YIK 517.977 Hzoanue ocyuecmereno npu noddepicke
bbK 22.161.8 Poccuiickozo ¢onda ¢yroamenmanvroLx
A 25 uccaedosanuil no npoekmy 04-01-14074

Arpaues A.A., Caukos lO.JI. TeomeTpuueckass Teopusi ynpasJjeHus. —
M.: PUSMATJIUT, 2005. — 392 c. — ISBN 5-9221-0532-9.

[lepBbiii y4yeGHUK Ha PYCCKOM fI3blKe MO FeOMeTPHYECKOH TEOPUH YIpaBJIEHHS.
PaccmarpuBaroTest 3agauu ynpaB/seMOCTH H ONTHMaJbHOIO YIPaBJAeHUs I IJaj-
KHX KOHEUHOMEDHBIX CHCTeM, a TaKxKe 3KBHBAJEHTHOCTb CHCTEM IO OTHOLIEHHIO
K €CTeCTBEHHBIM Tpynnam npeo6pasoBaHHi. V3/0xKeHHe TEODHH CONPOBOXKAAETCS
NOLPOOHBIM HCCJ/IelOBaHHEM KOHKPETHBIX MOJEJbHBIX 33134 U3 MEXaHHKH U TeOMeT-
pHH.

J171s1 CTYZeHTOB M acMUPaHTOB BY30B, 00YYAIOLIMXCS 110 ClellHanbHoCcTAM «Ma-
temaTHka» U «[Ipuk/aanHas MaTemMarvkas, a Takke [/ Hay4HBIX PabOTHHKOB
(h13MKO-MaTeMaTHYECKUX ClellHalbHOCTEH.

Wan. 52. Bubauorp. 149 nass.

© PU3MATJIUT, 2005
ISBN 5-9221-0532-9 @© A.A. Arpaues, 0. JI. Caukos, 2005



A.A. Arpaues, FO.JI. Caukos
['eomerpuyaeckass Teopusd
yIIpaBJ/IeHnsd



OI'JIABJIEHUE

IIpemmcmoBHE . . . . . . . . . e

I'masa 1. BekTopHBIe mOJIsT ¥ yHpaBJsieMble CUCTEMbI Ha IJIaJ-
KHX MHOTOOOPABHAX . . .« v v v vt v ittt i e e
1.1. I'maikre MHOTOOOPABHST .« « v v v v v v e e e e e e e e et e e e et
1.2. BekTopHbIe 110/Ig HA TVIAJKAX MHOTOOOPA3HAX . . . « « . « o o . .
1.3. O6bikHOBeHHBIE quDdepeHIaIbHbIE YDABHEHUS ¥ TIOTOKH

1.4. YOPAaBIISIEMBIE CHCTEMBL . « « v v e v v e e e e e e e e e e e e e

IF'nasa 2. DIeMeHTHI XPOHOJIOTUYIECKOTO MCUYUCTIEHUS . . . . . . .
2.1. Touku, nudpdeomopdu3Mbl U BEKTOPHBIE HOJA .+ « o « « o « o o .
2.2. Ilonysopmst u C°°(M)-TOMONOTAS . . . . o . oo v oot oot .
2.3. CemeiicTBa PYHKIMOHAJIOB M OIEPATOPOB « « « « « + o v v v v v v &

2.4. XpoHOJIOTHYECKAA IKCIOHEHTA . . . . « « o o o o o v et v o oot
2.4.1. OuddepeHupanbable ypaBHEHHs € Pa3pBIBHON MNpaBoii
gacteio  (37). 2.4.2. OnpejesieHne TPaBO#  XPOHOJIOIMYECKOi
skcroHeHTH! (38). 2.4.3. Pasnoxenune B dopmanbHblii psy (38).
2.4.4. OneHku u cxoguMocTh psija (39). 2.4.5. JleBast XxpoHOJIOTH-
geckas dkcnonenta (42). 2.4.6. Exuncreennocts musa GyHKIHO-
HAJbHBIX W OLEPAaTOpHbIX ypasHenmii (43). 2.4.7. ApronomHuble
BekTOpHBIE moJis (44).

2.5. HeiicrBue muddeomopdu3MoB HA BEKTOPHBIE MOJS . . . . . . . .
2.6. KomMmyTupoBanme mojeit . . . . . ...
2.7. @opMysia BAPHALAR « . « « o o v v v v v e e e e e e e e e e e
2.8. ITpousBoaHasi MOTOKA IO MAPAMETPY « « « « « o « v v v o v e o v v e

I'masa 3. JIMHEMHBIE CHCTEMBI . . . . . « « v v v vt e e e e et

3.1. ®opmyna Komm i1 IMHERHBIX CUCTEM . . . . . . o o v o o o o . .

3.2. YupaB/IsseMOCTD JIMHEHHBIX CHCTEM . . . . . . « « « « « « o o o o . .

I'nasa 4. JIuHeapuzanuss HeJIMHENHBIX CUCTEM II0 COCTOSIHUIO .
4.1. JIokajbHAas JIMHEAPUIYEMOCTD « + « « v o v o v o e v v e e e e e v v

4.2. TnobasbHas THHEAPUIYEMOCTD . . . « o« o o v o oo oo o
I'nasa 5 Teopema 06 opOuTe M €€ MPUJIOKEHUST . . . . . . . . . .
5.1. ®opmMyIUPOBKA TEOPEMBI 00 OPOUTE . . . . . « o o v v v v v v v o

5.2. ITorpy>k€HHbIE IIOJAMHOTOOOPABHS « « « v v v v o v v v v e v e e v v
5.3. CirencTBus TEOPEMBI 00 OPOMTE . . . . « « « v v v v v vt e oo et

13
13
16
18
22

30
30
34
35
37

45
49
50
52

55
55
57

60
60
63

69
69
70
72



4 Ozaasaerue
5.4. Toka3aTeabCTBO TEOPEMBI 00 OPOUTE . . . . . « . . . o o v oo .. 73
5.5. AHAIUTHIECKUH CIIydail . . . . . .« o vt v 7
5.6. Teopema @POGEHUYCA - . . .« o v v v v vt e et e e e 79
5.7. DKBUBAJIEHTHOCTD yIIPABJIAEMBIX CHCTEM IIO COCTOAHUIO . . . . . 81

I'masa 6. Bpammenue TBepagoro Tejga . . . . . . . ... .. ...... 86
6.1. IIpocTPaHCTBO COCTOSTHHM . . . « o v v v v v v it e e e e e 86
6.2. YPDABHEHUS DMITEPA - - « « « ¢« o v v v e et e e e e e e e e 89
6.3. @a3OBBII MOPTPET . - =« © v o v v v et e ettt e e e e e e 92
6.4. YupapiisieMO€e TBEPIOE TEJIO: OPOUTBL .+ « « « v v v v v v v v o v v s 94

6.4.1. Op6ursr 3-mepHOit cucremst (95). 6.4.2. Opbursr 6-MepHOi
cucremsr (97).

I'maBa 7. Yopasiienne KOHOUIYPALMSIMHA . . . . . . . . . . . . . .. 100
T1.MOEIIB . . o v o e e e e e e e 100
7.2. JIB€ CBODOMHBIE TOTKHM . . . « « o v w o v e e e e e e e e et e e e 103
7.3. Tpu CBOBOIHBIE TOUKH . . . - o o v et vi i it e et e e e 104
TA JIOMAHAT .« v v v v v v e e e e e e e e e e e e 107

I'mapa 8 MHo>XecTBa JOCTUXKUMOCTH . . . . . . . « o o o o oo . . 110
8.1. MHOXxkecTBa IOCTUKHUMOCTH CHCTEM IIOJIHOTO PAHTA . . . . . . . . 110
8.2. CoBMeCcTHMbIE BEKTOPHBIE TOJIST U PEJTAKCAIMAN . . . . « . . . . . . 113
8.3. YcroitumBocTsb 1o Ilyaccomy . . . . .. ... ..o oL 116
8.4. YupapJiisieMOe TBEPJO€e TeJIO: MHOXKECTBA JOCTUKUMOCTH . . . . . 118

IF'nasa 9. 9KBUBAJIEHTHOCTb yNPABJISEMBIX CHUCTEM II0 COCTOSI-

HUIO M OOPATHOM CBSI3BHL . . . . . . . .. . ... ... 120
9.1. DKBUBAJIEHTHOCTD IO OOPATHOM CBS3M . . . . . « « « « « o « o o . . 120
9.2. JIMHEHHBIE CHCTEMBI . . . « « « « v v vt v e e et e e e e e e e 121
9.2.1. JluHeliHBle CHCTEMBI CO CKaJsIPHBIM ympasieHuem (122).
9.2.2. JluHeliHBle CHCTEMBl C BEKTODHBIM yIpaBieHueMm (124).
9.3. JIuHeapu3yeMoCTh MO COCTOSTHUIO U OOpPATHO CBSI3W . . . . . . . 129

I'masa 10. 3amaya OoOTUMAJIBHOIO yOPABIEHUS . . . . . . . . . . . 135
10.1. ITOCTAHOBKA 3a[IAYM « « « v v« v v e v v e e v e et e e e 135
10.2. Penykuust K MCCI€IOBAHUIO MHOXKECTB JOCTUXKHAMOCTH . . . . . 136
10.3. KoMITakTHOCTh MHOXKECTB JAOCTUKHUMOCTH . . « . . « o « « o . . . 138
10.4. 3amaga OBICTPOMERCTBIS .« « .« o v v v v e e e e e e e e e e e e e 141
10.5. PestakKCall| . . v v v v v v v e e e e e e e e e e e e e 141

IF'nasa 11. uddepennuasibapie POPMbI U CUMILIEKTUYIECKAST
TEOMETPHMSL . . . . . . vttt ettt et e e e e e 143
11.1. Juddepenmuanpabie 1-popMbr . . . . o . o o oL 143

11.1.1. Jluneituste ¢opmer (143). 11.1.2. KoxkacarenbHoe pac-
cnoenme (143). 11.1.3. Tuddepennmansasie 1-dopmbr (144).
11.2. Inddepenmuanpabie k-DOPMBL . . . .« o o v o e 145



Oznasaerue 5
11.2.1. Buemmnune k-dopmsr (145). 11.2.2. Tuddepennuanpabie
k-dbopmmr (147).
11.3. Baemnuit gudPepeHmarr . . . . v v v v e e e e e e e 149
11.4. Ilpoussonnas JIu muddepennuanbabix Gopm . . . . . . . . .. 151
11.5. DyleMeHTHI CUMIIJIEKTUYECKOW TE€OMETPHM . . . . . o . « o o . . 154
11.5.1. ®opma Jluysmwins u cummsiekTudeckas dopma (154).
11.5.2. T'aMuiIbTOHOBBI BeKTOpHBIe mons (156). 11.5.3. Jlarpas-
JKEBBI MOANPOCTPaHCcTBa (162).
I'nasa 12. Ilpuanun makcumyma Ilonrpsarusa . . . . . . ... .. 164
12.1. l'eomeTpuyeckasi TOCTAHOBKA U OOCYZK/I€HWE MPUHIINIA MAKCH-
MYM « o v v e e e e e e e e e e e e e e e e 164
12.2. /lokazaTenbCcTBO mpuHnuna mMmakcumyma lloaTparusa . . . . . . 168
12.3. T'eomerpuueckas popmynuposka [IMII gisa 3amagun co cBobon-
HBIM BPEMEHEM . . . . « « « v v voe vt et et e e e 173
12.4. TIMII gyist 33129 ONTHMAJIBHOIO YIPABIEHAS . . . . . . « . . . . 175
12.5. IIMII gy 3ama4 ¢ oOIUMY I'PAHUYHBIMU YCJAOBUAMU . . . . . . 178
I'irasa 13. IlpumMmepsl 3aga4 ONTUMAJIBHOIO yIIPABJIEHUT . . . . . 185
13.1. Ckopeiimas OCTAHOBKA IOE3Ja HA CTAHIUM . . . « « « o o o o o« 185
13.2. YupaBjieHHE JIMHEHHBIM OCHUIIATOPOM . . . . .« .« o o o o v o . . 188
13.3. Haubosiee 3KOHOMHAsA OCTAHOBKA TOE3MA . . - . « « « « o o o o . . 191
13.4. YupasJjieHne JUHEHHBIM OCIUIJIITOPOM C KPUTEPUEM KadeCTBa 193
13.5. Mammna Jdybuuca . . . . . . .. ... Lo Lo 194
I'masa 14. T'aMHUIBTOHOBBI CHCTEMBI C BBINYKJIBIMH T'aMUJIbTO-
HUAHAMYM . . . . . oot oottt et e e e e e e e e e e 200
I'nasa 15. JIuuneiinasa 3agaga ObicTpomeiicTBust . . . . . . . . . .. 203
15.1. IIoCTAHOBKA BAMAYUM . . « - « « o v v v vt e e e e e e e 203
15.2. TeoMeTpUsT MHOTOTPAHHUKOB . . - « « « « ¢ « « o v v e e oo e oot 204
15.3. Teopema 0 pesleiHOM YHPABIEHHH . . . « « « « « + o o oo o o o @ 204
15.4. EquHCTBEHHOCTD ONTUMAJILHBIX yIIpaBJieHuil u sKkcrpemaseii . . 206
15.5. IlepekJ/ito4eHusi ONTUMAJIBHOIO YIIPABIEHHUA « « « o « « v o o o+ « 209
IF'nasa 16. JIuneiiHo-KBagpaTUYHAA 330292 . . . . . . . . . . . . . 215
16.1. TTOCTAHOBKA 3aMIAYUM . . . - « « o v v vttt e et e e e e 215
16.2. CymiecTBOBaHNE ONTUMAJIBHOTO YIPABICHUST . . . . . . . . . . . 215
16.3. DKCTPEMAIIH  « « « « ¢ v v e vt e e et e e e e e e 219
16.4. COIPSIZKEHHBIE TOUKI . « o o v v e e v e e e e e e e e et e e e et 221
I'masa 17. JlocTaTo4YHbIE yCJIOBUSl ONTHUMAJIbHOCTU, yPaBHEHUE
TFamunprona—fkobu m aOuHaAMHYeEcKOe IIporpaMMupoBaHue 227
17.1. JocraTo4dHble yCJIOBUS ONTUMAJIBHOCTH . . - . . . . . . o . . . . 227

17.1.1. Vurerpanbueii uasapuant (227). 17.1.2. 3azxaga ¢ 3a-
KpemieHHbIM Bpemenem (229). 17.1.3. 3amaua co CBOGOTHBIM
BpemeHeM (232).



6 Oznrasaenue

17.2. Ypasuenne l'amunprona—dkobu . . . . . . . . ... ... ... 234
17.3. luHaMU4eCKOe MPOrPAMMUPOBAHME . . . . . « « « « o o o v o o o . 235

I'nasa 18. 'aMUIBTOHOBBI CUCTEMBI JJIs TEOMETPUYIECKUX 329
ONTUMAJIBHOTO YOPABIEHMA . . . . . . . o o o o v vt ot o 238

18.1. T'aMUIBTOHOBBI CHCTEMBI HA TPUBUAIN30BAHHOM KOKACATEIHLHOM
PACCIHOEHHTHI . . . .« v v v v vttt e e e e e e e e e e e e 238
18.1.1. Morusauus (238). 18.1.2. Tpusnanusanus T*M (239).
18.1.3. Cummiekrudeckass dpopma Ha E x M (240). 18.1.4. Ta-
muibTOHOBA cucrema Ha E X M (241).

18.2. IMpymmbr JIm . . . . . o o o e e e e e 245
18.2.1. Ilpumepsr rpynn Jlu (246). 18.2.2. Teopema Jlm ngis
smueiiabpx rpynn Jlm (247). 18.2.3. AGcrpakTHBIE TPyNIIBI
JTu (249).

18.3. 'aMmubTOHOBBI cUCTEeMBI HA rpymmax Jlm . . . . . . .. ... .. 250
18.3.1. TpuBnanusanus KOKACATEJIbHOTO PACCIOEHUS TIPYIIIBLI
JIu (250). 18.3.2. TammibroHOBa cucrema Ha M™ X M (250).
18.3.3. Kommakrasre rpynmnet Jlu (252).

I'nasa 19. IIpumeps! 3a/1a4 ONTUMAJIBHOI'O YIIPABJI€HUS HA KOM-

makTHRIX rpynmax JIm . . . . .. .. ... ... oL 254
19.1. PUMaHOBA 3aJQTA .« - = « o 4 v v e e e e e e e e e e e e 254
19.2. CyOpHMAHOBA BaJATA « « + v v v v v v v e e e e e e 256
19.3. YupaBjieHre KBAHTOBBIMA CUCTEMAME . . . « « « .« + o o o o o o & 260

19.3.1. Uckmouenne cuoca (262). 19.3.2. Ilogbem 3amad Ha
rpynnst JIu (264). 19.3.3. Yupasagemocts (267). 19.3.4. Dkcr-
pemanu (267). 19.3.5. YcuoBust TpancBepcanbHOCTH (267).
19.3.6. OurumasibHBIE reofe3UUecKre HaBepxy u BHu3y (269).

19.4. Bagaua Geictponeiicreust Ha SO(3) . . .. .. ... oL 272
I'nmasa 20. YciaoBus onruMajibHOCTH BTOPOrO HOPSAAKA . . . . . . 279
20.1.Teccmal . . . . . . oL e e 279
20.2. JlokajbHAasE OTKPBITOCTD OTOOPAXKEHUMA . . « « « « . .« o o o o o o . 282

20.2.1. Kpurmueckmne touku kopanra ozus (282). 20.2.2. Kpwu-
THYECKHE TOYKHU IIPOU3BOJILHOrO KopaHra (285).

20.3. IuddepenniupoBanne 0TOOPAXKEHUS B KOHEIT . . . . . . . . . . . 289
20.4. HeoOXomuMBble yCIOBUSI ONTHUMAIBHOCTH . . . . . . . « . . . . . . 293
20.4.1. Ycnosume Jlexxannpa (293). 20.4.2. Perynsapusie skcrpe-

masum (295). 20.4.3. Ocobbre sxcrpemasu (297). 20.4.4. Heobxo-
pumbre ycnosus (302).

20.5. TIPpHITOKEHAS . . . .« « v v v e e e e e 303

20.5.1. Anopmanbable cybpumanHoBel reogesudeckue (303).
20.5.2. JlokasbHasi yHpaB/iseMOCTb OuinHeiiHbix cucrem (305).

20.6. CucTeMBI CO CKAJISIPHBIM YIPABIECHUEM . . . « « « « « o o o o o o . 306
IF'nasa 21. YpaBHenme Akobu . . . . . .. ... ... ... ....... 316
21.1. PerynapHsiil ciydail: BBIBOJ ypaBHeHHusT Skobm. . . . . . . . . . 317

21.2. Ocobprii ciry4aii: BeIBOZ, ypaBHeHus SIkobm . . . . . . . . . . .. 321



Qzrasarerue 7

21.3. HeobxomuMble yCIOBUS ONTHMAIBHOCTH . . - . . . . . . . . . . . 325
21.4. Perynsapusiii ciiydaii: mpeobpa3oBanne ypaBHeHus: Slkobu . . . 326
21.5. JloctaTo4YHbl€ YCIAOBUSA ONTUMAJBHOCTH .« « o « « v o o o o o o v & 329
TFmasa 22. Peaykumss . . . . . . . .. ... ..t 338
22.1. PemyKITHA . . . .« o oo e e e e e 338
22.2. YOpaBji€HUE TBEPIABIM TEIOM . . . . ¢« « « e« v v et oo e ot 341
22.3. YOpaBieHUe YIJIOBOM CKOPOCTBIO . . . « .« o o o v v v v v v v o 342
I'masa 23. KpuBu3Ha . . . . . . ... ... ... ... ... ... 345
23.1. KpuBu3HA ABYMEDHBIX CHCTEM . . . . = o « o« e v vw e oo e oo 345

23.1.1. Ilompuxubiil penep (346). 23.1.2. Ypasrernue fxobu B
nozxsukHOM pernepe (350).

23.2. KpuBusna rpexmepHbix adPUHHBIX 110 YIPABJIEHUIO CUCTEM . . 355
IF'nasa 24. KadeHHMe TeJI . . . . . . . . . . v v v v v v v v v 359
24.1. T'eOMETPHYECKAT MOTEITD . . « .« v o v v o o e e e e e e e e oo 359
24.2. JlpymepHasi PUMAHOBA TE€OMETPHS . . « « « « « « « + o v v o o o ot 361

24.2.1. Pumanossl reopesundeckue (361). 24.2.2. Ceasnocrs Jle-
Bu—usura (362).

24.3. JlonyCTHMBIE CKOPOCTH . . « « « v v v v o o e e e e e e e oo 364
24.4. VIHPABIAEMOCTD  « « « v v o v v o e v v e e e e e e e 365
24.5. 3aga9a MUHUMM3AMUA JJIHHBL . . . o o o v v v v ovoe e e e e e oo s 368

24.5.1. TlocranoBka 3amaum (368). 24.5.2. IlpuHnun Max-
cumyMma  (369). 24.5.3. AnopMasnbHble 9KcTpeMann  (369).
24.5.4. HopmasbHble skcTpeMan (371).

TIpHMUIOZKEHHE . . . . v v o o e e e e e e e e e e e e e 373
1. Tomomopdusmsr u onepatoper B C° (M) . . . . .. .. ... .. 373
2. OcTaTO4HbBIN YIeH XPOHOJOTHIECKON SKCIIOHEHTBI . .« « « « « « 4 4 & 375
CIHHCOK JIHTEPATYDPBL - - « « ¢« v vttt e e e e e e e e e e e e e 379
CurCOK OBOBHAUEHUM « « . . v v v v vt i e e it e e e e e 388

IIpeAMEeTHBIR YKA3ATEIID . . . . . . v v v vov v v oo oo e e e 389



Kax-nubydv ynpasumcs . . .

ITPEJIVICJIOBUE

Ilepen BamMmu — y4eOHMK O MaTeMaTHYIECKON TEOPHUU YIIPABJICHUS,
IIPE/ICTABIEHHON C TEOMETPUIECKON TOYKY 3peHns. B 0CHOBY KHATH Jieryin
KYPCHI JIEKIINii, MPOYNTaHHbIe cTapmuM n3 coaBTopoB B 2000-2001 rr. B
Mex ayHapogHO# mKosle BhICIINX uccaenoBanuii B . Tpuect (Mranus).
[IpenBapurenpHble 3HAHWS, HEOOXOIUMBIE IJIs YTE€HUS KHUIU, CBONATCS
K CTaHJAPTHBIM KypCaM MAaTE€MaTHIECKOrO aHAJIN3a, JIMHEHHOU areOpbl
1 OOBIKHOBEHHBIX A epeHnnaabHbIX yPaBHEHUH, a TaKXkKe K HEKOTO-
PBIM HAYAJbHBIM CBEIEHUSM U3 T€OPHUH (PYyHKIUN 1efCTBUTEILHOTO IIepe-
MEHHOTO 1 (PYHKIMOHAJBHOIO aHA/IN3A; He TPeOyeTCs MpeaBapUTEIbLHOIO
3HAKOMCTBa HU C T€OpUell yIupaBjeHus, Ha ¢ nuddepeHnuajapbHOi reoMeT-
pueii.

O 4gem ke sra KHUra? JlerepMUHUPOBaHHBIN MUD KJIACCUYECKOU u-
3UKU ONHUCHIBAETCH I[VIAJKAMH JUHAMHYECKHME CHUCTeMaMmu. Dynymiee B
TAKOIl CHCTEME IIOJTHOCTHIO OIPEIEIeHO HAYAJIbHBIMHU YCIOBHUSIMU; OoJiee
TOro, OJU3KOe OymyIee MEHSIeTCS TJIAIKO, €CJIU IJIAIKO MEHSTHh HAYAJIb-
Hele ycioBus. OcTaBiss MecTo s CBOGOXHONW Boam (He Juisl CiIyda,
a WMEHHO st CBOOOZHOI BOIM) B 3TOH MpadHOBATONW KapTWHE IOJIHOM
[IPEJIONPEIEJIEHHOCTH, MbI [IOJIy9aeM yIpaB/sgemMyio cucremy. Mbl mpocTo
pa3pemaeM MEHATH HEKOTOPBIE IIaPAMETPhI CHUCTEMbBL: MEHATH B H3BECT-
HBIX IpeJesax, HO B jioboe Bpemsi, Korga B3maymaercsa. CobcTBeHHO, 3TO
TO, 9YTO MBI HOCTOSHHO IPOJEJIBIBAEM CO CBOWM TE€JIOM, aBTOMOOMIAMH,
JIeTaTeJbHBIMY alIapaTaMy, TEXHOJOTMIECKAMHU TIPOIECcaMu U T. 1. Mbr
YipaBJjgdeM BCEMU ITUMU JUHAMUYICCKUMU CI/ICTeMa,MI/I!

Tmagkve muHAMUYECKHE CHCTEMBI ONMUCHIBAIOTCH AuddepeHnnaabHbI-
MH ypPaBHEHHSMH. B 9TOH KHHIe MBI HMEEM J€JI0 TOJHKO C KOHEIHO-
MEpPHBIMIA CHCTEMAaMMU: OHU OIMUCHLIBAIOTCA OOBIKHOBEHHBIME TuddepeH-
OUAJbHBIMA YPABHEHUSIMU HA KOHEYHOMEDPHBIX IVIQIKAX MHOT00DDA3UsIX.
Ynpasasemas cucmema — 3TO CeMeNACTBO OOBIKHOBEHHBIX muddepeHIu-
abHbIX ypaBHeHuil. CeMefCTBO napaMeTrpu30BaHO YNPaSAAOULUMY NGPA-
mempamu. Bce ypaBHeHnst JaHHOrO cemeiiCTBa OIIPE/IEJIEHbI HA OJHOM U
TOM 7K€ MHOroo0pasun, KOTOPO€e HA3bIBAETCH NPOCMPAHCTNEOM COCNOAHUT
cucrembl. Pa3pemaercs BeIOMpaTh JIFOOBIE OCTYIHBIE 3HAYEHUS YIIPAB-
JIAIOMUX apaMeTpoB (T.e. o0y JUHAMUYECKYI CUCTEMY U3 CceMeiicT-
Ba), & TaKXKe MEHATh 9TU 3HAUEHUS B IPOM3BOJIbHBIN MOMEHT BpeMe-
au. Takum 06pa3om, BeIOpaHHBIE MapaMETPhI, BOOOIE TOBOPs, 3aBUCAT
OT BpPEMEHHU. DTa 3aBUCHUMOCTb HA3BIBAETCH YNPABACHUEM WA GYyHKYued
YNPABAEHUA.

Bribpas ympaBiieHne, Mbl IPEBPAIAEM YIPABJISEMYIO CUCTEMY B HEAB-
ToHOMHOE AuddepeHnraIbHOe ypaBHEHNE. PelreHne Takoro ypaBHEHUsT
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O/THO3HAYHO OIPEJeJIIeTCs HAYaIbHBIMA YCJIOBASMA U HA3BIBAETCS 0ONY-
cmumotli Mmpaekmopueti Cucmemol, OTBEYAIOMEN TAHHOMY YIPABJIEHHIO.
Takum obpaszom, JomycTUMasi TPAEKTOPHUS — JTO HEKOTOpas KpHUBas B
IIPOCTPAaHCTBE COCTOSIHUIA. Ha‘{a,.]'[beIe ycaoBud — 3TO Ha4YaJIbHAdA TOYKA
KpI/IBOI';I, Ha3bIBa€Mad TaK2K€ HAa4YaJIbHBIM COCTOAHHUEM. Pa,3HI)IM yupasJie-
HHASM OTBEYAIOT, BOOOIE TOBOPs, PA3HbIE JOMYyCTUMBIE TPAEKTOPUU, HA-
YUHAIOIIECS B OHOM M TOil 2Ke To4uke. Bce 9Tu TpaekTopun 3amosiHSOT
MHOHCECTNEO OCTNUHCUMOCTIVU.

OpHa ©3 IJIaBHBIX 3339 TEOPUHU yOPABJIEHWS — 3aJada yIIpaBJise-
MOCTHU — COCTOUT B PAaCIIO3HABaHUN COCTOE{HI/II‘/’I7 JOCTHU2KUMBIX U3 JaHHOI'O
HAYaJIHLHOTO. Bripouem, Kak mpaBmiio, 9TOr0 HEJIOCTATOYHO. BhISCHUB, 10
KaKUX COCTOSHHM MOXKHO JI00pAThCs, MBI IIBITAEMCH HANTH HAMIY AN
nyTh. IlyTn MOXHO CpaBHHBATH IO BPEMEHU II€PEXONA, JJIMHE OIMYCTH-
MO TPAEKTOPHUH, 3ATPAYEHHOM SHEPTUH UJIU 3HAYEHUIO KAKOT'0-TO JIPYTOro
dysrnmonasa. Hammydmmm cauTaercd myTh, JOCTABJSIONIN MUHUMYM
3apanee BbiOpaHHOMY dyHKImoOHAJ Y. [lomck Takmx myTeit cocraBisieT
mpeaMeT 337a9d ONTHMAJIBLHOIO yupapienus. JlBe BaxkHble 3amadm —
YIPAaBIAEMOCTH U ONTHMAJIBHOIO yIPABJIEHHUS — CJIy?KAT HAM MadKaMH
HAa MPOTs’)KEHNN BCEU KHUTH.

IIpu gem 3mecy reomerpus? IlpaBas 9acTh 0OBIKHOBEHHOTO mude-
PEHITNAJIHLHOTO YPABHEHUS €CTh BEKTODHOE TI0JI€, & COOTBETCTBYIONIAS JIH-
HaMMn4eCKad CucremMa — IOTOK, HOpO}KﬂeHHbII';I 9TUM BEKTOPDHbBIM IIOJIEM.
Takum 06pazom, ympasiasgemMas CHCTEMa — ITO CEMENCTBO BEKTOPHBIX I10-
seit. laTepecyromue HAC CBOMCTBA CUCTEM COXPAHSAIOTCS IIPH IJIAIKUX 3a-
MeHaX [ePEMEHHBIX B IPOCTPAHCTBe cocTosiamit. Kpome Toro, momyckaercs
OOIMMPHBINA KJIaCC TPeoOpa30BaHmil, MepernapaMeTpU3yImX CeMeRCTBO
moJieil; OHU Ha3BIBAIOTCS MPeoOpa30BaHUAME OOpPATHOW CBA3W B TE€OpUH
yIpaBJjeHUS U KaJUOPOBOYIHBIMU TPEOOPA30OBAHUSIMYI B T€OMETPHUN U MaTe-
maTtugeckoi ¢pusuke. Hammame Bcex 3Tux mpeobpa3oBaHUil €CTh BHEIITHEE
dopMasbHOE OCHOBAaHUE Il [IPAMEHEHUsI I'€OMETPHUIECKAX METOIOB U
6€CKOOPAMHATHOTO T€OMETPUIECKOTO S3BIKA B TEOPHUU YIIPABJICHIUS.

Nwmeercst m Gosee Tiybokoe ocHOBaHue. Kak yKe 0TMEYAIOCH, JUHAMU-
YJecKasl CHCTeMa — 3TO MOTOK (T. €. OJJHONapaMeTpHdecKas Ipymia Ipeod-
Pa3oBaHMit TPOCTPAHCTBA COCTOHHHI'/’I), TIOPO2K/IEHHBINT BEKTOPHBIM II0JIEM.
Jonycrtumas TpaeKTOpus, OTBEYAONIAs TIOCTOSHHOMY YIIPAaBJIEHAIO, €CTh
TPAEKTOPHUsI COOTBETCTBYIOIIETO MOTOKA. 1 PaeKTOpPHs, OTBEYAOMAa Ky-
COYHO TOCTOSHHOMY YIIPABJIEHUIO, CTPOUTCS IPU MOMOINY CYIEPIO3UIIAN
TMOAXOISAIINX JIEMEHTOB MOTOKOB, COOTBETCTBYIOIINX 3HAYEHUSIM (DYyHK-
muu yupasieHus. [[poun3BosbHOE yOopaB/ieHrEe MOYKHO CKOJIb YTOIHO XO-
poio npubu3uTh KyCO4HO nocTosiHHbIMU. CJie10BaTeIbHO, JI0IyCTUMbIE
TPAEKTOPUU U MHOXKECTBA JOCTHKIMOCTH TeCHeHmnM 00pa30M CBA3aHbBI
C Ipymnmnoi mpeobpa3oBaHUi, TOPOXKICHHON TUHAMAIECKAME CACTEMAMH,
73 KOTOPBIX COCTOWUT M3ydaeMas yIpasisgeMas. B cBOO oguepens rpymmb
npeo0pa30BaHmii — ITO CEPIIE FeOMETPUMN.

Kakoe ke MeCcTO mpegHA3HAYEHO S3BIKY, METOZAM U oOpa3aMm Teopuu
yIpaBjieHus B reoMerpun u, 6oJjiee o0OIIMM 00pPa3oM, B M3y9YEHUU OCHOB-
HBIX CTPYKTYpP OKpyzKaromero Hac mupa?! Hrobbl HOHATH 3TO, MOJIE3HO
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PaccMOTpPeTh MHOXKECTBA JOIIYCTUMBIX CKOPOCTE! — IMEePBOHAYAJIbHBIN Ha~
WBHBII CIOCOO OMUCAHWST MHOXKECTB JOCTHXKHUMOCTHA «B OECKOHEYHO Ma-
JioM». MHOXKeCTBO JOIMYCTUMBIX CKOPOCTEH B 3aJaHHOW TOYKE COCTOUT
U3 CKOPOCTeH BCeX JONYCTHMBIX TPAaeKTOPHWH, IPOXONAIINX dYepe3 3Ty
TOYKY. KaK IpaBuJIO, Y MHTEPECHBIX yIPABJ/JIAE€MbIX CUCTEM PAa3MEPHOCTH
MHOXKECTB JOCTHKMMOCTH HAMHOI'O OOJIbIIIE, 9eM PA3MEPHOCTH MHOXKECTB
JOMyCTUMBIX CKopocreii. Hampumep, Tunwanas mapa BEKTOPHBIX IMOJIE
HAa N-MEPHOM MHOT000DAa3Uu MOPOXKIAET N-MEPHBbIE MHOXKECTBA JTOCTUKI-
MOCTH IIPY CKOJIb YTOXHO OosibrioM 1. VIHBIME cI0BaMu, OTpaHUYEHUS Ha
CKOPOCTH, BOODIIE IOBOPsI, HE BJIEKYT OIDAHUYEHUN HA COCTOsiHUS. Takoro
POJa OrPaHUYEHUS HA CKOPOCTH OOBIMHO HA3BIBAIOT HEMOJOHOMHBIMU. Teo-
pUs yIpaBileHUs — 9TO JUCHUIIAHA, 3aHAMAIOIIAICH CHCTEMATHIECKAM
U3ydYeHNeM BO3MOXKHBIX THUIIOB IMOBEIEHUS [P HETOJIOHOMHBIX OTDaHUYe-
HUSIX U, B 9aCTHOCTH, UCCJIEJOBAHUEM BAPUAIMOHHBIX 3329 C HETOJIOHOM-
HBIMH OTDAHIYEHUSIMHE, PEMTEHNS KOTOPBIX MOYXKHO HHTEPIPETHPOBATH KaK
«OIITUMAJIBHOE IIOBE€IECHUE».

I'maBa 1 KHUTT HOCHT BBOZHBII XapaKTep: Mbl HAIIOMUHAEM, ITO TAKOE
I Kue MHOrooOpasus u OOBIKHOBeHHBbIE quddepeHnmraIbHbe ypaBHEe-
HUS HA [VIAJKAX MHOTOOODPa3usX, MOCJIE Yero OIPEeesieM YIPaBJIseMble
CHCTEMBI.

InaBa 2 mocssmmera GOpMaJIbHOMY HUCYUCIEHUIO, CHJIFHO 0O0JIerdaro-
meMy paboTy ¢ HeJTMHEHHBIMY YIIPABISEMbIMA CHCTEMAMU.

B rsaBe 3 BBOAMTCH HPOCTON M YPE3BBIYAUHO PACIPOCTPAHEHHBIN B
MIPIIOKEHUAX KJIACC IMHEHHBIX CUCTEM, a B riaBe 4 3 (PEeKTUBHO ONMMCAHBI
CHCTEMBI, KOTOPbIE MOXKHO IPEBPATUTH B JIMHEHHBIE IJIQIKAMU Ipeobpa-
30BaHUASIMU TPOCTPAHCTBA COCTOSHUMN.

InaBer 57 mocBsmenb! GyHIaMEHTAJIbHON Teopeme 006 opbure Hara-
o u Cyccmana u ee npujiokeHusiM. leopema 00 opOuUTEe yTBEDPKIAET,
qro j0basg opbuTa IPYNIBI, IIOPOXKIEHHOI CeMeWCTBOM IIOTOKOB, €CThb
morpyzkeHHoe moamMuaoroobpasme. Ilpm sTom cama rpymma MoXxKeT OBITH
COBEPIITEHHO HEOOO3PUMOI.

InaBa 8 comepxkutr 001me HaKTHI 0 CTPYKTYPe MHOMKECTB JOCTHKIU-
MOCTH, HaUWHAas C MPOCTOTO YCJIOBHS, TaPAHTUPYIOMIEr0 WX MOJHOMED-
HOCTb.

B rnase 9 BBOggTCH mpeobpa3zoBaHus OOPATHON CBA3W, JAaHA KJIACCH-
duKaIys JUHEHHBIX CHCTEM 0 OTHOIIEHHWIO K STHM IPEOOPA30BAHUIM,
a Takxke 3h(EKTUBHO ONUCAHBI CUCTEMBI, KOTOPbIE MOYXKHO MIPEBPATUTH
B JINHENHBIE, €CJIM HAPAAy C [IQJAKAMU 3aMEHAMU MEPEMEHHBIX B MPOCT-
PaHCTBE COCTOsIHMI UCII0JIb30BaTh IPE0dPa30BaHust 00OPATHON CBA3M.

OCTaJIbHa,H JaCTh KHHUI'M B OCHOBHOM IIOCBANI€HA OITHUMAJIBHOMY
YIIPABJIEHUIO.

B rmaBe 10 MBI cTaBUM 337129y ONTHMAJIBLHOTO YIPABJIEHU, A€M €e
reOMeTPUIECKYI0 HHTEPIIPETAINIO U 00CY2K/1aeM BOIIPOC O CYIIIECTBOBAHIN
peleHus.

T'naBa 11 comepkuT HaYaJIbHbIE CBeJIeHUs O JquddepeHnra bHbIX Pop-
MaX U 'aMAJIbTOHOBbBIX CUCTE€MaX, HeO6XOﬂHMI:Ie A1 KBaJ[I/I(i)I/II_[I/IpOBa,HHO-
0 UCCIeN0BAaHUS 33439 ONTUMAJIBLHOIO YIIPABJIEHUS.
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I'maBa 12 mocssmmeHa reoMeTpudecKkoil 6€CKOOpAWHATHON (HDOPMYJIH-
POBKE U JI€TAJILHOMY [I0KA3aTe/IbCTBY NpUHIOWNIA MakcumyMma [loHTpsru-
Ha — KJIIOYEBOTO PE3YJIbTATa TE€OPUU ONTUMAJIHHOTO YIPABJIECHUS.

Timaer 13-16 comepkaT MHOTOYUC/IEHHBIE MPUJIOXKEHUS TPUHIIAIA
MaKCUMYyMa, BKJ/IIO9ad OJHO .TIIO6OHI)ITHO€ CBOMCTBO IaMUJIbTOHOBBIX CHC-
TEM C BBIILYKJIBIMA FAMIJIBTOHHAHAME U TOCTATOYHO I[IOJIHbIE TEOPUU JIU-
HEWHBIX 33734 OBICTPOAENCTBUS U PEryJIdpPHBIX JIMHEHHO-KBAAPATHIHBIX
33739 C KOHEYHBIM TOPH30HTOM.

B rmaBe 17 obcyxmaeTcs TaMUJIBTOHOBA BEPCUSl TEOPHUH TOJEN SKC-
TpeMaJieil, XOPOIIO MPUCIIOCOOIEHHAS IS TPUJIOKEHUHN K 33a/[a9aM OIITH-
MaJIbHOTO YIPABJIEHUS, U BBOAUTCH ypaBHeHue l'amuibrona—AKoOm.

I'naser 18 u 19 mocBsIIeHBI METOLY IIOJBH2KHBIX PEIEPOB U 331a9aM
Ha rpynnax Jlu. Oupenerenune n HEOOXOAMMBIE CBEIEHUS O Tpymmax Jlm
TIPUBEJIEHBI B IIaBe 18; BCe OHU JIETKO BBIBOIATCH U3 PE3YJIBTATOB O Ce-
MeficTBaX BEKTOPHBIX TOJIE, TOJTYIEHHBIX B IPEIBIIYINNX TJIaBaX.

B rmaBax 20 u 21 moapo6HO mM3ydaeTcss BTOpas BapHalnus B 33/3a9aX
OLTUMAJIBHOIO YIIPABJIEHUS U BBIBOJATCHA HEOOXOAUMBIE U JOCTATOIHBIE
yCJIOBHS ONTHMAJIbHOCTHA BTOPOrO HOPSAIKA KaK JJIs PErYISAPHBIX, TAK U
1S 0CODBIX SKCTpEMAJIeit.

B xopoTkoit ryiaBe 22 onmcaHa MoJIe3HAS MPOIEAYPa PEIYKIIUN, YCTa-
HaBJINBAIOIIAs CBA3b MEXKIY OCOOBIMU M PEryJISIPHBIMU IKCTPEMAJISIMHU.

B rnase 23 BBOgUTCA M BBIMACIAETCS (B IPOCTEHINX MAJIOMEPHBIX CH-
Tyanusax) KPUBH3HA 33390 ONTUMAJIBHOTO YIPABJIEHUS: 3aMeIaTeIbHBIN
WHBAPHUAHT, 0000IMAIONUi TayCCOBY KPUBU3HY IOBEPXHOCTH.

Haxkomner, B rimaBe 24 06cyXqaeTcs ypaBieHue KJIACCUIeCKON HEr0JI0-
HOMHOM CHCTEMOM: OJTHO TeJIO KATUTCH 10 APYTroMy 0e3 MpOCKaIb3bIBAHUIMA
¥ TPpOKpy4YnBaHmii. B mo0aBjeHe OTHECEHBI NOKA3aTEICTBA HEKOTOPBIX
pe3yabTaToB, COOPMYJIUPOBAHHBIX B TJIaBE 2.

TakoBo, KpaTKO, cofep:Kanne KHUIU. B KaKI0i rj1aBe Mbl CTapaeMCs
OCTaBaTHCs HA yPOBHE ydIeOHHKA, T.€. IPUBOJUATH TOJIBKO IIEPBBIE [10-
CTATOYHO HPOCTHIE PE3YJILTATHI U HEKOTOPBIE MPUJIOXKEHUs. 1e€MbI MO9YTH
KaXKJI0# TJIaBBI y2Ke TMOJIYYUIN CEPhe3HOe PA3BUTHE, U TOMY, KTO JKeJIaeT
U3yYUTh peaMeT riIy0OrKe, MPUIETCS MOCIEe O3HAKOMIJIEHUs C Halllell KHU-
roum O6paTHTbCH K 2XKyPHaJIbHBIM CTATbAM.

Tleomerpuyeckas Teopusi ynpasiieHuss — BECbMa MHOTOI'DAHHBIN IIPe/I-
MeT, U MHOTWE€ BajKHble TE€Mbl B JAHHOH KHUTE [aKe He YIOMSHYTHI.
Hampumep, Mbr HEe paccMaTpumBaeM BaXKHYIO 33/1a9y CTAOMIN3ANUU [IPU
nomoIny 00PaTHO CBS3M U He KacaeMCsl OOIMUPHOM T€OPUN YIPABJISIEMBIX
CHCTEM «C BBIXOJIOM», BKJIIOUatomel GpyHIaMeHTAIbHbIE TOHATAS HADJIIIO-
gaemoctu u peajusanuu. CBeleHUsi 110 9TUM U JAPYIUM TEMaM MOXKHO
HallTH B KHUTAX 10 TEOPHUH YIIPABJIEHNS, IPUBEIEHHBIX B CIIUCKE JIXTEPa-

TYPBHL.

Mspr xoTuM mobsarogapuTh Hamwmx yaureneir Pesasza Banepumanosmda
lamkpemuaze u Anekces Penoposudya PuanNIoOBa 3a MIEAPO IEPEIAHHOE
HaM IMOHMMaHUE MaTEMATUKU W TEOPUN YIIPABJIEHNS, a TAKZKe 33 MOCTOSH-
HYIO TOIOIEPXKKY TIpu paboTe Hall KHUTOM.
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Msr BbIpakaeM 0JIaroIapHOCTDH 3a IIOAJIEPKKY ITOrO IIPOEKTA CO
CTOPOHBI MeKAyHapOAHON KO/ BeICIuX uccienoBanuii (r. Tpuecr,
Uranus), Maremarndeckoro nuacturyTta uM. B.A. Crekiosa (r. Mocksa),
a Takxke UacTmTyra mporpammabsix cucrem PAH (. Ilepecnasan-3a-
JIeCCKUit).

Mg GiraromapHbl y49acTHHKAM CeMHHApa II0 I€OMETPHYECKOH Teo-
pun yupapjieHus B MeKIyHApOIHOH IIKOJe BBICIINX HCCIEIOBAHUN B
r. Tpuect, ocobenno Yiuccy Ceppy, Uropio 3emenko u Cepxuo Poxpu-
recy, 3a IleHHBbIe 3aMedaHNud, I03BOJIUBIINE YJIyININTh U3JI0KEeHHeE.

Hakonern, Mmbr HEe cMOryI ObI HAIUCATH Ty KHATY 0€3 Teria u 3a00ThI
Hamux keH Upunst u Enensr.

Mocxksa —IlepecnaBnb-3anecckuit — Tpuecr A.A. Azpaues,
OxTa6ps 2003 . F0.JI. Cauxos



I'masal

BEKTOPHBIE IIOJIA N VIIPABJIAEMBIE
CUCTEMBI HA TVIAAKNX MHOI'OOBPA3NAX

1.1. I'magkue mHOroo6Gpasus

OTor maparpad MOCBAIIEH KPATKOMY 0030py MPOCTEHIAX TMOHATHH,
CBA3aHHBIX C IVIQJKHUMHU MHOI‘OO6pa,3I/IHMI/I. ﬂﬂﬂ nx CuCreMaTu4eCKoro n3dy-
YeHUs YATATEb MOXKET 00paTUThCS K BBOJIHOHN riiaBe JIIOO0TO ydeOHWKA
[0 aHAJIU3y HA MHOroobpasmsx, Hanpumep [148].

B nasnpreiimem mop riaakocTbo (MHOroo6pasusi, 0TOOpayKeHusl, BEK-
TOPHOTO IOJI U T.J.) MBI HoApasyMeBaeM C *°-TJIaIKOCTb.

Onpenenenne 1.1. IlonmuoxkectBo M C R™ HaspiBaeTca z.aad-
Kum k-meprvim nodmmozoobpasuem R™, k < n, ecam mjia 060t TOUKH
x € M cymectByer okpectHOCTh O, B R™, B KOTOpOi#t M 3amaeTcs ogHIM
U3 CJIEIYIOMUX CI0COO0B:

1) cymecTByeT raamkas BeKTOP-QyHKIHS
F: 0, - R"F rankﬂ =n—k

d.’.v T
TaKas, 9TO

O, M = F~(0);
2) cymecTByer riaakas BeKTOP-QyHKIUS
f: Vo= R"

U3 oKpectHOCTH Hadama kKoopauuar 0 € Vy C RF rakas, aro
af
0)==x rank —| =k
7(0) ==, 4| =k,

npudeM
0, MM = f(Vo)
u f: Vo = O N M — romeomopduswm;
3) cymecTByer riaaKas BeKTOp-GYyHKIUS
®: 0O, 509 CR"?
Ha OKpecTHOCTb Havasna koopauuar 0 € Oy C R™ Takas, 9ro
d®

rank —| =n
dz |z ’

mpuaeM

®(0,NM) =RFNOy.

Yupaxuenue 1.1. Jlokaxure, 910 cnocobel 1)-3) 0KaIbHOTO
OTUCaHUe TJIaJKUX TIOJIMHOr000pas3uii B3aNMHO 9KBUBAJIEHTHBI.

Bameuanud. (1) CymecTByoT ABa TOMOJOTTIECKU PA3IMIHBIX OJI-
HOMePHBIX MHOT006pasus: mpamad R! u oxpyxuocts S'. Chepa S? u Top
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T? = S' x S! — apymepnble MHOrOOGpasus. Top MOKHO HmpeaCTAaBIATD
Kak cdepy c pyukoit. JIr060oe KOMOAKTHOE OPHEHTHPYEMOE IBYMEDHOE
MHOro00pa3ue TOIMOJIOTMYeCKH KBUBAJEHTHO cdepe ¢ p pydkamu, p =
=0,1,2,...

(2) T'magxne MHOrooGpa3smsi €CTECTBEHHO BOZHMKAKT B IPOCTEHIIMX
3ajauax amasms3a. Hampmmep, okpyxmocts S' m Top T? — obmactu
OIIpe/ie/IeHUs] COOTBETCTBEHHO MEPUOAUIECKUX U JBAXK Il TEPUOTTIECKUAX
dbyuaknmit. OgHOpOoaHBIE DYHKIMK TPEX MEPEMEHHBIX eCTECTBEHHO Orpa-
HIIEBaTH HA cdepy SZ.

Wrak, rimagkoe moaMHOroobpasue ecTh moAMHOXKeCTBO B R™, KOTOpOE
JIOKAJIbHO MOKeT OBITh 33JaHO PEryJIsIPHOM CHCTEMOM IVIAAKUX yPABHEHUMA
UJIH peryJadpHO# IVIagKoI mapaMeTpHU3aluei.

HecmoTps Ha TO, 9TO MHTYUTHBHO BA’KHO MPEACTABJISTH MHOrOOOpa-
3us KaK [OJMHOXKECTBA €BKJINI0BA IPOCTPAHCTBA, YaCTO YIA00HO paccMar-
pHUBaTh MHOT0OOpa3us HE3ABACHMO OT KAKOrO ObI TO HHU OBLIO BJIOXKEHUS
B R". A6crpakTHOE MHOr0OGpa3me OMpeesdeTcs CJAeAYIONIM 00pa3oM.

Onpenenenne 1.2. Inadkum k-meprvim muozoobpasuem M mHa-
3bIBAETCHA XayCHopPGOBO MAPAKOMIAKTHOE TOIOJOTHIECKOE IPOCTPAHCTBO
C 3aIAHHOI Ha HEeM IVIQJIKON CTPpyKTypoil: M MOKPBITO CHCTEMOII OTKPbI-
THIX IOAMHOYKECTB

M =Uo,,

Ha3bIBAEMBIX KOOPOUHAMHBLMY OKPECTVHOCTMAMUY, B KaXKJIOM M3 KOTOPHIX
ompezeseH ToMeoMopdu3M

Bo: Oy — R,
HA3bIBAEMBIH A0KAADHOT CUCTEMOT KOOPOUHAM, TAK 9TO BCE KOMIO3UIUN
Pgodt: ®,(0,N0g) CRY — &5(0,MNOs) CRE
cyTb auddeomopdusmsr (puc. 1.1).

\ B0 ]
s

M

Rk

Puc. 1.1. Cucrema koopauHaT Ha yIAZKOM MHOroobpasmu M
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Kaxk mpaBujio, Mbr 6ymemM 0003HAYATh TOYKY IVIAAKOIO MHOr000pas3wust
qepe3 ¢, a ee KOOPJAWHATHOE TIPEICTABJIEHUE B JIOKAJIBHON CHCTEME KOOD-
JWHAT — 4Yepe3 &:

qgEM, ®,: 0, —RF, z=2>0(q)cR".

Inagkoe mogmHOrO0Opasue B R™ ymoBieTBOpSET OMpeIeeHuI0 abCT-
pakTHOro MHOroobpasmsa. Ob6paTHo, JI000€ CBA3HOE IJIaJKOe abCTpPaKT-
HOE MHOT000pa3ne MOXKHO PACCMATPUBATH KaK TJIAJKOE TIOAMHOT000pa3ne
B R”. Jljis Toro 9T0681 ChOPMYIUPOBATH TOYHO STO YTBEPK/ICHHE, JAIIM
B OIIPEIE/ICHNS.

Ounpenenenune 1.3. [lycte M u N — coorBercTBeHHO k- 1 [-Mep-
HBIE TJIaJKue MHOTooOpa3us. HenpepriBaoe oToOparkeHnue

ft M—N

Ha3bIBAETCH 24a0KUM, €CIIM OHO IVIAJIKO B KOOpAMHATAX. A MMEHHO, IIyCTh
M=UO,uN = LﬂJVg — mokpeiTud M u N KOOpAWHATHBIMU OKPECT-
(o7

HOCTAMHU U
d,: O, — RF, Vg: Vg =R

— COOTBETCTBYIOIINE KOOPAWHATHBIE 0TOOpaxkenwus. Torma Jist Ty1aIKoC-
i f BCE KOMIIO3UIHI

Vgofod t: ®,(0,NFHVs)) CRY = Ug(f(0n)NV3) CR

JOJI2KHBI OBITH IJIAIKHMH.

Oupegenenune 1.4. Tuiagkoe muoroobpasue M nasbiBaercs dudg-
dpeomopdrvim raaakomy MHOroobpasuw N, eciiud CyIecTByeT rOMeoMOp-
duszm

ft M—N

TaKoii, 9TO KaK f, TaK ¥ ero obpamenue f ! — riaaxKme oTOOparKeHH.
Takoe orobpaxkenne f Ha3bIBaeTCA AuPPHeomopPhusmom.

MamuozxecTBo Beex muddeomopdusmos f: M — M raaakoro MHOrooo-
pasus M 6ymem obozuagars Diff M.

Inankoe orobpaxkenue f: M — N Ha3bIBaeTCH 6409CEHUEM MHOTO00-
pasuss M B N, ecnu orobpazenue Ha o6pa3 f: M — f(M) ects muddeo-
mopdusm. Orobpaxenne f: M — N Ha3biBaeTcs cOOCMEEHHDBIM, €CJIH
npoo6pas f !(K) xommakren s moboro kommakta K @ N (obozHaue-
e K € N o3nagaer, 9T0 K €CTh KOMIIAKTHOE ITOJMHOXKECTBO MHOXKECT-
Ba N).

Teopewma 1.1 (Yuran). Jhoboe zaadkoe cesasznoe k-meproe mnozo-
obpasue umeem cobcmeenmoe eaooicenue 6 R+,

Nrak, MOKHO CKa3aTh, 9TO IJI3/IKO€ MHOI000pa3nue — 3TO IPOCTPAHCT-
BO, BBITVISIAINEE JIOKAJBHO KAK JIMHEHHOE, HO 663 (PUKCHPOBAHHO JIMHEH-
HOI CTPYKTYPBHBI, TaK 4YTO BCE IJIJIKA€ CHCTEMbl KOODAUHAT PAaBHONIPABHBI.
NmMmeHHO $3bIK MHOTO0Opa3mii, a He JUHENHBIX TPOCTPAHCTB, SABJISETCS
€CTeCTBEHHBIM A3BIKOM COBPEMEHHOI'O HeJIMHEWHOTO aHAJIN3a.
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1.2. BekTOpHBIE NOJISI HA IVIAAKUX MHOT000pa3max

KacarejibHOE TPOCTPAHCTBO TJVIAJKOr0 MHOIrO0Opa3usi B TOYKE — 3ITO
JmHeiHOe pUOJIMKEeHre MHOr000Pa3usi B OKPECTHOCTHU ITOM TOUKMH.

Ounpenenenune 1.5. Ilycrb M — rinagkoe k-mMepHOE IIOAMHOT006-
pasue B R® u € M — ero touka. Kacameavnom npocmpancmeom Kk M
B TOYKE T HA3BIBAETCH k-MEPHOE JIMHEHHOE MOAIPOCTPAHCTBO

T,M C R",

KoTOpOe B ciydaax 1)-3) ompenemenus 1.1 3amaerca ciaemyromum obpa-
30M:

dF
1) TzM = KeI‘ E w,
i
_(d® -1 k
3) TM = (52 w) R*.

Sameganne KacareabHoe IPOCTPAHCTBO HE 3aBUCHUT OT KOODIU-
HAT, TaK KaK TJIaJKUe 3aMEeHbl MEPEMEHHBIX MOPOXKIAI0T JIMHEHHBIE Tpe-
00pa30BaHMsT KAaCATEJIHFHOTO MPOCTPAHCTBA.

KacarejibHOE MPOCTPAHCTBO abDCTPAKTHOIO MHOIrOOOpa3usi B TOYKE
OIIpeIe/IAeTCs KaK MHOXKECTBO BEKTOPOB CKOPOCTH BCEX IVIAJKUX KPUBBIX
Ha MHOro0oOpa3nuu, BBIXOAMAINNX U3 9TON TOYKH.

Ounpegenenune 1.6. Ilycrs y(-) — rmanxas Kpusas Ha MHOI00G-
pasuu M, BBIXOOSIAS U3 TOUYKU q € M:

v: (—e,e) = M — rmagxoe orobpaxenne, ~(0) = q.

KaCClme./L’bH’b&M GEKIMOPOM
dvy .
e —4(0
atl,_, =700

KpuBoii y(-) B TOUKe ¢ HA3BIBAETCS KJIACC IKBUBAJIEHTHOCTH BCEX TUIAIKIX
KPUBBIX B M, BRIXOAAIAX U3 ¢ M UMEIONIAX TaKoil ke MHorowIeH Teiimopa
nopsizka 1, kak 7(+), B m060ii crucTeMe KOOPJUHAT B OKPECTHOCTH TOYKH
(pmc. 1.2).

Ounpemenenne 1.7. KacameavHvim npocmpaHcmeom TIaIKOTO
MHOroo6pasuss M B Touke ¢ € M Ha3BIBAETCS MHOXKECTBO BCEX KACATEIb-

Puc. 1.2. KacarenbHbiii BEKTOP Puc. 1.3. Kacaresnpnoe npocrpaucrso TqM
¥(0)
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HBIX BEKTODPOB BCEX IVIAJIKUX KPUBBIX B M, BBIXOAANINX U3 ¢
d
T,M = {d—z ‘ v: (—€,€) = M ranapkas, v(0) = q}
t=0

(puc. 1.3).

Yupaxuenune 1.2. [lycte M — riagkoe k-mepaoe MaHOroo6pasue
u g € M. Ilokaxxure, 9T0 KacaTenbHOe IPOCTpaHcTBO 1y M mmeeT ecTecT-
BEHHYIO CTPYKTYPY k-MEPHOTO Jin-

HEHHOTO IPOCTPAHCTBA.
Oupenenenne 1.8. I[aao- —
KUM BEKTMOPHHLIM TOAEM HA TIIAJI-
KOM MHOroobpasuu M Ha3bIBaeTCs V(~(t))
rJIaJKoe 0TOOpaXKeHme
geM—V(q) € T,M, 0 >
v
COIIOCTABIISIONIEE JIF000H TOUKe q € /

€ M xacarensnblii BekTop V(q) B

9TOlt TOUKe. —
Msbr Oymem o0003HaUaTH MHO-

2KeCTBO BCEX IVIQJKNX BEKTOPHbIX

mosjeil Ha I[VIAIKOM MHOroobpa- Puc. 1.4. Pemenue OY ¢ = V(q)
3un M gepe3 Vec M.

Onpenenenne 1.9. [madkoti dunamuyeckoti cucmemoti mam 06bik-
nosennvim Juddepernyuanvrom ypasueruem (OY) Ha rIamKOM MHOTO-
obpasuu M Ha3BIBAETCS ypaBHEHUE BHJA

dq

% = V(q)a q € Ma
WJIK, 9TO TO XK€ CaMoe,

¢=V(a), geM,

rne V(g) — rmankoe BekTopHOe moste Ha M. Pewenuem TOH cHCTEMBI
HA3BIBAETCS IVIaJIKOe 0TODparkeHne

y: I =M
naTepBaJia I C R B MHOr0o0Opasue M Takoe, 9TO
dy _
i V(y(t) Vtel
(cm. puc. 1.4).

Onpememenune 1.10. Ilycts ®: M — N — riankoe oTobpazkeHue
Mexy raakumu MHoroobpasusimu M u N. Jupdepenyuarom ® B Tou-
Ke ¢ € M nazbiBaeTcs auHellHOE 0TOOpaXKeHMe

Dy®: T,M — Ty(y)N,

KOTOPOE OTPEE/IAeTC CAeLYIOmUM 00pa3om:

dy >_i
Dq(b(dt =0/ dt

2(v(¢))

t=0

2 A.A. Arpaues, }0.JI. Cauxkos
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Puc. 1.5. Juddepennnan Dy P orobparkenus P

JJIst JIEI00OI TitaaKoil Kpusoit B M, BeIXOsAIEH U3 ¢,
Vi (&) CR= M,  1(0)=g¢
(puc. 1.5).

W3yunm neiicTBue I1aaKux 0ToOpakeHWit Ha BEeKTOpPHbIE moJid. IlycTs
V € Vec M — BekTopHOe noJte Ha M, 1 mycTh

¢="V(q) (1.1)

eCThb COOTBeTCTBYyIoIee muddepeHnuaaibHoe ypaBHeHHEe., UTOObI HANTH
ob6pa3 BekTopHOro nous V(q) mox meficrBuem muddeomopduzma

®: M — N, D: gz =9(q),

Bo3bMeM pemenue ¢(t) ypasaenns (1.1)
yZOBIETBOpsET 06pa3 pemenus x(t) = @

#(t) = L (q(t) = (Dy®) d(t) =
= (Dy®) V(g(t)) = (Da-1(»)®) V(@ (2(1))).
Wrak, nckoMoe ypaBHEHIE UMEET BHT,
i = (Dg-1()®) V(2 (). (1.2)

B mpasoit qacTu 3TOro ypaBHEHHS CTOUT BEKTOpPHOE moje Ha N, mopoxK-
nerHoe nuddeomoppuzmom P:

(2.V)(2) & (Dg-1()®) V(2 }()).

Cumson ®,, ucnonsdyercss Hapsny ¢ Dy® nias obosnauenus: quddepen-
muaJia orobpaxennss ® B Touke q.

HallileM ypaBHeHUe, KOTOPOMY

(a(1))’

3 awmedanue. Boobme rosops, riaakoe orobpazkenne Y nmopoxgaer
oTOOpaKkeHne KacaTeJIbHBIX BEKTOPOB, a HE BEKTOPHBIX mouieit. /[y Toro
qrober D® orobparkaj BEKTODHBIE IOJIS B BEKTOPHBIE MOJIsd, P mOKHO
6bITh MudHeomopdu3MoM.

1.3. OObIKHOBeHHbIE qu(hepeHINAIbHBIE yPaBHEHU S
U MOTOKU

Teopema 1.2. Paccmompum enadkoe Jduddepenyuarvroe ypas-

HEHUE .
q="V(q), ge M CR", (1.3)
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Ha 2aadkom mnozoobpasuu M 6 R™. Jlasa 410600 nawarvHol mouky qo €
€ M cywecmeyem eQUHCTNBERHOE DEWEHUE

Q(taQO)v te (aab)a a<0<ba
ypasnenua (1.3) ¢ HavasvoHLM 3HAYEHUEM
7(0,90) = o,

onpedeaernoe na docmamouno marom unmepsase (a,b). Omobpasicenue

(t,q0) — q(t, qo0)

2aadroe. B wacmmocmu, obaacmo onpedeaerusn (a,b) pewenus q(-,qo)
MOHCEM BVMD 6BIOPANA 2AA0K0 3AEUCAUWELTE O MOUKU o -

JdoxaszaTeunbcTBo. Mbl T0KazkeM 3Ty TeOpeMy, CBOAL €€ K KJac-
cudeckoMy aHasory B R™. YTBep:KIeHNE TE€OpEeMBI JIOKAJIbHO. BrImpaMum
noaMHaOroobpasue M B OKPeCTHOCTH TOYKH qq:

®: 04 CR* - Oy C R,
(0, N M) = RF,
Paccmorpum orpanntenne ¢ = ®|y. Kpusaa ¢(t) 8 M ectp pemennme

ypasrerus (1.3) Torma m Tonbko Torma, xorma ee obpas z(t) = ¢(q(t))
B RF — pemenme wHynupoBaHHON CHCTEMBI

i=9,V(x), z € RF;
TIO9TOMY YTBEpPXKJEHHE TeOPEMBI CJIeAyeT U3 aHAJOTHUIHON TeOPEeMBI JJIsd
muddepeHnnabHBIX YPABHEHUN B €BKJIMI0BOM IPOCTPAHCTBE. []

Teopewma 1.3. IIycmv M C R® — zanadrxoe nodmnozoobpasue, a cuc-
mema JuppepeHuuaroHur ypasrerut 6 R™

¢=V(g), qeR, (1.4)
ydosaemesopsem ycaoeuro
V(g) € TyM Ona scex ¢ € M.

Tozda dasn 060U Hawasvrol mouku qo € M coomeemcmeyrowee pe-
wenue q(t, qo) ypasrernua (1.4) ¢ navaronom yeaosuem q(0, o) = go npu-
nadaeorcum M Oas ecex docmamouno maavix |t|.

HokaszareunbcTBo. PaccmorpuM orpanndeHne BEKTOPHOIO IIOJIS
f=V|um.
Ilo Teopeme cymecTBoBanus miia M cucrema
i=1f(a), q€M,
nmeer pemenwe ¢(t, qo), rae ¢(0,q0) = go Takoe, uTo
q(t,q0) € M 1upu manbix |[t|. (1.5)

C mpyroii croponsl, kpusad ¢(t,qo) ectb pernenue ypasaenus (1.4) ¢ Tem
JKe HadaJbHbIM ycioBueM. [losTomy Brirogyenue (1.5) 3aBeprnaer qokasa-
TEJIbCTBO TeOpeMBbI. []

2%
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Onpexenenune 1.11. Bekropuoe mosme V € Vec M Ha3biBaeTcs
noAnbLIM, ecaa i 6ol Touku qg € M pemenue ¢(t,qo) 3amaun Komm

¢=V(g),  q(0,9)=q (1.6)

ompeaeseHo i Bcex t € R.

ITpumep 1.1. Bekroproe mose V(z) = z mosHo Ha Beeii mpsmoit R,
a Takxke Ha ee mopmuoxecTBaxX R\ {0}, (—00,0), (0,+00) u {0}, HO He
IIOJIHO HY HA KAKWX JAPYTHUX MOJAMHOroodpasusx npsamoii. Bekroproe moite
V(z) = z* He mOTHO HI HA KAKAX TIOMHOT006pa3usx mpamoii, kpome {0}.

HDpengnoxenune 1.1. ITycmov cywecmsyem maxoe € > 0, wmo das
moboeo qy € M pewenue q(t, qo) 3adawu Kowu (1.6) onpedeaero npu t €
€ (—¢,¢). Tozda sexmoproe nose V(q) noano.

BaMeudanue. B orom yrBepxaeHun Tpebyercs, 9To6BI CYIIECTBO-
BaJo € > 0, obImee 1 BceX HA9aIbHBIX TOYEK qo € M. Boobre roBopsi, €
MOXKET OBITh He OTHEeJEHO OT Hyjsd s Bcex qo € M. Hampumep, mus
sexropsoro mona W (z) =22 ¢ — 0 npu zp — oo.

JdoxkazaTenanbcTso. Illycts ycmoBue nmpeyioykeHns BBITIOJTHSIETCH.
Torma MOXKHO OIpENE/IUTh CIEAYIoNee CeMeicTBO oTobparkeHuit Ha M:

P': M — M, t € (—e,e),

P': qo ~ q(t, q0)-
Bmecy Pf(qg) — capur Toukm gy € M BIOAb TPaeKTOPHU BEKTOPHOTO
nong V(q) 3a spemsa t. [lo Teopeme 1.2 Bce orobpaxkenus P! rianxue.
Bonee Toro, {P!|t € (—¢,£)} ecTb rmagkoe ceMeHCTBO OTOOpParKEHHIA.

OueHb Ba)XXHOE CBONCTBO TOr0 CEMENCTBA COCTOUT B TOM, YTO OHO
obpa3yer OJHOIAPAMETPUIECKYIO IPYIIIY, T. €.

P'(P%(q)) = P*(P'(q)) = P""*(q), geM, ts,t+sée(—¢e).
HetictBurenpHo, 06e KpuBbie B M:
t PY(P%(q)) m tw P'"5(q)

YZOBIIETBOPSIOT ypaBHEHUIO ¢ = V() C OMHEM U TeM 2Ke HA9aJIbHBIM yCJI0-
suem PY(P%(q)) = P°4(q) = P*(q). B cuy enunctennoctu P!(P*(q)) =
= P'*%(q). Pasencrso jus P*(P%(q)) nosiydyaercs nepecTaHoBKOM t u s.
ITo3TOMy BBINOJIHEHBI CJIEIyIOMHUe JIOKAJbHBIE TPYIIOBBIE CBOHCTBA Ce-
meiicta Pt

Plo P® = P o Pt = ptts, t,s,t+s € (—¢,¢),

P’ =1d,
P topt=pPtopPt=1d, t € (—¢,¢),
Pt = (Pt)_l, t € (—¢,e).

B gacrrocTH:, Bce P! cyrh muddeomopdusMbL.
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Omnpenmennm cemeiictBo P! nns Bcex smagenmit ¢t € R. JIo6oe t € R
MOXKHO IPEJCTABUTEH B BHJIE

t=§K+T, 0< 1< K=0,+1,%2,...

g
57
ITosozxuMm

pt & propEe/2o o pEe/2 + =sgnt.

|K| pas

Torma xpuBas
tf—)Pt(qO), tER,

ectb perrerne 3aaaan Komm (1.6). O

Onpenenenne 1.12. Tusa nonroro sekropuoro nouasa V € Vec M
oTobparkeHue
t — Pt teR,

HA3BIBAETC NOMOKOM, TTIOPOKIEHHBIM TOJIeM V.

Sameganue. [lome3no npeacrapiasars BekTopHOe moje V € Vec M
KaK IIoJie CKOpocCTeii 2KuaKoCTH, apumxKymeiica mo M. Ilorox P! nepenocut

Puc. 1.6. ITorox P* Bekroproro mons V

3a Bpemsa t € R mrobyro wactwiy m3 mojioxkenus ¢ € M B moJioxe-
une P'(q) € M (puc. 1.6).

IIpocTeie moCTaTOYHBIE YCIOBUSA IIOJHOTHL BEKTOPHOIO IIOJIS MOXKHO
copMyIIpOBATH B TEPMUHAX KOMIIAKTHOCTH.

HIpemgnoxenune 1.2. Ilyemv K € M — xomnaxmnoe nodmmo-
otcecmeo, u nycmov V € Vec M. Tozda cywecmeyem cx > 0 maxoe, umo
das a0bozo qo € K pewenue q(t, qo) 3adauu Kowu (1.6) onpedeaero npu
ecex t € (—ek,eK).

Hoxkaszareunsbcrtso. ITo Teopeme 1.2 obacTh onpeneseHns perie-
uus ¢(t,qo) MoxkeT ObITH BHIOpAHA HENPEPLIBHO 3aBUCHINEH 0T qo. dua-
MeTp 00JIaCTH OIpPeIe/IeHNsI NMeeT MTOJIOKUTEIbHY0 HIKHIOI TPAHb 2€ i
I qo, TPUHAIeXKamux KoMmakty K. [
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Canenmcreue 1.1. Jwboe sexkmoproe noae V € Vec M na komnaxm-
HOM MH02006pa3uy M noano.

Canenmcreue 1.2. IIpednoaootcum, wmo eexmoproe noae V€ Vec M
UMEET, KOMNAKMHOIT HOCUMEAL, M. €.

suppV & {g € M|V (q) £ 0}

xomnaxmen. Toeda noae V. noawo.

HoxkaszareasbcTso. lelictBuresbHO, COTVIACHO MPEJIOKEHUO 1.2
cymiectByer € > () TaKOe, 9TO BCe TPAEKTOPHUHU HOJIA V, HAIHMHAIOIINECS B
supp V', oupenenensr mia t € (—¢,¢). Ho V|pn\guppv = 0, mosromy sce
TPAEKTOPHUH OJIg V, HAYMHAIOMECs BHE Supp V', HOCTOSHHBI, CJIeI0Ba-
TeJIbHO, ornpeeseHsl 1jisd Bcex t € R. B cumy npemyoxkenus 1.1, BekTopHOE
nojie V' moseo. [

Bameuganwme. Ecim mbl mATEpECyeMcs noBezeHmEM (TpaeKTOpPHIIL)
BeKTOpHOrO n1oJig V' € Vec M B KOMITaKTHOM IoaMHOKecTBe K € M, MOK-
HO CYATaTh, 9TO V 1moJHO. JlefiCTBUTEILHO, BO3bMEM OTKPBITYIO OKPECT-
HocTh O mommHOXKecTBa K ¢ KOMIAakTHBEIM 3aMblkaaueM Of. Haiinem
dyuaknuio a € C*° (M) Takyro, 9To0

_J1, qeK,
“(q)_{o, g€ M\ Ok.

Torpa Bexroproe none a(q)V(g) € Vec M nosno, Tak Kak OHO mMeeT
KOMOakTHBIH HOcuTenb. C apyroii ctopownsl, BekTopable moag a(q)V (q) n
V(q) copmamaroT B K, MO9TOMY OHM HMEIOT OJHW W T€ K€ TPAEKTODHH B
3TOM MOJIMHOKECTEE.

1.4. YupasJjisieMble CUCTEMBI

g nurammaeckux cucreM mx Oymaymee cocrosame ((t,qo), t > 0,
MOJIHOCTBIO OTIpefiesisieTcss HacToammuM cocrogameM qo = ¢(0, go). 3axon
npeobpaszosanus qo — q(t,qo) — 310 morok P!, nosromy nunamuka cuc-
TeMBI

i=V(g), qeM, (1.7)

OIpeesIsieTCs OHUM BeKTOPHBIM noseM V (q).
rD;JIH TOIrO t-ITO6I)I BJINATH Ha ,Z[I/IHa,MI/IKy, praBJIHT]) €10, BBEIEM Ce-
MEHCTBO JUHAMUYECKHX CHCTEM

q:Vu(Q)a qua UEUa (18)

r7ie CceMefiCTBO BEKTOpDHBIX moJieil V, mapaMeTpw30BaHO MapaMeTpoOM
u € U. Cucrema Buma (1.8) HaseBaeTca ynpasasemol cucmemod.
Ilepemennas v Ha3BIBAETCS YNPABAANOULUM NAPGMEMPOM, & MHOKECT-
Bo U — npocmparcmeom ynpasasiowus napamempos. Aupuopu HUKaKue
OrpaHMIeHUs Ha MHOXKecTBO U He HAKJIaBIBAIOTCI, 9TO IIPOU3BOJIHLHOE
MHOKECTBO, OHAKO OOBIYHO U 6y/eT MOAMHOXKECTBOM IJIAJIKOT'O MHOI'O-
obpasus. Ilepemennasi ¢ Ha3bIBAETCH COCMOAHUEM, a MHOTOOOpasue M —
nPoCMpPancmeom cocmosnull ynpasiaseMoit cucremst (1.8).
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B Teopun yupapjieHuss Mbl U3MEHSEM JUHAMUKY YIIPaBJISI€MOIl CHCTe-
Mbl (1.8) B j15060ff MOMEHT BpeMeHH, U3MeHss 3HAYEHUs YIPABJIECHAT U €
€ U. Ina moboro u € U coorBeTcTByMOIIEe BeKTOpHOE mojie V,, € Vec M
HOPOZKJIaeT MOTOK, KOTOPhIii 0603Hauaercs gepes Pr.

TI/IHI/I‘-IHa,H 3a1a49a Teopuu pra,BJ'IeHI/Iﬂ COCTOUT B HAXOXKXJIECHHUU MHO-
2KECTBa TOYEK, JOCTHXKHMMbBIX U3 HAdJa/IbHOW TO4YKu ¢o € M OGaaromaps
BBIOODY BCEBO3MOXKHBIX 3HA4YeHUN U € U U MEePEKJIIOYEHUI0 MEXK Y STUMHU
3HAYEHUFMU B Pa3HblE MOMEHTHI BpeMeHU ([Jjif AUHAMUYIECKOH CHCTe-
Mbl (1.7) Takoe MHOXKECTBO JOCTHKHUMOCTH €CTh IIPOCTO MOJIOKATEIbHAS
nosyrpaexropus ¢(t,qo) = P*(qo), t > 0).

Ilycts MBI BBIXOAWM W3 TOYKH g € M W IpUMeHSeM CJIeIyIOILyo
CTpaTeruio ynpasjenud s cucreMsl (1.8): cHagasia BBIOUpaeM HEKOTOPOe
3HAYEHUE YIPABJISIOMIEr0 mapaMeTpa u1 € U, a 3aTeM MepeKIdaeMcs Ha
apyroe 3nadenne us € U. Kakme Toukm B M OOCTHKHAMBI C ITOMOIIBHIO
Takoil crparerun? C HOMOIIBIO YIPABJSLIONIErO HapamMerpa %; MOXKHO
[IONACTh B TOYKH BHJIA

{Pit(qo)| t1 >0},

a BC€ MHOXKECTBO ILOCTI/I}KI/IMBIX TOYEK MMEET BUJ
to t1
{P,2 o P} (qo)| t1,t2 > 0},

T. €. 9TO KYCOK 2-MEPHOI IIOBEPXHOCTH:

ta

¢ P
1
PR

qo0

EcTecTBeHHO 3a7aTh ClIEAYIOMUI BOMPOC: KaKWEe TOYKH JOCTUKUAMBI
U3 o C IOMOIIBIO JIFOOBIX BO3MOXKHBIX CTPATEruil yrnpasJjeHus?

Mpb1 BEpHEMCsE K TOMY BOIIPOCY HUXKE, a Cefiuac PacCMOTPUM HPUMED
YIPaBIAEMON CHCTEMBI — YIPOIIEHHON MOJEIN aBTOMOOMIIS.

IIpumep 1.2. MBI cunTaeM, ITO COCTOSHIE MAIIWHBI OIIPEIEITETCS
HOJIOXKEHNeM ee TeHTpa MacC T = (z1,72) € R? m yriom opuenTanum
6 € S' oTHOCHTENBHO IIOJIOXKHMTETHLHOIO HAIIPABJICHHS OCH 1. 1losromy
NIPOCTPAHCTBO COCTOAHUN CHCTEMBI €CTh HETPUBUAJIHHOE 3-MEPHOE MHOIO-
obpa3ue — MOJIHOTOPHIt

M={qg=(z,0)|zcR? e S'}=R?*xS

Bynem nipeamosiarath, 9T0 BO3MOXKHBI JBUKEHUS ABYX BUJIOB: MOXKHO
eXaTh BIlepe U Ha3a[, C HEKOTOPOil MOCTOAHHON JIMHEMHOU CKOPOCTBIO U1 €
€ R, 1 M0XHO MOBOPAYNBATH MAIIUHY BOKPYT IIEHTPA MACC C MMOCTOSHHON
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YIJIOBO# CKOPOCTBHIO Uy € R. Bojiee Toro, 3Tm cmoco6bl ABHKEHMS MOXKHO
KOMOMHUPOBATh HEKOTOPBIM JIOIIYCTAMBIM 00Pa30M.

JumHaMugeckas cucTeMa, OMUCHIBAIOIIAS JBUKEHHE 10 MIPSIMOI CO CKO-
pocrbio u; € R, umeer Buj

1 = uy cosf,

Lo = w1 sin 6, (1.9)
0 =0.
Bpamenne ¢ yrioBoit cKOpocThio ue € R onmucbiBaeTcs cuctemMoit
z1 =0,
T2 =0, (1.10)
0= usg.

Yupasnsaromuii napamerp u = (uj,Us) MOXKET NPUHAMATH 3HAYCHUS B
HEKOTOPOM 3ajlanHOM noamuokecTBe U C R?. Banumem ypasuenus (1.9)
u (1.10) B BekTOpHO# opme:

q=u1Vi(q), q = u2Va(q),

rie
cos 0 0
Vi(g) = | sind |, Va(q) = |0 (1.11)
0 1

CyTb BeKTOpHBIE IIOJIg Ha MHOroobpasmm M. Torma Hama Momeah mMeeT
BHI ]
q = Vu(q) = u1Vi(q) + u2Va(q), geM, uel.
9Ty MOIeTh MOXKHO 3aIlICaTh B KOMILIEKCHOH (opme:
z =x1 +ix9 € C,

L 16
{%—ule ’ (u1,up) €U, (2,0) €Cx S*.
9:’&2,

BaMmeuanue. YopasisgeMmyio cucreMy (1.8) 9acTo 3ammCBIBAIOT B

JAPyrOM BUJIE: ]
q:f(qau)a qEM, ueU.

Mer npeqmounTaem obosnadenune V,(q), nomqaepkuBaromee, 9To npu Guk-
cupoBanaoM u € U V,, ecTb enuHBIil 00bEKT — BeKTOpHOE moJsie Ha M.
BepHeMCH K I/I3y‘{eHI/IIO MHO2K€CTBa TOY€K, JOCTUKUMBIX BJI0J/Ib TPACK-
TOpHil ynpasiasgeMoil CHCTEMBI U3 HAYAJIbHOI TOYKH.
Ounpemenmenune 1.13. Mnoowcecmeo docmuotcumocmu yrIpasiisie-
Moii cuctemsbl (1.8) ¢ KyCOYHO NMOCTOSTHHBIME YIPABJIEHHSIMH U3 TOYKH
qo € M 3a Bpewms t > 0 onpenensiercs: ciaeayomuM 00pa3oMm:

k
Ag, (t) = {PJ’;o...oPﬂ(qO) =0, ZTi:t, u; € U, kEN}.

i=1
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MHO0K€eCTBO JOCTHXKUMOCTH U3 (o
3a J1I060€e HEOTPUTIATEILHOE BPEMS IBH-
JKEHUS UMeeT BU/I

Ag = U A, 1)

>0
(puc. 1.7).

s IpOCTOTHL PACCMOTPHM CHAYa-
Jla, HaMMeHblllee HeTPUBUAJIBHOE IIPOCT-
PAaHCTBO yHpaBJIEHHUHN, COCTOAIEE U3
JBYX MHJIEKCOB:

U=1{1,2)

Puc. 1.7. Muo>xkecTBO J1OCTUKU-
(maxke »TOT MpOCTOH Cciydail MO3BOJIS- mocTr Ag,

€T YBUAETb XapaKTePHblE 0COOEHHOCTH

3amaun). Torma MHOXKECTBO MOCTHKHMOCTH 33 JIF000€ HEOTPHIATEHLHOE
BpeMs MOXKHO IIPEJCTaBUThL B CJIEAyIOIIEM BHJIE:

Ay ={P3* o P[* " o...0 Py? o P[*(qo)| 7, > 0, k € N}.

OTo BBIPAJKEHUE IIOJCKA3BIBAECT, YTO MHOMKECTBO JocTHzKHMocTH Ay
JOJI2KHO CyIIeCTBEHHO 3aBHCETh OT KOMMYTAIMOHHBIX CBOICTB IIOTOKOB
Pl u P;.

Cragaia paccMOTPUM TPUBUAJBLHBIA KOMMYTATUBHBIN Cirydaif, T.e.
HIPEJIIOJIO?KHAM, YTO IHOTOKHU I1€PEeCTaHOBOYHbI:

PloP;=PioP! VtseR

TOI‘,ZL& MHO2KE€CTBO JOCTHU2KHMOCTH MOZKET OBITH BBIYUCJIEHO TOYHO: TaK

Kak T, T, “+.. 4T
Pl oP/* ' o...0Py? 0 PJt = Prttm2 o plk-imim

TO HOJIy9aeM .
Ago = {P5 o P{(q)l t,s > 0}.

IlosToMy B KOMMYTaTHBHOM CJIydae MHOXKECTBO JOCTHKHMOCTH C IIO-
MOMIBIO ABYX yIPABJIAOIMIAX ITapaMeTPOB eCTh KYCOK JBYMEDHOH IOBepX-
HOCTH, OBITH MOXKET, C OCOOEHHOCTSMHU. JIerKo BUIETH, UTO €CIU KOJIH-
YeCTBO YIPABJLAONNX [APAMETPOB PAaBHO Kk > 2 M COOTBETCTBYIOLIUE
notoku PJ,..., Izk KOMMYTHPYIOT, TO MHOXKECTBO JOCTHRKUMOCTH Ag,
€CTh, BOOOIIE TOBOPA, KYCOK K-MEPHOTO MHOTr0ooOpa3ud, U, B 9aCTHOCTH,
dim Ay, < k. Ho sT0T KOMMYTaTUBHBIA Cily4ail ABIAETCH MCK/IIOYATEb
HBIM W IIOYTH HUKOIJ]A HE BCTPEYAETCS B PEAIbHBIX yIPABIISEMbBIX CHUC-
TeMax.

IIpumep 1.3. B mocTpoeHHOIT BBINIe MOAEIN MAIIWHBI JUHAMUIKA
yIpaBJIeHUs OLpee/isaeTcsd AByMs BeKTOpHbIMU nojamu (1.11) Ha Tpex-
MEPHOM MHOro0obpasun

M =R2 x Sj.

Od4eBUAHO, YTO MBI MOXKEM TIEPEBECTH MAIUHY U3 JTII000# HAYaJIbHON KOH-
durypamuu g € M B 100y KOHEeUHYI KOHMUrypamuw ¢ € M, nome-
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b1

T

a1 Q1

Puc. 1.8. HaganpHas u koHEY- Puc. 1.9. TlepeBon mammss u3 gp B g1
Hasg KOHMUrypanuu MallMHbI

PEMEHHO COBepIIasl MOCTYIATe/IbHbIE JBIKEHNS U BpalleHns (C IMOCTOSH-
HOl1 cKopocTbio); puc. 1.8, 1.9.

ITosTomy mr0bast ToOYKa TpexMepHOro MHOTooOpaszus M HocThRKHMA
u3 JiI000f APyroil TOYKW C MOMOINBIO ABYX BEKTOPHBIX moseir Vi, Va.
OT0 BO3MOXKHO 6arofaps HEKOMMYTATUBHOCTH STUX T0Jel (T.e. ux 1mo-
TOKOB).

Kak M0kHO onpeiesinTs KOMMY TAIMOHHBIE CBOICTBA aPhl BEKTOPHBIX
nosieit Vi, Vo € Vec M, me maxong sBHO ux notoku P}, P T e. He uHTer-
pupysa muddepennuanbabie ypasaenud ¢ = Vi(q), ¢ = Va(q)?

Ecsm noroku P}, P xoMMyTUpyIOT, TO KpuBas

v(s,t) = P "o Ps o P{(q) = P5(q), t,s€R, (112)

He 3aBHCHUT OT t. ECTeCTBEHHO MPEAIOJI0KUATH, YTO 3a KOMMYTAIHOH-
Hble CBOWMCTBa IIOTOKOB BEKTOpPHBIX moseit Vi, Vo B Touke ¢ orBedaer
HEKOTOPBIH WIEH MaJIOro MOPSAKa TEHTOPOBCKOrO PAa3JIOXKEHHUS OTOOpa-
skerns (1.12) opu t = s = 0. OueBHHO, YTO HNPOU3BOAHBIE IEPBBIX IIO-
PSIKOB

0y 0y
-— =0 — =V
Ot |s=t=0 ’ 058 |s=t=0 Q(Q)
311eCh OECIIOIe3HBI TaK K€, KAK M YUCThIE MPOU3BOIHBIE BTOPOIO HOPSIIKA
8%y 0%y 0
2 =0, 5 = | Va(Pi(q))-
ot? s—t0 0s2 s—t—0 05ls=0

Vckomoit mpom3BOMHON [T02KHA, OBITH CMEITaHHAA BTOPAsd MPOU3BOIHASI
0%y
Ot 0s

S

=t=0

Oka3zbIBaeTCst, 9TO 9Ta MPOU3BOJHAS 33Ja€T HEKOTOPBIN KaCATEIbHBIN
BekTop K M. O HazweBaerca ckobkolti Jlu BekTOpHBIX moseir Vi, Vo B
Touke q u obosHadaercs [Vi, V2](q):

det 0? _ R
Vi, Val(a) € 55 P[0 P§ o Pl(q) € T,M. (1.13)
t=s=0
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Bexkroproe mose [Vi, V| € Vec M onpeenser KOMMYTAIMOHHBIE COOT-
HomreHus mojieit V; u Vo, ero 9acTo Ha3bIBAIOT KOMMYMAMOPOM BEKTOP-
HBIX Togeit Vi, Va.

OddexruBnas dopmysia Jjisi BbYKMCIEeHUs CKOOKU JIu BEKTOPHBIX
noJieif B JIOKAJbHBIX KOODJMHATAX JAETCHA B CJEAYIONIEM IIPEJIIOKEHUN.

IHIpemnoxenune 1.3. Ilycmv Vi, Vo — eexmopnvie noas na R™.
Tozda JV qV
27 _4n

Vi Val(e) = 22 i)~ DA va(a). (114)

JloKazaTe/bCTBO TIPEIOCTABIIAETCS YATATENIO KAK YIIPAaXKHEHHE.
Cko60ky JIu BekTopHBIX nojeit V7, Vo MOXKHO OIpeneInThb IIo- TOM
b) b)
paccMaTpuBas KPUBYIO

~(t) = Pz_toPl_toPQton(q)
(puc. 1.10).

Yupaxuenune 1.3. Ilokaxu-
Te, 9YTO B JIOKAJbHBIX KOODJMHATAX

(1) = 2 + [V, Va](2)8 + o(t?),
t— 0,

T.e. [V, Va](z) — BekTOp CkOpoCcTH
Cl-xpusoit y(v/t). B wuacrhocTw,

orciona ciexyer, uro |Vi, Va|(z) Vi, Va](q)
€CThb JEeNCTBUTEJIbHO KacCaTeJIbHBIN
BeKTOp K M: Puc. 1.10. Cxobka JIu BeKTOPHBIX

nouaeit Vi, Vo
Vi, Va](z) € T M. ’

B cnexyromieit rimaBe Mbl mocTpouM 3 HEKTUBHOE aIredbpanIecKoe mc-
4quC/IeHne JJIs BBIIOJHEHUS MOAOOHBIX BBIYHC/EHUN 0€3 MCIOb30BAHUS
KOODJWHAT.

B koMmMmyTaTmBHOM Ciydae MHOXKECTBO JOCTHKAMOCTH CHCTEMBI W3
aByx mojreit Vi, Vo He 3aBHCUT OT KOJMYECTBA MEPEK/IIOYEHUI CTpaTe-
IUM yIOpaBjeHus. B obmeM HEKOMMYTAaTHBHOM CjIydae KapTHHA WHAS:
deM OOJIbIIE KOJMYECTBO MEPEKJIIOYEHMA, TeM OOJIbIlleé TOYEK TOCTH-
KHMO.

IIycts MBI MOXKEM JBUTATHCA BJIOJb BEKTOPHBIX moseit £V m +V5.
Torma maUHETE3UMATBHO MOIyCTUMO JBUKEHAE B HOBOM HAIIPABJIEHUH
+[V1, V»], xoropoe, BooOIIe rOBOps, JIUHEHHO HE 3ABUCUT OT HCXOMHBIX
Hanpasseruit £ Vi, £V,. Ucnonp3yd Ty 2Ke CTpaTeruio MepeKII0IeHns 11
noseit £V4 u £[V;, V3], Ml qobasisiem eme ofHO MHDUHUTE3NMAIBLHOE
Hanpasienne nasmxkenust +[Vi, [V, Va]]. Amranormaso MOXKHO mOTyYnTH
+[Va, [V1, V3]]. TloBTOpsias 3Ty mpomemypy ¢ HOBBIMH BEKTODHBIME IOJIS-
MH, [IOJyIE€HHBIMH HA IPEIbIAYINMAX IIarax, MOXKHO IIOJYyYUTh CKOOKY
JIn CKOJIb yrogHO BBICOKOTO TIOPAIKA B KadeCTBe MH(MOUHUTE3UMAJIBHO-
0 HAIMPABJIEHUS JIBUKEHUS [JIsi JTOCTATOYHO OOJIBIIOIO YHCJIA MEPEKITIO-
qeHU.
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IIpumep 1.4. Berancaum ckobky JIu BeKTOpHBIX moJieit

cos 0 1
‘/:l(q): 5189 ’ ‘/2((1): 2 ) q= w62 ERz‘l,zz X’Salv

BOSHUKAIOIUX B Mozenu Mamuubl. HamomuuM, 9To mose Vi mopoxiaer
JBUXKEHHEe BIeEpel, a Hoje V, — MDOBOPOT MAIIMHBI IPOTHB YacOBON
CTpeJIKH.

Cornacro (1.14) nomygaem

Vi, Val(g) = 2 Vala) = 2t Vala) =

0 0 -—sin® 0 sin 0
=—10 0 cosf 0] = —cos@ ).
0 0 0 1 0

Bexkroproe mose [Vi, V| mopoxkaaer nBukeHne MalIVHBLL B HAIPABJICHNH,
MEPIIEHIUKY/ISIPHOM €€ OPUEHTAINU. JTO TUOUIHBIN MaHEBD NPU TapPKOB-

\\ PQt
\
Pt ,,.%'

Puc. 1.11. Peanuzanusi ckobku Jlu MaHEBpOM MallIUHbI

K€ aBTOMOOWJIS: OCJ/IEI0BATEIbHOCTD YEThIPEX IBUKEHUI C OJHON U TOM
JKe MaJIoil aMILJIUTYO0U BHUIA

JBUKEHWE BIlepe]] — IIOBOPOT IPOTHUB YaCOBOU CTPENKH —

— JBUKEHHE HAa33aJ — IMOBOPOT II0 YACOBOI CTpEJIKE

IPUBOMUT K MBUZKEHUIO BOPaBo (B raBHOM wiere); puc. 1.11. TTokaxem
9TO ABHO, Bhramcaas ckobky JIum [V, V3], kak B mpumepe 1.3:

T x1 + t(cos — cos(d + t))
PytoP "o PloP} <x2> = | o2+ t(sinf —sin(f + ¢)) | =
0 0

T sin €
=|z2 | +t2 | —cosO | + o(t?), t— 0.
0 0
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Onsare nogyvaem
sin 0
V1, Va](q) = <— cos 9) : (1.15)
0

Konegno, sty ckobKy JIu MOXKHO BBIYUCIUTH U II0 OIIPEIEJIEHUI0, KAaK

B (1.13):

S—
Il

T x1 + t(cos 8 — cos(6 + s))
P 'oP;5o P} <x2> = | z2 + t(sinf — sin(f + s)
0 0+s

T 0 sin 0
=\|z2|+s|0] +ts|—cosh —|—O(t2+52)3/2, t,s — 0,
0 1 0

n kommyTaTop (1.15) mosyden eme pas.



I'masa 2

QJIEMEHTBI XPOHOJIOT'NTYECKOI'O
NCUYUNCJIEHUA

B 5710i1 ryiaBe Mbl OCTPOMM OIIEPATOPHOE UCYUCJIEHHUE, C HOMOIIBIO
KOTOPOr0 MOXKHO paborarh C HEJMHEHHBIMU CUCTEMAMM M IIOTOKAMHU KaK
¢ JuHEeHHBIMU, IO KpaiiHelt Mepe Ha (opMaabHOM ypoBHe. mes cocro-
UT B TOM, 9TOOBI 3aMEHHUTH HEJIMHEUHBI OOBEKT — TUIAJKOe MHOI000-
pasue M — jMHEHHBIM, XOTS M OECKOHEIHOMEDPHBIM — KOMMYTATHBHOMN
anrebpoii rimagkux Gyaknuii Ha M. Boitee moapobHOe n3/10KEeHNE ITUX BO-
IIPOCOB YWMTATENh MOXKeT HalfiTh B paborax [20, 23]. s n3yuenns Hada b-
HBIX omnpejnesieHnit n GakToB (DYHKIIMOHAJIHHOIO AHAJIN3A, UCIOIH3YIO-
mEXCA B 9TOH TIaBe, MOXKHO OODATUTHCSA, HAIpUMep, K yaeOuuky [146].

2.1. Touku, nudpdpeomopdu3mMbl 1 BEKTOPHBIE 1O

B sTom maparpade Mbl OTOXKIECTBIIsIEM TOYKH, AuddeoMopdu3Mbl 1
BEKTOPHBIE I0JIsT Ha MHOroobpasumum M ¢ HEKOTOPbIME (DYyHKIMOHAIAMUI
u oneparopamu B aarebpe C'°(M) Bcex IIAAKMX BEMECTBEHHO3HATHBIX
dyukumit Ha M.

CroxeHne, MpOM3BEIEHNE U YMHOXKEHNE HA KOHCTAHTHI OIIPEIE/ISII0TCS
B asrebpe C'° (M), Kak 00bI9HO, TOTOYEYHO: ecan a,b € C* (M), g € M,

a € R, To
(a +b)(q) = a(q) +b(q),
(a-b)(q) = alq) - b(q),
(a-a)(q) = a-a(q).
JIrobast Touka ¢ € M ompenensieT JUHERHBIN OYHKIMOHAJ
g: C*(M) = R, ga = a(q), a € C=(M).
DyHKIMOHAIB § CyTh roMoMopdu3Msbl u3 anrebpst C°(M) B R:
q(a+b) = qa + gb, a,b e C>®(M),
da-b) = (Ga)- (@),  a,be C®(M),
gla-a) =«a-qa, a€R, ae C™®(M).
Ilosromy mr060it Touke ¢ € M COOTBETCTBYET HETPUBUAJIBHBIN TOMOMOD-

dbusm anre6p ¢: C°°(M) — R. OxasbiBaeTcs, 9T0 3TO COOTBETCTBHE 00-
paTHMO.

IMpenanoxenne 2.1. IIyemv p: C°(M) — R — nempusuarvrod
2omomopdpusm anzebp. Tozda cywecmeyem maxas mouka ¢ € M, wmo
=0

MbI J0Ka2KE€M 3TO YyTBEP2KAECHUE B IPUJIO2KECHUN.

3amedanue. Anrebpa C* (M) onpenenser M He TOIBKO KaK MHO-
KecTBO ToueK. Tomosmorus Ha M BOCCTaHABIMBAETCH IO CJAaOOM TOIOJIO-
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rum Ha npocrpancTse GyHKIoHAM0B HA C°(M):
lim ¢, =¢ & lim g,a=gqa Vaé& C®(M).

Bonee toro, riankyio crpykrypy Ha M TakKe MOKHO BOCCTAHOBUTDH II0
C*° (M) dakTIueCcKn «II0 OLIPEIEJICHAIO» : BEIIECTBEHHO3HAYHAS (DYHKIUS
na MHOXKecTBe {7] ¢ € M } aBiserca riaakoii Torga u TOJIbKO TOTAA, KOrIa
OHa MMeeT BUJ  — ga Jjist HekoToporo a € C*°(M).

JIroboit qudpdeomopdusm P: M — M oupenessier aBromopdusm aJi-
re6per C°(M):

P: C®(M) = C=(M), P eAut(C®(M)),
(Pa)(q) = a(P(q)), g€M, aeC®(M),

T.e. P gelictByer Ha (PyHKOHIO a KaK 3aMeHa TepeMeHHbIX. O6paTHO
sro6oit aBroMopdusm anre6psr C° (M) nmeer Takoil BU.

HDpepmunoxenue 2.2. Jwbot asmomopdpusm
A: C°(M) — C*™(M)
umeem 6ud P das nexomopozo P € Diff M.

HdokazareabcTBo. IIycts A € Aut(C*°(M)). BosbmeM io6yto
Touky q € M. Torma xKommo3urius

GoA: C°(M) >R

€CTh HEeTPUBHAJIBHBINA roMOMOPdH3M aaredp, MO3TOMY OHAa MMEET BHI i
s Hekoroporo g; € M. O6osuauum ¢; = P(q). Torma

GoA=P(@=goP VqeM,

A=P,
u P — uckomsrit mudpdpeomopdusm. [

Tenepp MBI onuireM KacaTesbHbIE BEKTOPHI K M Kak YyHKIIMOHAJIBI
nHa C°°(M). KacarenbHble BeKTOPBI K M CyTh BEKTOPBI CKODOCTH KPHBBIX
B M, a Toukn M OTOXKIECTBIAIOTCA C JUHEHHBIMU (DYHKIMOHAIAMHA HA
C°(M); nosToMy MBI JOJIZKHBI IIOJIy9UTH JIMHEHHbIE (DYHKINOHAJIBL HA
C° (M), ormuanbie or romoMopdusmos B R. UTo0bl MOHATH, KAKUE UMEH-
HO (dysrrmoHansl Ha C°°(M) COOTBETCTBYIOT KacaTeJbHBIM BEKTOPAM
kK M, Bo3bMeM ruanxyto kpusyio ¢(t) n3 Touex M. Torma cooTBETCTBYIO-

mas kpuBasg u3 dyHKmoHanoB q(t) = ¢(t) mHa C°(M) ymoBneTBOpsieT
MYJIBTUIIJINKATUBHOMY 3aKOHY

qt)(a-b) =q(t)a-qt)b,  a,be C™(M).

[Ipomuddepennuposas 3To paBercTso npu t = (, mosydaeMm, 9T0 BEKTOD
CKOPOCTH KPUBOH n3 (DYHKIIMOHAJIOB

£

ar dg

Tt oo’ & C°(M) = R,
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YIOBJIETBOPSET IPABUIY JleibHMIa

§(ab) = £(a) b(q(0)) + a(q(0)) £(b)-

3Ha4YNT, KAZKIOMY KacaTeJabHOMY BeKTOpY v € 1M MblI JOJXKHBI CO-
IIOCTAaBUTH JIMHEHHBIN (DYHKIMOHAI

& C®(M)—-R
§(ab) = (€a) b(q) + a(q) (€b),  a,bc C=(M). (2.1)

Ho umeerca nuneiinbiii bynknuonan £ = U, €CTECTBEHHO COOTBETCTBYIO-
muii m060My KacaTelbHOMY BeKTopy v € 1y M, — mpomsBomHasd IO Ha-
NIPABJIEHUIO U:

va= —| a(e(t)), 4¢(0) =g, 4(0)=wv,

u >Tor GYHKIMOHAJ yI0BJIeTBOpseT Npasmwiy Jleitbuuma (2.1).
ITokazkeM, 9TO 9TO MPABUJIO B TOYHOCTH XAPAKTEPUIYET IIPOU3BOIHBIE
110 HAIIPABJIEHUIO.
IMIpennoxenne 2.3. IIyemv &: C°(M) = R — aunetinwd dynx-
yuonan, ydosaemsopsrouuli npasuay Jletibnuya (2.1) das mexomopot

mouku q € M. Tozda &€ = U 0as HEKOMOPO20 KACAMEALHOZO GEKMOPA
veTyM.

JokasarTeubcTBO. 3aMeruM CHadaja, 49TO Ji0DOH (YyHKIWO-
Has &, ymosaerBopsitomuii npasmiy Jlefibauna (2.1), mokasnen, T. e. 3aBu-
CHT TOJIBKO OT 3HAYeHUH (DYHKINHA B CKOJIBb yTOTHO MaJso# okpecTHOCTH O,
TOYKH q:

o, =alp, = ta=¢&, a,aeC®(M).

Heficturensro, Bo3bMeM GyHkmmio cpesku b € C°(M) Takymwo, [ro
blano, =11 b(q) =0. Torna (@ — a)b = d — a, cresoBarebHo,

§(@—a) = &((@— a)b) = £(@ — ) blg) + (@ — a)(q) €0 = 0.

Ilosromy nHame yTBepKeHUE JOKAJIbHO, U MBI JIOKAXKEM €ro B KOOD/u-
HaTax.

BeiGepem JIOKAIBHBIE KOODAWHATH (1, . .. ,Z,) Ha M, meATpHpOBaH-
HBle B TOYKe ¢. Tpebyercda moKa3aTh, 9TO CYMIECTBYIOT (q,...,0, € R

Takwme, 9TO
n
€= ai 5
: " O
i=1

7

0

Bo-nepssix,

§(1) =€(1-1) = (£1) - 1+ 1-(£1) = 2¢(1),

nosromy £(1) = 0. B cuy muneitroctu £(const) = 0.



2.1. Touxu, dupdeomopdusmos U 6EKMOPHBIE NOAA 33

Bo-BTOpBIX, 9TOOBI BEIYUCAUTD AeiicTBrE { HA MIPOU3BOJIHLHOM TVIAIKON
dyHKIMH, pa3aokuM ee 1o jeMmMe Amamapa:

;dt = a(0) + Zbi(a:)xi,
i=1

1
da
_/893 (tz)dt
0

cyTb rnagkue dyHKun. Torma

ga—Zumz :an ((€bi)i(0) + b:(0) (€22)) Zaz 24 ()
i=1

T

rre

re Mbl 0003HaUmMIN «; = {&; W BOCIOJB30BAJINCHh paBeHCTBOM b;(0) =

=9 0.0
8 Z;
Urak, kacarenbable BeKTOPLI ¥ € Tq M 0TOXKIeCTBIAIOTCA C IPOU3BOJ-
HBbIME 110 Hanpasierno U: C®°(M) — R, T.e. ¢ smHeiiEbiME DyHKIIOHA-
JIAMH, yJOBJIETBOPAIOMUMY TIPaBuity Jleibauma (2.1).

Tenepp MBI OXapakTepu3yeM BeKTOpHBIe moJid Ha M. I'maikoe BeKTOD-
Hoe 11oJie Ha M ecTh ceMeiicTBO KacaTeIbHBIX BeKTOpoB vg € TyM, g € M,
TaKoe, IT0 A Jroboro a € C'*° (M) orobpaxkenue g — vq4a, ¢ € M, ecTb
rnankas pysknus vHa M.

Timagkomy BexkTopHOMy mouito V' € Vec M coorBercTByeT JUHEHHBIN
oreparop

V:C™(M)— C™(M),
yaoBJieTBOpstonuii npasuity Jleiibauma
V(ab) = (Va)b+a(Vb),  a,be C™(M);
9TO — HPOU3BOAHASA 10 HAIIPABJIEHUIO 110Jsg V|, mpou3BoaHas Jlu.

Jluneiinpiit onepaTop B ajnredpe, yI0BIETBOPSIONINI IPABUILY JIeI‘/’I6H11—

1a, Ha3bIBaeTCd JuddepeHyuposaruem aaredpsbl, T. €. npousBoaHas Jlu V
ects nuddepenmuposanne anrebper C°°(M). Tlokaxkem, 9TO COOTBETCT-
BHE MeXKy IVIAJKHMHU BEeKTODHBIME mojaMu Ha M u muddepeHnupoBa-
HusaMmu anrebper C>° (M) oGparumo.

Mpenanoxenne 2.4. Toboe dufgpeperyuposanue anrzebpo, C°°(M)
ecmb NPoU3BOOHAA NO HAMPABAEHUIO HEKOMOPO20 2400K020 BEKMOPHO20
noas wa M.

HoxasareascTso. llycts D: C®(M) — C*(M) — muddepen-
mupoBanne. Bo3pmem jt00yio Touky q € M. Ilokakem, 4To JimHEHHBIN
dyHKIIOHAI

dy ¥ GoD: C®(M) >R

3 A.A. Arpaues, }0.JI. Cauxos



34 La. 2. Daemenmol TPOHON02UNECKO20 UCHUCAEHUS,

€CTh [IPOU3BOJHAS 10 HAIPABJIEHUIO B TOYKE ¢, T. €. YAOBJIETBODSIET IIPa-
Buity Jleiibruna (2.1):

dy(ab) = QD(ab)) = G((Da)b + a(DB)) = ADa)b(a) + a(@)q(DV) =
= (dqa)b(q) + a(q)(d4b), a,be C*(M). O

Wrtak, MBI MOXKEM OTOXKIECTBUTH Todkm ¢ € M, madbdeomopdus-
mbi P € Diff M u Bekropabie mons V € VecM coOTBETCTBEHHO C
HeTpuBHaIbHbIME roMomopdusmamu ¢: C° (M) — R, asromopdusma-
va P: C®(M) — C*°(M) u suddepenunposaruavu V: C*°(M) —
— C>(M).

Hanpuwmep, touky P(g) MOXKHO 3amucaTh B ONEPATOPHBIX OBO3HAYE-
HuAX Kak g o P. Bosee Toro, Mbl 6yem OIyCKaTh KPHIMIKA B OUCATH ¢ © P.
ATo He MPHUBEIET K ABYCMBICIIEHHOCTH: €CJIA ¢ CTOUT CIpaBa oT P, To ¢ —
rouka, P — nubdeomopdusm, a P(q) — 3nauerne muddeomopdusma P B
Touke ¢. A ecsm ¢ crour caesa ot P, To ¢ — romomopdusm, P — aBrOMOp-
dusm, a ¢ o P — romomopdusm anredper C°(M). Aramormano V(q) €
€ T,M ecTb 3HaUeHEEe BeKTOPHOro moyisg V B Touke g, a go V: C°(M) —
— R — npoussonnag no Hanpasienuto sBekropa V(q).

2.2. ITosynopmbr u C*° (M )-ronosorust

OupeziesM HOIYHOPMBL B TOMOJIOrHIO B mpocTpancTBe C'°(M).

IIo Teopeme YurHu riragkoe maorooopasmue M sBisieTcst COOCTBEHHBIM
[IOIMHOT006pa3neM eBKJINI0Ba mpocrpancrsa RY mis mocrarouso 601b-
moro N. O6o3naunm dwepe3 h;, i = 1,..., N, riajgkoe BEKTOPHOE I0JIe
Ha M, sBIsIOmeeca opTOroHabHOH mpoekmued u3 RY ma M mocross-

€ Vec(RN ). IToygaem N BeKTOPHBIX HOJIEH

HOI'0O BEKTOPHOT'O IIOJIA )

T
hi,...,hy € Vec M, mopoxmaromux KacaTeabHoe mpocTpancTso IgM B
JI060it Touke q € M.
Ompenemum ceMeiicTBO HOIYHOPM || - ||s,x Ha mpocrpancTse C°° (M)

CJIEeIYIOMEM 06pa3oM:
llalls,xk =sup{|hi, 0...0hsa(g)l|ge K, 1 <iy,...,5i <N, 0<I<s},
a€C®(M), s>0, Ke&M.

910 cemeticTBo noyHOPM Oonpeaensier Tonosoruio va C'°(M). Basa sroit
TOIIOJIOrMHU 33/14€TCsl OMHOKECTBAMHE

1

o0

{aec=(u) ‘ lallr, <=}, neN,

riae K,,, n € N, ecrb BJIO)K€HHasi CHCTeMa KOMIIAKTOB, OKpbIiBatomas M:

K, C Kni1, L)l K, = M.

Dra Tonostorna ma C*°(M) me zasucur ot siaoxerns M B RY. Ona
HA3BIBAETCH MONO0AOUET PASHOMEPHOT CTOOUMOCTIU CO 6CEMU NPOU3EO0-
HoLMU Ha Komnakmaz uan npocro C°(M)-monosoeueti. B aroit Tomo-
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soruu C*° (M) — npocrpanctso ®pere (m0jIHOE METPU3yEMOE JIOKAJIBHO
BBIILYKJIOE TOIOJIOTUIECKOE BEKTOPHOE IIPOCTPAHCTEO).

IMocaenoBatensrocts dbyakuuii ap € C°(M) cxomurcs K QyHKIMN
a € C®°(M) upu k — 00 TOra U TOJBKO TOTAA, KOT/IA

sk =0 Vs>0, Ke&M.

lim ||ag — a
k— o0
st BekTopHubIX moJteit V' € Vec M omnpeiesinM TOJIyHOPMBI BHIQ
IVlls,x = sup{[[Vallsk| lalls+1,6 =1}, 520, KeM. (22)

MozxHO moka3arh, 9T0 Jjf000e BekTopHOe mose V € Vec M mmeer koHEed-
Hble mOJTyHOPMS! ||V||s,x B 9TO cupaBezyiuBa oueHKa gefictsus auddeo-
vopdusma P € Diff M na dynkuuio a € C*°(M):

|Pallek < Copllallorur, 520, KeM.  (23)

[TosTomy BekTOpHBIE N0 U ArbdeoMopdU3MbI — JIUHEHHBIE HEIPEPHIB-
HBIE ONEPATOPHI HA TOMOJIOTMIECKOM BeKTOPHOM mpocrpanctse C°(M).

2.3. CemeiicTBa QpyHKIMOHAJIOB U OIIEPATOPOB

B nmanbHelimem MBI 9acTO OyZeM pacCMaTpUBATH OJHOIAPAMETPU-
deckue ceMmeiicTBa TodYeK, auddeoMopdU3MOB M BEKTOPHBIX MOJIEH,
YZOBJIETBODSIFOIIAX PA3JIMIHBIM CBONCTBAM DPErynsipHOCTH (HampuMmep,
muddepermupyeMocTn win abCOMOTHON HENMPEPBIBHOCTH) OTHOCATEIHHO
napamerpa. Tak Kak Mbl OTOXKJECTBJISIEM TOYKH C (DYHKIMOHAIAMHU, A
nuddeomopdu3Mbl U BEKTOPHBIE 10J1si — oneparopamu Ha C°(M), 1o
CBOMCTBa PETYISPHOCTH JIJIs HUX MBI MOYKEM OIPEIEIUTH B CJIAOOM CMBIC-
Jle, Yepe3 COOTBETCTBYIONINE CBOMCTBA OJHOIAPAMETPUYIECKUX CEMEHCTB

byt t— ay, a; € C°(M), teR

[TosTomy cHawaja JafuM ONpeJeseHus JJid CeMEeHCTB (hOyHKITHIA.
Henpepusrocms n dugpdeperyupyemocms cemeiicTBa (pyHKIHA a; 110
mapaMeTpy ¢ ONpeeNsIOTCS CTAHAAPTHBIM 06pa3oM, Tak Kak C° (M) —
TONOJIOTUIECKOE BEKTOPHOE MPOCTPAHCTBO. CeMelCTBO a; HA3hIBAETCA U3-
mepumovim 10 t, ecim dyrKIHMA t — a(q) m3mepnma mus soboro ¢ € M.
N3amepumoe ceMeRCTBO a; HA3BIBAETCH AOKAALHO UHMEZDPUPYEMbLM, €CIIA

t1
/W%Kﬁ<m V>0, KeM, tot cR
to

CemeiicTBO Q¢ Ha3bIBAETCA abcoNOMHO HENPEPDIEHDIM 110 t, €CJIn
t
Ay = Qg +/b-,—d’7'
to

JIJIsi HEKOTOPOTO JIOKAJIbHO MHTErpupyemoro cemeiicrsa ¢yukmmii by. Ce-
MeICTBO a; HA3bIBACTCA AUNWULEEHIM 110 T, ecan

lla: — ar||s,x < Cs k|t — 7] Vs >0, KeM, tr1eR,

3*
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I N0KAANDHO 02PAHUYEHHBIM II0 t, ecJJinm
||at||3,K§Cva71 VSZO, K@M, I@R, tEI,

rae Cs g u Uy g1 — HEKOTOpbIe KOHCTaHTbI, 3aBucdAmue or s, i u I.
Temepb MBI MOXEM OIIPEJIEIUTH CBOMCTBA PEryJISPHOCTH CEMENCTB
dbysxmonanos u oneparopos Ha C*°(M). CemeiicTBO NuHEHHBIX DYHK-
muonaios Ha C'° (M)
t— Ay, teR,

YAOBJIETBOPSAET HEKOTOPOMY CBONCTBY peryiadpHOCTH (T.€. ABJISETCH
HENPePueHsIM, QUPPHEPEHUUPYEMBIM, USMEPUMBIM, AOKAALHO UHMELPU-
PYEMBIM, GOCOMOTIHO HENPEPLIBHBIM, AUNWUYEBLM, AOKAALHO 02PAHU-
wenHblM TIO t), ecam ceMefcTBO

tHAtG/, tER,

YZIOBIIETBOPSIET 3TOMY CBOHCTBY Jyist mr06oro a € C*°(M).
JIokaapHO OrpaHmYeHHOE 10 t CeMeNCTBO BEKTOPHBIX MOJIEH

t — Vi, Vi € Vec M, teR,

HAa3bIBAETCH HEAGTNOHOMHBIM BEKMOPHBIM NOAEM WU IIPOCTO 8EKMOPHHIM
nosem Ha M. AGconroTHO HempepbiBHOE IO t cemeiicTBo auddeomop-
duzmoB

t — Pt PteDiff M, teR,

Ha3bIBaeTcd nomokom Ha M. Jjas jr000ro HEABTOHOMHOI'O BEKTOPHO-
ro moyg V; cemeiictBo yHKIWmit t — Vi;a JOKAIbHO MHTECPUPYEMO IJist
moboro a € C*°(M). Amanormuno, ;g moboro noroka P! cemeiicTso
dynxnuit (P'a)(q) = a(P'(q)) abcomoTHO HENpepBIBHO 1O ¢ Ay J1H060T0
a€C>®(M

Wurerpaibl u3MepUMbIX JOKAJIbHO HHTErPUPYEMBIX CEMENCTB U IIPO-
u3BOIHBIE MU HEPEHITUPYEMBIX CEMEHCTB OIPEIEIAIOTCI TaKXKe B C1ab0M
CMBICJIE:

t1 ty
/Atdt: a— /(Ata) dt, a € C®(M),
to tO

d

d 0
%At. aH%(Ata), a € C™(M).

MoxHo mokazaTh, 9ro ecqiu A; u By — HempepbiBHBIE CeMeCTBa,
muddepeHIupyemMbie B TOUKE ty, TO ceMeiicTBo Ay o By HENPEPHIBHO, Aud-
depeHnIpyeMo B ty U yIOBIETBOPsieT MpaBuiay JleiOHuUIA:

d d d
dtls, (At o By) = (a o At) © By, + A 0 (ﬂ toBt);
J0KA3aTEIbCTBO IIPUBEJAEHO B IPUJIOXKEHUHN.

Eciu cemeiicrBa A; u B; oneparopoB abCOJIFOTHO HENPEPBIBHBI, TO
kommo3urus A; o By Takzke abCOIOTHO HEIPEPBIBHA; TO K€ CaMO€e CIIpa-
BEJINBO I KOMIIO3UINH (DYHKIMOHAJIOB U OmeparopoB. s mroboro
abCOJIIOTHO HEMPEPBIBHOTO ceMelcTBa (hyHKIMA a; ceMefcTBO Aia; TakKe
abCOJIFOTHO HENPEPBIBHO, U MPABUIIO JIefOHUIIa TaKKe CIIpaBeJInBO.
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2.4. XpoHoJiormviecKasi 9KCIIOHEHTa

B sTom naparpade mbl paccMoTpuM HeasmoHomHoe duddeperyuant-

HOE YpasHeEHUE BUIA

rae V; — HeaBTOHOMHOE BEKTOPHOE 1oJie Ha M, 1 u3yduM IMOTOK, OIpeie-
JIZEMBIA 9TUM 1oJeM. depe3 ¢, KaK OObIYHO, 0003HAYAETCA IPOU3BOIHAS
dq/dt, T.e. ypaBuenue (2.4) B pasBepHyTOil (OpMe 3aMUCHIBAECTCA KaK

dq(t
4O _ v (g(1)).

2.4.1. OnddepennmasibHble ypaBHEHUS C PAa3PbIBHOM IPaBOii
gacteio. Iloctponm JokanbHBIE pemenus 3amaan Komm (2.4) ma mHO-
roobpasun M, cBomsa ee K 3amade Komm B €BKJIHI0BOM IPOCTPAHCT-
Be. IlogpobHoe m3/10KeHNe Teopun HEABTOHOMHBIX JauddepeHTuaIbHBIX
ypaBuenuii B8 R” ¢ mpaBoil 9acThio, pa3phIBHOW 1O ¢, YUTATETH MOXKET
HaiiTn, Hampumep, B [140].

Bribepem sokasbable KoopauaaThl £ = (2!, ..., 2") B okpectrocTH O,
TOYKH qp:
®: Oyy CM — Oyy CR”, P: gz,
‘I’(qO) = Xg.
B sTux KoopamHaTax moJie V; mMeeT BHI,

(@.V0) (2) = Ve(w) = Y wilty2) ooy €04, LER,  (25)

i=1

n 3amaga (2.4) mpeobpasyercs B CIeAYIOMYO:

z=Vi(z), z(0)= my, z € Oy CR". (2.6)
B cuny n0KaIbHON OrPaHUYEHHOCTH HEABTOHOMHOTO BEKTOPHOIO IIO-
ag V; € Vec M xomnorentsl v;(t,z), 1 = 1,...,n, €ro KOOpJ@HATHOTO

npezacrapyenns (2.5) ABIAOTCS:

1) U3MEPUMBIME W JIOKAJIHHO OTPAHUIEHHBIMHE 10 ¢ i JH060ro huK-
cupoBaHHOrO = € Oy ;

2) rmagkuMmu o I Jiroboro (ukcHpoBaHHOrO ¢ € R;

3) muddepeHIIpyeMBIMH [0 Z € JOKAJIbHO OrPAHUYEHHBIMI JaCTHBIMA
MIPOU3BOIHBIMMU:
6vi .
‘aw(t,x)‘écl,K, tclER, 2€KEO0,,i1=1,...,n.

B cnny kmaccmueckoit Teopemsr Kapareomopm (cm., mHanpmmep, [8]),
samaga Komm (2.6) mMeeT enmmHCTBEHHOE pemeHme, T.e. BEKTOP-DyHK-
o z(t, zg), IMIMANEBY 1o ¢, TIAAKY 0 o U TAKYH0, ITO:

1) muddepennuansaoe ypasaenue (2.6) ymoBieTBOpsAeTCs AJid MOYTH
BCeEX U

2) BeInONHSETCS HadadbHoe ycaosue z(0, o) = zo.
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Torma mepenoc storo pemennsa u3 R™ wa M

Q(ta qO) = (}_l(x(tv wO))v

ectb pemenue 3agaqn (2.4) na M. Orobpazxenue ¢(t, qo) Junmuneso 1o ¢
¥ TJIQJKO TI0 ¢p, OHO ymoBjeTBopseT mouru Bcomxy OY u HagaabHOMY
ycaosuo B (2.4).

Has moboro g € M pemenne ¢(t,qy) 3amaam Komm (2.4) moxer
OBITH IPOJIOJI2KEHO Ha MAKCUMAJILHEIH nHTEepBal t € Jyy C R, comepxanuit
HA4YaJI0 KOODIMHAT ¥ 3aBUCSIIUN OT .

Mpe1 6yzmem npennosiaraTh, 9To pemenus ¢(t, go) ONpeIesIeHbl 1jIsd BCeX
go € M mBcex t € R, T.e. Jg, = R mna mobsrx go € M. Torma HeaBTOHOM-
HOe moJie V; Ha3bIBaeTCd MOAHbLIM. DTO UMEET MECTO, HAIPUMEpP, KOTIa
Bce mous Vi, t € R, paBHBI Hymo BHe o0mero xommakTa B M (B aTOM
ciaydae OyneM rOBOPUTH, 9YTO HEABTOHOMHOE BEKTODHOE mojie V; ummeer
KOMNAKMHbT HOCUMEND).

2.4.2. OmnpepelieHne IPaBOi XPOHOJIOTHMYECKOI IKCIOHEHTHI.
VYpasrenne (2.4), 3anucanHoe Kak JuHEHHOE yDABHEHNE 15 JIAIIIALEBBIX
o ¢ cemeiicts dyHkmonanos Ha C(M):

i(t)=q(t)o Vi,  q(0) = qo, (2.7)

VZIOBJIETBOPSAETCS [JIsl IOCTPOEHHOIO B IPEIBIAYIIEM IIYHKTE ceMeiicTBa
byHKIOHATIOB

q(t,q0): C°(M) = R, g €M, teR

Huxe mbr mokaxkem, 910 9Ta 3amada Komm He mMeeT APyTrux perreHmit
(cm. mpemgmoxerme 2.5). Ilo9TOMY TOTOK, ONpemeNsaeMblii PABEHCTBOM

P': qo — q(t, qo), (2.8)
€CTh €IJUHCTBCHHOEC DEIIICHUE OHepaTOpHOfI 3aJda491 KOIHI/I
Pt=pP'oV,, P’°=Id (2.9)

(rme Id oGo3HavaeT enMHNYHBII OEPATOD), B KJIACCE JIAMIIANEBBIX TIOTO-
koB Ha M. Ilotox P!, onpenenennsrii B (2.8), Ha3bIBaeTCH NPacoti TPOHO-
aozudeckoli aKCnoHeHmot mojsa Vy u 0bo3HadaeTCd depe3

t
Pt:e?p/VTdr.
0

Hmxe Mbl mocTpomM acHMOTOTHUYECKHI DA [jIs XPOHOJOTHIECKON
9KCIIOHEHTHI, OIIPABILIBAIOIINI TAKOe 0003HAIEHUE.

2.4.3. Pasznoxeume B dopmasnbubiii pan. [lepermmem mudde-
peHnmanbHoe ypasHenue (2.7) Kak HHTerpajbHOe:

t

q(t) = g0 + /q(T) oVydr = (2.10)
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(3aTeM mozcraBUM 9TO BhIparkeHue Jist ¢(t) B IPaBYIO 9acCTh)

t T1
=qo + /<q0 —"-/q(TQ) oV, d’rz> oV, dr =
0 0

t
~ o <Id—|—/VT dt> + // 4(72) 0 Vi, 0 V., dry dry.
0 0L <1<t

MHOroKpaTHO OBTOPUM ITY IPOIELYPY, U HOIYyINM PA3IOKEHUE:

t
q(t):q00<Id+/V dT—i—//VTzOVTldTQdTl—i-...

A (t)

+/ /V ..OV-,—ldTn...dT1>+
t)

An(
—|—/ /q Tpng1) 0 Ve 0. .oV drpgy ... dry. (2.11)

n+1 t)

Ant)=A{(r1,...,7) ER"|O0L T, £ ... <71y < t}

o6o3HagaeT n-MepHbIA cumiuiekc. Jucro dopmanbHo mepexozd B (2.11) k
mpezenty n — 00, HosydaeM (hopMaJbHBIA psif Jyis pemerus q(t) 3ama-

n (2.7)
(Id+Z/ /VTn ...OV.,-ldTn...dT1>,

nlA

3nech

a moToMy u jis pernenus P! samaqm (2.9)

Id—i—Z/ / 0.0V, dry ... dn. (2.12)
n=1 An()

Yunpaxuaenue 2.1. llpenpinymee pasjozkeHue B pAz MOJIYIEHO

npu ycaoBuu ¢t > 0, XOTS XPOHOJIOTUYIECKAs IKCIIOHEHTA OIpPeesIeHa TPU
t

—
Bcex 3HaveHnsx t. [lokakmre, 9T0 TOTOK exp f V. dr npn t < 0 umeer

0
Pa3JI02KEHNE

Id+2/ / Vi)o...o(=Vy)dr, ... dn.
n=1 An( t)
Oror paz ananoruded paxy (2.12), mostomy B HanbHENIEM Mbl OrDaHU-
qnuMcd u3ydeHneM ciaydad t > 0.

2.4.4. OueHKu u cXoaUMMOCTb psiga. K coxkajeHuIo, Moy YeHHbIe
panel HEKOrma He cxonsarca Ha C°°(M) B caabom cmbicie (mpu Vi # 0):
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BCETJa CyINeCcTByeT Iaakad GyHKIug Ha M, Ha KOTOPOi OHU PaCXOJATCH.
Ho moxHO mokaszarh, 9410 psif (2.12) siBjsiercs aCHMOTOTHYECKUM IIst
t

" t —
XPOHOJIOTUYIECKON 3KCIOHEHTHI P’ = exp f V. dr. CupaBeiiuBa ciexyro-
0
asi OIEHKA OCTATOYHOI'O 4YjleHa: 0D03HAYMM M-F0 YaCTUIHYIO0 CyMMYy Psi-
a (2.12) gepes

S’m(t):Id+Z .../VTWO...OVTIdTn...dTl;

rorga aua mobeix a € C°(M), s >0, K € M

¢ t
H <e?p/VTdT—Sm(t)>a < Cexp{C/HVTHS’K/ dr} X
0 K 0

1 " m
< ( / Welssmosrdr) lallmse = OG™, 10, (219

57

rne K' @ M — mexkoTopblii KoMmakT, copepxkamuii K. Mbl mokazkem
oresky (2.13) B npuioxkenuu. 113 onenku (2.13) caenyer, aro

¢
‘ (e?f)/sVT dr — an(t))a
0

rue S:,(t) obo3Hagaer m-10 YacTHIHYI0 CyMMy pana (2.12) mus mons £V;.
ITosToMy mOJy<IaeM CIIeLyIOIIee PA3JIOKEHHE B aCHMITOTHIECKUN DS

=0(e™), e —0,
s, K

eYﬁ/VTdrmIdJrZ/.../VT"o...oVTldTn dn. (214)
0

Mpbr 6ymeM HCHOJIb30BATHh WIEHBI 9TOr0 PAa IMOPSIKOB HYJIb, OIWH

u OBa: .

exp/V dTNId—‘r/V dr + // Ve, o Vo, dradm +
02 <1 <t

JlokazkeM, 9TO aCHMITOTHUYECKHUH DA CXOMUTCA K XPOHOJOTHIECKOL
SKCIIOHEHTe Ha JIF000M HOPMHUPOBAHHOM mnoxupocrpanctse L C C* (M),
Ha KOTOPOM V; OIpEJIEIEHO U OrPaHUIEHO:

ViLCL, |Vl =sw{lViallacL, [la] <1} <oco.  (215)

IIpumennm onepatopusrii pan (2.14) k mo6oii byaknum a € L u onernm
YJIeHBI IOy 9EHHOTO PAIA:

a—l—Z/ /VTn ..oV adr, ... dm. (2.16)

nlA
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Nmeem

H/.../VTHO...OVTIadTn...d7'1
An(t)

< // Vil .o [V, d7 ... dr1 - |lal| =
0<7n <. X1 <

<

(ncnosTb3yeM CMMMETPHIO OTHOCHTEJIFHO IEPECTAHOBOK MHIEKCOB 0 {1,. ..

Lont—={1,...,n})
_ // v,

NVrlldrn ... dm - la|| =

0T (n) € ST (1) St

(mepexommm K mETErpasty 1o Kyoy)

t t

1

:_|/.../|\vm||- o Vil dr . dry - ]| =
0 0

n.

t
1
= 2(ivtar)
0

Nrak, psan (2.16) Ma:kopupyeTcs: IKCIOHEHIMAIBHBIM PSIZIOM, TI09TOMY
oneparopusiii pay (2.14) cxomures va L.

Pan (2.16) moxuO mowierno quddepeHnupoBaTh, MO3TOMY OH yOB-
JleTBOpsieT TOMy ke audpepeHnajibHOMy YpPaBHEHUIO, YTO U (DYHK-
mug Pta:

ay = %at; agp = a.
CaemoBaTebHO,
a—a—i—E / /Vm ..oV adr, ...dn.
n=1 A,

Urak, B ciaydae (2.15) acummrormyaeckuii psz cxonures, Gojee Toro,
CIIPABE/JINBA OIEHKA

t
iPal <exp{ [IVlar}lal,  acr
0

MoKHO TTOKa3aTh, 9YTO OIEHKA W CXOIUMOCTH UMEIOT MECTO He TOJIBKO
JJ1d JJOKAJIBHO OTPAHWYEHHBIX, HO U /I WHTETPUPYEMBbIX HA [0, t} BEKTOP-
HBIX OJIEH:

/||VT|\ dr < .
0

BamernM, uTo yciaoBus (2.15) BBIIOIHAIOTCA Ha JII060M KOHEYHOMED-
HoM V;-uHBapuaHTHOM nogmpocrparcree L C C°(R™). B wactHOCTH, 9TO
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nmeer Mecto, Korma M = R™, L ecTs IpOCTPAHCTBO JIMHEHHBIX BEKTOPHBIX
mogieit, a V; — nuaeliHoe mosie Ha R™.

Ecmu M, V, u a BemecTBeHHO aHauTHIeCKUE, TO Pz (2.16) cxomurces
IIPU JOCTATOYHO MAJIBIX f; JOKA3aTeIbCTBO 9TOro ¢M. B [20].

2.4.5. JleBag xXpoHoJiorHMYecKash 3KCIHOHeHTa. Paccmorpum 06-
parHbIii oneparop Qf = (13’5)71 K TPaBON XPOHOJIOTHYIECKON IKCIIOHEHTE
Pt = exp ft V,dr. Haitnem OLY mna Q°, muddepennupysa ToxKmecTBO

° Plo@Qt=1d.
ITo npaBuny Jleitbuuna nogyvaem
PtoQt+ PtoQt =0,
H03TOMY, yuuThIBas ypasHenue (2.9) mia motoka P!, nveem
P'oV,0Q! + Pt o = 0.

YMHOXKad 3TO PaBEHCTBO cjesa Ha (Y, momydaem

VioQ'+Q" =0.
To ects morok Q! ects pernrenne 3amaqan Ko
LQ=—VioQ, Q=1 (2.17)

JBolicTBeHHOM K 3amade Ko (2.9) nyist mpaBoit XpOHOIOrHYIeCKOi 9KCIo-
menTbl P!, ITorok Q! Ha3bIBaETCA €601 TPOHOAO2UNECKOT IKCNOHEHMOTE
u 0003HAIAETC

t
Q' =éxp [ (=V;)dr.
/

Haiinem acummrornyeckuil psiji Jijisi JIEBOH XPOHOJIOTMYECKON IKCIIO-
HEHTBI TaK JKe, KaK JJId IPaBoil, MHOIOKPAaTHOI IOACTAHOBKOI B IpPaByIO
9aCTh:

t

0! :Id+/(—VT)oQTdT:

0
t

:Id+/(—VT)dT+//(—V71)o(_VTQ)OQTZ drodm = ...
0 As(t)
.:Id+z/.../(—VTI)o...o(—VT")dTn L dr ot

+/.../(—V.,1)o...o(—VTm)oQdeTm...dTl.

Am(t)
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i1 1eBOii XPOHOJIOTHYECKOI SKCIIOHEHTHI CIIPABEIJINBA OIEHKA OCTATOY-
HOIO 4jleHa, aHaJorudHas orneHke (2.13) s npaBoil 9KCHOHEHTHI, U MO~
JIY9eHHBI P ABJAIETCI aCUMIOTOTHYIECKIM:

t
é;p (—V)dr Id+Z/ / Vi)o...o(=V, )dr, ... dm.
0

n=1 A
Bameganusa (1) O6paTHaﬂ CTpeJIKa B JIEBOl XPOHOJIOMHYIECKOM
piskl
9KCIOHEHTE €XP COOTBETCTBYET 0OPATHOMY MOPSIJIKY OLEPATOPOB
(=Vn)o...o(=V.), Tn < ... <71,

(2) HpaBaﬁ 1 JjieBad XPOHOJIOTUYIECKHE IKCIIOHECHTHI YAOBJIETBOPAIOT
YpaBHECHUAM

itex_ﬁ/VTdeﬁ/VTdrow,

t t
L [(-V)dr=—Vi oS [ (-
0 0

Hanpasienne CTpeJIOK COTIaCyeTcsi ¢ HAPABJIEHUEM TIOSIBJIEHHS OTIEPATO-
pos Vi, —V; B npaBoil yacTu 3TUX ypaBHEHUIA.

