrpyIIe;
aas a060i napsl (A, B) ayueit naockoctu II, 0o603HauuB
uepes f cobeTBenHoe ABMKenne, nepeponsauiee A B B, no-
JIOKHM:

yroa (A, B)(o6o3nauaercs) AB = yroa otoGpaxeHus [.

Takoe onpenesnende npeanosaaraer xopouiee 3HakoM-
cTBO ¢ aJgreb6panueckoil tTeopueil rpynrn. Mbl BeiGepen
6oJiee ocsizaeMoe onpeaeseHle, OTOAACCTBUB YIVIbI C Bpa-
IeHNAMH BOKPYT HeKoTopoil Touku 0; B AanbHeiiieM 6y-
JeT MoKa3aHo, uto BbIGOp TOoukH O HeCyLleCTBeH.

B saxaiouenue 3Toro 06CYIKAEHHS 3aMETHM, UTO Mbl
cMor/in 6e3 Kakux 6bl TO HH OLLIO Heyl100CTB MOCTPOHTDH
3HAYMTEbHYIO YacTb 3/JEeMEHTAPHOH reoMeTpHH, faxke He
YIOMAHYB YyraoB: addruHas cTpyktypa miockocetu I,
‘teopema [Indaropa, teopusi npeoGpasoBanuii nonobus
e TpeGYIOT HCIOJb30BAHHS YIVIOB H PaBeHCTBA Tpe-
YTrOJbHHKOB.

3noynorpebaeHue MOHATHEM YIJja B HalleM npernoja-
BAaHHH HMeeT CBOM MCTOPHYECKHE TNPHUHHBL: C OLHOH CTO-
POHBI, YrJIbl BXOAAT B YHCJO MPOCTEHIINX NMOHSATHII aKCHO-
MaTHKH EBKJMAA M Jae akcHOMa napaJsJiebHblX A0J-
roe Bpems (GopMyaMpOBAnach B TEPMHHAX YIVIOB *);
¢ Jpyroii CTOpPOHBI, mnocienoBatenn EBRauga couman
YMECTHBIM TOBCIONY HCIIOJNBb30BaTh 6€3 BCAKOro Ha TO OC-
HOBAIIHs' MOHSATHUS HamNpaBJeHHOro yrja W yraa Mex1y
NPSIMBIMU  JIMIIb TIOTOMY, UTO OHM JOCTATOUHO XOPOUIO
MOHHMAJN 3TH MOHSTHS.

*) 3pech HMeeTcsi B BUAY npHuatas Erxanaom opma akCIOMbL
napaiaeapnoctn (cM. Esxawna [1], w 1, cvp. 15, nocrynar 5).

9 3axk. 323
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Bosee o6ocHOBaHa MONMbITKA MNOCTPOEHHS MOYTH Beeft
reoMeTplin Ge3 BBeNEHHST «Mepbi» YIVIOB; Oyayun CyIle-
CTBEHHO HeOOXOAHMMBIM OpYyAHeM B aHaJjH3e I NpHKAAd-
HOIl MaTeMaTHKe, B TeOMeTPHH OHA YacTO HCMOJb3YeTcs
JHIb u3 coobpar<eHuil yno6cTBa H MOAYAC CTAHOBHTCS
HCTOUYHHKOM OIIHOOK.

58. OnpepesienHe U 0003HA4YEHHSA

Onpeacacuur 58.1. Hast mo6oit toukn 0 < I1 yeaom
¢ sepwiunoid B Touke 0 naspiBaercss Kaxaoe Bpaluedue
c uentpom 0.

s mo6oit mapot (Ay, As) ayueii ¢ o6uinm Hauataom 0
Y210 3TOI napol Ha3bLIBAIOT BpalleHue, nepesoasiee Ay

N

B Ay; 3TOT yrosa obo3Hauaercs uepes A A,

MHoK€eCcTBO YIJIOB C BeplIHHOIl B Touke 0 ecTh, TAKHM
06pa3oM, He UTO HHOe, KaK MIOXKECTBO BpalUEHHH C LieH-
tpom 0; c/aefoBaTebHO, 3TO KOMMYTATHBHas Trpynna.
TpagnuuoHHO n[pPHHSATA aAdHTHBHAsI CHMBOJHKA JJs
rpynnoBOd omepauuu B 3TOi rpynne; Takoe o60o3Hauenue
OnpaBAaHO TeM, UTO, Kak Mbl yBHAMM HUXKe, MNOHATHE
Mepbl yryia BbISIBJASET TECHYIO CBsI3b MEXKAY CJIOKEHHEM
JNEHCTBHTEJbHBIX UHCEN H CJIOKeHHeM yIJIOB.

Cpasuenue yeaos ¢ pasuota sepuiunany. TloHstue
yraa 6bl10 bl MOUTI 6eCrIoNe3HbIM, ecn Obl Mbl_He yMe-
JIH CpaBHMBATb yMVIbl C pasHbIMi Bepunnamu. Ilepenoc
JAaeT HaM BO3MOMKHOCTb MMPOH3BECTH TaKoe CpPaBHEHHe.

Ias mebbix Touek a, b & Il nepeuoc /p, q, NEPEBOLS-
wuil a B b, ectb u30MOpH3M (OTHOCHTENBHO CTPYKTYPbI
BeKTOPHOrO [POCTPAHCTBA H CTPYKTYpPbl METPHUECKOro
npocTpaHcTBa), OTOOpazKalollMil LEeHTPUPOBAHIYIO NJIO-
ckoctb (IT, @) Ha wentpuposanuylo maockocts (II, 6);
3TOT H30MOP(DI3M TPAH3UTUECH B TOM CMBbiCJE, YTO /1
aobbix a, b, ce 11

Ic.a=lc.b°1b. a:

Tax Kax BpallleHHs! onpejeselibl B TEPMHHAX NPAMBIX
H paccTosiuuil, u3oMOpH3M 5, o HHAYHADYET H3OMOPQ-



§ 1. I'pynna yeaos 131

foe oToOparkeHue aAHTHBHOH TIPYNIbl YrJOB C BEpLIH-
Hofi @ Ha afAHTHBHYIO TPYNNy yIJOB C BepUIHHON b; Mbl
ero GygeM 0003HauaTb TeM 3Ke CHMBONOM /p, . TakHM
o0pa3oM, HaM YAOOHO BOCMOJL30BATBHCS 31eCh TeM ke
MeTO0M, 4TO H IIPH Ompedesenin MHoxecTsa N HaTy-
pAJbHLIX UHCEJ.

BuiGepem na niockoctu II mpousBosbHOe HAUa€o @ H
OTOXKIECTBIN C MOMOLILIO H30MOpGuaMa [p o KamIblid
yroJ ¢ BepuInHoil b ¢ COOTBETCTBYIOWAM YIJIOM C BepliH-
noit a. TpaH3uTHBHOCTb H30MOp(I3MOB [ rapaHTHPYeT
COrJ1aCOBAHHOCTh TAKOTO OTOKIecTBIeHHsA. I1ycTh Tenepb
A,, Ay — 1Ba NPOU3BOJIbHBIE Jyua C HayaJoM a; TaK Kak
nzomopdusm /, o naockoctn (II, @) Ha miaockocTb (I1, b)
NMepeBOANT Kazkablil ayu A; B mapas/egbHbif eMy Jyd B;
¢ nayajgoM B Touke b, TO, yUWTbiBasg MPHHATOE OTOXKIE-
CTBJIEHHC, TTOJyuaeM !)

P P
AIAQ = BIBQ.

3710 paccyxkjaeHHe OMpaBablBaeT BBeleHHe CJeLyio-
1ero onpejeseHnsi, KOTopoe TOJbKO BHelIHe 3aBHCHT OT
BbiGopa Hauaaa 0:

OnpejeaEuue  58.2. B 1eHTpHPOBAaHHOM TJIOCKOCTH
(I, 0) yeaom mexdy dsymsa aydamu (Dy, D) ¢ mpous-
BOJILHBIMH HauaJaMH HasbiBaetcs yroa ¢ BepuinHoii 0
Mexay ayuamu Di, D; ¢ o6uum Hauajgom 0, mapaiein-
HBIMIL COOTBETCTBEHIO JyuaM Dy, Dy. dror yroa 060~
sgauaetcs DD,.

Addurusnas epynna yraos Oyaer o003HauaTbCA ue-
pe3 S£.

HaabHeiluiue o60o3HauUeHH

N
C o6o3nauenuem DDy yao6HO CBs3aTb HEKOTOPbLIE
npousBoAHble o6o3Havenns. B obulem caydae nycrb E—

” 4
1) Bplio Obl JerKo IOCTpoHTh cemedcTBa (/[ TPAUSHTIHBHLIX
b, a

1130MOP(IBMOB MHOKECTBA LEHTPHPOBAHHBIX MIOCKOCTeIl (1, x), naa
KOTOPBIX 3TI PAaBCHCTBA He BCerfa Obl BHIMOJHAINCH, HO €LHHCTBEI-
H0e «CCTCCTBEHIOE» CEeMEeHCTBO H30MOP(H3MOB — 3TO TO, KOTOPOE ML
3/1eCh PACCMOTPEJIH,

9*
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MHOMKECTBO KaKHX-TO MaTeMaTHUeCcKuX O0beKkTOB, TaKHX,

YTO C KamAblM H3 IHX CBA3AH JAyY maockocTH IT uiu MHO-

JKCCTBO NapadebHbX Jayucit niockocrn TT Lasa nro-
A~

Gbix X,y & E Oynem o003Hauarh yepes Xy yroj Memxuy
JYUOM, CBA3AHHBIM C OOBEKTOM X, H JIYUOM, CBA3AHHLIM
¢ 00bEKTOM Y.

Hanpumep, ¢ KaxIbiM BeKTOPOM x =# 0 naockKocTH
(11, 0) ceasan ayu D(0, x); ¢ Kax1o# OpHEHTHPOBAITHON

npaymoii D cBs3al NOJOMKHTEJAbHBIL JyH 3TOll  MPAMOI;

A~

CJIe0BATEbHO, MOYKHO rOBOPUTh 00 yrae xD. Ananoruu-

Ho, A Jai06bix a, b, ¢ = II, Takux, uTo a *bwuc+b,
AN

cokpaliennoe ofosnatenne abc O3HauaeT yroa Memy
ayuamu D (b, a) n D (b, ¢).

Hyaesoli yeoa u pa3cepHyToll Y2o.l. B anauTHBHON
rpynme & yrioB HeHTPAJbHBIH 3/EMEHT ofo3HayaeTest
yepes 0, a yro., CBA3AHHBI C UeHTPAJbHOH CHMMeTpHei
¢ uentpom 0, — ycpes @ (CHMBOM @ OTAAICHHO alOMH-
HaeT ).

Takum o6pasom, aia aiodoii napet (Dy, D2) ayueit ¢
OBLIHM HAUaJOM HMEIOT MeCcTO Cjefylollve SKBHBAJCHT-
HOCTH:

(D/l\D.’ = 0)@(1)1 = D2)’

N
(D;Dy=w)&(Dy u D, npOTHBOMOJOKHO HAMpaBJEHBbI).
Kpowme 1oro, w + w = 0, WM —& = @.

dopmyaa Waas. Iyere A, B, C— tpu npous-
BOJIBHBIX Jyua ¢ oOwuM HavasnoMm O; Bpallenue, hepeso-
namwee A B C, paBHo 1IPOU3BEICHIIO BpaLICHHs, NEpeBo-
nsmero A B B, W Bpautenus, nepesoasiuero B 8 C. Opy-

MU CJIOBAMH,
AN AN AN

AC =AB + BC.
B vacrtHocTH,

I B P A~
A]3 -+ B1Q=AA=O’ OTKYJA AB.___ . BA’

u, Gosace obuwo, 17 J11000i1 KOHEUHON nocJaefoBaTe/bHO-
ctit (D, Dy, ..., D)) ayueit ¢ obulim HauasoM 0

B.D, = DDy + DeDy+ .. + Dy Dy
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IT0 paBeHCTBO HOCHT Ha3panue popmyan Ll aas;
OHO, OUYEeBHIHO, pacmpocTpaHsiercst (C NMOMOLLbIO INepeHo-
ca) Ha cayyall Jyuell ¢ INPOM3BOJbLHLIMH HadajlaMH.

59. CymMma yrioB 3aMKHYTOTrO NJOCKOFO
MHOTOyroJibHuKa

[Tyctb P — 3aMKHYTBIH IJIOCKHH MHOFOYIOJbIHK C
n BepUIMHAMH, T. €. NMOCJAEeJOBATeNbHOCTb (i, Gy, ..., Ay)
Touek nJjockoctu II, onpeneseHHas ¢ TOYHOCTbIO JO IIH-
KJAHUeCKOil nepecTaHOBKH.

ByneMm 3mech mpeanojiarath, 4T0 AJAA BCeX i UMeeT
MECTO HepPaBeHCTBO &; ¥ Qiyi (CACAOBATEeNbHO, TaK¥kKe
a, ¥ a,); nojaoxum, najiee, 8; = ayus D{a;, ai11).

BHewHuM yrJaom MHOroyronbHuka P B Bepuiu-

P
He a; Ha3biBaeTcs yroa 6;-,8;; yrJom MHOrOyro.bHH-
/\\
kKa P B BepluWHe @; HA3bIBAETCS YIOJd @;_ (@041

TIpepaoeEHHE 59.1. Cymma BHEWHUX YeA08 BCAKOZ0
3AMKHYTO20 NAOCKO20 MHOoeoyeoabHuKa pasHa 0.

JIokA3ATEAbCTBO. MeiicTBHTEABHO, B CHIY PaBeHCTBA
Hlans
AN s AN AN
6[62 + 6_)63 + “ee +6,16; =6i61 = 0-
" CaepctBue 59.2. Cymma Y206 6CRK020 3AMKHYTO20

nAQCKO20 MHO20lY20NbHUKA pasHa 0 usu = 6 3a8ucumo-
CTU OT YETHOCTU UAU HEUCTHOCTU HUCAQ N e20 BePUIUH.

o ’
HeiicTBuTenbHO, nycTh 6;—1 —ayu D(a; a;—y); Torna
P
8, 8;_, ==. CresoBareibHo,
T ~ S

- S ——
0,0, =08_0,_,+8,_5,=w+3,_ 3,

CyMMa 3THX YIJIOB paBHa, TakuMm obpasom, nw + 0,
T. . 0 WM @ B 3aBHCHMOCTH OT TOrO, U€THO HJ/H Heuet-
HO 11 (1OCKONBKY @ + w = 0).

B uacthoctH, cymma yrioB Tpoiikn (ai, @, a3) pas-
Ha w; Korga OyJeT BBeJleHO MOHSITHE OPHEHTALHH, Mbl
CMOXKEeM YTOUHUTb 3TOT pe3y./bTaT, MOKa3aB, UTO BCe TPH

yriaa Taxoil TPOHKH HMeEIOT OJHHAKOBYIO OPHEHTAIHIO.
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§ 2. ¥IrJibl U MPEOBPA30OBAHHSI NONOBHS

60. ¥Yroa, cHMMeTPHUYHBIH JaHHOMY Yriy

JemMa 60.1. Mycro 6 — HekoTOpas 0cesas CUMMET:
pus. oce roropoii npoxodur uepes 0. Jlaa arbod napoi
(A, B) ayueit ¢ naua.roar O wsteer 1eCTo paseHCTE0

Tnr __ ,/\ A7 — ;
A'B' = — AB, ric A =0(A) 1 B =0o(B).

JLoKABATEILCTRO.  [Ivers D — miofoil 13 ABYX Jiyueif
¢ o6uHM navaaon 0. JeKalullX Ha OCH CHMMeTPHH o, H
IVCTh T — OCCBAsE CHMMETPHS, MeHsIollast MecTaMu nps-
mote D 1 A’ Bpameniie 1- 0 npeodpasyer D B A" m A
B D, Tak uro
AN AN
DA” = AD.
Auanoriuno
A AN
DB’ =BD,
OTKYJAa noJayuaenm
N AN AN AN P
AB.

AB = A'D+ DB’ =DA+BD=BA nu —A
61. O6pas yraa npu npeodpasoBaHuu NoAoGHs

Mpeaaokeune 61.1. dia aodoi napot (A, B) ayued
naockoctu 11 u das a06o2o npeobpasosanus nodobus f
na0ckoctu Y 661nN0AHAIOTCA pABeHCT8A

ek AN
F(M(B)=AB, ecau [—cobcTeennoe npeodpasosantie

1nodobu s,
(M [(B)=— AB, ccau [ — sepkaasroc npeodpasoganue
nododuA.

JIOKA3ATEIbCTBO,  F3BecTHO, uTO BCsKOe npeobpaso-
paitine nojodus | eCcTbh NPOH3BEICHHE TOMOTETHH C NOJIO-
SKHTCABHBIM  KOYPQUIHEHTOM H  OCTABJAIOUIENO Helo-
ABHAKIBIM  Hauado O ABHZKeHHs, COOCTBEHHOro I.1H
3epKa 1bHOr0 B 3aBHCHMOCTII OT TOrO, ABIACTCS JH npeod-
paszopaHue | COOCTBEHHBIM W1 3epKadbHbiM. Tak Kak
FOMOTETHS C [OJOAHTE/AbHBIM KOI(M@HLHEHTOM CcOXpa-
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HsieT HallpaBJeHue Jayueil, a CJel0BaTeJbHO, H YIVIBI, HaM
OCTaeTCsl PaccMoTpeTh CJayuail, Koria [-— ABHXKEHHe C
He[oABHIKHOH TouKkol 0.

C apyroit cTopoHbl, MOCKOABKY 0Opa3aMu napasnienb-
HLIX NPAMBIX TP npeoGpasoBatuu [ OYAVT napaJsienb-
HLie TpsiMble, TO OyjaeM npeinodararb, uto npsivvie A, B
unmeroT obiee Hauvadgo 0.

Ecau [ — 3epkanbiioe npeodpaszoBanie, TO 3TO — OcCe-
Basi cuMMeTpHsi, n u3 JjeMMmbl 60.1 ciaeayer, uTto HuMeeT
MeCTO PaBeHCTBO

T AN
[(A)[(B)= — AB.

Ecan xe f— coGerennoe mnpeodpasoBanHe, TO OHO
eCTh NPOMU3BEJEHHE ABYX OCEBLIX CHMMeTPHI, I HCKOMOe
COOTHOLIEHHE CJIeyeT U3 PaBEHCTBA

s AN

—(— AB)=AB.

62. XapakrepucTuKa BpalEHUH

ITeegaoxenue 62.1. [ycro O — Henoropbud  yeoa,
aes Il u [— nekoropoe orobpaxerue naockocty 11
8 ceba. Orobpaxcenue [ Toeda u T0.16K0 TO20Q €cTb Bpa-
HeHue Ha yeoa O ¢ yewrpom a, Koeda f(a) = a u 0aa
scex x # a

d(a, x)=d(a, [(x)) u ,xT&fTv)ze.

JloxasaTeabctso.,  elicTBUTE LHO, BpallleHHe  HA
yroit 0 ¢ uenrponm a obaagaer stuMu cpoidctsamu. C 1py-
roif CTOpPOMBI, AJs BCeX X ¥ @ COOTHOLUEHHS

S
d{a, x)=d(a,y) 1 xay==9

Onpenessil®T TOUKY ¢y €JHIICTBEHHBIM 00pa3oM; cJje10Ba-
TeJAbHO, BCSIKOe oTOOpaxeHue, obnanawliiee YKa3aHHbIMH
B NIpeIJIOXKeHHH CBOHCTBAMH, eCTb BpallleHHe Ha yroJa 0
C LIEHTPOM a.

Heepaoxenur 62.2. [Tycte a < 11, u nycro f— Heko-
T0poe orobpancerue naockoctu Il 6 cebs,
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Orobpaxcenue [ 10200 & T0OA0KO TO20Q ABAAETCA 8PA~
WeHuem ¢ YeHTpoM a, k0200 BHINOAHAIOTCA CAedyiolyue
TPU YCAOBUR:

I. f(a) =a;

9. [an scex =+ a umeen dia,x)=d(a,[(x));

e

3. Haa acex x, y a tmeem ;a\y = [(x) ai‘(\y).

JTLOKABATEAbCTBO. B coorBercTsitd ¢ npelioKeHHeM
61.1 BcsKoe BpalleHHe C UeHTPoM «a oOJajaer CBOH-
¢TBOM 3; cBoiicTBa | H 2 OUeBHIHbI.

O6patHo: ecau [ obaagaer cBoiicTBoM 3, TO 13 pa-
penctea lans caeayer, uto AasA BCeX X, Y 7 d

e~ -~ —~— T T ——
xaf (x) = xay + yaf (y) + [ (v) af (x) = yaf (y).

—_— T
[Tostomy xaf(x) =0 = const, uro mnpUBOAUT HAC K
npepjoxenuio 62.1.

63. Xapaktepucruka npeoGpa3osanuii nopodus

IMpeaaoxeaue 63.1. IMycte X — wacro naockocru 11,
He npuradiexcawjas yeaukosm O0O0HOU npamol, u f—
unvexTusroe orobpasicerue X 8 I1.

Ecau 0aa awoboix pasauunely Todek x,y,z & Il 6ot
110AHACTCA YcAOBUL

f (xﬁ?y\)\f\(z) = x/y; (coorsercraenno — x/y\z),

70 [ ectb oepanusenue Ha X npeobpasosanus nodobus
naockoctu TI, onpedeasnemo2o eOQuUHCTBEHHbIM obpaszom;
kpome To2o, [ — cobcTeennoe (COOTBETCTEEHHO 3epRab-
Hoe) npeobpasosanue nodobus.

IloKA3ATEJAbCTBO. HauHem ¢ TOro, u4TO YMHOXHM B
cayyae HeoOXOAMMOCTH npeoOpasoBanue [ ua HekoTo-
PYIO OCEBYIO CHMMETPHIO; MpeiJoKeHHe CBeleTcs K Cay-
yalo oToOpakeHns f, COXpausiiowero yriaol.

Bui6GepemM 3ateM JBe pasjuuHble TOUKH &, b= X;
nyctb g — coGCTBEHHOe TpeoGpasoBaHue nogobusi, nepe-
soasiee (a,b) 8 (f(a),[(b)).
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. Oro6paxenue h = g~'of mnoxectsa X B II ocras-
JsieT HeMOABHKHbLIMI TOUKH @ W b H coxpaHfieT YIbl;
cJefloBaTebHO, AJd Bcex X & X, Takux, uro x ¢ A(a, b),
npsambie A(a, x), A(b, X) nepecekaioTca H napaJseibHbl
cooTBeTCTBEHHO npsiMbiM Al(a, A(x)), A(b, h(x)), oTKyna
caeayer, uto A(x) = x.

Takum o6pasoM, npeodpazoBaHHe A  TOXKAECTBEIHO
e npavoit A(a, b). Onnako no npeanojoxenuio B X
HaiigeTcs elle 1o KpaliHeii Mepe ogHa Touka ¢ ¢ A(a, b);
aHaNOrHuHOe PAcCyK/eHHe MOKa3biBaeT, YTo A — TOXK]e-
cTBeHHoe npeoGpasoBaiine BHe npsMoi A(a, ¢); caeno-
BaTedbHO, A TOXKJAecTBeHHO Ha X, u Tak Kak X cogepxut
TPU TOUKH, He NPUHALJNEMAlHe OLHOH APHAMOH, TO eIHH-
CTBEHHBIM NpeoOpasoBanuenm noxobus miaockoctd I, Ko-
TOpoe AIBJsETCS NPOJOJKeHHeM npeofpasoBauus h, Oy-
JeT ToXJecTBeHHOe npeobpasoBanue. JIpyrumu ciaoBamu,
[ ecTb orpanuuenne oroOpazkeHus g Ha MHOXeCTBO X #
3TO OTOOPaXKeHHC g eHHCTEEHHO.

3aMeTHM, UTO 3TO J0KAa3aTeJdbCTBO ABJASIETCA TOUHOI
Konuel foKasaTeNbCTBa Npeisokenus 27.2; Kak H TaM,
yC/OBHC B3aMMHOI OIHO3HAUHOCTH OTOOpaXkeHus | MOX-
HO CHATb, HO 3TO HECKOJbKO YCJAOKHHT H3JoxeHue. Ha-
npotus, TpeboBaHue, YToOL MHOXKeCTBO X He NpHHALIe-
JKaM0 LETHKOM OAHOH TpsMOfi, sSIBJASETCS CyuleCTBEHHBIM.

3anmeuanne 63.2. IIpeanoxenne 63.1 cnpaBeasuso,
B UAaCTHOCTH, B CJlyuae, Korja MHoxecTBo X 06pasoBaHo
TpeMsi HEKOJIJIMHeapHbIMH TOuKaMH a, b, ¢. B srom cay-
yae OHO TIpeBpalllaeTcsi B TOUHYIO (OPMY «IpPHU3HAKa HO-
no6usi» TPeyroJbHUKOB, B npeanoxeHun 61.1 comepxur-
cs BTopoit npusHak. M3 HHX ToTuac XKe noJayyaioTcst Tou-
HO c(popMyJHPOBaHHbIE JBa C/yuas PaBEHCTBA TPEYroJb-
HHUKOB.

TeM He MeHee Mbl XOTHM TNOAYEPKHYTb, UTO HHIJIE
B HalleM Kypce Mbl He CTOJIKHYJIHCh C HEOOXOAHMOCTbIO
THX NPHU3HAKOB 10100Hs M paBeHCTBA; (aKTHUECKH
MOMKHO, MO-BUIMMOMY, CYHUTaTb YCTAHOBJEHHBIM, UTO,
KpoMe KaKk B 3ajavax, NpHAyMaHHbIX CHeUHaJbHO IJis
ynotpeGaeHuss 3THX NPH3HAKOB, HX HCHOJIb30BaHHE He-
CYLIECTBEIHO H UTO OObIUHO HX BBIFOAHO 3aMEHATb MpPO-
CTBIMH aHAJUTHYECKHMH HJ/H BEKTOPHBIMH METOAAMH.
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64. bucekuus yraa

Ipepaoxenne: 64.1. J.1a awboeo yeaa o ypasnerue
2x = o umeer 8 TOHHOCTU 084 peuleHusn; uxX pa3HoCTob
pasHa w.

Tounee: ecau A 1w B — dsa npoussoavroix aywa ¢ 06-
wum navaron 0, 1o aywamu ¢ Hawaiom 0, ydosaergo-
PAOUUMIL CA08UIO

A A A~ A
2AD=AB (uau AD = DB),

O6ydyT Ayuu, npuradiexcalyue ocl CUMMeTpUL O, MEHAIO-
wel mecramu npasoe A u B.

JIOKA3ATEJIBCTBO. H}CTb A, B — nBa ayua ¢ o6uum

nauajon 0, Taxkue, uTo AB «. Pasencrso 2AD AB
MOZKeT 6LITh 3alIMCaHO TaKkKe B Blle

N s AN N N
2AD=AD+ DB unm AD= DB,

Takus o6pasonM, oHO BLIMOAHCHO, ecaiH D ecTb OAKRH
n3 ayueit D,, Do, npunaaiekaumux OcH CHMMETPHH O
(1emma 60.1).

B o6partiyio cropony: noaomiy AD= DB; nycTh
B’ —npsivast, cummerpiuHas A OTHOCHTEJIbHO _npsaMoi,

coepatteit D; u3 aemwmbl 60.1 ciaeayer, uto AD = DB’

otkyra DB’ = DB; caeiosarenbiio, B =B’
Apyrmm caIoBani, npsMasi, coepzkaiiasi D, ecTb och
cHMMETpHII o) caeposatebio, D=D; uan D=D,.

Caeapctsue 64.2. 1. Pewenues ypasrenusa 2x = 0 mo-
eyr 6ot TOABKO AUb0 0, AUOO w.

2. ¥pasrenue 2x=w umeer dsa peuweHus (KoTopoie
HQ3bIBAIOTCA NPAMBILAL Jo.1QMU);, KPOME TORO,

(A_[_B)@/(/TI\B ecTs NPSMOL 1/204).

Jameuanne Ha stoit ctaimi Haulero Kkypca Mol He
MOZKEM elle HccaepoBaTh B S ypapHenua Buaa nx=0
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mn nx=a (neZ). Hanportus, 3To HcclefoBaHHe cTa-
HET ype3BLIYAHHO MPOCTHIM, KOrJa B HalleM pacnopsike-
HHUN OKa)KeTcsl Mepa yrjoB. Bopouem, mepa He eCTh He4TO
aGCOMIIOTHO HEOOXOANMOE AJs 3J1eMEHTapHOIl reoMeTpHH.

65. Yrabl MexAy ABYMS NPAMBIMH

Onpexenenue 65.1. Tlycrts (A, B) —mapa mpsiMblx,
npoxoasiuux yeped 0. ¥esom 3Toi napeb. Ha3pIBAIOT BCSA
Koe Bpailenne BOkpyr Touku 0, nepesoasuee A B B.

HenocpenctseHHo 113 onpejedeHust Crepyer, 4yTo Cy-
IeCTBYeT ABa TAKUX yr.1a; 3TO yrJbl, 00pa3oBaHHble O1-
HIM U3 Jaydeil npaMoil A ¢ KaKAbIM H3 Jayuyeit npsiMoit B;
pasHOCTb MeAy HUMH paBHA w.

Bocno/b3oBaBliiCh 1apatielbHOCTbIO, MOYKHO OT-
CI0ia BBIBECTH OMpejiCacliie yria MeKay NPOH3BOTbHbIMH
NPAMBIMI HJIH yIJa MeAAy HalpaB/eHIsIMIL

Caenyioliee 00001LeHIe TIOMOKET JYyUllIe YCBOUTb 110~
HaTHe yraa Mexay npsambind. Ilyers A — oObenunnenie
ayueit ¢ o6mun HauatoM 0, HHBapHAHTIOE OTHOCHTEIBHO
noarpynnsl ¥ rpynmel Ko, OycTb, Jadace, peER,
B=p(A).

Bpauenus o/, 1as korophix B = p’(A), npnHaniexar
MHOJKECTBY p © ¢, UTO B/1eueT HEOQHO3HAUHOCThb yrja M-
xay npampiMi napsl (4, B). Ecu ke Mbl XoTHM Henpe-
MEHHO COMOCTAaBUTL Kaxkjaoid mnape (A, B) oaHO3HAUHO
onpeeNeHHbI «TCeBAOYTOM», TO TAKHM MOXKHO CUHTATh
snement dakToprpynnsl #o/g. B ciyuae, xorna A — nps-
masi, MHOKecTBoM & Oyaer noarpynna {0, w} rpynnet Ho
(KOTOpPYI0 MOZKHO OTOZKAECTBIITb C 4.

3aMeTHM, UTO ecii oy 1l o — ABa yraa napot (4, B),
TO PaBEHCTBO Co=0-+w BJCUET PABEHCTBO 209=20;
TAaK Kak, C APYroit CTOPOHDI, paBeHCTBO 2x=2a BJeUET
x=0; WIH X=0+w@=0y, TO JCIKO BHIeTb, YTO OUCHbL
yaA00HO CBf3bIBATH C Napoil (A, B) He yriabl oo, a
yaeroenHBbl il yron 20 = 2a. Ilocneanee sameuaniie
[103BOJIsleT H30aBUTbCSI OT MHOTHX TpYAHOCTEll, BCTpe-
qAIONIHXCA TPH PACCMOTPEHHH YIVIOB MEAKY MPSIMDBIMIL
IpuseneM npunep, HTIOCTPHPYIOULHI 3T0.

[Mycts A 1 B — aBe npsimMble, Npoxosiie depes 0, u
NycTb o — OAHH H3 YIVIOB Mapbl (A, B).
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[TpousBejeHre OCEBBLIX CHMMETPHi, 13 KOTOPbIX Mep-
Basd HMmeeT ocb A, a BTopas—ochb B, ecTb BpailieHue
BOKPYr ToukH 0; ONpeiefHM YroJa 3TOrO BpauleHHs f.
Iyctb A — omud u3 Jayuveii ¢ nayajsom B touke 0, mpu-
napaexKamux npamoit A; nycrs By —ayud npamoit B,

AN
rakoii, uro A,B; = . Torma ayu f(A,) cumMerpuueH
ayuy A, otHocureabho B, orkyna no aemae 60.1

Alf (Al) =AB,+ Brf (A)) = A\B, — B\ A, = 2a.

VYroa Bpauwenust [ paBeH, Takum o0pason, 2o.
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OPHUEHTALNA

66. TpyaHocTH, CBSI3aHHbIE C NOHSATHEM OPHEHTALHUH

[ToHsTHE OpHEHTALHUH HapAJy C MOHATHEM YrJa CUH«
TaeTcsi Haufosee TPYAHBIM JJsg mpenopasanus. 3a He-
MMeHHEeM HacTosIll[ero MaTeMaTHYecKoro onpejeseHus 310
MOHATHE OOBIYHO 3aJalOT JHOGO C NMOMOLIBI0 MaJeHbKOIO
ye/0BeUKa C XOpOllUEed MaMsAThIO, HACAXKEHHOI'0 Ha KOHeLl
CTpeJIKI, JHB0 TMO0/b3YyfACh NPABHJIOM IUTOMOpa, JHOO ¢
MOMOIIBIO TPEX PACTONBIPEHHBIX MaJbleB JEBOi HJH -—B
3aBHCHMOCTH OT CTPaHbl — HPABOM PYKH.

OxHako, B TO BpeMsi KaK yueHHe 06 yr.iax [10-HacTos
memMy TPYAHO, ONpeje/eHHe INOHSATHS OpHEeHTalUHH BO3-
HHKaeT B TI'eOMEeTPUU COBEPHICHHO eCTEeCTBEHHbIM MyTeM
H3 CBONCTB IpPYyMNIbl ABHXKEHHH.

OnHo M3 NpensiTCTBHH HA MyTH K riyO0KOMY YyCBOe-
“IMI0 TIOHSATHST OPHEHTALHH CBA3aHO C TEM, 11a KaKOM Ma-
Tepuate OHO cTpouTcsa. OGBIYHO — 3TO MHOMKECTBO [ap
(A, B) ayueit ¢ o6u1uM HavaJioM, He NPHHAJIeKALIHX OA-
Ho#t mpsimoii. Ho ¢ Tako#t mapofi cBsi3aHa TakxKe H mapa
(B,A), nonyueHHasi nmepecTaHOBKOW Jiyued, OpHeHTaUUA
3TUX map nporusonoJsioxHa. Taxum oOpa3oM, TaKoil
MCXO/HBIH MaTephaJ MOPOXKAAeT CMEIIeHHEe NMOHATHA yIo-
psilioueHHoll mapbl (uaH, B GoJee obweM ciyuae, ynops-
JIOUEHHOTO0 MHOXKeCTBa) H OPHMEHTALMH; HeCOMHEHHO Cy-
IeCTBYeT ONpeje/ieHHAsl CBSI3b MEXAY 3THMHU JABYMs 10+
HATHAMH, HO He CJeAyeT NOJYepPKHBaTh 3TOro J0 Tex
nop, Noka MOHSATHe OPHEHTAaUHMH He OyaeT Kak crenyet
YCBOEHO Ha Ollpeje/eHHOM MaTepuaqe Ges obpaulenys K
OTHOLUEHHIO NMOPsAKA.
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67. Opuenrauns uacteil naockoctu [1

[Tepexodlis K H3YUEHHIO HEKOTOPLIN MPIMEpOB.

1°. B niockoctu 1l cyiecTsyioT TakHe MHOXKeCTBa H3
Tpex TOUeK, UTO PACCTOSIHHSI MEZKy 3THMH TpeMs TOu-
KaMi papupl 2, 3, 4; Kazj0e Takoe MHOMKECTBO HC IpH-
HaJJIeXKUT OAII0i npAMOil, mocko1bKy +<2+3 (cicactsie
39.4 1 npexioxenie 39.5).

[Tyctb E — MHOZKECTBO TAKIX M0IMHOZKECTB [.IOCKO-
ctu 1L

IT0 MHOKECTBO YCTO{IUHBO OTHOCHTCILHO TPYIILI Vi
ABIDKCHHiL iocKoeTi 11, ¢ Apyroft cToponnl, .J AeHcTBYeT
na £ 0JHOTPaH3UTHBHBIM 00pasoM. [leicTBHTeIbHO, A1
J06bix X, X.e= E, ouesiLiHo, Hailaercsi—H TMPUTOM
eHICTBEIIHOe — 0T00paKeHHe [ MHOKecTBa X, Ha Xy,
KOTOpOE sIBJISIETCS ABH/KCHHEM H MOZKCT ObiTb [1POAO.T-
JKEHO eAHHCTBEHHBIM 00pa3oM 0 ABHAKEHHsl BCeil IMJ0-
ckocTn I, oToOpazaioiiero ee Ha ce0s1, MOCKOILKY X
He [NpHUAAJMEAKUT LUEJIHKOM O 1HOI upsinoit  (reope-
Ma 45.6).

[oBopsiT, uTO OPHEHT Al MHOMKECTB X, Xy co-
Brnagaert, ecin jBH:KeHue [ niaockoctu I, aas xoTto-
poro Xp=f(X), ecTb cobcTBeHHOC ABHZEHHE; B HPOTHB:
HOM c/ayuae roBopst, uto X; 1 Xo HMEIOT N1pOTHBOMO-
JOKHYIO OpHeHTaI i, I3 toro daxra, uro gt
ofpasyer Tpyliy, HEMCJIEHHO CICAyer, UTO OpuciTalis
eCTh OTHOINEHHEe YKBIBAJICHTHOCTH Ha L.

Ecaun X, No NPOTHBOMNOIOAHO OpPHCHTHPOBAHBL H
Xy, X3 TaksKe HPOTIHBOINOJOKHO OPHEHTHPOBAHDI, TO Xy
1 Xz OpHEHTIPOBAHBl OANIAKOBO, MOCKOJbKY [POH3BCALE-
HHE JABYX 3€PKAILHBIX JBHAKCHIIT CCTh coOCTBEHHOE [BH-
JKeHue.

CaenoBaTe bpHO, AaHHOE OTHOUIEHHE 3KBHBAIEHTHOCTH
Ha E uMeeT B TOUHOCTH JBa Kiacca KBHBAJICHTIHOCTH, a
HMEHHO, JBa MHOZKecTBa 00pa30B MPOH3BO.IbHOLO 3i€-
menta X, mitoxkecrsa L npi npeodpasopauisax u3 J* i
J~ COOTBETCTBEHHO.

