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INPEAUCJIOBHE PEJAKTOPA ITEPEBOJA

ITepBrie paGoTsl mo Teopuum Hrp mpuHagigeskat Llepmero
u Bopemo m ormocarca k magaaxy XX B. B 1928 r. dom
Heiimam gokasaa ocHOBHYIO TeopeMy Teopuu urp. Ho Toabko
moABlleHMe M IIMPOKOe paclpocTpaHeHWe OHCTpojelicTByIO-
mMuX 3JTeKTPOHHHX BHYUCINTEIBHHX MaMnH, obeclie9nBal0-
X BO3MOKHOCTD 3(eKTUBHOHO PelleHHS TPOMO3TKAX HIPO-
BEIX 3aJla4, OPHUBJEKIO K TeOPUU UIDP BHUMAHHEe IIHPOKOTO
KpyTa CIeIUajIcTOB ¥ IPUKIATHUKOB.

B mocneBoemusie rogsl 3a pyGekoM OmyGIMKOBAHO 00JIb-
moe KOJMIECTBO cTaTell M KHUT II0 Teopuu urp. EcTecTBeHHO,
He CaJloHHHe HTDH OIpefeduiu HHTepeC K 3Toil HayKe.
Teopus urp — COBOKYIHOCTH MaTeMaTW4eCKUX MeTOXOB aHA-
32 U ONEeHKH KOHQIMKTHHIX CHTyaluii — HAXOMUT IIMPOKOe
IpuMeHeHHAe K BoIpocaM OH3Heca B YCHOBHAX KOHKYpeHIUH,
K INIaHNPOBAaHHIO BOEHHHIX Olepanuil ¥ ynpaBieHHIO BOEH-
HOll TexHWKoil. MuorouncieHHbe HCCIeTOBAHUA IIOCTETHAX
JeT emle GoJbINe PACIIMPHIN PaMKH IIPUJIOKeHUS WUTPOBHIX
MeTofloB. B wacrHoCTH, ycTaHOBIeHHAsA CBA3b TEOPHH MTP
U JIMHeWHOro IPOrpaMMHPOBAHUA I03BOJIAET NMPUMEHATH Me-
TORBI pelIeHHA MTP K CAMEIM PasHooOpasHEIM 3ajgadaM ILjia-
HAPOBAaHWA HAPOXHOTO XO03fAHCTBA M YIMPABJIEHHS IIPOM3BOJ-
CTBOM.

B npepnaraemoii BanMaumio uurarens kuure Max-Kumcn
CHCTeMaTHIeCKH KM3JaraloTcA OCHOBHEIE MOHATHS TeopHH UTD,
HanboJsiee pasBHTHE METO[H pelleHAS UTD U HeKOTOPHe IIpH-
J03eHUA TeopHHU.

Kypc Mak-Kuncn He siBaserTcs mepBoit KHHTOH Io Teo-
PHM UTD Ha pPYCCKOM fA3HKe. HepmaBHo m3[aTelbcTBOM HMHO-
CTPaHHOH IHIEpPATYpH BHIIYIIeH IepeBoj MoHorpaduu Bie-
Kyanaa m I'mpmuxa «Teopuss urp U craTmcTudecKnx pelle-
Huity. Monorpadus paccunTaHa Ha CHeIHATHCTOB 1O TEOPHH
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pepoaTHOCTeil. Teopus urp sjech U31araeTcs B CBAM CO cra-
THCTHIeCKIMA 3aadaMU W f[ajeKo He Bce pPe3yabTaThl Teo-
puu, TpeNCTaBIAONNe HHTePeC AJIA aHAII3 9KOHOMHAYECKHU X
I BOGHHHIX 3a/ad, BKIIOUeHH B MOHOTrpadmio. B mactoamee
BpeMfl TOATOTABIMBAETCA Takie K METaTH MEPEBox 9pe3BHI-
gaitHo MHTepecHo!l KHUrum Jlpioca H Paitpa «/rpst u perme-
HUs», cofiepKamieil KpaTHIecKui 0630P BajKHeHMUX MaTeMa-
TH9ecKUX mpo6ieM TeopuH HIP H BOBMOMKHBIX I purIIoKeHni
aT0ll MUCHUIIMHG K aHAJIN3Y 9KOHOMUIECKHX U conuaJbHBIX
spiaeanii. Ogmako 3ra OorarTasd MAeAMH KHHAra II0 caMoit
cBoeil CTPYKType BDPSR JH MOKeT CIYHHTDH y4e6HEIM DPYKO-
BOJCTBOM JJIf MB3y9eHMS OCHOB TEOPHH HID. Ham mpepcras-
nseres, 9to Kype Max-Kumen «Beegenume B Teopuio UIp,
HOCTPOGHHHIA KaK OTHOCHTEIBHO piIeMeHTapHEA ydYeOHUK H
0XBATHBAKIIMA OCHOBHEIE CIO/KUBIIAECA K HACTosMeMy Bpe-
MeHI HAIpABIeHWS PA3BUTHs TeOPUH COPEBHOBAHUA, gaiizer
muppoKuit Kpyr dMTaTeNeH.

[lo-suguMoMy, LelecoolpasHo, 4yTo6E HM3yYeHHe Kypca
Max-Kuncn mpexmecTBoBajiio paGoTe HAN GoJlee cHenuasb-
Hoit Momorpadmeit Biaexysnna u I'pumuka 1 Gojiee MUPOKH-
mu mpobremamu Kmurz JIbioca n Paiida.

B xypce Mak-Kuncu yrauso coveraiorcs MaTeMaTHdecKas
CTPOTOCTb U HATJAMHOCTD M3JIOMKEHHA. Boapmmoe KoJaMIecTBO
MpAMEPOB MJLIIOCTPUDPYeT He TOJMBKO OCHOBHEIE NOHATHA H
MeTOf[bl PeNeHnsl TeOpUA WMrp, HO I HIrpOBHIe OCTAHOBKA
NPUKJIaAHBIX 3a7ad.

Marepian KHATH BIIOJHE OCTYTeH HHAeHepy. Crenuaiab-
Hile MaTeMaTWIeCKHe BONPOCH, OOBYHO He BKIIOTAEMEHIE
B KypCHl TeXHWYeCKHX BYB0B, BLIAEJEHB B KHHre B OTHeNb-
Hile maparpadbpl U rIaBBL. ' '

Kypce mpeacraBager Ges3yc/aoBHBI HHTepeC MAA MIHAPO-
KOTo Kpyra HAay4HHX paGOTHUKOB pasJUiHBIX cIIenuaib-
HOCTEH.