(3) Ecn mavanbHOE 3HAYEHNE 3313€TCA B MOMEHT BpemeHu ¢y # 0, To
HUKHHEI IPEESI HHTErPAJIOB B XPOHOJIOTHIECKHAX YKCIOHEHTAX MOJIATaeT-
Cd pPaBHBIM 1.

(4) CupaBezyinBO 09Y€BH/IHOE MPABUIIO KOMIIO3UIUH IIOTOKOB

t1 to to
e;f)/VTdT oe;f)/VTdT: e?p/VTdT.

to ty to
Yupaxuenune 2.2. Jlokaxnre, 910

to

t1 tg 1
e?f)/VT dr = <e¥f)/VT dT> = éxp [ (=V,)dr. (2.18)
to tl

t1
2.4.6. EquHCTBEHHOCTDh [Jisi (DYHKIUOHAJIBHBIX U ONEPATOP-

HBIX ypaBHeHuil. Mb1 Bunenn, aro nuddepennuansaoe ypasaerne (2.7)
JIJIs JIATIIATEBLIX ceMeiicTB (QyHKIMOHAIOB IMeeT PeIleHne

q(t) = qo oe?f)/VT dr.
0

Tenepb MBI MOXKEM JJ0Ka3aTb, 9TO ITO YypPaBHEHHUEC APYTHUX peIHeHI/Iﬁ HE
nMeeT.
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IIlpennoxernune 2.5. [Iycmv Vi — noanoe neasmonommoe sexmop-
noe nosae wa M. Tozda 3adawa Koww (2.7) umeem edurcmeennoe pewenue
8 KAGCCE AUNWULEBHT cemelicms PGynryuonanos nwa C(M).

HoxkaszareascTso. llycts munmuneso cemeiicTBo byHKINOHA-
JIOB q; ecTb pemterne 3ana4dn (2.7). Torma

d _ d
E(Qto(Pt) 1):E(QtoQt):(ItOVtOQt*CItOVtOQt:Oa

nosromy ¢; o @t = const. Ho Qg = Id, cienosaresnho, ¢; o QF = qo; 3uauur,
t
QtZQOOPtZQOofﬁ)/VrClT
0

€CThb eIUHCTBEeHHOe pemenne 3anadn Komu (2.7). O

Amnasornyso, 06a Oe€paTOPHBIX yPABHEHUS

P'=PoV;, Q'=-V,0Q'

He UMEIOT JPYTUX PelleHuil KpoMe XPOHOJIOIHYeCKAX SKCIIOHEHT.

2.4.7. ABTOHOMHBIE BEKTOpPHBIE IIOJdA. B ciygae asmonommozo
BEKMOPHOZ0 TOAA

Vi=V € VecM

ITOTOK TOJIHOTO TOJIS HA3BIBAETCS IKCNOHEHMOT W ODO3HAYAETCS depes
e!V' (umorma mmb1 Gymem mmcath exp(tV)). AcmMmmToTHYecKmit psA mms
9KCIIOHEHTHI TpUHAMAET (hOpMy

W N~ 2
e szv =ld+tV+5 VoV +...,

n=0

T. €. 9TO OOBIYHBIN SKCIIOHEHITUAIbHBIA Ps/I.
OKCIIOHEHTa aBTOHOMHOI'O BEKTOPHOI'O IOJI yaoBjaeTBOpseT mudde-
PeHINAJIbHBIM yPaBHEHUAM

d

EetV:etVOV:VOCtV, etV —1d.

t=0

Vcnonb3yem acuMITOTUYECKUI Psifl, /1151 SKCIIOHEHTHI JIj1s BBIYUCJIEHUS
ckoOku JIu aBroHOMHBIX BeKTOPHBIX mojeit V., W € Vec M. Boraucimm
[EPBbIl HEMOCTOAHHBIA WIEH B ACUMITOTUYECKOM DPA3JIOXKEHUU CJIEIYFO-
mieit KpuBoil B Touke t = (:

Vo etW o=tV g o=tW —

q(t) =qoe
t? t?
:qo(1d+tv+5v2+...)o(1d+tW+5W2+...)o

2 2
o(IdftV+%V2+...>o(IdftW+%W2+...> =
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2
—qo (ld+¢(V+W)+ 5 (V242V oW + W) + .. o

2
o (d—t(V+W)+ 5 (VE42V oW+ W) +...) =
=qo(Id+t* (VoW —=WoV)+...).

Nrak, ckobka Jln BeKTOPHBIX MOl Kak omepaTtopos (IPOM3BOIHBIX
no manpasnernio) 8 C° (M) nveer Bug

[V,W]=VoW—-WolV.

Orcioma cienyer dbopMyIa B JIOKAIbHBIX KOODAUHATAX: €CIIH

9 N -
V:Za"a_:ci’ W:Zbia—wi’ a;,bi € C*(M),
i=1 i=1

TO
n

[V,W]ZZ( ab; blaai)a _dW 4V

aja_:cji T0x;) 0z~ dz dz

3,j=1
Ananormgso,

goeV oeW oetV =

=qo(Ild+tV+..)o(Id+sW+..)o(Id—tV+...)=
=gqgo(Id+ sW +ts[V, W] +...),

2
go [V, W] = 8fat o VoW ootV

2.5. HetictBue nudpdpeomopdn3MoB Ha BEKTOPHBIE TIOJIS

Mp! y2Ke HAILIX AHAJIOTH TOYEK, TuddeoMopdr3MOB 1 BEKTOPHBIX II0-
Jsieii cpenu dbyHKIMOHAIOB U onepaTopos HA C'™°(M). Teneps paccmoTpumM
neiicrBue nuddeomopdu3MOB Ha BEKTOPHBIE MOJIS.

Bospmem kacatenbHBI BeKTOp v € Ty M m mudbdbeomopdmusm P €
€ Diff M. Kacarempupiit sextop Pyv € Tpq)M ecTb BEKTOD CKOpPOCTH
o0pa3a KpUBOii, BEIXOAMAIIEN U3 ¢ CO CKOPOCTHIO v. MBI yTBEpKIaeM, 9TO

Pov=wvoP, vel,M, P ecDiff M, (2.19)
kak ¢ysakunoHaas Ha C°°(M). BosbMeM KpuByo
d
q(t) € Ma q(O) =q % =0 q(t) =1
TOT A
Pwa= 3|  a(P(q(t) = (i alt)) o Pa=vo Pa, a€C™(M).
dt t=0 dt t=0 ’
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Teneps maitnem Boipaxenue niusa PV, V € Vec M, xax muddepennupo-
Banus ajare6per C>°(M). Nmeem

goPo PV =P(q)o PV =(PV)(P(q)) = P(V(qg) =
=V(goP=qoVoP, gqe€M,

IIO3TOMY

PoP,V=VoP,

PV=P'oVoP, P cDiff M, V € VecM.

Urak, nudpdeomopdusmbl qefiCTBYIOT HA BEKTOPHBIE MOJIs KAK IOI0-
6us. B gactHOCTH, MudpdeomMopdru3Mbl COXPAHSIIOT KOMITO3UITAL:
P.VoW)=P 'o(VoW)oP= (P 'oVoP)o(P'oWoP)=

=P,V oPW,

a moTOMY — ¥ CKOOKU JIu BEKTOPHBIX ITOJIE:

PV,W]|=P(VoW —WoV)=PVoPW-—-PWoPV =
= [PV, P,W].
Ecmu B: C®(M) — C*°(M) — aBroMopdu3M, TO COOTBETCTBYIOIIEE
nonobue o6braHo 0603HaTaeTca depes Ad B:

(AdB)V =

BoVoB !
B sTux Tepmunax

P, =AdP !, P < Diff M.

Tenepnr BbrunciuM unHOUHATE3UMAJIBHYIO Bepcuio omneparopa Ad.
Iycre P! ects moTok mostst V:

Pt =V e Vec M.
t=0

P’ =1d,

a
dt
Torma

AN R v
t:O(P) =-V;

IIO3TOMY

d

R t —
Tt oo (Ad PHYW

d t -1y _
2w

=VoW-WoV =[V,W], W € Vec M.
O6o3Ha9NM

adV:ad(% AdP';

t=0

t) def d
t:op) Tdt

TOTIA

(ad VYW = [V, W], W € Vec M.
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HuddepeHupys ToXK1eCTBO
AdP'[X,Y] =[AdP' X, AdP'Y] X,Y € Vec M,
B MomenT t = (0, nosrygaem mootcdecmeo Arobu njis ckoOku JIu BEKTOPHBIX

noJieit
(adV)[X, Y] =[(ad V)X, Y] + [X, (ad V)Y,
KOTOPOE MOYKHO TaKKe 3aINCATh B BHJE
VX, Y] =V, X], Y]+ [X,[V, Y]], V,X,Y € Vec M,

WM, B CAMMETPUIHON pOopMe,

X[V, Z)) + V[, X)) + [ZIX,Y] =0, X.Y,ZeVecM. (2.20)

MuoxectBo Vec M saBiseTcd JIMHEAHBIM IIPOCTPAHCTBOM C JIOMOJI-
HUTEJBHOM omepammeii — ckoOkoit Jlu, ymoBieTBOpsIONieil cJiemyromnmm

CBOHiCTBaM:
1) 6uiauHeitHOCTD —

[aX + BY, Z] = o[X, Z] + BIY, Z],
[X,aY + BZ] = a[X,Y] + B|X, Z],
X, Y, ZeVecM, o,B€eR
2) KOCOCHMMETPIUIHOCTD —
[X,Y]=-[V,X], X,Y € VecM;
3) ToxpecrBo Axobu (2.20).
MubIME cT0BaMH, MHOKeCTBO Vec M BCexX INIaJKAX BEKTOPHBIX IOJIEH

Ha TyIagkoM MHOTOOOpaszum M obpazyer aszebpy Jlu.
t

t —
Paccmorpum moTok P = exp f V; dT HEaBTOHOMHOIO BEKTODHOTO LIO-
0
as V;. Hatinem nuddepennunaibnoe ypaBHeHHUE Jjisi CEMEMCTBA OIEPaTO-

pos Ad P! = (P?), ! B anre6pe Jlu Vec M:
4 (AdP)X = L (ProX o (P)Y) =
=PloV,oXo(P) ! - PloXoV,o(P) =

= (AdPY)[V;, X] = (AdP")ad V; X, X € Vec M.
Wrax, cemeiictBo onepaTopos Ad P! ynosreTsopseT ypaBHEHIIO
4 AdP' = (AdPY)oadV, (2.21)

C Ha49aJIbHBIM YCJIOBHEM

AdP° =1d. (2.22)
CemeiictBo Ad P? — obparumoe pemenne 3amaan Kormm

Ay =AoadV,, Ay =1d,
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st onepaTopoB A;: Vec M — Vec M. MoXXHO HOBTOPUTH CXEMY BBIBO-
13 aCHMITOTHYECKON hopMysibl s pemtenusd 3aaa4u (2.9) u mosaydursb
ACHMITOTUIECKOE PA3JIOKEHHE

AdPtder/adv dr+ ...

+/ /adV coadVy, drm ... dr+..., (2.23)
An(t)

3aTeM J0Ka3aTh €JUHCTBEHHOCTH PDEHICHUA U OIIpAaBAaTh CJIeAYIOIIee 060-
3Ha4YCHHUE:

t
P / adV, dr % Ad Pt = Ad (exp / V. d7'>
0

AHaJIOrM9HBIE TOXKAECTBA, JJId JIEBOW XPOHOJOTHMYECKONH 3IKCIIOHEHTHI
UMEIOT BUJ,

t

&p [ad(— V)dr“ifAd(exp/( V)dr)z
0 0

~1d+z/ / adV,,)o...0(—adV,, )dry ... dn.
nlA

Jug acumoroTraeckoro pana (2.23) copaseimBa OMEHKa OCTATOTHOTO
wieHa, aHaJgormaHas onenke (2.13) mua noroka P!. OGosmaunm gacTmd-
HYIO CyMMY

m—1

Tp=Td+ Y .../adV,.no,..oadVTldTn .. dn.

Torma g mobeix X € VecM,s >0, K € M
<

t
H <Ade¥f>/VTdT—Tm>X
s, K

<o exp(a / 1V lesni dT) ( / A dT) X e =

=0(t™), t—0, (2.24)

rane K' @ M — HeKOTOpBI KOMIIaKT, comepxkammii K.
Jljis aBTOHOMHBIX BEKTOPHBIX I10JI€il BBeZeM 0DO3HAYeHme

def
etadV 16l AdetV.
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Nupivum cioBamm, cemeiictso omeparopos €24V : Vec M — Vec M ects
€IMHCTBEHHOE DEIeHNe 331a91

Ay = Ay oadV, Ay =1d.

CHpaBe,IL.HI/IBO ACUMIITOTUYICCKOE PA3JIOZKECHUE

2
etadeId—l—tadV—i-%asz—l—...

Yupaxuenue 2.3. Ilycrs P € Diff M, u nycrs V; — HeaBroHOM-
Hoe BekTopHOE moJie Ha M. Ilokaxkure, 9T0
t

t
Poex_f)/VT droP~!= &ﬁ/(AdPVT) dr. (2.25)
0 0

2.6. KomMmyTupoBaHue moJieii

IIycts V; € Vec M — HeaBTOHOMHOE BEKTODHOE IOJe, I mycTh P! =
t

N .

= exp f V. dr — ero morok. BeisicHUM, mpu KaKuxX YCJIOBHSX MOTOK P
0

coxpansier BekropHoe nojie W € Vec M:

PLW =W W,
WJIk, 9TO TO 2K€ CaMO€, KOIr'/Zla BBIIOJIHAECTCA TOXKIE€CTBO
(PY,'W =W vt
Ilpenmoxenune 2.6.
PW=W V¥Vt & [V,, W]=0 Vt.

HoxkaszaTeabcTso. Umeem
t

(Pt)*_IW: % AdPtW: <% ex_ﬁ/a,dVTdT>W:
0

t t
- (e?f)/adVTdToadVT>W: (&’)/adv,dr>[w,W] -
0 0

= (P71 Vi, .
Hostomy (P'),'W = W rorga m Tombko Torma, xorma [Vi, W] = 0. O

4
dt

Boobmie roBopst, moTOKH HE KOMMYTHUPYIOT HH JiJIsi HEABTOHOMHBIX
BeKTOPHBIX mojeit Vi, Wi:

tl t2 t2 tl
e?p/VTdr oe?p/WTdr # e?p/WTdToe?p/VTdT,
0 0 0 0

HU JjIs aBTOHOMHBIX BEKTOPHBIX mmosteit V., W

etlv OetzW # 6t2W Oeth.

4 A.A. Arpaues, 10.JI. Caukos
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B aBTOHOMHOM CiIydYae KOMMYTHDOBAaHUE INOTOKOB PABHOCHJIHBHO KOMMY-

TAPOBAHUIO BEKTOPHBIX IIOJICii:
eVoel?W = etWoehV ot theR < [V,W]=0.

MbI y)Ke IIOKa3aJIn HeO6XO,E[I/IMOCTb KOMMyTI/IpOBa,HI/IH BeKTOpHI)IX II0-
Jiel /119 KOMMYTHUPOBAaHUS UX IMOTOKOB, Cef9ac JOKAaKeM JOCTATOTHOCTD.
Nmeem

(Ade"™V YW =2V = W.
VYaureBag pasencrso (2.25), norygaem

eV o e o eV = exp {tr(Ade"V )W} = 2V,

2.7. ®opmysia Bapualiuaii
Paccmorpum muddepennuanpHoe ypaBHEHUE BUAA

q = Vi(q) + Wi(q)- (2.26)

Bynem cunrars V; ucxomabiM BekTOpHBIM moieM, a Wy — ero Bo3myiie-
muem. Haiinem dopmyny juia noroka QY mosoro mosa Vi 4+ W, kak B03-

t
—
MymmIeHre moToka P! = exp f V., dt ucxomuoro nossa V;. abIME citoBaMU,

0
MBI XOTUM HO.Hy‘-II/ITb paS.HO}KeHI/Ie BUIa
t
0! :%/(VTJFWT)dT:ctoPt.
0

JeficTByeM, KaK B MeTOJIe BapUAlldN IIOCTOSHHBIX, T. €. HOJCTABJIAEM 3TO
pasnoxkenne B ypasHenue (2.26):

%Qt=Qto(Vt+Wt)=C'toPt+ctoPtov;=c'*toPt+Qtth,
cokpammaem obmmmit wrer QF o V;:
QtOWt:CtoPta
U 3alUChbIBaeM ypaBHeHHue Jjid Hem3BecTHoro moroka Cf:
Ct =Q' oW, 0 (Pt)_1 =C,oPtoW,0 (Pt)_1 =
=Cio (AdP) W, =Cy o (eﬁ)/adVT dr) W,
0
Co =1d.
9to — oneparopras 3ama9a Komm ua (2.9), moromy oHA MMeeT e@HCT-
BEHHOE pellleHue
t T
C = e?p/(e?fv/ad%dﬁ)WTdT.
0

0
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WTax, MBI HOJIyYn/IN HCKOMOE PA3JI0ZKE€HVE BO3MYIIEHHOT'O ITOTOKA

t t T t
ex_ﬁ/(VT+WT)dT=§a/(§>/adwd9>WTdT oex_ﬁ/VTdT.
0 0 0 0
(2.27)
9T0 paBEeHCTBO HA3bIBAETCH PHopmysol apuayuti. Ee MoxxHO 3amucarh B
CeyIOIEM BHUJE:
t

t
@/(VTJrWT)dT:eX_ﬁ/(AdPT)WTdT o PL.
0 0

To ecTb BO3MYTIEHHBII HOTOK paBeH KOMIIO3HIHH MCXOIHOro MoToKa P! ¢
HOTOKOM BO3MyIIeHus W;, momKpyderHoro motokom Pt

IoxysmM apyTyio Bepcmio hOpMyIbl Bapmammii ¢ moTokoM P! ciesa
OT IIOAKPY4YE€HHOI'O ITOTOKA. I/IMeeM

t t
ex_ﬁ/(v+W ep/AdPTWdToPt
0 0

t
= Plo(P) oexp [(AQPT)Wodro P! =
. 0
= Ploexp [(Ad(P!) ™ o AdPT) W, dr =
0

¢
o exp / OPT))WT dr.
0
ITockonbky

(P) o pT :ex_ﬁ/vgde,

TO MOy 9aeM
t t T
e?p/(VT+WT)dT_Ptoe?p/<e?p/adwd9)md7_
0 0 t

t T

t
- ?p/VTdToe?p/<e?p/adV};d0>WTdT. (2.28)
0 0 t

st aBroHOMHBIX BeKTOpHBIX noJieit V, W € Vec M dopmysbr Bapua-
muit (2.27), (2.28) npuHEMaioT caemyouryio dbopMy:
t t

= e;f)/e"adVW droe’V =V oexp [ T2V dr. (2.29)
0 0

4%
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B wactrOCTH, IpM ¢ = 1 OTy9aeMm

—
eVtW = exp/eTadVWdT oeV.

2.8. IIpousBogHasi MOTOKA 110 IIapaMeTpy

ITycts Vi(s) — HeaBTOHOMHOEe BEKTOPHOE HOJIE, TJIa/IKO 3aBUCSIIEE OT
BeIleCTBEHHOTO apaMeTpa . VIccieayeM 3aBUCUMOCTD IOTOKA Houist Vi (s)
OT IIapaMeTpa .

Sanumem

exp/V s+e)d

ox p/ ) +6v.(s,6)) dr (230

¢ BosmymenueMm Oy, (s,e) = V(s +¢) — V(s). Ilo dopmyne sapma-
it (2.27) BBIIENPUBEIEHHBIH TOTOK PABEH
t T t

exp (%/ad%()dﬂ)év(ssdroex/
0 0 0

Paznoxum mo e:

dv. (s,e) =¢ % Vi (s) + O(e?), e =0,

T

Wr(o,) = (& [ ad Vol v, (5.5) =

0
_E(exp/adV@ de)as Vi(s) +0(?), e—0,

TO3TOMY

t t
GEF))/WT(S,s) dr = Id+/WT(s,s) dr +O(?) =

t T
—1d +5/<e¥f>/adve(s) d6> 9 Vi(s)dr + 0().
0 0
Hakomner, morygaem
¢

e?p/VT(s—i—e)dT:

0 t

¢ t
/ g)dr oexp / :e;f)/‘VT(S)dT—i—
0 0

0
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T t

+a/t(ex_ﬁ/adve()d0> s)dr o&xh / s)dr + O(e2),

0 0
T t

¢ t
ex p/VT —/<e¥f)/adVg(s) d9>%VT(s) dr oe?f)/VT(s) dr.
0 0 0

° (@231

Amnayornyso no d)opMyJIe Bapuanuii (2.28) monyyaeM paBeHCTBO

3\@ 5

t T

— exp/V dT—exp/V d70/<exp/adVg( )d0> V. (s) dr.

’ (2.32)

i aBTOHOMHOTO BEeKTOPHOrO 1ot V ($), 3aBucAIero ot mapamerpa,
dbopmymna (2.31) npurnmaer Gopmy
t
9 tv(s) :/ radv(s) OV o tv(s)
ds

s s ’
0

anput=1 L

9 V(s _/ radV(s) OV V(s)
53¢ = s Vidroe®. (2.33)
0

Illpennmoxenune 2.7. IIpednorootcum, 4mo

t
[ / V. dr, Vt} —0 Vi (2.34)
0

eXp/V dT—eXp{/V dT} Vt.

VabiMu cii0BaMu, B IPEAIIOJIOKEHUN YCJI0BUA KOMMyTaTuBHOCTH (2.34)
t

—
XPOHOJIOTMYECKAS IKCIOHEHTA €XP f V. dt coBnasaer ¢ moToKoM

{/ i)

Qt :Qia

Tozda

33JAI0IINMCS YCIAOBUIMU

(==}
|

t
t
aQs:/VTdToQg, Qt =1d.
0s
0
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JdoxazaTeunbcrtso. IlokaxkeM, 9TO IKCIIOHEHTA B IIPABOil YacTH
YZOBJIETBOPSAET TOMY K€ YPABHEHUIO, UYTO U XPOHOJIOTHYECKAsd SKCIIOHEHTA
B sieBoii gactu. B cuiy (2.33) nmeem

t 1 t t
% exp(/VTdT> :/exp{Tad/%de}thToeXp{/VTdT}.
0 0 0 0

Bsuny pasencrsa (2.34)

t
exp{rad/ngG}Vt =V,
0

t t
% exp{/V,.dT} :V}oexp{/VTdT}.
0 0

B cmy paBencrsa (2.34) MOXKHO TaK:Ke IIOMEHATH MECTAME OLEPATODEL B

IpaBoOil 9acTu:
t t
% exp{/VTdT} :exp{/VTdT} oV;.
0 0

SaMeTI/IM, Y9TO BBIIIOJIHAETCA HaYaJIbHOE YCJIOBUE

t
exp { /VT dT}
0

Tenepb yTBepzKJeHHe CJIeyeT M3 TOTO, YTO 3aJada Komm i MOTOKOB
Ay = Ao Vg, Ay =1d,

nMeeT eJMHCTBEHHOE DEelIeHue:

t t
At:exp{/vrdr}:&f)/v,df. 0
0 0

IIO3TOMY

=1d.
t=0




I'masa 3

JINHEVHBIE CUCTEMBEI

B 3701 ritaBe MBI pacCMOTPUM TTPOCTERIHI KJIACC YIIPABISIEMBIX CHC-
TEeM — AUHEUHDLE CUCTIEMDL

m
x':A:v—l—c—i—E u;bs, zeR”, u=(ug,...,uyn) ER™, (3.1)
i=1
rage A — NOCTOsiHHAs BElIeCTBEHHAas MaTpPULA HOPsjKa 7, a ¢, by, ...
., by, — mocTosinABIE BEKTOPHI B R”.
3.1. ®opmyna Komu aJis JINHENHBIX CUCTEM

IMycrs u(t) = (uy(t),-..,umn(t)) — mokamprO MHTErpHpyeMble DyHK-
muu. Torgma permmenume cucremsr (3.1), COOTBETCTBYIOIEE ITOMY yIpaBJIe-
HUIO ¥ yIOBJIETBOPSIONIee HAYATHHOMY YCJIOBHIO

$(0,$0) = Zo,

naercs gopmysoti Kowu

t m
m(t,wo):etA<$0+/6—TA<Zui(T)bi—i—CdT>>, teR.
0 =1

MpI mcnosib3yeM 371eCh 0G03HAMEHHE JIIsi MATPUIHON SKCIIOHEHTHI
tA 42 t" pn
. n.

®opmyna Komu nnposepsierca nuddepennuposanueM. B cuty eqmHCTBEH-
HOCTHU OHA JaeT pemeHne 3amadn Kormrm.
Jluneiinaa cucrema (3.1) — gacTablil ciyqaii agdunnoti no ynpasae-

HUN CUCMEMDL:
T =xo0 <f0 + Zuzfz> . (3.2)

i=1
Yr066! nonyunts cucreMy (3.1) u3 (3.2), LOCTATOYHO MOTOKUTH

fo(z) = Az + ¢, filz)=0b;, i=1,...,m. (3.3)

Dpengnoxenune 3.1. Popmyaa Kowu 04a AUHETHDLT cucmem cae-
dyem u3 Popmysv. apuayull.

HokasarteascTso. llpuBenem 0Ka3aTeCTBO TOJIBKO B CIIY-
gae ¢ = 0.
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Dopmysa Bapuanmii s cucreMsl (3.2) mMeer BHL

@/(fo—i-zul(’l')fl) dr =
0 i=1
— b [ (o5 [ adfodo) o3 witr)ss) ar s [ fodr -
0 0 i=1 0

<iui(7)67 ad fo f,-) droetfo, (3.4)

Mu1 npegmosiaraem, aro ¢ = 0, t.e. fo(z) = Az. Torna
zoetl = el (3.5)
Hauee, Tak kak (ad fo) fi = [fo, fi] = [Az, b;] = —Ab;, To
eI fy = [yt r(ad fo)fi + Ty (ad fo)2fi T (ad fo) i+
=b; — TAb; + E (—A) bi+ ...+ % (—A)"; + ... = e b,

YT06B! BHIYMCINTD JIEBBIH MOTOK B (3.4), HAIOMHUM, YTO KpHBasi
t

mooexp/<2uz JeT2dJof >dT—$0°e?I\)/<ZUi(T)€TAbi> dr
=1

0

eCcThb perienue 3aga9u Kormm

Yauresas (3.5), nomygaem dopmyrty Komm:
t
z(t) = /(fo + Z ui(r ) dr =
0 i=1
t m
= (:Eo + /(e”1 Zui(T)bZ) d7-> oetlo =
0 i=1
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=t (mo + /t (e_TA izilu,-(T)bi> dT>. O

BamernM, 4To B 00mmeM caydae (¢ # 0) dopmyny Kormm MoxkHO 3anm-
caTh B BUJE

t

z(t, o) = eag + et / —r4 Zuz )b; dr + etA/e*TAch =
0

tA
:etAx0+et/ TAZu, de+TIdc, (3.7)

rie
et —1d t? 9 " i1
TC:tC+§AC+§AC++mA c—+

YupaBiiieMOCTb JIMHEMHBIX CUCTEM

N3 dopmyasr Komu (3.7) caenyer, uro oroGparkeHue
u s z(t,u, o),

HIePEBOASAINEE JIOKAIHHO MHTErPUPYEMOE yTIpaBieHne 4 = u(-) B KOHEIHYIO
TOYKY COOTBETCTBYIOIIEH TpaeKTopuu, aBisgerca adpduaHbIM. [losToMy
MHOK€ECTBO gocrmkumoctu A, (t) nureiinoii cucremsr (3.1) 3a dukcupo-
BaHHOe BpeMmsi t > ( ectp adpdurHOE mognpocTpancTso B R”.

Onpemenmenune 3.1. Yupasisemasi CHCTeMa B MPOCTPAHCTBE CO-
crosgunit M Ha3bIBaETCH 6N0AHE YNPasasemoti 3a Bpems t > 0, eciu

Azo (t) =M on e M.

Ilonmasi yumpaBisieMoCTh O3HAYa€T, 9TO Jjid JH000# mapel TO4YeEK
Zg,z1 € M cymecTByeT Takoe YIpaBJIeHHE U, UTO COOTBETCTBYIOIIEE
pemenue (-, u, () YIPaBIgeMOl CHCTEMBI IIEPEBOANT Lo B L1 33 BpeMd t:

z(0,u,zg) = xg, x(t,u,x9) = 1.

WccremroBanne nosiHOM yIpaB/isieMOCTH JIMHERHBIX CHCTEM ODJIerdaer-
cs1 Gaaronaps ciemytomemy Habmoaerno. Addunrnoe oTobpaKkeHue

et4 —1d _
ur—>etA:C0+Tc+ / TAZuZ )b; d

CIOPBEKTHUBHO TOr'Ja W TOJIBKO TOTrJda, KOTJa CIOPBEKTHUBHA €TI0 JUHEWHAS

9acTh
urre / 7'“42111 )b; dr. (3.8)

0



58 Ia. 8. Jlunetinvie cucmemot

B cBo0 04Yepens CIOPbeKTUBHOCTD 0TOOpakeHud (3.8) paBHOCUIIBHA CIOPb-
€KTUBHOCTH CJIEAYIOIIEr0 OTOOPAKEHNS:

t m
u = /efTA Zui(r)bi dr. (3.9)
0 i=1

Teopewma 3.1. Junelinas cucmema (3.1) enoane ynpasasema 3a
epema t > 0 moezda u moavko moeda, kKoz2da

span {A7b;| 7 =0,...,n—1, i=1,...,m} = R". (3.10)
HoxkazareabcrBo. HeobxoamgumocTsn. Ipeamomokum or

nporusHOro, 9to yciosue (3.10) He BhImosHsiercs. Torma cymecTByer
KoBekTOp p € R™ p = 0, Takoii, uro

pAib; =0, j=0,....,n—1, i=1,...,m. (3.11)
IIo Teopeme Kamm .
.
A= "o A7
j=0
JJsi HEKOTOPBIX BEITECTBEHHBIX IUCET Ql, . .., Qp_1. LlO3TOMY

n—1
k _ k Aj
we= S g
j=0

quta moboro k € N m HeKoTopbIx ﬁf € R. Torma u3 (3.11) momxyaaem

n—1
pA*b; = BipAib; =0,  k=0,1,..., i=1,...,m.
j=0
ITosTomy
pe TAb; =0, i1=1,...,m,
U, 3HAYUT,

t m t m
p/e_TA Zui(r)bi dr = /Zui(r)pe_”‘bi dr =0,
0 =1 0 =1

T. e. oTOGpakenue (3.9) He cropbekTHBHO. Ilo/IydeHHOE IPOTHBOPEYHE 10
Ka3bIBaeT HEOOXOIMMOCTb.

JdocraTodnocTs. IlycTs, or nporusHoOro, otobpaxkenue (3.9) He
cropbekTuBHO. Torna cymecrByer koBekrop p € R™ ) p # 0, rakoii, 4aro

p/Zui(T)ef"Abi dr =0 Yu() = (ur(+),- - um(?)). (3.12)

Bospmem ynpasienue
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rae eIMHCTBEHHad OTJIMYIHAadA OT HYJIA 1-1 KOMIIOHEHTA MMEET BuUI

1, 0<7<s,
vs(7) = 0, 7>s
, .

Torna u3 pasercrsa (3.12) ciemyer, 9To

S

p/e_TAbidrzo, seR, i=1,...,m.
0

ITosTomy
pe”4b; = 0, seR, i=1,...,m.
IlociemoBarensuo guddepentupys 310 ToxaecTBO npu § = (0, moaygaem
pAFDb; =0, k=0,1,..., i=1,...,m,

a0 nporusopeunt (3.10). Jocrarounocts nokasana. [

Takum o0pasoM, eciau JuHeiHAas CUCTeMa BIOJHE YIpPaBISeMa 34
Kakoe-T0 Bpems t > 0, TO OHa BIOJIHE ympaBjseMa U 3a Jiroboe apyroe
[IOJIOXKUTEJIbHOE BpeMsd. B 3TOM ciydae jmHeHHAas CHCTeMa HA3bIBAETCSH
Ynpasasemod.



I'masa 4

JINMHEAPU3AIINSA HEJIUHENHBIX CUCTEM
II0 COCTOAHUIO

Ilesib aHHOM TJIABBI COCTOUT B TOM, YTOOBI OXapaKTEPU30BATH HEJIU-
HEWHbIE CUCTEMBI

q=folg) + Y uifi(e)y  w=(us,...,unm) ER™, qgeM, (4.1)
im1

ABJIAIOIUECA JIOKAJIbHO HJIN FﬂO6aﬂbHO 9KBUBAJIECHTHBIMHU YIIDABJIACMbIM
JimHeHbIM cucTeMaM. VIHbIMU ciioBaMu, Mbl XOTHM HAWTH yCJIOBHS HA BEK-
TopHbIe mond fo, fi, ..., fm, oDeceduBaronue cymecrsopanune quddeo-
Mopdusma (rmobamsroro ®: M — R mm mokanssoro ®: Oy C M —
— Op C R™), nepeBongmero HemuHelHyoo cucreMy (4.1) B HeKoTOpyIO
yIpaBisieMylo JuHelHyo cucremy (3.1).

4.1. JlokasbHas JINMHEAPU3yeMOCTb

Hagnewm ¢ jroxampHOIM 3amadn. YC/I0BUs JIOKAIBHON JIMHEAPU3YEMOCTH
ecTeCTBEeHHO (pOPMY/IMPOBATH B TepMUHAX CKOOOK Jlu, Tak Kak OHU coxpa-
HawoTca upu auddeomopdusmax:

3,[V,W] = [®,V,®&,W], V,W € VecM.

VYcenosue ynpasisiemoctn (3.10) Jlerko 3amucbBaeTCsl B TEDMUHAX CKO-
6ok JIm: s BekTOpHBIX mogteil (3.3) mmeem

(—AY'b; = (ad fo)' fi = [fo, [ ..., [fo, fi] ...,

mosToMy Kpurepmil ynpasisiemocTn 1uis juHeiHbIX cucreM (3.10) mmeer
BU/J,

span{zgo (ad fo) f;| j=0,...,n =1, i=1,...,m} = T,,R™.

Jasee, 09€BUIHO, 9TO JJIs IMHEHHBIX BEKTOPHBIX ToJeil (3.3) BBIIOIHS-
eTcd cieayloliee yCJIOBue:

[(ad fO)jl fiu (ad fO)j2 fi2] [(_A)jl biu (_A)ijlé] =0,
0<J1, j2, 1<i1, ia<m.

OKaBI)IBaeTCH, 9TO YKa3aHHBIE JIBa YCJAOBHUSA JIOKAJIBHO XapaKTEPU3YIOT
YipaBJjig€eMbIe JIMHEITHBbIE CUCTEMBI.

Teopema 4.1. ITycemv M — zaadkoe n-meproe muozoobpasue, fo,
fi, --y fm € Vec M w qo € M. Jfupdeomoppuszm

d: Oqo — 00
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nexomopoti oxpecmuocmu Og C M mouku gy 6 Hexomopyo oxpecm-
nocmv Qg C R navasaa xoopdurnam 0 € R™ maxoti, wmo

(®ufo)(z) = Az +¢c,  z €O,
(®.fi)(x)=b;, x€0, i=1...,m,
Ons nexomopwuix (n X n)-mampuuvt A u eexkmopoe c,by,..., b, € R",

Y0084£MBOPAIOWUT Yca06ut0 ynpasasemocmu (3.10), cywecmeyem mozda
U MOABKO To20a, K020a 8bIMOAHANMCA CACOYIOULUE YCAOBUA:

span{goo (ad fo) ;| j=0,...,n—1, i=1,...,m} =T, M, (4.2)
qo [(ad fo)jlfilv (adfo)jzfiz] =0,

o . (4.3)
qeo(lov 0<]17 ]2<7’L, 1<l], 19 < M.

Sameuanue. Uabivmu cioBamu, nuddeomopdusm ¢ B dopmysu-
POBKE TeOPEMBI IIePEBOUT HelnHelHyo cucteMy (4.1) B nureiinyio (3.1).

IIpexme 9eM MOKa3BIBATH T€OPEMY, PACCMOTDPUM CJIeAYIOIIEe IPeII0-
JKeHue, KOTOPOe MOHAA00MTCsi HAM HUXKE.

Jlemma 4.1. lTycmo M — 2aadkoe n-meproe mHo2000pasue, u nycmy
Y1, ..., Yi € Vec M. JTugppeomopdusm

d: O(] — Oqo

oxkpecmnocmu Oy C R e oxpecmmnocmov Oy C M, g9 € M maxot, wmo

q’*(aiwi):Y" i=1,... k

cywecmsyem mozda u moavko mozda, K020a 6eKmopHbie Noad Y1, ..., Yk
KOMMYMUPYIOM.:

[-}/;7)/}]507 7:7.7.:17"'7k:7
U AUHETIHO HE3ABUCUMDL:
dimspan(gg o Y1,...,q0 0 Yy) = k.

HoxkazareancTso. HeobxogumocTh 04eBHHA, TAK KaK CKOOKa
JIu m nuHeliHas HE3aBUCUMOCTH COXPaHAIOTCH npu guddeomopdusmax.

HocraTtodHocTs. Beibepem monsa Yiy1,...,Y, € Vec M, nonoJ-
Hsromue Y7, ..., Yy j10 6a3uca:
span(goYy,...,qoY,) =T,M, q € Og,.
Orobpazkenue
®(51,...,8,) =qooe"mo. .  o0e
OIIPEJIEJIEHO B JIOCTATOYHO MaJIO OKPECTHOCTU HadaJja KoopauHat B R™.
Nmeem
0 def O Y;
o.(4 )= o(s) = 2 oY = gyo Y.
N Toi o) = B lano T = B2 20 Qo© i

TOMY I aomaga D, | _ bEKTUBEH, U 10 T Me O HeSBHOM
Iloato epernuan P.| _, coopbe €H, 0 TeopeMe O HeIBHO
bysknun ¢ — muddeomopdusm m3 HEKOTOPOH OKpecTHOCTH TOoYKH ()
B R" Ha HEKOTOPYIO OKPECTHOCTH TOYKHU ¢o B M.
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Temneps nokakem, uro ® BEIIpaAMISgET BEKTOPHBIE IO Y7, . .., Y. Bo-
TIEPBBIX, 3aMETUM, YTO TaK KaK ITH [10JI1 KOMMYTHAPYIOT, TO KOMMYTHDPYIOT
¥ UX TOTOKH, IOITOMY

k
e*Ye o LoVt = exp< E siYi)

i=1

k
®(51,...,8n) =qooeYmo. . oYt exp<ZSiYi>-
i=1
Torma qna i =1,...,k

9 d
{)*(a—sz>‘q}(s)—a @(81,...,81'—1—5,...,5”)_

e=0
9 k
= — gooenYno. .. oest1Yetl oexp g s;Y; ) o e =
85 e=0
=1
k
. Sn Y, Sk Yk . R 6 eY;
=qopoe’™ ™ o,.. 0e k1Rt o exp g 5;Y; ° 52 ettt =
, ele=0
Jj=1
=®(s)oY;. O

Temepp MBI MOKeM J10Ka3aTh TeopeMy 4.1 0 JIOKAJIbHOM SKBUBAJIEHT-
HOCTH HeJIMHENHBIX CUCTEM JIMHEHHBIM.

HokazareanbcTso. HeobxogumocTh odeBrHA, TaK KaK CKOOKU
JIn muBapmanTHBI OTHOCHTENHHO auddeomMopdu3MoB, a Jjist yupasJise-
MbIX JuHeHHbIX cucrem ycaosus (4.2), (4.3) BemonnsoTCS.

JdocTtaTodnocTh. Bribepem 6asuc npocrpanctsa Ty M n3 Bek-
TopoBs BuIa o o (ad fo)? fi:
Yo=(adfo)*fi,, a=1,...,n, 0<ja<n-1  1<ip<m,
span(go o Y1,...,q00Y,) =Ty M.

ITo nemme 4.1 cymecTByeT BoImpaMIsiomuii auddeomopdusm:

0
®: Oy, — Oy, ‘I>*Ya28 , a=1,...,n.
Lo
ITokaxkem, aro muddeomopdusm P UCKOMBIIA.
(1) IIpoBepuM cHadasa, 9TO BeKTOPHBIE mosd @, f;, i =1,...,m, mo-

CTOHHHI)I, T. €. I_IOI(a)I(eM7 9TO B pa3.HO)KeHI/II/I
n
o, f =S fix) 2, i=1
«fi = a(:v)ax , 1=1,...,m,
[0
a=1

byuxmun B (z) mocrosunbr. Umeem

d 1 ~~98. 8
[axa’q)*fl] - Z:l 8z; Oza’ (4.4)
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C nmpyroit cTOpoHBI,

[ @] = (@Yo, @] = @.[Ya, £i] = @.l(ad fo)* fi, £i] =0 (45)

Oza’

no ycnosuio (4.3). Cpasrunsas (4.4) n (4.5), moayvaem

0B, 0 i .
Ba =0 = p,=const, i=1,...m, a=1,...,n,
Ox; Oxa
T.e. ®.f;, i =1,...,m, CyTh MOCTOSTHHbIE BEKTOPHBIE TOJIsl, KOTOPBIE MBI
u obo3Ha4umM 4epes b;, 1 = 1,...,m.

(2) Teneps mokazkem, aTo BekTOpHOE MosEe P, fo nmHeiinO. Tokaxkem,
9YTO B PA3JIOXKEHUN

. fo = ;@(w) aii
Bce dynkuuu B;(xz), i = 1,...,n, nuaeitusl. lelicTBUTENBHO,
2
S 2 2[R )]
= [‘I’*Ya, [‘I’*Yﬁ7 (I’*fOH = Cb*[Yaa [Yﬁv fOH =
= ®.[(ad fo)’* fi,,[(ad f0)’? fi, fo]] =
= —®,[(ad fo)’* fi., [fo, (ad fo)7° fi,]] =
= —®,[(ad fo)’" fi., (ad fo)? T ] = 0, a,=1,...,n,
no ycnosuio (4.3). Ilosromy
88, @
Oxq Oxp O

T.e. D, fo — JuHENHOE BEKTOPHOE T0JIe, KOTOPOEe MBI 0003HaumM Az + c.

0, ,a,8=1,...,n,

m

s smmeliHON cucrembl & = Az + ¢ + Y, u;b; W3 mpenmosoxke-
i=1

uus (4.2) caexyer ycnosue ynpasasiemoctn (3.10). Teopema nokasana. O

4.2. I'nobanpHasi JMHEAPU3yeMOCTh

TeHepb JO0KazKeM CJeAyIomiee IIPEIaIO2KEeHNE O 7100 IbHON KBUBA-
JIEHTHOCTH.

Teopewma 4.2. IIycmv M — ceasznoe 24a0K0€ N-MeEPHOE MHO2006pa-
aue, u nycmdv fo, f1,.-., fm € Vec M. Juggeomopgpuszm

& M - T+ x R*F

Mmroz006pasus M wna npoussederue k-meprozo mopa TF u npocmparcmea
R** 9aa nexomopozo k < n maxoti, wmo

(®.fo)(z) = Az +¢c, zeTF xRF
(®ufi)(z) =b;, zeT xR i=1,...,m,
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das mexomopot (n X n)-mampuuyse A ¢ nyaesomu nepsomu k cmoab-
UAMU:

Ae; =0, i=1,...k, (4.6)
u eexmopamu ¢, by, ..., by, € R, ydosiemeoparowumu yciosuo ynpaec-
asemocmu (3.10), cywecmeyem mozda u moavko moeda, ®02da 6vINOA-
HANOMCA CACOYIOULUE YCAOBUA:
(ad fo)? f; cymv noanwie sexmoprvie noas,
j=0,1,...,n—1, i=1,...,m, (47)
span{go (ad fo)'fi| j=0,...,n—1, i=1,...,m} = T, M, (4.8)

qo[(a‘dfO)jlfiu(a‘dfO)jzfiz]:07 qEMa (49)
0<j1, j2<mn, 1<y, iag <m. '

Bamevganusd. (1) Ecim BrobaBok MaOoroobpasue M oJHOCBSI3HO, TO
ono muddeomopduo R, t.e. kK = 0.

(2) Ecim xe muOroobpasme M kommakTHO, T.e. maddeomopdro T,
um < n, o Ha M He cymecTByer rj00ajJbHO JIMHEAPU3YEMBIX CHCTEM.
HeticrBurenbro, Torqa A = 0, u yciosue ynpasisemoctu (3.10) mapy-
I1aeTCH.

HoxaxeM Teopemy 4.2.

HokasarteasrcTBo. JlocTaTo4HOCTH. 3adukcupyem mpo-
U3BOJILHYIO TOUKY g9 € M u Beibepem B To M 6Ga3uc u3 BEKTOPOB BHJIA

Y, = (ad fo)'= fi., a=1,...,n,
span(go 0 Y1,...,q00Yy,) = Ty, M.

(1) Crauana nokazkem, 9T0 BEKTOPHBIE 1I0Jisd Y7, . . . , Yy, JIMHEIHO He3a-
BucUMBI Beroxy Ha M. O4eBHmaHO, 9TO MHOKECTBO

O:{qEM| span(qul,...,qun):TqM}

OTKPBITO. HOKa.)KEM, 9TO OHO 3aMKHYTO. Ha sTom MmHOXKecTBe CIIpaBEIJIN-
BO pa3Ji0o2KeHue

go(adfo) fi=qo Y aY., q€O,
— (4.10)

j=0,...,n—=1, 4=1,...,m,

JYI HEKOTOPbIX dyHKImil af € C>(0). HdokaxeM, 9T0 HA CAMOM JeJie
Bce aY mocrozuHbIL. VMeem

0 =Yg, i alYa] =

a=1

(mpumensiem npasuio Jleiibuuna [X,aY | = (Xa)Y + a[X,Y])

= Z afj[Yg,Ya] + Z(Yﬁaaj)ya =
a=1 a=1
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=Y (Yga)Ya, B=1...,n, j=0,...,n-1, i=1...,m,

Ygai =0 = ag‘ozconst,
a=1,...,n, 7=0,...,n—-1, i=1,...,m.

D10 o3HaugaeT, uTo paseHcTBO (4.10) cnpaseammeo B 3ambikarmu O. Cie-
JI0BaTeTHLHO, BEKTOPHBIE IO Y7, . . . , Y, MuHeiHo Hezasucumbl B O (ecim
3TO He Tak, To Bee cemeiictso (ad fo)ifi, 7 =0,...,n—1,i=1,...,m,
numeitro saBucumo B O). Utak, muOokectBo O 3aMKayTO. Tak Kak OHO
OJIHOBPEMEHHO OTKDPHITO, & M CBaA3HO, TO

0 =M,

T. €. BEKTOPHBIE ITOJId Y7, ..., Y, JUHEHHO He3aBUCUMBI B M.
(2) Ompenennm «obpamerne» ¥ uckomoro muddeomopdusma cie-
JyrormuM 00pa3oMm:

Yn

a1¥i o | oePnYn =

\I,(ajlv"'vmn):qooe

(yaurbiBaEeM, 9TO BEKTOPHBIE MOJIsA Y, KOMMYTHUPYIOT)

n
:qooexp<zwaya), x=(T1,...,2n) € R".
a=1

(3) ITokaxkem, aTo razaxoe orobparxkernne ¥: R™ — M perynspHo, T. e.
ero muddepennuan copbekTuBeH. lelicTBuTEBHO,

ov d

EP (z) = P EZO\I/(wl,...,xa +e,..,@pn) =
p n n
=1 Ezoqooexp(ZxﬁYﬁ—i—sYa> :qooexp<ZmBYﬁ> oY, =
B=1 B=1
=V(z)oY,, a=1,...,n,
IO TOMY

U, (R") = Ty () M.

Nrak, orobpazkenune ¥ peryiaspHO, TOTOMY JIOKaJabHO auddeomopdro. B
gacTHoCTH, ero 06pa3 ¥(R™) oTKpHIT.
(4) Hokaxkem, uro mHOokecTBO ¥(R™) 3amkuyTO0. Bo3bMeM r06y1o T04-

Ky ¢ € U(R"). Tak KaKk BEKTOPHBIE I0JId Y7, . . ., Y, JUHEHHO HE3ABUCUMBI,
00pa3 oTobparkeHus

(yl,---,yn)HqOGXD<ZyaYa>, y=(1,---,yn) €ER",

a=1

5 A.A. Arpaues, }0.JI. Cauxos
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COZIEPKUT OKPECTHOCTh TOYKM ¢. [losTomy cymecTByer Takoe y € R™, aro

qo exp< Z yaYa) € U(R"),
a=1

T. e . .
go eXp< > yaYa> =qoo© eXp< > maYa>
a=1 a=1
JJIsl HEKOTOpOro = = (Z1,...,T,) € R™. Torma
n n
q=qoo exp< Z ana> o exp(— Z yaYa> =
a=1 a=1

n

—woexp( Do (en Vo ) = ¥lo )

a=1

Nubivu cioBamu, g € ¥(R™).
ITosromy muOkecTBo U(R™) 3amkryTo. Tak Kak 0OHO OTKPBITO W M
CBA3HO, TO

T (R™) = M.
(5) Jlerko BuAeTh, 9TO IPOOGPA3
U (go) = {x € R*| ¥(z) = go}

ecTh moarpymma abenaesoit rpynnst R™. JlefictBurebHO, IyCTh

\II(CL') =dqo© eXp( Z -’EaYa) = \I’(y) =qp©° eXp(Z yaYa> = qo-
a=1 a=1

Torma

Y(z+y)=qo eXp< i(wa + ya)Ya> -

a=1
n

=qoo eXp< > waYa> ° exp( Zn: yaYa> = qo-
a=1

a=1

Anajornuso, ecan

\y(a") = qo© eXP(Z ana> = qo,
a=1
TO

\II(—;L') = qo © €Xp (_ Z maYa) = qo-
a=1

Haxowner, )
\g 0 = qo-
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(6) [lanee, Gy = ¥~ !(qo) — nuckpernas moarpynma B R”, T. e. Majas
OKPeCTHOCTD HadaJia KoopauHaT B R™ He colep:KuT HeHyJIeBhIX 3JIeMEHTOB
npoobpasza ¥~1(qp), Tak kax ¥ — jokambHBI auddeomopdusm.

(7) Orobpakernne ¥ koppekTHO ompeneneHo Ha dakrope R"/Gy.
HeiicrBurensHo, nycrs y € Gy. Torga

Y(z+y)=qoo eXP( zn:(a:a + ya)Ya> =

a=1

=qoo exp< Z yaYa> o exp<z ana> =qpo exp< Z :vaYa> = ¥(z).
a=1 a=1 a=1

[TosTomy onpenesneno oToGpazkeHne
U: R /Gy — M. (4.11)
(8) Orobpaxenue (4.11) B3aNMHO OJHO3HAYHO: €CJIH
U(z)=¥(y), zyeckR,

n n
QOOGXP<Z$aYa> = QOOGXP<ZyaYa)a
a=1 a=1

TO

O9TOMY
n
qdo © eXp( Z(ma - ya)Ya) = qo,
a=1

T.e. x —y € Go.

(9) Uz nokasarsoro ciemyer, uro orobpaxenme (4.11) — muddeo-
mopdusm. ITo nemme 4.2, npuseneHHON HUXKeE, qUCKpeTHAs noarpynna G
rpyunst R” siBjisieTcsi pemeTKoii:

k
Go—{Zniei niEZ},
=1

nodTomy GaKTOp M0 Hell — MuInHID:
R"/Go = TF x R"F,
Urak, mbl noctponnu auddeomopdusm
=01 M T xRk,
Pagencrsa (4.8) u (4.9) mokaspiBaroTca B TOIHOCTH, KaK B Teopeme 4.1.
Bekropnoe none @, fy = Ax + ¢ KOppeKTHO ompejiesieHo Ha (aKkTope

TF x R*~* nosromy cnpasesuset pasencrsa (4.6). Jocrarounocts jio-
Ka3aHa.

Heo6xonxmumocTs. OueBnano, uro yciosus (4.7) u (4.9) Beinos-

HSAIOTCA [JIa J000H JmHelHOM cucTeMbl Ha munuaape TF x R %, Ecmn
JuHeflHAs CUCTeMa YIOpaBjideMa Ha IWJINHApPE, TO OHA YIpaBjdeMa U
Ha R", mosTomy ycioBume yupasisieMoct (4.8) TakxKe BblmosHsercs. [

5*
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HoxkaxkeMm cjemyroimee o0IIee IpeIoKeHne, KOTOPBIM MBI BOCIIOJIB30-
BaJIUChH BBIIIIE.

Jlemma 4.2. IIyemo I' — Oduck-
pemHuaa nodepynna 6 R™. Toeda ona ss-
. AAEMCA PEUWLEMKOTE, M. €. CYULLCNEYIOM
. AUHETHO HE3ABUCUMbLE BEKMOPDL €1, . . .
. ...,ex € R® makue, wmo
k
F:{Zniei niEZ}.

Hdoka3aTesabcTBo. Bygem mo-
Ka3blBaTh HUHAYKIWEHl II0 pa3MepHOC-

T N obbemTome rpymnmnsr R”.
Puc. 4.1. Pemerka, mopoxaeH- (1) Iycrs n = 1. Tak xak moarpyi-
Hasd BEKTOPAMH €1, €2 ma I' C R nuckperHa, B Hell Cy1mecTByeT
Omzkaiimuii K Hagasry koopauHatr 0 € R
snement e; # 0. [lo rpynmoBomy cBoiicTBy BCe KparHble te; £ ep £ ...
... xeg==xne;,n=0,1,2,..., rakxke comepxkarcsa B I'. Jlokaxkem, aro I

HE COHEPKUT JAPYTUX JIEMEHTOB.

OT mpOTHBHOrO: MPEIIOJIOKHAM, 9TO CyIIeCTByeT 3djgemenT x € [ Ta-
Koii, uro ne; < z < (n+ l)ey, n € Z. Torpa sgement y = x —ne; € T
conepxkurca B uHTepBase (0,e;) C R. Ho Torma y # 0 6amxke K Hagary
KOOD/MHAT, 9€M €1, 9TO IPOTUBOPeYnT npeanooxennro. CiienoBaresibHO,
I' = Ze; = {ne1| n € Z}, aro u 1pe6oBaIOCH NOKA3ATE.

(2) JdokakeMm mar WHIYKIUW: IPEANOTIOKAM, ITO YTBEPKIEHHE JIEM-
MBI JOKA3aHO 11 HeKoToporo n — 1 € N, u mokazkeM ero [iis CjieIyoIero
HOMEDA 7.

Bribepem Ommxkaitmmii Kk Havaay xkoopauaar 0 € R™ sjmement e; € T,
e1 # 0. O6o3nauum yepes | npsamyio Re;, a uepe3 I'; pemerky Ze; C I'.
Ipennonoxnm, aro I' # 'y (B npoTnBHOM Citydae BCe JOKa3aHO).

IMokazkem, 9To cymecTByeT Gumkaiimmii K [ smement e € I\ T'y:

dist(ez, ) = min {dist(z,l)| z € T\ I}. (4.12)

Bosbpmem mro6oit orpesok I = [ney, (n + 1)e;] C I m obo3nadmm wepes
m: R® — | oproronampuyto mpoekmuio n3 R Ha [. B cmny KommakTHO-
cru oTpeska I W AUCKpeTHOCTH Toarpymmbl I n-mepuag mosoca m (1)
conepkuT Oumkaiimmii K I smemenT ex € '\ [:

dist(eg, I) = min {dist(z, I)| z € (T'\ 1) N7~ (I)}.

Torma 31eMeHT eo NCKOMBIIA: OH yZ0BJIeTBOpseT paBeHCTBY (4.12), Tak Kak
mo6oit smement w3 [ MoxHO meperectu B momocy 7 L(I) smemenTamu
pemerku I'y.

IlosToMy mocrarodHO MaJias OKPECTHOCTH MIPSAMOI | He COMEPKUT Jie-
menToB u3 mononserns I\ T';. Cremosarensro, dakroprpymna I'/T'; ects
JCKpeTHas moarpynma B R/l = R~ . ITo mpeAmOIOKEHNI0 HHAYKIIIH
I')Ty — pemterka, 3Ha4nT, I' — TakKe pemerka. [J



I'masa 5

TEOPEMA Ob OPBUTE U EE IIPNJIO2KEHN A

5.1. @opmysmpoBKa TeopeMbl 06 opouTe

IIycte F C Vec M — mr060€ MHOXKECTBO TJIQJKUX BEKTOPHBIX IMOJIEH.
st ynpomeanst hopMyInpOBOK Oy/1eM MpeanoJiararhb, 9T0 BCe mojsd B F
IIOJIHBI. Bnpoqu, BCE€ OIIpeaeJieHudA u peSyJ'H)Ta,TI)I7 IIPUBO/IUMbIE HUH2XKE,
JIerKo 060BIA0TCS Ha Cryvaii HemoTHBIX mostell (ocTaBisiem stu 0606Ie-
HU$ 9ATATEIO B BAIE YIPAYKHEHUs ).

Ms#1 Bo3BpaIaeMcs K U3y YeHII0 MHOXKECTB JOCTHKUMOCTH: UCCIIELYEM
CTPYKTYPY MHOXKECTB JOCTUXKHUMOCTHA CHUCTEMBI F € TMOMOIIBIO KYCOYHO
IIOCTOAHHBIX praBJIeHI/Iﬁ

Aqoz{qooetlflo...oet’“f’“|ti20, fi € F, keN}, qo € M.

Ho crmagana paccmorpuMm 6osibliiee MHOKECTBO — opbumy cemeiictBa F
U3 HEKOTOPOIl TOYKH (o:

Op ={gooe™ o oele|t; e R, fi € F, k € N}, g € M.

B opbure Oy MOXHO JBUTATHCA B0 BEKTOPHBIX IoJiell f; Kak BIepe,

£ f2
qo0 qo fl
J1
Ogo
Puc. 5.1. MuOKkeCcTBO HOCTHZKIMOC- Puc. 5.2. Opbura Oy,

i Agg

TaK U HA3a/l, B TO BpeMs KaK BO MHOXKECTBE JIOCTHKIAMOCTH Ag, BO3MOKHO
TOJIBKO JIBHKeHHe Brepes (puc. 5.1, 5.2).

Bupouewm, ecim cemeiictBo F cummempuuno: F = —F (r.e. f €
eF =>—feF ), TO MHOXKECTBA JIOCTHKUMOCTH COBIQIAIOT C opOuTamm:
Oqo = Aqo, qo € M.

Boobriie roBopst, opouThl IMEOT H0JI€€ TPOCTYIO CTPYKTYPY, 9€M MHO-
xecTBa gocTmkuMocTr. OHa ONMCHIBAETCS B CJIEAYIOMEM BarKHeHImeM
TIPEIJTOZKEHIH.



70 I'a. 5. Teopema 06 opbume u ee NPUNOHCEHUA

Teopema 5.1 (reopema 06 opbure, Harano-Cyccmann). ITycmo
F — cemeticmeo sekmopuvix noaetd u qg — mowka 6 M. Toezda:

1) opbuma Oy, ecmo cea3Hoe NoO2PYICEHHOE NOOMHO2000PA3UE MHO20-
obpasus M;

2) T,0,, =span{qo (AdP)f| PP, feF}, q€ Oy.

3nech MBI 0003Ha9aeM depes P rpymnmy auddeomopdu3MoB MHOr000-
pasust M, mOpOKAEHHYIO MOTOKAaMu moJeit u3 F:

P={e"fro.. .0ttt e R, fi € F, k e N} C Diff M.

Mpsbr onpenesnM u 00CyauM MOHSATHE HMOTPYKEHHOT'O MHOr000pas3usi B
cieayromeM maparpade.

5.2. Ilorpy>keHHbie MOAMHOI000pa3usa

Oupenmenenne 51. Ilommaoxkecrso W riagkoro n-MepHOroO
MHOr0o0Opa3usi HA3BIBAETCA NOZPYHCEHHBIM K-MEPHLIM  T0OMHO2000Da-
3uem MHOrooOpasusi M, k < n, ecau CymiecTByeT B3aNMHO OIHO3HATHOE
noepyoicernue

®: N - M, Ker®,, =0 VgeN
riraikoro k-mepHoro MmHOroobpasusi N Takoe, 94To
W = ®(N).

Sameuganue. llorpyx)ennoe mommHOroobpasme W wmHOrOOOpa-
3usg M MOXKHO TaK»Ke ONPENESUTh KaK MHOTro00pas3ue, COMepKalleecs
B M, Takoe, 9To 0oTOOparkeHNE BKJIIOICHUST

i: W —= M, i: ¢ q,
€CTh TOrPY2KeHue.

Hocrarouno masbie okpecraocru Oy B MOIPY?KEHHOM IIOAMHOI000pa-
3un W muoroobpasus M sBasioTcs nmogmuaoroobpasusmu B M, Ho Bce W
MOXKET W He OBITH MOAMHOroobpasueM
W B M B cmbicyie onpenesnenns 1.1. Boob-
e roBopsi, Torojiorusi W moxker ObITh
CujibHEEe, 9€M TOIIOJIOTUudA, WHIYIUPO-

BanHasg HA W Tomosnormeit M.

IIpumep 5.1. Ilyctrp &: R —
— R? — B3aMMHO OZHO3HAYHOE IIOTPY-
(0) JK€HHUe IPsIMOi B IJIOCKOCTh TAKO€e, ITO
lim ®(t) = ®(0). Tormza W = ®(R) —
t— o0

[IOrPY?KEHHOE OJJHOMEPHOE OJMHOIO-
Puc. 5.3. Ilorpyzxennoe mHOro- 6 by R2 7 5.3 pT L e
obpasue obpasue R? (puc. 5.3). Tonomorua W,
yHac/ieqoBaHHAsg OT R, cuiibHee, deM
Tonosorus, nHaynuposannas R%. Unrepamst ®(—¢,€) npu m0CTATOYHO

Masbix € > 0 B IepBOil TOIOJOrUU OTKPBITHL, & BO BTOPOIl HET.
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IlorsTre TOrpyKEHHOTO MOAMHOT000pa3us Hen30€KHO BOSHUKAET IIPU
onmncaHuu OPOUT CEMENCTB BEKTOPHBIX HOJIE. Y 2Ke OpOUTa OHOrO BEKTOP-
HOTro 1moJist (T. €. €ro TPAeKTOPHUsl) eCTh MOrPY’KEeHHOE IOAMHOroobpasme u
MOKeT He OBITh OAMHOT000pa3ueM B CMbIC/e ompeaessenns 1.1.

IIpumep 5.2. OcnmmasaTop ¢ AByMs CTENEHAMA CBOOOIBI ONHCHIBA-
€TCd yPaBHECHUAMN
&+ oz =0, z € R,
j+py=0, yeRr
B KOMIIJIEKCHBIX II€PEMEHHBIX
z=z—1it/a, w=y—1iy/B
9TU yPaBHEHUA UMEIOT BUJL
Z=1az, z€C,
w = 1w, w e C,
HOITOMY OHH HMEIOT DEIICHHsT
2(t) = e"2(0),
w(t) = eP'w(0).
JIro6oe pemenne (z(t), w(t)) ypasrenmit (5.1) npuHaIEKUT HEKOTOPOMY
WHBAPUAHTHOMY TODY
T? = {(z,w) € C?| |2| = const, |w| = const}.

JIt06oit Takoil TOp mapaMeTrpulyeTcs apryMEHTAMU UUCES 2, W M0 MOJIY-
0 27, TI03TOMY OH sBagerca rpymmoit: T2 ~ R? /(27 Z)2.

Beenmem HOBBII mapameTp T = at. Torna Tpaekropmu (2, w) cTaHOBATCA
ob6pazamu npsivoit { (7, (8/a)7)| T € R} npu norpyxesunn

(T, §T> — (T+27rZ, §T+27TZ> e R?/(2nZ)?,

a MOITOMY — TMOTPYKEHHBIMU [TQIMHOT000Pa3UsIMU TOPA.

Ecsm orHOmenwe 3/ mppany@oHaNIbHO, TO TPAEKTOPUH BCIOLY TJIOTHBI
B TOpe: OHM 00PAa3yI0T WPPAIMOHAJIBHYI0 0OMOTKY TOpa. B aToM cirydae
TPaeKTOPUH, T. €. OPOUTHI COOTBETCTBYIOIIEr0 BEKTOPHOI'O IOJIsl, SBJISFOT-
Csl He IOAMHOT000PAa3UIMU, & BCETO JIUIIIH TOrPYKEHHBIME IIOAMHOT000pa-
3UAMU.

3ameganue. llorpyxenapie mogMHOrO0Opa3us HACIEAYIOT MHO-
rue JIOKaJbHBIE CBOUCTBa MOAMHOr000pasmit. B wacTHOCTH, KacaTeabHOE
MPOCTPAHCTBO MOTPYKeHHOro moaMuoroobpasus W =Im ® C M, roe ® —
[OIPY2KEHUE, 33/IAETCA KaK

T@(q)W =Im ':I)*q.

Hasee, JIeTKO TOKa3aTh CJIEAYIONIEE CBOMCTBO MPOU3BOJILHOTO BEKTOPHOTO
nonga V € Vec M:

V(i eT,W VYqgeW = gqoeVeW VYgeWw,

Iy Bcex t, T0CTaTOYHO Ou3KuX K 0.
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5.3. CiuencrBusi reopembl 006 opoute

Ilepen Tem kak goKa3aTh TEOpeMy 00 OpOUTE, MBI MOJIYIUM HECKOJIHKO
CJIEJICTBUAI U3 Hee.

IIycrs Oy, — opbura cemeiicrsa F C Vec M.

Bo-nepseix, ecnmu f € F, 10 f(q) € T,O4, mins Bcex q € Oy, . HelicTBu-
TenbHO, TpaekTopus g o e/ mpuragTexuT opéure O, MOITOMY €e Kaca-
TesbHBLH BekTOp f(g) comepxkurca B KacareabHOM mpocTpaHcTBe 140, .

Hanee, ecu fi, fa € F, 1o [f1, f2](q) € T,O04, mus Bcex g € Oy. J10
CJIeTyeT W3 TOrO, 9TO BEKTOP [f1, f2](¢) Kacaercs TpaekTopum

tsgoefoetlzoe thoe 2 c O .

AmnasiornyHo, 11 Tpex BEKTOPHBIX mojeit fi, fa, f3 € F umeem
[fh [f25f3]](Q) € Tquoa qc Oqo' ﬂeﬁCTBHTeJH’HOv TaK KakK [f25f3](q) €
€ T,04, q € Oy, TO BCe TPAaEKTOPUU HOJIA [f2, f3|, HaIHHAOIIHECS B
morpy»kKeHHOM mHoaMHoroobpasmm O, He IMOKHIAIOT ero. 3aTeM IOBTO-
psieM paccCyK/IeHue, IPUBEIEHHOE B IPeAblAyIneM ab3arlie.

MozxHO mpomoKaTh TAKHM 00pa30M U jaJjiee U MOIydnTh CKoOku Jlu
CKOJIb YI'OJHO BBICOKOI'O IOPSIIKA

[fla[fZa ["'7[fk:—1afk] ]]](q)

KaK KacaTesJbHBEIe BeKTOPHI K Oy mpm f; € F. OTH paccyKIeHHd ecTe-
CTBEHHO CYMMUDPYIOTCH B TepMUHAX ajreOpsr JIlum BeKTOPHBIX moseit, mo-
poxenHoit cemeiicrBom F:

Lie]_—:Spa‘n{[fla[""[fkflafk]"']H fi 6-7:7 kEN} CVecM,

¥ TPOCTPAHCTBa, 00PA30BAHHOrO 3HAYEHUSIMHU TUX BEKTOPHBIX MOJeH B
Touke q € M:
Lie, F = {qo V|V € Lie F} C T, M.
TMomyuaem cireayromee IpeIJIosKeHue.
Cnegcrsue 5.1. Jas aobot mouku q € Og,

Liey F C 1,04, (5.2)

Sameganue. Mpbl MOKaXKeM BCKOPE, 9TO BO MHOTHX BayKHBIX CJIy-
4Jasx BKitodeHue (5.2) obpamaercs B paBeHCTBO. B ofimeM ciaydae mosry-
JaeM OIEHKY CBEPXY

dim Lie; F < dim Oy, q € Oy.
13 Teopembl 06 opbuTe TaKKe BBITEKAET CJIEAYIOIIEE IMIPeIOoKEeHUe,
9aCTO MUCHOJIB3YIOMIEECH B TEOPUN YIIPABJICHUS.

Teopewma 5.2 (Pamesckuii-Uxkoy). ITycmo M — ceasnoe 2nadkoe
MHo2000pasue, u nycmov F C Vec M. Ecau cemeticmeo F enoane nezono-
HOMHO:

Lieq F = TyM Vqge M, (5.3)

Op=M Vg eM. (5.4)
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Ounpegenenune 5.2. Cemeiicteo F C Vec M, ynoBjeTBOpsioLiee
cBoiicTBy (5.3), HA3BIBAETCSH 6NOAHE HE2OAOHOMHDBIM WA CEMEFICTBOM 104~
HO20 paHea.

Hoxaxem Tteopemy 5.2.
HdokaszaTeanctso. Ilo cnexcremio 5.1 pasercrso (5.3) o3nagaer,

gTo yobasg opbuta Oy, — OTKPBITOE OAMHOXKECTBO M.
Jamee, paccMOTpuM Clleyiolnee OTHOINEHNE SKBUBAJIEHTHOCTH B M:

q1~ Q2 &= Q2 € 0(117 q1,92 € M. (55)

Msuoroobpasue M ecTh 00beqUHEHNE B3aUMHO HeTlePECEKAIOIUXCs KIac-
COB 9KBUBaJeHTHOCTHU. JI1060# Kitacc ABISETCA OTKPBITBIM ITOIMHOKECT-
BoM MHOroobpazust M. Ho M cBs3HO, HO9TOMY CyIIECTBYET JIUIIb OJHAH
HEIIyCTOM KJIacC KBHBAJIEHTHOCTH, T.e. )M COBIAJAeT C €IMHCTBEHHOU
op6uroit Og,.

1 cCHMMeTPHUYHBIX CeMeICTB MHOXKECTBA JIOCTH2KIMOCTH COBIIQIAI0T
¢ opbuTamMu, IOITOMY MOJIyIaeM CJIeIYIOIIee IPEeJIOKEeHNeE.

CunegcrBue 5.2. CummempuuHnoe 6nosHe HE2Z0NOHOMHOE CEMETCTM-
680 BEKMOPHBLT NOAET HG CEAZHOM MHO02000DA3UYU BNOAHE YNPABAAEMO.

5.4. J/loka3aTeJIbCTBO TeopeMbl 00 opbuTe

Bsenem o6o3nauenue

(AdP)F ¥ {(AdP)f| PP, feF}C VecM

U PacCMOTPHM CJleLylolee IOAIPOCTPaHcTBo B 1o M:
def
I, = span {q o (Ad P)F}.

9TO MPOCTPAHCTBO — KAHIUIAAT HA POJb KAaCATEJIbLHOIO MPOCTPAHCT-
Ba T40,.

JJemma 5.1. dimIl; = dimlIly, das ecex g € Oy, g0 € M.

JdoxaszaTeasctno. Ormernm, uro ecimm g € Oy, T0 ¢ = g 0 Q
Iy HeKoToporo auddeomopdusma () € P.

BosbMeM mpou3BosbHLIL s1eMeHT go © (AdP)f € I, tne P € P, f €
€ F. Tornma

Q:(go0 0 (AdP)f) =qoo(AdP)foQ =g oPofoP toQ=
=(@oQ)o(Q 'oPofoP toQ)=goAd(Q toP)f 1l

B cmiIy Toro, uro @ o P € P.
Nmeem Q.ll,, C II,, mosTomy dlm_l'Iq(J < dlm Il;. Ho qo m g MOZKHO
IOMEHATHh MecTaMu, ciaegoBarenbro, dimlly, < dimlIl, . Urak, dimIl, =

=dimIl,. O
Temnepp moKaxkem Teopemy 00 opbure.

HoxkaszaTtenbcTBo. MHorooopasue M pacmamaerca B 0bbeau-
HEHUE B3aVMHO HEIEPECEKAIIINXCH KJIACCOB KBUBAJEHTHOCTU OTHOIIIE-
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mug (5.5) — opbur O4. BeemeMm Ha M HOBYIO «CHJBHYIO» TOILOJIOLUIO, B
KOTOPOi1 BCe OPOUTHI CYyTh CBSI3HBIE KOMIIOHEHTHI.
Ja moboit Toukn g € M obosraunm m = dim I, n BeiGepem smemen-

et V1, ..., Vi € (AdP)F Tak, aTobbI

span(Vi(q), - ., Vin(q)) = L. (5.6)
Oupenenum orobpakenue
Gy: (t1y-oostm) > qoeVr o LoglmVm t; e R
Nmeem
ot = Vita),
MO3TOMY B JIOCTATOYHO MaJioii okpectroctn Oy Hagasia koopmuaaT 0 €
8G, 8G,

€ R™ BekropsI
MOy KEHUE.

Muoxecrsa Buna G4(0y), ¢ € M, sBao0TCca KAHAUNATAMYE HA POJIb
a;1eMeHTOB 6a3bl Tomosornu HAa M. JlokaxkeM HECKOJbKO COOTBETCTBYIO-
X CBOWCTB 3THX MHOKECTB.

(1) Tak kak orobpazkenus (G, pery/aspHsI, To MHOXKecTBa G¢(Op) —
M-MepHBIE MOAMHOr000pa3us MHOroobpasust M, OBITH MOXKET, IJjIs MEHb-
mux okpecrHocreit O.

(2) Ioxaxem, aro G4(Og) C O,. JIroboit snement Gasuca (5.6) umeer
gun V; = (AdPR,)f;, P, € P, f; € F. Torma

et‘/, — et(Asz)fz — etP@oflOPi — Pi o etf, OPi 1 c P,

JIMHEHHO HEe3aBHCHUMBI, T.e. G —
ot " Otm ’ ‘1|00

osToMYy
G,(t) =qoeVi € O, t € Op.
(3) Hokaxenm, aro Gy (T;R™) = (1), t € Op. Tak xax rank G|y, =

Gq

0t

=m udim Il 0y = M TO OCTACTCH NOKAZATH, 4TO . € ng(t) TSt

t € Og. Umeem

0 0 Vs

— G,(t) = oe'o,.

at; a(t) at;
=goeVio. . oeliVioVoeti+tViti o oelmVm =

Vi o

o) ethm —

:qoetlvlo...oetivioeti“vi“o...oet’"

ce tmVm o e tit1Vitr o‘/ioeti+1Vi+1 o...0elm —

(BBEmeM obosnauenme Q = elit1Vitl 0., oelmVm € P)
=Ge(t)oQ ' oV;0Q =Gy(t) o AdQ™'V; € g (1)
(4) Hokaxkem, uro MmHOKecTBa Buma G4(0p), ¢ € M, obpasyior 6a3y

ronosorum Ha M. JlocTaTodHO TOKa3aTh, 4TO JI0OOOE HEIyCTOe Iepece-

gerne G,(Op) N Gq(ao) COJIEP’KUT ITOAMHOMKECTBO BUZIA Ga(éo), T. €. 3TO
mepeceveHne yCTPOEHO, KaK Ha puc. 5.4, a, a He Ha puc. 5.4, 6.
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Puc. 5.4

IIycrs Touka ¢ mpuHaanexut MHOXKeCTBY G4¢(Op). Torma dimIlz =
= dimII; = m. Paccmorpum orobpaskenne
t1 Vs tm V,
1Vi o...o0e m m’

Gy: (t1,...,tm) > qoe
span(7o Vi, ..., 3o Vm) =TI,
ZocraTogno nokas3aTh, 9T0 UPU MAIBIX (t1,. .., tm)

G&(tla P ,tm) S Gq(Oo),

rorga MoxkHO 3amenntb Gg(Op) Ha G3(Op). IlpoBesem oKa3aTENILCTBO

t1V1

mar 3a maroM. PaccMorpuM KpuByio t; — g o eV, Ilo cBoiictBy (3)

BBIIIIE, 171(q' ) € Il pna ¢ € G4(0p) u mocrarouno Gmuskux K ¢. Tak
kak G4(0gp) — nommuorooGpasme 8 M u II, = T,G,(Op), To kpusas

g o eV mpumangexur G4(Og) mus nocraTodno Madwix |tq]. Ilosropms
9TO PACCyKJIEHUE, OJIyIaeM, ITO

(7o e ") 0 e2% € G,(Oo)
Opu MaJbIX |t1], |t2]|. IIpomomzkast 9TOT mpoIiecc, MOJIydaeM BKIIIOUEHUE
(go erVio, o etmflflmfl) oetmVm ¢ G4(09)

st (t1,. .., ty), HocTaTodno 6auskux K 0 € R™.

Csoiicrso (4) poxasano, u muoxecrsa G4(0y), ¢ € M, obpasyior 6asy
ronosorun ua, M. O6osmaunm depes M7 mosydeHnoe Tomosormyeckoe
MPOCTPAHCTBO, T. €. MHOXKECTBO M € TOJIBKO 4TO BBEIEHHON HA HEM «CHJIb-
HOI» TOIOJIOTHeH.

(5) INokaxkem, aro jug jmoboro go € M opbura Oy CBA3HA, OTKPHITA
¥ 3aMKHYTa B «CHJIbHOW» TOIIOJIOTHUH.

CeszHOCTH: BCe oToGpaxkenusi t — g o etf, f € F, menpepsiBubI B
«CHJIbHO}» TOINOJIOTHH, I03TOMY J1I00YI0 TOUKY ¢ € Oy, MOKHO COEIUHUTH
C qo HempepsIBHOH KpuBoit B M7 .

Orkperrocts: mus moboro g € Oy, MuOKecTBO Buma G4(0g) C Ofy —
OKPeCTHOCTD TO4KK ¢ B M7 .

3aMKHYTOCTD: JiI00asi OpOUTA SABJISETCS JTOMOJHEHNEM K 00'beIIHEHHIO
OTKDBITBIX MHOXKECTB (OpPOUT), IOITOMY OHA 3aMKHYTA.

Wrak, mobas opbura Oy, €CTh KOMIOHEHTA CBS3HOCTH TOIOJIOTHIEC-
KOro mpocrparcTsa M7 .
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(6) OmpemenuM riafKyr CTPYKTYpPy Ha Kaxkoit opbure Oy, BEIOpaB
G4(0y) B KadecTBEe KOOPAUHATHBIX OKPECTHOCTEN I Gq’1 B KadecTBe KOOop-
JIUHATHBIX oToOpazkenuit. Tak kak Bce G| 0, CYTP HOTPY2KeHHs, TO srobast

opbura Oy, — morpy:kesnoe mogmMHoroobpasue 8 M. 3ameTnMm, 4TO 9TH
MMOAMHOT000pa3usi MOTYT WMETh Pa3Hble Pa3MEPHOCTH IJIs PAa3HBIX (q.
(7) o ceoiictBy (3) umeem 1,04, =1II,, g € Oy,.
Teopema 006 opbure MOJIHOCTHIO JOoKa3aHa. [

Onncanne KacaTeIbHOrO HPOCTPAHCTBA K OpOHTEe, KOTOPOe JaeT 3Ta
TeopeMa:
7,04, = span(q o (AdP)F),

He OY€Hb KOHCTPYKTHBHO, TaK KaK Ipynna P HMeeT JTOBOJBLHO CJIOKHYIO
CTPYKTYpy. Brpouem, MbI y2Ke MOJYyYHIN U3 TEOPEMBI 00 OpOUTE OIEHKY

cHmsy: Lie, F C span(q o (Ad P)F). (5.7)

OTMeTHM, 9TO 9TO BKJTIOUeHNe HeCTO0KHO TOKa3aTh HEMOCPeICTBeRHO. Vc-

Hosb3yeM acumirTornueckoe pasioxenne nous Adet! f = etadf f. Bozs-

MeMm Jir060it asement ad fy o ... o ad fk]? € Lie F, fi,]? € F. Nmeem

Ad(e"fr o . oetef)f € (AdP)F, nosromy

qO—alc Ad(etlflo...oet’“f’“)f:
Ot1...0tr o

k ~
:qoﬁ O(thadfl o...o0ekadfi)f—

=goadfio...oadfs f € span(q o (Ad P)F).

Temepb PacCMOTPHUM CHTYAI|I, Korja Bkirodenue (5.7) craHOBHTCS

CTPOTHM.
2
AT p IIpumep 5.3. HyCTbM:RQ,]::
1o} 0
£+ = 1

PR 521 a(z )8932 , rne dyHKIHLD a €

————>—o .
€ C*(R), a # 0, IMeeT KOMIAKTHBI HO-

1, 0

ta(i)ms f CHTEJTb. 5
dx . Jlerko BuUzeTH, YTO JJis JE00OH TOY-
-« " xum x € R?> opbura (0, coBmamaer co
' + 0 BCeil mIOCKOCTBIO R2. JleHCTBUTENBHO,
: Oxt ,  cemeiicrBo F U (—F) BHosiHe ynpasgemo
! r Ha miockoctu. KakoBbl Obl HU OBLIM Ha-
i JajbHad TOUKa To = (Td, 2) U KoneuHad
Touka T, = (Z},77), MOXKHO IepeBecTH
Puc. 5.5. Ilosnaga ynpasiige- To B ZX1: CHa4YaJa uUIeM U3 Iy BIOJb

MOCTBb ceMelCTBa 0 ~ ~
7 mons + B Touky (Z',22) ¢ a(T') #

oxlt o

1

# 0, 3aTeM aBmKeMcsa BAONb mons +a(zh) 553 MO TOUKH (@, 2%) m,

0
HakoHern, momasgaem B (z1,z%) Broms iF (pmc. 5.5).
T
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C npyroii cTOpOHBI,

1, z!¢suppa
dim Lie F)=<7 ’
@t 22 (F) {2, a(zt) # 0.
To ects x o (AdP)F = T,R? # Lie, F npu z' ¢ suppa.
OnHaKo 3TOT NpUMeEp CYIECTBEHHO HeaHAJINTHYecKuil. B amamnTmye-
CKOM Cirydae BurodeHue (5.7) mpespamaercs B paBeHCTBO. MBI mokakeM
9TO B CIeIyIomeM maparpade.

5.5. Anajqiutudyeckuii ciydaii

MmuoxecrBo Vec M me mpocro anrebpa JIm (T e. smmeiinoe mpoct-
PaHCTBO, 3AMKHYTO€ OTHOCHTEJILHO CKOOKH JIn), HO Tak:Ke U M00yAb HaT
C°(M): moboe mone V € Vec M MOXKHO yMHOXKUTH Ha (DYHKIHIO G €
€ C*°(M) u nonyaurp BekTopHOoe moje aV € Vec M. Ecim paccmarpu-
BaTh BEKTOPHBbIe Hojid Kak auddepennuposanus anrebpsr C° (M), To
npounsBefeHre OYHKINUNA ¢ U TOJIsA V eCTh moJie

@V)b=a-(Vb), beC®M).

B nokanbeBIX KOOpaumHATAX J00ast KoMnoHeHTa V B TOuke ¢ € M ymHO-
kaerca Ha a(q).

Yupaxnuenne 5.1. IIycts X, Y € Vec M, a € C*°(M), P € Diff M.
JokazkuTe paBeHCTBA

(ad X)(aY) = (Xa)Y + a(ad X)Y,
(AdP)(aX) = (Pa) AdP X.

Ilommomyns V C Vec M Ha3BIBAETCA KOHEYHO TOPOHCOEHHBIM HAT,
C* (M), eciu B HEM CyIIECTBYeT KOHEUHBIN IJI00AIbHBIH 6a3uC BEKTOD-
HBIX IOJIEeMH:

k
dVi,...,Vx € VecM Takme, ato V = {ZaiVi
i=1

a; € C°°(M)}.

Jlemma 5.2. IIyemv V C Vec M — xonewno noposicdennoiti nodmo-
dyav nad C(M). Ipednoaoostcum, 4mo 0as HEKOMOPO2O BEKMOPHOZ0
noas X € Vec M

(ad X)V = {(ad X)V| V € V} C V.

Tozda
(Ade™)Y = V.
Hoxkaszarteascrtso. llycts mona Vi,..., Vi obpasyror basuc V.
Ilo ycnoBuio jeMMbL .
(X, Vi] =) aiV; (5.8)
j=1

[i1s1 HeKOTOPBIX (yHKnmit a;; € C°°(M). HykHo nokasaTh, 9TO BEKTOD-
HBIE TI0JId

Vi(t) = (Ade™)V; = 21XV, teR,
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ABJIAIOTCH JIMHEUHbIMEA KOMOmHammaMu mojeit V; ¢ kosddunuenramm
uz C°(M).
Haiinem nuddepernmaabaoe ypaBHeHI/Ie I V(t):

V;(t) tadX[X V tadXZa”V Z al] )

s dukcupoBansoro ¢ € M onpenenuM Ciemxyony0 MATPHUILYY IOPs-

Ka k
A(t) = (ai; (1),  ay(t) =% ay, i,j=1,...,k

IMonyvaem suneitnyto cucremy OJLY

k
=Y ayOV;(0). (59)

Beenem dynnamenranbayo marpuiy [’ aToit cucrembl
=A@, T(0)=1Id.

Tak kak A(t) raamko 3aBucur OT ¢, Marpuna I' Tak:Ke IVIAJKO 3aBUCHUT
OT ¢:

F(t) = (’yij(t)), ’yi]'(t) S COO(M), i,j = 1, .. .,k, te R

Tenepp pentenus auHeiiHO# cucreMs! (5.9) MOXKHO 3amucaTh B BUZIE

k
0= V;(0)

Ho nons V;(0) = V; — mopoxk garonye Moy, T. €. MbI IIOJLy YA HCKOMOE
pasznoxkenne nogeit V;(t) mo mopoxkmaromum. [

MomMmomyis V C Vec M Ha3bIBAETCH A0KAADHO KOHEYHO NOPOHCOEHHIM
mag C*(M), ecnu mjua mo6oit Touku g € M cymecTByeT OKpeCcTHOCTb
O C M, cyxenne Ha KoTOpyto F|, KoHedHO mopoxzaeno Hax C™(0), T.e.
nMeeT 0A3UC BEKTOPHBIX IOJIEH.

Teopema 5.3. IIycmv F C Vec M. IIpednoaostcum, 4mo modysv
Lie F saokaavho xoneuno nopostcden nad C*°(M). Tozda

T,0,, = Lie, F, q € Oy, (5.10)
das moboti opoumut O, qo € M, cemeticmea F.

Msr 1oKazkeM 3Ty TeOpeMy HIDRKE, a Ceifi9ac BbIBEJEM U3 HEE BaXKHOE
npeJjozKeHue.

CnegmcrBue 5.3. Ecau M u F seuwecmeenno GHAAUMUYHDL, MO
cnpasedauso pasencmeo (5.10).

Hoxazarensbctso. B anamuruaeckom ciaygae moayns Lie F jo-
KaJIbHO KOHEYHO NHOPOXKJeH. JleiicTrBUTEIbHO, JIFOOOM MOIY/Ib, MOPOXK-
JEeHHBI AHAJUTAIECKUMU BEKTODHBIMU IIOJISIMU, JIOKAJBbHO KOHEYHO IIO-
POXKIeH. DTO — HETEPOBO CBONCTBO KOJBIA POCTKOB AHAJUTHIECCKUX
dysxnmit; cm. [142]. O
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Tenepp mokaxkem Teopemy 5.3.

HoxkasaTenscTBo. B cany Teopemsr 06 opbure

T,04, = span{qo Ad(et*f10.. .0 et’“f’“)ﬂ fifEF, th €R, k€ N}.
(5.11)
Ilo ompenenenuto anarebpsr Jlu Lie F
(ad f)LieF C LieF  V feF.

ITpumensis gemMy 5.2 K JI0KaJIbHO KOHEWHO mopoxaerHomy C°°(M)-mo-
ayao V = Lie F, nosygaem

(Ade)LieF Cc LieF VfeF.

CuresoBaresibHO,
Ad(efro... 0 et’“f’“)f: Adettf1o.. .0 Adetkfkfe Lie F

Juist TO0BIX [, ]/”\E F, tr, € R. Beuny pasencrsa (5.11)
T,04, C Lieg F.

A obparnoe Brimodenue (5.7) yxke 6b110 momydeno. Urax, ToO4, = Lieg F.

JIpyroe J0Ka3aTebCTBO 9TOH TEOPEMBI MOYKHO IOJIy9HTh, UCIOJb3Ys
JIOKAJIbHYI0 CXOUMOCTD 9KCIIOHEHIIMAJIHHOTO PSAJIa B aHAJIATHIECKOM CJIy-
qae. [

5.6. Teopema ®pobenuyca

BriBesiem u3 Teopemsbl 06 opbute Kiaaccudeckyto Teopemy Opobenuyca.

Onpenenenue 53. Pacnpedeaenuem A C T M Ha TIaJKoM MHO-
roobpasun M Ha3bIBaeTCH JTI000€ CEMENCTBO JMHEWHBIX MOAIPOCTPAHCTB
Ay C TyM, rnanko 3asucsimee or Todykum ¢ € M. Pasmeprocrs moz-
upocrpascTB Ay, ¢ € M, npeamoiaraeTcs MOCTOSHHOM.

leomerpuyecku, pacmpenesieHre €CTh TOJ€ KaCaTeIbHBIX MOIIPOCT-
pascTB HaA M.

Onpenenenue 54. Pacupenenenne A Ha mMHOroo6pasun M Ha-
3BIBAETCS UHMEZPUPYEMbIM, €CIIA JJId JII000# Touku ¢ € M cymiecTByeT
norpyzkeanoe nogmuoroobpasue N, C M, g € N, Takoe, 410

quNq = Aql \ q' S Nq.

ITogmuoroo6pasme N, Ha3bIBAETCS UHINEZPAALHBIM MHO2000pA3UEM
pacpezesieHnss A, IPOXOSAIIAM depe3 TOUKy ¢ (puc. 5.6).

WNubivu coioBamu, mHTErpupyeMocth pacnpezesenus A C T'M o3na-
qaeT, 4TO depe3 JIoOyI TOYKYy g € M MOXKHO MPOBECTH MOAMHOT00Opa-
3ue Ny, KacaTeJbHBEIE TPOCTPAHCTBA KOTOPOTO — 3JIEMEHTHI PacIpe/iete-
aua A.

3ameganune. EcamdimA, =1, To pacupesenenne A uarerpupye-

Mo 1o TeopeMme 1.2 0 cymrecTBoBaHUU U eauHCTBeHHOCTH pernermit O/1Y.
JeficTBUTEILHO, B OKPECTHOCTH JIH000#1 Toukm M MOXKHO BBIOpaTh 0Oa3mc
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Puc. 5.6. Varerpanbaoe mHOroobpasmue N, pacupenesnenus A

pacupenesrenus A, T.e. BekropHoe moje V € Vec M, takoe, uro A, =
= span(V(q)), ¢ € M. Ho Torga tpaekropuu OY ¢ = V(q) cyrp ommo-
MepHBIe ITOIMHOTr000pa3nsI ¢ KaCaTeJbHBIME IPOCTPAHCTBAME Ag.

Onnaxo B o6mmem ciygae (dim Ay > 1) pacupenenenue A MoxKeT GbITh
HEHHTErpupyeMbIM. J[eficTBUTENBHO, PACCMOTPUM CEMEHRCTBO BEKTOPHBIX
mmoJieii, Kacarommxcsa A:

A={VeVeeM|V(g e, VqgeM}
[Ipennonoxum, aro pacupeneserne A uaTerpupyemo. JIroboe BeKTOpHOE
moie m3 ceMeiicTBa A Kacaercss MHTErPAaJbHBIX MHOrooGpasmii Ny, mo-

stromy opbura O, cemeiicrBa A, OrDaHNYEHHOIO HA JOCTATOYHO MAJIYIO
OKPECTHOCTb TOYKH (, COAEPXKUTCA B MHTErPaJbHOM MHOroodpasuu N.

Bounee Toro, tak xak dim O, > dim A, = dim IV, To mokampro Of = Ny:
MOXKHO JIBUTaThCA B Ny B J1I000M HAIIPABIIEHNN BIIOJIb mOJel cemeiicTa A.

Ilo Teopeme 06 opbure, 1,0, D Lieg A, mosromy
Lie, A = A,.
910 03HAYAET, YTO
Vi,Vole A VW, V€A (5.12)

ITycts dim A, = k. Beibepem 6asuc pacnpefenennsa A B OKPECTHOC-
™ Og, TOUKH gy € M:

Ay =span(fi(g),---, fr(q)) Vg€ Oy

Torna srmodenue (5.12) samucbBaeTcs Kak yciaosue @pobeHnyca

k
[fisfi] =D cisfis ¢y € CF(Og)- (5.13)
1=1

Mpbr mokasanm, 9TO U3 WHTETPUPYEMOCTH DACHPEIETEHUS CIIEyeT
ycnosue @pobennyca ajist ero Gasuca.
O6parno, ecam ycaosue (5.13) BBINONHSIETCS B OKPECTHOCTH JEHOGOIT

Touku gy € M, To Lie(A) = A. Iostomy Lie(A) — n0KaabHO KOHEWHO
nopok ekl Moayib Hag C°(M). Ilo Teopeme 5.3

T,0,, = Lie, &, g€ O,.
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IloaTomy
1404, = Aq, q € O,

T.€e. opbnura Oy, ecTp MHTErpaJbHOE MHOrooOpasme pacnpeuesneHus A,
poxojisIiee 4epe3 TOYKY ¢o. MBI J0Ka3aim Ciiefyoinee MpeIjioxKeHune.

Teopewma 54 (Ppobennyc). Pacnpedeaenue A C TM unmezpupye-
MO Mo20a U MoAbKO mozda, Koz2da ycaosue Ppobenuyca (5.13) 6wvinoa-
Haemca 0as a106020 basuca A 6 okpecmuocmu 060l mouku qo € M.

Bameuanunsa (1) Ilo npasury Jleiibanna
[f,a9] = (fa)g +alf,gl,  f,g€VecM, aecC®(M),

ycnoBue ®PpobeHnyca He 3aBUCUT OT BbIOOpa Oasuca fi,..., fx: eciaum OHO
BBIIIOJIHAETCS B KAKOM-HUOYIb OTHOM 0a3uce, TO BBIIOJHIETCI U B JIIOOOM

JPYTOM.

(2) MoxHO paccmaTpuBaTh TaKKe IJIaJKue pacupenesnerus A ¢ mepe-
mennbiM panrom dim A,. Takoe pacnpenesnenue onpenensiercss Kak Jio-
KQJIbHO KOHEYHO HOpOxkAeHHBIH Haz C°°(M) mommomyne A C Vec M.
Jna Takmx pacmpenesieHnii m3 ycjaopua DpobeHmyca CjemyeT HWHTErpPH-
PYEMOCTB; HO Pa3MEPHOCTh HMHTETPAJIbHBIX MHOTrOOOpasmil CTAHOBUTCA B
001meM CiIydae IepeMeHHOH, XOTd U OCTAeTCsa MOCTOAHHON BI0JIb opouT A.
910 — 0000meHne Ha3oBOro MOPTPETa BEKTOPHOIO MOJIA. 3aMETHUM €Ire
pa3, OIHAKO, 9TO B 00ILIEM Ciaydae pacupeneienud ¢ dim A, > 1 nennrer-
PUDYEMBIL.

5.7. DKBUBAJIEHTHOCTb YIPABJISIEMBIX CUCTEM
II0 COCTOSITHUIO

B sTom maparpade MBI pacCCMOTPHM eI1ie OJHO MPUJIOKEHNE TEOPEMBI
06 opbuTe — K 3aJjaue YKBUBAJIEHTHOCTH YIPABJIseMBIX cucTeM (N Ce-
MeNCTB BEKTOPHBIX MOJIE).

IIycts U — mpowm3BOIbHOE WHIEKCHOE MHOXKECTBO. PaccMoTrpmm JiBa
ceMeliCTBa BEKTOPHBIX IOJIel Ha MIaakuX MHOrooopasmax M u N, mapa-
MeTPU30BAHHBIX OJHUAM U TeM 2Ke MHOxKecTBOM U':

fu={fulue U} C VecM,
gu = {gu| u € U} C VecN.

Bosbmem mrobyro mapy touek xg € M, yo € N u mpenmonoxxum, 9T0
cemeiicTBa fy, gy UMEIOT IOJIHBIA PaHr:

Lies, fu = TouM,  Liey, gu = Ty, N.

Onpegxmenenune 5.5. CemeiictBa fy m gy HA3BIBAIOTCH A0KAABHO
IKBUBAAEHMHBIMY NO COCMOAHUIO, €CIH CymecTByeT auddeomopduzm

OKPECTHOCTEN
®: Opy C M — Oy, CN,
(o} o — Yo,
HePEeBONAIINN O/THO CEMENCTBO B APyroe:

Q. fu=9u Vuel.
O6oznauenwe: (fy,zo) =~ (gu,Yo)-

6 A.A. Arpaues, }0.JI. Cauxkos
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3awmedqanue. Mbl paccMmaTpuBaeM 31eCh TOJIBKO [VIaKHE IPEOOpa-
30BaHUA COCTOAHUA T — Y, B TO BpeMd KaK YIPAaBJICHAA U HE MEHAKOTCH.
IlosToMy Takas 9KBUBAJIEHTHOCTb HAa3bIBAETCA SKBUBAJIEHTHOCTBIO IIO COC-
TosHut0. PaHee MbI yrke pacCMaTpPUBAJIN SKBUBAJEHTHOCTD IO COCTOSTHUIO
HeJIMHEHBIX 1 JIMHEHHBIX CHCTEM KaK JIOKAJIbHY0, TAK U II00aIbHYIO (CM.

. 4).
Cragasia monsITaeMCs HafTH HEOOXOAUMBbIE YCIOBHA JOKAJbHON SKBH-
BaJICHTHOCTH cucreM fy n gy. llycts
(fu, o) = (9u, yo)-

B cuny waBapumanTHOCTH CKOOKHE JIu mmeem

q>*[f”17fu2] = [Q*fuué*fuz] = [guuguz]? Uy, U2 € Ua

T. €. COOTHOIIEHUS MeXKIy CKOOKamu JIu BEKTOPHBIX IMOJIEHl SKBUBAJIEHT-
HBIX CeMeNCTB fy W gy HOJIZKHBI COXPAHATHCA. PaccMoTpuM Bce COOTHO-
IIeHus MeXKIy TuMu cKoOKamu JIu B oxHO#M Touke. OnpememM CUCTEMBL
KaCaTEeJIbHBIX BEKTOPOB:

Suroiup = [fuu [ s fuk] .. '](560) € 1y M,
Nus o = [Guss [+ 5 Gui] - - - 1(%0) € Ty N-
Jljig 3THX cECTeM HMeeM PaBeHCTBO
<I>*|m0 Eun oo = Muy.oups uy,...,up €U, keN

Temepp M02kHO CHOPMYIIPOBATH HEOOXOAMMOE YCIOBUE JIOKAJTHHOMN K-
BUBAJIEHTHOCTH CEMEACTB fy U gy B TEPMHUHAX JUHEHAHOro nm3oMopdu3Ma

®,|, = A: TpyM < Ty, N.

€T
Ecnu (fu,zo) =~ (9u, o), TO CymecTByeT JMHEHHBIA n30MOpdhU3M
A: T, M < T, N,

oTobpakarmuii cucreMy BEKTOPOB {&y,. .} B cucremy {ny, . ., }- Oxa-
3bIBAETCs, YTO B AHAJIUTUYECKOM Cjlydae ITO YCJIOBUE JIOCTATOYHO Jist
JIOKQJIbHOH 9KBUBAJIEHTHOCTH IIO COCTOZHUIO. 10 €CTh B QHAJIUTHIECKOM
Cily1ae KOMOWHAIMM 9YaCTHBIX IPOM3BOAHBIX BEKTOPHBIX MOJEH [y, u €
€ U, sxoggamue B {&y,. .}, 00pa3yloT MOJHYI CHCTeMy WHBAPUAHTOB
ceMefcTBa [ /Uil SKBABAJIEHTHOCTH MO COCTOSHHUIO.

Teopema 55. ITyemdv fy u gy — 6eWeECMBEHHO AHAAUMUYECKUE
cemeticmsa 8eKMOPHHLLT NOoAEl, MOAH020 DAH2A HA BEULLCTNBEHHO AHAAU-
muveckuxr mnoz006pasuar M u N coomsemcmsenno. Ilyemov xyg € M,
Yo € N.

Tozda (fu,zo) =~ (gu,Yo) 6 Mom u MOALKO MOM CcayHae, Kozda Cy-
wWecmeyem AUHetUHU U30MOPPUM

A: Ty M < TyyN
maxot, 4mo

A{lurun} = {Muyoour } Vuy,...,up €U, keN. (5.14)
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Sameganue. Eciu Bqo6aBok M, N 0qHOCBS3HBI U BCE MOJS [y, gy
TIOJIHBI, TO MMEET MECTO IJI00A/IbHAA SKBUBAJIEHTHOCT.

Ilepex Tem kak moka3blBAaTH Teopemy 5.5, chopmyampyem ycjo-
Bue (5.14) mo-apyromy m yKasKeM MeTOJ €ro IPOBEPKH.

IIycre cemeiicTBo fyy mmeer noJHbIA paHr:

span {&uy .y | ULy ... ur €U, k€ N} =T, M.
Bribepem 6a3muc:

span(&al,...,ﬁan):TgmM, ai:(ulia-"auki)a i=1,...,m,
(5.15)

¥ BBIPA3WM BCe BEKTOPHI ceMelicTBa £ 4epe3 Oa3MCHBIE BEKTOPDL:

6“1---uk = Zcil...ukfai- (516)
i=1

Eciu cymecrsyer nuneitneiii uzomopdusm A: T, M <+ Ty N co coiict-
BoM (5.14), TO BEKTODHI 7)z,, i = 1,...,n, TOJZKHBI 00PA30BLIBATH 0A3MC
npocTpancTsa Ty, N:

span(na,, - - -, Na,) = Tyo N, (5.17)

a BCe BEKTOPHI CEeMeIICTBa 7) JOJKHBI BHIPAsKaThCA depe3 0a3HCHBIE BEK-
TOpBL ¢ TeMu Ke Kodddunmenramu, aro u cemeiicrso & (cm. (5.16)):

Nuy..our, = ZCQI_..ukUai- (518)
=1

JIerko moryanTh 0OPATHYO0 MMILJINKAIAIO: €CJIM MOYKHO BHIODATh Oa3m-
ol B Ty M u Ty, N u3 cemeiicts £ u 1, Kak B (5.15) u (5.17), 4r0o6bl nMen
mecto pasnoxkennd (5.16) u (5.18) ¢ oxanmu u Temu xe ko3bdunEenTaMu
Chyy . up» TO CymecTByeT muHelHbIE m3oMopdusm A co cpoiicrsom (5.14).
HelicTBUTENIbHO, B 9TOM CIIy9ae MOXKHO OIpeIenTh n3oMopdusM Ha 6a-
3UCHBIX BEKTOPaAX:

A: gai'—)’l’]al, z=1,,n
MOKHO HOJIy4YnThH eme omHy HepedOpMYIHPOBKY, BBEI CJIEAYIONIyI0
repmuHosormo. Koudburyparmma {€y,. w,} ¥ {Nu;.. v, } Ha3BIBAIOTCA K-
BUBAJIEHTHBIMH, €Can MHOXKecTBa cootHomennit K (fy) n K(gy) mexmy
ssleMeHTaMu 9THX KoHGUrypanuii coenagaot: K (fy) = K(gy). 3mech Mbt

o6osragaem 1epes K (fy) maOXKecTBO Beex HA60POB K03bDUINEHTOB, 1T
KOTOPBIX COOTBETCTBYIOIIUE JIMHEHHbIE KOMOMHAITAHA PABHBI HYJIIO:

K(fU) = {(buluk) ‘ Z bul...ukgul...uk = 0}

Torga Teopemy 5.5 MOXKHO BBIPA3WUTH CJIEAYIOIIAM 00Pa30M.

IIpuauun Harano. Beda 40Kaabhas UHGOPMALUA O CEMETCTNEAT
AHAAUMUNECKUT BEKMOPHBIT MOAET NOAHO20 PAH2A COOEPHCUMCA 6 CKOO-
xax Jlu.

6*
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Bupouewm, 3amernmM, uTo KoHGUryparud &y, ..y, B CHCTEMa COOTHOIIE-
uuii K (fy), Boobuie roBopsi, He0603pUMBI U HE MOT'YT OBITH OIIUCAHBL IPOC-
t0. ITosTomy 06bryHO mpuaIMn Harano HemprMeHWM HEMOCPEICTBEHHO K
ONMCAHWUIO CBOUCTB yHPAaBJIAEMBIX CHCTEM, HO 3TO Ba’KHBIIl HAIIPABJIAIO-
muit TpUHIAN.

Teneps nokazkem Teopemy 5.5.

HokaszareascTso. Heobxomumocts yxke mokasana. Jlokakem
JOCTATOYHOCTH € IOMOIIBI0 TeopeMbl 00 opbute. [las sToro mocrpomm
BCIIOMOTATEJIbHYIO CUCTEMY Ha JIeKapTOBOM IIPOU3BEICHIN

M x N ={(z,y)|ze M, ye N}.

st BekTopHbIX modteit f € Vec M u g € Vec N omnpememM uX mpsiMoe
npounsseznerne [ X g € Vec(M x N) xax muddepernuposanmne

(f x g)a\(%y) = (fa;)|m + (gai)|y, a€C®(M x N), (5.19)

rae cemeiicra bynxmuit a, € C®(M), a2 € C*(N) onpenensiorca cie-
JyIormuM 00pa3oM:
1

a,: = = a(z,y), aZ: yw a(z,y), x €M, y€ N.

IosTomy npoekius nons f X g va M paBHa f, a npoekmus vHa N paBHa g.
Haxkonen, onpegenum npsiMmoe npousBeieHre cucreM fy U gy Kak

fv x gu = {fu X gu| u € U} C Vec(M x N).

IIpenmosoxkum, 9T0 CymecTByer guHedHbIl u3oMopbusm A: Ty M
< T, N, orobpaxaromuii korduryparmuio § B 1) Kak B (5.14), 1 mocrpoum
JIOKAJIBHYIO SKBUBaJEHTHOCTE (7, Zo) = (9u, Yo)-

B cuny onpeznenenus (5.19) ckobka JIu B cemeiicTBe fyy X gy BbIYUC-
JIAETCH CIIEAYIONIM 06pa3oM:

[fu1 X Guy fus X guz] = [fmafuz] X [guuguz]a ug,uz €U,
TO3TOMY
[fu1 Xgum["'afuk X guk]"'](xoayO) =
= [fula[afuk] ](xO) X [guu["'aguk] ](yD) = guluk X Nuy.ou, =

=Euy.oup X A&y uns ug,...,ur €U, k€N

CrenoBaresibHO,

dimLie(zO,yo)(fU X gU) =n,
rae n = dim M. ITo arammTIaeckoil Bepcum Teopems 06 opbure (crenct-
Bue 5.3) mus cemeticrsa fy X gy C Vec(M x N) op6ura O cucremsr fy X
X gu, MPOXOAAINAsa 9epe3 TOUKY (Zo,Yp), €CTh N-MEPHOE IOrPYZKEHHOE

moaMHOroo6pasue (osToMy JIOKajbHO moaMHuoroobpasue) B M x N. Ka-
caTeJIbHOE TIPOCTPAHCTBO K OPOUTE MMEET BH/T

T(zo,yg)o = Span(&n...uk X Aguluk) =
=span{v X Av|v € Tpy} C T(zy,yo)M X N = Tpo M x Ty N,
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T. e. 3T0 rpaduk JuHelHOro n3oMmopdusma A. PaccMoTpuM KaHOHUYIECKHE
MPOEKINH HA COMHOXKUTEJIN:
m: M xN— M, m(z,y) =z,
ma: M X N — N, ma(z,y) = y.
Orpanudenns 71|y, T2|n CyTh JMOKaIbHEEE AubdeoMopdu3MBI, TaK Kak
muddepennuasibt
T 1%

) (v, Av) — v, v € Ty, M,
(v, Av) — Aw, veT,,M,

|($07yo
7r2*|($07y0) :
B3aIMHO OTHO3HAYHBL.
Torpa ® = my 0 (771|o)71 — nokanbHbI muddeomopdusm us M B8 N
¢ rpapurom O n
-1
Q. =m0 (T1lp), : fur Gus u e U

Caenosarenbro, (fu,zo) =~ (gu,vo). O



I'masa 6

BPAIIIEHNE TBEPJOI'O TEJIA

B 270i1 riiaBe Mbl paccMaTpuBaeM BpalleHus meepdozo Mmead BOKPYT
HemoABMKHOM TOYKHU. To eCTh M3y9aroTcs TaKue JBHKEHHS TeJia B TPeX-
MEpPHOM IMIPOCTPAHCTBE, UTO:

— PaCCTOsTHUE MEXKIy JIIOOBIMH TOYKAMHU TeJIa OCTAETCSI HEM3MEHHBIM;

— B TeJjie CyIIeCTBYeT TOYKA, OCTAIOIMIAsICS HEIIOABUKHOU IPU JIBUAXKE-
HUU TeJa.

Mpebr Gymem paccMaTpuBaTh Kak CBOGOTHBIE JBHKEHUs (B OTCYTCTBHA
BHEIIHWUX CHJI), TAK ¥ yIPABJIsSEMble IBUKeHNs (KOTIa K TeJLy IPHJIAraioT-
sl BHEITHAE CUJTBI, 9TOOBI IEPEBECTHU Er0 B JKEJTAEMOE TOJIOXKEHHE ).

OTa cucreMa — O4YeHb YIPOIIEHHAS MO KOCMUYIECKOrO CIIyTHHKA,
BPAIIAOIIErOCs BOKPYT CBOErO IEHTPa Macc.

HonomuurenbHble CBefeHus 0 TuddepeHINalbHbIX YPAaBHEHUSX, OMU-
CHIBAIOIINX BPAIEHWsi TBEPJIOTO TeJla, MOXKHO Hafitn B kaure [137].

6.1. IIpocTpaHCTBO COCTOSTHUIA

CocrosiHMe TBEPIOrO TEJa ONPEIEIIeTCd €ro IOJOXKEHHEM M CKO-
pocThio. BeibepeM 0OpTOHOPMUPOBAHHBII
pernep, 3aKpeljieHHbIA B Tejie B HEMO-
JIBIDKHON TouYKe (HOJBHIKHBINA perep),
U OPTOHOPMUPOBAHHBINA perep, 3aKper-
JIEHHBIII B OKPY?KAIOIIEM IIPOCTPAHCTBE

A B HEIMOJBMKHON TOYKe (HeHO,ELBI/DKHbH‘/'I

! penep); puc. 6.1. MuoxkecTBo moJIOXKe-

! HUI TBEPJIOTO TeJla €CThb MHOXKECTBO

. BCEX OPTOHOPMUPOBAHHBIX  IOJIOXKU-

TEJbHO OPHEHTHPOBAHHBIX PENEPOB B

TPEXMEPHOM IIPOCTPAHCTBE. DTO MHO-

Puc. 6.1. Henousuxupiii u nog-  ZXECTBO €CTECTBEHHO OTOXKECTBIIACTCH

BIJKHBIH perepbr ¢ SO(3) — rpymmoit JuHEHHBIX OpPTO-

FOHAJBHBIX IpeobpasoBanmit R3, coxpa-

HSAOIIUX OPUEHTAIMIO, UJIK, 9YTO PABHOCUJIBHO, C IPYIIIO OPTOrOHAJIBHBIX
YHUMOIYJIIPHBIX MATPHIIL TOPAIKA 3:

SO(3) = {Q: R®* — R*| (Qz,Qy) = (2,y), detQ =1} =
={Q: R®* - R*| QQ* =1d, detQ = 1}.
Orobpaxkenne @Q: R® — R3 mepeBoIuT KOODIMHATHOE INIpEICTABICHUE

TOYKW B MOJBU2KHOM PeIepe B ee KOOPAMHATHOE MIPE/ICTABICHNE B HEIOI-
BIJKHOM pemepe.

SaMmeganue. Mbl 0003Ha9aEM CKaJISIPHOE MPOU3BEIEHNE B €BKJIU-
noBoM TpoctpancTse R? wepes (-, - ). st BekTopos z,y € R® ¢ koopu-
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maramu ¢ = (z1, T2, 23), ¥ = (Y1,¥Y2,Y3) B HEKOTOPOM OPTOHOPMHPOBAH-
HOM 6asuce umeeM (z,y) = 1y + Tays + T3Ys.

OTMeTHM, 9TO MHOXKeCTBO moJioxkeHmiT TBepzporo Tema SO(3) He sanm-
HeffHOe IIPOCTPAHCTBO, a HEeTPUBUAJILHOE IJIaJIKoe MHOroobpasue.

Tenepp ommmem ckopoctm TBepmoro tena. Obosmaumm gepes @y €
€ SO(3) nonoxenue Tea B MoMenT Bpemenu t. Oueparopsr Q;: R — R3
OPTOTOHAJILHBL, T. €.

(ththy) = (:U,y), z, yeRsa tER
HuddepeHmupys 3T0 TOXKIECTBO TO ¢, MOTyIaeM

(tha Qty) + (tha Qty) =0. (61)
Marpuna L
Q =Q Q:
Ha3bIBAETCH Y2.4080U cKopocmbio 6 meae. Tak Kak
Qt = QtQta

T0 paBeHCTBO (6.1) MOKHO 3anucaTb B Buze
(Qehz, Qry) + (Qrz, Qefhy) = 0,
OTKYZAa B CHJIy OPTOTOHAJBHOCTH HOJIyIaeM
(e, y) + (2, Qy) =0,

T. €.

Q: = _Qt7

u marpuna {); kococummerpudHa. 1109TOMY CKOPOCTH TBEPAOrO TEJIa

UMEIOT BUJT .
Qr = Q¢ Q = Q.

WHBIME cJTOBaMU, MBI HAIIUTA KaCATEIBHOE TPOCTPAHCTBO

ToS0(3) ={QQ Q" = -Q},  QeS0@3).
IIpocTpaBCTBO KOCOCHMMETPHIECKHX MATPHUI, IOPAnKa 3 0603HAIaeTCs
qepes s0(3). OHO gBIsETCA KACATEILHBIM IPOCTPAaHCTBOM K rpymme SO(3)
B €JUHULE:

so0(3) = {Q: R = R*| Q* = —Q} = T14 SO(3).
ITpocrpancTeo s0(3) ects anrebpa Jlu rpynnst JIu SO(3).

Kaxnoit kococuvmmerpmaeckoii marpune € € so(3) MoxHO comocTa-

BHUTb BeKTOp w € R3:

0 —Ws3 (0%))] w1
Q ~ w, Q= w3 0 —w1 |, w=\|w2]|. (62)
—Ww9 w1 0 w3

Tornma meiicTBue omeparopa ) Ha BekTop € R3 3amaercs ¢ moMombio
BEKTOPHOI'O IIPOU3BEIEHNS B R°:

Qr =w X x, r € R3.
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IIycts © — HerOTOpas TOYKA TBepmoro reja. Ee mosoxenue B mpocT-
panctee R® ects Q. anee, CKOpOCTL 3TOl TOUKH PaBHA

Qix = Qi = Qy(w; X ).

BekTop w; ecTh BEKTOD yTiIOBO CKOPOCTH TOYKH & B IOJBUKHOM PeHepe:
eci 3a]UKCUPOBATh IIOABUKHLIA pernep (Q; B OJUH MOMEHT BpeMeHH i,
TO MI'HOBEHHas CKOPOCTb TOYKH I B MOMEHT { B IOJBHXKHOM perepe
paBHa Q;thm = W& = wy X T, T.€e. TOYKAa & BPAIIAETCA BOKPYL OCH,
HANPaBJICHHOH BIOJH BEKTOPA Wy, C yIIIOBOH CKOPOCTHIO ||wy]|.

Bseznem ckanspuoe npoussesenue marpur ) = (€;;) € so(3) cuenyio-
muM 06pa3om:

1 2 2 1 2 1 2
Q1,02 = L (010?) E:Q 0% =" ake?,.
i,7=1 1<j
D10 npousBeEHUE COIIACYETCS C OTOXKAeCTBIeHneM (6.2) KococumMeTpu-
YECKHUX MaTpuly nopdiaKa 3 n 3—MeprIX BEKTOPOB:

<leﬂz> = (wlvwz)’
Qf ~ W, Q' eso(3), weR i=1,2.
Boaee TOr'0o, 3TO MPOU3BEACHNE NMHBAPDUAHTHO B CJIECAYIOIIEM CMBbBICJIE:
(AdQ)QY, (AdQ)Q?) = (04,02, Q €S0(3), Q4,0%¢cso0(3),
(6.3)

T.e. AdQ: s0(3) — so(3) — oprorornansHOe Ipeobpa30BaHUe OTHOCHTEb-
HO CKaJIIPHOTO mpomsseneHus ( -, - ). JelicrBuressHo,

tr((Ad Q)Ql(Ad Q)Qz) = tr(QQlelQQZQfl) =
= tr(QQIQQQ_l) = tr(QIQQ)
B CWJIy NHBAPUAHTHOCTHU CJI€a MATPUIIBI.
BriBenem unHGUHUTE3NMAIBHYI0O BEPCHIO CBOWCTBA WHBAPUAHTHOC-

u (6.3). Bosbmem npoussosbHyo Marpumy €2 € so(3) m paccmoTpuMm
riaakyo kpusyo @ € SO(3), BEIXOASIIYIO U3 eIUHANBL CO CKOPOCTHIO {):

Qo =9, Qo =1d.

d
1 OAth =ad(},

u, mudbdepernupys (6.3) no ¢ npu t = 0, mOIyIaeM TOXKIECTBO
(ad Q' Q%) +(QY (adQ)Q%) =0,  ,01,0%€s0(3), (6.4)
. e. orobpaxenne ad 2: s0(3) — s0(3) KOCOCHMMETPHIHO OTHOCHTEILHO
CKAJIAPHOTO MIPOU3BEIEHUS ( -, * ).
Bekrop w; X wy € R® coorsercrByer marpume [§21, 2] € so(3) B cumy

nzomopdusma (6.2), mosromy ToxkmectBo (6.4) MOXKHO 3ammcaTh C IIO-
MOIIBI0 BEKTOPHOTO TIPOU3BEICHUS:

Torma

(wx whw?) + (W w x w?) =0, w, wl, w? € R3.
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6.2. YpaBHeHus diijepa

BriBesiem ypaBHeHUs OBUXKEHHWS TBEPAOrO Tejla U3 MPUHIWIA HAHU-
MEHBITET0 AeHCTBUA.
ITycts pacupemeseEne MacChl TBEPAOTO TEJIA MMEET IIOTHOCTH p(x),

rae p: R® — R, — HeoTpumarenbHad MHTerpupyeMas (DYHKIHSA C KOM-
nakTHBIM HOcuTesIeM. Ilycts @ € SO(3) ecrs mosozkenue, a ; € so(3) —
YIJIOBasi CKOPOCTh T€JIa, TaK 9TO

Qr = Q. (6.5)
Bri6epem npousBosibHY0 TOUKY Tesa . [lostoxkeHne 9T0if TOYKH B IIPOCT-
PaHCTBe eCTh Q4, a €e CKOPOCTh paBHa Q. Pacipeesenue KuneTmaec-
KOM SHEPTUM B TENE MMEET MIOTHOCTD - p(2)(Qyx, Q;z), mosTOMY HOJTHAS
KUHETUYEeCKas SHEPTUs Tejla B MOMEHT BpeMeHU ¢ paBHA

J(Q) = %/p(;v)(QtQtw,Qtth) dx = %/p(x)(ﬂtm,ﬁtm) dx;
R3 R3

sT0 KBagparudHas dhopma j = j(£2;) Ha mpocrpancrse so(3). Coorserct-
BYIOIIYIO OuyinHENHHYI0 (DOPMY MOXKHO 3aIHCATh B BUIE

/ p(2)(Q'z, 022) dz = (AQL,Q%), Q0% € so0(3),
RS

J1J1sl HEKOTOPOI'O JIMHEAHOr0 CUMMETPUIECKOTO OLEPATOPA
A: s0(3) = s0(3), A= A*>0,
KOTOprfI Ha3bIBACTCA MMEH30POM UHEPUUU TBEPAOrO TEJA. HaKOHeH,
byHKIIMOHA JIEHCTBUS UMEET BHT,
t1 t1
@)= [i@u)dt = [ (a0,
0 0

riae 0 u £ — HAYAJBHBIN U KOHEYHBII MOMEHTHI JIBUXKEHUSI.

IIycts Qo u @y, — HaYaIbHOE U KOHEYHOE IIOJIOJKEHUA IBUZKYIIETOC
Tesa. CorlacHO TPUHIUIY HAUMEHBIETO TeHCTBUS IBIXKeHHE Tejaa (Qy,
t € [0,t1], mOIKHO GBITH SKCTPEMAJIBIO CAeAyIOmEll 3a1adm:

) J(Q.) — min,
Q: = Q:Q, Qo, Q+, dUKCHPOBAHBEL.

Haiinem sTm sKcTpemasin.
IIycts §2; ecTh yriioBasi CKOPOCTH BIOJIb BHIODAHHON TpaekTOpuu (]
TOTA

(6.6)

ty
Q' o Qi = exp [ Q.
0
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PaccmoTpuM mpou3BoJibHOE MaJjioe BO3MYIIEHNE YIJIOBON CKOPOCTH
Q; + Uy + 0(€?), e — 0.

st Toro 9T00BI TAKOE BO3MYIIEHHE OBLIO JOIIYCTUMBIM, HAYAJIO U KOHEI]
COOTBETCTBYIOIIEll TPAeKTOPUH HE TOJI?KHBI 3aBHCETH OT £:

t1
Qo Q= ei%/ (Q + Uy + O(e2)) dt,
0

IIO3TOMY
ty

GE[S/ (Q +eU; + O(e?)) dt.  (6.7)

0
O—%E

_ 0
:oQoloQ“: de

e=0

ITo dopmysne (2.31) nmpousBogHON HOTOKA MO IApaMETPy BBHIPAXKEHHE B
pasoit gactu (6.7) paBHO

t1 t t1
/Ad(e?p/QTdT>Utdtoe?p/Qtdt—
0 0 0

t1 ty

= [ Ad(Q3 0 QuUIdto Q7" 0Qu = Q5" [ AdQuULdto Q..
0

0

ITosromy pasencTBo (6.7) MOXKHO 3anmCaTh B BUIE

ty
0

O603HaYIM

t
v, = / AdQ,U, dr. (6.8)
0

Tornma ycioBue momycruMocTu Bapuanuu Uy IpuHUMaeT BUT,
Vo=V, =0. (6.9)

Haitnem sxcrpemasn 3amaan (6.6):
t1

T(@.) = [ (A0, U)) dt =

0

OZE

e=0

(B cmy (6.3))

ty

_ /((Ath)AQt, (AdQ,)Uy) dt =

0
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(ucnonb3yem (6.8))
ty
= [((Aa QAR Vi) dt =
0

(umTErpupyeM mo "actaMm ¢ ycaosueM gomycrumocta (6.9))
t1
d
= —/<E(Ath)AQt,Vt> dt.
0

BrrmenprBeneHHbIN WHTErpaJ PaBeH HYJ/IIO HA JIFOOOM OILyCTAMOM OIlE-
patope V;, caemoBaTesbHO,

d
T(AdQ)AQ =0,  te0,u]

Orcrona
Ad Qt([Qt7 AQt] + AQt) == 0, t E [O,t]_},
O9TOMY
AQy = [AQy, Q4] t €[0,t4]. (6.10)
Beenem oneparop
Mt == AQt,
KOTOPBINT HA3BIBAETCI KUHEMUYECKUM MOMEHMOM MeAd, U O0DO3HATIMM
B=A""'

Kom6urupys pasencrsa (6.10) u (6.5), momygaem ypasnenusa Jiaepa Bpa-
MIeHUs CBOGOIHOTO TBEPIOrO TeJIa

{Mt = [Mt,BMt], Mt S SO(S),
Qt = Q:BM;, Q: € SO(3).

3 ameyanue. Ouucanubiii ciocod BbIBOJA ypaBHEHMI Diljiepa MOK-
HO IPEMEHWUTH K KpUBbIM Ha rpymme SO(n) OPpTOrOHANIBHBIX YHAMOLYJIISAD-

HBIX MaTPHUI] IOPAIKa N 4jis jaoboro n > 0. Takum obpa3om mosryIaroTcs
ypaBHEHUS BpAIeHUs 0000IIEHHOr0 n-MEPHOr0 TBEPIOTO TeJia.

Tenepp nepenummeM ypaBHeHAs JUTEPa, UCIOAB3ys n30Mopdu3am (6.2)
npoctpancTs s0(3) u R3, cymecTBerHO TpexmepHbIit 1 He 0606mArOTITICS
Ha BBICIIHE pa3zMepHoCcTH. HamoMHUM, 9TO KOCOCUMMETPUYECKOH MaTPHIIE

0 —us K2
M= ps 0 —pi| €s0(3)
—p2  p1 0

coorBercTByeT BeKTOP L € R3 Buma

K1
p= |2, M ~ p.
M3
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B srux tepMmunax ypaBHeHUs Diljiepa IPUHAMAIOT BUIT

fu = pe X Bue,  p € R,
Q= QBue, Qi € SO(3),
rie B: R® — R® u B: R® — s0(3) — omepaTopsl, COOTBETCTBYIOIHE 0TO6-
paxennio B: s0(3) — so(3) B cuiny nsomopdusma so(3) +» R3 (6.2).
Cob6cTBeHHbIE BEKTOPBI CHMMETPHYIECKOTO [OJIO?KUTEILHO OLPEIeIIeH-
Horo omeparopa 3: R® — R® HasbBAIOTCA 2406HBMU OCAMU UHEPUUL
TBeporo reaa. Mpl npeamonaraeM B JaJbHEHIIEM, ITO TBEPLOE TEJIO

aCUMMETPUYHO, T.€. OMEPaTOp (3 MMeeT TPU Pa3HBIX COOCTBEHHBLIX 3Ha-
9eHUS A1, A2, A3. YIOPII0INM COOCTBEHHBIE 3HAYEHUS [3:

A1 > Ao >/\3,

u BBIOEpEM OPTOHOPMUPOBAHHBIN 0a3mc €1, €g,€3 U3 COOTBETCTBYIOIIMX
CODCTBEHHBIX BEKTODOB, T. €. [VIABHBIX Oceil mHepruu. B 6a3uce eq,eq, e3
omneparop 5 CTAHOBUTCS IAATOHAJIBHBIM:

M1 )\1/11
Bl pe | = | Aape |,
U3 A3p3

a ypaBHeHUe [I; = ¢ X [y IpuobpeTaeT BT,

f1 = (Az — A2)paps,
frz = (A1 — Az)pa s, (6.11)
bz = (A2 — A1) papto.

6.3. ®a3oBblil IOPTPET
Onumrem (pa30BbIil TOPTPET IEPBOrO U3 ypaBHEHWT Ditepa
’L.l,t = Ut X /B,U’h Mt € R3. (612)
OT0 ypaBHEHHE UMEET JBa UHTErPaJja: SHEPrUuto

(¢, pt) = const
U KHHETHYIECKHH MOMEHT
(kt, Bpe) = const.

HeticTBUTEBHO,

d
n (pets pe) = 2(pe X Bpag, p) = —2(Bpae, pe X pe) = 0,

% (ey Bue) = (e ¥ B, Bue) + (e, B(pe ¥ Biag)) = 2(pe X Bpae, Bug) =
= —2(ue, Bue x Bue) =0

B CWJIy MHBapUAHTHOCTU CKAJSPHOrO mpoussezeHus (6.4) u cumMeTpud-
HOCTH [3.
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IToromy Bce TpaekTopuu p; ypasHenus (6.12) ynoB1eTBODSIOT orpa-
HUYEeHUAM

,u% + ,u% + pg = const,

6.13

A1p2 + Aap3 + A3p3 = const, (6.13)

T. €. IIPUHAJIEXKAT IIE€PeceIeHnsAM Chep C FUINNCONIAMA. Y IATHIBAS OJI-

HOPOIHOCTH cucTeMsl (6.12), n306pasum ee TpaekTOpUU Ha OIHOM chepe —
e IUHUIHOIL: 9 ) 5

M1 + Mo + K3 = 1, (614)

BCE OCTaJIbHBIE TPACKTOPHUHU MOJIYIAIOTCS ¢ TOMOIIBIO TOMOTETHIA.

Ilepeceyenus emmuamanOil cepbl C TVIABHBIMA OCSIMW WHEPINH, T. €.
TOYKH €1, teo, Fe3, ABIAIOTCA MOJIOXKEHUSIMUA PABHOBECUS, U JIPYTHUX
paBHOBecHii HeT; cM. ypaprerus (6.11).

Jamee, monoxkeHns paBHOBecHsS +ej, Fe3, COOTBETCTBYIOIIVE HAU-
00JIbIIIEMY U HAMMEHBIIEMY COOCTBEHHBIM 3HAYEHUSM A1, A3, YCTONIUBHI
(sT0 meHTPHI), a paBHOBeCHsl tey, COOTBETCTBYIOIWE A2, HEYCTOWIMBBI
cemura). JTO ompeeasieTcss reoMeTpueil nepecedenHnii euHIIHON ceph
C JUIANICOUTAMHA

A3 + Aoy + Aspi = C.

HeiictBurenbao, npu C < A3 3JUIANICOUABI COAEPXKATCA BHYyTpH Cde-
pHL U He mepecekaroTcd ¢ Heit. [lpnm
C = A3 3jumMICOnJ KacaeTcs eJIu- €3
HUYHOM Cc(epbl M3HYTPH B TOYKAX
+es. Hanee, nipu C > A3 u 6sn3-
KHX K A3 3JIIANICOUIBI IEPECEKAI0T
eIUHUYIHYIO cepy Mo ABYM 3aMKHY-
THIM KPUBBIM, OKPYZKAIOIIUM COOT-
BETCTBEHHO €3 M —e3. Amnajnormd-
HO YCTPOEHBI IiepecedeHus BOIM3H
C = A;. Illpu C > \; samunconabt
CJIMIIIKOM BEJINKU U HE IT€PECEKAIOT
equanuHyio cdepy; npu C' = \; ma-
Jiasi MOJIyOCh JLJIAIICOM/IA CTAHOBUT-
cst paBHOH pajsmycy cdepsbl, U OH Ka-
caerca cdepbl CHapyKu B *ej; a
npu C < A\ m OJU3KHUX K Ay Ie-
pecedeHre COCTOUT U3 JBYX KpH-
BBIX, OKpyXatomux +te;. llpn C = Puc. 6.2. ®az30Br1il mopTper cucre-
= Ao 3JLIuIicon ] Kacaercsi cpepsl B mer (6.12)
KOHIIAX CPEJIHUX II0JIyocel teg, u B
OKPECTHOCTH KaXKJIOH U3 TOUEK €3, —€eg IMEPECedeHne COCTOUT U3 YeThIPEX
BETBEll CemapaTpuc, CTPEMIIIUXCA K 9TOW TOYKEe. Y DABHEHHS CEIapaTpUC
BBIBOJSITCS U3 CHCTEMBI

€2
€1

Pt ps+p3 =1,
Mpt 4 Aapis + Azp3 = Ao
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YMHOKHEM NEPBOE YPABHEHHWE HA A W BBIYTEM M3 BTOPOTO:
(A = A2 — (A2 — Az)p3 = 0.

CrenoBaTesibHO, CENApPATPUCH MPUHAJIEKAT EPECEICHUI0 €IUHIIHON
cdepsbl ¢ IByMs TJIOCKOCTSIMUA

T {(p1, poy p3) € R VA1 = Az 1 = /A0 — Mg s},

T. €. 9TO Iyru OOJBIINX OKPYKHOCTEM.

OkaspIBaeTCs, 9TO W3 TPAEKTOPHUIl CHCTEMBI TOJHKO CENAPATPUCHI U
TIOJIOKEHUST PABHOBECUS NPHUHAJJIEKAT JBYMEPHBIM ILJTIOCKOCTAM. BoJtee
TOr'0, BCE€ OCTAJIbHBIE TPAEKTOPUHU YAOBJIETBOPHAIOT CJIEAYIOMIEMY YCJIOBHIO:

p¢Elle, pgRe; = pApAj#o0, (6.15)

T. €. BEKTODHI [, [t U [i TUHEWHO HE3aBUCUMBI.
HeficTBUTEIBHO, BO3BMEM JIIOOYI0 TPAEKTOPHUIO [y Ha €IUHUYIHOM Che-
pe. Bce TpaekTopum, romoTeTHYHbIE JAHHON, 00PA3yI0T KOHYC BHJIA

C(pui + p5 + p3) = Api + Aapi + Aspi3, A3 <C <A (6.16)

Ho kBagparmansrii KoHyC B R® gBiserca amb0 BBIPOZKIEHHBIM, JIHO0 3JI-
sunrudeckuM. Yeaosus p & Iy, p ¢ Re; osnagator, aro C # \;,i=1,2,3,
T. e. KoHyC (6.16) smmnruaeckuii. Teneps HepaBeHcTBO (6.15) BBITEKaeT
u3 cienyromux AByX haxToB. Bo-mepBbiX, u A i # 0, T. €. TPAEKTOPUS [i;
HE KacaeTcs MOPOXKIAIomeil Konyca. Bo-BTOPBIX, mepecedeHue 3JLIUIITH-
YECKOr0 KOHYCa C ILIOCKOCTBIO, HE COIEPKAIIEil MOPOXKIAIOIIEH KOHYyCa,
€CTh 9JUIANC — CHAJIbHO BBIMYKJIAs KPUBAs.

B cury ypasrenusa (6.12) yciosume Bbimyksoctu (6.15) mua xomyca,
MTOPOKJIEHHOTO TPAEKTOPHEil, IMEPEMUCHIBAETCS B CJIEAYIOIIAM 00pa3oM:

pEIle, p¢Rep = pA(px Bu) A((px Br) x B+ px B(ux Bu)) # 0.
(6.17)
ILmockme cemaparpuchl Ha (pa30BOM IMIOPTPETE ABIAIOTCS PEryIAPHBIMA
KPUBBIMH Ha cdepe, T03TOMY
pelly, pgRey = pAp#0,

unm, B cuily ypasHeHus (6.12),
pells, p¢Rey = pA(pxpu)#0. (6.18)

6.4. YipapisgeMmoe TBEpP0€e TeJio: OpouThl

IIpenmonoxuM, 9TO MBI MOXKEM YIPABJISATH BPAIIEHUSIMUA TBEPIOTO
Tejla, MpUiarasg MOMEHT CHJIBI BIIOJIb (DUKCHPOBAHHON MPSAMON B TeJie.
MO)KHO MEHATH HallpaBJIECHNE MOMEHTa CWUJIbl Ha NIPOTUBOIIOJ/JIO?KHOE B
JIF060f MOMEHT BPEMEHH.