BbLISICHIM TelepPb, UTO HA3LIBAIOT N0.10XUIE.1bHOU 1
OTPUYATENbHOLL OpUeHTaUet: BbiOepeM COBCPLICHHO Mpo-
M3BOJABHDIN 00pasoM sjiement Xo& L, Kotopolii Oyaer
Ha3bIBATBCS OCHOBHbIM Penepos, H yCJI0BUMCs IOBOPITD,
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uTo saereHT X MuokecTBa E HMEeT n0A0MUTeAbHYI0 (CO-
OTBETCTBEHHO OTPULATENAbHYIO) OPUEHTAYUIO, eC/IH OPHEH-
tamui Ao H X coBmanaloT (COOTBETCTBEHHO NPOTHBONO-
Jg0K1bl). Takud o6pasom, uTOGHI ObITb COBEPLIEHHO
TOUHLIM, CJI€yeT CKa3aTh: OPHEHTalHd MIOAKECTBa X no-
JIOXKHTEIbHA NPH JAaHHOM BbiGOpe OCHOBHOIO pernepa Xo;
MBI MOZKCM OINyCKaTh 3TY CCBLIKY Ha OCHOBHOII periep
JHLib 10 TeX I10p, oKa He 3a0biBaeM O CYLIeCTBOBAHIH
3TOr0 CTPOTO (PHMKCHPOBAHHOrO penepa.

3HaK OpHEHTAlHH, OUEBHHO, HE MCHAETCS B pe3y/b-
TaTe 3aMeHbl OCHOBHOTO penepa JAPYTHM penepom Toil XKe
OpHEeHTAllIH.

Fuie HeCKOJbKO aHAaJOTHYHB X IPHMEDPOB

2°. B o6en cayuae nyctb A — HEKOTOpoe MOAMHOZKE-
cTBO MaocKocTH II, He NpHHaAJexallee OJHOH TNPsiMOH,
TaKkoe, UTO eIHHCTBEHIILIM JABHXKEHHEM 3TOro MHOXKecTBa,
OTOOPAZKAIOLIAM ero Ha ceds, sIBASETCA TOAJIECTBCHHOE
npeoOpasoBaHue; jaajee, NycTb E— MHOKCCTBO HOAMHO-
skeets (yacteit) miockocTH II, HMeEOLHX BHA f(A), rae
feJ.

Ouernano, uto L yCTOiuHBO OTHOCHTEIbHO J H UTO
I neiicTBYEeT 0IHOTPAaH3UTHBHBIM 006pasom Ha E, Tak ut0
OTHOCHTENbHO E MOJKHO MOBTOPHTH BCE CKa3aHHOE B Ipe-
AbiymeM npumepe. Hanpumep, MOKHO TPHHATL 32 A
nNoJAsipH30BaHHYIO NOJYNJAOCKOCTD Wi
¢ 1 ar— ofbelliHenne TOUKH @, OTKPBITOrO Jiyda D ¢ na-
yaJoM @ 1 OAHOIl M3 OTKPBITHIX MOJYIIOCKOCTEl, onpe-
nefsieMblX npaMoil, Hecyieil D.

3°, O606ILMN 3Ty Npoueaypy: mycTb A — MoJAMHOKe-
cTtBO maockocTH I, He nmpuHajezaliee OJlHO}I nmpsiMoil H
TaKoe, UTO BCSKOE JBHZKeHHe, oToOpazaiollee 3TO MHO-
JKECTBO Ha cebst, ecTb COOCTBeHHOe ABHIKeHHe (B TOM
cMbICJe, UTO TMNPOJOJIKEeHHe 3TOro JBHKEHHs Ha IJ0-
ckocTh T1 siBasiercsi cobGeTBennbiM auxkennem). Onpene-
MM TOFAa MHO:KeCTBO L OMMCAHHBIM Bbllie 00pasoM.
MuoskectBo E ycTOilUHBO OTHOCHTE/JIBHO S aaa MoObIX
X,, X; = L naitnercs no KpaiiHei Mepe OLHO IABHCHHE
f =, nepesogsiuiee X; B Xo; 00 npeAnon0KeHHIO Bee Ta-
KHe JBH:KeHHs SBJIAIOTCA OJHOBpPEMEHHO COOCTBEHHBIME
HJH 3€PKaJIbHBIMH.
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C/ie10BaTeIbI0, MOXKHO OUEBHAHBIM 00pa3oM onpene-
JNTh CcOBNAaneHHe OPHEHTAUMil ABYX 371€MEHTOB MHOMKe-
ctBa £. Ocranbible pacCcyXAeHHs allaJ OTHUHbLI MPedbl-
AYULHM. :

Hanpumep, 3a MHOxecTBO A MOYKHO NPHHSITH O6b-
eJlHHeHHe JBYX INPOTHBOMOJOMKHBIX CTOPOH KBajpaTa H
onHOM H3 ero auaronasei (OykBa Z) uiu oGbeiHHeHIe
OTPE3KOB, NOJYYalOLIHXCA H3 HEKOTOpOro orpes3ka [a, b]
npu nepenocax (" (ne Z), rae {— nepenoc, HanpasJje-
HHE KOTODOro He napasilejbHo H He NeprneHauky/JspHO
oTpesky [a, b].

68. OpueHTauMs nPoYHX FreoMeTPHYECKHX OObEKTOB
CBSI3AHHDBIX ¢ NJOCKocTbio Il

Ham 13BecTHbI HEKOTOpble reoMeTpiiueckue 0O6beKTH,
cBsi3aHHble ¢ nJjockocTbio I, HO He sBisONHECH ee ua-
CTAMH: Mapa TOYek, TPOHKA TOueK, mapa .Jyueil, OPHEHTH-
poBannas npsmas, npeo6pasoBaHue, yroia i T. A.; ONpe-
NeJUM TIOHSITHE OpPHEHTAaHH JAJsi HEKOTOPLIX M3 3THX
0GBbeKTOB.

1°. a. Ilycte E — muoxecrBo nap (A, B) npunandie-
AalwHx njaockocTy II nepneHAHKYASPHLIX Jyuei ¢ 06mHM
HayaJoM. DTO MHOXKECTBO YCTOHYHBO OTHOCHTE/NDbHO TPyI-
nbl J, U 9Ta rpynna AeicTByetT Ha E 0QHOTpPaH3HTHBHBIM
0o0pa3oM; cJaeioBaTeJqbHO, A MHoxkectBa E cnpasen-
JHBO BCC CKa3aHHOE B MPEeJBAYHIHX TpHMepax; YCJoBHe,
npu xotopom napsl (A,B) u (A’,B’) umelor oauHako-
BYIO OpPHEHTAalHIO, 3aNHCBIBaeTcst 31ech Tak:

N\ TN
AB=A'PB’.

Ho noMHMO 3TOro 3jpech BO3HHKAaeT HEYTO HOBOeE, a
HMEHHO CyIleCTBOBaHHE MHBOJIOTHBIIOrO npeo6pas3oBaHus
(A, B) — (B, A) mHoxectBa E, KOTOpoe CTaBHT B COOT-
BETCTBHE BCcAKOMY 3jementy (A,B) us E nportuso-
N0J0XKHBbl i 31eMent (B, A).

MaBecrno, uto nBuxenune, nepesousuiee (A,B) B
(B, A), ectb oceBasi CHMMeTpHs; C/J€10BaTeIbHO, NMPOTH-
BonoJsioxiibie napel (A4, B) m (B, A) uncior npoTHBOMO-
JIOZKHYIO OplIeHTalHIo,
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b. B o0uleM ciayuae MOXKHO MPHHATH 38 L MHOZECTEO
~~ .
nap (A, B) ayueii ¢ oduiny nauajsom H Takux, 11o AB=0

A~
win AB=—8 (rae 6 — zanaHiplii yroa, OTJIIUHLIH OT 0
" w).

c. [lpuBeseM MeHee K/JTACCHUECKHI HPIHMED: L ectb
mnokectso nap (D, x), rae D — opuentupopaitiaa nps-
masi niockoceti I, a x — Touka miockocti I, yaaacHnan
ot npsamoft D na paccrosuue l.

d. Muosectso £ oGpasosato Tpoiikami (X, 4, z), 130-
METPHUHBIMH JANHOf Tpoiike (a, b, ¢) Touex, e NMpUHAA-
JeKaullix oxHoil npsiMoil. B 4acTHOCTH, €CIl b — all=
—llc—all=1 u A(a,b) 1A(a,c), TO BEKTOPLI h. ¢ 1eH-
TPHPOBAHHOH TM/JIOCKOCTH (II, @) ob6pasyioT OpTOHOPMHPO-
BaHHbIl Gas3HC 3TOf cucTeMbl, TAK UTO B 3TOM C1ydae
MOZKHO, CJIC10BaTeNbHO, paccMaTpnBaTh L Kak MHOKE-
CTBO OPTOHOPMHPOBAHHBIX PENePoOB MAOCKOCTII 1. Tous-
THIO TOJ0ZKITEIBHONO pencpa 31ech Bo3Bpalaerci ero
KJacCHYECKHH CMBIC.

9°. C nOMOIbI0 MPUBENEHHbIX HHIKE JBYX TIPHMEPOR
Mbl YOeIIMCe, UTO TOHSITHE OPHCHTAUHH HE CBA3AHO € no-
HSITHEM JBIZKCHIST; KPOMe TOro, 3TH MPHMepDhl H03BOAAT
HaM CpaBHATb OpPHEHTAUHH JBYX HPOH3BOJLUBIX TpoeK
HEKOJJTHHeapHbIX TOYeK W ABYX Map ayueii, e npuian-
JiesKalHX OAHOI MPAMOIL.

OGo3nauny uepes ¥ rpynny aduHHLIX 1peodpaso-
panuii naockoctu I, uepes ¥, — ee NOArpyniy, obGpaso-
BaHHYIO TIPe0OpPA30BAHHSIMH C MONOKHTE/ILHLIM onpene-
auTeseM (3TO TOHSATHE Mbl MoJjaraeM H3BECTHBIM).

a. [Tycth E — MHOKCCTBO TPOEK (x, y, 2) HeKOJI-
AumneapHBX Touek maockocru IIy 970 MHOYKECTBO
yCTOHYMBO OTHOCHTE/IbHO T[PYMIbI o npeoGpasoBaHuii, 1
51a rpynna geficteyer na £ OAHOTPAHSHTIBIIO. Tosopar,
uto (x, y, 2) u (x, ¥, &) 00UHAKOBO OPUEHTIUPOBARDLL,
ecan saement [ rpynnel ¥, nepepo il (v, 4. Z) B
(x', ¢/, 2’), IPHHALICIKHT A,

Tor ¢akr, uto A5 BCeX f, g =¥ onpejeiuteiab npe-
o6pa3oBanis fog paBeH MNPOU3BEACHIIO onpeaeaHTeneH
npeoGpasosanuii f 1 g, MO3BOJSIET MPOBOLNTH Heeaeno-
BaHHe TAKHM :Ke 06pa3oM, Kak 370 Obi10o CAejsaHo Al
rpynnbl JABHIKEHHIT. ‘

10 3ak. 323
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3ameTny, uTo ecau adduiHoe npeodpasoBaine [ ecTh
ABIKEHIE, TO €r0 ONpPeAeJHTeNb NO10KHTeAeH HAH OTPH-
natesleH B 3aBICHMOCTH OT TOro, siBjasieTcss Ju [ coG-
CTBEHHDIM HJ/II 3¢PKa/JbHLIM JBHKeHHEM; TaKuM 0GpasoM,
OpHEeHTallHs, KOTOPYIO Mbl TOJBKO UTO ONpPENeJaH/IH, COBME-
CTHMa c onpejeneHHoll B npumepe 1° d.

Kak u B npumepe 1° a, 31ech nosijasercsi HEUTO HO-
BO€: C KaxXAoi Tpoiikoi (x, y, 2) muoxectBa E acco-
LUHPYIOTCA LUECTb TPOeK, Mo.1vualoliiecsi H3 Hee BCEBO3-
MOXKHBIMH 1nojcTanoskami. CpaBHHTb 11X OpHeHTaIH
N03BOJSICT c.J1e1yIolas

JlemMA 68.1. Opuentayusn 8caKoid Tpoiiku, noiy4aro-
ujeiica us (x, y, z) rpancnosuyuet (nepecTaHo8Koli 08yx
INEMEHTO8), NPOTUBONOAONHA  OPUCHTAYUIL  TPOUKU
(x, y, 2).

JIOKABATEIBCTBO.  JLefICTBHTEIBHO, 2J1€MEHT [ Ipynibl
¥, nepesoasiunit (x, y, 2), Hanpumep, B (X, 2, y), ecThb
Kocasi CHMMeTpHsl napaJJenbHO npsaMoit A(y, 2), och Ko-
TOPOil NPOXOAHT Uepe3 x U yepe3 cepeiuHy napbl (¥, 2);
onpeneanTenb npeodpasoBaHust [ paBen (—1).

Orciona ciaeayert, YTO CPeAH LUECTH TPOEK, aCCOIHH-
poBaHHBIX C (X, Yy, 2), Tpoliru (X, Yy, 2), (y,2 x), (2, % 4)
OPHEHTHPOBAHBl OJHHAKOBO, OCTaJbHble TPOIIKH HMeIoT
NPOTHBONOJIOKHYIO OPHEHTALHIO.

b. Ilycte E — mHuoxectBo nap (A, B) ayueil niocko-
cta II, He npuHagaeKalMx OAHOH NMPSIMOH M HMeEIUIUX
ofliee HAUAN0; 3TO MHOXKECTBO YCTOHUMBO OTHOCHTENBHO
rpynnel ¥, 1 31a rpynna pgefictsyer Ha E TpPaH3HTHBHO
(HO He OJHOTPAN3HTIBHO).

Kpome Ttoro, Bce npeoGpasomsanus [ ¥, nepesoad-
ue (A, B) B (A, B), B cicreme oceil, cBf3anuoil ¢ 3Toil
napoil, HNEeIOT BHI

(&, M) —(ug, vy, rae u, v>0.

CaeoBatenbHo, onpejenurtenb npeo6pasopanust [ noJio-
KHUTEJIeH.

Taxum obpazom, nast scex (A4, B), (A’, B’) & E onpe-
Jlenutenu Bcex npeoOpasoBauuil f, nepesoastiux (A, B)
B (A, B’), umewr oauHakosbii 3nak. [lostomy nasjee
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TEOpPHs MOJKET CTPOHTBCA TaK :Ke, KaK B MPCALIAYUUIX
npunMepax.

Haxomell, Jerko BHAETb, UTO JBe NPOTHBONOJIOKHbIE
napbl MMEOT NPOTHBOMOMOKHYIO OPHEHTALIIO.

3akaouenne F3 Bcex npeibiiyulix MpHMepPOB
CTAHOBUTCS SICHBIM, UTO HEKOTOPYIO TEOpIli0 OpHEHTAUHH
MOKHO CBS3aTh CO BOSIKOR Tpoiikoii (E, %, §*), rne E—
NpPOH3BOJLHOE MHOMKECTBO, & — rpynna npeo6pas3oBanuii
Muoxectsa E, TpansutHpuas na med, n & — HopMadb-
Hulil fednTeab rpynnsl G, Takoil, uto ¥/§* ectb rpynna
nopsiika 2 u mpu JodomM x & E noarpynna 3JeMeHTOR
rpymnsl &, OCTAB/ISIOUIAX HENOABHIAKION TOYKY X, COLEp-
wKutess B G+ (scHO, uTO ecJH 3TO YcJoBlie BHINOJHEHO

JLJ1s1 HEKOTOPOro X, TO OlI0 BLITIOJIIEHO H /LISl BCeX X & E)

69. djeMeHTapHOE HCCJEJOBAHUE OpHMEHTAUNH nap
Jyueil, He NPUHANJIEHKAUWNX OLHOH npsimoit

MCX0AsT H3 METOAOJMOTHUECKHX H MeTOJHUECKHX €006-
pasKeHHii, Mbl MOMbITAEMCA HCKJIOUNTL obpatienne K ap-
¢uunoit rpynne ¥ npu ompeiesielHy OpPUEHTAIUI 0ap
Jyueil, He NpHHAANeAKAILHX OLHOH npsiMOH.

[lycts E — muoxectso nap (A, B) ayueil naocKocTa
I1, He mpuHaajeXKallix ONHOI NMPAMOH H HMEIOLULIHX 06-
llee HAUaJlo.

Nas mebux (A, B), (A’, B’) & £ 0Gyaem TOBOPHTb,
uyro (A, B) n (A’, B’) nMeloT 0 JHHAaKOBYI OpHEH-
TAaWHNIO, eCJAH B clayyae coOCTBEHHOT O JBHKEHHSA fs
nepesonsiiero A 8 A’, ayun B’ u [(B) okaspiBaiorcs no
0AHY CTOPOHY OT npsiMoii, Hecyiueil A’ (uHaue roBopd,
B OHOI MOAYMJIOCKOCTH, OIpallnyeHHoil 3TOH TIPSMO¥i;
cM. puc. 11).

Tax Kak BCsKOe ABHMKeHHe mnpeobpasyer IOJayMIo-
CKOCTb B TMOJYMJIOCKOCTL H COOCTBEHHbIE [BHIKEHH 00-
pasyloT rpymiy, TO 3TO OTHOLIEHHE eCTb OTHOWICHHE SK-
BuBaJeHTHOCTH Ha E; Jerko BHIAETb, 4TO OHO HMeeT B
TOUHOCTH /1BA KJacca SKBHBAJIEHTIOCTH (10CTATOUHO pac-
cmotperh MHOXKecTBO nap (A4, X), rie A — nanusiii ayu).
CaenoBaTenbHo, B jJaJbHeHlIeM MOXHO FOBOPHTH 06 oc-
HOBHOM perepe H O MOJOXKHTEJNbHOH HIH OTpHILATENbHON
opleHTaluuy, KaK H B NPeABLIYLIMX NpuMepax.

10*
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JICrko BHAETh, UTO BCAKOE DPACTSIEHHE C II0JIO0KH-
TeILHBIM KOYPGHUIIEHTOM H BCSIKOe COGCTBEHHOE ABH-
JKeHHe, a ¢JelloBaTedbHO, 1 BCIKOe cOOGCTBeHHOe npeo6-
pasoBailie TMOZ0OHST COXPAHSIOT OTNpeJeJeHHYI0 TaKuM
o0pa3oM OpHeHTAIHIO.

Has seakoit napet (A, B) cuMMerpHsi ¢ OTHOCHTE/BHO
npsimoif, comepxaiueii Jyu A, HepeBOIHT, OUEBHIHO,

Puc. 11.

(A, B} B npoTHBOINOJIOXHO OpHeHTHpoBaHHyle mapy. Ho
145 Jai06oro 3epkaibHOro npeobGpasoBaHusi nogodus f
npeobpazopaHue Nofobust foo = g sAB/AAETCA COOGCTBEH-
HBIM 1, CJIeJIOBATeJNbHO, COXPaHSeT OPHEHTAlHI0;, HHAaue
rosopst, f((A,B)) u (A, B) uMel0oT NpoTHBONOJOKHYIO
OPHCHTAILHIO.

OpnenTauusa yriaos

ITycre (), 8" — nBa NPOH3BOJIBHLIX YI/a, OTJAHUYHBIX OT
0 n w Fosopar, uro 8 u 0’ uMeloT odunakosyw opuen-
rayuro, ecan naiipyres gse napwl (4, B), (A7, B’) ayueit
¢ 0OUIHM HauaaoM, AJil KOTOPBIX

AB == 6; AR = 8”; (A, B) u (A’, B’) uMel0T 0JlHHAKOBYIO
OPHEHT ALHIO.

Jlerko BHA€Tb, YTO 3TO €CTb OTHOlIeHHEe 3KBHBAJEHT-
HOCTH lia MHOKECTBE YI./10B, OTJHYHDLIX OT 0u w, H UTO
5TO OTHOMUeHHE HMeeT B TOUHOCTH JBa KJacca >KBUBa-
JCHTHOCTH.
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IMeepnokenne 69:1. [Aas a060d Tpoliku (x,Y,2) He-
AN PN N
KOAAUHEAPHLLY TOYEK Tpu yeaa Xyz, yzx, 2Xy umerot

00UHAKOBYIO OPUCHTAYUIO.

TLOKA3ATEJBCTBO. [lokamem 3To JJia NEPBHIX NBYX
VIJ0B.

I[lycth ' — HEKOTOpas TOUKA MEINaTPHChi Tapl
(y, z), pacroJ/ioXeHHas mo Ty e CTopouy oT A(y, 2), uto
¥ TOUKA X.

R N T~
VIael xyz ¥ X'yz ODHEHTHPOBAHBI O(HHAKOBO; TO XKE
P /\/
caMae MOMKHO cKa3aTb NP0 YIJbl y2X H yz2X'.

PN S
Onnaxko X'yz= — x'zy (CHMMETPHUHOCTB); CJeN0Ba-

/,\ /\,
TeJbHO, X'yz=yzx’, OTKyAa M BbHITCKAET TpeGyemoe
CBOHCTBO.

Jameuanue JJs 3TOr0 3IeMCHTAPHOTO HCC/e10BaNHA OpHEI:
TaldH nap Jydeif, He NpHHAAJIeRKAMHX 0j(HOM TPsIMOii, Mbl HCHOJD-
30Ba11i MCTPHUCCKYIO CTPYKTYpY MJIOCKOCTH. [Mo-BuANMOMY, 3TO €1BA
1 MOMHO CUMTATb YHOBJIETBOPHTEJBHLIM, MOCKOJBLKY apdunnoil
CTpPYKTYphl 31€Ch 6blio Obi AOCTATOUHO; 110 B CBOIO ouepeib H ag-
(unnas cTpyKTypa OTHIOAb He 06f3aTenbla; MOKIO noCrpoliTh TEO-
PO OpUEHTAlHH, HCXOMSl TOAbKO M3 aKCHOM I, 1. Mu npenso-
XKIHM TIPOAeJaTh 3TO HCCTeJoBaHHe B KauecTe YMPAKHEHHH.

70. CBsi3b MeXJy MOHSTHSIMU OPHCHTAUMH W HeTpe-
pbIBHOTO Npeodpa3oBaHHs

Mpl npoBean HcciaefoBalilie MOHSTH OpHEHTALHH aireGpanue-
CKIMIT MeTOoaMH, NOTOMY 4TO Ha 3/eMEHTapHOM YPOBHE HEBO3MOXKNO
[IPABHABHO NICNOJAL3OBATh NOHSTHE HEMPEPhIBLIOCTH HCTHHHAA JKe
npnuuna, nobyauBuias Hac BbOpaTh HMEHHO TakKile onpejesedna i
oBecrneunBlIas HX YCUeX, HOCHT TOMOJIOTHUECKHi Xapakrep. Hanpu-
Mep, MOXKHO TOKa3aTh, UTO Ha MJIOCKOCTI M ase Tpofikn Touex (%, ¥, 2)
W (X', 4, 2’) HUMEIOT OJMHAKOBYID OPHEHTALHIO TOJBKO B TOM CIydae,
KOrJa CYIIECTBYeT HelpephiBroe ceMeHCTBO TPOeK (nekoJiHieapHbiX)
TOUeK, KOTOpOE CBA3LIBAET MEpBYl0 TPOMKY €O BTOPOIl, MaH TOUIEe
ccan B MHOMKeCTBE TaKHMX TPOEK, Ha KOTOPOM 3ajalia eCTecTBeHHas
1 OMOJIOTHS, HafieTCsl Ayra, KOHIAMH KOTOPOIl fBJSIOTCS ABA JAauHBIX
s7eMeHTa. AHAJOFHUHLI pe3yabTaT HMeeT MECTO A Cay4as OpHeH-
TalMH map Jyuedl, lie NpHHAILIeKAINX OAHOM npsMoil.

daKTHUeCKH, N0CKOJIbKY OPHCHTAINS BCCrAa onpejedserca ne-
X0isl W3 3ajaHusi MOATPYNNLI HEKOTOPOH rpynmhl npeoOpa3osanii,
laM AOCTAaTOullo H3YUHTb BOMPOCH, CBA3AHHBIE C 3TOf MOArpyNIoM.
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Ipynnu & npeoGpasoBannif, nsyuaesiie B reoMeTpuil, gelcTsy-
10T Ha TONOJOrNYeCKNX MPOCTPAHCTBAX — OGLIUIIO MHOrOOOPasix Ko-
HCHNOfL Pa3MCPHOCTH, — 1 CaMH 3TH TPYHMbl CHaOXKelbl HCKOTOPO#
TONO10rHeH, cormacoBannoil ¢ X rpynnoBoil CTPYKTypo#l (Henpepnis-
HOCTh YMHOZKCIs 11 cuMMeTpHIt). Hanpumep, aast rpynnsl Jnneiinix
npeo6pa3oBaniii eBKIH0BA NMPOCTPAHCTBA Pa3MEPHOCTH fi TOMOJOFHs
B rpynne .erko MoxkeT OLITb 3a7aHa C NOMOILLIO (YHCIOBBIX!) KO-
spduunentos onpeacasioileil npeobpasosanue MaTpHUbl (aij): ecre-
CTBCHHO OTOXK/AECTBUTL MaTpiUy (da;;) ¢ TOYKofi npocrpauncrsa RY
(rae N = n?%), nmeciolucit KOOPAIIATLL @y, 1[I TPUNSATL TOMOJOTINO,
HHAYIIPOBaNuyio Tono.torieil npoctpancrsa RY,

B Taxoii Tono.aoriucckolt rpynne & MoxIlo paccMaTpHBaTb JyTH
I KOMIIONENThl CBS3LOCTI; vepe3d &+ 060311auaeTcsi KOMIONEHTA CBA3-
10CTH, Coj1epiKauias HeHTpajbHLil 3J1eMeHT e Tpynmel &, T. ¢. B
O0BIIION C1yyae MHOZKECTBO 3JCMEHTOB X TPyRmbl &, AJs KOTOPHIX
CYHleCTBYET Ayla ¢ Kouuasn e, x. Mox)uo pokasatb, uto ¥+ ecro
nopMa.biLii AeanTeqab rpynnsl &; (akroprpynny $/&+ masunaior
rpynnofi opuentaitiii rpynu 4.

OO0buni0 3Ta (paxkioprpynna nMeeT MOPSIOK 2; Mul OTPAHHUILTHCD
paccMOTpeniiesM TOJILKO 3ITOro cIydas, HO MOZXKET 0KasaTbCs, UTO
Jleqio 00CTONT 1 e TaK.

Hanpumep, ccan & —rpynuna  anddepenupyeMux npeodpaso-
Banui  o0beAnHCII  JIBYX Henepecekaloulixcs OKpyiKnoctell, To
G1%+ mveet nopsiox 8. Moxer cayuutnes Takke, yt0 ¢ — cpaslioe
MHOKCCTBO; Toria & =&+ u G/¥+ coep&HUT eanHCTBeHHLIl 3.1e-
MEHT; 3TO HMEeT MeCTO B ¢.1yuae NMPOCKTHBHLIX npeoOpasoBauiii npo-
CKTHBIION MIOCKOCTIL '

[Tepefigem Temepb K HCC/ICIOBAHHIO YACTHOTO CJyuan
IPYNNbl ABHMKEHHH; OJHOBPEMEHHO Mbl IONbLITAEMCS pPa-
300paThCs B CMelleHiH nonaTuil (dpusnueckoro) npouec-
ca ABIKeHus 1 ABHACHHS Kak Ipcobpasopatis.

71. Tlpouecc aBuxeHus

Pe6enok, nbltalouiuiicss BHHKHYTh B NOHSITHE JBHIKe-
114, CTAJIKHBACTCS ¢ CNpeeeHHON TPYAHOCTbIO, TaK KakK
(busuuecknii Mup gaer mMagao Molesneil (reoMeTpHUECKOro)
JABHXKEHHS B 4HICTOM BHAe'); uwaile BCero Mbl CTaJKII-
BaeMcst ¢ ((PH3NUYECKHM) NPOLEeCcCOM JABHKeEHHus:,
T. €. HenpepbIBULIN CeMeHCTBOM (reoMeTpHUECKHX) ABH-
JKEHIH. DTa TPYAHOCTb yCyryOasieTcsl TeM, Y4TO IJOCKOCTh
HJIH KYCOK IIJIOCKOCTH He HMeeT 1HCKPeTHOH CTPYKTYpH

) CyuecetByior, 0a1HaKo, 3aCMCIHTAPULIC BPUHMCPBL TAKOTO POiA,
CKaXeM OTpazkeliie B 3epKajc M COOTBETCTBHE MEK/AY ABYMsl OT-
THCKaMH OAHOH M TOil 2Ke rpasioput.
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1 1M03ToMy (H3UUECKH TPYIHO ONpelednTb 06pas Kakoii-
HHOYAb TOUYKH MaTePHAJbHOH MOAeMH [PH HEKOTOPOM
reoMeTPHYECKOM ABHIKEHHH.

DTOT BTOPOIl BOMPOC MOXKIO 11€CKOJABLKO YNPOCTHTD,
ecJiil BHAuajle paccMaTpHBATh JHWD npeoGpasoBaius Ko-
HeulblX NMOAMHOXECTB MJOCKOCTH, Olpeiledsist 3aTeM Me-
CTONAXOXKJeHHe TOueK TJIOCKOCTH — «MOJIeKyn» MaTe-
pHaNbHOI MOJeIH — C NOMOULBIO CHCTEMbI KOOpiMHarT.
Ot nepBoii TPY/HOCTH MOMKHO H30aBHTLCA MOJHOCTBIO,
TOJBKO €CJIH Hapsay C MOHATHEM ABHIKeHHs! OyaeT TOUHO
ofipeiesieHo TNoHATHE TPolecca JABHIKEHsI.

Onpeneaenue 71.1. TTyeth I — MHO/KECTBO ABHIKEIHI
naockoctu 1. [Tpoyeccom Osuderuss Ha3biBaeTCsl BCAKOS
ortoGpaxenue ¢ — [, oTpeska [u, v] npocTpaHcTBa R8I,
KOTOpPOEe HelpepbiBHO B CJIEAYIOLICM CMBICAE: A5 modoit
Toukn a & II otobpaxenne ¢ — f;(a) orpeska [u, 0] B 1L
HenpepblBHO.

JIerko BHAETD, UTO €CJdH CYLLECTBYIOT TPH HeKOJJ/IHHE-
apHble TOUKH dj, @z, @3 naockocty II, Takue, 4T0 Kaiiloe
N3 oToGpaMennuii ¢ — f;(a;) mHenpepuBHO, TO OTOGpaKe-
nue ¢ — f, nenpepriBHO.

HeiictButenbHo, Kaxaoe ae I momxer ObITb Tpef-
cTaBjieHo eamHcTBeHHbiM o6pasom B maockoctd (1L, 0)
B BHIE

N\ \) .
a=2aiai (r,rl,e 2.4(1,-=1, i=1, 2, 3).
Ho kaxjaoe f; ectb addinnoe npeobpasoBanie; CJae10-

BaTeJabHO,
-
fi(a)= }.a a;f (a;);

Gynkiust f; ecTh cyMMa Tpex HenpepohiBUbIX byt o,
cJe10BaTebHO, TaKKe HelpephiBHa.

B caenyiouien npeisioKeHnu yCTaHaB/JAHBAeTCs CBA3b
MexKy TOHSITHSIMH Tpoliecca JBHKeHIlst H OPHEHTALHH;
oHo 06bsicHsIeT TOT (aKT, UTO NCEBLOONPE (e1eHHsT OPHEH-
TalHH, OCHOBAHHbIE HA CKOJIbXKEHHH O/IIOIl INIOCKOCTH M0
APYTOM, He MPUBOAAT K OUIHOKAM.

[Tpennoxenue 71.2. B awbon npoygecce 0suicenis
{ —f, aubo sce dsuicerusn [, A6AA0TCA COOCTEOHHLLML,
AUBO BCe OHIL — 3CPKANOLHbIE OBUNECHU.



152 ra. VI. Opucnranua

- JIOKA3ATEJILCTBO., DOpMYyJAHPOBKA H A0Ka3aTeabCTBO
OCTAHYTCSI TEMH K€ H ISl Cyuast MPOH3BOJIbHBIX adui-
HbIX npeobpaszoBaHuii: onpenpesntTeab ahHUHHOTO NPeod-
pasoBanus f; ecTb HenpepbiBHAS (HYHKLHSA OT f ([OCKOJb-
Ky KO3(Q@uUHEeHTbl MaTpuubl npeobpasoBaHus [; He-
IIpepbIBHbl N0 M[pPeIIONIOMKEHHIO); HO OH HHKOTAa He
obGpautaeTcst B HYJL II HMeeT, C1¢10BaTe1bHO, MOCTOSAH-
HbIl 3HAK, OTKY/a H CJI€/lyeT HCKOMOE CBOHCTBO.

Caeactaur. Ecau f, — toxcdecreennoe npeobpasosa-
Hue, T0 8ce OsunceHus f, cyro cOOCTEEHHbIE OBUINCEHUL.

YacTtHbl it cayuyail: npoyecc spaujerus. Hemnoro
HUKE B CBSI3d C MepOil YrJIOB Mbl 3aliMeMCsl H3yueHHEM
HenpephIBHbIX TNpelcTaBeHHil ajAuTHBHOH rpynnsl R B
apauTuBHON rpynme yraos. Ilyers ¢ — o (f)— Takoe
npeacrasiaende; 0603HaUHM uepe3 [, BpalleHHe Ha yro.a
« () Bokpyr Hekoropoil Toukn 0. [Tpouneccom Bpa-
uweHUs BOKPYT Touku O Ha3blBaeTcsi BCAKHUH NPoO-
necc ABH:keHHs Buaa [—f; (rae t [0, v]).

TpaexkTopuio Touku miaockoctH [I npu TakoM ABH-
MeHHUH Mbl GyjneM HasblBaTh AYyrof OKpPpYXHOCTH.

3aMeTHM, UTO C TAKHM [IPOLECCOM ABHXKEHHMs CBsI3aHO
BIIOJIHE OMNpejesieHHOe BpalleHHe, a HUMEeHHO BpauleHue
fu, HO oGpaTHOe, OUeBHAHO, HeBEPHO.

Yuopaxuenns K raase VI

[pensaraetcst 10KasaTb, MOJb3YACH TOJAbLKO akchomamu [ u I1
M noJaras, KpoMe TOro, YTO MOIMHOCTL O upsiMblx mJockoct IT mpe-
BocxogHT 2 (TOrja, Kak 3TO ciedyer H3 ynp. 4 K . I, Kapuiiaib-
110e YHCJIO o 6ecKOHedilo), HEeKOTOpble CBOHCTBA, KOTOPbIE ObLIH IaMil
panee [OKasaHbl C HCHOJNb30BaHHeM a(pQUHHOH CTPYKTYpLI [10C-
kocru II.

[TonsATUE OPUEHTUPOBAHHORO HANPABACHUS

1. Iyetb A, B — aBe mnapajiedblible HpsMble; BbibepeM  a.s
KaxO0#H 13 3THX MPAMBIX OLHY H3 €e BO3MOXHBIX OpHEHTauHH.

ToBopAT, UTO 3TH OPHEHTHPOBAHHble MPSMble HMEIOT 00UHAKO-
8410 OPUCHTALUIO, €CJH CYLIECTBYET Takoe HamnpaB/eHHe 8, He napaJ-
aeapuoe npsambiM A u B, uto mpoexuitsn npsimoit A Ha mpamyio B
napaJciebHo Hanpa/enHio 8 (kak H3BecTHO, 3Ta MPOEKUHST MOHO-
Tonna no caeactniio 6.3) Oyaer MmonoronHo pospacratoueil. Ilo-
KasaTh, uTO AJls Jio0oro apyroro nanpasaendst §/, ne mapa/ienablio-
ro npaMbeim A 1 B, npoekius Taxxe Gy/CT MOHOTONHNO BO3pacTalo-
uell (MOXKIO HCHOJIBIOBATH AAA 3TOTO Yup. 7 K 1. [).
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2. BuipecTi OTCIOAA, YTO ONpeie/qeHHoe TaKiid 00pa3oM OTHOIlle-
HHe eCTh OTHOMIGHME SKBHBAJEHTHOCTIL Ha. MHOKECTBE OpHeUTHpo-
BAHHBIX NpSIMBIX, HECYHIHE [psMble KOTOphIX  HMeloT 3a/1aHHoe
Hanpas.ieiie; MOKa3aTb, 4TO 3TO MHOMKCCTBO pasbuBaercs Ha..JBa
K120ca SKBHBAJMEHTHOCTH M YTO ABE OPIHCHTHPOBAHHLIE MpsiMbie, N0
poiKiaaeMbie OAHOIl W TOH e npsMoii, HPHHALICKAT PASTHIHLIM
KJjaccam.

Opuentayus nap ay4ed ¢ 00w HAUAA0M, HE NPUIadAeH auiiux
00HOU npsimoll

3. DyaeM HaspiBaTh OPUCHTUPOBAHHOL NOAYNAOCKOCTHIO BCAKYIO
napy (A, P), rae A — opuentuposanuas mpamas H P —ojia u3
3aMKHYTLIX NOJYILIOCKOCTEH, ONpesc.asneMblX 31Ol MpAMOil.

[oBopsaT, 4YTO jBE OPHEHTHPOBAHILIE MOJYMIOCKOCTH (A, P),
(A7, P’) uMeI0T 00UHAKOBYIO OPUCHTALLIO, eCTIH:

6o A u A’ nepecekalotcss i OmMH U3 Jyuefl (ANP),
(A’ N P) opuenruposan OAHHAKOBO C cojepxaueil ero npsmoit A
win A’, a Apyroil HPOTUBOMONOKHO;

an6o A 1 A’ napaiseabiibi i OAHIAKOBO Hanpas/etbl 1L 0412
13 noaynaockocteil P, P’ copepur Apyryio;

au60 A u A’ napainenpHpl 3 HDOTHBOMOJOMKHO Hanpas.Iesl H
HH OZHA W3 noJynjockocTeit P, P’ He COlepxUT Apyrylo.

[MoxasaTb, YTO 5TO OTHOIIEHHe ecTh OTIHOIIeHIe IKBHUBAJEHTHO-
CTH HA MHOKECTBE OPHEHTHPOBAHHLIX MOJIYNAOCKOCTEl i uTO Cymle-
CTByeT B TOYHOCTH [BA K/IACCa SKBHBAJIEHTHOCTH M0 3TOMY OTHOUIE-
HUIO;, NMOKa3aTh TaKiKe, YTO OPHEHTHPOBAHHLIE MO.YMIOCKOCTI, Ompe-
neseMbie OJHOH H TOH Ke NMPSAMOH, UMEKT pasinyubie OpHEHTallHH.

YKajeM, HAKOHew, elue OMMi, 0o.ee 3Jerantibifi CrocoG cpas-
HeHHs1 OpHEHTAali#l ABYX OpHUEHTHPOBAUHLIX NoJyIIoCKOCTe |,

Mycts (A, P) u (A’, P’) — aBe OpHEHTHPOBAHHbLIE MOy MI0CKO-
cru; Kaxao#u npamoit D, nepeceKaloiLei A u A’, nocraBHM B COOT-
BeTCTBHE UHCAO Ca, ar(D), pasnoe 1 wan —I1 B 3aBHCUMOCTH OT
TOTO, Bo3pacraer WM yOblBaeT Kocas NPOEKUHA npamoit A na A’ na-
pasieastio D, u uncao Pp, pr(D), paBloe | uan —1 B 3aBHCHMOCTH
ot Toro, umetor ayuu D 1 P u D (1 P” opuHaKkoByi0 OpUEUTAUHIO H3
upsiMoit D wiu net. MoXHO J0KasaTh, 4TO NPOH3BELEHHE STHX ABYX
ulicesn He sasucut oT D; 310 npousseenue pasHo | wan —l1; ecau
oilo papHo 1, To roBopdr, UTO (A, P) u (A’,P’) umeioT odunako-
6yro opuentayuro. VI3 0YeBHIHBIX COOTHOMICHI

Qg p=0g a4 @4 a=b G4 2 =04 0 %4

W auaforHYHLIX COOTHOWEHHH A1 P HeMeaneHHO noJayuaeM, dTo
TO/bKO UTO ONpeieeHHOe OTHOUIEHHE ecTb OTHOLIEHHE IKBHBAMEHT-
HOCTH, HMelollee B TOYHOCTH JBa KJacCa SKBHBAJEHTHOCTH.

