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Hocenwaemcn namamu
3acaywcennvix ywumened Poccuu:

Bopuca I'epmanosuua 3usa
Hocupa Arosnesuua Bepebeiiuurxa
Apona Pysumosuua Maiizeauca
Taucuu Hesanoeuvt Kypcuw
Baadumupa Jeonudosuva Havuna

IlpeaucaoBue pegakTopa

Ilepen BaMn yoUBNTENHHO KNBadA, HedopmaibHAdA, HO, B TO JKe BpeMs,
TIIATEJbHO CTPYKTYPHPOBAHHAA KHNUTa «['eoMeTpruuecKure 3aaunl Ha
sk3ameHax. Yactb 2. Crepeomerpnsa. Yacte 3. BeKkTOphI».

I'mapHasa nensb pasfena «CrepeoMeTpusa» — PasBUTHE MIPOCTPAHCTBEH-
HOT'O BOOOPAYKEHMS, CJIOMKHEHIIero acleKTa B H3yYeHUU I'eOMeTPUM.
Yurareas UAET K Heil HOCTENeHHO: OT HeCJOXKHBIX THUIOBBIX 3a1ad,
K 3aJlauaM-HCCJIeROBAaHUAM, TpeOyOmUM 3HAHUS 3JIEMEHTOB MaTe-
MATHYECKOro aHaJINa3a.

OCoGeHHO CTOMT OTMETHUTHL MI'POBYI0 (hOPMY HEKOTOPBIX 3ajad, HC-
IIOJIb30BaHKE KOTOPOI pe3Ko yCKOpAeT Ipouece o0y4eHMS.

B pasgene «BeKTOpbI» YHTATe/ib SHAKOMHUTCA € NPUHIUIIHAJIBLHO
MHBIME CMOCOGaMH HAXOMKAEHUsS YIVIOB, PACCTOAHME, WIOMIAfei M
065eMOB HA IIOCKOCTH M B MPOCTPAHCTBE.

3pech NOAPOOHO PaCCMOTPEHO CKAJIAPHOEe NMPON3BeJeHNE BEKTOPOB,
C ero IOMOIIBI0 PE3KO YIPOIAaeTcs pellleHHe MHOIHX ILIaHUMe-
TPUYECKHX M CTEPEOMETPUYECKUX 3aha4, CIPABHTHECA ¢ KOTOPBIMU
6e3 HCIOJL30OBAHMSA CKAJIAPHOrO MPOM3BeAeHUA OBLIO OB 3aTpYH-
HUTEJHHO.

Pacmimpsier MaTeMaTHYeCKH HHCTPYMEHTApHil UMTAaTeNd U ce-
puUs TPEeHHPOBOUYHEIX PabOT HA HCIOJBb30BAHHE KOODAWHATHOTO
M KOOPAWHATHO-BEKTOPHOI'0 METOZIOB, 3a KOTOPHIMKH MO TPaZWIIAM
CJHENYIOT 3aAadM IJIA CAMOCTOSTEJNHHOIO PEIIeHMS,

Paspen «IloBropeHmne» mpeacTaBisieT co00il CEPHIO TPEHHPOBOYHBIX
M CaMOCTOATEJBHEIX PabOT pPasJMYHOTO YPOBHSA CJIOKHOCTH. HHTe-
pecHBIE Pa3HOTHUIIHBIE 3aaYl KacalOTCA BCeX TeM, PACCMOTPEHHBIX B
ofoux Tomax «eomerpuuecKnx 3a7a4y HA 9K3aMeHAX», 4 HECKOJIBKO
YPOBHel CJIOYKHOCTH IIO3BOJIAIOT BCEM UHTATENIAM 3aKPelUTh IpHoGpe-
TEHHBbIe HABBIKHU PEIeHNUA MeOMETPHUUYECKHNX 3a4a4 ¥ C YBEPEeHHOCTBIO
MOAXOANTE K SK3aMEHAIMOHHBIM HCIBITAHUSAM.

A.B. CemeHOB



Hpe,zmcnonne aBTOpa

IIpepnaraemas cepus KHHUT afpECOBaHA ITHPOKOMY KPYTY yUaIIuXcs
CPeJHNX MIKOJ, KJIAcCOB M IIKOJ C YINIyOJeHHBIM HN3yYeHHEeM
MaTeMaTHKH, aGUTypPHUEHTOB, CTYLEHTOB IENarormuecKUX BY30B,
yunreae.

Kauru MoKHO HMCHOJB30BATH KaK CaMOCTOATEJbHBIE yueOHEIE
nocobusa (CaMOYUYHTENN), KaK 3aJaYHHKH MO JaHHOI TeMe M Kak
cOOpPHNKHN ANJAKTHUYECKNX MaTeprnaJioB. Kaskaad KHUra cHabKeHa
ImporpaMMoii 3JIEKTHBHOI'O Kypca.

Aas vuaimpxced MOYKHO OPEAJIOMKUTD CJAEAYIOMYIO cXeMy pPaGoThI:
NPOYNTABR BCTYIMJIEHNE M DACCMOTPEB IIPMMEpHI DEIIeHHS, CaMo-
CTOATENLHO peIIaTh TPEHHPOBOUHEIE PabOTHI, 3aT€M ITOCMOTDETH
pelIeHnsT M, OCMEICJHB HX, MONpPO6OBATH PEIINTh HPOBEPOUYHBIE
paboThl, IPOBEpAA MX DEIIeHHs [0 KHHUre u T.A.

KHNrY DOJMHOCTBIO MOAXOAAT AJIE CAMOCTOSATENBHOTO OBJIAJAECHHS TOM
MK WHOM TEeMOM M pacCuMTaHBI Ha IOCJEAOBATEIbHOE OOYUEeHNEe OT
Ha4YaJILHOrO YPOBHA A0 YPOBHA, HEOGXOAMMOro abUTypHEHTAM.

A yunteneil 3Th KHUT'H HPEeNOCTABJIAIOT MINPOKHUH BBIGOD Hpu-
€MOB M MEeTOAOB PaGoThI:

9T0 MOTryT OBITH 33JJAHHAA YUAIITUMCA AJIS CAMOCTOATEALHOM PaboOTHI
¢ TIOCJIEAVIOIUM KOHTPOJIEM YUMTEJNA.

Bo3aM0)XHO HCHOJIL30BaHMEe KHHUI'M KaK 3afadHUKa AJA paboTs
B KJacce W IJA JOMAIIHHUX 3aJaHUii.

3T™u nocobus KHAEAJBPHO IMOAXOAAT B KadyecTBe MaTepuaia IaA
HOBTOPEHUA NapaJJIcJbHO N3YUYEHHUIO IPYTHX TEM B HIKOJE.

IToxGop MaTepHajia MO3BOJIAET CYLIeCTBEHHO AuddepeHINPOBaTh
YPOBeHBb TpeGoBaHMIT K yYaIMMCA IPH MPOBEAeHHNA KOHTPOJIBHBIX
u 3aYeTHHIX pabor.

YpoBeHb CIOKHOCTH U O0beM MaTepmasia B KHHUrax cepuu, 6esy-
CJIOBHO, N30LITOYEH, M YUNUTENb AOJYKEH caM BEIGHpATE CIOKHOCTD
u 00beM MaTepHAaJIa B COOTBETCTBHH C BOSMOYKHOCTAMH YUAIIMXCA
¥ 3ajavyaMH, CTOAIMIMMHE Iepel HEMH.

A. X. IITaxmeiicTep



IIporpaMmsI 3JIEKTHBHBIX KypPCOB
ana yaamuxca 10-11 xaaccos

dnexTuBHLI Kype 1.
Crepeomerpua (30 yporos).

NeNs HaszBaEHe TeMBbI

ypokoB | B cko6kax yxasaHBI HOMepa 3ajJaHuUil

1-2 Paccrosana Mexay reoMeTpaiecKHMH ¢urypamu (ctp. 7 — 24)
MpakTakym 1

3 ¥Yrox MeRAy NPAMOM H IIOCKOCTHIO (ctp. 25 - 30)
3amaua 0 Tpex KOCHHycax

4-5 JBsyrpannsiii yroa. (3axaua o Tpex CHHyCax). (cTp. 31 — 45)
IIpaxTHKyM 2 (4acTHYHO)

6-7 HexoTtopsie cBoiicTBa mupamuz. CBolicTBO TeTpasgpoB. (cTp. 46 — 61)
Ipaxrakym 3.

8 Hrpsi-pasBepricn. (cTp. 62 - 65)

9-10 | ¥Yram B xy6e. Paccroauna B kyGe. (cTp. 66 — 80)
Ipaxraxym 4

11-12 | ¥Yrau B IpAMOYTOJbHOM MapaJjiejenunene. (ctp. 81 — 93)
TpenupoBounaa paGora 1 (apuanr 1 (a, B, 1))

13-14 | Tpesnposounasa paGora 2 (Bapuanr 1 (a, B, r)) (ctp. 94 - 117)
Tpernposounaa paGora 3 (apuanr 2 (a, B, )

15 Camocrosrennuas paGora 1 sapnant 2 (1, 3) (crp. 118 - 119)

16 - 17 | Tpexrpannbie yribl. (ctp. 120 - 131)
Teopna (3aaaua 2 (a-r), 3agaua 3 (a, 6))

18 -20 | HpaxkTuxym 5 (uacTHyHO) (crp. 132 - 163)

20 - 24 | Ceuenns, yrani, 06oeMbl. (ctp. 164 — 204)
Ipakrurym 6 (1, 2)
Tpenrnposounaa paGora 4 (Bapuanr 1 (uacTH4HO)).
3amaun-nCCAeOBAHNA HA CEUCHHA.

25-27 | Hcnonb3oBanne MaTeMATHIECKOrO (ctp. 205 — 224)
aHaJH3a B FeOMeTPHH
Ipaxruxym 7 (1, 3 (1, 2 BapuanT))

28— 30 | Kom6HBHAIMHE METONOB NMpPH PeIIeHHH 3aAaY (crp. 225 — 236)
Tpennposounaa pabora 5 (Bapuanr 1, Bapnanur 3 (uacTHuHO),
BapuanT 4 (4acTHuHO)).
06GoOmenus.




ONeKTHBHBIA Kypc 2.
Bexroprl. IloeTopenne (30 ypoxos).

Ne Ne
YPOKOB

.HasBaane TeMnl

B ckoOkax yxkasaHBI HOMepa 3aJaHUH

1-2

OcHOBHEIE ONpefeNeHns N CBOHCTBA (ctp. 237 - 242)

3-5

JeiicTBHA Hax BeKTOpaMH (cTp. 243 - 252)
IMpaxTukyMm 8.
Tperupopounan pabora 6 (eapmanT 1,caMOCTOATENEHO BADHAHT 2)

3amevaTeabHsIe TOUKH TPEYroJAbHHKA (cTp. 255 — 260)
H HX BeKTOpHbIE cBOlcTBa (3agaun 1-5)

CransapHoe Npou3BeneHHe H ero cBOicTBA (ctp. 261 - 263)

BexkTopHOE R0KA3aTEILCTBO HEKOTOPHIX TeopeM (ctp. 264 - 270)
(Teopems! 3 u 4)

Hcnonb3oBanne CKaJIAPHOro mMponsBexenns (2, 3,6) (crp. 271 - 319)
MpakTarym 10 (1(a, B), 3, 4, 6, 2 (a, B, 1, 1))

Tpernposounas pabora 7 (sapuanrt 2 (1, 2 (a, B, 1))
Camocroarensnasn pabora 3 (2, 3,4, 7)

3agaua-reopema (KocHBYc ABYXIpDaHHOrO yria)

16-19

KoopannaTao-BeKTOPHBI METOX (cTp. 320 — 346)
Ipaxrnxym 8 (1, 3, 4, 5)

TpesnpoBounas pabora 8 (1 (a, B), 2,4, 5)

Tpeanposounas pa6ora 9 (Bapuanr 1, 4)

20-21

YpaBHeHHe IIOCKOCTH (cTp. 348 — 356)

22-25

IToBTOpenue. (cTepeoMeTpHna) (cTp. 392 — 418)
Hrororas 3agava.

JoMamuaa TpeEnpoBounas pabora 1 (1, 2, 4,
Jlomamuaa TpeEnpoBouHan pabora 2 (4,7, 8
omamusaa Tpennpopounas pabora 3 (1,3, 7

8)
,10)
)

26-30

MuororpaEHHKHR (cTp. 426 — 475)
Jomamusaa TpeanpoBouHasn paGora 4 (3,5, 8,9)

JNomamusaa TpeanpoBounasn pabora 5 (1, 4, 5, 6)

3amaun JNOBYyMIKH,

Kaprouxkn mEauBUAyadbHbIX 3amannii (1,3,5,9)

IIporpamMMmel pa3paGoTaHEI IO MaTepuaJaM KHUTH U AIIPOOHMPOBaHb
Ha MPaKTHKe 3acayXeHHEIM yuutegem PP E. B. Jlusmunnem.




CtepeomeTpus’

Paccmosnue meoancdy zeomempuneckumy duypamu

HanoMmuuMm HEKOTOpEIE OnpeesieHNs, CBI3aHHbIe C MOHATHEM pac-
crosHmsi®. 3aMeTHM, YTO PACCTOSHHE MEXKAY eOMEeTPHYeCKHMM
durypamu, KaK npasmujo, obozHadaercst 6yksoit p.

1. 3a paccrosHyne MeXIy AByMs TOUKAMHE

B
NIPUHUMAETCS JJIMHA OTPE3Ka,
COETHHSIIOMIETO 3TU TOUKHU: A
p(A; B) = AB, tzie p ectb Mepa —
YHCJI0, XApaKTepU3yollee JJINHY OTPe3Ka.
2. Ilycrh Touka A He HPUHAMJIEIKHT A
a

OpAMOit a. 3a PacCTOSTHUE MEXKJAY TOUKOH

A ¥ npsaMoil a TPHHMUMAETCS JJIMHA

OTpe3Ka NEepNeHANKYIspa K IPAMOi a, B
MPOXOAAIIEro Yepe3 Touky A:

p(A;a) = AB, tne ABla n B € a.

! Naunas riaBa HOCBSIIEHA PeleHHIO 33434 O cTepeoMmerpui. Msl He 6y-
JeM NOApOOHO NOBTOPATH BECh KYPC I'eOMETPHUH, OCTAHOBHMCS TOJMBKO Ha pa3-
JAeaX ¥ TeMaxX, KOTOpble BhI3BIBAIOT HanGobIune 3aTPYAHEHNs APH PelleHun
33124,

? B IMKOMBHOM Kypce NpocTeRmuMy GHIYPaMH B APOCTPAHCTBE SIBISIOTCH
TOYKH, NPSIMBIE N IUIOCKOCTH.



8 Crepeomerpus

OrmeruM, uTO M1 J11060I TOYKHU A a
Nea AB< AN, te. AB —

OTPE30K HaUMEHbIIeH JJIHHBI.

3. 3a paccrosiane MeXIy JIBYMsI
napaJijieJIbHbIMH HeCOBHAAAIUMINMHU A
NIpAMbIMYA NPHHUMAECTCAd AJIUHA
OTPE3Ka NEPIEHANKYIAPA K IPAMbBIM
a ¥ b, KOHIIBI KOTOPOI'O
OpuHaeKaT IIPAMDIM.

Hns a | 6% p(a;b) = AB,
rie A€a, Beb, ABla.

"

OTMeTum, 4To JijIs1 JIIOGLIX TOYEK
Meceau Neb AB< MN,
T.e. AB — OTpe30K HauMEeHbIIeH
JJIVHBL.

4. 3a paccrosiHue MeXAy AByMs
CKPEIINBAIOHIMMICS OPAMbIMU
NPUHUMAETCS JJIHHA OTPe3Ka
NepHeHAUKYJIsSIPa K MIPIMBIM, KOHIIBI
KOTOPOTO IPUHA/JIEKAT ITUM
IIPSIMBIM.

N3BecTHa TeopeMa, YTBEPKAAIOIIAs, YTO CYyLUECTBYET €XUH-
CTBEHHAsI 1IpsIMasi, [IePIEH ANKYJISPHasd OJHOBPEMEHHO JIBYM
CKPeINBaIOIUMCs MPAMbBIM 1 HMEIOLIAs ¢ KaXK A0 U3 HUX 06-
H[YIO TOYKY.

Hna aAb?* p(a;b) = AB, rne ABla, AB1b, A€a, B€b.

3 Cum. onpegenenne napannensnocta B kunre A. X. IHaxmeiicrep Yacts 1.
Ilnaaumerpus. CII6.: «IHerpormud». M.: MUHMO, 2011 r. C. 11.
4 Bynem 0603Ha9aTh CHMBOZIOM A CKpEIHBAIOIECs TIPsIMBIE.



Paccrosinue Mexay reoMeTpudecKuMy pUrypaMu

OtMeTuMm, 4TO Jijist NIOGBIX TOYEK
Meaun Neb AB< MN,
T.¢. AB — 0Tpe3oK HauMeHbIIeH
JJIAHBIL.

. 3a paccTosiHMe MeXJy TOYKON BHE
IIJIOCKOCTHY ¥ IJIOCKOCTBIO IIPUHUMAETCH
JJIMHA OTPE3Ka IIepHeHAuKYyJIapa

K IJIOCKOCTH, KOHIIbI KOTOPOr'O
COCMHAIOT TOYKY BHE ILJIOCKOCTH

C TOYKO#H, NPUHAJIEXKAIIEH TIJIOCKOCTH:
msa A¢ o p(A;a) = AB,

rne Bea, ABla.

OTMmeruM, 4To Oist 1060 TOUKU
Mea AB< AM, r.e. AB —

OTPE30K HAaMMEHbIUEH AJIMHBL.

. 3a paccTosHue MeXKIY IJIOCKOCTLIO
U IapaJlIesIbHON et mpaMoi
NPUHHUMAETCS PACCTOAHHE

OT IIPOU3BOJLHON TOUKH NPAMOHN

JO ILJIOCKOCTH:

s a || a p(e;a) = AB,

rme A€a, Ada, Bea, ABla.

OrmMmeruM, 4TO IS IOOBIX TOYEK
Meceau Nea AB<MN,
T.e. AB — 0Tpe30oK HaMMeHbIIeH
JJIMHBL.
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Crepeomerpust

7.

3a paccrosiHue MeXy AByMs
HECOBIAJAIOIUMHY TapaJLIe/IbHbIMH
IUIOCKOCTSIMH [IPUHHMAETCS [JINHA
OTpPE3Ka MEPIEHANKYIAPA K
IVIOCKOCTSIM, KOHI[bI KOTOPOI'O
IPUHA/JIEXKAT PA3HBIM IIJIOCKOCTSIM:
mna o || B pla;B) = AB,

e A€a, Bef, ABLa (ABLB),
a # [ (ue coBmagaior).

OrMeTuM, 4TO 1Jist JiI0OBLIX Touek M €
uNepf AB<MN, te. AB —
OTPE30K HaMMEHbIIeH JIJIHHDI.

Ilpumeuanus. 1. B cayyasix, korga:

a)
6)
B)
r)
a)

e)

Touka A coBngJaer ¢ Toukoii B
TOUKa A JIEXXHUT HA UPAMOH a;

TOYKa A JIEXKHT HA MJIOCKOCTH Qg

nmapaJijie/ibHbIe OPAMBIE @ U b COBNAAIOT,

npaMas a JIE2KHUT Ha IUIOCKOCTH

napaJuiejibHble VIOCKOCTH & M ,8 COBI13 30T,

PaCCTOSIHHE MEXLY ITHMH (DUrypaMu NPUHUMAETCSA PaBHBIM HYJIIO
(3TH Ciiy4Yay HA3LIBAIOTCS BHIPOXKIEHHBIMA).

2. UsBectHO, 4TO NBE CKPELIMBAIOUIMECH IIPSIMBIE OJHO3HAYHO
ONpELeIOT Mapy HapaJLiebHbIX IIocKocTel. MoxHO [0Ka3aTh,
YTO PACCTOSHHUE MEXKY 3TUMHU NMapaJlIeIbHBIMHU NJIOCKOCTSMH PaB-
HO JjiuHe 0611ero nepneHIuKy/sipa K CKpeIuBAIOUIIMCS [PSIMbIM.
Takum 06pa3oM, 9TO PACCTOSTHHE PABHO PACCTOSHUIO MEXK Y STHMU
CKPEHIMBAIOMUMUC OPIMBIMH.



Paccrosiune Mexxay reoMeTpudecKuMHU purypamun 11

BBIITOSIHAM TOCTPOEHKE, HILTIOCTPHPYIOLIEe JAHHYIO HIEIO.

Ilycts a A b. Ilocrpoum:
a) bj|b bjNna=A€a, rae a Cosb; C o
6) a)j|la aNb=Bef, rae bC fja, Cf;
B) all 8.

Torga p(a;b) = p(a; 3) = AB, tne ABLla (ABLS).

Bcakoe paccrosinme Mexxay AaHHbIMHM <dburypamm obianmaer
CBOIiCTBOM OBITh HAUMEHBIINM M3 BCEX PACCTOAHMI MexKIy
JIOOBIMM TOYKAMM, NPUHAAJIEXKAITNMH Pa3HbIM ¢HUrypaMm.

3amaya. Jlan Ky6 B C,:
ABCDA,B,C, D, c pebpom, N :
paBueM a. Hattgure paccrosnue A,
Mexay opsmoit AD u npsmoit :
CyN, rne Touxa N nNpuHANIEKHT B ‘
npamoit A,B;. .

a) Ilycte N # B;, T.e. Touka N He coBIajaeT ¢ TouKoi B;.
Torna npameie AD A C{N (ckpemuBalorcs).

Ilo ompenpesieHNIo pacCTOAHNUA MEXKIY CKDEINIMBAIOMIMMUCS
IPSAMBIMH ¢ YI€TOM IIpUMedanus 1 IToyduM, 4To

6) Ilycre N = B;, torga AD || C;B;. MoxHO 10Ka3aTh, 4TO
AB;1AD, a 3HaMMT, 0 PacCTOsSHUE MEXJAY STHMH NPAMbIMU
pasio p(AD;C,;B,;) = AB;y:

AB, = \/AB? + BB = Va? + a = aV2.
T.e. p(AD;C\B,) = AB, = m (AB,;1AD), xak Tenepb
OYEBHJIHO.




12 Crepeomerpusi

OGpatuM BHHMaHHe, YTO B CJIy4asiX a) M 6) M3-32 Ka4eCTBEHHOIO
pasnu4us BUJIOB IPAMBIX IPOM30LIET YYZOBRINHLIA CKAYOK B M3-
MepeHHH paccrosnud. JeHcTBHTeIbHO, TPU NPHO/IMXKEHNH TOYKY
N Kk Touke B; naxe odeHb OuM3KO, paccrosgHue mexiay AD
u C|N Bce eme paBHO a, HO KakK TOJbKO Touka N m B; cos-
NaJlyT — MIHOBEHHEBIA CKAMOK B /2 pas — M paccTOSHHE MEX.y
AD u C;B; craHoBuTCH PaBHBIM av/2.

B apasekTyKe 3TOT NpuMep HAIVISAHO MJLTIOCTPUDYET 3aKOH nepe-
X0/l KOJIMYECTBa B Ka4eCTBO U Ha0OOpOT.

Teopema 1. Jliobast Touka BHE MJIOCKOCTH TPEYTOJbHHKA, PABHO-
yAaJjleHHasi OT €r0 BEpINHH, MPOeHUpPYeTCs OPTOrOHAJBHO B LIEHTD
OKPYKHOCTH, ONUCAHHOMK OKOJIO TPEYTOJbHUKA.

Hano:

ANABC C o
Mé¢a

MOlLa
MA=MB=MC

Hokaxure, uro AO = BO = CO.

PaCCMOTpI/IM BKpaTIe HJICIO HOKa3aTe/IbCTBa. M

Tak kax AAOM, ABOM, ACOM
OpPAMOYTOIbHBIE U OfUH KATET y HUX
o61Iuif, a rUIIOTeHY3bl PABHHI,

0 AAOM = ABOM = ACOM,
sHauutr AQ = BO =CO = R, rne

R, — paiuyc OKpYKHOCTH, OIIMCaHHON
oxkono AABC.




Paccrosiane MeXAy reoMeTpHYeCKUMHI (PUTYPAMHA 13

Buanmanne! Heobxonumo paccMOTpeTs Tpu cilydasi:

a) AABC — ocrpoyronbubiii, rorga O sexut suytpu AABC.

0° < £C <90° AB? <CB?+ AC? 4
0°< LA <90° CB?< AC? + AB?
0°< 4B <90° AC?< AB? + CB?
C B
6) AABC — unpsiMOyrosbHbIi, Toraa To4ka O HPUHAJJICIKUT

runorenyse AABC (£C =90°, AB? = AC? + CB?).

A

B) AABC — tynoyronbupiii, Torga O nexur sBae ANABC
(AB? > AC? + CB?).

A

O
o (LO > 90°).
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IIpaxmuxym 1
(Paccmosanue meatcdy npocmetiwumu Puaypamu)

3agaya 1. KateTn! NpsiMOYTOJIBHOIO TPEYroNbHUKA pPaBHB! 42
u 56. Ha KakoM pacCTOSHMH OT ILJIOCKOCTH TPEYI'OJbHHKA JIEXKUT
TOYKA, PABHOY/IAJIEHHASA OT ero BepiuH Ha 1257

Hano:

ANABC

ABLAC

AB =42

AC =56

AM =BM =CM =125
Haiinure p(M; ABC).

C,IleJIaGM JONOJIHUTEJILHOE ITOCTPOEHHUE:
MOLABC, t.e. MO = p(M, ABC).

a) BC =+ AB? + AC?,
BC = v/42% + 562 =
= /1764 + 3136 = /4900 = 70.
Tax xax AM = BM =CM

110 yCIOBHIO, TO To4Ka O — LEHTD OIHCAHHON OKPYXKHOCTH
(110 Teopeme 1). 3uaunr BO = OC = AO.

6) Tak xak AB1LAC 10 yciosuwo, To O € CB,
a sHauut AQ = %BC; AO = 35.
B) Paccmorpum AAMO.

OM = V/MA? = A0%;, OM =+/125% — 352 =
= /(125 + 35)(125 — 35) = /160 - 90 = 4 - 3 - 10 = 120.

Torza | p(M; ABC) = 120|.




IMpaxruxkym 1 (Paccrosinme Mexay npocreiimnmu purypamu) 15

3anaua 2. Ha xakoM paccTOsSIHMU OT IJIOCKOCTH paBHOOEIPEHHO-
IO TPEYroJIbHUKA HAXOJUTCH TOYKA. PABHOYIAJEHHAS OT KaXKHOi
BepIUKHLL Ha 13, ec/in OCHOBaHME H BHICOTA TPEYTOJAbHUKA PaBHbBL 87

Hano:

NABC

AM =BM =CM =13
AB = BC

BD1 AC

AC =8, BD =8

Haitnure p(M; ABC).

a) CueslaeM JONOIHUTENLHOE TTOCTPOEHHE!
nposegeM MOLABC, torpa p(M; ABC) = MO.

Tax xak AM =BM =CM, to O — UeHTp OIMUCAHHON OKOJIO
AABC oxpyxHocTH (110 Teopeme 1).

Hanmomuum dopmyiis pasuyca ONHCaHHON OKPYKHOCTH:

abc a
R, = 4S ~ 2sinal

6) Paccmorpum AABC.
Tak kak AB = BC, 10 BD = m 4,
T.e. AD = DC = —;-AC=4; BC =+/DB? ¥ DC?;
BC = V& + 42 = 4V/5.

B) Saac = %AC~BD; SaaBC = % -8-8=32.

AB .- AC - BC
) R, =22 L0150
4SaaBC
R = §._%4_\/5?’T4[§ =5 R =O0OB=35, rge MOL1ABC.

n) U3 AMBO MO=+vMB?—-B0?% MO=+132-52=12;
[p(M; ABC) = 12|.
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7
Bagaua 3. Touka M paBHOyIZasieHa Ha PACCTOSHHE 5\/5 OT Bep-
IIAH TPEyroJIbHKUKA, JIBE CTOPOHBI KOTOPOro PaBHBI 2 U 3, a yroj

Mexxay Hump pasedH 120°. Haiinure paccrosiume ot touku M
JI0 TLIOCKOCTH TPEYTOJIbHUKA.

Hano:
AABC

M ¢ ABC
AM:B]\J:C’M=—7;/—§

£LBAC =120°
AB=3
AC =2

Haitnure p(M; ABC).

a) CuenaeM JONOMHATEIBHOE
nocrpoenne: MOLABC),
rorna MO = p(M; ABC).
Tak xax AM = BM =CM,

170 O — UEHTP ONHCAHHOIA

okono AABC 0OKpYXHOCTH.

YuursiBasi, uro £LBAC = 120° > 90°, To Touka O nexur
sue AABC.

Lna naxoxnenus: cropoisl CB ucrnons3yeMm ¢opmyiy Teo-
peMBbl KOCHHYCOB;

CB = \/A02 + AB? —2AC - AB - cos (AEIB) .

6) CB:\/22+32—2~2-3003120°=1/13+2~2~3-%=\/19
1
120°=—=}.
(cos 0 2)
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CB
®) R, = soniza)’
N

3 (e \/§
° " 2sin120° \/g—AO <Sln120 =5

Hanmomuum, uto OM 1LABC, Tt.e. p(M; ABC) = OM.
r) OM = VAM? — AO?,
2 2
OM=\ <Z\/§) - <m> _ V91U _

3 & V3

| p(M; ABC) = V10 |.

3amaua 4. Paccrosinne or Touku M [0 BEpIIMH TPEYTOJILHHKA,
paeuo 13. Haifigute paccrosinuie or Touku M 10 MIOCKOCTH Tpe-
YTOJIbHUKA, €CJIM OJiHA CTOPOHA €ro paBHA 33, JApyrasi paBHa 4,
a ILUIOWadb TPEyroJbHHEKA paBHa 3v/3 KB. e

Hamno: M
NABC

M ¢ ABC

AM =BM =CM =13 B
AB =33 4

AC =4

Saapc =3V3 C

Haitgure p(M; ABC).

a) CuesaeM JONOIHUTEILHOE TIOCTPOEHHE:
MOLABC, torna MO = p(M;ABC). 4
Haitnem pajuyc onmncaHHOMH

OKOJIO TPEYT'OJIbHUKA OKPY2KHOCTH. .
1
Tax kak Spapo = 5AB - AC sina = 3V3 (a=zA),

a = 30°

1 . ina = .
TO 5 -3v3-4-sina=3V3, re sina= 7’ TorAa | o 1500 "
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6) ycrp a = 30°.

1. BC = +VAC? + AB?2 — 2AC - ABcos 30°,

T.e. BC =16+ 27 —36 =7 (cos30°=?).

BC \f 1
2' = —_———— = B 1 © = — .
R,= i R, = > =V7=0 (sm 30 2)

er—-

3. OM=vMBZ=0B? (OMLABC; p(M;ABC)=0M;

OM =132 - 7T=+169—-7 =162 =
=[9v2] = »(M; ABC).

B) Ilycre a = 150°.

1. BC =+AC? + AB2 —2AC - AB cos 150°,
T.e. BC = /16 + 27 + 36 = /79

(cos 150° = —?) .

BC
R, = 2sin 1500’

R = v79 =v79=0B (sin150°=%>.
2.

o

I\DU—'

3. OM =VvMB? - OB?

OM = /132 — (v/79)” = /169 =79 = /90 =

=|3V10| = p(M; ABC).
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3apaua 5. Touka M pasrHOyHaJIeHa Ha 26 OT BCeX BEPUIMH IAPaJI-
JeslorpamMma co croporamu 12 u 16. Haitnure paccrosiaue oT Tou-
Ku M [0 II0CKOCTH HapallieorpaMMa.
lano:

ABCD — mnapauienorpaMm

AM = BM =CM = DM = 26

AB =16

AD =12

Haitnure p(M; ABCD).

a) CresaeM AOIOIHHTEIBHOE [IOCTPOCHHE:
MOL1ABCD (O € ABCD),
roraa MO = p(M; ABCD).

Ilpeskne Bcero, yrouHuM Bu

e
-’ .

b-
]

o
""""
Al
P

“
N
O
.
Ie

[apaJIeIOrPaMMa. )
Ilo ycnoputo AM = BM =CM = DM. D

Tak Kak Jjisi paBHBIX HAKJIOHHBIX MX OPTOrOHAJIbHBIE IIPOEK-
uun TakxKe papiei, o AO = BO = CO = DO, 3uauur
ABCD — npsaMoyrofbHuK, cineaopaTenbio O — LEHTp Onu-
caHHOl OKpyxKHOCTH. (Heo6xoiuMo yMeTh JOKa3BIBATbH, YTO
B JIAHHOM cjy4dae Todka O eCTb TOYKa IEePeceyucHHsl Jua-
roHaJieit.)

6) DB = VAD? + AB?,
T.e. DB =122+ 162 = /144 + 256 = 20.

B) AO=OC=OD=OB=%DB; AO = 10.

r) OM = VAM? — AO?;
OM = /262 — 102 = /676 — 100 = /576 = [24].

BuiBon: ecnu cymectByer Touka M, paBHOYJaJIeHHasi OT Bep-
IHMH NapasulesiorpaMMa, TO TaKoll HapaLrejlorpaMM €cTh MPIMO-
YT'OJIbHHK.
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3ama4da 6. Touka M paBHOyaJIeHA OT BEPUIHH TPAIEUH, a Pac-
crosinge oT Touky M 110 miockocTu Tpalteiuu paBHo 24. Bokosasi
CTODOHA ¥ JMaroHajlb, IPOBEAECHHAs K Hell B Tpallelud, PaBHbL CO-
orBercrBeHHO 12 u 16, a Gosiblilee ocHOBaHUE Tpanenuu pasHO 20.
Haiinure:

a) paccTosinge OT ToYku M 110 BepIIKH, €C/iM OCHOBAHHE TPAIleLuH
pasHO 20;

6) omiaab TpaIelyn.

Hano: M
ABCD — Ttpanenus A
M ¢ ABCD D

AM =BM =CM =DM

p(M; ABCD) =24 B
AC =16 ¢

DC =12; AD =20

Haitnure: a) AM; 6) Sypep-

a) Caenaem JONOIHUTENHHOE IOCTPOCHHE: \
MOLABCD, A

Torma p(M; ABCD) = MO. %

1. Tax xak Touka M papHOYIAJIEHA
OT BCeX BEPILUH TPaleiyu, TO OT
JIIOOBIX Tpex BeplIHH TeM bosiee. B c
3uaunt, M npoeuupyercs ua
IJIOCKOCTb B HEHTP OKPY2KHOCTH,
ONUCAHHON OKOJIO JII060ro
TPEYroJIbHUKA, BCE BEPUIHHbI
KOTOPOI'O €CTh BEPUIMHLI TPAICHUH.

A D

Torpa okono Tako#t TpalleMUd MOXKHO OIMCATL OKPYXK-
HocTh. Ho OKOJIO Tpameiun MOKHO OHUCATH OKPYKHOCTD,
TOJILKO €CjIi OHa paBHOGexpeHHasi. OTcCiona cielyer, UTO
GOKOBbIE CTOPOHBEI M AUATOHAJHM TAKOWl Tpalenud DaBHBI
mexay coboit. Utak, AB = DC u AC = DB.
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2.

6) 1.

Haiiiem paauyc OKpY»KHOCTH, OINMCAHHOH OKOJIO Tparle-
mun. Tak Kax BepUINHBI TPEYTOJLHUKA 2KECTKO OHpeesIs-
0T €IMHCTBEHHYIO OKPY2KHOCTh, KOTOPYIO MOJKHO OITHCATD
OKOJIO TPEYTOJIbHHKA, TO HOCTATOYHO ONPEAENUTDh PAgHyC
Takoi OKPYKHOCTH, YTOOBI BCE BEPLUIMHB! TPANEHNUM [IpU-
Ha/IJIeKaJIH 3TOM OKPYKHOCTH.

Pacemorpum AACD

Lano:

AC =16
DC =12
AD =20

Haitnure R_.

B nannOM ciryuae 3ameruM, uto AC? + DC? = AD?,
T.e. 162 + 122 = 202,
3HAYUT II0 TeopeMe, 0OpaTHOi
teopeme [udaropa, ACLDC,
rorna O € AD

1
nRO=§AD=AO, A 0 D
r.e. R =10.

N3 AAOM mwaiinem AM.

AM =V AO? + OMZ; (OM1A0)
OM = p(M; ABCD),

T.e. AM = /102 + 242 = /100 + 576 = /676 =[26].

Jnsa seraucnenus S,pop HailfeM BBICOTY TPaIeLUH.

HpOBe,ﬂeM JAONOJIHUTEJIbHDbIE MIOCTPOCHUA:

BB,1AD u CC,1AD.
B c
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3. Ucnone3ysa meron miomageii, naiinzem CC| = H.
1 1
(ACLDC, cMm. myHKT 2).

Ionxyunm AD - CC; = AC - DC,
16-12

Te. 200C, =16-12 CCp = —— =96.

4. Haiinem ocnoaune BC, ucnonb3ysi METPHYECKHE OTHO-
[IEHUs B NPAMOYI'OJILHOM TPEYTOJIbHUKE.
AD - BC
2 b
Ho DC? = AD - DC, (cMm. kuury A.X.[laxmeficrep
Ilnapnmerpus. CII6.: «Ilerporsmd». M.: MITHMO, 2011.
C. 93);

122 =20DC,; DC,; = 17,2, suaunr BC = AD - 2DC},
T.e. BC=20—-2-72=256.

AD + BC
5. Sapep = “—'2_HABCD (Hapep =CCy=H),

20+ 5,6

T. €. SABCD = 2 . 9,6 = 122,88 .

3amaua 7. Touka M paBHOyIA/JeHa OT BEPIIMH TPEYIOJbLHHKA
co croponamu 17, 21 u 10 Ha paccrosiuue 41,875, Haitaure:

a) paccrosiHue OT ToukKu M 110 IMIOCKOCTH TPEyroJbHUKA;

6) paccrosinue OT NpOoeKuuH TOYKH M Ha IUIOCKOCTH 3TOrO Tpe-

Tax xak AB = DC, 10 AB; = DC, =

YLOJIbHUKA 110 HauOOJIbIHEH CTOPOHBI. M
Hano:

AABC

M ¢ ABC B
AM = BM = CM = 41,875 A

AB = 17; AC = 10; BC = 21
Haiinure: a) p(M; ABC); 6) p(O; BC). c
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a) Caenaem JONOIHATEIHHOE
nocrpoenne: MO1LABC,
toraga MO = p(M; ABC).

1. Tak kak no Teopeme 1 Touka M mpoenupyercs OpTOro-
HaJbHO B LeHTp O OKPY»KHOCTH, ONHCAHHON OKOJIO Tpe-
yronbauka ABC, To naiinem BHavaze R .

abe a
®o 3BEC T R=—=—:
PMYJIbI U3BECTHDL o 4S 2Slna

2. Haiinem miomann TpeyroiabHIKa, HCoab3ys dopMyity le-
pora: Sp = /p(p — a)(p —b)(p —c).

2}7—+g§._i]£=24; SA=\/24.3.7.14—_-3.4.7=84.

17-21-10 & 5
s Toro 4robpl y6enuThest B BEPHOCTH U€PTEXKA, ITPOBE-

pum Bun AABC.
AC? + AB* - CB?

cos(LA) = 5 AC AB ;
102 + 172 — 212 52
cos(ZA) =~ =10 <

sHauut ZA > 90°.

Yeprex Gyner UMeTh JpYyroit BUI:
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4. OM = /AM? — AO?; <41,875 = 41% = %)
oM = \/(41 875)2 (885> - \/<.3_§_5>2 _ (%5_)2 _
= g\/(335 + 85)(335 — 85) = -—-——”42(;'25 ‘ZO 0=
= 225- 42| = 6,25v/42.
6) 1. Ilycre OK LCB, torga OK = p(O; BC).

Tak kak OC =0OB =R, = 10%

(AOCB — paBuobGeapenHbiii),
o CK=KB= %C’B = 10,5 (OK — menuana AOCB).

OK = +OB? “KB?,
2
OK = \/(%5_) - (21) 1,/852 842 =
1 13
= g\/(85 + 84)(85 — 84) = g\/169 1=—=

— [T825] = p(0; BO).
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Yaon meorcdy npamoii u naocxocmsviro

Oupenenenne 1. IIpsimass Ha3bIBaeTcs NepIeHIUKYJIAPHOIT
IJIOCKOCTH, €CJIM OHa NepIneHJUKYJIApHa Joboii npsamMoit nitoc-
KOCTH.

Bompoc. Eciu npaMasi neprieHAVKYyJIIpHa IJIOCKOCTH, T.€. ala,
TO MOKHO JIH YTBEPXKJATh, YTO HPAMAas @ IEPIEHIHKYJIAPHA Cie-
AYIOHIMM IIPSIMBIM, TOKA3aHHBIM HA YepTerKe:

ale; alb; al AB; alBC; al AD; a1l DC; all; aln u T 1.7

OTsBer. [la, Tak KaK 10 ONpENESIEHHIO, €CIIH NPSIMAasi ePHeHUKY-
JIAPHA IJIOCKOCTH, TO 3HAYHT OHA MEePIeHAUKYJsipHa Jioboi mps-
MOIl MJIOCKOCTH, B TOM YHCJI€ ¥ NEPEUUCTEHHBIM.

IIpumeuanne. PaccMoTpeHHoOe onpenesieHe HNepIeHIUKYJIAPHO-
CTH NpAMO#t K IVIOCKOCTH B IIPAKTHYECKOM IIaHE€ TPYJAHO IpUMeE-
HUMO, TaX KaK BCE IpAMBIE€ INJOCKOCTH Ha MNEpIeHIUKYJNASIPHOCTb
HEBOBMOXKHO HpoBepuTh. [losToMy Heobxoaumo paccMoTperh 60-
Jiee IIPOCTOli (KOHEUHBIH) KPUTEPUil IIePIEHINKYJISIPHOCTH IIPSAMOM
IJIOCKOCTH.

Teopema 1. nst Toro urobul mpsiMast Opljla MEePHEHAMKYJISAPHA
IJIOCKOCTH, HEOOXOIUMO M JIOCTATOYHO, YTOOBI CYLIECTBOBAJIN ABE
HepeceKaoMecs NpsMble, TPUHALJEKAIINE IIOCKOCTH, IepIeH-
JWKYJIApHbIE JaHHOM mpsmoi (eMm. ¢. 30).
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a a,
m

yw L/
$ A D
KT
Poe .
% 01
\/l
Bonpocsl
ada
a) Ecm alb , rme npsamMble b u ¢ — 1Hepecekaio-

6) Ecimn

alc

Iyecs, TO MOXHO JiH yTBEPXKAaTb, YTO TOrga HpsaMas
G TEPUEHANKYNSIPHA TIPSAMbBIM, NOKa3aHHBIM Ha YepTexe:
AB; BC; DC; AD; m; n?

ad¢a; a ¢a
albd

alc

alla

, I'zie TipsiMbie b u ¢ nepecekaLyecs,

TO MOKHO JIH yTBEPKATh, YTO IPSIMasi 4, NEPHeHIUKYISpHa
npsiMbIM Ha deprexe: b; ¢; m; n; AB; BC;, AD; DC?

OTBeTnl

a)

6)

Ha. Tak xak u3 ywIOBHII TO TeopeMe CjleiyeT, 4TO Ips-
Masi alo, To o onpeaeseHNIO IEPIIEH TUKYIAPHOCTH NPsSMOii
IJIOCKOCTH CJIEAYET, YTO UPSIMasi ¢ HEPIeHAUKYJIsiPHA JTIOObIM
HPSMBIM IUIOCKOCTH (¢, B TOM HMCJI€ U NEPEeUNCICHHBIM.

Ha. Tak xak a; || @ u ala, To Mo Teopeme: ecin on-
Ha U3 MAPAJIEIbHBIX IPAMBIX NEPIEHANKYJIAPHA TLIIOCKOCTH,
TO B JApyras NpaMas IepreH uKyaapHa miockoctd, Orcroma,
cienyert, uro a, la. Tornma, MpoBOAS 1O aHAJIOTUM PACCyXKie-
HHS U3 [IYHKTA, ), IIOJIyYdM, YTO NPSAMasi G; NepIeHIUKYJIsAp-
Ha npsMmeiM b; ¢; m; n; AB; BC; AD; DC.
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IIpumeyanus. 1. Yarem, 4To 3a yroy MeK1y CKPEIIMBAIOLIMMHCS
HOPSIMBIMY TI0 ONPEJESIEHUIO IIPHUHUMAETCH HETYNON Yrojl MEXay
[I€PECEKAIONIMMHCS IPSIMBIMH, TTaPaJIIEIbHBIMU JAHHBIM MPSIMbIM.
Torpna cTaHOBUTCA SICHO, IOYEMY B (POPMYJIMPOBKE TEOPEMBI OT-
cyrcrByer 00sizaresibHOE TPeOOBaHHE COBHIAJEHUS TOYKH Hepece-
YEeHMsl TPSIMOM € IJIOCKOCTBIO (C TOYKO I1epeceveHus: mepeceKkato-
IUXCST [IPAMBIX, NEPIEHAUKY/ISPHBIX JAHHON NPSMOi), T.e. ecu

alm

aln s

mNn#0@, (1.e. m,n — nepecexkaromuecs)
to ala (mn€a; m| b, nj c, cMm. ueprex).
2. TpeboBaune 0 TOM, YTOOBI MpsSIMbIC, NEPHEHIUKYISPHbIE Hps-
Mot a, ObUIM MepeceKaIoINMICH, TPUHIMITUAJILHOE, TAK KaK €C-
Jjin Opl 1ipsiMbie b ¥ ¢ ObUIN IIapaJIIeNIbHBIMY, TO IPSMas @ MOIJIa
6b1 OBITH HE NEPIEeHIUKYIAPHA IIJIOCKOCTH.

Onpegenenne 2. [Ipamas, nepecekaomas IJIOCKOCTh B Hellep-
NeHONKYJIApHasa eif, Ha3bIBaeTCca HaKJIOHHOI.

Teopema 2 (0 Tpex mepneHAMKYJsipax). jis Toro 4tobnt
IpsMast, IPUHAJJIEKAIad [IJIOCKOCTH, ObLia IlepeHaAuKYJIsiDHA Ha~
KJIOHHOI K IVIOCKOCTH, HEOOXOAMMO U JIOCTATOYHO, YTOOLI 9TA IPs-
Mas Gbuia eprneHuKyIspHa MPOEKNUN HAKJIOHHOH Ha IIJIOCKOCTb.

ocTraTouHOCTh M
Hano:

MAlo; MB — HakjioHHas
AB =1lp, (MB) —
OPTOrOHAJIbHAS ITPOEKIHS
M B Ha mJiocKoCTb &
ABla, a €«

alMB

HokazaTeybCTBO:
a) alAB (1o ycioBuio).

6) MALla no yoiosuio, Torna MAla (no onpenelienuio).
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B) 3HAYHUT 110 T€OpeMe O HEOOXOAUMBIX M JOCTATOUHBIX YCJIOBUSAX
[IE€PIEHAUKYJISAPHOCTH IIPAMOI K INIOCKOCTH C/I€LY€eT, YTO Hpsi-
Masl @ nepHeHIuKyaspHa mwiockoctu ABM, t.e. al ABM.

r) U3 roro, uro alLABM, caenyer, yro alM B, 4aro u TpeGo-
BaJIOCh JOKA3aTh. M

HeobxoaumMmocTn

Hano:

MAla; MB — naknonHas
MBla, roe a €

AB = HpJ_a(MB) -
OPTOTOHANbLHAS IIPOCKIKA
M B na 11/10CKOCTh @

alAB

,Z[OK&B&TGJII)CTBO IIpoBeAuTe 10 aHAJIOTUM C NpeJbLAYIIUM JOKa3a~
TEeJIbCTBOM CaMOCTOATEJILHO.

Onpenenenne 3. YrioMm Mexkay HAaKJIOHHOM M MJIOCKOCTHIO Ha-
3BIBAETCH yToJl MeXKAy NPAMOIl M ee OPTOroHAJIbHOI HPOEKIN-
€if Ha MJIOCKOCTDb. YToJI U3MepPseTCs B rPagycax u M3MeHAETCs
or 0° mo 90°.

OTMeTyM, 4YTO OPTOrOHAJIBHOE IIPOELUPOBAHHE €CThb IIPOELHPO-
BaHHUe BJOJIb HPAMOil, NEepneHIUKYIApHON IVIOCKOCTH IPOEKIUU
(vacTHblit CIyydail NapalieSIbHOTO MPOELMPOBAHHS ).

B panbueitiieM nox npoekuueit 6yieM NOHUMATh OPTOFOHAJILHYIO
IIPOEKIUIO, €CJIN HHOE CIIELUAJILHO HE OTOBOPEHO.

CsaoiicTBOo yryia Mexay NPpsiMOii M IIJIOCKOCTBIO. YIol g
MEXKJLY PAMOM M IUIOCKOCTBLIO SBJSIETCH HAMMEHbLUIMM U3 BCEX yI-
JIOB, KOTOpEIE OHA, 00pa3yeT ¢ Jio0oil MpsiMON IJIOCKOCTH.

HokazaTelbcTBO

a) Ilycte MBloa (mononHuTesnnHOE HOCTPOEHUE).
AMNa= A, tne AM — HakJOHHad;

(m) = /MAB = g,.
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6) PaccMOTPUM IIPOM3BOJILHYIO NPSIMYIO M,
npuyeM A € m, a B ¢ m.
ITycre BCLAC, rne C € m (mon. mocrpoenue),
snaunr Ilp | ,(MC) = BC.

B) Torna o teopeme o Tpex nepnengukyasipax MCLAC.

r) Paccmorpum ACMB. M
Hnst wero MC > MB (LMBC = 90°).

Tak kak
) MB
B AAMB sinpy = —7r
. MC |
B AAMC sinp =~

McC S MB

0 —— —

AM = AM

YuuTEIBasl, YTO TPHIOHOMETPHUECKOE OTHOMmeHHe (DYHKIHS)

cuHyc crporo Bozpactaer Ha (0°;90°), nmoayuum, 9To @ > @y,
T.€. @y — HAMMEHDbIIHA yrou.

, T.€. siny > sin ;.

IIpumMmevyanus. 1. Eciu paceMaTpuBaTh TIO6YI0 OpsIMYIO 1 €
ety ey

Takyio, 4ro n || m, To (m; AM ) = (n;AAI) = . 3HauUT CBOIi-

CTBO CIIPaBEIJIMBO JAJis JI000ii NpsiMOii INIOCKOCTH (¢ M HAKJIOHHOM

K Hefl, 4T0 U TpebOBaJIOCh JOKA3aTh.

2. Mepa ymia obosnauaercs p(ZA), T.e. Tak Xe, KaK H Me-
pa paccrosnust Mexjy durypamu. TogbKo B reoMeTpHH NpUHSA-
TO M3MEPATH YIJIbl B IPaycHON Mepe, Hampumep: p(LA) = 45°,
p (AC/;HB) =80°, p (AWA) = p(po) =60°, p (m) =
= p(pp) = 20°. :

B psiae cnayuaes, KOrjga HOHSITHO, O U€M UIET pedb, CUMBOJ Mephl
110 YMOJTYaHHIO onyckaercs (He numercs). Tak, 0o ymoryanuio pa-
BEHCTBO (m) = (pp O3HAYAET PABEHCTBO 3HAYCHUH BeJMYHH
9THX YIJIOB.
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3amaua 1 (o Tpex KocuHycax). Ilycrs (m) = g, LOe
MBla, (Aﬁ;\AC) = ¢, (AﬂC) = ¢; (cM. puc. Ha c. 29).
JlokazkeM, ITO COS = COS Py COS ;.
IMycts AM = a; BCLAC (cM. yeprex Ha c. 29).

a) Paccmorpum AAMB: AB = AM cos py = acos g,.

6) Paccmorpum AABC: AC = ABcosp; = acos g, cos ;.

8) Paccmorpum AAMC: AC =AM cosp=acosy (no reopeme
o Tpex nepnenaukynapax MCLAC),

3HAYHUT @ COS Y = @ COS g - COS Pq,

T.€. [COSp = COS P COS P, |, UTO U TPebOBANOCH JOKA3ATE.

Hanomunanne

Eciu u3 ucTuHHOCTH yTBepXKAeHUss A cllefyeT HCTHHHOCTD yTBEp-
Kaenust B (3ammcbiBator sro tak: (A — W) = (B — HN)), 10
FOBOPAT, YTO UCTHHHOCTh yTBepXKJeHHst A docmamoywna st uc-
THHHOCTHU yTBep)KJAeHHsl B, a HCTHHHOCTH yTBepXKJeHus B weob-
Toduma AJjist UCTUHHOCTH yTBepxKaeHus A.

MozkHo cKa3aThb MHAYe: MCTHHHOCTH yTBepXKAeHus A ecTb npu-
3HaX MCTHHHOCTH yTBepxKJeHusi B, a nctunHocTb B ecTb ceot-
¢meo uctuHHOCTH A.

Bostee nmogpobuo cM. kaury A. X. ITTaxmeiicrep Muoxectea. OyHK-
puu. Hocneposarensroctu. Iporpeccun. CII6.:-M.: 2011. C. 114.
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Leyeparnviii y2on

Qunpenenenne 1. Ilon AByrpaHHBIM YIJIOM Mbl OyZ€M HOHM-
MATb BBINYKJIYIO 4YacTh MPOCTPAHCTBA, OrPAHMYEHHYIO JABY-
Msl DOJIYIUIOCKOCTAMH ¢ ofineit rpanmueil 3TMX NoJynJioc-
KocTeik.

OOuias rpaHuIla TOJIYIIJIOCKOCTEl Ha3bIBaeTcs pebpom aBy-
TPAHHOTO yIJia, a o0Opa3ylolue MOJIYIJIOCKOCTH — TpPaHsMM
JBYTPaHHOrO yIJia.

IIpumeuyanns. 1. YacTh NpoOCTPaHCTBa HA3BIBAETCSI BBINYKJIOH,
el Ajsa JIOOBIX JABYX TO4YEK, IIPHHAUIEKAIMUX ITOH dacTd
[POCTPAHCTBA, CJedyeT, 4TO JoOble TOYKH OTPE3Ka, COEeIUHH-
IOIEr0 3TH JIB€ TOYKH, TAKXKE MPUHAJJIEXKAT ITOH HacTH Hpo-
CTPaHCTBA.

2. Obp1uHO 0603HAIEHNE ABYTPAHHOTO YIUIa CBA3aHO C TOUYHBIM YKa-
3aHHeM pedpa U MOJIYIIJIOCKOCTEH (a; ﬁ) , wm LABCD,

rne BC — pebpo, ABC n BCD — TonymiIocKoCTH C TDaHM-
et BC.

Omnpeanesenne 2. JIuHeiiHbIM, HJIN IIJIOCKUM yTJIOM ABYTPaHHO-
ro yrjia HasbIBAaeTCs HepecevyeHue ABYTPAHHOTO YIJjia MJIOCKO-
CTbIO, NEePHEHANKYJIAPHOIl ero pebpy.

OGo3HayuM TaKyI0 IJIOCKOCThL 0.
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Onpenenenune 3. 3a Mepy ABYrpaHHOTO yIJia IPUHUMAETCS Me~
Pa ero JIMHEHHOro Wiy IJIOCKOro yria.

p(asB) = p ([0A);[0B)) = p(£40B) = p(v),
rae [OA)=and u [OB)=£N0O (LAOB =+, c180).

Mepa yrna LAOB, xak npaBujio, U3MepsieTcsi B rpaaycax.

OtMmernM, 4TO B comepxKaTesabHoM cMmbicie 0 < v < 180°. Ilpm
v = 0 IOJIYIIJIOCKOCTH coBlajaor: o = 3.

IIpu v = 180° monymiockoctTu o0pa3yioT IJIOCKOCTh.
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IIpumeganus. 1. 0 < v < 180° — 1o cMbIiCily O3HAYaEeT BBHIYK-
JIOCTH JBYTPAHHOIO YIJIA.

2. Unorpa 3a Mepy ABYTPAHHOTO yIJIa NPUHUMAETCS Mepa yIiia,
MEXy JIy4aMH, HEPHEHJIMKYJISPHBIMU K pPebpy JIBYIpPaHHOrO yr-
J1a, JIEXKAUMMHY B Pa3HbIX rpaHsx (MOMYIJIOCKOCTSX) ABYTPAHHOIO
yia. B usBecTHOM cMblcie Taxkoit momaxox Gosiee obuiuii, Tak Kak
BKJIIOYAET M CJIy YAy CKPEILHBAIOLIMXCH IPAMBIX, KOTOPHIM IIPHHAI-
JIEXKAT NEepleHINKYJIsipHbie K pedpy ABYTPAHHOIO YIJIa JIYYH.

Hanpumep [AA;) A [BB;).
Torna p ((;,78) =
(1445 B5y) -
=p(LA1ABB,).

Bamaua 2 (o Tpex cumHycax). Hauw miockoctu P u Q.
PnQ=1.  AMe€Q, A€l; MBlAB, BCl; MCLP,

CePp p(zm)=ﬁ; p(f;b)ry; p(m)=a~

Joxaxure |sina = sin Bsiny |.

a) Ilycte AM = a.
Us AMAB
MB = AMsin 3 = asin .
Us AMCB
MC = MBsiny = asin3sin~y.
U3z AMAC
MC = AMsina = asina.

6) 3naunr asina = asinfsinvy, T.e. |[sina =sinBsiny|, uro
1 TpeBoBaJIOCh JIOKA3aTh.
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IIpaxmuxym 2 (Yeavt meorcdy npamots
U NAOCKOCMDBIO, J8Y2PaAHHBIE Y2abl)

3anaya 1. [IpsMoyronbHbiil TPEyTrOMbHAK IOBEPHYT OTHOCUTE/ b=
HO ofiHOrO U3 KareroB Ha yroy B 90°. Ilpu atoMm runorenysa mo-
BepHYyJach Ha, yroja B 60°.

Haiinnre:

a) YroJ MexJy MJIOCKOCTBIO, KOTOPOH IPHHAIEXKHUT TPEYTONbHHEK,
06pa30BaHHBIA IIOBOPOTOM THIIOTEHY3bI, H ILIOCKOCTBHIO, KOTOPOIA
OPUHAJIEXKAT TPEYTOJIbHUK, 00Pa30BaHHbIH IIOBOPOTOM KATETa,
6) yrost MeXJIy KaTeToM, SIBJSIOIUMCS OChIO BpaleHus (I10BOpO-
Ta) ¥ IVIOCKOCTBIO TPEYTOJIbHUKA MOBOPOTA CHIIOTEHY3bI;

B) YroJ MexJy INIOCKOCThIO 6a30BOro NpsiMOYTOJIBHOIO TPEYTroyb-
HHKA ¥ NJIOCKOCTBHIO TPEYIOJIbHNKA IIOBOPOTA I'MIIOTEHY3BI.

ano:

AAOB, AAOB,; A
AAOB = AAOB,;

AO10OB

£ZBOB,; = 90°

£LBAB; = 60°

Haiinure:

a) p BOB/IEABI) ; o

6) p dIEBBJ;
B) p Adﬁﬁiug).

a) Halinem p (BOE;\BABI) .

| OALOB
" OALOB,

Caenaem non. nocrpoenue: OK 1 BB;.

1o ycniosuio, roraa OALBOB,;.

Taxk kaxk OAL1BOB,, To 1o TeopeMe 0 Tpex NEPIEHANKY-
OK 1 BB, (110 10CTpOeHHIO)
napax AKLBB,. AK 1BB,; (10 noKka3aHHOMY)

’

snawur BB, LAKO, v.e. p(BOBy; BAB,) =p(ZAKO).
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2. Paccmorpum ABOB,.
OB, =0B
0B,10B
u OK = BK = B; K (1o cBOACTBY IEPIEHAUKYJISIPA B PaB-
HOGEIPEHHOM TPEYro/IbHHKE).

, 3HaunT LOB;B = ZOBB, = 45°

Honoxkum OB =a, Toraa OK =0Bsin45°, OK = a_\/ﬁ.

2

3. Paccmorpum ABAB;.

AB = AB,

£4BAB; =60°|’

spaunr LBB;A=/B,BA=60°; AB = AB, = BB,.
4. ABOB, = ABOA (no xareTy u runoTeHyse).

ZABO = 45° (OB = OB; = OA),

s3Haunt AAOB — paBHOGEApEHHbI.

aVv2-/3

AK = ABsin60°, AK=a\/§-i2§-= 5

5. Paccmorpum AAOK.

OALBOB; (no nokasanHoMmy), suaunt OALOK.

cos(LAKO) = —g—g,
av2
2

a2\/§_
2

p(LAKOQ) = arccos 3

V3

=

T.e. cos(LAKOQO) =

Sl

=

Suauut p (BOB/ITBABI) = p(LAKO) = |arccos ? .

3aMeTuM, 4TO N0 YMOIMAHUIO PaBEHCTBO 6€3 CHMBOJIOB Me-
e

pH p — (BOBI;BABI) = LAKQO — o03Ha4aeT paBeH-

CTBO 3HAYEHMH 3THX YIJIOB.
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6) Haizem (oﬂBBl) :

eKumeii Ha MJIOCKOCTD.

3a yroa mexkay npsmoii, He NEepHeHIMKYJISIPHONU mJoc-
KOCTH, ¥ IJIOCKOCTHIO NPIHUMAETCS OCTPHIH yros Mexkay
NpsiMOM M ee OPTOTOHAJIbHOM (NeprneHauKyIspHOii) npo-

1. Hononuurensuoe nocrpoenne: OPLAK.

Tak kak BB;1AKO (no nokasannomy), To BB;1OP

(npsimast twtockocty AKO).

OPLAK (no nocrpoeHuo)
OP_1 BB, (no noka3aHHOMy) |’

orcioga crexpyer, yuro OP1BAB,.

Toraa (O4; ABB,) = LOAP, so LOAP = LOAK.

2. s AAOK:
av2
. OK . 2 V3
sin(LOAK) = ax Te sin(ZOAP) = =5

3HAYUT (OﬂBBl) = LOAP =

arcsin

[
|
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B) Haitnem (AOEFABI).
A

ITo cyTn, B nannoil 3aa4ue HEOOXOOAUMO HAUTH BEJIMYUHY IBY-
rpanHoro yria ZOABB,.

1.

Ilposenem momonuuTenbHoe nocrpoeane OM 1L AB. Tax
kak AO = BO, 1o AM = BM.

Tak kak ABAB,; — paBHOCTOpOHHH, T0 B{M — Menn-
aHa, BbIcoTa H 6uccektpuca ABAB,.

OM L1 AB (1o nocTpoeHuo)
B;M1AB (no gokazaHHOMY) |’
sHauT ABLOMB,, torna p(LOABB;)=p(LOMB,).

B,M = BB, sin60°, m.e. B,M = av/2 - ?

OM = OBsin45°, .e. OM =a - _\g_i

Paccmorpum AOM By:
OM? + B;M? — OB}

cos(ZLOMB,) = 50M - B} :
12,32 2
50+ 5a° —a 1 V3
2 2

c0s(LOMB,) = —=———— = —= = —;
R R

7
5|

w

(AOE;EABI) = ZOM B, = |arccos
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3agmaua 2. Karersl mpsiMOyrojibHOrO TPEYTOJBHUKA 0OpasyioT ¢
IJIOCKOCTBIO P, KOTOPO# IIPHHANJIEKUT I'MIIOTEHY3a, YIVIbI & u [
coorBetcTBeHHO. HaliguTre yron Mexx1y NJoCKOCTbIO IPSMOYTO/Ib-
HOrO TPEyroJbHHKA U MJIOCKOCThIO P

Haso:
ANABC

Haiinnre (ABC/’;TJ) .

a) 1. IIpoeesem nomonnuTensHOe nmocrpoenne: BOLP, O € P.

2. IIycts BDLAC. Tak kak BO1LAOC, To no teopeme 0
Tpex mepnengukynsipax OD1LAC.

3. BD1AC (no nocrpoennio). OD1AC (no gokazauHHOMY),

orcwoaa ciaeayer, uro AC1LBDO.

4. Tak kak BOLAOC, to BOLDO wusin(£{BDO) = —g——g—
6) Ilepeiinem Kk mononuurenbHeIM pacyeraM. [lonoxum BO =a.
1. s AAOB: AB=2F. 4p__ 2.
sin o sin o
2. s acoB: Bc =28 po—
sin 3 sin 8
3. Us AABC: AC =+ AB? + BC?
2 2 \/ﬁ
AC = a a ay/sin” a +sin” §

sin2a  sin?B  sinasing  ’

4. Iz AABC, ucnonib3ysi MeTOJ, IUIOM@Aaei, oIy auM:

AB-BC = AC-BD =254 450, 3naunr BD = %&BC;
Sha TP a

ay/sin? a+sin® 8 \/ sin? & + sin® B

sinasin 8

BD =
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B) Iz ABDO: sin(£BDO) = %;

sin(£ZBDO) = ——:— = 4/sin? a + sin? 3;
vV sin? a+sin? 8
sin(ZBDO) = /sin® a + sin? 3,

torga sin?(£BDO) =sin’? a+sin? 8 — cBoeobpasuas Teopema

IMudaropa mist CHHYCOB, T. €. i sin®y = sin a + sin® 3 ’

IIpumeuanne. Eciu a + 6 = 90°, o

sin?(£BDO) = sin? a + sin?(90° — a) = sin® a + cos? a = 1,
3naunT sin(£BDO) = 1.

Orciona cnenyet, uto ZBDO = 90°. T'eoMmerpuuecku 3T0 03HAYA-
et, uto ABC1LAQC, yro, ec/ig 4eCTHO, MBI IOJKHBI GbLIH 3aMe-
THTD 3apafee U BBIAEGJIUTD 3TOT CJIydail OTIeJILHO [IPH MPOBeIeHUN
porn. nocrpoenuii. Hanpumep:

Haxo:

AB; P) = 40°
BC,P) = 50°
AB1BC

Hoxaxure (ABCLP).

Bagaua 3. lana tpeyronbuas mupamuga DABC. Cropousi Tpe-
YIONBHOTO OCHOBAHUsA IHPaMHIbI PABHBI COOTBETCTBeHHO 24, 21
u 15. BokoBoe pebpo, ucxojsiiuee U3 BEPIIMHLL HAMMEHBIIIETO YIVIA,
TPEyTrOJIbHOrO OCHOBAHHS, PABHO 12 M TepIIeHIUKYJISIPHO OCHOBA-
Hu mupaMugsl. Hafinure:

a) HauGONBLIYIO WO AL GOKOBOMN rpany,

6) paccTosiHKe OT BEPHIMHBI HANMEHBIIErO YIVIa TPEYrOJbHUKA OC-
HOBaHMH JO TIPOTHBOJIeXKaine# 6okoBoil rpanu;

B) yroJs MexJy HauboabuuM GOKOBBIM peOPOM M MJIOCKOCTBIO TPa-
HY HaHMEHbIIEH ILIOHIaIu.
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Tak kak ma AABC npoTuB HaMMEHBIEH CTOPOHBI JIEXKUT
HaMMeHbIMit yroji, To nycrs ZABC — HauMmeHbUuii, TOrAa
Hpaipc=DB u DBLABC (no ycinosuio).

Jano: D

DABC — nupamunaa

AB =24

BC =21 OB
AC =15

Hpape =12

a) Haiinure S

Haub. 6. rpann’
6) Hannure p(B; ADC).
B) HeobxonuM aHa/u3 JaHHBIX,
9T0OBI TOYHO CHOPMYJIHPOBATH
JAaHHBII BOIIPOC 3a/ia4H.

a) 1. HaiizeM BHauaJje [IOMAIM:
1
SAADB=§AB'DB7 SAADB': 2412:&,

1

Sappc =35CB DB, Spppc=5-21-12=126.

[T 3

2. JInst Toro uTo6el panMoOHAILHO HAUTH Sp 4pc, NPOBEIEM

J0MH. IHoCTpoeHUue. D

Ilyere BK1AC. Tak xak DBLABC, T0 no teopeme
o Tpex nepnengukyiapax DK 1 AC.
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6) p(B;ADC) =1
1.

Hcnonbsys teopemy 'epona, Brluvcaum

Spapc = Vp(—a)(p—-b)(p—o);

_ 2442415
2
Saapc=v30-6-9-15=6-5-3v/3 = 90V3.

1
C npyroit croponsl, Sy spc = 3 BK - AC,

2-SpaBc 2-90v/3
—ac o BK=Tg =123
Tak kax DBLABC, to DBLBK.

Torna DK =+/BK?+ DB?;

DK =/(12V3) +122 = 24.

1 1
SAADC=§ACDK’ SAADC=§'15'24=.1_8_0_,
SHa'HT Suauﬁ. 6. rpann = SAADC = (KB‘ C,H,.)

Torna BK =

IIposegem nom. nmocrpoenue BT 1 DK.
YuuTbIBas, 4TO

BK 1 AC (110 nocTpoenuio)

DK 1 AC (1o pokazaHHOMY) |’
nonyunm AC1LBDK.

Tak xaxk ACLBDK, to ACL1BT;

BT1DK (1o HocTpoeHHIo)
BT 1 AC (no pokazanHoMy)

anaunt BT1ADC, r.e. p(B; ADC) = BT.

¥

Uz ADBK, ucnonb3ys METOZ, IUIOMIaeH, MOy dnM:

DB.-BK
2Sappxk =DB-BK =DK -BT; BT = 5K

BT = %@i =63, r.e. p(B; ADC) =|6V3].
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8) IIpoanajusupyem JaHHbIE.
AD — oueuzaHo, HanboJibIIee HOKOBOE pebPO.

DBC — rpanb, HaMMeHbLIAS 110 IJIOIAAM (CM. IYHKT a).

3uauuT, HEOHX0AUMO

HaiiTH (Aﬁ;-BB C) .

1. AP1BC.

Tak kax DBLABC, to DB1 AP, Torua

AP1BC (no ycnoBuio)
AP1 DB (mo pokasaHHOMY) |’

Tak xak APLDBC, ro AP1DP.
Uz AADP: (AEBBC) — ZADP.

2. Uz NABC: SAABC: %AP'BC, TOraa AP =

2-90v3 60
21 7

Vs AADB: AD = DB? + ABZ,

T.e. AD = /122 + 242 = 12+/5.
AP

sin(ZADP) = Vol

60
V3 5 [3 Vi5

oE o T\ET T

TOrZA, (AEBBC) = | arcsin (@) .

T.e. AP = 3.

T.e. sin(ZADP) =

IIpumeyanue. JIi0600BITHO OTMETHTD, YTO 3/€CH

(AD?;IBC) — /DPAB = /DPB.

snayutr APLDBC.
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Hano:
ABCD — unupamujia

3amaua 4. [IpaMOyroibHUK €O CTOPOHAMH, PaBHbIMH a4 # b
(b > a), Nepernysnn 1o JUAroHaJH, IIPAYEM HOJIYIUIOCKOCTH MOy~
YEHHBIX NPSAMOYTOJBHBIX TPEYLOJBHHKOB 00pa3yioT ABYrpaHHBIH
yron . Haiinure paccrosHme MexJly BePUIHHAMH IPSIMOYTOJIb-
HUKa, He JIeKAIIMMH Ha JUaroHaju cruba.

AC — juung cruba
(AB?{ZDC) — 0

.I""'""""""

g

r

Haitoure BD.

a) CruenaeM JONOIHHUTENbHbIE

IIOCTPOCHHUA.
B, D
BB,LAC e
1. DDILAC‘ = (BBI,DDI) = /BACD.
, BiByLAC B,B, || DD,

T.e. BjByDD,; — upsaMOyroJbHHUK.

BB, 1 AC (no nocrpoenuio)

3. Tax xax B,B,1 AC (no nocrpoenuio)

< ACLBB,B,
DB, || AC

B C

‘ ?

, snauur DB, 1 BB B, = DB, 1 BB,.

6) Dy

Bl
A D
AB- BC

(MeTox nioma et );

ab
BB, = W (oueBusno BB, = DD, ).
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a2 b2 2

AB, = /a2 — -2 AB, = CD,).
1 a a2+b2 m ( 1 c 1)
2a? _a2+b2—-2a2_ b? — a?

VIR Jai® Jai®

BB. — ab? n a?b? _q ab ab 08 0=
2 a?+b2 a2+ vaZz+b2 VaZ + b2 =

_ 2a2b? — 2a2b? cos @
- a?® + b2 ’

BD = /BB ¥ DBE;

212 o,.212 b2_22
BD=\/2ab 2a%b%cosp  (b* — a?)

a? +b? a® +b?

_Jat+ b —2a%?cos
B a? + b2 ’

Ilpumevanus. 1. EcrecrseHso, CyliecTBYIOT U OpyrHe CIOCOObI
pelIeHnst: HalpuMep 8eKmopHbit.

2. Ilpu a=b (ABCD — ksajpart)
BD =a\/1—cosp=a 2sin§ (B;=Dy).

o [a* + bt

at + b* — 2a%b?
4. Ilpu 0 < p < 90° BD=\/ prR

haiid 2 (cosp >0).

at + b — 2a2b? cos

a2 + b2
3MensieTca TOMBLKO BHJ, YepTexKa, a BBIYHCIUTENbHAs DOPMYJia
OCTaeTCH HpEXKHEeH.

5. Ilpu 180° > ¢ >90° BD=\/ (cosp<0).
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3agauya-TeopeMa. Kouipl orpeska AB npuHamiexar pasHbIM
rpaHsiM JByrpanHoro yria. IlomymnockocTd o # [ ecTh paHH
JaByrpanHoro yria, A € a, B € . Paccrosanus oT KOHIOB OTPE3Ka
20 pebpa ABYrpaHHOrO YIjla PaBHBI, COOTBETCTBeHHO, AA; = a;
JBYTPaHHOIO yriyia pasna . Halinure nnuny orpeska AB.

Hano:
AA B, €a
BBA, €
JABYTPAHHOIO YIVIA
p(£44,B,B) = ¢

Haiinure AB.

Pemenue 3Toit 3ama4n paccMoTpeno B yase 2, ¢. 318.

B Heit joxasbiBaercss GpopMyiia, CBA3LIBAIOIIAS JaHHbIE 33JaH:
| AB? = g% + b2 + c® ~ 2abcos ¢ l,

a?+ 0>+ —d?

wi, ecnit AB = d, 1o |cosp =

2ab
[Mpenpiaymas 3ama4a 4 pemaercst Torja npoiue (CM. puc. Ha. ¢. 43).
272 2 2)2
Tak kak BB% = PRy =DDiu BlD2 = “EIE TO, TIpU-

MeHssT GHOPMYILY, HOTYUUM

BD? = 22(12b2 + (¥* - a2)2 _ 2a%b*
a2+ a?+b*  a?+ b2 :

_ 2a%07+ b + ot — 26757 — 20%b% cosp _ |at + b* — 2a®b? cos p

B (12 + b2 - a2 + b2

4YTO ¥ TpebOBaJIOCh I0KA3aTh.

cosp =
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Hexomopuie ceoticmsea nupamud

I. CeoiicTBa nupaMua ¢ paBHbIMU peGpamMu

JJisi HEKOTOpBIX M -YTOJIBHBEIX HUpPaMul CIpaBeAJIuBbl YTBED-
JKJIeHUA, CBA3bIBatoye: 1. paBeHCTBO GOKOBLIX pebep; 2. pa-
BEHCTBO YIJIOB MeXIy GOKOBBIMM pedpamMM H ILIOCKOCTBIO OC-
HOBaHUA; 3. OPTOTOHAJILHYIO IPOEKIHIO BEPIIUHbLI MHPAMHUIbI
B LEHTD OMNHCAHHOH OKOJIO OCHOBAHUS OKPYZKHOCTH.

A. Ecau Bce 60koBbie pebpa mupaMuiipi paBHbl, TO OHH 00Gpa-
BYIOT C IJIOCKOCTHIO PaBHbIE YIVIBI, U BepHIMHA IIPOELIPYeTCs
B LEHTD ONHCAHHON OKOJIO OCHOBaHUS OKPY2KHOCTH.

Hamno:

SAAyA;. .. A, — nupaMuia
SOLAAA;.. A,

SA, =8A,=...=854A,

Lokaxxure:

a) LSA,0 = LSA,0=...=ZLSA,0;

6) O — UeHTp OLIMCAHHO OKPY>KHOCTH.

B. Ecin 60koBbie pebpa nupaMuibl 00pa3yioT ¢ MI0CKOCTbHIO
OCHOBaHMSI PaBHBIE YIJIBbI, TO BCE OHU PaBHbI, ¥ BEPIIUHA ITH-
PaMM/IbI [IPOELUPYETCs B LIEHTP OIHCAHHOM OKOJIO OCHOBaHUS
OKPY’KHOCTH.

Hano:

SA|A)A;. .. A, — nupamuza
SOLAAA,... A,
ZSA,0=2454,0=...=4SA,0,
rae (SmA2...An) =

= (SA; AjAy.. A ) =...=

—

= SAn;AlAz...An

Hokaxkure:
a) SAl =SA2 - ...=SAn;
6) O — uEHTD OINHCAHHON OKPY>KHOCTH.
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C. Ecin BepiuvHa ITHpaMUIB! IPOEIPYETCsI B IEHTP OIIMCAH-
HOH OKOJIO OCHOBaHHSI OKPYKHOCTH, TO Bce GOKOBbie pebpa
pPaBHBE 1 00Pa3YIOT € WIOCKOCTHIO OCHOBAHHsI PABHBIE YIJIbL.

Hauo:

SA AyA;. .. A, — nupaMuza
SOLAAA;.. A,

O — UEHTp OMUCAHHOK OKPYXKHOCTH

Hokaxxure:
a)SA1=SA2=...=SAn; y
6) LSA,0 = £SA,0 =...=LSA O. 4

PaccmorpuM mokazaTenberso mist SA; AyAs (n=3).

HokaxkeM yTBepkaenne A (IUist TPEYrONbHON ITUPaMHKIBI).

llano:
SA;A,A; — nupamuia
SA, =SA, =SA,
SOLA AyAq
T.e. O — IEHTDP ONMCAHHON OKPY>KHOCTH.
a) Pacemorpum ASA,0; ASA,O; ASA;O0
1. Dtu Tpeyroasuuky npsiMoyrosbabie ( SOLA; Ay Az ).

2. A|S = A,S = A3S mo ycnopuio, Torja Mo runoTeHys3e
u xarety ASA,0 = ASA,0 = ASA;0.

3uaunr LSA,0 = £LSA,0 = L5430, t.e.
(SmAzA:s) = (SmA2A3) = (SA/:'JEA2{43) :

T.e. O — UEHTDP ONMMCAHHON OKPYKHOCTH.

Ananoruyio noxaseiBaioTcs yreepxkienns B u C.
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II.

ITpumeuanus.

1. OrMernmM, uro Tak Kak ASA;0; ASA,0; ASA;0 npsimo-
YrO/IbHbIE, TO [JI HX PABEHCTBA JOCTATOYHO OJHOrO H3 CJIe-
JLYIOIUX TPU3HAKOB, CBA3AHHBIX ¢ NHPAMHIOL:

a) paBeHCTBa GOKOBbLIX pebep;

6) paBeHCTBa YIJIOB MexXJAy OGOKOBBIMH pebpaMH M IIIOCKO-
CTBHIO OCHOBAHUSA;

B) paBeHCTBA paccTosiHuil o1 Toukd O 10 BEPIIUH OCHOBAHUS
nupaMupl, T.e. O — UEHTP OUHUCAHHOM OKPYXKHOCTH.

CirieoBaTesIbHO, CIIPABEAJIMBOCTD J1IOGOT0 U3 TpeX YTBEpKIe-
uuii (A, B u C) nopox/aet CipaBejInBOCTh OCTAJIBHBIX JIBYX
YTBEPXKAECHHHA — 3TO HPHUMED TpeX TeopeM, MJI KOTOPBIX
CIIpaBeJIMBLI MO ABE 0OPATHBIX TEOPEMDI.

2. AHasoru4HbIE JOKA3aTEIbCTBA TAKOI'O XK€ Habopa, yCsioBUi
MOXKHO [POBECTH JJis N -YrojibHOl nupamuis! (1 > 3).

CapoilicTBa nmupamMuj ¢ paBHbIMU anodemMamu

s HEKOTOPBIX 7 -yTOJIbHBIX IHPAMUIL CIIPaBeJINBbI yTBep-
2KJIeHUs, cBA3bIBatoLpe: 1. paBeHCcTBO anodem GOKOBBIX Ipa-
Heilt; 2. paBeHCTBO JBYTPAHHBIX YIVIOB MpH pebpax OCHOBaHHS
OUPaMHUIEL; 3. OPTOrOHAJIBHYIO MPOEKHHIO BEPUINHBI B HEHTD
BIHCAHHON OKPY>KHOCTH.