3anuiemM yupasBisieMyl CHCTEMY JJIsl YTJIOBON CKOPOCTH:

frp = pg X Bue 1, py € R?, (6.19)
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TOrZa IIOJJHad CUCTEMa AJid YIIPDABJAAE€MOI'0O TBEPAOI'O Te€Jla UMEET BU

1 = [y X +1, € R3,
{Mt B X B e (6.20)

Qt = Qtéﬂt, Q: € SO(3),

rae | # 0 — bUKCUPOBAHHBIN BEKTOP BJIOJIb BHIOPAHHON MPSMOIA.
Mp1 onmiieM OpOUTBI U MHOXKECTBA MOCTUXKUMOCTH (-MepHO# cucTe-
Mmel (6.20). Ho cHagana u3yuuM opbutsl 3-MepHO# cucrems! (6.19).
6.4.1. OpGurs! 3-mepHOIt cuctembl. Cucrema (6.19) anamuTmana,
M03TOMY Pa3MepHOCTH OpPOUTHI Yepe3 TouKy i € R® paBHa pasMepHOCTH

MIPOCTPAaHCTBA ) ]
Lie, (p x B £1) = Lie, (p % Bu, ).
Beemem 0603HaMeHNsT 11T BEKTOPHBIX MOJIETH:

f() =pxBu,  glu)=1,
" BBIYUCJ/JIUM HECKOJIBKO CKO6OK JII/I:
_df _dg _
lg, fI(n) = iy 9(p) iy f(p) =1x Bu+px Bl

9, [g; fII(k) = U x BL+1 x Bl =21 x B,
11910, /11 g- £ () =1 x B x B1) + (1 x B) x BL.

Ucnonesys csoiictso (6.17) ¢ | = y, moxy9aeM TPH MOCTOSHHBIX BEKTOD-
HBIX 1I0JI4 ¢, [g, f], [[g, [9, f11, 19, f]], KOTOpBIE NMHEAHO HE3ABMCHMBIL:

9(1) 1 5 [9: 710) A 5 [, o, ST L9, £ () =

=IANIXBIN((IxB) xBl+1xB(IxpPl)#0
mpu | ¢ 111, [ ¢ Re,.

B caygae o0Imero mosioXKeHHs MOJIydaeM CIeAyIolee YTBePXKICHUE.

Cnywait 1. 1 ¢ 11,1 ¢ Re;.

Ilpennoxenue 6.1. ITycmo | ¢ I, | ¢ Re;. Tozda Lie,(f,g) =
=R3 daa mobozo pu € R®. Cucmema (6.19) umeem odny 3-mepnyro opbu-
my — npocmpancmeo R,

PaccvoTpum crermasibHbIe Caydan pacIoIOKeHUs BEKTopa .

Cnywait 2. Iycrs | € 11, | ¢ Rey. Tak kax mwiockocts 11 wmH-
BapHaHTHa s cBoGomuoro rtesma (6.12) u | € IIy, 1o muockocts 114
MHBapHAHTHA TaKXKe U i yupasisiemoro tena (6.19), T.e. opbura depes
n06yi0 Touky miockoctu 11y comepxkurcsa B 11, . C npyroit croponsl, u3
csoiicrsa (6.18) mosygaem

IN(x Bl #D0.

Ho BekToper | = g(pu) u l x Bl = %[g, [g, f]](1) obpasyror 6asmc mioc-

koctu 11, mosromy Il siBisiercss opburoit wepe3d by Touky p € 11 .
Urak, mnockocts I1; ects opbura cucrems: (6.19). Ecan naganpras Touka
o ¢ 11, To Tpaekropus u; cucremst (6.19) uepes ug He WIOCKAsT; TOYTOMY
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Wrak, opbura depe3 pg TpexmepHa. Mbl JoKazaam Cieayroriee
YTBEpXKIEHUE.

IMpepgnoxenue 6.2. Hycmol € 111 \ Rey. Tozda cucmema (6.19)
umeem 00ny 2-mepryro opbumy — naockocmsv 11, u dee 3-meproie opbu-
mor — ceasmole Komnonenmo, R\ I1 .

Cayuaait | € II_ \ Res moHOCTBIO aHAJOIMYEH DACCMOTPEHHOMY, H
CIpaBeINBO aHAJOrm4IHOe yTBepxKaeHme ¢ II_ Bmecro 11, .

Cnyuait 3. Ilycrs Teneps | € Rey \ {0}, T.e. | = cey, ¢ # 0. Bo-
nepsbIx, npsamas Re; — opbura. deficreurensro, ecan p € Rey, To f(p) =
=0, n g(u) = | Taxke Kacaercsa npsimoii Re; .

Y0661 HANTH OCTAIbHBIE OPOUTHI, IOCTPOUM HHTErPAJI yIPABJIAEMOM
cucrems! (6.19) u3 aByx muTerpasos (6.13) cobomsoro Tena. Tak Kak
g(un) =1 = cey, MBI HIIEeM JHHEHHYO KOMOMHAIMIO HHTErpaos (6.13), He
3aBUCAILYIO OT f41. YMHOXKHUM IIePBBI HHTErpaj Ha Aj, BBIUTEM U3 He-
ro BTOPOI WMHTErpaJj, W IOJIydUM HH-
TerpaJjl yIpaBJisieMOro TBEPIOro TeJia:

(A1 = Ao)ptz + (A — As)us = C.
(6.21)
Tak Kak A; > Ao > A3, TO 3T0 — 37
unTHYecKmi muamEap B R3.
IlosTomy mrobasi opbura cucTe-
mbt (6.19) comepKuTcs B HEKOTOPOM
mummaape (6.21). C npyroit cTopoHsI,
opbura wepe3 JmOOyI0 TOUKY Lo €
€ R3 \ Re; gomKHA GBITH MO MeHbIeLt
Mepe 2-MepHoii. [leficTBuTebHO, eciin

Prc. 6.3. Oep?RIgb{ {%}Cﬂyqae he po ¢ Rea URe3, To cBobosHoe Tesio

AMEET TPACKTOPUHU, HE KACAIOIIUECS
monsg ¢; a ecau py € Rey; mim Res, TO 3T0ro MOXKHO JOCTHYH MAJIBIM
CMeII[eHneM TOYKU [y BHOJb mojs g. llosTomy Bce opbuThl BHE mpsiMOi
Re; — smunrudeckue muiunsaapsr (6.21).

IIpepgunoxenue 6.3. ITycmo | € Rey \ {0}. Toeda ece opbumw
cucmemos (6.19) umerom sud (6.21): umeemca odna 1-mepras opbuma —
npamas Re; (C = 0), u Geckoneunoe Koauwecmeo 2-mepHor opbum —
aaaunmuueckur yuaundpos (6.21) npu C' > 0.

Coywaii | € Reg \ {0} monrocreio anamorugen ciaysano 3.

IIpennoxernune 6.4. ITycmo | € Reg \ {0}. Tozda cucmema (6.19)
umeem odny 1-mepryro opbumy — npamyro Resz, u beckoneurnoe xoau-
YECNBO 2-MEPHBIT 0POUM — IANUNMUNECKUT YUAUHOPOS

()\1 — )\3),&% + ()\2 — )\3),&% = C, C >0.

Cnyuait 4. Paccmorpum mocienuuii ciydai: mycts [ € Reg \ {0}.
Kax w Bbime, Hafinem naTerpas ynpasisiemoii cucremsr (6.19):

(M = A2)ui — (A2 — Aa)p3 = C. (6.22)
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IIpu C # 0 sro ypaBuenue 3amaer runepbonaundeckuit muauaap. C mo-
MOIIBIO PACCY K IeHUS, AaHAJIOTMTIHOTO UCIOJIb30BAHHOMY B CJIydae 3, MOJIy-
qaeM CJIeLYIOIIee ONUCaHue OPOUT.

Ipenanoxenne 6.5 ITycmo | € Rey \ {0}. Toeda cywecmeyem
oona l-mepnas opbuma — npamas Res, u beckoneuHnoe KOAUMECTNEO
2-MEPHBIT 0poUM caedyruezo 6uda:

1) ceasnvie Komnonenmo. 2unepoo-
AuneckuT yuaundpos (6.22) npu C #
#0;

2) noaynaockocmu — ceA3HbLE KoM-
NOHEHMBL MHOHCECTNEA

(IT, UTL_) \ Res.

Wrak, MBI paccMOTpesd BCE BO3-
MOXKHBIE IIOJIO)KeHHsI BeKTopa [ €
€ R\ {0} u Bo BCex cirywasx onmcasm
Op6I/ITbI 3—MepHOI'/,I CHUCTEMBbI (619) Te— Puc. 6.4. Op6I/ITbI B CJy4dae =
nepb U3yIuM OpOUTHI MOJHON 6-mep- € Rey \ {0}

Hoii cucremsl (6.20).

6.4.2. OpOursl 6-mepHOil cuctembl. BekTopHbie 110Jisi B 1IPaBOit
gactn 6-mepHO# cucremsr (6.20) cyTh

3 0
f(@Qp) = <ﬂ%ﬁgﬂ), 9(Q,p) = <l> (Q, 1) € SO(3) x R®.

OTMeTI/IM IPaBUJIO KOMMYTUPOBAHUA BEKTOPHBIX moJIen ClIenuaJIbHOI'O
BU/Ia, BOSHUKAIOIINX B HAIIEll 3a7a4e:

fi(@Q,p) = <Q§:EJL()“)> € Vec(SO(3) x R3),

~ A (9 9
Q[ﬁwl’ﬂwz]so(g) + Qﬁ( a/u:j v — a/ul;l ’1}2)

[fl,fZ](Qa/j’): 0 Vs o
Wvl — W'l&

BoruncimMm cHadana Te ke CKOOKm Jlm, uTo m B 3-MepHOM ciydae

_ Bl
[gaf]_ <l><ﬂ/J,Q—E,uXﬂl>’
1 A
a[ga[gvf]]_ lX,Bl ’

19051019051 = (i 0 1) 50 ) % 1)

Hanee, mis moboro sekropuoro mosisa X € Vec(SO(3) x R?) sumua

N | =

X = <2>’ T — TOCTOSIHHOE BEKTOPHOE moje B R, (6.23)

7 A.A. Arpaues, }0.JI. Cauxos



98 I'a. 6. Bpawenue mseepdozo mesa

nMeeM

X, f] = (QE‘T) (6.24)

Yrober m3yamth opburbr 6-mepHON cucremsbr (6.20) depe3 TOUKy
(Q, 1) € SO(3) x R®, paccmorpum passimdsble ciydam w3 m. 6.4.1 ama
3-mepHoii cucremsr (6.19).

Cnyuait 1. [ ¢ 114, 1 ¢ Re;. MoxHO BBIOpATh TPH JIMHEHHO He3a-
BHCHMBIX BEeKTOPHBIX 1oJist B Lie(f, g) Buma (6.23):

Xi=g,  Xo=3lolo.fl,  Xs=31l909,f) 1o f1)

Ncnonb3yst mpasmio kommyTuposarus (6.24), momyvaem mecTsb JMHEHHO
HEe3aBUCHMBIX BeKTOPOB B Lie(g ) (f, 9):

X1 A Xa A X3 A X1, f] A [Xo, f] A [Xs, f] £ 0.

IMosromy opbura, npoxonsamas gepe3 Touky (Q, ), 6-mepHa.
Canywait 2. 1 €IlL \ Res.
Cnywait 2.1. p ¢ 1. Bo-nepssix, Lie(f, g) comepxut nBa muHeHO
He3aBHCUMBIX 1oJIst Buzaa (6.23):
1
Xlzgv X2:§[gv [gvf]]

Tak Kak TpaekTopud cBoboaHOro Testa B R uepes p He IUIOCKAs, MOXKHO
CYNTATh, 9TO BEKTOpP v = i X Qu nuaeitHo He3aBucuM ot | u [ X Bl. Mbt
moKaxkeM Huzke, 9ro Lie(f, g) comepKuT 1Ba BEKTOPHBIX [OJIS BHIA

Yl = (QM1>, sz = <QM2>7 Ml A M2 7é 07 (625)

U1 U2

re BEKTOPHBIE IIOJIS U1 U VU PABHBL HYJIO B TO4YKe 4. U3 sToro Oymer
cJ1IeJ0BaTh, 4TO Lie(Qvu)( f,g) comepXKuT wIECTHb JMHEHHO HE3ABUCHMBIX
BEKTODOB:

Xl(Qnu')a X2(Q ,Ll, Qnu’)a

v i) - )
[YhYﬂ(Q,u)—( Ml’M2

u noToMy opbuTa, mpoxoadmasa aepe3 Touky (Q, i), 6-mepHa.
Haiinem npa BekTopubix nojs suza (6.25) B amrebpe Jlu Lie(f, g).
Bribupasi mogxosiue guHeitHbie KoMOuHaIMu ¢ mojasamu Xp, Xo, cropo-

1
enupyeM BTOPYIO KOMIOHEHTY moJeii [g, f] n 3 [/, 19, g, f]] na mpamyto Ru.
B pesysbraTe 1M01yYuM BEKTOPHbBIE HOJIs

(Q@), <Q§(é2>; 51)) € Lie(f, g). (6.26)

klv
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Ecnu ki u ko paBHBI HyJIO B TOYKE 4, TO 9TU BEKTOPHBIE IOJIs MOXKHO
B34Th B KadecTse Y1, Yo B (6.25). Eciu xe ki unu ko He paBHO HYJIO B [,
TO TaKWe BEKTOPHBIE MO/ Y7, Yo MOKHO MOCTPOUTD, IOAOUpas JIUHEHHbIE
koMOuHanmn nosedi (6.26) n f ¢ nonamu g, [g, [g, f]]-

Ilosromy B ciryqae 2.1 opbura 6-mepHa.

Cnygait 2.2. p € Ily. Vmeerca ngarh IUHENHO HE3ABUCHMBIX BEK-
Topos B Lie(g ) (f,9):

Xi=g, Xo=3lolo ) [Xufl [Xefl, [, 70X AL

Opbura B R® 2-Mepna, mostomy opbuta B SO(3) X R? 5-mepHa.

Canywait 3. I € Rey \ {0}

Canyuaii 3.1. u¢ Re;. Paccyxnaem tak xe, kKak B ciydae 2.1. Mo-
K€M CYUTaTh, YTO BEKTOPHI | 1 v = p X Sy JuHeHo He3aBucuMbl. Opbura
B R3 2-MepHa, a ee KacaTeIbHOE TPOCTPAHCTBO TIOPOXK,TAETCA BEKTOPAMH [
n v, mostomy B anrebpe JIu Lie(f, g) MoxxHO HaliTH BEKTOPHBIE TTOJIs BHIA

Y1 =g, f] - Cig— Cof = <Q§l +UC3QEN>,
Yo=Yy, f] = (Q[@ﬁu] N 04Q3u>

st HekoTopbix dyukuuit C;, i =1, ..., 4. Mtak, Mbl HAlLIM OSTh JIMHEHHO
HE3aBHCHMEIX BEKTOPOB B IpocrpancTse Lieg ,)(f,9):

9, fa Yla Y2a [Yia}/Q]

ITosTomy opbuta 6-MepHoii cucrems! (6.20) 5-MepHa (0OHA HE MOXKET OBITH
6-mepHO#, Tak Kak 3-mMepHas cucrema (6.19) mveer 2-mepHyI0 opouTy).
Canywgait 3.2. u € Re;. Bekrops

CE (Q{f“), l9: /(@ 1) = (QO@)

ﬂHHeﬁHO HE3aBUCUMBI, HOSTOMy
dim Lie(q,,)(f, 9) = dim span(f, g)|(Q,u) =2.

CunenoBarensHo, opbura 2-MepHa.

Caygan [ € Re; \ {0}, i = 1,2, ananoruunsl ciaygaro 3.

IToxBeneM UTOTH HAINErO UCCJIEI0BAHUSA OPOUT YIPABJIAEMOro TBEPIO-
ro Tena (6.20).

Opennoxenue 6.6. Tyemov (Q,u) — moura 6 SO(3) x R3. Ecau
opbuma O 3-meproti cucmemo (6.19) wepes moury p 3- uau 2-mepna, mo
opbuma 6-meprot cucmemot (6.20) wepes moury (Q, 1) ecmv SO(3) x O,
m. e. coomeemcmeento 6- uau 5-mepra. Ecau dim O = 1, mo 6-meprasn
CUCTMEME UMEEM 2-MePHYI0 0poumy.

Msl onuiieM MHOXKECTBA JIOCTHXKUMOCTH 3TONU CHUCTEMBI B Maparpa-
de 8.4 mocje 3HAKOMCTBA ¢ HEKOTOPBIMU 00muMu (haKTaMu 0 MHOYKECT-
BaxX JIOCTUXKHAMOCTH.

T*
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YIIPABJIEHUE KOHOUTI'YPAIINAMN

B sTo0it rmaBe MBI pacCMOTPHM NPUJIOXKEHUsST TeOPeMbl 00 opbure K
cruCTeMaM, YIIPAB/ISEMbIM C TOMOIIBIO0 M3MEHEHNs NX KOH(MUTYPAIHH, T. €.
B3aUMHOTI'O PACIOJIOKEHUS 9acTeil CHCTeMbl. XOPOIIO M3BECTHBII IPpUMeED
TaKOIl cuCTeMbl — MAIAIoNas Komka. Eciu Komka oka3siBaeTcs 6e3 ormo-
pPBL HaJ 3emuieli (HampuMmep, majaer C JepeBa Wid ee OpOCAaloT), TO OHA
HaYMHAET BPAINAaTh XBOCTOM WM U3THOATH CBOE TEJIO TaK, YTODBI IPU3EM-
JINTHCS TOYHO HA JIAIbI HE3ABUCUMO OT MEPBOHAYAIBHON OPUEHTAIMHN HAJT
3emuteil. Meree rmOkme MexaHWYecKme cucreMbl (Hanpumep, cobaka I
IIPOCTO TBEPJOE TEJI0) TaK BeCTH cebs He MOryT. BepoaTHO, IMEHHO ympas-
JIEHWE C TOMOINBI0 W3MeHeHUsl KOH(MUTYDPAIMH UCPAET KJIIOYEBYIO DPOJIb
B denomene majaromeil komku. Mbl paccMaTpuBaeM HPOCTYIO MOIENb
CHCTEM, YIIPABJISEMBIX TAKIM 00Pa30M, U HCCJIEIyeM OPOUTHI B HEKOTOPHIX
OpOCTeUNX mpuMepax.

7.1. Mogenb

Cucrema MaTepruaIbHBIX TOYEK, T. €. PACIpeIeeHne Mmacchl B R™ | onu-
ChIBaeTCd HeoTpunareabHON Mepoit u Ha R™. Mbl orpaHmumMmcsa Mepa-

MH C KOMIIAKTHBIM HOcuTejeMm. Hampumep, cucrema TOY€K Tq,...,Tk €

€ R* ¢ maccamu pi,...,ur > 0 Momesmpyerca aToMapHO Mepoi u =
k

= > w;ds,, toe O,, — byakuusa Iupaka, COCPEIOTOUEHHAS B TOUIKE T;.

=1
MOoKHO CUMTATh TOYKU I; CBOOOMHBIMU WJIM CBS3aHHBIMU HEKOTODPBIMU
orpanundenusimu B R™. BoJiee 00110, Macca MOXKeT ObITH pacipejiesieHa
BJOJIb OTPE3KOB HJIM IOBEPXHOCTEH pa3iaudHbiXx pasmepuocreil. [losTomy
IIPOCTPAHCTBOM cocTosinmit M cucrem, KOTOpBIE MBI OymeM paccMaTpu-
BaTh, OyIeT HEKOTOPHBI pa3yMHbIi Kjaacc mep Ha R”.

IIpeamonaraercs, 9T0 yHpaBISAOMANA CyObEKT HAXOIUTCSI BHYTDPH
KOHCTPYKIIMM ¥ u3MeHsieT ee KoHurypamnuio. CucreMa KOHCEpBATHBHA,
T. €. IMITYJIbC U KHHETUIeCKUil MOMeHT coxpaHusitorcs. Vcciemyem opOuTst
CUCTEM, IOJINHEHHBIX TAKUM CBI3AM.

C MmareMaTH4eCcKOfl TOYKM 3PEHUsI MEXaHUYIECKas CHCTEMa UMEET 3a-
KOHBI COXPaHEHUs U3-3a TOro, 9YTO y Hee eCcTh cumMerpuu. Kunernyeckas
SHEPTUS PACCMaTPUBAEMOM CHCTEMBI PAaBHA,

1 .
L= [1a? du, (7.1)
k

B YaCTHOCTH, JJIsi aTOMAPHON MEDHL [4 = Y [;0q,
i=1

k
12 .
L= 5 , llul|l‘l|2
1=
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Coruacuo teopeme Hérep (cum., manpumep, [137]), eciim moTok BEKTOpHOrO
monsg V € VecR" coxpanser dynknmio Jlarpamxka L, To cucrema mmeer
TEePBBI UHTErPAJ BUIA
oL
—V
0
B Hamewm ciydae jarpankuas (7.1) HHBapHaHTEH OTHOCHTEIBHO H30MET-
puil eBKJIMIOBA IPOCTPAHCTBA, T. €. TPAHCaANn u Bpamenunit B R™.
Tpanciaanuu 8 R” mopoKIaroTcs TOCTOSHHBIME BEKTOPHBIMU IIOJISMUA

V(z) =a e R,

IIO9TOMY Hallla CHUCTEMa MMEET 3aKOHBI COXPaHEHUA

() = const.

/(dz,a) dy = const VaeR".

WNabiMu cmoBammu,
/ 4 dp = const,

T. €. HEHTP MAacC CHCTEMBI JABUXKETCS C MOCTOSTHHOM CKOPOCTBIO (TIOJHBIN
UMITYJIBC COXpaHsAeTcs). BbiGepeM HHEPIUAILHYIO CHCTEMY OTCYETa, B KO-
TOPOIl IEHTP MacCC HEIO/IBUXKEH:

/:i:d,uzO.

k
J1st aToMapHOR MepHl jt = . f;0,, 9TO PABEHCTBO NMeeT BUJ,
i=1

k
E pix; = const
i=1

" CBOAUTCH 3aMeHOM KoopamHaT B R K 3aKOHY COXpaHEHHS

k
Z,u,a:,- =0.
i=1

Tenepp paccmorpum Bparenus B R™. Ilycts BekTOpHOE mOJTE
V(z) = Az, x €R",
COXPaHseT €BKJIUI0BY CTPYKTYPY B R™, T. €. ero moToxK
etV (z) = etz
COXPAHSET CKAJIIPHOE MPOU3BEJICHNUE:
(e, ety = (z,y), z,y € R".
Huddepenmupys 3To paBercTBo npu t = 0, morydaem
<Axay>+<waAy> =0, z,y € R,

T. €. MaTpulla A KOCOCUMMETPpHUYIHA:
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ObpaTHO, eciii BBIIOJIHEHO MIPEIBIIYINEe PABEHCTBO, TO

* — —
(etA)* _ etA —e tA _ (etA) 1’
. e. Mmarpuna e oproronaspaa. Mpr moKas3ammm, aTo moTOK et/ coxpamser
eBKJINOBY CTPYKTYypy B R™ Torma u Tosibko Torga, korna A* = —A. Ana-

JIOTUYHO 3-MEPHOMY CJIyd9al0, PacCMOTpeHHOMY B maparpade 6.1, rpymma
COXPAHSIONNX OPUEHTAINIO JUHERHBIX OPTOrOHAJBHBIX IPeoOpa3oBaHUit
eBKJIMI0Ba npocTpaHcTBa R™ obosradaerca wepe3 SO(n), a coorsercr-
Byfomas ajarebpa Jlu kococmmmerpryaeckux mpeobpazoBanuit R" 06o3Ha-
gaerca gepes so(n). Takum 06pa3oM, MBI T0KA3aId, ITO

et €80(n) < A €so(n).
BepHeMca K BBIBOLY 3aKOHOB COXDAHEHHd Hallefl CHCTEMBI MaTepu-
aJIbHBIX To4eK. Jlarpamxunan L = % f |? dp MEBapEAHTEH OTHOCHTETHHO
Bpammennii B R", mosromy u3 reopemsr Hérep momysaem naTerpassl Buga

Z_Ia; V(z)= /(i,Am) dp = const, A € so(n).
k

Jist aToMapHOR Mepbl = Y p;0;, AMeeM
i=1

k

g wi{Z;, Az;) = const, A e so(n), (7.2)

i=1
n B /:[‘a.HbHeI'/’IH_IeM MBI OI'PaHUYINMCA HpOCTeﬁmHM C.)Iy‘{aeM, KOr'la KOHCTaH-
Ta B IPaBOil 9aCTU pPaBHA HYJIIO.

WTak, uMeeM CJIeIyIoNye 3aKOHBI COXPAHEHUs I CACTEMBI MaTepH-

AJbHBIX TOYEK Z1,...,T € R™ ¢ MaccaMu p1, ..., [k

k
> piwi =0, (7.3)
i=1

k
Z pilds, Az) =0, A €so(n). (7.4)

HpOCTpaHCTBOM COCTOSIHUII CUCTEMBI SABJIIETCH IIOAMHOZKECTBO
MCR'x...xR",
~—————
k

a JOMyCTHMBIE TPAEKTOPUM — TJIaJKue KpHUBble B M, yIOBJIETBODSIO-
mue cBazaM (7.3), (7.4). Ilepoe paseHcTBO (7.3) 3amaeT IOAMHOro0G-
pasue B M; KOHEYHO, 3TO PABEHCTBO Pa3pENIaeTCsi OTHOCUTEIBHO JIIO-
60if mepemMeHHON X;, W OT HEro MOXKHO JIETKO u30ABUTHCH, yMEHBIIas
pasmeprocts M. Bropoe pasencrso (7.4) — suHeHHOe OrpaHWYeHWE
HA CKOPOCTH &;, OHO 3ajaeT pacmpenenenue Ha M. IlosTomy ycnoBusa
pomycrumoctu (7.3), (7.4) 3amaror JUHEHHYIO IO YHPABIEHUSM, HOTO-
My CHMMETPUYHYIO yIpaBisgeMyio cucremy Ha M. OrmernM, 9To Gosee
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obmee ycoosue (7.2) 3amaer «adbduHHOE pacupeeieHne», a yupasjigemMast
cucrema (7.3), (7.2) addunna no ynpasjierusam, moTomy, BOOGIIE rOBOPS,
HE CUMMETDPUYHA.

Msb1 paccMoTpuM TONBKO cmMmMeTpuuHb caywaii (7.3), (7.4). Torpa
opOuUTHI COBIAJAIOT CO MHOXKECTBaMH jocTmkumMocTu. Haiinem opouTbi
JUIsL CJI€IYFOITAX MPOCTBIX CUCTEM:

1) nBe cBoGogHbBIE TOYKHT: k = 2;

2) Tpu cBoboxuble Touku: k = 3;

3) nomanast ¢ TpeMs 3BeHbAME B R?.

7.2. JIBe cBOOOAHBIE TOYKH

Nwmeem k = 2, u nepsoe ycjosue pomycruMocTh (7.3) IPUHAMAET BHL

n
w11 + pexe =0, z1,z2 € R".
Uckmtoanm BTOpyIO TOUKY:
1
ry =, Iy = -m Z,
M2

¥ 3aIlpeTHM CTOJIKHOBEHHE TOYEK:
x # 0.
Torga MpoCTPAHCTBO COCTOSTHAN CUCTEMBI €CTh
M =R"\ {0}.
Bropoe ycnosue gonycrumoctu (7.4)
,u,1<i?1, A$1> + ,UQ(i?z, AIQ) =0, Ae SO(’I’L),
MIEPENUCHIBAETCH KAK

(m1 + pi/p2) (@, Az) =0, A €so(n),

(,Az) =0, A € so(n). (7.5)
9T0 ypaBHEHHE JIErKO pas3permaeTcs 6iarogaps CJaeAyomeMy IPeo-
JKEHHUIO.

Yupaxnuenne 7.1. Ecim A € so(n), o (Az,z) = 0 qysa Bcex = €
€ R". Bosnee Toro, maa moboro sektopa z € R"™ \ {0} npocrparcrso

{Az| A € so(n)} coBmaaeT co BceM OPTOTOHATBHBIM JOTIOTHEHTEM T =
={y e R"[ {y,2) = 0}.
ITosTomy orparudenue (7.5) o3Ha4aeT, ITO

TNz =0,

T. €. CKOPOCTD JOIIYCTUMOI KPUBOIl MPOMOPIIMOHAIbLHA BEKTOPY COCTOSHU.
DTO0 yCJOBHE 33aJa€T OJHOMEDPHOE, II0TOMY MHTErPUPYEMOE pacipejeJie-
aue. IlosTomy momycTuMmble KPUBBIE UMEIOT B

z(t) = a(t)z(0), a(t) > 0.

OpbuTa n MHOXKECTBO JOCTHZKEMOCTH 4depe3 Jrobyro Touky = € R™ \ {0}

eCTh JIyd
O, =Rz = {az| a > 0}.
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9KHA T, o MOTYT ABUTATHCS BIOJIb HENOABUXKHOM IPAMOIl B
To , (o) aThC (o €110, (0} o R™,
¥ OPUEHTAIWsSI CUCTEMBI HE MOXKET M3MEHATHCH. 1TOOBI MOIyYNTh MEHee
TpUBHAJBHOE MOBeeHNE, HEOOXOIMMO PACCMOTPETh 0Ojee CI0XKHBIE CHC-
TEMBbI.

7.3. Tpu cBOGOJHBIE TOYKU

Teneps k£ = 3, 1 MBI UCKJIIO9aeM TPETHIO TOYKY C IOMOIIBIO IIEPBOIO
ycnosus monycrumocta (7.3):

T = {11, Y = 222,
1
r3=—— (T +1vy).
3 Ms( y)

Y0066l 3anpeTUTh BHIPOXKIEHHBIE KOH(DUIYpaInu, B KOTOPBIX TOYKA L1,
X2, T3 KOJJIMHEAPHBI, Oy/IeM CIUTATh, YTO BEKTOPHI T, Y JIUHEHHO HE3ABU-
cumbl. 1103TOMY IPOCTPAHCTBO COCTOSHUN €CTh

M ={(z,y) e R" xR"| z Ay # 0}.
Bsenem obosHadeHme

pi=—,  i=1,23

i
Torma Bropoe yciosme momycrumoctu (7.4) mpuamMmaer dbopmy
(@, A((pr + p3)z + psy)) + (9, A((p2 + p3)y + psz)) =0, A €so(n).

OxasbIBaeTCd, 9TO MPH 3TOM YCJIOBHH IOMYCTHMBIE CKOPOCTH &, 1
JIOJKHBI IPUHAJIEXKATH IIOCKOCTH Span(x, y). DTo BBITEKAET U3 CIEY-
IOIIEro 1IPe/JI0KEe NS

JTemma 7.1. Ilycmo sexmopu v,w,€,n € R* ydosaemsopsrom yc-
A0BUI0
vAw # 07 span(v, w, é‘a 7]) # span(v, w)

Tozda cywecmeyem A € so(n) maxoe, wmo
(Av, &) + (Aw,n) # 0.
JokaszarTenbcTBoO. Bo-iepBbIX, MOKHO IPEIIOI0KATD, ITO
(v,w) = 0. (7.6)
HeficrBurenbHo, BbIGEpEM Takoil BeKTOp W € span(v,w), aro (v, w) = 0.
Torna w =W +av u
(Av, &) + (Aw,n) = (Av,§ + an) + (Aw,n),
HOaTOMy MOZKHO 3aME€HUTH W Ha {l}
Bo-BTOPBIX, MOXKHO HOPMHPOBATH BEKTOPHI ¥, W K IIPEIOJI0KHUTD, 9TO
[v] = |w| = 1. (7.7)
HakoHen, B CAJIy CAMMETPUYHOCTH YCJIOBHIl JIEMMBI IO &, 1) MOXKHO
canTathb, 4To £ ¢ span(v,w). Torma
E=av+Pw+l
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JIJISI HEKOTOPOT'O BEKTOPA
I L span(v, w).
Bei6epem omeparop A € so(n) Takoit, 410
Aw =0,

A: span(v,l) — span(v,l) o6parnm.

Torna
(Av, &) + (Aw, n) = (Av,1) # 0,

T. e. onepaTop A uckombii. [

OTa JeMMa O3HAYaeT, YTO I J0OOH Hapbl HAYadbHBIX TOYEK
(z,y) € M BCce momycTmMble KPUBBIE Ty U Y; NPUHAIJIEKAT IJIOCKOCTH
span(z,y) C R". Tlosromy MBI paccMaTpWBaeM OrDAaHWYEHWE HaIeil

CHCTeMBI Ha TAKyIO IIOCKOCTb U CIUTaeM, 4To I,y € R2.
Urak, mongydaeM CJIeIyIOMIYI0 CHCTEMY, OIMCBHIBAIONIYIO IBUKEHUE
TpeX CBODOIHBIX TOYEK:

(@, A((p1 + p3)z + psy)) + (9, A((p2 + p3)y + psx)) =0, A€ 80(2(), )
7.8
(z,9y) € M = {(v,w) € R* x R*| v Aw # 0}.

C.He,ZLOBaTeJII)HO,
A = const -
-1 0)’

u paBeHCTBO (7.8) ompejesnseT OfHO JHHEHHOe ypaBHEHWe Ha CKOPOCTH,
T. €. pacupezenenne panara 3 Ha 4-mepaom mHOroobpasmm M. Vcnonb3ys
yInpazkHeHHe 7.1, JIerKO BHAETH, 9YTO 9TO PacIpeneseHne IOPOXKIEHO CJIe-
AYIOIAME TPeMs JUHEHHBIMU BEKTOPHBIMU ITOJISIMU:

Vi = ((p1 + pa)z + psy) - = <(p1+p38x+p3y) = B, <Z>

dz
8 0 v
Va = ((p2+pa)y + pa) 5o = (psw +(p2 + ,,S)y) - (y>

0 0 _(x\ _ T

_[pP1+p3 p3 {0 0 (1 0
Bl_( 0 0)’ BQ_(Pa Pz+Pa)’ Id_(U 1)

st ynpomteruns ¢opmyn OymeM 3amucChiBaTb 4-MepHBbIE BEKTOPBI KaK
2-mepuble croJonel. Hanpumep,

rae

(p1 + p3)z1 + p3y1
(p1 + p3)z2 + p3ye
0

I’

Vi = <(p1 +p38w+p3y>
0
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e
: = (% y = Y1
T2 )’ Y2 )"

Hame pacuopenesnenune panra 3 MoxkeT UMeTh OPOUTHI PAa3MEPHOCTH 3
wm 4. YTobbl BBISCHUTH, KaKas U3 STHX BO3MOXKHOCTEH peam3yeTcs,
BBIYHC/IAM CKOOKY Jlm:

Y

[B1, B2] = ps <_( ps p2+p3>.

V1, Va] = [B1, Bs] <$>,

p1+ps)  —ps
Jlerko mpoBepseTcs, 9TO
ViAVaAVsA[V1, V2] #0 < By ABy AIdA[By, Ba] #0.

MEe! 3amucbIBaeM MaTPUIBL MOPSIAKa 2 KaK BEKTOPHI B CTaHJAPTHOM Ga3muce
npocrparcrsa gl(2):

6oy Go) @0 6

Torma
(1) p1+ p3 8 P3
+
det(Id, By, B, [B1, B2]) = | %3 3 _'(0;1 +p;,)3)
1 0 p2 + p3 —ps3

= 2p3(p1p2 + p1p3 + p2p3) > 0.

Cnenosarenbro, nona Vi, Va, Vi, [Vi,Va] numeiino He3aBECEMBL BCIOIY
Ha M, T.e. Hallla yIpaBjsgeMas CHCTEMa HMeeT JIUIIb 4-MepHbIe OPOUTHL.
ITosToMy OpPOHTBI COBMAIAIOT C KOMIOHEHTAMH CBA3HOCTH ITPOCTPAHCTBA
cocrosiHmii. MHOTOOGpasme M pacmamaercs Ha IBe CBA3HBIE KOMITOHEHTHI,
COOTBETCTBYIOIIE MOJOKATEIbHON U OTPUIATEIHbHON OPHUEHTAINN pelre-
pa (z,y):

M=M,UM_,

My ={(z,y) € R? x R2| det(z,y) = 0}.

Urak, cucrema Ha M wumeer nBe OpPOHUTHI, MOSTOMY [BAa MHOXKECT-
Ba gocrmxumoctu: My m M_. W3 nro6oil mapel JIMHEHHO HEe3aBUCHMBIX
BekTopoB (7,y) € R? x R? nocrmkuma mr06ast HEBBIPOXKIEHHAA KOHDU-
rypamus (7,y) € R? x R%, n1a koropoit 7,y € span(z,y) u penep (Z,7)
OPHEHTHPOBAH TaK Ke, Kak (z,y).

Bosspamasich K MCXOIHOU 3a/iade JJid TpeX TOYeK X1,IT2,r3 € R?,
[OJTy9aeM, 9TO 2-MepHasi JuHeNHAS IIOCKOCTh TPEeYTOIbHUKA (L1, X2, T3)
JO0JIZKHAQ COXPaHATbHCA TaK K€, KaK IIEHTD MaCC 1 OPUEHTAIIUA TpeyFOJIbHI/I—
ka. [Tommmo 3TOrO, TpEyrombHuK (T1,T9,T3) MOXKET BpAmAThCd, nedop-
MUPOBATHCA W PACTATUBATHCA KAK YTOIHO.

Kordwurypamum n3 Tpex TOYeK, JeKallue B Pa3HBIX 2-MEPHBIX ILIOC-
KOCTSX (WMJIM 3aJaf0Ie IPOTUBONOJIOXKHBIE OPHEHTAIUE B OXHONW M TOM
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K€ 2-MEepHOH ILIOCKOCTH), HEJOCTHXKUMBI JADYT MJis ApYyra: MHOXKECTBA
JOCTHKUMOCTH U3 ITUX KOH(MUIYpaIuii B3anMHO He IepeceKkarTcda. Bopo-
qeM, ec/ii JBe KOH(MUTYpanud JeXKaT B 2-MEPHBIX IJIOCKOCTSX, TMEIOIIIX
00IIyI0 TPAMYIO, TO TepPeCevdeHne 3aMbIKAHUI MHOXKECTB JOCTUKUAMOCTH
HEILyCTO: OHO COCTOUT U3 KOJUIMHEAPHBIX TPOEK, JIEZKAIIUX HA OJHOU Ipd-
moit. TeopeTudecku MOXKHO NPEICTABUTH [BIKEHUE, IIEPEBOISIINEE OIHY
KOH(MUIYpPAIUIO B APYTYIO: CHAYAJIA TPU TOYKU JEJIAI0TCS KOJIIMHEAPHbI-
MH B HCXOTHOH 2-MepHOH IIJIOCKOCTH, & 3aT€M 3Ta KOJIJIMHeAapHAs KOH-
durypanus mepeBoaAUTCH B KOHEYHYIO KOH(MDUIYypannui0 B TEPMUHAIBHON
2-MepHOM 1JI0CKOCTH.

7.4. JlomaHasa

PaccmoTpuM cucremy U3 4eThIpex MaTepHAIbHBIX TOUEK, PACIIOJIOXKEH-
HBIX B BEpIINHAX TPEX3BEHHOU JIOMAHOU Ha JIBY-
MepHOiT mockocTu. Mbr m3yunm Hambosee cum-
MeTPHUYHBIN cirydail, KOr/ia BCe MacChl € JUHUIHBI
U BCe 3BEHbS JIOMAHOU NMEIOT eTMHUIHYIO JJINHY
(puc. 7.1).

T'otorHOMHBIE OrpaHUYeHus JJis TOYEK

L3

T1
wo,wl,xg,mgeRz =C T2

UMEIOT BUJ,

3
ijzo, |.Tj—$j_1‘:1, j:1,2,3.
j=0 (7.9) @0

ITosTomy

P Puc. 7.1. Jlomanas

a, ; € S, j=1,2,3.

[Tonoxkenue cucrembl onpenesserca Tpems yriamu (61,69, 63), n upoct-
PAHCTBO COCTOSTHUI €CTh 3-MEPHBIN TOp:

M=58"%x8"x8 =T = {(01,92,03)| 0]' S Sl, j= 1,2,3}.
Herononomusie OI'PaHNYC€HUAd Ha CKOPOCTHU CBOALATCA K PAaBEHCTBY
3

Z(iibj, 37J> =0.

=0

i
Tj —Tj—1=¢€

YU106BI BBIPA3UTH ITO PABEHCTBO 4Yepe3 KOOPAUHATHL 6, cHagasa 0603-
HA9IAM ]
Yj =Tj — Tj_1, j=1,2,3.

3
VYuursBasg ycnosue » . x; = 0, moaydaem
Jj=0
Q’;O = —-— = = — —

ry = —— = — —
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_uL ey
=Yty D

¥y 3y
$3—4+2+4.

Temepp Boraucnm quddepeHuaabHy0 HOpPMY:
3
. (3 1 1
w = Zo<zwj,dwj> = <Z<Z Bt syt y3>,dy1> +
i=

(1 1 (1 1 3
+ <l<§ Y1 +y2 + §y3>,dy2> + <l<Z itgyet 1y3>’dy3>'
Tax xak (iy;j, dyy) = (€%, e df),) = cos(8; — 0))db},, meem

3 1 1
w = (Z + 3 cos(fa — 61) + 1 cos(fs — 91))d91 +

1 1
+ (5 cos(f; —6) +1+ 3 cos(f3 — 02)>d92 +

1 1 3
+ (Z cos(fy — 63) + 3 cos(s — 63) + Z)deg.

CaenoBaresibHO, Haira cucrema 3auaer pacupegeinenne A = Kerw
panra 2 Ha 3-meprOoM MEOro06pasuu M = T2. Opburer MOryT 6BITH 2-Mep-
HBIMHU WIA 3-MePHBIMA. UTOOBI PA3INYIUTh ITH ABA CIydasi, MOXKHO IIOCTY-
IUTH, KAK B IPEIbLAyIneM naparpade: HalTu 6a3uc u3 BEKTOPHBIX IOJIEH 1
BeraucauTh cKOOKu JIu. Ho ceitgac sierde ucciie1oBaTh HHTErPUPYEMOCTD
pacupeneeHns A IBORCTBEHHBIM 00pa30M, ¢ IIOMOIIBIO AuddepeHInaIb-
HBIX HOPM.

IIpeamonoxum, uro pacupenenerane A umeer 2-MEPHOE UHTEIPAJIBHOE
muoroobpasue N C M. Torna

W|N:0§
0= d(W|N) = (dw)|N ’

0= dwq|Aq = dw,

CJIe10BaTEeJIbHO,

TIO3TOMY
g€ N.

|Ker wq?
B TepMmmuax BHemHero mpousBesenus auddepeHuaIbHBIX GOPM
(wA dw)y =0, geN.
Borauncinm guddepennman u BHEITHEE IPOU3BEICHUE:
dw = sin(92 — 91) dfy N dfy + sin(93 - 92) dfy A dfs +
+ % sin(93 — 01) df, N 03,
w N dw = 3 (sin(0 — 0) +sin(65 — 0)) dbx A df> A dbs.

IlosTromy w A dw = 0 Torma m TOJIBLKO TOT/IA, KOLa
sin(92 — 01) + sin(03 — 92) =0,

03 =6, (7.10)
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nJIn

(61 — 02) =+ (63 — 02) =T, (711)

cM. puc. 7.2, 7.3.
Konduryparuu (7.10) u (7.11) TpygHbI 1J1 yIPABIE€HAS: €CIM HA OIHO
W3 9TUX PABEHCTB HE BHIMOJHSAETCH, TO w A dw # 0, T.e. cucreMa mMeeT

Puc. 7.2. Tpynmas mus ynpas- Puc. 7.3. Tpynuas s ynpasiieHus KOH-
seHus koudurypanus: 01 = 0 durypamua: (01 — 02) + (03 — 02) =«

3-mepuble opbutsl. Eciin BeIOpaTh 6a3uc u3 BeKTOpHBIX mojeit X1, Xo B

pacupegeseaun A, TO yxKe mepBas cKobka [Xi, Xs| juHeliHO HE 3aBUCHT

or X1, X2 B TouKax, Iye HapymawoTcs oba pasercrsa (7.10), (7.11).
Ocraercst UCCJIEI0BATH MHTEIPUPYEMOCTDb pacupeesenns A B TOYKAX

nosepxuocreit (7.10), (7.11). 3mecs [ X1, X2](¢) € A4, HO MOKHO HOLY9UTD

HeHHTerpupyemocrb A Ojaromaps CKoOKaM 0o0Jiee BBICOKOIO IIOPLIKA.
Cragasia pacCCMOTPHUM JIBYMEPHYIO ITOBEPXHOCTH

P = {03 = 01}

Ecsin opbura depe3s touky q € P 2-mepHa, T0 pacupeueiesue A 10J2KHO
Kacarbca P B okpectaoctu ¢. Ho sierko Bumerh, 9T0, Hampumep,

0
TqPBa—%q¢Aq, qu

Ilosromy cucrema nmeer 3-mMepHBbIE OPOUTHI Y€PE3 JTIOOYIO TOYKY TIOBEPX-
voctu P.

AmnajlorngHo JI€ErKO NOKa3aTh, 9TO OPOUTHI Yepe3 TOYKH BTOPOil Io-
BepxHocTH (7.11) TakKe 3-MepHBI.

IIpocTpancTBo cocroaunit M CBA3HO, IOITOMY UMEETCH €ITMHCTBEHHAA
opbuTa (M MHOXKECTBO JOCTHXKUMOCTH) — Bce MHoroobpasue M. Cucrema
BIIOJIHE YIIDaBJId€Ma.



I'masa 8

MHO2KECTBA AJOCTU2KNMOCTHA

B s70it rmaBe MbI ©3y9nM HEKOTOPBIE ODIIE CBONCTBA MHOYXKECTB JI0C-
tmkuMocTu. Mbr Oyziem paccMaTpuBaTh ceMeificTBa BEKTOPHBIX moJieit JF
Ha TJIaIKOM MHOroobpasuu M, yaoBIeTBOPSAIONIHE CBOMCTBY

Lie, F=T,M VqeM. (8.1)

B stom cirygae rosopsar, uro cucrema JF ummeer noawnwili pane uHa M 1).
CornacHo aHasmTHUecKoil Bepcum Teopembl 00 opbmre (ciexcrsme 5.3)
OpOUTHL CHCTEM IIOJIHOIO PAHIA ABJISIOTCH OTKPBITHIMA IOAMHOXKECTBAMU
pPOCTPaHCTBa cocTtostamit M .

Ecmn cemeiictBo F C Vec M He mMmeer mosjHOro pamra, a M um F
BEIIECTBEHHO aHAJUTHIECKHE, TO MOXKHO mepeiitu or F K ceMeiicTBY moJI-
Horo panra F|,, rae O — opbura F. ITosroMy B aHAIMTHYECKOM CIydae
yCJIOBUe TOJHOTO paHra (8.1) He CIMIIKOM OrpaHHYIUTENHHO.

8.1. MHo>ecTBa JOCTU>KMUMOCTHU CHCTEM MOJIHOTO paHra

VY cucreM mOJIHOrO PaHra HE TOJIBKO OPOUTHI, HO M MHOXKECTBA [10C-
TH2KIMOCTH UMEIOT IOJHYI0 Pa3MepHOCTh. BoJsiee Toro, cipaBeiuso cie-
Jyloliee BaykKHOe yTBepXKJeHUe.

Teopewma 8.1 (Kpenep). ITyemv F C Vec M — cucmema noanozo
panea. Toeda Ag, C int Ay, dns moboti mowku qo € M.

SaMmevyanue B yacrHOCTH, MHOXKECTBA JOCTUXKUMOCTHU 33 IPOU3-
BOJIBHOE BpeMd UMEIOT HEILyCTYI) BHYTPEHHOCTb:

int Ay, # @.

MHO)KeCTBa JOCTU2KUMOCTHU MOFyT 6I)ITI):

— OTKPBITBIME MHOXKecTBamu (puc. 8.1);

— MHOroo6pasusMu ¢ IJIagKoi rpanuneil (puc. 8.2);

— MHOrooOpa3uaMH ¢ IPaHUIEH, IMeromell 0COGEHHOCTH — YIJIOBBIE
TOYKH WJIM TOYKH Bo3BpaTa (puc. 8.3, 8.4).

J—[eFKO IOCTPpOUTH COOTBeTCTByIOHLHe IIpUMEPbI praBﬂHeMbIX CcCucremMm
(RampmMep, Ha IIOCKOCTH).

C npyroii cTopoHbl, Teopema KpeHepa 3ampemaer Cieayioniyme BO3-
MO2KHOCTH [ MHOXKECTB JOCTHZKUMOCTH Ag, CHCTEM IIOJIHOIO paHra:

— momMHOXKecTBO M HemosHO pasmepHocTa (puc. 8.5);

— MHOKECTBO, UMeIoIllee TPaHAYHbIE TOYKH, H30JMPOBAHHbBIE OT BHYT-
peHHnx Touek (pmc. 8.6).

1) B anruossbraHoit JILTEPATyPE UCIOIb3yeTCs TaKxKe TepmuH bracket-gene-
rating system.
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M M
Puc. 8.1. MHuoxkecTBO HOCTHXKH- Puc. 8.2. MuoxkecTBO mocTmKu-
MOCTH — OTKPBITO€ MHOXKECTBO MOCTH — MHOroobpasme C IJIai-

KOI rpaHunei

M M
q0 q0
Puc. 8.3. MHoxKecTBO DOCTUXKU- Puc. 8.4. MHO0XKeCTBO ITOCTUNKU-
MOCTH — MHOT000Opa3ue ¢ HeryIa/I- MOCTH — MHOT000Opa3ue ¢ HerJa/i-

KO# rpannrnei KOl TpaHumei

M M
Puc. 8.5. 3anpemennoe MmEHOXKECT- Puc. 8.6. 3anpemennoe MEOXKECT-
BO JJOCTUKHAMOCTH — TIOJMHOZKECT- BO JOCTUKHMOCTH — MHOKECTBO
BO HEIIOJIHOM pPa3MepHOCTHU C M30JIMPOBAHHBIMY I'DAHUYHBIME
TOYKAMHA

Hoxkaxxem Teopemy Kpenepa.

HdokaszarTeascTso. 3abukcupyemM npou3BOIBHYIO TOUKY gy € M,
BBIGEpeM JTI00y10 TOUKY ¢' € Ay, U HOKazKeM, ITO

¢ €t A, (8.2)
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(1) Cymecteyer Takoe BekTopHOe mose fi € F, uro fi(q') # 0; B
nporuBHOM ciydae Lieg (F) = 0 u dim M = 0. Kpusag

51— ¢ oetht, s1 € (0,¢1), (8.3)
obpa3yeT OJHOMEpPHOe MHOAMHOroobpasme M Mpu JOCTATOYHO MAJBIX
g1 > 0.

Ecmz dim M =1, 1o ¢/ o 1/t € int Ag, mig manbix s1 > 0, u BKIIO-
genue (8.2) mokaszaHo.

(2) Iycrs dim M > 1. Torga moxkHO HaiiTu moje fo € F u Giu3Kyio
K ¢’ TOUKy ¢ Ha KpuBoii (8.3) Takme, 4TO BeKTOp f2(g1) He Kacaercs
kpusoii (8.3):

g=qo etifl, t1 mocrarouro Mano, (g1 o f1) A (g1 0 fa) # 0.

B nmpormerOM ciydae dimLie; J = 1 B ToUKax ¢, JeKaImux Ha KpH-
Boii (8.3) mpu mocTaToYHO MaJBIX S1. Torga oroGpakeHue

(31,32)»—>q'0651f10652f2, t] <s1 <t;+e, 0<sy<eq, (8.4)

eCTb MOTrpyzKeHHe BOJU3U Hadaja KoopaumHaT B R 1,829
pa3 — aByMepHOe moaMHOroobpasue M.
Eciu dim M = 2, ro Bkimodenue (8.2) rokas3aHo.
(3) IpegnosoxkuM, uro dim M > 2. Torma MoxKHO HaiiTu BeKTOD [3(q),
f3 € F, me kacatommiics nmosepxaoctu (8.4) mocrarouno 6imsko K ¢':
cymecTByioT 5,12 > 0 u f3 € F Takme, 9TO BEKTOPHOE II0JIe f3 He KAcaeTcs

IO3TOMY €ro 06-

1 2
noBepxHocTH (8.4) B HEKOTOPOI TouKe gy = ¢’ o ef2f1 o e*2/2, B mpoTunmOM
ciaygae ceMeiicTBo J He MMEET ITOJIHOTO PaHTa.
Orobpazkenue
(s1,52,83) — ¢ o eS1f1 g e52f2 o essfs,
t%<81<t%+61, t§<82<t%+52, 0 < s3<es,

€CTb HOIPY2KeHHe B MAJIOli OKPECTHOCTH HAadaJa KOODAHHAT B RS>

1,852,837
O3TOMY €ero obpa3 — IJIaJIKOe TPpeXMepHOe moaMHoroobpasue M.
Ecsm dim M = 3, To Bkmouenne (8.2) nokaszano. B nporusaOM Cityaae
MPOJIOJIZKAEM PACCYXKJICHUE.

(4) TIo mumykmuu g dim M = n HaXOAUM TOUKY

1 2 -1 -1 i
(trirti 1y tn_1) € R th 4 >0,
u nousst fy,..., f, € F rakue, 4T0 0TOOparKeHUE
(81,..,8,) ¢ 0ef1 o,  oeinin
th o <si <t _ +e, i=1,...,n—1, 0<s,<ep,,

ectb norpyzenne. O6pas 3TOro morpyKeHus — n-MepHOe IOAMHOroo6pa-
3me M, T. e. OTKPBITOE MHOZKECTBO. DTO OTKPBITOE MHOKECTBO COIEPIKUTCS
B Ag,, U €r0 MOXKHO BHIOpPaTh CKOJIb YLOQHO OJIM3KHM K TouKe ¢'. Bririo-
genue (8.2) u TeopeMma JoKa3aHbI. [

3 Teopembr Kpenepa nosydaeM cieayromniee TpeaIoKeHNe.
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CnemcrBue 8.1. Ilycmov F C Vec M — cucmema noanozo pareza.

Ecau Ay (F) = M 0an nexomopoti mowku qgo € M, mo Ay (F) = M.

JdoxaszaTeunsbcTBo. BosbmeM npon3BoibHyI0 TOUKY ¢ € M u mo-
Ka’keM, ITO OHa IIPHHA/IEXKUT MHOXKeCTBY HoCTIKHEMOCTH Aqg, (F).
Paccmorpum cucremy

—F={-V|VeF}C VecM.
OTa cucremMa MMeeT IOJHbBIA PAaHT, H09TOMY 10 Teopeme 8.1
A (—=F) Cint Ay (—F) Vg e M.
Bosbmem mio6yio Touky ¢ € int A,(—F) m OKpecTHOCTH ITOH TOUKH
O5 C Ay(—F). Tak kak Ag, (F) mnorro B M, umeem
Ay (F)N Oz # @.
IMostomy Agy (F) NAy(—F) # O, T. e. CymecTByeT TOUKa
qd € Ay (F)N A (—F).

I/IHBIMI/I CJIOBaMHU, TOqu ql MOXKHO IIpeACTaBUTH ABYyMA CHOCO6aMI/I:

¢ =quoetfro..  oetrfr fieF, t>0,

g =qoe ®91 0.  ce N9, g €F, s;>0.
YwMHO)asa 0b6a pa3jioxkeHus cupasa Ha eI o ... 0 191 mosygaem

g=qooef1o. oehlioe 9o, 0en € A, (F),

910 1 TPebOBaIOCh M0Ka3aTh. [

Caencrsue 8.1 03HAYAET, YTO IIPU MCCJIETOBAHUN YIIPABIIIEMOCTH MOXK-
HO 3aM€HATh MHOXKECTBO JOCTHUKUMOCTH CHCTEMBI IIOJTHOTO PaHTa €ro
3aMbIKaHHEM. B ciemayromeM maparpade MbI MOKayKeM, KaK MOXKHO JI0-
6aBIATH K yIPABJIAEMON CHCTEME HOBbIE BEKTOPHBIE TI0JIsI, HE YBEJIMINBAS
IIPU 3TOM 3aMBbIKaHUA MHOXKECTBA JJOCTUZKHMOCTH.

8.2. CoBmecTuMbIE€ BEKTOPHBIE MOJIS U PeJIaKCAlun

Onpegmemenune 8.1. BekropHoe mosie f € Vec M Ha3biBaeTCS CO6-
mecmumovim ¢ cucremoit F C Vec M, ecan

A FUF) C Ay(F) Vg € M.
HpOCToe ycaoBue€ COBMECTUMOCTH JA€TCA B CJICAYIOIMEM YTBEP2KICHUN.

HIpemnoxenune 8.1. [lycmv F C Vec M. Jlas 410661 6€KMOPHOIL
noaet fi, fo € F u mobux Pynkyud ay,az € C*°(M), ay,as > 0, sexkmop-
Hoe noae ai f1 + ag fo coemecmumo ¢ cucmemoti F.

Orcrozma, yuurhiBas CJIEACTBUE 5.2, MOy 9aeM [10JIE3HOE [IPEJIOZKEHUE.

Canenmcreue 8.2. Ecau F C Vec M — cucmema noanoz20 paraa ma-
Kast, 4MO NOPOAHCOEHHVIT €10 NOAOHCUMENDHBIT KOHYC

k
cone(F) = {Zaifi
i=1

CUMMEMPUHEH, TNO CUCTNEMA F enoane YynpasaAema.

fi € F, aiECOO(M), a; =0, ]{:EN} C Vec M

8 A.A. Arpaues, }0.JI. Cauxos
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IIpenmoxkenne 8.1 BBITEKAET U3 CJAEAYIONIEr0 CHJIBHOTO OOIIEro yT-
BEPXKICHUS.

Teopewma 8.2. Ilycmv HeasmornomHvie sexmophvie noad X, Y., T €
€ [0,t1], umerom xKomnaxmmuwl nocumeaw. Iyemo dynwyus a: [0,t1] —
— [0, 1] usmepuma.

Tozda cywecmsyem nocaedosamesbHOCmb HeASMOHOMHBIL BEKMOP-
nox noset Z0 € {X.,Y:}, moe. ZP = X, uwau Y, Odaa mobor T u n,
maKas, 4mo

¢

t
&f)/z: dr — eY};S/(a(T)XT (1 —a(n)Y,)dr,  n— oo,
0 0

pasnomepro no (t,q) € [0,t1] x M u pashomepho co scemu npou3sooHvmu
noq € M.

Orcropa caenyer npemgoxkernue 8.1. B ciaywae a1(g) + a2(q) = 1 ono
oJTy9aeTcs u3 TeopeMbl 8.2. JIefCcTBATEIBHO, JIETKO TI0KAa3aTh, 9TO KPH-

¢
Boie q(t) = qo o eflarfitazfz) 4 g4 0 e?f)f(al(T)fl + az(7) f2) dr, i(t) =
0
= a;(q(t)), coBnamaroT apyr ¢ mapyrom (yKasaHWe: JOKarXkKUTe, 9TO KPH-
¢
Bast qo o et(a1/1+a2f2) o éxp [(=a1(r) fr — aa(7) f2) dr mocTosHEa). B ciy-
0

qae ai(q), az(q) > 0 MBI yMHOXKaeM yIpaBIISOMINe apaMeTpPhl Ha IPO-
M3BOJIBHYIO HOJIOXKHUTEIBHYIO (PyHK-
j1R%8:0] (STO HE€ BJIMAE€T Ha MHOXKECT-
BO JOCTHZKUMOCTH 3a IPOU3BOJILHOE
HEOTPHIATENHHOE BPEMS ), & CJIydaii
a1(q), az(q) > 0 monyduaerca mpe-
JIEJIBHBIM [IEPEXOIOM.

SBamevanue. Ecou nona X,
Y, KyCO4YHO HEnpepbIBHBbI IO T, TO
AIMIPOKCUMUDPYIOIIHe oA Z) B
Teopeme 8.2 MOryT OBITH BBHIODAHBI
KYCOYHO TMOCTOSTHHBIMU.

Teopema 8.2 ciaexyer m3 IBYX
JIEMM, IIPDUBEAECHHBIX HUXKE.

Puc. 8.7. Aunnpokcumanus mOTOKA,
Teopema 8.2 Jlemma 8.1. Ecau evinosnerve

ycaosua meopemos 8.2, mo cyuiecm-
8YEM NOCACOOBAMENLHOCTIVG HEABTNOHOMHBLL BEKMOPHUL Nosel Zr» €
€ {X,,Y;} maxas, wmo

/tZ_f dr — /t(oz(T)XT + (1 —a(r)Y,)dr

pasromepro no (t,q) € [0,t1] X M u pasromepro co cemu npou3eoonvmu
noqe M.
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HdokaszaTreasbcTso. 3adpuKkcupyeM OpPOU3BOJBHOE HATYPAIbLHOE
quciao n. MoxHO BbIOpaTh Takoe mOKpbiTue oTpe3ka [0,t1] nomMHOKeCT-
BaMH

N
U E; = [0,4],
i=1
qro gy Jobbx ¢ = 1,..., N cymectBytor X;,Y; € Vec M Takue, 9TO
1 1
||XT_Xi||n,K g — HYT_}/;HTI,K g —
n n
rae K — xommnakrTHbl HOCUTENb TIoJiei X, Y,. JleficrBurenbHO, 10JIst
X, Y; orpanudenst B HOPME || - |lp41, K, 109TOMY OHE OBDA3YIOT IIPEJ-
KOMIIAKTHOE MHOKECTBO B TOLOJIOTUH, HHIYIIMPOBAHHOM || - ||n, K-
Paznenum muOX)ecTBa F; HA 1 TOAMHOXKECTB PABHOU MepDHI:
" 1
E=UE; |Ejl=2E|, iji=1,...,n
j=1 n
B xaxmom FE;; peibepem mogmuoxkecTso Fj; Takoe, 910
Fij C Eij, |F19| = / Oé(T) dr.

Hakoner, onpenesmm ciaeayionie BEKTOPHBIE TTOJIS:

n = X‘ra TEFija
T YT, T € Eij \ FZ]

Torma serko BHAETH, YTO IIOCJIENOBATEIBLHOCTH HoJeil Z mcKomad. [

Temnepp mOKakeM BTOPYIO 9aCTh TEOPEMHEI 8.2.

Jlemma 8.2. Ifycmv weasmonomHvle 6EKMOPHBIE NOAA 27, T =
=1,2,..., u Z;, T € [0,t1], oeparunenvi nO T U UMEOM KOMNAKMHVLT
nocumensv. Ecau

t t
/Zde—)/ZTdT, n — 0o,
0 0

t t
&ﬁ/z;‘dTeeYﬁ/szT, n — oo,
0 0

20e 0ba npedesvhuir neperoda pashomeprve no (t,q) € [0,t1] X M u pas-
HOMEDHDL CO 6CEMU NPOU3E0OHBIMU Mo q € M .

HdokaszaTeabctTso. (1) CHagana moKaKeM yTBEPXKIEHUE B CIIYy-
qae Z, = 0. O603HaYMM TOTOK

¢
P = e;f)/Zf dr.
0

8*
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Torma
pr :Id—i—/PftodT:

(uETETPEPYEM HO TACTSIM )
t

t T
:1d+Pt"o/z:dr/(PfoZ¢o/nga> dr.
0 0 0

t
Tak kKak f Z"dr — 0, mocsieHue 1Ba WIEHA B IPEIbIAYIIEM Pa3/I0XKEHUN

0
CTpeMaTCd K HYJII0, IOITOMY
P —1d,
YTO JI0Ka3bIBAET yTBEPXKJEeHue JeMMbl B ciydae Z,; = 0.
(2) Paccmorpum obmmit caygaii. Pasnoxknm BekTOpHBIE OIS TIOCTE-
JI0BATeIbHOCTH:

t
Zr =7, + VP, /VT”dT—>0, n — oo

Ob6o3nauum P* = e;f) V' dr. 3 dopmyiisl Bapuanuii morydaem

o— .

t t
e?fa/Zfd ep/ (VI +Z;) dT—exp/AdP Z.dro P,
0 0

ITo wactr (1) sToro mokasareascrsa P* — 1d, cienosarensno, Ad Pj* —
— Id, orkyma

e?f)/Zde—He;f)/ZTdT,

9T0 1 TPebOBAIOCH MOKAa3aTh. [

Wrak, mbl nokazasnu Teopemy 8.2, a moromy u npexjoxernne 8.1.

8.3. ¥YcroituuBocth 1o Ilyaccony

Ounpemenmenune 8.2. Ilycts f € Vec M — mojiHOE BEKTOPHOE TIOJIE.
Touka g € M naswiBaercs ycmotuusoti no Iyaccony myst nous f, eciau
nust ir0boro ¢ > 0 u ur06oit okpecrrocT Oy TOYKH ¢ CyIIECTBYIOT TOYKA

7
¢’ € O, u Moment Bpemenn t' > t Takue, aro ¢ oe! I € O,.
TO €CTh BCE TPACKTOPUU HE MOFyT HaBCera HOKI/IHyT]) OKPeCTHOCTb

ycroitauBoit o IlyaccoHy TOUYKM, HEKOTOpbIE M3 HUX OOI3aHBI BO3BpPAa-
IIATHCS B 9TY OKPECTHOCTH B CKOJIb YTOMHO HAJEKOM OymyImem.

Bameuanue Ecm tpaextopus ¢ o et/ mepmommueckas, To TouU-
Ka ¢ ycroituuBa no Ilyaccony s moas f.
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Ounpenenenune 8.3. llosnoe BekropHoe mosie f € Vec M Ha3bI-
Baercsa ycmotyuswvim no Ilyaccony, ecnum Bce TOYKU MHOroobpasms M
ycroiaussl 1o [lyaccony mis f.

Ycnosue ycroiiampocTn mo IlyaccoHy KaKeTcsi JOBOJBHO OrpPaHHYIHU-
TEeJIbHBIM, HO TEM He MeHee B IPIJIOKEHHUAX OHO 9aCTO BBINOJHAETCH (CM.
uuzxke Teopemy Ilyankape).

BeisichuM, 9T0 0O3HaYaeT yCcToWYMBOCTH 1o IlyaccoHy 1yis 3amadm yi-
PaBJIIEMOCTH.

IIpemnoxenune 82. [lyemv F C Vec M — cucmema noarozo par-

2a. Ecau sexmoproe nose f € F ycmotivuso no Ilyaccony, mo noae —f
cosmecmumo ¢ cucmemoti F.

HdokaszarTeabcTso. 3aburcupyeM IPOU3BOJIBHYIO TOUKY qg € M
u momeHT Bpemenu t > 0. UroObl g0Ka3aTh MpPejIoKEeHNE, AMMPOKCAMA-
pyeM TOUKy qo © e/ mocTmaxmMeIMm TOUKAMIL.

Tak Kak cucrema F UMeeT MOJHBIA PAHT, MOXKHO BBHIOPATh OTKPBITOE
MmHOKecTBO W C int Ay, (F) cKoab yromao 6iu3Ko K go. Torna MHOXKECTBO
W o e~ 6yner 6im3kum K Touke gy o et .

B cuny ycroitausoctu 1o Ilyaccony cymectsyer t' > t Takoe, 94TO

o # (W o e*tf) o TNMWoe ™ =Woel D NWoe /.
Ho W o et'=01 ¢ A, (F), nosromy
A (FYINWoe ™ +£ .

HNrak, B 1060 OKPECTHOCTH TOYKH o o e '/ mmerorcss Toukm MHO-

xecrsa gocrmxumoctn Ay (F), Te. ggo et € A, (F). O

Teopewma 83 (IIyamkape). ITycmv M — 2aadkoe mmozoobpasue ¢
gpopmoti ob6sema Vol. Ilycmv sexmoprnoe noae f € Vec M noawno, a ez2o

nomox etf coxpansem obsem. IIycmv W C M, W C int W, ecmv noo-
MHOIHCECTNBO KOHEUHOT MEPDL, UHBADUAHITHOE OTMHOCUMENDHO [

Vol(W) <00, Woel cW Vt>0.

Toeda ece mouwku mnoocecmea W ycmotuuswvs no Ilyaccony Oas
noas f.

HokaszareasbcrTso. Bozpmem m00yio Touky ¢ € W u sro0yio ee
okpectHocTb O C M komegnoro ob6bema. Muoxkecrso V = W M O coxnep-
JKHUT HEILyCTOe OTKPbITOe moaMHozkecTBo int W (M O, mostromy Vol(V) > 0.
YT0o06bI 10Ka3aTh TEOPEMY, MbI TIOKAYKEM,ITO

Voe'tNV # @ 1yd HeKOTOPHIX 60abImuX ¢

Badukcupyem soboe t > 0. Bee mmoxkecrsa V oe™f n =0,1,2,...,
MMEIOT OJIMH W TOT XK€ IOJIOKUTEIbHBI 00beM, [I09TOMY HEKOTODbIE W3
HUX JOJIXKHBI TlepecekaThes. JleficTrBurenpHo, eciin Ob

Voe NV oe™f = Vn,m=20,1,2,...,
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To Vol(W) = oo, Tak Kak BCe 3Tu MHOXKecTBa conepxarcsa B W. Cienoa-
TEJILHO, CYIIECTBYIOT HEOTPUIATEIbHBIE I[eJIble YUCIIa 1 > 1M TAKUe, ITO

Voe NVoe™ £a.
YMHOXKasE 3TO HEpaBeHCTBO crpasa Ha e~ ™ | moyaaem
Voem mt Ny £ g

ITosTomy Touka g ycroituusa mo Ilyaccomy mas f, u Teopema mokasza-

"Ha. O

BekTopHOE TOJIE HASBIBAETCS KOHCEPBATNUGHDIM, €CIIA €r0 IMOTOK CO-
XpaHsgeT 00beM.
Hanomunm, aro BekTOpHOE noste Ha R™ = {(z1, ..., 2, )} KoHcepBaTHB-

HO, T. €. COXpaHsieT CTaHnapTHEI o6bem Vol(V) = f dzy ... dz, Torma u
v

TOJIBKO TOT/a, KOTJIa 3TO OHO Oe3IMBEPreHTHO:

8.4. YmupaBiisieMoe TBepP0€ TeJIO: MHOXKECTBAa
JOCTUKUMOCTHA

IIpumennm nosrydenabie obOIre Pe3ysIbTATHI K YIPABISAEMOM CHCTE-
me (6.20), onmchIBaOMmEl BPAIEHAS] TBEPAOTO TEJIA:

(Q) (@) +9(@)  (@u) €SOEB) X B, (85)

I
~ 0
! <,u fg;;)’ g <l>

ITo npemyroxkenuto 8.1, BekTOpHOE TOJNIE [ = % (f+9)+ % (f — g) coBmec-

Mo ¢ cucremoii (8.5). ITokaxkem, aro 3T0 mose ycroiamso mo IIyaccomy
Ha SO(3) x R3.

CHavana paccMoTpuM BeKTOpHOe mojie f(Q,u) Ha GoJblleM mIpoCT-
paHcTBe R% X Rz, e R% — IPOCTPAHCTBO BCEX MATPUIL HOPANKA 3.
Nwmeewm div(g ) f = 0, mosTomy mose f KoHCEPBATHBHO HA R% X Ri.

Haiee, Tak Kak mepBas KOMIOHEHTA 1moJist f JuHelHa 1o (), OHA yI0B-
JIETBOPSIET CJIEAYIOMIEMY CBOUCTBY JIEBOMHBAPUAHTHOCTH O ():

o(5-(E) - () )
1% Kt 1% pe )’ (8.6)
QaQtaPeRgQa Na”teRi-

B cumy sToro cBoiicTBa mosie f mMeeT KOMIAKTHbIE WHBAPUAHTHBIE MHO-
9 3
JKECTBA B RQ X RM BHIA

W =(SO(3)K) x {(p,pn) <C}, KeER), KcCintK, C>0,
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Tak yTo W C int W. Ilo Teopeme Ilyankape nose f ycroitanso mo Ilyacco-
HY Ha BCeX 3TUX MHOXKecTBax W, a moTomy u Ha RQQ X RZ. BBuny cpoiicTBa

unrBapuanTHoCcTH (8.6), Moste f ycroitauso o Ilyaccony m ma SO(3) x R3.
Tak Kak mosie f coBMecTHMO ¢ cHCTeMOil (8.5), IPOTHBOIOJIOXKHOE
none —f rakxke ¢ Heit coBmectumo. Ciie10BaTeIbHO, U BEKTOPHBIE I0JIS

+g=(f£g)—f
COBMECTHUMBI C 9TOI CHCTEMOM.
WTak, BCe BEKTOPHBIE MOJISI CAMMETPUIHON CHCTEMBI
span(f,g) = {af +bg| a,b € C*}
COBMECTHMBI C UCXOMHOH cucremoit. [I09TOMYy 3aMBbIKaHUS MHOXKECTB JI0C-
THXKUMOCTH UCXOJHOM cucTeMbl (8.5) u pacmupenuoii cucremsl span( f, g)
COBIIAJIAIOT.

IIycTh ncxomHas cuCTeMa MMEET TOJTHBIN paHT. Tora n cuMMeTprIHAas
cucrema span( f, g) nMeeT MOHBIN PaHT, CJIETOBATEILHO, SIBIISETCS BIIOJIHE
yupasngemoii. [losromy B ciaydae nos-
HOro paHra ucxogHag cucrema (8.5)
BIIOJIHE yIIpaBJIdeMa. Res

B ciryqae HEOTHOTO paHTa MHOXKECT-
Ba JOCTHKUMOCTH UMEIOT 0ojiee CIIOoXK-
HyI0 CTPpyKTypy. Ecam [ coBmagaer ¢
JIABHOM OChIO MHEPIUU, TO OPOUTHI CHC-
Tembl (8.5) COBLANAIOT CO MHOKECTBAMHE f
nmocruxkumoctu. B cayaae [ € I \ Rey
3TO y>Ke He TaK. JTO JIETKO BHIETH II0
¢a30BOMy TOPTPETY BEKTOPHOTO MOJIS
f(p) = p x Bu B mnockocrm II1: mps- Ty
Mas Reg COCTOMT M3 IOJIOXKEHUil pABHO-
Becus f, a B mosaymrockoctax Iy \ Rey
TpaeKTOpun f — IOJYOKDPY’KHOCTH C Puc. 8.8. ®azossrit moprpet mo-
[IEHTPOM B HadaJle KoopauHat (puc. 8.8). ns fly, mpm L€ Tt \ Reo

Ione f meycroitauso no Ilyaccony B
mockocrax II1. Coaywait | € Iy \ Rey ommdaercs oT ciydasi IOJHOTO
paHra m3-3a TOrO, 4TO IO JeHcTBHeM Hojs f 3-MepHbii oobem B R3
COXPaAHAETCH, a 2-MEPHBIH 06'beM B MHBAPHAHTHBIX IJIOCKOCTSX 114 — HeT.

IMoapoGHbIil aHAIN3 33a9U YIPABILEMOCTH B CIydae HEMOJHOTO PaH-
ra mpoBeJieH B pabote [65].




I'masa 9

9KBHUBAJIEHTHOCTD VYIIPABJIAEMBIX
CHCTEM II0 COCTOSAHUIO 1 OBPATHOI
CBA31

9.1. DKBUBaAJIEHTHOCTb 110 OOpaTHOI CBA3MU

PaCCMOTpI/IM praBHHeMyIO CI/ICTeMy
i=f(gu), qeM, uwel. (9.1)

Bynem npenmnosarars, aro e Tobko M, HO m U ecTh riajkoe MHOIO-
obpasue. OT mpaBoit 9acTu cucreMsbl OygeM TPebOBaTh, YTOOBI I BCEX
dbukcnposanrbix v € U npasas 9acthb (g, u) GbLIa rIAIKIM BEKTOPHBIM
mojeMm Ha M, a orobpakeHue

(u,q) = f(g,w)

6bL10 TyTagKUM. B KadecTBe JOMyCTUMBIX yIpaBjeHuil 6ymem OpaTb u3me-
pUMBbIe JIOKAJIbHO OTPDAHWYEHHBIE OTOOpaKeHns

t—u(t) €U,

JUIsl TIPOCTOTHI MOYKHO TaKK€ pacCMaTPHBATh KyCOYHO HEIMPEPHIBHBIE
yupasnerusi. [Ipn noncraHoBke Takoro ynpasierus u(t) B yHpaBIseMyro
cucremy (9.1) momygaerca meaprorOMHOE MU DEPEHIMATIBHOE yPABHEHHE

q = f(g,u(t)) (9.2)
C IIpaBOi 9acCTBIO IVIAJAKON IO ¢ W M3MEPHUMOM, JIOKAJIbHO OTDAaHHYIEHHOM
o t. s rakux OJLY cupaBemjiBa CTraHapTHas T€OPeMa CyIIeCTBOBa-
HHUS U €IWHCTBEHHOCTHU PeEIIeHWi, IO KpaiiHeil Mepe JjokajgbHas. Pemre-
uud () puddepennuanbroro ypasaenud (9.2) aunmunessl Kpusble B M
(cm. m. 2.4.1).

B maparpade 5.7 MBI y2Ke paccMaTpUBaJId TPEOOPA30BAHUS COCTOSTHUAS
yIpaBjsgeMbIx cucteM, T.e. auddeomopdusmbr M. IIpeobpazoBanus co-
CTOSTHUST 0TOOPAYKAIOT TPAEKTOPHUH YIIPABJISIEMBIX CUCTEM B TPAEKTOPHUH, C
TeM ke yupasisieHueM. Ceifyac Mbl PACCMOTPUM HOBBIH KJIacC Ipeobpaso-
BaHU 0OPATHON CBS3M, TAK¥Ke MEPEBOISIIINI TPAEKTOPUHA B TPAEKTOPHH,
HO, BO3MOXKHO, C HOBBIM yIIDaBJIEHHEM.

0603Ha9UM TPOCTPAHCTBO HOBBIX YIIPABJIAIONIUX apaMeTpoB depe3 U
u OymeM mpezmosiaraTh, 9TO TO [VIAAKOe MHOrooOpasme.

Ounpeneanenune 9.1. Ilycrs ¢: M x U — U ects rIaIK0e 0Tobpa-
xkenne. [IpeobpaszoBanue BuIa

flgu) = f(gp(q,0), qeM, uel, ael,

HA3BIBAETCA NPE0OPa3osanuem o6pammoti ceA3u.
3amedqanue. [IpeobpazoBanune 06paTHOl CBA3M IE€pPEapaMeTPU3Y-
€T yIIpaBJIeHHEe U HEKOTOPBIM CIIOCOOOM, 3aBUCAIIAM OT COCTOSIHUSA (.
Jlerko BUAEeTH, 4TO JObAs NOIyCTHMasi TpaeKTopHs ¢(-) HOBOH cuc-
reMbl ¢ = f(q,¢(q,U)), COOTBETCTBYIOIMAs YIPABIECHUIO U(-), SABJISETCS



9.2. Jlunetinvie cucmemoi 121

TaK>Ke JOIyCTHMOM M Juis MCXOAHOH cucreMbl ¢ = f(g,u) ¢ yIpaBieHH-
em u(-) = ¢(q(+),u(-)), xora obpaTHOe, BOOOIIE TOBOPS, HEBEPHO.

Yr06bI TOJMyInTH 0OPATHOE COOTBETCTBUE, OyIEM PacCMaTpUBATH 00-
paTuMble IpeoOpa3oBaHus 0OpaTHON CBA3H, A1 KOTOPBIX

U=U, ¢,y €DiffU.

Takwue orobpaxenus ¢: M x U — U nopoxgamoT npeobpa3oBaHus 00-

paTHOil cBA3U
flg,u) = fla,¢(q,w).

CoorBercrByOIIUE yIIPABJISEMbIE CUCTEMBI

i=f(e,u) n ¢=Ff(g¢e(qu)
Ha3bIBAIOTCS IKEUBAAECHTMHLMU N0 00pamHol c8A3U.
IIpu pabore c ynpaBisemoil CHCTEMON €CTECTBEHHO MBITATHCS yIIPOC-
TUTH €€ MPeodbpPa30BAHUIME COCTOSHUS W OOPATHON CBA3M.

3amevyanue B maremarmueckoii pusuke npeobpazoBanus oopar-
HOI CBSI3M HA3BIBAIOTCS KAJIMOPOBOYHBIMU IPEOOPA3OBAHUIM.

Hamee B 3r0ii ryiaBe OymeM paccMaTpWBATH TOJBKO adduHHBIE IO
YIPABJIEHUIO CUCTEMBI

k
q:f(q)—i—Zuigi(q), u=(uy,...,us) ERF g€ M. (9.3)
i=1

K TakuMm crmcTeMaM eCTECTBEHHO IPHUMEHSTh NpeobpasoBaHus O0OpaTHOR
cBs3U, adDUHHBIE IO YIPABJICHUIO:

()0:(5015'-'53016): MXRk _)Rka
k
vi(g,u) = ci(q) + Zdij(q)uj, i=1,...,k (9.4)
j=1

ITocTraBum cebe 3amady oxapakTepu3oBaTh ad@UHHBIE MO yIpaBJe-
HUIO CUCTEMBbI (93), JIOKAJIbHO 3KBUBAJICHTHBIE JII/IHeI'/,IHI)IM praBJIﬂeMbIM
CcUCTEMaM OTHOCHUTEJIbHO IPeoOpa30BaHUil COCTOAHHS U OOPATHON CBs-
3m (9.4), n xKIaccuPUIUPOBATH WX OTHOCHTENHHO JTOTO KJIACCa Ipeod-
Pa3oBaHUi.

9.2. JIuHelinble cucTEeMBbI

PaCCMOTpI/IM CHa4aJia JIMTHEHHbIE yYiupaBJjs€eMbl€ CUCTEMBbI

k
d::A:v—}—Zuibi, reR", w=(uy,...,u) €RF, (9.5)
i=1
roe A — Marpuna mopsaka n, a b;, i =1,...,k, — Bektopsl B R". Bynem
[peIoaaraTb, YT0 BEKTOPSHI by, . . ., by JIMHEHHO HE3ABUCUMBI:

dim span(by,...,b) = k,
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3TOro BCerja MOXKHO JOBUTLCA HCKJYEHHEM HEKOTOPBIX BEKTOPOB b;.
Haitnem HopMasbHbIe (pOPMBI JTHHEHHBIX CHCTEM OTHOCHTEJLHO Ipeobpa-
30BaHMII COCTOSHHAA W 00PaTHOH CBA3M.

K smueiiapiv cucremam (9.5) npumvensiem npeoGpasoBaaus 00paTHOMN
cBsi3n, KoTopble mMmeroT Bun (9.4) m, Goee TOro, COXPAHSIOT JIMHEHHYIO
CTPYKTYPY:

ci(z) = (¢, x), ci ER™, i=1,...,k,

.. 9.6

dij(l'):dijER, i,7=1,...,k. ( )

O6o3mauamm aepes D: span(by,...,by) — span(by,...,by) JuHEHHbIH Oone-
patop ¢ marpuneit (d;;) B 6asuce by, ..., b;. Jluneiinsre npeobpasoBanus

obparHoit cBasu (9.4), (9.6) melCTBYIOT Ha BEKTODHBIE HOJIA B IPABON
JacTu JuHeHHOH cucreMs! (9.5) cieayrommm 06pa3oM:

k
(ACE, biyevny bk) — (A:E + Z<Ci,$>bi, Dby, ..., Dbk> . (97)

i=1

910 oTobpaXKeHue JOJKHO OBITH OOPATHMBIM, IO3TOMY OyIeM Mpenoia-
ratb omeparop DD obpaTuMbIM.

Jluneitapie mpeobpa30BaHUS COCTOSHUS EHUCTBYIOT HA JIMHEHHBIE CHC-
TEeMBI CJIeAYIOMIM 00pa3oM:

(Az,by,...,bg) = (CAC™'2,Cby,...,Chby), (9.8)

roe C': R — R"® — obpaTuMblil IMHERHBIN OMEpaTOp. DKBUBAJEHTHOCTD
JIMHEHHBIX CACTEM 10 COCTOSTHUIO O3HAYAET, YTO ITU CUCTEMBI UMEIOT OJIU-
HAKOBbI€ KOOD/IMHATHBIE [IPEICTABICHNUS B IIOAXOAAIINX 0a31CaxX B IPOCT-
paucTBe cocrosHmit R™.

9.2.1. JIuHeliHbIE CUCTEMBI CO CKAISPHBIM yIipaBjeuueM. Pac-
CMOTPHUM IPOCTYIO MOAEIbHYIO JITHEITHYIO CHCTEMY

n—1
™ +3 w2 =u,  uweR zeR, (9.9)
i=0
e Qg, - .., 0,1 € R. Ilepenumem 31y cucremy B cranmapTHOil hopme B
mepemennbx o; = 20D i =1,...,n
1 = T2,
ETp_1 = Tn, veR, z=(z1,...,2,) €R". (9.10)
n—1
Ty =— ) QiTit1 + U,
i=0
n—1

Ecim B3aTh — ) @;T;41 + u B Ka9eCTBe HOBOTO YIIPABJIEHUS, T.e.
i=1
IpUMEHHTH npeobpasoBanue obpartHoit cesasu (9.4), (9.6) ¢

k=1 c¢=(-ag,-..,—p-1), d=1,



9.2. Jlunetinvie cucmemoi 123

To cucrema (9.10) mepeiizer B cucremy

1 = T2,

"""" veR, z=(z1,...,2,) €R", (9.11)
Tn—1 = Tn,

Ty = u,

KOTOpas B CKAJIAPHOM BHJE 3aIlUCHIBAETCH KaK
™ =y, ueR, zekR (9.12)

Nrak, cucrema (9.10) skBuBasenTHa cucteMe (9.11) mo oGpaTHOM
CBSI3W.

OxaspiBaercs, aro npocrbie cucremsr (9.10) u (9.11) sBasrorcsa coor-
BETCTBEHHO HOPMAJLHBIME (POPMaMH YIPABJISAEMBIX JHHEHHBIX CHCTEM
OTHOCHUTEJIPHO TIPe0OPA30BAHUN COCTOAHUS U MPeoOpa30BaHmil COCTOSHIS
u oOpaTHOMN CBSA3M.

IHIpemnoxenune 9.1. Jlobasa ynpasasemas aunetinas Cucmema co
CKAAAPHOIM YNPABAEHUEM

= Az + ub, uelR, zeR", (9.13)
span(b, Ab,..., A" 'b) = R", (9.14)

aKeusasenmua no cocmosnuto cucmeme (9.10), a nomomy sxsusasenmma
no cocmoanuto u obpamnot ceasu cucmeme (9.11).

HokasareasbcTso. Orbimem 6asuc ej,...,e, B R?, B KoTOpoM
cucrema (9.13) sanuceiBaercs B Buze (9.10). Koopaunarst yy, . . ., ¥, T0U-
ku x € R" B Ga3uce ey, ..., €, HAXOAATCA U3 Pa3JI0KEHUS

n
T = E Yi€;.
i=1

Ucxons m3 tpebGyemoro Bmma cucrembl (9.10) mosyvaem, 9To BEKTOD b

nmomkeH umeTh koopauaatel b = (0, . ..,0,1)*; nosTomy 6a3sucHBIN BEKTOD
C HOMEPOM N OIPEEJIEH OIHO3HAYHO:
e, =b.
Haiinem ocranbHbIe Oa3UCHBIE BEKTODHI €1, . . . , €,—1. Hally JUHEHHYIO
) )

cucremy (9.13) MOKHO nepenmcaTh B BUIE
z = Az (modRb).
Torma B KOOPAWHATAX TOJLyIaeM

T = iyiei = iyiAei (modRb),
i=1

i=1

TIO3TOMY I et
Z yiei = Z yi+1A€i+1 (mode)
i=1 i=0

Tpebyemsbie muddepeHnmaabHbE YPABHEHUS

Yi = Yi+1, i:l,...,n—l,
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BBIMIOJIHAIOTCS B HEKOTOPOM DA3HCe €y, . . . , €, TOTJA U TOJIHKO TOT/A, KOTIA
CIpaBeJINBbl PABEHCTBA
Ae;r1 = e; + Bib, 1=1,...,n—1, (915)
A€1 = Bob (916)
JJIsi HEKOTOPBIX 9uces g, - - -, Bn_1 € R.

Ocraercs moKa3aTh, 9YT0 MOXKHO [10100paTh 6A3UCHBIE BEKTOPHL €1, . . .
..., €n_1, yuosiaersopsomue pasercrsaM (9.15), (9.16). [lepenumem pa-
BercTso (9.15) B BuzE

€; = A6i+1 —Bib, 1= 1,...,n— 1, (917)
OTKY/Ia IIOCJIEIOBATEIFHO OJIYIaeM
en = b,
€n—1= Ab— /anlbv
€n—2 = A2b - anlAb - /8n72b7 (918)
ep = A" 1y — anlAn72b — .= ,Blb
Urak, u3 pasencrsa (9.16) cienyer, aro
Aeq = A" — B 1 A" b — ... — B1Ab = [Bob.
Pasencrso n_1
A" =) BiAD (9.19)
i=0
YZOBIETBOpsieTCs HA equHCTBeHHOM Habope (Bo, - . ., Bn_1), TAK KaK BEK-
Tophr b, Ab, ..., A"~'b obpasyior 6asuc R" (ma camom merme (; — Koab-
bunmenTH XapaKTePUCTUIECKOr0 MHOrOWIeHa onepaTopa A).
BekTopsl eq,...,€,, HOCTPOEHHBIEe MO paBeHcTBaM (9.18) ¢ sTmMuH
ko3ddunuenramu F;, obpasyror uckombiii 6asuc. [leiicrBurennHo, pa-
BercTBa (9.15), (9.16) BemONTHESAOTCS 0 TOCTPOEHNIO. BEKTODEI €1, . . ., €,

JIMHEHO HE3aBUCHUMBI 110 yCIOBUIO ynpasisgemoctnd (9.14). O

Bameganue. basuc ey,...,e,, DIOCTPOEHHBIH B IPEIBIIYIIEM JI0-
Ka3aTeJIbCTBe, €IMHCTBEH, IIOITOMY NpPeOOpa30OBaHUe COCTOSHUS, IPHUBO-
JAIIee  yIpaBIsgeMylo JUHEHHY CACTeMy CO CKAJSPHBIM YIPABJIEHU-
eMm (9.13) B HOpManbHyO dopmy (9.10), TakKe €IUHCTBEHHO.

9.2.2. JIunHeliHble cUCTEMbI C BEKTOPHBLIM yIpaBJjieHnmeMm. Te-
Iepb PACCMOTPHM YIIPABJIsieMble JIMHEAHBIE CACTEMBI C BEKTOPHBIM yIIPAB-
JIEHIEM

k
:'c:Am—i—Zuibi, reR", w=(uy,...,u) €RF, (9.20)
i=1
span{A7b;|7=0,...,n—1, i=1,...,k} = R". (9.21)
HamomamM, 910 BEKTOPHI by, . . ., by IPEANOIAraloTCsa TUHEHHO HE3ABUCH-
MBIMH.

B caygae k = 1 Bce ympaBisemble JuHelHbIE cucTeMbl B R™ 9KBH-
BaJIEHTHBI [10 COCTOSHUIO W OOpaTHON CBsA3U HOpMasbHON (opme (9.11),



9.2. Jlunetinvie cucmemoi 125

mo3TOMY TpPU (PUKCHPOBAHHOW PA3MEPHOCTU 7T MHBAPHUAHTOB IO COCTOS-
HUIO u 0OpaTHOI cBa3u HeT. B ciayvae k > 1 970 He Tak, U MBI HAYHEM C
ONMCAaHNS WHBAPUAHTOB 110 COCTOSTHUIO M 00PATHON CBSI3MH.

1. Unodexco. Kponexepa. PaccMoTpuM citeayromiue moAnpOCTPAHCTBA
B R™:
D™ =span {A7b;| j=0,...,m—1, i =1,...,k}, m=1,...,n.
(9.22)

O6parnmebie nureiiabe TPeobpazoBanusa coctogausd (9.8) coxpanaroT pas-
MEPHOCTH 3THX MOIIPOCTPAHCTB, IO3TOMY 9HCJIA

dim D™, m=1,...,n,

ABJIAIOTCA UHBAPUAHTAMU 110 COCTOSHUIO.

Teneps mokazkem, 9T0 0OpATHMBbIE JIUHENHBIE TPEOOPA30BaHUA 00paT-
Hoit cBsa3m (9.7) coxpansitor npocrpancTBa D™. JIoboe Takoe npeobpas3o-
BaHUE MOXKHO Pa3JIOKUTH Ha JBa Mpeo0pa3oBaHus 00PATHOU CBA3U BUIA

k

(Az,by,. .., by) — (Aac + ) {ei 2)bis by, bk), (9.23)
=1

(Az,by,...,bg) — (Az, Dby, ..., Dby). (9.24)

OueBunHo, 9To npeobpasoBanusd (9.24), T. e. 3aMeHBI b;, COXPAHSIOT IPOCT-
parcTBa D™. PaccmorpuM mpeobpaszoBanus (9.23). OGo3HaunM HOBYIO
MaTpHILy:

k
Az = Az + Z<Ci’ x)b;.
i=1
Nnmeem . ] i
Az = A’z (mod D7), j=1,...,n—1.

Ho D™ ! C D™, m = 2,...,n, ClIeI0BaTEIbHO, TPEOOPA30BAHIA 00PAT-
Hoit cBa3m (9.23) coxpaHsoT npocrpacTtBa D™, m =1,...,n.

Nraxk, npocrparncrea D™, m = 1,...,n, "HBApUAHTHBI OTHOCUTEJHHO
npeobpa3oBanuii 06pPATHOI CBA3M, a UX PA3MEPHOCTU — HHBAPUAHTHI IIPe-
0o0pa3oBaHmil COCTOSHUS U OOPATHON CBSA3M.

Bripazum uuciaa dim D™, m = 1,...,n, 4epe3 apyrue — TaK HA3bI-
BaeMble uHJeKcH Kponekepa. IToctponm crenyromgyo (n X k)-marpuiy,
3JIEMEHTHI KOTOPOH CYTh NM-MePHbIE BEKTODHI:

b1 by
Aby Abg (9.25)
;4'n 3 .1[;1 ...... A n:li)k.
Bamennm Kaxapii sekTop Alb;, j=0,...,n—1,i=1,...,k, B 3roit

MATPHIE CEMBOJIOM (KPECTHKOM X HJIM HOJMKOM O) IIO CJIEAYIOIIEMY [Ipa-
Buiy. Bynem apuratbes B Marpune (9.25) mo cTpokaM, T. €. yIOPSIOIUM
€ee 9JIEMEHTHI CJIEYIONIM 00pa30M:

biy ...y by, Aby, ..., Abg, ..., An_lbl, ey An_lbk. (926)
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Bekrtop A’b; B marpune (9.25) 3aMeHSeM KPECTHKOM, eCJH OH JIMHEHHO
HE3aBUCUM OT IIPEJBLIYIIIX BEKTOPOB B emnodke (9.26), B mpOTUBHOM CJIy-
dae 3aMeHdeM ITOT BeKTOp HosmkoM. Ilocsie sToit mponenypsl mosrygaeM
MaTpULly BAJA

X X X X X
X ] X X o
=] X o o X o
o o o X o

OrmernM, 9TO UMEIOTCH HEKOTOPbIE OrDAHUYEHUs HA [IOSBJIEHUE KPECTH-
KOB 1 HOJIMKOB B Marpuie Y. O0iee Kojm4ecTBO KPECTUKOB B 3TONH MaT-
pure pasao n (o ycmosmio ynpasagemoctn (9.21)), u Bca mepBasi CTPOKa
3aII0JIHEHA TOJILKO KPeCTUKAMU (TaK Kak by, . . . , by, JIMHEIHO HE3aBUCHUMBI).
Jaiee, ecau crosbern MaTpumpbl Y COJEPKHUT HOJHK, TO BCE 3JIEMEHTHI
HIDKe ero Takxe HoJukH. [leificrBuresnsHo, ecam Bektop Ab; B (9.25)
3aMEHSIeTCS HOJIMKOM B X, TO

A%b; € span {A%b,| o < i} +span {APb,| B < j, a=1,...,k}.

Ho rorma anasiormynble BKJIFOYEHWSs] CIIPABEJIUBBL JJjisi BCEX BEKTOPOB
ATtlp, .. A" 1lb;, T e. HIDKe HOMUKA CTOST TOJILKO HOMHKU. MTak, KazK-
JBIA CTOJIOEI] MATPHILI Y COCTOUT U3 CTOJIONA KPECTHUKOB HAJI CTOJIOIOM
HOJIIKOB (CTOJIGEI] HOJIMKOB MOXKET OTCYTCTBOBATH).

O6o3HauuM 4Yepe3 N BBICOTY CaMOr0 BBICOKOI'O CTOJIONA KPECTUKOB
B MaTpHUIle Y, 9YePe3 Mg BHICOTY BTOPOrO IO BBICOTE CTOJIONA KPECTUKOB
H T.J|., HAKOHEII, Yepe3 Ny 0D03HAYUM BBICOTY CaMOr0 HH3KOIO CTOIOIA
KpecTukoB B Y. [lojrydeHHble HATYpaJbHBIE YUC/IA

nyZne 2 ...2Mn

Ha3pBAOTCA UMdexcamu Kponexepa mumeiinoii cucremer (9.20). Tax kak
obIee KOJIMYECTBO KPECTUKOB B MATPHIE Y PaBHO Pa3MEPHOCTH IIPOCT-
PAHCTBA COCTOSHMIA, ITOJIydaeM PaBEHCTBO

k
E n; = n.
i=1

Bouiee TOro, mo mocTpoeHUIo HMeeM
span(by, Aby, ..., A" tby; .. by, Abg, ..., A™ ) =R (9.27)

IMokaxkewm, uro munexcst KpoHekepa n; BBIPakaroTcs depe3 pasmep-
"octu dim D*. Imeem

dim D! = k = umciy KpecTHkos B mepsoii crpoke X,

dim D? = 4ucily KpecTUKOB B IIEPBBIX ABYX CTPOKAX X,

dim D" = 49ucity KpeCTUKOB B TE€PBBIX § CTPOKAX X,
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TaK 9To
. def .. i . i— -
A(i) Z dim D* — dim D*"! = wmcy xpecTukos B i-it crpoke .

IlepecTaBum CTONONBI MAaTPHUIBGI Y.: IOCTABAM CaMBbIii BBICOKHI CTOJIOEIT
Ha TIEPBOE MECTO, BTOPOH MO BBICOTE CTOJIOEI Ha BTOPOE MECTO W T. II.
IMonyaaem (n x k)-marpuiy B 6109H0-TpEyroabHON hopme. DTa MaTpuna,
noBepHYTas Ha yroa w/2, ects moarpadmk dymkmum A: {1,...,n} —
— {1,...,k}. Jlerko BUmEeTH, 9TO BESMIUHBI HHIEKCOB KpOoHEKepa PABHBI
TOYKaM CKadKOB (pyHKIuHE A, a KOJHIECTBO 3TUX MHICKCOB JJIf KaxKIoh
BEJIMIMHBI PABHO BBICOTE COOTBETCTBYIOIIErO CKadka A.

Nrak, nngekco Kponekepa Bbipaxkarorcs depe3 dim D) 1 =1,...,k,
HOSTOMy OHU ABJIAIOTCA MHBAPUAHTAMU 110 COCTOAHUIO U 06paTHOﬁ CB43U.

2. Hopmanonan ¢opma Bpyrosckozo. Haiimem mHOpMasbHBIE (HOPMBI
JINHEWHBIX CHCTEM MO IefCTBUEM Npeo0pa30BaHUil COCTOSHUS, & TaK-
2Ke COCTOSHUS W 00paTHOi cBa3u. B wacTHOCTH, ITOKAa’kKeM, ITO MHJIEKCHI
Kponekepa 06pa3yroT noJiabli HAOOP MHBAPUAHTOB JIMHEHHBIX CHCTEM I10
COCTOSTHWIO M OOpATHOM CBA3M.

Teopewma 9.1. Jhbas ynpasasemasn aunetnas cucmema (9.20),

(9.21) ¢ k ynpasasarowumu napamempamu IKEUSAAECHMHG O COCTNOAHUIN
cucmeme 6uda

1_ .1 k
Y1 = Y2, Y1 = Y2,
1 1 -k _ .k
ynlfl ynlv ynkfl ynka
ceey
5 1.7 ko _ k,J
Yoy = — E 0;5Y54 1 + U, Yne = — E 03 Yip1 T+ Uk,
1<j<k 1<k
0<i<n;—1 0<i<n; 1
(9.28)
20e i
=D Uiy (9.29)
1<i<k
1<i<n,

U IxeusaneHMHA 1O COCMOAHUN U o6pamHoﬁ C6A3U cucmeme 6uda

y%m) = U1,
........ (9.30)
) = g,

20en;, i =1,...,k, cymo undexco. Kponexepa cucmemwi (9.20).

Cucrema (9.30) maseiBaeTca Hopmaavhol gopmoti Bpynosckozo nm-
Heitnoii cucremsr (9.20).

HokaszarenbcrtTso. [lokaxkem cHadama, 9TO JTIOOYIO yIpaBiisge-
Myio JjuHeliHyo cucremy (9.20) MOXKHO 3amucaTh B HOIXOAsAIIEM Gasuce
B R" 1 1 k k

€15w vy €pyi wer; €lyeeesCpy (9.31)

B KaHOHHYeCKOi dopme (9.28).
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JlelicTByeM B TOYHOCTH, KaK B CJIy49ae CKAJSAPHOrO YIPABJIECHHS
(m. 9.2.1). Tpebyemas kanonmueckasg opma (9.28) omHO3HAIHO Ompe-
JlenseT mocjeaaue 6a3sucHbIE BEKTOPHI BO BCeX k rpymmax:

en, =bi, ..., eb =0 (9.32)
O6o3nraunm npocrpanacreo B = span(by, ..., b). Torma Hama cucrema
& = Az (mod B)
3aIUCHIBAETCA B KOODAMHATAX KAK

Z y§e§: Z y;Aeé- (mod B).

1<i<k 1<i<k
1<j<n; 1<j<ny

YunreiBas Tpe6yeM1>Ie YpaBHEHUA

y;':y;'—q—la 1<Z<k7 1<j<ni7
nMeeM S o
7 i i %
g Yii1€5 = E y;Aej (mod B),
1<i<k 1<igk
1<g<n; IV

WJIM, 9TO PABHOCUJIBHO,

Z y§e§-71: Z y§Ae§~ (mod B).

1<i<k 1<igk
2€j<n; 1<j<ng

Wrak, nckombie ba3ucHbIE BEKTOPHI 00sI33HBI YI0BIETBOPATD CJIEIYI0-
UM COOTHOIIEHUAM:

Aeé = e;;l (mod B), 1<i<k, 2<j<n;, (9.33)
Ael =0 (mod B), 1<i<k. (9.34)
Byznem nocnenosarensro paspemars ypapaernns (9.33), maumnas ¢ (9.32),

g Bcex 1 =1,...,k:
= bi7

el

e;i—l :Ab Z/Bz n;—1 ’Y’

B TO BpeMd Kak u3 (9.34) caenyer, aro

k
Ael = Z B by
y=1
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JJ1s1 HEKOTOPBIX 9HCeJT B?j, 1<e<k 0<j<n, 1<y <k Honygaem
ypaBHEHUE

k k
Ay =" BY, AT by Y B oby,
y=1 =1

NMEInee €IUHCTBCHHOEC DpPEIeHue OTHOCHUTEJIbHO ,B;YJ B CHJIy yCJIO-
B

Bus (9.27).

Wrak, MBI JOKa3ajd, YTO CYLIECTBYET €IMHCTBEHHOE JIMHEWHOE IIpe-
00pa30BaHMe COCTOSHISI, TPUBOJSINEE YIPAB/IAEMYIO0 JIMNHEHHYIO CHCTe-
My (9.20) k KaHOHHIecKoMy BHIY (9.28).

Beibupasi B KadecTBe HOBBIX yHpaBjieHU DyHKIIAN

L .J _
— g QY T U l=1,...,k,
1<j<k
0<i<n;—1

BUAUM, 9TO Kaxnaa u3 k momcucreM B (9.28) sKBuBaseHTHA IO 06PATHON
cBs3u cucreMe Buga (9.11), mm, 9T0 TO XKe camoe, cucreme Buga (9.12).
ITosromy Bes cucrema (9.20) SKBHBaJEHTHA IO COCTOSHUIO M OBPATHOI
cBsi3u HopMauibHO# dhopme BpyHosckoro (9.30). O

9.3. JIuHeapu3yeMoOCTh MO COCTOSIHUIO U OOpaTHOI CBsA3U

Paccvorpum addurHYIO MO yIpaBIeHUAM HEJTHHEHHYIO CHCTEMY
k
g=f(a)+ > ugi(a), w=(uy,...,ux) ERF, ge M.  (9.35)
j=1

ﬂﬂﬂ HEJIMHEWHBIX CUCTEM €CTE€CTBEHHO 3a/1aThb JIOKAJIbHBINA BOIIPOC: 1Ipu
KaKHX ycJaoBuax cucreMa (9.35) JIOKAIbHO 9KBUBAJIEHTHA IO COCTOSHHIO
1 00PaTHOM CBA3M yIIPaBJsgeMOil JUHEHHON cucreme?

Ounpegenenne 9.2. Cucrema (9.35) Ha3BIBAETCH A0KAALHO FKGU-
6anenmHoli no cocmoanuto u obpamuotli cesasu nmuelHOM cucreme (9.20)
B OKPECTHOCTH TOUKH gy € M, eciiu cymecTByIOT Ipeobpa3oBaHue COCTOA-
Hua — auddeoMopdusmM

®: Opy - OCR”
n3 okpectHocTr Oy, ToUKH ¢o B M Ha oTkpeITOE NonMHOXKecTBO O C R,
u npeobpazoBaHme 0OPATHON CBA3U

@: Ogy X RF — RF,

ai(q)
elgu) =1 --- | +D(@)u, (9.36)
ar(q)

¢ o0paTUMOii U TJIaJIKO 3aBUCAINEH OT ¢ MaTpHIEH
D(q) = (dij(q)),  4,j=1,...,k,

9 A.A. Arpaues, }0.JI. Cauxos
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TaKue, 9T0 npeobpa3oBaHue COCTOAHUSA U obpaTHOl cBa3u (P, p) nepeso-
mur cucreMy (9.35), orpanmdensyio Ha Oy, B nuHeiiHyO cucremy (9.20),
orpannyennyio Ha O.

Korcrpyknms mogmpocrparcte D™ (9.22) BeigepkuBaeT 0606menHne
Ha Ciry4ail HemmHeAHbIX cucTeM (9.35): OCTATOYIHO PACCMOTPETD CeMenCT-
Ba MOANIPOCTPAHCTB

D;”:span{(adf)jgi(q)\j:0,...,m—1, i=1,...,k} CT,M.

3amernwm, 4To, Boobue ropop#, dim Dy # const, nosromy cemeiicrso D™
MOKEeT He ObITh PACIPEIEJIEHUEM.

OrmeTnM, 9TO B Cciy4ae ynpasiaseMoil smreliHO#H cucremsbr (9.20) ce-
Mmeiictso D' = D™, z € R", obsazaer ciaeayOMUMy CBONCTBAMHU:

1) dim D2* = const;

2) D = T,R";

3) pacupemenenms D™, m = 1,...,n, uATerpupyeMbl (TaK KaK OHH
IIOPOXKIATCA IMOCTOAHHBIMU BEKTOPHBIMU ITOJIAMA A‘]bl)

Ilepes Tem kak cHOPMyYIHPOBATH YCIOBUS JIUHEAPUIYEMOCTH HEJIMHEH-
HBIX CHCTeM IIO COCTOSHUIO B 0OpaTHO CBA3M B TepMuHax cemeiicts D",
JOKayKeM CJIEIYIOIIIe CBOMCTBA STUX CEMENCTB.

Jlemma 9.1. Ecau cemeticmea D™, m = 1,...,n, uH80410MUBHDL,
MO OHU UHBAPUAHITHbBL OTNHOCUMENDHO NPe0bpasosarut 0bpammol c6A3U.

JHokasaTenabcTso. OTMeTnM cHaYaIa, 9TO MPeoOpa3oBaHusd 00-
paTHO# cBsa3m (9.36) MOXKHO IPEACTABATH KAK KOMIIO3UIUIO Npeobpa3oBa-
HUI JIBYX THUIIOB:

(fagla"'agk)'_)(f_’_ajgjagla"'agk)? (937)

(fvgla"'agk)'_)(faDgla"'ang)v (938)

rae D(q) = (d;j(q)), %, = 1,..., k, obparumsl u riaajiko 3aBucar or ¢. A
Tenepb JI0KasKeM JIEMMY MHIyKIuel 110 m.
IIycte m = 1. OueBumHO, 9TO CEMEHCTBO

D! =span{g;|i=1,...,k}

coxpaHsieTcss 06onMu TUnamMu npeobpasosanuii (9.37) u (9.38).
[MMar MHAYKIUE: TPEAIONI0KAM, 9TO yTBEPKACHAE TOKA3AHO IS 1M —
— 1, m gokaxem ero gias m. CemeiicTBo

D™ ={[f,X]| X e D"} + D"}

coxpaHnsercs npeobpasosanuamu (9.38). Paccmorpum npeobpasoBanue Bu-
na (9.37). Umeem

[f +aj9;, X] = [f, X] = [X, a;9;] = [f, X] — (Xa;)g; — a;]X, gj].

Haurtee,
XeD™! = [f,X]e D™,

(Xaj)g; € D' ¢ D™,
XeD™ ! gjeD c D™t = [X,g;]€e D"t Cc D™,
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TIO3TOMY

[f +aj9;,X] € D™ VX eDm™ L

Nrak, cemeiictBo D™ coxpaHseTcs Mpeodbpa3oBaHusIMEA 0OOPATHON CBS-

3u Buga (9.37). O

Teopema 9.2. Cucmema (9.35) aokaavho dK6USAAEHMHA NO COC-
MOAHUIO U 06PaMHOT C6A3U Ynpasasemol aunetinoli cucmeme (9.20) moe-
da u moavko moeada, Ko20a:

1) dim Dy, m =1,...,n, ne sasucum om g, m. e. cemeticmea D™ —
pacnpedescrus;
n .
2) Dy =1T,M;
3) pacnpedeaenus D™, m =1,...,n, unsos0mueHoL.

Yenosust 1)-3) He0OXOUMBIL JJIsl JIOKAJIBHON SKBHBAJIEHTHOCTH IO COC-
TOSHUIO W OOpAaTHON CBA3M, 9TO CJELyeT U3 PACCYyKIEHUSd IEpesn JeM-
Moit 9.1.

Mpsbr 10KazK€M JIOCTATOYHOCTH B Teopeme 9.3 HUKe TOJIBKO B CIydae
CKaJIigpHOro ymnpasjenus. ng k = 1 momyguaem cucremy

q: f(q)+u9(q)a UER, qc Ma (939)
U COOTBETCTBYIOMIUE CeMeiiCTBa MOAIPOCTPAHCTB

D" =span{(ad f)'g(q)| i = 0,1,...,m — 1}, m=1,...,n, g€ M.

OKa3bIBaeTCs, 9TO B 3TOM C/Aydae 3 HMHBOJOTHBHOCTH D" 1 cremyer
HHBOJIIOTUBHOCTE D™ Njid MEHBIIHX 171.

Teopewma 9.3. Cucmema (9.39) sokaavho dK6USAAEHMHA NO COC-
moanuto u ob6pamnotl cesa3u ynpasasemot aunetinot cucmeme (9.13)
moada u Moavko mozda, Ko2da:

n .
1) Dy =T, M;
2) pacnpedeserue D™t uneomomusno.

Cragana JOKaxKeM CJIEIYIONIee IMPEJIOKEHNE, MMEIIEE CAMOCTOS-
TeJqbHOE 00Iee 3HAYEHNE: HHTETPATbHBIE MHOT000PA3Us HHTETPUPYEMbIX
pacIpeesleHnil TOMyCKAOT TVIAJKYI0 ITapaMeTPU3aIHIo.

Jdemma 9.2. Iyemv A = span{Xy,..., Xy} — unmezspupyemoe pac-
npedenenue na 2aadkom n-meprom muozoobpasuu M, dim Ay = k.

Tozda dasn aw0bol mouku qo € M cywecmeyrom oxpecmmocmsd qg €
€ Oy C M u 2na0xaa sexmop-gynryus ¢: Oy — R*™F maxue, wmo:

1) rank g,q =n —k, ¢ € Og;

2) ¢ Y(y) ecmv ummezpaavnoe mmozo0bpasue A daa 06020 Yy €
€ ¢9(0g), UL, ¥MO pasHOCUADLHO,

2") ker p.q = Ay, ¢ € Oy .

Hokaszareunbcrtso. lomomaum BekTOpHBIE TTONId X1,..., Xk 10
6azmuca:
span{Yi,..., Yk, X1,..., X} = Vec Oy,

9*
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B JIOCTATOYHO MaJoif okpecTHOCTH ¢y € Ogy C M. Paccmorpum oTobpa-
KEHUe

Y: (t,s) = quoe™ o...oeln*Yn-k ot Xio | o kXR
t=(tr, .. tn_p) € RF 5= (s1,...,5) € RF.
Nmeem
0 .
afOZYi, i=1,...,n—k,
0 .
a;"_ozxi, i=1,...,k

mosTOMYy ¥ — JioKaabHbIN muddeomopdusm B okpectrocTr 0 € R™.
Tasee, npu dukcupoBarHOM ¢ = t° MHOXKECTBO

{¥(t" 5)] s € R"}

€CTh MHTErpajibHoe MHOroobpasue A.
Hakonern, mo Teopeme 0 HessBHOU (DYHKIMH JIOKAJIHHO OIPEIEICHO
TJIaJKOoe 0TOOparKeHue

w: P(t,s) — t.
9TO U eCcTh UCKOMAasd BeKTOP-DyHKIus. [
Hoxkaxem Teopemy 9.3.

Hoxaszarensbctso. HeobxomumocTh yxke mokKa3aHa a PacCyzkie-
Hun nepes ieMMoit 9.1: 1y1a ynpaBiisieMbIX JIUHEITHBIX CUCTEM BBILIOJIHAIOT-
ca oba ycmosus 1), 2).

Yr06BI HOKA3ATH TOCTATOYHOCTH, MOCTPOUM KOODIMHATHI, B KOTOPBIX
Hamma cucreMa (9.39) mpuHIMaeT mpocryoo GopMy, a 3aTeM IPUMEHUM
npeobpa3oBaHue 0OPATHON CBS3U, IPUBOZSIINEE ITY CUCTEMY K HOPMAJIb-
HoOit dopme (9.11).

B cuny unTerpupyemoctu pacupesesenns D™ us memmer 9.2 ciremyer
CYyIIeCTBOBAHUE TVIAAKOM (DYHKIMHI

p1: Ogy = R
TaKolf, 9TO
dgp1 # 0, (dgp1, Dy 1)y =0, q € Og. (9.40)
Ounpeznenum caexyronue dynkmun B okpecrHoctr Oy, :
@2 = fo1 = (do1, f),
o3 = fo2 = o1,

(OBTOpHBIE IPOU3BOHBIE 110 HAIIPABJIEHUIO BEKTOPHOTO mOJ f).
Mebr yTBepKIaeM, 9To (QYHKIHUA ©1,...,¢, (KOTOpBE H OyIyT KO-
OpIMHATaMHU, B KOTOPBIX cucTeMa (9.39) ympormaercs) yIOBIIETBODSIIOT
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paBeHCTBaM
j+l<n,
(ad f)"tgp1 #0, j+1=n.

Bo-nepsbix, 3amerum, aro b = (ad f)" " lgp; |O # 0. deficTBurenbro,
a0
umMeeMm

D~ = span{g(q), ..., (ad f)" 2g(q)},
T,M = span{g(q), .-, (ad )" 'g(q)} = span{D} ", (ad )" "g(9)},

nostomy pasenctBo (ad f)""lgyi(q) = 0 mHecoBMecTHO coO CBoficTBa-
mu (9.40).

Tenepp mokaxem (9.41) manyknmeii mo . B ciygae | = 1 mokaseiBaTh
Hedero.

IIpeanomoxum, 9To paBercTso (9.41) mokasano musa | — 1 u gokaxkem
ero g [. Umeem

(ad )7 g1 = ((ad f) g o fpi1 =
= ((ad f)’go f — fo(ad f) g+ fo(ad f) g)p1_1 =
= (=[f, (ad f)7g] + f o (ad f) g) o1 1 =
= (—(ad £y g+ fo(ad ) g)pi 1.

Ecm j+1<n,r0j+1—1<n,u (ad f)!gp; 1 = 0 mo npenonoxenuto
naayknun. [Tosromy

(ad f)Y gp1 = —(ad f)" g1 mpm j+1<n,

u pasercTso (9.41) qyia | cnemyeT u3 sToro ke paBeHcTBa 1t [ — 1.
Urak, pasencrso (9.41) mokasano gy Bcex . Tak Kak BEKTOPHI

(ad f) gp1 = {1 (9.41)

9(q), - - -, (ad f)"~1g(q) nopoxxnaror Kacarenproe pocTpancTso T, M mpn
g € Og,, oTobpaxkenue
Y1
=1...]: Opy = R"
Pn
ecTb JoKaybHbIH quddeomopdusm: quddepennuans dqpy, - . -, dgp, 00-

pasyior 6asuc B T; M, npoiicteennsiii K g(q),..., (ad f)"'g(q) € T,M.
BosbmeMm ® B KadecTBe KOOPIHMHATHOIO OTOODAKeHHS, TOL/IA TOYKA
g € M mMeeT KOOPIUHATHI

x; = pi(q), I=1,...,n.

Samumem namty cucremy ¢ = f(g) + ug(g) B 3TUX KOOpAUHATAX, [JI ITOTO
npoauddepeHnupyeM £; B CUIY ITONH CHCTEMBI.

d d
S0 = g7 a(e(t) = (f +ug)pr = fou+ uger.
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Ecmu I < n, To gp; = 0 B cuny pasercrsa (9.41), mosromy

Ea:l:fgal:gol+1:wl+1, l:l,...,n—l.
Ecnu xe |l = n, To
dtl'n:f@n+u990n:f@niUba b=gpn #0.
Urak, B KOOpAMHATAX 1, ..., %, Hama cucTeMa (9.39) 3anucbiBaercs
B BUJIE

Tenepsr paccMoTpuM mpeobpa3oBaHue 0OPATHOM CBA3U

U ¢—f‘p"b7 v

ITocme sTOro mpeobpaszoBaHUs - KOMIIOHEHTA HAIeH CHCTEMBI IpeBpa-
MAeTCd B yPaBHEHUE

iansoni<¥f¢"7b_u>b=fson—f¢n+u:u,

T. e. Bed cucreMa uMmeet dopmy (9.11). O



I'masa 10
SAITAYA OIITUMAJIBHOI'O VYVIIPABJIEHUA

10.1. IlocranoBka 3amadmn
MI)I 6y,£[eM paCcCMaTpuBaTh yIIPAaBJIAEMYIO CUCTEMY BUIa
G = fu(q), geM, uwelUcCR™. (10.1)

Kaxk 06braa0, M — riiagkoe mHOroobpasue, a U — npousBoJIbHOE TIOJMHO-
xkectBo R™. Ha npaByio yacTh yupasiseMOl CUCTEMbI HAJI0XKUM CJIEILYFO-
mue TpeboBaHUS:

g+ fu(q) — rmagkoe BekTOpHOE MOTE HA M
npu aro6om dukcuposarrom u € U, (10.2)

(g,u) = fu(q) — HempepsiBHOE OTOGpPakenue nua ¢ € M, v € U, (10.3)

n KpOMe€ TOro, B JIIOOBIX JIOKAJIBHBIX KOOpAWHATaX Ha M

(g,u) — 68];“ (¢) — menpepsiBHOE 0TOOpAKEHVE

npu ¢ € M, u € U. (10.4)

JlomycTuMble yIpaBJIeHUs — U3MEPUMBbIE JIOKAJbHO OrPaHUYEHHBIE
oToOparkeHus

u: t—u(t) e U.

Ioncrasnsia rakoe yupasienue u = u(t) BMECTO yIPABJIAIOIIEr0 Hapa-
Merpa B cucreMy (10.1), momyuaem HeaBTOHOMHOe audbepeHIaIbHOe
ypasaenue ¢ = fy,(q). ITo xaaccmaeckoii reopeme Kapareomopn must so6oit
Touku ¢y € M 3amaga Kormm

nmeer equHCTBeHHOE pemenme (cm. m. 2.4.1). Yacro mbr Gymem dukcn-
poBaTh HAYAJIBLHYIO TOYKY o U OOO3HAYATL COOTBETCTBYIOINEe PeIleHHe
sazaqn (10.5) mpocro gepes gy (t).
YT06Bl CPAaBHUBATH JIOIyCTHMbIE yIpaBieHus Ha oTpeske |0,t1] mpyr
C JpyroM, BBesieM PYHKUUOHAA KAMECEA:
t1
Tw) = [ elau(®),u®) (106)

0
oABIHTErpabHas (DYHKIHSA KOTOPOrO

o: M xU—=R

YIOBJIETBOPSIET TEM K€ YCJOBHUSM PETYJISPHOCTH, YTO W MpaBas 9acThb f;

om. (10.2)—(10.4).
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Bosbmewm mr00yio mapy Todek qo,q1 € M. Mer O6ynem paccMaTpuBaTh
CITeYIOUIYIO 3a0a4)y ONMUMAALHOZ0 YNPAGAEHUS.

Bamadga. Munumusuposamv dynruyuonas J wa mmodcecmee scex
donycmumwnx ynpasaenuti u = u(t), t € [0, 1], dra xomopwx coomsemem-
sytowee pewenue q,(t) sadawu Kowu (10.5) ydosaemsopsem kpaesomy

yeroete qu(t) = q1. (10.7)
STy 3a1a9y MO2KHO TaK2Ke€ 3allICaThb CJIEAYIOIIUM 06pa30M:
q¢=fula)) q€M, ueUCR", (10.8)
q(0) = qo, q(t1) = @1, (10.9)
t1
J(u) = / o(q(t), u(t)) dt — min. (10.10)
0

Mper OyueMm u3ydarh ABa THUOA 331a9 — C 3aKPEILIEHHBIM KOHEYHBIM
BpemeHneMm t; u cBOOOmHBIM tq. Permenwe u Takoil 3ajaduM Ha3bIBAETCS
ONMUMAADHBM YNPABAEHUEM, a& COOTBETCTBYIOmAsA Kpusas ¢, (t) — on-
MUMaLbHoT Mpaexmopuet.

Takum obpaszom, 3a/1a9a ONTUMAJIHHOTO YIPABIEHUST — 9TO 331298 MU-
HEMEu3anmy GyHKIHoHaNa J(u) ¢ OrpaHHYEHUSIMA Ha YIPABJIeHHE U, KO-
TOpPBIE 3aJAM0TCS yIPaBIseMoll cucTemMoii n kpaesbivu ycaosusamu (10.5),
(10.7). O6BIYHO STH CBA3M HEBO3MOXKHO PAa3PEIIATHh OTHOCHTEJHHO U, TI0-
9TOMY i PeIleHns 33,139 ONITHMAJILHOTO YIIPABICHUA TPEOYIOTCS CIIeIr-
aJIbHBIE METO/IBI.

10.2. Peaykiusi K UCCJIEJIOBAHUIO MHOXKECTB
JOCTUKVMOCTHU

SadurcupyeMm HaYanbHYIO TOUKY ¢o € M. Mmnooicecmeo docmuodicu-
mocmu, yupasigemoii cucremsr (10.1) 3a Bpema t > 0 u3 Touku gy C 1O-
MOIIBIO U3MEPUMBIX JIOKAJIFHO OFPAHUYEHHBIX YIIPABJIEHUI ONPEeIIeTCs
CJTEIyIOIIM 00Pa30M:

_ oo
q0 - u » YDy .
Ago (t) = {qu(t)| uw € L=([0,t],U)}
AHaJIoru9HO MOXKHO PacCMaTPUBATh MHOXKECTBA, JOCTUXKUMOCTH 33 BpeMsl
He Ooubie t: .
A = Ag (T
q0 0<r<t ‘10( )7
¥ 3a NPOU3BOJIbHOE HEOTPULATEIHHOE BPEMS:
A= U A,(m).
0<T<00
OKaBI)IBa,eTCH, 3aJ4a491 OIITHMaJIbHOI'O pra,B.HeHI/IH Ha HpOCTpaHCTBe
cocrogamit M 1O CyIiecTBy MOXKHO CBECTH K HCCJIEIOBAHHIIO MHOXKECTB
JOCTUKUMOCTH HEKOTOPBIX BCIIOMOTATE/IbHBIX YIIPABJISEMBIX CHCTEM HA
PaCIIUPEHHOM MPOCTPAHCTBE COCTOSHUM

M=RxM={q=(y,q9)|ly €R, g€ M}.
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A umeHHO, PACCMOTPHUM CJIEIYIONIYIO PACIINPEHHYIO YIIPABJISIEMYIO CHCTE-
My Ha M: dg = =
Y d—;’ =fu@, GeM, uel, (10.11)
C IpaBOil 4aCThIO
~ U
fu(Q) = ((pf(uq(q))), qe M, uel,
rze ¢ — nogplHTerpasbHas pyHknus QyHkuuonasa kadecrsa J; cm. (10.6).

O6GozHaunMm depe3 ¢, (t) pemenne pacmupenHoii cucremsl (10.11) c
HaYaJIbHBIMA yCIOBUAMHU

w0 = (36) = ()

IMMpenganoxenne 10.1. ITyemo gz(t), t € [0,t1], ecmv onmumans-
nas mpaexmopusa 6 3adaue (10.8)—(10.10) ¢ saxpensermvim KoOHEUHBIM
epemenem ty.

Tozda coomsemcmeyrowan mpaexmopus ¢z (t) pacwupennotli cucme-
moe (10.11) npuzodum ma eparnuyy mmoorcecmea JOCTRUANCUMOCTIY IMOT

cucmemot: Ga(t1) € 0A(,40)(t1)- (10.12)

JdokaszaTenbctTso. Pemenns §,(t) pacupeHHOH CHCTEMBI BBI-
paxKaroTcd depe3 pemeHus gy (t) ucxomsoii cucremsr (10.1) kak

= (1)

Ji(u) Z/so(qu(T),u(T))dr.

ITosToMy MHOMKECTBaA JOCTHKUMOCTH pacumpenHoii cucremsr (10.11) n3
toukn (0, go) mmeroT BHL

A0,00) (1) = {(Te(u), qu (1)) |
we L2([0,4,U)}.

rae

AY

MmnoxectBo A(g 40)(t1) He MOXKeT Y11
IIePeCeKaThCs € JLyd0oM

{(y, @) € M|y < J,, (@)}

(pmc. 10.1). 0
JlelicTBUTEIbHO, IIPEJIIOJI0KIM, b0 o
9TO CyIIECTBYET TOYKA

- _ Puc. 10.1. Tpaekropus gz (t) onrn-
(ya ‘11) € A(O,qo)(tl), y < Jt1 (U) MaJIbHa

Torma Tpaekropust q,(t) pacmmpennoii cucremsr, nepesomsmas (0, qo)

B (y,q1): 3.(0) = (q%)’ qu(t) = (qyl>’
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IPOeUpyeTcs B TPaeKTOPHIo ¢y (t), ¢.(0) = qo, qu(t1) = q1, ¢ MeHBIIIM
3HaueHneM (DYHKIMOHAJIA KAIEeCTBA:

Ji, (u) =y <Jy (6)7

9TO IPOTUBOPEYAT ONTUMAILHOCTH TPAeKTOpHH ¢5 (). Bkmrouernne (10.12)
JoKaszaHo. [

Wrak, onTrMaibHble TpaeKTOpUU (TOYHEe, UX MOAHATUS HA DACIIH-
PEHHOE NPOCTPAHCTBO COCTOSTHWN M) [IO/KHBI NPUXOAUTH HA TDAHUIY
MHO>KECTBa JOCTUKUMOCTU A(quo) (t1). Yrober HafiTH ONTUMAJIBHBIE TPA~

eKTOPHH, MBI HaiiJIeM TPaeKTOPHH, IPUXOdue Ha rparuiy A ¢)(t1), a
3aTeM BbIOepeM n3 HuX onTuMasibHbIe. [lepBoril mar ropasmo BaKHee BTO-
POTO, II03TOMY pelIeHne 33,189 ONTHMAJbHOIO yIPaBJeHHd II0 CYIIeCTBY
CBOZIUTCA K UCCICIOBAHAIO JUHAMHUKA MHOXKECTB JOCTHKHMOCTH.

10.3. KoMOnakTHOCTb MHOXKECTB JOCTHUKVMMOCTU

Braromaps cBezieHnIo 33124 ONTUMAJIBHOIO YIIPDABJIEHUS K HCCIEI0BA-
HUIO MHOXKECTB JOCTHKHMOCTH CyIIEeCTBOBAaHIE ONTHMAJIbHBIX PeIleHuH
CBOOUTCA K KOMIAKTHOCTH MHOXKECTB JTOCTHZKHAMOCTH.

B cuenyromem npeijiokeHun JAIOTCH JOCTATOYHbIE YCIOBUAA KOM-
MAKTHOCTH MHOKECTB JOCTHKUMOCTH JJIsi ypasiasiemoii cucremsr (10.1):
Agy (t) 3a Bpems t m A 3a Bpems e Gosbrme t.

Teopewma 10.1 (A.®. ®uwinnmos). IIyembv npocmparcmeo ynpas-
asowux napamempos U € R™ xomnaxmmuo. Iycme cywecmeyem xkom-
naxkm K @ M maxot, wmo f,(q) =0 npuq ¢ K, u € U. IIpednoaooicum
MAaKIHCe, 4MO MHOHCECTNBA JONYCTNUMLE cKOpocmed

fulg) = {fulg)|uc U} CT4M, g€ M,

BOUNYKADL.
Tozda mmoocecmea docmuoicumocmu Ag,(t) u Al xomnaxmmor das
ecex qo € M, t > 0.
3aMedaHHe. YCIOBHE BBIIYKJIOCTH MHOXKECTBA, JOMYCTHMBIX CKO-
pocreii fy(q) ecrecTBeHHO BBy TeopeMmbr 8.2: HOTOK yPaBHEHHSI

§=a®)fu(e+ 1 -al)fule, 0<alt) <1,

AIIMIPOKCUMUDPYETCA IMMOTOKaMU CUCTEM BUIA

G=fola),  v(t) € {us(t), ua(t)}-
IIpuBenem ackm3 mokasarenbcTBa TeopeMmsbl 10.1.

JlokasaTeabcCTBo. Bo-nepBbIx, 3aMeTUM, 9TO BCe HEABTOHOM-
HbI€ BEKTOPHBIC I10JIA fu (q) C ILOHyCTI/IMI)IMI/I praBﬂeHHHMH U UMET
KOMITAKTHBIN OOmmit HOCUTE b, MO9TOMY TOJIHBL. Jlajee, B yCjIoBusX T€O-
pemsr ckopoctu [y, (q), ¢ € M, u € U, paBHOMEPHO OIPDAHUYEHBI, HOITOMY
Bce Tpaektopun ¢(t) ynpasisemoii cucremst (10.1), BhIxOmsmue u3 qo,
JIMTIIATIEBHI C OJHON U TOii ke KoHcTaHTo# JIummmuna. [TosToMy MHOXKECT-
BO JIONyCTUMBIX TPAE€KTOPHUil MIPEIKOMIIAKTHO B TOIIOJOTUHA PAaBHOMEDPHOMN
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cxogumoctu. (MoxkHO BaoXKUTH MHOrooGpaswe M B €BKJIHIOBO IPOCT-
parctBo RY | Torma mpocTpaHCTBO HepepHIBHBIX KPUBEIX ¢(t) Hacaemyer

PaBHOMEPHYIO TOTIOJIOTHIO HEIPePBIBHBIX oTobpazkernmit u3 [0,¢] B RY.)
JIro6ast moCIe0BATEIBHOCTD ¢y, () JOMYyCTUMBIX TPAEKTOPHIA

q‘n(t):fun(Qn(t))a 0 <t <t qn(O)ZQOa

COZIEPIKUT PABHOMEDHO CXOASILYIOCH HOAIOCIEA0BATEIBHOCTD, COXPAHUM
3a Hell obo3HAUEHNE G, (1):

n(-) = q(-) B C[0,t1] mpu n — co.

ITokaxkem, uro ¢(t) — momycTnMasi TPAeKTOPHs yIpaBJIsieMO#l cucTe-
Mot (10.1).

Badukcupyem gocraroano maoe € > 0. Torma B JOKaJIbHBIX KOODIH-
HaTax

t+e

(@t +) = 0a(0) = 7 [ Funlga(m)dr €

™ | =

€ conv U fu(gn(T)) C conv U fu(a),

TE[t,t+e] q€0 (1) (ce)
roe ¢ — yaBoeHHad KoHCTaHTa Jlummmma momycrumbix TpaekTopumii. lle-
pexond K npeneiy npu n — 00, IMoJaydaeM
1
S(gt+e)—qt) econv U fu(q).
€ qeoq(t) (CS)

Teneps nycts € — 0. Ecam t — Touxa muddepenmmpyemoctn ¢(t), To

q(t) € fu(q)

TakK KakK fy(g) KOMIOAKTHO.

Yrober mOKa3aTh, 9TO ¢(t) — MOMyCTHMasi TPAEKTOPUST YIPABJISEMON
cucremsr (10.1), Mbr momkebL HajiTn n3MepuMeblil cenxexrop u(t) € U, mo-
poxkmatormuit ¢(t). DTO MOKHO CIeSIaTh, HCTIONb3Ys JEKCUKOrpacbuIecKuit
nopsok Ha MHOXKecTBe U = {(ug,...,um)} C R™.