Jlanee, MOXKHO JOKa3aTb, UTO 3TO OTHOUIEHHE COBMajaeT € OT-
HOUIEHHEM, ONpEeNEeHHbIM B Hauase 3T0ro ynpamHeHus.

4. Jlas moGoit napel (A, B) syueit ¢ oOluM HauanoM, ne npH-
HAJJeKalK OJHOM NPAMOH, 00o3HauMM Hepes f(A, B) opuentupo-
BAHHYIO MOJYIOCKOCTb, 00pasoBatliyio opHeHTHpOBalofl  NPAMON.
NOpOXAAEMOil JydoM A, # 3aMKIYTOHl NOJYTAOCKOCTLO, onpeease-
Moit 5Tolt psMOR u cojepiKaed B.
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Bynem rosoputs, uto ase Takue napul (A, E), (A7, B’) numeior
odunakosyio opuenrayuro, ecan f(4,B) u f(A’, B’) numeior onmna-
KOBYI0 opHeHTaunio. TlokasaTb, UTO 3TO OTHOWEHHE ecTb OTHOLIEHHE
SKBIIBa.1€HTIOCTH, HMeloLlee B TOUHOCTH JBa KJacca 9IKBHBA.IEHT-
HOCTH, H YTo aBe uporTusomnosioxkiuuie mnapu (A, B), (B, A) umeior
NPOTHBONOJIOKHIYIO OPHEHTAILHIO.

5. Ilyete X, Y,Z —Tpu ienyeTuie BLIYKILE ILIOCKHE MHOME-
CTBa, TaKHe, YTO HIKAKAfl NpAMast Le [epeceKaeT BCe TPH MHOKe-
cTBa cpasy.

Tlokasarp, uro Bee mapwt .yueii (D(x,y), D(x, z)), rae re X,
YE Y, 2 € Z, uMeIoT 01AKOBYIO OplienTallHio.
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TPUTOHOMETPHA

§ 1. 3JTEMEHTAPHAS TPUTOHOMETPUSA

daeneHTapHas 1PUTOHOMETPHUST COCTOUT, B CYLIHOCTH,
13 NPABWJIBHONO OMpPENeNeRHs TPHIOHOMETPHUECKHX JH-
nufi yria, COOTBETCTBYIOUIHX (POPMYJ CJOKEHUS U TEKO-
TOPBHIX COOTHOIICHHMIT MEAKAY yIaaMi 1 PacCTOAHHIMH.

72. KocuHyc M CUHYC yrjia OTHOCHTEJIbHO HEKOTOPOro
oasuca

Onpeararune 72.1. Ilyets (a, b) — OpTOHOpMUPOBAH-
HBll 6asiic LEHTPHPOBAHNOI TJIOCKOCTH (ILO) n |—
BpallleHHe BOKPYT Touku 0 1ia yroa o.

Kocurycosm W CUHYCOM YeAa o OTHOCUTEAbHO basuca
(a, b) Ha3bIBATCA KOOPAMHATBLI TOUKH f(a) B Oaszuce
(a, b); onu obo3nauaiorTcs uepes cos «, sin o.

Mbl mepeiiemM cpasy K H3yUeHHIO TOUO, HACKOJIBKO
COS ¢ H Sin o 3aBUCAT OT BblOOpa Gasuca.

Mpraaoxkene  72.2. Beauwuna cos o He 3a8UCUT OT
ao160pa OPTOHOPMILPOBAHHO20 fastca; HAnNpoTUs, 3Haue-
Hus sino 8 08Yyx OPTOHOPMUPOGAHHLLY 6asucax nporu-
BON0AONCHOL OpUCHTAYUL NPOTUBONO.I0NCHbL N0 SHARY.

JlokasaTeabcteo. 1. B naockocrn (I, 0) nocae 3a-
Menbl Gasuca (a, b) 6asncom (a,—b) KOOpAMHATHL TOU-
K [ (@) 6yayT paBHbI COS a1 —sin o.

9. TIycTb g — MPON3BO/bHOE Bpallletiie BOKPYL TOH:
ki 0.
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HMs pasencrsa f(a)=(cosa)a + (sina)b noayuaem
[(g(a))=g(f(a)) = (cos ) g (a) + (sina) g (b).

CienoBaTe/IbHo, KOCHHYC H CHHYC YIJla ¢ OTHOCH-
TesbHO Oasncos (a,b) u (g(a), g(b)) paBHbL.

3. OdYeBHAHO, KOCHHYC H CHHYC YIJa ¢ OTHOCHTEJIbHO
0asKcoB, MOJAYYAIOUHXCA ONIH H3 APYrOTc INepeHocoM,
NIHH W Te Ke (COXPaHAIOTCSl YIJbl H KOOPAHHATH).

M3 3Tux Tpex uacTHBIX c/lyyaeB cjeayeT CHpaBeflJH-
BOCTb NPeAJOKelinsl, IOCKOJ/IbKY nepexos ot Gasuca (a, b)
K J0GOMY ApYroMy OpTOHOpMHPOBaHHOMY 6asicy ocylie-
CTBJISIETCA C TOMOULbIO (BO3MOKHO) OCEBOH CHMMETPHH
¢ oceio A(0, @), ppauenns Bokpyr Toukn 0 H nepenoca.

CileoBatenbio, Bo BCeX TeX BONPOCAX NAaNHUMETPHH,
AN pelleHHsT KOTOPbIX Mbl XOTHM HCIHOJb30BaTh CHHYC,
CYLIECTBEHHO TOUHO YKaszaTh, KaKOH pemep BeIOHpaercs
B KauecTBe opToHOpMHpOBannoro 6asuca. 113 coobpaxe-
HHH y106CTBA M /1A NONIEP/KKH HHTYHUMH OOBIYHO NpH
H300pakKeHHH Ha KJIaCCHON JOCKe 3a OCH NPHHHMAIOT
ropusonranpinlii ayu A(0, a), nanpaBieHHbll BNpaBso, H

BepThKaab A(0, b), Hanpapieniyio BBepx.

IMprpnoxenne  72.3. Has scakoii ynopadouenHol

P
napor A, B ayueli ¢ obujum Hawarom cos(AB) pasen
Ko0appuynenry npoexyuu c(A, B).

Jokasatrancto. Ilyerb 0 — navano ayueit A, B, u
a— ToYKa, npHHamjiexamas A H onpeneiasemasi yesao-
sueM d(0,a) = 1. Ecan o6o3nauute uyepes [ Bpaulenue

N

Ha yroan AB soxkpyr touku 0, T0 f(@) oKaxercst TOUKOIl
Ayda B, onpeaensiemoit yeaosuem d(0, f(a)) = 1. :
Ecnu a; — oproronanbuas npoexkumus rtoukn f(a) nHa
npsAMylo, Hecyumyio A, To mnosayuaem, 4TO COS@ paBeH
CKa/napHOil BelHuuHe R, Takoil, uto a; = ka = ¢(A, B)a.

73. Matpuua BpaileHHsi OTHOCHTEJbHO
CPTOHCPMHPOBAHHOIO MNOJOKHTENLHOro 6asuca

ITycts (a, b)-- opToHOpMHPOBaHKbIT 6Ga3uC NIOCKO-
crin (I1,0), nnelounit 0JAMHAKOBYIO OpHEHTaUHIO ¢ 6a-
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3HCHDIM ' penepoM, ¥ [ — Bpaillenne BOKPYT TOUKH 0 na
yroa o.

[ycrb g — BpalleHHe BOKPYT TOUKH 0, mepesoas-
lee a B b; M3BeCTHO, UTO g2 ecTb UEHTPATbHAA CUMMET-
pud ¢ nentpom 0, OTKyla cleayer, uro

gl@=0b; g)y=g*@=—a
113 paBenctBa
f{a)= (cosa)a+(sina)b 18]
noAyuaen, C/1e10BaTesNbHo,
J(6)=1(g (@) =g (f(a)=(cosa)g(a)+ (sine) g (b),
Han
f(b) = (cosa) b —(sina)a. (2)

O6oaHaunm uepes E, 1 KOOPAHHATHL HEKOTOPO TOU-
ki x B Gasuce (a,b); us cooTHoulenust x = &a + nb no-
ayuaeMm, yuutbiBast (1) u (2),

f(x)=E&f (@) +nf (b) = (Ecosa—msina)a+
+ (Esina +mcosa) b.

Marpuua npeobpasosannus [ B Oasuce (a, b) umeer,
c/le,10BaTeNbHO, BHI

cosa —sina
sino cosa/
B KauecTBe JerKOTo yipaxKHCHHs npejjaraercs npo-

BEpHUTb, UTO TO MaTplla HeKOTOPOro ABHKEHWs; ompe-
JlequTe b ITON MaTpHLb! paBeH 1.

3ameuanus 1. Ilycrs (a, b)— opTOHOPMHPOBAH-
ubtit 6asuc miockoctd (IL, 0), opueHTaunst KOTOPOro OT-
pHuaTenbHa; B 9ToM 0asuce KOCHHYC M CHHyC yIa o
papiibl €OSa M —Sino; CJ1e10BaTeIbHo, MaTpHLueil npe-
o6pasoBaus [ OTHOCHTEJIBHO (a, b) Oymger marpuua

coso sina
—sina cosa/
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2. Ilpoussoast BpalenHe BOKPYr TOYKH O W 3aTeM
OCeBYIO CHMMeTpHIO ¢ ocblo A(0, a), MOXKHO MOJYYHTH
NpOH3BOJIbHOE 3e€pKaJbHOe IBH:KEHHe, OCTaBJsollee TOU-
Ky 0 HenoaBHxKHOII; ero MaTpiia HMeeT, cJaeaoBaTeqb-

HO, BHJ
cosa sina
sina  —cosa/’
Mosxnio noxasate, uTO ee onpegesutens pased (—I)

W UTO HeNnoABHACHbIE TOUKH CBSI3aHHOrO ¢ Iiell JIBHUZKEHUSsI
3aMoJHII0T HEKOTOPYIO NPsiMYIO.

74. ®opmyiibl CNOKEHHS

Ilycre f, g—nmBa Bpauienns Boxkpyr Toukn 0 Ha
YIIBl oo B [ COOTBETCTBEHIIO; IIX MpPOH3BeleHHe [og =
= g of ecTh BpalllenHe Ha yroa (& + f).

OTnocnTesbHO NPOH3BOABLHOrO 6asiica NoJyuaeM:

Martpuia npcodpasosanis (feo g)=
= (Matpuua npeobpasosanns f) X
X (MaTpuna npeoGpasosanus g).

B uactnoctu, mocne BbIGOpa OPTOHOPMHPOBAHHOTO
Gasnca (MOJOKHTENLHON HAH OTPHIATENBHONl OpHeHTa-
UHI) 113 3TOTO COOTHOLIEHHS *) CJIeAYIOT TOKAeCTBA

cos (@ +p)=cosa-cosp—sina-sinf, 3)
sin (a+ ) =sina - cos + cos a - sin . (4)
OTH COOTHOLIEHHS MOTYT OLIThb MPEACTABJICHLI B HpPY-

roM, ouelb yj00HOM, Biile.
[Tonoxunm pas ao6oro yraa 0

E(8) =cos 0+ isino.
M3 cootnowennit (3) n (4) noayuaem:
E(a+B)=E(a)- E @) (5)

*) To ecTh, nanpnMep, u3 COOTHOMWEHIIS
(cos a —sin a) <cos B —sin ﬂ) _ <cos (a+pB) —sin(a+ ﬁ))

sin a cosa/ \sinp cos B sin (a + B) cos (a + B)
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M naoGopoT, M3 COOTHOLIEHHS (5) caeayor (3) u
(4); rtakuM o06pasoM, OO 3SKBHBAJEHTHO 3THM paBeit-
crBaM. FEcau Mbl OTOXKAECTBUM IJIOCKOCTb KOMIJIEKCHOTO
mepeMeHHOro ¢ IJIOCKOCTBIO (I1,0), oTOXKaECTB/IAA
(E+in) ¢ (Ea+nb), TO MOJYUHM, UTO E(0) ectb He
yTo MHOe, Kak Touka f(a), rie [— Bpallenne Ha yroJ ]
BOKpYr Toukn 0; cjaeoBaresblo, E ecTb B3aHMHO O/[HO-
anauioe OTOGpakeHHe MHOXKeCTBa S# YIJIOB Ha MHOe-
ctBo T KOMIJIEKCHBIX uyucea moayas 1. K3 cooTHOLIEHHS
(5) caeayer, uto E, moMuMo TOro, €crtb uzoMophu3M
B anreGpauyeckoM CMbIC/ie 3TOTO CJ0Ba, 0TO6p axKalouuil
rpynny S Ha MyJbTHIUIHKATHBHYIO TPyIIy T.

dtor u30MOp(H3M COBEpPLIEHHO 3aMeuaTeseH, Tak
KaK C ero MOMOLLbI0 MOMKHO 3alaTh Ha S¢ TOIOJOTHIO,
HCXOLSi M3 TOMOJOTHH, HHAynHpoBanHOi Ha T TOmoJoO-
rueii mockocTH. Takasi TOMOJIOTHS HE 3aBHCHT OT Bbl-
Gopa penepa (a, b), MOTOMY UTO JBUIKEHHE, TMO3BOIO-
lee MCPEXOAHTb OT OJHOTO pemepa K Apyromy, coxpa-
HSIeT PACCTOSHUSA M, CJIEJOBATENbHO, HEMPEPLIBHO, TAK KE
KaK 0 o6paTHOe eMy JABIHKEHHE.

BbiBO A

SJeMeHTapHas TPHUTOHOMETpHS MOXKeT Terepb CTpo-
HTbCST OUeHb TPOCTO.

M3 cooTHomenusi (5) BbiBoAATcs (GOpMyJsbl yMHOXKe-
HHA YIVIOB C MOMOIbIO PABEHCTBA

E (na) = (E (a))"

saTeM jpaercsi ompefesenne tgo u u3 (3), (4), (5) mo-
Jyuaiorcss GOPMYJIbl CIOKEHHs H YMHOXKEHHs YIrJoB A4
5TOH (PYHKLHH; 3aTeM AO0Ka3blBaeTcs, UTO «yrol» Mexay
ABYMs NpAMbIMH XapaKTepH3yeTcs ero TaHreHCOM.

CooTHOLIeHHEe, HMelolllee MeCTO BO BCAKOM TpeyroJib-
HHKE:

o = + v — 28y cos A,

yKe H3BeCTHO (CM. Npej/oKeHHe 39.2).
Haxonew, npuHHMasi BO BHHMaHHe TOT (aKT, YTO CH-
Hychl 1BYX YraoB (OTJHYHBIX OT 0 u w) OJHHAKOBOil



160 Ta. VI Tpuecoroserpua

OpHEHTAUMH HMEIOT OAHHAKOBLII 3HAK, YCraHaBAHBAIOTCY
COOTHOILIEHHS
a B __ v

sin A sin B sin €

§ 2. MEPA YIJIOB

75. B nouckax onpepnejenus

Bbigenun cnauasna cyiiecTBeHHble OCOGEHIIOCTH Mep
TaKHX BEJHYHH, Kak IJIOLAaAH, 06heMbl, MacChl.

[lycte  E — Hekoropoe MHOXKeCTBO H & — KaKOe-To
MHOXKECTBO ero IOAMHOXKeCTB; OyleM Inpeanosararh,
ut0 & YCTOHYHBO OTHOCHTENLHO OOGBENHHEHHS! KOHCU-
HOro 4mcjaa 3/7eMeHToB, T. e. ecau X, Xoe &, 10
H X]UX2 =é.

Mepoit na muoxecrse & wHaspiBaeTcsi OTOOpaKe-
e X -—m(X) wHomectBa & B R, Takoe, uTO
m(X,UXy) = m (X)) + m(Xs) ans M06bix Henepecekalo-
LHXCSt WL <TIOYTH Hemepecekatowmxcsi» Xy, Xo; cMblcid
9TOTO  «IOYTH» B KaXJOM KOHKPETHOM cJyuae Jerko
YTOUHHTD.

Hanpuwmep, ecin E — naockoers IT 1 & — MHOKECTBO
00beAHHEHNII KOHEUHOTO YHCJAAa 3aMKHYTBIX TPeyroJbhi-
KOB, TO rOBOPAT, uTO X, X, «MOUTH He MepecekainTcsy,
ecan X (1Xy ectb oOnmennnenue KOHEYHOTO uHC/A TOUCK
Il OTPE3KOB MPAMBIX; TOrAa NJIOU(aAb ABJSETCS Mepo
Ha & B BBHILLIEYKa3aHIOM CMbicJe.

B 970it ofueit cxeme MHOKeCTBO & eCTh, CJAELOBa-
TeIbHO, MHOAKECTBO MOAMHOMKCCTB MHOKecTBa E, ycroii-
YHBO€ OTHOCHTENIbHO OO0TLEeJIHHeHHsT KOHEUHOTO YHCAA
4JIEHOB, & M1 — lieKoTopas (QyHKIHA.

Kamxnoit rpynme & yrioB, OTOMKAECTBJAEHHON ¢
OKPYZAKHOCTBIO 7 1IIOCKOCTH C KOMILIEKCHLIX UHCeJ, OKa-
3bIBaeTcA BO3MOXKIIBIM 3 PeKTHBIBIM 006pasoM nocra-
BHTL B COOTBETCTBHE TNPHBHJIEIHPOBAHHYIO Mepy TaKOro
pora c ofuweil maccoii 1, HHBapHAHTHYIO OTHOCHTEJbIIO
FPYNNoOBOil Onepauun 3TO TPYNMbl, ce Ha3bBAIOT M e-
poit Xaapa ua rpynne. Jta Mepa HMeeT HEKOTOPOC
OTHOLIEHHE K TOMY, YTO Mbl Ha3biBaeM «Mepoil yIJOoB:»,
H HIMEHHO B CBAI3I ¢ 3THM BO3HHKAeT NMyTaHHIA, napauias
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3auacTylo B NpPENOJaBaHHH BCIOAY, Tlie P€Ub 3aXOAUT o6
H3MepEeHHH YIVIOB.

Ho To, uTO Mbl HlifeM, He ecTb (DYHKUHsS MHOXECTBa,
Tak KaK HeJb3si TPAKTOBaTb CYMMY JIByX YIJIOB Kak
oO0befiHeHHe ABYX MHoxecTB. Heab3s Takxke onpejne-
JHTb HCKOMYIO Mepy Kak HpeicTaBlieHHe TCpynnbl &
YIJIOB B afAMTHBHOI rpynne moss R, T. €. Kak YHCJOBYIO
GhyHKUHIO f, TaKkylo, 4TO

f(a+p)=F(a)+[(B)
MOTOMY YTO TOTAA JAJsi HPSAMOrO yria d Mbl HOJYWiiH- 6ol

4f (d) =T (4d)=[(0) =0,

otkyzaa f(d) = 0, uto HenpuemaeMo.

Mbl BBIHY2IeHbBI JIefiCTBOBaTb B 0OpaTHOM nNoOpsijKe
W IPHHATL 3a «Mepy YIVIOB» NpejcTaBJjenne rpymmbl R
B rpynue .. Jaa toro yro6bl NOAYEPKHYTb HHTYHTHB-
HYIO M0, JIe/KAllyl0 B OCHOBE 3TOO ONpejescHUst, Ml
MCIIOJb3yeM KOHKpeTHylo Mojedb rpynnbl . Paccmor-
puM OKpyxKHocTh C, ¢ uedtpom B Touke O M panuy-
COM 7, NyCTb o — HEKOTOpas HNPOH3BOJIbHAST TOUKA
okpy:xkHoctu C,, nas qo6oro yrjia o o0o3nauuMm ue-
pes ¢(xz) Touky okpyxuoctH C,, i KOTOpoii

o0p(a) = . B3anMHO o0fHO3HAUHOE OTOOpaxkeHHe
o — ¢ (o) MHOKecTBa ¢ Ha C, 3anaeT Ha 3TOH OKPYK-
HOCTH CTPYKTYPY TPymibl, H3oMopuyiO £, ¢ cOOTBET-
CTBYIOLIHM H30MOP(H3MOM ¢, HEHTPAJbHBIM 3/1E€MEHTOM
3TOH rpynnbl Oyler o.

Mepoit yrioB Oyaer He 4TO HHOe, KaK IIPeACTaBJeH-
Hag B MaTeMmaTuueckod ¢opMe omepauus HaMaTbiBaHHA
HuTH (npeicrasasionieii R) va C, Takum 00pasoM, uto
HauajJo HUTH R oToGpakaeTcs Ha Hayajlo ® OKpyXK-
noctu C,.

Bunno sapanee, uyrto 3Ta onepauus OyjeT HeoxHo-
3HAYHOH, MOCKOJIbKY, C OJHOH CTOPOHBI, pajnyc r Mpo-
M3BOJIEH, a C JPYrOii CTOPOHBI, HAMaThiBaeMasi HUTb MO-
yKeT ObITb OPUEHTHPOBAHA JABYMA pasJHYHbBIMH CIIOCO-
6amu (puc. 12).

11 3ax. 323
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76. Onpenenenue U OYEBHAHbIE CJAEACTBUA

OnpeaeneEHHE 76.1. Mepoil yeaa HasbiBaeTcsl BCSIKOE
HelpepblBHOe OTOOpaxkeHHe @ noJsa R Ha alAHTHBHYIO
rpynny &£ yriaos, Takoe, uTo AJf JI0ObIX X, Yy € R

p(x+y) =9 +o). (1
HenpepbiBHOCTB, O KOTOpOIi 3Aech HAET peuyb, COOT-
BeTCTByeT TOIOJIOTHUH rpynnbl .9¢, 3auaBaeMoﬁ HSOMOP'

Puc. 12.

¢busMoM rpynnsl S M MyJAbTHIIMKATHBHOHM rpynnbl T
KOMIJIEKCHBIX 4YHCeJI.

13 cootHomenns (1) caeayer, uTo 3Ta HempephiB-
HOCTb 3KBHBAJ/JIeHTHA CJeAYIOUIEMY YCJOBHIO!

@ (x) crpemutcs Kk 0, ecnu x crpemurcs K 0.

Ias mo6oro ukcaa k= 0 orobpakeHue x — kX ecTb
HenpepbIBHbI H30MOPGH3M aAAHTUBHOM rpynnbl R Ha
ce6s, H, CJAelOBATE/NbHO, OTOOpaxeHHe X — @(kx) Oyzmer
TakxKe HeNpepbiBHBIM MpeACTaBJeHHeM rpynnbel R B &,
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B saemenTaprom Kypce eceomerpuu o Gydem cuu-
Tarb, 4TO CYwjecT8yer TaxKoe npedcTagierue ¢ u 4ro 8ce
Opyeue npedcTasienus cosnadaior ¢ Temu, KoTOpble Mbl
TOAbKO 4TO c8A3aAU C npedcTagireHuem ¢.

DJleMeHTapHOTO JOKasaTeJbcTBa 3TOro (akra He
CYlIeCTBYeT; CJeI0BaTeJbHO, He00X0AHMO, 4yTOOBI Mbl
OTKPBITO CKa3a/Ju 06 3TOM, KaK TOro TpeGyeT UecTHOCTb,
He npiTasich 3TO A0KaszaTb. MoOXKHO 1OKa3aTb IIpaBiolo-
R0GHOCTL 3TOTO (haKTa, MOJb3YsICh MOJIE/bIO THIA «HHTD,
HaKpyuHBaeMas Ha OKPYMHOCTb>.

CeoticTea Taxoii mepol @

Ecin ¢ — HenpepbiBHOe MpeJicTaBJeHHe TPYIIbl R
B &, To ¢! (0) ecTb 3aMKHyTasi NOATpynna Ipynrsl R;
CyllecTByeT Takoii daeMent x # 0, uTo @ (x) = ™, OTKyI4
caenyer, uto @(2x) = 0; 3nauur, ¢~'(0) ornuuHO OT R
u or {0}; at0 Gyner, cJlelOBaTEeIbHO, MHOKECTBO UHCE]
na (neZ), KpaTHbIX HEKOTOpOMY -uHCIy @ > 0, Hasbl-
BaeMOMy MEPHOAOM Mephl ¢.

Ilas Bcex x& R u Bcex ne Z

@ (x + na) =@ (x) + ¢ (na) = ¢ (x).

Vroa ¢(a/2), 6yayus yaBoenusiM, pasen 0; cieno-
paTeqpHo, OH paBeH 0 HIM w; HO TaK Kak al2 He
KpaTHO @, TO ¢(a/2) = .

ClefoBaTeJbHO, YABOeHHBI yroa ¢(a/4) paBeH wm,
orkyzna ¢(a/4)— npsMo# yroJ.

Bribepem B miockoctd II B KauecTBe pernepa HeKo-
TOpbI OPTOHOPMHPOBAHHBIH 6a3uc; TOrAa roBopaT, 4TO @
TI0JIOKUTEIbHO, ecH ¢ (a/4) ecTb TMOJOMKHTEJbHBIH Npf-
MOIl YroJi; eCJH ¢ He TNOJIONKUTENbHO, TO —@ IMOJONKH~
TeJbHO.

Ilns mo6oro uncaa b >0 cyuiecTByeT eiHMHCTBEHHAA
nonoXkuTeAbHas Mepa P ¢ mepuogom b. Ecam ¢ —mpo-
H3BOJbHAS I[IOJICXKHTeJbHAsA Mepa C TEpHOJIOM &, TO
Mepoil \p CAyKHT 0TOOpaxkeHne

cma(2).

B 3aBHCHMOCTH OT Toro, pasio au a 400, 360 uin
2n (nanHHa OKpYKHOCTH paanyca 1), TroBOpAT, 4TO

n*
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CAMHHULEH Mepbl ¢ fBAseTcA rpaa’™), rpaayc uau pa-
JiaH.

Ias ai06oro yraa op yYpaBHeHHe @(X)= oo HMeeT
xoTsi Gbl OAHO pelieHHe, NOTOMY u4To @(R)= $£; eciu
Xy—3TO pellleHHe, TO JaHHOE YypaBHEHHE MOXKeT ObITb
3anucaHo B Buae ¢(x — xo) =0; cjenoBare/bHO, €r0 pe-
HIeHHAMH OydyT uucaa X = xo + na (rae ne< Z). Kax-
Ooe W3 HHX HasblBaeTcsi 3Ha4YeHHEM Mepbhl yrJa
o, TO M3 3THX 4HCeJ, KOTOpoe MPHHAAJeXKHT OTPE3KY
[0, o[, mHOrDa Ha3biBaeTcA rJAaBHBIM 3HauYeHUEM
Mepbl VIiaa o.

~ Besikoe paBeHCTBO o = Giz MOKET Ternepb OblTb Mpel-
CTaBJIEHO B CJIelyIOlIeM BHJE:

(X1 — Xx2) ecTb 4YHCJO, KpaTHoe @, riae X; — MpOH3-

BOJIbHOE 3HaueHHe Mepnl yria a; (i =1, 2).

Mpuaoxenne. Ilyctb ap= % u pe Z, pasen-
CTBO po = op B S IKBHBAJIEHTHO PABEHCTBY pX=Xo+na,
riae X, Xo-— [POU3BOJIbHBIE 3HAYEHHA Mepbl YIJIOB o, Co.
CaengoBaTeEHO,

_ Xo na)__ (x(,)_J_ (na)
a=@|l—+—]=@|— —1.
q)( p + p 1) D

CyllecTByeT p pa3JHUHBIX pelleHHl, MNOJydaeMblX

npun=0,1, ..., (p—1).

77. CxemMa J0Ka3aTteabCTBa CyLIECTBOGAHHUS
HenpepbIBHOr0 mpeAcTaBieHHs rpynnel R B rpynne T

CylecTBYIOT pa3/HyHbIE J0KA3aTeNbCTBA CyLIECTBOBAHHsS Hempe-
PLIBHOTO NPeACTAaBJeHus rpynnsi R B MyabTHnIukathsHo# rpymne T
KOMIlJIeKCHBIX YHCes1 MOAyJA 1; BOT OIHO H3 HHX:

©o

N 2"
Jlast 11060r0 KOMIJIEKCHOTO 2 Psilt )‘ 7 cxoautes a6CoIOTHO;

0
nyeth f(z) — cro cymma; 310 HempepbiBHas (QyHKUHs OT 2 (CXOMH-
MOCTb «HOpMaJbHa» Ha BCeM Kpyre M, clel0BaTe/bHO, PaBHOMEpHaA).
MoxHo npoBeputh (npoussejeHHe abCOMOTHO CXOASIUXCS Psi-

no8!) TOXKAECTBO
fu+o)=F(u)](v)

*) [IpumensieMasn HHOrAa eJHHHIA H3IMEPEHHs YIJIOB — cOTast
YacTb NPAMOTO yrJa.
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Tak xKak ;
[(2)=[(2) (rre x+iy=x—iy), ‘
TO, B UaCTHOCTH, TIOJyyaeM AJs BceX y & R Co

) T =1 ) ] (= i) =F(0) =1, oreyna | f(iy) | =1.

Otobpaxenne ¢, onpenensiemoe Kak y—>f(iy), Oyner, cnenopa-
TeJbHO, HEMpEPHIBHBIM NpeACTaBaeHueM rpynnnt R B T.
ILis Toro utobbl JOKa3aTh, YTo @(R) = T, nonoxum

@ (y)=c(y) +is(y) (c(y) u s(y)— ReficTBATEALHBIE YHCAA).
dynkuan ¢ 1§ Anddepenunpyemnl (1nppepeHUHpoBaHHe psAaoOB) H

’=—s u §=c¢
W3 srtux cootnowenuil W u3 paseHctBa ¢(0) = 1 snemeintapuo
BBLIBOLIITCS, UTO CYIIECTBYeT Takoe uncao [ >0, aasi Kotoporo

c()=0 u ¢, s=>0 na [0,/].

Orciona cieayet, uto s(I) =1, a rtakxke uto @(/) =i u uto
([0, 1]) eCTb MHOKECTBO 3JeMeHTOB Ipymmsl T, AeHcTBUTebHAS H
MHHMAast 4aCTb KOTOPbIX IIOJOKHTEJbHA; OTCIOAa Cpa3y IOJy4aeM, 4To
«¢([0,41]) = T u uto 4/ — nepuon Mepsi . e

Huuny ayra ¢([0,/]) rpynnst T BLIYMCHHTD JIeTKO: HEHCTBHTE/b-
HO, TaK KakK .
Pt =s24er=1,

To AJHHA 5TOH AyrH paBHa [; OHA MMeeT KjacCHueckoe o6o3HaueHnHe
n/2 (TouHOE BLIUMCJEHHE YHCTA Tt NMPOU3BOMMTCH, HANpuUMep, HCXOAA
u3 QopMyas Melusna *), Henosb3ylolledl pasnokeHHe B pAL (yHK-
i arctg x).

EOuHCTBEHHOCTb. YTBepiKieHHe, uYTO BCE HENpepLIBHEE mnpei-
craaenusi rpynnel R B T MOryT ObiTh NOJyYeHbl H3 KaKOro-TO
OJIHOFO H3 HHX MyTeM KOMIO3HLHH 3TOro MNpeicTaBjieHHst ¢ aBTo-
MOPHH3MOM X —> kX rpynnel R, CBOAUTCA K YTBEPIKIEHHIO, UTO eciH

. - 7
NepHOJ OAHOTO TAKOTO MPENCTaBJeHHs \p paBeH 27T H eC/iu P 9= i

*) Tak HasbiBaercs ciefylomas dopmyna:

1 1 1 I 1 1 1 I 1
wmt6( 1 g g T e )

YR T B

239 3 2398 ' 5 2395 . 77

(ona nosyuaeTcst 3/eMeHTAPHBIMH Hpeo6pa3oBaHHAME H3 pa3noKe-
wnst B pAA Qyukumu arctgx m coortnomenus arctgy + arctgy =

7 X+
=7 ecsn T—%y— = 1); sTa (opMyna OTaHYaeTca 6LCTPOTOH cxo-
JAHMOCTH CTOSIIET0 B MNpaBojl HacTH psaAja, YTO JenaeT ee oOveHb
y1006HOH AJ151 NPUG/IHKEHHOTO BBIYHCIEHHS I .
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TO 3TO €cTb le uTO HHOe, KaK TOJDbKO 3TO H3YyUeHHOE Tpe]cTaBie-
Hie . i
Urobpl B 3TOM yGeauTbesl, MOKaMeM CHayaja, 4To oGpasnl yuces
7
OTpe3Ka [O, 5] npH NpeAcTaBJAeHNsX @ M P COBMAA3IOT; 3TO Cle-
nyeT W3 Toro (hakrta, UTO A5 BCAKOro Lenoro n >0 uMeer MecTo

pPaBeHCTBO
n 7
K (7) =9 (—27),

7T
caeaoBaTe/bHO, ¢ 11 'll) COBMajaloT Ha MHOXKeCTBE yiicesa BIi1a ’%ﬁ—y

KOTOpOe BCIOAY MJOTHO B R; MO3TOMY HeNpepeIBHOCTL IpeicTaBJe-
HHH ( W  BJCUET PABEHCTBO ¢ = .

3ameuanus. 1. B anannse QyHKWIH ¢ U S Ha3bIBAKT KOCH-
HYCOM H CHHYCOM; 3Ta TePMHHOJOIHsS ONpaBjaHa TeM, YTO, HaNpH-
mep, s({) pasHo CHHyCy Yyraa, cBs3aHHoro ¢ ¢@(f). D10 yaobuas
YCAOBHOCTb;, HO CJeAyeT NOMHHTb, YTO MpPH 3TOM Mepa yria mnpej-
nosaraeTcs] NOMOXKHTEIbLHOH M 33 elHHHLY H3MepeHHs MNPHHAT pa-
JAHaH.

2. B oaemeHTapHOM Kypce aHaJH3a [i0Ka3plBaeTCsd, 4TO A/
BCAKON Mepbl YrA0B ¢ oTobGpaxkeHue ¢->sin (¢(¢)) zuddepeiu-
pyemo; HeJaloT 3TO, CKOpee «MOoKa3blBas», UeM NO0Ka3biBas, Crpasen-
JIHBOCTb paBeHCTBa

th_% sin (@ ())/t=1,

rie ¢ — NoJOXKHTeabkasi Mepa yria B pajHaHax.

Buiio 6u UeCTHee TPAMO CKa3aThb, UTO AOMYCKAGTCH CYIUECTBO-
BaHHE HEKOTOPOTO MNPeACTABJCHKA ), YAOBJACTBODPAIOULEIO 3TOMY CO-
OTHOIIeNHIO, BMOCAeACTBHM OyaeT AOKAa3aHO, UTO AJs TaKkoro @ Bbi-
nonusieTca pasaiictBo  dx? + dy? = dI?;, 310 COOTHOWEHHE MOMKET
ObITh MHTEpPNpeTHPOBAall0 Ha HHTYHTHBHOM YpPOBHE (<HAKpyuHBa-
uue» R nva T).

78. Apudmernueckas mepa yraa

Onrepencuue 78.1. [lycts ¢ — HekoTopasi Mepa yraa
B pamuaHax. Iasi nwoGoro yria o apugmerudweckol me-
poi 3T020 yeaa (B paguaHax) HasblBaeTCs MOJOMKHTENb-
Hoe uucao p(a),onpepeasiemoe ycuaoBHem p(a) = inf|x|
(inf Gepercsi nmo BceM X, YIOBJIETBOPAIOLIHM paBeHCTBY
@(x) =a).

QuesunHo, uro p(a)=p(—a), Tak Kak @(—x)=
=—(x).

[Toxakem, uro

pla+p)<<pla)+p@).
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JleficTBHTEIbHO, HaligeTcsi Takoe ¥ & R, 4T0 @(X) =
H |x|=p(x); Haiigerca Takke Takoe ye& R, uTO

e(y)=pu [yl=p(p).

Ho ¢(x + y) = a + B; caenosarennHo,
pla+p)<lx+ylI<|xl+lyl=p(a)+p@).

Orcioga moJyyaem, 4TO eClIH AJs JMoObX a, P& s
NOJIOXKHTD

d(a, B)=p(B—a),

10 d Oymer paccrosiHHeM Ha ¢, HHBapHaHTHBIM OTHO-
CHTEJIbHO I1ePeHOCOB IPyNmbl &¢.

Otclofa e MOJyyaeM paccTosiHMe Ha MHOXKecTBe Ha-
npaBJenuii aydeil, nosaras

d(A, B)= p(AB).

3aMeuaHue Bcakuil yroJs, OTJHYHBIE OT w, Xa-
pakTepuayeTcsi cBoeil apHdMeTHYeCKOH Mepoil H OpHeH-
Tauuell; 370 oObAcHAeT, XOTd W He OMpaBAbIBaeT, TOT
¢akT, 4TO YIVIbI MOKHO HM3y4yaTb, HCXOAs W3 HX apHo-
METHYECKOIl Mepbl U OPHEeHTaLHH.

VYnpaxuenus x raase VII

1. [ycts f — HempepriBHOe oToGpakenue otpeska [a,b] B rpyn-
ny T = R/Z, takoe, uto [(a) =0, u mycTb ( — KaHOHHMUecKoe OTO-
6paxenue rpynnst R Ha T.

[ToxkasaTh, uTO CylIeCTBYeT, M MPHTOM €AHHCTBEHHOE, Hempe-
phiBHOe oTOGpakenue g ortpeska [a,b] B R, Takoe, uro g(a) =0
Hf=geg

2. Tlyctb (o;) — /10602 KOHEUHOe CeMEHCTBO YIJIOB O/INHAKOBOH
opuenranuu. OGo3HauuM depe3 p apuMeTHUECKYIO Mepy YIJIOB; no-
Ka3aTb, 4TO -

SrE) <D= (D)= 2p @)
3. TokasaTh, 4To aaa Jo6oro TpeyroibHHKa (a,b,c) ¢ HECOB-

NajalomMMH BEpPIUMHAMII CyMMa apH@MeTHUeCKMX Mep YIJOB 3TOro
TPCYro/ibHHKA paBHA .
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- OHPYHHOCTb

79. Onpepenenue OKPYKHOCTH; CHMMETPHU
OKPYKHOCTH

Onrenenaenue 79.1. Ilyete a1l u o — HexoTepae:
noJIoKUTeJbHOe uucao. Tpu yactu maockoctu II, ompe-
JefsieMble COOTHOUIEHHSIMU

d(a, x)=p; d(a, x)<p; d(a, x)>p,

Ha3bIBAIOTCS COOTBETCTBEHHO OKPYNMHOCTbIO paduyca p
C UEHTPOM B8 TOUKe Q, BHYTpeHHel 00A0CTbI0 OKPYNCHO-
CTU,  UAL KPY2OM, U BHeuiHel O06AACTbI0 .OKPYNCHOCTIL.