A. Eciu Bce amogenmbl 60KOBHIX IpaHell NUpaMuibl PaBHEI,
TO BCE IBYIPaHHBIE YIVIBI MPU CTOPOHAX OCHOBAHMUS PABHBL,
U BePHIMHA IIMPaMHUJbI IPOENUPYETCH B HEHTD BIIMCAHHOMN B OC-
HOBaHHE OKPYXKHOCTH.

Hano:

SA A)A,. .. A, — nmpaMuza

SO1LA AA,.. A,

p(S;A1Ag) = p(S;A343) = p(S; 434 ) = ... =
=P (57 An—lAn-—Z)
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Hoxkaxkure:

a) O — UEHTP BIUCAHHON OKPYKHOCTH;

6) LSA AgAy = LSALAA, = ... = LSA,_,A,_ |, A —
JMHEHHbIE YIVIbl ABYTPAHHBIX YIJIOB P CTOPOHAX
OCHOBAHUS.

B. Eciiz Bce aByrpaHHbI€ yIJIBI IPU CTOPOHAX OCHOBAHHSI ITH-
paMuIbi PaBHEIL, TO Bce anodeMbl OOKOBBIX rpaHell paBHBI,
i BEPLINHA, MHPAMHABI IPOENUPYETCH B EHTD BIIMCAHHOI B OC-
HOBaHHE OKPYKHOCTH.

Hano:

SA A)A; ... A, — nupamuna

SOLAAA;.. A,

LSAAGA; = LSAAZA = ... = LSA, A, {A,

Jokaxknre:

a) p(8; A1 Ay) = p(S; AyAg) = p(S; A3Ay) = ... =
=p (S; An_lAn) ;

6) O — HEHTD BOMCAHHOW OKPY2KHOCTH.

C. Ecnu Bepmmna nupaMuIbl IPOELMPYETCsl B IEHTP BIIHCAH-
HOH B OCHOBAaHHE IMPAMHIBLI OKPY?KHOCTH, TO BCe amodembl
GOKOBBIX I'paHell paBHbI, U BCe IBYIPaHHBIE YIVIBI IIPH CTOPO-
HAX OCHOBAHUSA IHPAMHU/BI TAKXKE PABHEL.

Jano:

SAAyA;. .. A, — nupamuzna
SOLAAA;.. A,

O — UEeHTp BNHCAHHON OKPY>KHOCTH

Hokaxmnre:
a) p(S; A Ag) = p(S; Ag43) = p(S; A3Ay) =... =
=p (S; An_lAn) ;
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PaCCI\/IOTpI/IM JOKa3aTeJIbCTBO

Lano:

SA Ay A; — mmpamuzna
SOLAAA,
p(S;A14,) = p(S; AyA3) = p(S; A; Ag)

a) O — LEHTP BIIMCaHHOI OKPYKHOCTH,
JIMHEHHbIE yIUibl ABYTUPAHHBLIX YIVIOB IIDM CTOpOHaX
OCHOBAaHUA.

STy 1A,A,
IMycrs ST,1A Az |.
ST;1A,4,

Torga 110 TeopeMe 0 Tpex NepHneHJUKyagpax
Pacemorpum AST|0; AST,0; ASTZ0.

Taxk kak AST,0; AST,0; AST;0 — npsMoyrojbHbIE Tpe-
yromvuuku (SOLA;AyA;), a STy = ST, =ST; (no yciopuio
anogeMbl G0KOBBIX TpaHeil PABHBI), TO IO FUIOTEHY3€ U KaTe-

ty AST,0 = AST,0 = AST;0.
Toraa:

a) LS8T 0 = £ST,0 = £LS5T3;0 — numneiiHbie yribl AByrpaH-
HBIX YIJIOB IIPU CTOPOHAX OCHOBAHMSI.

6) OT; = OT, = OT;, 1.e. O — UEHTp BIHCAHHON OKDY2K-
HOCTH.

Ananorudno goxaswiBarorcs yreepxaenus B u C.
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IT1.

IIpumeyanusi. 1. Ormerum, uto Tak kak AST;0; AST,0;

AST,;0 npsMoyronbHble, TO JJIsl UX PABEHCTBA JOCTATOYHO:

a) WM paBeHCTBa anmodeM GOKOBLIX rpaHei;

6) MIu paBeHCTBa ABYTPAHHBIX YIJIOB IPH pebpax OCHOBAHHS;

B) HJIH PaBEHCTBA PaccTostHuil oT Touku O 0 CTOPOH OCHO-
BaHus (T.e. O — UEHTP BIUCAHHON OKPYKHOCTH).

2. Anajlorpusbie J10Ka3aTeNLCTBA TAKOTO Ke Habopa yciaosuil

MOKHO IIPOBECTH JJIsi M -YTOJIbHBIX mpamu (n > 3).

Crie10BaTe/IbHO, CIIPABEIIHBOCTD JIIOGOr0 U3 TPEX yTBEpXKIe-
Huit A, B u C nopoxaaer cupaBeijiuBOCTh OCTAJIBHBIX IBYX
YTBED2KICHHUIA.

D70 npuMep TPeX TeOpeM, AJIsl KOTOPHIX CIIPABeIJIUBLI 110 ABE
06paTHBIX TEOPEMBI.

CaBoiicTBa TpeyroapHbIX NupamMuz, (TeTpaspos)

OTMeTuM psiji JTIOGONBITHBIX M TOJE3HLIX CBOMCTB TPEYIro/ib-
HbiX nupamul. [lonpobyiite 3Tu CBOCTBA 10KA3aTh.

Onpenenenue 1. Meauanoii rerpasapa HasbIBaeTcs OTpe-
30K, COCOUHAIOINMIT BepIIIMHY TeTpa3Apa ¢ TO4YKO# mnepe-

cedeHHsl MeOMaH IIPOTUBOJIeXKAIne# rpaHm.
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Teopema 1. Bee Mesuanbl TeTpasapa HepeceKaoTes B OJHON
TOUKE U TOYKON nepecevyeHus AenaTcs B oTHoueHun 3 : 1,
CYNTast OT BepIIUHBI TETPAIPA.

Onpegenenne 2. OTpe30K, CoeaMHSIIOIUA cepeayHbI
nap CKpelumBaomuxcs pebep, HasbiBaeTcd GuMeanaHoOil
Terpa’upa.

Teopema 2. Bce 6uMmeauaHnbl TeTpadpa MepeceKaroTed B Ofl-
HOH TOYKE M JeJSTCS STOH TOYKON [epeceyeHns I0IoJIaM.

Teopema 3. CyMmMa KBaJIpaTOB JBYX NPOTHBOIIOJIOXHBIX pe-
Gep Terpasmpa BABOe OoJibLIE CYMMBI KBAJPATOB ABYX Ou-
MeJUaH, TPOBEJIEHHBIX K NPYrHM MHapaM CKPEHHBAIOHIUXCS
pebep.

Omnpepnenenue 3. Terpasap, BbICOTHI KOTOPOrO HepeceKa-
IOTCA B OJHOI TOYKE, HA3bIBAETCH OPTOLIEHTPHYECKIM.

Teopema 4. [dns roro urobsl Terpasap 6bu1 opToneHTpUYE-
CKHM, HEOOXOOUMO U JOCTATOUHO, YTOORL:

a) xors 6bl OJHA U3 BBICOT UPAMHBI
OPTOrOHAJILHO IPOELUPOBAJIACH
B TOYKY [I€PECEUEHUST BHICOT
rpasy (OpTOUEHTP);

6) NpPOTHBONOJIOXKHBIE pebpa TeTpa-
31pa GbUIM NONAPHO B3aHMHO
[E€PIIEH IUKYJISIPHBI;

B) CyMMbI KBaJpaTOB [JIMH IPOTHBOIOJIOXKHBIX pebep Obiiu
PaBHBI MeXIy coOOI;

r) GumennaHbl TeTpadzupa ObLiM paBHBI MeXy COOOM;

1) MepUHEeHAMKYJIAPHI K TPaHsM TeTPadipa, BOCCTABJICHHBIE
B TOYKAX IEpeceyYeHHs MeauaH, IePeceKaluch B ONHOM
TOYKE.
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Teopema 5. Ilycts B TeTpasmpe
DABC npsmeie DA,, DB,, DC,
SBJISIIOTCH GUCCEeXTprUcaMH GOKOBBIX
rpaneit BDC, CDA, ADB.

Ecm DALDB,, o DA;1DC;

u DC,1DB,. Nnaue rosopd, eciu
JiBe GucceKTpHCH OOKOBBIX DaHell 4
B3aMMHO HEPIEeHIUKYIAPHBI,

TO K OCTAJIbHBIE BHCCEKTPUCH OOKOBBIX
rpaHeil B3aUMHO [€PHEHIUKYIAPHbE.

Ounpenenenne 4. Terpasap
HA3LIBAETCA NPAMOYTOJbHBIM, €CJIH

TPM HMJIOCKMX YTIJia IPHU BepIINHE
Terpa’gpa pasHbr 90°.

Teopema 6. [Ij1s mpsiMOyTOJIBHOTO TETPA3apa BHINOJIHSIETCS
MeTpudeckoe coornomenue S = S? + 532 + 53, rae Sy, S,,
S; — momany GoKOBEIX rpaHeii (IPSIMOYIO/IbHBIE TPEYrob-
HUKH), & S — IJIOMa/ b I'PaHi OCHOBAHMS.

IV. CsoiicTBa 4eThIPEXYTOJBHBIX MUPAMHT

Teopema 7. Eciu

B OCHOBaHHH
YeTHIPEXYTOILHOM THPAMHIBL
SABCD nexur
npamoyronibauk ABCD,

0o SA%+SC? =SB2 4+ SD?.
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ITpaxmuxym 3 (Badavwu na ceotlicmea nupamud)

Bazaua 1. BepuinHa 4eThIpexyronbHOH MHPaMU/IL PABHOYIAJIE-
Ha OT BePIIHH TPalle[ii OCHOBaHusA. Boicora mpamunas pasua, 15.
OcuoBanue Tpanenuu paBHO 28, G0KOBas CTOPOHA Tpamelu pas-
Ha 26, a nuaroHa b Tpanenuu pasHa 30. Haiinure cymmy KoTan-
T€HCOB JBYTDAaHHBIX YIVIOB HpU peOpaxX OCHOBaHHS MHUPAMHUJbI.

Hano:

SABCD — uupamuna
SA=5SB=SC=S8D

o(S; ABCD) =15

AB || DC

AB =28, BC =26, AC =30

Haiiaure
ctg (LSABC) + ctg(£LSBCD) + ctg(LSCDA) + ctg(£LSDAB)

a) IpensapuresibHbie COOOPAXKEHHUS.

IpeanonoxumM, uro AB < DC u SO1LABC.

1. Tak kak GOKOBbie pebpa IUpPAMUALI PABHBI 110 YCIOBHIO,
TO BEPUIMHA OPTOrOHAJIBHO IPOEIMPYETCS B LEEHTP OKPY K-
HOCTH, OIMCAHHON OKOJIO OCHOBAHHUST HMPAMUAILL.

2. Tax Kak OKPY>KHOCTb U TPEYTOJBHUK OJHO3HAMHO Onpele-
JSI0TCA TpeMs TOYKaMH, He JIeXKallUMHU Ha OJHOH IIPSAMOii,
TO J1ioOBlEe TPU BEPILMHBI Tpalelid 00pa3yloT Tpeyrosb-
HHK, LICHTD OIIMCAHHOH OKPY>KHOCTH KOTOPOTrO COBNAJAET
C IeHTPOM OIIMCaHHOI OKOJIO Tpallelii OKPY>KHOCTH.
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3.

[

ZABC — ocrpuiit, Tak Kak 302 < 262 + 282

Ho usBectHO, uTO MpotuB Gosblueil CTOPOHBI B TPEYTOJb-
HUKe Jiexur Oonbmuit yroa, T.e. AABC — ocrpo-
YT OJIbHBIH.

SuauuT Touka () — MEHTD ONUCAHHOH OKPYKHOCTH —
HaxomuTcst BHYTpH AABC, u naHuble 4epTCXKU HEBEPHO
MOJICJMPYIOT YCJIOBUS 3aJadH.

Tax Kax OKOJIO Tpallelyiil OCHOBAHHS NHPAMMAbI ONHCA-
HA OKPV2KHOCTb, TO Tpallelsl sSBgeTcs paBHobeapeHHo,
1 LEHTP OKPYXXHOCTH HaXOMUTCSA 118, OCH CUMMETPHUH Tpa-
HEIHH.

Tax xak AABC — 0CTPOYTO/IbHBIN, TO UMEHHO 6oabuiee
ocHOBauMe Tpanenuu pasuo 28 (r.e. AB > DC).

0O€PK AP =PB

PK1AB}’

3HaAYIUT

DK =KC

(PK — och cAMMeTpUM Tpalleiiut).

6) Haiigem Sa 4pc, ucnonb3ys teopemy I'epona:
Sp=vplp—a)(p—b)(p—c).

1.

2.

26 4+ 28 4+ 30
ParaBc — - 9 =

Shapc = V/42(42 — 30)(42 — 28)(42 — 26) =
=V42-12-14-16=42-3- 7.

42.
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abc 30-28-26 65 1
D R=3 Reresar=1 -
' 28 42.3.
r) HABzcclz—%‘l; CC’1=KP=%=24.

,lI) Tenepb Haiinem ABYI'DaHHbIC YIJIbI IIDHU pe6pax OCHOBaHUA.

1. Tax kak OP1AB, to SOP1AB, Ttorpa p(£SABO) =
= p(£LSPO) (Mmepa aByIpaHHOIO yIjla paBHA Mepe JIMHel-
HOIO yIJIa).

2. OP =+OB? — PB?; (PB = %AB)

0P = (6_5>2_142= V(65 + 14 4)(65 - 14-4) _

4 4
11-3 1
T—SZ (OP # OK). 1
OP 83 _ 33
3. ctg(LSPO) = o5 ctg(LSPO) = = = 80

(p(S; ABCD) = 08 = 15).

e) 1. Tak kax OK1DC, o SOK1DC,
rorga p(£LSDCO) = p(LSKO).

2. OK = PK — OP; OK=24—8%=15%.

3
OK 157 63
05" ctg(LSKO) =
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k) 1. Tak kak ONLBC 1o nocrpoenmo, to SONL1BC,
torga p(LSCBO) = p(LSNO).

2. ON = VOB? — NB?
(NB = NC, tak xak OC = 0B u ONL1BC);

65 2 /(65 ¥ 52)(65 — 52)
o = (8 - 1 - LETIE

13-3 39

4 4
ON
. ZSNO) = —;
3. ctg(£SNO) 05’
YureMm, uro LSMO = LSNO,

T.e. ctg(LSMO) = ctg(LSNO) =

39

T 39
ﬁ
60
3) ctg(£LSPO) + ctg(LSKO) + 2ctg(LSNO) =

33 63 2-39 96478 174 54
“wtet e - e e e 2

3anaya 2. Bepumuna nupaMu/ibl, B OCHOBRHHH KOTODO#l JIEXKUT
paBHOGeIpeHHAs Tpamelus, paBHOYJAJI€Ha OT pebep OCHOBaHUA
u yjalieHa OT IIocKocTH ocHoBahusi Ha 10. IlapasienbHbie cTo-
POHBI OCHOBaHUsA nupaMuabl paBHbl 9 u 25. Haitaure niomans 60-
KOBOJT II0BEPXHOCTH NMUPAMUIEL.

Hano:

MABCD — nupamuia
p(M; AB) = p(M; BC) =
p(M; DC) = p(M; AD)
o(M;ABCD) =10

AB || DC
AB =25
DC =9

.'

Haitnure S .
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a) IIpegsapuresbiibie COOGPAXKEHHUS.

6)

1.

" MO1ABCD

Tak kak Touka M paBHOyZaJIeHa OT CTOPOH OCHOBaHHSI, TO

Touka M mpoenupyeTcs B UEHTP BIUCAHHON B OCHOBAHUE
OUPaMUIbI OKPY2KHOCTH.

Teopema. dns Toro 4robbl B YETHIPEXYTOJLHHAK MOXK-
HO OBLIO BIHCATb OKPYKHOCTbH, HEOOXOJMHUMO H J10CTATOY-
HO, YTOOBI CYMMBI IJIMH IIPOTHBOIOJIOXKHBIX CTOPOH COB-
TIaJIAJTH.

Tak Kak Tpanenys paBHoOEIpEHHAs IO YCJIOBHIO, TO
AB+ DC =2AD, 1.e. 25+9=2AD, AD=17=BC.
Opyrpanusie yripl npu pebpax OCHOBaHMS B ITHPaMUIE
paBHbl MeKIy coboit.

3HauuT, pasuyc BIHCAHHON OKDY>XHOCTH PABEH TIOJIOBHHE
BBICOTHI, B JAHHOM CJIy4ae, Tpaleuud.

AD1=AB;DC; D 9 ¢

- 17, 17
ap,=2"%_4

2 > ]
. DD, = \/AD? — AD#%; A4 Dp25¢c B

DD, =177 — 8 = 15.
r, = %DDI; r,=175=O0K.

OK LDC , sqauntT MOK .1 DC,

T.e. p(LMDCB) = p({LMKO).
MK =+VOK? + MO?;

2
MK = (—15) +102 = % =12,5.

7,5

. cos(LMKO) = %; cos(LMKO) = -2~ = g

12,5
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r) Teopema. B nupamuie ¢ paBHbIME ABYTPAHHBIMH YIJIAMHA
npu pebpax OCHOBaHUS MJIOIIAAL OCHOBAHHUS DABHA [IPOU3BE-
JEHMIO IITo1a, 1 60KOBOI IOBEPXHOCTHU ITHPAMHUBI Ha, KOCHHYC
JABYTDAHHOIO YIJIa Ipu pebpe OCHOBAHHSI.

l Socu = Sﬁ,n cos |, unu SG .= ocH
. ) cos o
AB+ DC
L Soen = —5— Hapeb
2
5 255
2. —_ —o . _ 299 ) _ .
T cos(LMKO)’ Se.n % 85 - 5 = 425;

So=15

Bagaua 3*. Bepuimnbl nupamMuipl paBHOYAJIEHBEl OT CTOPOH OC-
HoBaHHsA Ha 18,2. B ocHOBaHuM JI€XKUT Tpamlelus ¢ OCHOBAaHUEM,
paBubiM 30, 60KOBO# CTOPOHOI, paBHOit 26, 1 JUATOHAJIBIO, HX CO-
exmHsioniedl, papHoit 28. Haitaure mtomra s 60K0BOi IOBEPXHOCTH
AUPaMUIBL.

Hano:

SABCD — uupamuja

p(S; AB) = p(S; BC) =

p(S; DC) = p(S; AD) = 18,2

AB | DC
AB =30
BC =26
AC =28

Haiinure S .
a) OueBnamo, uro ecsu SOLABCD, 10

1. O — HeHTD BIHCAHHOI OKPY?KHOCTH,
T.e. OP=0M =0OK =0ON =r_.
2. LSABC = ZSBCD = £LSCDA = LSDAB.
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6) Paccmorpum AABC.

1. 85 =/plp—a)(p=b)(p—©),
30+28+26
-

Saapc = \/42(42 — 30)(42 — 28)(42 — 26) = 42-3 - 7.

e p 42.

25 4BC 2.42.3.7 16-7
2 Hap=—7p 5 Hap="35 =73

=224.

1 1
YuremM, 4ro T, = -2—HAB; =3 224 =11,2.

B) 1. Tak xak B ABCD MOXKHO BIHCATb OKPY?KHOCTb,
Tt0 AB+ DC = AD + BC,
r.e. 30+ DC =AD+26; 4+ DC = AD.
Jns pewienns 3aga4d HeoOxogumo Haditu DC u AD.
D K
T

hd

(]

M, N

g [
A p pPc B

2. Ilycte DD,1AB, CC,1AB.
r,=OM = OK = ON = OP
(OMLAD, PKLAB, ONLBC).
Otrmeruym, yro AM = AP (AAMO = AAPO)
u BP=BN (ABPO =ABNO).
CK=z=CP
DK =y =D, P
DM = KD (AOMD = AOKD);
CK =CN (ACOK = ACON ).

Torma nycTh
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C,B = /262 — 22,42 = \/(26 + 22,4)(26 — 22.,4) =

= /48,4-3,6 = 2%(79 =13.2.

AC, =AB-C\B; AC,=30-132=16,8.
AP =AC, - PCy; AP=168~xz=AM.
Torna AD =AM+ DM =168—-z+y
u DC=DK+CK =y+zx.

4. Tak kax AB+ DC = AD + BC, To

+zr+y=168—xz+y+26; 2r=128, z=64.

5. s AAD,D:

AD,=168-64—y, r.e. AD; =104 —y.

AD = AM + DM; AD=168-64+y=104+y,

T.e. AD=104+1y.

Torma (10,4 + y)? = (10,4 — y)? + 22,4%;

10,42 + 20,8y + y? = 10,42 — 20,8y + y2 + 22,4%;
41,6y = 22,4%; 41,6y = 501,76;

501,76 8 4
=200 19 ° e y=12—.
V=116 - 1300 T VT 1253

AB + BC + DC + AD

r) 1. pagep = ) )

30 + 26 + (6,4 n 125‘—5) +104+ 124

12
o2 s

2. Ss.=DPapcp SK

(SK =SM =SP =S8N — anodembl GOKOBBIX rpaHeii);

6 630 91
Son = 4873182 = - — =126-7=[882]
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3adawa-uzpa

Henpospa4upiit Ky6 [10Ka3bIBAIOT TPU Pa3a TaK, UTO BUIHLI OTHO-
BPEMEHHO TOJILKO TPH TPaHH.

B D C

1. N2 B s M
A M A

3ajada coCTOUT B TOM, 4TOOBI NPEJCTABUTH, Kakue OYKBBI HaXo-
JISITCS Ha HEBUAMMBIX I'PaHsaX KyDa B KaXKJIOM K3 IIPEICTABICHHBIX
HENONHbIX n306parkeHuit sToro Kyba.

ns pemreHust 3a1a4u, €CJH IPOCTPAHCTBEHHOE IMIPEICTABIEHHE
HEJOCTATOMHO Pa3BUTO, HEOOXOJIHMMO HAYEPTHThL Pa3BEPTKy Kyba
M 3alI0JHUTH €8 COOTBEeTCTByoUuMMH OykBamu. 3areM, eciid Bce
paBHO He IIojlydaercsi, codpaTh MOAeab Kyba H IMOCMOTDEeTh, Ka-
Kue OyKBbl HA KAKHX IPAHAX U B KAKOM HOpsJIKE.

OTBeTbl TAKOBBI:

1. 3agnsa rpaus — D,
nepasi bokopas — M N
rpasb ocHoBauus — Cj

2. 3aausas rpasb — N, B A C D

neBas bokopasg — C

rpaHb OCHOBaHuSA — A;

3. zaguss rpaub — D; M
neBast 6okoasi — N

rpaHb ocHOBaHuA — B.

IIpumeuanue. Ecnn He nosmydaercs cAenaTh pa3BepTKy, TOLIA
npocTo cobepute Kyd u3 GymMaru uiay KapTOHA U, NI Ha HENo-
Hble U300paXKeHVsl, IOCTEIIEHHO HaHecuTe GYKBEI Ha I'DaHM.
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IIpaxmuxym-uepa

1. Ha rpansix ky6a Hapucoaun 1udpbl. Kakne mudpbr 6yayr
HA HEBUIUMEBIX paHsx Kyba?

1

a) 1.

2

4|2

2

5

6

2.113

115

1

5
2

13
10

6

10

0

4

) B srom ciayuae rpaHu KyGa BUIHBI TOJBKO B NPOdHIIb,

H UX IBE:

1

5| |4

6

2

6|3

1
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2. Ilo pa3Beprke 3alojHuTe rpald Kyba mudpamm.

QY| | O DN

Do

-

10

6)

Y| 00| O =t

| O |0t W

11

=
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3. BoamoxkHO s 0603HAUUTH IpaHn ofHoro Kyba rudpamu?

7 15 15

a) 1 10} 2 13| 3
s Y 10 8 |°

1 4 4
3 6 5

Kommenrapun. Hanbonbuyio C/I0XKHOCTE jist O0yUeHUus Open-
CTABJIeT OPraHW3alldsi NPOLECCa PAa3BUTHS HPOCTPAHCTBEHHOI'O
npencrapnenusi. IlpudeM, dem pambiie yZaercss BOBJIeYb B 3TOT
[IPOLIECC YYALIMXCS, TEM JIy4ine OYIyT pe3yJbTaThl B JajibHeleM.
EcrecTBenHo, UrpoBasi COCTABJISIOIAS ITOrO IPOLECCa ABJIAETCS
MOIIHBIM JIBUTaTEeNEM (MOTHBOM) Da3BHTHS U UPE3BBIYAHO €ro
YCKOPHET, JeJIaeT BeChbMa IPUBJIEKATENbHBIM, a 3HAUHT, H YCIIE-
ubiM. [Ipennoxkennas B urpoBoii popMme cucrema 3a/[a4 TO3BOJS-
eT BecbMa 3P @PEKTUBHO U OBICTPO pellaTh [1OCTABJCHHBIE 3aa%H.
IIpn onpeeneHHbIX YCIOBUAX U YYACTHH yUUTe IS 9Ta paboTa Mo-
JKeT HAMNHATHCS Y2Ke B HauYaJIbHBIX Kiaccax. TeM Goiee »KejtaTesib-
HO TIpOBEICHHE TAKHX NPAKMUNECKUL UTP B 79 KJIaccax.



66 Crepeomerpust

IIpaxmuxym 4 (Yeawvt, o6semol, paccmoarus)

1. Hano: B, G
AB =a A, D1
Haiimure: B C
a) AEEIBCJ%); P ¥

6) ABEE]BCJ)%
8) (AAy, AB,D ) )(ABlﬁl;\Ach);

v \%
BIABGIDL . DidBIC . ) p(AD;; DC,).

)
V:AlBC'DAlBlchl VABC’DA131C1 Dy

Ilpenmnonaraercsi, uro uxrareis 3HaeT GoOpMyabl obbema
APU3MBI U [THPAMHJIbI, XOTs1 Obl U3 CIIPABOYHHKA.

a) Haiinem (AB/I;\ABCIDI). C

1. Caenaem oIl MOCTPOEHHS:
B,K 1BC(,;. Tak xak
BB,C,C — ksajpar, TO

Q

BK=KCH&K=%&Q

1
T.e. BiK = — ~a\/§;
(BC = \/BBI2 + BC?).
AI

ABL1BB,
" ABLBC

3HauuT AB nepneHauKyJIsapHa

= ABL1BB,C,C,

a

J1060# IPAMOIl IIJIOCKOCTH
BB,C,C, B ToM 4ucie
AB1BC, n AB1BK.
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3. Honyunnn

B, K 1 BCy (no mocTpoeHuio)
B, K1AB (o noka3aHHOMY )

= B,K1ABC,D;.

4. Torna AK — oproronaibHas (HepIEHIUKYJIAPHAS )
npoekuust AB; na ABC,|D,.

5. 3uaunr (ABI;T‘H?CIDI) = /B AK.

6. AAB;K — mnpsAMOYro/bHBIil.
B,K o
sin(£B;AK) = =L~ re. sin(£/B;AK) = —— =
(4B,AK) = i (4B,4K) = 2
Otciona crenyer, uro LB, AK =[30°];

(4B 4BC, D) = [30°).

N =

Haiizem (ABIE;\ABQDI) .
Bl Cl

N .
/ * D ’
A f3 g
Fa N, i
1 L3 S/
T N i
.

9

2. Ilo cyru, 3meck pedb HAET O [JBYTPAHHOM YTJjie
£B,AD,C, B nupamuge B;ABC|D,.

3. Cuenaem pou. nocrpoenue. Ilycrs BT LAD,.

Tax xak AAB;D, — pasHocroponnnit (AB; =
= B,D, = AD; — juaroHa/Ju PaBHBIX KBaJpaTOB),
to AT =TD,.

4. Tlycrs Touka K ~ K3 NOCTPOEHMs K IIYHKTY ). -
Torma KT || AB.
Tax kak ABLBC; (uo moxa3aHHOMY B IIyHKTe a),
ro KT1BC; n KT1AD;,.
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5. 3uaunt B;T1AD; (mo mocrpoennio), KT1AD; (uno
JIOKa3aHHOMY), orciofa ciaeayer, uro AD,1B;KT,

(ABlmBCIDI) = (B,TK.

Tpumesanve. (AB,D;;ABC\D;) = (B,TK —
B 3anMCHU paBC€HCTBa B TaKHMX CjlyvasiX [0 YyMOJIYaHUIO
IIOHUMAaETCA PaBEHCTBO MEP 3THUX YIVIOB, T. €. paB€HCTBO
3HAYEHUH 3TUX YyrJIOB.

6. Paccmorpum AB;KT.
AB1BB,C,C (no goka3saHHOMY B IYHKTe a), 3Ha4HUT
KT1BB,C,C (KT | AB), T.e. ZB,KT = 90°.

7. KT=AB=ga; B,K= BIC B,K = “‘2/—
BK
8. tg(£BTK) = <=
av?2
tg(£BTK) = — = ?; £B,TK = |arctg ‘/75 ;

B) Haiinem (AmBlDl). B, C,

Hepeuiii cnocob dan nynkma 6)

1. BoInossum J0I. NOCTPOCHHUS: o
A,P1B,D,. Tax xax
AB, = B,D, = AD,,

t0 B\P = PD,. B
ﬁijigll ~ AA,LA,B,C,D,, 4 D
snauutr AA,LB;D,,

B;D;1AA,
B,D;1 AP
Orcroga caenyer, yuro By D, 1 AP.

3T
"'O

TOrJa = B;D,1AA,P.
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. INocrpoum A;OLAP, rorna A,OLB,D,

(B;D,LAA,P), 3suaunur
A;01AP (0 noCTpOeHHUIO)
A,01B; D, (no noxka3aHHOMY)

Otciona cieayer, 4To (AmBlDl) =LA, AO.

‘ = A,01AB,D,.

U3 AAA,P cuenyer, uro

tg(LA, AP) = %413 (LA, AP = A, AO),
1
av2
T.€. tg(LA,AP) = —Z— = ?,

3HAYUT (AmBlDl) = arctg? .

Bmopoii cnoco6 dasn nynkma 6)

1.

PaccmorpuM nupamuy

A AB; D, xax uacTtb Kyba

ABCDA, B,C,D;. Dy

Tak kak AA; = A1B, =A;D, u AB,=B,D, = AD,,
TO UMeeM MPABUIbHYIO THPAMULY.

3Ha4uT BepmnHa A; NepHeHIUKYISAPHO (OPTOrOHAJB-

HO) mpoeuupyercst B Touky O — UEHTD BIHCAHHOU
n omucanHolt okono AAB;D; — okpyxHocTeii, rie
a D, B, av2 2
=— “T.€e. R = ——F——: = =04 5
° 2sina °  2-.sin60° ° 2,? 3
AO
. cos(£AAO) = ——
cos(£LA; AO) A’

2
awi
T.e. cos(LA;AO) = Y —\/3

(AA/1;7B1D1) = arccos \/g = |arccos ? .
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Ipumeuyanue

V2 6 .
.MoxHo noka3aTb, 4TO arctg——z— = arccos —. eiicTBu-

3

2 6
TEJILHO, arctg 5 €I uerBeprTn; arccos 5 € I yerseprn.

Torpa, ecan yribl HPUHANJIEKAT OMHON YeTBEPTH H 3Ha-
JeHHs] KOCHHYCOB 3THX YIVIOB DaBHbI, TO CaM# 3TH YIJbl
PaBHBI.

Paccmorpum cos | arctg 5 | =

- 1 R N \/5

- - 2 1 |3
\/1+tg2(arctg‘/75) \/1.}.(4) \/1+§

2 2
C npyroit cTopoHsl, cos (arccos \/;) = \/; , 3HAYUT

arctg —\g—i = arccos \/?6. = (Aff;IB1 D,

r) Haitnem (ABlleC). A

1. Cpenaem Jomn. NOCTPOEHUS:
B|\T1AD,. Tak xax
AAB,D; = AACD; (stu
TPEYrobHUKH 06pa30BaHbl
TOJIBKO U3 PABHBIX JIHArOHA~
aeit), to CT LAD,, snasur AD,1B;TC no npusHaky
MEPIEHANKYIAPHOCTH OPAMON U ILJIOCKOCTH.

2. AD,LB\TC, suasnr (AB,D};AD,C) = £B,TC.

3. Uz AAB,D, crenyer, uro
a6

B,T = AB,sin60°;, BT = aVv?- \_g_ﬁ === CT.
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4. U3 AB,TC cuegyer, uto

2. T2__ 2
cos(£B,TC) = B21-B1T12310 (B,T =CT);
V62 2
2- (%) - (@v®)® g9 1
cos(£BTC) = WY =3z 3
2- (%)

£B,TC = arccos %

— T — l
Hrax, (ABIDI;ADIC) = [arccos 2.

IIpumeuanne. MoxHo 6L10
paccmorpers nupamuny B AD,C,
rze Bce pebpa paBHBI ay/2, 1 HaHTH
ABYI'PAHHBIN yroa npu JaoboM pebpe
(B ToM umucne u mpu AD, ).

Vb, 401D,
ABCDA1B,C1 Dy

1) Haiinem

Q

Hepewii cnoco6 dasn nynwxma 9)
1. Paccmorpum mmpamuny By ABC;D; — 4actb Ky6a.

B,

B 1
A D
2. MoxHo joxasath, uro BB,C;1ABCD (myskt a),

T.e. BJK1BC| asnsaerca H B1ABC,D;
(ByK1ABC,D,).
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3
4

5

6

2
. U3 ABB,C, cnenyer, uro B, K = %.

- Sapc,p, =AB-BC\, Torma Sype,p, =a-a 2=a%/2
(ABC{D; — npsiMOyrOJIbHHUK).

1
- VeaBeiD, = gSABQDl -Hp, apc,pys

1 5, .- a/2 1,4
VBIABCIDlzg'a\/é‘T=§a.
13
Viapop, 3% _
Vascpapicipy, @ |3

Bmopoti cnocob das nynkma d)

1

2

3

4

5

. Paccmorpum npusmy AA,D,BB,C;.
Tak kak npusma AA,D,BB,C,
cocrout u3 nupamuasl A AB,D,
u mupamuner B ABC|D,

(mmu mnockocrs AB, D,
paspesaer npusmy AA,D,BB,C,

) b
Ky)

Ha nupamuny A;AB;D,;
u nupamuny B, ABC, D, ),
10 Vg apc,p, = Vaa,piBBicy — VayaBiDr-

. MMupamuna A;AB;D, moxer 6biTb B,
HPEACTaBICHA B BUJE TAKOIO PUCYHKA.

Torna oueBniHO, YTO
1

VAAIBIDI = 3AA1 ' SAAlBle Al
1 1 13
T. €. VAA1BlD1 :’3"0‘5'0/'0/:6(1 .
1 A

1
_ _ 13
- Vaa,piBBiC = EVABCDAlBlClDl =50

1 1 1
~ad - 2a® = =d’.

. VBlABchl = 2(1 6 3

V 1
BiABGIDL 3| aTon TpeboBasoch HAlTH.

VapepaiBiC, D,
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V,
e) Haiigem DiABC B, G
VaBcpa,BiCiD: 4, ~TS~D
/" p csd
'I' " _JB- _______________ v
D

IIepswiti cnocob dan nynkma e)
1. MoxHO paccMOTpeTh MHPAMUAY
D,AB,C, y xoropoit Bce pebpa

’
PaBHBI aV/2, U HaiiTH ee 06bEM

2. D;O1AB,C, O — uentp
BIIHCAHHOH U OIMCAHHOH OKDYKHOCTH

2 2
_ a2 a\/; = AO.

C

av'2

a
R°—2sina’ ° " 2sin60°
3. D,0 = \/ADI — 407,
2
D,0 (a\/§)2 —ta g =aq %
3 3
1 .
4 SAAB]C _ §AC . ABI . Sln60
1 \/_ a2\/§
SAABlc:‘Z"a\/é‘a\/i"z__ 2 .
1
5. Vp,aB,c = 3 Spapic D10;
1 2f
VpiaBic = 3 \/'

VD]_ABlC _
6. =|=|.
VaBcDABiCID: 3
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Bmopoi cnocob das nywkma e)

1. Ky6 ABCDA,B,C,D, moxHo cobpaTb U3 nupaMum,
AAB,D,, BAB,C, C,B,CD,, DAD,C n nupamu-
aet D,AB,C,

T.¢. Vp,aB,c = VapepaiBiorp, — 4Va 4B, Dy
tak KaK Vg ap, p, = Veas,c = VoiByop, = Vpapic
(cM. yHKT 1), BTOPOii ¢mocob).

1 1
2. VayaBip, = §SAA131D1 A4, = Ea?"
1 1 Vb,aBic 1
3.V =0 -4 %= d% =3
D1ABC = @ 6a 3 VABCDAIBICIDI 3

k) Haiinem p(ADy; DC,).

Tak Kak pacCTodgHne MeXKy CKPeHIMBAIOHIMMHUCA NPAMbBI-
MH DaABHO PaCCTOAHUIO MEXKJY HNapaJiie/ibHbIMHU MJIOCKO-
CTAMH, €IUHCTBEHHBIM 06pa:30M o1peae/iIaeMbIMUA  3TUMH
CKpeIuBaIIUMUACA [IPAMBIMHY, TO IIOCTPOUM TaKHe IJIOC-
KOCTH, & 3aTeM HaiaeMm pacCTOSHNE MEXKIY HUMH.

3. Cnenaem non. nocrpoenne: AB, u BC,,

_AB, || DC}
rae BC, | AD, | rorsa Dy AB; || DBC,.

4. Ormerum, uro durypa ABDC,B,D,, yBbl, ne spid-
€TCsl IIpU3MOH.
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5. Paccmorpum Tpeyronbuyo nupamuny A, AB,D,
(CDBC,).
Hns nee AyA = AB, = A;D, (CD=CB =C(,),
sHaunT BepumHa A, (C) OpTOroHaJIbHO IPOELUpYyeT-
cA B UeHTp omucaHHO#i okono AAB;D;, (AC,DB)
OKPY?KHOCTH. PaccMOTpUM quaronajibHoe ceyeHne
AA,C\C (AK, =K,C; n AK =KC).
AA,C,CL1B,D,, torna A,C1B,D, u A,CLAK,.

A K, C,
(o]
(2)
A K C
6. Cnenosarenbno, AA;K,C — pjenproun (uersipex-

YTOJBHYK, IUArOHAJIH KOTOPOIO B3aUMHO MEPHEHIUKY-~
JISIPHBI, HA3bIBAETCs JIEJILTOH/IOM).

1
3Ha‘H/IT SAAlK]C = §AlC . AK]_.

A K, + AC

5 - AA; Kak

C npyro#t croponbl, Sya, k0 =

momans tpanenuun AA; K, C.

A\C = /AA? + AC? = /a? + (a\/§)2 = av/3;
AK, = VAR ¥ A, K =

1
Samkc= 50\/3—» . a\/g = %ar‘)\/ﬁ (kak menbroMia).

a\/§
WL Layv2
._%__2__.(1:%(12\/5

A K, + AC
SAA1K10= 1—12"'"“'1‘11‘11 =

(xax Tpamneius).

3HauuT Tax Kak mwiomaay pasuel, o A;CLAK,, Torna
A,CLAB,D, (A,CL1lB,D; n A|,CLAK],).
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7. Ormernm, 410 Touka O — IEHTP OKPYKHOCTH, OIH-
cantoit okosio AAB;D;, aTouka O] — LEHTpP OKPYX-
HocTH, onucaHHOM okono AC,DB.
B, D,
A0 =Ronamp = 355600
T. €. AO=M=(1 g;
V3 3
3 2 5, av3
A10=\/AA1~AO = a2——§a ='—3—‘—°COI
3
8. Tak xax A,C = ay/3, 10 00, = A,C — 24,0 = “T
snaunt (p(AD,; DC;) = 00, = 9—3\/_—?—’ ,
YTO U TPebOBAJIOCH JAOKA3aTh U HalTH.
2. Hano: B, C,
4, Dy
A,, Dy — cepenunsl pebep
AD u DC cooTBercTBeHHO B
ral
AB =a ’,O\ ~
- D,
a) Jokaxkure, uto A; Ay A D, D,. A A, D
AA) e
6) D, D, € 3|, nocrpoiire mwiockocru o u S.
al B
Haiinure:

B) (AlmlDz) ;

r) SaﬂABCDAlBICIDl; SﬁﬂABCDAlBlcl Dy
) P(A1A2§D1D2)-

a) Teopema. Eciin oasa U3 JByX NPSIMBIX JIEXKHT B HEKOTO-
poii IJIOCKOCTH, a Apyras IpsiMasi NepeceKaeT 3Ty ILIoC-
KOCThL B TOYKe, HE Jexcalneil Ha 11epBoil MpaMoi, TO 3TU
[PSIMbIE CKPEILHBAIOTCH.
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6)

OueBuano, uro npsimas A, A, NPHHAIJIEKHUT INIOCKOCTH
AA,D,D, anpsmaa D;D, nepecekaer AA,D;D B TOUKE
Dl ;‘é Al’ 3Ha,‘H/IT A1A2AD1D2 - T. €. A1A2 )54 D1D2

CKPENIHBAIOLIHECS.

AjAy e
DD, e 3|,
ol g

[1OCTPOiiTE
IIOCKOCTH v U (3. B
1

1. Caesnaem mon. nocTpoeHue:
A;4; || DD,
A, Ay Az € o — sTIMH

TpeMda TOYKaMu INJIOCKOCTh 5 B
onpenesieHa OAHO3HAYHO,

v
Q"
-
-
5

3naunr A;A; € o. A A, D

2. Tax kak Az, A, — cepeaunbl pebep,
to A,A; || BD, vo BD || B;D,,
saaaut D) B || AyA;.

AyAg || By D,

AA;3 || D, D,

rae Dy =D,D,NC;C n B,D,D; - .

Torna

Q

D,

. 3HaunT A;A,A; || ByD;Ds,

Cnenosarensno, o N ABCDA,;B,C,D, = A;A,As;

npudem A A,A; || DyD,DyB; (o B).

Haii nem (AlmDQ).
Paccmorpum AA A,A;. A Ay = /AA? + AAY
2
re AjAy =[a2+(2) = o5 _ 4 4,
2 2
BD =+AB? + AD?; BD = aV?;
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Tak xak A;A; || D, Ds,

A AS+ A A - Ay A

2.3 Ja? g
COS(ZA3A1A2) - 2—%a2-— = 16 = 0,8’

LA3A A, = arccos0,81.
| £454,4,

r) Haitnem SanABCDAlBlchl u SﬁnABC’DAlBlchl'
1. Moxno noxa3ath, 4o AA Ay A3 = AD3D,D,.

O‘-IeBH,H,HO, 9To SAB1D3D1 = SAD3D2D4 +SD1D2D4B]’

1 .

AALAyAy onoben AD3D, By,

SapspiB, _ (B1Dy)?
SAA1A2A3 (A3A2)2 ’

BlDl = 2A3A2, 3HaIUT SAD:;D]_Bl = 4SAA1_42A37

TOTJA

. 3
roraa SD2DIBID4 = ZSAD:;DlBl)
9 2
ceA0BaTensbHo, Sp,p g p, = 395
3 2 9

— 2
SpnaBcpaBiDICY = GO |-

SanABCDA131 Dicy = ga
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1) Haiinem p(A;Ay; D1 D,).
AAy € A Ay A,
Tak kak D,D, € D,D,D,B, |,
A A4 || Dy D, Dy By
10 p(AyAg; D1 Dy) = p(A1AyAg; D1 Dy Dy By).

1. Ilycte AC N AyA; = P. B, C,
Tak Kak AyA; 1 AP
u AyA3 L AP (moxaxure), A
To AyA; 1L AAP.
Iocrpoum O,T1A,P.
Torna OT1A,A,
(Hoxaxkure), SHAYUT
Torma Tak Kak
DyDy || A3 A,

u O,K | A{P (nokaxure)
to AA,C,CLD,D,.
3uaunt jnobas npsamas AA,C,C
nepnenuxynsapaa A,A; (ByD; wm D,D,),
T.e. p(A;AyA3; D3B)Dy) = p(A, Ay; D\ Dy) = O,T.
(TMomymaiite Haz Gosiee MPOCTHIME JOKA3ATENBCTBAMY. )

2. Pacemorpum npamoyronsauk AA,C,C u mapannero-
rpamm PA,0,K.

4, 0, G

-
A P o K C
Ouesnano, utro AAAP = AO,OK
(AP=0P =0K = KC).

3unauur AP = O, K.



Crepeomerpust

Sa,pro, = PK - 0,0

3. Torza ,
Sapro, = A P-O,T
PK -0,0
snauur O, T = —_TPL"
rae PK = AO = —;-AC= “T‘/i
0,0=A4AA, =q;
P = \JAAZ ¥ AP%
= |a? + a‘f \/7 aV/B = \/_
av?
D)
O, T = = —a,

2
Wrak, {p(A;Ay; Dy D,) = 3¢
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Tpenuposounas paboma 1 (Haxoorcdenue yaaoe
8 NPAMOY20AbHOM napasiesenunede)

Bapuanr 1

Hano:

ABCDA,B,C,D, — npsiMmoyroJibHbIil HapaJjiejenumes,
AA =12

AD =16

AB =12

Haiinure:

a) tg (DB/I;\ABCD) ;
6) tg(éBl_A_/QE); B, ¢
B) tg | AB,C; AA,B,B);
r) tg ABlmBICID ; B
a) cos (ABlﬂBlDlg ; A,« L
e*) cos (ABlﬂch

Q

Bapuaur 2

Hamno:

ABCDA,B,C|D; — npsiMOyrojipHblit TapaJijieserunes
A4, =12
AD =16
AB =16

Haitgure:

a) tg (Aa;\ABC’D) ;
6) tg(LCAB, B); B, c
5) tg (AB,C; AA,C,C);
r) tg (AB;C; AB,C, D) ; B
n) cos (4B, D;;CB, D, ) ;
e*) cos (ABlmBlDl) .

Q
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Pewerue mpenuposouroli pabomuo 1

Bapwuanr 1

Hamno:

ABCDA,B,C,D, — npsaMoyrojibHblii napaJulesienuie,

AD =16

AB =12

Haitgure:

a) tg (DE;\ABCD) :

6) tg(£B,ACB); B, G
5) tg (AB,C; AA,B,B);
r) tg (AB,C; AB,C,D); B
n) cos (ABlﬁ;IBlD1 ; A yi
e*) cos (ABlleC .

Q

a) Haiinem tg (DB/I;TABCD) . B, C,

0y
Q

1. Tak kak BB;1ABCD, uro ciegyer u3 TOro, 4TO
ABCDA|B,C|D; — nupsmoyroibHblii napaJjulesernumes,
T. €. OpsiMasi TIPU3Ma, BCe TPAHM KOTOPOH IPAMOYTOILHH-

KH, TO (DE;\ABCD) = £B,;DB, rone BD — npoek-

s B, D.
BB,
2. 3naunr tg(£B;DB) = DE e AA, = BB, =12,
a DB = AD? + AB2, t.e. DB = /162 4 122 = 20.

12 3
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B, G
6) Haitnem tg(£LB;ACB).
AL D
1
1. £B;ACB — npyrpaHHbiit B é’. _____ c
yrou nipu pebpe AC. A”: """" L 3

Mocrpoum BT 1L AC, toraa 1o TeopeMe 0 TpeX NepreH M-
kyasipax B;T1AC, cneposaremsuo ACLB,TB.

Buaunr p (LB ACB) = p(£{B,TB),

T.e. tg(£{B,ACB) = tg(£{B,TB).
2. Pacemorpum AABC.

2SAABC = AB . BC - AC . BT,

AB - BC 12-16
TOoraa BT = T’ BT = —'—2'6—"' = 9,6
3. t6(£B,ACB) = tg(£B,TB) = %,
12
T.e. tg(£{B,ACB) = 96 = 1,25}.

5) Haiizem tg (ABIE;TAIBIB). 4T D

1. (ABlﬂAlBlB) — TI0 CYTH, %J _________
. '/ . B ~~~~~~~~~ .
€CTh ABYTPaHHBIA yroJ e t—" C
ZCAB,B. A D

IMocrpoum BP1AB; (mon. nocTpoeHme), TOTZa TaK Kak
BC1AA BB (ABCDA,B,C,D, — upsMOyro/bHbli
napajuleJieliunes), TO N0 TeopeMe O TpeX NepreHau-
Kyaspax CP1lAB,. 3unaunr p (ABlmAlBIB) =

= p(£CAB,B) =p(£CPB), r.c. tg(ABC; AA,B,B) =
= tg(LCPB).



84 Crepeomerpusi
2. AA,B|B — ksajapar no yciosuio, Torga BP = %AIB
1
BP = 5V122 +122 = 6v2.
(MoxHo npowe u3z AAPB.)
Ormerum, uro gna AAB,C CA=CB,
(map, = Hyp, =CP).
— BC
3. tg (AB,C; A4, B, B) = tg(LCPB) = =5
16 _|4v2
T.e. tg(LCPB .
o B, Gy
r) Hafizem tg (ABlc’; ABIC’ID) . A _SR
/ D,
1. (ABlmBlClD) - IO CyTH, Pé ST S \Pl
€CTb JIBYI'DaHHbLi yroi ;o B _: F=sdo
LCByAD. A D

HUcnonp3yeM pesybTaThl pelleHds IPeAbIAYIIHX 3a4ad.
CP1AB, (AAB,C).

Ilocrpoum PP, || AD (P, € DC,).

Ormernm, uro Tak kak AD1AA,B,B, o AD1AB,,

n B cuny PP, || AD cnenyer, uro PP, 1AB,.

3unauur AB,1CPP;, caepoarensno AB;1CP, Ttorma
P (ABEEBICID) = p(ZAB,C, D) = p(Z{CPP)).

Orciona tg (AB,C; AB,C, D) = tg(£CPP)).
2. ACPP, — 0ueBUJIHO IPSIMOYTOJIbHBIIH,

toraa tg(LCPP)) = _C_'_Pj_ (CP, = BP),

T.€. tg(LCPP)) = GIQ. = 3\8/5 .
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a) Haitnem cos (ABIE;IB1 Dl) .

1. (4B,C; AB,D,) — no cyru, ZCAB,D,.
CPLAB,; (no soxasannomy), CP =+ BP? + BC?,
T.e. CP=1/(6v2)° +162 = 2,5 2 ¥ 64 = 2V/82.

2. AAB,C = AAB;D,, 3nasur CP = D, P = 2/82
n D,P1AB,, torna CPD,1AB,.
CienoBaresibHO,

p (ABE;IBIDI) = p(LCAB,D,) = p(£{CPD,).

3. Pacemorpum ACPD;.

2CP? - CD?

20P2  °

2(2v82)" - (12v2)° _
2 (2v32)°

_8-82-144-2 41-18 23

B 882 T4 4y

T.€. COS (ABlmBlDl) = % .

cos(£LCPD,) =

T.e. cos(LCPD,) =
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e*) Haiinem cos (ABlﬁDIC) .
B} C,
A /i

1. (ABIF;IDIC) = /B, ACD,;.

B,K1AC

IMoctpoum D,MLAC

b

rorma p(£LByACD,) =p (BIIT;BIZ\J) .

2. Paccmorpum AAB;C, ucnoss3ysi pesysbTaThl PelleHHs
IPeABIY X IYHKTOB.

CP = 21/82 (nanomuum: CP1AB,, AC=BC);
CP- ABI = Bll{ . AC =2. SAAB1C;

CP-AB,
BIK_———————AC ,
2v82-12v/2  48V41 1241
r.e. BiK = 50 =50 — &

u AC = CA, svauur DM = B|K = 152\/4_1_1_
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Te. AK = \/(12\/5)2 — (%WHY = 1—52\/25_. 2—4l =

5. Mcnonn3ys pesyibraThbi 3ajadu-reopemst (crp. 45), Hai-
aem cos(£B;ACD;).

cos(£B,ACD) = cos (B, K; DM ) =
_ 2B,K?+ KM? - B,D? 2(24v41)" +5,62-202

2B, K* 2 (2,4v/41)
2-2,42-41 - (20+5,6)(20 - 5,6)
- 2.2,42- 41 -
8-1,22.41-256-144 8-1,2%2-41-256-1,22
- 81,2241 - 2.122.41 -
8-41-256 41-—-32 9
T84 T4 4@

Taxum obpasom, cos (ABlﬂDIC) = .
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BapuanTt 2

Hano:
ABC DAl B,C, D, — npaMoyroyibHbIil napaJuresenunes,

AD =16

AB =16

Haitnure:

a) tg (AC/'I;\ABCD) ;

6) tg(£LCAB,B); B, c,

B) tg gABlﬂAlclcg ;

e*) cos (ABlﬁ;IB1 D1) .

Q

a) Haiinem tg (A@BCD) .

CC,LABCD (cBoiicTBO HpSIMOYTOJBLHOTO MapaJliesielnie-
ne). Torna (AT ABCD) = £C, AC,

3naunr tg (AC/'l;\ABCD) = tg(£LC,AC);

tg(£LC1AC) = %%; AC =+AD? + DC?,
Te. AC = V162 + 162 = 16V/2.

[Momyunm, uro tg(LC,AC) = % = g\/ﬁ .
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6) Haiinem tg(LCAB;B).

A
1 7
7

-
-
o'

1. ZCAB,B = (CAB}; 4B, B);
CB1ABB;A; — CBOICTBO IIPSIMOYTOJILHOTO IIapaJiiese-
nunea.

[Toctpoum BP1AB,. Toraa no Tteopeme 0 Tpex IepIeH-
muxynsipax CPLAB;.

3uauur CPAL1BB,, cneloBaTebHO

p(LCAB;B) = p(£CPB), rorna tg(£LCPB) = %

2. AB, = \/AB% + BB?, r.e. AB; =162 1 122 = 20;
2SAABlB = AB . BB]. = BP . AB].’

AB - BB, 16-12
BP AB, , T.€ 20 9,6
16 160 |5
. B _— = — = =],
3. tg(LCAB B) = o = <= =3

5) Hatinem tg (AB,C; A4,C,C) .

B
1 0, c,

.

Jais
A, =

\ .
'll ‘\‘ ~~~
B )
P W S c
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1.

tg (ABE;?AICIC) = tg(£/B,ACC,) = tg(£B,00;).
BB, LABCD.

Hocrpoum OOy, rue Touka O = A,C, N B, D,

a Touka O = ACNBD.

Tak kak ABCD — kBagpar (BD1AC), o BOLAC.

Torza o Teopeme o Tpex nepnenaukyaspax B;OLAC.

Tak kak OO0, | AA, u AA,C,C — upsmMoyrois-
HuK, To 00,1 AC. 3naunr B;OA, LOC, ciepoBareibHo,

tg (AB,C; A4,C,C) = tg(£B,00).

B,D; = V162 + 162 = 16+/2;
B,0, = %BID1 = 8\/5; 00; = AA; = 12. 3naunr

B,0 8v2 [2v2

[ )

r) Haiinem tg (ABIE;?BICID) .

4,

1.

ABC;AB,C,D) = LCB,AD; BCLlAA,B,B.
1 1v1 1 1+1

IMoctpoum BP1 AB;, 3Ha4MT 10 TEOPEME O TPeX IEePIIEH-
mukynapax CPLAB;.



Pemenne TpenupopouHoit paborst 1

2. Mocrpoum PP, || AD, tae P, € DC;.
Tax xkaxk ADLABB,A,, To ADLAB,.
YuureBas, uro PP, || AD,, PP,1AB,.

Torna P,PALCB;.
T P,C
3nauur tg (ABIC; AB, CID) =tg(£APC) = PllD1 :

P,C=PB=96; PP, =AD =16,

T.e. tg(LP,PC) = -51”—: = .

n) Haitnem cos(AB,Dy; CB,D;).
B, C,

2D

1. (4B,0;;CB,D,) = ZAB,D,C.
AAB,D; = ACD, B,
Tak kKak AB, =CD,, AD, = CB,
u B|D, — obmas (B;D, = DB, ).
IIpu srtom AB; = AD, = CD, = CB; = 20.
Ioctpoum CT 1B, D;.
Torpa Tak xak AAB,D;, = ACD, By,
to AT1B,D; u AT =CT.
Torpa B,D,1ATC, 3nauur
¢ (AB,D;;CB,D,) = p(LAB,D,C) = p(£ATC),
T.€. COoS (ABIE;\CBIDI) = cos(LATC).
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yanTeiBas, uro B\ D = 16y/2 u BT = TD, = 8V2.

IIOJIYy4HM:

= VABI - B,T%: AT =/202 — 83" = \273;

AT? + CT2 - AC? _ AC?

cos(LATC) = SAT O _1_2AT2 (AT=CT).
256 - 2 16 1
COb(ZATC)—l‘—m—l—ﬁ—ﬁ
3HauuT cos (AB D,:CB,D ) = i .
11 1+1 17

e*) Haitnem cos (ABlﬂBlDl) .

B, ¢
N
A~ 1
PA- /1 " e
A D

1. p (ABlﬁBlpl) =p(£CABD,).
Panee 0n1ji0 noKa3aHO:
CPLAB,, CBLBP (CBLBB,A).

s ACPB CP =+CB?+ BP?,
r.e. CP = /162 + 9,62 = 1,6/100 + 36 = \/_
2. PB, = /BB - PB?;
B, = /122 — 9,62 = /(12 + 9,6)(12 — 9,6) =
2
=216 24=0,1V6%6-4= I—O =72
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3. Ilposenem DM LAB,.

Tak xax B;D, = AC; AB,=B;A; B,C=AD,,

to AAB,C = AB,AD;.

Torna D;M =CP u PB; = AM.

Yurem, uro AC > CBy,

Tak Kak 16v2 > 20, 4v2 > 5, 32 > 25,

torna PM = AB; - 2PB,;, r.e. PM =20-2.7,2=25,6.
4. Paccmorpum ZCAB D,.

Ucnonb3ys pe3yJ;>'—r;r1>1 3aJa4u-TeopeMbl (CTp. 45), Hali-

aeM cos(ZC@Dl).

D,

B1

C

DM+ CP? + PM? - D,;C?|
2D, M -CP ’

cos(£LCAB;D,) =

2
PvA) +5,6% - 20°

2(
cos(LCAB, D) =

2
2($val)
2-144-41+282-100° 2-144-41-128-72
2256 - 34 o 2.144-41 -
_ _2-144-32_1_2_3
2-144-41 41 ~ |41]
cos(ABﬂBD)=i.
1+~1%Y 1+71 41
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Tpernuposounasn paboma 2 (Haxoorcdenue yaaos
6 npasuavHol nupamude)

Bapwuanr 1

BricoTa M CTOpOHA OCHOBaHMSA IIPABHJILHOM YETHIPEXYTOJbLHOM -
paMmuabl paBebl a. Haiiaure:

a) 6okoBoe pebpo;

6) yros Mexiay GOKOBbIME pebpaMu IpaHm;

B) yrosi Mexxay GOKOBBIM pebpoM U HJIOCKOCTBIO OCHOBAHMUS;
r) JABYI'DAHHBIH yroJ NpU CTOPOHE OCHOBAHUS;

1) ABYIPaHHBIH yroui pu 60KOBOM pebpe.

Bapmnanr 2

B npaBusipHO# TpeyronbHON nupaMuie BbICOTAa IIMPAMHIbLl paB-
Ha @, a CTOpOHA OCHOBaHMs paBHa 2a. Haiinure:

a) GokoBoe pebpo;

6) yros Mexay GOKOBLIM PeOPOM H ILIOCKOCTBHIO OCHOBAHUS;
B) JBYTPaHHBIA yrojl IPH CTOPOHE OCHOBAHHS;

) ABYTPaHHBIN yros npu GOKOBOM peGpe;

I) yroa Mexay 60KoBbIM peGpOM M IJIOCKOCTbIO GOKOBOM rpaHi.
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Pewernue mpenuposouroti pabomuvt 2

BapuanT 1

BricoTa ¥ ¢TOpOHA OCHOBAHUSA MPABHJILHON YE€THIPEXYIOJbHON Mu-
pamu/ipl paBabl a. Haitjiure:

a) 6oxoBoe pebpo;

6) yrom Mexy GOKOBBIMH pebpaMu rpaHH;

B) yroy Mexy GOKOBBIM peGpOM U IJIOCKOCTBLIO OCHOBAHMS;

T) ABYTPAHHBIA YroJl IPH CTOPOHE OCHOBAHMS;

1) ABYCPaHHbIN yros npu GoKoBoM pebpe.

S

Hano:
SABCD — npasujibHasi
HMpaMua

-

——.

Hgppep =@
AB=a oee

L

Haigyre: T
a) SD; A
6) £LDSC;

B) (56;7300),

r) £ZSDCB;

n) £LBSCD.

a) Mposesem SOLABCD, torpa SO = Hgpep-

Tak kak SABCD — npasuibHas nupamuaa, 1o O — UeHTp
ONHCAHHOK OKOJIO OCHOB&HHUsI OKPYKHOCTH.

SD = VOSZ ¥ OD®.
1. OD ——BD oD =22 "‘f (BD=\/a2+a =a\/§).

2. SD—”a2+————a\/‘ g— 6.
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6) Haiimem £DSC. SD = %\/6 Ucrioneb3yst TeopeMy KOCHHY-

. 2. 2 _ D 2
coB, nosny4yuM cos(£LDSC) = —%P—@—i——q—;
2. %az —a? 9 2
cos(£DSC) = ———— = -; £DSC = |arccos ¢ |.
2. §a2 3 3

B) Haiizem (SmBCD).
OC — opToroHaJibHAs HPOEKIHUs
SC na ABCD, Torna

(SﬂBCD) = /SCO. 3nayur

05,
oC’
tg(£SCO) = aiﬂ =V2 £SCO =[arctg V2.

tg(£SCO) =

2
r) Haiinem ZSDCB.

1. Hocrpoum OT L DC, 3HauuT
IO TeOpeME O TPeX MepneHy-
kyaspax ST1DC,

~ oTLDC
¢ sTi1DC

= DC1LOST n LSDCB = ZLSTO.

IIpumeuanne. LSDCB=/5STO — B3amucy paBeHCTBa
B TAKHMX CIy4asdX [0 YMOJYAHHIO MOHMMAETCS PABEHCTBO
Mep 3THUX YIJIOB, T.€. PABEHCTBO 3HAYEHMI ITUX YIVIOB.

2. tg(£LSTO) = g—;—; tg(LSTO) =

£5T0 = [areig?).
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n) Haitnem ZBSCD.

IHepswiti cnocob

1. Tak xax ASBC = ASDC, To ecinu nocrpouts DK 1SC,
rou BK1SC, torna SC1LBDK.

Suaunt £LBSCD = £ZBKD, wo toraa u OK1SC u tak
kak BK = DK, ro ZOKD = %ABKD.

Caeposarensno, ZBKD = 2(LOKD).

2. Pacemorpum ASOC.

av2

. a- ==
OK=——————OS:S, OC; OK = — 2 =—a\3/§

& 3v6

OK

swauutr ZOKD = arctg \/g

Tak kak ZBKD = 2(LOKD), to ZBKD = 2arctg \/7

YureM, 4To \/g > 1, Torma arctg \/g > arctgl = 45°,

sgauutr ZBKD > 90°.

av2
3. tg(/OKD) = 2. ts(L0KD) = = \/7
3
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Bmopoti cnoco6

' 2 4
1. cos(£DSC) = 3> TorA sin(ZDSC) = 41 — 9= \/?-5-

2. Pacemorpum ASKD.

K =4
DK = 8D -sin(£DSC); DK = a\/g‘ .\g._‘rl = %1 /%-

3. Pacemorpum ABDK.

BK = DK (cM. epBbiii c11ocob).

9DK? — BD?
cos(£LBKD) = ——DRZ :

2-2a®-2a® 30_36 6
0s(£/BKD) = = = =02
cos( ) 2. g2 30 30

T.c. ZBKD =|180° — arccos(0,2) |.

Ilpu xesanuu MOXKHO JIOKA3aTh, YTO

3
2arctg \/; = 180° — arccos(0,2).
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Bapuaur 2

B npaBuibHOM TpeyroibHON HMUpaMule BEICOTA NMUpPAMHALI DaB-
Ha @, & CTOPOHA OCHOBaHUsS paBHa 2a. Haiignre:

a) 6okoBoe pebpo;

6) yros Mexjay GOKOBbIM Pe6pOM M MJIOCKOCTHIO OCHOBAHUS;

B) ABYTDAHHBIN YIOJI IPU CTOPOHE OCHOBAHMUSI;

r) ABYrpaHHbIii yroa npu 60koBoM pebpe;

J) yros Mex iy 60KOBbIM peOPOM H IIOCKOCTHIO GOKOBOI rpaHH.

Hano:
SABC — npasusibHasi
UpaMuIa

Hgppc=a
AB =2a

Haiitu:

a) SB;

6) (SE;?BC) ;
B) ZSCBA;

r) LASBC;,

1) (sﬂsa) :

a) Hatinem SB.

1. Tlocrponm SOLABC, torna SO = Hgype.
Tak kak SABC — mnpaBuiibHasg NMUpaMuia,

10 AS=BS=CS, O — ueHTp OIHCAHHOH OKPYKHOCTH
okoiio AABC, a AABC — npaBujibHBINA TPEYTOJBLHUK.

2a 2a 2 AC
R, =0B = 55607 ""\/3"5‘"/3 (R°_ 2sinB)'
2. 8 V50% + OBZ;

“az —-a\/_ = a\/7 a\gﬁ .
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6) Haitzem (sﬂBc) .

1. OB — opTOroHajbHas IPOCKIHUS
SB una ABC, Toraga
(sﬂBC) = /SBO.

08
tg(£SBO) = 5—— = V3. /SBO = arctg v3)
§a\/§ 2

2
Torna (SB;/A\BC) = (arctg ?) .

8) Haiinem ZSCBA.

1. Tocrpoum OK LCB. Ilo Teopeme
0 TPEX HEPIEHINKYJISIPaX
SK1CB, rorna

SK1CB
OK1CB

sHauur /SCBA = ZSKO.

= CB1OSK,

2. Tak kaxk AABC — upaBuibHBIA, TO €WIH IOCTPOHUTH
1
AK1CB, t0o OK = gAK (tak kak Touka O — ILEHTp

OKPY2KHOCTH — €CThb Iepeceyenue MG,I[I/IaH).

AK = ACsin60°; AK =av3; OK = %g.

3. tg(LSKO) = —g%; LSKO = :/5 = V3,

T.e. ZSKO = arctg v/3 = 60°. 3uaunrt [ ZSCBA = 60°].

3
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r) Haiinem ZASBC.

1. Hocrponm CM LSB.
Tak kak AASB = ANCSB,
to AML1SB.
3uauntr SBLAMC, Torua
LASBC = LAMC. A

Mocrpoum BT 1AC (O € BT),
torga AT = TC, 3nauntr TM1SB.

2. Tak xaxk AM =CM u AT =TC, o LAMT = LCMT;
LCMT = %ZAJ\JC’.

3. sin(£SBO) = -7, T.e. sin (LSBO) = \/_ 7

Torma TM = TBsin(£LSBO) (TML1SB),

rae TB = CBsin60°; TB = av/3.

Buauut TM = a/3 - \/7

4. tg(LCMT) = TM

. a  _ ﬂ, sHaunt LCMT = arctgﬂ‘
70/\/7 3 3

Torna ZCMA = 2arctg g .

tg(LCMT) =

Takum obpazomM, | LASBC = 2arctg g .
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n) Haipem (SﬂSC).

1. Tak kaxk mupamuga SABC — npaBuibHasg, 3HAYAT
O — 1eHTp OHHWCAHHOM W BIHMCAHHON OKPYXKHOCTEH AJ1st
AABC, u LSACB = /SCBA = LSBAC,

T.e. LSKO = ZSTO = 60° (cM. myHKT B).

2. Hocrpoum BM LST.
Torna tak xak ACLSTB, to ACLBM.

Cnenosarensno, BM 1 ASC,
3HAYUT (SﬂSC) = £BST.

3. Paccmorpum ATSB. Tlo Teopeme cunycos

TB SB
sin(£TSB) ~ sin(LSTB)’

av3v3_3 [3_3vaL
oV 14

o7 2

. (3 /3 . 3V21
ZTS8B = arcsin (—2- \/;> = arcsin VR
21

Takum obpa3som, (SﬂSC) = arcsin 3

sin(ZTSB) = g—ﬁ - 8in 60°;

sin(£T'SB) =
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Lomawman camocmosamenvraa paboma
1. Hawo:
SABC — nupamuga S
(A?;TBC) = (B?;IBC) =
= (cﬁBC)
AB =24 A

AC =10
CB =26

Haiinure:
a) ioma)b Haubonbinei 6okoBoil rpann S
6) te(LSACB) : tg(£SABC).

Hant)

2. Hano:
SABC — nupamuna
(A?;?Bc) = (BﬁBc) =
= (¢S 4BC) = 45°
AB = BC
LABC = 120°
Hgspo = 16

Haiinure:
a) Spascs
6) tg(£LSBAC).
3. Hamno:
SABCD — nupamuza
ABCD — pomb

(sﬂBCD) = 30°
SBLABCD
Z/ABC = 120°

Haitnure:
a) tg(LSADC) : tg(£LSACB);
6) cos(LASDC).
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4. Jlano:
[apaJiiesernures,
ZABC =120°
ABCD — pomb6
ACNBD =0
B,01ABCD
(BEEBIC) = 30°
AB=a

Haiinure:

a) Ss.uns 0) SaB,ciD-
5. Hamno:

SABCD — umpamuja

O — UeHTp BIMCAHHOM

B OCHOBaHUE OKPYXHOCTH B

AB | DC 4

AD = BC

SOLABCD /o

£SADC = 60° D

AB =3a, DC =a

Haiinure:

a) S;.; 6) Hgapcp; B) (AﬁBCD).
6. lano:

SB1LABCD

ABCD — poub
ACNBD =0

ST;XBCD) = 45°
SﬂBCD) = 30°

Haiinure:
a) tg(LSADCY); 6) tg(LSACB).
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Tpenuposounas paboma 3 (Haxoocdenue yzaos
U naowadets INeMEeHMaAPHBT ceveruli)

Bapuanur 1

BbicoTa NpaBUIBHON YETHIPEXYIOJLHON HMUpaMHALI paBHa 12,
a ruaroHaJjb ocHoBanus paBHa 10. Haiinure:

a) IJIOCKHIA yroJl rpaHy IIPH BEpIIMHE MHPaMUIBL;

6) AByrpaHHBIN yros IpH OCHOBAHMHU ITHPAMHJBI;

B) yroi Mex[y GOKOBbIM peGPOM ¥ INIOCKOCTBIO JHATOHAJILHOIO
CeYeHUs! THPaMHBJIB;

r) AByrpaHHbiil yrout 1pu 60KoBoM pebpe;

J1) IJIOMIaJb CeYeHNns, TIPOXOSIIIEro Yepe3 JHarOHalb OCHOBAHMS
1 MapaJulesbHOro 60KoBOMY pebpy.

Bapwuanr 2

BbicoTa npaBm/IbHOR TPEyrojibHOM NupaMuabl paBHa 24, a BeICOTA
TpeyroJbHHKa ocHOBaHus1 paBHa 21. Haiigure:

a) TUIOCKHIi yro/a Ipaly IpH BepUIMHE THPaMM/IbL;

6) yron Mexxay G0KoBbIM PeGPOM H INIOCKOCTBIO OCHOBAHHS;

B) ABYTPaHHEIN YIOJI [IPU OCHOBAHUY;

r) ABYIpaHHbI yros npu 60koBoM pebpe;

1) TUIOIIa b CEUEHHUsI, IPOXOALAILEro Yepe3 BLICOTY OCHOBaHUSA U Ia-
pasnniensHoro 6oxoBoMy pebpy.
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Tpenuposouras paboma 3. Modeauposarue ycaosul
Bapmuaur 1

BricoTa npaBusbHON YeThIpeXyroJbHOR mMpamuabl paBHa 12,
a quaronajb ocHoBanusi papua 10. Haiinure:

a) IJIOCKUI yroJi TPaHy [IPH BePIINHE IHPaMULIbL;

6) ABYrpaHHBIA yroJi P OCHOBAHMU ITHPAMUJIBL;

B) yrost Mmexny OGOKOBbBIM p66p0M B INUIOCKOCTBIO IOHAIOHaJIbHOI'O
cevyeHnd ITupaMHuibl,

) ABYrpaHHBIA yroa npu GoKoBoM pebpe;

[1) IJIOLIa/lb CEYEHUs], IPOXOANIEro Y€pe3 AUArOHAJIb OCHOBAHUS
U TIapaJlIeJIbHOro 60KOBOMY pebpy.
Hamo:

SABCD — upaBuibHas HIHPaMHIA,
Hgpop =12

AC =10

Haiinure:

a) £LDSC;

6) LSDCB;

B) (AEES D) ;

r) ZBSCD;




Tpennpopounasi pabora 3. MogesupoBanue ycaosuit 107

Bapuant 2

BeicoTa npaBWibHON TPEYroIbHON NUPaMEILI paBHa, 24, a BLICOTA
TpeyronbHUKa OCHOBaHus pasHa 21. Haiiaure:

a) IJIOCKMIi yroJl IPaHM [IPH BEPINMHE NHPAMHIbL;

6) yron mex1y G0KOBbIM PEOPOM H IVIOCKOCTBIO OCHOBAHUS;

B) ABYTDAHHBIH YIrojl IPH OCHOBAHWY;,

I) ABYTpaHHbI yroa npu 60koBoM pebpe;

JI) IJIOLIAJb CeYeHUsl, IPOXOAAIIEr0 YePe3 BbICOTY OCHOBAHUS M I1a-
pasutesibHOro 6oKoBOMy pebpy.

Hano:

SABC — npaswibHasg OHpaMuIa, 3
Hgypo = 24

B AABC H,, =21

Haiinure: A

a) ZCSB;

6) (sﬂB(J) ; ¥

B) LSCBA;

r) LASBC;
1) Spaxp, tae AKD || SC, AKLCB, K € CB.
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Pewenue mperuposouroti pabomot 3

Bapnasnr 1
Hano:
SABCD — upaBuibHasi MUpaMiia

Hgapep =12

AC =10

Haiiaure:

a) LDSC;

6) £SDCB;

B) (A?;ESD) ;

r) ZBSCD;

,JJ,) SABDR’, rae BDK ]l AS; KeCSs.

a) Haitnem ZDSC.
1. JonoanuresibHoe HOCTPOCHUE:
SOLABCD, torua
SO = Hgpop = a-

Tak kak SABCD npasuibHasi, Todka O -~ LEHTP BlLU-
CAHHOM U OIMCAHHON OKPYXKHOCTH, OJIHOBPEMEHHO #ABJIS IO
muica TOYKOM IepecetieHus AHaroHaJdetl.

2. Tak xaxk ABCD — KkBajpat, TO
DC = AC cos45°, DC =10 2= = -

3. SC =OSZ+0C? (0C = 5AC; Hapep = 08);
C =121 52 =13.
SD? + SC? — DC?

4. cos(£DSC) = 55D SC (8D = SC);
, 2.132-25-2 144 , 144
coa(ZDbC)—W—ﬁ, £DSC = arccos el
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6) Hatinem ZSDCB.

1. Tlocrponm OT L DC, Ttorma tak kak OSLABCD, To mo
TeopeMe O Tpex nepnesaukynapax ST1LDC.

Suaynr DC1OST. Taxum o0pa3oM, NOJYUUIH, UTO
£ZSDCB = £5TO.

2. OT = %AD = —;-DC; OT = 5—‘2—/2

3. Paccmorpum AOST.

oS 12 12
tg(LSTO) = E:F; tg(LSTO) = 5= g.\/ﬁ,
5

T.e. LZSTO = arctg 125—\/5; ZSDCB = arctg %ﬁ .

B) Haiinem (AﬁSD).

AOLBD
AOLOS

3uaynuT (AEESD) = LASO.

2. 1g(£AS0) = 57; tg(£ASO) :,

5 e 5
T.e. ZASO = arctg 13’ (AS, BSD) = arctg I

1. Tak xak /é AOLBSD.
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r) Haiinem £BSCD.

Iepewiti cnoco6

1. Hocrpoum BPL1SC (P € SC).
Tak xax ASBC = ASCD, to DP1SC,
spaaur SCLBPD.

3HaYUT, [0 [IPU3HAKY NEPIEeHINKYASPHOCTH IIPSIMO
n mwiockoctu OP1SC. rorpa L/BSCD = ZBPD.

. Pacemorpum ASOC.

12-
2Sps0c =80 -0C =OP-SC; OP = 1—35= ?—g
OD
. tg(£OP
tg(ZOPD) = oF
5 13 13
tg(£OPD) = 7 = o, T.e. ZOPD = arctg .

i3
Tax xax OPLBD, ro /BPD = 2(LOPD),

torna LBPD = 2arctg 13

13
2 £LBSCD = 2arc1;g1—2 .

Hnsa naxoxaeuus: tg(£BPD) Bo3MOXKeH JPYroi MOuXom;:

2tga )
tg2a-—m (a-—ZOPD),
2- 5 2-13-12 312
2 -13-
te(«BPD) = 3\ —25 95

12
£ZBPD =arctg ( 32152> ZBSCD = arctg ( 324 ) .
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Bmopot cnoco6

1. SBDC=SBDP+CBDP, rue SC=SP+ PC, upnyem
1
Vsppp = 3 *Sappp SPuVeppp = 3 Spappp - PC,

TOrJia

Vseep =5 " SaBop- SC ‘ Sappp = ZT
1 ) 5<.12 300°

VSBCD=§'SABDC'SO SABDP=T_—_1_3

S
2. SABDP=0P'OD, T.e. OP = ﬂ;

oD
300 60
OP =35~ 13

2

13 13
4. cos(£BPD) = 22E° — BD".
' -~ 20P?
25-313
cos(/BPD) = 2 7o — 100 5031316900
| T g BT T 50.313

169
_313-2-169 25
a 313 T 313

25
arccos(£BPD) = 180° — arccos 313 (£BPD > 90°);

o 25
LBSCD = 180° — arccos 330

MoxkHo JA0Ka3aTh, 4YTO

arctg (—3—25—2) = 180° — arccos STZ = 2arctg é
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n) Haitnem Sappg, rae BDK || AS; K € CS.

1. Tax xak AS || BDK, 10 AS || OK.
Pacemorpum AACS.
Tak kak A0 = OC u AS || OK, to OK — cpenuss
guans AACS, aswayur SK = KC n OK = %AS.

1
2. OK = 3 13 = 6,5, Torna AS = 13 (cMm. nyHkT a).

3. MoxHuo mokaszars, uto OK LBD (cM. OyHKT T).
SABKD = %OK -BD,
rne BD = VDC? + BC2.
Buauur BC = DC = 5v/2. Haiinem BD:
BD =+/25-2+25.2=10;

) 1 13
Sapkp =735 "10= (kB.en.).
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Bapuant 2

Hano:

SABC — npaBujbHast IHPAMUIR

Hgspo = 24

B AABC H,~ =21

Haiigure: A
a) LCSB;

6) (sﬂBc) ;

B) LSCBA,;

r) LASBC;
1) Sqaxp, the AKD || SC, AKLCB, K € CB.

a) Haiinem ZCSB.

1. Hocrpoum AK 1LCB
u BMLAC.
Tak kaxk AABC —
NIPaBWIbHLIH, TO
BM =H, o =Hq,p = AK =21.
Hocrpoum SOLABC, rorpa SO = Hgpep-

Yurem, uro SABC — npaBuibHaa nupamuga, O —
UEHTD BIHCAHHON U OMHUCAHHON OKPY>KHOCTH M TOYKA Iie-
pecevenus meauan AABC, Torja

OK:%-AK; OK =T1.

2. Hgypo =08 =24. I3 ASOK:

SK =VOS?+ OK?; SK =242+ 72 =25.
3. Pacemorpum AABC.

AC=BC=AB; CK= %AC’.