M=uoxecTBO
Vi ={v e Ul {(t) = fu(q(t))}

ABJIS€TCS KOMIAKTHBIM mogmaoxkectsoM U, a moromy m R™. Cymecrsy-
er BekTOp v™™(t) € V;, MUHEMANBHBIA B CMBICTIE JIEKCHKOrpadmIecKoro
nopsazaka. drobel malitn v™"(t), cHAYAJA MUHUMU3UDPYEM IIEPBYIO KOOD-
auHaTy Ha Vi
min __ _ - —
oM = min{v| v = (v1,...,0m) € Vi},

3aTeM MUHUMU3APYEM BTOPYIO KOODAMHATY Ha KOMIAKTHOM MHOXKECTBE,
NIOJIy9Y€HHOM Ha IIEPBOM IIIare:

min

v = min {vy| v = (VP vy, ..., v,) € Vi},
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U Tax JaJiee,

VI = min {v,, | v = (VM. 0B wy,) € Vi)
Vupassienne v™2(¢) = (vPR(¢), ..., v™i%(t)) usmepumo, nosromy g(t) ectn

momycruMasi Tpaekropusi cucrembl (10.1), nopoxaeHHast 3TUM yupasiie-
HEEM.

MEer moka3ajm KOMIAKTHOCTh MHO2KECTBa JOCTIZKIMOCTH Aqg (t). Kom-
IIAKTHOCTH .Afm JOKA3bIBAETCH AHAJIOTUIHBIM paccyxkaeHueM. [

SaMeganue. YcIoBre O0IEr0 KOMIAKTHOIO HOCUTEISI BEKTOPHBIX
moJieit B IpaBOil YacTH CyIIeCTBEHHO B TeopeMe Puiannmnosa s obecie-
YeHUs PABHOMEPHON OTPAHUYIEHHOCTH CKOPOCTeH U MOJTHOTHI BEKTOPHBIX
moneii. Ha mHOroo6pa3uu 10oCTaTOYHBIE YCJIOBHS IOJHOTHI BEKTOPHOIO
IO HEBO3MOXKHO [AaTh B TEPMUHAX OIPDAHHMYEHHOCTH BEKTOPHOI'O IIO-
JII W €r0 NPOM3BOJHBIX: AK€ IIOCTOSHHOE BEKTOPHOE II0JI€ HEIOJHO B
orpanmyerHoit obsactu B R”. OqHaKo BO MHOTUX CJIy9asix KOMIAKTHOCTH
MHOKECTB JOCTHKHMOCTH MOYKHO JTOKa3aTh U 0e3 IpPeIoyIoKeHns] KOM-
MMaKTHOT'O 00IIero HocuTessd. Ecin nMeroTcst anpuopHbIe OIEHKH PeIeHnit
yIPaBISeMO#l CHCTEMbI, MOXKHO YMHOXKHUTH MPABYIO0 9aCTh HA (DYyHKIHIO
CPE3KH U MOJIYyYUTh CACTEMY C BEKTOPHBIMU IIOJISME, IMEIOIIME 00muit
KOMIAKTHBIN HOocuTesib. K HOBOI cucreme Teopema Puinnmosa yxe IpH-
mennMa. Ho mcxomuasi m HOBas CHCTEMBI MMEIOT OIHU U T€ XK€ TPAaeK-
TOPHH B PaCcCMATPUBAEMO 00JIACTH, [IOITOMY HCXOIHAS CHCTEMa HMeeT
KOMIIaAKTHBIE MHO2KeCTBa JOCTU2KUMOCTH.

Has cucrem va M = R" umeercsa XOpOIIO M3BECTHOE HOCTATOYHOE
YCIIOBHE TIOJTHOTHI BEKTOPHBIX IOJIEil: eCIu IpaBad JacTh pacTeT Ha Oec-
KOHEYHOCTH HE 6I)ICTpee JIMHEITHOI O oJid, T. €.

ful@)] <C(+z)), zeR", wel, (10.13)

J71s1 HeKOTOPO# KoHCTauThl C', TO HEABTOHOMHBIE TI041s [, () moHBI (31€Ch
|z| = /2% + ...+ 22 — nopma Touku z = (z1,...,2,) € R").

9T0 yc/iOBHE JaeT W anpUOPHYIO OIEHKY penieHuii: jro6oe pere-
Hue z(t) ynpasisiemoil CHCTeMBI

z = fu(z), zeR", wel, (10.14)

¢ mpaBoil WacThi, ymosaerBopsitomeii mepasencrsy (10.13), momyckaer
OTCHKY
jz(t)] < 2 (J2(0)[ + 1),  t>0.

ITosromy Teopema ®PumiunmoBa U IpeAIIeCTBYIOIIEe 3aMedYaHUe IAI0T
clleyroniee JOCTATOYHOE yCI0BUe KOMIIAKTHOCTH MHOYKECTB JTOCTHKIMOC-
™1 1aJig cuctem B R™.

Cnenmcrsue 10.1. Iycmo cucmema (10.14) umeem womnaxmmoe
npocmparcmeo ynpasasrouur napamempos U € R™ u ewnykavie mmo-
orcecmea cropocmet fy(x), © € R™. IIpednoaooicum makoice, 4mo npasas
wacmo cucmemov, yoosaemseopaem oyenke suda (10.13).

Tozda mmoscecmea docmurcumocmu Ag,(t) u AL womnaxmmo. dns
arbur ro € R*, t > 0.
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10.4. 3amauya ObIcTpOIelicTBUs

Beibepem mapy Touek qo € M u q; € Ag- Hens 3adawu 6wvicmpo-
deticmeus COCTOUT B TOM, 4TO0BI IIONACTh U3 TOYKHU ¢y B TOYKY G BIOJIb
TpaekTopuil ynpasnsemoii cucremsr (10.1) manckopefimmm o6pazom:

min {t1] gu(t1) = ¢i}- (10.15)

To ectp MBI paccMaTpwBaeM 33/a9y ONTHMAJBHOIO yIPABJIEHUS, OIIH-
cannyo B 1. 10.1 ¢ maTerpanToM ¢(¢,u) = 1 u CBOGOZHBIM KOHEYHBIM
BpeMeHeM t;.

Penynupysa sty 3amady K UCCJIeTJOBAHUIO MHOXKECTB JTIOCTUKUMOCTH U
npuMenss Teopemy OuannmnoBa, mMoIydaeM CJAeLyIoNuil Pe3yIbTarT.

Cunencrsue 10.2. B ycaosuar meopemwv. 10.1 3adawa 6vicmpo-
deticmeua (10.1), (10.15) umeemn pewenue das mobuxr mouex qo € M,
q1 € Aqo'

10.5. Penakcanuu

Paccmorpum yupasisemyro cucremy (10.1) ¢ KOMIAKTHBIM MHOYKECT-
BOM ympasBjsionux napamerpos U. CylecTByer cTaHIapTHas IPOIEIyPa
peaarcayuu ynpasasemoil cucrembr (10.1), pacnmpsomas MHOXKECTBO
ckopocteil fy(q) Toit cucTemsr 10 ero BBIIYKIION 06onoukm conv fy(q).

Hanomunwm, 9ro éwnykaas 06040%ka conv S MOIMHOXKECTBA S JIXHEIH-
HOT'O IPOCTPAHCTBA — 9TO HAWMEHBIIIEE BBIMYKJIO€ MHOXKECTBO, CO/IEPIKA-
mee S. KoHCTpyKTHBHOE ommcaHue BBIMYKJION ODOJIOUKH JAeTCS B CJIe-
AYIOIIEM KJIACCHIECKOM YTBEPKICHUN: JTIFO0Ast TOYKA BBITYKJIOH 000IOIKHI
MHOXKECTBa S B NM-MEDPHOM JIMHEHHOM IIPOCTPAHCTBE €CTh BBIIYKJiasi KOM-
6uHanust HEKOTOporo Habopa u3 n + 1 Todek B S.

JJemma 10.1 (Kapareomopn). Jas ar0b6ozo nodmmoocecmea S C R”
€20 8LINYKAAA 00040YKAG MOdHCEM ObIMb Npedcmasaena 6 sude

conv S = {iaﬂi r; €85, a; >0, iaizl}.
i=0

i=0
JloKa3aTeIbCTBO ITOM JIEMMBI IPUBEIEHO, Hampumep, B [145].
Penakcamua (ocmabmenmne) ympasnaemoii cucremsr (10.1) crpomrea
caexyomum obpazom. Ilycrs n = dim M ecTb pa3MepHOCTb TPOCTPAHCTBA
cocTosianit. MHOXKECTBO yIPABJIAIONIX TapaMeTPOE HOBOH CHCTEMBI HMMe-
eT BU,

V=A"xUx...xU,
———
n+1 pa3s
rae

An = {(ao,...,an) ‘ (673 )0, Zal :1} CRTL+1
=0
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eCTh CTAHJAPTHBINA N-MEpHBIH CHMIJIEKC. 10 eCTh HOBBIN yIIPABJIAIOIINIT
mapaMeTp uMeeT BUJ,

v=(a,up,...,up) €V, a=(ag,...,a,) €A", u; €U.

Ecin U kommakTHO, TO V' Tak>Ke KOMIIAKTHO.
Ocaabaennas cucmema HMEET BHJ,

Gd=gv(q) = Zaifui(q), v=(a,ug,...,un) €V, g€ M. (10.16)
i=0

ITo nemme Kapareomopu muOxKecTBO ckopocreil gy (q) cucremsbr (10.16)
BBIIIYKJIO, DOJIee TOro,

gv(q) = conv fy(q).

Eciu Bce BekTOpHBIe mosisi B mpaBoit dactu (10.16) mmeror obmimit
KOMH&KTHLII‘/’I HOCHUTEJIb, U3 T€OPEMbI q)I/IJ'[I/IHHOBa, CﬂeﬂyeT KOMIIAKTHOCTbH
MHOKECTB JOCTUKAMOCTHU 0C/1abaeHHo# cucremsbl. 1o Teopeme 8.2 06yio
TpaekTopuio ocabaennoit cucremsl (10.16) MoKHO paBHOMEDPHO TPUOIH-
3uTh cemeiicrBamu Tpaekropuii ucxonuoi cucremst (10.1). ITosTomy mHO-
KECTBa, JJOCTUKUAMOCTH OCJIA0JE€HHON CHCTEMBI COBIIAIAIOT C 3aMBbIKAHUS-
MU MHOXKECTB JTOCTHKHUMOCTH UCXOIHON CACTEMBI.



I'masa 11

AJANPOPEPEHIINAJIbHBIE ®OPMBbI
N CUMIIVIEKTUYECKASA TEOMETPUA

Heobxommmoe yciaoBume ONTHMAJBHOCTHA I 337a9 ONTHMAJIBLHOTO
yYupaBJjieHus Ha IJIaJKUX MHOI‘OO6pa,3I/IHX — HIPUHIOUII MaKCUMyMa HOHT—
parmaa (cM. i 12) — dopMyrmpyeTcsa B TEPMUHAX CHAMILUIEKTHIECKON
reomeTpuu. B 9T0i1 rj1aBe MBI IPUBOIAM COOTBETCTBYIOIIHE OMPEIEeJICHUS
un Heobxomumble dakThl. Ilepes 3TuM HATOMHUM HEKOTOpPBIE HAYAJIbHBIE
cBemeHus o muddepeHnmanbHbIXx HopMax Ha MHOroobpasusx. llemn
3TON TJIaBbI — Pa3bdCHUTH OCHOBHBIC IIOHATUA, a HE CUCTEMATUYIECCKU
HM3JI0XKATh BECh MATEpUaJ, U OHA HE MOXKET 3aMEHUTh CTaHIAPTHbIN
yaebHuK. B KadecTBe Takmx yJIeOHHMKOB MBI MOXKEM PEKOMEHIOBATb,
manpumep, [137, 139, 148|.

11.1. duddepennuanbubie 1-dopmbl

11.1.1. JIunnueitable ¢popmbl. [Iycte E — BeliecTBEeHHOE JIMHEHHOE
MPOCTPAHCTBO KOHEYHOM pasMepHOCTH 7. MHOXKECTBO JHHEHHBIX (HOpM
Ha E, 1.e. nuneitnpix orobpaxkenuit £: F — R, umeer ecrecTBeHHYIO
CTPYKTYPY JIMHEHHOTO MPOCTPAHCTBA, KOTOPOE HA3BIBAETCH CONPAIHCEH-
HuM  mpocmpancmeom K E m obosHawaerca depes E*. Ecam BekTo-
pHL €1,...,€e, OOpasywT 6asuc F, 1o coorBercrByrOmuil deoticmeerHvil
6a3uc E* obpasoBaH KOBEKTOpaMu €], ..., €, TaKUMH, ITO

N .
(€7, €j5) = 0ij, ,j=1,...,n
(MBI ICTIOSIB3yeM YTUIOBBIE CKOOKM JIJIsi 3aIMCH 3HA9eHWsl JUHEeHHON dop-

mer £ € E* ma BekTope v € E: (£,v) = £(v)). Iosromy compsizkerHOE
IPOCTPAHCTBO HMeeT TY K€ Pa3MePHOCTH, 9TO W HCXOIHOE:

dim E* =n =dim E.

11.1.2. KokacareabHoe pacciioenue. Ilycrs M — riagkoe MHO-
roobpasme, a TyM — ero KacaTeabHOE IPOCTPAHCTBO B TOUKe q € M.
IIpocrpancreo muaeitHBIX dopM Ha T M, T. €. CONPAXKEHHOE IPOCTPAHCTBO
(T,M)" x T, M, Ha3bIBaeTCA KOKACATNEALHBLM NPOCTNPAHCME0M MHOT00-
pasuss M B TOYKe ¢ U 0003HAYAETCH Yepe3 Tq* M. ObbeauneHne BCEX KO-
KaCaTeJIbHBIX IPOCTPAHCTB HA3BIBAETCS KOKACATMEADHbIM paccaoeruem M :

M E Uy
qgeEM
(koKacaTebHBIE TPOCTPAHCTBA B PA3HBIX TOYKAX HE MepeceKaroTcs ). Muo-
xKecTBO 1T* M mMeeT eCTECTBEHHYIO CTPYKTYPY IJIAIKOr0 MHOTOOOpa3us
pasmeprocTH 2n, rae n = dim M. Jlokaabable KoopauHaThl Ha 1* M 1o-
JIy9alOTCS U3 JIOKAJbHBIX KOOpAUHAT Ha M.
IIyce O C M — koopauHaTHAas OKPECTHOCTD, &

®: O —R", (I)(Q) = (xl(q)’ e 7wn(q))’
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eCTh JIOKaJIbHAs cucreMa KoopauHat. JluddepeHnumanbl KOOPIUHATHBIX
dyHKITIH .

dwi\qETq*M, 1=1,...,n, qe€O,
0bpasyioT G6asuc B KokacaTeslbHOM mpoctpanctse 1y M. JlpoficTBeHHbIH

6asmc B KacaTeabHOM npocTpaHcTBe T M 06pa3oBaH BEKTOpaMU
0]

eT,M, i=1,...,n, q€O,

0\ _ < .
<dx“8—a:j> = i, ,j=1,...,n.

J1obyto nuneiinyio popmy £ € T M MOXKHO pasoKHTh 10 Ga3HCHBIM

dopmam: n
£=) &du.
i=1

ITosTromy ur0b0it koBekTOp & € T*M xapakTepusyeTcs 1 KOODIWMHATA-

mu (z1,...,T,) TOUKE ¢ € M, rme OpujaokeH KOBEKTOP &, U 1 KOOPAUHA-
ramu (1, ...,&,) muHeiHoN dopmbl € B Gasuce dzq, . .., dz,. Orobpaxke-
HUS BAJA

E (&1, &y Ty .oy )

3a[IaI0T JIOKAJIbHbIE KOOPIMHATHI B KOKACATEJbHOM paccjioerun. [losro-
My T*M ectb 2n-mepHoe MHOroo6pasue. Koopaunarsl Buna (€, z) Ha3bI-
BaIOTCA KaHOHUuYeCcKumu xoopouramamu uwa T* M.

Ecmu F: M — N ectb rimagkoe orobpazkeHne MKy [VIAIKAMA MHO-
roobpasusamu, To guddepeHnma

Fu: T,M = TpyN
nMeeT COIIPAXKEHHOE OTO6pa}KeHI/Ie
F* € (B)*: Tp N = Tr M,
KOTOpPO€ 3aJa€TCA CACAYyIOIMNM 06pa30M:
F*¢=¢oF, £€Tp,N,
(F*¢E,v) = (&, Fyv), v e TyM.

Bektop v € Ty M mepenocurca suepen auddepennuanrom F, B Bek-
Top Fiv € Tp(4) N, a KoBekTOp § € Tl*;( q)N IIEPEHOCUTCH Ha3a/1 B KOBEKTOD

F*¢ € Ty M. Tlosromy ruaaxoe orobpaxenue F: M — N mex/y MHOro-

obpa3usaMu MopoXKaeT riragkoe orobpaxkenune F*: T*N — T*M wmexmy
UX KOKACATEJIbHBIMU PACCIOCHUIMI.

11.1.3. Ounddepeunmanpubie 1-dpopmbl. Judpdeperyuaivras
1-¢popma va M ectnb ritagroe oTobpazkeHUe

g w, €T, M, qgeE M,

T. €. CeMeHcTBO w = {w,} JuHeHHBIX (POPM Ha KacaTeIbHBIX HPOCTPAHCT-
Bax T, M, rnaaxo 3aBucdIiee oT To9kH ¢ € M. MHoxKecTBO Beex mudde-
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pernuaibHbIX 1-popm HA M mMeeT eCTECTBEHHYIO CTPYKTYPY OeCKOHEed-
HOMEpHOT'0 JINHEHHOT0 IIPOCTPAHCTBA, KOTopoe oboszHagaeTcs depes AL M.

IMomobuo TOMYy, Kak JuHeitHbIe (POPMBI Ha JIMHEHHOM MTPOCTPAHCTBE
SABJIAIOTCS JBOUCTBEHHBIMEA O00'bEKTaMH K BEKTOPAM 3TOr0 MPOCTPAHCTBA,
muddepennmaibabie GOPMBI HA MHOT000pa3un — JBOUCTBEHHBIE 00'bEKTHI
K IJIQJKUM KPUBBIM Ha MHOroobpasuu. CunapuBaHue 3amaercs uHmez-
pasom nuddepennuanbsuoit 1-popmer w € A'M no opuenTmpoBaHHOIR
[VIAKONH KpUBOR 7 : [tg,t1] — M, KOTODBIl ompenesisercs CjieayIOnM

obpazoM: t
def .
[t [t i)t
bl to

WNarerpasn 1-bopmbl 0 KpUBO#l HE 3aBUCHT OT COXPAHAIONMINX OPHUEH-
TAIUIO IVIAJKUX IIepernapaMeTpu3anuil KpUBOil U MEHAET 3HAK [IPU 3aMeHe
OPUEHTAIUN.

11.2. nddepennuanbabie k-popmbi

Huddepennunanbaas k-dopma Ha M — 3T0 00BEKT, KOTOPBIHA I0JI-
2KE€H WHTErPUPOBATHCA MO k-MepHBIM moBepxHOCTsM B M. Wadwunnre-
3UMaabHO k-MepHAs MOBEPXHOCTH MPE/ICTABJILETC CBOAM KACATEIbHBIM
IPOCTPAHCTBOM, T.€. HEKOTOPBIM K-MEPHBIM IIOATIPOCTPAHCTBOM B 1o M.
Takum o6pa3om, HaM Hy2KeH 00bEKT, JBOACTBEHHBIN KO MHOXKECTBY k-Mep-
HBIX MTONPOCTPAHCTB JINHEHHOTO MPOCTPAHCTBA. 3adUKCUPYEM JIMHEHHOE
npoctpancTBo E. JIroboe k-MepHOE MOAIPOCTPAHCTBO OMPENEISIeTCsS CBO-
uM 0a3ucom vq, ..., v € E. JIBoiicrBeHHbIE 00 bEKTHI JOJIKHBI 33 1aBAThCs
oToOpakeHuIMHA

(v1,...,0%) = w(vy,...,v;) €ER

TakuMu, 9T0 w(Vy, ..., V) 3aBHCAT TOJBKO OT JIMHEHHOH 0GOJIOYKH BEK-
Topos span {vy,...,V;} U OPHEHTHPOBAHHOTO 00beMa k-MEPHOTO mapas-
JIeJIeTIuIe A, IIOPOKIEHHOT0 BEKTOPAMH 1, . . . , Uk. DOJIee TOro, 3Ta 3aBu-
CHMOCTb JIOJKHA OBITH JmHeHHOH. HanomamM, 9T0 OTHOMEHHE 00HEMOB
MAapAJLJIEJIENATIEI0B, TOPOXKIEHHBIX BEKTOPAMHE

k
w; = E Q;;5Vj, iZl,...,k,
j=1

U BEKTOPaMH Vi, ...,Us, PABHO det(aij)ﬁjzl, U 9TO OIpejejuTe/lb Mar-
puibl mopsgaKa k eCTh MOJUInHENHas KOCOCHMMeTpudYecKas (opma OT
cTosibnioB Marpuibl. [losToMy cienyromiee omnpe/ieieHne IBONCTBEHHBIX
00'bEKTOB BIIOJIHE €CTECTBEHHO.

11.2.1. Baemunue k-¢gopmbl. IIycrs £ — KOHEYHOMEPHOE BEIECT-
BeHHOe JuHeitHoe mpocTpaHcTBo, dim F = n, u uycts k € N. Brewmned
k-gopmoti Ha E Ha3bIBaeTCd 0TOOparKeHMe

w: Ex...xE—R,
N———’

k pa3s

10 A.A. Arpaues, }0.JI. Caukos
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ABJIAIOIEeCA TOJIUJINHENHBIM

1 2
w(v,...,000; + @V, ..., v) =
1 2
= w1,y U,y V) + @aw(vy, .., U5 . V), ay,az € R
1 KOCOCUMMETPUYICCKUM:
W(VL, ey Uiy ooy Ujy ey Ug) =
= —wW(V1, .y Ujy ey Uiy ey Uk), ,j=1,... k.

MuoxxecrBo Bcex BHewmnux k-popm Ha E oGosnauaercs depes AFE. B
CUJIy KOCOCUMMETPHUYIHOCTH Jif00as BHemnHAd GpopMa crenenu k > n paBHA
uymo, T.e. A*E = {0} npu k > n.

BHGH_IHI/IG Cl)OpMI)I MO2KHO yYMHO2KAaTh Ha BEIIECTBEHHbIE 91CJ/Ia, a BHEII-
Hre (OpMbI OHOM CTermeHn k MOXKHO CKJIaIBIBATH MEXK/Iy CODOIt, mosToMy
Bce AFE cyrs jmmeiinple mpocTpancTBa. MBI CMOXKeM IOCTPOHTEH GA3HC
A*E nocie Toro kak PacCMOTPHUM €lle OJHY OIlePalui0 MEK/y BHEIITHUMA
dopmamu — BHEIIHee IPOU3BeaeHre. BHelIHee Tpou3BeeHne AByX PopM
w1 € AME, wy € A¥E ectp BHemmas dopMma wi A wo cremeru ki + ko.

Jna mumefiasix 1-bopm wi, ws € ALE umeercs ecrectsennoe (TeH30p-
HO€) IIPOHU3BEEHHE

w1 @wa: (v1,v2) = wi(v1)wa(ve), vi,v2 € E,

B Pe3yJIbTaTe KOTOPOTO MOJIyJaeTcsd OnanHeiiHast, HO He KOCOCHUMMETPIY-
Has dopma. Brewree npouszsederue eCTb aHTUCUMMETPU3ANUS TEH30P-
HOro:

W1 /\LUQZ (’Ul,Ug) — wl(vl)wz(vz) — wl(vz)ng(vl), V1, U2 S E.

AmHajorudso, TeH30pHOe U BHeIIHee mpom3BemeHns ¢opM wi € AME n
wy € A*2 E — 310 ciexyromue dbopmsr cremenu ky + ka:

w1 Q@ wa: (’Ul, e ,’L}k1+k2) — wl(vl, Cey 'Ukl)w2('Ukl+1, . .,Uk1+k2),
w1 A\ wsg: (’Ul, .. .,’Ukthz) —
1 o
= TR Z(—l)”( )1 (Vo (1)s - - - » Vor(kn) )02 (Vo (kr 415 - - - > Vor(katka) )
7 (11.1)

rze cymma Gepercs 1o BceM IepPeCTaHOBKaM o mopsifka ki + k2, a v(o) —

YEeTHOCTD IIEPECTaHOBKHU O . Muoxurenab BBOAUTCA OJId HOPDMHUPOBKHU

k1! ko!
cymmer B (11.1), Tak xak oHa comepxut k! ks! OMMHAKOBBIX ClTaraeMbIx:
HAIIpUMEP, eCJIU MePECTAHOBKA ¢ He MEPEMEINBAET IePBbIe ki M IOCJIEI-
HEe ko apryMeHTa, TO BCEe WIEHBI BUIA

(71)1/(0)&}1 (UU(1)7 R vo’(kl))w2 (Ucr(kl-i-l)a oo ava(kl—i-kg))

PaBHBI
wl(vl, ey Ukl)wg(vk1+1, e 7'Uk1+k2)-
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OTOT MHOXKHUTEJL 00OECIIeYnBaET ACCOIMMATUBHOCTh BHEIIHEIrO IIPOU3BE-

ACHIA: w1 A ((4)2 N LU3) = (w1 AN WQ) N ws, w; € AkiE,

Boutee Toro, BHemHee npon3BeqeHe KOCOKOMMY TATHBHO:
wo Nwy; = (—1)k1k2w1 N wa, w; € AkiE.
Ilycts ey, ..., e, — 6a3uc npocrpancrsa F, a €],..., €}, — COOTBEICT-

Byfomuit aBoiicrBensbiit 6asuc E*. Ecom 1 < k < n, To ciaexyromume Cﬁ
3/71eMeHTOB 06pa3yioT 6asuc nmpocrpancrsa AFE:
6:1/\.../\6;;, 1<t << ... <ip <N

13 paBeHCcTB

(6?1 VANAAAN efk)(eil,.. "eik) = 1,

(6;1 VAN efk)(ejl, .. .,ejk) = 0, ecan (il, ‘e ,ik) 7é (jl, cee ,jk),
mpu 1 < iy < iy < ... < ip < n caexyer, 4ro sobag k-bopma w € AFE
€IMHCTBEHHBIM 00Pa30M IIPEJICTAB/ISIETCS B BUJIE

* *
w = g Wiy..ig€iy N Neg,
1<i1<i2<...<ik<n

e
a wil___ik :w(eil,...,eik).
Yupaxuenue 11.1. Ilokaxwure, uro mis jobbix 1-dbopm wi, ...
co,wp € A'E u 1106BIX BEKTODOB V1, - . - vp € E BBINOJIHAETCA PABEHCTBO
(W1 A Awp) (v, vp) = det ((wiy v5))] 52, - (11.2)

3ameTuM, 9TO IPOCTPAHCTBO N-HPOPM HA NM-MEPHOM HPOCTpPaHCTBe F
omHOMeEpHO. JIrobas HenyneBas n-dopma Ha F saBisercs dpopmoit obbema.
Hanpuwmep, 3Hadenue ctangapTHoit GopMbl oobeMa €] A ... A e}, Ha Habo-
pe U3 1 BeKTOPOB (V1,. .., U, ) PABHO

(el A Aer)(vr, ..., vp,) = det ((ef,vj>)zj:1 ,

9TO OPUEHTUPOBAHHBIA 0ObEM HapaJUIeSIENUIe a, OPOXKIEHHOIO BEKTO-
paMu vy, ..., Up.

11.2.2. Juddepennuanbubie k-dopmbl. Juppeperyuarvran
k-gopma va M ecrb orobparkenue

w:quqEAkTqM, q €M,

rnanakoe o ¢ € M. MuoxkecTBo Beex muddepennmanpabix k-bopm Ha M
obo3snagaerca gepe3 A M. Ecrecrsenno rmaakue dyukmun 5a M caurarhb
0-dbopmamu, mostomy A°M = C=(M).

B sokanbHbIX KOOpmuHATAX (Z1,...,Z,) Ha obmactu O C M mobas

muddepenrmanpuas k-bopma w € AFM enurcrsenHBIM 06pasoM Ipes-
CTaBJISIETCS B BUJIE

Wy = Z aiy . i (@)dzi, Ao AN dzg,, z€0, aj. i €C™0).
11<...<1p (113)

10*
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JIroboe rmagkoe orobparkeHnue
F: M — N
mopoxkgaet neperoc auddepeHuaababx hopm
F: A*N — AP M

CJTE Iy FOTIIM 06pa3A.0M: st 1000l guddepenmuanbHoil k-popmbl w €
€ A*N k-dbopma Fw € A*M onpenenserca xax

(ﬁw)q(vl, oy Uk) = We(q) (Favr, . .., Fuog), geEM, v eT,M.
s 0-bopm mepeHOC eCTh IPOCTO 3aMEHA HePEMEHHBIX:

Fa(q)=aoF(q), a€C®(M), gqeM.

Orobpakenne F' nuHEHAHO OTHOCHTENBHO (POPM M COXPAHSIET BHEIIHEE
MPOU3BEJICHNE:

ﬁ(wl /\wz):ﬁwl/\ﬁwg.

Yunpaxuaenne 11.2. JlokaxXuTe NpaBUI0 KOMIO3UINY JJIS TIepe-
HOoCca muddeperimaabHbIX GOpM
—_— ~ ~
Fy0Fy = Fo0Fs, (11.4)
rae Fi: My — My u Fy: My — M3 — rnajkue oTo0paKeHus.
OTmMeTnM, 9TO B OIEPATOPHBIX 0603HAYEHUAX (KOTIA TOYKH MUY TCS
cieBa oT orobparkeHWH Kak ¢ o F') KpplmKa ~= He W3MEHsIeT MODPSiIKa
orobpazkenuit F, Fy B KOMIIO3UIUK, B OTJIMYUE OT KJIACCAIECKOTO 000-
suavenus F(q).
Teneppr MBI MOXKEM ONpeNeUTb WHTErpa k-(pOpMBI IO OPHEHTHPO-
BaHHOH k-Mepuoit mosepxuoctu. Ilycrs II C RF ecrs k-mepras oTkperras
OPHEHTHPOBAaHHAA 00JIACTb U

&: 11— &(Il) C M

ectb muddbeomopdusm. Torma unmezpan k-popmsl w € A¥M mo k-mep-
HOH opuenTupoBanHoi nosepxaocru ®(II) onpenenserca cienyromum 06-

pazoM:
def [ 2
/w = /@w;
II

@ (1I)
OCTaeTCs TOJIBKO OmpenenuTh wHTerpas no 1l B mpapoit vactu. Tak Kak

dw € AF (R*) ectn k-bopma na R¥ | ona Bripaskaercs uepes craHIapTHYIO
dbopmy obbema dzy A ... Adzy € AFRE:

(dw)y = a(a) day A ... A dag, z e 1L

Mpsr onpemeanm
/EI\)w e /a(m) dxy ...dzy
I

i}
KaK OOBIYHBIN KPATHBI MHTErPAJI.
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Wurerpan f W OIpe/IeJIeH KOPPEKTHO OTHOCUTEIBHO COXPAHSIIONINAX
@ (11)
opueHTanuio nepenapaMerpusanuii nosepxaocru P(II). Ilpn m3smeHeHnUN
OPpHUEHTAIIUU UHTErpaJl MEHAET 3HAK.

IlonsaTre mHTErpasia pacHpoCTPaAHAETCS HA IMPOU3BOJIbHBIE IOIMHOIO-
obpasug caexyromum oopasom. Ilycte N C M ects k-mepHOE mOAMHOTO-
obpasme, u myctb w € A*M. Paccmorpum mokpeitre N KOODIHHATHBIME
okpecraocTavu O; C M:

N = LiJ(NﬁOi).

Bospmem pazbuenue e IuHUIBI, TOIIMHEHHOE STOMY MOKPBITHIO:
a; € C°(M), suppa; CO;, 0<a; <1,

;aizl.
/w Lef Z / oW,

N i NNO;

Torma

OmnpeneneHapiilt TakIM 00pa30M MHTErPaJj HE 3aBUCUT OT BHIOOpa pa3due-
HUs €TUHUIIBI.

Sameganue. Jpyroit BO3MOXKHBIH [IOJXO0/ K ONPEJIEJIEHUAIO HHTEr-
pana muddepeHuanbHoi GOPMBI IO MTOAMHOI000PA3UI0 OCHOBAH HA TPH-
AQHTYJISANANA TOIMHOT000pa3us.

11.3. Baemmnwuii quddepennmast

Bremnuunit nuddepennuan dysakuuu (t.e. 0-dbopmer) ectb 1-dbopma:
ecrm a € C°(M) = A°M, to ee qudbdepentmann

dga € Ty M
eCTb (PYHKIMOHAT (IPOU3BOJHAS [0 HAIIPABJICHHIO)
(dqa,v) = va, v e T,M; (11.5)
HO9TOM
Y da € A'M.

ITo dopmyme Herorona—Jleitbuuna, ecau v C M — opueHTHpOBaHHAS
TJIaJiKasi KpuBasi, coequHsomas qo € M ¢ ¢ € M, To

/da =a(q1) — a(qo)-

IIpu sToM mpaByr0 9acTh MOXKHO PACCMAaTPUBATh KAaK WHTErpaJ (pyHK-
MU @ 110 OPMEHTUPOBAHHON rpaHuile KpuBoit: 0y = ¢ — o, HOITOMY

/da = /a. (11.6)

9y
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B mamem wussnoxenuu dopmyna Herorona—Jleiibauna (11.6) sasiserca
crencreueM ompenenenns (11.5) nuddepennmana dbyukumu. Ho MmoxuO
MOWTH U OOPATHBIM IIyTEeM: €CJIU MBI MOoCTyaupyeMm dopmyriry HboToHa—
Jleit6rnma (11.6) mus sro6oit raaaxoii kpusoit v C M n nepeiinem K npeze-
JIy g1 — qo, TO HeoOxomuMo mosyanm onpenenenue (11.5) nuddepennmana
dyHKIHN.

OTOT MOAXOM, MOXKHO KCIIOJB30BATh JIs OIpeaeeHus: auddepeHma-
na dopum Beiciux cremereif. Ilycrs w € AFM. Mer onpemesmam erewnud
dugpdeperyuan

dw € AF1 M

kak guddepernmuanbayo (k + 1)-dopMmy, s KOTOpOil BBIIOJHSAETCS

dopmysia Crokca
/ dw = / w (11.7)
N AN

st (k + 1)-mepHBIX mopMHEOr006pasuii ¢ rpanuneit N C M (mias mpocro-
TBI MOXKHO 371ech cantath N uddeomopdubmm o6pazom (k + 1)-meprO-
ro mEOrorpananka). ['pammna ON opueHTHpyeTCsS PenepoM KacaTelbHBIX
BEKTOPOB €1, ...e; € T4(ON) rak, 4To0bl penep ey, e1,...,e € TyN 3a-
JIaBaJI MOJIOKATEIbLHYI0 OPHEeHTAuMi0 Ha N, The €, — BHEIIHHH BEKTOP
HOpMaJit K N B q.
CymectBoBanue GopMmbl dw, ymosiaerBopsiomeir dopmymre Crok-
a (11.7), caenyer u3 amauruBHOCTH oTOOpaykeHuss N — f W OTHOCH-

ON
reabHO obnactu: ecou N = Ny U Ny, Ny Ny = ON; (M ON3, To

[ ] ]

0N, ON>

(opmeHTaIMs I'DAHUI[ COIVIACOBaHA: B TOYKax mepecedeHus ONi m ON;
HMEIT IIPOTUBOIIOJIOZKHBIE OpI/IeHTa,L[I/II/I). HOSTOMy nHTEerpaJi f W ABJIA-
ON

eTCsd Pa3sHOBUAHOCTBHIO Mepbl OTHOCHTEIbHO N, u 3HaueHue (dw), MOXKHO
BOCCTAHOBHUTD, IIEPEX0Old K IIpedey B cbopMyJIe Crokca 11 7 Korga
HO;[MH0r006pa3ne N crdaruBaeTcs B TOUKY q.

HanomHnM HEKOTOpBIE OCHOBHBIE CBOMCTBA BHENHEro jauddepennma-
sia. Bo-nepBbix, u3z dopmynst Crokca ciemyer JUHEHHOCTH OLEPATOPA
d: A*M — AFHIM. lanee, ecmn F: M — N — audbdeomopdusm, To

dFw = Fdw, we AN, (11.8)

HetictBurenbHo, ectu W C M, To

/w:/ﬁw, we AN
) w
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TIO3TOMY

/dﬁw:/ﬁw: / w= / w= / dw:/ﬁdw,
w aw F(OW) OF (W) F(W) w
u paseHcTBO (11.8) mokasaHo.
Eme onmo dysmaMeHTambHOE CBOHCTBO BHemrHero auddepeHnuaia
BbIPpa>XKaeTCd PAaBEHCTBOM
dod=0,
caeyronmM u3 Toro, 4ro 0(ON) = @ musa m060oro moaMHOr006pasus ¢
rpanuneit N C M.
Bremnanit tudpdepeniuan apiaserca anTuaudHEpEeHITIPOBAHTEM:

d(w1 A LUQ) = (dwl) N wg + (—1)k1w1 A dwa, w; € AkiM,

910 ABoiicTBeHHad (opmyna K dbopmyse rparunb O(Ny X Na).
Bremnanit nuddepennuan BHIYUCAIETCS B JIOKAJbHBIX KOOPIAHATAX
CJIEIyIOIIMM 00Pa30M: €CIu

oo
w = E Giy...idTiy N ... Ndxy,, ai,..i, € C™,
i1 <... <l
TO
dw = E (da“,k) A dibil VAP da:ik;
i1 < .. <1

sta dhopMyna ClieIyeT U3 NPUBEAEHHBIX BBIIIE CBONCTB nuddepeHuaib-
HBIX dopM.

11.4. IIpoussoauasa JIu muddepeHinaabHbIX (GpopM

IMocTponm wHOUHATE3NMATBHYIO BEPCUIO IEPEHOCA p nuddepenu-
aJbHBIX (POPM MOTOKOM P.

IIpouseodnas JIu nuddepennuansaoit hopmer w € A¥M Broms Bek-
TopHoro nond f € Vec M — sro quddepennnanbaas dopma Lrw € A*M,
KOTOpasi OIPEJIEJIAeTCs CJeLyomuM 00pa3om:

L (11.9)

L
e dele=0

Tak xax - - -
etf (w1 A wag) = etfwy A etfws,
To npomsBonHasg JIn Ly aBnsgerca muddepeRnmpoBanreM aaredps and-
depennuaabHBIX GHOPM:
Lf(w1 /\w2) = (wal) Nwg + w1 A Lf(/.)g.
Hautee,
etfod =doetf,

IIO3TOMY
Lyod=dolLy.
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IIpoussonuas JIu 0-bopMm ecTh OObIYHAST MPOM3BOAHAA IO HAIIPAB-

JICHHIO:
Lya = fa, a € C®(M),

TaK KakK -
etfa =€l a

€CTh 3aMeHa [IePEMEHHbIX.
BriBegem nosiesnyro popmyity it geiicTBUs IpON3BOaHOM JIu HA qud-
depennuaapable HOPMBI 000 CTEneH .
Paccmorpum Hapsiny ¢ BHemHUM Aud depeHnnaaom

d: AFM — AR

snympennee npoussedenue nuddepeHuanbHOR (POPMBI W U BEKTOPHOTO
mons f € Vec M:

ip: AFM — A1,
(tfw)(viy- .-, Vk—1) défw(f,vl, ceyUE—1), weAM, v e T,M,

JefCTBYyIOIee KaK MOACTAHOBKA f BMeCTO mepBoro aprymenTta B w. Ilo
ompeesieHUO Ay (DOPM HYJIEBOTO MOPSIIKA

tra =0, acA°M.

Brayrpennee npousseenne siBisiercs aHTHAnGDEPEHINPOBAHNEM, KAK U
BHemHUU auddepeHua:

if(w1 /\w2) = (ifwl) A wo + (—1)k1w1 N tywa, w; € A*i M.

Hoxkazxxem, aro mpousBomayio JIu muddepenmanbaoit hopmsr 10008t
CTEIEeHN MOXKHO BBIYUCJIMTD II0 CJeayomein popmyire:

Ly =doig+ifod, (11.10)

KOTOpas Ha3bIBaeTcsa gopmyroti Kapmana, cokpamenno «L = di + id ».
Bo-nepBbIxX, 3aMeTHM, 9TO npaBas 9acThb (11.10) uMeeT HyKHYIO CTeNeHb:

doif+ifod: A*M — AFM.

Haimee, omeparop do iy + iy o d aBnderca muddepermupoBanueM, Tak
KaK OH mojiydeH m3 AByx antumuddepennuposannii. Bomee Toro, sro
muddepeHIIpPoBaHe KOMMYTUPYET C auddepeHnnaIom:

do(doif+ifod)=doisod,
(doif+ifod)od=doisod.
Tenepsr mposepum dopmyrty (11.10) ma 0-bopmax: ecrm a € A°M, o
(doif)a=0,
(if od)a = (da, f) = fa = Lya.

Nrak, paBercrso (11.10) seinonssiercs Ha 0-bopmax. Ho ycranoBI€H-
HBIEe BBIIIE CBOHCTBa oTOOpaxkeHuit Ly u d o iy + iy o d U KOOpAHHATHOE
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upencrasienue (11.3) cBomar obuwmii ciay4gait k-popm k ciyuao 0-popm.
®opmymna (11.10) moxazaza.

Huddepennpansaoe onpenenenne (11.9) npomssommoit JIu MoKHO
HPOMHTEIPHPOBATh, T.e. CIPABEJIHBO PABEHCTBO omeparopos Ha ANM:

(5 ] 10
0

B ciemytoremM cmbicie. O603HaAYNM ITOTOK

t
- eT(f_)/LfT dr, (11.11)
0

ty
P = exp / £, dr.
to

CemeiicTBo oneparopoB Ha nuddepeHnuaIbHbIx hopMax
Pl AFM — AP M
€CTh €IUHCTBEHHOE peleHne 3amaaan Kormm
d ]/D\t = ;’\t oL ;’\t
dtro— 1o fer 0

= 1d, (11.12)
t=0

aHAJOTUYIHOU 3amadam Komm fj1s moToka Pg (2.9) u gua cemelicTBa ome-
paropos Ad P} (2.21), (2.22). DTo pemenne 0603Ha9a€TCA KAK

t t —~
(J,?;’)/Lffdrdéf <ex_ﬁ/f7d7> .
0 0

Yrob6b1 npoBeputh aud depennuanbraoe ypasaenue B (11.12), nokaxkem
CHadaJa CleAyolee PaBEHCTBO JJIsl OIIEPaToOpoB Ha hopMax:

d

o P/™*w=Ljw, weA"M. (11.13)

e=0

OTO0 paBEHCTBO OYEBUIHO st (DOPM HYJIEBOTO MOPSIKA:

d Tite d
al P, - ¢
dele—g ?t a de

Pf**a = fia = Ly,a, a € C™®(M).

e=0

HHanee, oba omeparopa die‘ P u L #, KOMMYTHPYIOT C d U yIOBIe-
e=0

TBOPAIOT HPABUIY JIefibHWIA OTHOCHATEHLHO HpOu3BeeHUs (DPYHKIAUA U
nuddepennmanbHoit popmbl. Torna pasercrso (11.13) caenyer s dopm
1100011 cTemeHn, KaK U B JoKa3areabcTBe hopmynsl Kaprana.
Tenepsb ypasrerue B (11.12) jierko nposepsieTcs:
d 5i_ d

dt 97 de

I3 £
P == PioP, ™ =
e=0 dele=0
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(mo npasmry Kommosuruu (11.4))

_ 4
_dEEZO

P{oP/T*=Pjo digazopttJre:PgoLft-

Yunpaxuaenne 11.3. JlokakuTe eTWHCTBEHHOCTb DENIEHUS 3a7a-

qm (11.12).
Jast aBroromuoro noas f € Vec M paserncrso (11.11) npuanMaer Bus

etf = etls,
Ormerum, gro nupoussoznusle Jlu nuddepennuanpubx dopm Ly u Bek-

ropHbIx nojieil (—ad f) B HEKOTOPOM CMBIC/IE TBONCTBEHHBI APYT APYLY;
cM. paBeHcTBO (11.14) Huxe. To ectb byHKIUSA

(W, X): g (wg, X(q)), €M,
samaer cnapusanmne A'M u Vec M mam C>°(M). Torma paBeHCTBO
(Pw,X) = P(w,P,X), PeDiff M, X¢cVecM, weA'M,
nmmMeetT I/IH(bI/IHI/ITe3I/IMa.HI)HyIO BEpPCHUIO BUIa
(Lyw,X) =Y {w,X) — (w,(adY)X), X, Y €VecM, we zgiwm

YuaurweiBasi popmyny Kaprana, Jierko mojydaeM ClIeAyIONIee BaXKHOE
PaBEHCTBO:

dw(KX) :Y<W7X> _X<W’Y> - <w7 [KXD; 11.15
X,Y € Vec M, we A'M. (11.15)

11.5. DJaeMeHTbl CUMILIEKTUYECKOii reoMeTpuun
Kax MbI BUJIe/m Bbllle, KOKacaTerbHoe paccitoenne T*M = U TrM
qeM

n-mepHOro MHOroobpasua M sBisercs 2n-MepHbIM MHOroobpasuem. JIro-
ObIe JIOKATBHBIE KOOPAUHATHL & = (Z1, . .., Z,) Ha M ONpemessoT KAaHOHH-
geckue JioKajbable Koopauaatel Ha T* M suna (&, z) = (£1,...,&n; T1,. .-

.., &y), B KOTOPBIX JIFO0OH KOBEKTOP A € T, M packnanpiBaeTcs Kak A =

n
- Z gz dwi|fl0'
i=1
11.5.1. ®opma JInyBuiia u cumiuiekTudeckass popma. «71as-
moaoeuueckan» 1-popma (mmm 1-gpopma Jluysuans) Ha KOKACATETHHOM
IIPOCTPAHCTBE
s € AYT*M)
ompezensiercs caemayiomum obpazom. Ilycre A € T*M — Touka KokKaca-

TesnbHOTO paccaoenus, a w € Th(T*M) — kacaresbnsiii Bektop k T*M B
rouke A. OG03HAYMM UYepe3 T KAHOHMYECKYIo npoekimio u3 1M una M:

m: T*M — M,
T A q, AeT;M.



11.5. Daemenmol CUMNAECKMUYECKOT 2€0MEMPUL 155

Huddepenmnman IpoeKun m eCTh JHHEHHOe 0TOOpaXKeHne
«t Th(T*M) — Ty M, qg=m(N).

Tapronornyeckas 1-dbopma s B TOUKE A AefiCTByeT Ha KaCATEIbHBIN BEK-
TOP W CJIEIYIOMMUM 00Pa3oM:

def
(sx,w) = (A, Tw).
To ecrp mb1 npoenupyem Bekrop w € T)(T*M) B BexTop mw € T,M, a
3areM feiicrByem KoBekTopoM A € Ty M. Takum oGpasom,
def
S = Aom,.

HasBanue «TaBrOsIOrmYecKasy OODBICHAETCS KOODAMHATHBIM IIPEJI-
craBieaneMm (opmbl s. B kaHonmdeckux kKoopauuartax (£,z) ma T*M
nMeeM

A= Zfidmi, (11.16)

w_zaz +Bzaml

B nokanbaBIX KOOpAWHATaX IIPOCKINA

m (& z) =

CTAaHOBUTCH JIMHEHHBIM OTOOpazkeHmeM, u ee auddepeHIuans aeiicTByeT
CITEIYIOIIIM 00Pa30oM:

0 0 0 .

n
1o}
TxW = Zﬂz 6—901-’
i=1

ITosTomy

CJIeIOBATEJIBHO,
n
<S>\,U)> = <)‘77r*w> = Zgzﬂz
=1

Ho B; = (dz;, w), nosromy dopma s umeeT B KoopauHatax (£, ) B TOIHO-
CTH TO K€ BhIpasKeHHe

sy =Y &da (11.17)
1=1

9T0 W KOBeKTOp A; cM. (11.16). Bupouem, ompenenenme dopmbr s e
3ABHCHT OT KOODIWHAT.

3Bameuanue. B mexanumke dopma JInmysumaa s obosHagaeTCsa de-
pes pdq.



156 I'n. 11. Jugdeperyuarvrvie Gopmovs U CUMNAEKMULECKAA 2E0MEMPUS

Paccmorpum BremHuit quddepennman 1-dbopmsr s

def
o = ds.

Judbdepenmuansras 2-bopma o € AZ(T* M) nasbiBaeTcs KanoHuye-
ckoli cumnaexmuyeckot cmpyxmypoti Ha T* M. B kanHoHmYecKux KOOp-
puHaTax mostygaem u3 (11.17)

n
o= d& Adz;. (11.18)
i=1
Orcroma BugHO, 9T0 POpMa 0 HEBBIPOKIEHA, T. €. DUJINHEHHAS KOCOCUM-
Merpudeckas popma

o T)\(T*M) X T)\(T*M) —R
HE UMeeT AIpa:
olw,)=0 = w=0, w e Th(T"M).

B 6asuce xacaremsrOro npocrpanctsa 1 (1* M)

o 0 0 o
.’ 06’ T Bay 06,
dopMma o) UMeeT BIOIHYIO MATPHUILY
0 1
-1 0
0 1
-1 0
®opma 0 3aMKHYTA:
do =0,

TaK KaK OHa TO4YHa: 0 = ds, a dod = 0.

Bameuganmsa (1) 3amxayras HeBBIpOXKAeHHAsS auddepeHTnATb-
Hasg 2-dopMa Ha 2n-MEPHOM MHOTOOODA3UU HAZBIBAETCH CUMTLAEKITIU-
weckol cmpykmypot. MHoroobpasme ¢ CHMIJIEKTHIECKOH CTPYKTYpOi
Ha3bIBAETCH CUMNAEKIMUYECKUM MHO2000pasuem. KokacaTeabHOe pac-
cinoernne T* M Cc KaHOHUYECKOI CHMILIEKTHYECKONH CTPYKTYpPOil 0 — Hau-
60Jiee BaKHBIN MPUMEP CHMILIEKTUIECKOTO MHOT00Opa3usl.

(2) B mexanuke 2-popma o m3BecTHa Kak dhopma dp A dg.

11.5.2. TaMuIBTOHOBBI BEKTOPHBIE IM0JisA. C IOMOMIBIO CUMILIEK-
Taeckoit cTpyKTypsl 0 € A%(T* M) MOXKHO MOCTPOUTDH TAMHTLTOHOB (hOp-
majam3Mm Ha 1T*M. [amusvmonuar — 9TO MPOU3BOJIBHAL IVIAIKas (DYHK-
Iys Ha KOKACATEJbHOM DPACCIIOEHUH:

h € C*(T*M).

Kaxxmomy ramunbroHnany h MO2KHO COLOCTABUTH 2GMUADMOHOB0 8EKMOP-
HOE TOoAE

he Vec(T* M)
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IO CJIeAYyIONeMYy IPAaBUILY:
ox( k) =dxh,  X€T*M. (11.19)

B TepmMmHAX BHYTPEHHEr0 NPOU3BENEHU iyyw (-, <) = w(v, ) raMUIBTOHOBO
=

1I0JIe — 9TO BEKTOPHOE 10Jie h, yA0BIeTBOPLAIOINIee PABEHCTBY

HU = —dh.

Tak kak cumnekTraeckas (OpMa ¢ HEBBIPOXKIEHA, 0TODparkeHme
w = ox\(-,w)

€CTh JUHEHHBIH n30Mopdhu3M

To(T*M) — TE (T M),

-
[O3TOMY TAMIJIBTOHOBO BeKTOPHOE modie h B (11.19) cymecrsyer n exuaCT-
BeHHBIM 00pa3oMm ompeesnsierca dyaknueit lamunsrona h.

B kanonmuecknx koopaunartax (&, z) ma T* M nmeem

dh = Z(a@ déi + 5o das),

nosromy B criry (11.18)

> \~(0h & 9h 8
5= (5% 9 ~ v 98 (11.20)
CnenoBaresnibaO, 2amuavmonosa cucmema OIY, coorBercTByromas h,
A=h()), AeT*M,

uMeeT B KAHOHMYECKHNX KOODJAWHATAX CJIeLyIOInil BU/I:

o _ Ok
tTag] .

: =1,...,n.
é.'_iah ? ) 7n
i = awia

Moxkuo paccmarpuBaTh GYHKIUN [aMUIbTOHA, 3aBUCAIIUE OT IIapa-

merpa: hy, t € R. B aToMm ciiy4ae HEABTOHOMHOE TaMUIBTOHOBO BEKTODHOE
=

mone h;, t € R, onpenensierca Tak ke, KAK B aBTOHOMHOM CJIydYae.

IToTok raMuIPTOHOBOI CHCTEMBI COXPAHSET CUMILIEKTHIECKYIO (HhOop-
My O.

-

Ilpennmoxenune 11.1. ITycmsv hy ecmv neasmorommoe 26MuALMO-

Ho60 eexmoproe noae na T M. Tozda

t
<ex—ﬁ/f_{7d'r> o=o.
0
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Hdoxazarenscrso. B cuny pasercrsa (11.11) umeem

t ~ t
(e?f)/l_z;d7'> :e;f)/Lﬁ dr,
0 0

IIO3TOMY YTBEPXKIAECHHE TAHHOI'O IIPEAJIOZKEHHA MOZKHO II€EPEINCAaTb KaK

L}—{to =0.
Ho npoussomnas JIu nerko Berauciasiercs mo dpopmyne Kaprana:
Lro=1ir o do +do i 0 =—dodh;=0. O
hy hy v+ hy t
=0
=—dh,

Bosee Toro, J10KaabHO CIIPaBeJINBO 0OPATHOE YTBEPXKIEHNE: €CIIN IT0-
TOK COXPAHSET 0, TO OH JIOKAJbHO TaMUJIHTOHOB. JlelicTBuTE/IHHO,

t ~
<e_xf)/f7d7'>cr:0 & Ljo=0,
0

Jagee, . ,
Lso =iy 0 do +doiygo,

=0
II0O3TOM
Y Liyo=0 & doigo=0.

Ecmu dopma if,0 3aMKHyTa, TO OHA JOKAIbHO TouHA (nemMma Ilyanka-
—

pe), T.e. CymecTByeT raMUJIBTOHUAH hy, /I KOTOPOTrO JIOKAIBHO fi = hy.
ITo cymecTBy TOIBKO raMUJIBTOHOBBL IOTOKU COXPAHSIOT 0 (II06aIbHO
MOT'YT BOSHHKATH «MHOTO3HAYHBIE TAMUJIBTOHUAHBI» ). Ecam MHOroo6pa-
3ue M ONHOCBSI3HO, TO CHOPABEIIMBO IVI0OAJbHOE yTBEPXKIEHUE: HOTOK
Ha T*M raMHJIBTOHOB TOT/IA M TOJIBKO TOT/IA, KOTZIA OH COXPAHSET CHM-
IUIEKTUYECKYIO CTPYKTYDY.
Crobka Ilyaccona ravunpronnanos a,b € C°°(I*M) — »To ramumib-

romat {a,b} € C*(T" M),
KOTOPBI OMIPEeIeIIeTCs JIIOOBIM U3 CJIEAYIONUX SKBUBAJIEHTHBIX CIIOCODOB:
{a,b} = ab=(db,d) = o(a,b) = —o(b, @) = —ba.
OueBugno, uTo cKOOKa [lyaccona OmamHeiHa 1 KOCOCHMMETPUYHA:
{a,b} = —{b,a}.

B kaHOHWYecKux KoopauHartax (&, z) Ha T*M

~(da b da b
IIpaBmio Jleitbauna nyis ckobku Ilyaccona jierko ciaemyer u3 ompeme-
JICHUS:
{a,bc} = {a,b} c+b{a,c}

(3meck bc — obbIUHOE MOTOYEYHOE Ipou3BeeHne DYHKIM b u ¢).
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CummrekToMOpdU3MBI KOKACATEIBHOTO PACC/IOEHNS COXPAHSIOT Ia-
MHJIBTOHOBBI  BEKTODHBIE IOJIS; JelicTBue CI/IMHJIeKTOMop(bI/BMa P c

€ Diff (T* M), Po = 0, HA TAMIJIETOHOBO BEKTODHOE TOJIe h ceomaTCs
K geficTeuio P Ha TraMuIbTOHHAH KaK 3aMeHa IepeMeHHBIX:

R
AdPh =Ph.
D10 cileayeT u3 MenoYKu
o(X,AdPh) = Po(X,AdPh) = Po(AdP ' X, h) =
= P(dh,AdP ' X) = X(Ph), X € Vec(T*M).

B 9aCTHOCTH, F'aMHJIBTOHOB IIOTOK II€EPEBOAUT I'aMHJIBTOHOBO IIOJIE B Tra-
MHJIBTOHOBO:

— —_ =
Ad Ptb, =Pb,, P =exp | a,dr. (11.22)

o

Nuadwuantesnmanbaas BEPCUs U3 9TOr0 PABEHCTBA — TOXKIECTBO KO-
6u mya ckobku Ilyaccona.

Ilpenmoxenune 11.2.
{a,{b,c}} + {b,{c,a}} +{c, {a,b}} =0, a,b,ce C*(T*M). (11.23)
R JdokaszaTeuasbcrtso. Jloboit cnvmiekromopdusm P € Diff (T* M),
Po = o, coxpansier ckobky Ilyaccona:

P{b,¢} = Po(b,&) = Po(AdPF, AdP&) = o(Pb, Pe) = {Pb, Pc}.

Honaraz P = €@ n nmuddepernupys upu t = 0, mosy9aeM TOXKIECTBO
Axobu
{av {bv C}} = {{a’v b}7 C} + {bv {av C}} O

Urak, mpocrparctso Beex rammiabrornanos C'°(T* M) obpasyer asn-
rebpy Jlu, mpousBenenue B KOTOpOIl 3amaercs ckobkoit Ilyaccona. Coor-

pererphe ad@,  aeC®(T*M), (11.24)

ecTtb roMoMopdu3m u3 anrebpsr Jlu ramMuIbTOHMAHOB B aaredpy Jlu ra-
MUJIbTOHOBBIX BEKTOPHBIX 10jieit Ha M. DTO BBITEKAET U3 CJIEAYIOIIEro
YTBEPK ICHUS.

— —
Cmnencreue 11.1. {a,b} =[a,b] daa wobwr eamusvmonuaros
a,be C®(T*M).

HokasarteabcTBo. ToxagectBo fAKoOM MOXKHO MEPENUCATH B

e {{a,b},¢} = {a,{b,c}} — {b,{a, c}},

T. €.

- — - e
{a,b} c=dobc—bodc=a,b]c, ceC®(T"'M). O
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U3 koopauuarHOro npezacrasienus (11.20) jerko Bumerhb, 9T0 A1PO
0TOBpPAKeHNsI @ — @ COCTOUT W3 IOCTOSHHBIX (DYHKIHH, T.€. 9TO H30-
Mopdu3M ¢ TOYHOCTBHIO 1m0 KoHCTaHT. C Ipyroit CTOpoHBI, 00pa3 3TO-
ro roMoMopdu3Ma COAEPKHUT JAJEKO He BCe BEKTOPHBIE Mojd Ha 1T M.
HeticrBuresibHO, BeKTOpPHOE moJie obmero Buma Ha 1M omnpemessieTcs
JIOKQJIHO TIPOU3BOJIBHBIMU 27 TIAAKUME (DYHKIIUSAMUA OT 2N [MePEMEHHBIX,
B TO BpeMs KaK FaMUJIBTOHOBO BEKTOPHOE II0JIE OLPEIEISeTCA BCETO OHOM
dbyHKImER OT 21 HepeMEeHHBIX — FaMUJIBTOHUAHOM.

Teopewma 11.1 (Hérep). Qynxyus a € C°(T*M) seanemca nep-
BHIM UHMEZPAAOM 2AMUABTIOHOB0T, CUCTILEMDL

A=h()), AeT*M, (11.25)
m. e. -
etha=a teR,
mozda u Moavko mozda, Ko2da oHa Kommymupyem no Ilyaccony c ea-
MUADBTNOHUAHOM:
{a,h} = 0.

-

HdoxaszaTenancTso. Toxmectso e'a = a paBHOCHIBHO paBeHCT-

ByOzl_{a:{h,a}. O

Cnencrsue 11.2. Cnpasedruso pasencmeo e h = h, m. e. moboti
eamuavmonuar h € C®°(T*M) ecmv unmezpan coomsememeyrowed 2a-
MusLmMoHosol cucmemov, (11.25).

N3 roxaectBa Axobu misa ckobku IlyaccoHa ciaenyer TakKe, 9TO MHO-
JKECTBO IEPBBIX MHTErPAJIOB FaMUJILTOHOBON cucTeMbl (11.25) obpasyer
anrebpy JIu ornocuressHOo ckobku Ilyaccona.

Caemcrue 11.3. Ecau {h,a} = {h,b} =0, mo {h,{a,b}} = 0.
3amedanue. [locTpoeHHBIN raMIIFTOHOB (POPMAJII3M 0000IIaeTCs
Ha IIPOU3BOJIbHBIE CUMILJICKTUYECKUE MHOFOO6paSI/IH.

A ceifyac MBI paccCMOTPUM KOHCTDPYKIHIO, PAbOTAIOIIYI0 TOJBKO Ha
T*M. Bossmem BekTopuHoe mosie X € VecM u onpemenum (QyHKIAIO

lamuibrona X* € C(T* M),
mmuefinyio Ha cnoax 1M, crepyromum oGpasom:

X*A) =\ X(9)), AXeT*M, q=m(}N).
B xanonnveckux koopauuarax (£, z) Ha T*M umeem

0
T

X = Zai(ax) 3

X* = Zﬁiai(:c). (11.26)

"3 sToro KOOPAWMHATHOT'O IPEACTABJACHUA CJIEAYET, 9TO

{X*,Y*}=[X,Y], X,Y € VecM,
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T.e. ckobka Ilyaccoma ramMmipTOHMAHOB, JUHEHHBIX HA cioax B 1% M,
COZEPKUT 0OBIYHYI0 CKOOKY JIu BekTOpHBIX mosteit Ha M.

LN

TamubronoBo BekToprHOE nose X*€ Vec(T*M), coorsercTByromee
raMuabTOHHAHY X *, HA3BIBACTCA 2AMUALIMOHOBHIM AUGMOM BEKTOPHO-
ro nosna X € Vec M. U3 xoopmunarabix npexcrasrennii (11.26), (11.20)
BUJIHO, 9TO

—
T (X™) = X.

Ilepeiinem K HeaBTOHOMHBIM mosIaM. IlycTts X; — HeaBTOHOMHOE BeK-
TOPHOE IIO0JIE, a

t
P, = ex_ﬁ/X,, d

ectb coorsercTByfomuit norok Ha M. Ilorox P = P, ; neficteyer na M:
P:. M— M, P: g~ q,
ero nuddepeHImal IEPEHOCUT KacaTe/IbHbIE BEKTOPHI BIIEPE/I:
P,: TyoM — Ty M,
a COIpsi’KeHHOe K HeMy oTobpazkeHme P* mepeHOCHT KOBEKTOPHI HA33I:
* * *
P Ty M — T, M.
Nmeem noToK Ha KOBEKTOPax (T. €. TOIKAX KOKACATENHHOTO PACCIOEHUS ):
e T*M — T* M.
)

O60o3nauum gepe3 V; HeaBTOHOMHOE BEKTOPHOE 1oJie Ha 1% M, nopox-
*
Jaromee noToK Pry:

d *
Vi = de oo ftitter
Torma
d d d
gt Tre = qel o Prave = ol o Prewe 0 Pra = Vo Pry

ITosromy norok P}, siBiisercs pemennem 3ajaa4n Komn
)

d s * *
E ‘r,t:VYtoP‘r,U PT,T:Id7

T. €. 9TO JIEBast XPOHOJIOTUYECKAsl SKCIOHEHTA:
t
* S
P, = exp/Vg dé.
T

Oka3bIBaeTCd, MMEETCS MPOCTasl CBA3b MEXKJy HEABTOHOMHBIM IIO-
jgem V; m raMuiabTOHHAHOM X'

—
Vi=—-X[. (11.27)
Heticreurensrno, norok P, coxpansier TaBrojiorudeckyo dhopmy s, no-
3TOMY
LVtS =0.

11 A.A. Arpaues, }0.JI. Caukos
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ITo dbopmyne Kaprana

iy,0 = —d(s,Vq),
T. €. mojie V; raMuJIbTOHOBO:
—
Vi =(s, Vi) -
Ho 7, V; = — X4, caemoBareiibHO,
- *
<5’ V"> - T o

u paseHcrBo (11.27) mokasano. YuurbiBasi coorHomenwe (2.18) mexmy
JIEBOM M IPABOil XPOHOJIOTMYECKUMHE SKCIIOHEHTAMH, [TOJIYIaeM

t T
— —
P:’t:é;p/—X; d@:e?p/xg do.
T t

Jloka3aHo Cjeayolee yTBEPXKIEHNUE.,
IIpennoxenune 11.3. Ilycmv Xy — noanoe HeasmoromMHOe NoAE

na M. Tozda ,
_ * g
<e>?p/X9d9> :e?p/XJ do.
T t

B wacTtHOCTH, 1711 aBTOHOMHBIX BeKTOPHBIX mojieit X € Vec M
—
z
( etX)* — X
11.5.3. JlarpaH>keBbI HOAIIpOCTPaHCcTBA. JIuHeiiHOe mpocTpaHCcT-
BO X, Ha KOTOPOM 3aJJaHa HEBBIPOXKIeHHAs OMIMHENHAS KOCOCUMMETPIY-
Hasg popMa 0, HA3BIBAETCA CUMNAEKMUNECKUM npocmparcmeom. Hampu-
mep, ¥ = T (T*M) ¢ xaHOHMHIeCKO! cnMIuIeKTHIeCKO# opmoit o = o)
ABJIAETCHA CUMILIEKTHIECKIM IIPOCTPAHCTBOM.

JIroboe moampocTpaHCTBO L CHMIIJIEKTUYIECKOTO MPOCTPAHCTBA Y. MMe-
eT KOCOOPTOT'OHAJIbHOE JOTIOJTHEHIE

L ={z e ¥|o(z,L) = 0}.
IlommpocrparcTBo L C ¥ HA3BIBAETCS U30MPOTHbIM, €CIIA
LC L.
B cuity HEBBIPOXKIEHHOCTH CUMILIEKTHYECKOM (POPMBL 0 MMeeM
dim L* = codim L.
B gacrrOCTH, eciim moanpocTpaHCTBO L M30TPOIHO, TO
. 1 ..
dim L < 3 dim X.
W30TponHbIe TOATPOCTPAHCTBA MaKCAMAJIBLHON Pa3MEPHOCTH:
. 1 ..
Lc L% dimL = ;dmY & L= L#,

Ha3bIBAIOTCA AaA2PAHHCEBDIMU noanpocmpaﬁcmeamu .
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Hanpumep, B KaHOHWYECKUX KOOpAMHATAX (p,q) Ha Y BEPTHUKAJBHOE
noanpocrpascTBo {¢ = 0} u ropusonTanbHOE moampocTpancTteo {p = 0}
JIarPAHKEBHI.

CymecrByer craHIapTHBIN CII0CO0 TOCTPOEHNUS JIArPAHKEBA IO/ [IIPOCT-
PaHCTBa, COIEpXKalero Jirboe 3aJaHHOE M30TPOIHOE IIOAIIPOCTPAHCTBO.
IIycrs I' C ¥ — uzorponnoe, a A C ¥ — jarpaHKeBo MOANPOCTPAHCTBO.
Torpma moampocTpaHCTBO

ATEAATY 4T = (A+T)NT? (11.28)
sarpankeBo (nposepspre). SIcHO, UTO
A' DT

B wacTrOCTH, /T00ast IpsiMasi B X COAEPKUTCHA B HEKOTOPOM JIATPAHZKEBOM
TOAIIPOCTPAHCTBE.

11*



I'masa 12
IIPUHIINII MAKCUMYMA IIOHTPATVHA

B »sroit rmaBe mbr mokaxkeM (DyHIAMEHTAJIBHOE HEOOXOIMMOE YCJIO-
BHUE OIITUMAJIBHOCTHU IJId 3aa9 OIITUMAJIBHOTO YIIPaAaBJICHUA — IIPUHIUIL
makcumyMa Ilorrparuaa (IIMII). YTo6bl mosydnTh GeCKOOPAUHATHYIO
GOPMYNUPOBKY MPUHIWIIA MAKCAMYMa, MBI HCIOJIB3YyeM TEXHUKY CHM-
IUIEKTHYECKO reOMeTpUH, U3JI0KEHHYI0 B mpenbiaymieil riase. llepBas
kiaccudeckas Bepcus IIMII 6bma monydena JI. C. IloHTparuHsIM U ero
COTPpyJHUKAMN [15] JId 3aa9 OIITUMAJIBHOTO YIIDAaBJIEHUSA B €BKJIXJI0BOM
IIPOCTPAHCTBE.

12.1. I'eomerpuyeckasi IIOCTAaHOBKA U O0OCYy2K/eHUE
ONPUHOUIIA MaKCUMyMa

Paccyvorpum 331249y oTHMAJIBHOTO YIIPABJIEHHS, IOCTABJIEHHYIO B IIa-
parpade 10.1 gya ynpaBseMoil CHCTEMBI

i=fulq), q€M, ueUCR™”, (12.1)
C Ha4a. cJioBue
Ha4YaJIbHBIM YCJIOBUEM q(O) = qo. (122)

Oupenenum cemeiicrBo dyukuumii [amuibrona:
hu(X) = (A, fu(9)), AeTyM, qgeM, uel.
B TepMuHAX IpeapLAyIeil TIaBbl
hu(A) = fu(A).
SadurcupyeM Tpon3BOJIbLHBI MOMEHT BpemeHu t1 > 0.

B maparpade 10.2 3amada onTHMAJBHOTO yIpaBIeHUs ObLIa CBEIEHA
K HCCJI€OBAHUIO TI'DAHUIIbI MHO2KECTB JOCTU2KUMOCTH. C(bopMyJII/IpyeM
HEOOX0IMMO€e YCJIOBUE ONTHMAJLHOCTH B ITOH Te€OMETPHYECKON IIOCTa-
HOBKE.

Teopema 12.1 (IIMII). IIycmo u(t), t € [0,t1], ecmv donycmumoe
ynpasaenue, a ¢(t) = qz(t) — coomseemcmeyrowee pewenue 3adawu Ko-
wu (12.1), (12.2). Ecau

q(t1) € 0Ag, (1),

mo cywecmeyem maxas AUNWUYEBA Kpusas 6 KOKaACAMEAOBHOM PACCAOE-

nu M€ TEnM,  0<t<ty,
e At 0, (12.3)
M = Ray (), (12.4)
hﬂ(t)()\t) = Islea[}( hu()\t) (125)

ons nowmu scex t € [0,q].
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Ecmm u(t) — momycTmmoe ympabienue, a \; — JIANIIATEBA KPABasi
B T*M, nns koTopoii BemosHsAOTCA ycaosug (12.3)—(12.5), To rosopsr,
aro mapa (u(t), A¢) ymosimersopsger IIMII. B stom ciydae kpusas \; Ha-
3BIBAETCH IKCMPEMAADIO, a ee mpoeknust (t) = m(N\;) — axempemaavrot
mpaexmopuet.

Samevanne. Ecumnapa (4(t), \;) yaoBreTBOpSIeT IPHHINITY MaK-
CAMYMa, TO

ha(t)(Ae) = const, t €10,t]. (12.6)

elicTBuTenbHO, TaK KakK AOMYyCTEMOE yIpasieHwWe U(t) orpanmde-
HO, MakCHMyM B mpaBoii gwactu (12.5) MoxkHO GpaTh HO KOMIAKTY
{a(t)| t € [0,t1]} = U. Hanee, dysxims
¢(A) = maxhy(A)
uelU

gummuaiesa mo A € T*M. Tlokaxkem, 9T0 mpom3BoHAS 3TOW GYyHKIUU
pasra Hym0. g moboro momyctumoro ynpasiaeHus u(t)

@(/\t) > hu(‘r) ()‘t)a 90()‘1') = hu(T) (AT)’

IIO3TOMY
— h At)—h Ar
o(A) — p(Ar) > u(‘r)( t) u(‘r)( ), t> T
t—T1 t—T1
CuresoBaresibHO,
d
dt e 30(/\75) 2 {hu(‘r)a hu(T)} =0,

ecm dyrkmus p(\;) quddepernupyema B Touke 7. AHATIOTHIHO,
M) = o(Ar) - hun(Ae) = hui) (Ar)

t—T1 = t—T1

, t<T,

TO3TOMY

(M) <0.

Nraxk,

u Toxxzpecrso (12.6) mokasamo.
laMuIbTOHOBA CUCTEMA NPHHIAIA MAKCHMYMa

A = Ruy (M) (12.7)

ABJIFETCA pacmmpeRneM ucxonuoil cucrembl (12.1) Ha KoKacaTesbHOE
npocTpancTBo. JleficTBuTeIbHO, B KAHOHUYIECKAX KOODAMHATAX A =
= (¢, z) € T*M "3 raMUIBTOHOBON CHCTEMBI OJIYy9aeM

. Ohy
b= g = Lo @)
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A

b1

Puc. 12.1. Onopras runepiuroc-

KOCTb U HOPMAJIbHBIIl KOBEKTOD

KO MHOXECTBY JOCTHXKUMOCTH
Ago (t1) B Touke ¢

To ecrb pemenme \; cucremsl (12.7)
ecTb raMuwIbTOHOB JudT pemenus ¢(t)
cucrems! (12.1):

T(Ae) = qu(t)-

IIpexxne wem [g0Ka3aTh MPUHIWIL
makcumyma llorTpsirunaa, obcyaum 31O
YTBEPXKJICHHUE.

HanuMm  3BpuUCTHYECKOE O0bsICHE-
HHE TOr0, YTO KPHBAsA KOBEKTODPOB ¢
€CTeCTBEHHO BO3HUKAET IIpU HU3y4eHUH
TPaeKTOpuil, IPUXOAAIIUX Ha I'DAHUILY
MHOKeCTBa JoctuxkuMocTd. [lycrs

q1 = q(t1) € 0Ag, (t)- (12.8)

Wnes cocrour B TOM, ITODBI PAcCMOT-
pPeTb HOPMaJIbHBIM KOBEKTOD KO MHOXKE-
crBy mocrmkumocta Ay (t1) BOau3n g1,
60Jiee TOYHO — HOPMAJIBHBIN KOBEKTOD
K HEKOTOPOMY BBIIIYKJIOMY KaCaTe€/JIbHO-
My KoHycy K Ag, (t1) B ¢1. B cuiy BKIIIO-

genus (12.8) 9T0T BBIIYKIIBLA KOHYC JOJIKEH OBITH cOOCTBEHHBIM. [IoaTO-
My OH HMeeT OIIOPHYIO THIIePIIOCKOCTb, T. €. JIMHEHHYI0 THIIePIIOCKOCTh
B T, M, KoTopas orpaHHYHBaeT IOJIYIPOCTPAHCTBO, COepzKaliee 3TOT
xonyc. Jlasiee, ara omnopHas ruiepiyIOCKOCTb €CThb $/IPO HEKOTOPOI'O HOP-
MasbHOTO KoBekTopa Ay, € T M, Ay, # 0 (puc. 12.1). Kosexrop Ay, —

aHAJIOr MHOXKHTeJel Jlarpamxka.

YT0o6Bl MOCTPOUTH BCIO KPHUBYIO A;, ¢ € [0,¢1], paccMoTpuM MOTOK,

MOPOK/IEHHBIH ynpaBieHueM u(-)

—
Pt,tl = exp/

Jlerko BuzeTs, 910

fﬂ('r) dTa te [Oa tl]‘

Prti (Age () C Ago(tr), 1 €0, 4.

HelticTBuTensHO, ecin ToUKa ¢ € Ay, () JOCTHKEMA U3 gy BIOJIb yIPaBIIE-
mus u(7), 7 € [0,], To Touka P; ¢, (¢) KocTHKUMA U3 o BAOJID yIPABJICHHS

v(r) = {

u(r), T €][0,t],
u(r), 7€t t1].

Hamee, nudbdeomopdusm P : M — M ynosreTBopseT yCIOBHIO
Pii(qt) = q(t1) = q,  t€[0,t]-
ITosromy ecau g(t) € int Ay, (t), To ¢1 € int Agy(¢1). Or mporusHoro us

Bkitodenus (12.8) crenyer, aro

q(t) € 0A, (), t €0,t1].
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Kacarenbaslit kKoHYC K Ag, (t) B TouKe ¢(t) = Py, +(¢1) EMeeT HOPMaJIbHBIA
KoBeKTOp Ay = Py (A, ). Ilo mpenoxkenmto 11.3 xpusag A, t € [0,14],

-

€CTb TPAaeKTOpH# FaMUJIBTOHOBA BEKTOPHOTO HOJA hg(), T.€. raMUIIbTO-
HOoBoOU cuctembl [IMII.

Hecnoxuo nmomyunts u ycioBue makcumyMma [IMII. Kacareabubrit Ko-
myc K Ay (1) B ¢1 DoiKeH comepKaTh MHDUHATE3UMANBHOE MHOKECTBO
JOCTHKHUMOCTH U3 TOYKHU (1:

fular) — fa) (@),

T. €. MHOXKECTBO BEKTOPOB, MOJIy9aeMbIX BAPUAIMSAMU YIIPABJIeHUS U BOJIH-
31 t1. [losTOMy KOBEKTOD A¢, JOJIKET 331aBaTh ONOPHYIO TUIEPIITIOCKOCTD
K 9TOMY MHOXKECTBY:

Mgy fu— fa@n) <0, wel,

hu(Mey) = Mgy fu) < Oy faen) = haes) (M), uel.

Ileperocss koBeKTOp A, moTokoMm Py, , mojydaeM ycJIoBHe MaKCAMyMa
IIMII
hu()\t) < hi(t) ()\t)a u e U, t e [O,t]_]

Crenyroitee yTBep:KJEHHE JIEMOHCTPUPYET CHUJIy IMPUHIIANA MaKCH-
MyMa.

IIlpennmoxenune 12.1. I[Ipednosostcum, 4mo MaKCUMUIUPOBAHHBIT
2AaMUADMOHUAH NPUHYUUTA MAIKCUMYMT

HQ\) =maxh,(\),  AeT"M,

onpedeaen u C?-2aadox na T*M \ {\ = 0}.
Ecau napa (u(t), At), t € [0,t1], ydosaemeopsem npunyuny markcumy-
M@, MO

Ae=HO),  teoty). (12.9)

Obpammno: ecau Aunwuyesa kpusas Ay = 0 A6AAEMCA peweHuem 2a-
MUALMOH080U cucmemv, (12.9), mo moorcno nodobpams donycmumoe
ynpasaenue u(t), t € [0,¢1], max, wmobw napa (u(t), \;) ydosaemeopana
IIMII.

WubiMu ciioBaMu, B GJIArOIPUATHOM CJIydae, KOTAa MAaKCHMU3HPOBAH-
HEIH ramMuabToEnaH H geigerca C?-TaaxuM, IPHHINI MAKCAMYMa, CBO-
JUAT 33Ja9y K HCCJIEOBAHUIO PEIleHN BCero OJHOU raMUJIbTOHOBOI CHC-
Tembl (12.9). C ToYKY 3peHUs pa3MEPHOCTH 9TO — JIydIllee, Yero MOXKHO
oxuaTh. JleficTBUTENBHO, /IS TIOJITHOMEPHOTO MHOXKECTBA JOCTUZKUMOC-
i (dim Agy(t1) = n) nmeem dim Ay (t1) = n — 1, 1. e. Ham Tpebyercs
(n — 1)-mapamerpuaeckoe CeMeHCTBO KPHWBBIX MJIsi ONUCAHWS TDAHUIHI
0Ag, (t1). C mpyroif cTOpOHBI, CeMECTBO peIIeHHuil TaMUIBTOHOBON CHC-
Tembl (12.9) ¢ HavgampHBIM ycaoBueM T(Ag) = go SBISIETCS N-MEPHBIM.
VaurhBasg OTHOPOTHOCTH TaMIIbTOHIaHa H:

H(cl) = cH(N), c>0,
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T. €. — — — —

et (ehg) = cet™ (No), moetf (chg) = mo et (),

mostydaeM uckomoe (n — 1)-MepHOe ceMeficTBO KPUBBIX.
Jokaxxem npemioxenne 12.1.

HdoxazartensbctTso. IlokaxkeMm, 9TO eciim DOmycTHMOE yIpaBiie-
Hue u(t) yaosierBopseT ycioBuio MakcumyMma (12.5), To

—

hawy\) = H(N),  te[0,t]. (12.10)
Ilo ompenenennto MaKCUMU3UPOBAHHOTO raMuIbTOHNAHA H
H(\) — hﬁ(t) AN =0 AXeT*M, telo,ty].

C npyroit croponsl, B cuiry ycaosus makcumyma IIMIT (12.5) Bmoas sxc-
TpeMaJu \; 9TO HEPABEHCTBO OOPAIIAETCs B PABEHCTBO:

H(\) — hﬁ(t) (A) =0, t €10,t1].

ITosTomy
dyH = dAthE(t): t €[0,4].

Ho ramumabTOHOBO BEKTOPHOE 10JI€ TOJTydaeTcsa n3 auddepeHnuaia ra-
MUJIBTOHMAHA CTAHJAPTHBIM JHHEHHBIM [IPEO0OpPA30BAHUEM, [IOITOMY pPa-
BercTso (12.10) mokasamo.

Ob6patHo: mycTh A; # 0 eCTh TPAEKTOpUS TAMUJIBTOHOBOW CHCTEMBI

At = H(\;). Tak ke, kak B mokasaTeabcTBe TeopeMmbl Pmiunmnosa, BbI-
GepeM JomycTEMOe yrpaBiieHue U(t), Ha KOTOPOM JOCTHTAETCS MAKCHMYM
BIOJb \;:

Mp#1 nmokasasm BeImIe, 9TO TOrAA BIOIHSAETCS pasercTso (12.10). ITosro-
my mapa (u(t), \¢) yIoBIETBOPAET NPUHIMIY MaKCHMyMa. [

12.2. Jloka3arenbcTBO nmpumHOuna Mmakcumyma lloHTpsirmaa

Haurem ¢ 1Byx BCIIOMOraTeIbHBIX yTBEPIKICHUM.
O603HaYUM 110JI02KUTEJBLHBIN OpTanT B R™ udepes
RY = {(z1,...,zm) ER™| 2; 20, i =1,...,m}.
Jemma 12.1. IMycmo sexmop-gpynxyus F: R™ — R™ aunwuyesa,
F(0) =0, u dugppepenyupyema 6 0:

,_dF
1F, = 3z e
IIpednonootcum, wmo
FRT) = R".

Tozda O0as 410600 oxkpecmrocmu wavasa xkoopdurnam Oy C R™ umeem
0 € int F(Op NRY).

3aMedaHue. YTBepXKIeHNE IPeIbIAYINEH JIEMMbI OCTAETCS B CAJIE,
€cJIi 3aMeHUTh opTaHT R’ Ha MPOM3BOMBHBIN BEITYKIIbI Koryc C C R™.
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IIpuBeseHHOE HEXKE JOKA3ATEILCTBO MPOXOAUT B 9TOM CjIydae 6e3 m3Mme-
HEHUI.

HoxaszaTeuscrtBo. Beibepem sobbre TOUKH: Y, - - -, Y € R™, mo-
POXKIIAIOIIHE N-MePHBII CHUMIIJIEKC C IEHTPOM B HYyJIe:

n
1
n+1¥yi—0.
=l

U3 cropbexTuBHOCTH OTOGpaxenus Fj: R* — R™ u BbImyKI0CTH 10JI0-
JKHuTenpHOro opranTa R’ jlerko ciemyer, 9TO OrpaHHYeHHe Ha BHYTPEH-

HOCTb F{|,  pm TaKzKe CIOPbEKTHBHO:
+
Jv; € intR  rTakme, wro  Fyu; =y;, i=0,...,n.
Toukwu yo, . .., y, abdduaHO He3aBUCHMBI B R" | mo3TOMY MX TpO0OPa3bI Vg,

., U Takxke addunno mezasucumbl B R"'. Cpennee apudmernaeckoe

n
1
v = v;
n -+ 1 Z g
i=0
npuHaIeXRuT int R u yI0BI€TEOPAET PaBEHCTBY

Fév =0.

Hasee, HOAIPOCTPAHCTBO
W =span{v; —v|t=0,...,n} CR™

n-MepHO. B cmiy BKmiouenns v € int R MoxkXHO HalTH n-MepHBIH mmap
Bs C W pocrarodHo mMaJjioro pajuyca ¢ C HEHTPOM B HyJI€ TakOi, 4To

M m
v+ Bs Cint RY".
Tak xak Fj(v; — v) = Fjv;, umeem FjW = R, T. e. nuHeiiHOe 0TOGpaKe-

mue Fj: W — R" o6parumo.
Paccvorpum ciemyroree ceMeicTBO 0TOOPAKEHMIA:

Gy: Bs - R, a € 10,aq),
Go(w) = éF(a(v—i—w))a a >0,
Go(w) = Fyw.
Ilo ycnoBuro npenjioxkeHus
F(z) = Fyz+o(z), z€R", z-0,

O3TOMY
Go(w) = Fjw + o(1), a—0, we By. (12.11)

B cmny munmmmeBoctu orobpakenusi F' Bce orobpaxkenus (G, Takxke
JIMIIIAIEBBI ¢ 0bmeit KoHcTanToil. CiemoBaresbHO, cemeiictBo (G, paB-
HOCTEIIeHHO HenpephiBHO. PaBerncrso (12.11) o3nagaer, 9To

G. — Gy, a— 0,

IIOTOYE€YHO, IIOTOMY PAaBHOMEPHO.
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CiteioBaTesbHO, HENpephiBHOe oTobpazkemme Gy 0 Gy bt Go(Bs) — R™
PaBHOMEPHO OJIM3KO K TOXKIECTBEHHOMY OTOOparKeHuio, a pa3HocTh 1d —

—GaoGy ! paBrHOMepHO 61H3Ka K HyaeBoMy oToGpazkenmo. Js m060ro
Z € R®, gocrarodno 6IM3KOro K Havajy KOODIAWHAT, HEIPEPBIBHOE O0TO6-
paxeHue

I[d-GaoGy' +7

nepesoguT MHOKeCTBO G (Bs) B cebs. Ilo Teopeme Bpayspa o memogpux-
HO#l TOYKE y 3TOr0 OTOOpayKeHHs CyIIeCTBYeT HEHOABHKHAA TOYKA T €

€ Go(Bs):
z— GooGyl(z)+7 =z,

GooGy'l(z) = 7.
Hosy4aem srtouerue int G, 0 Gy ' (Bs) 3 0, cienosarenso, int F(aBj) 3
3 0 g maseix o > 0. O

Ha,‘{HeM IIOCTpOEHUE BI)IHyKJIOf/'I AIIIPOKCUMaAIINU MHO2KeCTBaA JOCTUKU-
mocru Ag, (t1) B Touke ¢ = ¢(t1). Bosbmem sro6oe fomycrumoe ynpasie-
mue u(t) U BBIpA3UM KOHEYHYIO TOYKY COOTBETCTBYIOMIE TPAEKTOPHHU IO
dopmyie Bapuanmii (2.28):

tl tl
qu(t1) = qo 0 e;f)/fu('r) dr =qo o fﬁ)/fa(f) + (fur) — fa)) dr =
0

0
ty

ty
:qooe;f)/fa(ﬂ dTOe;}?)/(P-,t-l)*(fu(‘r) _fﬂ(T))dT:
0 0
ty

.
=qo eXP/ (PY), (fu(ry — fa(n)) dr.

0
BBe,ZLEM cireayronmee BEKTOPDHOE IIOJIE, 3aBHCAIIEE OT ABYX IIapaMETPOB:

gru = (PE), (fu = fan), T€[0,t1], uel. (12.12)

Mps! moKa3aJm, 910

t1
qu(tl) =q° e;f)/g‘r,u(r) dr. (1213)
0
Samerum, 9T0 Gratry =0, r et

Jdemma 12.2. Iyemo T C [0,t1] ecmo mmooicecmso mouer Jlebeza
ynpasaenus u(-). Ecau

Toy M = cone{g.u(q1)| T€T, uecU},

q € int Aqa (tl).
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Bameuanne. MuoxecrBo cone{g,.(q1)| 7 €T, ue U} C Ty M
U €CTb JIOKAJIbHASA BBIMYKJIasd AMIPOKCHMANUS MHOXKECTBA JTOCTHKIMOC-
i Ay, (1) B TOUKe ¢.

Hanomuanm, ato Touka 7 € [0,t1] HaseiBaeTCH moukot Jlebeza dynk-
mum u € L0, 1], ecrm

t
.1 B
ggﬁjﬂ/ﬁxm—uﬁnw_xy
t
B roukax JleGera dpyHKIuu u MHTErpaJ f u(f) d0 nmddepennnpyem u
0
t

%(/umw):mw

0

MmuoxkecTBo TOouek JleGera mmeer HOHYIO Mepy B OOJACTH oOmpenele-
Hus [0, t1]. IToapoGHOe U3/I0XKeHNe STOro BOIIPOCa YATATENh MOXKET HaiiTH,
Hanpumep, B [147].

Hoxaxem jgemmy 12.2.

HokasaTeabcTBo. MOXKHO BHIOpATh BEKTODHI
9riui(q1) € Ty, M, neT, welU, i=1,...k,

TaK, YTOOBI OHU IIOPOKJAJIN KAK [OJIOXKUTEJbHBIH BBIIYKJIbIiI KOHYC BCe
KacaTeJIbHOe IIPOCTPAHCTBO:

cone{gr, u;(q1)|i=1,...,k} =Ty M,

1 9T00bI IPU TOM TOYKHU T; ObLIM PA3JIMYHBIMU: T; 7 Tj, | 7# j. HeiicrBu-

TEeJIbHO, €C/IU T; = Tj JJIf HEKOTOPBIX ¢ 7 j, TO MOXKHO II0400pPaTh J0CTa-
!

TOIHO 63Kyt ToUKy Jlebera ) # T; TaK, 9TOOBI PA3HOCTb grt u; (1) —

— Gr;,u;(q1) OBLIA CKOMB YroaHO Masoil. DTO BO3MOXKHO, TaK KaK JIs
JI00BIX T € T 1 100bx € > 0

[T meas {t' € [r,t]] |u(t') —u(r) <e} =1 upu t—

-7
By,zLeM CYHUTATh, 94TO T1 < Tg < ... < Tk.

Onpenenum ceMeiiCTBO BapUaIlii yIpaBJIeHAs, COBIAJAloMee BOIA3T
TOYeK T; C Uj, & BIAJIM OT 3THX TOYeK — C ympabieHueM u(:) (Takue
BapHAIUN Ha3bIBAIOTCS UZOADYATNOLMU).

A unmenHo, g1 106X § = (81,...,8;) € R’j_ PaACCMOTPHM yIIPaBJICHHE
BHIA

u,  t €[, T+ s,
ug(t) = { _ K (12.14)
u(t), t¢ Z.I\_-Jl[Tia Ti + 84

IIpu MaJbIX § OTPE3KH [T;, T; + S;] HE IEPECEKAIOTCH, TaK KaK T; 7 T, § 7# j.
ITo dopmyse (12.13) KoHel, TPaeKTOPHH, COOTBETCTBYIOIIEH HOCTPOEHHO-
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My YIPAaBJIEHUIO, BHIPAXKAETCS CJIEAYIOMUM 00pa3oM:

t1
Qu,(t1) =qo o @/fus(t) dt =
0

Ti4+851 Ta+52 TSk
:CI106¥I>) / Gtuy Al oex_ﬁ / gt,uzdto---oe;f) Jt,uy dt.
m 2 T®
Orobpakenune
F: s=(s1,...,8) — qu,(t1)
Jmmnuneso, nuddepentupyemo upu s = 0 u

OF
0s; s=0

= g‘r,-,ui (ql)'

IIo memme 12.1
F(0) =g, € int F(O, NRE)

na moboit okpectroctn Og C R*. Ho xpusasg q,, (t), t € [0,t;], ansercs
nomycTaMofl TpaekTopmell npu Maibix s € RE | mostomy F(Op NRY) C
- Aqo (tl) u q; € int A(IO (tl) O

Tenmeppr MBI MOXKEM [0Ka3aTh OpUHOUO MakcuMmyMma llonTpsiruna B
reoMeTpuIecKoit hpopMynupoBre — Teopemy 12.1.

Hoxkaszarenscrtso. [Ipeamosokum, 9T0 KOHEI] TPAEKTOPHUH
@1 = q(t1) € 0Ag (t).

ITo nemme 12.2 magasno koopaunat 0 € Ty, M npuHaIIeXXUT TPAHUIE BbI-
IyKJIOr0 MHOXKeCTBa cone {g:,(q1)| t € T, u € U}, cremoBaTenbHO, 9TO
MHOXKECTBO MMEET OIOPHYIO I'HIIEPILIOCKOCTD B HYJIE: CYIECTBYET

At, € Tq*lM, Ae, # 0,
TaKoe, 4TO

(Mtyr9tu(q1)) <0 Vo t€l0,t], u e U.

Yuauresas onpenenenue (12.12) mons g ,,, HepenuIIeM TO HEPABEHCTBO
B CJIeyIOIIEeM BH/IE:

Aeys (P fu)(@)) < Oy (P2 faq) (1))

()" Aers Ful@(2))) < (B Ny, Faiey (@(1)))-

. t
HeiicTBue moToka P,' Ha KOBEKTOPHI OIpeJedeT KPUBYIO B KOKacaTelb-
HOM IIPOCTPAHCTBE:

def * *
A = (PM)* M, € Ty M, t €1[0,t].
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Ucnonp3ys 3Ty KpUBYIO KOBEKTODOB, IIPUBEIEHHOE BHIIIE HEPABEHCTBO
MOXKHO NepeNnucaTh KaK

(At Ful@(?))) < (Aes fan (a(1)))

[TosToMy BI0JIb BEIOpAHHON TPAEKTOPUH BBIMOJHAETCS YCIOBAE MAKCUMY-
ma [TMII (12.5):

hu(M) < hay(\)  YueU, Vs tel0t].

ITo mpemoxenunio 11.3 KpuBag A\; €CTb TPAEKTOPUS HEABTOHOMHOIO T'a-
. . .
MIJIBTOHOBA MOTOKA ¢ yHKIueH ['amMmuabrona fﬁ(t) = hg):

ty * t
M= o (ex_fa [ a0 d0> = 0&xp [ o) db,
t t1

HO3TOMY OHA YIOBJIETBOPSET FAMHJIBTOHOBOH CHCTEMe IPUHIUIA MaKCH-
myma (12.4) L
At = hgwy (M), O

12.3. T'eomerpudeckas dopmyaupoBka IIMII ansa 3amaun
Co CBOGOJHBIM BpeMeHeM

B npeapiaymem naparpade ObLI JOKa3aH NPUHIANT Makcumyma [ToHT-
paruHA 18 33Ja49d C 3aKpelJIeHHBIM KOHEYHbIM BpeMeHeM ti. Temepsn
PaccMOTPUM Ciydail CBOOOIHOTO 1.

Teopewma 12.2. IIyemo u(-) — donycmumoe ynpasaenue cucme-
mor (12.1) maxoe, wmo

at) e U A,

[t—t1|<e
Oan nexomopux t1 > 0 ue € (0,ty).
Toeda cywecmsyem maxas AUNUUYESD KPUBAA
MNETiWM, MN#0,  0<t<t,
wmo
A = Ea(g(&%
hay (M) = max hay (M),

ha(e (M) =0 (12.15)
daa nowmu ecex t € [0,11].

Sameganue. B 3agagsax co CBOOOIHBIM BPEMEHEM HOABJISAETC J10-
MIOJIHATEJIbHAS TTIepeMeHHast — KOHEeIHOe BpeMms t1. [ljisa nckitodenuns 3oi
nepeMeHHON mobGaBisieTcs ofHO ycaoBme — paseHCTBO (12.15). Dro pa-
BEHCTBO 3a/iaeT OJHO CKaJIfpHOe OrpaHUHYeHHe, TaK KaK U3 IPeIblIyITIX
JBYX clieyeT, 9To hg(y)(A¢) = const; cM. 3aMedanue mocyie Teopembr 12.1.
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Hokaszareasctso. CBegem cirydail CBOOOIHOTO BpEMEHU K CJIy-
9al0 3aKPEILIEHHOTO BPEMEHW, PACIINPAS YIPABJISEMYI0 CUCTEMY C IIO-
MOIIBIO 3aMeHBl BpeMeHHU. JOmyCTUMBIMU TPaeKTOPUSMEI PACIIHPEHHON
cucTeMbl Oy/IyT [epenapaMeTpu3anii TPAEKTOPUH UCXOMHOU CHCTEMBI
(c coxpaHeHneM HANpPaBJIEHUS TPAEKTOPHIA).

BosbMemMm B KadgecTBe HOBOI'O BpEMEHH IVIQJKYIO (DYHKIIHIO

p:R—=R, ¢>0.

BeiBenem muddepenmnmaipnoe ypaBHeHUE I8 HepenapaMeTpU30BaHHOM
TPAEKTOPUU:
d .
77 @u(p()) = &(t) fugo) (qu(#(2))),

T. €. ICKOMO€ ypaBHEHUE €CTh

Temeph pacCMOTPAM Hapsily ¢ UCXOZHOH yIPaBJIAeMOil CACTEMON
¢=fulg) wel,
TaK’Ke PaCIIAPEHHYI0 CACTEMY BHIA
g =vfu(q), uel, |[v-1] <, (12.16)
rae § = ¢/t; € (0,1). JomycTuMble yIpaBIeHHs HOBOI CHCTEMBI CyTh

w(t) = (v(t), u(t)),

a ympaBJieHuIO U(-) UCXOTHON CHCTEMBI COOTBETCTBYET YIIPABIEHHE Dac-
IMUPEHHO! CUCTEeMBI
w(t) = (1,u(t)).

Jlerko BujieTh, 4TO BKJIOYeHue g(t1) € 6(| UI Ago (t)) O3HAYaeT, 4To
t—t1|<e

TPAaEeKTOPHsl HOBOU CUCTEMbBI 9€pe3 TOUYKY ¢, COOTBETCTBYIOIIAs yIIPaBJIe-
HUIO 1:17(-), nonajaeT B MOMEHT ¢ Ha TPAHHUILy MHOXKECTBA JOCTUKAMOCTH
HOBO#1 cucreMbl 3a Bpems t1. Cienosarenbro, ynpasiaenue W(t) yaosier-
BOpsIET MPUHIUIY MAKCHMyMa C 3aKpeILIEHHBIM BpeMmeHeM. lIpmmeHum
reopemy 12.1 k HoBoii cucreme (12.16). Drta cucrema mMeeT raMUIIBTO-
HEaH vh, (). YeaoBue MakcnMyMa (12.5) 3anuceiBaeTcs Kak

L b (o) = we o1/ <s vhu(e)

ITpu orpanndenun u = 4(t) 3TO ycaoBuUe JaeT
hiy(Ae) = 0,
a IOIpH OrpaHmYeHnH v = 1 Ioaydaem

ha(t) ()\t) = 151635( hy ()\t)-

FaMHIBTOHOBBI CHCTEMBI BIOJIb W(-) X U(-) COBHATAIOT MeXIy coboit, u
TeopeMa JloKa3aHa. []
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12.4. TIMII pgas 3aga4 OoITUMAJIBHOTO yHIPAaBJIEHUS

IIpumennM TPUHIIMT MaKCUMyMa B T€OMETPUIECKON hOopMe K 3a1a9aM
ONTHIMAJIBHOTO YIIPABJIEHNH, HAYNHASA C 33749 C 3AKPEIJIEHHBIM BDEMEHEM.
Jis ynpasiisiemoi cucreMbl

G = fu(q), geM, uwel, (12.17)

C I'PAaHUYHBIMYU yCJIOBUSIME
q(0) =q0, q(t1)=q1, qo,q1 € M duxcuposansr, (12.18)
t; > 0 3akperieHo, (12.19)

u OYHKIIMOHAJIOM )
I = [ elaut),u(®) dt (12.20)
0

PaCCMOTPUM 33139y ONTUMAJIBLHOLO yIPABJIEHAS
J(u) — min. (12.21)

IIpeobpasyem sty 3amady, kak B naparpade 10.2. Pacmupum mpoct-

PAHCTBO COCTOSAHUMN:
&=@>eRxM,

OIpeIeJINM pacIIupeHHoe BeKTopHOoe mose f, € Vec (R x M):

7oy (ela,u)
ful9) <h@)>
¥ TOJIy9UM HOBYIO YIPABJISEMYIO CUCTEMY

g _ ¢ ¥ = (g, u),
a @)= {quu(q) (1222

C TPaHUYHBIMU YCJIOBUAMU

q(0) = Go = <q00> at,) = <J(§?)>

Ecan ynpasienue u(-) omrmManbHo mus 3azadn (12.17)—(12.21), To
TpaekTopus G;(t) pacumpenHoit cucremsl (12.22), HaumHaIOmasACA B qo,
YJOBJIETBOPSET yCJIOBHIO

Ga(ty) € 0Ag, (1),

rie A\% (t1) — mHOXKecTBO mocTmkmMocTn cucrembl (12.22) m3 Toukm g
3a BpeMmd t;. IlosTomy mpumenuma Teopema 12.1.

OpHAakKO TpPUHIUMI MAaKCHMyMa B TeOMETpPUYIecKOil dopme njas pac-
mupeHHo# cucreMsl (12.22) He pa3nuYaeT MUHEIMYMOB B MaKCHMYMOB
dysrnmonana J(u). YToObl MONYyYATH YCIOBUS, CIPABEIJIUBLIE TOJIBKO
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JJId MAHIMYMa, BBeJleM HOBBII yIIPaBJIAIONINN TapaMeTp v U paCCMOTPUM
HOBYIO CUCTEMY

{Z _ ?(Z})“) TV us0, wel (12.23)

Tpaexropus cucremsr (12.23), coorBercrByomas yupasieausam v(t) = 0,
u(t), momagaer Ha rpaHUIy MHOXKECTBA JOCTUXKUMOCTH ITON CHCTEMBI 33
Bpewms t1. Ilpumennm Teopemy 12.1 k cucreme (12.23). Nmeem

T(y7q)(R X M) =ReT,M,
17, (R x M) = R&TI M = {(,\)}.

TFamubrornan cucremsr (12.23) nmeer Bug,

Bwa) 05 A) = (X, fu) + v(p +0),

a raMHJIbBTOHOBa CHCTE€Ma IIPDUHIUIIA MaKCHUMYMa 3allUChIBAETCA KaK

p=90_o
0y
i = (g, u) + v, (12.24)

>'\ = Eﬂ(t) (1/, )\).

3neck hy (v, \) — raMIJIBTOHOBO IOJIE C TAMHJIBTOHHAHOM
ha(v, ) = (A, fu) +ve.

Ilepsoe u3 ypaprennii (12.24) o3Hagaer, 9T0 ¥ = const BAOIb ONTHMAE-
HOI TPaeKTOPHU.
VcoBue MakCHMyMa HMeeT BH/T

(s fato) + vol@0,GO) = _max (e, ) +v0(@(0),0) +vv).

Tak KaK 9TOT MAaKCHMYM JIOCTUTAETCS, IMEEM
v <0,
II09TOMY MOYKHO HOJIOXKUTb v = () B IPaBOii 9aCTH YCJIOBHUS MAKCHMYMa:

e, faeny) +ve(a(t), u(t)) = max (A, fu) + v(q(t), u)) .-

Wrak, nokasano cienyromiee yTBEPXK/IEHUE.

Teopewma 12.3. Ilyemwv ynpasaenue u(t), t € [0,t1], onmumasvro
oas 3adawu (12.17)—(12.21):

J(@ = min {J(w)] qu(tt) = a1}
Onpedeaum 2aMUALTOHUGH
Ry (X) = (A, fu) + ve(q, uw), AeT;M, uwelU, veR
Tozda cywecmsyem HEMPUBUAALHAS NAPA

(1/, )\t) fé 0, IS R, )\t € Tqi(t)M’
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0As KOMOPOT 6LINOAHAIOMCA CAEOYIOULUE YCAOBUA:
A= ﬁ%(t)(At)a
Ry (Ae) = max hr(A) Vn.e. tel0,t],
v < 0.

Bamevannsa (1) Ecim Bmecro 3amaam mHa mumammym (12.21) pac-
cMaTpHUBaeTcsd 3a/a49a Ha MAaKCAMYM, TO IIpeblayliee HepaBeHCTBO JIJid U

HY2KHO OOpaTUTD:
v > 0.

(2) dmust 3amaun co cBoGomubIM BpeMeHeM t1: (12.17), (12.18), (12.20),
(12.21), meobxommmble ycaosusi ontumasabHOcTH IIMII Takwme ke, Kak
B Teopeme 12.3, 1uIIOC OJHO JIONOJHUTEJIFHOE CKAJISPHOE PABEHCTBO
W% (Ae) = 0 (ynpazxnenne).

s mocrosiHHOTO IapameTpa vV B TeopeMe 12.3 nMerTCs JBe BO3MOXK-
HOCTH:

a) ecim v # 0, TO KpuBag \; HA3BIBAETCA HOPMAALHOU IKCTNPEMAADIO.
Tak kak napy (¥, A\+) MOXKHO YMHOXKUTH HA JIF000€ TOJI0KUTEJIbHOE YUCIIO,
MBI MO2KE€M HOPMHPOBATh ¥ < 0 ¥ CIUTATH, 9YTO B HOPMAJIHHOM CJIydae V =

6) ecim v = 0, TO Ay €CTH AHOPMAALHAA IKCTNPEMAND.

Wrak, MoKHO Bcerga cIuTarh, 9To ¥ = —1 mm v = 0.

Temnepp paccMoTpuM 33129y OBICTPOIEHCTBU:

q:fu(q)a qua UEUa
q(O) = qo, q(tl) =4q1, 4qo,q1 (bHKCHPOBaHbla

ty
tlz/ldt—>min.
0

[puamun makcumyma [loHTpsaruHa i 3aa4u OGbICTPOIEACTBUS TMe-
€T CAeayIy dopMmy.

Cnemcrsume 12.1. IIycmov ynpasaenue u(t), t € [0,t1], onmumans-
HO 1o bvicmpodeticmeuro. Onpedesum 2aMUABIMOHUAH

hy(X) = (A fu), AeT; M, uel.
Tozda cyuecmeyem AUNWUYEBE KDPUBAA
A € T*M, A # 0, t €[0,t4],
0As KOMOPOU BVINOAHANOMCA CACOYOUUE YCA08UA OAA NMOWMU 6cex t €
€ [0,¢4]:
A = ﬁa(t)(kt)a
hﬂ(t)(At) = gleag( hu()\t);

R (Ae) > 0. (12.25)

12 A.A. Arpaues, }0.JI. Caukos
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Hdoxazartenscrtso. [Ippumernm Teopemy 12.3 u BTOpOe 3ameda-
Hue mocje Hee, moyiaras ¢ = 1. OTciona cpa3y mojiy9aeM raMUJIBTOHOBY
CHCTEMY U YCJIOBHE MaKCUMyMa I 3aJa4u ObicTponeiicreus. HepaBenct-
B0 (12.25) pasHocmibHO ycaosusaMm hgy(Ae) +v =0m v < 0.

Haxkoner, HepaBeHCTBO Ay 7# 0 MOJIy9aeM CJIeIYIONIM PACCY K ICHUEM:
ecmn Ay = 0, 10 hg)(A¢) = 0, mosromy v = 0. Ho mapa (v, \;) momxua
OBITh HETPUBUAJIBHOM, cjiemoBaTesbuo, Ay 7 0. O

12.5. IIMII pjst 3ama4 ¢ OOIIMMU TPAHUYHBIMU YCJIOBUSIMHU

B srom maparpadye MbI 10KazKeM BepCUU MPUHITAITA MakcumyMa, [ToxT-
pArMHA Ui 33739 ONTHMAJBHOTO YIPABJIEHWUS, B KOTOPBIX TIDAHIIHBIE
TOYKHU TPAEKTOPUI IPUHAJIEKAT 33JaHHBIM MHOI000pa3uUsIM.

CHadasta pacCMOTPHM CJIEAYIOIIYIO 33/1a49y:

q = fulq), geM, uweUCR™, (12.26)
q(0) € No,  q(t1) € Ny, (12.27)
t1 > 0 3akpermteno, (12.28)
ty
J(u) = / o(a(t), u(t)) dt — min. (12.29)
0
Smece Ny m N; — 3aJaHHBIE TOTDYKEHHBIE MOAMHOT000pa3usi MPOCT-

pancTBa cocrostmit M. To ectb rparngssle Toukn ¢(0) u ¢(t1) Gombiie He
3aKPEILIEHbI, KaK PaHbIIE, a MPUHAJIE]KAT COOTBETCTBEHHO TOIMHOT000-
pasusim Ny u Ny.

Ecism Tpaexropus G(t) ontumanbHa B 9TOM 331a9€, TO OHA ONTAMAIBHA
U B 33Ja9e C 3aKperuleHHbIME rpanmaabivu Toukamu §(0), ¢(t1), pac-
cmorpenHoil B maparpade 12.4. Cienosaresnbro, Jyis Tpaekropuu g(t)
JIOJI?KHO BBITIOJIHATHCA yTBepKAeHne Teopembl 12.3. OmgHako Temnepsb Tpe-
OyIOTCS JIOTOJTHUTE/IHHBIE YCJIOBHS, MO3BOJISIONINE BHIOPATh T'DAHUIHBIE
rouku g(0) € Ny u g(t1) € Ny. EcrecTBEeHHO 0KHJIATH, 9TO TAKHE YCIOBHS
nmomxabl onpenenarbes (dim Ny + dim V7)) ckansgpabiMua ycmosusym. U
9TU YCJOBUS MOXHO JIEFKO COPMYJIMPOBATH B TaMUJIBTOHOBBIX TEPMU-
HAX, OHU HA3BIBAIOTCS YCAOBUAMU TNPAHCEEPCAALbHOCTIU, cM. (12.34) HuxKe.

Teopewma 124. ITycmo ynpasaenue u(t), t € [0,t1], onmumasvro 6
3adaue (12.26)—(12.29). Onpedeaum cemelicmeo 2amusbMOHUAHOS:

Ra(A) = (N ful@) +ve(gsu),  XeT;M, ge M, veR, uel.

Tozda cywecmsyom AUNWUYUESE KPUBAA i € Ta*(t)M’ t €10,t1], u
wucao v € R makue, umo:

. —

Av =hgy (M), (12.30)

M (Ae) = maxhy (Ar), (12.31)
(A, v) £ (0,0),  t€0,t], (12.32)
v <0, (12.33)
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Xo L ToyNo,  Aiy L Tyey) Vi (12.34)

Bameganus. (1) Jloboit nurelnblil GyHKINOHAI Ha JHHEHHOM
[IPOCTPAHCTBE €CTECTBEHHO OI'PAHUYUBAETCS HA JIFO0O0E MOAIPOCTPAHCTBO,
no3ToMYy ycJI0BHs TpaHcBepcanbHocTn (12.34) pacmmudposbiBatoTcs coot-
BETCTBEHHO TaK:

<>\0,’U> =0, v e TEI(O)NOa

<)\t1,w> =0, w e T&(tl)NI- \
“Xo )

(2) 3amaga co CBOGOIHBIM Bpe- - g(t1)
menen (12.26), (12.27), (12.29), cBo- 4(0) My
JOATCA K CJIy9al0 3aKPEeNJIeHHOro tp
TaK 2Ke, Kak B maparpade 12.4,
HodTOMY [yl Takoifl 3aJauum cupa-
BeJIUBA IPEIIEeCTBYIOMIAs Teope-

Ma C JIOTOJIHUTEJbHBIM YCJIOBUEM

h~(t)()\t) =0. Puc. 12.2. VYcmoBusa tpaHCcBepcaIb-
Hocru (12.34)

Ny

Hoxkazxxkem Teopemy 12.4.

HokaszareascrTso. Cxema gokazarenscrsa [IMII, ucnosbp3oBan-
Hag HaM# 11 TeopeM 12,1, 12,3, npuMeHHMA [TOCIE COOTBETCTBYIOIIAX MO-
quduKanmii K ropa3ao bosee obmuM 3ama9aM. Huke MbI TOJIBKO YKazKeEM,
KaK HY2KHO WM3MEHHUTBH JI0KA3aTE/JIbCTBA ITUX TEOPEM, UITOOBI OXBATHUTH
HoBBIe TpaHnuHble ycaosus ¢(0) € Ny, g(t1) € Ny.

CravaJjia pacCMOTPUM YaCTHBIN CJlydail, KOrjga Hada/ibHas TOYKA 3a-

KpEIJIeHa: IIyCTh
No = {a0}

JJ1si HEKOTOPO# Toukm qg € M.
Kak u npu mokazarennbcrse Teopembl 12.3, BBe1eM PACIINPEHHYIO CH-

cremy Ha R X M:
sz(Z)ERxM,
fu(q)=<(fu())+”) Tiya (R x M) =R x T, M,

19 _ 74 { +o, (12.35)

00) = = <q0>

Hasee, B cirygae 3aKpeIUIeHHON KOHETHON Toukm ((t7), HEOGXOAMMOE
YCJIOBHE ONTHUMAJILHOCTH TPAEKTOPUH G (t) GBLIO ClIeayonmm:

@ € 0Ag, (1) (12.36)
3nech A — MHOXKECTBO JIOCTHXKUMOCTH PACIIMPeHHOR cucTeMmsl (12.35) u
a1 = qu(t1).

12*
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Teneps, Korma KoHEIHOE MHOr0OOpasme N1 6OJIbIE HE SIBJISIETCS TOY-
KOii, Hy?KHO M3MEHUTb PACCYKIeHUs. B HEKOTOpOM CMBIC/IE MBI CBEIEM
KOHEYHOE MHOT000pa3ne K TOUKe, 33/1aBas ero JIOKAJIbHO ypaBHeHneM ¢ =
= 0. Beibepem Takyto cybmepcuio

$: 0 — RP, p =dim M — dim Ny,

MmaJioit okpecraoctu O C M, aro

Qai(ty)
Qa(ty)
" H0)=N.NO

Hasee, pacimmpum CyOMepCHIO: ONPEeIenM OTODparkKeHue

- 1+ (YY) — )
B 50, 2 (1) = ()

Tak kak ynpasmierue 4(t) onrnmaabHO B Hamell 3amade (12.26)—(12.29),
TO

Qa(y)”

3(q)) € 09(Az, (1)) (12.37)

ITosroMy MBI 3aMeHsieM HeoOXommmMoe ycioBue onTuMmasbHocTH (12.36)
Ha (12.37) u BO3BpalaeMcsl K cxeMe JJOKa3aTelbCTBa TeopeMm 12.1, 12.3.

Bosbpmem nr060e k € N u i06yt0 uronpaaryro sapuanuio (12.14) onrw-
MaJIBHOI'O yIIDABJIEHUS:

us(t), seRE,  w(t) =a(t), tel0t)

Onpenenum orobpakeHust

ty
G:RF SRxM,  G(s)=qu(t) = o e?p/fus(t) dt, (12.38)
0

F: RF 5 RYP F(s) = ®(G(s)) = G o@/ﬁs(t) dto®. (12.39)

U3 Brmouenns (12.37) cremyer, 9T0
®(q1) = F(0) € OF (R~ ). (12.40)
ITo memme 12.1
Fé(Rﬁ) :cone{ oF |i= 1,...,k} £ RITP,
O0silo
[O9TOMY CYIIECTBYET ONOPHAS IIOCKOCTD, T. €.

JEe (RP)", £#0,

TaKoe, ITo
(£95] V<0, izt .k (12.41)
8Si 0
BbrauciisieM 3Ty MPOU3BOIHYIO 110 IPABUITY HEMOYKH:
OF| _~ 0G
=3, o= 12.42
Osilo *asily’ ( )
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u nepenucbiBaeM HepaeHcTBa (12.41) B ciemyromem Bue:

~.2 0G ~ 9G .
e 2= < =1,...,k. .
(8¢, asi‘0> (€. e > 0, =1,k (12.43)
3areMm 0003HAYaEM KOBEKTOD
Ay, = €= <)\’: ) € T; (R x M) (12.44)
1

n nosmygaem ycaosus (12.30)—(12.33) B TounOCTH, Kak B Teopeme 12.3.

EnuucrBeHHOE OT/IMYHEe — B TOM, 9TO TelEPb KOBEKTOD Ay HE MOXKET
ObITH IPOU3BOJILHBIM: U3 paBeHcTBa (12.44) ciemyer BTOpoe u3 yCaoBHi
TpaHcBepcanbHocTH (12.34). eficTBUTEIBHO, NMeEeM

A, = D¢, £ € (RP)”,
IIO3TOMY
(Atys Tga(er)N1) = (7€, Ty (0)N1) = (€, @uTs(41)N1) = 0.
————
=0

Ileproe m3 ycnopmit TpanceepcanbprocTr (12.34) ceifqac TPUBHAIBHO BBI-
nosnHgETC, u TeopeMa B caydae No = {qo} nokasana.

Tenepsb mycTh HadaJIbHOE MHOTOOOpasue Ny ABJISeTCA MIPOU3BOJLHBIM
HOrpy*KeHHBIM MHOTooOpasueM B M. IlocTpoeHHYIO BBIIE CXeMy J0Ka3a-
TeJIbCTBa MOKHO MOIU(UIUIPOBATH, YTO0OBI HOKPHITh U 3TOT Caydaii. Tak
Kak Teneph HadauabHas Touka ¢(0) He dukcmpoBaHa, HyKHO 100ABUTH
Bapuanun ¢(0).

Bwmecto orobpakennii (12.38), (12.39) paccmoTpuM ciieryromme:

G: Ny xR* 5 R x M, G(q,s):ao@/ﬁs(t)dt,
0

t1
F: Ny x RF — RMP, F(q,s) = EI;(G(q, s)=q oe;)p/f;s(t) dt o </f',
0

rne ¢ = (0,q) € R x M. Torma nHeoGXxommMoOe YCJIOBHE ONTHMAJBHOC-
u (12.40) 3ameHsAETCA BKIIOYEHIEM

F(g(0),0) € OF (Ny x RY). (12.45)
[Ipumennm nemmy 12.1 K orpanmdennio orobpaxkenusi F' Ha TpOCTPAHCTBO
R™ ~ Oz x R”, m=1+k, [|=dimNp,

e Og(0) C No — manmas oxpecrrocts Toukn ¢(0). Cormacho 3amedanuio
nocse semmbr 12.1 n3 promovenns (12.45) caemyer, aTo

F(I&(o),o) R o Ri) # R,
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T. €. CyIIEeCTBYeT KOBEKTOP
e (RUP)" £x0, &=(Y),
Ee(®7), £ (¢
JIIsE KOTOPOT'O
~0F
<£a 8—q 'U> <0, v E Tq~(0)N0,
(E25) <0, =1k (12.46)

B mepBoM HepaBeHCTBe v IPUHAJJIEKUT JUHEHHOMY IPOCTPAHCTBY, IIO-
9TOMY OHO 0OpAIAeTCs B PABEHCTBO:

~0F
(& 5o vy =0,  veTyoNo. (12.47)
Ilo npaBury Jleiibauia BeraucauM mpoOn3BOIHYIO
0—F T&(O)NO — RFP,
9q | ~
(3(0),0)
Nmeem
t1
oF <0> — / > = 0 0
a v = O exXp fﬂ(t) dto® = < t1 = t ,
94 50),0) Y A voPhod ®.Pr
v E T?]'(O)NO-

ITpn Beraucaennn npon3BoaHOi Mbr npuMmenmn hopmyity (2.19) k moToky
ty
P = oxp / Fatey dt.
0

Teneps ycnoens (12.47), (12.46) sanuceiBaroTcs B Bue

(&, @, P'v) =0, v € Tg0)No, (12.48)
~.~ 0G .
3*E, ><o, i=1,... k.
< 95 1(3(0),0)

OnpezneninM, KaK M pPaHbIIe, KOBEKTOD Ay, = (v, Ay;) DaBEHCTBOM
(12.44), Torma yreepxnenus (12.30)—(12.33) marHOI TeopeMbl m BTOPOE
u3 ycriopumit TpanceepcanbHOCcTH (12.34) GyayT MOKA3aHBL

IlepBoe yciioBHE TPaHCBEPCAJBHOCTH TAKXKE€ BBIIOJIHAETCA: PABEHCT-
Bo (12.48) MOxKHO mepenucarhb B BHE

<)\t1,Pflv> =0, v E T&(O)NO-
Ho Ag = P} A\, mosTomy
(Ao, v) = (P Ay, v) =0, v € Ty(0)No-

Teopema MOTHOCTHIO JOKa3aHa. [
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Paccmorpum eme Gosiee 00Iyro 3amady — 3a4ady CO CMEINIAHHBIMU
orpanndenusmMu (Bkiodenue (12.50) Huzke). IIpuamun makcumyma ITorT-
pAruHa 0606IIaeTCs U Ha 9TOT CiIydail, Kak 0o GOpPMYyIMPOBKe, TaK U 0

JIOKa3aTeJbCTBY.
I/ISqu/IM 3a/1a49y OITUMAJIbHOTO YIIDABJICHUA BUJIA

q = fulq), geM, uweUCR™”, (12.49)
((0),q(t1)) e NC M x M, (12.50)
t1 > 0 3akpemieHo, (12.51)

ty
J(u) = / o(q(t), u(t)) dt = min, (12.52)

0

rme N — riaakoe morpyzkeHHoe moamMuorooopasume B M x M.

Teopema 12.5. [lycmv ynpasaenue U onmumasvbho 6 3ada-
we (12.49)—(12.52). Tozda ewnoansomes 6ce ymeeporcoerus, meope-
mor 12,4, xpome ee ycaosuli mpanceepcasornocmu (12.34), xomopoie
MENEPd 3AMEHANMCA YCAOBUEM

(=20, Aty ) L T(g(0),3(62)) V- (12.53)

Bamevarnus. (1) Msl oToxgecTBisieM
* ~ T *
T(‘Imlh)(M X M) - T‘IOM ® Tth’
mO3TOMY ycJjioBue TpaHcBepcaiabrocTu (12.53) umeer cMbICI.

(2) BaxxHbIi dYacTHBIH CJIydafl CMeIIAHHBIX TPAHAYHBIX YCJIO-
Buii (12.50) ecTdb ciaydail HepHOANIECKUX TPAEKTODHIA:

q(t1) = q(0). (12.54)
JelicTBUTETBHO, B 9TOM CJIydae
N=A%{(gq)|qeM}c MxM (12.55)

ecThb mmaroHaiab kBagparta M x M. Torma ycnoBume TpaHCBepCaJbHO-
cru (12.53) nmeer Bug,

<(_)‘07 )‘t1)7 (1),1))> = —<>\0,’U> + <>‘t17v> = 05 (S Tq(O)M = Tq(t1)M7
T. €.

)\0 - )\tl‘

WNupivu cioBaMu, ONTUMAIBHAS TPAEKTOPHUS B 33a9€ C IEPUOAUIECKU-
Mu rpanudHbIME yesoBuaMu (12.54) umeer mepuopmdeckuii raMuIbTOHOB
audT (KCTpeMassp).

Hoxaxxem teopemy 12.5.

HokasareuscTso. CBereM Hally 33/1a49y K CIIy9ai0 Pa3/IejbHbBIX
TPAHUYHBIX yCJIOBHIl, BBOJIA BCIIOMOTATENbHYO 3aa4dy Ha M X M:

z=0
) ’ ,q) € M x M, ev,
{quu(q), (z,0) “
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((0),4(0)) € &, (2(t1),q(t1)) € N

(nmaronasms A onpenenena B (12.55) Bbume),

J(u) = / o(q(t), u(t)) dt — min.

OueBnHO, 9TO 9Ta 33/Ma9a SKBUBAJIEeHTHA Hamell 3amaqe (12.49)—(12.52).
IIpumennm ommy w3 Bepcmit IIMII (Teopemy 12.4) Ko BCmomoraTenbHON
3amade. [aMUIbTOHMAH TaKoil 2Ke, KaK U JJI NCXOJHON 3a1a4u:

ho(mA) = hiy(A) = (A, ful@)) +ve(q,u),  (n,\) € T"M T M.

COOTBeTCTByIOHLaH raMUJIbTOHOBa CUCTE€Ma €CThb

ﬁt = 07
D (12.56)
A =Ry (A

Bce yrBepxkaennsa I[IMII qna 3amgatm co CMeMaHHBIMUA IPAHUYIHBIMUA YCJIO0-
BUSIMU [10JIy YAFOTCsl HEIIOCPEIACTBEHHO, HY2KHO TOJIBKO IIPOBEPUTH YCJIOBUS
TPAHCBEPCAJIBHOCTH.

B nmagasbubli MomeHT ¢t = 0 mepBoe u3 yciosuii (12.34) mmeer Buz

(10, X0), (v,v)) = (no,v) + (Ao, v) =0, v € Tz0)M,

T. €.
Mo + Ao =0,

nm, ¢ y9eToM 1epBoro u3 ypasHennit (12.56),
Mty = —Ao.

A B KoHeuHBIH MOMeHT t = t;

(2, Aer) L T(@ta),qte)) N

(=20, Aty) L Tigo) aea)) Vs
9TO COBIAJAET C yCJIOBHEM TpaHcBepcanbHOcTH (12.53). O
Bameuanus. (1) Pasymeerca, eciun konednoe Bpems t; cBoGoaHO,
TO K yTBeP:KJeHHAM TeopeMbl 12.5 noGapnserca ycnosue h (M) =0.
(2) IIpmanun makcnmyma [ToHTpsirMHA BBIIEPKUBAET W JAJIbHENIIIe
0b6obmmeHns ia 6ojiee MUPOKUX KJIaCCOB (DYHKIIMOHAJIOB W I'PAHHMIHBIX

ycnosmii. [locie HexoTOpOil MOmmduUKanuu paccyXaeHmil ObIIasi CXemMa
JaeT HeoOXOIMMBbIE YCJOBHS ONTHMAJIBHOCTH i Oojiee OOmmX 3a1ad.
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ITPIMEPDBI 3AJAY OIITMMAJIBHOI'O
YIIPABJIEHN A

B s7o0it rmaBe mbl npumenuM npuHun Makcumyma lloHTpsaruna s
pelleHnd KOHKPETHBIX 33Ja4 ONTUMAJIbHOI'O YIPABJICHUL.

13.1. Ckopeiilitasi ocTaHOBKA Moe3a HAa CTAHIINU

Paccmorpum moesn, ABrKyImmiics IO 2KeJIe3HOH mopore. 3agada Co-
CTOUT B TOM, UTOOBI IIPUBECTH IIO€3] HA CTAHIIUIO U OCTAHOBUTH €r0 TaM
3a KpaTdJaiimiee BpeMd.

IlomoxkeHne moe3/1a ONMUCHIBAETC JIEHCTBUTENBHON KOODIWMHATON X1;
nagasio orcuera 0 € R coorBercrByer cranmuu. Bygem canrars, 910 m0€31
JBUKETCsI 0€3 TPEeHUsI, & Mbl yIIPABJISIEM YCKOPEHUEM TI0€3/a, IPUKJIAIbI-
Basg OrPAHUYEHHYIO 110 MOY.II0 crity. [logbepem e MHUITBI H3MEPEHNS TaK,
9T0OBI MAKCHMAJILHOE TI0 MOJIYJII0 YCKOpPEHUe OBLIO € TMHUIHBIM.

IlonygaeM ynpaBiisieMyro CHCTEMY

1 = u, T €R, Jul <1,

Wd, B cCTaHIapTHON dopme,

L1 = T2, Z1 2
= < . .
{:b2 —u, x <x2> e R~ \u| <1 (13 1)

Jjist 9Tol cucTeMBI IMeeM 331a9y OBICTPOIENRCTBUS
z(0) = 2°, z(t;) =0, (13.2)
t1 — min. (13.3)

Iokazkem, aTo Teopema PUINIIOBA rapaHTUPYET CYIIECTBOBAHUE OII-
THMaJIbHBIX yTpaBJeHnii. [[pocTpaHCTBO yIpaBISIOIAX mapaMeTpoB U =
= [-1, 1] KOMHaKTHO, BEKTOPHBIE TIOJIST B IPABOH 9acTh

T2
f(mvu):<u>v |u|<1a
JUHENHBI, 3 MHOXKECTBO JOIIYCTUMBIX CKOPOCTEeIl B TOYKe

f(2,U) = {f(z,u)| Ju| <1}

Boirykio. Ilo ciaencrsuio 10.2 3amaga 6bICTPOAEICTBUS UMEET PELIEHHE,
ecn Hagasto KoopaumaaT 0 € R? mocTmxmMo u3 HagambHOiM Toukn ¥, M
MOKazkKeM HIDKe, 9TO JII06YI0 ToUuKy & € R? MOXKHO COEUHUTDL ¢ HA9aJIOM
KOODJIMHAT HEKOTOPOU 3KCTpPeMaJbHOU KPHUBOM.
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IIpumennm nmpunmun makcumyma [loaTpsaruna. Beegem kaHoHUYEeCKHe
KOODJMHATHI Ha KOKACATEIbHOM PACC/IOEHUMU:

M =R?,
T*M:T*R2 :RQ* X R2 = {)\: (f,x) ‘ T = <£;>7 £: (61)62)}‘

SaBucsimumii or ynpasienus ramusibronunad [IMII pasen

hu(g,ﬂ?) = (617£2) (ff) = §1$2 + 62”7

a COOTBETCTBYIOIIad raMHUJIBTOHOBa CHCTEMa MMEET BHU/L

i.iahu

=G
: O hy
5_7%'

B koopamnraTax sTa cmcTeMa pacIamaeTcd Ha JBe HE3aBUCUMbIE IIOICHC-

TEMBL: .
Cijl = T2, £1 = 07

. : 13.4

{"E? =4 {52 ==& ( )

CornacHO IPUHIUMITY MaKCHMyMa, €CJIM yIPaBJIeHne U(-) ONTHMAJIBHO 110
OBICTPOEHCTBHUIO, TO TAMUJIBTOHOBA CUCTEMA MMEET HETPUBUAJBHOE pe-
menne (£(t),z(t)), £(t) Z 0, pua xoroporo

Bt (€00, (1) = max hu (0, (1) > 0.

U3 ycioBug makcumyMa 3akjrodaeM, 9ro eciu Ea(t) # 0, To
u(t) = sgn&a(t).
3aMeTnM, 9TO MAKCUMU3UPOBAHHBIA FAMUJIBTOHAAH

max hy (&, ) = &120 + |€2]
ful<1

Heryagok. [lostomy mpemmokenme 12.1 HenmpmMEHWMO, HO MBI CMOYKEM
ONIMCATh ONTHMAJIbHBIE YIIPABIECHAA HEIIOCPEICTBEHHO U3 IIPUHITNIIA MaK-
cumyMma, 6e3 IpeaBapUTEIbHON MAKCHMU3AII TAMIIGTOHIAHA.

Tak kak

To dyHKIHUA £ NUHENHHA!
52(t) =a+ /Bt’ «, ﬂ = COIlSt,
M03TOMY ONTHMAJILHOE YIPABJIEHIE UMEET BU/T
u(t) = sgn(a + Bt).
Caenosaresibao, 4(t) KyCOYHO HOCTOSHHO, MPUHAMAET TOJBKO IKCTPE-

MaJibHBIe 3HadeHnsT +1 u umeer He Gosiee OJHOTO MEPEKIIOYEHUs (TOYKA
pa3pHIBA).
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Orpimem Bce TpaekTopuu z(t), COOTBETCTBYIOLIME TAKHUM YyIIPABJIE-
HUSAM U IPUXOALIINe B HyJIb. s ynpasiennit © = +1 nepBag u3 moacuc-
reM (13.4) mpurnmaer dbopmy

il = T2,
To9 = +£1.
TpaeKTOpI/II/I 3TOI CHCTEMBI YAOBJIETBOPAIOT YPAaBHEHUIO
d:cl
—— = ko,
d:l?z

9TO mapaboJIbl BHIA
2
T = :l:%2 + C, C = const.

Haiinem cmaganma TpaeKTOpHH W3 3TOrO CEMeEICTBAa, MPUXOMAIINE B
Hy/Ib 0€3 MEePEeKJIIYeHNil: 3TO ABE MOJIyIapaboJIbl
2

T, = ’;—2 2y <0, g >0, (13.5)
332
T = 772, zo >0, a9 <0, (136)
g u = +1 mw u = —1 COOTBETCTBEHHO.

Teneppb oThIIIEM BCE IKCTPEMAJIBHBIE TPAEKTOPHUHU C OIHUM MEPEKJIIO-
germeM. Ilyctb (215, 22s) € R? ecThb Touka mepeksiodeHus J060H U3
kpusbix (13.5), (13.6). Torma sKcTpeMasbHBIE TPAEKTOPUH C OJHAM IIe-

T2

9

Puc. 13.1. OnTumasnbhseiii cuares B 3amave (13.1)—(13.3)
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PeKJIoYeHueM, IPUXOAIie B Hadajlo KOOPAUHAT, IMEIOT BHI
2 2 .
—23/2+ x5, /2 + ®1s, T2 > Tas, T2 <O,

T = .
.’L‘%/2, 0> a9 > x5, x2>0,

(13.7)

22/2 — 22 /2 + 215, o < XTas, a2 >0,
= 2/2 /2 Ty T2 <2y Ep (13.8)
—x3/2, 0< s <Tas, @&2<DO0.

Jlerko BumeTH, 9TO Uepe3 by TOUKY (21, %2) IUIOCKOCTH HPOXOLUT
enuHCTBeHHAs KpuBasg Buna (13.5)-(13.8). Urak, jyia m060ii TOYKH 1I0C-
KOCTY CYIIECTBYET €INHCTBEHHAS SKCTPEMAJIbHAS TPACKTOPUS, IIEPEBO/ISI-
IIasi 3Ty TOYKY B Hysb. TaK KaK OITHMAaJbHbIE TDAEKTOPUH CYIIECTBYIOT,
3aKJ/I09a€eM, 9TO HallIeHHbIE pelreHus onruMaJsbHbl. OOmuil Bug omnrTm-
MaJIbHOTO CHHTE3a m300pazkeH Ha puc. 13.1.

