NMPEOUCJIOBHE K IBEHAJLATOMY H3JAHHUIO

Hacrosiliee usganve nedaraerca 6e3 U3MeHEHHs ¢ OJMHHAJIIATOrLO, B
KOTOpOM OblJIH cliesiaHbl HEKOTOpPEIe H3MEHEHHS! CPABHHTENbHO C Mpeablay-
MM usnanuem. [naBHeiiine U3 3THX MU3MEHEHHH CJenyIollHe:

1) noGagneHbl BO3BelleHHe B KBAaApPaT MHOTOUJIEHA, HCCJ/Iel0BAHHE YPaB-
HEHHH M reoMeTpHYecKoe NpeCcTaB/ieHHe KOMIIEKCHbIX YHCeJ;

2) HecKOJILKO M3MEHEH MOpsAJ0K H3M0XKeHHs: Hanpumep, Teopema beay,
HepaBeHCTBA W HeoNpefenéHHbe YPABHEHHUS M3 «IOMOJHEeHUH» TepeHeceHkl
B OCHOBHOH KYPC KHHIH;

3) 3HAYMTENIBHO YBEJIMUEHO YHCJIO0 YIIParKHEHHH;

4) WcripaBJsieHbl HEKOTOPbIE YepTeKH M JAaHO HECKOJNBKO HOBbIX.

B cocraBieHdn Hacrtosiero y4eGHHKa NMPHHUMaJ 4acTHYHOE ydacTHe
A.H. Bapcyxkos.

Jlenuurpan. A. Kuceaés.

OT U3JATEJbLCTBA

B wecTHaAlaTOM W MOCJEAYIOUIHX HU3IAHHAX BTOPOH 4acTH «AuareGpbl»
A T1. Kucenépa usmenér tekct B § 6-12 u B § 138; ucnpassien psin Meakux
HeTOYHOCTEH B APYTMX naparpadax.

B aBajuarb 4eTBEPTOM M3JaHMH B COOTBETCTBHM C TpebOBaHHSA-
MH mporpaMmbl no Teme <KommiekcHble uucsa» pomonHene: § 140a u
§ 1406 — tpuroHomerpHueckas (opma KomIexkcHoro uucaa. JloGasieHa
Tema «McenenoBanune kBaapaTHoro Tpéxusena. Hepasenera BTopoil crene-
HH», § 182-187.

Hononuutensuuid Matepran Hanvcan A.H. Bapcykosoim.

Hacrosiee H31aH1e KHUTH neuartaeTtcst 6e3 H3MEHEHHs C MpeblayLero
H3/laHMHS.

B cooTBeTcTBHH C HOBOH MPOrpaMMOH MO MaTeMaTHKe MaTepHas IaH-
Horo y4yeGHuka B 1964/65 yueGHom roay Oyner ucnodbsosatbes B [X u
X knaccax.



[masa |

TOXKJAECTBEHHBIE IIPEOBPA3OBAHHUSA
CO CTEIIEHIMH H KOPHAMH

I. Bo3Beaenue B cTerneHb

1. JleiicTBMe BO3BeJeHMs B cTeneHb. DB Hayale Kypca Mbl y¥Ke
BHJIE/IH, YTO BO3BEJeHHEe B CTeleHb eCcTh AeHCTBHE, NOCPEACTBOM KOTOPOro
faHHOoe 4YHcao (ocHOBaHHe cTeneHH) GepéTca COMHOMHTENEM CTOJNLKO pas,

CKOJIBKO eIHHHIL CO.HEE)KHTCH B APyroM OaHHOM qHUCJIe (HOK332TE.HE cTerne-
HM): 2.2.2.2.2 =95 =32 (-3) - (=3) - (=3) - (—3) = (-3)* = 8l.

Boobe:
a-a-a- ...-a=4a’.
—_—

n pas

2. CreneHb OTPHLATEJBHOTO YHcAA. [IpH yMHOXKEHHH OTpPHLATENb-
HBIX YHCesN Mbl BMAENH, UTO MpOM3BeleHHe ObiBaeT MOJOXKHMTEJbHO, eC/H
YMCJIO OTPHLIATEJNbHBIX MHOXKHTeJel yéTHoe. B NMpOTHBHOM cJ/yuae NpoH3-
BeJleHHe Oyner oTpuuarebHbIM. TIpuMeHss 3To ¢BOHCTBO K NPOM3BELEHHIO
PABHBIX OTPHILATEIbHBIX COMHOMHTE/EH, T. €. BO3BEIEHHIO B CTEMNeHb OTPH-
LATeJILHOTO YMcaa, Mbl nmoayunau npasuao (4. I, § 30).

YéTHaa cTeneHb OTPHLATENLHOTO YUC/IA TOJNOKUTENbHA, HEUETHAS — OT-
puLaTeNbHa.

Tak: (—2)% = 4; (—2)% = 64; (—-5)* = 625;
(2P =-3% (-2 =128 (5= 3125 unm

I

3. BosseneHue B cTeneHb OOHOYJEHOB. B HEpBOI:.i YAaCTH Mbl BbIBEJIH
paBHJia BO3BeAEHHS OJAHOYJ/IeHa B KBAAPAT H Ky6 [lokaxem Telnepb, 4TO [0
TEM e IpaBHJlaM [IPOU3BOAMTCH BO3BeldeHHe OJAHOYJIeHa B JII'O6YI'D CTelneHb.

a) BOBBEIléM B CTelNeHb N [POHU3BEAEHHE abe. nOJ]bSYHCb H3B€CTHbIMH
CBOHCTBaMH YMHOKEHHSHA, ITOJTYIHUM!

(abe)™ = abc-abe- ... abc = (aa...a)-(bb...b) - (cc...c) = a™b"c".
N—— e . Nt st i, s

™ pa3 n pas n pas n pas
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Y1066l BO3BECTH B CTElleHb npoussejaeHue, Haa10 BO3BECTH B 3Ty CTelleHb
KaXJbIH COMHOMHTEJb OTAeJBHO U Pe3yJabTaThl MePEMHONKHTD.

w e a
6) Takum ke crnocobom HaknéM cTeneHb APOOH —:

b
a\" a a a a_a-a-..-a _a"
(E) “bh b b b bbb b
n pas

Yro6bl BO3BECTH B CTeMeHb AP00b, HAJ0 BO3BECTH B 3TY CTeNeHb OTAeJNbHO
YHUCJHUTEJb H 3HAMEHATEeNb H llepBbIﬁ Pe3yabTaT pa3ieJIiTh Ha BTOPOﬁ.
B) [lyctb TpeGyeTcs Bo3BecTH B cTenmeHb 1 4Hcsa0 a™. Byaem umeTs:

(am)n :Gm a™ g™ g™ = am+m+m+--+m = g™mn,

~~

n pas

Yro6bl BO3BECTH CTeNMeHb KAKOTO-THOO YmMcaa B APYTyl0 CTeneHb, HaA0
NepeMHOXKHTL MOKAa3aTeau CTelneHei.

r) BosbMéM Teneph Kakoil-nH60 onHoudeH, HanpuMep, 2a%b®. Bospeném
€ro B Kakyio-1u60 crenedb n. [IpuMeHsisl BblBe[leHHbe NPABHJA, NONYYHM:

(2(12[)3 )n = 2'Jf,a2!r,b3n .

Y1066l BO3BECTH B CTeNneHb OJHOYJEH, HAJ0 BO3BeCTH B 9Ty CTeneHb
l(oacpcpnuueﬂ'r, a MNoKa3aTeJH 6yKB YMHOXHUTbL Ha NOKa3aTeJb CTeneHH, B
KOTOPYIO BO3BOAMTCH OAHOYJIEH.

Ynpaxcrenus.

HpOHSBECTH BOSBE,EEHHQ B CTelleHb:
1. (-3)% (-1)% (-49)% (-10)% (-0.1)".

4

2. (3a%)"; (- 2a°)°; (- 5a'b%c)".
3 z’y 4_ 3ab® 3_ 0,2a%c\°
T\ ) 22 ) d* ’

I1. Bo3BeneHue B KBaJpaT MHOrOYJeHa

4. Buieoa qopmyasl. [lombayscs dopmynoii (a + b)? = a® + 2ab + b2,
Mbl MOXKEM BO3BECTH B KBAIpaT TPEXuseH a + b + ¢, paccMaTpHBas ero Kak
asyusied (a + b) + ¢

(@+b)+c=(a+b)*+2(a+b) -c+c?=a®+2ab+b>+2(a+b) -c+ .

Takum obpasom, ¢ npubasjeHHeM K ABy4JeHY a + b Tperbero useHa
¢ nocJe BO3BEeIeHHSI CYMMBI B KBaapaT nmpuOaBHAHCH ABa ujeHa: 1) ymso-
€HHOe [POU3BEeJeHHe CYMMbl TEepPBLIX JABYX YJEHOB Ha TPeTHH 4YJjeH H
2) KBajpaT TPETbEro 4JjeHa.
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Tenepb HeTpymHo dYeTbipéxuaeH a + b + ¢ + d Bo3BecTH B KBajapar,
NpHHUMas CYMMY a + b+ ¢ 32 OIMH uJjeH:

[(a+b+e)+d’=(a+b+c)?+2a+b+c)-d+d.

IMoncrapasia BMecto (a + b + ¢)? TO BbpaskeHHe, KOTOPOe Mbl HALI/IH
paHblle, MOJYHHM!

(a+b+c+d)?=a’+2ab+b6*+2a+b)-c+F +2a+b+c)-d+d°.

Mbl onsiTh 3amedaem, 4TO C npnﬁas.ﬂennem HOBOro 4JieHa K BO3BO-
AHUMOMY B KBaJpaT MHOrOYJEHY K CTElNeHH HpH6aB.ﬂHI{)TCH ABa 4YJieHa:
l) YABOEHHOE NPOH3BEAEHHE CYMMBbl MNPEXKHHX 4YJEHOB Ha HOBbIH 4J/leH H
2) KBaapaT HOBOIO 4J€Ha. OquHﬂ,HO. YTO TdaKOe npuﬁaaﬂenﬁe K CTerneHH
ABYX YJIEHOB 6}/}18‘]‘ HATH W AdJblie no Mepe I'lpldﬁaBJ'IEHHH HOBBIX 4YJIEHOB K
BO3BOJJUMOMY B KBaJpaT MHOrO4YJIEHY. 3HAUHT:

KBanpar MHoroujeHa paBeH KBajpary 1-ro ujseHa, IiocC yABO€HHOe IIpo-
uspefeHre 1-ro yjgeHa Ha 2-i, MUOC KBaapat 2-ro wieHa, IJIIOC YABOEHHOE
NpPOM3BeJeHHE CYMMBI EPBBIX ABYX 4JIEHOB Ha 3-i, MIroc KBagpar 3-ro ujeHa,
IUIIOC yIBOEHHOE MPOU3BeJeHHe CYMMbI NepBbIX TPEX ujeHOB Ha 4-ii, muoc
KBajpar 4-ro ujneHa u T. 1.

KOHEL[HO, YJIeHbl MHOrO4JieHa MOTyT ObITh W OTpHULLATENIbHBIMH.
Ecau B mpaBoii 4acTH nocsegHero paBeHCTBA packpoeM CKOOKH, TO
NOJNYYHM MOC/e MepecTaHOBKH Y/IEHOB:

(a+b+c+d)?=a>+0++d®+ 2ab+ 2ac + 2ad + 2be + 2bd + 2cd.
MoXHO MO3TOMY TpeAbIAyIee MPaBHIo (OPMYIHPOBATL TAK:

Kpagpat mHOrouneHa paseH CyMMe KBajpaTOB BCeX €ro ujeHoB, CJo-
KeHHOH C YIBOCHHLIMH IPOH3BeJeHHAMH KaiKJOT0 4YjeHa Ha KaxIbld M3
NoCceyOIHX.

5. 3ameuyanue o 3HaKax. B OKOHUaTeNBHOM pesy/ibTaTe BO3BEIEHHS
B KBaipaT MHOTOYJIEHA CO 3HAKOM ILIIOC OKaMKyTCs, BO-NMEPBbLIX, KBAJpaThl
BCEX UJIEHOB MHOTOUYJIEHA M, BO-BTOPLIX, T€ YIBOEHHbIE MPOU3BEIEHHUS,
KOTOpEIE TOSIBHIMCH MPH YMHOXKEHHH UJIEHOB C OMHHAKOBLIMH 3HAKAMH.
Harnpumep:

(B822— z+1)2 = 3222+ 2- (32?) - (— 2x) + (- 22)*> + 2(32%-2x) - 1+1% =
=9z" 122 + 42 +62% — 4z +1=92" — 122° + 102> — 4z + 1.

Ynpaxcuenus.
2

2 2
2 1 12 gp_
4. (20 2a+ 1) . 5. (23: 4 3) .

6. (—ba’z + 3a’z® — az® + 32*)?. T. (0,3:1;3 -0,12* — g.‘r + 0,5)
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Y6enutbes Ha CJeNYIOLIMX ABYX NPHMepPAx, UTO KBaLpaT MHOrOUJIEHA He H3Me-
HHTCSH, €C/IH Mbl TIEPEMEHMM 3HAKH Mepell BCEMH €T0 YJIeHaMH Ha o0paTHble:
8 (a—b+c)lP =(-a+b-c)’
9. (2¢% —a? - 32+ 1)? = (—22% + 2% + 3z — 1)%
10. Eciiu BepHO paBeHCTBO (a — b)? = (m — n)*, MOXHO M H3 HEro 3aKIOUHTD,
yto a —b=m —n?

III. ITousiTue 06 MppaLMOHAJIBHBIX YHCIAX

6. ConsmepnMble W HeCOM3MepHMble OTpPe3KH. Kak H3BecTHO M3
reoMeTpHH, 06ugell mepoti IByX OTPE3KOB NMPSIMOH HA3LIBAETCS TAKOH OTpe-
30K, KOTOPbIH B KAXKIOM H3 HHX COAEPKHTCH Ie]0€ YHC0 pa3 fe3 ocTaTka.
B reomertpuu pasbpacHseTcs, 4TO MOTYT ObIThb TaKHe ABA OTPE3Ka, KOTOpbIE
He UMeloT o0lLlell Mepbl (HapuUMep, CTOPOHA KBaJApaTa U ero QUaroHaib).

J1Ba 0TpesKka HAa3bIBAKTCHA COUIMEPUMbBIMU WITH HECOU3MEDUMBLMU MEXK-
Ay coboi, cMOTpPsl MO0 TOMY, HMEIOT JIH OHH OOILLYI0 Mepy MJH He HMeloT.

7. IlouaTne 06 uamepernuu. IlycTb TpebyeTcss M3MEPHTb HJIHHY OT-
peska AB (cm. puc. 1) npu nomoiwn exuHuubl Aauuer C'D. [las storo
y3HaeM, CKoJbKOo pas exumnuua CD comep-

c D xutca B AB. IlycTh okaxkerca, uTo OHa
comepxkutTcd B AB 3 pasza ¢ HEKOTOPHIM
ocratkoM EB (menbiium CD). Torma uuc-
n0 3 Gyner npubiuNéHHOLM Pe3yAbmamom
uzmeperun ¢ mownocmoro do 1, ¥ IpUTOM ¢
HeJlocTaTKOM, TaK Kak AB Goabiie 3C D, Ho
Menbiie 4C' D (4ucio 4 Toxe MOMHO HA3BATh NPHONHKEHHBIM PE3YabTATOM
H3MepeHHs ¢ TOYHOCTbIO 10 1, HO ¢ u3GeiTKOM). ?Kenas nosy4duth Oosee

4 . , Bl

Puc. 1

TOYHBIH pe3y/bTaT, y3HaeM, CKOJbKO pa3 B octatke EB comepmuTCs —

eqdHuubl C'D. Tlosoxum, 4to ata pons copepxurcs B BB Gonee 8, Ho
meHee 9 pas. Torpa uucna 3,8 u 3,9 Oynyr npubsuxénnoimu pesyro-

mamamu usmeperus ompeska AB ¢ mounocmoro do 1o° MepBoe 4HcIo

¢ HejocTaTKoM, Bropoe — ¢ M30biTKOM. JKenas monyuuth ewé Gonee
TOYHBIH Pe3y/IbTAaT W3MepeHH s, Y3HaeM, CKOJIbKO Pa3s B NOCJeLHeM OCTaTKe

cofepuTcd —— enuHuubl C'D. [lyeTs 3Ta 10415 COLEP:KHTCH B OCTaTKe
Goasiee 5, Ho menee 6 pas. Torna uncaa 3,85 u 3,86 GyayT npubauxénnoimu

pesyavmamamu usmeperus ompesxa AB ¢ mounocmero 0o 100" MoxHo

NpOA0JKATE TAKOE MaMepeHHe Beé aasee u jaagee. Ilpy 3TOM BO3MOMXKHbI
JBa cayudas:

1) MOXeT CAYUHTHLCH, YTO TPH MOCJENIOBATEIBEHBIX H3MEPEHHSX € TOY-
Hocteio go 0,1, 0,01, 0,001, ... paHO WK MO3AHO He NOJYYUTCS HHKAKOLQ
ocTaTKa;

2) MOXeT CJYYHTBCS, 4T ¢ KaKo# Obl TounocTsio a0 0,1, 0,01, 0,001, ...
Mbl HH M3MEpPAJH, OCTATOK BCEraa GyeT MoJydarhes.
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B nepsom csyyae B pesysnbraTe M3MepeHHs MOJYYHTCS KOHeuHasi Jie-
cATHYHAsg Apobb. Bo BTOpOM ciaydae B peayibTaTe M3MepeHHs MOJNYUYHTCS
OeckoHeyHas JecATHYHAsA APodb.

Koneunasi necsitiunasi 1po0b rojsydaercsi JiMillb B TOM CJydae, ec/u
Kakasi-HuOYIb NecATHYHAs A0/ eIHHHIb (01HA JecsATas, MJH OfHA CcOTas,
WJIM OJIHA ThHICAYHAS M T.[.) fABJseTcs o0Lled MepoH H3MepseMoro oTpesKa
H eIUHHIbl JJIHHBL.

1 Ecau }lKe HsmepﬂleMbm OTPEe30K COM3MEPHM ¢ eJIMHMIEH JAJAHHBI, HO HH
6’ HH 00" HH 1000°
siBNseTcs 0O0led MepoH H3MepsaeMOoro OTpe3ka W eIMHHIBl AJNHHBI, TO B
pesy/bTaTe H3MepeHHs ToJydaercs OeCKOHeuHas MepHoIHYecKas 1) necs-
THYHAs 1po0b.

Haxkonel1, eciiu uamepsieMbiil OTPe30K HECOU3MEPHM C eAHHHIIEH JJTHHBIL,
TO B pe3y/abTaTe HM3MepeHHs MoJydaeTcss OeCcKOoHedHas HemepHOLHUYecKas
necsiTHYHAS 1po0b.

BoOOIIle HHKAKasd JecATHYHAA [0Js e[IHHHILLl He

8. HppaumoHanbHbIe YHCIA U UX MPUOTHIKEHHDbIE 3HAUeHUd. Yuc-
Ja lesable W ApoOHble HOCAT 0OIIee HAa3BaHHE PAUUOHAALHLLY YHUCEJL.
Beskoe pauuoHanbHOe u4HCN0 MOKeT ObIThb 3alHCAHO B BHAE KOHEYHOH
NeCATHYHOH APOOH WM B BHJE OECKOHEYHOH NEePHOAHYECKOH AeCATHYHOH
npobu; necsaTHYHble GeCKOHEYHble HeNepuHogHYecKHe ApOOH Ha3blBAKTCSA
UppayuoHasbHoimMy ducaamu. PaluoHanbHbie dKcaa CJayM»KaT Mepod BeJi-
YMH, COM3MEPUMBIX C eJMHHIIEeH, HPPAllMOHATbHbIE YHCJIA — MEpOH BeJiH-
YHH, HECOM3MEPHMBIX C eIHHHIIEH 2,

HppanronanbHoe 4UCI0 CYMTAETCA U3BECMHbIM (WIH JaHHbIM), €CITH
yKa3aH crocod, nocpeacTBOM KOTOPOrO MOXKHO HAXOAHTDL J060€ YHCJIO ero
eCITHYHBIX 3HAKOB.

OGpbiBasi Ha KaKOM-HUOYAb 1eCATHYHOM 3HaKe GECKOHEeYHYI0 NecsTHY-
HYI0 1po0b, BBIPAXKAWIIYI0 AaHHOe (palHOHAJbHOE MJIH HPPALMOHAJBHOE)
YHCJ0, NoaydYaeM npubAuUMEHHOE 3HAYEHUE ITOTO YHCHA ¢ MOYHOCMbI0 00
0,1, 0,01, 0,001 u T. 1. ¢ Hedocmamxkom. YBenuuuBas Ha | mocaegHHH co-

') JleiicTBUTeNbHO, B Cayuae COM3MEPHMOCTH Mbl BCEIJA MOMAH Obl MOJYUUTH
TOUHbLIH pe3ysbTaT M3MepeHUs B BUe 0ObLIKHOBeHHOH npo6u. OGparTuB 3Ty 0GLIKHO-
BEHHYIO Ipo0b B NeCATHUHYIO, Mbl BbIPAa3HJH Obl pe3ynbTaT H3MepeHHd B BHIe fecs-
THYHOH 1pofH. Ho oOblkHOBeHHas 1p0o0b, 00pallasch B OeCKOHEUHYIO NeCHTHUHYI,
naét BCerga nepHoaHyeckyio Apobk. B cayuae ke HECOH3IMEPHMOCTH H3MepseMOro
oTpe3ka OeckoHeuHas JecsiTHUHas APo0b He MOMKET 0Ka3aTbCH MepHOAHYecKOH, Tak
KaK ecsH Obl OHa Gblla TakoH, TO e€ MOxHO Obl10 Obl 0OPaTHTL B OOLIKHOBEHHYIO,
Torga 3Ta 0ObIKHOBeHHast Apo0b Oblia ©Obl TOYHBIM pPe3y/JbTaTOM H3MepeHHs, a
TAKOTO pe3y/ibTaTa He MOKeT ObiTh B CJydae HeCOM3MepHMOCTH. 3HauHT, B 3TOM
cay4ae GecKoHeuHad fecsiTHYHAf Npo0b L0JHA GblTh HermepHoLH4YeCcKOH.

%) Jlatunckoe caoo ratio o3HauaeT OTHOlIeHHe. PaluoHanbHbIe yucaa —
Te, KOTOpble MOTyT GBITb NpeNCTaBJeHB B BHOe OTHOLIEHUS IBYX LeJbIX YHCel,
HppallHOHA/bHble — Te, KOTOPHIe B TAKOM BMJle MpeJCTaB/eHbl ObITh HE MOTYT.
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XPaHEHHBIH NeCATHYHLIH 3HAK, MNOJYYHM NpHONHKEHHOE 3HAYEHHEe NAHHOrOo
yKcaa ¢ TOH e TOUHOCTBIO, HO ¢ U36bLMKOM.

[Tpumepsl.

1 " 4
1) 3anucbiBas 4YHCIO 3 B BHAe OECKOHEYHOH MepHoLHuYecKoH apodH
0,33333... u coxpaHss nepsble HeTbIpe AECATHUHBIX 3HAKa 3TOH ApobH,
nosiydyuM npHOMHAKEHHOe 3HadeHHe uuceaa - ¢ ToyHoethio po 00,0001 ¢

HenoctaTkom: 0,3333. .

[Tpubnuxénnoe snadenue storo uucaa ¢ tounoctsio no 0,0001 ¢ wus-
ouiTkOM ectb 0,3334.

2) HppauroHaibHoe YMC/IO 7, Bbipaxalolllee OTHOLIEHHe AJIHHbI OKPYXK-
HOCTH K JHAMETPY, 3aMHCLIBAETCH B BH/E OECKOHEUHOH JecATHIHOH Npo6H,
nepsble 25 3HaKOB KOTOPO# cyThb: 3,1415926535897932384626433.

[Mpubauxénnee 3Hadenus uucaa w ¢ touHocthio ao 0,00001 cytb
3,14159 (c nemoctatkom) u 3,14160 (¢ u3GBITKOM).

3) DBosbMméMm  uWppalMOHalbHOE — YMCJ/IO,  BbipaXkalouleecs — cJe-
Jyiotei GecKOHeyHOH HeMepHOHYeCKOH NIeCATHUHOH Apodbio:
123,1010010001000010000010000001... (Mexay AByMsi Hoc/enoBaTelib-
HbIMH €IMHHULAMH CTOMT OLUH HYJb, [OTOM [Ba HYJS, [OTOM TPU HYyJs
H T 0.).

[Tpubankénnbie 3Ha9eHHA ITOTO HPPALMOHAMBHOTO YHC/A C TOYHOCTBIO

no 0,000000000001 (T.e. JI0 %) cyth 123,101001000100 (c vepocTtat-
kom) u 123,101001000101 (c u3bbiTKOM).

9. PaBeHCTBO M HepaBEHCTBO MeX1y HPPaLMOHAJbHBIMH UHCJIAMHU.
BemecTBeHHbIe yncaa. JlBa MppalHOHAJLHBIX YHCIA CUHTAIOTCS PABHBI-
MH, €CJIH OHH BbIPaXKeHbl NECATHUHBLIMH APOOSMH C COOTBETCTBEHHO OIH-
HAKOBBLIMH 1H(ppamMu '). U3 1ByX MOMOKHTEIbHBIX MPPALMOHAIBHBIX UHCE/
foJbllle TO, KOTOPOe MpPH Pa3JioKeHHH B JECATHUHYIO ApPOOb CONEPHKHT B
cefe 0oJiblliee YHUCJAO LEAbIX, WIH — MPH paBeHCTBe lleJbix — OoJbliee
YHCJIO IECSATBIX, HIM — MPH PABEHCTBE LeJblX U JeCATblX — GoJibliee YHUCJ0
cotelX, ¥ T. 1. Hanpumep, uncno 2,745037... Gonblue uucaa 2,745029.. .,
TaK Kak B mepBoM 6-a uudpa BeipaxaeT uHcyao GoJbiiee, dyeM 6-a nudpa
BO BTOPOM, MPH PABEHCTBE BCEX NPEABIAYIIHX IHpP.

D10 onpejesieHHe TOAUTCS TAKMKe W I8 CPaBHEHHS HUPPallHOHAJNLHOIO
YyHeJa ¢ pallHOHaNbHBIM, €CJIH PallHOHAIBHOE YHC/I0 PA3JI0XKEHO B AeCATHY-
HY10 Apo6b. OHO NPUrOAHO H A CPABHEHMA ABYX PallHOHAJNBHBIX 4YHCEJ,
PAa3JIOXEHHBIX B JecsITHUHbIE APOGH, ecH [IecsiTHUHbIE APOGH ¢ MepHOIOM

9 3amMeHsITb HA JeCATHYHBIE APOOH, KOHYAMOUIHECS HYJISIMH: HAPHUMED, HAl0
BMecto 2,39999... 6pats 2,400000... .

1) Jlpa paBHBEIX payuOHAABHLLX YMC]A MOTYT HHOTAA BBIPAXKATHCH HEONHHAKO-
BHIMM LH(pPaMH, a HMEHHO TOr[a, KOTla O[IHO H3 HHX eCTb MepHoLHUecKas Apodk ¢
nepuonom 9. Tak, 0,999... =1, 2,3999... = 24,
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SHMETHM, 4YTO H3 ﬂpHBEﬂéHHOFO orpeneneHHss HEPAaBeHCTB CJaeayerT:

Ecim o — Kakoe-HuOyAb MppalMoOHAJbHOE YMCI0, @ — KaKoe-HUOyAb
npubIvKEHHOEe 3HAYeHHWe YMCAa ¢ ¢ HefocTaTkoM, b — Kakoe-HMOyabL mpH-
ONMKEHHOE 3HAYUEHHE YHCJA ¢ ¢ U30LITKOM, TO

a<a<b.

HppaurosanbHble dHcaa MOTYT ObITh MOJIOKHTENbHBIMH H OTPHILATENb-
HbIMH, Cc000pA3HO €O CMBICJIOM H3MepsieMOoH BeJHuMHbl. Kak u B cay-
4ae palMOHA/IbLHEIX YHCeJ, M3 JABYX OTPHLATEJbHBIX BelleCTBEHHBIX YH-
cesl OO/IBUIMM CUHTAIOT TO, Y KOTOPOro abCOMIOTHAs BeJHYMHA ') MeHblie;
BCSIKOE OTPHILATE/NbHOE YHCJO MeHbLUe HYJsl, a HYJb MeHblle BCSKOro
NOJIOKMTENbHOrO YHECa.

PauuonanbHbie HppauHvoOHaJibHbIE 4YHC/JAa BMeCTe Ha3blBAWTCH Belle-
CTBEHHbBIMH, HJIH I[eﬁCTBHTBJIbHBIMH, YHCJAMH.

10. Onpepenenue AeiCTBUH HaJ MPPALMOHAJBHBIMM YHCJIAMH.
[Tyete o u 3 Gyayr kaxue-HHOydb NaHHblEe MOJOKHTEJNbHbIE HPPAILHO-
HasbHble yHucsia (B HUKecJenyioleM npumepe a = v/3, 4 = v/2). Tlyets
NpUOJIHKEHHbIE 3HAYEHHS YMces v W I, B3ATbIE ¢ HeJloCTaTKOM, OyayT:

C TOYHOCTBIO no 0,1 10 0,01 a0 0,001 a0 0,0001
I8 UHCAA o 1,7 1,73 1,732 1,7320
a8 ukena 3 1,4 1.41 1,414 1,4142

CooTeeTcTBYyOLIHE NPUOIHIKEHHBIE 3HAYEHHS ¢ H3OBITKOM MOJyYaioTcs
W3 3THX YHCEJ MOCPEACTBOM VBEJHUEHHSI MOCJEeJHEro AeCATHUHOrO 3HAKa
Ha |.
Torpa: a) CioKuTh v M (3 — 3HAYUT HAHTH YHCJI0, KOTOPOe ObiJO Gbi
OoJbllle KaXKI0H M3 CYMM: | M MeHble KayKI0H H3 CYyMM:

1,74+ 14 = 3,1 1,84+1,5 =33
1,73 + 1,41 = 3,14 1,74 + 1,42 = 3,16
1,732 + 1,414 = 3,146 1,733 + 1,415 = 3,148
1,7320+1,4142 = 3,1462 | 1,7321+1,4143 = 3,1464
W T O, T.e..

CrnoxuTh Yyncaa o U 3 — 3HAYHT HAUTH TaKoe TpeThe YHCJIO 7y, KOTOpoe
66110 Ob1 GOJIbIIE CYMMbI MX JIOGBIX NMPUOJMIKEHHBIX 3HA4YeHHH, B3ATBHIX C
He/IOCTATKOM, HO MeHbIIe CYMMBI HX JIIOOBIX MPUONHKEHHBIX 3HAYEHHIT, B3d-
ThIX C M30BITKOM.

Mgl npunuMaem Ge3 10Ka3aTenbCTBa, YTO TAKOE YHCJIO 7 AJs JIOOLIX
NBYX BeleCTBEHHBIX YHCEJ (v U [J CYLIeCTBYET, U MPUTOM TOJbKO OJHO.

l) st HppalHOHAJBHBIX YHCeJ abCcoMOTHAA BeJHUYMHA onpenendeTcsa Tak iKe,
KakK A4 pallHOHAJ/IbHbIX.
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6) Beps npubamkénHble 3HA4YEHHs YHCeN o H [§, yKa3aHHbIE BblLlE, MBI
MOXKEeM CKa3aTh, YTO MPOU3BeJeHHe « - [3 ecTb YHCJI0, KOTOpoe

OoJiblle KaXKI0ro M3 H MeHbllle KaX[I0ro W3
NPOH3BEAEeHHH: NPOHU3BEIeHHH!
1,7-1,4 = 2,38 1,8:1,6 = 2,70

1,73-1,.41 = 2,4393 1,74-1,42 = 2,4708

1,732:-1,414 = 2,449048 1,733-1,415 = 2,452195
1,7320-1,4142 = 2,44939440 | 1,7321-1,4143 = 2,44970903

HTAO, TEC.:

IlepeMHOXHTbL MOJOXKMTENbHBIE YHCIA M (3 — 3HAYHT HAHUTH TaKoe
TpeThe YHCI0, KOTopoe OBLI0 ObI GoJbIe MPOM3BeAeHNA MX MOOBIX TMPHOIH-
JKEHHBIX 3HAUYeHMH, B3ATBHIX C HeJOCTATKOM, HO MeHbIle TIPOM3BeNeHHS HX
J100bIX NPUOJNIKEHHBIX 3HAYEHUH, B3ATBIX ¢ U30BITKOM.

Mul npuMem Ge3 JoKa3aTesabCTBa, YTO Takoe YHCJO CYIUIECTBYET, W
MPHTOM TOJILKO OJIHO.

B) Bo3BecTH MppPALMOHAIBHOE YKCJIO (x BO BTOPYIO, TPETbIO, YETBEPTYIO
H T.J. CTeNeHb — 3HAYWT HAHTH MPOM3BeJeHNE, COCTABICHHOE M3 ABYX, TPEX,
YeThIPEX M T. 1. COMHOMKHTeJel, PaBHBIX Ox.

r) ObpaTHele TeHCTBHA ONpeesioTCs AJS UPPALMOHANBHBIX YHCe TaK
XKe, Kak M [11 PAlMOHANbHBIX: TaK, BHIYECTh M3 YHCIA (v YUCIO /3 — 3HAUMT
HAHTH Takoe 4HCJAO0 x, 4yToObl cyMMa (3 + & paBHSJIACh «v, H T.1I.

Ecnn oaHo M3 uncen oo vk /3 — pallMoHabHOE U BBIpakaeTcs KOHeTHOH
JeCATHUHOH ApoOblo, TO B YKA3aHHBEIX OMpeleseHHIX BMECTO MPUOJIHKEH-
HBIX 3Ha4eHHH TaKoro ydcga Hago OpaTbh ero TOYHOE 3HAaYeHHe.

[TpousBeneHHe HpPpalMOHANBLHONO YHCJAA HA HYJAb MPUHHMAeTCs, KAK H
IS PallHOHAJMBHOTO YMC/IA, PABHBIM HYJIIO.

[eficTBHA Hal OTpULIATENBHBIMH HPPAIIMOHANBHBIMH YHCJAAMH POHU3BO-
JATCS COTJIACHO TMpaBH/aM, JaHHBIM [J5 PallMOHAJbHBIX OTPHIIATENbHBIX
quceJ.

[lpn Gosiee 0OCTOATENBHOM PACCMOTPEHHH MOMKHO YCTAHOBHTb, YTO
deticmausn HAO UPPAUUOHANbHbIMU HucAamu obradarom memu xe ceoli-
cmeamu, 4mo u delicmeus Had ducAaMu PayUOHAAbHbIML: HATIPHMEPp,
CJIOKEHHe H yMHOXKeHHWe 00/1alaloT CBOHCTBAMH MEePeMeCTHTEJbHBIM H CO-
yeTaTesbHbIM; YMHOXKEHHE U JeseHHe, KpoMe Toro, 06JanaioT eié pacrpe-
JenuTebHBIM cBOHCTBOM. CBOHCTBA, BbIpa:KaeMble HEPABEHCTBAMM, TaKXKe
COXPaHATCS A/ YHCEeJ HPpPallMOHAJbHBIX: TaK, €caH « > 3, To a + 7 >
> 04, ay>Fy(npuy>0)uay< Gy (npy vy <0) ur.m

11. HsBneuenue kopusa. Onpenenenwe. Kopuem n-ii cmenewu us
YUCAQ 4 HA3bIBAemcs makoe 4ucio, komopoe, 6ydyiu o3sedero & cme-
nexs n, daém a.

Kopenb n-#i cTeneHu W3 umcaa a obo3Hauyaercs Tak: Ya. W3 camoro
onpenenenus caeayet, yro ( ¥a )" = a.
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DT0 paBeHCTBO MOXKET CJYKMTL A/ NMPOBEPKH MPABHJBHOCTH NPOH3-
BEI[EHHOFO IeHCTBHSA H3BJeueHHs1 KopHs. [lycTb, Hampumep, Mbl HAILIH,
uto V2048 = 2. Jlas NpPOBEPKH BO3BeNEM 2 B OJHHHAALATYK CTEMeHb,
nonyuum 2'' = 2048. 3nauut, KopeHb HaiifeH npaBuabHO. TOYHO Tak e
v/39,0625 = 2,5, tak kak 2,5 = 39,0625.

12, MpudanxéHnuble KOpHHU 1000 cTeneHu. B yueOHuke anreGpbl
nns VI-VIII gnaccos Bapcykosa (§ 96) maHo mnoHsitHe 0 TpHOGIHKEHHOM
KBapaTHOM KopHe ¢ TouHocThio 10 1; 0,1 u T. 1. CkaszanHoe 0 KBajpaTHOM
KOpHE MOXKeT ObITb MPHMEHEHO K KOPHIO BCAKOH JpyroH CTleneHH. Hanpu-

i 3
mep, ﬂpHﬁJ’IH)KEHHb[M 3Ha4YeHHEM \/5 C TOYHOCTbLIO 1O m Ha3blBaeTCs
TaKasg JecATH4YHas le()ﬁb, COCTOAINLAA M3 LeJbIX, AeCATbIX H COThIX, K}’ﬁ
5 . 1 .
KOTOpOH He 6osblile 2, HO ecJH VYB&JHYHM ee Ha ﬁ H BO3BeJEeM B Kyﬁ,

TO noay4um Godblie 2. Mbl He OylieM BbIBOAMTB [paBUJa [1Jis HAXO0XKIEHHS
TOUYHBIX M NPHUOIHKEHHBIX KOPHEH KyOHYeCKHX M APYTHX CTeNeHel, orpaHu-
YHUMCS TOJBKO yKasaHWeM CJeLYyIOUero NpocToro npHéma AMs HaXoXKAeHHs
TaKUX KOpHeH. ‘

[Tycte TpeGyercss HaHTH V2. [TpubAHAKEHHEIMU KOPHAMH € TOYHOCTBIO
no 1 6yayr, oueBuaHo, udcaa 1 (¢ Hepocratkom), 2 (¢ u3dbbiTKOM). UToOb!
HaliTH UHQPY NecaThHX N0JeH HCKOMOro KopHsA, Haiaém B pany: 1; 1,1;
1,2, 1,3; 1,4, 1,5; 1,6; 1,7; 1,8; 1,9 — nBa Takux psaoM CTOSAILIMX YHCJIa,
yrobbl Ky6 JieBoro 4ucaa Oblsl MeHblle 2, a Ky6 mnpasoro — Gousblue 2.
Jlns 3Toro Bo3bMEM W3 YMCEN HalIero psfa cpeiHee 1,5 M BO3BEAEM €T0 B
Ky6. Mbl Halinéwm: 1,5% = 3,375, uto Goablue 2. Tak Kak umcsa, CTOSIHE
crnipasa ot 1,5, npu Bo3BeleHHM B KyO AAlOT pe3y/bTaT eulé GO/bLIHH, TO
Mbl MOXKeM OTOPOCHTb BCIO MPaByl TMOJOBMHY psila H HCMBITATh TOJBKO
yueaa: 1; 1,1; 1,2; 1,3; 1,4.

BosbMmém cpennee u3 Hux 1,2 u Bosseném B ky6. [Toayuum 1,728, urto
MeHble 2. 3HAYHT, HCTIBITAHHIO MOAJEXKAT Tenepb Toabko ducaa 1,3 u 1,4.
Boszeens B ky6 uucsio 1,3, nonyuum 2,197, uto Goabiie 2. Mbl nosyuuJiu,
TaKuM o0pasoM, aBa uucaa: 1,2 u 1,3, KoTopble pasHaTcs Mexay coboi Ha
0,1 u Mexay KyGaMH KOTOPBIX 3aKJI0HAeTCs HHCI0 2,

I10 U GYyAyT NPHOAMKEHHBIE KYOHYeCKHe KOPHH H3 2 ¢ TOYHOCTBIO

C HeJIOCTATKOM H ¢ H30BITKOM.

lO
Ecau xkenaeM HAUTH UH(PY COTHIX, MBI IOJKHBI UCTILITATh CJENYIOLIHE
yueaa: 1,215 1,22; 1,23; ...; 1,29. Baas B atoMm psany cpendee yueqo 1,25

W Bo3seas ero B Ky, Haitném 1,25° = 1,953125, yto menbiue 2. 3uauur,
Terepb HAaA0 HCMBITaTh Toibko uWeaa: 1,26; 1,27; 1,28; 1,29, Tak kax
1,25% oueHb Ma/o pasHHMTCA OT 2, TO €CTECTBEHHO MONpPo0OBaTh, He GyneT
nu 1,263 Gonbwe 2. M peiicteutensHo, Bosens 1.26 B ky6, noayuum

2,000376. 3HauuT, HCKOMBIH KyOHUYeCKHH KOpeHb M3 2 ¢ TOUHOCTBIO 10 —— 100

oyner 1,25 (¢ nepocratkom) uan 1,26 (¢ usdeitkom). Ecan 661 Mbl 2Kenanu
Aanee HaWTH LUHQPY THICAYHBIX, TO NOJXKHbBI OblIH Obl NMOAOOHBIM e NMYTEM
venbiTath ukena psaaa: 1,251; 1,252; 1,253;...; 1,259,
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KoneuHo, npuém 3ToT yTomMHTeseH (CyulecTByOT Godee yaoGHbie Crio-
o6 1)), HO M3 Hero fICHO BHAHO, YTO AECATHUYHBIE H(MPH MPHOIHKEHHBIX
KOpHeH J000H cTeneHW MOryT OblThb HAHIEHBl B KAKOM YIOLHO GOJbLLIOM
qHCae.

Jlns V2 wbi NOJYUHIH MPUOIHKEHHBIE 3HAYeHHSA C HefoCTaTKOM: I;
1,2: 1,25: 1,259:....

CocraBum BeckoHeuHy10 gecaTHuHyio npobb 1,259.... Ita GeckoHeuHas
JecsTHYHAs Apobb BhipaxaeT coOOH HEKOTOpOe HWPpalMOHAIbHOE HHCJ/IO0
«, a adena: 1; 1,2; 1,25; 1,259; ... npencraBisitoT coGoi NpUOIHIKEHHBIE
3HAUCHUA HPPALHOHANBLHOIO YHCJA (v, B3ATHIE ¢ HEJOCTATKOM.

Ky6 wuppauuonansHoro uucsna « ectb 2. YUrobbl yGeauTbess B 3TOM,
BCTIOMHHM, 4TG Ha3biBaeTcsl KyGOM HMpPAllMOHAMLHOTO YHC/a ) a° — 3T0
YMCJIO0, YIOBJIETBOPSIOLIEE NBYM YCJOBUSAM: OHO GoJiblile KyHa Ji0boro npu-
0JIHXKEHHOTO 3HAUEHHS (v, B3STOrO C HEJAOCTATKOM, H MeHblle Kyda Jjioboro
NpUOIHAKEHHOrO 3HAYeHHs «, B3ATOTO ¢ H3bbITKOM. Ho uneno V2 stam
YCJIOBHAM YAOBJETBOPSET, TAK KAk

P2 (12°<2 (1,257 <2 (12892 <2 ..
28592 (L3P =2 (1,262, (1,2600°52,....

3uauuT, UppalKoHaibHoe yKcao 1,259. .. ecTb KyOHUeCKHIl KOpeHb H3 2.

Hrak, nocne BBeneHUS HPPALMOHAJNBHBIX UHCes 3adaua U3BAeHeHUs
apugmemuneckoeo KopHa 000l cmenenu u3 Ab0eo noAOHCUMEAbHOZO
qucaa 80 6CexX CAYHAAX paA3peliuma; TAKOH KOpeHb BCerjaa CyllecTByeT, M
TIPHTOM TOJBKO OJHH.

3ameuanue. [lelicTBHe H3BNAeUYEHHS KOPHA SBJSETCH HCTOYHHKOM
MHOIOYMCJIEHHBIX PHMEPOB HPPALHOHAIbHBIX YHCEJ, KOTOPble MPHUXOLHTCS
paccMarpHBaTh B Kypce sjieMeHTapHoH anrebpol. OpHaxo Oblio Obl rpyGoi
OLIMOKOH JyMaTh, YTO BCE HMPPAllMOHAJIbHbIE YHCJA SABJSIOTCH KOPHAMH
M3 palHOHANbHBIX YHCEJ WM CBOAATCS K 3THM KOPHAM MPH MOMOIIH aJf-
refpanyeckux JeHCTBHI: CYIIECTBYeT OeCKOHEUYHO MHOrO MppallHOHAJIBHBIX
yuces, KOTOpble He SIBASIOTCS KOPHAMHM HHKAKOH CTENeHH HM M3 KaKoro
PalHOHANBHOTO YHC/A W BOOOLIe He MOTYT ObiTb MOJYYeHbl MOCPENCTBOM
anreGpauyecKux NeHCTBMH (CJIOKEHHS, BbIUMTAHWS, YMHOMKEHUS, Ae/IeHUs,
BO3BEe/IEHHS B CTEMNeHb, H3BJIEUYEHHS KOPHA) HAJ PAllMOHA/NbHBIMH YHCJIAMH,
B KaKOM OBl 4HcJ/e, B KaKOM Obl mopsaKke H HaA KaKHMH Obl pallHOHAJbHBIMH
yucaaMM Mbl 3TH JEHCTBHS HH coBepiuasu. [IpuMepoMm Takoro MppaiHo-
HAJILHOTO YMCJIa MOMET CJAYKUTb UHCJO 7.

IV. IIpeo6pa3oBanue MppanMOHAIBHBIX BbIPAaKEHUNH

13. PauuonajbHble W UPpallHOHANbHBIE alreGpandyecKue BbIpake-
HUs. Anrefpauyeckoe BbipaXKeHHE HAa3bIBAeTCH PALUOHAAbHLIM OTHOCH-

') KopHu moBbIX cTemeHeii BecbMa MPOCTO BHIUMCASIOTCH, KAK MBI YBHIMM
1no3:Ke, NOCPEACTBOM JOrapuPMUUECKHX TabIMIL.
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TeJbHO KaKoH-HHOYAb OyKBbI, BXOAsLIEH B 3TO Bhlpa:keHHe, ec/H 3Ta OyKBa
He HaXOJMTCH MOJ 3HAKOM pajHKasa; B MPOTHBHOM caydae BhlpaXkeHHe Ha-
3bIBAETCS UPPAYUOHAAbHLIM OTHOCHTENBHO 3T0H OyKBbl. Hanpumep, Bbipa-
wenue 3o + 24/ ecTb palHOHANLHOE OTHOCHTEJLHO @ M MPPalHOHA/ILHOE
OTHOCHTEJBHO .

Ecau roBopsT — «palMoHasbHOe anrefpaHuecKoe BbIpaxeHHe», He J0-
OaBJsisl, OTHOCHTE/bHO KakuX OYKB, TO TpeANoJaraercs, 4To OHO palHo-
HAaJIbHO OTHOCHTEJbHO BCeX GYKB, BXOMSIIMX B BBIPAXKEHHE.

14. OcHOBHOe CBOMCTBO pajMKaja. 3aMeTHM, 4YTO KOpPHH (panu-
KaJbl), O KOTOPHIX Mbl GyaeM TOBOPHTb B 3TOH /aBe, NMOApPa3yMeBaroTCs
TOJIBKO apugmemuteckue. Bo3bMEM KakoH-HMOYIb paiHKas, HampHMep,
Va, v Bo3BeNEM NONKOPEHHOE YMCI0 B KaKyl0-HHOYIb CTENeHb, HAapHMep,
B KBajJpaT; BMeCTe ¢ TeM YMHOMKHM TOKa3aTesb pPajvKaJa Ha MokasaTesb
TOH CTeNneHH, B KOTOPYIO Mbl BO3BEJH MOAKOPEHHOe YHCJO, T.e. B HalleM
cayuae yMHOXKUMM HA 2. Torpa mosnyuuM HOBHIE pajuKads: Va? . Jlokaxewm,
YTO OT 3THX JIBYX ONEpPalHH BeJHYHHA panHKa.na He H3MEHH/ACh.

[Ipeanonoxum, uTo Mbl BBIYHCIAHAH /a M TOJYYHJIH HeKOTopoe YHC-
7o . Torna Mbl MOXKeM HanucaTh paBeHcTBa: = {/a u x° = a’. Bosseném
2

ay 2 ¢
oBe yacTH mocaeaHero paBeHcTsa B kpaapar: (z7)” = a?, 1.e. 7:-" =a
6
W3 nocsnenxero paBeHcTBa BHnHo yto x = Va?. Takum 06p330M O HO

M TO JKe YHCJIO T PABHO U /a H \/ ; CJIEIOBATENIbHO, /4 = \/
[Togo6HO 3TOMY MOXKHO yﬁenmbcn, qTO:

Va=vVa =Va =Vat = .
Vm? = Vm? = Vmb = \/F:
\/1—4—3.’2:{/(1—0-33)2:%/(14-.’(2)3=....

BesauunHa pajgukajna He U3MEHHMTCH, €CJIM MOJKOPEHHOE BhIpaeHHe BO3-
BeJéM B KaKylw-HHOyIbL CTeneHb M BMecTe C TeM I[I0OKa3aTeJb pajHKaJa
YMHOXKHM Ha TOKa3aTeldb TOH CTelleHH, B KOTOPYIO BO3BeJH MOAKOPEHHOE
BhIpaKeHHe.

[IpaBusio 3TO KOpoue BLIPAMAWT ellé Tak:

BeanunHa paguKaia He H3MEHUTCH, €CJIH N0Ka3aTeb KOPHA U NOKa3aTelb
MOJAKOPEHHOT0 BbIPaXKeHUs! YMHOXKHM (HJIH pa3[e]uM) Ha ONHO M TO XKe YHUCJIO.

CaencrBus a) Padukaiol pasHolx cmeneqel MONCHO Npusecmi K
odunakosoim nokazameasm (MOAOOHO TOMY Kak ApPoOH ¢ pasHbIMH 3HaMe-
HaTeJsIMH MOXKHO [PHBECTH K OJIHOMY 3HaMeHareJ10). [las 3Toro pocraroy-
HO HaHTH obllee KpaTHoe (Ay4lle BCero HaWMeHbluee) rokasarteseil Beex
paJIMKaJoB U YMHOXHTb MOKA3aTe/b KaXA0T0 H3 HUX Ha COOTBETCTBYIOLIHH
ILOHOJ]HHT@.HI::HI:[I‘:I MHOXKHUTEJIb, BO3BeJAd BMECTE ¢ TEM KaxKaoe l'[O}lKOpeHHOE
BbIPAXKEHHE B HA/JIEIKALLYIO CTeneHb.
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Mpumep. az; vVa?; ¥z.

Haumenbiee obiiee KpaTHOe moxaszarteneil pagukaaoB ecTb 6; momod-
HHUTe/bHble MHOKHTeMH OYIyT: AJA MepBoro paaxkana 3, Aas BTOPOro 2
aas tpetbero 1. Toraa:

\@:\ﬁf(a.r) =vﬁa3m3; Wz\ﬁf(ag)gzw; ¥z,

6) Ecau nodkopennoe svipascerue ecmo cmenenb, NOKA3ameis KOmo-
poti umeem 06Ul MHONCUMENb ¢ NOKa3ameniem padukala, mo Ha Imom
MHOMCUMEAL MOXCHO pa3ddeaums 06a nokazamens.

Mpumepe. 1) Va2 = ¥z; 2) YU +2P =vVT+z.

B) Ecau nodkopennoe swipancerue ecmb NPOU3SEOEHUE HECKOAbKUX
cmenexetl, noKasamenl KoOmopoix umetom o0uUH u mom dce o6ujuil MHO-
Hcumens ¢ nokasamenem paduxkana, mo Ha IMOMm MHONCUMENb MONCHO
paszdeaums 6ce noKasameiu.

Mpumep. V8az® = ¥/ (2a2z)3 = V2a2z.

15. HsBneuenne apuMeTHUECKOro KOpPHS H3 NPOHU3BeNeHHs, U3
creneHy U u3 apobu. a) [lycrb Hano ussgedb apupmeTHyecKHi KOpeHb
cTeneHd n w3 npouspeaeHusi abe. Ecnu 6b1 TpeGoBanoch Mpou3BefeHHe
BO3BECTH B CTeNeHb, TO, KAK Mbl BHJAEJH, Haao Oblio Obl BO3BECTH B
CTeNeHb KaMIbli COMHOXHUTE/b OTAebHO. TaK Kak W3BJeUYeHUe KOpHs ecTh
JleficTere, o0paTHOE BO3BEIEHHWIO B CTelNeHb, TO HAJA0 OXHAaTh, YTO W
AN M3BJMEUEHHS KOPHA W3 MPOHM3BENEHHS Hal0 H3BJedb €ro W3 KaxKaoro
COMHOXKHTENS OTAEJbHO, T.€. YTO

Vabe = Ya - Vb - Ve.

Urobbl yOeiHTbCs B BEPHOCTH 3TOr0 PaBEHCTBA, BO3BEAEM MPaBYIO
YacTh €ro B CTeNeHb 1!

(Va- Vb ¥Ye) =(Va) - (Vo) (Ve)™
Ho, no onpenenenuio Kophsi, (¥a )" = a; (Vb )" = b; (e )™ = ¢. Cre-
nosatenbHo, ( ¥a Vb Y/c)" = abe.

0
Ecnu xe n-a crenenb npoussenenns Va Vb ¥c pasua abe, TO 3TO
3HAYMT, YTO MPOH3BE/leHHe 3TO PABHO KOPHIO n-H cTeneHH W3 abc. 3HAYMT:

Yro6bl U3BJIeYL KOpeHb M3 NMPOMU3BEJeHUs, HA0 H3BJeYb €ro U3 KaxJaoro
COMHOMKHTEJSA OTAEJbHO M pe3yJbTaThl MePeMHOXKHTh.

6) Jlerko yGenuthes nposepkoil, uto val = a?, motomy urto (a®)? = at;
¥ b

3
z!'? = z*, notomy uro (z*)® =z'%, u 1.1,

Boobie: Va™® = a™, notomy uto (a™)" = a™". 3Hauut:

Yrobbl M3BNeUL KOPeHb M3 CTENMeHH, MOKa3aTeJb KOTOPOH AeJHMTCH Ha mo-
Ka3aTeJb KOpHﬂ, Hano paane.unn MOKa3aTeJb CTeNneHHW HA nmoKasarteJb KO]JI-[H.
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B) BepHul 6ynyT Takmxe cjeayloliHe paBeHCTBa:

T W N (é)z_:ﬁ_g.

16 Vig 4’ y i) TET 1w

3 ﬁ = \yg = g [MOTOMY 4YTO (g); = —5 = i

27 ~ Va7 3 ¥ 3) T @ o

F_ ¥a (f) (Ya)" _a

Boo6me: ¢ S = NOTOMY 4TO | — = = -
b ) T (W) b

Y1066l HM3BJIEYbL KOPEHb M3 APOOH, HAN0 M3BJEYb €ro H3 YHCIAUTENsd H
3HAMEHAaTeJsl OTAeJBHO M MepPBbIif Pe3yNbTaT Pa3eIUTh HA BTOPOW.

Mpumeps. 1) Va8 = VO Val VIF = 3a%6%; 2) V125a82% =

2,3, 4a’t®  2ab’
= V125 Vab V2¥ = 5a%%; 3) =

9tdt  Bed®

16. Ilpocreiiuue npeoOpasopanus paaukanos. a) Bownecenue
MHONCUmenel 3a 3Haxk kopHa. Ecnu nogxopeHHoe Bhipa)KeHHe pasfara-
eTesl Ha TaKHe MHOMHTE/H, YTO H3 HeKOTOPbIX MOMHO H3BJedb TOYHbIH
KOpPEHb, TO TAKHE MHOXHTEJH, N0 M3BJEUYEHHH M3 HUX KODHS, MOTYT OBITh
HanucaHbl nepej; 3HAKOM KOpHS (T.e. MOryT ObiTh BbIHECEHBl 3a 3HAK
KOPHS1); HAaNpHMep:

WVad =Vala = Va2 va =ava; 2)V16z? = V823 -2z = 222z

6) ITodsederue mrosxcumened nod 3Hak KopHA. FHorna GbiBaeT noses-
HO, Ha00OPOT, NOOBeCMU TIOA 3HAK KOPHS MHOMHTE/H, CTOSILLHME Tepel HHM;
1JIsl 3TOrO L0CTATOYHO BO3BECTH TAKHE MHOMKHTEJH B CTENEHb, [I0KA3aTeJlb
KOTOPO# paBeH MoKasaTesio KOPH$, a 3aTeM HAMHCAaTh 9TH MHOXHTEJH M0J
3HAKOM KOpHS; HamnpHMep:

1) a®\/a = \/(a?)%a = Va'a = \/a?";
2) 22 ¥z = ¥/ (22)%z = V8x%r = VBa?.

8) Oceoboxcderue nodKOPEHHOZO BbIPANCEHUA OM 3HaMeHamened.
l'lcxamem 3TO HA CAEAYIOUIHX MpHMepax:

1) . Yto6bl M3 3HaMeHaTead MOXKHO OblJI0 H3BJAEYb TOUYHBIH KBajl-

paTHBIH KOpEHb, YMHOMHM 06a useHa ApoOu Ha d:

3r 33:-5_V15a?_v15:{:_1m

5 5 5 5 5
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2) is YMHOMHM 00a 4JeHa ApoOu Ha 2, Ha a W Ha =, T.e. Ha 2ax:
axr
2= o8 — L Veaz.
2ax 2ax 2azx

3ameuanue. Ecau TpeGyercs usB/ledb KOpeHb M3 ajredpanueckoi
CYMMBbI, TO HE/b35 H3BJAEKAaTb €ro M3 KaXK[A0r0 CJAaraeMoro OTAenbHO. Tak:
VI 16 =+/25 =5, toraa kak V9 + V16 = 3 +4 = 7; 3uauuT, feficTsue
M3BJIEYEHHS KOPHS M0 OTHOIUEHHIO K CJOMXKEHHIO (M BbIUMTAHHIO) He 00OAa-
daem pacnpedeiumenvroim ceoticmeom (Kak ¥ BO3BeIEHHE B CTeNeHb).

Ynpaxcnenus.

BeiHeCTH MHOXKHTENH 3a 3HAK paiHKaga:

11. Via®; VBaS; +50a°6°2%; /16a*.

12.V27; V32; V48; V60, V125; V1728.

13. /—81a%2; /98(a+b)3; &/25027y.

HOJJ,BECTH MHOXHTEJH, CTOSILIIHE Nepea paaHKaJaoM, noa 3HaK 3TOro pagukana.

14. 2v2; 7V10; 5V5; a\ﬁ- ava.

3

1o Ly
§a, 2\/5, 3 54a.
16. 222¥3a; (a+b)/(@1b); 2z—v)y/ %a‘»*(.—.; —a).

OcB06OIHTE NMOJKOPEHHEIE BHIPAKEHUS OT 3HAMeHaTeei:
I 1 3z 3 5
' Y LI | Y N e Bl
600 540 & \/49ay2 \/$ 5% ' Bz

17. Ilopo6uble pagukanbl. [logoGHBIMH pajMKanaMy Ha3bLIBAKOTCS
TaKHe, Y KOTOPbIX OJHMHAKOBbI [OAKOPEeHHble BbipaKeHHd H OJHHAKOBBI
nokKasarte/aH paauka/aoB. TakoBbl, HAPHMED, PaJHKAJbI

+3a Ty w-—5b3TY.

YroGel onpenenuTb, MogoOHbI JIH MexXLy Cco00H JaHHble pajMKalbl,
cJIelyeT NPeLBAPHTENbHO YIIPOCTHTb MX, T. €. eC/IH BO3MOXKHO:

1) BbIHECTH M3-NOA pajHKala Te MHOXKHTENH, M3 KOTOPBIX MOXHO H3-
BJ€Yb TOYHBIH KOpeHb;

2) ocBoBoOOUTLCS 1107 paiMKalaMM OT 3HaMeHaTesel 1podei;

3) TMOHM3UTL CTerneHb pajMKaja, COKPATHB INOKasaTeNH pajHKana H
TNOJKOPEHHOro BblparKeHHs Ha MX OOUIMH MHOMHTE/b, €CJH TAKOH eCTb.

[To BbIMOJHEHHH 3THX AeHCTBHH pajMKa/ NPHBELETCS K NpocTedlieMy
BHJLY.

15. 2ab

[Tpumepsl.

1) Papukansi &Baxd u 5‘/64a2y'2 OKaXyTCa MOAOOHBEIMH, eC/H YTIpo-

ctHM ux: V8az3 = 2z Ya; V/64ayl? = 22 Va? = 2y Ya.
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2) Tpu papnkana ‘fg%, \/aE v6x okaxyTesi nonoGHBIMH, €CJM 0CBO-

Goaumcs noJ paguKalaMH OT 3HAMEHATeJeH:
29: 6 _ Véx 63: 1 \/—
\f —\ 32 3?
Véx 1
\E \/ L
Yanpaxcuenus.

anBECTH K OOHHAKOBBLIM TNOKasaTe/JaM CJeAyllne paiuKasbl:

19. V2, ¥5; vz, Vo, V2, V3, vz, V.

20\/5\/—\/—,\/7\/7

YnpocTuTb clefylollHe pajuKaibl (COKPaTHThL [OKA3aTe/lH KOPHS M MOIKOpeH-
HOTO BbIpazKeHHs):

21. V9, V8, V10000, ¥9a%°, 164" .
22, V825, V121a%b*, “/8a3b12cP.

yﬂpOCTHTb CaenylouiHe pagHKaabl ¢ LeJbIo 06Hapymmb HX nopoGHe:;

23. V8, VI8, v50; ,/1%, ,/5%, ,/155.
3 1 3
24. Vaiz, vaz?, Jax. 25. \f%, \,‘bf—t. \/‘Z—b.

18. [leiicTBus Haj MpPpaIHOHAJBHBIMU ofHOuYNeHaMH. a) Crooce-
Hue u soiyumanue. UtoObl CAOKHTL HJIH BBIUECTh UPPAILlHOHAbHBIE OIHO-
UJIeHbl, COEIMHAIOT HX 3HAKAMU [UIIOC HJM MUHYC M [IeJal0T NPUBEIeHHe
NOAOGHBIX UYJICHOB, €C/H OHH OKAXKYTCA.

I[Tpumephsi.
2 e J®Bo_e 1 5~ . ..
1) gucx/gur, +6.L'\/; & \/;—Q.L\/I + 32/ — z\/T = 4x\/T;

9) 15¥4 — 3V32 — 169 ——\/10 — 15V4 — 6V4 — 434 —
-3Y4 =2%4.

6) Ymuoamcenue. Ml Bunenu (§ 15), uto a4s H3BJAEYEHHS KOPHS M3
NPOM3BEIEHHS] HANO M3BJedb ero W3 KaxAOr0 COMHOXKHTENs OTAEJbHO;
3HAYMT, H HaobOpOT:

YroObl NMepeMHOKUTh HECKOJbKO KOpPHeH OJWHAKOBOW CTeNeHH, HaJO NHe-
PeMHOXKHMThL MOJKOPEHHBIE BbIPAKEHMS M M3 MPOM3BeNeHUs U3BJeYb KOPEHb
TOH e CTemeHH.

Tak: avb/c = Vabe, ¥z ¥y = ¥zy.
Ecau 1n1si nepeMHOMKeHHA 1aHbl pajMKaJ/bl C Pa3MYHbIMH NOKa3aTes-
MH, TO MX HAJI0 MPeNBAPHTENBHO MPHBECTH K OHOMY MOKA3aTeio.
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Ecnu nepen paguxanamu uMeloTcss Koa(HIIMEHTEl, TO UX NepPeMHOMKa-
I0T.

[Mpumepnl.
1) aviz - "\/31_—\/6L:a;°” 6:
ofL U ems /(1Y 8/ (LY Zoefgs. L1
2) V3 3 2 V3 (3) (2) = 32 93
_s/ 3 _s/3 _ /3
3.2 V22 Vs

8) Henenue. Mbi 3HaeM, 4To 1/ W3B/IedeHHs KOPHS M3 ApPoOH Hano
U3BJIEUL €r0 U3 YMC/UTENIS U 3HAMEHATE/Is OTAeJILHO; 3HAYUT, U HAOOOPOT:

\/5_\/5_3/5_{/5 ;
Ve Ve MOy ol s

Yrobbl Pa3aeJHTh KOPDHH € OJUWHAKOBBIMH MNOKA43aTeJdAMH, HAA0 pa3lejIuTh
HX MOAKOPEeHHbIE BbIpaXeHHWs U U3 YACTHOIO M3BJieUb KOPeHb TOH e CTeneHH.

Pajukanel ¢ pa3JHuHbIMH MOKA3aTeJNSIMH HAZIO NIPHBECTH MpeBapHTe/b-
HO K OJMHAKOBBLIM nokasare/siM. Eciii ecTb KO3()(DHIMEHTBl, TO UX AeJST.

[Ipumepsl.

1) 6\/2(1 qu 4\/a—b
2ba” x
a/ 3 at ¢ 8a _
a—x 5b a—x 2 (a-:p)2 "V (a-2)? B
_ 34 aaf:r)
T2 8

2) Bossedenue 6 cmenens. Ymobvl s03secmu padukanr 6 cmenems,
Hado so3secmu 8 Amy cmenexs NOOKOPEHHOe Bblpaiterue, OCMasus mom
He noxaszamenv padukaaq.

Tak: (¥a)’ = ¥a - Ya =V, (Vo))" =¥z - ¥z ... ¥z =

g
m pas

[Tpumepsl.
3
1) (\/4 Qabix 2) = Q/(zaszE)B = V8436945 = B2z V/8a%ba? ;

,‘ 2z 2z
2)(Vl+’r) l+:1: V1+T

d) H3zsneuenue kopua. Ymobor ussienv KopeHv us KopHs, Hado nepe-
MHONCUMb NOKA3AMeNl KOPHell.,
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ak: \/¥a = &a.
Yrobbl yOeaUTbCSt B 9TOM, MOJOKHM, 4TO y/va = r. Bosseném obe
4acTH 3TOr0 paBeHCTBa CHayaja B KBajpar, a MOTOM B KyO:

Va =% a= ()P =4>

Otciona BHAHO, uTo = = $/a W, ciaenosatensho, / va = ¥a.

[Ipumep. \/2:1:\%?5.

[TogBeném coMHOMXHTENb 21 TOA 3HAK pajHKaja TPeTbei CTeneHH:

\3/ Px)Pa® = V815 .

3ameTum, 4TO B ITOM MpHMepe (M B APYrHX, eMy MOAOOHBIX) MOXHO
NOCTYNHTL MHAYE: 3aMETHB, YTO BbipayKeHHe, CTOsIIEe MOl 3HAKOM KBaj-
PATHOTO pajHKana, ecTb NPOHU3BEEHHEe, Mbl MOXKEM NPHUMEHHTb TEOpeMy 00
M3BJIEUEHHH KOPHSA M3 npousseneHds. Torna noaydnm:

V2 .z Ve =V2.va Vel =v2 . VE - T

[TpuBes Tenepb pajiHKadbl K OJAHHAKOBOMY rMoKasatesio 6, Haiaém:

\G/QT-W-W:VGSES.

Ynpaxcrenus.

26. 2v8 — 7V18 +5v72 — v50; V12 + 2v/27 — 3+/75 + 9V48.
27. gxflsaﬁzﬁ + ]g\/50a3b3 —b‘/%“.
28. V18 - v6 - v8; 68 - 5v2.

29.2\/§+\/@7\/ﬁ+\/§

30. V56 + V189 + /448

31.[ \f V2 — V27,

32.\/_\/_3\/_\/_2\/_3\/_
33.a -¥a; Y15 - 92, V2 - ¥3 - 4.
34. 2 3—ff.4 ﬁ.

Té 3a
35. V120ab : V3ab; 18v274° : 3v/30a.
36. vz : ¥z; VB : V2; V¥ : Ya

1 3_ 3 1 9 2 9 3
37. (5 2ab) 2 (2 §a .’L) (Sa zva+b )
38. (
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9. Y275 Vo Y 2o s [ 5o

19. [eiicTBuA HaJ HPPALMOHAJIbHBIMH MHOTOYJEHAMH [1POH3BOAAT-
Cfl MO TAKHM K€ TpaBHJIaM, KakWe OblIM BbIBEEHBl AJIs MHOTOYJIEHOB
pauuoHanbHbIX. Hanpuwmep:

2
(%\/_ —5\/0.3) = g _4JT5 +75=83—4/T5.

Ynpaxcuenus.

40. (V3 - v2)% (Va +2)(¥a - 2).
41, (Ve + T —va-T)(Va+ T +vVz—1).
42. (3v2 - 2v3)(2V3 - 3v2).
',+\/:r.2—l R?—V/.”L‘g—]

43. YpoCTHTh CJedyiollee BblpaxKeHHe: i — — -

¥ ¥ 3 x—/22 -1 T+ a2 -1
[TpoBepHThb, 4TO CJenyHOlIHe YPABHEHHS YIOBJETBOPSIOTCS NPH YKa3aHHBIX 3Ha-

YeHHAX T

44. 2 — 4z +1=0, pH r=2++3.
45.2° — 10z +13=0, npu z=5—2V3.

20. OcBoOoxaenne 3HameHareJss apodu ot paaukanoB. [Ipu Bbl-
YHCJIEHHH APOGHBIX BhIPaXKeHHH, 3HAMEHATE/IH KOTOPBIX COAEPKAT pafiHKa-
Jibl, B HEKOTOPBIX CJIy4asiX MOJe3HO NpelBapuTesbHO NpeobpasoBaTh Apobb
TaK, 4ToObl 3HAMEHaTeNb e He cojepkan paaukanos. Ilycts, Hampumep,

HAa/0 BbIYHCJHTD: 1

SAoE

Mbl MOKeM MJIH MPOM3BOAMTL BbIYHCJIEHHE MPAMO Mo 3TOH opmy.e,
WM JKe TpedBapUTeNbHO cAesaTbh eé 3HAMeHaTe/lb PAalHOHANbHBLIM, AJA
Yero 0CTATOYHO YMHOXKHUTbL 06a uJieHa NaHHOH NpodH HA CyMMY V3 +v2:

(1

T

V3 +V2 V3 + V2 V3
T = = =v3 + 2. 2)
(V3 —v2)(vV3 +v2) 3-2

dopmyna (2) ynoGHee ans BhIUHCAeHHA, YeM opmyaa (1), Bo-nepBhIx,
NOTOMY, YTO OHA CONEPHKHT B cele BCEro TPH IeHCTBHs, a He YeTbipe, Kak
tdopmyna (1), a BO-BTOPLIX, W MOTOMY, 4YTO MPH BBEIYHCJEHHH, KOTOPOE 10
HeoGX0MMOCTH MOKeT GbiTh TOJNLKO MPHOJIHKEHHOE, MOIPELIHOCTD Pe3yiib-
TaTa CPaBHHUTEJBHO MPOCTO onpefensercs no dopmyae (2). Tak, Haiins V3
¥ V2 ¢ TOYHOCTBIO 10 [OJIOBUHbI THICAYHOH 0JIH, NOJTYYHM:

x=1732+ 1,414 = 3,146.

I 1 i3 1
PesyabraT 3TOT TOYEH 10 (m + —) TBICAYHOH, T.€. 10 1000"

2 2
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[TpumMeps.

1) —%— YMHOXKHMM 06a ujeHa apo6H Ha /5 :

2v/5
3v5 35  3vV56
2(v5) 25 10 =0.3V5.

2) Ecau nom 3HakoM paiMKaja CTOHT LEJ0e COCTABHOE 4YHCJO, TO
HHOTAA ObIBAET MOJIe3HO PA3JIOKHTh €ro Ha MPOCTHe COMHOMKHUTEH C Leblo
onpefiesMTh, KaKHX COMHOXHTeJeH HefocTaéT B HEM [Jd TOro, 4rtolbl
OHO ObIJIO TOJAHBIM KBaapaToM. Toraa JA0CTaTOYHO YMHOXHTL 00a uJeHa
npoBU HAa KBAJpPaTHHIH KOpeHb H3 TNPOH3BeleHHS TOJLKO HeJ0CTaINHX
comHoxkuTenel. Hanpumep:

3 3 3-v2.5  3/10 _ 3V10 _ 3V10

Vi0 Vv2.2.2.5 VB.5.42.5 va.52 2.5 20

2 533 .
3) W YumHoxuM 06a uneHa ApodH Ha V33
2VF _ 2VF 2V
Boo6ue: — :anbn_m.
00 u;e o T
4) v VYMHOMHM 06a ujeHa 1pobH Ha pasHocTb 3 — V5
2(3-5) _6-2v56 _6-2v5 _3-V5
2B3+v5)(3-v5)  9-5 4 2
._a _alb—ve)
BOOﬁw‘e'b_,.\/g* R
D) 3_\/5.YMHO)KHM o6a unena Apoby Ha cymmy 3 + V/5:
2(3+v5) _2(3+v5) _3+V5
(3-v5)(3+V5) 3% -5 2 -
._a _albt+Ve)
Booﬁme5.b_\/5— ERp—
6) m YMHOMxHM 00a yseHa JIpodH Ha V3 —V2:
5(v3 - v2) 5v3 — 5v2
= =5v3 -5v2.
(V3 +v2)(V3 - v2) 3-2
Boo6ie: o _alvb- ‘/E).

Vb+ye  b-e
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5 5(V3 +v2) _5vV3 +5V2
(e Bl v ey v S R S
Boobuue: i\/g = a(\f:jc‘/g).

8) Ecau 3HameHaTesb ecThb ABYy4YJIeH ¢ KOpPHSAMH TPETbEl‘:I CTerneHH, TO
€ro MOXKHO clie/laTbh pallHOHaJIbHbIM, OCHOBBIBAfICH HAa TOXKAECTBAX!:

(@ —y) (2 + 2y +97) = 2° — p;
(x+ y)(:ﬂ2 —ry + yg) =20 + yB.
[TycTs, HanpuMep, 3HaMeHaTeNb GyeT I3 _ 3. Torna, yMHOXHB tmg-
v 2 P p i ¢
JHTeJIb H 3HaMeHaTesb APOOHM Ha TPEXUJeH ({)’fS) +v3.-92 + (\5/5) ;
3 3=x3
MBI TTOJYYUM B 3HAMeHaTeJse (\3/5) - (\3/‘@) , T.e. 3—2, uau 1. Tlono6Ho
3TOMY HaHaéMm:
5 5[3*—3Va + (Va)']
3+V4 (34 V4) [39—33/2+(x"/3)2]
_ 45— 15V4 +5V16 _ 45— 15V4 + 10V2

3+ (Va)’ sl

Ynpasxcrnenus.

V2T V2 V5T 3VE Va
47. [ 2 13 .

1-v2  3+v2' 7-V6
48 v2 *

V2 4+V3' VB -VE
49_:c+\/r—1_2+ﬁ_a+b\/5. 1

VR _1 2-v& a-t/a VetZ-2
50'3+ﬁ 3I-VT N

3—ﬁ+3+ﬁ’ 1—\/5+1+\/5'
1 10 v

51. 7 ; 7=} = ="
V245 7T-V3 ¥z + V5

V. HppaumoHaibHbIe ypaBHEeHUS

21. 3apaua. [lepumerp mpsiMoyroJbHOro TpeyrodbHuka pased 10 M,
a OlHH H3 €ero KaTeTOB paBeH 2 M; HaHTH [Be JApPyrHe CTOPOHbLI 3ITOrO
TPEYTroLHHKA,
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O603HauuB BTOpO# KateT OYKBOH x, HAilAEM, 4TO THIOTEHY3a HOJKHA
paBuaTbes V22 4+ 2 (M), u, caenoBaTenbHo, OyeM HMETh ypaBHEHHe:

24z+V2 422 =

MBI mosyuMaH ypaBHeHHe, B KOTOPOM MOJ 3HAK palHKa/la BXOLHT
HeM3BeCTHoe. YPABHEHHS TAKOrO POA HA3bIBAIOTCH UPPALUUOHAALHBOIMLL

Yro6ur pemuTh HpPpalHoOHaALHOE YPABHEHHE, €r0 HAl0 MPelBapHTEeNbHO
ocsobodumo om paduKaros, NOAKOPEHHble BbIPAXKEHHS KOTOPBIX COepXKaT
HeuspecTHoe. Ec/in B ypaBHeHHe, KAK B Halllell 3a/jaue, BXOAHT TOJNLKO OJIHH
paarKaJ, To OCBOOOIHTLCA OT HErO MOFKHO TaKHM 00pasoM: Mperkie BCero
VeMHHM pajuKal, T.e. [epeHecéM BCe ujleHbl, He coflepKalllye pajiuKala,
B O/IHY 4YacTb YPAaBHEHHS, OCTABMB PajMKa/ B JPYroH 4acTH:

Vi+zr2=8-=z.

Teneps Bo3Beném 00e HacTH ypasHeHusi B kKBaapat. OueBHIHO, YTO eciiu
pABHbBIE YMC/IA Mbl BO3BEEM B O[HY M TY JKE CTENEHb, TO H MOJYYHM PaBHLIE
4HCc/Ia; TO3TOMY MOC/Ie BO3BEAEHHS B KBAaZPaT 3HAK PABEHCTBA COXPAHALTCH:

4+3°=8-2)% 4+2*=64—16x+2"

Pelius 310 ypaBHeHHe, HAHLEM:

60 15
16 4

16z =64 -4 =60; =z = 3

s

Torna runorenysa Gynper:

15 225 64 + 225 289 17 1
Va+ (3 \/ ‘\/T‘ T6 — 71 "1

[Tyctb TpebyeTcs pewnThb elé ypaBHeHue: 10 — VBr+21 = 7. Yenn-
HHUM pajHKaJ U BO3BeléM ofe 4acTH ypaBHeHHs B KyO:

3=v3r+21; 27=3z+2; z=2
Mposepka: 10— ¥/3-2+21 =10 - V2T =10-3=17.

22. loctoponnue pemenus. BosBeneHue yacTell ypaBHeHHs B KBaj-
paT MOXKET BBECTH TAK HA3blBAeMble «[IOCTOPOHHHE» peLleHHs, T.e. TaKHe,
KOTOpble JaHHOMY YpaBHEHHIO He yIoBAeTBOpsAOT. [IpHBeném stomy mnpu-
mep. IlycTb HaM JaHBl 1Ba YpaBHEHHS:

z+1=vVz+7, (1); x4+ 1l=—vz+7, (2)

KOTOpBIE OTAHYAKTCS OJHO OT APYTOTO TOJAbKO 3HAKOM TMepell pajHKajoM.
Bossens B kBagpar ofe 4acTH KamJ0ro M3 3THX YPaBHEHHH, MBI NOJYYHM
OJIHO M TO e ypaBHEeHHe:

3:2+2;r+1:a:+7. (3)
1aK Kak (—vx +7)% v (Vr + 7)% paBHbl 0HOMY H TOMY Xe yMcay x + 7.
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YpaBuenune (3) umeer aBa KopHsi: —3 W 2. Uucao —3 ynosieTBopsieT
ypasHenuio (2), Ho He ynosaeTBopsieT ypasHeHwuio (1); HaoBopoT, umcao 2
rOIHO JJisi ypaBHeHHsi (1), HO He roguTcs AU ypaBHeHHus (2).

Moxet okasaTbesi, 4To ypaBHeHHe (1) He WMeeT coBceM pelleHHH; Toraa
ypaBHeHKe (3) COHepXKHT TOJbKO pellleHHs ypaBHeHHs (2) W, 3HAYMT, Bee
OHH GYLyT NOCTOPOHHHE JJIs1 ypaBHeHus (1).

Bossedenue uwacmell ypasHenus 6 Keadpam moxcem RPUBECMU K HO-
6OMY YPABHEHUIO, HE PABHOCULOHOMY C NEPEOHAUANHBIM.

23. OcpoGoxjeHne ypaBHeHHSl OT JBYX KBaJApaTHBIX PajiMKalioB.
[TycTh Hamo PeIIMTh YpaBHEHHE ¢ JBYMS KBaipaTHLIMH PaJMKaJaMH, TOA-
KOPEHHbIE BbIPAXKEHHS KOTOPbIX COIEPXKAT HEU3BECTHOE:

V2z -4 -V +5 =1
Kenasg ocBoboauThCSH OT pagHKaJa \/2.1‘——4, VeIHUHHM €ero:
V2 —4 =14+va15.
Tenepb Bo3BenéM oOe YacTH TOrO ypaBHeHHs B KBaipaT:
2 —4=1+2Vz+5 +2z+5,

z—10=2v/z+5.

Hakorell, ocBoGoiMM W TMocJ/elHee ypaBHEHHWe OT pajiMkana Mocpe-
CTBOM BTOPHYHOI'O BO3BeJIeHHA B KBaJpar:

22— 20z + 100 =42+ 20, wmm z°—24x+80=0.
Peutim 3To ypasHeHue:

r=12++144 - 80 = 12+ V64 = 12+ 8§;
ry=124+8=20, z9=12-8=4.

4TO HaET:

[Toncranoskol y6exxnaeMcsi, 4TO AaHHOE ypaBHEHHe YIOBJ/ETBOPSETCS
TosibKo uucaoMm 20, a yucsao 4 eMy He YIOBJIETBOPSET.

Ynpaxcnenus.

52.2-5=yZ +1; 3+2/F =5 +3z—5—4=5.
53.5v7 —7=3vz —1; 7v3z —1=5V3x +5 (B IByX MOCAENHHX MpPH-

Mepax npeaBapuMTeJbHO CIeJaTh [MPHUBENEHHE nofoBHbBIX pﬂﬂHKa.ﬂOB).

54. Vo2 =3z -1 4+7=2z;, o-V2 -2 =7.



[maBa 2
OYHKIIUHU U HUX TPA®PHUKH

I. ®yHkunoHasbHas 3aBUCHUMOCTD

24. IMocTtosiHHBIE M NepeMeHHble BedUuMHBI. [lycth | Kr Kakoro-
aubo ToBapa CTOMT a pyGaell. YsHaem CTOMMOCTb = KI 3TOrO TOBapa.
O603HaYHB HCKOMYIO BEJHUYHHY Yepes3 y, MOoJayuHM:

Y =azx.

Ota (opMysna NMo3BoJsieT HAM BHIYHCIHTb CYMMY, KOTOPYHO HYXKHO 3a-
NJIaTHTb 3a J11060€ KOJIMYecTBO AaHHOTrO ToBapa. Tak:

CTOMMOCTh 2 KHJIOTPaMMOB BhIpakaeTcs B cymme 2a pyGuei,
" 5 " " " " 5a "

" 3’5 " " " " 3,5(1 " W T. .

B paHuyio ¢opMyny BXOAAT TPH BEJMYMHBI & — KOJHYECTBO TOBapa,
Y — €ero CTOMMOCTb H @ —IleHa OJHOr0 KHjorpamMma toBapa. Mbl BHIHM,
4YTO B TO BpeMs Kak IepBble [Be W3 ITHX BeJHUYMH & U ¥y [PHHHUMAKT
pasfuyHble YMCJ0Bble 3HA4YeHWs, TPeThbi0 BEeJHYHMHY a Mbl MpefnojaraeMm
ocTalwlleHcs HeM3MeHHOH,

BoseMmém ¢opmyay, BeIpaKawlIYy JIHHY OKPYKHOCTH B 3aBHCHMOCTH

OT paauyca:
C =2nR.

31ech 7 €CTb YMCJIO, BBIPAKaiolllee OTHOLIEHHEe IJIHHbI OKPYMKHOCTH K
nuameTpy. [lpuHas 3a Beauuuny 7 uuciao 3,14 ¢ Tounoctoo no 0,01, Gynem
HUMeTb MPHOIHKEHHOE 3HAYEHHE AJHHBI OKPYKHOCTH:

C =6,28R.

JlaBasi pasiuubble YUC/IOBBIE 3HAYEHHS PAAMYCY, Mbl CMOXKEM BbIYHC-
JIUTh [0 3TOH (hOpMYJie COOTBETCTBEHHO IJIHHY OKPYMKHOCTH. Tak:
npp R=1 ANHMHAa OKpyKHocTH Oymer C = 6,28,
" R=3 " " " C = 18,84,
" R=472 " Y " C = 26,376 w T.m.
3nech, KaK W B rniepBoM cayuae, BeanduHbl C' v R namensiioTes (npu-
HHMAIOT Pa3/IMYHbIe YKCJIOBHIe 3HaYeHHd), Koa(duumeHT xe 6,28 octaéres
HEeU3MEHHBIM.
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Te BenMuMHBI, KOTOpble COXPAHAIOT HEH3MEHHBIM CBOE 3HaueHHe, Ha-
3BIBAIOTCSA NOCMOAHHbIML. BenuuuHbl, MOTYIIMe MPHHHMATh pasiHuHble
3HAYEHHs, HA3LIBAIOTCA NepeMeHHblML.

3ameTHM, HTO CUHTATb HEKOTOPble BeJHUHHBI NOCTOSIHHLIMH MOMHO
JIMIb B OTHOCHTEJIBHOM CMbICJ/IE, B MPeeaax paccMaTpuBAeMOro BOMpoca.
B neficTBHTENbHON MH3HM Mbl He MOXKEM YKAa3aTh Ha TaKyl0 BeJHYHMHY,
KOTOpas He noiseprafach Obl H3MeHeHHsAM. B npusenénHoM Bblllle NpHMepe
IleHa TOBapa MO HCTEYEHHH H3BECTHOTO MPOMEXKYTKA BPEMEHH MOXKET H3-
MEHMTBCA B TY WM APYTYIO CTOPOHY.

O6biuHo BXoasAuHe B (HOPMY/Y MOCTOSAHHbIE BeJHYMHB 0003HAYAIOTCSA
nepBbiMK OyKBamd andasuta: a,b, ¢, ...,m, a NepeMeHHble — [0CJeIHH-
MH: T, Y, Z; KOHEYHO, 3TO YCJOBHE COOMIONAETCS HE BCerja.

25. Apryment u pyukumusa. PaccmaTpuBas nepeMeHHble BeJHYUHbI B
NPUBENEHHBIX MPUMEPaX, Mbl 3aMEYaeM, YTO B TO BPEMsi KaK [1B€ M3 HHUX
(KoJIMuecTBO TOBapa, [IJIMHA pajHyca) Mbl MU3MEHSJIM [1POH3BOJILHO, [1aBast
UM TPOH3BOJbHBIE YHC/OBBIE 3HA4deHHs, APyrHe aBe (CTOMMOCTh BCETo
TOBapa, /IMHA OKPYXKHOCTH) MPUHUMAJK Te WJIH WHble YUCJIOBbIE 3HAYEHHSA
VK€ B 3aBUCHMOCTH OT TOTO, KAKHE 3HAYEHUS Mbl [1aBaJH [EPBLIM.

Ta uz dsyx ceasanublx mexncdy coboll nepemerHblx 8eiuUdun, KOmo-
potl MOKHO NPUOABams HPOUIBONbHbLE HLUCAOBbLE JHATEHUS, HA3bIBACTICS
HE3ABUCUMOL NePEMEHHOLL, UL apeyMeHTNOM.

Ta nepemenHnas 8eAULUHA, HUCAOELE ZHAUEHUSL KOMOPOL U3MEHAIOMm-
CA 8 3ABUCUMOCIU OM HUCAOBLIX 3HAYEHUL Opyeou, HA3bleaemcsa 3a6u-
cumotl nepemernol, uiu Gyrxyueti amoi dpy2ol nepemerHotll 8eAuiUHbL.

Tak, B npuBeASHHBIX BbilE NPUMEPaX CTOHMOCTbL TOBAPA €CThb (PYHKILHS
€ro KOJIHYeCTBa; [AJHHA OKPYXKHOCTH €CTh (DYHKIIHA pagHyca OKPYKHOCTH.

MHorna nepemenHasi BeJM4YMHA 3aBUCHT He OT OQHOH, a OT JABYX, TPéX
W T.J. IPYTHX MepeMeHHbIX BenWuMH. Torma oHa HasbiBaeTcsl (DYHKIHeH
ABYX, TPEX M T. /. NepeMeHHbIX.

[MTpumepsl.
1) Popmyna nyTH paBHOMEPHOTO ABHIKEHHS BbIPaXKaeTcs Tak:

Y=V

3nech v (CKOpOCTb) — TMOCTOsIHHAS BeJHYMHA; x (Bpems) — He3aBH-
cvMasi nepemeHHasi (apryment); y (mpoiaeHHbIH MyTh) — (YHKIHA 3TOrO
apryMmeHra.

2) Ilnowans kpyra Beipa)kaercsi (hOpMYJIOi:

S =nR2.

3mecy R (pamuyc) — aprymeHT; S (maowans) — QyHKUMA; T —
NOCTOSIHHASL BEJIHUHHA.
3) YneabHbli Bec Tesa BblpaxaeTcs (OPMYJIOL:
P
d= =.
v
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3nece d (ymenbHblil Bec) ecThb (DyHKIMA ABYX nepeMeHHbix: I (Beca
tena) u V (o6béma Tesa).
4) 3akon lxoyns—Jlenua Bepaxaercs GpopMyJaoH:

Q = qI*Rt.

3nece ) (KOJHUECTBO TEMJIOTH) €CThb (DYHKLHSA TPEX MepeMeHHBIX: [
(cuanbl Toka), R (conportusienus nposoaHuka) H ¢t (Bpemenu). [NoctosHuas
BeJMYHHA ¢, paBHas 0,24, ecThb Tak HasbiBaeMbli TeNJOBOH 3KBHBAJNEHT
31eKTPHUECKOH HEPrHH, T.e. 3HaueHHe Q npu [ =1, R=1,t=1.

26. Tpu cnocoba BbipamkeHHs (PyHKUHOHANBHOH 3aBHCHMOCTH.

a) Ipu M3yyeHHUH (DYHKUHOHAJILHOH 3aBUCMMOCTH MEXIY JABYMSA Mepe-
MEHHLIMH BeJIMYMHAMH Mbl NpeXJe BCEero crapaemcsi Olpejie/IHTh, Kakue
YHCJIOBbIE 3HAYEHHA MPHHHMAET OflHA M3 HHX B 3aBHCHMOCTH OT H3MeHeHHs
YUCJOBBIX 3HAUEHHH NPYTOM.

[TycTh, HanpuMep, Mbl XeJaeM M3Y4YHTb 3aBHCHMMOCTb, KOTOpas cyllle-
CTBYeT MexK1y IJHHOH jKeJle3HOro CTepxkHsl M ero Temmepartypoi. [loa-
BepraeM HarpeBaHHIO Kele3HbIH CTepyKeHb NJHMHOH, CKaxeM, B 1 M TipH
0° W u3MepsieM ero AJUHY MPH PA3/JHYHBIX TeMIepatypax. PeayibTathbl
HaOMIOAEHHH Mbl MOXKEM MpPeACTaBHTL B BHAe Tabmauiibl. B panHoM ciydae
OHa OyJeT MMeTb MPUMepHO TaKoil BHJ '):

Temmneparypa |0°C| 50°C 80 °C 100 °C | 350 °C | 600 °C |1000°C

Hauna crepakns | 1w | 1,0006 m|1,00096 m|1,0012 m|1,0042m|1,0072m| 1,012M |1 T. 2.

M3 3T0#H TaGnHilbl Mbl BHAMM, UTO JJIMHA CTERXKHA C MOBBIILIEHHEM ero
TeMnepaTypsl yBeauunpaercs. Tako# ¢rnocod BbipaxeHHs (PYHKIIMOHALHOH
3aBHCHMOCTH MEX/y BeJHYHHAMH HAa3blBAETCH MabAUYHbIM.

6) TabauuHelit crmoco6 Bblpa)keHWsi (YHKIHOHAJIBHOH 3aBHCHMOCTH
HeynoGeH TeM, UTO 1aéT HAM MNOHATHE O XapaKTepe 3TOH 3aBHCHMOCTH
HernonHo. Tak, B npeablylieM MpuMepe Mbl W3 TabGJHIbl Y3HA€M IJIHHY
CTEpXKHSA JIHIIb MPH HEKOTOPBIX OMpPeNeEHHBIX 3HAYEHHAX TeMIepaTypsl.
Ilas Toro uToGHl 3HATH AJMMHY CTep:KHf NpPH 000 TeMmmeparype, Mbl
JOJIKHBL OyJieM BLIPa3HTb 3aBHCHMOCTb MEXAY AJNHHOH CTepXKHS H TeMmIle-
patypo# B obuieil opme, B BHAe hOPMYJIbI.

BblukcauM, HAa CKOMBKO YBEJNHUYMBAETCH AJMHA CTEPXHS MPH MOBbILIe-
Huu temneparypsl Ha | °C. Tlpu temnepatype B 50 °C pnuHa cTepxHS
6bina 1,0006 m. Tlpu temneparype B 80 °C mnuna crana pasua 1,00096 m.
3uauuT, npu nosbiwedud Temnepatypsl Ha 80 °C — 50 °C = 30 °C ynau-
HEHHE CTEePKHA ObLIO PABHO

1,00096 — 1,0006 = 0,00036 (m).

]) 33METHM, 4TO qJHK'l‘H‘-]ECKPI B 3aBHCHMOCTH OT pasJIMYHBIX yCJIDBP[ﬁ AJIHHA
CTepXKHA GyﬂET JIUIIb aném{smeano COBNAajgaTh ¢ HpHBeﬂéHHb]MH 31eCb 3Haue-
HHAMH,
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Orciona, yaJauHeHHe MPH MoBLILLeHHH TeMnepatypsl Ha 1 °C paBHO
0,00036 : 30 = 0,000012 (m).

bBeps anuHy cTepXHS NpH APYrUX TemnepaTypax, Hanpumep, npu 80 °C
1 350 °C, ¥ NpoM3BOAS COOTBETCTBYIONIHE BLIYHCAEHHS, Ml ONATh MONYYHM
eanuuny 0,000012. Mrax, npu noseiennu Temnepatypsl Ha | °C xenes-
HblIH cTepxeHb nuHOH B | M npu 1 °C yuiaunsercs Ha 0,000012 m. 3Has
3TO, COCTABHM 0OLLYI0 (hOPMYJY 3aBHCHMOCTH MEXAY AJUHOH CTEpKHH H
ero TemrnepaTtypox.

[Tpn nosbiieHdH Temnepatypbl Ha | °C cTepXeHb VIJIHHAETCH Ha
0,000012 m. 3uauuT, Npd MOBHILIEHHH TeMmepaTyphl Ha ! °C yaJauHeHHe
oyner pasHo 0,000012¢. Tlpubapass 3To yaJqHHEHHe K MepBOHAYAJbHOH
naune crepxkua npu 0°C (1 M) u obosHauas aauHy crep:Hs npu f°C
uepes [, nonyuum dopmy.y:

[=1+0,0000121¢.

Jra Qopmysna no3posseT BHIYHCAWTH LJIHHY CTEP:KHS MpH JII0OOH TeM-
nepatype. B uactHocTH, nasas t sHauenus 50 °C, 80 °C, 100 °C u 1. 1., MBI
NOJIYy4YHM A0151 [ Te 3HAYEHHsl, KOTOpble yxKe HMeJH B TabJHile.

Taxoii cnocod BeipakeHHUs (hYHKIMOHAILHOH 3aBUCHMOCTH NPH MOMOIILH
(hOpMYJIbl HA3bIBAETCS QHAAUMULECKUM.

B) HakoHell, B 1e/1X HArJASAHOCTH Mbl 4acTO H300pacaeM 3aBUCHMOCTh
MeXy JBYMS BeNHUHHAMH epaghuieckum crnocoboM — MpH MOMOIIH Yep-
Texka, AvarpaMmel (rpaduka). B Hawem npuMepe Mbl MOrIH Obl IOCTYNHTD,
HanpuMep, Tak:

[TpoBeném nBe B3auMHO nepneHAKKYyAsapHble npsamble OX v OY u Oynem
OTKJ1aAblBaTh no npaModt OX or Touku (O OTpe3KkH, NPONOPLHOHANbHbIE
Temnepatype, a no npamMoi QY oTpeskH, MpPonopiHOHAJbHBE YIJHHEHHIO

CTepXKHA, B OMpefenéHHOM MacluTabe

YA (Ha yepTeXe OOHO JeNeHHe M0 FOPH30H-
0.0051 TaJbHOH npsMoil cooTBeTcTBYeT 50 °C,
0,004 a no BepTHKaabHOH npamod 0,001 m).

? Jlns kaxporo sHaueHHs t OTKJaibl-
0,003+ BaeM OT COOTBETCTBYIOIIEH TOYKH OT-
0.0024 pesok, napasiensHuii OY W paBHBIH

' VAMHHEHHIO CTEPKHSA (B MPHHATOM Mac-
0,001 "

1 [L%Ta'jﬁ&). [Tonyunm rpaduk, H306pakeéH-

) 00 200 300 el napuc. 2.