B AACK AC = —_‘i}i-; ac =2 =14V3.
sin 60°

S5
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4. Tak kak OSLABC, 10O no Teopeme 0 Tpex NEPIIEHAMKY-
aapax SK1CB.
CK 7V3
5

Us ACSK: tg(£CSK) = < tg(LCSK) = —=".

Tax xak LCSB =2(LCSK), 10 |£ZCSB = 2arctg %§

2tg(LCSK) 2tga
. Qy = ——2—
1_te?(ZCSK)' |®B®

wi tg(LCSB) =

(= ZLCSK).

278 _2-7-4/3-25

5
1_4?9543 625 — 147
_2-7-25V3  175V3
- 478 239

175v/3
239 :

tg(£CSB) =

LCSB = arctg (

MoxHo uHayve.

1. AO = §AK, r.e. AO = 14.
2. AS = VAO? +082%; AS =242+ 142 = /772.
3. AC = —ﬂ{—; AC = 14/3.
sin 60°

2-5C%—CB?

2.8C2
2-772-196-3 _ 239

2772 ~ 386’

4. cos(LCSB) =

cos (LCSB) =

cos (LCSB) = %2— .
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6) Haitzem (SﬂBC) .
Mo2xxHo JoKa3aTh, UTO (SﬂBC’) = /ZSBO (SOL1ABC).

tg(£LSBO) = OS (TaK KakK

Touka O — HEHTP OKPY>KHOCTH,
O COBMECTHTENIHCTBY TOYKA

repeceyveHust MeIUaH, TO

OB = gB]V[; OB=§—-21 = 14);

24 12 [ 12
tg(£SBO) = — = =; (SB, ABC) = /SBO = .

B) Haiinem ZSCBA.
Tak kax CB1AK u CB1SK, o CBLASK,

sHauutr LSCBA = ZSKO (cM. nyHKT a).
24

S r.e. tg(LSKO) =

tg(LSKO) = Ok’

LSKO =|arctg % .

r) Haitnem ZASCB.

1. Tak kak SABC — npaBwibHad,
0 AASC = ACSB.
Iocrpoum AP1SC,
TOTa U3 PaBEeHCTBA
tpeyroabuukos ASC u CSB
caenyer, uro BP1SC.

3uauyur SC1LAPB, rorna LASCB = ZAPB.




116

Crepeomerpusi

Yurem, 4T0 Spcgp = %CB -SK (SK1CB)

1 Spcsp = % -BP - SC, rorma CB-SK = BP-SC.

Tax xak OA = ;AK, o OA = 14.

UseectHo, uto AS = SB = SC = VOS2 + OB?,
rorma SC = /242 4 142 = /772 = 24/193.

Ucnone3ysa nonydennsie 3uaqdenns CB, SK, SC, Hai-
Aem BP u3 paBeHCTBa

14v/3-25 = 2v/193- BP (CB = 14v/3; SK = 25).

TOI‘,H,&BP‘—“M.
V193
1752.3
Japp - 2BPP-AB? 25 - (14v3)°
. COS( )_ 2'BP2 - 2. 17523
193"
_1ﬁ22-72-3.193_1_§§§~g§g.
- 2.72.252.3 625  |625]'

LASCB = /APB = arccos % .

,l],) AKD ” SC (AK_LCB). K eCB. Haﬁﬂel\l SAAKD‘

1. Tak kak AKD || SC, o DK || SC,

2. Tak kak SC = 24/193,

u DK = %SC’; SD = %SB

(ACSB — papHOGeApeHHBIH).

o DK = /193
(AK = Hpp = mep)-
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3. Tak xkak SD = %SB, 0 SD = v/193.

4. Mo ¢opmyne sbryvcaenusi Meauan s AASB  Haii-

nem AD:

. AS? . 2 _SR?
AD:\/2 AS +22AB S ;
AD=\/2~772+2-2196-3—772___\/4—87

5. Ilo Teopere xocunuycos mua AAKD:
AK? + DK? — AD?

cos(LAKD) = 5 AR DR
212 4+ 193 — 487

0s(Z/AK D) = =
cos( )= T /i

4414193487 7
= T2.91.v103  2v193

49 V723

sln(ZAKD) - 193 2\/@.

1 793 . \/72 21
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Camocmosameavnas paboma 1 (ITupamudw)

Bapmuanr 1

1. HaHo: S
SABC — nupamuga
AB=BC=AC=4
SALABC B
SA=3

Haitnure: A
a) tg(£LSBCA);
6) cos (SEFAC) .

2. Jano:
SABC — unupamuia
AB =12
SO1ABC
AC =14
BC =16
O — ueHTp BHHUCAHHOK
OKPY>KHOCTH

tg(£SCBA) = V15

Haiigure S, .

3. llamo:
SABC — nupamuza
AB =4
AC =2
ZBAC = 60° B
AS = BS = CS =23 A

Haiipure:
a) ZSABC; c
6) (SﬂSB) .
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Bapuanr 2

1. Jdaso:
SABC — nupamuia
AB=BC=AC=3
SB1ABC A B
SB =4

Haiinure:
a) tg(LSACBY);
6) cos (A?;?(JB) .

2. Hano: S
SABC — nupamuna
AB =10
0S =22 -
AC =12 As
BC =8
/SACB = /SCBA = £LSBAC

Haiimure S, .

3. Hano:
SABC — nupamuia
AB =2
AC =1
/BAC = 60° B
AS =BS =C8 =056 A

Haiinure:
a) ZSABC; C

6) (55;753).
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Tpexzparroviti yzon

Jlis pelleHus] CIOXKHBIX 3324 OUeHb I10JIE3HO 3HATHL HEKOTODBIC
TeopeMbl 0 CBOHCTBAX TPEXIPAHHOTO YIVIA.

Omnpepenenve. TpexrpaHHbIM yIjIOM Ha3bIBAETCH BBULYKJias
durypa, oGpazoBaHHas TpeMs IUIOCKMMH YIJIaMH € oDinei
BEepUIMHOI M NomapHO OOIMMHM CTOpPOHAMM, OOpa3yIOLIMM
nnockue yrawi: LASB, LASC, 4BSC.

A

O6masa BepimHa IVIOCKUX yrjos S Ha3bIBaeTCs BePIINHON
rpexrpanxoro yraa SABC.

JIByrpasHbie yribl MexXKJAy FPaHsIMH TPEXI'PDAaHHOro yrJjia Ha-
3BIBAIOTCS JBYTPAHHBIMU yIrJjlamMu TpexrpaHHoro yraa. O6o-
3HAYAIOTCH IJIOCKMEe yribi 6GykBamu «, (3, -, a BeJHYMHBI
OBYXIPaHHBIX yriioB — OykBamu A, B, C cooTrBercTBEHHO.

Teopema 1. JIo6oii 110cKHit YI'ojI HIPOU3BOJIBLHOI'O TPEXTPAHHOTO
yriia Gosiblile pa3HOCTH JBYX APYIHX IVIOCKHX VIVIOB TPEXIPAHHOI'0
yIia.

Caeacrue. J1i060it 1I0CKH yroj TPEXIPAHHOIO yIjla MeHblie
CYMMBI JIBYX JPYTHX LIOCKUX YIVIOB.

Teopema 2. CymMa BceX IUIOCKHX YIVIOB TPEXTPAHHOTO Yriia
MeHbiine 360°.

Teopema 3. Eciin jBa IUIOCKUX yTyia TPEXI'PAHHOIO YIUIa PABHBL,
10 06mee pebpo (MM CTOpOHA) YTHX YIVIOB OPTOrOHAJBHO (Iiep-
IEHNKYJISIPHO) MPOSHHUPYCTCst Ha OHCCEKTPUCY TPETHErO IIIIOCKOr0
yIila, 1 ABYIPaHHblE YIVIbl IIPH OCTaABHBIX peOpax paBIbl MeXK Iy
coboii.
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dokazaTenbCcTBO

Hano:

SABC — TpexrpaHHbIii yrou
LASB = v; LASC = 3,

£LBSC = a — ero miaockue yribi,
npuyeMm LASB = ZASC; v =/

Iokaxkure, 4TO

a)
6)

)

IMoctpoum AO1LBSC. ' T
oPL1SC o

OK1SB 1 ’

Torja (110 Teopeme O Tpex

AP1SC

AKL1SB c

Paccmorpum AASP u AASK, koropble No JOKa3aHHO-

MY SIBJISIOTCS ONPSIMOYTOnbHBIME: AS — obwas; LASK =

= /ASP. 3HauuT N0 NPU3HAKY PABEHCTBA HPSIMOYTOJILHBIX

tpeyronbuukoB NASP = AASK, cieposarensno SP = SK

u AP = AK.

Paccmorpum AOSK n AOSP.

SO — obwasa (1o yenosuio); SP = SK (110 fJoka3aHHOMY );

OK 1SK

OPLSP

Suaunr AOSK = AOSP. Cnenosare/bHo,

ZOSK = LOSP = %, T.¢. SO — Ouccekrpuca.

Iposenem

HepHeHANKYJIsAPax)

(o moCcTpoeHuIo).

AAOK = AAOP 1o katery u runoreny3se, 3uauut LAKO =
= LAPO, CnenoBaresbHO, paBHBI U JABYI'DaHHBIE YIVIB,
re. B =C. '

Wrak, nByrpansble yribl npu pebpax SB u SC paBHBL
(Heobxomumo nomuutsb, uro AKOLSB, T.e. (ASB;C’SB) =

~ /AKO, APOLSC, snauur (Asﬁﬁisc) — ZAPO.)
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WsBecTHa Tak:Ke 11epBas TEOPEMa KOCHHYCOB JUIS TPEXI'DAHHOIO
yrija.
Teopema 4. Ilycts «, §, ¥ — IJIOCKUE YIVIBI TPEXTPAHHOIO YIVIa
SABC, a A — BejuuuHa JByrpasiHoro yria c pebpom SA.
cos o — cos 3 - cos”y

sin 3 sin ~y ’

Torna cupasenusa dopmyiia cos A =

OueBUIHO, 4YTO 3TO YTBEPKIEHHE MOXHO TpPaHCHOPMHUPOBATDH
u ays cos B, cos C.

ITpumep

PaccMoTpuM HpaBHIILHYIO
LIECTHYIOJNBHYIO IHPAMULY, Y
KOTOpOit 60KOBOE pebpo B [Ba pa3a
Gonbire pebep ocHoBanus. Hatinure
JIBYTPaHHbBIA yroji Hpst GOKOBOM
pebpe.

Iycers oo = LZFED = 120°,
B=4ZMEF, y=/ZMED (8=+).

OrMmeruM, 4yto 3gech E — BepumuHa Tpexrpaudoro yria EMFEFD.

OueBnano, 4ro cos (LMEF) = IEE’ T.e M

cos (LMEF) = %; sin(MEF) = @ 2a 2a
cos(LMED) = l; sin (MED) = @;

cos (LFED) = cos (120°) = —% F g M, 2 E

(BHYTpeHHHI yroJ IIPaBUJIBHOLO LIECTUYTObHHUKA);

cos (LFED) — cos (LMEF) cos(LMED)

M =
o8 sin (ZMEF) cos (ZMED)
(M — nmpyrpauHbifl yros nupu pebpe ME);
1 11
cosM_—_:E_:_E_'__Z___gz_§

VALREYT 15 5
7 74
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EcrecTBenno, ecan 3uaThb JaHHYO GOPMYJy U YMeTb €€ IpUMe-
HATh, TO 3HAYUTENBLHO YIPOINAETCH HAXOXKJEHUE IBYTPAHHOLO Yr-
Jla B TPEXI'DAHHOM YIJIe, €CJIH JAHBI INIOCKUE YIJIBL.

3anaua 1. B npasuibnoil yerbipexyronbaoit nupamuae M ABCD
BCe IUIOCKHE YIVIbI IPU BepIvHe paBHbI . Haijtaure:

a) JBYrpaHHbI yros npu GokoBoM pebpe;

6) ABYIDaHHBIH Yroj IPU CTOPOHE OCHOBAHMUS.

OueBugno, uro LM DC = 90° — %, a LADC = 90°.

O6o3naunm LADMC = ¢;; LMADC = ¢,. Ilo nepsoit reopeme
KOCHUHYCOB OTHOCUTEJILHO Tpexrpannoro yriaa DAMC nonyunm:

cos 90° — cos (90° - %) - cos (90° - %)

a) cosp; = =
sin (90° — %) sin (90° - %)
0 —sin? o o
— _ 2 . 2
= M = —tg 5, T.€. |[COS; = —tg —2— .
cos (90° - %) — c0s90° - cos (90° - %)
6) cospy = =
sin 90° sin (90o - ;)
sin% -0

= —taTe cos —ta
_1'cos%—g2’” <P2—g2~
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IIpumeuanue. [Insi crpaBKy OTMETUM, YTO CIIPaBeIBa BTOPAast

cos A+ cos B- cosC
TeopeMa KOCHLYCOB: |coSoq = .

sin B-sinC

& TaK2XKe TeoPeMa CHHYCOB JUIs INIOCKHX U IPOTHBOIIOJIOXKHBIX 1BY-
sina sing  sinvy
sinB sinB sinC|

CPaHHBIX YIVIOB TPEXIPAHHOI'O yIJia:

3anada 2. B ueTbipexyronpHoil mipaMuie OKOIo TPALeUHH OCHO-
BAHHUs MOXKHO OIIUCATbH OKPYXHOCTb. BbicoTa nupaMuinl mpoeru-
pyercst B UEHTP BIUCAHHON B OCHOBaHHMe OKpYy:kHOCTH. JIByrpan-
HBI yroJ npu 60KOBOIt cTopoHe ocHoBalus pasen 60°. OclioBatius
Tpanenun paBubnl 3a u a. Haiinure:
a) BLICOTY IHPaMUJBL;
6) ouiaab GOKOBON MOBEPXHOCTH ITHPAMYJIBL;
B) TAHIEHC yrjia MeXIy HauGosibluM u3 GOKOBBIX pebep Lupa-
MHJBL U [JIOCKOCTBIO OCHOBAHMSI;
r) KOCHHYC JBYI'DAHHOIO yIJla [P HaUMeHbIIeM U3 GOKOBBIX pe-
6ep nupaMuIbL.
Hawo:
SABCD — nupamuja
ABCD — Tpaneuus
Oxono ABC D moxKiuo

OIIUCATh OKPY2KHOCTH

SO1ABCD
O — LCHTD BIHMCAHHOI
OKPYXHOCTH

ZSADC = 60°
AB = 3a
DC=a

Haiiaure:
8) Hapcpi 6) Sansapcps ®) t8 (4S; ABCD) ; v) cos (LASDC).



Tpexrpannsiit yrosu 125

a) 1.

6) 1.

Tak kak O — HEHTP BIKCAHHON! B TPANEIUIO OKPYKHOCTH,
u SOLABCD, To AByrpaHHbIE YIJIbI IPH BCEX CTOPOHAX
OCHOBaHUA PaBHbI Mexay coboit, u AD+ BC =AB+ DC.

. Tak kak oxono Tpanenun MOXHO OIIMCATh OKPYXKHOCTD,

10 AD = BC, 3znauntr AD = 3ata = 2a.

. D C
Iocrponm DD, 1AB, CC,1AB.
Us AADD, = ABCC, cnenyer,

AB - DC ] ]

yro AD, = BC} = — A D C B
r.e. AD, =a.
Torna DD, =+/AD? AD71, DD, =+/4a? — a% = a+/3,
3HAYUT T, = —DD1 a\2/_

N3 ASOP SO =OP -tg60°,

T. €. HSABCD=SO= %\{—E'\/g:.

Tak kak Bce JABYI'paHHBble YIVIb! IIpH CTOPpOHAaX OCHOBAHUSA

OCH

cos60°”

PaBHBL, TO S; . sapop =

AB+ DC
Sapcp = — Hpep,

T.e. Sypop = 3a;—a -aV/3 = 2a%V3.

S — SOCH
6.nSABCD cos 60°’

2023
T SsasaBcD = 1 = ~
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B) Moxuo aokazars, yro AS — Hanbosbiuee Gokosoe peGpo.

1.

AO =VAP? +0OP?,

T.e. AO = J(2a) +(a\2/-> §a2+%a2=a\/§.

_ SO
. Uz AASO tg (AS,ABCD) tg(£540) = 55,
1,5a |V3

tg(LSAO AAl}
T. €. g( ) a\/g 2

. Hnst naxoxaenus cos(£LASDC) ucnonb3yem TeopeMy Ko-

CHUHYCOB ISl TPeXIpaHHOro yria ¢ epmmuo#l D. [Ina
3TOr0 HeoOXOAUMO 3HATDL BCE IUIOCKME yIuibl, T.€. LADC,
LADS n LCDS.

HamoMmuuM TeopeMmy yisi JAHHOTO TPEXT'PAHHOLO YIVia HPU
pepiune D:
cos (LASDC) = cos(£LADC) — cos(LADS) -cos(éC’DS).

sin(ZADS) - sin(£LCDS)

C = \/AC'I2 +CC2;, AC = V4a? + 3a2 = aV/7.
AD? + DC? — AC?
cos(£LADC) = 54D DO ;
4a? + a? — Ta? 1
cos(£LADC) = % %ma o
T.e. LZADC =120°; sin(£ZADC) = _?
. Takkak SP=SM =..., To SM = —»
cos 60°
T.e. SM = aV/3.
SM
Us ASDM: tg(£MDS) = 20

tg(£MDS) = ﬁ;@ =2V3 <DM = %DC) .

2
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HanoMHuM TpUroHOMETpUUECKHe (POPMYJIbl HAXOXKAEHHS
KOCHHYCA M CHHYC3 yIJIa Yepe3 TAHTeHC STOro yrja:
1 tga

oS = ———=———; Sina = —F—=——.
+/1+tg2a +y/1+tg2a

Iosiyamum:

1 1
cos(£CDS) = NiEST = 75 (LMDS = £ZCDS);
sin(£0DS) = 23

V13

(B mannom cinyvae LADC, LADS, £LCDS — ocrpele.
Honymaiite, nouemy.)

MozkHo mokasatb, yto LADS = LCDS.

. Tenepb moacraBUM COOTBETCTBYIOILHE 3HAYCHHUA B (bOpMy-

Jy ¥ TIOJIYYHM:

1
2TV VI3 T2 3 5
cos (LASDC) = R i
13 13 13

3anava 3. B ocHoBanun nupamujpl Jjiexkut pom6. Bokosoe pebpo
IHUpaMiIbl EPIECHANKYIISPHO MJIOCKOCTH OCHOBAaHUs, a JIBa, Ipy-
rux OOKOBbIX peOpa, HAXOISIIHECST B CMEXKHBIX GOKOBBIX rpaHdax,
006pa3yIoT ¢ IIOCKOCTSIMH OCHOBaHusi yroi B 45°. HaubGonbmee
GokoBoe pebpo 0Opa3yeT ¢ IJIOCKOCTBIO OCHOBaHust yroi B 30°.
Haiinure:

a) TAHTEeHC JBYTPAHHOIO yrjla MeXIy GOKOBOI rpaHbio, KOTOPOIl

6)

0)

He NpHHALIEXKUT 6oKoBoe pebpo, neprueHAMKYJISPHOE MII0CKO-
CTH OCHOBAHUS, U NJIOCKOCTBIO OCHOBAHUSI;

TAHTCHC YTIJIa MeXKJILY INIOCKOCTBIO, IPOXOAIeil uepe3 Bepiiu-
Hy NUPaMMUJIbl B MEHBLIYIO M3 AUaroHaJeil OCHOBaHud, U I1J10C-
KOCTbIO OCHOBAHWUSI;

KOCHHYC JBYPaHHOrO yriia npu 60xoBoM pebpe, 06pa3yiomieM
C IUIOCKOCTBHIO OCHOBaHUSA yron B 45°;

r) KOCHHYC JBYIDAHHOrO yria upu Haubosbinem 60koBoM pebpe.
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Lano:

SABCD — nupamuja
ABCD — pomb
SB1ABCD

sﬂBCD) = 45°
SmBCD) = 30°

Haiinure:

a) tg (LSADC);

6) tg (SAETBC) ;
B) cos ({BASD);

r) cos (LASDC).

a) 1. Honoxum SB = a.

AB = SB - tg 45°,

T.e. AB =a.
BD =SB - ctg30°,
T.e. BD = aV/3.

2. llpy BD =av/2 AB1AD.
Tak kak BD = av/3 > a\/§,
0o LBAD > 90°.

Haiinem cos ({BAD).

AB%+ AD? - BD?

cos (£{BAD) = 515 AD ;
2a2 — 3a? 1
COSs (ZBAD) = 2—a2 B —5

3uaunt LBAD = 120°, cirlenoBaresibHO, YepTexX JApyroi.
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3. ocrpoum BK 1 AD,
TOrAA [0 TeopeMe O Tpex
neprnesaukyasapax SK1AD,
snauntr LSADC = LSKB.

\_l

K

U3 AABK 4BAK =180°— £BAD;
ZBAK =180° —120° = 60°; BK = ABsin60°;

BK:ﬂ?_’,
2
SB
tg (LSADC) =tg (L
g(£LSADC) = tg(LSKB) = Bic

2
tg (LSADC) = —= = =3,

2

A D

6) Tak kax ABCD — pom6, To ACLBD (BOLAC), 3uaunt

SOLAC, torma SOBLAC.

1. BO = ABsin60°,

BO—“‘Q/_

2. YunteiBast, uro LBAD = 120°,

AC — MeHbluas u3 Juarosaneit

pomba.

(SAE;TBC) = /SOB.

3. tg (SAC; ABC) = tg(£SOB) =

te (SAEXBC) - ai‘}g = §\/§ .

2
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B) 1. [l HaxoXAeHHst JBYIPAHHOIO yrja 1pu GOKOBOM peb-

pe SA ucnons3yeMm TeopeMy KOCHHYCOB JIJI TPEXI DAHHOTO

" yria npu BepunHe A.

IBa mwiockux yrua — £SAB u £BAD — wusBecTHbl.
Haitnem £SAD.

. tg(LSAK) = K ,rne SK =+ SB? + BK?;

f_ g\/'

7
3HaunT tg (LSAK) = 2=V

3
__r
V1+tg?a

11 V2
VIFT 22 4

Caenposatensho, cos (LSAD) = cos (180° — LSAK) =

Torna Tak Kax coso = (a € I yerseptu), TO

cos (LSAK) =

= —cos (LSAK) = —?;
2
sin (£SAD) = ,|1— (—?) = @

cos(£BAD) — cos45° - cos(£LSAD)

- cos(£B48D) = sind5° - sin(Z5AD) ’
1_ V2 V2 11
-i-%\-1%) -3+1 [/~
cos (£LBASD) = v \/(ﬁ ) =— ==
T4 4

o)
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r) 1. Amanormyno, Juiss HaXOXKJEHHS JABYIDAHHOTO yIJIa IIDH
pebpe SD ucnosnb3yeM Teopemy KOCUHYCOB JiIsl TPEXI'DaH-
HOro yrja npu Bepmube D:
cos(£LADC) — cos(£SDA) - cos(£SDC)
sin(£SDA) - sin(£SDC)

cos(LASDC) =
2. LADC = 60°.

3. tg(£SDA) = K 1ne sK = 27,

DK’ 2
DK = DA + AK, r.e. DK=a+g - ga,
27
snaumt tg(LSDA) = 23 = —\g
§a

Tax Kak cosa = (0 <a<90°), 10

1
V1+tgZa
1
cos(LSDA) = _; sin(£SDA) = |[1- % -
Viti

4. MoxHo aokazars, uro ZSDA = £SDC,

r_9
271 1

7 7

oI%

Toraa cos (LASDC) =

N
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IIpaxmuxym 5 (Pewenue Goaee caodcuux 3aday)

3amaya 1. /lasa nupamuaa, B OCHOBaHNM KOTOPOIi JIEXKUT PaBHO-
6epeHHas Tpanelusa ¢ OCHOBAHUAMY, paBHbIMH 25 H 9. AnodeMbl
60okoBbIX rpaneit paBubl 15. Haiinure:

a) IIOI@AH IOBEPXHOCTU Cephl, BIUCAHHOH B NUPaMULY;

6) WIowagL CeYeHNs], MPOXOMASAIIErO Yepe3 UEHTP BIHCAHHON cde-
pBl U OIHY U3 IapaJileJIbHbIX CTOPOH OCHOBAaHHS TPAIICLHH.

Hamo:

SABCD — nupamuja S

ABCD — Tpaneuunst

AD = BC

AB =25

DC=9
Arnodembl 60KOBBIX rpanell paBubl 15 ql B
B nupamuay srmcasa cdepa F"

Haiinure: A pal T
a) S, o N L o\ c
0) S...cnnss [A€ CEUCHUE IPOXOIUT

depe3 HeHTp cdepsl 1 yepes D
cropony DC' wnu cropouy AB.

a) BbruuciauM mioma/b MOBEPXHOCTH Cephbi, BIKCAHHON B Iu-
paMuny.

1. Iocrpoum SOLABCD, SP1AD, ST1BC, SM1DC.
Tak kak SP = SK = ST = SM = 15, o O — ueHTp
BIIHCAHHON OKPYKHOCTH, TOL/a,

ASPO = ASTO = ASMO = ASKO.

Ilo Teopeme o Tpex nepreHIUKyIAPAX

OP1AD, OK1AB, OT1BC,

sHaunT LSPO=4STO=4SMO=4LSKO=/SADC =
= /SBCD = /ZSCDA = LSABC.
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WsBecTHO, 4TO /151 TOrO 4TOOLI B NHPAMHKIY MOXKHO ObI-
JI0 BIUCaTh ¢epy, JOCTATOUHO, YTOOBI IByrPAHHbIE YIJIbI
[IPH OCHOBAHUH OBLIM PABHBI. 3HAYMUT B JAHHYIO THPAMULY
MOJKHO BIIMCATh cdepy.

Paccemorpum AKSM. SK =SM, ZSKO=/ZSMO.

Hanee, o4eBumHo, 4ro paguyc BmnucaHHoit B AKSM
OKPY2KHOCTH PaBeH PaJIUyCy BIMCAHHON B nupamuiy cde-
pol (ASKO=ASPO=ASMO=ASTO, rae SP, SK,

SM, ST — xacarennuble K cdepe), T.e. 7, = R, ,.

2. Pacemorpum Tpaneiuio ABCD. D 9 c

Tak kak 8 ABCD MoxxHO

BIIHCATL OKPYKHOCTb, TO - 4
B

AB + CD = 2AD. 3uauur A D 2 G

AD =17, Aplzéﬁ%_qg; AD1=252_9:8;

DD, = KM, 3saunr AKSM — paBHOCTOPOHHHII.

M3BecTHO, YTO LEHTP OKPY>KHOCTH, BIIMCAHHOH B Tpe-
YTOJIBHUK, HAXOIUTCH Ha, IlepecedeHun GHCCEKTPHC.

Tak kak r, =00; =0M -tg30° (O;M — OGuccexrpuca),

TOTB=12§°§:2,5\/§; X
r, = R“b = 2,5v/3.
0
3. S, =4wR%;
25 K 0 M

S,=4" e 3n =757 (xB.ex.).
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6) BprunciuM mWiomaap CeIeH s MUPAMHbL, IIPOXOAAILErO YePes
LUEHTP BIMCaHHOHN cdepbl U OAHY U3 MNapPaJUIC/BbHBIX CTOPOH

Tpaneluny OCHOBaHUSI.
Bapuanm 1

ITycre ceuenune mpoxoaut 4depes cropony DC u Ttouky O; —
HEeHTp cdepbl.

P ———

’—.‘: ————
o5
Y "‘o

Y
)
|
Y
o
Ptany

.,
O
N
A

1

Pacemorpum AKSM, rae

Mygg — MeauaHa K cropore K.S;

lgg — OGuccexrpuca k cropone KS;
Hy. ¢ — nepnenauxynsp kK cropone K.S.

1. Tak kaxk AKSM paBHOCTOPOHHHH, TO
mKS = lKS = HKS = ]V.[]_]\/[ = KM sin60° =

= KM? (KM, = M,S); M{M = E)zﬁ = KK,.

2. Paccmorpum AASB.

Tak xkak Dy,C, || AB u M, € D,C,,

1 2
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3. Pacemorpum Tpaneuuto DD,C,C.

D. M C
DC + D,C 2 2
SDD2020=—2 222 MM,
o)
b1
9+12,5 15
S =1 3=
DDyCoC 9 D C
_ (25+18)15v/3 4315 645
- " =3 V3= \/'— 80,625V/3]

Bapuarm 2
Ilycth ceuenne rpoxoauT uepes cropony AB u touky O; —
LEeHTp cephl.

S

Taxk kak SK; = MK,, A;B; || AB, K, € A, By,

1 9
Paccmorpum Tpaneuuio AA, B, B.
AB+ AB
SAAlBlB = % ‘KK, 1
A K B
(KK,LA,B;).

25+2 15\/‘ 59 - 15\/" 885
SAAlBlB 2 5 = \/_- 1062o
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3agaua 2. PaccMoTpimM napaJuiesenuiie/i, Bce FPaHl KOTOPOro —
paBHbie poMObI ¢ auarosasisaMu, pasuabiMu 8 u 6. Haituure:

a) IJIOMIab HAMMEHBIIEro 10 IJIOMALH JHATOHAJILHOTO CEeYeHHS;
6) yros Mexay GOKOBBIM peOpOM U IJIOCKOCTHIO OCHOBAHHS;

B) ABYTpaHHBIA yros npu pebpe OCHOBaHHUS;

) ABYrPaHHBIH yroj npu 6okosoM pebpe;

1) o0beM mapaJlie/ienunena;

€) PaCcCTOsIHUE MEX /LY TOJIBKO HauOOJIbLIMMU U MEXK Y TOJIBKO Hal-
MEHBIIMMH CKPEIIUBAIOMMUCH NHATOHAJISIME CMEXKHBIX paHell.

Ilepsolii ciry4aii

PaccMoTpnM mapajuiesenunes, Bce FPaHU KOTOPOrO — PpaBHBIE
poMbbl ¢ auaroHajisiMu, paBubiME 8 # 6. Ilpmuem 310 mapasue-
Jlenunel,, B KOTOPOM CYHIECTBYeT BepINHHA, B KOTOpOll cxondarcs
TOJILKO OCTPbI€ YIVIbl POMOOB I'DaHell.

Hano:
ABCDA,B,C,D; —
napaJiieienune i,

BCE I'DaHl —

paBHBIE POMOBI.

A — obumiasi BepiinHA
OCTPBIX YIJIOB poMOOB
CMEXXHbIX I'paHel

AC =8

BD =6

G

Haitnure:

a) WIOWAAh HAMMEHBIIEro 10 MJIOIIA M JAUAIOHAJIBHOIO CEYCHUS;
6) yrosn Mexkay GOKOBBIM PeGpOM M IJIOCKOCTHIO OCHOBAHUS;

B) JBYTPaHHBIA yros npu pebpe OCHOBAHHUS;

r) AByrpaHHbIfl yros npu GokoBoM pebpe:

1) ofbeM napasuiesienunesa,;

€) paccTosiHue MEXJIY TOJBKO HaHOOIBbIIMMH U MEXKJY TOJIBKO
HAMMEHBIIMMH CKPELIUBAIOIIMMHUC AHATOHANSMH CMEKHbIX
rpaseii.
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a) HaiigeM wiomanp HauMEHbIIEro

JHArOHAJIBHOIO CEYEHHS.

B pom6e ACLBD:

A0 =0C, BO=0D.

Torna AB =32+ 42 =5.

AB? + AD? - BDQ'
2.-AB-AD ’

52+52—6> 14 7

A

N3 AABD cos(£A) =

cos(LA) = 55 "3k 3
Us AAOD cos(ZOAD) = % - %

(rme AO =4, a AD=25).

Tak xax BD — MeHbImas JUaroHa/Ib OCHOBAHUSA, TO 603MONC-
#o BB;D;D — HaumeHblliee 1O IJIOUIAAU JUaroHaJILHOE Ce-
genne. Hafinem SBBlDlD'

Jlyisi 9TOrO HAMOMHUM, YTO €CJIM JIBa IJIOCKUX YI/1a TPEXrpaH-
HOT'O yIJIa PaBHbI, TO 00Iast CTOPOHA ITHUX YIVIOB OPTOrOHAJIb-
HO NMPOEKTUPYETCA Ha OUCCEKTPUCY TPEThero MJIOCKOro yIvia.

Yurem, uto LA;AB = LA AD (pomGbi pasubi). Torsa mo-
crpoum A0, L ABCD. 3nauut O, € AC, T.e. buccekrpuce
yrna BAD.
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6)

Hanee:

BD1AC (mo ycnosuio),
BD1A,0, (rak xak A;0,1ABCD).

3naunr BD1AA,C,C, a rorma BD10OO,; (moboit npsamoii
AA,C,C), re. BDLBB, (BB, || 00,).

Taxum obpasom, BB;D;D — npaMOyrojibHUK;
SBB]_DlDzBD.BBl; SBBID1D=6'5=3O (KB.e}I.).
Bonpoc o moucke HaumMeHbLIErO 110 ILIOMIAAN AMArOHAJLHO-
ro ceyeHHsi OKOHYATEJILHO He pemreH. s aroro B mpouecce

pemenys yHKTa 6) PACCMOTPUM €ILE OJHO JIUArOHAJILHOE Ce-
YeHHe.

Haiinem (AA/l;\ABCD).
AB=A,D, AA;BD — paBHOGenpeHHBII.

A;0 — MeamaHa U BBHICOTA.

AA} + AO? — 4,0°

U3z AAA,0 cos(£LAAO0) =

9AA-A0
52+42- (3v3)° 71
cos(LA,AQ) = 58 F4 ) = 55

Tak xax O, € AO, 10 ZA;AO = (AmBC’D) ,

3HAYMT COS (AA/I;\ABCD) = %,

178474 (AmBCD) = LA, AO = arccos 2—2
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Paccmorpum guaronansnoe ceyenne A; BCD;.

G

Torma S4,pep, = 418 - BC - sin(£LA, BC).

Ilo Teopeme KocumycoB

A,C = \/AA? + AC? — 244, - AC - cos(LA, AC);

AIC=\/52+82—2.5-8.-2-76=\/25+64—28=\/ﬁ.

6% + 5% — 61
Torma uz AA;BC cos(£LABC) = ;_T = 0, 3HAUHUT
A,BLBC. U3 sroro cienyer, 4ro
SA1BCD1 =AIB'BC, SAchDl =6-5=30.
3uauut S4 gop, = Spp,p,p — HaUMeHblIee MO ILUIOMWAMH,

AnaroHaJIbHOE Ce'ICHHE.

nomans ero pasna [30].

IIpumevanue. OKoHYaTEIBHO BOIPOC MOXKET GbITH pellleH,
TOJILKO €CJIH PACcCMOTPETh IIOMIa]b JUATOHAJIBHOITO CeeHHsT
A1 B,CD uycranosuts. 4T0 Sy, g, cp = 30. Baxuo npu stom
A0Ka3aTh, 4T0 Sup o, p > 30. Hefictutenbio, Sup o,p =

= 2v/351 > 30.
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B) Paccmorpum ZA; ADC — nByrpannsiii yros npu pebpe AD.

IMocrpoumt A; A, 1 AD, A,0,.

Tax kax ZBAD = /A;AD (A — BepmMHA OCTDBIX YIJIOB
TpeX paBHbIX poMGOB),

10 cos(£LBAD) = cos(£LA;AD) = —2-75 (cM. myskT a).

Buaunt AAy = AA, -cos(LA,AD); AA,=5- % = %;
7 7
AO, = AA, cos(LAAO); A0, =5 w61

Tor/ja MO>KHO HCIOIB30BATH TEOPEMY O Tpex NepleHIuKYJis-
pax: Tak Kak A;0,1LABCD u AA,1AD,

10 OyA31AD (AD1A;A0,).
Torma O,A, = \/AOZ — AA%;

2
21
o=y (1) - (1) - 18-

C npyroit croponst, A; A, = \/AAE1 - AA%;

AAy = [52 ~

A,0.
U3 AA;A,0, crenyer, aro cos(£LA;A,0,) = —2&;
A1 Ay
5 21
20
cos(£LA;A,0,) = 31 = g M K KaK

5

(AA,D,D); (ABCD) = ZA,ADC = LA, A,0,,

ro cos(£LA;ADC) = 1, r.e. ZA;ADC = arccos g—é—
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r) HaitzieMm nByrpannbiii yros npu pebpe AA;.

B, C,

Hycrs DPLAA,.
Tak xax AAA|D = AAA|B, ro BP1AA,.
3uaunr AA; LPBD, rorma

(AAlBlmAlDID) = /B,A,AD, = /BPD;

7
AP = AD - cos(A4,AD); AP=5.—+ =1
25 5
DP =+ AD? — AP?;
2
DP = 4[52 — <g) Z%,HO DP = BP.

YunteiBas 3ro, vainem us APBD

2“;)2+(2—;)2_62:2-576—36-25:

9. (gg)? 2-576

cos(£BPD) = (

_ 1152 -900 252 126 63 7

1152~ 1152 576 288 32

3uamur ZBAA, D, = arccos %



142 Crepeomerpus

1) Paccmorpum AA; AO,. B, c,

N3 ueprexa BUIHO, UTO
2
A0y =452 — (Z) =33,

PR

"Q

3,
—‘A--

<.

1
2

SABCD =

VABCDAlBlClDl = SABCD : HABCDA13101D1;

V=24. %\/3—9; V = 18v/39 (xy6.exm.).

e) HaiineM paccrosinne MexJy TOJNbKO HaUOOJBIIMMH M MEXK-
Oy TOJIbKO HAaHMEHBLUIMMHU CKPEIIHBAIOUIUMHCA JHArOHAJISIMU
CMEXKHBIX T'paHeil.

1. PaccMoTpuMm B HadaJjie BBIYMC/IEHHE DACCTOSIHHS MEXAY
TOJNBKO HAUOOALWAUMY CKPEUIMBAIOUIMMHUCS JHATOHAJISIMU
cMexkHbix rpaneit: p(AD;; DC,).

Tak Kak paccrosiHue
MEXIY
CKPEIIMBAaIOMMMUCS
NpPsSIMBIMH DaBHO
PaCCTOAHUIO MEXKAY
OAHO3HAYHO
olnpeiensseMbiMi
9THMH NPAMbIMHU
napaJie/IbHbIMU
IJIOCKOCTSIMHU,

TO MOCTPOUM

3TH NJIOCKOCTH

U HalifleM B3aMMHbLIH NepneHauKyJIsap.
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Paccmorpum aparonanbHoe A
ceuenne AA,C,C,
rae AA, =C,C.

e
%
-
L
-

(cos(éAlAO) - %) .

7
= 2 2 5.4 e =
A0, \/5 +42 4254 o

=25+ 16 + 14 = v/55. (Moxno mpome us AAB,0,.)

Tak xak A;0,1L ABCD (no nocrpoenuio),
t0 A;O,1BD, BD1AC (ABCD — powmb),
snauut BD1AA,C,C.

3uaquT, mobas npsiMas, npuHaiexxkamas AA;C,C, nep-
neHauKyJasipaa BD.

IMocrpoum OK 1L AO,, Ttorma OKLBD (BD || B,Dy,
AB, || DC, ), crenoBarensao OK 1CBD.

Tax kax AO, || OCy, 10
p(ADy; DCy) = p(AB,Dy;C, BD) = OK.
TIpunMeHsist MeTOJ, IIIOLIALEH, HOJYIuM

SA01010 = AO M A102 AO . A102
. Buaunr OK = —v—2 £,
S40,c10 = A0; - OK A0,
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. Paccmorpum ciyuait p(AD,; A, C,).

HamomunwMm, uto

AO =4; A0,= -f’I\/E; AO, = \/55;

4-2/39 3 3
1
K=—2  —°./55.30 = —+/2145. T
0 5 55 55-3 5E 5. Torna
V214
p(AD,; DC,) = p(AB,D,;C,BD) = OK = 3 5251 5 .

IIpuMeuanue. Y4uThBasi, YTO PACCTOAHHE MEXJY IIJIOC-
kocramu p(AB,;Dy;C,BD) = OK, nosy4um, 4To

p(ADy; DCy) = p(ABy; BCy) = p(AC; BCy).
Anasnoruano p(B;Dy; DC,) = p(BD;AD,) = OK.

AD, || BC,
AC | A,C |

rorna BA,C, | D, AC.

OueBHIHO, YTO
= p(ADl; AICI) = :// ”””””””

= p(A; BA,C}). £

PemaTs 3a1a4y OOBIMHBIME CHIOCOGAMHE TEXHUYECKU CJIOXK-
Ho. B nanHOM ciiyuae moxaxkeM NpUMeEHEHHe MeTola pa-
BeHcTBa 00beMoB. (ITozxe, B miaBe 2 Gyner paccMoOTpeH
BEKTOPHBI criocolb perienmusi.)

VABCDA13101D1 = SABC’D : HABCDAlBlchl‘
Hpumeuanune. Unes peinenus 3aa4n CBA3aHa C TEM, 4TO
A,BC, || AD,C.

Kpome Toro, Tak kak A,C, C A;BC;; AD, Cc AD,C},
to AD, || A;BC;.

Buaunr p(AD;ABC,)=p(AD;;A,C,)=p(A;A,BC,)=
= Hypa ¢,y T8¢ ABA;C] — nupaMmuia ¢ OCHOBaHHEM
BA,C,.
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S1pop = %AC~BD (ABCD — pow6, T.e. ACLBD);
1
VipcpaiBiowp, = §AC “BD - H pepa,BioiDy s

.6-8-

w
%&I
RS

= .]-_8.\/@’

N =

T.€. VypepaBioiD1 =

1
torAa Vapeoa,Bioy = '2'VABCDAlBLCID1 = 9v39.

1
Ve,a4,8,B = —§VAN D, — AOKAXKHTE CAMOCTOSATEBHO.

Vo,aa,8,8 = 6V39, rne C1AA;B;B — numpamuna ¢ oc-
Hopanuem AA,B,B.

1
Veuams = 3VoamBiBe ™o Voams = 3V39, rae
C,AA;B — nupamujga ¢ ocioBanneM AAA;B.
1
C apyroii cTOpoHbI, Vo,aa,8 = gSABAlclHABAlc*p

roe Hypya o, = p(A; BA,Cy).

YureMm, 4ro
SABAICI = \/11(11 - 8)(11 - 8)(11 - 6) = 3\/%,
rae w =11 = p (p — nomynepumerp, A,C; = §;

1
Torna 3v/39 = 3 -3v/55 - Hapa o

/39 3 —
T. €. .[{‘43141(71 = 3 gg - gg 2145;
3
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. Tenepb HalizeMm paccToaHue

IIpumevanue
3

U3 p(BA,C,; D{AC,) = — V2145 caeayer, uto

55
p(ADy; A, Cy) = p(AC; BCy) = p(ADy; A, B) =
= p(A4,Cy; DsC) = p(DyC; BCy) = p(AC; A, B) =

3 B, C
= —+v/2145. 1
55

Al
p(A;D; D;C) mexiy TOIBKO

HAUMEHDWUMU CKPEITNBa-
OUWHMHUCA OUaroHaJidM#A

ecedpnn.

CMEKHBLIX I'DaHeii.

Paccemorpum j oA

AA,BD u ACD,B,. A

A D] B,C A

BD | B,D, |’ snasmur A BD || CD, B;.

BB;D;D — upsimoyronsauk (GbL10 0Ka3aHO paHee),
TOrzA ig__ll__ggl(pOMG) , snauur BD1AA,C,C.

IMocrpoun OK 10O,C. Torza

OK € AA,C,C
B,D, 10K

OK1CD,B,, snauur

p(A,D; D,C) = p(A,BD;CD, By) = OK.
A

(B,D, | BD, BDLAA,C,C).

/ %
-
s
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Tak kak cos(£A; AO) = cos(£L0,0C) = %, TO

0,C = \/OOZ+ OCZ = 2-00; - OC c0s(Z0,00C),

010=\/52+42—2.5-4-%=3\/§.

IlpuMmensis MeTo TLIOWAAEH, TOTYIUM

SA0010 - % . OOI . OC . Sln(ZOIOC)

1
SAOOlC = 5010 -OK

torga sin(£0,0C) = %\/?E,

_ 00, - OCsin(£0,0C)

0
K 0,C ’
5-4- 2539
Te. OK = —————— = V13.
3V3

Wrax, p(A,D; D,C) = p(4,BD;CD; By) =[V13].

ITpumeuanus

1. p(A;B; B\D,) = p(BD; B,C) = p(B,C; A, B) =
= p(B,D,; A, D) = p(BD; D,C) =[/13].

2. AA;BD = ACD,B; — npasuibHble.

Bropoii ciyuaii (B Hauasie pemenust He0GX0AMMO IPOBEPUTH BO3-
MOXKHOCTDb €r0 CYHIeCTBOBAHHNS ).

Jan napaJjuiesenumne), Bce rpaHu KOTOPOIo — TaKXKe PaBHBIE POM-
6bl ¢ gparoHaJisiMi, paBHbiMHu 8 u 6. Ho paccMorpumM Teneps ma-
pajuiesienunes, ¢ opyaum Habopom zpaneti-pombos. Ilpuiem B Ta-
KOM HapaJuleJieluNee CyeCTBYeT BepIiiHa, B KOTOPOI CXOMASTCS
TOJIBKO TYIbIE YIJIBEI TPaHeil.
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Y6enumca, YTO Takol CIydait BOZMOKEH.
5245282 14 7

cos(é.CBA) =3 "~ - %
Tak Kak cos(LCBA) = —-% > —%, 0 LCOBA < 120°, a 3Hauur,

BO3MOXKHO CYIIECTBOBaHHE MapaJjulesiellunena, y KOTOpOro ecThb
BEPIIMHA, B KOTOPO# JEHCTBUTENILHO CXOHSTCH IPAHU C BEPUINHA-
MH TYIBIX YIJI0B poM6oB (1ycTs 370 Gyaer BepmuHa B).

ITpumeuanne

Ecau 6b1 Bmmonuaanoch nepasencrso ZCBA 2 120°, to Tako-
ro napaJjulefiefiuiena B IPUPOJE He CYLIecTBOBaJO 6bl. [ledicTau-
teabHo, Torna LCBA + LCBA, + ZABB; > 360°, uTto HeBo3-
MOXkHO, TaKk Kak yxe npu ZCBA + ZCBA, + ZABB, =
= 360° mapaJiiesienunen BbIPOXKIAETCS B IJIOCKOCTD.

Jano: D,
ABCDA,B,C,D; — G
napaJuiesenunnen,

BCE TDaHd —
paBHbIE POMOBI.

B — obumas BepmmHa
TYIIBIX YIJIOB poMOOB
CMEXHBIX I'DaHei

AC =8
BD =6
Haiinure:

a) IOk HAUMEHBIIETO

0 ILIOIIAAN JUArOHAIBHOIO CeYeHMUs;

6) yrom mexy GOKOBLIM Pe6pPOM U MJIOCKOCTBHIO OCHOBAHMUS;
B) ABYI'DaHHbIl yroy npu pebpe OCHOBaHMS;

r) ABYyrpaHHBIA yros mpu GokoBoM pebpe;

1) 06'beM MPU3MBbI;

€) PacCTOsHHE MeXKJy TOJIKO HAMMEHBIIMMH U MEXJY TOJIBKO
HauOOJILIIMMHI CKPEIMBAIOLIMMHCH AUArOHAIAMU CMEXKHBIX
rpaHeii.
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Tak kak ZABC, ZABB; u ZCBB; — Tynble, TO U3 yCI0BHii
3aja4u caegyert, yro AB;, = B,C = AC = 8.

Honoxum B;B,1 ABCD (B, € BD), Torna rak kak BD1LAC,
to BOL1AC (no Teopeme 0 Tpex nepreHauKy/IsSpax).

Kcratu u B;B1AC.
B,0 = \/AB] - A0? AO= %AC’; AO = 4;
B,0 =8% - 42 = /48 = 4./3.

Ilo Teopeme Kocunycos
BB? + BO? - B,O?

cos(£B;BO) = 2BB, - BO ;
52432 (4v3)° -4 7
cos(£B;BO) = 5 5.3 =50 ="

15
3uauur LB, BO > 90°.

4B, BO = arccos (—l) = 180° — arccos 1—75

a) Haitaure mromane fuaro-

HaJIbBHOrO Ce4YeHHUA, HAHMEHb-

HIero o IJIOHIa . B,

Paccmarpusas AA,C,C,
MOXHO JIOKAa3aTh

(cM. mepsbiit Ba-

DHAHT 331a4H), 4TO
AALAC u AC, = A,C.
Torma Sga,c0c = AA; - AC,  Spp,c,0=5-8=40,
no Sgp p,p = BB, - BD -sin(£{B,;BD).

Ussectno, uro LB, BB, = 180° — /B, BD.
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3nas, 9ro cos LB, BO = —%, Haitnem sin(£B;BD):

. 7\? V225-49 411
sin(£B;BD) = 4/1— <_ﬁ> = 5 =
3HAUUT

B,B, = BB, sin(B,BB,) = BB, sin(180° — /B,BD) =

4411 4
= BBl . Sin(éBlBD), T. €. B132 =5- T = §
411
TOF]J,& SBB1D1D 5-6- ‘——"_—8\/ < 40.

PaccmoTpum nnaronadbnoe ceuenne BC D, A.

SBClD]A = AB . BCI N Sln(éABCl).

Tak kak AC; = \/AC? + CC%; AC, =82 +52=
AB? + BC? — AC}.

To cos(LABC)) =

524+ 62 -89 —28 7
cos(LABC,) = 56 60 - 1

2
sin(ZABC,) = 4/1 - (—%) = Wi

V89,



Hpaxrukym 5 (Pemenue 6omee COXHBIX 33,124 151

411
3nauur Sgo,p,4 =5-6- —1—? = 8V11,

T.e. SBBlDlD = SBC’1D1A'

Paccmorpum nuaronansHoe cewenne A, BCD;.

AiB=6, BC=5.

Tor,na' Sa,Bcp, = A1 B - BC -sin(£LA; BC);
A,C = /89.

Torpa uz AA,BC

62+5°—-89 7

0s(/ — - .
cos(£A,; BC) 5 6% 5
. 7\? _ 4V/1d
sm(éAlBC) = 1-— (E) = —15—

4v/11 .
SaBcp, =6-5- 5 = 8v11 — mjomanb AMaroHaJLHOTO

CeYeHHsl, HAMMEHBINEro MO ILIOINAIH.

Sa,Bcp, = SBByDD = SBCyD A =[8VIL].
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6)

Haiiure yron mexay GOKOBBIM peOPOM M IIOCKOCTBIO OCHO-
BaHus (CM. YEpTEXK K IYHKTY a).

HyéTb B,B,1ABCD. 3sauur B, € (BD), rne BD —
npsMast.

Ho B, ne npunajyexut orpesky BD,

TOr 3 (Bl/B;\ABC’D) = /B,BB, — Tynoii.

Ho yron mex iy npsamoil ¥ IJIOCKOCTBHIO BCEria He TYIOM,

7
T.e. ZB; BBy = 180° — (180° — arccos 1%) = arccos 7.

Haiigure apyrpannbiit yron npu pebpe ocHOBaHUS,
T.e. LD, DAB.

B,

Mocrponm Dy D, || By B,, Torna Dy € BD u D;D,1ABCD,
3HAYHUT D1D2 = BIBZ u BB2 = DD2.

Pacemorpum AAOD. Ilyers D,T1AD.

Dl
5245262 7
cos(£D;DA) = o T o5
in(2D,DA) = 11— (L) =24,
sin(£DDA) =4 [1- {55 ] =355 4 T D
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24 24

D\T = DD, -sin(£D,DA); D,T=5- 5 = ?; D,
sin(£D,TD,) = D\D,.
sin(£D\TDy) = —/— = — 7 D,
2
v324 -2

suauur £ZD,DAB = ZD,TD, = arccos I%

HaliguTe nByrpasubiii yroa npu 60koBoM pebpe,

T.e. ZCBB;A,.

B,

=/

Iocrpoum BP1AA, u BK1CC,.
3uaunt BP1BB,, BK1BB,.

Tak xak BB,C,C = BB; A A (rpaiu — paBHble poMObI),
0o AP = CK.
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Hdns BB, A, A:

: 5°4+5°—6> 14 7 (. 24
cos(éBAAl)—W—— 5055 (sm(éBAAl) = %),
rorga st ABAP: AP=AB-cos(Z/BAA,); AP=5- 275 ;

8 P
24
5

P=+vAB? — AP? (moxuo cpasy BP = ABsin(£ZBAA)));

2
BP = 52—(3) —%(PKHAC)MPK AC,

5

Tak xak BKP.L BB, To AC’BBIA1 = /PBK.

2
Uz APBK naiigem: cos(£{PBK) = (5) 24542 _82 =
_ 1152-1600 _—448 7 ( )

1152 1152 18’

7
3uaqur LCBB; A, = arccos (—%) = 180° —arccos TR 90°%;

ZCBB; A, = 180° — arccos 118_ > 90°].

1) Haitgem ofbem npusmbt.

, 7\*  4/11
bln(éBlBB2) =4/1— (_ﬁ> = ?,
-4v11 4

1 4
VaBcpa,Bicipy, =Sapep BBy V= 5’6'8'5\/1—1: 3211},
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e) Haﬁ,u,m*e pacCTOAHHUE MEXKAY TOJILKO HAUMEHDUWUMU CKPpEelTu-
BalOMMAMUCA JAATIOHAJIAMA CMEXKHbBIX I‘paHeﬁ. (O6pa'm"re BHHU-
MaHHe: B 3TOM IIYHKTE YepTeXX OTJINYaeTCsHA OT I/ICXO,H,HOI‘O.)

1. Haitaem p(A;Cy;AD,)
(AC =6; BD=38).

OueBrAHO, 4TO A

JJis1 JaHHOH NpPu3Mbl
ACi=6un AD, =6.
Pacemorpum ABA;C
u AD,AC.

AD, || BC,

AC | A\Cy

spaunr BA,C, || D, AC.

0, A

D

OueBuAHO, YTO
Pemutsb 33a4y OOBIMHBIMH CIIOCODAMM TeXHUYECKH OU€Hb
CJIOXKHO. B JJaHHOM Cily4ae IOKAaXKeM HPHMEHEHHE METO-
J1a 06beMOB (BeKTOPHBII Crioco6 pacCMOTPeH B Gl IoLeit
[JIaBe).

VasepaBoyp, = Saeep " Hapepa,yoyb,-

Tak Kak cos(£LA;AC) = —

E, TO

cos(£A; AO,) = cos(180° — LA, AC) = 15’
(1Y v

1 15
Torza HABCDAIBICIDI = AAl ' sin(AAlez),

411 4

HABCDA13101D1 =5 —15 =3

sin(ZA,AO,) =

1 .
SABCD = §AC . BD,T. e. SABCD =24
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4
3Ha‘II/IT VABCDAlBlchl = 24 . "\/1_- = 32m.

: 32
VeiaaBiB = :o;VABCDAlBIC'lDlv Ve 44,88 = 3V 11,

rae C;AA, BB — nupamuja c ocHoBanuem AA,B;B

1 16
VeoaaB = —VCHAAlBlB’ r.e Vo448 = 0 V11,

rae C,AA|B — nupamuja c ocHoBannem AA;AB.

C gpyroit croponst, C;AA;B — nupamuaa,

rae ABA,C) — ocuoamue; H,pa o, = p(4; BA,CY).
YureM, uT0

Veyaas = Vapac, = gSABAICI “Hapa,cp

6+6+8
pBAlclz_T—— (AB SACl—G BCI——6)

16
TOI,[L& —_— 1 = - 8\/_ HABAlcp

HABA1C'1 - ” \/—

Curenoparensno, p(A;C;; AD;) = 0,4v/55.

IIpumeyanue

Us p(BA,Cy; DAC) = CJIEJlyeT, ITO
p(ADy; A;Cy) = p(AC; BCy) = p(AD,; A, B) =
= p(4,Cy; D,C) = p(D,C; BCy) = p(AC; A, B) =
= 0,4+/55.
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2. Haiinure pacCTOSHHE MEXIy TOJbKO HAUMEHBUUMY CKPE-
IMBAIOLMMHCS uaroHatsimu p(BA;; AD,). (9o apyroit
cnocod pemeHnst — U APYroil “1epTex.)

Hanomunm, uro BCy = BA; =6; ACy; =8, BO=3.

IIycrs OK1BO,, BB,D,D1AC,
snaduT OK 1 AC, Torna OKL1BCA;.

p(BAy; ADy) = p(BCAy; D AC) = OK.
cos(£0,B;B) = cos(£B;BB,) = — cos(£{B,BO) =
Y R W

B 15/ 15’

BO, = /BB + B,0f — 2BB, - B,0, cos(£0, B, B);

7
BOlz\/52+42—2-3-5-B:\/2_0=2\/5.

Ucnonb3ys meros miomaaeit, oy auM:

Spo,p,0 = BO; - KO = 2\/54- KO
Spo,p,0=BO BB, =3- g\/ﬁ
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3.4/11
3naunr KO = ——— =2 u = @ = 0,4v/55,
. 2v5 5 5
rne BO=3; BB, = %\/1—1_,

IMpumeuvanne. HyxHo ObITh BHUMATEIBHBIM, TAK KaK:

B cinyvae 1 (crp. 155) p(A,Cy; AD,) — ZBAD — rynoi;
B city4ae 2 (crp. 157) p(BA,; AD,) — ZABC — Ttynoi.
Hecmorpsa Ha 310, Jyis JIAHHBIX YepTeXell pedyb WJeT
0 PacCCTOSHMM MEXJY HAMMEHbIIMMH CKPellHBafOIAMu-

Cs JMATOHAJIIMH CMEXHEBIX CpaHeif, KOTOpbie PaBHBbL:
p(BA;; AC) (cm. c. 155) u p(AD;; BA;) (cm. c. 157).

. Paccrosinue Me2K Ay TOJIBKO HAUBOADULUMU CKpeuiyBalommy-

MHMCsI JUATOHAJISMH CMeXHbIX rpaneit: p(A;D;D;C).

2
ACLBD (ABCD — pom6); AJO1LBD (A,D = A,B).
Torna BD1AA|C|C, 3naunt mobas 1npsMas, IPUH3JLTIe-
xamasi AA,C|C, nepnennukynsipaa BD.

A,D| B,C
BD || B,D, |’

swauur A,BD | CB,D;.
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IMycrs OP1O,C, rorna OP1CB,D,,
spaunt p(A;BD;CB,D,) = p(A,D;D,C) =
,0 = /A, DT -0D?
=82 -42 =43 (4,0 = 0,C);
AA? + AO? — 4,07

ZA;A0) =
cos(£4,40) 244, - A0
52+ 32— (4v3)° 7
cos(£LA; AO) = 7 5.3 =5
AQ, = AA, cos(180° — LA, AO) =
= AA,(—cos(LA;AO)) = AA, - 1—75;
7 7
AO2:5~-]-3:§, Al 01
TOI‘,ILa A102 =/ AA‘l - AO%, P
2
411
A102 — 52 — (Z) — £ al
3 3 0, o0 c
1
Saro0,c = 50C-4,0, :
o2 ; 0P:——~O%Acl,02 (0,C=4,0);
SAoolC == 5010‘0}) 1
op= 2V _ VA
B 716 J0BATEIIBHO
p(A,D;D,C) = p(A;BD;CBD,) = OP = ——@ .
IIpumeuanusa
1. p(A,BD;CBD,) = p(BD; D,C) = p(BD; B,C) =
V33

2. AA|BD = ACB|D, — npaBunbHble.
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3azaua 3. [las K/nH, OCHOBaHHE KOTOPOro — TIPSIMOYTOJILHHK CO
croponamu 25 u 18. BokoBbie pebpa kiuna pastsl 17. Pebpo kiun-
Ha, TapajieJbHOE Gosblitelt CTOpOHE OCHOBaHus, paBHO 9. Haiinure
00'beM TAKOTO KJINHA.

Hamno: p K

ABCDPK — kiauu

ABCD — npsiMOyrofibHUK B

AB =25

AD =18 A

PK || AB

PK =9 C
AP =DP =

=BK=CK =17 D

Haﬁ,ILHTe VABCDPK

Hepewiii cnocob

Ny -

a) Caenaem

JIOTIO/THUTEIbHBIE i
HOCTPOECHHS: O\
PP,P,LABCD

KK,K,1 ABCD' D

3HaUUT, K/IMH COCTOMT U3 ABYX IIMPAMHUJL U TPEYrOJIbHOM Ipu3-
mei: PADP,P,, KK,BCK,, PP,P KK,K,.

6) PaccmorpuM 4ersipexyrosbayio mupavuay PADP, P,.

1. Tak kak PP P,1 ABCD 1o nocrpoeHuo,
to PP,1AB, PP/ 1DC.

—AB;PK,T.e.AP2=———252_9=8

(APKB unu DPKC — paBHOGeApeHHas TPAIeELys).
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P K P K
AU
ul l ul ul
4 B kK, B D p K ©
AP, = 8 (anajoruuno paccyxias, nonyuum DP; =8).
2. s AAPP, no reopeme Iludaropa P
PP, =177 — 82 = 15; '
PP = 172 — 82 = 15.
A
3. P,PP, — pasnoGenpeHHblit
TPEYroJAbHUK.
IMocrpoum POLP,P,.
A

Mo>kHO IOKa3aTsh, YTo
roraa POLAP,P,D;

PO = \/P,P?2 — OP; = /152 — 92 = 12,

rae OP2 = %Pzpl - %AD-

1
6) Vpapp p, = gSAPmD “Hpapp, pys

VzéAD.APQOP;

1
V=1=.18-8-12 =576 (xy6.ex.).

(V&

B) Paccyk/iasg aHaJIOrM4YHO, ITOJY4HM, YTO
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r) Tak kaxk PP,P,KK,K, — npsmas TpeyrojibHas npusma. (zo-
K&)K}/ITC), TO VPP]PzI{KIKQ - SAPP]_P2 -PK (PK_LPP]_.P2 -
JIOKaKUTE).

1
1. SAPP]PQ = §P2P1 'OP;
1
SAPP]Pg = 5 . 18 212 = 108.

2. Vep kK, = 108 -9 =972 (xy6.ex.).

2) Vapeork = 2Vpappp, + Ve pk K Ky
Vagoppr =2 576 + 972 = 2124 (ky6.eun.).

Bmopoti cnocob

ycrs PB,C; || KBC

(PB, || KB, PC, || KC).
Ouenno, A
aro PB,C;KBC —
HAKJIOHHAsA NMPU3MA.

N3BectHO, uTO 06BHEM NPU3MBI
MOKHO BBIMHC/IUTh KaK
rnpousBeneHne 60koBoro pebpa
Ha IUIOIAAb [EPIIeH JUKYIIAp-
HOTO CEYEHHsI OTHOCHTEJIHBHO BOKOBOro pebpa.

VeougikBe = Sappp, - PK, tne PP, P, 1 PK.

L Ty, =TS

3uauut Vpe, g kpe = Vep Pk Ky
TOrAa VPC]_BlKBC =972 (Ky6. e,H,.).

1
Hanee Vpape, g, = 3 “Sapey, - OP;
AB,=AB - PK; AB,=25—-9=16;
SADCIBI =18-16 = 288;

1
VPADclBl = g . 288 . 12 = 1152

TOF,ZLa VPADCBK =972 -+ 1152 = 2124 (Ky6. eﬂ.).
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Tpemuti cnocob

O6beM KjnHa MOXKHO BBIMHCIISITh HHAYE — JOCTPOMB €ro 0 IIpsi-
Mol TpeyrosbHoi npusMul AM DN BC,

rne AMD || BPP, | BNC

u MN npunajnexur npamoii PK. N

e

>

>

Tak kak MP = KN = DP, = 8§,
10 Vappkee = Vampnee — 2 Veamps
rae Vaypnee = Saamp - MN;

Spamp =Sappp, =108,  MN = 25;
1
Veamp = 38108 =8-36 =288 (ky6.en.).

3uaunt Vypprpe = 2700 — 2 - 288 = 2124 (ky6.ex.), 4To ¥ Tpe-
60BaJIOCh JOKA3ATh.
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ITocTpoenue ceuyennit

IIpaxmuxym 6

B ocHoBe 110cTpoeHUS ceueHUit JIEIKUT YETKOE IIOHUMaHKE U peasii-
3aluda psana akcuoM reomerpuu. Hanomuum ¢GopMynupoBKy HEKO-
TOPLIX AKCHOM U T€OPEM, UCIIO/Ib3YEeMbIX IIPDH HOCTPOSHHH CeYeHHIA.

Axkcuoma 1. Yepes Jo0bie TpH TOUKH, HE JIEXKALIKe Ha, IPSIMOI,
MOXKHO MOBECTH ILIOCKOCTD, ¥ IPHTOM TOJIBKO OHHY.

Axcuoma 2. Eciu aBe pa3iv4iHble TOUYKM NPSIMON PHHAIIEKAT
IJIOCKOCTHU, TO i JoOble APYrue TOYKH MPsSIMON IPHHAIJIEHKAT ITOM
[LTOCKOCTH.

Kpowme Toro, 11os1€310 3HaTH PsiJL TEOPEM-CIIEACTBUI U3 AKCHOM reo-
MeTpHH.

Teopema 1. Uepes mobyio npsiMyio M TOUKY BHE €€ MOXKHO Ipo-
BECTH IUIOCKOCTh, U IPUTOM TOJIBKO OJIHY.

Teopema 2. Yepes nobylo TOUKy BHE JAHHOH MpAMOil MOXHO
B NMPOCTPAHCTBE IPOBECTH NAPAJIEILHYIO JaHHON NPIMYIO, H MpH-
TOM TOJIbKO OJHY.

1. Tlocrpoum ceuenue napamenenunesd ABCDA,B,C,D,
miockocreio KPD, rne K € AA; u P € B|C,.

B, p C,

a) B manHOM Ciyvae jBe TOUYKH
K u D npuHa/UiekaT [I0C- A
kocru rpanu AA, DD, ' D,
K € AAD,D
. B
D e AA,D,D | Terae c
npamas DK € AA, D, D, e

3HauuT npamsele DK un DA,

nepecekaiorcs, T.e. DK N DA, = K;.
K, ea

IIycts KPD — 1miockocTh <, TOTHA K, € A,B,C,D, |
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K,P € A;B,C,D,
6) Buaur - p e o (P e a)
TOIﬂa KIPm D]_C]_ = Pl cx
KK, n KyP — cTOpOHBI MHOI'OYI'OJIbHUK] CEYCHHUS.
P, e DD, C,C DpP, € DD,C\C } ‘
®) D e DD,C,C DP € a
Caenosaresso, DP; N CC| = P, € a, Toraa
PP, u DP, — cropOHbl MHOIOYTOJIbHIKA CEUeHH.

, CJIeJIOBATEJIbHO,

, 3HauUT

ITonpoast HTOrH, NONYIUM
(ABC’DAIBIC'lD1 NPKD = KK2PP2D] —

NATAYTOJIbHUK CEYECHHA. P
1

ITpnmevanus

1. Ilone3no OCMBICIUTD: KAKHE AKCHOMBI Ha, K22KI0M U3 HIArOB
OBLTH HCIIOJIB30BAHBI.

2. Obpature BHUMaHMe Ha TpeyroibHUK DK P,, cTOpOHBI
KOTOPOTO NPUHAJIEKAT IUIOCKOCTSIM TPEX CMEXKHbIX IpaHeil,
KOTODBIM IIPUHAMJIEKAT JAHHDLIC TOUKH.

3. Hlpamyio K P, uHOrza Ha3bIBaIOT ONOPHOI IPAMOI.

4. llycre ABCDA,B,C,D; — xyb6.
AB =a; AK = %AAI; B\P = %BLCI.

3aJata 1jis «I'OJIOBACTUKOB»: HAlTH IIIOIALb CEUEHUS.

17 )
(qu = 1—28 139a ) .




166

ITocTpoenue cegenwuit

2.

IocrpoiiTe ceyennme mnapastenenunesa ABCDA,B,C,D,
miockocTsio PKT, roe toukn P, K u T Haxoudarcs:

1. Ha ckpemuBapomuxcs pebpax A,B;, AD u CC| coorser-
CTBEHHO.

2. Mexay BepHIMHAMHI COOTBETCTBYIOINHX pebep.

B, C, B, ¢
P P - /
A, A P
D 1 D -

1 T g 1 \\' T T
B i iB 1

o C Pl fiabet oot C

A % D A D

Ilyers Touxkn P, K, u T oupenejdror miockocts o. B nau-
HOM CJIy4ae HET IPaHH, KOTOPOil Obl OAHOBPEMEHHO IIPHHAI-
JIEXKaJIU JiBe TOUYKHU (M3 JaHHBIX).

a) Ilposenem PP, || BB, (PP || CCy).
Paccmorpum miockocrs PP, CCy:

6) K € ABOD T,KNDC=T,€a

Torna TT, u KT, — cTOpoHbI MHOTOYTOJILHUKA, CEYEeHHS.

, BHAYUT

Torna KK, u KyP — CTOPOHBI MHOIOYTOJIbHUKA, Cede-
HHS.

+ P,€ BB,C,C _

r) T'e BB,C,C | suaunr P,TNB,C; =P, € a.

Torna P,T — cTOpPOHa MHOrOYIrOJIbHHKA CEUECHHS.
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INEeCTUYTrOJIBHUK CeYCHUd.

Ilpumeuyanus
1. Ecin npsimyto KT nepeceub npsimoit BC' 8 Touke Pz, To
P; € K| T;. Onars nonyuum 6aszosbiit Tpeyronsuuk Ky Py P,
CTOPOHBI KOTOPOTO MPUHAJIJIEXKAT TJIOCKOCTAM TPeX CMEXKHBIX
rpaseii, KOTOPLIM NPHHANJIEKAT UCXOAHBIC TOYKH.
2. Ionoxum, uro ABCDA;B,C;D, — ky6, rne AB = a,
rouku K, P, T — cepegunbl pebep. MOXHO BBIMHCIUTD

IJIOIIAL CEUEHHUs, XOTd 3TO 3ada4a JJisd «IoJIOBACTHKOB»

(Sceq =

3
105

P‘i\f’z C,
70 ?}{ffff
i
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3. Iocrpoiire cevenue mecruyroybuoil nupamuiisit SABCDEF
miockocreio PKT (K € AS; PeCS uTe€ ED).

S

O603HaYMM Yepe3 ¢ IUIOCKOCTb, KOTOPOH HPHHAMJIEKAT TOY-
ku P, K u T.

Cayyaii 1

a) Paccmorpum mnockocts ASC.

PKNAC =K, €a; K,€ ABCDEF
K,TNAF =K, €ca

KK, u K,T — cTOpoHBI MHOTOYT'OJIbHHKA CeeHUS.

, TOTJa

6) ABNK,T = Kj.
K3;K € ASB
KiKNSB=P ca|’
P,P u KP, — cTOPOHBI MHOI'OYI'OJIbHHKS CEYECHUS.

TOrJa,

B) K\TNDC =T, € v
Pea
PT e , TOrJa
PT, u TT, — cTOpOHbI MHOIOYTOJILHUKA CEUEHHS.

B nanHoM ciryuae ocoGeHHO HAITISHO BHIHA POJb ONOPHOM
npamoit K;T.
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[SABCDEF N PKT = KP,PT,TK,| —

MEeCTUYTOJIbHUK CEYCHHUA.

Cayuait 2 ceazan c nepeceuenmeMm KT mnpamoit FE,
YTO BO3MOXKHO IPH HECKOJbKO HHOM PACIOJIOXKEHHM TOYEK

KuP.

a)

6)

PKNAC=K, ca
K.TNFE=K,€a

TOT A K2T — CTOPpOoHa MHOI'OYI'OJIbHHKa CE€UYECHHNd.

(K,T — onopHast mpsMas),

Pacemorpum mmockocts ASF,

KK,NFS=K,ca

K,Ky v K;K — CTOPOHbI MHOTOYT'OJIbHHKA CE1eHMSI.

, TOrJa

Paccmorpum miockocrs ASB.

PP u KP;, — CTOpOHBI MHOTOYTOJTbHHKS CEYECHHS.

, TOTIa

Pacemorpum mnockocre CSD.

PTyNDS =T,, torna TTy, u PT, — cropoHsl MHOro-
YTOJIbHHKA CeYeHHs.
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[SABCDEF N PKT = KP,PT,TK,K,| —

CEMHYTOJIbHUK CE€YCHHUA.

IIpumeuanne. IIyctre SABCDEF — npaBuibHasl INeCTH-

1
yroibHas nupamMuna, rae AS =2a, AB =a, AK = ZAS;

1 1
SP = ZSC; ET = §ED' Beiuncnnure Iomaib CeUeHMs.

3anada OUeHb TPYHHAS JaXKe JJIst «TOJIOBACTUKOBS.

4. Tlocrpoitre ceveHue MECTHYTOIBLHON IPU3MDBI
ABCDEFA,B,C,D,E,F, nnockocrteio PKT,
rne P€ BB;; KeDD; T € FF;.

B, ¢

"
Dl
A, P E
?
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31ech Takke OYEeHb BaXXHO BHAYaJje IIOCTPOHTH OMOPHYIO
HPSMYIO.

a) Paccmorpum miockocrs FFy B B.

1)

BFNPT =T, €a;: T, € ABCDEF.

Paccmorpum mitockocrs BB, D, D.
BDNPK =K, €a; K, € ABCDEF,

rorga 717K, — oropuasi rnpsiMas.
144

Paccmotpum nnockoers AA F F.

AF N TlKl = T2 TOrIa,
T,TNAA =T, ea| O
TT; u T3P — CTOpOHBI MHOI'OYI'OJIbHAKA CEHEHMUS.

OrmerumM, uro npsivasg 1,1 MoxkeT He nepecekaTb pebpo
AA,, a mepeceun pebpo A;F|, Torma nocrpoeHue 1noiuet
HECKOJIBKO IO JPYTOMY IIyTH, nepecekast npsimyio AA; —
pasbepure 3TOT C/1y4ail CAaMOCTOATEJIBHO.

Pacemorpum DD, EE.

DENT|K, = K, € a

K, e ABCDEF; K,KNEE,=K,, Torjaa

TK; 1 KK; — CTOPOHbI MHOI'OYI'OJIbHMKA CE€UEHHUS.

Paccmorpum DD, C,C.

DCNTK, =K,
K,KNCC, =P, |’

rorna KP; u PP, — CTOPOHBI MHOIOYTOJIbHHKA CEYEHHS.
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Hoxasoas uroru, nonyuum
ABCDEFA\B\C\D,E\F)NPKT = PP KK;TT, —

INeCTUYI'OJIbHUK CedYeHud.

IIpumeuanns

1. Ecim K, K nepeceder pebpo D,C;, To nocrpoenue 6yaer
4 1“1

Jajiee CTPOUTHCs IO HECKOJBLKO APYTOMY cleHapuio. Pacemor-

pHUTe 3Ty BO3MOXKHOCTH CAMOCTOSTEILHO.

2. Tak Kak y WWeECTUYroJILHON IIPU3Mbl BOCEMb IpaHeit,
TO B CEYEHHU MOXKET MONYYUTHCHA: TPEYTOAbHHK, YeTbIPEX-
VTOJBHUK, NATHYTOJAbHUK, IIECTHYTOJILHUK, CEMHYTOJLHUK,
BOCBMHUYTOJILHHK, HO He bosree. [IpuBenure npuMeps! cevdeHuii
JJIST KAXKA0T0 MHOTOYTOJIBHHKA.

3. llycre ABCDEFA,B,C,D,E,F, — npasuibHasi 1eCTH-

1

yrosbHas npusma, rae AA, = AB = a; FT = 1

1 1
B,P = ZBBI; DK = §DD1. Haiigure mwroumaas cedeHnss —

3
3TO 33248 JJisl «POJIOBACTHKOB» ( Z\/ 13a?| | .
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5. IHocrpoiite ceuenne mecruyrobaol nupamuapsl SABCDEF
mwiockocteio PKT, rne P€ AS; Ke€(CS; Te€ES

S

IIycrs PKT C a.

a)

6)

)

Pacemorpum miockocrs ASE.
AENPT =T, €a; T, € ABCDEF.
Pacemorpum miockoers CSE.
CENKT=T,ca; T,e€ ABCDEF.
Nonyunmn T,T) — ONOPHYIO NPAMYIO.
Paccmorpum SCD.
KK,NSD =K, €«

KK, n TK, — CTOPOHBI MHOI'OYI'OJIbHUKA CeUCHHUS.

, TOTIa

Paccmorpum ASF.
PPNFS=P€ea

TP, u PP, — CTOpOHBbI MHOTOYTOJbHUKA, CEUEHHSI.

, TOTJa

Pacemorpum BSC.
KK;NBS=K,€ca

KK, n PK, — cTOpOHbI MHOTOYrO/JIbHHUKA, CeTICHHS.

, TOTOA
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Ioxnsoast urory, MoMy4uM
| SABCDEF N PKT = PK,KK,TP,| —
HIECTUYTOJIbHHK CEeUeHUs.
IIpumeyanus
1. [Iy1st HocTpOeHUst ceeHUs MO2KHO ObIJIO HCI0IL30BATH IIIOC-
kKocTh BSE, urobu Hafitu Touky K.
2. Eciiu paccmaTpuBaTh [IPABU/IBHYIO IIECTHYIOIBHYIO IHPa-
muay, rae AS = 2a; AB =a; AP = PS; CK = K&,
ET = ZS E, T0 334844 110 HAXOXKIEHUIO IJIOMIQAH CCHCHHS —
BeChbMa MOIXOAAIIAS 3aJada Jjisi YHOPHBIX M HACTONYHBBIX
33 5
«roJIOBacTHKOB» | |S_ = —a
22
6. Ilocrpoiite ceuenue napasuienenunesa ABCDA, B,C, D, na-

PaJlIC/LHBIME IJI0CKOCTSIMY, POXOAAMMHE Yepe3 CKPeluBa-
romuecs npamete A, P u DC|, rae P € B,C].
B p C,

4,

D,
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a) IMocrpoum C|K || AP, roe K € A; Dy,

torga ADKC, ecrb ceyenue, napajenbioe A, P.
TOrIa, T AP || CK
6) Ilposesem A,T || DK, Torpa tak Kak AT || DK

(mo mocrpoennw), ro A, TP || DKC,.

B) Ocranoce gocrpouts cevenne A\ TPNABCDA,B,C,D;.
Tax xak A, TP || DKC}, 1o nocrpoum TT; || C; K, rae
T, € BC, u coepunum touku P u Tj.

Honyunm A TT\P = A,TP N ABCDA,B,C,D,, rne
A,TT,P | DKC;.

B, p C,

A, Vs
=T, c

A' T D

IIpnMmeyanns. 1. 34ech NPH MOCTPOSHHN CEUEHHIT HCIIOIBH30-
BaJiCd s TCOPEM:

1. JIiobple JBe CKPEHMBAIOUIHECS IIPAMbBIE €IUMHCTBEHHBIM 00-
pa3oM OITPEAEIAIOT 1apy HMapaslIe/bHBIX IIOCKOCTel.

2. Ecnu npsiMas a napaJuielibHa [psMoii b, a npsiMmasa b na-
pajiieJbHa IPAMON ¢, TO NpsAMasi ¢ NapajulejibHa MPSMOi C.

3. Ecnu paBe mapasulesibHBIX IUIOCKOCTH Iiepecedb TpeTbeif
IJIOCKOCTBIO, TO JIMHNH UX I€PECeyueHHs MapaslielbHb.

2. Eam ABCDA,B,C,D, — xy6,

rtne AB=a, B, P= 53101, TO 331244, 10 BLIYUCIICHUIO ILJ10-

majel ceueHnii — BeChbMa HPOCTEHBKAs AJIsT «TOJIOBACTUKOB»

<S = @az; ﬂaz).

ceu 6 3
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7. Tocrpoiite ceuenne mmmpamunsl SABCD, B OCHOBaHUH KO-
TOpPOIi JIEXKUT Tpaneuus, iockocrbio PKT, rne P € SB;
K e AD; Te DC. S

a) Ilycte PKT — IuIoOCKOCTH Q.

KeABCD|  TKNAB=K,
TeABCD | ™™ TKnBC =T,

3uaunt KT — CTOpOHA MHOrOYTOJbHHKA CeYeHUs.

6) Paccmorpum ASB. K,PNAS = K,, Torna

KK, u K,P — cTOPOHBI MHOI'OYT'OJIbHHKA CE€YeHUSI.

B) Pacemorpum BSC. PT;NSC =T,, Torma

TT, u PT, — croponsl MHOFOYI'OJIbHUKA CEYCHHSL.