Bynem o0603HaqaTb OKPYKHOCTb H KPYI COOTBETCT-
BenHo uepe3 C(a, p) u D(a,p).

MuoxkectBo D(a,p) Ha3blBaeTcsl TaKxke OTKPbITHIM
Kpyzom pajuyca p ¢ UeHTpoM a, a MHoxkecTBO D (a, p) U
UC(a, p)3amrHyroin Kpyeom pajauyca p C LUEHTPOM a.

OuyeBuIHO, YTO BCAKHIl Jy4 C HayajJoM B a Iepece-
kaer C(a,p) B €IMHCTBEHHOIl TOUKE M UYTO 4 eCThb LEHTP
cummerpuu MHOXkectBa C(a, p).

Meepnoxenaue  79.2. 1. Touxa a— eduHcTeexHbLl
yentp cummerpun mrosxcecrsa C(a, p).

2. Qcamu cummerpuu muoxcecrsa C(a,p) Asaar0TCa
npameie, npoxodaujue wepe3 TOYKY @, U TOAbKO 3TU RPs-
Mole.

JlokasaTennctBo., 1. Ilycts a’ — HEKOTOpPBIH LEHTP
civmerpun mHoxectBa C(a,p), u nycte D —npsamas,
npoxogsiias yepes a u a’. Ilpsimasa D nepecekaer C(a, p)
B JBYX TOYKaX; TOUKH @ U @’ — CcepeiuHbl ITOH mapnl TO-
ysK, cjejoBaTeNbHe, a = a’,
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2. Myctb D — npsiMas, 0poxoasilas 4yepes a, U Nycrs
¢ — oceBast CHMMeTpHA ¢ ocbio D;

(x=Cla, p))=>(d(a, ¢(x))=d(a, x)=p)=>
= (@) = C(a, 0))-

CuaiegoBaTtedbHO,

¢(C(a, p)) =C(a, p),
OTKyla
C ((1, P) = q)2 (C (al’ p)) < CP(C (a1 p) )v

[Tostomy @(C(a, p)) = C(a, p); unaue rosops, D ectsb
och cummerpun MHoxecrBa C(a, p).

B o6patHyio CTOpPOHY: mycTb D —o0Cb CHMMETPHH MHO-
xectea C(a, p), u nycrb D’ — nepnenaukyaap k D, npo-
xomsammi uepes a; D u D’ — 1Be mnepneHAHKYJsipHbIE
OCH CHMMETpDHH; CJeJoBaTe/bHO, HX MepeceyeHHe ecTb
neutp cummerpuu MHoxectBa C(a,p), T. e. a. Muaue
.roBopsi, D NpOXOAHT uepes a.

Caepcreue  79.3. (C(a,p)=C(a,p)) &S (a=a" u
4
p=0p). ,
JlelicTBUTENbHO, TNOCKOJABKY @ U Q' — UEHTpbl CHM-
MCTPHH OJIHOI M TOil e OKPYXHOCTH, TO a = &’; oTCI04a
OYeBHHO CJELYyeT, uto p = o',

CaegctBue 79.4. Mnuooecrso C(a, p). ycrotiuuso or-
HocuteabHo At06020 8paujerus sokpye a. boaee Touno,
oxpyxcrocru C(a,p) u mHoxecrso {a} agaaoTca Tpaek-
Topuamu epynno. R, 8paweruil 80Kpye TOUKL Q.

Caencreue  79.5. Aas scakoii napor C, C' 0KkpysrcHo-
creil npamas, coeQUHAIOWAL ux yentpol (npednoirazae-
Mble PA3AUMHbIMU), SBASETCS OCbIO CUMMETPUL MHO-
aecrs CUC" u CNC'. -

80. OGpa3 OKPYKHOCTH npu npeoGpa3oBaHHu
nogoous

ITeeaaoxenue  80.1. O6pasom okpyscnocru C(a, p)
npu npeobpazosanuu nodobus [ ¢ Kosppuyuentom. k
6yder okpyaxcrocte C(f(a), kp).
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JIOKA3ATEILCTBO. FIMEIOT MecTo clelyloliue O4eBHJI-
Hble HMIIHKALUH:
(x&Cla, p))=>d(a, x)=p)=> ([ (x), [ (a)) = ko)=>
= (f(x) = C(f(a), kp)).
Hnaue rosops,
[(C(a, p)) = C(f(a), ko). (1)

[TpeoGpasoBanue f~', o6paTHoe K npeodpa3oBaHHUIO f,
ectb npeo6pasoBaHue mogobusi ¢ KospguunenroM k7
cJIeJ10BaTeNbHO, aHAJOTHYHBIM 00pa3oM noJyuaeMm

FH(C (), ko)) =C (a, p). 2)

[Tpumenus [ K obenM uacTaAM BKaouenusa (2), no-
JNYUYUM

C (f (a), ko) =[(C(a, p)). @)

CpasHexue BxJiouenuit (1) u (3) aAokaswpiBaer mpej-
JOJKEeHHe.

ITrepnoxenue 80.2. Aan scakoil napor okpyscHocTed
C(a,p), C(a’,p') Haiiderca 8 To4HOCTU 0Ba (pABAU4HLLY
Mexncdy coboil) pacramcenus naockoctu I, nepesodaujux
nepsyto u3 HUX 80 BTOPYIO; KOIPPUUUEHTbL ITUX PACTA-
HeHUl nPOTUBONOAONCHDL.

JIOKA3BATEILCTBO. B LeHTpUPOBAHHOH IJIOCKOCTH
(I1, 0) o6pa3 okpyxuoctH C(a,p) npu npeobpasoBaHHH
x—hx+b (he=R*bs(11,0)) ects no npennoxe-
nuio 80.1 okpyHOCTb paxuyca |A|p C LEHTPOM B TOY-

Ke ha + b.
TaK KaK 3Ta Opr}KHOCTb coBrnagaetr C Opr}KHOCTblO

C(a’,p’), 1O
a’=ha+b; o' =|hlo.

OTH COOTHOLIEeHHS 3KBHBAJIEHTHBI cJenyruuM pa-
BEHCTBAM:

h=—9p—— HJH h=—%; b=a"— ha.
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DTH nocJdeiHHe TOYHO ONpeAeA0T HCKOMblE pacTi-
JKeHHsl; OHH DAa3JHUHbl, MOCKOAbKY HX KOIPDHIHEHTH
IPOTHBOMNOJ/IOXKHBI M0 3HAKY.

Hacruele cayau

1°. p=p’; OIHO H3 JABYX PACTSKEHWil eCTh neperoc
x—x + (¢’ —a), a gpyroe— LEHTpa/IbHAs CHMMeTpHs C
LEHTPOM B cepeluHe maphl (a,a’).

2°. a = a’; pacTsi:KeHHA — JiBeé TOMOTETHH C LeHTpaMH
B TOuKe a = a’. :

3°. Ecau p+p’ u a+ a’, To o6a pacTsKeHHs — ro-
MOTETHH, HX LEHTPHl, OUEBHAHO, JeXaT Ha NPAMOIl
A(a,a’) u pgensit napy (a,a’) B OTHOUIEHHAX o/’ H
—op/p/, TaK 4TO OHH TapMOHHYECKH COMPSMKEHbl OTHOCH-
TeJIbHO 3TOH Maphl TOUEK.

3ameuaHnHe. Bce ToldbKO uTO CKa3aHHoe 0O
OKPY’KHOCTSIX CIpaBeMHBO TaKikKe KaK JJif KpPYros, TaK
¥ AJsi BHELIHHX o6JjiacTell OKPYKHOCTEH.

81. BbinykJaocTh Kpyra

MMeeaaoxenne 81.1. Beakut oTkpoiToiti (Uau 3amKARY-
TOlL) KpYye ecTb 8blnyKA0e MHOINHECTEO.

JIOKA3ATENBCTBO. JleliCTBHTENBHO, AOMYCTHM, 4TO
b, c = D(a, p). o creacrsuio 40.4

(x[b, c])=>(d(a, x) <sup(d(a, b), d(a, 0))),

otkyaa d(a, x) < p.
Jlsi 3aMKHYTOro Kpyra 10Ka3aTe/bCTBO aHa/OrHyHO.

Caenctue. [Tepecedenue 08yx kpyeoe (Ha3visaemoe
Aun3otl) eoinykao. Ilepecewenue Kpyea u NOAYNAO-
ckocTu (Hasvleaemoe ce2meHTOM) BbINYKAO.

82. MepeceueHHe Kpyra ¥ NpsaMoi

Iregnoxenne 82.1. fycre D — nexkoropasa npamad,
C — okpyscrocTs paduyca p ¢ yewTpom a u d— pac-
croanue ot a 6o D; o6ognawum vepes D’ nepnendukyasp
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k npamot D, npoxodawuii wepes a, u 4epes Xo— TOUKY
nepecevernus npamvix D u D’. Tozda

(d>0)=(DNC =0) usnewnan cbracts okpyrcrocte C
codepxcur D;

(d=p)=(DNC={x}) u BHEUIHAS 0GAACTb
‘ okpymcroctu C codepreur D\ {xo};
(d<p)é(D ﬂ C = {xl’ x2}y 208 xl 5& x2) u
{ sryTpennas 06.aacts C codepocut 1x;, xqf;

srewnasn obaacrs C codepucur D\ [x;, x,].

AT0 npensokKeHHe €CThb NPOCTOe CJeACTBHE IpelJio-
*xKenns 40.1.

Caegcreue  82.2. Ecau u u v npunadaexcar coor-
B8ETCTBEHHO BHeultell u BHYTpPeHHel 064aCTAM OKPYNEHO-
cru C, To orpe3ox [u, v] nepecekaer C u npuron 8 edun-
CTBEHHOU TOUKe.

HeiicrBurtenbro, nyctb D —npsimasi, comepxainasi u
H U; O4YeBHAHO, HME€eT MeCTO TpeTHH cJyuall npeablay-
Hlero  [peIJOXKeHHsl; CJAelOBaTeJbHO, U E X, Xof H
ve D \\[x,, xo]; orcioma cpasdy craenyer XoKasblBaemoe
_ CBOICTBO. '

[Mpuaoxenne Ilyctb wy, Uy, ..., up1l, npu-
YeM i, TMPHHAMJIEKHT BHyTpeHHell 006J1aCTH OKPYKHOCTH
C, a u, — BHelllHeil; TOrAa CpeaH OTpe3KoB [u, ;4] Hail-
JETcsA Takoi, KoTophliii nepecekaer C.

JeficTBHTENbHO, NYCTh P — HAHOOJbUIMI M3 HHJEK-
COB [, JJs1 KOTOPBIX 4; NPHHANJNEKHT BHYTPEHHOCTH
OKDYXKHOCTH; JaHO, UTO p =1 H Upy NPHHALIEKHUT
BHelIHeH 06/1acTH OKPYMKHOCTH; CJ1€I0BATENbHO, [Up, tpyi]
nepecekaer C.

83. KacaTteabHas K OKPYXHOCTH

Onrenenenue  83.1.  Kacareabroil K OKPYXKHOCTH
C(a,p) B TOuKe x 3TOHl OKpPYXXHOCTH HasbiBaeTcsl mnpd-
Mmas D, npoxoadiiasi yepe3 X N meprneHAHKy/spHasd nps-
Moit A(a, x).
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V3 npeanoxenns 82.1 caeayer, uro D nepecekaercs
C OKPYXKHOCTbIO B €IHMHCTBEHHOH TOUKE X H YTO MHOXe-
ctBo (D\{x}) JiexkHT BO BHemHeA 06JaCTH OKPYXHOCTH;
3TO 3HAUMT, YTO He CYLIeCTBYeT TOYKH BHYTPH OKpYXKHO-
CTH, uepe3 KOTOPYIO NPOXOJAMT KaKas-HHOyib Kacaresb-
Hasi K 9TOfl OKPYKHOCTH, H YTO eJIHHCTBEHHOH KacaTe/b-
HOil, Mpoxoisllefl uYepe3 TOUKY X OKPYKHOCTH, Oyner
KacaTelbHas K OKPYXHOCTH B 3TOH TOYKe.

MMeoT MecTO cJaepyioipe OUeBHIAHbIE 3KBUBAJIEHT-
HOCTH!

(D — xacaresbiasg k C B X)&(DNC={x})&S
& (npoexnus Toukn a Ha D ects x u d(a, x) = p).

Meepnoxeune 832. ITpu awbom npeobpazosarul
nodobusa f naockocru TI O BCAKOU OKPYHCHOCTU C
uMeeT MecTo IKBUBANCHTHOCTD

(D — kacareasnas k C 6 x)&S
& (f (D) — kacareasnan & [(C) 6 [(x)).

JIOKA3ATE/NLCTBO. JTO CllepyeT, HalpHMep, H3 TOro,
yro 06a cOpMYJUPOBAHHBIX B NPENJIOKEHHH CBOHCTBA
MOTYT OBITb TPeACTABJEHBI COOTBETCTBEHHO B ClEAYIO-
eM BHIE:

(DNC)={xt n F(DINF(C))=T(x}

B yacrHocTH, eclu [— pacTsKeHHe, TO KacaTesbHble.
k okpyxHocTsim C u f(C) B COOTBETCTBYIOLIHX TOYKaX
napajijiejbHbl.

84. MepeceueHue ABYX OKPYIKHOCTEH

Iycts C(a,p) u C(a’,p’)— nBe OKPYXKHOCTH;, €CJH
OHif UMEIOT OOLILYi0 TOYKY X, TO PACCTOSIHHA MexK1y TO4-
KaMH Tpoiiku (a,a’,x) paBHbl coorBeTcTBenHo d(a,a’),
o’ p.

Y naoGopor, ecan HaWAeTCsl Ha IJIOCKOCTH TPeyroJb-
uuk (b, b’,y) co croponamu d(a, a’),p’, p, TO CywecTByeT
ABM:KeHNe [, oToOpaxaiowee (b,b’) Ha (a,a’); Touka,
f(y) npuHagjexuT B 5TOM ciayyae oGedM OKPYKHOCTSM.
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Ilpuvenns olHH H3 KDPHTEpHEB CYLLECTBOBAHHA Tpe-
YrOJIbHHKA Ha ILIOCKOCTH C NaHHBIMH [JIHHAMH CTOPOH
(npeanoxenue 39.5), MOXKHO, c/leioBaTebHO, CHOPMY-
JHPOBaTh CJACAYIOLIee YTBEepIKIeHHe:

Irepnoxenue  84.1. Iycre C, C’ — dse okpyscrocTu
¢ paduycamu p, p’, paccrosHue MeHdy yenTpamu Koro-
poix pasro d. Toeda

(CNC"#0)&S(lp—p I1<d<p+9)).

ITO NpeisokKeHne Jerko 1ONOIHATD CAeAYIOHM:

Ecin d=0, 1O ycioBHe nepeceueHHs 3amumerca B
BHAC p=p', H B 3TOM ciyuae CNC'=C=C".

Ecian d=0 u uMeloT MecTO cTporhe HepaBeHCTBA, TO
CNC'={x\, xo}, Te X U Xy PaA3JIHUHBl H CHMMEeTPHYHBI
OTHOCHTE/IbHO NPAMOM, MpOXOAsilledl Uepe3 LEHTPHI
OKPY2KHOCTEH,

Ecan xots 6bl 0aHO H3 HepaBeHCTB oOparyaercsi B
PaBEHCTBO, TO X;=X; U 06€ OKPY:KHOCTH HMeIOT 06LLyIO
KacaTeJqbHYI0O B 3TOH Touke (B 3TOM CJIyyac roBOpPAT, UTO
OHH KacatwTca)., '

85. YpapHesne OKPYXKHOCTH

Ilyets (), u) — opTOHOPMHpPOBaHHLIT 6a3uc MmJo-
ckocti (II, 0); uepes x;, x; 6yayT 0603HAUATHCA KOOPLH-
HaThl TOYKH X OTHOCHTeJNBbHO 3TOro Gasiuca.

[Mregaoxenue 85.1. (re C(a, p))E((x1 —a))24
+ (x2 — a2)?=p?).

JlOKA3ATENLCTBO.  [leficTBHTENbHO, CBOHCTBO (X &
& C(a, p)) Moker ObITh 3amucano B Bume d2(a, x) =p?
OTKyJla cJefyeT HCKOMasi S5KBHBaJEHTHOCTD.

Coornomenne (x; — @)%+ (xp — a,)2=p? ecTb paBeH-
CTBO BHA:

x%+ x5+ 20x, + 2Bx, + v =0.

Hccienyem, B kakoM ciydyae Takoe ypaBHeHHe GyneT
ypaBHEHHEM OKPYIKHOCTH.



OKpymHoCcTs 17

OHo MozkeT ObITh TPeACTaBIEHO B BHJE .
(¥, + @)+ (2, +BF +y— o —p*=0.

Ecau y > a2 + P2 TO, Tak KaK cyMMa NepBbIX ABYX
ciaraeMbix Bceraa Goabiue 0, peuieHHs He CYIIeCTBYeT.

Ecin y=o2+f% TO eIMHCTBEHHbIM pellenHeM Gyner
touka (—a, —B)-

Ecan y<o?+p2 1o, nonoxus p= (a?+p* —y)", no-
JYYHM, OUEBH/IHO, ypaBHEHHE OKDYMHOCTH ¢ LEHTPOM B
Touke (—o, —f) HU paguycom p.

Okpy:xkHocTb C(a,p) MpoxoauT yepes Touky 0 Toraa
M TOJbKO TOTAA, KOTAa ‘

@+a=p* um y=0.

86. HekoTopbie XapaKTEPHUCTHYECKHE CBOHCTBA
OKPYKHOCTH

[MepeuncainM  HEKOTOPblE  KJIacCHYECKHE CBOICTBA
OKPY’KHOCTH, KOTOPbIE XOPOLIO MPEeIOXKHTb B KauecTse
ynpajkHeHHil, HE NpeyBeJIHIHBasi, ONHAKO, UX 3HAUCHHA.

1. TlycTs a, bIl n Touka 0 — cepenuna napsi (a, b).

Jlasi Bcex x & C (0, p) MMEET MeCTO paBeHCTBO

d?(x, a) +d*(x, b)=20*+2d*(0, a).

O6patHo, A1a J1060ro k> 2d?(0,a) MHOXecTBO
rouek x & II, Takux, uto d2(x,a)+d*(x, b) =k, ectp
OKPYKHOCTb C LEHTPOM B Touke 0.

2. Myctb a, b1, aFb u k — TMOJIOKHUTEIBHOE YHCAO0;
0G03HaunM uepes £ MHOKECTBO TaKHX TOYEK X MJIOCKOCTH
II, anst KOTOPBIX

d(x, a)=kd (x, b).

Haxoxpenne E ¢ nomoupio cnoco6os, HasbiBaeMbiX
3JieMEHTapHBIMH, — JIOBOJILHO TOHKas 3ajaya; 3A€Chb Mbl
cTa/JdKHBaeMcsl ¢ NMPEKPaCHON BO3MOXKHOCTbIO TIPHMEHHTD
TOUHbIE METOAB d  IMPOUJIIOCTPUPOBaTH  MOILUHOCTD
cpencTs anre6psol.

BriGepeMm OpPTOHOpMHPOBaHHbI (a3uc Tak, yTo6bi €ro
nepsast OCb MPOXOAH/A uepe3 TOUKH @, b. lanHoe paBeH-
CTBO 3aliHllieTcs TOTAa B BHAe

& (x, a) — k*d®(x, b)=0
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((x, — @) + x3) — K*((x, — b)* + x3) = 0.

Ecan k=1, to MuHoxectBo E ectb, O4eBHIHO, MEIHAT-
puca napwoi (a,b).

Ecau k=1, To 3To ypaBHeHHe, GUEBHIHO, MOXKHO [e-
penncateb Tak (pasgenus ero Ha (1 —£k?)):

2+ 12+ 2ax; + 205, +y=0.

Tak xak E cojep)XuT gBe pasaHyHble TOUKH /My, Mg
npsamoit A(a, b), To paccyxueHne, aHaJOrHyHOe MpOBe-
JIEHHOMY B JOKas3aTeJbCTBE MpenjoxkeHus 85.1, Mokasml-
Baer, uto E ecTb OKPYXKHOCTb; TaK Kak A(a, b) ects, oue-
BHJIHO, OCb cHMMeTpuH MHoxectBa E, To anmamerp 3Toil
OKPYKHOCTH paBeH (M, fMg); 3aMeTuM, uto (my, my)
HeAuT oTpe3ok (a,b) rapMoOHHYECKH.

O6paTHo, ecin C —NpoH3BOAbHAs  OKPYMKHOCTb,
a, b-— 1Be NpPOH3BOJbHLIE Pa3/iMYHbie TOUKH HEKOTOPOH
ocu cuMmmerpun D okpyxuoctH C, rapMOHHUECKH CONpsi-
yKeHHble OTHOCHTEJNbHO TOYeK m,, mg MHOxkectBa C(1D,
TO MHOXECTBO TOUYeK X, TAKHX, UTO

d(x, a)=hd(x, b), the k=Gmil— CimniL,

- oueBHHO, coBnajaer ¢ C.

Mo:KHO, HaJjiee, PACCMOTPETb MHOXKECTBO OKPYKHO-
cTeli, MOJy4YalOHMXCsi [PH PasjHUYHBIX 3HAYEHHAX R H
¢duKkcupoBaHHbIX @, b (370 Gymer MyuyoK OKPYKHOCTEil);
HCCaeOBaTh MYYOK, CONPSKEHHBIA 3TOMY MYUKY *), HT. 1.

3. Ilpu HcclieloBaHHM MHOXKECTBA TOUEK, H3 KOTOPbIX
HEKOTOpbIil OTPE30K BHJEH MO 3aJaHHBIM YIJOM, OOBIU-
HO pa3aHyaioTcs YrJbl, 06pasoBanHble NPSIMbIMH, H YIJIbI,
o6pasoBaHHble JyuaMu. Mbi ceityac yBHAMM, YTO TIpH
cOOTBeTCTBYIOMell (GOPMYJIHPOBKEe MOXKHO 0OOMTHCH 063
YIJIOB MeXIAY NpPSMBIMH H OY€Hb MPOCTO PELIHTb 3TY
3ajzauy.

*) OTHOCHTETHHO YIOMHHAEMbIX 3leCh ROHATHII TeOMETPHI OKPY K-
HOCTeH CM., Hanpumep: «DHUIKIOAERNS SAEMEHTApHOA TeOMETPHU>,
k. 1V (reomerpns), M., ®dusmarrus, 1963, cratpa «OKpymHOCTH».
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JlemMma 86.1. IMycte (x,0,y)— TpolKka nonapro pas-
AUHHBLX TodeK, 00pasyrouias pasrobedperHblLil Tpeyaoro-
nuic: d (0, x) = d (0, y). Toeda umeer MecTO paABEHLTEO

P P N .
x0y + 20yx = x0y + 2yx0 = w.
JLOKA3ATENBCTBO.  [LefCTBHTENBHO (cnenctre 59.2),
HMeeT MeCTO paBeHCTBO
P AN AN AN S
0y +0yx+yx0=w n Oyx= yx0.

peanoKeHHE  86.2. [aa ecaxkoi Tpoliku (a, x, b)
HeKkoAAUReApHbLX TOYek naockocTu II umeer mecro pa-
8eHCT80

P N .
2axb = a0b, 20e 0 — yeHnTp OKPYICHOCTU, npoxodauet
wepe3 TOuKU @, b, X.

JLOKA3ATEBCTBO. NeficTBUTENbHO, IO JIEMME 86.1
A8 paBHOGEAPEeHHbIX TPeYroJbHHKOB (x,0,a) u (b,0,x)
HMEIOT MeCTO paBeHcTBa

AN P s A
x0a+2ax0=w u b0x+20xb=w.
CJI0:KHB 3TH paBeHCTBA, MOJYUHM
AN S ) N
b0a + 2axb =0, wuan 2axb=a0b.
Caencrsue 86.3. [Tycto a, b — pasauumvle TO4KU nAOC-
coctu I1 u o 0—mneKkoTOpbll Yeor; pACCMOTPUM
okpyxcrocts C, npoxodawyio uepes a u b, yewrp Koro-
poti onpedeasercs us ycaosus
AN
2ba0 = (w — a).
Tozda 045 8cex X a, b umeer MecTo IKBUBANEHT-
HOCTb
P
(x=-C)&(2axb = a).
JIOKA3ATEJLCTBO. JeficTBUTeNbHO, AJfl J1060H TOY-
AN
xu 0 mMeauatpucel napel (a,b) paBeHcTBO 2ba0 = (w — a)
N
5KBHBaJeHTHO paBeHcTBY alb=o0; c Ipyroil CTOPOHD,
ecu a, X, b mpuHapiIexar OJHOIT MpAMOIl, TO
AN
2axb =0 a.

12 3ak. 323
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[Tycts Tenepp x <11, npuuem x%a u x =+ b.
Ecmn x & C, 1o n3 npeanoxenus 86.2 cieayer, uro
N

P N
2axb = a0b=a; u HaoGopor, ecin 2axb=a, TO TOUKH
a, x, b me npuHaiatexkatr oot mupsmoil. Ecam 0 —
LHEeHTP OKPYMKHOCTH, NPOXOAALLell yepe3 3TH TOUKH, TO

N
H3 TOTO Ke MpeiJoKeHHsl ciaenyet, uto a0’h=a H, cae-
poBateabHo, 0 =0 u x= C.

3ameuanne. Ilycrb By, Bo— aBa peuenus ypas-
Heduss 2f8; = o. Torma B;#0, BiFw (i=1, 2) u
- B1 — B2 = w; caenoBaresbHO, OAHH U3 3THX YIJOB HMeet
NOJIONHTENbHYIO OPHEHTAUHI0, a ApPYyroil — OTpHUATEe ] b-
HYIO.

Onnako B 3aBUCHMOCTH OT TOrO, B KaKOil H3 OTKpbI-
THIX noJaymjaockocred II;, I, onpeaesieMblx npAMom

A(a,b), Haxomutcsi Touka X, yron axb OygeT HMeTh
MOJIOKHTENBHYIO HJIH OTPHUATE/LHYIO OPHEHTaUMIO (cBe-
CTH K PacCMOTPEHHIO yrsia xba, NoJb3ysich Npeanoxe-
HueMm 69.1).
. AN
CaenosatensHo, Ha ogHoit u3 ayr CNII; yron axb
paBeH By, a Ha apyroit — B,. OTciofa caexgyer, uto ans
JM060ro yraa B MHOMKECTBO TOYeK X mJaockoctu II, Ta-
KHX, UTO

AN
axb =8,

ecTb JIyra OKPYHHOCTH C KOHUAMH a u b.

87. CTeneHb TOYKH GTHOCHTEJBHO OKPY2>XKHOCTH

Onpenenenne 87.1 Crenenvio touru x naockocti Il orwo-
cureabno okpyxcrnoctu C(a,p) uaspiBaeTcs YHCI0
P (x)=d?(a, x)—p%

Qyuruus x> P(x) nasbiBaerca crenensio otnocuteavto C(a, p).
OueBHAHO, B 3aBUCHMOCTH OT TOrO, JEKHT TOYKA X BHYTPH
OKPYXKHOCTH, BHE Hee WJH NPHHAAJMEKHT efl, HMeeT MECTO ONHO M3
COOTHOIIEHUH
P(x)<0; P(x)>0; P(x)=0.

B npounssonbHoM opToHopMHpoBaHHOM 6asice Moayyaem
P(x)=(x;—a;)? + (x; — a;)> — p%
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MpegnoxeHnne 87.2. IlycTe P — cTenens OTHOCUTEAbHO HE-
koTopoii okpyxcrocTu C; paccmorpum TOUKY X =1l

1. lag aoboix OuAMETPAAbHO NPOTUBONOAONHELX TOUEK r.q
okpyscrocty C umeer mMecTo pasencrso

- -> >
P(x)=xp-xq.

9. Jlaa atobblx pasauirbly TO4eK p, p’ oxpyxcnoctu C, aexa-
wux na o0noll npamoi ¢ TOUKOU X, UMeeT MeCcTO pasencTso

- > _—
P(x)=xp-xp’ =xp-xp.

3. Ecau TOuka X NPUHAOAEHUT KACATEAbHOL K OKPYICHOCTU Cc
8 TO4Ke p, TO

P (x) = (xp)* = & (x, p).

NokaszarteabctTso. Ilyctb @ — IENTP OKPYKHOCTH Cup—
ee pannyc.

> > > > > > > >
1.xp-xq=(xa—l—ap)-(xa—ap)=m2—ap2=d"’(a,x)—p’=
=P (x),

2. nyCTb g — TOUKa, C{/I_M)Me’l'pl/l'-lﬂaﬂ TOYKe p OTHOCHTE/]IbHO
—>

nenTpa a; HW3BEeCTHO, UTO p’(] H XxXp rnepnesdauKyJasipHbI; cnenoBsa-
T€JbHO,

> > > > - >
xp-xp =xp-(xq +qp’)=xp-xq=P (x).
3. M3 npsMOYro/ibHOTO TpeyroJbHHKa (x,a, p) mnomyuaem
d?(x, p) = d? (a, x) — p* =P (x).

PagukaabHasg O0Cb H MYyYKH OKpYy)KHOCTEH

[tyerb C u C’— ABe HeCOBnajawollie okpyxuoct, P u P'—
CTeren OTHOCHTENBHO STHX OKPYMKHOCTEH, k —— TIpOH3BOJIBHOE UICJO.

IposiesiaB HecJI0XKHbIE BEIKNAAKH, MOXKHO HafiTH (B MOIXOAALIEM
OpTOHOPMHPOBAHHOM 6asnce) ypaBHeHHe, 3ajaloliee MHOXECTBO TO-
weK x, Taknx, uro P(x) = kP’(x), u_cpaBHWTb TNOJIyUeHHbI PesyJib-
TaT ¢ pe3ynbTaToM AiId OKpYKHOCTel, 3a/1aBaeMbIX ypaBHEHHEM

d(x, a)= /z[_l (x, b).

YnpaxHeHHs K rnase VIII

1. Tlycrb X — BHEuIHAs 067acTh nexotopoil okpy:xHnoctH. Iloka-
3aTh, 1To X CBSI3HO, B TOM CMbIC/, YTO JBE MPOH3BOJLHLIE TOUKH
vnoxectBa X MOTYT ObITh COeAHHEHb JOMaHOM, BCe 3BEHbA KOTO-
poit npunaanexar X.

2. TMoka3aTh, UTO BCAKMH 3aMKHYTHIi (COOTBETCTBEHHO OTKDbHI-
Twil) KPYT ecTb repecedenne CeMeficTBa 3aMKHYTHIX (cooTBETCTBEH-
HO OTKPHITLIX) MOJYIIOCKOCTEH. BbiBeCTH OTCIOfa, YTO TaKoil Kpyr
€CTb BLINTYKJIO0€ MHOMKeCTBO. .

12*
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3. Ilycto D — samxuyToii Kpyr B miockoctu II. ITokasarts, uTo
At oGoi toukn x & [T Haligercst enuHCTBeHHAs Touka y & D, st
KOTOpOil pacctosinde d(X,y) MHUHHMajbHO; 3Ty TOUKY p(x) Hasbi-
BAIOT npoekyuell Touku x Ha Kpye D.

[oxazars, uto Takas nmpoexkuus p ua D ymenpuiaeT paccTOAHHS
(1. e uto d(p(u), p(v)) < d(u,v)).

4. Mlyctn X — npon3BoJibHOe  MOAMHOMECTBO  miockoeru 11,
r > 0 — HekoTopoe uHCIO # § — HanpasJeHne NpsMoil.

KakoBo MHOXKECTBO TOUEK KA4CAHHA KacaTedbHbIX K OKDYMKHO-
craM C(x,r), rae x € X, HMeOWUX HanpaBJeHHe §?

5. Tlyctb X — npouspo.ibHOE MOAMHOMKECTBO MiocKocTH 11, Touka
0= 1l n §— uanpassnenne npsmoli. PaccMoTpuM MHOXKecTEO Y TO-
UeK Kacaiiusi NPAMbIX HampaBieHdss 0 M NMPOXOAALIHX uepe3 Touky 0
OKPYXKHOCTeH, DCHTPBI KOTOPLIX MNpHHaidexar X; Kak Hafitu Y,
3nas X?

6. Ilycts A, B —nse mpampie u u=A, veB (uztv). i
MoGOH TOYKN X, OTVMHHOH OT i H v, 0603HAauUMM uepes o (X) (co-
OTBETCTBEHHO (X)) OKPYMKHOCTb HH [DSMYIO, NPOXOAALIYIO dUC-
pes x 1 Kacaomylocs npamol A B TOuke & (COOTBETCTBEHHO Npi-
MOH B B Touke v). KakKoBO MHOMKECTBO TOUeK X, TaKHMX, 4TO o (x)
1 f(x) xacatorcs? .

7. Tlyetp  f — coBeTBenHoe npeoBpasosatiie 10106HA  MIIOCKO-
ctu T u as 1l

Kakoeo MHoxecTBO Touex X, Taklx, 4TO X %= f(X), H TakHx, 4TO
as A(x,f(x))? . ’

8. Tlycts C, C’ — jiBe OKPYIKHOCTH pasHUHOTO pajHyca.

HaiiTu MHOXKecTBO cOGCTBEHHEIX TpeodpasoBaHHii nono6us, mne-
pesonsiiuux C B C’. Ta e 3agaua Aas 3epKajIbHbIX npeo6pasoBa-
HHA TO0A06HA; NOKa3aTh, YTO OCH 3THX NpPeo6Na3oBaHuil nono6us
MPOXOAAT Uepes O/ily HEeMOABHKEYI TOUKY.

9. Ilyctb D — rexkoTopas npsimast, C — OKPYIKHOCT H £ — 3a-
JlaHHOe YHCII0.

Has moGoit Toukin X 0603uauHM Yepes P(x) cremnenp ToukH X
OTHOCHTE/IBHO OKPY:KHOCTH C H uepe3 d(X) — pacCTOsiHHE OT TOUKH X
Ao npsmoit D.

KakoBo Mioxectso Touek X, mia KoTophix P(x) = kd(x)?

10. Tlyers (C;); < ; — HeKoTOpOe Koeuioe cemeficTBO OKDYIKHO-
crell u(A;); <, — cemelictso uncen. Ins mioGoro i e [ o6o3nauum

yepes P; crenenb ornocuteapho C;.
KakoBO MHOXKECTBO TOYeK ¥, A5 KOTOPHIX
D AP (x)=C (C —sanannas Koncranra)?

B uwacTHocTH, KaKOBO 3TO MHOKecTBO, ecau Th; = 0?
B kakom cnyuae ¢ymkuus EM;P; Gyner nocrosHHOl Ha mioc-
koctu II?
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FIPOCTPAHCTBO

§ 1. AKCHOMBI

88. BniGop mMeTona

Mbl yxKe NOAYEPKHBAJM BO BBEJEHHH, UTO AJIA Ha-
YaJbHOTO JAEAYKTHBHOIO Kypca TeOMETPHH IIJIOCKOCTH
HeoOXOAMMAa AaKCHOMAaTHKa, COCTOSLLAas H3 HHTYUTHBHO
SACHBIX aKCHOM, B KOTOPO# COBEpLIEHHO OTYETJINBO BHAHA
CBSI3b ME;KAy MHPOM, BOCHPHHHMaeMbiM HaUIHMH oOpra-
HaMH UyBCTB, H MHPOM MaTeMaTHKH.

Korga iKe YYeHHK YCBOHJ TaKyl0 aKCHOMAarHKy H
HayuuJcs MOJb30BATbCS BEKTOPAMH H CKaJspHBIM NpO-
u3BejeHHeM, TO faJjiee y:xKe HeT HeOOXOAHMOCTH CHOBa
NpoAeJbiBaTh Ty JKe CaMmyio paboTy NMpH H3yueHuWH cre-
peoMeTpuH, OCOGEHHO ec/iu B peayabTare OOpallenusi K
NoAXOAsLIeMYy MaTepHaly Y Yyvaulerocsi BO3HHKJ/IO HH-
TYHTHBHOE TMpeJCTaBJjeHHe O TeOMeTpPHH MPOCTPaHCTBA
M B YAacTHOCTH, O AEKapTOBOH CHCTeMe KOODJIHHAT B Npo-
CTpaHCTBe, MPAMOYTOJIbHOI HIIH HET.

OnaHako Mbl YBHAHM, YTO MOXKHO c(OpPMYJIHPOBATH
aKCHOMATHKY NpPOCTPaHCTBA, SABJSIOLLYIOCS paclidpenueM
AKCHOMATHKHM TMJOCKOCTH H TO3BOJAIOLLYI0 OueHb Obi-
cTpo, 6Jarogaps MpejllecTBYIOLIeMY H3YUeHHIO MJaHH-
MeTpHH, AaTh ONpeleseHue CTPYKTYpPbl BEKTOPHOTO Mpo-
CTPAaHCTBA C 3aJaHHBIM B HeM CKa/lfpHbIM IpOH3BeNe-
HHEM.

Mpbl moJaraeM, TakuM 00pa3oM, »KeJaTeJbHbIM OT-
HecTH CHCTeMaTHUYeCKOe H3ydyeHHe IIOHATHsS BEKTOPHOTO
NMpoCTpaHCTBa, CHAGKEHHOTO CKa/ApHBIM  TPOH3Bele-
HHeM, Ha MOCJAEeIHHUI Kjacc cpefHeil UIKOJBI (MOAPOCTKH
17—18 ner). Takoe usyuyenue, npoBeleHHOe B pPaMKax
NPOCTPAHCTB POU3BOJILHON KOHEYHOH PasMepHOCTH, OKa-
JKeTCs BecbMa IJIOAOTBOPHBIM, €CJIH eMY NPEeIeCTBOBANO
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AaKCHOMATHYeCKOe H3yueHHe I[LTaHUMEeTPHH H  CTepeo-
MeTpPHH.

[l Toro 4toObl MOMYYITH AKCHOMATHKY MpPOCTpaH-
CTBAa H3 AKCHOMATHKH IIOCKOCTH, HYXXHO [HO0aBHTb K
nocnejHeil BecbMa HEMHOTOE:

a) Yepes moOble TPH TOYKH NPOCTPAHCTBA MPOXO-
AUT N0 KpaHHeil Mepe oJHa MJAOCKOCTB;

b) BcsAxas njaockocTb, cofeprkaiiasi IBe pasJHuHbie
TOYKH HEeKOTOpOIil MPAMOIl, COAEPIKUT BCIO 5TY NpSMYIO,

c) Has moboit miaockocti P cyliecTByeT pa3GHeHue
MHOKecTBa-I0NOJHeHUs1 K P Ha ABe HenycTble yactu E|,
Ej, Takue, uTO BCSKHII OTPEe30K, KOHLI KOTOPOTO MpH-
Haajexar cootBercTBedHo E; n E,, nepecekaer P.