13.2. YupaBJjieHue JIMHEMHBIM OCHUJJIATOPOM

PaccMOTpEM JTHHEHHBIH OCOUIATOD, ABUKEHAEM KOTOPOTO MOXKHO
yYIpaBjadaThb C IIOMOIIBIO OFpaHI/IquHOﬁ II0 BE€JIMYUHE CHJIBI. COOTBeTCT—
ByIOIIas ynpasigeMas cucreMa (ocse BBI60pa MOJXOAANIX €/(MHALL H3-
MepeHHs) eCTh

I+ T = u, lul <1, =z €R,
nim, B KaHOHUYIEeCKO# (opme,
{z; _ Zjl fu, ST <g> € R2. (13.9)
Paccvorpum g1 aToit cucreMbr 3amady ObICTPOAEHCTBAS
z(0) =2°, =z(t;) =0, (13.10)
t1 — min. (13.11)

ITo Teopeme @PuinnmoBa, ONTHMAJbHBIE YIPABJIEHUS CYIIECTBYIOT.
Kak u B mpepiayieit 3a7a49e, MPUMEHAM IPUHIAI MAKCUMyMa: pyHKITIS
l'amMuisToHA ecTh

hu(‘fvx) = 51352 - 521'1 + 52’“’7 (fax) € T*Rz = Rz* X Rza

a 'aMHJIBTOHOBaA CHUCTEMa 3allUChIBACTCA KaK

{3'31 = To, {51 = &o,
Ty = —T1 + U, & = —¢&1.

N3 ycaosua makcumyma IIMII monygaem
&(t)u(t) = lmax & (t)u,

u|<1
[I03TOMY OITHMAJbLHbIE YIPaBJICHUS YI0BIETBOPLAIOT yCIOBUIO
u(t) = sgnéa(t) npu &;(t) # 0.

s mepemenHoit £, MMeeM ypaBHEHUE

£ = —¢&o,
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CJIEJIOBATEJIBHO, '
& = asin(t + B), a, 3 = const.

3amerum, uro « # 0. [leiicrBurensuo, eciu & = 0, To & = 752(1‘5) =0,
nosromy &(t) = (£1(t),&2(t)) = 0, 4TO IPOTUBOPEYNT NPUHIUAILY MAKCHMY-

ma. CiieioBaresibHO, _
u(t) = sgn(asin(t + B)).

U3 sT0ro paBeHCTBa IOJIydYaeM IIOJIHOE ONUCAHHE BO3MOXKHOH CTDYKTY-
Pbl ONTHMAJIBHOrO ynpasieHus. VIHTepBalT MeXKIy MOCIIeI0BATEIbHBIMA
MOMEHTAMY TIE€PEKJIIOYeHNs yupasyienns 4(t) nveer qyuny 7. llycts T €
€ [0, ) — mepBas Touka nepekJtodenus u(t). Torma

() = sgnu(0), te[0,r)U[r+mr+2r)U[r+3m,7+4m)U...,
| —sgnu(0), te[r,7+m)U[r+2r,7+37)U...

To ects u(t) mapaMeTpH30BaHO JBYyMsI YHCJIAMU: IEPBHIM MOMEHTOM IIe-
pexutogenus 7 € [0, 7) n HagaabHbiM 3HaK0M sgn u(0) € {£1}.

Onrmmanbroe ynpasnenue U(f) IPEHEMAET TONBKO KCTPEMAJIBHBIE
smavenns +1. [TosTomy onTmmanbable Tpaekropmn (x1(t), x2(t)) cocTosT
U3 KyCKOB, YJ{OBJIETBODSIIOIIAX CHCTEME

-/tl = T2,
{:&2 L (13.12)

T. €. A3 AyT OKPY2KHOCTel
(x; £1)*+ 23 =C, C = const,

NIPOXOAMMBIX II0 9aCOBOM CTPEJIKE.

Omnumrem BCe ONTUMAJIbHBIE TPAEKTOPUH, IPUXO/IAIINE B HAIAI0 KOOD-
muaat. [lycTh 7 — nrobast Takast TpaekTopus. K 7y He MMeeT mepekJIio-
YeHHi, TO 9TO — AyTa, CoAepzKalladcd B OJHOHU M3 MOJyOKpY2KHOCTeH

(x1 —1)* + 23 =1, z2 <0, (13.13)
(z1 +1)*+ 235 =1, zo >0, (13.14)

¥ OpoxXoAdInasd depe3 HylIb. Ecin y v eCTh IepeKIIOYeHnsd, TO IOCIeTHEe
TEPEKJII0YEHNE MOXKET IPOU30HMTH B JIF000I TOUKE ITUX MOJIYOKPYKHOCTEI,
Kpome Hymasa. IIpeamosokum, 9T0 y MMeeT MOCJIe/IHee MEPEKIIOYEHNE HA,
nonyokpyxuocta (13.13). Torma 9acTh v MeXKy MOCIETHAM U TIPEIIIOC-
JIeTHAM TIEPeKTIOUeHHAMHI eCTh T0JIOBEHA OKpyzKHOCTH (71 + 1)2 + 22 =
= C, mpoxozgiiasa depe3 MOCIeTHIO TOUKY mepekiodenns. [Ipeanocie-
Hee MePeKI0YEHNe Y TIPOUCXOIUT Ha KPUBO#l, IOy Jaromieiicsa BpalieHneM
nosnyokpyxuoctu (13.13) Bokpyr Touku (—1,0) B maockoctn (21, z2) Ha
yTOJI 71, T. €. Ha IOJIyOKPY?KHOCTH

(£ +3)*4+22=1, z,>0. (13.15)

Jiis mosrygeHnss reOMeTPUYIECKOr0 MECTa TOYEK IPEIBLAYINErO IT€PEKIIIO-
YeHus 7y HEOOXOAMMO HOBEPHYTH II0JIyOKPY2KHOCTH (13.15) BOKpyr Tog-
ku (1,0) Ha yroa 7; mojay4aeM MOJyOKPYZKHOCTb

(x1 —5)% + 23 =1, z2 < 0.
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[IpenpiayInee nepeKIIOYeHne y IMPOUCXOIUT HA MOJYOKPYKHOCTH
2,2
($1+7) +$2:17 52207
7 T. .
Cayuail, Korma mocjiefiHee MePeKJIOYeHne 7y IPOUCXOAUT Ha IOJIY-
okpyxxaOcTH (13.14), moy9aeTcs M3 TOJBKO UTO PACCMOTPEHHOTO CJIy-
9Jas MEHTPAIbHON cHMMeTpuell IIOCKOCTH (X1, L) OTHOCHTEIHHO HYJIS:

(z1,22) = (=21, —22). [locnenosaTenbabie nepekToUeHus ¥ (B 06paTHOM
HOpsAKe, HAIUHASA ¢ KOHIA) HPOMCXOAAT HA MOJIyOKPYZKHOCTSX

(x1 +1)2 + 23 =1, o =0,
(r; —3)% + 23 =1, z2 <0,
(x1 +5)% + 23 =1, z2 2 0,
(x1 —T)? + 235 =1, z2 <0,

u T. 1. MBI HOIy9rIn KPUBYO NMEPEKIIOYEHNsT B INIOCKOCTH (Z1, T2)
(w1 - 2k —1))2+a3=1, 2<0, keN, (13.16)
(x1+(2k—1)?+22=1, 2,>0, keN '

OTa KpuBas MEPEKIIIOYEHNs AEJIUT IIOCKOCTD (21, ) Ha nBe gactd. JIro-
Gast sxcTpeMasbHas TpaekTopus (z1(t),x2(t)) B BepxHeill 9acTH ILIOCKOC-
TH sBJIsieTcs peleHueM ypasHeHus (13.12) ¢ —1 Bo BropoMm ypaBHeHUH,

L2

Puc. 13.2. OnrumanbHeii cuaTe3 B 3amade (13.9)—(13.11)
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a B HIKHeH dactu — pemenueM ypaprenus (13.12) ¢ +1. Hua arobGoii
TOYKH IUIOCKOCTU (Z'1,Z2) CYLWIECTBYEeT B TOYHOCTH OJHA KpUBAasg ITO-
ro ceMelCTBa, NPHUXOAAIas B Hadayio KoopauHaT (oHa mMeeT (bopmy
«CItmpaJin» C KOHEYHbIM YHCJIOM HepeKJIIO‘-IeHHfI). TaK KaK OIITUMaJIbHbIE
TPAEeKTOPUU CyLIECTBYIOT, IOCTPOEHHBIE dKCTPEMAJbHbIE TPACKTOPUHU OIl-
TUMAJIbHBL.

3agaua GBICTPOJEHCTBYS PEIIeHa: B 9aCTU IJIOCKOCTHU (Z1, o) BBIIIE
kpuBoii nepeksoderus (13.16) onrumasnbHOe yupasieHue ectb u = —1,
a HrzKe 3Toi KpuBoit U4 = +1. Uepes 06yI0 TOUKY MJIOCKOCTU IIPOXOIUT
€JUHCTBEHHAsA ONTUMAJIbHAA TPACKTOPUHA, COOTBETCTBYIOIIAA ITOMY IIPa-
BUJIy ONITUMAJIBHOTO yipaBJerus. [loc/ie KOHEIHOrO 9ncia nepeKIIoIeHn
Ji0bast ONTUMAJIbHAS TPAEKTOPUS MONAaeT B Hadaso Koopaunat. Q6mumit
BHJ, ONTHMAJILHOTO CHHTE3a n300paxkeH Ha puc. 13.2.

Tenepsr MBI paccCMOTPUM 331a49d ONTUMAJIBFHOTO YIIPABJEHUS C TOU
XKe JIUHAMUKOW, 9TO W B TPEABIIYINNX IBYX maparpadax, HO ¢ APyraM
dyHKIIOHAIOM.

13.3. HauboJiee 3KOHOMHasi OCTaHOBKa I10€3/a

Kak u B maparpade 13.1, mbl ynpasiisiem naBukenueM moe3na. Temepb
Hallla [eJb — B TOM, YTOOBI OCTAHOBUTH MOE€3] B 33aJaHHBIA MOMEHT
BPEMEHH C MUHUMAJIBHBIM PACXOJOM SHEPIHUH, KOTOPAas IMPEINOJIaraeTcs
OPONOPIUOHAJIBHON MHTErpay OT KBapPaTa yCKOPEHUH.

Ilony4aem 33189y ONTHMAJIBHOIO YIIPABJIEHUS:

jjl = T2, 1

. T = eR?, weR
To = u, T2 ’ ’

z(0) =2° =(t1) =0, t; sakperTensr,
t1
1 2 .
E/u dt — min.
0

Teopema ®ununnosa HAIPAMYIO HENPHMEHHMA, TaK KaK IIpaBasd
9aCTh CHCTEMBI HEKOMIIAKTHA. BpodeM, ecim BbIOPATH HOBOE BpPeMs

t
1
t 3 f u?(7) dr + C, MOXHO TONYYHTh OTPAHWYEHHYIO TPABYIO YaCTb,
0

3aTeM KOMOAaKTu(UIMPOBATH U MPUMeHUTh TeopeMy Puimnmosa. Takum
00pa30M MOXKHO J0Ka3aTh CYIIECTBOBAHME OITUMAJBLHOIO YIIPABJIEHUS.
O6mmyio Teopmio 3amad ITOr0 Kiacca (JIMHEHHO-KBAIPATHIHBIX) MBI
noctpoum B rii. 16.

I/ICHOJILSyeM OPUHIUII MaKCUMyMa JJid HAXO0KAECHUA OIITUMAJIBHOTO
ynpasienus. Pyukmusa [amMunbToHa €CTh

h5(57$)251$2+§2u+%u2, (&, z) € R** x R2.

Brosip onTuManbHBIX TpaeKTOPUit

v <0, v = const.
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W3 raMIJIBTOHOBOH CHCTEMbI IPUHIAIA MAKCEMYMa II0JIydaeM
& =0,
&2 = —¢&1.
Cragaja pacCMOTPHM CJIydail aHOPMAJBHBIX SKCTPEMAJIET:
v=20.
Tpoiika (£1,&2, V) KOIKHA OBITH HEHYJIEBOI, IOITOMY

&(t) Z0.

Ho u3 ycmosua makcumyma I[IMII caexyer, aro
u(t)&a(t) = maﬁiufg(t). (13.18)
u€

(13.17)

Tak kak &2(t) # 0, To MmakcumyM Bbime He gocruraercs. CremoBaTenbHO,
AHOPMAJIBHBIX SKCTPEMAJIel HET.

Paccmorpum HOpMANIBHBIN cirydaii: v # (0, MOXKHO HOJIOXKUTH v = —1.
HopmanbHBINT raMIIBTOHIAH PABEH

hu(,@) = (@) = G122 + Eou— 5 02,

u

Py 0, moaTomy

YcioBue makcumyma IIMII paBHOCHIBHO TOXKIECTBY

u(t) = &2(t)
BJIOJIb ONITMMAJIbHBIX TPAeKTOPH. YuuThiBas cucremy (13.17), 3akmmoda-
€M, 9TO ONTUMAJIFHOE YIIPAaBJIEHUE JIMHEHHO:

u(t) = at + 5, o, 3 = const.

Ma,KCHMI/I3I/IpOBaHHI)II>’I raMuJIbTOHUAH
1
H(f,x) = m;ix hu(§7 33) = 51372 + 5 gg

rmagok. [losTomy onTuMasbHBIE TPAEKTOPHUH YIOBJIETBOPIIOT TAMHUIBTO-
HOBOMII cucTeme

&1 = T2,
Ty = &2,
61 - 07
2= —&1.
151 nepeMeHHO =] 1OJIydaeM I'DaHUYHYIO 33/1a49y
m§4) =0,
21(0) =29, #1(0)=x3, x1(t1)=0, Z1(t1)=0. (13.19)
Jna mobeix (z29,29) cymectsyer B TounocTH ommo pemenue z(t) 3Toidt
3amaun — Kybwaeckmii crumaitn. OyHkmusa To(t) HAXOAUTCA W3 ypaBHe-

HUS To = T7.
NTak, gepes q06yi0 HadaabHy0 ToUuKy £’ € R? OpoXoauT equHCTBEH-
Has SKCTpeMaJbHas TPAEKTOPH, IOMAJA0asd B HA9aJI0 KOOPAUHAT. DTO



13.4. Ynpasaerue AUHETHBIM OCYUUAAAMOPOM C KPUMEPUEM KAYECMEA

193

kpuBag (z1(t),z2(t)), t € [0,¢1], toe z1(t) — KyOudeckuili MHOrOYJIEH,

YZOBJIETBODSIONIHI rpaHUIHbIM ycnoBusaM (13.19), a xo(t) = @1 (¢). B cuny
CYIECTBOBAHUS 9T TPAEKTOPHS ONTHMAJIbHA.

13.4. YmupaBiieHUE JIMHENHBIM OCIIUJLIJIITOPOM
C KpUTepueM KadecTBa

Ms1 yupaBiseMm JIMHEHHBIM OCHUIIATOPOM, HAIPUMED, MAATHUKOM C
MaJIOfl aMILIMTYZOVW, HEOIPAHWYEHHON CUJIOU U, HO Yy4YUTBIBAEM PACXOL

t

1% 2

SHEpIMH, KOTOPAs W3MEPAETCA WHTErPajoM o f u?(t) dt. 3agmaga onrm-
0

MaJIBHOI'O praBJIeHI/IH 3alINChIBACTCAd KaK

Cl",'l T2, A 2
{sz R x—<m2>eR, u € R,
z(0) = 2% x(t1) =0,
t1
1 [ 5 .
§/u dt — min.
0

t1 3aKpemJIeHHl,

Cy1ecTBoBaHUE ONITUMAJIBHOIO yIIPABJIEHUS MOXKHO J0Ka3aTh TaK XK€,
KaK B IpeablaymieM naparpade.

FaMI/IJIbTOHI/IaH IIPDUHIIUIIA MaKCHUMYMa PDaBE€H
v, 2
hZ(gvm) 251:132 _52.’131 +§2u—|— §u .

13 cooTBeTCTBYIOMEN TaMUIBTOHOBOM CHCTEMBI IOJIyYIaeM

5:1 - 527

§o = —&1.
Tax ke, KakK B IpeblIylneM naparpade, mokasblBaeM, YTO aHOPMaJlb-
HBIX 9KCTpeMaJiell HeT, MO3TOMY MOXKHO II0JIOKUTh v = —1. W3 ycinosus
MaKCAMYMa, CJIEJIyeT, 9TO

u(t) = &a(t).
B uwacTHOCTH, ONTUMAJIBHOE YIPABJIEHAE ECTh TAPMOHUKA!
u(t) = asin(t + B),
Cucrema ypaBHeHU 115

Ty
Ty
JIOIIyCKAET SIBHOE PeIleHNe:

acl(t)

a, 3 = const.

IKCTPEMAJIbHBIX TpaeKTOpI/Iﬁ

Z2,

—z1 + asin(t+ )

—% tcos(t + B) + asin(t + b),
%tsin(t +8) - %cos(t + B) + acos(t + b),

(13.20)
z2(t) a,beR.

13 A.A. Arpaues, }0.JI. Caukos



194 Ta. 13. IIpumepo. 3a0a% ONMUMANDHOZ0 YNPABAEHUS

Yunpaxuaenne 13.1. llokaxknure, 9TO TDAHIIHBIM YCJIOBUAM YI0B-
JIETBOpsieT eMHCTBEHHAS YKCTPeMajbHas Tpaekropusd suna (13.20).

OurumasibHOE yIpPaBJIEHUE CYLIECTBYET, CJIEI0BATEIbHO, 3TU IKCTPE-
MAaJIbHBIE TPAEKTOPHUU OIITUMAJILHBI.

13.5. Mammua ly6unca

B srom naparpade mbr n3yanm 3a7a9y ObICTPOIEHCTBUS [IJII CHCTEMBI,
KOTOpast HasbBaercsa mawunol ybunca, cMm. ypasHerns (13.21) mmxke.
Ilepev 3Ty cucremy paccmarpusan A.A. Mapkos B 1887 romy [109].

PaccMoTpuM MammHy, JBHKYILYIOCS IO IUIOCKOCTH. MammHaa MOKeT
exaTh BOEpPE] ¢ TMOCTOSHHON JIMHEHHON CKOPOCTHIO U OJHOBPEMEHHO O-
BOPAYMBATHLCI ¢ OTPAHUYIEHHOM YIJIOBOHM CKOPOCTHIO. BriOepeM HadaaIbHOE
1 KOHEYHOE€ ITIOJIO?K€HHNE U OPUEHTAIUI0 MalllUHBbI Ha IIJIOCKOCTH. BaLLaHa
COCTOUT B TOM, 9TOOBI IEPEBECTU MAINMHY W3 HAYAJIBHON KOH(MHUrypamun
B KOHEYHYIO 33 MHHUMAJbHOE BPEMS.

JlomycTrMbIe TPAEKTOPUH MAIMTUHBI — IJIOCKAE KPUBBIE OTPAHTIEHHON
KpPUBU3HBL [lapaMeTpusys KpuBbIe JJIMHON JIyTH, MOYKHO TIOCTABUTH JaH-
HYIO 33Jlad9y FeoMeTpUYecKr. 3adUKCUPYeM JIBe TOYKHM Ha IJIOCKOCTH U
JBa €IUHUYIHbIX BEKTOPA, IPUJIOZKEHHBIX COOTBETCTBEHHO B 9TUX TOYKaAX.
Tpebyercs HalTH KPUBYIO HA INIOCKOCTHU, BBIXOAMAILYIO M3 IIEPBON TOYKH
C IEPBBIM BEKTOPOM CKOPOCTH U BXOJSIILYI0 BO BTOPYIO TOYKY CO BTOPBIM
BEKTOPOM CKOPOCTH, UMEOILY0 KPUBHU3HY, OTPAHIYEHHYO CBEPXY 3aJaH-
HOI KOHCTaHTOM, M KPaTJailllyl0o CpeIy BCeX TaKUX KPUBBIX.

3amedyanue. AHajorndHas 3a7a4a C HEOrPAHUYEHHON KPUBU3HOIM,
BoOOIIEe roBOpsi, HE mMeeT pemeHuid. JlefCTBUTENBHO, TOYHAA HYZKHSSA
PaHb JIJINH BCEX KPUBBIX, YIOBJIETBOPSIOININX IPAHUYHBIM YCJIOBUSM 0e3
OTrpAaHUYEHNs] HA KPUBU3HY, PABHA PACCTOSHUIO MEXKIY HAYAJIBHONW U KO-
HEYHON TOYKAMU: COCIUHSIONUN ITH TOUYKU OTPE30K MOXKHO MPUOIU3UTH
TJIAJKUMEA KPUBBIMHE, YIOBJIETBOPSIONIMMA TPAHIIHBIM yCaoBusaM. Ho ata
HIDKHSAS TPaHb HE JIOCTUTAETCS, €CJIU TPAHWIHBIE BEKTODPBI CKOPOCTH HE
COHAIIPABJIEHBI BEKTOPY, COEAMHSIOMEMY IPAHAYHBIE TOIKH.

Ilocsie BBIOOpa MOAXOMSAINUX EIWHWI] M3MEPEHUs IMOJyIaeM 3aIady
OBICTPOAEHCTBHUA JIJII HEJIMHEAHON CHCTEeMBI

&1 = cosb,
&y = sin, (13.21)
0 = u,

r=(z,z2) €ER?, 0e S, |ul <1,
z(0), 0(0), z(t1), 6(t1) 3aKpemwieHs!,

t1 — min.

CymecTBoBaHue perienuit ciaemyer u3 teopembl Ouannmnosa. [Ipume-
HseM npuHoun MakcuMmyma IloHTpsaruna.
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Unveem (71,72,0) € M = RZ x S}, obosnaunm 4epes (£1,&a, 1) COOT-
BETCTBYIOIIUE KOOPIUHATHI IPUCOEIAHEHHOTO BeKTopa. Torma

A = (x’67£,u) e T*M7
¥ 3aBUCAIIMI OT yIpaBJeHUd TaMIJIGTOHIAH PAaBEeH
hy(X) = & cos @ + € sin b + pu.

3 raMuIbTOHOBOI CHUCTEMBI IPUHIIAIIA MAKCUMYyMa CJIELYET, 9TO

£=0, (13.22)
i =¢&rsinf — &5 cos b, (13.23)

a yCJIOBUSI MAKCUMYMa 3aIlUChIBAIOTCS KAk
p(t)u(t) = ‘mlézu(t)u. (13.24)

X

Ypasrenue (13.22) o3mavaeT, 9T0 { MOCTOAHHO BIOJb ONTUMAJILHBIX TPa-
eKTOopuii, m0TOMY npaByio 4acTh (13.23) M0KHO mepenucaTh Kak

&18inf — &y cos0 = asin(f + 3), a,B=const, a=4/+&>0.
(13.25)
Nrak, uz ramuisronoBoit cucremsr ITMIT (13.21)—(13.23) nonygena cuc-

TeMa
{p = asin(0 + B3),

0 =u.

N3 ycnoeusa makcuMyMma (13.24) crenyert, aro
u(t) =sgnp(t) mpm u(t) #0. (13.26)
Ecmn o = 0, 10 (£1,&2) =0 u o = const # 0, mosTomy u = const = £1.
CnenoBaresnbHO, KpuBas Z(t) eCTh mayra OKpY?KHOCTH paamyca 1.
IIycrs a # 0, Torma u3 (13.25) nomygaem « > 0. Ycaosua (13.22)-

(13.24) coxpamsOTCA NPH YMHOXKEHWH NPUCOETUHEHHOTO BeKTOpa (&, 1)
Ha Jir060e moJtoKuTeNbHOe Yncyo. Moxkuo nomobpars (€, 1) Tak, 9410 a0 =

= /€& + &2 = 1. llosromy najiee 6yjieM CUATATD, YTO
a=1.

Yenosue (13.26) o3nagaer, uro nosezeHue 3Haka dbyHKuun ((t) uMeeT
pemaomee 3HAYEHNE il CTPYKTYDPhl ONTHMAJILHOIO yHpaBjIeHHsd. Pac-
CMOTPHM HECKOJIbKO BO3MOXKHOCTeH st ().

(0) Ecom dbysxmmsa p(t) He obpamaercs B Hyab Ha orpeske [0,t1], To
ONITUMAJIbHOE€ yIIPDaBJIEHUE ITIOCTOAHHO:

u(t) = const = +1, t €[0,t1], (13.27)

a onrmmambHas Tpaekropms z(t), t € [0,1], ecTh myra OKpyKHOCTH.
OrmMernmM, 94TO ONTUMAJIbBHASL TPAEKTOPHS HE MOXKET COJIEPXKATH IOJIHOM
OKPY2KHOCTHU: OKPY?KHOCTH MOXKHO HWCKJIIOYHUTB, [P ITOM IOJIyIEeHHAS
TPAaeKTOPHUS Y/IOBJIETBOPSAET TPAHUYHBIM YCJIOBUAM U KOPOUYE HCXOTHOI.
Iosromy yupasmenne (13.27) onTuMaiIbHO TOJIBKO IpH t; < 27.

13*



196 Ta. 13. IIpumepo. 3a0a% ONMUMANDHOZ0 YNPABAEHUS

Jamee MOXKHO IpeaIIoaraTb, 9YT0 MHOZKECTBO

N ={r € [0,ta]] pu(r) # 0}
orimaHO OT Beero orpeska [0,t;]. Tak xkaxk N OTKDBITO, OHO SIBJISIETCS
00beTMHEHNEM OTKPBITHIX MHTEPBAJIOB Ha [0, t1] mioc, OBITH MOXKET, 1Mo-
JIyOTKPBITBIE HHTEpBaIbl Bua [0, 71), (T2, t1].
(1) Ipeamonoxum, 9T0 MHOKECTBO N COZEPXKUT UHTEPBAJ BUIA

(11,72) C[0,t1], 1 < To. (13.28)
MO)I{HO CIUTATh, 9YTO UHTEPBAJI (7_]_7 7_2) MaKCHUMaJIEH 110 BKJIIOYEHUIO:
(1) = p(r2) =0, Wy ) 7 0.
W3 npuamna MakCuMyMa IOJIy9aeM HEPABEHCTBO
Bty (A(t)) = cos(0(t) + B) + u(t)u(t) > 0.

ITosromy
cos(f(m) +B) = 0.

DT0 HEPABEHCTBO O3HAYAET, YTO YIrOJI
0=0(r)+p
YAOBJIETBOPAET BKJIIOYEHUIO
~ T 3T
PaCCMOTpI/IM CHa4daJla cnyqafvi

0 c (0 f}.
)
Torma fi(m1) = sinf > 0, mo3TOMY B MOMEHT T yIPaBJIECHHE MEPEKJII0Ya-
erca ¢ —1 Ha +1, moaTomy

0t) =u(t)=1, te (m,m).
Boraucimm paccrosaume 7o — 71, Tak Kak
T2
p(r) = /sin(é\+ T—m7)dr =0,

T1
~

umeeM 1o — 71 = 2(m — ), mosTomy

To —T1 € [71',27‘(‘). (1329)
B caydgae
fe [%,2#)

Bkiouerne (13.29) nokaseiBaercss aHAJIOrMYHO, a B caydae 6 = 0 onrw-
MAaJIbHBIX yIpaBjeHuii HeT (KpuBad Z(t) COEPKUT IOIHYIO0 OKPYZKHOCTD,
KOTOPYIO MOXKHO YZIAJIUTB).

Bkurouenne (13.29) o3HadaeT, 4T0 HOCIEIOBATEIbHBIE KODHH T1, T2
dysxmn p(t) He MOryT GBITH CKOJIb YTOAHO 6im3KH Mexay coboii. Bosee
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TOTO0, BBIMIENIPUBEIEHHOE PACCYK/IEHNE MTOKA3bIBAET, YTO B TAKWE MOMEH-
THl T; ONTUMAJIbHOE YIPaBJIeHUE IIE€PEKJII0YaeTCsd C OJHOI0 dKCTpeMaJb-
HOTO 3HAYEHWs Ha JPYTrO€e, W BIOJb JIFOOOH ONTHMAJbHOU TPAEKTOPHUH
pacCTofgHNEe MEXK/ly 10CJIeJOBATEeIbHbIMU IEPEKJIIOYEHUAMA T;, T;4+] OJHO
U TO 2Ke.

Urak, B ciygae (1) onTuMasbHOE yIpaBJIeHHE MOXKET OBITH TOJBKO
CJIeIyIOIIeTO BUA:

€, t& (Tak—1,T2k),
u(t) = {E’ ; é (m,mjl), (13.30)
€= =1,
Ti+1 — Ti = const € [, 2m), i=1,...,n—1, (13.31)
71 € (0,27).

3mech He yKasaHBI 3HAYEHHsS U Ha HWHTEPBaJaX 10 MEPBOTO MEPEKJIO-
4enus, ¢t € (0,71), U mOCIIE OCIIETHETO
nepeksoueHust, t € (7,,t1). Ha rakmx
TPAEKTOPUAX YIPABJICHHE IPUHHMAET
TOJIBKO JKCTpeMaJjibHble 3HadYeHus =+1,
U KOJHUYECTBO IMEPEKJII0YCHUH KOHETHO
Ha JI000M KOMIIAaKTHOM OTPE3Ke Bpe-
Menn. Takoe yNpaB/leHWE Ha3bIBAETCS
penetinviMm.

VYupasnenns u(t) Bmma (13.30),
(13.31) yzoBIETBOPSIOT IPUHIULY MaK-
CHMyMa JJif CKOJIb YTOTHO GOJbINUX t,
HO OHH HEOIITHMAJIbHBI, €CJTA KOJINIECT-
BO mepekJirodeHuit n > 3. eficrBurenn-
HO, JIOILyCTHM, YTO TaKO€ yIpaBJeHue
uMeeT IO KpaiiHeil mepe 4 IepeKJio- Puc. 13.3. VckimoueHne Yersbl-
gernuda. Torma Kycok TpaekTopuu x(t), PeX MepEeKJII0IeHNnH
t € [11,74], €CTb KOHKATEHAIUs TPEX
JIyT' OKPYZKHOCTEMN, COOTBETCTBYIOIINX OTPe3KaM BPeMeHHU [T1, Ta], [T2, T3],
[T3, 4], mpIaem

Ty —T3=T3— Ty =Ty —T1 € [m,2m).

- I

IIpoBenem oTpe3ok
~ T+ T2 T3+ T4] d_f‘
2, te [ 2 2 [ dt

0011y} KacaTeJabHYI0 K IEPBOHl U TPeTbell OKPY?KHOCTAM depe3 TOUKH
z((11+72)/2) u z ((135 + 74)/2) (puc. 13.3). Torga kpusas

o(t) = z(t), t&[(m+72)/2, (134 714)/2],
z(t), te€[(n+m72)/2 (13+m)/2],

eCTb JOIyCTHMAas TpaeKTopusd, 6ojee Koporkas, deM z(t). Mb1 qokaszanm,
9TO ONTHUMAJIFHOE PeJIeHOe YIIPaBJIEHNEe HE MOXKET HUMETh 00Jiee Tpex
nepeKJII0YeHn .
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(2) Ocramocs paccMoTpeTh Ciydaii, Korma MHOXKeCTBO N He COIePKUT
unrepsanos Buga (13.28). Torma N cocrour u3 He Gosiee IBYX MOJYOT-
KPBITBIX HUHTEPBAJIOB

N =[0,71) U (12, t1], T1 < T2,

rie oJWH miau 06a WHTEpBaJja MOTYT OTCyTCTBOBaTh. Kcim 11 = 7o, TO
dbyukuua p(t) umeer enuHCTBEHHBI KOpeHb Ha orpeske [0,t1], u coor-
BETCTBYIOIIEE ONITHMAJIbHOE yIIPaBJIeHUe oIpeiesercs yeaosueM (13.26).
Ecnn xe

71 < Ta,

TO

'U/|[0,T1) 7é O’ lU/|[7'1,'r2] = 07 :u’|(7—2,t1] # 0. (1332)

B stom caygae ycnoue makcumyma IIMII (13.26) ne onpenessier ogHO-
3HAYHO ONTHUMAJIbHOE yIpaBieHue u(t), TaK KaK MaKCHMYyM JOCTHIAeTCs
Igs 0ojiee 9eM OMHOrO 3HAYEHUS YIPABJSIONIEr0 mapaMmerpa u. lakoe
yIpaBjieHuEe HA3BIBAETCA 0coOubim. Tem He Menee, 0cobOe ympaB/ieHUE B
9TOI 3a/1a9e MOXKHO OIIPEJIEJIUTh U3 IPUHIUIA MakcuMyMa. JleficTBuresns-
HO, HA UHTEpBaJe (Ti, Te) BBHIIOJHIIOTCA CJIEAYIONINE TOXKIECTBA:

p=sin(0+p5)=0 = 0+B=mk = 6H=const = u=0.

CrnenoBaTenbHO, ecm ONTHMAIbHAA TpaekTopus (t) mMeeT 0CoBBIi
Yy9aCTOK — IPAMOJIIHEHHBIN OTPE30K, TO ONTUMAJIbHOE yIIDaBJIeHHE IIepe-
KJII0YaeTCs TOJIBKO B MOMEHTHI T U To. Torma

ul( 5,y = const = £1, wf, = const = *l,

n Bea TpaekTopust z(t), t € [0,t1], ecTh KOHKaTEHAIUS TYTH OKPY?KHOCTH
pamuyca 1
z(t), wu(t) ==+£1, t €0, 7],

IpaMoit
l‘(t), u(t) =0, te [7-177-2]a

U elle OJHOMI JIyr'M OKPY2KHOCTH pajuyca 1
Q?(t), u(t) = ilv te [TZ;tl]'

WTak, onTEMaJIbHBIE TPAeKTOPUH B JAHHOM 33/1ad€ IMEIOT MOTYT ObITh
OOHOI'O U3 CJIe,ILyIOIJ_[I/IX ABYX TUIIOB:

(1) xorKaTeHamus peseifHOro yvacrka (xyra okpy»xkHocTH, U = *+1),
ocoboro yuacrka (0Tpe3ok mpsmoii, u = () u peseffHOro yJacTka;

(2) KOHKaTeHaUWsl pejIeHBIX YYACTKOB C HE 6Ojiee WeM TpeMs Iie-
PEKJIIOUeHUAMH, OpHYeM Iy OKPY?KHOCTEH MeXKIy MepeKJTI09eHIIMA
HMEIOT OJMH U TOT K€ IEeHTPAJbHBIN yroa € |7, 2m).

Ecii rpasmansie Touxn z(0), 2(t1) qocTaTovHO qateku ApyT OT IpyTa,
TO UX MO2KHO CO€IVMHUTH TOJIBKO TPACKTOPUAMMU C OCO6LIM y‘-IaCTKOM. ,HJ‘IH
TaKMX FPAHUYIHBIX TOYEK IIOJYIaeM IPOCTOH aJrOPUTM IOCTPOEHUS OITH-
MaJIbHON Tpaekropuu. Yepes kaxzayio u3 rouek z(0) u z(¢1) mposegem
mapy OKpY KHOCTel paimyca 1, KacalolmuXcs COOTBETCTBEHHO BEKTODOB
ckopoctr £(0) = (cos6(0),sin0(0)) u &(t1) = (cosb(t1),sinO(t1)). 3arem
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poBesieM o0mue KacaTeiabHble K oKpyxkHocTaM B 2(0) u z(t1) coorBerct-
BEHHO TaK, YTOOBI HAIIPABJIEHNE JBUXKEHUs [10 STUM KaCATEJbHBIM GBLIO
COBMECTHMBIM C HAIPaBJeHUEM BDAIEHNS Ha OKPYXKHOCTSX, OIPEIEJICH-

z(t)

Puc. 13.4. Haxoxgenune Kpardaiimeii KpuBOi [jisi JAJIEKUX I'PAHUYHBIX TOYEK

HBIM I'DaHUYHBIMA KacaredbHbIME BekTopamu &(0) m Z(t1) (pumc. 13.4).
Hakonern, BbibepeM U3 TOCTPOEHHBIX KPUBBIX KpaTJaillllylo. DTa KpuBas
u OyIeT ONTUMAJIBLHON TPaeKTOpHE.



I'masa 14

IrAMNJIBTOHOBBI CUCTEMBI
C BbIIIYKJIBIMUA TAMMWNJIBTOHNAHAMMUN

XOpoIIo m3BECTHA TeOpeMa O TOM, 9TO €C/IM IOBEPXHOCTh yPOBHS
raMHUJIbTOHUAHA BBIIIYKJIa, TO OHA COLEP2KUT IePUOJAUIECKYI0 TPAECKTOPUIO
COOTBETCTBYIOIIEH raMuIbTOHOBOM cucreMer [144, 149]. B sroii rnase Mbr
JOKazkeM Oojiee oOIIUiT pe3yJabTaT C IIOMOIIBI0 TEOPHU OLTUMAJIHHOI'O
YIPaBJIeHUA JJId JITHEHHBIX CHCTEM.

Teopema 14.1. Ilycmsv S ecmvb cuavho 8bNYKA0E KOMNAKMHOE NOO-
muoocecmeo R, n wemno, u nycms 2paHuya MHONHCECTNBA S ABAAETNCA
NOBEPTHOCTLIO YPoSHA 2amusvmonuana H € C(R™).

Tozda Oas mobozo v € R® cywecmsyem napassesvhas 6eEKmMOpY v
zopda 6 S, uepe3 KoHUbL KOMOPOU NPOTrodum HEKOMOpas MmpaeKmopus

—

2amuabmonosoti cucmemu, & = H(x).

Msr1 canraem, 9T0 Ha mpocTpaHcTBe R™ 3a1aHa cTaHgapTHAS CUMILIEK-
TU4IecKad CTPYKTypa

0 Id
o(z,z) = (z, Jz), J = <—Id L
T.e. TaMHJIbTOHOBO BEKTODHOE IIOJIe, COOTBETCTBYIOIEe I'aMHIJIbTOHUA-
=
uy H, nvmeer Bug H = J grad H.
Teopema 0 11€PHOAUIECKUX TPAEKTOPHUAX I'AMHU/IBTOHOBBIX CUCTEM ECTH

YaCTHBIHA ciIydail mpuBeneHHON BbImie TeopeMbl npu v = (. /lokaxem Teo-
pemy 14.1.

Hoxkaszareascrtso. He repsas obmaocTn, 6ymem canrars, 9To ) €
€int S.
Paccmorpum mosisipy mHOXKECTBa S

S° = {u € R"| sup(u,z) < 1}.
zes
U3 Teopembl OTIEAIMOCTH CIIELYeT, ITO
[e] .
(S°)" =S85, 0 € int S°,
a S° eCTh CHJIBHO BBIIYKJIO€ KOMIAKTHOE IIOAMHOZKECTBO R™.
BBenem Ciemyonyio JUHEHHY 33739y ONTUMAJIBHOTO YIDPABJICHUS:

T =u, ue S, zeR?,
z(0) = a, z(1) = b,
1
/(w, Ju) dt — min. (14.1)
0

3mecs a u b — mobsle Toukum B S°, JOCTATOYHO OJU3KHWE K HYIIO H
rakue, 9ro BekTop J(b — a) mapassnernen v. ITo Teopeme @uiunnosa sta
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3a7a9a UMeeT ONTUMAJIbHBIE pereHns. Mbl ncrnoap3yeM 3T permenns i
MOCTPOEHUSI ICKOMOW TPAEKTOPUH TaMUJIBTOHOBOM crcTeMbl Ha 0S.

3aBuCAImMii OT yHOpaBIeHUS TaMUJIBTOHUAH [PUWHINIE MaKCAMYMa
nMeeT BUJ,

hZ(p, ) = pu+ vz, Ju).

Ilokaxkem cHadaja, 9TO AHOPMAJIbHBIE TPAEKTOPUH HE MOTYT OBITH
ontuMasbHbIMH. Ilycts v = 0. Torma mpucoeauHeHHOE ypaBHEHHE €CTh
p = 0, mosTomy

p = po = const.

Ycaosue makcumyma IIMII 3anmceiBaeTca Kak

pou(t) = max pov.

B cuny cunibHON BBITyKJI0CTH TONSPHL S° mMeeM
u(t) = const, u(t) € 95°.

CrenoBaTebHO, AaHOPMAJIbHBIE TPDAEKTOPUH CYTh IPSMbIE CO CKOPOCTSIMU,
OTEJIEHHBIMA OT HyJisl. Kcjim B3g9Th TOYKH a, b TOCTATOYHO OIU3KUMU K
HYJIIO, TO aHOPDMAaJIbHBbIE TPAEKTOPUU HE CMOTYT y/JAOBJE€TBOPUTH I'DAHUY-
HBIM YCJIOBUSIM.

ITosTomy onTuMasibHBIE TPAEKTOPUU HOPMAJIbHBL, I MOYKHO IIOJIOZKATH
v = —1. HopmauibHbIil raMu/IbTOHIAH PaBEH

hy(p, x) = pu — (z, Ju),

a COOTBETCTBYIOIIad raMHJIbTOHOBaA CHCTEMa MMEET BHU

p=Ju,
T =u.

HOpMaJIbeIfI TraMHUJIbTOHNAH MOXKHO 3alliCaTh KaK
hu(p, ) = (y,u),
y=p+Jz,
e BeKTOP Y yAOBJIETBOPAET YPAaBHEHUIO
y=2Ju.
Bmoss HOpMaIbHON TpaeKTopHun

huy (p(t), (1)) = (y(t),u(t)) = 11)Téaé}§<y(t),v) =C =const > 0. (14.2)

Paccmorpum cragama caygait C > 0. Torma
1 o
2(t) = zy(t) € (5°)" =5,

T.e. z(t) € S. Bonee Toro, z(t) € 05, a BekTOp u(t) ecTh HOpMaNb K OS B
Touke z(t). CienoBaresnbHo, KpuBas z(t) ¢ TOYHOCTBIO J0 MepernapaMer-

i
pU3aIWy SABJISETCH TPAaeKTopueil raMuabToHoBa o H = J grad H.
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FpaHI/I“IHI)Ie yCJ/I0BHA BBIIIOJITHAIOTCA:
p(1) = p(0) = J(z(1) — (0)),
y(1) —y(0) = 2J(x(1) — x(0)) = 2J(b - a),
2(1) = 2(0) = 5 J(b—a).

ITosromy 2(t) ecTb mckomas Tpaexropus: xopaa z(1) — z(0) mapamrensaa
BEKTODY V.

st 3aBepIeHUs OKAa3aTeJbCTBA MMOKaxkeM, 49ro ciaydait C = 0
B (14.2) HeBo3MOXeH. [leiicrBurensro, ecan C = 0, To y(t) = 0, nosromy
u(t) = 0. Eciim a # b, To He BBIIOJHSAIOTCH PAHUYHBIE YCIOBUS IS X.
Ecm xe a = b, To mapa (u(t), z(t)) = (0,0) re peamuzyer MuaEMYM DyHK-
muonana (14.1), KOTOPBIA MOXKET NPUHAMATH OTPHUIATESHLHBIE SHAYECHUS:
s 10boit nomycTuMmoit 1-mepnoguaeckoii Tpaektopun x(t) TpaekTopus
Z(t) = z(1 — t) nepuonuYHA ¥ MMeeT KPUTEPHIl Ka4ecTBa

1

1
/:c JZ) dw-—/(:p,Ju>dx. O
0

0
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JINHEMHA 51 SATAYA BbICTPO,Z[EfICTBPIH

15.1. IlocranoBka 3amadmn

B »T0it rmaBe Mur NU3y4duM CJACAYIONIYIO 3aJa9y OIITHMaJIbHOTO yIIpaB-
JICHUA:

& = Az + Bu, zeR", weUCcCR™", (15.1)

z(0) = =g, z(t1) =1, @, 1 € R" 3aKkpensens!, (15.2)

t; — min, (15.3)

rme U — KOMIAKTHBIA BBIMYKJbI MHOrorpanHuk B R™, a A u B —

TIOCTOSTHHBIE MATPUILI HOPSIKA 7 X 7L U 7 X M COOTBETCTBEHHO. 3aa-
ga (15.1)—(15.3) HasbiBaeTCa AuneldHol 3adaveld Gucmpodeticmeus.

Mmuororpanuuk U ecTb Bblnykjas 000/I09Ka KOHEYHOIO YUCJIA TOYEK
ai,...,ar B R™:

U = conv{ay,...,ar}.

Bynem camraTth, aTo mobas TOYKA a; HE MPUHAIJIEKUT BBIMTYKJIONH 000-
JIOYKE OCTaJIbHBIX TOYEeK aj, j 7 %, T.€. KaXKJad TOYKA G; — BEPILUHA
muOrorpanauka U.

Bynem nasee mpeationaraTh, ITO BBIIOJHEHO CIIEIYIOLIEE YCAOBUE 00-
WeE20 NONOIHCEHUA:

s qoboro pebpa [a;, a;] MHororpanHunka U BeKTOD €;; = a; — @;
Y/I0BJIETBOPSIET PABEHCTBY

span(Be;;, ABe;j, ..., A" ' Be;;) = R™. (15.4)

9To0 ycyoBHe O3HAYaeT, 9TO HHU ONUH BeKTOp Be;; He NPUHAJJIEKHAT
COOCTBEHHOMY MHBapUAHTHOMY TOAIpPOCTpaHcTBY MaTpuibl A. ITo Teope-
Me 3.1 3T0 paBHOCWJIBHO YIPABJIAEMOCTHU JIMHEHHON CHCTEMBbI

Tz = Ax + Bu

C TIPOCTPAHCTBOM YIPaBJIAIONMX HapaMeTpos u € Re;;. Brmosnenns
ycnosus (15.4) Bcerya MOXKHO ZOOUTHCS MaJbIM IIeBejeHHeM MaTpur A
u B.

Mpsb1 paccMaTpuBaJIv IPUMEDPHI TUHEHHBIX 33129 OBICTPOAEHCTBYS B 1A~
parpadax 13.1, 13.2. 3aech Mbl U3y4uM CTPYKTYPY ONTUMAJIBHOTO YIIPAB-
JIEHHUS, JOKaXKeM €ro eIMHCTBEHHOCTh, OIEHUM KOJINIEeCTBO IIEPEKJIIO-
YeHUl.

Cy1irecTBOBaHIE ONITUMAJIHFHOTO YIIPABJIEHUS JJIs JIOOBIX TOYEK T(, L1
Takmx, 9ro 1 € A(xg), crexyer n3 Teopembr Omimnmosa. 3ameTnM, 9TO
aHAJIOTUYIHAS 33/129a C HEOTPAHWIEHHBIM ITPOCTPAHCTBOM YIIPABJISIONIUX
mapaMeTpoB MOXKET He UMEeTh ONTHMAJIBHOIO YIIPABJIEHUS; 3TO JIETKO II0-
Ka3aTh, UCIOJIb3Ys JTUHENHOCTH CHCTEMBIL.

Ilepen HagasoM u3ydeHus: JUHEHHON 3aMa9u OBICTPOAEHCTBUS HATIOM-
HUM HEKOTOpble HadaJbHbIE CBEIEHUA O MHOTOTDAHHUKAX.
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15.2. T'eomeTpuss MHOTOTPAHHUKOB

Beimykiioit 0607109K0if KOHETHOTO YUCIA TOYEK A1, - . ., G € R™ Ha3BI-

Ba€TCd MHO2KECTBO & &
def
U=conv{ay,...,ar} = {Zaiai a; =0, Zai = 1}.
i=1 i=1
Addunnag runepmiockocts B R™ ecTh MHOXKECTBO BHIIA
DI={ueR™|({u)=c}, {eR™\{0}, ceRr

OnopHO# runepIIocKocTbio MHOrorpasanka U Ha3bIBaeTCs TaKas TUIIEp-
miockocTh 11, garo

&uy<c YuelU

Iyl KoBeKTopa € W uucia ¢, oupenejsiomux I, npudem 310 Hepa-
BEHCTBO JIOJIZKHO 00pAaIaThCsd B PABEHCTBO B HEKOTOPOil Touke u € QU,
re [INU # @.

& Ilepecedenne JOGOTO  MHOTO-
rpaHnka U = conv{ai,...,ar} ¢
JIFOOOM €ero OMOPHON TrHUIEepILIOC-

Lal kocreio 11 = {u| (§,u) = ¢} nmaer
'

OpYyroii MHOI'OI'DaHHUK:
l UNII = conv{a;,,...,a;},

<£aai1> == <£aail> =,
s <§,(L]’><C, _]¢{21,,’Ll}

Takue wmuororpanauku U NIl Ha-

3bIBAIOTCA TPAHAMHU MHOIOIDAHHU-

as ka U. HynbmepHble u omHOMEpHBIE

CPAaHM HA3BIBAIOTCHA COOTBETCTBEHHO

Puc. 15.1. Muororpauuaux U c omop- BepmmHaMu u pebpamu. MHOro-

HOfI runeprurockocTsio I1 I'PaHHUK HMeeT KOHEYHOE YHCJIO

rpaseii, Kaxkjasa U3 KOTODBIX €CThb

BBIIIYyKJIasg 000/I09Ka KOHEYHOr'0 YUC/Ia BepinH. ['panb 1r060it rpaHu eCcTh

rpaHb HCXOJHOIO MHOIOIDAHHHKA. ['pPAaHWIIA MHOTOIDAHHUKA SIBJISAETCS

Oo0ObeMHEHWEM BCEX €ro rpaHeil. DTO HEMOCPEICTBEHHO CJEIAyeT U3
TeopeMbl OTJeIUMOCTH (MU TeopeMbl XaHa—BaHaxa).

as

15.3. Teopema o peJsieiiHOM yHnpaBJIeHUU

OnrumasibHOE yIpaB/ieHWe B JIMHEHHON 3amade OBICTPOIEHCTBUS pe-
JIEHO, T. €. KYCOYHO IIOCTOSHHO U IPUHUMAET 3HAYEHNs B BEPIIMHAX MHO-
rorpanHuka U.

Teopewma 15.1. ITycmo ynpasaenue u(t), 0 < t < t1, onmumasvro
oas aunetnotl 3adawu 6uicmpodeticmeus (15.1)—(15.3).

Tozda cywecmeyem KonewHoe nNOOMHONHCECTNEO

TC [Oatl]a #T< 00,
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RO MO u(t) € {ag, .. a},  tE[0, 1]\ T, (15.5)
u ozparuienue U(t)|yeo 4\ AOKAALHO NOCMOANHO.

Hoxazateunscrtso. lIpumennm npuamm makcumyma llorTparn-

Ha K JMHeNHOH 3amade OpicTponeiicTeus (15.1)—(15.3). Bekrop cocrosHus
U COIPSI?KEHHBIH BEKTOD CyTh

Z1

T = ERna é.:(gla"'agn)eRn*a

xn
a TOYKa CONPAKEHHOr0 IPOCTPAHCTBA €CTh

A= (£,z) € R™ x R" = T*R".
BaBucsmuii oT ynpas/jeHus raMUJILTOHUAH PaBEeH

hu(é,z) = €Az + EBu

(MBI ymMHOXKaeM CTPOKHM Ha CTosOns!). [aMuibToHOBa CHCTEMA U yCJIOBUe
makcumyma IIMIT numeror Buz

{x = Az + Bu,
§ = 7§A7
£(t) # 0,

&(t)Bu(t) = I;léi&{é'(t)Bu (15.6)

N3 raMuibTOHOBOM CHUCTEMBI CJIEAYET, ITO TPUCOETUHEHHBIA BEKTOD

—tA
£(t) =¢(0)e™™",  £(0) #0, (15.7)
aHaJIUTUYE€H BIO0JIb OHTHMaﬂbHOﬁ TPpaeKTOpUMn.
BBeseM B paccMOTpeHHE MHOXKECTBO HHIEKCOB, COOTBETCTBYIOIIHX
BEPIIUHAM, B KOTOPBIX JOCTHTaeTca MakcuMyM (15.6):

J(t) = {1 <J <M &(t)Ba; = max¢(t)Bu = max {¢(t)Baj i = 1,....k} }.

B nro6oit momentT t suneiinas dynkuua £(t)B gocruraer MakcuMmyma B
BepmrHaxX MHororpaHumka U. JlokakeM, 9TO B KasKIbIii MOMEHT, 3a UC-
KJIIO9€HNEM KOHE€YIHOI'O X 9ncjia, 3TOT MaAKCUMYM IIPDUHUMAETCA B €JUHCT-
BEHHO! BepIIUHE.

Onpesesium MHOXKECTBO

T =A{t €0, ta]| #J(t) > 1}

OT IPOTHBHOrO: MPEIIOIOKAM, 9T0 ] OGECKOHETHO, T. €. CYIIECTBYET IIO-
CJIEIOBATEILHOCTh PA3HBIX MOMEHTOB

{Tl,...,Tn,...}CT.

Tax KaK IMeeTCs JIUITh KOHEIHOe YHCJI0 BO3MOYKHOCTEH /71 TI0IMHOKECT-
Ba J(1,) C {1,...,k}, TO MOKHO IPEAIIOIOKNATH, He TePsist OOUHOCTH, ITO

J(Tl) = J(Tz) = ... = J(Tn) = ...
O6ozrauum J = J(7y).
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Hasee, Tak KaK BBIIYKJasg 060JI109Ka

conv {a;| j € J}
ABJIAeTCA IPaHbI0 U, TO CyIIeCTBYIOT TaKWe WHIEKCHI ji,ja € J, 9TO OT-
pesok [aj,,aj,] ecrb pebpo U. Nmeem

f(Ti)Bajl :f(Ti)Ban, 1= ].,2,...
s BekTOpa € = aj, — aj, HOIydaeM
&(r;)Be =0, 1=1,2,...

Ho &(7;) = £€(0)e ™4 B cuy (15.7), mosromy amanmTudecKas GyHKus

t— £(0)e " Be
uMeeT GECKOHETHOE YKCJI0 Hyeii Ha orpeske [0,t1], T. €. OHA TOXKIECTBEHHO
paBHa HYJIIO: £(0)e=Be = 0.

IMocnemoBarenpro nuddepeHnupys 310 TOX)RAECTBO npu t = 0, mMoayIaeM
€(0)Be =0, €(0)ABe=0, ..., £(0)A" 'Be=0.

ITo ycmosuro obmero nomoxenns (15.4) mveem £(0) = 0, aTo mpoTmBOpe-
qur ycaosuto (15.7). IlosTomy MHOXKeCTBO 7 KOHEUHO.

Bre muoxecrBa T dynkuua £(t)B nocruraer makcumyma Ha U
B eIMHCTBEHHOH BepmmHe ajy), {j(t)} = J(t), mosTomy omTmMambHOE
ynpasenue u(t) IpUHAMaeT 3Ha¥eHNe B BePIIIHE a;(;). Brmrouenne (15.5)
nokaszano. /lasiee,

£(t)Bajy > £(t)Bas, i # j(t)-

Ho Bce dynxmun t — £(t)Ba; HENPEPHIBHBI, NOITOMY HPEAIIECTBYOIIEE
HEPABEHCTBO COXPAHAETCA JJIsi MOMEHTOB BpeMeHH, Osm3kux K ¢. DyHk-
mus ¢t — j(t) sokanpHO mocrosinHa Ha [0,t1] \ 7, cienoBaTesbHO, ONTH-
MaJibHOe yupaBiieHue u(t) TakKe JIOKajdbHO mocrosiHHO Ha [0,%1]\ 7. O

lajtee HaM TIOHAIOOUTCS CJIEIYTOMIEE YTBEPXK ICHHE, JTOKA3aHHOE B PaC-
CY?K/IeHUH BBIIIIE.
Cnenmcrsue 15.1. IIyemo gynryua £(t), t € [0,t1], ecmo nenyae-

60e pewenue npucoedurennozo ypashenus &€ = —EA.

Tozda scrody na ompeske [0,t1], 30 uckaroueHuem KOHEUHO20 HUCAQ
mouek, cywecmsyem eduncmeennoe ynpasaenue u(t) € U maxoe, wmo
&(t)Bu(t) = max £(t)Bu.

uelU

15.4. EauHCTBEHHOCTh OIITUMAJIbHBIX yIIPaBJIEHUN
U 3KCTpeMaJieii

Teopema 15.2. [Tycmv xonewnas moura 1 OOCMUNCUMG U3 Ha-
YaALHOT TNOYKU T(:
T € A(wo)

Tozda aunetinan 3adaua Guicmpodeticmeus (15.1)—(15.3) umeem
eOUHCINBEHNOE PEUWEHUE.
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JlokazaTeabcTso. Kak MBI y:Ke OTMeTHIN, CyIeCTBOBAHHIE OII-
THMaJILHOTO YIPaBJIeHUs CllefyeT U3 TeopeMbl PUINIIOBA.

[IpeamnosoKuM, YTO CyIIeCTBYeT IBa ONTUMAJbHBIX yIPaBICHHUA:
uy(t), ua(t), t € [0,t1]. o dopmymne Komm

ty
I(tl) = etlA <.’130 + /e_tABu(t) dt)
0

noJryqaem
t1 t1
et1A<m0 + /e*”‘Bul(t) dt) = ¢h4 (xo +/e*tABu2(t) dt),
0 0
TO03TOMY
tl tl
./e4ABuﬂﬂdt:1/e4ABuﬂ0dt (15.8)
0 0

Iycts & (t) = &(0)e™ 4 ecth mpucoeTMHEHHDIH BEKTOD, COOTBETCTBYIO-
Uil 00 IPUHIUIYY MakcuMyMa yrnpasjenuto uq (t). Torga pasercrso (15.8)
MOKHO TIEPENUCATh B BUJE

t1 t1
/&@&Mﬂﬁ:/&@Bm@ﬁ. (15.9)
0 0

Ilo ycnoBuro makcmmyma IIMIT

§1(t) Buy(¢) = max & (t) Bu,

mo9TOMY &1(t)Bua(t) = & (t)Bua(t).

Ho 10 mepaBencTBo BMecTe ¢ paBencTsoM (15.9) o3mHawaer, 9T0 moduTH

Bcroay Ha [0, ¢1]
&1(t)Buy (t) = &1(t) Bua(t).
IIo caencrBuio 15.1
uy(t) = ua(t)
nourn Beoay Ha [0, t1]. O

Wrak, B muHeHON 3ama4e OBICTPOIEHCTBIS ONTUMAJIBHOE YIIPABJIEHNE
eauuacTBeHHO. OOBIYHO, 9TOOBI HANUTH ONTHMAJbHOE YIPAaBJIEHHUE IS 3a-
JIaHHOM Mapbl FPAaHUYHBIX TOYEK To, Z1, UILYT Bee sKcTpeMain (£(t), z(t)),
TIEPEBOJIAIINE X B X1, & 3AT€M U3 HAX BBIOMPAIOT HAWIYYIIyio. B mpume-
pax, paccmoTpeHHbIX B maparpadax 13.1, 13.2; cymecTBoBaJia € IMHCTBEH-
Has SKCTPEMAJIb JJIs JII000M mapsl 2, 1 upu 1 = 0. JJokaxem, 9410 310 —
ob1ee CBOMCTBO JIMHEHHBIX 33429 OBICTPOIEHCTBHSI.

Teopema 15.3. Hycmv x1 =0 € A(zg) u0€ U\ {a1,...,ar}.

Tozda cywecmeyem eduncmeennoe ynpasaerue u(t), nepesodawee xq
6 0 u ydosaemeoparouiee NPUHYUNY MAKCUMYMA.
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HoxkaszareascTso. [Ipeamosmoxum, 9T0 CyIIeCTBYIOT ABA yIIPaB-
JICHUA:
u1 (t), t e [0, tl], ’LLQ(t), t e [0, tz],

nepeBondmue o B 0 u yA0OBIETBOPAIOININE IPUHITUAILY MaKCHMyMa.
Ecm t1 = t2, TO U3 I0Ka3aTebCTBA MPEIbIAYINENl TeOpeMbl BUIHO,
aro ug(t) = ug(t) mOYTH BCIOLY, MOSTOMY MOXKHO CIHTATH, ITO

t1 > ta.

N3 dbopmynsr Komum monygaem

t1
efrd (aco + /e_tABul (t) dt> =0,
0

to
etz <a:0 + /e_tABug(t) dt> =0,
0
IIO3TOMY
t1 to
/ e A Buy (t) dt = / e~t4 Buy(t) dt. (15.10)
0 0

Cornacuao IIMII cymecrByer mpucoemmuenHbrii BexTop &1(t), t € [0,¢]
Tako#, 94TOo

&) =&(0)e ™, &(0)#0, (15.11)

&1(t) Bur (t) = max & (¢) Bu. (15.12)

Tak kak 0 € U, umeem
&1 (t)Bua(t) 20, t €0,t]. (15.13)
Pagencrso (15.10) MoKHO nepenucarsb Kak
t ta
/ £1(t) Buy (£) dt — / £1(t) Bus(t) dt. (15.14)
0 0
IIpuanmas Bo BEnManme (15.13), momywaem
to 2]
/ £1(8)Buy (t) dt < / £1(t) Bus(t) dt. (15.15)
0 0
Ho u3 ycnoBua makcumyma (15.12) cremyer, aro
&1(t)Bu(t) = &1(t)Bua(t), t € [0,ta]. (15.16)
ITosromy mepasencrsa (15.15) m (15.16) coBMeCcTHMBI, TOJBKO KOLAA

&i(t)Bui(t) = &(t)Bua(t), ¢ <[0,to],
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cileioBaTebHO, HepaBeHCTBO (15.15) moyKHO 06paIaThCs B PABEHCTBO.
Beuay (15.14) umeem

/261 (t)Buy (t) dt = 0.

Ho nompiaTerpansaas Gynkmus Heorpunareasaa (cm. (15.13)), mosromy
OHA TOXKJIECTBEHHO PaBHA HYJIIO:

&1 (t)Buy(t) =0, t € [t1,ta].

U3 mokasarenncrBa Teopembr 15.1 caenyer, ato ynpasaerue ug(t) peseii-
HO, I09TOMY CymiecTByer uaTepBai I C [t1,ta] Takoi, 4To

’ul(t)|1 =a; # 0.
CiieroBaTebHO,

&(t)Ba; =0, tel

Ho &1 ()0 = 0, 9To IPOTHBOPEYNT €AUHCTBEHHOCTH YIIPABJIEHHs], HA KOTO-
pom gocturaercs makcumym B IIMII; cm. caencrue 15.1. O

15.5. IlepekJiroueHus ONTUMAJILHOTO yIIpaBJIEeHUS

OueHnM KOIMY€ECTBO MEPEKIIOIEHNI ONTUMAJIBHOTO YIPABJICHUS B JIU-
HeWHBIX 3a7a4ax ObicTponeiicTBus. B mpumepax maparpados 13.1, 13.2
MBI HOJIY9HUJIA COOTBETCTBEHHO OJHO IEPEKII0YeHNe U CKOJIb YTOTHO 60JIb-
II0€ 9UCJIO0 IIEPEKJII0YEHU, XOTs U KOHeYHOoe Ha Jilobom orpe3ke. Oka3bl-
BaeTCsd, B O0IEM CJiydae BO3MOXKHBI [[BA THIA IIOBEIEHUS ONTHMAJIHHOIO
YIPaBIEHUS: HEOCIUIIUPYIOMUI U OCHUJUINPYOMUN, B 3aBUCUMOCTH OT
TOrO, UMeeT MaTpulia A BelecTBeHHbIN crieKTp win HeT. HamoMHuM, 910 B
TpUMepe C OIHUM HePeKIoYeHneM B maparpade 13.1 Mbl nMesn MaTpHILy

a=(3 3). s@w-©cr

a B IMpHUMepe CO CKOJIb YIOJHO OOJIBIIINM 9YHCJIOM HEPEKJIOYEHU B mapa-

rpade 13.2
A= <_°1 5), Sp(4) = {£i} ¢ R

MBI OrpaHHYAMCS CHCTEMAMH CO CKAJIAPHBIM YIPaBICHHAEM:
T = Az + ub, velU=][a,f]CR, zeR",
V/IOBJIETBOPSIONIUMHI YCJIOBUIO 0BIIETo MOJI0XKEeHUs
span(b, Ab, ..., A"71b) = R".

MHO02k€eCTBO TOCTUKUMOCTH TAKOH CHCTEMBI 38 CKOJIb YT'OTHO MAJIOE BPEMS
nojHOMepHO. OIEeHNM MUHUMAJIFHOE YHCJIO MEPEKII0YEH T, He0OX0auMOoe
JIS 3aIIOJTHEHUs MOJIHOMepHOU obsactu. OUTHMasibHOE yIpaBieHne KY-
COYHO MOCTOSIHHO CO 3HaUeHUsSIMH BO MHOxKecTBe {a, }. IIpemmosnoxum,

14 A.A. Arpaues, }0.JI. Caukos
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9TO TPAEKTOPHUS BBIXOAUT M3 HAYAJIBHON TOYKH T C yupasjeHueMm «. bes
IIepPEKII0YeHNil MOKHO 3aIlOJHATH JyTy l-MepHON Kpupoii e(A#+ab)ty
C OJHUM TEePEKTIOYeHNEM 3aIOJHAETCH KYCOK 2-MepHOIl HOBEPXHOCTH
e(Az+Bb)t2 o e(Am+°‘b)t1w0, C IByMS TEPEKIIOYeHNIMHI MOXKHO JOCTHYb TO-
9eK Ha 3-MepHOI nmoBepxHOCTH U T. 1. Ilo3TOMY 117151 3am0/IHEHUS N-MEPHOMN
obsracTu HEOOXOAUMO KAK MUHHMYM N — 1 IEepeKJIIoYeHue.

JlokarkeM, 9TO B HEOCIUJIIUPYIOIIEM CIydae n — 1 ImepeKJfo9eHne or-
THMAaJIbHOTO YIIPABJIEHUS BCETA TOCTATOYHO.

Teopewma 15.4. Ilpednonoorcum, wmo mampuya A umeem moavko
BEW,ECNBEHHVIE COOCMBEHHBLE 3HAUEHUA:

Sp(4) C R

Tozda aw0boe onmumanvroe ynpasaenue 6 aunetinot 3adave bviempo-
deticmeua (15.1)—(15.3) umeem ne boaece wem n — 1 nepexarouerue.

HdoxasaTreanbcTso. llycrs u(t) — onTEMambHOE yIpaBieHHE, &
3 (t) = £(0)e~ " — cooTBeTcTBYyIOIIEe PEIIEHHE COIPSKEHHOIO yPABHEHHS
& = —¢A. Yenosue makcumyma [IMII 3anuceiBaercs Kak

E(tpu(t) = max €(t)bu,

)
IIO3TOMY

_ [B mpm £(t)b>0,
u(t) = {a npu  £(t)b < 0.

CremoBaTesnbHO, 9UCIIO EPEKIIOYeHni ynpasierns u(t), t € [0, t1], pasro
KOJIM9IeCTBY IIepeMeH 3HaKa (byHKITHN

y(t) =€), te[0,t].

[Tokazkewm, aro y(t) umeer ue Gosee n — 1 KOpHS.
BeramcanM nTpon3BOIHBIE COMPSYKEHHOTO BEKTOPA:

(1) = £(0)e4(—A)".

ITo reopeme Kanu marpuna A yioBjeTBOPSET CBOEMY XapaKTE€PUCTUYIEC-
KOMY yPaBHEHUIO

A"+ AV 4, 1d =0,

rae
det(t1d —A) = t" +cit™ ' + ... + cp,

TO3TOMY

(—A)" —ci (A" +... + (=), Id=0.

Caenosaresnbuo, dbyukuusa y(t) ymosiaerBopser muddepeHIIATbLHOMY
YPaBHEHUIO 7-TO MOPSIKA

y™ () —ery™ V() + ... + (=1)"c,y(t) = 0. (15.17)
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Kaxk xopomo ussectao (cM., nHanpumep, [138]), moboe pemenune sroro
YPaBHEHUS €CTh KBA3UMHOTOYJIEH

k
u(O) = e MR,

P;(t) muOrOUINIEH,
Ai #Xj mpu 1 #
rme \; — COOCTBEHHBIE 3HAYEHHS MATPHUIBI A, a CcTemeHb KaxKI0ro MHO-

rouneHa P; MeHbIle KDATHOCTH COOTBETCTBYIOMIETO0 COOCTBEHHOIO 3HAUe-
HOA \;, TOTOMY

k
ZdegPi <n-—k.
i=1

Tenepsb yTBepKIeHNE JAHHONU TEOPEMBI CJI€IyeT U3 MPUBEIEHHON HIUXKE
obmieit meMmmbl. [

JlemMma 15.1. Keazumrozounren
k k
y(t) =Y _eMP(t), ) degPi<n—k, (15.18)
i=1 i=1

N# A npu i#j,
umeem we bosee n — 1 seuecmeenHbT KopHeT.

HokaszaTreasbcTso. [Ipumenum uaaykmuio o k. Ecau k = 1, To
KBa3UMHOTOYJIEH

y(t) = e P(t), degP <n—1,

umMeer He Oosiee n — 1 KOpHeid.
Hoxaxem mar naayknnn gid k > 1. Oboznaunm

ni:degPi, 'L:].,,k

ITycts kBasuMmHOrO4IeH y(t) MMeET N BEIIECTBEHHBIX KOPHeH. 3ammiieM
ypaBHeHHe

k-1
y(t) = Z M Pi(t) + eM'Py(t) = 0
i=1

B CJIEYIOIIEM BHUE:

k—1
QTP (1) + Py(t) = 0. (15.19)

1

i
Ksa3zumuorounen B j1eBoit wactu umeer n kopueit. [Ipoaquddepenmupyem

3TOT KBa3UMHOTOWIEH N, + 1 pa3, arober muorownen Py (t) mcaes. Tocme
ng + 1 auddepernupoBaHuil MoIyIaeM KBA3UMHOTOUIEH

k—1
3N ANQ (1), deg Qi < deg P,
=1

14*
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uMeromuit o TeopeMe Posna n — ng — 1 BemecTBeHHBIX KOpHEH. Ho mo
IIPeAIOJIOKEHIIO HHIYKIINY MAKCAMAJIbHO BO3MOXKHOE 9HCJIO KOPHE 3TO-
0 KBa3UMHOTO4JIeHa PABHO

k—1
E ni+k—2<n-—mn;— 1
i=1
ITony4enHoe npoTuBopedne n JOKA3BIBAET JAHHYIO JieMMy. [

Teopema 15.4 mOSHOCTHIO JOKA3aHA: B HEOCIIMJLIUPYIOMIEM CJIy9Iae OIl-
THMaJIbHOE YIpaBIeHHE mMeeT He Oojiee n — 1 Mepek/IoIeHnit Ha CBOeit
obJsactu onpezesenus (HAIIOMHUM, 9TO 1o — 1 MEPeKJII0UeHne BCeraa Heob-
XOAUMBI [TakKe HA MAaJjIbIX BPEMEHHBIX OTPE3KaX, TAK KAK MHOXKECTBA J10C-
TikuMocTH Ay, (t) nomHoMepHBL qig Beex ¢ > 0).

Jisi npou3BOJIbHON MaTpuibl A MOXKHO MOJIy4uTh 7 — 1 KakK OLEHKY
CBEPXY JIsl 9UCJIa [E€PEKJIIOYeHHH Ha JOCTATOYHO MAaJIbIX OTPE3KaX Bpe-
MEHH.

Teopema 15.5. Paccmompum Tapaxkmepucmuseckuti MHO204AEH

Mampuys, A L
det(tId—A) =t" + 1t " + ...+ ¢cn,
u nYcmo

¢ = max |¢;l-
1<i<n

Tozda dasn A106020 ONMUMGADHO20 N0 6BICTPOIETCTNEUIO YNPABAECHUA
u(t) u wobozo t € R ompesox

. 1
[t, i+ ln<1 4=
c
codepotcum He boaee m — 1 nepekarueHUl ONMUMGALHOR0 YNPaBAe-
nua u(t).
IIpu mokasaTesbCTBe ITONU TEOPEMBI MBI BOCIIOJIB3YEMCS CJIELYIOMIUM
obumM npeiozKeHuemM, Koropoe Mol y3uauu or C. dkoBeHko.

Jlemma 15.2. Pacemompum dupdepenyuanvroe ypasrerue

y™ 4o ()y™ Y+ en(t)y=0

C UBMEPUMBIMU U 02PEHUMEHHLIMY KoIPPuyuermamu,

c; = max |ci(t)|.
te[i,i+6]| ( )|
FEcau n 5
D e T <L (15.20)
i=1

mo aoboe nenyaecoe pewenue y(t) smozo ypasnenus umeem ne boaee
n — 1 xopreti na ompesxe t € [t, t + §].

JdoxkasaTennbcTso. OT IPOTHBHOrO: IPEIOI0KHAM, ITO PYHK-
mus y(t) uMeeT mo MeHbIeHl Mepe n KOpHel Ha orpeske t € [¢, t + 4]. ITo



15.5. Ilepexaoverus onmumasvbHo20 YnpaeieHus 213

reopeme Posisg npomssopnasa ¢(t) umeer He MeHee n — 1 KOpHEH U T. 1.
Torma y™ ") mmeer xopens t,,_; € [L, t + J]. TlosTomy

t

"0 = [y dn

tn—1

Iycrs t, o € [t, T + 6] ects xKopens y("~2)(t); Torma

t T1
= / dr /y(n)(Tg)dTQ.
tn—2 tn—1

Ipomomxum sty mponeaypy: mpoumrerpupyem y(" it (t) or kopms
tn—i € [t, t + ¢] bynxunm y(n=9 (t) u momyuum

Ti—1
/ dry / drs ... / y(")(n)dn, i=1,...,n.
tn—it1 tn—1

CrenoBaTesbHO, CIIpaBEIINBa, OIEHKA

Ti—1
| /dT1 / drg ... / |y(")(7'i)|d7'i<

tn—it1 tp—1
t+6 T Z
/dTl/dTQ .. / |y(") Tz ‘de\_| sup ‘y(n)(t”
Cteft,t+4]
Torma
& n—i & n—i = 61 n
Sl ><t>\ <O la®y IO <Y e sup )l
i=1 i=1 i=1 te(t,t+9]
T. €.

y™ (¢ Zcz 5 sup |y ()],
" te[t,i46]

4T0 TpoTuBopednt ycaosuo (15.20). JlemMa nokaszana. O
Temnepp mokarkem Teopemy 15.5.

HokaszarenbcTBo. Kak ObLIO IIOKa3aHO MPH JI0KA3ATETHCTBE
TeopeMbl 15.4, 4mcsio mnepeksrodeHuit u(t) me GoJiblie YuCaa KOpHEH
dysxmun y(t) = £(t)b, ynosaerBopsitomieit nuddepeHpaIbHOMy ypaBHe-
Huio (15.17).
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Nmeem n 5
> el 7 < c(e? —1) V6>0.
i=1
Ilo semme 15.2, ecan
c(e’ — 1) <1, (15.21)

To dynkmms y(t) mmeer me Gomee n — 1 BeIECTBEHABIX KOPHEH Ha JTIO60M
orpeske miuabl 0. Ho HepasencTso (15.21) paBHOCUJIBHO CliemyromeMy:

6<1n<1+%),

nmostomy Yy(t) mmeer He Gomee n — 1 KOpHEH Ha JTOGOM OTPE3KE IJIMHBI

In(1+1/¢). O



I'masa 16
.TIPIHEIZHO-KBA,Z[PATPI‘-IHAH SAITAYA

16.1. IlocranoBka 3amadmn

B »T0il rimaBe MBI PACCMOTPHUM YPE3BBIYAITHO MOMYISPHBIN B IPUJIOXKE-
HUAX KJIACC 33129 OUTUMAJIbHOIO yIIPABJIEHUS — AUHEUHO-KEAIDAMUYHDLE
3adavu. Takas 3amada 3a7aeTCa JUHEHHON CHCTEMON € KBaJAPaTUIHBIM
GYHKITIOHAJIOM KaIeCTBa:

i = Az + Bu, zeR*, wuweR™, (16.1)
z(0) = =g, z(t1) = 21, Zo,T1,11 3aKpeEIIeHHI,
ty
/ (Ru(?), u(t)) + (Pa(t), u(t)) + (Qz(t), 2(t)) df — min.

0

J(u) =

N | =

3necy A, B, R, P, () — NOCTOSIHHBIE MATPUIIBI COOTBETCTBYIOIIUX Pa3Me-
poB, R u () CHMMETpUYIHBI:

R"=R, Q" =Q,
a yIJI0BBIe CKOOKH ( -, - ) 0603HAYAIOT CTAHAAPTHOE CKAJISIPHOE IIPOM3Be-
nenue B R™ u R™.

Herpyamo nokazars, uro ycmoBue R > (0 HEOOXOAMMO IS CyIECTBO-
BaHUs ONITUMAJIFHOTO yrpaBjieHus. Mbl He OyaeM 31eCh KacaThCs CIyIaeB
BeIpOXKAeHUs1 R u npenmnosoxum, aro R > 0. 3ameHa mepeMeHHBIX U —
v = RY?u nepesoaur dbynxmponan J(u) B GbyHKImOHAN TOrO XKe Buga
¢ equanaHOi MaTpuneit BMecto R. Ilosromy Oymem masiee mpesmosaraTh,
aro R = Id. Jluneiinoe npeobpa3zoBanne oOpaTHOil CBA3KM OOHYJIET MAT-
puny P (maiizure 310 npeobpazosanue). Ilosromy DyHKIMOHAI KaIeCcTBa
MOXKHO 3aIIUCATH CJIEAYIOMUM 00pa30oM:

J(w) =5 [ 1O + @o(t),2(t) d.

Yro KacaeTcd IMHAMUKH 33139, Oy/IeM IPEeIIIoaaraTh, ITO JUHEHHA
CHCTEMAa yIIPaBJdAeMa:

rank (B, AB,..., A" 'B) = n. (16.2)

16.2. CyuiecTBoBaHME OIITUMAJIBHOTO yIPaBJICHUS

N3-3a Toro, 4ro MHOXKECTBO ympasisgiommux mnapamerpos U = R™
HEKOMIIAKTHO, Teopema DuinnmoBa HEMPUMEHWMA, MMOITOMY CYIIECTBO-
BaHUE ONTHMAJIbHBIX YIPABJIEHUNA B JIMHEHHO-KBAAPATUIHON 3alade —
HeTPHUBUAJIbHAS 331a9a.
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B sT0i1 ri1aBe B KavecTBe MOMyCTHUMBIX yIpaB/aeHUil 6ymeMm OpaTh WH-
TerpupyeMble C KBaIPATOM BEKTOp-(DyHKIUN

u e ng [0, tl]
¥ UCIIOJIb30BATH JijId ylpaBJeHuil HopMy npocrpancrsa Ly

|ul| = <7|u(t)2dt>l/2 = <]1u%(t)+...+uﬁz(t) dt)l/z.

PaCCMOTpI/IM MHO2KECTBO BCEX OOIIYCTHUMBIX praBJ’IeHHﬁ, ImepeBoada-
X HAY9aJIbHYIO TOYKY B KOHEYHYIO

U(zg,21) = {u € LT[0, t1]| z(t1,u,x0) = 21}

Mpe1 o6o3Hauaem 9epes z(t, u, ¢g) TpaekTopuio cucremsl (16.1), coorsercr-
BYIOIIYIO JOIyCTUMOMY YIIPABJICHUIO U € L' 1 BBIXOIALY IO U3 TOUKH T €
€ R”. B cuny dopmyssr Kommu omobpaoicerue 6 xoney

t1
w i z(ty,u, z0) = ey + /e(tl_T)ABu(T) dr
0

ectb addurnoe 0TOGpakenne u3 LY'[0,t;] B R". Ynpasnsemocts nuneii-
HOit cucremer (16.1) osmagaer, aTo aua m0bbBIX To € R™ u t; > 0 o6pas
oTobpazkeHusi B KOHel coBmnagaeT co BceM R™. IloampocTpancTBO

U(zo,z1) C LT]0, 4]
acddburHO, a8 TOATPOCTPAHCTBO
U(0,0) C LT[0, 4]
JmHeHO; boJree TOrO,
U(zo,z1) =u+U(0,0) muaa moboro u € U(zg,z1).

ECTGCTBGHHO 02KnJ1aTh, 9TO CyHmieCTBOBaHUE OITHUMAJIbBHBIX pra,BJIeHI/Iﬁ
TECHO CBA3AHO C MOBeJeHneM (QYHKIMOHATA KadecTBa J(u) Ha IuHEHHOM
noampocrpancrse U (0, 0).

IMIpennoxenne 16.1. (1) Ecau cywecmsyrom maxue MoKy
zg,x1 € R*, wmo

inf  J(u) > —o0, 16.3
wEU (xo,w1) ( ) ( )
J(u) =0 Y u e U(0,0).
(2) O6pammo, ecau
J(u) >0 Y uel(0,0)\0,
Mo MUHUMYM O0CTNUZAETNCA:

3 min J(u) Y zo,z1 € R™.
weU (zg,21)



16.2. Cywecmeosarue onmumasbHO20 YNPLBAEHUS 217

Sameganune. llpegpiaymee mpenjioXkeHne O3HAYAET, YTO HEPa-
BEHCTBO

Ilu0,0) 2 0

HEe0b6X0IUMO sl CyIeCTBOBAHUS ONTUMAJIbHBIX YIIPABJIEHU XOTs Obl 1715
omHOMI mapsl (Zg,Z1), @ CTPOroe HEPABEHCTBO
Juco,000 >0

JOCTATOYHO I CYIIEeCTBOBAHUS ONTHUMAJIBHBIX YIPABJIEHHUI IJis BCeX
nap (zo,x1).

Hnsi nokazarenscrBa mpejyiokenus 16.1 HaM mOHAIO0UTCS CIIEIyIO-
1ee BCIIOMOTATEIbHOE yTBEPKIEHNE.

JTemma 16.1. Ecau J(v) > 0 daa scex v € U(0,0) \ 0, mo

J(v) = alv|? das nexomopozo o >0 wuscex v e U(0,0),
UAU, 4MO O dHCE CAMOE,

inf{J(v)| ||lv|| =1, v € U4(0,0)} > 0.

HokaszarenbcrBo. Illycts v, — MUHEUMH3UPYIOMAs IIOCJIEIO-
BaresibHOCTL dyHkuuonana J(v) Ha mpocrpancrse {||v| = 1} MNU(0,0).
3aMKHyTHIE Iapbl B THILGEPTOBOM IPOCTPAHCTBE CJIa00 KOMIAKTHBI, 110-
9TOMY CYIIECTBYET IOATIOCIIE[OBATEIFHOCTD, CJIab0 CXOAANIASC B €INHNY-

voMm mape. Coxpanss 0603HaYEHNE V,, [JId 9JIEHOB 3TON MOCJIEI0BATEb-
HOCTH, IIOJyIaeM

U, = U caabo mpm N — 00, Il <1, ©e€U(o,0),
J(vy) = inf{J(v)]| ||v]| =1, v € U(0,0)}, n — 0. (16.4)
QyHKIMOHAT Ha MNOCJIEN0BATEIBHOCTH DAaBEH
t1
Jn) = 3+ 5 [(Qan(r),an(r)) dr.
0

Tak xak ympaBiieHus CXOIATCSA CJ1a00, COOTBETCTBYIOIIIE TPAEKTOPUHU CXO-
JATC CUIBHO:
mn() - Iﬁ(')a n — 00,

TIO3TOMY
ty
J(vy) — % + %/<QI§(T),J:5(T)> dr, n — 00.
0

B cuiy (16.4) nccienyemasi HUXKHsIsi TpaHb PaBHA
t1
343 Qo). as(m)ydr = 5 (1= [91) +J(@) > 0. O
0
Joxkaxkem mpeioxkenne 16.1.
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HdokaszaTeabcTso. (1) OT NPOTHBHOrO: MPEAIONOKHAM, UTO Cy-
mecrByeT Takoe v € U(0,0), aro J(v) < 0. Bossmem xo6oe u € U(xg, 1),
TOrma U + sv € U(aco 1) A aoboro s € R.

ITycrs y(t), t € [0,t1], ects pemmenne 3amaan Komm

7y = Ay + Bo, y(0) =0,

" IIyCTh

T(w) = 3 [(ulr),v(0) + Qa(r),y(r) dr.

[=}

Torma kBagparugHbiit dyHKIMOHAJ J HA CeMelCTBe yrpaBiIeHUd u + Sv,
s € R, umeer cmemyromuiit BUI;

J(u+ sv) = J(u) + 25 (u,v) + s%J (v).

Tak kak J(v) < 0, To J(u+ sv) = —o0 mpu s — oo. Ilomydennoe
nporusopedne ¢ yciaosreM (16.3) 3aBepmaer qoka3arenbcTBo myHKTa (1).
(2) HanomawnM, 9T0 DYHKIMOHAI KAIECTBA PABEH

Iw) = 5 lull*+ 3 [ (@o(r),a(r) dr.
0

Hopwma ||u|| momyrenpepsisaa causy B cnaboii ronosorun ma L', a dyHk-
uuonan [(Qxz(r), (7)) dr cnabo nenpepsisen na LY. Tlosromy J(u) ciabo

moJiyHenpepbiBeH cHu3y Ha L5'. Tak Kak Imapsl ¢1abo KOMIAKTHHL B L5
u adpPUHHOE TOMIPOCTPAHCTBO CJAa00 KOMIAKTHO, JIOCTATOYHO MOKA3aTh,
aro J(u) — oo mpm u — 00, u € U(zg, z1).

3adukcnpyem npoussonbHOe yupasierue u € U(xzg, z1). Torma moboe
yupasienue u3 U(xg,x1) umeer Bug u + v miag Hexkoroporo v € U(0,0).
[Ipeobpasyem dbyHKIHOHAT:

J(w+v) = J(u) + 2|0 J (x, H:_II) + J(v).

O6ozraunm J(u) = Cy. Hamee,
‘J( ' T ”)‘ = const

nuis Beex v € U(0,0) \ 0. Hakonern, o memme 16.1 J(v) > af|v[|?, a > 0,
noa Beex v € U(0,0) \ 0. Cnenosarensho,

J(u+v) = Cy —2||v]|Cy1 + afjv|* — oo, v — 00, v € U(0,0).
ITysxr (2) maHEOrO MpeEIOXKEHNs TOKa3aH. [

Wraxk, Bompoc CyiiecTBOBaHUS ONTUMAJIbHBIX YIIPABJICHUI B JTMHEHHO-
KBa/JIPATUIHON 33/1a9€ CBEJIEH K UCCJIEI0BAHUIO OrpaHndeHus J ‘Z/{(O 0)° Mugr
,

W3yYUM 9TO OrpaHUYeHne moapobHee B maparpade 16.4.
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16.3. dkcrpemasin

Mpbr He MO)KEM HAIPSAMYIO MPUMEHUTH NPUHIUI MakcumyMma [lorTps-
I'MHa K JII/IHeI‘/,IHO-KBa,,ZLpa,TI/I‘IHOI';I 3a1a49€, TaK KakK yCJIOBI/IH CyH_LeCTBOBa,HI/IH
OIITHMAJIbHBIX YIIPaBJIeHUIl J0Ka3aHbl HaMu B L5, B TO BpeMsd Kak IPHH-
XN MAKCUMYyMa [0JIydeH TOIbKO B L7 . OqHAKO IpPEeIIoI0KUM Ha BpeMd,
qro IIMII npumeHnM K JmHETHO-KBaIPATUIHOH 3a1a4de. Jlerko 3anucars
YPaBHEHUS JJIs ONTUMAJbHBIX YIPABJIEHUA U TPAEKTOPUI, BHITEKAIOIIIE
u3 IIMII, Gostee TOro, eCTECTBEHHO 0XKUIATH, YTO ITH YPABHEHUS JOJI2KHBI
BbIIOJIHAThCA. Celiuac Mbl BbIBEJIEM 3T yPABHEHUSs, a [I0CJIE 9TOr0 000C-
Hy€eM HUX.

Wrak, BuIOUIIEM IPUHIWI MAKCAMyMa JJId JUHEAHO-KBAIPATUIHON
337391, 3aBUCSIIAA OT yIpaBjeHNs TaMUJIBTOHUAH PAaBEH

w(&,x) = EAx + EBu — g(|u\2+<Qx,x>), zeR", £ e R™.

Cuauasa paccmorpuM aHopmaiibHbi ciaydait v = 0. Corsacao TTMIT
NPUCOEUHEHHBIH BEKTOD B/I0JIb aHOPMAJIbHON SKCTPeMaJIi yI0BJIeTBOPS-
et ypaBrenmio £ = —£A, mosromy £(t) = £(0)e 4. U3 ycnoBus Maxcummy-
Ma caemyert, ato 0 = £(t) B = £(0)e~ 4 B. [lndbdepenmupys 9T0 paBeHCTEO
n — 1 pa3 u yuursBas ycnosue ynpasisiemoctn (16.2), momygaem £(0) =
= 0. 91o nporusopeunr IIMII, no3TOMY aHOPMAaJBHBIX TPAEKTOpHUIl HE
MOXKET OBITb.

B mOpMasibHOM cirydae MOXKHO mpeanonokuthb v = 1. Torga 3aBucd-
Uil OT yopaBJieHUs TaMUJIbTOHUAH PaBeH

w(&,x) = LAz + EBu — %(|u\2+<Qx,x>), zeR", £eR™.

1 .
3asucsiee ot u caaraemoe EBu — 3 |u|? nmeeT eaMHCTBEHHBI MaKCHMyM
mo v € R™ B Touke, rae

Ohy
ou

=¢B—u" =0,

TO3TOMY

u= B¢, (16.5)

CHe,Z[OBaTeJII)HO, Ma,KCI/IMI/I3I/IpOBaHHI)II71 TaMUJIBTOHUAQH PDaBC€H
1 1 * o~k
H(é.am) - max h (é.a ) :é.Ax_ 5 <Q.’1§,$> + 5 |B 5 ‘2 -
1 1
= ¢4z~ L (Qu,z) + 1 |BeP.

®ynkuus Lamuiasrona H (€, z) riaakasi, Io9ToOMy HOpMaJbHBIE 9KCTPEMa-
JI CYTh PEIIEHNs] COOTBETCTBYIONIEH raMUJIBTOHOBON CUCTEMBI

i = Az + BB*¢*, (16.6)
£=a2"Q - EA. (16.7)
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Ilokakem Temnephb, UTO ONTHMAJIbHBIE YIPABJEHUA U TPACKTOPDUU B
JIMHEHHO-KBaAPAaTUIHON 3a/ade IeiiICTBUTEIBHO YOOBJIECTBOPAIOT ypaBHEe-
muaM (16.5)—(16.7). PaccMoTpuM pacIIUpeHHYIO CHCTEMY

& = Ax + Bu,
. 1
i = Ll + (Qa.2)
U COOTBETCTBYIOIIEE OTOOPAXKEHNE B KOHEIL;:
F: uws (z(t1,u, o), y(t1,u,0)), F: L70,t1] - R® x R.

Baaromapst dopmyne Kommu 310 0TOOpazkeHne MOXKHO BBIIUCATH B IBHOM
BHUE:

ty
x(ty,u,zo) = €4 <a:0 + /e_tABu(t) dt), (16.8)

y(t1,u,0) = / [u) + (Qa(t), a(t) dt (16.9)

ITycrs u(-) ecrb onruMmasbHOe yupasienue, a Z(-) = x(-, U, xg) — coor-
BETCTBYIOIIAS ONTAMAJIbHAS TPaeKTopus. Torma
F(u) € 0Im F.
IIo Teopeme o HesiBHOM dyuknnu auddepennran
DzF: L30,t] = R* ®R
He CIOPBHEKTHBEH, T.€. CYMIECTBYeT Takoi KoBekTop (a,3) € R™ & R*,

(a, B) # 0, a0
(o, 8) L DzFv,  ve LT[0ty (16.10)

Huddepennuana orobparkeHus B KOHEIT HAXOAUTCA W3 SBHBIX (QOp-

myan (16.8), (16.9):

t t t
DzFv= < e~ By(t) dt, <ﬂ(t) + [ B*e" O Qz(T) dr, v(t)> dt).
[ [vor]

Torma ycnoene oprororampHOCTH (16.10) 3ammceiBaeTcss B Ciegyromem
BHJE:
t1 ty
/<B*e(t1—t)A*a + ﬂﬂ(t) + B/B*e(r—t)A* Qf(’r) dr, ’U(t)> dt =0,
t

0
OES Lg"[(],tl],

T. €.
1
Brem—94%q 4 Bu(t) + ,3/3*6“4)/**@5(7) dr =0, t €10,t1].
t (16.11)
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Caywuait = 0 meBo3Moxken u3-3a ycaosusg (16.2). O6o3nauum v = —a/3;
Torpa paseHcTso (16.11) npurnMaer Bux

u(t) = B*¢" (1),
e
t1
E(t) = yrela=0A /E*(T)Qe(T—”A dt. (16.12)

t

Urak, pasencrsa (16.5), (16.6) nokazaubl. duddepenuupys (16.12),
nostydaeM mociiefHee TpeGyemoe paseHcTBo (16.7).

WTak, MBI JOKa3aJId, 9TO ONTAMAJILHBIE TPAEKTOPUH B JIMHEHHO-KBaJI-
paTUYHON 3aja4Ye CyTh HPOEKIMUA HOPMAJIbHBIX dKCTpeMaJjell IIPUHIUIA
makcumyma (16.6), (16.7), a onTHMaNbHBIE YOPABIEHHUS YIOBIE€TBODIIOT
ypasaermio (16.5). B wacTHOCTH, ONTHMAJIBHBIE TPAEKTOPAA W yIIPABJIE-
HUSA AHAJATAIHBL.

16.4. Compsi>keHHbIE TOYKU

B sTom naparpade Mbl mOIy9nM yCJIOBUSA CYIIECTBOBAHAA U €IUHCT-
BEHHOCTH ONTHMAJIbHBIX YIIPABJIEHUII B 3aBUCAMOCTHA OT KOHEYHOI'O Bpe-
menn. [loaTomy OymeM 3annChBaTh MUHIMHU3UPYEMBIA (DYHKIMOHAJ B CJIe-
JYIOIIEM BHUJIE:

t
1 2
Jilw) = 3 [ Ju(r) P + (Qa(r), a(r) dr.
0
Ob6o3HaIIM
L{t(0,0) = {u € L?[O,t” m(t,u,mg) = -'131},
def .
w(t) = inf{Jy(u)| u € Us(0,0), |lul| =1}. (16.13)

Ms1 mokasamu B npemioxkernu 16.1, aro npu p(t) > 0 3amada umeer
pelleHne i JTI00BIX MPAHIYHBIX YCJIOBHUSX, a npu u(t) < 0 pemeHuit HeT
HU JIs KaKux rpaHngabix ycaosmit. Coyuait p(t) = 0 HeonpeeseHHBIH.
Uccnenyem monpobree cpoiictsa GyrKmum fi(t).

Mpennoxenune 16.2. (1) Qynryus t — u(t) nesospacmarowasn u
HEMPEPOIEHAA.

(2) Jas arobvix t > 0 cnpasedausol nepasencmsa

2
1> 2(t) > 1- 5 240 BJ2| Q. (16.14)
(3) Ecau 1 > 2u(t), mo nuocnan epans 6 (16.13) docmuzaemesa, m. e.

amo — MUHUMYM.

HdokaszareubcTso. (3) Obo3nadnm
¢

1(w) = 5 [(Qa(r),a(r) dr;

0
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dyuakumonasn I;(u) ciabo menpepbisen Ha L5, 3amerum, 94ro
1
Ji(u) = 5T I;(u) nacdepe |ul] =1.

Bo3bMeéM MUHIMHU3HPYIOLLYIO MOCIE€ZOBATENBHOCTH (byHKnuonama I;(u)
Ha cdepe {||ul| = 1} NU(0,0). B cumy cnaboit KOMIAKTHOCTH IIapa
{||u]| £ 1} n3 sroit nocnemOBaTETBPHOCTH MOXKHO BBIOPATH CJIABO CXOZS-
LLYIOCS. IOJIIOCIIEIOBATEBHOCTD

Up, = U cmabo mpm N — 00, Izl <1, ueUl(0,0),
Ii(un) — Ii(u) = inf{I;(u)| [|ul| = 1, v € U(0,0)}, n — 0.

Ecnu u =0, o I;(u) = 0, mosromy u(t) = %, 9TO IPOTHBOPEYHT IIPEIIIO-
JIO’KEHUIO yHKTa (3).

CnegnoBaresnbro, U # 0, I;(u) < 0 u I (%) < I(w). Hosromy ||u]| =
=1, u Ji(u) mocruraer muanmyma Ha cdepe {||lul| = 1} MU (0,0) B Tou-

Ke 1.
(2) Hycrs ||ul| =1 n 2o = 0. o dopmyae Kommn
¢
o(t) = / =) ABu(r) dr,
0

TIO3TOMY
t

2] < [ AN B - u(r)] dr <
0

(mo HepaBercTBY Komun-ByHsSKOBCKOrO)
t

1/2
<Jul( [ emansar) -

0

t 1
_ (/e(tr>2|A|||B||2 dT>
0

IoncraBnsia sty omenky z(t) B J;, IOMydaeM BTOPOE HEPABEHCTBO

/2

B (16.14).

ITepBoe mepasencrso B (16.14) nosydaercs, eciu paccMOTpeTh c1abo
CXOZSAILYIOCS TOCIEA0BATENBHOCTD Uy, — 0, n — 00, Ha cdepe |u,| =1,
Uy € L{t (0, 0)

(1) Monoronnocts p(t). Bosemenm so6oe ¢ > t. TIpocrpancrso Uy (0, 0)
Jomyckaer usomerpudeckoe Bioxenue B U;(0,0) 3a caer npomoskeHus
yupasaenuii u € U (0,0) mynem:

u e (0,00 = uels(0,0),
<
u(r) = {U(T)’ TS

0, T >t
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Bousnee Toro,
J7 (@) = Ji(w).
ITosTomy
w(t) = inf {J(u)| v € U;(0,0), ||u|| = 1} >
> inf {J7(u)| u € Uz(0,0), |lu] =1} = u(?).
HenpepsisrOCTh 14(t): MOKAXKEM OTHEIBHO HENMPEPHIBHOCTH CIIPaBa U
cJieBa.
HenpepsiBrOCT cnipasa. IIycTs t, \ t. MoxHO camTaTh, 9T0 w(t,) <

< 1/2 (B mpormBHOM ciaydae u(t,) = p(t) = 1/2), nosromy MHHAMYM
B (16.13) mocruraercs:

1
w(ty) = 3 + I, (un), un €U, (0,0), Junl =1.

Iponomxnm byskmun u, € L5[0,t,] Ha orpesok [0, 1] Hysem. Beibupas
c1a60 CXOAIIYIOCS O/IIOC/IeI0BATeIbHOCTD B eIMHNTHOM IIape, MOXKHO
[IPeIIoIaraTh, IT0

Up — u cJ1abo mpu n — oo, u € U(0,0), Jull <1,
HOITOMY
It'n, (u’ﬂ) - It(u) 2 inf {It(v)| CAS ut(an)a ||v|| = 1}7 128 \l t.
Torma
1 .
pt) < 5+ Jin Iy, (un) —thrgtu(tn)-

n

B cuiy monoTOHHOCTH L4

u(t) = lio p(tn),

U HEeIPePBIBHOCTH CIIPaBa JT0KA3aHa.
HenpepsierocTs cepa. MoxkHuO cumraTh, 9to u(t) < 1/2 (nmage
w(7) = p(t) =1/2 npm 7 < t). Hosromy muarMmym B (16.13) mocruraercs:

1 ~ ~ ~
:u‘(t) = 5 + It(u)a u € ut(oao)a HuH =1

g TpaekTopun

noJryqaem

O6o03Ha9UM
a(e) = ||l . |
u Sa,MeTI/IM7 9T0
ale) =0, e — 0.
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ObozuaunM mrap
Bs ={u € LY |Ju|| <4, uwel(0,0)}.

OueBunHo,

z(g, Ba(e), 0) 2 2(¢).
OroGpaxenne u — z(g,u,0) u3 LY B R” smmueiino, a cucrema & = Az +
+ Bu ympasisieMa, II03TOMY x(s,Ba(E), 0) ecTb Takoe BBIMYKJIOE MOJIHO-

MepHOe MHOXKeCTBO B R™, 9TO I[OJIOXKUTEJNbHBIN KOHYC, HOPOXKIEHHBII
9THM MHOXKECTBOM, coBmazaer co scem R™. Ilosromy

32(6, QBa(E), 0) = 237(5, Ba(e), 0) D Oz(e,Ba(E),O)

A1z HeKoTopoii okpectHOCTH Oy (e B, (.),0) MHOKECTBA z(g, Ba(e), 0). a-
JIee, CyIIeCTBYET TAKOH MOMEHT t. > €, 94TO
5:\(t&:) € x(s, 2Ba(s)a 0);
CJIEJIOBATEJIBHO,
B(t) = 2(6,00,0), e < 20(e).

Moxno cumrtarh, uTo t. — 0 mpu ¢ — 0. Paccmorpum crienyromee ce-
MeHCTBO yIpaBJIeHni, allliPOKCUMUPYIOIIEe U:

ve(7), 0<7<e¢,
ue(7T) =4 .
u(r+t.—¢e), e<T<t+e—t..
Ilomygaem
Ue € Upye—4.(0,0),
|t — u|| — 0, e —0.

Ho t+ e —t. <t u dyuknua p HEBO3pACTAIOMIAA, IOITOMY OHA HEIIpe-
PBIBHA CJIEBA.

HemnpepbiBHOCTD CIpaBa QOKa3aHa BBIIIE, CIEIOBATENBHO, L HeIpe-
peiBHA. [

Hokaxkem, aTo DyHKINS (4 HE MOXKET UMETh 060Jiee OTHOTO KOPHSI.

IIpengnoxenue 16.3. Ecau p(t) =0 das nexkomopozo t > 0, mo
p(r) < 0 dan ecex T > t.

HdokaszarenbctTso. llycrs u(t) =0, t > 0. Ilo mpenmoxennto 16.2
HukHAd rpadb B (16.13) mocTuraercs HA HEKOTOPOM YIDPABJIEHUU U €

€ Uy(0,0), ||a]| = 1:
p(t) = min {Jy(u)] u € Uy(0,0), |Jul] = 1} = Jy(@) = 0.

Torma
Jt(u) 2 Jt(a) =0 VYuce L{t(0,0),

T. €. YIPaBJIEHUE U ONTHMAJIBHO, CJIEI0BATEIBHO, YAOBIeTBOPSIET IPHHIIH-
oy maxcumyma. Cymecrsyer pemenne (£(7),z(7)), T € [0, ], ramuabro-

HOBOU CHCTEMBI .
§=12"Q — A,
= Ax + BB*¢*
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C T'PaHUYHBIMU YCJIOBUAMHA

u(r) = B*¢* (1), T €[0,¢].

Ms1 mokazasu, 9T0 AJ1s Jir000ro KopHd ¢ dyHKImE 4 11000€ yIpasie-
uue u € Uy (0,0), ||lu|| = 1, mas xkoroporo Ji(u) = 0, yaosrerBopsier IIMII.

Hoxazxem, aro u(7) < 0 mug Bcex 7 > t. OT IPOTUBHOrO: LPEAIIOIO-
KUM, 9T0 DyHKIM 1 00pAIIaeTcd B HyJIb B HEKOTODBIA MoMenT t' > t. B
CUJLy MOHOTOHHOCTH [4

:“|[t,t’} =0.
CirieioBaTe/IbHO, yIPABIEHHUE
u <
o =57 e
YZIOBJIETBOPSAET YCJIOBHSAM
u € Up(0,0), || =1,
Jp(u') = 0.

ITosromy v’ ymosnersopser IIMII, T.e.
W (1) =B*€*(r), Telot]

ecTb ananuTHdeckas gpynxmusa. Ho o’ |[t ¢ = 0, mosTomy u' = 0, 9To mpo-
;
TuBOpednT paseHcTBy ||u'|| = 1. O
Bbuio 661 2KeIaTeIBHO TOMYIUTh CIIocob pemenus ypapaerus p(t) =

= 0, He Tpebyromuii nporeaypsl MuanMusamuy B (16.13). 9To Bo3MoxKHO
B TEPMHUHAX CJIEAYIONIETO TTOHATUS.

Onpenenenne 16.1. Touka t > 0 Ha3BIBAETCA CONPAHCEHHOT TOU-
ke 0 g paccMaTpuBaEeMON JIMHEHHO-KBAJPATUYHON 3a/1a4u, €CJIA Cy-
mecTByeT Takoe HerpubmasbHoe pemenune (£(7),z(T)) ramMmIbTOHOBOM

CUCTEMBI ]
£=1a"Q — A,
& = Az + BB*¢*,
gro z(0) = z(t) = 0.
IIpemnoxenune 16.4. Qynkuyua p obpawaemcsa 6 HYab 6 MOUKE

t > 0 moada u moavko moeda, kozda t ecmo bausrcatiwas k 0 conpascen-
HAA MOYKQ.

Hdoxazareannbcrso. llycrs u(t) =0, ¢t > 0. Bo-nepsbix, ¢ ecrb
COIPsiZKEHHAs TOYKa, 9TO OBLIO IMOKa3aHO B JIOKA3aTEIhCTBE IPEIJIOZKe-
Hug 16.3.

15 A.A. Arpaues, }0.JI. Caukos
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ITycts t' > 0 ecTh coNpszKeHHas TOYKa. Bbraucaum (yHKIHOHAT Jy/
Ha COOTBETCTBYIOIIEM ynpasienun u(T) = B*¢*(r), 7 € [0,t']:
tl

Jolw) = 3 [(B€"(1), B7€ (7)) + (Qa(r), a(r)) dr =
0

MI»—\

=3 [BBE0).€0) + (@Qulr),a(r) dr =

’

= 5 [ €0G() ~ Aa(r)) + 2" (Qa(r)dr = § [ (¢ + éw)dr =

L\DI»—l

&)zt — £(0)z(0)) = 0.

Nrax, p(t') < Jp (ﬁ) = 0. Temeps yTBEpKIEHWE CJIEIyeT U3 TOTO,

N =

qro (yHKIUA K HeBo3pacraromas. [

Ieppas (6mmkalimas K HyJIIO) CONPSI?KEHHAS TOYKA OMPEIENAeT Cy-
IIeCTBOBaHUE U €JUHCTBEHHOCTb ONTHMAJIbHOI'O yIIPABJIEHUS B JIMHEWHO-
KBaJpaTUIHOU 3a/ade.

Jo mepBoii CONMpsKEeHHOM TOYKH ONTHUMAJIbHOE YIIPaBJIEHUE CYIIECT-
ByeT U €JUHCTBEHHO I JIFOOBIX I'DAHUYIHBIX yCJIOBHUI (ecm/I Ob1 Cytie-
CTBOBAJIO IBA ONTHMAJBHBIX YIIPABJIEHN, TO UX PA3HOCTD IIOPOXKAAJIa ObI
COTIPSIZKEHHYTO TOUKY ).

B nepBoit conpszKeHHO TOUKe TOJIydaeM CYyIIeCTBOBAHUE U HEEIUHCT-
BEHHOCTD I HEKOTODBIX I'DAHUYHBIX YCJIOBUHM W HECYIIECTBOBAHUE g
JPYTUX TPAHUYHBIX YCJIOBHIL.

A mocse nepBoil CONpsizKeHHOM TOYKM 3a7a9a HE UMEET ONTUMAaJIbHBIX
peleHuil Hu /i1 KaKUX I'PAHUYHBbIX YCJIOBUM.



I'masa 17

JOCTATOYHDBIE YCJIOBUf
OIITUMAJIBHOCTU, YPABHEHUE
FTAMMNJIBTOHA-KOBM 1 INHAMUWYECKOE
ITPO'PAMMUPOBAHUE

17.1. JdocTaTo4HbIEe YCJIOBUSI OITUMAJIBHOCTH

puampn makcumyma [loHTpsirnHa — yHUBEPCAIBbHOE U CHJIBHOE HEOD-
XO/IIMO€ YCJIOBUE ONTHUMAJIBHOCTH, OJHAKO TEOPUS JOCTATOYHBIX YCJIOBUI
ONTUMAJLHOCTHA JAJEKO He TaK MOJIHA. B 3TOi ry1aBe Mbl PaCcCMOTPHAM
MOAXOMd, K JOCTATOYHBIM YCJIOBHSM OITHMAJIBHOCTH, OOOOIIAIONTUN OISt
3KCTpeMaJieil KJIaCCUIeCKOr0 BapUAIMOHHOTO MCYUCICHUSI.

PaccmoTpum cremyonyio 3a1a4y ONTHMAJIBHOTO YIIPABIECHU:

¢=fulg), q€M,ucl, (17.1)
q(0) = qo, q(t1) = q1, qo,q1,t1 3aKpeIIEHBL, (17.2)
ty
/ o(q(t), u(t)) dt — min. (17.3)
0

3aBucsiuit 0T ylpas/i€HUsl TaMUJILTOHUAH ITPUHIUIIA MAKCUMyMa B HOP-
MaJIbHOM CJIydae PaBeH

hu(A) = (A ful@) — (g u),  AeT™M, q=n(\)eM, uel.
IIpenmonokumM, 9T0 MAKCUMU3UPOBAHHBIN IraMUIJIBTOHUAH

H(\) = max hy()) (17.4)

ompenesieH u riaaok Ha T1T* M. MoxHO mpemmoJsiaraTh TJIAIKOCTh H He
BCIOZY, & TOJIBKO Ha OTKpbITON obsactu O C T*M, u COOTBETCTBEHHO
MOoAM(pUINPOBATE TOJYyYeHHBIE Jajiee pe3yiabraTbl. Ho s ympornenus
u3Ji0keHus Mbl Oyjgem cuurarb, uro O = T*M. Torna Tpaekropuu ra-
MHAJIBTOHOBOI CHUCTEMBI : —

A=H(\)

cyTh 9kcTpemasm 3amaan (17.1)—(17.3). Bymem npeanomarars, 9To ra-
MUJIBTOHOBO Tojie H 1o/IHO.

17.1.1. NHTerpanbHbIii ”HBapuaHT. PaccMoTpuM cHagasa 001y IO
KOHCTPYKIMIO, KOTOPasl ChIrPAET KJIFOYEBYI0 POJIb MPHU JI0KA3ATETHCTBE
JOCTATOYHBIX YCJIOBUIA ONTUMAJIFHOCTH.

Sadukcupyem npou3BOJIBHYIO TJIAJIKYI0 (DYHKIHUIO

a € C®(M).
I'padur muddepennmana da ectb rIaaKOe HOAMHOrooobpasme B 17 M:
Lo={dya|ge M} CT"M,
dim Lo = dim M = n.
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Tpanciasamuu Ly C TOMOIIBIO TOTOKA FAMUAJIBTOHOBA TOJIS
Et = etH (CO)
CyTh IJIaJIKu€e N-MepHble moaMHaoT0o00pasus B 1% M, a rpaduk orobpaxke-
Hud t — Ly,
L={\t)|AeLly, 0<t<tH}}CT*"M xR

ectb ruaaxoe (n + 1)-meproe moxmuOroobpasme B T*M x R.
Paccvorpum 1-bopmy
s— Hdt e A\'(T*M x R).

HamomamM, 9To s — 310 TaBTOMOrIYecKas 1-popma Ha T* M, sy = A o 7y,
a ee muddepeHnual €CTh KAHOHMYECKAsT CHUMILIEKTAIECKAs CTPYKTypa
Ha T*M, ds = 0. B mexanuke opma s — H dt = pdq — H dt nHazbiBaeT-
ca unmezpasvrom unsapuarnmom Ilyanxape—Kapmarna Ha pacmmpeHHOM
dazoBom mpoctpancTtee T*M x R.

IIpexgnoxenue 17.1. @opma (s — H dt)|, mouna.
HoxaszarensbcrTBo. /lokaxkem cHagama, 910 dra HopmMa 3aMK-
HyTA:

0=d(s— Hdt)|, = (0 —dH Adt)|, . (17.5)
(1) 3adukcupyem L; = L {t = const} u paccmorpum orpaHudeHue
dopmbl o — dH A dt va L;. Umeem
(c —dH Adb)|,, = ol,,,

—

tax kax dt|, = 0. Hanomnuwm, uro et o = 0, IOITOMY
et (ol,,) = ol = ds|., -
Ho s|, = d(aom)l|,,, cienosarensho,
ds|,, = dod(aom)|, =0,

nosromy 0|, = 0. Mbr nokazamm, uro (0 —dH Adt)|. =0.
(2) Muoroo6pasue L ecTb 06pa3 riIagKoro 0robparkeHust

(A t) e (e A1),

MMO9TOMY KaCaTeJIbHBIM BEKTOP K L, TPAaHCBEPCAJBHBIN MHOT000Opa3uio L,
eCcTh

—

0
H(\) + 91 € T()\,t)ﬁ-

IlosTomy

S
Tonl =Tl R (AN + ).

= 0
s 3aBepieHns JOKa3aTebCTBa moacraBuM BeKTop H(A) + = B

ot
KadecTBe IIepBOro aprymeHTa B 0 — dH A dt m mokakeM, 9TO pe3yJbTaT
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paBeH Hymo0. [lomygaem

ZﬁO’:*dH, i@/atUZO’
iz(dH A dt) = (igdH) Adt — dH A (izdt) =0,
S—— ——r
=0 -0
io/o1(dH N dt) = (ig)o,dH) Adt — dH A (ig)9,dt) = —dH,

— ———

=0 -1

cJjie10BaTEJIbHO,

ifio/9:(0 —dH Ndt) = —dH + dH = 0.

Msr nokasamm, aro dopma (s — H dt)|, 3amkmyTa.
(3) IlokaxkeMm, uTo 3Ta opMa TOIHA, T. €.

/s—Hdt:O (17.6)
5
st JTI000 3aMKHYTON KPUBOM
v i = (A7), (1)) € L, T € [0,1].
Kpusas v roMoToIHa KPHBOit
Y : 7= (A(7),0) € Ly, T €1[0,1].

Tax xak ¢opma (s — H dt)|, Touna, o o dopmyne Crokca momydaem

/s—Hdt:/s—Hdt.

v Yo

Ho unTerpasn nmo 3amMkHyTO#I KpuBoit 79 C Ly BBIYUCISIETCS IPOCTO:

/S—Hdt:/s:/d(aow):(].

Yo

Pagencrso (17.6) nokasano, 1.e. dopma (s — H dt)|, rouna. ]

17.1.2. 3agada c 3aKpenJieHHBIM BpeMeHeM. Jlokaxkem mocra-
TOYHBIE yCJIOBUA ONTUMAIBHOCTH 1yt 3anaqun (17.1)—(17.3).

Teopewma 17.1. IIpednoaoostcum, 4mo o0zparudeHue NPOEKUUL W\Et

aeasemces dugheomoppusmom dan ecex t € [0, t1].
Tozda dasn 2106020 N\ € Lo HOPMAAOHASA IKCTPEMAALHASL MPAEKTODUSI

dt)=moefi(ng), 0<t<t,
ty
peaausyem cmpoeuti munumym Gynryuonara xavecmea [ ©(q(t),u(t)) dt
0

cpedu scex donycmumwuiz mpaexmoput q(t), 0 < t < t1, cucmemn (17.1)
C MeMU HCE 2PAHUMHDLMU YCAOBUAMU

q(0) = q(0), q(t1) = q(t1)- (17.7)
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Bameuanuda (1) B ycroBuax reopembl He TpebyeTcs MpOBEpKa
CyIIeCTBOBAHUS ONTHMAJIBHOIO yIPABJICHUS.
(2) Ecau Bee npeanonoxenus (rnaagoctb H, IPO0IKaeMOCTh TPaeK-
2

ropuii monss H Ha Bech BpeMeHHO# orpesok [0,t1], muddeomopdrocTs

OTPaHWYIeHNs 7|, ) BBIOJHAOTCA B CODCTBEHHON OTKPBITON 06TacTm
O C T*M, to yrBepxkeHue TeopeMsr 17.1 MOKHO MOAUMDUIMPOBATD U IO~
JIY9UTH JIOKAJIbHYIO ONTUMAJIbHOCTEL TpaekTopuu ¢(-) B 7(0). MbI ocras-
JIsieM 9TH MOAU(UKAIAU YATATETI0 B KA9eCTBE yIPaskKHEHUS.

HoxkaxxeMm Teopemy 17.1.

HdoxazarennbcrBo. Kpusag ¢(t) ecrb mpoeknusi HOPMAJILHO
SKCTpEMaJIn

e = et ().

ITycts u(t) — momycTumoe yupasjieHHe, MAKCHMU3UPYIOIIEe TaMUJIBTOHN-
aH B/IOJIb 3TOI dKCTpeMaJIn:

H(\e) = hagy(he)-

C apyroit cropossl, myctb ¢(t) — momycTHMasi TPAeKTOPUS CHCTe-
mbt (17.1), mopoxkeHHast KaKUM-HUOY b yripaBieHneM u(t) n ymoBaeTBo-
pstomas rparnaHbM yeaosuaM (17.7). CpasanM 3HaUeHNe (DYHKIMOHATA
KagecTBa Ha mapax (¢, u) u (q,u).

Tak kak 7m: Ly — M ectb nuddeomopdusm, rpaekropuio {g(t)| 0
<t <t} C M moxHO momHATh mo rimazkoii kpusoit {A(t)| 0 < ¢t
<t} CT*M:

Vte[0,t1] F'A(t) € Ly makoe, aro  w(A(t)) = gq(t).

<
<

Torna

t1 t1

[ etato), u@)de = [0, Faio @0) = huy (\©) de >

o
[=}

- /sfHdt, (17.8)
Y
rie
v: t = (A(t),t) € L, t €[0,t4].

ITo upeyroxenuto 17.1 popma (s — H dt)| . rouna. ITosromy nnrerpas
dbopmsr (s — H dt)|, 0 KpUBOii 3aBHCHUT TOIBKO OT KOHEYHBIX TOUEK ITOIL
kpusoii. Kpussie v u

Fito Ont)el, a=efAN), telot]
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Puc. 17.1. JokazarenbcTBo TeopeMsr 17.1

UMEIOT OJJHU U Te ¥Ke rpaHmdHble ToYku (puc. 17.1), mosromy

t1

s—Hdt=[s—Hdt= [ (\,qt) — H\)dt =
frmafonae]
— [ G Fao @) = hato ()t = [ (@) a)) ae
0 0
CrenoBaTesbHO,

[ etatu®)at > [ e@e.aw)a (17.9)

T. e. TpaekTopus ¢(t) ONTHMAaJbHA.

Ocranock moka3arh, uto mapa ((t),u(t)) mocrasiasier crporuii MuHH-
MyM, T. €. 910 HepaBeHCcTBO (17.9) crporoe.

Jua dukcupoBansoit Touku ¢ € M Oynem 3amnCHIBATH KOKACATEIbHBIE
BEKTOPBI Kak A = (p,q), T/ie p CyTh KOOp/MHATBI KoBeKTOpa A B Ty M.

TFamunbronuansl hy(p, q) abduHHO 3aBUCAT OT p, MOITOMY UX MAKCUMYM
H(p,q) sBngercs BHIYKIBIM 10 p. JIoGoit BexTop ¢ € T,M Takoii, 4T0

{p, €) = max(p, fu(q)),

OTIpeIesIsieT OTOPHYIO TUIIEPILJIOCKOCTh K HAArPaduKy OTOOPAXKEHUS P —
— H(p,q). B cuny rnagkocrm H mo p sTa OmopHas TUIEPILIOCKOCTH
eIuHCTBEHHA, U MakcuMyMm B (17.4) mocruraercda Ha €JMHCTBEHHOM Ka-
caresibHOM BekTOpe. Ecnn ¢(t) # ¢(t), To HepaBencrso (17.8) cranoBuTCS
CTPOTHM TaK Ke, Kak 1 HepaBeHCTBO (17.9). Teopema nokasana. [
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JocTaTounble yCa0BUS ONTHMAJIBLHOCTH TeopeMbl 17.1 marorca B Tep-
MHUHAX MHOr000pa3wuit L;, KOTOpbIE B CBOIO OY€peb OIPENe/ITIOTC (DYHK-
S

npeil @ ¥ M0TOKOM raMuiIbTOHOBa nosis H. QuruMmaabHOCTH HOPMATBLHOR
sKCTpeMasbHOi TpaekTopuu §(t), t € [0,t1], Gymer mokasana, eciam yaacTes
nonobpars byukmuo a € C°° (M), niaa Koropoii npoekuun m: L — M,
t € [0,t1], cyTs muddeomopdusms.

IIpu t = 0 nupoekmma w: Lo — M sasnaserca guddeomopdusMom.
IMosromy npm manbix ¢t > 0 mobas dysknus a € C°°(M) nopoxnaer
mHoroobpazus L;, muddeomopdno npoenupyrommecsd Ha M 1o Kpaiineit
Mepe B mpenesax joboro kommakta K € M. Takum obpaszom mosaydaem
JIOCTATOYHBIE YCJIOBUSI ONTUMAJBHOCTH JJIS MAJIBIX JAYT SKCTPEMAIbHBIX
TPaeKTOPUi.

Canencreue 17.1. Jlas mobozo komnaxma K € M, codepocawezo
HOPMAABHYI IKCTNPEMAALHYIO MPAEKMOPUIO

ity =moef(N), 0<t<t,
cywecmeyem maxoe t) € (0,t1], wmo dyea
qt), 0<t<t,

ONMUMANDHA OMHOCUMENLHO 8Cex Mmpaexmopudl, codepocawurcs 6 K u
Y008AEMBOPAIOWUT MAKUM HCE 2DAHUYHBIM YCAOBUAM.

Bo MHOrEX 33/1a7aX MOXKHO OI00PATh JOCTATOYHO OOJIBIION KOMIIAKT
K D q Tak, 9arobbl pyHknmonas J ObLI OTHEJEH OT HyJIsT CHU3Yy HA BCEX
TpaekTopusx, nokumaomux K (tak Gymer, Hanpmmep, ecaa (g, u) > 0).
Torma MaJble 1yru TPAeKTOPHIl § ONTUMAJIBHBI III00AJIBHO.

17.1.3. 3agadya co cBobOaHBIM BpeMeHeM. lns 3amad ¢ mHTEr-
PaJIbHBIM KPUTEPUEM U CBOOOTHBIM KOHEYHBIM BPEMEHEM {1 CIPABEIJIMBO
JOCTATOYHOE YCJIOBUE ONTUMAJbHOCTHU, aHAJOTHIHOe TeopeMe 17.1; cm.
HIKe TeopeMmy 17.2.

HanomunM, 94T0 BCe HOpMAJIbHBIE SKCTPEMAJIN B 33/1a49€ CO CBODOIHBIM
BPEMeHeM JIelKaT Ha MoBepxHocTH Hymesoro ypoeaa H !(0) maxcmvu-
3upoBaHHOr0 rammibroHunana H. Jlokaxkem CHadYaia BCIIOMOTATEIHLHOE
YTBEpXKIEHUE.

Ipennoxenue 17.2. Ilpednoaooscum, wmo 0 ecmv peeyanp-
HOE 3HAYEHUE 02PAHUMEHUA H|£0, m.e. dy I-I|TA£0 # 0 Odan scex A €
e LyN H_I(O) .

Tozda omobpastcerue
®: LoNH 1 (0) xR — T*M, ®(No,t) = eH(Ng),
ABAAECTNCA NOLPYAHCEHUEM, G ®s — mounots Popmoti.

JokaszarenbcTBo. Bo-mepBoIX, peryasapHOCTb HyJIEBOrO 3HATE-
Hus orobpaxenns H|, osmagaer, aro Lo H ' (0) ecTs rmamxoe mmo-

roobpasue. Torma Tounocth dopMmbl Ps Jerko ciaenyer U3 IpeJIoKe-
aug 17.1. Yrobsr qokasars, 9ro ¢ — morpyxkenme, JOCTATOIHO MOKA3ATh,

—

9TO BEKTOD %—T (Mo, t) = H(\t), Ar = ®(No,t), HE Kacaerca obpasa me-
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peceaernns Lo H1(0) mpu audbdeomopduzme etH. T M 5 T*M JIst
Beex \g € Lo N H™L(0). Bamermm, uro et (Lo N H~L(0)) = £, N H~L(0).

5
Me1 mokazkeM HeMHOro 6oJibline, 4eM Tpebyercs, a UMeHHO, 4To H () He
KacaeTcsa MHOroobpasusa L;.

W3 npemnoxenns 17.1 caenyer, uro oz, = ds|z, = 0. Ilosromy mocra-

TOYHO I0Ka3aTh, 4T0 opma (i70)|c, He obpamaercs B Hyllb B TOUKe ;.

HamoMHEM, 9TO raMHIBTOHOB IIOTOK €' i COXpaHseT KaK 0, TaK U H.B
YaCTHOCTH,
(i30)|c, = e ((igo)lc,) = —€eH (dH]c,) .

—
Orobpazxenne et o6parumo. IlosToMy mOCTATOIHO MOKa3aTh, 9To dH |4,
He 0OpamaeTcs B HyJIb B TOUKe \g. Ho 9T0 yTBepXK ieHne — ycioBue Harei
Teopembl. []

Tenepb HOJIy‘{I/IM J0CTAaTO4YHbIEC yCJIOBI/IH OIITUMAJIBHOCTH [JIdA 3aJa49u
CO CBODOIHBIM BPEMEHEM.

Teopewma 17.2. IIyemv W — maxas obaacmo 6 Lo H™1(0) x R,

wMo ozpanuvenue
To®|y: WM
asasemcs duggeomoppusmom W na obaacmv 6 M, u nycmo
At = €tH(>\0), te [O,tl],

ecmb maKas HopmaavHas axcmpemans, wmo (Xo,t) € W oan ecex t €
€ [0, 4] B

Tozda sxcmpemanvnas mpaexkmopus ¢(t) = w(At) (emecme ¢ coom-
eemcemeyrouum ynpasaenuem u(t)) peasusyem cmpozuti MUHUMYM PyHK-

T

yuonasa [ ¢(q(t), u(t))dt cpedu maruz donycmumvix mpaexmoputi, wmo

0

q(t) € mo ®(W) dan scex t € [0, 7], q(0) = g(0), q(7) = q(t1), 7 > 0.

HdokaszaTreabctTso. [lonoxum £ = ®(W), Torma orobpazkenne
m: L — m(L) ects mudbdeomopdusm, a bopma s| . Touna. IIycrs ¢(t), t €
€ [0, 7], ecTb momycTHMast TPAEKTOPHs, TIOPOXKICHHAS yTIpaBjeHneM u(t),
comepxamasics B 7 (L) 1 yI0BIETBOPSIONas rpaHIIHBIM ycsaouam q(0) =
=q(0), ¢(1) = q(t1). Torma q(t) = m(A(t)), 0 < t < 7, vme t — A(t) — Takas
rmagkas kpusag B L, 910 A(0) = A, A(T) = Ay, -

Ilomygaem f § = f s. Haitee,

AC) p)

[s=[Cuawyat= [ faw@))dt = [ e@o),aw) .
X. 0 0 0

IlociieiHEe PaBEHCTBO ClleMyeT U3 TOTO, 9TO

(N, fan @(1))) = (@), u(t)) = HQX() = 0.



234 I'a. 17. JJocmamourvie Ycaosus onmumasbHOCMU

C npyroit cTOpOHBI,

T T

[ 5= [owaw)dt= [ huoO®)de+ [ elae),ue) i<

AC) 0 0

< [ wlatt),u(e) de.
0
ITocnennee HepaBEHCTBO CileAyeT U3 NELNOYKH max hu(A(8)) = H(A(t)) = 0.

Boiee Toro, 3T0 HEPABEHCTBO CTAHOBUTCS CTPOTUM, €CJIM KpuBas t — A(t)

. —
He SABJISIETCS PelleHreM ypaBHeHus A = H (), T. e. ecu OHA He COBIAJAeT
¢ A(t). Urax, 6

[ aw)dt < [ elaw),uw)
0 0

MpUYEM 9TO HEPABEHCTBO CTPOrOe, eCJIM ¢ OTAUYIHO OT §. [

17.2. ¥Ypasaenne 'amuiabrona—Adkobu

Bynewm nmpenmosarats, 9To ycioBusd TeopeMbl 17.1 BemosaaoTca. Kak
OBLIIO MOKA3AHO MPH JOKa3aTeIbCTBe 3TOil TeopeMbl, opma (s — H dt)| .
TO4YHA, IO9TOMY OHA paBHA AuddepeHuay HEKOTOPOi MYHKITAN:

(s — Hdt)|, = dg, g: LR (17.10)
B cuty B3ammmO# omHO3Ha9HOCTH Tpoekmmu 7: Ly — M MOXKHO OTOXK-
pecrBurb (A, t) € Lt x R C L ¢ (¢,t) € M x R u oupemenurs g kax
dysakmuo Ha M X R:
9=19(q,t).
YT06bl BBIACHUTH CMBICH (DYHKIWA ¢ B Hamell 3a7ade ONTHMAJIBHOTO
yIIDaBJIEHUs!, PACCMOTPUM SKCTPEMAJIb

X = etA ()
U KPUBYIO ~ _ ~
’}/Cﬁ, v t’-}()\t,t),

Tak ke, Kak B Teopeme 17.1. Torma

Y

/s _Hdt - /ga(&(T),ﬂ(T))dT, (17.11)

rme q(t) = W(Xt) — SKCTpeMaJibHas Tpaekropusd, a u(t) — ynpasieHue,

MaKCHMU3UPYIomee raMmibTornan hy(A\) Bmoms A;. Pasencrsa (17.10)

n (17.11) o3ragaroT, 9TO
t

9(@(0).t) = 9(a0,0) + [ p(@r), () dr,

0
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1. €. g(g,t) — 9(go,0) ecTh onTIMAaILHOE KAYECTBO ABUKEHUS MEXKIY TOU-
KaMu o U q 3a BpeMms t. HagambHOE 3HAYEHWE I ¢ MOXKHO BBIOPATH B

opMe
o 9(q0,0) = a(q), o € M. (17.12)

Heticteurensro, npu ¢ = 0 onpenenenne (17.11) bynxnun g 3anuceiBaeTcs

KakK
dgl,_o = (s — Hdt)\L0 = s|£0 =da,

aT0 coBmectnmo ¢ (17.12).
VYpasuenwe (17.10) MOKHO mepenmcaTh KaK yDaBHEHHE B HYaCTHBIX
MPOU3BOIHBIX /i §. B jJoKaabHBIX KoopauaaTax Ha M u T* M nomygaem

g=zeM, A= (z)eT*'M, g=g(z,t).
Torpa ypasuernue (17.10) 3anuceiBaeTcs Kak
(§dz — H(&, @) dt)‘ﬁ = dg(, 1),

0g _
%_57

%9 - —H(&,).

9Ty cucTeMy MOXKHO OObEIVHUTDH B OJHO HEJUHEHHOE YpDaBHEHUE B 9aCT-
HBIX IIPOU3BO/IHBIX II€PBOTO IIOPAIKA!

0 0
2048 (52) =0, (17.13)
KOTOpOe Ha3bIBaeTCd ypasHeHuem Iamusvmona—Sdxobu. Wrak, omrTu-
MajbHOE KadecTBO ¢(x,t) yIOOBIETBODSET YPaBHEHHIO |aMHUIBTOHA—
Axo6u (17.13) ¢ HavaasHBIM ycnoBueM (17.12).

XapakTepucTuueckas CUCTEMA JIJIs yPABHEHUS B 9aCTHBIX IIPOU3BOJI-
Boix (17.13) nmeer Bug

. 0H

I——ag,

: O0H

€= 5.

L g(a(t),t) =~ H
E x , =qT .

. —
Ileperle nBa ypaBHEHHs 06Pa3ylOT TaMUJIBTOHOBY cucremy A = H(A)
JUIsi HOpMaJbHBIX dKkcTpeMadieii. To ecrhb perieHne 3a1a49u ONTHUMAJIBHOTO
yupasmerus (17.1)—(17.3) npuBoguT K METOy XapaKTEPUCTHUK JJIs yPaB-
HeHusa LaMuibroHa—IKOOH /1S ONTHMAJILHOTO KAadeCTBa.

17.3. JIuHaMu4iecKoe IIporpaMMHUpPOBaHUE

VYpasuenne ['amuibrona—kobu [jisi ONTUMAJIHLHOTO KA9€CTBA MOXKHO
BBIBECTU W HENOCPEICTBEHHO, MUHYS MPUHINI MakcuMyMa llomnTparuna
6srarosiapsa uzee, BOCXOndAIIel eie K ['IORTeHCY B COCTABJISAIONIEE OCHOBY
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METOJa JUHAMUYIECKOr0 IporpaMMupoBanus Bemivana; cm. [3]. dga sto-
ro HeoOXOAWMO IPEJIOJIOKNUTh, YTO ONTHMAajbHOe KadecTBOo ¢(g,t) cy-
mecrsyer u Cl-rianko.

IIycts onTmMmasibHAS TPAEKTOPHUs MEPEBOAUT TOUKY (o B TOUKY ¢ 34
Bpemsa t. [IpuMeHEM MOCTOSHHOE yIpaB/jeHHE U Ha BPEMEHHOM OTPE3Ke
[t, t + §t] u 0603HAYNM TPAEKTOPUIO, BHIXOISAILY IO U3 TOUKH ¢, Ie€pe3 ¢, (T),
T € [t, t + dt]. Tak Kak g, (¢ + 6t) — KOHeUHAs TOYKA JOIYCTUMOI TPaeK-
TOPUM, HAYMHAOIIEHCT B ¢p, TO BBIIOJIHAETCHA CJIEAYIONlee HEPABEHCTBO
AJId OIITHUMAJIbHOI'O KadeCTBa:

t+ot
gault+88), ¢+ < g(a0)+ [ laulr)u)dr.

Paznenum nma 0t:
t45t

1 1
5 (9(ault +60), t+66) — 9(0,0) < 5 [ elau(r)u)dr,
t
u mepeiiziem K npegeny npu 0t — 0:

(32 1) + 52 < pla.u).

Ilosrygaem HEpaBEHCTBO
at+h( ,q) 0, wel. (17.14)

ITycrs remeps (q(t),u(t)) ecrb onTmmanbHas napa. IIycrs ¢ > 0 —
Touka JleGera ynpasmienus u. BossmeMm mo6oe 6t € (0,t). JIro6oit yaacTok
OITHMAJIbHOM TPAEKTOPHU ONTHMAJEH, 0TOMY ¢(t — 0t) eCcTb KOHeJIHast
TOYKa ONTHMAJIBHOM TPAEKTOPHN, TaK ¥Ke, Kak u ¢(t). IloaTomy onTumass-
HOe Ka4eCTBO ¢ YJIOBJIETBOPHET DaBEHCTBY

9(@(®), ) = g(@tt — 3t), t—6t) + [ (@lr),a(r)) dr.
t—ot

HOBTOpHeM HaIlllll PaCCy2KJACHNA:
t
~ ~ 1 ~ ~
5 9@, 1) - 9@t 5t), ¢ 60) = 5 [ (@), (r)dr,
)

TIEPEXOaUM K IPeIey 5t — 0:

99 .\ _
29+ ha (t)<5_q’ q) =0. (17.15)

910 paBeHCTBO BMecTe ¢ HepaBeHCTBOM (17.14) o3magaer, 4ro

o (55 0) = mxt (55 9)-
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O6o3Ha9IM

H(&, q) = max hu (€, q)

u 3anumeM (17.15) kak ypasaenne amunbrona—dxo6u:
b9 +H(ag q) =0.

HonyqaeM 9TO IPOU3BOAHAA OIITUMAJIBHOI'O Ka9€CTBA —— 8 paBHa HMILYJIb-

cy & BIosib onTuMasbHON TpaekTopun ¢(t).

Mpbl He KacaeMcs 371eChb OOIMIUPHOI Teopuu OOOOIIEHHBIX HEIJIAIKAX
pemennii ypaBaeHnsi 'amMuibToHa—KO0M 11 TJIAKUX U HETJIAIKUX Ta-
MNJIBTOHUAHOB.