Cneposarensho, | PKT N SABCD = PK,KTT,|.
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IIpumeuanne. Ecim AD = DC = CB = a;
AS=BS =CS =DS =2a; AK = %AD; DT = %DC;

1
SP = ESB’ TO 3aJa4a HA BBLIYHC/IEHHE ILJIOMIAIU CeYeHMs

CTaHOBUTCA OYCHDL Kpaanoﬁ AJid «I'OJIOBACTUKOB» C Yy4Y€TOM
0COBEeHHOCTH Tpalleuy OCHOBaHHUA.

8. TlocTpoiite ceuenne mnapaenenunena ABCDA,B,C,D,
naockocreio PKT, rae rouku P € A\B,, K € DD, arou-
ka T npunairexxur ntockoctn ABCD, HO He IDHHAJLIEXKUT
napaJsenorpammy ABCD.

o

Mycrse ABCD C 8, PKT C o — INIOCKOCTb CEYCHUS.

a) Iocrpoum PP, || DD,. Pacemorpum PP, DD;.
PKNPD=K,€p8;, K, €aq,
torna TK, — omnopHas npsMasi, NIpUHAJJIEXKAILAT .

6) Paccmorpum DD, C,C.
TK,NDC=K;Cp; K;Coa; K;KNCC,=K,€aq.
B nannom ciywae KoK N D Cy =P, € a,

torga K Py, u PP, — cTOpOHBLI MHOrOYI'OJIbHHKA CE4EHNUS.
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IlocTpoenne ceuenuit

8) Paccmorpum BB, D, D.
BDNTK, =K,ca
KK,nBB, =P,cal’
rorna Py € AA; BB uw Pc AAB,B.
r) Paccmorpum AA,B;B.
P;,PNAA, = P, torna PPy u P{K — CTOPOHBI MHOTO-
YTOJIbHHKA CEYEHHS.

Cneposarensno, | ABCDA,B,C,D, N PKT = PP,KP,|.

&U
S

P

7N

:
) ;.
D
/
e 2
>
. H p
“
w2
‘
‘
~. AN
Y ",

B

IIpumeuvanus

1. MozkHo 6b110 HaliTH Ti0CJIe NOCTPOEHHS OIIOPHOM NPSMOii
TK, nepeceuenne TK; N AB = T, u 3arem nposectu T P.
B panHOM CiIydae IoJIe3HO NPOBEPHUTh BEPHOCTh HAXOXKICHUS
Touek Py, P; u Tak janee.

2. Ecnu ABCDA,B,C,D, — xy6, rae:
1 1
AB =a; AP= §A1'Bl; DK = §DD1; AT = DT = AD,

TO 3aJiav4a Ha BBITUC/ICHHE IVIoHadd CeUeHuss — O4YeHb I10JIe€3-
Had H KaUYeCTBCHHad AJIsE «TOJIOBACTHUKOB».
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Tpenuposournasn paboma 4 (Yeav, cevenusn, o6semvt)

BapnanTt 1

Hano:

DABC — nupamusia, y KOTOPOii
BCce pebpa paBHBI G

D,, C; — cepenunbl

pebep AC u DB

a) Hokaxure, uro DD, A CC;.

6) Onpenenure cos (DD/I;?CI) .

B) Mocrpoiire: a || B, rae ggll CC[(; { .
aNABCD =7
BNABCD =7

r) Hatture S,napcopi Spnasep:
1) Haiinure o6bem Tejia, OrpaHH4eHHOrO ABYMS JAHHBLIMH

HapaJiIe/bHLIMH IJIOCKOCTAMH ceveHunit ¥ nupamugoii DABC.

Bapuant 2
llano:
MABCD — nupampjia, y KOTopoit
Bce pebpa PaBHBI G
K, P — cepenunsi
pebep AD u MC
a) Hokaxure: MK X\ DP.
6) Oupenenure: p (.M?;T)P) .
. MK C o
B) Iocrpoiire: a || 8, tne DPc g
aNMABCD =7
BNMABCD =7

r) Hattnure S,y apep Spnmabep-
1) Haiiaure o6bem Tesia, orpaHnueHHOro AByMsl JaHHBIMU
napaJuleIbHbIMU IJIOCKOCTAME cedeHuit u nupamuuoit M ABCD.
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HOCTpOQHHe ceveHni

Pewernue mpenuposouroti pabomut 4

Bapuanr 1

Hano:

DABC — nupaMujia, y KOTOPOIi
BCe pebpa paBHBI @

D,, C; — cepenunbr

pebep AC u DB

a)

6)

Hokaxen, uro DD, A CC,.

JeiicTBUTeEsNIbHO, 110 TEOPEME CYIECTBOBaHUS (IIPU3HAKE CKPe-
LUBAIOMMXCS MPSIMbIX) €CIM OAHA U3 JBYX HPAMBIX JIEKHT
B HekoTopoii wiockocru (DD, C ADC'), a npyras npsmas
IlepeceKaeT 3Ty IJIOCKOCTH B TOHKe, He JiexKalilell Ha JaHHOl
npsivoit (C;CNADC =1¢ DD, ), To 3Tu npsiMbie SBJIAIOTCS
ckpemuBatommmucsa. 4to u TpeboBanoch JI0Ka3aTh.

OupenennmM cos (DD/I;?CI) . A

Pacemorpum ADD, B.
Iposenem C,C, || DD;.
Tak Kak 3a yros MexJy CKPeLIHBAIOLMMUCS IPSAMBIMH [PH-
HUMAETCS HETYIION YI'OJl MeXK /1y 11ePECEKAOMIMMUCH IPSIMbIMH,
Iapajuie/ibHbIMH, COOTBETCTBEHHO, CKPEILMBAIOLIAMCH [ps-
MbIM, TO TOTZA

p (DD/ﬁ?Cﬁ) =p (01525\001) = p(£LCC,Cy).
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Haiinem snauenve yrina CCCj.

1. Tax kak DC; = BC; (no ycnosuiwo), a C;C, || DD; (110 mo-
1
(ADD,B mnogoben AC,CyB).

2. DD, = DCsin60° (u3 ADCD, ), r.e. DD, = Mg, 3Ha~

)
ant C,C, = "T*/g n D,C, = BC, = %g'

av3
Ouesnano, yro n CC| = (Bce pebpa nupaMuabl paB-

HbI, 3HAYHUT BCE 'PAHA — DPABHOCTOPDOHHUE Tpe}’I‘OJIbHI/IKI/I).

3. Tak kak DB =m n, T0o DB = H 4.

Torna uz AC,D;C (npsMOyTOJILHOIrO) CJIEAYeT, YTO

0oy |(3)'+ () -27

4. Paccmorpum ACC,C,.
CC2 + C,C3 — CC}
2CCI M 0102 ’
3a2 -+ -1%(12 — T%az 2

3
T.e. cos(LCC,C,) = N I L
a- =

‘72

3HAYUT COS (DD/I;?CI) = cos(LCC,Cy) = ;;

2 — 2
£CC,Cy = arccos 35 |cos (DDI;C’CI) =3l
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TTocrpoenue cevenuii

, ' DD, Ca
B) Ho‘crpouM. a |l B, rae cCc,cp|
aNDABC =7
BNDABC =7

BOCIIOJIbSyeMCH [1ociae HuM
HepTezKOoM U3 IIpedblyLIero

pemennsd 3aJaHuda 2.

1. Mpopomxum CC, 1o nepecedenusi ¢ AB B Touke Cj.

Tak xak C,C, || DD,, To DD, || CC,Cj, upuyem
CC, € CC,C3 — nnockocth 3,
T.e. BN DABC = ACCC;.

. Iposenem DD, || CCs.

DD, || C,C,
Tax kak TO [0 TeopeMe-NPU3HaKy La-
D\D, || CCq
pajuteasHoCTH ABYX 1Wiockocredt Dy DD, | CC Cy, upu-
sem DD, ¢ D,DD, — IUIOCKOCTb «, T.e. « | 3, rue

aNDABC = AD,DD,, uro i Tpe60BaoCh 10KA3aTh.

r) Hasnure S, papcs S@nDABC'

1. Paccmorpum AABC, C

rae BD,1AC.

o teopene Daseca. A D, c
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Hocrpoum AC, | D, B C, B
u C,B || AD,.
Torna ACAC, nomoben AC,DC G C
¢ kKoo PuumeToM k = 2, 2

\/_

snauur CCy = 2CC, = a2
A

(cC, = %\/—7—, CM. IYHKT 2).

2. AACC; nomo6en ABC,Cy. rme k = 2 (gg 2)
4

3nauuT CC3 = 2C,C3, Toraa

i

cC, = -

3004, T.e. CCy =

Anpanoruuno BCy = %AB. T.e. BCy = %a.
1

Paccyxnas anamorm4no, nomyqum, uro CyCy = §D1D2

uCiCy = %DDI, saunt AC;C,C; nmogoben ADD,D,.

1
TOI‘,H,a. SA010203 = ZSDDlDz'

4. Haitnem S ACC1Ca- Tak Kak

cos (DD/I;?CI) = cos (0152;\001) =cos(LCC,Cy) = ;,

2
TO Sin(ZCCIC2) = 1— <-§) =

“J& “|&

1
3Ha"II/IT SACClCZ = ECCI . 0102 .

g 1 V3 V3 \/— \/—2
BePacce T3 Ty T T3 T 16
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ITocTpoenne ceuenuit

5. Haﬁ,ﬂelﬂ SACC1 Cs* Cl

N3 reopembl «Ecin yros ogHoro

TpeyroJIbHUKa DABEH YIJIY

. C Cs
JAPYTOro TPEYroJbHHKA, TO C,

TUIOLIAIH STUX TPEYTOALHUKOB OTHOCATCS KaK IIPOH3BEIe-
HMS CTOPOH, 3aKJIIOYAIOIMX PABHBLIE YIJILI» CJIELYeT, YTO
SACC’103 _ CcC,-CCq

Saccic, CC1-CCy

ccC
Torna Spceioy = Saceic, —C_C_’Z

a7
VB o, T3 V5

3HauuT Spce 0 = 6% v Te Sace,0s = ¢
4

6. Tak kak Sac,c,05 = Sacoics = Saccicy

TO SA010203 = 18

Panee mbl Jokasanu, 9T0 Sap, pp, = 4Sac,cpcs- SHAIAT

V5 o

SAD]_DDQ = ﬁa .

ITpumeyanne. Mbl npuuu K Bpoe Obl HaPaJOKCAIBHOMY
BBIBOAY SAp,pp, = SACC,Cyr T-€ K TOMY, 4TO IJIOLIAJH
cedeHuil PaBHBI.

Ho ecnu paccmorpers AD{DD, n CC;C; Gonee BHMMA-
TeJIbHO, TO BbisicHurcs, yto DD = CC;; DD, | C,Cj;
DD, || CCs, 1.6. LDD,D; = £LCyC3C, T.€. MBI HAXONMMCS
B YCJIOBHSIX T€OpPEMBI U3 IIyHKTa 5.

1
Sap,pp, _ DD,-DD, 201C3-5-CCqy _1
Saccies 103+ CCy C\C;-CCy ’

qTOo " Tpe6OBaJIOCb JAOKA3aTh.

3HaYuT

v

B urore S,napcp = SﬁnABCD = Ea .
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1) Haiinem 00beM Tesia, OrpaHHIeHHOrO ABYMs JAHHBIMH I1apaJi-
JIETbHBIME [IJIOCKOCTSIME cedeHuit u nupamuaoit DABC.

Honyuennsnit Mpororpavnuk CC,C3D, DD, ecrb Teno, co-
crosiiee u3 Tpex nupamuj, nanpumep DD, CD,, DCD,Cs
u DCCC;, nosromy obbeM ero BbIrOjHee HailTH KaK pas-
HOCTb 00'bEMOB IIMPAMUI, HAIIPUMED

Voase — Vpap,p, — Vo,cosB = Veoo,csp, 0D,

Haiinem Vp 4po (Hamomuum, uto DABC — npasuiibHas nu-
pamuza).

1. Tocrpoum DO1LABC.

1 1 av3 aV3
D]O— ngB, T. €. DIO— g . T = T

Uz AD = BD = CD = a cnenyer, 4To

AO =BO =C0O; DO =,/D,D? - D,0%
2 2
vo- () () -2

2 6 6

1
2. Vpape = gSAABc “Hpapes

1 \/§a2 a\/f’)ﬁ \/T(—)a3
T.C.VDABczg‘ 4 . 6 = 24 .
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TlocTpoenue cevenmit

5. Veeyospipps = 94 ¢ T T1ad T T1ad | 36

1

3. VDAD1D2 = 3SAAD1D2 : HDABC'

Tak kak Spap, p, = %AD1 - AD,sin(£LCAB),

©OVoanin, Z3°5°3°%° 7 6 1ad

. Hocrpoum C,0,1ABC.

1
C,0, = §DO (rio yeosuro DC| = BC );

1 a \/§la\/2%_\/ma:3

3 2 2 6 @ 144 °
V10 5 V10a® V10a® |V10a®
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Bapuanr 2

Haxo:

MABCD — uupaMuna, y KOTopoi
Bce pebpa paBHHL a

K, P — cepenvsbl

pebep AD u MC

a) Hokaxure: MK A DP.
Tax kak MK C AMD u PDNAMD = D ¢ MK, snauur

o TeopeMe cyliecrBoBanust (npusHaxky) MK X\ DP.

6) Oupegenure p (J\/If;T)P) .

1. Pacemorpum AMKC.
Iposenem PP, | MK,
snauur KP, = CP,

TOTHA P (M’f;\DP) =

=p (PP/ﬁBP) = p({DPP,).

2. Tak xkax PP, || MK u MP = CP, To PP, = %MK,

rne MK = MDsin60° (AAMD — paBHOCTOpOHHHMIA

o yciaosuio), T.e. MK = 1

3. Iz ACKD cnenyer, uto CK = vVDK? + DC?

2
(ABCD — xsagpar), r.e. CK = ’/ (g-) +a2 = aT\/?

Ussectno, uro K P, = CP,. Tak xax DP; = mgg, To 1o
CBOHCTBY MeIyaHbl, HPOBEIEHHOI K THTIOTEHY3€
aV’
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4. s ADPP, cnenyer, 4ro

DP? + PP?2 — DP?
2DP - PP,

DP =+/DC? + CP2 -2DC - CP cos60°;

2
DP = ¢M+%—m. av3

Torya cos(£LDPP)) =

cos(£LDPP)) =

, pIe

al_avs
2 27 2
24 2a?

.Sslw

3
_6 16 5

QL_ﬁ 6
2 4

3HauMT COS (AJ@P) = cos(ZDPP)) = g,

T.C. |p (.M?;T)P) = arccos-z; .

MK C a
DPcC B

B) Ilocrpoum « || 8, rue

aNMABCD =?
BNMABCD =?

1. Mlponomxum DP; no rouku P, € BC.
Torga KP,CD — mnapajuesnorpaMm (JoKaxure)
u ADPP, = N MABCD.
2. Tak kax BP, = P,C (nokaxure), o MB | PP,

u KBP,D — napannciorpamm, ssadutr KB || DP,, cie-
nosaresibiio AMKB = aNMABCD.
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1“) Haiinure S aNMABCDS S/BDAIABC'D

1.

3.

Tak kak BK = aT\/g o MK = M (vbenurech B 3TOM
CaMOCTOSITEJILHO).

MB?+ BK? - MK?
Tor, =

orna cos(ZMBK) 5B BE ,
a + §a2 3a2

T.e. cos(ZMBK) = ! = A, 3‘/5;

2-a-5a 10

sin(ZMBK) = n o = o

- (3\/‘> 100 — 45 _ /55

. Tax xax MB | PP, u BK || DP,,

t0o LZMBK =/PP,D, torna sin(£LMBK)=sin(£PP,D).

1
Sampi = 5MB - BK sin ({MBK),

1 a5 V55 |V11a?
T. €. SA]WBK' = 50‘ 2 . 10 — 3 .
S __1_ a a5 V55 _ \/—ﬁ.a2
APBRD ™9 9 2 10 | 16 |

1) Haiinem o6beM Tesa, OrpaHHYEHHOTO BYMS JaHHBIMH NapaJi-
JICJIbHBIMH TIIOCKOCTAME ceveHnii u nupamugoin MABCD.

1.

Tax kak muororpannuk M KBPDP, ectb obbenuuenne
JAByx nupamug, vanpumep, MBKDP, u MF,DP, npu-
yeM V) p,pp HAHUTH JOBOIBHO CIOXKHO, TO Virpppp,
IpolLe HafiTH KaK PasHOCTb 00bEMOB!

VI\/[ABCD - V]\IABK - VPDPzC’ = VI\IKBPDPQ'
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TlocTpoenne ceyenmit

2. PaccMorpum uepTexx

Ilo ycnoBuio M ABC D — upasunbHas nupamuja. Ilosto-
My nmocrpoum MO LABCD.

Uz AAMO OM =+VAM? - AO?,

rae AQ = —AC = 0\2/—

2
OM = /a2 - = = Z¥2

1
Torna Vyrapep = gSABCD -OM;

1 2‘1\/§ \/53

VMapep =30 —5— = 50

: VIMABK = gSAABK ’ HI\/[ABCD’

av2 _ 2d®

11 .
2 % 3% 24

CO| =t

T. €. V]\/[ABK =

Vepp,c = gSADP«_,c “Hppp,c-

1 1

Tak Kak SADPC=—-DC‘C'P2, rne DC = a, CP2=§a
11 1 av2 V28

PIPOl MO TOVPDPC=§ a§ T= 48 ;

2
f V2 5 f _|5v2d®
VaxeppP, = Y T 48
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HonosiHuresibHOE 3aJaHne

IMonpo6yiite ccopMyIHPOBATL MEKCMOG80E ONUCAHNUE YCIIOBHIl 3a-
Ja4 B BapuanTax 1 u 2 (c. 179).

Bor BozMoOxkKHOE TEKCTOBOE 3aJlaHue )’CJIOBI/Iﬁ 3TUX 33 0a4.

Bapuaur 1
B rpeyronbroit nupaMue Bce pebpa paBHBI .

a) JIoKaxKWTe, YTO MpsiMble, KOTOPHIM IPHHAJIEXKAT MEAHAHbBI
CMEXKHEIX I'DaHeil, He HMeloIye oOWuX TOYEK, €CTh CKPEeLHBAIo~
HIHecs: NpsAMbIe;

6) Hali{uTe KOCHHYC YIVIa MEXIY HUMHU;

B) TIOCTPOiiTe MapaJule/IbHbIe MIOCKOCTH, NPOXOJAIINE Yepes3 3TH
MEJIHAHBI;

r) HaluTe MIOWERAb CEYEHUH THPAMUIbI STUMH HaPaALICIbHBIMU
MJIOCKOCTAMY;

1) HaitauTe 00bEM Tesa, OrPAHHYEHHOrO STHMH NapajlIesIbHbIMU
IJIOCKOCTSAMH CedeHnil ¥ naHHON nupaMugoi.

BapuanT 2
B gersipexyrosiphoii nupamue Bce pebpa paBHbI a.

a) Jlokaxkure, 4TO MmPsIMBbIE, KOTOPHIM NPHHAJIEKAT MEIHAHBI
CMEXKHBIX OOKOBBIX IpaHeil, €CTh CKPEMBAIOIIUECH HPSIMbIE;

6) HalluTe KOCUHYC YIJla MEXIY STHUMH MeIMaHAMU,;

B) IOCTpOiiTe mapajulesibHbIe IUIOCKOCTH, MPOXOJAIINe Yepe3 3TH
MeONaHbI,

r) HafiuTe IJIOMAAb CeYeHUl TUPaMUABl ITUMHA NAPAJIIeTbLHBIMK
TJIOCKOCTSIMU;

,u;) HaliauTe 06bEM Tejla, OTPAHUYEHHOrO 3TUMHU napannénmn;mm
MJIOCKOCTSIMU CEYeHUN u JAHHON NupamMuioi.

IlpumMmeuanne. B nanHoM cily4ae JJIs TEKCTOBOIO 3aJIaHHA yCJIO-
BUiT 33/JaYd BapUaHTa 2 BO3MOXKHA M JIpyras WHTEPIPETAlHS YC-
JIOBHI.
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Hano:
MABCD — nupamunga, y KOTOpO#
Bce pebGpa paBHBL G

AK = MK

DP=MP

a) Joxaxure, yro DK X\ CP.

6) Ompezesnure cos (DWP) .
DK € a
CPep

8) Hocrpoiire « || B, roe

allB
aNMABCD =1

BNMABCD =7
r) Hadnure Sy apeps SpnmaBop:
1) Haitnure o6bem Tesia, OrpaHHYe€HHOrO ABYMS HAHHBIMH
[1apaJLieNIbHbIMU TUIOCKOCTSIME cedeHnit u nupamuaoit M ABCD.

ITonpobyiiTe caMOCTOATENABHO PEHIUTD STOT BAPUAHT 3a,Ja4U, XOTH
3TO JOCTATOYHO TPYJHAA 334a4a.

IlpuBesem mpumep Gojiee TOYMHOIO TEKCTOBOIO ONMCAHUS 3A0aUH
BapuaHTa 2. Ilna sTOoro HeoOXOJHMMO TONBKO HU3MEHHTDH II€PBBIH
nysakT. OH nomxeH 6uITh ¢HOPMYIMPOBAH CICAYIOMIUM 0OPA3OM:

a) JOKaXxkXHuTe, UYTO €C/id OJHa N3 MeIHaH CMEXHbIX 6GOKOBBIX I'pa-
Hell UCXOUT U3 BEPDHIMHBI IIMDAMHUADIL, & Apyrasa MeauaHa UCXOIUT
N3 BepUIMHBI CTOPOHLI HU2KHEI'0 OCHOBaHHUA, TO IIPAMbBIC, KOTOPBIM
OHU NPpHUHANJICKAT, ABJIAIOTCA CKPCIIUBAIOLIUMHUCH.

Torpa BapuanT u3 npuMeuanus (crp. 191, 192) Gyaer veBo3MOXK-
HBIM.
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3adaua-uccaedosarue Ha ceveHUA

Sagaua. B ocHoBaHUM MPSIMOIl IPU3MBI JIEXKUT TPAMELusi, OCTPphIe
yribl KoTopoit paBusl 60°. BokoBasi cTOpOHA U MEHbIIEE OCHOBA-
HHUE Tpalellid PaBHbI, COOTBETCTBEHHO, 8 U 6. Yepes 60KOBYIO cTO-
POHY TpaHenuy HUXKHEr0 OCHOBAHHsI U BepHINHY GOJIBIIETO OCHO-
BaHHs TpalleLi BEPXHEr0 OCHOBAHMSA NIPOBEJEHO CEYEHHE TIJIOCKO-
CTBI0, 06pa3yoLell ¢ IIOCKOCTHIO HIXKHEI'O OCHOBaHUS yroyi B 30°.
Haiigure:

a) o0’beM NPU3MEI;

6) 1m0 b JAHHOTO CEYeHMs;

B) miomaap cedenns mpusmbi ABCDA;B,C;D; mIOCKOCTBIO,
npoxozsieii Yepe3 GOKOBYIO CTOPOHY HHXKHEro OCHOBAHHMS M HaH-
MEHBHIYIO JHaroHajb 60KOBOIl IpaHM MPH3MBI;

r)* mromanp cevennst npusmsl ABCDA;B;C{D; MI0CKOCTBIO,
NPOXOAsieil Yepe3 MaroHab 60KOBON IPaHHU, KOTOPasl MPOXOAUT
Yyepe3 GOKOBYIO CTOPOHY HIXKHETO OCHOBAHUsI TPAllelH, H Cepeiy-
Hy Apyroit 60KoBOll CTOPOHBI TpAlelyH HHXKHEr0 OCHOBAHHUS.

a) Haﬁﬂ‘e]ﬂ VABCDA]B1 1Dy

Hano:

ABCDA,B,C,D, —
npsiMasi MPU3Ma,
AA;1ABCD, AB | DC
AD=8,DC=6

LA= /B = 60°

0 (AIBEEBCD) = 30°

Haitnure Vypeopa, B,cyp, -

1. Tax kax LA = /ZB, to AD = BC.

IMocrpoum AT 1 BC. Tak xax AA; LABCD no ycnosuro,
TO 110 TeopeMe 0 Tpex neprenauxyisapax A, TLBC, toraa
BC1A,TA. 3nauur

p (AIBEEBCD) = p(LA,BCA) = p(LA,TA) = 30°.
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TlocTpoenne ceuennit

2. Pacemorpum ABCD.

‘Honoxum DDy1AB; CC,L1LAB.

D C
60° - 607
A D, C, B

Us AADD,:
DD, = ADsin60° DD, =8- ﬁ = 4V/3;

1
AD, = ADcos60% ADy=8-- =

AAD,D = ABC,C, Torna AD, = BC,,
suaunt AB =2 AD, + D,C.
Orcrona crepyer ( DC = D,Cy ), uto AB=2-4+6=14.

AB+ DC 1446
SABCD=—2‘———DD2; SABCD——4\/— 40V3.

. Us AABT:

AT = ABsin60°, T.e. AT = 14 - g = 7V3.

s AAAT:

AA, = AT -tg30°, T.e. AA, = TV/3. 13—:3 =7

VaBcpa,BicyDy = SaBep - A4y,

T. €. VABCDAlBlchl = 40\/§ 7= 280\/§ (KY6 e}l)
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6) Haiigem S,

ceu”’

1. Jlyis nocTpoenusi ceueHus no sepmmnne A; u orpesky BC
nponomxkuMm BC no nepecedenns ¢ nupoposkenuem AD.

AD N BC = M, Toraa AIA/I (S AAID].D'

A MNDD, =P, zpaunr A;P u PC — cTOpoHBI MHO-
TOYTOJILHHUKA, CEYEHHS.

2. g HaxoxJieHus NJIOMIAJH CEYEHUs HAIIOMHHM DAA Teo-
PETHYECKUX TOJIOXKEHHUH.

[Lnomaas OpTOroHaIbHOMN (TIePHeHANKY/ISAPHOMN ) IPOEKIINK
MHOIOYTOJIbHEKA PABHA IIONIA, M MHOT'OYTOJIbHUKA, YMHO-
JKEHHOH Ha KOCHHYC yIJIa MEXy HJIOCKOCTHIO MHOT'OYTOJIb-
HHUKA U IJIOCKOCTBHIO IIPOEKIINH.

Sﬂ
S, =Sosp), nm S = =

Hanpuwmep, nan ABCDE — MHOrOyroJbHUK.

AA;la; BB)la; CCilo; DD,la; FEE,l«, npu-
sem (ABCDE; A{B,C\D\F,) = .



196 TlocTpoenne ceuenmit

meeneemeer b

..........
________
-

‘pecncage

Y
’

&

o]

BepueMmcs x nannoii 3amade (crp. 195). OgyeBuaHo, 94TO Op-
ToroHaJsbHOI npoexiyeil A; BCP asnserca ABCD, rne

p (AIBCFEBCD) = p(LABCD) = p(LA,TA) = 30°.

SABCD
3HauUT SABC'D = SAlBCD + COS SAlBC’P = cos 30° y
40v/3
T. €. SAlBCP= \/5 —_—.
7
B) Ouesugmo, uto DC; — HauMmeHblIas JAHArOHaJb GOKOBBIX

rpaseii Hpu3Mbl.
Jano:
npAMas IPU3Ma,
AA,1LABCD
AB || DC
AD=8,DC=6
LA = /B =60°
P (AlBﬂBCD) = 30°

Haiinure S

cew. (ADC, N ABCDA B1C1Dy)"

Ha.IIOMHI/lM, q9TO €C/IH ABe ITapaiJie/IbHbLIE IIJIOCKOCTH llepecedb
'.[‘pGTbG]?I, TO JINHUU HUX NEepeCeHCHUusA TaKXKe IlapaJljieJibHbl.
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1. Tak xak ABCD || A,B,C, Dy,
to (ADC; N A,;B,C,D,) = C,C,, npuuem AD || C,C,.
Torma (ADCy N ABCDA,B,C,D;) = ADC,C,.
IIpu stom tak kak AA; B, B || DD,C,C, 10 AC, || DC},
snauur ADC,C, — napajuiejorpamMm.
Mpspep(ADC,C,y) — npoexkmus ADC,C, wa ABCD,

IpUYeM OPTOrOHAJIbHAS,
r.e. IIp pop(ADC,Cy) = ADCCy, toe CyCs || CCy,
a sHayutr CC3 LABCD.
2. OueBngno, yro ADCC; — mnapaJuiesorpamm.
Sapcc, =AD-ACy-sin60°, T.e. S4pcc, =8-6-§ =24V3
(ACy = A,Cy = D,C; =DC =6).

3. Nocrponm C3K1AD, rorma tak xak C,C3LABCD, T0
1o TeopeMe o Tpex neprneHaukyjapax CoK1AD, 3nauut
Co,KC31AD.

Buawmr p (ADC,Cy; ABCD) = p(£C,KCy).

C;K = AC,sin60°: C3K =6- ? =3V3.

C,C 7 7V3
8(LC,KCs) C.K g(£LC,K Cs) 33 9
1
s = ————=| (0<a<90°),
Vigta+1
1 9 9
cos(LC,KCy) = = = =
(£CKG) \/(7_\/5)2“ V9 3181 28
9
_9v228 357
T 4-3-19  2-19° 5
4. 5 (ADCy N ABCDA1B1C1Dy) SAD0102 = &7
o ! e cos (LCyKCy)

24\/‘ 2-19
Sapcic, = =[16V19] (xs. en.).
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r)* BapmasnT 1

PaccymoTpuM BapuaHT MHPOXOXKIAEHHS! TUIOCKOCTH CEeHeHHS
uyepe3 gmaroHasb A;D u Tou-

Sceq. (A1DN N ABCDA,B,C1Dy)
Ky N.

Lano:

pAMast IPU3Ma,
AA,1LABCD, AB || DC
AD=8,DC =6

A= /B=60°

p (4,BC;ABC) = 30°
CN =BN; N € BC

Haitpure Sceq, (A1DN N ABCDA,ByC1D1)

1. Ilocrpoum ceuenue A\ DN N ABCDA,B,C,D;.

Ipomomxum DN u AB 10 nepeceueHuss B TOYKe
N, € AB. ADN Cc ABCD; DNNAB=N,;

T. €. SAIDNNl = Sceq. (A1 DN N ABCDA1B,C1 D) *

2. Paccmorpum AADN,.
D C

A BN
Tak kak ADCN = AN, BN,

10 Sppcp = Saapn, = 40V3.
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SADCN - %DC -CN -sin 1200,

1 3
T. €. SADCN=§'6‘4'1/2—‘—=6\/§.

SapND = SABC’D - SADCN»
T.e. Sypnp = 40V3 — 6/3 = 34V/3.

3. Ilycre AT LDN,.
D C

n

_
A D, B *N,

DN2 = \/DD2 + D2N2; D2N2 = AN2 bt ADz;

Torna DN, = 1/ (4v/3)” + 256 = /48 + 256 = 4/10.
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Tak kak AT} L DN u AA; 1 ABCD, 10 no reopeme o Tpex
nepnenaukyasipax ATy LDN. Torna A;T)A1DN, 3na-

CgMT p (ABCD/;A\IDNNI) = p (LA T A);

AA 7V19
tg(£LATHA) = A_Tll; tg(£A, T, A) = 2073

Haiinem cos(£LA;T;A).
l .
V1+tg2(A T, A)
20+/3 20/3

1
\/1 L2919 1200+ 931 2131
1200

cos(LAT1A) =

S _ _ SaBnp
MDNN ™ cos(LA, Ty A)’

34v3 e
T. €. SAIDNNl - T\/g' = ,7 2131 (KB. e,ll.).

V2131

Bapuaur 2. Tenmepb paccCMOTPUM BapHaHT HPOXOXKACHHSA
IUIOCKOCTH cedeHHs! 4epe3 amaroHanb AD, u Touky F —
cepenuny BC.

Hano: B,
ABCDA,B,C,D, —
npsiMas IpU3Ma,
AA,LABCD, AB || DC A
AD =8; DC =6
LA = 4B = 60°
CF =BF c BC
p(A,BC; ABCD) = 30° A c

Haiiaure S, D

eu. (AD1F N ABCDA1B1C1Dy)
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1. Hpomomxkum AD jo nepecedenns ¢ npojgoskennem BC:

ADNBC =E. B,
A B
‘ ’
A c
</
E
Ouengno, uto AAEB — paBHOCTOPOHHHUH, 3HAYHAT
DE = CE = 6, rorna AEBA,FE,B, — npasubHas
IPHU3MA.

2. [Iisi mocTpoeHUs CeveHHUs HaiiieM HepeceveHHe IMpPOJO-
xennst AD; c nponomxenuem EE,.

Homyuum AD; N EE, = E,.

B,

Tak kax E,F € EE,B,B, To naitnem E,FNCC, = F;.

Torma ABCDA,B,C,D, N ADF = AD,F|F — wmnoro-
YTONLHHK CeYCHHSI.
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3. Honoxum ET1AF, rorga tak Kak FE,E1ABE, To 1o

TeopeMe O Tpex nepreHmuKynsapax E,T1AF.

Us AABF: AF = VABZ+ BF? —2AB - BF c0s60°;

1
AF=\/142-{-42—2-14-4-5=\/196+16—56=
=156 = 2/39.

SAAEB = %AE . BESinGOO;

1

1
SAABF:§'14‘4"\—/Q—§=14\/§,
sHauuT Sp4pr = 49v3 — 144/3 = 35V/3.

28 AP 2-35v3 35
ET = —22280, =2V V3
T=—r > PT=775 1Y

. Hanee MOXXHO pemiaTh 3324y aHAJIOTHYHO IEPBOMY BapH-

aHTy, T.€. Halitn cos(LE,TE), zarem Sy pcp u T 4. Ho
3TO JOCTATOYHO CJIOXKHO, XOTs BeCbMa. IOJIE3HO H HOyHn-
TenbHo. ITosroMy paccmoTpuM apyroii cirocob pemeHus.
Us nonobus AAE,E u AD|E,E; ciegyer, 410
D\ E;, AE e 6 14
E,E,  EE +E,E,’ '~ E,E,  7T+E,E;’
snauuT E E| = 5,25, Torna EE, =7+ 5,25 = 12,25.
AAEFE, nonoben ADEE,, Torna
D

1By _ AEz; E,

6

3
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AFEE, nonoben AFCFy, Torna e
FF, FE, o B
Fc = Er (EF=10);
4 2
3

sHaulT [ By = gFE2.

Paccvorpum AAE,LF.

Halinem, kaxyio 4acTb 0T Spap,F

3aHUMaeT Sp, F F-

Lnst aToro Bocnonb3yeMcest Teopemoii: «Ecan yron onHoro
TPEYroJbHHKA PaBed YIVly APYIoro TPeyrojbHuKa, TO ILJIO-
WM 9TUX TPEYTrOJbHAKOB OTHOCATCH KaK MPOU3BEJCHUS

CTOPOH, 33KJ/IIOYAIONINX PaBHbIE YIJIbi». p

C

Spapc _ AC-AB
Spapx AP AK

(cM. pucyHOK).

A Kk B
Y4uTBIBag Pe3yJbTaThl TEOPEMBbl [yls NAHHOM 3aJayH, Io-
ayanm g AAE,F u ADE,F;:

SAAEzF - AE2 : FE2
SADlEQFl D1E2 : FIEZ,

N SAE, }FE, S 9

9
SADIEF = gSAAEzp

TOra ;

26
3Ha‘lI/IT SAD1F1F = 3—5.SAAE2F'
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E
Pacemorpum AELET (cM. puc. ¢. 201). 2

E,T = \/EE} + ET?,

e R

= m\/ﬂ 132420213 = —2\/13-(49- 13 + 40) =

\/13 (637 + 400) = \/13 1037.

SAAEQF = §AF . E‘2T7

1 7 7
e Spamp =5 -2v/39 - 55\/13- 1037 = - v/3111.

26 7 13
Sapimr = 35 - V31T = 15 VAIIL,

T.e. S, = Sap,pr = 1,3V3111 (kB.ex.).
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IIpaxmuxym 7 (Hcnoavsosanue
MAMEMAMUYECK020 AHAAUZA 8 2E0MEMPUL)

1. CTopoHBI OCHOBaHUS TPEYrOALHON NUpAMUILI PaBHbI 13,
14 u 15. BokoBbie pebpa ONMHAKOBO HAKJIOHEHBI K IJIOC-
KOCTH OCHOBaHHUs mox ymioM B 60°. B mupamuay pmmca-
Ha TIpsiMasi TPEYrojbHas MPU3Ma, TPYU BepPHIHHLI KOTOPOi
npuHajIeXaT 60KkoBbIM pebpaMm mupamunsi. Haftaure or-
HOLIEHUS IJI0MIaAeil OCHOBaHMIA THPAMM/IbI ¥ IPU3MBI HaH-
6osibiero obbeMa.

Hano:
SABC — nmpaMuna
AS=BS=CS

AB =15, AC =13, BC = 14
(AﬁBC) = (BﬁBC) -
= (C5;4BC) = 60°
AB,C{A,B,C; — npusma
A,B,C, C ABC,

A, € AC; B, € BS; C, € CS
Va18101428:C, = Vans

Haii SAABC’
Al ATe ———
SAAzBQCQ
a) Spapc = VPP —a)(p—b)(p— o),
1 14+1
rjae p — ﬁ_é__i__fi = 21‘

Spapc = V2121 — 15)(21 — 14)(21 — 13) =
=+v21-6-7-8=3-4-7=84.

6) Tak Kak 60KOBbIe pebpa, OAUHAKOBO HAK/IOHEHbI K MJI0C-

KOCTH OCHOBAHHS, TO BEPUIMHA IIHPAMUILI IPOENUpyeT-

Csl B LEHTP ONUCAHHOY OKOJO OCHOBAHUS OKPYKHOCTH.
abc _13-14-15 65

R=gprel=ygg7=%
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OB - tg60° = %\/5

=H

B) OS

60°

b

;

65
65 — 8z

) -

65
8
&

- b
B
=(65
65 — 8z

65
T
OB
0B,

3x.

SAAQBQ Do

)

A

).

65
€) Va,B1C14:B:05 = SnasBy0, - B1Ba,

(

SAA2 ByCy = SAABC

65

65 — 8x

T.€. Vo B0y 48,05 = SAABC (
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Mycrs t(z) = (65— 8z)%r; D(z): 0<z < 8%;
t'(x) = —16(65 — 82)x + (65 — 8x)% =
= (65 — 8T)( 16 + 65 — 8z) = (65 — 82)(—24z + 65);

65
t'(x) N4 C
x
Vmax = Hané’

Nrak, npu zy = % V(zg) = Ve

2 2
SpaBc N 65 1

SAA232C2 65 — 8 Go 1-— é

2. CropoHbl OCHOBaHHSI TPEYrOJIbHON NUPaMUIbl paBHBLI 13,
14 u 15. BokoBbie epany ODHPaMUAbI OAUHAKOBO HAKJIOHE-
HBI K [IJIOCKOCTH OcHOBaHus. [Lomans 60koBoOIi 110BepXHO-
cTd B 2 paza Gosbllie JIoMa M ocHOBaHus. B nupamuy
BIUCAHA IIPSIMasl TPEYIOJbHAS [IPU3MA. TPU BEPLIMHBI KO-
TOPOI CKONBL3AT M0 GOKOBBEIM pebpaM nupamuani. Haiinu-
Te OTHOIICHHE VIO OCHOBAHNM NAPAMHIBI U IIPU3MBI
HanbosbIero 00beMa.

Jano:

SABC — nupaMmumga

Ss =25,

AB =15, AC =13, BC =14
/SACB = Z/SBAC = ZSCBA

VA13101A23202 = ‘/Hau()‘
rae Ay B1C1 A2 B2C2 — npunsma

A, € AS; B, € BS;C, €CS

S AABC

Haiinure .
AA2B2Co
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a) Saapc=V21-6-7-8=284
(s=Vrr-ap-DE-9).

6) Tak kak GOKOBbIE rpaHU NMHPAMUALI OAUHAKOBO HAKJIO-
HEHBI K IUIOCKOCTH OCHOBAHHS, TO BEPHIUHA [IPOCLHDY-
€TCs! B LIEHTp BIIMCAHHOM B OCHOBAHME OKPY>XKHOCTH. W3-
BECTHO, UTO JJIS TAKHX HNHPAMUJ,

SG=—§£i, rne a = £ (SACB).
€OoSs «v

r5=§; r,=4
p
S

ITo ymomyanuio HpeaIoNaraeTcs, YTO YUTATENb 3HAET,
KaK IIOCTpOuThb npsimyto npusmy A,B,CyA, B, C,.
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)

Iocrpoum OK 1 BC,
torga Tak kKak OSLABC, to SK.L1LBC.

Buaunt BCLSOK, torna p(LSBCA) = p(LSKO).

HyCTb K2 < OK, 1(2 € BzCz.
Nonoxum KoK = 1, TOraa

SnaBc :(0K> :< 4 )2_
SAAQBQCQ OKQ 4 ‘—— xr ’

4-z\?
SAAQBQCQ = SAABC ( 4 ) ‘

VaiB1C1A2B2C = OnABy - K1 Ko =

4 —;
:SAABC"( 4£> V3z;  x € (0;4).

Hycrs t(x) = (4 — x)%r;
t(x)=-24-2)z+(4~-1) =4 —1)(—22+4—1x)=
=4-z)(4-3x); t'(x)=0.

ey O 11
t'(x) - +\4

tmax x

3uayur V=V =V (1%) ,

) = ‘/:ianﬁ *

AABC
Tak Kak
AA2 BzCz

2
o SpaBc  _ _ L _9
SA4:B5C, 4- § 1-1 4

1
T. €. npn:r‘lg V(

oolr—ﬂ
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3. B ocHoBaHuM nmupaMpfipl JIEKUT TPalleus CO CTOPOHAMH
B MOC/IEJOBATEJNBHOM MOpsiZike paBHbiMH 13, 7, 15. By-
rpaHHbBIe YIJIbl Tpy GOKOBLIX rpansix pasHbl 60°. B mmpa-
MUY BIMCAHA OPSMAs IPU3MA, BEPLUINHBI BEPXHEIO OCHO-
BaHMs KOTOpO# npuHajjexar 6okosbiM pebpam. Haiian-
T€ OTHOUIEHHE IVIoWakell OCHOBAHUI NHPAMUIBL ¥ IPU3MBI
Haubosbmero obbeMa.

S

Hano:

SABCD — unumpamuzia

ABCD — tpaneuus

AD =13, DC =7, BC =15
p(£SABC) = p(LSBCD) =

= p(LSCDA) = p(£SDAB) = 60°
A,B,C,D,A,ByCyD, — npsivas IpH3Ma
A, € AS; B, € BS;

C,eCS; D, e DS

V18,01 D1 428,007 = Vaaus

SABC’D

Haiigure .
A2B2Ca Do

1. Tak Kak AByTrpaHHbIE YIVIbI IPU OCHOBAHMH PABHbI MEXK-
Ay coboit, To Bepinaa S IPOEHUPYETCH B LIEHTD BIIK-
CaHHOM OKPYIKHOCTH, 3HAYUT, B TPAIELHIO MOXKHO BIIH-
CaTh OKPY>KHOCTh.
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Otcrona cirexyer, YTO CyMMBbI D 7 C
IPOTHBOIIONIOXKHBIX CTOPOH 13 15
Tpaneuuy COBIAJAIOT.

wl ul
Torna A F 21 F B

AB+ DC = AD + BC;
134+15=7+ AB, t.e. AB =21.

2. Mocrpoum DELAB; CFL1AB.
Ilycte AE = zx.
Uz AAED: DE? = AD? — AE? =132 — 12;
FB=AB—-AE—-EF =21—z—-7=14—1z.
Us ABFC: CF?=CB?~ FB?=15%-(14-1z)2
Tak xaxk DE = CF,
to 132 — 22 = 15% — (14 — 2)?; 28z = 140,
TOTZA X = 5.
3. DE =132 - 52 = 12.

Ormerum, uro DE = 2r_.

v
N

’
Sl
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SA232C’2D2 — (OP2)2 - a?

Cnenaem pom. nocrpoenne: OP1LDC, uposenem SP,
suauar SP1DC. Torma mak xak ZSDCB = 60°,
to LSPO = 60°.

OueBunHo, 4To B Ipu3Me Haubospluero obbema, BIIH-
caHHOIt B mupamuay, ocHosanue A,B,C,D, npunai-
aexutr ABCD.

. Mycrs OP, = a, torga PoP = OP —ad =6 —a.

H = P,P, = P,P - tg60° = (6 — a) V3;

NIPU3MbI
D(a) = (0;6), rne D(a) — obnacTe ompeseseHust
yHKUHH, ONpeAENSIONell 3aBHCUMOCTH BBICOTHI HPH3-
Mbl, & 3aTeM U €e 00beMa OT TapaMeTpa a.

Hoxkaxkure, uro ABCD nonobua A,B,C,D,.

Yurem, uro OP =1r_ = 6;

a? AB + DC
SAszczDz = SABCD ’ % <SABCD = —‘T—‘ - DE;
SABCD-¥ 2-6=14-12- 6—168>

. V; = SA232C2D2 : P1P2;

1% —168 @ (6—a)V3= (a —a®) V3;

np

V' = 3—\/§ (12a — 3a%) = 14V3a(4 — a);

4 6
) 2
\ Vo
Vi = Voo =V (4).
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S4B a?
7. Tax kak —A2B2C2Ds _

Sapcp 36
o SA232C2D2 - f - %
SaBcp 36 9
Otser: SAB# = g
SAQB2C2D2 4

IIpumeuanne. Tpanemuy co cropoHaMu, B IIOCTIEI0BA-
TCJABLHOM IOpsijiKe paBHbIMi 13, 7 1 15, MOryT 6bITH TOJILKO

TaKHUMH:
D13 C
D 7 C
a) 13 15

A 21 A

21
6) 7
‘B 15 B
D 15
D 21 c ¢
B) r) .
15 13 21
A 7 B
A 13 B

1. Tpanenuu Buja a) ¥ B) — CYIECTBYIOT M DPaBHBI,
6) 1 r) — TaKXKe PaBHbI, HO He CyIIECTBYIOT.

2. JlokaxkeM, 9TO Tpalelnud B3 0) He CYLIECTBYeT.

JelcTBUTEIBHO, PACCMOTPUM Tpaneluio Bujaa 6).
D13 C
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) D13 C
Ilposesem moI. 1MOCTpOEHHE:
CC' || AD.
Torma CC' = AD =21 21 7
u DC = AC' =13,
snauur C'B = 2. -
Honyuunu AC'CB. 418 ¢ (2: B
Tlo cBolicTBY TPEyroJILHUKOB
C'B+ BC > (C'B, 21
T.e. 247> 21 — NOXb, 7
YTO U TPebOBAJIOCH [A0KA3ATh.

C 2 B

AHaJylornuHOe JOKa3aTeJIbCTBO MOXKHO IIPOBECTH M JJid
CIydasi T).

. B ocunoBanun OUPaMBIbl JIEXKHT Tpalelud CO CTOpOHaMHU

7, 15 1 25. Yrubl Mex /1y 60KOBBIMEH peOpaMi i IVIOCKOCTBIO
ocHoBanus pasHbi 60°. B mmpammnay BnucaHa npsiMast
[IPH3Ma, BEPIIUHB! BEPXHEIO OCHOBAaHUS KOTOPOi MpUHAJ-
sexar 60koBbiM pebpam. Hatijure orHomenue niomaneit
OCHOBaHUI IMPAMU/IBI U PU3MBI HAMOOJIbLIErO 00BbeMA.

Bapuant 1 (pasinyHble NI0C/IeL0BATE/ILHOCTH 3Ha-
YeHuil CTOPOH Tparrenyn)

Hano:

SABCD — nupamuga, ABCD — rtpaneuns
DC =17, BC = 15; AB =25

(s474BcD) = (SB;ABCD) =

= (C;4BCD) = (SD; ABCD) = 60°
A,B,C,D,A,B,C,D, — npsiMas npu3Ma,
A, €AS; B, €BS;C,eCS; D € DS
VaiB161D1 428,000 = Viuns

SABC’D

Haitinure .
S A2B2C2Do
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a) Tak kak ymibl Mex1y GOkKoBbIMH pebpaMu U ILIOC-
KOCTBIO OCHOBAHHSA PABHbI MEXKIy C00O#, TO BepHiu-
Ha S UpoeLMpYeTCs B LEHTP OMHCAHHON OKOJIO Tpare-
UMK OKPY2KHOCTH.

3unaunt ABCD — paphobenpennas Tpamenus. Torua
AB =25, DC=7 BC=15u AD =15.

Tak kak B 33/]a4€ HEOOXOAUMO BBIYHCIUTL OTHOIIEHHE
ionaieli OCHOBaHu NHPpaMUIB! M BIIMCAHHON IIPU3MbL
HaubosbuIero obbeMa, TO HalleM IVIONIALb OCHOBAHHMSA
mapamunpl. [locrpoum DELAB u CF1AB.

D C
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_AB-DC
-2

2. DE =VAD? - AE?;, DE =+152-92=12.

1. AE AE =9.

3. EB=25—-9=16:. DB=+DE?+ FEB%
DB = V/12? + 162 = 20.

AB+ DC

25+ 7
SABCD=T+-12=32-6:192.

6) Paccmorpum AADB.

Tak kak AD =15, DB =120, AB =25,

to AB? = AD? + DB?. 3naunr AD1DB.

Torpa uentp onmcaHHoi OKpyxKHOCTH OKOI0 AADB,
a 3Ha4uT U oKosio ABCD, nexkut Ha cepeauie AB.
SOLABC; O € AB; AO = OB = 12,5, toraa
yeprex Gyjuer apyroii:

S
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H N

B) Ilycts OB, = x, Torna B,B = 12,5 — z,

spaunt BB, = B,B -tg60°; BB, =

(12,5 — 2)V/3.
) g () (2)
SAzBQCzDz OB2

T

2 \2
CJIeJOBATEJILHO, SA23202D2 =SupcD " 25
b

R) V4, By D1 AsBaCyDs = SayB,0,D, * B1Ba;

D(V) = (0;12,5), rone D(V) — obaacts onpeaeseHus
byukuN 06beMa.

V(z) =192- (125) (12,5 - 2)V3 =

192v/3
= (257 -2%(12,5 — x);
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s 5)*
2
e) Tak kax ——4BCD_ — [ = | |
SAszcQDQ T
2
25
vo SaBcp  _ [Z) _9
%
S4,B,C,D; F 4

IIpumeuanne. PaBHoGenpeHHBIX Tpallenyil Co CTOpPOHa-
MM, paBHBIMU 7, 15 1 25, CyIecTByeT TOJIBLKO 3 BHIA:

D 7 ¢

a) 15 15

A 25 B D 7 C
D 15 ¢ 25 25
6 1/ \? 9
A 25 B ATy B

1. Ciyuait a) ObL1 PACCMOTPEH B IIEPBOM BapHaHTe.

2. PaccmorpuM ciryuait 6) ( AD = DC noka3aHo B Bapu-
aHTe 1 MyHKTA a).

D 15 C

ul ul
A E 25 F B
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Hycrs DELAB; CF1LAB.
AB - DC 25—-15

AE:——2——,T.e.AE= 5

EB =25—5=20;
DE = V72 =52 = 2/6;
DB =+DE? + EB?, r.e. DB = /24 + 400 = V424.

PaCCMOTpI/}M AADB.
AD? 4+ DB? — AB2_

5.

cos(£LADB) = 5 AD DB
49 + 424 — 625
LADB)= 21287090 4 e ZADB> 90°.
cos( )= 7 /5 T

3HauuT, HeHTp onucaHHo# okoi1o ABCD OKpy>KHOCTH
naxonutcsi sue ABCD. Torna nupamuga SABCD 6y-
JeT UMETL CJIeAYIoWui BUI:

S

Ho B Takyio nupaMuiy BIIHCATH NPAMYIO IPU3MY, BEP-
[IMHBI BEPXHErO OCHOBaHMSI KOTOPOi MpHUHaAiexaT 60-
KOBBLIM pebpaM, HeJIb34.
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3. Ins rpanmenuy BuJa B) LEHTD ONHCAHHON OKPYXKHOCTH
Haxoaurca BHyTpu Tpareuuu ABCD, rne AB = 15;
AD = 25; DC = 7; BC = 25. 3HauuT, CymecTByeT
BTOPOI BADHAHT YCJIOBUS M PELHIEHHS 3a/1a4H, PACCMOT-
PHM €ro.

Bapuanr 2 (pasjimuyHble NOC/A€40BATEIBHOCTH 3HA-
YeHUIl CTOPOH TpAarelun)

Hano:

SABCD — unupamuna, ABCD — rpaneuus
DC =T7; BC = 25; AB = 15:

0 (SXEBCD) —p (sﬂBCD) =

=p (SE;IBCD) =p (sﬂBCD) = 60°
AB,C,D;A,B,CyD, — 11psamad rnpusma,
A, €AS; B, € BS;C,eCS; D; € DS
Va1B1C1D1 4280202 = Viaus

SABCD
Ao B2Ca Do

Hailinure
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a) Kax Obuio nokasano panee, AD=BC. p 7 ¢
Mycrs DE1AB, CF1AB.
AB — 25 25
1. AE = —————2—DC T.e. AE =4,
Torga FB =15—4=11. = b
A B
DE = VAD? — AE?, Eis F
DE = V252 — 42 = 1/609.
) DE 609
T ZA)= —, T.e. si = —
oraa sin(ZA) aD e sin(£A) 5%

3.

. DB=+vDE? + EB?,
T e DB = 609+ 121 = /730.

Paccmorpum AADB.
AD? 4+ DB? — AB?

2AD- DB '
625 + 730 — 225

2-25-4/730
CnepoBarensbio, O (HEHTP ONMCAHHOH OKPYKHO-

cru okosio ABC D) naxogurcst Buytpu ABCD.
DB

cos(£LADB) =

r.e. cos(LADB) =

4 R, papp = Zsin(ZA) (R, aaps =R, ascp =A0),
75
6) Sapcp = MTMDEv
T.€. Sppcp = 15;_7\/6-0—§= 11/609.

Paccmorpum A B,C,D,A,B,C,D,.

YuuthiBasi, 4To G0KOBBEIE peOpa NMHPaMUIbl OAHMHAKOBO
HAKJIOHEHBI K IJIOCKOCTH OCHOBAHMS, BEPIIMHBI HUXHe-
r'o OCHOBaHMs IPU3MBbI OyyT HAXOAUTbCA Ha pajuycax
OnuCaHHON OKPYKHOCTH.
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1. Pacenmorpum AASO, S
1
ITonoxxum
5
Ady=ze (02¥0) a0
2609
Torma A A, = AA, - tg(LSAO)
25730
A, 0=A4,0,=A0-zx, 1.e. A|O; = ——= —1;
u Ay 1Y 1M1= 609
AlA, = xtg60° = V3 — BBHICOTA [IPHU3MBI

. Tak kax A;B, || AB, A,D, | AD, ...,

to AB, || AB; A,D, || AD, ...

. Ogepugno, yro AAOD mnopoben AA,OD,...,

snaunt ABCD nonobna A,B,CyD, u1 ABCD no-
nobna A, B,C,D;.
SaABCD — 2
SA23202D2 ’
AD AS SO AO

Torzaa,

rue k = = = = .
AD, AS SO, A0
CiegoBaTesnbHoO,
251730 25730\ 2
2609 . SaaBep 2/600
T 25730 g —\ 25v730 ’
—x A3B2C2 D -
2v/609 - 2520252 2v/609
2570 _ .\
re S -9 2v609
* % P A3BaCaDo ABCD 25730
2,/609
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IlpakTuxkym 7

B)

L

e
-
\
\

STl
.,

&
\
4
- K Loy
t#‘.‘ R B S
. N*\_ - - .
(S . - - SO
N3 *, Sl ™
N “
A "\ .
oo Y
Y

F) VAlBlc’lDlAngC’zDz = A1A2 : SAszCzDz' TOI‘,H,&

2BVT0 _ \ 7
2v/609
VA13101D1A23202D2 =11\/609 _25—‘\/‘%6_ ‘1:\/5:
21/609

2
_11-3v303 (25\/730 ~ x)

25/730 ) 2 21609
( 2\/@)

2
25v/730 ) ( 25\/730)
; x€ ] 0; .

II t(x)= - - § e
onoxum t(x) x(zm x WG

b [ 25V730 : 25730 P

_ (25V730 _ 25\/%_330 _
“\2v/609 7 \ 2v609 !
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4 25V730
#(z) = 0: 21/609
I O O VA
3 2609

0 125730 25 [730
. 3 2V609 2V609
t(x)V\/&»
_/\ tmax T x
25730

Buaum: =V .. =V|{==],
HaIUT naub max (6\/6Tg>
_25/730

T.€. L = ——'\
6+4/609
CnenosaresbHO, ——‘?-43—0—9— =
SAQBQCQD2
25+/730 2 2
_ 2v/609 _ 1 _9
25730 _ 1 25v730 |  \q1-1[| ~ 4
24600 3 2609 3

Ilpumeuanus. 1. Kak sro Hu yaMBuTE/ILHO, HO BO BCEX
[IpeAbIIYIHX YeThipeX 3aJa4ax OTBeT oJuH u TOoT xke. 0606-
asl IOJIy4E€HHbIE PE3YJILTATH, MOXKHO CODPMYJIMPOBATL ClIe-
AyIoliee yTBepKIAeHNe: €C/Ii B 7 -YTOJbHYIO NIUPAMUAY BIIU-
caThb OPAMYIO 7t -yTOJIBHYIO IPU3MY, BEPLUNHBI BEPXHE0 OCHO-
BAHUs KOTOPOH IIpHHaIJ/exaT GOKOBBIM pebpaM HUPAMUJIb,
TO OTHOIIEHHWE IJIOMIA M OCHOBAHHMSA MUPAMHUILI K ILIOUIAIH
OCHOBaHUSA NPAMOil TpU3MbI HaubGobIIero 06beMa, BIIMCAHHOI

9
B IIPAMHAY, BCETAA PABHO - — BeChMa JIIOOOIIBITHBIN MaTe-

Marudeckuit dakr. Bouto 661 310poBO, eciiu 661 BaM yJaJ0Ch
3TO OKA3ATb.

2. Bonee mompobno cm. kuury A.X.ITaxmeiicrep. Bsexe-
Hpe B MareMmarudeckuit amasus. CII6.: «Ilerporyuds> —
M.: MIODHMO, 2011.
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Tpenuposounas paboma 5 (Kombunayuu memodos
npu pewenuu 3aday)

BapuanT 1
B ocHoBaHuMM NpsiMOi MPU3MBL JIEXKUT TapaJsijieiorpaMM, CTOPOHa
KoToporo pasha 4. CHHYC OCTPOro yriia napaJjuieJiorpamMMa papeH

3 . .
R OtHouenue 1utolaeii cedeHnii, NPOXOASIIHX Yepe3 CTOPOHY
HU2KHEr0O OCHOBaHUA W CTOPOHY BepXHEro OCHOBaHHA, K IJIOINAILN

4 3
OCHOBAHHUS [IPU3MBI PABHO 5 3] 5 Haiiaure 06beM npusMsl.

Bapuanr 2
B npsiMoM napaJiiesneliniieic HauMeHbinas Juarosais, papHas 60,

obpa3yer ¢ IrpaHsiMH yIJIbl, KOCHHYCbl KOTOPBIX DPaBHbI

3 4
335
Haiinure o6beM napasesnenuiesa.

Bapuaut 3

B ocHoBanu# IIPSAMOiT PU3MBI JIE2KHT TPAIELUs ¢ OCHOBAHUSMH,
paBHBIMU 27 ¥ 6, 1 GOKOBBIMH cTOpoHaMH, paBHbIMu 17 u 10. Hau-
MeEHbIIast [UaroHajb NPU3MbI 00pa3yeT ¢ rpaHbIo, NPOXOsiei Ye-
pe3 HauMeHbIlyI0 GOKOBYIO CTOPOHY TpallelyH, Yrojl, CHHYC KOTO-
poro paset 0,2. Haiingure o6beM IIPH3MBL.

Bapwnaut 4

B ocHoBaHuu npsiMoit IPU3MBI JIEKUT PaBHOOEIPEHHASE TPANEIHs.
JuaroHans npu3Mbl paBHa 3,25 U 06pa3yeT: ¢ IJI0OCKOCTHIO OCHO-
BaHHA Yrojl ¢ C HJOCKOCTBHIO HamboswLieil 1o mioiaau 60KoBoit
rpad yroa (; ¢ IUIOCKOCTBIO M'DaHH, npoxoasueii yepe3 GOKOBYIO
cropouy Tparenuu, yroyi . Haitgure obbeM npusMbl ¥ 1JI0LIa1bL

ee DOKOBOI1 IOBEPXHOCTH, CCJIIH CHHYCBI 3TUX YIJIOB, COOTBETCTBECH-
127 3

HO. paBHBbl ﬁ, —6~5 u ﬁ
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Pewenue mpernuposounot pabomuvs 5

BapuanT 1
B ocHoBanuu mpsiMoOil NPH3MBI JIEXKUT [APAJJIEOrPaMM, CTOPO-
Ha KoToporo pasHa 4. CuHyc 0CTpOro yria napaJiieorpaMmma pa-

3
BeH ——. OTHOLIEHNE IIOMAAEH Pa3HbIX CeYeHuii, IPOXOASIIUX de-

pe3 CTOPOHY HUXXHEro OCHOBaHUsA M CTOPOHY BeDXHEro OCHOBaHHUA,

K mjioniaad OCHOBaHHsA I[IPU3MbI PAaBHO g u g Haf/imrre obbeM

IIPpU3MBbI.
JaHo:

ABCDA,B,C,D, — B, G
napaJuiesienune/n R
AA,LABCD A, SN
SaBc\D _ ’

SaBcp
SaBicD

SABCD

Ot o Ot
‘
*,

V3

AB =4; ¢ = —
; cosa 7

Haiinure VABCDAlBlchy

S 4 S 3
a) 1. Tak kak —4BCL =~y “ABCD _ = 1 110 cyTu 51 O1-
Sapgeip O SaBiop
HOIIeHUs PaBHbl KOCHHYCaM JBYrpDaHHbIX yrios ZB,ADC
u LA;DCB coorBercTBeHHO, T.e. cos (£LB{ADC) = R
3
u cos(£LA;DCB) = —.
5
2. Ilycre BP.LAD, Torma Tak Kak NpU3Ma, MPsIMasi,
to ByPLAD, cneposarenbno ADL(B,PB).

s AABP: BP = ABsina, BP =4sina.

Tak xak cos (£B;ADC) = %, To cos(£LB,PB) =

(S
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1 — cos?(B, PB)
cos(£B,PB) ’

2
4
- (5) 3
T.¢. tg(£{B;PB) = ———— = 1
5

Buauur BB, = BPtg(£B,PB),

tg(£B,PB) = v

T.e. BBy = 4sina - ?—1 = 3sina.

3. ycte BK1DC, Torna DCLB;KB.
Us ABKC: BK = BCsina. BC = AD.

Ionoxxum BC =z, T.e. BK = rsina.

Tak kak cos(£LA;DCB) = 3, to cos(£{B;KB) = 3

/1 — cos (BlKB)

(ByKB)LDC. rorua tg(£{B,KB) =

cos({B;KB) ’
312
1-(8) 4
T.e. tg({BKB) = ————— = 7.
: 3
Buaunr BB, = BK tg(£B,KB),
T.e. BB =zsina- % = j4;slnoz
BB, = 3sina 4 9
. 4 = =T, = - = .
4 BB, = gxsina , Toraa 3 33", T 1 2,25
sina = 1 ) e
1
T.e. Sygep =4+ -g gzgxffé(KB.eg.)
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2. BB, = 3sina, T.e. BB, =3- @ = %\/ﬁ.
3. VapepaBioypy = Sasep - BBy,
9 3 ~ 351 5
T-¢. Vapcpa,BiciDy = Z\/l_‘ Z\/l_ =16 — g~

=121,625| (xy6.en.).

BapunauTt 2

B npsimMoMm napajuiesienuneie HanMeHbIIAS JHArOHa b, paBHad 60,

0obpa3yeT ¢ rpaHsiMH YIJIbl, KOCHHYCHI KOTOPBIX PaBHbI

Haiinnre obbeM 1apajuiesienunesa.

Hamno:

37 g "

4
5

npsiMoil mapaJurelenunen, rie

AA,LABCD \ p Tk

cos (DmBCD) = ;

cos (D@chl C) =

3

4 '
cos (DmAlDlD) = %
DB, =60

Haitaure Vypopa,Bicyp, -
a) AA,LABCD, 3naunt BB, 1ABCD,
TOr A (DB/I;TélBCD) = /B|DB, rae cos(£{B;DB) =
3unauur DB = DB, cos(£B,DB), r.e. DB =60 - % =
BB, = DB, sin(£B,DB),

2
rae sin (LB, DB) = 4/1 — (g) = ?

3uauur BB, = 60 - —\gé = 20/5.

Wi

40.
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6) IHocrpoun B, K 1D,C;.
Tak kaxk CC,1LABCD, 10 CC| LB K,
aswawnr By K LDD,C,C, r.e. (DBj; DD C\C)=2B, DK,

nputeM cos (LB DK) = %

Torsa DK =DB,cos(£{B,DK): B;K=DB,;sin({B,DK),

2
v sin(£B; DK) = |1 — G) - g,

T.c. BK =60 —*2—7 = 15V/7.

B) IMocrpoun By PLA;D,.
Tax kax AA, LA, B,C|D,, To AA;LB,P,
a snauur B P1AA,D,D.
Torza (DmAlDlD) = /B,DP,
T.e. BiP = DB;sin({B,DP),

rae sin (LB;DP) = 4/1 — 4 2—§
" 1= 5) 5
3

Takum obpazom B; P = 60 - 5= 36.

r) Pacemorpum A, B,C, D, .

B,P
DlBl, A

1. sina; =sin(£B;D,P) =

1 P D,

9 .
-1 sin o ;

T.e. sin(£B;D,P) = 36

157 _3v7

T.€. SM &y = 10 ) .
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Qg = 180° — Qy — Qg;
sin g = sin (180° — (g + ay)) = sin(oy + ay);

sin(a; + ay) = sin; cos o, + sin a, cos oy = sinag;

sina; = —; cosa —_‘/—15.
1710 17 70
. 3V7 1
sinay =~ cosay = 5
sin(ay + o) = 2. L 3V7 VIO 9+43VI8
1T T8 s 10 80
3(3+VI33)
= e = Sl g,
80
4 AB, = 2F
sin ag
12
T.e. AB; = 36 2:80 960

e T 3+4/133 3+ 133
5. SA13101D1 = AIBI : BIK’
' 960
e. S = C15V7 =
BEABGD T 31T
_960(V133—3)-15-v7 960 -15V7 (V133 — 3)
B 133 -9 - 124

_240-15v/7 (V133 -3) 360 (7v19 - 3V7)
B 31 B 31 '

1) VapepaBioipy = Saycip, - BB

360 (7v/19 — 3/7) B
3 -20V/5 =

VaBcDABiCOID; =

_ 7200 (7v/95 — 3V/35)

3 (xy6.exn.).
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Bapuaur 3
B ocHoBalnu mpsiMoit IpU3MBI JIE2KHT TpAIeEls ¢ OCHOBAHHUSIMH,
paBHbiMu 27 1 6, 1 60KOBBIMHU cTOpOHaMH, paBHbIMH 17 u 10. Hau-
MEHbINAs JHAIOHAJL NPU3MEI 00pa3yeT ¢ rpanblo, MPoXoAdIel ye-
pe3 HAUMEHbHIYI0 OOKOBYIO CTOPOHY TpPaHelyuy, yIroji, CHHYC KOTO-
poro pageH 0,2. Haiinnre 00beM Mpu3MbI.

D,
Hano:
ABCDA,B,C|D, — npusma
AA,1LABCD
sin (4,C; A4, B, B) = 0,2 A, D
AD || BC
AD =27
BC=6
AB =10 4 C
DC =17

Haitnure Vapepa, B,cyp; -

a) 1. OueBugno, uro A,C —
HAaHMEHbLIIaA JMAroHaJb IPU3MbI,
tak kak AC < BD.

2. PaceMoTpnM Tpameiuio A
B C
A B, C, D

Iycts BB,1AD; CC,1AD.
HAcuo, 9To TOrIA
BC == B202 = 6.

Tonoxxum AB, = z, Toraa

BB? = AB? — AB2, r.e. BB2 =10% — 22
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rorga CC3 =17% — (21 —2)> (BB, =CC,);
102 —22 =172 — (21 — 2)%; 42z =102 - 172 4 21%;
212642
42 217 7
T.e. AB, =86, a DC,=15. Torna BB, =102 - 62=8.
BB
. sin(ZA4) = =2
3. sin(ZA) 1B’
. 4 ceC, 8
T. €. sin(£A) = 5 sin(£D) = oD Torae sin(£D) = T2
6) 1. Ilycte CK1LAB (mim ero Ipoio/IKeHHIO).
Tak kaxk AA, LABCD, to AA,1CK,
snauur CK.1AA,B,B.
Torma sin (AIE;IAIB1 B) =sin(LCA,K) =0,2.
2. s ACBK:
CK = BCsin(ZA) (LA=/ZCBK, AD | BC);
4 24
= - = — = 4 .
CK =6 E= ,8
3naunt uz AA,CK:
CK 4,8
AC= Sn(ZCAK)’ r.e. A;C = 02 = 24.
8) 1. Uz rpanenun ABCD:
AC, = AB, + B,C,, T.e. AC, =12.
2. Uz AACCy:

AC = /ACZ + CCZ,

T.e. AC = V122 + 8 = 432 + 22 = 4/13.
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3. Us AA,AC:

T.e. AA; = /242 — (4V13)" = V/BT6 — 208 =

= /368 = 21/92 = 4/23.
AD + BC

27+ 6

5. VapepaBicipy = Sapep - AAy;

VABCDAlBlClDl =132- 4\/% = 528\/2_3- (KYG. e,ﬂ,.).

Bapuanr 4

B ocHoBaH## OpSMON OPU3MBI JIEXKHAT paBHOOSIPEHHAS TPAICIHs].
Juaronans mpusaMmsl paBHa 3,25 u 00pa3yer: ¢ ILIOCKOCTbIO OCHO-
BaHHUs YroJa ¢ € IUIOCKOCTBIO HauGosblIel Mo miommaau H60KoBoi
rpaHu yroa [3; ¢ ILIOCKOCTBIO MPaHM, Mpoxomsauieil yepe3 60KOBYIO
CTOpOHY Tpamneuud, yron 7. Haiinure obbeM IpU3Mbl U ILJIOMIAIE
ee BOKOBOI1 HOBEPXHOCTH, €CJIH CUHYCHI ITHX YIJIOB, COOTBETCTBEH-

HO, PaBHDLI B l i —3—
P 13’65 13
Hano:

npsiMast IPH3Ma
ABCD — pasHoGenpennas
Tpameuus
A,C =325

12

sin (AI/C;\ABC’D) =sina = el

sin (Af;FAl D, D) =sinf3 = K8

65
sin (AlﬂAlBlB) =siny = %

Haiinure:

a) Vapepa BiciDys
6) Sﬁ. n. ABCDA1B1Cy D,
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a) Hatinem Vypopa,Bicip:-

1."AA; LABCD no ycnosuso.
Toraa (4,C;ABCD) = LA,CA=a.

Buauur AC = A;Ccosa; AA; = A, Csing,
sin —E' cosa =4/1— EZ—E
rAe s =13 - 13) " 13
. 9 _5 _ 12
Torpa AC = 3,25 - 3= AA, =3,25 3= 3.
2. IMocrpoum CP1AD.

Tak kak AA; LABCD, o AA,1CP,
asnaunr CP1AA,D,D.

Toraa (AlﬂAlplp) = LCAP =B,

T. €. sin (AlﬂAlDlD) =sinf = 7

65
3. Us AA,CP cneayer, uwtro CP = A;C -sinf,
7 7
r.e. CP = 3,25 é—f—) = —2-(—)

4. Tlocrpoum CK 1 AB.
Tak xkak AA;LABCD, to AA;1CK,
snauntr CK1AA, B, B.

Torna (A4,C; AA,B,B) = LCAK =7,

. — .3
T. €. sin (AIC, AAIBIB) =siny =15
5. Iz AA;CK cnenyer, uro CK = A,C -sinv,

3 3
T. e C’K—-3,25-I§ =71
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6.

10.

Pacemorpum ABCD (AB = DC).

K
sin o =Q
1 AC’ B C
5 7
T. €. sinal=%=-2—g, o
4 a1 14 ul
2 A T P

TOra COS vy = 53

TOT/Ia COS Org = —.

5

. . 3
Slna2=R,T.e. sl gy = —_—g,

ENESY N

LA =oq + ay;

sin(£A) = sin{oy + ay) = siny cos ay + sinay cosay,

rone TP =BC, AT = AD - BC.
3nauur AP uncnenHo pasHo cpenueil quauun ABCD

(ap - 4D25C),

SABCD=AP CP

6 7 42
T. €. SABCD 5 20 100 042 (KB G,I[)

VapepaBicipy = Sapep - AAn
VapcpaBioyp, = 0423 = (xy6. ex.).

7 4 3 24 100 4
T.e. sin(LA) = et E=m o5 cos(LA) = -
7

BT 30 7

: = AB =" =—.

s AABT: AB sin(.éA)’Te % 16
5 24 6
. U3 AACP: AP = ACcosay, T.e. AP = 135

. Tax kax PD = AT, to AP=AT+TP=TP+ PD,
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6) Haiimem S; ABCDA,B.1C\ D, *

Sﬁ.u. ABCDA|B1C1D1 PABC’D : AAl;

1. Pygcp = 2(AB + AP) (nokaxxure),

7 6 131
T. €. PABCD=2(E+5)

T a0
131 393 33
2. S5 aBoDABIOID, = 10 3= 20 926 = 9,825.

Urax, S apcpa,pec,p, = 9:825] (xB.ex).



BekTopsl

Ocnosnbie onpedeaerus u ceolicmea

Onpegenenne 1. JIa ayya [AB) u [CD) nHassiBatoTcs cOHa-
MPaBJICHHLIMY, €CJU OHM NPHHALJIEXAT MNapaJIJIe/IbHBIM ps-

MBbIM M JIEZ2KAT B OOHOI MOJyNJIOCKOCTH OTHOCHTEJILHO HPAMOM,
coeguHsmomeli nx Hagyana: [AB) 11 [CD).

B

C

Onpepenenne 2. /1Ba ay4da [AB) u [CD) nasbiBaioTcs npoTn-
BOIIOJIOXKHO HAIIpaBJIE€HHBIMH, €CJIH OHM NPHHAJIEXKAT Mapajl-
JIEJIbHBIM NPSAMBIM M JIEXKAT B PasHBIX NMOJYIJIOCKOCTIX OTHO-
cuTeNBbHO NpsAMoi, coeaunsaiomwe ux Havana: [AB) 1| [CD).

B
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Omnpenenennie 3. MHOXXECTBO BCEX COHAIPABJIEHHBIX Jyueil
Ha3biBaeTCs HAIIPABJIECHUEM.

Onpenesienne 4 (reomerpuseckas A_§
uaTepnperauysi). BekTopom HasbiBaeTcs B
HalpaBJIeRHbIIT 0TPE30K.

A
IIpumeuanus

1. HarpaBjieHHBIH OTPE30K 3HAUHUT OTPE30K, NPUHAJIEKAIHI Ha-
NPABJICHHIO — MHOXKECTBY BCEX COHAIIPABJICHHBIX JIy deit.

2. Bexrop oboznauaerca @ wiu AB, roe Touka A — Havajo,
a Touka B — Koler, BexTOpa, a AB c [AB).

3. Bekrop XapaKTepPU3YeTCA JUTHHON OTpe3Ka AB, MonyneMm Bek-
Topa Ha3biBaercss AB = |AB|.

Onpeaenenne 5. BekTop Ha3sbIBaeTCa HyJIeBLIM, €CJIU €70 JJIN-
e,

Ha paBHa Hymo (& = 0, eciin |@] = 0). Hynepoit BekTop Ha-

NpaBJICHUSI HE NMeeT.

-
Onpenenenue 6. JIpa HeHy/IeBBIX BeKTopa @ M b Ha3wIBaoTCa
—
paBubiMu (@ = b), eciim syum, coaepkKalume 3TH BEKTODBHI,
- -
conanpasnens! (@11 b) u nmuasl BekTopor paessl ( |d] = |b]).

YMHOXKEeHe BEeKTOpa Ha YHCII0

Onpegesenue 7. IIponssesenuem BekTopa @ Ha YMCIO A Ha-
3pIBaercsi BeKTOp b= Ad (A — u4ucio, He paBHOe HYJIIO), AJs
KOTOpOTro:
1. b 11 d, eciim A > 0 (BEKTOpPbI IPUHALJICKAT
COHAIIPaBJICHHBIM JIydaM);
b Tl @, eciim A < 0 (BeKTOpbI NPMHALJIEIKAT IIPOTHUBO-
MOJIOZKHO HaNpaBJIeHHbIM JIydaMm).

2. |b} = |A| - |@|, npuuem
ecan |A| > 1, TO IPOUCXOONT PaCTAXKEHNE IJIAHBI
BeKTOpa & B || pas;
ecan |A] < 1 (A 5 0) TO IPOMCXOIUT CXKATHE JJTHHbI
1

BEeKTOpa @ B — pa3s.
Al
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CpoilicTBa YMHO>XK€HUSI BEKTOpPa HA YUCJIO

1. AccoumaTuBHOCTD (COYETATEbHBI 3aKOH):
()‘1‘)\2)‘6=)‘1'()\2’5)~

2. JncrpubyTHBHOCTD YMHOXEHHNS BEKTOPOB HA, YMCIO A OTHO-
CHUTEJIbHO CJIOXKEHHS] BEKTOPOB: A - (Ei + b) =A-d+A-b

3. ducrpubyTHBHOCTH YMHOXEHHS BEKTOPA HA YUCIO A OTHOCH-
TeNbHO ClioKeHHust uuces: (A +Ay) @ =X - @+ A, -a.

a 2a

L. L.
r -

ITpumep 1.

|
DO | =t

ITpumep 2.

L. » 2
> ’ <

—_— =

IIpumep 3. BA = —AB.

CyMmMa JBYX BEKTOPOB

Onpepenenue 8 (IIpaBujio TPEYTOMbHUKA IJIf CIOXKCHUA OBYX
BEKTOPOB). JIj171 TOT0 YTOOLI CIIOXKUTE JBa HEHYJIEBBIX BeKTOpa

d m b, meobxogumMo:
a .
b

a) napaJuleJIbHbIM HepeHOCOM COBMECTUTh HA4YaJI0 BeKTopa b
C KOHLIOM BEKTOpa a;

6) coenuHUB HAauaJ0 BEKTOPa d M KOHeH BeKTopa b, momyuum
-
BeKTOp €, KOTOpbiii Ha30BeM cyMMoOil BeKTopoB & u b:
a+b=-=<. R
a
b
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HanoMHuM npaBuiio CJI0XKEHHS M Bbi9MTAHUSA JABYX BEKTOPOB ¢ 06-
M HAYaJIoM (IIPABIJIO [IAPAJIIENIONPAMMA).

Ilycre ABCD — mnapaJjiiesiorpaMm. B c

—_— — —
a) AB+ AD = AC — puaroHausb,

HCXOAAIAA U3 obLero HavaJa

BekTopoB AB u AC. A D

—_— ey oy
6) AB—- AD = DB — pauaronajs, B c
COEIUHSIONIAs] KOHIIbI BEKTOPOB
—_— —
AB u AD, npuyem HailpaB/eHHOE
K TOMY BEKTOPY, H3 KOTOPOI'O A D
BBIYHTAEM.

Tak kak y Hux ob1iee HAUIAJO, TO B 3aIIMCH PE3YJIETHPYOLIETO
BeKkTOpa 6yayT KoHeuHble 6YKBbI BEKTOPOB Pa3HOCTH, B3ATHIE
B 00paTHOM ropsjKe.

IIpumeuyanne. CymMma win pa3sHOCTh BEKTOPOB 0O0OMIEHHO HA3BI-
BalOTCH ajirebpanyveckoii CyMMOil 3THX BeKTOPOB. B nanbueiimem,
roeopsi 06 asrebpandeckoii cymMMe BEKTOPOB, Mbl OyIeM 110 yMOJ-
YaHMIO NOAPA3yMEBATh WM UX CYMMY, HJIH UX PA3HOCTH, UJIN KOM-
OGUHAIMIO TOTO U JPYTOro.