I'pajprueckoe wnzobpaxkeHHe (QyHK-

Puc. 2 LLHOHA/IbHOH 3aBMCHMOCTH LIMPOKO HC-

nosib3yercs B Marematuke. Ilpu 3tom

NpHMeHsieTcsl 0CODbLIH MeTOoA, TaK Ha3blBaeMblH MeTOJ KOOPAHHAT, C KOTO-
PBIM MBI cefiuac ¥ NMO3HAKOMHMCS.

27. Meton, koopauHar. Bo3bMéM B3aHMHO NeprneHAMKY/AspHble Tps-
mble XX| u YY) (e, pue. 3), nepecekaiouidecs B Touke O. [lpumem,
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nanee, KakoH-HUOyAb OTPe30K MpsiMOH (paBHbLIH, HanpHMep, CAHTHMETPY)
32 eJMHMIY [AJMHB M YCJOBMMCSl M300paXKaTh 3HAUEHHS] He3aBHCHMOH
nepemMeHHoH x Ha mpamoi X X, Hauu-

Hasi oT ToukM () Kak Hadaja, NpHYEM 8 4
NOJIOXKHUTEIbHBIE 3HAUeHHs x OyaeM OT-

KJIa/IbIBaTh BTpaBo oT (), a OTpHUIATENb-

Hole — BJaeso ot O. Takum oGpasom, LI<E

otpe3ok O A u300pasuT 3HAUEHHE T, PAB- |

Hoe +1, a oTpesok OB — 3HaueHHe z, . :

pasBHoe +2, otpesok OC — sHadeHue x, x C i

paBHoe —3, W T.11. Cama Touka O M300- }

pakaeT 3HaueHHe T, paBHOE HyJ/0. 3Ha- | ST SERE
yeHHus: (YHKILMH 7, COOTBETCTBYIOLIHE
TUM 3HAYEHMSIM T, Mbl YCJOBHMCS M300-
paXaTh Ha MPSMBIX, NPOBEEHHBIX Yepes A
touku A, B, C, ... napannensio YY)
(MHa4ye cKasaTh, Ha NepreHAMKYIApax K
npsiMoit X X1), NpHUéM NONOKHTeJNbHbIE
3HaueHUs (PYHKIHH MBI Oy/leM OTKJaAbBaTh BBepX OT mnpamod X X, a oT-

Pue. 3

puuartenbHble — BHH3 oT Heé. Ecau, Hampumep, npu x = +5 3HaveHue y

Gynet +l§. 10 Ha mpamMoi X X| Mbl BO3bMEM oTpe3ok OD, paBHBIH +é,

H BOCCTaBHM NeprneHiHKyaap DE, paBHbid +1 %; Torjaa touke K cooTsert-
2
5
3HAYeHHe Yy, paBHoe —l% npu x = —2§, M T. 1.

CTBYeT 3HaueHue y, paBHoe +1=. PaBubiM 06pasom Touke K COOTBETCTBYET

3ameTuM, uto ToukH FE, K, ..., COOTBETCTBYIOIIHe 3HAYEHUAM (PYHKIIUH
Y, MBI MOXKEM MOJMYYHTh HECKOJbKO HHAue, a HMEHHO: BMECTO TOTO 4TOObI
Ha nepneHaukyasapax DE, FK, ... oTKnaabiBaTk OTPe3KH, H300paaroline
3HAUEHMs ¥, Mbl MOXKEM HX OTKJAAbiBaTh Ha mpsMod YY), HauuHas oT
TOYKH (J, W 3aTeM W3 KOHIOB 3THX OTPE3KOB MPOBOAMTL TpsiMble, napan-
nenpubie X X, 10 mepecedeHHs ¢ COOTBETCTBYIOUIMMH MePHeHAHKYASPAMH.

Tak, ornoxkus OL = +1= wnposens LE || OX, Mbl noayunsm Touky F, T.e.

5
2
TY CAMYHK TOUKY, KOTOPYH PaHbIle MBI MOJYUHJIH, OTIOXKHB DE = +l§'
Yucaa, cooTBeTcTBYIIHe oTpe3kamM OD, OF, ..., oTKJaiblBaeMbiM Ha
npsamoi X X| oT Touku (), HaseiBawTeA abcyuccamu Touek B, K, ... 3~

5
abcuucca ToukH E, el abcircca To4ukH K, H T.l‘[.); 4yHcJsa, COOTBET-

cTBywIHe oTpeskam DE, FK, ..., oTKJaabBaeMbM Ha MepreHIHKYIsapax
K XX (unu Ha npsimoit YY), HaswiBatoTest opdunamamu todek F, K, ...

2 3 e
(1 H —opAHHaTa ToukH I, —1 1 OpAHHATA TOYKH K W T. n.); Te U Apyrue

COBMECTHO HasblBaloTCs kKoopduwamamu tovek E, K, ...,

2 ATl Kucenes
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Heorpanuuennas npamas X X| HasbiBaetcs oculo abCyuce, HWIH OCbIO
x-0B (OCbl0 MKCOB); HeorpaHudeHHas mpsaMas Y'Y] HasblBaeTcst ocvto op-
dunam, WIH 0CbIO y-0B (OCBI MIPEKOB); Ta W Apyras npsiMble COBMECTHO
Hasbillaam'rcs ocamu Koopdurnam. Touka O HasblBaeTcss HA4AAOM KOOPOU-
Ham

28. OnpejeneHue MOJOXEeHHs TOYKHM Ha mnjockoctH. [losbsysich
CHCTEMOH KOOPAHHAT, MBI MOXKEM PEIHTh TAKHe 3a/auH:

a) fana mouka Ha naocKkocmu; onpedeiums eé KoopouHamol OMHOCU-

meavHo danHoli cucmemol Koopdurnam. [1ycTb naHa Ha NAOCKOCTH Touka P

(cm. puc. 4). OnyeTum W3 Heé mep-

YA nenaukyasp P nHa oce z-oB. Hs-

-9 M MEpPHB TMpPHHATOH eAMHHMLEH OTpPe3okK

: OQ), naiigém abcuuccy touku P. Ms-

p MepHB 0Tpe3oK P(), HaiaéMm opauHa-

Ty Toukn P. Ha Hawem ueprexe abc-

uMcca Toukd P paBHa +2, a opau-

1
N x HaTa +1§. OGBLIKHOBEHHO KOODJHHA-
Thl TOYKH MHUIIYTCS B CKOOKAX pPsiioM

———b " ¢ OyKBOMH: P(~|— 2‘+1%) HJIH TIPOCTO

P(Z‘ lé) Ha nepsom mecte nuiietcs

abcuucca, Ha BTOPOM — OpJAMHATA.
[Tpyu HaxoXIEeHUH KOOPIHHAT TOUYKH
Bl He CcJeayeT yhnyckKaTb M3 BHAY 3HAK,
KOTOpLIA OyneT MMeTh KoopiuHarta. Tak, koopauHatel Touku M GymyT

l% (abcumcca) u —2 (opauHaTa), KoopauHathl Touku M" GyayT —2% u —3,
HT.IL.

Ecay BO3bMEM TOUKY Ha OCH I-OB, TO OpAMHATA €€, QuUeBHIHO, Oyrer
paBHa Hyqo, a abclHeca eCcThb YMCJO, paBHOE Mo abCoMIOTHOH BeJHUYHHe
paCCTOHHHI}O naHHoM ToukH oT ToukH (. Takossl, Hanpumep, Toukw N (3,0)

(]
nN'(=13.0).

Ecnu Touka B3siTa Ha ocH y-0B, TO eé abcliMcca paBHA HYJO, a OpAHHATA
€CTh YHCJO0, PaBHOe 1o afCOJIOTHOH BeJMYMHE PAcCTOSIHHIO JAHHOH TOUKH

ot Touku O. Takosbl, Hanpumep, Toukd K (0,1) 1 K’(O, —2%).

AﬁCU.HCCH W OpiIHHATa HadaJjJa KOOPAWHAT, OUeBHAHO, PaBHbI HYJIIO.

0) Haiumu mouky no dannbim eé koopdunamam. PaccMOTPUM HeCKOJb-
ko caydaes. 1) Ilycts koopauHatel Touku Oyayt (1,3). OTknansiaem
Ha OCH Z-0B OT TOYKH () BNPaBO OTPE30K, PABHBIH MPHHATOH eIHHHIIE.

]) OHPEREJIEHHE NoJIOXKeHHA TOYKH Ha [JIOCKOCTH MOCPeACTBOM [IBYX YKasaH-
HBEIX KOOPIMHAT BBeleHO OblI0 (paHIy3cKHM MateMaTHKoM Pene JlekapTowm
(1596 -1650), nouemy KOOPAMHATHI 3TH H HA3bIBAIOTCH JeKAPMOBLIMLL.
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M3 nonyueHHOH TOYKH BOCCTABMM MNEPNEHAMKYASpP M Ha HEM OTJIONHM
BBEPX OTpPe30K, paBHbIH Tpém enuHuuam. [lonyuennas touka M u Gyner
HUCKOMOH.

M3 ckazaHHOTO BhbIllle FCHO, YTO Mbl MOMMH Obl HAHTH TOuky M H
ApyruM crnocodoM. MMeHHO: OTJIOXKHMM 10 OCH I-OB OTPE30K, paBHbi I,
3aTeM MO OCH Y-OB OTPE30K, PaBHBIH 3, U U3 MOJYYEHHBIX TOUEK MPOBENEM
npsiMble, napaJsiesbHble ocaM. Todka nepeceyeHHsl 3THX TNpPSAMBIX AacT
onsite Touky M.

|
2) Tlyerb KoopauHaThl TOYKH OyayT (— 2,25). OuesuzHo, YTO 31€Ch
abcuuecy (—2) mpuaéres OTKAaABIBATH BAEBO OT ToukH O, a opavHATy

(2%) — BBepx. [lonyuennas Touka M'(_Q.Q%) ¥ ByIeT MCKOMOGi.
3) Ecnn koopauHaThl TOUKH OyayT (—2-;—, —3), TO abcelmccy NpHAETCS
OTKJIa/lbiBaTh BJIEBO, a OPAHHATY — BHH3. [lomyuum TouKy M”(-?%, _3)_

4) Hakowner, 1o KoopAHHATAM (1% —2) MONYUHM TOUKY E'u'”‘(l % —2).
Mbl BHAHM, UTO KOODAMHATHI TOUKH MMEIOT TOT W/IH MHOH 3HAK, T.e.
OYAYT TOJOKHTEJbHbl HJH OTPHILATEe/IbHbLl, CMOTPS MO TOMY, B KaKOM
Kgadparme HaxXoAHMTCs TOYKa. Mbl MOMXKEeM MPEACTABHTb 3TO B CJAEAYIOUIEH
Tab/KIe, CYMTAs MEepPBLIM MO TMOPSAKY NPaBblii BEPXHHUA KBaJpPaHT H Bejs
OT Hero CYéT MPOTHB JABHIKEHHS YaCOBOM CTPEJIKH:
KBampant A6cuncca  Opnunara y

1-it + +
2-i1 - +
3-ii - -
4-i + -

Ynpasxcrnenus.

YKazaTb Ha depTexe TOUKH N0 CAENYIOUIHM KOOpAHHATAM:
55' (2)3)’ (3~ 2)* (2' _3)1 (_3'2)1 (_3) _2)

56. (0,2%), (0,-2%), (3%.0). (—3%.0), 0,0).
I1. TIIpsamasi 1 oOpaTHasi NPONOPLIMOHATBHOCTh

29. Ilpsimas nponopuHoOHANbHAA 3aBHCUMOCTh. Kaxabiil H3 onbita
3HAET, 4TO ecJH 00BbEM BOMbl YBEJNHUHUTCS (MJIH YMEHBIIMTCS) B KaKOM-
HHOYIb OTHOIIEHHH, TO H Macca e YBEeJHUHTCS (MJH YMEeHBIIHTCS) B
TOM Ke oTHoweHuH. Hanpumep, 1 a1 Boaw Hmeer maccy | kr, 2 BOmBI

1
HUMeloT Maccy 2 Kr, 25 Jl BOJlbl HMEIOT Maccy 2§ Kr W T. 1. (npeanosaraercs,

KOHEYHO, 4TO BCe [POYHe YCJIOBHs, BJAWAIOLIHE HAd MACCy BO/AbI, OCTANTCH
HEeH3MeHHBbIMH: HampuMmep, Boaa OepéTcsi ONMHAKOBO YMCTasi, MPH OJIHOH H
TOH ke TemnepaType M np.). Takas 3aBUCHMOCTb MexK1y 00BEMOM BOAbl H
€€ Maccol Ha3biBAETCS HPONOPULOHAALHOL 3aBUCUMOCTBIO. B apudmeruke

9%
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FOBOPAT, 4TO /1BE BEJHYHHLI HAXOAATCH MeKAy co00H B NPONOPLUHOHANLHOH
3aBMCHUMOCTH, HJH TIPOTIOPLHOHAMbHBI APYT APYTY, €CAU € YBeAUUeHUEM
(uau ¢ ymernviienuem) 00HOL U3 HUX 8 KAKOM-HUDYOb omHoweruw opy-
eas mooe yseaudusaemcs (WAL ymeroulaemcs) 6 MaKkom xe omHoule-
nuu. Tak, cToMMOCTb TOBapa, MPOAABAaEMOro Mo Macce, MPOMOPLHOHAIbHA
€ro Macce; miata pabo4yMM MPOMOPIMOHAJbHA HUX YHCay (MPH ONMHAKOBBIX
IPOYHX YCJ/OBHAX); BEJIHYHMHA ApOOH NMPONOPUHOHAJLHA €€ HHUCJAHTENI0 IIPH
HEH3MEHHOM 3HAMEHATeJse; MJOoLlaAb MPAMOYTOJNbHHKA MPOMOPILHOHAMbHA
€ro OCHOBAHMIO TPH HEH3MEHHOH BBICOTE W MPOMOPIHOHANbHA €r0 BHICOTE
[IPH HEH3MEHHOM OCHOBAHHMH W T.II.

[Tyctb MBI MMeeM 1Be Kakue-HHOY[Ib NPOMOPILMOHANbHbLIE BeJHYHHBI
(HampHMep, Maccy TOBapa M €ro CTOMMOCTb) H TOJIOMHM, HTO KOIAa OfHa
H3 HHX paBHa e[HHMIE OLHOH BeJMYMHBI, Apyras OyaeT paBHa k elMHHIIAM
3TOH ApPYroil BeJU4YHHBl (HampHUMep, KOraa Macca ToBapa paBHa | Kr, cToH-
MoCTh ero, nonoxum, 6yaer 100 py6.). Ecau Teneps monycTHM, 4To nepsas
BeJIMYHMHA CJeIaeTcsl PABHOH I €IMHMIIAM, TO TOTAA ApYyras BeJHUHHA
H3MEHUTCS U CIeJIAeTCsl PABHOM ¥ eIMHKIIAM (HATIpUMEp, ecJiu ToBapa OyaeT
B3ATO He 1 Kr, a 3 Kr, To cToMMOCTh ero okaxercsi He 100 py6., a 300 pyo6.).
Tak kak B3siThle HAMH BEJHYHHBI MPOMOPIHOHAMBHBI, TO YHCJAO Y JOJKHO
ObiTb GOJbLIE /KM MEHbLLIE YUCaa k B TAKOM OTHOLUEHHH, B KAKOM HHCJO T
Gosiblie WM MeHblIe 1. 3HauuT, Mbl GYIEM HMEThb MPONOPLHIO:

gk =wal,

M3 KOTOPOH HaHIéM:
y=kz.

30. Obmee ompepejeHve MPONOPLHOHANBHOH 3aBHcHMOCcTH. Jla-
IMM caenymoliee obliee onpeeseHyue MPOnoplUHOHANIbHOH 3aBUCHMOCTH,

Hee @erutuunbl HA3LIBAIOMCA NPONOPULOHAAbHBIMUI, ECAL 3a6UCL-
Mmocme memcdy Humu moxucem Ooime ewpascera gopmysrot: y = kx, 8
KOmopot T U y — 4ucaa, svipajicarouiue coomsememeyoujue opye opyay
3HQUeHUs B3aMblX Seaudur, a k — nocmoanHoe uucaro (pasHoe momy
HACMHOMY 3HAUEHWIO Y, KOMOpoe coomaemcemayem 3navenuro v = 1). 3to
NOCTOSHHO® YHCJI0 HA3BIBAETCS KOIPPUUUEHMOM RPONOPULOHAALHOCTL
OaHHbLX BEAUUUN.

Jlannoe onpejenenue OTAHYAETCS OT APHPMETHYECKOrO TEM, HTO KO-
9B PUIHEHT MPONOPIHOHAALHOCTH k MOMKeT ObITh OTPHILATEALHBLIM YHCJ/IOM.
B 3TOoM noc/iefHeM ciydae 3HAKH 3HAYEHHH apryMeHTa W GYHKUHH GyLyT
pasJIHUHbI.

Kak usBecTHO M3 reomerpuH, ajuHa C OKPYXKHOCTH pajuyca R Bbipa-
xkaercs dopmynol: C' = 2w R, B Kotopoit R n C' — nepeMeHHble BeJIHUHHBI,
a 2m — MNOCTOSHHOE YHCJO0, MO3TOMY Mbl MOMXKeM CKasaTb, UTO JAJMHA
OKPYXKHOCTH TPOMOPIIHOHAAbHA €& pafHycy.

31. O6parHas nponopUHOHAJIbHAN 3aBHCUMOCTB. MOXeT cayduTh-
¢S, YTO JIBe [epeMeHHble BeJMYHHB! 3aBHCAT 0/lHA OT JPYroH Tak, 4To ¢ yBe-
JIHYeHHEeM OJTHOH M3 HUX Jpyras 1o adcoJll0THOHM BeJHYHHEe YMeHbllIaeTcs, H
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NPHTOM YMEHbILAETCA B TAKOM K€ OTHOLUEHHH, B KAKOM NepBas yBeJH4YHBa-
ercs. Takue BeJTUUHHBI HA3LIBAIOTCS B apH(IMeTHKEe 06pamHo nponopyuo-
HaAbHbIMU (2 BEJIMUMHEL, NIPOCTO MPONOPLHOHAJbHbIE, HAZLIBAKTCH HHOILA
APAMO NPONOPULOHAALHLIMU). HATTPUMED, YHCJI0 YacoB, B TeueHHe KOTopo-
ro roesj MeJe3Hol JA0Pord MpoxoauT Beck nyTb oT Mockssl a0 Cankr-Tle-
TepOypra, 00paTHO MPOMOPIIMOHAIBHO CpelHel CKOPOCTH ABHIKEHHS 3TOTO

|
noesiaa, Tak Kak ¢ yBeJHYeHHeM CKOPOCTH B l§ pasa, B 2 pasa, ...,
BOOOGI1e B HEKOTOPOM OTHOLUIEHHH, YHCJIO YACOB, B TeueHHe KOTOPOTO MOe3
npoiuér paccrosiine ot Mocksbl g0 CaHkr-IletepOypra, ymMeHbLIHTCS B

l% pasa, B 2 pasa, ..., BooOile B TOM e OTHOLIEHHH, B KAKOM CKOPOCTb
yBeanuuaach. Ilogo6Ho 3Tomy, macca ToBapa, KOTOPbIH MOXXHO KYMHTH Ha
NaHHYI0 cymMMY feHer, Hanpumep, Ha 1000 py6., oGpaTHo nponopLHoHalbHa
lleHe KHJorpaMMa 3TOro ToBapa; BpeMs, B TeHeHHe KOTOPOro BhINOJHAETCS
pabouMMH 3ajaHHasg UM pabora, 06paTHO MPOMOPIHOHANBHO YHCAY 3ITHX
pado4Hx (KOHEeYHO, NPH YCJOBHH, 4TO Bce paGouHe paGoTalT OIMHAKOBO
yCIEeLHo); BeJHYuHa Apo0K 00paTHO NpPONOPLMOHAIbHA €€ 3HAaMeHaTello
(rpH NOCTOAHHOM YHCJHTENE) H T.I1.

3ameuanue. [lag Toro yTo6bl ABE 3aBHCSAIIHE APYT OT APYTa BEIHHUH-
Hbl OBIIM MPONOPLHOHAALHE (MPAMO MK 00pPAaTHO), HEAOCTATOUYHO TOJBLKO
TOro, 4ToOb! C yBeJNHUeHHeM OAHOH BeJHUHHBl JPyras TOXKe yBeJaHuHBaIach
(nnst MpAMOH NPONOPUMOHANBHOCTH) HJKM YMeHbluajach (A4Js oGpaTHOH
nponopiHoHansHocTH). Hanpumep, eciid Kakoe-HHOYAb CJaraeMoe YBEJH-
YUTCS, TO M CyMMa YBeJHYHTCHA; HO Obl10 Obl OLIMOOYHO CKas3aTh, 4TO
CyMMa TMpOnopIHOHAJBHA 3TOMY cJjaraeMoMmy, TakK Kak ec/iH YBeJIHYHM
cjaraeMoe, HampuMep, B 3 pasa, TO CyMMa XOTs H YBeJH4YHTCS, HO He B 3
pasa. [lonoGHo sTOMY, He/b3s, HANpUMep, CKa3aTb, YTO PA3HOCTb 0OPATHO
NPONOPILHOHANLHA BLIYHTAEMOMY, TaK KaK €CJH YBeJHYHTCH BblUHTaeMoe,
HampuMmep, B 2 pasa, TO Pa3HOCTb XOTH M YMEHBIIMTCH, HO He B 2 pasa.
HyxHo, uTo0bl yBeNHueHHe MM YMeHblleHHe 00eHX BeJHYMH NPOUCXOIHII0
B OMHAKOBOM OTHOILEHHH.

BosbMém Kakue-HHOYAb [Be 00pPaTHO MNPOMOPLHOHAJbHbIE BeJHYMHbI
W NpelMNoJioKHMM, YTO KOrJla OflHA M3 HUX paBHA e[lHHHle, jpyras Oyner
paBHa k. Ecau Tenepb AONYCTHM, YTO 3TH BEJHYHHBl H3MEHHJUCH, NPHUEM
nepmasl cjenanach paBHOH &, @ BTOpas Y, TO YHCJO ¥ MOJKHO OKA3aThCs
GoJsbllle MMM MeHblle 4YHcJa k B TAKOM OTHOLIEHHM, B KaKOM YHCJIO T
MeHblle WKW OoJblue 1, T.e., APYyrMMH CJAOBAMM, B TAKOM OTHOLIEHHH, B
KakoM 1 GoJibllle M MeHblle . 3HAYMT, Mbl OYAeM HMeTb MPONOPIHIO:

y:k=1:x, otkyna yzr==k.

32. OGuee onpeaeneHne oGPATHON MPONOPLMOHAIBHON 3aBHCHMO-
cTi. [lge seaunurbl Ha3blB8AOMEL 0OPAMHO NPONOPYLUOHAALHBIMU, eCAU
npousgedenue HUCACHHO20 FHAYeHUs 00RO W3 HUX HO COOMBEmcmeyro-
wee uucieHHoe 3Haverue opyeoll pasHaemecs nNOCMOSHHOMY YUCAY.

3ameTuM, 4TO AaHHOE B HACTOsILIEM naparpadge onpejesneHHe ot apud-
MeTHYeCKOI0 OTNIHYAETCS TeM, YTO MOCTOAHHOE YMuceao k MoxkeT GbiTh Kak
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NOJIOKMTENBLHLIM, TaK H OTpHLATE/bHLIM. B nociegnem ciy4ae 3Hak 3Ha-
4YeHHH apryMeHTa H (PyHKLHH OYLyT pas/HYHBL.

k
®opmyna yr = k paBHOCHAbHA (opmyne y = o KOTOpyio CJIOBECHO
MOXKHO BbIPA3HTh TaK: ]

Ecnu nBe BeIHYHHBI OﬁpaTHO NPOoNnoOpUHOHAJBHBI, TO YHCJICHHOE 3HAYCHHEC
OIHOW M3 HHX PAaBHO HEKOTOPOMY MOCTOSAHHOMY YHCHY, ,II,EJ'IEHHOMY Ha COOT-
BETCTBYIOILIEE YHCJEHHOEe 3HaYeHHEe npyroﬁ BeJUYHUHBI.

Ynpaxcrenus.

57. B kaxoil 3aBUCHMOCTH HAXOLATCH IIPH PABHOMEPHOM [BHXKEHHH:

a) MyTb, MPOXOLHMBIH B JaHHOE BpPeMs, H CKOPOCTb OBHXKEHHS,

G) BpeMsi, B TedeHHe KOTOPOTrO MPOXOJAHMTCS JNAHHBIE MYThb, H CKOPOCTb [IBHKe-
HHS;

B) MyTb M BpeMsi, B TedeHHe KOTOPOTO OH MPOXOLMTCH (MpH NaHHOH CKOpPOCTH)?

3aMeuaHue. DTH 3aBHCHMOCTH JIErKO YCMAaTpHBAWTCS M3 (JOPMYJbl paBHO-
MEpHOro IBHXeHHA: s = vt, rle 8 — NMYyTb, ¥ — CKOPOCTb [ABHXKEHHA W { — Bpems,
B TeueHHe KOTOPOTO MpoiieH MyThb.

58. B kakoll 3aBUCHMOCTH HAXO[ATCSH:

a) naolanb NpAMOYToJbHHKA H €ro ocHOBaHHe (IIpH HEeH3MeHHOH BhICOTE),

6) nyomank ¥ BeicoTa (MPY HEM3MEHHOM OCHOBAHHH);

B) OCHOBAaHHe W BhICOTA (IIPH HEW3MEeHHOH nJolanu)?

3amMeuyaHHe. ITH 3aBUCHMOCTH MOKHO BLIBECTH H3 (DOPMYJIBI, OTIpesenstomiei
MJoIaAb MpsMOYroJibHHKa: p = bh, rie p — nJowanb, b — ocHoBaHWe W h —
BhICOTA.

59. BynyT aM NpoNOpLHOHABHEL APYT APYTY CJeLylollHe Mapel MepeMeHHBIX
BeJIMUMH:

a) 1yra OKpY:KHOCTH M LEHTPaJbHbIH yroJ, ondpaolHics Ha Heé,

6) XopLa M LeHTPaJbHEIH YroJ, oMHpawliHiics Ha Hed;

B) I/JIHHA OKPYXKHOCTH H e€ paiHyc,

T) nJolanb KBajgpara H ero CTOpoHa,

Jl) NJ0LIaAb KPyra | ero pajuyc?

33. I'paduk npsiMoit nponopuHoHaNbHO#N 3aBucuMocTH. JloKaxew,
4T0 rpadHK GYHKIHH y = kx ecTb npsamas aunusd. [las npoctoTe orpanu-
YUMCH CYydaeM MOJIOKHTEbHOro k.

Hns o =0 umeem y = k-0 = 0; 3Hauut, Touka, 00e KOOPAMHATHI
KOTOPOH paBHbl HYJIK0, T. €. HAYaJI0 KOOPAHHAT, JIEAKHT Ha HCKOMOM IpafHke
(cM. puc. 5).

Hdas x =1 umeem y = kx = k. Touxky ¢ abcuuccod 1 U opauHaToil k
o6o3HaunM depe3 N. DTa TouKa JEKHT Ha HaleM rpaduke.

Jokaxem, 4To Kaxkaas Touka npaMod ON JIeXHT Ha HalleM rpauke.
Jlpyrumu caosamMu, foKaxeM, uto abclucca & M OpAMHATA Y J1I000H TOUKH
M npamoit ON cBsizdanbel MexKAy co00i COOTHOLLEHHEM:!

y = kzx.
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Bosbmém npoussoabHylo Touky M npsmod ON. Ilpoeném uepes M
npamyo M P, napannensHyio ocu opauHaT. M3 nogo6us TpeyroibHHKOB
OPM w OQN cnenyert:

PM : OP = QN : 0Q.

Ho
0Q=1, a QN =k,

No3TOMY
PM:QP =k, PM=kFk-OP.

Tak kak PM ectb opuunara, QP — abcuucea Tou-
Ku M, TO Halle yTBepxKAeHHEe A0KA3aHO: Ka)Kias
Touka npamMod ON JexuT Ha rpaduke (yHKIHH
y = kz. Ocraéresl 10Kas3aTh, YTO HET HH OLHOH
TOuKH rpaduka, He sexxanieit Ha npsmoit ON. Ho
ecsid Obl Takas Touka Z Oblia, To, TMpoBeds depes Puc. 5

Heé npsamyto T'Z napa/jienbHO OCH %-0B W 0epsi TOYKy mnepecedeHHs V'
npsimoit T'Z ¢ npsimoit ON, mbl noaydyuau Obl npotuBopeude. B camom
Aene, Tak Kak Touka V', Mo 1oKasaHHOMY, TaKxKe JIeXKHUT Ha HalleM rpaduke,
TO OfHOH H TOH ke abcuucce OT cooTBeT-
CTBOBaJIM Obl JIBe OPAMHATH TPa(PUKa, & HMEH-
Ho: TZ w TV, torna kak abeuucce OT' coot-
BETCTBYET B AeHCTBHTENbHOCTH €IHHCTBEHHAS
opaunata TV, pasuas k- OT.

Wrax, epagurx npamol nponopyuoHars-
Hot sasucumocmu (y = kx) ecmo npamas,
npoxodaLLas Yepes Haualo KoopaduHam u 4e-
pea mouky N, y Komopot abcyucca ecmo 1,
a opduHama pasHa Koagpuyuenmy nponop-
uuoxarsHocmu (Ha puc. 5: k = 2).

3ameuanue Mpl paccMaTpuBaJH rpa-

(UK QyHKUHH y = kT AL AA5 cayyasi 11oJo-

XKHTenbHOro k. Bce Hamm paccyxneHus, on-

HAKO, COXPaHSAIOT CHJY M I OTPHIIATE]bLHO-

Puc. 5a ro k, TonbKO npsimas, siBASOULAACS rpaHKoM

(YHKUMH ¢y = kx, B caydae oTpUUaTeabHOTO k

Gyner aexatb B yraax X'OY w XOY' (1.e. Bo BTOPOM H 4eTBEPTOM KBa/l-

paHTax); B caMoM JieJie, TpH oTpHiaTenbHoM k Touka [N ¢ KOOpAHHATaMH

(1, k) nexcut B yeTBEPTOM KBajpaHTe, a HCKOMBIH rpaduk ecTh npamas ON
(cM. puc. ba).

R

34. HU3meHeHue MoJOXKeHUA MPAMOHA NMPH U3MeHEHUHM Ko PUIU-
€HTA MPONOPLHOHATBHOCTH. [lOCTPOMM Ha ONHOM M TOM e pHCyHKe 6
npsiMble, H306paxaiolive GyHKILHH:

1

y=5T y=a y= 2%,
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Yy KOTOpbIX KO3G{QHIHEHTbl NOJOKHTeJbHb K NpHTOM Bo3pacrawoT. M3
PHCYHKA Mbl BHIHM, UTO MO Mepe BO3pacTaHUs Ko3(puilMeHTa Mpomnop-
IIMOHAJ/IBHOCTH NpsAMas OTKJOHseTcs Bce fojee U
fosee OT OCH x-0B, NMPHOMHAKAACH K OCH 4-OB.
Takum o6pasom, Koa(phHUUHEHT k B (PYHKIHH
y = kxz xapakrepusyeT coboH yroJ, cocTaBJieH-
HBIH npsiMoi ¢ moayocbio OX; nostomy 4uc/ao
k Ha3blBaeTCS TAKXKe yeA08bIM KO3pduLuernmonm
npsMoi, usobpaxkawuledl rpaduiyeckd QyHKUHIO
y = kx. Tak Kak H3 3TOro COOTHOLIEHHS BHAHO,

0 1 2 3 «x

uto k = £, To MOXHO CKa3aTh, 4TO yTJ10BOH
€T
Puc. 6 KO3(Q(pHIIHEHT paBeH OTHOLIEHHIO KAKOrO-HHUOYIb

3Ha4YeHHs (PYHKUHH (KaKOH-HHOYAb OPAMHATHI) K
COOTBETCTBYIOIIEMY 3HAYeHHIO apryMeHTa (K COOTBETCTBYMWOUIEH abcliuccee)
(cM. puc. 7):

oo MA _ MA Y
_O—A_ OA’ _...—tga. M
OTCI-O,!la BHIHO, 4TO k ecTb TaHreHc Y= M

Na, 06pa3oBaHHOrO MPAMOH ¢ MOJIOKUTEILHBIM
HamnpasJeHHeM ocH abcliHee (Kak M3BECTHO M3 |
TPHIOHOMETPHH, OTHOLIEHHWE OQHOIO KaTeTa K E
APYTOMY KaTeTy paBHSETCS MAHeeHCy YIaa c, :
NPOTHBOJIEKALILETO MEPBOMY KaTeTy). ‘

[Tosesno samertuthb, 4TO ecau k =1, 1.e.
ecsd (YHKIHS MMeeT BMI ¥y = &, TO NpsiMas,
H3obpakaiollas eé, ectb OHCCEKTpHCA MPAMO- p

j ue. 7

ro yrna XOY (rorma tpeyrosbiuk OAM —
paBHOGepeHHbIH U Lo = 45°). Ecain k=0, 1. e. eciin pyHKLHS HMeeT BHJ
y = 0, To npsimas causaercs ¢ ocblo OX.

35. I'pachuk oGpaTHOI NPONMOPUHOHAJBHOCTH. [axkas MPOMOpPIHO-
HaJIbHOCTL BBIPAXKAETCS, KaK Mbl BHAEJH, (POPMYJIOH:

xy==Fk, wmm y= .
Ty y Yy =
[MTocTpoum rpaduk ans dyacTHoro cJayuas, kKoraa k = 6, T.e. korna

(yHkuua Oyner y = —.
xr
CocTaBiM Tab/HIly 3HAUEHHH 3TOH (YHKIMH 115 MOJOKHUTENbHbIX 3HA-
UeHHH apryMeHTa; HalpuMmep, Takyio:

& 1 2 3 4 5 6 7 8
1 1 6 3

Hanecs 3HaueHus, ykasanHsle B Talsuue, Ha rpadyk M o0Beds Bce
NoJIyHeHHble TOYKH KPUBOH (OT PYKM MJIHM C MOMOLLBI0 0COBOH 4epTémHOH
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JIUHEHKH, Ha3biBaeMOH 4eKaaom), Mbl TIoJayduM rpaduk oOpaTHOH nponop-
" 6
LMOHAJILHOM 3aBUCHMOCTH ¥ = — (cM. puc. 8).
T

O6patuM BHHMAHHE HA CAEAYIOLLHE OCOOEHHOCTH 3TOro rpaduka: npu
HeorpaHH4YeHHOM yBeJHueHHH abcuucesl x (x =9, 10, 11, 12, ...) opauHata
KPHUBOHM BCE yMEHbLIAeTCH, MPH-
O/MKAACh K HYJIO, TaK 4TO KpH- V'
Basi, 10 Mepe e€ MPONO/IKEHH: g,
Hanpaeo, Bcé OJuxe W Oauxe
NOAXOAMT K OCH Z-OB, HO HH-
Koraa e€ JOCTHIHYTb He MOXKeT 4

3

(npoﬁb £ HHUKOTIA He MOMKeT
X

cAesaTbCsl PaBHOMH Hymo). Pag-
HbIM 00pasoM, ecau aas x Oy-

2

1
nem Oparb Apodu 3 I8
T. 1., BC@ Gosiee u Gosee npubau-
JKAIOUIHeCsl K HyJO, TO y Oyner
Bcé Gonee u OoJiee BO3pacTaTh Puc. 8
(y =12, 24, 48, ...), TaK uTO
BETBb KPHBOH MpPH MPOLOJKEHHH €€ Ha/leBO HeorpaHHYeHHO MOJHHMaeTcs
BBepX, npubsauxasch BcE Hosee U Oosee K OCH Y-OB, HO LOCTUTHYTL eé

6 .
HHUKOI/la He MOXKeT (npn x =0 npobb . nepecragr Cy[llECTBOBaTb).
PucyHox 9, ciiesaHHblid B GoJlee KpynHOM Maciitabe, YeM npejibl iy,
k
npejacTap/sieT TPH rpauKka QyHKIHH y = ~ TpH k=2;1; 37 Onu umeroT

Pue. 9

Te Ke 0COOEHHOCTH, 4TO W rpadHK Npeablayllero pHCyHKa, OT/HYasCh
APYT OT Apyra TOJbKO GoJabliell MM MeHblleH BAABIEHHOCTBIO K BepIlUHHe
NpsiMOro yriia.
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I'paduk pyHxumMu y = £ HasbiBaeTcst eunepboaoi. [lyers k > 0. Torna
NOMOKHTEbHIM 3HAUCHHSM & COOTBETCTBYIOT MOJOXKHTE/bHBEIE 3HAYEHHS
Y, U Mbl TIOJAYYHM TOUKH THMepSoJbl, JexallHe B nepBoM kBanpaHTte. [pu
OTpPHLIATENbHBIX 3HAYEHHAX 2 MOJYYHM TOUKH THMepboJbl, JexallHe B
TpetbeM KBaapaHTe. Tak Kak 3HadeHdio r = 0 HHKAKOro 3sHauyeHusi y He
COOTBETCTBYET, TO HA OCH OPAMHAT TOYeK runepboJbl HET; MO3ITOMY BCA
KpHBas paclajaeTcs Ha JiBe BeTBH, W3 KOTOPbIX OJHA JIeXKHT B [epBOM, a
apyrasi — B TpeTbeM KBaJpaHTe.

IMycte k& < 0. Torna oaHa BeTBb THnepbosbl OYAeT JeXaTh BO BTOPOM
KBajpaHTe (Ta, KOTOpas COCTOMT M3 TOYEK C OTPHIATEJbHBIMU abclucca-
MH), a BTOpas — B 4eTBEPTOM KBaJpaHTe.

Wrak, eunepboaa y = - €CMb KpUSAs, COCMOAAR US deyx semesell;

npu noaoxcumesvHom k smu semeu rexmam 6 nepeom u mpemoem Keao-
paxmax, a npu ompuyameisHom k — 80 8MOPOM U 8 HEeMBEPMOM.

Ynpaxcuenus.

60. INpennonaras cKOpoCTb ¥ PABHOMEPHOTO JBHIKEHHS HEM3MEHHOH, BhIPA3HTh
rpaduueckd NyTb § Kak (VHKLUHIO BpeMeHH ¢ (MMeHHO: s = vl), IpHHHMaf ¢ 3a
nepeMeHHY10 aGCLHCCy, @ s — 3a NepeMeHHYI0 OpAMHATY.

61. Ilpu cBoOOIHOM MaJeHHH Tesa CKOPOCTb v, BHIPaXKEeHHas B MeTpax B
CeKyHIY, MOXeT ObITb BbIpaXKeHa (opMyJoH: v = gt, rie t 03HaYaeT YHCJIO CeKYHI,
MpoTeKIllee OT HAYAMA MAZIEHWA, 4 g eCTb YCKOPeHHe NpH ManeHuH, pasHoe 9,8 m/c2.

Beipasute rpaduyeckn v Kak QYHKIHIO BpeMeHH ¢ (MpHHHMas CaHTHMETp 3a
eMHHLLY aOCLHCCL ¢ H MHAJHMETD 3a €IHHHIY OPAHHATHI v).

62. [ocTpouTb Ha OHOM uyepTexe rpadukH GYHKUHIH: y = ITHY=Tiy= 3.
. 4 1
63. [MocTpouTh rpaduky QYHKUKHA: ¢ = Y=g
2,1
64. [locTpouth rpaduk (GyHKUMH y = ——, IaBas x 3HaueHus: 5; 4; 3; 2;
r

1; 0,7; 05, 0.4 ¥ aHanOrHuHble OTpHULATENbHbIE 3HAYEHHA (32 eIMHHLY NPHHATH
caHtuMeTp). [lo HauepueHHOMY rpadUKy ONpeesHUTh BeJHUHHY y, ecau: 1) @ =
=-22u2)r=34.

II1. JIuneiinasi pyHKUUSA

36. JIpyuneH nepsou creneHu. 3agaua. Jl/MHA XKeJe3HOrO CTEPKHS
npu temneparype 0 °C cocrasaser 1 M; onpefiesiuTh, Kakasi AJHHA [ OKa-
HKETCs y 9TOr0 CTEpKHs, Koraa oH OyaeT Harper ao t °C, ecsd H3BeCTHO,
4TO ¢ KaxOblM TPaaycoM HarpeBaHHs NJHHA CTEPXKHS yBeJIHUYHBAeTCA Ha
0,000012 Toit naMHbL, KoTOpyk cTepxeHb HMeeT npu 0 °C.

[Tpy Harpesanuu Ha | °C pauHa crep:kus, pasHas npu 0 °C oxHomy
metpy (100 c¢m), mosxna yeeawuuBatbes Ha 100 x 0,000012 cm, T.e.
Ha 0,0012 cm. Yaausenuwe npu HarpeBaHMH Ha ¢ °C [0JMKHO ObITH B
t pa3 Gosblue, yeM npu HarpeBaHuu Ha 1 °C, nostomy BCE yaJHHeHHe
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6yner 0,0012¢ cm. [lpubaBuB K 3TOMY YAJHHEHHIO HAYaJbHYIO MJHHY
crepxkus (npu 0 °C), t.e. 100 cm, nonyuum:

I =0,0012¢ + 100.

HerpyaHo BuaeTh, 4TO 3TO Ta e camasi Gopmynaa, KOTOpPYI Mbl MO-
Aydunn yxe panbiie (cMm. § 26), Toabko amuHa [ BbIparkeHa Temepb He B
MeTpax, a B CAHTHMeTpax.

Ecaiu Temnepartypy ¢, 10 KOTOpPoil Harpet crepeHb, OyleM paccMaTpH-
BaTb KaK HE3aBHCHMYK NEPEMEHHYI0, TO JJIHHY [ Mbl MOXEM pacCMaTpH-
BaTb Kak (yHKIHKIO Temnepatypbl. O603Ha4as no obLIeNpHHATOMY NPaBHIY
HEe3aBUCHMYIO nepeMeHHY OYKBOW x, a (PYHKIHIO — GYKBOH %, Mbl MOXKeM
3aBUCHMOCTb MEXKIY AJNHHON CTEpPXKHS M ero TeMmnepaTypoH BbIpa3uTh Ta-
KOU (hopMyJIoN:

L y = 0,0012x 4 100,

HaW B OoJiee o0lIEeM BHJE:
y=kx +b,

ecmu OykBaMH k W b 0603HauUM TOCTOSIHHBIE UYHC/IA, BXOASLIME B Hally
thopmyay.

Anredpandeckoe Bbipaxende suaa kr + b, B Kotopom k W b — Kakue-
HHOYIb MOCTOSIHHBIE YHCJA, @ & — He3aBHCHMasi NlepeMeHHasi, HasblBaeTcs
deyuaerom nepeou cmeneuu (oTHocuTenbHO x). TakHe (PYHKLIHH BeTpeda-
H0TCS [IPH PELeHHH MHOTMX 3a/ad W BOIPOCOB,

Koprem nBydneHa Ha3biBaeTCs TO 3HAYEHHE apryMeHTa &, TPH KOTOPOM
nByuJieH obpaiiaetcss B Hyab. UToOb HaliTH Takoe 3HAYEHHe, HANO TpPH-
PaBHATb ABYYJeH HYJIO0 H DelluTh NoJy4eHHOe ypaBHeHHe. Tak, KOpeHb

1
ABy4JleHa 15:1:4— 2 NOJYYHTCS, €C/IH PeLuM ypaBHeHHe:

132 +2 =0,
3 4 1
37. I'papuk nByusnesHa nepBoil creneHH. BosbMméM Kako#-HHOYIb
YacTHBIH Caydal ABY4/eHa, HanpuMep, TaAKOH:

Yy = l%;r:—}?.

Otr6pocuM moka 4ucao 2 ¥ BO3bMEM OoJiee MPOCTYI0 QYHKUHIO: y =
1
= ]§$. DyHKUHS Ta BblpayKaeT NPONOPUHOHANbHYIO 3aBHCHMOCTb MeX-

oy Yy ¥ xr ¥ notoMmy rpaduueckd H300pasuTCsd, Kak Mbl 3HaeM, MpAMOH
(cM. puc. 10), npoxoasie# yepes HayaJo KOOPAUHAT W depes3 Touky M, y

KoTtopoii abcuncea ecthb 1, a opauHara IE.

Ecqn aprymenty @ Oyaem 1aBaTh HE TOJBKO MOJOMKHTE/bHbIE 3HAYEHHUS,
HO M OTpHLATEJbHBIE, TO NPAMAS 9T NPOJLOJIKHMTCH BHM3, NMPOXOs uepes

Touky M’, y koropoii abeuncca ectb —1 W opaMHata —15. Ecau Tenepb
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BOCCTAHOBHM OTGpPOLIEHHOE Mpexie YHe10 +2, T. €. BO3bMEM (YHKLHIO y =
171, + 2, TO yBHAHM, 4TO BCe OpAMHATHl 3ToH (QyHKuHKH GyayT Goablie

COOTBETCTBEHHBIX op,l:LHHaT (QyHKIHH y = l .r Ha 2 eaMHHIbl. 3HA4HT,
rpaq)nx (PYHKIHH y = 1 i + 2 Mbl l'lO.J'[quM H3 rpaduxka QyHKUMH y =

121: ecau npamylo aunuio MM’ neperecém napasnsesnsHo camoil cebe

BBEpPX Ha 2 enuHuubl. [lns sToro otoxum Ha ocu OY orpesoxk OA = 2
1 depes Touky A nposeném npsimyio, napanienvhyio MM’ Dra npsiMas u
OymeT CAyXKHTb TrpadHKOM (QYHKIIHH
y = l-x+ 2. A6cuncca OD ToukH, B Ko-
TOPOH 3Ta MpsMas Nepecekaercs ¢ 0Chio
T-0B, paBHa KOPHIO JBydYJieHa, TaK Kak
npu 3ToH abcincce opauHata y (T.e. Be-
JIMUMHA CAMOIO [BYUYJIEHA) paBHA HYJIO
(Ha HaueM pucyHke OD = _l§
Ecau Bo3bMéM (QyHKIHIO

1
Y= lax-Q,

10 oTpe3ok (A Halo OTIOKHTb BHH3 OT
Toukd O, Tak KaK TOTAA BCE OPAHHATHI

PYyHKUHH y = l§.r NpHILIOCH Obl YMeHb-

WuTh Ha 2 enuHMibl. Mbl nosy4yuM Toraa
npsamyio A'B’, napannensuyio MM’ u
OTCEKaIONLYI0 OT OCH y-0B 0Tpe3ok OA’ =
= —2. KopeHb 3TOro naBy4JieHa paBeH

Puc. 10

abcuycce TOYKH, B KoTopod npsamas A’B’ nepecekaetcs ¢ OCbl0 T-OB

(Ha yepTexke 3Ta abcuucca paBHa +I§

Ecnn B dynkuun y = kx + b koapduuuent k& Syner uuc/Io oTpHIATeb-
Hoe (Hanpumep, ¥y = —l-x + 2], To BcroMoraTe/bHast MpsiMasi, BbipaXka-
ouas rpapuk QyHKUHH y = kx, npoinét depes yrasl X;0Y u XOY,

co06pasHO YeMy M3MEeHHUTCSl M HanpaBsjeHHe npamoil BC.
Takum obpasom:

I'paduk asyunena y = kx + b ecTs npaAmas JuHUA, NapajjejabHas nps-
Moii, n3obpaxaromeii ¢pyHKkumuio y = kx, ¥ oTceKamas oT OCH Y-0B OTPe30K,
paBHBbIH b.

Beneactsue Toro uto rpauk GyHKUMM Y = kx + b ecTb npaMas JHHHSA,
caMma 3Ta PYHKIHS Ha3blBACTCH AUHEIHOL.

st KpaTKOCTH peuw B JajbHeHIleM H3/JI0XKeHHH, BMECTO TOro 4Tobkl
rOBOPHTL: «NpsMas, H3obdpaxaiouas QyHKUHIO y = kx + by, Mbl Oylem
rOBOPHTBL Kopoude: «npaMast y = kx + b».
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Yroaq, obpasyemblil npsaMoii y = kx + b ¢ ocblo £-0B, paBeH yray, cOCTas-
JIEHHOMY € OCbIO T-O0B MPAMOH Yy = kx; cleloBaTeNbHO, 3TOT yroJa 3aBHCHT
TOJBKO OT BEJHYMHBI KO3(QuiHeHTa k, U M03TOMY KO3(D(HIMEHT 3TOT B
obuiem BHIe AByqJIeHa kx 4 b HasbiBaeTcs yeA08um Koagpuyuermom.

Yucno b B nByuneHe kz + b ecTb Tak HasblBaeMas HauaAbHAs 0pou-
Hama@, COOTBETCTBYIOILAs HAYaNbHOMY 3HaueHHwo x = (); oHa npexcTaBseT
coboi OTPe30K OCH y-0B, OTCEKaeMbli MPAMOH, H300paxKalolleH ABYy4JeH.

Kosdpduumnent k, kak mbl Bugean (cMm. § 34), paBeH TaHremcy yria,
00pa30BaHHOTO ¢ MOJOKHUTEJNbHEIM HAMpaBJEHHEM OCH T-0B NpsiMol y = kz
(u, cnepoBatesbHO, Napajuie/IbHOH el npsmoi y = kx + b).

38. H3menenne apyuneHa y = kx + b c usmenenuem x. [Ipsamas
y = kx, napannenbuas npsMoH y = kx + b, npoxoaut uyepes yriol XOY u
X,0Y}, ecnn k > 0, v uepes yranl X;0Y u XOY, ecnu k < 0.

CrienoBare/ibHO, B IEpBOM caydae npsamas y = kx + b, ecsin eé pacemar-
pHBaTb B HanpasJ/eHHH CJeBa Hanpaso, NoJAHHMaercs Beepx (cM. puc. 11),
a BO BTOPOM CJlydae oHa onyckaercs BHM3 (cM. puc. 12).

Ecau mpuMeM BO BHHMaHHe, YTO OTpHIATeNbHble HHCaAd TeM 6oJb-
e, 4eM MeHblle WX aOCOMIOTHBIE BEJHYHHBI, TO MBI MOXEM CKa3aTb
(cm. puc. 12), uro 3TO BO3pacTaHHe WJH YOBIBAHHE HEOZPAHUUEHHO W
NPUTOM PABHOMEPHO, T.€. ¢ YBeJHYeHHEM I Ha OJHO H TO Ke UHCJOo
(DYHKLHS Bo3pacTaeT WJH yObIBAET TAKXKE Ha OIHO M TO XKe YHCJIO.

¥y ¥y

y=kx+b

/] D i

x o x x) 0 x
y=kx+b
N B4l
Puc. 11 Puc. 12

39. 3ameuanunsa. 1. Ecnu yriosoi kosdduuuedt k paBeH HyMO, TO
ABy4JieH obpalllaercs B OHOUJEH iy = b. DT0 3HAUUT, 4TO B rpaduueckom
H300paKeHHH JOJIKHA MOJYUHTLCA TaKas Npamas, y KOTOPOH BCe TOYKH
MMEIOT OHY M TY K€ OPAMHATY, paBHYIO b, a abciucca MokeT ObITh Kakas
yropHo. Takas JIHHUS, OUeBMIHO, €CTh NpsiMasi, NnapaJielibHas OCH Z-0B U
OTCeKapLlas oOT OCH y-OB OTPe30K, paBHLIH b. 3HauuT, NpH b NONOKHUTENb-
HOM 3Ta MpsiMasi PacroJOKHTCS HaJ OChIO X-0B, a TIPH b oTpHILATENbHOM —
non Hew (cMm. puc. 13); H B TOM W JAPYroM cJydyae TpH H3MEHEHHH T
(bYHKIHMA 0CTAETCH MOCTOSHHON (paBHOH b).
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B wactHocTH, ecan npu k = 0 emwé b = 0, T.e. ecin nuHeiHAA QYyHKLHSA
oynet y = 0, To rpaduk QyHkuuu Oyner och x-0B (118 BCAKOH TOUKH 3TOH
ocu opauHarta y = 0, a aGcuncca NPOH3BONIbHAS).

X
=Y

X
b 1

N N
Puc. 13 Puc. 14

2. Ecnu kakaa-uubyab npsmas napannesbHa ocH y-oB (cMm. puc. 14), To
OpAHHATHl TOYEK 3TOH MPSMOH MOTYT HMETb MPOH3BOJbHBEIE 3HAYeHus, abc-
IIUCCHI JK€ 171l BCeX TOYEK OMHAKOBbI, 4 HMEHHO: PABHbI MOJOXKHTEIbHOMY
WM OTPHILATENbHOMY OTPE3Ky 1, KOTOPblH OTCeKaeTcs NpsAMOH OT OCH
x-0B. CJliefloBaTeJIbHO, TAKyl0 NPSAMYI0 MOMHO BbIpa3uTb YpaBHEHHEM TaK:
x = m (OpAHHATA Y, He BXOJsIIAs B YpPaBHEHHE, OCTAETCS MPOH3BOJILHOH).
B wacthocTH, ecan m = 0, To nosyuaercs ypasHenue x = 0, Beipaxkaiolee,
yTo abcuucca BeAkod ToukH ecth 0, a opauHata — Kakas yroaHo. Takas
npsiMasi eCTb 0Cb Y-OB.

40. Moctpoenue npamoii y = kxr + b no aBym Toukam. YrtoGhl
NOCTPOUTh MpsMYI0 y = kx + b, MOxHO OblI0 Obl CHayajna MOCTPOHTD
BCIOMOraTe/IbHYI0 NpAMY0, H3oOpaxKawoulyo (QyHKUuH y = kz, H 1noTOoM
TNPOBECTH Napa/le/IbHYK MPsIMYI0, OTCEKAIILYI0 OT OCH Y-OB OTPe3oK b.
Ho npoute noctpouts npsimyto y = kx + b, Halas npejaBapHTe/bHO KakHe-
HUOYAb ABe TOYKH 3TOM npsiMoid. [losoxuM, HanpuMmep, HaA0 MOCTPOMTb
IpAMYIO:

y=—=xr—3.

Juist 3roro HaknEM KOOpAMHATHL KaKHUX-HUOYIb ABYX TOYEK, MpHHALJe-
JKAUMX MCKOMOH NpAMOH, HaNpWMep, KOOPAMHATHI TeX TOUEK, B KOTOPbIX
npsaMas nepecekaercs ¢ OCAMH KoopAauHaT. Il HaxomK[IeHHS HX MOJOXKHM
B JaHHOM ypaBHeHWH x = (0 M ONpedesuM COOTBETCTBYIOUIEE 3HAYEHHE ¥, a
3aTeM nosoxum y = 0 ¥ onpenenum x; Torjaa HalaEM:

)ecnnxz =0, Toy = —3;

2) ecin y =0, T0 %I*3=OH.’L‘=6.
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Touka ¢ abcuuccoit 0 u opnuuHatoil —3 ectb Touka I (cm. puc. 15),
Touka ¢ abcuuccoit 6 W opauuHatoi 0 ecTb Touka (Q; 3HAYMT, HCKOMBIH
rpaguk Oyzmet npamas P(), npoxonsuas ye-
pe3 3TH [Be TOYKH. y

Ecan ToukHM mepeceveHHs ¢ KOOPAHHAT-

HBIMHM OCSIMH (MJIM O[lHA M3 HHX) He IOMe-
LLAI0TCA B Mpeeax 4eprexa, TO MOXKHO /
NOALICKATL APYrHE TOYKH, KOTOPLIE MOMe- 123456

uLaauch Obl Ha qyepTexe

&tla.l_ Q
.~

Ynpaxcrenus.

65. Ecnu o ecThb UMC/IO TpamycoB, YKasbl-
Baemoe Tepmometpom llenbcus, a y — uwueao
rpaiycoB, yKasbiBaemoe TMpH TexX Ke Temrnepa- Puc. 15
TYPHBIX YCJIOBHSX TepMmoMeTpoM Papenreiita, To
3aBHCHMMOCTb MEXJY 3THMH UKCJIaMH MOXKeT OblTh Bbipa)KeHa TAKOH (OpPMYJION:

9
y=-zx+32.
5
[Toctpouth rpaduk 3ToH (YHKUMH, TPHHMMas « 3a abcuMccy, a y — 3a

OPAHHATY (32 eMHHILY a0CIIHCC MOXKHO MPUHHMATL CAHTHMETP HJIH NONCAHTHMETPA,
a 3a eAHHHIY opaHHAT | mMm).
66. Kaxnawplii pyOoab BKAaAa, OTAAHHOTO Noi p %, NMPHHOCHT B TOf 10X0IA

100 py6., @ B T JIeT JOXO/ COCTABJAET % -x (py6.); caemoBaresbHO, Yepe3 x JeT

Kax bl py6ab obpatures B 1 + l% @ (py6.). Takum o6pasom, o6o3Haqas GyKBO#H
Y BeJIMUHHY «HapalléHHOro pybasi», MBI MOXKeM HamucaTb (hopMyJy:

P
y=14+— - 2z
Y +100 T

[TocTponTh rpaduk stol QyHKUMH, npuHUMas p = 3 (33 efMHHLY alGcuMUce M
OpPAMHAT MOMHO B3fiTb 2 CM).
[TocTpouth npsimble, H3oOpaxalolHe HYHKIHH!

67.y:1+3;;y:‘23;—3;y:5:ﬂ+3.

68. y = 71:1:+3; Yy = %’L’f g; y=07z+ 2
69. IlocTpouTh npsAMble, BhlparKaemble YPaBHEHHAMM:

3y+2=0;, z4+y+5=0; 4z +3y=18.
70. [1poBepuTt rpauuecky, UTO TPH NPAMbIE, BBIPAXKAEMEIE VDABHEHHAMMU:
20+3y=13;, bxr—y=7, z—-4y+10=0,

nepecexKawnTCs B O[IHOH TOuKe.

') lns yMeHblileHus NOrpelIHOCTH MpPH YepueHHH MPAMO KeJaTeabHo, YTOGbI
IIBe TOYKH, Yepe3 KOTopble NMPOBOIHUTECS TpsMas, OTCTOANM APYr OT Apyra fno Bo3-
MOXHOCTH [albllle; TOr4a HeKOTOpast HeTOUHOCTh B MOJIOXKEHHH JHUHeHKH (136exkath
eé oueHb TPYJAHO) MeHblIe OTPAa3HTCH HA HANpPABJEHHH MPOBOLHMONH NPAMOH.



[masa 3
KBAJIPATHYHAA ®YHKIIHUA

I. IlOHOJIHHTeJIbeIe CBe€IeHHsH 0 KBAaJPAaTHbIX YpaBHEHUAX

41. Popmyna KopHell KBajgpaTHOro ypaBHeHusa. B neppol uacTH
Kypca ObllH BhiBeeHbl cjefyioliHe (QopMyabl /s onpeneneHHs KopHel
HEMOJIHOTO H MOJHOTO KBaAPaTHbIX ypaBHEHHH:

1) axz® = 0; oueBuaHO, 062 KOPHA YPABHEHHA PaBHBI HYJIO.

2) ax? + ¢ =0; ¢opmyna 115 KopHeil Gymer T = +, f~§

b
3) az? + bz = 0; rtorna z; =0; zy = -2,

4) 22 4+ pr +q = 0; dopmyna KopHeki nabT:

i o D
i€ 2:I:

2

n\2 o v pd—
(P) —q, HIH: l:w

5) Hakowner, obuiasi opmyaa s KOpHeH MOJHOrO KBajpPaTHOrO ypas-
—b=+ Vb —4ac
HeHHsl BUAA ax® + bx + ¢ = 0 Gyner: © = .

[Tocnennsst hopmyna siBisiercss HauGosiee oGllei; U3 He KAaK 4acTHble
cJydyau MoJydyawTcs Bce ocTanbHble. Tak, noJaras B 3Tod ¢opmyse a = 1,
nojydaem caydad (4) (B stom cayuae b =p u ¢ = ¢; noaaras ¢ = 0,
nosyqaem cayuaid (3); npu b = 0 Oynem umerb caydai (2) W, HakoHell,
nepBbIfl cayualt monyunM, naeas B obuied dopmyne sHavenus b =c = 0.

42. IuckpumuHaHT. PaccMOTpHUM pasniudHble caAydyad, KOTOpble MO-
I'YT BCTPETHTLCS NPH PEIIeHMH KBAAPATHOrO YPABHEHHS B 3aBUCHMOCTH OT
YHCJO0BOTO 3HAYEHHS KO3I(PGDHIIHEHTOB.

1. b* — 4ac > 0. B 3ToM c/1yuae BepakeHHe M0/ KOPHEM MOJIOXKHTEIbHO.
KBanpaTHblli KOpeHb M3 HEro HMMeeT fABa 3HAYEHHS, H, CJIeJOBATENbHO,
ypaBHeHHe HMeeT [BA PA3JHUYHbIX BelleCTBEHHbIX KOPHS:

b+ VI — dac —b— Vb —4ac

BL= 2a 2a

ro =
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2. > — 4ac = 0. B 31oM cayyae BTOPO#H u/ieH UMCIUTENs PABEH HYJMIO H
ypaBHeHHe HMeeT 1Ba PaBHBIX KOPHS:

b

;I,'] :.’L'Q:—E.

3. b — 4ac < 0. O6a KOpHA — MHHMbIE.

Mu BHIMM, TakuM 00pa3oM, 4TO KBaJpaTHOe ypaBHeHHe HMeeT Bellle-
CTBEeHHble (pas/HyHble W/IH paBHbl€) MJIH MHHMblE KODHH, B 3aBHCHMOCTH
oT TOro, OyAeT JIM COCTABJEeHHOe H3 KO3((DHIIMEHTOB YpaBHEHMs TOAKO-
peHHoe BhIpakeHHe b> — 4ac GoJblle, PaBHO WM MeHblle Hyas. Beumy
ocoforo 3Ha4eHHs 3ITOrO BbIPAXKEHHA OHO HOCHT CIellMajbHOe HasBaHHe
duckpumunanma ypasHenus. (JIMCKDHMHHAHT — 3HAYMT B MepeBoje pa3-
JHUYHTENb.)

43. CpoiicTBa KopHeill KBaapaTHoro ypapHeHusi (teopema Buera).
BosbMmém dopmyny kopHeid KBaipaTHOTO ypaBHeHHSl, Y KOTOPOro Kos(dH-
LMEHT NpU z° paBeH eIHHHLE, T.e. ypaBHeHHs BUaa x° + px + q = O

N 2

Ecau cnoxum nouneHHo 3TH paBeHCTBa, TO pajHKaJbl B3aHMHO YHH-
HTOXKATCA KU Mbl NOJYYHM!:

.T]Jrl‘ngg*g:*p.

Ecau Te e paBeHCTBA MOU/IEHHO MEPEeMHOXKHM, TO NOJYHYHM (MpoH3Be-
JIeHHe CyMMBbl JIBYX YHCeJ Ha MX PA3HOCTh PABHO PA3HOCTH KBAAPAaTOB ITHX

yucen): ) - "
r=(-5) = (V(5) o)

KakoBo 6bl HM OblI0 MOAKOPEHHOE YHCJO0, BCeraa

(V&) =)'

CurlegoBaTebHO:

P (r
Tr|rg = I—' (I —q) =d.

Takum obpasom:

CyMma KOpHell NpHBeJE€HHOrO KBAaJPAaTHOTO YpaBHeHHs paBHa BTOPOMY
K03t (hULMeHTY, B3ATOMY C IPOTHBOMOJOXKHbBIM 3HAKOM, a IPOU3BeJeHHe aTHX
KOpHeii paBHO CBODOJHOMY YJIeHY.
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Tenepb BO3bMEM KBajpaTHOe ypaBHeHHe o6liero BHaa ax’ + br + ¢ =
= 0. PaznenuB Bce ero umneHsl Ha @, Mbl IPHBEIEM 3TO YPaBHEHHE K TOJBKO
YTQ PACCMOTPEHHOMY BHAY:

$2+é:1:+£:0;
a a

cJe/loBaTe/IbHO, /8 HEeNpHBeAEHHOro MOJHOr0 YpPaBHEHHA Mbl JAOJMHBI
HMeTh:
b c
Ty +Treo=—— H ZiTo=—:
a a

CnenctBusd. 1) [loab3ysce 3THMHM CBOHCTBAMH, MBI JIETKO MOXKEM
cocmasumos Keadpamuoe ypasHerue, ij KOmMopozo KopHamu OGoiau Gol
darHble Yucia.

[ycThb, HanmpuMep, HANO COCTABUTL YpaBHEHHE, ¥ KOTOPOTO KOPHH GblIH
obl yucna 2 u 3. Torna u3 paBeHeTB 2 +3 = —p U 2 -3 = ¢ HAXOOUM: p =
= —5 u q = 6; caenoBatesibHO, ypaBHeHHe Gyaet: 2 — 5x 4+ 6 = 0.

[lonoGHo 3ToMy HainéM, 4To 3 W —7 OYAyT KOPHH ypaBHeHHs > —
—[B+(-Nz+3(=7) =0, 1.e. 22 +42 — 21 = 0; uucaa 3 u 0 GyayT
KOpHH ypasHenus z° — 3z = 0.

2) Tlpu momoluM TeX e CBOHCTB Mbl MOXKeM, He peluasi KBaJpaTHO-
rO YpaBHEHHUS, onpedeliMs 3HAKU €20 KOpHell, ecli 3TH KOPHH Bellle-
ctBennble. [lyctb, Hanpumep, umeem ypasHenue x° + 8z + 12 = 0. Tak

KaK B 3TOM [NpPUMEpe BhIpaXKeHHe (g) —q, T.e. 4 — 12, ectb 4HCsIO

noJioXKMTeNbHOE, TO 06a KopHsi BeulecTBeHHble. OOpallas BHHMaHHe Ha
cBOGOJHBIH YJ/leH, BHIMM, YTO OH HMEEeT 3HaK -; 3HAUMT, NPOM3BEJeHHEe
KOpPHeH JO/KHO OBITL MOJOMKHTENbHBIM HHCJAOM, T.€. 00a KOPHA HMEIT
OlHHAKOBble 3HAKH. DTH 3HAKW JOJKHbl ObITb MHHYCHl, TaK KakK CymMma
KopHeii oTpHIllaTebHa (OHa paBHa —8). YpaBuenue 12 4+ 8z — 12 = 0 umeer
KODHM ¢ Pa3HBIMH 3HaKaMH (OTOMY UTO WX MPOW3BeleHHe OTPHIATEJBHO),
NPHYEM OTPHLLATE/IbHBIH KOpeHb HMeeT GOJIbLIYI0 afCOMOTHYIO BEJIHUYHHY
(noToMy 4TO MX CyMMa OTpHLATe/bHA), U T. .

Ynpaxcnenusn.

YeMy paBHBI CyMMa H TPOH3BENEHHE KOPHEH KayKIOTO H3 CJAeIYIOUIHX ypaBHe-
HHUH:

.22 —82-9=0;, 2*—1l=-a; a’+2z=21z 6-—5x+3z’=0.

72. %mf =% +1; of—Te=0.

[poeeputs Teopemy Buera mas cieaywilidx ypaBHeHHH:

73. :r::"—633+9=0;. 9z — 30z + 25 = 0.

74. 2 +16 =0, 2°+4z+7=0.

75. OnvH KopeHb KBaJPaTHOTO YpaBHEHHA C PaLHOHANBHBIMH KOI(PHIIHEHTAMH
paBeH 3 + V2, Kaxoit Oyner Apyrod KopeHb?

CocTaBUTb KBajJpaTHble YPaBHEHHS, ¥ KOTOPLIX KOPHAMH OblH Gbl CJAEAYIOLLIHE
yueaa:

76. 8w 2,8 -2, - 8u 2; -8u —-2.

77.5u0, =bu0,4u4;, —4u—4.
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44, Tpéxunen BTopoii crenenu. Brupaxenue ax’ + br + ¢, B KOTO-
pPOM T 03Ha4yaeT He3aBMCHUMYIO TepeMeHHYW, a a, b U ¢ — Kakue-HUOYIb
naHHbe nocTosHHblE uyHena (a # 0), HasbiBaeTes keadpamuuHol PyHKYL-
et Ui mpéxuaeHom emopoi cmenenu. Pasnuuue Mexay TakuMm Tpéxuse-
HOM M JIeBOH 4acTbio ypasHeHusi ax’ + bxr + ¢ = 0 COCTOHT B TOM, YTO B
ypaBHEHHH OYKBAa T O3HAYAeT TOJAbKO Te YHCJA, KOTODbE YAOBJETBOPAIOT
YPaBHEHHIO, TOTAA KaK B TPEXUJEHe OHA 03HAYaeT KaKoe YIOJHO UHCJIO.
3HaueHusi x, obpaliapiiye TPEXUJEH B HYJb, HAa3bIBAIOTCS ero KOPHAMLU;
3HAUMT, KOPHH TPEXUJIEHA — 3TO KOPHH KBaJpPaTHOIO YPABHEHHS:

az +br+ec=0.

B yacTHOM cayuae mpH a = | TpPéxujeH MPUHMMAeT BHI: I° + px + q;
np;«] b =0 umu npu ¢ = 0 TpéxuneH obpailaeTcss B AByUJeH ax’ + ¢ HJIH
ax® + bx.

45. Pasnoxenue TpéxumeHa BTopoil cTemeHM. (CHauya/la BO3bMEM
Tpéxunen x + pr + g, B KoTopoM Kosdduument npu x’ ectbh 1. Pewus
NpHUBeNEHHOE ypaBHeHHe x° + pr + ¢ = 0, MBI HAlAEM KOPHM €ro xj H 9.
Kak Mbl cefiuac BHASTH: T + Lo = —p U 21Ty = (.

M3 3TMX paBeHCTB HaxoouM: p = —(x| + x2) U ¢ = T xa.

[TogcTaBHM B TPEXUJIEH HA MECTO p M ¢ 3TH BHIPAXKEHHS W 3aTeM
npeoGpasyeM MoJyUYeHHbIH MHOMOUJIEH:

P +pr+qg=2>— () +T9)x + 2129 = X — 212 — Tox + T1T2 =
= (3:2 —11x) — (Tox — 1 79) = x(x — 1) — X9 — ) = (T — =1 ) (T — T2).
Takum o6pasom:

Tpéxunen x; + pxr + ¢ paanaraercd Ha fABa MHOXHTeNs, M3 KOTOPbIX
nepBbIii paBeH Pa3HOCTH MeXIY & W OIHMM KOpHeM TpéxuleHa, a BTOPOM
paBeH pasHOCTH MeXAy & H APYTMM KOpHeM TpéXxuseHa.

I[Tpumeps.

1) 22 + 5z — 14 = 0; .=——:i: g 14———i4‘/

NJICn
NJIEO

T =-
zo+5r—1d=(x-2)z - (-7)] =(x-2)(x+7),
2)z2-8z+5=0; z=4+v16-5 =4+ V11;
o =4+V11; xz3=4-VI1;
—8z+5=[z-(4+ V1l )|[zr-(4-V11)] =
=(:r~4~m)(;r~4+m).
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2
)l +pr+q=0; $=*g:t (g) —q;

V@) -n n-f-|() -0
#eera=fe- (5 ()"0 )| -5V (§) o))
(5@ ) (5 @) o)

Tenepb BO3bMEM TpPEXueH az’ + bz + ¢, B KOTOPOM KO3(QHIIHEHT
npu z° ecTh Kakoe YrOAHO YHC/IO, KpoMme HyJsl. DTOT TPEXUJeH MOXKHO
NpeICcTABHTb TaK:

_rL-—_..

SR~

am2+b.r+c=a(12+§$+£).
a a

BbipaxkenHe, cTosilLee BHYTPH CKOBOK, ecTh TPEXUJeH BHaa x> + px + q.
Ero kopHu | ¥ z3 GyayT Te Xe camble, 4TO y TpéxuieHa ax’ + bx + c.
Hafins ux, Mbl MOXeM, 110 JIOKa3aHHOMY B MpeiblAylleM naparpade, pas-
JIOXKHTh 3TOT TPEXUJIEH TaK:

) S S SR
"+ -2+ — (z —z1)(z — m2).

CaenosarenbHo: ax’ + bx + ¢ = a(z — x1)(z — x3).

Takum o6pasoM, pasfoxeHue TpéxuneHa ax’ + br + ¢ oTaMyaeTcs oT
Pa3J0XKeHHsA Tpéxl{.ﬂEHa .'If2 + pr + (¢ TOJIbKO HOINOJHHTEJ/JbHBIM MHOXHTEJEM
(.

[Tpumepsl.

1) Tpéxunen 2z° — 2 — 12, KOPHH KOTOPOro 3 M —2, MOXKHO pasJio-
#uTb Tak: 2(x — 3)(x + 2).

2) Tpéxunen 322 4+ z + 1, KOPHH KOTOPOTO CJEMyIOlIIHe:
_ =41, =1 =

= 5 ' 9= 6

pasJjaraeTcs Tak:

3( —1+\/—_11)( _1_m)
I—T I—T —

=l'_2(ag;+1_m)(6m+1+\/—|1).

3) 6abz® — (3b> + 2a%)x 4 a®b*. Kopuu 3Toro TpéxuneHa cieyolHe:

b a
xr = '2—0, I9 = "?E

(]
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[Tosromy:

2 _ (a3 3y, 2,9 LY _at) _
babzr® — (36 + 2a”)x + a”b —6(15(3: 20) (I Sb)

. 2az — b 3bx — o’ _ e 7D 2
_Gab( o )( % )—(20:‘1, b*)(3bx — a”).

4) CokpatuTh 1pobb:

9
2a" — 2a — 12
3¢ +a~— 10

Pas.nomnm YUCJHUTEJb H 3HAMEHaTeJb Ha MHOXHTEeJH U 3aTeM, e€CJIH
MOXHO, cOKpaTUM Apodb. Tak kak KoOpHH udcsauTens 3 U —2, a KOpHH

3HaMeHaTeJs § H —2, TO ﬂpOﬁb NMpeacTaBUTCH TaK:
2a—3)(a+2) 2a-6
5  3a-5"
3(a — 5) (a+2)

Cunencreue. [lo danHbIM KOPHAM MOMCHO COCMABUMb KBAOPAMHOE
ypasnenue. Tak, ypaBHeHHe, HMelollee KOPHU 3 U —2, Gyner:

(x=3)z—(-2)]=0, 1e (z—-3)z+2)=0,

YTO NpPHM PacKPHITHH CKOGOK 1aéT: 2 — xr — 6 = 0. KoneuHo, Bce u/leHbl

3TOTO yPAaBHEHHS MOMKHO YMHOXHTL Ha POH3BOJILHOE YHCJIO, HE 3aBuCsilee
oT x (Hampumep, Ha 2), OTYETO KODHH He M3MEHSTCS.

Ynpaxcrenus.

Pa3oXHUTE HA MHOXKHTEH:

78. 7" — 172+ 70; 2’ +3z—88, 32> —14x+8; 62> +z— L.

79. 20z* + 17z — 24; =(z + 8) — 20.

Cokpatuth cjefywlise 1podH (NpeiBapHTENbHO PA3JI0KHB YHCJIHTENb M 3Ha-
MeHaTe b KaxI0H ApoOH Ha MHOMHTEJIH):

80 2% + 62 — 91 222 + 8x — 90
T 2?4+ 8x— 105" 322 — 36z + 105
81 z? 4 3azx + 2a? + ab — b*

: 22 + 2ar + o — b?

Pa3nokuB Ha MHOXHTENM CJelyIollue TPEXUJIeHbl, ONPeNleiTh, JJs KaKHX
3HaueHWH x ITH TPEXUJeHbl OYAYT JaBaTh NOJOXKHUTEJNbHbIE YHCIA U L8 KAKHX —
OTpHlIaTe bHbIE!

82. 27 —62x+9 2 —l4x+45  83.2° —4x—5; 12—z — 627

84. 2’ +ax—12, —a’—5xz—6.

II. I'papuk KBagpaTMuHOM (PYHKLUMHU

46. I'papux pynkuun y = z?
0coGeHHOCTH (YHKIHH ¥ = T°:

a) Ilpu BesikoM 3HaueHMM apryMeHta = (DYHKLHs ONpejesieHa M MOJY-

yaeT TOJAbKO OfiHO 3HaudeHHe. Hanpumep, npu x = —10 3HaueHHe PyHKIHH

. OﬁpaTl/IM BHHMaHKHe Ha cJjaedyrlliHe
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6yner (—10)> = 100, npu = = 1000 3nauenne Gynkuun Gymer 1000° =
= 1000000 u T.1m.

6) Tak kak (—z)2 = z2, To npu ABYX 3HAYEHHAX T, OTIHYAIOUIMXCH
TOJIBKO 3HAKAMH, MOJYYAIOTCs ABa OJMHAKOBLIX MONOMKHTENbHBIX 3HAYEHHS
Yy, HanpuMep, MpH & = —2 W NpH & = +2 3HaueHHe y GYAET OHO H TO Xe,
a umendo 4. OTpulATeBHBIX 3HAYEHUH [J9 y HUKOTAA He MOJydaercs.

B) Ecau abcosoTHasi BeJIHYHHA & HEOrPAHHYEHHO YBeJHUYHBAETCs, TO
W y HeOrpaHH4YeHHO yBesuduBaercsi, Tak, eciad s x Oyuem gaBaTb psij
HeorpaHHYeHHO BO3PACcTAIONIMX MOJOKHTeNbHBIX 3HaueHui: 1, 2, 3, 4, ...
HJIH Psijl HEOTPAHHYEHHO YOBIBAIOUIHX OTPHLIATE/BLHBIX 3HaYeHud: —1, —2,
—3, =4, ..., TO AN y NONYYUM pfAl HEOrpaHWYEHHO BO3pPAaCTalolHX 3Hade-
uui: 1, 4, 9, 16, 25, ...

3aMeTHB 3TH CBOMCTBA, COCTABUM TabJ/HIly 3HauYeHHH DYHKUHH y = T
Hanpumep, Takyio:

i -2 -1,5 -1 —0,5 0105 1 1,5 2

v ... 4 2,26 1 025 | 0 | 0,25 1] 22 | 4

H306pazum Tenepb 3TH 3HauyeHus Ha puc. 16 B BHIe Touek, abeiucChl
KOTOPLIX GYAYT BHINMHCAHHbLIE 3HAYEHHS X, @ OPAMHATH — COOTBETCTBYIOLIHE
3HaueHHa y (Ha PHCYHKe 3a eIMHHLUY AJHHB MB NpHHAJH oTpesok O1);

NoJyueHHble TOYKH COeJMHHM KpH-
v Boi. KpuBas 37a HasbiBaeTcs napa-
Hoaoti. PaccMoTpUM HekoTOpble eé
; CBOHCTBA.
} a) Bea xkpuBas pacnogoxkena no
! OJIHY CTOPOHY OT OCH I-OB, 3 HMeH-
| HO — 10 Ty CTOPOHY, 110 KaKYIO Je-
| AT NOJOXHTEJbHble 3HAYeHHA Op-
} JIMHAT.
} 6) IlapaBona paspensieTcsi ocbio
} y-0B Ha jBe 4actH (BerBu). Touka
! O, B KOTOpPOH 3TH BETBH CXOAST-
| | csl, HasbiBaeTcsd eepuunoll napado-
x 2 -1 0 1 2 x Jbl. 3Ta TOYKA eCTb €1MHCTBEHHAs
obuian Touyka napaboJbl H OCH Z-0B.

B) OGe BeTBH OeCKOHeUHbI, TaK
KaK T M Y MOIYT VBEJHUHBATLCA
6ecnpesesibHo. BeTBH MONHHMAIOTCA OT OCH Z-0B HEOTPAHHYEHHO BBEpX,
yAanffach B TO e BpeMs HeOrpaHHYeHHO OT OCH y-OB BIPABO M BJEBO.

r) Ocb y-0B CAYKUT A4S MApabonbl OCbHO CUMMempui, TaKk 4TO eCJH
NeperHyTb 4epTéx 1o 3ToH 0CH TakK, 4ToObl JeBas NONOBHHA YepTexa ynaJja
Ha npaBsyio, To o0e BeTBH COBMECTATCSH; HAMpHMep, To4Ka ¢ abcluceod —2
W ¢ OpMHATOH 4 COBMECTHTCS C TOYKOH, HMelolled adcuuecy +2 U Ty xe
opauHarty 4.

”..%4”" s s

_____I___

|
|
T
|

Puc. 16
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47. I'paduk ¢pyuxkuun y = ax®. [Ipeanonoxum cHayana, 4To a ecTh

YHCJIO ToJIoKHUTebHOe. Bo3bMéM, HAanpHMep, TakHe 1Be (yHKIHU:

1 1 .

Dy=1z2% 2)y=-z2
Jy=13 Yy=73

CocraBum Tabnullbl 3HaUYeHHH 3TUX DYHKUMH, HanpHMep, TakHe:

zr|-2|-11]0 1 2 I = z| -3 -=-2|-=110]1 2

1 I I 2) i |l 7 1o
6 |1=|0|12|86].. 3 |12 | = 0| =15
¥ 2 2 ¥ 3| 3 3|3

Hanecém Bce 3TH 3HadeHus Ha puc. 17 M nposefém Kpubbe. Jlas
CpaBHEHMUS Mbl TOMECTHJIM HA TOM JKe PHCYHKe (MpepbIBUCTON JHHHeH) ellé
rpadmk dyukumun: 3) y = z°.

T =2 ~=1 0 1 2

Byl a1 lo]1]s

W3 pucyHka BHAHO, 4TO NpH OAHOH H TOH ke abclicce opAHHATA IEPBOI
KPHUBOH B 1§ pasa Gosblle, a OpAHHATA BTOPOH KPHBOH B 3 pa3a MeHblle,

YyeM OpJAHHATa TpeTbel KpPHUBOH. JTH KpHBble HMMelOT OOUIMH XapakTep:
GecKoHeUuHble BETBH, 0Ch CHMMETPHH H TIP., TOJNBKO MpH a > | BeTBH KPHBO#
Bosiee NMPUMOAHATH BBEpX, a NMpH < | OHHM GoJiee OTOTHYTH KHHU3Y, 4eM Y
KpuBoH y = 2. Bee Takve KpHBBHIE HA3LIBAIOTCA TAKKe NapabosaMu.
[Tpennonoxum tenepb, 4To KO3PPHIMEHT a OyAET YHCIO OTpPHILATE/b-

Hoe. IlycTb, Hanpumep, y = ——3-3;2. CpaBHuBasi 3Ty (YHKIHIO ¢ (YHKIHEH

|
y = +§a:2, 3ameyaeM, 4To MpPH OIHOM W TOM 2Ke 3HaueHWH = o6e (YHKIHH
UMeIOT OJIHY M TY e abCoMIOTHYIO BeAWYMHY, HO NPOTHBOMOJOMKHEL IO

2

3Haky. [lostomy Ha puc. 18 s QyHKUMM y = —3%" MOJNy4UTCs TaKas

A

...
o <

-
T
=




56 In. 3. Ksadpamuunas gynkyus

1
xe napabona, Kak W A8 (QYHKUHH y = +—3-:r:2. TOJBLKO PACIIOJIOKEHHAS

noa OCbK I-OB CHMMETPHYHO C napaﬁonoﬁ Yy = %.’EQ. B sTom cjlydae BcCe
3HaueHHs] (YHKIMH OTPHILATENbHbI, KPOME O[HOr0, DPABHOIO HYJIO NPH
x=0.

3ameuyanue. EcIH 3aBUCHUMOCTb MEXIY [ABYMS TEpeMEHHbIMH BeJIH-
YHHAMH Yy H X BbIPAXKAETCH PABEHCTBOM Y = L‘L.’E‘, roe a — KaK()e-HH6y,Ilb
NOCTOsIHHOE YHCJIO, TO MOXHO CKa3dTb, YTO BeJAH4YHHA I [PONOPLHOHAJbHA
KBaJpaTy BEJUYHHbB &, TaK KK C YBeJUYEHHEM WJIM YMeHbLIeHHEM I B 2
pasa, B 3 pasa U T. 4. Be&JHYHMHA Yy YBEJHYHBAETCA HJAH YMEHbLIIAETCH B 4
pasa, B9 pas, B 16 paz v T. 1.

Harpumep, MJollaib Kpyra pasHa wRZ, rae R ecTb pajuyc Kpyra
T — TMNOCTOAHHOE YHCJIO; MOITOMY MOXHO CKas3aTh, 4TO MJollalb Kpyra
NpoNnoplHOHalbHA KBajipaTy ero paiuyca.

48. Tpaduk pynkuun y = ax® + b. TlycTs Mbl MMeeM caeayiolHe
TPH PYHKIIHH:

1) y:%ff:g; Ny= ém2+2; 3Ny = %.’L‘Q—.‘Z.

OueBH/HO, YTO TIPH OJHOM W TOM K€ 3HAYeHWH apryMeHTa @ OpjMHAaTa
BTOpoH (yHKNMM Goablie, a opAHHATa TpeThed (YHKIMH MeHblle Ha 2
e[lMHMLbl, YeM COOTBETCTBYMOLLAs opaHHara nepsoi ¢(yHKuHH. [losTomy
BTOpas M TpeThs (DYHKIUMH H300passitcsa rpagHyeckd TOH ke nmapabogoH,
4yTO M nepBast QyHKIMA, TOJBKO Mapadosa 31a A0JMXKHA ObITb MOAHATA BBEPX
(ans BTOpOH (PYHKLMHM) W OnylleHa BHHM3 (A TpeTbed (DYHKUHH) Ha 2
€IHHHLbl [AJIHHBI.

Boo6ie rpadbuk GpyHKuHH y = ax® + b ecTh Ta Ke napa6ona, Koropas
usoGpakaeT GyHKIHIO ¥ = ax’, TONbKO NMapabosa Ta JOJIKHA ObITh MOJ-
HATa BBepX, ecau b > 0, u onyuleHa BHU3, ecau b < 0, Ha b eIMHHUIL LJIHHBL.

Ynpaxcuenus.
85. HauepTuTb npH OAHMX H TeX JKe OCAX W NpPH OAHOH M TOH Xe eiHHHIe
JJIHHBI TPAa(PHKH CJAeVIOIHX (PYHKIHN:
y=0252% y=052" y=22" y=052"+1; y=05z"—1.

o 2
86. To xe nna dyuxkunit y = 2" u y = 0,5z + 1, onpenenuts KOOPIHHATH
TOYKH MepeceyeHts ITHX IPAMHKOB H MOJCTABHTL HX B JJaHHBIE YPABHEHHSA C LeJbI0
NpoBepKH rpaHKoB.

49. I'paduk Tpéxunena BTopoil crenenn. CHauyala Mbl PACCMOTPHM
rpauK Takoro TpéxuJeHa, KOTOPHH MoxKeT ObITh MpeAcTaBAeH B BHIe
npoussenenus a(x + m)’. Hanpumep, BosbMéM Takue ape (ByHKIHH:

1 1
Dy=3z+2° n 2)y=g(z-2>
s cpaBHeHHs1 M306pa3HM Ha TOM Ke uepTexe elé napaonay:

1
Ny= ZIQ'
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[IpenBapuTenbHO cocTaBHM TaGMHIly YacTHBIX 3HAYEHHH 3THX TPEX
(hyHKIIHH; HATIpUMEp, TAKYIO:

e -5 | -4 -3|-2|-1]|0| 1 |2|3 [4]|] 5 |6
1 5 1 1 1 1 1 I
Dy=—(@+22 [ 2- [ 1 | - [0 | - |1]2-|4]|6-]9]12- |16
Yy=z{z+2) 4 3 2 1 4 2
1 1 1 1 1 1 1
— B _ 92 it i ) = Z e
Dy=g=-2% | 12| 9 |65 | 4 |27 |1 AE1R4 L 5 | &
3)y=lac2 61 | 4 |21 | Plol Y fif2l]a]el |0
4 4 4 4 4 4 4

Hanecs Bce 3TH 3Ha4eHHs HA 4epTEX, Mosy4rHM TpH rpaduka, Haobpa-
WEHHble Ha puc. 19.

PaCCM&TpHBaH 3TOT PHCYHOK, Mbl 3daMe4daeM, 4TO KpHBas 1 eCTh Ta e
napaGona 3, HO nepeHecéHHAd Ha 2 eAMHMWILLl BJEBO, a KpHBas 2 ecTh Ta
e napaGona 3, HO nepeHecEéHHAs HA 2 eMHHIIbl BIPABO.

¥

Y T
i \ ol /

]
—-
e
Pyt

NI IN /7T Y
USRS

n 6 -4 =2 o 2 4 6 x

Puc. 19

OGo6uiast 3TOT BBEIBOL, MBI MOXKEM €KasaTb, 4TO rpaduk YHKIUHH y =
= a(x 4+ m)? ectb napa6osa, usobpaxawoias GpyHKIHIO Y = az’, TONbKO
napa6oJia 3Ta nepeHeceHa BJeBO, ecii m >0, U Brnpaso, ecad m <0,
Ha CTOJIbKO €IHMHHIL, CKOJIbKO HX 3aKjouaercs B abCOJIOTHOH BesHHHHE
yucna m. Bersu artoil napaGosibl Hanpas/JeHbl BBepx, ecaH a > (0, Kak B
HalIWX TpUMepax, W BHH3, ecnd a < (), Hanpumep, Kak y napadoJbi:

1
y==(z+2)>%
4
Teneps BozbMEM Tpéxusen Buaa: y = az’ + bx + c. Paccmotpum, Ha-
npuMep, TAKOH TPEX4JeH:

y= Lot igrpol
y=52 +3.L‘+22.

x -6 -5 -4 -3 -2 -1 0 1

Yy 2‘§ 0 -1= -2 7]-2“ 0 2§ 6
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[TocTpous ToukH, nzolpaxawliiuye NoMelIEHHble B TaG/HIe 3HAYECHHSI, H
NpOBeIs uepe3 HUX KPHBYIO (kpuBas 3-s1, cM. puc. 20), Mbl MONTyUuM HC-
koMbl rpaduk. [Toxkaxem Tenepsb, 4To 3TOT rpaHK ecTb Ta Ke napadona,

KoTopas Haobpamaer HYHKUHIO ¢ = §a:2 (monyueHHy oTOpachiBaHHEM B

JaHHOM TPEXYJIEHe BTOPOrO H TPETLErO UYJIEHOB), TOJLKO MapadoJa 3Ta Ie-

¥

X

=

Puc. 20

peHecena B apyroe mecto. Jlis 3toro npeobpasyem JaHHbIH TPEXUJIEH CJle-
ayioukm o6pazom. Bo-nepsbix, BolHeceM 3a cKOOKH KOI(dUIMeHT npH a2

1 o | ;
5% +3:c+2—2(.1: + 6z + 5);

BO-BTOPbLIX, K TPEX4JeHy, cTosflleMy B CKOOKax, A00aBUM [1Ba B3aUMHO
YHHUTOMXKAIOWIMXCA YieHa 9 u —9:
1
2
W, B-TPETbHUX, CTPYMNMHPYEM 4/eHbl MHOTOYJIEHA B [B€ T'PYMIbl, TOJYYHM;

(:;s?+6;r+5):%($2+6x+9—9+5);

%(J:2+6:1:+9—9+5) - é[($2+6m+9)—(9—5)] -
— %[(:c+3)2 4= Fi,-(:wr?,)? 9.
[NpuunMasi Temepb BO BHHMAaHHe MPHMEPbl, Pa300paHHBIE BHILIE, Mbl
MOXKEM TOCTYTHTh TaK.
_ 1
[Moctpounm napaGosy, M306paxamly0 GYHKUHI § = 5% (kpuBasi 1-s1,
cM, puc. 20), 3aTeM nepeHecéM eé Ha 3 eJIMHMIIbBI BJIEBO, TOTAA TMOJYUHM
2-10 napabosy, u3obpaxkawulyo QYHKIHIO y = %(:1:-{- 3)2. A1y napaGoay
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nepeHecéM Tenepb Ha 2 eIHHMILI BHH3, TOrga MnojayduMm 3-i0 napaGosy,
H300pazarllyl0 NaHHYIO QYHKIHIO.

50. I'pajpuueckuii cnocolG peumeHHss KBaJPaATHOrO YypaBHEHHH.
KBanpaTHoe ypaBHeHHe MOMKHO Tpa)MYecKH pPELIMTb TaKHM CIOCOGOM:
NOCTPOMB HAa MHJIMMeTpoBOoHM OGymare napabonay, M300pa)Kawollyw Tpéx-
4/IeH, CTOSIIMH B JIEBOH YaCTH yPaBHEHHs, HAXOAHM TOYKH MepeceveHHs
3TOH napabodbl ¢ OCbH0 x-0B. AGCUHCCH 3THX TOYeK H OyAyT KOpHH
YpaBHEHHS, TAK KaK MPH 3THX abCIMCCAX OpPIMHATH, H300paXKaloliHe
COOTBETCTBYIOLIHE 3HAUEHHSA TPEXUJIEHA, PABHBI HYJIO.

[Tpumeps.
1 o 1
1) 57 +3;r+2§ =0.
I'padmk JseBoi 4YacTH 3TOr0 ypaBHeHHs H300paxKéH KpuBoid 3 (cwM.
puc. 20). Ha uém Mbl BHAMM, 4To napabosa nepecekaeTcsi ¢ OCbl0 T-OB B
[BYX TOYKAX, a0CUHCCHl KOTOPbIX — 1 H —d. D10 ¥ Gy1yT KOPHH ypaBHEHHSI.
DT0 MOXKHO [IPOBEPUTH, PELLUB ypaBHeHHe rocpeacTsom obiieit popmy-
JIbl HJIH YTEM MOACTAHOBKH.
9l _orto-o.
. 1

CocTaBHB Tab/HILY YaCTHLIX 3HAUEHHH TpExuJsieHa y = §;r:2 -2z + 2,
@ -2 -1 0 1 2 3 4 5 6
1 1 1 1
8 4— [ 2] = 0| = | 2| 4= | 8
o ) ) 2

=
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C OCbI0 -0B, a TOJBLKO €€ KacaeTcsi B Touke ¢ abcuuccoit 2. YpaBHeHue B
9TOM CJIy4ae MMEeT TOJBKO OIHH KopeHb 2 (TouHee, [BA PABHLIX KOPHS).

22—z +2=0.

x -3 -2 -1 0 1 2 3 4

Y 14 8 4 2 2 4 8 14

[TapaGona (cM. puc. 22) He nepecekaeTcss W He KacaeTcsi OCH X-OB;
YpABHEHHME He UMEeT BelIeCTBeHHLIX KOpHeH.

YkaxeM ellé caeqyioldi npuéM rpauueckoro perieHus KBajJpaTHOTO
ypasuenus. [Iycte TpeGyeTcs peluuTe ypasHeHHE;

22— 150 —2=0.

npeﬂCTaBHM ero Tdak.
2 =15z+2.

Kampas gacte 3TOro ypaBHeHHs, paccmaTpHBaemasi OT[AEJbHO, eCTb
Hekotopast ¢yHKuMsa ot x. O003HAYMM (YHKIHIO, BLIPAXKaeMyio JEBOH
4acTblo ypaBHeHHA, OYKBOH yj, a QyHKIIHIO, BblpaXaeMyo MpaBoH 4acTbio
ypaBHeHHs, OYKBOH yo. [lepBas (pyHKuMA HA puc. 23 u3obpasuTces napado-
Jo#, a Bropas — npamoi. [TocTpOHB HA OJIHOM H TOM e uepTeske rpaHKH

v
777,8_ ,,,,,,,,

[
"
~

\\

=Y

|
|
|
|
|
|
|
|
|
|
}

.‘.'1. | / | ()

™~

[0 [P R R s

w2 101 1

Puc. 22 Puc. 23

9THX ABYX (DYHKIHH, Mbl HAHAEM, 4TO NpAMas W napadona nepecekarwTcs B
JABYX TOUKAX, aOCLHCCHI KOTOPBIX MPHOIH3UTENBHO BbIPAXKAIOTCH YHCIAMH
2,35 1 —0,85. D10 M OyayT NpUGAMKEHHbIE 3HAYEHHS KOPHEH JaHHOro
YPaBHeHHH, TaK KaK MPH KaxKJ0H H3 3THX alCIMCC OPAMHATH 1, Y2 PABHbI
MeXKLy coboil, M, caenoBaTensHo, x2 = 1,5z + 2.
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Ecau cayuures, uro npsimasi ¢ napaGoJioi He nepeceKaeTcsi, TO ypaBHe-
HHe He HMeeT BellleCTBEeHHLIX KOPHeH; ecslu e npsMas KocHETca napabo-
Jbl, TO YpaBHEHHe MMeeT OJMH KOpeHb, PaBHbIH afCIlMcce TOUKHM KacaHHs.

Ynpaxcuernus.

Cocrapus TabsHIbl YAaCTHBIX 3HA4YEHHH, MOCTPOUTh IPadHKK CAENYIOMHX TPEX-
4/1eHOB:

87.y=2" -2 -2, y=2"+3z-2

88.y=o44zx—-1; y=-z'42x-2

89.x=-2 —4y—2, y=a’—3z—5.

PewnuTs rpauuecky cnenylouiye ypasHeHHs:

90.2° =2+6;, 2°=224+2 2'=2-3a.

91. 22 =3z 1+ 5, 2° =122 — 36; :132:31;—4.