IocraToyno o6mupHAs GuGanmorpadusi, mnpUBeJeHHA
B KHHre, TOTMOJHeHA B IleDeBofie INepedHeM JIUTePaTyphI
mo Teopud TP, omy6InKoBaHHOH TMoOCTe WBJAHUSA Kypeca.
CoblIKM HA HelepeBefleHHY0 JHTePAaTypy IO CIeNUAIRHBIM
BoIIpocaM 3aMeHeHH CCHUIKaMu Ha COOTBETCTBYIOIYI0 OTe-
YeCTBEHHYW JIHTePaTypy-

HA. B. I0Ooun



ITPENCJIOBUE ABTOPA

dra KHHWra IpeJHA3HAUYeHA CIYKHTh y4YeGHHKOM IyIn
aCIMPaHTOB M CTY[eHTOB CTAapIINX KyPCOB YHHBEPCHTETA.
IIpepmonaraercss, 4T0 ydamueca MMEIOT HO MEHBINe Mepe
CBeJleHHA M3 aHAIN3a B 00BeMe KypcoB puddepeHnuasbHOrO
1 uHTerpasbroro ucunciennda. IloaTomy s mombsyioch Ges
PasbACHEHNH TAKUMU IOHATHAME, KAK CXOAMMOCTH, HeIpe-
PHIBHOCTB, OPOU3BOAHAsA, HATerpas Pumana, HusKasa U Bepx-
HAA TPaHH, MakcuMyMm ¥ mMpEUMyM. IIpum sToM s memombsyio
6e3 0COGHIX CCHUIOK HamGojee M3BECTHHIE TEOPEMEl, CBA3AH-
HBle ¢ DTUMM IOHATHAMH.

s nomumannsa raasst 111 momesmo HexoTopoe 3HaKOM-
CTBO C KJaccHiecKod amareGpoit u Teopmeit martpum. s
CTY/[eHTOB, He BHAKOMBIX C 9TOH 061acThI0 MATeMATHKI,
A BRIIOYWI B BTy IJaBy KPaTKUI 09epK OCHOBHEHIX OIlepalluit
Hay Matpunamu. Hyskmo ormeruts, 9T0 comepskaHue mmocie-
AYHOMAX T7AaB He 3aBHCHT CKOJBKO-HUGY[AH CyMIECTBEHHO QT
BHBOMOB raaBH 111, Tak wro ynTaTens BHOMHE MOKET HPOCTO
ONYCTUTh 3Ty TIJAaBy.

YroGs cenats KHATY MOCTYHHOH Gojiee MUPOKOMY KPYTy
ydamuxcs, A TOAPOGHO OCTAHABIMBAKCH Ha HEKOTOPEHIX
MEHEee HM3BECTHBIX IOHATHAX. JTO OTHOCHTCH, B GACTHOCTH,
K QYHKOUAM pacopefmeleHHs W anrerpany CruaTheca,
KOTODHIM 51 ITOCBATHJI OTAJbHLIE I1aBH, U K HEKOTOPHIM OCHOB-
HBIM TOIOTOTMYECKUM HOHATUAM, 00hACHEHHEe KOTOPHX TaHO
B § 2 rmasm III.

fl crapamca ormare mommmOe aBropam cdopMyaupoBaH-
HEIX 371€Ch BHIBO/IOB, YKa3hlBas UX B HCTOPUYECKUX M GUGIHO-
rpaduIeckux saMedaHmsX, NpUBEJeHHEX B KOHIE HEeKOTO-
pux raas. Ilomumo aToit mamm obmero xapaxTepa, s Xo4y
BLIPA3UTh CBOI0 GiarofapHOCTH pany pmpyseii, Ges momomu
ROTOPBIX KHHra Bpsx am 6Lia O HANMCAHA. M-p Ouupep
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I'pocc u3 Paup Kopmope#imH NpefoCcTaBUI MHE HECKOJBKO
HpuMepoB I IVIABEL X; mp M. . Yuuaeamc, Tarxe U3
Ponp Kopmopeiims, m0Ge3H0 MO3HAKOMII MeHS ¢ HECKOJb-
KMM¥ IpUMepaMH Urp, KOTOpHE OH cobpan mJs cBoeit Oyay-
meit kuurm; A-p A. B Maprna u3 Hamugopauiickoro yam-
pepcurera i a-p M. T. Bemnens us Pamy Hopmopeilms cje-
A HECKOJNbKO TEHHHX yKasaHWH OTHOCHTENLHO raas 1X
n X; mpodeccop [laBuA Busksean u3 lapBapfcKOro yHH-
pepcuTera mmomor copMynaupoBarh WN3I0KEeHNe TeOPUH CTa-
THCTHYeCKHX BHIBOJIOB B riase XI11I; n-p Hopmam [ambrn
n gp © M Tommcon — oba ms Pompy Hopmopeima —
OMOTJIA MHe IIPHM COCTaBI€HMHU IJIaB V u VI; m-p JI. C. Ilen-
i u3 IIpUHCTOHCKOTO yHHBEpCHTETa THATEILHO IPOCMOTPeJI
BCI0 DPYKOIHCH, YCTPAHHB MHOTO HejemocTell W OMMIGOK.
Haxomen, 0coGeHHYI0 GIarogapHOCTh A AOJKEH BHIPa3UTh
n-py Measpury [lpemepy # A-PY Onady Xempmepy, pador-
amxam Pomn HopmopefimmH, 9acTo OTPHBABIIMMCA OT cpoeii
co6cTBeHHON PaGOTH, YTOOLI IIOMOYB MHE. Vx momomp He-
OI[eHHMA.

Craadopa. Kamapopuns JI-p Max-Kuncu
fImBaps 1952 1.

o VRSOt




" TJABAI
IPAMOYT'OJIbHBIE UI'PbI

1. BBenenue

B »T0if KHuTe MH Gy[eM 3aHAMAThCA MaTeMaTHIeCKO# Teo-
pumeit crpatermaeckux urp. Ilpmmepamm calOHHEIX cTpaTeru-
YeCKHX HIp SABIATCA TaKk@e MIPH, KaK MAaXMaTH, Opapux
1 TOKep, B KOTOPHIX MI'DOKH IIPIMEHAIOT CBOI M300peTaTeiis-
HOCTH AJfA TOTO, YTOGH mepexuTputh APYr Apyra. Teopus
urp upuobpeTaeT 3HAa4YeHME BCIEACTBHE TOr0, 4TO, HOMUMO
o61acTu pasBiedeHHI, OHA BOOOME IPUMEHNMA K CHTyallAM,
B KOTOPHX HMEIT MECTO CTATKHBAIIIMECS HHTePECH M HCXO[
KOTODHIX oOmpefelseTcs JacTHIHO OJHOH, IaCTUYHO APYroi
croponoit. TakoBE MHOTHE KOHQIMKTHBIE CHTyaUuH, COCTaB-
Asompe IIPeAMeT HKOHOMWYECKHUX, CONUANBHHX, IOJUTH-
9eCKUX U BOGHHHIX HCCIe[OBaHMIA.

XoTsa MHOTHe pealbHble }KU3HeHHBe KOHQIUKTH, TaK JKe
KaK CAJOHHBle WIPH, BKIIOYAIOT DIEMEHTH CHAyYailHOCTH
(kak cHaHHBe KapTH B OpWyKe HIH IIOrofa B BOCHHEIX
omepamnusax), MH OOKYHO GyfeM HCKI0YaTh M3 HAIIero pac-
CMOTPEHMA MIDPH, B KOTODHIX MCXOJi 3aBHCHT. IeJUKOM OT
caydas M COBePIIEHHO He 3aBHCHUT OT YMEHUs HIPOKOB.