CaoiicTBa ci102X€HNA BEKTOPOB

1.d+0=a.

2. KomMmyraTusHocts: @+ b=0b+d.

3. ACCOUHATHBHOCTL OTHOCHTEJILHO CHOXKEHUSI IHCE:

- =
(@+5)+a=a+(b+9).

IIpumeuyanne. OTMeTHM, YTO IJjist 1IO60r0 MHOTOYTOJBHUKA BEP-
HO CJIeLLYIONIee yTBEPIKJeHNEe: eC/I KaxK1asi CTOPOHA MHOIOYTOMb-
HMKA SBJSETCA BEKTOPOM, HAYaJI0 KOTOPOro €CTh KOHEH BEKTODa,

06pa30BaAHHOIO U3 IIPEIbLIYILEH CTOPOHDI, TO CyMMa BCEX ITHX BEK-
TOPOB paBHA HYJIEBOMY BEKTOPY.

Y PR -
AIA]. + A2A3 + e + An—lAn + AnAl = 0.
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Hanpumep, mj1st BocbMuyTronbHEKa, A Ay A3 A Az AgAr Ag:

A Ay + AyAq+ AgA, + A A, + Ay Ay + AgA, + Ay Ag + AgA, = 0.

I/Ic'ropnqecxaﬂ CIIpaBKa

Kacnep Beccenp (1745-1818) — narckuit marematuk. B pa6o-
Te «O6 aHaIUTHYECKOM HpeJCTaBjIeHuM HampasJjeHuil» (1799 r.),
HOCBSIIEHHON TEOPHH BEKTOPOB Ha IJIOCKOCTH # B IPOCTPaH-
CTBE OH BIEDPBBIE JIAJ IOJHOE TeOMETPHYECKOE INOCTPOSHHE Teo-
pHM KOMIIJIEKCHBIX YHCEJI, PACCMATPUBAEMBIX KaK BEKTOPHI ILIOC-
Koctu. Mjen, conep:kalnecss B KHUTE, MO3IHEE PA3BUJIHCh B TE€O-
puu KBaTepHnoHoB. K coxkanenuio, pabora Obiia HalMCaHa Ha, IaT-
CKOM sI3bIKE ¥ CTaJla M3BECTHa ToabKo udepe3 100 jser, Giarosaps
7K. Aprany u K.Tayccy.

2Kan Pobep Apran (1768-1822) — mBeiiapckuii MaTeMaTHK.
Hezasucumo or K. Beccenst B counnenun 1806 r. «3dcce o MeTone
[PEICTABICHUS MHHUMBIX BEJIMUMH» JaJ T€OMETPHUIECKYI0 HHTEp-
[PETAlMIo KOMILUIEKCHBIX Yuces Ha IockocTd. B 3Toit xxe pabote
JaHO OTJIMYHOE OT [AayCCOBCKOIO JOKA3aTeJbCTBO OCHOBHOM Teo-
pembl anrebpet. B 1814-1815 rr. uM 611 BBEAEH TEPMHH MOOYAL
KOMNAEKCHOZ0 HUCAQ.

Yunbsm Poysn Famuieron (1805-1865) — upnanackuii MaTe-
MaTuk. B paborax 1845 r. BBeJI TEPMHHBlL CKOAAD, CKAAAPHOE NPO-
useedenue, eexmoproe npoussedenue. Hay Teopueii KBATEPHHOHOB
TPYAHJICSL BOCEMB JIET.

Kapn ®puapux Iaycc (1777-1855) — reHuayibHbIA HeMEUKUI
MaremaTuk u3 DBpaynmBeiira. B anrebpe l'aycca 3annmasna mpe-
MMYIIECTBEHHO OCHOBHAs TeopeMma airebphi, K KOTOpOil OH Heoll-
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HOKPATHO BO3BPAILAJICS U [iajl HEe MEHee IIECTH Pa3/IM4YHBbIX [JOKa-
3arenbcTB B paborax 1803-1817 rr. B coBpeMeHHOIt perakiinu oHa
dopmynupyercs tak: «JIioboe ypaBHeHHe n-ii cTemeHu ¢ AefiCTBU-
TeJIbHBIMU K03(dullneHTaMH MMeeT POBHO 71 KOpHel, BKJIOYast
KpaTHbIe U KOMIUIEKCHbIe». Bosiee TOro, KOpHu ypaBHEHHS BHIA
" — 1 = 0 MOXKHO NpPEnCTaBUThL HAa KOMIUIEKCHON IIJIOCKOCTH KaK
KOODJAMHATHI BEPIINH HPABIIHLHOTO N -YIOJbHUKS ¢ IEHTPOM B Ha-
qajie KoopauHaT®. B 3THX >Ke paboTax JAIOTCA TaKXKe YKa3aHHS
OTHOCUTEJIbHO KyOU4YecKuX U OMKBaJIPATHBIX BBHIYETOB. Teopembl
0 GUKBaxpaTHLIX BhiYeTax 1825-1831 rr. upespnivaiino paciuups-
10T 06JIaCTb Teopun Yuces1, 6J1aro1apsi BBEOEHHIO TAK HA3bIBAEMBIX
UEABIT 2AYCCOBHIT “UCEA, T.€. duces Buga a + bi, roe a u b —
[eJiple 4ucia.

I'epman I'pacman (1809-1877) — nemeuxuit Maremaruk. B «Yue-
HOA O JIMHEIHOM TPOCTPAHCTBE» Jajl IEPBOE CHCTEMAaTHYe-
CKO€ [OCTPOEeHHe y4YeHHs O MHOI'OMEPHOM €BKJIMIOBOM IIpO-
CTPAHCTBE, BBEJI CKaJIipHOE Ipou3BeaeHne BekTopos. Hezasucumo
ot Y. lamusbrona ['pacMan HOCTPORII TEOPHIO IM'MITEPKOMITIEKCHBIX
uucesi. [loznnee . 'unbbepr passui ero ujen B obsactu dhopMa-
JIHCTUKH B MaTeMaTHKe — HEJIOCTHON (buitocodCcKoll KOHIENnuH,
060CHOBBIBAIOIEH COBPEMEHHYIO MATEMATHKY.

VYunbam Kaunddopa (1845-1879) — aurymiickuii MaTeMaTHK.
CymMmen obbeuHuTh ABa MOAX0Ja B paMkKax obHiedl Teopuu, BKIO-
yapieil B cebd u 06bI1HOE BEKTOPHOE HCUUCJICHYE.

Hoxosaiin Yunnapa 'n66c (1839-1903) — amepukanckuii Ma-
TemaTuk U dusuk. OkonuaTeapbHo 0606mmi Bee ugeu u B 1901 r.
onybisukoBas OOIIMDHBIY W HCYepHBIBAOMIUA TPyH — y4eOHHMK
II0 BEKTOPHOMY aHAJIU3Y.

5 Bonee mogpo6uo cv. kmmry A.X.Illaxmeiicrep KommexcHble umcia.
CII6.: «Ilerporuud». M.: MITHMO, 2011 .
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ITpaxmuxym 8 (Aazebpauvecras cymma 6eKmopos)

1. Iycrs ABCDA,B,C,D, — mnapamenenunesn. Haitnure an-
re6panvecKyio CyMMy BEKTODOB:

a) A_B)+E—A_Al);
0) E—XB%—E;
B) —zﬁ+z—‘l-5+m;
r) AB - AD - A4y;
n) —AB + AD — A4,.

Peitenne
—_—

a) AB + AD — AA, = AC — AA, =|A,C|.

|

—_— —_— R P —_— —_— —_— —
6) AB— AD + AA; = DB + AA, = DB + BB, = | DB,

— — e ey —— ) s p——

A4 = DDy)

AA, = DD,

,_.
il

TN

r) 4B — AD - A4, = DB — A4, = DB - DD, =| D,B|

—

—_— ey —— —_— — —_— e
n) —AB+ AD — AA, = BD - AA, = BD - BB, =|B,D |.

2. Jau xy6 ABCDA,B,C,D,. Beipasure saunyio aurebpamnte-
CKYI0 CYMMY BEKTOPOB 4Y€pe€3 BEKTOD, HAYajo M KOHeLl KOTo-
pOro €cTb BepLIMHBI Ky0a.

a) a+b+¢& B G
6) a—b+¢ A, D,

B) 6-}-5:0, B i
F) _6+b_a "’,0 C
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—_— L = - — .
O6osnaunm BA = d, BB, = b, BC = ¢, rue Touka B —
oblee HAYAJIO JAHHBIX BEKTODPOB.

Pemenne
a) 6+g+6= BlAl +B]_B'+‘Blcl =BIA+BICI =
— ey — P~ —_—
=B A+4D=|BD| (BC = D).

6) @—b+¢&=B,A, — BB+ B,C, = BA, + B,C, =
= BA, + A,D, =|BD, (Blo1 = AlDl) .

- FA+ 5B =[Gd] (FA=BiE).

n) —G+b+E=—-B,A;+B,B+B,C,=A,B+B,C, =
—_— — — —_—— —
= 4,B+BC={4C| (BC = BC).

3. B napamnenemunene ABCDA,B,C,D, Toukn P, P,, Pj,
P, N, T,, T5, Ty, K,, K,, K3, K; — cepenunsl pebep.

IlycTs A—A; =d, AB= b, AD =& — 6Gasucbie BEeKTOpBI. Ba-
3HCHBIMHU Ha3bIBAIOTCS BEKTOPLI, KOTOPBIE ¢ TOYHOCTBIO JIO Ha-
paJUIeNibHOTO NEPeHoca He HNPHHAJJIEIKAT ONHON IUIOCKOCTH.
B nauHOoM cnyvae oHM uMeOT 00Ilge HAYaNO B BepiiinHe A.
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BripasuTte 3aaHHble BEKTOPHI Yepes Gasucuble (&, b u C):

—_ —
a) K3T; 6) DP;; 8) PK;; 1) Aj Ky n) T,K,.

Jokaxxure, 410!
ey —_— — —_— Py —
—_— . ) —

Peiuenne

—

a) Hns Toro 4robs! BeipasuTh BeKTop K31 depes 6asucHble
BEKTOPBl @, b u &, HeoGXoaMMO HAATH JIOMAHYIO C Ha~
yasioM B Touke Kj; u xonuom B Touke 1), mpuiem 3Be-

HbS JIOMAHOH JOJKHBI MPUHAIJIEKATL pedpaM mapasiiese-
rMIena.

—_— — —
K,T, = KD + DA + AT, = -

2 2
1. . 1.
B) P2K3=P2CI+CIC+CK3=§C—a_§b
— 1= 1
<P2cl=53101=§ﬂ)’=%5).

- 1
r) 4K, = AB; + BB+ BK, =b-a+ 3¢

BK,= -BC = -AD = 2
2T T2t )

T T D LA L AR 1, , 1z
1 1 1 1.
(T4D =3P =-3DDy = —544, = ‘5“)
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e) Hokaxem, uro P,K; = P, K,.

1, 1~
PK; = P,C, +C,C+ CK3 = -2— 6—-2-;
1- 1,
3HaAYUT P2K3=P1K4.
——
xk) HoxaxeMm, uro K;P, = K,P;.
1 1
K1P2=K13+BBI+BlR2=§b+6+§_;

1 1
K,P;=K,D+ DD, + D, P3--§ +€i+§
SHAYUT K1P2 =K4P3.

—_— ey
3) Hoxaxem, uro P, T; =T K.

3HAYUT P1T3 = T1K3.

—_— ——
u) HokaxeM, uro K,C; = AP;.

1~ 1
K101=KIB+BBI+BICI=§b+6+5=5+6+—2-

AP3—AD+DD1+D Py=c+a+
——
sauut K,C; = AP3.
k) Hokaxewm, uro 2T,P, = K, Ps.

— —_— = 1 1

)

—_— —— — — — 1 1- . .
_—
snaunr 27,P, = K, P;.
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Tpernupocoumnas paboma 6
(Aszebpauneckas cymma eexmopos)

Bapuanr 1

ABCDA,B,C,D; — napajnenenurnes.

P, PR B P, T, T, T; T, K|, K,, K3, K, — cepenuns
pebep.

Bazuchrle BekTopsr: BB, = b, BA= a, BC=C¢C.

l

1. Beipasure panHyio anrebpandeckyio CyMMy BEKTOPOB Hepe3s
BEKTOp, HAYAJIO U KOHEI[ KOTOPOro ecTh O003HAYEHHEBIE TOUYKHU
BEPIIMH WM TOYKH, JaHHBIC Ha pebpax napasuieselune/ia;

- - 1 -

a) a—b+¢ 6) —~d@+b—C B) §6+b—6;
I | 1=

1‘) &‘+b—§5, ﬂ)d—§b~a

2. BoipasuTte uepe3 6a3MCHbIE BEKTOPBI:

_— ey
a) DP;; 6) A;Kj3; B) K T3; 1) P3B; n) T\ P,.
3. BeisicHuTe, CIPaBEUINBLI JIH PABEHCTBA!

—_— ey _—— —
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Bapuaur 2

ABCDA,B,C,D;, — napaJeenumes,
Pl’ P2, P3, P4, Tl’ T2, T3, T4, Kl’ Kz, K3, K4 - Cepe,H,HHbI
pebep.

—_— - -
Basucusle Bektopp: CB =b, CC

1. BripasuTe JaHHYIO aqrebpandyecKyld CyMMY BeKTODOB depe3
BEKTOP, HAYaJIO ¥ KOHEH, KOTOPOro €CTh 0003HAa4eHHbIE TOUKH
BEpIIMH MJIM TOUKH, JaHHbE Ha pebpax mapaJsuieenurieia:

- - 1. -

a) G—b+& 6) —G+b— & B) 5d+5-3
- 1 1=

r) @+5- 58 n)a-35-2

2. Buipa3sure uepe3 Ga3uCHbIE BEKTOPHI:

N —_— sy
a) DP;; 6) AjK3; 8) K,T3; ) P3B; n) TP,

3. BuisicHuTe, cipaBeJINBLI JIH PABEHCTBA!
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Pewenue mpenuposouroti pabomut 6

Bapmuanrt 1
ABCDA,B,C|D; — napainenenunex.
P].’ P2, P3, P4, Tl’ T2, T3, T4, KI’ K2, K3, K4 - Cepe,H,I/IHI)I

pebep.
g - _—
Basuchiie Bekropa: BB, =b, BA=d, BC =cC.
B,

1. Beipasure gaHHYIO ajareOpauvecKylo cyMMy BEKTOPOB 4Yepe3
BEKTOp, HA4AJI0 U KOHell KOTOPOro eCTh 0003HAYEHHBIE TOUKH
BEPIINMH WK TOYKH, JaHHBIE Ha pebpax Hmapasiiesienunesa:

a)
6) ~@+b—&=-BA+ BB, - BC = AB, — AD = DB,.

—_—

—5+é&=BA- BB, + BC=B,A+AD = B, D.

571

- l— = e ——
») 5d+5—&=;BA+ BB, - BC = BK, + CB, =

.1 — 11—
) 6—%5—&’:_1)4—%BBI—§5’=CT)4—B_1‘2>=



250

Bekropst

2.

Boipasure uepes 6a3iCHLIE BEKTOPBL:

— — 3 ——— -~ 1
_— — ey ) - 1.
g 4 - = _— B oryunnd 1_‘ - 1—0
B) I(4T3 = R4D +DC+CT3 = 'Z‘C—a‘l‘ ‘ib.
1 .
> 1. | 1,
. BbIﬂCHHTe, CIipaBeyIMBbl JIK PaBEHCTBA:
—— ey
1 - 1
1, - 1,

_— _—
sHauntr PoK; = P; K, — BepHoe paBeHCTBO.

P

i

P4B=P4A1+AlBl+BlB=—%6—d—b,

55 DD
suauur DK, = P;B — BepHOe PaBeHCTBO.
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BapuanT 2

ABCDA,B,C,D, — napannenenunes,.
Pl’ P2, P3, P4, Tl’ T2, T3, T4, Kl’ K2, K3, K4 - Cepeﬂ;ﬂHbI
pebep.

-
Bazucusie Bekroppr: CB =b, CCy =d
B

Q
T
i

oy

1. Beipazute gaHHyIO ajrebpauvecKyid CyMMY BEKTODOB depe3
BEKTOP, HA4aJIO0 B KOHEI] KOTOPOro €CTh 0003HaUeHHbIe TOUKH
BEPIIMH WM TOYKH, JAHHBbIE Ha pebpax mapaJulesienunena:

- _— —_— —_—
) 5@ +b~&=30C, +CB - OD =TT, + DB =
B S—
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2.

Buipasurte uepe3 6a3icHbie BEKTOPDI:

1
a) DP, = DA+ AA, + AP, =b+d— 3¢
T _ A A = -1
6) A, K, = A; A+ AD + DK, = —d—b— 5
e 4 — —_— e 1= 1_‘
B) K T3 =K,D+DC+CTy=-:b-C+3a
1. -
r) P.B=PC +CB;+ BB =—3+b-a
1, . 1.
a) TyPp=TiA + A B, + B\P, = 74 —c——2-b.
. BbIHCHI/IT('), CIIpaBenJIuBLI JI1 PAaBEHCTBA:
a) P,K, = P,K,.
1 1
1. 1
PyKy=P3Dy + DD+ DK, = 5¢—a+ b,

—_— —_—
snauut PyK| = P; K, — cClpaBeJIuBOe PaBeHCTBO.

6) DK, = lﬁ

D1K2 = DICI + CIC+ CK2 - _E— 6+

1

—_— ey
snaunr DK, = P/B — cnpasenuBoe paBeHCTBO.
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Camocmoameavhas paboma 2
(Anzebpauueckas cymma 8exmopos)

Bapuanr 1

Pl’ P2, P3, P4, Tl’ T2, T3, T4, Kl’ Kz, Kg, K4 - Cepe,H,I/IHbI
pebep.

L e o — L
Haner 6azucHble BekTopsl: 4 = DD;; b= DA; c¢= DC.

1. Boipasure anre0panvyecKyio CyMMY BEKTOPOB 4Y€pe3 BEKTOD,
HA4YaJIO ¥ KOHEl[ KOTOPOro €CTh 0003HAYEHHBIC TOYKY BEPUIHH
WK JIaHHbIE TOYKH Ha pebpax Kyba:

a) G—b—¢
6) @+ 25— &
2 b
B) @4+b-&
r) —@+b+¢
5 da-b+é
1 -
)@ 5z
}l{ — —
2

-

2. Beipasurte uepes @, b u C BeKTOpHIL:

—_—
a) K,T;; 6) CK;; B) BKj;.
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BapwuanT 2

P].’ P2, P3, P4, Tl’ T2, T3, T4, Kl’ KQ, Kg, 1(4 - Cepe,H,I/IHbI
pebep.

Jlanbi 6a3UCHBIE BEKTOPBL: @ = B_z)‘l; b= E—é; ¢ = BB,.

1. Bripasure aaredpamyecKyro CyMMy BEKTOPOB 4Y€pe3 BEKTOD,
HAYAJI0 ¥ KOHEI| KOTOPOro eCTh 0603HAYEHHBIE TOUYKH BEPILH
WM JaHHble TOUKH Ha peGpax Kyba:

—

2. Bripasure uepe3s @, b U € BEKTODHL:

——— ey —_—
a) K,T,; 6) C1K;; 8) BK;.
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Bexmopnwie ceoticmea, ceasarnvie
C 3aMEUAMEALHBMU MOYKAMU MPEY20AbHUKA

3amauya 1. B tpeyronsunke ABC mnpoBenenbl MexuaHel AA;,
BB, n CC}, xoropsie nepecekarorcs B Touke M. Jlokaxkure, 4TO

—_— —_— -
torga AM + BM +CM = 0.

JokazarenscTBo.

_— —_—
AB + BA, = AA,
—_— > —

a) BC +C B, = BB, |. CioxuM nouieHHo:
—  —3 —
—_— ey ) —a

6) Tak xak AA;, BB; u CC;, — memuanst AABC, 10

—_— 1 —
BA; = ;BC

1 —_— — —
CB, = 5CA | = gAB+gBC+g-CA:AA1 + BB, +CC;.

ey 1—

R —
B) YuurniBas, uro AB+ BC +CA =0,
nomyunm AA; + BB, + CC; =0, no

—_— 33—
A4y =AM

—) 33— 3 /—m = — -
BB, = SBM |, suawnr > (AM +BM + CM) =,

— 33—
CC, = 5CM

—_— fr— -
crenoarensno | AM + BM +CM =0 L 9YTO U TPeOOBAJIOCH
JIOKa3aTh.
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Du3nyuecKuit CMBICI 9TOrO PABEHCTBa B TOM, YTO CHJIA, paBHOAEIl-
CTBYIOMIAsl CYMME BEKTOPOB CHJI TSIXKECTH, Pa3MEILEHHBIX B TOYKAX
A, B u C, pasna nymo. [ToaroMmy Touka nepeceueHus MeIfaH Ha-
3BIBAETCS LIEHTPOM TSXKECTH (WJIH LEHTPOM MACC) TPEYIONbHUKA.

3agaua 2. B AABC Touka K pesut cropony BC B OTHOIIEHUH
m:n, cuutas or Touku B. Boipasute Bektop AK uepe3 BeKTOpbI
— -—
AB n AC.

AK = AB + BEK. B
Tak kak BK : KC=m:n X
u BC = BK + KC,
KC — n uacreii; A ¢

monyuuM, uto BK — m yacrei;
BC — m + n gacreii.

—
BC.

m -_—
Suaunr BK = ——B(C, r.e. BK =
m+n m+n

Caenosarensuo, AK = AB +

—_—
BC.
m+n

Takum obpasom, |[AK =

IIpumeuanne. MOXHO OCMBICHTE 3TO BEKTOPHOE PABEHCTBO KaK
ycaosue npuHaiexxaoctu Touek B, C u K ogmmoii nupsamoit BC.

3amaua 3. B AABC Touka L ecrb TO4YKa llepeceyeHHns OHCCeK-
TPUC TPeyrojbHuka, riae AB=c, BC=a u CA=0b. Ilokaxure,
yro jjig 6ok Toukn E B minockoctn ABC cripaBenjimBO BeK-

— — —_—

— a-FA+b-EB+c¢-EC

TopHoe ToXaecTteo BEL = .
a+b+c
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,I[oxasa’renbc'rBo

s AAA,C AL:LA, = AC: A,C (no Teopeme o buccekrpuce
BHYTPEHHErO YIJIA).

s AABC BA,:AC=AB:AC=c:b, no BA|+A,C=BC=a.

BA, _c BA1=§.A10
Pemas cucremy { A,C b ; c ,
b ab ab
HOJIy1uM AIC = b_-l—c -BC = m, AIC = m,
torna AL: LA, =b: A C=b: b(—lfc =(b+¢):a,

r.e. AL: LA, = (b+c¢):a.

YuurelBas NpuMedaHue K 3a1a4e 2, nas todek A, L u A, npen-
——p —
(b+c)-EA, +a-FEA
a+b+c '

—
crasuM EL =

e —— ¢ EC+b-EB
Tak kak BA; : A|C =c:b, T0 EA, = E_T-—:_-—E_-—

IloncTaBuM B mpeapiayinee paBeHCTBO:

= (b+c)- <ESHEE | EA

a+b+c — — —
Hocne olIe nonyynm |EL = : : :
I CHUSA
y p l ‘ 3

4TO U Tpe6033JIOCb A0Ka3aTh.
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E
IIpumeuanne. YTBepKIEHHE CIPABEIJMBO
U JJis CTePEOMETPHYIECKOTO BAPUAHTA, TaK KAk B
HOpH JOKA3ATENbCTBE HHUTJE HE MCHOJAL30BAJaCh 4 /4
NPUHAIJIEKHOCTh Touku E mockoctn AABC. B 1
1
Pacemorpum Tpeyronbhyto nupamuiny EABC, C

rne AB=c¢, BC =a u CA = b, npuuem Touka L — TOuKa
riepeceveHnst GHCCEKTPUC TPEYIOILHUKA OCHOBaHMUS .

EA+b-EB+c-EC

. . .

Torna |EL = & te
a+b+c

3amaua 4. Haua tpeyronvHasa nmupamuga DABC. Touka M —

TOYKA NepeceyeHns MeJHaH OCHOBaHMs mupaMuiul, T.e. AABC.

—_— = =

DA+ DB+ DC
3 .

P~

Hoxkaxnure, uro DM =

Joka3aTejibCcTBO
—_— P —_— ), —_—

BA=DA-DB, BC=DC-DB.

_— =

== BA+BC

BB, = — (110 paBHIIy CIOXKEHUSI

BEKTOPOB — IIPaBUJIy NapaJUIeIOrpaMMa),

ey —_—

—— DA+DC-2DB
roraa BB, = 5 .

2 DA+ DC -2DB
Vyrem, yro BM = gBBl, T.¢. BM = + — .

w

C npyroit cTopoH®I, .,

DA+ DC -2DB DA+ DC + DB
3 B 3 '

—— DA+ DB+ DC
Cnenmosaresnbho, |DM = 3 , 4To K TpeboBasIoch

—_— = = =
DM =DB+BM=DB+

JOKA3aTh.

IIpumeuanne. Ecim Touka D coBnagaer ¢ Toukoir O € ABC,
TO 33Jla4a NPEBPAIAETCa B IVIAHMMeTpHYecKywo. Torja s Jio-
6ot rouku O mrockocru ABC u Touku M nepeceveHus MeIuaH
OA+ OB +0C
aaBc: o =2 3 .
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Bamaua 5. B AABC touka H — TO4YKa HepecevueHusl Bbi-
cor (oproueHTp), Touka O — upeHTp ommcanuo#t okomo AABC

— e e
okpyxuoctu. Jokaxwure, uro torna OH = OA+ OB + OC.
Joka3aTrenbCcTBO
Ilycre Touka H — NpOU3BO/IbHAS TOUKA, I KOTOpOPI cupaBell-
B0 BeKTopHOE pasercTso O. OH = OA + OB + OC. (1)
PaccMorpum (ﬂ+OB = OPl, caenosarenbno AP, BO — pomb6.
Torna AP,BO — napaJiesorpaMM II0 NPaBUITy CJIOJKEHHS BeK-
TopoB, npudeM OA =O0B =R,

— _— = — —_— —
Bnaunt OP,1LAB. Ho CH = OH - OC, t.e. OH =CH+0C.

TloncraBuM BbIpaXkeHHe JIjist OH
B paBeHcTBO (1), —'
— -
MOy YUM CH + OC = 04 + OB+ oC ,

rorna CH = OA + OB = OP,.

3naanr CH = OPI u CH1AB.

3anoMHuM 3TOT DAKT.

Ananoruyno 11poBeZieM JI0Ka3aTebCTBO 4
toro, utro AH 1 BC. \
—_— — ——
Paccmorpum OC + OB = OP,.
Bnauur OBP,C — pomb, B
N L, T C
u OP,1BC; AH =O0OH - 0OA,

T. €. 5?[:1??[+(ﬂ.

IloncraBuM B JI€BYIO YacThb
BEKTOpPHOro paseHcTBa (1):

AH + 04 = 04+ OB + OC,
_ =
torga AH = OB + OC = OP,,

-

snaunr AH = O—P; u AH1BC.

|
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ITonsiTHO, YTO aHAJIOIMYHO MOXKHO J0Ka3aThk, uro BH L AC. Cre-

_—) > = =
IoBaTeILHO, B BeKTopHOM pasetcte OH = AO + OB + OC no-
Ka3aHo, UTO TO4YKa H — He IIPOM3BOJILHAS, 8 TOUYKA, [IepPeceyeHus
BBICOT TPEYrOJIbHHKa, T.e. oproueatp AABC.

Torna ' OH = 0A + OB + AC , 9TO ¥ TPeOOBAJIOCH JOKA3ATh.

3agaya 6. B mobom tTpeyronbHuke ABC ©eHTp OnucaHHOM
OKDY>KHOCTH, OPTOLEHTDP M LEHTPOUJ, (MK LIEHTP MACC) JIeXKAT Ha
obimeit mpsimoii.

JokazaTebCcTBO

Ilycrs Touka O — ueHTp omucaHHO! OKpykHocTH, H — TOuKa
fiepecevueHnsi BbICOT, M — TOYKa TepecedeHus MeJUaH.
Kax 65110 10Ka3aHO B IIpUMEYaHuM K 33jaue 4,

—_— = =
— OA+0B+0C
OM = ,

3
—

—_— —_— =
a u3 3a4a4u 5 ciIejlyer, 4To OH =0A+ 0B+ 0C.

3uaunr OM = OTH, re. OH = 30M.

Dro o3HadaeT, yro Touku O, H u M upunajjexar ogHoil nps-
MO — 3TOT 3aMevaTe/bHbIH (hakT ObLT JOKa3aH elle DiepoM.
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CkaJisipHOE MpOM3BeJiIeHNEe BEKTOPOB

CKaJISlprIM npon3seaeHNeM IBYX BEKTOPOB HA3bIBAETCHA YMC-
JI0, paBHO€ HPDOM3BEIJCHUIO JIMH 9THX BEKTOPOB HAa KOCHHYC
yriia mexxkay HHUMM.

BamuceBaerca @- b = |@| - |b| - cos (c’i; 5) .

CaencrBue 1. [Insa HEeHyJIeBBIX BEKTOPOB 4 U b ecmu & 1N 5, TO
@-b=|al- b (cos (a;b‘) =1; <5;5> = 0°).
Ecmn @ =b, 1o @-@ = a2 = |d|2, Torma |d] = Va2.

Ecma @11b, To @-b=—|al- || (cos <Z1'; E) =~1; <d’: 5) = 180°).

CaencrBue 2. [lns HeHyeBbIX BeKTOpPoB @ u b:

Cos (c’i; 5) = %.
| - 10|

Teopema. s Toro urobsl Ba HEHYJIEBbIX BEKTOPa ObLIM B3ayM-
HO HePIEHINKYISPHBI, HEOOXOAUMO ¥ JOCTATOUHO, YTOOBI HX CKa-
JISPHOE NIPOU3BeJEHUE OBLIO PABHO HyJIO, T.e. Jjst & # 0, b # 0
ilbed-b=o0.

i
<o

CaoiicTBa CKAJIIPHOTO NPOU3BECHNST BEKTOPOB

1. @ > 0; ecn a#0, ro a2 > 0.

2. @-b=">b-d — KOMMyTATHBHOCTb ([I€PEMECTUTE/HHBIN 3aKOH).

3. (c'i + b) -€=@d-¢+4+b-¢ — nucTprOYTHBHOCTL OTHOCUTED-
HO CJ/IOXKEHUSI M yMHOXKEHHSI BEKTOPOB (pAacilpelesinTebHblil
3AKOH).

4. (A@)-b= A (Fi . b) — aCCOLHUATHBHOCTb OTHOCHTEJIHHO YMHO-

JKEHHS Ha U0 (COYeTaTe IbHbIH 3aKOH).
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CkansipHOE TIpPOM3BE/IEHUE BEKTOPOB B KOOPJIWHATHOM’
dopme

MoKHO A0Ka3aTh Ha OCHOBE NPeAbLIYIIUX OIpeeJeHHIl, 4T0 cupa-
BeJJIMBA CJIEAYIOIIas TeopeMa.

Teopema. s BeKTOPOB, 3aJaHHBIX B KOOpJAMHATHON (opMme Ha
miockocT — @ (%1;Y;), b (Z9;¥y), BEPHO paBeHCTBO:
G-b=ux-23+y Yy

— 1 =9

d=>b, to @®=x}+y}, torma |d@|=+/27 + y}.

Caeacreue 2. s G#0 u 5756 ('1'.L5<:>x1 “ZTog+ Y - Yp =0.
Caexncreue 3. Ina ¢ # 0 u b £0
T, T
cos (a b) 1 %2+ Y1 Yo
VI + 3T+ 43

Teopema. [ljisi BEKTOpPOB, 3aJaHHLIX B KOODIHMHATHON ¢opme
B npoctpaHcTBe — & (%13Y1521), b (Z9;Y9; 29), BEPHO PABEHCTBO:
G-b=x-Ty+y; Yo+ 2 -2

Caeacreue 1. Eciu

Cnencreue 1. Ecin @ = b, To @2

u |@ = /2 + 97 + 2.
Cnencreue 2. Jlns @ #0 n b #0
cos (a b) Ty Tyt Yy Yt 2 %
Vi + 22 VRt i+ 2
IIpumep. Haitgure xocuHyc yriia, JIEXKAIIEro MPOTHB OCHOBA-

HUA paBHOGQ,L[peHHOI‘O TpeyroyibHKa, €CJIn M€IHaHbl, [IPDOBCACHHbIE
K OOKOBBIM CTOpPOHAM, B3aUMHO INEPHEHIUKYJIADPHBI.

Hano:
AABC
AB = BC
AA; = mpe
CCy =myp
AA,1CC,

Haiiure cos(£LABC).

=zi+ui+2
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a) Iosoxum BA = a, BC=¢
|§7i} = ‘E‘é] re. @ =d.

Toraa

A4, = BA, —ﬂ:%é‘—d,
ey ey 1.
CC,=BC;-BC= Ea—é’

6) Tak xak AA;1CCy, o AA,-CC; =0.

1. \/l. .\_
3Ha4uT (ic-—a) <§a c)—-O.

1.1, 1, 1
Torna §c 2a 2a 5
& = a® = |d@|?, cnenoBarenbHO %6’ -8 - cos(£LABC) = |d@)>.

=42
3uauur cos(LABC) = lal T.e. |cos(LABC) = % .

5y r
3lal - 1a
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Bexmopnoe doxasameabcmeo
HEKONOPHIL 2E0MEMPUMNECKUT MEOPEM

Onpenenenve. Ecaum #u3 HCTHHHOCTH yTBepXKaeuuna A
(A — M) cnexyer mcruHHOCTL yTBepXAenus B (B — M),
T.e. ecam Jormveckas nenouka (A — M) = (B — M) | nc-
THHHA, TO FOBOPSIT, YTO:

a) HCTHHHOCTb yTBEPXKIEHUsI A AOCTATOYHA AJIS UCTHHHOCTH
yTBepxaeHUsi B, T.e. HICTUHHOCTH yTBep>XKAeHns A ecTh nIpu-
3HAK MCTHMHHOCTH yTBepXKJeHusa B;

6) mcTHHOCTL yTBepKAcHMA B Heo6xoamma [Jisi MCTHHHO-
CTH YTBEpPKIAeHMHA A, T.e. HCTHHHOCTb YTBepXKJeuusa B ectb
CBOMCTBO MUCTMHHOCTHM YTBep KIeHus A.

IIpumeuanne. Bonee mogpobHo cM. kuury A.X.[Ilaxmeficrep
Muoxecrsa. Oyuxnuu. [Mociemorarensrocru. Hporpeccun. CII6,
M.: «Ilerpornuds, 2008 r., c. 114-115.

Teopema 1. st Toro 4robul apasiesiorpaMm siBJsijics poMGoM,
HeOGXOAHMO H JIOCTATOYHO, UTOOBl €ro NUATOHAJIH OBLIM B3aWMHO
[IEPIIEH TUKYJISAPHEIL.

JocTaToyHoCTh

Hano: B C
ABCD — uapaJsiesorpaMm
ACLBD

AB = AD A D

okazarenbcTBO
—_— — — —_— - —
AB+ AD =AC; AB-AD=DB.
B T

Tak xax ACLBC, to AC-DB =0,

—_—  — ——p ey
3HAYHT (AB + AD) (AB - AD) =0,

s 2 2
TOI/I@, AB? - AD? = 0, T.e. ‘E' — ’E‘ =0,
—_— ey

Ho |4B| = 4B, |4D|=AD, rorsa AB = AD,

T.e. ABCD — pomb6, 4To U TpebOBAIOCh JI0KA3ATD.
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Heob6xoaumocTs
Hano:

ABCD — pomb
AB = AD

AC1BD

JlokazareabCcTBO

—_— — — —_— —_—
AB+ AD = AC; AB- AD = DB.
PaccmoTpuM ckaJsisipHOe MPOU3BeeHHe:

7C. DF - (1B + 7D) (4B - D) - A8 - 7B -

—12 =2
= |AB| - ‘ADl =0, tak kKak AB = AD (mo ycnosuio).
Buaunt ACLBD.

Teopema 2. st Toro 4robbl HAPAJLIEIOTPAMM SBJISAJICA PAMO-
YTOMILHUKOM, HEOOXOAMMO U JOCTATOYHO, YTOObL JHAroHaJ I apaJ-

JiejiorpaMma ObLTH PaBHbL.

JlocTaTo4YHOCTE
Hano: B

C

ABCD — napajnenorpaMmm /

/

AC = BD
Hoxasxure ABLAD. A
Zloka3zaTeabcTBO
a) E=E+Zﬁ; DB = AB - AD.
6) AC? = AB? + 2AB - AD + AD? =
= AB?+2 ‘Z_l-i’)l . l:ﬁl_é‘ cos (LBAD) + AD? =
= AB? +2AB - AD - cos (L/BAD) + AD?.
B) BD? = AB? -2 'Xﬁ} . |E‘ cos ({LBAD) + AD? =
= AB? —2AB - AD - cos(L/BAD) + AD?.
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r) AB?2+2AB-AD -cos({BAD)+ AD? =
= AB? ~ 2AB - AD - cos ({BAD) + AD?.
Torpa 4AB-AD-cos(£LBAD) =0, suaunr cos(ZBAD) =
Caenosarenbno, ZBAD = 90°, t.e. ABLAD.

Heob6xoanmocTsb B C
Hano:
ABCD — HpﬂMOyFOJIbHI/IKl

Hoxaxure AC = BD
,Z[oxasa're.nbc'rno
—

AC = AB + AD; DB =AB - AD.

'Iﬁ}){ kak AB1AD, To AB AD = 0. Torna

AC = AB? + 2AB - AD - cos90° + AD? = AB? + AD?;

BD? = AB® — 2AB - AD - cos90° + AD? = AB? + AD?;
AC? = AB* + AD?
BD? = AB? + AD*’

roraa AC = BD, 4ro u TpeboBajoch JOKA3ATh.

A D

cnenosarenpro, AC? = BD?,

Teopema 3. s Toro urobsl uyetbipexyroabHuk ABCD sBasics
[ApaJJIEIOrPaMMOM, HEOOXOMMMO, UTOOLL CyMMa KBaJIpaTOB BCEX
YEeThIPEX CTOPOH YeThIPEXYroJibHUKA Oblla paBHa CyMMe KBajpa-
TOB €ro JiuaroHaJiei.

Hamo:

ABCD — napaJmeJlorpaMM|
Hokaxure AB% + BC? + DC? + AD? = AC? + BD?

HokazaresLcTrBo B c
—_— —_ — — —_— —_—

AC =4B+AD; DB=AB- AD. / /
Toma b
4gf AB®+24B-AD+AD%; 4

— AB? - 2AB - AD + AD2.
~ 2 —2 — 2 — 2
C102KMB HO/IEHHO, IOy MM |AC ’ + IBD’ =2 ’AB‘ +2 }AD‘ .
Tak kaxk AB=DC u AD = BC, 10
| AC% + BD? = AB? + BC? + DC?* + AD?|,

4T0 # TPebOBAIOCH JOKA3ATH.
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TeopeMa 4. Cpenpssi IMHAS TPEYTOIbHUKA, U TPAIICLIUH PaBHA HO-
JlyCyMMe OCHOBaHMs (OCHOBAHMIi) H NapaJijie/ibHa OCHOBAHHIO (OC-
HOBAHMSIM).

a) CHayasa pacCMOTPUM TPEYTOJIbHUK.

Hano:
AABC B
M€ AB
N e BC M/ N\
AM =MB 4 C
Hoxkaxkure: MN || AD; MN = —;—AC.
1. BC = AC - AB; AM = 4B = MB;

—p 1— 11— 1~

==-B = — —_ = .
BN 3 2AC’ 2AB

2. MN = MB + BN = %ﬂ;’+%ﬁ-%ﬂ?’ = %A_C’,

— 1— 1
r.e. MN = §AC, suauut MN || AC u MN = EAC’

HTO B Tpe6OBaJIOCb JA0Ka3aTh.

6) Terneps mokaxkeM Teopemy Jjis TpamelyH.

Hamo:

ABCD — Ttpaneuus B C
BC'|| AD IQN
M€ AB

NeCD A D
AM = MB '
CN=ND

AD + BC

Hokaxkure: MN || AD; MN = 3
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— ) ey ———y
1. MN=MB+ BC+CN =

. Tak kaxk M N =

1
2
1
=—(A_B’+c"'5)+B_(5,
2

—_— —
TOraa = (AB+CD) = MN - BC.
E=W+MN+N_D’=%E+MN+%C75=

=%(A_B’+55)+J\7ﬁ.
.

1 /— —
Ioncrasisist BMecTo > (AB + C’D) MN — BC, TOJTY 4HUM

—_— N — AD+BC
AD = MN — BC + MN, r.e. MN = 22+ 5¢

()

Tak kax AD I I?C-)', To BC = kAD.

3naunr MN = 1 (ﬁ + kﬁ) ﬂA_D),
2 2

T.e. MN || AD. Torza MN || AD.

—_—

(AD + Bc) :

l\9|'—‘

1o MN? = i (A +2AD - BC+BC2)
’W\Ilz - 411 <|AD’ +2[AD\ IBC’ - cos0° + IBC‘ )
= % (AD? +2AD - BC + BC?) = i(AD+BC)2.

AD + BC

Buaunt MN? = %(AD + BC’)2 ,T.e. MN = 5 ,

9TOo U TPQGOBMOCB JAOKa3aTh.
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Teopema 5 (IpU3HAK NEPHEHAMKYJISAPHOCTH IPSIMOM H
mirockocTu). st Toro uytobul npsMas 6bula NEPHEHIUKYJISIDHA
[UTOCKOCTH, JIOCTATOMHO, YTOOBI OHa ObLIa HepIeHAUKYIAPHA JBY M
HEePECEKAIOUIMMCS HPAMBIM, OIPUHALIEKAMUM IIJIOCKOCTH.

Hamno:
albd

alc
bNe=0
bea
CEQ

ala

Tak Kak IO OHpPEAEJEHHIO NEPIICHIUKYISIPHOCTH IIPAMOR U ILJIOC-
KOCTU IpsiMasl HA3BIBAECTCH I[EPIEHANKYNASAPHON NJIOCKOCTH, €CJIM
OHA NEPIEHIHKYJISIPHA JIIOOOH IPSIMON IJIOCKOCTH, TO JOKAXKEM,
910 JII00ad npsMasi m NEPHEeHJUKYJIspHa a, TIe m € q.

a) Ha npsmeix b n ¢ Beibepem Toukun B u C, HecoBnauarouye
¢ Toukoit O.

6) Ha npsimbix @ m m BbiGepeM mapbl HECOBIAJAIOWIUX TOYEK
Aun A, M u M.

—y —

B) Paznoxkum Bektop MM, no HexonnnneapHsiM BekTopam OB
— e} — —
n OC, torma MM, = zOB + yOC.

r) Haiinem ckansipnoe npoussejieHue:
—_ — —\ —— —_— —— —_— ———
MM,-A4; = (20B +yOC) A4, =z-OB-A4; +y-OC-A4,.
— ——— —_— > e d
Tak kak OB-AA; =0 u OC-AA;=0 (alc, alb),To MM,

—_— iy ey
AA, =0, ssaunr MM, 1AA,. Takum obpasoM, npsimas m
HepIeHIuKy/IapHa @, 4TO U TPebGOBaJIOCh JOKa3aTh.
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Teopema 6. st Toro 4robbi npsiMasi, IPUHAIJIEKANIAA ILJIOCKO-
ctH, 6puIa IeprieH AUKYITPHA HAKJIOHHOM, HEOGXOUMO M JOCTATOY-
HO, 9TOOBI 3Ta IIpsAMag OblIa TEePIeH AUKYJIsPHA IPOSKIUY HAKJIOH~
HOI K IUIOCKOCTH H& 3TY ILJIOCKOCTD.

Hocrarounocrs A

Jano:

AC Lo

AB — Hak/IOHHAs

CB — nupoekus AB Ha IJIOCKOCTb o

mea < '
mlCB

Hokaxxure m1AB.

Ilo ycnopuio npsimas m € o, npudem mLlCB, rune CB — unpo-
ekius mpsimoit AB Ha mwiockocts a, u AC la.

Torga ACLm (110 onpejesieHRIO EPIEHIHKYJISIPA K IIOCKOCTH).

mlCB
mlAC

Torna m_LAB, 4T0 ¥ Tpe6GOBAIOCH JOKA3ATh.

3uauur, , n.e. mLABC (unockocr).

HeobxoanmocThb
Hano:

me o
mlAB
AClo

CB — mnpoekuusa AB Ha JIOCKOCTh
Hoxkaxkute m1lCB.

Tak kak ACla, To ACLlm, a no ycmosuto ABlm, 3HavuuT
m_LABC (nnockocrn).

Taxum obpasom, mLCB, 4ro u TpeboBaJoCh J10KA3ATD.
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Hcnoavaosarue cKaAApH0o20 Npou3sederHus
048 HATOHCIEHUS MEMPUNECKUT OMHOUWEHUTL
8 MPeY20AbHUKE U YEeMNBPELY20A4bHUKE

s HaXOXK JIEeHUS CKaJISIPHOrO NPOM3BEIEHHS! ABYX BEKTOPOB MOXK-
HO oDoiiTnCch 6€3 3HAHUA KOCHHYCA YIJIa MEX]y HHMH, €CIU u3-
BECTHA JJIHHA TPETHEro BEKTOPA, SIBJISIOWIEroCs CyMMO#l W pa3-
HOCTBIO HCXOAHBIX BEKTODPOB.

IIpumep 1 B
—  — —_
AB + BC = AC, Torna a
—_— —\2 ¢
(AB+BC = c
—AB?+2-4B- c+“’2=,Tc2. A b
TaKKaK AJ—C, l=a, ‘Z@Izb,
—>
0 2+2-AB-BC +a? = b?
2_ 2 _ 2
CnenoBaTesIbHO, ;4—) F = b a2 ¢
Hpnmep2.]§_)=A_C)'—A_>,
2
TOTZIA B_C’2=(716’—,T§) =AC2 -2 _(}'A_)+1TB’2,
CIIEIOBATEJIBHO, a2—b2—2~T -Z§+c2,

B2 42— g2
suauur AC - AB = ————_-t—c——i.

— —
IIpumevyanue. B npumepe 1 sekropst AB u BC He umenn 06-

— —
mero Havana. B npumepe 2 Bexropst AC' u AB wumeior obiee
HAYAJIO.
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IIpaxmuxym 9
(Bexmoptoe pewerue naGHUMEMPUNECKUT 3a0aY)

C
Bagaua 1. B napamrenorpamme ABCD B
H3BECTHBI JAyiuHbl cropon AB=a, AD=5) a
n pianda gmaronanu AC = c¢. Haiinure D
IJInHY nuaroHaiau BD. A b

910 n3BecTHas 33ja4a. PaccMOTpPUM ee BEKTOPHOE DeEIeHe.

—_— — —
a) BD = AD — AB. Vcnosnb3yeMm pe3yJibTaThl IpUMepa 2, Ioty-
—_— —
yum BD? =b2 — 2. AD - AB + a®.
6) AC = AB + AD.
Ncnonp3yem pe3yabTaThl IpuMepa 1, momyyuum
AC?=q2+2-AB-AD+1, re. ®=a?+2-AB-AD +b2,
BD?=1—2-AD-AB + a?

B) IloaBonasi nTord, uMeeM
) c2=a2+2-xﬁ-ﬁ+b2

CKJ’I&,ILI:IB&H NOY/I€HHO, ITOJIYYHNM:

—_— — ) —_— s —
BD?4+2=0p2-2-AD -AB+a?>+a2+2-AD - AB + b

Buaunr, | BD? =2 (a2 + b2) - l

C apyroit croponsl, Tak Kak BD = 2m 4.,

rae myo — Meauana K cropose AC,

5 2(a%+8%) —¢? V2 (@ 1) 2 '

TO M9y = 1 y LI My = 5
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3agauya 2. B AABC naligure 6uccek- B
tpucy yrma A (ly4 = 1, = lgo, roe A,
lpe — Guccexrpuca k croporne BC'), ecin

AB=¢, BC=a, AC =b. (o]
A b

a) Kak usBectHo, AB: AC=BA;: AC=c:b)
AB _BA, ¢
AC ~ AC b

nm AC: AB=A,C:BA, =b:c, Torna

b
AC= - -BA, , 3HAUHT b -BA; + BA, =a,
A,C+BA =a ¢
a ac
T.e. BA; = % BA, = re CienoBaTesnHO,
[o4
BA, ac c c
= ra= -B . €. = .
BC ~bic @T pyo DO Te BA =g BC
6) AA, = AB + BA,.
HoB_C)’=Z€’—A_B), torga BA, = < AC - ¢ A_B),
b+c b+c
—_— ey ) — c — c —
snaunt AA, = AB+ BA, = AB + AC —~ AB =
b+ec b+c
¢ —= b —
= - A
b+cAC b+c
Uk, A4, = ——AC — 0 _4B.
b+c b+c

B) BosBeseM 00e 4aCTH BEKTOPHONO PaBEHCTBA B KBaJPAT: -

2 2
—""')2 C 32 C:- b T B b 39
AL = AT + 2 Gy - AC AB + T Al

2b? — 2.2
rello= "0 y2. L _ A AB+ °

(b+ c)? (b+c)? (b+c)?
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CxaJisipHoe poOM3BeIeHNe BEKTOPOB

r) Hcrons3yst pesynbrarsl npuMepa 2 (c. 271), mosnyunm, 9ro

2,2 2
AB. A0 = ”*CT“
IMoacTaBuM B HOJIy4E€HHOE BEKTOPHOE PABEHCTBO:
c2b? 2cb  b? + 2 —a? b2c?
l BC 2 + M + 2
(b+¢) (b+c¢) 2 (b+c)

Ilocne npeobpaszoBauuit:

be be ((b+c)? - a?)
2 2 2 =
%= TP (b +b% +* — a® + be) = TP
Vbcla+b+c)(b+c—a)
3uayur |lgo = s =1,

[onyuynnu eute oxHy GOpMyay HaAXOXKIEHUsS OHCCEKTPHCHI
TPeyroJibHKUKa 1o ero croponaM (cm. kaury A. X. Illaxmeiicrep
I'eomerpuieckue 3agauu Ha sx3aMenax. Yacrs 1. Ilnannmer-
pus. CII6: «Ilerpormud», M.: MITHMO. 2011, ¢. 104, cien-

crBue 5).

3agaua 3. B AABC HaiiauTe pacCcTOsiHME OT IEHTPA OMHCAH-
HOI OKPY>KHOCTH [0 TOYKH MEPECEYEHUS] MEIHAH, €CJIH U3BECTHBI
CTOPOHBI TPEYTOJALHUKA.

a) I/IC[IOJIBBy(‘M pQSyJIb'IaTbI petuenus 3agauu 4 (c. 258).

OM = OA+03B+OC’

roe M — Touka nepeceveHus MeOuaH.

6) YaurnBasg, uto OA = OB = OC = R, BO3B€IEM BEKTOPHOE

pa.BeHCTBO B KBa,H,paT:
1
cm2:§(<722+(79’2+o_c’2+

—_— — — —
+2-0A-0B+2-0A-0C+2-0B- OC>=

— —

(R2+R2+R2+2 OA-OB+2-04A-0

S|

QO|P"‘
Q
+
l\')
S|
o

!
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Hanee wucnonbsyem pesyibraThl npumepa 2 (ctp. 271),
TIOJTY YUM

uz NAQOB:

— —— <
2.0A-OB=0A2+0B?—- AB?*=R?+ R? -2 =2R? - ¢,
uz NAQC:
2.04-0C =0A2+0C? — AC? = R* + R2 — b? = 2R? — b2,
n3 ABOC:

2.0B-0C =0B%2+0C?2—~BC?=R2+R?—a2=2R?—a2.

B

A

IMogcTaBuM B npeabiaylliee BEKTOPHOE BhIPasKeHUE:

O—)M2=%(3R2+2R2—c2+2R2—b2+2R2——a2)=
_RQ_aQ+b2+c2
- —

VOR? — (a? + b2 + ¢2?)
OM | = .
3naunT, 3
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Sagaua 4 (3agaua Diinepa). B AABC wuaiiaure paccrosHue
OT HEHTPA OHUCAHHOI OKPYKHOCTH J0 TOYKM I1epecedenns Guccek-
tpuc AABC, 3Has panuyC BORCAHHON U ONMCAHHOMR OKPY KHOCTH.

a)

6)

Hcnonb3yem pesynbrarsl peutenus: sagadun 3 (crp. 256), rue
O — uenTp ommcanHoil okpyxHocTH, L — Touxa nepecede-
HUsT OUCCEKTPHUC:

— —_— —
— a-0OA+4+b-OB+c-0C

OL =
a+b+c
BospeneMm B kBaupat, 38as, uro OA = 0B = O0C = R.
o= — L 5 ((a2+b2+c2) R+
(a+b+¢)

+2ab-ﬁ.@+2ac.(ﬂ.(7’7+2bc.(3§-oc).

W3 npumepa 2 (crp. 271) usBectHo, 4TO
—_— =
2-0A-OB =2R? - c%
2.04-0C = 2R? — b
_— —
2-0B-0C = 2R? — @
Torna

OL2 1

T (@12t )

+ ac (2R2 - b2) + be (2R2 — a2)) =

((a2 +0+ ) RP+ab (2R - %) +

2+ +2A)R2— (a+b+c)-abe abe
— 2 _
(a+b+c)? a+b+c
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B) Taxxax §=(a+b+or, u §= "= 4R , TO (a+b+c)r = Zl]’;,
OTKyJa caeayer, uro 2Rr, = a—bc
yaa cenyer, = e
Buaunt, OL? = R? — 2Rr,,
CIIeA0BATEIJILHO R? — 2Rr,

3axaua 5. B uersipexyronbuuke ABC D n3BeCcTHBI BCE €r0 CTO-
pousl 1 auaronasu. Haligure paccrosHue MexIy CepelMHAMM €ro
JUaroHaJeu.

B c

D

—— ey e ) 1— = 1—
a) 1\4N-—-.MC’+C’D+DN=—2-AC+C'D-§BD;

m2=iﬁ2+@2+iﬁ)2+m‘ﬁb’-

1 = = —
—§AC'BD——CD~BD.

6) Uz AACD cnenyer, aro AD = AC + C’—D>,

AD? — CD? — AC?

—_— —
torna AC - CD = 5

—_—
Us ABCD crenyet, ywro BC = BD + CD,

CD? + BD? — BC?

— —
Torpa CD - BD = 5
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B)

AC .BD =

st HaxoX neHus ;16’) . B_I)D, YV KOTOPBIX HET ODIMUX TOYeK,
— — —_—

npezicrasum AC' B Buge cymmbl: AC = AB + BC.

Torna

— d —_—

AC.BD = (AB Bo) BD = AB.BD + BC - BD, rae

—_ 2 2 _ pp2
us AABD: AB.BD = AP A2B BD”.

2 2 2
ws ABCD: BG.-BD = 2¢ +Bf — o7

Toraa, CI0XKUB HOYIEHHO, IIOIYYHM:

AD? — AB? - BD? + BC? + BD? — CD? _
5 =

= % (AD? — AB* + BC? - CD?).

HO,H,CT&BI/IM B BEKTOPDHO€ BbIDAazKE€HHE U3 IIYHKTa a) BbIDaXKe-

HHsl U3 IIyHKTOB 0) U B), NOJLY4YHM:
1 1 1
MN?® = 2AC* +CD* + 3BD” + 5

—% (AD® — AB? + BC? — CD?) - % (CD* + BD? — BC?).

(AD? — CD? - AC?) -

ITocne npuBeneHus: DOAOOHBIX YJICHOB:

MN? = % (AB? + BC? + CD? + AD® — AC? - BD?).

3HaguT
VAB2 + BC?2 4+ CD? + AD? — AC? — BD?
MN = .
2
IIpumevyanne. Ita 3a1a9a HMEET CTEPEO- D M

MeTPHY€eCKYI0 HHTeplpeTanuio. s mu-

pamugel DABC, 3Has ee pebpa, MOXK-
HO HaMTH PAaCCTOAHHE MEXKY CepeluHaMu

ckpempBaouxcs pebep. OveBUAHO, YTO
pelieHue ¥ OTBET — Te XKe. C

N
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3amaua 6. s s060i rparnenu cymMMa KBaJIpaToB €€ JUArOHa-
Jieil paBHA CyMMe KBaJIPATOB OOKOBBIX CTOPOH. CJIO?KEHHBIX C YABO-
€HHBbIM IIpOU3BeieHneM ocHoBauuii, T.e. yia ABCD (BC || AD):
AC? + BD? = AB? + CD? +2AD - BC.

B C
A D

a) CuepBa paccMOTPHM 3ajady B Gosiee obmiem Bufie. T.e. JJis

[IPOU3BOJIbHOIO ueThipexyroibauka ABCD.
—_—

—_— s = ——
Bynem ucmosmwzosarh BekTOpH AB, BC, CD, AD, AC
ey
1 BD, coOTBETCTBYIOIIHE OSHOMMEHHBIM CTOPOHAM.

6) B uactnoii 3amaue BC || AD, r.e. BC-AD = BC - AD.

—_— —
IonwiTaemca naiitu BC - AD B obmiem ciyvae. st aroro
— —_—

BbipasuM BC u AD uepes apyrue BEKTODbIL:

BC=AC - AB: AD=AC +CD.
1“38713:(26 A_’)(Z(T*+C_’D)=
= AC?2—AB-AC+AC-CD - AC -CD.

U3 AACD caenyer, uto ;I.C—f‘ AD — CD

2 2 2
TOL/IA AD @ = AD +C;) —AC .

Uz ABCD cnenyet, ato BD = BC + C—'T),
BD? + CD? - BC?

—_— —
rorpa BD - CD = 5 , BHAYUT
o 2 2 2 2 2 _ 2
iB. CD~AD +C;) — AC _BD +C;) BC _

_ AD? - AC? + BC? — BD?
5 .
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IMojryyennbie pe3ynbTATHI TOICTABUM B BEKTOPHOE BLIPaXKeHHE
— " —
BC - AD, rtorga

e 2 2 ) 2 2 2
BE D ace AC +A]29 BC? | AD A2C cD?
_ AD?-AC?+BC?*-BD? _

2
= % (AC?+ BD? — AB* - CD?).

Hrak, B_C)’ . A—D) =
TILITHBIH PE3yJIbTAT.
Hanee, nonarasi, uro BC' | AD, umeem BC-AD = BC- AD.

IloncraBuM B [10/1y4eHHOE BEKTOPHOE PABEHCTRO:

(AC? + BD* — AB* - CD?*) — mobo-

[NCR

BC-AD = % (AC* + BD* - AB* - CD?).

ITocse npeoGpasoBaHus MOy 4HM
|AC?2 + BD? = AB*+ CD?+2-BC - AD|,

4To U Tp€6OBaJIOCb A0Ka3aTh.

3amaya 7. Hau mapamnenorpamm ABCD, rme AB = 10
u AD =6. Touka K € BC, upuuem BK : CK = 1: 2; Tou-
ka P € DC, npuuem DP : PC = 3 : 2. Haiigure Kocunyc yria

Mexay AP u DK, eciu ZBAD = 60°. B K c
PaccMoTpuM BEKTOpHOE pelieHHe 3aJadu.
— - — P
a) IMomoxum AB =b, AD=a.
Ouenuumo, uro |b] =10 u |G| = 6. A D
. . . 1
a@-b=|d|-|b|-cos60° T.e. d’-b=6'10-§ =30
— 11— 11— 1.,
6) Tak kak BK : CK =1:2, ToBK=§BC=§AD=§a.

Tax kaxk DP : PC=3:2, TODP=§DC=§AB=—().
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3-
B) AP = AD+DP—a+ 5b
—_— —_— —— — 2— 2
DK:DC+CK=AB+—CB= 56'
r) Haiinem nyuny BekTOpa AP.
'API VAP = a + = b i35+ p=
5 2
\/Ial2 + = -|@) - |B] - cos60° + —]bl2
6 1 9
\/36+— 610 > + o=+ 100 = 6/3.
IDE|= VD b2——a Y PO i
3 9
= B2 =2 18] 1] cos60° + 2 - a2 =
3 9
2 4
=\/100—§~6-10+§-36:\/7_=2\/T§.
1) Haitnem ckansipHoe mpounsseieHue:
—_— 32\ [~ 2
5% = (1+3) (5 22) -
- 7 3—*2 2_‘2 2" — 3 | e’ 3 —'2 2 _‘2
= —_ —_—— —_—— = - . . ° —_ b —_— .
a_b+5b 3 5b a 5|(1| |b] - cos 60 +5[ | 3|a|
-— — 3 1 3 2
. —2.6-10-=+2.100—= = .36 = 54.
PDK56102500336 54
== AP-DK
[ .
e) cos (Z]B, DK) = ———r—,
|AP| : ‘DK|
=T 54 9 3
T.€. cos | AP; DK = —+/57.
< ) 6v3-2/19 2567 38

= | —=V/57|.
38\/5_




282 CrajisipHO€e NpOU3BEHEHNe BEKTOPOB

Ipaxmuxym 10 (Hcnoav3osarue CKAAAPHO20 NPOU3-
sedenus 0asi HATOHCOEHUS Y2A08 U PACCTNOAHUL)

1. Jan ky6 ABCDA,B,C|D; co croponoii t.
Hailinure:
a) 4B, - BC;
6) CD; - ACy; 4, !

—

_— ——
B) (DCI;CBI) ;
r) (;1_1—5’ D1Bl)? A b

a*) p(A;D; AB).

=)
Q

ey — - e
;A A

1. AB, = AA, + AB=a+b.
2. BC=AD = ¢ a.E=|a'|.;‘;.cos<a;B’).

—_— = g
3. 4B, BC=(6+b =8-8+b5-6=0+0=0
(tak kak @1¢, To @-C=0; Tak Kak bL1Z, To i)’cE:O)

— ——— = fd ’
3. CD, - AC; = (-5 +4) (z+8+a) =
=-b-e+a.--P+a-b-b-a
= |2 + |a@2 = ~t* + 2 =[0Q].
(IomuepkHyTbIE CKaJIsIpHBbIE IIPOH3BEeHUsI paBHbI 0.)
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e —

—_— =
B) Haiinem (DCI;CBI

. DC,-CB, = (b+3) (-c+ )=

1. DC1 DC+ 00, =F+a

-~ a-b
cos|a;b) = a ll_;l — 3Ta (GopMyna crnpasBenuBa

npu G # 0 u b # 0, Te. e BeKTopHl @ u b —
HeHysepbie. | |d| = Va2 |.

G"l
0~1
II

=a?=|d% =+
(1 B 9TOM npUMepe NOAYEPKHYTHI HYJIEBbIE CKAJISIPHBIC
MPOU3BEIEHHUS. )

|DCl| =/DCp2 =/ (B+a) = /B2 +25-b+a =
= /1812 + |2 —\/m—t\/_
[cBl|= OB = (-e+ap = VE-E G+ @ =
= Vi +al = Vi + £ = tv2.

= = DC, - CB, ¢ 1
$e (551);55;) ‘ch |0311| TWEta 2

3nauur, (DCI;CBI> =[60°].

—
Haiinem (AIC; D131> .

1.

A,C = ﬂ+fTﬁ+DTfL-—* +E+5;

. AC. DlBl—( a+c+b) (5 &) =

=-g-b+e-b b+b2 a-c-&-p.c=
= I - = 2 - £ =,
— ar g
3HAYMT AICJ_DIBI, Te. <AIC; DlBl> =190°}|.
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a*) Haiigem paccrosiHue MeXJy JUaroHajsiMH rpaHell KyGa

p(AD; ABy).

‘ —_— ey
Breipasum Bexkropel A;D u AB, A

uyepe3 Ga3uCHbIE BEKTOPHI 4, buée AT D,
—_— —_—
AB; = AA, + A;B, =d@+b.

Q

Tak kak p(A;D;AB,;) = KP,
e { EPLAD KPLAB,
" \kPLAB, " \ FBLAD’
— ——
KP-AB, =0
3HaAYUT _— — .
KP-AD=0
Homoxum:
— —_— - [—— =
AR = 2AB] = s+ b (4B, =a+b);
— — —_—
DP = yA,D = —yi +y¢ (AlD = —d+ é‘) .
—
Boipazum K P uepes 6asucHble.
— —_—
KP=KA+AD + DP,
TOrIA, KP= —2G—xb+C—yd+ye= —(x+y)a+ (y+1)E—x5.
—(@+ )@+ (y+1)e—zb) - (a‘+b‘) =0
3HavuuT r .
—(z+y)ad+y+1)é—zb) - (-@+6)=0

IMonyuum
—(z +9)a® - (¢ +y)a-b+
+y+1)g-a@+ (y+1)g-b—ab-d—ab*=0
(z+y)a@ - (z+9)@-2— (y+1)E-a+ (y+ 1)+’
+xb-G—2b-C=0

{ —(@+y)a?—ap?=0
(z+y)aP+@w+10a2=0"
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(x+y)2+ Y+ D% = z+y+y+1=
2

y= -2z V=73
z+2(-2z)+1=0" _1 -

{—(x+y)t2—mt2=° ;{ tyayil. o(t#o)

3HaanIﬁ9)=—(-1-—-2->fi+ (—2+1>E—

—
T.e. KP =

2
KP = ’KP’ VEP? = \/%a+%6 %5) =

\/&”2+ 402 428-8~23-b—28-b=

_1
\/la{2+ 182 + |b)2 = \/t2+t2+t2 = ?t.

2. DABC — upaBwibHasi TpEyrojibHasi IMpaMHIa, Bce pebGpa
KOTOpOi paBHBI Mexnay coboii. Mssecrno, uro P, K, N
u M — cepenunbl pebep.

Haiigure:
a) (Aﬁ;?B ) ;

6) (Cf;TK) ;

B) (BA/I;\DC) ;
r) p(P;N);

x*) p(CP; AK).
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,Z[JIH pemeﬂnﬂ 3a1a1d BBeIECM GasucHble BECKTODHBI:

—bnAC-c roe |@ =B =g =t,

d‘b) ( )— (‘f;\é‘)=60°.

a) Haiigem (AD;CB).

——
. —— =
Hust aroro cHadaJjia HaligeMm (AD; CB> .

%‘31 %
%‘ei -

_AC
AD-CB ( ) =G-b-d-@=

-~ 1
— 1. g2y =12. . 2.
=|a|- || - cos (a,b) |@} - | - cos (a,c) t 5 t
T. €. 44_D)LC—’—§, suaunt AD1CB.
CnenoBaresbHO, (AWB) =[90°].

Ql

6) Haitzem (cﬂK) .

|

1l

Q
+

> .
=
i

|

oL
+

q°>
+
G
Il

[N
S S
l\Dlllr—l

3

i
s
=X
Il
W | »—-/l\ w)
O
+
B po| =
oy
N—

1§

|

>
o
+
8

|

1@ - |@) - cos 60° + = - |&@|? — -|e1-|5|.cos60°+

1@ - |B] - cos 60° =

1 1 1 1
— 2 22t lo_ Lo
4 +4t 4t+8 St

+
b—-‘,;;“_.NJIP—‘l\DI'—‘
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‘C’P‘ P2= - —Ea+

= \/|512 ~ |- 15| 08 60° + Z|a|2 -
1
t

1 V3
= Je_ eyt Yo,
2t+4t 2t

5. [1R| - VAR - (124 37) -

1 1 - 1

= \/Z|d|2 + 3 @} - |b] - cos 60° + Z|b|2 =
1 1 1

= \/—t2 +-2 42 = —‘/-_33t.

4 4 4 2
=\ GPAR ¥
6. cos (CP AK) ‘5’?" ‘AK‘ (_2§) . =-5

e —

Nrak, cos (CP; AK) <0, Te (CP; AK) > 90°.

e
o (C’P; AK ) < 90°, TakK Kax yroj Mexay npsMbiMU

110 ONpEHCJICHUIO BCErlia He TyIIOﬁ.

= 1
cos (C’P; AK)’ = 5’
T.€. (CﬂK) = arccos (%) .

B) Haiinem (BWC).

Torua cos (C’ﬂ[{ ) =

—_ =
Buauane Haiinem (BM ; DC’) .

1. BM =BA+AM = -5+ %

2. DC=DA+AC = —-G+¢
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- — = 1 -1
. BM.DC=(-b+ 28\ (~a+ &) =ba-Ltea-bo—si=
2 2 2
o 1 o 1
=|b|'|c'i|'cos60°——|é1—|d‘l-cos60°—|b|-{€]-cos60°—§lé12=
1 1 1,4 1
= —t2 - —t2 t = —§-t2

.IBM‘ \/25——,/ b+

L. 1 B 1
=\/b2—b-6+ZéQ= |b|2-—|b|-|é]~cos60°+zlé12=
1o 1, /3
= ——t ¢ = —1t.
t2 +4 2

.|DCI VDE2 = V(—@+8)? =

= V=2 Jal 18 -cos 60° + ¢ =

1
=, [t2=2. 2 4+t2 =1t
2
MoxHo 6bi10 cpa3y ToHsTb, uro DC — pebpo mpa-

BUJIBHOTO TETPA’Jpa, y KOTOPOro Bce peGpa paBHBL.

B DE ‘BM‘ ‘DC’ ( )tz_——é—'

cos (—/.)\_>> BM - DC —342 V3

=
Torna (B.M; DC) = 150°.
Ho (B]TI;BC) — He TYIOii, 3HAUHuT
(BM;DC) = 180°  150° = [30°].

r) Hatinem p(P;N).
Tak kak PN = ’}—57\/'

, TO HalixeM BHayaJje 'PN .

— = - = 1 1/
1. PN=PA+AC+CN=—§d+6+§(b—é’)=
1. 1- 1. = 1= l— —
——§a+§b+-2—c, Tak Kak CN = 2C'B— 3 (AB A )
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2. [(a+b+c)?=a?+b*+ %+ 2ab+ 2bc + 2ac|,

2
fﬁ)\’/ =VPN?= \/(—515+ 515+ 515) =

1y 1m, 1, 1.2

—\/4 +4b +4c 5a b+
]. 12 1—'2 ]. 2 ld 7

== - 12 — Z|allb °
(4|al + 7161 + 11" — 5 lall ICOS?O +

1= 1 2
+ -2-|bHE| cos 60° — §|d‘||é‘l cos 60°> =

1y 1, 1y 1, 1, 1, 2
—\/4t+4t+4t 4t+4t 4t—2t,
snaunt |PN =§t.

1*) HaiizeMm paccTosiHEe MeXK Iy CKPENIHBAIOIUMHUCS MeJUaHa-
MH rpaHeil mpasuabHOro terpasapa DABC p(CP; AK).

o, D
1. Buipasum Bektopsl CP u AK
yepe3 6a3HUCHBIE BEKTOPHIL: P
_— = — 1
CP=CA+ AP =—-C+ 56;
A
R:l(,ﬁ+lﬁ_§) ik
2 2 27
2. Tak xak p(CP; AK) = MN,, C

—

e {MINI_LCP o | MiN{LCP
s —_——) .

M;N,LAK M,N; 1L AK

K
B

Ajiﬁi"A—k:O (M1N1=‘]‘_4’—17V—;|)~

—_— — — ——

—_— —
{MN .CP=0
3naguT
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—_— =
{M1N1-0P=O

—_— —_ — —
Monoxkum M;A=zAK n CN, =yCP.
Torna MlN1 = 74K + AC+ CP =

=2 1( +5) + &+ +1
=Tg\ y{=¢+3

—_ 1 1 -

\_/

_— , diegoBaTesIbHO
M,N, - AK =0

1 1 - 1

\

1 I AN
\ §(x+y)a+§zb+(1—y)c '3 a+b)—0
'—1(x+)6 g =3b-¢ (1-y)& 1(+) +
2 Y "¢ pie + glztya
1 - 1 I
+ZM~w+§u—wca—0

1 1 - 1 -
5(ac+y)a2 +5zb @+ (1-y)¢-a+ §(x+y)a- b+

1 .
+§x52 +(1-y)&¢-b=0
\

Yurem, 9TO

o 12E 0_12
F=alfl - 60° = 5t

o

Sy

- 1
.= |bl|d] - 60° = 51&2

Q

1
a=[alla - 60° = 12
TOr A
(_1 e Lo g s lesge
S@+y) 58— ot - 1=y + J @ +y)+
1,1
+3ot + 1 (1)t =0

2(x+y)t +th +§(

1, 1 )
St 4 ~(1—y)t2 =0
‘ +2x +2( y)t

1
1—y)t2 + Z(:c + )2+
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{ —2(z+y)—22-8(1-y)+2(z+y)+z+2(1-y) =0
2(z+y)+r+2(1-y)+(z+y)+22+2(1-y) =0 ’

-r+6y—6=0 —-r+6y—-6=0
6x—y+4=0 -6’ 36r—6y+24=0"
32

y=6xr+4 Yy=—

355 = —18; z = —0, 18 3B
35 r = —':g = __]_-_8_
35

IMoncrapiss HaliJeHHblC 3HAYEHHS & U Y B BEKTOP

— 1 1 -

noxyuum M, N, = 16— 3l—)’+ ié’
Y 11 = 359 7 350 T 3¢
N 1 - 2
‘MINI‘ = ﬁ\/(m —95+3¢) =
1 » P
=£\/4962+81b2+962 —126G-b— 54b- &+ 423 - &=
1 ‘ 4
= —/49¢2 + 812 + 92 — 6312 — 2712 + 2142 = @t,
35 35
r.e. p(CP;AK) = %t .
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Tpernuposournas paboma 7
(Hcenoavsosarue craaaprozo npouseedenus
0nf HATOdHCOEHUSA Y2108 U PACCTNOAHUY)

Bapnanr 1

1. ABCDA,B,C;D; — kyb, pebpa KOTOpOro paBHbI M.

Pl’ P2, P3, P4, Tl’ T2, T3, T4, Kl’ K2, 1(3, 1(4 -
cepenuHbt pebep.

B
P,
al b 2
T, Dy L
T,
I . B Ifz 4 c
P
K, %
A K, D
— —_— i rard
Honaras, yuro AA, =a, AB =05, AD =, naiiaure:
a) (AP4;DP3); 6) (DTZ;K4C’1);

B) (P1T3;K1P2) ; r*) p(AP,; DP;).

2. SABCD - nupamufia, Bce pebpa KOTOPOH paBHbI M.
Ty, T,, T3, T,, K,, K,, K;, Ky — cepenunsl pebep.

— — - —
Ilonaras, aro AS =&, AB =b, AD = ¢, naiigure:
a) p(KyTs); 6) (T4A;DT3);

B) (SK4;TIC) ; r*) p (K,Ty; K3Ty) .
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Bapnant 2

1. ABCDA,B,C|D; — kyb6. pcbpa KOTOPOro PaBHbI .
P, B, B, P, T}, T), T3, Ty, K. Ky, K3 Ky —
cepenuHbl pebep.

B P,
P 1 ZP C,
P 3
A, 4
Ty Dy L
T,
I . B K1t C
”
K K,
A KD
ey — - —
Ilonarast, uro AA; =ad, AB=1b, AD = ¢, naiigure
a) (AP;BR,); 6) (CTi K34,)
8) (K P ToKy ) %) p (A, T; CPy).

2. SABCD — nupamujia, Bce pebpa KOTOpOii paBHbI M.
T, T, T;, Ty, K|, K,, K3, K, — cepenunn pebep.

ITonaras, uro m
a) p(K3:Th);

B) (bi/?zD) ;
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Pewenue mperupogouroli pabomut 7
BapuanT 1

1. ABCDA,B,C,D, — ky6, pebpa KOTOpOro paBHbI M.

Pl’ P27 P3> P4’ Tl’ TZ’ T3’ T47 Kl’ K2v K3> K4 -
cepenuHbl pebep.

o3
o
&3

A K,

=

4
K,
D
e — - —
HMonarasi, wro AA; =a@, AB=0b, AD = ¢, Haiigure:

a) (AP DPy); 6) (DT KiCh) s

5) (RT3 K\By) t*) p (AP DP,).

, AD =¢,

S

—_— —_—
Ilo ycnosuio AA, =d, AB =

Toraa dlb, &1¢& bLC,

o

oy
oy
It
=

Te. 3-b=0, & &=0,
a) Haituem (AﬁP3).

1. AP, = AA, + AP, = i +
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—_—

m

2

= 4
TOTAA (AP4; DP3) = arccos ¢|.

6) Haitnem (DmCl).

o1
1.135“'2’=D_X4+@+B_T;=—E+b+§6;
1 bd
K,C, =K, D+ DC+CC, = sC+b+a
2
N - 1.
2. ’DT2|=\/(—6+b+-2—a> =
o o lo L7 o7 o
=4/ +b2+-d° -2 b—C-a+b-a=

4

=

[ PR (fn) P
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]m{=1/<%c?+5+a‘>2=

1 -
=\/—é‘2+52+62+ﬂ+2_~_@+é_6=

4

1
=\/Zm2+m2+nt2=gm.

I O T e
—2c+2bc+4ac c-b+ b+
1., - - 1
G b—C Gab-G+ a2 =m?
+2a b—-¢c¢-a+ a+2a m
T g DT, - K,C m? 4
.
o [kl ()

e — 4
TOLJia (DTZ; K 401) = arccos o .

B) Haitnem (PﬂﬁPz).

1. 1
L. ATy =P B+ B,C; +C T3 = §b+g_ 5‘1
1~ 1
K1P2=K1B+BBl+BlP2=_2.b+5+§5_
—_ 1_‘ . 1-’ 2
2. IP1T3‘=\/<§b+c——2—a) =
! V6

m.

1. . 1.2
L TR A 1—-_._\/6
_\/4b +a +4c +b__a+u+2u— 5 M
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1- _ 1, 1~ ., 1,
1 1, - 1, - 1.
_15‘2+§a b—2d-b+5b-d+¢-a-
1.*2 1 1_2 1, - m2
—3 +Zb-c+§c 1=
= P T, K;P. m? 1
— sy .
) ] ()8

—— 1
TOTAA (P1T3; K 1P2) = arecos .

r*) Haiinem p(APy; DP;).
ABCDA,B,C,D; — ky6, pebpa K0oTOpOro paBHbI 1.

2

1-

(3]

—_— = = =
KP=KA+ AD + DP.

— ——y —
Monoxum KA =zAP,; DP =yDP;, Torma

—_— —— — —
KP=xAP,+AD+yDP;=x ((’i+

2
1 -
Te. KP = (z+y)d+ Sub+ <1+§>a
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' ~ _ [KPLAP,
Tak kak p(AP,; DP;) = KP, ecnu {KP_LDP3’
. D 105
KP.4P,=0
BHAYAT § —— ——b y TOTZa
KP-DP,
4 o 1 - 1 - 1—'
(z+y)@+-yb+{1+2z)¢) - (G+:¢) =0
4 2 : 1
1 - 1 AP
(z+y)a+syb+ (1+52)¢) - (a+5b) =0

\
{

l iad 1 l - -
(@ +y)a® + syb-a+ (1+§ )6_@+ Fl@+yla-c+

1 - 1 1
~yb-C+ 14+ =)
J +4ybc 2(+2m>c 0
1 1
(z + y)a% + yb a+ 1+§ §(x+y)a b+
1 J
l+-z)é b=
\ +yb+2(+2a~>cb 0

)

b

(w+y)m2+l<l+£>m2=0

2 2

(m+y)m2+%ym2=0

\ 10
dx+y)+2+x=0 [Sx+4y=-2 9
{4(x+y)+y=0 ’{4:v+5y=0’ y 8

ey
Iloacrapnsis 3Havenuss £ n y B BekTop K P, momy4um:

2 2. 4. 4\?
KP_—§a+ b+ 'KP’ \/<—-§a+§b+§c) =

1
= 5\/4&'2+16b2+1602—16a b+32b-6—16G-¢E

2
m= -m,

1 ;
= 5\/4m2 +16m? + 16m? = 3

=] =2

2
T.€. |p(APy; DP;) = 3™
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2. SABCD — nupamuja, Bce pebpa koropoit pasusl m. T,
T, 13, Ty, K|, K,, K3, K; — cepenunnl pebep.