51. bukBagpaTtHoe ypaBHeHHe. YpaBHeHHe ueTBEDTOH cTeneHH, Ha-
NpUMep, TaKoe:
t—132° +36 =0,

B KOTOpPOE BXONAT TOJNLKO 4€MMble CTEMeHH HeM3BEeCTHOro, HasbiBaeTCA
bureadpamusim. Ono MPHBOATCA K KBAADATHOMY, €C/H SAMEHHM 2% Ha y
M, caenosareasto, x! na y’; Torna ypasHenne oGpaTHTCs B KBaApaTHOE:

2 _ 13y + 36 =0.

PemuMm ero:

169 13,5,
y=7g % —80 = V4 =33

_—:4.

13,5
n=5+35=9 yz—; 3

Ho us pasenctsa x* =y suamo, uro x = =+,/y. Iloactasass ciona Ha
MecTO y HaHAeHHbe uucaa 9 W 4, MoJayuYnuM CJlefyiollHe YeThIpe pellleHHs
NAHHOTO YpaBHEHHA!

z{ =449 =8, zp=—v0 =—
:E;3=+\/21—=2; T4 —\/&3—

CocTaBuM opmysbl 1751 peLieHHs GHKBaLpaTHOTO ypaBHeHHs 06llero
BHJIA:

Il

axt +brl +c=0.

Monoxus x> =y, nonyuuM ypasHeHue ay® + by + ¢ = 0, U3 KOTOpPOro

HaXxooHM:
—b+ Vb — dac . _ =B b? — dac
2a » 2= 2a ’

(7]
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Ho rak kak x = &,/y, T0 A1 GHKBaZPATHOrO YpaBHEHHs Mbl NOJYYHM
cJeflyollHe YeThIpe pelleHHs:

—b+ Vb —dac —_— —b+ Vb — dac

=t 2a T 2a ?
—b— Vb —4dac —b— Vb — dac
T3 =+ — gz M==\——% -

Orciona BHAHO, u4To ecaH b — 4ac < 0, To BCe yeTbipe KOPHS MHHUMbI;
ecau ke b2 — 4ac > 0, To MOryT GbITh TpH caydas (Mbl nosaraem a > 0,
¢ #0): 1) Bce KOpHH BelIECTBEHHBIE (KAK B MPHBEAEHHOM BBIIIE YHCICHHOM
npumepe), eciu —b + Vb* —4ac >0 u —b— Vb?* — 4ac > 0; 2) Bee KOpHH
MHHMBIE, ec/IH 00a 3TH BbipaXKeHHs 1dIyT OTPHIIATENbHbIE YHCAA; | 3) 1Ba
KOPHsi BeleCTBeHHble M ABa MHHUMble, ecad —b+ Vb2 —4ac >0, a —b —
— Vb — 4ac < 0. Hakowen, ecau b®> — 4ac = 0, To 4eTbpe KOPHS NOMapHO
PaBHBL.

Ynpaxcnenuas.

PeLLI]dTb c.nenyiomne ypaBHEHHH:

92, 2" — 52 +4=0; 2'—10°4+9=0.
93.2' — 222 -3=0; 22'-72"=4.
94, z* — 254 + 144 = 0, ' — 277 = 63.

52. YpaBHeHusd, JeBas 4acTb KOTOPbIX pasjaraercs Ha MHOMKH-
TeqM, a npaBas eCcTb Hylb. PelleHue TakuX YpaBHEHHEH CBOAMTCS K
pelieHHio ypaBHeHui Gosee HH3KUX creneHed. Tak, Mbl BHAEJH, YTO /s
pellleHHs HenoJIHOrO KBaJPAaTHOTO ypabHeHMs Buia ax’ + br = 0 nocta-
TOYHO €ro JIeBYK HacTh Pa3JoXKHTh Ha JBa MHOoxHTeasd: z(axr + b) =0
¥ 3aTeM, MPHHAB BO BHHMaHWe, 4YTO MPOM3BEAEHHE PABHO HYJIIO TOJbKO
TOrzia, KOrja KakoW-HMOyIb COMHOXKHTENb PaBeH HYJ/IO, CBECTH pelleHHe
9TOr0 YPABHEHHsl K PELUIeHHMIO ABYX YpaBHeHHH nepeoit crenenu: z = 0 u
ax+b=0.

[TonoGHO TOMY MOMKHO PelHTb HerojHoe KyOu4eckoe ypaBHeHHe, He
cozep:Kaliee cBOOONHOrO YJieHa; HAMpHMep, TaKoe:

z° + 322 — 10z = 0.
BblHECB T 34 CKOGKH, Mbl NMPpeACTABHM YPaBHEHHE TaK:
x(z® + 3z — 10) =0,
H, CJ€10BATE/NbHO, OHO pacnajaeTcs Ha ABa YPABHEHHS!

z=0 u 22+3x-10=0,
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M3 KOTOPBIX HAXOAHM TPH pelleHHs:

_|_

3 9
z3=—5—4/3+10 =-5.

[TycTh HEKOTOpOE ypaBHEHHE TIPHBEIEHO K TAKOMY BHIY:
z(z + 4)(2® — 5z +6) = 0.
Torna oHo pacnajaercst Ha TPH ypaBHEHHMs:
=0 z2+4=0 z*-52+6=0.

ypaBHeHHF{ 3TH AA4K0T!:

1=0; =z :-g

=0 xo=-4; x3=2: 34=23.
53. JIpyuseHHoe ypaBHeHHe. JIByuJIeHHBLIM ypaBHeHHEM HA3bIBAETCS
ypaBHenue Buaa ax™ + b = 0, wau, uto TO XKe camoe, Buaa x™ + — =
a

1) b
=0 ). O603HaunB ABCOMOTHYIO BEJHUYHHY 4HCIIA - epes g, Mbl MOXeM

[IBYYJIEHHOE YpaBHEHHe 3anucaTb Tak: Wau z™ + ¢ = 0, uan 2™ — ¢ =
= 0. Ilpu nomoliM BCroMoraTelbHOr0 HEM3BECTHOTO 3TH YPaBHEHHs BCeryia
MOXKHO YTPOCTHTb TakK, 4To CBOOOAHBIH 4JeH y nepsBoro odpatutcd B +1,
a y sroporo B —1. JleficTBHTe/bHO, MOJOXKHM, 4TO T = y /g, rae 7/q

ecThb apughmemuyeckuil KopeHb m-H CcTeneHw H3 g; torna x™ = qy™, H
YpaBHEHUS MPUMYT BHJ:

gyt +q=0, T1e qy™+1)=0, orkyna y"+1=0;
HJIH
gyt —q=0, T1.e qy™ -1 =0, orkyna y™ —1=0.

Hrak, pemieHde IBYU/NEHHBIX YPaBHEHHH TMPUBOIUTCS K PeIIEHHIO ypaB-
HeHud Bupa y" £+ | = 0. Pelwende Takux ypaBHeHHH 3JeMeHTapHbIMH
crnocofamMmu MoXeT OblTh BBIMOJHEHO TONBKO NMPH HEKOTOPbIX YACTHBIX 3Ha-
qeHHAX MokasaTens m. O6uHi npuém, ynotpebaseMblii TPH 9TOM, COCTOHT
B Da3JI02KE€HHH JIEBOH YaCTH YDaBHEHHS HAa MHOXHTE/IH, MOCJEe 4Yero ypas-
HEeHHe NMPHBOAMTCA K BHIY, PACCMOTPEHHOMY HAMHM PaHblLe.

54. Pewenue ABYYJIEHHbIX YpaBHEHMH TpeTbeil cTeneHu. T
ypaBHenus caenyiomme: x> — 1 =0u 23 + 1 =0.
3aMeTHB, YTO

g3 _ ::133—13:(37_1)($2+I+1)

') Korna neyunesHoe ypasHeHHe HMeeT BHI ax™ + bx™ = 0, rie m > n, 10 ero
MOXHO NpefcTaBuTh Tak: " (ax™ ™ + b) = 0, u, cnefoBaTeNbHO, OHO pacrajfaercs
Ha aiBa ypaBHeHHs: " =0 u az™ " + b =0.
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P4l=B 4+ =@+ D(?-z+1),
Mbl MOXKeM TMNpeAJoXKeHHbIe YPABHEHH 3alHCATh TaK!
(x- D +z+1)=0 u (z+1)(z>-z+1)=0.

3HAYHT, MEPBOE H3 HHUX UMEeT CBOHMH KOPHSIMH KOPHH ypaBHEHHH: = —

—1=0uz>+2+1=0, a BTOpoe — KOpHH ypapHeHuii: x + 1 =0 u
P_z+1=0.

PewiB uX, HaXOAHM, uTo ypaBHeHHe x5 — | = 0 UMeeT caieAyiolIHe TPH

KOpHSI:
=1 44/23 ] ey

€ry = 1; Ing, Ir3=—————,

2

H3 KOTOpPBIX OIHH BEllECTBEHHbIH, a JBa MHHMbIX; YPpaBHEHHE .'1’73 +1=0
HMeeT TPH KOpHA:

1+v=3,  _1-v=3
LA _1=-v-3

H3 KOTOPBIX TaKXKe OJHH BeIEeCTBEHHbIH W J1BA MHHMBIX.

Ty =-1; x9=

55. PaznnuHble 3HaueHHs KOpHA. PelueHue IBYUIEeHHBIX YpaBHEHHH
UMeeT TeCHYIO CBfA3b C HAXOXK/IEHUEM BCeX 3HaueHWH KOpHs (pajuKana) u3
naHHoro uvcaa. B camom gnene, Haiith VA, o4eBMIHO, BCE paBHO, 4TO
pewnTh ypaBHeHue ™ = A, 1.e. 2™ — A =0, ¥ noTOMY, CKOJILKO 3TO
ypaBHEeHHe MMeeT Pa3MHYHBIX pPelleHHH, CTONBKO WA umeer pa3IHYHBIX
3HAYEHHH.

OcHoOBBIBasiCb HA 3TOM 3aMedyaHWH, MOKaXKeM, HarlpuMep, 4To KOpeHb
Kybuueckull u3 8CaK020 6eWecmBenH020 UcAa (He pasHO20 HYAK) UMe-
em mpu PasiutiHbiX 3HAUEHUS.

PaccmoTpum cHavasa caydai nogsoxuresnpHoro yncena A. [yers Tpeby-
e’rcn HaiitH VA, T.e., JAPYTHMH CJIOBaMH, Tpeﬁye'rca PEelIHTh ypaBHEHHe

— A = 0. ObozHauns apndome'rpmecme 3nauenne A A 6GykBoit ¢, mono-
UM, uTo = = qy. Torna ypasHenue 2° — A = (0 MOXHO NpPENCTABHTH TaK:

3 - A=0.Ho ¢ = A, nostomy ¢*y® — A = A(y® — 1), u ypaBuenue
NPHMET BHJI: ¥ —1=0.

ME1 BUIeIH B TIpeabiaylieM naparpade, 4To 3TO ypaBHEHHe HMEeT TPH

KODHS:
, ] yfB —li= /8
vy =1 Pp=—— B=—p -

Ka/0e M3 3THX 3HAueHWil, YIOBJETBOPSAS ypasHeHuio y° = 1, mpen-
cTaBJjsieT co0oi KyOuuecknid kopenb H3 1. Tak kak x = gy, TO

i —1+v-3 o

Typ=4q-1=4q, $2=q-f, 3=4q- 5
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1o ¥ OyAyT TPU 3HAYEHHS V/A: OIHO W3 HHX BellecTBEHHOe (apud-
METPI‘-IECKOG) a nBa MHUMble. Bce oM mosmyuates, eciu apudMeTHUecKoe
aHaueHue VA YMHOXKHM Ha KaxJoe U3 TPEX 3HaYeHHH U1,

Hanpuwmep, kyGudeckuil KopeHb U3 8 UMeeT TPH CJENYIOUHX 3HAYEHHS:

2. 2.—1% V-3 1 4+/53; 2.—1% V-3 _ | _./73.

Ecan A < 0, To mpeasiayliee paccyaeHHe OCTaETCA B CHJE, TOJbKO
caenyer 0003HAUKTL Yepes g AeHCTBHTENbHOE 3HAYEeHHe \3/—A H TOJOMXKHTD
T = —qy.

56. TpéxuneHHoe ypaBHeHHe. Tak Ha3biBaeTcsl ypaBHEHHe BHAA:
ar’ + bz +c=0

(4acTHbIM caydal TAKOro BUAa Npd n = 2 eCTbh OHKBAJpPATHOE YpaBHEHHE).
OHo NpPHUBOAKTCSA K KBAZPaTHOMY, €CJIH BBEIEM BCIIOMOraTe/IbHOe HeH3BeCT-
Hoe y = z". Torna ypaBHeHHe NpHMeT BHA:

ay’ + by +c=0,
OTKyJa:
—b+ Vb — 4ac
¥=—""2.

- —b+ Vb — dac
N 2a '

CJ'!EII,OBHTEJ'[ bHO?

Peluus, eciad BO3MOMHO, 3TH [BY4/eHHbLle ypaBHEeHHs, HalléMm Bce
3HAYeHHS .
Mpumep. 25 —923+8=0.

=g ¢ -WHE=0 p=giylz-8="5

(Rl e}

8l o 9+7

y1 =8 =1,

CJIe10BaTeNbHO: . 3
=8 a°=1.

PewnB 5TH nByu/sieHHbIe YPABHEHHS TPETbeH CTeneHH, MoJy4YHM LIeCTb
3HA4YeHHH A5 T :

T =2 xp=-14+v-3; z3=-1-vV-3;
= gy=—Tvd, L Sl=vd
2 2
Ynpaxcnenus.

Pelntb ypaBHeHHS:
95:E—m3" z°+729=0; z°=64
96. 82° + 72° — 1 =0, J"' + 2ax™ — 8a.

3 ATl Kucenes
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III. CucreMbl ypaBHEHHH BTOPOH CTENeHH

57. CreneHb ypaBHeHHSl C HeCKOJBKMMM HeHM3BeCTHbIMH. UYToGHI
OTIPENe/INTh CTENeHb YPaBHEHHSl, B KOTOPOE BXOIAT HECKOJbKO HEH3BECT-
HBIX, HA/JI0 NPEIBAPHTENbHO 3TO YPABHEHHE YNPOCTHThL (PACKPHITH CKOOKH,
0CcBOGOJMTb OT PAJMKAJIOB H 3HaMeHaTeJsiel, KOTOpble COJepKaT HeM3BecT-
Hble, M CAeJaTh npuBeaeHHe nonodHeiX daeHoB). Torna cmenenvro ypasre-
HUSL HA3bIBACMCA CYMMA noxazameaeti npu Heu3secmHolX 8 Mmom HAeHe
YPABHEHUA, 8 KOMOPOM 3Ma Cymma Hauborvuias.

Hanpumep, Tpu ypasHenus: x2 + 2zy —x + 2 =0, 3zy = 4, 2z + ¢ —
—y=0— 6y11y'r ypaBHEHHHMH BTOPOH CTEMNeHH € [BYMSl HEeM3BECTHBIMM;
ypaBHenne 3z2y — y® + x + 10 = 0 ecTh ypaBHeHHe TpeTbell CTENEHH C
JBYMSI HEHM3BECTHLIMH, H T.TI.

3amMeTHM, UTO CyMMa MoKasarteseil TpH HEeH3BECTHBIX B KaKOM-HMGYIb
ujleHe YpAaBHEHMS HA3LIBAeTCH ero usmepenuem. Tak, uneww 2ry, 5%
3y2 — 8MOPO2O U3MEPeHHs; YeHbl 0,2;::@;2, lO:a:yz, %ryz — mpemuveeo u3-
MepeHHsl U T. 1. YJeH, He colepXkallliid HEM3BECTHLIX, HA3bIBAETCSH UJIEHOM
HYA€B020 H3MEPEHHSI.

3ameTHM ellé, 4TO YpaBHEHHE HasbiBaeTcsl 00OHOPOOHbIM, ECJIH BCE €ro
4leHs — OJIHOrO W Toro e uamepenus. Tak, 3x% + zy — 2y = 0 ectb
OIHOPOJHOE YpaBHEHHE BTOPOH CTEMEeHH ¢ IBYMS HEH3BECTHBIMH.

Mpr paccmoTpum cefiuac, Kak pellaloTcsi HEKOTOpblE NMPOCTeHlive CH-
CTeMbl YDaBHEHHE BTOPOH CTENEeHH C 1BYMSI HEH3BECTHLIMH.

58. OGwwmi BMI MOJHOr0 ypaBHEHHS BTOPOH CTENEHU C ABYMSA
Heu3BecTHbIMU. OH C/IeqYIOLIHN:

ax’ +bry +cy’ +dz +ey+ f =0.

B HéM nepBele TpH uYseHa — BTOPOrO HM3MepeHHs, CJelyIOllHe 1Ba
yjeHa — MepBoro W nocseaHuil (cBoGonHbii) ynen — Hyaesoro. Koaddu-
LLMEeHTBl @, b, ¢, ... MOTYT ObITb YHC/JAMH TOJNOKHTEJbHBIMH, OTPHIATE/Ib-
HBIMH, @ TakKe paBHBIMH HYJK0 (KoHeuHo, TpH KosddHuHeHTa a, b u ¢
He MpejnoJaralTcs OJIHOBPEMEHHO PaBHLIMH HYJ/IO, TAK KAaK B MPOTHBHOM
cJayyae ypaBHeHHe Oblio Obl HE BTOPOH, a MEpPBOH CTENeHH).

Mgl pacemoTpHM cefidac, Kak pellaloTcsi MpocTeHlliHe cHCTeMbl JIBYX
yYPaBHEHHI BTOPOH CTeneHW C JBYMS HeH3BECTHLIMH.

59. Cucrembl ABYX ypaBHEHHMH, H3 KOTOPBIX OJHO MEPBOH CTEMeHH,
a apyroe — Bropoi. [lycTtb nasa cucrema:

—4y* + 2+ 3y =1 ... ypaBHeHHe BTODO CTENEHH;
2E—g=1..0c005053 ypaBHeHHe MepBod CTeneHH.

Bcero ynoGHee Takyio CHCTEMY PeLIMTb CnOCOBOM NOOCMAHOBKU Clle-
aytowumM nytém. M3 ypaBHenus nepBoit cTeneHu onpejenseM OQHO KaKoe-
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HHOYAL HeM3BeCTHOE KakK (DYHKUHIO OT APYroro HEW3BECTHOO; HAlpHMep,
onpenensieM Y KaKk QYHKIHIO OT T :
y=2r-—1.

Torpa ypaBHeHHe BTOPOH CTeNeHH rMocje MoacTaHOBKH JAET ypaBHEHHe
C OAHHM HEH3BECTHBIM I :

2? —4(22 — )2 + 2+ 32z - 1) = 1;
o — 442’ -4z + 1)+ +6x-3=1;
22— 1622+ 162 —4+x+6x—-3-1=0;
—152% + 232 — 8 = 0: 152 — 232 + 8 = 0;

oo 28+V232-4-15-8 _ 234+/529-480 _ 23 4+ /49

2.15 30 30
s BT L BT _ 8
=73 T T T30 T I
[Tocne storo U3 ypaBHeHus y = 2z — | Haxomum:
8 1

Takum 06p330M. AdHHasA CHUCTeMa MMEeeT [Ba pelueHH!

8 1
D=1 y=L 2)m=1 n=1|
60. HckyccrBeHHble NpuéMbl. YKasaHHbIH NPHEM NIPUMEHMM B Tex
cslyyasx, KOrjla OfiHO ypaBHEHHe — TepBOi CTeNneHH; B HEKOTOPIX Cydasx
MOKHO MOJIb30BATbCH HWCKYCCTBEHHBIMH MPHEMAMH, IS KOTOPbIX HEJb3st
yKasaTb o0ulero npasuJa. [Ipuseném npumeps.
[Ipumep 1. z+y=a, ay=H"
Ilepeuiii cnocob. Tak Kak maHbl cymMMa H MPOH3BeIeHHE HEH3BECTHBIX,
TO T WM Y JOJKHBI ObITh KODHSIMM KBampaTHoro ypasHenus (§ 43):

Z2—az+b=0.
CuenoBarteibHO:
a ﬂ.2 a 0,2
=g =g+ T_b; ==z - T_b'

Bmopoii cnoco6. Bospengém nepsoe ypaBHeHHe B KBaADAT H BbIYTEM M3
Hero yyerepéHHoe Bropoe !):
22 4+ 22y 4 % = o?
— 4y = —4b
x2 — 2zy + y? = a? — 4b,

') MonoBuble Gpasbl ynoTpedAAIOTCS YACTO PanH KPATKOCTH: BMECTO «BO3BEAEM
00e YacTH ypaBHeHHs B KBaJpaT», «yMHOXHM o0e YacTH ypaBHeHHd Ha 4» W T.M.

3*
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(x—y)’ =a’—4b, otkyma z—y=+Va2—4b.
Tenepb Mbl HMeeM CHCTeMy:

{1:+y:a,

z—y==+vVa?—4b.
Ck/niazbiBasi ¥ BbIYHTAS 3TH YPABHEHHS, MOJYYHM:

2r=a+va?—4b; 2y=aF Va?-4b;
at+vVa®—4b y aFvVa —4b
2 * 2 '

Tak kak OJHO H3 JAHHLIX ypaBHEHHﬁ Mbl BO3BOAHWIH B KBajparT, TO NMpo-
BepaeM MOJACTAHOBKOH, HET JIH MOCTOPOHHHUX KOpHeﬁ B UMCJIe HAHAEHHBIX.
Takum 06p330M HAXOOHM, UTO NaHHAafA CHCTEMa UMEeT [Ba pelleHHd:

a+vVa®—4b a—\/m

=" T9 =

2 2
H
a—vat—4b a+va2—4b
e e

Bropoe pelienue oTaM4aeTcst OT NEPBOrO TOJNBKO TEM, UTO 3HAYEHHE &
B MePBOM pellIeHHH CYXKHUT 3Ha4eHHeM i BO BTOPOM pellleHHH, H HAoGopoT.
IT0 MOKHO OblI0 NPEeABHIAETb, TAK KAK JaHHbIE YPABHEHHS HE H3MEHSIOTCH
OT 3aMeHbl T Ha ¥, a ¥ Ha . 3aMeTHM, YTO TaKHe ypaBHEHWs Ha3blBalOTC
CUMMEMPULHBIMU.

[Mpumep 2. z—y=a, xzy=>h

Iepsuiii cnocob. llpenctaBuB ypaBHeHUS B BUJIE:

T+ (~y)=a, z(-y)=-b
3aMeyaeM, uTo & U —y — 3TO KOPHH KBaJpPaTHOTO YpaBHEHHS:
2 —az—b=0,

CJie/10BaTeJIbHO!:

2 2
35:31:%+ %er: y=—Z2——(%+\/‘fT+b).

Bmopoii cnocob. Bossens nepsoe ypaBHeHHe B KBajJpaTr M CJOMXKHB €ro
C yYeTBEePEHHLIM BTOPBIM, MOJYUYHM:

(x+y)’ =a®+4b, otkyna z+y=+Va®+4b.
Tenepp umeem cucremy:

{$+y=i\/a2+4b,

T—Yy=a.
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CkyanbiBasi H BLIMMTAas 9TH ypaBHEHHs, HAHLEM:

2 ’ - 2 .

HDHME[J 3. r+y=a, 3?2+y2=b.

BOSBEILH nepeoe ypdBHeHHE B KBAJAp4AT H BblUTA H3 HEro BTOpPOeE, NMOJy-
HYHUM: 9

_axval+4b y_—a.:l: a? + 4b

2zy =a®—b, otkyza xy= 2 Q_b.
Teneps Bonpoc NPHBOAUTCS K PEIIEHHIO CHCTEMBbI:
b
r+y=a, IY= = 5

KOTOPYIO Mbl YXKe& PacCMOTpPeJ/IH B TIepBOM TNpHMepe.

61. Cucrema IByX ypaBHEHHIl, H3 KOTOPBIX Kay/I0€ BTOPOW CTere-
nu. Takas cucrema B oflleM BUIe He pa3pellaeTcs 3JEMEHTAPHO, TaK Kak
OHa TIPHBOJAMTCS K MOJHOMY YPABHEHHIO YeTBEPTOH CTENeHH.

PaccMOTpHM HEKOTOpble YacCTHBI € BHIAB YPABHEHHH, KOTOPbIE MOMKHO
PEeLUUTb 3JeMEHTapHLIM MYTEM.

lpumep 1. 22 +y* =a, 2y =b.

lepsvui cnoco6 (cnoco6 nodcmarosxi). U3 BTOporo ypaBHeHHs onpe-
flessieM OJHO HEW3BECTHOE B 3aBHCHMOCTH OT JPYTOro: HampuMep, & =

b

= —. [logcTaBUM 3TO 3HA4YeHHe B [EpPBOE ypaBHEHHE W OCBOOOLMMCS OT
y

3HAMEHaTeJIsl; TOria NnoJy4ynM GHKBALPATHOE YpaBHEHHE:

y" = ay2 +=0.

Pemus ero, Haliném ans y yeTsipe 3HadeHud. [lonctaBus KaXknoe U3 HUX
B (pOPMYJy, BLIBEJIEHHYIO paHee [/1s , HAHIEM YeThipe COOTBETCTBYIOIIHX
3Ha4YeHHA AJS T.

Bmopoii cnoco6. Cnoxus nepBoe ypaBHEHHe C YABOEHHBIM BTOPLIM,
NOJNYYHM:

P+t +2y=a+2b, Te (r+y)’=a+2b,
oTKyaa = +y = £va + 2b.

Briuts us nepBoro ypaBsHeHHA YABOEHHOe BTOpOe, HaWUaEM:
£2+y2_2:ﬂy:a—2b, T. €. (:L'—y)2:g;—2b‘
oTkyna: x — y = +va — 2b.

Takum o6pazom, BOMPOC MPUBOLHTCA K PEILEHHIO CAEAVIOUIHX YeThIPEX
CHCTEM MepBOH CTeneHH:

3 {I+y—\/a+2b. 2) {:::-i—y—\/a+2b,

T—y=+a—2b; r—1y=—va—2b;

3) {:r+y——\/a+2b, 4) {:E+y——\fa+2b,

T —y=+va-—2b; r—y=—va—2b.
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Kaxnasi u3 Hux peluaetcs BecbMa NpOCTO MOCPEACTBOM aJredpanyecko-
ro C/NOMEeHHs ypaBHeHHH.

Tpemuti cnoco6. Bo3Bens BTopoe ypaBHeHHe B KBaJpaT, MOJYYHM CJle-
AYIOILYI0 CHCTEMY: )
2+’ =a, %y’ =10

2

Otciona BUAHO, uTO =2 M y> — KOpPHH KBaJPaTHOTO ypaBHEHHs:

2 —az+b*=0.

CrieloBaTeNbHO:
2 2
Igzzl:g-é-\;‘az—lﬂ, ?}222223_\f%—b2.
MNpumep 2. 22 —y>=a, zy=0>

Cnocobom MOACTAHOBKH JIETKO TPHBEAEM 3Ty CHCTEMY K OMKBaapaTHO-
MY ypaBHeHHI0. BoT elé HCKyccTBeHHbIH NMPHEM pellieHHs] STOH CHCTEeMBl.
Boseens BTOpoe ypaBHeHHe B KBaapat, OyAeM HMeTb CHCTeMY:

22—yt —a, aiyt =
HJIH
o+ () =a, 2(—y") = -

2w —y® GyAyT KOPHSMH yPABHEHHS:

2—az-b0¥=0.

OrTcrona BUIHO, YTO I

CuienoBaTebHO:
9 a o’ 9 a a’
T =21 == = 2 =y =—| = - — 2 .
T r=g + 1 +b2, vy (2 1 + b )

Otciona HalWaEM T H .
3ameuanue. Bo Bcex cayuyasx, KOrja npUXOAMTCA BO3BOAMTL Yypas-
HeHHsl B CTeleHb, HeoBXoAHMa NMPOBepKa KOpHeH.

62. I'pajuuecknit cnoco® pemwreHHs cUCTeM YypaBHeHHWH BTOPOH
creneHd. HauepTHB rpaduky KaxIoro M3 JaHHBIX YpaBHEHWH, HAXOIHM
KOODAHHATBI TOYEK NepecedeHHs ITHX rpadHKOB; 9TO H OyAYT KOPHH Yypas-
HEeHHH.

[Tpumep. Pemuts rpaduuecku cuctemy:

Ny=2-3z+2, 2)z=27"-3.

CocraBum TabJIHIlY YACTHBIX 3HAYEHHMH & W ¥y [/Isl IEPBOI0 ypaBHEHHS:

x -3 -2 -1 0 1 2 3 4 5

Y 20 12 6 2 0 0 2 6 12
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H Tab/HIy YacTHLIX 3HAY€HHH © W Yy 1J8 BTOPOrO YpPaBHEHHS!

y| .| 3| 2| -t o | 1 |2] 3] 4

x 15 5 -1 -3 —1 5 15 29

[To 3TUM 3HAUEHHMAM MOCTPOHM rpaduku (3TH rpaduky GynyT napabo-
JIbl, CM. pHc. 24).

Puc. 24

I'paduiky nepecekalTcsi B IBYX TOYKAX, KOOPAHHATBI KOTOPBIX MPHOJIH-
aurenbHo oyayr: 2 =03, y=13ux =28 y=16.

MoKHO HAHTH KOOPIHHATBI TOYEK MEpeceyeHnsl TOYHee, eC/H HAYepTHM
B OoJiee KPYNHOM MaciiTade Te 4acTH rpadMKOB, KOTOPbIE JIEXKAT OKOJO
TOUEK NepeceyeHms.

Ynpaxcuenus.
PewuTsh crenyionire cHcTeMbl YpaBHeHHH:

r+y=11, r—y=23, Iy—a
Bt {Iy=24; {.Ly—40 z
2 2
- T +y =25, :c+u—96 mfy—156,
. :im; 'U_U_ m_’u_
3
1 1 1
e - 3 1 1 5
x y 3 + o= ==,
99. ] 1 ) 100. r y 6
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92° — xy + 2y2 + 4x = 20,
52 — llzy + 2° = 0.

102. [lpa nemwexona A0JKHB TPOHTH nyTh B 270 kM. OIMH M3 HUX TPOXOIHUT
exelHeBHO Ha 6 KM GoJblle, ueM APYro#, BCJAELCTBHE Uero OH ynorpebaser Ha
Becb nMyTb Ha 1,5 nHA MeHblue, yeMm Apyroil. Bo ckombko AHeH KaMKIblif M3 HHX
TPOXOIHT BeCh MYTh?

103. Tlone umeer dopmy npamoyrodbHuka. OnpefenuTs ero nJollanb, sHas,
yto: 1) ecau AJHHY €ro yMeHbLUHTb, a LIKPHHY YBeJH4HTb Ha 12 M, To OHO
nony4yaer GopMy KBazparta; 2) eciH e LJMHY YBeJHUYHTb, 4 LIMPHHY YMEHbLIHTL
Ha 12 M, TO naolanb ero okaxercs 15049 m*.

104. JlnaroHanb npsaMOYTOJNbHOTO Mapajfefenunesna, BbICOTA KOTOPOro paBHa
3 M, UMeeT AAMHY 13 M, nepumeTp ero ocHoBaHuA paseH 32 M. HafiTW u3mepeHHs
OCHOBAHHs NapaJJjesentnesa.

105. B npsMOYroJbHOM TpeyroJibHHKE TMMOTEHY3a, paBHas ¢, BbICOTOH, omy-
LleHHOH Ha He&, pasfeneHa Ha 2 OTpe3Ka, M3 KOTODHIX OIMH pDaBeH KaTeTy, He
npuJerawolleMy K Hemy. HaiiTu katetsl.

106. B npsmMoyroisHOM TpeyroJbHHKe FHIIOTeHY3a paBHA ¢ H CYMMa KaTeToB
paBHa s. HaliTh KareTbl.

101.



[maBa 4
HEPABEHCTBA

I. HepaBeHcTBa nepBoi crerneHu

63. IlpexBapureapHoe 3ameyanue. Korpa mbl roopum, uto 10 Gosb-
we 7, 3TO 3HA4YMT, 4uTO pasHocTh 10 — 7 ecTb 4MCIO MONOXKHTENbHOE,
Torfa Kak pasHocte 7 — 10 ecTb yMcn0 oTpHIIAaTeNbHOe. YCJOBHMCS pac-
NPOCTPAHKUTL ITO MOHATHE M Ha JIIOOble 1eHCTBHTENbHbIE YHCIA, 38 HMEHHO:
BhlpaXKeHue «a HoJibiie b» (@ > b) 03HAUaeT, YTO Pa3HOCTb a — b ecTh YKHCIIO0
NOJIOXKHTENLHOE, a BhIpaXKeHHe «a MeHblle b» (a < b) 03Hauaer, 4To 3Ta
PA3HOCTb — YHCJIO OTPHILATEJBHOE.

64. OcHoBHble cBOHCTBa HepaBeHCTB. JlBa uucnia WaM aBa aaredpa-
HUEeCKUX BLIpAXKEHHS, CBA3AHHbIE MexXay co00H 3HAKOM > MM <, 00pasy-
10T Hepaserncmseo. HepaBeHCTBO COCTOMT M3 ABYX 4YacTed: 4e80l 4acTH H
npasot 4acTH.

O603Ha4MM JIeBYI0 YacTh HepaBeHCTBA OYKBOH a M MpaBylo 4HacTb OyK-
BoH b. Toraa ocHoBHble CBOHCTBA HEPABEHCTB Mbl MOXKEM BHIPa3HTb TaK:

1) Ecnu a > b, 10 b < a; Hanpumep: —2 > —3; —3 < -2,

2) Ecntv a>b u b>e 10 a>c Hanpumep: —2 > -3 u —3 > —4;
torna —2 > —4.

3) Ecnma>buce=d, toat+e>b+dua—c>b—d, T.e. ecau
K HepaBHbBIM YHCJaM MPHOABMM MJH BbLIUTEM H3 HHX paBHbIE YHCAA, TO
3HAK HepaBeHCTBa He M3MeHHTCH (OoJbliee YHca0 ocTaHeTcs GOJMbLIMM).
Hanpumep: 2 > —3; npubaBum uiu Belutem no — 10:

24 (-10) > -3+ (-10), T.e. -8 > —13;

2—(-10) > -3 —(-10), r.e. 12> 7.

4) Ecnha >bue>d, 10 a+c> b+ d; papupim 06pasom, ecad a < b
He<d, Toa+ec<b+d.

HampHMep, ecJH HacTH ABYX HepaBeHcTB: —7 > —10 m -3 > —4
NOYJEHHO CJ0KHM, TO moayuum: —10 > —14.

PaBHbIM 00pasoM, ecJu CJA0MHM MOYJNEHHO YacTH JBYX HepaBeHCTB
2<8u—4< -2, to 6ynem umeth: —2 < 6.

5)Ecmma>b,ac<d, Toa—c>b—d,vnnecmua<b,ac>d, 1o
a—c<b-—d.
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Hanpuwmep:

—-8>-10 7T< 12
1 2< 3 18> -2

— 10> —13 HJIH —-1<14

Yenoesumesa o ABYX H€paBeHCTBAX TOBOPHTb, YTO OHH 00UHAKOBO20
CMbLCAG, eCJIH B KaXJ0M H3 HHX UMeeTCs OAHH U TOT 2Ke 3HAK > HJH <, H
YTO OHH APOMUBONOAOHHO20 CMbICAQ, €CJIH B OAHOM H3 HEPABEHCTB CTOHUT
3HaK >, a B IpyromMm 3HaK <. Torpa cBoiicTBa qem'ép’roe H OATOE MOMXKHO
BbICKA3dTb TaK:

IlBa HEpaBCHCTBAa OJHHAKOBOrQ CMBICJA MOMKHO IIOYJEHHO CKJAABIBATh;
ABa HepaBeHCTBA MPOTHBOMOJONKHOIO CMbIC/Ja MOMXHO TOYJIEHHO BbIYHTATh,
OCTAaBJIsIA 3HAK TOI0 HepaBeHCTBA, U3 KOTOPOro BbIYHTAJNOCH APYroe HepaBeH-
CTBO.

6) Ecav a > b 1 m — TNOJOXKUTENbHOE YHCAO0, TO am > bm ¥ a :m >
>b:m.

Ecan 06e yacTy HepaBeHCTBA YMHOMMM MJH Pa3fe/ MM Ha OTHO M TO HKe
MOJIOKHTEJbHO® YHCJI0, TO 3HAK HepaBeHCTBA He M3MEHHUTCH.

HampHMep, YMHOXHB Ha +4 06e 4acTH HepaBeHCTBa —5 > —7, moay-
gum: —20 > —28.

7) Eciu a > b u m — oTpuuaTesbHoe 4HCao, To am < bm u a:m <
<b:m.

Ecan oGe yacTv HepaBeHCTBA YMHOMXHMM HJIH Pa3[ejuM HA OJHO U TO Ke
OTPULATENLHOE YHUCJIO, TO 3HAK HEPABEHCTBA MEPEMEHUTCH HA NPOTUBOMOI0NK -
HBIH.

HanpHMmep, YMHOXHMB Ha —1 o0e yacTh HepaBeHCTBa —D > —7, MOJY-
yuMm: 5 < 7.

65. Bonpocbl oTHOCHTeNbHO HepaBeHCTB. OTHOCHTE/ILHO Hepa-
BEHCTB (KaK W paBeHCTB), coflepKallHX OYKBbI, BO3MOXHBI BONPOCH JBYX
ponoB:

1) pewuTh HepaBeHCTBO, COJepiKalllee HEH3BECTHbIE, T.e. ONpeleNHTh,
[pH KaKMX 3HAUYeHHUsIX HEH3BECTHbLIX AaHHOE HepaBeHCTBO ClpaBelHBO;

2) nmokasaTh TOXKIeCTBEHHOe HepaBeHCTBO, T.e. 0OHAPYKHTb BEPHOCTb
€ro INpH BCEBO3MOXKHbIX 3Ha4eHHsIX OYKB HJIM 10 KpaHHeH Mepe npy 3Hadve-
HHSX, OFPAHHYEHHBIX 3aJaHHBIMHA HaNepé YCAOBHSAMH.

Pewierne o6oux BOMPOCOB OCHOBLIBAETCS HA HEKOTOPBIX CBOHCTBAX
HEPABEHCTB, MOJOOHEIX TeM, KOTOpble CJYXKAT OCHOBAHHEM [Jf pelleHHs
ypaBHEHHH.

66. PasnocuabHble HepaBeHcTBa. Hepasencrsa, copepzkaliiye OfHH
M Te JKe HEeH3BECTHbIe, HA3hIBAKTCSA PABHOCUALHLIMU, €CJH OHH YIOBJe-
TBOPAIOTCH OJHHMH H TE€MH e 3HAYeHHAMH 3THX HEH3BeCTHLIX; Tak, /Ba
HepaseHeTBA 37 + 2 < 2+ 10 v 3z < x + 8 paBHOCH/IBHBI, Tak Kak o6a
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OHM YIOBJIETBOPAIOTCS 3HAYEHHAMH &, MEHbLIHMH 4, W TOJNbKO 3THMH
3HAUEHHUAMH.

OTHOCHTENEHO PABHOCHJBHOCTH HEPABEHCTBA JOKAXKEM TEOpEMBl, BeCh-
Ma CXO/Hble ¢ NMoAOOHBIMH e TeopeMaMH OTHOCHTENbHO PaBHOCH/IBHOCTH
YPaBHEHHIH.

67. Teopema 1. Ecau x obeum wacmam Hepasencmesa (codepacaiye-
20 Heussecmiuole) npubasum (Ui omHuUMeM) OOHO U MO KHee HUCAO, MO
NOAYHUM HOBOE HEPABEHCMEO, PASHOCUALHOE NEePBOMY .

OGo3Ha4MM JIeByl0 4acTb HEPABEHCTBA, CONEPHAllero HeU3BECTHbIE,
ofHOkH OykBoil A W mpasyio yacTb — Apyroi OykBoH B, W nmycTb m ecTb
KaKOoe YroJHO YHCJIO; JOKaXKeM, 4TO J1BA HEepaBeHCTBA:

A>B (1)

A+m>B+m (2)

paBHocHabHEL, [los0KHM, 4TO MepBoe HEPaBEHCTBO Y/IOBJETBOPSETCA MPH
HEKOTOPHIX 3HAUEHHAX OYVKB. ITO 3HAUHT, YTO MPH ITHX 3HAUYEHHAX YHCJIEH-
Has BesHuHMHa A 6oJiblle YHCAEHHOH BeJIMYHHBI B HO TOrna, Ha OCHOBAHHH
ceoiictBa 3 § 64, npu Tex e 3HaYeHHSIX OYKB M UYMCJEHHAs BeJHYHHA
cyMMBl A + 1 GoJblile YHCAEHHOH BeMHYHHBl CYMMBL B + 1m, TaKk Kax eciu
K 00eMM 4acTsM HepaBeHCTBA NpUOaBMM MOPOBHY, TO 3HAK HEPaBEHCTBA
He M3MeHMTCs. 3HAYMT, BCAKOe pelueHue HepasencTsa (1) yaosneTsopsieT u
HepaBeHCTBY (2).

O6paTHo, ecJiu NpPH HEKOTOPLIX 3HAUeHUsX GYKB YMCJ/eHHas BeJUUUHA
cyMMbl A + mn GoJbLIe YHCAEHHON BEJHUHHB CyMMBl B + m, TO 445 Tex xe
3HayeHHiH OYKB M yMCJeHHas BeJqHdMHa A Gogblue YyHCJaeHHOH BenHuKHbl B
(HepaBeHCTBO He HApYLIHTCH, €CJHM K 00euM HacTsaM HepaBeHCTBa npuda-
BUM —In); CJeN0BATe/bHO, BCe pelleHHsl HepaBeHCTBa (2) ya0BJETBOPSAIOT
¥ HepaBeHCTBY (1); 3HaUWT, 3TH HepaBEHCTBA PABHOCHJIBHHI.

Tak Kak BBHUHTAHHE PABHOCHJBHO CJOXKEHHIO ¢ MPOTHBOMOJOXKHEIM
YHCJIOM, TO, CJel0BaTe/bHO, 0T 00eHX 4acTell HepaBeHCTBA MOXKHO OTHSATb
OJIHO M TO K€ YHCJIO.

Cnencreue. Jhobol uien HepaseHcmea MOMCHO NepeHecmu U3
00nol wacmu 6 Opyeyio ¢ NPOMUBONOAONCHBIM 3HAKOM.

Ecaiu, Hanpumep, umeem HepaBeHcTBo A > B+ C |, 10, npubaBuB K
ofeum vactam no —C, noayyum: A — C > B.

68. Teopema 2. Ecau obe uwacmu Hepasencmea (codeprcauyeco
Heussecmrble) ymHOXCUM (UL pasdeaum) Ha OOHO U me e NOAOHU-
MeAbHOe HUCAO, MO NOAYHUM HOBOE HePABeHCMB0, PABHOCUALHOE Nepso-
MY,

ﬂoxamem. HTO ABa HEpAaBEHCTBA:

A>B (1)
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Am > Bm (2)

PABHOCHJIBHBI, €CJIH TOJbLKO 1M — MOJOKHTEJNbHOe YHCJO.

[lycTb NpH HEKOTOPBIX 3HAYEHHAX HEU3BECTHBIX YHCJEHHasi BeJU4YHHa
A Gosblile YMCIEHHOH BeJMYMHB B; TOTAA NMPH TeX e 3HaYeHHAX Heus-
BeCTHBIX H YMCJEHHasi BeJM4YHHA TpousBelaeHHs Am Gosblle YHCIEHHOH
BeJMYMHB MPOM3BeleHHs Bm, Tak Kak OT YMHOXeHHS o0eHx dacrted
HEPABEHCTBA HA MOJNOXKHUTENLHOE YHCIO 3HAK HEPABEHCTBA HE MU3MEHSETCH.
3HauuT, Bce pelueHHsi HepaBeHcTBa (1) yaoBJAETBOPSIOT H HEepaBeHCTBY (2).

O6patHo, ecsid NMPH HEKOTOPLIX 3HaYeHHAX OVKB YMCJIEeHHAs BeJMYMHA
Am 6oJblile YHCAEHHOH BEeNUYMHB Bm, TO NMPH TeX e 3HAYEHHAX OYKB
H 4YHc/eHHass BeJqH4yHHAa A OoJbllle 4YHCJEHHOH BeJaHuYHHB B, TaK Kak
oT jeseHus of6eux yacTel HEpaBeHCTBA HA MOJIOKHMTEJNBHOE YHCJO 3HAK
HepaBeHCTBA He H3MeHseTCs.

3ameuvanue. [TosoxurenbHoe 4HCJI0, HA KOTOPOE, 10 A0KA3aHHOMY,
Mbl HMEEM [paBO YMHOMHTb MJM pasfequTh o0e 4acTH HepaBeHCTBa (He
M3MeHss ero 3Haka), MoKeT OBITb JAHO B BHIE OYKBEHHO20 BbIPAMCEHUS,
NpHYEM 3TO BblpaxKeHHe MOXKeT colepkaTb B cebe M HeH3BEeCTHble, BXOIf-
mue B HepaseHcTBo. Ho npu 3toM Hano ocobo paccMOTpeTb, NMPU BCeX JH
3Ha4YeHHAX OYKB, BXOAAIIHX B BblpaxKeHHe, Ha KOTOPOEe Mbl YMHOXaeM HJIH
neqrm o0e 4acTH HepaBeHCTBA, 3TO BblPAKEHHEe HUMeeT NOAOMUMENbHbLE
3HAYEH M,

HAMpUMep, YMHOXHM obe yacTH HepaBeHcTBa A > B Ha BbipameHHe

(z — 5)2:
A> B; (1)
Az — 5)? > B(z — 5)%. (2)

Muoxkutenb (z — 5)? 0CTAaéTCA NONOMKHTENbHLIM UYHCIOM TPH BCeX
3HAUEHHSX T, KpOMe ofiHoro: x = 5. 3HauuT, HepaBeHeTBa (1) u (2) paBHo-
CHJIbHBI B TOM CJIy4ae, ec/li MepBOe U3 HHUX He YIOBJETBOPSETCS 3HAYEHHEM
T = 5; B NPOTHBHOM K€ cJjydae HepaBeHCTBO (1), yIOBJEeTBOpSisiCb BCEMH
pelleHHsIMH HepaBeHcTBa (2), uMeer el peueHue: x = 5 (3T0 pelneHue
HepaBeHCTBY (2) He ynosaeTBopsieT, U0 NpH x = 5 HepaBeHCTBO (2) obpa-
111aeTCsi B PABEHCTBO).

CnenctBue. Ecau obe wacmu HepaseHcmea codepicam noroxcu-
MeAbHbll OOUULL MHOMWUMEAD, MO HA He20 MONCHO pasdeiums obe vacmu
Hepasexcmea.

Hanpumep, B o06eux wuacTax HepaBeHcTBa: (2 — 5)%(xz — 1) >
> (x —5)%(3 —z) ectb ob6wmii MHOXHTeNb (T — 5)2. ITOT MHOMKHTENb
npu x = 5 obpawaercs B 0, a nNpy BCeX OCTAJNbHBIX 3HAYEHHSX T OH —
YHC0 MNOJNOXKHTENbHOe, PelleHHe x = 5 He YAOBJAETBOPSiET JaHHOMY
HepaBeHeTBY. Kesas pelidTb, YAOBJETBOPSETCS JIH HEPABEHCTBO TMPH
APYTHX 3HAYEHHAX T, Mbl MOXKEM pa3le/uTh obe ero yactd Ha (z — 5)%,
KaK Ha YHCJO TONOKHUTE/bHOE; Mocae fefeHHs noaydynm: x — 1 >3 — a.
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Bce 3naueHus x, yIOBIeTBOPAIOUIHE 3TOMY HEpaBEHCTBY, 32 HCKJIOYEHHEeM
& = D, YAOBJIETBOPAIOT U IaHHOMY HepaBeHCTBY.

69. Teopema 3. Ecau obe uacmu Hepasencmea (codeprcaie2o
HeussecmHble) ymHoxcum (uau pazdeium) Ha OOHO U MO KHe Ompuya-
MEALHOE YUCAO U NPU IMOM NEPEMEHUM 3HAK HEepPaseHCcmsa Ha npomu-
BONONONHCHBLLL, MO NOAYUUM HOBOE HEPABEHCMBO, PABHOCULBHOE NepsoMYy.

DTa Teopema J0Kas3blBAaeTCsl COBEPLIEHHO TaK e, Kak H TeopeMa 2;
HAlO TOJbKO MNPHHSATb BO BHHM@HHE, YTO OT YMHOMXKEHHS WJH JeJleHus
o6enx yacTeil HEPABEHCTBA HA OTPHIATE/LHOE HYHMCJ/IO 3HAK HEepPaBeHCTBA
H3MeHAeTCs Ha MPOTHBOMOMOMKHBIH.

[To moBoay 3TOH TeOpeMbl MOMHO BBICKA3aThb TaKOe Ke 3aMeyaHHe,
Kakoe OblLJIO ClleJ1aHO [0 OTHOLIEHHIO K Teopeme 2.

Cnenmctsusa. a) IlepemMenuB y Bcex u/JEHOB HepaBeHCTBA 3HAKH Ha
NPOTHBONOJIOXKHBIE (T.€. YMHOXHB 08¢ ero 4yacTH Ha —1), Mbl JIOJXKHBI
M3MEHHUTb 3HAK HEPABEHCTBA HA MPOTHBOMOJOMHbIH.

6) Henb3a ymMHOXKHTBL 00e 4acTH HepaBeHCTBA HA OYKBEHHbIH MHOMH-
TeJlb, 3HAK KOTOPOr0 HEH3BECTEH.

B) Hepasenctso ¢ npoGHBIMH 4leHAMH MOXHO TPHBECTH K LEJIOMY
Buay. Bo3bmém, HanpuMep, Takoe HEpPaBEeHCTBO:

A 3
= > —. 1
57D (1)
[lepeHecéM Bce uJieHbl B JIEBYIO 4acTb M TPHBELEM HX K 0O0LIEMY
3HaAMeHaTe10; AD — BC 5 0 @)
BD ’

Ecau BD — nonoXuTeJbHOE YHCJI0, TO Mbl MOXEM ero oTépOCHTb, He
M3MeHsA 3HAKA HEPAaBeHCTBa, MOTOMY 4T0 0T6pocuTe BD — Bcé pasHO uTO
YMHOXHTB HA 3TO uHcJ0 00e yacTH HepageHcTBa. Otdpockus BD, noayuum
HepaBeHCTBO, He cojepKailee Apoben:

AD - BC > 0.

Eciu BD — ortpuuaresnsHoe 4HHCJO, TO Mbl MOMXKEM €ro OTOPOCHUTD,
nepeMeHHB NPH 3TOM 3HaK HepaBeHCTBA Ha MPOTHBOMOJOMHBIH; TOTa CHOBA
OyneM HMeTb HepaBeHCTBO C 1LIeJIbIMH YJIeHAMHU:

AD - BC < 0.

Ho ecay 3nak B D nensBecTeH (uto GeiBaeT BooOIle Toraa, korna B u D
cojlep:KaT HeM3BeCTHBIE), TO Mbl He MOXKeM YMHOXaTb 00e 4acTH HepaBeH-
crea Ha BD. Torna paccyxpnaem Tak: 4ToObl Apolb Oblja MONOMKHTEbHA,
HeOOXOAMMO M JIOCTATOYHO, 4YTOOB Y HEE YHCJHUTENb W 3HAMeHaTelb OblIH
OIHOBPEMEHHO HMJIH TOJNOMKHTE/bHbBI, HIAW OTpUlaTeNbHbl. CleloBaTenbHo,
HepaBeHCTBO (2) YIOBJAETBOPHTCS MPH TAKHX 3HAYeHWsiX OYKB, NPH KOTO-

bIX:
2 AD - BC >0 AD — BC <0
Bh>0 H BD <.
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Takum oGpasom, pelieHHe HepaBeHCTBa (1) CBOOMTCS K PELIEHHIO CH-
CTEMEI IBYX HEPaBeHCTB 0e3 APOGHHIX UJEHOB.

70. JlokazaTenbCcTBO HepaBeHcTBa. Henb3s yeTaHOBHTH KaKHX-HO0
06LIMX NpaBHJ /15 00HAPYHEHHS BEPHOCTH NPELJIOXKEHHOIO HepaBeHCTBa.
3aMeTHM TOJIbKO, UTO OAMH M3 MPHEMOB COCTOMT B TOM, HTO NpeI0KeHHOe
HePABEHCTBO NPeodpa30BEIBAIOT B APYroe — OYEBHAHOE, H 3aTeM, HCXOMA H3
3TOTO QUEBH/IHOTO HEpPABEHCTBA, MYTEM JIOTHUECKHX PacCyKAeHHH N0X0aAT
1o npennoxenHoro. [puseném npumep:

JlokazaTh, UTO €CAM CyMMa YHCeJ x U Yy NMOCTOSHHA, TO HX NMPOMU3BeJeHHe
GymeT HauboJbLIEee, CIAH T = Y.

nyC‘Tb xr+ 1y =a, rae a — NoCTOAHHOE YHCJO. Ecau z = Y, TO Kaxnoe
2

H3 3THX 4Mces Oyuer 3

Tpebyercss f0Kas3aTh, 4TO eClH x # Y, TO xY <
JI0Ka3biBaeMOe HepPaBEHCTBO TaK:

a a
—, W TOrla xy CHeJaeTcs paBHbIM I
J

a

T [Tpeo6pasyem 3to

2

.:ry<%; doy <o’ day < (z+y)h  day <2 + 2y + o7
0<z?—2ry+¢% 0<(z—y)i

[IpH HepaBHBIX T H y TOC/eAHee HepaBeHCTBO BepHo. [lepexonsi oT Hero
NOCJIeI0BATEILHO K TpPeAbAYLUIHM HepaBeHCTBAaM, 3aMedyaeM, 4TO BCe OHH
PABHOCHJIbHBI. 3HAUMT, H NEpBOe HEPABEHCTBO BEPHO.

Ecau, nanpumep, x + y = 10, To HauBosbLIAsA BEJUUHHA NPOH3BEEEHHUS
ecTb -5 = 25,

71. PemeHne HepaBeHCTBA MepBOH CTelMeHH ¢ OTHHM HeH3BeCT-
HbIM. OOHIMI BMJ HepaBeHCTBA MNepBOM CTENEeHH ¢ OJHHMM HEM3BECTHBIM,
NocJie PACKPbITHS B HEM CKOOOK M 0CBOOOMKIEHHS OT APOOHBIX YJ/EHOB,
CJIC LY IOILLHH:

ar+b > a1z + by

I'lepe:-leca HEH3BECTHbIE YJ/IeHbl B JIEBYIO 4aCTb, @ H3BECTHbIE B N1PABYIO,

NOJTY4HM:
(a—ay)z > b — b

Ecnn a —a; > 0, 1o, pasnenusB Ha a — a; o0e 4YacTH HepaBEHCTRA,

HaHIEM:
bh—b
R

@ :
a — ag
Ecan xe a —a; < 0, To noayuum:
b —b
T << —.
a— a
Takum 00pa3om, 0HO HEPABEHCTBO MEPBOH CTENEHH HaéT /15 HEH3BECT-
HOTO OfIHH fipedea, OTPAHHYMBAIONIHHA 3HAYEHHE HEM3BECTHOrO HJH CBEPXY
(z < 'm), uan cuuay (x > m).
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lMpumep. Pewuts Hepasenctso: 2z(2x — 5) — 27 < (2x + 1)2. Pac-
KpbIBaeM CKOOKH:

4z — 10z — 27 < 4z® + 4z + 1.
IlepenocuM 4neHEl W Jle1aeM MpHBeJIeHHe:
—14x < 28.
Jlenum obe yacTu Ha —14:
x> -2

72. JlBa HepaBeHCTBA MNepPBOH CTeNeHH C OJHUM HEH3BECTHBIM.
PacemoTpuM cHeTeMy ABYX HepaBeHCTB!

ar+b>a'z+b u ex+d>cr+d.

Kaxmoe M3 3THX HepaBeHCTB AAET Mo OAHOMY Mpeaeay /s HeH3BecT-
HOTO.

[Ipu 3TOM MOryT nmpencTaBUTLCS TPH CJAY4as:

1) lIpedeast 00unaKo6020 CMbICAG; TOTAA IS PELIEHHS CHCTEMbI 10CTa-
TOUHO B3fITh ONMH U3 HUX. Ecau, Hanpumep, x > 7 u x > 12, To nocTatouHo
B3fTb TOJABKO x > 12, motomy uTo ecau x > 12, To W nogasHo x > 7, WK
ec/li, HanpuMmep, £ <5 W x < 8, TO J0OCTATOYHO MONOMKHTb, YTO X < B,
MOTOMY YTO TOTJA W MOAABHO & < 8.

2) [Ipedesvt npomusonoAoNHO20 cMuicAa, HanpuMep, x > 10 u o < 15.
B sToM ciayuyae fiisi HEH3BECTHOIO MOXKHO OpaTh TOJLKO TAKHe 3HAYEHHS,
KOTOpble 3aK/I0UeHbl MeKAy HaHIeHHLIMH TNpejenaMH.

3) [lpedearor npomusopewam Opye Opyey, Hampumep, © <d W x > 7. B
ITOM CJyuae CHCTeMa He WMeeT pPelLleHH.

[Tpumep. Pewnts aBa vepaserctsa: 0,3z +5 < 0,5z u bz < 60 +
+ 2x. [lepBoe HepaBeHcTBO Aaér x > 25, Bropoe: x < 20. 3HauuT, eciu
9TH HEpPaBEeHCTBA BbIBEJEHbI M3 VCJIOBHH OLHOH W TOH ke 3a1ayH, TO 3Ta
3ajiada He MMeeT pelleHHH.

Ynpaxcnenus.

PeluTb CJeYIOUIHe HePaBEHCTBA!
107.2-7<2+5 9z—8+3(z—2)<2x+3).

108. % 44> 05 2+2b< 16— 3( - 2d).

r r a+b S
109'a+b> o 10 2 -
110. Ecomi @ > b v ¢ = d, To Bcerga jH ac > bd?
111. Ecau a > b, To BCerga ad a™ > b™?
112. Uto MOXKHO cKa3zaTh 0 4HCJax a W b, ec/i H3BecTHO, 4To ab > 07 ecau
ab < 0?

[
113. [lpn KakoMm ycJoBHH 1po0b 3 YBEJHUUTCS, eCsld K YHCJAUTeN0 H 3HaMe-

HareJ l'IpHﬁaBHM OLAHO H TO e MOJOXHTEJbHOE YHCJO ((L H b — nosoKHUTENbHbIE
yucaa)?




[nasa 5
INPOTPECCHH

I. ApudmeTnueckas nporpeccus

73. 3apaua. PaboueMy mopy4HsiH BHIKOMATb KOJOMAEN H YCJIOBHJHCh
MJIATHTb €MY 3a MNepBbld MeTp riyOGuHbl 3 py6., 3a BTOpo 5 py6. H
T.J., YBEJHMYHBAA MJATY 338 KaXKIbli caenyiolui metp Ha 2 py6. CKoslbKO
ynaaTHaH pabodemy, ecan KoJaogell 6bl1 BolpeT UM B 10 M ray6uHbI?

[nsi pelienusi 3aaul HALO0 HAKTH CYMMY TaKHX YHCEJ:

3+54+74+9+11+13+15+174+19+21.

CyMMy 3Ty Mbl MOXEM HaHTH Npolle, 4eM OObIKHOBEHHBIM CJIOXKEHHEM.
O6o3HayHB eé OYKBOH s, HaNMIUEM [IBE TAKHE CTPOKH:

s= 3+ 5+ 7+ 9+ 11 +13+15+ 17+ 19+ 21,
§=214+19417+154+13+114+ 9+ 74+ 5+ 3.

Bropywo ¢TpoKy Mbl HAaNHCalH, [EepecTaBHB CJaraeMble NepBOd CTPOKH
B 06paTHOM MOpPAJKE, OT Hero, KOHeYHO, CyMMa He HaMeHHJach. CaomHM
Tenepb BCE YHCJ/A, CTOSIIHE APYT MO APYTOM.

26 =24 +4+24+24 424 4+ 24+ 24 + 24 + 24 + 24 + 24,

25 =24.10 =240

H, ¢JieJoBdaTeJbHO,
24
i 70 ~ 120.

Takum o6pasoM, 3a Bero padory ymaatuau 120 pyGaed.

B sToii 3agaye HAM MNPHLIIOCHE HMETh A0 ¢ PALOM YMCEN, Nocaeao-
BaTeJIbHO BO3PACTAIOIIMX HA OIHO H TO e 4Hca0. [TogobGHbIe psjibl HOCAT
Ha3BaHHe apuU@dMemMUYEcKUX Npoepeccull.

74. Onpepenenne. Apugpmemuueckoil, Uil PA3HOCMHOL, NPOSPECCi-
ell Hasvleaemca makou pad Yucer, 8 KOMOpom Kaxdoe 4Uuci0, HAUUHAA
co smopoeo, pasHaemcs npeduldyuemy, CAONEHHOMY ¢ OOHUM U MEM He
NOCMOAHHLIM 048 3m020 pada wuciom (ROAOHCUMENbHOIM UAL OMPULA-
MeabHblM).
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Tak, na psma uucen: 10, 14, 18, 22, 26, 30, 34, 38, 42, 46 u 6, 4,
2,0, -2, -4, —6 — cocTaBafT apupMeTHUIECKHEe TIPOrPeCCHH, TaK Kak
B HHUX Ka)X[0€ YMCJO0, HAYHHAS CO BTOPOrO, PABHO MPEABIAYVIIEMY YHCIY,
CJIOKEHHOMY B ME€PBOM PSLY € MOJOMHTENbHbIM YHCa0M 4, a BO BTOPOM —
C OTPHIATEJBHBIM YHCJIOM —2.

Yucna, cocTapasiolllie MporpeccHio, HasbiBaloTes eé wienamu. Ilono-
JKHTEJbHOE HWJIH OTPHIIATENbHOE YHCJO0, KOTOPOe Haao NpHOaBUTbL K Mpejbl-
AYIIEMY 4JeHY, 4TOObl NMOJY4YHTb TOCJAEAVIOUIHH, Ha3blBaeTCs paA3HOCMbIO
TIPOTpPecCcHH.

[Iporpeccust HasblBaerTcs sospacmaruiell WM yowearouiel, cMOTps
Mo TOMY, YyBeJHUMBAKOTCA JHM e€ ujeHbl N0 Mepe yjaaJeHus OT Hadaja
pAlla UM YMEeHbILAKTCS; PA3HOCTb BO3PACTAIOIIEH TPOTPECCHH €CTh YHCJIO
NOJIOXKHTENbHOe, a YObIBAKLIeH — OTPHIATENLHOE.

Jlna oGo3HaueHHsi TOro, 4TO pAA 4HCeNa NpeacTaBaser coboil apudme-
THUYECKYI0 MPOTPeccHio, HHOTA CTaBsAT B Hauyaje pala 3HAK .

OGbIKHOBEHHO MPUHATO 0003HAYaTh: MEPBHIH U/JeH @, a MocaefHHH [,
pasHoOCTb d, YHCJIO BCEX UJEHOB 1 H CYMMY HX § 1.

75. ®opmyna a1w0060ro uyjgeHa apupMeTHYECKOH MPOrPeccHH.

[lycTe umeem nporpeccuio: + 10, 14, 18, ... (pasHocTs 4).
Torma 2-it umen = 10+ 4 = 14;
3 7 =10+4+4=10+4-2=18;
4t 7 =10+4+4+4=104+4-3=22 wurtn
R 10-it unen = 10+ 4 -9 = 46;
207 =10+4-19=86 wurT L

[Tomo6GHO 3TOMY, ecau uMeeM mporpeccuio: + 6,4, 2, ... (pasHocts —2),

0 2-it unen = 6 + (—2) = 4;
3 7 =64+(-2)+(-2)=6+(-2)-2=2 wurtn
Hanpuwmep:

10-i1 unen =6 + (—2) -9 = —12.

Boobiie, ecau nporpeccus Gyner takas: +~ a, b, ¢, ... (pasHocts d), TO

2-W ynes = a + d;
3 7 =a+d+d=a+2d
4-i 7 =a+2d+d=a+3d wr o

3uaunt, 10-i unen oxaxercda a + 9d, 15-ii unen Gyzner a + 14d, Boobiue
m-# unen Oyznet a + d(m — 1). Takum oGpasom:

Beakuit unen apucpMeTHyecKOH INpPOrpeccHH paBeH MepBOMY eé ujeHy,
CJI0MEHHOMY ¢ NPOM3BEIeHHEM PA3HOCTH MPOrPECCHH HA YHCJIO YJIEHOB, Mpej-
WeCTBYIOWMX ONpee/sieMoOMy.

DB HEeKOTOPbIX KHMIax ujieHbl [porpeccHd o0003HauawTCs W Tak: ai, as,
as, ..., Gn. Pa3HOCTL nporpeccHu uMHoraa o6o3HavaerTcs yepes r.
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B uactHocTH, nocnefHHH 4ieH paBeH NEpBOMY 4JEHY, CJ0KEHHOMY C
NpoHM3BeJIeHHEM Pa3HOCTH Ha YHCJO0 BCEX 4JeHOB, YMeHblleHHoe Ha |, T.e.:

l=a+dn—1). (1)

Mpumeps.

1) Ha#itu 10-it unen mporpeccuu: = 60, 75, 90, ....
Tak kak pasHocTb 3TOH nporpeccuu pasHa 15, To 10-# unen Gyuer

60 + 159 = 195.

2) Haiitu 12-ii unen nporpeccun: + 40, 37, 34, ...
Tak kax pasHocTb paBHa —3, To 12-i 4JjeH J0JKeH OblTh

40 4 (=3)- 11 =40 - 33 =7.

3) Kakum 6yzmet n-e 4HCJI0 B NOCAEN0BATENLHOM PALY HEHETHBIX YHCES:
1; 3; §; au?
Takoe 4ucno dyaer

1+2n-1)=14+2n-2=2n-1.

CanencrtBue. ApudMeETHUECKYIO MPOTPECCHIO, Y KOTOPOH MEepPBLIH uJieH
ecTb @, Pa3HOCTh d M YHCJIO YJEHOB 7, MOXKHO H300pa3uTh TaK:

a, a+d, a+2d, a+3d, ..., a+dn-1).

76. ®opmMyna CyMMbl 4YJIEHOB apv(PMEeTHUYECKOH MpOrpeccuu.
[IpensapurencHo yGenumcs B CJAeLyIOLEM CBOHCTBE:

CyMMa OBYX u/JeHOB apuhMeTHYeCKOH MPOrpecCHH, PABHOOTCTOSIINX OT
KOHLOB, PABHA CYMMe KPAaiHHX 4/IEHOB.

Harpumep, B nporpeccuu: = 3, 7, 11, 15, 19, 23 — naxonum:
3+23=26; 7+19=26; 11+ 15=26.

[TonsTHO, MOYeMy 3TO Tak: NepBble cjaraeMble 3THX cyMM (T.e. 3, 7,
11) unyt, Bo3pactas Ha 4, a sropele ciaraeMble (23, 19, 15) uayT, yOuiBas
Ha 4; Mo3TOMY CyMMa KaXK[0H napel ocTaéTcs Ta Xe.

Bospméwm emé nprmep yObiaiouteil mporpeccuu: + 8, 6, 4, 2, 0, -2,
—4. B ne#i

8+(—4)=4 6+(-2)=4, 4+0=4

Ynen 2, oTcToAUHA OAMHAKOBO OT Hadaja H OT KOHIA, AOJNKEH ObITh
cnoxeH cam ¢ cofoi: 2+ 2 =4. U 3pech oObsicHeHHe TO ke caMmoe:
caaraembie 8, 6, 4, 2 unyT, ymeHbliasich Ha 2, a caaraempie —4, —2, 0 u
2 MAYT, YBEJAHUHBASACH HA 2; OT 3TOrO CyMMa Ka)K10H napbl ocTaéres Ges
M3MeHeHHs .

Teneps BoiBeaeM (QopMyJy A/ CyMMbl YJ€HOB JI000H apU(MeTHYeCKOH
nporpecciu. Jlnsi 3TOr0 NpPHMEHHM TOT CHOCOD, MOCPEACTBOM KOTOPOro
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MBI HALIJIH CYMMY 4JIEHOB apu()MeTHYeCKOH rporpeccuu B 3anade § 73, a
MMEHHO: CJIOXKHM TNOUJEHHO /BA TAKHX paBEHCTBA:
s=a+b+c+...+i+k+1,
s=l+k+i+...+c+b+a.
2s=(a+D)+b+E)+(c+i)+...+(t+c)+(k+b) +(l+a)
Ho
a+l=b+k=c+i=...=1l4+a;
C/IeI0BATENLHO:
(a+)n
5

2s = (a+1l)n, oTkyma s=

CymMma Bcex 4/ieHOB apH()MeTHYecKOoN NMporpeccMM paBHa TOJOBHHE MpPO-
M3BeJleHNs] CYMMBI KPaifHUX YJIeHOB Ha YHCJIO YJIeHOB.

Taxkuwm obpasowm, B 3amade § 73 nasa cymmbl s o 9ToH (opmynae Haigém
TO YMCJIO, KOTOPOE Mbl HALUJIH paHee APYTHM MyTEM:

s=[(3+21)-10]:2 = 120.

[Tpumep 1. HaiiTh cyMMy HaTypalbHBIX YHcesa OT | 0 n BKJ/IOYH-
TeJbHO.

Pan: 1, 2, 3, ..., n — ecTb apudMeTHUECKas TPOTPeCccHs, Y KOTOPOH
nepeblil usneH 1, pasHocTb 1, UMCJIO YIEHOB N U MOCJEIHUIH YJeH TOXKe 7;
no3TOMYy

s:1+2+3+...+n:w.
Taxk:
1+2+3+4+5+6:@:21.

[Ipumep 2. HailTi cyMMy NepBbIX 7 HEYETHBIX YMCEU.
Kak Mbl BUAH B TpeblaylileM naparpadge, n-e HeUETHOe YHCJI0 PABHO
2n — 1; noatomy

o []+(2n2—l)]-n s

Tak: 1+3=4=22 14+3+5=9=23%
1+3+5+7=16=4*urn.

ITO CBOMCTBO CYMM HEYETHBIX YHCeJ Harasi-
HO H300paXkaeTcsi PHCYHKOM 25, KOTOPHIH COCTABJIEH
TaK: K KBaapary (BHH3Y cJeBa) IPHCTABJ/IeHbl 3 TAKHX Puc. 25
we kBanpara (1 csepxy, 1 cnpasa u 1 B BepxHem
NPaBoOM yIVy); K 3THM KBaipatam MpHCcTaB/eHbl ewé 5 ksanpartos (2 csep-
Xy, 2 cnpaBa W | B BepxHeMm npaBom yray). K HHM, nanee, npHioxeHbl
7 kBanpartos, notoM 9 kBanpaTos W T. 4. Toraa o4eBHAHO, YTO

1+3=2%, 1+3+5=3% 1+4+3+5+7=4%2 urn
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[Mpumep 3. Haiith cymmy 10 uneHoB nporpeccuu: =+ 3, 2%, (-

3necb a =3, d = 2% —-3= —%, nostomy 10-it unen nporpeccun Gyner

1 |
3—--9=—1-, u noTomMy HMCKOMas cyMMa paBHa:

oo (-14)] 0,

5 Ty

bO| —
e e

npo?epKa:1 1 1 1 1

I

77. 3ameuanue. Tak Kak A9 0ATH uuces a, [, d, n U s Mbl HMeeM
JIBa ypaBHEHHSs:

Dl wdadin=1) w g BH08

TO MO JAaHHBIM TPEM W3 3THX YHCEJ MOMKEM HAaXOAHTb OcTasbHble ABa. Jlid
NpUMepa pelinM CJaely LIy 3a1a4y:

Haiiti uncsio 4ieHoB nporpeccuy, y KOTOPOW NepBblil YjieH 7, Pa3HOCTh
—2 ¥ cymma Bcex uneHoB 12.

B 370it 3anaue gavb: a =7, d = —2 W s = 12; 0ocTa0TCA HEH3BECTHLIMH
{ u n. llogcraBus B Gopmysbl (1) u (2) 3ananHble Yucad, HAXOMHUM:

[=7—2(n—1)=9—2n: 12:@,
OTKyza:
12:w:(g_n)n;
n—8n+12=0;, n=4+xV16—12 =4+2;
m:ﬁ; 712:2.

[MonyualoTest ABa oTBeTa: YHCJ/IO YjaeHOB WaK 6, wau 2. M nelicTBUTE b
HO, mBe nporpeccuu: 7, 5, 3, 1, —1, =3 u 7, 5 — uMeloT OflHy H Ty ¥XKe
cymmy 12.

78. ®opmyna cyMMbl KBaJpaTOB 4YWces HAaTypajabHOro psjga. Bol-
BejleM (opMyJsy, ONpelesiioulyio CyMMY KBaApaTOB [epBbIX 7t YHCe] Ha-
TypaJbHoro psna. [las BbiBO#a 3TOH (OPMYJbl PACCMOTPHM 7 CJEAYIOULMX
TOMXIECTB!

B=(14+1¥=1+3-12-1+3-1-12+1%
P=02+1P2=243-22.1+3-2-12+1%

(n+1P=n>+3n%1+3n-12+15
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CUIOXKHE 39TH TOMIAECTBA H COKpaTHB OJHWHAKOBLIE YJIEHLI B I'IpaBOI‘:E H
JIeBOH 4acTax NMOJIYUYEHHOT O TOXKAeCTBa, 6y,.'IEM HMeThb:

n+1P2=1+312+22+32+...+2) +3(1+24+3+...+n) +n.
Ho

1+243+...+n= ﬂ";—l)
CJIeI0BATENBHO:
3 12+22+32+...+1]2 =(n+1 3 _ n+l — M
2
YnpocTHM NpaByio 4acTb ITOMO PaBEHCTBA:
(n+1? — (et ) 2D oy [ -1- 3] =
= %(‘” + 1)(2—13 +n) = %n(n + D(2n+1).
Hrak,
12492432 4+ +”2:n(n+1)(2n+l)
e
Ynpaxcuernus.

114. Haiitn 30-# unen apudMeTHIeCKoH nporpeccuu: 3, 7, ...

115. Hatitu 15-i unen apudmerudeckoll nporpeccu, v kotopoi 1-it unen 130
M pasHOCTb —3.

116. CxosnbKo 4/eHOB Halo B3ATh B TmporpeccHu: + 4, 8, ..., uToObl HX CyMMa
paBHsjach 1127

117. Haiitu cymmy 103 unenor apucmeruueckoit nporpeccuu: 103, 101, ...

118. 3-ii unen apudMeTHHECKOH nporpeccHH ecTb 7, a 9-i unen 18. Haditu 1-i
H 6-i yneHbl.

119. IloxasaTs, 4TO €ciit a, b U ¢ CYyTh TPH IOCJENOBATENbHBIX YJjleHa apud-
MeTH4ecKo# nporpeccuu, To b ecTb cpeaHee apUpMETHUECKOR MEXIY @ H c.

120. 2-#i unen apHMeTHUECKOH TIporpeccky paBeH +1, a b-it unen +7. Halith
cymmy 1000 yneHoB apH(pMeTHYECKOH MPOTrPeCcCHH.

121. Haiiti udcno uneHoB apugMeTHUYeCKOH MpOrpeccHH, pasHOCTb KOTOPO#H
—12, nocnensuii unen 15 W cymma Beex uieHos 456.

122. Ha cko/abKO eIHHHL cyMMa BceX Leqablx yucesa ot 51 go 100 BkaouuTens-
HO TPeBOCXOAHT CYMMY BCeX Lieqibix YHces oT 1 10 B0 BK/IOYHTENLHO?

123. CKkoJbKO yIapoB CAEJAl0T 4Yachl B TEUEHHE CYTOK, €CAH OHH OTOHBAOT
LeJble Yachl U KaxKble rmoJjyaca?

124. MoryT /M CTOpPOHBLI MPAMOYTONLHOTO TPEYroJbHHKA COCTAaB/AATL apH(Me-
THUECKYIO MPOTpeccHio?

125. Teno, cBOOONHO Najaas ¢ HEKOTOPOH BBICOTHI, TPOXOIHT B MEPBYH CeKVHIY
4,9 M, a B Kaxay clefyolyo cekyHay Ha 9,8 M Goabwie. C KaKoH BbICOTHI yIiaJo
TeJNo, ec/i najgeHde npoposkanock 10 cekyHa?

126. CymmMa TepBBIX LIECTH YJEHOB apH(MeTHUeCKOH mporpeccHu paBHa 17.
Hafiti sty nporpeccuio, 3Hasi, uto eé 4-i ujieH ectb 3.
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127. U ypasHenwii | = a+ d(n — 1) u s = L2307

CJIOBAMH, BBIPA3HTh § TOJIKO B 3aBHCHMOCTH OT a,d U n.
128. HafitTn Tpu Takux 4yucsa, ytoObl OHH 00pa3oBafn apH(MeTHYECKYI0 Npo-
rpeccHio ¢ Pa3HOCTBIO d W 4TOGbl CyMMa HX PaBHAJACH MX NPOM3BENEHHIO.

MCKJIIOUHTE [} IpYyTHMH

II. T'eomerpuueckas nporpeccus

79. 3agava. [lo npepanuo, wHauickui npuHl CHpaMm NpensIoKHI
H300peTaTeio 1WaxXMaTHOH HIpbl MPOCHThL Y HEro Harpamy, Kakylo oH 3a-
xoueT. ToT mompocwu/, 4TOOBI eMy Aajd 3a NMepBblH KBaApaT lUIAXMATHOH
JIOCKH OfIHO TIIEHWYHOe 3epHO, 3a BTOPOH KBaapaT 2 3epHa, 3a TpeTui 4
H T.J., YBeJHYHBAs BABOE 33 KaxKAblH M3 cjeyiolnX Keanpatos. [IpuHL
corsiacuics. Ho korna nojcuurtany KoJM4ecTBO 3épeH MLLUEHUIbl, KOTOpOe
cJeflyeT BbiaTh 3a Bee 64 KBanpaTa maxMaTHOH JOCKH, TO 0Ka3a/aoch, 4TO
Harpaza B 3TOM pasMepe He MOMeT ObiTb BbIaHA MO HEJOCTATKY MIIEHHILbI.
CKoJ/IbKO e 3épeH NpHiIoch Obl BbIAATL H300peTaTeNio?

KonuuecTso 3épeH, koTopoe Haanexaso Obl BbAATh 3a Bee 64 kBanpaTa,
PaBHO CYMME § CJIe[YIOLLEro psja yuce:

f= 14242 £ P44 T2 325

Me1 MokeM HaNTH 3Ty CYMMY, HE BBIYHCAAA OTACJBHO CJAaraeMbulx, Tak:
YMHOXKHM obe 4acTH HalMCaHHOrO paBeHCTBa Ha 2:

g =9 L9 a0ty 0B 904

Teneps BoluTEM M3 3TOrO PaBEHCTBA NPEBIAYIIEE; TOMAA B JIEBOW YACTH
nosiyuum s, a B npasoit 260 — 1 (uucna 2, 22, 2%, | 263 pce cokparares):

s=20_ 1.

3HayuT, NpUASTCA BHIUMCIHTL cTeneHb 2%, uro MoxHO cuenaTh MM
nocJsie/I0BaTe/NbHbIM YMHOKEeHHeM Ha 2 1o (opmyie;

260 =9.2.2.2 ... (64 mHOXHTeNs),

WJIH no dopmyJe:
20 — [(2'9)*)® = (65536%)".

OkoHuaTeibHOE YHCJI0 3épeH Oyner:
s =2% 1 =18446744073709551615.

MoHO BBIYHCIHTL, 4TO ecJii Gbl TAKOE YHCJI0 3EPEeH pacchinaTh paBHO-
MepHO 10 Bced 3eMHOl cyue, To 00pa3oBascs Obl CI0H MIIEHHILLl TOJIIHUHOH
0KOJI0 9 MM.

B 3Toit 3amaue Mbl MMeJH JAeJIO C DAAOM YHCE/, M3 KOTOPHIX KaKuoe,
HAa4YMHasi CO BTOPOro, PABHO MNPEJbIAYILEMY YHCAY, YMHOMKEHHOMY Ha OJHO
H TO Ke 4yHcso. Takde psijibl YMCEs Ha3blBAIOTCH 2e0MempPuiecKumi npo-
epeccusimu.
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80. Onpepenenne. [eomempuueckou, uiu Kpamuou, npoepeccuei
Ha3vieaemces maxkow pad uuces, 8 KOMOPoOM Kaxcdoe 4ucA0, HAYUHAA CO
8MOPO20, PABHAEMC S NpedliecmeyouLemy, YMHONEeHHOMY HA OOHO U Mo
Hce HUCA0, NOCMoAHHoe 045 amoeo pada. Tak, Tpu pana:

2, 4, 8, 16, 32, 64, 128,...;

8, —16, 32, —64, 128, —256, 512,...;
b b bH 5 b
20, 10, 5, 2 2 8 16 32’
— COCTaBJIAKOT reoOMeTpHU4YeCKHe MNpOrpeccHH, noToMy 4YTO B 3THX pAdax
Kaxjioe 4KCJ/0, Ha4duHass CO BTOPOro, noJjay4daeTcsds H3 NpeAlleCTBYIOULEro

YMHOKEHHEM B MepBOM PsAYy Ha 2, BO BTOPOM Ha —2 H B TPEThEM Ha 3

Jlns o6o3HaueHUs TOTO, YTO OAHHBIH pAl €CThb TeoMeTpHYecKas Mpo-
rpeccHs, HHOTAA CTABAT B Haudalje ero 3HaK -+.

Kak u B apudmeTHuecKkodl nporpeccuu, 4Hc/a, CoCTaBJ/sALIMe [eoMeT-
PHYECKYIO MPOTpeccHio, Ha3kIBAIOTCA €8 YieHamu; YUCI0, Ha KOTOpoe Halo
YMHOMXKHTb Npeablay ULt YieH, 4Tobbl N0JAYUYHTh NOCJENYOUHHA, Ha3blBaeT-
Csl BHaMeramenem NPorpeccHu.

[Iporpeccus HaswiBaeTcs gospacmaroujet Wiv yboigaroujet, cMOTPS 1o
TOMY, YBEIHYHBAETCA HJH YMeHblLIaeTcs abCOAOMHARL SeAUdUHA YIEHOB
NporpeccHy o Mepe yiaJeHHs OT Hayaja psla; Tak, M3 TPEX yKasaHHbIX
BLIllle TIPOrpeccHil nmepBas M BTOpas — BO3pacTalolliHe, a TpeTbs — yObiBa-
toulasi. B Bospacratouleit nporpeccuu adcosloTHas BeJIMUMHA 3HAMeHaTes
Goabiie 1, B yOwiBawlleil oHa MeHble 1.

OGbIKHOBEHHO 3HaMeHaTeJsb NMporpeccHd obo3HavaloT OYKBOH g, a uJje-
HBI, YHCJIO HX M CyMMY 0003HAUAIOT TaK ke, KaK TO MPHHATO A5 apH(-
METHUYECKO# mporpeccuu, T.e. a, b, ¢, ..., (nocaennuit unen), n (4uciao
4JIEHOB) M § (cymma).

81. CpaBHeHMe reoOMeTPUYECKOH MPOrpeccHuu ¢ apugpMeTHUECKOH
nporpeccueid. PasHocTb ABYX pANOM CTOALIHX UJEHOB apH(pMeTHUIeCKOH
nporpeccHH ocTaéTest 0OHa U Ta XKe, BCAeACTBHE Yero 4ieHbl e€ BO3pacTaioT
(unu ybuiBaloT) paBHoMepHO (cM. puc. 26 a). [TocMoTpuM, KaKkoBa pasHoCThb
ABYX COCE/HHX YJIEHOB B IeOMeTPHUYECKOH [POrpeccHH:

+a, b, ¢, ... (3HameHaTesb q).

M3 onpenenenus nporpeccuu caenyetr: b= ag, ¢ = bg, d =cq v 1. 1.;
CJIeIOBAaTeNbHO,

b—a=ag—a=alg—1); c—b=bg—b=0>bg—1) urn

Ecau nporpeccusi BO3pacTaioulas M 4jeHbl eé NOJOKUTENbHBIE, TO a <
<b<e<...WT I N0O3ITOMY H

alg—1)<blg—1)<clg—1) < ...,

b—a<c—-b<d—-c<... uT
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3Ha4yuT, B BO3paACTalOUIEd reOMeTPUYeCcKOH NPOrpeccHH ¢ MOJOKHTE b
HBIMH 4JIeHAMH pasHocme 08YX COCEOHUX HAEHO8 YBEAUYUBAemCcs no
Mmepe ylareHus ux om Haiaaq pada; BCAEICTBHE 3TOTO YJeHbl TAKOH

T
1 2 3 4 5 1. 2 3 4 5
a 9
Puc. 26

IIPOrPECCHH [0 MePe WX yAaJeHHs OT Hayajla Psijla BO3PACTAIOT Bee ObicTpee
H ObicTpee, 4TO HArJSAHO M300paxeHo Ha puc. 26 6. Hanpumep:

+~ 2,4, 6, 8 10, 12, ...
= 2, 4, 8, 16, 32, 64, ...

82. ®opmyaa aw0b60ro yieHa reoMeTpuyeckoi nporpeccun. I[lyctb
Mbl HME€EM TAKYI F€OMETPHUYECKYH [POrpecCHIO!

<3, 6, 12, 24, ... (3Hamenaress 2).
Torna:
2-# ynen = 3-2 = 6;
3 " =3.2.2-1=3-22=12,
4- 7 =3.2.2.2=3.22=24 urtp

Hanpumep: 10-i1 unen= 3 -2 = 3-512 = 1536.
Mon06HO 3TOMY, €cJH Mbl HMEEM MPOrpeccHo:

B (I |
== 10, 5, 25, IZ’ (3HaMeHaTeJ1b 5),
TO |
2-1 unen = 10 - = 5;
s » =10.1.1= N _10 ol
3-ii ~ 10 ) %_]10 (2) :34 ]_022, |

Boo6ute, ecan umeem nporpeccuio B 6yKBEHHOM BHie:

++a, b, ¢, ... (3HameHaTesb q),
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TO B Heil . |
2-i unen = aq = aq’;
it " =aq-q=ag’;
4-i " =ai?-gq=a¢® uT.L

Takum oGpasom, 10-i unen = aq®, BooBiue m-it unen = ag™ . 3uaunt:

Beakuit ujieH reoMeTpUYECKOH NPOrpeccHH, HAYMHAas CO BTOPOro, paBeH
NepBOMY 4JeHY, YMHOMKEHHOMY Ha 3HAMeHaTejb MPOTPecCHH B CTeNeHH, Mo-
KasaTtejb KOTOPOH paBeH YMCJY YIE€HOB, MPeJIeCTBYIOWMMX ONpeaessieMoMy.

B wactHocTH, nocaennuit unen I, koTopomy mnpeaiwiectsyeT n — | uje-
HOB, BHIPasuTCs (hOPMYJION:
| =ag™ .
ITpumep 1. Haiith 6-i ynen nporpeccuun: = 3, 12, ...
3HameHaTe b Takoi nporpecch ecth 12 : 3 = 4; nosromy 6-i unen =
=3 4% = 3072.

[Tpumep 2. Haiitu 10-i unen nporpeccun: = 20, 10, ...

. 1 .
Taxk kak 3Hamenarenb 3Toil mporpeccud paseH 10:20 = -, to 10-#

uJieH paBeH: 2
5 5

o7 128"

CnenctBue. [eoMeTpHUECKYIO NPOrPeCCHIO, Y KOTOPOI MepBblil 4seH
eCTh @, 3HAMEHATeNb ¢ M YHCJIO BCeX YJIEHOB 71, MOKHO M300pa3uTh Tak.

20.(%)9:5.2?.%:

=+ a, aq, aqz, aqs, s § aqn_l.

83. ®opmyna cymMMBbl 4I€HOB reoMeTpuueckoil nporpeccuu. [Ipu-
MEHHMM TOT NPHEM, KOTOPLIM Mbl paHbiue (§ 79) nawau cymmy 1+ 2 + 2% +
+ ...+ 2%, YMHOMKHM 0e yacTu paBeHCTBa

s=a+b+tet+...+E+I (1)
Ha 3HaMeHaTeJ/lb ¢, TOrAA NOJYUHM:
sq=aq+bqg+cqg+...+ kq+lq.

Ho
ag="b, bg=c, cq=d, ..., kqg=1,

CJIeJIOBATEJBHO,
sg=b+c+d+...+1+1q. (2)

BbluTsi nousieHHo u3 paseHcTBa (2) paBeHcTBo (1), Haiaém:
sg—s=Ilg—a, T.e. (qg—1)s=lg—a,
OTKyza:

_lg—a
s = =
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CyMMa 4jleHOB reoMeTPUYECKON MPOrpeccHd paBHa APoOH, Y KOTOpOH
YHCJHATEAb €CTh PAZHOCTh MeXAYy MPOH3BeJeHHeM MOCJeHero 4jeHa Ha 3Ha-
MeHaTeJib MPOrpecCHH M MNepPBLIM YJIEHOM Eé, 4 3HaMeHaTeJlk €CTh Pa3HOCTh
MeXIy 3HaMeHaTesJeM MPOrpecCHH M eJUHHILIEH.

3ameuanue. 1. Tak kak aaa yObiBaiollell reoMeTpHyeckoi nporpec-
ci —1 < ¢ < 1, To Ana Tako# mporpeccHH Jyuiue npHAaTh popmysne
CYMMbl HHOH BHJ, YMHOXKHB 4HCJIMTE/b H 3HaMeHaTe b 1pobu Ha —1:
_a—lg
l—q°
2. Eciu BMecTo ujlena | MoACTaBMM paBHOe eMy BbipaxeHHe ag" !, To
thopmyaa /18 CYMMbl IPHMET TAKOH BHUL:

T n n n
s fafza(q 71}‘ R e za(lfq).
g—1 g—1 l—g l—gq
[Ipumep. HaiiTu cymmy BOCbMH 4JIEHOB MPOrPECCHH, Y KOTOPOH a =

=lug= 3 Torpa:

)8 B 3—3‘(%)8 _ 3280
2 2187

84. Ilpumep Ha reoMeTpHuecKyl nporpeccuto. Haiith nepsbii
YJleH a M NOCJefHHH [, ecii q = 3, n =D U s = 242,

Cuauana naxoaum [ mo qopmyne [ = ag"~' = a - 3% wu sarem a3ty
BeJIMUMHY W JIaHHble YKMC/Ia NOACTABHM B (DOPMYJY AJSl CYMMBbL:

a-3'-3-a a(3®-1)
3I-1 2

a=242:121 =2.

242 = = 121a,

OTKyZa:

Tenepp HaxogHM:
1=2.3"=162.

[Iposepka: 2+6+ 184 54 + 162 = 242.

Ynpaxcnenus.

129. Ha#itu 1-i ujeH reoMeTpHYeCKOH NpOrpeccHH, y KOTOPOH 3HaMeHaTesb
paBeH b, a 7-if uzen pasen 62 500.
130. HaiiTh cymMMy nepBelX BOCEMH Y/IEHOB TEOMETPHYECKOH MNpOrpeccuu: 5,

6 ,
131. Haiitu 4YeTbipe 4YHCJa, 3Hafd, YTO OHH COCTaBJAOT reOMeTPHHYECKYH MNpo-

TPECCHIO, UTO WX cymMMa pasHa 360 u 4To mocJsenHee yncso B 9 pa3s Gosee BToporo.
132. HaiiTh cymMMy [BeHaAlaTH UJIEHOB TEOMETPHUECKOH MPOTPeCcCHH:

1, vV2, ...
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133. OGpasoBaTh Takyl eOMeTPHUYECKYI0 MPOrpeccH0 H3 YeTLIPEX UJIEHOB,
utoObl cyMMa 1-ro U 3-ro 4/eHOB pasHsjack D, a cymma 2-ro u 4-ro Geiaa 10.

134. 3ameTunH, 4TO HaceJeHHe OJHOTO TOPOJA YBEJHUHMBAeTCH € KaX[IblM
roa0M B OHOM M TOM JKe OTHOWeHHH. KaK BeJHKO 3TO OTHOLIEHHe, ec/d 3a 3 rona
HaceseHHe yseanuuaocs ¢ 10000 no 14641 yenoseka?

135. [NoxasaTb, uTo psn, 00pa3oBaHHBIH YHCIaMH, OOPAaTHBIMH YJeHaM reoMerT-
PHYECKOH MpOrpeccHH, ecThb TOXKe reoMeTpuyeckas nporpeccus. BepHo au Taxoe
CBOHCTBO OTHOCHTENbHO apU()MeTHUeCKOH NporpeccHu?

136. 5-ii usnen reomerpryeckod nporpeccuu ects 61, a 11-# usen pasen 1647.
Haiiti 7-# unen.

137. JlokasaTb, YTO BO BCSAKOH reoMeTpHYECKOH mporpeccHd cymma 4-ro, 5-ro
W 6-T0 4JeHOB ecTh CpelHee reoMeTpHYecKoe Mexay cymmoi l-ro, 2-ro u 3-ro
YJIeHOB H CyMMO# 7-ro, 8-ro M 9-ro u/eHoB.

138. Pasnocts mexay 1-M W 2-M uJeHamMH reOMeTpHYeCKOH MpOrpeccHH pasHa
8, a cymma 2-ro ¥ 3-ro usneHoB ectb 12. HalTh nporpeccuio.

139. MoryT /11 CTOPOHbI IPAMOYTOJBHOrO TPEYrOJbHHKA COCTABJATL [€OMeT-
PHUYECKYIO NporpeccHio?

III. BeckoHeyHble NMporpeccuun

85. Hekortopeie cBoiicTBa GeckoHeuHbIX nporpeccuit. Ecau psan
YHCEJ, COCTABJSIONIMX MPOrPeccHio, TPOLOMKAETCS HeorpaHH4YeHHO, TO
nporpeccHsi HasblBaeTcs OeckoneuHoil. PaccMOTPHM HEKOTOpble CBOHCTBA
TAKHX MPOrPECCHH.

a) Bosbmém GeckoHeuHO BO3pacTalollyo apHpMeTHIeCKyio NPOrpeccHio,
y KOTOpPOH PasHOCTb OYeHb MaJja; HANPHMEp, TaKyo:

= 1; 1,01; 1,02; 1,03; 1,04;

HecmoTps Ha TO, YTO 4JieHbl 3TOH NPOrpPeccHH NpH yla/leHHH OT Hada/la
psila pacTyT O4eHb MeNJIeHHO, OHM, O[HAKO, NpPH A0CTATOYHOM YAaJeHHH
npeB30HAyT Ji0B0e NaHHOe YHCJI0, KAK Obl BEJHKO OHO HH OBIJIO; HANPH-
Mep, oHH caenawtes Gogpiue 1000000, delicTBHTebHO, A/ TOr0 4TOGLI
(n + 1)-# unen takoll nporpeccud, pasHoil cymme | + 0,0ln, caenancs
Goabue 1000000, nocTaTouHo AN 1 B35ITh TaKoe OOJIbILOE YHCJI0, KOTOPOe
ynosjetsopsino 6b HepaBeHeTBy: 1+ 0,01n > 1000 000.

9
00l = 99999 900.

Tak kak B GeCKOHE4YHOH MPOrpecCHH YMCJO0 70 MOMET ObiTb KaK YroiHO
GOJbILIUM, TO €ro MOXHO B3fTh 00JAbwIHM 99999900: torna 1 + 0,01n
cnenaercs Gosbire 1000 000.

PaccyxieHue 3TO MOMKHO MOBTOPUTB O BCSAKOH apu(pMeTHYeCKOH Bo3pac-
Tatolledl 6ecKOHeHHO! MPOrpeccHH; NMO3TOMY Mbl MOMKEM BBICKA3aTh Takoe
obrree 3aKJI0UeHHE:

M3 nero naxogum: n >

YjieHsl 6eCKOHEYHO BO3pacTalomeil apudMeTHUeCKOH NPOrpeccuy npu J1o-
CTATOYHOM yJAJeHUH MX OT HauaJja psiia NpPeBOCXoAAT JioGoe JaHHOe YHCIO,
Kak Obl OHO BEJHMKO HH OBLIO.
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Bosbmém Geckoneuno yObiBalollyo apu(MeTHUECKYIO TPOrPeccHio, Ha-
npumep: -+ 1000, 998, 996, ... (pasxocts 2). Kak Obl HM OB BeJHK
HaualbHbIH uJleH, HaYMHAas C HEKOTOPOro MeCTa uJieHbl MPOrpeccHH cTa-
HOBSITCSl OTPHULLATEJIbHBIMH H TIPH 0CTATOUYHOM YJaJeHHH OT HauaJja psja
abcosoTHas BeJHYMHA WX TIPeBOCXOAMT Jiodoe NaHHOe YHMC/0, Kak Obl
BEJIHKO OHO HH OBLIO.