Onnako 3tH OPMYJMHPOBKH MO-HACTOSIIEMY CTaHyT
SICHBl TOJIBKO TMOCJe NPHCOeAHHEHUS K HHM MHOXKecTBa
oCTaJbHBIX aKcuoMm. Kpome Toro, mocse takoro mpucoe-
AMHEHHs Mbl MOJIYYHM TOUHYIO aKCHOMATHKY 3JeMeHTap-
HOIl cTepeoMeTpHH.

89. AKCHOMBI TpPeXMepHOro IPOCTPAHCTBA

\
IT pPOCTPaHCTBOM Mbl Ha3blBA€M HEKOTOpPOE€ MHO-

»xecTBO £, na KOTOpOM 3ajaHa onpefeseHHast CTPYKTypa
nyreM Bbideselns MHoxecTBa 2 mnoamHoxkectB E, Ha-
3bIBAEMBIX TP MBI MH, H MHOXKecTBa P NOAMHOKECTB
E, naspiBaeMbiX NJOCKOCTSIMH; ITH [psMble u
IVIOCKOCTH B CBOIO OuYepeldb CHabGXKeHbl CTPYKTypaM,
Kax<Jas U3 KOTODBLIX TOYHO OMHCHIBAETCS COBOKYIHOCTHIO
aKCHOM; CBAI3b ME:KAY 3THMH CTPYKTyPaMH Onpefesiercst
JAPYrofi COBOKYMHOCTBIO aKCHOM.

Byjaem npeanonarath, uto E cofepXHT mo KpaiiHeil
Mepe JBe pasjHYHble MJIOCKOCTH, UTO BCSIKAfl MJIOCKOCTb
COJep:KUT 110 KpaiiHell Mepe [Be pa3JuuHble MpsIMble 0
4TO BCAKasi npsAMasli CONCPXKMT IO KpaiHell Mepe ABe
pasjHuHble TOYKH.

Oneenenenne  89.1. ToBopsit, uto ABe mpamble A, B
napaasesous. (0o603nauaercs AllB), ecin nu6o (A=B),
an6o A, B npuHalsexar OAHOH IJIOCKOCTH W He mepe-
cekaloTcs,
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]. AKcHOMbl HHILHLEHTHOCTH

a) Haa aroboil napol (X, y) pasiuunblx TOUEK MHO-
aecrea E cywecteyer o0na u T0A6K0 00Ha npamad, co-
depacawjasn X U y.

b) Has aw0boid niockoCTuU P, atoboii npamot DcP
4 a060i TouKku x & P uepe3 TOUKY X npoxoour npamas
naockocTy P, naparseavnas npamoi D, u npurom edun-
CTBEHHAA. .

¢) Bcakasa naockocTo, codepacawasn 0se pasru4Hole
TOUKU HEKOTOpOLl Npamol, CO0epxur 6cto 3Ty npAMYlo.

d) Has aroboii Tpoiku (X,Y, 2) rouex muooecréa E
cywecreyer no Kpainei mepe 00Ha naockocTs, codep-
acayas 3T TOUKU.

II. AxcuoMbl NOpsAAKaA

a) Co scsakoil npamot D csasanbl dse CTpYKTYpbl
AuHeiinoco nopadka Ha D, nporusonoiroixHoie dpye
apyey.
b) Aasn aroboii napol (A, B) napaaresbHolx npamoLx
u daa at0bbix Towek a, b, a’, b’, Takux, 4ro a, ade=Au
b, b’ = B, scakas npamas, NApaLLeAbHAS ITUM NPAMbLYM
u nepecexkarowas OTpPe30K [a, b), nepecexkaer Takie u
orpesok [a’, b'].

III. AKcHOMB aJAUTHBHOH CTPYKTYpH
a) C mnoxecreom E cessano orobpascerue d MHO-
awecrea E X E 8 Ry, Hasvisaemoe paccTroanuem, Takoe,
410!
1. d(y, x) = d(x,y) O0aa 6cex X, Y,
9. Jlas ato6oi opuentuposarroii npamoi D, At06020
xe D u 406020 wucsa 1220 na npamod D cyuwecrsyer
eOUHCTBEHHAA TOYKA Y, TAKAs, 4TO

<y u dx, y=4

3. (x=la, bl)=>(d(a, x) + d(x, b) = d(a, b)).

b) HAaa awboi napol (A, B) napariesbubix npambix
u Oaa awobuix Towek a, b, a’, b’, Taxkux, uro a, R=V.
u b, b’ = B, scakas npamas, napasreLoHas dTUM npi-
MOLM U NPOX0OAWAs “epe3 cepedunt napol (a, b), npo-
xodur Takxe u ueped cepedury napvi (a’,b’). :
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IV. AkcuoMb nepneHaukyaspaoctu u
CAMMETDHYHOCTH

a) Han ecaroii naockoctu P na muosecrse npsmoix
370l NAOCKOCTU 3a0aHO GUHAPHOE OTHOULEHUe, HA3biBae-
MOe OTHOuLeHuem NepneHOUKYAAPHOCTU U 0603Hauaemoe
uepes |, Takoe, 4ro:

1. (AL B) & (B ] A) (cHMMeTpPHYHOCTb OTHOIIEHHS 1)-

2. (A1 B)=(A u B He napaJJeJbHbl).

3. Han scarod npamoi A naockoctu P cywecrayer
no Kpaaued mepe o0na npamas B 3roi naockocru, Ta-
kas, yro A | B.

4. Han scaroii napo (A, B) npamoix niockocru P,
rakux, uro A | B, u daa a1060i npamoti B’ naockocru P
umeeT MecTo IKBUBANCHTHOCTOL

(BlIB)& (A1 B).

b) fasn awboi napor (Ay, Ay) ayueii ¢ obugun na-
HAA0OM UMECT MECTO PABCHCTBO

¢(Ay, Ax)=c(Ay, A)).

V. Akcnoma pasmMepHOCTH

Has ar0boii naockocru P cywecrsyer pasbuenue do-
noanenus Kk P Ha 0sa nenycroix nodmuoscecrsa E,, E,,
TAKUX, 4TO

(i€ Ey, xo= E)& (PN, Xo] #0).

B ¢dopmynupoBKax HEKOTOPBIX aKCHOM HCMOJIB3YIOTCS
TEPMHHBI HJIH 0003HAueHHs, KOTOpbie, OUeBHAHO, B Je-
TAAbHOM H3JIOXKEHHH [OJKHB GbiTh ONpeje/eHbl yepe3
yXe H3BeCTHble TepMHHBI, TaKOBO, HampuMmep, o6o3Haye-
uue ¢(Ai, A;). Itn onpesenenns oueBHAHBIM 0GpasoOM
KONHPYIOTCSI € COOTBETCTBYIOL(X ONpeeseHHii, gaBae-
MbIX MPH aKCHOMATHYECKOM M[OCTPOEHHH MJaHMMeTpPHH.

B nanbueiimiem Mbpl GyaeM roBoputh, 4TO ABe mpsi-
moe A, B nepecekawrcd, eciu A +B n ANB + 0
(no akcuome I, ux nepeceueHHe CBOAHTCA B 3TOM Cay-
4ae K eJMHCTBEHHOH Touke). Byaem roBoputs, uto mps-
Mast D u muiockoets P mepecekaiorcs, ecan D P
u DOP+#0 (nmo akcuome I, MX mepeceueHne CBOIHTCA
B 3TOM CJyyae K eJIHHCTBEHHOM.TOuKe).
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90. Mepsbie caAenCTBHSA

3aMeTHM cpasy, YTO Ha KaxJoil MJIOCKOCTH P npo-
crpancrea E paccmaTpHBaemasi CHCTeMa aKCHOM CBO-
JAHTCA K CHCTEMe aKCHOM IJIaHHMETpPHH; C/el0BaTe/bHO,
B [JOCKOCTH P clpaBei/IMBbl BCe YCTaHOBJIEHHbBIE paHee
pe3y/bTaThl.

Mul yBHAMM B JaJjibHeHlIeM, 4TO aKCHOMbI I, 11, I,
1V xapaktepusyior ad@unzoe NPOCTPAHCTBO CAMOro
ofulero THma, cHaGXeHHOe HEeKOTOPO MeTpHKOH, ornpe-
JlleisieMOil CKAJIIPHBIM TIPOH3BeJleHHEM. Axkcuoma pasmep-
noctd V noHajobuTCa HaM JHLb B CAMOM KOHIUE H3J0-
JKeHHs: ¢ ee MOMOLIbIO MOXKHO J0KaszaTbh, YTO pasmep-
HOCTb MPOCTPAHCTBA paBHa 3.

[Meepnoxenue  90.1. Hasa awbox a, b, ceE, ne
npunadsexcawux 00noti npamol, CcyuecTsyer eOUHCT-
BEHHAS NAOCKOCTb, CO0epacauyan dTu TOUKU.

JLOKA3ATEJBCTBO. U3 axcuombl Iq caepyer, uTo
raKas [JIOCKOCTb CYLIECTByeT; MycTb Termepb P, Py —
Be NJIOCKOCTH, COjaepxaliue a, b, c¢. U3 akchombl I
caenyer, uro P; u Pp cojepxar A(a, b), A(b,c) u
A(a,c); aas MoGoil TOUKH X MJOCKOCTH P,, He npuHan-
me)kalledl STHM NpsSMbIM, Haifijgercsi npamasi IJIOCKO-
ctu P,, mepecekaiowmas A(a,b) u A(b, ¢) B ABYX pas-
JMYHBIX Toukax y u 2. Tak Kak y, 2 & Py, To u A(y,2)
& P;, oTkyma cJeayer, UTo x & P,. Wuaue roBops,
P, — P,; aHanoruuso noayiaem Py P,, oTKyma cjielyer
conajenne Py u Ps.

Cnenctsue 90.2. Aas atoboti nape. nepecekarouyuxca
NpAMBIX CYU4ECTBYET eOUHCTBEHHAA NAOCKOCTb, UX CO-
depacauyas.

i ecakoti npamoii D u 210601 TOUKU xe& D cyuje-
cTeyer eOUHCTBEHHAS NAOCKOCTb, codeprcawan D u x.

CaencrBue 90.3. Has awobod npsmoi D u scaketi
TOUKW X CYUecTéyer, U NPUTOM eOUHCTBEHHAA, NPAMAL,
napasresvtas D u npoxooawas uepes T04KY X.
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Jokaxem caeactBue 90.3: 0OHO OYEBHIHO B ciyuae
xe D; B npoTuBHOM cJyyae HafijeTcsl eIMHCTBeHHas
nnockocte P, comepxawmas D u x; B 3TOil mJockocTH
npuMeHuM axkcuomy Iy.

H3 sTtoro ciexctBus mno.ayuaem, 4To AJs Ji000H npd-
Moii D oTHOIlIeHHe

«(x ~ y), ecau cyuilecTByeT upsMasi, napaJJjenbHas D
U cojepxauias x u y»

€CTb OTHOLIEeHHe 3KBHBAJEHTHOCTH Ha E, KJlaccaMH 3KBHU-
BaJIEHTHOCTH KOTOPOTO SIBJSIOTCS MpSIMble, HapaJjeb-
Hple D. OfHaKo Ha 3TOM 3Tale Mbl €llle He yMeeM Jo-
Ka3plBaTh, UTO Ha MHOXeCTBe 20 MNpSIMLIX OTHOIIEHHE
napaJseJbHOCTH €CTh OTHOLIEHHe 3KBHBAJEHTHOCTH.

§ 2. AD®PHHHAS CTPYKTYPA NMPOCTPAHCTBA

91. WenTpupoBanHoe npoctpancreo (E, 0)

Tenepb Mbl CBsZKEM C TNPOCTPaHCTBOM, B KOTOPOM
BoiOpaHa HekoTopasli Haua/JbHasl TOYKa, CTPYKTYpYy Bek-
TOPHOTO TPOCTPAHCTBA Hal R; I/1s1 3TOrO HaM MOHaLo-
6sitrcst Toabko axcuombl I, I, III. Huxe oBo3znauenus
(D,0), (P,0) cooTBeTCTBYIOT NpSIMOH H MJIOCKOCTH, Ha
KOTOpLIX 3ajaHa CTPYKTypa BEKTOPHOTO INPOCTPAHCTBA,
onpenenennas B ra. Il

Onpejaeaenue 91.1. asa arboli touku 0= E yentpu-
posannoiy  npoctpancreonm (E,0) Hasvieaercs mHodxce-
creo E, 6 «xoropom 3adansr OunapHaa onepayus
(x,y)—x 4+ y u ymHoocenue Ha cKaaap, onpedessemvle
caedyrouium 06pa3on:

1. Ecau 0, x, y He npuuaoiexar oO0HOU npamoi,
10 (X 4+ Y) ecrto cymma 8eKTOpo8 X, Y YEHTPUPOBAHHOU
naockocry (P, 0), codepxcauwied 3Tu Tpu TOUKU,

2. Ecau 0, x, y npunadaexcar 00HOU npamoii u x0Ts
6ot 00Ha u3 Touex x, y orauuna or 0, To (X + y) ecrTb
CYMMa BeKTOpPOB X, Y uenrpuposanuoti npamoi (D, 0),
codeparcauserf aTu TORKU,

3. Ecaux=y=0,10 x+y=0.
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Harkoney, ymHooenue (A, X)—>Ax onpedeasnerca oue-
sudHbLM 00pasom 8 KadxKdol LeHTpUPOBAHHOLL npamoi
(D, 0), codepacatyeii TOUKY X.

Mbl MoKeM cpasy JA0Ka3aTb, OCHOBbIBafCb Ha pe-
3yJbTaTax L. I1, crenyioulee BaxHOe

Meepaoxeuue  91.2. Llenrpuposannoe RPOCTPAHCTEO
(E, Q) ecrb 8eKTopHoe npOCTPARCTE0 HA R. Ezo nodnpo-
CTPAHCTBAMU PABMEPHOCTU 1 u 2 6y0yr npamoie U NAOC-
Koctu, npoxodauue wepes 104Ky 0.

JIOKASATEMBCTBO. 1. TlouTH BCe aKCHOMBI BEKTOP-
HOTO MPOCTPAHCTBA, BK/OUAf COOTHOIMICHHE

Ax + 1) = Ax + Ay,

KOTOpOe BHIMOJIHSETCH B JIeHTPHPOBAIHO{T  TITTOCKOCTH
(P,0), conepsxauefi Touku 0, x, y, J€rKo 11pOBePAITCS;

e IHHCTBEHHBIM HeoueBHAHBIM CBOHCTBOM ABJACTCH acco-
HHAaTUBHOCTDb

(a+b)+c=a+(b+o). (N
Jlaist IpoBepKH 3TOTO CBOHCTBA MOJIOKHM
y —cepeanna mnapul (@, b) H @ — CepeiHHa Mapbl (b, c).

HmeloT MecTO paBeHCTBa
y=a+b u 20=b+c

(paccMOTpeTh  TJIOCKOCTH, —COAeprKallne (0,a,b) m
(0, b, ¢) COOTBETCTBEHHO).

CoorHomenre (1) 3KBHBaJeHTHO CJ/eAylOUEMY pa-
BEHCTBY:

L@yt o) =5 (a+20). @)

Onsako ais Jiobbix ¥, y & E Touka —:;—(x+2y) ne-

aut mapy (x,y) B OTHOUICHHH = —2 (paccMOTpeTh
I7I0CKOCTD, coaepzraluyio 0, x, ).

TaknM 06pasoM, cOOTHOlleHHe (2) BbINOJHAETCA B
COOTBETCTBHHM € XOpPOILIO H3BECTHBIM CBOIICTBOM TPOWKH
(a, b, c) Touek MJIOCKOCTH (LEHT TAMECTH).
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2. Tlpampie MuoxkectBa E, npoxomsiiue uepes 0,
CYTb, OU€BHJHO, BEKTOPHbIE MOANPOCTPAHCTBA pa3MepHO-
cri 1. Besikas miiockocts P, mpoxogsiuasi uepes Touky 0,
HMeeT BEKTOPHYIO CTPYKTYPY ULEHTPHPOBAHHOH IJIOCKO-
cru (P,0); caegosare/bHo, OoHA SBJsETCS HOAIIpOCTpaH-
CTBOM Da3MEPHOCTH 2 LEHTPUPOBAHHOIO MPOCTPAHCTBA
(E, 0). U nao6opor, nycrs A — BekTopHOe HOJNpPOCTpaH-
CTBO L€HTPHPOBaHHOro mnpocrpancrtBa (E,0), umelouiee
pasmepHocTb 2; ecan (ai, az) — Gasuc mpoctpaHcTBa A,
TO UeHTPHPOBaHHast miockocth (P, 0), comepxamas tou-
ki 0, a1, a, ecTb BEKTOPHOE MOAIPOCTPAHCTBO MPOCTPAH-
crBa E, uMeroliee pasMepHocTb 2; ciefoBarenpho, A =P,

92. Iepenoc

Oneeneaenne 92.1. [lepernocom muoxcectsa E Hazbi-
Baercst Takoe oroOpakenHe f MHo:kectBa E B cefst, uro
ans Beex X, ye<E toukm (x,y,f(x),f(y)) o6pasyior
napaJjuesorpamMm (T. e. f TakoBo, UTO cepeiHHA maphl
(%,f(y)) cosnamaer c¢ cepexunoil mapm (y,f(x)).

Ieepnoxkenne  92.2. Jas awboix a, b= E cyue-
CT8YeT, U NPUTOM eOUHCTBEHHOLL, nepeHoc, nepesodauyus
a 8 b; 015 scezo npoctpancréa (E,0) raxum neperocon
6yder orobpadxcenue x — x + (b — a).

JlokasaTeEabctBo.  Ecam  cyuiecTByeT Takoii nepe-
Hoc f, uro b =f(a), To 1% MOGHX X uMeeM (OTHOCH-
Te/IbHO OmNepalHii, onpejenentblXx B cucreme (E,0))

T+ () =5 (r +(@) =5 (x+b),

OTKYyJa
f(x)=x+(b—a).

I HaoGopor, Jerko BHIeTb, 4TO OTOOpaKenue f:
x¥—>x + (b —a) ectb nepenoc u uro f(a)= b.

[Tepenocnl MHO:KecTBa E 00pasyior, oueBHIHO, KOM-
MYTaTHBHYIO H OAHOTPAH3UTHBHYIO TI'PYHIy mpeobpaso-
BaHuil MHOXKecTBa L, u3oMOp®HYIO alAHTHBHON Tpymie
(E,0) c npou3Bo/bHOI TOYKOI 0.
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Meennoxenne 92.3. dasa awoboix a, b < E 0603Ha-
qum uepes T u 1 coorsercreéenno caoxerue 6 (E, a)
u (E,b);, uepes /\ u \ COOT8ETCTBEHHO YMHOJNEHUE
HaQ CKQAAD 8 3TUX NPOCTPAHCTSAX U 4epe3 [— nepexoc,
nepegodawuii a 8 b.

[Mepenoc | ecro usomoppusm npoctpancréa_(E, a),
orobpascarouuii ezo wa npocrpanctéo (E,b); Opyeunu
caosamu, 045 066X x, yEuhes R

f(x Ty) =T LI ©®)

H

fFOAx)=0V ()

[lepBoe paBeHCTBO CJeAyeT, Halmpumep, U3 TOrO, 4TO
b =f(a) u uro [ mepeBoauT J0GON napasesorpaMM B
napaJJiesorpamM.

Bropoe paBeHCTBO BLINOJHSETCS B MJIOCKOCTH, COLEP-
yKaliell ToukY a, b, x, f(x).

CagactBue C2.4. [leperoc [ nepesoour ecakyto npa-
Myro (AW NAOCKOCTd), NPOXOOAWYIO uepe3 TO4KY a, 8
npamyro (UAw 1NAOCKOCTb), NPOXOOAWYIO uepe3 TO4KY b.

IleiicTBHTENbHO, [ ecTb H30MOP(HHU3M [POCTPAHCTBA
(E,a) na npocrpancrso (E,b), u, creiosartesbHo, co-
XpaHseT pa3MepHOCTb MOJMPOCTPAHCTBA.

93. MapaaiejibHOCTb

Onrepenesve  93.1. ToBopsr, 4To ABe MJIOCKOCTH P,
P’ npoctpancrsa E napaaaesvust (0603Hauaercs PP,
eCaIM cylllecTBYeT mepeHoc, mepepoasaumit P B P,

70 uacTHBII c/ayuail o6LIero omnpejeseHds, KOTopoe
cripaBeJIMBO AJs1 JI06Oro BEKTOPHOTO MPOCTPAHCTBA.

[Mpeaaoxkenue 93.2. (PIP’) & (Aas ecex asP.u
scex a & P’ nepernoc, nepesodawuii a 6 a’, nepeso-
dur P 8 P’).

AHan02uuHbLE pe3YAbTAT UMELT MeCTO OAR NPAMbLX.
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JOKASATENbCTBO.  JLJ  OpSIMBIX  CIpaBeAJHBOCTb
CBOIiCTBa yXKe YCTaHOBJ/IEHa, TaK KaK B 3TOM cJ/yuae pac-
CMaTpPUBAIOTCS TMEePeHOCHl MJIOCKOCTH.

st myocKocTell HOKa3aTeNbCTBO TO Ke caMmoe, 4TO
U ans adp@UHHBIX NOANPOCTPAHCTB HEKOTOPOr0 BEKTOP-
HOTO TPOCTpaHCTBA.

Caencteue  93.3. IlapaasessHocTo ecTe OTHOWeHue
IKBUBANCHTHOCTI HA MHONECTBe DD NPAMbIX U HA MHO-
acectee P naockocrell.

Ortciona BBIBOISITCS TOHATHS HalpaB/JeHHS OPSMOH H
HanpaBJ/IeHHs MJOCKOCTH, KOHKPETH3HPOBAHHble MHOXKECT-
BaMH MPAMBIX H IJOCKOCTell, IPOXOAALIHX Yepe3 BbIOpaH-
HYIO HauaJablyio Touky 0.

Caeactue 93.4. Jas 106020 nHanpasieHus niocko-
cTu u 0as aroboti Touku x & E 4epe3 aty TOuKy npoxo-
Our eduHcT8eHHAs NAOCKOCT6 OQHHO20 HANPABAEHUS
(¥ TO ¥Ke caMoe MJS MPSAMBIX).

Onrggenenne  93.5. ToBopar, uto npamasa D napaa-
aeavHa naockoctu P (o6o3Hauaercs uepe3s D|P), eciau
115 miIockoctd P’y npsimoll D/, mapaJ/ieqbHbIX TaHHBIM
1 npoxoasux uepes 0, uMeeT MecTo BKaodeHne D' P’

D10 ompejeseHHe, OYEBHIHO, He 3aBHCHT OT Bbibopa
touku 0. Onpegenenvas TakuM o6pasoM napaJjienbHOCThb
ecTb OHHApHOe OTHOIEHHe MEXAY 3JeMeHTaMH MHO-
KectB P u P, He obObenuHsOlleecs, OJHAKO, BMeCTe ¢
CYLIECTBYIOIHMH Ha &) U P OTHOUIEHHAMH Mapasjelib-
HOCTH B OJHO HAeiicTBYyIoee Ha D U P oTHOLIEHHE KBHU-
BaJE€HTHOCTH.

Tak, Hanpumep, u3 toro, uro (D|P u D|P’) e cre-
nyer, uto (P[IP’); ananoruuno, (D[P u D’|P) He BJeuer
(DID’).

3aro u3 ompefenenns ciaelyer, 4To

(DIP, D||D’, P||P)y=(D"|P’).

C apyroil cropoHbl, ana Bcex x& E u an1a mo6oit
naockoctn P o6GbenmnueHue npaMmbix D, mpoxons-
IUX Yepe3 TOUKY X M Takux, yto D|P, ectb niaockocts £,
napaJjiejbHas TJIOCKOCTH P u mnpoxojsaulas uyepes
TOUKY X.
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AHaJOTHYHO, M5 JioBoil Toukn x & E u moboit mps-
moii D mepeceuenHne mIockocteii P, MPOXOAsIIHX
yepe3 TOUKy X H Takux, uro D[P, ectb mpsmas D’, na-
painenbHast mpsaMoil D u mpoxoxsiias uepes TOUKY X.

94. CnelCTBHUS AKCUOMBbI Pa3MepHOCTH

Mbpl cpasy mepefiieM K INpHMeHEHHIO aKCHOMBI V nis
onpele/eHHss Pa3MepPHOCTH MPOCTPAHCTBA E; Ho moJay-
YeHHBIHl pe3ynbTaT He GyleT HCMOJb30BAH M/ H3yUeHU:
MerpHuecKoH CTPYKTYypbl MPOCTPAHCTBA. Takum o6pa3om,
Hame HW3yueHHe MeTPHYECKOll CTPYKTypbl Oyner OTHO-
CHTbCS K Jio60oMy adUHHOMY MPOCTPAHCTBY.

IMeepnoxeHueE 94.1. B cayuae 8biNOAHEHUA AKCUOM I,
11, 111 axkcuoma V 3K8UBAANCHTHA A06OMY U3 credyrouiux
yraeprcoeru::

a. Ecan P, Q — 08e npouseoavole pa3iudnble na0c-
koctu, To aubo PNQ = @, aubo PNQ ecro HekoTOpAR
npamas, :

B. Mpu at06om sol6ope Touku 0 & E uenrpuposanroe
npocrpancreo (E,0) ecro seKkroproe npocTpancTso pas-
smepHocTu 3.

TlokasateabctBo. 1. Ilpu nokasare/nbcTBe 3KBHBa-
JICHTHOCTH (JOPMYJHPOBOK o H B HOCTAaTOUHO, OUEBHAHO,
NPEANOJIONKHUTD, UTO MJIOCKOCTH P, Q MPOXOAAT Yepes Bbl-
JeJieHHYI0 TouKy mpocrpanctBa (E, 0).

O6Go3unaunm uepes (P Q) BeKTOpHOE MNOANPOCTpAH-
ctBO npocrpancrea (E,0), nopoxaaemoe na0CKOCTIMH P,
Q, u o6osnaunm yepe3 d(X) pasMepHOCTb MPOU3BOJIBHOTC
BEeKTOPHOTO TMOANpPOCTpaHcTBa X MPOCTPAHCTBA (E,0).

W3BecTHO, 4TO

d(PuQ +d(PNQ=d(P)+d(Q)=2+2=4. (N

[TokaxeM, UTO ec/id yTBep:KAeHHe o CIpaBelJInBO, TO
d(E)< 3; B MpOTHBHOM cjyuae B MPOCTPAHCTBE (E,0)
naiiieTcsl yeTbipe JHHEHHO HE3aBUCHUMbBIX BEKTOpa pi, P2
g1, g2, eciu P — mjocKocTb, NOpOKAaeMas BEKTOpaMu Py,
P, a Q— NJIOCKOCTb, MOpOXKJaemasi BEKTOpaMH i, gz
1o d(P vwQ)=4; cnenosarejlbHO, B COOTBETCTBHH C
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pasencrsom (1), d(P1Q)=0, uTo npPOTHBOpPEUHT yTBEp-
JKIEHHIO .

Tak Kak, ¢ Apyroii cropoHsbl, npocrpaHctBo E comep-
XKHT 1O KpafiHeili Mepe JIBe pa3/HyHble IJIOCKOCTH, TO
ero pasmMepHoOCTh > 3, ciaepoBaredbho, d(E) = 3.

B o6paTHyl0 CTOpPOHY: ec/li yTBepikjJeHHe P clpaBen-
miBo, To d(PuQ) < 3, orkyna caenyet, uto d(PN Q)= 1,
tak uto P u Q nu6o coBnagawor, Jubo nepeceueHHe HX
ecTb MpsMast.

2. M3 yrBepkaeHus B chaenyer akcuoma V; neHCTBH-
TeabHo, ecan E HMeeT pa3dMepHOCTb 3, TO BCsiKast IJoc-
KocTb P ecTh MHOXKECTBO pelleHHil ypaBHeHus [(x)= a,
rae [— nuHefinast ¢opMa U @ — HEKOTOpLIH CKaJsAp; no-
aynpocrpancrBa Ey, E; npocrpancrsa E, onpeieaseMbie
IJIOCKOCTBIO P, ecThb MHOXKeCTBa, 3aJaBaeMble COOTBeT-
CTBeHHO HepaBeHCTBaMH f(x)<a u f(x)> a.

3. ITokaxeM, HaKoHel, YTO M3 aKcHOMbBl V BbITeKaer
yTBepxAeHHe P WJIH @; Mbl HCIOJb3yeM 00O03HaueHust
akcuombl V.

a) Hoka3zaTeabCcTBO st aiareGpancTosB.

MOKHO TMpeNoNOKUTb, UTO MJAOCKOCTb P NpoxoaHt
yepe3d 0; mycTb TOrga S — NOANPOCTPAHCTBO, AONOJHH-
teabHoe K P; nonoxum A; = QNE; (i=1, 2).

OueBujHO, UTO Kaxjgoe u3 MHoxectB E; u E, ects
obbefHHenne TJ0CKOCTel, napaJe]bHblX IVIOCKOCTH P,
caepoBatenbin, A; u Ay — NPOEKUHH MOJYNIPOCTPAHCTR
E,, E; na S napaaaensto P. C gpyroit cropons, A, n A,
o6pasyior pazduerne npocrpanctea S\{0} u

(xy€ A, s A)= (0 =[x, x5]).

Otcioa cpa3y mosayyaem, uto S ectb npaMas, oT-
kyga d(E) =3.

b) SuaemeHTapHOEe [A0OKA3aTENbCTBO, HCHOJb3YIOLlee
ToJbKo axcuomml I, II.

by) Ilycrb P — npousBosbHas niaockocts u (Ey, Ep)—
pas6uenne npocrpancrsa (E"\P), onpesnenseMoro mioc-
koctblo P. ITokaxkem, urTo Besikasi mpsaimast A, nepecexkalio-
lasi miaockocth P, mepecekaercst ¢ E; n Es.

IMycts a = AP, u nycts b Gyner HeKoTOpasi TOYKa
npsimoit A, orsnuHasi OT @; NpeanosaokuM, uro b e E,
(puc 13).
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PaccyMOTpHM  TPOH3BOJbHYIO — TOMKY € MHOXKe-
ctBa Eq; ecau ¢ & A, yrBepKaeHHe JIOKa3aHO; B IIPOTUB-
HOM cJyuae MJOCKOCTb P/, colepxaiias A u ¢, nepece-
KaeTcs ¢ naockoctbio P B Touke [b, ¢](1P, oranunoi OT @,
W, cJIef0BATEIbHO, N0 HEKOTOPOH mpsimoii B.

[lycrs d — HekoTopast TouKa mpsimoii A, pacnodiozen-
las B mIoOCKocTH P’ 1o Ty e cTOpoHY oT mpsimoit B,

Pue. 13.

uyro ¥ Touka ¢. Tak Kak oTpe3ok [c,d] ne ncpecexaercs
¢ mpAMOil B, TO OH He Mepecekaercst # € IIOCKOCThIO P, u,
caegoBateapto, d € Es.

b,) Mycre Tenepn P, Q — nABe pas/HuHbIE IIOCKOCTH,
rakue, uto a € PNQ.

PaccMOTpIiM JABe pasaiidnble npsMbie A;, A, n10cKo-
et Q, mpoxogsiuue yeped Touky a. Ecud xots 6bl oA
M3 HMX NpHHAAJERKHT P, TO npepjoxense J0Kasano, B
NPOTHBHOM CJydae Ha MNPsiMoii A, nexut TOUKa X, & E4,
a na npamoil Ay —TouKa Xz & Ej; 0Tpesok [x1, xo] me-
pecekaer IJIOCKOCTb P B TOouke a’, oTAHYHOA OT a;, np4-
Mas A(a,@’) W ecTh HCKOMast mpsiMas.

Caeactsue 94.2. B cayuae gouoanenus axcuomvi V
ycaosue napaaresvroctu (PIP') aKkeusarentno ycao-
guw (P =P uiu P} P =0).

13 3ax. 323
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§3. METPHYECKAS CTPYKTYPA NMPOCTPAHCTBA

Tenepn MLI IepexXOdHM K BLIBOAY CJAeACTBHI H3 aKcil-
om I, I, TII, TV. Kaxk u npn n3yvyenun adpduiHoi cTpyk-
TYpBl TpocTpancTsa E, Mbl 6yaeM WHPOKO MOJb30BaThCS
MeTpPHUECKOll CTPYKTYpoll MJocKocTeil mnpocrpaHcrtBa E;
MBI CTOJIKHEMCSI 3/1eCh C NOPOIIO H3BeCTHLIM (paKToM, 3a-
KJOUAIOUHMCA B TOM, 4TO OO.JbIIHHCTBO METPHUYECKHX
CBOICTB BEKTOPHOIO NPOCTPANCTBA CO CKAJSIPHBIM IIPOH3-
BelleHHEM JerKO BBIBOASITCA M3 MeTpHUecKHX CBOICTB
ero ABYMepPHBLIX NMOANPOCTPAHCTB.

95. IepeHoc U MePNEHANKYASIPHOCTb

[Tpepnoxenue 95.1. Beakuii nepenoc npocrpancrea E
ecTy dsudxcerue.

HokasateascTBo.  IleficTBUTCABHO, Npu Jd0GoM Tie-
pcHOce 1Js BceX Touek ¥, y & E Touku x, y, f(x), f(y)
KOMIJanapHbl, a W3BECTHO, UTO B JI060H IJIOCKOCTH
IICPEHOC eCcTh ABHIKEHHE.

Caepcreue  95.2. Beawuwidi nepenoc npocrpancrtsa E
COXpAHACT NEPREHOUKYAAPHOCTb (0B8YX nepecexaroujiix-
A NPAmMbiX).

JloKaszaTenbcTBO aHAJOTHUHO J0Ka3aTeNbCTBY CJlel-
cTBUA 44.4.

HMcxoas u3 aToro, BBefieM HOBOE MOHATHE:

Onreacasade  95.3. ToBopst, uto ase npsambie A, B
npoctpaHctBa E (nmepecekaioiinecss HJIH HET) nepnexou-
KYyAapHol, €CJI TIPAMble, napajiesbHble STHM HPAMbBIM H
NpoXoAsiiiHe uepe3 HEKOTOPYI0 TOUKY @, MepneHalKy-

JSIPHBL.
DTo ompejeseHHe He 3aBHCHT OT BbdOpa TOUKH a

(o mpeablAyIeMy CJ/1eICTBHIO).

96. CkanspHoe npou3BeleHHE

OneeneacHue  96.1  (ckaasproeo npoussedenus).
B uweurtpupoBaHuoMm npoctpanctse (E,0) ckaaaproim
npoussedeHuem HasplBaeTcs oToOparkeHHe (X, y)=—>x-y
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mioxectsa E X E B R, onpejesnsieroe caeiylowuM 006-
pasom:

I. Ecau rtouxu 0, x, y He mpuHALIexaT oanoil npa-
MOIl, TO XY eCTb CKaJfAplioe NpoHu3Belclie BEKTOPCB X,
y uentpuponanioii miockoctu (P,0), coaep:rauleii Tou-
kit 0, x, Y.

9. Ecan rtouxn 0, X, y npuHainexar OAHOI 1PAMOIl
I xotst 6bl ojxia n3 Hux oranuyna or 0, TO Xy ecTh cKa-
JsipHOe NpOM3BCAeNHe BEKTOPOB X, Y LEHTPUPOBAHHOI
npsasoii (D, 0), coaepxaiteil 0, x, y.

3. Ecmx=y=0,10 x4y =0.

IMeeraoxkenie 96.2. B ar000m (1eHTPUPOBAHHOM 1PO-
crpancrec  (E,0) orobpadxcerue (x,y)—>X-y cummer-
PUUHO, BUAUHEIHO (L NOAONCUTCALHO ONPe0eNeHHO 8 TOM
cavicae, 4o X2 = x .+ x >0 daa scex x = 0. Kpone Toeo,
d.19 geex x, y uyeer Mecto paseHcT80

d*(x, y) = (x — y)*.
JIOKA3ATEABCTBO. CooTHOIIEHHS Xl =1Yy-X,
(3x)ey =n(x-y) n x-x>0 npu x50 oueBHMIEL
Takxe oueBHaHO paBenctBo d?(0, x) = x?, TakuM 00-
pasoM, MoJb3ysich mnpeidoxkenueM 95.1, momyuaen a1
Beex X, Y
d* (x, y)=(x— ).
Ocraercsi 1nokasaTh, 4TO AJ51 BceX X, Y, & BBINOJ-
IsICTCs PaBEHCTBO

x-(y+2)=x-y+x-z (1)

o 3T0 paBeHCTBO BePHO BO BCsAKOIl ILEHTPHPOBAHHOI
naockoetit (P, 0) u, caexosaredblo, 115 JI00bIX X, Y, Z,
KOMILTaHapHBIX ¢ Toukoil 0. B wactioctn, 1as Jio0bix b, ¢

(D+c=0b-(b+c)+c-(b+c)=0"+2b-c+c

B o0umem cJayuae A5 J0Ka3aTeabcTBa paBencrsa
(1) 10J10KHM
1
=

3 (y +2) =cepemnua napet (y, 2)
(pric. 14).

13*
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Kaxpas us tpoex touek (0,y,2) u (x,y,2) Jexur
B IJIOCKOCTH, CJieAOBaTe/bHO (dopMy/da MeadaHbl):

P4 2t= Qm'2 + 2(m — y)?,
W—xP+@E—xP=2(n—xy+2(m—y>
TTowteniibiM BbIUHTAHHEM 1101yUaEM
2k y+2x-2=4x-m=2x-(y +2),

OTKyla ciaeayetr HCKOMOE€ COOTHOLIeHMHe.

Puc. 4.

[Tpoussenenne x-y obiagaer, cjleioBaTeJbHO, BCEMH
CBONHCTBAMH CKaJSIPHOTO MpPOM3BEIEHHST CO BCEMH Bbi-
TEKalOUHMH OTCIORA CJAGACTEHSIMH, pacCMOTPEHHBLIMH
B ra. I

Pezwome: akcwombt I, II, III, IV gaau Ham BO3-
MCAKHOCTb J0KA3aTh CACAYIOULIHIl Pe3yJbTarT:

Teorema 96.3. lpu awbon sviGope touru 0 = E moxc-
HO councTeeHnbiM 06pasom 3adare 8 npoctparcree E
CTPYRTYPY 8EKTOPHOLO NPOCTPAHCTEA ¢ Hauasom 0, cHab-
MECHHOCO CKAAAPHOIM npoudgedenuem; O0O0HOMepHbLE U
Osyseprole apdunnbie MHO2000pa3UL 3TO20 NPOCTPAH-
cTea O6YOYT NPAMbIMU U NAOCKOCTAMU npocTpancrea E:
paccroanue, noposcdaemoe CKAAAPHOIM RPOU3BCOCHUEM,
cosnadaer ¢ paccroanuem, sadanuoim Ha E.
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97. lpujoKeHne K [ABYM KJIACCHYECKHM TeopeMam

Kak Obl10 TOKa3ano, GOJbIIHHCTBO OOLIUIIO H3yuae-
MbIX [€0MEeTPHUECKHX CBOMCTB MPOCTPAHCTBA MOTYT ObITh
JIePKO IOKa3albl B TOM CJYy4ae, eC/u IIMCETCH BO3MOK-
JIOCTb  BOCIIOJIb30BATbCA  AJATeOpANUECKHMIL  METOIAMH.
ToMy TpHMEPOM ABA CACAYIONHX MPEATONKEH .