CymecTBeHHAA DPa3HUIA MEMK/Y CTPaTerMIeCKUMH HTPaMH
W HTPaMH YMCTO CIyJaiiHHIME 3aKJII09a€TCA B TOM, 9TO B UIpax
IIepBOTO POfia MOMKHO MCIOIB30BATh MACTEPCTBO M YMCTBEH-
HHe CII0COGHOCTH MTPOKOB, 8 BO BTODHIX OHM GecmosiesHsl.
MoaTomy moGUTENs TOCTYNHI B OYeHb HEPasyMHO, eciu G
CTaJ UrpaTh B MAaXMAaTH HA BHCOKYIO CTABKY IIPOTHB MacTepa:
0H mourm HapepHoe pasopmicsa 0. HaoGopor, Bompexu
OOHIYHEIM “poexasHAM (KOTODHE, BeposTHee BCEro, pacmpo-
CTPAHAIT CONepsKaTed MIODHHX JOMOB), CHCTEMB HIDHI
B DyleTKy Ha HECMEIIeHHOM KoJece He CyINeCTBYeT: MIHOT
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{MeeT TaKHe jKe MAHCH Ha BEIUTPHIOL B 9TOH HIpPe, Kak i YMHBLI
qejqoBeK (U3 ITOro, OHAKO, HE CIefyer, 49To B caygaifHBIX
Wrpax HeT HepEeNeHHHX MaTeMAaTHYECKHX 3ajlatd; CYMEecTByIoT
HEKOTOpPHIe CTAHAAPTHHE METONH HOMXOAA K ITHM 3ajadaM,
pasbupaTh KOTODEIE MBI 3/ieCh HE GymeMm).

X ors1 HaIe BHUMaHUE Gy/eT MOYTH IMOJHOCTHIO MOCBAMEHO
qEeTo MATeMATHYecKoil CTOPOHE TeOpHM CTPATerHIECKUX HUID,
0-BUIUMOMY, BCe-TAKM, YMECTHO HA9YaTh C KPATKUX 3aMme-
qaHmi 006 MCTOPMM OSKOHOMHKH. OTH BSaMeYaHUA IOMOTYT
yGequThCA B TOM, YTO TEOPHA UTp HE COBCEM B370pHA, W60
KyOIg H MpOfasKa OOHYHO CYMTAIOTCH Gomee CepHe3HEIMH
A TOYTeHHLIMH B3aHATHAME, 9eM Hrpa B IIOKep HMIH [aike
B IIaxMaTH. _

B cpoeil HayKe HKOHOMUCTE B Te4eHHe MHOTUX [ieCATHIIE-
THii TpUEEMAIH 3a o6pasel MmOJOKeHHe Po6unzona Kpyso,
BHODOMEHHOT0 Ha HeoGWTaeMBli OCTPOB ¥ CTPEMAMIEr0CH
MOCTynaTh TaK, 9YTOOH IONYIATH MAKCHMYM BO3MOMKHEIX
Gmar or mpupopsl. CuMTanoCh, 4TO MOKHO MOIYIHTH IOH:I-
THe o IOBeJeHMH TPyIN HHAMBUAYYMOB, HAadYaB C oy po6-
Horo aHAaIn3a TOBeJeHHs MHIWBUAYYMa B 3TOM IpocTeimeM
BO3MOKHOM cjiydae — ClIydae OfJMHOKOro MHAUBAAYYMA, 6o-
piomeroca ¢ npupopoit. OfiHAKO ATOT MOAXOJ K OKOHOMIHEE
CKUM BOIpOCAM HMeeT TOT HelocTAaTOK, YTO IIPU MepPexone
oT ofmecTBa U3 OJHOTO UENOBEKA Jlaye K ofmecTry U3 ABYX
qeJOBeK BOBHMKAOT KA4eCTBEHHO pa3AUYHEE IIOTOMKEHUA,
KOTOpEIe BPSJ| M MOKHO IPeJBHAeTh U3 PACCMOTPEHHS [OBe-
nenns onmHouku*). B obmectBe, cocTosmeM M3 ABYX qjie-
HOB, MOMKeT OKa3aThCs, 4TO KajKABM M3 HUX XO0HUeT HMETh
HEKOTOpHIl TPOAYKT (3amach KOTOPOro HEJOCTATOUHEL A
0GouX) B yupaBATh X0TA OBl HEKOTOPHMU ¢daxTOpamMm, ompe-
[eIAOMUME pacipefielleHne dTOro IPOLYKTA. Torpa moBe-
[leHHe Ka/KgoTO, eciIu OHO PasyMHO, JIOJKHO OMPEeNuTLCH
¢ yd9eTOM TpeAHoJIaraeMoro IOBEeJeHUs HApYyroro. Taxoro
LONOJKeHNS He MOMKET OHThH JJs OfHOTO 9JeloBeKa, TaK Kak
OH IPOCTO CTPEMUTCA K TOMY, 9TOGH IONYTHTH MAKCHMATB-

*) 910 paBHOCHJILHO TOMY, KaK eCiH 65 MBI IHTAJHCH H3YYUTH
npApoORy OKpy:KHOCTell IyTeM WH3YyYeHHS TOUEK, Tpe/CTABJAOMAX
B KOHIle KOHI[OB, OfHH M3 BHJOB OKpYIKHOCTell — OKPYMKHOCTH HyJe-
poro pajuyca. OOBYHEIE OKPYHOCTH CHITKOM PpafgMKaJbHO OTIH-~
qaloTCd OT OKPYKHOCTeHl HYJIeBOrO pajmuyca, qTOGH MOKHO GHIIO
HCIOJH30BaTh TaKOH MOAXOA.
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HOe KOJMYeCTBO MPOAYKTa OT Ipupops. [MleiicTBATeNbHO,
XOTA MH 9aCTO IepCOHMPUIUPYeM OPUPONY (TeM, UTO MUIeM
ee ¢ Goabmoii GYKBH U paccMaTpEBaeM ee KaK CYIEcTBO
JKEHCKOTO pOfia) ¥ MHOTJA IOITHYECKH TrOBOPUAM 06 «u3Bpa-
[EHHOCTH» NpPHPOAH, HUKTO BCephe3d He [yMaer, 9TO IpH-
poja Ha camom fielle CO3HATENbHOE CYMECTBO, KOTOPOE 3ajy-
MBIBAeTCH HaJ TeM, U4TO Ml co0upaeMcs Henars, u coo0pasHo
3TOMY CTPOMT CBOE IOBEJIEeHHE.

B o6mecTBe, COCTOAMEM M3 JBYX HIH HECKONBKUX tiIe-
HOB, IOABIAKTCA COBEPIIEHHO HOBHE TPOOIEMEI, KOTODEHIe
KODEHHHKIM 06Dpa30M OTIMUAIOTCA OT BCETO TOTO, YTO MEI HAXO-
AnM B ofmecTse, COCTOAMEM M3 OJHOIO 9eJIOBEKa. ITo aToit
IIpUYHHE CBOHCTBA OOHTHOTO 4eJ0BEIeCKOro obmiecTBa HEAb3A
OIpefieMATs IyTeM IIPOCTOTO pPAcHPOCTPAHeHMs Ha HEro
cBOIicTB 06mMecTBa, cocToAmero u3 ogaoro PoGuHsoHa HKpyso.