6) BosbméM Tenepb GecKOHEUHO BO3pAcTAIOULYI0 T€OMETPHYECKYIO Tpo-
TPECCHIO C MOJIOKHTENbHBIMH YJIeHaMH, HapuMep, TaKylo:

=+ 1;1,01; 1,01% = 1,0201: 1,01° = 1,030301; ... (3namenarteas 1,01),
W cpaBHUM eé ¢ OecKOHeUHOH apH(hMeTHUeCKOH mporpeccHen:
+1; 1,01; 1,02; 1,03, ... (pasnocts 0,01),

y KOTOpOH MepBble ABa 4JieHA OAHHAKOBLI CO B3SITOH HAMH reoMeTpHueCcKoH
nporpeccHei.

Kak mbl BHmesM paHblue, uJeHbl reoMeTPHUecKoH MporpeccHu Bo3pac-
TaloT GblcTpee, YeM YieHbl apU(QMEeTHYECKOH NporpeccuH.

Ho unensl Bospacratoie#l apudmMeTHYeCKOH MPOrPeCCHH MPH 10CTATOY-
HOM V/aJeHHM MX OT Hauajsa psALd NPeBOCXOAAT JOOe YMCJ/IO; 3HAUYMT,
YJIeHbl HAlleH TreoMeTPHYECKOH NPOrpeccHd W MOAABHO MOIYT CAENATLCS
GoJibllle BCAKOro AaHHOro yveaa. Takum obpasom:

YneHsl GeCKOHEUHO BO3PACTAIONel reoMeTPHUeCKO#H mporpeccuu (¢ momo-
JKUTeJAbHBIMHA YJI€HAMU) IPH SOCTATOYHOM YAAJeHHH OT Hayaja psja IpeBoc-
XOIAT Moboe JaHHOe YHCJIO, KAK GbI OHO BeJHKO HH OBLIO.

CBOHCTBO 3TO NPUMEHMMO M K Tako# Bo3pacTaiollei reoMeTpH4ecKoi
NpOrpeccHH, Y KOTOPOH Y/eHBl, BCE HJH HEKOTOpbe, — OTPHILATENbHbIE
uucaa (Hampumep, —5, —10, =20, ... wau 5, —10, 20, —40, ...); ToasKO
TOrJla HaJ0 FOBOPUTL HE O CAMHX 4JeHax, a 00 MX abCoaomHblx 8eiuti-
Hax.

B) Bosbmém Temepb KakoH-HMOyAb NpuUMep OecKoHe4HO YyObiBalolLeH
reoMeTpHYeCKOH NPOrpeccuy ¢ MoJOKHTeJbHBIMH YeHaMH, HanpuMmep, Ta-
BPE Lo 1 1

g gE Bt g (SHaMEHaTe.}]b 5).

UseHbl Tako# nporpeccHH MNpH yAaJeHHH WX OT Hadaja psiia, KOHedHo,
YMEHbLIAIOTCSA, HO MOTYT JM OHH M[PH 3TOM CHeJaThCsl MeHbLie BCSIKOTO
JIAHHOTO TMOJIOKHMTENBHOro Ydcaa, Hanpumep, mensblue 0,000001, sto cpasy
He BHAHO. YUT0Obl OOHApYXKHUTb 3TO, BO3bMEM BCIIOMOraTeNbHYIO [porpec-
CHIO, YJieHbl KOTOPOH 00paTHbI YJieHaM B3ATOH HAMH MPOrPeCcCHH:

1,2, 22 2% ..., 2" ... (3HameHaTe.b 2).

[Mporpeccusi »ta Bo3pacTawllas, H MNOTOMY, Kak Mbl cedyac BHIJH,
YJeHbl € MpH J0CTATOYHOM YAaJeHUH OT Hayana psijia MpeBocxoisT Joboe
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AaHHOe 4Hcdio; 3HauuT, oHH npeocxonat u 1 000000. Ecan xe okaxercs,

4To
2" = 1000000,

TO TOTAA, QUEBHAHO! i i
— S m—
2" 1000000

[Ipumenum 370 paccykieHHe K KaKOH yrofHo OecKOHeuHO yObiBatollei
reoMeTPHUECKOH MpPOrpecck (¢ MoJIoMKHTebHLIMH YJIeHAMH):

“+a, b, ¢, ... (3Hamenatess g < 1).

Yro6bl MOKa3aTh, 4TO YJeHbl 3TOH MPOrPecCHH NMPH JOCTATOYHOM YaaJe-
HHMM OT Hauaja paaa AeJalTcs MeHblle JoO0ro AaHHOTO MOJOMHTENLHOI0
yuceaa o (Kak Obl MaJo 3TO YMCJI0 HH OBIJIO), BO3bMEM BCIMOMOTaTeNbHYIO
reoMeTPHYECKYI0 TPOrPecCHIO:

R N B | 1 1 1
FE =y == —gs g dees — wes | SHAMEHATENE — > 1),
a aq ag° aq aq q

[Iporpeccust sTa Bo3pacraiollas, Tak Kak eé 3HameHartesab Gouablue .
Ho uneHwl BO3pacTatouledi reoMeTpuyeckoll MporpeccHu MOryT MPeB30HTH
o 1
BCSIKOE JaHHOEe YHCJIO; CJe[loBaTe/NbHO, OHH MpeB30HAyT W yucao —. [lo-
(83
3TOMY MPH J0CTATOYHO BOJBIIOM 71, GYIET YAOB/IeTBOPEHO HEPABEHCTRO:
1 1
— > -,
aq o
u rorpa aq" < «. Takum obpasom:

Yienol GeCKOHEYHO yﬁbIBalOl.l.lEﬁ reomerpmle(:lmﬁ nporpecCHH € NnoJioKu-
TeJbHbIMH 4YiIeHAMH I[IPpH AOCTATOYHOM YyiaJeHHMH OT HadaJja psajla AearwTcHd
MeHbUIe JI00ro JaHHOr0 NMOJOXKHUTEJBLHOr0 UHca.

Ecau B 6eckoneyno yGuBaiollel reoMeTpHYeCKOH MPOTPECCHH BCE HJH
HEKOTOpble 4JIeHbl OTPULATEJbHbl, TO YKa3aHHOE CBOMCTBO NMPUMEHHMO H K
9TOH MPOrpecCcHH, TOJAbKO HAA0 OyaeT roBOPUTbL HE O CaMMX 4JeHax, a 0d
HX aBCOAIOMHBIX BEAULUHAX.

86. Ilonstue o npepene. [lonoxumM, 4To B GeckoHedHO yGbiBaOlIeH
reoMeTpHYeCKOH NpOrpeccHi:

1 1 1

L, 5 =
27227 2

. 5 14
Mbl B3sinu 10 4sieHoB oT Hauaga; Toraa nocaenuuit (10-i) unen Gynet (E) ;
a cymma 3THx 10 usieHoB (KoTopyio 0003HAYMM Sig) Oymert:

2

1\ 1 110
R R
2 2
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[Tono6Ho sTomy Haipém:
. 1
QT’ . 27,1-

Mui BHIHWM, 4YTO MO Mepe YyBeJHYeHHS YHCJa YJeHOB CyMMa HMX l'lpPI6JTPI'

1
311=Q*W;812:2~ ) Sl =2 -

xKaeTcs Beé Godee u Gosee K 2. Tak, cymMMa 8,4 MeHblle 2 Ha ApoOb g @

3Ta 1podb, KAK Mbl BHJE/H, MPH J0CTATOYHO OOJBLIOM 1 [I€JAeTCs MeHblle
MOO0r0 NAHHOTO MONOXKUTEILHOIO YHCJIA.
Ecau kakaa-Huby/b nepeMeHHas BeJHUHHA (B HALLEM NpHMepe — CyM-
Ma 4JIEHOB MPOTPECcCHH), H3MeHsisich, NpubaHKaeTcsi Beé Gonee u Gojee K
HEKOTOPOMY TOCTOSSHHOMY 4YMCJY (B HalleM NpHMepe — K 4HCay 2) Tak,
yTo abCOMIOTHAS BEJHUHHA PA3HOCTH MEMKJY 3THM UYHCJIOM M [epeMeHHOH
JenaeTcd ¥ ocTaéTcs MeHblle J060ro JaHHOTO MONOMKHTENLHOTD YHCJA,
KaK Gbl MaJl0 OHO HM ObLIO, TO 3TO NOCTOSIHHOE YHCJIO Ha3biBaeTcs npede-
A0M TIEPEMEHHOH BeJIMUYHHbI.
3aMeTHB 3TO, Mbl MOMKEM CKa3aTb, YTO MepeMeHHas cyMMa
1 | | 1
1+§+?+F+...+F
NpH HeOrpaHHYEHHOM BO3PACTAHHM M CTPEMHTCS K Mpefeny 2, uTo 3aru-
CHIBAIOT TAK:

i, 8.1 I
O+—+¥+—+m+

5 > T) — 2, ecmH n— o0

{?l — 00 HYHUTAETCHA! «n CTPEMHUTCH K GECKOHE‘-IHOCTH»), HJIHW TTHIIYT TaK!

lim (1+l+-1—.,+L+...+—1;) =2,
n—00 2 g 23 2

3nech lim ecTb cokpauléHHoe naTHHCKoe cioBo limes (r.e. npened),
a nobaB/jieHHe BHHU3Y BbIPAXKEHHS 1 — 0C 3aMeHsieT coOol (hpasy: «koraa n
. . » HeorpaHH4YeHHO YBeJHuYHBaeTcs» (Ko-
A A A ria 1 CTPEMHTCH K 00).
- MoxkHo HarnsaHo nokasaTh (cM.
puc. 27), uTo paccMaTpHBaemasi CyM-
Ma  npHOJHXKAeTCA  HeOrpaHH4YeHHO

6ausko K 2. [lyers otpesok AA; =1 u AB = 2. Torna 1+ % =AA,, 1+

| | | | 1
-+ 3 -+ = AAs, 1+ 3 + n -+ 5= AA4 W T, 1L, ACHO, UTO TIPH YBEJHYEHHH
YMCJIa YJEHOB MPOrPeccHH Mbl HeorpaHHYeHHO NpubJaHKaeMcsi K Touke B,

A

Puc. 27

W, 3HA4YMT, cymMma | + 3 + Z+ ... CTpeMHTCSl K oTpesky AB = 2.

87. ®opmyna cyMMmbl GeCKOHEYHO YOLIBAIOUIEH TeOMeTpPHUYECKOMH
nporpeccuu. Ecau B GeckoHeuHo yOBIBAWOIIEH reoMeTpPUUIECKON Mporpec-
CHH: ;

a, aq, aq’, agq (-l<g<l)
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BO3bMEM 70 YJIEHOB OT Hayaja, To n-i uiaeH 6yaer aq" !

Oyner:

H CyMMa n 4JeHOB

_a—lg  a—aq"
o l-q  1-g

n

q)OpMyJIy 3TY MOXHO IpeACTaBHTbL TakK (l'lO)le'[PICﬁB 3HaMeHaTeJ b 1101
Kax[IblM 4J€HOM ‘-IPICJIPITE.TIH)Z

a  aq"
L~g l—g’

8y =

HPEJIFEOJ'IO}KHM, YTO 7 HEOrpaHH4Y€HHO YBEJHYHUBAETCH. Torpa uwucao
n

aq

a e u
1= ocTaéTcs HeM3MeHHBIM, a Apobb no abcoMoTHOH BeJaHUHHE

YMeHbLIAeTCs M TPHTOM HEeOrpaHHYeHHO, TaK KaK 4YMC/HTeNb e no ab-
COJIIOTHOM BeJIHUHHE JeJaeTCst MeHblle JII000ro NaHHOTO MOJOXKHTEJBHOTO
YHCJIA, 8 3HAMEHATe b 0CTAETCsl HEH3MEeHHBIM. 3HAUHT!

a
Sn = T eCH N — 0C.

droT npeges M HasplBaeTcs CyMMOH OeckoHedHo yObiBaiolleH

reome’rpnuecxoﬁ NnporpeccuH, T.e.:

Cymma ujeHOB OecKOHe4YHO YOBIBAIOUEH reoMeTpPHYECKONH NpPOrpeccHu
paBHA 4acTHOMY OT JeJileHHd MepBOro 4YJeHa NMpOrpeccHH HAa Pa3HOCThL eIHHH-
LBl ¥ 3HaMeHaTeJisl IPOTPeCCHH.

HaMpHMep, CyMMa 4J/ICHOB MeOMeTPHYeCKOH MPOrpeccHH:

. 1
y KOTOpOH ¢ = —5 ¥ a = 2, paBHa 27

2 3 4 1
—2.5—5—1

1 3 [ IR SR SR .
1-(-3) |
Ha npunaraemom pucyHke H3oGpa-

XKEH psifl OPAMHAT, HALIALHO H300paxa-
IOIIHX CPABHHTENBHYIO BEJHUHHY OIHO-
ro, CyMMbl IBYX, TPEX, YETHIPEX H T. 1.
4/IeHOB laHHOH nporpeccud. OpaHHATEI
3TH MOOYEPENHO CcTaHOBSITCA TO BoJiblue Puc. 28

b2

o |—

1 ..
1§' TO MeHblle 1§' npudaHKasch BCEé GoJee K 3TOMY 4Hcay (cMm. puc. 28).

88. IIpumMeHeHHE reOMeTPHUYECKOH NPOrpPeccHu K AeCATHUHBIM Ie-
pronuueckum aApodsim. BosbMéM criemyiolive nBa MpuMepa AecATHYHBIX
YHUCTH X NEPHOAHYECKHX Apobei (T.e. TAKHX, Y KOTOPBIX NMepHOJ HAauWHA-
erca Tordac nocJje 3anatoi): 1) 0,999... u 2) 0,232323....
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[po6u 3TH npeacTaBasiioT co60il CyMMBI:

9 9 9 9 _ 23 23 23
1) 70" 700 T 7000 T 10000 ' 2 100 T 10000 T T000000 T

Cnaraemble 3THUX CYMM — YJIEHBI 6eCcKOHeYHO y6bmaroumx reomMeTpHuye-

CKUX TIPOTPECCHi, ¥ KOTOPHIX 3HAMEHATENH TPOTPECCHHU: Y MepBoH —, ¥
BTOpPO# ﬁ CyMMbl 3TH PaBHbI:
] ]
1)110}_:1097—1ng1; Q)Lﬁml:logs_lzg‘
0 100

M3 3THX npHMepoB BHAHO, YTO:

Yucras nepuoguueckas Jpobb paBHa Takod oOBIKHOBeHHOW Ipobu, y
KOTOPOH YHCIHMTeNb eCTh IepHol, a 3HaMeHATelb — YHCJO0, H300pamkaeMoe
uuncpoit 9, NOBTOPEHHOM CTOJNBLKO pa3, CKOJbKO uudgp B nepuose.

Bosbménm Tenepnb 1Ba npuMepa CMellaHHb X MNEePHOLUYECKHX Apolek
(T.e. TAKHX, Y KOTOPbIX MEpHO HAUMHAETCH HEe TOTHAC TOCJe 3amnsiToH):

3)0,2888... wu 4)0,3545454 ...

JpoBu 9TH MOXHO NpPeACTaBUTb B BHJE CYMM:
2 8 8 8

3) 75 * 00 T To00 T To000 T
3 54 54 54
4) 70 " 1000 " 700000 T T0000000

Cnaraemble 3THX CyMM, HauHHasi CO BTOPOTO, CYTb 4/eHbl GECKOHeYHO
yOBIBAIOUIMX FreoMeTPHYeCKHX MPOrPecchii; B TpeTheH cyMMe 3HaMeHaTeseM

CJAYXKHUT 1pobb %, B 4eTBEPTOH cymMMe — 1po0b 100- [TosaToMy 3TH cyMMBI
oynyT:
8
2 00 _ 2 8 _ 2 8 2948 _
3)104— PR 0+100 10 10+90_ 90
10
_2-10-2+8 _28-2 26 _ 13
N 90 90 90 457
54
3 1000 _ 3 54 3 54 _3-9+54 _
4)10+1_L—0+1000 10 10 990 9%
100

_3.100-3+54 354-3 351 39

990 T 7990 990 110°
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W3z »TuX npuMepoB BHAHO, 4TO:

CMmewaHHas nepHoaHuyecKasi Apo6b paBHa TaKoH OObLIKHOBEHHOW ApodH, Y
KOTOPOii YHMCIUTeNb eCTh YHCJIO, CTOsiee 10 BTOPOTO MepHona, Oe3 wucaa,
CTOfAIero 10 MepBoro nepuoja, a 3HaMeHaTeJb eCThb YHCJ0, H3o0pamaemoe
uudpoit 9, NOBTOPEHHOI CTONBLKO Pas, CKOJBLKO IU(pP B Nepuoae, co CTOJbKH-
MH HYJAMH Ha KOHIIE, CKOJBKO IH(pP MeXIy 3anATOi ¥ MepBLIM NepHOAOM.

Ynpaxcuenus.

Haiti cymMMbl OeCKOHEYHO YObIBAIOULHX MPOTpPeccHid:

1
140.3+1+§+...; 8—-4+4+2-..
1 1 1 3 9
1 1 b b

143. 1+ s+ 22+ 23+ ... O <z <1).
144. 1 —z4+2°—2*+... (0O<z < 1).

. . 1
145. CymMa GecKOHeuHOH reoMeTpHYecKoil NporpeccHd paBHa 75, a cymma

nepBbIX ABYX UY/EHOB PaBHa 6; Haiitu 6-if unen nporpeccuu.

146. Haiiti ToyHble BeJHYMHBLI nepHoauyeckux apobei: 0,777...; 2,7171..,
0,(142857); 0,3(8); 1,41(26); 0,16(21).

147. B kBanpaT cO CTOPOHOH @ BMMCAH APYrod KBaapaT, BepLIHHLI KOTOPOTO
JexKar B cepeiHHaX CTOPOH JaHHOrO KBajipara. B 9ToT kBaapaT BmHcaH NofoGHbLIM
e oO6pa3oM TpeTHH KBaipaT, B TPeTHi BIHCAH YeTBEPTLIH H T. 1. 6e3 KoHla. HalTh
CYMMY MJOIIafeH U CYMMY MepHMeTpOB BCEX KBAApaTOB.

4 ATl Kucenes



[naBa 6
OBOBHIEHHE IOHATHA O INIOKA3ATEJAX

I. llenbie nokasareau

89. CpoiicTBa Le/bIX MOJOMHUTEIbLHBIX NoKa3aresei. [lokasartesau
CTENeHH 10 Cero BPeMEeHH HAMH TPEeANoJarajuch LEJbIMH M NMOJOXKHTe/b-
HBIMH, TPHYEM MBI MM TPHAABAJIH CMBICJ, BHIPAXKAEMEIH B CJEAYIONIEM
onpeeeH H:

Bo3eecTd 4ucI0 a B CTENEHL C LHeJbIM M MOJOXHUTEJNbHbLIM IOKa3aTeJeM
N — 3HAYUT HAUTH npouspeaeHue 1. OAHHAKOBBIX COMHOXHUTEIEH aaa...a.

[lepeuncaum cBoHCTBA 3THX NOKAasaTesed, H3BECTHbIE HAM M3 MpPenbILy-
IIMX r1aB aarebpol:

1) mpu ymMHOXKEHHMH CTeneHeH OLHOTO H TOrO e 4HCJa MOKa3aTesH HX
CKJ1a/1bIBAIOTCS;

2) npu meneHHH cTereHed OLHOTO M TOTO e YMCJIA MOKasaTedb HesH-
TeJIsl BBIYHTAETCH M3 MOKA3aTessd NeJIMMOro, eC/IH MOKa3aTe/ b JeHTe/d He
0oJibllle MOKa3aTesis 1eJHMOro;

3) npH BO3BEAEHHH OTPHILATEJILHOTO YMC/AAa B CTENEHb ¢ YETHBIM MOKa-
3aTejieM MoJy4aeTcs MOJNOKHTENbHOE YHCJIO0, a ¢ HeYETHLIM NoKasaTeseM —
OTPHILATENbHOE;

4) uToObl BO3BECTH B CTeNeHb MPOM3BEAEHHEe, NOCTATOYHO BO3BECTH B
3TY CTEMeHb KaM bl COMHOMKHTE/b OTAEJIbHO;

5) 4ToGbl BO3BECTH CTENEHb B CTENeHb, JOCTATOYHO MEPEMHOMUTDL M0-
KasaTeJld 3THX CTeleHel;

6) u4ToObI BO3BECTH B CTeneHb JApo0b, JAOCTATOYHO BO3BECTH B 3TY
cTerneHb OTAE/NBHO YHCJAHTEb H 3HAMEeHaTe/b;

7) uToGbl BO3BECTH pajHKas B CTeleHb, AOCTATOYHO BO3BECTH B 3TY
CTeneHb MOAKOPEHHOE BhbiparKeHHe;

8) utolbl M3BJEYb KOpPeHb W3 CTeNeHH, J0CTATOYHO pasjle/IiTh TMOKa-
3aTesb CTENEHH Ha M0KasaTte/lb KOPHSH, €C/IM TAaKoe JejleHHe BhiMOJHAeTCs
Halesno.

Tenepb Mbl paclIMpUM TOHSITHE O MOKA3aTe/aX, BBelAs MOKa3aTeJH
OTpHIlaTeNbHBEIe H JPOOHbIE, KOTOPLIX A0 CEro BpeMeHH Mbl He yrnoTpeds-
Jad. Mbl YBHAHM TIpH 3TOM, Y4TO 8Ce CBOUCMBA UeAblX NOAONCUMENbHbLY
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nokasamenetl cOXpaHstomcs W 0AS noxkasameael OMPULAMELbHBLY U
dpobrbix.

90. Hyneroii noka3sareab. [lpu neneHun creneHell OHOrO W TOro
e HHCaa MoKasaresb AeJHMMOro MOMKeT OKa3aTbCfl PaBHBIM MOKAa3aTesio
AeNHTEJIS,

[Tyete Hy:kHO pasgenutb a™ Ha a™. Ilpumenss npaeuao (2) § 89,
noJly4yaem:

a" :a® =a™ " =a.

Ho Hy/nb Kak nokasaTesb CTeNneHH He HMeeT TOro 3HadyeHHs, KOTopoe
NpUAAETCS MOKA3ATENAM LM H MOJOKHUTEbHBIM, TAK KAK HEJb3s MO-
BTOPHTH YHCJO COMHOXKHTENeM Hyab pa3. UToBbl MpHAATL CMBICA BbipaXe-
nuio a’, MomoHAEM K BOMpoCY O AesieHHH a™ Ha a™ ¢ Apyroii cTopoHs. Mui
3HAeM, YTO MpPH JeJeHHH Jt060ro (OTJAHYHOrO OT HyJs) YHCJa HA paBHOe
eMy YHCJIO YaCTHOe PABHO eAMHHMLE,

[TosTomy yc/10BH/IMCh cuMTaTh a’ = 1.

Takum oBGpasom, No onpeeseHHIo:

Beakoe wucao (3a UcKAIOHeHUEeM HYAA) 68 HYAeBOU cmeneHu pasHo
eduHuLe.

Jlerko yGennTbes B TOM, YTO [€peuyHCJ/IEHHBIE BbIlEe CBOHCTBA LEJbIX
NOJIOKHTENbHBIX NOKa3aTesed MPHMEHHMBl H K HyJieBOMY nokasareso. Tak:

a”a =a ar: =a"=1 utnm

0 m+0 — oM. (am)() — am-U
91. OrpuuarenbHblie Lejble MOKA3aTeNU. YCJIOBUMCS MPH Je/eHHH
cTerneHeil OOHOTO H TOTO Ke YHCJa BbLIUYHTATh MOKA3aTeqb [EJHTeNs H3
noKasaTeJisi IEJIMMOTO H B TOM CJIydae, ec/iM MoKaszaTeb JefuTess Golblie
nokasatens genumoro. Torpa Mel HOJ]y‘-IHM B 4acTHOM OYKBY C OTpHIla-
TeJbHBLIM TOKasaTeseM, Hanpumep: a’ : a® = a2, TakuMm 06pa3oM, YHCIIO
C OTpHLATEJbLHLIM MOKazaTeaeM Mbl YCAOBHMCS yHOTpeéﬂﬂTb s 0603Ha-
YEHMSl 4ACMHOZO OT AENEeHHsl CTEeNeHeil 3TOro YMcjad B TOM Caydae, Ko-
ria nokasaTelb JeJUTe sl PeBOCXOAHT 0Ka3aTe/b AEJHMOr0 Ha CTOJBKO
CIMHHLL, CKOJIbKO HX HAXOAMTCH B aOCOMIOTHOH BE/MYHHE OTPHIATE/bHOTO
nokasartens. Tak, a =2 p3HayaeT YacTHOE a : @, WM a : at, W a® : a®,
BooG1Le YacTHoe a™ : a™ 2,

IIpumensieMoe B 3TOM CMBICJEe YHCJIO C OTPHLATENLHBIM IOKa3aTeseM
paBHO ApoOH, Y KOTOPO# YHCIHTeNb 1, a 3HaMeHaTeJlb — TO e YHCJO, HO C
MOJMOXHTEJNBbHBIM IOKa3aTeJjieM, paBHBIM abCoJNIOTHOM BeJHYHHE OTPpHLUATENb-
HOrO noKasareJs.

ﬂeﬂCTBHTe.ﬂbHO, COrJIaCHO HallleMy YCJIOBHIO, Mbl NOJIXHBl HMETh:

a”! = _ a 2= orTt =2 WL
m+1 2
a a T

4*
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Cokpatus aBe nepsbie ApoGH Ha a’™ W TpeTbio ApobGb Ha x'™ (T.e. B
000HX CJY4YasiX COKPATHB LPOOH HA YHCIHTENb), TOJYIHM:

H T.I.

Boobue: .

3aMeTHM, YTO OTPHLATE/bHbIE [0KA3aTE/NH AdKT BO3MOXKHOCTH Mpe-
CTaBHTb BCsIKOe JpoOHoe ajreOfpaHueckoe Bblpa{eHHe [OJ BHIOM LeJ0-
ro; IJIS 3TOTO CTOMT TOJBKO BCE MHOMKHTEJM 3HAMEHATeNs MepeHecTH
MHOXHTENAMH B UMCJIMTENb, B3fIB HX C OTPHIATE/bHbIMH TOKa3aTeJIsIMH.
Hanpumep: 3
2—63 = 3a - i_, . l} = 3ab~%c8,
be b ¢

92. [leiicTBHA HAJ CTENEHAMH C OTPULIATEJILHBIMH IOKA3aTeJ sAMH.
Y6enumest Tenepb, 4TO BCe JEHCTBHA HAA CTENEHAMH C OTPHLATE]bHBIMH
noKasaTeJIMH MOXHO MPOH3BOAHTbL MO TEM JKe MpaBH/JaM, KakHe OblIH
npex/e BulBeIeHbl AJiA MoKazaTened nosourenabHbx. JloctaTouno obHa-
PYMHTb 3TO TOMbKO S YMHOMKEHHSI M BO3BEJEHHS B CTeNeHb, TaK Kak
npaBusia 0OPATHBIX IeHCTBHH — AEJEHHS W M3BJIeUEHHST KOPHS — SIBJASIOTCS
CJENCTBUSMH MPABHJ NPAMbIX A€HCTBHH.

Ymuooxcenue. [1peIcTOMT NOKa3aTh, 4TO MPH YMHOMXKEHHH CTereHel no-
KasaTesNH OJMHAKOBBIX OYKB CKJAABIBAIOTCS H B TOM CJy4ae, KOraa 3TH
noKasaTe/sH OTpHIATeNbHble, Y6enumes, yto a ™ -a”~ ™ = g *t(™) =
=~ ™) e m ou n — lesble NOJOKHTEbHBIE YHCJA.

JeiicTBUTE/IEHO, 3aMEHHB CTENEeHH ¢ OTPHIIATEJIbHEIMH [0Ka3aTe/siMu
Ipo0SMH W MpPOoM3BeNs NeHCTBHE YMHOMXKEHHS M0 MPaBHJIaM, OTHOCAUIMMCS
K ApoOAM, MOAYUYHM:

ain . aim = L . L — _1 = ._l — a7(7"+mJ
- aﬂ. am - an _am - a”,+-m - -
Iopo6Ho aTomy:
-1 m —-n+m -1 m 1 m ™ m-=n —n+m
&I T =T , TAK KakKk T == =T =T .
T r

Bossederue 8 cmenens. Hano nokasarb, 4To NMpPH BO3BEJIEHHH B CTe-
NeHb MOKAa3aTeJii 3THX CTereHeHd MepeMHOMKATCA W B TOM CJyyae, KOrja
OHH OTpHILIATeNbHbIE. Yoeaumcs, uto (a~ ™)™ = q{~™(=m) — gnm

JleficTBUTEIBHO:
P— 1 1 1
T T nm
(a, ) = = = = = 4
—n\n 1 m 1
a
&) =
[lono6Ho sTOMY:
- _ _ 1 1 -
(™)™ =2™™™, notomy uto (z") "= mm =—mm =2 .
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[TpumMeps.

1) (3a=2b%c)(0,8ab~3¢c?) = 2,4a~ b "c.

(= 1572%) : (BePy ) = gafu.

(Zaz—3)~2 = 2-25-245,

4) (I—Z o ,y—l )2 = (I—Q)Q o 21.—2.9,—1 + (y—l)'z =7p1_ 2$_2y_| + y—2_
5) (a2 +b3)a2-b%)=at-0"

6) ¥/37p%3 = 3p~3~".

Ynpaxcnenusn.

148. BuluHCIHTD CleLyIOlLHe BbIpaXKeHus:
1

5% 0075 9% 2% (3] 75 oy (23) s (ot

Crenyiolme BelpaxkeHUs H300pa3uTh 6e3 3HaAMeHaTens:

1 2 3a x
149. —; =) — —=-
a?b’ a3t oz 3aylz
a 2 3ab
150. : 3 - ;
50 a+z’ a—z' (1+z)2(1-2)

HDOHSBECTH yKa3aHHble llef:ICTBlle’
151. 7a’b™" - 2ab*; 4= af‘ T3y 202

- 2

152.a° :a™ 'y 277wy 2P 2'3: 2.2t
153. 102’072 : 5ab™ %, 25a—3b 2% ba W
154. (a )" (a “)‘4: (a7

-2

155. (2a%67%)%; ( "3y"2) ~

i
3p—2 .=
156. [(3""7‘) ] . /3a-2/TTa-T5t

2z%y
157. (20~ = 1)(2a™" +1); (a7> —a™')".

II. IpoGHble nokasareau

93. B kKakom cmbic/ie ynoTpedasioTca aApoOHble moka3areau. Mel
3HaeM (§15), uTo nMpH H3BJEUEHMM KOPHS M3 CTEMEHH AeNAT MoKaszaTelb
CTENeHH Ha MoKas3aTe/b KOPHS, eC/H TAKOe JeJeHHe BhITOJHSETCs HalleJo;
HanpHMep,; Va' = a% Va® =23 u 1.n. Yenosumes Tenepb pacrnpocTpa-
HATb ITO NMPABHJIO W Ha Te CJy4dad, KOrjJa nokKasaresb CTENeHH He AEeNHTCS
Halleso Ha MoKasaTtesab KopHs. Hampumep, Mbl ycaoBUMCA MPHHHMATh, YTO:

e

o
Wi

i ;
va =az; Vad =zxz; 3:‘ =2z
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Boo6iie Mbl yesoBuMes, 4TO:

m
BoipajkeHHe an 0O3HayaeT KOpeHb, NOKasaTelb KOTOPOro paBeH 3Ha-
MeHAaTeNl0, a MOoKa3aTeJb CTeMeHH MOJKOPEHHOr0 HMCJIA PaBeH YHCINTENI0
m
nokasarens —, T.e. vam™.
n

YenoBumcs ynOTpeﬁ.HﬁTb OTpHILATEeNbHbIE ﬂ.pOéHbIE‘ NnoKasarteJ/Jli B TOM
XKe CMbIcJe, B KAKOM Mbl ynorpeﬁﬂﬂm{ OTPHLIATECJbHbIE LLEJble NNOKa3aTeJH;
HanpuMep, yCcJOBHMCH, 4TO

_3 (Im L | I)

a 4 = —3 = 3
am +3 a?

94. OcHoBHOe CBOHCTBO JpoOHOro nokasarenas. BesinuuHa cTeneHu

¢ JIpoGHBIM M0KA3aTe1eM He M3MEHHTCSH, €C/IM Mbl YMHOXHM HJIH DA3e/uM
Ha OLHO W TO K€ YHCJO (OTNHYHOe OT HYJsA) YHCIHTeNb W 3HaMeHaTellb

ﬂp06HOF0 noKasaTeJif.

Tax: 3 69 4 2
a2 =04 = @6 =...; 6 = 13
Boobiie: m —
an — qQnp,

[eticTBUTeIBHO, 3HaAMeHAaTe b APOGHOrO MoKasaTesss 03HAuaeT MoKasa-
TeJIb KOPHS, @ YHCJHMTEJNb ero 03HA4aeT 0Ka3aTelb CTeNeHH NOJKOPEHHOr o
BbIDAXKEHHS, & TAKWe ToKasatesH, Kak ™Mbl Buueau (cm. § 14), moxHO
YMHOXATh H JEJHTh HA OHO H TO K& YHUCJIO.

OcHoBbIBasACb Ha 3TOM CBOHCTBE, Mbl MOXeM npeobpazosviéams Ipob-
HOLL NOKaszamenb COBEPLIEHHO MaK Me, Kak u 00biKHOseHHYl Opolbs;
HanpuMmep, Mbl MOXeM COKpalllaTbh ApPOOHLIH MokKasatesab WM MPHBOLHTDL
HEeCKOJIbKO NPOOHBIX MOKasaTesed K OMHOMY 3HAMEHATEJo.

95. JleiicTBHA Haj CTeNMEeHAMH C APOOHBIMH TOKa3sareasMu. [lpen-
CTOMT JI0KA3aTh, YTO K APOGHBIM MOKAa3aTeJdM NMPHMEHHMBI MPABHJIA, BbI-
Be[eHHbIe paHblle [Jd [eJbX nokasaresned. 1o J0CTATOUHO OOHAPYKHThL
TOJILKO /Il YMHOXEHHSI M BO3BEJEHHs B CTEMeHb, TAK KaK MpaBHJ/a Jese-
HHUSl M W3BJIEYEHHS] KOPHS SBJSIOTCS CJAEACTBHAMH NPABH/ YMHOMKEHUS H
BO3BeeHHUSl B CTElEeHb.

Ymuoxcenue. JlokaxkeM, uTO NPUYMHOXKEHHH MOKA3aTe/H CTeleHel
OIHHAKOBBIX OYKB CKJ/IAIbIBAKOTCS W TOTAa, KOTa 3TH M0Ka3aTesaH Apo0HbIe.
Hanpumep, ybenumcs, 4to

4 2,14 10412 2
@35 =35 =g 18 =qal5,

Wt

a

') Ilpo6ubie nokasaTenu 61U BBENeHb B anreGpy raBHEIM 0GpPasoM TOJIaH-
ckuM HHKeHepoM CHMoHOM CrtepuHom B Hadane XVII cronerus. [Tosanee,
B koHue XVII crosetus, okcdopackuii npogeccop JxoH Baanuc Beéan B
ynoTped/eHHe OTPHILATENbHbIE TOKA3ATEH.
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[lns storo uzobpasuMm creneHu ¢ ApOGHLIMH TOKa3aTeNsMH B BHIE
paaHKaJoOB M MPOH3BEEM YMHOMXKEHHEe MO MPaBHAY YMHOXKEHHS pPaavKasoB

(cm. § 18):
Yot Yt = am . Yal = aB = ol

PesyabTaT nosydu/cs TOT 2Ke caMbld, KaKOH Mbl MOJYYHJIH TOcCJe
CNIOXKEHHA MOKasaTesei; 3HAYHT, MPABHIO O CJOKEHHH MoKasatesed (mpu
yMHO}KEHHH) MO2KHO INMPHMEHATb H OJIf IlpOﬁHle nokasareJei.

Taxkum obpaszom:

[T 11 5 m B m.p mgtnp
a?2 a3 = qa?2 3:a6; an -9 =an 49 =q n4q

Bossedenue 8 cmenenv. JlokaxkeMm, UTO NPH BO3BENEHUH CTEIEHH B
CTEMeHb MOKA3aTeNH CTeneHeil MOMHO MepeMHOXKAaTh M TOr[a, KOra 3TH
nokasatenu apoGHble. Hanpumep, ybenumces, uto

4

2\ 5
as =a

JleficTBUTEIbHO, 32aMEHHB PaIHKalaMH CTENEeHH ¢ ApoGHLIMH NoKasaTe-
JISIMH M TIPOH3Be/is NeHCTBHSl HAjJ PajHKaJaMH, T0JyUHM:

i’/(é/@)“:\“/%: B =l

Ecau nokasaresnn He TOMbKO [ApoOHBIE 4YHC/aAd, HO M OTPHIATEJ/bHBIE,
TO M TOrjJa K HUM MOXHO NMPHMEeHSATh NpaBUJa, N0Ka3aHHBE paHblle AJs
NoNOKHUTENbHBIX NMoKasaTenei. Hanpumep:

m e 1 ﬂ+ﬂ

a no-a q:%Lz ﬂ..lzza_(n Q)za
q

S
=ql5.

wlrs
el

_%_g—) = a_%+(_§)_

96. Ilpumepsb! Ha JeiCTBUA C JPOOHBIMHM M OTPHUATEJBHBIMH MO-
Ka3aTeJsiMH.

1) (a% +b% —c-%)(a‘]? - b% +¢3%) =

1 1 2 1 1
:a—(bE—c?) —a—b—c+2b%c? =a—b—c+ 2V/be.

2) V12445 : (”s )2 _

= 26°Vab.

Il
i\TJ
lvl'—
lvl‘-l
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Ynpaxcrenus.

l'lpouase:cml yxaaam}{ble JIeHCTBHA:
158. 2a2x2 - S5a3z2.
a1 2 1
159, 20a b2 ¢3 : 4a b2 e,
. o l
160. V3a2b : 4ab®; Vi 1 axi.
‘ 1

161. (a%)'5 : (ﬁ)_;- (af)’

1 1 1y2

166. (.1:7':’ +2x73 71'5) .

167. Tpunumas, uto (npHGaUsKUTENbHO) | = 3, u3obpa-
3UTh B BUe cTeneHell 10 crenyloue uncna: 4, 8, 16, 9, 24, 6, 12, 18.

712
00,3{]]03 s 2 " 10047![_

II1. IlonsiTne 06 MppaLMOHAIBLHOM MOKa3aTeJe

97. CMBICK CTEeNeHH ¢ HPPAUHOHAJIBHBIM TOKa3aTeaeM. PaccMoT-
pUM cTerneHH a®, B KOTOPBIX o — KaKoe-HHOY/Ib MPPAlHOHAJIbHOE YHCIIO,
KOrjia OCHOBaHHe CTeleHH a eCcTh Kakoe-HHOYb MOJOXKHTe/bHOe YHCJIO, He
pasHoe 1. [Ipy 3TOM MOryT NpencTaBUTbCs CJELYIOUIHEe TPH CayHas:

a) a>1Ha — noroxiumenrsHoe UPPayUOHALbHOE HILCAO; HATIPUMED,
10V2.

OGozHauum 4vepes «; Jawboe panHoHabHOE MPHOMHKEHHOE 3HAUYEHHEe
YHCJ/ad v, B3ATOE C HEJOCTATKOM, H 4epe3 ao — Jioboe NpHOaHKEHHOE
palMOHAIbHOE 3HAUEHHe YMC/a (v, B3siToe ¢ u30bTKOM. Toraa creneHb a®
03HauaeT Takoe YHCJIO, KOoTopoe Ooavuie 8CaKol cmenenu a®', HO meHbLue
scakou cmeneny a™. MoXHO J10Ka3aTh, YTO TAaKOe YHCIO CYILIECTBYeT M
ennHcTBeHHO. Hampumep, 10V2 o3nauaeT Takoe 4HCIO, KoTopoe GoJiblle
Kax10r0 U3 4Mces pana:

10[.4' lol.4l' 10|.4l4' 101.4]42‘ e

B KOTOPOM T[OKasaTesqH — [OeCATHYHbIe HpHéJ]H}KéHHbie 3HA4YE€HH A \/§.
B3fITble C HEAOCTATKOM, HO MEHble Kaxa0ro U3 4uceJq pana:

10[.5 10|.42 101.415 10].‘”43

B KOTOPOM MOKA3aTeJH — [eCATHYHbe MPUOIHMKEeHHS /2, B3AThie C H3-
ObITKOM.
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6) a <1 U o — NO-NIPEKHEMY NOAOHCUMENLHOE UPPALULOHANBHOE
4UECA0, HATIDHMEP, O,Sﬁ.
Torpa nop creneHbd a® pasymerwdT TAaKOE YHCJO, KOMOPOE MEHbUUE

scaKoll cmeneHu a®', Ho boasule geakol cmenenu a®?. Tak, 0,5‘/§ €CTb
YHCJI0, MEHbLIEe KaXK/J0ro M3 UHCes psja:

05].4 05|.4l 05|.4|4 05].4l42
HO GOJibllee KaX/0r0 M3 YMCes psijla:
0 5I.5 0 5[.42 0 5[.4]5 0 51.4143

Takum o6pasom, eciH MPPAUHOHAJBHOE YHCJO (v 3aKJIOYEHO Mexnay
ABYMsl PAllHOHAJbHBIMH YHMCJIAMH ¢ H v, TO CTeneHb a” 3ak/ioueHa
MeXIy CTenmeHsiMM a®' W a™ M Toraa, Korga a > 1, W Toraa, korja a < 1.

B) a 2 1 H a — ompuyamenbroe uppayUOHAAbHOE YILCAO; HATIPHMEP:

o ()

Torna BBIDAKEHHIO a®™ NpUOawT TOT XK€ CMBIC/, KaKOH MMelT CTerneHH
C OTPHUATEJIbHBIMH pallHOHAJBHBIMH [MOKa3aTeJJIAMH. Tak:

vz __L (1
10 _10\5' (2

)"”l;

IIpy noppoGHOM paccMOTPeHMH TeOpHHM MppallMOHaJbHBLIX [OKasareJeil
OGHapy)KHBaETCH. 4YTO BCE CBOWCTBA MOKa3aTesel pPalHOHAJABHBIX TPHMEHH-
Mbl H K NOKasaTeJaM HppalHOHaJAbHBIM, TaK:

a% P = ot e, (a‘")[j = g™,

IV. Iloka3areabHas ¢yHKLUS

98. Onpenenenune. [lokaszameavroli yrkiyueri HasbiBaeTcs (yHK-
uus y = a®, npeacrapgsionias coboi cTeneHb, Y KOTOPOH OCHOBaHHE a
ecTb Kakoe-HHOYIb MOCTOSHHOE MOJOMKHTEJIbHOE 4HCJI0, He paBHoe 1, a
nokasatenb & — He3aBHCHMAas MepeMeHHas, MOTYIlas NPHHHMATL BCEBO3-
MOKHBIE 3HAUEHHMS, MONOKHTENEHBIE H OTPHIATENLHEIE, LIeJEe H ApPO0HLIe,
pallMoHalbHble ¥ uppaloHadbhbie, [IpH 3TOM npeanonaraercs, 4To B TOM
ciydae, KOra Mokasare/b x paseH ApoOM M, cJeloBaTesbHO, Koraa a®
O3Ha4aeT pajHKaJ HEeKOTOPOH CTeleHW, TO W3 BCeX 3Ha4yeHWi paaHkana
GepéTes TONLKO ONHO apH(MeTHYeCKoe, T.e. MoJoXKHTe bHoe ).

') OcHoBanue a npeanonaraeTcs He paBHbIM 1, Tak Kak npu a = | cTeneHb
a” TIpH BCSIKOM 3HAUeHHMH ¥ paBHsJach Obl | M TOrAa OHa He 3aBHcesa Ol OT .
OcHoBatHe a NpeanoaraeTcs elé ¥ noaoXHTebHbIM, Tak Kak npd a < 0 crenes
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M3 toro, 4T Mbl 3HaeM O NOKa3aTeasiX CTENEHH, CAEYeT, YTo (PyHKIHs
y = a” NpPH BCSKOM 3HAUYEHHH T UMeeT e[IMHCTBeHHOe 3HaueHue (Haaronaps
YCJIOBHIO OpaTh AJIs paAHKa/i0oB TOJNLKO apu(MeTHYeCKOe 3HAYeHHE).

99. CpoiicTBa nokasaTteabHOH (YHKUMH. PaccMoTpuM HeKOTOpLIe
CBOHCTBA MM0OKA3aTeNbHOH (DYHKIIMH, NMOMHHA, YTO @ Mbl CYMTAEM [OJIOXKH-
TeJLHBIM YHCJIOM,

1. Ilpx BCAKOM MOMOMKHTENLHOM OCHOBAHHH (DYHKIHSA a” MOJOMKHTENb-
Ha, T.e. a” > 0.

[lpu = wenom nosoxutensHom a® > 0, Kakoeo Obl HU OLLIO MOJIOXH-
TeJIbHOE YHCJ0 @; CJelOBATE/IbHO, BbICKA3AHHOE HAMM [10JIOKEHHE B 3TOM
cJ1yyae CrpaBeiHBo.

[lycTb Tenepb o paBHO HEKOTOPOH MOJOMKHTENbHOH Apo0H, HanpHMmep,

m
x = —, Torpa:
n m
o® =% = Yam.

Ho o™ > 0, caegoeatensHo, u Ya™ > 0, Tak Kak Mol YCJIOBHIHCD
OpaTh JHLIL apHMETHUIECKOe 3HAUEHHE KOPHS.

[MycTb @ — nonoxkuTeabHOE HppalHoHanbHOe dyuca0. O6osHauum depes
] H g9 TIPHOJHIKEHHDIE PAlHOHAJNbHBIE 3HAYEHHWS X MO HEeJOCTATKY H H3-
OBITKY. DTH NPUOIMMKEHHBIE 3HAYEHHUS MOXKHO BHIOPATH MOJOXKHUTENBHBIMH.
Torna sHauenue a®, Gyayud 3aK/OUEHHBIM MEXKAY ABYMS MOJOMHTENbHbBI-
MH YHCIaMH a® H a®?, sBJaseTcs NOJOXKHTEJIbHBIM YHCJIOM.

[lycThb, HaKOHEll,  PABHO HEKOTOPOMY OTPHILATEJNbHOMY YHCJY, HAMPH-
Mep, x = —p. Torpa: 1

e |
a, =a P = —.
Clp

KakoBo Gbl HH ObLJIO [MOJIOMKHTEIBHOE YHCAO P, COMVIACHO MpeiblayeMy

a? > 0, no Torna M Lp > 0.

Takum 06pa30M,aBb]CKa3aHHOE HaMH NOJIOXKEeHHe CrpaBeiJuBo sl BCs-
KOro .

2. Ilpu a > 1 dyHkuusa a® > 1, ecnn ¢ >0, ¥ o® < 1, ecin x <0
(npu @ < | 3HaKM HepaBeHCTBA A1 a” NMPOTHBOMOJIOXKHbI).

[Tyctb © — nenoe mosoxuTeAbHOE 4Kca0. Toraa:
a>1 a®*>1% a*>1.

m
[lycTs & — nonoxurensHas npoGb, Hanpumep, —. Toraa:
T

a>1 am>1 Yam > ¥Y1: Yam >1. an > 1.

x

a® naf MHOTHX 3HadeHHH r He [aBajia Obl HMKaKOTO BellleCTBEHHOTO YMCa.

1 1
Hanpumep, npu a = —4 u npu = 5 creneib a® obpatunack Gbl B (—4)2 = /—4,
YTO SBJSETCS MHHMbLIM BIPAXKEHHEM.
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Ecniu @ — nonoxuTenbHOe MppalHoHalbHOE 4YMCa0, To a® > 1, rae
@] — MPUOIHKEHHOE PAallHOHAJBHOE 3HAUEHHe & MO HEeJOCTATKY, a TO3TOMY
H a® > 1. Takum o6pazom, Npu BCSIKOM MOJIOKHTEJBHOM T

a® > 1.

[lyeTe Tenmeph x ecTh Kakoe-AMOO OTPHIATENBHOE HHCIO, HaMpHMEp,
x = —p. Torga:

Ho cornacho npeabiayuiemy a? > 1. CienosaTtesbHo:
p y y

1 )
- <1, 1re. o <L
a

3. Tlpu a > 1 dyHKUMs a® Bo3pacTaeT NpH BO3PACTAHHH .
Eciu xp u 19 — IBa UeJBIX NOJOXKHTENBHBIX YHCJIA H Ty > T, TO
OYEBHJIHO, YTO NMPH @ > | GyneM HMeTb:

a™ > a™.
m
[TycTe Tenmepb ) M X9 —MONOKHTENbHBIE APOOH, HATIPUMED, ] = — H
n

do= B [lyetb Takxke z9 > x). Toraa:
q

>

Sl i~

m
n

Han no npusenennu apobeit K ofHOMY 3HAMEHATEJIO:
(3 m
L
gn = qn
M3 nByx HepaBHBIX ApoGefi ¢ ONHHAKOBEIMH 3HAMEHATENIMH Ta GOJbLIIE,
Y KOTOpOH yucauTesb Gosbiie. CleloBaTeNbHO:

pn > mgq.

Tak xak pn ¥ mg — leJble 4HCId, TO K HHM MOXHO NPHMEHHTb
npefbIyIHe PACCYKAEHHS W Mbl MOJYUHM:

a™ g,

Hzeneuém u3 o™ u a™? KopeHb cTeneHu gn. Mbl 3Haem, 4To M3 IBYX
KOpHe#H 0fiHHAKOBOH cTeneHH TOT BoJblle, Y KOTOPOro GoJblie NojgKopeHHoe
yuceno. CaenoBartebHo:

n mg
Warn > Wama, yau g >aan.
Cokpaiasi nokasaress, noayyum:
E o T by
ad >an, T.e. a*>a".

ITycTb &y W 29 — Ba BellECTBEHHLIX YMC/A, H3 KOTOPLIX OIHO HJH 06a

HppalHOHAJbHBL.
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OGosHauum 4yepe3 [§ npuOAMKEHHOE pallHOHAJbHOE 3HAYeHHEe x| M0
H3OBITKY, a 4epe3 «v NPUOJNHKEHHOE 3HAYEHHe T9 MO HelocTaTKy. Ecau
2] < X9, TO MOXKHO BBIOPATh cv U (3 nipu yeaoBuu 3 < a. Torpa Gynem umeThb
a® < a® n a® < a™. Ho Tak kak a” < a%, 10 a®' < a™.

100. I'paduk noxasatensnod gyuakuuu. [locTpouM rpaduk caeny-
IOUIMX TPEX MOKa3aTeNbHLIX (PYHKIHH:

Dy=2°, 2y=(5); 3y=10"
Hna noctpoenuss rpaMKoOB neppbiXx ABYX (DYHKUHH Mbl AafHM nepe-

MeHHOH BeJHYHHE T Psl LeNblX 3HAYeHHH:
=3; =2 =1:0: 1; 2: 3.

[lpu & = —3 MBI MOJAYYHM:

Predeg @) e

[Mono6HO 9TOMY BBIYMCJMM 3HA4YEHHA ¥ W AJS BCEX OCTANbHBIX 3Haye-
HHH T.

s gynxmun y = 10* Heyno6Ho GpaTh YKa3aHHblE 3HaYEHHs MepeMeH-
HOH x, TaK Kak Mbl MOJYUHJH Obl TOTAA AJS Y Takhe OOJblIHe 4HCJ/a,
KOTOpble Ha puc. 29 He yMeliaoTcs (HanpuMep, NMpH @ = 3 Mbl MOJYYHJIH
661 y = 10° = 1000). Jlas 3Toil DYHKUHH MBIl BO3BMEM TaKHe NpOOHLIE
3HaueHus (3akawouvamwliuecs Mexay —1 u +1):

p==ly -t lop L 250y
4" 4 A4 a4

CooTBercTBYIOlIHE 3HAYEHHS ¥ BBIYMCJIMM B TAKOH MOCJE10BATENLHO-

CTH:

105 = ¥10 = V10 = +/3.162 = 1,778,
o% =105 = m — 3.162.
,[la.HEE HpOCTbIM yMHO}KeHHeM H JeJieHUeM HaXOOHuM:

3
i

— 107 . 107 = 3,162 1,778 = 5,62....

10
1 1 1000
10 ~ 1,778 1778 =126
2 1 1000
10 4—3.162 3162 =0,32..
g PR

562 562
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Brinuuiem Bee HaleHHblE 3HAYEHUS B C/IeAYIOUIHE TPH TaOJHILbL:
1) y=2°%.

x | Bospacraer | =3 | =2 | —1 | O [ 1 | 2 [ 3 | Bospacraer
BO3pacTaer l l L 1 |24 8 | Bospacraer
Y P 3 1 3 pac
2 Ly
y=1=1.
)y (2)
a | Bospactaer | =3 | =2 | =1 | 0 | 1 2 | 3 | Bospacraer
OblBE 8 4 2 1 . l ] OblB:
Y yObiBaeT 31713 yObIBaeT
3) y=10".
| 3 2 1 0 | 2 3 |
BO3pacTaer | — — | —= — — - — 03pac
z 3pacTae 1 i 2 1 3 2 BO3pacTaer
y | Bospacraer | 0,1 | 0,17 | 0,32 | 0,56 | 1 | 1,78 | 3,16 | 5,62 | 10 | Bospacraer

(B mocaienHeit TabaHlle YHCIA OKPYT/IEHbI).

HaHzecs 3TH 3HAaUeHHUs HA UepTEXK U COEAMHAS MONYUEHHBIE TOUKH KpH-
BBIMH, Mbl MOJAYYHM (CM. puc. 29) Tpu rpaduka B3siTbIX (PyHKUMH (y10GHO
4epTéx BLIMOJAHHTL HA MHJJIMMETPO-
BOM Oymare, Oepsl 32 €NMHHMILY IJHHBI
CaHTHMETP).

Paccmarpusas rpaduku nokasa-
TeNLHBIX (YHKIHH, Mbl BHIMM Ha HHX
B HarigJHOM H300paKeHHH cJefyio-
LHe CBOHCTBA:

1. Tlpn BcsIKOM TMONOXKHTEJNBHOM
OCHOBAaHHH (DYHKLHS a” MONOMKHTEb-
Ha (BCce KPHBBIE DACMOJIOXKEHB! Bhillle
OCH I-0B).

2. Ilpu a > 1 dyuxuus a® > 1,
ecqiu £ >0, ma®* <1, ecsiu 2 <0
(npu a < 1 3HaKH HepaBeHCTB MJasA a”
TPOTHBOMNOJIOKHBI).

3. Ilpu Bo3pacraHuH = (QyHKUHH
a® BospacTtaert, ecqd a > 1 (1 yObiBa-
eT, ecqn a < 1).

4. Ecniu =0, to @® = | npu BCA-
KOM @ (BCe KpHBLIE NPOXOAAT uepes
OJIHY M TY e TOUKY, Jemallylo Ha
OCH ¥-0B W OTCTOSILLYIO OT TOYKH O Puc. 29
Ha +1).
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5. lpy a > | dyHKUHS NPH BO3paCTaHHH X BO3PACTaeT TeM ObicTpee,
uyeM Gosblue a (kpuBas mpud a = 10 nogHMMaeTcss BBepX 3HAUHTEJBHO
GoJiblile, UeM IpH a = 2).

Ynpaxcuenus.
168. INoctpouts rpauk (yHkunu y = 3° B npomexytke or = 0 g0 = = 3,
1 1
NlaBas MokasateJito 3HaueHus: 0, 5; 1; !5; 2 25; 3.

169. INocrpouts rpadHK QyHKUHH y = 27 B MpoMeXKyTKe 0T & = —3 10 = +2
(3a eauHUILy MpUHATbL caHTUMerp). [losbaysick rpadHkoM, HaHTH NpUGIHIKEHHOE
3HaueHHe BeJHUMHBl x, VIOBJIETBOPAIOLIee ypaBHeHHIO 27 = 5.
T

170. TMoctpoutk rpadux QyHkumMu y =

-3 B MPOMeXyTke or —1 no +4

(Geps 2 cm 3a enununy aaunel). [losabsysce rpadukom, HallTH y, ecan . = 1,5 1
ecan ¢ = —0,5.



[maBa 7
JIOTAPUPMBI

I. O6mue cBoiicTBa JorapucmMoB

101. JIBa peiicTBHs, 0OpaTHLIX BO3BeJEHHIO B CTeNeHb. Bo3bMEM

paBEHCTBOZ .
9%_9.9.9-8.

3To paBeHCTBO BbIpa)kaeT AeHCTBHE, Ha3biBaeMoe go3sedenuem 6 cme-
neto. B 3ToM nelcTBUM naloTCs OCHOBAaHMWE cTeneH (4ucao 2) W nokasa-
Tejb CTeneHH (dneao 3), a oTbickHBaeTcest caMas crenetb (8). [ToecMoTpum,
KakHe JeHcTBHA o6pamHbl BO3BEIEHHUIO B CTeNeHb. TakKuX NeHCcTBHEH MOXKHO
yKa3aTh fBa:

1. Tlycts Tpebyercsi y3HaTh, Kakoe YMCJO HAJA0 BO3BECTH B cTereHb
¢ nokasaresem 3, 4yToObl MoaAy4HTh Yucao 12, O6G03HaYHB MCKOMOE YHCJIO
OyKBOH I, Mbl MOXeEM HamucaTb ypasHenue x° = 12. [leiicTBHe, mocpen-
CTBOM KOTOPOTrO HAXOLHTCH OCHOBAHHE T 110 JAHHOH CTeNeHW W JaHHOMY
NOKa3aTesio e€, HasblBaeTCsl u3BAedeHuem KOpHA;, oHO o003HaYaeTcsd, Kak

MbI 3HaeM, Tak: s
= vI12.

2. Ilonoxkum, HafO y3HATb, KAKOH MOKasaTe b N0J2KeH OblTb Y CTENeHH,
B KOTOPYIO Haj0 BO3BeCTH ocHoBanue 4, uTo6nl moayuuth 16. Ofosnauus
HCKOMBIH MOKazaTeb OYKBOH &, Mbl MOXKeM HamnucaTh ypaBHeHue: 47 = 16.
JleiicTBHE, NOCPEACTBOM KOTOPOIO HAXOAMTCS MOKA3aTe/b CTENeHH M0 LaH-
HOW CTeneHH W JaHHOMY OCHOBAHHIO, HA3BIBAETCS HAXONCOeHUeMm A02apud-
ma naHHoro yucaa (16) mo manHomy ocHoBanuio (4). B Hamem npumepe
x = 2, Tak Kak 42 = 16.

Hrak, Bo3BeaeHHe B cTenenb uMeeT aBa oOpatHbiX aelicTBus. [ToctaBum
BONPOC: Pa3JIH4Hbl JM 3TH AedcTBHsi? Belb M AN YMHOMKEHHS MOMKHO
paccMOTpeTh ABa OOpPATHLIX AeHCTBHA: [EPBOE — HAXOXK/EHHE MHOXKHMOIO
N0 JAHHBIM TNPOH3BENEHHI0 M MHOXKHTEN, BTOPOE — HAXOXKAEHHe MHO-
KUTENA 110 JAHHLIM MPOH3BEACHHI0 ¥ MHOXKUMOMY. ONHAKO AeHCTBHA 3TH
paccMaTpHBAlOTCsl He KAk pasJHuHble, 8 Kak OIHO M TO Xe JelcTBHe,
HasbiBaeMoe jesieHueM. IIpHunHa CAUAHUSA 3THX ABYX OOpaTHBIX AEHCTBHH
B OJIHO 3aKJIOUYAeTCsl B MIEPEMECTHTE/NbHOM CBOHCTBE YMHOMEHHs], M0 KOTO-
POMY MPOM3BE/IEHHE HE MEHSETCS OT MepeMeHbl MeCT MHOXHMOrO H MHOMH-
tessi. B TakoM ke NoJIoKeHWH HAaXONHTCS W CJ0OXKeHHe (JIBYX cJaraeMbix);
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3TOMY JeHCTBHIO TaK:Ke MOXKHO YKa3aTh Ba OOPATHBLIX AEHCTBHS: OXHO —
HaXOX/IeHHe HeM3BEeCTHOro 4vcsia (NMepBoro c/iaraeMoro), K KOTOPOMY Hazio
NpHOGABHTHL AHHOE YMCJO (BTOpPOE C/laraemoe), 4TOObl MOJYUYHTH AAHHYIO
CYMMY; IPYToe — HaXOIeHHe HeH3BECTHOrO YHc/a (BTOPOro C/IaraeMoro),
KOTOpOe HaJ0 MpUBaBMTL K JAAHHOMY uYHcay (K NMepBoMy cjaraeMoMy),
YTOBB MOMYYHTh AaHHYI0 cymMMy. ONHAKO 3T fBa JeHCTBHS paccMaTpH-
BAlOTCS KaK OJIHO, HA3blBaeMOe BHIYHTAHHEM, BCJEACTBHE TOTO, YTO CJO-
)KeHHe 006/1a/iaeT NepeMecTHTebHLIM CBOHCTBOM, MO KOTOPOMY CyMMa He
3aBHCHT OT TMopsifika ciaraeMbix. Ecu 6bl 3T0 CBOMCTBO MPHHAANEXKANO
TaK)Ke BO3BEJEHHIO B CTeNeHb, TO TOTA H /1BA YKa3aHHBIX Bhille 0BpaTHLIX
neilcTBUS coCTaBAAAM Obl B cylHOcTH onHo. Ho Bo3BeneHHe B cTemeHb He
o6/1afiaeT CBOHCTBOM mepeMecTHTeNbHOCTH: Hanpumep, 2° He pasno 32, 10
ne pasto 2!Y u 1. n. BesencTBre 3TOro HaxoXaeHHe OCHOBaHHMA MO AaHHBIM
roKasaTesio M cTeneHH (M3BjeyeHHe KOPHS) CYUIECTBEHHO OTJHMYAETCH OT
HAXOM/IEHHSA MOKA3aTens Mo JaHHBIM OCHOBAHMIO H CTeneHH (HaXokaeHHe
norapugma).

102. Onpenenenne. Jlocapugmom danHoeo wucia no OaHHOMY OC-
HOBAHUI HA3bIBAEMCA NOKA3AMeNb CIeneHil, 8 KOMopyw Hado 8038ecmu
Mo ocHosaHue, 4mobvl noAyiUmes JaHHOe HUCAO.

Ecau, nanpumep, ocHoBanue Oyaet 4, To:

norapupm 16 ectb 2, Tak kak 42 = 16;

64 " 3, "4 =64,
* 4 " 1, " 4! — 4.
1
" 2 n _;_' n 7 — \/&‘ - 2,
| 1 L 1 |
¢ = 8B - " 4T =— =
2 2 4% 2
" 1 " = " =] l
5 1, 4~ = T
Ecnu Bo3bMéEM 3a ocHoBaHue 10, To
norapupm 10 ects 1, Tak xak 10' = 10;
» 100 " 2, w 102 = 100;
"o 1000 "3, " 10% = 1000;
. B e % i1,
0,1 1, 107" = T
" " i " -2 i
0,01 2, 10~<= e

Bumecto Toro utofel nucath: «aorapudm uHcsaa 16 no ocHoeaHHio 4»,
NHLIYT cOKpallgHHo Tak: log, 16, nomerlas BHU3y crnpaBa oT 3Haka log To
4YMCJ0, KOTOPOE CJYXKHT OCHOBaHHMeM. Brnpouem, ecnu 3apaHee H3BECTHO,
KaKoe YMCJ/IO B3ATO 3a OCHOBaHHE, TO €ro NPHHATO He Mucath. Bwmecto
3Haka log (cokpalleHHs cjoBa «jorapum») nuwyT lg, ecad ocHoBaHHeM
cayKuT yneao 10,
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[Ipex e uem roBopHThL O NPHUMEHEHHAX JOrapH(MOB, MLl NIpeJBapHTe/lL-
HO PacCMOTPHM HEKOTOphle CBOHCTBA TaK HA3bIBaeMOiH JOrapHMHUecKok
(DYHKIHH.

103. Jlorapudmuueckas pyHKuHsd u e€ rpaduk. Eciau B paBeHcTBe
Yy = a® MBI PACCMATPHBAEM TIOKA3aTe/b T KaK HE3aBHCHMYI MepPeMEHHYI0,
To Torja y Oyner GyHKUHEH OT x, KOTOPYIO Mbl Ha3BaJM paHblle nokasa-
meabrol. Ho ecnu B 3TOM paBeHCTBE 33 HE3aBHCHMYK TE€PEMEHHYI0 Mbl
Oynem Cc4dTaTh Iy, TO TOrjaa x OyaeT Hekotopasi (DYHKIIMS OT y, & HMEHHO:
T eCTh JIOrapu(M YUCad ¥ 10 OCHOBAHMIO @, YTO MOXKHO 3aNHcath TaK:

r =log, y.

OGo3Hayasg MO TPHHATOMY HE3aBHCHMYIO TepeMeHHYio OVKBOH z, a
(hyHKIIMIO OT 3TOH nepeMeHHOH OYKBOH y (T.e. 3aMeHsAs x Ha y, W Haobo-
poT), Mbl Ty K& caMyl0 (YHKIHIO MOXKEM BbIPA3HTh TaK:

Takas dyHKiUs HasbiBaeTcs Ao2apugmuieckoll (OHa oBpaTHa MNoKasa-
TENbHOH (hYHKILHH).
[TocTpoum rpaduky caeyiouiux Tpéx sorapuMHIecKuX QYHKILHI:

1)y =logyx; 2)y=logx; 3)y=log,z.

Jlns sToro coctaBuM Tabuauilbl 3Ha4YeHHH 3THX dyHKkuuHA. Beero npoute
HX MOXKHO COCTaBMTb M3 Ta0JIHI COOTBETCTBEHHBIX MOKA3aTeNbHLIX (DYHK-
uuit (§ 100):

Dy=2% 2y=(3): =10,

NMOMEHAB B 3THX TaOMHIaX 3HAYeHHA aOCIHCCH T Ha 3HAYEHHS OPAHHATHL Y
H HaOﬁOpOT. C,E[eJIaB 3TO, MBI MOJAYYHM TakKHe TpH TabJAHILBI:

1) y = log, .
1 1 1
Y -3 -2 -1 0 1 2 3
2)y =log, .
8 4 2 1 ] : I
* 2 | 12| 8
y -3 -2 -1 0 1 2 3
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3) y = logyp .
2] 01]017 032056 1] 1,78]316]562] 10
3| 2 1 ! 2 | 3
| et | S e |H s | 2| 2 |
2 1| T4 | "3 1 | 4 | 1

Hanecsn Bce 3TH 3HayeHHs HA YePTEN M COEJMHHMB TOYKH KPHBBIMH
JMHUSIMM, nosyuuM (cM. puc. 30) Tpu rpaduka B3sATbIX (YHKUHH.

Puc. 30

Wwmes rpadgux norapudmuueckod (yHKLUHH, Mbl MOXKEM IPH IIOMOLILH
ero HaliTH NpUOIHKEHHOe 3HAueHHe Jorapudma naHHoro uucaa. Bosbmém,
Hanpumep, rpapuk QyHkuun y = logy z M Haliném npu ero nomouH log, 6.
Jlns sroro Bo3bMEM Ha uepTexxe abcluccy, paBHYO 6, H IOCTPOUM COOTBET-
CTBYOULYIO eit opauHary. Mamepus a1y opiavHaty, HalaEM NpHGIH3HTEbHO
2,6; 3T0 u 6ynet log, 6.

104. OcHoBHBIe cBoiicTBa norapumoB. BosbméM mnorapudmudie-
CKY10 (DYHKIUIO
y = log, x.
Cor/iacHo onpeflesleHHI0, MMeeM:

T = adY.

Bbiesem HekoTOpble CBOHCTBA JIOrapH(MOB.

1. l'lpu MNOJOMHUTEJbHOM OCHOBAHHMHM OTpHLATEJbHbIE YHCJA He HMET
Jorapugmos.

[Ipx paccMOTpeHHH M0Ka3aTeJbHOH (DYHKUHH Mbl BHAEJH, UTO IIPH
a > 0 pyHkums a¥ > O npu BeAKoM y. DTO 3HAYKT, 4TO KAKOBbI Obl HH Obl/IK
(MonoKHUTEbHOE) OCHOBAHHE a W MoKasaTeqb (Jorapudm) y, yHKuIHA a¥,
T.€, &, BCerla SB/AETCS MOJOMKHTENbHLIM YHCIOM.
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2. Ilpyn BcAKOM OCHOBAHHHM (He PABHOM eMHMIE) Jorapudm eIHHHUIILI eCTh
HYJIb.

JleficTBHTeIbHO, MBI 3HAEM, HTO TMPH BCAKOM a (He paBHOM HYJO)
a’ = 1.

Ho, cornacHo onpenenenuwo, 310 3Hauur, uro log, 1 = 0.

3. Ilpn ocHoBaHuu, GojbllleM eJMHUIBI, JOrapuU{Mbl yuce], GOJbIINX
eIMHHIbI, TIOJIOXHUTEJbHBI, a Jorapu(msl Yuce/, MEHbIIUX eIUHULLI, OTPHILA-
TeJbHbI.

OTHOCHTENBHO TMOKa3aTe/bHOH (PyHKIHH a¥ Mbl 3HaeM, 4To I1pu a > 1:
ecuy >0, 7T0aY =x>l,uecmny <0, T0a¥ =x < 1.

Ho, cornacHo onpeedieduio, y ecTb jJorapudm yuesa x. 3HaYMT, KOria
qucao x > 1, To jorapudm ero y > 0, T.e. nonoxuteneH. Korna »xe uucio
x < 1, To norapugm ero y < 0, T.e. oTpHIIATENEH.

Ecana < 1, ro y < 0 nnda 3vavenudi x > 1, u y > 0, ecoin = < 1.

4. Jlorapuc¢gm caMoro OCHOBAHHSA paBeH eIHHHIE.
B camom nene:

al = a, otciopa: log,a= 1.

5. IIpu ocHoBaHUH, GoJblieM eJUHHIbI, GOJbIIEMY YHCIY COOTBETCTBYET
Oonbuii Jorapudm.

Meul Bunenu, uto npu a > 1 ¢yukuua a? Bo3pactaeT BMeCTe ¢ BO3-
pactanveM y. Ecau o603HauMM ABa pasiMUHBIX 3HAYEHHA Yy 4epes Y, Y,
COOTBETCTBYIOIIHEe 3HAUeHUs a¥ depe3 xy, xo, TO OYAEM UMeTb:

a¥? >a"', ecam Yo >y,

HJIH
To >y, €CaH Yo > Y,

Ho y; ¥ yp ABAAIOTCS COOTBETCTBEHHO Jorapu(MaMu 4HCen | H Ia.
3HauuT:
T9 > x|, ecad log, xs > log, i,

Bce ykasaHHble cBoHCTBa Jorapu()mMoB MOXKHO HJJIOCTPHPOBATH, pac-
cMmatpuBasi rpaduk Jjorapudmuueckod (yHxkuuu. Tak, nepsoe cBOHCTBO
03HauaeT, 4uTo rpaduk OyHKuuM y = log, = JeKHUT Becb BIOPABO OT OCH
y-0B. Bropoe cBOHCTBO TOBOPUT O TOM, uTO rpapuk pyHkuuu y = log, x
npoxoauT depes touky (1,0). Tpetbe cBOHCTBO 03Ha4aeT, ¥TO ecad a > 1,
TO MPH & > | OpAMHATHl KPWUBOH TOJOXKHTE/bHE, a MPH = < | — oTpHIla-
TeJbHbl U T. I
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Ynpaxcrenus.
171. Ecau ocHoBaHHe PaBHO 2, TO KakHe ﬂorapnq)Mbl HMEIT YHeda:

2 4: 8 16; V2, V2, 5 &

L5 3§ 16
172. Hanucarb npy nomolil 3Haka log caenywolive paseHCTBa:

10°=1; 10'=10; 10°=100; 107°=001; o&"=N.
173. llepenucars Ge3 3Haka log paBeHcTBa:
log,;, 1000 = 3; log,;0,001 = —3; log;s4 = %; log, P =y.

174. Tlpu ocHoBaHuK 16 kakue ﬂorapn{pMm MMEIOT YHCaa:

1
4 -7
16; e 16 256 4 X 2

175. Ilpu ocxoBanuu 10 KakHe norapu(Mbl UMEOT YHCHA:

10; 100; 1000; 10000; 0,1; 0,001; 0,00017
176. Hanucats npu nomotix 3Haka log cienylolive paBeHcTBa:

5% =26; Ph= 343; & = 2187; B =512,
177. Haiitu

1 1
log,2; logy9; logy729; logyl; logs 3 log, 7
178. Ecan a ecTb MOJMOMHTENbHOE YHCJAO, OTIHYHOE OT |, TO uyeMy paBHHI

BbIpaXKeHHs:

, |
log, a”; log,a”™; log, p log, va; log, — \/_

179. Yemy paBHO YHCJIO T, eCJIH!
1
logoz =3; logsz=2; log,z=-5; log,4=2; log,2= —§?
180. [loctpouth rpadux yHKUHH y = log, &, noabayack Tadaulel 3HaueHHH
dyukuuu y = 3% (cM. 3anaqy 168).

105. IlpakTuueckoe 3HauyeHue JjorapupmuyecKkux rtabauum. Pas-
JIMYHbIE YHCJIa MOMKHO BblpaxaTb KaK CTEIEHH OJHOTO M TOrO e 4uc/a,
Hanpumep, Kak crenedu yucaa 10. Takue uncaa, kak 10; 100; 1000; ... wau
0,1; 0,01; 0,001 u T. 1., BEpaxaioTcsa kak crenedd 10 odeHn npocrto: 10 =
=10%; 100 = 10%; 1000 = 10%; ..; 0,1 = 10~'; 0,01 = 10%; 0,001 = 103
u T.m. Jlpyrue yucaa BeIpasuTh cteneHbio uyucaa 10 tpynnee. Tak, ecam
TpebyeTcst HAWTH NOKA3aTe/b CTElNEHH, B KOTOPYH HYKHO BosBectd 10,
4YTOOBI MOJAYYHTE YHCJAO D, TO MBI MOMEM TOJbKO CKAa3aTb, YTO HMCKOMBIH
nokasareab Gosbie 0, Ho menbie 1, tTak kak 10° = 1, yTo MeHbie 5, a
10! = 10, yto Gosblue 5; 3HAYHT, MOKA3ATENEM CTENEHH, B KOTOPYH Halo
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BoasecTd 10 s nosyueHdsi 5, NOJKHO ObITh HEKOTOPOE MOJOKHTENbHOE
YHCJI0, MeHbluee 1. Mbl MOXKeM [1aKe CKasaTb, YTO 3TO YHC/0 OoJblie 5+ HO

MEHblLIe % TaK Kak IO% =10 = 3,162, uto mMeHblue 5, a 10% = V103 =

= V1000 = Vv1000 = /31,62 = 5,62, uto Goabie 5. Ectb paspedbl
MaTeMaTHKH, B KOTOPBIX YKa3blBAKTCS CMOcoObl, KaK MOXKHO /ISl BCAKOTO
Aa”Horo yucgaa N HalTH Takoil mokasatedb x, TPH KOTOpoM cTeneHb 10°
WJIM B TOYHOCTH paBHgeTcs N, WM OTJMYAETCS OT 3TOr0 YHC/AA KAK YTOIHO
mano. C Huenonb3oBaHHEM 3ITHX CMOCOGOB COCTABJEHBI TaK HasbiBaeMble
Aoeapupmuieckue mabaulvl, B KOTOPBIX TOMEIIEHE Pa3/HYHbIE YHCIA H
OKOJIO KaXKJ0T0 M3 3THX YHCEeN YKa3aH NnokasaTesb cTeneHu (Jorapugm), B
KoTopyto Hazno BossecTd 10, uToBel nosyunTs 310 Yucao. PazbacHuM, ns
KaKOH LeJIH MOTYT CYHKHTb Takde TadJHLLbl.

[Tyctb TpebyeTcs BHIYHCAUTD YHCIO & TI0 (OpMyne; T = V40

HM3BnekaTb KopeHb nATOH cTeneHH Mbl He yMeeM. B nonoGHbIx caydasx
MOTyT TMOMOYb Jorapudmuyeckde tadauibl. Haxoaum B 3THX Tabauiax
yucao 40 u oxkono Hero cootBercTBywWINME Jorapudm. [lyets 310 6y-
pet 1,6... DTo 3HAUMT, 4TO

40 = lolb

H, CJel0BaTeJqbHO,

V40 = V1078~ .

Tak Kak MpH H3BJMEYEHHH KOPHS M3 CTEeMeHH MokKasaTesb MOAKOPEeHHOTOo
yucaa (Kakoi Obl OH HH OblJ1) OENHTCS Ha MOKasaTesb KOpPHS, TO

310 = 1016~ = 10 = 10032

Tenepp B Tex »xe Tabnuuax, B croabue Jjorapupmos, Haxonum 0,32 u
OKOJIO HEro COOTBETCTBYIOILEE YHCJIO; MycTb 3TO Gyner, noaoxum, 2,09...

310 U Oynet npulIHKEHHOE 3HAYEHHE V40 .

Mei Bckope yBHAHM, 4TO Jorapugmuueckde Tab/HIlbl BO MHOTHX CJy-
4asgx Mo3BOJSAIOT MPOM3BOANTL TaKHe JeHCTBHS HAJ YHCJAAMH, KOTOpble 0e3
taGaul OblM Obl KpakiHe 3aTpylHUTENbHEI (KaK B MpHMEpe, TOJbKO 4TO
NpHBEJEHHOM) MJIH Ha BBINIOJHEHHE KOTOPLIX NoTpefoBasoch Obl 0YeHb
MHOTO BPEMEHH.

Tenepp Ham TpPeCTOMT O03HAKOMHTBCSH, BO-TIEPBBIX, C TeM, KaK MpH
COBEpLIEHHH KAaKoro-aubo AeHCTBHA HaA LAHHBIMH YHMCJAAMH MOXKHO HAaHTH
Jorapum HCKOMOro 4HcJa NpH MOMOLIH JorapudMoB AaHHBIX yuces (B3s-
ThIX W3 TaG/MIl), H, BO-BTOPHIX, KAK, HAHAs TAKOH Jorapu(m, OTbICKATb MO
HeMy B Tab/iHLlaX HCKOMOE YHCJIO.

106. Jlorapudmbl npousBeseHns, YaCTHOTO, CTENEHH U KOPHS.
a) Ilyctb TpebyeTcsi NPOM3BECTH YMHOMKEHHE:

378 -45,2.
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[Tonpo6yemM BBIMOJIHHTL 3TO AeHCTBHE MocpeacTBoM Jorapudmon. Haii-
néM B tabdauuax jgorapupmsl yucen 378 u 45,2, Ilycts onu Gynyt: 2,5775
u 1,6551 (no ocnosanuw 10). dTo 3HAYUT, UTO

378 = 1025 4 45,2 = 10"6%!
H, CJleloBaTe bHO,
378 . 45,2 = 1025775 . 1016551

Tak KaK npy yMHOMEHHH CTeleHel OHOTO U TOrO XKe YMC/a NoKasaTeH
3THX CTereHeH CKAanbiBaloTes (Kakue Obl HU OBLLIM 3TH [0KA3aTeJH), TO:

378 . 45,2 = 1025775+1.6351 _ 14,2326

3uauut, norapudm npoussesends 378 - 45,2 ectb uneno 4,2326, noay-
YHBLIEECH OT CJ0XKEHHs JorapH(MoB HaHHBIX COMHOXHTeneH (mo sTomy
Jorapu(gmy B TabaMuax HaHAEM M camo NpoH3BeleHHe).

IMonoxum Boobite, uro Ny u Ny OyayT aBa 4ucna, MpoU3BefeHHe
KOTOpbIX TpeGyeTcs BuYHCANTD. [lyeTb Mbl HalWH B Tabauuax Jorapudmel
ITHX YMcea: x| U xo. OcHoBaHHeM norapugmos MoxkeT OblTh uHcao 10, HO
MOKeT ObITh H Kakoe-HHOYAb APYroe moJoKHTeNbHOE YHMC/I0, KOTOPOE Mbl
o603HaunM depes a. Torna mbl GyieM HMMeTb PaBeHCTBA:

Ny =a®, Ny;=a*, caegosatensHo, NNy =a® . a™ = %11,

Orciona BuaHo, 4to log(NyNy) = x) + 9. Ho 21 — 3ro log Ny, a 29 —
370 log Ny; 3HAYHT:

lOg(N[ Ng) = log N1 + lOg NQ.
Jlorapucm npousBeneHHs (M0 KAKOMY YrOIHO OCHOBAHHIO) paBeH CyMMe
JorapuMoB COMHOXKHTeJel (B3ATHIX M0 TOMY € OCHOBAHHIO).

3akJ/oueHHe 3T0 0CTAETCsl BEPHLIM H TOT/AA, KOTAA COMHOXKHUTe/1ed OyaeT
GoJsiee IBYX, TaK KaK MPH YMHOMXKEHHH CTeleHel OLHOro M TOro e 4YucJa
NoKa3aTeH CTeneHel CKAAALIBATCSA H MPH JI060M YHCAe COMHOMHTENeH.
0) [losoxHM, HaLO [POM3BECTH Je/IeHHe:

9637 : 26,3.

Haiiném B Tadnuuax jorapudMel 3THX 4YHcea (HampuMmep, Mo OCHOBa-
nuto 10). Ilyets logd637 = 3,751 1 log 26,3 = 1,42. Torna:

5637 = 10> u 26,3 = 10",
CunenoBaTenbHO,

5637 : 26,3 = 103.75[ . ]0].42 _ 103.75]7].42 _ 102.331.



I O6wue ceolicmea aocapumos 119

Orciona BuaHO, uTO Jorapudm yactHoro 5637 : 26, 3 ecTb uncao 2,331,
noJsy4yMBIIeecs OT BHIYMTAHWA Jorapudma nenuTens u3 Jjorapudma nesu-
Moro. Boobuie, ecau

Ny =a" u Nop=a™, 710 N|:Np=0a""" =" ™",
Cuief10BaTeJIbHO,

log(N) : Ny) = a1 — x9 = log N; — log No.

Jlorapucm yacTHOro paseH pasHOCTH JOrapuMoB JeJHMOro H AeJUTeJIs.

Tak kak Bcsikas leOGb €CTb YaCTHOe OT HeJIeHHS YHCJAHTEeJJHd Ha 3HaMe-
HaTeJlb, TO:

Jlorapudgm npobu paBeH pa3HOCTH JorapudMoB YHUCIUTENS U 3HAMeHaTe-
JiA.

Hanpumep:

logg =log 2 — log 3; 1052;24§ = ]og_{lll—1 =logll — log4;
log 0,6 = log 6 — log 10.

B) Ecan N =a”, To N" = (™))" = ™", caenoBareibHo,

log(N™) = nz = nlog N.

J[OI‘aquJM CTelneHH paBeH MOKa3saTeJarw 3TON CTeleHH, YMHOMEHHOMY Ha
.uorapmim YHCJa4d, BO3BOAMMOro B CTeNeHb.

Hanpuwep, log(15,3)? = 2log 15,3; log3=2 = —2log 3.
1

Tak kak VN = Nw, To, OpUMeHsis TPaBUIO O Jorapudme crerneHu,
NONY4HM:
1 I log N
10
log VN =logNn = —llogN = Ef—l
7 ‘
Jlorapum KOpHsI paBeH JiorapH(My NOIKOPEHHOTO YHCHA, NeJEHHOMY Ha
noKa3sareJbs KOpHA.

107. JlorapudpmupoBanune anredGpavdeckoro BbipaxkeHus. Jlora-
puMHpPOBATL anaredpauueckoe BHIPAXKEHWE — 3HAUYMT BHIPA3HTL JOTra-
pHM ero nocpencTBOM JOrapHpMOB OTILE/NbHBIX YHCEJ, COCTAB/SAIOULHX ITO
BbipaykeHHe. BelBombl mpedbiayliero naparpada Mo3BOJAIOT 3TO CAENATh
B NPHMEHEHHH K MPOM3BEAEHMIO, YaCTHOMY, APOOH, CTeneHH H KOPHIO.
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Hanpuwmep:
957 3
1) log 098 = log(2,5-7%) —log 0,28 = log 2,5 + log 7° —log 0,28 =
’ = log 2,5+ 3log 7 — log0,28.
2) log ?/5 log(bax) — log V3 = log5 + loga + logm — l1003.

3) log(a*vbx)=3loga+ = (1005+log¢) 3loga+ = log5+ log .

108. 3ameyanus. a) ECJ‘IH B BhIPaXKeHHH, KOTOpoe Tpeﬁye'r(:ﬂ BBIYHC-
JIHTb, BCTPEUAETCH CYMMA HIH PASHOCMb YHCe]l, TO HX HAaJ0 HAXOAHTb Ge3
NOMOLLM TaBJaHIL, OOBIKHOBEHHBIM CJIOXKEHHeM HJM BbluuTarnuem ). Hanpu-
Mep: __
log(35 + 7,24)” = 5log(35 + 7,24) = 5log 42,24.

6) Ymes sorapudgMHpoBaTh BhipaXKeHHsl, Mbl MOKeM, 00paTHO, Mo AaH-
HOMY pe3y/bTaTy JOrapu(p)MUpPOBAHUA HAHUTH TO BbIpaxKeHHe, OT KOTOPOro
NOJYYHJICH 3TOT Pe3yJ/bTaT; TaK, ec/H

logx = loga + logh — 3loge,

TO JIETKO COO6§)33HTb, 4yTO

DTy oMepauHio HAa3bIBAIOT NOMEHUUPOBAHUEM.

B) [lpexxkne yem nepeiiTH K paccMOTPEHHID YCTPOHCTBA JorapHgpMuye-
CKHX TaOJIH1L, MBI YKa3KeM HEKOTOpLIE CBOHCTBA OecamuuHblx 102apumos,
T.€. TAKHX, B KOTOPHIX 3a OCHOBaHHe MPHHATO uHcao 10.

Ynpascnenusn.

ﬂoraplf[dpMMpOBaTb CHeyIOUIHe BHIpaXeHns:
181. log(a b ); log(5a° J; %); log(mn)?®.

'5
LRIt il W - ]

3687
Smnir?
183. log V?a.3b; log (4\/5 2ab? ); log (Trzsb\S/E).
a’+/2b
184, log B:J:Ty-’

185. log V' 10aV/B? ; log \/a{/by/c .

Haiity Bbipa)ceHHe x, €CJiM ero JorapuhM paseH:
186. log x = loga + logb; logx = loga — logb.
187. logxz = 2loga; logz = 2loga + 3logh.

188. logx = %loga; logz = %(bga +logh).

) Tak kak Mbl He UMeeM (HOPMyJ, BLIP2XKAIOUIMX JOrAPUGM CYMMBI MM Pa3HO-
CTH B 3aBHCHMOCTH OT JIOTapH(MOB JAHHBIX YHCEJ.
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II. CrojicTBa AecATHYHBIX JOrapugmMor

109. Cnoﬁcma aecATHYHBbIX Jorapudmo. a) Tak kak 10" = 10;
102 = 100; 10° = 1000; 10* = 10000 u t. 4., To 1g10 = 1; 1g 100 = 2;
lg 1000 = 3; 1g 10000 =4 u 1. 1.

Jlorapudm mesoro yWcaa, m3o6pamaemMoro egWHHIEH € MOCHeLYIOUMMH

HYJISIMH, eCTh IeJioe TOJOKHTeNbHOe YHMCJIO0, COJepiKaliee CTOJNLKO eTHHHII,
CKOJILKO HYJeli B M300paMKeHUH YHCIA.

Takum o6pasom, 1g 100000 = 5, Ig 1000000 =6 u T. 1.
6) Tak kak

1 1

-1_ 1 _ . -2 _ ! _ .
IQ =5 =0L 10 o0 = 00L;
1073 =0,001; 10°*=0,0001 w T 1., TO
lg0,1 = —1; 1g0,01 =-2; 1g0,00l = -3 wu T 1.

Jlorapugm necatTnuHoi Jpobu, n3o0parkaeMoi eJUHHLEH C NpeJUIecTBY-
IOIWHUMI HYJIAMH, eCcTh LieJoe OTpHlaTelbHOe YHCJIO, COAepHaliee CTOJbKO
OTPHIIATENLHBIX eINHHIL, CKOJbKO HYyJel B H300paKeHHH APoOH, CUNTAA B TOM
yuciae U 0 menrix,

Takum o6pasom, 1g0,00001 = —5, 1g0,000001 = —6 w T. 1.

B) BosbMéMm nenoe uueno, He H3oOpaxcaemoe eIMHHLEH ¢ HYJISMH,
Hanpumep, 35, HJH leaoe 4yHucao ¢ apobeio, Hanpumep, 10,7. Jlorapudm
TAKOTO YHC/Ja He MOKeT ObITb MeJbM 4HCIOM, Tak Kak, Bossens 10 B
CTeNeHb C LeJbIM MNokasartesaeM (MOJOKHTENbHbIM HJAH OTPHLLATE/bHBIM),
MBI TOJYYHM €IHHHILY C HYJsMH (CJeNYUMMH 3a eIHHHUeH WaW ek
npenmecTByouMi). [Ipennonoxum Teneps, uTo JorapudmM Takoro yHcaa

a
ecTb Kakas-HHOylb Apodb 3 Torma mMel umenu Ovl paBeHCTBa:

s uncaa 35: 105 = 35; Ya = 35; 10° = 35¢;

naa gueaa 10,7: 10% =10,7; \/b 10 = 10,7: 10® = 10,7°.

Ho 37H paBeHcTBa HeBO3MOXKHbI, Tak Kak 10" ecTb eMHHLA ¢ HYNsAMH,
Toraa Kak crenedd 35° u 10,7° Hu npu KakoMm nokasarese b He MOryT AaTh
e/IMHHILB ¢ HYAsMH. Jlorapudm dncaa, He SBJAAIONIErOCs CTeMeHblo IeCATH,
eCTh YHCJO UPPAIlHOHANBHOE, OH (T. e. Jorapud)m) He MOXKET ObiTh BhbIpaXKeH
TOYHO KaKHM Obl TO HH OBIIO palHOHAMBHBIM HHCJAOM. OOGBIKHOBEHHO Hp-
palHoOHANbHBIE NOTapUhMbl BHIPAKAWT APUOAUNCEHHO B BUIAE AECHTHIHOH
IpOGH € HECKOJNbKUMH JeCTHUHBIMU 3HaKamu. llesnas wactbh 310l Apobu
Ha3blBAETCA XAPAKMEpPUCmuKol, a ApodHas 4acTb — MAHMUCCOL Jora-
pupma. Ecom, vanpumep, aorapudm ectb 1,5441, To XapakTepHCTHKa €ro
paBHa 1, a manTHcca ecTh 0,644 1.

r) Bosbmém kaxoe-HMOyAb lle0e HJIH CMeLIaHHOe YHCJ0, HalpHMep,
623 wnau 623,57, JlorapudM Takoro 4ucsa COCTOMT H3 XapaKTepPHCTHKH
H MaHTHccbl. OKasbiBaeTcs, YTO JecsTHYHblE Jorapu(mel 006/1alai0T TeM
YILOOCTBOM, YTO XAPAKMEPUCIUKY UX Mbl 8Ce20a MONCEM HALMU no 00HO-



122 . 7. Jlocapugpmol

My 6udy danmoco uucaa. ns 3Toro cocuuTaeM, CKOJbKO LH(P B JaHHOM
IIEJIOM YMCJIEe WM B 1IEJNOH 9acTH CMElIaHHOro 4Yucad. B Hamux npuMepax
stux uudp tpu. [losromy Kampuoe us uucen 623 u 623,57 Goabiwe 100, Ho
menbiue 1000; 3HauuT, W Jorapudm kaxmoro M3 HHux Gosbuie lg 100, T.e.
AByX, Ho MesbLie lg 1000, T.e. TpéX (BCIOMHHM, YTO GOJMbLIEE YHCAO HMEET
v Goasluuil morapugm). Crenosatensuo, lg623 = 2, ... u 1g623,57 = 2, ...
(TOUKH 3aMeHsII0T COOOH HEH3BECTHbIE MAHTHCCHI).
[Tono6Ho aTomy Haiaém:

10 < 56,7 < 100; 1000 < 8634 < 10000;
1 <1gb6,7 <2; 3<1g8634 < 4.
CuienoBaTe/bHO:
lg56,7 =1,...; lg8634=3,....
[TycTe BoOOWE B JaHHOM LeaoM yHeae N WIH B ero UeJod YacTH COAePXKHTCsl m UHbp.
Tak Kak camoe mMajoe Uejloe Yheo, cojepaiiee m uugp, ects 1 ¢ (m — 1) Hyasamu, To

MOMEeM HATIHCATh HePABEHCTBO:
(m — 1) nyneit m Hyned

rm—— prm—"—
1000...0 < N < 1000...0
H, CJIe0BATeJEHO,
m—1<Ll1gN <m,
a nosToMy
IgN=(m-1)+0,...
3naunT, Xapakteprctuka lg N pasna m — 1.
Mbl BHAKHM, TakHM o0pa3oM, 4To:

XapakrepucTuKa Jorapuma LeJOro MM CMEUAHHOTO YHMCJa CONEPKUT
CTOJIBKO TOJIOKHUTEJNbHBIX eJHHHI], CKOJIbKO Uu(p B LeNoH yacTH yucaa Oes
O HOM.

3ameTHB 3TO, MBI MOXeM mpsMo mueath: 1g7,2056 =0,...;1g83 =1,..;
167204 =2,...u 1.1

1) Bo3bMéM HeCKOMbKO AecsTHYHBIX ApoGei, MeHblwHX 1 (T.e. UMelo-
mux 0 neawix): 0,35; 0,07; 0,0056; 0,0008 u . 1.

QueBHIHO, UTO CJiefioBaTeJbHO:
0,1<03 <1 -1 < 120,35 < 0;
0,01 < 0,07 <01 -2 < 1g0,07 < —1;
0,001 < 0,0056 < 0,01; -3 < 1g0,0056 < —-2;
0,0001 < 0,0008 < 0,001. -4 < 1g0,00084 < —3.

Takum oOpasoM, KaxK/abli U3 ITHX J0rapu(MOB 3aKJAIOUEH MEXLY [ABYMA
[EJbIMH OTPHILATENbHBIMH YHCJIAMH, Pa3/HYalONIMMHCS HA OHY €IMHHILY,
NO3TOMY KaX[blil U3 HUX PaBEH MEHBIIEMY H3 3THX OTPHIATEJbHbIX YHCE,
YBEJHYEHHOMY Ha HEKOTOPOE TMOJNOMHTEJbHOE YHCJ/0, MEHbIIEe elHHHILbI.
Hanpumep, 10,0056 = —3 + 0, .... [IpeanonoxuM, 4To BTOpPOE CJaraeMoe
oyner 0,7482. Torna

1g0,0056 = —3 + 0,7482 = —2,2518.
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Takue cymmbl, kKak —3 + 0,7482, cocTrosiiHe H3 LEJNOro OTPHLATEJb-
HOTO 4YHMCJIa M TIOJOXKHTeNbHOH NeCcATHUHOH ApOoCH, YCIOBHJIHChL MPH JO-
rapuMUYecKHX BBIYMCIEHHSX TMHCATh COKpalléHHO Tak: 3,7482 'g, T.e.
CTaBUTb 3HAK MHHYC HaJ XapaKTePHCTHKOH C 1eJbl0 [0Ka3aTh, YTO OH
OTHOCHUTCS TOJBKO K XapaKTEpUCTHKE, & HE K MaHTHCCe, KOTOpas ocTaértcs
nojoxuteabHol. Takum 00pa3om, U3 NpHBEASHHOH Bbille TAOJHUKH BHUIHO,
4TO _ _ _

120,35 =1,...; 1g0,07=2,...; Ig0,0008 =4,....

m HyJIei

1 P .
IMycts BooGute A =0,000...0/3... ecTs gecaTHYHAs Apobb, ¥ KOTOPOH mepen
nepBoH 3Haualllel UHGPOH a CTOMT m HyaeH, cuuTas B TOM uHcie U 0 IesbIX.
Torna o4eBHaHO, 4TO

M. HyJ1eH (m — 1) Hyned

0,000...01 €< A< 0,000...0 1.

CuenoBare/bHO:
m Hynei m — | Hynei
prm—— S
120,000...01 € 1g A <1g 0,000...0 1.
T.e:

-m<lgA<—(m—1).
Tak kak W3 AByX uucen: —m H —(m — 1) MeHbliee ecTb —m, TO
lgA=-m+0,...
M [03TOMY XapakTepHcTHKa lg A paBHa —m (NIPH MOJOMKHUTE/IbHOH MaHTHCCe).