Haiigure:
a) p(KyT3);

6) (T,4; DTy ;

B) (5174;?10) ;

*) p (K Ty; K3Ty) -

Ilo ycioBuio zﬁ=fi, A =5, E=",
= l=1d=m, (aF)=(52) =0, Bic

- = 1
CnenosaresbHo, d - b = |d| - |b| cos 60° = -2—m :

1 -
@-¢=|d-|&cos60° = —2-m2; b-é=0.

a) Haitnem p(K,;T3).

—_— —— = 1, - 1—
1, = 1/, N 1, 1=
=g0+brz(a-b-a)=ga+3b

W rarra SR
= sv/laP + B2 + fal 15l = L

V3

torza |p(Ky;Ts) = 5 m|-
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6) Hatzem (T,4; DT,

S’

1 ﬂ_ﬁ+ﬂ=%(,¢1—ﬁ—_§)+DA=
1. . . 1. 1,
—§(c—a)—c—- 2a 55

L TN o, Vo
—\/4|a| +2!a| |€] - cos 60 +4|5] =

1 1 1 .
=\/—m2+—m2+—m2=£m

4 4 4 2
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e, TA.DT —im? 1
4. cos (T4A; DT3> = =& 3= > 7T T
Al ] (%)

= = 1 1
T. €. <m; D—T;) = arccos (_6) =T — arceos .

Hra ( ) - arccosé > 90°,
TOT A2 ( ) = alcco:,— .

B) Haiinem (SmC).
— —_— — 1
— ey —— — 1 -
TC=TI1A+ AD+ DC = —§d+5+b.

e 1.\? 1
2. ‘SK4[=\/<—6+55) =\/52_5.5+259
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e —_— — 1 2 —
4. cos (SK 'TC)— SK LG 87 15
. 441 ™ T—— — ] - )
. R e F g

T. €. (S_K;,ITC)) = arccos (—%) > g

Ho 0 < (SK/4;\TlC) < g—, 1103TOMY, YYUTBIBas, 4YTO

arccos ——\/—_1—5‘ = T - arccos @
30 |~ 730

u (S—Ix;,m> = T — arccos (—%—?—) ,

(SmC) = arccos -—3-\/(1—)_—5—

r*) Hatnem p (K, T,; K3T3).

p (K Ty; K3T3) = M Ny,

1, 1 /— —
1. KT, =K, D+ DT, = 5+ (45 -4D) =
—16+1* 16—16
T2 20 27T 2T
—_— 11— 1/ — — 1., 1.,
K3T3——2- S—E( S—A )—ﬁa—ic.
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Ionoxum M, K, = zK,T,, K3N, = yK,T,, Torna

— s = 1. 12 @ —
M\N, =K, T, + 3¢+ §b+ yK3Ts =
=z td+ai+ bty (a-ad) =
TSIt TRtV T3¢ T
1 L 1= 1 S
—§(x+y)a+§b+§(1—y)c,

— 1 1- 1
T.e. M| N, = 5(ct: +y)ad + §b+ §(1 — )

M,N,LK,T, MN, -K,T,=0
3.TaKKaK{ 1017474 g { 11T 2404 T T
M|N,LK,Ty’ M;N; - K;T; =0

3HAYHUT

a=0

1, 1

27 2 ) o

Jnst ynpomesnsa yMHOXUM 00€ 4acTu ypaBHeHus Ha 4.
(zv+y)[i2+5 i+ (1—y)c-ad=0

(z+y)@+b-a+(1—y)e a—(a:+y)a - ;
—b-é-(1-9y)&=0

1- 1 o
§b+ 5(1—y)c

1 L 1.1 o
-2—(x+y)a+§b+ 5(1 —y)C

1 i
5(9: +y)a+

e N

( 1 2 1 2

- - 1_ —
5™ +2( y)ym* =0
1 1

§m2 + 5(1 —y)m?- ;

(z +y)m? +
{ (z+y)m? +

—l(:r +yym?—(1-—y)m?=0

{2(x+y)+1+(1—-y)-—0
2c+y)+1+(1—yv) (x+y)—2(1—y)—0’

2w+y+2=0 JYT3
r+2y=0 4’
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1
= 6\/4m2 +9m2 +m?2 — 6m?2 —2m?2 = e
re. |p(K, Ty KsTy) = \/?gm.
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Bapuanr 2

1. ABCDA,B,C,D; — xy6, pebpa KOTOporo paBHbl m.

Pl’ P2, P3, P4, Tl’ T2, T3, T4, Kl’ K2, K3, K4 -
cepeauHbl pebep.

B P,
P 1 2P C,
A I,
1
7; D1 7:';
T,
T 4
1 j{B Kz c
»
| K,
A K, D
—_—

— -
Ilonaras, uro AA; =a, A

a) (Aﬁpz) ) 6) (CTI/;?SAI) ;

B) (Klszl) )

a) Haiigem (AﬁPQ).

l‘APIZAA1+A1P1=6+§;
1
1-\2 .1
2 ’AP1‘= (a‘+§b> =,/@+a b+ZI3'2=
1
= m2+—m2=—@m
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— 1.\?2 1
{BPQ]_ i+:¢) =, |@+a-c+-E=
2 4
L1 5
=,/m2+-m?= %m

Hal’IOMHI/IM, UTO IIOAYECPKHYTHIC CKaJddAPHbIE IIPDOU3BECIAC-
HHA paBHDBI HYJIIO.

== AP, - BP, 2 4
= .
4. cos (API;BP2> =1 Z- = =5

T. €. (A@PQ) = arccos% .

6) Haiinem (C’Tl/;-}'?:;Al).

—_— = ey - 1
1. CTy =CD+ DA+ AT, =—b—C+§d';
_— _ == — 1- .
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2
e 1_’ - -
‘K3A1|=\/<—§b—c+a> -
I 2, 2 7 = - > =
= Zb +&+a‘+b.c-b-a—-22-d=
=\/211-m2+m2+m2=—m
- 1—; 1—’ - -
1 1 1, - = 1 -
=W 4+p.8— 2§ b.e+F& —-g.¢—b-d-
50"+ 5b-C 4a_b+_c+c 58-C b-a
~g.d+ 22 =2m?
=, CT, - KA m? 8
4. cos (CTI;K3A1>= _)1 31— > = =,
Sl

——— 8
T. €. (C’TI;K3A1) = arccos sl

B) Haitnem (KIP‘/2;?2K4).

1- 1
1. K1P2=KIB+BBI+BIP2=§b+&'+§";
o —_— 1. -
LK, =T,B + BA+ 4K, = ~3a b+ 3¢
— 1. . 1)°
2. ’K1P2|= §b+ +-2—c =
log L 1o oo o 1s . 6
—\/4b +a+zc +b_a+g_g+2u——2—m-
1. - 1)\2
’T2K4‘—\/ ——2-a—-b+§c> =
—1 1"’2 12 1-2 T = r - 1-4 -4_\/6
—2\/4 +b +4c +b-a u+2a__0— 5 M
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- 1 1 - 1~
e - R R S v S
—-4ba a 4ca2b ba2b__g+

1. . 1. . 1,

+Zb C+ =a c+4c =
_ 15 1 5 1 4 3 9
= m 2m +4m 4m
— = K\ P, -T,K
—_ .
4. cos <K1P2;T2K4>= —1-2 2 4
K. By| - |ToKG)

- ! (K P/;K> 120°

=% K- T 1o oty | = )
T o

TOTAA (Kllﬁlx"l) = 60° |.

r*) Haiinem p(A,T,;CPy).

B, C,
B
A, D,
\‘< "Nl
M
C
B
A D

Hamnomaum, yro ABCDA,B,C{D; — ky6, pebpa xoro-
poro paBHBI m,

ey —_— o

AA,=d, AB=5b, AD=¢

1

CP,=CC;+C\P=d~ %5’.
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—_— -
HMonoxum M,Ty =zA,T,; CN, =yCP;, Torna

ec {MINIJ_A1T4 _ { MN, - AT, =0

11 , TOTJI2
MyN,1CP; ° | M,N, -CP, =0
( 1 1\ . 1\» - .
! y=57-5 a+ 1—§y b+2xC) - —54 =0
1 1 1 - 1—‘ !
—=z—=)ad+|1—=y | b+zC a—=b} =0
| \\ma%7z) et \I72Y) 0t =) " 3
( 1 1 I, 1 T = -2
(y—ix—-é)a_c+< 2y>l_7_g+wc
1 17 1\, 1 1 Ve . 1 ..
—§(y—-2-a:———2-)a 2(1 5Y b-d 2wu—0
T A T \e . . . ’
(y—§x—§)a +(1—§y>b__q+xg_c—
1 17 1\ . 1 1\ 1 2
-3 (v-ge-g)Ba-5(1-3) P - gemi=o
( 1 1 1
<xm2—-2-<y—§x—§>m2:0
PR Pt S R P P
Y72 2 2 vpm=
(, 11,
) x—y+§a:+§— . {4x—2y+x+1=0,
1 —2—4+y=0’
y—e1-14Ly=0 dy—27—4+y=0
\

5z—2y+1=0]2 [10z—4y+2=0
5y—2z—4=01]5" | —10z+25y—20=0’
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y=2
2Ny =18 y= 7

b

~N o
~N| =3

1 5
51:—724-1:0 T =

4
a+ 7 +

—

—

TOI‘,ELa ]\/Il Nl =

N
-~

_ 1

1 .‘ R
= 7\/4c1‘2+16b2+52+16&-b+8b~ +4d-c=

%+@+@.

32

V21
T

1
= —7;\/4m2 +16m2 +m? =

Wrax, ’MIN1| = gm,

Va1

sHauur |p (A, Ty; CPs) = —m|.

2. SABCD — nupamuza, Bce pebpa koropoii papuel m. T3,
T,, Ty, Ty, K|, Ky, K3, K, — cepenunsl pebep.

A K, D

— —] - —
Ilonaras, wro DA =d, DS =b, DC = & naiinure:
a) p(KgTh); 6) (DT1§AT2);

5) (KGS; T,D); ) p (K Ty T,K)
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a) Haiizem p (K3 Ty).

1 1
= Leva+di-la=-ferlavls
_—§c+a 5 2a— 2c 2@ 50

[72 1., 1. 1z 2
\K3T1|= K3TP =y [{ —58+35d+35b) =

1—2 1_.2 1 1, _ 1, ~ 1., =
=4 [2@ 4+ @+ b —2@-C+zd-b—zC b=
\/40 +4a +4b 2a_c+2a QCb

1, 1 V3
_\/4m+4m+4m+4m 4m 2m
’ V3

(P (K3;Ty) = ‘K3TID . Torna |p(K3; Ty) = 5|
6) Haiimem (DmTz),

1 e 1 R

1'5?1:1>=’2'(DA+17>5’)=§(6+b),

1 1 _
A_T;=§(—§+A_B))=§(_S)'_DA+"D‘8~)=
-1 (5-a+é) (AB=DC

1 A\2 1 —
2 ‘DTl!“ (5(5'”’) =3 a2+23-b+b =
N R L
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Cxaust PHOE NponsBeaecHne BEKTOPOB

4
5 1 1
=m?—m? + §m2 = 57712.
——— m?2
cos (DTl;E) _ Dh-AT, 3 - = g,
o7 ]~ ()
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3. K8 T,D=(-tavrb—c)(-t5-Ltela)=
PR A Ty 2”27 2% 7
1, 2 1 1, - 1, , 1~ _
._._Q ._.—‘2_._-_'.—‘ _-._'.q:
+2c+4a 2ba+2ca
1 1 1 5, 1 1 1 1 1
:-8-7722——§m2+zmz—zm2+—2—m2+zm2—zm2=§m2.
o 1
—==5\ K,5 -T,D gm? Vi5
4. cos| Ky,8;T,D ) = =7 = ,
K| |T5D| - pm2 30

— 1
TOrJa (K25' : T2D) = arccos % .

r*) Haitgem p (K T7;T,K,) .

1. HamoMHMM, 4TO O YCIOBUIO
—_ 2 - — .
DA=@a, DS=0b, DC=Z¢,
a Bce pebpa nmupaMuabl
UMEIOT AJIVHY M.

p (K Ty; T,Ky) = M Ny,

—_— —  — 1, 1-—
K1T1:I(1A+AT1:'—§C+'2' S=

1,1 /= 1, 1. 1,
~—§c+§(DS—m)——§c+§b—§a,

> = 1= 1,

1 1 1 1
=5 (4B - 43) - 5a= 5 (¢~ (DS - D4)) - 5a -
1/, - . 1_,__1_, 1~ 1, 14_1_‘ 1~
—§(c—b+a)—§a—2c 2b—f—2a 54 =3¢ 2b.
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CrayisipHOE IpOU3BeZIeHNE BEKTOPOB

Honoxnm MK, =K, T;, K,N,=yT,K,, Torna

_— 1 1 —_
—o(-tes i la) i les lany(te- 15 -
= 2¢T3°7 3 €T 29TV 3" T
1 L1 - 1 .
—5(y—w+1)c+§(m—y)b—§(m+1)a.

_
. Tak kak , T — T )
3HAIUT

4

<%(y —zr+1)C+ %(x — y)l_;— %(w + 1)('1’) X

x%(—5+5—d‘) =0.

<-;—(y —z+1)¢+ %(x —y)b— %(x + 1)«'1') X

1/, »
X = (c — b) =0
L 2
Hns ynobersa e Oy ieM 3aliiCHIBATH CIaraeMble, Coep-
JKamue @-¢, TAK KaK OHM DaBHBI HYJIO. YIDOCTUM TaK-

JKe Bee KOO PUIMEHTD], MBICJIEHHO YMHOXKUB 06e 9acTh
ypasHeunii #a 4. Torna

—(y-—z+1)E - (c-y)b-e+@y—z+1)E b+

+z -y —(z+1)@-b—(z—yb-d+ (z+1)a% =
(y—z+ 1) +(z-y)b- E-(y—z+1)C b—

| —@-y)B+(x+1)d@-b=0

~(y——w+1)m ~—(x y)ym? +2(y z+ 1)m?+
Ha—g)m? = L@+ 1)m? - S(e-y)m’+ (@ +1)m? =0

1 1
(W—z+1)m? + 5@ —y)m® - S(y -z + )m*~

—(x — y)m? + %(m +1)m?=0
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=2y~z+)~(z—-y)+y—z+1)+
+2z-y)-(@@+)—(z-y) +2@x+1) =0

y—z+ 1) +(z—y) - (y—z+1)- ’
2-y)+z+1=0

—y+22=0  [y=2¢ o jyE-
y—z+2=0" de—z+2=0"

Wl ol =

HanomuauM, 4TO
— 1 1 ~ 1 -
M\N, = S(y -2+ 1)¢+ S(z~yb - 5(@+ 1)a.

_—
Torma M;N; =

S ) e i (R et (-2 41)a=
“2\7373 “Ta\7373)" 2\ 73 =

EETHRT Y.
6 '3 6
1. 1. 1.\2
Aélel!—\/(gc—{-gb—ga) -
1, 14 1 5 1.2 1p. . 1 _
=] — = — 8- b—Zb-§——C-G=
360+gb+36a+90b 9 a 18g_a
1 1 1 1 V6
__ a2 2 a2 2 a2
=BT T t™ T R™ T T ™
rae b-@ = [b] - |d@] - cos60° = =m2,

- - 1
¢-b=1¢-|b| - cos60° = imz, T.e. MN = %—m,

mv6
=

snaunt |p (KT, TLK,y) =
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Camocmoameavrnasn paboma 3
(Hcnoav3osanue crasaprozo npouseedenus
0as HaxodHcleHua Yya2.a08)

1. Hano: c
AABC
AB =2 B //
AC =4 ~12¢/
ZBAC = 120°
Haiinure cos (m ;M 4c) -

2. :
Hano B
ANABC
mac = BK =6
(map;Mac) = 60° A K ¢
Haiiaure cos (AﬂC’) .

3. Hano: S
SABC — uupamuia, I

B

Bce pebpa paBHbI

p
2AP = PS
95T = TB A
S

=,
Ha#ure cos (CP; AT) .

4. Hano:

SABC — umpamuia,
Bce pebpa paBHbI

P
DK = KC A
K

Haitnure cos <ﬁ ; D_f’) . A D
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5. Jano:
ABCDA,B,C,D, — y6 B C,
P, K, M, T — cepeaunbl A, K M
pebep kyba D]
Haiigure:
= P B C
a)| AC;BD |- >
6) cos <17( ; m) . A T b
6. Jano:
P, K, M, T — cepeauHbi
: B¢ P M
pebep kyba B C,
1
Haiigure:
= T D
a) (KM; ﬂ A K
6) cos (AlK; B—IJ)“> . B ¢
7. Hano:
DABC — nupamunpa D
DB1ABC K p
AB1BC c
AB=BC =DB Sk
3PC = DP B
3DK = KC A

—_ =
Haiigure cos (AK ; BP) .
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CKaJIHpHOG npou3BeagcHue BEKTOPOB

3adaua-meopema (Kocunyc dsyepanmozo yaaa)

Konupr orpeska AB npuHajjiexar pa3HbIM IPaHAM ABYI'PAHHOIO
yriia, paBHOTO . PaccTosiHMS OT KOHIIOB OTpe3Ka 10 pebpa aBy-
IpaHHOrO yIJia PaBHbl, coorBercrBenHo, AA; =a; BB, =b, rae
AA 1A, B,; BB 1A,B;; AB; =c. Haiinure yymuny AB.

Hano:
BB A, — §
p(LAA B, B) = ¢
AA, 1A, B,
BB, 1A,B,
BB, =}
AlBl =C
Haiinure AB.
E— -
a) INonoxnm B,B=1b |, rme
AB,=¢ —_—,
1 A1 4 BIB) =¢;ld=c

2 2 - -
AB2=‘E‘ =(A_B’) =@+ &4 D2—23-8+28-b-2d-b=

= |@]2 + | + |b]2 — 2|&] - |b] cos @ = a® + ¢® + b2 — 2abcos

<cos (é'/,\l-)') = 0; cos ([17,\6) = 0) .

Tonarass AB = d, nony4um ! d? = a® +b? + c® — 2abcos g |

st Haxoxkenust hOpPMyJibl BLIYHCIEHUS ABYTDAHHOTO Yivla

BBIPA3UM COS @, HOJIYIUM

cosp =

a?+b*+cf—d?
2ab '

IIpumep 1 Ilycrs AA; =5; BB, =6
52 +62+82—-10° 25

TOTJIA COS p = 756

==

S
12|
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ITpumep 2

Jamo:

DABC — mnupamuia
AD=CB=15
AC=DB =13
AB=DC =14

cos (LABCD)

a) Ionoxxum AA1LCB; DD,i1CB.

6) Paccmorpum AABC, rne p = 1—3—TL24+—15 = 21.
o teopeme Tepona Sx 4pc = +/P(p— a)(p — b)(p — b);
SAABC=v21678=84

2-84 168 _ 56

28
AA, = Z284BC. g

CB 5 =15 5 b
AC = DB
B) AACB = ADBC, tak xax AB = DC |,
CB = BC

snaunt AA, = DD, =11,2.

r) CA; = BD, = \/AC? — AA?;
CA,=+/132-11,22= /(13 +11,2) (13 - 11,2) =
=+242-18=0,1v242-18 = 0,1 - 11-6 =[6,6].
AD,=CB~-2CA;; A;D;=15-2-66=18;

AA?+ DD} + A D? - AD?

cos (LABCD) = 944, DD, ;
2-11,22 4+ 1,82 — 152
cos (LABCD) = 51102 =
2-11,22-(15+1,8)(15—-1,8) 2-11,22-16,8-13,2
- 2.11,22 N 2-11,2 -
99 13

16-7 112|
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KoopauHnaTHO-BEKTOPHBIN MeTOX

IIpaxmuxym 11 (Ocroeuvie onpedeaerust u meopemot)

1. Haunl nsa Bekropa @ {—2;1;—1} u 5{1;—3; 2}. Haiigure
1@ + 28,

Hanomunanwe. Iycrs @ {x1;y1;21}, E{aiz;yg;Zg}. Torna
kd = {kxi;kyrskz1}; @4 b={x1 4+ 22591 + y25 21 + 22}3

@] = Vx% + y? + 23.

2b = {2;—6;4};
d+2b={~2+2;1-6;—144} = {0;-5;3};
@+ 26 = /0 + (5)2+ 32 = V25 + 9 = /34,

2. Hanwt roukn K (2;—1;3) u M (1;—2;1). Pasnoxure BekTOp
— - -

KM no sekropam i, j, k.

Hycte A (Z13y1521) 1 B (223 Y2; 22).

—_
Torma AB = {3'52 —Z15Y2 — Y1322 — zl}'

Orcrona

KM ={1-2-2+1:1-8} = {~1;~1;~2} =| -7 - T — 2K],

3. AABC 3zajnan koopautHaramu Bepmun: A (3;—4;2),
B (-3;2;4), C (1;3;~1). Haigure nyany meauannt CM.

_(:i -b= {wz — Z15Y2 — Y1522 — 21}, rae @ (x15y1;21),
b (x2; Y25 22)-

Tak kax M — cepeauna orpeska AB, TO ero KOODIHUHATHI

paBHbl M (3;3; _42+2; 2;—4>, T.e. M (0;-1;3).

Buaunt CM {0—1;-1—3;3—(=1)}, m.e. CM {—1;-4;3}.
Torna

]W’ =02+ (2 +£2=TT16+16=[33)
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4. Han Bekrop p{—2;—2;1}. Halijure KoOpAUHATHI € IMHUIHOTO
BEKTOPa [, NPOTHUBOIIOIOXKHOI'O 110 HANPABJIEHUIO BEKTOPY P.

-

BekTopbli @ m b ABAAOTCH COHAIIPABJIEHHBIMH (OHLILYT
aitt b ), ecyiM UX KOOPAMHATLI, COOTBETCTBEHHO, PaBHBI
ad{z1;y1521} 1= b {kx1; ky1; kz1}, npugem uucno k > 0.
Ecom k < 0, To BekTOpBHI G M b sBaszorcs NPOTUBO-
MOJIOXKHO HamnpaBideHHbIMH (rMiayT & T b ), a uucao k
Ha3bIBAETCA KO3(PHIIMEHTOM NPONOPLUUOHAIBLHOCTH.

Ilpumeuanne
1. Ilycre & — enuHUIHBIN BEKTOD,

Torna |d| = /r} +yi + 27 = 1.
Y2 _ %2

-, - T
2.b || @ e b {ry;yp; 2}, Torma =2 = 22 = 2 = | —
T &
K03DPUUHEEHT PONOPLUOHAIILHOCTH,

L2 Y2 2
BT AT s

IR ORONOE

Ho |d@| = 1, snauur |k| = |b].

T.€. T =

4. CnezoBatesnbHO, A1 TOrO 4TOObI HANTH KOOPAUHATHI €11-
HU'IOrO BeKTOPa @, 3Has KOOPAMHATDI b, Heo6X0ZUMO Ko-
opdunamoi BeKTopa b _NIOJENUTb Ha €70 JJIuHY ( |b') eciu
@11b. Ecmm xe @1) b, To nennts HYXKHO Ha —|b|

Bepuemcst K pelieHuIo 3aJa4u.

= V(-2)*+ (-2 +12 = 3;
%ﬁ{—2;~2; 1} =a {—-g—: ——?2;; 313-} ;

e ia= ()" ()« () -

o -(22 1
= = 1. I/I'. N — .
Irae 1|7 m |l| 1. Urak, {1 (3a37 3)
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KoopausaTHO-BEKTOPHBIH METOS

5.

Janer BekTopsl @ u b, tae @] =1, |b| =2, (6; 5) = 120°.

Haiinure (d+0b) - d.
@] - |B] - cos 120° =

a +
= 1 1

-

. Boruucnure Kocunyce yriia Mexay BeKTopamu @ u b u omnpe-

JenuTe BUJL yriia, o6pa30BaHHOTO STUMH BEKTODAaMH, €CIH
a=-4i+3)—-k, b=i4+2j—k.

ld‘~b=x1~x2+y1-y2+z1-z2l;

Vel +yi+ 2 Vs +us + 2
cos(d:\l—)’)— —4+1+6 _ 3 _
’ VIE+14+9-V1+1+4 26-v6

_3v39 V39
T 2.13.3° 26

. Hanbl BekToph G {—1;3;—2}, 5{2;—1;§} u p{-3;-1;—4}.

Byayt snu KonuHeapHbI BEKTOPH! @ + 2b u §?

Omnpegenenue 2 (KonnauneapHocTh AByX BeKTOpOB). [IBa
HEHYJIEBBIX BEKTOPDA HA3BIBAIOTCS KOJUIMHEAPHBLIMU, €CAn
C TOYHOCTBIO OO0 NapaJuIeJIbHOTO IEPEHOCA UX MOXKHO OI-
HOBPEMEHHO Pa3MeCTHUThb Ha OZHO npamoii.

Teopema. [lpa HeHyNEBbIX BeKTOpa @ M b ABJSIIOTCH KOJ-
JIMHEAPHBLIME TOTJA U TOJIBKO TOIJA, KOTJ@ CYIIeCTBYeT HHCIIO0
k # 0, Takoe uro @ = kb, WM Korja IPONOPHUOHAIBHBI KX
KOODIHMHATHI.

a) G+26=c{-1+2-2;3+2-(—1);-2+2-3} =&{3;1;4}.
6) ¢=kp; &=p{—3k;—k;—4k}.
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—3k=3
Ecmn €{3;1;4} = p {-3k; —k; -4k}, T0o { —k=1 .

—4k =4
k=—1, snaanr (G+2b) 1|7, T. €. BEKTODbI KOMITMHEAPHDI.

8. B mpocTpancTse 3anaHbl YeThipe Toukn A, B, C u O, rae
s

— —
OA={1;-1;2}, OB={3;—2;4} u OC={5;-3;6}. Bomnpoc:
gexar iu Touku A, B u C wHa ouno#l npamoi?

OA—OB=BA{1-3-1-(=2);2 -4} = BA {~2;1;-2};
—_— = —_— —
OA-0OC=CA{1~-5;-1—(-3);2—6}=CA{-4;2;—4}.
11— 11— —

ECA =m {—2;1; —2}, sHauur §CA = BA,

T.e. Toukd A, B u C upunainexar omHOI mpsaMoii.

9. KoMiuianapHsl it BEKTODBI

a{1;-32}, b{42;-2} u &{-3;-5;3}7

Onpeneneune 3 (KoMniaHapHOCTb ABYX BEeKTOpPOB). Tpu
HEHYJIEBbIX BEKTOPa Ha3bIBAIOT KOMIJIAHAPHBIMHU, €CIH C
TOYHOCTBIO A0 NAPAJLJIeJIbHOrO NePeHoca X MOXKHO OJHO-
BPEMEHHO Pa3MeCTUTb B OZHOH} NJIOCKOCTH.

Teopema. [y Toro 4yrobbl TPU HEHYJEBBIX BEKTOpa d, b
u ¢ ObuIy KOMILIAHAPHLI, HEOOXOAHMO M JOCTATOYHO, YTO-
6Bl CyIECTBOBAJA, Iapa <IHce]l & M Y, Takux 4ro zy # 0
u &= xd + yb.

BepHQMCH K PEeHICHHIO 3aJIa9u.

Mycrs & = zd + yb, T.e. zd {1;-3;2} = a@; {x;—3x;2z}
u yb{4;2; -2} = b; {4y;2y; —2y},
Torna zd+yb =, {x+4y; -3z +2y;2x — 2y} =& {—3;—5;3}.
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Torna
z+4y=-3 r+4y=-3
-3z +2y=-5 [2]+[3] -z =-2 ;
20 — 2y =3 2z —2y=3
4y = =5 y=-—125
=2 ; =2 0.
=1 y=0,5

10.

BHa‘II/IT, TaKWX 4YHCeJ He CYIIECTBYET, T.€. BEKTOPbl HE KOM-
IJ1IaHaPHBbI.

Pazjioxure Bektop 7 {1;—1;2} 1o TpeM HeKOMIUIAHAPHBIM
BekTopam @ {—2;1;—1}, b{1;-3;2} u ¢{2;-3;0}.

Tak Kax BeKTOpH @, b B € HEKOMILIAHAPHBI, TO CYIIECTBYIOT
yucnaa T, y U 2, HE PaBHBIE HYJIO, Takue 4T0 fi = xd+yb+2C.

Pemum cucremy, creqyoniyo 13 yCJIOBHA:

1=2z+y+2z [A+2-[2
—1=z-3y—3z [21+[3] ;
2=—-—x+4+2y+0-2

—~by ~ 4z = —1 11z = -6
—y—32=1 [1-5[2; -y—3z2=1;
—z+2y=2 —r+2y=2
'z_—_6_

Y

7

1
8

11

§ Y

€T =

TakumMm obpasomM, i = ——d+ —b— —¢|.
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Tpenuposounas paboma 8 (IIpumepwvt ucnoavzosarnus
KOOPIUHAMHO-8EKMOPHO20 Memoda)

1.

5%.

B AABC sBepuunb umeior koopausater A (0;2;—1),
B (2;0;1) u C (4;2;—2). Haiinure:

a) IUIMHY MeIHaHbl M4~ = BM;

6) £C,

B) KoopauHaTel Touku D, ecnn ABCD — napanneno-
rpamal.

. Mlpn kakom 3Hauennu m Bekropel @ {m + 2;1;m + 1}

u b {3:m;2}:
a) KOJUIMHEAPHBI;

6) nepreHIUKYIsIPHBL?

Clal =4 b =2 (6’;5)=60°: pP=a-b §=a+2b;

&= ma+b. Haiinure:

a) p- G

6) cos (p; «T) ;

B) npu KakoM m  CLp?

. Bepuinubl yerbipexyronbhuka ABCD nMeOT KOOpIUHATHI:

A(-1;-4), B(1;-8), C(7;-5), u D(17;5). Oupenesure

BHJ] Y€ThIPEXYTOJIbHHKA.

B AABC Bepmmub umeror koopausate: A (2;1;4),
B (3;-2;1) u C (—1;4;-2). Touka M € AB, npuiem
AM : MB = 2 : 3. Touka N € AC, npuuem CML1BN.
Onpezaenure KOOpAUHATH TOYKH N.
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Peuwenue mpenuposouroti pabomot 8

1. B AABC BepuiMHbl HMeIOT Koopauuathl A (0;2;—1),
B (2;0;1) u C (4;2;-2).

a) Halinem jymuny menmansl m 4o = BM.

M (0+4.2+2.—

27 27

WsBecTHO, 4r0o it Touek A (21;y,;21) 8 B (293 ¥s; 29):

AB = \/($2 —2)’ + (12— 1) + (3 — 7).
Torna BM =+/(2—-2)2+(2—- 02+ (—15—-1)2 =

1
=A¥6,25 = —2-\/Zﬁ.

12_ 2) = M (2;2;—1,5).

6) Haiinem ZC.
£C paBeH (AﬁC),

e —
—

HO (AE;EC) = (716, B_C)’> , eClIu (E, BC’) <90° u

— S == —_— =
(AC; BC’) —180° — (AC; BC) , ecmu | AC; BC’) > 90°.

A (215915 21)
B (z2; Y25 22)
—_—
rorga AB {2 — 13Yy2 — 1322 — 21} (A Z B).
Oycre @ {z1;y1521}, b {@25925 22},
roraa @] = Vzi + 4 + 23, |bl = Vi + ] + 23
o a-b Ty T2+ Y1-Y2+ 2122
€os{ &b )= = ey 2 402 4 o2
@ - bl vz +yi+ 23 2F +y3 + 23

IIycrs

’

I

AC {4-0;2 = 2;~2 — (=1)} = AC {4;0;~1}.
. .
BC{4-2;2-0;-2-1} = BC {2;2;-3}.
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e AC - BC
Ccos (1—4—5, B_C-)Y> = —_—T‘T,
’AC" : ]Bc]
= = 4-240-2+(~1)-(-3) 11
cos | AC;BC ) = =—,
( > VA2 +02+12./22 422432 17
3HaunT ZC — OCTPBIil, TOTIA

p— = = 11
cos (AC; BC’) =cos | AC; BC | = |arccos = £LC.

Haitmem koopaunaTet Touku D, ecim ABCD — mnapan-
JIENIOTPAMM.

—
Tax kax ABCD — mapajutenorpamm, To BC = AD,

— —
torma BC {2;2;-3} = AD {x — 0;y — 2;z + 1},

2=z =2
Te { 2=y—2 ; y=4 , ssaunr D (2;4;-4).
—-3=z2+1 z=—4

2. Ilpu KaxoM 3HAYEHUH ™M
BeKTODEL @ {m + 2;1;m + 1} u b {3;m;2}:

2)

KOJUTHHEAPHbI 7

HAasi napanrensubix @ {T1;y1; 21}, b {z2; y2; 22}
2 _wn_=a
T2 Y2

22

DTO 03HAYAET, YTO UX KOOPAUHATHI [IPONOPIHOHAIBHDI.
m+ 2 1

m+2 1 m+1 3 m
Torna 3 T g m4+1°
2

m 2

1
m

m=1].

m?2+2m—-3=0
m24+m—-2=0"

3HauuT JAaHHbIE BEKTOPbI anb KOJIJIHHEAPHbI TOJIBKO KO-
r1a. OHH PaBHBI.
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6) nepneHauKYyJISpHbI?
TO BO3MOXKHO TOJIBLKO ecim @ - b = 0. Haiinem »To cka-
JISIPHOE [IPOU3BEICHHUE:
@-b=(m+2)-3+1-m+(m+1)-2=0;

Im+6+m+2m+2=0; 6m=-8; m=—-§.

a) Haitgem 7 §.
Pg=(a-b)@+2b)=a>-b-a+2a-b-20°=

|@|? + |l - |b] - cos 60° — 2[b]2 = 16+8~%—2.4=,

6) Haitnem cos ('/‘,\q‘) .
Lp=\@-Br=V@-a 5+ B =

= \/lfil2 — 2| - |b] - cos 60° + |b]2 =

=\/16—2-4.2-%+4=\/1—2'=2\/§.

2. 1§l =\/(@+26)2 = Va2 +43-b+ 452 =

= /1@ + 4fa] - 5] - cos 60° + 4fp[2 =
1
\/16+4-4.2-§+4-4=\/21§=4\/§.

3. cos(:;\(j') =5—\/§—1'274%=%,

1
T.€. |cOS (p; q) =5 3HAYHT (p; q) = 60°.
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8) Ilpu kakom m ¢Lp?

—

Tak Kak &L, 10 &-F =0, 3uaunt (md+ b)(@—b) =0
(E=md+b, F=a-b)

ma+b-G—ma-b— b2 =0.

ITo ycnosmo |@| =4 u |b] = 2. Torza

m|@2 + |b| - |@] - cos 60° — m|d] - |b] - cos 60° — |B]2 = 0;
16m+4-2.%—m~4-2~%—4=0; 12m = 0.

Takum obpasom, ¢LF Tompko npu [m = 0].

4. Bepumusl yerbipexyronbhuka ABCD uMe0T KOODAMHATHL:
A(-1;-4), B(1;-8), C(7;-5), u D (17;5). Onupeznenure
BHJ, 4EeTHIPEXyTOJILHUKA.

1. HaiizeM BHauaJs1€ KOOPAMHATHI BEKTOPOB:
— — . _—
AB {2:—4}, BC {6;3}, CD {10;10}, AD {18;9}.
ey —
Cpasy Buzno, yro BC || AD (ux KoopAuHATBHI IPONOP-

_ —
uuonanbhel), a AD }f CD, . e. noxoxe, uro ABCD —
Tpanenys.

ey —

2. Bonee TOro, HABCKUIKY BHUIHO, YTO 'AB‘ # lCD‘ (npu
JKEJIGHUM 3TO MOXKHO BBIUVCJIATD), T.€. 3TO He PaBHOGE-
peHHas Tpaleius.

—_— -

3. Bouruncium AB - BC.

Ana @{zy;y1521} 1 b{Ziy9525} @-b=21 o4y yp+2 25
—_— ’
Torna AB-BC =2-6+(—4)-3=0,

—_— —
cnenoBarensio, ABLBC, t.e. ABCD — upsaMoyronb-
Has TPAaIlelys.
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5*. B AABC Bepumubl umelor koopauHarb:: A (2;1:4),
B (3;-2;1) u C (—1;4;-2). Touka M € AB, npuuem
AM : MB = 2 : 3. Touka N € AC, npuuem CM_LBN.
OnpenenuM KoopaMHaThl TOUKH N.

— -

1. Ilycre M (x,;yp52,), Torma, Tak kak 3AM = 2M B, To,
— —
3HAs KOOpJUHATH BeKTopoB AM u MB

—_— —
AM {z, -2y, —1;2, -4}, MB{3—-z;;-2~y;;1-2}.

( 12
:L.l = g
3(z; —2) = 2(3—x,) )
nosmyunM, 4to { 3(y; — 1) =2(=2~y,); { y; = -,
3(z, —4) =2(1 - z) »
12 1TF
1 14 \
e M (5 —g;?)
2. Mycts N (29;Yq; 29)-
14 17 21 24
ont {2 - (cip-k- ¥ - o) =om {221

—
BN {z; = 3;y, — (-2); 2, — 1}.
3. Tax xax CMLBN, 1o CM - BN =0,

1 21 24
3HAYUT ?7(332 -3)+ (‘g) (¥ +2) + —5*(z2 —1) =0;

4. Touka N € AC, snasmr AN {xg — 259, — -4} =
=kNC {—1- 54 — yy: —2 — 2y}, TOrNA
(2, —2 (2%
x12 T, b 27
-1-z, o p_ :
gy — 1 zp = 2=~k — kx 1+ 4k
Va—a =k s (e-1=d%k—ky, 5 (="T77"
Y2 2y —4 = -2k —kz +1
n-4 _ \% 2| 4%
[ —2-2, 2T k41
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5. IloncraBnsis 3Ha4eHUs T,, Y, U 2, B ypaBHEHHE
17(zy — 3) — 21(yy + 2) + 24(2, ~ 1) =0,

no/Iy4uM 3Hayenune k:

2—k 1+4k —2k+4
17(m—3>—21<m+2)+24< ] —1>..0,

17(2—k—3k—3)~21(1+4k+2k+2)+24(—2k+4—k—1) =0;
17(—4k — 1) — 21(6k + 3) + 24(—3k + 3) = 0;
—68k — 17 — 126k — 63 — 72k + 72 = 0;

8 4
— — = U; = —— k = — ——
266k -8=10; &k 266 133
( - 2—k
2T k41
14 4k
6. IoncraBnas 3uaueHue k B CHCTEMY < Yy = Tl
. 4 -2k
(7?7 k+1

noayauMm | N 9_0_@_1_@
Y 371313 )|
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T'penuposovwnasn paboma 9
(Hcnoavsosarue passusHulr mMemodos
0N HATONHCOEHUA Y2108 U PACCNOAHUTL)

B npasuibHoit wectuyronbhoil npusme ABCDEFA,B,CiD,EF|
OTHONIEHHE JJiuH pebep, UCXOAAIUX K3 ONHONU BePIIMHBI, PABHO
3:2:2, rne AA;, — nauGosbluee pebpo.

Hycrs Touku N, K, T, u P — cepeluHbl, COOTBETCTBEHHO, pe-
6ep B,C,, D\E;, CD u FE.

Pemast nepBoe 3ajanue aByms cnocobamu, HafiguTe:

Bapuanr 1 Bapuaut 2
a) cos (FmBl) a) (PD/I;\DN)
6) p(D; FA,) 6) p(P; DFy)
BapuanuT 3 Bapuanr 4
a) (NT;?K) a) (Tﬁ}()

6) p(BBy; PK) 6*) p(FEy; EB,)
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Tpenuposounasn paboma 9. Modeauposarue ycaosul

AA, =d
O6o3Ha AB=1 |,
03HAUUM é_, l-;' B, N ¢,
AF =¢
HOpU 3TOM (&'; 5) = 90°, A, ) D
(6, E) =90°, (5; a) =120° B Ak
4 Rlipl E
Ilo ycnosuto |d| : |b|: 6] =3:2:2 ! !
(Gynem cumrars, yro |d| = 3m).
B C
Tak>xe Mo ycioBuio: N
"0" \\“ /," ‘.\
a) PP, | AA, (P, € F\Ey); At ,‘q:% 3P
2 N ‘2‘ g
6) KK, | AA, (K, € ED); ‘,:'_'oi 53‘% -7 K,
8) ADNBE =0 (BELFD); F P E

A D, N B,E, =0, (BE,LF,Dy);

BE;NF1D; =04 (0,04 =E,0y);

n) BiE,NP K =P, (O4P,=EPR);

OTH pe3yJIbTATHI MOXKHO HOJIYUYUTb, HOAPOGHO UCCIENysl MeTpUYe-
CKU€ OTHOILICHHS B IIPaBUJIBHOM HIECTHYTOJbHHKE.
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Pewernue mpenuposournoti pabomut 9

Bapuant 1

o B, N _ ¢
a) Haitgem cos (FAI;ABl) .
Hepewti cnocob 4, a 5 D,
BBe,u,eM 6a3iCHbIE BEKTOPDL: B Ak
- —

AA1 = a; AB = b, AF =¢. Rl tp] E
IIpu srom ( :b | = 90°

= B C
( ) - 900 b7 6) 1200 ‘»’: \\ ’ \\T

& .

Ilo ycnosuto A ,‘q’ao b
@) : |6l : ] =3:2:2 o5 A /
(6yzem cuutats, uro |d@l = 3m) Ll BN K

’ ' F P E

1. ﬂ—ﬁ+m=a z
AB, = AB+ BB, =b+a.

2. FA, - AB, = (@—)(b+d) =d-b+a2—b
= (3m)% —2m-2m-cos120° = 9m? — 4m?. (—

3. |FA1}=\/F—AIE=\/(&—E‘)2=\/&'2—26_«_E+EQ=
= VOmZ +4m? = v13m;
‘ZE;’=\/44—BI)2=\/(3+62=\/52+2M+52=
= VAmZ ¥ 9m? = /13m.

e —_— ——
cos (mrB;) _ P AR

‘FAl‘ -|4B;
11m? 11 — 11
Svir ey minb SR LR (FA;4B,) = 3|
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Bmopoti cnocob (xoopduramrviii)

BeeneM cucTeMy KOOPAUHAT. z
B, N ¢
00, — ocp anmkar (Oz); !
OP — oc at (Oy);
ocw opauHat (Oy) A, 0) b
OD — ocb abeuuce (Ox). %) 1
OTMeTHM, 9TO B [IPaBHJALHOM $ EAKk
wecruyrojibiiuke ABCDEF': F P|iiE,
AB = AOQ = AF, OP =+/3m,
FB1AO, FP=m. B N, ¢
VCTaHOBUM KOODAMHATHI VAN HE A Y
Beme/IH: "’,c,’ \\ \ :,'0’,' .\\ D
F (-m;my/3;0); 4 0,": 0\2} o A
Ol w5
Ay (—2m;0;3m); ,,;:'_\—% i pe/ K,
A (—2m;0;0); F P E
B, (—m; —mvV3; 3m). y
Torma FA,; {—-m; —-my/3; 3m}: AB, {m; —-mvV3; 3m}.
g —m2+3m?+9m? 1
cos| FA;; AB —>0.
( ! 1) 2+ 3m2 4 9m2 - Vm? 1 3m2+9mz 13
—— 11
os (FA;; ABy) = 72|,

6) Haiinem p(D;FA;).
1. U3 cBoticrs npaBwisHOro mecruyronbinka AF1LFD.
P —_— ——3
Tax xaxk FFD =FE+ ED
(Ao AB + AF; A0 = FE; AB
+

3l

—

F =EB),

It

1o FD = AB + AF + AB = 25
AF .FD=2¢- (2b+3)=2b-C+ &=

1
=2-2m-2m- <—§> +(2m)? = —4m? + 4m? = 0.
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, FDLAF
" FDLFF,

ciepoBatensio p(D; FA;) = FD,

rue FD=|P~’73‘=\/(25+632=\/M=

1
=\/4-4m2+4-2m~2m- <—§>+4m2=2\/§m.

, snaunt FD1AA F|F, torna FD1FA,,

Urak, Ip(D; FA;)=2/3m |
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Bapuaur 2

Ilyers Touku N, K, T u P — cepenuubl, COOTBETCTBEHHO, pebep

B,C,. D\E,, CD u FE. B, N ¢
a) Haitnem (PD/;\DN),
) 1 1 a, 0} ,
Hepewiti cnocob o) 1
1. PD, = PE+ED + DD, =
o it E[TR] E
l— — @ —
=-FE+AB+ AA, =
2 — B C
= lA_O) +b+a= A 4 “qT
T2 B . 0 “|D
A «
P ool 47
=5 (4B+4F) +5+a- LB K,
1~ 1 5. 1 T P E
= §b+ 50+b+a=a+§b+ ic,
-_— —_— —_— ———) —_— RN 1
DN =DC+CC;+ C\N = -AF + AA| + 5013*1 =
= -~ 1—*) _ — — 1 T . 3_‘ 1—‘
_—c+a—§AO—- c+a—2(b+é')_ Se+a 2b.
2.

-2m - 2m - (—%) - 2(2m)2 + (3m)? — %(gm)?—

. 1 .
= gmz - 3m? + 9m? — 3m? + =m? = 8m?2.
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1 . 1
= \/9m2+g -4m2+Z '4mz+g -2m - 2m - <—§> = 4m.

— . — .4 —-.2 . . —— = .
\/4 4m*+9m +4 m+2 m - 2m 3 4m
= PD,.-DN 8m? 1

— .
4 N = frad = - .
cos (PDl,D ) 75| o] dm-dm 2 >0

CunenoBarenbHo, (PD/I;\DN = 60°|.

z

Bmopoti cnocob (koopdunammoiii) B, N_ ¢
Beenem cuctemy xoopamHar:
00, — ocp amumukar (Oz); 4, O 5 D,
OP — ocb opaunar ( Oy ); LXCE A
OD — oce abeuuce (Ox). TR E,
OtrmernM, 9TO B IPABUIILHOM
miecruyrosibunke ABCDEF: N
AB = AO = AF; Bl o116

L hY .: ‘\‘T
OP =+3m; EP =m. o :0 . D
YcTaHoBUM KOOPAMHATHL A% 3O B
TOY€K: ,'03 ;" “\25 K.

Pt I 1
P (0;mv/3;0); D; (2m;0;3m); F b E

D (2m;0;0); N (O; -mvV3; 3m). y
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Suaunr PD; {Qm; —mV3; 3m} ; D—J)V {—2m; —mV3; 3m} .
_— =

cos <PD1; DN) =

_ —4m? 4 3m? + 9m? _l >0

Vam2 +3m2 +9m?2 - V4m2 + 3m2 + 9m?2 2 ’

/\_) o —
Torna (PDI;DN> = 60°, T.e. (PDI;DN) = 60°.

6) Haitnem p(P;DFy).

1. Tak xkak FODE — pom6, to DF 1OE.
o D

V
LN

F P E
1 1 1 1 1
2. P'FD = - e — . E:_,2, —
p( 3 ) 202E 573 0] 1 m 2m
O3PLFF, |
3. Tak kak O,PLFD |’ ro PO; 1L FF\D,D,

caegosaTesbio PO; LDF.

Taxum obpasom, p (P; DFy) = p(P; FF,D,D) = %,

1
T.e. |p(P;DF)) = 3™
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Bapuanr 3
Ilycrs Toukn N, K, T n P — cepegunnl pebep B,C,;, D E;,
CD u FFE coOTBETCTBEHHO. B, N ¢

1

a) Haiinem cos (NﬁK ) .

(0)
Iepswiti cnoco6 4 - 0 2
—_— = 7
1 1 F,
=B+ +-c-d= i1 iR E
2 2
—e—as g
PK =PE+FEE,+EK = % BN I L Y
1= 1 . O ~JD
=50+ +a+ b= A 450, ] /
L Al
=d+b+ =C. X 1
2 F P E
—_— —— I L o= 1
2. NT PK=(c—a+§b) (a+b+§c)=
1- - 1 1, 1., ., 1.
=Ec‘i—('i2+§b('i+b 5+‘2‘i)2+‘2‘02—§a'0+zb'c=
1

1 - -
=\/62+d“2+152—26-a—d‘-b+b-6=

. 1
=\/4m2+9m2+2~47n?+2m-2m-(
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PR

2
= VPK? = <6+5+%6> =

o 1 - -
=\/a“2+b2+-c*2+2a-b+6-5+b-c*=

.

= \/9m2+4m2+m2+4m2' (—

BN —%37712 5
cos NT,PK :—2—_———<0.
(2\/3) m?2 8

Tak xak |arccos(—m) = 7 — arccosm |,

= 5
TO (NT; PK) = 7T — arccos 3’

TOT O (NT;FK ) = arccos—58- .

Bmopoti cnocob (koopdurammoiii)

Beejsem cicreMy KOOpAMHAT:

00, — ocb anmmkar (Oz);

OP — ocb opaunar (Oy);

OD — ocb abeuunce (Ox).

OrMeTnM, YTO B MpaBHJIbHOM wecTuyrojibuuke ABCDEF:
AB = AO = AF =2m; OP =O,N =+/3m.

Y¢TaHOBUM KOODJMHATHI BEPLINH:

N (0;-my3;3m); T (-%m;—T—Q—\/——g—;O)

2
(3 mV3
K <§m 5 3m> .

3HauuT ﬁ{gm;m——ﬁ;—?,m}: PK {gm;—m—\/g;Sm}.

;P (0;mV/3:0);

2
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= =
Caenosarenbho, cos | NT; PK | =

Im? — 3m? — 9m? 5
= —g < 0.

\/%m2 + %mz +9m?. \/%mz + %mz + 9m?

Nrak, cos (N_f, ﬁ() = ——g, T. €. (NﬁK) = arccosg .

6) Haiinem p(BBy; PK).
1. Tak xaxk PK € PP, KK, | BB,
BB,1BE,
2. BB, | PP,KK, |,
B,E, 1P K
suaunr B, P, = p(BB,; PK) (P,=P,KNB,E)).

1
3. B1P2 = Blol + 0104 + O4R2 = 2m +m+-m= 3,57n,

2
cnenosarensto | p(BBy; PK) = 3,5m|.
2
B, N C,
A )
1 5 D,
B A
Rl i pliE,
B M Ic
iYW
A * '\ile ‘\ D
% ‘:\\02 _____ x
Ol
<t B¥ K,
F P E
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Bapuanr 4
Ilycrs roukn N. K, T u P — cepenunst pebep B,C;, D,E,,
CD u FE cooTBeTCTBEHHO.

a) Halinem cos (TFT;EK ) .

B, N C,
Iepswili cnocob
— —— P — A 01
1. TF,=TD+DE+FEF, = “1 0 D,
1
= SAF — 4B - A0 + 44, = AL
1, R Rl E
~_—§ —b—(b+é7+a=
1 -
=—=C—2b+a; B ¢
2 % N T
— _  —— — K \ yd ‘Q‘
BK =BE+EE, +E,K = ne \‘,0 ~|D
- = 1= 42
= 2AF + AA, + ~AB = Ba| ]
FAAY 2AB L8 BR/ K
1~ F P E
=2C+d+ §b.

- 1 - - -
=—¢%—4b.-G+23 6——5~5-2b.6+a‘2~15-b—5‘2+15 b=
2 4 2
1 1 1
= _4 2_44 2 _ - 2_ . 2 It 2 _
m m ( 2)+9m 1 4m 2) 4dm
1
=9-2‘ m2

= vVm?2 + 16m2 + 9m2 — 4m?2 = m+/22.
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lﬁf‘=\/§—?‘(r=\/(2c*+a+%5>2=

\/40 + a2+ = b +42-G+a@-b+2¢ b=

= /16m2 + 9m2 + m2 — 4m? = m/22.
19

e e B 7?7), 19
cos | TF;BK ) = =— >0
(m\/ﬁ) 44

(TFT;?K ) = arccos % .

Bmopoti cnocob (xoopdurammoiti)
B, N _ ¢

Bsenem cucreMy KoOpAMHAT:
00, — ocb anmnukar ( Oz ); 0
OP — ocb opmunar ( Oy ); 1 y )
OD — ocw abepce (Ox). NG AK

OrMeTHM, YTO B HPABUJILHOM F P|ii E,

mecruyronsuuke ABCDEF:
AB = AO = AF; OP = /3m; B N e
E,K =m; FB1AO. 1%

YeraHOBHM KOOPIAUHATBI -

RS
kY -

.,
 CA—
el
(o1
™,
<
&"

RS
X

BEpHINH: o’
3

Fy (-m; mV3; 3m) ; Lo

3 . _mV3 y
T <§m,—~'—2—,0>,

B (—m; —m\/§;0); K (gm;ﬁl—z——\/gﬁm).

Torna TF, {—gm %_ 3m} BE {gm;:ng‘/g;?’m}.

Ny
)
5]
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=,
3HauUT COS (TFl;BK ) =
-—ém +27 2 4+ 9m?
25m +27m +9m?. \/——m + 2 m + 9m?
38
_x_1
722 4

> 0.

(T@K) = arccos % .

6*) Haitnem p(FE;; EB;).

JIJ1st 3TOro HCHONBL3YeM KOOD(MHATHBLIA METO,.

00, — ocp anmmukar (Oz);

OP — ocb opaunar (Oy); B, N_ ¢
OD — ocp abeuce (Ox).

AS)

YcTaHOBUM KOOPAMHATDHI Ay

BEPHIKH.

F (-m;mv3:0); F,

E, (m; mv'3; 3m); i

E (m; mv3; O);

B, (—m;—mv/3;3m). L/J;»Lzr .

) A HPAY

_— R \

Torna FE, {2m;0;3m}; A%

EB, {—2m; —2m\/§; 3m};

FE {2m;0;0}. F P E

LL,=L,E, + E\E + EL,, y

rne L, € FE; L, € EB,, L,L,LFE, w L,L,LEB,.

o —_— s

L,F = zFE,, rorna L F {2mz;0;3mz};

P e— —_—

EL, =yEB,, torna EL, {——2my;~2m\/§y;3my}‘

H’U Jra d
Q]

N
-
w3k
Q

N,
ST —-
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— — —
Buauur L,L, = L F {2mz;0;3mz} + FE {2m;0;0} +
—
+ EL, {—me; —2m/3y; 3my} ,
J e
r.e. LiL, {2m(z+ 1 —y); —2m+/3y; 3m(z + y)}.
Ho L,L,1FE,; L,L,lEB,
—_—— _— —
snaunt LiLy - FE; =0; LLy,-EB,=0.
CnepoBaTesbHO,

2m(z+1-y)-2m+ (—2mv3y) -0+ 3m(z+y)-3m = 0
2m(z+1-y)-(—2m)— (—2mv3y) - (—2mv/3) +3m(z+y)- B3m =0’
4mP(z+1—-y)+Im3(z+y) =0
4m?(z + 1 — y) + 12m2y + Im?(z + v) =0’
4z+4—-4y+9r+9y =0
—4r—-44+4y+12y+ 92+ 9y = 0’

{
1
{
{13x+5y+4 M+ {18x+30y—0
f

50+ 25y —4=0 5r + 25y — 4 0’

. p=2 v =2
- 3y BEEE

’ 6 6
5 (——y)+25y—-4—0 y——2—5 Y %

s _1_8_m‘-12\/_ 12 |
25 o5 BT g

- () () () -

= —\/324+432+ 144 = 5-5\/900 = g—gm =1,2m.

Urax, |p(FE;; EB;) =1.2m]|.
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Camocmoameavras paboma 4
(Hcnoav3osarue pa3auuHsir memodos
0AA HATOHCOEHUR Y2408 U PACCTOAHUL)

B npasunsnoii mecruyrossnoit npusme ABCDEF A, B,C,DEF;
OTHOIIIeHUe JUINH pebep, UCXOJSINNAX U3 OHHON BEpIIMHELI, PABHO
3:2:2, rne AA, — naubonbluee pebpo.

2
B, N ¢
A o
1 %) D1
X Bk
EIHA
B M Ic
"0' ‘\ :, ) /’ “‘T
T N
A 4, . : :\ "-“—s -
O 1i AT
<t Pxl/ Ky
F P E
y

IIycrs Touku N, K, T u P — cepenunn pebep B,C,, D, E,,
CD u FFE coorsercreenno. Haiinure:

Bapmuanr 1 Bapnaur 2

a) cos (FE/l;EDl) a) (AIT’TVA)
6) p(B; FE)) 6) p(N; BD,)
Bapunaut 3 Bapuanr 4

a) cos(T'E;: PA,) a) cos(FK; B,T)

6) p(FFy; NT) 6*) p(FK; BT)
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Y PaB6HEHUE NAOCKOCTIU

KpaTKO HaIlOMHHUM BBIBO/J YPaBHCHUA NJIOCKOCTH.

Iycrs 7ila, tae 7@ {A; B;C};
M, € o, tae My (x; Yo; 20);
M € a, tne M (z;y;2).

M(x;y;2)

B

Torma MyM = {x — ;¥ — Y52 — %}
—_—

npuueM - MgM =0 (7ila).
Buaunr A(r —xy) + By —yo) + C(z — 25) = 0.
Takoe ypaBHeHME Ha3bIBAETCH YPABHEHUEM IIOCKOCTH, KOTODOI
npuHaiekutT Touka My (45 Yoi 2o)-
IIpeobpasys, noinyunm: Az + By+ Cz — (Azy + Byy + Cz,) =0.
O6oznavas D = —(Axy+ Byg+ Czy), nonyuum obumii Buz ypas-
nenns mwiockocry: (Az + By+Cz+ D =0].

Oco0060 HAIOMHUM, 9T0 KO3(PPUIMEHTBI NPY HEU3BECTHLIX B YPaB-
HEHUH CocTaBiAloT Koadduuuenrst Bekropa 7 (A; B;C), nepes-
JUMKYJISPHOIO JAHHOM ILJIOCKOCTH.

Bagaua 1. Touxu N, (1;1;-1), N, (2;,-1;1) u Ny (—-1;1;1)
NpUHAJIEKAT IJIOCKOCTH . Hamuinure ypasHeHue MJIOCKOCTH .

Hanumem cucreMmy Tpex ypaBHEHMIT ¢ TpeMsi HEU3BECTHBIMHM, UC-
I07IB3Ysl YPaBHEHHE IJIOCKOCTU M HOACTABJSIS B HEIO KOODAMHATHE
JaHHBIX TOYEK:

Aa:1+By1+Czl+D=0

Azy+ By, + C2y+ D =0

A$3+By3+CZ3+D=O
ast Ny A+B-C+D=0

s N, 2A-B+C+D=0 1] -[2};
ans N, —-A+B+C+D=0[i]+[3]



YpaBHeHuE IJIOCKOCTH 349

9
A+B-C+D=0 A+B-C+D=0 |4=-3P
0+3B-3C+D=0; 3 —3D-3C+D=0; § o_ _2p.
04+2B+0+2D=0 |B=-D 3
B=-D

TloncraBadas B obiee ypastenue wiockocrs Ar+ By+Cz+D =0,
2 2
HOJLY \IIM —gDa: — Dy — §Dz + D =0.

Vmuoxum na 3 U cokparum Ha (—D),

snaunt |2z + 3y + 22 — 3 = 0|. DT0 ypaBHeHHe IJIOCKOCTH, KOTO-

poit npunajexar Touku Ny, N, n Nj.

Sangagya 2. Bepumunsl TpeyrosbHUKaA ONPEAeIeHbl TOYKAMK
A (1;2;3), B (3;152) u C (2;2;1). Haiizure miomajpb Takoro
TPeyroJibHUKA.

I_I_)_’fTb A (z1391521) u B (x25Y2; 22)-
AB {z2 — x15y2 — Y1522 — z1}. Toraa

‘A—B” = \ﬂwz ~ 1)+ (y2 —91)° + (22 — 21)°.

nyETI: @ {z1;y1321} m E{wg;yg;zz}.
G:-b=1x 22+ Y1 Y2+ 21« 223
(f‘) _a-b 12 + 1Yz + 2122
cos{a;b| = = = .
@l - 18]  Vai+vyi+aZ Vet ui+ g

a) AB {2-1;-1}; AC {1:0;-2};
|4B| = VP + (D7 + (-1 = VB
|ac| = vEF T+ (=27 = V5.

oo (TET2) _ 2L (D 04+ (=D (=2 _ 4
6) (AB,AC) L S

B) sin <1TB,R') 1—}§=@.
30 V30
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) §u = 5 AB- AC sin (4B AC)

Tak Kak
AB = ]ZB" . AC = [Z@" , sin (ﬁ) — sin (Aﬂc) ,

1 14 14
TOSA=§.\/6.\/5.%=§=,/3,_5.

3agauya 3. Haitaure paccrosiiue ot Touku A (1;2;—7) mo moc-
KOCTH «, 3aJaHHOi ypaBHeHMeM 12z +4y+32—-4=0.

A
n

W3 ycnosust 3anaun cienyer, uro it {12;4;3}
(rak kak A =12, B=4, C = 3), npuueM fila.

—_—
a) Ilycte AM, || 7, roe My € o u My (x4 yo; 29)-

—
Torma AMy {zy — L yg — 2529 + 7}

__ _—
6) Tak kak AM, |7, To cymecrsyer Takoe p#0, aro AMy=pi.

3uHauur
To—1=12p To=12p+1
Yo—2=4p , re { y=4p+2
20+ 7=3p 20=3p—17

Eciu yuecrs, uro M, € o, a 3HAYUT, BBIIOIHAETCS PABEHCTBO
1224+ 4yy+ 32y —4 =0, nosytuM ypaBHEHHE OTHOCHTEILHO P,
NOJCTaBJIAA HaliICHHbIE KOODAUHATHI TOUKH M, B ypaBHeHnue

miockocTe <. Haiinem p:

5
12 (12p+1) +4-(4p+2)+3-(Bp=T)~4=0; p= 7z,
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B) |M’ = V(@ -1+ (y -2+ (x+7)?=
= v/(12p)? + (4p)? + (3p)? = 13Jp|.
5

T IAAJ = 13)p| |AA1’—]3 > _
aK Kak ol = 13|p|, To ol = 160 = 13"

A nockonbky p(A;a) = ‘AJ\IO‘ . 10 |p(4;0) = % )

Bazaua 4. IMapasulesenunes 3a7aH 4eTbIPbMsl BEPLIMHAMHU, HE
npuHaUiexkamuM  ofuod rpanm: A (1;1;-2), B (—1;1;1),
C (1;-1;2) u D; (2;1;—1). Haitaure o6beM TaKOro IapaJuie-
JIenuIesa.

a) IlyeTth miockocTh « ompezesieHa JAaHHBIMH Touykamu A, B
n C. Ilycrs ona 3apnaercs ypasuennem Az+ By+Cz+D =0.

Buaumanne! 3zxech odeHb BaxKHO IIOHHMAath. rie Oykeel A,
B, C u D oboznauaior k03¢pHuLueHTs B ypaBHEHUH ILJIOC-
KOCTH, & FIe — BEPIINHbBI JAHHOTO [apaJlieelune/ia Uil BeK-
TOpa. ¥YBbl, B JaHHOM CIy4dae B CHJIY CIOXKMBIIHXCA TPaJIH-
uii 5T 6YKBBI BRICTYIIAIOT B pasHbix cMbiciaax. K cuacTbio,
13 KOHTEKCTa BCErIa sCHO, YTO HMECTCsi B BUILY.

W3 npunayexunocry miockocru « touex A, B u C cueny-
€T, YTO MOXKHO COCTABHTbL CHUCTEMY ypaBHeHH#t. B nem dury-
pupyor koo duuuentet A, B, C u D naunoro ypaBHeHus
ILIOCKOCTH, KOTOpLiE HEOOX0AUMO HANTH:

A+B-2C+D =0 [I]+[3] 244+2D =0
—A+B+C+D=02+3; 3C+2D =0 :
A-B+2C+D=0 [1]+[2] 2B-C+2D =0
A=-D A=-D

2 2
C=-3D L me { €=730

2 4
2B+§D+2D:0 _B=—§D

Suaunr VpaBHeHHE ILIOCKOCTHN IIPDUHUMAaeT BUI

4 2
——Da:—gDy—gDz+D:0, wim |o: 3z +4y+ 22 —-3=0].
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6) HaiizeM BBICOTY HaHHOrO mnapasulejienuiena, KOTopas pab-

Ha PACCTOSHUIO OT BepliuHbl [ [0 MJIOCKOCTH OCHOBAHUS,
T. €. 40 MWIockocTH «. UHaue rosops, Haiigem p(D;;a), raoe
i {3;4;2}, fila.

Hanomuum, uro 7 {A; B;C}.

P
1. IIycts Touka My € a u DM, || @, tae M, (2q; Yo; 2o)-

[
Torna DMy {xy — 2;yp — 1529 + 1}

_—
Tak xak DM, || 7, To cymectByer Takoe p # 0, uro
—
DM, = pr.

Tog—2=3p To=3p+2
Torna < yo—1=4p; Yo=4p+1.
2o+ 1=2p zg=2p—1
YuureiBas, uro M, € o, noaydaeM ypaBHeHHe
5
3Bp+2)+4(dp+1)+2(2p—-1)-3=0; p= ~59°

DMyl =/(2g— 2>+ (yo— 1)2+ (30 + 1)° =
= /(3p)2 + (4p)? + (2p)? = |p|V29.
D; M| = |p|v/29, snauur

=== _ 5v29 5v29
DiMy| = —g=; p(Di0) = — =

ITo cMbicily 321258 MBI TE€M CaMbIM HAIILIN BBICOTY HapaJ-
JIeJIenuneia, OnymeHnyo Ha rpaub ABCD.

B) Temepp HaiineM mJOmalb TOr0 OCHOBAHHUS, T.€. S4pop-
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1. AB {-2,0;3}, AC {0;-2;4}.

AB-AC
2. cos (A_B>, A_C)) = —>—.—>_;

lAB’ : IAC"

cos(?i—B);A_C>'>= —2-0+0-(=2)+3-4 =
\/(_2)2 + 02 + 32. \/02 + (__2)2 + 42

— 12 .

~ V13-v20°

sin (AB AC) 130

V16  2V29

T VBV V13-V
3. Sypcp = AB- AC -sin (AE;?C)
(Sascp = 25aBac) -
Tax xaK |Ex’| — AB = VT3, |A_C" = AC = /30,
sin <Z§;;_c’*) = sin (Aﬂc) ,

10 Sypop = V13- V20- \/—\/—\/—- -

r) Vagepa,Biovpy = Sasop - Hapeps

5\/—
VaBepaipioip, = 2V29 10].
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IIpuMeuanne. YIUBATENbHO, HO B PE3YJbTATE BLIYUCJIEHUS IO~
JYYuJn, 4To 00beM mapaJiiesienuneia ecTh nejoe 4ucio. JYro sro,
CIY4afiHOCTh HJIM 32KOHOMepHOCTh? MOXKHO JIOKa3aTh, YTO €CiH
KOOPAMHATHI Y€THIPEX BEPUINH lIapaJLIeienunea, He IPHHAIJIeKa-
HINX OAHON IpaH’, UMEIOT HEJOYHCAEHHbIE KOOPIUHATEL, TO 00bEM
3TOro NnapaJulesieliuIelia eCTh 1ejioe YHCJIO.

ITokaxxem 3T0.
Mesuzny S /]

HyCTb .Tl, -’L'2, 1'33 y17 y2’ y3’
21, Z9, zz — UeJble YHCIAa.

s
’
]
I
¥
’
s
s

Hoxaxewm, yro Toraa V, = — benoe forr o L

YHCIO. ' ,K(x2’y2’z2)

Iycre O (0;0;0), M (z4;y;; 21), A

K (215925 22), N (233935 23)- 0 (0;0;0) N(x;y,32,)
a) a OKCN.

O€a A-04+B-0+C-0+D=0
Keca A-zo+B-yy+C-2y+D=0;
Nea A-z3+B-y3+C-23+ D=0
D=0
oA+ yyB+2,C+D =0 -z3 (3 #0),
23A+ysB+ 23C + D =0 x5 (x5 #0)
T.e. ypasueuune a: Az + By + Cz=0.

Axoxq + Bxgys + C2ox53 =0
{ A$2(L'3 + B./,U2y3 + CZBIL'Q = 0

($3y2 - x2y3) B = (Z3$2 — 221'3)C~

73Ty — 2pT3
Ya2¥3 — Y3
Ucnonssyst Azy + Byy + Czy = 0, naitzem A:

Ionoxum y,r3 — Y329 # 0, Torma B=C-

Z3To — 293
Yoz — Y39
A= (29%3 — 23%5) Yp — (Yo%3 — Y3T3) 2o c=PB2" Y% ~
Zq (T3yg — Toy3) T3Yo — TolYs

Az, + C - Yy + C2zy = 0;
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IMoxcraBum B ypaBuenue Az, + By, + Cz, = 0:

— 1

C. Y%~ Yo% 2, +C -
T3Ya — Tols L3Yy — LoY3

YMHOXKHM Ha Z3Yy—ToYs 70 u cokparum Ha C # 0, nomyunm

(Y322 — Ya23) T + (23T2 — 25T3) Yg + (T3Ya — Tay3) 25 = 0.

Torpa nonoxum A = yszo — Yo23, B = 23%9 — 293,

Z23Ly — 29T
B2 23 .y, 4+ Czy =0

C = z3yy — T9Y3-
Monyunmu Az + By + Cz =0, npuuem 7 {A; B;C}.
—_ —
Pacemorpum OK {9;y9; 20} 1 ON {x3;y3; 23}
cos <O_)K, O—])V) = —= :1:2'53 + g2y3 +2z2z3 =
Va3 + s + 25 Vag + Y3+ 23
=, — =
sin (OK: ON) = \/1 — cos? (OK;ON) =

_ (@543 +25) (2F+u3 +23) — (293 + yays + 2%)” _
(22 + 92 + 23) (23 + y3 + 23)

2 2 2
_ \/(yszz — U223)" + (2373 — 29%3)" + (32 — Toy3) _
VIR Hys+ 25 Vet yi+ 2

A2 + BQ + C2
= — — .

‘03‘ . ‘ON’

e VAETBE T
Urak, sin (0—}')(, 57\/') = jjl___j_B_-:C =
'OK‘ . ]ON‘
_ A4 B2+ C?
Vai+ @B +23 ol + i+

MyM1OKN,

—_— — —_
r.e. MgM || i {A;B;C} u MyMLa: OM {x;y;; 21}
e, =
cos (OJVI;]\IO.M> = cos (OM’; fi) =
_ 2 A+y B+ 2, C
Vai+yi+24 - VA2 + B2+ C2?
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_— —_ ___/__\)
C apyro#t CTOpoHb!, ‘MOJV[ = ‘OM ‘ - COS <O.M ; ﬁ) =

_ /13 + 9y + 22 (x, A+ y, B+ 2,C) _nA+y, B+ le'
Vz} +yi + 27 (A2 + B2 + C?) VA% + B? +C?

|z, A+ y, B+ 2 C + D]
A2+B2+C? |

roe M (x;y;32,) u Az+ By+Cz+D=0.

B obwem Buzge |p(M;a) =

—_
Ouesnano, 4ro |MO]V[ ' = H,_, — BbICOTa Nlapa/lieJeNue/a.
Hasee cM. puc. Ha c. 354.
— —_— . —
Sokcn = IOA . ‘ON’ -sin (OK; ON) , TaK Kak

Y —_ _/)\_) —
'OK = 0K, ‘ON‘ =ON, sin (OK; ON) =sin (OK;ON),
SHaYHUT
Sorcen = Vad+ys+25 - Vai+yi+23 VAR + B2+ C?

VT3 + Y5+ 25 T3+ 3+ 25

=+A2+ B2+ C2
r) Vm.p = SokcN * nap?

A+ y B+ z,C
V. _=VA2+B?+ (221 1 L =gz A+y,B+2z,C=
nap AZ n 32 +C2 1 yl 1
=2, (Y329 — Yo 23) + Y; (23%5 — 29%3) + 21 (T3Yp — ToY3) — Les10€
YUCJIO KaK aﬂl‘eraH‘leCKﬂ.ﬂ KOM6HHauHH Cyl\leI, HpOI/I3Beﬂe-
HHUS M Pa3HOCTH IEJIbIX YHCEJL.

Ty Y1 %5
Ecnn snate Teopuio onpenennrenedt, o V= 1Ty Yo 25 ||,

T3 Yz 23
rae O (0;0;0), M (z15y1521), K (T23¥2522), N (35935 23)-

Ilpumeuanue. g mpokazarenbeTBa B 00IIEM BHE HEOOXOIHMO
PaccMOTPeTh ele U CIydau: To=0, T3=0, z3y,—TyYy3=0 uT 1.
Baxxao rnoHuMaTh, KAK H3MEHSIIOTCH KOODJMHATLI BEPIIHH [1apajl-
JleJIenHeia IPY I1apaJlIeJIbHOM IIePeHOCe Ha BEKTODP 1 {Z; Yo 20}
YUYHTHIBas, UTO IIPU 9TOM 00beM [apaJiiesIeuIe 3 He H3MEHSETCS .
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Tpernuposouwnas paboma 10
(IIpumenerue KOOPAUHAMHO-BEKMOPHOZ0 MeMOOa
ons pewerus 3adax)

1. a) Haiinure KoopauHaTbl BEKTOPA A_B), ecmn A (5;—1;3),
B (2;-2;4).
—_—
6) Pasmoxure BekTop AB 110 KOODIAUHATHBIM BEKTOPAM.
2. Haitaure KoopauHaThI cepenuubl orpeska BC,
1
ecim B (6;—5;8) u C (12;6;-1).
3. Jasp! BEKTODPHI 5{3; 1; -2} u &{1;4;-3}.
Haigure: a) [b]; 6) |2b— 4.

4. Jlan xy6 ABCDA,B,C|D,, pebpo xoToporo passo 2.

Beruncnure:
—_—

a) A]_D M DC'
—_— ——

6) AB- A,Cy;

Ty
B) | DBy; AC> ;

r)

TN TN

S =
ADI;DCl) .
5. Hanunt Bekropsl @ {0;1;—2} u 5{—2;1;—1},

a) Haiinure @ - b. 6) Oupenennre By yraa | a; 5) .

-

6. Boiuuciaure cos <Ei; b) , rae d= —~f+73'+2i5, b= —2'—i’+5j"—l—5.

1; -2; -3}

7. Hanet touku A, B u C, npuuem AB {
A, B u C on-

—
u BC {-2;4;6}. Ilpunamiexar Ju TOYKH
HOM NpsiMOii?

8. Bexrop d 11 5, rie b {—2;2;1}. Haiigure KOOp/AMHATHI BEK-~
Topa @, ecn |d| = 12.
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9. BolsicHMTE KOMIUIGHAPHOCTH BEKTOPOB @ {2;—1;3}, b {1;3;-2}
u &{3;2;1}.
10. Paznoxure Bektop p{1;1;1} mo Tpem HeKOMIJIAHAPHBIM BEK-

topam @ {1;1;-2}, b{1;-1;0} u &{0;2;3}.

11. KoopauHaTe! BepliMH NApaUIe/ICIUOCAa, HE IIPHHAIJICKA-
mue oxuoit rpanu: A (1;—1;-1), B (2;3;4), C (3;-2;1)
u D (-1;2;2).
BoruucanTe:
a) obbeM mMapaJsulenenunesa:

6) (4,DC;;BDC);
») (4,C5ADC) .
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Pewerue mpenupogouroti pabomo 10

1. a) Haiisure KoopauHaThl BEKTOPA AB , ecmm A (5;—1;3),
B (2;-2:4).
AB {2 -5;-2 — (=1);4— 3} = AB {-3;—1;1}.
6) Paznoxwure BekTOp AB 1o KOODJAMHATHBIM BEKTODAM.
AB {-3;-1;1} = 31—+ k.
2. Haiigure koopaunatht cepemnnbl oTpeska BC,
ecu B <6;—%;8) u C (12;6;-1).

Ilyers BM = MC u M € BC,

1
-14+6 _
torma M (6“2; 2 ;8+( DAY (9;2,75;: 3,5).

2 2 2

3. HaHbl BEKTOPHI 5{3;1;—2} u ¢{1;4;-3}.
Haitgure: a) [b]; 6) |2b— .
a) b = 3+ 12+ (-2 =[V14].
6) Haitnem |25 — &.
Mycts 26— &= m.
m{2-3-1;2-1-4;2-(-2) — (=3)} =m {5;-2; —1};
25— & = 7| = /5 + (~2)7 + (-1)? = [/30].
4. Han xy6 ABCDA,B,C,D,, pebpo KoToporo paBHo 2.
Boiuucinre: B, C,
a) AID-ITC-)'; A,
B) (D——B—;A_C}) ; B C
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PaccMotpum nepswiti (6exmoproiti) cnocob.
—_— T S
Bsenem 6asuchoie BekTophl: AA; =d, AB=0b, AD=C

Tak kax ABCDA,B,C,D, — xy6, o |@| = |b| = |d = ¢,
u (a‘; 8) = 90°, (E; 6) = 90°, (5\6) = 90°.
—_— ey
a) Beranenmnm A D - DC.
—_— — ——
DC=4B=§,
AD-DC=(¢-d)-b=c-b—a-b=[0],
rax kak ¢-b=0 (&Lb)m @-b=0 (dlb)
—_— ——
6) Haiinem AB- A,C;.
_—
AB = b;
A\C,=AD, +D,C; = &+5;
AB-AC,=b-(+b)=b-c+B2=|p* =2 =22 =[q]

P —_  ——

DB; = DA+ 44, + A;B, = ~¢+d+5;

AC = AD +DC=3é+ b;

— —) - frad

DB, -AC = (E+b)(-c+d+b) =

=P+ G+Eb—b-G+b- G+b% = —~|d2+[b|2 = —t2+2 =0,
==,

3HAYUT (DBI;AC’) = 90°.

i
r) Haiigem (ADI;DC’1>.
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]A_Dl’| =\AD2=\/GtaZ=vE+2E a+
= VI FTaE = VBT = Var.
DC, = VDC? = \/(13'+a2= \/13’2+2l3-_6+d’2=

= i+ @2 = vETE = V3.
2
cos(ADl,DCl)— AD,-DC, _ ¢ 2=l,
|4Dy|-|Dei|  (vay)© 2

i

—_—=
3HAYMT <AD1;DC'1> = 60°.

(HammoMHUM, 9TO IIOAYEPKHYTHIE CKAJSIPHBEIE IIPOU3BENE-
HUSl BEKTOPOB PaBHbI HYIO.)

Ternepb pacCMOTPUM 8MOPOTE MEMOJ PEUWEHUA — KOOPOUHAM-
Hoitl. BBegem cucreMy KOOPJAHHAT:

z
BB, — ocp Oz; B, c
BC — ocb Oz; !
—_— A
BA — ocb Qy. 1 D,
Torja oMy4UM KOOPAHHATH
BEpILUH: B o c
x

A(0;2;0), A, (0;2;2), Al

D

B (0;0;0), B, (0;0;2), f
C (2;0;0), Cj(2;0;2),
D (2;2;0), D, (22;2).
a) Ay D {2;0; —2}; D {0;2;0};
— —
AD-DC=2-0+0-2+(-2)-0=[0].
6) AB {0;,-2;0}; A,C; {2:—2;0};

—_—

AB-AC,=0-2+(=2)-(-2)+0-0=[4].
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B) DB, {-2;-2;2}; AC {2; —2;0};
(s =,
(DBI;AC> = —2.242.242.0=0,
3HAYHUT DBl_LxTC-).

r) AD; {2;0;2}; DCj {0;-2;2}
—_— =
AD, DC,=2-0+40-(-2)+2-2=4.
‘ADI) = VETETE =2/3;

|DCl| = VT (2P F 2 = 23

<ﬁ/;7»>_ AD,-DC; _ _ 4 __1
) T e T avE i E

— =

IIpuMeyanns
1. 3uas dpopmyy

:—o - w1x2+y1y2+zlzg
cos(a,b>—\/x2+ o B B B 5
iTh ™A 2T YT 2

rae a {Zy;y15% ) 5{932§y2§z2},

ey
MOXKHO GBLIO Cpa3y MOJCTaBHTh KOODAMHATEI BekTopoB AD,
i
u DCj, r.e.

==, 2.040-(=2)+2-2
cos | AD; DC, | = =
( ' 1) V2107122 \JOT ¥ (—2)2 + 22

4 1
= —————— = ~ U T
o2-2v2 2 TtA

2. Xoresnoch 6bl OTMETHTb HaJIMUUe CJAEAYIOIEr0 H3SIHOro
U KOPOTKOIO '€OMeTPHUYCCKOTO PelIeHHs.
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Tpemud cnocob

— —

a) Ouesnano, yro AD; = BC,.
6) B ADBC; DB = B(C; = DC, xak auaroHaiu rpauei,

.. ADBC| — paBHOCTOPOHHHIL.