Paccysxpennsi mogo0HOTO POjla U HPUBETH JBAALATE JIeT
Hasaj matematuxa Jl;xoma QoH HeiiMana K yOesKieHHIO, 9TO
SKOHOMUKY JIydmie BCero HM3ydaTh IHOCPefCTBOM aHAaXOIUM
¢ CANOHHHIMH (CTPaTerM9ecKUMM) WUIPaMu, deM HOCPEACTBOM
TPOCTOR aHAJIOTHH C aHAINTAYECKON 3afadeil HaXOoKIeHHA
MAKCHMyMOB 1l MUHEMYMOB. JTOT IOJXOA K dKOHOMMUKE B Ha-
CTOSTIMIA MOMEHT MCCIef0BaH JO0BOJLHO OCHOBATENBHO KaK
MaTeMATHKAMH, TaK ¥ dKOHOMHCTamu. B ouGauorpadgun
B KOHIle KHMIM MOYKHO HAaHTH CCHUIKE Ha COOTBETCTBYIOIINE
KHUTH M CTaThHU:

(B cBsizm ¢ BOmpocoM 00 OIpeneleHUH IKOHOMUIECKHX
3aKOHOB OOIIECTBA, COCTOAMETO M3 n WIeHOB, ¢ IIOMOIIBIO
33KOHOB 0GIIecTBA, COCTOSAMEro W3 OJHOTO YeT0BEKa, MOKHO
3aMeTHTh, 4TO, KaK 9TO HH MAPaJOKCaIbHO, 3TOT cocob
maeT Jydmee TpUGIHMKeHME, KO 7 BEIUKO, TeM B TOM
ciygae, KOTjia 7 Mauio, HO GOJbINe euHMIIBL. JeitcTBUTENBHO,
ecizm y Cmuta OfiH KOHKYPEHT, TO OH JAOJKEH yHUHTHIBATH
BIOIHE PeANBHYK BOBMOMKHOCTb TOr0, YTO ITOT KOHKYDEHT
Gyner mocTymath pasymHO (TO ecTh Gyfer OETATbCA OIpe-
nenmmth, 4To cobmpaerca cpedarh CMur, M COOTBETCTBEHHO
9TOMy cTpouTh cBoe mosejienue). Ecim sxe CMuT mMeeT He-
MHOTO KOHKYPEHTOB, OH He JOJUKeH yHyCKaTh M3 BHQ, 1TO
BCe OHW MOrYT IIOCTYIAaTh DPasyMHO HJIM MOTYT BCTYINTH
B COW03 IPeMAS-HEro 1, TaKUM 00pasoM, NMOCTYNATh TaK, KaK
ecay 6Bl 5TO GBI OfuH dejoBexk. Ho Korja n CTaHOBHTCA
09eHb OOJNBIMHAM, BEPOATHOCTH TOTO, HTO 60 npmas 9acTh
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rouxypentos Cuura Gyfer mocrymaTh pasymHO, OYeHb MaJa,
Tak KaK BHIrOfa, KOTODPYI0 OHH MOTYT IOJYy4ATH OT €033
IPOTHR HEro, CTAHOBUTCA HUYTOMKHOH. ITosromy CMHUT ¢ moJ-
HEIM OCHOBAHHEM MOKeT IpefoJarath, 9TO CpejfHee IOBe-
JeHHe OCTaJbHOTO HACeTeHHs ONpefeNAercs, HaIpUMep,
FOCIIOACTBYIOMIMH CyeBepUsMu U 320y KAeHuAMA WIH Cpefi-
HEM yMCTBEHHEIM ypOBHEM, B MOJKeT [AOBEpATh CBOMM IPEA-
BUTEHHAM IIOBEJleHUsi KOHKYDEHTOB, HAampuMep MNpejBu/e-
HUI0, OCHOBAHHOMY HA MX IPOIUIOM IIOBE[IeHAHN, U PaccMa-
TPUBATH OCTANBHOE UEJOBEYECTBO KaK 9YACTh IPUPOJHL. Ho
CTODOHHHUKY SKOHOMMYECKOTO YUeHMS Po6unzona Hpyso ne
clleflyeT CAMIIKOM OGONBIMATBCA II0 TOBOJY 9TOr0 MAJICHL-
KOrO mapajoKca; OH JOJKeH HOfyMaThb O TOM, 9T0 B COBpeE-
MeHHOM OOIecTBe JTIOEM CcTPeMATCA o0befuHUTHCA B He-
CKONBKO GOMBIIMX KOAIWIUil, KOPHOpalmil, KOOmepaTHBOB,
npodeccHOHANBHLIX COI030B B TOMY nopo6HOe, KOTOpHe BO
MHOTMX OTHOIIEHHAX I[OCTYIAIOT IOKOGHO OTHENBHBIM HFel0-
BEUECKUM WHIMBUAYYMAM.)

HakoHel,, Hy/KHO YIOMAHYTb, 9TO TEOPUs cTpaTermde-
CKAX WIP MOMKeT HaWTH UpUJIOEeHHe B TAKUX obmacTax,
KOTOpHE OGHYHO He CUYATAlOTCA OTHOCAIMUMUCA K DKOHO-
MuKe, HallpEMep IIPU PEIIeHAN BOIPOCOB, CB3AHHHIX C yXa-
JKMBAHEEM W OpaKOM, KOIZla Heo0s3aTeJbHO MMEETCA B BHLY
[eHesKHAs BHTOJA, MM B 33/ja9ax, BOZHUKAIOMUX HpH BHIGO-
pax B IapJaMeHT, KOrfa GalloTHpOBaThea MOTYT HECKOILKO
qesoBeK. BO3MOKHO, UTO 9Ta TEOPHA MOMKET IPOJHUTH CBET
Ha Bce BUJB CUTyamuil, B KOTODHIX yJacTBYIOT JIOAW, AMEI0-
e IIPOTHBOMOJOMKHEE Ilesu, NpUIeM KayKABIH ®3 HAX
XOTH, BOBMOMKHO, M OKashlBaeT HEKOTOpOe BIWAHUE Ha Tede-
Hpe COOHTHII, HO IOJHOCTHIO HE MOKeT WM YHPaBJIATH.

2. Tepmunonorusa u Kiaccuukanus Arp

Mn GymeM NpPUMEHATH CJIOBO «Urpay MJIA 0603HaveHU
HeKoTOporo HaGopa IpPaBUI M corJameHuii, COCTaBIAIOMUX
[aHHHH BUJ WCpH, HaOpEMep IIaXMaTH, ¥ Gymem ymoTpeG-
AT CJIOBO IapTUsA» Ajs 00GO3HAUCHHSA BO3MOMKHO# peau-
33Uy HTUX IIPaBUII.