XapakrepucTuka Jorapudpma gecATHYHOI Apobu, MeHbIel 1, comepKuT B
cefe CTOJNBLKO OTPHLATENbHBIX eHHHIl, CKOJIbLKO HYJeH B JaHHOH NecATHYHOMH
Apobu nepen nepeoi 3Hauauwed uugpoit, cuurada u 0 UeabIX; MAHTHUCCA JKe
TAKOro Jorapudma nojaoKuTejbHa.

e) YMHoxUM Kakoe-HHOYAb yucao N (uenoe uiau apobHoe — Beé paBHO)
Ha 10, na 100, na 1000,..., BooOule Ha exuHHULY ¢ HyJasamH. [locmoTpuM,
Kak or 3toro uaMenurcs lg N. Tak kak sorapudm npoussejeHusi paBeH
CyMMe JIorapH(hMOB COMHOXKHTE/EH, TO:

lg(N - 10) =1gN +1gl0=1gN + 1,
lg(N-100) =IgN +1g100 =1g N + 2;
lg(N - 1000) =Ig N +1g 1000 =1gN +3 u T.1.

Korpa k lg N Mbl npubas/iseM Kakoe-HHOYAb LleJoe 4YMCJO, TO 3TO
YUCJO0 YBeJHYMBAET JIMLIb XapakTepPHCTHKY, a He MaHTHcey. Tak, ec/u
lg N =2,7804, to 2,7804 + 1 = 3,7804; 2,7804 + 2 = 4,7804 u T.1.; HAH

') Takoe umcso uuraercs Tak: 3 ¢ MUHYCOM, 7482 necATUTBICAYHBIX.
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ecan lg N = 3,5649, To 3,5649 + 1 = 2,5649; 3,5649 + 2 = 1,5649 u 1.11.
[ToaTomy:

Ot ymHoxenus uncaa Ha 10, 100, 1000, ..., BooGume Ha eJUHHLY C HYIA-
MM, MaHTHCCA Jorapu)Ma He U3MEHSIeTCH, 4 XapAKTePHCTHKA YBeJHUYHBAETCSH
Ha CTOJLKO eJMHHL, CKOJBLKO HYJeil BO MHOXKMTEJe.

HOLLOGHO 3TOMY, NMPHHAB BO BHUMAHHE, 4YTO norapmpm YaCTHOro paseH
norapugmy aeqaumoro 6e3 jorapudma AejauTesNs, Mbl MOJYUHM:

g%:mN—@msz—h

o _N S o — | s o f —_ »
lg 100 leN —1gl100=1g N —2;
N _ o _
Ig T IgN —1g1000=IgN -3 u T.1m.

Ecnn yenosumcs npH BHIYMTAHMM 1€J10T0 4HCJ/Ia W3 JorapH(ma BbiuH-
TaTh 3TO LEJIOE YHCJIO BCErja W3 XapakTePHCTHKH, a8 MaHTHCCY OCTaBJsATb
0e3 M3MeHeHHs, TO MOXKHO €Ka3aTh, UTO:

Ot geseHHA YHCIA HA eIMHHIY C HYJAMH MaHTHCCA Jlorapuqma HE U3Me-
HAETCH, a4 XapaKTePHCTHKA YMEHbLIAETCHA HAa CTOJNILKO €AHHHL,, CKOJbLKO Hyﬂeﬁ
B JeJIUTEe e,

110. CaeacrBus. a) Maumucca roecapupma decamuuHozo yucia He
UBMEHACMCA OM NEePeHecerus 8 Hucie 3anamoi, noToMy 4To nepeHeceHHe
3angaTod pPaBHOCH/BHO YMHOXEHHIO WM JlefenHio dyucaa Ha 10, 100, 1000
u T.a. Takum obpazom, morapudmel gucen: 0,00423; 0,0423; 4,23; 423
OTJIHYAKOTCS TOJbKO XapaKTEePUCTHKAMH, HO He MaHTHCCaMH (NP YCJIOBHH,
YTO BCE MAHTHCChHI MOJIOMHTENbHDI).

6) Manmuccer r02apupmos uucer, umerowux 00Ky U my KHe 3Haia-
wyto wacmo, odunakosel; Tak, norapudmbl uucen: 23; 230; 2300; 23000
OTJIMYAIOTCH TOJBKO XapaKTePHCTHKAMH.

3ameuaHue. M3 ykazaHHBIX CBOHCTB JeCSTHUYHBIX JIorapudMOB BUA-
HO, 4YTO XapaKTepHCTHKY Jsorapudma n06oro AaHHOrO 4HCaa Mbl MOXKEM
HAXOAHTL Oe3 MOMOIIH TadaHIl (B 3TOM 3akawdaetcss GoJblIoe YA0GCTBO
JeCATHUHBIX JIOrapu(hMOB); BCJEICTBHE ITOrO B JOrapH(MHUYECKHX TaOJIH-
1axX MOMELlAlTesl TOMLKO OLHHM MAaHTHCChHI; KPOME TOro, TaK KaK HAXOXK-
JeHue Jjorapumos Apodell CBOOUTCA K HAXOMKAEHHIO JOrapH(MOB LesbIX
yuces (norapudm 1podu pasHseTcs Jorapudmy yucauTens Ges jorapudma
3HaMeHaTess1), TO B TaGJH1LAX MOMELLAIOTCS MAHTHCCh! JIOrapH(MOB TOJILKO
LeJIbIX YHCed.

Ynpaxcuenus.

189. HaiitH xapakTepHCTHKH ﬂechHqux JIOrapH(hMOB  CJIEAVIOUIHX YHCe!:
3; 38; 382; 3824, 3,12; 37,2; 56315,726; 57 3485;.

190. Yemy paBHB JecATHUHBHIE .norapHcprl caenyromux apobed: 0,1; 0,01;
0,001; 0,00001; 0,0000001°?
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191. Haiiti XapakTepUCTHKH LeCATHYHEIX JIOrapuMOB CJEAYIOUIHX Apobeii:
0,36; 0,183; 0,02; 0,0036; 0,00056; 0,00000378.

192. Jauo: 1lg2 = 0,301; lg3 = 0,477; lg7 = 0,845. 3Has 3TO, BHIUMUCJHTBL
necsiTHuHble Jorapugmel aas nepebix 10 HATYpadbHBIX Ymces.

193. Ilo nauubim lg2 = 0,30103 u lg3 = 0,47712 Boiukcauts lg0,0015 u
lg 750.

194. CxosbKo uudp B uHcae 2190 ecnu lg2 = 0,30103?

ITI. YcrpoiicTeo U ynorpebiaenue Tabauniy

111. Cucrema qnorapucgmoB. CucTeMod JorapuMoB Ha3bIBaeTCA CO-
BOKYITHOCTb JIOTapH(pMOB, BbIYHC/EHHbIX /15 psifia Moc/eioBaTe/bHbIX Le-
JBIX YHCeJ MO OTHOMY H TOMY XKe OCHOBAHHIO. YNoTpeOHTe/bHbI 1Be CHCTe-
MBI: CHCTEMa OObLKHOBEHHBLX, WK OecamuunblX, JOrapu(MOB, B KOTOPhIX
3a oCHOBaHHMe B34TO uHca0 10, ¥ cucTeMa Tak HasbIBAEMBIX HAMYPANbHLLY
JIOrapuMoB, B KOTOPbIX 3a OCHOBaHHe (MO TIPHYMHAM, KOTOpbIE VSICHS-
I0TCS B BBICIUIEH MaTeMaTHKe) B3ATO MppallHoHasibHOe uucao 2,7182818...
JLnsi BHIYMCAEHHH yNOTPeGAsSIOTCS AeCATHUHbIE JOrapH(Mbl BCJISACTBHE TEX
ynoGeTB, KoTOpble OblAM HaMH ykasauwl B § 109, 110.

Harypanbhbie JsorapudMbl  Ha3blBAKOTCA TAKXKEe HENeposuviMu, TO
UMeHH H3oOpeTartens JorapudMoB IIOTIAHACKOro marematHka Hemepa
(1550-1617), a pnecatuuHble JorapupMbl— Opuecosoimu, MO HMEHH
npodeccopa bpurra (coppemenHuka u japyra Henepa), Bnepsbie
COCTABHBILIEro TaOJMHIlbl 3THX J0TAapPH({MOB

112. IlpeobpasoBanue orpuuaTejbHoro jgorapucma. Mol Bunesu,
YTO JIOrapH(Mbl YHces, MeHblMX |, OTpUIlaTe/NbHbl. 3HAYHT, OHH MOTYT
ObITh NPEJACTABAEHBl TIPH MOMOIIH OTPHIATENLHBIX AECHTHUHBIX Apoded.
Takue norapudmMbl Becerna MoKHO NpeodpasoBaTh Tak, 4TO Yy HHX MaHTHC-
ca OyneT noAoxcumenvHan, a XapakKTepHCTHKA OCTAHETCs] OTPHILATesbHOH.
Jlns atoro noctaToyHo NpHOABUTH K MAHTHCCE MOJIOMHTEJbHYK eIHUHHILY,
a K XapaKTepHCTHKe — OTPHIIATeNbHYIO (0TYero, KOHeYHO, BeJHYHHA J0-
rapuma He usmenuTcs). Ecau, Hanpumep, mMbl umeeM Jgorapupm —2,0873,
TO MOXHO ero npeo6pasosaThb Tak:

—20873=-2—1+1-00873=—(2+ 1)+ (1 —0,0873) =
= —-3+0,9127,

') NonkHo, onHako, 3aMeTHTh, YTO HenepoBEl JIOrapH(MbI He TOXAECTBEHHHI
HaTypa/bHbIM, @ TOJBKO CBfi3aHbl C HHMH HEKOTODbIM COOTHOLIeHHeM. Brepsbie
HaTypaJibHble JorapH(pmbl Obliu BBeleHbl nocae cMepty Henepa, B 1619 r., yuu-
Tenem matematHku B Jlowgone IxkoHom Crnedinenem. B cnenywoumem, 1620 r.
waeinaper, Biopru onyGaHkoBan cBOH TAOMHMLBL, COCTABJEHHbBIE UM HE3aBHCHMO
or Henepa.

3ameTtum, 4T0 B 1914 r. HcnonHUIOCH TPEXCOTIETHE H30OpeTEHHN JOTapH(MOB,
TaK Kak Tabuauubl Henepa Obliv um onyOauxosanbl B 1614 r. (non HassanueM
«Mirifici logarithmorum Canonis descriptio»).
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WJIH COKpallEHHO:

—141 _
—2,0873 = —2,0873 = 3,9127.

OobpatHo, BCsiKMA JorapudM ¢ OTPULATE/bHOH XapaKTEPHCTHKOH H
NOJIOXKUTEJNbHOH MAHTHCCOH MOXKHO TMpEACTABHTb MpPH TMOMOLLM OTpHILA-
TeJIbHOH JecAaTH4HOH ApodH. Jlisi 3TOro A0CTATOYHO K TIOJOMKHTEJbHOH
MaHTHCCe NPHOABHTL OTPHILATELHYIO SIHHHILY, a K OTPHIIATENbHOH Xapak-
TEPHCTHKE — TOJOKHTENBHY IO 1); Tak, MOXKHO HanHcaTh:

_ +1-1
7,8302 = 7,8302 = —6,1698.

113. Onucanne 4veTbIpEX3HAYHBIX TaOJHMI] ¥ TNOJb30BaHHE HMH.
Jlns pemwenusi GONBLIMHCTBA MPAKTHYECKHUX 3a4ad BIOJHE A0CTATOYHbI
yeTblpéX3HauHble TabJsHIbl, oOpallleHHe ¢ KOTOPbIMH BeCbMa MPOCTO 2.
HeGoaburas yacts ux (1151 00bCHEHHST PACTIONOXKEHHA) HaTleuaTaHa HHKe,
B Hux comepxarca MaHTHCCH JorapH(MoB Beex LeablX 4ucesa oT 1 no 9999
BKJIIOYHUTEJIbHO, BBIYHCAEHHBIE C YETHIPbMS AeCATHUHBIMHE 3HAKAMM, TIPHUEM
NocJeHHH W3 3THX 3HAKOB YBeJNHYeH Ha | BO BCeX Tex cayuaax, Korna
D-U JecATHUYHBIH 3HAK A0/KeH Obil Obl 0KasaThCcd D HAM OoJgee D; cae-
JIOBATEJIbHO, YeTbIpEéX3HauHble TaGJIMIIbl JAI0T MPUOIHKEHHBIE MAHTHCCHI C

TOYHOCTbBIO A0 § NeCSITUTBICSIYHOM 10K (C HEeAOCTATKOM HJIH C HSﬁhITKOM).

ManTtHcesl norapudmos

N| O 1 2 3 4 5 6 7 8 9 [123/456|789
50 | 6990 | 6998 | 7007 | 7016 | 7024 | 7033 | 7042 | 7050 | 7059 | 7067 [ 123 (345|678
51| 7076|7084 [ 7093|7101 | 7110 (7118|7126 | 7135|7143 7152 (123 (345|678
52| 7160|7168 | 7177 | 7185 | 7193|7202 | 7210|7218 | 7226 | 7235|122 |345|677
53| 7243 | 7251 | 7259 | 7267 | 7275 | 7284 | 7292 | 7300 | 7308 | 7316 [ 122 (345|667
54| 7324 | 7332 (7340|7348 | 7356 | 7364 | 7372 | 7380 | 7388 | 7396 [ 122 (345|667
55

") las BhimoJHEHHS 3THX Tpeofpa3oBaHMil NPHXOAMTCS TpPHEABHTh +1 M —1:
OIHO H3 3THX UYHCeN — K XapaKTePHCTHKe, a Apyroe — K MaHTHcce. Urobel He
OMHMOUTBCS, K YeMy nmpubaBuTh +1 u K yeMy —1, nose3Ho scerga obpallarb BHH-
MaHHe Ha MaHTHCCY 3aJaHHOro Jorapi@ma H paccy»iaTh Tak: NyCcTb B 3aJaHHOM
JorapuMe MaHTHCCa OTpHLlaTe/bHa, a Halo eé clesaTh TOJOXKHTEeJbHOH; TOrAa K
Hell caenyer npubaBUTb +1, a MOTOMY K XapaKTeDUCTHKe Hajo NpHGaBUTh —1;
nycTb B 3aaHHOM Jorapudme mMaHTHcca GyAeT MONOXKHTeNbHA, a Hafo eé caesathb
OTpHlLIaTe/IbHOH (Bech JorapH(M Jo/KeH ObITh OTpHILATENbHHIH); Torna K Hel
caenyer n06aBuTh —1, a, cNeoBaTeNbHO, K XapaKTepuCTHKe +1.

%) B cayuasx, TpeGyIOIHX GObLIeH TOUHOCTH, MONB3YIOTCSH NATH3HAYHBIMU Tal-
JHIAMH ¥ HHOT[a CeMH3Ha4HbIMH (Hanpumep, «JlorapHMHYeCKH-TPHTOHOMETpHYe-
ckoe pykoBoacTBo» [eopra Bera). Cnocof no/ib3oBaHHsi TakMMH TabJHLaMM
00BLACHEH BO BBEAEHHH K HHM.



1lI. ¥empoticmso u ynompebaenue mabauy, 127

Tak kak xapakTepHCTHKY JorapudMa Leoro 4Hc/a HIH JecATHYHOH
ApobH MBI MOXKEM Ha OCHOBAaHHHM CBOHCTB JeCATHYHBIX JOTapH(MOB Mpo-
CTABHTb HENOCPENCTBEHHO, TO B TAGJHLAX [OMelleHbl TONbKO MaHTHCCHI;
NpH 3TOM HAJA0 MOMHHTb, YTO MOJOMXKEHHE 3aNATOH B AeCATHYHOM 4YHCJe,
a Tak)e YMCJIO HyJeH, CTOAMIMX B KOHIE YHCJa, He MMeeT BJHSAHHMA Ha
BeJIHYMHY MaHTHCCHl. [To3TOMY NpH HAXOMXKJEHHH MAHTHUCCHI MO JIAHHOMY
YHCJy Mbl OTOpachbiBaeM B 3TOM YHCJ/E 3aNsTyIo, a TAKXKe HYJIH Ha KOHIe
€ro, ecjli TAKOBbIE eCTb, M HAXOAUM MaHTHCCY JorapMdma [eoro Yucnaa,
o6pasoBaBulerocs nocJte 3toro. [Ipy 3ToM MOryT mpencTaBUTbCS CJlelyro-
lUHe Caydau:

1) Ueroe uucaro cocmoum us mpéx yugp. HaNpUMep, NMyCTb HALO
HalTH MaHTHccy Jorapudma uyucna 536. [lepBbie aBe HH(PH ITOrO YHC-
na, T.e. 53, HaXoAMM B TadsullaX B MepBoM caesa ctondiue (cM. Tabau-
Ly, Hane4yaTaHHyl Ha npeabiayuied crpanuue). Hadins uucao 53, npo-
IBUIaeMcsi OT Hero [0 CTPOKe BIPABO [0 [epecevyeHusi 3TOH CTPOKH
€O CTOJA0LOM, NpoxomsiuuMm 4epes Tty w3 uudp 0, 1, 2, 3, ..., 9, no-
CTaBJEHHBIX HaBepxy (M BHH3Y) TaGnHllbl, KOTOpas NpPENCTaBJ]SET CO-
60 TpeTbl0 LHQPY NAaHHOrO 4HMCaa, T.e. B HaleM npumepe uudpy 6.
B mnepeceuenuu moayuum MaHTHeey 7292 (t1.e. 0,7292), npunagnexa-
wyto norapudmy uucna 536. IlogobHo sTomy, ans Jnorapudgma uncna 508
Halpém mautdecy 0,7059, nas gorapudma uucaa 500 nainém 0,6990
HT. 1.

2) leaoce uucao cocmoum uz dsyx uau u3 odwoti yugpsl. Torpa
MBICJIEHHO MPHIHCHIBAEM K 3TOMY YHCJY OAMH HJH ABa HYJIS H HAXOLHUM
MaHTHCCY Ans Joraputma o6pas3oBaBiierocs TaKHM 00pa3oM TPEX3HAUHOTO
uhcna. Hanpumep, K uucay 51 npunucbiBaeM OfMH HyJb, OTYero IoJyda-
eM 510, u Haxonum MaHTHCcy 7076; K 4Mcay 5 NpHOMCBIBAEM JBa HYJs M
HaxoauM MaHTHeey 6990 u 1. 1.

3) Ieaoe wuciao swipaxcaemcs uemolpoMs WUppamu. Hanpumep, Ha-
no HavTth mantuccy lg5436. Torma cHauasna Haxogum B Tabauuax, Kak
Obl0 ceHyac ykasaHO, MaHTHCCY [Js Jorapddgma uucnaa, W3o0paKeéHHOro
NepBBIMH TpeMsl LH(paM{ AaHHOrO 4Hcaa, T.e. aas 543 (3Ta MaHTHcca
Gyner 0,7348); sateM npoaBuraeMcs OT HAHIEHHOH MaHTHCCHI N0 CTPOKE
Hanpaeo (B MPaBylo 4YacTb TaGJHIbl, PACTIONOKEHHYIO 3a JKHPHOH BepTH-
KaJIbHOH 4epToit) 10 mepecedyeHus CO CTONOLOM, MPOXOAAIIHM Uepes Ty M3
uudp: 1, 2, 3, ..., 9, crosmwMx HaBepxy (M BHM3Y) 3TOH 4acTH TaBJHIIbI,
KoTopasi npejcrtasaseT co00H 4eTBEPTYI0 UH(PY AaHHOrO 4HC/aA, T.€. B
HamweM npumepe uudpy 6. B nepecedenun Haxonum nonpasky (uucnio 5),
KOTOPYI0 Haao TNpHOaBHTb B yMe K MaHTHcce 7348, 4ToObl MOJYYHMTb
MaHTHcey Jorapudma gucaa 5436; Mbl monydyum, TakuM o0GpasoM, MaH-
trcey 0,7353.

4) llenroe uucao soipaxmcaemces namero uad boree yugpamu. Torna
orOpacbiBaeM Bce LUH(pbl, KpOMe epBbiX YeThIpEX, U OepéM NpHOJIHKEHHOE
3HaYeHHe B BHIE UYETHIPEX3HAUHOrO 4YHCJa, TIPHUYEM TMOC/JeNHIon HHbPY
3TOro YKcaa yBeJqudyrBaeMm Ha | B TOM c/aydae, Korjaa otopackiBaemas nstas
uudpa udcna ectb 5 uau Gogsiie 5. Tak, Bmecto 57842 mbl Gepém 5784,
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Bmecto 30257 Gepém 3026, Bmecto 583263 Gepém 5833 u 1.1m. Has Jo-
rapudmMa 3TOro OKPyrJa8HHOro 4eThIPEX3HAYHOrO YMC/a HAXOAHM MaHTHCCY
TaK, Kak OblJ10 ceduyac oObACHEHO.

PykoBoacTBysich 3THMH YKa3zaHHAMH, HAHAEM A/ NpUMepa JorapH(Mbl
CAEYIOUIHX YHCeI:

36,5; 804,7; 0,26; 0,00345; 7,2634; 3456,86.

[Tpexxne Bcero, He obpaiasch, Moka K TaGaMilam, MPOCTABHMM OJIHH
XapaKkTepUCTHKH, OCTABJISS MECTO [/l MAHTHCC, KOTOPBIE BLITHIIEM TOCJE:

lg 36,5=1,...; 120,00345=3,...;
1g804,7 =2,...; 1g7,2634 =0,...;
lg 0,26 =T1,...; 1g3456,86=3,....

}_Iaﬂee no Taéﬂuuam BbICTABJAEM MNPAMO MaHTHCCLI:
lg 36,5=1,5623; lg0,00345 = 3,5378;
1g804,7 = 2,9056; 1g7,2634 =0,8611;
lg 0,26 = 1,4150; 1lg3456,86 = 3,5387.

114. Hurepnoauposanmne. B HekoTOpbIX YeThbIPEX3HAUHBIX TaOJIHILAX
NOTMPAaBKH Ha 4eTBEPTYIO HHUGPY JAHHOTO YHcaa He nomeriensl. Mves neno
¢ TaKHMH TabJ/HUAaMH, NPHXOLHTCH I[ONPABKH 3TH HAXOAHTb I[IPH MOMOLLH
NPOCTOr0 BbIYHCJEHHS, KOTOPOE MOMKHO BbIMONHATL HA OCHOBAHHH CJle-
AYIOILEro NoJjoxeHus: ecad 4ucaa npesocxonat 100, a pasHocTH mexay
HHMH MeHbile 1, To 6e3 4yBCTBHTEJNBLHOH MOTPEIIHOCTH MOMKHO TIPHHATE,
uTo

PasHoCTH Mexy JaorapudMaMy HPOMNOPUMOHATBHBI PASHOCTAM MEMIy
COOTBETCTBYOIMUMH uHCaaMH ).

[TycTsb, HanpuMep, HAO HAWTH MaHTHCCY Jorapudgma yucaa H367. Mau-
THCCA 3Ta, KOHEUHO, Ta ke camas, 4To M AJs Jorapudma uucnaa 536,7.
Haxonuwm B rabauuax mis jgorapudma ducaa 536 mavtueey 7292, CpasHu-
Basi 3Ty MaHTHCCY C cocefHell BnpaBo MaHTHccoH 7300, cooTBeTcTBYyIOlEH

') Pacemarpusas rpauk gorapudmuueckoil Gyskund y = log,ox (§ 103), mbl
3aMeuaeM, 4TO Jaxe JJis yuces HeGoJbLWHX (Hanpumep, AJas uuces oT 3 go 10)
rpahMK O4eHb Majo OTJaW4Yaetcs o1 npsaMod auHWM. Ecaum Owbl 9T0oT rpadux npo-
IOJKHTE HampaBo aasi yvcen ot 10 go 100 (r.e. Ha 90 enMHML IJHHBI BIOJb
OCH x-0B), TO OpAMHATHL BO3pocaH Obl ToAbKO oT 1 mo 2, Tak kxak lgl0 =1, a
lg 100 = 2; npu nanbHe#wewm ero npogoskeHuu aas yucea ot 100 no 1000 (r.e. Ha
900 eauHHIL AJHHBI) OPAMHATHl YBEJHYHJHCH Obl CHOBA TOJBLKO Ha 1 emHHHMILY.
3uauuT, aas guce, 66abwux 100, 6e3 4yBCTBHTENLHOH OWHOKH MOMXKHO TIDHHAT,
uto rpapux dyHkumu y = loggx cosnagaer ¢ npamod. Ho pmonmyctuTh 310 —
3HAYUT TIPHHATDH, YTO AJS TAKHX YMCeJ TMpHpalLeHHS OPAHHAT MPOMOPLHOHAJBHBI
NpUpallleHHsM abeurcee, T.e., IPYTHMH CJ0BAMH, UTO PA3HOCTH MeX[y JorapHpma-
MM NPOMNOPLHOHAJBHEl PA3HOCTSIM MEXAY YHCAaAMHU.
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yucay 537, Mbl 3amedaeMm, uTO ecjad 4Mcao 536 ysenuwuures Ha 1, To
MaHTHCCA YBEJHUHTCS Ha 8 [AecATHTHICSUHBLIX (8 ecTb Tak HasbiBaemasi
MAOAUMHAR PA3HOCME MEXAY NBYMs COCEIHHUMH MaHTHCCAMH), €CJH e
ydcso 536 yeennunrtea Ha 0,7, To maHTHcca yBenuuuTes He Ha 8 necs-
TUTBICSYHBIX, @ HAa HEKOTOPOE MEHbLIIee YHCJO: T AeCATHTHICAYHLIX, KOTO-
pOe COrJIACHO IOMYIIEHHOH MPONOPLUHOHAJBLHOCTH NOJXKHO YAOBJIETBOPATH
nponopund = : 8 =0,7: 1, orkyna x = 8- 0,7 = 5,6, uTo no oKpyriaeHHH
cocTapsieT 6 HEeCATHTBICAYHBIX. 3HAYHT, MaHTHCCA AJs Jorapudma duc-
aa 536,7 (u, caenoeatesbHo, 145 uucaa 5367) Gymer: 7292 + 6 = 7298,
T.e. 0,7298.

3amMeTHM, 4TO HaXOMXKAEHHEe MPOMEKYTOYHOrO 4HCJaa Mo ABYM PAIOM
CTOALIMM B TabJMIAX 4YHC/JIaM HaswiBaeTcs unmepnoauposavuem. Huatep-
NI0JIMPOBAHKE, OMHUCAHHOE 3[18Ch, HA3LIBAETCS NPONOPULOHAAbHbIM, TAK KAK
OHO OCHOBAaHO Ha JAOMYIIEHHH, YTO HM3MeHeHHe Jorapudma MponopIHo-
HallbHO H3MeHeHHI0 uyucaa. OHO HasbiBaeTCsl TaK¥Ke AUHElHbiM, TAK Kak
npeanojaraeT, uTo rpauuecku H3MeHeHHe JorapHbMHuecKod (QyHKIHH
u3obpaxkaeTcs NpsIMOH JTMHHEH.

115. Tabauupl antuaorapudmon. s HAXOKIEHHS yucda 110 JaH-
HOMY JIOTapu(hMy MOTYT CJAYXKHTb Te Ke TaOJHIbl, TI0 KOTOPLIM OTBICKH-
BAOTCS MAHTHMCChl JIOrapu)MOB TaHHBIX YHCEJ, HO yIOOHEe T0Jib30BaThCS
IPYTrUMH Tab/MHLAMM, B KOTOPLIX MOMEIeHbl TaK HasblBaeMble aHmMu.i02a-
pughmbl, T.e. YHCAA, COOTBETCTBYIOIHE AaHHBIM MaHTHccaMm. Hebonbinas
4acTbh MX TNOMellleHa HuxKe (1151 00bACHEHHs).

Antunorapugmsi

m| 0 1 2 3 4 5 6 7 8 9 [123[456|789

25| 1778 [ 1782|1786 | 1791 | 1795|1799 | 1803 | 1807 | 1811 | 1816|011 222|334
.26 | 1820 [ 1824 | 1828 | 1832 | 1837 | 1841 | 1845 | 1849|1854 | 1858 |011 (223|334
27| 1862 1866 | 1871 | 1875 | 1879 | 1884 | 1888 | 1892 | 1897 | 1901 |011 (223|334
.28 1905 [ 1910|1914 [ 1919 | 1923 | 1928 | 1932 | 1936 | 1941 [ 1945|011 |223 | 344
291950 [ 1954 [ 1959 | 1963 | 1968 | 1972 [ 1977 | 19821986 | 1991 |011 223|344

[Tycrb naHa yerbipéxaHayHasi MmaHTucca 2863 (Ha XapakTepHCTHKY He
obpaliiaeM BHHMaHHUs) W TpebyeTcs HAUTH COOTBETCTRBYIOLILEE 1e/I0e YHCIIO.
Torpa, umes Tabauubl aHTHAOrapH(MOB, HAAO MOJAb30BATHCS HMH COBEp-
LIEHHO TaK e, Kak OblI0 paHbluie OObSCHEHO [/ HAXOMK/IEHHS MAHTHCC
N0 NAHHOMY YHCJY, 8 HMEHHO: TlepBble 1Be LUHQPbl MAHTHCChl Mbl HAXOLHM
B TepBOM c/ieBa cToA0le (Touka, cTosllas nepel UM(DPaMH, 3aMeHsieT
cofol 3anfaTylo, OTAENSIIOLLYIO llesoe YHE/I0 Jorapudma OT MaHTHCCHI).
3aTtem npoaBUTaeMcs OT 3THX HU(P MO CTPOKe BIPABO 0 NepecedeHHs CO
CTONOIOM, HIYIIMM OT TpeThel HH(PB MaHTHCChl, KOTOPYIO HAJ0 HCKATh B
BepxHell ctpoke (MM B HHxKHel). B nepecedenun HaXoguMm ueTbIpEx3Hau-
Hoe yucno 1932, cootercrByioniee mantHcce 286. 3aTem 0T 3TOro YHcaa
NPOABUTAEMCS Jlajiblie 10 CTPOKE HANPaBO A0 MEepecedeHHs CO CTOJOLOM,
HIYLIMM OT 4eTBEPTOH LM@pbl MaHTHCCH. DTy UHQPY HAJO HAHTH HaBepxy

5 A.Tl. Kucenes
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(ua1M BHM3Y) cpeau moctasjaeHHbX Tam uudp 1, 2, 3, ..., 9. B nepecedenuu
Mbl HAXOAHM NONpaBKy 1, KOTOPYIO HAl0 NpHOGaBHThL (B yMe) K Hai1eHHOMY
panbiie udcay 1932, 4ToGbl MOJAYYHTH YHCJAO, COOTBETCTBYIOLIGE MaH-
THcce 2863.

Takum o6pazom, uucao sto O6ymet 1933. Ilocne sToro, obpaias BHH-
MaHHe Ha XapaKTepHCTHKY, Hano B uucae 1933 nocraBuTh 3anAtywo Ha
HaJJeXKalleM MecTe.

[IpuBenéM HeCKOJLKO NPHMEPOB:

Ecmu lgz = 3,2863, 10 = 1933;
" lgz=1,2863, " x=19,33;
" lgz=0,2863, " x=1933;
" lgz =22863, " x=0,0193;
" lgz =0,2287, " x=1693;
" gz =1,7635, " x=0,5801:
" lgx =3,5029, " z=23184;
" gz =2,0436, " x=0,01106 u T.1.

Ecan B ManTHece ykasano 5 uid Gosee uudp, 1o 6epéM TOALKO NepBbie
4 undpsl, orOpachiBasi octalbHble (M yBeJrdYuBas 4eTBEPTYIO UMppy Ha 1,
ecJiu nsAtasi UHGpa ecTs D UK Gojee). Hanpumep, BMecTo MaHTHCCH 35478
oepém 3548, Bmecto 47562 Gepém 4756,

116. 3ameuanue o6 mHTepnonupoeanun. [lonpasky Ha 4eTBEPTYIO
H cJenyiomnide IHQPe MAHTUCCHl MOMKHO HAXOAWTh M TMOCPELCTBOM HHTep-
nosiiposanus, Tak, ecau mantucca Gyper 84357, To, Hakias uxcao 6966,
COOTBeTCTBYIOLee MaHTHCCe 843, Mbl MOXKEM paccyKaaThb Jajee Tak: ecJH
MaHTHcca yBesnuuTess (Ha | TelcguHywo), T.e. chenaercss 844, To uywucio,
KaK BHAHO M3 TabJ/HIl, yBeJAHYUTCS HA 16 eqHHHI; ec/H e MaHTHCCa yBe-
AU4UTes He Ha | (TeicsuHyio), a Ha 0,57 (ThICAYHBIX), TO YHCJO YBEJHUHTCA
Ha T eIMHHIL, MPUYEM YHCJIO T JAOJKHO yIOBJIETBOPSATH NMPOMNOPIHHU:

z:16=057:1, ortkyna x = 160,57 =9,12.

3HauuT, HCKOMOe uHeqo oyaet 6966 + 9,12 = 6975,12, wau (orpaHuuu-
BasiCb TOJIbKO 4eThipbMsl UHppamu) 6975.

117. Heicteusa Hapn JorapugmMamMmi ¢ OTPULATENbHBIMH XapaKTepu-
ctukamu. CJloKeHHe W BblYHTAHHE JIOTapu()MOB He IMPeACTaB/ISIIOT HHKa-
KHX 3aTPYAHEHHH, KAK 3TO BHIHO M3 CJEAYIOUIHX NPHMEPOB:

n 2,9734 + 3,8384 1,0384 0,0052
1,8302 5,8804 5,9630 4 5736
0,8036 7.7188 7,0754 3,4316
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He npeacrapisier HHKaKWX 3aTpyIHEHMH W yMHOxeHHe jorapudma Ha
TNOJIOKHTENBHOE YHCJI0, HaTPUMep:

3,5837 2,4735
%9 x 34
99,9533 1 8940
14 205
16,0990
—68
52,0990.

B mocnenHem mprMepe OTAe/NBHO YMHOMKEHA TOJOKHTENbHAST MaHTHCCA
Ha 34, 3aTeM oTpHlaTe/bHaA XapaKTepUCTHKA Ha 34.

Ecau norapugm ¢ oTpHILaTeNbHOH XapaKTePHCTHKOH M MOM0XKHTeNbHOH
MaHTHCCOH YMHOXAeTCs Ha OTPHIATENLHOe YHCIO0, TO MOCTYNAlOT ABOSAKO:
HWIH TNpeiBapHTe]bHO AaHHBIH Jorapudgm obpallalT B OTPHLATENbHbIH,
HIIW 3Ke YMHOXKAIOT OTAeJbHO MAHTHCCY H XapaKTepUCTHKY M pesysbTaThl
COENMHSAIOT BMECTe, HanpHMep:

3,5632 - (—4) = —2,4368 - (—4) = 9,7472;
3,5632 - (—4) = +12 — 2,2528 = 9,7472.

]_[pld ACJEHHH MOryT NMpPeACTABHTLCH ABa Caydas: BO-NMEPBbLIX, OTPHIA-
TeJibHasA XapaKTE€PHUCTHKA AEJHUTCA Ha HAEJIHMTEJb;, BO-BTOPbLIX, OTPHUATEJb-
Has XapaKTepHCTHKA He JeJIUTCHA Ha HNeJIUTellb. B [epeoM cJlydae OTAeNbHO
ACNAT XapaKTePHCTHKY H MAHTHCCY!

10,3784 : 5 = 2,0757.

Bo BropoM ciyuae npuGaB/AsiOT K XapaKTEPHCTHKE CTONbKO OTpHILA-
TeNbHBIX eIMHHULL, 4TOOb 00pa30BaBlIEeCs YHCA0 JEMHI0Ch HA AeJIHTe b, K
MaHTHCCe MPHOABJSIOT CTONBKO e MOJOKHTENbHBIX eTHHHMIL:

3,7608 : 8 = (—8 + 5,7608) : 8 = 1,7201.

1o npeobpazoBaHue HALO COBEPLIATL B yMe, Tak 4YTO JeHCTBHE pacro-
JlaraeTcs Tak:

3,7608 : 8 = 1,7201, wuan 3,7608 8
1,7201.

118. 3amena BbIYMTaeMBIX JOrapu(MoB cjaaraeMbiMH. [IpH Bbl-
YHCJEHHH KaKOTO-HHOYIb CI0MXKHOTO BHIPAXKEHHS ¢ MOMOIIBIO JOrapH(MOoB
NPUXOAHUTCS HEKOTOpbIe JIorapH(Mbl CKAAAbIBATb, APYrHe BbIYHTATbL; B Ta-
KOM cJiydyae npu 0ObIKHOBEHHOM crocofe cOoBeplUeHHs NeHCTBHH HAXOAAT
OTHENBHO CYMMY CJlaraeMblX JIorapH(MOBE, MOTOM CYMMY BBIUHTAEMBIX U H3
nepsoil cymMmbl BoluMTaloT Bropyto. Hanpumep, ecan umeem:

lgx = 2,7305 — 2,0740 + 3,5464 — 8,3589,
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TO OOBIKHOBEHHO BLIMOJHEHHEe JeHCTBHI Paclo/oXKHUTCH Tak:

n 2,7305 n 2,0740 _0,2769
3,5464 8,3589 6,4329
0,2769 6,4329 7,8440 = lgz

Ectb, OAHAKO, BOSMOXHOCTb 3aMEHHTb BbIYHTAHHE CJOXKEHHEM., Tak:

~2,0740 = 2 - 0,0740 = 1,9260,
—I+1 _
—8,3589 = —8,3589 = 9,6411.

Tenepb MOXKHO paCnoOJIOXKHTb BbIYHCJ/IEHHE TaK:

2,7305
1,9260
+ 3,5464
9,6411
1,8440 = lg x.
119. Ilpumepn! BbIYUCAEHHI ¢ NOMOULIO JOTapH(MOB.
[Tpumep 1. BbluHCAHTBL BhIpaeHHe:
. VA . B

ecan A = 10,8216, B = 0,04826, C = 0,005127 u D = 7,246. Jlorapugmu-
pyeM [aHHOe BblpayKeHHe:

lgA+41gB —31gC — %lgD.

QI —

1=

Tenepb Juis U3GexaHHsl U3JIHUIITHEH NOoTepH BPEMEHH H AJiF YMeHbIIeHH
BO3MOXKHOCTH OLIHOOK npexae BCero pacnoiozkKuMm BCe BbIYHCJAEHHA, He
HCIIOJIHAA NMOKa HX H He 06pamaﬂ(:b, CJIe10BATEJIBHO, K TabauIam:

lgA=1g0,8216 =T,... élgA:
lg B =1g0,04826 =2,... 11gB =
lgC =1g0,005127 = 3, -31gC =
31gC ... ... ... = 1 B
lg D = 1g 7,246 0, kD=
1 lgT:
glgD .......... = T =

[Tocne storo Gepém u3 Tabauilel M MPOCTaBJAsSeM JOTapH(Mbl Ha OCTaB-
JIEHHBIX CBOOOAHBIX MecTax:
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lgA =1g0,8216 = 19146 %lgA:T,QTIS
lg B = 120,04826 — 2,6835

= 4 1g B = 6,7340
lgC =1g0,005127 = 3,709 | _312¢ — 68703
31gC .o =7.1297 | 1 =
gD = 1g7,246. . .= 08601 | —3leD=17133
L _ lgz = 1,2891
JleD = 0,2867 2= i

35
MMpumep 2. Boumcauts: x = (—2,31)3 V/72. Tak kak orpuuaress-
Hble 4YHC/Ia He HMMEKT JOTapH(MOB, TO NpelBAPHTENbHO HaxomuMm z’ =

= (2.31)*V/72. 1
lgz’ =31g2,31 + Elg'f?.
[Tocae BoiuMcaeHHs okaxeTes: @' = 28,99, caenosatensHo, © = —28,99.
[Tpumep 3. Bouueaurs: x = \3/ I8+ V3.
CrowHoro siorapH()MHpOBaHHs 31€Ch IPUMEHHTb HeJlb3sl, TaAK Kak [10]1

3HAKOM KODHA CTOMT cyMMa. B momoGHBIX c/yudasix BEIUHCASIOT (opMmyny
5
no yactam. CHauana naxonum N = v/8, notom Ny = v/3; nasnee NpPOCTLIM

cnoxenveM onpegensem N + N| ¥, HAKOHELl, BbIYHCIAEM \3/N + Ny ; oka-
KeTed:

N =1,516; N, =1316; N+ N, =2832;
lgz = lg 4/2,832 = 112,832 = 0,1507, « = 1,415.

@

Ynpaxcuenus.

196. VY clefyiomKX OTPHLATENbHBIX JOTapH(hMOB CHe/1aTh MaHTHCCH TOJ0XKH-
TeqbHbIMH: —2,3789; —1,0760; —0,0058; —5,6700.

196. Caenyiouime Jorapr(Mel PeBpaTHTL B OTpHuaTe brbie: 2,7359; 1,0803;
3,0760; 1,0023.

Haiitu no tabauuamM sorapu@msl CAeLYIOUIHX YHCeT:

197. 9; 26; 573; 55; 78; 7,414; 0,7557.

198. 5; 634; 10,083; 0,20738; 0,00534.

HaiiTi uucna no c/elylomuM Jorapudman:

199. 2,8676; 1,3496; 0,0111; 3,1412.

200. 1,6628; 2,3114; 0,5100; 1.5806.

201. 3,7467; —1,0834; —0,6347; —3.9134.

(B Tpéx nocreiHUX NpHMepax Hano MpeiBapHTe]bHO npeolpa3oBaTh Jora-
pHdMEL)

[Tpouszsecty caenyiouire AeHCTBUSA Hal JOTAapHPMaMHK:

2,7303 1,5734 2,0387
20%; +{ 3,9683’ { 2,8430° {T,7357'

03756 =
203. —{5’7489, 2,7403 x 7.

204. 1,4018 x 9; 3,5612 x 36.
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205. 3,5603 x (—23); 12,6310 : 4.

206. 3,0274 : 5; 2,5074 : 7.

B Cﬂeny[OUIHX npumepax BbhIYHTaHHE 3aMeHHTb CJOKEeHHEeM:
207. —3,2603; —7,5920; —0,4168.

208. —1,5609; —2,2754; —3,0406.

BI:I‘-IHCJIHTB C [MOMOILLEKO JIOFapH(i)MOB cjeayroliue Bb]pa}KeHHHZ

0037145 ¥0,3571; \/235

210. ‘f ; V17705 “/85 77

90,7361 -0,03715
211'( 6) ' 2,165-08717 °

212\7 0,07624 \/7{‘/”

3,142-27,05°

213, 3/T165 . o 71g-s102

Ei

214. CKobKO LH(P NOMKHO OITh B uucae 3707

215, Jlyu cBeTa, MPOXOAs UYepe3 CTEKJSAHHYIO TMJACTHHKY, TEpseT % 4yacThb
cBoeit HHTeHCHBHOCTH. Kakas yacTb Haua/ibHOH WHTEHCHBHOCTH OCTaHeTCs y Jyya,
KOraa oH npoinér yepes 10 TakMX MAacTHHOK?

216. Boluucauts 00bEM wapa no hopmyne V = %’R‘RS, ecii R=5875un =
= 3,142,

217. BuuucauTh NJo0MALL S TPEYroNbHHKA CO CTOPOHAMHK a, b ¥ ¢ o (opmyne:

=+/plp—a)(p - b)(p—c),

1
B KOTOPOH p €CTb NOJYMEpHMETP TPeYroJbHHKE, T.e. p = E(a +b+c), ecan
cTopoHsl OyayT: 1) 6 cm, 8 em, 9 cm; 2) 0,927 M, 1,135 M, 0,575 m.
218. O6béM V nojioro UMAMHApPA, Y KOTOPOrO BHICOTA i, BHEIIHHH paguyc
OCHOBaHHMA [ M BHYTPeHHHMH paiuyc r, BbipaxKaeTcsi (pOPMYJIOH:

V = (R - r)h.

Beiuscauts V, ecaii R=74,35 M, r =4263 M, h = 1328 Mm u m = 3,142,

219. INpono/KUTeNbHOCTL OIHOIO POCTOr0 KayaHHA MaATHHKA (T.e. BpeM#, B
TeyeHHe KOTOPOro MasTHUK MMEPexoAnT U3 KpaiHHero rnpasoro nojsoxeHus B KpaliHee
NeBoe) Buipaxkaetcs (opMysoi (ec/M yrom OTK/JIOHEHHS MasTHWKA OT OTBECHOH

JIHHHH He MPeBoCXogHT 3°):
1
t=m/—,
g

rie t ectb Bpemsi (B cexkyHpax), | — anuHa MasTHWKa (B caHTHMeTpax), g —
VCKODEHHe CHJIbl TSXKeCTH (B CAaHTHMETpaX Ha CeKyHIY B KBajpaTe) H ™ — OTHO-
LIeHHe JJMHBI OKPYXKHOCTH K auamerpy. Haiitu Bpems ¢, ecan [ = 100 cm, g =
= 981,5 cm/cex’ u 7 = 3,142,
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120. Ynorpe6Gaenne natudHayHbiX Tabauu. Jlns Gosee TOYHLIX Bbl-
YHUCTEHMH yNOTPeOsaoTes NATH3HAUHBIE Tabnuibl jgorapuhmos. B 3Tux
TabaUuLAX Jorapu(Mbl Yykces BoluucaeHsl ¢ TodHocThio 1o 0,00001 (Bephee,
¢ toyHoctbio a0 0,000005). Haubonee ynotpeGureibHbIMH siBAsIIOTCA Ta6-
auubl, coctapaeHHsie E. [lpxeBanbckum. Jlagum KpaTkHe ykasaHus
K M0JIb30BAHHIO HMH.

1. IlepBasi cTpaHua TaGaMLL COLEPHHUT MAHTHCCHI JIOTAPH(PMOB YHCe
no 100. Ho sToit cTpaHuiell MOXKHO He MOJb30BaThbCA, @ HCKATh MAHTHCCY
CpeiM MaHTHCC JOrapudMOB TPEX3HAUHBIX 4Hces. Tak, 4yToObl HAHTH MaH-
THeey JaorapudmMoB yucea 67; 6,7; 0,0067 u T. 1., MHIWYT COOTBETCTBYIOLLY O
XapakTepUCTHKY M HMULYT MaHTHcey Jorapudma uucna 670,

2. Myctb umneno umeer Tpu 3Hawamue nudpel. (Hamomuum, uto Hymb,
CTOSILULMH MeX Y 3HauallMMK UM(paMy, NPUHHUMAETCS TOXE 33 3HAYallyl
uHdpy.) Myt 910 4HCI0 HA COOTBETCTBYIOILEH CTPAHHILE B JIEBOM KpaiHeM
cronbue (oH obosHaueH Oykod N). B croabue, crosieMm psaom, Moa
3HaukoM 0 HAXONAT COOTBETCTBYIOULYK) MAaHTHCCY.

3. IlycTb uncno vmMeet veTwipe 3Havauide uugps. Myt B cronbue N
YHCJ0, COCTABIEHHOE MepBbIMH TpeMs [H(ppaMH JaHHOTO.

B ropusoHTanbHOM psgy, B CTOJ6IE, COOTBETCTBYIOIEM HeTBEDPTOMH
uudpe LaHHOIO YHCJ/A, HAXONUM HCKOMYIO MaHTHCCY.

[Tpumep. Haiitu lg84,37. Xapakrepuctuka pasna 1.

Hiem B cron6ue N uucao 843. Maém ot storo ukeaa snpaso. B ctons-
e noi UMppPoH 7 HAXOAMM COOTBETCTBYIOLLYI0 MaHTHccy 92619. Hrak,
lg 84,37 = 1,92619.

4. Yucno comepuT OoJsee ueTblpéx sHadalkx uupp. Bepém uucio,
COCTABJNEHHOE MEePBEIMH YeTHIPbMSA [H(paMH, H HilleM ero MaHTHcey. Jlanb-
e MoCTynaeMm Tak e, Kak M B uYeThpEX3HauHhIX Tab/aMLAX, T.e. HJIH
COCTABJIsieM NPONOPLHIO, HJHK N0Jb3yeMcs TabJHUKaMH, NOMEILEHHBIMH B
KpaiiHeMm mpaBom cTonbie non 3Hakom P.P. (cokpaieHwe ¢paHiy3cKHx
cioB partes proportionales, T.e. NponopiHoOHaNbHbIE YACTH).

[pumep. lg187,367.

Huiem uucno 187 u B cronbue 3 HaxoauMm mautHeey 27254, Haxo-
UM PasHOCTh MeXJy cJeaylolledl MaHTHCCOH M HakaeHHOW (TabnH4HYIKO
pasdocth). Ona pasua 23. B xpaiinem npasom cronbie nox duciom 23
s uMgpel 6 Haxonum 13,8 croTbicAYHbIX gosed, aas 7 Haxomum 16,1.
BbluneneHus pacrnosaraem Tak:

1873 27254
6 138
7 161

187367 2726941.
Hrak, lg 187,367 = 2,27269.

IV. IlokasarenbHble U JorapupMuyecKkue ypaBHeHUs!

121. Ilpumeps ypaBHennii. [loxazamenvHuimu ypaBHEHUSAMH Hasbl-
BAlOTCSA TAKHE YPaBHEHMs, B KOTOPLIX HEH3BECTHOE BXOIMT B MOKasaTelb
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CTENEeHH, a AoeapumuiecKumu — Takue, B KOTOPLIX HEH3BECTHOE HAXO-
IMTCH TOA 3HAKOM Jsiorapudma. Takue ypaBHeHHs MOTYT OBITb pa3peluaeMbl
3JIeMeHTAPHBIMH NPUEMAMH TOJNLKO B YACTHHIX CJAyYasX, NPHUEM [PHXO-
JHTCS OCHOBBIBATHCS HA CBOWCTBAX JOrapu(MOB W HA TOM TOJOMKEHHH,
YTO €CJIH YHC/Aa PaBHBI, TO PaBHbl W WX JorapuMel, H 0OPaTHO, €CIH
J0rapH(MEl PABHBI, TO PABHBl H COOTBETCTBYIOLIHE HM YHCJA.

[Tpumep 1. Pewwurs ypasHenue: 2% = 1024, Jlorapudpmupyem obe
YACTH YPaBHEHMS:
zlg2=1g1024;, =x= fglosd oo

g2 0,30103

[Ipumep 2. Pewwutsh ypasHenue: a’* —a® = 1.

[Tonoxus a® = y, noaydum KsajpaTHoe ypasHeHue: y~ —y — | = 0,

OTKYy/a:
1+v5 1-+5
- T, }]2 - TI

10.

CuaeioBaTeqibHO,
z 1+v5 s 1—vB
a*=——+— n o = —(—.
2 2
Tak xak | — /5 < 0, To mocienHee ypaBHeHHe He WMeeT pelleHH
(ec a — MOJIOKHUTENLHOE YHCJIO0), @ [lepBoe Aa&T:
_lg(1+v5) —1g2
T =S

[Mpumep 3. Pewnts ypaeHenue: lg(a + x) + lg(b + x) = lg(c + x).
YpaBuenue MOXHO HAMHCATH TAK:

lg[(a + z)(b+ x)] = lg(c + z).

W3 pasencTsa Jorapu(MoB 3aK/1104aeM 0 PaBEHCTBE HHCEJ MPH PaBHBIX
OCHOBAHUSX:
(a+z)b+zx)=c+ux,
9TO ecTh KBAJAPATHOE YpaBHEHHE, KOTOPOe JIErKO PelliaeTes.

122. ®opmyna CJOKHBIX MPOLEHTOB. 3ajava. B kakylo cymmy
00paTHTCS B TeUeHHWe t JeT BKJAA a pyOJei, ecid OH eXerofHO MPHHOCHT
P CNOXKHBIX TPOIEHTOR?

[oBopAT, 4TO Ha BKJIaJl HAYHCJAIOTCS C/JAOKHBIE MPOLUEHTDI, €CIH NPHHH-
MaloTCs BO BHHMAHHe TaK HA3blBAEMble «IIPOLLEHTbI HA MPOLEHTHI», T. €. eC/IH
NPHYUTAIOULMECH HA BKJAL NPOLEHTHBIE AeHbIH NPHCOCAHHSIOTCH B KOHLE
KaX/0ro rofla K BKJAAY /s HAPALLEHHS HX MNPOUEHTAMH B CJEJYIOlLHe
TOJbl.

Kaxnapiii py6ab BKJAna, OTLAHHOIO NOJ p HPOLEHTOB, B TeueHWe Of-

HOrO rofa NpHHeceT A0X04a % pyOJisi, H CJeLoBaTe/IbHO, Kax bl pydilb

BKJana uepe3 | rox obpaTHtest B (l + %) pybaelt (Hanpumep, eciH

BKJIaJ cenad nof 5%, To Kamaulid pybub ero depes rop obpatuTes B
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1+ % T.e. B 1,05 py6as). O603HAYHB A5 KPATKOCTH APOOb % OJTHOH
OYKBOH, HampuMmep, r, MOXKeM CKa3aTh, YTO Ka/[bld pyO/ab BKJaga uepes
rog obparutcs B (1 + r) pyOuseii, caegosartesnbHo, a pyGinei obpartsirtes
yepes 1 ron B a(l +r) pybned. Euwé uepes rom, T.e. uepes 2 romga ot
Hayasa pocTa, Kaxabli pyodas u3 3tux a(l + r) pybaei obpaTuTcs CHOBA B
(1 + r) py6aneii; snaunt, Bech Bkaan obparutes B a(l + r)? py6aeit. Takum
e 006pa3oM HaijéM, 4To uyepes 3 roma Bkaan 6ynet a(l + ), uepes 4
ropa Gyzer a(l + r)", ..., BooOle yepes t JeT, ecaH ¢ — LeJ10e YHCI0, OH
obpartutest B a(l + )t py6aeit. Takum ofpasom, 06o3HauMB Yepes A cymmy
JIEHeT, B KOTOPYI 00paTHTCA BKJAM 4depes t JeT, 6yaeM UMeTh CJeAyolLy o
(hOpMYJy CJOXKHBIX MPOIEHTOB!
t = B
A=a(l+7r), rme r= 100"

W3 370l (popmysbl Jierko HalTH Jw0boe W3 deThipéx uucen: A, a, r
(MoK p) W t, ecan ocTalbHble TPH 3aaHbl.

[Mpumep. Ilyers a = 2300 py6., p =4, t = 20 ner; Toraa:

4

= & . . _ . 20.
r =15 =004 A=2300-(1,04)";

lg A =1g 2300 +201g 1,04 = 3,3617 + 20 - 0,0170 =
= 3,3617 + 0,3400 = 3,7017,;
A = 5031 py6ab.

3ameuvanus. 1) B arom npumepe Ham npuuiioch lg 1,04 yMHOKUTB
Ha 20. Tax kak uucao 0,0170 ects npubauxkénnoe 3nauenue lg 1,04 ¢

1 w
TOYHOCTBIO OO § AECATHUTBICAYHOH NOJIH, TO NPOH3BEAECHHE 3TOr0 4HCJld HA

1
20 Gymet TouHO TOJNLKO A0 = - 20, T.e. 10 10 NECATHTBICAUYHBIX, HJIH M0

onHo# ThicsiuHoi. [lostomy B cymme 3,7017 Mbl He MoOXKeM pydaThesi He
TOJBKO 33 UHPPY AeCATHTHICAYHLIX, HO W 32 UMpPY ThicayHbIX. UT0GH B
NOAOGHBIX CTYyYasx MOMKHO ObIJIO MONYUHTh GOMBIIYI0 TOUHOCTD, JyULle /5
yucaa | + r GpaTh Jorapu(Mbl He YeTbipéX3Ha4yHbIe, a ¢ OOMBLUIMM YHUCJOM
uudp, Hanpumep, cemusHauHble. Jlas 3TOH 1leqd Mbl NPHBOAMM 31€Ch
Hebo/bly10 TabAHYKY, B KOTOPOH BbIMHCAHbl CeMH3HAUYHbIe JIorapH(Mbl 17151
HEeKOTOPBbIX 3HaYeHHH p.

P 1+ lg(1 + )
3 1.03 0,0128372
3l 1,0325 0,0138901
3% 1,035 0.0149403
3%, 1,0375 0,0159881
4 1,04 0,0170333
4/, 1.0425 0.0180761
4, 1,045 00191163
43/, 1,0475 0,0201540
5 1,05 0,0211893
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2) Popmysioi CI0XKHBIX MPOLEHTOB MPHXOAHTCH MOJAb30BATBCS HE TOJb-
KO B (pMHAHCOBBIX BOMPOCAX, HO MHOTAA M MPH PelLIeHHH 3a/1d4, B3SIThIX
H3 eCTEeCTBEHHLIX MpOLECCOB, HaMpUMep, MPH BbIYMCJIEHHH YHCJIEHHOCTH
HaceseHHst KaKOH-HHOY/Ab CTpaHbl, MPHPOCTA YHC/IA [IEPEBbEB B JeCy H T.1I.

Ynpaxcrnenus.

Pewuth ypaBHeHHs:

220. 3° = 243; 2% = 512; 5°+% = 3125.
221. 10* = 3; 5% = 10; 10** = 5,754.
2922, 4,097% — 3652; (%)’ — 248,

223. 3V® = 243; 0,55" = 2,718; V16 = V4=,

224, 2% 4 47 = 72; 9°H' — 373 = 486.

225.Ig(x — 1) +lg(z + 1) =g 2.

226. %1g1;3 =5lgz.

227, lga® +1g8x = 2lgx +lga”. .

228. U3 pesepsyapa, BHyTpeHHHI 00BEM KOTOPOre pased 6 IM”, BEIKAYHBAKOT

BO31YX MOCPeACTBOM BO3AYLIHOTO HACOCA, BCACHIBAIOIIKHA LIMJIHHID KOTOPOrO HMeeT
06béM B 2 aM°. CKOMBKO MOABEMOB MIOPLIHA HAcoCa HAal0 BLINOJHHTbL, UTOOB! 10-
BECTH paspexeHue BO3AYXa B pesepsyape 10 oo HaualbHOTO AaB/leHHs (BausHUE
BPEeJHOrO MPOCTPAHCTBA HIHOPHPOBAThL)?

229. Yepes cKOJBKO JeT BKJAMA, OTAAHHBIA MOA D CJAOMKHBEIX MPOLEHTOB, YABO-
uTes?

Ykazanue. Hauanbublli BKAAJ @, OKOHUYATeNbHLIH 22, B YpPaBHEHHH & COKpa-
uiaerce.

230. To xe, ecnu BKaan otaaH non 4 %.

231. Panuil npH H3Ny4eHHH yMeHblUaeTcd B Macce, a HMEHHO: B NPOLOJKeHHe
1600 seT Kax bl rpaMM pagus TepseT MOJOBHHY CBOeH Macchl. Bhipasuth rogoByio
MPOIEHTHYIO MOTEPI0 MACCHl PaiHs.

232. Hacesenue HeKOTOPOH cTpaHsl yBeJuuMBaercs exerofHo Ha 1,2%. Ha
CKOJILKO HaceJeHHe yBeJHuHTca (B npoieHTtax) 3a 25 jer?



[naBa 8

UCCJEJIOBAHUE YPABHEHUH

I. MccnenoBanve ypaBHeHUH NepBOi CTeNeHU
C OTHMM HEM3BeCTHBIM

123. Yro 3HauuT MccaeaoBath ypaBHeHue. HMccienoBath ypapHe-
HHe — 3HAUHT PAcCMOTPeTh Bce ocofble caydaH, KOTOpble MOTYT MpeacTa-
BUTbCS NP PELIeHWH ero, M YACHHTh 3HA4YEHHe 3ITHX CJy4aeB s TOH
3a/lauM, U3 YCJOBHH KOTOPOH ypaBHeHHe COCTaBJEHO.

124. O6wmii BUA ypaBHEHHs MEPBOH CTEMEHU C OOHUM HEHM3BeCT-
HBIM. Bul Bugenu paunbure (4. I, § 88), uTo ypaBHeHHe TepBOH cTemeHH
C OfHUM HEM3BECTHEIM MOCJEe HAANeXallMX NpeobpasoBaHui (pacKphiTHe
cKODOK, 0cBOOOXIeHHEe OT 3HaMeHaTeJseH, NepeHeceHHe HeH3BEeCTHLIX uJle-
HOB B OJHY 4YacTb YpaBHEHWsl, a HM3BECTHBIX B APYTYK H TMpHBeLeHHE
NoJI06HBIX YJEHOB) NPHBOAMTCSH K TAKOMY NpocTeidlleMy BHIY:

ar =b,

rge 4JdcJjga a H b MOT'YT ObITh MOJOKHTEJNIbHBIMH, OTPHUIATEJ/IbHBIMH H paB-
HBIMH HYJIIO.

PaccMOTpHM, KaKoro pojia pelieHus noaydyaer 3To ypaBHEHHe NpH pas-
JIMYHBIX YHCEHHBIX 3HAUYEHWAX a H .

125. IlonomurenbHOe pemeHde. Takoe pelleHHe MOJyHaeTcs TOTAA,
Korpa 4yucaa a W b oba nojoxuTesbHbl HAM 06a oTpHlatesnbHbl. [lycrs,

Hanpumep, 3z = 6 uau —3r = —6. Torga Mbl nosy4dum:
6 —6
1.—5—2 WK I—TS—Q.

[TosioxHTENbHOE DelleHHe, YAO0BJAETBOPAS YpPaBHEHHIO, BMecTe ¢ TeM
VIOBJIETBOPSIET W 3ajade, H3 YCJAOBHH KOTOPOH ypaBHEHHe BbiBEIEHO, ec-
JH TONbKO B YPaBHEHMH BblpakeHbl Bce ycaosus 3agaud. Ho wuHorna
clydaeTcs, 4TO He BCE YCJOBHA 3alaud BLIPaXKEHbl ypaBHeHHeM; TOraa
NOJIOXKHTENILHOE pELIEHHe MOXKET W He YIOBJNeTBOPATh 3anade. [IpuBeném
3TOMY NpHMep.

3anaua. Pabounit kpyxok, coctosinid W3 20 uenoBek (B3poc/bix H
NOJPOCTKOB), YCTPOHJ cOOp Ha MOKYNKY KHHMI Aas OUOJAMOTEKH, NPHYEM
KaKablH B3poc/blH BHEC no 3 pyb., a KaxablH noapocTok — no 1 py6.
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CKOJ/IbKO GblJIO B 3TOM KPYKKE B3POCJBIX H CKOJbLKO NOAPOCTKOB, €CJH BeCh
cbop coctaBua 35 py6.?

OG603HAUMM YMCJIO B3POCJBIX OYKBOH x, TOTAA UHCJO MOAPOCTKOB Oy-
netr 20 —x, u cbop co B3pocabix okaxercs 3x pyd., a C MOAPOCTKOB
(20 — x) py6. CnenoaTe/ibHO, ypaBHeHHe OyneT

3z + (20 —x) =35, orkyna x = 7%.

DT0 NOJNOKHTENbHOE pelleHHe YIO0BJeTBOPSieT YpPaBHEHHIO, HO He yi0-
BJETBOPSET 3ajldye, TAK KaK 10 CMBICJY 3a[d4d HCKOMOE YHCJO J0JHKHO
ObiTb LeabiM. Pasnuuve Mexay ypaBHeHHeM M 3ajadeil NPOH30LLIO 31echb
OTTOroO, YTO YPaBHEHHe He COLEpPKHT B cebe MoapasyMeBaeMOro B 3ajaue
TpeGoBaHus, 4TOOB HCKOMOE uMcao Oblio neqbiM. [peanoxennas sanaqa
He MMeeT pelleHHH.

126. OtpuuatesbHoe pemeHue. Takoe pelleHHe MOAy4aeTcs H3
ypaBHeHHd ax = b TOraa, Korja uyucaa a ¥ b MMerT NPOTHBOINOJOKHbIE
aHakH. [lycTs, Hanpumep,

br=—15 wuam —bx=15;

TorAa
r="5__3 ym z=18__3
= — T=— :
Uro6bl NOKa3aTh, B KAKOM CMbICJ€ Ha0 MOHMMATh OTPHIATE/bHOE
pelleHHe & = —m, 0OPaTHM BHHMAHHE Ha TO, YTO €CJIH YHCJIO —m YAO-

BJETBOPSAeT NAHHOMY YPaBHEHHIO ar = b, TO paBeHCTBO —am = b LoJ/KHO
OLITb TOXK/JECTBOM; 3HAUHT, TOIAA NOJOKHTENBHOE YHCJIO0 11 YAOBIETBOPSET
APYroMy ypaBHeHHI0: —ax = b, KOTOpOe MojyudaeTcs W3 AAHHOrO, €CJid B
HéM 3aMeHHM x Ha —x. OCHOBLIBAfiCb Ha 3TOM 3aMeYaHHH H TIOJNYYHB
OTpHIATeNbHOE pellleHHe T = —m, Mbl MOXKEeM MOCTYMHTh TaK: H3MEHHM B
YPABHEHHMH  HA —x; OT 3TOrO NOJYYHM HOBOE ypaBHEHHE, KOTOPOe JI0JIXKHO
MMeThb [0JIOKHTeNbHOe pelleHHe x = . HoBoe ypaBHeHHe, KOHeuYHO, He
COOTBETCTBYET MpelJIOXKEeHHOl 3ajaye; BCMaTPHBAsiCb B HEro, Mbl JIErko
onpejie/IHM, Kak HaJlo M3MEHHMTh 3a/lady, 4TOOB OHA HMeJa MOJIOKHUTeNbHOe
pelieHHe T = m.

Jlns npumepa npuBeaéM Takyio MpoCTyio 3a1aqy.

Oruy 40 net, a coiny 10 sner. Uepes ckosbko JseT otel, Oyzer B 7 pas
cTapiie cbiHa?

O603HaYMM HCKOMOe YHe/I0 OyKBOH o,

OueBupiHO, uTo yepes x Jer ortuy Oyner (40 + z), a cuny (10 + ) Jer.
ITo ycnoswuio:

40+2=710+x), orkyna == —3.

3amMeHHB B ypaBHEHHH & Ha —x, NOJAY4YHM HoBoe ypasHeHHe 40 —x =
= 7(10 — x), KoTOpoe OTBEUAET TOH »Ke 3ajade, HO C H3MEHEHHBIM BOIPO-
COM, 2 HMEHHO, BOMPOC NOJKeH ObITh TAKOH: CKOJBKO JIeT Ha3ax oTell Okl
B 7 pas craplie cbiHa?
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W3z npumepos, nogofHLIX yKasaHHOMY, MOXKHO YCMOTPETb, YTO OTpHIA-
TeJbHOe pellleHHe HAJl0 MOHUMATh B CMbIC/e, MPOTHBOMOIOXKHOM TOMY, B Ka-
KOM TOHMMAaJOoCh Obl MOJIOXKHUTENbHOE PelleHHe; TaK, C]H MOJOKHUTENbHOe
pellleHHe 03HAYaeT BPEeMS MOCJe HEeKOTOPOTro COOBITHS, TO OTPHIIATENbHOE
03HAYAET BPeMsl paHblIe 3TOTO COOLITHS; €C/IH TMepBoe 03HAYaeT A0XO, TO
BTOpoe — pacxod M T.T. Ecau ke eayvaercs, 4To Mo CMBICAY 32/]a4H HEH3-
BECTHOE YHCJIO0 T HeJb3sl MOHHMATh B ABYX MNPOTHBONOJOKHbBIX CMbIC/IAX, TO
TOrJa OTPULIATE/bHOE pPelleHHe 03HAYaeT, YTo 3ajlaya He UMEeeT pPeLleHHs.

127. Hynepoe pemenue. [lon0oxuM, 4YTO B ypaBHEHHH ar = b 4McI0 b
OKa)keTcs HYJEM, a KoapduureHT a OyieT Kakoe-HUOYAb YHCJO0, OTJIHUHOE
or Hyas. [lycts, Hanpumep, ypaeHenue Gynet 4x = 0. 3Hauur, npousse-
neHue 4x J0MKHO paBHATbCA HyJio. Ho mnpousseneHHe paBHseTcd HYJIO
TOJIbKO TOMJd, KOrla KakoH-HHOYIAb COMHOXKHUTENb paBeH HYJI0; C/eloBa-

0

TEJbHO, COMHOMHTE/b X NOJMeH paBHATbes HyJ0. M U3 Gopmyab x = v
BHOHO, uTo = = (.

3anaua. Kakoe uncsio Ha0 NPHOABHTE K UMCJHTENIO H 3HAMEHATEJIO

14 4yTOObL MOJYYHTh Ly
2%’ YHAHTD 5+
0O0603HauUKMB HCKOMOE YMCJI0 OYKBOH &, Mbl MOJYUYHM ypaBHEHHE:

apobu

13+ 1

26+z 2

OTKyaa:
260+2r=26+2; x=0.

1
D70 3Ha4YMT, YTO Apobb cama paBHa 3"

128. Cayuaii, Korgja ypaBHeHHe He UMeeT KopHsa. [lycTh B ypaBHe-
HHH ax = b YHCJIO @ OKaXKeTCs HYJEM, a YHC/I0 b He PABHO HYJI0; HAMpHMep,
0-x = 10. Takoe paBeHCTBO HEBO3MOMKHO, TaK Kak, Kakoe Obl YHCJIO Mbl HH
B3fIM Aas x, npoussefienue O - x paBHO Hysto, a He 10.

[TycTe, HanpuMep, ypaBHeHHe OyaeT Takoe:

@ x Sa
S—44+ S =74+ =,
2 3 6
Pelaem ero, Kak 0GbIKHOBEHHO (061HI 3HaMeHaTeNb 6):

3z — 24 + 2x = 42 4 5z,

S5r =66 +5x, wuau BHxr — dx = 66.

Kakoe Obl 4HCI0 & Mbl HH B3§1JIH, PA3HOCTb D& — O BCErAa paBHA HYJIO,
a He yucay 66. 3HauuT, NpenoKeHHOe YpaBHEHHe He HMEEeT KOPHS.

Ecuiu Obl Mbl, He 3aMeTHB, 4TO KOI((HIHEHT a PaBeH HYJI0, pasie/HiIH
Ha Hero ofe 4acTH ypaBHeHWs ax = b, TO NOAy4HsIH Obl AJS T TAKYIO
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dopmyny: x = —. OOnapyxuB 3arem, 4to a = 0, Mbl M3 3TOi (opMyJibl

HawWmAu Obl & =

O|lo8 o

Tak kak peneHue Ha O HEBO3MOXKHO, TO M3 NocjefHed (HOPMYJLL MBI
npuiLay Obl K 3akJaiodendio, 4to npu a = 0 u b # 0 ypasnenue axr = b ne
umeem KopHs (3HAYMT, U 3a[a4a HE UMEeT pelleHHH).

Ho HenocTaToOuHO OrpaHHYMTHCA TOJBKO 3THM ONHHM 3aKJIOUeHHeM.
[lonesno ykasaTb el Ha OQHO BaxKHOe OOCTOATENbCTBO, HJI YSACHEHHS
KOTOPOr0 MBI TPeABAPHTELHO JOJKHBl PAacCMOTPeTb, KaK H3MeHSeTcs
Ipo6b, KOTA 3HAMEHATe/b €& HeOTPaHHUEHHO YMEHbIIAeTCs, a YHCIUTEb
OCTAETCH HEH3MEHHLIM.

129. Kak Hago NoHMMaTh paBeHCTBO ™ — +oo. [lyets B apobu %

3HaMeHatesb BCE Qosiee W Goslee yMeHbLIAeTCst 1o abCoMOTHOH BeNHYHHE,
npubaHKASCh HEOrPAHHYEHHO K HYJII0, 8 YHCJAHTEb OCTAETCH HEH3MEHHBIM.
[Tonoxkum, Hanpumep, Y4TO 3HAMEHATENb 7 MOJYyYaeT TaKHe yMeHbLIAOIIH-
ecsl 3HaYeHHs:

n=01 n=001; n=0001 n=00001 wu Tn1
Torga npo6b GymeT nosaydaTh TaKue BO3pacTalolllHe 3HAYEHHS:

(;,ii = 10m; 0% = 100m; % = 1000m: ﬁ =10000m w 1. 4.
OTC]OJI,EI BHJHO, 4YTO €CJIH YHCJIHTEJ b octaéres HEHM3MEeHHbIM, a4 3HdAMEe-
HaTe/b HEOTPaHHYeHHO NMpHO/HKAeTCss K HYI0, TO abCOMOTHAS Be/MUYHHA
apodu I (4neHbl KOTOPOH MOTYT OBITH M OTPHIIATEJIBHBIMH YHCAaMK) OyaeT
HeO[‘pna'HH‘{EHHO yBeJ‘lH‘«IHBaTbCH. 3TO 06CTOHT€J]I:CTBO K[.)aTKO
BEIPaXKaeTcs B MHCbMeHHOH (opme Tak:

m
2= 40,
0 o0

rle 3HAK 00 BbIpaXKaeT «OGeCKOHEUHOCTb». 3aNWcCh 3TY HeJb3si MOHMMATb
6yKBaJabHO, TaK Kak neseHHe Ha O HEBO3MOXKHO, OHA TOJbKO KPaTKO O3Ha-
yaet, 4To abCOJIOTHAs BeJMYHHA JAPOOH HEOrpaHWYEeHHO YBEJHYMBAeTCs
(MM, KakK HWHOTOAA TOBOPAT, cmpemumcs K OecKOHeuHOCmu), ecid 3Ha-
MeHaTeJb HeOTPaHHYEHHO MPHOIMNKAETCH K HYJI0, a UYHCAUTEb OCTaéTCA
HeW3MeHHbIM, MpHUYEM cama JApobb OCTAETCH HJM TMOJOXKHUTEJNbHOH, HIH
OTPHLATENLHOH (CMOTPSl 110 TOMY, UMeeT JIH 3HAMEHATe/b, CTPEeMALIHICS K
HYJII0, OJIMHAKOBbIH 3HAK ¢ YHCJAHTeNeM HJH MPOTHBOMOIOKHBIH).

130. HeorpanuueHHblit pocT KOpHs. Tenepb Mbl MOXKEM HOMOJHHTD
UCCIeIOBAHUS NPebIAYIIero naparpada Tak:

IIppn a = 0 u b # 0 ypaBHeHHMe ax = b He HMeeT KOpHs, HO eClH a He
paBHo 0, a Toapko npubauxaercsa Kk 0 Bcé Gamxe u Gamxke, To abcomoTHan
BeJHYHHAa KOPHA BO3pacTaeT HeOrpaHH4YeHHO.
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131. Heonpenenéunoe pewenne. FEcau B ypaBHeHuun ax = b oba
yHMcaa a M b oKaXyTcsl HYJSAMH, TO ypaBHeHHe obGpauraercs B
toxpectso: 0-x =0, BepHoe NpH BCAKOM 3HAYEHHH T. 3HAYMT, B
3TOM C/ly4ae ypaBHEHHEe CTAHOBUTCSI HEONPENE/EHHBIM, T. €. OHO JIOMYCKaeT
GecuuceHHOe MHOXKECTBO MPOH3BOJIBHBIX PeLIeHHH.

Ecniu 661 MBI, He 3aMeTuB, 4To ¢ = 0, pasaesuau obe 4acTH ypaBHeHHs

b
Ha a, TO A48 T Noaydudad Obl 1podb —, KoTopasi mpy b=0wu a=

= 0 obpauiaercst B BEIpaXKeHHe g Takoe BbipaxKeHHe He HMeeT HHKAKOTO
YHCJIEHHOTO 3HA4eHHs .

PacemoTtpum npumep.

3anaua. Kakoe unca0 Hao MpHOABHThL K YHCAHTENIO H 3HAMEHATeJI0
IpodH %, 4yToObl 3Ta ApOoOh CHoesaach PaBHOH yucay m?

OGo3HauMB HCKOMOEe uHca0 GYKBOH &, NOJYYHM TaKoe ypaBHeHHe:
a+z
b+z

OTKyAa:

a+x=bm+mz; x—mz=bm-—a (1—-m)z=>bn-—a.

bm —a
Ecnum # 1, Tox = ———.
l1-m

Jonyetum, uto m = 1, a pasHocTh b — a ecTh Kakoe-HHOYAb UHCJO,
OTMHUHOE OT HynAs (MONOKHTedbHOE HAH oTpuuatenbHoe). Toraa aas x
NOJYYHM:

0-z=0b-a.

Orcioga Mbl MOXKEM 3aKJ0YHTb, 4TO NpH m = | W b # a He cyulecTByeT
HUKAKOr0 4HCJAa T, YAOBJIETBOPSIOLLEr0 BOMPOCY 3afadd, HO ecyad 1m He
paBHO 1, a ToibKO mpubauxKaercs K 1, To aOCONOTHAS BeJMUYHHA 4YUCAA T
YBEJIHYMBAETCA HEOrPAHHUEHHO.

Ecau e npu m = 1 em@ b = a, To mjas x noayyaercs gopmyna:

0.-2=0,

H3 KOTOpOﬁ MOXHO 3aKJI4YHUTb, YTO BCAKOE YHCJ0 T YIAO0BJETBOPAET BOMPO-
3 a+zx

cy 3afgadu (M LeAcTBHTEeJbHO: Apobb ~— 'PH BCAKOM 4YHCIe T PaBHa 1).
a+x

132. I'pachuyeckoe HCTONKOBAHHME pelleHUs ypaBHeHusi ax = b.
O603HaYMM JIeByl0 4YacTh YypaBHeHHs OYKBOH ¥, MpaBylo 4vacTh — OyK-
BOH Yo W NOCTPOMM HA OIHOM H TOM Ke yepresxke rpapuku AByX (QYHKUHH:
Y1 = ar u ys = b.

Ipaik nepeod (yYHKIHK ecTh npsMas, NPOXoidllas depe3 Havajo
KOOpPAHMHAT W 4epe3 To4ky (l,a); rpa@uk BTOpPOH (QYHKUHH ecTb NpsMasd,
napaJjiie/ibHasi OCH x-0B W OTCEKalollas 0T OCH y-0B 0Tpe3oK b (Ha puc. 31
MBl H300pasuan caydai, korna a > 0 u b > 0; npenocrasiasieM camMum
YyHTaTeJsIM CleNaTh Yeprexu a8 ciaydaes, korga 1) a > 0, no b < 0;
2) a<0,b>0mu3) a<0ub<0) IlepeceyeHre 3THX ABYX NpAMbIX
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onpezfeaHT Hekoropyio Touky M, abcumncca koropoi OA u Gynet KopHeM
ypaBHeHHs ax = b, TaK Kak NMpW 3TOH abcliMcce OpAMHATA NpsAMoOit ¥ = ax
paBHa OpAMHATe MpsMOH Yo = b H,
\ » = ax cJeoBaTe Lo, ar = b.
Y M [Tosb3ysick  TakuMm  rpaduue-
- CKHUM H300payKeHHeM, MEl MOXeM
HarysiHO MCTOJKOBATb BCe CJy-
/ uau pelleHHss ypaBHeHHd ar =
= b. OrpaHuuuMcst pacCMOTPEHH-
\ a eM ABYX caydaeB: |) ypaBHeHHe He
\ MMeeT pelleHHss M 2) ypaBHeHHe
=1 4 - HMeeT HeonpeenéHHoe pelleHHe.
1 1) ¥pasnenue ne umeem pe-
Puc. 31 wenuil (cM. puc. 32). Ymenblias
YHCJEHHYIO BENHUHHY KO3(QUIH-
€HTa @, Mbl 3aCTaB/geM NpaMYio y = ax Beé Gosee W Oosee MPUONIHKATLCA
K ocu x-oB. Torma touka M, B KoTOpoW npsmas y = b nepecekaercs ¢
npaMoil y = ax, BCé Gosee W GoJsee yaajseTcs Hanpaso, NMPOXOAs depes
nonoxenuss My, My, M3 u 1. 1., npuuém abcuucca OA TOYKH mepecedyeHHs
fecnpefie/IbHO YEeJHUYMBaeTcs, NpHHUMas 3HaueHus OA;, OAs, OAz u 1. 1.
3HauuT, KOrga a Heorpa-
HHYEHHO  yMeHbluaeTcs, v M/ M, M, M,
npubauxasice K HYJIO, v
KOPeHb YpaBHEHHs ar = '

= b HeorpaHHYeHHO BO3- | /
bi

pacTaeT (4TO MOXKHO Bblpa-

3UTh TAK: & = — = 0C). \
2) Heonpedeaénnoe O —
petuerue noay4aercs, 1 4 4 4 4 x
Kak Mbl Bumesnn (§ 131),
npy a = b = 0. Yrobsl Puc. 32

HCTOJKOBATL 3TOT CJaydai

rpadudeckr, BOOOpasHMM, uTO Ha pHC. 32 BeauudHa b yMeHbluaeTcsd,
npubankKasch K HyM0; Toraa mpsmas yo = b, ocraBasch mapanesbHOH
ocH r-0B, Oyner Bcé Gojee u Oosee npuOSMIKATLCH K ITOH OCH W NpH
b = 0 conbéres ¢ Hew. C apyro#t cTopousl, npu a = 0 npamas y; = ax
ToKe 0OpaTHTCS B OCb T-0B W TOrAa ABe TpAMbE ¥ = b H Yy = az
COBNANLYT C OCbK) I-OB, W, CJELOBATENbHO, KAXKIYIO M3 TOYEK 3TOH OCH
MOMKHO CUHTATh 33 TOUKY MepeceuyeHMs; 3HAUMT, BeJHUHHA KOPHA OCTAETCs
HeornpeeéHHOH.

Ynpasxcuenus.

Y6enutbes, uTO CAENVIOUIME YPABHEHMS He UMET KopHeH (NpuBOAATCE K
HEBOZMONCHOMY DABEHCTBY).
5r + 1 z+3 z—3
233.

6 + 2 =xz+1+ THE
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234. (x+2)° + (z - 2)* = (z +3)* + (z - 3)°.

Y6enuthbes, 4To CAeAYIOlIME YpaBHEHHs HOMYCKAT GeCUMCJeHHOe MHOKECTBO
pemueHui (06pallaloTca B TOXKAECTBA):

235.82+3=(x+2)°%—a’+4z—1.

236. (x+ 1)’ + (¢ — 1)? = 2(2* + 1).

237. Ha npsmoii, npoxoasiued vepes ueHtpsl O u O; ABYX OKpYKHOCTelH,
pagMychl KOTOPHIX 7 M ], @ PACCTOAHHE MEXIY LIEHTPAaMH PaBHO d, HAHTH TOUKY, B
KOTOpOH NepeceKkaeTcs ¢ 3TOH NpsiMOi 00lUas BHELIHAs KacaTe/bHasd K JBYM YKa-
3aHHBIM OKPYXHOCTAM. I/ICC.HED,OBaTb pasJiH4yHble CJay4ad, MOryllHe NpeiacTaBHTLCA
MPH PELIeHHH.

238. To xe — ansa obulel BHYTpeHHeH KacaTesabHOH.

II. HccnenoBanue cucreMbl IBYX ypaBHEHMH NepBOM
CTeNneHH ¢ JABYMSl HeU3BeCTHbIMH

133. O6mume popmyanbi. B nepsoit yacty 310ro yuebHHKa Mbl BHIEJH
(§ 97), uro cucTema ABYX YpaBHEHHE:

ar+by=c u adz+by=~
NA8T caeaytoluiHe Gopmydibl A8 HEH3BECTHbIX:
(al —a'b)x = (b'c—bc);  (ab' —a’'b)y = (ac’ —d'c). (1)
Ecau ab’ —a’b # 0, T0

be—bd _acd —de (2)
T oab —ad'b’ T oab —a'b’
134. Hccnenosanue. Hccnenosanue 3tux opmys noppasmenum Ha

ABa cayyas:

1) O6umii sHamenareb ab’ — a’b He paBen Hymo. B aTom cayyae cHere-
Ma HMeeT eIMHCTBEeHHOe pellieHde. O 3HAUEHHH 3TOTO pellieHHd A/ 3a1a4H,
H3 YCJIOBUH KOTOPOH COCTABJEHA PAacCMaTpHUBaeMas CUCTEMa, 3/1eCh MOXeT
ObITh CKA3aHO TO K€ caMoe, 4YTO TOBOPHJIOCH PaHblUe MPH HCC/AeA0BaHHH
OJIHOTO ypaBHEHHs C OIHHM HEeH3BEeCTHBIM.

2) O6wuit 3HameHatenb ab’ —a'b = 0. B 3ToM cayyae yMCIUTENH B
thopmynax (2) MoryT GbITb KaK OTJIHYHBIMHM OT HYJs, TaK W PaBHBIMH HYJIIO.
Jlokaxewm, 4TO eCJiM HH OHO W3 uuces a, a’, b, b’ He paBHO Hym0, TO GyHer
HMeTh MeCTO OJIHO M3 CJAEAYIUIHX JBYX NPeanoNomKeHHH:

a) Ecau onuu u3 udcnutened ana @ WM Aas y B Gopmynax (2) pasen
HYJI10, TO ¥ JPYroH paBeH HYJIO.

[TycTh, HampuMep, YUCAUTEb S @ PaBeH HYJIO, AJs 4ero HeoOXOoaHu-
MO, 4TOObI:

cb’ = ¢'b; u, kpome Toro, nauo, uto ab’ = a’b.

YMHOXKHB JIEBYIO 4aCTb IEPBOro H3 3THX PABEHCTB Ha [pPaBYK 4acCTb
BTOpPOro, a npaByw — Ha JIeBYyl0 BTOPOro, NnoJy4HM:

cb'a’b = c'bab’,  ortkyna cb'a’b — bab’ =0,
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H, CJIeJ0BATE/ILHO,
bt (a'c — ac’) = 0.

Tak kak udcna b u b He paBHBl HYJIK, TO MOC/AEIHEE PABEHCTBO
BO3MOXKHO TOJILKO TOraa, Koraa a'c — ac’ = 0, T.e. yHC/NTENb 175 Y paBeH
HYJIIO.

Tak ke, ecau AONYCTHM, UYTO YMCJAUTENb A0s y B (opmynax (2) paseH
HyJio (1. e. ecan ac’ = a’'c w ab’ = a'b), To Noay4HM:

ac'a’b=d'cab’; ad' (d'b—cb)=0; b—cb=0.

0) Ecau opuH W3 uncaurened aas x MM Aad y B Gopmynax (2) He
paBeH HYJI0, TO W YHCJAHTENb /15l IPYTOro HEH3BECTHOIO TAKXKe He paBeH
HYJTIO.

JlelicTBHTENBHO, €CJIH /1S OJHOr0 M3 HEM3BECTHLIX YMCJHTEb Obla Obl
paBeH HYJ10, TO, MO JAOKA3aHHOMY, YHCJHTENb JJIS JIPYroro HeM3BeCTHOro
TaKxe Obl1 Obl PABEH HYJIIO.

Ecau uncaurenu aas 060oux HeH3BeCTHbIX B popMysiax (2) paBHbl HYJIO,
TO 9TO O3HAYAET HeoNpeleNéHHOCTb 3a1auu. JleHCTBUTeIbHO, YMHOXKHB BCe
u/eHbl NEepBOro ypaBHeHHsi Ha b/, a ujieHbl BTOPOro Ha b (4To MOMXKHO
clesiaTh, TaK KakK, M0 MpeanoaoxeHuio, yueaa b u b’ ve pasusu 0), nmoayuwnm:

abt’z +bb'y =cb w a'bx+b'by = b [A]

Ho ab' = a’b n cb/ = ¢'b; cnenosarensHo, 06a ypasHenus [A] npen-
CTaBJASAIOT COGOH B CYIIHOCTH OZHO ypaBHEHHE C ABYyMsI HEH3BECTHEIMH, a
B TOM CJyd4ae, KaK Mbl 3HaeM, HEM3BECTHbIE MOIYT HUMeThb OeC4HC/eHHOe
MHOXECTBO 3HAYEHHH.

Ecnu uncnurtenn B dopmyaax (2) we paBubl Hyaw, a ab’ — a’b = 0, 10
3TO O3HAYdeT HeCOBMECTHMOCTh ypaBHeHHH. B camom mene, ecam ab’ = a'b,
a cb’ # 'b, To neBbie yacTH cucTeMbl [A] MMEIOT ONMHAKOBBIE YHC/EHHBIE
BeJIHUMHB], A MpaBble — PA3HbIE; 3HAUMT, YPABHEHHs HECOBMECTHMBI H
3aja4ya He UMeeT pelleHHs.

[Mosie3Ho 3ameTHTh, YTO B Caydae, Koraa ypasHenus (1) mpunumaioT
Bupg 0-2 =0, 0.y =0, 10 270 elwE He 3HAYHT, YTO OOOMM HEH3BECTHLIM
MOX{HO JIABaTh MPOM3BOJIbHBIE 3HAYeHHs. BhiOpaB 3HAUeHHEe OJHOr0 W3 HHX
[POM3BOJILHO, Mbl TEM CAMbIM ONPEIEIHM APYroe HeM3BEeCTHOE, HaHIs ero
M3 KaKoro-HHWOy[db OJHOrO M3 JABYX JAHHbIX YpaBHEHHH.

Wrak, ecau ab’ — a'b # 0, To pelieHue cUCTEMBL:

ar+by=c n dr+by=c

nosyyaercs no obwuM dopMyaam; ecau ke ab’ —a’b = 0, HO Hu onHO
us umcen a, a’, b, b’ He obpauiaeTcsi B HYJb, TO CHCTEMA HJH HMeeT
fecurc/eHHOe MHOMECTBO pelleHH#l, HAH HH omHoro pewenus. Cuayda,
korna ab’ — a’b = 0 u, kpome TOro, Kakoe-1ubo M3 umces a, a’, b, b’ pasHo
HYJ10, Mbl He paccMaTpHBaeM.
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III. Uccnenoranue KBaapaTHOTO ypaBHEHHS

135. HccnenoBanue copmyn. KopHu mosHOro KBajpaTHOTO ypaBHe-
nus ax’ + br + ¢ = 0 BHIPaXKalOTCs, KaK Mbl 3HaeM, QOpPMYy/IaMH:

—b+ Vb — dac o —b— Vb — 4ac
2a = "= 2a '

Yucno a mbl OyfeM CUHTAThb TMOJOMXKHTEJNbHbIM (ec/d Obl OHO ObljO
OTPHILATENIbHOE, Mbl MOI/IM Obl NEPeMEHWTh 3HAKH [epejl BCeMH uJeHaMM
YPABHEHMS HA NPOTHBOLOJNOXKHLIE; HYJEM UHCJA0 O ObITb HE MOMKET, Tak
KaK B MPOTHBHOM CJly4ae ypaBHeHHe repecTaso Obl ObITh KBaJPAaTHBIM, OHO
o0paTuJoch Obl B ypaBHEHHE MepBOH CTerneH ).

Mei roeopua paHee (§ 42), 4TO KOPHH KBaJpaTHOrO YpaBHeHHUs! OYIYyT
00a BellecTBEHHble HIH 00a MHHMbBIE B 3aBMCHMOCTH OT TOTO, OKaMKeTCs JIH
MUCKPUMHHAHT b? — 4ac BeJHYMHON TOJOMKUTEJbHONH HJH OTPHIATEeNbHOH.

PaccmotpuM  3T0T Bompoc moapoSuee: 1) Ecam b° — dac > 0, To
Vb? — 4ac ecTb HEKOTOPOE MNOJIOKHTEIbHOE YUCJAO (BCIIOMHHM, 4TO 31€Ch
3Hak / 00o3HadaeT apudMeTHHeCKOe 3HAYEHHe PAaJMKaJa); CJeL0BaTelb-
HO, KOPHH | H xp OyAyT BellecTBeHHble W HepaBHble. [Ipn 3Tom MmoryT
NpeiCTABUTLCA TPH Caydas:

a) Oba KOpHA — [OJIOKHTENbHbIE YHCaa, eclH —b + Vb2 — 4ac >
>0 u —b— Vb? —4ac >0, 1ia yero HeoGXONUMO, UTOOB YMCAO b GbLIO
oTpHUaTeNbHOe (MPH NONOXKUTETLHOM b KOpeHb 3 HMes Gbl 0TpHIATEIbHOE
3HaueHHe) W 4ToOBl abCcooTHAsS BenuurHa b npesocxonuaa vb? — 4ac.

6) O6a kopHA — oTpHlaTeJbHBle uyMcaa, ecad —b + Vb2 —4dac < 0
M —b— Vb —4dac <0, ans 4yero HeoGXOMMO, 4TOOB b GBIIO YHCJIOM
NOJIOKHTENbHBIM (TIPH OTpUIIATEIbHOM b KOpeHb ) Oblsl Obl, OYEBHIHO,
NOJIOKHTENbHBIM) H, KPOMe TOro, 4ToObl YIOBJIETBOPSJIOCH HEePaBeHCTBO:
b > Vb2 —dac.

B) OnMH KOpeHb — TMOJIOMHTENbHBIH, a ApPYyroH — OTpHLATE/bHBLIH,
Koraa b, Oynyud TOJNOKHTENLHBIM WJIH OTPHIATEJLHBIM, MO abco0THOH
BenuuKHe MeHblue Vb — 4dac.

2) Ecan b? — 4ac = 0, To KopHH GYIyT BelleCTBEHHBIE W PaBHble: T| =

T =

=T9 = Q—b MOJIOMKHTE/IbHbIE H/IH OTpPHLATe/bHblE (MM PaBHbI HYJIO TpPH
b—0).

3) Ecain b* — 4ac < 0, To 06a KopHs MHHMBIE (CIydai 3TOT HEBO3MOMKeEH
npu ¢ < 0).

4) HyneBble peleHMs MOTYT OKas3aTbCsl TOJNbKO B TOM cCJydae, Koraa
OIMH M3 YHCAUTeNeH (OopMYJa AMs T} H xo WIH 00a 3TH YHCAHTe s OyayT
Hyau. [lepeoe Gynet Toraa, korna ¢ = 0 M, 3HAYUT, YpPABHEHHE NPUMET BHI:
azx? + bxr = 0; Bropoe — Ttoraa, korga u ¢ =0 u b =0, T.e. Koraa ypaBHeHHe
6ynet: azx® = 0.

Ecau @ = 0, To ypaBHeHHe nepecTaét ObITh KBaJApaTHHIM, 0OPAaTHBILIKCh
B ypaBHeHHe nepBod crenenu: bx + ¢ = 0. Ho, nocraBuB Bompoc, kak
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M3MEHAIOTCS &) W Zg, KOTMAa a HEeOrPaHH4YEHHO NPHOIHIKAeTCH K HYIIO,
MBI MPHIAEM K BHIBOLY, aHAJOTHUHOMY CHeJaHHOMY HaMH 06 ypaBHEHHH
nepBol cTeneHH. A UMEHHO: e/l @ HeorPaHHYeHHO NPUBIHIKAeTCS K HYJIO,
TO OAMH M3 KOPHeH KBaJpaTHOr0 ypaBHEHHS HeOrpaHHYEeHHO BO3pacTaer,
JPYroi ke HeorpaHHYeHHO NMPHOJIHIKAETCS K 3HAYEHHIO —g.

136. 3apaua o AByX MCTOYHHMKaX cBeta. YToOBI Ha MpuMepe yKas3aTb
3HAueHHe Pa3NHuUHBIX CJIyuaeB, KaKkHe MOTYT MpPeiCTaBUThCS MPH pelleHHH
KBaJpAaTHOrO YpaBHEHHsl, MPHBELEM 3a1auy O JBYX HCTOYHHKAX CBeTa.

Ha npamoit MN B toukax A u B naxoasrcs nBa uctouHuka csera. Cuaa
CBETa MepBOro HCTOUHHMKA paBHA @ CBe4YaM, a BTOPOro paBHa b cBeuawm.
Paccrositue mexny A W B paeto d metpam. Haiit na npsamoit MN takywo
TOYKY, B KOTOPOH OcCBellleHHe 0T 000MX HCTOYHHKOB Oblio Obl ONMHAKOBOE
(cM. puc. 33).

Hckomasi Touka MoeT HaxXomMThest HJIH Mexiy A w B, uiau Hanpaso
oT B, unun Haneso ot A.

CpenaeM MpeanoJioXKeHHe, UTO OHA JIEXHT Mex1y A u B, Hanpumep, B
touke C, otcrosimiedt or A Ha x merpos. M3 ¢dusuxu mussecTHO, YTO OCBe-
IEHHOCTL MPH OJMHAKOBLIX MPOYHX YCJOBHAX 0OpATHO [PONOPLHOHAJLHA
KBAJpaTy pPAacCTOSHHS OT MCTOUHMKA cBeTa. [IpuHSIB BO BHUMaHHe 3TOT

MC, A _-*.C B GN

— e

Puc. 33

3aKoH, OyleM paccyxaaTh Tak: ecaH Obl Touka C orcrosiaa ot A Ha 1 m,
TO e OCBENIEHHOCTh 3THM HCTOYHHKOM Obljia Obl @ JIIOKCOB, HO TaK Kak
oHa oTcTOMT OT A He Ha 1 M, a Ha o MeTpOB, TO €€ OCBELIEHHOCTb 3THM
HCTOUYHHKOM Oyaer i, JIIOKCOB.