I. Bysem rosoputb, 4o mpamas D mepmen au-
Kyaapuna naockoctu P (obosnauaercs D 1Py,
ecail D meprenanKyJAspHa Besikoft mpsivofi miockocta P

ITeetokenie 97.1 {(reopeMa 0 ABYX nmepi el
aukyaapax). Hyers A, B-—dse nenapanieapuoie
npanvie naockocty Pou D — nexoropas npasas. Toeoda

(DLAwD1IB=>(D1P).

JokasaTeabcTo. [lpuMennB nepenoc, cBciem sana-
yv K TOMy cayuaio, koraa P, A, B, D upoxoast tepes
HauaJao Koopausart. PaccMoTpyM Ternepb TOUKH

as A, b= B, de D, takue, uto a, b, d #0.

JlioGast Tolka x € P npeacraBuma B pHAe X = ia +
+ pb. Ho B ueurpupoBannom npoctpatictee (L2, 0) no
NPEATONOKeHHIO [TMeeM

d-a=0 u d-b=0;

caenosatetnio, d-x=d-(ha+pb)=>r(d-a)+n(d-b)=0.

Orcioga puitekaer, uro D § P.

9. OHHM 113 KJAACCHUECKHX PE3YJbTATOB SIBJASIETCS H
TeopeMa O TPCX MEePHEHAHKYTApaAX. Maaas
7032 aare6pbl MO3BOJMT CBECTH JIOKA3aTeqaLeTBO ce K
OUEBHIHOMY COOTHOLIEHHID.

Mpbi  noJaraemM H3BeCTHBIM ONPEACJACHHE TPOCKIHI
TOUKH X HAa MJA0CKOCTb HJH HPAMYIW (C/ICH MepneHKy-
Jsipa K 3T0ll IJIOCKOCTH HAH npsiMoil, NPOXOAALIEro ue-
pe3 TOUKY X; MPOEKUHS COOTBETCTBYET MUHHUMYMY pac-
CTOSIHUSA) .

Meepaoxenie  97.2. Paccsmorpum HesnTOPYO 1.10C-
xocre P E, npamyio D P u rousy ae E. IMycrs
p — NPOEKILL TOUKIL @& HA NAOCKOCTo P.
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Toeda npoexkyuu Towek p u a wa npasmyo D cosna-
daior (puc. 13).

Jlokasateabcteo.  Jasa 106bix x & D nMeeM
d&*(a, x)=d*(a, p)+d*(p, x).

Cacposaredblio, d(a, x) npuHHMAeT MHHHMAaJAbHOC
3nauenue pMmccre ¢ d(p, X), OTKyla CJICIYeT, UTO MPOELK-
LIt COBNAJAIOT,

a

Puc. 15,

B sroit yupouienuoit ¢opye TeopemMbl 0 Tpex Iep-
MCHIHKY/AsIpAX [pocMaTpHBaeTcsl NMpocToii cnocod 0606-
LIHTL ee Ha TOoT cJayuail, Korga E — npousposibioe Ko-
HeUHOMEPHOC [POCTPaHCTBO, P — HekoTopoe adduunoe
nojlnpocrpaicrso npocrtpancrsa £, u D — nexkoropoe
adunuoe noanpocrpaHctBo npoctpancrsa P. B eue
Go.ice 00LIEM cayuae MOAHO 3aMeHHTb D na 1poHsBoJb-
HOC 3aMKIYTOe MOJIPOCTPauCTBO HpocTpaHcrea P.

98. Tembl pag pajbHeldliero H3yyeHUs

Mbl 3aBepiiiM 13J0KeHIE CTepeoOMeTpHH, YKa3ap He-
KOTOPDLIC HalpaB/aCHHs Aajblellliero H3yveHls, KOTopbie
JCTKO BKJIIOUAlOTC B Kypc oOyueinis Gaaroiapst Tem
aareGpaluecKiM MeToJdaM, KOTOpbLle HMEIOTCSl Terncpb B
HALIEM PacHopsKeHHH,
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. Agpunrnasn crpysrypa. Hayvuenne adp@uinbix npe-
oGpasosaniiil npoctpanctsa E (8 wacTHOCTH, TPYyMibl
npeoOpaszoBaiiil noA001s), KOCHIX NPOCKIHIL, JHHefiHbIX
Qopi.

[13yyeHile BBIMYKIBIX MIOZKCCTB.

Kolyesl 1 IHHAHHAPLL (B CBA31 ¢ TPYUNOH TOMOTETHH
¢ wentpoM B Touke 0 11 rpynuoil nepenocos).

2. Merpuyeckas cTpyKkrypa

Oproronaapiiass npoexwis (oua MINIIMU3HPYCT pac-
CTOSINS) .

CHMMeTPHS OTHOCHTENBHO ITOCKOCTH, NPSAMOIl, TOUKH,

JlBIZKenns npocTpaHcTBa; Bpallents BOKPYT HEKOTO-
pofl OCH, MHOKecTBa, yCTOiUNBLIE OTHOCHTEIbHO HEKOTO-
pLIX TPYMI ABHKEHIIT HJH npeoGpasopanuii  no1001s;
KOHYCBI, WLIHIAPLL, chepbl.

Ynpasxnenus xk raape IX

1. Ilyery, (D;) — npoit3Boblioe CeMCHCTBO NMPAMbBIY, Taroe, UTo
mo0bie [1Be U3 ITHX TPAMLIX NepeceralnTes.

[TonazaTb, 4TO JaHOO BCe ITH TIPAMbLIE NPOXOAAT Uepe3 01y
TOUKY, J00 BCE OHI NMPHHALICHKAT 0,110/ MI0CKOCTIL

2. Kak nsaMennicst 3To 3ak.jiouctiie, €c1il I3BCCTHO TOMLKO, UTO
AOOLIE ABE H3 ITHX NPAMBIX KOMIIaHaphu?
3. Tlycre P, P/ — Be pasauusbie [IOCKOCTIL (a;) (i=1,2.3)
4 o
(coo‘rae‘rcraemxo (a[))— TpOiiKa Monapio pasnuibiX TOUCK M.10¢-
koctin P (cooTnercTeetno P’).
[lokazath, UTo ecan xamaas npsaas A(ag, aj) (cie i+ j) ne-
4 4
pecexaer npavylo A (ni, “1’)’ To npasole N, (11-), ec.r OHu
onpeetennl, Mapasieabinl Il coBRaialoT, 1 Tpoiika  10UeK
A ’ /) R PR "
Aa; aj)ﬂ (a,-, ;) npunatIeKRT OLHOM (HpHMOM.
4. Tyets Ay, Ao, Ag— TP NAOCKOCTH 1 ay, @2, 03 — TPH  TOUKH
Tpesmeplioro npoctpanctsa £
K4aKOBO MHOMKECTBO roMoOTeTiil f, Takiuy, uTo

fay= A, (=12 232

5. [Tyct D —nexkotopas npsMast  BEKIOPHOro  MpocTparcrsa
E, X — noamnozxectso npoctpanctsa Lo k — neKoropoe OTUIOE
‘o1 0 uneto.

Kakuy Oyi1eT MIOZKecTBo HeHTpoB rovoteriil [ ¢ kosduiuien-
ToM k, Takux, utd x(D) nepecexactest ¢ X?

TOT e BOMPOC, €CJN 2aMCUNTbL npsivylo D fa MIocKoeTh P,
wa aioGoe lonnoxkecteo Y npocerpancrea L.
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6. ITepenectn ynp. 3 w 4 k ra. IV ua cayuait npocTpancrsa
ciavana 0e3 u3MeHeHuH, a 3aTeM 3aMCHHB NPAMBE HAa IJOCKOCTH.

7. Mlyery £ — tpexmephoe npoctpanctso, D — npsMasi 3T0ro
npocTpalcTBa 1 Touka 0 & E.

Hafitu noxmnoxectsa mpocrpancrsa E, ycToiiuliBuie OHOBpC-
MEHHO OTHOCHTeNbIO BpaIUCHU BOKPYr npaAMofi D I OTHOCHTEIbIIO
[IOJIOXKHTEAbHBIX TOMOTETHA C iteTpoM B Touke 0.

PaccMoTpeTh OT/iebHO cayuan 0 = D n 0 ¢ D.

Ta ke sagava wpn 3amenc roMoTerHi ¢ uenipoM B TOYke 0
Ha nepeHocsl B Hanpapaednn 0.

8. Ilycrs D —npsaMas B NpOCTPaHCTBE; BUHITOBLI M mep e-
MenlenuneM ¢ ocnio D nasmpaercs Beskoe nponsseicnue fonepe-
1IOCOB B HaNpaBJenHn Npavol D n 4eTnoro umcaa cnMMeTpuii oTi0-
CHTC.IbIO NJIOCKOCTCH, cogepxamnx D,

IlokasaTs, uto MHOXeCTBO Takux [ ecTb rpynma, usomopduas
rpynne-npoussenensio T X R.

9. Ilyets f, g — aBa BHHTOBLIX nepemewenns ¢ ocsmu A, B. IMo-
KazaThb, uto [ o g W g o [ - BmITOBLIE NEpeMeuleNns, OCH KOTOPLIX
CHMMCTPHUIILI OTHOCHTEJIBIO 0GILero NepneliHKyIapa K npsaveimM A, B.

10. Paccmorpum B npoctpanctse E npoussoaviyio napy (4, B)
ayueit ¢ obumwm nauanom; apudmernueckoit mepoit naps (A4, B)

—~
(B paananax) Hasuipaercs apidMeTHueckan mepa p(A, B) yraa A3
B NJ0CKOCTH, cojeprkauiei A n B (ecan 3Ta miaockocTh ompejedielia
e eJNCTBENHLIN 00p230M, To apudmeTHyecKan Mepa, OUEBHIIO,
pasia 0 win m).

Mokasats, wro ecan (A B) n (A’, B’) — 1se npoussogbiinie
napel, To pasenctso p(A, B) = p(A’, B’) Bumnoiusierca Toraa i
TOALKO TOT/1A, KOTa CyeCTBYET ABitkende npocrpanctsa E, nepe-
pojismee (1, B) B (A7, B’); noka3arp, ¥TO Cpenil TAKHX ABHXKeIH
BCEr/la HailieTes coOCTBeHHOe ABUMKEHME M 3epKAILHO ABHIKEllie.



NPHTOXKEHNHE 1

AHCHUOMATHHA
HA METPHUYECHKOH OCHOBE

AxcnoyartHKa, KOTOPYIO sl H3JOMKHJI B TpeablyLlnX
raapax, B OCHOBe CBOell BeKropHas, MEeTpHKa MOSBJSETCS
TO.1bKO [OCJe TOro, Kak BeKTOpHast CTPYKTypa TIIJIOCKO-
¢TI YCTaHOBJeHa W HccleloBana.

IekoTopeie nperofapaTeny Culraior, UTo MeTpuue-
CKile MOHATHS HHTYUTHBIIO HONATHE} H Jeric ychaiBaloT-
¢l JleTbMH, YeM BeKTophble moHaTHs. daxTnuecki eule e
ObLLTO coyuasi, YTOObl WIKOALHHKaM I1penojasau pery-
JApHBIL KYPC, B OCHOBY KOTOPOrO OblIO [10J107KEHO MNO-
naATHE BEKTOpa, a TOJDLKO TPOAOTKHTENblast IKcnepH-
MCHTaJbHan 1POBEPKA PasjMuibLIX MeTONOB /laeT BO3-
MOKHOCTH HPHATHH K KAKOMY-TO BLIBOLY.

Tex He Melee MOXKET 0Ka3arThest MPeiloOUTHTESbHREC
HAUATH H3J0KEHHe TeOMETPHH ¢ METPHUCCKIX [OHSITHI,
NO3TOMY fi lpe/Iarato 3jech HeKOTOpBIl napnanut!) nep-
BOIT aKCHOMATHKI, OCHOBaHHBIT HA «aKcHOMe CKJaJbhiBa-
Ay, KOTOpasi sBJASETCs MaTeMaTHyecKoil (opaynpos-
Koit, onpceiatoniefi  (GH3HUECKYI0 omepannio crudanii
Ancra OyMarn no HeKoropoit npsaMoil.

29, IlepBble aKCHOMBI

AKCHOMBI CHOBA pacnajialorcs Ha YeThIpC TPYyHIbL
Axcuiompt 1V u 11’ cosnamaior ¢ akcuomamu I u 1f
ra. L.

) Drta aKcHOMATHKA —— CHABLHO Hepeteaalnbii  BapnalT  axcHo-
MATHK!, IpelaoKenHoii aBTopoM pasee (cu. [24]).

[MoayueHHoe 3jiech YnpouleHHe ecTb CJACACTBIE BBCLeHIist CBA3Al-
10l ¢ NAPAAARALHOCTBIO aKCHOMBI HHUMICHTHOCTH ) i1 Takoro uaMe-
HOHMSE COJepiKauiclt HEpaBelcTBO TPEYroAblHHKA aKCHOMbL, NTOOL B
yeit GUIYpHPOBAAO CTPOrce iepaBencibo. Kpome toro. B natuei Ho-
BOI aKCHOMATiHKe YAAJ40Ch H30CKATh HEROCTATKOB THITA onpejese-
HIISL NIPSIMBIX KAK MIOJKCCTB, H3OMETPMUHLIX HeKOTOPoil (uiKcipoBa-
itoii npsimoit.
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Axcnoma II1” comepaur akcnomy Il ra. 11, nonos-
HellHYI0 HepaBCcHCTBOM TPeyroJibiiKa, Ipeinosaaraercs,
Ka3aJioch Obl, UTO M3BECTHO olipejeseHue mnoas R, cdak-
THUECKH JK€, KaK BHIHO M3 HHKeCJeAYIOULero H3J0XKeHHs,
MOXKHO NOJYYHTb MHOTIE Pe3yJbTarTbl, M0Ab3YsCh TOJIbKO
CTPYKTYPOIl aAANTHBHOIl JHnIielino yrnops/AoueHHO rpyn-
nu nojs R.

Axcuoma 1117, C naocrocroro 11 accoyuuposano oro-
6paxcenue d mnoocecrea I1 X 11 6 mnoscectgo R, Hazovl-
gaemoe paccToanueM, TaKoe, uTo:

1. d(y,x)=d(x,y) 0aa scex x, y I,

2. Haa raxcdoll opuenruposannoii npamod D, awbo-
eo x =D 1 npoussoavroco uucaa >0 naiiderca edur-
creennas touxa ye D, rakas, uwro x Ly u d(x,y)=1

3. (xla, b))=(d(a,x)+ d(x,b)=d(a, b)),

4. Iycro {a, x, b} — npoussoarvHas TpolKka TO4EK, He
npuitadaexcawyux 00Hoil npamoii. Toeda

d(a, b)y<d(a, x)+d(x, b)

(ctTporoe HepaBCHCTBO TPECYTrOJbHIKA).

Mpamuie caeictaua akcuowm I, 117 II"

1. QueBHANO MLl ONSATH MOJAYUHM CJIELCTBHA H3 aKCHO-
mbl I1l,, obbenmuennole B mnpeinoxenuu 9.1, KoTopoe
HO3BOJISICT  OTOJKAECTBHTb  BCAKYIO  HEUTPHPOBAHNYO
OPHEHTHPOBAIHYIO NPSMYIO C UICJA0BOIl NPsAMOfL R.

2. Jlas 1100biX Tpex Touek a, X, b naockoctu I

d(a, b)y<d(a, x)+d(x, b).
PaBeHcTBO HMeeT MeCTO TOTAa H TOJLKO TOrjaa, Koraa
xea, b).
3. Mycts X<l u [—orobpaxkenne muoxectra X
B Il; rosopsrt, uto [ ecTh dsudcentie, ecan
(a, b= X)=>(d (a, b)=d([(a), [())).

M3 npuBeieHNoro Bblilic 3aMedaHus 2 CJIeAyeT, 4TO Besa-
Koe JABMiKCHHe COXpaHsieT KOMJIHHEAPHOCTb H OTHOLICHHE
KMEIKAY».
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()'I‘C!OJIZ] ¢iaeayer, 4ro Kazkaoe JABILKetile [nepesojantr
J100011 OTPE30K B OTPE30K H JIOOYIO NPSIMYiD B HPAMYIO,
ABe napaJJaesabplible NpsiMble B ABE ItapadJcdbHbIC Mpsi-
Mble H IIOJYIIJIOCKOCTH B 1TOJYNJIOCKOCTIIL. Besikoe JABHZKC-
e maockoetn II, mepesojsiniee ce B cedst, oToGpamaet
Il ma cebs u aABJasgerca H30MOP(MH3MOM OTHOCHTEARHO
CTPYKTYpBI, 3agaBaemoil akcuomarut 17, 117, II1".

Yupamueune. [lycre Ay, Ay — ase BhIyKIue 3aMKHyTHIC
GUrypLl 11a NJIOCKOCTIL, OrpaliiueHHble MHOTOYTOAbHIIKAMH, TaKlie, 1T0
A <A

[Tokasatb, uto ecan i n lo— naunnt rpadnn Guryp A, Ag, 1o
1<y, npiueM pPAaBCICTBO UMeeT MeCTo ilip B cayvuae Ap = Ao

Boaaronapst 9toMy CBOMCTBY MOMKHO (ICTKO j1aTh oOfpejedenie
JUUIHBL TPAHNiEl 3aMKHYTOrO BLIMYKJIOIO MHOKECTBa.

100. Akcuoma ckaaabiBaHust (MAH CUMMeETPUH)

JLast vio8ceTea n3aozkenst nocaeaneii akcHoMwel 060-
girauing uepes I (D) n [Te(D) oTKPBITHIC MOMYIIOCKOCTH,
onpeeaaemMple npaMyoit D; cKaajibiBaniieM 0o nps-
Moit D HasniBaetcst (1i060¢ JBHKEHIC ¢, oTOGpaKaoliee
DUIL (D) na munoxecrso DUIT (D), takoe, uto Aas Jio-
6oro x & D abl nyeeM @ (x) = x.

Axciioma IV, Hdaa .woboii npasoii D cywecrsyer no
Kpatineld mepe 00no cKkaadoigarie no npamoii D.

Mbr jloxazmen eIHCTBENHOCTb CKAAAbIBANHS 110 nps-
Moil D; ona ne nmocty ipyercs, Tak Kak JA0Ka3aTeIbeTBo
ype3Bbivaiiio npocTo.

101. CumMeTpUsl OTHOCHUTEJNBHO MPSAMOIl

Jdemma 1001 Jdas wobod npanoi D cywecrsyer
TOALKO OOHO CK.1a0blBAHUE N0 3TOL NPAMOLL.

[Tyern ITi (D) # Ilo(D)— OTKpBITHIC [OJYIIOCKOCTH,
onpejaeIsicMble npaMoit D, ¢ — HEKOTopoc cKJajbiBaine
1o sroit npanoit 1 a & [ (D); nonoxunm o’ = ¢(a). Or-
pe3ok [a, a’] nepecekaerca ¢ npsiMoil D B Touke p; BCs-
Kast TouKka X upamoit D, oTanydasi ot p, JCKHT BIC OT-
peska [u, '], cacnonarentuo,

d(a, «)<d(a, x)+d(x, a')=2d(a, x).
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Ho d(a, a’) = 2d(a, p); orcioaa caeiyer, uto
d{a, p)<d(a, x).

Touka p oOJjagaer TOH XxapakTepHOH 0COOEHHOCTbIO,
He 3aBHCALel oT BbiOOpa oTOOpaXkeHHs ¢, UTO OHA SIB-
asietcst Oawkaiiwieli K a Ttoukoil mpsmoit D; rosopfr,
4TO p eCTb OPTOTOHAaJAbUAS NPOEeKIHS, ILIH,
Kopoue, IIPOCKHHSA TOYKH a mHa D. DTta npoexuud
ectb cepednta napu (a, a’); caegoBaTtesbHO, TouKa @’
CHMMETpHUIIASl TOYKe @ OTHOCHTeJbLHO p Ha NPsMOii, co-
nep:atleit a # p, He 2aBUCAT OT @, T. €. (¢ €AUHCTBEHHO.

O6o3anauun Tenepn, yeped ¢ mnpoaos:Kenne ¢ Ha [T,
onpejesascMoe cJaeAyiouHuM o6pasom:

o(x)=@(x) paa Bcex x <= DU, (D);
@(x) =9 ' (x) naa seex x < I,(D).

Jlemma  101.2. Ilpodoascenue ¢ orobpascenus ¢ ecro
Odsuacernue n.aockocru I, orobpascaroujee ee ua ceba.
(Oro nmBIZKeHHe €cTeCTBEHHO Ha3BaTh CHMMeTpHeEl
oTHOCHTeabHO npamMoit D.)

[Ipexxae Bcero cpasy nosyuaeM, UTo ¢ ecTb orobpa-
eHHe njaockoctd II Ha cebs.

3ateMm paccmorpum a, b = 11.

Ecau a, b = DU (D), o umeem

d (g (a), 9(b)) =d(a, b),

TaK Kak ¢ = @ Ha {a, b}.

K ToMy »Ke 3aK/JIIOYEHHIO Mbl [PHIAEM H B TOM CJy-
yae, ecain @, b = D U Ily(D).

[Mpennonoxum tenepn, uto a< I, (D) n b =11, (D);
nycth x = D (1[a, b]; nonoxum

o’ =g(a); b =q(b).
[1meem

d(x, ay=d(x, a’); d(x, b)=d(x, b').
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Taxum o6pasowm,
dia, b)y<d(@, x)+d(x, b')=
=d(a, x)+d(x, b)y=d(a, b).

Iiraue rosops, d(a’, ') < d(a,b).
Ho auaJoriiunbiM 0o6pa3oM roJdydaedM H HCPaBEHCTBO
d(a,b)<d(a’,b’), oTkyna cleiyer HCKOMOe pPaBeHCTBO

d(a, by=d(’, b’).

102. Tepnenaukyasp H NpoeKUHs

Oneeieaenue  102.1. ToBopat, uto HeKotopas nApf-
smaa D’ nepneunduryaapua npamoli D (3anucbipaercs
D’ 1 D), ecain D" D u npamas D’ cosnaiaer ¢ npa-
MOTI, CIIMMeTPHUHOIT efl OTHOCHTJIbNO Tpsaoil D.

Kax suauo u3 Jjemmbl 102.4 1mike, 910 oTHOlIEHHE
cummetpuuno. HenocpelacTBenHo u3 ofipeieseniis cae-
JlyeT, uTo uepes Ji00YI0 TOUKY X & D mpoXOIiT nepren-
JMKYJsp K OpsaMoil D, i NPUTOM TOJbKO OJHH. 8 HMEHHO.
NpAMasn, COeNHHSIOMAs TOUKY X ¢ TOUKOIl, CHMMeTPHUHOII
eil OTHOCHTEbHO npaAMol D.

JHemma 1022, 1. Ecau D’ | D, to stu npamote ne-
peceraioTcs.

9. Ecau D u D’ — dse npanovie, nepecexaroiyyuiecs 8
TGUKE P, TO

(D’ L DY& (kancdus touka npasoi D’ npoekrupyercs
g Tourny p npamoir D)&E(cyugecrsyer orauunas or p
royka npasoii D', Koropas npoeKkTupyercs 8 TOUKY
npasoit D).

Jloxasateascrso. 1. Ilpamas D’ comepxutr  no
Kpaiiiteit Mepe [ABe pasiHYHble TOUYKH X; H Xg, CHMMeT-
pHUHDIC  OTHOCHTEIbHO  npaMmoil  D;  cienoBarenbHo.
[x1, xo] nepecexaetea ¢ D.

2. [Ipepnonoxum, uro D’ 1 D u x& D’. Touka ¥’
CHAMETPHYIIAs TOUKE X OTHOCHTeNbHO mpsaoit D, mexn:
wa D’ suaunt, touka D N [x, '}, T. e. NPOEKLHsT TOUKH A
Ha npsivyto D, ecTb HMEHHO TOUKA .
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I naobopor, nyctb D 11 D’ mepecekaioTcst B TOuKe p,
Il MYyCTb X — HeKoTopas Touka npsimoil D', oTauyHas ov
p H Takas, uTo ee npoekuHus Ha D ecTb p; paccMOTpHM
TOUKY X', CHMMCTPHYHYIO TOYKe X OTHOcuTeabno D. Or-
pe3ok [x, x’] nepecekaer D B Touxe p. CJiecaoBaTesibHO,
npsinas D', comeprauiast pas/anuHble TOUKH X, p, COAEp-
KHT TaKKe TOUKY x’, OTKyjaa caenyer, uro D’ | D.

Caepcreue 102.3. ycro D’ 1 D, u nycre f— dsu-
acerue mroncecrsa DU D. Toeda [(D’) | [(D).

1o caexyer U3 Toro (akra, uto, Kak BHAHO H3 mpe-
AbLAYLLelT JeMMbl, HeprneH Ky AAPHOCTb BbIpa3uMa B Tep-
MitHax paccrosmiii.

Jlemma 102.4. Ecau D" | D, o u D J D',

IokasateabcTBo. Ilpeamosoxny, wuwro D’ | D u
UTO p — TOYKA HX Hepeceuenus. PaccMoTpun HeKOTOpym
Touky x & D: aqasa Jo6oit Touku x” & D', otanunoit or p,
BBITIOTHSIETCSl PABEHCTBO

d(x, x)=d(x, x”),

rae x” — Touka, CHMMeTPHUHAs TOUKe X’ OTHOCHTEIbHO
npawmoil D.

CregosatesibHo, ¥ He MoxeT ObITh NpoeKiHel Tou-
KH x HAa D’ (elHHCTBEHHOCTb MIHHMYyMa); 3HAUYHT, TAKOIl
npoekueii Oyaer Touka p, OTKyaa no.aydaem, uro D | D’
no nemme 102.2.

JIemma 102.5. Tycto D | D’. Toeda
(D_L D/l)@(DI”DI/)'
HoxasateabcrBo. 1. Ilyets D | D’ n D’ || D”.

[Ipambie D, D” nepecekaiotcss B HeKOTOPOIl Touke p.

V4
Mpsinibie D” u Dy, cuMMeTpuullbiec MapaJielbHbIM nps-
sbiM D’ w D" otnocutesibHo npsiMoil D, mapadsesbHbt
4
(caenpcrsiie 3 akcuombl 111°); caemosarteabno, D” u D)
napaJ/JiesibHbl H POXOAAT uepes p.
” ”
Orciona caenyer, uto D” = Dy n, nakoueu, D | D”,



AKCUOMATURA HA METPUYCEROH OCHOB? 207

2. Myeto Dy D" u D | D”.

PaccyoTpiy TOuKky X npsofi D7, ne Jexauyio na
D. Kax Mbl pijean, npsamasi, napasienbias npamoii D’
W mpoxoJflIas ueped X, mepreniukyaspna D; caeosa-
TeJBHO, Olla coBrafaerT ¢ npamMoil D’ peieicTsue Caii-
CTBEHHOCTIl TepHeHAHKyIspa K npaMoil D, nposeienHoro
yepe3 TOUKY, He Jekalyio Ha D. Hiraue rosops, D’ || D",

102.6. Caedcrsus

[Iyctb &), 62— ABa Hanpabjenus; OyaeM TOBOPHTH,
YTO OHII NepreHHKY.IsPIbl, ecH CYyILeCTBYIOT ABe nep-
HeHAUKYAApible NpsMble Hanpasaeiuii i, 8. M3 demu
102.4 11 102.5 caenyer, uToO:

1. DT0 OTHONIEHHe CHMMETPHUHO, alTHpedJICKCHBIO
(& L & HuKorja me MMeeT MecTa), H KaxJ10OMy Hanpasie-
HIHIO COOTBETCTBYET IeprlelliHKy/Aspioe eMy Hanpas.ie-
HHe, H NPITOM TOJBLKO OJHO.

2. Jlag Toro uToObl ABe TpaAMble ObLLTH TepreHinKy-
JSIPHBL, HE0OXOAHMO H J0CTAaTOUHO, YTOObI 1X Hampap.ies
1St 6L Mepren iKY A PHBL

3ayeuanne. Orcioga cleiyer, yto otobpaenie,
crapsllee B COOTBeTcTBHe Kaxkaoll Touke x & Il ee opro-
rOHadbiHYI0 TPOEKUHI0 Ha HeKoTopylo mpsmyio D, ectb
{le 4TO HHOEe KaK Kocas mpoekius Ha D mapasienbHo Ha-
npaseniio, NeprnenaHKyIapHOMY IpAMOiL D.

Onveieaenne  102.7. Tlyers a, b— aBe pasiiunbie
TouKH, 0 — cepelAHa 3TOM naphl.

Meduartpucodi napbl (a,b) nasbpiBaerca TNepreHiiKy-
asp k npamoit A(a, b), npoBeICHHEIT Yepes TOUKy 0.

Jlemuma 102.8. Hycro a, b—dse pasauunbie TOUKU
u D — ux meduarpuca.

0603naqun ueped 1, T, oTkpviTble 1NOAYNAOCKOCTH,
onpedeagemote npamoi D u codepocaujue COOTBETCTBCH-
Ho Tourt a u b. Toeda

(rxe&D)=(d(x, a)=d(x, b));
(xe1)=>(d(x, o) <d(x, b));
w=l)y=d((x, b)y<d(x, a)).
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HloxkasateabctBo. Tax Kak @ u b cuyMMeTpHuHbI OT-
HocHTeNbHO D, To

(x=D)=>(d(x, a)=d(x, b)).

Ecin xell,, 10 nyers y=D[x,b]; Tak Kak
y & la, x] (BuinykaocTs MHOXKecTBa Il,), TO

d(x, a)<d(x, y)+d(y, a)=d(x, y) +d(y, b)=d(x, b).
Paccyxnenns ocranyresi TeMH ke B caydae x < [,
Caepcrene 102.9. (xe= D) & (d(x,a) = d(x,b)).

Caepcrne  102.10 (cpaBnenue nakaoHHbIX). Tycro
P — NPOERUUA TOYKU X HQ NPAMYIO, NPOXOOAUYIO ueped
TOYKlL a u b.

Ornouienue  nopadka, c8azwsarowee d(p,a) u
d(p, b), cosnadaer ¢ orHoulenuem nopaodka, ces3vl8al0-
wun d(x,a) ud(x,b).

JIOKA3ATEABCTBO.  JefiCTBHTENBHO, B 3aBUCHMOCTH OT
TOrO, paBHa HYJIO, CTPOFO MEHBIIE HJI CTPOro GoJblie
Hyasd seanunna d(p,a)—d(p,b), touka X mupuHai’e-
#&ut audo D, anbo I1,, aubo IT,.

ATOT Ke pPe3yabTaT MOKHO CPOPMYJIHPOBATh TakK:

H.una narnaonnoti ecto cTpoeo sozpacrarowasn gynx-
LU 01URbL ee NPoeryiL.

Tounoe KosuuecTBenHOe BbIpazkeHHEe 3TOT pe3yabTar
naxoaut B teopenme IIndgaropa.

Caegersue 102,11, ITycro (0, a, b) — Tpeyeoavrux,
daq roropozo d(0,a)=d(0,b) u a < b. IIpoekyus rou-
Ku 0 Ha npamyro, npoxooawyo yepes TouKu a, b, ecto
cepeduna napoi (a, b).

ATOT MPOCTOil, 1O OuYeHb Ba)KHBI pPe3yJabTaT BbITe-
kaer u3 caexpcrust 102.10; on moxerT Obithb Bblpaken
TaKKe CcjaeayionuM ohHpasom:

B paBuOGeApeHHOM TpeyroibHHKe, pPaBHble CTOPOHI
KOTOPOTO HCXOMAT M3 BepmuHbl 0, BLICOTa, OMyieHHas
13 0, ectb 0CbL CHMMETpPHH TPeyrojibHHKA.
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103. CuMMeTpPHS OTHOCHTEJNbHO TOYKH H NPOH3BEJe-
HHEe CHMMeTpPHH

Onreneaenne  103.1. Cummerpueii OTHOCUTEAbHO He-
xoropoti Touxu 0 nnockoctu II HasbiBaercs oTo6parkeHnHe
f naockocru Il Ha ce6s, onpejesseMoe caeaylOlUM 06-
pasoM:

f(0)=0 u f(x)=x" npu x 0, rae ¥’ — raKas TOu-
ka npamoit A(0, x), uto 0 ecTb cepeanna napu (X, f(x)).

HenccpeacTBeHHO H3 oOnpefieJieHHsl  cJelyer, uTo
f2 — ToxaecrBeHHoe mnpeoGpasoBanue u uto f(D)= D
IJs Bcsikod mpsmoil D, mpoxoasueii yepes TOYKy 0.

Teopema 103.2. Cummerpus orHocureavro todxu 0
cosnadaer ¢ npoudsederuem CUuMMETpuli OTHOCUTEAbHO
08Yyx NPOU3BONLHLLX NEPREHOUKYAAPHBLY NPAMBLL, NpPO-
xo00sauwux wepes rouxy 0.

IoxasaTenbctso. [Ilycrb Dy, Dy — ABe nepneHIHKY-
AsipHble NpsMble, npoxoasmue uepes 0. Paccmorpum
X $ D] U D2.

OGosHauuM uepe3 A;, Ay npsiMble, napaieibHble CO-
orBercTBeHHO Dy U Dy ¥ npoXoAsiliue yepe3 X, H NMyCTb
A; — npsimMasi, CHMMeTpHYHasi NPsiMofi A; OTHOCHTEJBHO
npamoit D; (i = 1, 2); oueBHaHO, 4TO A napaJJiesibHa
A (P=1, 2).

[IpsiMmoyrosibHHK, 00pa3oBaHHLI ABYMs mapaMu na-
paJ/lleJbHBIX MPAMBIX Ay, Al 1 As, A3, CHMMETpPHUEH OTHO-
cHTeabHO npaMbix Dy, Dy; ciie0BaTebHO, CHMMETPHYHBI H
ofe ero JMaroHaJ/u; NOTOMY OHHM NepeceKaloTcsl B TOUKe,
npunaniexauleil o6enm npsiMeiM Dy u D;, T. e. B TOuKe
0, u pensarcst 3Toil Toukoil nomosnaM. OTcroJa BHITEKaeT,
YTO TOYKa, CHMMETPHUHAsI TOUKe X OTHOCHTeNbHO 0, ecThb
BepIUHHA 3TOTO NPAMOYTrOJbHHKA, NPOTHBOJEKAlllasl Bep-
IIHHEe X, a HMeHHO B 3Ty TOYKY IepexoAuT TOYKa X B
peayJsibTaTe MOC/NEIOBATENbHOTO NPUMEHEHHS CHMMeTpHil
OTHOCHTENbHO NpsAMBIX D 1 Dy,

Eciu xe xeD,UD,; To px0KasaTelbCTBO Oue-
BHJHO.

14 3ax. 323
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Cregcreue  103.3. Cummerpus OTHOCUTEALHO TOUKU
ecto Oguscerue. OHa nepesoQUT BCAKYIO RPAMYIS 6 APA-
MYI0, el napasnesbHyro.

(Paccmotpers caywai, Korga D mpoxomsr uepe3 0,
sareM oGumi caygaii.)

Mpunoxenne 1034. Hasosem napasseroepam-
MOM TaKOH 4YeThIPpexXyroJabHHK (a,b,a’,b’), uto ofe ma-
pbi €FO NPOTHBOJIEXKAIMX BepumH (a,a’) u (b, b’} ume-
10T O6IIYIO CepeluHy.

W3 npelblayliero CJAeACTBHS BHITEKaeT, YTO YeThlpex-
yroabeuk (a, b, a’, b’), He mpHHaMJIeXRallAi OXHOK Mpsi-
Mofi, GyZeT mapanjenorpaMMOM TOrAa H TOJBKO TOTAA,
KOTJla ero BepLIHHBI MOMApHO Pa3/HYHBE H

D(a, b}l B(a’, b'); Dfa, b)kD(a’, b).

C Apyroli cTOpOHBI, BO BCAKOM MapaajesnorpaMme obmas
cepelldEa RHaroHasell GyleT ero LEHTPOM CHMMETPHH,
OTKyla cJefyeT, 4TO B MNapaJje/oOrpaMMe MNPOTHBOHO-
JIOXKHbIE CTOPOHBI PaBHHI.

Jemma 103.5. Hycro D, D', A — tpu napasressnoie
npsmete.

1. Ecau D’ u D cummerpuuro. OTHOCUTEABHO MPAMOL
A, TO 8cAKas ceKkywfas nepecexaer 3Tu TPU MPAMble 8
TAKUX TOuKaX X, X', @, 4TO TOYKA @ eCTo cepedura napoi
{x,x').

2. O6parHo, ecau cyujecrsyer cexyuias, abaadaro-
waa yxkazaunoim ceolicreom, o D' u D cummerpuure
aTHOCuUTeabHo A.

JLOKABATEILCTBO.

i. Ilyers D, D’ cuMMeTpWUHBI OTHOCHTEAbHO A, n
nycTb X, X', @— TOUYKH NepeceyeHHS ITHX TpeX BPAMBIX
¢ HekoTOpoO#l cekyuell. PaccMoTpuM mepnenaury’asp B
K npamoil A, npoBeAeHHbIH yepe3 TOUKy a. Ilpowmssene-
HHE€ CHMMETPMH OTHOCHTEJNbHO A H CHMMETpUH OTHOCH-
reabno B nepesonut D B D’; caepoBaTesbHO, N0 Teope-
mMe 103.2 3TH npsMble CHMMETPHUHLI OTHOCHTE/IBHO TOU-
KH a, H, 3HauMT, 3Ta TOUKa — CepefHHA napu (x, x').

2. Eciu a — cepennna mapel (X, %), 10 D cHMMer-
pusia D’ orHocutennHo Touku a. [lo teopeme 103.2 u
CNEACTBHIO H3 Hee NpsAMas, CHMMeTpHuHas mnpsamol D
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OTHOCHTeqIbHO A, coBmajaer c NpsAMOH, CHMMETPUYHON
npaAMoil D OTHOCHTEAbHO TOUKH @, T. €. C MPFAMOH D’

TeoreMa 1036 (caabGas ¢opMa TeopeMmh
daneca®)). Eciu cexyuwas nepecekaer Tpu napai-
neavoie npamoie D, D, A 8 Tpex rakux Touxkax x, x', a,
4t0 a — cepeduna napo. (x,x’), TO npu nepecederuu ¢
410604 Opy2oil cekywieli 3TOH TPOUKU NPAMbLX TOYKU fle-
peceuenusn 6yOyr o6radare Tem sce ceodcrTeom (ApYLH-
Mu caosamu, D u DY cummerpuuroL OTHOCUTEAbHO A10600
rouku npamoi A). '

D10 cleflyeT HeTOCPeACTBEHHO W3 JeMMbl 103.5.