IopoGHO sTOMY MBI OyfeM HPHMEHATH CJIOBO «XOML» s
0603HaUeHNA MOMEHTa HTIDPH, B KOTOPOM OJWH U3 HTrPOKOB
(wim wHOTHA caydail) BEOMpaeT OJHY aXbTCPHATHEY u3 He-

S

o —
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KoToporo Habopa albTepPHATHB; CJIOBO «BHGOp» OyAem mpu-
MEHATH I 0603HaueHNs BHOPaHHOH aNpTePHATHBE (B 06BIT-
HOM SBHIKE CJIOBO ¢XOfy ymorpebiserca B [BYX CMHICIAX,
nig obomx noustnit). Takum o6pasoM, MEI CKajKeM «HEPHEIC
prMrpaiu Giaarogaps pasyMHOMY BHGOPY Ha [ECATOM XOmy».
CyImecTByeT OrpOMHO€ TMCII0 BCEBOSMOFRHEIX cTpaTeruue-
cKUX HTp. PaccMOTpEM HEKOTOPHIE CIIOCOOH IX KiaccuduKanuy.
Bo-mepBHIX, MH pasimiaeM HIPH N0 4UCAY UZPOKOS:
Hrpa OJHOTrO JMIA, Urpa ABYX JHI{ U Jp. Hanpumep, mack-
sSHC — Wrpa OJHOrO JHMNa, NIAXMAaTE — Hrpa JABYX IHIL
Korpja MH rOBOPUM (Mrpa n JHUIp, MBH HE 06da3aTeIbHO TOJ-
pasyMeBaeM, 4TO B Kaij(oil HapTui HrpH y4acTBYIOT N 9eJI0-
BeK, IPOCTO COTIACHO MPABHIaM MIPH HrPOKM PacHajiaiorei
Ha n HeIepeCceKalomHuXCcsl MHOMKECTB TAKNM o6pasoM, 4TO
MTPOKH, BXOJAMNME B Ka)K[(0e MHOKECTBO, MMEIOT OJMHAKO-
BLe WHTEpEeCH. OTH n MHOMECTB JIofiell ¢ OfMHAKOBLIMU
MHTepecaMy Ha3HBAIOTCA IMIAMUY (Tak jwe, Kak B Cyneo-
HOM jeje KOPHOpaI|s CUMTAeTCA munom). Hampumep, xora
B MIAXMATH OOLIYHO MTPAIOT [(BAa MTPOKA, B HUX TaK#e MOTYT
HTpPATh ABE (KOMAHJ(ED, KasKAas U3 TPEX UeJOBEK; HO U B 9TOM
ciydae mrpa Bee sKe Gymer Mrpoil JBYX, a HE IIECTH aum,.
Toumo Tax ke GPWK HYKHO CUMTaTh MIPOd NBYX, a HE
yeThpeX JHI, TaK Kak /Ba ITapTHEpa MMeEIOT Of{MHAKOBEHIE
WHTepeCcH W PAcCMATPHBAIOTCA MOITOMY KaK OJHO JHIO.
Ilpu urpe B 06ImecTBEHHbE NrPhl HTPOKK HHOT/A pemamoT,
4TO B KOHI[e HapTHH OHM IPOU3BEAYT MEHALY coBoil JeHe:K-
Hble IUIATesKH TaK, Kak OIpeJeeH0 IpaBHJaMd WTPEHI. Tax
OYTH BCerja HOCTYHAIOT B COBEDIIEHHO CIyJailHEHX Hrpax,
HaIlpEMep IIpH UTpe B KocTu (Tak KaK WHAUE HE Gyzmer 3auH-
TepecoOBaHHOCTH), B NOKepe W [acTO B 6pumpxe. B ppyrux
caydasx MFPOKH BEJyT cdeT OYKOB ¥ B KOHIE IapTii HAXO0-
AT YHCAA, W3MEDPAIONIe OTHOCHTENbHOe yMeHHe, MpOABJICH-
HOe yYACTHMKAMH HIPHl, HO HEKAKUX JleHer He BEILIAtM-
BAalOT, TaK 9acTO IOCTYymalT IPU HUrpe B 6pumx. Haxomen,
B HEKOTOPHX CIydagx He IOJCYMTHBAKT HAKAKAX OUKOB,
a mpocTo OOBABIAIT, KTO (BHHUIPaly M KTO «(Ipourpain;
TaK OGHYHO AeJIaloT, HAlpuMep, IPH UTPax B THR-TaK-TY ¥ ),
mamkz @ maxmaTel. OfHAKO HaM yJA006HO IpeHeGpednb BTO-

*) Tick rol toe — feTckad Wrpa, CcOCTOSAmAs B TOM, 9TOGH
¢ 3aKpHTHMHA Tia3aMH IONAcTh Ha OfNO W3 WHCEN, HaNACARMHX Ha
rpadensuoit gocke. (ITpum. nepes.)
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PHM ¥ TPETHHM BApHAHTOM H TIOBODPHTH 00 urpe TaK, Kak
6yaTo Bo Bce MIPH MTPAT pajd JeHer; TaKuM obpasom,
MH GyJeM OGHTHO. TOBODHTEH O (IJIATeKaxX», MPOM3BOAMMEIX
MeKIy MIPOKAME B KOHIe maprum, M Gyjiem HpefCTaBIATH
3TH IIaTe:KM Kak neHexmme cymMsl. (IIpepmonosxenme o Ha-
JMUAN [eHe’KHHX IUIaTeskefl MOMKeT MOKa3aTbhCA OrpaHude-
HmeM MOJIS HAIIero McCJeMOoBAaHWA, OJHAKO 3TO HE BEPHO:
ecl fajke JeHbTH He HepPeXOfAT M3 PYK B PYKM, HrPORH
IOTYYalOT OT CBOHX OTHOCUTEJNBHHIX OYKOB KaK0e-TO y/I0BJE-
TBOpeHHE WM OTOPUEHNe, H TAKUM 00PasoM MOMKHO 6B1I0 GBI
yCTAHOBUTH JEHE/KHYIO TEHHOCTh MCIIHITHBAEMHX MMA OILy-
IIeHuii, CIefoBaTeNbHO, UTPY MOXKHO IIPe[iCTABATH cebe Tak,
kaK Gy/TO OHA BEJETCH Pajél dTUX DKBUBAJEHTHBIX [IEHEHHHX
cymm. Mt He Gy/AeM 37ech BAABATHCA B 9TU BOIPOCE, KOTOPLIS
cKOpee OTHOCATCA K o0aacTd HKOHOMMYECKON HAYKM WIN
duaocodun, deM K MaTeMaTHKe.) _

IpeamosouM, 9TO MH paccMaTpupaeM LapTHIO 7 JHIL
¢ urpoxame Py, P,,..., P,, u mycThb p; (i=1,..., n) — naa-
Tesk mrpoxy P; B KoHIe maprum (ecin P; cam moiKeH mia-
TATH, TO P, orpuuatensno). Ecam mpu sToM

n
2 Pi =Ov
i=1

TO MBI Ha3bBaeM NMAPTAI napmueil ¢ Hyresol cymmoii. Ecmam
M106as BO3MOMKHAA IMAPTHA HEKOTODOH UIPH MMeeT HYJIeByIO
cyMMy, TO M caMy MrDy MH Ha3HBaeM uzpoil ¢ Hyaeeol cyM-
Moii *). flero, 9r0 Bee OGHYHEE CAJOHHEC UTPH, B KOTOPEIX
urpa BefeTcs Ha JIEHBI'M, €CTh UIPH C HyJIeBOil CyMMOil, TaK
KaK B Ipomecce UTPH CyMMa B3HOCOB BCEX HTPOKOB HE BO3-
pacraeT U He YMEHBIIAETCAH. VIrpsi ¢ HeHyIeBO# CyMMOM JaioT
HaM BO3MOJKHOCTh M3ydYaTh IPH IOMOINY TeopUH HUIp MOJEJ]H
HKOHOMMUECKHX IIPOIEecCOB, TaK KaK JKOHOMUYECKHE IIPO-
eccH 0GHYHO CO3AT (MiIK yHIYTOKaI0T) 60raTCTBO. Mosxer
MasKe CIYyIATHCSA, UTO HKOHOMMYECKHMIl MPOIect yBeJIUUHBAET
WAd yMeHbImAaeT GOTaTcTBO KasK[AOro U3 ero yJaCTHHKOB.
Vrps MokHO KIaccHPUIUMPOBATH U IO KOAUYECEY 20008.
Hampumep, TuK-Tak-Ty, eclId Mrparb [0 Camoro KOHIA,
yiMeeT [eBATh XOJ0B, W3 KOTOPHX HAThH MeNaeT OAUH HTPOK