[Tono6Ho sTomy Haiijaém, yto Touka €', OTCTOSE OT UCTOYHUKA cBeTa 3
5 b
Ha (d — x) M, GyreT uMeTh OCBellEHHOCTL 0T B B ——— J0KcoB. Bonpoc
-_— m =
3afaud TpedyeT, 4TOOHI

s B (1)

oTKyza:

a(d — :z:)2 =bz?, te. ad® - 2adx+ ax’ —ba? =0,
(a — b)z? — 2adx + ad® = 0.
Tak kak xo3(duuueHT npu x geaurcs Ha 2, to (u. [, § 125)
ad + \/a*d® — (a —b)ad® g4+ dvab  dya(va +vb)

Ir= =

~3 a=b  (Va+Vb)(va-vb)
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CunenoBaTebHO,

aJa &/a

D= B BT LT

Hecnenyem st dopmyas. Tak Kak a U b — 4Hc/Ia TONOXKHTENBHBIE, TO
MHHMMBIX PeLIeHHH B 3TOH 3ajaye He Oyler.

1) Ecau a > b, To 06a KOpPHA TNONOXMHTENbLHBI, NPHYEM TaK Kak
va —vVb < \a <a+vVb, 10z >d ax<d

Bropoe pemenne (19 < d) cooTBeTCTBYeT HallleMy TPeLNo0KeHHI0, UTO
HCKOMasl TOUKa Haxonutest Mexay A u B; nepsoe ke peliense (r) > d) emy
npoTHBOpPeuuT. YTOOh MPHHATL UK OTBEPrHYTH 3TO PELIeHHe, Mbl JOJIKHbI
paccMOTpeTh, KaKoe YpaBHeHHe MOJNYUUTCS, eCH cliesaeM NMpeanookeHHe,
YTO HCKOMasl TOYKa HaxoiuTcs Hanpaso oT B (nanpumep, B C1) Ha pac-
croaHud x ot A. Torpa no-npexHeMy OCBELIEHHOCTh e€é HUCTOUHMKOM A
Oynet i,’_,; ot HcTouHuka B Ttouka | HaxoAMTCA Ha PacCTOSHWH T — d;

x

N03TOMY OCBElLLEHHOCTb €€ 3THM HCTOYHHKOM Oyjer M ypaBHeHHe

d)*
Oyner: b
a
5= (2)
x (z—d)
CpasHuBas 310 ypaBHeHHe ¢ ypaBHeHueM (l), Haxonum, 4TO OHH OfH-

HAKOBEI, TAK KaK 5 5
(d—2z)° = (x —d)*.

3aMeTHB 3TO, MBI MOMKEM YTBEP:KAaTh, 4T0 00a MOJOKHTENLHEIE pelle-
HHst ypaBHeHHs (1) yIOBIETBOPSIOT 3a1aye,

2) Eciiv a < b, TO £} — OTpHILATE/bHOE YHCIO, & Ty — MOJOXKHTENbHOE,
npHuém we < d. [lonoxuTeNIbHOE pellieHHe COOTBETCTBYET MPE/NOJOKEHHIO,
4TO HCKOMas To4yka HaxoauTcs Mexnay A u B. UroObl yACHHTb CMBIC]
OTPHLATENLHOTO PELleHHsi, 3aMeHHUM B ypaBHeHuu (1) o Ha —x:

e B
(79;}2 (d +:1:)"“
HJIH a b
_ ) 3

YpaBHenue (3) umeer Te e KOpHM, 4TO M ypasHeHue (1), TOJbKO
C MPOTHBOMOJIOKHBIMH 3HAKAMH. 3HAUHT, OTPHIATe/bHOE pelleHHe ypaB-
HeHust (1) paBHO 1Mo aGCOMIOTHOH BeJMYHHE MOJOKHTEJbHOMY peLleHHI0
ypaeuenus (3). Ho 310 nocnenHee coorBeTcTByeT TOH e 3amaue, TOJNbKO
HHOMY TpenoNoKeHHI0, 2 MMeHHO, YTO HCKOMas TOUKa HAXOAMTCS HaJleBO
or A. leficTBHTeJbHO, €CNH OOMYCTHM, 4YTO HCKOMas Touka ecTb Cl,
orcrosiiiasi oT A Ha x, TO HAWUAEM, UTO OCBELIEHHOCTb e HCTOUHMKOM A

a
eCTh —, a HCTOYHHKOM B — paBHa CJe10BaTesbHO, YpaBHe-

) (d+ z)*’
HHe (3) yLOBJETBOPAET 3TOMY MPELNONOKEHHIO,



150 . 8. Heeaedosanue ypagreruii

Hrak, orpuuarencHoe perieHue ypaBHeHHs (1) o3Hauaer, 4TO YHCJIO
MeTpOB, BelpaxieHHoe (OpPMYJI0H ANs x|, HAA0 OTKJAaAbBATh B HampasJe-
HHMH, NMPOTHBOIONOKHOM TOMY, B KAKOM CUHTAeTCsl MOJOMKHTENbHOE pellle-
HHe.

3) Ecan a = b, To BelpaxkeHHe aas T TepsieT CMbica, a (opMyJbl AJs
KOpHeH jaioT d

Paccymxnas tak, kak B § 129, szakmouaem: no mepe npuJHMKeHHs K
PABEHCTBY BeJMYMH a W b 3HaueHHe | HEOrPAHHYEHHO BO3PACTaeT, T.e.
PaBHOMEPHO OCBellEHHas TOYKa Oe3rpaHHYHO YAaJsieTcsi OT MCTOYHMKOB
CBETA. d

Bropoit kopeHb xg = § TI0KA3bIBAET, YTO NPH @ = b BTOpas OAMHAKOBO
OCBeLIEHHAS TOYKA HAXONHTCS MOCEpPeiHHe MEXIY OIMHAKOBLIMH HCTOUHH-
KaMH cBeta.

4) Ecaim a = b u d =0, To ypaBHeHue (2) oOpaiaercs B TOXKAECTBO

0-22-0-2+0=0,

BEpPHOE MPH BCSKOM 3HAYeHHH x. 3HAUMT, 3a1a4a CTAHOBUTCSl HeONpeaeneH-
HOM.

JleHcTBHTEIBHO, €CJIM MCTOYHHKH CBETa OJHHAKOBOHW CHJIbI MOMElLal0T-
cs B onHom Mecte (d = 0), To BCcsAKasi NPOM3BOJbHAs TOYKA OYHET MMM
ONIMHAKOBO OCBEIAThCS.

5) Ecant a ve paBHo b, Ho d =0, T0 21 = x93 = 0. DT0 HaO NOHUMATL B
TOM CMBICJIE, UTO €CJIH PACCTOSHHE MEXY ABYMsl HEPABHOH CHJIbI HCTOUHH-
KaMM cBeTa yMeHbllaeTcsl, Npub/KKasch Bee 6ogee H Hosee K HYJIO, TO obe
PaBHO OCBElIEHHBIE TOYKH HEOTPAHHYEHHO MPHOMAHKAKTCA K HCTOUHHKY A.



[nasa 9
MHHUMBIE U KOMIIJIEKCHBIE YUCJIA

137. Muumbie umucaa. Mul yxke rosopusu panbue (4. I, § 108),
4YTO K MHHMBIM YHCJaM MPHBOAWT M3BJeYeHHe KOPHS YETHOH CTENeHH H3
OTPHIIATENEHOTO YHCTA.

Mel GyneM roBopHTb TOJIBKO O KBAJPAaTHOM KOPHE H3 OTPHLIATEJbHOrO
qucaa.

TIpuHsATO 0603HaYaTh MHHMOE YHca0 v/—1 GyKBOii i (HayasbHas OyKBa
(hpaHILy3CcKOro ¢JIoBa imaginaire, YTo 3HAUUT «MHUMBIH») U HA3BIBATDH
MHUMOL edunuyeti. EctecTBeHHO OMycTHTh, 4To i° = —1 u (yV—a)? =
= —a. Beskoe MHHMOE YHCI0 MOXET ObITh BbIPAXKEHO B BHIE MPOH3BENEHHS
i Ha HEKOTOpOe AefcTBHTesbHOe uncao. Hampumep, v—16 = /16(—1) =
=44/=1 = 4i. Boobue v -0 = \/b2(—1) =by/—1 = bi.

138. KomnnekcHble uucaa. Ywucno Bupa a + bi, rne a u b — Be-
LleCTBEHHbIE YHC/A, HA3BIBAGTCH KOMNACKCHOIM wucAom '); B HEM a Hasbi-
BAeTCH Beujecmeennol yacmoro, bi — muumol wacmoro. Ilpn a = 0 oHo
obpalaetcs B YHCTO MHUMOe Yueao bi; npu b = 0 noayuum uueao a + 0 - 4,
KOTOpOE paccMaTpHBaeTcsl KAk BellleCTBEHHOe YHCJ0 a.

Komnniekcuble yuena Buna a + bi v a — bi HasbIBAIOTCS CONPANCEHHBLMLL.
KomnnekcHble unena Buna a + bi 1 —a — bi Ha3bIBAWTCA NPOMUBONOAOMNC-
HbLMU,

Onpenenenue. /sa komnaekcHorx uucaa a + bi w a’ + b'i cuuma-
HOMCA PABHLIMU 8 MOM i MOALKO 8 MOM CAy1Qe, ecau

a=a, b="V.

W3 atoro onpepenenus BhITEKAeT, 4TO KOMIIEKCHOE YHCA0 a + bi paBHO
HYJII0 TOTAa M TOJbKO Torna, korna a =0 u b = 0.

B camom mene, BemectBeHHOe uHcao O MOXeT ObITH TPEACTABIEHO B
BHJle KommnJekcHoro uMcaa tak: 04+ 0 -4 Ha ocHosaHuM npeasiayliero
onpeneneHus, papeHcTso a + bi =0+ 0 - ¢ GyneT UMeTb MeCTO TOJILKO JIHLIb
np yeaoud a =0 u b =0,

') CnoBo  «KOMIJIEKCHBIH» 03HAYAET «CJOKHBIE», «COCTABHON»; TAaKOe HA3Ba-
HHe uHeay BHAa a + bi ObI0 faHO BrepBblE HEMEILKMM MartemMaTHkoM [ayeccom
(1777-1855). Haspanue «MHHMBIH» (imaginaire) 6bl0 BBeIeHO (DpaHIY3CKHM Ma-
temaTHkoM Jlekaptom B 1637 r.
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3ameuaHnue. OTHOCHTENBHO KOMIJIEKCHBIX YHCeJ He NPHHATO HHKa-
KOTO COTJIallleHHs, KaKoe M3 HMX CUHTATh OO0Jbllle JpPyroro.

139. HeiicTBusA Hal KOMIIEKCHBIMH YHCAaMH. Hal KOMMJIEKCHbIMH
YHC/IAMH YCJOBHMCS TIPOM3BONHMTD anreGpanyeckue NeHCTBHA W MpeoGpaso-
BAaHMS 10 TEeM Ke TpaBHJaM, N0 KAKMM OHM MPOM3BOATCH HAl UMCIaMH
BelllecTBeHHbIMH, NpHHUMas Beerna (v—a)? = —a.

AT0 NOMOKEHHe CAYHHT OCHOBOH NMPH ONMEPAIHAX Haj KOMMJEKCHbIMH
uucaaMu. Uto6bl POU3BECTH Kakoe-HUOYAb NeHCTBHe Hajl KOMIJEKCHbIMH
YMCAAMH BHAA @ + bi, HAO TPOM3BECTH MEHCTBHS HAJ ABYUYJEHAMH TAKOro
BHJIa N0 TeM TpaBHJaM, KOTOpbie BeIBENeHbl ObITH IS ABYUJIEHOB C Bellle-
CTBEHHBIMH YJIEHAMH, H, HAKOHEll, B Pe3yJbTaTe 3aMeHHTb Be3je i° Ha —1.

Chaoocenue.

(a+bi)+ (a; + byi) = (a+ay) + (b+b)i;
(a+ bi) + (a; + b11) + (a9 + bei) = (a + a) + ag) + (b + by + bo)i.
OtTciona JIerko ycMOTPeTb, YTO CYMMa KOMIUIEKCHbIX 4uces obsanaer
TEMH e CBOHCTBAMM, KaKHe MpHHALJeXaT cyMMe BelllecTBEHHbIX YHcel,
T.€. CBOHCTBAMH TEPEMECTHTENBHBIM H COUETATENbHBIM.
Boivumarnue.

(a+bi) — (a1 +bii) = (a —a1) + (b —b1)i;

3amMeTHM, 4TO CyMMa HJH PasHOCTb ABYX KOMIJIEKCHBIX HHCEs] MOKeT
0Ka3aTbCsl YHCJIOM BelIeCTBEHHBIM; HAMPHMep, CYMMa COHPSKEHHBIX KOM-
naekcHuIX uncen (a + bi) — (a — bi) = 2a.

Ymuoxcerue.
(a4 bi)(a) + byi) = aa) + a\bi + abi + bb[iz = (aa) — bb]) + (a1b + Ct.b[)?;.

[TonoBHeiM 06pasoM MOXHO COCTaBHTbL NpoM3BeleHHe TPEX H Oosee
KOMIIJIEKCHBIX YHCEJ.
3aMeTHM, 4TO MPOH3BEEHHE IBYX COMPSIAKEHHBIX KOMIJIEKCHEIX, HE PaB-
HbIX HYJ10 yucedn (a + bi)(a — bi) paBHO NONOKHTEJLHOMY BelEeCTBEHHOMY
YHCY a? + b?. JlelicTBHTEILHO:
(a+bi)(a — bi) = a® + abi — abi — b*i2,

HO % = —1: cnenoBatenbHO,
(a+ bi)(a — bi) = a® + b°.
Henenue.

a+bi  (a+bi)(a; —bii)  (aa; +bby) + (ajhb—ab)i

ar +bii (ay +bii)(a) —byi) a2 — (byi)? B
_aa;+bby ab—ab .
a4 b a? + b3 "
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Boszsedenue 6 cmenens. [lpenpaputeibHo HalIéM peaynbTaThl OT BO3-
BeJleHHsl B CTerneHb MHUMOH eIHHHLbI ¢, 3Haf, 4TO COIJIACHO YCJIOBHIO i2
JOMMKHO TIPHHUMATh paBHBIM — 1.

il =4 P=itii=(+1)-i=4
i =—1; B=P.i=?=—];
B=2i=(=1)i=—i; F=-i=(=1)-i=—3
=2 i=— =41 # =it = +1

H T
Mpui nomyyaem, TakuM 06pa3oM, HeThipe YepedyIOlIHXCs 3HAUeHHS:

i, —1; —i; +1.

3ametum ewg, uto i’ npuHUMaeTcs paBHbIM 1.
Teneps nerko HaiinéMm pesynbTaThl BO3BefeHUS a + bi B cTeneHb ¢
1ebIM MONOMKHTENbHBIM MOKa3aTeseM; TakK:

(a + bi)? = a® + 2abi + b*i? = (a® — b?) + 2abi;
(a+bi)® = a® + 3a’(bi) + 3a(bi)? + (bi)* = (a® — 3ab®) + (3a®b — b7)i.

H3zenevenue xeadpamnozo kopha. Ilonoxum, 4to

Va+bi =x+ yi.
Torpa: ‘
a+bi = (22 — o) + 2zyi.
Cuie10BaTeJIbHO,

22— y2 =W,
{2:ry=b. ()

Bompoc mpuBOAMTCS K HAXOXKIEHHIO BelleCTBEHHBIX KOpHeH 3TOH CH-
creMbl. Bo3penst 06a ypaBHEeHHS] B KBAaAPAT H 3aTeM CJIOMUB HX, [OJIYUHM:

(2 +?)?=a®+0 u 22 +9y*=vVa2+.

(3HaKk MuHyC nepen pagHKaJoM OTOPOLIEH, TdK KAaK MpPH BellecTBEHHbIX
3HAYEHHSIX T M Y BblpaxKeHHe x? + y® He MomeT GbITb OTpHLLATENBHBIM.)
Boszbmém nocsienHee ypaBHeHHe COBMECTHO C TEPBbIM yYPaBHEHHWEM CHCTe-
MEl (1); cknaabiBasg UX H BBIUHTAS, MOJYUHM:

2 a+b +a Vai+ b +a
e e— H =% 5

9 Va4 b¥ —a Va?+b —a
V= my=E T —.

&
\
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W3 Broporo ypasHenusi cuctembl (1) yeMaTpHBaeM, 4To 3HAKH Yy & H Y
JIOJIKHBL ObITh OfHHAKOBLIE, ecd b > 0, 1 pasHble, ecnu b < 0. [Toatomy:

\/a+bz‘:¢[\/"“2+2"’2+“+i\/”‘2+2b2‘“] npr b >0,
\/a+bi—i[\/ a?+2b?+a_z.\/.a2+2b2—a] npu b < 0.

[Tpumeps.

1)\/5+12v=1 =5 +12i =
_i[\/\/25+144 +5 H.\/\/25+14 —5} _

_i([ \[) +(V9 +iv4d) = +(3 + 2i).

Q)ﬁ:ﬂ:m=i(\/m+o +i\/\/W—0)=

cs{fFonfE)-+(B45)
3] W VT =il =

i(\/\/ﬁgluo_i\/\/m—o):

() -s(25)

3ameuanue. Mssreuyenue xopHeH Gosiee BHICOKOH CTeleHH Mbl He
Oyrem paccMaTpHBATD.

Ynpaxcnenua.

239. IposepuTh paBeHCTBO: i’ +i'° + 2> + % 4 % + i'% = 0.
BbiuKc/IHTD BhIpaseHHs:

240. (z +iV6)(z — iv6).

241. /4 +2vV=6 -4 -2V/-6.

242. (1+14)"; (- 2v=2)°

[IpoBepuTb BO3BeJeHHEM B KBaApaT MM Ky clelyiolllHe paBeHCTBa:
243. V2i +/-2i =2.

244. Vi = —i
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BbLinoJHHTbL yKasaHHble 1eHCTBHA:

245. (/9 +40i + /9 — 40 )*.
(a+ib)? B (a — ib)?

246. : :
a—ib a+ ib
YTNpOCTHTL BHIPaXKEHHS:
1 1 1
247.1) ———; 2 + :
= +iV3 b Tt T
248. O0603HauHB /18 KPaTKOCTH:
—14++/=3 —1-v=3
#=a|; T=ag n I =a;s,

MPOBEPUTH PABEHCTBA:

)al =«
o

i =aj=1 atat+a;=0 3a-a-az=1;
4) of = ay

2} 5) a3 = au; 6) 1 + a1 +af =0.

140. TeomeTpHueckoe HM300paxkeHHe KOMILIEKCHOro umciaa. Bces-
KO€ KOMIIJIEKCHOE YHCJ0 a + bi MOXKeT ObITh H300PaXKeHO reoMeTPHYECKH.

Bo3bMEM B MIOCKOCTH MPAMOYTOIbHYIO CHCTEMY KOOPAHHAT H, BblOpas
eIUHUILY IJAWHBI (HampuMep, caHTUMeTp), GyaeM H300paXKaTb BellleCTBeH-
Hble YMeJa [0 OCH x-0B, 3 MHHMble — [0 0CH y-0B. COOTBETCTBEHHO C 3THM
OCb Z-0B HA3bIBAETCS 6EU{eCMBEHHOL OCbIO, @ OCb Y-0B — MHUMOLU OCHIO.
Tak, Hanpumep, (cM. pHc. 34),

tTouka N| u3obpaxaer uucao +1,79;

NQ -2,25;
" N3 " " +1,14;
" Ny " " —2,254.

Yucno a + bi 6ynem u3obpakath TOUKOH MJIOCKOCTH, abclHcca KOTOPO#
paBHa @, a opaMHaTa pasHa b. Tak, Hanpumep,

tTouka M, wusobpaxkaer uyucao 0,9+ 1,3i;

M, " 0,9 — 1,75i;
" M " " 14— 115
"M, “ " 1,8 +2,25i;
"0 " " 0+0-i.

OueBHHO, 4TO MPH JAHHBIX KOOPAHHATHBIX OCAX H MPH NAHHOH €MH-
HHLe AJHHbI BCAKOH TOYKE NJIOCKOCTH COOTBETCTBYET OLHO H TOJIbKO OLHO
KOMIJIEKCHO® YHCJ0 (B 4aCTHOM cjydae — BellleCTBeHHOEe MJIH MHHMOE);
H, HaoOOPOT, BCAKOMY KOMIJIEKCHOMY YHCJ/JY COOTBETCTBYET OJIHA H TOJBKO
ooHa TouKa mniockocTH. TakuM oOpasoM, mogofHO TOMY Kak BCSIKOe Be-
LeCTBEHHOE YHMCA0 (KaK MOJOXKHTENbHOe, TAK M OTPHIlATeNLHOe, M HYJb)
MOKeT ObITh TeOMeTpHYeCKH H300paXKeHO TOYKOH MpsMOH JIHHHWH (4Hc/10-
BOH OCH), TaK M BCAKOE KOMIJIEGKCHOE YHCI0 MOXKeT OblIThb reoMeTpHYecKH
NPeACTABAEHO TOYKOH MJIOCKOCTH.

3ameTuM, 4TO OTPE30K OT Hadala KOOPAWHAT N0 TOYKH, M300paaio-
Llell JaHHOe KOMILIEKCHOe 4Hcao a + bi, npeacTtaBasgeT coOOH TMNOTEHY3y
NPAMOYTOJILHOTO TPEYroNbHHKA, Y KOTOPOro OfMH KareT paBeH a, a Jpy-
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roit — b. 3nauuT, 9TO paccTOAHHE YHCJAEHHO paBHO Va? + b?; aTa BeaMuH-
Ha HaseiBaeTcs modyiem KOMTJIEKCHOro udcnaa a + bi. Moayae uucna, He
PaBHOTO HYJIO, BCErJa TNOJOXKHTe-
hy JIEH.
[eomeTpuueckoe mnpeicTaBJaeHHe
O KOMIJIEKCHBIX 9HCesN HrpaeT 6ob-
: WY POJib B HEKOTOPbIX pasfesax
! 7]774?/\,;' MaTeMaTHKH.
! 1+ N3 140a. TpuroHomeTpuueckas
| ¢opMa  KOMILIEKCHOro  4McJja.
I N, Hsobparenne KOMMAEKCHBIX YHCEJ
' MpH MOMONIM TOYEK Ha MIOCKOCTH
TM03BOJIAET HAM MPEACTABHTb YHCJO
@+ bi B 1pyrom BHJE, a HMEHHO B
TAK HA3LIBAEMOH TPHTOHOMETpHue-
| ckoii opme. Ilyers (em. puc. 35)
M Touka M u300paxaeT KOMIJIEKCHO®
umcno a + bi. Toraa:

OA=a; AM=b. (1)

Fe. 34 O6o3HauuM  paccrosinue OM
tTouku M ot Hauasna KoopauHat uepes r, a yroa AOM, oGpasyemuiit OM
¢ OCbi0 -0B, uepes . Torpa u3 TpeyrojbHuka OAM umeem:

a=rcosy; b=rsineg. (2)

nO/ELCTaBHB B KOMILJIEKCHOe uucsao a + bi BMecto a M b HalineHHble
BbIPaKeHHA, MOJYYHM:

a+bi =rcosp +irsing,

HIH
a+bi =r(cosp +ising). (3)

DTO M eCcTb TPHUTOHOMETpHUecKas (hopMa KOMIJIEKCHOTO uHcsa. BenuuuHa
OM = r nasbiBaeTc Modyiem KOMIJIEKCHOTO 4YHCHA, a BeJNHYHWHA yTJaa
AOM = ¢ — ero apeymeHmon.

3amMeTHM, UTO MOAYJb T, BHIPAXKAIOIIHH paccTossHKue ToukH M oT Hauama
KOODJIMHAT, SBJASETCS BCErZa YHCJAOM MONOMKHTENBHBIM (TOJBKO MOLYJb
HYJISl PABEH HYJI0).

[Moxaxkem, Kak KOMIJIEKCHOE YHCJO, AaHHOe B 0ObIYHOH ajrebpauye-
ckoit ') dopme a + bi, npenctaBuTh B TpHroHoMeTpHueckoi (opme. s
3TOrO Mbl JOJKHBI HAHTH T W (o, Koraa Ham usBecTHol a u b. Ho u3

') Tak Kak @ u b sABASOTCS aGClMCCOi W OPAMHATOH TOUKM, H3oGpaxKalollel
4yueno a + bi, To Takyio (HOpMY KOMMJIEKCHOTO YHCTa HA3BIBAIOT TaKiKe KOOpAHHAT-
HOH.
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tpeyronbHuka O AM (cM. puc. 35) umeem: ¥
r=val+b; tgp=". (4) M
a
Takum oOpasom, 3Hast a ¥ b, Mbl Bceraza cMoxem I
HaliTH 7 U © no (opmynam (4). b
[Tpumep 1. Boipasuth uncno 5+ 12i B Tpu- ®
rOHOMEeTpPHYeCKOH thopme. 0 P A 3

ITo popmynam (4) Haxogum:

r=+v52+122 =169 = 13; tgp = % Puc. 35
Ocraéress Mo HaHHOMY TaHreHCy HalTH yroa . Haumenbwum yriowm,
TAHTeHC KOTOPOro paBeH 15—2 = 2,4, oymer ¢ = 67°23'. Ho mbl 3HaeM, 4To

TAKYIO e BeJIHUHHY TaHreHca umeet u yroa 180° + ¢ = 247°23/.
Kaxkoii e M3 3THX YIJIOB Hafo B35iTb B HaHHOM caydae? Urolwl ycra-
HOBMTb 3TO, MOCMOTPHM, KaKHe 3HAKH UMeOT sing W cos @. M3 (2) nmeem:

. b a
sing = -: cosyp = —. 5
¥ T’ (l[" r ( )
[Topcrasasis ciona sHadeHus a = 5; b = 12; r = 13, noayyum:

2, Cos @ = o
3 YT
T.€. CHHYC M KOCHHYC MOJIOXHTE/IbHbl. ITO 3HAYMT, YTO YroJ HAXOAUTCS B
1-m KBazpaHTe W, c/efoBatesibHO, ¢ = 67°23'. Tenepb Mbl MOxKeM Hanu-
carb:

sing =

5+ 12i = 13- (cos67°23' + sin67°23").

M3 TpHroHoMeTpuH H3BECTHO, YTO H CHHYC H KOCHHYC He H3MEeHSIOTCH,
ecM K apryMeHTY NpuOaBHTb MM OT HEro OTHATH 1le/10e 4YHCIO pas
no 360°. [losToMy nosyuyeHHOe Bhipa)KeHHe MBI MOXKeM 3anucaTb B GoJiee
obllemM BHIeE:

5+ 12i = 13[cos(67°23" + 360°k) + sin(67°23 + 360°k)],

rie k — moboe 1e0e YUeao (B TOM YHCJe W HYJb).

IMpumeuanune. Tak Kak 3HaMeHaTeJb r B BhIpaxceHusx (D) Bcerna
YHCJIO TOMOXKHUTENBHOE, TO 3HAKM CHHYCA H KOCHHYCA 3aBHCSAT TOJBKO
or 3HakoB a 4 b. [lostomy B paHHOM ciyuae, BUAs, 4TO @ W b 0ba
NOJIOKHUTENbHEI, Mbl MOTVIH CPa3y 3aKIIO4HTb, 4TO GYAYT MOJOKHTE/bHbI H
CHHYC M KOCHHYC.

[Ipumep 2. 3anucaTb B TPHrOHOMeTpHYeCKOH (hopme uHcao —3 + 2i.

ITo dopmynam (4) Haxomum:

r=4/(-3)2+22 =V13; tgp= —% = —0,666 ...

Tanrenc OTpHLATeNeH, C¢Jel0oBaTe/ibHO, 3HA4YeHHEe ¢ HAl0 HCKAaTb BO 2-M
wnn B 4-m kBagpanre. O6pauasce K opmyniam (5), 3amedaeM, 4TO IPH
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a=—3ub=2 cuuyc Oyaer NoJoKHUTEJEH, a KOCHHYC OTpPHIlATeseH, 4To
uMeerT MecTo Bo 2-M kBazapante. [lo Tabauuam Haxomum ¢ = 146°18,

3HAYHT:
—3 +2i = V13 (cos 146°18' + i sin 146°18).

[Tpumep 3. [lpeacraBute B TpHroHoMeTpHYeCKOH hopme uncno 1 — i,

Umeem: r = /12 + (1) = v2; tgp = —1.

Tak kak spgecb a =1 >0, a b= —1 < 0, TO KOCHHYC NONOKHUTEJEH,
a CHHYC OTpPHIATE/IeH, YTO HMeeT MecTo B 4-M KBaapaHTe. OTcioa HAXOIHM
y = 315° W MoxKeM Hanucath:

1 —i=v2(cos315° + isin 315°).
[Mpumeuanune 1. Tak kak 315° = 360° — 45° u orciona:
cos 315° = cos(—45°) = cos45°,
sin 315° = sin(—45°) = —sin45°,
TO MBI MOMVIH Obl JAHHOE YHMCJO 3amucaTb H B TaKoH (opme:
1 —i = V2 (cos45° — isin45°).

[Tpumeuanue 2. KoHeuHo, Bo BcexX NpUMepax Mbl MOIJIH BMECTO
rpajlyCHOr0 BBIPAXKEHHSsl APIYMEHTa NOJb30BaThCA pajHaHHbiM. Tak, noay-
YeHHOe B MPHMepe 3 BbIpayKeHHe Mbl MOTJIH Obl 3aMHCaTh H B TAKOM BHIE:

l1-i= \ﬁ(cosT—1T +7Zsin7—7r).
4 4

[Ipennaraercs yyamumcs NoCTPOMTh TOUKH, 3alaHHble B npuMepax 1-3,
N0 MX JAHHBIM KOOpPAHHATAM a W b M yOeauThCsl, UTO BO BCEX Caydasx
3HaYeHHs 1" U ¢ COBMANAIT ¢ BHIYUCAEHHBIMH HaMH mo dopmyaam (4).

[Tpumep 4. IlpencraButh B TpUroHOMEeTpU4eCKOH (opMe BellecTBeH-
Hoe uucao m > 0.

Tak kak
m=m-+0-1,

TO 31ech @ = m, b = 0, U Mbl HMeeM:
: 0 m
r=vmZ4+02 =m; tgpg=—=0;, cosp=—=1.
m m

CrenosarensHo, ¢ = 0°, 1 MBI MOXKEM HAMHCATh:
m = m(cos0° + isin 0°),
MU B 0bI11IeM BHJE:
m = m(cos 360°k + isin 360°k).

Orciona 3akaioHaeM, 4TO MOAYJEM IOJIOZKHTENbHOrO 4HCJ/a SBJAETCS
caMo 3To 4ucao, a aprymentom 0° (uau 360°k).

[Tpumep 5. IlpenctaBuTh B TPUrOHOMETPHYECKOH (POPMe OTPHILATENb-
Hoe uuesno —m (m > 0).
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Tak xak
—-m=-m+0-i,

TO 31eCh @ = —m, b =0, H MBl HMeeM:

. . 0 —m
r=4/(-m)2+02 =m; tgp=—=0; c:os:;::ﬂ:fl.
—m ™m

CaenosarensHo, ¢ = 180°, 1 MBI Mosnyuaem:
—m = m(cos 180° + isin 180°),
HaM B Hosee obleM BHIe:
—m = m|cos(180° + 360°k) + i sin(180° + 360°k)].

Orclofa 3ak/0uaeM, 4TO MOAYJEM OTPHLATENBHOTO YHCJ/IA SBJASETCH ero
abconioTHas BeJM4KMHA, a aprymenToM 180° (Mam B Oosee obuieit opme:
180° + 360°k).

[Tocragum Tenepb 0OpaTHYHO 3aaaqy: KOMIJIEKCHOE YMCJIO, 33a1aHHOe B
TPUTOHOMETPHYECKOH (QopMe, NpeicTaBuTh B anredpanyeckol dopme.

Ecau yucso gano B TpUroHoMeTpuueckoil (popme, 3HAYMT, AaHbl 3HaAue-
Hus r U . Ho Torna no gopmynam (2) Mbl MOXKeM Cpasy BbIYHCJIHTL a H b.

[Mpumep 6. Uucno 6(cos40° + isin40°) npepcraButh B auareod-
paudeckol opme.

Hnmeem:

a=rcosyg =6cosd0° = 60,766 = 4,596,
b=rsing = 6sin40° = 6 - 0,643 = 3,858,

H NaHHOE YHCJIO 3aMHIIeTcs B BHIE:
4,596 + 3,858i.

3amMeTHM, YTO 3HAYEHHS B NEPBbIX TPEX NPUMEpax W 3HaA4YeHHs a
U b B mocnenHeM mnpuMepe SIBASIOTCA NPHOAMKEHHBIMH, TaK Kak MpH MX
BLIYHCJIEHHH MBI 10JIb30BaJIHCh TaOJHIIAMH TPHTOHOMETPHICCKHX (DYHKIIHA.
I[Ipumep 7. Belpasuth B anreGpauueckoil dopme uncno 4(cos30° +
+ i sin 30%).
Tak kak cos30° = TB sin 30° = % TO Cpasy MMeeM:
4(cos30° + isin30°) = 2v/3 + 2i.

[Tpumep 8. Boipasuts B anrebpandeckoi dopme uucao H(cos0° —
—4sin0°),
Tak xak cos0° = 1, sin0° =0, T0
5(cos 07 + i8in07) = 5,

T. €. MOJYYHJIH BelleCTBeHHOe YHCJIO.
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Ynpaxcrenus.

249. 1) IpeacTtaBuTb B TPUTOHOMETPHHECKOH (hopme yHc/Ia:

a) 4 + 3i; 6) 4 — 3i; B) —4+ 34; r) —4 — 3i.

2) [NpencTaBUTh B TPUroHoMeTpHuecko# gopme yucaa:

a) V2 +iv2;6) —v3 +i;8) 1 —iV3.

3) lpencTaBUTh B TPUTOHOMETPUYECKOH (hopMe 4Yucaa:

a) b —44; 6) 1+ 2i; B) 3; 1) 51,

4) Jlokasath, 4TO [J1f BCEX BeleCTBEHHBIX MOJOMKHTENBHBIX HHCEJ apryMeHT
Gyner pasen 0° (unu, uto To xe, 360°k).

5) JlokasaTb, 4TO A/ BCEX YHCTO MHHMbIX 4Hces aprymedT Oyaer paseH 90°
wid —90° (uau, B Gosee obuied popme, 360°k + 90° u 360°k — 90°).

6) Haiiti, Kak pacnosioxKeHbl TOUKH, M300pa)<arollHe UWCaa, HMERllHe Mo-
Ayab: 2; 5.

7) Haiith, xak pacnonoxessl TOUKH, H306paxalle UHCIA, aPTYMEHT KOTOPhIX
pasen: 30°;, —45°; 180°,

8) [penctaBuTe B anrefpaudeckoil opMe dHcaa:

a) cos24° + isin 24°; 6) 2(cos45° 4 i8in457); B) 6(cos 60° + isin60°).

1406. [deiicTBHA ¢ KOMIMIEKCHBIMH YMCJIAMH, BbIPaXKeHHBLIMU B TPHUTOHO-
MeTpuueckoi ¢ropme. Bee anreGpanueckue 1eHCTBHS ¢ KOMIJIEKCHBIMH YHCAAMH,
BLIPAXKEHHBIMH B TPHIOHOMETPUYECKOH (hopMe, COBEpILANTCS MO TEM XKe NPaBH-
JiaM, YTO H C KOMIJIEKCHBIMH YMC/JaMH, BbIPaXKeHHbIMH B afredpandeckod dopme
(cm. § 139). D10 3HAuMT, UTO AEHCTBHMS COBEPLIAKTCH MO NPABHJAAM AEHCTBHH ¢
MHOTOUJIEHAMH, NPHUEM BCerna npuHuMaercs, uto (v—a)? = —a, B YacTHOCTH
(V-1 == -1.

CJoKeHHe M BbIUMTAHHE KOMIJIEKCHBIX YMCeJl Mpolle W YAoGHee NPOM3BOJHTS,
KOrja OHM JaHel B anrefpanyeckoll popme. CoBceM HHaue 0GCTOMT 1eJ0 € OCTalb-
HEIMH YeThIPbMS alrefpaniecKHMH 1eHCTBHAMH.

Ymnoxcenue. [lyctb Tpefyercs NepeMHOKHTE YHCJA:

R(cosa + isina),
= r(cos 3+ isin 3).

2
I

Byrem HMeTb:
mn = Rr(cosa + isina)(cos 3 + isin 3). (1)

Ho
(cosa + isina)(cos 3+ isin 3) = cosacos 3 + isinacos 3 + i cos asin G+
+i*sinasin 3 = (cos acos B — sin asin 3) + i(sin a cos 3 + cos asin 3),
W paBeHCTBO (1) npumer BHAI:
mn = Rr[cos(a + 3) + isin(a + 3)]. ()

Takum 00pa3om, oKasuiBaeTcs:

Modyae npoussedenus 08YX KOMNAEKCHLIX YUCEA PABEH NPOU3BEOEHUID MO-
dyaeil comHoxcumenetl, a apeymenm pasen cymme apeymeHmos coMHoxMcumenet.
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[Mpumep 1. Ilyers
m = 3(cos 20° + isin 20%),
n = 2(cos 357 + isin 35°).
Torpa:
mn = 6(cos 55” + i sin 557).
Mpumep 2. Ilycts
m = 5(cos 200° + isin 200°),
n = cos 240° + isin 240°.
Torpa:
mn = 5(cos 440° + isin440°) = 5(cos80° + isin 80°).
[pumep 3. Ilyctb

m= 4(c05 + isin 2)
n= \/§(cos§ + isin 5)‘
Torna:

mn = 4\/_(cos— +zam5§).

[Iycts TpeGyeTcs NEPEMHOMKHTD TPH YHCJIA:
m = ri(cosa + isina),
n = ro(cos 3 + isin 3),
p = r3(cosy + isin~y).
[TepemMHOXKHB NepBble 1Ba YHC/A, MBI COTJIACHO BbiBeleHHOH (opmyae (1) momy-

YHM:
mn = rirz[cos(a + 3) + isin(a + 3)].

[lepemHoxas Temepb YHcaa mb U p, N0 TOH ke hopMyne GyLeM HMETb:

mnp = rirgrsfcos(a + B+ ) + isin(a + 8+ 7)].

[Mpumep 4. Jauo:
= 2(cos 150° + isin 1507),
my = 3(cos 200° 4 isin 2007),
m3 = b(cos 10° + isin 107).
Torpa:
mimams = 30(cos 360° + ¢sin 360°) = 30.

CoBeprueHHO O4YeBHIHO, YTO YMHOXKEHHE 3THX uHces B aarefpandeckod dopme
norpeboBano Obl ropa3fo GoMbILe BEIMHCAEHHH M BPeMEHH.

6 A.Tl. Kucenes
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B ofuiem cayuvae, KOrga AaHbl m YHCEN: My, Mo, ..., My, HMEIOUMX MOLYJH
T1, T2, ..., T'n H @PTYMEHTH ©1, @2, ..., Pn, MBI TOAYYHM:

MImg ... My =172 ... Tpfcos(pr + @2+ ... +@n) +isin(r + P2+ ...+ @n)]. (II)

Henenue. [lycte TpebyeTcs YHCI0
m = R(cos a + isina)
pasfeNuTh HA YMCIO
n = r(cos 3+ isin 3).

Bynem umets:

m _ R(cosa+isina) R (cosa+isina)

B Rt o &, SO aag 2
n r(cos 3 + isin 3) r  (cosf@+ isinf3) @)
[Ipec6pasyem Bropyw ApoOb, YMHOMKHB UMCJHTENb W 3HAMEHaTesNb Ha
cos 3 — isin 3 (4ucnio, conpskénHoe 3HameHaTeno). [Nomyunm:
(cosa + isina)(cos B — isin 3)
cos? 3 — i2sin? 3 '

Ho Tak kak i = —1, To 3HaMeHaTeb Gyner paBeH cos® 3 +sin® B = 1. Uncautesn
Mbl MOXKEM 3aMHCaTh TaK:

(cosav + isin ) [cos(—f3) 4 i sin(—/3)]
H, MPHMEHHB MPABHJIO YMHOXKEHHS KOMIJIEKCHBIX UHCE, MOTYyUHM!
cos(a — f3) + isin(a — 3).
[MoncraBHB nosnydeHHoe BbipaxkeHHe B (2), OyneM UMeThb:

R
? = ";[COS(O* — ) + isin(a — 3))]. (11I)
Criei0BaTeIbHO, MbI MOYKEM CKa3aTh:

Modyas wacmuozo J8YxX KOMNAEKCHLIX wUCEL PABEH 4acmHomy moodyied, a
apeymenm — PASHOCMU apeyMenmos 0eaumoeo U OeAumens.

Mpumep 5. Tlycts
m = 12(cos 55° + isin 55°),
n = 3(cos 357 + ¢sin 35°).

Torna:
= 4(cos 20° + isin 20°).

313

Mpumep 6. Ilycts

m = V3 (cos 200° + i sin 200°),
n = 2[cos(—160°) + isin(—1607)].
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Torna:
m

== ?(cos 360° + isin 360%) = e

5
Bosaedenue 8 cmenens. [1yctb TpedyeTcs YHCI0
m = r(cos @ + ising)

BosBecTH B KBazpar. [IpiMeHss BbiBeneHHY 0 Bbile Gopmyay (I) ans npousseseHuns,

MONYYHUM: : R
m? = [r(cos @ + isin )],
HIH _ ‘

m® = r’(cos 2p + isin 2¢),

TouHo Tak e GyneM HMeTb:
m® = [r(cos g + isin@)]® = #*(cos 3¢ + isin 3¢).
Boof6uie, ecau HMeeM 1 COMHOXKHTe/eHd, paBHbIX
m = r(cosy + isinp),
To, mpumenas dopmyay (1), moayuum:
m" = [r(cosp + ising)]" = r"(cosnyg + isinng). (IV)
Modyab cmenenu KOMIACKCHO20 YUCAQ PABEH MOL JHee cmenexy MoOYAs OCHO-

BAHUA, A APeYMEHIn paseH apeymermy OCHOBAHUA, YMHONMEHHOMY HA noKA3ameis
cmenedu.

B yacTtHoM cayyae, ecau r = 1, To dopmyna (IV) npumeT BUA:
(cos @ + isin )" = cosnp + isinng.

Dta (opMyna HOCHT Ha3BaHue «popmyna Myaspa» no uMeHH QpaHilyscKoro
matematika Myappa (1667-1754).
[Ipumep 7. BossecTn B Kyb uHcs0

a = 2(cos20° + isin 20°).
Bynem nmerts: ‘
a® = 8(cos60° + isin60°) = 4 + 4iV/'3
( 1 V3

Tak Kak cos 60° = 5 sin 60° = -

[Ipumep 8. Boasectd B 20-10 cTENeHb YHCJI0

1, V3,

[pencTaBum cHauyana YMCJ0 M B TPUTOHOMETPHUECKOH (opmyae. Mmeem:
132 V32
e — - _— = l = l
r (2) * ( 2 ) V=1,
tgp = V3, ¢ =60°

6*
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(TaK Kak CHHYC M KOCHHYC TOJIOXHTe/bHE, TO YroJ GepéM B NepBOM KBajpaHTe).
Takum oBpasom:
m = 1-(cos60° + isin60°).

Orclona:

m* =1%(cos 1200° + isin 1200°) = cos(360°- 3 + 120°) + i sin(360°- 3 + 120°) =

— cos 120° + i sin 120° = —% + @1

H3zgnewenue kopusa. a) Tlycth TpeGyercsi H3BAeUb KBAAPATHLIH KOPEHb M3
uueaa
m = r(cos ¢ + isin ).
OG603HauMM uepe3 T W y MOLYJb W apryMeHT HCcKoMoro Kopes. Toraa:
Vr(cosg +ising) = x(cosy +isiny). (3)
Orciona 1o npaBuJy BO3BeNeHHS B KBaAPAaT MOTYUHM:
r(cos ¢ + isin ) = 27 (cos 2y + isin 2y).
B TakoM ciyuae mo ycJ/OBHIO PABEHCTBA ABYX KOMILIEKCHBIX UHCEJ HOJMMHO ObITh
2’ =r, oTkyma =z =/r.
2y = ¢+ 360°k, oTkysa y= g + 180°k.

Hrak, KopeHb KBajpaTHBIH M3 JAHHOTO YHC/A paBeH
Ty -~ [cos (% 8 180°k) g (g 4 180°k)].

TMTocMOTPHM, CKOJIBKO Pa3JH4YHBIX 3HAYEHHIH KODHS Mbl MOJY4YHM, AaBas k 3HaueHHs
0,1, £2 u . 1.
[pu k = 0 Gynem umers:

n = \/F(cosg+isin§).

Ipu k = 1 noayuum:
ngzﬁ[cos(g-l—lSO")+isin(g+180°)].
e cos (2 +180°) = —cosZ u sin(Z +180°) = —sin 2,
(5 +1807) (3 +180)

2 2 2
H Mbl MOXKEM KODE€Hb 7y 3alHCaThb B TAKOM BHIE:

g = -\/F(cosg +isin§).

Orciona 3aK/io4aemM, 4to no = —ny.
[pu k = 2 nonyuum:

ng =1 [cos(% +360°) + isin (5'23 +360°)] = \ﬁ(cosg + isin g) = nj.
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[lpu k = 3 nonyuum:

o ¢ o e h ) P
ng = \/F{cos(g —+ 540 ) +zsm(2 + 540 )]
_ @ o e o\ _ .
—\/F[cos(2 + 180 ) +zsm(2 + 180 )] = ny.
OueBHpiHO, naBas k 3HaueHus 4, 5, 6, ..., Mbl BCE BpeMst OylleM NoJay4yaTh 3HaYeHHs,

noouepEnHo paBHele n1 W mnp. To Ke OyneM HMMeTb, naBas k OTpHILATETbHEIE
3HAYEeHHS.

Takum oGpasom, xksadpamubili KOPeHv U3 KOMAAEKCHO20 HUCAQ umeem dsa
PASAUMHBLY 3HAYEHUS, KOMOPbie N0 OMHOWeHWIo Opye K Opyey AEAAI0mca npo-
MUBONOLOHCHBIMU HUCAAMY.

[Tpumep 9. [lyctb
m = 16(cos 60° + isin 60°).

Torna:
vm = 4[cos(30° 4 180°k) + isin(30° + 180°k)).

[pu k = 0 nonyuum:

Vm =n; = 4(cos 30° + isin 30°) :4(? +Lé) =2V3 + 2.

[Tpu k = 1 6ynem umeTh:
VM = ny = 4(cos 210° + isin 210°) = 4(— cos 30° — icos 30°) = —2V/3 — 2i.

[Tpumep 10. Haiitu v25.
CoraacHo pesynbTaty, noayueHHoMmy B npumepe 4 § 140a, MoxeM Hanucarsb:

25 = 25(cos 360°k + isin 360°k).

Torna:
V25 = 5(cos 180°k + isin 180°k).
Ipu k = O:
V25 = 5(cos0° 4+ isin0°) = 5(1 +i-0) = 5.
[pu k= 1:

V25 = 5(cos 180° + isin 180°) = 5(—1 +i- 0) = —5.
6) [TycTb TpebyeTcs H3BJeYbL KYOHUECKHH KOpPeHb H3 4HC/a
m = r(cos¢ + isin ).
[To mpeabinylleMy MOXHO HamUCaTh:
Y/r(cosp + isin @) = z(cosy + isiny).

Orcrona: .
r(cos + ising) = 2°(cos 3y + isin 3y).
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CueloBaTesbHO, HOJKHO ObiTh:

2 =r 3y=p+360°.
Orcrona: ‘

z=Ir; y:§+120°k.
H MBI NOJIYYaeM:

/r(cosp +ising) =n=r [cos( + 120k +zsm( + IQO"k)]

)
Ipu k = 0 nmeem:
ny = %(cos 4 isin g)
Ipu k = 1:
ug—%[cos(g 120)+zsm(§+120°)]
Ipu k = 2:
n3 = \‘/F [cos (% + 240“) + 7sin (% + 240°)].
Herpyauo y6enutbes, uto npu k = 3, 4, 5, 6, ... 6yieM noayuats ng = ni,

N5 = Mg W T. M., T.€. HOBBIX 3HAYEHHH KOPHSA MBI Yke He noayuuM. Te xe 3HaueHHs
MOJYUMM H TIPH OTPHILATE/IbHBIX 3HAYEHHAX K.

Takum oﬁpaaom, rcyﬁuuecxu.'l KOpeHb U3 KOMNACKCHO20 Hucaa umeem mpu
PA3AULHBIX 3HAYEHUA.

[ITpumep 11. Ha#ith Ky6Hueckuil KopeHb H3 eIHHHIIBI.
Hmeem:
1=1"(cos360°k + isin360°k).
Torpa: ‘
V1 =1+ (cos 120°k + i sin 120°k).

[Mpu k =0, 1,2 nony4uM COOTBETCTBEHHO:

ni =1-(cos0° +isin0°) = I;

ng:l-(u::osi?()°-l—isin1200):l~(—l ﬁ)g_l-'—%f
2 2 2
ns = 1+ (cos240° + isin 240°) = 1 - (f 5= %) e _2“/5

Bospens nosyueHHble ydcaa B Ky, yGeaumcs, 4TO BCe OHM AaAyT B pe3y/bTaTe
eNHHHILY.
lpumep 12. Pewwuts ypasHeuue z° + 8 = 0.
Hmeem:
3 3
z’=-8 x=+/-8.

CornacHo npumepy 5 § 140a moxem Hanucarhb:
—8 = 8[cos(180° + 360°k) + ¢sin(180° + 360°k)].

Ortciona:
V/—8 =n = 2[cos(60° + 120°k) + isin(60° + 120°k)].
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[pu k=0, 1,2 Gynem uMeTh:

n) = 2(cos60° + isin607) = 2(% +z?) =1+iV3;
ne = 2(cos 180° 4 ¢sin 180°) = 2(—1+4-0) = -2;

ﬁ):Aﬂ:\/E.

ng = 2(cos 300° + i 8in 300°) = 2(% -i¥

[Tpoeepkoi MOXHO YOeIHUTbCSA, UTO KYD BCEX MOJYUEHHBIX YKces paBeH —8.
B) [lepeiiném Tenepb Kk obuiemy cayuaio. [lyets Tpebyercs usBneub KOpeHb n-H
CTeNeHH M3 YHCcaa
m = r(cosp + isin @).

OG603Ha4HB uepe3 x U y MOAYJIb M apryMeHT KOpHS, GyaeM HMeTb:

Vr(cose +ising) = x(cosy + isiny).

Orciona:
r(cosp + isinp) = 2" (cosny + i sinny).
C/ief10BaTebHO, A0JI3KHO ObITh:

" =r, ny=p+ 360°k,

oTKY/a: -
z=Yr, y=2+ ;
n mn
H 3HAUMT:
s ! 360°k - 360°k
Vr(cosp +ising) = Yr [cos (f + —) +isin (f + —)]
n n mn n

3o paBEHCTBO MOXKHO 3alHCaTb H B TAKOM BHIE:

U rlcos( + 360°K) + isin(p + 360°k)] =
= Yr [cos (% + m) + isin (% - w)] (V)

n n

C.HED,OBaTEﬂhHO, Mbl MOKEM CKa3aTb:

Moayﬂb KOPHSL n-tl CMEeNneHu U3 KOMNACKCHO20 Hucaq paser KOpHH mot
Mee cmenedu U3 M(Jay./n‘.ﬂ nodxopeﬂnoeo Hucaa, a apeymeHm paseH apeymenmiy
nodxopeuﬂoeo yucAaa, deﬂéHHOMy HA nokasameib KOpHA.

CKOJIbKO pa3JIMuHLIX KOpHeH Mbl OyneM MMeTh? HeTpynHo y6eauThbes, 4TO Moka
mel Oyaem B dopmyay (V) nomcrasaste suavenus k=0, 1, 2 ..., (n — 1), Bce
nojydaemble KOpHM OyAyT pasiuuHbl (Tak Kak OyAyT pasjiuuHbl apryMmedTsl). [Ipu
k = n noayuum:

(=}
f+360_n=f+360°'
n n

n
H KOpeHb OyaeT paBeH:

r [cos (Zﬁ + 360") + isin (f +360°)] = ‘\‘ﬁ(cos% + isin {’p),

n
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T.€. MOJNIYYHM TOT e KopeHb, uTo W npH k = 0. TouHo tak xe npu k = n + 1,
n+ 2, ... Gyiem mony4arb Te e KOpHH, uTo H mp k= 1,2, ...,

Taxkum o6pasom, 3ak1ouaeM, YTO KOpeHb n-i CTeNeHH M3 KOMILIEKCHOTO Yucaa
HMEEeT N pasjIM4HbIX 3HAYEHHH.

Mpumep 13. Pewnts ypasuenne: z° — 243 = 0.

Hnmeem: £
2 = 243, oTKyla x = V243.
Ho
243 = 243(cos 360°k + isin 360°k).
CienoBare/bHO:

V243 = 3(cos 72°k + isin 72°k).
IMpu k =0,1,2,3,4 noayuum:

n; = 3(cos0° +¢sin0°) =3(1 +¢-0) = 3;
ng = 3(cos72° + isin 72°);

13 = 3(cos 144° + isin 144°);

ng = 3(cos216° + isin 216°);

ns = 3(cos 288° + isin 288°).

Hafins cvHychl W KOCHHYCBI TIOJYYEHHBIX dPryMEHTOB, BHIDA3HM BCE KOPHH B
anrebGpanyeckoit (opme.



[nasa 10

HEKOTOPBIE CBEJEHHA
Ob AJITEBPAUYECKHX YPABHEHHSAX

I. JeauMocTh MHOroO4JIeHa

141. JleauMocTh MHOTOYJIEHA, 11€JI0TO OTHOCHTENBHO = '), Ha pas-
HOCTBb T — a.
Teopema Besy?. Muozouren, yeavii omrocumensHo x:

M=Az"+Bz™ 'y Cz™?+...+ K,

npu OdeaeHuuw Ha pasHocmes T —a (ede a ecmov NpPou3BOAbHOE HUCAO,
NOAOMCUMEABHOE UAL ompuqameﬂbnae) daé‘m ocmamokx

R=Ad™+Ba™ ' +Ca™2+...+ K,

pasuma momy 3Ha1eHuro deﬂumoeo, Komopoe OHO noaywaem npu r = a.
ﬂ,{} KaszateabcTBO. M3 npouecca aeneHHsa MHOro4J/jeHa, pacroJo-
XKEeHHOro 1o yﬁblBa}OU_lHM CTelneHdaM GYKBbi &€, BUAHO, 4TO JeJleHHe TaKoro
MHOro4J/ieHa Ha T — @ MOXHO [POA0J/XKATE A0 TeX [10p, [oKa BBICLIHH 4JieH
ocratka R He Oyner conepxath B cebe Oyksbl x. [IycTh NpH 3TOM YacTHoe
6y,ELET HEKOTOprl‘:I MHOTOYJIeH Q TOI'JJ.a Mbl MOKE€M HAIlUCATb PABEHCTBO!

M=(z-a)Q+R.

PaBeHCTBO 3TO eCTb TOMIECTBO, T.€. OHO BEPHO NMPH BCEBO3MOMHbIX
3HadeHHsX OYKBbl &, a [OTOMY OHO A0JIHO ObiTb BepHO M npu & = a. Ho
NpH T = @ OHO AT

M =(a—-a)Q" +R.

ecniu GykBamu M’ u Q' o6osHauum Te 3HaueHusi M u (Q, KOTOpbE 3TH
MHOTOUJIEHBI TPUHUMAIOT NPU = = a (0cTaToK R, Kak He coepKaiiuil Bosce
T, He M3MEHHTCH OT MOACTAHOBKH a Ha MecTo x). Tak kak a —a = 0, To

') LlenblM OTHOCHTENLHO @ HA3LIBAETCH MHOTOUJEH, B KOTOPOM T He SBJSeTCS
NeJUTENEM,
) Beay — ¢panuysckuii maremarik XVIII cronerus.
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¥ npoussegeHde (a — a)) paBHo 0; 3HAYHT, MOcCJe[Hee PABEHCTBO AABT
M =R, T.e.

R=Aa"+Ba™ ' +Ca™2+...+K,

4YTO H Tpe6osaﬂ0c5 J0Ka3aTb.

Cnencreue 1. Tak kak = +a = ¥ — (—a), To, NIPUMeHAs N0KA3aH-
HYIO TEOpeMy K CyMMe T + a, HAHAEM: MHO20UAeH

Az™ + Bz '+ Cs™ 2 + ...+ K,
npu 0eseHuu Ha cymmy T + a 0aém 8 ocmamke 4uUcio, PaBHOE
A(=a)™ + B(=a)™ '+ C(=a)" 2 +...+ K
M. e. YUCAO, PABHOE MOMY 3HAUEHUIO 0eAUMO20, KOMOpoe OHO Nosyvaem
npu x = —a.
[Tpumepsl.

1) Muorousen x° — 322 + 5z — | NpH AeneHHH Ha T — 2 1aéT OCTATOK,

PaBHBIH
2°-3-22+45.-2-1=29.

2) Muorouned z° — 3z + 5z — 1 NpH JieJieHHUH Ha T + 2 1aéT 0CTaToK
(—2)° —3-{—2 £B5-(-2)—1 = —5B,

Cnencrteue 2. /Jlags moeo umobbl MHO204YACH
Az™ + Bz™ '+ Ca™ 2+ ...+ K

deauaca Ha pasHocmv T — a, Heobxodumo u docmamouno, umobsl. npu
T = a oM 06pawalca 8 Hyre.

I10 HeoOXOOHMO, TaK KaK €C/JH YKa3aHHbIH MHOTOYJIEH IeJUTCH Ha
T — a, TO OCTATOK OT JEeJIeHUsl J0JKeH OBIThb HYJb, a 3TOT OCTATOK, IO
JI0Ka3aHHOMY BbIllle, €CTh TO 3HAUeHHe JeJMMOro, KOTOPOe OHO NMPHHHMAaeT
npH x = a. TO U AOCTATOYHO, TaK KaK eCJd MHOrod/eH ofpaiiaercs B
HYJIb [IPH & = @, TO 3TO 3HAYHUT, UTO OCTATOK OT AEJEHHS ITOr0 MHOrOUJEHA
Ha T — a paBeH HYJIO.

Canencrteue 3. [laa mozo umobol MHO204YAEH
Az™ + Bz™ '+ Cz™ %+ ...+ K

deaunca Ha cymmy x + a, rHeobxodumo u docmamouro, umobol npu
* = —a OH 06pawiaica 68 Hyab, TaK KaK CyMMa Z + a ecTb Pa3HOCTb
x— (—a).

[Mpumeps.

1) Muorousen = — 422 + 9 peaurcs Ha = — 3, MOTOMY YTO

33 -4.324+9=0.
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2) Muorounen 222 + o — 45 penures Ha = + 5, TAaK Kak
2.(-5)%4+(-5)—45=0.,

142, Jlenumocte ApyuseHa =™ F a™ Ha x Fa. 1) Pasnocmo
00UHAKOBbLX cmenerel 0syx wucel QeAUmes Ha PA3HOCTID MeX He Yucen,
Tak Kak ™ — a™ npu jeneHuH Ha x — a fAaét octaTok a™ — a™, T.e. 0,

2) Cymma oduraxosvlx cmenexeil 08yx uuces He Jeaumcs Ha pas-
HOCIMb 3MUX 4Ucea, Tak Kak T + a™ NpH JeNeHHH Ha T — a 1a€T OCTATOK
a™ +a™ = 2a™, a He 0.

3) Pasnocmo odunakoswvlx wémuoelx cmenenel 08yx wucesr deaumcs,
Q HeuémHulX He JeAumcs Ha CYMMy IMUX 4ucen, Tak Kak MPH JAeNeHHH
pasHocTH =™ — @™ Ha x + a 0cTaToK paseH (—a)™ — a™, 4TO NpH mMm
4y&THOM paBHO HYJIO, a NMPH M HeYéTHOM coctabaser —2a™

4) Cymma 00UHAKOBHLX HEeUeMHbLY cmeneret d8yx uuces deaumcs, a
YEMHBLX He OeAUMCA HA CYMMY 3MUX HUces, TaK KaK TPH AeNeHHH CYyMMBbI
2™ 4+ a™ Ha T + a ocTaToK paBeH (—a)™ + a’™, 4TO NpPH M HEYETHOM
paBHo 0, a npu m uétHoM cocTtaBager 2a™

I[Tpumepm.

1) z' + a' nenwrcs Ha x + o, HO HEe NeJUTCA HA T — a.
2) 2% — a? mesuTes U HAa T —a, M HA T + a.

3) @ + a® He AenHTCH HM HA T — @, HH HA T + a.

4) z° — @’ menuTes HA T — a, HO He JeJUTCH HA T + a.
5) z° + a® nenuTcs Ha x + a, HO He NEJUTCS HA T — a.

143. YacrHple, monyuaemMbie NpW AedeHuu =™ F a™ Ha = F a.
Eciu npousseném pesenue asyuneda x'™ — ¢™ Ha ABy4/eH T — @, TO B
YaCTHOM TNOJAYYHM MHOTOUJIEH:

o 2 — —
Lt g™ 2 1 g?e™ 4 . 0™

(ocTaTKH MpH 3TOM [AeNEHHH HAYT B TAKOH MOCJEI0BATENBHOCTH: |-i
octatok ax™~! — a™, 2-ii octatok alx™? — a™, 3-i ocratok a’x™3 —
—a™, ..., m-i ocTaToK a™x™ ™™ — a™ = a™ — a™ = 0).

Ot4eBHIHO, YTO MHOTOHJIEH, MOJYYHBIIMHCSH B YaCTHOM, COMEPIKHT 1M
YJIEHOB; CYMMd M0Ka3aTeJel B KaXK[OM 4JieHe NPH @ W T OIHA U Ta XKe,
a UMeHHO m — |; mokasatenu x WAyT, yMeHbluasacsk Ha 1, ot m — 1 mo 0,
noKasaTe/1 e a HAYT, yBesuuusasch Ha 1, o1 0 no m — 1; kosppuineHTsl
y BCEX 4J/IeHOB paBHbl |; 3HAKH BCE +; YHCJIO Y4/IEHOB B YACTHOM M.

3amMeTHB 3T0, MOXKEM MPSIMO MHCATh!

3

23— a® = (z — a)(2® + ax + a?);
zt—at=(z - a)(’r‘g + a:r2 + @’z + a®);
2 —a®=(z—a)(z'+axd +a’2? + a®z +a?) u 1.5
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Yro6bl NOMYYHTh YACTHOE OT AeseHHst ™ — @™ Ha  + a TNPH M YETHOM
WIW TIpH JeneHHH z'™ + a™ Ha x + a MpH m HEeYETHOM, JOCTaTOYHO B
NOJIYYEHHOM BhILIEe YAaCTHOM 3aMeHHTh @ Ha —a. TakuM 00pa3oM:

2% 4+ a® = (z + a)(2® — ax + a?);
zt — at = (z + a)(2® — az? + o’z — a®);
P4+ad=(z+a)(zt—az® +a?z? —a’z+a?) u A

Ynpascuenusn.

250. Haiiti ocratku or nenenus muorousnena z' — 3z — 52° + 20z — 8 ua
z—lHaz+l;Haxc—2;Haxc+ 2, Hax—3; Hax + 3. _ N

251. OnpeequTh YUCAEHHYI0 BEJHYMHY a B MHoroddene: x' + 3z° + 42® +
+ ax + 11, uTo6el OH neauscs 6e3 ocTaTKka Ha = + 1.

144. O6wmii Bug anredpaudeckoro ypasHenus. Mol paHee BUjeH,
YyTO ypaBHEHHe, colep:Kalllee HeM3BeCTHOe B 3HAMeHaTeNsiX, MOKeT OblTh
NpHBEAEHO K lesnomy BHAY. lanee Mbl 3HaeM, 4TO ypaBHEHHe, colepiKalllee
HeH3BeCTHOE M0/l 3HAKOM pajiHKa/aa, MoxeT ObiTh MPHBEAEHO K PAllHOHAJ/b-
HOMY BHAy. BeaencTBHe 3TOro MoXeM €KasaTh, 4TO BCAIKOE ypaBHeHHe,
B KOTOPOM HEHM3BeCTHOe CBA3aHO C [aHHbIMH YHCJAAaMH MOCPEICTBOM KO-
HEeYHOro YHCJa WecTH anaredpanydecKux AEHCTBHMH: CJI0XKEHHS, BblYHTAHHSA,
YMHOMKeHHS, leleHHsl, BO3BeJleHHsl B CTerneHb M W3BJeueHHs KOpHs '), Mo-
eT ObITb MPHBENEHO K TAKOMY LeJIOMY H PAllHOHAJbHOMY BHIY:

Az™ + Bz ' +Cz™ 2 +... + Kz + L =0,

rae kosdduumentor A, B, C, ..., K u L cyTb mocTOsSHHBIE BElECTBEH-
Hble MW KOMIJIEKCHBEIE YHC/IA, 2 M eCTh MOKa3aTesb CTENeHH YPABHEHHMS.
Hekoropbie Ko3()(hHIIMEHTEl, KPOME MePBOro, B YACTHBIX CJAy4YasX MOTYT
PaBHATLCS HYJIO.

YpaBHeHnue Takoro BHAa HasbiBaeTcsl aazebpauueckum. Anredpaunde-
CKHe YPABHEHHS CTENeHH BhILIE BTOPOK HA3LIBAKOTCS YPABHEHHUSMH BHICLIUX
CTeneHen.

145. Hekotopsle cBoOHCTBa anredpanvyeckoro ypaBHeHus. YpaBHe-
HHS BBICLIHX CTeMeHel COCTABJAIOT MpeiMeT BhCLIeH anreGpel. DaeMeHTap-
Haf e paccMaTpHBAET TOJNLKO HEKOTOPHIE YacTHBIE BHABI 3THX ypaBHEHHH.

Boicias anrefpa ycTaHaBAHBAET CJASAVIOULYIO BAXKHYIO TEOpeMy:

Beakoe aneebpauveckoe ypasnenue umeem 6eUjeCmeeHHbill Uil KOM-
naexcuoiii Kopers (Teopema laycca 2), 1799 r.).

JonycTuB 3Ty MCTHHY ([0KA3aTeNbCTBO KOTOPOH B 3JE€MEHTADHOH aJ-
reGpe Oblsi0 Obl 3aTPYAHHTENbHO), HETPYLHO NMOKAa3aTb, YTO:

Aneefipauneckoe ypaguenue umeem cmoabKO KOPHELl, BeU{eCmBeHNbLX
WAL KOMNAEKCHBLX, CKOADKO eOUHUL, 8 NOKA3Amene eco Cmenexu.

') B npeano/ioxeHny, 4To NPH BO3BENCHHH B CTENEHb W NPH H3BJEUEHHH KOPHS
HeU3BECTHOE He BXOMT HHM B MOKA3aTesb CTEMEHH, HH B M0KA3aTe/b KOPHS.
%) Kapn @punpux Taycc — u3BecTHeIil HemelkHii Matemark (1777-1855).
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eiictBurensHo, cornacHo Teopeme laycca, ypasHeHue
Az™ + Bz™ '+ C2™ %+ ...+ Iz + Kz + L =0, (1)

HMeeT BellleCTBeHHLIH HJIH KOMIJIEKCHLIH KOpeHb; MyCTb 3TOT KOpeHb Oy-
pert . Toraa MHOrou/IeH, CTOSALULMHA B JeBOH 4acTH ypasHeHus (1), posken
penutbes Ha x — o (§ 141). Ecau npoussect# 310 meneHue, TO B YaCTHOM
NoJYyYUM MHOTQUJIEH cTeneHW m — |, y KOToporo nepswiii Koa(pUIHEHT
oymer A. O6osHauus apyrue ero Ko3(GhHIHEHTb COOTBETCTBEHHO OYKBaMH
By, Cy, ..., K| ¥ npuHsaB BO BHMMaHHe, UTO JEeJHMOE DPABHO [EJHTE/IO,
YMHOXEHHOMY Ha 4acTHOe, MOXeM MpelcTaBuTh ypaBHeHue (1) rak:

(x—a)(Az™ '+ Biz™ 2+ Ciz™ 3 + ...+ 1z + K|) =0, (2)

[TpupaBHAB HYJMHO MHOTOYJEH, CTOSIIMHA BO BTOPbIX CKOOKAX, MOJYyYHM
HOBOE ypaBHEHHe, KOTOpOe M0 TOH JKe TeopeMe JO/KHO HMeTb HeKOTOPbIH
KOpeHb /3, BCJIEAICTBHE 3TOTO JIeBasi €ro YacTh MOMKeT OBITh pas3solKeHa Ha
[Ba MHOXKHTENA: * — (3 U MHOTOYJIEH CTereHH 1m — 2, y KOTOpPOro mepsbif
Kos(hduireHt mno-npexknemy Oyaer A. Ilostomy ypasuenue (1) moxHO
nepenucarh Tak:

(z —a)(x — B)(Az™ 2 4+ Boz™ 3 4 ...+ L) =0, (3)

Ipononkas 3TH paccykaeHus naJjee, NOHAEM, HAKOHell, [0 TOrO, 4YTO
MHOrO4JIeH, 3aKJ/I04YeHHbIH B MOCJeqHUX cKoOKax, OyleT BTOPOH CTeneHH,
npu4ém nepsbiit ero Koshpuunent octaverces A. Pasnokus 3707 TpEXUseH
Ha muoxuTesn (§ 45), npuBeném ypasrenue (1) K BHIY:

Az —a)(z—B)x—7)...(x —N) =0, (4)

rae Bcex pasHocred: (z —a), (x — 3) ..., (x — ) — Oyzer m. OueBHIHO,
4yTo ypaBHeHHe (4) obOpailaercsi B TOMKIECTBO MPH KAX[A0M H3 3HAYEHHH:
T=a,x=0F, =7 ..., T=AH He YIOBNETBOPALTCS HHKAKHMH HHbIMH
sHauenusMu = (ecau A # 0), 3Hauut, ypasHenue (1) umeeT m KopHeii:

a, 3, v, ..., A. B 9acTHBIX c/ydasix HEKOTOpble KOPHH MOTYT OKa3aTbCs
OIHHAKOBLIMH.

[TonezHo 3aMeTHUTL el CJefyIOUIHe HCTHHEL, JOKA3LIBAEMLIE B BLICILEH
anrebpe.

CyMMa KOpHe# BCSKOTO a/ireGpaHyeckoro ypaBHeHHs
Ay a2 o o K 1 =0

B ) L
paBHa —-, a MPOH3BE/leHHe KODHel paBHO (=1)™. 5 (nprMepoM MOXKeT
CITYHTb KBajpaTHOE ypaBHEHHE).

Eciu anre6panueckoe ypaBHEHHe C BElLIECTBEHHBIMH KO3(DGhHIMEHTAMY
HMeeT KOMIIEKCHBIE KOPHH, TO YMCJI0 3THX KOpHeH — uéTHoe (mpuMepom
MOKET CAYKHTb OMKBaJpPaTHOE yPaBHEHHE).

Ecau anre6pandeckoe ypaBHeHHe ¢ BelleCTBEHHBIMH Ko3(pUIleHTaMu
HMeeT 1 KOpHeH BMAa --qi, OHO HMeeT ellé n KopHeH BHAa p — qi (npH-
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MEpOM MOMKEeT CJYXKHTb OHKBaJpaTHOe YpaBHEHHe, KOMIJIEKCHble KOPHH
KOTOPOT'0 BCErja ConpsiKEHHbIE), H TaK Kak

[z = (p+ qi)llz = (p — qi)] = [(z — p) — qil[(z — p) + qi] =
=@-p-df=(-pl+¢ =2 -2pz+ (P +),

TO JIeBasi YacTb YPABHEHHSI COAEPXKHT B 3ITOM CJydae 71 BelleCTBEHHBIX
MHOXKHTesel Buaa ax’ + bx + c.

Anre6panyeckoe ypaBHeHHe HEUETHOH CTENMEHH C BelIeCTBEHHBLIMH KO-
appUIHeHTaMH HMeeT Mo KpaiHeHd Mepe OIHH BellleCTBEHHbIH KOpeHb.

YpaBHeHHs ¢ MPOH3BOJNBHBIMH GYKBEHHBIMH KOI(D(MHIMEHTAMH CTEMEHH
He BBIllle YeTBEPTOH paspellidM aieebpauiecku, T.e. LI KOPHEH 3THX
ypaBHeHHMH HalifleHbl 00liMe (POPMYJibl, COCTaBJeHHblE U3 KO3I((HUIHEHTOB
YPaBHEHHS MOCPEJACTBOM anredpandyeckux AeHCTBHH.

B 3TOM cMbic/e ypaBHeHHs ¢ MPOH3BOMbHLIMH KO3 HIIHEHTAMH CTene-
HH Bbillle YeTBEPTOH He MOryT ObITh pa3pelleHbl ajarebpanyecku (Teopema
AGens '), 1824 r.); onnako, ecau Kos(pHIMEHTH YpaBHEHHs KaKoH yrof-
HO CTeMeHH BbIPayKeHbl YHCJAMH, BCerla ecTb BO3MOXKHOCTb BBLIYHCIHTBL €
XKeJlaeMol CTerneHblo NPUOJIHKEHHS BCe ero KOPHH Kak BellleCTBEeHHbIe, Tak
¥ MHHMble, CrocoGbl TAKOrO BbIYUMC/IEHHS H3/1araloTcs B BhicLIel anre6pe.

') Hopsesckuit Mmatemaruk Hauasa XIX croserus (1802-1829).
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HEONPEJIEJEHHBIE YPABHEHUSA

146. BBoanbie 3ameuyanus. [Ipu u3ydeHuH ypaBHeHWH NepBoit cTerne-
HH Mbl YK€ BHJEJIH, YTO €CJIH YHMCJIO YPABHEHHH MeHblle YMCJ/a HeH3BecT-
HBIX, TO TaKas cHcTeMa MMeeT Gecudc/ieHHOe MHOXKeCTBO pelueHHid. Takue
VPaBHEHHs HA3BIBAIOTCS HEONPeOeAEHHbIMU.

HanGosee yacto B npakTHKe BCTpeyaeTcs C/ydail OHOTO YpaBHEHHA C
nByMsi HerHsBecTHeIMH. OG6LIKIT BHI TAKOro ypaBHeHHs Gyner:

ax + by = ¢,

rie x My — HeHW3BecTHble, a, b U ¢ — faHHble KO3 HIHEHTDI.

Yacrto ycnosusi 3afaud ObIBAOT TAKOBbI, YTO [MPABHJbHBIA OTBET Ha
BOTIPOC, NMOCTABJIEHHBIH B 3ajiaue, NAIOT TOJNBKO yeAble 3HAYEHMS, a HHOTAA
TOJILKO Lie/1ble U MPUTOM NOLONCUMEAbHbLE 3HAUEHHUS .

3apaua 1. Pasnoxurte uncao 118 na Takue aBa uMcsa, H3 KOTOPLIX
ofiHO fieauJoch Obl Ha 11, a apyroe Ha 17.

O6o3Havas onHo yucao vepes llx, a apyroe yepes 17y, Mbl MOAY4HM

ypaBHeHHe:
1la + 17y = 118.

Tak kak B 3amaye HUYEro He CKA3aHO O 3HAKE YHCEJ, HAa KOTOpbIe HYKHO
pa3noxkuTh ykcao 118, To B 1aHHOM cayyae Mbl MOXKEM CUHTATh OTBETOM Ha
3ajlauy M OTpHllaTeNbHble pelleHus. Tak, YCJO0BHIO 3a/a4K yA0BJAETBOPSAIOT
yuesa 33 u 85 (npu & = 3 W y = D), HO TaKMKe YAOBJAETBOPSIOT M YHC/A
220 u —102 (npu z = 20 u y = —6).

3apnaua 2. [lns ynakoBKM CaMOBApOB UMEIOTCS SILIMKH, H3 KOTOPBIX
B OfHH yKaaabieaoTes 4 camoBapa, B gpyrue 7. CKOJIBKO HYXKHO B3siTh TeX
W IpYrHX siILMKOB, 4To0bl yrnakosath 41 camoBap?

OG03HAYMB YHCIIO MaNbIX SIIIMKOB 4Yepes3 T, a YHCJ/IO GOJbLIHX Yepes y,

GyaeM MMeTh ypaBHEHHE!
4z + Ty = 41.

OueBHIHO, YTO MO YCJOBHIO 3a1aud 3[eCh MMPHIOAHLI TOJBKO 1eJble
M [PHTOM MOJOMHTE/NbHbIE pELIeHHs. TaKoe pelleHHe NaHHOe ypaBHEeHHe
[OMYCKAEeT JIMLb OLHO, HMEHHO: & = 3, ¥ = 3.

Takum 00pa3oM, HEOGXOAMMO YMEThb pelliaTh HeOoNpeae/eéHHbIe ypaBHe-
HHUS B LIEJBIX YHCJAAX, a TaKKe B LEJbIX H MOJOKHTEJbHBIX YHCIAX,
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147. Ilpu3Hak HEeBO3MOMKHOCTH pelIeHHs YPaBHEHUs B IeJIbIX YHC-
agax. [lyctb naHo ypaBHeHHe:

ar + by = ¢,

Ecnu cpenu koadduumentoB a, b U ¢ uMeloTes 1podHbIE, TO Mbl MOXKEM
NPHBECTH BCce KO3((MHUIMEHTE K OJHOMY 3HAMEHATeJ0 H 3aTeM ero oTopo-
cuTh. Torma Bce KO3 (MHIHEHTE OYAYT LENbIMH HYHCAAMH.

Jlanee, ecqid a, b ¥ ¢ UMEIOT KakKoH-J1HOO OOIMH MHOXHTeNb, TO Ha
Hero MOXKHO COKPATHTh 0De YacTH ypaBHEHHS.

HMrak, mbl Oysem npeanofaraTe, 4To Ko3((pHUHEHTbl a, b U ¢ — 4Hcaa
LeJsible, He HMelollMe 0OLLero MHOMKHTEJIS,

[Mpennonokum Ternepb, 4To a U b UMeloT OBIIHM MHOXKHTENeM HEeKOTO-
poe neJsoe yucao, otaHyHoe ot 1. [lyers, Hanpumep,

a=may;; b=mby.
Ypasuenue npumer BuJ:
mayx + mbyy = c.
Pa3zjieius Bee ero wieHbl Ha 11, NOJYYHM:

c
ax+ by = e

ITpyu nenbIx 3HaYeHHAX T W Y JeBas 4acTb ypaBHEHHS MpeNcTaBiasfeT
coB0# 1esi0e YHCsIo, NpaBas XKe 4yacTh — Apodb, TaK Kak ¢, 10 Npeanoso-
JKEHHIO, He JeqauTcs Ha m. Takoe paseHCTBO HeBO3MOKHO. C/le0BATE/IbHO!

Ecan ko3 ¢uuHeHTE] NMPH HeM3BeCTHBIX HeONpeNeNléHHOTO YypaBHeHHs
HMeloT O6IHI MHOXKHTENb, KOTOPOTO He MMeeT CBOGOAHBIN YjleH, TO ypaBHe-
HHE He MOXeT MMeTh LIeJbIX pelleHHH.

nOf—)TOMy BO BCeX JaJbHeHIINX paccyxKaeHusax Mbl 6yﬂeM npearnoJaratb
uyucaa a U b B3aHMHO MPOCTBIMH.

148. [Ipu3HaK HEBO3MOXHOCTH pPEIIEHHS YpPaBHEHHS B IOJOMH-
TeJAbHbIX Yucaax. [lycts B ypaBHeHuM ax + by = ¢ Ko3h(HUHEHTH a
W b monoXKMTeNbHB, a CBODOAHBIH uNeH ¢ — oTpuuaTteneH. Toraa TpH
BCAKHX MOJIOKUTENbHBIX 3HAYEHHSX T U 1 JIeBasl 4acTb YpaBHeHHs Oyner
NONIOKUTENbHOM, a TpaBas OCTAHETCs OTpHIlaTeNbHOH. Takoe paBeHCTBO
HEeBO3MOXKHO.

Ecnu xosdduuuentsl a v b oTpHlATeNBHE, 8 ¢ — TOJOXKHTEbLHO,
TO, YMHOXKHB BCE YJIeHbl ypaBHeHHsi Ha —1, Mbl cBeaeM 3TOT cayuai K
npensinyuwemy. Mrax:

Ecin ko3(h(pHIMEHTH NMPH HEHU3BECTHBIX HeOTpelelEHHOTO YpaBHEHUS
HMEKT 3HAKH, IPOTHBOIOIOMKHBIE 3HAKY CBOOOZHOTO WiIeHa, TO YyPaBHEHHE He
HMEeT MOJOMHTENbHBIX PeLeH .

149. O6mas ¢opmyna KOpHeld HeonpeneJEéHHOTO ypaBHEHHA.
Ipeanonoxum, 4To KakuM-auGo crnocobom (Hanmpumep, MyTéM Herocpej-
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CTBEHHBIX NPO6) Mbl HALIH OfHO LEJOYHCAEHHOE pDelleHHe HeonpeienéH-
HOTO ypaBHEeHHS:
ar+ by = ¢,
[Tycts 370 pewenue Gyner x = a u y = . [loactaBasg 3HaveHue = U y
B JlaHHOE ypaBHEHHE, MOJNYYHM TOXKIAECTBO:

aa+ b3 = c.
BblunTag nousieHHo 3TO TOXKAECTBO H3 JAHHOTO YPABHEHHsI, MOJYUHM:
alr —a)+bly — 3) =0,

OTKyza:

ax = aa —b(y — 3), wuwm mza—@.

Jlsg toro utobbl & OBLIO LEJABIM YHMCAOM, HeOOXOOHMO M [OCTATOYHO,

by — 3)
4TOObl BblpaxKeHHe e ObIJIO 1e/biM YHCIOM (TaK Kak & — YHCI0
uesioe). Jlpyrumu caoBaMH, HeOOXOIMMO M J0CTATOYHO, YTOOL! BbIPaXKeHHE
b(y — ) Haueno nenusnock Ha a. Ho, mo npeanonoxenuto, b — yucno
B3aHMHO TNPOCTOE C @, CJIe0BaTebHO, He0OX0IMMO (M 10CTaTO4YHO), YTOOH
pasHocTh y — [ Haueno neausack Ha a. OG03HA4YMB LleJloe 4acTHOe OT
neneHdss y — 3 Ha a depe3 t (OHO MOMeT OblTb M [OJOMXKHTEJIbHBIM H
OTPHIIATE/BHBIM), TONYYHM:

% =t, ortkyna y= 3+ at.

y—0

[Moncrapasis B hopMysy ajst © 4HCI0 £ BMECTO APOOH , TOJIYYMM:

T =a— bt

Takum oBpasoM, Mbl HMeeM [J15 KOPHEH HeonpefenéHHOro ypaBHEHHS
OPMYJBI:
bopuy r=a-—b, y=p+at

JlaBast B sTHX opMynax f NMpPOM3BOJbHBIE LeJble 3HAYEHHS, TOJJOKH-
Te/MbHbIE H OTPHIATENbHBIE, MBI MOJNYYHM GecuHc/IeHHOe MHOXKECTBO 1e/bX
pelleHHH JaHHOTO HeompelenéHHOTO ypaBHeHMs. B uactHocTH, mpu t = 0
NOJYYHM pellleHHe T = a; y = (3, HalileHHOe HaMM YiKe paHee.

[TpucmaTpHBasicb K HaljeHHbIM (OpMyJaM, JIETKO 3aMeTHTb, YTO OHH
COCTABJIEHbI 110 CJIEAYIOLIEMY NPABHJIY:

1. TlepBbiM useHOM (opmyn sBAsSeTCs HaHIEHHOE 4YacTHOe 3HAuyeHHe
[IaHHOTO HEHM3BECTHOTO.

2. BropsiM usmeHoM (opMys SBJASETCS MPOW3BOJBHOE I€JA0€ YHCTIO t,
YMHOKEeHHOe Ha KO3({HIHEeHT NaHHOrO ypaBHeHWs, MPHUEM B (opmyJe
ast x Gepercst KO3(HUIHEHT NIPH ¥ B LaHHOM ypasHeHHMH, a B (opmyse
st y Gepérea koappUUHEeHT npH T.

3. Onun U3 koapduiHeHTOB GepeTcs ¢ 0OpaTHBIM 3HakoM. HeTpyaHo
BH/I€Tb, YTO COBEpPLIEHHO 0e3pasfHyHO, KOTOPbIH H3 KO3(M(MHIHEHTOB Mbl
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Oepem ¢ TeM Ke 3HAKOM, ¢ KAKHM OH CTOMT B YpaBHEHHH, H KOTOpLIH Gepem
c ofpaTHbBIM 3HaKoM. B camom nene, (opmyiisi:

t=oa—-b, y=4+at u z=a+bt, y=p8-at

OyILyT AaBaTh OJIHH H Te Ke PelleHHs; TOJIBKO Te PelieHHs, KOTOphIe OfHH
(hopMyJIBl [AI0T MPH TMOJOXKHUTENBHBIX 3HaueHHsAX t, Apyrve OyayT AaBaThb
NIPH PaBHBIX N0 aGCOJNIOTHOH BeJMYMHE OTPHIATE/bHBIX 3HAYEHHSX t.
[Mpumep. Hano ypasuenue: 3x + S5y = 26,
HenocpeacTseHHOH nojcTaHOBKOH yOex1aeMcs, YTO YpaBHEHHe Yy10BJle-
TBOpsieTcs 3HaueHusmMH x = 2 u y = 4. Torma Bce ocranbHble pelieHHs
HaHayTCes H3 hopmMyd:

r=24+56t, y=4-3t wm x=2-5¢ y=4+3t.

JlaBas B 3THX hopMmysax { NPOH3BOJIbHLIE LleJibie 3HAYeHHs, By1eM moJy-
YaTh pas/iMyHbIe 11€/0YHCAEHHBIE PeLIeHHs JaHHOTO YpaBHEeHHs. HaNpHMep,
B3siB nepsble (GopMyJibl, OyaeM UMeThb:

¢ o | 1| 2 3 | =1 | —2
z | 27| 12| 17| -=3] -8
y | 41| 2| 5|7 10

Ecnu 661 Mbl B3si1H BTOpLIE (hOPMYJIbI, TO T€ K€ PelIeHHs MoJay4YHIH Obl,
nasag t nocaeaoBatesibHO 3HaueHusa: 0, —1, =2, =3, 1, 2 u 1. 1.

Takum oOpasoM, 3ajada pelleHHsi B LEJbIX YHCJAAX HEeolNpere]EHHOro
ypaBHEHHS CBOIMTCH K HAXO0XIEHHID KAaKOro-Ju60 OJHOrO pelleHHs.

150. Cnoco6 noacraHoBkM. JLisi HaXO0MKAEHHS OJHOrO pelleHHs
HeonpeleEHHOTO YPaBHEHHsI MOMKHO T10/1b30BAThCS CJIEAYIOUMM CIoco50M.
IlycTbh naHo ypaBHeHHe:

ax + by = c.

OnpesiesIiM H3 HEro OHO M3 HEM3BECTHBIX B 3aBMCHUMOCTH OT APYroro
(nmyyure B3ATb TO, Y KOTOPOro KO(M(HIHEHT MeHblle Mo adcoMOTHOH
BesiHuuHe). [lycTs, Hanpumep, a < b. Toraa
c—by

—

Bynem pasath y nocnepoBarenbHo 3Hadenus: 0, 1, 2, 3, ..., noka
BRIDAXKEHHe ¢ — by He paszjienuTcs Haleno Ha a. JlonyeTum, 4to npu y = n
BblpaxkeHHe ¢ — bn denuTes Haleso Ha a M 1aéT B yacTHOM . Toraa:

r=m H y=n
H A4al0T OAHO pELLleHHe JAaHHOTrO ypaBHEHHH. B CdAMOM Jienie, Mbl HMEEM:
c—bn
a

[MocnenHee paBeHCTBO NOKA3bLIBAET, YTO HHC/A 71 H 70 YIOBJETBOPAIOT
JaHHOMY YypaBHEHHIO.

=m, HIH c—bn=am, am-+bn=c
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[Tpumep. Ilauo ypaBuenue: 7x — 4y = 2.
Onpenenny U3 ypaBHEHHS Y.
Tz — 2
"
JlaBasi & nocsieoBaresibHo 3Hadenusi: 0, 1, 2, ..., y6exkjaaemes, 4To npu
x = 2 BeipaxeHue 7x — 2 nenutcs Ha 4 W gaét B yacTHoMm 3. CriefoBarelib-
HO, MBI HMEEM OflHO pelleHHe:

dy=Tx -2, y=

r=2, y=3.
OcranbHble peleHHs HalayTesa no obulel hopmyae:
r=2+4+4t, y=3+Tt wmm r=2-4t y=3-Tt.

[Tpumeuanune, B Teopuu uucesn n0KasbiBaeTcs, 4TO €CJH @ U b —
ydcesaa B3aMMHO npoctele, To cpean uueen: 0, 1, 2, ..., (¢ — 1) Bcerna
HaHaéTcs OOHO YHCJO Y, MPH KOTOPOM BhIpaXkeHHe ¢ — by HeqHTCs Haleso
Ha a. [ToaTomy, 4yToObl M36exKaTh BOJLIIOrO YMCAA HCIBITAHUH, H PEKOMEH-
pyercst GpaTh B KauyecTse JejHTest MeHbIIHH (Mo aBconloTHOH BenHuuHe)
13 Ko3dunreHToB a u b.

151. YacTHsblit BUA HeompeaenéHHoro ypaBHeHus. Heonpepesén-
HOEe ypaBHEHHe JIerko pellaeTcs B 00lLeM BHAE, KOrAa OAHH H3 KO3(QHILH-
eHTOB NPH HEeH3BECTHLIX paBeH efHHHIe. [IycThb, HAMpHMep, paBeH eqHHHIE
KO3(p{pHLHeHT npH x. ByneM umeTs:

z+by=c
Onpegenum x:
T =c—by.

OueBHaHO, uTO JI0OOMY LENOMY 3HA4YeHHIO y OyIeT COOTBeTCTBOBATH
LeJs1oe ’Ke 3HauYeHHe T.
[Tpumep. [laHo ypasHeHue: bx +y = 18,
Haxopuwm:
y =18 — b.

JlaBasi © NpOK3BOJIbHBIE IE/BIE 3HAUEHHS, OYAEM COOTBETCTBEHHO MOJY-
4YaTb lieJible 3HAYEHHA OJ4 Y.

x 0 1 2 3 4 -1 —2

y 18 13 8 3 —2 23 28

152. OGwee pewenne HeompeaeaéHHoro ypaBHenus. [lokakem Ha
npuMepe cnocod pelleHHs HeonpeaeJEHHOro ypaBHeHHsA ¢ J1100bIMH KO3(-
tduumentamu. [lycts nano ypashenue:

23x + 53y = 109.
Onpesesum U3 3TOrO yPaBHEHHUS TO HEH3BECTHOE, Y KOTOPOro KO3((H-
IIHEHT MeHblle, B aHHOM cJydae T

109 — b3y
="



180 . 11. Heonpedeaéunvie ypasrenus

HJIH, HCKJYHB LEeNYI0 HYaCTb:
17— Ty
23 -
Hust Toro 4ToBbl & ObIIO LEABIM MPH Yy LEJ0M, HEOOXOAHMMO H [0CTa-

r=4-2y+

-7
TOYHO, HYTOOLI BbIpaxeHHe = ObLIO0 KaKHM- Hl-{ﬁy,!lh 1eJbIM YHCJIOM.

23
O6o3Ha4yuB nocnaegHee yepes t, GyaeM UMEThb:
% =4 wm 17—Ty=293t 23 +7y=17.
Ecau mbl Haligém asid y Wt Takde lleJble 3HAYeHHs, KOTOpbie YAOBJe-

17 - Ty
TBOPSAIOT yPaBHEHHIO

— = t, WM, 4TO TO Ke, YPABHEHHIO:

93t + 7y = 17,

TO TéM CaMbiM MBI HaHIEM COOTBETCTBYIOLLHE leJble 3Ha4YeHUud OJF T, H
Halla sajaua Gyznet pelwena. Takum oGpasoM, pelieHHe JaHHOTO YPABHEHHS
Mbl CBEJH K pellleHHI0 Apyroro, 6ojee NpocToro ypaBHeHHs, Y KOTOPOro
Koauyuernmol meroule, 4eM y JaHHOTO.
ITo oTHolIEHHIO K HOBOMY YPA4ABHEHHIO TMOCTyMNaeM TAKHM 2Ke oﬁpasoM.
Onpeneﬂﬁem H3 HEro y.
17 -23t g2

= =2-3t+ z

Jns Toro uto6el y OBIO 1EeNbIM, HEOOXOAHMMO H AOCTATOUHO, YTOOHI

3-2¢
T ObLIO eJablM YHCJOM. 0603HaIIHB 3TO YHCJIO Yepes t| " 6yj.{E:M HMETDL.

3-2t
7

[Mpu wenbix t W ¢, yIOB/IETBOPAIOIIHX NOCJAeIHEMY YpPaBHEHHIO, MEI
[OJIy4HM COOTBETCTBEHHO LeJlble 3Ha4eHHs AJd & H Y, YAOBJCTBOPSIOULHE
JAHHOMY YpPaBHEHHIO. C.TIEJ],OBaTEJ'leO‘ Hallla 3ajla4a CBeJlaCb K pelIeHHIo
nocJ/ieflHero ypaBHeHHs, Y KOTOporo Koa(QHiueHTs enl@ menblue, IMocty-
naem ¢ HHUM TaK Xe, KakK W npexae:

=t, wuam Tt +2t=3.

P NI .
T2
[IpHpaBHAB BbIpaKeHHe 1 E L esomy umcay to, nonyumum:
liTtl=t2, Wi 2to +t; = 1.

Mgl nonyuusnn ypaBHeHHe, B KOTOPOM KO3()(MULHEHT NpPU OJHOM U3
HEH3BECTHBIX PABEH eIHHHIE, a4 TAKHEe YPABHEHHH PellaTh Mbl YXKe yMeeM.
Peuus ero, noayunm:

t =1—2¢t.
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JlaBasi B 3TOM ypaBHEHHH MPOH3BOJLHBIE Le/ible 3HAa4YeHHs to, Oynem mno-
Jyuath uedasle 3Hadenus s t. [loacTaBass HalieHHbIe lle/ble 3HAYEHHUS
t) u to B BolpaxKeHHe agd t:

e F 1 -1
t=1-3t + 5

=1-— 3t +tq,
NOJIYYHM COOTBETCTBYIOLIHE lleable 3HaueHusa aas f. [logcraassa cooTser-
CTBYWIIHe Mapbl 3HadeHHH ¢ ¥ {] B BLIpaKeHHe I8 y:

3—2t

y=2-3t+ == =2-3t+1,

NOJYHHUM COOTBETCTBYIOLLHE llesble 3HaueHust aas y. Hakowel, nenas noj-
CTAHOBKY HAHJeHHbIX 3HAYEHHH A8 y W t B BblpaKeHWe AJd T
c=4-2y+ -V 4oy,
23
MOJYUYHUM COOTBETCTBYIOLLHE 1le/ible 3HAUeHUs /15 .
MoxxHo, o1HAKO, NPSAMO BLIPA3HTb T M i B 3aBHCHUMOCTH OT fo. Ilns
3TOrO MOACTABHM B Bblpa)KeHHe [Jifl T BMECTO T ero BblpaxkeHHe depes Tg:

t=1-3t1+ta =1-—3(1 — 2t3) + to,

HITH
t= -2+ Tty.
[ToncTaBuM Teneps B BblpakeHWe AJs Yy BMeCTO ¢ W ) MX BbIparKeHHs
yepes fq:
y=2—3t+1t =2—3(—2+ Tts) + (1 — 2ts),
HJIH

y =9 —23t.

HakoHell, noacTapass HalJeHHble 3HAYEHHUA y U | B BLIpaXKEHHE LU T,
NONYUHM!

z=4-2y+t=4—2(9—23)+ (-2 + Tts),

HJIH
= —16 + 53ts.

TakuM 06pa3oM, Mbl MONYUHAH AAA T U i GOPMYIbI:
x=—16+403ty, y=9-—23t.