- =
Suauur LBC|D = 60°, unu (ADl;DC'1> = 60°
—_— =
(moxHo pacemorpers AB; AD,, Bkotopom AB;=DC}).

5. Hauwbl Bekropet @ {0;1; -2} u 5{-—2; 1;-1}.

a) G-b=0-(=2)+1-1+(=2) (1) =3.
6) OnpenesiuM BuJ yria ((i; 5) .

-

-, —»'b
cos <('i; b) = |—(_§-—|—l_)7|;

@] = V02 + 12 + (-2)2 = V5;

Bl = 22+ 24 (12 = V6.

T 3
3uaunt cos | @;b | = ——=——= =0,1v30 > 0.
< ) V5 -6

—
-

CrnenoBaresibHO, (('i; b) — ocCTpbiil.
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6. Buiuunciute cos (5,’; 5) , THe @= —;—4-7_74—21_5, b= —27+5;—l§.

@-b=(-1)(=2)+7-5+2-(=1) = 35
@] = v/(-1)2+ 72 + 22 = /54 = 3\/6;
b = V(=27 + 52 + (-1)7 = V30;

COS (('1/'\5) = 35 = 7\/5 COSs (ﬂ) = z‘@
’ 3v6-v30 18 ’ 18 |

Honbt Toukn A, B u C, npuuem AB {1;-2;-3}
—

u BC {-2;4;6}. Ipunagmexar s toukn A, B u C on-

HOIi n1paAMoii?

— —_—
D10 BO3MOXKHO TOoNbKO e AB m BC KonnuHeapHbI,
T.e. cymectByer k # 0, Takoe uto AB = kBC.

1=-2k
Suaunt { ~2=4k, r.e. k= —=.

~3 =6k 2

B arom ciayuyae Toukn A, B u C upuHajjexar o1HOH
NIPAMOI.

. Bektop @17 b, rae b {—2;2;1}. Haiigure KOOPAHHATLI BEK-

topa @, eciu |d| = 12.

Tak Kak BEKTODbI COHAIPABJIEHD, TO cymecTsyer k>0, Takoe
yro @ = kb. 3uauur |@| = k|b|, b] =+/(—2)2+22+12 =4,

Torna 12 = 3k; k=4.

zy=4-(-2)
CuenoBarenbHo, § y; =4-2 , tie @ {x;915 21}
zl = 4 . 1

Takum o6pazom, kKoopauHaThl Bekropa d {—8;8;4}.
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9.

10.

BrisicHuTE KOMIITTAHAPHOCTD BeKTOpoB @ {2;—1;3}, b {1;3;-2}
u ¢{3;2;1}.

Ecnu 9Tu BEKTOpPHI KOMIIJIAHAPHBI, TO CYHIECTBYIOT TaKue I
H Yy, uro ¢ = zb+ yd, npuuem zy # 0. Torua

r=3-2y
2=3@-2y) -~y ;
1=-2(3-2y)+ 3y

3=z -1+y-2
2=z-34y-(-1);
l=z-(-2)+y-3

A
y=1 y=1

-

Cnenosarenbho, € = @+ b, 3uauuT @, b U € KOMILIAHAPHDI.

Pazsoxure BekTop p{1;1;1} 110 TPEM HEKOMILIAHAPHBEIM BEK-
ropam & {1;1; -2}, b{1;-1;0} u ¢ {0;2;3}.

Jist Toro 4To6el 3T0 GBIIO0 BO3MOXKHO, JOJIXKHBI CYIIECTBOBATD
uueaa X, Y U 2, Takkue 4To P = xd + yb+ 2¢ n xyz # 0.

l=z+y 1 +2] +3]
l=x—-y+22 ;
1=-2x4+3z

5z =

T-—y+2z=1;

—2x+32=1

rz~§ rz_§
5 5
z— ——1—9 a:—2
r—y = 5 ; =z

3 1 3

={3.2-1}.= =2

(@5 s
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11. KOOp,lII/Il-[aTbI BEpLIUH llapaJjulejeldiiesa, He 1IpHHaljeXkKa-

mme oxguoit rpanm: A (1;—-1;-1), B (2;3:4), C (3;-2;1)
u D; (—1;2;2).

a) Boruucimm o6beM napasuicsenunesa.

1. Touku A, B u C npuHamicKar OJHON IIOCKOCTH (.

IloncTaBasas X KOOPAUHATHI B yPAaBHCHHE IJIOCKOCTH,
TIOJTY YU M:
A€ r—y—z+D=0

Bea 20+ 3y+4z+D =0 ,
Cea 3r—-2y+z+D=0
r—~y~z+D=0
0-5y—62+D=0 5-[3]-[2]:
0-y—42z+2D=0
r—y—z2+D=0
0-1424+9D =0 ;
—y—4z+2D=0
( 9 8 ( 13
z-—IZD : y-——ﬁD.
9 8 9
y=—4- ﬁD+2D 14D \Z'TZD
qomd——gDa———S—Dy—{— Dz+D—0
14 14
sHauntr |13z + 8y — 9z — 14 = 0| — ypaBueuue mioc-

KOCTH .

. Uenoabayem oburyio gpopmysty

2, A+, B + 2,C + D|
TE e e M @iz

¥ « 3ajaHa ypasHenwem Az + By + Cz+ D =0.
13- (-1)+2-842-(-9)—14 29
oDy~ I3 CD+2 842 (9 -1 2
V132 + 82497 v 314
29
V314

p(M;a) =

Utak, soicota Hypepa,,c,p, = P(Dy;0) =
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3.

4,

Teneps naitaem Sypcop-

SABCD =AB-AC-sin (AﬂC) (SABCD = 2SABAC) .

Hatinem AB {1;4;5}, AC {2 -1;2}.
|4B| = vI+16 525 = V33

‘Z@" =VAF1+4=3;

AB:’Z?’; AC:{Z@‘.

os (7530 = AB-AC__
Cm(AB’AC)_’A_B)’.‘A_(}‘_

_1-2+4-(-1)+5-2 8
V423 3v42’

3 2
sin <AB AC’) - (—) =
378 — 64 31
T42.9

Torna Tax Kak

in (AB: AC' ) = sin (4B AC
sin ; —sm( ) 3 42,

1 /314
TOSABCD:-?)\/Z-":; Z‘é‘:\/314.

Vieo = Sapep " HapcpaBioi Dy

29
314 - —— = [29].
P 314

AN
Il
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6) Boruucinm (AlDa;\BDC).

BDC ecTb mjI0CKOCTH (.

Haiinem ypaBaenve
wiockoct 3, B KOTOPO#i
nexxut A, DC,;. Ina sroro
HeoOXOoAuMO HalTH
KOOPJMHATBLI TOYEK

A, DuC.

—_ —_—
1. AB=DC (ABCD — napajuienorpamm).
Iycrs D (x4;Yy; 2p) , TOTAS
—_— —
AB {1;4;5} = DC {3 — xp; -2 — yp; 1 — 2o}

(C (3;-2;1)).
1=3-1 Ty = 2

SuauuT ¢ 4= -2 -1y, ; Yo = —6 D (2;—-6;—4).
5=1- Zg 29 = —4

2. Tlycre A; (21915 21)-
_— =
AA;D,D — napamenorpamm, nosrony AA; = DD,
—
torna AA, {z; - Ly, +1;2,+1} =
—_—
=DD; {-1-2;2—(-6);2—(-4)}.

ey
DD, {-3;8;6}, snaunr ¢ 8=y, +1 ; =7 ;
6=Zl+1 21:5

A, (=2;7;5).

3. IIycrs Cy (29;Y9; 29) -
Tax xax DD,C,C — napaJenorpamm,
TO DDl = CC]_,
—_— —
trorpa DDy {—3;8;6} = CCy {zy — 35y, + 2529 — 1},
3HAYUT § 8=y +2 ; Yo =6; C; (0;6;7).
6 - Z2 -1 22 = 7
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4. Temepb MBI MOXKEM HaliTH ypaBHEHUE ILJIOCKOCTH [3,
B KoTopoii nexut A;DC;:
A ep —2A+7B+5C+ D=0
Def; {(2A-6B—-4C+D=0 [1+[2;
C,ep 0-A+6B+7C+D=0
—2A+7B+5C+D=0
B+C+2D=0 ;

6B+7C+D=0 3] -2
—2A+7B+5C+ D=0 A=—%D
- - C=11D

—3?5Dx - 13Dy + 11Dz + D = 0;

[ B: 35z + 26y — 222 —2 =0].

5. o onmpenenaeHUIo yroi Mex 1y pas3idIHbIMHU IJIOCKOCTSI-
MU Bcerja He Tyno#i, r.e. 0 < (a; ﬁ) < 90°, obosnauum

o= (@8).

PaccMOTpuM nepneHAnKYJIspHOE CeYeHHE IVIOCKOCTH «
1 [ IJIOCKOCTBIO ¥, Tle a=aNvy; b=pFNA~.
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O6o3naunm (rﬁ) = 0.

Torpa ecin 0 < 60 < 90° t.e. (ﬁ:ﬁz) < 90°, o 8 =¢.

3

PaccMorpum pyro#t ciydail pacnoyioKeHHsl BEKTOPOB
M ¥ 7, IepHeHUKYASIPHBIX IIOCKOCTAM « 1 3.

B sToMm cityqae 6 > 90°, T.e, (ﬁ/,?ﬁ) > 90°

a
i
m
9 —
0 m
7 ¢ b
/ .

Torna npu 0>90° ¢©=180°—60 (tak Kak p+6=180°).

BriBoz.
(C;a\ﬂ) = (ﬁ/,\), rae ila, a m1g,

—

=,
m
ecmm (7;m) < 90°

n (aB) =180° = (), ecnun () > 90°.
(OueBupno, uro npu AT M wm Al Mm a=p.)
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—

= 7 - 17
I/IBBGCTHO, qYTO COS (n, m) =T oD
|73 - 73]

rae 7 {13;8; -9}, m {35;26;-22}.
(::) 13-35+8-264+9-22
cos | ni;m

T V11812 V352 + 262 £ 222
~ 455 + 208 + 198 B
/160 1 64+ 81- /1225 1 676 t 434
861

= >0,
V314 - /2385

3HAYUT (ﬁ/,-;'i) = (c?,\ﬂ) = arccos (%ﬁ) .

B) Borumcium (AIC/’;A\DC).

Ouesnnno, uro ADC coBnagaer ¢ mwiockocreio ABCD —
ILJIOCKOCTBIO (¥, 3aJIaHHOI ypaBHEHHEM

13z + 8y — 9z — 14 = 0, upu srom 7 {13;8; —9}.
Bextop A,C {3+ 2;~2—-7;1-5} = A;C {5;-9;—4}.

PaccmorpuM optoronaneryo mpoekunuio mnpsmoit A, C

Ha miockocts ADC.

A,

N

o
A N
C
D m _

HamomuuM, 4To 3a yroj MeXnay HIpsAMOM ¥ ILNIOCKOCTBIO

IPHHHMAETCS HE TYNOH yros, HOSTOMY BO3MOXKHBI CJIELLY-
IOIIME CITy9au.
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_ =
1. Ecmm 6 = (AlC’;ﬁ) < 90°, To cos (AIC’; r'i) >0,

U PHCYHOK OYAET TaKuM:

=07 -]

2. Eca 0 = (AIC; ﬁ) > 90°, 1o cos (AIC’; r'i) < 0.
B stom ciyvae pucyHoK Oyner TakuMm:
i

0 n  [p=0-90°]

)

._)
AC

= =
3. Ecim 0 = (AIC; h’) = 90°, To cos (AIC'; r'i) =0.

B stom ciyuae A; € ABCD, u nosy4aercst BHIPOXK-
[EHHBIN MapajuleslenuIes,

4. Ecm 6 = (AIC’; ﬁ) = 0°, 10 cos (AIC’;ﬁ) =1.
el R
Ecmu 6 = <AIC’; fi) = 180°, To cos <AIC; ﬁ) = -1

B srux cayqasx A|C1LABCD,
snaunt ABCDA,B,C|D;, — upamoii napaiene-
nunes,

B nannoii 3apaue:
cos (R?@ _5-13+(-9)-8+(-4)-(=9) _
V524924 42./132 4+ 82492

29 >0, To a(A/C\ﬁ)<90°
S —— , TOT ; .
V122 /314 A

" 29
CaenoBaTesbHO (AIC; ﬁ) = 90° — arccos

261 - V157|
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Kapmouxu camoxornmpoasn

JaHbl KOOpAMHATHI HApaJUIe/IENHIIea, He IIPHHAIEXKAINNE OMHOM
rpanu. Beruucianre o6beM napasuiesienuiena.

1 2 3 4
A (1;1;4) (3;0;5) (4;8;4) (4;0;3)
B (0;3;1) (4;2;1) (42-1) | (8-3-2)
9 (5;8;2) (8; —5; —3) (3;0;8) (2;0;1)
D, | (4-1;5) (44,0 &-1-2) | (L-1L-1)
%

5 6 7 8
A | (5-21) (6;2;4) (7, —2;5) (8;2;5)
B (3;8;0) (3;1;0) (5;2;8) (0; -5;4)
C | (1-2) | (-4-12) (4;0;4) (9;3;2)
D, (3;1;1) (4,-23) | (=1;8-2) | (-580)
%

9 10 11 12
A | (0;-2;8) (1;8,-1) (5,9;3) (0;1;-1)
B | (2-33) (0;3;5) (8;8;2) (1;3;-2)
C | (=285) | (=5;-54) (0;4;0) (=3;4;2)
D, | (=L15) (4;7;2) (=2,-5;8) | (=2;0;—3)
v

13 14 15 16
A (0;3;2) (2,-3;-2) (1,2;2) (=1;2;3)
B (3;4;0) (0;—2;0) (4;0;-2) (0;—3;4)
C | (=35-1) | (-10;3) (3;,-1;0) (1;0;1)
Dy | (=24;3) (3;4;-3) (0;4;3) (2;1;5)
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Tpenuposounan paboma 11
( 3adavu cmepeomempuu u 6exmopHvie mMemodu)

3agaya. B uerbipexyrosbHoil nupamunge 0okosble pebpa pas-
HbI 2a. B ocHOBaHMM IHpaMHE! JIEXKHUT Tpanelust, 60KoBast CTopo-
Ha W MeHblIee OCHOBAHUE KOTOPOI paBHbI a. Bouibiliee oCHOBaHHE
Tpanenuy paBHO GOKOBOMY pebpy.

S

Haiiaure:
a) yroj Mexay GOKOBBIM peGpOM U ILJIOCKOCTbIO OCHOBAHHS;
6) AByrpaHHBIH yros npu GOKOBOII CTOPOHE TPAIEIUM;
B) ABYIPaHHBIA yToji 1P MEHBbIIEM OCHOBAHMHA TDAICLHY;
r) ABYTPaHHBLIR yroil, pefbpo KOTOpOro eCTh AUArOHAIb TPALCLUH;
1) MJIOLA/b MOJIHOM MOBEPXHOCTH IMHPAMHIBL;
€) obbeM nupaMuiblL;

JK) yroJl Mexay MeamaHoii GoKoBoi# rpaHu (mpoxojsuieil depes
GOKOBYIO CTOPOHY TDAIELMH), HCXOJsIIIeH U3 BepiuHbl GoJb-
IIIero OCHOBAaHUSA TPAllEN X B HellepeceKalolelica ¢ Heft meu-
aHoit 60KOBO# Irpanu (IIPOXOAsAIIEH Yepe3 MeHblIee OCHOBAHHE
TpaIeLyH ), HCXOAAMIEH U3 BePIINHL MEHbIUEI'0 OCHOBAHMUS;
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3) yrou Mexjiy MeauaHoii GOKoBoil rpanu (mpoxoasieil depes
GOKOBYIO CTOpPOHY Tpallelil), HCXOLAMIEH U3 BepILUHbI 60/Ib-
HIero OCHOBaHHUsI Tpaleluy ¥ MeIuaHoi 60koBoit rpanu (mpo-
xozsimie#t Yepe3 ApPYryio GOKOBYIO CTOPOHY TpallelliH), UCXO0-
el U3 BePIINHbI MEHBIIETO OCHOBAHUS;

H) PacCTOsIHHE MeXIy MeANaHaMH U3 NMyHKTa 3);

K) JABYTPaHHBIH yroy NpH G0KOBOM pebpe, CoeAUHSIIONMIA BepIlu-
HY MEHBHIEr0 OCHOBAHUSI TPANEUUH U BEPIINHY MUPAMUIBI.

YcnoBust 1 BOMPOCH! 33,0841 MOYKHO KPATKO 3aHHCATH CIIELYFOIMM
obpaszom:

Hano:
AS=BS=CS=DS=AB=2a
AB || DC

AD=DC =aq

Touku P, K u T — cepenunbi
pebep SD, SC n SB.

Haiigure:

a) (35;73013) . 6) LSADC;
B) ZSDCB; r) ZSDBA;
8) Sy €) Vsapcps
X) (AF;BK ) ; 3) (Af;?T) :
n) p(AP;CT); K) LASDC.

a) Haiinem (S’D;/AFC’D).

Taxk kax GokoBbie peOpa paBHBI Mexiy coboil, To ecnu
SO1LABCD, 1o O — ueHTp ONHKCAHHOH OKOIO OCHOBAHHS
OKPY>KHOCTH, BCE YIVIbI MeXJy GOKOBBIMH pebpamu U ILIOC-
KOCTBIO OCHOBAaHMS NMHPAaMHUJBI PaBHBI Mexay coboii. Torma
ABCD — paBHOGenpenHas, T.e. AD = BC = a.
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PaccmoTpum tpanenuio ABCD.
D

Iycrs Touka O, € AB Taxas, uro O;D | CB. Toruma tak
kak DC || 0,B, to O,DCB — mnapajnejorpaMM, 3Ha4HT
Cuneposatrensio, OB = O;A = O,D, T.e. O; — neHTp
omucantoi okosio ABCD okpyxuocru. Orciona ciiejiyer, 94To
(3TH TOYKM COBHALAIOT).

DC=A0=a u DC| AO, 1.e. ADCO — napaJiiesorpamm.
YunthiBas, uto AD = OC, noay4dum, 4To

AADO = AODC = AOCB — paBHOCTOPOHHUE.

Ouesnzno, uro ASBLABCD (SO € ASB; SOLABCD;
AASB — paBHOCTOPOHHHil).

Taxum o6pasom, (SA;/AFCD) = (SD;/AFCD) = [60°).
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6) Haiinem £ZSADC.

CuaenaeM nomnosinuTebHOe nocrpoenne — ON 1L AD.

Toruna no Teopeme o Tpex nepnengukyaspax SN 1AD.

ADION
Wraxk, ADLSN |& ADL(SON) (npusHax HeplueHIuKyJIsap-

HOCTH HPSIMO# ¥ IJIOCKOCTH ).

Takum obpazom, LSADC = LSNO.
S0 = AS -sin60°;, SO = 2a - ? = aV3.

U3 AAON AN = DN (AO = OD = AD = a), Tak KaK
ON_LAD.

ON = AO -sin60°; ON =a- -2@ - “T‘/g;
S0 f

tg(LSNO) =2 (SOLON);

| LSADO = ZSADC = arctg2].

B) Hatinem £SDCB.
[Moctpoum OL1DC = SL1DC (1o Teopeme o Tpex neplieH-
JWKYJIsipax),
snayur £LSDCB = £ZSLO.

Us AODL: OL=O0Dsin60°; OL = %g

(AADO = AODC = AOCB — paBHOCTOpPOHHHE).

SO a3
tg (LSLO) = OL tg (LSLO) = o
2

| £85DCO = arctg 2.
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r) Haiinem ZSDBA.
1.

Tax kak OBCD —
pomb, o OC 1L DB.
OC u DB — 0GUCCEeKTPHUCHI.
YyursiBasg, uro AD || OC,
nmosyunm AD L1 DB.

00,1DB, 3uaunr A
o Teopeme 0O Tpex

HepIIeH UKy IIPax

SO,1DB, Torna DB10,08S,

T.e. ZSDBO = £00,8 = ZSDBA.
oS

. tg(£00,D) = — (001 = %AD = g, oS = a\/§> ;

00,

tg (£00,8) = -‘1‘;/—?’- =23,
2
| £L00,8 = arctg (2v/3) = ZSDBA|.

n) Hafigem S .

Buruncnum chauana,
Ioniaayu GOKOBLIX rpaHei,
Opy 3TOM yUTEM, UTO
NASD = ADSC = ACSB.

1
1. SAASD = ESN AD,

2a

SN = \/AS? = AN,

SN = [aa2— & - VIS,
4 2’

1 aV15 a_a2\/15

SAASD = '2_ ’ 9 4

nig

(ormernM, 9T0 Sas5p = Sapsc = Sascs )
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1 1 3
2. Spasp = —2—A52 -8in60°; Sausp = 5 . 4q2 - \2_ —a2V3.
AB + DC
3. Sapcp = 5 -OL;
2a+a a\/_ 3
SaBecp = "5 5 2f

Spnn=3Saasp t SAASB + Sapeps

21 ‘ 3
S = 3a;/—5+a2\/§+za2\/§=

n.ou.mn

T.I.n

:%a2\/§(3\/3+4+3). S = “22/3(3\/3”).

e) Haitzem Vg,pcp-

Za?V3.av3=12

ool»—-
rhlw

Vsagep = _SABCD SO; V=

3 3
Vsapep = 2

k) Hadinem (Af;BK )

Beenem 6asucHbie BEKTOPBI.

08 = b 1B = aV/3;
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—_—
.AD=0OD-0A=¢-a
DP = ;D% D8=08-0D=b-¢
— 1- 1
DP=>b--¢C
P 2b 2c
Py _ — . 1 - 1., ., 1-
AP=AD+DP=c~—a+§(b—é’)=§c—a+§b.
—.—): 2: -]:- _4 —1-—’ =
Tor,u,a‘ P’ AP \/(2 2b
_ ]'—Q 2 1-‘2 - = 1 pad —'_
—\/4c+a+4b ca2b a-b=
1 -
\/Z|a2+||2 B2 - 1@
1 a?
_f12, 2, 1 92 @ _
—\/4a+a+4 3a 5 ay/1,b
(tek Kak &-b=0u &-b=0)
DR =DC+0CR = ~a+ (- c+8) = —a+5— ¢
2 2 2 2
— —
rae DC = —-0A = —g;
ey 1— | R — 1l ey = —
CK =3 S=§( S—DC)=§( S-OD--DC)~
1

Tax xak AP = DK, To ‘;1—13’ = 11—)7(1 =a+/1,5 (Meuansl

PaBHBIX TPEYIOJILHUKOB).
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2. HaitneMm ckajisipHOE ITPOU3BEICHHUE:

AP.DR = (%a—m%z?) (_1

m

le
°"i

l\:)l»—t
371

N’
i

—ia‘%%a-a—iﬁ;h
= gl 1al 5+ glaP + 57 - 21+ Slal Ja -5 =
(e:6=0, a-5=0; Jo = |alv3)
——la +1a —§-3(12—ch2 1 J 2

g% T2% T T4 +4“‘8“;

== AP.DE 30
cos <Z'13;137(> Aar-bx 8 =§
‘AP‘ ‘DK'

cr gl
3Ha4HT Tak KaK cos { AP; DK | > 0,

TO (AEBK ) = arccos% .
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3) Haiimem (A?;BT).

PaccmoTpum cHavagia
BEKTOPHBIH CIIOCO6.

—_— = —
1. CT =CB+ BT, rue:

1/ — —
=5 (03 -0B);
CB=DO=—¢& OB=—-OA

2. Tak kax AP = DK = CT, 10 |CT’ ]D_’|=a 5.

1, _ 1\ [ . 1. 1)\ _
3HaunT AP C’T (5 —a+ §b> <—c+ -2-b+2a) =

1, 1. _ 1. _ 1, = 1o
== G- C—=b-G+-b.8— = =
2c+ac 2_c+4b__¢_: 2a__b+4b—i~
1., 1, 1. .
+Zc @-3a +4b a=
1o 1. 1-'2 Lo
(5’.5=o, zu?:o)
_ 15 1, 2,19 1,5 3,
=T TRt T =g
e §a2 1
cos | AP; CT = 3= =7
3.2 4
3
S =
cos (AP; T) > 0, 3HaYHUT COS (AP CT)
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PaccMoTpuM Tenepb KOOpPAHHATHBIMH

MeTOJ|, peleHust 3aja4 XK) u 3). Ilycrs
0S — ocb Oz (anmiukar);
OB — ocb Oz (abeuuce);
OL — ocs Oy (opauHar).
Ucnonb3yem pe3yJsibTaThi
ananu3a rpanenud ABCD.
VureM, uro OS = av/3;
DD, =CC;=0L= (—1—\/5;
2 D L ¢C
0D, = 0C, = g Torza

S (0;0;av3), A(—a;0;0),

willn
aa\/ﬁ_o) A D O

-

¢, B
B (a;0;0), D |-z; 1
(a707 )7 ( 27 2

P

HanomuuM, 4TO 418 HPOU3BOJBHBIX TOUeK A (13Y1;21)
u B (x2;y2;22) eciu M — cepeguna AB,
(331 +z2 y1+y2 21+ 22
To M 3 3 .
2 2 2

Torna

P<aa3a\/_

113 ) (cepenuna DS);

a av3 av3
K (Z ——4'— —2—> (cepegmHa SC),

T <§;0 a\2/—> (cepenuna SB).

3aTem HaiiIEM KOOPAUHATBHI BEKTOPOB.

HamomuuM, 49t0o ecmu A (Z15Y;;%2), B (29;¥9;29) — KO-

OpJMHATLI TOYEK, ONPEJEJISIIONMX HA4Ya0 U KOHEl BeKTOpa,
—_—

T0o AB {23 — %1500 — Y152 — 21 }-
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HamomunMm rakske, uro ecnn @ {Z1;y15 21}, b {95 yas 20},

ro |d| = \/zv% + yl2 + Z?; |b| = \/ccg +y§ + z.g;

@-b=xy - To+y; Yo+ 212

cos (dfl}‘): a-b _ Ty Ty + Y1Ys + 2129 ‘
| @ |6l Ty + 223+ R+ 4

Pemum 3amauy 3) KOOPAMHATHBIM METOIOM. (AP; C’T) =7

aVv3 av3
‘(“1)*7'0’7‘0}’

- {3 () el
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aVv3 aVv3 av3 aV3
+4'(“4>+2°2:

tﬁ* . ‘DK’ =ay/1,5:-a/1,6 = %az.
earginn i ga:, 3 —— 3
cos | AP; DK | = AN —, T.€. COS (AP; DK) =-.
gaZ 4 4

Tenepb pemM KOOPAMHATHBIM METOJ0M 33431y 3).

— aVv3 a3 — 3a aVv3 aV3
CT‘{O’"T’T}’ AP‘{Z’T’T}'

’CTJL‘ = ”%az + Zaz = a4/1,9;

.0 S0 oF (-2f2) o o

4 4 2 2 2
_ 35,345 39
= 8a +4a —8a,
‘APHCT{=a 1,5-a+/1, :§a2; cos <AP;CT) =§_2=Z’
'50,

T. €. COS (A?;?T) = i, 3HAUHT (A?;-ET) = arccosél—l .
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IIpumeuanne. Boamoxkno u apyroe pemenne. Pacemorpure
PUCYHOK Ha 3TOi CTpaHHUIE.

Hycrs M — cepepuna AS (T — cepemuna BS mno ycio-
Bu1o), rorma MT || AB u MT = AO = DC.

—_— =

U3 DM = CT (DMCT — napajjenorpaMm) cjieayer, 4ro
arginn N —

(AP; CT) = (AP; D]\/[) . Ilyecre APNDM = Oy, Torma

AO, = ;AP = ga\/1,5 (AP u DM — wmenunanbl);

Dq—gDM_-m/
AO? + DO? — AD?

U3 AAO,D cos(LAO,D

)= 2-A0,-DO;, °’
4 2 3 4 2 3 2
90 "3 t5¢ 3 —a |
T.e. cos (LAO, D) = 2 ==,
SN = Ea

l

cos (£LAO; D) = cos (T, DJ\/[) 0S (AP CT)

(AﬁET) = arccos% .

Taxoit crrocob, 04eBUAHO, IIPOHIE PACCMOTPEHHBIX PaHee.

n) Haiinem p(AP;CT).
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Ussecren criocob peiieHust TAKUX 33/1a4 depe3 BekTophl. Pac-
CMOTPUM HECKOJIBKO HHBIE [OJIX0Jibl K UX PEHICHHIO.

1.

MozkHo joka3arh, uro APACT, t.e. npambie AP u CT
CKPelLInBaIOTCS.

. Tor,u,a CylIiecTByeT C€IHHCTBECHHaAA HNapa NapaJlIeJIbHBIX

MJIOCKOCTE}, KOTOPBIM HPHHAJJIEKAT 3TH CKpPeHIHBaOILe-
cs1 TIpSMBble.

zBecTHO TakKe, YTO PACCTOSHHE MEXAY CKPEIHBAIOLIN-
MHCSL TPSIMBIMH PaBHO PaCCTOSHHIO MeXAY Napaslieib-
HBIMH ILJIOCKOCTSIMH, OJIHO3HAYHO ONpEAeseMbIMU STHMHU
IIPSIMBIMH.

N3 ananuza ASAD u ATOC cnenyer, uro:

OT || AS AP Cc SAD
OC | AD = SAD || TOC, rue CT c TOC
(MT = AO = DC — cM. npuMmeyanue).

AM = MS, torna MT || AO CJIEIOBATEIBHO,

DM || CT’
AMD || OTC, 3naunr AMDOTC — npusma.

Haiizem o6beM 3TOl IPH3MBI KaK [TPOU3BEJIEHHE IJIOMIA AN
epIEHANKYAAPHOro ceueHust Ha 6oxkoBoe pebpo.
Iocrpoum MM, || SO, torna AM; =M;0 n MM;1LAB.
Torna MoxxHO noKa3aTh, yro DM, LAO.

B pesynerare DM M, 1 AO.

Tak xak MM, | SO u SOLABCD, to MM,1DM,,

3Ha1IUT

1
SAD}VI}\Jl = §D]\/[1 . J‘/I]\/II;
1 av3 av3 3 2
SADJ\{JV11=§'T‘T=§“~
3 2 3 3

ca=—-a’.

Tax kak A0 =a, oV, = 3% 3
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C npyroii cTopoHbl, 06beM NMPU3Mbl PaBeH IPOU3BECHHUIO
IJIOLIAAM OCHOBAHHSA Ha, BBICOTY NPH3MBI,

‘T.€. SpppH=V, rne H — BbICOTa IPU3MBI U OJHOBpE-
MEHHO PaCCTOSTHHE MEX/Iy HapaJslle/ibHbIMH HJI0CKOCTSIMU.

a?v15

Tak xak Sp s5p = (cM. pewenue nmyHkTa 1, . 378),

4
e _1 &V _aVEs
TO AAMD = 5 4 8
2,/T5
a
_ 3
] Vnp_ 8 -H o= 503 _ av15
3HAYUT v =§a3 , Torna H = —— = 5
p 8 8
1
T.e. p(AP;CT) = “\2—5.
k) Haiinem ZASDC.
B
»y
A
C
D

1. HPOBG,ZICM JAONOIHUTEJILHOE NOCTPOCHUE.

Ilycte AELSD.
Tak kak DNASD = ADSC, to CELSD.

AELSD
" CELSD

snauutr LASDC = ZAEC.

, caenoparensuo, SDLAEC,
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3. AE = CE = ADsin (ZSDC) "
(AASD = ADSC).
Mocrponm SFLAD,
torma AF = FD = %AD = 52’-;
SF = V/SD? — FD¥; E
2
SF = 4g2 - % - V15, A F D
4 2
U3 AASD = ADSC (AS=SD=2S5C):
aV15
. . SF 7 V15
sin (LSDF) =sin(£SDC) = S0 = 5. -
Uz AAED AFE = ADsin(LSDF).
4. 3nauur AE = a\iﬁ =CE.
C
5. Paccmorpum tpamenuio ABCD.
W3 nynxra a) (cTp. 376)
cnenyer, uro OBCD
u AOCD — pombui, A o B
saauur ACLOD u OD || BC, rorna ACLBC.
AC = AB -sin60°; AC = 2a - —-2\/—3—- = aV/3.
6. Pacc AAEC (éAEC)—M~
. Paccmorpum . €os = AR ;

2. (#)2 - (a\/§)2 _

cos (LAEC) = 5
9. (a 415)
3a? - 16 8
= 2.15,12“1"3_'0’6

LASDC = LAEC = arccos(—0,6) = 7 — arccos 0,6.

Bamerum, uro LAEC >90°. | LASDC = 1 — arccos0,6].
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Camocmoameavrnas paboma 5
(ITpumenenue xoopdurnammo-eexmoprozo memoda)

VYposeun A
1. || 7, tme M {2;3; -4} u 7@ {z;—6;8}. Haitaure z.
2. mld, roge m {1;x; -2} u @ {x;3; —4}. Hailgure z.
——— 2
3. |m|=2, |i=5, (m,ﬁ) - —375;

a=gm+171;, b= 3 — 7, upuuyeMm @Llb. Hafigure 7.
4. @ {—4;2;4}, b {\/5;—\/5;0}. Haiinure (2&’; %Z)) .

—— 2
5. (ﬁi; ﬁ) = —;—, rae |m| =3, i =4.
Haitzure (3m — 27) - (M + 277).

6. Jdax BekTop d=61+8j—7, 5K, IpHyeM: a) b| a; b obpazyer
¢ ocsio Oz octpsiit yrom; B) |b| = 50. Haﬁm/lTe KOOp,I[,HHdTbI
BeKTOpa b.

7. BeK'rop m NepIEAUKYIsPEH BEKTOpaM d=3+2]+ 2k

u b=18i - 22J —5k u obpagyer ¢ ocbo Oy Tynoil yron.
Han,um‘e KOOPIMHATHL BEKTOpa 11, eciu |m| = 14.

8. Hausl BekTopsl @ {2;3; -5}, 5{3;0;1} u ¢{4;-3;2}. Haii-

—

JUTe KOOPAHHATHI U JJIMHY BeKTOpa m = 3d + b —¢.



CaMocTosiTenpHas paboTa 5 391

Yposens B

1. B napamnenorpamme ABCD AB=a, AD=0b, AC =c.
—_— —
Haiinure DB - AB.

2. B napasutorpamme ABCD AB =a, AD =06, BD =c.
—y
Haiinure AC - AD.

3. lan Tpeyronshuk ABC, B KOTOPOM C_E= a, CA =0,
AB =c u CD =m,g. Haiiure CA-CD.

— —_—
4. B rpanennu ABCD Bexktop BC = zAD.

e —
a) Hokaxure, uro m = AC + BD xonnuneapen AD

(a 3HauuT, U BC ).

o —_—
6) B zamucu m = yAD wnaligure y.

Yposens C

1. Ha croponax tpeyronbuuka ABC BHe €ro ocTpoeHbl KBaJl-
paThl ¢ IeHTpamu B Toukax A;, B;, C; cooTseTcTBeHHO.
Haitqure AA, + BB, + CC,.

2. B rpeyrosibunke ABC uepes M o6o3HaveHa TOYKa [epece-
ey —_— —
yenust meguan. Haiimure MA+ MB + MC.

3. B rpeyronbuuke ABC Ttouka M — UEHTP BHHCAHHOMR
oy —_— —
okpyxuocru. Hatimure xMA+yMB + 2MC, ecin x = BC,
y=AC, z=AB.

4. Touka O — UEHTDP OKPY2KHOCTH, OIIMICAHHON OKOJIO TPEYTOb-

Huka ABC.
Haiimure OA - sin (£2A) + OB - sin (£2B) + OC -sin (£2C).
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Hmozoean sadava

JByrpaHHbil yron mpy peGpe OCHOBAHMS NPABHIBHON YeThIpex-
YLOIbHOM MIPU3MBI paBeH . Hepes 3T0 pebpo IIPOBEJEHO ceueHne
nupaMubl, o6pasyiomee ¢ IJI0CKOCTbIO OCHOBaHUs yron [.

ITpu kakom 3nauennu yrna
IJIOMaJIb cedeHus Oyuer
MUHAMAJIbHON?

Hano:

SABCD — npas. nupaMuja
LSABC =a=SDCB
(ABLmBCD) -y

Ilpu xakom B S, =S

ceumin *

Ilycts AD = a. Iocrpoum SOLABCD u SP1AB;

SPN1ABCD, torna. O € PN. M
ABLK — ce4eHue IHPaMHuJIB, 180°~(a+p)
obpa3zyomiee yroj 3 ¢ IJIOCKOCTHIO
ABCD. Paccmorpum APMN. B e
P N
a) Ilo Teopeme cuHycoB: PM _ PN
P YO Gne sin (180° — (a + 3)) ’
T. €. PM = — a , 3Hayut PM = w.
sina  sin(a+ 3.) sin(a + B)
6) MN a
sin  sin(a+3)’ s
a-sinf
MN=—".
Toraa sin(a + )
B) Pacemorpum APSN. M
Tak xaxk ON = SN - cosa,
PN a B b ¢
To SN_?cosa_Zcosa‘ p o N
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a asinf
2cosa  sin(a+ )
sina-cos@+sinf-cosa—2cosa-sinf
' 2cosa - sin{a + ) N
_ asin(a—f)
" 2cosa-sin(fa+ )
r) ASKL nonoben ASDC,
SM KL

SM =8N —-MN =

SM -DC
SN
KL = a-sinfa—pf)-d _ asin(a — )
2ees@ - sin(a + ) - %—;Lsﬁ sin(a + 8)
AB+ KL
2
_1 asinfa —B)\ asina
SapLx = 2 <a+ sin(a + 3) ) sin(a + 3)
_ 14 sin(@+p)+sin(@a—f)  sina
=3¢ sin(a + 3) sin(la + 8)
a?-sin®a - cos 8

- sin®(a + B3) = S5(8).

,Te. KL =

A) Ouepnano, 4o Syprp = - PM, 3naupT

cos 3
Has, a 3 — IepeMeHHas BelW4uHA, npudeM sin(a + §) > 0
(0<a+p3<180°).

#(8) = —sin B - sin?(a48) — cos B - 2 cos(a+3) - sin(a+) _
sin(a+0)

_ sin(a + ) - (—sin @sin(a 4 F)) — 2cos 8 - cos(a + B)

- sin*(a + )

_ —sinf-sin(a+ B) —2cosfB - cos(a+ )

B sin®(a + ) -

_ —sinfg-sin(a+ ) - (1 +2ctg B - ctg(a + 5))

B sin®(a + 3) B

_ —sinf-(1+ctgf-ctg(a+ 6))

B sin®(a + f) '

Uccnenyem dyukuuio t(3) = , FJle @ — TIOCTOSIH-
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Buz ne xaHoHHueckni®

(@) =0; sinfB-(1+2ctgf-ctgla+B))=0;

sin 8 # 0 (o reoMeTpUYECKOMY CMBICILY), 3HAYHUT
1+2ctgfB-ctgla+B)=0; tgl-tgla+p)=-2.
IIpeobpasys, moityamm:

tg S % =-2; tgh(tga+tgh)=-2+2tga tgp,
Te tgZ2f—tga -tgB+2=0;, D=tg2a—8>0;

tga+\/tgla -8
(tgﬂ)m = ) .

tga-Vitg?o—8 tga+viglo-8
2 2

!
—~ tmin ImaxN__ tg P

3unauenne () MHHUMAJILHO HpH |tg [ =

tga —/tgZa —8

2 )
YTO BO3MOXKHO TOJIBKO NpH tg o > 2V/2 — YCJIOBYE CYIIECTBO-
BaHHUsl Pa3JU4YHbIX KOpHEll Npou3BOAHOIM.

1
Ecmu tga = 2v/2, To tgf = 3 tga m B = arctg /2, 3maunr,
4V3 V3,

HOJCTABIAS, MONYYUM S 4pr g = g o SaaBs = 1
Ecmu tga < 2v/2, To dynkiua t(3) MOHOTOHHO y6LIBAET.

3uauuT tmi He CyuiecTByeT, HO eCTh HauMeHblllee 3HAYCHUE

n

a 1
Saun = Snasp = Tooso e cosa > 3 (Saprk = Snaass)-

Bonee mompo6uo cm. kHury A. X. IHlaxmeiicrep «Bpeunenue
B MaTeMaTudeckuit anaau3». 2010 r., c¢. 276-314.

S Cum. xmury A. X. Hlaxmeiicrep <« IpoGHO-pALMOHANBHDBIE HEPABEHCTBAS.
2012 ., c. 20.



[loBTOpPEHME

Homawnas mpenuposownas paboma 1
(Ilrarnumempusn)

1.

BoicoTa, omymieHHas 43 BEPIUIMHBI HPAMOro yria, pasHa 15,
a mennana 17. Hafinure miomans 9Toro TpeyroabHUKa U PO-
U3BEJIEHNE PAIUyCOB BIMCAHHOTO M OMUCAHHOIO Kpyra.

Jlnaronasn napajuieorpaMMa paBHbl COOTBETCTBEHHO 5 u 3,
a OoCTpLit yros napaJsenorpamma paseH 60°. Haitoure:

a) IIOLa/Ib NapAUIEIOrPaMMa;
6) yrom MexJy JHATOHAJISMH NapaJIeiorpaMMa;

B) Yroyl MeXJy MeJUaHaMH, HPOBEACHHBIMH M3 OLHON Bep-
OIMHEL

B napasuresiorpaMMe CTOPOHBI paBHBLI COOTBETCTBEHHO a U b,
OCTPLIN YroJ mapaJureiorpamma paseH «. M3 xaxkmoil Bep-
IIKHBI [IPOBeaeHa GuccexkTpuca. Halimure miomaab YeTbipex-
YIOJIBHUKA, TIOJIyIUBLIEIOCS [[PU N€PECeIEHUH OUCCEKTPHC.

CTOpOHBI TPEYTrOILHMKA OTHOCATCS Kak 15 : 14 : 13. Paguyc
BOMCaHHOI OKpykHocTH paseH 32. Haitnure pamuyc onmcan-
HOH OKPY>XHOCTH.
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IToBTOpeHne

5.

6.

7.

8.

10.

Pasnocrb ABYX CTOPOH TPEYrOJIbHUKA, YI'OJA MEXKIY KOTOpbl-
Mu papeH 60°, pasen 10. Menuana, npoBejienHas K TpeTbeil
cropone, pasua 25. Hailqure nmnoianp TpeyrojbHuKa.

Huaronany papHobeapeHHoi Tpanenyun B3aUMHO OCPIICH, IUKY-
aspabi. Croponsl ocHoBaHuii pasHbl 13 u 17, Haiianre mio-
majAb Tpaneuus 1 Pajnyc ONUCaHHON OKPYKHOCTH.

B rTymoyrombHoM TpeyrosbHuKe 66jiblias cTopoHa paBHa 18
menbinas 6. Haitmure Bestmyuny Tyroro yrva, eciay mjlomwg b
TPEYroJbHUKA paBHA Dl.

JaHa Tpanelysi, ABe CMEXHble CTOPOHBI KOTOPOil paBHbI 8,
a 6osibiiee ocHoBaHUEe paBHO 15. BokoBasi cropona paBHa m.
Haiinure:

a) BCE€ 3HA1CHUs, KOTOPhIe MOXKET NIPHHUMATDL 71

6) BCe 3HAYEHUSI, KOTOPble MOXKET IIPUIMMATD AHAIOHAJIb, UC-
xoAsAmast u3 obuieil BepIIUHBI PABHBIX CTOPOH;

B) 3HAUYEHHS, KOTOPHIE€ MOXET IIPHHHMATD 1, €CJIH TPAlleLHs]
HPAMOYTOJIBbHAST;

I) 3HaYeHHe M, €CId yroj MeXJy CTOPOHOM, paBHON M.
u 6onpoiuM ocHosaHueM pases 60°.

Oxkoy10 Tpallenv ¢ OCHOBaHUAMH, paBHbiMu 20 u 80, onu-
caHa OKpYXHOCTb. Halimure pamuyc BOUCAHHOI B Tpaneiio
OKPYKHOCTHU U INVIOLZL TPEYIoJIbLHUKA, OrPaHUYEHHOrO Cpe -
Hell JIMHUEeHd U JuaroHajisMy TpaHlenuy.

OKOJI0 OKPY>KHOCTH OIIMCAHa TPalelnsi ¢ OCHOBAHUSIMY, PaB-
HeiMu 4 n 16. Haitaure paiauyc ornMcaHHON OKOJIO Tpallelyuu
OKPY2KHOCTH M ILIOMIAAb TpAlleliii, OCHOBAHUSIME KOTOPOIl
ABJISIOTCS TAPaJIIeIbHbIe OCHOBAHUIO OTPE3KH, OJIUHH U3 KOTO-
PBIX IIPOXOJUT Yepe3 TOUKY ilepecedeHns: JuaroHalsieii, a apy-
roii JeJIMT TPAIELUIO Ha IBe 110400Hbie TPalelUH.
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Hdomawmrans mpenuposounas paboma 1
(Ilnanwumempus). Yepmeore. Ilaan pewenus

1. Jano: B
NABC
AB1.BC
BDLAC, BD =15
AK =CK, BK =17 A K D c

Haitpure: a) Spspc; 6) R, -7,

B
Iran pewenusn

a) 1. Haiigure DK.
2. AK=BK=CK=R_

3. T AB?2 = AC - AD . AB =7
1
4. Spapc = 3 AC - BD.
6) Haiinem R, - 7,.
3uas, uTo T, = % MR = Z—lg, nonyunm: R -1, = Z—l;c.
| 255; 68v/34 — 289 .
2. Hamo: B o
ABCD — napaJenorpamMm
BD=3
AC =5 60— 0
ZBAD =60 A A
Haiinure:
a) Sapeps

6) cos (A@D) ;
B) cos (m 4p; Mpe) (B — ofast BepiuHa MeAHaH);
r) cos (mpc; Mpe) (A — obumas BepmuHa MenHaH).
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Haam peuwerus
2) {AB?+B_C2—2~AB-B_C-cos120°:52
AB? 4 AD? - 2. AB- AD - cos60° = 32
Hatimute AB - BC, a3zarem S, gop.  |4V3]
6) Haitnure u3 cucremet AB n BC.
IMonoxum s onpenenennoctu, yro AB > BC.

Torna AB = @2—1_—-1-; BC = \/3_32_ 1.
OB? + OA? - AB?
Uz AAOB: cos(LAOB) = 7 OB . OA < 0.

OxkasplBaeTcs, pUCYHOK

BbIVIAOUT HHaYE.

V33

15

) (i) = (BFE),
raoe myp = BP (AABD),a mpy = BK (ACBD).
W13 nynkra 6) ciaenyer, uro

BC = AD = \/3_'“;_1. AB =DC = \/%H.

Barem naiiyure BP (u3 AABP), BK (u3 ACBK):
BP = % 106 + 6v/33;

BK = % 106 — 6/33;

PK = %AC.

Hanee ni3 APBK mnonyuure:

cos (m 5Tpe) = BP? + BK? — PK*?
S\ TAD DO 2.BP.-BK '
5 14 |7v638

V10048 /638 | 319

————
T. €. COS (mAD;mDC') =
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r) (mpcinipe) = (AWK )
Haiinure

1
AM = i 234+6v/33 uzs AABM

1
n AK = 11/234-6V33 us AAKD, 4
MK = %BD.
3 ciure cos (LM AK) 214
aTeM BLIMHC/IH .
V54 566

Camocrositesibio pewure 3anaqdy npuy AB < AC.

3. Jlano:
ABCD — napajutesorpamMm
AA,, CC|, BB,, DD, — 6uccekrpucnbl
AA, N BB, = P; AB = a (b > a, s onpeJie/ieHHOCTH)
AA,NDD, =K; BC=b
CCiNnBB, =M
cCi,NnDD,=T; ZBAD =a

Haitnure Sprras-

Ilnan pewenusn
a) Hokaxunre AB = BA,, DC = DC,.

6) Hoxaxute APLBP (torma PKTM npsiMOyroibHHK).
B) Haiinure DA, — (2a—b).

r) Haiinure AA; — (2acos %)

1) Haitnure DD, — (Zasin %)



400 TlosTOpenne

e) Haiimure KA,, PK, D\K, KT, rze

1

1
k) Haiimure Spygrpy = KT - PK. §(b —a)’sina

IIpumeuanune. Eciu ABCD pom6, To Spypar = 0;

1
Ecin ABCD upsiMOyroibHuK, 10 Sppray = i(b - a)? —
KBaJpaT.
4. lano: B

NABC
AB:BC:AC =14:13:15

TopaBC = 32
Hadigure R_.

ITaan pewenusn

a) U3 yciosuit 3anaun cneayer, uro AB = 14z, BC = 13z,
AC = 15z.

6) Boruucnure S 4po (110 Teopeme I'epona).
B) Boruuciure nosynepumerp.

Hcnonbsys dopmyiy r, = ;, HallJIuTe 3HAYCHHUE T.

b
r) Wcnons3ys dopmyiy R, = a—f, Hajiqure R,. R =

48
5. 1 3
. Hano:
AABC &
AB — BC =10; my = 25
LABC = 60°

HaﬁAI/ITe SAABC' C
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Iran pewenus

7\

a) Hocrpoum AABC no nmapai- i
nenorpamma ABCD,
rae BO =myo =25 3
(AO=0C, BO=0D)

6) U3 AABD, ucnomb3ys
TeopeMy KOCHHYCOB, HOJIy{HTe
50 = AB? + BC? — 2AB - BC - cos 120°.
Yurs, uto AB—BC =10, naitnure AB-BC (AD=BC).

D

1
B) 3Had, 4T0 Sp ggo= §AB-BC-sin60°, BBIYHCTHTE Sp 4pc-

200v/3
6. Hano: B C
ABCD — rpaneuust
ACL1BD
AD =17, BC =13 A D

Haitnure: a) Sypep; 6) R, agop-
ITran pewenusn

a) 1. Cuavana mokaxwure, 410 Tak kKak AB = DC,
o AC = BD.

2. 3areM MoKaxKuTe, uro Tak Kax ACL1BD,
10 ABOC n ADOA — nupsMoyronbHbI€.
Hokaxwnre, uro BO = OC, AO = DO.
CaenoBatesibio, LOAD = 45° u LOBC = 45°.

3. Beruncmure Hpa s0p, Hapocs Hapeps

Sapcp =[56,25v2].



402 ITosTOpenne

6) 1. Tak kak R A 4pp = R, spcps TO Beruuciure R 4pp

AB
no (bopmyne RO = W

2. Jlns sroro naitaure AB,, B,D, BD

_ B C
(BBI_LAD, AB, = AD2—BC),
sin (ZBDA).
ROABCD - 0,5\/ 699 A Bl .D
7. Hawo: B
ANABC, LABC > 90°
AC > AB > BC 6
AC =18
BC=6
A 18 C
Saasc =51

Haiigure ZABC.

B,
ZABC > 90° B
Hran pewenun
a) Ucnonssys dpopmyiy

A C

S = %absin (a/,\b) ,

28
naiiaure sin (ZACB) = ﬁ.

6) Haitmure cos (LACB) = /1 —sin? (LACB).

B) Haitqure B,C = ACcos(ZACB), g
nonyaure B,C = /35 < BC = 6. B zaBC <90°
BbIBOA: TAKOro TPEYyroJbHHUKA,
rae LABC > 90°,

HE CYLIECTBYET.
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8. Hano: B 8 C
ABCD — tpaneuus
AD =15; AB=8; BC =8 8 m
DC=m
A 15 D
Haunjaure:

a) 06/1aCTh H3MEHEHUs] 3HAUCHUI M,

6) obslacTh U3MeHeHUsl 3HadeHuil guarodanu BD;
B) 3HAYEHMS 1M, €CJIU TPAllel|st IIPSIMOYTObHAS;
r) 3Hadenne m, eciu LADC = 60°.

Iran pewerua

a) Tak Kak BO3MOXKHBI BBIPOXKIEHHBIE CJIydaH, TO PacCMOT-
puM, TIPEXKAe BCEro, UMeHHO HuX.

1. llycte B — By, 3uaunt C — A.

B c
m
B, A D
B 8 ¢ 15
B, A D

Tpanenus BeipoauTcst B orpesok B D.
3uauur m = 15, toraa B ob6meM ciydae m < 15.

2. Ilycrs B — By, Torga C — Cj.

B 8 ¢
8
A B, D ¢
8 B 8 ¢
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TloBTOpenue

Tpanenns Berpoaurcs B orpesok AC.
Tak kak AC| = 16, To m = DC; = AC, — AD,

T.e. m=1.

3uauur B 0bmeM ciryvae m > 1.

Urak, 1 <m <15 ecrb 0bsacts usmenenus m € (1;15).

6) V13 KapTHHOK BBIPOXKAEHHBIX CILyYaeB CJIELYeT,

wro BD <23
BD>7"
B 8 ¢
15
8 m B ¢ .
B, A D
A 15 D
B C
8 5 8
B~ D ¢
A B, D C

Suauut guaroHain | 7 < BD < 23| — i HeBLIPOXKIEH-

HbIX Tpalleuui.

B) PaccMoTpuM mpsiMOyrosibHbIE Tpamenum.

1. Hawo: ABLAD.
DC; =17, rorna

m = DC = /82 + 72 = /113,

re [m = vII3].

2. Jdano: DCLAB.

m = BB, = V8 — 72 = /15,

m =415/

T. €.

B 8 C
8
15
A A D
B 8 C
8 m
15

A B D
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B 8 ¢C
3. DC, = mcos60° = =
o T2 8 m
—15_8_"_,_M [ 1607
AB, =15-8 2—7 75 A B, C, D

V3

BB, = \/AB? — AB} u CC; = msin60° = - m.

Torpa tak kak BB, = CC}, To
2

§m2=82— (7—m) ; §m2=82—49+7m—m

2

-

4 2 4 4
— V1
m2+7m—15=0; myo = —Z—j:2—07
Tak xak m > 0, T0 mz—}o%_l.
9. Hano: B C
ABCD — rpanenust
BC =20
AD =80 m m
3R ; 3, A B, ¢, D
Haitoure:
a) T, gpc D
6) Spopx> tae MN || AD;
Oe ACNBD; PK e MN
P=MNNAC, K=MNNBD.
Iron pewenun
a) 1. Hokaxwure, uro AB = DC B T C
U Ha#iIuTE UX 3HAYEHHE.
2. Jokaxkure, 4TO M S N
D-B P K
2 A T, D

u Haitaure 3Havyenne AB. 1

" 1
3. Haiymure us AABB,: BBy, r, = §BBI; .
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o1, AD

6) 1. Iokaxkure, 4ToO 0—1} =B

2. Haitpure OTy, OT, yuursiBas, uro OT; + OT = 40

(TT, =2).
3. Hattaure MN MN=é2%§§,
MP, KN, PK, OT,.
4. Bouucmure Sppopg- 1225
10. Jano: B c
ABCD — tpaneuus
BC =4
AD =16 e n
3R, apcp 4 By G D
I aBcp
Haiinure:
a) R, spcp;
O € PK; AMND nopo6ua MBCN. p
M
Iaon pewenua
A

a) 1. Jlokaxkure, 4To

AD - BC
—
2. Haiiyure: AB, AB;, BD u sina (us AABB).

3. Us AABD mnaitnure R 45
4. okaxwure, uto R ,pp = Rapcp- 1,25v/41

6) 1. Haitnure PK, MN

AB=DC u AB, =

2ab
m, a MN = \/H),

cM. KHury: A. X. [laxmeiicrep. I'eomerpuyeckue 3a7a-
4K Ha dK3aMeHax, 2011.)

(ucnosnw3yiire 10O, uro PK =
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2. Haiinure OTy, T10,, O,T

UCHONL3Ys TO, YTO BT C
0 _BC
oT = AD’ o
MN —
MB, = NC, = N2 BC M B,0,C N

3. 3arem Brrunciure BB, = T,0,. Ucnomw3yiite To, 4TO
M3BECTEH Sin (v, ¥ MOXKHO HaliTH cosa u tga.

4. Berancmure 00, = T,0, — T, 0,

PK+ MN
3aTEM S]VIPKN = + O 0. -
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IoeTopenue

Homawnas mpenuposouras paboma 2
(Mnozoeparnuxu)

1.

B npsMmoMm napannenernyneie CTOPOHBI OCHOBAHHSI PaBHBI
6 u 8. Haiinure BuicOTY Napajulenenuena, eciu AUaroHaJIb
ero o6pa3yeT ¢ IVIOCKOCThIO OCHOBaHus yriibl B 30° u 45°.

Pebpo Ky6a pasuo 12. Haiiaure miomans ce4enust, IIPpOBeIEH-
HOFO 4Yepe3 CepelHHBl ABYX CMEXKHBIX CTOPOH OCHOBaHHUS Ma-
paJulesIbHO quaroHajsM Kyba (Tpu ciiydas).

JnaroHanb NpaBHILHON YETHIPEXYTONBHON IPH3MBL HAKJIOHE-
Ha K GokoBoi#t rpanu nog yriom 30°. Haiditu yros ee HaksIoHa
K IJIOCKOCTY OCHOBAHHUSI.

CTopoHBl OCHOBAHHUs IPABUIBHON YCEYEHHON TpPEYroJbHOIM
nupamuabl paBubl 8 u 12. Haiiante niomaaps cpeasero ce-
YeHUd NUPaMKJBI (T. €. cedeHHs], IPOXOAAIIETO Yepe3 CpeaHue
Jiuenn GOKOBBIX rpaHeii).

uaronajs IpsMOYyroJIbHOro napaJsueenyrea papHa 23, us-
MepeHHUs napalieenuIe1a OTHOCATCs, Kak 3:6:22. Haitnure
[LJTOIQ1b 1I0JTHOM [TOBEPXHOCTH TapaJijiesenyrens.

B HaxsioHHON TpeyroipHOit nmpusMe Ape GOKOBbIE MDaHU B3a-
UMHO HepHeHUKYJsSpHbI, a ux obiiee pebpo pasuo 24 u or-
CTOUT OT UBYX Apyrux Gokopwix pebep na 12 u 35. Haitmure
MJIOUa1b OOKOBOM NOBEPXHOCTH IIPH3MBL.

Jlnaronanyu npsaMoro napaJuiesenuieia pasabt 92 u 88, a cro-
poubl ocHoBanus 15 u 16. Halinure o0bem napasrenenuresa.

OcHoBaHMEM TUPAMUILI ABJASETCS TPEYrOJbHHK €O CTOPO-
naMmu, paBHbIME 15, 17, 16. BoxoBwle pebpa HaKJIOHEHBI
K ILUIOCKOCTH OCHOBaHu#A ox yriiom B 45°. Haitnure obmem
HAPAMUADL.
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9. B npaBuIbHOI YeTHIPEXyTOIbHON YCEUeHHOH IMpaMujyie CTo-
poHB! OCHOBaHmit paBHbl 5 U 13, a 6okoBoe pebpo paBHO 6.
Haiinure 06beM mupamMuapt.

10. ILrtockocTh, IPOXOIALIAS Ye€pe3 CTOPOHY OCHOBAHMUSI TIPABUJIb-
HOI TPeyTroJIbHOM MPU3MBL U CePEIUHY MPOTHUROJIEKAIEro 60-
KOBOro pebpa, HAKJIOHEHa K ILUIOCKOCTH OCHOBAHMS IOJ YIJIOM
B 45°. CropoHa ocHoBanus pasna 8. Haiinute o6beM Ipu3Mbl.



410 TloBTOpeHune

Lomawnsas mpernuposowras paboma 2
(Mnozoepannuxu). epmeosc. Ilaan pewenus

1 . ,D;a/HO: Bl Cl
ABCDA,B,C{D; — :

A, y o,
napaJuleennmnes, < \
BB, 1ABCD | [ ] “\

A,CTABCD) = 30° g
B,D;ABC D) = 45° B \45;‘ ‘jf_){-:c
AB - 6 “,o"': ____________ O “,\_2‘

-------

BC =8 A

Haﬁ,ﬂ,ﬂTe HABCDAlBlchl .
Haarn pewenun
a) Ilonoxure BB, = z un naigure BD u AC.

6) Tak kak 2 (AB?%+ BC?) = AC? + BD? (cBoiicTBo mapai-
JiejiorpaMMal), TO MO2KHO HafiTH Z.

Clie10BaTEIILHO,

Hapopa,pioypy =5V2].

2. Cayqait A

Hamno:

ABCDA,B,C,D, — xy6
AB =12

P, K — cepe-

JIMHBI CMEXKHBIX

cropou AD, DC

0,1y || DB,

(PKNBD =0,)

Haiinure S_.
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Iran pewenus

a) Ilo ycnosuio O,T; || DB;. Hokaxure, uro AT, BO, mo-
noben AB;BD. Haianre T,0,, BT;.

6) Ilo ycnosuio AB = 12.
Ha#igure quaronans kyba DB,, MN, PK.

B) okaxure, yro AT;BO; nonoben AB;BD u AO,00;.
Haiinure O,0,, T;0,.

r) Haitnure Sppmn, Suprns @ 3aTem SpMTiNK-

[63v6].

IIpumeuanne. MoxxHo unage.

a) AP T\K, mnomoben APMP wu natizure Spp i,

2
SapMP PP
Sapmp | AOKaxHTe, UTO = .

SAPTK, P K,

6) SP]MTlNK = SAP1T1K1 - 2SAP11VIP'



412 IloBTOpeune
B, C,

Cayuaii B. Hano: /
A, ¢

ABCDAB,C,D, — xy6
AB=12 | | T Py D,
P, K — cepepunbt cmex-| | | Tk

weix cropon AD, DC | | | i TP

A,C || PP KK B | T
o C
Haitaure S . |72V/2 Pl I W “
A P D
Caywuaii C. ano: B\l C
ABCDA,B,C,D, — xy6

AB =12

P, K — cepenuHbl cMeX-
HBIX cTopod AD, DC
BD, | PTK

(PKNBD =0)

e = SAPTK-

Hapapre S

3. Hano:
ABCDA,B,C, D, — upaBujbtasi 1Ipu3Ma
(DBT;Bchlo) = 30°

Haitnure (DmBCD) .

Bl YAt

-
e
.
.o
e
-
o
-
-
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Iran pewenusn

a) Jokaxxure, 41O (DﬁchlC) = (D.B/l;ﬁcl) ;
(DBy;4BCD) = (DB;DB) =«

6) Ilycre DB; =b. Uz ADB,C, naiizure B,C].

B) U3 AB,BD mnaiinure /B, DB = a.

45° .

4. Jlano:
ABCDA,B,C\D, —
ycedeHHas MHPpaMHUAA
AC =12
AC, =8
A,, Cy, By — cepenunsl
60KOBBIX pebep

Haitmure Sp A2BaCo

Ilran pewenus

a) Haitnure A,C,, A,B,, B,C,.

6) Haitnure Sp4,p,c,> 3Had, uro AA,B,C, — npasuib-
HB.
25V3).
B, G
5. laHo:
ABCDA,B,C,D; — 4, D,
NPAMOYTOJIbHBIA
napaJiyiesienumne
AB:AD: AA; =3:6:22 B
DB, =23 C
Haiinure S

nn.n’ A D
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IoBTOperne

7.

Iaam peuterus

a) Tak kax DB? = AB? + AD? + AA3,
To monaras, uro AB =3z, AD =6z, AA, = 22z,
Haiiaure 3HaueHne x, 3ateM AB, AD, AA,.

6) BelunciuTe IWIOWAAb TOJNHON MOBEPXHOCTH JAHHOIO Ia-

paJLIesenumneia.
B,
432 ].
. Hano:
ABCA,B,C, —
HAKJIOHHAs [MpU3Ma
AA,C,CLAA, BB
AA, =24
p(AA;CCy) =12
p(AA;;BB;) =35

Ha#tnure S, .

IIran pewerus

a) Tak kax S = AA, - Papgr, toe PKT1AA,, a3nauut
PT =12, PK = 35.

6) Tak xax AA,C,CLAAB,B, to PT1PK. Haiinure TK
(o reopeme ITudaropa).

B) Haitmure Prppr u S, [2016].

Jano: B, G
ABCDA,B,C,D, — i
npsaMoil napaJjuienenunes,
DBy=88 | [ 4
AC =92 N
AB =15 Bi |
AD =16 AN

S~
~e
e
S,

Haiinure VABCDAlBlc’;Dl .
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Hran pewenus

a) O6osnauns AA, = z, matimure AC?, BD2

6) Hcnonb3ys MeTpudecKie CBOUCTBA NMapaJlIeorpaMma,
2(AB? + AD?) = AC? + BD?,
Haitaute 3Hadenne AA; =z, a 3arem AC, BD.

B) Haitnure Sypop.

r) Haitnure Vypopa,p,o,p,- [13860].

8. Jlano:

SABC — nupamuia
SOLABCD

(A@BC) =
= (BS, ABC) =
= (CS: ABC) = 45° A

AB =16
AC =15
BC =17

Haﬁ,ﬂ,l/l’l‘e VSA BC-

Iaan pewenusn

a) Tak Kak O0KoOBbl€ pebpa pABHOHAKJIOHEHBI K IVIOCKOCTH OC-
HoBanust, To ecmu SOLABC, 3uauur O — UEHTp onu-
caHHOit OKpyxkHOCTH, T.¢. AO = BO = CO.

6) (A@C) = /SAO = 45°,
3Ha'1UT & = BO = ROA‘4BC'

abc_ a l

B) 3Has ¢opmyib R, = 1S = omma V= 3 SO '.SAABC’
abc
moayduM S = —————— (CJie10BaTEIbHO,
4R, aBC
1 abc abc
V:§.R0AABC'4}{—’T'e'V=ﬁ’ 340 |.

o AABC
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IToBTOpeune

9.

10.

Haxo:
ABCDA,BC\D; —
IPaBHJIbHAS YCEYEHHAS
[IHPaMMJIQ,

AB =13

AB, =5

AA, =6

Haiinure Vipopa, B,cyp, -
Iron peuwsenus
AC - A,C
a) Hdokaxmure, uto AAy = —.E—L—l H

JIUTEC U3 AAAZAI A1A2 = HABCDA[B]C]D]

aitnss AA,, BbIYMC-

1
6) Takxkax V= §H (S’B +4/S5,-S, + SH) , TO HCTIONb3Ys

ee, BblUHCINTE Vyc.""p.

1792, B,
3 A,

Hano:

ABCA,B,C, —
[IPABHJILHAS [IPU3MA
BP =PB,, Pe BB,

(AP?;IBC) = 45°
AB =8

Ha,ﬁ,]_lI/ITe VABCA131C'1 .

Iaan pewenus
a) IMocrpoitte BK 1L AC. lokaxkure, 4T0
PK1AC w (APﬂBC) = /PKB = 45°.
6) Nz AABC wnaiipure BK, a3zarem us APBK — BP.

B) Boruucaure VABCA1 BiCy*
384 1.
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Lomawran mpenuposouras paboma 3
(Mmnozoeparnruxu)

1.

Haiinqure auaroHajib TPAMOYIOJBLHOTO MapaJuleselnuiiesa,
3Hast, YTO OHa Oosblile ero U3MepeHuii COOTBETCTBEeHHO Ha 10,
13 u 29.

B npaBunbrOit YeThIpeXyronbHON Npu3Me IIPOBEJIEHBl IBa I1a-
pajIeNIbHBIX CeYEHHUs, U3 KOTOPBIX OJHO IIPOXOAMT Yepe3 Jna-
rOHaJIb OCHOBaHUS, I1apaJl/ieJIbHO ARAroHaJ | NPU3Mbl, BTOpOe
JeJIUT ochb mpu3Mbl B orHomenun 1 : 3. Hafinure orHOIeHue
IoHIaJaeit TaKuX ceueHuii.

OcHopanreMm nmupamuasl SABCD asasiercs poMb ¢ quaroHa-
asmu. pasusiMu AC = 32, BD = 18. Bokosoe peGpo AS,
HepreHANKY/ISIPHOEe K TLIOCKOCTH OCHOBaHusi, pasHo 24. Ye-
pe3 BepmuHy A u cepeauny 6okoBoro pedbpa SC nposemeHo
ceveHUe IapajuieibHO auarodHaau ociopauns BD. Hatinure
IUVIOHIAIb CEUEHHS.

BbicoTa nmupaMuabi OPOXOOUT Yepe3 BEpIIHHY TYHOrO yrja
pombBa ocHoBanus u papaa H. [Ise npyrue 60koBble rpaiu o6-
PasyIoT ¢ IIOCKOCThIO ocnoBanus yrisl B 30°. Hadtnure mio-
maab GOKOBOM HOBEPXHOCTH [IHPAMEILI, €CIH CTOPOHA pomba
paBHa oaHON U3 JWaroHaJel.

OcHoBaHMEM HAKJIOHHOI NpuU3MbI ¢ GOKOBBIM peGpoM, paB-
HbIM 10, ABAsIeTCSl MPaBIILHBIA TPEYrONILHHK CO CTOPOHOIM,
pasnoit 15. Onso u3 60KOBEIX pebep 06pa3yeT ¢ MpHJIeralony-
MU CTOpOHaMU OCHOBaHus yroi B 70°. Haiiaure Hanbosnbuiyo
IJIONIAaIb GOKOBOIt IpaHi.

B xakoM OTHOMIGHHM JEJUTCS IUIOMIAJL TIOAHONH TOBEPXHO-
CTU TIAPAJLICICINIICIa IJIOCKOCTBIO, IPOBEIEHHON Yepe3 KOH-
bl Tpex pebep, HCXOASIUX U3 ORHON BEPITHHBI?

Boxobble pebpa nupamuasl paBHbl 65. OcHOBaHMe nmpamu-
Abpl — paBHobe/ipeHHast Tpailelius, 60KOBasi CTOPOHA KOTOPOi
paBua 30, a ocroBauusi ee paBubl 50 u 14. Haiinure obbem
[UPaMUIbL.
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Tlosropenne

8.

10.

B npasuibHoil yceueHHOM nupaMuie CTOPOHbLI OCHOBaUil pas-
Hbl 12 1 6, a ABYrpaHibiil yros npy Gosbiies OCHOBAHUH Pa-
BeH 45°. Haitanre o6beM nmupaMHIbI.

Jluaronajin mpaBUIBHON IICCTHYTOALHON NPU3MBI PaBHBL 19
u 21. Haiipre 06beM npU3MBL.

B Hak/JI0HHOM YeTBhIPEXyIoJLHOM IapaJjiiesennne/ie 1se H0Ko-
Bbl€ I'PaHi B3aUMHO NEPIEHINKY/IAPHBL U UMeloT obliiee peb-
po, pasuoe 10. Ilnomanu sTux rpaseil pasunt 64 u 45. Haii-
aure 06beM Hapaliesenuiesa.
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Lomawnas mpenuposowrasn paboma 3
(Mmnozozpannuxu). Gepmeorc. Ilaan pewenus

1. Hano: B, G
ABCDA,B,C,D, —
NPSAMOYTOJIBHBIA -
napaJijiesiernumnes,
DB, =BB;+10
DB, = AB +13 Bj...}
DB, = BC +29 RN c

Haitnure DB, .

Iran pewenua

Tak kax ABCDA,B,C;D, — npsamoyroyibHbiii HapaJiene-
nunen, o DB? = BB? + AB? + BC?.

o ycnosmio BB? = (DB, ~ 10)?, AB? = (DB, —13)?,
BC? = (DB, —29)2.

IloncraBeTe B popMyIy BbIpaskKeHHE COOTBETCTBYIOIMX pebep

4yepe3 JuaroHaub. V3 mosyqmBIIerocss KBaJIpaTHOrO ypaBHe-
nus Haiiaure snadenne DB, yurs, uro DB; > 29.

[37].

2. Jlano:
ABCDA,B,C,D, —
IPaBHJIbHAS YEThIPEeX-
YrojibHAsE OIPU3MA
ATC || B,D; T € BB,
OO0} — ocb Npu3MEI
00,:0,01=1:3
PMT,NK | B,D

Haiiapre

SPMT1 Nk P Saarc
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Ilran pewenusn
1
a) Hattoure Spym ni, Saarc Hokaxure PK = §AC’.

Pelmenyie aHaJIOTMYHO PCIICHUIO 3a1a4l 2 U3 BapuaHTa A
B mpeanosioxkenn, 410 AB = AD =b u AA,| =a.

6) Haiigure ottoutenne Spyr vk Saarcs IPH 9TOM GyKBbI

a u b coxparsirca. [7:4].

3. [Hano:
SABCDA,B,C,D, —
HupaMuia
SALABCD
ABCD — poumb
AC = 32; BD = 18;
SA =24
SP=PC, PeSC
MN || BD;

MeSB; Ne SD

Haiimure S pn-

Haan pewenus

a) AP — MennaHa.
Tak xak SALAC,
T0 AP = PC (mokaxure).
Haiigure SC = 2PC.
Hokaxure PO1LAC,
rie O =ACNBD.

6) [posemnre PO, || SA, rae O; = APNSO, O, € P,0,.
Hns rpaneuun ASPO P;0, — cpejlee rapMONIiecKoe

SA u PO (noxaxure), T.e. PO, = E,STA_;%

1
Yurure, uro 0,04 = §P1 0, (noxaxkure).
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B) ASAO mnonoben AO,0,0 (nokaxure). g

SA SO
—(-)—162- = 6—0—1’ HOCJIE 3TOTO
HaliuTe -S&

SO
r) Pacemorpum ASBD, ou nomo- M 0, N

Ger ASMN (mokaxwure). / \
MN 50,

BD = SO B 0] D

1
1) 3uass AP u MN, soranciure Sy py = §M N - AP.
(Hokaxure, uto AMPN — penvbroug, T.e. MNLAP.)
[120].

4. Hano:

SABCD — nupaMuua
SALABCD

ABCD — pomb
SA=H, ZDAB > 90°

(SC@CD) =
= (SDC;/A\BCD) = 30°
AD = AC

Hatipure S 5 4pcp-

Iaan pewenus

a) YuursBasi, uro ABCD — pomb nu AD = AC,
Hajiure ZABC = a.

6) okaxure, 4TO (SDC%CD) =/L5A,A=30°
rne AA,1DC. )

B) Haitmure SA; us ASAA,.

r) Beluncmre Saspes Sascr Sasapr Sasan
x) Haimure S, ¢apop.  LBHZ.
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Iosropenne

5.

Lano:

ABCA,B,C, —
HAKJIOHHAS TIpA3Ma
LAAC = LAJAB = T0°
AABC — npaBUIbHBIH
AA, =10

AB =15

Haiinure HanbosbuIyio
IJIOHIa (b BOKOBOI I'paHH.

Haan peuwenun

a) Ilocrpoitre AK1CB.

Hokaxure, uro AK = lp.

6) LA;AC = LA AB = o = 70° (110 yci10BUIO).
Hokaxxknre, uro Torma cam A{OLABC, 1o O € AK.

B) Ilposenutre KK, || AA, u poxaxure, uro KK, 1CB,
r.e. uwro CC;B;B — upAMOYroibHHUK, JJI KOTOPOIO
SCCIBIB = CB . BBI

r) Ouennauo, 4ro Sgc, g, > Sas,cc (AB = BC = AC).

C, B, A, c,

C B A C

) Beruucnure SCC1 BB
150].
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6. ano:
ABCDA,B,C,D, —
napaJiIeenume;y,
AB,D; — niockoctsb
CeYeHUst

Haitnure orHomenue,
B KOTOPOM JeJINTCA
ILJIOIIAOb MOJIHOH Mo~
BEPXHOCTH JAHHBIM
CeUYEHHEM.

Iran pewenus

a) HyCTb SAA1D1D=51a SAA]BlB=S2’ SABCD:S37 TOrIa
Spamp, =35 Snamp, =35 Sammip, =355

6) SﬂJlABCDAlB]ClD] = 251 + 252 + 253.

B) Haiianre nckomoe orHomenve mwiomaaes. [1:3].

7. ano: S
SABCD — nmpamuna
ABCD — tpaneuus
AD = BC =30
SA=SB=SC=5D=65
AB =50, DC =14

Haiinure Vg4 pop-

Iran pewenus

a) Tak kak 6okoBbie pebpa pasubi, T0 SOLABCD, rge O —
LEHTD OMHCAHHON OKPYKHOCTH (JOKAXKHTE).

6) IIpoBemem mononHuteabHbie nocrpoetus 8 ABCD.
CC,1AB, DD,LAB. Haiinure AD,, BC,, S,pcp-
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TTosTOpenne
B) Tak xak R pcp = Ropacps D C
.To Hafimure R, A 4op. UCTIONB3yS
abe a
opmyity R = — = ———.
bopyay 45  2sina A = ¢ B

r) Uz AASO maiinure Hgapop = SO.

1) Berumncsure Vg pop. 1153601
8. laHno:

IpaBUJIbHAS yCedeH-

Has NUPAMIIR

AC=12; A\C, =6

(cc,BiB; ABC) = 45°

HaﬁﬂHTe V‘chAlBl Cl .

Iram pewerus
a) ITocrpoitre AKLCB, A K,1C,B,. ¢

Hokaxxure, 410 (CCl B/ll? ABC) =ZK KA =45°.
6) IMocrpoitre K, K,1ABC u nokaxure, uro K, € AK.

B) Haiiaure R A 450> R a4, B,cy> 38TEM OK, O,K,,
najiee Haiigure KoK,

F) Ha,ﬁﬂ,HTe HABCA13101 = KII(Q‘

B C
G 1 1
1) Boruuciure Vypge A,BICY [63].
Ay 4 D,
9. Hano: F, E, |
ABCDEFA,B,C,DEF) — BL |iic
[PaBUJIbHAS IIECTUYTObHAS P
[IPU3MA NS TN
Cd « v ',"l .,
EB, =21 EC, =19 A O3 )i D
Hafimure Vpopgpra, BicyDiEFy- K

e
o]
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Iran pewenus

a) Hoxaxure, uto AEC|B; — NpAMOYrolbHbI, U BBIYHC-
sure 3Haqenue B C.

6) Haiaure EB, a3sarem BB) = H pcopEra, B,Cy D ELF, -

8) Hatimure Sypcprr = 65r08c
(AOBC — npasuibHbIi).

r) Berawenure Vypeoppra,picy Db Fy-  L1320V3].

10. ano:
HAKJIOHHBIH HapaJuieiemuIIe,
Saa,p,p =64

SAAl BB~ 45
AA, = 10
AA,D,DLAA,B,B

Hattnure Vapopa,B,oy by -

Irawn pewenus

a) IMocrpoum A T1AA,;, A{P1LAA,, torna A\ PKT1AA,
(noxaxcure).

6) Tak kax Sy4 p,p 4 GokoBoe pebpo AA; n3BeCTHBI, Hal-
mure A;T. Ananorudso Haiizure A, P.

B) Haiinure Py pgr-

r) Tak kak Vapcpa,B,oipy, = 441 Pa,prr
BoluuCINTe Vyapopa, BicyD:- 288 .
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TloBropcune

Lomawnas mpenuposounas paboma 4 (Cevenus)

TTocTpoiiTe cedenre MHOIOIPAHHHKA [JIOCKOCTHIO, 3a/aHHOK TOY-
gkamu P, K, T, npunajjexamyMy Pa3jHdHbIM pebpaM MHOro-

TpaHHUKA.

1. Hano:

P e BB,

KeDD,

T € AB, rae Touku
P, K, T onpenensaior
IJIOCKOCTh &

IMocrpoitre « N ABCDA,B,C,D;.

2. Jlano:

P e AA,

K e CC|

T € DC, rue Touku
P, K, T onpenenstior
IUIOCKOCTD (¢

IMocrpoiite « N ABCDA,B,C, D;.

3. Jano:

PeAD

K € BB,

T € CCy, rae ToYKH
P, K, T onpeuensiior
ILJIOCKOCTh

Hocrpoitre a« N ABCDA,B,C, D,.

Bl Cl
A, b,
P
B
e c
A D
B 1 Cl
A D, K
P
B
C
A D
v D,
“.,\‘ pl Cl
K
D T
AN P
B C
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4. Hano: A, D,
ABCDA,B,C,D, — ky6
P e BB, ~B,_ K ¢,
K € B,C,
T € DC, rae Touku
P, K, T onpeaensiior P
TJIOCKOCTD & D

Ilocrpoiite T

5. laHo:
ABCDA;B,C\D; — xy6| 4 P K
P € BB, D,
K € D,C,
T € AD, rme Toukn
P, K, T onpenensior B
IJIOCKOCTDL (¢ C

ITocTpotiTe =
aNABCDA,B,C,D,. AT D

6. ano:
ABCDA,B,C,D,; — xy6 D,
PeAB,

K € BC

T € DDy, roe TOYKH
P, K, T onpenensior
IJIOCKOCTH T

ITocTpoitte A D
anNABCDA,B,C,D;.
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7. Hamno:
SABCDE — nupamujaa P B
P e AS
K e SC
T € ED, rie To4ku A
P, K, T onpencasior C
MJIOCKOCTh

IToctpoiite a N SABCDE.