*) Bomee mMUpOKoe omnpefiejieline «AIPH ¢ HyJesoil cymmoit» 6ynet
aHo B raape VI mociie BBefeHHA MOHATAA CTPaTeTHH.
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M deThHpe — Apyroil. B HEKOTOPHX Hrpax HapTHH HMEIOT.
PasHyI0 NPOAOJIKATENBHOCT; TaK, IIaXMaTHAg HApPTHA MO-
’KeT OBHITL KOPOTKOIl WiN [JIMHHOHX B 3aBUCHMOCTH OT OTHO-
CHUTEJIBHOI0 HMCKYCCTBA IapTHEPOR.

Kokneunas urpa umeeT KOHEYHOE UHCIO XOJ0B, KaiKIHI
I3 KOTOPHIX COAEPKUT JUME KOHEYHOe YHUCJIO albTePHATHB;
JpyTHe WUTPH Mbl HA3HBaeM OECKOHEUHbIMU.

Haxomen, urpsi MOKHO KilaccHQuIUpoBaTh IO KoAUYe-
cmey unPopmayuu, MMeOMeHcss y HUTPOKOB OTHOCHTENbHO
npomuIsx xomos. HampuMep, B IIamKax u IDaXMaTax UTPOKH
Bce BpeMa MHPOPMEPOBAHE O IIPeJBAYIMUX X0/[aX; B GpuKe
ArPOK He 3HAET, Kakue KapThH GHJIN CHaHH [PYTHM ydacT-
HHUKaM, M, cJeloBaTedbHO, 3HaeT He Bce. flcHO, 9T0 M3 paH-
HOl MIPH MOKHO IIOJYYUTH COBePIIOHHO' JPYryi HrpYy,
M3MeHUB IIPaBHIa OTHOCHTEIHHO HHQOpMaIum, HaBaeMoil
nrpoxaM. Tax, Gpumsk mpespaTuiacsa OH B COBEPIIEHHO APY-
Iy HTrpy, eciu Obl Ka)KAH HTPOK MOJeH GBI IOKa3H-
BaTh CBOM,KapTH B Hadaje mrpe. W ms maxmar moxydaercs
cOBepIIeHHO HOBAafA Mrpa (TaK Ha3hiBaeMasg «BOGHHAS MIPa»)
ecaM MIPOKAM HeJb3A IoaydaTh HHPOPMANUIo o BHOOpPax
HX TPOTUBHUKOB.

3. Onpenenenue npAMOYroJbHBIX HFp

Wrpa ogHOro umma ¢ HYyJeBoll cyMMoii He IpefcTaBlgeT
0CcOOCHHHX B3aTpyAHeHU#, m6o, HE3aBHCHMO OT TOTro, 4YTO
HellaeT 3TOT eMUHCTBEHHBIN NIPOK, OH IOJYIaeT HYJIb B MOKET
¢ ONMHAKOBHIM YyCHeXoM BoiOupaTp awboit xox. Ilpm mrpe
OHOTO JAIA C HEHYJeBOH CyMMOH HMTPOKY HYKHO peIlMThb
00BYHYI0 3a/[auy -Ha MAKCHMyM: OH HOJUKeH' BHOpaTh u3
PA3JIMYHEX OTKPLIBAIOIMXCS €My BO3MOMKHOCTEH Ty, KOTO-
pas daeT eMy MAKCHMAJBHHI BEIMTDHIN, MJH, €clIH Mrpa
BRJII0OYAeT TaKKe HEKOTODHIe cJydailHBle XOMHI, TY, KOTopas
JaeT MAKCHUMYM MaTeMAaTHYeCKOTO OKHJAHAA ero BHUTPHIIA.
Taxum o6pasoM, 9YTo0B u3yduTh XapaKTepHHe CBOHCTBA
cTpaTernyecKux Hrp, HeoOXogmMo HepefTH K HrpaM ¢ yda-
cTueM 0OJbOie 9eM OJHOTO HIPOKA.

Mu HauHeM ¢ W3Y9eHHs1 HMTPH ABYX JHI| ¢ HyJIeBO# cyM-
MO, B KOwepoil Ka:KIblil urpok uMeeT aumb oaun xoa. Ilep-
BB UTPOK BLIGMpAaeT YNCJIO M3 IEPBLIX M IOJO0MKHUTeIbHEIX
UeqbIX wnceda, a BTopoit mrpox, we Gyjiydn mHpopMHpOBaH

NlaGopatopuy
cTatucruqecu”x

- Metogos MI'Vv
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0 TOM, KaKoil BEHOOp cpemnal mepBHIl UIPOK, BHOUpaeT 1CTI0
{3 MEePBHX 7 IOJOKHTENbHEIX dHCel. 3areM oTH [Ba YHCIA
CpaBHUBAIOTCSA, W OfMH W3 WTPOKOB IIIATAT IPYTOMy CyMMY,
KOTOpAs 3aBHCHT OT CJIeTAHHBIX BHOOpPOB U OIpefelsieTcs
IpaBUIaMH UTPHL Uro6H nMMeTh Kakoe-HHOYAb 0fo3HAUEHHE
n1a Takmx urp, Ml Oyjem HasmBaTh MX npAMOY20LLHbLMI
uepamu. (Ilosmuee MBI YBHLHM, 4TO IPAMOYTOJBHEE MIPHI
He COCTABIAIOT 0GOCOONeHHOro KiIacca HIP, Kak MOMET
OKA3aThCA ¢ TMEPBOTO BATIAJA: MHOMECTBO APYTHX BEChMa
pasHOOGPABHEIX MID MOMHO IPHBECTH K dopme mpaMO-
yrOMbHEIX HTD.)