I'masa 18

IrAMNJIBTOHOBBI CUCTEMBI
AJId TEOMETPUYECKNX 3AAY
OIITUMAJIBHOTO VYIIPABJIEHUN A

18.1. 'aMuJIbTOHOBBI CUCTEMBI HA TPUBUAJIN30BAHHOM
KoKacaTeJIbHOM paccJIOeHUuu

18.1.1. MoruBanusa. PaccmorpuMm ynpasiisieMyio CHCTEMY, KOTOPAst
ONKCHIBAETCS KOHEYHBIM HaDOPOM BEKTOPHBIX TOJIel Ha MHOTO0Opa3uu M :

q:fu(q)7 ue {]‘7“‘7k}7 qu' (18'1)

IlocTpoum mapameTpusanuio KOKacaTeJIbHOTO pacciioeHus 1* M, corma-
coBaHHYIO C 3rToi cucremoii. CHadajia BbiOepeM 0a3uC B KacaTe/IbHBIX
npocrparcrsax ToM u3 noseit f,(g) u ux noBropusx ck060k Jlu:

M = Spa’n(fl(Q)a crey fn(Q))a

IIpeamnoJsarad, 9To CuCTeMa UMeeT TOJTHBIHI PaHT. Ho.nyqaeM crnenuaJibHbIE
KOOPpAWHATHI B KaCaTEJIbHBIX IMTPOCTPAHCTBAX

Vo ETqM U:Z§ifi(q),
i=1

(&1,-..,&n) ER™.

Ilosromy sro6oit kacarempHBbIE BeKTOPp K M mpeacraBiasercs HAOOPOM

(617"'7£n;q)7 (617"'7£n)€Rn7 qEMv

T. €. IIOJIy9€Ha CBOEro poJa IIlapaMeTpu3alud KaCaTe/JIbHOI'O0 PaCCJIO€HUA

TM = U T,M. Moxuo nocrponts KoopauHarer Ha 1M, BeiOupas jo-
qEM

KaJIbHbIE KOOPAWHATHI B M, HO Takoil BBIOOD OymeT BHEIIHWM IO OTHO-
IIEHUIO K HaIlel cucreme, U Mbl OymeM paborars Ha M 0e3 KaKux-mbo
KOOD/ITMHAT.

Umes B Buy raMHJIBTOHOBY CHUCTEMY IIPHHIUIA MAKCAMYyMa, Iepeii-
JeM K KOoKacareJabHOMY pacciioeHuto. IlocTpoum aBoCTBEHHBIN Oa3mc
B T* M: Bribepem Takue muddepennnaabable HGDOPMBI

Wiy---,Wn EAIM,

qgTo o
(wiy fi) = dij, hi=1,...,n.

Tor,aa B KOKaCaTEJbHBIX IIPOCTPAaHCTBAX BO3HUKAIOT CICIIHUAJIBHBIE KOODP-
AWMHATBI

VAET;M A= nwi,
i=1

(7717'-'77771) eR”.
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Ilosmygaem mapaMeTpu3anuio KOKACATEIbHOIO PACCIOEHUS:

)‘H(Tlla'-'ann;Q)a (nla'-'ann)eRna QEM-

B 0603nauennsx maparpada 11.5

ni = fi (A) = (A, fi())

€CTh JIMHEHHBIM Ha CJI0SX I'aMHJIBTOHUAH, COOTBETCTBYIOIIMN MO0 f;.
Kanonngaeckne xoopmaarsl Ha 1T M BO3HHKAIOT TOYHO TAaK K€ U3 KOM-
%, t=1,...,n, COOTBETCTBYIO-
MUX JIOKAJBHBIM KoopiamHaTam (Z1,...,Z,) HA M. CremoBarenbHO, B
(6AMHCTBEHHO WMHTEPECHOM [Isi TEOPHUH YIPABJICHUS) CIydae HEKOMMY-
TUPYIOIUX noJeil f; «koopauHATEI (7)1, ..., Mn;q) HA T* M He aBnaroTca
KaHOHWUYIECKUMU.

Hamra mesib — 3amucaTh FTaMUJIBTOHOBY CHCTEMY B 9THUX HECTAHIAPT-
HBIX KoOpamHaTax Ha 1*M wnum B Kakux-HUOYAb APYIUX €CTECTBEHHBIX
KOOPIHWHATAaX, COIJIACOBAHHBIX C U3y49aeMOU yIIpPaBJIgeMON CUCTEMOI.

MYTHPYIOIIUX BEKTOPHBIX mojeit f; =

18.1.2. TpuBunasmmsauus T*M. Ilycte M — riagkoe MHOrooOpa-
3ue pa3MepHOCTH M, W MyCTh F — m-MepHOEe BEKTOPHOE MPOCTPAHCTEO.
[Ipeamonoxum, 4T0 33JaHa MPUSUAAU3AUUS KOKACATEILHOIO PacCioe-
aug 1T*M, 1. e. Takoit nudpdpeomopduzm

®: EXx M —T*M,

9TO:
1) nuarpamma

ExM —2 4 M

| |
M p— M
KOMMYTATHBHA, T. €.
mo®(e,q)=¢q, e€E, q€M;
2) s mobbix g € M oTobparkeHue
e — (e, q), ecE,
€CTb JINHEHHBIA n30MOP(MU3M BEKTOPHBIX TPOCTPAHCTB
®(-,q): E— T, M.
IIpocrpancteo E oroxzecTsiserca ¢ mobbmv ciaoem Ty M, T.e. oHO
SIBJISIETCS] TUIUYIHBIM CJIOEM KOKacaTeJIbHOro paccioenus 1™ M.
Qukcupysa BekTop € € F, monydaem muddepenunaabayo ¢opmy

Ha M

o, X d(e,-) € A'M.
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B npeapiaymem maparpade Mbl uMmesn
E= {(171" . 77]”)} = Rna

@(6, q) = Z NiWiq,
i=1

HO ceiffgyac MbI He duKcupyeM ba3uc B F.

18.1.3. CummiiekTuueckas ¢popma Ha E X M. Yrobsl 3ammucaTh
TaMHIJIBTOHOBY cucTteMy Ha F X M ~ T* M, BEIYUCINM CEMIJIEKTHIECKYIO

dopmy ®o na E x M. Hadmem ¢ dopwmsr JIuyBuiis
s € AYT*M)
¥ BBIYHCINM €€ IIePEHOC
s € AY(E x M).

KacarenpHable 1 KOKacaTebHBIE OIPOCTPaHCTBa €CTECTBEHHO OTOXKIECTB-
JIAIOTCA C IPAMBIMHA MIPOU3BECACHUAMMN:

Teq)(EXM)=T.E®T,M =~ E®T,M,
Ty (B M) = T ES TyM ~ E* & T M.

JIio6oe Bexroproe nose V € Vec(E x M) ecrb cymMa BePTHKAJIBHON 1
TOPHU30HTAJIbHOU YacTeit:

V=V,+ W, Vole,q) € E, Wy(e,q) € T,M.
Amnajiormano, mobas quddepennuaabaas Gopma
we AN E x M)
€CTh CyMMa BEPTUKAJBHON M TOPU30HTAJBHON JacTeil:
W = wy + wp, Wy (e,q) € By Wh(e,q) € Ty M.

BepTI/IKaJIbHa,H 9aCTh W, PaBHa HYJ/JIIO Ha I'OPU30HTAJIBHBIX KaCaTEJIbHbIX
BEKTOpPaX, a 'OPU30HTaAJIbHAA 9aCTh Wh — Ha BEPTUKAJIbBHBIX KaCaTe/JIbHbBIX
BEKTOpax.

B wacraOCTH, BeKTOpHBIE TONA U auddepentmanbabie hopmbl HA M
(6biTh MOKeT, 3aBucaumme oT ¢ € E) MOXHO paccMaTpuBaTh KaK [OpU-
30HTAJIbHBIE BEKTOPHBIE oI U auddepeniumaibabie hopmbl Ha E X M:

T,M =0® T,M C T(e ) (E x M),
;M =00 Ty M C T}, , (E x M).

Borancimm 3nagenme dopmer ®s ma kacaremprOoM BekTope (£,v) €

€ TeE @ TqM:
<$5a (67 ’U)> = <5<I>(e,q)7 (P*(fa ’U)> = <5‘I>(e,q)a (Q*f, ’U)> = <(I>(6, Q), ’U>.
ITosTomy ~
((ps)(e,q) = ®(67Q)a (182)

rne & — mpasas wacth (18.2), paccMaTpuBaeMasi KaK TOPU30HTAJIbHAS
dopma Ha E X M.



18.1. Tpusuaausdosartoe KOKAGCAMEADHOE PACCAOEHUE 241

Jajee, BBIYUCIAM TIEPEHOC CTAHIAPTHON CHUMIIJIEKTUIECKON (DOPMBI:

do = dds = dds = do.

Hanomunm, ato muddepermman dopmbt w € A'(N) MoxeT GBITH BbIYHC-

ne mo ¢opmye (11.15):

dw(Wy, Wa) = Wi {w, Wa) — Walw, W1) — (w, [W1, Wa]),

Wy, Wy € Vec N.

B nmamem ciaygae N = E x M BoibepeM mpoOHBIE BEKTOPHI BUIA

Wi:(gi,‘/i)EVeC(EXM), 1=1,2,

roe & = const € F — mocTosiHHBIE BEKTOpHBIE mosig u V; € Vec M —
rOPU30HTAJIbLHBIE BEKTOPHBIE nosis. B crmiy (18.3)

d®((&1, 1), (&2, V2)) =
= (517‘/1)<¢'("')7V2> - (§2aV2)<q>('v')aVl> - <¢'("')a [VlaVQDa
TaK Kak [(&1, V1), (€2, Va)] = [V, V2|. Haxee,
((517 V1)<(I)( BN )7 V2>)(e,-) = (§1<¢( Tt )a V2> + Vl<¢'( N )7 VQ))(e,') =
(yauTsiBeM, uTO P SIMHEHHO 1O €)

= <q>51a‘/2> + Vl<(bea ‘/2>

(18.3)

CiieroBaTebHO,

dq)((é.la Vl)a (527 Vv?))(e,') =
= <¢§17I/2> - <¢§25 Vl> + ‘/1<¢87 ‘/2> - ‘/2<(P67 ‘/1> - <@85 [‘/17 ‘/2]>
O603Ha4uM /Ba IIE€PBBIE ClAaraeMble 9epes
;I;((flv Vl)’ (£2a V2)) = <¢'§17V?> - <q)§2’ V1>7
u npumernM dopmyny (18.3) k ropusoHTaIBHON hopme P,
d(I)e(Vl’ V2) = V1<q)ev V2> - V2<q>ev V1> - <q)ev [Vlv VQD
B pesynbpraTe mosydaeM BBIpajKeHHE IS MEPEHOCA CUMILIEKTHIECKON
dopmbI
Bo(e, (61, 11), (€2, V) = (€1, V1), (€2, V5)) + d®e(V4, V5),  (18.4)
T. €. R ~
<I>U(e7.) =&+ do..
SaMevanue. B caydae KaHOHHYECKHX KOODAWHAT MOXKHO B3dTh
%, torga noaydaem d®, = 0.
18.1.4. I'amuibToHOBa cucrema Ha E x M. ®opmyna (18.4) omn-

npoOHBIE BEKTOPHBIE TIOA V; =

CBIBAET CUMILUIEKTIUIECKYI0 CTPYKTYpy ®o mHa E X M. Brranciamm Tenepnb
TaMHIJIBTOHOBO BEKTOPHOE II0JI€, COOTBETCTBYIOIIEE TAMUIbTOHUAHY

h e C™(E x M).

16 A.A. Arpaues, }0.JI. Cauxos
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MoxHO paccmMaTpuBaTh h Kak ceMeicTBo (pyHKIuit Ha M, mapameTrpu3o-
BaHHOE BeKTopamu u3 E:

he = h(e,-) € C*(M), ee€ E.
PasznoxuM ucKOMOE TaMUIBTOHOBO BEKTOPHOE IOJIE B CYyMMY BEPTUKAJIb-
HOU M rOPU30HTAJILHON YacTeii:
h=X+Y,
X =X(e,q) € E,
Y =Y(e,q) € T,M.
ITo ompezenennio raMUJIBTOHOBA ITOJIS
ix4y®o = —dh. (18.5)
IIpeobpasyem 0b6e 9acTu 3TOrO PaBEHCTBA:
—dh =91 ap,
0 ~~

e
ohe €T°M
ixtyl. ®o = ixqy|, (@ +dP.) = ix )| P+ i(x,y)|, dPe =
= <¢X7 . > - <(P,Y> +Zyd¢e .
—— N—— N —
€T*M cE* €T*M
IIpupasusiem npyr apyry Beprukanbabe 9acT (18.5):
Oh
(@.Y) =57, (18.6)
U3 3TOT0 ypaBHEHHS MOXKHO HAfiTH TOPH30HTAIbHYIO 9aCTh Y TaMEIIBTO-
HOBa 1o h. JleficTBATEIBHO, ¥ THHEHHOrO n30MopdusMa
®(-,q): E—TIM
CYIIECTBYeT TBOHCTBEHHOE 0TOOPasKeHHe
®*(-,q): T,M — E™.
Tornma ypasaenme (18.6) MOKHO 3ammcaTh Kak
Oh
(I)*( : 7Q)Y = a (eaq)7
a 3aTeM Pa3peNInTb OTHOCHUTENHHO Y :
1 0h
Yy =&t —.
Ode

-
Yro6bl HANTH BEPTUKAJIBHYIO 9aCTh X 1O h, NPUPABHIEM JIPYT
Ipyry ropusonTasbHbe dacta (18.5):

Sx +iyd®. = —dhe,

IIepermnimeM Kak

®x = —iyd®. — dh,
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U peIuM 3TO yPaBHEHHE OTHOCUTETHLHO X:
X = & (iyd®, + dh,).

CrenoBaTe/IbHO, TAMIJIBTOHOBA cucTeMa Ha F/ X M, cooTBeTCTBYIOIas
raMWJIbTOHUAHY h, AMeeT BHUJ,
10h

. g
1 de’ (18.7)
é=—& (izd®, + dh.).

3anuireM Temeph Ty CHUCTEMY C WCIOJIH30BAHMEM KOODIWHAT B KOKa-
CaTeJIbHBIX M KacCaTe/JIbHBbIX IIPOCTPaHCTBAX (KOOPI[I/IHa,TbI Ha M MBI HE
HCIOJIB3YeM ).

Bribepem 6asuc B E:

E = span(ey,...,e,),

TOTJa BEKTOPHI 4 € F TIpeCTaBISIOTCS KaK

n
u = Z U;€;.
i=1
ITonygaem

P(u,-) = q’(iuiei, ) = iuiwia
i=1 i=1

w; = ®,, € AY(M), i=1,...,n,
cyTh 6asucubie 1-dopmbr Ha M. /lasee, BHemHME POU3BEIeHUS
wi Aw; € A*(M), 1<i<j<n,

obpa3zytor 6a3uc B mpocrtpancTse 2-¢opm Ha M. Pazmoxum muddepen-
muaJibl B 3TOoM 0Oasmuce:

rae

n

k 1k
dwy, = Z cijwi/\wjzzicijwi/\wj,

1<i<jsn t,5=1
e K03 puiueHTs CyTh IaaKue QpyHKIII
k ) .. -
cij € O (M), ,5,k=1,...,n,
KOCOCUMMETPHUYECKUE 110 HUZKHUM HHJIEKCAM:

k _ k

Cij = —Cjje

Kosdbdumuents ci?j Ha3bIBAIOTCS CMPYKMYPHOIMU KOHCTarmMamu (X0-
TS OHH, BOOOIIE TOBODSI, U HENOCTOSHHBI). MBI NPOSICHAM 3TOT TEPMHH U
JaIUM IPOCTOM PEleNnT MX BBIYUCJIEHUS HUXKe, B mpeyoxkennn 18.1.

Beibepem penep B T, M, 1BoficTBEHHBIII PPy Wi, . -.,Wn:
Vi,...,Vn € Vec M,
<wi,Vj>:5ij, i,j:l,...,n.

16*
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Sanmmem Hally raMuIbTOHOBY cucreMy (18.7) BO BBEIEHHBIX KOODIMHA-
tax. Pyskiuga ['aMuabTOHa €CTh

h e C®(R" x M),
h = h(u1,...,un,q), (u1,...,up) ER®, qge M.
B cuny Toro, aro
(@%(Vi), €j) = (e, Vi) = (wj, Vi) = bij,

oJryqaem

0
* *
" (V;)=e=| 1|,
0
r7e eJUHCTBeHHas eJWHHUIa — i-g KoMmooHeHTa. CJjeaoBaTeslbHO, FOPH-
-

30HTAJIbHAS 9aCTh MOJIs h PaCKJIAIbIBAETCH MO TOPU3OHTAJBHBIM IIOJISIM
CIIEIYIOMUM 00pa3oM:
Y = Z
3u1

PaccmoTpuM BEPTHKAIBHYIO YaCTh MIOJIS l_{:
X = -3 (iyd®, + dh,).

BTOpOB CJIara€eMo€ JIETKO BBIYUC/IUTDH, TaK KaK
n

dhy = (Vihy)wi;

i=1

9TO Pa3JIOKEHME IIPOBEPSIeTCs Ha DA3MCHBIX BEKTOPHBIX MOJIAX V;. A mep-
BOE CjaraeMoe MMeeT B/,

n
1. 1 Oh 0 Oh 0
—® tiyd®, = E Supcl (o — — =
2 i
i\j k=1
(MBI OCTaBIISIEM €O NPOBEPKY YUTATENIO B KAUeCTBE YIPAYKHEHUs ).
Nrak, rammibToHOBA cucTema B noapmkebix pemepax (Vi,...,V,) n
(W1y--.,Wn) 3AMACHIBAETCS CIIEMYIOIAM 00pPa30M:

"\ 9k
qg= a_mvi’

i=1

Oh .
u; = —Vihy +;1ukc”8 1=1,...,n.
k=

BamMedaHHe DTa CHCTeMa CTAHOBUTCS OCODEHHO HPOCTOH (Tpe-
yl"O.J'IbHOI.;I)7 €CJIn raMUJIbTOHUAQH HE 3aBUCHUT OT TOYEK Ha 6a3€:
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BeprukasnbHas moacucTemMa yIpoIaeTcs eme 00JIbIne, KOraa

cfj:const, i,5,k=1,...,n.

Ob6a >Tu ycyi0BUS BBINOJHSIOTCS JIJisi MHBAPUAHTHBIX 33129 HA TPYIIax

JIu, KoTOpBIE MBI PACCMOTPHM B CIeAYIOMUX Haparpadax.

k
CprKTypHI)Ie KOHCTaHTBI cij JIETKO BBIPA2KalOTCA B TEPMUHAX CKODOK

JIu 6a3ucHBIX BEKTOPHBIX IOJIEH.

IIpemnoxenne 18.1. Ilycmv sexkmopuvie noas Vi,...,V, €
€ Vec M obpasyrom deoticmeennwiti penep x penepy l-gpopm wi, ..., w, €
€ AY(M):

(wi, Vi) = d4j, ,7=1,...,n.

Pasercmso
n

1k
dwkzzﬁcijwiij, k=1,...,n,
i,j=1

umeem mecmo moada u moavko mozaoa, Koz20a
n
_ k P
[V;,Vj]——g cij Vi, ,j=1,...,n.
k=1

HokaszarenbcTBo. PaBeHCTBO i dwy MOXKHO IIEpeNmUCcaTh B
CJIEIYIOIIEM BUIE:

<dwka(‘/;av})>zcécjv i,j,k=1,...,n.
JleBag wacTp Bhramcyserca mo dopmysie (18.3):
<dwk’ (Vu VJ)> = Vi<wk’ VJ> - Vj(“)kv VZ) _<wk’ [Vu VJ]>7
S—
=0 =0

U YTBEPXKJEeHNE JOKa3aHo. [

Ecan koadpdunmenTot ij MOCTOSTHHBI, TO IIPOCTPAHCTBO, HATIHYTOE

Ha BEKTOPHBIE ToJiA V7, ..., V,, oOpa3dyer KOHEYHOMEPHYIO ajreopy Jlu,
U 9uCIa ci-“j HA3BIBAIOTCH CMPYKMYPHOIMYU KOHCMAHMAMY ITOU aIredph

& k
JIn. Kax Gb1710 OTME9€HO BblIIE, [yl BEKTOPHBIX 101l 001mero Buja ¢;; %
= const.

18.2. I'pynnsr JIn

IIpocTpancTBa COCTOSIHWMIT MHOTHX WHTEPECHBIX 33/1a9 B F€OMETPHH,
MeXaHUKe W TPUWIOXKEHNIX YaCTO SBJIAIOTCA HE MPOCTO TVIAJIKUMU MHO-
roobpasusimu, a rpynmnavu JIu, B 9aCTHOCTH TpynamMu npeodbpa3oBaHuil.
Muoroobpa3ue ¢ rpynmoBoil CTPyKTypoil Ha3biBaeTcs 2pynnot Jlu, ecim
rpyumnoBsle omnepanuu riaakue. KokacaresbHOe pacCiioeHue Ipynnsbl Jlum
UMeeT eCTECTBEHHYIO TPHUBHAIN3ANWIo. MbI pa3BHBaeM NOJIXOJ IIPEIbI-
ayimero maparpada W H3ydaeM 33/add ONTHMAJBHOTO YIPAaBJIEHHS Ha
rpynnax Jlnm.
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18.2.1. IIpumepsl rpynn JIu. Hanbosiee BaxkHBIE TpUMEDHI I'PYIIIL
Jlu — 310 rpynmel uHEHHBIX TPEOOPA30BAHUN KOHEYHOMEPHBIX BEKTOD-
HBIX IPOCTPAHCTB.

I'pymnma Bcex HEBBIPOKIEHHBIX JTUHEHHBIX MpeobpazoBanuii R” Ha3bI-
BaeTCa obueti aunetinoti epynnot:

GL(n) = {X: R" - R"| det X # 0}.

Jluneitnpre mpeobpazoBanus R, coxpansomme 00beM, 00pa3yoT cneyu-
AALHYIO AUHETHYN 2pYnny

SL(n) = {X: R" - R"| det X = 1}.

Hna stux rpynn mcnonesyorca rakxke obosnadenna GL(R™) m SL(R™)
coorBeTcTBeHHO. Opmo2oHaAbHas 2pYnna COCTOUT U3 BCEX JIMHEHHBIX IIpe-
06pa30BaHmil, COXPAHAIOIAX €BKIALOBY CTPYKTYpY:

O(n) ={X: R* - R*| X*X =Id},

a OPTOroHAJIbHBIE PEOOPA30BAHNS, COXPAHAIOIIAE OPUEHTAINIO, 00pa3y-
0T CNEYUAALHYIO OPMOOHANDHYIO 2PYNNY

SO(n) = {X: R® 5> R"| X*X =1d, det X = 1}.

Mo>KHO TaK’Ke pacCMaTPHBATHL KOMILIEKCHYIO H SPMHTOBY BEPCHU STHX
IpyIIL:
GL(C*), SL(C"), U(n), SU(n),

JUIsl 9TOTO B TNPHUBEIEHHBIX BBINIE ONPEIEEHASX HYXKHO 3aMEHHTH R™
na C". Kaxjas U3 3TuX Pyl peaju3yercs Kak IOArPyIiia COOTBETCT-
BYIOILIEH BEIIECTBEHHON WJIM OPTOrOHAJIBHON I'pymibl. A MMEHHO, OOIILYIO
mareiryo rpymny GL(C") n ynumaphyro epynny U(n) MoxkHO paccMmar-
puBaTh COOTBeTCTBeHHO Kak moarpynmsl GL(R?™) u O(2n), KomMmyTupyto-
e ¢ YMHOXKEHHEM Ha, MHAMYIO €IUHHUILY:

GL(C") = {(_AB ﬁ) ‘ A,B: R* 5 R", det?A + det?B # 0} c
C GL(R*™),

U(n) = {(_AB ﬁ) ‘ A,B: R" 5 R,

AA* + BB* =1d, BA* — AB* = 0} C GL(C")NO(2n).

Crnenmanbraga mureiinas rpynma SL(C™) w cneyuaavhas ynumaphas
epynna SU(n) peanmsyrorcs ciemyromuM o0pa3oM:

SL(C") = {(_AB ﬁ) ‘ A, B: R" - R", det(A + iB) = 1}c SL(R?"),
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SU(n) = {(_“}B ﬁ) ‘ A,B: R* = R", AA* + BB* = 1d,

BA* — AB* =0, det(A +iB) = 1} = U(n) NSL(C*) C SO(2n).

I'pynmer JIn juHeHHBIX TpPe0OPa30BaHUN HA3BIBAIOTCI  AUHETHbIMU
epynnamu Jlu. D1Tu rpynnbl 4aCTO BO3HUKAIOT B Ka4eCTBE IIPOCTPAHCTB
cocrosiHmil ynpasisiembrx cucreM: Hanpmmep, SO(n) Bo3HWKaer mpm uc-
CJIeIOBAHUU Bpamamomuxcad Kondurypanmit. [nsa Takumx cucreM MOXKHO
paccMaTpUBaTh, KAK OOBIYHO, 337a9d YIIPABJISEMOCTH U ONTHMAJIHHOTO
yIpaBJeHUS.

18.2.2. Teopema JIu ggas guueiinbix rpymm JIu. Paccmorpum
YIPaBIAeMYIO CUCTEMY BHIA

X=XA, XeM=GL(N), AcAcgl(N), (18.8)
rzue A — npou3sBosibHOEe NOAMHOXKeCTBO gl(IV) IpoCcTpaHCTBa BCEX BEIECT-
BeHHBIX (N X N)-marpur. Beraunciaum opbuthl Toit cucrembl. CucTeMbt
Bupa (18.8) HA3BIBAIOTCA AE60UHBAPUAHTMHVLMU: OHU COXPAHSIIOTCS DU
YMHOXKEHIH CJIeBa Ha Jio0yio nocrosHHyo Marpuny Y € GL(N).

Ormernm, uro pemienne AudGepPeHNNATBHOIO YPABHEHUS C TOCTOSIH-
HOI maTpumnei A _
X=XA
3aJaeTCd MATPUYHON SKCIIOHEHTOI:
X(t) = X(0)et.
Ckobka JIu JIeBOMHBapPWMAHTHBIX BEKTOPHBIX IIOJI€H JIEBOMHBAPWAHTHA!

[XA,XB] = X[A, B], (18.9)

9TO CJIeAyeT W3 KOODAMHATHOTO NPEJICTABJIEHUs KOMMyTaTopa (ympark-
HEHWE).

3aMedanue. Bumecro neBonaBapuanTHbIX cucteM X = X A MOXHO
paccmarpuBaTh npasounsapuarmusie cucrembl X = CX. Dtu dopmsl
SKBUBAJIEHTHBI W MEPEBOAATCS OJHA B JIPYTYIO IEPEXOJ0M K OOPaTHBIM
marpurnaMm. OqHako ckoOKa JIu mpaBOMHBAPUAHTHBIX BEKTOPHBIX TOJIEH
WMeeT BUJL

[CX,DX]=[D,C]X,
sTa dhopMyia MeHee yrobHa, deM (18.9).

Bepremcsa k ympasisiemoii cucreme (18.8). ITo Teopeme 06 opbure
npoxoxsimast gepe3 equauy opoura O (.A) ecTh Horpy>KeHHOE IO MHOT0-
o6pasue B GL(NN). Bosee Toro, mo onpesieneRnto opouTa mpeaCTaBIsaeTCs
C MOMOIIBIO KOMIIO3UINH [TOTOKOB

Or(A) = {Idoe*1 0., . 0e* | t; c R, A; € A, ke N} =
(HoaTOMy U 49epe3 IIPOU3BEEeHNE MATPUYHBIX aKCHOHeHT)

:{etlAl- '6tkAk|ti€R, A; € A, kEN}
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Cnenosaresbao, opbuTa O (A) — nogrpymma 8 GL(N). Hdanee, B mo-
Ka3aTelbCTBe TeopeMbl 00 OpOHUTe MBI TTOKa3a/Il, 9T0 TO9Ka q o et 4l o, ..
... oA zapucur or (ty,...,t;) HENPEPBIBHO B «CHJILHOM» TOMOIOIUM
OpOHTEI, & ITIOTOMY U LVIAJIKO.

IlonBenem nrorn. MbI moka3asm, 970 OpOUTa, IPOXOAAIIA I€PE3 €11~
HUITY, yAOBJICTBOPSCT CJIEIYIONTIM CBOHCTBAM:

1) O14(A) ectp morpy:xennoe nmogmuorootpasme GL(N);

2) O14(A) ectsp noarpynma B GL(N);

3) rpynmnossie onepammu (X,Y) — XY, X — X! 8 O14(A) rnagkue.

Uubmvn cnosamu, opbuta O (A) seastorcs nodepynnot Jlu rpynnbt
GL(N).

Kacare/ibHBIE TIDOCTPAHCTBA K OPOUTE JIETKO JIETKO BBITUCJISIOTCH C
[OMOIIBIO AHAJIUTHIECKON BepcuH TeopeMbl 06 opbure (cmcrema (18.8)
BEIECTBEHHO AHAJNTHIHA):

TiaO1a(A) = Lie(A), (18.10)
Txold(.A) =X Lie(A).

Opbuta smeponnBapmanTHON cucrembl (18.8), mpoxongamas wepes Jro-
Oyt Touky X € GL(N), momy9aercs jeBBIMA CIBATAMA OPOUTHI, TPOXO-

Idmeil 9epe3 eJuHUILY:
Ox(A) = {Xelrhr el ¢, € R, A; € A, k€ N} = XOn(A).

Beime mbr paccmarpusanmn cucremy (18.8), 3amaHHY0 IPOM3BOIBHBIM
nomvmuokecTBOM A C gl(N). Ecom orparmanrbes nomanrebpamu JIn

A = Lie(A) C gl(N),

TO JIETKO BHUJETH, 9TO JOKA3aHO CJEAyIomee IpPeIJIoXKeHne: KaxKI0H II0-
manrebpe Jlm A C gl(N) coorBercTByeT Takas CBA3HAd MOArpynma Jlm
M C GL(N), aro TigM = A. 3necb M = O14.A. TlokaxkeM Temepb, 9TO
9TO COOTBETCTBHE 00PATHMO.

ITycte M ects cBasuas noarpymma Jlu rpynmer GL(N), T e.:

1) M ects cBsisHOE morpyzkenHOe moaMHOroobpasme GL(N);

2) M obpasyeT rpynmy OTHOCHTENFHO MATPUYHOTO IPOM3BEIECHUS;

3) rpynmnosbie oneparuu (X,Y) — XY, X — X ! cyTs rnaakue oTo6-
paxkenust B M.

Torga Id € M. Paccmorpum KacaresbHOE IPOCTPAHCTBO

Ty M = {A - % T,| Ty € M, T, rmamxas, To = Id}.
t=0

Tak kak M C GL(N) C gl(N), To moay4aem
TaM C gl(N).
Hauee,
AETIdM, XeM = XAET)(M,

TaK KaK BEKTOP
d
XA=— XTI
dtli=0 ¢
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ecThb ckopocTh KpuBoit X'y, rne A = I'y. CiemoBarenbuo, s jiroboro A €
€ T1gM BekTopHOE mosile X A TOXKIECTBEHHO KacaeTcss MHOroobpasus M.
ITostomy Ha M KOPPEKTHO OIpejesieHa CIeAyIoas yIpaBisgeMas CHC-
TEMa:

X = XA, XeM, AecTgyM.

OTta cucrema mmeer noyHbIA paHr. IIpocrpancrBo cocrosHuit M cBA3HO,
1mo3ToMy OHO coBmagaer ¢ opburoii Oiq 3TOH CHCTEMBI, IIPOXOILIIEH Je-
pe3 emuanny. Ho KacaregbHOE IIPOCTPAHCTBO K OpPOWUTE yKe BBIYUCIIEHO
(cm. (18.10)), mosTomy

TiqM = Tia(O1a) = Lie(TiaM).

To ectb T1gM — momanrebpa Jlu amrebper gl(N).

Me1 qoKa3aiu ciemayromee KIacCuIecKoe IMPeJyIoyKEeHNe.

Teopewma 18.1 (JIlu). Cywecmsyem maxoe 83aumHo 00HO3HAUHOE
coomeemcmeue mexncdy nodaszebpamu Ju A C gl(N) u ceasnvmu noo-
epynnamu JIu M C GL(N), wmo TiqM = A.

Msb1 mokazaju, 9T0 Teopema JIu mjisa guHEHHBIX anredbp u rpynm Jln
caeayeT U3 TeopeMbl 00 opOuTe: CBs3HBIE IPYyNNbl JIu CyTh OpOUTHI Jie-
BOMHBAPUAHTHBIX CUCTEM, 33JAIOIINXCH Tomaaredpavu Jlu, a moganaredpot
JIlu cyTh KacaresibHBIE IPOCTPAHCTBA K moArpynnaMm Jlu B equnwmIe.

18.2.3. A6crpakTHblie rpynmbl JIu. A6crpakTHas rpynmna Jlu ectb
abCTpaKTHOE IJIaJKoe MHOroobpasue (He BJIOXKEHHOE HHU B KaKoe 00beM-
JIFOIIee IPOCTPAHCTBO), OJHOBPEMEHHO SIBJISIOINEECs IPYIION € TIQIKIMI
rpynnoebivu oneparmpsivu. Crnpasegmmsa Teopema Ano [141], cormacro
KOTOPOI Jifobasi KoHeYHOMepHas ajrebpa JIu nuzomopdua nomanredpe Jlu
anre6psr gl(N). Arasormaaoe yTBepXKAeHUE [T TPYI JIu HEBEPHO: JIFO-
6ag rpynma Jlu Moxer GBITH IpejcTaBiieHa Kak moAarpymna Jlu rpymnmbt
GL(N) Tonbko JIOKaabHO, HO, BOOOWIE roBopsi, He ryobanbHOo. OmHAKO
BasKHEHUIINE CBOUCTBA JIMHEHHBIX TPy JIu 0000marTcs Ha aOCTPaKTHHIE
rpyunst Jlu.

A wumenno, nycre M ecrb rpynna Jlu. s nroboit Touku q € M,
YMHOXKEHUE CJIEBA HA (:

qg: M — M, g(z) =qz, z€ M,
ectb auddeomopdusm MHOro0Opaszus M. JIr06oit KacaTelbHBIN BEKTOD
v € TigM
MOXKHO IEPEHECTH B JIIOOYI0 TOYKY g € M JIeBBIM CIBUIOM (:
V(q) = gsv € T, M, qgeE M,
B PE3yJIBTaTE Y€r0 BOZHUKAET JIEBOMHBAPWAHTHOE BEKTOPHOE moJie Ha M:
V € Vec M, 3.V =V, qe M.

NmeeTcsi B3aMMHO OJIHO3HAYHOE COOTBETCTBHE MeEXKJy JIEBOMHBAPUAHT-
HBIMH BEKTODHBIMHU moJigsMu Ha M W KacaTeJbHBIMU BeKTopamu K M B
€JIMHULIE:

Vi V(Id) = v.
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JleBbre capuru Ha M COXpaHSAIOT MOTOKH JIEBOMHBAPUAHTHBIX BEKTOPHBIX
mojieit Ha M, a MOTOMY W HOTOKH MX KoMMyTaropoB. CiemoBaTebHO,
JIEBOMHBapUAHTHBIE BEKTOPHBIE TOJIs Ha rpynne Jlu M obpasyror aiareod-
py JIu, xoropas uHaswbBaercs a.sz2ebpoti JIu epynnot JIu M. Ilostomy mu
KacarejbHOe npoctpancTBo TiqgM ects asnrebpa Jlu.

Tak ke, Kak B JIMHEHHOM Cirydae, MOXKHO JI0Ka3aThb TeopeMmy Jlm o
B3aMMHO OJHO3HAYHOM COOTBETCTBUU MEXKy MOArpymnmamu JIu rpymnmbt
JIu M u nopanre6pamu Jlu ee anre6pser JIu A.

18.3. 'amMuiibTOHOBBI cucTeMbI Ha rpymnmax JIu

18.3.1. TpuBuasm3anus KOKacaTeJbHOI'O PACCJIOEHUS I'PYIIIIbI
JIu. Iycte M C GL(N) — noarpynma JIn. O6o3raunm 1wepes M coor-
BeTCTBYIOIILYO nomaarebpy Jlu:

M =TiqM C gl(N)
KokacarenpHoe paccioenne rpynnsl JIu M umeeT TPUBHAIU3AIUIO BIIA
b M* XM — T*M,

rae M™* ecth conpsizkernHoe npocTpancTso aarebpet Jlu M. Cragana omnu-
IIeM COIPSKEHHOE 0TOOPazKeHHe

d*: TM — M x M.
Hanomanm, uro Ty,M = qTigM = gM paa moboro q € M. Ilonoxum
®*: ga — (a,q), aeM, qgeM, qaeT,M. (18.11)

To ecTh 3HaYeHNE JIEBOMHBAPUAHTHOTO BEKTODHOT'O MHOJII @ B TOYKE ¢
0TOOPaXKaeTCs B APy, COCTOSAILYI0 U3 3HAYEHHS ITOTO MOJIS B €IWHUIE U
rouku ¢q. Cama ke TpuBnajmsanus P umeer Buj

®: (x,q9) Ty, TEM', qeM, T,eTM, (18.12)

rIme T — JeBoMHBapuaHTHAsA 1-popma Ha M, B € TUHUITE COBIIAJAIONIAL C X+
def

(T4,90) = (z,0).

18.3.2. TamuasTOHOBA cuctema Ha M* X M. 'amunpToHOBA CHuC-
TeMa, COOTBeTCTBYIOMas Myaknun [amuibTona
h =h(z,q) € C®°(M* x M)
Obwna Borauciena B naparpade 18.1 (cm. (18.7)):

. _1:0h
¢g=2 ! 9’
z (18.13)

=& Y(dh, +i;d®,).

Yauresas onpenesnenmne (18.11) orobpaxkenms ®*, mepsoe ypasHeHme
MOZKHO IepelncaTh B ClepyioleM Buje:

qu%.
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Bnecs Oh/0x — BepTmKampHas "acTh dopMbel dh € AY(M* x M), T.e.
Oh (eg)e M) =M, (z.0) € M* x M.

Yro0bl HalWTH &, BEIYUCIUM AeiicTBue nuddepennuana dz = dP, Ha
JIEBOMHBAPUAHTHBIX BEKTOPHBIX m0JAX 110 dopmyate (11.15):
dz(qa, gb) = (qa) (x,b) —(qb) (x,a) —(z,[a,b]) = —(z, [a, b]).
—— ——
=const =const

Torzua
1. 1. _ Oh Oh
©1igd®s = @ ligon 0. dT = — <””” [%’ ' D - <x (ad %) ' > -

=—((ad g—Z)*x, )= (ad Z—Z)* .

ITosromy ramusbroHOBa cucTeMa (18.13) mpuanMaer cienyromyto dhopmy:
i=q2"
9 wa . (18.14)
i=(ad52) o @ ldh,.
oz

Hamomumwm, ato dh, ects ropu3onTadbHAS 9aCTh HOPMBIL dh, MOdTOMY

(dhg)q € T; M, (z,q) e M* x M

& 'dh, € M*.

Cucrema (18.14) omuchiBaer raMUJIbTOHOBY CHCTEMY JJisi IPOU3BOJIBHON
rpynns! JIu u mo6oit dyskimn lamunbrona h.

B ciygae KOMMyTATHBHBIX IDyHI JIu (BO3HUKAIOMIEM B TPHBHAJIN3A-
mum T* M| moposK IeHHOM JTOKaIbHBIMI KoopamHaTamu Ha M) mepBoe cia-
raemoe BO BTopoM ypasraeHun (18.14) ncgaesaer, m Mbl OJTy9aeM OOBITHY O
dopMy raMuIBTOHOBOI CACTEMBI B KAHOHHIECKUX KOOPJIUHATAX

-
q9=4q 9z’
& =—2 'dh,.
B ciry1ae 1e€BOMHBApHAHTHOTO TaMUJIBTOHAAHA:
h = h(z),
ramuabTOHOBa cucreMa (18.14) cranoBuTCH TPEYrOIBHOIL:
du” (18.15)
(052
t=\lad— ) =
Oz

3mech BTOpOEe ypaBHEHHE HE COOEPKHUT ¢. 1l09TOMy B JIeBOMHBapHaHT-
HBIX 33Jla9aX yIOPaBJEeHWs, TOe TaMIJIbTOHUAH IIPUHIIUIA MakcuMyma h
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JIEBOMHBAPHUAHTEH, MOKHO CHa4daJla HE3aBUCHMO DPEIIaTh YPaBHEHHUE IJId
BEPTHUKAJIBHBIX KOODAHWHAT T, & 3aTE€M IIEPEXOAUTH K I'OPHU3OHTAJBbHOMY
YpaBHEHUIO JJIAd g.

18.3.3. KomnakTasie rpynnsl JIu. amunsronosa cucrema (18.15)
yIpomaercs eime 06ojiee B Caydae KOMIAKTHBIX TPyl J1m.

IIycts M ectb komnakTHas moarpynua Jlu rpynnst GL(N). Torma M
MOXKHO PacCMaTPUBATh KaK MoArpymny Jlu oprorosHansHoii rpymnst O(N).
JleficTBHTEILHO, MOXKHO BBHIOPATH €BKIHIOBY CTPYKTYpy (-,-) ma RN,
MHBAPUAHTHYIO OTHOCUTEJIHLHO BCEX IMpeobpasoBanuit u3 M:

(Av, Aw) = (v, w), v,w RN, A€ M C GL(N).

Takyio CTPpYKTypy MOXKHO MOJIy9IUTb U3 JIIO0O0M €BKJIMIOBOM CTPYKTYPHI
g(-,-)maRY ycpemmenmem mo A € M ¢ momontbio bopMer o6bema wy A . ..
... AWy, TI€ W; CyTHh Da3uCHBIE JIeBOMHBapuaHTHBIE hopmbl HA M :

(v, w) 2/%,“, Wi A AWy,
M
'Yv,w(A) = g(Av,Aw), A S M

[TosTomy Oymem mpenmosaraTh, 9TO BCe 3JIeMeHTH M CyTh OPTOTOHAJIb-
mele (N X N)-maTpunpl, a KacaTeJbHOe NPOCTPAHCTBO K M B enuHuIe
COCTOUT U3 KOCOCHUMMETPAIECKUX MATPHIL:

M =TiaM C T1g O(N) = so(N) = {a: RY —R"|a* +a=0}.

Ha so(N) mmeeTcss mHBApHAHTHOE CKAJIAPHOE MPOU3BEAEHUE, KOTOPOE
OIIpeIe/IsIeTCS CIEAYIOMMUM 00pPa30oM:

(a,b) = —trab, a,b € so(N).
VHBapUaHTHOCTD 9TOTO NPOM3BEAEHUA 03HAIAET, ITO
(etadeq et2dep) = (q,b), a,b,c €so(N), teR, (18.16)

T. €. OLEPATOP
Adet® = et2de: so(N) — so(NNV)

OPTOrOHAJIEH OTHOCHTENIBHO 3TOro npou3ssenenus. Pasercrso (18.16) ecrs
CIIeICTBUE MHBAPHAHTHOCTH CJIEJIa:

<6tadca,6tadcb> _ ((Adetc)a, (Adetc)b> _ <6tca6_tc,€tcb6_tc> _
= —tr(efae et be ) = — tr(e'“abe ) = —tr(ab) = (a,b).

3HaK MHUHYC B OINPEIEIEHIN WHBAPUAHTHOTO CKAJISIPHOIO IPOU3BEIECHUS
Ha S0(IN) obecneunBaeT MOIOKUTEIBHYIO ONPEEIeHHOCTD IPOU3BE [CHUS.
STO JIEFKO BHU/IETh B KOODJAWHATAX: €CJIN

a= (a’ij)7 b= (bij) € so(N),
ij = —Qji, bij = —bjs, ,j=1,...,N,

N N
—tr(ab) = — Z aijbji = Z @ijbij-

i,j=1 i,j=1

TO
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Hopwma nHa so(IN) onpenensiercs eCTeCTBEHHBIM 00pa30M:
la| = v/{a, a), a € so(N).

Nndunnresnmanbras Bepcus cBolicTBa maBapuanTHOCcTH (18.16) ser-

Ko moJry4daercs auddepenanuposanuem npu t = 0:
([e, al,b) + {a,[c,b]) = 0, a,b,c € so(N). (18.17)
To ectwb Bce onepaTopst
adc: so(N) — so(N), ¢ € so(N),

KOCOCUMMETPUYIHBI OTHOCUTEJIHHO MHBAPUAHTHOI'O CKAJSIPHOTO IPOM3Be-

nenns. Pasencrso (18.17) ects MHOrOMepHOe 0600IIeHNe CBONCTBA BEK-

TOPHOTO W CKaJIAPHOro mpousseenns B R® ~ so(3).

Tak xak M C so(NN), TO WHBApHAHTHOE CKAJIAPHOE IPOM3BECHUE
oupenesero u Ha ajrebpe Jlu M. Torma compsizkeHHOE TPOCTPAHCTBO
M* MOXKHO 0TOXKIAECTBUTH C ajredpoit Jlu M ¢ mOMOMBIO CKAJISIPHOTO
npousBeseHus (-, - )

M= M av(a,-).

B rTepmunax sroro oroxpecrsienus omeparop (ada)*, a € M, npunu-
MaeT BHUJ,

(ada)*: M — M, (ada)* = —ada.

B ciyuae kommakTHO# rpymnmsl Jlu M ramumibToHOBa cmcreMa (18.15)
JiIsl MHBAPUAHTHOrO ramuibroHuana h = h(a) oupemenena ma M x M
¥ 3aIUCHIBAETCS KAK

) Oh

q:qﬂa

N {a %] (18.18)
17 el

Msbr npumenuMm 3Ty GOPMYJNy B CieAyIOMEed TJaBe JJjisi PEIIeHUs
HECKOJIbKUX T€OMETPUIECKUX 33/1a9 ONTUMAJIBLHOTO yIIPABJICHUSI.
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ITPUIMEPDBI 3AJAY
OIITUMAJIBHOT'O VIIPABJIEHNA
HA KOMITAKTHBIX I'PVYIIITAX JIN

19.1. PumanoBa 3ajaua

IIycts M — xoMmmakTHag rpynna JIn. llEBapmaHTHOE CKaJIIpHOE IIPO-
n3Benenue ( -, - ) Ha anrebpe Jln M = Tig M onpenensier J€BOMHBAPUAHT-
HYIO0 PHMAHOBY CTPyKTypy Ha M:

def
(qu, qv)q = (u,v),
uv,veEM, qgeM, qu,queT,M.

ITosToMy B Kaxk70M KacaTenbHOM IpocTpancTBe 1y M mMeeTcsa CKangpHOe
[IPOU3BEAEHUE ( -, )q. LI Mr060i IHIIINIEeBON KPUBOIL

q: [0,1] = M

€€ puMaHOBa JJINHQ OIIPEAEJACTCA KaK MHTErpaJl CKOPOCTH:
1
1= [laold, = V@,
0

3amada COCTOUT B TOM, ITOOBI 151 JTI000 3aJaHHOM mapbl TOYEK (o, g1 €
€ M wnaiitu kpaTdaiinryo KpuByio B M, COeIMHATONIYIO o C q1-

CoorBercrBylomast 3a/a49a ONTUMAJIBHOIO YIIPABJIEHUS] CTABUTCS CJIe-
JyIormuM 00pa3oM:

Gg=qu, qEM, ueM, (19.1)
q(0) = qo, q(1) = qu, (19.2)
qo,q1 € M 3akpemieHst, (19.3)

(u) :/|u(t)|dt—>min.

Cragana JOKaxKeM CyIIEeCTBOBAHUE ONTHMAJBbHBIX ylIpapieHwii. [la-
pamerpusys TpaeKTopuu yupasiseMoil cucrembl (19.1) nyumHOl 1yrm,
MBI BHJIUM, 9TO 33Ja9a C HEOUPAHWYEHHBIM yIpaBieHueM u € M Ha
dbuxcnposarroM otpeske t € [0, 1] sKBuBasIeHTHa 3a7ade ¢ KOMIAKTHBIM
npocTpaHcTBoM ynpasisiiomux mapamerpos U = {|u| = 1} m cBoGomabiM
KOHEYHbIM BpemeHeM. Ilocjie TOro MOXKHO PaCIIUPUTh IIPOCTPAHCTBO
yupasnsromux napamerpos 10 U = {|u| < 1}, aTober MHOXKECTBO noITy-
CTUMBIX cKopocreii fy(q) cramo BeimykibsiM. Torma u3 Teopembl Puui-
IoBa CJIeyeT CyIIEeCTBOBaHUE ONTHMAJbHBIX YIPaBJIeHUI B MOy 9€HHOMH,
a TIOTOMy W B MCXOIHOM 3aJade.
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IIo mepaBercTBy Kommu—-ByrsakoBckoro

) = ( / |u<t>dt)2 < / u(t)* at

Gostee TOro, PaBEHCTBO UMeET MeCTO TObKO npu |u(t)| = const. Cnemosa-
TeJbHO, PUMAHOBA 33/1a4a | — min SKBUBaJEHTHA 3a/a4e

Jw) =1 / lu(t)|? dt = min. (19.4)

Oyukmuonan J ymobuee, gem [, Tak Kak J IVIAJOK U €ro SKCTPEMAJId —
ABTOMATHUYECKU KPUBBIE C MOCTOAHHON CKOPOCTEIO. Janee Oymem paccmat-
puBaTh 3a1a4dy ¢ dyaknuonasoM J: (19.1)—(19.4). FaMunbToHHAH NpPUH-
ouIa MakCUMyMa JJIs 3TOH 3aJa4u paBeH

e (a,0) = (G gu) + % [l = (0, u) + & Jul?.
Ycaosue makcumyma IIMII nmeer Buz,
v 14
B o (a(t), a(t) = max((a(t),0) + 5 bf?), v <.

(1) Aropmanbhsrii cay4ait: v = 0.

N3 ycnosusi makcumyma caemyer, 9o a(t) = 0. Dto npormsopednT
IIMII, Tak kak mapa (v,a) momkHa 6BITH OTAMIHON OT Hyad. IlosTomy
aHOPMAJIBHBIX 9KCTpeMaJiell B JaHHOI 3a/iade HeT.

(2) Hopmaabaslii ciydaii: v = —1.

Yceaosue MakcumyMa maet u(t) = a(t), mosToMy MaKCHMI3UPOBAHHBIN
raMMUJIBTOHHUAH IVIQJ0K: 1 )

H(a) = § |af.
3amernM, 9TO raMuiIbTOHMaH H WHBapuaHTeH (He 3aBUCAT OT q), 9TO
ABJIAETCA CJIEACTBUEM JIECBOMHBAPUAHTHOCTU 3ala49U.

OnruManbHOE TPAEKTOPHUH CYTh MPOEKIMH PEIIeHNH IaMIIbTOHOBON

CUCTEeMBI, COOTBeTCTBYOmEN H. DTa raMuibTOHOBA CUCTEMA MMEET BUJL

(e (18.18)) ,
q=qa,
{d = [a,a] = 0.

[Tosromy onTmMaabHBIE TPAEKTOPHUH — JIEBBIE CJIBUTU OJHOIIAPAMETPUIEC-
Kux moarpyna B M:

q(t) = goe'®, a € M.

HanomanwM, 910 onTHMaIbHBIE PENIeHUs CYIIECTBYIOT. B gacTHOCTH, [IjIst
ciaygas qo = Id mosygaem, aro gr0bast Touka q; € M Moxker ObITH TIpe/I-
CTaBJIEHA B BUIE "

q = e, a € M.
To ectb m000# 37€MEHT ¢ KOMMIAKTHON anredopwr Jlu M umeer Jora-
pudwm a B aarebpe Jlu M.
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19.2. Cy6pumanoBa 3ajsa4a

Momudumupyem npeasiaynryio 3amady. Kak n panbire, 6yaeM uckarhb
KpaTJyailliyto KpuByO Mex,1y (DUKCUPDOBAHHBIMU TOYKAMU (o, 3 B KOM-
makTHO# rpymre JIu M. Ho Ttemeps monycrumbie CKOPOCTH ¢ HECBODOIHBL:
OHU JIOJIZKHBI KaCaThCs JIEBOMHBAPDUAHTHOIO pacupezesenus (Kopanra 1)
Ha M. To ecTb MBI 3373 UM JIEBOMHBAPUAHTHOE II0JI€ KACATEJbHBIX TH-
mepIuiockocTeit Ha M, u cKopocTh ¢(t) NOKHA NpHHA/JIEKATh TUIEp-
IUIOCKOCTH, IPUJIOKEHHOH B ToUKe ¢(t). 3amada HaXOXK AeHns KpaTIaaimeit

(t) q(t) c Aq(t)

q(0) Ag(e) T I(q(-)) — min

Puc. 19.1. CybpumanoBa 3amada

KPUBOM, KaCAIOIIECs TAHHOIO PACIpEeIesIeHNsI, HA3bIBAETCI CYOPUMAHO-
6ot 3adaveti, cMm. puc. 19.1.

Y0661 cHOpMyNIHPOBATH COOTBETCTBYIONMIYIO 337@9y OINTHMAJIBLHOTO
yupaBieHusi, BeioepeM Jsro6oii amement b € M, |b| = 1. Torga mEOXKeCTBO
JOIyCTUMBIX CKOPOCTeHl B €IUHUIE €CTh TMIIEPILIOCKOCTD

U =b"={ue M| (u,b) =0}

Bameuanue. Bcuyagae M = SO(3), 310 orpanndenune Ha CKOPOCTH
03HAYaeT, 9YTO MbI (DUKCHPYEM MPAMYIO b B TBEPIAOM TeJle W Pa3peInaeM
TOJIBKO BPAIIEHUS TejIa BOKPYT JIEOOOM OCH %, OPTOTOHAJBHOM MpsiMOit b.

3ajaya OUTUMAJIBHOIO YIPABJIEHUS CTABUTCH CJIELYIOIMM 00pPa3oM:
qd = qu, qeEM, uweU,

9(0) =, (1) =qu,
qo,q1 € M 3akperiensi,

1
(w) :/|u(t)|dt—>min.
0

Taxk ke, KAk B pEMaHOBOM 33/1a4€e, TeopeMa PuinnmoBa obecreInBaeT
CYIIeCTBOBAHUE ONTUMAJIBHBIX YIIPABIECHUN, U 33/1a9a MUHAIMASAIWN JJTH-
HBI 9KBUBAJICHTHA 331396

1
J(w)=; / lu(t)|? dt = min.
0

Tamunbronnan IOIPpUHITAIIA MaKCHMYyMa TaKOM K€, KaK B Hpenbmymeﬁ
3aJa4e: v
v _ 2
hu(aa(J) - <CL,U> + 5 ‘u| ’
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HO yCJIOBHE MAaKCUMyMa OTJINYAeTCd, TAaK KaK Terepb MHOKeCTBO U MeHb-
e, YeM paHbIIle:

R o (a(t), a(t)) = max ((a(t), v) + % o).

veEbL

Paccvorpum cragana HopMasbHBIH caydait: v = —1. VI3 npaBuiia MHO-
xkwuresel Jlarpamka mogydaeM, 9T0 MAKCAMYM

—1
max h, “(a,q
vebLt "’ ( ’ )
JOCTUTAETCAd Ha BEKTOPE
VUmax = @ — <aa b>b7

OPTOTOHAJIbHOM IpoeKnnu BeKTopa a Ha U . Makcnmu3upoBaHHBII

TaMUJIBTOHHAH I'VIaJO0K:
H(a) = 3 (|l — (a,)?),
U TaMHJIBTOHOBaA CHCTE€Ma JOJad HOPMaJIbHBIX SKCTpeMaﬂeﬁ HMeeT BH/,
q= q(a - <a7 b>b),
{d = {a, b)[b, a].
BTopoe YpaBHEHUE NMEET HepBbIﬁ THTETrpaJi
(a,b) = const,

9TO JIErKO HPOBepUTh IudDePEeHINPOBAHUEM B CUJIy 3TOIO YPABHEHUS:

d
& {a,5) = (@, )(b,a], ) =

(0 MHBAPMAHTHOCTH CKAJISPHOTO IPOM3BE ICHHS )
= —(a, b){a, [b,b]) = 0.
Cie1oBaTeIbHO, YPABHEHUE ISl ¢ MOXKHO TEPENUCATh KaK
a = {ag, b)[b, a] = ad({ag, b)b)a,

rae ag = a(0). Dro mueitHOe muddeEpeHNEATBHOE YPABHEHHAE JIETKO pe-

ImraeTcd:
a(t) = etad(<ao,b>b)a0'
Temepb pacCMOTPUM ypaBHEHUE IJI G:

qg= q(etad(<amb>b)a0 — {ao, b)b) =
(Tax xax e!2d((a0.0)0)p — p)

= get 24Ca08) (40— (q,b)b). (19.5)

9T0 ypaBHEHHE MOXKHO IIPOMHTErPHPOBATDH C MMOMOIIBI0 (POPMYJIbI BapHa-
muu. JleficreuTensro, no dopmyne (2.29) momyvaem

t
(t+9) e?p/e”dfg droett,
0

17 A.A. Arpaues, }0.JI. Caukos
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T. €. ‘
e_x—ﬁ/eT 2dfgdr = tF+9) o ¢=tf (19.6)
0
JJIst JII0OBIX BeKTOPHBIX mojteit f u g. Ilosaras
f = (ao,b)b, g = ag — (ag, b)b,
pemaeM ypasHerune (19.5):
q(t) = qo e'™ e H{@0 b, (19.7)

CiieroBaTenbHO, HOpMAaJIbHBIE TPACKTOPUHU CYTh IPOU3BEIEHUS IABYX O/I-
HOIAPAMETPUIECKUX T'PYIII.
Paccmorpum arHopMambHBI ciaydail: v = 0. 'amMmunprornan

hg(a, q) = {a, u), u L b,

AOCTUraeT MakKCHUMyMa, TOJIbBKO €CJIh

a(t) = a(t)b, a(t) e R (19.8)
Ho BTOpOE ypaBHEHWE TaMUIBTOHOBON CHCTEMBI 3aIACHIBAETCA KaK
a = |a,ul, (19.9)
[109TOMY
(a,a) = ([a,u], @) = —(u, [a,a]) = 0,

T.e. @ L a. B couerannu ¢ (19.8) a0 o3Hagaer, 4To
a(t) = const = ab, a#0, aelR (19.10)
OrmernM, 9T0 o # 0, Tak Kak mapa (v, a(t)) JomKHa OBITH OTINYHOM

or Hyns. U3 pasercrs (19.9) u (19.10) crexmyer, 9T0 aHOpMAJbHBIE JKC-
TpeMaJIbHBIE yIpaBieHns U(t) yIOBIETBOPSIOT COOTHOIIEHHIO

[u(£),5] = 0.
To ecrp u(t) npurasexuT nozanrebpe Jlun
Hy, ={ce M]|][c,b] =0} C M.

g BekTopoB b € M obmiero mosoxkenus: mogajarebpa Hp ectb mo-
manrebpa Kaprana B M, mostomy Hp, abeneBa. B srom ciydae mepBoe
ypaBHEHUE FaMUJIbTOHOBON CHCTEMBI

qd=qu
COJIEPYKUT TOJILKO B3aUMHO KOMMYTHUPYIOIIME yIIPaBJIeHUs:
u(r) € Hy, = [u(m1),u(r2)] =0,

1 9TO YypaBHEHUE JIETKO DEHIaeTCA:

o) =meso( [ utr)ar), o)
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O6patno: Bce Tpaekropuu Buza (19.11) ¢ u(r) € Hyp, 7 € [0,t], anop-
MaJIbHBI, TAK KaK OHH ABJIAIOTCS IPOEKITAAME aHOPMAJIbHBIX 3KCTpeMaJIeit
(q(t),a(t)) c a(t) = ab mus ar6bIx o # 0.

IIpuBesem snemenTapHOE OOBSICHEHWE PACCYXKIECHUS C IOIAJIreOpPOit
Kaprana B caysae M = so(n). JIxo0yo0 KOCOCHMMETPHYIECKYI0 MATPUILY
b € so(n) MOXKHO IPUBECTH 3aMEHOH EPEMEHHBIX K AUATOHAIBHOM (hopme

iOll
—l'Oél

T = 102 (19.12)

72'(12

s zekoroporo T € GL(n, C). Ho 3aMenbl nepeMeHHBIX (1a7Ke KOMILJIEKC-
HBIE) He BJIMSIOT Ha KOMMYTATHBHOCTB:

[c,b] =0 <& [TcT ,TVT ' =0,

nodTomy momasnredbpy Hp MOXKHO BBIYHC/IATH, MCIOJIb3ys HOBBIE KOODIU-
HATHI:
Hy =T 'HpypT.

Kococummerpuaeckue maTpuisl b € so(n) o01ero nojioKeHus UMEIT pas-
Hble COOCTBEHHBbIE 3HAYEHUsI, IOITOMY I MATPHI b OOIIEro mojoKeHnst
JIuaroHagbHas MaTpuna (19.12) mMeer pasHble JHArOHAJIBHBIE JIEMEHTHL.
Hust rakux b anrebpy Jlu Hpypr—1 serko uaiitu. lefictBuresbHO, KOMMY-
TATOP AWATrOHAJIBHOU MATPHUIIBI

pr
o)

B

¢ Jr06oit Marpuneil ¢ = (¢;;) BBIYUCIISIETCs CIIe/LyIOIIM 00pa3oM:
(add) ¢ = ((8i — Bj)cij)-
Ecnu nunaronanbHas marpuina b mMeeT mpoCTOil CIIEKTp:
Bi - ﬁj 7é 07 ? 7é e
To asnrebpa Jlu H}, cocrouT 3 puaroHaspHbIX MaTpuy Buga (19.12), cie-
noBarenbHO, Hy, abesesa.

Nrak, nis matpungt b € so(n) ¢ pasHBIME COOCTBEHHBIMA 3HAYEHUSIMA
(T.e. must maTpunpt b € so(n) obmero nonoxenus) anrebpa Jlu Hpyp-1
abesieBa, moaromy Hp Ttakke abesesa.

Bosspamasce k Hameil cyGpuMaHOBOil 3ajia4e, MOABEIEM UTOTU: MbI
BBIUHC/IUJIA BCE HOPMAJIbHBIE dKCTpeMajbHble Kpusble (19.7) u ommcann

aHOpMaJIbHBIE dKCTpeMajibHble Kpuble (19.11) s snementoB b € M
OOIIEero IMOJIOXKEHNS.

Yupaxuenue 19.1. Paccmorpum 60s1ee 00IIyr0 CyOpIMaHOBY 3a-
Jlady, KOTopas CTaBUTCA TaK YKe, KaK U3yYeHHasd B 9TOM maparpade, HO

17~
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Temnepb IPOCTPAHCTBOM ympasisomux napamerpoB U C M byner sroboe
JMHe{iHOEe TOJIPOCTPAHCTBO, OPTOTOHAIBHOE JOTOJHeHne KoToporo U+
OTHOCHUTEJIbHO MHBAPUAHTHOI'O CKAJIAPHOIO IPOU3BEIAEHNUS €CTh 110JAJIred-
pa Jlm:

Ut,ut]cut. (19.13)

Jlokaxkure, 9TO HOPMAJbHBIE SKCTPEMAJHM B ITOH 33a7ade CyTh HIPO-
U3BEJEHNs ABYX OAHONAPAMETPUYECKUX Pyl (KaK M B PACCMOTPEHHOM
BBIIIIE CJIy4ae KOPAHTa OJIVH):

a) = const, (19.14)
ap(t) = e+l ay; = ay(0), (19.15)
q(t) = qoe" e ", (19.16)

IIe a = ay + G, eCTh Pa3jIoXkKeHWe BEKTOpa a € M, COOTBETCTByIOmEee
pasbuenmio M = U @ U~+. MbI HCIIOIBb3yeM 9TO yTBEPXKIeHHe P Pellle-
HUW CJIEIYIOME 3a0a4n.

19.3. YmpaBijieHue KBaHTOBbIMU CHCTE€MaMMU

Oror maparpad ocuoBaH Ha pabore Y. Bockamua, T. [Ilambpuona u
KL Torse [104].

PaccMOTpEM TpexypoBHEBYIO KBAHTOBYIO CHCTEMY, KOTOPas OMHUCHIBA-
ercst ypasaerneMm IIIpénuarepa (B cucreme expanm ¢ i = 1)

i = Hup, (19.17)
re ¥: R — C2, ¢ = (1, %2,93), ecTb BonHOBag BDYyHKIHA U
B Q0
H=0 B o (19.18)
0 Qp Ej

ecTbh raMuibTOHuaH. 3nech ) < Ey < E3 — moCTOsHHBIE yPOBHU dHEP-
run cucremsl u {);: R — C — ympaBiieHns, onuchsIBaomue BO3IeHCTBIE
BHEIIHETO TOJIs. YPABJIEHUS CBA3aHBI ¢ (DU3MYECKAMH MapaMeTPaMu
ypasraernavu Q;(t) = p; F;(t)/2, j = 1,2, rae F; — BHEmHBeE mOJI€, A 1] —
CIIapuBaHUA (BHyTpeHHI/Ie CBOMCTBa KBAHTOBOM CI/ICTGMI)I), O KOTOPBIX MbI
IIPEJIII0JIaraeM YTO CIIAPUBAIOTCA TOJIBKO YPOBHH j u j + 1.

9Ty KOHEYHOMEPHYIO 33729y MOXKHO PACCMATPUBATH KAK PELYKIIIIO
6EeCKOHEYHOMEPHOH! 3a1a49u. A UMEHHO, HAYHEM C TaMUJIbTOHUAHA, PABHO-
ro cymme cHoca Hy n morennmana V (t) (COOTBETCTBYIOIIErO yIPABJIAIO-
mumm nasepam). CHOC IpeamosaraeTcsi IMArOHAJIBHBIM C COOCTBEHHBIMA
3HaveHnsiMU (ypoBHsIMu 3Heprum) F; < Fy < F3 < ... B srom cmek-
TpasnbHOM paspemennn Hy Mbr cauTaem, 9o ynpasmuernue V (t) cnapusaer
TOJIbKO ypoBHU 3Hepruu Fy, Ey u Fo, E3. 3agaga, cupoenupoBaHHAS HA
CODCTBEHHBIE TTPOCTPAHCTBA, cooTBeTcTBYyIOmue Fy, Fy, E3, MOIHOCTHIO
PACIIEIUISeTCs U OIICHIBaeTCS raMubroHnasoM (19.18).
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3a/1ava ONTUMAJIBHOTO YIPABJIEHUS CTABUTCS CJIEAYIOMIIM OOpa3oM.
IIpeamosioxkumM, 9T0 B HAYAJIBHBIA MOMEHT t = () COCTOsIHVE CHCTEMBI IIPH-
HaJJIEXKUT COOCTBEHHOMY IIPOCTPAHCTBY, COOTBETCTBYIOIIEMY HIKHEMY
yposuio 3ueprun Fp. Tpebyercs onpenenurs yupasienus (21, (y, nepe-
BOJIAINAE CUCTEMY B KOHEYHBIH MOMEHT BpemeHu t = t; B COOCTBEHHOE
[IPOCTPAHCTBO, COOTBETCTBYMOMIEE F3, ¢ MUHUMAaJIbHBIM 3HaYeHneM (DyHK-
IoHasa (SHEPruu B JajbHEHIIeM):

T = [P + 2200 dt.

C dusuyeckoil TOUYKU 3pEHUS ITY 33J1a9y MOXKHO PACCMaTPUBATH JIU-
60 ¢ mpomsBosbHBIMEU ympabieHuamu );(t) € C, aubo ¢ ynpasieHusMU
«B PE30HAHCE>

uj: R—>R, a; € [-mm7], j=1, 2. (19.20)

B paspreitimeM MBI Ha3bIBaeM BTODPYIO 33a7a4y MUHUMUIAINU dHED-
ruu J, KOTOpas B 9TOM CJIydae CBOJIUTCH K

/(uf(t) + u3(t)) dt, (19.21)

BEILECTBEHHO-PE30HAHCHON 3amadeii. IlepByro 3amady (€ IpOM3BOIBHBIMA
KOMILIEKCHBIMU yIIPaBJIieHUAME) OyaeM Ha3bBAaTh OOIIell KOMIJIEKCHON
3aJ1a9eit.

Tak kak rammibronnad (19.18) camoconpsixen: H* = H, ypaBHeHHe
IMpénuarepa (19.17) KOPPEKTHO ONpPeIEIeHo HA eauHNIHON cdepe

Sc=8° = { = (Y1,%2,93) € C| [9* = |9 |> + [0 + [93]* = 1}

Ucrounuk u 1mesp, T.e. HA9AJbHOE W KOHEYHOE MHOrooOpasms B 0bOmieit
KOMILJIEKCHOU 3a7iade, CyTh COOTBETCTBEHHO OKPYZKHOCTHU

St={(%0,0]peR},  T¢=1{(0,0,")] ¢ €R}.

CMBICIT MeTKHI (d) MBI Pa3bACHUM HUXKE.
Urak, obmast KOMILIEKCHAs 33/1a9a CTABUTCH CJIELYIOIUM 00pas3oM:

W =Hy, YeS® 9,0¢€C,
P0)eSE,  Y(t)eTE,

t1
/ (1912 + [90]?) dt — min,
0

rie ramuabroHnaH H 3amaercs ypasHernueM (19.18).
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JI1sT BemeCcTBEHHO-PE30HAHCHOTO CJIydas MMeEM YIPABJISEMYIO CHC-
remy (19.17) ¢ ramumabronmanom (19.18), momycTuMbIMU yHOpaBjieHHs-
u (19.19), (19.20) u dbyukumonasom (19.21). EcrecTBeHHBIE TPOCTPAHCT-
BO COCTOSIHUI, MCTOYHUK U LI€JIb JIJIs 9TOW 3a/ia9u Mbl OIPEIEIUM HUKE.

19.3.1. UckJiroueHnue cHoca. BeImoiHIM 3aMeHy mepeMeHHbIX, Ipe-
obpasyronryto abdurHyI0 M0 ynpasaerno cucremy (19.17), (19.18) B am-
HEWHYIO 10 yIPABJIEHUIO CUCTEMY, KaK B ODIIEM KOMILJIEKCHOM, TaK M B
BENIECTBEHHO-PE30HAHCHOM CJIy9ae.

Hns Q € C obosnaunm gepes M;(2) u N;(§2) Marpunpl mopsaxa n:

M; (i, = 65,8041, + 841,605,
Nj (kg = 010102 = G115 65,82, (19.22)
j=1,2,
rme & — cumBon Kpomekepa: 0; ; = 1 mpu =7, 0;;j =0 mpu i # j.

IIycts A = diag(Er, Eq, E3), w; = Ej11 — Ej, j = i,2. Msr pacemot-

PHUM [OCJIEI0BATEBHO OONIYH0 KOMILIEKCHYO 3319y

2
W=Hy, H=A+> Mi(Q;), 9€C,
j=1
U BEIIECTBEHHO-PE30HAHCHYIO 3039y

2
iWp=Hyp, H=A+> M@t y)  uja; €R
Jj=1
B 0boux crydasx cHagasia IPUMEHNM 3aMeHY TEPEMEHHBIX ) = e AN

u 110J1y9YuM
2

2
Z (Ad e M;(Q))) A =D M;(e™™iQ;)A.
j=1 j=1
Ucrounuk S u niesib T COXpaHAIOTCA 9TOHM MEpBON 3aMeHOM MepeMeHHbBIX.

1. Obwuii KomnaekxcHvili caywati. B 9TOM caydae BBINOJIHSEM 3aBH-
CAIIYK OT BPEMEHW U COXPAHSIONIYIO (DYHKIMOHAJ 3aMEHY yIpaBJIeHUH

—itw; o o~ .
e a Qj = ZQ].
ITocne sroro 3amaua npuobperaer dopmy (¢ 3amenoit obo3naveHunit A —
— '(p, Qj — Uj)

2
Y=Y Nj(uj)y =Hcyp,  u; €C, (19.23)
j=1
t1
/(|u1|2 + [uz]?) dt — min, (19.24)

0

Y(0)esSt,  ¥(t) e T, (19.25)
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e ~ 0 w() 0
H(C = —’1_1,1 (t) 0 ’u,g(t) . (19.26)

0 —as(t) 0
Ormerny, uro marpuust N;(1), N; (i) nopoxnaror su(3) kak anre6py

JIn. ®yHKIMOHAJ U CBA3b MEXK/Y YIPaBJIECHUIMIU A0 U IOCJIE UCKJIIOYEHU
CHOCa CyTh CJeIyloIue:

t1
J= [ (Jur @) + [uz(8)?) dt, (19.27)
0
Q1 (t) = uy (t)e’ P2 B0/ (19.28)
Qa(t) = ua(t)e!l(FamBtHm/2], (19.29)
2. Bewecmsenmno-pe3aonancHuili caywati. B aTtom ciaydae
Qj _ ujei(wJ-t+aj),

1 MBI IIOJIy9a€M
2
ZA = ZMj(ei"‘juj)A, Uu; € R.
j=1
BeimosiHuM emie OfHY MArOHAJBHYIO JIMHEHHYIO 3aMeHy I€PEeMEHHBIX

A= eiL¢7 L= diag()‘la >\27 )\3)5 )‘] € Ra

110CJIe KOTOPOH II0JIydaeM:

2
ip = Z Mj(ei(aj+>\j+1*>\j)uj)¢_

Jj=1
BribepeM Takme mapaMeTpHI \j, 9TO el tAit1-X5) = § Torma ypasreHne
TIePENNCHIBAETCA B BUJIE
2
¢=> Nj(uj)p, u;eR (19.30)
j=1

VcTOYHWK W TesIb TaK»Ke COXPaHSIOTCH 9TOH 3aMeHoH mepemeHHBIX. OT-
meruM, aro marpunst Ni(1), N2(1) B (19.30) nopoxparor so(3) xax as-
re6py JIn. Ilostomy opbura cucremsr (19.30), npoxomsmas wepe3 Tod-
ku (£1,0,0), ects BemecTerHas chepa S2. CrremoBaTenbHO (HCIOTB3YS
YMHOXKEHHE CIIpaBa Ha €'¥), 3aKaodaeM, 9TO OpOHTa, IMPOXOIAIIAs Je-
pes Toukn (+e'?,0,0), ectb muOKecTBO SZe'?. Ilosromy (moCie 3amMeHbl
0603HAUEHUST @ — 1)) BEIECTBEHHO-PE30HAHCHAS 3371294 KOPPEKTHO OIIpe-
JeJIeHa HA BeIIeCTBEHHOU cdepe

Sp = 8% = {1 = (¢1,%2,¢3) € R*| [9]> = ¢ + 43 + 93 = 1}
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CIeayIomuM 06pa3om:

¥ = Nj(uj)¢=Hetp, €S’ u€eR, (19.31)
/(u"{ + u3) dt — min, (19.32)
0
¥(0) € {(£1,0,0)},  ¥(t1) € {(0,0,£1)}, (19.33)
e . 0 ul(t) 0
0 *Ug(t) 0

DyHKIUMOHAJ, KAK U PaHbIIe, 3anaerca (opmydoit (19.27), a coorno-
IMeHne MeXKIy yIPaBJICHUSMHU J0 U IOCJE yCTPAHEHUsS CHOCA MMEET BHL

() = . i(wjttay) C— F.., — F.
Q;(t) = u;(t) e, wj = Ejpn - Ej
uj: R—=R, aj € [-m,7), j=1,2.
Mpsbr Oymem jmajiee UCIOIB30BATH METKU ¢ U R JJjIs OOO3HAYEHUsT COOT-
BETCTBEHHO 00IIIeil KOMIIJIEKCHON U BEIeCTBeHHO-PEe30HAHCHOH! 3a1a4. Ec-
JIM 9T METKU B (DOPMyJIe OMYIIEeHbI, TO 03HATAET, ITO (POPMYJIa CIpaBe/I-

JIMBA KaK JjIst 00IIeil KOMIIIEKCHOM, TaK U JJIs BEIECTBEHHO- Pe30HAHCHOMN
3ama4. B stux 0003HaUeHNIX

SE={(e%,0,0)}, T¢=1{(0,0,e")},
St ={(£1,0,0},  T&={(0,0,£1)}.

19.3.2. Tlogbem 3amzad Ha rpynnst JIu. 3amaam (19.23)—(19.25)
u (19.31)-(19.33) ma cdepax Sc = S° u Sp = S? ecrecTBenHO HOTHH-
MAIOTCA [0 NPABOMHBAPMAHTHBIX 33134 Ha rpynmnax Jlu Mc = SU(3) u
Mg = SO(3) coorBercrBerHo. [lonuaTas 3a0ada UMeeT BUT,

g=Hq, q€M. (19.35)
0O0603HaYUM TPOEKIIUU
mc: SU(3) — S5, mr: SO(3) — S2,

KOTOpBIE 00€ OIpeIeIaoTCd KaK

1
q—~q|0],
0

T.€. MaTPUIA MEPEBOAUTCHA B CBOIl mepBblil crosber. Bymem nHaswiBaThH
3amaan (19.35) Ha rpynmax JIu M 3amadamu HaBepxy, a 3azadn (19.23),
(19.31) Ha cdepax S — 3amadamu BHH3Y. MBI 0603HaYaeM 3ajady Ha-

Bepxy (upstairs) MeTkofi “ mapajenbHO ¢ MeTKoit ¢ st 3ajad BHHSY
(downstairs).
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BoraucimM Temephs rpaHudHbIE YCIOBUS g 33134 HaBepxy. O603HA-
UM COOTBETCTBYIOIINE NCTOYHUKH U IEJIN:

St=n"18%), TU=x"NT.

Ucrounuk S¢ cocrour m3 marpur ¢ € SU(3) ¢ mepsBbIM cTOIOIOM B Sé:

q= <34'>0> , ae€U(l), AcU(2), detg=1.

O6o3raamm nogrpynmy B SU(3), COCTOANIIYI0 W3 TaKMX MATDHI, 9epe3
S(U(1) x U(2)). To ecrb nenb HaBepxy B 00mel KOMILIEKCHOI 3a1atd1e eCTb
HOArpYyTIa

S¢ =3(U(1) x U(2)).

010
g=(0 0 1
100

oTobpakaer S(g Ha TCd, [I09TOMY
T¢ =8¢ =7 S(U(1) x U(2)).
AnajornyHo, B BENMIECTBEHHOM CJIydae WCTOYHUK HABEDPXY €CTh
S =8(0(1) x 0(2)),

nogrpynna B SO(3), cocrosimas U3 MaTpHIy

al 0
q—<0"*>, acO(l), Ac0(2), detg=1,

a TeJb eCTh

Hanee, maTpuma

Te' =qSg =g S(0(1) x 0(2)).

Nrak, Mbl MOxKeM cHOPMYINPOBATH 3aJa9M HaBepXy. BerecrBenHast
33/1a4a HABEPXY MMEET BHUJL

G=Hpq= (11 X1 +u2Xs)qg, qe€SO(3), wui,uz€R,  (19.36)
q(0) € Sz, q(tr) € Ty,

t1
/ (ui +u3) dt — min,
0

01 0 0 00
X;=(-1 00|, Xy=[0 0 1}). (19.37)
00 0 0 -1 0

3aMeTnM, 9TO BEIIECTBEHHAS 33a49a HABEPXY €CTh IPABOWHBAPUAHT-
Hasl CyOpUMaHOBa 3a/a4a Ha KoMnakTHO# rpymnme JIu SO(3) ¢ mpocTpaHCT-
BOM yIpPaBIsIOIUX HapaMeTpoB U C so(3) KopaHTa OJWH; TaKyo 3aJady

rIe
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MBI paccmarpuBain B maparpade 19.2. B mameil BemecTBeHHON 3a1a4e

0 0 1
U = span(X1, Xs), Ut = span(X3), X3:< 00 0).
-1.0 0

Bonee Toro, perrep (19.37) opTOHOpMAIEH OTHOCHTENIFHO HMHBAPHAHTHOTO
CKQJIIPHOT'O IIPOU3BEIEHU T

(X,Y) = f% tr(XY),  X,Y €s0(3).
KommiekcHas 3a71aua HaBepXy CTABUTCS CJIEIYIOMHAM 06pa3oM:
G=Hcq=(u1 X1 +us Xy + usYy +ugYa)q, (19.38)
g€SU®B), u;eR,
q(0) €8¢, q(tr) € T¢,

t1

/ (u% +u3 4+ uj + ui) dt — min.

0

3aecy X1 u Xo 3amatorca dopmynamu (19.37) u

0 i 0 000
vi=|i 0 0], Ya=[0 0 il.
000 0 i 0

IIpocTpancTBO yIpaBIAOIIX IaPAMETPOB €CTh
U = span(Xy, X2, Y1, Ya).
OrMeTnM, YTO €ro OPTOrOHAJIBHOE JOIOJHEHNE PABHO

UL - Spa‘n(Z17Z27Z37Z4)7
0 0 1 0 0 =2
Zi= 00 0], zZ=[(0 0 0],
-1 0 0 t 0 0
0
1
0

i 0 0 0 0
Zs=(0 —i o], z,=|[0 0],
0 0 0 0 i

HOpHUYeM JIerKo IpoBepuTh, 9r0 UL — momanrebpa Jlm. Hrak, obmas
KOMIIJIEKCHAs 3aa49a nMeeT (popMy, pACCMOTPEHHYIO B yupaxkuenun 19.1.
Pacnpeenenne npaBonHBapuanTHO, a penep (X1, X2, Y1, Y2) oproHOpMa-
JICH B METPHKE

e

(X,Y) = f% tr(XY),  X,Y €su(3).

3aaun HaBepXy U BHU3Y CBA3aHBI MEXK Iy CO0OM CiIeayomuM 0O6pa3oM.
Hus mroboit Tpaekropun HaBepxy ¢(t) € M, ymoBiaeTBopsifoIneil rpaHud-
HBIM ycioBusaM B M, ee mpoekius ¢ (t) = m(q(t)) € S ects TpaekTOpHs
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CHCTEMBI BHU3Y, YJOBJIETBOPSIOIIAS TPAHNIHBIM yCa0BusaM B S. VI obpaTHO
J00yI0 TpaeKTopuio BHU3Y v (t) ¢ TPAHUYHBIME YCJIOBUAME MOXKHO IIOJI-
HATH 1O TPaeKTOpPHU HaBepXy ¢(t) ¢ COOTBETCTBYIOIMMHA IDAHHIHBIMA
ycnoBusimu (3ta ¢(t) ects dyHAAMEHTANBHAS MATPUIA CUCTEMBI BHHU3Y ).
Saﬂa‘{I/I HaBery u BHI/I3y HMEIOT OJUMH U TOT 2Ke (byHKILI/IOHaJI Ka4decTBa.
[TosToMy pemrenus 3312491 ONTUMAJIBHOTO YIIPABJIEHAS] BHU3Y CYTh IPOEK-
[UN pelIeHu!l HaBepXy.

19.3.3. YupaBiageMocTb. MHOXKeCTBO YIPABIMIONAX IIapaMeT-
poB U B obeux 3amagax HaBepxy (19.38), (19.36) ymosierBopsieT cBOCT-

By [U,U] = U, nostomy
U+ [U,U] = M = Tia M. (19.39)

CucremMbl HaBepXy HMEIOT MOJHBIH PAHT U CHMMETPHUYHBI, TOTOMY OHHU
BIIOJIHE YIPABJsSeMbl Ha coorBercTByRommx rpymmax Jlm SU(3), SO(3).
Ilepexomss K mpoekmusiM 7, TOJydaeMm, 9ro obe 3amaam BHE3Y (19.23),
(19.31) BrosTHE yIpaBIAeMbI Ha COOTBeTCTBYIomux cdepax S5, 2.
19.3.4. DkcrpeMasn. 3339 HABEPXY UMEOT (POPMY, PACCMOTPEH-
Hy!o B maparpade 19.2 u yup. 19.1, TonpKO OHU IPABOMHBAPUAHTHBI, & HE
JIEeBOMHBAPUAHTHEL. 1[09TOMY HOPMaJIbHBIE KCTPEMAJIH 33Ja0TCs OopMy-
gamn (19.14)—(19.16), B KOTOPBIX yMHOXKEHHE CJIEBA 3AMEHEHO YMHOYKEHH-

eM CIpaBa:
a) = const,

aU(t) = e tadas a?]a a(I]] = aU(0)7
q(t) = e71L et g (19.40)

Jutst siobbix a | € UL, a?] € U. Teone3ndeckune mapamMeTpusyOTCs JIMHON
JYTH TOTLJA U TOJIBKO TOLIA, KOIZA

(a¥,al) = 1. (19.41)

Pasercrro (19.39) o3navaer, 9To B 33a/a4ax HaBepXy BEKTOPHBIE II0-
Jis B IPaBOM 4YacTW W MX CKOOKM JIu 1mepBOro mopsijka 3aloJHSIT BCE
KacaTeJbHOE MPOCTPAHCTBO. Takue yrnpaBjiseMble CHCTEMbI HA3BIBAIOTCS
2-nopoorcdarowsumu. B . 20 MBI mOKakKeM, 9TO B TAKUX 337[a9aX CTPOrO
AHOPMAJIbHBIE Teofie3ndecKre (T. €. TPAEKTODPUH, fABJISIOMIUECS IIPOEKIH-
AMH aHOPMAJIBHBIX YKCTPeMaJeil, HO He MPOEKIMSIMH HOPMAJbHBIX IKC-
TpeMmasieil) He ONTHMaJbHBI (CM. paccyxKiaeHue mepen mpumepom 20.1).
Ilosromy manee MbI HE paccMaTPUBAEM AHOPMAJbHBIE SKCTPEMAJIH.

19.3.5. ¥YciaoBus TpaHcBepcasbHOCTHU. 151 TOrO 9T00BI 0TOOPATH
reofe3ndecKue, yJ10BJI€TBOPAIOIIUE 'PAHUYHBIM YCJIOBAAM, IIPOAHAJIU3HU-
PYEM YCJIOBHUS TPAHCBEPCAJIBbHOCTH HABEDPXY.

VcioBusa TpaHCBEPCAJILHOCTH OpHHOUNA Makcummyma Ha 1M, coor-
BETCTBYIOIINE 'PAHUIHBIM YCIOBUAAM

Q(O) € 87 Q(tl) € Ta 877- - M7
UMEIOT CJIeAyIomuii BuI:

Dos Ty()S) = ey> Tyeny T) = 0. (19.42)
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Ucnonw3ys Tpusnanmsanuio (18.12) kokacarenbroro paccaoenus T* M,
mepenuiieM ycjioBus TpaHcBepcajgbHocTH (19.42) nyim  sKcTpemasu

(x(t),q(t)) € M* x M B bopme
(2(0),q(0) ™ Ty0)S ) = (2(t1), q(t1) " Ty(ey)T ) = 0.

3mech yrioeble CKOOKH (-, -) 0603HAYAIOT MEHCTBHE KOBEKTOPA HA BEK-
TOp. YcnoBus TpaHcBepcanbHoCTH Ayt dKcrpemann (a(t),q(t)) € M x M
UMEIOT BUJ

{a(0), q(0)™ " TyyS ) = (a(tr), q(t1) ™" TyuyT ) =0,

T yIJIOBble CKOOKZM 0003HAYAIOT MHBAPHMAHTHOE CKAJIFPHOE IPOU3BEJIE-

HEHEe B M.
Jlj1s IpaBOMHBAPHAHTHOH 33JaMH YCIOBHS TPAHCBEPCATLHOCTH 3alld-
CBIBAIOTCH B TePMUHAX IIPABBIX CIBUTOB:

(a(0), (Ty)S) a(0)™" ) = (a(ty), (TyeyT)a(tr) ™" ) =0.  (19.43)

Cuteryromme 0CODEHHOCTH yCJIOBHI TPAHCBEPCAJIBLHOCTH JJIsi PACCMaT-
PHUBaEeMBbIX 33,129 HABEPXY O0JIErdaroT MX AHAIU3.

JdTemma 19.1. (1) Yeaosus mpanceepcarvrocmu 6 ucmownuke mpe-
byromcea moavko 6 eduruye.

(2) Hs ycaosutli mparceepcasohocmu 8 ucmowHuKke cAe0yom Ycroeus
MPAHCEEPCANLHOCTNY 6 UCAU.

Hdoxazarenscrtso. Ilyakr (1) ciexyer u3 Toro, 94ro 3ama4a npa-
BOMHBAPHAHTHA U UCTOYHUK S* €CTh HOArPYINa.
Iynkr (2). Hycrs Ay € T, M ecTb Takas HOpMAJIbHas SKCTPEMasb

it 3ana9n HaBepxy, 4To ¢(0) = Id. ITycTs BBIIOIHAIOTCS YCIOBUS TPAHC-
BEPCAJIBHOCTU B UCTOYHUKE:

u\ __
<)\07 ﬂdS > -
JlokaxxeM yCJIOBUsi TPAHCBEPCAJIbHOCTU B LIEJIN:

<)‘t1a tl)T > (1944)

OrmeTnM mpesk e Beero, 9To B cmity BKiaodeHus ¢(t;) € T = §S™ nouy-
qaem ¢ 1q(t;) € S* u

T"=q8" =q(@ 'q(t1))S" = q(t1)S".
Ycnosust TparcBepcanbHocTy B nenn (19.44) sanuceiBaioTcs B BHJE

Atys Tyey) (g(£)S*)) = 0

s 3aBepIeHns JOKA3aTEIbCTBA TOKAXKEM, ITO (DYHKIIS

I(t) = Ao, To (g(6)8")), €0, 8],
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nocrosaHa. O603HAYMM KacareabHOe mpocrpancTtBo S = T1gS*. Ilomy-
qaeM

I(t) = (Ao, a(8)S) = (z(t), a(t)Sa(t) ") =
= (z(t), (Adq(?))S) = (a(t), (Adq(t))S) =
= ((Ade *+)a(0), (Ade ‘*+)(Ade "))S) =

(10 MHBAPMAHTHOCTH CKAJIIPHOTO IPOU3BEIECHNS )

— (a(0), (Ade1©)S)  ((Ade*®)a(0), 5) = (a(0), 5) =
= 1(0).
To ects I(t) = const, n mynkT (2) maHHON JTEMMBI moKa3aH. [

19.3.6. OnTumasibHbIE reoAe3nveckue HaBepxy u BHu3y. Ilo
anastorun ¢ Ny, Ny (cm. dopmyiy (19.22)) onpememum Ny 3 ciemyrommm
obpa3zom:

' 0 0 aze'’s
Ny 3(aze®?) = 0 0 0
—age s 0

[TosokuM B BeIIEeCTBEHHO-PE30HAHCHOM CJIydae
0
ayg = alNl(l) + aQNQ(l), a| = a3N173(1).

B 00mem KOMILIEKCHOM CJIy<ae HOJIOXKHUM

0 i0 i0 i0

ay = Nl(ale’ 1) + Ng(aze’ 2), a| = asl3+ asly + N173(a3e’ 3).

3nech a; € Ru §; € [—m, 7.

1. BewecmeenHno-pe3oraHCcHbl CAYHaT.

IIlpennmoxenune 19.1. B sewecmeeHH0-pe3OHAHCHOM CAYYaAE YCAO-
eue mpanceepcarvrocmu 6 eduruye 6 ucmownuke (a, TiaSy) = 0 o3na-
waem, ymo ags = 0.

HoxkxaszarenascrTso. B cauy Toro, aro

01]0 0
T'Idsﬁ:{ 0 0 *ﬂ ) IBER}v
08 0

ypasrenue (a, T1gSf) = 0 ynosnersopserca s scex § € R Torga u toms-
KO Torja, korga as = 0.

N3 npemnoxenns 19.1 n ycnoens (19.41) mosydaem KOBEKTODPBI, KOTO-
PBIE HY?KHO HCTIOIBb30BaTh B dhopmyde (19.40):

0 +1 as
at=F1 0 0] (19.45)
—as 0 0

IMpennoxenne 19.2. I'eodesuneckue (19.40) ¢ nauarvrom ycao-
suem ¢(0) = Id u mampuuetr a euda (19.45) docmuearom yeau Tg' 3a
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kpamuatiwee epems (pasnoe daune nymu) |t| mozda u moavko moeda,

Kozda az = :I:l/\/g. Boaee mozo, wemuipe zeodesuneckue (coomsememey-

rowue at u snaxam £ 6 az) umerom odny u my ostce dauny u docmuaarom

UeAy 3a 8pems V3

0
JlokasareabcTso. Borancaas q(t) = e *+tel@rta0)t qng mar-
puupl a, 3anauaoi dopmysoit (19.45), u BcnomuHas, 9To

OJIy9aeM KBaJPAT TPETheil KOMIOHEHTHI BOJIHOBON (hyHKIMN:

(1/13(25))2 _ (cos(tas) sin(ty) as ’y’y; cos(t) sin(tas) 72)2’ (19.46)

7:\/1+a§.

Jloka3aTesbCTBO MAHHOTO NPEJIOKEHUS 3aBEPINAET  CJIEAYIONas
aemma. [

Jlemma 19.2. Ecau
fa = cos(ta) sin(tv/1 + a2?)

\/%—cos(t 1+ a?)sin(ta),

a

mo |fs| < 1. Boaee moeo, |fo| = 1 moeada u moavko mozda, kozda
| fal

’
\/%:‘ﬂ ]Z <1, k#Out—L,BuacmHocmu, HAUMEHD-

V1+a?
wee |t| noayuaemes npu k = =+1, a =+

itfiﬂ\/g
N

OKa3aTeNbCTBO. HOHO)KHM)\:L,QZt\/l%-aQ.TOF a
A V1+a? 8

fa(t) = A cos(A8) sin(f) — cos(#) sin(\f) =
= ((Acos(Ad), sin(A0)), (sin(h), — cos(8))) = (v1, v2).

O6a vy, ve, nveror HOpMY < 1, m |f,| < 1. ITosromy s |f,| = 1 meobxo-

MO, ITO0BI |v1| = |vg| = 1 vy = twg. HonyqaeM cos(A0) =0 u cos(f) =
= #£1. IlosTromy 0 = km, A0 = 5 + k'm, A= ﬁ + % CiietoBaTeIbHO,
1 K’
%
ycaosuio, u 0 = kr. Torna cos(f) = £1, sin(A0) = £1, f,(¢) = £1. Umeem
km

t| = Vol , IpH<IeM HauMeHbInee |t| momydaercs g k = £1 (ecom k =
+a
=0, 10 0 =0 u f,(t) =0). Bosee Toro,

!

1 k
— 4+

< 1 BO3MOKHO TOJILKO
2k k
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mna (k, k'), pasabix (1,0) wm (1, —1) wm (—1,0) wm (—1, —1). Bo Bcex
Lol ge—a™3
2 V3 2

Badukcupyem mys ompeneseHHocTH 3HaK MuHyC B (19.45) m ag =
= +1/+/3. Tlony4aem cleyiomnine BHIPAsKEHHs s TPEX KOMIOHEHT BOJI-

HOBOM dyHKIHN: ,
P1(t) = cos(%) ) Pa(t) = ? si (%),

bs(t) = fsm(%)g.

OTMeTnM, 4TO 3Ta KpUBasg He ABJISETCS OKPYKHOCTBIO Ha S2.
YupaBjaeHns MOXKHO HafiTH U3 CJIEAYIOMNUX BBIPAYKEHUN:

ur = (4q )12 uy = (4q )2,3-

cygasx |\ =

ITonygaem

up(t) = fcos(%» us(t) = sin(%).

N3 ycnosmii (19.19)-(19.20) (runoresa pe3oHaHCa) HONydYaeM BHEIIHHE
nosst

Qi (t) = - Cos(%)ei(“lt’ml)a
Q(t) = sin(%)e"(“’z”‘”).

Ormerum, 9To pasbl oy, g TPOU3BOJILHBI.

2. Obwutli Komnaekcholll cay4ad.

HDpemnmoxenune 19.3. Jaa obwet KomnaekcHol 3a0a4u Ycao8us
mpanceepcarvrocmu 8 edutnuye 6 ucmounure (a, TiaSE) = 0 osnauarom,
Yymo as = a4 = as = 0.

HoxkaszarenascrTso. B cauy Toro, aro

ioy | 0 0
TaS¢ = { 0 |i(aa—a1) Bi1+iBs |, o1,02,01,82€ R}7
0 | =B1+iB2  —iay

ypasrerue (a,TiqS¢) = 0 ymoBieTBOpsieTCsl st BCEX i, (2, 1,02 € R
TOTda U TOJBKO TOTIa, KOraa as = a4 = as = 0. [

IMosromy B bopmyste (19.40) HyKHO HCIOIB30BATH KOBEKTOP

0 eiel a3e’i03
a01,03) — —e~i01 0 0 . (1947)
—aze™% 0 0

IIpengunoxenune 19.4. Teodesuueckue (19.40) ¢ ¢(0) = Id, dasa xo-
mopux a 3adaemca gopmyaoti (19.47), docmuearom ueaw T 3a xpam-
watiwee epems (cosnadarowee ¢ daunot dyau) |t| mozda u moavko moezda,
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Koz2da a3 = il/\/g. Boaee mozo, sce zeodesuneckue deyrnapamempuyec-
K020 cemeticmea, coomsemcmeyrowezo 61,03 € [—m, 7|, umerom odny u
my otce 0AUHY

JlokaszaTeabcTso. SIBHOe BbIpaskenme s |Y3|? maerca mpa-
Boit 9acThio dhopmyisl (19.46). YTBepKIeHNe TOKa3bIBAETCS TaK Ke, KaK

npemyioxenne 19.2. [

Tpu KOMIOHEHTHI BOJIHOBOW (DYHKIWMH W ONTHMAJILHOE YIIPAaBJIEHUE
BBIPAXKAIOTCS CIEAYIOMUM 00pa3oM:

i) =cos(L)"s s =~ sin(2)e

u1(t) = cos(%)ewl, uz(t) = — sin(%)ei(a“’_al).

OtMeTnM, 9TO BCe reofe3ndecKue ceMeHCTBa, OMUCAHHOTO B IIPEJJIO-
xkeHnu 19.4, umeror Ty ke JuuHy, 9T0 u 4 reose3uvecKue, ONUCAHHBIE B
nperoxkennn 19.2. Orcioga ciejyer, 9TO UCIO0JIb30BAHUE KOMILIEKCHBIX
ramminbroHnanoB (19.26) Bmecro BemecrBenmbix (19.34) me nO3BOMZET
yMeHbinuTh bysrumonana (19.27). JlokazaHo ciemyromiee yTBEpKICHUE.

IIpemnoxenue 19.5. /laa mperyposresol 3a0a4u ¢ KOMNAEKCHDL-
MU YNPABAEHUAMY U3 ONMUMANLHOCTU credyem pedonakc. Boaee mouno,
ynpasaerus 1, Qo onmumasvhor mozda u Moavko mozada, ko20a OHU
umerom caedyruwut eud:

(t) = Cos(%)ei[(Ez—El)t-Hm],
Qo(t) = Sin(%)ei[wr&)ww]’

2de @1,y cymov dee npoudsosvhvle Padvl. 3dect KoneuHnoe epems ty 6bi-
b6paro mak, ¥mobv, CyYoPUMAHOBVL 2€00€3UYECKUE OBLAU NAPAMEMPUIOBAHDL
V3

daunol dyeu, u oHo pasHo t1 = -

19.4. 3apauda GeicTpozeiicTtBus Ha SO(3)

Paccmorpum TBepmoe Teso B R, KoTopoe MOXKeT BpalaThCa BOKPYT
HEKOTOPOii 0CH, 3aKPETLIEHHOM B TeJie. B KasKpIii MOMEHT BPEMEHU OPHEH-
tarus Tena B R onpesensier oproronasibaoe peobpasosanmne ¢ € SO(3).
Mer Gymem mMurMME3HpoBaTh AuuHy kpuboil B SO(3), coorBercTByomeit
JIBI2KEHUIO Tesia. BeibepeM HaTYpaIbHbLH napaMeTp (qyuay mayrn) ¢, Torma
kpuBad g = ¢(t) ynosaerBopser nuddepeHIIaIbHOMY YPABHEHUIO

q‘ZQfa
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e

f €s0(3), |l =1,

€CTh E€IMHUIHBIA BEKTOP YIJIOBOM CKOPOCTH, COOTBETCTBYIOIMMII (pUKCH-
POBAHHOI OCH BpaIlleHusl B Tejie. JTa KpUBasg — OJHONAPAMETPUYIECKAs

noxrpynmna B SO(3):
q(t) = g(0)e"’,

U 09YeBHIHO, 4TO ynpasjsgeMocTb Ha SO(3) HeBO3MOXKHA.
Yro6s! pacupuTh Bo3MoxkHOCTH gBmKeHns B SO(3), BbIGepeM Tenephb
JIBe JTUHEWHO HE3aBUCHMBIE OCH B TeJIE:

fy9 €s0(3), Ifl =lgl =1, fAg#0,

¥ IPEIIOJIOXKHUM, YTO TeJIO MOXKeT BPallaThCA BOKPYT 3THUX OCel B OIIpe-
JeJeHHBIX HanpaBjieHuax. llomygaem cucremy

i= {qf,
q9,
yupasngemyto gHa SO(3):
Lie(qf, q9) = span(qf,qg, qlf, g]) = gs0(3) = T4 SO(3).
st ynporieHusi 0003HaYeHM BHIOEPEM TaKUE BEKTOPBI
a,b € s0(3),
910
f=a+b, g=a—>o
Torma ynpasisieMas CUCTEMA, 3AIACHIBAETCA KaK
q¢=qaxb).
Mpe1 xoTuM HaiiTH KpaTdaiiliiee BpalleHue Tejia, IePEeBOIAIIee HAda b

HYIO OPHEHTAIIUIO o B KOHCIHYIO Kond)nrypaumo q1- COOTBeTCTByIOHIaSI
3ala49a OIITUMAJIbHOI'O yIIpABJICHUA MMEET BUL

q(0) = q(0), q(t1) = qu,

t1
l:/|cj|dt—>min.
0

Tak kak |¢| = |a = b] = 1, To sTa 3ama9a YKBUBAJIEHTHa 3aTade OBICTPO-
JIEMCTBUS:
t; — min.
OrmernMm, 9TO
(a,b) = <% f—;g> =0. (19.48)

Bosee Toro, 3a cuer m3meHeHHs MaciiTaba BPEMEHU MOXKHO J0OUTHCH,
9TO0BI

la| = 1. (19.49)

18 A.A. Arpaues, }0.JI. Caukos
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Ilepexons K OBBIMYKJIEHUIO, MIOJIy9Ia€M OKOHIATEJIBbHYIO (DOPMYJIIPOB-
Ky 3aJia9u:

g = q(a + ub), u € [-1,1], g€ S0(3),
q(O) = qo, q(tl) =dq1,

t1 — min,

rae a,b € so(3) — 3amaHHBIE BEKTODBI, YOBJIETBODSIONIAE DABEHCT-
Bam (19.48), (19.49). Uccnemyem sty 3anady GbicTPOIeHCTBHSL.

ITo mpuamMIy Makcumyma, ecan napa (u(-), ¢(+)) onTmmanbHa, TO Cy-
IIecTByeT Takad Jaummunesa kpusag z(t) € so(3), aro:

{q’ = q(a + u(t)b),
& = [z,a + u(t)b],
hu(y (z(t)) = (2(t), a + u(t)b) = max(z(t),a + vb) > 0;

lv|<1

6oJtee TOrO,

oty (x(t)) = const.
YcnoBue MakcuMyMa Jist (DyHKIUA

v (@(t), a+vb) = (x(t),a) +v(z(t),b),  vel-11],
JIEIKO Pa3pelaercs, eCiiu GYHKUUL NePeriOeHUS
x — (z,b), T €M,
He 06pamaeTca B Hysb B Touke Z(t). JlefiCTBUTEIHHO, B 9TOM CJIydae OIl-
TUMaJIbHOE YIPABJIEHUE MOXKET IPUHUMATH TOJIBKO IKCTPEMAaJjIbHbIE 3HA-
genns +1:
(z(t),b) #0 = u(t) = sgn(z(t),b).

Ecmm dbysaknust mepek/irogeHnst ©MEeT TOJIBKO H30JIMPOBAHHBIE KOP-
HU HAQ HEKOTOPOM BPEMEHHOM OTPE3KE, TO COOTBETCTBYIOIIEE YIPABJICHIE
u(t) npuHEMaeT HA ITOM OTPE3KE TOJIHKO IKCTPEMAJLHBbIE 3HAYEeHUd. Bo-
Jlee TOr0, MOMEHTHI BPeMeHH, B KOTOpble u(t) MepeKIo9aeTcs ¢ OJHOIO
9KCTPEMAJIBHOTO 3HAYEHUs Ha JIPYroe, W30JIMPOBAaHBL. Takoe ympaBiieHUe
HA3bIBAETCHA PEACUHDIM.

Uccnenyem cTpyKTypy ONTHMAJIbHBIX ympapieHuit. BosbMewm J1r06yro
SKCTpeMaJib, [ KOTOPOil KpuBasd (t) yZAOBJIETBOPSIET HAYAIHLHOMY YC-

JIOBHIO
((0),b) # 0.
Torma muddepennmaipHoe ypaBHeHmEe
z = [z,a ], + = sgn(z(0), b)

BEIIONIHSeTCA Tipu t > 0 70 Tex mop, moka (bYyHKIHUA HePeKTIoYeHus
(z(t), by ocraerca oramanolt or Hymns. Ha aToM BpemeHHOM OTpe3Ke

z(t) = e‘tad(aib)w(ﬂ).
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Uccnenyem nosemenue dynkumu nepexiodenus (z(t),b). Samernm,
9TO €€ MPOU3BOJHBIE HE 3aBUCAT OT YIPABJICHHAS:

% (x(t),b) = ([x(t), a + u(t)b], b) = —(z(t), [a, b]).

Ecnu dbyskus nepekiodeHns: 00pamaeTcs B HyJIb:

(z(t),6) =0,

(z(t), [a, b]) # 0,
TO COOTBETCTBYIOIEE YIPABJICHUE MEPEK/II0YAETCs, T.€. M3MEHSET CBOE
sHadernne ¢ +1 #Ha —1 mwim ¢ —1 wa +1. Jjas Toro 9roOBI BBISICHUTS,
KaKpe II0CJIeT0BATEbHOCTH HEePEKIIUeHNN OINTUMAJIBHOTO YIPABIEHU
BO3MOXKHBI, yJ00HO BBECTH KOOPAMHATHI Ha aJjredbpe Jlu M.
B cmny pasemcrs (19.48), (19.49) ckobka Jlu [a,b] ymoBmerBOpsieT
yCJI0BHAM

B TOYKe, TJe

[a,b] L a, [a,b] L b, [[a, b]| = |b];
3TO CJIeJlyeT U3 CBOICTB BEKTOPHOrO mpousseaennsd B R°. [losToMy MOKHO
BBIOPATH TAKOH OPTOHOPMHUPOBAHHBIN Ha3UC
s0(3) = span(eq, e2, €3),

9TO
a = es, b = ves, [a,b] = veq, v>0.

B sToM 0a3mce TOYKM TEPEKJIIOYEHUsT MPUHAJIEKAT TOPU3OHTAIHHOMN
wIocKocTH span(ey, es).

ITycTs 2(79) — TOYKA MEPEKJIIOYEHNS, T. €. t = T CTh OJIOKATEIbHBIA
koperb dysruu (x(t),b). IlycTs B 9TOH TOYKe ympaBjIeHHE IIE€PEKJIIO-
gaercsa ¢ +1 Ha —1 (caydvait mepekmrodennss ¢ —1 Ha +1 mOJHOCTBIO
AHAJIOTWIEH, MBI TIOKaXkeM 370 Huxke). Torma

<i7(7-0)ab> = 7<"t(7-0)a [aab]> < 05
IIO3TOMY
(z(19),e1) = 0.
Jlanee, Tak KaK TaMHJIbTOHWAH IPUHIWIEA MaKCHMyMa HEOTPHUIATEJIEH,
ToJTy9aeM
hu(ro) (2(10)) = (2(70), a) = (x(70), €2) = 0.
ITosTomy Touka x (7)) JIEKUT B IEPBOM KBaIpAHTE ILIOCKOCTH span(ey, €s):
z(79) € cone(eq, e2).
IMycts x(m) — caeayromasa mocye Ty TOYKA IMEePEeKJI0YeHus. ¥ IpaBJie-
HUE UMEET BH/T
1 te [7’0 — € To}
u t — ) ) I
() {—1, t e [T(),Tl],

a KpuBas Z(t) MeXJIy IepeKJIIOYeHUsIMU SBJISETC JYroil OKPYKHOCTH,
HOJTy9eHHOH BpameHneM TO9IKH (7o) BOKPYT BeKTOpa a — b = ey — ves:

z(t) = e_tad(a_b)x(ro), t € [r0, 1]

18*
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Touku nepekmodenus (), £(71) yAOBIETBOPSIOT PABEHCTBAM

(x(70), €3) = (2(1), €3) = 0,
(z(70), €2) = (2(71), €2) = hu(r,—e)(z(10 — €)),

|z(70)| = lz(71)]-

(z(70), €1) = —(@(71), €1),

T. €. (71) ecTb orpaxenue x(Tg) OTHOCHTEJILHO ILIOCKOCTH Span(eg, €3).

CrenoBaTesbHO,

b=ves

€3

Puc. 19.2. Ouerka yria mosopora ¢

Jlerko BumeTb, 9T0 yroa mosopora f ot z(7y) mo z(71) BOKpyr a — b
OrpaHm9IeH:
6 € [m,2n]

(pmc. 19.2).
OKCTpeMasbHble 3HAYeHus § MOCTHTAIOTCS, KOTIA TOUKa (7)) JIEZKHAT
Ha IpaHmIe KOHyca cone(er, es):

ZI,'(To)ERFel = O=m,
z(rp) € Ryea = 6=2m.
Bo Bropom ciayuae Touka z(t) Tak ke, kKak m Touka ¢(t), coBeprmaeT
MOJIHEIH TTOBOPOT Ha yrou 27. Takas Iyra He MOXKeT OBITH 9aCTHIO OITH-
MAaJIbHON TPAeKTOPHH: €e MOXKHO HCKJIIOYATH C yMEHBIIEHHEM KOHEYHOTO
Bpemenn t;. ClleIoBaTeILHO, YTOJI MEXKIY JBYMS MEPEKJTIOICHAIMEA €CTh
6 € [m,2m).

ITycts x(12) — cnenyromee mocie x(7p) mepekiodenue. ITosenenue
YIpPaBJIeHUs IOCHe Mepekiarodenns x(71) ¢ —1 Ha +1 aHajormvHo mO-
Benenmio mocie z(7p). HelicTBUTenbHO, Hamla 3aJada OBICTPOAEHCTBUS
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JOIyCKaeT CUMMeTPHUIO

b— —b.
ITocuie 3amensr 6asuca
e3 — —es, e — —ep, €9 > €9

kpuBas z(t) COXpaHSeTCs, HO Terneph OHA IEPEKJII0YaeTCs B TOUKe (Ty)
¢ +1 ma —1. Dror ciyyail yxKe ObLI M3ydYeH, IOITOMY YroJ IIOBOPOTA
or z(71) o z(2) onare pasen 6, Gosee Toro, £(12) = (7). Crenyromas
TOYKA [epeKIodeHns ectb =(73) = (1) u T. 1.

ITosTOoMy CTPYKTypa pesieWHBIX ONTUMAJBHBIX TPACKTOPUI JOBOJIBHO
mpocTa. Takume TpaeKTOPHE COJEpKAT HEKOTOPOE KOJMYECTBO TOYEK IIe-
PEKJIIOYECHUA. Me}Kﬂy 9TUMHU TOYKaMHU II€PEKJIIOYEHUA BEKTOD .fl','(t) I10-
BOPAYMBAETCH IIOIMEPEMEHHO BOKPYI BEKTOPOB a + b m a — b Ha yroxa
6 € [r,2m), mOCTOAHHBI! BOONb KaxKIOH peseiiHoii TpaekTopum. Ileper
[EPBBIM [EPEKJII0YEHUEM U TI0CJIe TOC/IEHEr0 IEePEKIoYeHns BeKTop & (t)
MOXKET MOBEPHYTHCS COOTBETCTBEHHO Ha yTuibl Oy u 61, 0 < 6y, 61 < 0.
CucreMa BCeX ONTUMAJIBHBIX PeJIEWHBIX TPACKTOPUN MMapaMeTpPU30BaHA
TpemMs HenpepbiBHbIMU mapamerpavu 6y, 6, 01 u aByMs JUCKPETHBIME
mapaMeTpamMu: KOJMYECTBOM IIEPEKJIIOYEHNI U HA9AJIbHBIM yIIPABICHAEM
sgn(z(0), b).

OnTuMmasnbpHas TPAEKTODPUSA MOXKET HE OBITH DEJIeHHOI, TOJIBKO €Cin
B Touke Z(7Tp), COOTBETCTBYIOIIEH MEPBOMY HEOTPHIATENHFHOMY KODHIO
ypasaenns (z(t),b) = 0, BRIIOJHAIOTCA PABEHCTBA

(z(10),b) = (x(70), [a,b]) = 0.

Torma
a(ro) = pes,  p#0.

HNmeroTca ngBe BO3MOXKHOCTH:
(1) mubo dbyuxuus nepekaodenus (z(t), b) npuHIMaeT HeHyJIEeBbIE 3HA~
YeHus JJIg HEKOTOPBIX ¢ > Tg M CKOJIb YTOAHO OJU3KUX K To;
(2) 6o
(z(t),b) =0, t € [10,70 + €], (19.50)

it HekoToporo € > 0.

Haurem ¢ mepBoit Bo3moxkuocTu. VI3 anain3a pesleiHBIX TPAEKTOPHUi
CeyeT, 9T0 MOMEHTHI IIEPEKJIIOYeHNsI HE MOIYT HAKAIJINBATHCA K T
CIpPaBa: yroJi MOBOPOTA MEXKIy OBYMs IOC/I€IOBATE/HHBIMU ITEPEKII0UIe-
Huamu 0 > m. IlosTomy B ciydae (1) umeem

(x(t),b) > 0, t € 10,70 + 9],

st Hekoroporo d > 0. To ectb 79 — MOMeHT mepekJroueHus. Tak Kak
z(r9) € Rey, TO yros moBopora m0 CleAyromell TOYKH IEPEKJIIOYEHUs]
ecth § = 27, 4ro HeomrTuMasbHO. IlosTOMYy B ciaydae (1) onTMMaIbHBIX
TPAEKTOPUIl HET.
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Paccmorpum ciryuaii (2). Ipomuddepernnupyem toxmecrso (19.50)
JBaXKJpl 10 t:

Q.'g_

2 (2(),b) = —(z(t), [a,0]) =0,
% (@(t), [a,8]) = ([2(t), a + u(t)b, [a, b]) = u(t)([2(t),0], [a,b]) = 0.

Torpa z(t) = p(t)ea, t € [0, 70 + €], mosTOMY
u(t)<[av b]v [av b]> =0,

—~

’u(t)EO, tE[Tg,T0+E].

OTO yupaB/IEHUE HE OIPEEJISeTCs HENOCPEICTBEHHO W3 IMPUHIUIA
makcumyMa (MBI Hanmum ero ¢ nomompio guddepernuposanns). Takoe
YIIPABJIEHIE HA3BIBAETCI 0COObBIM.

OnrumasnbHble TPAEKTOPHH, CoAepzKainue ocobyio ayry (cooTsercr-
Bytomyo ynpasjieauto u(t) = 0), moryT umerb ayry ¢ u = +1 mepex
0c000i1 Iyroit ¢ yrjioM MOBOPOTa BOKPYT a + b MeHbINe 27; Takas myra
MOKET OBITH U 1ocje 0coboro yaacrka. [losromy BO3MOXKHBI 4eThIpe THUIIA,
ONTUMAJILHBIX TPAEKTOPHIi, COMEPAKAIIIX 0COOYIO AyTy:

+0+, +0-, -0+, —0-

CeMeiicTBO TaKUX TPAEKTOPHIl MapaMeTPU30BAHO TPEMsi HEMPEPHIBHBIMUI
napamerpamMu (yI‘.HOM IIOBOPOTa HA COOTBETCTBYIOIIUAX /:(yrax) U AByMd
JAUCKPETHbIMU IIapaMeTpPpaMu (3Ha,Ka,MI/I Ha HA4YaJIbHOM M KOHE€YHOM OT-
pesKax).

Wrak, MbI onmcajm CTPYKTYPY BCeX BO3MOXKHBIX ONTUMAJIBHBIX TPAECK-
TOpHUil: peJIeWHBIX U CTpaTeruii ¢ ocodbiM yaacTkoM. MHoKecTBa TO4YEK B
SO(3), JOCTHUAKUMBIX C IOMOIIBIO TAKUX CTPATErnil, TPEXMEPHBI, U 00be-
JIMHEHWE TUX MHOXKeCTB mokpeiBaer Bco rpymmy SO(3). Ho nerxo Bm-
J€Th, 94TO JOCTATOYHO JJINHHBIE TPAEKTOPUH, CJIeAyolue JIF000i u3 aByx
CTpaTeruii, HEONTUMAJIBHBL: 3TH ABa MHOXkecTBa B SO(3) mepecekarorcs.
Bosee Toro, kaxkmasi w3 crpareruii mepecekaercs cama ¢ coboit. s
TOrO 9TOOBI OMPENE/INTH ONTUMAJIBHYIO TPAECKTOPUIO IS KarXKIOH TOYKHU
B SO(3), HeOBXOOUMO HCCIENOBATh B3aMMOAEHCTBHE NBYX CTpaTeruii u
lepecevYeHre TPAEKTOPHIA, CJIEIYIOMUX OIHON U TOM »Ke CTpaTeruu. JTa
WHTEPECHAs 33/1a9a OCTAETCS OTKPBITOM.

OrMernM, 94TO CTPYKTypPa ONTUMAJBHBIX TPAEKTOPHIL B 3TOM JIeBO-
UHBapUAHTHOI 3anade GeicTpogeiicrsus Ha SO(3) moxoxka Ha CTPYKTYDY
ONTHMaJIbHBIX TpaeKTopuil 1js Mamuesl y6usca (maparpad 13.5). 9to
CXOJICTBO HECaydaiiHO: 3amady o MarmuHe JlyOuHca MOXKHO chOPMYyInpo-
BaTbh KaK JIEBOUHBAPDUAHTHYIO 3a4a9y 6I)ICTpO(Z[‘eI‘/’ICTBI/IH Ha rpyuie n3oMer-
puit IJIOCKOCTH.



I'masa 20

VCJIOBUS OITUMAJIBHOCTH BTOPOTO
IIOPSIKA

20.1. Teccuan

B 9r10it rmaBe MBI TOJSyYUM HEOOXOAMMBIE YCJIOBUSI ONTHMAJIbHOCTH
BTOPOr'O IIOPpAAKa [AJid 3aJa9 YIIDABJICHUA. Ka,K U3BECTHO, TEOMETPUYIECKN
nCCjaea0BaHue OIITUMAJIBHOCTU CBOAUTCHA K M3Yy9Y€HUIO I'PAHUIIBI MHO2KECTB
nmocrmkumoctn (cm. maparpad 10.2). PaccmoTpuM ynpasiseMyro cuctemy

q= fu(q), geM, weU=intU C R™, (20.1)

rJie IPOCTPAHCTBO COCTOAHHUA M ecTh, Kak OGBIYHO, [VIAZKOE MHOTr00G-
pasme, a MPOCTPAHCTBO yIPABJAIOMUX IapaMerpoB U oTKpbITO (HO Cy-
IIECTBY 9TO O3HAYAET, YTO MBI U3y9IaeM ONTUMAJbHBIE YIDABJICHUS, HE
BBIXOJAIMNE HA rpanuiy U, XOTs aHAJOTWIHYIO TEOPHUIO JJjis PeIeHHBIX
yUpaBJIeHAii TaKKe MOXKHO [OCTPOUTD).

MuozxecrBo mocruzkumoctu Ag, (1) cucremsr (20.1) ects 0bpas omob-
PAdHCENUA 6 KOHey

t1
Ft1: u() = qo Oe;f)/fu(t) dt.
0

Tpaekropus q(t), t € [0,t1], HA3BIBaETCA 260MEMPUHECKU ONMUMAND-
noti s cucremsl (20.1), ecim oHa moOmamaeT HA TPAHUILy MHOXKECTBA
JIOCTAKAMOCTH B MOMEHT t1:

q(tl) c 8Aqo (tl)

Heobxommmbie ycioBus Jijist TOr0 BKJIIOYEHUS JTAFOTCS MPUHITAIOM MAK-

cumyma [loaTparuna. Hacts yrBepxkaennit [IMII moxuaO paccmarpuBaTh

KaK yCJIOBASI ONTAMAJBHOCTH HEPBOTO NOPATKA (MBI YBHIEM 3TO MO3KeE).

Ceitgac ke MBI XOTUM HAWTHU YCJIOBUS ONTUMAJIHFHOCTH BTOPOIO MOPSIKA.
Paccmorpum 3amaay B 00mieit mocranoBke. 1lycTs

F:U—-M

eCcTh TJIaJIKOE OTOoOpakeHue, Tje U — OTKPBITOE MOJAMHOXKECTBO OaHa-
XOBa TPOCTpaHCTBa, a M — riamkoe n-meprHOe MHOrooGpasue (0GBITHO
y Hac Y Bymer mpoCTpAaHCTBOM JOMyCTUMBIX yupasjieHuil Lo ([0,t1],U),
a F = F;, — orobpaxkeHueM B KOHeEI yIpaBjisieMoil cucrembl). IlepBbiii
muddepeHuma

D, F: T,U — TpyM

KOPPEKTHO OIIPEJIeJIEH HE3aBUCUMO OT KoopauHaT. js Broporo mudde-
peHnmaa 1o He TakK. JleficTBUTEeNbHO, PACCMOTPHM CJIy9ail, KOTa U €CTh
peryaspHas Touka F', T.e. muddepennuan D, F copbektuses. [lo Teo-
peMe O HesIBHOU (DyHKIMH 0TOOpazkeHne F' CTaHOBUTCS JIMHEHHBIM B TOJI-
XOIAINX KoOpAmHaTaX B Y m M, mOITOMY WHBAPHUAHTHO ONPeENeIeHHOTO
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BToporo auddepennuaaa Het. B obmueM ciayvdae KOPPEKTHO OIIPe 1€/ IEHHOM
HE3aBUCHMO OT KOODIWHAT $IBJISIETCS TOJBKO HEKOTOpPAs 9acTbh BTOPOTO
muddepeHumaia.

Huddepennman raaakoro orobpaxenns F': U — M mMoxkHO ompejie-
JIATH C TIOMOMIHIO TPOU3BOIHON NEPBOTO MOPSAIKA

DyFuv= gészofxgws» (20.2)

BIIOJIb KpUBOH ¢: (—€p,£0) — U ¢ HAYAIBHBIMA YCIOBUSMHE
v(0)=uel, o(0)=veT,U.
B JIOKAJIbHBIX KOOPAHMHATaX 3Ta IIPOU3BOJHAA BBIYUC/IAETCA KaK
o o=¢(0).
B npyrux koopmunarax ¢ ma M npoussommas (20.2) BBIYHCIZETCH KaK
dF . dgdF .
du?” dq du
Koopaunarnoe npezacrasienune nepsoii npoussogHoii (20.2) npeobpasyer-
Csl IIPU 3aMeHaX KOOPAMHAT KaK KaCaTeJbHBIH BeKTOp K M: OHO yMHOXKa-
ercda Ha Marpuny Axobu Z—Z
Bropasa npounssoanas
2
| Flee, (203)
v(0)=uel, 0(0)=veT,U,
BBIYHC/IAETCH KAK

&2F,. .. dF .
Tz (D9 + ¢

IIpaBuiio npeobpazoBanusi BTOPOM IPOU3BOIMHOMN 110 HAIIPABJIEHHUIO [IPU
3aMeHaxX KOOPIMHAT UMEET BU/I

&?F,, .. dF . dg[d®F,. .. dF .]  d*§(dF . dF .
Tz 99+ 8= g 00+ G+ i (T e 3 #):

(20.4)
Bropas npomssonHas (20.3) nmpeoGpa3syeTcss KaK KacaTeJbHBIH BEKTOD B
Tr(uyM, Tomro ecin ¢ = v € Ker D, F, 1. e. ecom ciraraemoe (20.4) o6pa-
IAeTCsd B HyJIb. Bojiee TOro, OHa OIPEIE/IsieTCs 3HAYEHUSIME U U U TOJHKO

dF ..
o MomyJtio noamnpoctpancTea Im D, F', MOpOXKIEHHOTO CJaraeMbIM T ®.
u

ITosTOMYy MHBApMAHTHO ONpPEIEIEHHBIM SBIISIETCS KBaAPATUIHOE OTO0-
pakeHwne

Ker Dy F — TpyM/Im D,F,

2

v 4 _P($(e)) (modIm D, F). (20.5)
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ITocite 3TOrO TIpEABAPUTENHLHOTO OOCYKIEHNUs, MEpeiaeM K (POPMaIbHBIM
OIIP€IeJIEHUSIM.

Teccuan rmagkoro orobpaxenws F': U — M B Touke u € U ecThb
O6unuHeliHOE 0TOOpaXKEeHMe

Hess, F': Ker D, F x Ker D, F — Coker D, F = TF(M)M/ ImD,F.

(20.6)

B wacraOCTH, B perynsiproit Touke Coker D, F' = 0, mostomy Hess, F' = 0.
leccuan onpenensiercsa caenyrommum obpazom. [lycTs

v,w € Ker D, F, A€ (ImD,F)* C Ty, M.
Y0661 onpeneuTh 3HAICHHE
AHess, F(v,w),
BO3bMEM BEKTOPHBIE I10JIA
V,W € Vec U, V(u)=v, W(u)=w,

n HKITUIO
by ac COO(M), dF(u)a:)\.

Torma def
AHess, F(v,w) = VoW (ao F)| (20.7)
Tlokaxkem, 9o nmpaBasi 9acThb He 3aBucuT oT Bbioopa V', W u a. Ilepsas
npousBoaHas Jlu ecTh

W(a o F) = (dF(.)a, F*W(')>7

u Bropas mpousBogHag Jlu V oW (ao F)|, He 3aBHCHT OT BTOPHIX IIPO-
u3BOMHBIX a, Tak Kak F,W (u) = 0. Bosee Toro, oueBumno, 9T0 BTOpas
npou3BoJHAd JIu 3aBUCUT TOJIBKO OT 3Ha4YeHUd V B U, HO HE OT IPOU3BO/I-
#HbIX V' B u. UT0oOBI JI0Ka3aTh TO K€ camoe Jyid 1ojiss W, mokaxkem, 910
npaBasi YaCThb ONPEJIEJIEHnsl Teccuana cuvmMerpuara mo V u W:

(WeoV(aoF)=VeW(aoF))|, = [W,V](aoF)|, =
= dpyaoD,F [W,V](u) =0,

N——
=X

u

Tak Kak A | Im D, F. MuI mokasamu, aro orobpaxkenune Hess, F', 3aganHoe
paseHcTBOM (20.7), onpejiesieHO HEe3aBUCHMO OT BHIOOpa KOODJMHAT, KaK
aro ykazano B (20.6).

Yupaxuenune 20.1. Ilokaxwure, 9T0 KBaapaTUIHOE OTOOpaXKe-
uue (20.5), ompeesieHHOE C MOMOIIBI0 BTOPOH IPOM3BOAHON MO HAIPAB-
neHuio, cosnanaer ¢ Hess, F'(v,v).

Ecin paspemnts TOIBKO NHHEHHBIE 3aMEHBI [IEPEMEHHBIX B U, BO3-
MOXKHO OIIPEIeIUTh MOJIHEIN 6mopoli dupdeperyuan

D.F: Ker D, F x Ker D, F — T, M
TaK ke, Kak reccuas (20.7), HO [yIs IPOU3BOJIBHOIO KOBEKTOPA
A€ Tp)yM
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¥ TIOCTOSTHHBIX BEKTOPHBIX ITOJIEi
V=uw, W = w.
leccuan ects gacTh Broporo muddepeHnuaia, He 3aBUCAIIAs OT BBIOOPaA
JIMHEWHOM CTPYKTYPHI B IPooOpase.
Yunpaxuaenne 20.2. Berauciure reccnaH orpaHUYeHUS F|f,1(0)

rIaIK0ro orobpakenusi F' Ha MOBEPXHOCTH yPOBHS ryiaakoil dyHKuun f.
Paccmorpure orpannyenue riaakoro orobpaxkenus F': U — M ma rimaz-
Kylto runepriosepxaocts S = f~1(0), f: U - R, df #0, u nyctb u € S —
peryaspras Touka F'. Jlokaxkure, 9T0 recCuan 0TOOPAKEHNS BBITUCIISIET-
Cs CJIEAYOIIIM 00Pa30M:

AHess, (F|g) = ADZF — d> f, ALImD, Flg, € TpM\{0},
rIe KOBEKTOP A\ HOPMHUPOBAH TaK, 4TO

AD,F = d,f.

20.2. JlokajibHasi OTKPBITOCTh OTOOpaKeHU

Orobpaxkenne F': U — M Ha3plBaeTcs A0KAADHO OMKEPLIMbLM B TOU-

Ke u €U, ecn
F(u) € int F(Oy)

g iroboit okpecruoctu O, C U Touku u. B npormBHOM ciiyuae, T.e.
KOL/1a

F(u) € 0F(0,)

JJ1 HeKOTopoit okpectHocTH O, TOYKA U HABBIBAETCH AOKAADHO 2€0MEM.-
puuecku onmumanvroti pus F.

Touka u € U HA3BIBAETC A0KAADHO KOHEUYHOMEPHO ONMUMANLHOT, IS
orobpazkerus F', ecm myist 11060r0 TIAIKOT0 KOHETHOMEPHOTO MOAMHOTO-
obpasua S C U, u € S, TOYKA U JIOKATBLHO T€OMETPUYIECKH ONTUMAJIBHA
Juts orpanudennd F|g.

20.2.1. KputudecKkme TOYKU KOpaHTra oawH. Kopane KpuTHdec-
KOl TOYKH U IVIAIKOro oTobpazkeHus F' O OIpPeeseHuI0 PaBeH KOPAHTY

muddepennmaia D, F:
corank D, F = codimIm D, F.

B nmanpHeiimeM MbI OyZieM 9acTO PacCMaTPUBATh KPUTUIECKHUE TOUKA
KopaHra ogus. B srom ciaydae muoxkuTens Jlarpanxka

A€ (ImD,F):,  X#0,

OIIpeIeIeH OTHO3HAYHO C TOYHOCTHIO JI0 HEHYJIEBOIO MHOXKUTEJII, B OTO0-
paxeHne
AHess, F': Ker D,F x Ker D,F — R

eCThb IIPOCTO KBaapaTu4Has dopMa (B ciaydae corank D, F > 1 npuxomut-
sl PacCMaTPUBATh CeMENCTBO KBaJAPATHIHBIX (HOPM).
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Cdopmynupyem yciioBusi JIOKAJbHOM OTKPBITOCTH OTOOpaxkenus F B
KPUTHYECKON TOYKe ¥ KOpaHTa OAWH B TEPMUHAX KBAJIpATUIHON (op-
mel A Hess,, F.

Teopewma 20.1. [Iycmov F: U — M ecmvb HenpepuieHoe omobdpasice-
HUE, UMEIULEE 2AA0KUE 02DAHUYNEHUS HA KOHEYHOMEPHBIE NOOMHO2000pa-
sus 6 U. [Iyemv uw € U — xpumuveckas mouxa F xopanea odukn, u nycmov
A€ (ImD,F)+, A #£0.

(1) Ecau xeadpamuunas gopma A Hess, F snaxonepemenna, mo F
AOKAADHO OMEDPBIMO 6 U.

(2) Ecau gopma X Hess, F ompuyamesvna (usu nososcumesvha), mo
MOYKA U NOKAABHO KOHEYHOMEPHO ONMUMANOHA 0af F.

Samevanue. Kagparmunas dhopma JIOKAJBHO OTKPBHITA B HYJIE
TOTJa U TOJIBKO TOTJa, KOTJIa OHA 3HAKOIEPEMEHHA.

Jloka3aTeabCTBO. YTBEPXKIEHUS TEOPEMBI JIOKAJIbHBI, IIOITOMY
BBIOEPEM JIOKAJIBHBIE KOOPAUHATHL B U w M , IEHTPUPOBAHHBIE COOTBETCT-
Beruo B u u F(u), u 6ynem canrarh, uro Y — 6aHAXOBO MPOCTPAHCTBO,
aM=R".

(1) PaccmoTpnM pasiorkeHne B NPSMYO CyMMy B IIPpOO6Gpase

T,U=E®KerD,F, dimE=n-—1, (20.8)
¥ COOTBETCTBYIOIEE PA3JIOXKEHNE B 0Opa3e
TryM =ImD,F &V, dimV =1. (20.9)

Ksagparuunas ¢popma A Hess,, F' 3HaKOmEpeMeHHa, T. €. OHa IIPUHIMA-
erT 3HadeHns 06omx 3HakoB Ha Ker D, F'. [losToMy MOXKHO BBIOpATh Takue
BEKTOPBI

v,w € Ker D, F,

q9To

AE! (v,v) =0, AE! (v, w) # 0;

Mbl obosHauaem depe3d F', F'" npoussomnbie BekTOp-dyHKIuu F B Jlo-
KaJbHBIX KoOpamHaTax. JleficTrBuTesbHO, mMyCcTh KBaapaTwdHas (HOpMa
Q = )\F)! npuHuMaeT 3HaYeHWs MPOTHBOIOJIOXKHBIX 3HAKOB HA HEKOTO-
pbix vg, w € Ker D, F'. B cuny nenpepbsiBHOCTH () CyIIECTBYET HEHYJIEBO
BeKTOp v € span(vg,w), Ha KoropoM Q(v,v) = 0. Bosnee Toro, nerko Bu-

zeTh, uro Q(v,w) # 0.
Tak kak nepsbiit guddepennuast 3a1aeT n30MOPPU3M

D,F =F!: E = ImD,F =\,
TO CYIIECTBYET TaKOU BEKTOp Lo € F, 9T0
Flzo = —% F!(v,v).
Bremem cienyromee ceMeiicTBO 0TOOpaKeHUIA:
.. EXR— M, e eR,
O (z,y) = F(e®v + 3yw + ez + ), z€E, yeR
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3amernm, 9TO

Im®. CImF

It Masibix €. IlosToMy mocTaTodHO MOKa3aTh OTKPHITOCTh P.. U3 dop-
Mynst Teitnopa

@ (z,y) = 3 (Flx +yF! (v,w)) + O(e%), e—0,

. 1
ClIeqyeT, ITO ceMeiictBo — P ruanko mo mapamerpy € B TOouke € = 0.
[3)
IIpu € = 0 9TO CeMeNCTBO 3a7a€T CIOPHEKTUBHOE INHEITHOE 0TOOpaKeHNE.
. 1
Ilo Teopeme o HesBHOIT dyHKIUU 0TOOpaKEHUS = ®. cyrp cybmepcuu,

HOTOMY OHH JIOKQJIBHO OTKDBITEI IpH MaJIbix € > 0. CreoBaresibHO, 0TOG-
paxkenne I TakzKe JIOKAIbHO OTKPBITO B TOYKE U.