CagnctBre 103.7. as a106020 yeaoeo n2> 2 scakull
orpe3ox modxcer 6biTo pasbur (U NpuTOM eOUHCTE8EHHbIM
06pasom) Ha n nocaedosaresbHvlx pasHvlx Opye dpyey
OTPe3Ko8.

(Kaaccuueckoe MOCTPOeHHe, HCMOJb3yloulee mnapad-
JebHbie, NPOXOIsiye Yepes MOC/Ael0BaTeNbHOCTD TOUeK,
pachoioykeHHBIX Ha BCIOMOTATeNbHON NPSIMOA TaK, uTo
paccTosiHie MeXJy JIOObIMH ABYyMs COCeIHHMH H3 HHX
OJIMHAKOBHL.)

310 cAeCTBHe, OUEBHAHO, HHTEPECHO TOJBKO B TOM
ciayyae, KOrga NpeAnosiaraloTcsl H3BeCTHBIMH JHIIb He-
MBROrHe CBOBCTBa mojs R, HanpuMep, ecju MnpeanoJa-
raercs TOJNBKO, YTO R — JIWHENHO ynopsAAoueHHass KOMMY-
TaTHBHAS Tpymmna.

104. CxeMma M3J0XKeHHS AONOJHUTEJNBHOr0 Mareprnana

B teopeme 103.6 ¢opMymupyeTcsi TO Ke CBOHCTBO,
yto u B akcuome IIlp; Takum o6pa3oM, Mbl pacrnosaraem
tenepb akcuomamu I, II, IIT u moxeM crponth adduu-
HYIO TeOMETpHUIO Tak, KaK 3To caenano B ria. IL

C nmpyroii CTOpOHBI, Onpele/eHHe 102.1 BBOOHT B
paccMOTpeHHe OTHOINIeHHe TePIeHIHKYAIPHOCTH, a H3
nemm 102.2,4,5 caenyeT, u4TO 3TO OTHOLIEHHE VIORJE-
TBOpsieT akcuome IVa; TO3TOMY MOXKHO ONpEeenuTH

*) TeopeMmoit ®aneca BO (PaHIY3CKOH METOLHYECKOH JMTepa-
Type NPUHSTO HA3bIBAThb TEOPEMY, TPAKTYIOWLYI0 O CBOMCTBAX Yria,
fiepece’ieHHOT0 NapaslieAbHHMH MPSIMBIMH.

14*
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K03 HHUMEHT MpoeKuuH ABYX Jydedl ¢ OGIMM HayajaoM
nojo6HO TOMY, KakK 3TO ObIO chesaHo B M. 33; AJA 3TOrO
Ko3(pHIHEHTA NMPOEKUHH BHINONHAeTCA aKcHOMa [Vp:

IeiicrButennHo, ecaun ayun A, u A, ¢ Hauanom O npHu-
‘HalJeKaT ONHOW mpsiMofi, To paseHcTBo ¢ (A, Ag)=
= ¢(A,, A)) OUEBHAHO; ec/H e OHH He NpPHHaAJexaT
OJIHON OpsIMOH, TO mycTh @) € A; u a; = A, TakoBbl, UTO
d(0,a;) = d(0, az) +0; menuatpuca D napsl (ai, as)
npoxoxat vepe3 0; ciemoBaTesNbHO, OCEBas CHMMETPHS
¢ ocbio D mensier mectramu A; u Ap; Tak Kak 3Ta oceBast
CHMMETpPHSi — ABHKEHHEe H, 3HAYMT, COXpaHAeT mepeH-
RHKYJSIPHOCTb, moayyaeM, 4To ¢ (A1, Ag) = c(As 4y).

Takum o6pasom, Bce akcuomsl I, II, III, IV Bemoa-
HeHbl, H Jajlee MOXKHO MATH MO TOMY XKe INYTH, 4TO H
B MpeAbIAYILIEeM H3JI0KeHHH.

Ecau KejaTeqbHO H3JaraTb MeTPHYECKHE MOHATHSA
A0 HM3YyYeHUs BEKTODHBIX MOHATHH, TO HYXKHO [AO0Ka3aTh
teopemy ITudaropa, He obpamliasicb K cKaJdsipHOMY MNpoO-
uspefenno. I[IpuBONMM MpOCTOE [AOKa3aTeJbCTBO ITOH
TeopeMbl, Vst KOTOpOro He TpeGyeTcsl NpeaBapHTENbHOrO
M3y4yeHHs HH NOJOOHA TPEYroJbHHKOB, HH yIJIOB B Tpe-
yroJIbHHKE:

[Myers D, D' — nBa siyua c obuuM HayasaoM 0; mycTb
x&D u k— KoapduuueHT npoeKUUH 3THX JyyeH.

PaccMoTpuM npoekuHI0 X' TOYKH X Ha NPSAMYIO, He-
cymyio D', H mpoekuuio x” TOUKM x’ Ha MpAMYIO, Hecy-
wyto D; ouesuznHo, uto Ox” = £?0x, oTKyna caefyer, 4To
x"eD.

PaccMoTpuM Tenepb TpeyroJbHHK (a,b,c) c mnps-
MbIM YIJIOM B BepliHHe @; 0003HaYHMM B 3TOM TPEYroJib-
HHKe uepe3 p INpPOEKIHIO TOYKH a Ha mpamyw A(b,c),
yepe3 o, B, Y — AJHHBI CTOPOH H uepe3 k, k' — Koapdu-
LMEHTHl MPOEKLUHMH nap JyyeH, onpelesseMbIX TOYKaMH b
H C COOTBETCTBEHHO.

W3 BbilIeH3/JI0KeHHOro cJenyer, 4to p & [b, c], oT-
KyAa )

a=FKa+Fk’0 nm o=k +k e,
YTO, HAKOHEl|, MOKeT ObITh 3aIHCAHO B BHJE
a?=p%+y2%

Orciona caeayer, B yacTHocTH, uto |&|, |k'|< 1.
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AHCUOMATHHA
HEEBHKAMAOBOW NEOMETPUH

S1 mymalo, uTO He CTOMT 06CYKNaThb C YUYeHHKaMH, Ka-
Kie H3MeHeHHs1 MOTyT ObIThb BHeCc€Hbl B IpelJiaraeMyio
MM CHCTEMY aKCHOM, NpexJie 4eM OHH ee XOpOLIO YCBOAT
M MOKAa Yy HHX He TMOSIBHTCSH HEKOTOpas 3peJioCTh MBIC/H.
K ToMy e, €BKJHIOBOH reOMeTpHH CBOMCTBEHHA TaKafd
MIPOCTOTa, H CTPYKTypa ee COIepXKHT B 3apojbliie CTO/Mb
MHOT0 (yHJaMEHTaJbHbIX MOHATHH,— MOHATHS TPYMNIbL,
BEeKTOpa, CKaJspHOro NpOH3BEJeHHUs:, — 4TO H3yueHHe ee
He JIOJ:KHO CTPajaTh OT KOHKYPEHIHd C APYTHUMH reo-
METPHSAMH.

OjHaKO B KOHIe CpelHeil IIKOJbl HJIM B Hauaje yHu-
BEPCHTETCKOr0 Kypca, KOTja B PaclopsiKeHHH yyeHHKa
ye HMeeTcs JAOCTATOYHO aJireGpaHueckHX CPeACTB,
OYeHb MHTEPECHO MPEJJIOXKHTb eMy HCCle/lOBaHHe Moje-
Jell Tex WJIH HHBIX HEeBKJIHAOBBIX IeOMeTpHil H NOKasaTh
eMy, KaK Te WJIH HHBle H3MEHeHHsl B aKCHOMAaxX eBKJIHIO-
BOIl NJOCKOCTH H TPOCTPAHCTBA NPHBOAAT K aKCHOMaM
9THX T'eOMeTPHH.

1 ykaxy 31ech KOPOTKO aKCHOMBI «a6COJIIOTHOI» reo-
MeTPHH TJIOCKOCTH, XapaKTepHayioulne u miockocts Eb-
KJHAA, H TJIOCKOCTbh JIo6aueBCKoOro.

31ech TakxkKe IMJIOCKOCTb €CTb HEKOTOPOE MHOXKECTBO
I, a npsAMble — ero NOJAMHOXKecTBa. AKCHOMBI pa30u-
BAlOTCS Ha uYeTbipe TPYIIIbE

17. Ilasn ecakoti napol (X,Y) pPasAudHblX TOHEK NAO0-
ckoctu TI cyujecTéyer NPAMAs, u NPuToM eOUHCTBEHHAS,
codepoicauyas 3Tu TO4KU X, Y.

11”. Ha acakoti npamot D onpedeseno. 0se cTpyx-
TypoL AuHelino20 nOpadKa, npOTUBONOAONKHblE Opye
dpyey.

11”7, (3ta axcuoma cosnadaer ¢ aKCUOMOL I npu-
a0xcenus 1.)
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IV”. (Akcuoma cknazabiBauus.) Qas ecakoi npamod
D cywecrsyer pasbuenue mnoncecrsa (IIN\D) na dsa
nenycroix noomroscecraa Ny u I, raxax, aro:

l. (xieIl; x, 1) = ([x1, 2]V D ne nycro).

2. Cywecteyer Ttaxoe Osudscerue [, oTobpascaroujee
muoscectso I, UD na muoocecrso T, U D, uro f(x)= x
Oas scex x= D.

EauscTBeHHOCTh pa3bHeH#s njaockectd II Ha ase mo-
JNYOJIOCKOCTH, ONpejeseMble HeKOTOPOH HPAMOH, AoKa-
3piBaeTCA cpas3y '), pPaBHO KaK H EFHHCTBEHHOCTh CO-
OTBETCTBYiOIler0 cKAajAbiBaHHA. Otcioga #oayuaerca
HOHATHE CHMMETPHH OTHOCHTE/ABHO HPAMOIE; Takad CHM-
MeTpHA ecTh JABHXKeHHe miaockocTd IL

[Monb3ysich STHMH CUMMETPUSAMH, MOXKHO PaccMOTPETh
NepueHAHKYNSIPHOCTb;, HMH XKe HOPOKIAAIOTCH JIBHMKEHUS
naockocth I. Kak H B eBKAHAOBOH HAOCKOCTH, COGCTBEH-
Hble JABHXKeHHs (IpOH3BeNeHHS YETHOTO UYHC/IA CHMMET-
pHit) of6pasyioT rpyiny, AeACTBYIOHIYIO OJHOTPAH3ATHB-
HBIM 006pa30M Ha MHOXKECTBE 3aMKHYTHX Jyue.

Hna moboi npamoi D n aioboit Touku X & D uepes x
HPOXOJHT [0 Kpaixeld Mepe OfHA HpsAMasd, Hapa/liesib-
Had D; ecnn uadigeres mapa (Dg, Xp), ANA KOTOPOH 57a
npsMas eIMHCTBeHHa, TO ¥ AaA Bcex map (D, x) MoxHO
[IOKa3aTh eIHHCTBEHHOCTb MapajfedbHOH; B 5TOM caAyiae
niockoctb Il eBK/JAHZOBAa; B NMPOTHBHOM ciiydae II Gyaer
(runep6onKYeCKOi) - IOCKOCTHIO JloOaueBcKoro.

) JlokasaTenbcTBa OepBHIX TeopeM ObiAd JAasbl B Moed
craTbe [24].
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AHCUOMATHUKA «<HAYANBHOM TEOMETPUU»

«Hauansnoli reomerpueit» (la petite géométrie) Mot
Ha3biBaeM TeOMeTpHIO, IIPEnoAaBaeMylo LIKO/bHHKAM 10
14 feT, KOTHa ellle NPOTHBONOKa3aHO ABHOe ymoTpebie-
HHe sI3blKa BEKTOPOB H KOTJa OTPE3KH MOXKHO JeJHTb
JAUUIb B PalHOHAJNbHOM, a He B NIPOU3BOJIbHOM OTHOLIE-
puu. a9 yualuxcsi 3TOro BO3pacra reoMerpHs He CTpo-
WTCA Kak MOCJeNOBaTeNbHO NelyKTHBHas Hayka; JHilb
HeKOTOpble HPOCThie TeopeMbl Hpejiaraercs J0KasblBaTh,
NpHYeM 3a HCXOAHbIe OepyTcs MNOCHLIKH, NpHEMJEeMble
IAS yYeHHKAa BCJIEJACTBHE HMX HHTYHUTHBHOIO Xapakrtepa;
9TH TOCHJIKH 00GpasyloT aKCHOMBbI MaljieHbKHX AeNYKTHB-
HBbIX OCTPOBKOB («(parMeHToOB reoMeTpUH»), BO3HHKAIO-
KX NPH TaKOM IOJAXOJE.

YpesBplyaliHO BazKHO, yroGBl ONpefieleHUs] M SA3bIK,
yrnotpebasemMble Ha 3TOf CTagun OOyYeHH, Obl1d  Obl
WMEHHO TeMH ONpeJeleHHSIMH U TeM f3BbIKOM, KOTOpble
no3:ke GyAyT UCIOJNB30BAThCS CUCTEMATHUECKH.

B paBHOll CTENeHH XKeJaTelbHO, UTOGLI HeKoTopas
obu1as WAes MOTJia CJAYKHTh HANpaBJAILICH HUTHIO MpH
BHI6Ope AeAYKTHBHBIX ()parMeHTOB; fl noJjiaraio, 4ro Ta-
KOil OCHOBHOE HHTbIO Moryia Obl CTaTb aKCHOMaTHKa C
CHJDbHBIMH aKCHOMaMH, B KOTOPBIX, OJHAKO, HCIOAB3YIOT-
csl TOJIbKO TIPOCTHIE MOHATHS, TAaKHE, KaK TOHATHA KOH-
IpY9HTHOCTH.

H3yuenue appunnblx nOHATUL

[TepBLiMU ABYMsI aKCHOMaMH OyIyT aKCHOMBE I ull,
Ho axcuoMa Il dopMmyaupyercs B TepMHHaX OTHOUIEHUH
amexay» (em. Xaabcren [3]).
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Axcuoma 11l, 3aMensercs cjaerylomes:

1115/, B muomecrse I X II nap touex naockocru II
onpedeseHo OTHOUleHUE IKBUBANEHTHOCTU, 0603Hauaemoe
4epe3 ~ U TaKOe, 4TO:

1. Qrs scex x, y

(x, y) ~ (9, x).

2. das aob6oi npamoli D u awbox x, y, X =D ¢
Kaodoll cTOpoHblL OT ToukU X' cyujecTsyer eOUHCTBEHHAA
rouka y' npamoi D, takas, 4ro (x,y) ~ (X', y’).

3. Hasn scakoi npamod D u scex x, y, z, x', Y,
2ZeD, rakux, wto x<Ly<Lz u ¥ Ly L2,

[(x: !/) ~ (xlr y')u (y» 2) ~ (y,» )] = [(x’ 2) ~ ()C’, Z')]/

Akcuoma III, ocraercsi Ge3 HaMeHeHHI.

Knaccet 5KBHBaJIEeHTHOCTH MO OTHOLIEHHIO ~ Ha3bl-
BAIOTCS PACCTOAHUAMU, WX MOXHO CPaBHHUBATh MeXIY
co00il U CKIaAbIBaTh APYr ¢ APYToM.

OTu aKcHOMBI MO3BOJAIOT A0Ka3aTh!) Teopemy 12.3
H Jaxe NOKa3aTh, YTO IVIOCKOCTb II ¢ HeKoTOpoil Ha-
YaJIbHON TOYKOI €eCTh BEKTOPHOE NpOCTPaHCTBO Han Q.
CJieloBaTeNbHO, H3 3THX aKCHOM MOXKHO OYZeT BBbIBECTH
BCe KJIaCCHMYEeCKHe pe3y/NbTaThl 3JIEMEHTapHOro Xapak-
Tepa, Kacawoliyecss adGhHHHOM CTPYKTYPHl IJIOCKOCTH.

H3syuenue merpuueckux noHaTuti
K npeaplayliuM akcuomaM no6aBasiioTcs:

au60 HepaBeHCTBO TPeYyroJibHHKA Il u akcuoma
ckaanbiBanus IV/, aubo axkcuoma IV, u crexymomas
akcuoma, 6oJiee cuisibHas, ueM [Vy:

1Vy'. Mycro (0, x, y)— npoussorbras Tpoika ToYex,
npuradaexcauux 00HoOlU npamoll u h— npoekyus Touku
0 na npamyio A(x,y). Toeda

[d(h, x)=d(h, ]SO, x)=d(0, y)l.

1y Akcuoma II mns atoro Takke Heyno6Ha. B oGuiem cayuae,
NpennosoKHM, YTO BHIMOJMHAETCA akcHOMa I, H NpeAMoNoXKHM, 4YTO
Ha Kaxjaoi mnpsaMoli A mnockoctH Il opHOTpaH3HTHBHBLIM 06pasoM
neficTByeT HEKOTOpask KOMMyTaTHBHasi rpynna G(A), Kamablii OT/IHY-
el o7 0 3seMeHT KoTopoil HMeeT GeCKOHe4HbIi HOPSAOK (3TO jgaer
BO3MOXKHOCTb BBECTH OMpejae/eHHe cepefnHbl). Toraa MoxHO cdop-
mysnupoBath akcuoMmy IIIp u nokasaTe Teopemy 12.3, a Takxke TOT
¢dakt, yro miaockocts II ¢ BHGpaHHHIM HauajoM €CTb BOKTOPHOE Mpo-
cTpaHcTBO Haj Q.
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N

CXEMA ELLE OJHOrO ONPEAENEHWA YIJA

'

B ra. V Obio AaHO olipelesieHHe Yrja, HCNOJb3ylo-
llee TPyNny BpallcHHA BOKPYT TOYKH. '

§1 npensaraio 3Jechb elile OAHH CIOCOG, MPH KOTOPOM
coxpaHsiercss GoJiee TecHasi CBfA3b C NMapaMu Jyueil; 3TOT
croco6 COCTOHT B 3aJaHUH HEKOTOPOTO OTHOILUEHUS IKBH-
BAJIEHTHOCTH HAa MHOXKeCTBe map Jyueli ¢ oOUHM Hayas
soM 0; mpu 3ToM MHOXKecTBO Yrjos Gyner oGpasoBaHO
KjaccaMM SKBMBAJEHTHOCTH MO STOMY OTHOLIEHHIO; 3a-
TeM HaeTcs OmpejelieHHe CyMMbl ABYX YIVIOB. DTOT Me-
TONL OueHb HANOMHHaeT BBeleHHe CBOOOAHLIX BEKTOPOB
¢ TIOMOILbIO «CBA3aHHBIX BEKTOPOB» *); aHa/orus 3Jech
HAaCTOJbKO CHJIbHA, 4TO 062 MOCTPOEHHS MOTYT NpPenoaHO~
CHTbCS N0 OJHOH CXeM€; §i OrpaHHyyCh TeM, UTO IpH«
BeLy 3Jecb 3Ty CXeMy, MPeNOCTaBHB YMTATeNIO0 YAOBO/b-
CTBHe NepeBecTH ee Ha A3blK BEKTOPOB HJH Ha SA3BIK
yIJI0B. -

B nepBoM ciyyae MHOXecTBO E, KOTOpbiM Mbl OyleM
Moab30BaThcs, ecTb II, a MHOXKeCTBO ¥ — MHOXECTBO
LEeHTPabHLIX CHMMeTpHii miockoctH II; BO BTOpOM: Cay-
yae E — OKpYXHOCTb ¢ LeHTpoM B Touke 0 u & — MHO-
JKECTBO OCEBHIX CHMMETPHIl, OCH KOTOPBIX NPOXOMAT Y€+
pe3 0.

*) Mmeercs B BHAY OObIUHBIA TEpeXOj OT «CBA3AHHLIX BEKTO-
poB» (HampaBieHHbIX OTPE3KOB) K «CBOGOJHNM BeKTOpaM» (KoTo-
pHe OObIYHO H 0GO3HAYAIOTCS CJ/IOBOM «BekTop» 6Ge3 BCAKOro mpusa-
raTe/lbHOT0) — K K/accaM 3KBUBAJIEHTHOCTH «CBA3aHHBLIX BEKTOPOB»
10 OTHOMIEHHIO 3KBHBAJIEHTHOCTH;

—> —>
AB ~ CD, ecnu mapot A,D u B,C wumeior 0O6lLyl0 CepefHHY

{cp. crp. 40).
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AbcrpakThan cxema

Ilycts E — HEKOTOpOe MHOXKECTBO, Ha KOTOPOM 3a-
IaHO MHOXeCTBO ¢/ MOACTAHOBOK (MHOXecTBa F), Tak,
uTO:

1. Ina mo6bix 0 ¢ ajeMedT 02 — TOXKAECTBEHHASA
MOJCTaHOBKA.

2. s mo6eix x, ye=E Haiigercs eIHHCTBEHHOE
0 = ¢, MeHsiOlee MeCTaMH X H .

3. IlycTb Beskoe mpou3BeleHHe BUAA p-T (p, 0 &)
HasblBaeTcsl nepenocom; Torga GyseM NpeanoaaraTb, 4TO
IBa mepeHoca, coBIajaloiiue AJs HekoToporo x = £, co-
BananT TONIECThEHHO.

JIleMMa @. Bcaxoe npoussedenue p-o-T 34eMEHTOB
MHoxMecTsa & APUHAOLEHUT ITOMY MHONCECTBY.

HeiictButeanno, nycts a & E, u nycts a’=p- ¢ - 1();
paccMOTpHM 3JIeMEHT R MHOXKeCTBa ¢, MEHSIOHIUH Me-
cTamu a u a’,

PapenctBo  p:.0-7(a)=m(a) Baever paBeHCTBO
o-t(a)=p-n(a), OTKyAa nONy4aeM OG-T=p'% H
P 0 T=a.

Caeacreue ). [Jan scex p, 0, 1= assement
(p-0-1)? ecro TOMAecTBENHAA NodcTano8KA.

Beexem na wmHoxectBe E X E OTHOUIeHHe 5KBHBA-
JIEHTHOCTH.

Byaem rosoputs, uto (a,b,c¢,d) ects napasieno-
epamm MHOMectBa E, ecau mopcraHoBka o, MeHsomias
MeCTaMH @ H ¢, COBNajaeT ¢ HOACTAHOBKON, MeHAIOuieH
MectaMu b u d.

Torna (a,b) ~ (a’,b"), ecau (a,b,a’,b’) — napaJ-
JeaorpaMm.

Henocpeacrsenno u3 onpenenenns ciemyer, uro

la, &) ~ (a’, ¥)S(a, a') ~ (b, b)].
C Apyroit CTOpOHH, 3TO OTHOUIEHHE €CTb OTHOHIEHHE
SKBUBAJICHTHOCTH: DEQNIEKCHBHOCTL M CHMMETPHUYHOCTH
ero OYeBH/IHHI, MOKaXeM, YTO OHO TPaH3HTHBHO.

') 3ra QopmyanpoBka sKBHBasEHTHA, HECMOTPSI Ha CBOIO Ka-
KYWYIOCsT 0cJ1abJIeHHOCTh, CBOACTBY 3 MepeHoCoB, :



Cxema ewe odrozo onpedesenus yzaa 719

flpeamoncxum, uto (&, by ~(a,b'y un {a. &)~
~ (@, &*}. Svo 3uaumr, uro &' =p(b), ¥ =play n
&’ = o(t'), b* = ala).

MoxHO TONOKHTH b7 = 1(a), 9T0 MOWKeT OHTL 32«
NHCaHO TAKKe B BREE & = v{(b“}).

Takum  0Opasom, [HOAyYaeM  paBeHcTBO &’ =
=g¢-p-1-@-p(b), mpaBas 4acb KOTOPOre NO NpHBe-
JIEeHHOMY Bbillle CJIEACTBHIO €CTb He 4TO HHOe Kak T(b);
KaK MoKaswBaioT paseHcrsa b” =t(a) u a” =1(b),

(a, b) ~ (a”, b").
Jlemma B. Jas ecex a, b, ¢, a’, b, c
l(a, b) ~ (@, b)) u (b, c) ~ (b, "1 =>1(a, ) ~ (@, ).

JeficTBUTEJNbHO, 3TH OTHOLUEHHA 3KBHUBAJIEHTHHl COOT-
BETCTBEHHO CJeAYIOLIHM:

(@, a') ~ (b, b); (b, b) ~(c, &) (a, @) ~ (e, ¢),
OTKyJa M0 TPaH3UTHBHOCTH INOJNy4aeM HCKOMOE CBOHCTBO.

JemMa y. Jas ecex a, b, a’ cywecteyer eduncrsen-
noe b’, Taxoe, uto (a,b) ~ (a’,b’).

IeiicTButenbso, b’ = p(a), rae p— 3/J1eMeHT MHOXe-
ctBa ¢, TaKoi, uto a’ = p(b). '

Tenepb y Hac HMeeTcs Bce HeoOxoxuMoe 1JIs 3aja-
HHsl TPYNNOBOH CTPYKTYpPbl Ha (DaKTOPMHOXKeCTBE MHO-
wecrBa E X E no 3ToMmy OTHOLIEHHIO. KOMMYTaTHBHOCTB
57O/l TPYNMbI C/IELyeT H3 TOro dakra, uTo B mapasseno-
rpaMMe J110 6 bl e [Be MPOTHBONOJIOXKHEE CTOPOHHI (Mapbl
TOYeK) SKBHBAJIEHTHHL

Mo KHO OKas3aTb, UTO 3Ta rpynna H3oMopdHa rpyn-
fle NepPEHOCOB M UTO 3Ta MOC/AeNHss COBNAZAeT C IPYNmof
NoICTaHOBOK MHoXkectBa E, mepeBoisiluX Jio0yio napy
(@, b) B 5KBHBAJIEHTHYIO efi mapy.

HakoHel, MOXHO MOKa3aTb, YTO AJifi JIIOGOA TOYKH
o & E muoxecrso E o6jagaer CTPYKTypOH KOMMYTAaTHB-
HOfl TpyHnbl ¢ HeATpAJbHBIM 3JEMeHTOM ®; rpynna me-
PEHOCOB 3TOr0 MHOXKECTBA €CTb He UTO MHOE KaK TOJIbKO
yTO ompefiesennas rpymna.
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DieMeHTaMH MHOXecTBa ¢ SBIAITCA CHMMETPHH
x— (a—x) 3roit rpynnel. M HaoSopor, coBepuienno oue-
BHIHO, 4YTO AJs JM060# KoMMyTaTHBHOA rpynnel G cuM-
MeTpHH X — (@ — X) 3Toi rpynnbl 06/1a1al0T CBOHCTBaAMH
1, 2, 3, BhHIMOJIHEHHe KOTOPHIX TpeGyeTcss OT MHOMKeCTBa
&, W uTO rpynmna nepeHocos, onpejesgeMas MHOXKECTBOM
&, coBnajaer ¢ rpynnoii nepexnocos rpynnsl G.
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CNOBAPb MATEMATHUYECHHX
TEPMHUHOB

KprHBOM B TEKCTE, NOACHAWIEM CMBICA OTAENbHBIX CJI0B R
Bupameﬂnﬁ, BbiJieJieHbl HMelollHecss B 3TOM CJIOBape TepMHHDI.

AGenesa rpynna — cM. epynna.

ANIMTHBHAA CHMBOJHWKA — TaKas CHcTeMa 3amucH ¢opmya, oT-
HOCAIMXCA K KakKOi-au60 aireGpanuecKoil CHCTeMe, NPH KOTOpO#
UMelomasncs B 3TOH asre6paHueckoi CHCTeMe OuxapHas onepayus
o603HauaeTcsl 3HAKOM - H Ha3blBAETCsl «CJIOKEHHEM>.

AareGpanyeckas onepauus, onpelejeHHas B HEKOTOPOM MHO-
)ecTBe M 371eMeHTOB, — NPaBHJO, COTOCTaBAfAioOlUlee KaXAbM (yno-
psinoueHupiMl) % siementaM MHoxecTBa M (rae k ¢HKcupoBaHo)
KaKOH-TO OMpefe/eHHbIA 3JeMEeHT TOro JKe MHOXeCTBa («pe3y/bTaT»
onepauun); Mo-ApyroMy anreOpauveckyio Omepanuio MOMHO onpele-
JATb Kak OTOGpaxkenue (o, O, ..., Ax) —> B, Tle o, Gz, ..., 0, f EM.
Anre6pauueckye oOmepaliH KIacCHUUHPYIOTCS MO 4uCay R: NpH
k = 2 rosopar 0 Gunaproll onepayuu (pjs 0603HAaYeHHS] GHHAPHBIX
omepauuii uallle BCErO HCMOJBb3YeTcss adOuUTUBHAS WM MYAbTUnAU-
KaTUuBNas cumsoauka); npu k = 3 — o TeprapHod onepayuu m T. A.
(Tlpu k=1 anreGpauyecKas oOmepauus Ha3bBaeTcs yHapHo#;
yHapHOR onepanuefi sBJAeTcd, HanpuMep, OnepauHss B3ATHA KOM-
IJIEKCHO COMpSXKEHHOT0 uYHMCJAa B MHOXECTBE KOMIUIEKCHBIX 4HCeJ.)

AsTunsomopduam — Takoe otobpaxenne mMHoxectBa M c 3anan-
Hoit Ha HeM GunapHoil onepayueid Ha npyroe mHoxectso M’ ¢ cy-
mecTBylomelt Ha HeM GuHapHO# omepauuefi, uto ecaun aff =y (rae
a, B, ye M; Mmbl ynotpeGisieM 31ecCh MYAbTUNAUKATUBHYIO CUMBO-
auky) v a—>a,p—>p,y->y, 10 p'@ =Y. (MHoxecto M’ Mo-
XeT u coBnagath ¢ M.)

ApxuMena akcuoma yTBepXKIAeT, UTO AJs JIOGHX ABYX OTpe3-
KOB @ u b (mepBbii H3 KOTOPHIX MOXeT OITb CKOMb YrOAHO Mall,
a BTOpOfl — CKONb VFOJZHO BEJNHK) CYWECTBYET Takoe HaTypa/bHoe
YHCJIO 1, YTO A-KpaTHHIA OTpe3ok a Goabiie oTpeska b. (Jra akcuo-
Ma HIpaeT OCHOBHYIO pOAb B TEOPHH H3MepeHHA JJIHH OTPe3KOB.)

Addunnas cTpykTypa B MHOXecTBe M — 3ajanue B 3TOM MHO-
JeCTBe NOAMHOMKECTB, HA3LIBAEMBIX <«NPAMbLIMH» (2 TaKie <miIo-
cKocTefi» W T. 4., ecan peub uiaer o6 adQuHHON CTRYHPYpe pas-
MepHOCTH > 2),. nipespattaiomee M B agunnoe npocTparcreo

15 3ax. 323

»



226 Carosaps

COOTBETCTBYIOIIE/l Da3MepPHOCTH, B KOTOPOM BBLIUNOJHSIIOTCS BCe Xa-
pakTepusyioniue abduHHOE NPOCTPAHCTBO aKCHOMEL,

Addunnoe RPOCTPAHCTBO OTIHYAETCA OT eBKJIMAOBA MPOCTpaH-
CTBA OTCYTCEBHEM <METPHKW» — PECLATOAHHE MEMNY TOUKAMH H Yr-
50B Mexnay npsMbiMH. K addHHHOMY npoCTpaHCTBY MOQXKHO NDHATH,
OTNPaBJSISiCb OT DPAa3JIHYHBIX CHCTEM aKCHOM, HamEpuMep OT H3-
BeCTHOf cucTeMbl akcuoM ['mibGepra eBKAHIOBA NpPOCTPAHCTBA, OT-
Ka3aBUINCh OT T'PYMIBI aKCHOM KOHIpysHTHocTH. (B cayuae miocko-
CTH HapfAfy C OSTHM TNpPHUXOJMTCS BBECTH OJHY HOBYIO aKCHOMY,
CBfI3aHHYI0O CO CBOMCTBAMH Napa/ViesibHBIX NpsiMbix.) Ilpocrefiimas
cucTeMa aKcuoM adQHUHHOTO NPOCTPAHCTBA TAKOBA: B BEKTOPHOM
NpPOCTpancTée Hapsly C BEKTOpaMH BBOASATCH HOBbie OGBEKTH, Ha-
BLIBaeMble TOYK A MM, OPH 3TOM KaXALIM ZBYM Toukam A u B
orBeuaer BekTOop AB = a; kaxpof Touke A ® BeKTOPY @ OTBeuaer
rakasg Touka B, uto AB = q; AJlst Kaxapix Tpex Touek A, B un C
umeer mecto paBeHcTBO AB + BC + CA =0 (rze 0 — HyneBoft Bek-
top). (Homonnenwe 5TOR CHCTEMB! dKCWOM TIPYRNOH &RCHOM, €BSI3aH-
HO €O CKalnfpDHBM NPOH3IBeXeRHEM BeKTopoB, o6pa-
umiaerT apdHEHOE NPOCTPAHCTBO B EBRAULOBO.)

Addunuble npeo6pa3oBaHus APPUHHO20 NPOCTPAHCTEA — B3AHUM-
HO onmO3HauHble (GuerTuerbie) (Toueumbie) OTOGpakeHus aduu-
HOTO MpPOCTPAaHCTBZ Ha ce(s, KoTOphie B cryuae adrduHHOA IvIOCRO-
ct® (adPHHHOrO NPOCTPAHCTBA PasMePHOCTH 2} MOKHO OHDEASIATH
TpefoBanEeM O TOM, 4YTOOH 3TH NpeoOGPasOBanHA NEPEBOAMIH HpPs-
mbie CHOBa B npsambe. (B crysae addunnoro mpocTpaECTBE nNpom3-
BOJILHOfl Pa3sMEPHOCTH R Hago NOTpefoBaTh, YTOGHE MJIOCKOCTR pas-
MEDHOCTH # — | DepexoAMJNH CHOB&Z B TaKHe JKe HJOCKOCTH.)
B nmexkaproBix (mnw adduHHEIX) Koopammarax addHHELE npeo6-
Pa3OBARUS 3aMHCHIBAIOTCH JHHEHHBIMU yDaBHeHHIMH: X" = ax + by 4
+e ¢ =cx+ dy+ [, rae ad—bcs£0 (cayuair miockocTa).

buekTHBHOe oOTOGpakeHHe (6ueKkyis) — B3aMMHO OZHO3HAYHOE
otobpaxkeHHe MHOXecTBa M Ha MHOxkecTBO M’ (XOTOpoe MOXKer u
coBnagmatb ¢ M), T. e. Takoe OTOOpaKeHHe, 4TO KaxKIHe ABa pas-
JIHYHBIX SJleMEHTa MHoXKecTBa M orTo6paKalTcs B PA3JHUHHE dJe-
MEHTBI MHOXecTBa M’ n Kaxneifl sjeMeHT MHOXecTBa M’ Apnsercs
o6pa3eM KaKOro-to sneMerTa MEoxecTBa M.

Buekuus — cm. OuexTugroe oro6pascetiue.
bunapraa onepauus — cM. ascebpauteckas onepayus.

BuHapHoe OTHOINEARE — NMPOHIBONBHOE OTHOMIEHHE B MHOMKECTBE
M, Bminensollee HEKOTOPble (YMOPSAOYEHHbE) MADH 3/EMEHTOB H3
M, cuwtatomiuecs CBS3aHHHIME JTHM OTHONICHUeM (T. €. NMORMHOXe-
crBo muoskectBa M2 = M X M). ([Ipumepnl GHHADHOTO OTHONIEHHS:
oTHOMeRHe < B MHOMECTBE UHCEd HJIF OTHOUICHHE «CFapuinit Gpat»
B MHOXECTBE Jiofeil.)

BekTopHOe NPOCTPAHCTBO (OHO HASHBAETCA TAKKe AUHEHHOIM
RPOCTPARETBOM) — MHOKECTBO M 358€MEHTOB, HA3HIBAEMBIX B €K T O-
P &MH, RAR KOTOPHX. OHpefe/deHb: ZBE ONEPalMH: OfIepalHs CJio-
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XKeHHS BEKTOPOB M ONCPANMA YMHQXKEHHUS BLKTOoPa
Ha wucao. Tipy 3TOM WO CHOReHHIO BEKTOPHI JOMKHHEI ‘00pa3o-
BHIBaTb KOMMYTATUBHYIO 2pynny, a yMHOXKEHHe BEKTOPAa HA YHCAO
FONUARALTCS CACAYIOLIAM BKCHOMAM: :

l'a=0, {©®+P)-a=w-a¥+f-0,
a(a+b)=a-a+a-b, a-(B-a)=(af)-a

(amecy o, =R u o, = M). Hapuay ¢ 3TUM B 4HCIO aKCHOM Bek-
TOPHOTO HDPOCTPAHCTBA OOLIYHO BKIIOYACTCH aKTHUOMA pasMep-
HOCTH, B ciyyae ABYMEPHOTO BeKTODHUIDG IPOCTPAHCTBA {BeKTOPHON
OADCKOCTH) GOUPMYAUPYIOHIALCH TaK: CYHIECTBYIOT JABAa He HPOHOP-
HEDHAZBHLIX APyT APYTY BeKTOpa ~(T. €. TaKie BERTOPH @30 #
b =0, gro We CyBlecTBYer WHCAA @, AR KOTOPoMO &= o -8) ® Xa-
KgHe TPHE BEKTOpa 4, $, £ NUBGHBO 3aBHCHEML (T. €. BT TAKHE
uucaa a, P,y € R, He Bce paBHble HYMO, yTO ¢.+a@ + B b+ y-c=10,
rie 0— pyxaeBoit BekTop). Has Gonee 0OLUEro n-mepHOzO BEKTOD-
HOTO NPOCTPOHCTEQ aKCHOMa DA3MEePHOCTH (OPMyJIHPYeTcs Tak: Cy-
WECTBYIOT T AHHEHHO HEe3aBHCHMB X BEKTOPOB, T. €. TaKue
BEKTOPH @4, A, ..., By, YTO PaBEHCTBO

o @+l + ..+ Qnp =0, 0y, ay..,.0%, =R,

HMEET MECTO AMHb NPH O = Up = ... = O, = 0; Kaxmse ke n + 1
BeKTOpOoB nHHefiHO 3aBucuMu. (Ilpucoenumenne X cucteme
aKCHOM BEKTOPHOTO MPOCTPAHCTBA JONOAHHTENbHBIX AKCHOM, CBfi-
3aHHHX ¢ TOYKaMH, O6pauiaer €ro B adpunHOe NPOCTPAHCTSO;
HAONOJHEHHEe XK€ CHCTEMbl AKCHOM aKCHOMaMH CKAASPHOTO Yy M-
HOMeHHU S BEKTODOB, COROCTAB/IMIOUIELr0 KaXKALIM ABYM BeKTOpaM
a u b wicso ab = R, npusem ab = ba; a(b + <) = ab + ac; {va)b=
=qfab); a2=a-a>0 mpu a%0; agecr a,b,cesMa=R, of-
pawaer agduHHoe NPOCTPAHCTBO B €BKAHKZOBO HPOCTPAH-
C¢TBO.)