[Ipusemem IpHMEp IpPAMOYTOJIbHOI HTPHL. Urpox P,
BHOMpaeT YMCIO0 M3 MHOMKECTBA {1, 2, 3}, a Urpox P, Brilu-
paeT YHCIO0 U3 MHOKeCTBA (1, 2, 3, 4}, me 6ypyin AHGOpPMH-
poBaH O TOM, Kakoil BEIGOp cAeran P,. Tlocme TOro Kak
BHIOOPHI GBLIM CAETAHBI, HTPOK P, miaTET UTPOKY P, cymmy,
onpefeIsAeMyio ClIeRyomei rabanmeii:

1 2 3 \ 4
1 2 1 \ 10 \ 11
2 0| —1 \ 1 ‘ 2
3 -3 | -5 | —1 \ 1

Nnaue rosopd, ecan P;, Hanpumep, puGupaer 1, a P, BHIOM-
paet 3, TO MrpoK P, IIaTHT HrPOKY P, pecArs RONIApOB
(nmu fiecATh MEHTOB, WM [IECATH AI06LIX APYTUX AEHEKHBIX
equunn). Ecin P, subupaer 3, a P, puibupaer 2, To HTPOK p,
ILIATHT UTPOKY P, MUHYC IATH AOJIAPOB, T. €. HrPOK P, una-
TUT HTPOKRY P, MATH KOIIAPOB. Mg GyjieM ONHCHBATH BIPEAD
TaKyl Hrpy, yKasHBag IPOCTO ee NAAMeNCHy0 Mampuyy

2 1 10 11
o —1 1 2
—3 —5 1 1
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Ipyroit mpuMep HPAMOYTONbHOR MUIPH — «two-finger Mor-
ray (AByXmaibleBas Moppa), B kotopylo mrpamu B Uramun
¢ aHTHYHHIX BpeMeH. . B 8Ty mrpy urpaioT J(Ba delO0BeKa:
KasKIET M3 HUX NOKa3HBaeT OJNMH WM [(BA NMAaJbIla M OJ{HO-
BpeMeHHO Ha3HBaeT UMCIO MAaJbleB, KOTOPHE, IO ero MHe-
HUI0, IOKa’KeT ero NPOTWBHUK. Ecjim ofMH U3 UTPOKOB yra-
ABIBaeT NPaBHIBLHO, OH BHIUTDEBAET CYyMMY, PaBHYI0 CyMMe
HalbIeB, MOKA3aHHHX MM M ero OPOTHBHUKOM; B IIPOTHB-
HOM ciyuae — mmubsa. Ecam cumsox || 1 2 || osmagaer,
970 MrpoK NOKAasHBaeT OJMH Hajell W IIPEAIonaraer, dTo
ero IPOTHBHUK IIOKa3bBaeT ABAa MNaldblla, TO IMJIaTeRHAA
MaTpHIa 1Jig STON Urpel GyHer MMerh BHUJ|

|1 4 2 2 a2 2l
IR 0 2 —3- 0
o2y |2 0 0 3
2 1y 3 0 0 —4
N2 2| 0 —3 4 0

BaskmefimmM BOIpPOCOM B ciayYae HPAMOYTOJNBHOI, Na
1 BOOOme 060N MrpH ABJIAETCA BONPOC O TOM, MMEETCH JIH
ONTHMAJBHEI CHOCO6 MIpH, TO ecTh MOKHO JH JOKa-
3aTh, 9TO NAHHBIN cIIOCO0 HMIphHI ABJIAETCA HauboJsiee panu-
OHAJbHHM. :

OxkaspiBaeTcs, 9TO B cjydae NepBOro IpmMepa Ha 3TOT
BOIPOC OWEHB JeFKO OTBETHTh. MeicTBHTENBHO, MBI 3aMe-
qaeM, 9T0 KaK[IBil BJeMeHT IepBOit cTpok: (oJbIe cOOTBET-
CTBYIOIIETO 3JIEMEHTAa BTOPOHl CTPOKM M TaKiKe 60JbIIe COOT-
BeTcTBYIOMEro sieMeHTa TpeTheil crpoku. CiefoBaTelnbHO,
He3aBUCHMO OT TOTO, Kakoe 4mcio BeiOmpaerT P,, mia Py
myame Br6paTh 1, 9eM 2 mau 3, TaK 4T0 OITHMAJIBHEI ¢110co0
urpst gas P, — ato BOpath 1. Touno rak sKe KaKIpIi
5JI€MEeHT BTOPOTO CTo0Ila MEeHbINe COOTBETCTBYIOMEro 3Je-
MEHTA Ka)KI0ro M3 [PYyrHX CTOJAOIOB; IO3TOMY MOCKOIB-
Ky P, xoueT mrpagh Takum 06pa3oM, 4ToOH MTaTex GBI
BO3MOJKHO MeHBIIMM, ONTMMAJBHEI cIIocO6 HIpH A
P,— BuiGpats 2.

IToT BELBQN OCHOBAaH Ha CHENUHPUICCKOM cBOMCTBe ILIA-
Te)KHOH MaTpUHH, T. €. Ha TOM, 4UTO KasKOBIA JIeMEeHT JaH-
HO# cTpokm (wim cronbma) Gonbuie COOTBETCTBYIOIIETO

2*
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oieMeHTa Apyroii crpokn (unm croxnbma). s Toro q9To0H AaTh
aHAaM3 IPAMOYTOABHHX WTP, KOTOPHI MOKHO OBLIO (6351
IpUMEeHUTH [is Golee MHUPOKOTrO KIAcca HMIpP, MEL JLOMHEI
GyneM BBEeCTH HEKOTOpBIe HOBEIE IOHATHA.

4. TIpAMOyroJbHBIE HTPbl C CEIOBBIMU TOUKAMU

PaccMOTpHM TPAMOYTOJABHYI0 HTPY ¢ MaTpHIell mOpALKa
mXn

Ay Qe Ain
a a a
21 2 2
A — 2 n
aml amz amn

Ecau urpox P, B HEKOTOPOWl IapTWH BTOH HIPHI BBLOU-
paer 1, To emy HaBepHAKa OyjmeT ymIadeH XOTA 65l MUHHO-
MaJIBHBI 3JEMEHT IepBoil CTPOKM, TO ecTh II0 MeHbINeil Mepe

mina,;
J

Boo6me, eciu oH BHOHpaeT qUCII0 i, TO eMy 0053aTeJIBHO
fygeT ymiadeHo [0 MeHbImel Mepe

mjm a;;.

Ho mockompKy OH MOKeT BHOPaTh i KaKk YTOfHO, OH MO-
JKeT, B 4ACTHOCTH, BHODATH €ro Tak, 4To0HI C/eIaTh BeIHIAHY

min a;;
i

BO3MOKHO Gompmeir. ViTak, maa P, umeercs BHOOD, KOTOPBLi
rapaETHpyeT emy, 9To OH IOMYdAT X0Ts OBl
max min a;;.
i i
AHaJIOrugHO, IJIATEKH MTPoKy P, mpencrapisioT cofoil aue-
MeHTH MaTpuIsl A, B3aThe CO 3HAKOM MuHyc. MBr BEAMM,
aro maa P, mMeerca BHGOD, KOTOPEHIl rapaHTHPYeT €My,
970 OH HOJYYAT IO MeHbIIed Mepe
max min ( —a;;).
i i )
HanoMHuM Temeph 3IeMEHTADPHOE NOJOMKEHHEe 0 MAKCIIMY-
Max ¥ MEHEMyMaXx: ecan f — mobas [AeicTBITeIbHAA GyHKIA 1
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ec MAKCHMYMBl M MHHHMYMEBL CYIIeCTBYIOT, TO
max [ — f(z)] = —min f(z)
x x
i1
min [ — f (#)] = — max f (z).
x x

[ocKoMBPKY B paccMaTpHBaeMOM ciydae [ M j HMeEIT KOHed-
HEIT MHTEPBAJ W3MEHEHWA M BCe MAKCUMYMBH M MHHAMYMBI
CYIeCTBYIOT, TO CIPaBeJINBO COOTHOIIEHWE
max min ( — ¢;;) = max (— [max a;;]) = — min max a;;.
i i i j i
[losToMy P, MoiKeT MTpaTh TaK, 9To0H HaBEPHAKA MOTYIHTH
xoTa OB
— min max a;;,
i i

W, cief0BaTeIbHO, TAK, 4To P, momyumr camoe Goabree
min maxa;;.
i i
Wrak, P, Moxer rapaatuposath ceGe, 4TO OH MONYIUT
0o MeHbIIed Mepe
max min a;;,
i i

a P, MokeT IOMemaTh €My IONYIuTb Gojbiie, deM
min max a;;.