(2) Bosbmem smr060€ T1a,1K0€ KOHETHOMEPHOE noaMHOroo6pasne S C U,
u € S. Tak xe, kak B (20.8), (20.9), paccMOTpUM pa3oKeHns B IpooOpase

S~T,S=L®KerD, F|g,
u B obpase
MZTF(U)M :ImDu F|SEBVV,
dim W =k = corank D, F|g > 1.

Tak kak muddepenmman D, F: E — Im D, F 3agaer nsomopdusm, mo
TeopeMe 0 HesIBHOM (DYHKIMH MOXKHO BBIOpATh TaKHe KOODAUHATHI (Z,Y)
B S u xoopauuarel B M, 9yr0o orobpaxenue F npunumaer Gpopmy

T

F(x’y):(cp(x,y))’ zeLl, yeKeD,F|g.

Jasee, MOXXKHO BBIOpPATh Takue KOOPAWMHATHL ¢ = (©1,...,¢pr) B W, aro
AF(z,y) = ¢1(z,y)-

Bbinumem ycoioBusi JaHHOH TeopeMbl B 9THX KoopauHaTax. Tak kak
Im D, F|s "W = {0}, momygaem

Do,0yp1 = 0.

Hasnee, ycaosue orpunareasaoctu dopmbr A Hess, F' 3amuceiBaercsa Kak
0% o1
9y? 1(0,0)

Torma dyHKIUS
01(0,y) <0 mpm maneIx Y.

ITosromy oroGpaxkeHue F| g He ABJIFAEeTCA JOKAJIbHO OTKDBITBIM B TOY-
ke u. O

CupaseyInBo cieaylommee IpeaIozKeHne, ropa3ao 6ojee CHIbHOEe, IeM
TpeIbIIYyIIee.

Teopewma 20.2 (06obmennas semma Mopca). ITycmo u € U ecmo
MAKAA KPUMUYECKGA MOYKA KOpaHea 00uh 24a0K020 0MOOPAAHCEHUS
F: U — M, ymo xeadpamuunas popma Hess, F nesvipoorcdena.



20.2. Jlokaavhas omkpumocms omobpasiceHus 285

Tozda cywecmeyrom sokasvroe Koopdunamos 6 U u M, 6 komopwix F
UMEET, MOALKO YAEHDL TLEPB020 U 8MOP020 NOPAJKOS:

F(z,v)=D,Fz+ %Hessu F(v,v),
(z,v) €U ~ E®Ker D, F.

Mpsb! He TOKa3BIBaEM ITY TEOPEMY, TaK KaK He OyIeM ee MCIIOJb30BaTh
B JaJIbHEHIeM.

20.2.2. KpuTudecKue TOUYKU NPOU3BOJILHOTO KopaHra. Heo6xo-
JIIMOE YCJIOBHE JIOKAIBHON OTKphITocTH IyHKTA (1) Teopemsr 20.1 0606-
IAeTcsd JJIs KPUTHIECKAX TOYEeK IPOU3BOJILHOTO KOPAHTA.

Hanomuum, 4ro  nosoorcumenvrom (ompuyamenvroim) uHOEKCOM
KBaIpaTU9IHOW opMbl () HA3BIBAETCS MaKCHMAaJIbHAsi Pa3MEPHOCTD
HIOJIO?KATESHHOrO (OTPUIATEIBHOIO) MOANPOCTPAHCTBA GOPMBI (Q:

indy Q = max{dimL| Q|L\{0} > 0},
ind_ Q = max{dim L| Qlr\ oy < 0}.

Teopema 20.3. [Iycmov F: U — M ecmvb HenpepueHoe omobdpasice-
HUE, UMENUWEE 2AA0KUE 0ZDAHUYEHUS HA KOHEYHOMEPHLLE TOOMHO2000pa-
sua. Ilyemv u € U — xpumuueckas mouxa F' xoparea m.

Ecau

ind_ A\Hess, F >m VA LImD,F, \#0,
mo omo5pa9fce1—tue F AO0KAADHO OMKEPDLIINO 6 TMOYKE U.

JokasaTeabcTBoO. YTBEPXKIEHHE TEOPEMBI JOKAIBHO, TOITOMY
MOKHO BBIOPATh KOODAWHATHI U CIUTATH, 9TO U/ — GAHAXOBO TPOCTPAHCT-
Bo,u =0, M =R" u F(0) =0.

Boustee Toro, MmoxHO cumraTh, 9TO HPOCTPAHCTBO [/ KOHEIHOMEDHO;
ceiiuac Mbl JokaxkeM 310. g moboro A L Im D, F', A # 0, cymecrByer
TaKoe MOANPOCTPAHCTBO

E, CU, dim E) = m,
910
AHess, F|g,\ 10y <0.
Bynem 6pats A Ha equumgaHOl chepe

smt={xe (mD,F)"| N =1},

Hna moboro A € S™~! cymecTByeT Takas okpectHocTh Oy C S™71, )\ €
€ Oy, aro E) = E) nna mobeix X € Oy, (310 Jerko cienyer n3 Hemnpe-
peisHOCTH (bopmbr A Hess,, F' Ha equamanoil cdepe B E) ).

Bri6epem KoHEYUHOE OKPBITHE:
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N
Torna orpanudenue F' Ha KOHEYHOMEPHOE HOANPOCTPAHCTBO » . E)\. ynos-

i=1
JIETBOPSAET yCJIOBUSAM JAHHONW TeopeMbl. [109TOMy MOXKHO IpemmoJaraTs,
qaro U koreaHoMepHO. Ho Torma Teopema cireyeT W3 IpUBEIEHHBIX JaJiee
aemm 20.1 m 20.2. O

Jdemma 20.1. IIycmo F: RV — R™ ecmo 2aadkoe omobpaorcerue,
nyemo F(0) = 0. ITpednosooicum, wmo Keadpamuwnoe omobpascenue

Q = Hessg F': Ker DoF — Coker Do F
UMEEM, DERYAAPHVUIT HYAD:
JveKerDoF: Q(v)=0, D,Q cropsexmusno.

Tozda omobpasicenue F umeem pezysapHvie Hysu ckoAb Yy2o0ro 6AU3KO
Kk navaay xoopdunam e RY .

Jdoxaszarenscrno. Cirerka MomudumupyeM pacCyKIeHne, MC-
[OJIb30BAHHOE IIPH JOKa3aTeIbCTBe IMyHKTa (1) Teopemst 20.1. Pazmoxkum
mpoobpa3 nepporo auddepennnaiia:

RN = E @ Ker DyF, dimE =n—m;

TOrga OrpaHUYICHUE

DyF: E = ImDyF
B3auMHO onHO3HA4HO. PasencrBo QQ(v) = Hessy F(v) = 0 osmagaer, 9T0
Fy(v,v) € Im Dy F.
Torma cymecrByer Takoe xg € E, aro
Flzg = —% F{ (v,v).
Onpenenum cemeificTBO 0TOOpaKeHUN
®.(z,y) = F(e*v + %y + e*xo + £°2), z€E, ye&KerDyF.

ITepBsie geThipe nponsBoaabie P 0OpariarTcs B Hysab mpu € = 0, mosTOMY
IoJIy9aeM TeMJIOPOBCKOE Pa3JjiozKeHue

2 ®.(z,y) = Fjo + F (v,5) + O(e), —0.

" 1
SareM paccyxkIaeM Tak ke, Kak B Teopeme 20.1. CemeiicTBO — ®e rmazgko
3
u juaeiino ciopbekTuBHO pu € = (. Ilo Teopeme o HesBHON dyHKIUN
1
oTobparkeHus = ®. cyrp cybmepcun mpu manbix € > 0, mosroMmy OHHU

FMEIOT pery/IapHbIe Hy/IH B 000il OKPeCTHOCTH HadasIa KoopamHat B RY .
CiteroBarenbHo, oToOparkeHne F' rTakiKe MMeeT PEry/sipHble HyJIH CKOJIb
yrogao 61m3K0 K Hadgasy xoopauaaTr B RY. O

Jdemma 20.2. ITyemo Q: RY — R™ ecmv makoe xeadpamumnoe
omobpasicenue, 4mo

ind A\Q>m  VYAER™, \A#0.

Tozda omobpasicerue Q umeem pezysapHbill HYAD.
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HokaszaTeasbcTso. MOXHO IPeAnoaraTs, 9T0 y KBaIPATUIHON
dopwmbl () HET sapa:

Qv,)#0 Vo #0. (20.10)

Ecam sTo He Tak, npodakTopusyem no anpy Q. Tak xak D,Q = 2Q(v,-),
ycaosue (20.10) ozmauaer, aro D,Q # 0 upu v # 0.

Tenepn moKaxKeM JIeMMy UHIYKIHEd 110 1.

B ciydae m = 1 yTBepkKaeHue 0YeBUIHO: 3HAKOIEPEMEHHAs KBaIpa-
TuaHada (PopMa MMEET PErysIApPHBIA HYJIb.

[Mlar mEAYKDUA: HOKAXKEM yTBEPXKIAEHUE JIEMMBI JJif [IPOU3BOJIBHO-
ro m > 1 B IpeANoOIOKEeHNH, 9TO OHA JOKA3aHA Myl BCEX 3HAYEHHH,
MEHBIIAX 1.

(1) Ipeanonoxum cravama, ato Q@ 1(0) # {0}. Bosbmem Takoe v #
# 0, uro Q(v) = 0. Ecim v — perynspHas Touka (), TO yTBEpXKJIeHUe
JAHHOMU JieMMBbI JT0Ka3aHo. [loaTomMy mpeamoaokum, 9T0 ¥ — KPATHIECKASs
Touka Q. Tak xkak D,Q # 0, umeem

rank D,Q = k, 0<k<m.
Paccmorpum reccuan orobpaxkenus Q:
Hess, Q: Ker D,Q — R™ %,

Bropoit muddepennman kBagpaTnaaOro 0roOparkeHus paBeH yIABOEHHOMY
3TOMY OTOOPArKEHUIO0, ITOITOMY

AHess, Q =2 /\Q|KerD1,Q .
Hanee, tak kak ind_ AQ > m u codim Ker D, Q = k, monydaem

ind_ AHess, Q = ind— \Q|ge, p,o = m — k-

[To npennosoKeHWI0 WHAYKIUU KBaIpaTHdHOe oToOpaxkenme Hess, Q)
uMeeT peryiadapHbii Hyab. IIpumenssa gemmy 20.1 k orobparkenmio @,
3AKJI0O9IaeM, 9TO () TaK¥Ke NMeeT Pery/apHbIi HyJIb. Y TBEPXKIeHUE TAHHON
aemumel B cirygae (1) noxasano.

(2) Teneps paccmoTpum BTopoit caykait: Q~1(0) = {0}.

(2.a) OueBngao, 9To Im () ecTh 3aMKHYTHI KOHYC.

(2.6) Bouee Toro, MoxkHO cauTaTh, 910 Im @ \ {0} orkpsiT. deiicTBu-
TEJIbHO, TIPEJIIOJIOKNAM, YTO CYIIECTBYET

z=Q(() € 0ImQ, x # 0.

Torma v — KpuTHYecKad TOYKa (), W TOYHO TakK ke, Kak B ciaydae (1),
u3 mpennosioxkenus uHaykimn g Hess, @ cienyer, aro Hess, @ umeer
peryisipabiii Hysib. 1o jemme 20.1 ) JIOKaJIBHO OTKPBITO B TOYKE VU U
Q(v) € intIm Q. TlosTomy Oymem majee HPEANONATATH, YTO MHOMKECT-
Bo Im@ \ {0} orxpeiro. Bmecre ¢ myrkrom (2.a) 910 0O3HAUAeT, 9TO Q)
CIOPBEKTHBHO.

(2.B) ITokaxkeM Temepb, 9TO ITO CBOMCTBO IPUBOAUT K IPOTUBOPEYHIO,
9TO U JOKAXKET JAHHYIO JIEMMY.
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I'nankoe orobpazkenue

Q. gN-1_, sm-1, v QW) gN-1,

QI Ol

ciopbekTuBHO. [To Teopeme Capma oHO mMeeT peryJjsipHOe 3HAYEHUE.
[ycrs € S™ ! ects perynapuoe 3nadenne orobpaxernus Q/|Q)|.
Hanee paccyxmaem ciemyoomum obpazom. Haiinem manmenbmiee a >

> 0, 119 KOTOPOTo
’ Q(v) = az, ve SN

¥ IPUMEHUM YCJIOBHS OITAMAJILHOCTU K COOTBETCTBYIOIIEMY DPEIIEHHIO vy,
4100l mOKa3aTh, 910 ind_ AQ < m — 1, 9TO OPOTUBOPEYHUT YCJIOBUIO
JIEMMBI.

Paccmorpum citeyonyo KOHEYHOMEPHYIO 33249y ONTHMU3ALUU CO

CBA3AMU: a—min, Q()=az, a>0, vesVN L (20.11)

OueBnzHO, 9TO 9Ta 33Jada UMeET pelleHne; IMycTh mapa (vg,ap) peajn-
3yeT MUHHMYM. BbInuimeM ycjaoBus ONTHMAJbHOCTU HEPBOIO U BTOPOTO
nopsika 1uist 3agaqn (20.11). CymectByroT Takme MHOXKHTesm Jlarpanxka

(v,A) #0, veR, XeT, ,R™,
aro dysknus Jlarpanxka
L(v, A, a,v) = va+ A(Q(v) — azx)

YZOBJIETBOPSAET YCJIOBUAM CTAIIIOHAPHOCTH:

oL .
oL
90 l(upnay = AP Qlsvr =0

Tak KaK vy €CTb peryjsgpHas TOYKa orobpaxkenusa )/|Q)|, mmeem v # 0,

IIO9TOMY MOZKHO IIOJIO?KHUTH 1
vV =1.

Torma HEOGXOMUMBIE yCJIOBHA ONTHMAAbHOCTH ayid 3ana4du (20.11) 3amu-
CBIBAIOTCS KaK
AHess,, Q|gn-1 = 0. (20.13)

HanomHuM, 9T0 reccual orpaHI9eHAs OTOOPAKEHHS OTIMYIEH OT Orpa-
HUYEHHs TeCCHaHa ITOro orobpazxenus (cMm. yup. 20.2 Bbime).

Yunpaxuaenune 20.3. Jokaxure, 9T0
X (Hess, Qlgn-1) (u) = 2(0Q(u) — [ul*AQ(v)),
ve SNl weKerD, Qlgn-1 -
CaenoBaresnbao, u3 HepasencTsa (20.13) caemyer, aro
AQ(u) — [u)*AQ(vo) = 0, u € Ker Dy, Qlgn-1,

II09TOMY
AQ(u) = |u|2)\Q(v0) = \u|2a0)\:p = |u|2a01/ = |u\2a0 >0,
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T. €.

AQ(u) >0, u € Ker Dy Q|gn-1 -

Bostee Toro, Tak kax vy ¢ 1, SN ™!, momyaaem
AQ|, =0, L =KerD,, Q|gn-1 ® Rug.

Tenepb BBIYUCINM Pa3MEPHOCTb HEOTPUIATEIBHOTO IIOIIPOCTPAHCTBA L
kBangparugHoii dopmbl AQ). Tak Kak vy — perynaproe 3Hadenue Q/|Q),

nMeeM

dim Im D =m — 1.

Vo

QI
ITosromy Im Dy, Q|gn-1 MOXKET HMeTh pPa3MepHOCTb m mmx m — 1.
Ho vy — xpurndeckas T049ka Q|gn—1, IOITOMY

dimIm Dy, Qg1 =m — 1

dimKer Dy, Qlgn-1 =N —1—(m —1)=N —m.

CnenoBarenbao, dim L = N — m + 1, mosromy ind_ AQ < m — 1, gro
IIPOTUBOPEYUT yCJIOBI/IIO ﬂaHHOI';I JIEMMBI.

Iosromy cyqail (2.B) HEBO3MOXKEH, M AT WHIYKIWA JAHHON JIEMMBI
noKasaH. []

Teopema 20.3 TOJHOCTHIO JIOKA3aHA.

20.3. duddepeHiiupoBanne oToOparkeHusi B KOHEI]

B sTom maparpade mbl Beraucanm gudepeHmall u recCuaH oTobpa-
2K€eHHusd B KOHEIl JJId pra,BJIHeMOfI CucCTeMbI

G = fu(q), ueUCR", U=intU, qe&M, (20.14)
q(0) = qo,
u(-) €U = Loo([0,11], V),

¢ npasoii wacteio f,(q), raaakoit no (u,q). Mbl uccienyem orobpazxkenue
B KOHEI]

Fo: U— M,
t1
N
Fiyvu() = qoo eXP/fu(t) dt
0
B OKPeCTHOCTH (PUKCHPOBAHHOI'O JIOILyCTUMOIO yIIPABJICHUS
7=a() el

Tak 2Ke, Kak B J[0KAa3aTe/IbCTBE MIPHUHIUNA MakKcuMyMa (CM. mapa-
rpad 12.2), u3 dbopmyssl Bapuanumii ciieayer pas3jioKeHne MOTOKA:

t1
Ftl (U) =4qo © e;f)/gmu(t) dt o Pt17
0

19 A.A. Arpaues, }0.JI. Caukos
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e

t
P, = G?P/fa(r) dr, gt = P (fu— faqr))-
0

,Ha.nee, BBEIEM IIPOMEXKYTOYIHOE 0T06pa>KeHne

thlu—>M,

—
G u— qo oexp /gnu(t) dt.

Torma
Ftl (u) = Ptl (Gh (u))7
CJ1eJI0BaTebHO,

DﬂFtl = Ptl*Da‘th, Hessa Ft1 = Ptl* Hessa th,

mosroMy nuddepennuposanue Fy, cBogurca K muddepenmuposannio Gy, .
Ms! BRIMECIEM IpOU3BOAHbIE 0TOOpakeHHd (¢, C IOMOIIBIO ACUMITOTH-
YECKOI'0 PA3JIOKEHUS] XPOHOJIOTHIECKON SKCIIOHEHTHI:

a(Gr, (v) =

<Id+/gr wu( dT + // g'r2, (12) °Ggr ,u(T1) dTl dT2)a +

0L <1<t
+ 0 (Jlu—ali_). (20.15)

Bsenem eme Heckoabko 0003HAYEHUI:

19 w_ 0
I dulan I T B g
ha(N) = (N ful@),  AETM,
0 s
= pula ™ T ™

Torma muddepermman (nepsas Bapuanus) orobpaxkenns Gy, paBeH
t1
(DG, )v=gqo o /g,'gv(t) dt, v=uv(-) € TgU.
0

Yupasnerue U ectb Kpurmaeckas Touka Fy, (mam, 9To sxsuBasenTHo, Gy, )
TOTZA UM TOJIKO TOT/IA, KOT/IA CYIIEeCTBYeT TaKoW MHOXKuTedb Jlarpanxa

Xo€TiM, X #0,
qgTo

Ao(Dﬁth)’UZO VveTlzU,

)\ogé(qo) = 0, t e [O,tl].
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IlepeHocss KOBEKTOP g BIIOJIb MCCJIEIYEMOl TPaeKTOPUU
q(t) =4qo©° P, ts
nojydaeM KPHUBYIO KOBEKTODOB
_ *x—1 _ —1 *
AM=P 7= MNP, € q(t)M,
ABJIAIONLYIOCS TPAaeKTOpUed raMmuIbTOHOBOM CHCTEMBI

A= haw(\),  te0,t]

(mpemnoxenne 11.3). Torma
/ o —1 i N
Aog¢(q0) = Ao L%, Bl fu(a(t)) = hy(Ae)-

Mbsr moka3anu, 9T0 U eCTh KPUTHIECKasd TOUKa 0TOOparkeHns B KoHer Fy,
TOTZa M TOJIBKO TOT/a, KOI/Ia CYIIeCTBYeT TaKas KpUBasi KOBEKTOPOB

)\t S T(;((t)M’ )\t # 0, t S [O,tl],

q9To

A = Bawy (o), (20.16)

Ohul  (\)=0, tel0,t]. (20.17)

du lue)

B gactHOCTH, TI00asi MOHTPIATUHCKAS YKCTPEMAJIb €CTh KPUTHIECKAs TOY-
Ka oToOpakeHus: B KoHell. I3 mpuHImna Mmakcumyma [loaTpsaruna ciremxy-
FOT yCJIOBUSI ONTAMANBHOCTH nepBoro mopsiaka (20.16), (20.17). Ormernm,
qaro [IMII comepzxkut 60sbie, gem 3tu ycaoBus: corsacHo IIMII ramman-
rTormaH h,()\;) He Tonbko KpurmueH, kak B (20.17), HO mOCTHraeT Max-
CHMyMa BZOJIb ONTHUMAJILHOrO yupasjerus u(t). ObpaTuMcs K ycaoBAIM
BTOPOTO MOPSIIKA.

N3 acumnrorndeckoro pasnoxenus (20.15) cienyer BeIpazkeHHe JJist
Broporo auddepenuala:

D%th (v,w)a=
t1

—wo ([ umarz [ @am)od,um)dndn )a
0 021Kt
rmea € C®°(M)
v,w € Ker DGy, = Ker Dz Fy,,

tl tl
90 O/giv(t) dt = qo O/QQw(t) dt = 0.
0 0
[Ipeobpasyem 31y dOpMysy [Jisd BTOPON BapHalUd ¢ MOMOIIBIO CJIEIYIO-
OIeTO PA3J/I02KEHUYA Ha CHUMMETPHUYIHYIO 1 KOCOCUMMETPUYIHYIO JaCTH.

19*
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Yunpaxuaenune 20.4. Ilycte X, — HeaBTOHOMHOE BEKTOPHOE TIOJIE
"Ha M. Torma

)(7-2 [¢] X.,-l dT1 dTQ =

(U AN I/

t
:%/ dTO/X d¢+— / (X,,, X,,] dry drs.
0 0<T2§T1§t

ty
Ionaras X; = gjv(t) u yaureBag, 9T0 o © f g;v(t) dt = 0, momyaaem

// )(.,.2 O)(-,—1 dr dry = / XT27XT1 dry d7—27
o< <1<t 0L <1<t
IIO3TOMY

D2Gy, (v, w)a =

—ao /g ar+ [[ ool st dndn Ja

0L <ty

— o (/g d¢+/[ /gT2 v(r2) dra, gl w (n)] d¢1>

[lepBeiit 4eH y100HO BBHIPAXKAETCHA B TAMIJIBTOHOBBIX TEPMHUHAX, TAK KaK

Xogru = XPr (fu = fan) = ha(Ar) = by (Ar).
Torna

)\tlD%Ftl(v, w) = )\OD%th(v, w) =

—th(AT)(v(T),w(T)) dT—i—/tl)\o[fgizv(rg)dTg,g'nw(ﬁ) drm.

(20.18)

st Toro 9ro0Bl 3ammcaTh W BTOPOM HW/IEH 9TOr0 BBIPAXKEHWS B Ta-
MIJIBTOHOBBIX T€PMHUHAX, BBIYUC/INM JUHEWHBIN Ha CJI0IX FaMUAJIbTOHHAH,
COOTBETCTBYIOIMMII BEKTOPHOMY TIOJIIO ¢ v:

Nogyv = (Mo, Pl 2= fuv) = (Pr o, o= fuv)

O d .
%<Pf o, fu>v:%huoPT L(\o)v,

IJle TpPOM3BOIHBIE 10 4 Gepyrcs npu u = u(7). BBogg ramMuiabroHEaH

hur(A) = hu(PETH(N)),
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MOXKHO 3aIUCaTh BTOPOii 4jieH Boipaxkenus (20.18) s Bropoil Bapuanun
B CJIEAYIOIIEM BHJIE:

t1 T

//)\0 |:g_/,_21}(7'2), g'nw(ﬁ)} drydr =
0

0
t1 T

0 1s)
{6_u Pz 0(72), 5 P w(n)}()\o) dry dry =

T

[

Tt o

o ;7 o ;7
= [ [ oxi (5 hums v(r2); 5= hur, w(ny)) dradrr. (20.19)
0
0 o 7 ~
31mech IpOU3BOTHBIE 3 hyr; T 3u hy,r; GepyTcs npu u = u(T;).

20.4. Heobxomumpble yCJIOBUS ONTUMAJIBHOCTH

HpI/IMeHI/IM IIOJIYyY€HHbIC DE3YyJbTaThl O BTOpOﬁ Bapuanyu U JOKazKeM
Heo6XOIMbIe yCJIOBUSI T€OMETPHIECKOll ONTHMAIBHOCTH IKCTPEMAIBHOI
Tpaexropun cucremst (20.1).

20.4.1. VYcaosue Jlexxauzapa. 3adukcupyeMm AOIMIyCTUMOE YIPaBJIe-
HUE U, ABJIFIONIeeCs KPUTHIECKON TOUKOM KopaHnra m > 1 orobpakeHus B
KoHer Fy, . Jlyis npocToThI 6yIeM Ipe/IoiaraTh, 9To U(-) KyCOIHO TIIaJIKO.
Bosbmewm Jr060it mHOX)KUTEIB Jlarpanxka

Ao € (Im DzFy,)*\ {0}.
Torma

t
At = Pt*71A0 =X o e;f)/}_{ﬂ(‘r) dT7 te [Oatl]a
0

€CTh TPAEKTOPHS FaMUJIBTOHOBON CHCTEMBI IPUHITIIIA MAKCAMYMa.
BBenem o6o3nadenme Jijisi COOTBETCTBYIONMIEN KBAAPATUIHON (HOPMBIL,
BBIMHCJIAIOmEl reccuan orobpazkenus B koHen B (20.18):

Q: Tau —>R,

t1 T1

Q(v) :/hlrl(/\r)(v(T)aU(T))dT+_t/l)\o[ /QITZU(Tz)dngInv(Tl) dry.
0 0

0
Torna pasercrso (20.18) 3anuceiBaeTcss Kak
At, Hessg F, (v,v) = Q(v), v € Ker Dy Fy, .

ITo Teopeme 20.3, eciiu yupasiieHue U JIOKAJHHO T€OMETPUIECKU OIITH-
MaJIbHO (T. e. 0TOGpaskeHne B KOHel[ F}, He SIBJISETCS JIOKAJIBHO OTKPBITHIM
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B U), TO CYIIECTBYET TAKOH MHOXKUTEJIb JIarpanxka Ag, 4TO COOTBETCTBYIO-
masi ¢popma () yIOBIETBOPSET YCIOBUIO

ind_ Q|ge, D, <M= corank Dy Fy, . (20.20)

Anpo nuddepennmana Dy Fy, onpejneisercs KOHEYHbIM YHUC/AIOM CKAJIAD-
HBIX JINHEHHBIX yPaBHEHUI:

t1

Ker Dz Fy, = {v ez U ‘ 90 O/ggv(t) dt = 0},
0

T. €. OHO MMeeT KOHEJHYI0 Kopa3dMepHOCTh B 15 U. IlosTomy u3 HepaBeHCT-
Ba (20.20) cremyer, uTo
ind_ @ < 400

JJIsi COOTBETCTBYIOMmEN 3KcTpemasn A;. Ecim B3ATh dKCTpEMasib — A,
IPOEIUPYOMYIOCA B Ty K€ SKCTPEMAJbHYH KpuBYH ¢(t), TO mOIy<Imm
dopmy () KOHETHOTO MOJIOKUTEIHHOrO WHAEKCa. [109ToMy M3 JIOKAJIBHOMK
reoMeTPUYIECKON ONTUMAILHOCTH U CJIEYET KOHEYHOCTD II0JI0KATEIHLHOIO
uHAEKCa (pOpMBI () JIjI HEKOTOPOTO MHOXKHUTEJA Jlarpamxka Ag.

MIpepmumoxenue 20.1. Ecau xsadpamuunas dopma Q umeem xo-
HEUHBLT NOAOIHCUMEADHBIT UHIEKC, MO 8004 COOMEEMCMEYIOWET dKCM-
DPEMAAU N¢ BLINOAHAEMCA CACOYIOULLE HEPABEHCNEO:

R/ (v,0) <0, tel0,t], veR™. (20.21)

Hepasencrso (20.21) maseBaeTca ycaosuem Jleoscandpa.

B wacrrocTn, eciu Tpaekropus ¢(t) JIOKaJIbHO MEOMETPUYECKH OITH-
MaJlbHa, TO ycjoBue JleKaHApa BBIIOIHSAETCS 1Jis HEKOTOPOH 9KCTpeMa-
au A, m(A¢) = ¢(t). Bupouem, HeoOxomumocTh ycmoBus JlexkaHapa s
OIITUMAJIBHOCTH HEIOCPEJACTBEHHO CileyeT u3 ycjoBus makcumyma [IMIIT
(ympaxnenue). Ho mamee Ham moramoburcs 6osee CHUIbHOE yTBEPKIEHIE
06 unnekce @, cpopmysiupoBansoe B upepirokenun 20.1.

OrMernM emmne pa3, 9TO MPU U3YUECHUH T€OMETPUIECKON OITUMAIIBHOC-
TH BCe 3HAKH MOXKHO ODPaTHTh: YMHOXKas A\; Ha —1, moaydaeM KBaIpa-
TraHy0 hopmy ¢ ind_ Q) < 400 U IPOTHBOMOJIOXKHOE ycjaoBue Jlexanmapa
Ry (A¢)(v,v) > 0. Koredro, 3TO OTHOCHTCS ¥ K HOCIEAYIOMUM YCJIOBHAM,
CBA3aHHBIM C F€OMETPUIECKON ONTHUMAIBLHOCTHIO.

Hoxaxxem mpeznmoxenne 20.1.

HoxkazarenbcTBo. BodbmMeM mpOU3BOIBHYIO TVIAJAKYI0 BEKTOD-
dYHKITIIO
v: R —R™, suppv C [0, 1],

U BBeJIEM CeMeiiCTBO Bapualuuii Buaa

v;,e(r)zv(77?>, 7el0,t), €>0.

3
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OrmernM, 9T0 BeKTOP-PYHKINUS VU . COCPELOTOUEHA HA OTPe3Ke [T, T + ¢].
Haiinem acumnroTuky dopmbl () Ha BBEIEHHOM CEMeEHCTBe:

Qo) = & [ HlsesOrsed) (0(s), v(s)) ds +

1
+ 62 Ao |: g‘ll_'+652v(52) dSz, g-IT—+551U(31) dsy =
0

O\H

- e/h'T—'()\;)(v(s), v(s))ds + O(¢2), (20.22)

rie O(e?) paBHOMepHO 1O v B HOpME L.
IIpeamnosoKuM, OT MPOTHBHOTO, YTO

hz(A7)(v,v) > 0
st HekoToporo T € [0,¢1), v € R™. B riaBHBIX 0CaX KBaJpaTHYHAs

dbopma CTaHOBUTCH CyMMOI KBaIPATOB:
m

MO (0,0) = Y ek (o),
i=1

re 10 MEeHbINel Mepe oauH Ko3(hdUImeHT

ak > 0.
Bribepem BekTOp-DYHKIHIO ¥ BHAIA
vi(s) 0
v(s) = | v'(s) [ = | v'(s)
v’.”'(.s) 0

C eJMHCTBEHHOH HeHyseBolt kommomentoit vi(s). Jljus mocrarouno ma-
abix € > 0 Q(vr,.) > 0. Ho npu mo6bix (UKCHPOBaHHBIX T H € IIPOCT-
PaHCTBO BeKTOp-byHKIHi vr . OeckorednomepHo. IlosTomy kBagparmd-
Has opma () nmeeT HECKOHEUHBIN MOJIOKUTEIbHBIN nHIeKC. [loydennoe
TPOTHBOpEYHE 3aBepIaeT JOKa3aTeIbCTBO. [

20.4.2. PerynsapHsble 3KcTpeMaJii. Mol qokasanm, 910 ycjaosue Jle-
XKaHJIpa HEOOXOIUMO Ijisi KOHEYHOCTH MOJIOKHUTEILHOTO WHIEKCA KBaJl-
patuunoit opmbl (). COOTBETCTBYIOIEE JOCTATOYHOE YCJIOBHE TAETCS
ycuaennsim ycaosuem Jleocanopa:

R () (v,0) < —alv|?, te[0,t1], veR™, (20.23)
a>0.

SKCTpeMaJII), YAOBJIETBOpAIOIIaA YCHJICHHOMY YCJIOBHIO JIe>KaH,sza,
Ha3bIBaC€TCA pezy/mpﬂoﬂ (OTMeTI/IM, 9TO 3TO oIpeaejieHne OTHOCUTCA TOJIb-
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KO B CIy4ae OTKPBLITOTO IIPOCTPAHCTBA YIPABJIAIOIIAX HapamMeTpos U,
Korja ycjaosue JIexkanapa CBA3aHO ¢ MAKCAMAJIBHOCTBIO My, ).

IMMpenanoxenne 20.2. Ecau A, t € [0,t1], ecmv pezyaspras xc-
mpemanv, mo:

(1) das wobozo T € [0,t1) cywecmsyem maxoe € > 0, wmo Popma Q
ompuyamenvha Ha npocmpancmee L [T, T + £l;

(2) gopma Q umeem Konewnvili nososcumenvhuli uHdEKC Ha MPocm-
panemee Ty U = LT[0, t4].

HdokaszareuabcTso. (1) Paznmoxnm dopmy Q:

Q(v) = Q1(v) + Q2(v),

t1

Qi) = [ WD), v(r)) dr,

0

t1
Q2(v) =/ [/972 v(7y) dra, g, v(T1 ] dry =
0

o 77 o 77
= /UAO (/a— hu’7—2 ’U(Tz), % hqu U(T1)> dT2 dTl.

B cuny menpepobisaocTu h!(A;) mo T u3 ycuiaenHoro ycjiosus Jlexanmapa
CJIEIIyeT, 9To

«a
Quvlpr i) < el

mpu Masbix € > 0. To e paccyxerue, uro u B (20.22), 10Ka3BIBAET, 4TO
wieH ()7 JOMUHHMDPYET Ha MAJIbIX OTPE3KaX:

Qa2(vly i) = O |0lT,, =0,
103TOMY
Q(U|[T,T+g]) <0

JUIs JOCTATOYHO Maubix € > 0 u Bcex v € LT[0, ¢4], v # 0.
(2) Hokaxkem, aro dopma () OTpUIATETHHA HA JFOGOM HOIPOCTPAHCT-
Be L™ 0, t1] KOHETHON KOPa3MEePHOCTH, OTCIOAA caemyet, aro ind . @ < oo.
Takoe ke paccykIeHHe, KaK U OPHMEHEHHOe IPHU J0KA3aTeJIbCTBE
nyekTa (1), DokasbIBaeT, ITO M0bast Touka T € [0,¢1] Moxker OBITH IO-
KpPbITa TaKUM OTPE3KOM [T — &, T + €], 9ro dopMa () oTpumaresbHa Ha
npocrpancree L™ [T — g, 7 + €]. Beibepem Takme Toukn 0 =19 < 71 < ...
. < Ty = t1, 9TO () OTpHIATENBbHA HA IpocTpancTBax LT[ 1, 7], i =
=1,...,N. Oopegenum cjeayroliee MOAIPOCTPAHCTBO KOHEYHOM KOPA3-
mepHocTH B L2 [0, 41]:

o .
L—{UELZQ[O,tl] oo / %huﬁv(r)dT:O, 1—1,...,N}.
Ti—1
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g moboro v € L, v # 0,

N
- ;Q(Uhﬁ_hn}) < 0.

ITosromy L ecTb HCKOMOE OTPUIATEIBHOE HOMIIPOCTPAHCTBO KOHEIHO KO-
pa3mepHOCTH KBaapatudHoit hopmel Q. CaenoBaresbao, hopma () nmeer
KOHEUYHBIN TOJIOXKUTEIHHBIN WHAEKC. []

IIpennoxenus 20.1 u 20.2 ycraHAaBIMBAIOT CBA3b 3HAKOOIPEIEJIEH-
rHoctm opmer h!(\;) ¢ 3HAKOONpEMENEHHOCTHIO (HOPMBI (), TIOITOMY B
CIy9ae KODAHTa OJWH C JIOKAJbHON T'eOMETPHIECKON ONTUMAJILHOCTHIO
yupasinernus u (6aromapst Teopeme 20.1). Veaosue Jlexxanapa Heo6Xoqu-
MO it KoHeuHocTH indy (), a HOTOMY ¥ JjIst JIOKAJIBbHONW MeOMeTpUYeCcKOn
ontumabaOoCcTH U. C ApyTOil CTOPOHBI, yCcmiaeHHOE ycjoBue Jlexkanapa
JOCTATOYHO I OTPHUIATEJbHOCTH () HA MaJIbIX OTPE3KaX, IIO3TOMY H
JJIsl JIOKAJIbHOM KOHEYHOMEDHOU ONTUMAJILHOCTH U HA MAaJIBIX OTPE3KaX.
OrmernM, 9TO TOpPa3mo 60JIee CUIBHBIN PE3yJIbTAT MOJIyIAeTCs U3 TEOPUU
nosei skcrpemadteii (maparpad 17.1). JeficTBUTENBHO, TIPH YCHIEHHOM
ycaoBuu Jlexkauapa MaKCHMU3UPOBAHHBIN TaMUJIBTOHNAH TPUHIIAIIA, MAK-
CHMyMa TJIJIOK, u cjieacrBue 17.1 naeT JOKaIbHYIO ONTUMAJbHOCTH HA
masnbrx orpeskax (B Tonosnormu C([0,1], M), a moromy u B Lo ([0, t1],U),
U B TOIIOJIOMH CXOAVMOCTU Ha KOHEYHOMEPHBIX IOAMHOro06pasusax B U).

20.4.3. OcoObie 3xkcTpemasiu. Paccmorpum Teneps ciydail, Korua
BTOpast MPOU3BOHAS FAMUJIBTOHUAHA, h,, 00paIaeTcs B HyJIb TOXK/I€CTBEH-
HO BIIOJIb SKCTPEMAJIH, B 9aCTHOCTH, CJay4dail adpPUHHBIX IO YIPABICHUIO

m
cucreM ¢ = fo(q) + Y. w;ifi(¢g). Urak, GyaeM npeamosiaratb, 9To 3KCTpe-
i=1

MaJib \; YIOBJIETBOPSET TOXKIECTBY
hY(\) =0, t €[0,t]- (20.24)

Takasa KCTpeMajb Ha3bIBaeTCd 6noane ocoboli. Kak u B ciydae pery-
JIAPHBIX JKCTpeMaJiell, 3TO ONpeJeJieHne OTHOCHTCS TOJBKO K CJIydaio
OTKPBITOI'O MHO2KECTBa praBJ‘IHIO]J_[I/IX IIapamMeTpoB U

Jna BonomHe 0co6o0ii 3KCTpemann BeIpaxkeHme st reccmana (20.18)
npuHIMaeT PopMy

t1 11
At, Hessg Fi, (v1,v2) = Ao /[ /gfrzvl (12) d7a, g va(T1) | d71.
0 0
Y066 HAATH JOMUHAPYOMIMI II€H I€CCHAHA (COCpe,ILOTO‘-IeHHblf/'I Ha Jua-
TOHAJIU Ty = Ty), HpoUHTErpupyeM 1o dactaMm. O6o3HaInM
t1
wi(T) = /vi(s) ds,
T
Y d
9 = EQ
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Torma

At, Hessg Fy, (v1,v9) =

ty

T1
= Ao(/[—g'nwl(ﬁ)-i-gf)wl(o) +/g;—2wl(T2)d727 917102(71)] dT1> =
0 0

t1

Y (— / (g (r), gLva(r)] dr + [ghw1 (0), ghwa(0)] +

+ [96w1(0)a]1g'7w2(7) dr} +/[g;w1(7),g;w2(r)] dr +

0
tl tl
+/[g;zwl(Tg),/g.lrl’lUQ(Tl)dT1:| dT2>. (2025)
0 T2

IIpounTerpupyeM mo dYacTdM TaKiKe YCJIOBHE IJOIIYCTUMOCTH (g O

t1
o [ gjvi(t) dt = 0:
0 t1
go © </ggwi(t) dt—i—ggwi(o)) =0. (20.26)
0

Hamee mbI Oyzmem 6paTh BapHaIlUy v;, MOAINHEHHBIE OTPAHUIEHIIO
ty
wi(0) = /vi(t) dt=0, i=1,2
0

IIpenmonoxum, gro (l)yHKIiI/II/I v(8), WCIOJB30BAHHBIE MPU MOCTPOEHUN

. T—T
ceMelcTBa V7 ¢ (T) = v( ), YJOBJIETBOPSIIOT PABEHCTBY

/lv(s) ds = 0.

Torna mepBoobpasHas
S

w(s) = /v(s') ds'

TakxkKe cocpenorodena Ha orpeske [0, 1]. [Ipu caenanHoM npeamosokeHun
BTOpPOii U TpeTHil 4ieHH! B BhIpayKeHHH reccuasa (20.25) obpaiaiorcs B
HyJb, 1 paBeHCTBO (20.26) CBOAUTCS K CIIEIYIOMEMY:

ty
qo © /gzwi(t) dt = 0.
0
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AcuMnroTuka reccuana Ha ceMefiCTBe Uz . IMeeT BUJ,
1
A, Hessg By, (vr ¢, 07 0) = Q(vz ) = €% /[g;w(s),g';v(s)] ds + O(g%).
0
UccrenoBanne 9TOTO JOMUHADYIOMIETO WI€HA TPHBOIAT K HEOOXOIAMBIM
ycCiaoBusgM OIITUMAJIBHOCTH.

IMpengnoxenne 20.3. Iycmo A, t € [0,t1], ecmo 6noane ocobas
axempemaas. Ecau xeadpamuunas gopma Q = Ay, Hessy Fy, umeem xo-
HEWHBIT NOAOAHCUMENLHBIT UHIEKC, MO

Aolgiv1, giv2] = 0 Vu,vg €R™,  te0,ty]. (20.27)

Pagsencrso (20.27) masbiBaeTcs ycaosuem loxa. Ero MoxHO Takxke
3anmcaTh CJIEAYIONIM 00pa3oM:

0f.  0fa
)‘t[aj; U1, aj; ”2} =0
WIn, B TAMAJIBTOHOBOM (bopMme,

Ohy Ohay B - 2\
{Bul ’ 6Uj }()\t) _U)“<6ui hu, 6uj hu) - 07
ij=1,...,m, te][0,t].

Kaxk u paHbIlle, IPOM3BOAHBIE 110 U BBIYUCISIOTCS IPH U = U(t).
Hokaxem npeioxkenue 20.3.

JlokasaTeuasbcTBo. BosbMeM Takyio IIaIKyi0 BeKTOP-(DYHKIHIO
27

v: R — R™, cocpenorouennyio Ha orpeske [0, 2], aTo0 f v(s)ds =0, n
0

IIOCTPOUM, KaK paHbllle, BADUAINIO yIIPDABJIEHUHN

vre(T) = v(T ; ?>.

Ilonygaem
27

Q(vre) =& / olgrw(s), gu(s)] ds + O(*)|[v]lL,

S
rie w(s) = [v(s') ds'. Jomunupyrouyii wien ecrs unTerpai
0

/ Nolglw(s), ghv(s)] ds = / w(w(s), v(s)) ds, (20.28)
w(z,y) = Nolgzz, 97yl  x,y eR™.

3amernM, 4UTO OWIWHEHHAas KOCOCHMMETpWYHas (opMa w BXOAUT B
ycnosue Toxa (20.27). YrobGel moKasaTh MpeJIOXKeHHE, MOKAaXKeM, UTO
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ecim w #0, To gomuHUpyOmui wien reccuana (20.28) mmeer moJIOKU-
TeJIbHOE MOAIIPOCTPAHCTBO CKOJIb YT'OIHO OOJIBIION PA3MEPHOCTH.

ITycts w # 0 mas Hekoroporo T € [0,¢1]. Torma rankw = 21 > 0 u
cymiecTByioT kKoopauaaTsl B R™ | B KOTOPBIX (pbopMa w mMMeEeT BT

l
w(z,y) =Y (a'y™ -2ty

Tm Ym
BoszbMeM BeKTOp-(YHKIMIO U BHIA

vi(s)

0
v(s) = W *+1(s) | vl(s) = ka cosks, ov'Tl(s)= an sin ks.
0 k>0 k>0
IMopcrasnas v(s) B (20.28), nosysaem
27
1
/w(w(s), v(s))ds = -2 Z z &Mk -
0 E>0

OueBuHO, 9TO T2 HPOPMA UMEET MOJIOXKUTEIBHOE IOAIIPOCTPAHCTBO Oec-
KOHEYHOIl pa3MepHOCTH.

st ckomp yromuo Gosbimoro N MOXKHO HaiiTu [N-MEpPHOE IIOJI0XKU-
TesibHOe HpocTpaHcTBo Ly dopmer (20.28). CymecrByer Takoe ey > 0,
910 Q(V7,e ) > 0 mist mr06eIx v € Ly . ITosromy indy Q = oo. Iomyaennoe
mpoTuBOpeYne J0Ka3biBaeT yciaosue Loxa. [

Yunpaxuaenune 20.5. Ilokaxure, aTo yciioBue l'oxa BBIIOJIHAETCS
HE TOJIbKO I KYCOYHO [VIAIKWUX, HO W JJIs U3MEPUMBIX OIDAHUIEHHBIX
9KCTPEMAJIbHBIX YIPaBJIEHW U B TOYKax Jlebera.

Ycmosue T'oxa maer cuibHBIE OTpAHWYEHHsS Ha BIIOJIHE 0CODOE OIMTH-
MaJbHOE yupasieHue u. st BrosiHe 0C06O0i KCTpEMa/u IepBble JIBa
wrena B (20.25) o6pamarorcs B Hysb 1o ycaosuio [oxa. Bosee Toro, npn
ycmoBru w(0) = 0 tpermit wien B (20.25) Takxke paser Hymo. Torna Bbl-
paxenue 1jis reccuana (20.25) CBOAUTCA K CIIEAYIOIIM ABYM CJIAraeMbIM:

At, Hessz Fy, (v,v) = Q(v) =

ty

ool [ s -+ [ st f 0ty an] ),
’ " b (20.29)
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IIpeamosoxkumM, 9T0 KBajgpaTudHasa ¢popma () mMeeT KOHEUHBIH II0JI0-
KUTEJIbHBINA uHIeKC. TakmMuy Ke pacCyKIeHUSMU, KaKue MPUMEHSINCh
mpu JoKa3aTeabcTBe mpemtoxkenns 20.1, moka3bIBaeM €Ime 0JTHO TOTOYeY-
HOE yCJIOBUE:

Xolgiv,giv] <O Vo eR™, te]0,t]. (20.30)

OTO HEPABEHCTBO HA3BIBAETCS 0006uleHHbIM Ycaosuem Jleocandpa.
3amernm, 9To 0000I1eHHOE yCioBue JIexkaHapa MOXKHO IepenuncaTb B
TaMUJIBTOHOBBIX TEPMUHAX:

{{ha, W} i} () + { R Gi(0), ), B} ) < 0,
veR™, t€][0,ty].
OTO ClemayeT U3 PaBEHCTB

Ofu, — Ad P, 2L

_ p-1 O fu
90 =P Ou Ou Y,

0 fu
v = —exp/adfu(T dr J;

0 fu 1 0% o
= P fa G2o] + Pt O i), v).

Cubras Bepcma (20.31) o606mennoOro ycnopus Jlexxanapa urpaer Bo
BIIOJIHE 0COOOM CJIydae TaKyIo 2Ke PoJib, KaK yCHJIEHHOE yCaoBHe JIexKaHI-
pa B PEryJIapHOM CJIydae.

HIpemgnoxenune 20.4. [lycmo axcmpemans Ay 6noare ocoba, ydos-
aemeopaem ycaosuro loxa, ycuaennomy obobuenromy ycaosuro Jle-
orcandpa

{Chac, B b ) + (R G0 0) B0} < —alol?,
veR™, tel0,t],

das nexomopozo o > 0, u caedyrouemy Ycaosulo HeuLLPOHCIEHHOCTIU:

0 fu(qo)

u (o)

Aunelinoe omobpasicenue : R™ — Ty M unsexmusno.

(20.32)

Tozda xeadpamuwnas popma Q|k.. Dy, OMPUUAMENLHA HA MANDIT
OMPE3KAT U UMEEM KOHEUHT noaodcumesvuuli undexe nwa LT[0, 1]

JlokazaTeJabCTBO. JTO IPEJIOKEHUE JOKA3bIBAETCH aHaJI0T Y-
HO yTBepxkaermio 20.2. B pasnoxennm (20.25) nepeble gBa CiiaraeMbIx
00paIaTCca B HyJb IO yCJIOBHIO 1'0Xa, 8 9€TBePTHIN WIEH OTPUIATEICH 1
JOMHUHHUPYET Ha MAJIbIX OTpe3Kax. TpeTnil 4ieH Maj Ha KOPOTKAX OTPE3-
KaX, TaK KakK
_ 9 fu(go) wl(O),

!
90 Ogowl(o) du @(0)
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ty
a ycaosue (20.32) nossosser Boipasursb w1 (0) gepes nurerpan [ wi (1) dr

0
Ha anpe Dz Fy,, onpenenernom pasercrsom (20.26). O

Msr O6ymeM HA3BIBATH SKCTPEMAJIb, y/I0BJIETBOPSIONLYIO BCEM YCJIOBUAM
nperoxkenus 20.4, xopowet 0cobol axcmpemanvio.

20.4.4. Heobxomgumbie yciaoBusi. CymMMupys pe3yJibTaThl 9TOTO Ma-
parpada, moydaeM Caeayoliie HeOOXOMUMbIE YCIOBHUS IS TOTO, YTOOBI
KBaJparudHas Gpopma () nMesia KOHEYHBIN HOJIOXKUTE/IbHBIA UHJIEKC.

Teopewma 204. ITycmv Kycouno aaadkoe ynpasaenue & = u(t), t €
€ [0,t1], ecmv Kpumuueckas mouwka omobpasicerus 8 xoney Fy, . Iyemo
KOBEKMOP A, € T;t (a)M asaaemca mrodtcumenem Jlaeparorca:

1

AtlDﬂFtl = O, Ah 7& 0

Ecau xeadpamuunas gopma Q umeem KoOHEUHBIT NOAOHCUMEALHDIT
undexe, mo:
(I) mpaexmopus Ay 2amusLMOHOB0T, CUCMEMbL NPUHUUNG MAKCUMYMA

)‘\t = }_{i(t)()\t)v hu()‘) = <)\7 fu(CI)>:
ydosaemeopsem paseHcmey
hi(A) =0,  te0,t];
(I1.1) evnoanaemes yecaosue Jlescandpa:
Ry (A¢)(v,v) <0, veR™, tel0,t].
(I1.2) Ecau axcmpemans Ay 6noane ocobas:
hy (A)(v,v) =0, veR™, tel0,t],
mo ewnoanstomes ycaosue Ioxa
{hjv1, hjva} (M) =0, v1,v2 € R™,  t €[0,t1], (20.33)

u 0bobwennoe ycaosue Jleorcandpa
{{ha), hiv}, v} (he) + (R (u(2), v), hio} (A) <0,

(20.34)
veR™, tel0,t].
3amedanwne. Econ rammrbronnan h, 3asucut or u abdunno (ad-
(uHHBIE IO yIPABIEHAIO CHCTEMBI), TO BTOPOE CJIAraeMoe B 0000IIEHHOM
ycnosum Jlexannpa (20.34) ob6pamaercs B HyIb.

HanmomHEM, 9TO COOTBETCTBYIOIINE JOCTATOYHBIE YCIOBUS KOHEYHOCTH
WHJIEKCa BTOPO#l Bapuanuu JaioTcd B npenimoxkenusax 20.2 u 20.4.

Kombunampys: reopemsr 20.4 u 20.3, moaydaeM Ceayromye HeoOX0au-
MBbI€E yCJIOBI/IH OIITUMAJIBHOCTH.

Cnenmcreue 20.1. Ecau xycouno zaadkoe ynpasaenue u = u(t)
AOKAADHO —20MEMPUHECKY  ONMUMAAOLHO OAR  YNPABAAEMOT Ccucme-
mor (20.14), mo 6doav coomeemcmeyrowet] IKCIMPEMAAL Ap BOINONHI-
romea yeaosus nepeozo nopadka (I) u emopozo nopadka (11.1), (IL.2)
meopemot 20.4.
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20.5. Ilpuigoxkenus

B srom Haparpacbe MbI IPDUMEHUM IIOJIYyY€HHBIE YCJIOBUA OIITHUMAJIb-
HOCTH BTOPOT'O IMOPAJAKa K KOHKPDETHBIM 3a/Ja49aM.

20.5.1. AHopMaJibHBIE CYOpPMMAaHOBBI reojiesmdeckue. Pac-
CMOTPUM CYOPUMAHOBY 3339y

m
- § : _ m
q= ulfl(q)a q€M7 u_(ula"'aum)eR )
=1
q(0)=q,  q(1)=a,
1
0
I/ICCJIG,ZLOBaHI/Ie OIITUMAJIBbHOCTU 3KBUBAJIECHTHO I/ISyquI/IIO I‘paHI/IIlbI
MHO2KeCTBa JOCTHU2KHMMOCTH JJIA paCHII/IpeHHOﬁ CUCTEMBIL

q:Zuzfz(q); qEMa
=1

I(u) =

m

1
Zu?dt = %/|u|2dt — min.
0

N | =

=1

1
g=5luf yeR

Tamunbronnan paBeH
huhv) =Y wilA fil@) + 5 |ul,  AeT'M, veR =R
i=1

[Tapamerp v mocTosiHEH BIOJIb JH000M reomesmdeckoil (sxcrpemann). Ec-
an v # 0 (HOpMaJbHBIN CJIydail), TO YKCTPEMAJIbHOE yIPABJICHHE MOXK-
HO OIpeneJnTh U3 HpuHIuIa Makcumyma. lasee Oymem paccmarpusarh
aHOPMAJIbHBIN Ciry4aii:

v=20.
Torzua

hu(N) = hy(),0) = iuihi()\),

hi(A) = (A file)), i=1,...,m.
B anopmasnbpHOM ciiydae ycimoBue makcumyMma IIMII memocpencTBerHO
HE OIpeJeiseT yupaBjeHus (AHOPMaJIbHbIE SKCTPEMAJIU BIIOJIHE OCODBIE).
W3 sToro ycmoBus cjaemyer, 9T0 aHOPMAJIbHBIE SKCTPEMAJIA \; YIOBJIETBO-
PSIOT KPOME FaMUJIBTOHOBOM CHCTEMBI

m
Ao =Y ui(t)hi(Ar)
i=1
CJIeYIOIIM TOXKJAECTBAM:

hi()\t)EO, 1=1,...,m.



304 Ta. 20. Yeaosus onmumasbrocmu 6mopozo nopadka

IIpnmennm ycsioBHS BTOpPOro nmopsaka. Kak Mer yzke oTMedan, yCiIo-
Bue Jlexannpa Beipoxkgaercda. Ycsosue ['oxa npuanmaer dhopmy

{hl,h]}(At) = 0, Z,] = l, e, M.

Ecnu anopMasbHas 9KCTpeMaJjb \; IPOENUPYyeTcd B ONTHUMAJbHYIO Tpa-
ekTopuio ¢(t), To B 1060 TOYKe g ITON TPAEKTOPUH CYIIECTBYET TaKOil
KOBEKTOD

NETIM,  X#0,

q9To

<)‘7 fl(q» =0, B
Mo fil@)y =0,  i,j=1,...,m.

CaenoBareibHO, eciiu

span(fi(q), [fi, f51(q)) = ToM, (20.35)

TO 9epe3 TOqu G HE IPOXOALAT JIOKAJIbHO OIITUMAJIbHbIE CTPOI'O aHOPMaJIb-
HbIE TPAEKTOPUH.

OKcTpeMalibHasg TPAEKTOPHUS HA3bIBAETCA CMPO20 GHOPMAALHOT, €C-
JII OHa fABJIAETCA MPOEKIHUel aHOPMAJILHON SKCTpPeMasd U He SABJISeTC
IpoeKIyel HopMaIbHOH sKcTpeMasd. OTMeTHM, 9To B ciaydae corank > 1
SKCTPeMaJIbHBIE TPAEKTOPHH MOTYT OBITH aHOPMAaJbHBIMH, HO HE CTPO-
'O aHOPMaJIbHBIMUA (T. €. MOFyT 6])IT]) AHOPMaJIbHBIMU W HOPMAaJIbHBIMUA
OIHOBPEMEHHO): MOTYT CyIeCTBOBATH IBA MHOXKHUTENs Jlarpamxka (A, 0)
u (N,v # 0). Mansle nyrm Takux TpaeKTOpHil BCEra ONTUMAJIHHBI B

_ 13

CUJly TJIaJIKOCTU HOPMAJbHOrO raMujibroHuana H = 3 'z:1hi (cm. caen-
1=

creme 17.1).

Pacnpenenernns span(f;(q)), ymoaersopsitomme ycaosmto (20.35), Ha-
3BIBAIOTCA 2-nopodtciarousumy. Hanpumep, ieBOonHBapHAHTHBIE PACIIPEIe-
JIEHWs TIOJIHOTO PaHTa, BOSHUKAIIZE B CyOPMMAaHOBOI 3a1ad9e HA KOM-
makTHOH rpymnme Jlu B maparpade 19.2 u ynpaxuaennn 19.1, sBasrorcs
2-TOpPOK TAIOMTAMH, TI03TOMY B 9THX 3ajJ@adaX HET CTPOTO0 aHOPMAaJbHBIX
TPaEKTOPHIA.

IIpumep 20.1. PaccmoTpuM CIIeayIONIYIO JJEBOMHBAPUAHTHYIO CyO-
pumanoBy 3amady Ha GL(n) ¢ ecrecTBeHHBIM KpHTEpHEM:

Q=QV, QeGL(n), V=V* (20.36)
1

J(V) = %/tr V2 dt — min. (20.37)
0

Yunpaxuaenune 20.6. [lokaxure, 9T0 HOpMaJbHBIE SKCTPEMAJHA B
9TOU 3aJatde CyTh IPOU3BEIECHUS IBYX OJHONAPAMETPUIECKUAX MOATPYII.
(Ykasanme: moBropure paccyxzaenne maparpada 19.2.) Orcroma crenyer,
910 11002 HEBBIPOXKIEHHAS MATPHULIA MOXKET OBITH IIPEICTaBJIEHA B BHUE
npoussenenns aByx sxcmonent e’ eV ~V)/2, Bamernm, urto mHe J1106%/51

HEBBIPDOXKJICHHAA MaTPHUIla IIPEACTAB/IIAECTCA B BUIEC O,ZLHOfI 9KCIIOHEHTEI € .
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B 3azaqe (20.36), (20.37) uMeeTcss MHOIO aHOPMAJIBHBIX SKCTPEMAJIEH,
HO OHH He MOIYT ObITh ONTHMAJIbHBIMH. JIETKO BHIETH, YTO PACIpE/ieie-
HUe, 33/JaHHOE [IPABOI JaCThIO ITO CUCTEMBI, 2-opoX gatomee. JeficTBu-

TeJIbHO,
[Q‘/la Q‘/Z] = Q[Vh ‘/2]’

OpUYeM eCIu MATpUIpl V; cuMMerpudHbl, TO ux KommyTtarop [Vi, Va] ko-
cocummerpudeH. Bosee Toro, aobasi KOCOCUMMETPUYHAS MATPUIA MOXKET
ObiTh mOsTydeHa TakuM obpasoM. Ho mobas (n X n)-marpuna ectb cymma
CUMMETPUYHONR M KOCOCUMMeETpUYHOM Marpuil. [losTomy pacmpenesienne
{QV| V* =V} 2-nopoxzaroree, 1 CTPOro aHOPMAaJIbHBIE 9KCTPEMAJIbHbIE
TPa€KTOPUU HEOIITUMAJIbHBI.

20.5.2. JlokasibHag YIpaBJIge€eMOCTh OWJIMHEHHBIX CHCTEM.
PaccmoTpuM Guaunetinyo ynpaB/isieMy CHCTEMY BHIA

z = Az + uBx + vb, u,v €ER,  xz €R". (20.38)

Mg1 xoTuMm BBIACHUTD, KOT'Ja 3Ta CHCTEMA A0KAADHO YNPABAAEMA B HATAJIE
KOOpAWHAT, T. €.
0 € int Ay (t) Vit>0.

Orpunanue HEOOXOAUMBIX yCJIOBUN M€OMETPUYECKONH OIITUMAJILHOCTH JIAE€T
JOCTATOYHBIE YCIOBUS JIOKAJIHHOU yIIPABJISEMOCTH.

IIpumenum k Hamieil cucTeMe yC/IOBAS BTOPOTO HOPSAIKA U3 CJIEICT-
Bug 20.1. IIpegnmonoxkum, 9T0

0 € 0Ap(t) nna mekoroporo t > 0.

Torma Tpaekropus z(t) = 0 reOMETPHUYECKH ONTHUMAJIBHA, MOSTOMY OHA
YIOBJIETBOPSIET MPUHIUIY MAaKCHAMyMa. J3ABHUCAIIWI OT yIPABJIEHUS Ia-
MIJIBTOHUAH PaBeH

huw(p,z) = pAz + upBz + vpb, A= (p,z) € T*R* =R™ x R".

BeprukanbHasg 9acTh raMHJIBTOHOBOH CHCTEMBI BIOJIb TpaeKTopuu z(t)
nMeeT BUJ,
p = —pA, p € R™. (20.39)

W3 npuauma MakCuMyma CJIeIyeT, 9To

p(T)b = p(O)e_ATb =0, T €1[0,t],

p(0)A'b = 0, i=0,...,n—1, (20.40)
st Hekotoporo kosekTopa p(0) # 0, mosTomy
span(b, Ab, ..., A" 1b) £ R".

Ilepexomum K yciaoBuUSM BTODPOrO HOpsikKa. Yciaosue Jlexxaumapa Bbi-
pOXKmaeTcs, TakK Kak cucreMa adduHHA 0 yIpaB/ieHno, a ycaoBue ['oxa
npuHIMaeT PopMy

p(T)Bb=0, T €[0,¢].

20 A.A. Arpaues, 10.JI. Caukos
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Huddepennupys 3T0 TOKIECTBO B CHILy FaMIIIBTOHOBOI cucteMst (20.39),
mosty4daeM, Brob6aBok K (20.40), nomonnuTenbHble orpanudenus Ha p(0):

p(0)A'Bb=0, i=0,...,n—1.
O6o0b1menHOe ycmoBue JlexxkaHapa BBIPOXKIAETCH.
Wrak, HepaBeHCTBO
span(b, Ab, ..., A" 'b, Bb, ABb,..., A" 'Bb) # R"

HeoOXOIMMO IS TeOMeTPHIeCcKoil onTuMmanbHOCTH Tpaekropun z(t) = 0.
WNuabivu citoBaMu, paBeHCTBO

span(b, Ab, ..., A" b, Bb, ABb,..., A" 1Bb) = R"

JIOCTATOYHO JIsl JIOKAJIbHOM yIIpaB/sieMocTH bunnneitaoi cucremst (20.38)
B HaYaJIe KOODJMHAT.

20.6. CucreMbl CO CKJISIPHBIM yHpaBJIEHUEM

B srom maparpade MbI IpEMEHHM yCJIOBUS OINTHMAJIBLHOCTU IIEPBOIO
U BTOPOI'O HOPSIKOB K IpocTeiinieMy (1 HanboJee CJA0XKHOMY JJisd yIPaB-
JIEHHsI) CIIy9aro CHCTEM CO CKAJISIPHBIM YIPABICHUEM:

= folg) +ufie), uwe€le,f]CR, qgeM. (20.41)

Cucrema addunna mo ynpasjeHu, U ycjaoBue Jlexkannpa aBToMaTH-
4qecKu BhIpOXKaercsd. Jlajee, ynpaBiieHue oJHOMEPHO, IO3TOMY YCJIOBHE
loxa TpuBmanbHo. Bupouem, 0600menHoe ycnoBue Jlexxaunmpa paboraer
(MI)I BBIIIAIIIEM €I'0 HI/I)Ke). CHa,‘-IaJIa, OPpUMEHUM HIPUHIWUII MaKCUMyMa
IloaTpsaruna. Beemem smHeitHbIE HA CI0IX KOKACATEIHHOTO PACCIOCHUS

IraMUJIbTOHNAHBL i
hi(A) = (A fi(g)),  i=0,1;
TOrJa raMHJIbTOHHAH CUCTEMBI DaBE€H
ha(N) = ho(\) + uhs (V).

Ms1 6ymem paccMaTpuBaTh SKCTPEMAJIA, COOTBETCTBYIOMINE YIIPABICHUIO

u(t) € (o, B). (20.42)
Tamuiabronosa cucrema IIMII umeer Bu
A = ho(Ar) 4+ u(t)hy(Ar), (20.43)
a ycJaoBHE MAKCHMYyMa CBOIUTCHA K TOXKIECTBY
hi(At) = 0. (20.44)

DKCTpeMaJd \; JIMIIIUALEBBI, IO9TOMY IPEAbIAYIIEE TOXKJIECTBO MOXKHO
muddepeHIpPoOBaTh:

hi(\e) = % hi(\e) = {ho + w(®)h1, hi}(A\e) = {ho, hi}(A) = 0. (20.45)

Pasencrea (20.44), (20.45), BBIHOJHSIONMECS TOMXKIECTBEHHO BJIOJb
J000M KCTpeMann A, KoTopas yzosierBopsieT (20.42), He MO3BOJSIOT
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OLpEeENUTh COOTBETCTBYOMIee yupasjienue u(t). YTobel moaydurs pa-
BEHCTBO, copepxkamiee u(t), npomomkaem quddepeHIupoBaTh:
hi(A) = {ho + u(t)hy, {ho, h1}} (Ne) =

= {ho, {ho, h1}}(Ae) + u(t){h1,{ho, h1}}(A:) = 0.

Bsenem obo3HadeHNE /18 TaMUAJIbTOHUAHOB:
hi1i2---ik = {hilv {hizﬁ LR {hik—u hik} .- }}7 i]' € {07 1}'

Tornma smobast skcTpeMasb \; ¢ orparmaerneM (20.42) ymosreTsopser
TOXKJIECTBAM

h1 ()\t) = hOl()\t) = 0, (2046)

h001(>\t) =+ U(t)hml(}\t) =0. (2047)

Ecam hyo1(\:) # 0, To 3xcTpemanbHOe ynpasaenue u = u(M;) onpeess-
€TCdA OJHO3HAYHO TOYKOM \;:

h, A
u()\t) — 001( t)

 hior(Ae)

3ameTnM, 9YTO YCJIOBHE DEryaspHOCTH hig1(A:) # 0 TecHO cBsizaHO C
0000mmenabIM yestoBueM Jlexxaunpa. [lelicTBUTENBHO, IS TaMUJIBTOHAA-
Ha h, = ho + uhy 0600mEeHHOE ycaoBue JlexkaHaApa IPUHUMAET BUJL

{{ho + uhi, hi}, hi}(Ae) = —hio1 (M) <0,

h101(As) = 0.

Ecam e 9T0 HepaBEeHCTBO CTAHOBUTCS CTPOTUM, TO yIPABJIEHUE OIpe/ie-
asercs coornomenuem (20.48).

Ipenmonoxum, ato higr(A¢) # 0, m momcraBum ynpasaerume u(\) =
= —hgo1(A)/h101(N), onpenensemoe pasercrsoM (20.48), B raMHIBTOHOBY
cucremy (20.43):

. (20.48)

T. €.

A= ho(N) + u(A)h1(N). (20.49)

Jlro6asi sKCTpeManb, Ha KOTOPOil BemosHATCA ycaosus (20.42) m
hio1(A:) # 0, ecTb TpaekTOpUS ITON CHCTEMBI.

Jlemma 20.3. Mnozoobpasue
{)\ S T*M| hy ()\) = h01()\) =0, thl()\) 7é 0} (2050)
unsapuanmmo oan cucmemvt (20.49).

HokasaTeascTso. [Ipexxme Bcero 3amernmM, 4T0 YCJIOBHE PETY-
asproctr hig1(A\) # 0 rapamrupyer, uro ycnoemsa (20.50) ompemessiror
A KO MHOroobpasme, Tak Kak dyhi; m dyhgy /1uHEIHO HE3aBUCHMBIL.
Beenem ramMmuabToHUAH

P(A) = ho(A) + u(M)h1 ().
COOTBeTCTByIOHIee TaMHUJIBTOHOBO BEKTOPHOE II0JIE

GO = ho(A) +u(N) Bi(A) + ha (M) T(N)

20*
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comazaer ¢ moseM (20.49) Ha MmHoroobpasuu {h; = hg1 = 0}, nosromy
JIOCTATOYHO MOKA3aTh, 9TO () KACAETCH 9TOr0 MHOr006pasusL.
BLIYHCITIM TPOM3BOIHbIE B0 TIOJIS (B:

by = {ho + uhy,h1} = hoy — (E1u)h1,

ho1 = {ho + uhy, ho1} = hoo1 + uhio1 —(f_l)01u)h1 = —U_{ow)hl-
—_——
=0

Jluneiinag cucrema ¢ mepeMeHHbIMU Kod(ddunuentamu g hy(t) =

= h1(At), ho1(t) = ho1 (M)

{w) = hor(£) = () () (1),
ho1(t) = —(horu)(Ae) P (2)

HMeeT eIMHCTBEHHOE perenne. 1109ToMy 1y1a Hada bHbIX yeaoBrii hy (0) =
= ho1(0) = 0 momygaem pernerne hq(t) = ho1(t) = 0. CremoBarensHo,
muoroobpasue (20.50) unBapuanTHO [ 1O P(A), A MOTOMY M Jiis
nosa (20.49). O

Tenepp ommmem Bee skcTpemann cucreMer (20.41), yaoBreTBopsronme
yeaosuam (20.42) u hypy # 0. Jliobasg Takas 9KCTpEMaJlb MPUHAIJIEIKUAT
mHOroobpasuio {hy = hor = 0}, u gepe3 m06YIO TOUKY g 9TOro MHOr00G-
pa3us, YIOBIETBOPSIONIYIO TPAHIYHBIM YCJIOBUSIM HA YIIPABJIEHHE

u() = e (o)

MIPOXOJAUT €JUHCTBEHHAS TaKas JKCTPEMAJIb — TPAEKTOPUS A; CHCTe-
Mol (20.49).

B 3anagax, paccmorperHpix B 1. 13 m 18 (mammnua [lyGunca, Bpa-
menne BOKPYyT asyx oceit B SO(3)), Bce ocobble KCTpeMan BO3HUKAIN
MMEHHO TakuM obpa3om. B obmem ciaydae hig; # 0, u Bce sKcTpeMa-
s, yposyerBopsionme (20.42), MOryT GbITH M3Y4YEHBI, KAK TO CHEJIAHO
Boire. Ho B HEKOTODBIX BAXKHBIX MPUMEPAX FAMUJIBTOHWAH h1p; MOXKET
obpammaTrbcs B Hynb. Hampumep, paccMOTpAM MeXaHHYECKYIO CUCTEMY C
yupasJigeMoil cuIoi

§ = g(y) + ub, y,beR", wela,p]CR

WM, B CTaHIApPTHON dopme,

{yl = Y2,
Y2 = g(y1) + ub.
Bekropaubie o1 B mpaBoil 9acTu paBHBI
0 0
= R N = b [
fo=192 a0 +9(y1) a0’ fi ,

IIO3TOMY
hio1(A) = (A, [f1, [fo, f1]]) = 0.
~—

=0
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Bosee o610, h1p; TakzKe obpalmaercs B HYJIb JJjis CACTEM BUIA

j’l = f(.’L', y)7 n

.. z e M, ,beRY we|a,B] CR 20.51
{yzg(w,yHub, Y [, 5] (20.51)

WHTepecHbIit IPUMeEp CHCTEMBI TAKOTO POJIa — MawuHa JJybunca ¢ ynpas-
AEHUEM Y2A06bIM YCKOPEHUEM:

&1 = cosb,
o =sinf
i—y | (e eR, gesh yeR <l
- )
Y =u,
Umes B Buy Takylo MOTHBAIUIO, PACCMOTPUM TENEPh CJIydail, KOrja

h101()\) =0. (2052)

Tornma pasercTBo (20.47) He comepxkut u(t), u MBI HpomOKEM Judde-
peHIupoBanue, 4Tobbl 1I0JIyYUTh ypaBHEeHHUe, Ollpee/sioliee ylipaBIeHue

hf’)(At) = hoo1(A) = hooor (Ae) + u(t)hioo1(Ne) = 0.

Oxa3bIBaeTcst, COMHOXKHTENDb NP 4(t) TOXKIECTBEHHO 06PAMIAETCS B HYJIb
npu ycnosun (20.52):

h1001 - {hla {hOa {h()? hl}}} =
= {{h1, ho}, {ho, h1}} +{ho, {h1, {ho, h1}}} = {ho, h101} = 0.

=0

ITosromy nosygaewm, B mononserue K (20.46), (20.47) u (20.52), erme oguO
TOXKAECTBO Ge3 u(t):

h0001()\t) =0.
IIpomomxum muddepennupoBanume:

B (M) = hogor(Ae) = hoooor (M) + u(t)haooo1(Ne) = 0. (20.53)

s mamuabt IyGusca ¢ yupas/ieHHeM yIJIOBBIM yCKopeHueM hyooo1 (Ar) 7
# 0, u B cirydae o6ruero mosoxenus (B kiacce cucreM (20.51)) sTo Takxe
BepHO. IIpu ycmoBun higgo1(A¢) # 0 MOXKHO BHIDA3UTH yIPABJIEHUE B BUIE
u = u(A) m3 ypasrenus (20.53) m HaliTH BCce SKCTpEMAIN TaK XKe, KAK B
clrydae h101(>\t) 7é 0.

Yupaxuaeunue 20.7. Ilokaxnre, aro ans mamwmasl lybunca c
YIPaBJIEHUEM YTJIOBBIM YCKOPEHHEM OCOOBIE TPAEKTOPUH CyTh IMPSMBIE HA
wiockocTa (T, Tg):

$1:I(1)+tC0560, $2:$g+tsin00, 9:00, yZO

Bopouewm, sTa cucrema ycrpoena mo-HoBoMy. llogBisieTcss HOBBIM THII
ONTUMAJIFHOTO YIIPABJIEHUs, KOT/Ia YIIPAaBJIEHAE NMEET OECKOHEIHOE IUCTIO
TEPEKJIIOYEeHNT Ha KOMIIAKTHBIX BDEMEHHBIX WHTEPBAJIaX.
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g crangapraoii mamwmasl lybunca (¢ ynpasieHuneM yTIOBOI CKO-
POCTBIO) 0COOBIE TPAEKTOPUH MOTYT CONPSATaThCA C PEJeHHBIME TPAEKTO-
pUSMHE CIELYIOMUM 00pa30M:

u(t)=+1, t<t u(t) =0, >t (20.54)

nJjim B _
w(t) =0, t<t  u(t)=+1, t>L (20.55)

ITokazkem, 9TO mpy yIpaBil€eHUU YIVIOBBIM YCKODEHUEM TAaKHE YIIPaB-
JIEHUs HE MOT'YT OBITH ONTHUMAJIHHBI.

IIpuBenenHOE HUXKE PACCYK/IEHIE TOKA3BIBAET, KAK HAIIN METOIBI MO-
I'yT OIPUMEHSTHCH B CUTYaIlUsX, HE TMOKPBIBAEMBIX (hOPMAJIBLHOM Teopueii.
B xome sToro paccyxmeHust Mbl ToKaxkeM mpezgoxenne 20.5, copmymn-
poBauHOe Ha cTp. 314.

Paccmorpum 3ama9y 6pICcTpOAEiicTBHS [Tt HAITEH CHCTEMBI CO CKAJISAP-
ubiM yrupasiaenueM (20.41). /TokazkeM, 9T0 HE CYIIECTBYET ONTHMAJIbHBIX
10 OBICTPOIEHCTBUI0 TPAEKTOPHIA, COIEPIKAIIMX OCOOBIA YIACTOK, 3a KO-
TOPBIM CJIEAYET PejieilHblil y9acToK. OT MPOTUBHOIO: TPEIOJIOKUAM, 9TO
Takas Tpaekropus ¢(t) cymecrByer. PaccMoTpnM CyzKeHHMe 9TON TPaeKTo-
pun Ha 0COOBII U PEIEUHBIN yIaCTKH:

q(t), t € [0,t4],
ut) € (a,8),  te[0,t],
u(t):’ye{a,,@}, te [tatl]'

Ilycts A — 3KcTpemMasb, COOTBETCTBYIOIAs IKCTPEMAJIBLHON TPaeK-
ropun q(t). IIpeanosoKumM, 9TO Takad SKCTPEMATh €IUHCTBEHHA C TOY-
HOCTBIO JI0 HEHYJIEBOTO MHOXKHUTeJs (B THIMYHOM CJIydae 9To Tak). [lepe-
nmapamerpusys ynpasienue (T. e. Beioupas u — u(t — 0) B kagecTBe HOBOTO
YTIDABJIEHNST ), IOy IaeM

u(t—0) =0, a<0<B,

0e3 U3MEHEeHNs CTPYKTYPhI CKOOOK JIu. 3aMeTnm, 94T0 cefiaac MBI U3yIaeM
ONTUMAJILHYIO MO0 OBICTPOAEHCTBUIO TPACKTOPHUIO, 8 HE TE€OMETPUIECKHU
ONTHMAJIbHYI0, KaK paHbiine. Brnpoduem, ramunprorunan [IMII h, = hg +
+ uwhy AJs 3ama9u OBICTPOIEHCTBUAS TaKOM K€, KaK I reOMeTPUIeCKOM
3324, I03TOMY IIPOBEIEHHBIN BBHIIE AHAJN3 OCODBIX IKCTpEMaJIeil Ipu-
MernuM. Ilo cyTnm HEUXKe MBI JOKayKeM, 9TO OCOOBINH W pejIefHbIi yIacTKA
HE MOryT COIIpAraTbCd HE TOJIBKO Ha OIITUMAJIBHOI 1O 6bICTpO,ZL€I71CTBHIO
TPAEKTOPUM, HO TAKXKE W HA ONTUMAJBbHOU MO MEIJIEHHOIAEHCTBUIO WUJIN
TeOMeTPUIECKH ONTUMAJIbHON TPAEKTOPUH.
Mper mpeamnosiaraem, 9To moss fo, fi yIOBIETBOPSIOT TOXKIECTBY

[f1, [fo, fi]] =0,

a 9KCTpPeMasb )\; yIOBIETBOPAET HEPABEHCTBY
h10oo1(A;) # 0.
Tak xak u(t — 0) = 0, To m3 pasencrsa (20.53) caemyer hoooo1(A;) = 0.
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N3 ycnosua makcumyma IIMII cienyet, aTo
Bty (Ae) = ho(Ae) + u(t)ha(Ae) = ho(Ae),
T. €. BAOJb BCel dKCTpeMaJn
u(t)hi (M) = 0, t €[0,t1].
Ho Ha ocobom yuactke hy(A;) = 0, nosromy
u(t)h1(Ae) =0, te0,t].

Ileprasi ornmaras or Hysns npoussomHas Gyrkmun uy(t)hy(A;) npm t =
=t + 0 nosoxkurenbra. Vimes B BUy, 9ro u(t) = v Ha pesiefiHOM ydacTKe
t € [¢,t1], MBI BBrAECIIM 3Ty mpomsBomayo. Tak Kak hyi(A;) = ho1(X;) =
= hom()\;) = hOOOl()‘E) = h1001()\;) = 0, TO NepBbl€ TPU IIPOU3BOJIHBIC
00paIAIOTCA B HYJIb!

dk
dt* t:i+0u(t)h1(>\t) =0, k=0,1,2,3.
IlosToMy 4YeTBepTad NPOM3BOAHAS HEOTPHUIATEILHA:
d4
prrs t72+ou(t)h1(>\t) = ¥(hoooo1(A;) + YR10001 (A7) = Y*h10001 (A7) = 0.

Tax xak y2 > 0, nosygaem
h10001()\g) > 0. (2056)

Ceitgac MBI UCIOIb3yeM 9TO HEPABEHCTBO C TEM, YTOOBI IOJIyIUTh IPOTH-
Bopeune 6J1aroaps T€OPHU BTOPOH BapHUAIIUH.
Hanomuuwm Beipaxxenue (20.29) mius reccuana oTo0parkeHus! B KOHEII:

At Hess, Fy(v) =

t

¢

= /)\0 (90, gb] w? (T) d’r—}—//)\o (97, 9% | w(T2)w(r1) dredri.  (20.57)
0 00

31ech

w(r) = / v(@)ds,  w(0) =0,

g‘lr = P;klfla
gfr = P;l[anflL

T

0

Ilepesiit anen B BeIpaxenun gusa reccuana (20.57) obpamaercs B HyJb:

Xo 975 97] = —h101(Ar) = 0.
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JBaxkapl HHTErpUPYs BTOPOM WUJIEH IO JaCTAM, IIOJIyIaeM

At Hess,, Fi(v) =

t 1

- / Mo i, g1 n(r) dr + / / Xo [ty ] m(ra)n(m) drs i, (20.58)

rIe

gr = Prl o, [fo, £ill,

ne) = [wi)dn, 0 =o.

ITepsbiii anen B (20.58) ZOMUHMPYET HA UrOIBIATHIX BAPUALUAX U = Vg et
ApHess, Fy(vz.) = €*Aol g}, ;] + O(€°).

Boeruncaum ritaBHBIR 91€H B raMIJIBTOHOBOMR d)opMe:

XolG3, 971 = Nellfo, [fo, 1l], [fos f1l] = {hoor, hor} (Ng) =
= {{h1,ho}, hoo1}(A;) = {h1, {ho, hoo1} } (A7) — {ho, {h1, hoo1 } }( A7) =
—— —

=h1001=0
= h10001(Ag)-
B cumiy HepasercrBa (20.56)
A; Hess,, Fj(vg) > 0,
rae
Vo = Uf,a

JLIs JOCTTOYHO MaJIbIX € > 0. DTO 03HaYaeT, 4To

d2

e a o Fi(u+ svg) = A\; Hess,, Fj(vg) >0

s=0

agst moboit dymximm a € C%°(M), a(q(t)) = 0, dy;ya = X;. Torma
2
ao Fy(u+ svy) = %Ai Hess,, F;(vo) + O(s®), s — 0,

T. e. kpuBag Fi(u + 1/svy) aBnserca rmanxoii npu s = +0 u mMeer Kaca-
TeJIbHBIA BEKTOD

d
75 oo Fi(u+ v/svo) = &,

(A3, €0) > 0. (20.59)

Wrak, Bapuanus OOTHMAJLHOIO yIPaB/IeHAS U B HAIPaBJICHHM vy IO-
POXKIaeT KacaTeIbHBIH BeKTOp £y KO MHOXKeCTBY gocrmkumocTu Ay (1),
[IPUHAJTIEXKAIAN TOIyIPOCTPAHCTBY (Az,+ ) > 0B T, (t)M
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Tak Kak 9KCTpeMajibHasg TpaeKTopus ¢(t) ecTh IPOEKIus €IUHCTBEH-
HOI C TOYHOCTBHIO [0 CKAJISIPHOIO MHOXKHUTEJISI SKCTPEMAJIA A\, TO YIPAB-
JIEHUWE U SIBJISIETCS KPUTUYECKON TOYKON KOPaHra OJWH OTOOparKeHWsl B
KOHeII;

dimImD,F; =dimM —1=n—-1.

9T0 03HAYAET, UTO CYIIECTBYIOT BAPHAIME YIPABJIEHNS, [OPOXKIAIOIINE
CHIEPINIOCKOCTD KacaTeIbHBIX BEKTOPOB K Ay (1 ):

v,y Up—1 € Ty,UU Takme, 9TO
d .
ESfOFE(u—i_S’Ui):&, 1=1,...,n—1,
span(&1,...,&p—1) = Im D, F}.
Wrak, Bapuanyu vg, V1, --., Up_1 YIPaBJIEHUs U HA 0COOOM ydacTKe

[OPOXK AT HEOTPULATEIHHOE HOAIPOCTPAHCTBO KOBEKTOPA A;:
n—1
n—1
Us = U + /Sgvg + E SiVi, $=(80y81y-+-58n-1) E Ry xR" |
i=1

0 .
8_‘91-570];%(“5):&’ 1=0,1,...,n—1,
R+§0 + Span(gla v 7§n—1) = {<>\1_57 : > 2 0}

JloGaBuM WrosibdaTyio BapHAIMI0 Ha pesiefiHOM ydacTke. Tak Kak
yupasnernune u(t), t € [t,t1], Heocoboe, 3akmrouaeM, aTo GyHKIUS mepe-
kiogenus hy(\) Z 0, t € [t,t1]. Beibepem mr060it MomenT

t1 € (t,t1) Takoit, uro  hi(N;) # 0.

Jo6aBuM HTONEIATYIO BapHAIUIO, COCPENOTOUEHHYIO Ha MAaJbIX OTPe3Kax
BOJIM3HM t1:

us(t), telo,t],
Use(t) = qut) =7, te[t,t]Ult+et],
0, tE[tl,t1+6].

UronpuaTasg Bapuanusa IOPOXKIAET KaCATeJIbHBINA BEKTOD

0 _ t
e (6,5)=(40,0) F (US,S) = 'Y[(Pgl )*fl} (a(t1)),

t

9Ta MPOW3BOJHAS BHIYHC/IAETCH, KaK B JOKA3aTeJbCTBE IPUHINAIA MAKCH-
MyMa (cM. Jgemmy 12.2). Ompenennm pacnoioKeHne BEKTOPa

Nn = —7[(P{j)*f1} (q(t1))
OTHOCHTEJIbHO runepiiockoctu Im Dy, Fy,

<>‘t1a77n> = _’Y()‘ilaf1> = _’th()‘fl)‘
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Tax xak hy()\;,) # 0, To U3 IpHHIMIA MaKCHMyMa CIeyet, 9To vhy (A, ) =
= u(t1)h1(A;,) > 0, mosTomy

<)\t1777n> < 0.
ITepenecem kacarenbhble BekTopbl &, 1 =0,...,n— 1, u3 q(t) B q(t1):
0 0 t t
- F, s = — Pt (F; s = (P* i — Ty
d¢el(e,s)=(0,0) (1) d¢el(e,s)=(0,0) ¢ (Fi(us)) = (F').& =
i=0,...,n—1.

Hepagencrso (20.59) nepeHOCHTCST B HEPABEHCTBO
<)\t17770> = <)‘E7£0> > 07

TIOMIMO 9TOTO, KOHETHO,
<)‘t17ni>:<)‘i’£i>:07 Z:].,...,’l’Lfl.
Hepasenctso (A, ,7,) < 0 O3HAYAET, 9TO WUTOJHIATAS BApHAIWA HA De-
JIeflHOM ydacTKe IIOPOXKIaeT KacaTebHBIH BEKTOP B HOJIYIPOCTPAHCTBE
(At;,- ) < 0, IOMONHUTENBHOM K MOJIYIPOCTPAHCTBY (A¢;, - ) > 0, MOPOXK-
JIEHHOMY BapHAI[IAME Ha 0CODOM yIacTKe.
ITogsenem urorn. Orobpazkenue

F: Ry xR xR, — M, F(s,e) = Fy, (us ),

YOOBJIETBOPAECT YCJIOBHUIO

Do) F(Ry x R*™™ xRy ) =Ry mg +span(ny, ..., 0p—1) + Rym, =
= Tq(tl)M‘

Ilo nemme 12.1 u 3amedanuro nocje Hee orobOparkeHue F' JIOKaJbHO OT-
kpeito B Touke (s,&) = (0,0). ITosromy obpas orobpaxenus Fy (usc)
COZIEPIKHUT OKPECTHOCTH KOHEeuHOH Touku ¢(t1). [lo menpepeisrOCTH ¢(t1)
ocraercs B obpase Fy, _s(us ) [ qocrarodno Majsix § > 0. MabIME ci10-
BaMu, To4IKa ¢ (1) JOCTHKHUMA U3 gp 33 BpeMd t1 — 0, T. e. TpaekTopud ¢(t),
t € [0, 1], HeonTHMANBHA IO GBICTPONEHCTBUIO, IPOTUBOPEIHE.

Mpbr mokazaJiu, 9TO ONTHMAJbHAS TO OBICTPOMEHCTBUIO TPAEKTOPHS
q(t) me Moxer comepKaTh 0COGOr0 y4acTKa, 3a KOTOPBIM CIEAYeT DPe-
JIEHHBIA y4acTOK. AHAJOrM49HO, OCOOBIN y4aCTOK HE MOXKET CJIEI0BATH 33
peJIeiiHBIM.

[Tomyqaem ciemyromee yTBEPKAEHAE O BOSMOXKHON CTPYKTYpP€ OITH-
MaJILHOTO yTIPaBJICHUS.

IIpemmoxenune 20.5. Ilycmv sexmoprbvie noas 68 npasoti wacmu
ynpasasemoti cucmemns (20.41) ydosaemeopsarom mootcdecmsy

[f1, [fo, fl] = 0. (20.60)

ITyemv onmumasvhas no Gviempodeticmeuro mpaexmopus ¢(t) amod
CUCTEMDL ABAACTNCHA NPOEKUUET OUHCTNEEHHOT C MOYHOCTNDIO 00 CKAAAD-
HO20 MHONCUTMEAS IKCTNPEMAAU A, & nycmob higoo1(A:) # 0.

Tozda mpaexmopusa q(t) ne moorcem codeporcamv 0cob020 Yywacmra u
peetinoz0 YHacmra, NPpuseeawur opye k opyeay.
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3 awmeganue. Barom paccyxreHnn onTuMasbHbIE IO OBICTPOIEHCT-
BUIO YIpaBJEHAd MOXKHO 3aMEHUTH ONTHUMAJIbHBIMU II0 MeJIIeHHOel-
CTBUIO MJIM T€OMETPUYECKU ONTUMAJBbHBIMHU yIIPABICHUAMH.

Yro mpoucxomut BOIM3H 0co6BIX TpaekTopmit npu ycaosum (20.60)7?
IIpennonoxum, 9T0 0c06Gasi TPAEKTOPHS ONTHMAJIbHA (KAK MPAMBIE JJIs
samaqau JybuHCa ¢ yopaBjieHHEM YIJIOBBIM YCKODEHHEM). 3aMETHM, 9TO
ONTUMAJIFHOE YIIPABJIEHUE CYIIECTBYET, TOITOMY (DYHKIUS Ka9eCTBa BCIO-
ny ompejesieHa. Jlas TPaHUYHBIX YCJIOBHI, JOCTATOYHO OJIM3KUX K OCO-
6011 TpaeKTOPHUH, ECTH JIBA BO3MOXKHBIX THIA ONTUMAJHHOTO YIIPABJIECHUS:

(1) n1ubo omO coBepmaeT GECKOHEYHOE YMCJIO MEPEKIIOIEHUN HA KOM-
MAKTHOM BPEMEHHOM OTPe3Ke, MPUJIETA0IIEM K 0CO00MY YIACTKY, TAK ITO
ONITUMAJIbHAS TPAEKTOPHUS «CXOAUT» C 0CODOHN TPaeKTOpHH ¢ 6ECKOHEYHBIM
YHUCJIOM IePeKJII0YeHNni;

(2) mbo onTHMAIBHOE yIIPABJIEHNE PEJIEHHO, HO IHCIIO TIEPEKIIIOIeH
0GECKOHEYHO BO3PACTAET, KOIa KOHEYHAsi TOYKa IMPUOJINKaAeTCs K 0COo00i
TPaeKTOPUH.

B cayuae (1) rosopsar, aro umeer mecto ssaehue Pyasepa. OKasbl-
BaeTcs, 4To siBjienne Dyjjepa NefiCTBUTEIHLHO BO3HUKAET B 3ajade Jly-

o

Puc. 20.1. Conpsizkerne 0coboro yJactka u ydacTka ¢ sBieauem Dynjiepa

OuHCa ¢ ynpasieHHeM yriaoBbIM yckoperumeM (puc. 20.1). IlpuBenenssle
BBIIIE PACCYKIEHUs MOJACKA3BIBAIOT, YTO ITO SBJIEHHE HE MATOJIOTUs, HO
Hen30e2KHOCTD JJIsi HEKOTOPBIX KJIACCOB CACTEM (B 9aCTHOCTH, B IIPUIIOKE-
HUSAX). DTO ABJIECHUE MOKHO HAGIIOIATE, OCTAHABJINBAS TEHHACHBIA MIIAK
MeXKJIy CTOJIOM W OIyCKaroIeiica pakeTkoil. Teopua sBiieHus Pyirepa
omwucaHa B KHure [18]. U3 sroit Teopuu cremyet, uto B 3amade JyGunca c
yIIpaBJeHNEM YTIJIOBBIM YCKOPEHUEM HefICTBUTETHLHO PEeATUIYETC AJIBTED-
narmsa (1).



F'masa 21
YPABHEHUE AdKOBU

B rn. 20 ycraHOB/IEHO, 9TO 3HAK KBAIPATUIHON d)oprI At Hessg F
CB4A3aH C OITUMAJIbHOCTBIO 3KCTPEMAJIBHOI'O YIIDABJICHUA ’LL HpI/I ecrecr-
BEHHBIX [IPEIIOI0KEHUIX BTOPasi BApUAIysl OTPUIATEIbHA HA MAJIBIX OT-
pe3kax. Temepb MbI XOTUM HANTH MOMEHT BPEMEHU, KOTIA 9Ta KBAIPATHI-
Has (opma mepecraer ObITH OTpUIATEIHLHOM. MBI BBIBeIEM auddepeH -
aJibHOE ypaBHeHHe (ypaBHeHHe K00M), KOTOpOe MO3BOJISET HAWTU TaKoil
MOMEHT (COHpH)KeHHOG BpeMH). BoJiee Toro, Mbl jgajguMm HEOOXOAUMBIE U
A0CTAaTOYHbIE YyCJIOBUA ONITUMAJIbHOCTU B 3TUX TEPMHUHAX.

Hanomamm Beipakenme (20.18) s ksagpatmasoit ¢dopmber Q)
At Hessg Fy = Qlyer »- - ,» HOIyIenHoe B naparpade 20.3:

Q) = [ Wt ar + /A[ /g;v(m)dm,g;vm) i,
0

IIpomomxum dbopmy @ ¢ mpocrpancrBa Lo, Ha Lo 10 HENpPEpPBHIBHOCTH.

Meb1 GymeM paccMaTpUBaTh ceMeicTBO 3ajaad Ha orpeskax [0,t], ¢t €
€ [O,tl], IIO3TOMY BB€JEM COOTBETCTBYIOIIUE MHOXKECTBA JOILyCTUMbIX
yupaBJIeHuA:

Uy = {u € Ly([0,t1],U) ] u(r) =0 upm 7 > t},
U IIPOCTPAHCTBA Bapualyil yIpaBIeHUIl:
Vi = Tilhy = {v € LT[0, ]| v(r) = 0 upu 7 > t} ~ L[0, 1].
O603HaYNM BTOpPYIO BapHAIUI0 HA COOTBETCTBYIOIIEM OTPE3KE depe3
Q= Qly, -

3amMeTuM, 94TO CEeMEHCTBO MPOCTPAHCTB Vi YIOPSIOYEHO IO BKJIIOYE-
HUIO:

t<t" = Vg CVn,
a ceMeiicTBO popM Q¢ COrIACOBAHO C ITUM IIOPSIKOM:
Qt’ = Qt”|yt,

B gacraOCTH,
Q<0 = Qp<N0.

O603HaYNM MOMEHT BpeMeHU, KOraa (popmbl (J; mepecTarT OBITH OT-
pHUIATEIbHBIMH,

t. sup {t € (0,t1]] Quly, <O},
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rie
Kt = {'U c Vt

¢
qo © /g'Tv(T) dr = 0}
0

ecTb 3ambIkaHue npocrpanctsa Ker D F; B Lo. Eciin kBagpatuanas ¢op-
Ma @y, oTprmaresbra s seex t € (0, 1], To o onpeesenmio ¢, = +o0.

21.1. PerynaspHsbiii ciay4aii: BbIBO ypaBHeHus fAkobu

IIpennoxenune 21.1. Ilycmo \; — pe2yssapHas IKCMPEeMard, Oz
xomopot t, € (0,11].
Toeda keadpamuuras gopma Qy,

K,, 6vpodrclena.

Hoxkaszareascrtso. llo ycuneanomy ycaosuto Jlexxannpa mopma
ta

1/2
ol = ( [ -nitotrnar)
0
SKBUBAJIEHTHA cTaHmapTHO# L3'-HopMe. Torma

ty

Ty T
Q. = O/h'T'(v(T))dT—i—O/)\o[ O/g'Tzv(Tz)dTQ, g’Tlv(Tl)] dr =

= —|[v||3/ + (Rv,v),

rne R — xommakThbiii oneparop B LT[0, t].
Cragana mokaxkeM, 9TO KBaapaTudHas (Gopma (;, HEmOJOKHUTEIbHA
Ha gape K;, . OT IpOTHBHOTO: IPEIIOI0KHAM, 9TO CYyIIECTBYET TAKOE U €

€V, , 910
b Qt* (’U) > 0, v E Kt*.
JIuneitnoe orobparkenne Dy F; wumeeT KOHEYHOMEPHBI 00pa3, MOITOMY
Vt* = Kt* (&) E, dim F < oo.

CemeiictBo Dy Fy c1abo HempepbIBHO 1O ¢, mosroMy omepaTop DgFy, _c|p

obpaTum u
Vi.=K;, :OF
npu Majibix € > (. PaccMoTpuM cooTBETCTBYIOIIEE pa3IOKeHe
V= Ve + T, ve € Ky,_ey, zc €D
Torna z. — 0 cnabo mpu € — 0, mostomy z. — 0 CHIIBHO B CHIIy KO-
meanomeproctu F. CnepnosarenbHo, v, — v cmabao npu £ — 0. asee,
Qt,—c(ve) = Q4, (ve) = Q¢ (v) mpm € — 0, Tak xak kBagparmwaabEe GOP-

Ml @Q; HenpepwBHBL. UTak, Q¢, . (v:) > 0 npu mameix € > 0, 910 MpOTH-
BOPEYHUT OIPEIEJIeHHUIO t,. MBI TOKA3a/IH, 9TO

Q1. < 0. (21.1)

K¢, ™

Teneph MOKazKeM, 9ITO
Jve Ky, v#0, mtakoe, aro @y, (v)=0.
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C momoIIpio pacCyKIeHnil, aHAJIOTUIHBIX HCIOJIb30BAHHBIM PHU 0-
Ka3aTejIbCTBe Ipejioxkenus 16.2 (Ipu u3ydeHHW CONPAKEHHBIX TOYEK B
JIMHEeRHO-KBaPATUIHOM 3a7ade), MOKa3biBaeM, 9T0 BOyHKIUs

p(t) = sup {Q:(v)| v € K, [|v[lnr =1} (21.2)

YZIOBIIETBOPSET CJeAyIomuM cBoiicTBaM: w(t) He yOBIBAET, BEDXHSAS IDAHb
B (21.2) mocruraercs u u(t) HempepbHIBHA CIPABA.

Hepasencreo (21.1) osmaugaer, aro pu(ty) < 0. Ecom p(ty) < 0, To
p(ts +€) < 0 npm mambix € > 0, 9TO NPOTHBOPEYNT ONPENETEHUIO L.
Iostomy u(t,) = 0, Gosee TOro, CymEeCTByeT TAKOE

veKy, |vllw=1,

q9To

Qt* (’U) = 0

YuuThIBas HEMOJIOXKUTEJIBHOCTh KBaJApAaTHIHON (OpMBI (Qf,, 3aK-
JI09aeM, 9TO jeMeHT v # () NPHHAIJIEKUT sApy KBAIPATUIHOH (HOp-
MBI Qy, K. O

IIpenmoxenne 21.1 MOTHBHUDYeET BBeJIeHHE CJIEAYIOIIEr0 BasKHOTO IIO-
uarus. Moment t. € (0,%1] Ha3bIBaeTCH conpaccentvim epemenem (st
Ha4JaJbHOrO MOMeHTa t = () BIOJIb DeryJsipHO#l 9KCTpPeMasd Ay, €CiIn
kBagparnaHas dopma @y, | K,, BpiPoxena. OTMeTHM, 4TO 1O Hpe/LIoxKe-

a0 20.2 dbopmbr Q| K, OTPULATE/IbHBL IpU MaJbix ¢ > 0, 109T0OMy MaJibie
JYTU PEryJIPHBIX SKCTPEMaJIell He CONEPXKAT COIPHAKEHHBIX TOYEK: IS
mux t, > 0. llpemmoxkenme 21.1 o3HadaeT, YTO MOMEHT t,, KOTJIa KBa/I-
paTuysbie GOpMBI (Qy K, TIEPECTAIOT OBITh OTPUIATETBHBIMHE, ABJIAETCS
II€EPBBIM COIIPDA2KEHHBIM BPEMEHEM.

Haunnaem BouIBOZ, auddepeHIna bHOrO0 YPABHEHUS, TO3BOJISIONIETO
HAXO[IWTH COIPSKEHHOE BPEMd JJIs PEryIdpHOU KCTPeMAaJjbHOIl Ia-
pst (U(t), At). CuMIIeKTHIECKOE IPOCTPAHCTBO

S = Ty, (T M)

6ymerT MPOCTPAHCTBOM COCTOSIHHIL 3TOro ypaBHeHus. BBemeM cemeicTBO
oTobpazkeHuit

Jyi: R™ — E,
a —
Jiv = 30 - w,t V-

B stux oboznavenusx 6unmneitnas dopma (Y 3aMUCHIBAETCI KAK

Qt(vhvz):
:/h:(vl(T),vz(T))dtJr // (T, v1(72), Jryva(r1)) dridrs  (21.3)

(USSP N
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(cm. (20.18), (20.19)). Pacemorpum dbopmy @; Ha HOLIPOCTPAHCTBE

Kt = KeI'DﬂFt = {/Ui c Vt

/tJTvi(T) dr € HO}, (21.4)

e
o = Ty, (T, M) C $

€CTh BEPTUKAJIBHOE IO/IIIPOCTPAHCTRBO.
Bapuarmus ynpasinerus v € Vi yI0B/I€TBOPsI€T BKJIIOYEHUIO

v E Ker(Qt|Kt)

TOT/Ia U TOJBKO TOTIA, Koraa jJuHeiinas dopma Q(v,-) aHHyIHpYyeT mox-
npocrpanctso K; C V. Tak kak BepTurasmpHOEe moanpocTpancTso 1y C X
JIATPAHKEBO, PaBeHCTBO (21.4) MOXKHO IEpenucaTh CJIeAYIOMMM 00pa30M:

t
a</J,v,-(T)dr,u> —0 We Ho}.
0

To ects amHYNATOP MOAIpPOCTpaHCcTBa K C V; coBIAAaeT CO CIEIYIONIIM
KOHEYHOMEPHBIM IIPOCTPAHCTBOM JIMHEWHBIX POpM HA Vi:

t

{/O'(JT-,I/)dT‘ VEHO}. (21.5)

0

K, = {Ui € Vy

Wrak, monydaem, aro v € Ker (Qt| Kt) TOrJJa U TOJBKO TOTZA, KOTJa
dopma Q;(v, -) ma V; mpmrammexut moampocrpancrsy (21.5). To ects
v € Ker (Qt\ Ki) TOrJIa ¥ TOJIBKO TOrJA, KOTJa CyHIeCTBYET TaKOe UV 11y,

qTo ‘
- / o(J, - v)dr. (21.6)
0

ITpeo6pasyem pasercTso dopm (21.6):

¢
/0 . dT—/h"( (1), -)dr + // o (Jryv(T2)y Jry ) dm1 dT =
0 0

0<Ta <1<t

- /th:f(v(r), -)dr—i-/ta(/Tng(G) e, JT-> dr.

OT0 paBeHCTBO (OPM O03HAYAET, HUTO IOALIHTErPAJIbHBIE BHIPAXKEHUS
JOJIZKHBI COBIIQJATh:

o(Jrv) = R(u(r), ) + a< [ Jovi6) do. J) ref04. (2L7)
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Ucnonp3ys KpuBYIO B IPOCTPAHCTBE
= /ng(e) db+v, Tel0 (21.8)
0

paBeHCTBO dopM (21.7) MOXKHO IEpenucaTh CIeAYIOMUM 00pa3oM:
R (v(r), -) + (e Jr-) =0, T € [0,t]. (21.9)
W3 ycunennoro ycioBus Jlexanmpa ciemyeT, 9TO JIMHEHHOE 0TOOpa-
JKeHue
RY: R™ — R™*

HEBBIPOXKIEHO (MBI 0003HaYaeM 37eCh M HUXKe JIMHEHHOe 0TOOpaKeHne B
COTIPSI?KEHHOE MIPOCTPAHCTBO TEM K€ CHMBOJIOM, 9TO U COOTBETCTBYIOIIEE
KBaJIpATHIHOE OTOOparkeHWe), MOITOMY ONPEAETEHO 0OpaTHoe O0TOGpa-

FReHe: (R7)~1: R™ — R™.
Torna paseHcTBO (21.9) 3amuckiBaeTCs Kak
o(r) + (W) o(ne, Jo-) =0, T E0,t]. (21.10)
Ilonygaem cremyromee yTBepXK I€HUE.

Teopewma 21.1. ITycmv N, t € [0,t1], ecmv pesyaapras sKcmpe-
MAAD.

Momernm t € (0,t1] asasemca conpascennom epemenem mozda u
moavko moeada, k020a Cyuecmeyem HenoCmoAHHOE DEWEHUE 1), YPasHe-

rus Hiobu e =Jr (B P o(Jy ), T, (21.11)
y006.4eME0PAIOULEE 2PAHUNHBLM YCAOBUAM

no € Ilg, 1 € 1. (21.12)

Ypasnenue Hdrobu (21.11) ecmo aunelinan HEABMOHOMHKARA 2AMUABIMO-

HOBA CUCTNEMA HA X:

itr = be) (21.13)

C nsadpamu%HhLM 2aMUADMOHUAHOM
1 -1
b‘l’(n) = 75 (h:{) (J(JT'an))U(JT'vn))’ ne Ev

ede (b))~ — xeadpamuunas dopma na R™*.

JokaszaTeabcTBso. MBI yXKe J0Ka3ajd, 9TO CyIIECTBOBAHAE U €
€ Ker Qg pasmocuibHO cymecrsosanuio pemenus 1), ypapuenus SIko-
Ou, yIOBIETBOPSIOIIETO TPAHUIHBIM ycsoBusaM (21.12).

Ecom v = 0, To 1, = const B cuiny (21.8). CarenoBarensHo, ecau 7, =
= const, o J,v(7) =7, = 0. B cuny (21.3) Bropas Bapmanusa npuHEMAaeT

bopmy .

Qi(v) = /h'T'(v(T)) dr < —aljv||7, mnz mexoroporo « > 0.
0
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Ho v € Ker @, nosromy Q:(v) = 0, caenosarensuo, v = 0. ITosTomy
HEHYJIEBBIE U COOTBETCTBYIOT HEIIOCTOSHHBIM 7], 1 OOPAaTHO.
Ocraerca mokasaTh, 9To b, — dyHKmusa [aMuIbTOHA I ypaBHEHHAS
Axko6u (21.11). O6ozraIIM
-1
Ar(n) = (hY) “o(Jr-,m) €R™,  npeX.
Torma ypapaenue fkobu 3ammchIBaeTCs Kak

7)7 - ’]TAT(nT)7

T. €. Mbl JOJI2KHbI JOKa3aTb, ITO

JrA(n) =b(n),  meE. (21.14)

Tak Kak

bo(n) = — 5 (0(Jr ), (W) o (T, m) = =3 (0(J - m), A (n))
TO IIOJIY9a€M

<dnb-ra£> = 7<U(JT : ,f),A.,—(’I’]» = U(é.a J.,—A-,—(’I])).

IMosromy pasencreo (21.14) nokasano, Kak u B Teopema. [

21.2. Oco0blii crydaii: BBIBOO ypaBHeHust fIkoou

B srom mnaparpade Mbl BbiBeleM ypaBHeHHe ZK0oOM st XOpormein
0co6oit sKCTpeMasbHON mapbl (U(t), A¢).

B orsmune or perysisipHOro cirydast, B 0co0b0M Ciydae Bropast BApAaIyst
MOKeT OBITh HEBBIDOXKIEHHON B MOMEHT t,, KOTJa OHA IIePEeCTaeT OBbITh
orpunaTeabHOi. [t TOro 94ro6sI MOCTPOUTH TEOPHIO COMPSZKEHHBIX TOYEK
I 0cODOro cjiydasi, Mbl IPOM3BENEM 3aMEHY IIepEeMeHHBIX B hopme (.
O603HaYNM, KaK U PAHbBIIE, HHTETPAJIBI

t

wz(T) = /vi(s) dS, i= 152a

u 0603HaYNM OuTHHENHY 0 (POPMY, BXOIAIIYIO B 0000IIEHHOE HEPABEHCTBO
Jlexannpa,

le(wy, we) = 0(jtw1, Jiws), w; € R™,

st xopormeit ocoboit IKCTpeMasy BBIPAXKEHHE [Jjisd BTOPOH Bapua-
muu (20.25) 3amuceBaeTCs Kak

Qi(v1,v2) = /tlr(wl(T),WQ(T))dT+/t0'<j7—’wl(7'),/tjg’w2(9) d0> dr +
+ 0<J0w1(0),/tj7w2(7') d7'>.

21 A.A. Arpaues, 10.JI. Caukos
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Yenosue momycrumoctr (20.26) s Bapmanuii yrpasieHus v;(-) MOXKHO
3aIHCaTh CJIELYIOIIM 00pa3oM:

t
/ij(T) dr + Jow(0) € . (21.15)
0

Orobpazkenue

v(-) = (w(-), w(0)) € Ly* x R™

rMeeT BCIOAY IIOTHBIM 06pa3 B L' x R™ | u reccuan () BMeCTe C yCIOBHEM
momycruvoctr (21.15) mpomomkatores Ha L5* X R™ 1o HENpepHIBHOCTH.

O6o3na4mM v = Jow(0) € Ty

¥ PACCMOTPUM IIPOJOJIKEHHYIO (DopMy

Qi (wy,w) = /tlT(wl(T),WZ(T))dT+]U(jrwl(T),/tjgwg(e) d0> dr +
0 0 T

t

+a(71, / Frws () dT>

Ha [IPOCTPAHCTBE 0

t
/ij(T) dr + v € Il,. (21.16)
0

Torma Tak ke, KAK B PETYJAPHOM CJIydae, IOJIy9IaeM, YTO OTPaHIIe-
HEe KBaJparndHoii opmer Q(w) Ha mpocrpancTBO (21.16) BBIPOXKIEHO
B MOMeHT t = t,. MoMeHT ¢, y/I0B/IETBOPSIONIN 3TOMY CBOWCTBY, HA3bIBa-
€TCH CONPANCEHHDIM BPEMEHEM IJIsL XOPOIIEH 0COBOH IKCTPEMATH ;.

ABanormaHO perysapHOMY CIIy9aio Cefi9ac Mbl BBIBEIEM TAMUAIBLTOHOBO
ypaBHeHHue ZKoOu It ONpeIeIeHus CONPSKEHHOr0 BPEMEHU Ha XOPOIITUX
0CODOBIX IKCTpEMAJIAX, XoTs (PyHKIUA | aMAILTOHA W TPAHUYHBIE YCJIOBHS
ceifgac OyIyT OTJIMYIHBIME OT IIOJy9eHHBIX JIJIS PErYJISPHOTO CIIydas.

ITycrs t € (0, 1] — conpsizkeHHOE Bpewms, T. €. mycTb opma Q(wy, wa)
HMeeT HEeTPUBHAJIBbHOE Sapo Ha mpocrparcTse (21.16). Torma cymecTsyer
Takas mapa

t

() €150, x T, [ Jruw(r)dr+ € I,
0

uro nuHeiiHas (opma Ha mpocrparcTse L5[0,¢] x Ty

Qi(-,w) :/tlr(-LZ,w(T)) d7'+/to<j, -LQ,/tjgw(H) d0> dr +

+a(-po,0/ij(r) d7'> (21.17)

AHHYJIUPYeT JomycTHMoe mpocrpaHcTBo (21.16). B cBoro ovepenp aHHY-
JIATOP JOIIYCTUMOrO IpocTpaHcTBa (21.16) ecTh MPOCTPAHCTBO JIMHERHBIX
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bopm .

/a(jT Ly V) dT +0( 1y, V), v e Ip.
0

ITosTomy, m0100HO perynspHOMY Cirydaro, cymiecTByeT Takoe v € Iy, aro
t
Qt('aw) = /U(JT 'Lzay)dT+U('F07V)'
0

B cuny upencrasmenns (21.17), upensinymee paBeHcTBO (hOpM paciien-
JISTeTCS:

lT(-Rm,w(T))+U<jT -Rm,/tjgw(e) dG) =o(J, - gm,v), T €[0,¢],

o((r0 [ Fte) i) = e

To ectb

Law(t) = a(jT -Rm,/tjgw(e) do — y), (21.18)

a<-p0,/tj7w(7) dr — 1/) =0. (21.19)
0

Ucnone3ys kpusyto B npocrpanctee X = Ty, (T*M)

t
nr = /J},w(e) d—v, relo,d, (21.20)
MOXKHO Iepenucarh paseHcTBa (21.18), (21.19) B dopme
Lw(r) = —o(Jr - rmy0r), T €[0,t], (21.21)
O'(F(], T]()) = 0

Ilocnensee paBeHCTBO O3HAYAET, UTO 7)g IPUHAMIEIKAT KOCOOPTOTOHAIb-
HOMY JIOIIOJIHEHUTO 1"04. C apyroit croponst, 19 € I'g + Iy, cpaBauTe ompe-
nmenennme (21.20) ¢ (21.16). To ectp

no € (Ip + To) NT§ = TIg°.

Hanomanm, ato HOFO €CTh JIAIPAHKEBO IOIIIPOCTPAHCTBO B CUMILIEKTH-
9eCKOM IIPOCTPAHCTBE X, COAEPKAIee N30TPOIHOE HOAIPOCTPAHCTBO [y;
cum. oupenesienne (11.28). 3amernm, uro yciaosue Toxa

O'(Jt’Ul, Jt’UQ) =0, V1,V € Rm, te [O,tl],

21*
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03HAYAET, ITO MOANPOCTPAHCTBA
'y =span{Jw|veR™} C X
n30TponHsbL. [lo/ryIaeM rpaHUYHbIE yCIIOBHS U1 KPUBOH 7],
mo € I15°, ne € I. (21.22)

Bonee Toro, pasencrBo (21.21) naer muddepeHnmambHOE ypaBHEHHE
JJISE 07

i = —dpw(r) = T o)), rel0 g (21.23)

AHaJOrMIHO pErynsipHOMY CJIydaro IMOJIydaeM, UYTO TO yPaBHEHHE Ta-
MHJBTOHOBO C TaMUJIbTOHHAHOM

> 1,
be(n) = =5 I (o(J-sm),0(J-,m), €.

JIuHeliHOe HeaBTOHOMHOe ypaBHeHHe (21.23) Ha3bIBaeTCsS ypasHeHUuEM
Hxobu nyist BIoJHE 0COOOTO ClIydasi.

Chenymolee NnpeJIoKeHne JI0Ka3bIBAeTCs TaK Ke, Kak Teopema 21.1
JJIsl PErYISPHOTO CIIydasi.

Teopewma 21.2. IIycmov Ay — xopowas ocobas KCMPEMAND.

Momenm t € (0,t1] asasemcs conpastcennvim epemenem moz20a u
MoAbKo mo2da, K020a CYW,ecmeyem HeNOCMOSHHOE PEWeEHUE 1), YPABHe-
nus Hdxobu

0 =J o (Jr ), T e (0,1, (21.24)
C 2PAHUNHILMU YCAOBUAMU
m € I5°,  n; €. (21.25)
Ypasnenue Hwxobu (21.24) 2amusvmonoso:
777' = b'r(n‘r)a (2126)

¢ Heasmorommol keadpamuunoti pynryuet Iamuasvbmona

~ 1 .,_
b‘l'(n):_§ lrl(U(JT'an)ag(JT'an))a 7762-

B chemyromem yTBepKAeHWE NTPUBENEH MEPBBIA WHTErpaj ypaBHe-
Hus (21.23), oH MoXKeT OBITH HOJIE3€H IPU M3ydeHWH ypaBHeHUs fIkoOu
B 0COOOM cirydae.

JJemma 21.1. Jasa ao0boz20 nocmosannozo sexkmopa v € R™  dynx-
yus o(n, J-v) ecmo nepewii unmezpan ypaswenus Sxobu (21.23).

Hoxkazarenbcrtso. Tpebyerca mokazars, 910
o (s Jr0) + (17, Jrv) = 0 (21.27)

i pemerus 1), ypasHenus (21.23). IlepBoe ciaraemoe BBIYUC/ISETCH C
IOMOIIbIO ypaBHeHus frobu:

U(ﬁ'ra JTU) = *<dn737'7 ’-]TU> = l;l (U(j'r ) JTU)7 U(j'r ) 777')) =
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(tme I} — 6ummeiinas bopma)
= <0'(j7- o), 7o (Jr Jrv)) =
(vme [7! — nmumeitHOe OTOGpaZKeHHe B CONPAMKEHHOE TPOCTPAHCTBO)
= (o(Jr -, 1), 0) = —a(nr, J7v),
n pasenctso (21.27) nokasano. [
B wacTHOCTH, 3Ta IeMMa O3HAYAET, ITO
nwely < n,elZ,

T.€. TMMOTOK ypaBHeHHs JIK0OM COXpaHsieT CEeMEUCTBO MPOCTPAHCTB Ff.
Tak Kak 3TO ypaBHEHHE TaMHJIBTOHOBO, €r0 IOTOK COXPAHSAET TAKXKE U
cemetictro I';. CremoBaressno, rparmaable yenosus (21.22) moxHO nepe-
NHUCaTh B Apyroit popme:

no € Ilo, ne € TI5t.

21.3. Heobxomumpble yCJIOBUS ONTUMAJIBHOCTH

IMMpenanoxenne 21.2. Ilyemo (U, \;) — sKcmpemaavran napa xo-
parza 0dun. IIpednoaosicum, wmo Ny — pe2ysapHas UAU TOPOWLAA 0cobas.
axcmpemans. Ilycmo t, € (0,t4].

Tozda:

(1) aubo dan ar0b6020 Henocmosannozo pewerus N, t € [0,t.], ypasne-
nus Sdxobu (21.13) uau (21.26), ydosaemeoparowezo 2paHuHLLM YCAO-
suam (21.12) uau (21.25), npodoasrcerue

_ Nt, t e [O,t*],
— 21.28
e {m*, t € [ta 1], (21.28)

ydosaemeopsem ypasrenuto xobu na [0,11];
(2) aubo ynpasaerue U He AGAACTCA NOKANDHO 2E0MEMPUHECKY OTINAL-
manorom Ha [0, t1].

JdokaszarTeuasbcTso. [Ipequmonoknum, aro ycnosue (1) He BBIIOI-
HSIETCH, U TOKAJKEM, 9ITO TOTZA CpaBerueo ycaosue (2). Bosbmewm mo6oe
nenysesoe v € Ker(Qy, |k, ), mmycrs 1, t € [0,1.], ecTh coorseTcTByiomee

.
HENNOCTOAHHOE DpPeEIlIeHue ypaBHeHI/IH HKO6I/I C T'PaHUYHBIMU yCJIOBI/IHMI/I.
PaccMoTpuM IPOJIOIZKEHIE U HYJIEM:

3(t) = {v(t), t €[0,t.],

07 te [t*atl]v

U COOTBETCTBYIOIIEE NPOJOJIKEHWE KOHCTAaHTOW 7j;, kKak B (21.28).

Tak kak 7; He ymoBieTBOpsieT ypaBHeHHWIO fkobu Ha [0,%1], mMeem

v & Ker(Qy, |, ). Bamermm, aro Qy, (v) = Q4, (v) = 0. C apyroit cropomsr,
1

cymecTByer Takoe w € K, uro @y (U,w) # 0. Torma KBaJIpaTHIHAS
dbopma @y, TpUHEMaeT 3HadeHHUs] 00OUX 3HAKOB B ILIOCKOCTH span(T,w).
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B ocobom ciygae pacmupenHas dpopma (; 3HAKOIEPEMEHHA, TOITOMY
3HAKOIEpPEMEHHA U UCXO/aHas (opMma.

Urax, dopma i, Menger 3HaK Ha K . Ilo Teopeme 20.1 ympasie-
Hue u(t) reonrnmasnbHO Ha [0,t;]. O

BameruM, uro ciaydail (1) npenyoxenus 21.2 gaer cuibHBIE OrpaHU-
qeHHUs Ha IKCTpeMaJsb A;. Ecam sToT ciydail peaausyeTcs, TO MHOXKECTBO
COLSI’KEHHBIX TOYEK COBIQIAET C OTPE3KOM [t t1].

ITpeamonoxkum, 9T0 M3ydaemMoe ynpasieHue U(t) aHAJIUTHIHO; TOTIA
pemreHus 7); ypaBHeHus fkobOu Takke aHajuTHdHbI. Ecim 7); mocTosHHO
Ha HEKOTOPOM OTPE3Ke, TO OHO IIOCTOSHHO HA BCeil CBOeil 0bacTu ompese-
sernus. IlosroMy B aHAIMTHYECKOM Cilydae ajbrepHarusa (1) mpesngoxe-
Hus 21.2 HEBO3MOXKHA, U TIEPBOE COMPSKEHHOE BpeMd t, JaeT HeODXOIUMOe
yci1ioBu€ ONTUMAJIBHOCTU: TPACKTOPUA HE MOXKET 6I)ITI) JIOKAJIBHO I'eOMeT-
PUYeCKH ONTUMAJIBHOU moce t,.

OrcyTcTBHE CONPIXKEHHBIX TOYEK BJIE€YET KOHETHOMEPHYIO JIOKAJIBHY IO
ONTUMAJILHOCTD B CJIy4ae Kopanra oxut (cM. reopemy 20.1). B cienyrommux
AByX maparpadax Mbl JOKaxKeM ropasno 00jiee CHIIbHBIN Pe3yJIbTaT IS
PEeryJIIpHOTO CIydad: OTCYTCTBHE CONPSKEHHBIX TOYEK JOCTATOYHO IS
CUJIBHOM OOTUMAJIbHOCTHU.

21.4. PeryngpHbiil ciay4aii: npeobpa3oBanue
ypaBHeHus Axobu

Ilycte A\ — perynapHasg skcTpemasib. lIpenmonoxum, 9T0 MakCHMH-
3UpOBaHHBI ramunbroHual H () riaaxok B okpectHocTH A;. U3 yeaoBus
vakcumyma IIMIT nosygaem ypasaenne

0 hy
ou

(A) = 07

KOTOPO€E MOYKHO Pa3peIuTh B OKPECTHOCTH A;:

O hy
Ju

N=0 < u=u()).

Orobpaxernne A — u(A) mragko BOIM3M Ay U YIOBIETBOPSiET PABEHCTBY
u(A) = u(t).

MakcumusupoBauHblii TamuiabToHuaH [IMII BBIpakaeTcd B OKpeCTHOC-

TH \; Kak

H(X) = hyx)(A)

(cm. mpemgmoxkerme 12.1). Paccmorpum motok wa 1 M:

t
et o é;p/ —Ha(r) dr = ' o P}
0
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ITo dopmysne Bapuanuii B ramuibToHOBOH dopme (cm. (2.27) u (11.22)),
9TOT IOTOK TaMHUJIBTOHOB:

t
et o pr = e?p/ 5, dr (21.29)
0

¢ dyskmumeit Famuabrona

Be(N) = (H — hy()) (B T (V)
3amerum, 9TO

XooeH o PF =)\ oPF =)\,

5
T.e. A9 — ocobas Touka mojist ;. VIHBIME ciioBaMu, \g — KPUTHYIECKAs
TOYKA TaMUJIBTOHAAHA!

Be(A) =0 =L0(Ao) = drBt=0.

EcrecTBeHHO TPEAIOIOKATH, 9YTO COOTBETCTBYIOIIUN I€CCHAH CBA3AH C
ONTUMAJIFHOCTHIO SKCTPEMAJIA \¢.

Crenyroniee IpemyioKeHNE YCTAHABINBAET CBA3b MeEXKy JIByMs Ta-
MIJIBTOHOBBIME CHCTEMaMu: ypaBHeHHeM ko0 Ha 3 W TaMUJIBTOHO-
BOM cucTeMOil ¢ MaKCHMU3WPOBAHHBIM TaMuabTOHHMAHOM HA 1T*M. Mbr
BOCIIOJIB3YEMCSL 3THM COOTHOIIEHHEM IPH JOKA3ATEIHCTBE JTOCTATOYHBIX
ycioBmii onTuMasibHOCTH B maparpade 21.5.

IIpenmoxenune 21.3. Iamusvmornuar by ypasnenus Axobu pasen
noaosure 2eccuara Gyrruuy Lamusomona B; 6 moure Ag:

1
by = 3 Hessy, S¢.

HdoxkazaTenbcTBo. HamoMHnM, 9T0 TaMUIBTOHUAH YpaBHEHUS
Akobu B peryasipHOM Cjydae paBeH

bi(n) = =3 (o (e m), (B~ o (Jew )

IIpeobpasyem smHElHYIO DOpMY:
a —
o(Je-,n) :U(% ot '777) =
(v hut(N) = hu(P (V)
0 0 hy, .
:7<d)\oﬂhu’t-,'r’>:—<(dAtW->(Pt 1)*A0’77>:
(rme (P} 1), — andbdepenmman madbdeomopdmsma (P~ : T*M —
~ T*M) ,
hu
= (e 6)

£=(P71) 1 € A (T"M).
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Tor;;a TaMHJbTOHHAH bt MO2KHO HepeHI/IcaTb KakK

be(n) = ;<< A 5 ’§> (hg)_1<d>“ 68’;” ’£>>

Boraucium reccuan dyukiun l'amunbsrona

Be(A) = (hugx) — haw)(BF (V).

Jlerko BuzeTh, 91O

Hessy, B:(n) = Hessy, (hu(x) — ha)(§)-

Haurtee,
dx(huny = haw)) = %‘ dxu+ (dxha)lyn) — Iha),
Ou lun) wH)
=0
D3, (hun) — haw) = (dxt % u()\t)>d)‘tu'
Huddepennuan dy, v moxxHO Halitu nuddepeHIIPOBAHIEM TOXKIECTBA
Ohy —0
Ou lu(r)
B TOouke A = )\;. elicTBuTe/IbHO, TOTyIaeM
82
u? =0,
TIO3TOMY
dyu = — ()L dy, 88%.
CrenoBaresibHO,
D3, (huy = hatn) = =da. 5 " (1)~ 5h
T. e

Hess), B:(n) = Hessy, (hu(x) — ha())(€) = 2b:(n),
¥ [IpeJJIoXKeHne J0Ka3aHo. [

B cuty Toro, 4To raMuabTOHUAH [J; JOCTHraeT MUHUMYMa B TOYKE )y,
KBaJpaTudHasa ¢popMa by HeoTpUIaTEeIhHA:

by > 0.

O6o3HaunM 4depe3 C; MPOCTPAHCTBO MOCTOAHHBIX BEPTHKAJIbHBIX pe-
mennii ypasreHus Ikobu Ha orpeske [0, t]:

Cy={nely| b (n) =0, 7€ 0,4} (21.30)

Msb1 MOkeM maTh ClleayIoIiee IIPOCTOE OIMCAHHE STOr0 IIPOCTPAHCTBA:

Ci :Hoﬂ< N KerbT).

T€[0,t]
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HeiicTBuTeILHO, 0COOBIE TOYKY TAMUJIFTOHOBA BEKTOPHOIO IOJISI CYyTh
KPUTHUYEeCKUe TOYKY FaMUJIbTOHHAHA, a KDUTHYIECKHe TOYKHU HEBBIPOXKIEH-
HOHM KBaIpaTUIHOW (DOPMBI CYTh JIEMEHTHI €€ sIpa.

21.5. JdocTaTodvHble yCJIOBUSI ONTUMAJIIbHOCTH

B sTom maparpade MbI HOJIyIuM TOCTATOYHBIE YCIOBHS ONTAMAJIBHOC-
THU )15 331290 C HHTETPAJIbLHBIM (DYHKINOHAJIOM:

i=fulg)y, g€M, weU=intU CR™,
q(O) = qo, Q(tl) = dq1,

[ ela(®),u®) dt = min,

C 3aKpeIIeHHBIM MU CBOOOJHBIM KOHEYHBIM BpeMeHeM. OTMeTHM, 4TO
cefiyac MBI OyJeM H3ydaTh ONTHUMAJBHYIO 33Jady, a He reOMeTPUIeCKYIO,
kak pasbiine. OgHAKO Teopus ypaBHeHusi k00U OCTaeTCs TPUMEHUMOI,
TaK KaK ypapHeHHe SIkoOM 3aBHCHT TOJBKO OT raMUIbTOHHAHA A, (\) m
sKcTpemMasnbHO mapsr (U(t), A¢).

Jly1s1 HOpMAIEHOTO TaMIJIBTOHHAHA IPUHITAIIA MAKCAMYMA

hu(X) = A ful@)) —¢(gu),  AeT'M,

U peryiaspHOfl sKcTpeMasbHOW mapbl (u(t), \:) 3aJadl ONTHMAJIBLHOTO
yIpaBJjieHUus PACCMOTPUM ypaBHeHne AKoOm

W="b(n), ne=T(T"M).

B maparpade 21.3 mbI mokazasd, 9TO OTCYTCTBHE COIPS2KEHHBIX TOYEK
na uarepsase (0,t1) HEOOXOAUMO IJI T€OMETPUYECKOIl ONTUMAJIBLHOCTH
(mo KkpaiiHeil Mepe B aHAJIUTHYECKOM CJIydae KOPAHra OJIUH).
Yunpaxuaenue 21.1. Ilokaxure, 9T0 OTCYTCTBUE CONPAKEHHBIX
Touek Ha (0,%1) HeOOXOMUMO M JJIs ONTUMANBHOCTH (B aHAJIUTHIECKOM
ciydae), CBOAA 33Jady ONTHMAJBHOIO YIPABJIEHAS K TE€OMETPUIECKON.

ITokazkem Temepb, 9TO OTCYTCTBUE CONMPSIZKEHHBIX TOYEK TaKKe J0CTa-
TOYHO JJIsl ONTHMAJIBHOCTH (B DEryJIsIDHOM CJIydae).

Tpaekropus ¢(t), t € [0,t1], HA3BIBAETCA CUALHO ONMUMAALHOT IS
3aJla41 ONTUMAJbHOTO yIIpaBJeHns, €C/Id OHA Peaju3yeT JOKaJIbHbLIH MH-
HEMYM (PYHKIOHAIA Ka9eCTBa OTHOCUTEILHO BCeX TPACKTOPHIl CHCTeMbL,
6iu3kux K ¢(t) B paBromepsoii Tonosoruu C([0,t1], M) u uMeromux e
J)Ke IpaHW4YHble TOUKM, 9To # ¢(t). Ecam sror mMmmMyM™M crporuii, To
TpaekTopus ¢(t) Ha3BIBAETCS CMPO20 CUABHO ONMUMAALHOU.

Teopema 21.3. [Tycmo A, t € [0,11], ecmo peeyaapras Hopmasvras
IKCMPEMANd 6 3a0ane C UHMEZPANOHOIM PYHKUUOHAAOM U 3AKDENNAEHHDLM
epemerem, U NYCMd MAKCUMUSUPOSAHKT 2amusvmonuan H(X) 2aadok
8 OKpeCmHOCU .

Ecau npomescymor (0,t1] me codeporcum conpasicennur mouex, mo
axempemanvran mpaekmopus q(t) = w(A\), t € [0,t1], empozo cuavro
ONMUMANDHA.
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JdoxaszaTenbcTBo. MBI HCIIOIB3yEM TEOPHIO TOJIEH IKCTPeMaJIeit
(cm. maparpad 17.1) u BioxkuM A; B CeMeHCTBO dKCTpemajieil, XOpOIIo
npoernupyomeecd Ha M.

Ma,KCI/IMI/I3I/IpOBa,HHI)II7I raMHUJIbTOHUAH

H()\) = ma[}(hu(/\), XeT*M,
ue

ompeiesieH U IIaJ0K. Torma mo TeopeMe 17.1 10CTaTOYHO TMOCTPOUTH Ta-
Kyt dbyskmuio a € C° (M), 9ro ceMeiicTBO MHOroobpasuii

Li= etﬁ(ﬁo) cT*M, t €0,t4],
Lo = {A=dya} C T*M,
Ao € Lo,
XOpOIIO Ipoenupyercs Ha M:
w: Ly = M ecrp nubdeomopdusm 8Os Ay, t € [0,t].
Wabivum caoBamu, TpebyeTcs, 9ToOBI KacaTeJabHbIE IpocTpaHcTBa 1y, L =

= e (T, Lo) umenn HyIeBOE TIEPECETEHNE C BEPTHKAIBHBIME MOJIPOCT-
pancrsamu I, = T}, (T}, M):

et (T3, Lo) NI, = {0}, te[0,t].

OT0 BO3MOXKHO 0JIarofjapsi OTCYTCTBUIO CONPSIXKEHHBIX TOYEK (TUNUYHAS
CUTyaIusi Ijis COINPSI?KEHHOM TOYKYM — CKJIQJKa Ipu mpoeknuu Ha M —
n3o6paxeHna Ha puc. 21.1).

Ao
LonTiM

Puc. 21.1. ConpsizkeHHasi TOYKa — CKJIAIKA
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Mpbl JOKaXkeM HEKe CyIIeCTBOBAaHHME TAaKOro MHOroobpasus Lo Oia-
rojaps Iepexoiy K €ro KacaTeJIbHOMY IPOCTPAHCTBY Lo — JIarpaH2KeBy
HOAIPOCTPAHCTBY B X (cM. onpefesenue B 1. 11.5.3). Jlas nroboro garpas-
Kea nognpocrpancrBa Ly C X, TpaHcBepcajibHOro Ilg, MoxHO HaliTh
takyto byaknuio a € C°° (M), aro rpaduk ee muddepermmana Lo = {\ =
= dga} C T*M ynoBieTBOpSIET yCIOBUSM:

1) Ao € Lo;

2) Th,Lo = Lo.