8. Hano:
SABCDEF — nupamuia
PeSB
KeSD
TeSF,tnetouxu | B |
P, K, T oupenensiior
IJIOCKOCTD (X
Hocrpoiite a N SABCDEF. E

9. Iano:
ABCDEFA,B,CiDE Fy —
HAKJIOHHASA 1IECTHYIO/ibHAsE
Ipusma
Pe AA,

K e CC,
T € EE,|, rae Touku
P, K, T onpeunensior

[IOCKOCTD (¢ A

IlocTpoiire
aNABCDEFA,B,C,D,E|F;.
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10. ano:
ABCDEFABC\D\E  Fy —
HAKJIOHHAS NPU3MA
Pe DD,

K € FF

T € A, By, roe Touku
P, K, T onpenensiior
IIJIOCKOCTD

Ilocrpoiite
aNABCDEFA,B,C,D,EF,. F



430 IoBTopenne

Pewerue domawreti mperuposouroti pabomovt 4
(Cevenrus)

B, G

1. llano:
i A B;

ABCDA,B,C,D,; — xy6
P e BB, K
K e DD,

T € AB, rjae To4kH
P, K, T oupenensior
IJIOCKOCTDb (¢ A

Hocrpoiite o« N ABCDA, B,C, D,.
Ioctpoenue:

a) PKNBD =Ty; TTyNAD =T,;

6) TPNAB, =P,; T,KNA D, =K;;
B) PLK,NB,C;=P,; PK,NDC,=K,.
PKTNABCDA,B,C,D, = TPP,K,KT,.

Bhp

2
A, i
P L ( Kl
i X
ks XK
=
7% \\\\\\ C
A o ~..,
T, D
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2. [Tano: B, C,
ABCDA,B,C|D, — xy6
P e AA
K ecc, 4 2
T € DC, rue Touku
P, K, T onpeaensior p
IJIOCKOCTD (X

ITocTpoiiTe C
aﬂABCDAlBIClDl' ."”
A D

ITocTpoenue:

a) TKND,Cy=K,;; TKNDD, =Ty;

6) PI,NAD=T,; PI;NA,D, = P;;

B) PK,NAB,=PF,; PK NB,C, =K,.
PKTNABCDA,B,C,D, = PP,K,KTT,.
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IloBToperme

3. Hano:
ABCDA|B,C,D, — ky6
Pe AD
K € BB,
T € CC|, rue To4kn
P, K, T onpenensior
IJIOCKOCTh (¢

ITocTpoiite
aNABCDA,B,C,D,.
TlocTpoenue:

a) KI'NnBC =1T;

6) PT;NDC =T,

B) PT\NAB = Py;

r) PKNAA, =P,

PKT N ABCDA,B,C,D, = PP,KTT,.

A, - D,
oy, "\\Bl Cl
K
B
A p
T,
B C T,
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4. Hano: A, D,
ABCDA,B,C,D, — xy6
P € BB, B, K
K € B,C,
T € DC, rae Touku
P, K, T onpenensiior
IIOCKOCTD D

ITocTpoiite A
aNABCDA,B,C,D,.

Ilocrpoenne:

a) PKNCC, = Ky;
PKNBC = Py;

6) TK,ND,C; = Ky;

B) PTNAB = P,.

PKTNABCDA,;B,C|D, = PKK,TP,.

K,
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5. Hano: B, G

ABCDAB,C,D; — xy6
P e BB, A,
K € D,C|

T € AD, rae Touku
P, K, T onpenensior
ILUIOCKOCTh &

ITocrpoiite

(6 ﬂ ABCDAIB].CIDI' A "" D
T

a) JlomomnuTrespHOE NOCTPOEHMHE

1. Hocrpoum BB, D, D.

2. TT, | DD,, KK, ||DD,,
trorga TT, KK || DD;.

3. Haitnem TT\KK, N BB, DD = 00,.

4. Haitnem TK N 00, = M.

5. Haitnem PM N DD, = K, — nonoanure/bHas TOYKa
na pebpe DD,.

B 1 Cl
O.
P 1 K
A, e
T by
MX,
Bl /i =
A c
’,0 % ~ Ol.---—
"," e £ y Kl
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6) OcHoBHOe NOCTpOEHHUE
1. TK,NAA, =T,;
2. LTPNAB =Ty
3. KLKNCC, = Py
4. PPN B,C, = P,.

h
B, c
1
e g
=/
! - C
Ty,
w2
A V T D
T2
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6. a) Jlouo/iHHTENIbHOE OCTPOCHHE
1. Tlocrpoum PP, || BB,, KK, | BBy,
snaunt PP K, K || BB,.

2. Ilocrpoum BB, D.D.
3. Haitnem BB, D, DN PP K K = O0,.
4. Haitnem PK N OO, = M.
5. Haitnem MT N BB; = T} — Jonojnureibias TOYKA
Ha pebpe BB,.
B, K, C
P
RN
A, AN z
A N
A RN T
PE . AN i Yy " B
*‘5'1' ¢
A" g

6) OCHOBHOC HOCTPpOEHHE

PKT N ABCDA,B,C,D, = TT,PT,KK,.
B, c,
p AT,

Alr “‘-Y\\ i
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7. Hano:
SABCDE — umpamuniga
Pec AS
KeSC
T € ED, rne Touku A
P, K, T onpeaensior
ILJIOCKOCTD (¢

Iocrpoiite a N SABCDE.

Ioctpoenue:

a) PKNAC = Kj;

6) K;,TNDC =K,, KiITNAE=K,;;, K,TNBC=Ky;
B) PK3NSE = Py;

r) K4KNSB = P,

PKTNSABCDE =TP,PP,KK,.
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IlosTopenne

8. Hamo:

SABCDEF — nupaMmuia
PeSB

KeSD

T € SF, roe Touku

P, K, T onpeanensior
IUIOCKOCTD

TToctpoitre
aNSABCDEF.

HocTpoenue:
a) PKNBD = Kj;

6) PTNBF =Ty;
T,K, — omnopHasa upamMas:

1) TLK,NFE =T, TT,NSE=T,.

PKTNSABCDEF = PP,KT,TP,.

S
PLL A NG N\K
d D K
B/ YT EAAS TKz
N X 3
E \
, T
< T 4
A F T,
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9. IlocTpoenue:
a) PTNAE =1y;

6) PKNAC = Ky;
T, K, — onopuas npamas, TK € a;

B) T,K, N BC = Ky; KK,NBB, = K;;
r) T KiNCD=K,;; KK,NDD, = Kj;

1) T,K,NAF = P,.

PKT N ABCDEFA, B,C,D,E,F, = PK,KK,TP,.
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10. Ilocrpoennue:
a) - KPNF\D, = P,
TP, — omnopHas npsamasd;
6) TP,ND,C,=P,; TP NAF =1y;
B) TKNAA, =T,
r) TPLNE,D,=P;; PP;,NEE, =P,
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Homawmnas mpenuposounas paboma 5 (ITpusmovi)

Bapuant 1

Bee pebpa tpeyrosibHoii npusmbl paBHbl 10. OmHo n3 GOKOBBIX
pebep obpasyeT ¢ KaxXAOH Mpuiiexalleii CTOPOHOW OCHOBAaHUS
yrosi B 45°. Haiinure:

a) o6beM MPU3MBL;

6) 1omaip GOKOBOI IIOBEPXHOCTH MPH3MBI.

Bapwuant 2

Boxosoe pebpo TpeyrojibHOH NPH3Mbl CO CTOPOHAMM OCHOBaHHS,
pasHBiME 13, 13 u 10, o6pasyer ¢ paBHbIME CTOpOHaMH yroi B 30°
u pasuo 10. Haliaure:

a) oObeM IPU3MB;

6) paccrosiuue oT GokoBoro pebpa 0 CKpelmuBalonieiics ¢ HUM
HaUMEHbIIEH CTOPOHON OCHOBaHUS.

BapunanT 3

B ocHOBaHMH HPSAMOro Napajuiejenuiens JeXKHT poMb ¢ OCTPBIM
ywiom B 30°. Yepes cTOpoHy OCHOBaHUS WM CepelyHY NPOTHUBO-
nosioxHoro 6okosoro pebpa, pasHoro 10, mpoBeieHA IJIOCKOCTD,
0bpa3yrlas ¢ INIOCKOCTHIO OcHOBaHus yroa B 45°. Haitnure:

a) obbemM OTCeueHHOI OT MapaJiIesienuea TPeyroJbHOM
MPU3MBI;

6) miomass 60KOBON MOBEPXHOCTH MOJIyHEHHON NPH3MBI;

B) KOTAHFEHC yrjla MeXJAy HauOosbiieli U3 AuaroHaJsell napaJie-
Jienunena U G0KOROI rpaHbIO NapaJlIeJIeNue1a.
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Bapuaut 4

Juarosass npsMoyroibHOro Hapajiicrenune g passa 46. Hamepe-
HHSA TapaJjulesieniuneia oTaocsirest kak 6 :22: 3. Yepes auaronadb
OCHOBAHUS U BEPLINHY BEPXHETO OCHOBAHUS NPOBE/IEHA IIJIOCKOCTD,
OTCeKalomas oT HnapaJuienenune/ia nupamuiy. Haiisure:

a) o0beM nupamMuabL;
6) mowanh CeueHus;

B) TAHI'CHCHI YIJIOB MEXK/1Y ILIOCKOCTBIO Ceuelldsi ¥ PaHsMH 1ia-
paJLIeNienune/ia.

Bapuasur 5

B npsamoii TpeyrosibHOM npu3Me CTOpoHbi ocHOBauus pasiinl 10, 10
u 12, a 60koBoe pebpo 9,6. Yepes vanbonbiiyio 13 guaroHajeii 6o-
KOBBIX FpaHefl [POBE/EHa IUIOCKOCTD, HEePIelIUKyJIspIlaa Apyroi
6okoBoii rpanu. Haiinnre:

a) IUIOWAJb CeYEHUs [IPU3MBI JAHHON IWIOCKOCTDIO;

6) TAHreHC yIJla MeXXAY IJIOCKOCTBIO CeYeHHA H IUIOCKOCTBIO OC-
HOBaHHA,

B) PacCTOsSIHUE MEXKJY CKPELIMBAIOIIMMUCS JUATrOHAJSAMH paB-
HBIX OOKOBBIX I'paHeii.

Bapuaur 6

B npsMoit TpeyronbHoil ipusne cTopoubl ocHOBaHus pastibt 10, 10
u 16, a GokoBoe pebpo 9,6. Yepes nanbosbiuyio u3 aparosaleii 6o-
KOBBLIX I'DaHeil MPOBeIeHa ILIOCKOCTD, HePHeHJIUKYIsipias JApyroi
6okoBoit rpaun. Haitnure:

a) VIO AL cevelrd IIPHU3Mbl ,!],‘c),HHOﬁ IIJIOCKOCTBIO,

6) TaHreHC yrjia MEXJy IUIOCKOCTBIO CeYEeHHs U HJIOCKOCTBIO OC-
HOBAHUSA,

B) PacCTOSIHME MEXAY CKPEeLIMBAIOIMMHUCS IUAIrOHAJSAMH paB-
HbIX BOKOBLIX I'paHeil.
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Homawmnsas mpenuposounan paboma 5 (Ilpusmuv).
Yepmeorc. Ilaan pewerusn

Bapwnanr 1 B,

Hamno:

ABCA,B,C; — npusma,
Bce pebpa pasuer 10
LAJAC = LA{AB = 45°
Haiinure:

a) 00beM IPU3MBI;
6) S,

Ilran pewenua
a) 1. Hocrpoitte A;OLABC. ¢

Hoxaxure, uro O € lgy = Hgy = AP.

ITocrpoiite OK LAC.

Hoxaxxure A; K1AC.

2. Haimure AK us AAAK, AO wu3 nomobus AAKO
u AAPC, A,0 u3 AAAO.

3. Berunciaure AP, SAABC’ VABCAlBlcl'
1251.

6) 1. Ilocrpoiite CTLAA,.
Hokaxxure BT 1AA;;
AA,LCTB.

4,

2. Uz AATC mnaiipure TC,

3aTeM Pa 47c- A

3. Sgun=AA; - Prarcs

100 (vV2+1)|.
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Bapuaut 2

Hano:
ABCA,B,C,— npusma

AB = AC =13
BC =10
Haiigure:

a) 00beM IPU3MBI;

6) p(AAy; BC).

Ilaan pewenusn

a) Perrenue 3a/a4u aHAJIOMMYHO PELIEHUIO IIyHKTA &) 33/J1aUH Ba-
puaHnTa 1.

25169 |.

6) 1. Iocrpoiite CTB1LAA, 4, Py

(cm. 3ajaqy 6) BapuanTta 1).

2. Hoxaxure TP1AA,.

3. Hoxaxure AA,P,PLBC; A 0 P
TPLBC.
4. Hcnonbsys Meroy IUIOMajel,

A4,

Jokaxure p(AA;; BC) =TP. [0,5V69].

n3 AA, P P naityure TP =
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Bapunanr 3
Hawuo: B, ¢
ABCDA,B,C\D, —

NpAMOil napaJsesenanes
AA,LABCD; AA; =10
BT =BT T € BB,

ABCD — pomb )
ZBAD = 3(0° /B
ATD — 1mrockocTh Ce4eHUs

(ABCﬂTD) = 45° w"i ri

~,
——s

Q“‘
'S
[4;§

H

A

Haiinure:

a) Varpprci

6) Ss.nnATBDTICS

s) (4,C; A4, D,D) .

Iran pewenus

a) 1. Ilocrpoiite ceuenne ATD N ABCDA,B,C,D,.
2. Tlocrpotite BKLAD.
3. Hokaxure BTK1AD.
4. Uz ABTK mnaiinure BK; usa AABK nalinure AB.

5. Haﬁ}m're SABTK’ VATBDTlc’ rae V= SABTK AD.
1251.

6) Haitnure Papri; SG.n.nATBDTlC’

tne Sgnn = AD - Prprk-

50 (vV2+2) |.



IToBTOpEHHE
B, G
B)
A, D,
NS
7C
A D p

1. TTocrpoitte CPLAD (LADC > 90°).
2. Joxaxure CP1AA, DD, CPLlA,P,
(4/C;44,D, D) = £CA,P.

3. Borauciure CP, DP, A,P.

Bapuanur 4
Hano: D
ABCDA,B,C,D, —| AR N
NPpAMOYT'OJILHBIHA
HapaJlIesIeNuIIe |,
DB, =46
AD:AA,: AB =
=6:22:3
AB,;C — miockocTb / . R e
e hw'
ceveHnst -

4. Us AAJAC ctg(LCAP) = %. 11+ 4v3].
Bl

g ISy

Ay
.
.
.
-
W
Q

Haiimure: A

a) obbeM mmpamuiel B ABC;|
6) Sap,cs

B) 1. tg (LBLACB), 2. tg (40@3) , 3. tg (ZA;LCB) .
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Ilaan pewenus
a) 1. Ilycre AD =6x; AA; =22z; AB=3z.
Vuureisast, uto DB? = AD? + AA? + A, B2,

Hafinute 3Havenus AD, AA,, AB.
1
2. Tak Kak VB1ABC = gsAABC . BB],

Boraucure Vg apo. (528
6) 1. Ilocrpoitrte BK1AC. okaxure B;K1AC.
2. Haiiynte AC, BK, ucnonn3sysi MeTOJ INIOIIAJIEN.

AB - BC
BK =———.
AC
3. Bounciure B1 K, Syp c- 124/614 |.
BB 11
8) 1. s AB,BK tg(éBlégB):B—K}. 5 V5.
c c, A A,
D D, D I AN
/o\iB / {iB
/ \ --------------- B |/ % --------------- B,
P [ pdZ
A A, c C,

2. Haitnure AB;.
Ioctpoiire BT LAB,; (ocnoBanue ABB A, ).

Hokaxxure BTC1AB,. Haiinure BT.

BC [3
tg(ACABlB)--—B—f. V55

V1
3. Pemenne aHaJOTHYHO, —-—2—23’9 (ocnoBanme CBB,C,).
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B,

BapwuanT 5 A,
Hano:

ABCA, B,C| — upsiMasi Ipu3ma
AA,1ABC

AA; =96

AB = BC =10
AC =12 Y G '8
ACea N
ol AA,B\B
Haijinure: C

a) SynaBcA,Bcyi ©) t8 (a;ABC) ; B) p(ABy;C,B).

ILaan pewenus
a) 1. Iocrpoitre CK 1 AB (nposepsre, uro LABC < 90°).
2. Hoxaxure
CK1AAB,B; A, CK1AAB,B; A KICK.
3. Haitmure CK, AK, A K.

4. Boruuciure Spu, - [57,6]
6) 1. Tax xax AAKL1CK, 10 (A,KC;ABC) = LA KA.

2. Boruncimre tg(£A;KA).  |=|.
B) B,
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1. Hocrpoiite B;P1A,C,. Hokaxure B;PLAA,C,C.
2. Tocrpoitte BT LAC.

3. Hoxaxure BT1AA,C,C. Hokaxure B, PA || BTC,.
Hoxaxcure p(AB; C\B)=p(B;PA; BTC,)=p(AP;TC))
Uz APC|T metonom miouaeit Hajigure PM.

par AT-PT  |48V89| B,
AP 89
Bapuanr 6 A, C,
Haxno:
ABCA,B,C; — mpsmaz | | \™
npusMa Ny
AA, LABC T
AB =16; AC = BC = 10; T
AA;=96,ABea | | RN = B
aldACC e J
Haiiaue: A c K

a) SanaBCABiCy O) t8 (OtQ/AEC) » B) p(AC;;CB,y).
Iran pewenun
a) 1. lokaxure ZACB > 90°.
2. Ilocrpoiite BK 1 AC.
3. Hokaxure BK1AA,C,C; BKLlAK.

4. Haiinnre BK, ucnosib3yst MeTOJ, IJIOIAJE:

25aaBC
AC

poHa (M uHave).

W3z ABCK mnafinnre CK. U3 AA|AK natinute A K.

5. U3 nonobuss AA;AK u ATCK mnaitnure TK u A[T.

BK = , Tae Saapc BRIMHCIHTE 10 Teopeme le-

. 1
6. SanaBcaiBic; =Saa, pr- Haitnure Sy 4 pr= §A1T‘BK .
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6) 1. Jloxaxure (ABCTEBT) = ZAKA.

' AA
2. Boruncaure tg (LA, KA) = ==L, [0.75].
AK
B) B,
P,
A g
! iy R/ A, P, B,
M
2 B
_________ &7 A P B
A c

1. Mocrposite CP1LAB; C,P,1AB,.

2. Hokaxure, uto AP, || PB;; CP| C\FP,
trorna AP,C, || PB,C, AP C,1AA B,B.

3. Hokaxute

4. W3 napannenorpamma AP, B|P naitnure PM 1LAP,,

A, - AP

UCNOIB3yda MeToq Iomaneii. PM = Al——
AP

5. Tak kak p(AC,;CB;) = PM, Bbrauciure PM.

48+/61
61 |
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3adavu-nosywxu

Jl1st BRISICHEHHS CHIPABEJIMBOCTH YTBEPXKACHUS WM €ro OnpoBep-
JKEHHUS [IPUBEIUTE [IPUMEDP, KOHTPIIPHMED WIH HPUBEIUTE [KOKA3a-
TEJILCTBO.

1.

Byner i1 nupaMuiia MpaBUILHOM, €I Y Hee PABHBI BCE THIOC-
KHe YIJIbl IIPU BEPHIMHE H ABYIPAHHbLIE YIJIbl IIPH OCHOBAHUHT

CymiecTByeT Jiu YeThIPexXyrojibHA MHPAMUJIa, Y KOTOPOil JBe
MIPOTHUBOIIOJIOKHBIE GOKOBBIE I'PaHi MEPHEHINKYJIIPHBI ILJIOC-
KOCTH OCHOBaHUs?

MokHO N K3 NIPOBOJIOKM WIHHOM 68 CM H3rOTOBUTH Kap-
KACHYIO MOJEJIb IPaBWIBHON 4eThIPEXYTOJIbHON MHPaMHIIbI
€O CTOPOHOM OCHOBaHHus, paBHoO# 10 cMm?

Byaer s nupaMuaa IpaBuiIbHON, €C/IM Y Hee PaBHBI BCE TIJI0C-
KH€ YTJIbl TP BEPIINHE U BCE ABYTPAHHbIE YIVIbI HPH OBOKOBBIX
pebpax?

IIpaBunbpHast 4eTHIPEXYTOJIbHAA yCEUEHHAS [THPaMHIa nepece-
YeHa TUIOCKOCTLIO, IPOXOAsAIIell Yepes cepefuHbl OOKOBBIX pe-
6ep. IlpunamiexuT M TOYKA IlepeceveHnsl JuaroHaje yce-
YEHHOH MUPAMUIBI 3TOH MJIOCKOCTH?

Jlns xapkaca HpaBWIBHOH yCeueHHOH MUpaMufipl, ¥ KOTOPOi
cTopoHbI OcHOBaHuil paBHbl 10 cM u 20 cM, a BuicoTa — 20 oM,
BblaesieHo 204 ¢M NpoBOJIOKM. XBaTUT JIM €e OISl H3TOTOBJIEC-
Hus Kapkaca?

PaBubl a1 06BEMBI ABYX NUpaMiJ ¢ paBHbIMH BbICOTaMH, €C-
JIX X OCHOBAHUAMM ABJIAIOTCA YETBIPEXYTOJILHUKH C COOTBET-
CTBEHHO paBHBIMH CTOpOHa.MI/I?

B mrecrurpaHHOM MHOTOrpaHHHKE JBe paHH (OCHOBAHMS)
HapajulejbHEl ¥ SBJISIOTCS HEPABHLIMH IPSMOYTOJbHUKA-
MH, [apajule/ibHble CTOPOHbLI OCHOBAHUN KOTOPBIX IPOLOP-
HUOHAJILHBL. SIBJISIeTCS /M TAKO MHOTOTDAHHUK YCEYEHHOH
nupaMuIoii?
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Pewenue 3adayu-aosyuwex

1. Her. IMpusesem xkouTpHPUMED.

Lano:

SABCD — nupamuia
ABCD — pomb
AC=8,BD=6
O=ACnBD
SOLABCD

SO =10

Hoxkazkure, 4ro:
a) LASB = /BSC = LCSD = £ZDSA;
6) LSABC = /SBCD = ZSCDA = ZSDAB.

a) 1. AB = BC = DC = AD = /AO? + BO?,

r.e. AB=+32442=5.

2. SA=8C = VAO?+ SO?;
SA =42 1102 = /116 = 2V/29.

3. SB=SD=+OD?+ 502, SD=32+10%=109.

4. AASD=ACSD no Il npusHaky paBcHCTBa TPEYTOJIb-
HHKOB, TaK Kak SA=SC, AD=DC, SD — obuias.
Suaunt LCSD = LDSA.

AHAaJIOIMYHO JOK&3bIBACTCS,

yro NAASB = AASD u ACSB = ACSD.
CiienoBaTesIbHO, IICPBOE YCJIOBHE BBIIIOJIHCHO.

6) Tak kak O = ACNBD u SOLABCD, 70 Bepmuna op-
TOIOHAJILHO IPOELUPYETCs B LEHTP BIMCAHHON OKPYKIIO-
CTH, M IBYIPaHHBIC YIJIBI IIPH CTOPOHAX OCHOBAHUS PABHbI
Mexay coboit (nokaxute).

31{&*1141", BTOPOC yCJIOBHE TAK2>K€ BBIITIOJIHEHO.

Ho tak kak ABCD ne xpajpar, 1o SABCD upasBuibHOi
HUIPaMUIOI He ABJISeTCH.
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2. Ha. Hpusenem ripumep.

a) Ilycrb DABC — nmpamnza,
DA1ABC, rorma
ADBLABC; ADCL1ABC.

6) Pacceuem nupamuzy

mwirockocreio DPK,
rne Pe€ AB, a K € AC.

Honyyum nupamvuny DPBCK, y KOTOpO# IIpOTHBOIO-
goxuble rpain DPB1PBCK w DCK 1 ABC.

Bosmoxno npu sToM, yro K P || BC, HO 3TO He HpHHIU-
MHAJIBHO.

3. Her. IlpoBeaeM pacyeThl H BbIECHHM,
BO3MOXKHO JIH 3TO.

Jano:

SABCD — npaBuibHas nDupaMuia
P =68 cMm

pebep

AB =10 cMm

a) Tak xkax P, .. =4-AB, 1.e. Pygcp = 40, To Ha cym-

My GOKOBBIX pebep mpuxomurca 28, a Ha KaxJoe G0KOBoe
pebpo — 7 (AS =BS =CS =DC).

6) AC = AB -2, T.e. AC=10-V2.

3uauuT 4T06H! CYLIECTBOBAJIA IPABU/IbHAS THPAMHIJIA C Ta-
KMMH METPUYECKHMH JAHHBIMM, Heobxogumo 2- AS > AC
(IpaBusIo TPEYroIbHUKA).

14> 102 < 7> 52 < 49 > 50 — j0XKb.

Orciona cienyeT, YTO U3 NPOBOJIOKH JyIuHOIt 68 cM cuenarn
KapKac HpaBUJIbHOM MHPaMHUbl CO CTOPOHOM ocHOBaHHA 10 cM
HEBO3MOKHO.



454 TloBTOpEHe
4. Her, npusemeM KOHTPIPHMED. B, C,
Orxy6a ABCDA,B,C,D, A
1 Dl
oTceyeM Iiockocrbio A; BB,
(roe B, me coBnagmaer ¢ D) ~.iB
C
unpamuyy AA;BB,, NS
Y KOTODOi: A B, D
6) nByrpasHble yruibt upu pebpax AA;, AB u AB, — ups-
Mble, T.e. paBibl 90°.
Od4eBuaHO, YTO TaKas NHUpPaMIJa IPABHJALHON He ABJISETCH
(AD =2AB,).
5. Her.

Paccmorpum auaronansuoe ceuenne AA,C C.

Jnaronann ycedyeHHOM HPaMHJIbL:

AO AC

e

oC;, AC

snaunt O € A,Cy (O =0, — TOUKH COBIAJAIOT), TOJIBKO
ecnn AO = OC, rorna AC = A;C,. Ho 310 yxe ne tpa-
Helust, a NapajllesIorPaMul.

a) AAOC ~ AA,0C,, Toraa
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6) MoxHo nHave.

AC+ A, C
1. A,Cy = C_"'ZL_I;
2. MN || AC, Ttorza no teopeMe O CpeaHEM rapMOHHYE-
2-AC- AC
MN =Sl
ckom M AC T A,C,

OueBuiso0, 4TO B OBIIEM CJIy4ae OHM He COBMAAAIOT.
3naunr O € Ay,ByCyD,.
6. OTeeTuTh Ha BOIPOC MOXKHO, TOJLKO KOHKPETHO MPOCYUTIB
CyMMY AniHH pebep.
CrenaeM OpPUKHJIKY.
Beruuncium cymmy nepumerpos Papep 4 Py g o,p,:
Papep + Paypoyp, =4-20+4-10 = 120.
Torya na 6okoBble pebpa npuxomurca 204 — 120 = 84.
C npyroit cropousr, CC; > Hyc_mpammi = 20.
Takum obpazom, 4-CC,; < 84; CC| <21

STO BHIMVIAAUT MPaBAOION0OHBIM,

HO Jiydile NpoBepuTh Gosee B, C
TINATE/IBHO.
Hano:
AB =20
HABCDA131C71D1 =20
Hatigure P .
a) CnenaeM nononautensuoe nocrpoenne: C,Cy LABCD.
6) AC =20v2; A,C, =10V2.
AC - AC
B) CCy = ——2171. CC, =52.

2 b
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CCy = /202 + (5v/2)% = V450 = 151/2.

2) P, =4-20+4-10+4-15/2 = 120 + 60v/2.

Takum o6pa3on, 4TOOLI IIPOBOJOKH XBaTHJIO, Tpedyercs
BBINOJIHEHE HEPABEHCTBA,

60v2 < 84 & 5v2 <7< 50 < 49 — J10XKb.

3Ha4YnT, HA KAPKAC TAKOHU yCeYeHHOMN MUpaMuabl IPOBOJIO-
Ku jgiaHoit 204 ¢M Bee Ke He XBATUT.

7. Her. IlpuBegem xoHTpUpHMED.

Lano:

SABCD — nupamuia
SO1LABCD; SO=H
AB=BC=DC=AD=a
AC # BD

VSABC’D'

Hano:

SA,B,C,D, —
nupaMuia
S0,1A,B,C,Dy;
SO, =H

AB, = B,C| =
=DCi=4A,D, =a
A,Cy = B,D,

VSA13101D1 *

Tak xak Sypcp # Sa,B,c,p, (ABCD — poMm6, a ne KBaJ-
par, kak A;B,C1D,), o Vgapep # VsaBioiDy -
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8. Her. Kourpopumep 1 mpejicraBiien Ha yepTexe.

Hano: B,
ABCDA,B,C,D, — B
MHOTOTPAHHUK A,

ABCD || A;B,CD,
ABCD, A, B,C,D, —

HpAMOYTOJbHUKHA ¢
A,B, — D, Gy A
AB DC c,
A1D1 _ B,C,
AD  BC D S

1

ycedeHHasi mupaMuia.’

B jgaHHOM CJlydae OTPHHATENILHBIN OTBET OYEBUJICH, TAK KaK
A;B; < AB u A|D, > AD, xors napajnieibHble CTOPOHbI
Pa3HBIX OCHOBAHHUI JOJIKHbLI GBITH IPOTOPIMOHANLHLI, 3/ECh
3TO He Tax.

Kourpupumep 2 npejcrapieH Ha depTexe.

Hano:
ABCDA,B,C,\D, —
MHOT'OTPaHHUK
ABCD || A,B,C,D,
ABCD, A,B,C\D, —

l'[pHMOyI‘OJIbHI/IKI/I
AlBl _ DICI
"AB ~ DC
AlDl — BICI

AD = BC
ABCDA,B,C,D, —

yceueHHasl nupamMuaa’
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TloBTOpeHne

B nannom cryuae A\D; < AD u A,B, < AB,
lBl + 41 AlDl

HO B 001IEM ciiyyae

T. €. MBI PACCMOTPHBAEM KJIMH, [JI KOTOPOTO MPEIIOJIOKEHHE
HEBEPHO.

Ilpumevyanne. Jliobas ycedeHHass MUPAMUAA €CThb YacTh
OOBIYHON NUpaMHAB, IOJYYEeHHAs OTCEeYEHMEM ILIOCKOCTHIO,
[apajlIe/IbHON OCHOBAHHIO MUPAMUILBI, TO €CTb IOJIy4aeTCs
B OCTATKE MHOCOPAHHUK, JIBE I'PAHU KOTOPOIO NapalliesbHbl
U ABJSIOTCH NONOOHBIME MHOrOyroynsuuKamMu. Kpome toro, ec-
JI1 TIPONOJIKUTH OOKOBbie pebpa, TO Bce OHM OOHA3ATEIHHO Tie-
pecekyTcst B oo Touke. B janHOM 3a724€e 3TO He Tak.
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Camocmosmeavras paboma 6 (Ilaanumempus)

Bapuanter 1-8

1.

B tpeyrosbauke yron o pased 40°. Haliaute yron mexuy
OUCCEKTPHCAMH, IPOBEAECHHBIMU U3 JIBYX JIPYTHX YIJIOB.

B TpeyronbHuke yriibl, IPUJIEXKAINIE K OJHON U3 CTOPOH, PaB-
Hbl, coorBercrBenHo, 80° u 20°. Haiigure yros mexnuy 6uc-
CEeKTPHUCOH U BBICOTOH, IPOBEIEHHBIMHU K 9TOU CTOPOHE.

B TpeyronpHike MeIuaHbl PABHBI, COOTBETCTBEHHO, 5, 12 1 13.
Haiinure HamMmeHbIIyI0O U3 CTOPOH M ONPEAENUTE BUI Tpe-
YIOJIBLHUKA.

BoicoTbt TpeyrosibHUKa paBHBI, COOTBETCTBEHHO, 15, 21 u 35.
Haiigure vaubonbiumit yroa HCXOMHOrO TPEYrojbHUKA H €0
JIOIAIb.

JnvHe! ABYX CTOPOH TpeyroibHukKa paBHbI 22 u 10. Haiigure
JJIMHY OUCCEKTPHCHI yIJia MeXIy HUMH, eCIH HJIONaAb Tpe-
yroibauKa paBHa 105,6.

B tpeyronpHuk co croponamm mymnoit 6, 8 m 11 BumcaHa
OKpYkKHOCTh. K OKpYy>KHOCTH NpOBejleHa KacaTesbHas Tak,
yToObl OHA TEpeceKaia ape OOoJbIIINe CTOPOHDLE B OblIa mapadi-
senbHa Menbelt. Haiinure nepuMeTp oTcedeHHol Tpaneiun.

JlnuHb! MeMaH TpeyroiabHUKA paBHbl 5, 6 u 5. Hatinure ero
[JIOIAED.

nomanu AByx TpeyrojbHHKOB, NPUJIETAIOMIHNX K OCHOBAHUAM
Tpaleuyy ¥ OrPAHUYEHHBIX €€ JNaroHaJaMH, passbl 36 u 16.
Ha#aure niuoinaaps Tpanenuu.
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Tlosropenne

Camocmoamenavnasn paboma 7 (IIpusmo)

Bapuanrsr 1-8

1.

Bce pebpa npsiMoil IpH3MbI PABHBI MEXKLY COOOM, B MX JJIMHbI
ecTb nenble yncna. Cymma Beex JMJuH pebep pasha 42. Haii-
JUTE IoMmAaab OOKOBOIH MOBEPXHOCTH TAKOM IIPU3MLIL.

W3mepenus npsMOyrojJbHOro NapaJUICACIMIICHS OTHOCSTCS
kak 2 : 1 : 2. Haiiaute ob6benM napaie/iCHuIea, eIl ero
AuaroxHaJsp paBHa 12.

B ocuosanum 1psaMoil nMpU3MbL JIEKUT paBHOOCpeHHas Tpa-
neuus. JuaroHajibHbIe CedeHHsl HMPU3MbL NCPIIEHIUKYJISIPHBL
rpaHsM, IPOXOAAIINM Yepe3 GOKoBbIe pebpa Tpallecnuy, u Jic-
JIAT OCTPBIE JIBYTIPaHHbIe YUkl IPH BOKOBBIX pedpax MOIOJIaM.
Breruncimre [j0cKHe yIvibl JABYIPaHHbBIX yIJIOB [IPU OOKOBBIX
pebpax 1IPU3MBL.

B npamom mapamncnennneae ABCDA,B,C,D, AB = 29.
AD = 36, BD = 25. Bokooe pebpo AA; = 48. Haitaure
wiomanp ceuenus AB,C\D.

ILnomaas 0AHOrO U3 ANATIOHAJIBHBIX CEYCHMIT HPAMOro HapaJ-
JIeJICIIUTIE A4S PaBHA TUTOIIaaM 1060 13 6okoBbIX rpaueil. Haii-
IOUTe OTHOIIEHHE IJIOHIAJEH JUArOHAABIbLIX ceucHuil ¢ obei
OCBIO CHMMETPUH.

ILnomans HaubosILIIEro THArOHAJILIIONO CeUCHHA NPABHABHOI
MeCTHIPAHHOM Ipu3Mbl paBHa 25. Halinure mioma s 60KoBOi
IIOBOPXHOCTHU JAHHON IPU3MBI.

OcHoBanueM HPSIMOUR IPU3MbI SBJILETCS POMO ¢ JHAroHAJISAMI,
pasubiMi 24 u 10. Cedetine 1pu3Mbl, HaPaJUIC/IBHOE GOKOBOMY
pebpy, LlepecekaeT NPOTHBOINOJIOMKHBIC FPAHH ICPIICH MK YIS~
HO K HUM H fiBJageTca KBagpaToM. Haitnure S

5.0.0°

Ky6 ABCDA,B,C,D, nepecedes 4eThIpbMs [JIOCKOCTSIMH,
KOTODBIC OTCEKAIOT OT HEI'O TPeyrojibubie 1IHPaMU/bl C BCp-
munamu B Toukax A. C, B; u D,;. Bokosblc pebpa sTHX
rupaMui paBHbl pebpant Kyba. Kakoit MHOTOrpaHHUK OTpaHH-
YEH CEeKYLIHMM IJIOCKOCTAMH U KaKyro 4acTh oT obbeMa KybHa
COCTaBASICT ero oobem?
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Camocmosmenvnas paboma 8 (ITupamudv)

BapuanTter 1-7

1.

2.

B npaBusibHO deThIpexyroipHoi mupamuae arnodgema Goko-
BOll IpaHKM HAKJIOHEHAa K IIOCKOCTH OCHOBAHHSA IIOX YIJIOM
B 45°. Haitnure yron mexay amodeMaMu CMEXKHBIX IPaHEil.

B npasuibHOM nmpamMuie JByCPAaHHBIE YIJIbI IIPH OCHOBAHWH
paBuel 60°. Kakyo 4acTb OT IJIOWAAM HOJHOM MOBEPXHOCTH
MUPAMHUJIBI COCTABJISAET IUIOMAlb GOKOBON MOBEPXHOCTH?

HauGosbinee 1o miomann AUaroHaJIbHOE CeYeHHE NTPABUIILHOIM
[IEeCTHYIONIBHOM MHPaMUIbl €CTh IPABUIbLHBIE TPEYTOJbLHUK,
cropona Kotoporo paBHa 2a¢. Haitnute o6beM mupaMuugs.

B npaBusibHON ueThIpexyronbHOH mupaMmuze, Bce pebpa Ko-
TOpO#l paBHBLI, BEPIIMHA €CTh TOYKA HepPeceyYeH s JuaroHaJei
napaJjule/ienune ia, OCHOBaHHe KOTOPOrO COBHIAJAET ¢ OCHOBA~
uueM nupamuanl. OrpenennTe B Hapajieselnuneia u Haii-
JUTe, KAKYIO YacTh €ro 06beMa cocTaBisgeT o0beM ITHPaMUILL.

B ocHoBaHuH MUpAMHABL JIEXKAT HPIMOYTOJLHUK CO CTOPOHA-
mu, paBHbIME 6 1 8. Bokosbie pebpa paBHbl 13. Brlunciure:
a) obbeM nupaMubl; 6) paguyc onucaHHoi cdephl.

JlaHa NIpaBUIbHAS MIECTHYTOJIBHAS IHPAMUIA, CTOPOHA OCHO-
BaHusl KOTOpOi paBHa 2a. Bricota, paBHas 3a, mepecevena
ABYMs IIJIOCKOCTAMHE, HPOXOAAIIMMU Yepe3 OHY U3 anodem
APAMIIbl U CEepeHHBI JIBYX CMEXKHBIX CTOPOH OCHOBAHHSI.
Onpesienure 06beM 4aCcTH OHPAMHJIBI, OTPAHHYEHHON STHMHU
IIOCKOCTSMU.

IIpaBunbHas TpeyronbHas NMpamua, Bce pebpa KoTopoii pas-
Hbl, [IEpPeceYeHa IIJIOCKOCTBIO, NPOXOJMIIEH Yepe3 CepeluHbI
Tpex ee pebep, BBIXOIUSIUUX U3 ONHON BepmnHLl. B Kakom or-
HOMIEHHH 3T IIOCKOCTDL AEIUT 00beM MUpaMuabI?
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Camocmosamenvras paboma 9 (Komburauyuu men
8PAWEHUA U MHO202POHHUKOS. Ypoeenv A, 6a3oewvili)

1.

B upsaMyio 1ipusMy, B OCHOBaHHH KOTOPOH JIEXKHUT paBHOGE-
pPeHHAS Tpamelds ¢ OCHOBAHHSIMM 8 W 2, BIUCAH IHJIHHID.
Bricota npusmsl pasha 10. Haiigure:

BapuaHT 1 — mwIouaap 60KOBOI IIOBEPXHOCTH LHUJIHHIDA;
BapHaHT 2 — 00beM HUIHHADA.
Ceuenue IuIMHApPA, TPOXOAAIIEro Yepe3 o0pa3yomue, Haxo-

JUTCH Ha, PACCTOSIHUH 3 OT OCH CHMMETPUHU LNJIUHIPA, PAJIYC
OCHOBaHMsI KOTOPOro paBeH 5, a Bbicota 4. Hailpure:

BapHaHT 1 — Momaib CEeYeHHs;

BapHaHT 2 — IIEpUMETP CeYeHHH.

OKono npaBUNbLHON TPEYTOJLHON MUPAMHUILI CO CTOPOHOI OC-
HoBauusi 3v/3 u BbICOTON 3 omucan konyc. Haitgure:

BapuauT 1 — obbeM KOHyca;

BapHAHT 2 — IUIOWALL BOKOBOI IIOBEPXHOCTY KOHYCA.

Yepes npe obpasyionme KOHyca MPOBEIEHO CedeHue MoL yr-
s0M B 60° K mockocTu ocnoBanus. Beicora konyca paBha 10.
Haitnure:

BapHaHT 1 — paccTosiHNEe OT IEHTPAa OCHOBAHHUS KOHYyCa
[0 IIJIOCKOCTH CEeYeHHUsI;

BapUAHT 2 — ILIOMAKb CEYEHMS, eC/IU IIPOEKINUS CEeUYCHUS
Ha IIJIOCKOCTH OCHOBAHUSA €CThb IPAMOYTOJbHBI TPEYTrOIbHUK.

Konyc mnepecekaeT mJIOCKOCTb, IApajieJbHASE OCHOBAHMIO
3

¥ IPOXOAANIasl Yepe3 5 BBICOTH! KOHyca. Haiiaure:

BapHaHT 1 — OTHOHIEHHE IUIOII3AH OCHOBaHHS KOHYCa K IIO-

IHaJIA CeYeHus;

BApUAHT 2 — KaKOil NMPOLEHT IO AU OCHOBAHHUS COCTABJISET
IJIOL3 b Ce4YeHus1?
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Camocmosmeavhnasn paboma 10 (Komburauyuu mean
8PAWEHUSA U MHO202PAHHUKO0S8. YposeHs B)

Bapuanrbr 1-8

1. Ha mosepxHocTu mapa 3a/laHbl TPU TOYKH, KpaTdaiilee pac-
CTOSAHHUE MeXKIy KoTopuiMH pasHo 6. Halimure miomans ce-
yeHNns 11apa MJIOCKOCTBIO, IIPOXOJAINeEll yepe3 yepe3 3TH TpHU
TOYKH.

2. B chepy papuyca R Bhnucana IpaBH/IbHAS YETHIPEXYTobHAS
nupaMuza, Bee pebpa Koropoii paBHbI Mexkay coboit. Haiijgure
00beM NHpaMUIBI.

3. B npaBuapHyio 4eThIpEXYI'OJBHYIO NHUPAMUIy BOHCAH 1Iap,
Kacalomuiica BceX ee OOKOBbIX pebep U IJIOCKOCTH OCHOBa-
Hud. [luaronaipHoe ceueHMe NUPaMUJBI €CTb IIPABHJIBHBIM
TPEYrOJIbHUK CO CTOPOHAMHM, paBHbIMH a. Haitmute panuyc
TaKOr'o Hiapa.

4. B cdepy Bnucan papaocroponHuit ummuaap. Haiinure oTHO-
[IeHHE [LIOMAAEH MOBEPXHOCTEM STHX Tel.

5. B cdepy Bnucan paBHOCTOPOHHUI KOHYC, & B 3TOT KOHYC BIIH-
cana cdepa. Haiinure oTHOmenue miomalieil moBepxHoCTel
9THX TeJl.

6. Ilap pajuyca R nepeceuyeH JByMs NapalIeIbHbIMUA IJIOCKO-
CTSIMH, KOTOpbI€ JeJIST JuaMeTp lapa B oTHomenuu 1:2: 3.
Haiianre wiomaas MIOBEpXHOCTH HIaPa, 3aKII0YEHHYIO MEX LY
CEKYIIHMMHU IJIOCKOCTSMMU.

7. Ilyra cerMeHTa B OCEBOM CE4YEHHU IIAPOBOI'O CEKTOPa DaBHA
240°. Ompegenure mIomaab cHepruiecKoil MOBEPXHOCTH CEK-
TOpa, ecau ee paauyc pasen R.

8. Onpepnennre 06beM cerMeHTa, KOTOPBIH OTCEKaeTCs OT IIapa
paanyca R I1I0CKOCTBIO, Aensiieil nuaMeTp mapa B OTHOMIE-
Huu 1 : 3.
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TTosTOpenne

Camocmoameavrnan paboma 11 (Kombunayuu men
8PAWEHUA U MHO202PAHHUK0E. Yposens B)

BapuanaTer 1-5

1.

Oxonio cdepbl paauyca 2 olHCaHa [PABHJIbHAS YeThIpeX-
YIOJIbHASL TUPaMUa, KOCUHYC ILIOCKOI'O YIJia IIPH BepLUnHE
KoTopoit paBeH 0,6. Haitnure miomans 60KoBoit MoBEPXHOCTH
MHPaMUIbI.

Bokosble pebpa TpeyroJibHOi IupaMuibl paBHbl 2v/33, a cro-
POHBI OCHOBaHUsi paBHbl +/33. HaiimuTe paauyc BHUCAHHOMN
B nupamuay cgepbl.

Haiiaure paavyc OfiMCaHHON OKOJIO TPEYTONbHON ITMpaMuIbL
cdepsl, ecin 6okoBbie pebpa paBHbl 2v/11, a CTOPOHBI OCHO-
BaHust paBHH v 11.

B npaBuiibHO TpeyronbHOl npu3Me auaroHaan 60KOBOI rpa-
HM paBHa /3 u 06pa3yer ¢ MIOCKOCTBIO GOKOBOM rpaHu yroi
B 45°. Hapnure 06beM npusMbi.

Haiizyure 06beM mnpaBuiILHON TPeyronbHol IUpaMubl, ecyid
6GoKOBas rpaHb HAXOJUTCS Ha PACCTOSHHUU 3 OT BEPIIMHBI OC-
HOBaHUA.
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Camocmosmenvras paboma 12 (Kombunauuu men
8PAULEHUS U MHOZ02PAHHUKOS. Yposens B)

Bapuanr 1

1. B nununnp smicas koryc. OcHOBaHUs 9TUX UTYD COBHAAA~
ioT. O6pasyiomasi KOHyCa HAKJIOHEHA K NJIOCKOCTH OCHOBAHHS
mog yoioM B 75°. Haiinure noniaab HONHON NOBEPXHOCTH
IMIAHAPA, €CJIN IIoma s 60KOBOI MOBEPXHOCTH KOHYCa PaB-

Ha 6v/6.

2. Paanyc ocnoBanus KoHyca B 5 pa3 MeHbIle obpasyiomeil. Haii-
JIATE Yrojl pa3BepPTKH KOHYCA.

Bapunanr 2

1. B npaBwibHYIO TPEYTOJbHYI0 MHPAMHIY BIHCAH PABHOCTO-
ponnmii MaMHAP (OCEBOE CEYEHME LFUIMHIPA — KBAAPAT).
JByrpaHHbie YI/bl IpH CTOPOHAX OCHOBAHHSA MHPAMHIBI PAB-
bl 60°. Boicota nupamuapt paBHa 5. Haltaure miromans mos-
HO¥ TIOBEPXHOCTH LMJIMHJIPA.

2. Hatigure 06pa3yiolnyio KOHyCa, paguyc OCHOBAHHSA KOTOPOrO
paBeH 2, a yron paseeprku — 72°.

BapuanT 3

1. B koHyc BnMcaHa OpaBHJbHAS TPEYrojabHad Hpu3Ma, pebpa
koropoii pasubl 3. Haiinure miromank 60KOBOil HOBEPXHOCTH
KOHYCa, €CJIH 0CEBOE CeYEHHE KOHYCa — DPaBHOCTOPOHHMIL Tpe-
YTOJbHUK.

2. JlnaroHaJid OCEBOrO CEYEHHS YCEUEeHHOrO KOHYCa B3aMMHO
nepneHauKyJIsipHbl. BoicoTa yceuenHoro koxyca pasHa 10.
Haiiinre 06pa3yIoniyio yce4eHHOr0 KOHYCa, €CJIH IIOIa b ero
60KOBOIt moBepxHOCcTH paBHa 307.
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IloBTopeiine

Bapuanr 4

1.

2.

B nusmuap simcan napadiesensne). Boabiias cropona ero
ocHopanus pasua 4v/2. Juaronas napajuiesneluness obpa-
3yeT ¢ IUI0CKOCTLIO 60uibiLoll 60K0BOI Ipann yroa B 30° u pas-
aa 8. Haiinure 06beM napauiecnumncia.

CeteHne KoHyca, IPOXOASIIIENO Yepe3 BEPIUIMHY., €CTh PABHO-
CTOPOHHUH TPEYFOILHUK U 06pa3yer ¢ ILJI0CKOCTBIO OCHOBAHUS
yroi B 45°. Haiiinre o6ben KOHYCa, eClid ero BhICOTa paBHa 3.

Bapuanr 5

1.

2.

B npaBWIBHYIO YeTBIPEXYI'OJBHYIO IHPAMUY BIHCAH KOHVC
¢ BoicoToit 3. Haitnure o6beM KOHYCa, CCJIM PACCTOSHHE MCXK-
Oy cepemuHaMu ABYX amodCM CMEXKHBIX I'DAHell MUPaMMIbI
pagHo 4.

O6pa3syioliasi yceueHHOro KOHyca HaK/JIOHEHa K IUIOCKOCTH 0C-
HOBaHHuA Hoz yiyioM & 60°. B ocesoe cecuenue yceuemoro ko~
Hyca BIHCaH Kpyr pajauyca 3. Haiipire o6seMm koiryca.

BapuauT 6

1.

IIpaBuibHas TpeyrojbHasi MEpaMuia BuucaHa B konyc. Hait-
JuTe 06bEM KOHYCa, €CJIM CTOPOlia OCHOBAHMS [THPAMMU/IbI PaB-
na 24/3, a ee 6okOBas Ipanb HAKJOHEHA K IJIOCKOCTH OCHO-
BaHHS 110jL yrviom 60°.

B nwimsjgpe OTPe30K, COCHUHSIOUMET TOYKM OKPYKHOCTCLH
BCPXHCIO M HHXKHEIO OCHOBAHUS, PABCH 4 M HAKJIOHCH K TLIOC-
KOCTH OocHOBaHMsA nod yriaom B 30°. Haiigure ob6bem uuiinn-
Jipa. ecay IPOoeKIMst 3TOrG OTPEe3Ka Ha MJIOCKOCTH OCHOBAHUA
BHJAHA U3 LEHTPa ITOI'0 OCHOBAHUS 110J YoM B 60°.
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BapwuanT 7

1.

2.

Ob6beM yceueHHOro KOHYCa, Y KOTOPOro PaJiyChl OCHOBAHUS
paBHbl 2 1 11, paBen o6beMy Konyca Toi 2ke BbicoThl. Halinute
PaInyC OCHOBAHHUS 3TOr0 KOHYCA.

PaspepTka 6OKOBOII HOBEPXHOCTH KOHyca cocTtapisier 60%
mnomaau kpyra. Haliaure miomagns 60KoBOI IOBEPXHOCTH KO-
HyCa, BbICOTa KOTOPOro PaBHa 2.

BapmnanTt 8

1.

Cropotbl TpeyrosibHUKa paBHbI 6, 25 u 29. Hailtaure miomans
MOBEPXHOCTH TeJIa, 00pa30BaHHOTO BpAlICHHEM JAHHOI'O Tpe-
YIONLHUKA BOKPYI NPAMOIL, IIPUHAJIeXKAIEN INIOCKOCTH Tpe-
yrosibHEKA. [IpH 5TOM MeHbINas CTOPOHa MapallesibHa OCH
BpallleHusi 1 yjaajeHa oT Hee Ha 30.

B tpeyronpHyo nmupaMuiy, mioma i G0KOBbIX rpaHeil KOTo-
poii oTHOcATCcH Kak b : 6 : 7, Bnucan KoHyc. B kakoM oTHOIe-
HHW JIMHKAST KACAHHs TIOBEPXHOCTEH ITMPaMUABI KOHYCOM JETTUT
GOKOBYIO TIOBEPXHOCTH MHPAMUIbI?
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Camocmosamenvrnas paboma 13
(Kombunuposannasn paboma. Yposenwv C)

Bapuanr 1

1. B npamoyronbaom nmapasmieicnuneae ABCDA| B,C, D, nait-
JuTe yroj mexay mnaockocrbio AA,C u npamoit A;B, ecmm
AA, =3, AB=4, BC=4.

2. B rpeyronbauke ABC Ha cropone BC BwiOpana Touxa D
Tak, 4o BD: DC =1:2. Meauana CM nepecekacT OTPe3OK
AD Brouke K. Kakyio uactb nionauu rpeyroibuuxka ABC
COCTaBJIsIeT IUIOLIa/L Tpeyrojbiuka AMK?

Bapuaut 2

1. B npsamoyronbnom napajuieiientnnese ABCDA, B,C, D,

AA, =8, AB =6 u BC = 15. Haitnure yros Mexuy 1mioc-
koctbio A;BC u npawmoit BCj.

2. B rpeyrosbriuke ABC uposenenbt 6nccekrpuckt AD u CK,
npu atoMm AC = 6, AK = 2, CD = 3. Haiigure aauuy
orpeska DK.

Bapuant 3

1. B mpamoyroasnom napasiencnuneane ABCDA,B,C, D,
AA, =4, A|D; =6, C;D| =6. Haitjiure TaHremnc yrja Mex-
Iy miockocTeio ADD; u npamoit EF, mpoxojsuicii uepes
cepenunnl pebep AB u B,C,.

2. B napasusenorpamme ABCD AB =2, BC =3, LA =60°.
OKpyKHOCTB ¢ HEHTPOM B Touke (0 KacacTCs GHCCEKTPHCHI
yoiia D ¥ IBYX CTOPOH LAPANIEJOTPpAMMa., MCXOAAIINX M3
BEPLINHBI OZHOTO OCcTporo yria. Hailymre iwoma s aerbipex-
yronbiiuka ABOD.
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Bapuanrt 4

1. B npsmoyronbHoM napasiienenunene ABCDA,B,C,D,
AB =4, BC, =6, CC; = 4. Haitgure TaHresc yria mex-
oy mnockoctbio ABC wu npamoit M K, npoxopsimedl depes
cepenunnl pebep AA; n C,D;.

2. B napaanenorpamme ABCD AB=3, BC =5, ZA=60°.
OKpy»XHOCTH ¢ HEeHTpoM B Touke (O KacaeTcsi GUCCEKTpH-
cbl yia D M JBYX CTOPOH HapajuieJorpaMMa, MCXOALIHNX
U3 BEPIIVHBI OJHOTO €ro ocTporo yria. Haiinure miomans ve-
Thipexyroabauka ABOD.
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Camocmoameavras paboma 1/
(ITupamudwv.. Yposenwv C)

Bapuanr 1

1. OcnoBanue nupaMuabi — TPEYTOJLHUK CO CTOPOHAMM, PAaB-
ubiMu 4, 13 u 15. BokoBoce pebpo, Hmpoxoisinice Uepe3 Bep-
IIHHY MEHBIIEro YIiia OCHOBAHUS, NEPICHIHKYIAPHO HIIOCKO-
cru ocHoBanus. OfiHa u3 GOKOBBIX rpaHeit 0bpasyeT ¢ MI0CKO-
CTBIO ocHOBaHus yroi B 45°. Haiiyure: a) 06ben 1upamMuist;
6) IIOI@AD MOMHOI IOBEPXHOCTH.

2. B ocHOBaHHH ITHPAME/IBI JIEXKUT TPEYIOJALIHNK CO CTOPOHAMHU,
paBubiMu 15, 16 u 17. BokoBbic pebpa nUpaMHIBI 0OPa3yIOT
€ IJIOCKOCTBIO OCHOBaHUA YIVIbl, paBHbie 45°. Haimure o6ben
MTHPAMHAIBL.

Bapuaur 2

1. B ocHOBaHHU TTHPAMHIBL JIEXKUT TPEYTONbHUK CO CTOPOHAMH,
paBHBIME 8 B 15, a yron Mexay HuMmu paseH 60°. Bokobble
rpaHy MUPaMUJIbl 00Pa3yIOT ¢ IJIOCKOCTHIO OCHOBAHHS YIVIBL,
paBabie 45°. Haiinure: a) ooben uupamuipl; 6) wiowas 60-
KOBOH MOBCPXIIOCTH.

2. Dokosble pebpa nupamuipl pasHbl 65. B rTpalemuun ocrosa-
HUSA UAPAJIICIbHBIE CTOPOHBL paBHbl 50 U 14, a GOKOBBIC CTO-
poubl — 30. Hafinure obbemM mHUpaMubL.

BapmnasnT 3

1. B ocHOBaHHU IMUPAMH/IbI JIEXKHT TPEYTONBHUK CO CTOPOHAMH,
paBHbIMU 7 U 8, a yros mexay Humu pasen 120°. JIByrpan-
HBbIE VIVIbL NPU CTOpoHAaX ocHoauusi pasibl 60°. Haiiaure:
a) obbeM nupaMuant; 6) WIoILa b GOKOBOI 110BEPXHOCTH.

2. Bokosbte pebpa nupamnin pasubl 25. CTopoiibl OCHOBaH#s
paBHbI 18, 18, 24 u 24. Haitaute 06beM UPAMUIHL.
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Bapuanrt 4

1. OcHoBaHMeM THUPaMHJbI ABJIHETCH TPEYTOJIBHHK CO CTOPOHA-
Mu, paBubpiMi 32, 34 u 34. Ilepumerps! cooTBeTCTBYIOIIKX GO-
KOBbIX rpaHeil paubl 162, 150 u 150. Haitgure: a) o6beM 1m-
paMuipl; 6) IUIOIAIb TIOJIHOM TIOBEPXHOCTH.

2. Bepuinna nupaMuabl paBHOYIAJICHA OT BEpIIHH OCHOBAHHSA
Ha 65. CTOPOHBI OCHOBaHUSI PaBHBLI IocieaoBaTeabuo 14, 30,
40 un 48. Haiinure o6beM nupaMuibi.
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TToBTOpenne

Kapmouxku undusudyasvHuir 3a0arull

Kapmowxa 1

1.

B konyc Buucana nosnycdepa, 60oabnioif Kpyr KOTOpOil JIeXKUT
Ha OCHOBaHHM KoHyca. Haiijure TaHreHc yrjia npHu BepliIMHE
KOHYCa, €C/H IUIOIa/ib TIO/IHOM TOBEPXHOCTH KOHYCa OTHOCUT-
csl K ona i 60KoBo# 1oBepxHocTH Ionycdeps: Kak 18 : 5.

IlpaBusnpHasi 4€THIPEXYIO/IbLHAS ITMPAMUJIA CO CTOPOHON OCHO-
BaHUSI, PAaBHOU @, ¥ JBYIPAHHBIM YIVIOM [IPU OCHOBAHUH. PaB-
mbiM 60°, 1epecedeHa IUIOCKOCTbIO, JeJISIIIEH IONOJNaM JBY-
IpaHHBIN yros opu ochoBaHuu. HaiiauTe IJIOMIa b CeUEHHS.

Kapmouxa 2

1.

2.

B urap pajguyca 2 pumucan KoHyc, G0KOBast IIOBEPXHOCTL KOTO-
poro B 1Ba pa3a Goubiite oiaan ocnoBanusi. Haiiaure o6bem
KOHYCa..

B npaBunbHOll TpeyrosibHON HUpaMuie IUVIOCKHH yrosu mpu
BepurnHe pasen 30°, a kpaTdyaiilliee paccrosiHue Mex 1y 60Ko-
BbIM PeOPOM H IIPOTHBOIIOJIONKHON CTOPOHOH OCHOBaHHS DaB-
HO 2. Haiimure o6beM 3T0i MupaMuIb.

Kapmouxa 3

1.

Yepes BeplulHY KOHYCA MPOBEJEHA IIJIOCKOCTD 1OJ yriioM 45°
K OCHOBAHHIO KOHYCa. DTa INIOCKOCTH [IePeceKaeT OCHOBaHUe
1o xopae a, crarusatoniefl ayry B 30° B OCHOBaHHMU KOHYCA.
Haitnnre obnem kouyca.

Hlap Briucad B IpAMYIO IPU3MY, B OCHOBAHIH KOTOPOL JIEXKUT
IPAMOYTOJLHBIH TPpeyrobHUK. B 9TOM TpeyronbHUKe epricH-
JUKYJISP, ONYUIEHHBI! U3 BEPIIHHBL IPAMOrO YIVIa Ha THIIOTe-
Hy3y, paBeH 3 H oOpasyer ¢ OMHUM U3 Kareroe yroia B 30°.
Haiijiure obbenm npusnbl.
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Kapmouxa 4

1.

B npaBuiibHOM 4eTHIPEXYTOIbHON IpU3Me MPOBEIEHbI JIBa Ha-
paJUIe/IbHBIX CE4YE€HHA: OJHO MPOXOAUT Yepe3 cepeiiHbl CMexK-
HBIX CTOPOH OCHOBaHHMs M CEPEMHY OCH, APYroe JEJIHUT OCh
B oTHomeHuy 1 : 3. 3Has, YTO IUIOWANEL NEPBOrO CEYEHHUS
paBHa S, HalifuTe IJIOMALL BTOPOro.

OtrHOleHNe BBICOTHI KOHYCAa K DPAJMyCy OIIMCAHHOI'O OKOJIO
Hero miapa paBHO 2 : 3. Haiinure orTHomenue obbema 1apa
K 06beMy KOHYCa.

Kapmouxa 5

1.

2.

CropoHa OCHOBAHHWSI NPABHJABHON TPEYTOJBHON ITHPAMMU/IbE
paBma 2, yroy Mexkay OOKoBbIMH rpansaMu paBed 75°. Haii-
uTe IIomaab OOKOBOM HOBEPXHOCTH MHPAaMHJBL.

B npaBmiibHON TpeyroyibHOM NMUPAMHIE CTOPOHA OCHOBAHUS
paBHa 7, a 6okoBoe pebpo — 14. Uepes cepenuny 6okoBOro
pebpa HeprneHAuKyJISpPHO K HEMY MPOBeIeHa, II0CKOCTh. Hail-
JUTe MJIOHIANL MOJYYNBINEroCs CeeHUs.

Kapmouxa 6

1.

TpeyrosibHasi MHpaMuia pacceueHa IUIOCKOCThIO Ha JIBa MHO-
IOrpaHHUKA, MPHYEM CEKYLIAs IJIOCKOCTh JEJIHT TPH OOKOBBIX
pebpa, cxomsiluxcsi B OQHOM BepIIMHE, B OTHOWeHHH 1 : 2,
1:2 u 2: 1. Haiigure oTHomeHHe OO6HEMOB TIOJIYYEHHBIX
MHOT'OI'DAHHUKOB.

OKo0J10 HpaBUJILHOI TPEYroJIbHOM MPU3MBL OIMCAH AP, & OKO-
JIO HEro OIMCaHa NpaBuibHaA TpeyrojibHas npu3Ma. Haiinure
OTHOLIEHNE TUIOHIAIN OCHOBAaHMS OoblIell IIPU3MBL K IJIONIA-
AU OCHOBAHHSA MeHbIIEH, eC/IU NPU3MBI NOHOOHBI.
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Kapmouxa 7

1.

CropoHa OCHOBaHHS IPABUILHON YeTHIPEXYIOJIbHOM TUpaMu-
bl paBHa 5, BLICOTa, IMUpaMubl paBia 4. Hepes cropony ocHo-
BaHUs MUPAMHJIbLl H CEPEIMHY CKPEIMBAIOLIErocs ¢ Heif 6oKo-
BOro pebpa nposeneHo ceuenne. Haitjiure paccrosiHue oT Bep-
MINHBLI [IMPAMUIBI JIO [IJIOCKOCTH 3TOrO CEYeHUs.

B ocHoBanuM TpeyronbHON MUPAMHIbLI JIEKUT MPSIMOYIOIb-
HbIll TPEYTOJIbHUK, THHOTEHY3a KoToporo pasHa 10, kaxkinoe
60k0oBOe pebpo nUpaMuILL 00Pa3yeT ¢ IJIOCKOCTHIO OCHOBAHHS
yron B 15°. Haitoure paguyc cdepsl, ONMCAHHON OKOJIO ITU-
pPaMKIbI

Kapmouxa 8

1.

OcnosanuveM nupamuabi SABCD ssaserca pomb ¢ juaro-
HaJasiMH, paBisiMu BD = 6 u AC = 12. BokoBoe pebpo
SA nepreHIUKYJSIPHO IJIOCKOCTH OCHOBaHMS W paBHO 5. Ye-
pe3s Touky A u cepenuny pebpa SC nporejena IIOCKOCTb,
napamienbias BD. Haligure miomanpb cedeHusi.

B npaBuibHOH TPEyroibHOM HUpAMHJE BBICOTA, OILYINEHHAS
Ha OCHOBaHHe, paBHa 6, a paccTogHUE OT IIEHTPa OCHOBAHMS
Ito 6okoBoit rpaun pasHo 4. Haiipure paguyc mapa, Briucan-
HOTO B IUPaMuAY.

Kapmouxa 9

1.

Kocunyc yria mexiy coceiHumu G0KOBbIMU pebpaMM IIpa-
BWILHOH 4eThipexyroibHoit nupamuasl paped 0,25. Panuyc
cdepni, onucanHolt okoo dToil mupamuabl, pasen 10. Haii-
AuTe LIHHYy G0KOBOro pebpa mupaMubl.

OcHoBanue mupaMuIbl — paBHOOEINpPeHHAas Tpameuus ¢ 0C-
HOBaHUsiMH, paBHbIME 4 1 9. Bee aByrpanubie ymisl npu oc-
HOBaHUM MMUPaMUJIbl PaBHBI Mexay coboil. Bosnbiuee 6okoBoe
pebpo papuo 7,5. Haitaure momaip NOIHON ITOBEPXHOCTH
NHPAMH DL,
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Kapmouxa 10

1.

B ocuoBaHuy yernipexyroipHoi mupamunast SABCD nexur
KBaJIpaT co cTOpoHoit 4. Pebpo S A nepreHauKyJIsipHO ILIOC-
KOCTH OCHOBaHHsi U paBHO 6v/2. Yepes Bepmuny A mapaj-
JICIBHO JHaroHaju ocHopanua BD nposeieHo ceueHme, Ko-
Topoe genut pebpo SC B orHOmeHun 2 : 1 cuuTasi oT Bep-
muabl S. Hadiure miomaap Moy4eHHOrO CEYEHUS.

Paccrosiine MexXIy CKPeIyBaOUMMICS JUATOHATISAME CMEXK-
HBIX I'paneit Kyba pasro 2. HaiinuTe niomans no/Hoit Nosepx-
HOCTH Ky0a.

Kapmouxa 11

1.

IIpaBusibHbit TeTpasap ¢ pebpoM, paBHbIM 9, PaCCeKJIH ILIOC-
KOCTBIO, MapalliesIbHON JBYM IIPOTHBOIOJIOXKHBEIM pebpam
U yJaJ€eHHON OT OJHOrO U3 HUX BJBOE OOoJbIIE, YEM OT IPYyro-
ro. Haiiiure miomanp ce4eHuns.

JTnusbl GOKOBBIX peGep TpeyrobHOMN IMHPaMUALI PABHBL 2V/3.
W3 Tpex miaockux yriioB, 06pa30BaHHbBIX 3TUMH pebpaMu HpH
BeplinHe, ABa paBHbl 45°, a omur — 60°. Haiigure obbem
OUPAMMJBIL.

Kapmouxa 12

1.

2.

B ocHoBaHuM OMpaMMJbI JIEKUT KBaJpaT. BenuuuHbl ABY-

CPaHHBLIX YIVIOB IIPU OCHOBAHUM MUPAMUJbI OTHOCATCA KakK

1:2:4:2. Haiigure HauMeHbIIUN U3 3TUX YTJIOB.

B xy6e ABCDA,B,C,D 2
Kybe 1B1C1D,, cTopona KOTOpPOro pasHa 3 3,

OPOBE/IeHa, IIOCKOCTh HEPIEHAMKYJISPHO JMaroHaju Kyba
AC,. Paccrosnue oT Touku A [0 NJIOCKOCTH CEYEHHs DaB-

2
HO 3 v/27. HaiinuTe miomanb Ce4eHusl.
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Omsemuvt Ha npaxmuxym-uzpy

1. a) 1. JleBas — 5;
BepxHssg — 6;

3aaHad — 3.

2. Jlepasi — 1;
BepxHAd — 4;

3aJHA9 — 6.

3. JleBass — 5;
BepxHAA — 3;

3aau8as — 2.

6) 1. 3agusas — 6;
HIOKHAA — 4;
npaBas — 5.

2. Baguas — 2;
HIDKHsIST — 1
npasasd — 6.

3. Banuas — 4;
HHXXHAST — 1;
npasasg — 3.

B) 1. 3axusas — 13;
pepxusaa — 8;
upaBas — 15.

2. Baauss — 10;
Bepxusiga — 15;
npasas — 7.

3. Baguaa — T;
BepxHss — §;
npasas — 5.

S| W N

O | & | W | N

13

15
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r) 1. Jlegaa — 10;
3aausia — 4;
HIDKHAS — 2.

2. 3agusist — 4;
Bepxusisi — 10;
npagast — 8.

3. JleBas — §8; 10

BepxHsisg — 6;
3aauaa — 0.

= | DN | O | 0
o

n) Oauu M3 BapHAHTOB:

B, C 4
A, D,
B 3 11| 6
(]
A D 9
3€ AA BB,
4¢ A,B,C,Dy; 5
101014,
1€ AA,D,D;
6 € DDICIC;
2 € ABCD;

5 € BB,C,C.
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2 5] 1
2. a) 1 4 3. 4
o 1
1 6 5
6) 1 9]s 2
5] 8
3 4 7
8) 1 713 4
10 3
5] 9 7
r) 1 11) s 11
3 7
i) OJuH U3 BO3MOXKHbBIX BapPHAHTOB:
1 4 4
L 0|3 1
2 3
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3. a)

6)

IIpencraBnennas
Pa3BEPTKa, COCTABJIEHA, 7
o u3obpaxkenusim 1 u 3,

HO u30bpakenue 2

IPE/IIONAaraeT, YTO rpaHy 1 5 5
" — CMeXHBIE,

10

a 3TO HE TaK.
CJle1oBaTeNbHO, TAKOE 8
pacupenenenne udp
HHU Ha OJHOM Ky0Ge
HEBO3MOXKHO.

DN | W~ QO | ==
(=)

ot
N | &~ | W

5|3
o4

Tax npencrapnenbl uzobpakenusi udp Ha Kybe.

Ouesnno, 1To Takoe pacnpe/esenue uudp Ha oaHOM Kybe

0e3 TTOBTOPEHUST HEBO3MOXKHO.
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Cmepeomempusa. Camocmosmenvroie pabomoi

Lomauinan camocmosmesvnan paboma

1. a) [84,5V3]; 6) [5:12]. 2. a) [64V/15]; 6) §\/3
3.2) [V3:3] 6) % = 0,976|. 4. a) [a®V/T5]; 6) iaz\/ﬁ

5. a) [40?v3[; 6) [av3]; 5) [45°]. 6. ) [2]; 6) g\/g

Camocmoamesvras paboma 1 (ITupamudot)

Bapuanr 1

1
10) |2 6) |2 2. [4V35). 3. o) (907 o) (300,

1.2) |3V3; 6) |2, 2. [15V35). 3. o) (07, 6) (3570
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Bexmopwt. Camocmoamenvrvie pabomut

Camocmosmenvras paboma 2

1. a) 6) B) r) ) e) X)
Bapuanr 1 | AD, | CP, | CA, | D;B | 4C, | AT, | K,C,
Bapuanr 2 | C1A | CTy | CA, | AC, | ByD | ByK; | T,D
2. a) 6) B)
1- 1 - 1, 1. 1,
Bapuant 1 §b+c+ §a b—a- —2-0 —§b—a— 3¢
1, . 15 . 7 1 1, - 1,
Bapuanr 2 ~§c—a+2b —~C—b+ 50 §c—b+ 3@

CamocmosamenvHas paboma 3

5
1. |—V7|.
14\/_

6

2.

11
14

. 3.

2

Camocmoamenvnas paboma 4

_5 s a) [90°]; 6) . 6. a) [180°]; 6) . 7.

g N
=) Te. (C’P; AT) € (90°;180°).

3
&= V65|,

Bapuanr 1. a) cos (FE/I;EDI) = i—;; 6) p(B; FE;) = 4/3m.

Bapmuasnr 2. a) (AI/P;TVA) =60° 6) p(N;BD,) = -;-m.

Bapmnanr 3. a) cos(TE;; PA;) = ;—

Bapwuanr 4.

a) cos(FK;B,T) =

29
3

1
2

39 6*) p(FK; B,T) =

9
13

V13,

:6) p(FF;; NT) = 3,5m.
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K apmoyru CaMOKOHMPONA

1. [180] 2. [9] 3.[207] 4. [12] 5.[24] e6.[115] 7. [83]
8. [431] 9. [41] 10.[139] 11.[282] 12.[36] 13.[26]
14. [30] 15.[1] 1e6. [48]

CamocmosmenvHaa paboma 5

VYpoBenb A
1. [=4] 2. [=7) 3. (@ 4 %II 5. [Z61]
6. [{—24;32;30}] 7. [{-4;-6;12}] 8. [{5;12;-16}]

¥Yposenn B

1. % (3a® +b% — )| 2.

(a2 +38% - )| 3.6)

(R

Yposenun C

1. [0} 2.[0] 3.[0] 4.[0]



TloBTOpEHnE 483

IToemopenue

Camocmoamenvran paboma 6 (llaanumempusn)

180° — -
1. [7), (—8-9——“) 2. (3, (“ ﬁ)

2 2

2
3. 8§,Tynoyronbm>n‘ﬁ 4. [120°], [980v3] 5. [8,25],

6. 18,24 7. [16] 8. [100]
Camocmosmenvran paboma 7 (pusmovt)

1. [14] 2. [256] 3. [60° 120°] 4. [1872] 5. 6.

1
7. 8. |Terpasap, 3

Camocmoamenvuasn paboma 8 (ITupamudoy)

2 1
1. 2. §| 3. 4. |IIpsiMOyTONBLHUK, g

1
—_ 3 .
5. |192, 724 6. 1,5a°| 7.

Camocmoamenvran paboma 9 (Kombunauuu mea epauerus
U MHO202PAHHUK08. Yposenv A, 6a3o6vill)

1 2 3 4 5
Bapuant 1 40m 32 9 5 25:4
Bapuanr 2 407 24 92 66% 16%

Camocmoamenvran paboma 10 (Kombunayuu mes epauserus
U MHO202PAHHUK0S. Yposens B)

-
1. [127] 2. §R3 3. ?a 4.[4:3] 5. [4:1] 6. -?—’7TR2

7. 8. | 2R
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Camocmosmenvnas paboma 11 (Kombunayuu mes 6pauseHus
U MHOR02PAHHUKOB. YPposens B)

1. 2. [3775] 3. [2v3] 4. [2] 5. [24]

Camocmosamenvrnas paboma 12 (Komburayuu mea epauseHus
U MHO0202PAHHUK08. Yposeny B)

Bapuanr 1. 1. [36]: 2. [72°].
BapuanT 2. 1. |1507r (7—4\/3) |; 2. [10].
Bapuanr 3. 1. [24x]; 2. [3].
Bapwuant 4. 1. [487]; 2. [157].
Bapmanrt 5. 1. [32n]; 2. [78x].
4
Bapwuanr 6. 1. §\/§’ 2. [8x].
Bapuanr 7. 1. |7V3[: 2. [3,757].

BapuanT 8. 1. |46807; 25207 |; 2. [2:3:4].

Cansmocmoamenvrasn paboma 13 (Kombunuposannas paboma.
Yposenn C)

12
Bapwuanrt 1. 1. arcsin2—r; 2. 10,1

5
24
B 2. 1. in—1; 2. 5.81.
apHaHT arcsin = \/8
5 13
Bapuanr 3. 1. [0.6]; 2. Z\/g; T\/g )

1
Bapwuanr 4. 1. \i__OO; 2. ?\/g’ 151_\/3-

Camocmosmenvras paboma 14 (Iupamudoe. Yposenv C)

Bapuanr 1. 1. a) [96]: 6) |24 (v2+38)|. 2. [340].
Bapmuanr 2. 1. a) [50]; 6) |50 (v6 + v/3) l 2. [15360].
Bapuanr 3. 1. a) |14V3]; 6) [42v3]. 2. [2880].

Bapuanr 4. 1. a) {8064 ]; 6) l24 (5v/205 + 62) | 2. [18720].
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Kapmouru undusudyasvhoix 3adamul

Kaprouka 1. 1. {tga = —;— . 2. -2—(12\/5.

Kaprouka 2. 1. [37]. 2. 2§ .

3

Kaprouka 3. 1. 2—_(—71—64& . 2.136 (\/§— 1) .
11

Kaprouka 4. 1. ES. 2. 16,75].

Kaprouka 5. 1. g\/ 2v3—2|. 2. [2v11}].
Kaprouka 6. 1. [2:25]. 2. [5].

Kaprouka 7. 1. g 2. [10].

. [138]. 2. [24].
. [10]. 2. [Ii7].

Kaprouka 10. 1. 10§ . 2. [72].

Kaprouka 11. 1. [18]. 2. [2].
Kaprouka 12. 1. [30°]. 2. [4].

fd

Kaprouxka 8.

fd

Kaprouka 9.
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nepep. BaMu cepuna KHUM NpakTudeck No BCcem pasagenam
WKOJIbHOIO KypCa MaTeMaTuku.

Mo cywecTsy 3TO SHUMKNONEANS Pa3NUYHbIX METOA0B PeLleHns
3apa4, KOTOPbIE 4alle BCero BCTPE4alnTCa HENOCPeaACTBEHHO
B LLIKOJIbHOM KYpCE.

3T0 NpeKpacHbie CaMOy4UTENMN, KOTOPbIE NO3BONAT Y4EHUKaM
n abutypuertam 6e3 pernetTuTopa NOAroTOBUTLCS K 3K3aMeHaM.

EcTecTBeHHas nornka noCTpoeHus marepuana «oT nNpocToro

K CNOXHOMY» MO3BOAUT YUUTENIO UCNOAL30BATL 3TN KHUMN

ong anddepeHLMpoBaHHON paboTbl C y4eHUKaMU PasnnyHoro
YPOBHS NOArOTOBKW.

XenatenoHo, 4TOObLI paboTa C Martepuanamm 3Toi cepnmv KHUr
HauynHanacb yxe ¢ 7, 8 knacca v 6binia NOCTOAHHOW
W NAaHOMEPHON, Toraa oHa AacT Hanbonbinii 3 dexT.

B.l. 3us.

Copyls) s MATEMATYIA - DJIEITUSBHIE K/PCBls

. Opobwn.

. KopHu.

. YpasHeHus.

. Apob6HO-paunoHanbHbie HEpaBeHCTBa.

. Cncrtemsbl ypaBHEHUIA.

. UppaunoHanbHbie ypaBHeHust n HepaBeHCTBa

. MuoxecTtsa. ®yHkumn. MNocneposatensHocTU. Mporpeccun.

. lorapudmbi.

. TpuroHomeTtpwus.

. NMocTtpoeHne rpadukos PyHKUMIA SNeMeHTapHbIMY MeToaaMN.,

. YpaBHeHuns n HepaBeHCTBa C napameTpamu.

. 3apayn c napameTpamm Ha 3K3aMeHax.

. BBepenue B maremMartnyecknii aHanna.

. KomnnekcHble yncna.

. KombuHatopuka. Ctatuctuka. BN 578598712098
BeposTHOCTb.

. FeomeTpuyeckne 3aga4m Ha 3K3amMeHax.

YacTtb 1. MnanumeTtpus.

FeomeTpuyeckme 3anaym Ha 3K3aMeHax.

Yactb 2. CtepeomeTtpus. Hactb 3. BekTopbl.
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