ﬂaBaH B HHX NMPOW3BOJIbHbBIE 1leJble 3HAYeHHs /15 tQ. KaK TOJOXHUTENb-
Hbie, TaK H OTpH]_laTe.Ithh[e, ﬁy,ﬂeM nonyqarb OecyUucJieHHOe MHOXKeCTBO
]Z)ELUEHHﬁ JAHHOTO ypaBHEHI/Iﬂ; HEKOTOPHE H3 HUX NoOMellleHbl B cnenyimueﬁ
TadHLe:

to 0 1 2 -1 -2

T —16 37 90 —69 —122
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PaccmarpuBas onepaiiiu, KOTOpble NPOH3BOAHINCH Hal Kos(dHLIHeHTa-
MH JaHHOTO W CJeIYIOUIMX YPaBHEHHH, MOMXKHO 3aMeTHThb TaKYyI Nocaeno-
BaTENBHOCTD:

1. Boabwuii Ko3QQUIHMEHT NaHHOTO ypaBHeHMs D3 HeJHJH Ha MeHb-
wui 23, noayunau yactTHoe 2 M 0CTaTOK 7.

2. MenbuHii K03(h(HIIMEHT NAHHOTO ypaBHeHHs 23 nesMJd Ha ocTa-
TOK 7, NOJIy4HJ/IM HacTHOEe 3 U BTOPOH ocTaTok 2.

3. IlepBbiil ocTaToK 7 AWM HA BTOPOH OCTATOK 2, TOJYHYHJIW YacT-
HOoe 3 H TpeTHH ocTaTok 1.

JpyruMu cjoBaMM, Mbl MOCTYNAJIH TOYHO TAK, KaK ecad Gbl HAXOOMJIH
O0IIMH HAUOOMBLIKMH JennTelb KO3(D(OHUIIHEHTOB AAHHOTO YPaBHEHHSA.

Mbpl 3HaeM, 4To J1Ba B3aMMHO NPOCTLIX YHCJA UMEIOT 00LLMM HaHOOJb-
IIMM JeJuTeNeM efHHHLY. A Tak Kak B HeollpelesEHHOM YPaBHEHHH MbI
Bceraa npennoJaraeM Ko3(h(HIHEeHTbl NP HeH3BECTHLIX B3aUMHO IIPOCTbI-
MH, TO, TPOM3BEAS HAJ ypaBHEHHEM yKasaHHble BhIlle OMepalliu, Mbl Beeraa
npuaéM K TaKOMY YpaBHEHHIO, Y KOmMOopoeo Koagduyuenm npu OOHOM
u3 Heussecmuolx paser edunuye. TeM caMbiM Mbl HAXOLHM DeLUeHHs M
JaHHoro ypasHenus. OTciofa cieiyer:

Ecan koacdduumueHTsl NpH HEM3BECTHBIX HeONpeaeJéHHOT0 ypaBHeHHS —
YHCJa B3aMMHO MPOCThie, TO YpaBHeHHe BCeraa MMeeT HeJbie pelleHus.

153. Vnpowenue pewenus ypaBHeHus. MHorpa npu peiieHuH
Heomnpe/e/IEHHOTO YPaBHEHHS MOXKHO BHECTH HEKOTOpPbIE YMPOLLEHHS, T03-
BOJISIIOLLHE OBICTPee MPUHTH K peLIeHHIo.

1. Ecan ogun M3 K03(p(PMUMEHTOB NMpPH HEM3BECTHBIX W CBOOOAHBIH YjaeH
HMeT 00Ul MHOKHUTENb, TO HA Hero MOXHO COKPaTHThL 00e YacTH ypaBHe-
HUS, eCJIH HaJJIeXRauumM o0pa3oM BBeCTH HOBOE HEeHM3BECTHOE.

Mpumep 1. Hano ypaBuenue: 6z — Sy = 21.

Koagppuument 6 u cpoBoaHblit uieH UMelOT 0OLIMM MHOXHTeseM 3.
CrenoBaTesbHO, B UJieH DYy JOJKEH JeJHThCSA Ha 3, a TaK Kak D He JeJHTCS
Ha 3, TO HEM3BECTHOE Y HO/KHO ObiTh KpaTHbiM TpéM. [lonaras y = 3¢, rae
t — uesoe yucsa0, OynemMm HMeTb:

6x — 15t = 21,
HJIH, MO COKpALleHHH Ha 3
2z -5t ="T1.

Pewaem nocaennee YpPaBHEHHE!

1::7+T5f:3+2t+%:3+2t+t1;
%Ztll 2t —t=1; t=-—1+2¢.
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[Toncrasnisini HaleHHOE 3HAYEHHE B BbIPAXEHHS, NMOJYYEHHbIE AJs T W
y, BynemM MMeThb:

c=3+2(—142t) +t =1+ 5¢t;
y=3(—142t;) = -3 + 6¢;.

I[Tpumep 2. Jano ypasuenue: 9x + 14y = 105.
[Tonarasi y = 3t W cokpaulasi o0e 4acTH ypaBHeHHs Ha 3, MOJYUYHM:

3z + 14t = 35.

[Tonaras B 3ToM ypaBHeHHH = = 71; W coKpaulas ofe 4acTH ypaBHEHHS
Ha 7, noJayuum:

3t + 2t = 5.
Pemaem nocJ/jenHee ypaBHeHHE!:
53t . -t _ ’
t= 5= 2—t + 5= 2 —t) + to;
I_Q—tlzfg: 1 -t =2ty; t;=1-2ts.

[TpousBens mocnenoBaTesbHBE MOACTAHOBKH, MONYYHM:

t=2—(1—-2t)+to =1+ 3ty;
x =Tt =7(1 —2ty) =7 — 14ty;
y = 3t = 3(1 + 3tg) = 3 + 9to.

2. Ecaiu B MpUPaBHUBAEMOM LEJAOMY UYHCAY BhIPAMKEHMH YJEeHbI, HaXo-
AAMHEcs B YHCJAWTENe, UMEIT OOIMH MHOMKHTEN b, TO pelleHHe ypaBHeHHs
MOMKHO YIPOCTHTB.

[Tpumep 3. [laHo ypaBHenue: 12z + 17y = 41.
Peliaem ero 0THOCHTENBHO I

_ =17y 5 D=0y o -y
T=—15 =3-y+ 3 =3—y+5 TR
Jlns Toro utoGbl BhipaXkeHue 5 - % ObIJIO UEeJIbIM YHCJI0M, HeoOX0/1H-

l—y

MO H AOCTATOYHO, YTOObI OblI0 [LeJIbIM YHCJIOM.

[lpypaBHHBas 3TO Bhlpa)KeHHe LEJOMY YHCAY ¢, MOJTYHHM:
-y
12

CoOTBeTCTBEHHO noaydaem AJst x:

z=3—-(1-12t) + 5t =24 171.

t, 1l—y=12t; y=1- 12t

3. Ecau npu BbIAeSeHHH LEJ0i 4acTH OCTAaTOK OGyaer 0oJiee MOJIOBUHbI
JeJHTeNd, TO yI00HO BBECTH OTPHLATENbHBIH OCTATOK.
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[lpumep 4. Hauo ypaBuenue: 11z — 20y = 49.
PeliuM ero 0THOCHTENIBHO

I=4—9T1203’ 442+ 2 gyt

11
5112y=t; 5-92y—11t; 11t+2y=5;

5—11t
y:

:2—5t+%:2—5t+t1;
1% be [l $=1=9.

Hponssenﬂ NMOACTAHOBKH, MOJYYHM:

y=2-5(1 -2t +t; = -3+ 11¢;
.’E:4+2(—3+ llt1)+(1 —2t1)2—1+20t1.

Ecnu 6Bl pelranu navHoe ypaBHeHHe 0OBIUHBIM CMOCOO0OM, TO MOJYUHJIH
OBl pad I

r=4+y+ 5T19y.
¥ cJeayioliee ypaBHeHHe OblI0 Obl:
B Wb N D B

11

3to YpPAaBHEHHE CJIOKHEE YpABHEHHHA, NOJYYEHHOIO0 HaMH MPH TTOMOLILH
BBEICHHA OTPHLATE/NbHOIO OCTATKa:

11t + 2y = 5.

[Mpumep 5. Iano ypasuenue: ldx + 28y = 59.
Pelaem ypaBHeHHe OTHOCHTEJIBHO X, BBOIS OTPHLIATE/bHbIE OCTATKH:

o 59-28y o —1+2% :
v = =4 -2+ B =4-2y+t
—IIEQyzt; —1+2y=15t; 2y—15t=1;
1’"
y:1+2°t:7t+%=7t+t1:
1+t

5 =t; 1+t=2; t=-—1+2¢.

Jenasi noaCTAHOBKH, MOJMYYHM:

y=7(—l +2f1)+t; = —7 + 15ty;
z=4-2(-74+15) + (-1 + 2¢;) = 17 — 28¢,.

[TonpoGoBap pelinTh NpuBenéHHbIE B MPUMepax HACTOSILLErO naparpa-
tha ypaBHeHusi OObIYHBIM NyTEM, Jerko ybenammes, 4to Ge3 NpUMeHeHHs
YK43aHHBIX YNPOLICHHH BCe OHH MoTpeboBaH Obl 115 pelleHHs O0JbLIero
4yHC/a onepalHi.
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154. IonoxutenbHble pemeHus. Kak y:ke roBopHJIOCH paHee, 4acTo
M3 BCeX HalJeHHBIX pellleHWH HeonpeaeNéHHOTro ypaBHEHHS HYKHO B3fTh
JULIb Te, KOTOpble [IAKT ONHOBPEMEHHO MOJIOXKHTEJbHbIE 3HAUEHHS IS T
v y. Haiins o6uwime dopmyabl s z Uy, MOXKHO Cpasy ONpeesHThb, NpH
KAKHX 3HAYEHHSX MPOH3BOJLHOTO MHOXKHTENS OYAYT MOJY4YaThCsl [EJbie H
NOJIOXKHTENbHEIE 3HAYEHHS T H 1.

B camom nese, Bo3bMEM (opMyJIbL:

r=a+bt; y=p3—at

JLnisi Toro uToBbl T My GLIIH TONOXKUTEJIBHEIMU, HEOOX0NUMO OpaTh /s
t TONbKO TaKHe 3HAYeHMd, NPH KOTOPbIX:

a+bt >0, G—at>0.

Byzem cyuTaTh @ YHCJIOM MONOKHTENbHBIM, (DTO Mbl BCeraa uMeeM npa-
BO MPENONOKHTh, TAK KAK B MPOTHBHOM CJIyuae Mbl MOIJIH OBl 00e 4acTH
ypaBHeHHsl YMHOXKHTb HAa —1.) Toraa MOryT BCTPETHTBCS TPH Pas3/HYHBIX
caryyast.

1. Ofa Hepasencmea 00UHAKOBO20 CMbLCAG. DTO CAYUYHUTCH, Korna b —
4MCJI0 OTpHIlaTeIbHOE. B caMoMm aiesie, nosb3ysich cBOHCTBAMM HEPABEHCTBA,
OynemM HMeTb:

bt > —a; at < 3
o 6]
i< —= I<-—.
b a
B 3TOM caiyuae ypaBHeHHe fonycKaeT HecuHc/eHHOe MHOMKECTBO LleJbiX
TMOJIOXKHUTENbHBIX pEUJEHHI:'L
B camom gesie, nycTb Mbl NOJYYHIH, YTO
7 3

t<§; t<—]g

3
OI{EBHLLHO, YTO BCAKOE€ YHCJO, MEHblIee —]5, YIAOBJIETBOPAET 000HUM

HepaseHcTBaM. CreoBaTesbHO, MUl ¢ MOXHO B3Th J000e LeJ0e YHCJIO,
MeHbIee — 1.
BoseMmém apyro# cayva#:
7 1
> 5 t> 35.
1
OueBuaHO, 4TO, B35B 1715 T M1060€ Lies10e YUCII0, Godbluee 3, Mbl OyneM
NOJIY4aTh LeJble W MOJOXKHTe/NbHble 3HAYeHUs LI T H Y. 4
[MMpumep 1. 3z —5y=11.
Peumnm 370 ypaBHeHwHe:

1145y
=3

troy-F¥oaroy-n Vot 14y=34

—143t; z=4+2(-1+3t)—t=2+5t

Yy
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MU.L&M NOJIOXKHTEJNbHbIE DELUeHHS!
—1+3t>0;, 2+5t>0,

HJIH
1 2
>z B> =%

1
Basig paist t moGoe uesioe yncno, donbliee 3 (va1m, 9TO TO XKe, Gosblee

HyJ14), Mbl OyJeM MoJaydaTb GEeCYHCAEHHOE MHOXKECTBO Map MOJOKHTeNbHBIX
3HAYeHHH T M Y, YILOBJETBOPAIOUINX AaHHOMY YPaBHEHHIO.
[Tpumep 2. 8z — 3y = —13.
Pemaem ypasHenue:
l—z

y= 13;833 =443z + 3 =4+ 3z +t;

=t l—x=3t xz=1-3t y=7-8t

-2z
3

Hiem nonourtesbHbIe peuIeHHts:

| -3t>0;, 7-8t>0,

HJIH . t<z
] 2 8-

QI —

t <

JlioGoe 1enoe 3HadeHue t, MeHblliee % (r.e. 0, —1, =2, ...), naér uensie
H NOJO2KHUTEJIbHbIEe 3HAYEHHUA NJs T H Y.

2. Hepaseucmsa npomuBoOnoOAONMHOCO CMbLCAA, npuué',u OHU npomii-
gopewam o0Ho dpyeomy. llycTb, HanpuMep, MBI TMOJYYHIH CJAeAVIONIHE
HepaBeHCTBA:

t < L b 11
8’ 3

OueBHIHO, YTO HE CYLIECTBYeT TaKHX 3Ha4yeHHH t, KOTOpble OIHOBpe-
MEHHO YLOBJETBOPA/IH Gbl 060HM HepaBeHCTBaM. B 3ToM ciyuyae ypaBHeHHe
HE€ MOXKeT HMeTb MNOJOXHTEeJbHbIX peU.IEHHﬁ.

Mpumep 3. 4z 45y = —7.

Pewas sto ypaBHeHHe, NOSYUHM:

x=—-3+5t y=1-—4t.

Orcrona:
-3+5t>0; 1—-4t>0,
HJIH
3 1
t > 5, t < 4—

HepasencTsa npotHBopeyar Apyr Apyry: ypaBHEHHe He HMEeT NOJIOKH-
TeJIbHBIX pelleHHH.
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3. Hepasencmea npomusononioimHozo cMblCAa, NPUUEM OHU He Npo-
musopeuam odpye dpyey. IlycTsb, HANPUMEpP, MBI MOJAYUYH/IH HEPABEHCTBA:

1 3
. = TS
t>47, t < y

1

3
Bce uesble 3HayeHHs t, 3aKJ/0OHA0IIHECT MEXIY 4-7; U 71, T.e. 5, 6

W 7, 1anyT LJsS & U Yy MOJOXKHTE bHble pelleHus. Takum oOpasoM, B 3TOM
cayudae:

ypaBHemle HMeeT CTOJNIBKO LeJblIX MOJOXKHUTEJNbHBIX pEI.IIEHHl‘&, CHKOJIBKO
LeJbIX YHCeJ 3aKNHYEeHO MeXay HalJe HHBIMHU npeapeJaMmu aas t.

3amMeTHMm, uYTO, B YAaCTHOCTH, YPABHEHHE H 3[€Ch MOMKET He HMETb
NOJIOXHTENbHBIX PelleHri. JT0 OydeT TOraa, KOrga MeXay HaWIeHHbIMH
npenesaMu Jisi £ He CONEPXKUTCA HH ONHOro liejoro uuena. Hanpuwmep,
NyCTh Mbl NOJNYYH/IH HEPAaBEHCTBA:

1 7
t>li’ t<l§.

7
Hepasenctsa He npoTHBOpeYaT ApPYr APYTY, HO MEXKILY l% H lg He

HAaXOIMTCA HHU OTHOTO LIEJOr0 YHC/AA. YPABHEHHE He HMEeT LEeJbIX MONOKH-
TeJbHLIX peLleHHH.

[Tpumep 4. 3z + 7y = 55.

PelaeM ypasHeHHe:

e=2 W _1ggy+ LYo 18-2y 4+,
y=1-3t, x==16+Tt.
OrTciona:
1 -3t>0; 16+7t>0,
HJH
1. 72
t<§, t > 27.

OueBUaHO, A4 t MOMHO B3ATh JHLWIL 3Hadenusa: 0, —1, —2.
[TonyuaeM Tpu pelieHusi ypaBHEHHS:

t 0 -1 -2
x 16 9 2
Y 1 4 7

[Ipumep 5. bxr +4y = 3.
Pelas ypagHeHHe, [OJYYHM:

r=—1+4t;, y=2-5t

Orciona:

£<Z,

1
t> -
4’ D
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2
Hepagencrsa He npoTHBOpeYar ApyT APYyry; HO MeX1y 3 M g HeT Leabix
yuces. YpaBHeHHe He HMeeT lIe/IblX MOJOXKHTEeNbHbIX pellieHuH.

Ynpasxcrenus.

PelinTh B LIEJbIX MOJOMKHTENbHBIX YHCAAX YPABHEHHS:

252. 3z + 2y = 10; 7z + 5y = 1567, bz — 11y = 17; 8z + 11y = 13.

253. 7x + 9y = 35; 156z + 28y = 185.

254. Pasnoxuth udeso 100 Ha TakHe [Ba MOJOKHTEIbHBIX UHCIA, YTOOLI OJHO
U3 HHUX JleJIHJI0Ch Ha 7, a apyroe Ha 11.

255. 118 HACTHAKH noJa WHPHHOH B 3 M MMelTcs AOCKH WHpHHOH B 11 cM
1 13 cm. CKOBKO HYXKHO B3ATh J0COK TOTO H APYroro pasmepar

256. Jlnsi cCHIMKH PXKH HMEITCH MELIKH ABYX Pa3MepoB: MELIOK OJHOro pas-
mepa Bmelaer 60 kr, apyroro 80 kr. CKOMbKO HYMHO B3ATb TeX H APYTHX, UT0GbI
ceainath 440 Kr pxu ¥ 4T0GB He GbIJIO HEMOJHBIX MELIKOB?

257. Haiiti o6GlIHi BHA 4yMces, KOTOPbIE NPH IeJNeHHH Ha 7 JaloT B ocTaTKe 3,
a npu gejeHnu Ha 11 maiot B octatke 4.



[nasa 12
COEAMHEHUA U BUHOM HBKOTOHA

I. Coequnenus

155. Onpenenendue. PaznuuHble rpynnbl, COCTABJAEHHbIE W3 KAKHX-
Aubo TpesMeTOB M OTAMYAIONHeCs OfHA OT JPYroH HJH TOPSAKOM 3THX
NpeiMeTOB, HJH CaMHMM [peiMeTaMH, HasblBalTcs BooOlle coedure-
HUAMU.

Ecou, nanpumep, w3 10 pasauunsix uudgp: 0, 1, 2, 3, ..., 9 Oygem
COCTABMATL TPYTIBI MO HECKOMBKY LHMP B Ka)KA0H, HampHMep, Takue: 123,
312, 8056, 5630, 42 u T.1., To OyaeM NoJay4aThb pasjMuHBIE COELMHEHHs
H3 3THX uMdp. M3 Hux HekoTopwie, Hanpumep, 123 u 312, pasnuuaiorcs
TOJIBKO MOPSIIKOM MPeAMeToB; Apyrie xe, Hanpumep, 8056 u 312, pasusrtes
BXONSIIAMH B HHX MPEIAMETaMH (M [aXKe YHCJIOM MPeaMeTOoB).

[Ipenmers!, M3 KOTOPLIX COCTaBJSIOTCS COEJMHEHMS, Ha3blBAlOTCS 3de-
menmamu. dneMeHTsl Gynem o603HauaTh OYKBaMH a, b, ¢, ...

CoennHenns MoryT ObiThb TPEX POMOB: pasMellleHHs, MepecTAHOBKH H
coueTaHusl. PaccMOTpUM MX OTAENBHO.

156. Pasmemenus. [lycTb uncso npenmeToB, H3 KOTOPLIX Mbl COCTAB-
JsieM pasJiMuHble COelMHeHHs, paBHO TPEM (Hanpumep, 3 KapThl); o603Ha-
YHM 3TH [peaMeTsl @, b U ¢. M3 HHX MOMKHO COCTABHTbL COEJMHEHHS M0
OJLHOMY::

a, b, c

no aBa:
ab, ac, be, ba, ca, eb;

no TpH:
abe, ach, bac, bea, cab, cba.

BosbMméM M3 3THUX coefHHeHHH coequHeHHs 1o 2. OHM oOTAHYalTCH
OfHO OT Apyroro Judo mpeaMeTaMu, Hanpumep, ab u ac, 1u60 NopsAKOM
npeaMeToB, HaNnpumep, (Ib H b(l, HO YHCJA0 NpeaAMeTOB B HHX OAHO H TO XKe.
Takue CO€NMHEHUA HA3bIBAKTCH DASMELEHUAMU U3 mpé'x 3NeMEHMOB NO
osa.

Pasmewjenuamu w3 m 30eMeHmos 1o n HA3LBAOMCA maxkue co-
eduHenus, U3 KOmopulx Kaxcdoe coOepicum n INeMenmos, 834mbvlx U3
JaHHbLX T IAEMERMOE, U KOMOPble OMAUYAIOMCS 00HO om 0pyeo2o uau
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INEMEHMAMU, UAU NOPAOKOM 3AeMeHmOos (3HA4YuT, NMpearnosaraercs, 4To
n < m). Tak, HanucaHHble BbIle COeIHWHEHHS MO 3 GyAyT pa3MellieHHs
H3 TPEX AeMEHTOB MO 3 (pasjHyaloTesi TOMLKO MOPSALKOM), COENHHEHHS
no 2 OyayT pasMellleHHs H3 TPEX 3JeMeHTOB no 2 (pasjHyalTCs HJIH
npeaMeTaMH, HJIH MOpsIiKOM).

Pazmeltienust W3 JaHHLIX 1 3JIEMEHTOB MOTYT ObiTh 1o 1, mo 2, mo 3, ...
M, HaKoHeL, 1o m.

OnpepenuM 4UCI0 BCEBO3MOMHBIX pa3MellleHHE, KOTOPble MOMHO CcoCTa-
BHTb M3 171 3JIEMEeHTOB M0 7, He COCTaB/sAA caMHUX pasMelteHuid. Yueao sto
npuHsTo obo3Ha4ath Tak: A" (3mech A ecTh HavanbHasg GykBa paHuUy3-
CKOro c¢jioBa arrangement, 4To 3HaYUT «pasmelierues). Urobwbl HaiiTh
3TO YHCJO0, PACCMOTPHM MPHEM, MOCPEACTBOM KOTOPOTO MOXKHO COCTABAATH
BCEBO3MOXKHbBIE pa3MelleHHs.

[lycte Ham paHo m 3JemeHTOB: a, b, ¢, ..., k, [. CHayana coctaBuM
W3 HUX Bce pasmeuleHusi no 1. Hx, oueBupHo, Gymet m. 3Hauur, A?'n =
= m. Tenepp cocTaBuM Bce pasmerleHus mo 2. Jlas 3Toro K KaxJIoMy
H3 paHee COCTaBJIEHHbIX pa3MelleHHH 1o | NPHCTABHM NOCJEeN0BATENbHO
Bce ocraswirecs (m — 1) snementoB no 1. Tak, K ssemMeHTy a npucTaBUM
nocJ/e10BaTeNIbHO OCTaBLIMecs 3JaeMeHTe: b, ¢, ..., k, [, K 3snemeHty b
TIPHCTABHM TIOCJIEN0BATENBHO OCTABIIHECH 3JEMeHTH a, ¢, ..., k, | 1 T. 1.
Torna nonyuum caenylouiye pasmeletus no 2:

1 paswmeruenuit)

3
\

ab, ac, ad, ..., ak, al;

< |ba, be, bd, ..., bk, bl; (m —1 pasmewennii)
g ca, cb, ed, ..., ck, cl; (m — 1 pasmenienuii)
" ta, b, le, ..., Uk (m — 1 pasmeulenHii).

Tak kak BCex 3/1eMeHTOB 1M, TO M3 KaXX[0r0 pasMelleHHs M0 OfHOMY
3J1eMeHTy Mbl monydum (m — 1) pasmeuienuit mo 2, a Bcero ux Oyzer
(m — 1)m. OueBHIHO, YTO APYTHX pa3MellleHHil Mo 2 ObITh He MOMKET.
3HauuT:

AQ

o= (m—1)m.

Yro6bl cocTaBUTh Telepb pasMellleHHs no 3, GepéM Kax10e U3 COCTaB-
JIEHHBIX ceiyac pasMelleHHH N0 2 U NIPHCTAB/AEM K HEMY NOC/EL0BATENbHO
no OfNHOMY Bce (m — 2) ocTaBUIMXCs 3JeMeHTOB. Torna noaydumm cjenyio-
LHe pa3MeLleHHs Mo 3:

abe, abd, ..., abk, abl; (m — 2 pasmenulenuii)
ach, acd, ..., ack, acl; (m —2 paameleHui)

lka, kb, ..., ... ... (m — 2 pasmeleHu#).

m(m—1) cTpox
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Tak kak uucso Beex pasmerenui no 2 pasHo m(m — 1) U U3 KamAOTO
nosydaercst (m — 2) pasMemeHui no 3, ToO BCeX TAKHX pa3MelleHWH oKa-
KeTes:

(m —2)[m(m — 1)] =m(m — 1)(m — 2).

Takum o6pasom: _
A3 =m(m—1)(m—2).

[oxo6HO 3TOMY MOTyYHM:
A = m(m — 1)(m - 2)(m - 3);
A2 =m(m — 1)(m — 2)(m — 3)(m — 4);

m

H BooO1Ie:
Ar =m(m—1)(m—2)...[m—(n—1)]

Takosa (opmyna yucaa pasMelleHHi; eé MOXKHO BbICKa3aTh Tak:

Yucao BCeBO3MOMHBIX paameme}mffl H3 1M 3JIEMEHTOB IO 12 PaBHO NIPpOH3-
BeJeHHUI0 N Nocaea0BaTe/IbHbIX LIeJbIX YHCeJ], H3 KOTOPbIX foJblee eCThb 111

Taxkum obpaszom:
A}=4-3=12, A}=4-3.2=24;, A}=8.7-6.5=1680 u T.n.

157. 3apaun. 1) B knacce 10 yueGHBIX mpeiMeTOB W O pPAa3HBIX
YPOKOB B jieHb. CKOJbKHMH criocofamMM MOTYT OBITb pacrpejeseHbl YPOKH
B JIeHb?

BceBo3moxkHbIe pacnipenesieHHst YPOKOB B [eHb MPeACTaBAAIOT COOOiH,
OYEBHJIHO, BCEBO3MOXHbBIE pa3MellleH sl U3 JIeCSTH JeMEHTOB 110 B; N03To-
My Bcex cnoco0oB pacrpeesieHns A0JXKHO OblTb:

A}y =10-9-8.7-6 = 30240.

2) CkoJbKO MOKHO 00pasoBaTh IeJbIX UYHCe/, H3 KOTOPBIX KaxKioe
BbIPaxaoch Obl TPEMS PASAUMHbIMU 3HAUAUML UHDpaMu?

Hckomoe uheno ecTb Yo pasMmelleHdd U3 9 3Havauux uudgp no 3;
cJe10BaTeNbHO, OHO paBHO 9 -8 - 7 = 504.

3) CkoabKO MOXKHO 06pa3oBaTh IeJbIX UHCEI, W3 KOTOPBIX Kaioe
H300paxanock Gbl TpeMsl pasauyHbimy LHppaMu?

M3 10 uudp: 0, 1, 2, 3, ..., 9 MOMHO COCTABUTbL pa3MELUEHHH Mo TpH
10-9-8 = 720; HO W3 3TOro YHC/A HAAO MCKJIOUHTH YHC/IO TeX pa3sme-
ueHu# no 3, xotopele HauuHalotes ¢ uupsl 0. Takux pasmeulenuii Gyper
CTOJBKO, CKOJIBKO MOXKHO COCTABHTbH pasMmelleHHid no 2 W3 9 3Hayauiux
uudp, 1.e. 9-8 = 72; caepoparennHo, Hekomoe uncao 720 — 72 = 648.

158. Ilepectanoeku. Ecoiu pasellieHHs M3 m 3J€MEHTOB B3SITBI 110
m (T.e. pa3nHUAIOTCA TOJABKO MOPSIAKOM 3J1€MEHTOB), TO TAKHE pa3MelleHHs
HasbiBaloTes nepecmanoskamu. Hanpumep, nepecTaHoBKH M3 JBYX 3Jle-
MeHTOB a, b OyayT pasmeleHuss U3 2 no 2, T1.e. ab W ba, nepecTaHOBKH M3
TPEX 2JIeMeHTOB a, b, ¢ OyayT pasmeuleHust U3 3 no 3, T1.e. abe, ach, bac,
bca, cab, cba u T. 1.
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Yucno BceBO3MOXKHbLIX MEPecTaHOBOK H3 1 3JeMeHTOB 0003HauaeTcs
P,, (3necs P ecTb HauanbHasi GykBa (paHily3ckoro cioBa permuta-
tion, 4TO 3HAYMT «MePeCcTaHOBKA»).

Tak kak nepecTaHOBKH H3 1 3JIEMEHTOB — 3TO PasMellleHHsl H3 m 1o
m, To (hopMy/aa 4Mcaa NepecTaHOBOK OyaeT Takas:

Ppn=A"=m(m—-1)(m-2)-...-3-2.-1=1-2-3-...-(m—1)m.

Yucao BCeBO3MOMKHBIX nepecTaHOBOK M3 1 3JIEMEHTOB pPaBHO NpoH3Bee-
HHIO HATYpaJbHBIX YHCEJ OT 1 1o m.

159. 3apaun. 1) CKOJBKO AEBATH3HAYHBIX YHCEJ MOMHO HAMHCaTh
NEBATBIO PA3HBLIMH 3HAYallMMH LHppamMu’?
Hckomoe ymeso ecthb

Py=1-2-3-4.5-6-7-8.9=362880.

2) CKOMbKHUMH Croco0aMH MOXKHO PasMecTHTh 12 JHIL 3a CTOJOM, Ha
KOTOpOM nocTtasJeHo 12 npubopos?
Ywuceao cnoco6os paBHO:

1-2-3-...-12 =479001 600.

3ameuanwue. [Ipoussenenue HaTypanbHLIX YHcea OT 1 10 m BKJIIOUH-
TesibHO (0003HaYaeTCsl COKPAIEHHO Tak: m!) pacTéT upe3BbiYaiHO OGHICTPO
¢ BospacTanueM m; Tax, npu m = 12 oo naér 479001 600, a mpu m = 100
OHO BblpaKaeTcs yucoM, Tpedyioiikm 158 undp ais coero UsotpaeHus,

160. Coueranus. Ecau M3 Bcex pasMmellleHHi, KOTOpbie MOXHO CO-
CTABHTL M3 11 JIEMEHTOB [0 71, Mbl OTOEPEM TOJBLKO Te, KOTOPLIE€ OJHO
OT JAPYroro pasHAaTcs MO KpaWHeH Mepe OAHHM 3JE€MEHTOM, TO MOJYyYHUM
COelHHEHHA, KOTOPLIE HA3LIBAIOTCHA COYEMAHUAMU.

Hanpumep, U3 ueThipéx 371eMeHTOB a, b, ¢ ¥ d couetanus no 3 6yayT:

abe, abd, acd, bed.

Ecnu B kaxaoM M3 3THX codeTaHWH clenaeM BCEBO3MOMHbLIE MepecTa-
HOBKH, TO TNOJYYHUM BCEBO3MOMKHBIE pa3MellleHHs M3 4eThIpEX 3JeMeHTOB
no 3:

abe | abd | acd | bed
ach | adb | ade | bdc
bac | bad | cad | cbd
bea | bda | cda | cdb
cab | dab | dac | dbe
cha | dba | deca | deb

Yuesno TakuxX pasMellleHMH paBHo, odeBHAHO, 6 -4 = 24. Takum o6-
Pa30M, YHCJAO BCEeX pa3MElleHHH H3 m 3JEMEHTOB [0 7 PABHO YHCJY
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BCEX COYETaHWH W3 1 3JeMEHTOB N0 71, YMHOXKEHHOMY Ha YHCJO BCEX
nepecTaHOBOK, KAKHE MOXKHO ClesaTh M3 71 3JeMeHTOB, T.e.
n 7’?
A Cm Ty
rae C)' o3HayaeT 4Hca0 Bcex codeTaHWd M3 m no n (€' ecTb HadanbHas
OyKBa (ppaHIly3CKOro cjoBa combinaison, 4To 3HAYUT «coUYeTaHHE»).
Orciona BLIBOIHM CJIEYIOULYIO q)opMyﬂy Yyucsaa coyeTaHHH:

cno— Am _ m(m—1)(m -2 [mf(nf l)]
" Pa L 23
Hanpuwmep:
o 4-3 3_4-3-2
07]-276. 0471_2.3 4 wu T
[Mpumeps.

1) M3 10 kaHaupaToB Ha OOHY M Ty e MOJ/KHOCTb JOJDKHLL ObITh
BbiOpatbl Tpoe. CKOMbKO MOMeT OblITh PasHbIX CJydaes Bbibopa?
Hckomoe umcno, o4eBHIHO, COCTABJSET YHC/IO BCEBO3MOXKHBIX COYeTa-
HHUH H3 [IeCATH 3JIEMEHTOB 10 3, T.e.
10-9-8
Ch = = 120.
W=T9F
2) CkonbkuMH criocoGaMu MOXHO BuGpath 13 Kapt u3 kosoabl B 52
KapThl?
Hckomoe yueno nmpeacraiser co0oH 4ueao codeTaHud w3 52 no 13,

T.e 13 52.51.50-
@ 142,518
161. Hdpyroit Bua c¢opmyiasl yucaa coueranui. Dopmyny uucaa
COYETAHMI MOXKHO MPHBECTH K APYTOMY BHIY, €CJIH YMHOKHM YHCJHTENb H
3HaMeHaTeNb eé Ha mpousBefeHde | -2-3-...- (m —n); Toraa B ykcaUTEE
NoJy4uM npousseserue m - (m—1) [m— n—1)]-1-2-3....- (m—n),
KOTOpOe, MepecTaBHB COMHOKHMTENH, MOKHO HANHCATb TaK:

1-2.3-...-(m=n)m—-(n—-1)]-...-m.

0 _ 635013559 600.

CJuenoBaTebHO:
cr o 1:2.3-...-(m—1)m B P
W G i ne L2+ B el =) Pa P

162. CsoiicTBO coueTaHHH. 3aMeHHMB B 3TOH (opMmyne n Ha m — n,
NOJYYHM:

1-2.3-...-(m—Dm . Py
1-2‘3-...-(mmn)ilo2-3-...‘n_ Py vl

m-n __
Cm -

7 A.TI. Kucenes



194 Ta. 12, Coedurenusn u ounom Heromona

CpaBHuBasi 3Ty (OpPMYaY € MpeablayIleH, HAXOMHUM:

G =G

K 3TOMy BBIBOJLY NPHBOAHT H TAKOE MPOCTOE PACCYKAEHHE: eCJIH H3 M
JIEMEHTOB OTéepéM KaKHe-HHﬁyﬂb T 3JIeMeHTOB, yToObl COCTABHTb M3 HHUX
OAHO CcoYeTaHHe, TO COBOKYNHOCTbL OCTABLIKMXCHA 3JEMEHTOB COCTABHT OAHO
coueTaHue H3 m — 1 3JeMeHTOB. |akKum OépHSOM, KaXJI0My CO4YeTaHHIO
U3 71 9JE€MEHTOB COOTBETCTBYET OJHO COYETAHHE H3 1 — 7. 3JEMEHTOB, H

Haoﬁopm‘; 3HAYHT!
T m-—-n
G ==,

ATO COOTHOIIEHHE TTIO3BOJAET YOPOCTHTL HAX0XKAEHHE 1YHCIa coyeTaHHH

H3 ™ 3JIEMEHTOB 110 7, KOIrAda 7@ NMPEeBOCXOAHT §m Hanpnmep:

: 100 - 99 - 98
C?go = C[}D{] — W == 161 70’0.

Ynpaxcnenus.

258. 5 yueHHKOB JOJKHBI CHIeTh HA OfHOH ckameiike. CKONbKO MOXeT OblTh
pasfHYHBIX pacrpenesieHHil HX Ha 3TOH cKameHke?

259. CxosbKo 4eTbIPEX3HAUHbIX 4YHCeJ MOXKHO oOpasosate M3 uubp 0, 1, 2, 3?

Yxkasanue. M3 uucna BceBO3MOKHBIX MepecTaHOBOK H3 4 LU(pP Hallo BhUECThb
YHCJIO MepecTaHOBOK, HauuHatoluxes uudpoi 0.

260. TlonoxeHue MIOCKOCTH B TMPOCTPAHCTBE OMpeAeNseTcs 3 TOUKaMH, He
JieXKallHMH Ha ofHOH npsiMoii. CKOJIBKO Pa3/IMUHBIX MJOCKOCTEH MOMHO NMPOBECTH
yepes: 1) 4 touxu; 2) 7 Touek; 3) 10 Touek; 4) n Touek, ecaH HHKaKue 3 TOYKH He
JIeXKar Ha Of[HOH NpAMOH W HMKaKHe 4 TOUKH He JIeXaT Ha OJHOH NJIOCKOCTH?

261. Hexto BhiHMMaeT Hayjaady 4 kapThl M3 koJoibl B 32 kapThl. CKOMbKO
Pa3/HYHbLIX CJAy4aeB MPH TOM MOKeT ObITh?

262. CKo/bKO NepecTaHoBOK MOXHO caenatb M3 uugp 1, 2, 3, 4, 5, 6, HauuHa-
toluxes ¢ LHGps 47 ¢ undp 457 ¢ undgp 4562

263. B rpynne 32 yueHuxa; H3 HUX 6 uesJoBeK Haj0 NOCAAMTb Ha MepBYIO
ckameiiky. CKOJIBKO BCeX CJydyaeB MOeT ObiTh, ecau He o0palllaTh BHHMaHHA Ha
NOPSLOK, B KOTOPOM YUEHMKH CHIST Ha CKaMefike, a TObKO HA (DaMHIHH MX?

I1I. Buuom Herotona

163. IlponsBenenne OMHOMOB, OTIMYAIOIIMXCH TOJIBKO BTOPBIMH
ywieHaMi. OOBIKHOBEHHEIM YMHOXXEHHEM HAXOIHM!

(z + a)(z + b) = 2% + ax + bx + ab = 22 + (a + b)x + ab;
(z+a)(x+b)(z+c)=[z>+ (a+ bz +abl(z+c) =
=2 + (a + b)a® + abz + ca® + (ac + be)x + abe =
=2 + (a+ b+ c)x? + (ab + ac + be)x + abe.
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[Tono6uo 3ToMy HaHgéM:

(x+a)(z+b)(z+c)(x+d) =2"+ (a+b+ec+d)a’+
+ (ab+ ac + ad + be + bd + cd)z® + (abe + abd + acd + bed)x + abed.

Paccmarpusasi 3TH npou3BeneHUs, 3aMeyaeM, YTO BCE OHH COCTABJEHHI
N0 OLHOMY M TOMY K€ 3aKOHY, 4 HMEeHHO:

[TponsBeneHye CcOCTABASET MHOIOYJEH, PACTOJNOXKEHHBIH Mo yObiBaKo-
L[HM CTeneHsAM OYKBH T.

[ToxasaTesb MepBOro 4jeHa paBeH YHCIY MepeMHOMaeMbiXx OMHOMOB;
noKasatesiv MpH B CAEAYIONMX yJeHax ybwiBaloT Ha 1; nocnaeaHui yneH
HEe CONEepIKHT T (COLepPKHT ero B HyJNeBOH CTeNeHH).

Kosgpduuuent nepsoro ujeHa ecTb 1; Ko3(QQHIHEHT BTOPOro HjeHa
eCTh CyMMa BCEX BTOPBIX UJEHOB MepeMHOMKAeMbIX OUHOMOB; KO3(duimueHT
TPeThero ujeHa ecTh CyMMa BCeX MPOM3BeleHHH BTOPBIX 4JeHOB, B3ATHIX
no ABa; Ko3(pHIHeHT 4eTBEPTOro uJeHa ecTh CYMMa BCeX MPOM3BeJeHHH
BTOPLIX YJIEHOB, B3AITEIX 110 TPH. [TocaeHHid yieH ecTh NpoH3BeleHHe BCex
BTODbIX Y4JIEHOB.

Jloxax<eM, 4TO 3TOT 3aKOH NPHMEHHM K NPOH3BENEHHI0 KAKOTO YTOOHO
ydesia GuHomoB. [lais sToro npeaBapHTenbHO yOELHMCS, UTO eCJIH OH BepeH
AJil TIPOH3BeJIeHHs M OHHOMOB!

(z+a)(z+b)(z+c)..(x+Ek),

TO MPH TOM NPEANONOMKEHHH OyneT BepeH W Aas npousseneHds (m + 1)

OMHOMOB:
(x+a)(z+b)(z+c)...(z+ k)(z+1).

HTaK, AOIMYCTHM, YTO BEPHO CJEeAYIOUlee PaBEHCTBO!
(z+a)z+b)(z+e)...(x+k)=2™+ S12™ ' + Sox™ 2 + ... + Sy,
rae AJad KpaTKOCTH MBI MOJIOZKHM:

=a+b+tc+...+itk;
So =ab+ac+ ... +ik;
S3; = abe 4+ abd + ... ;

L2
|

YmHOKHM 006 yacTH LOMYLIEHHOrO paBeHcTBa Ha OuHOM x + [

(x+a)(z+b)...(z+k)(z+1])=
=(z™+ 81 2™  + Soz™ 2 4. 4+ Sp)(z + 1) =
=z L Ga" + S 4+ S+ I IS .+ 1S, =
=™t L (8 + D™ 4+ (S2 +181)2™ 4. + (St + ISu—1)x +1Sn.

PaCCManHBaH 3TO HOBOE IIPOH3BEIEHHE, yﬁemnaeMCH. 4YTO OHO TOX-
YHHAETCH TAaKOMY Ke 3aKOHY, KAaKOH Mbl MPpeanoJioKHAH BepPHbIM AJf 11

7*
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6uHoMoB. [leficTBUTENbHO, BO-NEPBLIX, 3TOMY 3aKOHY CJELYIOT NoKasare-
JIi OYVKBbl T; BO-BTOPBIX, €My »Ke CJeIyIOT H KO3(p(QHIHeHTb, TaK Kak
K03 duuHeHT BTOpOro 4jieHa S + [ ecTb cymMMa BCeX BTOPHIX YJEHOB
nepeMHoXaeMblX OWHOMOB, BKJO4as ciona W [; Ko3Q@QHIHEHT TpeTbero
yjeHa Sy + [S) ecTb cyMMa NapHBIX MPOM3BEAEHHH BCeX BTOPHIX YJIEHOB,
BKJII0Yas clofa u [, ¥ T. 1.; HaKoHell, [S,, ecTb MPOH3BeJeHHe BCEX BTOPHIX
4J1eHOB: abe... kl.

Mbl BHaesaH, 4YTO 3aKOH 3TOT BepeH AJsA MPOM3BeAeHHs IABYX, TPEX H
yeThlpéX OMHOMOB; CJ/el0OBATENEBHO, M0 JOKA3AHHOMY Ternepb, OH J0JXKeH
ObITb BepeH M 1J1s npousBefeHus 4 + 1, T.e. naATH OHHOMOB; €C/H Ke OH
BepeH [/15 NPOM3BeeHHs NATH OMHOMOB, TO OH BepeH W sl POH3BeNeHHs
5+ 1, T.e. wectH OMHOMOB, H T. A

Hsnomennoe paccyxaeHHe NpeCTaBJAfeT TaK Ha3blBAEMOE «10Ka3a-
TeNbeTBO OT 1 K (m + 1). OHO Ha3blBaeTCs TaKKe MAMmemamuueckoll
uHOyKyuerl (WIKH «CoBeplUeHHOH UHAYKIHeH»). 3aMeTHM, YTO B [peablLy-
LIMX [VIaBaX 3TOH KHHIH HEOLHOKPATHO NPEICTaBJAJCH C/Aydad NMpHMEHHTD
JI0Ka3aTenbeTBO OT m K (m + 1) (Hanpumep, NpH BbiBoZe (OpPMYJbl JH0G0r0
ujeHa nporpeccuu: § 75, 82 u ap.). Mul 3TOro He mesanM TOJNBKO pagu
[POCTOTHl H3JIOKEHHUS.

164. ®opmyna 6unHoma Heiotona. Ilpeanosnoxum, 4uTo B JlOKa3aH-
HOM HAMH paBeHCTBe

(x+a)z+b)(z+c)...(x+ k) =z +S12™ " + Sox™ 2+ ... + S,

BCE BTOpble 4JeHbl OMHOMOB OJAMHAKOBBHI, T.e. 4To a = b=c = ... = k.
Torna neBast gacth Gyzmer cremenb OMHoMa (x + a)™. [locmoTpuM, BO uTO
obpararcs Koadduurentsl S, So,..., Sp.

Kospduuuent Sy, pasubli a + b+ ¢+ ... + k, obpatures B ma.
Kosduuuent Sy, pasuniii ab + ac + ad + ..., obpatutca B uMcao a?,
MOBTOPEHHOE CTOJNLKO pa3, CKOJbKO MOMHO COCTABHTb COYETAHWH H3

m(m—1) ¢
m 3JEMEHTOB Mo 2, T.e. 0OpaTWTCH B —(Wzaz. Kosbduupent Ss,
paBHblii abc + abd + ..., o6paTHTCS B UMCIO a, MOBTOPEHHOE CTOJBKO
pas, CKOJbKO MOMHO COCTABHTb COUETAHMH H3 1 JEMEHTOB 1o 3, T.e.
m(m— 1)(m —2) . "
%a‘g. Hakoneu, kospduunenr S,,, pasuolil abce...k, obpa-

tHTCs B a™. Takum oGpasoM, Mbl MOJYYHM:

m(m—1) 9 o m(m—1)(m—2) 3 ,, 3

13 a“x +—1_2'3 a’x +

m(m—1)...[m—(n—1)]
1-2.3-...-n

(.’L‘ +a)m : xm_l_?namm—l_+_

+...+ a"xm g a™,
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DT0 paBeHCTBO M3BECTHO Kak gropmyra Guroma Heromona '), npuuém
MHOTOUJIeH, CTOANLHMI B TIPABOi YacTH (POPMYJIbl, HA3BIBAETCSH PA3AOHCCHIUEM
buroma. PaceMOTPHM OCOGEHHOCTH TOTO MHOTOUJIEHA.

165. Cgoiictea dopmyasl 6uHoma HelotoHa. I3 aTux cBoicTB MH
yKaxem caenytotire 10:

1) Tlokazatenu OykBH & yMeHbLIATCS Ha | OT mepBOro u/eHa K
nocjeaHeMy, NpHYéM B MepBOM 4YJeHe MoKasaTe/lb o paBeH MNoKasaresio
cTeneHu GMHOMA, a B nocjaeaHeM oH ecTb (; HAoGOPOT, MoKazaTenH GYKBbI
@ yBeJHUYUBAKTCA HA | OT MepBoro 4ieHa K MocjeiHemMy, NpHYEM B epBOM
yjleHe rokasatesb npu a ectb 0, a B nocjenHeM OH paBeH MOKAas3aTesio
creneHd OuHoMa. BesencTBHe 3TOro cymMma nokasaTesied NpH & H @ B
Kax/IOM 4JieHe OfHa U Ta ke, a HMeHHO: OHA paBHA M0KAa3aTesl0 CTeneHH
OuHOMA.

2) Yucao Becex 4/eHOB pasnokenus ectb (m + 1), Tak Kak pasnoxeHue
COIEPKHUT BCe cTemeHu a oT 0 [0 m BKIOYHTETBHO.

3) Koa(duiHeHTs paBHBI Yy MEepBOro YjeHa — eauHHIe, Y BTOPOTO
yjeHa — MoKasaTe/lo cTeneHH OHHOMA, Y TPETLero ujeHa — HHCAY code-
TAHWI K3 1 3JEeMEHTOB 110 2, y YeTBEPTOro 4jieHa — YHCJy COYeTaHHH M3
m 31eMeHTOB no 3; Boobule Ko3(pduuHeHT (n + 1)-ro 4jeHa ecTb YHCIO
coyeTaHHH M3 m 3jaemMeHTOB 1o n. Hakouel, kosdduuHeHT mnocaenHero
YjieHa paBeH YMCJY COYeTaHWi U3 1 3JeMeHTOB no m, T.e. 1.

3amMeTHM, 4TO 3TH KO3((HILHEHTb HA3BIBAKTCH OUHOMUAABHBIMU.

4) OGosHauas Kaxablil yneH pasaoxenus Oyksoi T' ¢ uudpoit BHH3Y,
YKa3blBaIOIIeH HOMEpP MecTa 3TOr0 ujeHa B PA3JIOKEHHH, T.e. MepBhIH
unen Ty, BTopoi unen Ty, U T. ., Mbl MOXKEM HaNHCaThb:

m(m—1)...[m— (n—1)]
1-2-3-...-n

Tn+! — C::la?’lw?n—n — T?’I-'-’."L-

ax

DT1a hopmMyna BepaxaeT oBGNIMH YIeH pPa3/oKeHHs, TaK KAk U3 Heé Mbl
MOKEM MOJYYHUTbL Bee dJjeHbl (KpoMe MepBOro), MoACTaBJfAs HA MECTO 7
yueaa: 1, 2, 3, ..., m.

5) Kosdduuuenr nepporo ujeHa 0T Hadasna Pa3joKeHHs pPaBeH ejH-
HHIle, KO3(h(HIIHEHT MepBOro UJeHa OT KOHIA ToXe paBeH enuHuie. Ko-
3 dUIMEHT BTOPOro ujleHa OT Hayaia ectb m, T.e. Cl: kospduiment
BTOPOro u/ieHa oT KoHua ectb C~!; Ho rtak kak C}, = Cm=! (§162), 10
3TH Koa(ppuiHeHTsl onvHAKoBEl, Kos(dHuiHeHT TpeTbero uJ/ieHa oT Havyana
ectb C2,, a TpeTbero uneHa ot Kouua ects C7~%; o C2, = C™~2, nostomy
H 3TH KO3(HIHEHTEl OHHAKOBLI W T. . 3HAUHT:

"Mcaak Hb0TOH — 3HAMEHWTBIH AHIVIMHCKHH MATEMAaTHK (1642-1727).
Dopmyna GHHOMA He TOMLKO IS 1 LeJIOro NOJOXHTENLHOrO, HO H IS 1M OTpHLA-
TeNLHOTO W Apo6HOro Gblia MM yKaszaHa okono 1665 r. Crpororo jokaszartenbcTsa
eé oH He man. Jlas menwIX MOMOMKHTENBHBIX TOKasaTened (hopmyaa Oblia BrepBEe
noxkasana fkobom Bepuynau (16564-1705) ¢ noMolbio TEOPHH COEJIHHEHHH.
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KoagpuuueHTs! YieHOB, 0IHHAKOBO YAAJEHHBIX OT KOHLOB Pa3/OMeHHs,
paBHBI Mexay coboii.

6) Pacematpuas 6uHOMHaNBHBIE KO(D(HIIHEHTDL:

m(m—1) m(m—1)(m—-2) m(m—1)(m—2)(m—3)
1.2 7 1-2-3 ’ 1-2-3-4

MBI 3aMeYaeM, UTO MPH Mepexoae OT OAHOTO KO3(GHIINEHTA K CJeIyoIleMy
YHCJAUTENH YMHOXKAIOTCS HA YKC/a, BCE MeHblIHe W MeHbliHWe (Ha (m — 1),
Ha (m — 2), va (m — 3) ¥ T.A4.), a 3HaMeHaTe/NH YMHOXKAIOTCA HA YWCa,
Bcé GOabiuve u Gosbiue (Ha 2, wa 3, Ha 4 uw T.4.). Besemetsue 3To-
ro ko3(UIMeHTh CHayana BO3pacTaioT (MOKa MHOMXHTENH B YHCJAUTENe
ocTaloTesi GOJMBLUIMMH COOTBETCTBEHHBIX MHOMHTEJeH B 3HaMeHaTese), a
3aTeM yO6biBaloT. Tak Kak Ko3(pQHIHEHTb 4YJeHOB, PaBHO OTCTOANIHX OT
KOHIIOB Pa3/ioXKeHHs, OJHHAKOBH, TO HAUOOJBLIIHH KO3(D(UIHEHT J0JKeH
HaXONMTLCA NocepefnHe pasJjoxkeHus. [Ipu aToM ecau 4MC/I0 BCexX 4JeHOB
pasjokeHHst HeuéTHoe (4YTo GbIBaeT NpH 4YETHOM MoOKasartese GUHOMA),
TO TocepefiiHe OyAeT OAHH YJeH ¢ HaHOOJbIIHM KO3((HIINEHTOM; ec/u
JKe UYHCJIO BCeX 4JieHOB 4€THOe (4To ObiBaeT NpH HeYETHOM MOKasaTete
61MHOMA), TO MocepeinHe NOJKHBI ObITh ABa 4jeHa ¢ OJHHAKOBLIMH Haw-
BosbiMK Koa(duurentamu. Hanpumep:

1, m,

(’r+a) zt + 4az® + 6a%2? + 4a’z + o,
(x + a)® = 2° + 5az* + 10a%2® + 10a32? + 5a'zx + a.

7) U3 cpaBHeHus ABYX pPAAOM CTOSILIMX YJIEHOB:

[TR - ()1 - 1)] alpm—n.

m(m -1
T s

Tn+| =

m(m — 1)[

) -

2.3
Tpyg = —
n+2 1_2.3

= I)]('mv —n) n+| m-—n—l
nn+1)

34KJl04YaeM, 4To:

Jna moayueHHs Ko3((HUIMEHTa CHeAVIOMETo YjieHa AOCTATOYHO YMHO-
KHUTh KO3(MULMEHT MpelbIAyIIero 4YjieHa Ha MOKas3aTelb GYKBBI £ B 3TOM
yjieHe M Pa3leUTh HA YHCJIO YIEHOB, MPeIuecTBYIOWHX ONpeaesieMOMY.

[Toab3ysick 3THM CBOKCTBOM, MOMKHO Cpasy MHcaTh, HAarmpuMep,
(z+a) =z’ +7az®+....

Tenepb Gepém 7, ymMHOxKaeMm Ha 6 W geaum Ha 2, noayuaem 21:
(z+a) =2" + 7azb + ...

Tenepb Gepém 21, ymHoxKaem Ha 5 W jeqaum Ha 3, nosyyaem 35:

(z +a)” = 2" + Taz® + 21a%2° + 35a32*
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Teneph YK€ BbLIITHCAHLI 4/IEHbl 10 CepedHHbl psifa, OCTaJibHbLIe MOJYYHM,
OCHOBBIBASIChb Ha CBOWCTBE MATOM:

(x +a) =z + Taz® + 21a%2° + 35a°z* + 35a’z? + 21a°2? + 7az + o’.

8) Cymma Bcex OGHHOMHAIbLHBIX Koa(duireHToB pasHa 2™ . JleHcTBH-
TeJbHO, MOJOKHUB B (opmyse OHHOMA = = a = 1, moMyuuMm:

m(m — 1) + m(m — 1)(m — 2)
1-2 1-2-3
Hanpumep, cymma ko3dpuiHeHTOB B passioxeHuu (a +;L')7 paBHa
1+7+21+354+354+21+7+1=128=2,

9) 3amenus B popmysie GHHOMA a HA —a, MOMYHUM:

(—a) ™ L., 4+ [—a)™

M =14+m+ + ...+ 1.

(z—a)™ =2 +m(—a)z™ ' + w
T. €.
=l qummd — o+ (=D)™a™.
CJIeI0BATENBHO, 3HAKH + H — YeperyloTCH.
10) Ecau B mocsienHeM paBeHCTBe MOJOKHM T = a = |, To HalgéM:
m(m—1)  m(m—1)(m - 2)
1-2 1-2-3

(z —a)™ =z™ — maz

O0=1-m+

FRSETE 1L

Cymma OMHOMMAJBLHBIX KO3(h(pHULMEHTOB, CTOSUIMX HA HEYETHBIX MecTax,
paBHa cymMMe GMHOMHAJBHBIX KO3()(PNUHEHTOB, CTOAIMMX HA YETHBIX MeCTax.

166. Ilpumenenue gropmynasl 6mHOMA K MHOrouneHy. Popmyna 6u-
Homa HbloToHa nossosisier BO3BOAMTL B cTeneHb MHorouseH. Tak:
(a+b+c)t =

= [(a+b)+ ' = (a+b)* + 4c(a + b)® + 6% (a + b)* + 4P (a + b) + .

Paznoxus (a + b)*, (a +b)?, (a + b)?, okonuarensuo nomyuum:

(a+b+c)" =a' + 4a°b + 6% + 4ab® + b* + 4a’c + 12abe+
+ 12ab%c + 4b*c + 6a°c? + 12ab® + 66> + 4ac® + 4be + .

Ynpaxcuenus.

Ha#itn no dopmyne 6unoma Herotona:

264. (1+2)% (z +3)% (- 1)".

265. (2 - a)%; (32 +4y)% (1+2)™.

266. (z+ =) (s +24)"s (3a? - 26%)"

267. Haiitn 6-i1 usess pasnoxenus (5z° — Ba?)m.
268. Haiitn 8-ii usen pasnokenns (3a — 2)',
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BbIMHCAHTD: kel

269. 2,1° = (2+ FJ) =
270.1,03° = (1+ %)5 =
271.097' = (1 - %)4 -

272,90 = (80 - 1) =....
273.99° = (100 - 1)* = ...
274. (4+V3)" (6 -5v2)°.
275. (va + vb)*; (va - vb)*.
276. (1+v3)% (2v2 + v6)".

g 3)\!5 .
277. B pasjioxeHHH (:172 - _3) BLIUHCJIUTh YJ/IeH, He ColepXKaului x.
T

278. T pade B
78. cmespaa.nomeuwn(:r —@) :



JOIIOJIHEHH A

I. HenpepsiBHbie qpobu

167. Onpenenenue HenpepsIBHOH Apobu. Henpepoisrod, Wau yen-
Hotl, 1pobblo HasbiBaeTcs Apo0b BHJA:

a—+ ! )

ay +

as +
az+

1

. 1
g —
Qap

TJI€ 1leJ10€e YUCJ0 @ CKIaAbBAeTCs ¢ Apodbio, Y KOTOPOH YHCAUTeNb ecTh 1, a
3HaMeHaTeJlb LeJIoe YHCJIO ay, CJA0KEHHOe ¢ Apodblo, Y KOTOPOH YHCAHTENb
ecTh |, a 3HAMeHaTe/ b 11e/710€ YHCAO a9, CJA0KEHHOe ¢ Apodblo, ..., U T. 1.
(Bce 1lesible yKcsia MpPeanoaaraoTes noNoXKHTeNbHBIMH).

a | 1 1
Jpobu —, —, —, — W T.[. HA3HIBAIOTCS COCMABAAIOUUMU OpobamU,
ay az ajs
HIIH 38€HbAMLL.
Hanucannyio Beillle HenpepbiBHYIO ApoOb COKpAlleHHO H306paxKaioT

TaK:
(a,ai,az,a3,...,a5).

Hanpumep, ApodH:

| 1
24— 2+ |
14— I+ —
3 17

cokpaiiénto usobpaxatoresa tak: (3, 2, 1, 3) u (0, 2, 1, 17).

168. OGpameHne HenpepsIBHOH Apo6H B 0GLIKHOBeHHYIO. Besakyiwo
HeMnpepeiBHY0 NP00b MOKHO 00paTHTh B 00bIKHOBEHHYIO; [Js 3TOr0 A0CTa-
TOUHO NPOH3BECTH MO NpaBHJaM apH(MeTHKH Bce JAefCcTBHS, YKa3aHHbIE B
nso0pakeHHH HempepbiBHOH Apo6u. IlycThb, Hampumep, Mbl HMeeM TaKyio

1po0lb:
(2,3,1,4)= 24+ — .
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[IpousBonum ykaszaHHble OeHCTBHSA:

l4+3=93 lig=% B+4z=23 LiP=ou 2+o=1
310 M ecTb 0ObIKHOBEHHAs Apo0b, MPEACTABJAIOILAS TOUYHOE 3HAYEHHE
JaHHOH HeNpepbIBHOH.

169. O6pamenue oGbIKHOBEHHOI 1poOyu B HenpepbiBHY0O. Beskyio
0OLIKHOBEHHYO Ap00b MOMXHO 00paTHThL B HenpepbiBHYI. [lycTb, Hanpu-
Mep, JaHa apobb B Hcekniouus 13 HeE 1esioe HCno, MOMydHM:

fmot
r7ie a ecThb LeJIoe YacTHOe, @ 1 — OCTAaTOK OT Ae/eHHs a Ha B (ecau apoGb
5 npaBuabHasA, T0 ¢ = 0 u r = A).
Pasnenus 06a uneHa npobu % HA 7, TIOJAY4HM:

1 |

- ——
ay + —
,.

W~

rjie @) ecThb leJoe YacTHOe, a | — OCTATOK OT jejieHHs B Ha r.
T
Paspenus 06a unena npobu — Ha 1|, MOAYUHM:
r

LS S S

»

L]
az + —
T

rope as €CThb 1eJ0€ 4aCTHOe, a 7y — OCTaTOK OT A€JEHHA T Ha 1.
HPOILOJI}KEH 3TOT l'[plfIéM naJgee, 63/}18!\4 nocnenoBaTeNbHO M0JY4aThb:

ro_ 1 I r 1 I

= = —)\ _——— H T. j]
r| T re T3 T2 Te T3 4
a3+ — as + —
T2 r3
Tak kak B >r >1r| > r9 >r3,..., TO, IPOAOJAHB 3TOT NPHEM, A0HAEM
Tn—1
no octatka, pasHoro 0. [lyets 1, =0, 1.6, — = —.
Tn-2 an
Torga myTém MoACTAHOBKH TOMYUHM:
A r 1 | 1
f=g+-=a+—=0+— =g+ ——— |
B B 1 1 l
a + — ay + — ay +
r a + — as+ - 1
1 o

an

3ameuanue. M3 paccmorpenuss storo npuéma cjepyer, 4ro a, aj,
ag, ..., @, — lleJbie YacTHbIe, TI0yUaeMble MPH TOC/IeI0BaTeIbHOM AeNeHHH
a Ha B, noTom B Ha mepBbld 0CTaTOK, MepPBOrQ 0CTATKAa HAa BTOPOH H T. 1.,
MHade roBopsi, 3TO — leJble YACTHLIE, MOJydaemMbie MPH HAXOMAeHHH 06-
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uero Handoabluero genutens mexkay A u B cnocofom nocnenoBate/ibHOTO
nenenus. Benenersue storo ukena a, ay, a, ..., a, Ha3bBAIOTCSA YaCTHLIMH
HerpepbBHOH J1pOGH.

[Tpumepn.

1) OGpatuTb B HenpepbiBHYIO APoOb YHCI0 11?,
Tak Kak

2) O6paTHTb B HEMPEPBIBHYIO AP0ObL YHCIO %

Tak Kak

07

170. Ilopxonsmue apo6u. LEcau B HenpepblBHOH ApoOH BO3bMEM
HECKOJIbKO 3BeHbeB C Hauasa, 0TOPOCHB BCe OCTaJibHble, H COCTABJEHHYIO
MMH HenpepeiBHY0 1po0b 0OpaTHM B OObIKHOBEHHYIO, TO MOJYYMM Tak
HA3bIBAEMYI0 NMOAXOAAW Y0 Apodb. [lepBas nopxonswas apo6b nogy-
YMTCSH, KOrja BO3bMEM OJHO NepBOe 3BEeHO, BTOpas — KOrja BO3bMEM J1Ba
nepBbIX 3BeHa, W T.J. TakuM obpaszom, [Isi HenpepbiBHOH 1poOH:

1

3+
et
1
14=
2
3
nepeasi noAxofdias aApodh ecTh L
BTOpas " ! " 3+ %
TPeTbsl " " "Bt
24

Uersépras mogxonsinas ApoOb MPEACTABHUT B 3TOM TNPHMEpe TOYHYIO

BeJIMUHHY HerpepbiBHOH Apodu .

Korzia B HenpepbBHOH ApoOH HET 1e10ro Yuc/a, To nepBas noaxoisiias

npobb ectb 0.
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171. 3akon cocraBaeHuss nogxoaswux apoGei. CocrtaBum ansi

HeMpepuiBHOH ApodH (a, ay, as, a, ..., @y, ) MEePBLE TPH MOAXOAALIHE APOOH:
1 ‘ 1 1 1
)% a+—=22"" 3) g+— =g+——=a+
| aj aj 1 ajay + 1
g — il Rl
az ag
ap _aaiaz+a+ar  (aa + as+a
ajas + 1 ajas + 1 ajas + 1 ’

CpapHHBasi TPeTbIO MOAXOAALLYID APOOb ¢ ABYMS NMEpBbIMH, 3aMeTHM,
4YTO YHCJAHTENb TPeTbeH MoAXoAslleH APOOH MOAYUMTCHA, €C/AH HHCIHTENb
BTOPO# noaxonsileli 1podH YMHOXKHM Ha COOTBETCTBYIOILEE YacTHOe (T.e.
H4 @9) M K MOJYYEHHOMY [POM3BEIEHHIO MPHOABHM UHCJIMTENb NEPBOH
noaxoasiled apobH; 3HaMeHaTesNb TPeTbeH noaxoasuielt ApobH nomydHTCs
nofo0HbIM e 00pa3oM W3 3HaMeHaTeJiel MPeIbAYIIHX JBYX MOAXOASIIUX
npobei.

Jlokaxem, 4TO 3ITOT 3aKOH TPHMEHMM KO BCAKOH NoiXoisiuled 1po-
6u, caenywlleil 3a TpeTbel, T.€. Mbl J0KaxeM, 4TO BOOOIE UHCJIHTE b
(n+ 1)-# nonxonswed NpoGH MOMYYHUTCS, €CJAH YHCJAHTEIb 7-H MOAXO-
asuieit 1pobH YMHOXKHMM Ha COOTBETCTBYIOIIEE 4acTHOe (T.e. HA an) W
NpOH3BeJIeHHe CJ0MKHUM C yucauTenem (n — 1)-if nogxoxsuied npobu, W
4T0 3HaMeHareab (n + 1)-H nogxoxsuiedl ApoGH MOAOGHBIM ke crocoGoM
NOJIY4HTCA M3 3HaMeHatejsed n-H u (n — 1)-i noaxonswmux npobeil. Yno-
TpeGuM J0KasaTeqbeTBO OT n K (n + 1), T.e. foKa)ceMm, 4TO €CJAH ITOT
3aKOH MPHMEHHM K n-Fl MoAXoasiel ApoOH, TO OH MPHUMEHHM H K (n + 1)-i
noaxonfuei 1podH.

O0603HauuM nepByio, BTOPYIO, TPEThIO H T. A. MOAXOAALLIHE APOGH mocJe-
JI0BATEJIbHO uepes

P P B Pooy Pn Pay

0" Gs” 05" """ Opt’ On’ Onyl

H 3aME€THM, 4TO COOTBETCTBYIOILILHE UM HYaCTHbIE ﬁy,}lyTI

(a,a1,02,...,0n_9,0p_1,05).
JIoMyCcTHM, 4TO BEpPHBI PaBEHCTBA:
P,=PF, 10,1+ Ph9; Qn=Qn-10n-1+Cn2, (1)
H, CJIeJIOBATEbHO:

Pn, c s Pn—lan—l + I)n—z (2)
Qn Qn—lan—l ‘+‘(2n72'

Tpebyercst 10Ka3aTh, YTO B TAKOM cJydae H

Foyi  Ppan+ Pho
Qn—-}—] Q'n.a-u + Qn—l :
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M3 cpaBHenHsi 1BYX nogxomsiuiux apodei:

P-n_ ] Pn+] ]
= a+ H = a+
Qn 1 Qni1 1
e+ — a) +

ag+~_.+ 1 (Ig-f—"' 1 ]

Qp—1+ —
an

an—1

ycMarpusaeM, uto (n + 1)-a noaxonsiuias 1polb NOJTYUHTCS H3 n-i, ecau

B MOC/IE[HEH 3aMeHUM YHCJIO @y, _| HAa CYMMY Qp_| + —.
a

n

[Tosromy pasencTBo (2) maét:

1
Pn—l(a-n—! + a—) +Pn--2

n

P - )
Qnt1 Qn-l(an—i + ;L) + Qn_z

an

PackpriB ckoOKH ¥ yMHOXKHB 00a usieHa APOOH HA dy,, NOJYUHM:
Pn-H - Pn_i1an-10n + P + Pn—'.?ﬂn
Qn+l Qn—lﬂ'n—]an + Qn—l + Qn—Ean
[puHsiB BO BHHMaHHe paBeHCTBO (1), MOXKeM OKOHYATE/LHO HAnucaTh:
Pn+I s Pn-ﬂ'»n +Pn—l
Qn+1 Q-nan + Qn-—l '
IT0 ¥ ecTb paBeHCTBO (3), KOTOpoe TpebGoOBaIOCh A0KA3aTh.

Takum oGpasom, ecsH J0KasbiBaeMblil 3aKOH BepeH IJs n-H MOAX0ms-
uei apo6u, To oH Oyner BepeH W Aas (n + 1)-H nomxonsme# apodu. Ho
Mbl HEMOCPeJCTBEHHO BH/IEJH, 4YTO OH BepeH [Jf TpeTbed NoaxoasileH
npobH; cJenoBaTe]bHO, MO [0KA3aHHOMY, OH TPHMEHHM AJs 4eTBEPTOH
noaxonsulel Apodu, a ecau AJs 4eTBEPTOH, TO H AJS MATOH W T. 1.

[Tosib3ysich 3THM 3aKOHOM, COCTABMUM BCE TOAXOAsIIHE APOOH 15 Clie-
NYIOLLEro npumepa:

2 + ! =(2,1,3,2,3,1,5).

I
3+ ——
1+ -

5

Boiuncsenus Bcero yno6Hee PacnoJioxKHTb TaK:

3 2 3 1 5

2 3 11 25 86 111 641

1 1 4 9 31 40 231
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[lepBbie nBe nopxoxsinive ApoGH HAWAEM HENoCpeACTBEHHO, 3TO OyAYT
T H T OcTajibHble MmoaxoadiiHe B.pOﬁH NnoJiy4MM, OCHOBBIBAfICb Ha J0Ka-
3daHHOM 3aKOHe. HJ]H NaMsATH pa3MellaeM B BerHeﬁ CTPOKe LeJible HaCTHbIe
C TPEThEro 0 NocJjaeHero.

172. Teopema 1. Tounoe 3naueHue HenpepoigHot Opobu 3axiro-
yaemcs mexwly O0syma nociredosamenvroimu nodxodawumu Opobamu,
npuuém oHo baunce K nocaedyroweli, vem K npedoidyuiel.

Hokasatenbctso. [lycTs nMeeM HempepwiBHYIO ApoGb:

(a,ay,a9,a3,..., 0., Gngi, ..., 4g),

TOUHYIO BEeJIMYHHY KOTOpOH 0003Hauum uepe3 A. BosbméM kakue-HHOYIb
TPH NOCJeL0BATeNbHEIE TOAXOAALLHE APOOH:
Pn—] Pﬂ Pﬂ.|-l
Qn—i, Q'n, Qn-{-l.
[lo noxazanHomy B npenwiayllem naparpade, HmeeM:
Pn+] . Hlan + Pn—l

Qn+1 a Qnﬂn + anl ’

Ecau B NpaByK 44CTb 3TOro paBeHCTBA Mbl BMECTO @, NOACTABHM Y =
= (@n, @ps1y .., 0s), TO B JEBOH YaCTH MONYYHM TOYHYIO BEJHYHHY A
HernpepbIBHOH ApOOH, 3HAYMT:

_ Fuy+ B,
(\.)ny + Qu—l '

OTKyja:
AQny+AQn—I =Poy+ P, uwmm AQuy—Poy=FPo_1 — AQT‘!.—|1
H 3HAYHT:

P) ( n—1
B - A).
an( O Qn Onei
W3 nocnenHero paBeHCTBa MOMEM BbIBECTH [1Ba CJEAYIOLIMX 3aKJ04e-
HHA:
1) Tak kax uuesa y, @, W @Qn—| TOJ0OKHTENBHbIE, TO PAa3HOCTH,

CTOsIIHEe BHYTPH CKOOOK, JI0JI7KHbI ObITh OIHOBPEMEHHO MNOJIOKHTEJ/bHbI HITH
OAHOBPEMEHHO OTPH[[aTe.ﬂbeI; 3HAYHUT!

€CJIH A* > 0, eCcJIH A__“<0
TO H P’“'Qi A>0 i TO H P"%Qj A<O
cgn—l Qﬂ—| ’
P, P,
ecJIH : ecan A<
T. 8 P IQ” HJH P IQ"
TO H 2> A TO H 2T < A,

an—] Jn,—]
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CunenoBartesbHo, A 3aKJAI0YEHO MEXLY BCAKHMH ABYMS MOCJ/EL0BATE/b-
HBIMH MOAXOAAIIMMH APOOAMH.

2) Tak kak y > 1 v Q, > @Q,—|, NpHUéM uncaa Q, u Q,_; noJo-
XKHUTe/bHbIE, TO M3 TOIO K€ PABEHCTBA BbIBOAMM: a0CO/IOTHASl BeJHYHHA

. P
(A - ") MeHbllIe adCOMIOTHOH BeJHYHHBI ( - |

Q‘n Qn—]
Orciona cieayer, 4To =i 6mike K A, ueM —"—- uTo U Tpe6GoBaJOCh
NI0KA3aTh. " Q=1
3ameuaHnue. Tak Kak, ouesuaHo, A > a, T.e. A > %, TO
. Py By
0y A>a;, A<Q4 H T.I.

TouHoe 3HaueHWe HenpepblBHOH ApodH GoJlee BCAKOH MOAXOAALLEH ApO-
OM HeYyETHOro mopsiika W MeHee BCAKOH Moaxonsiied ApoOH 4ETHOTO MO-
pajKa.

173. Teopema 2. Pasnocmoe medxcdy 08yms padom cmoaujumu noo-
xodaujumu dpobamu pasna 1, deaénnotl Ha npoussedenue snameHame-
ael amux nodxodaujux opobeti.

Hokasarteabcrso. Tak Kak

Pn+| Rz - Pn+|Qn — P’nQ'n,+|

Qn—H Qn B QnQn-H '

TO OYEBHJHO, YTO 3HAMEeHaTe/b 3TOH PA3HOCTH YAOBJETBOPSeT TpeGoBaHHIO
reopembl. OcTaéres joKkasaTh, 4To ynceautenb pasen +1. Tak kak

JPn-{-] = Ppan+Py_1 H Qn-H = Qnan + Qn—1,

TO
Pri1@Qn — PaQpy1 = (Pron + Pnfl)Qn - Pn(Qnan "‘anl) =
= PaQntn + Pa1Qn — PaQnan — PrQn-1 = —(PaQn-1 — Pa1Qh).
Beipa:kenue, crodinee B ckobkax, npeacTaB/iseT c06015[ YHCJHUTEND APO-
OM, KOTOpast NMOJYYHUTCH OT BbIYHTAHHSA H3 i npobu Q -
CaienoBaTte/ibHO, Mbl [0KA3aJH, 4TO abcomoTHas Be.};I:ItIJHHa YHCJIHTES
npobH, NoJyyaeMol OT BEIYMTaHH Q g":, paBHa abCOMIOTHOH BeJH-
n n

H3 P— i r’MMH
Qn_. @

CJIOBAMH, a0COJKOTHAS BeJHUYMHA UHCAUTENs Apo0H, NMoJydyaeMOH OT BblYH-
TaHWS OJHOHM W3 APYTOH IBYX PANOM CTOAIIMX MOAXOAALIMX Apobel, ecTb
BeJIMUMHA MOCTOSIHHAA /151 BCeX noaxoasauux apodeid. Ho pasHocTs mMexay
BTOPOH W MepBoH MOAXOASIIUMH APOOGAMH eCTh:

(a+L) —a= L
a) a

YHHE YHCJIHTEA ,H,pOﬁH F[OJI}"J&EMOH OT BbIYHTAHHA
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CnenoBarte/ibHO, YHCJMTENb PAa3HOCTH MEXKAY BCAKHMH ABYMS pSIIOM
CTOAIMMH TOAXOAAUIUMH Apo0AMH Mo abCoJIOTHOH CBoel BeJHYHHe pa-
BeH 1.

Tak, ecnu B3aTL npuMep, npuBeaéHHbld B § 171, To Haliaém:

s_2_t m 3 1t 2 11 1 8 _2_ 1

1 1 1 4 1 4 9 4 36" 31 9 2719 T

Canencreusda. 1. Beakas noaxonpsuias Apodb ecTb ApoOb HecoKpa-
P

THMast, NOTOMY 4YTO eCJIH Obl MOXHO OBIJIO COKPAaTHTb Ha HEKOTOprl‘:I

n
peantenab m > 1, 1o P,Qn-1 — P,-1Q, Aeannock Gbl Ha m, 4TO HEBO3-

MOMKHO, TaK KaK 3Ta pasHOCTb paBHa *1.
2. Ecaiu BMecTO TOYHOH BeJIMYMHBI HEMPEPBIBHOH APOOH BO3bMEM MOJLXO-

PFI

sy 1podb TO cfefaeM OWMOKY, MeHbIIYI KaXAOro M3 Tpeéx

CENYIOUMX YMCeN’
1 1 1
QnQn%l! Qn(Qu"‘Qn—l), il
Heticteurensro, ecan A ecTh TOYHOe 3HAYEHHE HENpEpLIBHOH ApOOH,
n

P . P P,
10 A — 2 no abCcoMOTHON BeJHUYHHE MeHbIle PasHOCTH — =, ab-

n Qﬂ+! a —@1-‘ 4

COJIIOTHAA BEJMYHHA KOTOPOH, MO N0KA3aHHOMY, PaBHA . C npyroii

1
QnQnti
CTOPOHBL, TaK KaK Qui1 = Qnay + Qn_1, e a, = 1, 10 Quy1 = Qpn +
+ Q-1 H, CIeOBATEBHO:

l 1
T P n 1— H < "
Qth+I = QH(Q +QT I) Q1L62]+T ™ cc?n.(CQn +(Jnfl)
P
H NnoToMy abcooTHas BeJIHYHHA Pa3HOCTH A - ‘(7* MEHblle

1
Qn(Qn + Qn—l) '
Haxonen, tak kak Q41 > Qn, 10 Qni1Qn > Q% 1 notomy
_1 .1
C:?n.Qﬂ +1 Q‘:’L ’

P 1
Cuaefopare/ibHO, aOCONIOTHAS BeJMYMHA Pa3HOCTH A — —— MeHblle -

n n

M3 Tpéx ykasaHHBIX [MPENeJNOB MNOrPELIHOCTH CaMbli MEHbIIHH ecTh
, HO €ro BbIYMCJIEHHE TPEANoJaraeT U3BeCTHBIM 3HAMEHATEJb TOJ-

QnQn+l
xoAsued ApobH, cjefyiouled 3a TOH, KOTOPYI0 Mbl MPHUHSJIH 32 NPHOIH-
1
keHue. Bpruucnenue npepena ——————— MoOXKeT OblThb BbINOJHEHO
Qn (Qn + anl)

TOJILKO TOT/a, KOT[Ia H3BECTeH 3HAMEHATE b TIPELIECTBYIONIEH Mo XoAAlIeN
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P,
Ilp()ﬁl‘l. Korpa e u3pectHa O/lHa noaxoasas ,H,p06b Q—n, BO3MOKHO TOJILKO
n

1
yKasaHue npejena norpeuHocT —x .
n
HaanMep, €CJIH Mbl 3Hd€M, YTO HEKOTOpas NoAXOAsillias ,llp06b aH-
. h 45
HOH HernpepbiBHOH ApO0H ecThb 177 TO MOXHO CKa3aTh, UTO = TOUHO 1O
1

1
F = @ Ecau, KpOMe TOro, 3Haem, 4YTO 3HAMEHdTeJ/lb MNpealecCTBYH-

) 5 45

lHerd NoAxXoasilLeH ﬂ,p()ﬁl/l eCTb, HANpUMeEp, 8, To MOXeM CKaszaTb, 4HTO ﬁ
1 1

TOYHO 10 Hakownell, Korma 3Haem, 4TO 3HaMeHaTellb

17(17 +8)  425°
caenyloled nonxonsiieid 1podu ecTb, Hanpumep, 37, TO MOKEM py4aThCs,

uTO = PA3HHTCS OT TOUHOTO 3HAYEHHS HenpepLIBHOH APoGH MeHee dem
1 1
A== 0.
1737 629
174. Teopema 3. [lodxodaujas dpobe Gausce K MOUHOMY 3HAHEHUID
Henpepolerotl 0pobu, yem ecakas dpyeas Opobe ¢ MeHbULUM 3HaMeHame-

Aem.
a
lokasateabcTBo. Jlomyctum, 4yTo cyulecTByeT ApoOb 5 Menee

OTJ/AH4Yauafacs OT TOYHOIo 3HAYEHHA HEl'[peprBHO]:[ ,H,p06H A, uewm noaxo-

asimasn Apobb ——, U nyctb b < Q. JloKaxkeM, 4TO 3TO NPEANOJOKEHHE

L.
Qn

BeJIET K npoTHBopedrto. Tak Kak

n Pn_1 a
6auke K A, ueM ——, U — OJHKe
Q” (Jn—l b

n—1

By a
K A, uem o TO M MOAABHO oauxe K A, yem ; TAK KakK, KpoMe TOro,

n n—1
Pnfl Pn
A 3akjioyaercs Mexay 0 H 0. TO a0COMIOTHAS BEJHYHMHA PAa3HOCTH
n—1 n
P, P o a P, ;
- Goablie aGCOMIOTHOM BeJIMYHHBI PA3HOCTH — — : 3HAYHMT,
Qﬂ. Q'n—l b Qn—l
oGpatiias BHUMaHHE TOJBKO Ha a6COMIOTHBIE BENHYHHBI, MOXKHO HAMHCATh:
> [ =Pl 9 Q1 > bQn
) n n— n—1-
(QHQTL— 1 an—l
[lepeMHOXKHB MOYJIEHHO 3TH HEPABEHCTBA, MOJYUHM:
1% |“Qn—1 - an—l|-
Tak kak a@Q,_ v bP,_; — 4Hcna uenble, TO 3TO HEPABEHCTBO BO3MOXK-
HO TOJILKO TIPH YCJIOBHH:
a P
aQn-1 —bP._1 =0, orkyma - =",
b anl

a
Ho 310 PAaBEHCTBO HEBO3MOXKHO, TAK KaK, MO NpeAnoJa0XeHHIo, E OanxKe

n—1

PT-'.
noAXoAuT K A, yeM —=, Toraa Kakx

Qﬂ Qn—l

, N0 J1OKa3aHHOMY, Goublle PasHHUT-



210 Jonoanernus

n

csi oT A, ueM
TeopeMmbl 3.

) ITonquHHoe [IPOTHBOpPEeYHEe N0KA3biBAET ClIPABEIJIHBOCTD
n

175. Ilpunbnauxénnple 3HaYeHUs] TaHHOH apu@MeTHUeCKOH ApoOH.
Korpa uncautenb M 3HaMeHaTesb NAHHOH HECOKPAaTHMOH apu(MeTHUecKoH
JNpobH BbIpaXKeHbl GOJIBLIMMH YUCJAMH, 4acTO SIBJSIETCS MOTPeOHOCTb MO-
JNYYUTh NPUOMHIKEHHOE 3HAYeHHe 3TOH Apo0H B BO3MOXKHO GoJee MpocToM
Buje. Jlis 3TOr0 10CTATOUHO 0OPATHTh NAHHYIO APOOb B HEMPepHBHYIO H
HAUTH Ty WM APYTYIO NOAXOASILYIO Ipo0b, CMOTPS M0 KeJaeMOoH CTeneHH
NPHOIHIKEHHS.

[Tpumep.

3Haf, YTO YMCJAO 7, TPeICTaBAsiOllee OTHOLIEHHE OKDPYXHOCTH K
eé aMaMeTpy, 3akjioueHo Mexay AByms apoGsmu:  3,141592653 u
3,141592654, HaliTh npocTefiliee NpUGIHIKEHHE 7.

O6patuB obe 1podu B HempepelBHBIE M B3SIB TOJBKO OOIIHE HeMoJHEe

YyacTHble, HAHAEM:
7= (3,7,151,...).

[Tonxonsuue apodu GyayT:

15 1

3 22 333 355

1 7 106 113
22 . 1
lpuGamxkenne —- Gblo Halieno ApPXHMeLO0M; OHO BEPHO [0 —— e =
- %; 3HAUUT, M TOAABHO BEPHO [0 L Uneao 22 6uo ykasano

100° 113

Anpuanom MenueM; B3B 3TO YHCJIO0 BMECTO 7, Cl€J1aeM OLIHOKY, MeHb-
1 1

113-33102 3740526’

MHIIHOHHOH. [Tpudankenus Apxumena u Meuus, Kak noaxonsiise 1podu

uéTHOro nopsijaka, donee m.

Wyio

T.€. BO BCAKOM CJydde MEHbIUYIO OIHOH

176. U3Bneuenne kBagparHoro kopusi. [lycth Tpebyerca Ha#TH
v41 npu nomomM HenpepuiBHBIX Apobeil. PaccyxpaeM Tak: HauGoJbliee
1eJioe YHC/0, 3aKiodaiolieecs B V41, ecTb 6; MO3TOMY MOXKEM MONOMKHTL:

VAT =6+ % (1)
i l:\/ﬂ_ﬁ. = 1 _ \/ﬁ+6.
x ! VAl — 6 5
Tak kak v41 + 6 paBhserca 12 ¢ apo6bio, TO HauGoJblIee UYMCIIO,
V4l +6 _ .
3aK/I04AIOLIEeCs B ——=——, eCTb 2; M0ITOMY MOXKEM IOJIOMHTh!

T = ligi—j;ﬁ =2+

1
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oTKyna:

1 V41 +6 VAl —4
_= — - 2 e —,
Yy 5 5
yo 5 _S(/Al+4) Vil +4
V4l -4 25 5
Tax xaxk v41 + 4 pasuserca 10 ¢ apobblo, To M HauboJbIIeE LeJoe
4
YHCJI0, 3aKJI0UAI0NIeecs B \/ﬂ%‘ ecTb 2; MO3TOMY MOXKEM MOJIOMKHTh:
VAl 44, ]
y=Y 4t _g 1 (3)
OTKyna:
L_vai-6 5 _5(VAL+6) _ g7 6
z 5 VAl -6 5

Haubonbuiee uenoe uyucao, sakawodawouieecss B vV41 + 6, ects 12;
NMO3TOMY MOZKEM IMMOJOXKHTDL:
1
z=VAl +6=12+ (4)
OTKyza:

1 \/— 1
- =vV4l -6, v=——.
v Y= VAl —6

CpasuuBas opmyny aas v ¢ (GopMyJaod AJs &, HAXOAWM, 4TO ¥ = I.
[Tonbaysacw paBenctamu (1), (2), (3) u (4), monyuum:

1

VAl =6+ —1 -6+
S — 2+
24

24

12+ — 12 +

24
24

1
12 +...

Takum oOpasom, v41 Bbipasu/cs NepHogHUYECKOH HernpepbiBHOH [po-
Obt0. Haitns moaxonsmue a1po6H, MoayuuM NpHOMHKEHHBIE 3HaYeHHs V41 :

2 12 2 2

6 13 32 397 826 2049

1 2 5 62 129 320

[TonodHbIM XKe o0pasom HaHmEM:

VI3 =(3,1,1,1,1,6,1,1,..); v29 =(5,2,1,1,2,10,...).

177. Haxoxpnenne pemeHuss HeonpeaeléHHoro ypaBHenusi. He-
npepLiBHbIE NPOGH JAI0T CPEACTBO HANTH OHO PEIlleHHe HEOlNpeeSéHHOro
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ypaBHeHusl ax + by = c. [lokaxem 3to Ha npumepax. [lycTs umeem ypas-
HeHME:

43z + 15y = 8.
2 43 2
Bosbménm npobn 5 H 06paTuUM eé B HenpephBHYIO:
43 1
B = 24 —
| A
6+ -

2

Haiiném Tteneps npeanocniefHion MOAXOAAILYW Apobb; 3To OGynaer 27—0
Tak kak mocsegHss MOAXOAALLAA ApoOb €cTh TOYHOE 3HAYEHHE HeNpepbiB-
HOH npo6H, T.e. % a — ecTb NOAXOAAIAS npobb HeU8THOro MOPSAKA, TO
Ha OCHOBaHHWH TeopeMbl § 172 (3ameuyaHue) MOXEM HaMHCaTh:

43 20 1

15 7 15.7
OTKY/A:
43-7-15-20= 1.

Yro6el ynono6uThL nocaeHee TOXKAECTBO AAHHOMY YPaBHEHHIO, YMHO-
MKHM BCe ero 4/eHsl Ha 8 M NpejcTaBHM ero Tak:

43 - 56 + 15(—160) = 8.

CpaBHHB Temepb 3TO TOXKAECTBO C HAIIMM ypaBHEHHEM, HAXOJHM, UTO
B MOCJEAHEM 33 @ MOXHO NpPHHSTE 4uc/10 56, a 3a y uncao —160. Toraa
BCEBO3MOXKHbIE pelueHHs BbipassTes Gopmyaamu (§ 149):

=056 15t; y= —160+ 43t.

ITH (GOPMY/Ibl MOXKHO YNPOCTHTb, 3aMeHHB t Ha f + 3 (4TO MOXKHO
c/les1aTh BCJGACTBHE MPOH3BONBHOCTH YHCAA f):

2 =56—15(t+3) = 11— 15t; y=—160+43(t +3) = —31 + 43¢.

Boabmém emé nmpumep: 7x — 19y = 5.

O6parue npobb % B HEMNpPephIBHYI, HAHIEM:
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3 ..
[pennocnennss noaxoasias apodbb Gyner —. Tak Kak oHa 4éTHOro

8
nopsiika, To 73 -

19 8 19.8
OTKy/a:
7-8-19.3=—1.

yMHO}KHB BC€ 4YJIeHbl 3TOro paBeHCTBa Ha 5, NOJIYYHM:
7-40-19-15= -5, wuan 7-(—40)—19-(~15) =5.

CpaBHHBas MOCJEIHEe TOXKIECTBO ¢ aHHBIM YPAaBHEHHEM, HAXOIHM, UTO
B MOCJEHEM 32 - MOXKHO NpHHATH udeao —40, a 3a y yucao —15. Torpa:

r=-40+19;, y=-15+7¢t
11 (opMYyJBl MOXKHO YNPOCTHTb, 3aMeHMB t Ha f + 2:
r=—40+19(t +2) = -2 + 19¢;
y=—-154+7t+2)=—-1+T7t

178. Beruucnenue norapucma. [lycts Tpebyercss Boiuucauth log2
no ocHoBaHuo 10; ApyruMu cnoBaMu, TpeGyeTcs pewinTh ypaBHeHue 107 =
= 2. CHauasia HAXOLHM AJsi T Guuxaiimee uesoe uucao. Tak kak 109 =
=1,a10' =10, To = SaKJ'J}O‘-laiIETCH mexay O u 1; caenosatenbHO, MOXKHO
MOJIOKHTD, YTO T = l; torga 10z = 2, unu 10 = 2%, HerpynHo BHOETDb, 4TO
z 3aKJ0YaeTcs Mexély 3 u 4; caenoBaTesbHO, MOXKHO MOJOKHTL 2 = 3 +

+i.Tor;La:
“ . 1. 4
10=2""2 =2%.2% =8.2%,
OTK a:
" o015 e ao ()
T8 4 “\4

Heneitanuem HAaXOAHM, 4HTO 2| 3aKJ4YaeTCsds Mexay 3 4, No3TOMY
MOZKHO TMOJIOKHTD:

L : i
iy 2= (B 5 ER

L : z9
(-2 18 (-3

CHoBa MCOBLITAHMEM HaXOAHM, 4TO Zz9 3akmgiodaetcs mexay 9 u 10.
IT1oT NpUEM MOXKHO Npojo/xaTb nanee. JloBonbeTBysich MPHOIHKEHHOH
BEJMYHHON 29, MOMEM MONOXKHTbL zo = 9; c/en0BaTeIbHO:

1 1 1
3 z=3+—] H = —
3+ - 34—
9

OTKyJa:

=3+
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O6paTHB 3Ty HenpepulBHY0 Apo6b B 0ObIKHOBEHHYIO, MOJYHHM:

28
r = — =0,30107;
93
3TOT pe3yJbTaT BepeH N0 YeTBEPTOrO NeCATHYHOTO 3HAKa; GoJjiee TOUHBIE

usbickanusa patot: x = 0,3010300.

II. O npenenax

179. Onpepenennsa. BozbMéM cyMMy MepBbIX 7. U/€HOB TAKOH GecKo-
HeuHO YOBIBaIOlel reoMeTpHUYeCcKOH MPOrpecCHH:
1+ - + E + : + (SHaMeHaTe.J’lb l)
2 4 8 21
CyMMa 3Ta NpH HEOrpaHHYEHHOM YBEJHYEHHH YHCJA YJEeHOB YBEJHUH-
BaeTcs, npudaHxkasach (§ 86) kK mocTosHHOMY uHcay 2 Tak, YTO Pa3HOCTb
11 1 1
2-(1+ s+7+5++57)
2 4 8 gn-I
NPH AOCTATOYHOM YBEJHHYEHHH YHCJIA C/laraeMbIX JAe/aeTcs MeHblue J160ro
JIAHHOTO MOJIOXKMTeJbHOTO uHcaa (Hampumep, medbine 0,000001) u npu
JaJibHeHIlIeM YBeNTHYeHHH YHeaa claraeMblX 0CTaérces Bcerja MeHblile 3Toro
YyHCeaa. L1 1
[lpy 3TuX ycn0OBHAX MBI TOBOPHM, 4TO cymma | + 5 + 1 + 3 + ...
| "
.+ T eCJIM YHCJIO CJlaraeMblX B Hell YBeJH4YHBAeTCsl HeorpaHHUeHHO,
umeet npenena 2.
B sToM npHumepe mepeMeHHas BeJMYMHA (CyMMa 4JEHOB MPOTPECCHH),
npubaukasch K cBoeMy npejeny, ocraércs MeHblle ero. Ho moryt ObiTh
cJy4yad, Koraa rnepeMeHHas BeJIHYHHa, NpUOJHXKasch K CBOEMY [pejedy,

. 1
ocTaérest 60JblIe ero. Harnpumep, ecJii NnpeanojgoXxum, 4To B CyMme 1+ -
€T

3HAaYeHHEe T TOJIOKHTEJIbHO H HEOrpaHHYEHHO YBeJHYUBAeTCs, TO CyMMa
3Ta OygeT NMpuOMHAKATLCSA K mpefeay 1, ocTaBasich Beerga Gosbiie .
Moxker TakxKe cy4HTBCS, YTO NepeMeHHas BeJHYHHA TaK U3MEHSIeTcs,
YTO OHA AenaeTcs TO GoJblie, TO MEHbLIE CBOEro npeaena. Takod cayuau
MBIl y2e BHEJH, KOr4a FOBOPHJH O Npelese CyMMbl 7. 4JeHOB GeCKOHeUHO
yObiBatolled reoMeTpHyeckor nporpeccuu (§ 87):
1 | 1

2, -1, +5, —7. +

1
5 1 g oo (SHaMEHaTe.Hb —5).

1 n "
[lpenen stot pasen 15, M CYMMBl [BYX, TPEX, YeTbIPEX M T.[. UJIEHOB
NPOrpeccHH MPUHKUMAIOT 3HAYEHHs, KOTOpble ronepeMeHHo TO GoJklie, TO
MeHbllle CBOEro Mpefiena:

1
7

1 _ g qer 1 _ 1 1
2—l_l<l§, 2-1l+=-=1=>1=; 2 1+2 —l4<l3

bO| =
| —
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[Tocne atTux npumepos GyeT NMOHATHO CJeAYIOLIee ONpeleseH e npeje-
Ja:

Ecan nepeMeHHasi BeIMYMHA & TIPH CBOEM M3MeHeHHMH NMPHOJMKaeTCd K
MOCTOSAHHO# BeJHYHHE @ TaK, YTo abCONMIOTHAs BeJHMYHHA PAa3HOCTH a — T
(MM © — a) MoXKeT cleJaThCd M B JajbHeillleM 0cTaéTcA MeHblle J1060ro mno-
JIOXHUTEJBbHOIr0o 41cJja, TO 3Td NOCTOAHHAA BeJHUYHHA G HA3bIBAETCH Ipeae oM
MEepPeMeHHOMH .

BumecTo Toro uTOGB TOBOPHTH «BEJMUYMHA ¥ HMeeT Tpelen a», 4acTo
FOBOPAT KOPOYe «T CTPEMHTCH K a» W [MCbMEHHO BbIPaXKawT 3TO TaK:
T — a (WM npenes x paseH a).

Ecnu nepemeHHas BeJIMYMHA yBEJAHYHBAETCs HEOrPaHUYEHHO, TO YCJIOB-
HO TOBOPAT, UTO OHA CTPeMHTCH K +00; eC/JH Ke MepeMeHHas BeJH4YuHa
OCTaéTCsl OTpHLIATE]bHOH, HO eE abcoNKTHAf BeJHYHHA YBeJHYHBaeTCH
HeorpaHH4eHHO, TO TOBOPAT, YTO OHA CTPEMHUTCH K —00.