JeficTBUTENIbHO, B KAHOHWYIECKUX KoopmmHaTax (p,q) Ha T*M ompe-
genuM QYHKITAIO BHIA

1
a(q) = (po,q) + 54" Ae, X0 = (o, 0),
¢ commerpuaHOii (n X n)-marpuneit A. Torma
Lo={X=(p;a)| p=po+ Ag},
TxoLo ={(dp,dq)| dp = Adg},

M OCTAeTCs TOJBKO BhIOpaTh JuHeitHoe oTobpaxkenue A ¢ rpadpukom L.
3amMeTuM, YTO CUMMETPUIHOCTh MATPHUIBI A COOTBETCTBYET JIarPAHKEBO-
ctu nogupocrpancTsa Ly. Huxke MbI ncnoip3yeM aHAIOTHYIHYI0 KOHCTPYK-
LU0 JIUTSI TTAPAMETPU3AIINN JIATPAHKEBBIX TOAIPOCTPAHCTE KB IPATHIHbI-
mu popmamu.

Jlist 3aBepIIeHus 10Ka3aTeIbCTBA OCTAJIOCh HAWTH TaKOe JIArPAHXKEBO
noxupocTpancTso Ly C X, gro

@AL) NI, = {0},  te o).

B cuny (21.29) raMuibTOHOB IOTOK ¢ MAKCUMHU3UPOBAHHBIM TaMUJIBTOHH-
aHOM HMeeT Pa3JIOZKeHNe

t
et =@, 0 P71, , = ex_ﬁ//i dr.
0

3aMeTnM, 9TO MOTOK P;‘f1 va T*M mnopoxnen norokom P; ma M,
MIO9TOMY OH COXPAHSIET CEMEMCTBO BEPTUKAJIBHBIX IOIIMPOCTPAHCTB:

(P10, = 1I,.

Takum obpasom, ocraercs JOKa3aTh CyIIECTBOBAHUE JIAUDAHXKEBA, I10JI-
npocrpancrsa Ly C X, mig KoTOporo

(®4,Lo) NIl = {0},  t€[0,t]. (21.31)

IIpennoxenne 21.3 ycTaHABIMBAET CBSA3b MEXKIY TaMHUJIBTOHHAHOM by
ypaBHeHUsS AKOOM M raMUJIbTOHHAHOM [y

1
3 Hessy, Bt = by.

— —

CaemoBaTesibHO, TTOJIE by €CTh JIMHeapu3anus Mo B; B 0cob0il ToUKe \g:
-

TaMUJIBTOHUAH b; ¥ TaMIJIBTOHOBO TOJIE by CYyTh COOTBETCTBEHHO TJIABHBIE
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5
qJIeHBl TeHJIOPOBCKOro pasjoxkeHus (3; u B¢ B TOUKe A\g. JImHeapmsamus
II0TOKA €CTh II0TOK JINHEAPU3AIUH, [I09TOMY

t t
(egf)/ﬁ; d7'> :egf)/l;; dr.
0 *Ao 0
Bsenem o6o3HaueHNME 11 TOTOKA ypaBHeHus: SAko6u:

t
Bp:&ﬁ/adr
0

Torma
Qt*)\o = Bta
n pasencTso (21.31) nepenmceiBaercs B Buze
(B:Ly) N1I, = {0}, t € [0,t1]. (21.32)

Ocraercs moKa3aTh CYIMIECTBOBAaHUE JIaTPaHKeBa MOAIPOCTPaHCTBa L,
YZOBJIETBOPSIOIIETO STOMY PABEHCTBY.
HanomuanMm, 910 0Tpe3ok (O,tl] He COJIEP2KUT COIPAKEHHBIX TOYEK:

(BtH()) NIy = Ct, te (O,tl],

rae Cy — DpOCTPAHCTBO MOCTOSTHHBIX BEPTUKAJIBHBIX PEIIEHUN ypaBHEHUS
Axobu ua [0,%] (cm. (21.30)).

st TOro 9TOOBI NPOSICHUTE OCHOBHBIE HJIEN TOKA3ATENbCTBA, PACCMOT-
PHUM CHadaJla IPOCTOil ciIydail, Koraa

O, =1{0}, te (0t (21.33)

(BtH()) ﬂHO = {0}, te (O,tl].

Bosbmem gr060€e JrarpanzxkeBo nognpocrpancTso H C X, saBJisronieecs
TOPHU30HTAJIBHBIM, T.€. TPAHCBEPCAJIHHBIM BEPTUKAJIHLHOMY MIOAIIPOCTPAH-
ctBy 1ly. Torma mpocTpaHcTBO X pacmajgaeTcd B OPIMYIO CyMMYy:

S =1, @ H.
Bei6epem Takoe ¢ € (0,t1), aro
(B:lly) N H = {0}, t €[0,¢].

B cuy HenpepbiBHOCTE TOTOKA B} CyIIeCcTByeT TaKasi OKPECTHOCTD BEPTH-
KaJIbHOTO mojnpocTpancTia Iy, 9ro s jab0ro JiarpaH>KeBa, moIIpoCT-
parcTBa Ly U3 3TOl OKPECTHOCTH

(BtLo) ﬂHo = {0}, te [E,tl].
s 3aBepIeHns T0Ka3aTeJbCTBa OCTAETCSI HANTH TakKoe JIarpPaHXKeBO
[OIPOCTPAHCTBO L, yI0BJIETBOPSIOIIEE YCIOBUIO
(BtLo) ﬂHO = {0}, te [O,E].
BBemem mapameTpusanpio MHOKECTBa JarpaHKeBbIX HOANPOCTPAHCTB
Ly C ¥, mocrarouno 6imskux K Ily. Beibepem koopmuaatsl Japby (p, q)
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Ha X, B KOTOPBIX

o = {(pv 0)}’ H = {(OaQ)}-
Takue KOOpaAMHATHI MOXKHO BHIOpaTh MHOrEMEU crocobamu. JlelicTBu-

TEJIbHO, CUMILIEKTHIeCKasd (POPMA 0 337a€T HEBBIPOXKIEHHOE CIIADUBAHUE
B3aHMHO TPAHCBEPCAJIBHBIX JIATPAHZKEBBIX noanpocTpaHcTs 1y u H:

H =11,
<f,€>20'(6,f), GEH(], fEH
Bosbmem mr06o0it 6asuc eq,...,e, B Il m coorBercTByrOmUit Gasuc
fi,---5fn B H, IBONUCTBEHHBI OTHOCUTEJHLHO ITOr0 CIAPUBAHUS, U MBbI
noayanMm 6a3muc dapby B X. B koopammarax /lapby cuMminieKTmYIecKas
dopma 3amuchIBaeTCI KaK
0((171,%), (p2aQ2)) = (plaQ2> - <p2a(h>-

JItoboe n-meproe mnoampoctpancrso L C X, Tpancsepcaiabaoe H, ectn
rpaduK JUHEHHOrO 0TOOpaKeHUs

S: H0—>H,

L ={(p, Sp)| p € o}

IognpocrparcTBo L j1arpaHkeBO TOLJA U TOJIBKO TOLJA, KOIZA COOT-
BETCTBYIOIIee 0TOOpakeHHe S MMeeT CHMMETPHIECKYFO MATDHUILYy B CHM-
IUIeKTHYIeCKOM basuce (ympakHeHue):

S =25
Bsenem xBanparuunyio dopmy Ha Il ¢ maTpuneit S:
S(p,p) = (p, Sp)-

MHo02keCTBO JIarpaHKEBBIX MOAIPOCTPAHCTB L C X, TpaHCBEPCAJIBHBIX
TOPU30HTAJILHOMY MMPOCTPAHCTBY H, mapamMerpu30BaHO KBAaAPATAIHBIMUI
dopmamu S Ha Ily. s Takoi mapaMeTpr3aIun JIAIPAHKEBBIX IIO/IIPO-
crpacte L C X, LN H = {0}, 6yxem ucnoas3oBars repmun (1o, H)-
TmapaMeTpu3aIus.

Paccmorpum cemetlicTBo KBagpaTudabix Gopm Sy, napameTrpusyoliee
CEeMEMCTBO JIarPAHKEBBIX IMOIIPOCTPAHCTB BUIA

L; = BtLOa

Ly = {(p, Sip)| p € 1o}
Jlemma 21.2. Cnpasedauso pasencmeo

Si(p,p) = 2b(p, Sip)-
JdokazaTteabcTBo. Bo3bmem mobyio Ttpaekropuio (p,q)

o
= (pt, ¢:) ramusbroHOBa 1O by. VI3 paBeHcTBa

q=5p
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oJTy9aeM . )
G = Sip+ Sip,
T. €. s .

be(p,q) = (b, Sep + Sip).

B cuny xBamparmaHOCTH raMuIbTOHMAHA by, OydaemM

a((p,q), be(p,9)) = 2b:(p, q).

Ho JIEBYIO 9aCTh JIETKO BBI9UCJ/IUTH:

a((p, ), be(p,0)) = o((p,)s (B,d)) = o((p, Sep), (B, Sep + Se)) =

= (p, S’tp + Sip) — (D, Sep) = (p, S’tp>
B CHIIy cuMMeTpuaHOCTH Sp. [

Tak kak ramujibroHMaH [; JOCTUraeT MUHUMYMA B Ag, umeeM by > 0,
IO3TOMY

S, > 0.

Bribepem HagaIbHOE MOMAIPOCTPAHCTBO L C MOMOIIBIO YaCTUIHOIO IIO-
psaKa HA KBaJAPATUIHBIX (POPMAX, WHAYIUPOBAHHOTO ITOJIOXKUTEILHBIMA
dopmamu. Beibupas m060e jarpanzxkeso nogopocTpascTso Ly C X ¢ co-
OTBETCTBYIOIIEN KBaAPaTUIHONU HOPMOii

So >0,
JOCTATOYHO OJM3KOM K HyIeBOi popme, mOTydaeM
S > 0, t€[0,¢].
To ectn
Lt ﬂ HO - {0}
Ha [0,¢], a moToMy u Ha BceM orpeske [0, t1].

Pasencrso (21.32) nokasano B mpocrom ciygae (21.33). Teneps pac-
cvorpuM 06mmii coaywait. Ceiigac mepeceaenne (B I1y) NIl = C; memycro,
HO OT HEro MOXKHO M30aBUTBCS, IEpexosd K ypaBHeHHio fkobu Ha dak-
toprpoctpanctse Cf /Cy.

CeMeiCTBO TOCTOSHHBIX BEPTHKAJbHBIX pertennit C; He BO3pACTaeT:

Cy D Cyn upnm <t
Nmeem Cy = Iy n mosmoxxum no onpenenernto Cy, 1o = {0}. CemeiicTso
C'; HEIPEPBIBHO CJIeBa, 0003HAYUM €ro TOYKH Pa3pbIBa:
0<s1<82<...<8 <ty

(ormermM, uTo B mpocToM ciaydae (21.33) 6sw10 k = 1, 51 = 0). Cemeiict-
Bo C} IOCTOSIHHO Ha MPOMEXYTKaX (S;, Sit+1]-
Ilocrpoum Takme nomgnpocrpanctea F; C Iy, ¢ =1,...,k, garo

Ct:EiJrl @EiJrZEB...@Ek, te (si,si+1].

Samernm, aro mpu t = (0 mojrydaeM pa3iioKeHHe BEPTUKAJIBHOIO IIOJI-

TIPOCTPAHCTBA!
y=Co=E1D...0 Ey.
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Jjisi 1506010 TOPUM30HTAJBHOTO JIArpaHKeBa moampocTpancrsa H C X
MOZKHO IOCTPOHUTH COOTBETCTBYIOIee pa3jioxkeHue H:

Sadurcupyem j11060€ HAYAIHLHOE TOPU3OHTAJIBHOE MOAIPOCTPAHCTBO
Hy C X, HyNIly = {0}. Caexnyromee yTBepKIeHUe 3aBepLIaeT J0KA3a-
TeJICTBO TeopeMbl 21.3 B obeM cirydae.

Jlemma 21.3. Jdasa moboeo i = 1,...,k cywecmeyrom makue 4ucao
g; > 0 u aaepanorceso nodnpocmpancmeo H; C X, H; NIIy = {0}, wmo
a060e aazpansiceso noonpocmparncmeo Ly C X, Lo M Hy = {0}, umerowee
(1o, Hy)-napamempusayuto So(p, p) = €(p, p), 0 < € < &;, ydosaemsopsaem
YCAOBUAM:

(1) Ly NI = {0}, t € [0, s4];

(2) LN H; = {0}, t € [0,s;], u raepanorceso nodnpocmparcmeo Ly
umeem (Ily, H;)-napamempusayuro Sy > 0.

JdoxaszaTeunsbcrTtBo. /JlokaxeMm jeMMy HHIYKIOHEH II0 7.

Ilycts ¢ = 1. Ilpu s; = 0 yTBepKAeHNE TPUBUAIHHO, TIOITOMY CIUTAEM,
qaro s1 > (. BozpmewMm mi060€ €1 > 0 u s1r060€ J1arpaHkeBO MOAIPOCTPAHCT-
Bo Lo C X ¢ xBagparnanoii dbopmoii £(p, p), 0 < & < €1, B (Ily, Hp)-nmapa-
MeTpHU3aIuu.

Bamernm, aro C; = Ilp, T.e. By =1Id npu t € (0,s:1]. Hanee,

Lt ﬂHO = BtLO N BtHO = Bt(LO ﬂﬂo) = {0}, t e [0, 51].

B cury HempepBIBHOCTH TIOTOKa B CyIIeCTByeT rOpH30HTAIbLHOE JarpaH-
2keBo mogupocrpancTeo H; ¢ takoit (Ily, Hy)-mapamerpusanmeiir —d(p, p),
§ >0, aro Ly H; = {0}, t € [0,s1]. Jlerko BuAETH, YTO WOIAMPOCT-
panctBo Lg 3anaercsa B (I, Hy )-mapamerpusanuu KBaapaTuaHoil popmoii
So(p,p) =€'{p,p) >0,&' =¢/(14+¢/d) < e. Mu1 yxe nokazamm, 910 S; >
> 0, nmostomy

Sy > 0, t €10,s1],

B (IIg, H )-mapamerpusanun.

Basuc maayknun (i = 1) mokasas.

JlokazkeM mar mHIyKmud. JadukcupyeMm ¢ > 1, IPeanoozKuM, 9TO
yTBepXKieHue jJeMMbl 21.3 10Ka3aHo i ¢, U JOKaXKeM ero Juid ¢ + 1.

IMycts t € (84, 8i41]; Torma Cy = E; 11 & ... & Ej. BBenem passoxenue
FOPU30HTAJILHOrO HofnpocTpascTBa H; kak B (21.34):

H=F&...8F.

O6o3Ha49UM
El=E®...0E, E,=Ci=FE;119...® Ey,
F=F&...0F,, Fi=F1®...0 F,

Ly=LoN(E{®F]), L§=LoN(E,® Fy).

Tak kak B;E} = E), to kocooproronanbhoe jonosnuenune (E})4 =

= FE| @ E}, & F| Takke WHBapMAHTHO OTHOCHTEJIHO IOTOKA yDABHEHUS
. INL JAYA
Axobm: By(Ej)« = (E4)“.
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g Toro urobel mokasarb, 9ro L; M1y = {0}, Beraucaum s1o mepe-
ceuenne. B cuity smouenns Iy C (Eb)“ nomydaem
BiLoNTly = By Lo N By(E4) NIy = By(Lo N (E4)“) NIy = By L N1y
(21.35)
[osromy Tpebyercst nokazatsb, uro ByLE NIy = {0}, t € (s;, sit1]-
Tax xak mommpoctpanctsa B u (E4)“ WHBADHAHTHEI OTHOCHTETBHO
moToka By, GbakTOp-MOTOK OmpeesieH KOPPEKTHO:
B,: Y =%, Y= (E)%/E..
B ¢akTope moToK B; He MMeeT HOCTOSHHBIX BEPTHKAIbHBIX pEIICHHIL:
BIIy N1Iy = {0}, t € (si,Sit1,
I, = I,/ B,

W3 paccyxaennii, NPUBEJEHHBIX NPHU I0KA3aTEIHCTBE IIPOCTOTO CIIy-
gag (21.33), cremyer, aro

B;LyNIy = {0},  t€ (si,si11],
T1 1
Ly = Lo/ Eéa
g Lo, mocrarouno 6sm3kux K Ilg, T.e. g mocTaToIHO Majbix €. Ilo-

TOMY
BtL(l) ﬂHO C E;, te (3i75i+1]-

Tenepsb JIETKO T0Ka3aTh, 9TO 3TO IMEpECedeHne IIyCTO:
B.Ly N1y C B:L{ N EY = B,L{ N ByEY = By(Ly N ES) = {0},
t € (si,Sit1]-
VYuaursBasg nenouky (21.35), momydaem
L, N1, = {0}, t € (si, 8i+1],

T. e. MBI moKa3asm ycaosue (1) m3 dopmymuposkn semmbr 21.3 morst ¢ + 1.

IMepexomum k ycaoemio (2). Tak ke, Kak mpu JOKa3aTeNbCTBE Oa-
3WCa WHAYKIUH, HOKa3bIBAE€M, YTO CYIIECTBYeT TaKoe TOPHU30HTAJILHOE
JIaTPaHIKEBO MOANPOCTPAaHCTBO H; 11 C X, 9T0 KpUBas JarpaHKeBbIX MOJI-
mpocTpaHcTB Ly, t € [0, 8;41], TpancBepcambra H, 1. B (Ily, H;1)-mapa-
METPU3aINH HAaYaIbHOe MOIIPOCTPAHCTBO L 3a7aeTcd MOJIOKHUTETHHOM
kBagparmaroit dopmoit Sp(p,p) = €'(p,p), 0 < &’ < e. Tak xak S; > 0,
oIy 9aeM

Sy > 0, t e [O,Si—i-l]-

Ycnosue (2) mokaszano g i + 1.
[lar nEAYKOMA DOKA3aH, W JOKA3ATENbCTBO JAHHOW JIEMMBI 3aBEp-
meHo. [

B cuny sToit teMMBI

L; NI, = {0}, t €[0,t4],
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JIJIs BCeX HadaJIbHBIX HOANPOCTPAHCTB Lg, 3a/1aBaeMbIX KBaJPATHIHLIMA
dopmamu Sy = &(p, p), 0 < € < &g, mag mekoroporo € > 0 8 (Ily, Hp)-na-
paMeTpu3anud. JTO 03HAYAET, 9TO MBI IIOCTPOIIN CeMeHCTBO SKCTpeMa-
Jieii, comepzkaiiee \; u xoporo npoemupyfomeecs Ha M. Ilo Teopeme 17.1
skcTpemanb Ay, t € [0,t1], cmupHO omTmManbHa. Teopema 21.3 moka-
3aHa. [

st 3ama9m ¢ nHETErpaIbHBIM (DYHKIIMOHAJIOM U CBOOOTHBIM KOHETHBIM
BpeMeHeM t; aHAJIOTUYHOE PACCYXK/JIeHue U TeopeMa 17.2 naioT cieayroliee
JOCTATOYHOE YCIOBHAE ONTUMAJILHOCTH.

Teopewma 21.4. [Tycmo A, t € [0,11], ecmo peeyaapras Hopmasvras
aKCMPEMANL 6 300a%€ C UHMEZPAALHOIM GYHKUUOHAAOM U CE0000HBIM
epemenem, u nycmv 2amusvmonuar H(N) 2aadok 6 oxpecmmuocmu Ay.

Ecau na ompesxe (0,t1] Hem conpasdcenHuir mosex, mo sKCmpeman-
nan mpaexmopus q(t) = w(A¢), t € [0,t1], empozo cuavho onmumanvra.

22 A.A. Arpaues, 10.JI. Caukos



I'masa 22
PEAYKIINA

B 37o0it ritaBe Mbr paccmoTpuM MeTon cBegeHus addUHHON 110 yrpas-
JIEHUIO CUCTEMbI K HEJIMHEHHON crucTeMe Ha MHOrooOpa3uy MeHbIel pas-
MEpPHOCTH.

22.1. Penykiusa

Paccvorpum adbdurHYIO 10 yOPAaBIEHUIO CHCTEMY
m
g=flg)+ Y wgie), weR, geM, (22.1)
i=1

C IIOIIaPpHO KOMMYTHUDPYIOUMNU BEKTOPHBIMU IIOJIAMU IIPU yHIPABJIEHUAX

l9i,95] =0, ,j=1,...,m.
ITorok cucrembr MOXKHO Pa3/IoKUThH 10 (DOPMyJIe Bapuaiuii:

e¥f>/t<f + Zui(T)gi> dr =
= e?p/texp<éwi(r) adg,-)fdr oexp(iwi(t)gz), (22.2)

w;(t) = /tui(r) dr.

m
3mech Mbr canTaeM Y u;(7)g; HEBO3MYIIEHHBIM MOTOKOM W y9IHTHIBAEM,
i=1
9TO II0JIA ¢; B3aMMHO KOMMYTHUPYIOT. BBemeM 4acTH4IHYIO CHCTEMY, COOT-
BETCTBYIOIIYI0 BTOPOMY 9j€Hy B pasoxeHun (22.2):

m
(j—exp<2wiadgi>f(q), w; €ER, qge M, (22.3)

i=1
rje w; — HOBble ynpasjenus. Muoxectsa mocrmkumoctu A; (t) ucxonuoit

cucrems! (22.1) u Ay(t) gacrugroit cucrems! (22.3) 3a BpeMs t U3 TOYKH
go € M TecHO CBSI3aHBI APYT C APYTOM:

A() € As(t) 0 {exp(iwim) ‘ w; € R} CA(A(t).  (22.4)

i=1
JleficTBUTEIBHO, IEPBOE BKIIIOUEHUE CJIELYET HEIIOCPEICTBEHHO U3 Pa3-
soxkerns (22.2). Yrobbl JoKa3aTh BTOpoe pa3jioxKeHue B (22.4), 3aMeTHM,
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9TO 0TOOpaKeHMe
¢

w() = ao oe?p/exp<

0 1=

m

w;(7) ad gi> fdr
1

HEINPEPBIBHO B TOnOJIOruu L1; 9T0 CliejlyeT U3 aCUMITOTHYECKOIO Pa3Jio-
KEHHS XPOHOJIOTUIECKOM IKCITOHEHThI. [loaToMy oToOpazkeHme

(w(-),v) ~ go © e?p/texp<iw,-(r) adgz)fdr 0 exp(ivigZ)

0 =1 =1
HenpepbiBHO B Tonojioruu L1 X R™. Hakoner, orobpakenue
t

u(®) = (w(-),v) = </u(7) dT,/u(T) dr)

mMeer BCIOAy IIOTHBIE 06pas B Ly X R™. Torma m3 pasnoxenns (22.2)
CJIe[lyeT BTOPOE BKJIIOYeHHE B (22.4).
Yacruunas cucrema (22.3) MHBapHMaHTHA OTHOCHTENILHO IOJeEH g;:

(s (5w ) e S5mtr) s e S -ps) s

i=1 i=1
(22.5)
ITosromy memouxa (22.4) m paBeHcTBO (22.5) 03HAYAIOT, YTO UCXOTHYIO
cucremy (22.1) MOKHO PacCMaTPUBATH KaK KOMIO3UIUIO 9aCTHIHON cuc-
Temsbl (22.3) ¢ moTOKOM moJI€dt g;: TF060E MHOZKECTBO TOCTHKAMOCTH UCXOJI-
HOil cUCTeMBI 3a BpeMs t eCTh (C TOIHOCTBIO /10 3aMBIKAHWS) MHOKECTBO
JOCTHKUMOCTHA JACTUIHON CHUCTEMBI 32 BpeMs ¢ ILIIOC CKAYO0K BIOJIb ¢,
60J1ee TOrO, CKAYOK BJOJb §; BO3MOXKEH B JIIOOOH MOMEHT BPEMEHM.
IIycrs (u(t), \¢) — 9KCTpeMaib UCXOAHOM adDUHHOM O yIPABICHIIO
CUCTEMBI. DKCTPEMAJIb Ay BIOJIHE 0C00asi, 60Jiee TOro, yCJIOBUE MAKCUMYMA
IIMII paBHOCHUIBHO TOXKIECTBY

<)‘tagi> = 0

pe = <exp < i w; (t)gi) >*)\t

€CTh IKCTPpEMaJIb CUCTEMBbBI (223), COOTBETCTBYIOIITAA YIIDABJIECHUIO

Jlerko BUIETH, 9TO

w(t) = /tu(T) dr,

6oJtee TOrO,

(ut, 9i) = 0. (22.6)
(MBI HCHIONIB3Y€EM 3/1eCh TEDMUH «9KCTPEMaIby KaK CAHOHAM KPUTHIECKOH
TOYKH OTOOParKeHUsI B KOHEI, T.€. MBI TpeOyeM, 4TOOBI 9KCTPEMAIBHOE

22%
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yIpasJjieHue ObLI0 KPUTHYECKUM, HO He 003aTe/IbHO MUHUMU3UDYIOIIUM,
Il 3aBUCALIErO OT ynpasjenus ramwibronumasa IIMIL) O6parno: ec-
JH iy — 9KcTpeMatb (22.3) ¢ IunmuneBsIM ynpaBieHHeM w(t) U BBIIOJ-
HsETCS TOXKIeCTBO (22.6), TO

Ap = <6XP <— iwi(t)gi> )*,ut

€CTh KCTpeMaJsb UCXOMHOM cucreMsl (22.1) ¢ ynpasieHnnem

u(t) = w(t).
Boutee toro, ycumennoe o6obmenHoe yciaoBue Jlexkanapa i SKCTpeMa-
JIn \; UCXOJHOW CHCTEMBI COBIIAJAET C YCHJIEHHBIM ycjioBueM Jlexxaumpa
JJISI COOTBETCTBYIOMIEH SKCTPEMAJH [1; YACTUIHON cucTeMbl. VIHBIME CJIO-
Bamu, nepexon ot cucreMsl (22.1) k cucreme (22.3) mepeBomuT XOpOoIIHE
0COOBbIE IKCTPEMAJH \¢; B PETY/ISIPHBIE SKCTPEMAJIH [i¢.

Yupaxuaeunune 22.1. IIpoBepbre, 9T0 3KCTpEMAIN \; U [ UMEIOT
OJIHO U TO K€ COIPHAZKEHHOE BPEMH.

Tak kak cucrema (22.3) MHBApHAHTHA OTHOCHTEJIHHO TOJEH g;, 3Ty
CHCTEeMY MOXKHO PacCMaTpHUBATh Ha paKTOpe MHOroobpasus M 1mo Moy o
JeificTBus MoJIeit g;, ecim Takoe (PaKTOP-MHOrooOpa3me KOPPEKTHO OIIpe-
nejleHo. PaccmoTpuM ciieayroiee OTHOINIEHWE SKBUBaJIeHTHOCTH Ha M:

¢ ~q & ¢ €091, - 9m)

Ipesmonoxum, aro Bce opburer Oy(g1, .- ., gm) EMEIOT ONUHAKOBYIO
Pa3MepHOCTb U, 60Jiee TOTO, BBIIIOJIHAETCS CJIEYIOIIEE yCJIOBHE HEPEKYP-
peHTHOCTH: IUisi Ji000# Touku ¢ € M cymiecTByeT Takme OKPECTHOCTH
Oq 2 q u mHOroOOpasue Ny C M, g € N, Tpaucsepcambroe Og(g1,. ..

..y 9gm), 9ro jobas opbura O (g1,...,9m), ¢ € Oq, nepecekaer Ny B
€IMHCTBEHHON TOYKEe. JTHU YCJIOBUS BBIMOJHSIOTCS, HampuMep, ecian M =
= R", a g; cyTh OCTOSTHHBIE BEKTOPHBIE TIOJIs, WK eci m = 1, a moJte g;
Heoco0oe u HepeKyppeHTHOe. Eciin 3Tu yCiroBust BBITOIHSIOTCS, TO TPOCT-
parcrBo opbur M/~ ectpb rmankoe muoroobpasme. Torma cucrema (22.3)
KOPPEKTHO ompe/iesieHa Ha (pakTop-MHOroobpasuu M /~:

qg= exp<2wi adgi>f(q), w; €ER, g€ M/~. (22.7)
i=1

ITepexon ot mcxommoil adbdunHOMi Mo ynpasnaernto cucrembl (22.1)
HEJIMHERHOH! 10 yIPABJIEHHIO PeIyMPOBAaHHOM cucreme (22.7) yMeHbIIaeT
Pa3MepPHOCTh MPOCTPAHCTBA COCTOSIHAN U Mpeobpa3yeT 0cobble SKCTpeMa-
JI B PETYJISPHBIE.

ITycts m: M — M/~ ectb mnpoekrus. [Ijsi MHOXeCTBAa IOCTUXKIU-
moctn Ajs(t) pemynmposansoil cucremst (22.7) m3 Toukm 7(qg) BKIIOUe-
Hus (22.4) npuanMaoT dopmy

AL(t) € 7 L A5 () © (A (D). (22.8)

W3 npuBeeHHOrO BBINIE aHAIM3a SKCTpeMatell ciexyer, 4ro ¢(t) ecTb
9KCTpeMaJibHasl KpUBas UCXOMHOI cucreMsl (22.1) Torma u TOIBKO TOr/a,
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korzma ee npoeknus 7(q(t)) ecTb SKCTpeMasibHAS KPUBAs PEAYIUPOBAHHON
cucrems! (22.7). Ilepsoe Britodenue B (22.8) o3navaer, aro ecau 7(q(7)),
T € [0, t], reoMeTpHudecKH onTHMaNbHa, TO ¢(7T), T € [0, ], TakXKe reomer-
pu4deCkKku OolTuMaJibHa.

Mo2kHO Tak2Ke OIpE/IeINTh TPOIELyPy 00paTHOH peayknuu. Bozpmem
YIPABIAEMYIO CACTEMY

q:f(qaw)a qua weRn7 (229)
OTPaHUYUM €€ Ha JIUIMIMUNEBBI YIIDABJICHUA ’LU() n ,ZLO6aBI/IM HTHTErpaTop:
{Z.):_J;(‘J’U’)’ (qw) € M xR", v eR™. (22.10)

Yupaxuenue 22.2. Jlokaxunre, 910 cucreMa (22.9) siBnsiercs pe-
nmykmmeit cucremsr (22.10).

22.2. VYnopasJjieHue TBepIAbIM TEJIOM

Paccmorpum 3amady OBICTPOIEHCTBHUS JJIs CHCTEMBI, OIMUCHIBAIONIEH
BpallleHusl TBepaoro Teja (cM. maparpad 19.4):

g =q(a+ ub), g€ SO(3), ueR, (22.11)
rie
a,b€so(3), (a,b)=0, [b]=1, a#0.
OrmernM, 4To B maparpade 19.4 Mpl mpegmosnaranu, 49to |al = 1, a
He |b] = 1, Kak cefi9ac, OXHAKO OAMH CIydYail MOJIydaeTcs U3 JPYIroro

JleJIeHreM TPaBoit 9acTH CHCTEMBI Ha KOHCTAHTY.
Penymupyem cucremy (22.11). IIpocrpancrso cocrosamit SO(3) mHeob-

xoxuMo npodakropuzosars 10 opburam ge*t, s € R, monsa gb. Coorsercr-
ByIOH_[ee OTHOILII€EHUE 9KBHUBAJICHTHOCTHU UMEET BHJL

q~ qe®?, s eR,
U CTPYKTYpa (hakTop-IPOCTPAHCTBA ONKMCAHA B CJIELYIONIEM YTBEDPXK-
JIeHHH.

IMpenanoxenne 22.1. Paxmop-npocmpancmso SO(3) /~ dugdgpeo-
mopdro cepe S, npuvem KGHOHUYMECKAA NPOEKYUA ECTIVD

g~ qB, q€80(3), peS (22.12)

Bnech B € S% C R? ecTb eMHUYHEIA BEKTOP, COOTBETCTBYIOIIHI MaT-
pute b € so(3):

bl 0 _b3 b2
B=1b2], b= b3 0 —=b .
b3 —by b 0

Hoxazarensbcrso. I'pynna SO(3) TpasuTuBHO IelicTByeT Ha
cepe S2. Moxrpymma B SO(3), ocraBastoniag Touky 3 € S? HemoaBUK-
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HOM, COCTOUT U3 BPAINEHUN BOKPYT MPsAMOi (3, T. €. OHA paBHA
e™ = {e®| s €R}.

Hostomy daxrop SO(3)/e® = SO(3)/~ muddeomopden S?, mpoexmmsa
SO(3) — S? samaercs coornonrennenm (22.12), 1 MHOXKECTBa yPOBHS 9TOTO
oTOOpazKeHnsT COBIAIAIOT C opbuTamu mosis gb. [

Yacrmanag cucrema (22.3) B 9TOM IPUMEPE HMEET BUJ
G = qe¥ g, q€850(3), weR,

a pexyumpoBaHHag cucrema (22.7) ectb

d db 2

m (gB) = qe* **°ap, gp € S*. (22.13)
IIpaBast 9acTh 9TOH CHMMETPHUYHONW YIIPABISIEMOM CHCTEMBI 33a€T
OKpY’KHOCTH pajmyca |a| B kacarempmoit mwrockoctn (gB)L = T,552.

Nabmvu coBamm, cucrema (22.13) 3amaer puMaHOBY MeTpHKy Ha S2.
Tak Kak BEKTOPHBIE IIOJIS B IIPaBoil dacTu cucreMbl (22.13) mocrosHHBL
II0 MOZYJIFO, 331a9a OBICTPONECTBUS SKBUBAJEHTHA PUMAHOBOU 33/ade
(MEHMMHA3aIUs BPEMEHN DABHOCIUIbHA MUHUMH3AIUK JJIMHBI, €CIH CKO-
POCTB MOCTOSIHHA TI0 MOJLYJIIO ).

OKCTPEMAJIbHBIE KPUBbBIE (reo,z[‘esuquKHe) PUMaHOBOIT MeTpPHUKH Ha
S? — ayrm GOBIIEX OKPYXKHOCTEi, OHH ONTHMAJLHBI BILVIOTH 0 HOJIY-
okpyzkHOCTell. COmpsi?KeHHbIE TOYKU JJIsi MCXOTHOW M PeXynupOBAHHON
CHCTeM OJTHU U T€ Ke, II09TOMY IS 00€UX CHCTeM SKCTPEMAJIbHBIE KPUBBIE
OIITUMaJIbHbI BIIJIOTH 0 JAUAMETPAJJIBHO IIPOTUBOIIOJ/JIO2KHBIX TOYEK.

22.3. YnupasJieHue yTJIOBOiI CKOPOCTBHIO

Paccmorpum  cmCTeMy, ONUCBHIBAIOMIYHO yIPABJIE€HUE YIJIOBOIL CKO-
POCTBIO Bpamaolerocst TBeporo reia (cm. (6.19)),

L= px Bu+ ul, ueR, pelRs. (22.14)

3/1eCh {4 — BEKTOP yIUVIOBOM CKOPOCTH TBEPIOI'O TeJIa B CUCTEME KOOD/INHAT,
cBA3aHHOM ¢ TeqoM, a | € R® — euHMYHEIN BEKTODP B 00IIEM II0JI0XKEHHH,
BJI0JIb KOTOPOI'O IIPUKJIAIBIBAETCS MOMEHT. 3aMeTuM, 9T0 B naparpade 6.4
JOIYCKAJICA TOJBKO MOMeHT u = *£1, ceffyac Ke MOMEHT HEOTDAHHYEH.
B maparpadpe 8.4 6p110 JOKA3aHO, 9TO CUCTEMA, C OTPAHMIEHHBIM YIIPABJIE-
HEEeM BIOJIHe yIpaBiseMa (Jaxe B mecTuMepHOM IpocTpaHcTse). Ceitaac
MBI IIOKa2K€M, 9TO0 C HEOTPaHUYE€HHBIM YIIDABJICHUEM IIOJIy9a€TCd IIOJIHAA
yupasigeMocTb B R® 3a CKOJIb yroHO Majioe BpeMs.

[Ipumenum npouenypy peAyKuuu K MCXomHOil cucreme (22.14). Hac-
TUYHAS CHCTEMA Teleph MMeeT BT

o= e (1 x Bu) = (p+ wl) x Bp + wl), weR, peR3.

®axrop R® mo Momymio opbUT HOCTOSHHOrO moJsIs | MOXKeT OBITH peaJjn-
30BaH KaK TJIOCKOCTh RZ, Mpoxossmas depes Hadajlo KOOPAMHAT W OPTO-
rorasnsHag |. Torma mpoekmua R? — R? ecTh opTOroHabHAS IPOEKITHS
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BIOJIb [, 1 peIyIUpPOBAHHAS CHCTEMA UMEET BHU/T

&= (z+wl) x B(x+ wl) — (zx (z+wl),l), zeR*® weR
(22.15)

BeegeM JeKapTOBLI KOOPAMHATEL B R3, COOTBETCTBYIOMME OPTOHOPMI-
POBAHHOMY perepy ¢ 6a3MCHBIMU BEKTOPAMUY, KOJJIMHEAPHBIMHA BEKTOPAM
1,1 x Bl,1x (I xBl). Barux koopauaaTax & = (21, T2) U PeJIyIUPOBAHHAS
cucrema (22.15) mpuammaer dbopmy

j,‘l = blgmg + ((b11 - b33)l‘2 - bggl‘l)w - b13w2, (2216)
—bizw12y + ((b22 — b11)x1 + bazxa)w, (22.17)

T2
rae b = (bjj) — Marpuna oneparopa (B BBIODAHHOM OPTOHOPMHUPOBAHHOM
penepe. IIpsimoe BbrumciieHHe NOKa3bIBaeT, 9T0 byg < 0 u bog — b1y # 0.

B nosnspabix KoopauHatax (7,¢) B IUIOCKOCTH (Z1,Z2) PEAYLHUPOBAHHAS
cucrema (22.16), (22.17) umeer Buz

7 = rF(cos @, sin p)w — byz cos p w?,
¢ = —bigrsing — (1/r)sinpw? + G(cos ¢, sin p)w,

rne F' u G — ompoponsble MHOrOUIeHs! creneHn 2, mpudem G(+1,0) =
= bga — b11.

[Tonbupas momxongmme ynpasieHUs, MOXKHO HOCTPOUTH TPACKTOPUH
cucremel B R? ciemyrommx IByX THIIOB:

(1) «cunpanm», T. e. TPAEKTOPUU, HAYMHAIOIIUECH U 3aKaHINBAIOIINECS
Ha H0JI0XKUTEJIbHOM 10JIyOoCH T1, He IIPOXO/IAIe Yepe3 HadyaJlo KOOpAuHaT
(r # 0) n Bpamaomuecst IPOTUB IACOBO
crpenxu (¢ > 0);

(2) «ropu3oHTaJbHBIE> TPAEKTOPUH,
[OYTH IapaJljiebHble ocu 1 (&1 3> Z2).

Bonee Toro, mo sTmM TpaeKTOpHAM x
MOXKHO JBUTaThcd ObicTpo. [leficTBu-
TesnbHO, cucrema (22.16), (22.17) nveer
OYEBHJIHYI0O CHMMETPHIO — OHA HHBAPH-
AHTHA OTHOCUTEJIBHO 3aMEH IT€PEMEHHBIX
T QT1, T2 — AT, W H— qw, t — a1t
(a > 0). CaenoBaTenbHO, CYIIECTBYIOT
«CIMpaJii», CKOJb YTOIHO JAJEKUe OT
HavasIa KOOPJIMHAT, CO CKOJIb YTOJHO Ma-  Pyc. 22.1. Ilonmas ympasise-
JIBIM BPEMEHEM II0JTHOTO 000pOTa BOKPYT MocTh cucreMsl (22.15)
wyna. Janee, u3 ypapmenuit (22.16),

(22.17) serko BUmETH, YTO TPU GOJBIIMX IO MOAYJII YIPABICHUSAX W
MIOJTy9af0TCA CKOJIb YTOITHO OBICTPBIE IBUKEHNS BJIOJIb «TOPU30HTAIBHBIX>
TpaeKTOpI/II'/'I B IIOJIO2KUTEJIbHOM HAIlPABJIEHUU OCHU T']-

Kom6uanpysi memkennsa tumos (1) m (2), MoxKHO mepesecTn Jr00yI0
Touky x € R? B mobyro Touky T € R? 3a mpomsponbHOoe Bpemsa £ > 0
(puc. 22.1). MBI ocTaBisieM MOAPOGHOCTH STUX PACCYKICHUN IUTATENIO B
KadecTBe ynpaxkHeHus (cM. Takxke [42]).

2
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Urak, mHOXecTBa mocTmKEMocTH AS(t) pemymupoBaHHON CcHCTe-
Mol (22.15) u3 ToYKHU x 3a BpeMsd t yJOBJIETBODPSAIOT CBONCTBY

Ad(e) =R? VzeR?, e>0.
B cuny nenoukn (22.8) muoxkecrsa gocrmxumoctn Ay (t) mcxommoii cuc-
TeMbI (22.14) yIoBIETBOPSIOT PABEHCTBY
d(AL(e) =R*  VpeR) e>0.
Tak xak BekTOp [ HaxXOAUTCHA B OOIIEM IIOJIOXKEHUU, 3-MEPHAsS CHCTeE-

Ma (22.14) mmeer mosHBIA paHr (cM. mpemoxkenue 6.1), mosromy oHa
BIIOJIHE YIPABJISIEMa 33 CKOJIb YTOAHO Majloe BPEMsI:

A}L(E)zR3 VpeR: e>0.



I'masa 23
KPUNBU3HA

23.1. KpuBu3Ha JAByMEPHBIX CUCTEM

PaccmoTpum ynpaBiasgeMyio cucTeMy BUIA
¢=fule), q€M, uel, (23.1)

rae
dim M = 2, U=R um U=S5"

Mp#1 npeanonaraem, 9To npasas 9acTh [, (g) rmaaxo 3asucur or (u, q).
Xopol1o U3BeCTHBIN NPUMEP TaKOH CUCTEMbl JaeT JAByMepHas pUMaHOBa
3a7a49a; JIOKAJIBLHO 3Ta 3312498 3aJ2€T YIPABIIeMYIO CHCTEMY

(jzcosufl(q)—i-sinufz(q), qEMa UESI,

rae fi, fo — JIOKAIBHBIN OPTOHOPMHUPOBAHHBIN perep PUMAHOBON CTPYK-
Typbl. MBI IT0/Iy9nM WHBapUAHTHOE OTHOCUTEILHO OOPATHOU CBA3M ypaB-
Henne fkobu must ynpasssiemoii cucremst (23.1), a Takzke MOCTPOMM TIaB-
HBI MHBAPUAHT 3TOH CHCTEMBI OTHOCUTEILHO IMpeobpa3oBanuii 06paTHO
CBSI3W — KPUBH3HY (B PUMAHOBOM CJIy9ae STOT WHBAPHAHT COBIAJAET C
rayccoBoii KpuBu3HOi1). Mbl JOKaKeM TeopeMy CpaBHEHUS il CONPSAZKeH-
HBIX TO4YEK, aHAJOTUYHYIO0 TeOpeMaM CPaBHEHHS B PUMaHOBOII reoMeTpHUU.

Bynem mpenmosarath, 9TO KpuBas JOMYCTUMBIX CKOPOCTEN YIIPaB-
aseMoit cucremsbl (23.1) yZOBIETBOPSIET CJIEYIOIAM YCIOBHSM DETYJIIsAp-
HOCTH:

fu(q) 019 o,

3];;5‘1) A 9? fu 75 0, qgeEM, uel. (23.2)

VYenosue (23.2) osnauaer, uro kpusas { f,(q)| v € U} C T, M cunbHO BbI-
IYKJIa; U3 HETO CJEAYeT YyCHJIEHHOE yCJIOBHE JIesKaHapa Jyia SKCTpeMaseil
cucrems! (23.1).

BBeniem MHEHHBIN Ha CJI0SX KOKACATEIBHOTO DACCIOCHUS 3aBUCIIAN
OT ylIpaBJIEHUA I'aMUJIBTOHUAH

hu(X) = (X, fu(@))

u MaKCI/IMI/I3I/IpOBaHHI>II71 TaMHJIbTOHHAH

H(\) = max hay(X). (23.3)

Byznem npeamonarats, aro H () onpenesen B paccMaTpuBaeMoil obacTu
B 1" M. Bosee Toro, MBI IIPEIIOIAraeM, ITO i JI000r0 A B 9TOM obaacTu
MakcumyM B (23.3) mocruraercs gjig eauaCcTBeHHOrO U € U 9TO 03HAYAET,
49T0 JH00as OMOpHas NpsMasi KacaeTcs KPUBOH TOMYCTHMBIX CKOPOCTeN B
enuHCTBEHHOI Touke. Torma u3 yciaoBus Beimykiocta (23.2) ciemyer, 910
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H()\) aBngerca riaakuM B gaHHOR obnacru. Bosee toro, H omHOpOaeH
MOPSIKA OJUH HA CJIOSX, MIO9TOMY MOYKHO OIDAHUYUATHCS M3YIE€HUEM II0-
BEPXHOCTHU YPOBHS
H=H'(1)cT"M.
0O603Ha9uM IIEpECEYEHTIE CO CJIOEM Yepe3
Hy =HNT; M;
u3 yciosug (23.2) ciemyet, uro KpuBag Hg CHIBHO BBIIYKJIA.

23.1.1. IToaBuxkubiii penep. Ilocrpoum uHBapuaHTHBI OTHOCHU-
TeJIbHO IIPeobpa30BaHuil 0OPATHON CBA3M IOABUKHBII pernep HA 3-MePHOM
MHOroobpasuu H Ajs Toro, 9robbl 3ammcaTh ypaBHeHuHe AKoOu B 3TOM
perepe. OTMeTnM, 9TO MAKCHMU3UPOBAHHBINA raMu/IbTOHUAH H mHBapuaH-
TEH 10 OOPATHON CBs3M, TaK KaK OH 3aBUCHAT OT BCEH KPUBOMH TOIYCTUMBIX
ckopocreil fy(q), HO He OT ee mapaMeTpu3anyUu ynpasiaeHneM u. 1losromy
IIOBEPXHOCTL ypoBHA H u cioit H, TakyKe MHBAPHMAHTHBI 110 0OpaTHOMN
CBA3MW.

Hagmem cTpomTh pemep C BEPTHKAJIBHOIO IIOJISA, KACAIOIIETOCHd KpH-
Boit H4. BBegeMm B ciioe mosIgpHBIE KOOPAUHATHL:

p = (rcosp,rsing) € T, M.
Torna H, mapamerpusyercs yriaom ¢:
He={p=plp)}

W3 dopmysbr Ditsiepa st OGHOPOIHBIX (DYHKIHI MOy IaeM

ple) A L) #0. (234

d
PaznoxuM BTOpyI0 DPOU3BOTHYIO B peIepe p, ﬁ:

d*p dp
7oz (P) = ai(p)p(e) + az(e) 72 (9).
Kpusaa H, cunpHO BBINYKJA, & FaMUIbTOHHaH H OZHODOJEH Ha CIIOE,

IIO3TOMY (0) <0
ai(p) < U.

[Tpu 3amene napamerpa 6 = 6(yp) nosydaem

T2~ a1(0)(22) 0(0) +2(0) 22 (0),

[I03TOMY CyLIECTBYET €AMHCTBEHHBII (C TOYHOCTHIO 0 TPAHCJISANUIL U OpU-
eHTaIWN) mapamerp § Ha KpuBOH g, [ KOTOPOIO

TL— _p(0) +b(60) 22 (6).

Badukcupyem Takoit napamerp  m onpesesuM COOTBETCTBYIOIIEE BEPTH-
KaJIbHOE BEKTOPHOE 110Jie Ha H:
0

’U:%.
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B uHBapuaHTHBIX TEPMHUHAX U — €IUHCTBEHHOE (C TOYHOCTBIO J0 YMHO-
JKeHud Ha 11) BepTUKaIbHOE mOJIe HA H, JJIg KOTOPOro

L%s = —s+bLys, (23.5)

e s = pdq — TaBrosorudeckas dopma wva T* M, cyxennas Ha H.
Oupenenum noaBuKHBINA penep Ha H cieayrommm 00pa3om:

V1:U7 %:[Uvﬁ]v ‘/3:ﬁ

BaMeTI/IM, 9TO 3TU BEKTOPHBIC IIOJIA JIMHETHO HE3aBUCUMBbI, TaK KaK U
BEPTUKAJIBHO, a ApPYyTrue OBa I0Jd MMEIOT JIMHEMHO HE3aBUCHUMBbIE ropu-
30HTaJIbBHBIEC COCTABJIAIOIIIUE:

—

mH = f,
71 _ Ofudu du
o, H] = 5 g0 2070

3zmeck MBI 0603HaTaeM depe3 u(f) MaKCHMU3UPYIOIIee yIpaB/eHue Ha 7 :

(p(0), fue)) = (p(0), fu), ueU.
JndbdepeRmupys ToKIeCTBO
> =0
u(0)

of
0 u
s Toro 9robnl 3anucaTh ypaBHeHHE SIKOOM BIOJIb IKCTPEMATIH A¢,

du
10 @, nosydaem T # 0.

HaM noTpebyroTcs ckoOku JIu ramumiibroHOBA 1MOJisi H C BEKTOPHBIMU TI0-
JIIMU perepa:

[H, ] = —Va,
[H, V5] = 7,
[H, V5] = 0.

BoIamucmM HeIoCTalolny o BTOPYIo CKOOKY.
Teopewma 23.1. Hmeem mecmo pasencmeo

[H,[H,v]] = —kv. (23.6)
Dyuknus k = k(A), A € H, Ha3bIBaeTC KPUSU3HOU IBYMEPHOI yIpaB-

asgemoit cucremsl (23.1). TamunabroHOBO moste H MHBApHAHTHO 1O 06pAT-
HOU CB#A3W, & IOJI€ ¥ WHBAPUAHTHO MO OOPATHOW CBA3M C TOYHOCTHIO 10
ymHOXkeHnst Ha +1. TlosTomMy KpnBm3HA K ecTh mHBapuaHT cucrems! (23.1)
OTHOCHUTEJIbHO IIPeobpa3oBaHuil 00pATHON CBA3M.

HoxkaxxeM Teopemy 23.1.

HoxkaszareascTso. [lapamerp 6 3anaer oToxecTBiieHne
H~ {0} x M, (23.7)

IIO9TOMY KaCaTE€JbHOE€ IIPDOCTPAHCTBO K H MOXKeT OBITH Pa3JI02KE€EHO B
OpaMy0 CyMMY TOPHU30HTAJIBHOTO MU BEPTUKAJBHOIO IIOAIIPOCTPAHCTB.
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Ilo nBoiictBennocTu, j0bas muddepennmanbaas dopma HA H uMeeT
TOPU3OHTAJIBHYI0 M BEPTHKAJIBHYK YaCTH. 3aMETHM, YTO TPUBHAJIM3A-
mus (23.7) HeMHBapUaHTHa 10 OBPATHOI CBSI3M, TaK KaK BBIOOD CEYEHUs
0 = 0 upoussosien, moaromy dopma df u ropu3OHTAJIBLHOCTH HOIIPOCT-
PaHCTBa HEMHBAPUAHTHBI 110 00PATHON CBA3M.
s kparkocTr 0603HAYUM B 9TOM JOKA3ATEIbLCTBE I€PE3
s =8|y
ropusoHTaJIbHY0 dhopmy Ha H. Obo3HaunM npousBoiHyto Jlu:
!
L,=Lyp0 =
¥ PaCCMOTPHUM CJIe YOl Kopemnep Ha H:
!
de, s, s. (23.8)

Jlerko BuzeThb, 9T0 31U HOPMBI JINHEHHO HE3aBUCUMBL: df BEPTHUKAJIbHA, a
ropusoHTaIbHBIE DOPMEI S, ' MuHEHHO He3aBucuMbl B cuity (23.4). Teneps
mocTpouM pernep Ha H, nBoiicrBeHHbI penepy (23.8).

~

Paznoxum H Ha TOPU30HTAJIBHYIO U BEPTHKAJbHYIO JaCTU:

= 9]
H= Y +oags a = a(b,q). (23.9)
TOPHU3OHTAJBHO \-v/
BepTI/IKaTII)HO
JHokaxem, 910 110J1st
7] )
s V' =557

COCTABJIAIOT pemnep, apoiicTBeHHBIA kKopenepy (23.8). Hyxno nokasars
JIMIIIb, 9TO IIapa FOPU30HTAJbHLIX mojeit Y, Y’ nsoiicTBeHHa mape Tro-
PU30HTAJBHEIX GOpPM S, s'. Bo-mepBhIx,

(s, Y) = (s, H) = (A, fu) = HA) = 1.

Hauree,
no_ 7N 8fu>_< E)fu>d_u_
(o0, Y7y = (s, ') = (0,50} = (A, ZL) S 0,
N——
=0

CiieioBaTe/ibHO,

0={(s,Y) =(s,Y) + (s5,Y"),
T. €

(s,Y)=0.

Haxownerr,

0={(s,Y) =(s"Y)+ (s, Y').
PaserncrBo (23.5) MoxHO mepenncaTh Kak s’ = —s + bs’, mosromy

(8, Y'Y = —(s")Y) = (s —bs',Y) = 1.
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Wrak, MBI IOKA3a/Id, 9TO perep
0
56 Y,Y' € VecH
JOBOICTBEHEH KOpPeIepy
dh,s,s' € AL (H).
Jljis 3aBepIIeHWs JTOKa3aTeIbCTBA JAHHON TEOPEMBI BBIYUCIUM CKOO-
Ky [H,[H,v]] ¢ HOMOIIBIO 9TUX pEnepos.
CHagaja pacCMOTPHM CTAHJAPTHYIO CHAMILUIEKTHIECKYIO (hOpMY
oly =d(sly) =ds=dONs" +dgs,

rae dgs — nuddepennuan GopMbI S IO TOPH30HTAILHEIM KOODITHATAM.
TlopuszonTanbras 2-bopma dys uMeeT pas3iioxKeHue

dys=csNs, c=c(b,q),
LIO3TOMY
oly =dONs +esNns'.
Tak Kak
i ol =0,
HosTygaeM

= 9
Oly (H,+) = aly (Y + anmy ) =
=as —(s,Y)d0 +c(s,Y)s' —c(s',Y)s=as' +cs' =0,

T.€. @ = —C, IIO3TOMY

= 1o}
H=Y —-c¢ %
Teneps Bbrauciaum Tpebdyrongyiocs ckooky Jlu:
7 i _':| v /i
= [ao’H =Y - cEp

CJIeI0BATEIIHHO,
— — i . —»_—)l _|: . i R /ii|_
[H’[H’aeﬂ_[H’ H]=Y —cqp Y+ 55| =
9
00

BE€pTUKaJIbHasdA 49aCTh

= (Hd —H'e) S +[Y, Y] +cY" — Y.

ropu30OHTaJIbHasA 4acCThb

— —
Ocrajiocs ybequThCsi, 9TO TOPU3OHTAJbHAS 9aCTh CKOOKH [H , [H , %”
obpamaercs B HyJIb.
U3 pasenctsa s’ = —s + bs' cnemyer, 9To B cmily JBOHCTBEHHOCTH
penepoB Y, Y m s, s
Y"=-Y - by’

Hautee,
ds=diANs +csNs,
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d(sy = (ds) =do NS +c'sNs +eshs" =

=—ddNs—bdIANs + (' +cb)sNs,
n ckoOKy [Y', Y] MOXKHO BBIMUCIATE, NCIOIB3Ysl TBOHCTBEHHOCTH PENIEPOB
u npepayoxenue 18.1:

[Y',Y]=cY + (¢ +cb)Y'.
Wrak, ropu3oHTAJbHAS 9aCTh TOJIS [ﬁ , [ﬁ ,v]] paBHa
Y, Y]+cY" =Y =cY +(d + b)Y —cY —cbY' — 'Y =0.

Ms1 mokazanim, 9T0
[ 5]] == 56
T oeell 06’
rIe KPUBU3HA BBIYUCISETCS 0 DOpMyJTe
k=—Hc +Hec O

SBamedganue. HamomMamM, 94TO BEPTUKAJBHOE BEKTOPHOE IIOJIE U,
yzosaerBopsitomee (23.5), e IMACTBEHHO ¢ TOYHOCTBIO 0 MHOXKHTENS +1.
C nmpyroii CTOpPOHBI, BEePTHUKAJIBbHOE HOJIE U, yAoBiaerBopsiomee (23.6),
€IMHCTBEHHO C TOYHOCTBIO 10 MHOXKHUTEJISI, IIOCTOSHHOTO BIOJIb TPAEKTO-

2

puit H (u noromy He Bamsaomero Ha k). Cex0BaTenbHO, 1715 BEITHC/ICHAS
KPUBU3HBI K MOKHO HCIOJIb30BATH JIIO00E BEKTOPHOE IIOJIE U, I KOTO-
POTr0 BBINOJIHSIETCS PABEHCTBO Bya (23.6).

Wrak, Temepb HaM U3BECTHBI BCE€ CKOOKM TaMUJIBTOHOBA BEKTOPHOIO
i
nong X = H c BekTopHbIME nOiaMu perniepa Vi, Vo, Vs:

[H,Vi] = —Va, (23.10)
[H,Va] = 5V4, (23.11)
[H, V5] = 0. (23.12)

23.1.2. YpaBHenue fkobu B nogBu2kHOM periepe. Mbl ncmoin-
3yeM MOCTPOEHHBIN MOBUKHBIM pernep JJjs TOro, 9To0bl BBIBECTH -
depeHnaIbHOE ypPaBHEHUE [JIs OLNPEEIEHNUs COIPSKEHHOIO BPEMEHU
HaIllell AByMEPHOU CHCTeMbl — ypaBHeHHE JIKOOM B HOIBUKHOM pemepe.

Kak B 1. 21, paccmorpum ypaBaeHue Skobu BHOJIb PEryJisipHON KC-
TpeMasu A, t € [0,t1], ByMepHO# cucrems! (23.1):

77:5;(77)) UGE:T)\O(T*M)a

U €ro IOTOK
t
s —
B = exp/bT dr.
0
Hanomuuwm, uro Iy = Ty, (T, M) — BepruxanbHOe MOIPOCTPAHCTEO

B X, a C; C Il — moampocTpaHCTBO MOCTOSHHBIX BEPTUKAJIbHBIX PEMIeHNH
ypasHerus fxobu Ha [0,%] (cM. (21.30)). Ilepecewerne B;IIy NIl Becerma
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comepxkut nomnpocrpanctso C;. Mowment ¢ € (0,%1] ecTh compszkeHHOE
BpeMsd JjIs SKCTPEMAJIU \; TOTIA U TOJBKO TOIJ/Ia, KOTJa 3TO IIepecedeHne
6osbmie, gem Cy:

B, Ny # C,.

st Toro 4ro6s! mononHuTh penep Vi, Vo, Vs mo 6asuca B Ty, (T*M),
PacCMOTPHM BEKTODHOE II0JIe, TPAHCBEPCAJIbHOE 7, — BEPTUKAJIbHOE
sitsepoBo noie E € Vec(T* M), umeromniee moTok

Aoetf =el . )\, AeT*M, teR
B koopmunartax (p,q) Ha T*M 310 mOJNE MMeeT BU,
7]
Bektopubie nona Vi, Vo, Vi, E obpagytor 6asuc B T\(T*M), A € H.

Ilona Vi = % u F BepTUKAJIBLHBI:

Iy = span(Vi(Xo), E(Xo))-
Yrobbl HaiiTu BepTuKajabHOE OAIPOCTPAHCTBO Cy, BBIYUCIUM JIEHCT-
Bue noroka B; ma 3tm mosg. Ilpm nokasaresncrBe Teopembr 21.3 Mbl
PA3JIOKUJIN IOTOK ypaBHeHus fxobu:

tH
Bi(n) = (F)« €. (n).
ITosTomy
BiE() = (B). et E(\o).
lamunprornan H OmHOPOIEH IOpPsAAKA OAWH HA CJIOAX, CJI€IOBATEIHHO,
norok H rakke ojHOPO/IEH:

—

(KX)o et = k(A oet), k>0,

anonss Hu E KOMMYTUpPYIOT. To €CTh raMUIIBTOHOBO BEKTODHOE II0JIE H
COXpaHdAeT BePTHKAJIbHOE 3ilneposo mosie E. [anee, morox P, nuneeH
Ha CJI0AX, TOJTOMY OH Takxke coxpansger mosne E. Urtak, sektop FE(\g)
WHBApPUAHTEH OTHOCUTEJILHO MIOTOKA ypaBHeHUs Akobu, T.e.

RE()\(]) C Cy.

Jlerko BUAETH, 9TO 3TO BK/IIOUEHHE — Ha CAMOM Jiejle PaBeHCTBO.
HefictBurensHo, yanThiBag ckoOKy (23.10), momygaem

eiH‘/l(Ao) = )\t o eitadHVvl = >‘t © (‘/1 + tVé + O(t)) ¢ TAt (T;(t)M)7

TIO3TOMY

BVi(Xo) ¢ Iy
npu Maseix t > 0. 910 03HAUAET, ITO

Cy = RE()\()), te (O,tl].
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IlosToMy MOMEHT ¢ eCTh COPSIZKEHHOE BpeMS TOTIA U TOJIBKO TOrIA, KOTIa

B,II, NIy # RE(Xo),

etV No) € RV (\y),
WIN, 9YTO PAaBHOCHJIBHO,

Xooet ™ Ty e R o V). (23.13)

Temnepp omumieM JieifiCTBUE MOTOKA MPOU3BOJIBHOTO TIOJIST HA IMTOABUXK-
HBIA perep.

Jlemma 23.1. IIyemv N — aaadkoe mrnozoobpasue, dim N = m, u
nycmos eexmoprvie noas Vi, ..., Vi, € Vec N 0bpasyrom nodeustcnuiti pe-
nep na N. Bosvmem sexmoproe noae X € Vec N. IIycmv onepamop ad X
umeem mampuyy A = (a;;) 6 amom penepe:

@dX)V; = aiVi,  ai; € C®(N).
i=1

tad H

Tozda mampuya T'(t) = (vi;(t)) onepamopa e 6 nodsusicrom pe-

nepe:
XV =3 Vi, () € CF(N), (23.14)

ABAAEMCA peuweHuem caedyrowet 3adavwu Kowu:
D(t) = T(t)A(t), (23.15)
r'(0) =1d, (23.16)
2de A(t) = (e ay ).

HdoxasarenscTso. Havamsaoe ycmosue (23.16) oueBunuo. s
TOro YTOOHI MOJNYYUTHh MaTpudHoe ypasHeHue (23.15), npomuddepenmu-
pyem toxgectso (23.14) mo t:

Z%J 7€tadX[X V]

m
= etadX<Zaijk> Z Xag;) e XV = Z (e ar;)yir Vi,
k=1

=1 kyi=1
u quddepeHnuaabHOe yPaBHEHNE MOy 9eH0. [

VYaureiBag Brmodenue (23.13), 3akiiogaeMm, 9TO MOMEHT ¢ €CTb CO-
IPSI?)KEHHOE BPEMsi TOTA U TOJIBKO TOrJa, Korja Ko3dduimeHThl pasio-
KEHUS

Nooeted iy, — Z%] )(Ao 0 Vi)
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V/IOBJIETBOPSAIOT PABEHCTBAM
Y21(t) = y31(t) = 0.

ITo mpempymeit nemme marpuua I'(t) = (v;;(t)) sBngerca pemennem
sazaan Komm (23.15), (23.16) ¢ marpuneii

0 K¢ 0
A(t) =1-1 0 0 s Ry = Iﬁ?(}\t)
0 0 O

(cm. coorHOmEeHUs Mexmy ckoOkamu JIu (23.10)—(23.12)).
Urak, moment t € (0,%] €CTh CONPSKEHHOE BPEMsI TOTA W TOJBKO
TOr A, KOrJa pemennsd 3aaa4 Komm

Y21 = —Y22,
. 0) =0, 0) =1,
{%2 = K¢721, 121(0) 122(0)
n
Y31 = —Y32;
. 0) =0, 0) =0,
{’732 = K31, 121(0) 122(0)

V/IOBJIETBOPSAIOT PABEHCTBAM
Y21(t) = v31(t) = 0.
Ho zagaga Kommn mist 31, Y32 ©MeeT TOIBKO TPUBUAJIBHOE DEITEHUE.

ITosToMy /1Jis CONpPSI2KEHHOI'0 BpeMeHH ¢ HoJIydaeM JIMHeHHy 0 HeaBTOHOM-
HYIO CHCTEMY B IepeMeHHbIX (1, T2) = (721, Y22)

{.’bl = —Zq, 21(0) = z1(t) = 0. (23.17)

T2 = K¢,

Mur 6ynem maseBaTh cucremy (23.17), mum, 9TO PaBHOCHIIBHO, mud-
depeHnIaIFHOE YPABHEHNE BTOPOTO MOPAIKA
&+ ke =0, z(0) = z(t) =0, (23.18)
ypasnenuem Sxobu dasn cucmemnt (23.1) 6 nodsusichom penepe.
JlokazaHo cjemyolree mMpeJIoKeHIe.

Teopema 23.2. Momenm t € (0,t1] ecmov conpaotcennoe epemsa 0an
deymeproti cucmemwvr (23.1) mozda u moavko mozda, xoeda 2paruYHAA
3adaua (23.18) umeem nempusuasvbroe pewenue.

U3 Teopembl cpapreHus ILtypMa maa auddepeHnralbHbIX ypaBHe-
HU BrOporo mopsiaka (cum., Hampumep, [138]) BBITeKaer ciemyromas Teo-
peMa CpaBHEHHS Il COMPAKEHHBIX TOYeK.

Teopewma 23.3. (1) Ecau £ < C* dasn mexomopoeo C > 0 edoaw
IKCMPEMAAU A¢, TO HG BPEMEHHOM OMPE3KE [0, g} HEM CONPANCEHHDT

mouek. B wacmmuocmu, ecau £ < 0 80oab Ay, MO CONPAHCERHBIT MOYEK
Hem.

™
(2) Ecau k > C? 6doav Ay, mo na ompesxe [O, 5} eCMvb CONPANCEHHAA
MowKa.

2315 A.A. Arpaues, [0.JI. Caukos
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XapaKTepHOe MOBeJeHne SKCTPEMAIbHBIX TPAEKTOPHIl IBYMEPHOI CHUC-
rembl (23.1) B ciiydasx OTPHLATEIHHOW M MOJIOKHUTEIHHOW KDPUBU3HBI
n300pazkeno Ha puc. 23.1 u puc. 23.2 COOTBETCTBEHHO.

Puc. 23.1. DkcrpemasibHbIE TPAEK- Puc. 23.2. DkcrpemasibHbIe TpaeK-
Topuu: k < 0 Topuu: K > 0

IIpumep 23.1. PaccMoTpuM ynpaBisgeMyIo CHCTEMY, COOTBETCTBYIO-
Iy PUMAHOBOM 3a/iade Ha 2-MEePHOM MHOroobpasuu M:

(j:cosufl(q)—i-sinufz(q), qua U,ESl,

rae fi, fo — OPTOHOPMHUPOBAHHBIN penep PUMAHOBON CTPYKTYDHI (-, - ):
<fi7fj>:5ij7 za]:1a2'
B sToMm ciyguae k ecThb rayccoBa KpWBH3HA pUMAaHOBa MHOroobpasms M,
BBIUUCJIIEMAsT CJIEYIOIUM 06pPa30oM:
2 2
k= —c] — ¢+ ficz — facr,
rie ¢; — CTPYKTyPHbIE KOHCTAHThI penepa fi, fa:

[f1, fo] = c1f1 + cafo.

(Msbr nokazkeM 3Ty HOpMysLy s £ B T, 24.)

i puMaHOBO#i 337]a9U KPUBU3HA K = K(¢) 3aBUCUT TOJIBKO OT TOYKH
Ha 0a3e ¢ € M, HO He oT KoopauHaTh § B cioe. Boobime roBops, 3To He
TaK: KpuBU3HA ecTh PyHKIms ot (g,0) € H.

YcinoBusa ONTUMAJIBHOCTH B TEPMUAHAX COMPSI2KEHHBIX TOYEK, MOJIYIeH-
HbIE B IV1. 21, MOryT OBITH JIETKO IPUMEHEHBI K PACCMATPUBAEMOI 1By MeEP-
HoOit cucreme (23.1).

IIpeanosnoxum cHagana, 9ro t. € (0,t1) eCTb COUPsKEHHOE BpeMs
JUIsL 9KCTpeMasi Ay, t € [0,¢1], cucremsr (23.1). IIpoBepuM BbIIOJIHEHME
ycnosuii npemoxkenns 21.2. U3 ycnosns (23. 2) CJIEJIyeT, 9T0 IKCTPEMAJID
peryisipra. CooTBercrByIOIIee yIPABJIEHNE U UMEET KOPDAHI' OJMH, TaK
KaK MHOXKHTEIb Jlarpamka A; OJHO3HAYHO OIPENESIAETCH U3 IPUHINIA
MakCuMyMa (C TOYHOCTBIO A0 CKaJgpHOro Muoxwuress). lasee, ypaBre-
Hue SIko6u He MoXKeT MMeTh pemreHnmii Buma (21.28): ecim Gl 9T0 GBLIO
TaK, TO ypaBHeHHe SIK0OM B mMOABIMKHOM penepe & + kyx = 0 umeso Ob1
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HETPUBHUAJIBHOE DeIlleHne € rpaHudHbIME ycjoBuamu z(t.) = &(t.) = 0,
9TO HEBO3MOXKHO. VTaK, 9KCTpeMajib \; YIOBJIETBOPSET YCIOBUSM IIPEI-
noxxenus 21.2, u anbrepHaTuBa (1) 9TOrO MpeEIOKEHNs He PEAIN3yeTCs.
ITosTomy cooTBeTCTBYyIOMIAs IKCTPEMAIbHAS TPACKTOPHUS HE SABJISETCS JIO-
KaJIbHO I'€OMETPUIECKU OILITUMAJIbLHOIA.

Ecom orpesok [0,%1] HEe COmEPKUT CONPSIKEHHBIX TOYEK, TO IO TEO-
peMe 21.4 coOTBeTCTBYIOIIASA IKCTPEMAJIbHAS TPAEKTOPHUS ONTHUMAJIBHA
10 OBICTPOIENCTBUIO 10 CPABHEHHWIO CO BCEMH JAPYTUMHU JOILYyCTAMBIMHU
TPAEKTOPUSMU, NOCTATOYHO Om3kumu B M.

23.2. KpuBuszua tpexMepHbIX adpDUHHBIX II0 YIIPABJIEHUIO
cucrem

B srom maparpade mbr paccmoTpumM adGUHHBIE IO YIIPABIEHUIO TPEX-
MEpHBIE CUCTEMBI:

q=folg) +ufi(e), weR, qeM, (23.19)
dim M = 3.

MpI penynupyeM Takyl CACTEMY K JBYMEDHOH, KaK B IV 22, W BBIYAC-
JINM KPUBU3HY HOJIyquHOﬁ ,ZLByMepHOI'/'I CUCTE€Mbl — WHBApPUAHT CHUCTE-
Mot (23.19) no o6parHOil cBA3M.

MBs1 npeamnosaraem, 9TO BBIIOJIHEHBI CJIEAYOMIUE YCIOBHSL PEry IAPHOC-

T Ha M:
fo N f1 AN [fo, f1] #0, (23.20)
f1 A lfo, f1] A f1s [fo, f1]] # 0. (23.21)

Jlrobas sxcrpemans \; adbdunHOl Mo ynpasienuto cucremsl (23.19)
BIIOJIHE 0CO0asi, OHA YIOBJIETBOPSIET PABEHCTBY

hi(Ae) = (Ae, f1) =0, (23.22)

U COOTBETCTBYIOIIEE SKCTPEMAJIHHOE YIPABJIEHUE HEJIb3s HANTH HEImoC-
PeICTBEHHO u3 Toro paseHcrsa. luddepennuposanue (23.22) no ¢ maer

ho1(Ae) = (A, [fo, f1]) = 0.

Eme onno muddepennupoBanre mpuBOAUT K PABEHCTBY, COAEPIKAIIEMY
yIpaBjIeHHUE:

hoo1 (A¢) + u(t)hio1(Ae) = (A, [fos [fos f1]]) + w(t) (e, [f1, [fo, f1]]) = 0.

Torma ocoboe ymnpaBjieHHE OIPEIEIAeTCA OMHOZHATHO:

—23218; hn(A) = hor(A) = 0.

ITpumennm k cucreme (23.19) npeoGpaszoBanme 06paTHON CBA3M:

u=1u(q) =

ur u—u(q).

970 npeobpa30BaHue BAUIET HA TMOJE fo, HO COXPAHSIET YCIOBUS PETYIISP-
nocru (23.20), (23.21). Iocae sToro npeobpasosanust 0coboe ynpasieHne

PaBHO I

231/2*
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Torna mMeeT MeCTO UMILIUKAIIAS

A1 = Afo, il =0 = X[fo, [fo, f1]] = 0.

ITosroMy OymeMm cumTaTh Jajee, 9TO

[fo, [fo, f1]] € span(f1, [fo, f1])- (23.23)

B rpybuaroii okpecrHOCTH TpaeKTOpUU 10Jisd fi PACCMOTPUM PEIYK-
IO TpexMepHOi cucremsr (23.19)

Woemdlfy@,  we(-ee), GeM =M/, (2324)

JJIsL JOCTATOYHO MAJIOrO €.

OTa cucremMa MMeEeT Te JKe COIPSKEHHBbIE TOYKH, 9YTO U UCXO/HAs CHUC-
rema (23.19). Eciu cucrema (23.24) He mMeeT CONPSIKEHHBIX TOYEK, TO
cooTBeTCTBYIOmAsa 0cobasd Tpaekropus cucreMmbl (23.19) reomerpudecku
CHJIBHO ONTMMAJIBHA, T.€. JIOKAJIBbHO IPUXOAWT HA I'DAHUIy MHOXKECTBA
JOCTHKUMOCTH.

Onumem kokacaresbHoe paccioenue dakropa M. Kacareasroe
IIPOCTPAHCTBO K M COCTOMT M3 KacaTeJbHbIX BEKTOPOB K M 110 MoLymo fi:

T;M ~ T,M/Rf, (q), (23.25)
g€ M, a:qoemhe]/\\f/’
oroxzecrsienue (23.25) 3agaercsa orobpazkeHreM
v,  wveT,M, ¥eT;M,
d ~ d ~
U7 Ttlimo att), YT dtli=o aw®:-

IlosToMmy KOKacareabHOe HPOCTPAHCTBO K M COCTOMT M3 KOBEKTODPOB
Ha M, OpTOroHAJBHBIX [1:

T;M ~T; M ({hy =0},
A=A AeT;MN{hy =0}, AeTzM,
(A1) = (\,v), veT,M, vel;M.
YuursiBasg, 9To 1moJjie f; eCTh IPOeKIusd raMIJIBTOHOBA 10 A1, JIEFKO

BHJETH, 9TO

T*M ~ {hy =0}/,
rre oToOpakeHne \ — hy OIIpe IeJIEHO BhIme (YIPayKHEHNE: TOKAKATE, ITO
A =X & Ay €\ oefM). Urak, xokacatensroe pacciaoerne (bakTo-

-

pa M monygaerca u3 1" M ¢ moMombpo raMIIBTOHOBOM peayKIuu mo Ay,

T. €. C IOMOIIHIO0 OTPAHNYEHNS Ha IOBEPXHOCTh YPOBHS TAMUJIBTOHUAHA A1
i

¢ mocJyieayomeit (pakTopu3aryeil mo JefCTBUI0 MOTOKA Ay .

S
Haiee, n3 ycnosust peryaspaocta (23.21) cienyer, 9o nose hy TpaHc-
BepcaJibHO NoBepxHOCcTH ypoBHs {h; = hg; = 0}, m 3Ta MOBEPXHOCTH
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YPOBHA JaeT eme OAHY pPeaMr3alllui0 KOKaCaTEJIbHOI'O PaCCJIO€HUA d)aK—
TOopa: _
T*M ~ {hl = h01 = 0}

-
B »roit peanusanuu hgy €cTh raMUIBTOHOBO IOJI€, COOTBETCTBYIOIIEE MaK-
5
CHMU3UPOBAHHOMY FaMUJIBTOHHAHY — TeHepaTopy sKkcrpemasieil (H B ma-
parpade 23.1). IloBepxHOCTH YPOBHS MAKCUMU3UPOBAHHOIO FAMUJIBTOHU-
ana (#H B maparpade 23.1) peanusyercs Kak HOJMHOroo0pas3ue
{hl = hog1 = 0, hog = 1} cT"M.

C momompoo KaHOHWYECKOH mpoeknun 7: T*M — M 3T0 moaMHOr000-
pa3ume MOXKHO OTOXIECTBUTH ¢ M, TOTOMY MOBEPXHOCTh YPOBHS H w3
naparpada 23.1 peanusyercsa cetiaac kak M. Mbr ucrnonb3yem 3Ty pea-
JIA3anEio, ITO0BI BEIMACAUTD KPUBU3HY TpexMepHOii cuctemsr (23.19) kak
KPUBH3HY K €€ JByMepHOi pemykimn (23.24).

-

Famuibronoso none H w3 maparpada 23.1 Temepp paBuo fo, a fi
ecTh BepTuKasibHOe mosie. OcraeTcs HOPMHPOBaThH f1, T.€. HAATH Takoe
BepTHKaJbHOe moje afi, a € C*° (M), aro

[fo, [fo, af1]] = —kafi (23.26)
(cm. (23.6)). Tpoiika
an fla f2:[f07f1]

obpa3yeT moaBMKHEIN perep Ha M. PaccMOTpuM CTpyKTypHBIE KOHCTAH-
TBHI 9TOTO Pemnepa:

2
[fl?f]}zchsz7 va:07172
k=0

3ameruM, 9To BKJtodeHue (23.23), m0JydeHHOE IOC/Ie IPEBAPUTEIHLHOTO
npeobpaszoBanus 06pPaTHOl CBA3M, TeNeph 3alUCHIBaeTCs Kak Cgy = 0. Ilo-

3TOMY
[fo, [fo, f1]] = —caf1 — cialfo, f1]-

Teneps MOXKHO HalTH Takoil HOpMHUpPYOMWA haKTOP @ st f1, ITOOBI
BBINOJTHSIIOCH paBeHCTBO (23.26). Tloxydaem

[an [an afl” = [an (an) + a[an fl]} =
= (f3a)f1 + 2(foa)[fo. f1] + alfo, [fo. f1]] =
= (fa — cgpa) fr + (2foa — c5y)[fo, f1-
TeHepb NCKOMaA (byHKI_[I/Iﬂ a HaXO,ZLI/ITCH u3 HepBOFO ypaBHeHHH B 9YaCTHBIX
IIPOU3BOIHBIX
2foa — c3ya =0,
¥ MOXKHO BBIYHUCJIATH KPUBU3HY:

_fga - C%)za

a

R =
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Urak, xpususna apdunnoti no ynpasaenuro mpermeproli cucme-
mor (23.19) BbIpaxkaercd 4epe3 CTPYKTYPHbIE KOHCTAHTBHI Kak (byHKIHs
Ha MPOCTPAHCTBE cocTosgHUit M :

1 1

2yv2 1. o
“:‘302_1(002) —§f0002-

OueHKM KPUBH3HBI £ BROJIb (HEOOX0AEMO 0c0BO0ii) 9KCTpeMasm Tpex-
MepHO# adUHHOM IO yIPABIECHUIO CUCTEMBI ITIO3BOJIAIOT IOJIYIaTh OIEH-
KU COMPSI2KEHHOT'O BPEMEHM, & MOTOMY M OTPE3KOB, Ha KOTOPBIX IKCTPe-
MaJjib JIOKAJIbHO OmTHMaJjbHA. JleficTBUTEIbHO, IO MOCTPOEHWIO K €CTh
KPUBHU3HA PeLyIUPOBAHHON AByMepHOi cuctembl. Kak m3BecTHO u3 ri1. 22,
PeLyKIus 11epeBOAUT OCOObIE YKCTPEMAJIM B PEry/isipDHbIE, & HCXO/HAs U
peaynupoBaHHasd CUCTEMBbI MMEIOT OJHO W TO 2KE€ COIPAKEHHOE€ BpEMA.
ITosTomy mocpencTBOM penyKImu MOXKHO IIPAMEHHATH Teopemy 23.3 K uc-
CJIEJOBAHUIO OIITUMAJIBHOCTH OCOOBIX dKCTpeMasiell TpexMepHbIX adduH-
HBIX 10 YIPABJIEHUI CHCTEM.



I'masa 24
KAYEHUE TEJI

B sr0it ritaBe MBI puMeHUM TEOpeMY 00 OpOMTE U MPUHITUAT MAKCHAMY-
ma IlorTpsirnHa K MHBApMAHTHOM T€OMETPUIECKO MO/ M KAYeHUsI Taphbl
TBEPABIX TeJ. Dyner pemreHa 3a1ada yIpaBiseMOCTH, B 9aCTHOCTH, MbI
TIOKazKeM, UTO CHCTEMA BIIOJIHE YIIPAaBJIseMa TOTJA U TOJBKO TOTIa, KOTIa
Tejia He N30METPUIHBI. MBI IOCTaBUM 334397y ONTHMAJIBLHOTO YIIPABJIECHUS
U U3YYUM €€ IKCTPEMAJIH.

24.1. TeomeTpuiecKas MOIEJIb

Paccmorpum s1Ba TBEpABIX TejIa B TPEXMEDHOM HPOCTPAHCTBE, KATS-
IIUXCH OFHO IO ApyroMy 0e3 IPOCKaJIb3bIBAHUS U
IpOKpy4YnBaHus, puc. 24.1.

BumecTo Boxkenus 3ajaum B R®, paccMoTpEM
WHBApUAHTHYI0 T€OMETPHYECKYI0 MOJEJb 3ITOH
CUCTEMBI. -

IIycte M u M cyTb gByMEpHBIE CBA3HBIE MHO-

roobpasmsa — MMOBEPXHOCTH KaTdAmuxcsa Tesa. s -l!

M

TOrO 9TOOBI U3MEPATDH AIUHBI KpuBbiXx Ha M u M,

OyaeM CUYMTaTh, 9YTO KaXKJI0€ M3 ITUX MHOroodpa-

3ufl PUMAHO60, T.€. UMEET PUMAHOBY CMPYKMY-

PY — CKaJsgpHOE IMPOW3BEIEHWE B KaCATEJbHBIX

MPOCTPAHCTBAX, TVIAIKO 3aBUCHIIEE OT TOYKU MHO- M
roobpasusi:

<Ulav2>Ma v; € Ty M, Puc. 24.1. Karsamue-

~ o~ ~ r cd TeJia
<Ul, UQ)I’M\, (3 S T’E\M

—

Bosee Toro, mbr npeamosaraem, aro M u M opuenTupoBaHbl (10-
BEPXHOCTU TBEP/IbIX TeJ B R3 OPUEHTUPOBAHbI BEKTOPOM BHEIIHEN HOP-
MaJsm).

B roukax korTakTa Ten £ € M u Z € M ux KacaTeabHbIE IPOCTPAHCT-
Ba OTOXKAECTBJIAIOTCS C IIOMOIIBIO u30MeTpuu (T. €. JIUHEHHOro 0TOGpaKe-
HUS$l, COXPAHMIONIEr0 PUMAHOBBI CTPYKTYDHI)
—
q: ToM — TzM
(puc. 24.2).
Ms1 nmeeM 1610 TOJIHPKO C COXPAHSIONIMI OPUEHTAINI0 N30METPUIMUA
u jajiee OyIeM OMyCKaTh CJIOBA «COXPAHSIONINE OPUEHTAINIOY [ YIIPO-
mieHusi si3bika. Vl3omerpusi ¢ ecTh COCTOSTHUE CHUCTEMbBI, U IIPOCTPAHCTBO
COCTOSIHUIT €CTh CBsI3HOE H-MepHOe MHOroobpasue

Q={q: TzM—>T§]/\4\| zeM, e ]/\4\, ¢ M30MeTpHs }.
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Puc. 24.2. OTO}K,ILeCTBJIeHI/Ie KaCaTeJ/IbHBIX IIPOCTPAHCTB B TOYKE KOHTAKTa

O6o3HaunM npoektuu u3 () vHa M u M:

m(q) ==z, 7(q)=2, q: T, M—T:M,
ge€EQ, M, T€M.

JIokanbHBIe KOOPAUHATHL Ha () MOXKHO BBECTH CJIEIyHOIIUM OOPa3OM.
BribepeM mpou3BoibHBIE JIOKAIbHBIE OPTOHOPMUPOBAaHHBIE Pellephl €1, €o
Ha M u ey, e; Ha M:

(eisej)m = 0ij, (€, €5) 57 = ij» i,j=1,2.
s 060t kordurypanun Te1 g € (Q, 0603HaIMM depes § yros moBopora
OT pemepa €1, €2 K Perepy gei, gea B TOUYKe KOHTAKTa:
ge1 = cosf ey +sin @ eo,
qes = —sinf €1 + cos @ es.
Torma J0KaIbHO TOYKHE ¢ € () mapaMerpusyoTca Tpoiikamu (z,7,0), x =
=m(q) € M, T =7(q) € M, § € S'. Buibupas JoKaIbHbIE KOODIHHA-

ol (z1,22) HA M u (T1,T2) Ha M, moilydaeM JIOKajbHbIE KOODAUHA-
Tol (21, %2, T1,22,0) Ha Q.

ITycrs ¢(t) € Q ecTh KpEBast, COOTBETCTBYIOMAS JIBAXKEHAIO KATSIIX-
ca re. Torma z(t) = m(q(t)) m Z(t) = m(q(t)) cyrp TpaekTopmm ToUek

—~

koHTaKTa B M um M COOTBETCTBEHHO. YCJIOBUE OTCYTCTBHSA IIPOCKAJIB3bI-
BaHUS O3HAYAET, UTO

q(t)&(t) = 2(t), (24.1)
a yCJIOBHE OTCYTCTBHUs IPOKPYYHBAHUA N€OMETPHIECKH (DOPMYIHPYETCS
CIeayIomuM 06pa3om:
¢(t)(BexTOPHOE mOITE, MapasIIeabHOE BIOID & (t)) =
= (BeKTOpHOE 1OJIe, apaJlyiebHoe Baoab Z(t)). (24.2)

Hama Mozens mrHopupyer OrpaHHYeHUs] COCTOSHUS, COOTBETCTBYIO-
IHe JOMYyCTHMOCTH KOHTAKTa TeJl, BIOKEHHEIX B R®. BrpodueM, 3ameTmm,

=
970 ecyi moBepxHOCTH M m M MMET COOTBETCTBEHHO MOJIOXKUTEIHHYIO U

HEOTPHUIATETHHYIO FayCCOBBI KDUBU3HBI B TOYKE, TO UX KOHTAKT JOKAJIHHO
JOTYCTHUM.
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W3 ycaosmit momycrumoctu (24.1) u (24.2) cnenyer, uro kpusas x(t) €
€ M opnosuagno ompenesser Bce nsuxkenue ¢(t) € Q. To ectb ckopoc-
TH JOIMYCTHMBIX JBUKEHWI ONpEIeJdioT pacnpeneneHane A panra 2 B
5-mepHOM npocTpancTBe (). MBI mOKaxkem 310 (POPMaIbHO U BBIYUCIAM
pacupegeseane A sBHO HuzKe. [lepen 3TuM HAIOMHAM HEKOTOPBIE HAYAIb-
HbIE CBEJIEHUS U3 PEMAHOBOIl T€OMETPHUH.

24.2. JIBymepHass puMaHOBa reoMeTpus

ITycts M — mByMepHOe PUMaHOBO MHOrooOpasue. MbI onuieM paMa-
HOBBI Te0/Ie3U9eCKHe, CBA3HOCTD JIepn—YuBHUTa 1 TapaJlie bHbIH TepeHoC
va T*M ~TM.

IIycrs (-, ) — pUMaHOBa CTPYKTYpa | €1, €3 — OPTOHOPMUPOBAHHBIN
pemep Ha M.

24.2.1. PumaHoOBbI Treone3umvecKue. s Mpom3BOJBHBIX TOYEK
Zg,x1 € M OymeMm mckaTh KpaTdaumryio KpuBY B M, COeqUHSIOMIYIO T
u Ty

T =wurer(z) + uzez(x), r €M, (u,u)€R?,
z(0) = zo, z(t1) = @1,
tl tl
zz/@;«,;ﬁ)l/? dt:/(u§+ug)1/2 dt — min.
0 0

Taxk ke, kak B maparpade 19.1, n3 npuHIUIa MAKCIMYMa JIETKO CJie-
Jy€T, 9T0 IapaMeTPU30BAHHbBIE JJINHON JIyT'U SKCTPEMAJIbHBIE TPAEKTOPIHI
B 9TOl 3371a9€e (PEMAHOBBI T€OIE€3UIECKHE ) IBJIAIOTCS MTPOEKIIUAMHE TPAEK-
TOPHUil HOPMAJIBHOTO TaMHUJIBTOHOBA IIOJIL:

z(t)=moe()), NeH={H=1/2} C T*M,
H = (h + 1),
hi(A) = (A &), i=1,2.
[TosepxuocTh ypoBHS H ecThb chepuueckue pacciioenne Ham M co cioem
He={hi+h3=1}NT;M ~ 5",
IIapaMeTPU30BAHHBIM YIJIOM (:
h1 = cos p, ho = sin .

KokacarenpHOe pacciioeHme pUIMaHOBA MHOI000Pa3ns OTOXKIECTBIIS-
€TCs C KaCaTeJIbHBIM PACCJIOEHIEM 0JIaroapsi PUMAaHOBOM CTPYKType:

TM ~T*M,
v A= (v, ).
Torna ‘H C T*M oroxnecTBisiercs co cheprudecKuM PACCIOEHUEM
S={veTM||v|=1}CcTM

24 A.A. Arpaues, 10.JI. Caukos
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e€IMHUYHBIX KacaTe/bHBIX BeKTOpoB K M. Ilocie sToro oroxiecTBienus

H

MOzKHO paccmaTpusaTh et kax reomesmueckmit moTok Ha S.

24.2.2. Csasuoctb JleBu—dusBurta. Ceasznocmovbro Ha chepruaecKoM
pacciaoermu S — M Ha3BIBAETCS NIPOU3BOJILHOE FOPU30HTAJBHOE PACIIPe-
neqaenne D:

D={D, CcT,S|veS}
Dy ®Ty(Sy) = T,S,  So=SNT,M.

JIrobast cBa3HOCTh D Ha M 3amaeT mapaJule/bHBIA MEPEHOC €IMHUY-
HBIX KaCaTEeJbHBIX BEKTOPOB BI0Jb Kpusbix Ha M. Ilycrs x(t), t € [0, t4],
ectb kpusBag 8 M, u nycrs vo € Ty )M ecrb emunudnbil KacaTebHbIH
BexTop. Kpusas x(t) nmeer equncTBeHHBIN ropu3oHTaNbHbI mMbT Ha S
C HA9IAJIOM B VUg:

v(t) €S, mou(t) = z(¢),
0(t) € Dy(ry,
v(0) = vp.

JeiicrBuresibHO, eciau KpuBasi a:(t) YZOBJIETBOPAET HEABTOHOMHOMY
muddepeHIIaTbHOMY YPaBHEHIIO

& =wuy(t) er(z) + ua(t) e2(x),
TO ero ropu30HTANBHBIA JudT v() eCTh peleHne IOAHATOrO yPABHEHHS

U= uy (t) & (’U) + Uz (t) 52(’0), (243)
rae &; — ropu3oHTaJbHbIE JTUQMTH 0A3UCHBIX MOJIEH €;:

D, = span(£1(v),&2(v)), i = €i.

3amernM, 4TO pemieHusi ypasHeHus (24.3) mpOIOIDKAIOTCA Ha BeCh
BpeMeHHOH orpe3ok [0,%1], Tak Kak ciaonm S, KOMIAKTHBL. Bekrop v(t1)
€CTb NAPAAIEALHBIT NEPEHOC BEKTOPA Vo BIOIb KPUBOH Z(t).

Bekroproe noste v(t) Bmoas KpuBoii (1) HASBIBAETCT NAPAALEALHVLM,,
€CJIM OHO COXPAHSETCS MAPAJIEIbHBIME MIEPEHOCAMH BAOIL T (t).

Csasnocmo Jlesu—YJueuma ecTh eIUHCTBEHHAs CBA3HOCTL Ha cdepH-
9ecKoM paccyoeHnr S — M, yIoBIeTBOPSIONAs CBOMCTBaM:

1) ckopocTh T060I PIMAHOBOW reome3MuecKOil mapaJiesbHa BIOJb

i
reofie3u9ecKoil (T. e. reozesndeckoe nose H ropu30HTAJIBHO);

2) mapaJiebHBIE MEPEHOCHI COXPAHSIIOT YIOJI, T.€. TOPH30HTAJIbHBIE
JudTHI BEKTOPHBIX moJieil Ha 6a3e M KOMMYTHPYIOT C BEKTOPHBIM IIO-
JIeM 95’ OIIPEEJISIONIUM JIEMEHT [JIMHBL (WU, YTO SKBUBAJIEHTHO, dJIe-
MEHT yriia) B cjioe Sy.

Boraucimm cBa3nocTs JleBn—YuBuTa Kak ropm30HTAJIBHOE PACIpPene-
serre Ha H ~ S. B 1. 23 ObL1 OCTPOEH MHBAPUAHTHBINA OTHOCHUTEIHHO
obpaTHOM CBsi3u perep Ha MHOroobpasuu H:

T = span(, 2 ), A= [0,
%)
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MoxkHO TOKa3aTh, 9YTO

h1 (61 “+c1 g ) + h2 (62 + co gw> (244)

—' 0 0
= —ho (61 + Cl ) + hy (62 + co (p) (245)
rae ¢; — CTPYKTYPHBbIE KOHCTAHTBI OPTOHOPMUPOBAHHOT'O DEIIEpa Ha M:
[61,62] = cie1 + cpea, c; € COO(M)

— — —
HeticTBuTenbHO, cocTapisiomas moasd H = hihy + hohs B KacaTenb-
HOM IIPOCTPAHCTBE MH0r006pa31m M pasHa hie; + haes. qTO6bI HAUATH

COCTABJIAIONILYIO II0JIs H s CJI0e, BBIYHCJIMM IIPOU3BOIHBIE H h; nByms
Pa3HBIMH CIIOCODAMMU:

ﬁhl = (hll_{l + hzﬁ2)h1 = hz(’_{th) = h2{h27h1} = hz(—clhl - 02h2),
Hhy = Hcosp = —sin<p(ﬁ<p) = —hz(ﬁgo).

Amnanorngso,
Hhy = hi(cihy + caho) = hi(He),
TIO9TOMY .
Hyp = c1h1 + c2ho.
CuresoBaresibHO,

ﬁ = hie1 + hoes + (Clhl + C2h2) aia

u paBeHCTBO (24.4) nokasaso. Orcioa paBeHCTBO (24.5) moJryYaeTcs Hemo-
cpeacTBeHHBIM ubdepeHIIpPOBAHIEM.

3aMeTnM, YTO ¢ HOMOIIBIO pasioxkeHuii (24.4), (24.5) MoXXHO JerKo
BBIYHCJIUTH TayCCOBY KPUBHU3HY k puMaHoBa MHOrooOpasus M mo dbopmy-

Jie TeopeMbl 23.1:
165~

"dp Oy’
Tak Kax
[H H)=(3+3&—ejcs+ egcl)%,
nosryJaem
kE=—c—c+eico— eacy. (24.6)

Ceoiictsa 1) u 2) ropusonTasbHOro pacupeaenenus D na H, 3amaro-
5

s0/0
mero cBga3HOCTD JleBn—YuBura, o3Hagaror, uto H € D n e /9¢p = D,
TIO3TOMY

D = span{e; /[wH\ s € R}.

Tak kak

O = halp— ) (er =) +hale = 9)(ea + 2 ),

24*
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OJTy 9aeM
D = span(H, H').
1-bopma cBazuocTH D
we A(H), D = Kerw,

HMEET BHJ
w = ciwy + cows — dy,

rae (wy,wz) — ABoiicTBeHHBIN KOpenep K (e, €2):
Wi EAl(M), <wi,6]’> :6ij, i,j:1,2.

24.3. lomycTuMble CKOPOCTH
BepHemca K 3a7a9e 0 Ka9eHUX TeJI W 3aIlANIEM YCJIOBHUS 0Ty CTHMOC-
tm (24.1), (24.2) ngs xpusoii ¢(t) € @ xak orpaamYeHnst Ha CKOPOCTBH §(t).

Paznoxnm ckopoctu kpuBbix KoOHTaKTa B M 1 M B OpTOHOPMUPOBAHHBIX
perepax:

& =aye1(z) + az ez(z), (24.7)
T=10a16(2)+a26(2). (24.8)

Torma ycnoBue Henmpockanb3biBanus (24.1) npuanvaer dhopmy
a1 = ajcosf — azsinb, a2 = a1 sin @ + ay cosf. (24.9)

Paccmorpum ycnoue Henpokpyuusanus (24.2). O6o3HaduM CTPYK-
TypHBIE KOHCTAHTHI B Pelepax:

[61,62] = cje1 + cze9, c; € COO(M),
[e1, €] = C1e1 + Caey, ¢, € C*(M).

Ilycrs q: TyM — TZM ecrp orobpazkeHne, HHIYIIPOBAHHOE H30MET-
pueii ¢ Ojaromapsi OTOXKIECTBJIEHUIO KACATEJIbHBIX M KOKACATEJIHHBIX
TIPOCTPAHCTB:

qwi = cos 0wy + sin 6 wo,
qws = —sinf @y + cos 6 ws.

B kokacaresbHOM pPacC/IOeHAN yCJIOBAE HEIPOKPYYINBAHUS O3HAYAET, ITO

ecom A(t) = (z(t),¢(t) € H

€CTh mapaJuUIeIbHOE KOBEKTOPHOE TI0JIe BIOJIb KpuBoit z(t) € M, To
A(t) = q(t)A() = (z(t),8(t) € H

—~
€CTh MapaJlIeJIbHOE KOBEKTOPHOE I0JIe BAOJIb KpuBoil Z(t) € M.

B cuy Toro, uro m3omerpus ¢(t) mOBOpadnBaeT KacaTeJbHBIE IPOCT-
pancTBa Ha yroa 6(t), orobpakernune ¢(t) mMOBOPAIMBAET KOKACATEIHHBIE
POCTPAHCTBa Ha TOT ke yrou: p(t) = ¢(t) + 6(t), nosromy

6() = Bt) - ¢(0). (24.10)
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KopexTopHoe nosie A(t) mapaJiesbHo BIOJIb KpuBoit Ha 6ase x(t) Toraa u
TOJIBKO TOrma, Korma A € Kerw, . e.
¢ = (cywy + cows, &) = c1a1 + caas.
Amnasormaso, /)\\(t) IapaJiyIeIbHO BIOJIb Z(t) TOrAa U TOJBKO TOLJA, KOrJa
9;0\: (€1 w1 +/C\2&72,-”}3A> =0C1a1+Caas =
= a1(¢1 cos @ + Casinf) + az(—¢; sinb + ¢2 cos 0).

B cuny pasencrsa (24.10), ycioBue HempoKpyInBaHus NpUHEAMAET GOPMY
0 = 181 + oty — (cra1 + Cc2a9) =

=ai(—cy +¢1cosf+Casinf) + az(—cyg — ¢y sinf + ¢ cos ). (24.11)

Urak, ycnosua mnomycrumoctu (24.1) u (24.2) ms katammxcst Tes om-
penensitor orpanndenns (24.9) u (24.11) Bross Kpusbix KoHTakTa (24.7),
(24.8), T.e. pacupezienierne panra aa A Ha (), TOPOXKIEHHOE JIOKAJIBHO
BEKTOPHBIMU TIOJIAMA

X1 =e1 +cosfe; +sinfes + (—cy + ¢ cos + Casin ) %, (24.12)
Xy =€z —sinfe; + cosfes + (—cy — ¢y sinf + ¢, cos §) % (24.13)

JonycTruMble IBUXKEHUS KATAMAXCHA TEJ CYTh TPAEKTOPHUU yIIPABJIIEMON
CHUCTEMBI

Gd=u1X1(q) + u2X2(q), ¢€Q, wuj,uz R (24.14)

24.4. YnpaBJsieMOCTb

—~
O603HaYNM TayCCOBBI KPUBU3HBI PUMAHOBBIX MHOroobpasmit M u M
coorBeTcTBeHHO 4epe3 k u k. ITomauvem 3tu Kpususael ¢ M u M Ha Q:

k(g) = k(n(q)), k(g) =k(7(q)), g¢€Q.

Teopewma 24.1. (1) Mnoocecmso docmuocumocmu O  cucme-
Mo (24.14) us mouku g € Q ecmov 2aadkoe NOPYNHCEHHOE CEA3HOE
nodmmoz006pasue 6 ) pasmeprocmu 2 uau 5. A umenno:

k—F)o=0 = dim0=2,

(k—k)|o#Z0 = dimO=5.
2 C ECMBYEM UHBEKMUBHOE COOMBEMCMBUE MeOfC() usomempua-
(2) Cywecmey y D

mui: M — M u2-mepruvimu mroocecmeamu docmuatcumocmu O cucme-

st (24.14). B wacmmuocmu, ecau mmozoobpasua M u M usomempurunoi,
mo cucmema (24.14) ne asasemca 6nosHe Ynpasasemos.

-
(3) IIpednonostcum, wmo oba mrozoobpasus M uw M noanv, u 00noceas-

—~
Hot. Toeda coomeemcmeue meancdy usdomempuamu i: M — M u 2-mep-
Howmu MHodrcecmeamy docrmusicumocmu O cucmemor (24.14) buexmusno.



366 I'a. 24. Kavenue men

B wacmnocmu, cucmema (24.14) snoane ynpasasema moz2da u mMoAbKO
—
mozda, xozda mHoz006pasus M u M weusdomempuwrot.
Hdoxazarennbcrso. (1) Ilo Teopeme 06 opbuTe MHOKECTBO HOC-
THKUMOCTH CHMMeTPUYHOM cucTeMmbl (24.14), T.e. opbura pacupezeie-
Hus A, IpOXonsdniasi 4epe3 IPOM3BOJIBHYIO TOYKY ¢ € (), ecTh IJiajiKoe
norpykesHoe noamuoroobpasue B (. ITokaxkem, uyro Jitobas opbura O
pacnpezesrenus A 5-MepHA WA 2-MepHA.
Sadurcupyem r00yi0 opbury (O W MPEIIONOKUM CHAYAIA, ITO CY-

mecrByer To4uka ¢ € O, B KoTopoit MuHoroobpasus M u M mmeroT pa3Hbie

rayccosbl KpuBu3sHbL: k(q) # k(g). nsg Toro 9robel mocTpouts penep Ha @,
BBIYNC/INM TTOBTOPHBIE CKOOKM Jlu mosteit X, Xo:

X3 = [Xl,Xz] —Cle +02X2+(k k‘)
Xy =[X1,X3] =
= (chl)Xl + (X102)X2 + 02X3 (Xl(k} k))

aa’ (24.15)

+ (k= k) [Xl,%},

26
(24.16)
X5 = [X2, X3] =

~ 0 ~ 0
= (XZCI)Xl + (XQCz)XQ —c1 X3+ (Xz(k - k)) 70 + (k — k}) [XQ, %},
(24.17)
[Xl 8—} =sinfe; —cosfes + ( )8_ (24.18)

"96 o’ '

0 ~ ~ 0

[Xg,%} —cosﬁel—i—cosﬂez—i—(...)%. (24.19)

ITpu Bbrunciennn ckoOku (24.15) GbLIO WCIOIB30BAHO BbIparKe-
uue (24.6) rayccoBoifl KpHBU3HBI Yepe3 CTPYKTYPHBIE KOHCTAHTHL. JIerko
BUJIETH, 9TO

Lie(leXQ)(q) = span (X17X27X37X47X5) (q) =
= Span (61762561)625 89) (q) = TqQ

Cucrema (24.14) umeer nmonnbiii panr B Touke g € O, rue k # 75, O3TO-
My dim O = 5.

C apyroii croponst, ecan k(q) = k(g) Bo Bcex Toukax ¢ € O, To B cuiy
paseHcTBa (24.15) pacupenenenne A naTerpmpyemo, mosromy dim O = 2.

(2) ycrs i: M — M ectb nzomerpus. Ee rpadux
IF={q€Q|q=riu: TzM—>T§Z\//.7, zeM, T=1i(x) EJTJ\}

eCTh TJIQ[IKOe JIByMepHOe moamHoroobpasme B (). lokaxkem, uro I' —
opbuta A. JIokaJabHO BBIGEPEM OPTOHOPMUPOBAHHBIN pemep e1, €3 B M u
BO3bMEM COOTBETCTBYIOIMI OPTOHOPMUPOBAaHHBI perep e = ix€1, €y =

= {.€3 B M. Torma 6| = 0. Tak xax ¢; = ¢, Co = ¢z u k(g) = k( ), TO
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orpaHndennd nojeit Xy, Xo nmMe0T BU
Xilr=e1+&, Xolr=ex+e.
Iosromy mossa X1, X2 Kacatorcsa I'. I3 ckobku JIu (24.15) momydaem
(X1, Xo]Ir = 1. X1 + 2 Xo,

nosromy I' ectb opbuTa A. Pazuble nzomeTpun i1 7 {9 UMEIOT Pa3HBIE TPa-
duku I'; # 'y, T.e. coorBEeTCTBUE MEXKJy M30METPUSAMU U JABYMEDPHBIMU
opbuTaMu MHHEKTUBHO.

(3) Tenepb mpemmmosnoznm, aTo MEOroobpasus M n M mosHBI 1 OmHO-
cBa3ubl. [lycte O — nBymepnast opbura A. ITocrpoum nzomerputo i: M —

— M c¢ rpacdukom O.

3ameTnM mpezxkme BCEro, 9To I 060l Iummmnesoil Kpusoit z(t) €
€ M, t € [0,t1], m moboit Toukm ¢y € ) CymecTByeT Takas TPAEKTO-
pus ¢(t) cucrems! (24.14), aro m(q(t)) = z(t) u ¢(0) = qo. HelicrBuress-
Ho, Junmurnesa kpusas (t), t € [0,t1], ecTb TpaeKTOPHUS HEABTOHOMHOTO
muddepernmanpaOoro ypasHenus & = u(t)e;(z) + ua(t)ez(x) muasa mexo-
TOPBIX U; € Loo[0,t1]. Ilomammenm st ypaBHeHus Ha Q:

g =u1(t)X1(q) +u2(t)Xa2(q),  ¢(0) = qo. (24.20)

Ilokaxkem, uTO pelmeHne 3T0i 3aa49u Komm onpeneseHO Ha BCeM OT-
peske [0, t1]. O6o3nauum gepes R pumaHOBY jjmHy KpubBoil z(t), a depe3
B(z9,2R) C M 3aMKHyTBHIi pEMaHOB IIap paguyca 2R ¢ IEHTpOM Zg.
Kpusas x(t) conepxxurca B B(zg, 2R) u He nepecekaeTcs ¢ ero rpaHumeil.
3amernm, ato map B(xo,2R) ecTh 3aMKHYTOE OrPDAHUIEHHOE IOIMHO-
2KeCTBO IOJHOIO IPOCTPaHCTBa M, mO3TOMY OH KOMIAKTeH. IIpoekims

z(t) € M MAKCHMAIBHOTO pelIeHus q(t) samaanm Komm (24.20) mmeer
pUMaHOBY JiMHY He 6osiblne R, mO3TOMY OHa& COINEDPXKHUTCA B KOMIIAKTE
B(Zy,2R) C M, Zy = 7(qo), m He mepecekaercs ¢ ero rparuneil. NTaxk,
MaxcuMasnbHoe pemenue ¢(t) 3anaqn (24.20) conepxurca B komnakTe K =
= B(z0,2R) x B(Zo,2R) x S! u ne BoixoquT Ha ero rpanmumy. [losTomy
MaKCHMaJIbHOe perierne ¢(t) onpezesero Ha BceM orpeske [0, t1].

Teneps serko Bugperh, uro w(0O) = M nna asymeproit opburst O.
HeficTBuTenbHo, mycTh qo € O; Torma g = 7(qo) € 7(0). Bosbmem mobyro
TouKy 1 € M u coemuHNM ee ¢ T JmmmuneBoil kpusoit z(t), t € [0,11].
ITycts g(t) ecrb nombem Kpusoii z(t) Ha opbury O ¢ HAYAIBHBIM YCJIOBAEM
q(0) = go. Torma ¢(t1) € O u z1 = w(q(t1)) € 7(0). Hostomy 7(0O) = M.
Anasnormano, 7(0) = M.

IIpoekiun

m: O — M, T O0—>M (24.21)
CyTbh JOKaJbHBIE TudPeoMopdu3MbI, TaK KaK
me(X1) = €1, 7e(X1) = cosf €1 +sinf e,
m(X2) = eq, 7T«(X2) = —siné €; + cos €.

Bosee Toro, MOXKHO OKa3aTh, 9T0 Hpoekrmu (24.21) cyTh riobasbHbIE
muddeomopdusmer. eticrBurenpro, nycts g € O. Jlobas nunmumnesa
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kpuBag z(-) Ha M, Boixomamasa u3 7(q), UMEET eQUHCTBEHHBIH JudT
Ha O, BRIXOIAIMHIL U3 ¢, IPAYEM 3TOT JIU(T HENPEPHIBHO 3aBUCAT OT Z(+).
Ipennonoxum, uro ¢’ € O, ¢’ # q, 7(q¢') = 7(q), a q(-) — xpuBasg =Ha O,
coeguusitomasn ¢ ¢ ¢'. Crarmeas 3amxHyTyR0 KpuByi 7(q(-)) m paccmar-
pusas ee judt Ha O, 10JIydaeM IIPOTHBOPEYUE C JIOKAJLHON obpaTu-
MocThio |o. [losromy 7| rmobanpaO 06PATAMO, CIEIOBATEIHHO, TO —
riobanbablil quddeomopdusm. To ke camoe crpaBeuBO LI T |-
ITosTomy moxkHO ompenenuTs auddeomopdusm

L . —
i=7o(mlo) : M — M.
Tak kak
i.e1 = cosf ey +sinf ey, ixex = —sinf ey + cosf ey,

oTobpazkeHue i eCTh H30METPHS.

Ecmun muOroobpasus M w M Hem30METPUYHBI, TO BCE MHOYKECTBA
JOCTHKAMOCTH CUCTEMBI (24.14) 5-MEpHBI, CI€J0BATEIBHO, 9TO OTKPHITHIE
noaMHOXKecTBa B (). Ho MHOr00O6pasue () CBA3HO, IIO9TOMY OHO COBIIAJAET
C eqUHCTBEHHOI opbuToii. [

24.5. 3agaya MUHMMWU3ANUN IJIAHbBI

24.5.1. ITocranoska sagaun. Ilpenonoxuy, aro k(z) # k(Z) s

— ~
mobbix © € M, T € M, r.e. k—k # 0 na Q. Torna B cury nynkra (1)
reopeMsl 24.1 cucrema (24.14) Bronae ynpasisiema. PaccMorpuM cienyro-
IIYIO 3339y ONTUMU3AINN: IS JIOOBIX NBYX 3aJaHHBIX KOHMUrYpaluii
KOHTaKTa CHUCTE€Mbl TBEPDAbIX TeJI HaTI A0IIyCTUMOE ABU2KEHUE, IIE€PEBO-
JsIee nepByi0 KOH(MUIypaIuo BO BTOPYIO, U TaKYyIo, 9T00BL TPAEKTOPHS
TOYKHN KOHTakTa B M (mim, 910 9kBHBaneHTHO, B M) Oblia KpaTdaimeii.
9Ty reOMeTPUYIECKYIO 3329y MOXKHO C(HOPMYIMPOBATH KAaK 331249y OITH-
MAaJIbHOTO YIIPABJICHUS:

G =u1 Xy + usXo, 7€Q, u=(upu) €R?, (24.22)
q(0) = qo, q(t1) = a1, 1 3aKpeIieHo,
t1
l= /(u% + u2)Y/2 dt — min.
0

—~
OrmeTnM, 4T0 mpoeknuu ypasreHmii (24.22) va M u M umeror coor-
BETCTBEHHO BU/I,

T = uye; + uges, x e M,
I/I —_~
T =wuy(cosfey +sinfey) + ua(—sinfe; + cosbes), TeM,

mo3TOMYy CyOpHMMaHOBa IuHA | KPUBOMA q(t) PaBHa PHUMaHOBOU /JIJTMHE
KaxkJI0i 3 KpuBbIX z(t) u Z(t).
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Kaxk 06bran0, 3amensieMm qyiuHy | QYHKIMOHAIOM AefCTBUAS

t1
J:%/( ? 4+ u3) dt — min,
0

U OrpaHuYInMCA KPUBbIMU HOCTOSHHOM CKOpoCTHu:

u? 4 u3 = const # 0.

24.5.2. Ilpunnun makcumyMa. Kak moka3aHO IpH JI0KA3aTEIbCT-
Be Teopembl 24.1, BekTopHbIe MO Xi,..., X5 0OpasyooT pemep Ha @
(cm. (24.15)—(24.17)). O6o3HAYNM COOTBETCTBYIOLIUE JIMHEHHbIE Ha CJIOAX
B T™() raMUJIbTOHWAHBI:

gi(p) = (u, Xi), peT*Q, i=1,...,5

Torma raMuIbTOHUAH MPUHITAIIA MAKCHMYMa UMEET BHT

v

9u(p) = waga (n) + uaga () + 5 (u +ud),

a COOTBETCTBYIOIIAA raMUJIBTOHOBA CHUCTEMaA 3aIIUCHhIBACTCA KaK
fr=wg(u) +usga(n), peT*Q. (24.23)

24.5.3. AnopmagabHble 3KcTpemasau. llycrs v = 0. I3 ycnoBus
makcumyma IIMII ciexyer, aro

91(ue) = g2(pe) =0 (24.24)

BJIOJIb AHOPMAJIBHBIX 3KcTpeMmaJeil. Iuddepennupys 3T paBeHCTBa B
CHUJIy TaMUJIBTOHOBOM cucTeMsbl (24.23), mosydaeM elne OJHO TOXKJIECTBO:

93(pt) = 0. (24.25)

Eme onuo muddepenuuposanue B cuity (24.23) maer paBeHCTBO, COmEp-
JKalllee yIPaBJIeHNS:

uy (t)ga(pee) + ua(t)gs(pe) = 0. (24.26)

EcrectBenno oxnaars, 9o yciosns (24.23)—(24.26) na anopManbHbIE
3KCTpeMau B () TOJKHBI IPOENUPOBATHCS B HEKOTOPHIE €CTECTBEHHBIE

reomerpudeckue ycyosus Ha M u M. D10 nelicTBUTENIHHO TaK, U ceidac
MBI BbiBeZleM juddepeHuaibHble YPaBHEHUS JJisl MPOEKIil aHOPMAaJIb-

HBIX d9KcTpemasieit Ha M u M.
B cooTBercTBHE C pa3noKeHHEeM KaCaTeIbHBIX IPOCTPAHCTB

T,Q = T,M & TsM & TpS"

IIOJIYy49aeM Pa3JjI02K€HHE KOKaCaTeJIbHBIX IIPOCTPaHCTB
T;Q=T;M&T:M Ty S,

p=A+A+add, peTiQ, AeT:M, AeTiM, adfecTyS"
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Torma
N ~ . o~ 0
g1(p) = (u, X1) = <)\+)\+ad0 e1 +cosfe; +sinfey +b1—> =
= hl()\)—i—cosﬂhl( )—i—sm9h2( )+ aby, (24.27)

g2(p) = (u, Xo) = <)\+)\+ad0 ey —sinfe; +cos€ez+b2 >:
= hy(A) — sin @ hy(X) + cos O ha (A )—l—abz, (24.28)

roe by = —c1 + ¢y cosf + ¢y sinf, by = —cp — €1 8inf + ¢; cos 6;

ga() = {1, Xa) = (A + X+ adf, e1X1 + 2 Xs + (- k)%> _
= 191 (1) + c2g2(p) + a(k — k). (24.29)
Tornma Toxaecrsa (24.24) u (24.25) npuaumaror dbopmy
a=0,
hi + cosGlAzl + sin@ﬁg =0,
hay — sin@ﬁl + Cosﬁﬁg =0.

IIpn sTX ycnoBwsx, IpMHUMasi BO BHIMaHue paseHcTsa (24.16)—(24.19),
noJIy9aem

g4(,u) = <>\ + /X (chl)Xl + (XZCQ)XZ + 02X3 +

+ (X1 (k — k))%ﬂk k)[Xl, %D:
(k k)(51n9h1—0050h2) (k k)hs,

g5(u) = <A + /X (X2CI)X1 + (XQCQ)XQ — 01X3 +

+ (b= k) g + (=) [Xa, 73] ) =
= (k —k)(cos@hy +sinb hy) = —(k — k)hy.
Tornma n3 Toxxmecrsa (24.26) caemxyer, aro
uihs — ushy = 0.

ITosToMy ¢ TOYHOCTBIO 1O IEpenapamMeTpU3anuu BPEMEHA aHOPMAaJIbHbBIE
YIIpaBJIEHUS y/IOBJIETBOPAIOT CJIEAYIONINM DaBEHCTBAM:

Uy = h1 ()\), U = hg()\) (2430)

JlJ1st TOro 9T00H! 3aNnCaTh IPOEKIUI FAMIIIBTOHOBOM cucTeMbI (24.23)
—_ — —
Ha T*M n T* M, pa3ioKUM raMUJIbTOHOBBI TOJS g1, §2. Y YATHIBASI Pa-
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BeHcTBa (24.27), (24.28), noxygaem
g1 = ﬁl + cosﬁﬁl + sin Qﬁg + (- sinOﬁl + cos@ﬁg)§+ aar + aic,
go = i_{z — sinﬂ/ﬂl + cos Hﬁz + (- cosﬂ/ﬁl — sinﬁﬁg)é’—i— aas + asa.

— 0
Orcroma nerko cienyer, ato § = ——. Tak kak a = 0 BHOJIb aHOpMAJIB-
Jda

HBIX 9KCTpeMasieii, mpoekius Ha T*M cucremsr (24.23) ¢ ynpasieHus-
Mmu (24.30) umeer BHL

—

A=hihy +hohy = H, H= %(hf +R).

CanenoBarenbro, npoeknmm z(t) = w(q(t)) cyTh pUMaHOBBI Te0IE3MIECKTe
Ha M. —~
AHajoru4so, g npoekiuii Ha M 1oJsiydaeM paBeHCTBaA

uy = —cosB hy —sinf ho, ug = sinf hy — cos 6 ho,

TIO3TOMY

3\\: (— cosﬂ/f\Ll — sin@ﬁg) (cos 951 + sinéﬁg) +

—
=

+ (sin0ﬁ1 - cos@ﬁz) (— sineﬁl —I-COSG/]_;:Q) = —ﬁlﬁl —ﬁgﬁg =—H,
~ 1 A~ ~

T. e. mpoekmu Z(t) = T(q(t)) cyTh reomesmyeckue B M.

Jloka3aHo ClielyIoliee YTBEPK ICHNUE.

Ilpennmoxenune 24.1. Ilpoekuuu aGHOPMAAOHBIT IKCNPEMANDHHIL
xpusoir z(t) = w(q(t)) v z(t) = 7(q(t)) cymo pumanosv zeodesuueckue

—

coomeemcmeento 6 M u M.

AnopmasbabIe CyOpEMaHOBHI reone3ndeckue ¢(t) ONTHMAIBHBI HA OT-
peskax [0,7], HA KOTOPBIX XOTaA OBl OLHA W3 PHUMAHOBBIX EONE3WIEC-
kux z(t), Z(t) aBageTcs MEUHEMAJbIO JIMHBL. B gacTHOCTH, Majble Iyru
AHOPMAJIbHBIX I'e0Ze3U9eCcKuX ¢(t) ONTHMAJbHBL.

24.5.4. Hopmasnbuble 3KcTpeMasau. llycrs v = —1. Hopmans-

HbI€ 3KCTPEMaJIbHBIE YIIDABJIEHUA ONPEAC/IAI0OTCA U3 YCJIOBHA MaKCHUMyMa
IIMII:

U1 = 91, Uz = g2,
U HOPMAaJIbHBbIE 3KCTPEMaJIH CyTh TPAeKTOPHU IaMUJIbTOHOBOII CHCTEMBI
p=Gw), weTq, (24.31)

1
G =3 (91 +93)-

MakcuMu3upOBaHHBINM TraMUJIbTOHHAH (G TJIAJO0K, MOTOMY MAaJjble JTyTH
HOPMAJIBHBIX 3KCTPEMAJIbHBIX TPAeKTOPUN ONTUMAJIbHBI.
Paccvorpum caydgait, Korga o/iHa U3 KATAIMMXCS MOBEPXHOCTEHN eCThb

£
miaockoctb: M = R2. B srom cJIydae HOpMaJbHAasdg TaMHUJIBTOHOBA CHUCTE-
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ma (24.31) yopomaercsa. Boibepem cienyromuii penep Ha Q:
o_
a0’
¥ BBEJIEM COOTBETCTBYIOIIUE JIMHEHHBIE HA CJIOAX TaMUJIbTOHUAHBI
mip) = (L Y),  i=1,....5.
VuaurbiBasi, 4To ¢; = Cp = k= 0, Beraucanm ckobku JIu B 3TOM penepe:
[Y1,Y3] = e1Y1 + c2Yo — kY53,
Dflayzl] = —01Y5, [}/27Y4] = _02)f57
[Y1,Y5] = 1Yy, [Y2,Y5] = c2Yy.

Torma HOpMasbHas raMUIIBTOHOBa cucrema (24.31) 3ammceiBaercs cie-
JyIomuM 00pa3oM:

Yi=Xy, Yo=Xo, Yz= Yi=[Y1,Y3], Y5 =[Y2,Y3],

my = —m2(clm1 + como — kmg),
e = my(cimy + camo — kms),
m3 = mimy + mams,

my = —(c1my + coma)ms,

ms = (c1m1 + cama)ma,

g =m1 X1 +myXo.

1
OrmernM, 4TO KpoMe ramuibroHuana G = 3 (m? +m2), sta cuc-

T€éMa HMEET €Ie OAUH HHTErpaJi:

p = (mj+m3)'/>.
Bsesem kKoopauHaTHL HA IOBEPX-
' HOCTH ypoBHa G = 1/2:

mi = Cosvy, Mo =sin~y,

mz=m, mg=pcos(y+),
Puc. 24.3. Cdepa Ha mnockoctu ms = psin(y + ).
Torma raMuIbTOHOBA cucTeMa eie 6oJiee YIpOIAeTcs U MPUHUMAET BUJT
4 =cycosy+ cogsiny — km,
™M = pcosy,
¥ = km,
g = cosy Xy + siny Xs.
Cayuait k = const, T. e. KaueHue cdepbl 10 IJIOCKOCTH, BIIOJHE UHTEr-
pupyem. Dra 3ama9a mOAPOOHO W3yvIeHa B KaHuUre [12].



ITPMNJIO2KEHUE

B sToM mpuioxkeHHH MBI JOKaXKEM HECKOJIBKO TEXHUIECKUX IIPEIIO-
JKeHuil u3 ri. 2.

1. Tomomopdusmsr u oneparopst B C°° (M)

Jlemma 1. Ha wmobom zaadkom muozoobpasuu M cywecmeyem ma-
kan pynkyus a € C°(M), umo dan aobozo N > 0 natidemces xomnaxm
K € M, dasn xomopozo

a(g) > N Vge M\ K.

HokasarteascTrBo. Ilycte eg, k € N, ectb pasbuenue emau-
aunel HA M: dyskmum e € C°°(M) nMeEOT KOMIAKTHBIE HOCHTENN

o0
supp e € M, obpa3yromue JIOKaJIbHO KOHEYHOe MOKpbiTre M, u Y e =
k=1

o0
= 1. Torma dysrnuo Y kep MOXKHO B34Tb B KadecTse da. [
k=1
HamomunM u mokaxkeMm mipeajioxkenue 2.1.

IMpengnoxenne 2.1. ITycmo ¢: C®°(M) - R — nempusuanrvrod
20MmoMOpPu3m anszedp.
Tozda cywecmsyem maxas mowka ¢ € M, wmo ¢ = .

HdokaszaTenbctTso. Bosemem romomopdmsm ¢: C°(M) — R.
Torma mMHOXKECTBO
Kerp = {f € C*(M)| ¢f = 0}

ecTb MakcuMasbHbI naean B C°(M). Hanee, nas moboit Toukn ¢ € M
MHOKECTBO PYHKITUN

Iy ={f € C*(M)]| f(q) = 0}
ectb npean B C°(M). Jast Toro 9Tobbl 10Ka3aTh JAHHOE NIPEIJIOXKEHTE,
TOKAXKEM, 9TO
Kergp C I, (1)
11 HekoTopoit Touku q € M. Torma Kerp = I, u ¢ =q.
Ot nporusHoro: npeanonozxum, 9ro Ker ¢ ¢ I, nmsa moboit Touku g €
€ M. dto 3HAYUT, 9TO

VgeM 3Jb,e€Kerp: by(g) #0.
Wsmenss, ecnn HEOOXOIUMO, 3HAK by, HOTydaeM, 9TO
VgeM by Kerp, Oy C M: bq|oq>0' (2)



374 ITpunoorcerue

Sadurcupyem GyHKIUIO a, cymecrByomyio mo jgemme 1. Obo3na-
anM p(a) = a; Torma p(a —a) =0, T.e.

(a — o) € Ker o.
Boiiee Toro,
JKeEM t4 a(g)—a>0 Vge M\K.

Boi6epem koneunoe nokpoirue komakTa K oxpecraocramu Og, Kak B (2):
n
KcU Oy,
i=1

U TyCTb €, €1,...,e, € C°°(M) ecTp pa3sbuenne eIUMHWUIGI, TOTIMHEHHOE
CIeAYIOIMEMY HOKPBITHIO MHOrooOpasust M:

M\K, Oy, ..., Oy,.
IMocTponm dyHKIWIO, OIpeae/leHHy0 TI0baJ bHO Ha M:

c=egla— a) +Zeib(h’ > 0.

i=1

1 efe- ) =t o(2).

p(c) # 0.

Ho ¢ € Ker ¢; nomygaem npormeopedne. Bkmtouerne (1) mokasaHo Tak
2Ke, KaK 1 JaHHOe IIpejjioxKeHue. [

Tak kak

nMeeM

Temepp chopmyspyeM U JIOKaXKEM TEOPEMY O CBOMCTBAX PeryJisp-
HOCTH JJIsi KOMIIO3UIUH orepaTropoB Ha C°° (M), B 4acTHOCTH JjIs HeaB-
TOHOMHBIX BEeKTODHBIX IOJIell Wi MOTOKOB Ha M .

IIpengnoxenue 1. [lycmv Ay u By — nenpepoisuoie no t cemeticm-

d
tOAt> OBt0+AtOO (E

6a aunelinoix Henpepolehuir onepamopos na C(M).

Tozda xwomnosuyus Ay o By maxoice nenpepwuena no t. Ecau edobasok
maxoice dupdepenyupyemo npu t = tg, u €20 NPou3eodHas YIoBAENEOP -
em npasuay Jletbruua:

L (aoB) = (5 By).

dtlt, ( ¢ t) dt to ¢
XOJIUMO 1OKa3aTh, 4TO i Jr06oit dynkiuun a € C° (M) caenyroiee
BbIPDaXKEHUE CTPEMUTCH K HYJIIO 11pu € — 0:

B cuny menpepeiBaOCTH cemelicTBa A; Bropoe ciaraemoe (Aqq. — Ag)o
oBia — 0 mpu ¢ — 0. Tak Kak cemeiicTBO B; HeNpepBHIBHO, MHOXKECTBO

cemeticmsa Ay u By dugpdepenyupyemvt nput = tg, mo cemeticmso A; o By
d d
HokasareasbcTso. nsa gqoka3zaTepCTBa HEMPEPHIBHOCTH HEOD-
(Atye 0 Biye — At o By)a = Apic © (Biye — Br)a+ (Arye — At) o Bia.
dbysxumit (Bt — Bt)a aexuT B 110601 3apaHee BHIOPAHHOI OKPECTHOCTH
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mynsa B C°(M) maa nocrarodso magoro €. s so6oro g9 > 0 cemeiict-
BO Aite, |€| < €9, JIOKAJIBHO OrpAHUYEHO, & MOITOMY U PABHOCTEIIEHHO
HenpepbiBHO 10 TeopeMe Banaxa-Illreitnraysa. CiemoBarenbro, Agqe 0
o (B¢t+e — Bi)a — 0 npu € — 0. HenpepsisrocTs cemeiictsa A; o By noka-
3aHa.

Huddepernupyemocts un npasmio JlefiOHUIA TOKA3BIBAIOTCA AHAJIO-
TFUYHO C HOMOIIBLIO PAa3JIOXKEHUs

1
- (Atye 0 Biye — Ao By)a =
1 1
= A0 E(BtJrs — By)a+ E(AtJre —A;)oBia. O

2. OcraTo4Hblii YJIeH XpOHOJ’IOI‘H‘-IeCKOﬁ 9KCIIOHEHTbI

Hoxaxem omenky (2.13) ocrarodHOro 4jieHa i XPOHOJIOTHYECKOI
9KCIOHEHTHI.

Jlemma 2. [as mobwx ty > 0, noaH020 Hea8MOHOMH020 6EKMOPHO20
noas Vi, xomnaxma K € M wu yenaozo wucaa s > 0, cywecmsyrom C > 0
u xomnaxm K' @ M, K C K', daa xomopoix

t
1Pl < Cexp(C [ 1V, lserdr )l o
0

a€C®(M), tel0,t],
20e

t
Pt:e?ﬁ/VTdT.
0

HorkaszaTtenbcTso. Ob03HAYNM KOMITAKTHOE MHOXKECTBO
K, = U{P-(K)| T € [0,1]}
u BBeeM (DYHKITHAIO

o(t) = sup{ Ik 4 ¢ 02 (a), fallyya e, #0} =

llalls+1,x,
sk | a € C®(M), llallst1,x, =1} (4)

BamernM, aro dbyskuus at), t € [0,t1], n3mepuMa, Tak KaK BEPXHIO
rpaHb B mpaBoil 9actu (4) MoxkHO 6paTh MO JIOGOMY CYETHOMY BCIOY
niorHOMy nogmuOKRecTBy C°°(M). Bosee Toro, B cnity HepaseHCTB (2.3)
U OLEHKH

= sup {|| Pa|

lalls,p. () < llalls+1.x,
dyukuua «(t) orpanudena na orpeske [0, t1].
Tak ke, Kak IPH OLpeJeJeHAN HOIYHOPM || - ||s,x B maparpade 2.2,

sadukcupyem cobcrennoe Broxkenne M C RN u BexTopHbIe mong Ay, ...
..., hy € Vec M, nopoxKnaroIue KacaTeJbHble IPOCTPaHCTBa K M.
) )
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Ilycts qo € K — TOUKa, B KOTOPOit

s, K —
=sup{|hj,0...0h;(Pa)(g)|ge K, 1 <i1,...,; <N, 1 <l <s}

JIOCTUTAET CBOeW BepXHEH rpaHd, U IyCTh P, = pa(:cl, ..., ZN) €CTb MHO-
FOYJIEH CTENeH: < S, IPOM3BOAHBIE KOTOPOIO HOPAIKA HE BBIIE § B TOY-
ke g = Pi(gp) COBIAsAOT ¢ COOTBETCTBYIONMME TPOU3BOAHBIME G B Gy
Torma

| Pealls,x = |hi, © ... 0 hi; (Pepa)(90)| < || Pepalls, x5 (5)
Hpans,qt < ||a||57Kt'

B koHeuHOMEPHOM POCTPAHCTBE BCEX BEIECTBEHHBIX MHOT'OYJIEHOB CTE-
neHu < § BCE HOPMbI 9KBUBAJIEHTHBI, I03TOMY CyIiecTByer Koncranrta C' >
> (, He 3aBHUCAIAdA OT BEIOOPA MHOTOYIEHA P CTEIEHHA < S, /I KOTOPOit

lpllok,
=t L C. 6
Plea S (©)

W3 mepasercrs (5) u (6) moiay4aem OLeHKY

Ps Pas Pas Pa.s
1Pk @t o IPmelo _ o WPRllek < oo (7)

lalls e~ llpallsge ~ 7 llpalls,x. pallst1,0

Tak Kak

Pia = a+/PTOVTadT,

nMeeM

t
1Pl < lallo + [ 1P o Viallsu dr <
0

(no mepasencrBy (7) u onpenenenuio (2.2))

t

i+ Clallsn, [ alr) Ve, dr.
0
Paznenus na ||al/s11,k,, moxydaem
1Pall.re 1+c/ VIV lax, dr,
lalls+1,x,
CJIe10BAaTEJIbHO,
t
a(t) <1+C [ ar) Vi, dr,

0
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s, Ky dT>

OTKyZna 1o JiemMe I'poHyo/1a caemxyeT, ITO

¢
a(t) < exp<c/ A
0
Torpa u3 onenku (7) momygaem

| Pral

t
sk <C exp<0/ 1Vzlls,x. dT) llalls k.
0

n HeobXoamMOoe HepaBeHCTBO (3) mokasaHo g jo6oro kommakta K’ D

D K;. O
Tenepp mokaxkem omeHKy (2.13).

JokaszareunbcTBo. Pasmoxenune (2.11) MOXKHO mepenucars B
BUzIE

Pt:Sm(t)-f-/.../PTmOVTmO...OV.,-ldTm...dTl,
A (t)

rie
Sm(t):Id-l—mzjl/.../VTko...oVﬁdi .. dn.
k=1 Ag(t)
Torna
(P, = Sp(t))allo.xc < /.../||PTm oV, o...0Vyallsxdrm ... dr <
Am(t)

(mo emme 2)

t
< cexp<c/||VT||s,K, dT> /.../HVTm o...0Viallsxs dTm ... dry.
0 A, (1)

Ouernm mocseanit maTerpad. Ilo onpenenenno nomyropM (2.2)
//||VTm O...OVT1a||S7K/ d’rm dTl <

<[ [ Vel Vo et

. T —1,K’ s+m, P <
IV lsm—1,7 alls-m, 7 dT, dr <

25 A.A. Arpaues, 10.JI. Caukos
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< ||a||s+m,K'/.../||V-,—m||3+m_17K/||VTm71Hs_i_m_l,K,”‘
Am(t)

t

m
Ve lsm—1,k AT - dr1 = (@l s,k nlﬂ (/ Ve llstm—1,57 d7'> )
0

1 omeHKa (2.13) mokasama:

1(Pt = Sm(t))alls & <

t t .
C
< HGXP<C/“VT|S7KI dT> (/||VT||s+m—1,K’ d7'> ||aHS+m,K’- 0
0 0
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