BexTopHan CTPYKTypa HA MHOMKecTBe M — CTPYKTYpa 6exrop-
HD20 RPOCTPANCT8A HA MHOMXecTBe M, 3MEMEHTH KOTOPOTO B 3TOM
cyyae Ha3blBalOTCA BeKTOPpamMu. (Mmorna BhipameHme «BeKTOp-
Hasg CTPYKTypa» ynorpeGJsercs B CMbicie apuuras cTpykTypa.)

Bospacraiwouiee 0To0pamkeHne — CM. MOHOTOHHOE OTOGpadenLe.

Buinykaag ¢yukuus [(x) — takasg $yskuus, uto f (."_‘_;_'il) >
>-ﬂjl)-gji@ AAA JIOGHIX X; H % 3 ©OOMACTH ONPEACACHHA

¢yukuun f (wnu us To# OGNACTH, B KOTOPOH 5Ta DYHKUHSA BHIYKAA).

TeoMeTpHYECKH HEPaBeHCTBO, ONpefessiollee BBIMYKAYIO (YHKUHIO,
Xit+x Y+

03HAYAET, YTO CEPeNwHa S(—‘—E—i, E—‘—Q—y—’l-) xopanl AB, coemn-

Ramolleil aBe Toukn A{x, #1) u B(Xp, ¥2) rpadura Gpyuruuu y = f(x),

15*
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JCKHT MO X TOUKOH C(x‘;xz, f(x';x’

apryMenTa (YHKUHH; OTCIOA@ CJeAyeT, 4TO

)) rpaduka, -orBeyalo-

Xy +x
well 3pauenuio '—23
mo6as Ayra rpapuxa BeIMyKaOA (GyHKUHU JIEKHT Ha J XOPAOH, CO-
e[UHAIOLefl KOHILI 3TOA AyTH.

Fapmonnueckoe nenenne: ToukH C u D pgeasr orpesgk AB rap-

AC _AD |
MOHHYECKH, eClH ~mp = pp (oTpesku HanmpaBJaeHHB), T. e
toukn C W D genst oTpe3ok AB B OJHOM H TOM e OTHOLICHHH,
HO OjHA BHEUWIHHM, a Jpyras — BHyTpeHHHM oO0pasoM. (Touxku me-
peceuenusi ¢ ocHoBaHueM AB tpeyrosbnuka ABC GucceKTpPHCH yriia
C u GucceKTpuCHl BHelllHero yria npu epuinde C gensat orpesok AB
rapMOHHYECKH.)

pynna — rakoe MHOXKecTBO saementoB G ¢ onpezesneHHOl
B 3TOM MHOXecTBe 6Ounaprod onepayued, uto (Mbl ynotpebJsieM
3[eCh MYALTURAUKATUBHYIO cumsoruxy) (ab)c = a(bc), cymectsyer
TaKOl JEMEHT e (HedTparbHoul 3AeMEeHT WIH e THHH L a CPynmsr),
yTo ea = ae = a aas noboro a =G, u aaa xkaxjaoro ¢ <G cyme-
cTByeT Takofl sjeMeHT @' rpymmsl, yto aa”! = a’la = e. Ecau, xpo-
Me Toro, ab = ba ans mo6hx a,b & G, to G HaspiBaeTca KOMMY-
TaTUBHOU UNH abesesol epynnod.

I'pynna npeoGpa3oBanuii — COBOKYNHOCTb npeobpa3oBaHufl He-
KOTOPOro MHO}XecTBa M, T. e. B3aUMHO OZHO3HAUHBIX (OUEKTUBHbLLX)
otobpaxennit M Ha cebs, Takasd, 4TO HapsAAy C KaXAbIMH [ByMfA
npeoGpa3oBaHHAMH gy H g B 3Ty COBOKYNHOCTb BXOJHT H HX npo-
usgedenue gag1; COBOKYNHOCTb COJEpXKHT TOXIXECTBeHHOeE
oToGpaxeHHe e [epeBOJslllee KaXAbii aneMeHT M B cels;
Hapsily C KaXIblM Npeo6pa3oBaHHEM g COBOKYMHOCTb COJEPHKHUT H
ofpatHoe eMy mpeobpa3oBaHue g~!, Takoe, UTO eciu g NepPeBOLHT
a B b, 1o g7! nepeBoaut b B a. Ecain 119 kax anx g, bes M sma
rpynna cozepXuT npeo6pasoBaHHe, NMepeBojsilee a B b, To oHa Ha-
3bIBAETC TPAH3UTUGHOU Ha MHOXecTBe M; ecinm Takoe mpeoGpaso-
BaHHe eIHMHCTBEHHO — OOHOTPAH3UTUBHOU Ha M.

JBHIKEHHE — U30METPUHECKOE OTOGDANCEHUE MEeTPUHecKoz0 npo-
crpancréa M Ha cebs.

HexaproBo npousBenenue Muoxectse M u N (oHo Ha3blBaeTcs
TaKXKe APAMbIM npoussedenuem MHOMKECTB, a HHOIAA H NPOCTO APO-
useedenuem MHOJNCECT8) COCTOMT B OGDA30BAHHH HOBOTO MHOXeCTBA
M X N, anementaMH KOTOpOTO SHBJAIOTCS (YMOPAJOUEHHblE) mapsl
anementoB M u N; TakuM oGpasoM BCe sJeMeHTHl MHOxectBa MXN
MOXHO 3anucare B BHie (@,b), rne aes M, b= N.

LA poGHo-auneiiible npeoGpa3oBaHHs eBKJHJ0BA HJH acpg(mﬂuom
npoCTpaHCTBAa (MX Ha3HBAIOT TaKXKe MPOCKTUBHLIMU npeobpa3osa-
HUAMU) MOMHO OUPeleNHTb KaK TakHe MpeoOpas3oBaHusi, NMepeBOxs-
e HeKoTopyio o6Jsiactb F nmpocTpaHCTBa B Apyrylo oGaacte F/, uro
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KaXJIasa npaMasn, nepecekaiomas F, mepexoguT cHOBa B NpPAMYK
(oueBmnno, mepecekalomyio F’; Mbl 3jecp orpaHMYHBaeMca CiryyaeM
npeoGpa3oBaHuii NIOCKOCTH). Bo BceM (eBKAHIOBOM WM apdurnoM)
npocTpaHcTBe TaKoe npeoGpasoBanne (ecaM TOJBKO OHO 'He "€CTb
agunnoe npeobpasosanue) He SBISETCH B3AHMHO OAHOIHAUHBIM
(6ueKTuBHbIM); HEKOTOPbie TOYKH TNPOCTPAHCTBA (MM [JAOCKOCTH)
He HMeIOT TpH 5TOM 00pasoB (T. €. HHKYyAa He nepexoxsAt), a Apy-
I'He — He MMeIOT mpooGpa3oB. MJas Toro uyro6el caenaTb mpeoGpa3o-
BaHMe GHCKTHBHBLIM, NMPHXOLMTCA eBKJAHLOBO (addunnoe) mpocTpan-
CTBO AONOMHATH (UKTHBHHIMM (T. e. B adQuHHOM npOCTPaHCTBE
He CyIECTBYIOIHMMH) «GECKOHEYHO YAaJeHHbIMH 3JeMeHTaMu» (Tou-
KaMy; B Cyuae IJIOCKOCTH BCE STH TOUKM MpPHHAajjeRaT OLHOK «Gec-
KOHEUHO YAANCHHOH NpAMOfi»). HasBanue ‘«1poGHO-TiHERHOE» TNPH-
CBOGHO 5THM TNpeo6pasoBaHHsM NOTOMY, YTO B JAEKAPTOBHIX. (HJH
apduHHBIX) KOOPAMHATAX OHM 3alHCHIBAIOTCA IpOGHO-THHEAHBIMH
. ,_ax+byt+k cx +dy+1

yHKUHAMH: X _——_—ex+fy+m , Y w g tm (rme uucaa
a,b,c,d, e f k1,msR ynoBIeTBOPAIOT elle HEKOTOPLIM HepaBeH-
CTBaM; Mbl 37€Ch TaKXKe OTPAaHHUHBAEMCS CyuaeM [JIOCKOCTH).

33MKHyTOe MHOXECTBO TONOAO2UHECKO20 NPOCTPAHCT8A —— MHO-
KeCcTBO, colepxKaiuee npeae/bHble TOUKH BCeX OECKOHEeYHBIX MOCaeno-
BaTeabHOCTEHN TOUEK 3TOro MHOXEeCTBa.

Hzomerpuueckoe orToGpakenHe — 0TOGpaXKeHHe METPHUECKOro
npoctpanctBa M Ha MeTpuueCKOe MNPOCTPaHCTBO M’ (Bo3MOxHO,
coBnmajalouee ¢ M; Toraa H3oMeTpHueckoe OTOGpa:K€HHe Ha3blBaer-
cfl TakxKe O8ucenuem), COXpaHsIollee PAaCCTOSHHE MEXAY TOYKaMH
(. e. Takoe, uro ecit A—>A’ u B—> B, rne A,B= M, A, B'e M’,
10 dgp=dpp; snech dp— paccrosnne Mexay A u B.

Hsomopdusm — takoe oTo6paxenue HEKOTOPOR ajreGpanmueckok
MM TeOMETPHYECKOR CTPYKTYpH S (MHOXKeCTBAa C 3aJAaHHBLIMH B HeM
onpeieseHHHIMA OTHOIICHMSMH 3JEMEHTOB) Ha aHAJOTHUHYlO ef
CTPYKTYPY S’, MPH KOTOPOM CBsi3aHHblE ONpPENENEHHbIM 'OTHOLICHHEM
sJeMeHTH S NepexOAAT B 3JAeMeHTH S’, CBA3aHHbIE TEM Xe OT-
nomenneM. Tak, Hanmpumep, M3oMOPdH3M agurnozo npocTpancrea
A onpepensiercss ero adpduuHbIM OTOGpakeHHeM Ha Apyroe adpdun-
Hoe mpocTpancTBo A’, TIpu KOTOPOM TPOHKa TOueK 4,b,c¢ EA, cBs-
3aHHas OTHOLIEHMEM <«KOJ/AHHeapHOCTH» (a, b, ¢ npuHanp/Iexat OXHOX
npsMoii), NepeXOAHT B TPOMKY Touek @, b, ¢’ A’, Takxe CBA3aH-
NbIX YCJIOBHEM KOJMJIHHEaPHOCTH; H30MOP(H3M aJre6paHyecKon Cu-
cTembl M ¢ samaHHO@l Ha Heli 6uwaproid onepayueli — 310 QTOOpa-
menne M Ha Takylo anre6pauueckylo cucremy M’, uto ecan
a, B,y = M casanb oTHomenneM aff =y (Mb ynotpeGasieM 3zech
MYAbTURAUKATUBHYIO CuMBOAuky) a a—>a/, P—>f v—>vy, TO
@B’ =Y, B T. I (CM. TaKKe 4uNeiHoe npeobpasosanue).

HMnaMKanus — OTHONIEHHEe CJEROBAHHA BbICKa3bIBaHHA: HMILIH-
Kanus p=>gq (rme p M ¢ — HEKOTOpbie BLICKAa3bIBaHHs) O3HAvaer,
YTO «H3 p CRELYET g».
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Husononns — rakoe npeoGpasoBanne § HEKOTOPOrsc MHOKEeCTBa
M, ar0 2 =i-i=¢ {rRC MYALTUNAUKATUBHAA CUMBOAUKA HCHONB3G
BaHa A 3aNHCH Apoussedenus npeobpasosannil; e—TOXJAe-
€TBeHHOe npeobpasoBanue) uam il =i (npumepu: uen-
TPansBas CHMMETDHS, 0CeBas CHMMETPHS).

Havextasroe orobpaxenHe {(AEDeKUH7) — oro6paxenue [:
M-—>M’, npr xoropom ecim x=<Y, To f(X) F=f(¥) {(3mech X, v = M,
H{x}, F(9) = M?. [Ecam mpe stom M oroOpamaercs ma Bee M,
To f — Ouexyus} )

Wrepanus (airefpaudeckoft omepanus wHam 0TOGpaXKeHHs) —
MHOTOKpaTioe HOBTODeHHe (omepauuH, OTOGPaKeHHst); TaK, HTepa-
uuio Ounapnod onepayuu G.f (Mbl HCHOAB3yeM 3JeCh MYyAsbTURAUKQ-
Tushyto cumsoauxy) obpasyer omepauus (...{(aB)y)d .. A)p, como-
CTABAAIONMIAA HOBBHIA 3JEMEHT DacCMaTPHBAEMOH anreGpamyeckol
CHCTEMEI ee S/eMeHTaM @, B, v, .., A, i; HTepaunio mpeo6pasoBanus g
eGpasyer mpeoGpasoBauie g" =g-g-... g (k coMHOXHTexell).

Kapnuﬂanbﬂoe 4HCII0 — 06001eHHoe «UHCJIO», YKa3bIBalollee Ha
MOWHOLTO MHOJXCECTBQ: TaK, HANpUMep, KapAHHAJIbHOE HYUCJA0, KOTO-
poe OTBEUAET CHUETHOMY MHOITECT8Yy, OOO3HAYARTCS CHMBOJIOM ®o.

Knacchl SKBHBANERTHOCTH — CM. DKGUBAACRTROCTE OTHOMmEHUE.
KommyTaruHas rpynna — cm. 2pynna.
JiuHeiiHoe MPOCTPaHCTBO — cM. GexTOpHOE npoOCTPancTao.

Jluneitnoe npeolpazonanne — uzomoppusm auxelinozo npoeCTpan-
€764, T. €. TaKoe OTOODaXKeHWe JIHHEHHOTO H/IM BEKTGDHOTO npo-
crpancTBa ¥V B Apyroe (WiH TO e camoe) Jmpefimoe (BexTOpHOE)
npocrpancTBo V', wro ecam a—> &', b—>0’, rie a,b = V, &, b=V,
Toa+b>a'+b ua-a->a-a (rze c =R NPOHIBONIHHO),

Jiuneiinelii nopsagox — Taxoe oTHOWeHUe nopadKa B HEKOTOPOM
MHOXecTBe M, uto n/st JIOGHIX ABYX (PasnMUHLIX) 3/EMEHTOB abeM
wma <bummb>a.

MeTprYyecKoe MPOCTPAHCTBO — MHQXKeCTBO M 3JIEMEHTOB, Ha3H-
BaeMblX TOYKaMH, B KOTODOM KaXIbiM JBYM ToukaM A u B orpe-
YaeT uMeao dam, HA3HBAEMOe KX PACCTOSHHEM (TAK .4TO 371ech
MOJKHO TOBODHTH 06 orobpaxennn M X M—> R}, u Bunonmsores
akcuoMbl: 1° dap=dgs (cUMMeTpuHuHOCTS paccrosinus);
2° dasa=0;, dap>0 npu A~B (IOLOXKHUTENABHOCTS pac-
crosnus); 3° das + dpc>dac (nepasencrao TpeY20AbHUKN),

MouoToHHOe OTO6paxkeRHe: Takoe oro6paxkeHHe MHOMKecTBa M
B mMHOXecTBO N, rie B M u B N onpejesennl OTHOMICHUSA AHHEHHOrO
NopsifKa, UTO eCiti a—>a’ u b->1b’, 10 nubo ns a > b caenyer, uto
a’>b’ (B atoM cayuae oTo6paxkeHHe HashBaeTcs 803pacTarOUwiUM),
mm6o u3 a > b caenyer, uto b’ >a’ (8 sToM Cayuae oro6paxenne
HasbiBaeTcs ybol8aomum).

MomuocTs MHOKECTBA CBA32HA C BBOZMMBIM B MHOKECTRe MHO-
KeCTB OTHOWleHUEM NOPADKE: eCJH CYIECTBYeT GUEKTUSHOE orobpa-
wcenue MHOXKecTBa M Ha vacte MHOXecTBa N (BO3MOXKHQ, coOBfIa-
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palomyis ¢ N}, 5O me cymiecTByer GHEKTHBEOTO orobpaiessn N na
gqacTs 'MHOXKecTBa M, TG FOBOPAT, ¥TO MOMHOCTS MBOXecTsa M
MeHbIIe MOIHOCTH MHOXectBa N €CHH e CYHECTBYIOf B GRex-
THBHOe OTOOpaMeHHe MHOXecTBa M Ha uacth MHOXecwBa & M
GuekTHBHOe OTOGpa)keHHe MHOXectBa N Ha uacTe MHOKecTsa M
(B 3TOM nocaenHeM cAyuae 0043aTeNbHO CYWRCTBYeT M GUEKTHBHOE
oroGpaxenne M na N), TO FOBOPAT, UTO MOIIHOCTH MHuOXecTs8 M
W N oaguHakeBn (uro MHOXxectBa M u N paBHOMOULHH);
B 5TOM NOCJEAHEM CJyyae B OTHOIICHWM HOHETHS MOUIHOCTH MHO-
xectBa M u N e pasauuaiorcss. (TakuM o6pasoM, OTHOUIeHAE NO-
PAAKA BBONUWTCA B (POKTOPHHONELTEE MHOKECTBE MHONECTB N0
OTHOIWEHHI PaBHOMOUHOCTH.)

MyabTHONMKATHBHAS CUMBOJHKA — CHCTeMa 3anucH (opMyd, OT-
HOCAIHXCA K anreGpauyeckofl cucreMe ¢ Gunaprod onepayueidl, npu
KOTOpOil 31a GuHapHasi ONepauMs HAIHBALTCH CYMHOKEHnEM» B pe-
3y/bTaThl €e NMpHMEHEHUS K dJeMeHTaM & u B aire6panyeckpd Cm-
CTeMBl 3aNHCHBAIOTCA Kak af uau a- .

Hefitpanpubiii 81eMeHT (OTHOCHTENbHO GMHADHOW ONEpalfn) —
TAaKof 3/JeMEHT €, 9TO (MBI ynoTpeluasieM 3Mech MYyss6TUNAUKATUBHYIO
CUMBOAUKY) Q€ = &0, = . JJif BCeX Q.

HepaBeHCTBO TPEYrOJLRAKA — CM. MEFPUUETNOE RPOCTPAHLTBO.

Hopmansautii geaurens zpynnst G — noarpynma Gp {r. e. Reko-
Topoe MHOXectBo Gp sneMenToB rpymnsi G, Taxoe, 4To — ec/ yno-
TPeGAATL MYABTUNAUKGTHOHYID CUMBOALKY — H3 g1, £, G, eneayer,
yro g8 & G,; e= Gy, us g &G, caepyer, wto gre G}, obaa-
RalolIafd TeM CBOHCTBOM, uTo ecu g < Gy, 1o u ggig' = G, npu
aoboM g = G.

Orpanuyenue orobpamenus M—> M’ — orobpaxcenue N-—>» M,
rae N —uactb (NOJMHONECTBO) MHOXeCTBa M, onpemesiseMoe ycJQ-
BueM: ecin aE N u a—>a’ npu OTOGRla)KEHHH M—> M, 10 uul cuu-
TaeM, 4TO @ ->a’ u npu otobpaxenun N > M’

OnRoTpaH3NTHBHAA rpynna mpeoGpasoBanmii — cM. epynna npe-
o6 pa3osanull.

OTHOlIEHNE AOPARKA — CM. NOPAOKE OTHOUWEHUE.
OTHOWWEHNEe 9KBHBAJEHTHOCTH — CM. IXBUBANCHTHOCTH OTHOULCRUE,

Hoae — muHoXecTB0 P 3/1€MEHTOB C ONpeAeACHALIMHE B 3TGM MHO-
JMeCTBe ABYMS GUHAPHLIMY ONEepayuamu, JAS KOTOPHX HPUHATFO HC-
NOAb30BATh QOOUTUBHYID U MYABTUNAUKATUBHGIO CUMBOAUKY, NpPH-
yeM MO CJOXKeHWI0 P 0/MXKHO 06pa3oBbIBaTh KOMMYTaTHBHYIO Tpyniny
¢ HeATpa/bHBIM 3jeMenToM 0; MO YMHOXEHHIO BCe OTJMuHble OT 0
aneMeHTH P HO/DKEH TaKkKe 0GpasoBHBaTH Tpymsy (¢ Apyrum Heii-
TPajbHbLIM 3JIEMEHTOM e); CBS3b MEXKIY ClOXKenHeM H YMHOXeHWeM
onmpejefisercss TaK Ha3biBaeMblM EHCTPHOYTHBHHIM 33KO-
HOM, B chIy Kotoporo a(b + ¢) =ab + ac gna awobux a,b,¢ P,
(3 amcTpuGyTHBHOFO 3aKoHa. yXe CAeAyeT, Hanpumep, uro Oa
=qa0 = 0 g7 Bcex a € P.) -
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Moaweta merpuueckozo npocTpancTéa onpepensercs Tpe6opa-
HHeM CYLIeCTBOBAHHA Mpefena y JioGofi ¢yndamentasvnol nocae-
008aTE€AbHOCTY TOYEK ITOrO NMPOCTPAHCTBA. .

NMopanka orHouwenne — Gunaproe OTHOWeHUE, YROBIETBOPAIOLIEE
YCNOBHAM aCHMMETPHUYHOCTH (CM. CUMMETDUYHOCTb) ¥ Tpax-
3utusHocTu (T. €. TaKoe, 4YTo OTHouleHHs a < b u b < a He Moryr
HMeTb MecTa OXHOBPeMeHHO H #3 @ < b u b < ¢ caenyer, uro a < ¢;
3%ech AN 0OO3HAuYEHHs OTHOLIEHHS MOPAAKA NPHHAT CTAHZAPTHO
ynoTpeGasIomuiics A 3TOH Lead cHMBoa <).

NMpencrasaenne epynnot npeobpasosanuii G — otobpaxKenue sme-
meHTOB rpynnmel G Ha HekOTOpoe MHOXecTBO G’ JIHHEHAHBIX NpeoG-
pa3oBaHHH, TaKoe, UTO eClH a@->ga H b-—>g, (rme a,b =G,
ga, 8o = G'), TO ab —> gugs.

MpoekrupHble npeoGpa3oBanns — cM. OpoGHO-aunelnbie npeot-
pasosanus.

Mpou3ssenenne MHOXeCTB — cM. JekapToeo npoussederue.

Mpoussenenne npeoGpasoBanuit f U g — pesyabTaT noc/iefoBa-
TeJILHOTO OCYLIECTBJAEGHHS 3THX npeo6pa3oBaHHii (MpHueM mpeo6pa-
30BaHHE, KOTOpOe MNOJYYHTCS, €CJH CHaya/la NPOH3BecTH npeoGpaso-
Bauue f, a 3aTeM-—npeoGpa3oBaHne g, 3anuceiBaercs Kak &f uan g - f).

Npsman cymma rpynn G, u G, — MHOXKECTBO, NpejcTaBsioNlee
coboir dexaproso npousgederue muoxcecte Gy u G, npuuem 6ukap-
HAA Onepayus B 3TOM MHOMKECT3e ONpeNe/seTcs C/IelyIOHM 06pasoM:
(g1, 82) + (i, h2) = (g1 + by, &2 + h), THe g1, 1 € Gy, go,lx = Gy;
Mbl yHOTpeGasieM 3gecb addurusHyro cumsoauxy. Tlonyuennoe Ta-
KHM 006pasoM MHOXECTBO C ONpeje/eHHOH OMHCaHHBIM o6pasoM OG-
HapHOH omnepauued, OYEBHJHO, CaMO MNpeACTaBiseT CcoGoi rpymnmy
(c nedrpanonoim daremenTorm (01, 02), rie 0 u O — HefiTpanbHble €~
mentsl rpynn G, u G, u aeMentoM (—g, —Fh), NpOTHBONONOKHBIM
anementy (g, h)).

Mpsimoe npou3BeleHHe MHOKECTB — CM. O0eKaproso npoussede-
Hue.

PedexcuBHOCTD — Gunapnoe oTHowenue aob (roe @ — CHMBOX
GMHADHOrO OTHOLUEHHS) pedJeKCHBHO, eclH Qua NS Bcex a (HpH-
Mep; OTHOUIeHHe <X B MHOXKeCTBe uHces).

Pas6uenne MHOXecTBa — Nofpa3fie/ieHHe MHOXecTBa M Ha ua-
cru (HOAMHOXKeECTBA), NPH KOTODOM KaxAbli 3aemMeHT M mHonajaer
B KaKylo-TO M3 vacTell M HHKaKue ABE YaCTH He HMEIOT OOGI[HX 3Je-
MEHTOB.

CumMeTpHUHOCTb — GuHapHoe OTHOwenue aob (rae o— CHMBOJ
GHHapHOTO OTHOLICHHA) CHMMETPHUHO, eClH H3 aab cjaegyeT TaKxe
baa (npumep: OTHOUleHHe <«POJCTBEHHHK» B MHOXKeCTBe JMofef),
OrHollleHHe ©, TaKoe, YTO HH AJS KaKHX 4 u b oTHOLleHHs aab H
boa He HMeIOT MecTa OJHOBPEMEHHO, HA3bIBAETCH aCHMMETP H U<
It b M, .



- Caro8apb - 233

C/10KHOE OTHOUEHHE UETHIPeX TOUeK A, B, C, D npamoit — Be-
JHYHHA AC , AD |
BC " BD
cnoxuoro otHouienrs Touek A, B, C, D Benuuune — 1 O3HauaeT, 4To
napa Touek (C, D) nenur otpesok AB 2apMORU4ECKL.)

CueTHOE MHOMNECTBO — GecKOHEYHOe MHOXKECTBO, 3JIeMEeHTHl KOTO-
pOro MOTYT ObiTb <¢MEpeCcunTaHbi», T. e. MOryTr GbiTb MOCTABJIEHBI BO
83aHMHO OLHO3HayHOe COOTBETCTBHE C HaTypaJbHbBIMH YHC/IAMH («Ho-
MepaMu» 3JIeMEHTOB).

(Bce 0Tpeaxu—ﬂanpanneunuel). (PaBeHcTBo -

TepHaphas onepamus — CM. arzebpauieckas onepayus.

Tepnaphoe OTHOlIeHHE — NMPABHIO, BHAeAsIOMEe HeKoTophe (y1o- ©
psifoueHHbIe) TPOAKH 3JEMEHTOB MHOXKXecTBa M, mpo KOTOpbieé FOBO-
PAT, YTO OHH CBsi3aHbl 3THM OTHOLIEHHEM, T. €. MOJMHOXECTBO MHO-
weorsa M3 = M X M X M. (ITpumep: OTHOUIEHHE a + b = ¢ B MHO-
JecTBe 4uceli, CBsi3biBalollee 4ucia 4, buc) '

Tpaﬂamumian rpynna npeoGpa3oBanuii — cM. 2pynna npeobpa-
3osanull.

TpaH3UTHBHOCTb — GUrapPHOE OTHOWenRUE aob (roe o — CUMBOM
GuHAPHOTO OTHOWIECHHS) TPAHSHTHBHO, ecau u3 achb u boac crenyer,
«to qoc. ([IpuMep: OTHOWIeHHEe «[eNHTCS Ha» B MHOXKeCTBE UHCell.)

Tonoa0orHyecKoe NPOCTPAHCTBO — MHOKECTBO M, B KoTOpOM TEM
WAM MHBIM CrOCOGOM OmNpeaesieHbl MOHATHSA GecKOHEUHOR OJu-
30CTH TOYEK M TeM caMbiM mpenena TOyeyHoll MOCJen0BaTe/b-
woctn. HamGenee u3BecTHOe OMpelenenue TOMOJIOTHYECKOTO  TPO-
crpanctBa T TaKoBo: T ecTs MHOXKecTBO M C 3ajanHoi B M cu-
cTeMof ox_pecnxocreﬁ—cucmmoﬁ © Takux NOAMHOXKECTB
Ug, uTO MyCTOE MHOXKECTBO @ u camo npocrpaHcTeo M mpunajse-

wat cucreme @ u oObeLHHEHHE U U, nio6oro (KOHEWHOTO HJIH ‘Gec-
8 a

n
KOHEWHOr0) UHCNA OKPECTHOCTEH H MEepeCceueHue ﬂ IU,~ 106010 Koileu-

1=
HOrO 4HMcaa OKpecTHOCTEH caMH npunannexar &. [lpu aToM TOUKA a
HaspiBaeTcs NP e e oM MO0C/TeL0BaTebHOCTH ay, @z, ..., Qny oo TO"
yeK, ecau KaX/[ofi OKPecTHOCTH TOUKH 4 (1. €. KaxXAOMY MHOKECTBY
named cucTeMbl &, coaepalleMy TOUKY a) npHHAAJEKUT OecKoneu-
{O MHOrO TOUEK HalleHi [OCIeA0BATENLHOCTH. (MoXHO MNOKa3aTh,
yto Ji060e MeTpudecKoe RpPOCTPAHCTBO ABJNAETCA TOMOJOTHUECKHM
NpOCTPAHCTBOM, 32 CHCTEMY OKPECTHOCTE/l KOTOPOro MOMHO NMPHHATL
cHCTEMY TaK Ha3blBaeMbIX OTKPBLITBIX MHOJECTB — e¢ MOXHO OIH-
caTh KaK CHCTEMY BCEBO3MOXHBIX «OTKDBITHIX [1apOB» — MHOXKECTB
rakux Touek M, uro dom<p, rne O u p uKCHpOBaHbl, — & TAKNKE
BCEBO3MOMHBIX OOBeIUHeHHH H nepeceueHult «OTKPBITHIX 1apos».)

Tonoaorusi — CTPYKTYpa TONOAOZUHECKO20 NPOCTPAHCTBA HA MHO-
mecrse M.
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¥Y6uoipatomee 0ToGpaxeHHe — CM. MONOTORHOES orobpaicene.

YCTOHYHBOCTL OTHOCHTEALHO npeoGpasoBaHuft: MHGMecTBO F
YCTOHYHBO OTHOCHTENLHO COBOKYNHOCTH S npeo6pas3oBanuil, ecau
Kaxjoe wpeobpasobanue 3 S nepesopur F B ceba.

®axroprpynna epynnst G no Hopmaavtomy Oesutearo H ompe-
Reasercd Tak: B rpynne G GHHapHOe OTHOmERHe «g187 ‘e,
CBA3LIBaIOLEe SAEMEHTH & W A FpYnObl, SBASETCS OTHOWEHUEM
9KBUBANEHTHOCTU (3TO BLITEKaeT H3 TOro, uro H — HOpManrBbifl He-
JIUTENb); B (haKTopmuoxrcecTéo MHoxectBa G mo 3TOMY OTHOILEHHIO
SKBHBAJICHTHOCTH MOXHO BBECTH FPYNNOBYIO OUEPalUIO Cle-
RyonM o6pasoM: «npousBeZeHHeM» GG Kaaccos Gy u G,
SKBUBA/ICHTHOCTH, COAEPKAILUX SJEMEHTH & M g, HA3HBAIT RAace
SKBHBAJCHTHOCTH, COLEPXKAllUi SAEMEHT ;g (MBI HCHOJbL3YeM S/ecCh
MYALTUNAUKATUBRYI0 CuMBOALKY). MoXHO nokasath, yTe 3Te ompe-
ReseHHe He 3aBHCHT OT BHGOPa «NpeACTaBHTeel» g M gy Hamux
Knacco 3KBHBANEHTHOCTH G; u Gy M uTO GaKTOPMHOXKECTBO MHO-
xecrBa .G MO HalleMy OTHOWIEHHIO 3KBHBAJEHTHOCTH C TaK ompe-
ReNeHHOA TPYNNOBOf onepammeRr o6pasyer epynny (nedrparvroin
S/EMENTOM KOTODOH CNyXKHT CaM HOpMAaJbHHIH Keautean H).

PakropMHOXKECTBOM MHOXecTBA M no onpegenennomy 3 M or-
HOUWIEHUIO IKBUBANEHTHOCTH Of HA3LIBAIOT MHOXXECTBO KAQCCO8 3KGUBA-
AEHTHOCTL MHOXKecTBa M, onpeseneHnbiX oTHouweHHeM @. (ITpmmep:
(aKTOPMHOXKECTBO MHOXKECTBA MNPAMbBIX 10 OTHOUICHHIO MNapaslieb-
HOCTH €CTb MHOXECTBO HampaBJeHHH.)

PyHAaMEHTANbHAS MOCAEAOBATEALHOCTD TOUEK METPUHECKO20
NpoOCTPAHCTEA — TaKast OOCAENOBATENLHOCTh di, 0z, .., &, .. TOUYEK,
9TO A/ KAXIOro (CKOJb YTOAHO Masoro!) umcia & >0 MOXHO yKa-
3aThb Takofi Homep N, uto dapaq<e, KOJib cKOpo p >N m g > N.

OKBHBAJIEHTHOCTH OTHOINEHHE — TaKoe GHHADHOE OTHOWEHUE &
B MHOXKecTBe M, KOTOpOe yOBJETBODSET YCIOBHSIM peheKcusHocTy
(aea ans Beex a), cummerpuunocru (u3 aeb caenyer bea) u Tpan-
surusnoctu (u3 aeb w bec caeayer wec). MoXHO AOKasaThb, 41O B
3TOM cJyyae cyllecTBYyeT pasbuerue MHOXKectBa M Ha Kaacchl aJe-
MEHTOB, MNONapHO CBSA3AHHBIX MEXAY COGO#l OTHOLIGHHEM €, 3TH
K/I4CCE! 9JIEMEHTOB HasLIBAIOT Kaaccamu sxeusanentroctu. ([lpumep:
OTHOLIEHHE «a ® b AAIOT NMPH AeNeHHH HA 5 OGHH H TOT XKe OCTa-
TOK», CBfI3bIBalomiee Aaphl @, b HeJBIX YMCeA, eCTh OTHOLICHHE SKBH-
BaJIeHTHOCTH; 4YTO NMPEACTABJAIOT coGOf B 3TOM eayuae KA4CCH IKBH-
BaJIEHTHOCTH?)

OKBHBa/NEHTHOCThL BHICKA3BIBAHHI: BLICKA3LIBAHHS p H ¢ HasH-
BAIOTCS SKBUBANEHTHBIME (UTO 3amHCHIBAETES Tak: p €¢), ecan w3
KaxXJI0To M3 HHX CACIyeT BTOpoe (T. €. eCIH OHHM JuGo 06a MCTHH-
Hbl, 160 062 JIOXKHHI).

n-MepHOe NPOCTPAHCTBO — CM. 8EKTOPHOE NPOCTPAHCTEO,



CNUCOHK OBO3HAYEHHWA

C — MHOXeCTBO KOMIJIEKCHBIX YHCe]

N — MHOXECTBO HATypasbHBIX (IesbiX TOJIOXKHTE/IBHBIX) UHCeN
Q — MHOKECTBO Pal(HOHAJbHBIX UHCC] :

Q* — MHOXKECTBO DalHOHAJBHBIX UHCEd, OTJHYHLIX OT HYAR

R — MHOXXECTBO JIEHCTBHTE/IBHBIX UHCE] .

R® — MHOKECTBO JEHCTBHTEJIbHBIX UHCEJ,  OTAHIHBIX oT HyaS

R:_——MHO)KQCTBO TOJIOKHTEJIbHBIX HEeHCTBUTENbHBIX UHCEA

7 — MHOeCTBO lIeJIbIX YHces
inf — HUXKHAA TpaHb MHOXECTBA JefCTBHTE/NbHBIX uncea  (Hau-
MEHbIlIee UHCJ0, €CTH OHO CYILeCTBYeT)
sup — BepXHAA TIpaHb MHOXKECTBA NelCTBHTEAbHLIX WHCEn (Had-
GoJplliee YUCJ0, eC/IH OHO CyleCTBYeT)
{...} —cuMBOJ MHOXECTBA ({a, b.¢c, ..., k} — MHOXKECTBO H3 dJjeuen-
T0B @, b, C, .., k)
@ —nycToe MHOXKECTBO (MHOXECTBO, He cojepXalliee HU OJHOTO
s/IeMeHTa) o
& — 3HaK TNpPHHAJJERHOCTH (¥&M —«x ecTb 3/IeMEHT MHOKeE-
ctBa M») )
— — snak Bkiaouenus (A < B — «MHOXeECTBO A UeAHKOM RpH-
HaLJIeKHT MHOXKeECTBY B») )
U — cumBos1  0GBEAHHEHHS (A U B — «o6befHeHHe  MHOXECTB
A u B»)
() — CUMBOJI TepeceyeHust (A (| B—«obuias uacTb HAW mepece-
yerue mHoxects A u B») _
\\ — CHMBOJI Pa3HOCTH MHOXECTB (A \\ B — «pasHOCTb MHOMKECTB
A u B», T. e. MHOXECTBO BCEX TeX s7eMeHTOB A, KOTOpHIe
He mpuHajgJAeXarT B).
— 3yaK caepoBaHua (@ =» b — «u3 a CACLyeT b»)
— 3HaK paBHOCHJILHOCTH (a& b — «a paBHOCHILHO b»)
% — cumBon oToGpameHus (x —> Yy — «X TNEpeXOLUT B y»)
o — CHMBOJ TNpOK3BEIEHHA {KOMMO3HKILUH) oTobpaxenudt (boa—
npousBefette OTOGpakenwd a B b, cravasa @, NOTOM
X — npsiMoe (1eKapToBO) Npou3BelenHe muoxecte (A X B— ae-
KapToBO MpOH3BefieHHe MHOKeCTB Au B)
la, b — unTepBan (MHOXKECTBO TAKHX X, UTO a<x<b)
[a, b] — nonyuuTepBan (MHOMeCTBO TaKHX X, UTO & < x < b}
{a, b] — cerment (MHOXeCTBO TaKHX %, yto a < ¥ << D).

Bl
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70 K.

Eeknmpa nono»mn B OCHOBY CBOEM
reoMeTpMuM Ha NAOCKOCTH NpPM3Ha-
KM paBeHcTBa TpeyronbHukos. [pa-
AUaTh TPM BEKa CNyCcTA MaTtema-
THKM OMpeaensitoT NAOCKOCTb Kak
appuHHOE NPOCTPAHCTBO pa3Mep-
HOCTM 2 € onpeneneHHbiM B HEM
CKansipHbIM npom3sefeHmuem. A no-
naran, 4TO HaWMM AeTsM NoHago-
6MTCS M3INOIEHHMe reoMeTpmM, KO-
Topoe, Kak u n3anoxenue Eeknmpa,
MCXOOMT M3 HarnsAHbIX npeacras-
NeHuH, HO KOTOpOEe [acT WM BO3-
MOXHOCTb OueHb BbICTPO nepenTn
K Mcnonb3oBaHWio rMbKux W nno-
AOTBOPHLIX MeTofnos anrebpel.

dra KHMra COQepIMT, Takum ob6-
Pa3oM, AKCMOMATHKY [EOMETPHM,
OCHOBaHHYIO Ha NOHATMAX napan-
NenbHOCTH, NEPNEHAMKYNSAPHOCTH M
PAacCTOsHMA, M NPUTOM B BMAE, KO-
TOPbLIi MO3BONSET ECTECTBEHHbIM
ob6pazom BbicTpo nepentr Kk anreb-
paMuecKon CTPYKType nnoCKOCTH

M NPOCTpaHCTBA.
Tycmae Woke