[TepemeHHass BeMHuMHA, CTPeMANLAACH K oo, 4ACTO HasbiBaeTcs Gecko-
HeuHo GOJIbILOH, 4 NepeMeHHas BeJHYHHA, CTPeMSLLasicd K HYJI0, Hasbl-
BaeTcsi OecKoHeuHo Masiol. CienyeT, 0iHAKO, MOMHHTb, YTO 3TH HA3BaHHS
He 03Ha4yalT OueHb OOJIbIIOH BeJMYHHbBl HJM OYeHb MaJIOH BeJIHYHHbI, OHH
XapaKTepH3YIOT Mpolecc HM3MeHeHWA BeJHUYHHBbI: BeJWYMHA, Ha3biBaeMas
«OecKOHeYHO OO0JIbIIOH», W3MEHSIeTCss TaK, YTO OHAa JleslaeTcsl M OCTaéTcH
(mo aGcomoTHON BeJHYHHE) GoJblie JHOOOTO JAHHOrO YHC/a, a BeJHYHHA,
HasbiBaeMasi «0eCKOHEYHO MaJioH», U3MeHseTCss Tak, 4TO OHa NeJaeTcs U
ocTtaércsi (Mo aGCoOMOTHOHW BeJIMYMHE) MeHblle J1000r0 AaHHOTO MOJIOMKH-
TeJbHOrO YHCJa.

Ecain BOCNONB30BaTLCS B 3TOM CMbICJ/IE Ha3BaHHEM «DeCKOHEUYHO MaJjasi
BeJIMUHHA», TO ONpPeJeJIeHHe Npejesta MOXHO BbICKa3aTh KOpoye Tak:

[locmosnrnas seautuHa a HA3bIBACMCA NPE0eAOM NepemenHol T, ecau
paszHocme T — a ecto GeCKOHEeUHO MANAA 6eAULUHA.

180. HekoTopbie cBoiicTBa DecKoHeuHO Majbix Beauuud. 1) Au-
eebpauteckas cymma GeCKOHeYHO Maiblx seiudur beckoHeino maia (ec-
JIM YMCJIO CJIaTaeMblX He YBeJHUHBAeTCsl GecrpesiesibHo).

Bosbmém, Hanmpumep, TpH OGecKOHeuHO Manabix «, 3 W v (OHH MOTyT
ObITh MOJOXKHTE/bHEIE H OTpHLIATEbHbIE), UTOObI MOKa3aTh, YTO CyMMa HX
« + 3 + v 6ecKkoHeYHO MaJia, Hajlo yoeauTbes, uTo abCoJTHAS BeJIHYHHA
ITOH CYMMBbl [e/1aeTcs H OCTaéTCsl MEHbLUEe BCAKOro JAHHOTO T0J0XKHTE/ b
HOTO 4HCJa, HATPUMep, MeHbllle OTHOH MHMJIHOHHOH. [leficTBHTEMbHO, Tak
KaK BEJHYMHDI ¢, J ¥ 7 OECKOHEYHO MaJbl, TO NPH CBOEM M3MeHeHHH abco-
JIFOTHAsI BeJIMUMHA KAXKIOro H3 HHUX JeJaeTcsl U 0CTaércsl MeHblie J000ro

1 7
JAHHOTO YMCJa, B TOM YHCJEe M MeHblle - MHJJIHOHHOH, 3HAYMT, TOrAA
abCco/I0THas BeJAMYMHA CYMMBl o + [3 + ¥ JejaeTcss M OCTaéTcs MeHblie
| l " o o
( -+ =4 = ) MHJIJIMOHHOH, T. €. MeHbllue OAHOH MHJJHOHHOH.

3 3 3
3aMeTHM, YTO ec/iH OIHOBPEMEHHO ¢ YMeHblleHHeM abCoJIOTHOH BeJiH-

YHHBI CJaraeMbiX YHCJA0 HX 6YJ].ET HEOrpaHH4eHHO BO3pacTaTb, TO CyMma
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MX MOXKET 0KasaTbesi H He OecKoHedHO Manioi. BosbméMm, Hanpumep, Takyro
CYMMY: e i
—+—+ —+...4+ — (n cnaraembix)
n n n n

H MPeanoJoKUM, YTO UHCJI0 h HEeOTPAaHWYEeHHO BO3PAacTaeT; TOTAa, HEeCMOT-
ps Ha TO, YTO C yBeJWYEeHHeM 3HAMEeHaTess n CJaraeMble YMeHbLIAITCs
HEeOTPaHHYEHHO, CyMMa MX OcTaércsi HeH3MeHHOH (oHa pasHa 1).

2) Ilpoussedenue becKoHeUHO MQAOL BEAUYLKbL HA NOCMOSAHHOE YHCI0
0ECKOHEUHO MaJIo.

Hanpuwmep, npoussenenne 100, B KoTopoM o — Kakaa-HUOYAb Gecko-
HEeYHO MaJasi BeJWYHHA, AeJaeTcs H ocTaétces (Mo abcoMOTHOH BeNHUHHE)
MEHBIIHM J1060T0 AAHHOTO MOJCKHTENBHOrO YHCJA, HANpPHMep, MeHbLUHM
ONIHOH MHJIJIMOHHOH, TaK KaK a Je/aeTc M OCTAéTCsi MEeHbLIMM BCSKOrO
JIAHHOTO MOJIOKHUTENBHOTO YMC/a, B TOM YHCJe MeHbIIHM W OXHOH CTOMMII-
JHOHHOH.

3) lpoussedernue Geckoneuno maioll sesutunol Ha opyeyo beckoueu-
HO MAAYIO BEAUUUHY DECKOHEUHO MAAo.

Ecnu npouseenieHne GeCKOHEYHO MaJioi BeJIHUMHBI Ha MOCTOSHHOE YHC-
JIO JIeNaeTCs ¥ 0CTaBTCs KaK YTOAHO MaJbiM, TO MPOH3BeleHHe BecKOHeYHo
MaJjIoH BeJIMUHWHBbl Ha APYrylo OGecKOHeuyHO MaJ/ylo BeJMYHHY H MOJaBHO
ofJ1a1aeT 3THM CBOHCTBOM.

4) Yacmnoe om denenus BeCKOHEUHO MAAOL BEAUUUHbBL HA NOCMOSLH-
HOE HUCA0 BECKOHEUHO MANO.

Hanpumep, uyacTHoe « : — GECKOHEYHO Majlo, TAK KakK OHO PAaBHO

npou3BeneHuio a - 10, T. e. npou3BeneHHI0 GECKOHEYHO MaJOH BEJHYHHBI Ha
MOCTOSIHHOE YHCJIO.

3ameuaHnue. HacTHoe OT jeseHusi GECKOHEUHO MaJIOH BEeJHYMHBI HA
ApyTylo 6ECKOHEUHO MANYI0 BEJHYHHY MOXKET WHOrAa paBHATHCH TMOCTOSH-
HOMY YHCJY, MHOrAAa 0eCcKOHEeYHO MaJjoH M HHOorjaa 6ecKOHeYHO OOJbLIOH
BeJIHYMHE; BCE 3aBUCHT OT TOrO, N0 KAKOMY 33aKOHY YMEHbLUAeTCs AeJHMOe
W M0 KAKOMY 3aKOHY yMeHbluaercsl fejuTesb. Bo3bMEM, Hanpumep, Takux
TPH YaCTHBIX: N
200, o a1

] 1} -

o @ o a
HO.J"IO}KMM, 4TO v ecTh OecKOHeuHO MaJjas BeauuuHa. Torna nepeoe
4aCTHOe, BCerga paBHOe 2, €CTb YHUCJIO MOCTOAHHOE, BTOPOE 4aCTHOE, paB-
HO€ «x, €CTb BeJHYHHa 6eCKOHeYHO maJasi, a TpeTbe 4aCTHOe, paBHOe }lpOﬁH

1 "
—, eCThb BeJHuHHa GeckoHedHO OoJbluast, Tak Kak ﬂpOﬁb, Y KOTOPOH HYHCJIH-
o

TeJlb — MOCTOSIHHOE YHCJIO0, 4 3HAMEHATe/Nb HeOrpaHHYeHHO YMeHbIIaeTcs,
yBeJHuKBaeTcd GecnpeenbHo.

181. Croiictea npenenoB. 1) [lepemennasn seauuuna He MOMcem
umemo bosee odHoeo npedea.

IlpeanonokMM MPOTHBHOE, a HWMEHHO, YTO MepeMeHHas BeJHYHHA T
CTPEMHTCS K ABYM pa3/HuYHbIM npepesam, Hanpumep, Kk 5 v 5,1. Torna
COIJIACHO ONpefe/eHHIO Tpejiesia PasHoCTH * — 5 U x — 5,1 10/KHbL ObITh
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GeCKOHEeYHO MaJible BeJHYHHbl (M0/I0KHTEe bHbIE H OTpHIlaTedbHble). [TyeTb
r—5=auzx—>5,1 =/ Torna:

r=5+a W x=51+7
H, CJEJ0BATEbLHO,
b+a=5,1+73 orkyna «a-—4=0,1.

Ho 3To paBeHCTBO HEeBO3MOXKHO, TaK Kak pasHOCTb « — [, TMpencTas-
asouas coboi anreGpavueckyro cyMMy OeCKOHeYHO MaJjblX BeJanuHH, Gec-
KOHEYHO MaJja H, CJIe]OBaTeJIbHO, OHA HEe MOXKET PAaBHSTbCS MOCTOSTHHOMY
YHCJY, OTJIHYHOMY OT HYyJf. 3HAYHUT, Hesb3sd NOMYCTHTh, YTOOBl YHCJIO T
MMeJIO /1BA PAasJIMYHbIX MpefeJa.

2) Ecau pasnocmoe 0s8yx nepemenuoix seiunurn (r u y) 6eckoneHo
mara (uaw pasua HYyao) U 00HA U3 HUX umeem nApeder, mo u dpyeas
umeem mom gce npedea.

JlonycTyM, HampuMep, YTO BeJAHYHHA x uMeeT npepes 2. Torga MoXHO
NpUHATD, 4TO & = 2 + «, Tle ov — GecKoHeuHo MaJsasi Beanunna. JomycTtum,
KpPOMe TOro, 4TO PasHOCTb & — Y paBHA OeCKOHEYHO Masoil BeiuuuHe [
(MaH HyJ10).

Torpa:

(24+a)—y=p0, omkyma 2—y=p—a.

Tak kak pasHocTs [ — @ ecTh BeJHUYHHA OECKOHEYHO MaJjasi, TO M3
NOCJIETHErO PABEHCTBA BHAHO, YTO 2 €CTh Npees YHCAa i.

3) O6partHasa teopema. Ecau dee nepemennvie sesununo. (x u y)
umerom obujuil npeder, mo ux pazHocms GeckoHeyHo mara (uau pas-
Ha 0).

[TonoxuM, Hanpumep, 4TO BeJHYHMHB & M y UMeloT oauH npenea 10.
Tornaz=10+auy =10+ 3, roe a u § — 6eCKOHEUHO Ma/ble BEJHUHHBI.
CuaieloBaTeJIbHO:

z—y=(104a)—(10+8)=a— 3.

Tak kak pasHoctb « — [ GeckoHeuHo Masa Wau pasha 0, To W Jesas
4acTh PABEHCTBA, T. €. PA3HOCTh & — ¥y, OECKOHEYHO Masa HiH paeHa (.

4) [Ipedes arcebpauueckoll cymmol NePeMeHHblY BeAUdUL PABEH al-
eebpauneckoli cymme npedeios amux esudur (eC/H YHCJO claraeMelx He
GeCKOHEHHO BEJHKO).

[TosoxuM, Mbl UMeeM CYMMY TPEX NMepeMeHHbIX BeJHUUH T + Yy + 2, U
nyctb & — 3, y — 2 u z — —5. Torna MOXHO HamKcaTh PaBEHCTBA:

r=34+q, y=2+p z=-5+7,

rae o, 3 Uy — OGeCcKOHEeUYHO MaJible BeJIMUWHEL
CuieioBaTe/IbHO:

z+y+2=0@+a)+2+8)+(-5+7)-=0B+2-5)+(a+B+1),
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OTKyJa:
(z+y+2)—(3+2-98)=a+05+.

[lpaBas uacTb 3TOro paBeHCTBa €CTh CyMMa KOHEYHOro 4Hcsa Oecko-
HEeYyHO MaJibiX c/araeMblX, a NOTOMY OHa caMa GecKOHeYyHO MaJja; a U3 3Toro
CJIELYET, Y4TO NepeMeHHast CyMMa & + y + z CTPeMUTCs K npeaeny 3 + 2 — 5,
T.€. K anreGpanyeckoil cyMMe MpeaeJsos.

I10 paccyJIeHHe MOMHO MOBTOPUTb O YeThIpEX, MsTH W Oojee cJja-
raemblX, JHLb Obl YHCIO0 WX He BO3pacTalo OecrnpesesbHO (B MPOTHBHOM
caydae cymma a + (3 + v + ... Morsa 6bl 0Ka3aTbest H He GecKOHevHO MaJioi
BEJIHUMHOM).

3) llpedea npoussederius nepPemerHHblX 8eAUtUM PaBeH NPoU3BedeHiIo
npedenos IMuX 6eAUUUN.

[Tyctb MMeeM npousBeieHHe Ty ABYX TEPEMEHHBIX BEJHUHH, M3 KOTO-
PHIX MepBas CTPEMHUTECs, HanpUMep, K Nnpefesy 2, a Bropas — K npeenay 3.
Torna:

z=24a u y=3+4.

CunegoBaTeJbHO:
zy=02+a)3+8)=2-3+3a+20+ af,

OTKY/a:
ry—2-3=3a+28+af,

[Mpoussenenus 3cr, 23 u af — GeCKOHEYHO Masible BeJHYHHbBI, O3TOMY
M cyMMa MxX OecKOHEYHO Maja, a 3TO O3Hauyaet, yto =y — 2 -3, T.e.
limary = limz - limy.

ITOT BHIBOI MOXHO 00OOIIHTL HA NPOHU3BeleHHe TPEX, YeThIPEX U OoJee
comHoxkuTenel. Tak, pacemarpuBasi npousBeleHHe Tyz KAk NpPOU3BeleHHe
TOJILKO JIBYX COMHOXKHTEJeH Ty U z, Mbl MOXKEM HAMHCATh:

lim(zryz) = limzy - limz = limz - limy - lim z.

6) [Ipedea wacmnoco om deieHus NEPEMEHHLLY BEAUUUH PABEH HAC-
Homy om deaenus npedeia deaumozo Ha npedes deaumensn, ecau npeodei
deaumens He pasex HYyaro.

Myetb £ — 2, y— 3; torna z=24+auy=3+3, rneauff—
GecKoHeuHO MaJible BeJHuHHbl. Cle0BaTeNbHO:

r_2_24a_ 2_(24a)-3-(38+p6)-2_ 3a-28

y 3 3+5 3 (3+8)-3 (3+4P8)-3
B npobu, crosiuieit B npaBoil 4acTH 3TOr0 paBeHCTBA, YHCAUTeNbL — Oec-
KOHeYHO MaJiad BeJIHHHHA, TdK KdK OH eCTb 3JIFE§[J3W-I€CK3FE cymMMa JBYX
6ECKOHeYHO MaJblX BEJIHYHH, 3HaAMeHaTeJb e, HMed [peae/oM 4HCJI0 32,
He paBHOe HYJ/0, He MOXeT CTPeMHTbCHA K HYJIIO. Ecnu xe uucaurens
JNpobu GecKoHeYyHO MaJl, a 3HameHaTesb He OecKOHeyHo MaJ, TO Takas
1pobb 6eckoHeYHO Mana.
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3HAYUT, U3 HAMHUCAHHOTO BbIILE PABEHCTBA Mbl JOJIKHDI 3aKJIHOYHTD, 4TO
. T 2 lim
lim===== ;
y 3 limy

7) llpedea cmeneru, y KOMOPoi OCHOBAHUE ECMb NEPEMEHHAA 8eAll-
4UHA, @ NOKA3ameib — NOCMOSHHOE HUCAO, PABeH MOl He CMmeneHu
npedeia OCHOBAHUA.

OrpanuynMes caydaeM, KOrja MoKasaresb CTENEeHH eCcTh YHCJO LeJoe,
NoJIOXKUTENbHOE. B 3TOM ciiyuae Teopema MpeacTasiser codoll mpoctoe
CJIE[ICTBHE TEOPeMEl O Mpefese npoussenenus. Tak:

lim(z*) = lim(zzz) = (lim z)(lim 2) (lim ) = (lim ).

JloGarum el 6es 10Ka3aTesibCTBA CJEAYIONIME JBA NOJOXKEHHS O Mpe-
nenax.

8) Ecau nepemennas eeiuvuna 6o3pacmaem, OCmMasaicv, 00HAKO,
MeHblle KaKoeo-HuByo0b NOCMOsHHO20 YUCAQ, MO OHA uMeem npede.

Bo3bMéM, HanpuMep, MpHOHXKEHHbIe 3HAueHHs \/2, B3ATHe ¢ HelO-

CTATKOM H BblYHMCJIEHHbIE C TOYHOCTbLIO CHAa4daJa Ao 1, noToM 1o , 3aTeM

10

no H T. O. Mui NoJy4HM Tornaa OeCKOHe4HbIH pPAL 4HCe:

|
100
1: 1,4; 1,41; 1,414; 1,4142; 1,41421 w . 4.

l‘IPICJ’IE!. 3TH MO Mepe YIIEIJI@HHH OT Ha4yaJsa pﬂﬂ.a yBEJE[/I'-JHBal-OTCH, HO ocTa-
HOTCA BCerjga MeHblie HeKOTOpOFO MOCTOAHHOIO 4HCJA, Hanpnmep, MEHbIIe
1,5; MPH 3THX YCJOBHAX Mbl JOJKHbI IOMYCTHTb, YTO YHUCJd B3ATOrO HaAMH
pAjfa no Mepe ero MPOAOJIKEHHSI CTPEMSATCS K KAKOMY-TO OfpejeéHHOMY
npenesy (3TOT npefen eCTb HPPalLHOHANBHOE YHCJI0 V2).

9) Ecau nepemenrasn seauwuna ybvieaem, ocmasasncs, 00HAKO, Gonb-
we rcarcoao-&uﬁydb NOCMOAHHOZO HUCAQ, MO OHA umeem npedeﬁ.
Bo3bMéM a5 mpHMepa psl NMPHOJHKEHHBIX 3HAUeHHH /2, B3ATHIX €

1
H30LITKOM, C TOYHOCTBLIO 10 1, 10 —, 10 —— M T.1.:
pi it 10 it 100 b1

2, 1,5; 1,42; 1,415; 1,4143; 141422 w r. 1.

[To Mepe ynaseHus oT Hayasa psila YHCJA ITH YMEHbIIAIOTCS, HO OcTa-
10TCA MOCTOSIHHO Goabie 1,4; MPH 9THX YCJOBHSX Mbl JOJKHBI IOMYCTHTD,
YTO YHCJIA JAHHOTO Psia CTPEMATCS K Mpefeny (OH paBeH UPPAIlMOHAJEBHO-
My uncay v2).

Yapaxcuenus.

9

2" —xz — 1

279. Haiitu npenen, K KOTOpOMy cTpeMHTcsl Apodh ————
3z — bz +2

, €CJH

x— 1.
Pewenune. Ecan x — 1, To uHcauTesNb ¥ 3HAMeHATe b AaHHOH Apo0H CTpe-

0 . "
mates K 0. Ho tak kax 6 eCTh HeonpeaeseHHOE BblpaxeHue, TO Mbl OCTAEMCH B
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HeM3BeCTHOCTH, K KAKOMY Mpefesly cTPeMHMTCA faHHas Apo0b (H faxe CTpeMHTCs
JIH OHa K Kakomy Obl TO HH OblLT0 TIpefeny), ecan @ — 1.

[TocTynuM Tak: NPennoNOKUM, YTO & paBeH He |, a KakoH-HHOYLb NMepeMeHHOH
BesNMuMHe, npubauxawlleidcs Kk 1. Hanpumep, nyctb © = 1 + h, rae h — Kakas-
HUOYIb MONOKUTEIbHAS BeJIMUHHA, cTpeMAllasncs K Hymo. Toraa BequudHa N1aHHOH
Apodu Gyler:

21+ h)* —(1+h)—1  2+44h+2h° —1—h—1 20 +3h 2h+3
3(1+h)°-5(1+h)+2 3+6h+3n*—-5-5n+2 3h°+h 3h+1

(cokpatuth Apo6b Ha h Mbl MMeeM mpaBo, Tak kak h # 0).
[Mpennonoxkum Teneps, uto h — 0 H, caenosaTessHo, © — 1t

o%h 43 ii_rﬁ](Qh—f-B) 3

l' = _=
0 3h + 1 lim (3h+1) ~ 1

Tot »xe camblii mpemen Mbl HaHmEM, €CaM OOMYCTHM, 4To = 1 — h, toe h —
Kakasf-HUOYAb MOJOXHTe/bHas BeJHYHHA, cTpeMsllasdcd K Hymo. TakuMm odpasom,
6ynet auM x NpuOAMKATLCA K eAMHHIe, OcTaBasch Ooabiue 1 WKW OCTAaBAACh MEHb-
we 1, npexen naHHOH IpOGH OYIeT OLHH M TOT Ke, 4 HMEHHO 3.

9
280. Haiitu npepes, K KOTOPOMY CTpeMHTCS ApoOb %M, ecan xz — 1.
"+ 1z -
281. To xe, ecaun z — 0.
3 5

282. Haiitu lim & — b =42

z—2 ' — 122+ 16

z’ — 8

283. Haiitu lim ————.

=2 2z — 3z — 2
284. Haiitu lim ———.

n—oo 1 + 1
Pewenune. Tak kak

n 1
nt+1" !
1+ -
n
T o 1 1
li = lim = =1{= 1
n—oo 1N n—oo :
w Ji {1 g)

295 Halin fin 220

n—oc  Ip”
286, Hafitu lim — 219

T=% by 4+ Va4 1
287. Haiitu npemen, K KOTOpPOMY CTpeMMTCs APOOb, €CJAM K UYHC/AHTEN H
3HaMeHareqnlo eé OyaeM npUOaBaATb OAHY H TY K€ BeJHYHHY, HeOorpaHH4YeHHO

. . a-+m
BO3PACTAIONLYIO; IPDYTHMH CJ0BAMH, HaliTH lim
m—oo b+ m

Pemenwue.
a . a : 4
lim a+m= lim E+l — ”}E'nm(;Jrl) e, "}l_r'n"ca+1 =0+l =]
m—so b+ m ’"“”"E-i—l lim (£+l) lim i+1 O+
m m—oo \ I m—oo M
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a
Takum oGpasom, Gyzer M Apolb 7 TPaBHabHAS (a < b) nau HenpaeH/bHAs

(a > b), npepen npobu, Koraa m — o0, OKA3bIBAETCH OOHH W TOT e, a UMeHHO 1.
Orciona cnefyer, yto npaBHabHas 1poOb, npubaHKadck K 1, ysenHuWBaercsd, a
HENpaBHJIbHAN YMEHbLIAETCH.

III. Uccnenosanue KBaapaTHOrO TpéxyJaeHa.
HepagpencTBa BTOpOI CTEneHu

182. 3apaua. C aspocrara, Haxozsieroes Ha Beicote 1000 M, ¢dpo-
cuJin rpy3 co ckopoertbio 20 M/c. Ha KakoM paccTOSiHHH OT 3€MJIH 3TOT TPY3
oynet yepe3 15 c? (ConpoTHBieHHe BO3AyXa B pacuéT He NPHHHMAETCsl.)

[TyTh, MPOXOAMMBII MaAAIOUUM TeJIOM, BEIUHCAgeTCs 1o (opmye:

s:vot+%gtz. (1)

Ifie vg — HayaJabHas CKOpoCTh, a g = 9,8 M/c? — ycKopeHHe CHJIBI TAKECTH.
B nannom cayuae vy = 20 m/c, u opmyna npuMeT BHA:

s = 20t + 4,9¢%. (2)

Takoit nyTb npoipéT nagawouiuii rpys 3a t cekyHA. 3HAUWT, yepes t
CeKYHJl OH OyleT HaXOAHTBbCS HA BbICOTE

o = 1000 — 20 — 4,9¢2 (3)

MeTpoB 0T 3emJH. YUToGbl onpenennTbh & — BLICOTY Ipy3a Hajl 3eMJEH
yepe3 15 ¢, O4EBHIHO, IOCTATO4YHO B (3) MOACTaBHTb t = 15 U NMpPOH3BECTH
Bbluncenus. [lomyunm:

x = 10002015 —4,9- 152 = —402,5.

OtpunaresbHoe 3HAYEHHE & 3[€Ch HE UMEET CMbICJA, H, CJeI0BATeNb-
HO, Hallla 3aja4a He WUMeeT peulieHus. [louemy Tak nodyuusoch? YroGhbl
OTBETHTb Ha 3TOT BONPOC, ONPEIEeJHM CHayaja, 4yepes CKOJbKO CeKYHI
cOpolieHHbIH rpy3 ynanér Ha semawo. OueBHIHO, 3TO TPOM30HOET B TOT
MOMEHT, KOrjla rpy3 MpOWAET MyTh, PaBHBIA BLICOTE, C KOTOPOH OH OblJ
copouten, T.e. 1000 M. 3HAYUT, Mbl [TOJKHBI HMETb:

20t + 4,9¢* = 1000,

HJIH

4,9t* + 20t — 1000 = 0. (4)

o 1 -
PewuB 3710 ypaBHeHHe, Haigém t = 12,4 ¢ (¢ TOYHOCTBIO 10 —0; Oepém

TOJIBKO MOJIOMHTE/IbHBIH KopeHb). 3Ha4uT, uepes 12,4 ¢ rpys yxe ynai Ha
3eMJII0, a MOTOMY BOMPOC 3a/la4H He HMeeT CMbIC/A.
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[ns kakux xe 3HadeHWH t 3ajada AONYCKAaeT BIIOJHE ONpeleNéHHOe
perenue? O4eBHIHO, TONBKO IJs1 TeX 3HAYEHHH, MPH KOTOPBIX MYTh, TPOH-
neHHbIH rpy3oM, MeHbiue 1000 M, T.e. npH yclI0BHH, YTO

4,92 + 20t < 1000,

HJH, YTO TO 2Ke, .
4,9t 4+ 20t — 1000 < 0. (5)

3HauMT, 3a7a4a MMeeT pelleHHe TOJbKO MPH TAKHX (MOJOXKHTENBHbIX)
3HauYeHHAX t, IPH KOTOpHIX TpéuneH 4,9t? + 20t — 1000 sBasieTcss OTpHIA-
TeJIbHBIM 4YHc/IoM. JTo Oynet npu t < 12,4,

Bo MHorux 3anauax, Kak W B NMPHUBEIEHHOW Bhillle, TpeGyeTcs onpeje-
JUTh JJSl JAHHOrO TPEXYJeHA, NPH KAKMX 3HAYEHMAX BXOAsALLEH B HEro
OYKBBI OH SIBJSIETCS MOJOKHTENBHBIM H MPH KAKUX OTpHIIATENbHBIM. B 3TOM
H 3aKJII049aeTCsd MCCJe0BaHKe KBaJpaTHOrO TPEXuJsieHa, KOTOpOoe H3J/1araeT-
¢Sl B CJeAYIOIMX naparpadax.

183. KpagpatrHbiii TpéxujeH, MMEOUHI BelleCTBEHHbIE pPa3JjHy-
Hble KOPHH.
[Tpumep 1. IlycTh nan TpéxuneH:

y= 222 -7z +3. (1)

Tpebyercsi onpenesiuThb, NpH KAKHX 3HAYEHHSAX T 3TOT TPEXUJeH OyLer
HMETB TOJOKHTEIbHBIE H MPH KaKHX OTPHIIATE/bHbIE 3HAYEHHS.

Mpr sHaem (§ 44, 45), uTo BCAKHMI KBaapaTHLIH TPEXHYJEH MOMKHO
NPeJCTABUTL B BHJE NPOH3BeNeHHs Ko3(dHIMenTa mnpu 22 u pasHocTed
MEeXKAY NepeMeHHOH & M KOPHAMH TPEXUJ/eHa.

Haliném KOpHHM AaHHOrO TpPEX4JieHa, /sl YEro pelinM ypaBHeHHe

222 —7z+3 =0. (2)

1 .
[onyuum z; = 3 T9 = 3 (uepes x; OyneM B AafbHeimeM 0603Ha4aTh

MeHbLIHH K3 neHcTBUTEeNbHLIX KopHed)., Torma naHHBIH TPEXueH MOMXKHO
NpeiCcTaBUTh B TAKOM BHIE:

y=2(v-5)@@-3). (3)

Hcenenyem Tenepb, NpH KaKHX 3HAYEHHSX T 3TO NPOU3BeNeHHe Oymer
YHCJIOM TOJIOXKHTENbHLIM M [PH KAaKHX OTpHLATeNbHbiM. Pasbepém TpH
cayuas.

1

1. Ilyete = < 5+ TOTAA M NIOAABHO & < 3. Orcrona, nepeHecs: BCe UJIEHBI

B JIEBYIO UACTh, MOJYUHM:

.‘L’—%(O H r—3<0.

1
CJief1oBaTe/IbHO, NPOH3BEIEHHE (z - 5)(3: — 3), KaKk npou3Be/ieHHe JIBYX
OTPHILATENLHBIX YHCEJ, SBAAETCS YHUCJIOM MONOKHTENbHBIM. [To yMHOMKeHHH
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€ro Ha MOJOXKHTENbHOE HHCA0 2 MONYYHM OMATh MOJOMHTENbHOE YHCJIO.
Orciona caenyer, 4To NpH & < 5 Bblpaxenue (3), a 3HayuT, ¥ AAHHBIH
TPEXUJIEH SIBJSAETCS MONOXKHUTEJILHBIM YHCJIIOM.

2. Ilyers

r>% HO = < 3,

T. €. 3HAYEHH$ I 3aK/I0UeHbl MMy KOPHAMH JaHHOro TpéxdneHa, M3 aTux
HEpPAaBEHCTB, MocJ/e nepeHoca 4/JeHOB B JIEBYIO YaCTh, MOJYYHM!:

;rf%>0, HO z—3<0,

1
Crano 6bITb, B IPOH3BENEHHH (T - 5) (x — 3) OOHH COMHOMKHTENb MONOMKH-

TeJIeH, APYroi oTpHIaTeNeH. 3HAYUT, NPOH3BeAeHHe GYNET OTPHIATENbHO,
U [0 YMHOXKEHHH Ero Ha MOJIOKHUTENbHOE YUC/I0 2 NMOJYUHM OTPHLIATENBHOE
yucno. Mrak, npu |

§<:1:<3

BblpaxceHue (3), a c/efoBaTesNbHO, H NAHHLIA TPEXUJEH, ABJISAETCA OTPHLA-
TEJIBHEIM THCJIOM. l
3. Ilyetb = > 3, Torma W nopaBHO T > 3 Orciona nonyyaem:

$—850 © ;r—%>0.

1
[Tpoussenenue (fL - §)(:1: — 3), a cJjeloBareJbHO, W [POU3BEJleHHe

Q(w— %)(I—S) OYIYT MOJOKHTEJNBHBIMH YHMCAAMH, 3HAYHT, NMpH = > 3
[aHHBIA TPEXUJIEH — YHCJO MOJIOKHTEJbHOE.,

Hrak, mbl npywau K chaepyiouleMy BbiBoay. TpéxuieH 222 — 7z + 3
HMEeT TOJOXKHUTENbHBIE 3HAYEHHSI MPH BCEX 3HAYEHMSX &I, MEHBIIMX %
W MpH BcexX 3HadeHHaX x, 60abwKx 3. Tpéxu/eH MMeeT OTpPHIATENbHbIE

3HAYEHHUS TIPH BCEX 3HAYEHHAX X, 3aKJIOYEHHBIX MEXIy é u 3.

[TpoBepka ciesaHHBIX BhIBOAOB HAa HEKOTOPBIX YHMCJOBBIX 3HAYEHHAX T
NaHa B cJeyiolei TabJidile, re B BepXHel CTPOKe JaHbl 3HAYEHHS T, a B
HUXKHEH — COOTBETCTBYIOIIHE 3HAUEHHS TPEXuJ/eHa:

Lr -5 | =3 [ -1 0 1 2 4 7 10
2z — Tz +3 88 42 12 3| -2 | =3 | 7|52 133

K tem ke pesynbTaTaM Mbl NMPHAEM, €CJH PACCMOTPHM rpaduk Tpéx-
unena 222 — 7z + 3. Mul 3naem (cm. § 50), uto 3TMM rpaduKoM siBASETCS

napaéoﬂa, nepecekKarouiass oCb r-0B B TOYKAaX, aﬁuuccu KOTOPbLIX pABHBI §
u 3. U3 paccmorpenns rpaduka (cM. puc. 36) HernocpeacTBEHHO BUAHO, YTO

TOYKH Mapadobl, abCIHCCE KOTOPBIX MEHbIle 5 HaH Gosbllle 3, pacrnoJo-
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JKeHbl BBILIE OCH T-OB W, 3HAYMT, X OPAMHATHI, T.e. 3HadeHus y = 2r% —
— 7x + 3, 6yLyT MOJOXKHTEbHbI.

Touku ke mapabousbl, aBclMCChl KOTOPBIX 3aK/JIOUEHbl MEXAY — H 3,
HaXONSITCSl HUXKE OCH X-0B, M, 3HAYMT, HX OPAHHATHl OTPHLATEJbHbIL.
[Tpumep 2. Hccnenyem takum xe cno-

coOOM TPEXUJIeH:
y =3z —z— 10.

Pewns KpajapaTHoe ypaBHeHue 3z’ — x —
— 10 = 0, HaiinéM KOpHM JAHHOTO TpPEXUJeHa.

5
Onu O6yayT paBHBL: T = —z A2 = 2. Torna
TPEXUJIEH MOMKHO NPeACTABHTL B TAKOM BHJE:

a =l (-2,

HJH 5
Prc. 36 y:3@+§ym—m

=

Paccymxpnas tak ke, Kak ¥ B NepBOM NpPHMeEpe, HAHAEM:
5
1) Ipu = < =3 oyaer takxe = < 2. Orcroaa:
5
I+§<0 u xz—2<0.
C/ie10BaTeJIbHO, NPH 3THX 3HAYEHHAX T IPOH3BeleHHe

3@+gym—m>a

T.€. JaHHBIH TpéXL{JlEH HMeeT NMOoJIOKHTEeJ/IbHble 3HAYeHHS.

2) Ilpu « > —g H x < 2 GyneM HMeTb:

$+g>0 H r—2<0.

CJenoBaTte/bHO, 5
3(:1:+ 5)(1'—2) <0,
T.e. TPEXUYJeH UMeeT OTPHIATe/bHble 3HAYEHHS.
5
3) Ilpu = > 2 Gyner Takxke = > 3 Torpa 6ynem nmerts:

I+g>0 Hnrx—2>0.

Orciona: 5
3@+§ym—m>a
H Tpéx'—lﬂeH HMeeT MOJIOXKHTEeJbHble 3HAYEeHH .
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O6umit BbiBom OymeT Takod e, Kak ¥ B NEepPBOM INpHMepe: TPEXuJieH
MMeeT NOJIOKHTENbHbIe SHAYCHHS NPH BCEX 3HAUYCHHAX T, MEHbUHX —=,
H MpH BCeX 3HavyeHHsX x, Gombwux 2. OH HMmeeT
OTPHIIATENbHLIE 3HAUEHHs [/ BCeX 3HAYEHWH I, yi
3aKJIOUEHHBIX MEXIY - H 2. ITOT BBIBOA MNOJ-

TBEpKAaeTcss TabauleH, a TakKe rpagHkoM Tpex-
unena 3z — x — 10 (cm. puc. 37). /

2 5|-2|-1] 0 |1]2]3]s5 0 x

322 —2—10| 70 | 4 | —6| 10| -8 [0 14|60

[Tpumep 3. PaccmoTpum Tenepb Takod Tpéx-
4jeH, Yy KOTOporo mnepsbiit Kos(duiment (r.e.
KO3(GhHIHEHT TpH 1) ABAAETCA OTPHUATENLHBIM
uucnoM. [lycTs, HanpuMep, naH TpéXuseH:

Y= —24% + 42 + 16. Puc. 37

Haiinsn kopuu 3toro tpéxuneHa: xp = —2 ¥ 19 = 4, Mbl MOXeM €ro
neperucarTh Tak:
y=-2(z+2)(z - 14).
Hcenepys 3nak 3Toro npousBeieHHsi B TOM 2Ke MOpsiKe, Kak U B
NpeibAyIHX TpHMepax, Mbl HAHAEM:
1. Mpu & < —2 6yner takxke = < 4. O1ciona:

r+2<0 u z—-4<0.

[lpousBenenne 3THUX MHOMKMTeJed (x + 2)(x — 4) noaoxwuresnsHo. Ho
NPH YMHOMXKEHHU 3TOTO MOJOKHUTEJIbHOTO YHCJA HA —2 NOJNYYHM, OUEBHJHO,
OTpHUILATENIbHOE YMCJO W, 3HAYWT, NAHHBIA TpPEXuseH nmpu « < —2 HMeeT
OTpHILIATENbHbIE 3HAUEHHS.

2. Ilpu x > -2 u < 4 umeem:

z+2>0 v z—-4<0.

[Tpoussenenue (x + 2)(x — 4) — 4ucs0 oTpHLATE/bHOE, &, 3HAYMT, MO
YMHOMKEHHH €ro Ha OTPULATEJNbHOe YHCJA0 —2 MOJYUYHUTCS MOJ0MHKHUTEbHOe
uuesio. CrieoBaTeslbHO, NMPH 3HAYEHUSAX x, 3aKJAIOYEHHBIX MEXKIY KOPHAMH
TpéxuneHa —2 U 4, AaHHBIH TPEXYJEH MMeeT NOJOKHTeNbHble 3HAYEHH.

3. Hakoneu, npu x > 4 noayuum:

r+2>0 u z-4>0.

[Tpouseenenue (x + 2)(x —4) — uucio nonoxurenasbHoe, INo ymHoxe-
HHH €ro Ha —2 MOJIYYHM OTPHILATENLHOE YHMCAO M, 3HAYHT, TPEXUJIEH MpH
x > 4 UMeeT OTPHIATEe/bHBIE 3HAYEHHS.

Mpl BMAMM, 4YTO B 3TOM c/ydae Mbl MMeeM MoJOXeHHe, oOpaTHoe
TOMY, KOTOpoe Hal/ofaln B MepBHIX JBYX NMPHMepax: MpPH 3HAYEHHAX T,

8 A.Tl. Kucenes
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MEHBIIHX —2, ¥ NPH 3Ha4eHHAX, GOAbWHX 4, OH MMeeT OTPHLATEsbHbIE
3HAUeHMs; MPH 3HAUEHHUSX T, 33AKJIOUEHHBIX MeX1y KOPHSIMH TpPEXuJieHa, OH
HUMeeT MOJIOMKHTENbHble 3HAUeHHs. JTOT BbIBOJ NMOATBEpXKAaeT U Tabauia
IJ151 OTAENbHBIX YHCJOBLIX 3HAUYEHHH .

- -5 -3 =2 [ —1 0 1 3 4 5 8
—%2% £ 42 416 | —54 | —14 0 10 16 | 18 | 10 [ O | —14 | —80

K Tomy e BBIBOLY Mbl MPHAEM, €C/IH PaCCMOTPHUM rpadMK TpEXu/eHa
—22% + 4z + 16. Mul yxe suaem (§ 47, 49), uro npu a < 0 rpadux
Tpéxunena ax® + bx + ¢ 6ynet obpalléH Bep-
IIHHOH BBEPX M Mepecedyér oCb T-0B B TOY-
Kax, abcuucchl KOTOPbIX paBHbl KOPHAM TPEX-
ysieHa. B panHoM caydae rpadHk umeer Ta-
KO# BWI (cM. puc. 38). Mbl BHAWHM, 4TO NPH
T < —2 4 npu x >4 opaMHATHl TOYEK KPHBOH,
T.e. 3HaueHHs y = —2x2 + 4z + 16, oTpHLa-
TeJIbHBL, & NpH —2 < T < 4 MOJOXKHTEJbHEI.

Conocrasissi TpeTHH NpHMep ¢ MepBbiM
M BTOPLIM, Mbl 3aMe4aeM, 4TO BO BCeX Tpéx
caydasix MpH 3HAYEHHAX &, MEHBIIHX MeHb-
IIero KOpH#A, a Takxke OOMbIIHX OOJbIIETo
KOpHSI, TPEXYJeH WMeeT TOT K€ 3HaK, 4TO H
KO3(DMUIHEHT NPH =2; NPH 3HAYEHHAX T, 3a-
K/OYEHHBIX MEXY KOPHAMH, TPEXUJeH HMe-

Pue. 38 €T 3HaK, NMPOTHBOMOJOKHLIH 3HaKy Ko3a(du-
LHEHTa MpH T°.

Ybenumcs B TOM, 4TO TAKOH BBIBOJ BepeH /sl JIOOLIX 3HAYeHHH KO-
(HLHEHTOB a, b M ¢ B c/ydae BEIIECTBEHHBIX M pa3iH4HbIX KopHed. [lns
3TOr0 UCC/ENYyeM KBajipaTHbIA TPEXUJEH B OOIIEM BHJE.

O6wuit cayuai. IlycTe naH TpéxuseH:

Yy = az® + bz + ¢,

rae a, b 1 ¢ — mobble BellecTBEHHbBIE YHC/A, YAOBJETBOPSIONIHE JHIIb
TOMY YCJOBHIO, YTO TPEXUJEH HMeeT BelleCTBeHHbIe M Pa3JHUYHEIE KOPHH
(1, KoHeuHo, a # 0). O603HaYHM 3TH KOPHH 4Yepes

ryuxe (7 < X9).
Torna TpéxuseH MoxeT ObITb NPENCTABJAEH B TAKOM BHE:
y=a(z —z)(x — x9).
HcenenyeM, Kakve 3HaYeHHs] MMeeT 9TOT TPEXUJIeH NPH Pa3/HUHbIX 3Haye-
HHMAX .

1. TyeTs @ < &1, @ 3HAUMT, T < T9, (TaK KaK 2| < T9).
OTclona uMeeM:

r—21<0 U z—x<0.
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CuregoBatesbHo, npoussegeHue (z — xy)(x — xo) OyaeT YHCJIOM MOJO-
xuteasHeiM. OTtciona caenayert, uto a(x — x)(x — 9) MOMOKHUTENBHO, €C/TH
@ TOJIOXHUTENBLHO, H OTPUIATENBHO, €CJH a OTpHLATeNbHO. JIpyruMu cio-
BAMH, NPH = < T 3HaueHHe TpéxujeHa ar’ + br + ¢ UMeeT TOT ke 3HaK,
4TO ¥ KOIPDUILHEHT a.

2. [lyetb x > 2 U & < 9.

Torpa:
z—x1>0 B Tz—a29<0.

ITpoussenenne (x — x1)(x — x2), KaK NMPOU3BeJeHHEe YHCEJ C PA3HBIMH
3HaKaMH, OyneT udcJaOM oTpullaTensHbIM. OTcClofa caenyeT, uTo NMpPoH3Be-
nenue a(x — x))(x — T9) OTPULATENBHO MPH MOJOKHTEJIBHOM @ H TOJIONKH-
TEJIbHO MPH OTPHIIATENBHOM @. 3HAYHT, B 9TOM CJydae 3HAYeHUus TPEXU/eHa
HUMEIOT 3HAK, NPOTHBOMOJIOXKHBIA 3HAKY KO3(dHiLHeHTa a.

3. [lycTb & > w9, @ 3HAUMT, H x > & (TaK Kak 9 > 7).

Torna:

z—x3>0 u z—x >0.

[Mpoussenenve (r — x))(x — x3) GyAeT MONOKHUTEJIbHBIM, a CJIEI0BA-
TeJbHO, TpousBeneHde a(x — xzp)(x — o) NOJONKHTENBHO TIPH @ MOJIOMKH-
TEJILHOM W OTPHILATEJIBHO MPH @ OTPHLATENbHOM. 3HAUMUT, B ITOM CJyuae
YHCJIOBOE 3HAYEHHE TPEXU/IeHA HMEeT TOT JKe 3HAK, YTO H KOI(D(HILHEHT a.

O6beuHsisi BCe TPH CJyuasi, Mbl MOKEM TENeph CeJaTh TAKOH 0OIIHI
BbIBOJL:

Ecau kBajpatHbiii Tpéxunen az’® + bz + ¢ UMeeT BelleCTBEHHbIE Pa3Iuy-
Hbleé KOPHH, TO NPH 3HAYEeHWUAX T, MEHbIIMX MEHbUIEro M3 KOpHeﬁ, U nNpH
3HA4YEeHHdX I, 06MbmUX OONBIIEr0 W3 KOpHefl, OH HMMe€eT TOT e 3HAK, 4YTO
H KoauiueHT npu a2, IIpu 3HayeHUAX x, 3aKJIIOYEHHBIX MEXKAY KOPHAMH
TpéxuseHa, OH MMeeT 3HaK, IPOTHBONOJOKHbII 3HAKY Koo pHLMenTa npu .

I[Tpumeuanue. Ecau ycnoBUTBCS HA3blBaTb 3HAUeHHs T < I| H
T > T9 3HAYEHHAMHM & BHe NPOMEXYTKa MeM1y KOPHSIMH, a 3HadeHHs
o) < x < Ty 3HAYEHHAMU T BHYTPH MPOMEKYTKA MENKLY KOPHAMH, TO 3TOT
BbIBOJ, MOXKHO ellé chopMy/IHpOBATh TAK:

Ecau Tpéxunen az’® + bx + ¢ MMeeT BelecTEeHHbIE PA3IHUHbIE KOPHH T
H T2, TO MPH 3HAYEHUAX T BHE NPOMENKYTKA MeN]y KOPHAMM TPEXUJIEH uMeeT
TOT ke 3HaK, 4TO M KOI(P(HUUMEHT NP T’; NPU 3HAYEHHAX T BHYTPH NPoO-
MeKYTKa MeXKIy KOPHAMH TPEXuJieH MMeeT 3HAaK, IIPOTHBOMNOJOKHEIN 3HAKY

Koappuumenta npu x”.

Ynpaxcuenus.

“CCﬂeHOBaTb Tpi':"X‘-{.HeHb]Z
288. y =2’ — 8x 4+ 12,
289. y = 2° — 22 — 15.
290. y = —32° + 8z + 3.
291. y = —2’ + 9z — 14,
292, y = 62" —x — 12,

8*
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184. KBaapatHblil TpEXusieH, HMEIOLIMHA PABHbIE KOPHH.
Mpumep 1. Ilycte Tpedyercs ucc/enoBaTh TPEXUIEH:

y=2z° — 8z + 8.

Haiiném KopHH 3TOro Tpéxu/eHa, AJs 4ero NpHpaBHAEM ero HY/0 H peLdM

ypaBHeHHe: )
22° — 82 +8=0.

[Monyuum x| = x9 = 2. 3HAYUT, JAHHBIH TPEXUJIEH MOMCHO TPELCTABUThH B

takoM Buze (§ 45):
y=2(x—2)(x - 2),

HITH
y = 2(z — 2)°.

OueBHIHO, UTO MPH JMIOGHIX BElECTBEHHBIX 3HaueHusx !) x, kpome T = 2,

BhipakeHHe (x — 2)% — uMC/I0 NONOKHTENbHOE. A 3HAUHT, U 110 YMHOMXKEHHH

€ro Ha MOJIOKHTEJNbHOE YHCIO 2 GyeM HMEThb MOJOMKHTEJIbHOE YHCIIO0.
CnenoBatenbHo, TpéxuneH 2z’ — 8 + 8 umeer

v NOJIOXKHTE/IbHbIE 3HAYEHHSI MPH BCEX 3HAUEHHAX I,
KPOMe 3HaueHHsl, PABHOTO KOPHI TPEXUJIeHa, T. €. NpH
T =2.

(Ilpu z = 2 TpéxusieH paBeH HYJIO.)

MocTpous rpaduk Tpéxunena 2x2 — 8 + 8, Mbi
3ameyaeM (cM. puc. 39), 4TO NpH BCeX 3HAYEHHAX T
TOYKH KPHBOH PACMoNOXKEeHbl BbILE OCH X-0B, T.€. y >
>0, 1 Tosbko npu x = 2 Oynet x = 0. B 3710 Touke
KpHBas KacaeTtcs ocH abeuucc.

[MTpumep 2. Hcenenyem TpéxuJen:

1 g o0, 41
Puc. 39 U =gt +3l—4§.
Haiiném KopHM 3TOro TpéxuseHa, AJs Yero pellidM ypaBHeHHE:
I 9 o l _
—5T + 3x 42 =0.

Monyuum: x; = z9 = 3. CnenosatenbHO, JaHHLIH TPEXUJEH MOXKEM Npel-
CTaBHTb B TAKOM BHJE:

y=—5(@-3)-3)

WU [
Y= —§($ = 3)2.

') UroBel He nenaTh Kamiblii pas OrOBOPKHM, YCAOBMMCS, UTO B JaJbHefillem
Be3le, THe TOBOPUTCS O YHCJOBBIX 3HAYEHHAX OYKB, MOAPA3YMEBAIOTCH TOJBKO
BEleCTBEHHble 3HAUCHHSL.
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Kak u B npenbiyliem npuMepe, 3akJi0uaeM, yto Belpaxenue (x — 3)° npu
BCEX 3HAYEHHSX X, KPOME X = 3, ABJISAETCA UHCJAOM TOJOKHTeNbHHIM. [lo

YMHOXEHHH €ero Ha —% NOJY4YHM OTPHLATENb- )
HOe 4HCJIO. -

Takum oOpa3om, B 3TOM cJydae [pH BCex
3HAYEHHSX =, Kpome x = 3, TPEXYJeH uMmeer
OTpPHILATE/IbHBIE 3HAYEHHS.

o x

[TocTpous rpaduk TpéxdseHa —%xz + 3z —

1
— 45, Mbl BHAMM (cMm. puc. 40), uto BCe TOU-

KH napadoJibl, Kpome Touku (3; 0), HaxomsTcs
HHXKe OCH Z-0B. 3HAYMT, OPAHHATHI BCEX 3THX

1 1
TOYEeK, T.€. 3HauYeHHs Yy = —=x° + 3x — 4=

2 2’ Puc. 40
OYLYT OTPHILATEBHEL.

Conocrasasis 0o6a mpuMepa, Mbl 3aMedaeM, 4TO B 060HX cjydasix 3HaK
YHCJEHHOW BeJHYMHBI TPEXYJEHA COBNafaeT CO 3HAKOM Ko3(dullMeHTa
npu a2, Uro6bl yOeAHTLCA, UTO 3TO HMEET MeCTO MpH JIOGBIX KO3 QHIH-
eHTax (B c/ydyae paBHBIX KOpHeH), pacCMOTPHM TPEX4JieH B 00LIeM BHIE.

O6wuu cayuau. [lycrs nan Tpéxunen:

y:a:r2+b$+c,

NPUYEM M3BECTHO, YTO OH WMeeT paBHble KOpHH. OO03HAYMB KOpeHb Yepes
&Iy, npeacTaBuMm TpéX'-IJ'IEH B TAKOM BHJgE:

y=al(x—xz)(z—z1),

HJIH

y=a(z—x)%

Ortciona sak/mouaeM: KakoBa Obl HH OblJa PA3HOCTh & — T'|, €CJH TOJbKO
OHa He paBHa HYJI0, KBaJApaT 3TOH PA3HOCTH SIBJAETCA YMCJOM MONOXKMH-
TeJbHBIM. 3HAUHT, NPH TOJOKHTENLHOM a nNpoussefenve a(x — x;)?, a
CJIE/IOBATENBHO, H i OYAYT YHCAAMH MOJOXKHTENbHBIMH, @ MPH OTPHILATE ] b-

HOM a — OTpHIlaTeJbHbIMH. Taxkum 06p330M. Mbl MOZKeM CaeJiaTb BbIBOMI:

Ecan TpéxuieH HMMeeT paBHble KOPHH, TO NpPH BCeX 3HAYEHHAX T, KpOMe
3HayeHHs, PABHOI0 KOPHIO TpPEéXujeHa, 3HaueHHUs TPEXujleHAa HMMeIOT TOT e
3HAK, 4TO ¥ KO3((pUUHEeHT npH x”.

Ynpaxcnenus.

I/lCC.ﬂeﬂGBaT}; TpéX'-{J[eH]:IZ
293. y=a’ — 2z +1.
294. y = 162° — 8z + 1.

295. y = —%s::2 + 2z — 3.
296. y = (2z - 3° - 3" + 4 + 7.
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185. KBagpatHblil TpEXusieH, UMEIOIIHMH MHMMbIE KOPHU.
[MTpumep 1. Hecnenyem TpéxuneH:

y = 2z% — 3z + 3.

Pewas ypasnenue 222 — 3z + 3 = 0, Mbl MOAYHHM:

3++v-15

Kopuu Tpéxunena okasanucb MHUMbIMH. B 3TOM cayyae pasHoCTH = — &) H
T — x9 OyAYT MHHMLIMH dHucaMH. Tak Kak Bonmpoc O 3HaKe MHHUMBIX YHCEJ
He HMeeT CMbIC/IA, TO Mbl MPOBENEM HUcCJe/loBaHHe JAHHOrO C/1ydast APYyrum
cniocobom. BeiHecem cHauana 3a cKoOKM nepBbld KOI(DMHIIHEHT, MOAYIUM:

_of2_3, §)
y—Q(.r 5T +35)-

: 3 5 3
PaccematpuBas Temepb BTOpO#H dieH 5%, PaBHbIA 2. 7T KaK yaBoeHHoe
3
NPOU3BEACHHe T U ', JONOJHHM BbiparkeHHe

Iz_g$:x2_2_3_$

1
3
J10 TIOJIHOTO KBajaparta, npuGaBHB, a 3aTeM BbIUTS =
Bynem umeTn:

—ol(x2 2.3, 8 3 _&|_
yQK:c 24$+42) 5 42]

s GRS S G R

Hcenenyem Tenepb nosydeHHoe BbipakeHue. Oue-
2

by

BUAHO, YTO BbipaXe€HHE (T = E) npu r = % PpaBHO

HYJKO, a NpPH OCTaJbHBIX 3HAYE€HHHAX & — YHCJIO MO-
JIOXKHTEJIbHOE. BTOPOE ¢JlaraeMoe B MpAMbBbIX cKoOKax

——t————— -~
0 e 15
E — TOXKe [I0JIOXKHTEJBbHOE 4YHCJO. 3Ha‘|HT, H BCH
Puc. 41 cyMMa B MpsAMbIX cKoGKax mogoxkuTenbHa. OT yMHo-

HKEHHS €8 Ha MOJIOKHTENBHOEe YHCI0 2 MOJAYYHM ONATh
NOJOXKHTENbHOE YKo, MTak, B JaHHOM ciydae TPEXUY/JIEH UMEeT MOJNOXKH-
TeJbHble 3HAYEHHS MPH BCEX 3HAYEHHSAX .

Ipapuk tpéxunena y = 22> — 3z + 3 (cm. puc. 41) nokassiaer, uTo
JEACTBUTENIEHO BCE TOUKHM NapabosiBl PACMOOMKEHE! BEHILIE OCH T-0B, T.€.
UX OPAMHATH! MOJOKHUTEBHBI.

[Mpumep 2. Uccnenyem Tpéxunen:

y=-322+2z— 1.
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Pewns ypasuenue —3z° + 2z — 1 = 0, Haiiném ero kopuu. Mmeewm:

lx+/-2
W= = —

Kopnu tpéxunena okasanvch MHHMbIMH. [Ipumennm mostomy TOT e cro-
cob HccsefloBaHHd, 4TO W B rnpHMepe |. BroiHecem 3a CKOOKM mMepBbIH
KO3 (UIMEHT U B CKOOKAX BbIJENUM KBajpaT JBy4JeHa:

y:—3$2+2w—1:—3($2_gx+l):

3 3
et g, M 1 l_L)__ (,_1)2 2
= 3(:17 23.L+3.h,+3 7= 3z 3 +g'
1\?2 1
Buipaxkenue ('r - 5) PABHO HYJIO NPH & = = H NOJOXKHTENLHO TIPH BCeX
2
APYTHX 3HAUEHHSAX . 3HAUMUT, CYMMa (.1: - %) B % BCEerja MoJIoXKHTeJbHa.

[To ymMHOMXeHHH e€ HA —3 MOJYYHM OTpHLLATebHOEe YHC-
no. Otciona feiaeM BHIBOJ, YTO TPéxuien —3x2 + 2z — | v
HMeeT OTpHLIaTe/IbHble 3HAYEHHS NPH BCeX 3HAUeHHAX T. | o

I'paduk tpéxunena (cm. puc. 42) noxassiBaer, 4To (0] x
BCe TOYKH Mapabo/ibl PacroJioyKeHbl HHMKe OCH z-0B, T.e
HX OpJHMHATHl OTPHLATEIbHEL.

Conocrasasisg npumepsl 1 1 2, 3amedaem, 4To B 060MX
c/lyyasix 3HaK YHCIEHHOH BeJMYMHBI TPEX4JieHa COBMa-
nan co 3HakoM KoshdwuuMenta mpH z° TpH Beex Ges
UCKJIIOYeHHsl 3HaYeHHsiX nepemensoro x. [lokamem, uto
3TO OyaeT MMeTb MECTO [/ BCAKOrO TPEXUJIEHa, HMelo-
Lero MHMMbIE KOPHH.

O6mui cayuai. [lycte pan Tpéxunen:

9 Puc. 42

y =ax” + bzr + ¢,
NpHYEM H3BECTHO, YTO OH MMeeT MHHMble KOpHH. Mul snaem (§ 42 u 135),
4TO B 3TOM CJy4ae JOJKHO OBITb

b — 4ac < 0.

[TpeoGpasyem TpéxuseH Tak e, KaK Mbl 3TO Jesaju B npumepax | u 2:
y =a(m2+ ECL‘Jr E),
a a
HIH . b p
y:a(x2+2-—-m+—).
2a a
2

[puGasumM ¥ BblUTEM MO MONYYHM:

4a’

—afetrs. b fisffi,(, g)gﬂ
ya(m + 2 = I+4a2+a 4a2>_a[.ﬂ+2a + |
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b 2
an BCE€X 3HA4YE€HHAX T BbIpaxKCHHE (er 2—) MOJOXKHUTENALHO HJIH
a

b .
paBHO HYIIO (npu &= w—). [TocMoTpHM, KakoH 3HAK HMeeT BTOpOe
) 2a
dac — b ”
cJiaraemMmoe T Mbl YK€ 3Haem, 4TO B CJaydde MHHMbBIX KOpPHEH
e

BhipaxkenHe b* — dac OTpHUATENbHO. DTO 3HAYMT, YTO NPOTHBOMNOJONKHOE
emy uncno —(b* — 4ac), T.e. 4ac — b?, GyleT YMC/IOM MOJOKHTENbHBIM.
3nameHarenb 4a’ — ToXKe uMc/I0 MoJoKHTeNbHoe. CllefoBaTeNbHO, BCE

4ac
BblpaxeHHe T ABJISIETCHA MNOJOXKHUTEJbHbIM YHCJOM. MTBK, BCsA CyMMa,
a”
3aKJIO4YEHHAA B [psiMble CKOﬁKH. ABJAETCHA TNOJOKHMTEJbHBIM YHCJAOM IDH

Bcex (BellecTBEeHHbIX) 3HAYeHUSX T,

OTciofa cneayeT, 4To 3HAK YMC/JEHHOH BeJHUHHBI TPEXUJEHA 3aBHUCHT
TOJILKO OT 3HAKA @; NPH @ TMOJOMKHTEJBHOM H TPEXYJIEH HMEET MOJOXKH-
TeJIbHbIE 3HAYEHHS, [IPH OTPHILATEJNBHOM — OTPHUATEJbHbIE,

Hrak, MBI MOXKeM ¢JleJIaTh BbIBOJL:

Ecan Tpiixq.nen HMeeT MHHMbIe KOPHH, TO NPH BCeX 3HAYEHHAX T ero
YHCJIeHHasd BeJIHUMHA MMeeT TOT e 3HAK, UTO H KOSq)q)PlIJ.HEHT npu 332.

Ynpascnenus.
HcenenoBath TpEXU/eHs!:
297.y =2’ — 5z +8.
298. y = 32" + 2z + 1.
299. y = —22° + 42 - 7.

186. O6wmit BbIBOO. Mbl MOKeM Ternepb MONBECTH OOLIHE HTOT
NPoBeLEHHOr0 HCCJleloBaHKA KBaapaTHoro Tpéxysena. Ho npexne caenaem
CJIELYIOLLHEe 3aMeYaHHs.

1. MBI pa3buan HccsenoBaHHe TPEXYJeHa Ha TPH cjydas B 3aBHCHMO-
CTH OT TOro, Kakue KopHu umeeT Tpéxused. Ho mbl 3naem (§ 42), yro
KOPHH KBaJPaTHOIO YPABHEHHs CBS3aHbl C ero AMCKpUMHHaHTOM b — dac
CIENYIOUIEeH 3aBHCHMOCTBIO:

1) Ecan b* — 4ac > 0, TO KOPHH BElLeCTBEHHbI H PA3JHYHbI.

2) Ecaun b? — 4ac = 0, To KOPHH BellleCTBEHHbl H PABHbI.

3) Ecan b* — dac < 0, T0 KOPHH MHHMBI.

CurenoBaTe/IbHO, BMECTO TOrO YTOObI I'OBOPHTEL, HANPHMED: «€CJH KOPHH
TPEXUJIeHA BEleCTBEHHbl H Pa3/IHuHbI», Mbl MOXEM CKAa3aTb KOPOYE: «eCJlu
IMCKPHMHHAHT OO0JbIle HYJg»; aHAJOTHYHO H3MeHSeM (OPMYIHPOBKY H B
OCTaJNbHBIX [BYX Caydasx.

2. Mbl ucclenoBaii, KakoH 3HAK HMeeT YHC/EeHHAs BeqHdYHHAa TPEX-
uJleHa TPH Pas3JIHYHbIX YHC/JAEHHBIX 3HaYeHHAX nepeMeHHOH. B nanpHeiiem
IS KPATKOCTH BMECTO «3HAK YHC/IEHHOH BEJHYHHBI TPEXU/NEHa» YCJIOBUMES
rOBOPHTL KOpOUe: «3HAaK TPEXuJsieHa», MOMHS, YTO peub HIAET O 3HAKe YHCaa,
KOTOpPOE MONYYHUTCH, ec/iM BMECTO MepeMeHHOH MOJACTABHTbL €€ YHC/eHHOe
3HayeHHe. TOYHO TaK Ke BMECTO CJIOB «TDEXUJIEH HMeeT MOJOKHTeNbHbIe
(oTpHuaTeNbHble) 3HAYEHHsI» OyAeM FOBOPHTbL KOpPOUe: «TPEXU/IEH MOJNOKH-
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teJieH (orTpuuarener)». Tenepb Mbl MOxKeM C(HOPMYJIHPOBATL OOLIHH BbIBOX
TaK:

1) Ecnu IUCKPUMHHAHT TpéXuJeHa ax® + br + ¢ NoNoXKHTeNeH, TO NpH
BCEX 3HAYEHHAX &, 3AKJIOYEHHBIX BHYTPH MPOMEKYTKA MEXAY KOPHAMH,
OH WMeeT 3HaK, MPOTHBOMOJOMKHEIH 3HAKY Ko3(pdHIHeHTa a; TPH BCex
3HAYEHHAX T, CONEPMALLHUXCSA BHE 3TOTO NMPOMEXYTKA, TPEXUJIEH HMeeT TOT
e 3HaK, 4TO U KO3(PPHILHEHT a.

2) Ecnu AMCKPHMHHAHT TPEXYJIEHA paBeH HYJI0, TO TPEXHUJEH MPH BCEX
3HAUEHHAX T, KPOME 3HAUEHHS, PABHOTO KOPHIO TPEXUJEHA, UMEET TOT ¥Ke
3HAK, YTO M KO3(PDOHUHEHT a.

3) Ecnu nHCKPHMMHMHAHT OTpHLATEJNEH, TO NPH BCEX 3HAUYEHHAX & TPEX-
YJeH UMeeT TOT XKe 3HaK, 4TO W KO3 (HIHEHT a.

DTOT BLIBOL MOXKHO NPEACTABHUTL B BHE CJeLyiollel Tal/nLbL:

3uak y = ax® + bx + ¢
JluckpuMuHAHT 3HaueHHe &
a>0 a<0
B4 0 Dy <x<a OTPHLATENbHBIA | MOJOKHTEIbHBIH
—4ac > . “
2) & 2% B NOJIOAHUTENBHEIA | OTPHIATENBHBIH
b —dac =0 moboe, KpOMe T = x| = Xy | NOJOKHTEJbHBIH | OTPHLATE/bHLIH
b — dae < 0 moboe NOJIOKUTENBHLIH | OTPHLATE/LHBIH
[TpumepHs.

1.y = x> — 7z + 10. Jluckpumunant: b> —dac=49-40=9>0; a=
=1 > 0. Kopuu tpéxunena: z; = 2; x9 = 5. CnegosartesbHo, npH = < 2 "
NpH & > 5 TPEXUJIEH MOJIOKHUTENEH, a MPH 2 < = < D OTpHUATEJEH.

2.y = —2z% + 6x + 80. luckpumunant: 36 + 640 = 676 > 0;a = -2 <
< 0. Kopuu tpéxunena: x = —5; z9 = 8. CnenosatesibHO, npH —5 << 1 < 8
TPEXUJIEH MONOXKHUTENeH; TIPH & < —D W NpH x > 8 oTpHllaTEeIeH.

3. y = —x? 4 4z — 15. Jluckpumusant: 16 —4 - 15 = —44. Cnenosa-
TeJbHO, MPH BCeX 3HAUYEHHSX T TPEXUJIEH OTpHIlaTeseH.

4.y = 52% — 10z + 5. Tuckpumuuant: 10 —4.5.5 = 0. Kopenb Tpéx-
uneHa: r} = x9 = 1; a = 5 > 0. CjiegoBaTenbHo, NMPH BCeX 3HAUEHHAX T,
KpoMe x = 1, TpEXuJ/ieH MOJOKHTEJIEH.

5. OnpenenuTb, MPH KAaKHX 3HAYEHHAX m TpéxuneH 22° — 6x + m
GylleT UMeThb MOJOXKHTE/bHbIE 3HAUEHHA NpPH JI060M 3HadeHHH z. Tak Kak
sgece a = 2 > 0, To TpéxuseH 63(11& HMeTb MOJIOMHTe/IbHbIE 3HAUEHHS MPH
aobom x B ToM caydae, ecad b= — 4ac < 0 . [NogcraBasisi ciofa 3HaYeHUs:
a=2 b= -6, c=m, nonyuum: 36 — 4 - 2m = 36 — 8m.

3HAYUT, A0MKHO 6bITh 36 — 8m < 0. OTciona HaXonHUM: ™ > 4%. Hraxk,

2 1 G 2
npuv m, OO/BLIHX 45. JAAHHBIH TPEX4JeH 6yILET HMEeTb TMOJOXHTEJ/NbHbIE

3HAYEHHs NPH JI0O0M 3HAYEHHH .
6. Onpenenutsb, NpY KAaKHX 3HaueHMAX p TpéxuieH z° + (p — 2)x +
+ 2p + | Gyner UMETb MONOKHUTENbHbIE 3HAYEHHUS MPH J11060M 3HAYEHHH .
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JluckpuMunauT TpéxuieHa (p — 2)2 — 4(2p + 1) = p* — 12p =
= p(p— 12). CnenoBatesnbHo, AJs TOre 4YTOObl AAHHBLIH TPEXUYJEH HMEJ
NOJIOKHTe/IbHbIe 3HAYeHUs] NPH JI000M &, NOKHO OBbITh:

p(p—12) < 0.
Pelnip ypaBHeHHe:
p(p—12) =0,
HaHAEM:
p1=0; pp =12

Peurim nepasenctso: p(p — 12) < 0. Ono Gyner BepHO NPH YCJOBHH
(I) p<0 u p—12>0

HJTH
(I p>0 u p—12<0.

l'IepBaH CHCTEMAa HEPABEHCTB HECOBMECTHA (HpH P < 0, O4Y€BHIOHO, H
p — 12 < 0). Bropas xe cucrema jaéT pelueHHe:

0<p< 12

Hrak, npu Bcex 3Hauenusax p ot 0 go 12, t.e. npu yeaosuu 0 < p < 12,
JaHHbIH TPEXUYJIeH MMeeT I0JIOKHTENbHble 3HaYeHHs IpPH J00M 3Haye-
HWH T.

Ynpaxcrenus.

HcenenoBaTh TpEXUIEHBI:

300. y = 32° + 4z — 7.

301. y = —0,52°> + 1,52 + 5.

302. y = —5a° + 20z — 20.

303. y = 32" + 2z + 2.

304. y = —2° + 3z — 4.

B 3apadax 305-309 onpenesMTb, NPH KaKWX 3HAYEHHAX 1 TPEXUJIEHbl OYAYT
HMeTb MOJNOXHTENbHBIE 3HAYECHHS MPH JHOOBIX 3HAYEHHAX .

305. z° — 8z + m + 10.

306. 2° — 2z +m — 6.

307. 2 — 10z — m.

308. 22 + (m+ 2)x +3m + 1.

309. 3z° + (2m + 6)x + m + 3.

187. HepaseHcTBa BTOpOil cTreneHn. HepaBeHcTBaMH BTOPO#H cTene-
HM € OJHHMM HeHM3BECTHBbIM HAa3biBAIOTCSA HepaBeHCTBA BHAA!

ar’ +br+c >0 (1)

az® +br + ¢ <0, (2)

rae a, b u ¢ —mo06ble AeHCTBUTENbHBIE YHCaa, NpHuéM a # 0.

Tak kak HepaBeHCTBO BHaa (2) Bcerna MoxeT ObiTb NPUBENEHO K BHAY
(1) myTém yMHOMeHHS ero Ha —1, TO Mbl MOMXKEM B JajbHeHlleM OrpaHH-
YHTLCSl pACCMOTpeHHeM HepaseHcTB BHaa (1).
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PeluTe HepaBeHCTBO — 3HAYHT ONpELEe/IHTb, NPH KAKMX 3HAYEeHHAX T
3TO HepaBeHCTBO cripaBeanuBo. s HepasencTBa (1) 3To 3HAYMT, UTO MBI
NOJIKHBl HAHTH Te 3HAUEHHUs] ', MPH KOTOPbIX TPEXUJeH B JIeBOH 4acTH
SBJIIETCS YHC/IOM TOJIOXKHTEJIbHBIM,

[Tocne Toro Kak OblIO M3J0KEHO B NMpeiblAyLUIMX naparpadax OTHOCH-
TeJIbHO 3HaKa KBaJpaTHOro TPEX4JIeHa, OTBET Ha 3TOT BOMPOC He MpeicTas-
JISieT 3aTpyIHEeHHH.

PeliuM HeCKOIbKO NPHUMEpPOB.

[Tpumep 1. IlycTh TpeSyeTcs peuIHTh HepaBEHCTRO!

22 — 13z 4+ 15 > 0. (1)

DTO 3HAUMT, YTO HAM HYIKHO ONpefesuTb, NPH KAKUX 3HAUYEHUSAX &
tpéxunen 2z% — 13z + 15 aBAsieTcs UMCAOM MOJOKHTENbHBIM. Pemenue
NpOBENEM B TAKOM MOpsiIKe:

a) YcraHasiuBaem, 4TO NepBblil KO3(D(UIHEHT MosoxKuTeeH (a =
=2>0).

6) YcTaHaBnMBaeM, YTO AMCKPHMHHAHT Tpéxusena 132 —4.2.15 > 0.
Orciona 3akiouaem (cm. tabauiy § 186), uto HepasencTso (1) cnpaBenJiu-
BO TPH BCEX 3HAUEHHAX x, OOAbLIMX GOJBILETO, H TPH BCeX 3HAUYEHHAX T,
MeHbIUHX MEHBLIEro H3 KOpHed TpéxuJsieHa.

8) UroObl onpene/inTh 3TH 3HAYEHHS, pellaeM YpaBHeHHe:

202 — 132+ 15 =0.

Haxomum: ) = l%: T = D.

CuenoBare/ibHO, Jl@aHHOE HEPABEHCTBO CNPABELJHMBO NPH 3HA4YEHHUAX =,
MEHBIIHX 1=, W NMpH 3HAYEeHHAX T, GOABIINX 5.

[Tpumep 2. Pewuts HepaBeHCTBO:

—42? + 4z — 1 <O. (1)
YMHOXKHB 00€ HacTH Ha — 1, MONYYUM PaBHOCH/IbLHOE HEPaBEHCTBO:
4z — 4z + 1> 0. (2)

a) Koapduument a =4 > 0.

6) Huckpumunant 42 — 4.4 = 0.

CrenoBare/bHO, TPEXUYJeH HMeeT paBHble KOpHH. B 3ToM ciyuae, Kak
Mel 3Haem (§ 186), TpéxuneH (2) vMeeT NOJOMKHTENbHbIE 3HAUEHHS TPH
BCEX 3HAYEHHAX X, KPOMe 3HauyeHHs, PaBHOrO KOpHI0 TpéxuseHa. Hainém
3TOT KOpPEeHb, PELIHB YpPaBHEHHE:

427 — 4z +1=0.

|
[Moayuum z = 3 HMrak, nanHoe HepaBeHcTBO (1) cnpaBeasnBo npu Beex

3Ha4eHHAX &, KpoMe T = §
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[Ilpumep 3. Pewurb HepaBeHCTBO:
3z -5z +4>0.

a) Kosdpduuuenr a =3 > 0.

6) JduckpumuHaut 52 —4-3.4 = —23 < 0. Otclona cpasy 3akJiouyaeM,
YTO HEPABEHCTBO CMPABEIJIHBO MPH JIOLIX 3HAYEHHAX .

[Mpumep 4. Pewnts HepaBeHCTRO:

@z — 1)z +3) - (z+7)(x—1) — 4z <O.

PackpbiB cKOOKH M Npou3Best YIPOLLEHHS, TOJYUHM;

22 -5z 4+4<0, (1)
HJIM M0 YMHOXeHHH Ha —1:
—r? 4+ 50 —4>0, (2)
a) Kosdpduument
a=-1<0.

0) JIHCKPUMHHAHT
52-4.(-1)-(-4)=9>0.

CuoienoBaresibHo, HepaBeHcTBO (2), a 3HauuT u (1), crnpaBemsvBO TpH
BCeX 3HAYEHHAX T, 3aK/JIOUEHHBIX MeXKY KOPHSIMH TpéxuseHa. Haiiném stu
KOpHH: )

z°—5r4+4=0,

orciona x; = 1, xo = 4. Mrak, HepaBeHCTBO CcrpaBemHBO MpPH
| <A
[Mpumep 5. Pewnth HepPaBeHCTRO:

2

x”

; 1
YMHOXKHB 00e uacTH Ha —6, nonyuum:
—2? +6x—-9>0. (2)

a) Kosgpduument a = —1 < 0.

6) Jluckpumuuant 6 —4 - (=1)-(=9) = 0.

Otciopa cpasy 3sakmaiodaeM, 4To HepaBeHCTBO (1) He MMeeT pelleHHH
(npu o = 3 Tpéxunen (2) pasen 0, npu BcexX OCTAJLHBIX 3HAYEHUAX OTPH-
LaTeJsien).

[Mpumep 6. PeluTh HepaBeHCTBO:

—3z°+4:x—-10>0

Tak kak a = —3 < 0 v auckpumunant 4% — 120 < 0, To HenocpeaCTBeH-
HO 3aKJII0YAEM, YTO HEPABEHCTBO PELIeHHE He UMeer.
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Pewénnple npumepsl, a Takxke paccMotpeHue Tabanubl § 186 npusomst
K caeaylolemMy oblieMy BEIBOAY AJfl HEPABEHCTBA

az® + bz +e¢>0.

I. Ecam b% — dac < 0, To:

a) npd a > 0 HepaBEeHCTBO CNPABEJIHBO MPH JHOObIX 3HAYEHHAX |

6) npu a < 0 HepaBeHCTBO He HMEET pelleHHH.

II. Eciu b — 4ac =0, To:

a) npu a > 0 HepaBeHCTBO CNpaBeJHBO NPH BCeX 3HAYEHHAX T, KPOMe
3HA4YeHHsl, PABHOrO KOPHIO TPEXYJEHA B JIEBOH YACTH;

6) npu a < 0 HepaBeHCTBO HE HMeeT pereHHH.

III. Ecau b — 4ac > 0, To:

a) npd a > 0 HepaBeHCTBO CIPABENJHBO MPH 3HAYEHHUAX X, OOJBIIHX
GOJBIIEro, H MPH 3HAUEHHSX T, MEHbLINX MEHbLLIEro U3 KOpHeH TpéxuseHa
B JIeBOH 4acTH (HJIH, KaK Mbl YCJIOBHJHChH FOBOPHTL KOpPOYE: MPH 3HAYEHHAX
T BHE MPOMEXKYTKA MEXKY KOPHAMH TpExdJieHa);

6) npu a < 0 HepaBeHCTBO CMPABEAJIHBO MPH 3HAYEHHUAX T, 3aKJIOUEH-
HBEIX MEXIY KOpPHAMM TpéxXuJeHa B JIEBOH YacTH (MJIM TIpH 3HAYEHHSX T
BHYTPH MPOMEXKYTKA MEXK/Y KOPHSMMH).

I[Ipumeuyanue. Bo Bcex npuBei@HHBIX NpHMepax Mbl [POBOLHJIH
pelleHHe, MOJHOCTbIO OCHOBBIBASICh HA PEe3y/JbTaTax HCCJENOBaHMs KBaj-
parHoro TpéxuJeHa, jnaHHbix B § 186. Ho, KoHeyHo, B KaxjaoMm ciy4yae
BO3MOXKHO H BIOJIHE CAMOCTOSTeNbHOe HecqeposaHue. Tak, B npumepe I,

% 1
pelns ypashenue 22 — 13z + 15 u Haiins x; = l§’ Ty = 5, Mbl MOIH
NlaHHOe HepaBeHCTBO MPeNCTaBHTh B BHIE!

%m—%ym—m>a

Tenepb pemreHwe JaHHOTO HepaBeHCTBA MPHBEJOCH K PEUIEHHIO IBYX
CHCTEM HEpPABEHCTB MEPBOH CTEMeHH:

M z-15>0
z—5>0 .

() 13 <0
r—5<0

s 1
IlepBasi cucrema maér x > 5, BTOpas: = < 15. 3HauMT, AaHHOE Hepa-

1
BEHCTBO CIpaBelJIMBO MMPH 3HAYEHHAX & > 5, MpH 3HAYEHHAX T < 15

Mbl mpHLLIIH K TOMY e pe3y/abTaTy, 4TO H € HCTOJAb30BaHHeM Tab/aHIlbl
§ 186, Ho ropasno Gosiee NIHHHBIM MYTEM.
PelivM Teneph HeCKOJbKO HepaBeHCTB GoJee C/I0XKHOTO BHAA.
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[lpumep 7. Pewnth HepaBeHCTBO:

2 — Bz +7
a5 > 0.
Pewenue 3TOr0 HepaBeHCTBA NMPUBOJAMTCH K pPEUIeHHIO IBYX CHCTeM:
(I) 22 -82+7>0 (1)
r—3>0{, (2)
(1) 2> —-8x+7<0 (3)
z—3<0(. (4)

Permum nepsyio cHcTemy HepaseHcTs. Tak kak 8 —4.7 =36 > 0, 10
Tpéxuned 2 — 8x + 7 MMeeT BelleCTBEHHbIE H PasJHuHblE KOPHH. Peluus
ypashenue x° — 8z + 7 = 0, naitném: x; = 1; o = 7. B Takom cayuae, Kak
Mbl 3HaeM (§183), nepasencTBo (1) Gymer MMeTB MecTO MpH = < 1 H mpH
z =1,

Ho pemwns nepasenctso (2), Ha#igéMm x > 3. 3HauuT, 060HM HepaBeH-
CTBAM YIOBJETBOPSIIOT JHIIb 3HAYEHHS T > 7.

Pewinm BTopyio cuctemy. HepasenceTso (3) Gyner cnpaBei/HBO NPH BCex
3HaYeHHAX x, 3aKauawommuxes mexay | v 7, t.e. npu | <z < 7. Ho
HepaBeHcTBO (4) gaér o < 3. CrefoBaTebHO, 0O0OHM HEPABEHCTBAM BMECTE
VIOBJETBOPAIOT JHIIb 3HAUYEHHS] T, 3aKJIOUéHHBle Mexay | u 3, T.e. mpH
| <=3,

Teneps Mbl MOKeM clenaTb OGLIMH BBIBOA: AaHHOE HEPaBEHCTBO CrIpa-
BEINHBO NP | <z <3 unpuz > 7,

[poBepbTe NpaBHLHOCTL pellieHHsl MOACTAHOBKOH B JaHHOE HepaBeH-
ctBO 3Hauenui: © = —1; 0; 1; 2; 4; 6; §; 10.

[Tpumep 8. Pewuth HepaBeHCTBO:

2
T —9£c+l4>0

2> — bz + 4
Pewenue NPUBOAHUTCH K PELUEHHIO CHCTEM!
1) 2*—9%+14>0 (1)
2 -5z+ 4>0 2)
H
(I) 2> -9z+14<0 (3)
2 -5zx+ 4<0 . (4)

Tak kak 92 — 56 =25 >0u 52 — 16 =9 > 0, To 06a TPEXUJIEeHA HMEIOT
BElLIeCTBEHHbIE W Pa3/IHUHbIE KOPHH. PeIIHB COOTBETCTBYIOIIHE YpaBHEHHS,
HalaEM 17151 TepBOro TpéxumeHa: x) = 2; xy = 7; 175 BTOPOTO TPEXYJeHa:
x1 = 1; o = 4. Orclona sakiouaem:

1) Hepasenctso (1) cnpasepauBo npu = < 2 W x > 7, a HepaseH-
cTBO (2) — npu @ < 1 u x > 4. Cyefoate/ibHO, 00a HepaBeHCTBA BMecCTe
OyLyT BepHBI JIHIWL NpH = < 1 v x > 7.
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2) HepaBencto (3) Bepho npu 2 < x < 7, a HepaBeHCTBO (4) — npu
I < x < 4. CnegoBatenbHo, 06a HepaBeHCTBAa OJHOBPEMEHHO GYAYT MMeThb
MeCTO JIMIb NpH 2 < x < 4.

Hrak, pelleHHsMH AaHHOTO HepaBeHCTBAa OYAYT CJeAyiolllHe 3Haue-
Hua z: o< 1;2)2<ax<4;3)z>T.

Sameuanue. Haiing xopHu 060MX TPEXYJIEHOB, MBI MOTJIM JaHHOE
HEPaBEHCTBO MPEICTABHTL B TAKOM BHIE:

z—2)x—-7
Ea:- I§ELL — 4; o,
Torﬂa peleHHe 3TOoro HepaBeHCTBa CBeJIOCh Obl K pelleHH ABYX CHCTEM:
(1) (:I:—Q)(;E—7)>0} (1)
(z—1)(z—-4)>0 @)
H
(H)(m—zxm—7y<0} (3)
(z— 1)(z—4) <0 |. (4)

PelleHne Ka)kIoro M3 3THX HEPaBeHCTB Mbl MOXKEM MPOBECTH TOA0OHO
TOMY, Kak 3T0 OblJIO CleJaH0 B NepBOM [MpHMepe AaHHOro mnaparpada.
OueBUAHO, YTO Mbl MPHILAHM Obl K TOMY K€ pe3yJbTaTy, YTO W Bbille, HO
X0l pelleHHst OblJ Obl 3HAYHTENbHO GOJiee ATHHHBIM.

[Tpumep 9. Pewuts HepaBeHCTBO:

' —3z—10
@ —3x+10
Pelenue CBOAMTCA K pelUeHHUIO CHCTeM:

M) 22—-32-10>0 (1)

1:2—3:L‘+10<0} (2)
H

(II) z2-3z-10<0 (3)

.-1,-23“10;-0}- (4)

JIHCKpUMHHAHTB TpéxuneHoB: 3% +4.10=49>0u 32 -4.10 = -31 <
< 0. Orciopa cpasy 3axmaiouaem, uto cHereMa (I) He umeer pewenuit. Jei-
CTBHTEJIbHO, Pa3 AHCKDHMHHAHT TpéxdsieHa (2) MeHblle HYJs, TO TPEXUJeH
TNOJIOKHTEJIEH TIPH JTI0OBIX 3HAYeHHAX T U, CJIe[0BATEJNbHO, HEPABEHCTBO (2)
HE MOXET HMEeTb MeCTa.

O6pamaemess k cucreme (II). Mol yxe 3HaeMm, uTO HepaBeHCTBO (4)
BEPHO TIPH BCeX 3HAUeHMAX . 3HAUMT, OCTAETCS PelllMTh HePaBEHCTBO (3).
Haiing kopuu TpéxunmeHa x? — 3z — 10 , noayuum: z = —2; 3 = 5.
CuienoBaTtesibHO, pelleHHsMH HepaseHcTsa (3), a 3HauuT, W cuctemnl (I1)
OyLyT JHIIb 3HAUEHHS T, 3aKIKOYEHHBIE MeX1y —2 U O.

Hrak, nanHoe HepaBeHCTBO GyneT BepHO npH —2 < x < 5.
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Ynpaxcrenus.

Peuunrs HepaBeHCTBA:
310. 2’ —102+25<0. 311. (z-3)(z—1)—15>0.
312. z(2z+3)+1<0. 313. —3z’+8z—-6>0.

314. 2°-5z+7>0. 315. 92° — 12244 > 0.
2 2 _
316. w>0. 317. M<O.
z—4 z+1
2 _ 3z 44 2 s+ 7
aig, S0t gfp, T XEEHT
-2z +5 z —6x+9
2 2
320. w;y‘j 321. M<0

2 —8zx+15 2t — 8z + 12
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nporpeccud (89). 84. [Ipumep Ha reomerpuueckyio nporpeccuio (90).
BecKOHEUYHBIE TMPOTPECCHM. . . . . . . . oo ittt
85. Hexoropeie cBofictBa GeckoHeuHbix nporpeccuii (91).  86. [lo-
Hatie o npemene (93). 87. dopmyna cymMmbl GeckoHedHo VGhiBa-
ollelt reomeTpHueckol nporpeccud (94). 88. [IpuMeHenue reomet-
PUYECKOH TPOTPecCHH K JECATHUYHBIM NepHoguyeckum apobsm (95).

[nasa 6. OBOBIIEHHE INOHATHSA O INOKA3ATEJIAX

.enble MOKA3ATENM . . . . . . . .. . .. ittt

89. CoiicTBa LieJbIX NON0KHTebHLIX MokasaTeqeil (98). 90. Hynesoi
nokasaresab (99). 91. OrpuuarenbHble Ueable nokasarend (99).
92. [eiicTBusl Hal CTeNeHSAMM C OTPULATE/NbHBIMH [10KAa3aTes-
mi (100).

JIpOOGHBIE MOKAZATENH . . . . . . . . . ..ottt
93. B kaxkom cmbicae ynorpeGastorcs apoGHble nokasatead (101).
94. OcHoBHoe cBoHcTBO ApoOHoro nokasateas (102). 95. [lefictBus
Hall cTeneHaMH ¢ ApoOHbIMM rnokasatenasmd (102).  96. Tlpumeps
Ha OeHCTBUS ¢ NPOGHBLIMM M OTPHILATENbHBLIMH nokasatensmu (103).
IlonsiTne 06 MppauMOHAILHOM MOKA3ATede . . . . .. ... .......
97. Cmblcsl  CcTereHd ¢ HWppalHOHA/bHBIM nokasateneM (104).

IMokasaTenbHasi PYHKIMSA . . . . . . . . ... ...t
98. Onpenenenne (105). 99. CroiicTBa nokasaTesbHOH  (YHK-
uur  (106). 100. I'padpur nokasarenbHod QyHKuuH (108).

nasa 7. JIOTAPU®PMBbI

. O0mue CBOMCTBA JOTAPMMMOB . . . . . . . . . . . ...

101. JBa neficTBHsi, oOpaTHbIX BO3BeleHH B cremeHb (111).
102. Onpepenenne (112). 103. Jlorapupmuueckas — PyHK-
uns #u eé rpadux (113). 104. OcHoBHBIE CBOHCTBa Jora-
pudmos  (114). 105. IlpakTHyeckoe 3HaueHHe JorapH(muue-
ckux  Ttabauu  (116). 106. Jlorapu(mbl  NpOH3BEeAEHHs, YacT-
HOro, cTemeHH W KopHs (117). 107. JloraputmHpoBaHHe ag-
reGpanueckoro  Bhipaxenus (119). 108. 3ameuanus (120).

CBoiicTBa JECATHYHBIX JOTAPH(MOB . . . . . . . . . .. ... ... ...

109. CeoiictBa mecaTHuHsix Jgorapudmos (121). 110. Caen-
cteus  (124).
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121



Oecaasnrenue

III. YerpoiictBo u ynorpebaenue tabauu . . . . ... ... .. ... ... ..

Iv.

IL.

I11.

111. Cucrema norapumos (125). 112. [Ipeo6pasosaHne oTpuILaTeb-
Horo sorapuma (125). 113. OnucaHue ueTbIPEX3HAUHBIX TAOJMML H
nosib3oBaHue MMH (126). 114. Uurtepnonuposanue (128). 115. Tad-
Jauill anTuaorapugmoB (129). 116. 3ameuanue 06 HHTEpPNOJHPOBA-
uud (130). 117, JeictBus Hajg JorapudMaMu ¢ OTpHIATEJbHBIMH
xapaktepuerHkamu (130). 118, 3ameHa BblUMTaeMbIX JOrapH(pMOB
craraembivd (131).  119. Tlpumepsl BBIYHCJEHHH C TOMOILIBIO JOra-
pudmor (132).  120. Ynorpebaenue naTHaHauHbix Ttadaui (135).

Iloka3aTenbHbIe W JorapuMHYeCKne YPaBHEHHST . . . . . . . . . . . .
121. TMpumepsl ypaBHuenui (135). 122, dopmyna CAOKHBIX TPOLEH-
ToB (136).

lnasa 8. UCCIAETOBAHUE YPABHEHHH

. HCC.HE}],OB&HHE ypaBHeHnﬁ r[epaoi'l CTeneHH ¢ OJHHUM HeH3BeCTHBIM

123. Yro 3HauyuT HccnemoBaTbh ypasHeHue (139). 124, O6wui
BHI YpABHEHWsl T[epBOH CTeneHH ¢ OAHWUM HeWaBecTHeiM (139).
125. Tlonoxutesnsioe  pemedue (139). 126. OtpuuarensHoe
pewende (140).  127. Hynesoe pewenune (141). 128. Cnyuai,
KOria ypaeBHeHde He umeer kopHs (141). 129, Kaxk Hago noHumarh

PaBeHCTBO % = 4oo (142). 130. HeorpanuvenHsiii  poct

KopHs (142).  131. Heonpenenénuoe pemenue (143). 132, I'pa-
(hbHuecKoe HCTOJIKOBaHHE pelleHHs ypaBHeHuss ax = b (143).
HccnenoBanue cucremMel ABYX ypaBHeHHI MepPBOH CTeNeHH C AByMsA
HEH3BECTHEIME icvae ¢ R o v PV E P s F R eSS B A S 3T U A A 5 1 W
133. OGue dopmyaer  (145). 134. Hcenenosanue (145).

HccnenoBanne KBaApaTHOTO YPABHEHUS . . . . . . . . ... .......
135. Ucenenosanue dopmyn (147). 136. 3apaua o ABYX HCTOYHHKAEX
ceera (148).

[nasa 9. MHHMBIE H KOMIIJIEKCHBIE YHCJIA

137. Muumble uucaa (151). 138. Komnaekcuble uucaa (151).
139. HefictBus Haa KommnaekcHbIMH uydenamu (152).  140. leomerpu-
ueckoe H3oOpaxkeHHe KommjekcHoro uucna (155).  140a. Tpurowo-
MeTpuuecKkast (popmMa KoMmJexcHoro uucsia (156). 1406. IefictBus ¢
KOMIIJIEKCHBIMH YMCJ/1aMH, BBIPA:K@HHBLIMH B TPHMOHOMeTpHYecKoH chop-
me (160).

[nasa 10. HEKOTOPLIE CBEJIEHHA
OB AJITEBPAHYECKHX YPABHEHHAX

L JTeuMOCTb MHOTOUJCHA . . . . . . . . . . . . ittt et

141. JlenuMocTs MHOTOYJIEHA, LEJOr0 OTHOCHTENbHO X, Ha PasHOCThb
x — a. (169). 142 Jleaiumocts asyuneHa x™ F a™ Ha x F
Fa (171). 143. YUactHble, noayyaemble npH geneHud ™ F a™ Ha
x Fa (171). 144. O6uwm# Bung anredpandeckoro ypasnenus (172).
145. Hekotopsle cBoiictBa ajrebpaudeckoro ypaeHeHus (172).
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Ozaasrenue

II.

IT.

IIL.

Fnasa 11. HEONMPEAEJEHHBIE YPABHEHHA

146. Beogubie 3ameuanus (175). 147. TIpu3HaK HEeBO3MOXKHOCTH
pellleHMs ypaBHeHHs B LeJeXx uucaax (175). 148. TlpusHak
HeBO3MOXKHOCTH  pPelleHHs ypaBHEHHs B  TNOJOXHTENbHBIX YHC-
aax  (176). 149. O6was QopmyJa KOpHeH HeonpenesEHHOrO
ypaeHenus (176). 150. Cnoco6 noacraHoBkH (178). 151. UacTHbiit
BHJ HeonpenenéHHoro ypaeneHus (179). 152. Ofwee pemeHue
HeonpejeNéHHOro ypasHenus (179). 153. YnpoueHue pelieHns
ypaBHenus (182). 154. Tlonoxutenbhsle peiends (185).

[nasa 12. COEJMHEHHA H BUHOM HBIOTOHA

CCOBOMHEHMSA . . . . . . ot

1565. Onpenenenne (189). 156. Pasmemenus (189). 157. 3a-
gaun  (191). 158. IlepecranoBku (191). 159. 3agmaun (192).
160. Coueranus (192). 161. Mpyroi sua  Qopmyabl  4Hc-
na  couetaHui (193). 162. CsoiictBo  couetanu#t (193).

BunoMm HeloToHa . . . ... ... ... i,
163. TlpousseneHue  GHHOMOB,  OTJIHMYAKIIMXCH  TOJLKO  BTO-
peiMu ugeHamd  (194). 164. dopmyna GuHoma  HeioTo-
Ha (196). 165. Csoiictea dopmyael  OuHoma HbioTona (197).
166. Ilpumenenne opmynsl OWHOoMa K MHorouseHy (199).

JONOJHEHHSA

.HempepbiBHbIe APOGH . . . . . . . . ... ............... ...

167. Onpegenenuve HenpepsiBHOH apobu (201).  168. Obpauiexue
HerpepbIBHOH 1podu B oObIKHOBeHHylo (201).  169. ObpauieHue
0OBIKHOBEHHOH — apoBH B HempephiBHy0 (202). 170. Tloaxo-
aauue  gapo6u (203). 171. 3akoH COCTABJEHHS MNONXOMSALIHX
npodeit (204). 172, Teopema 1 (206). 173. Teopema 2 (207).
174. Teopema 3 (209). 175. TlpubaukéHHble 3HAYEHWS AaHHOH
apHpmetrueckoit apobu (210). 176. H3Baeuexue KBajpaTHOroO
Kophsi  (210). 177. HaxoxpneHue  pelleHHsi  HeOnpeaenéHHO-
ro ypasHenus (211). 178. Beruucnenue sorapudma (213).

O IPEHEIAX « 1. cansummamamss i & 5 & 6 & 85 & 86 B S5 E 5864 54 % 4 &4
179. Onpegenenus (214). 180. Hekorophle cBoicTBa OGeckoHeu-
HO Maablx Beawuus (215). 181. CpoitctBa npenenos (216).

Hccaeposanue kBagpatHoro Tpéxunena. Hepagenctsa Bropoii cre-

HEHH & o 2 s G e TS B SN B I PSS SRR SR EG R KA
182. 3anaua (221). 183. KBanpartHbiif  TpéxuseH, MMellMH
BellleCTBEHHbIE  pa3jiHuyHble KOpHH (222). 184. KsanpaTHbifl
TPEXYJeH, MMEIHH paBHele KOpHH (228). 185. KsagpaTHbiit
TPEXUJIEH, HMewlMH MHHMble KOopHH (230). 186. Oobmuii
BhiBOL (232). 187. HepaseHctea BTOpoil cTenend (234).

OTBeTHI K YOpaKKHeHHAM . . . . . . . ... .0t iv vt v v o nn o e
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