Ecau oxasmBaercsa, 4TO

max min ¢;; = min max a;; =0, 1)
i i i .

To P, moMKeH NOHATb, 9TO OH MOMKeT IOIYYHUTb U, & ero
IPOTUBHAK MOKeT IOMemaTh eMy IOXydIuTb Goibime deM U.
Taxum obpasom, ecim TOIBKO y P, HET CepPhesHEHIX OCHOBA-
HUi momarark, 4to P, 6yaer mocTymaTh HeoGayMaHHO (a 310
MOMKHO OHTH OCHOBAHO HAa 4eM-TO, He OTHOCAMIEMCS K CaMoil
Arpe, HalpuMmep Ha ToM, 4T0 ¥ P, ecTh mpeapaccymok, KoTo-
DHIl 3aCTaB&URT €0 UI'PaTh BCETNa ONpPefeleHHHM 00pasoM),
P, Moxer geraTh CTaBKY Ha U M UI'PaTh TaK, ITOOH IOXYIHUTH
v. Amanormuno, P, MoKeT fenaTh CTaBKy Ha — U H MI'DaTh
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TaK, 4T06H TMOXyunTh 5Ty Benmauay. Ecam Gur paserctso (1)
GbLTO CHIpaBeJINBO AJA BCAKOH Marpumsl A, TO HA OCHOBA-
HOM [PHBEIEHHBX BHIIE COOOPasKeHHH MOMCKHM ONTHMAJb-
HOTO cmocoGa MIpsl B TPAMOYTONBHHE MIPH Ha 3TOM OH
sakoH9much., Ho, K cOKajeHmio, IOJOKeHne He TaK MPOCTO,
HeiicTBUTeNBHO, Jerko yKasaTh NPHMepHl MATpuL, AJIA KOTO-
puix (1) memepHo. PaccmorpuM Marpumy

1

ayy 3T
o1 Qg |Is
te a;, =agp= +1 1 a,=0a,= —1; Torna
max min ¢;; = max [min a,;, min a,;] =max[—1, —1]=— 1
i i j

u

m}n miax a;; = min [miax a;, max,l=min[+1, + 1= +1,
1

TaK 9TO
' max mina;; ¥ min max a;;.
i ] J i .

Beupy BaskHocTH paBeHcTBa (1) maa Hamieidl TeMBI, MEI,
eCTeCTBEHHO, NOMKHBI HalfiTH HeoGXo{uMoe U ROCTATOYHOE
yciaopme ero BhimoiHeHuA. Ilockomp<y 9T0 ycaOBHE HAM
moHafo6uUTCA B [anbHeiimeM B Gomee ofmieM Bujle, MB IOJY-
9uM ero AAA IPOU3BOJILHEIX meffcTBUTENbHHX QYHKIMA, BH-
Bellfl A MaTPHI JMMb Kak ciefgcrsme. Mu goxaseM
npexge Bcero, 94T0 MAaKCHMalbHas BEINIMHA MUHAMYMOB
HUKOT[a He OnBaeT GOIbIle MEUHHMAJbHOH BEIMIMHBl MAKCH-
MYMOB.

Teopema 1.1. ITycmv umeiomes MmHOMCECTEA A uy B;
f(x, y) ecmv cewjecmeennas Pywkyus 08yxr nepeMeHHbLE
npu €A u y€B, u cywyecmsyrom ’

max min f (2, y)

xEAYEB

u
min max f (z, ¥)-
yEBXEA

Toeda

max min f (z, y)<minmaxf(z, ¥).
xXEA y€EB yEB x€EA
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23
IloxasaTeiabCcTBO. Hast  m066ix (bmccnponanniﬂx
Il y IO OIpeJeNeHni0 MUHMMYMa
min f (z, y) < (2, ¥)
yeEB

u [0 OIpeJeSeHHIO MaKCcuMyMa

f(z, y) <maxf(z, y).
x€EA
CienoBaTelbHO,

min f (z, y)<maxf(z, y).
yEB xEA

(2)

IocKONBKY JeBasg dacTh HEPABEHCTBA (2) HE 3ABHCHT OT Yy
MH 3aKjo9aeM, 4TO
min f (v, y) <min max f (z, ¥). (3)
yeB YEB XEA
[MocKOIBKY IIpaBasd 4acTh HEPABEHCTBA (3) =e saBmcHT OT 7,
MBI 3aKJII09aeM, 9TO
max min f (z, y) <minmax f (z, ¥),
xEA yEB yEB xEA
4T0 U TpPe6OBAIOCH AOKA3aTh.

3ameuanne 1.2. BosmomuOCTH NPHMEHEHUA
HONOMKeHHsA K MaTpuiam

3TOTO
0CHOBAHA HA TOM, 9YTO MaTpHUIY
a1 (yg SO
Qg1 Qg Qan
Ay Az -+ Opn o
MOJKHO paccMaTpHBaTh Kak JeHCTBUTEILHYIO QYHKIMIO JIBYX
nepeMeHHHX f (i, /), KOTOPas onpejeneHa i1 i=1,2,....m
u j=1, 2, ..., n PaBEeHCTBOM

@i J)=ai

Cnemcrsue 1.3. Ilycrs

D -
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IpOM3BONBHAA MaTpuLa m X n. Torna

max min ¢;; < min max a; ;.
i J j i

HoxazarenbcrBo caegyer us Teopemst 1.1, ecau mpumath
3a A MHOKECTBO IIEDBHIX M IONOKUTEILHEIX IETHX YHCel,
a 3a B MHO/KeCTBO IePBHIX n NOMOKATEILHHX IEIbIX YUCe.

Mg Toro 9106H chopMyaupoBaTh HeoGXomuMoe M JOCTA-
TOYHOE YCiIoBUE .CHpaBelJIMBOCTH paBeHcTBa (1), ymoGHO BBe-
CTH HOBOE IOHATHE M3 TEOPHMH MeHCTBUTENBHHX (YHKIIWI
JBYX TepeMeHHEIX.

Onpepenenne 1.4. Ilycrs f(z, y)— AeiicrBuTenbHasn
¢ynrnus, onpenenennan nua Beex £ € A u y € B. Touxa |lzeyol|,
rie o€ A ¥ y,€ B, masuBaerca ced.to6oii moukoii, ecan BbI-
HOMHAIOTCS CIeAYIOIIie YCAOBUA:

1) f(%, ?/o)<f(xo: yo) J-UIH BCEX xE A7
2) f(zor ¥o) <f(xy, y) muasA BCEX Y€ B.

CrepoBatenbno, ¢yHruus y? — z% uMeeT B KadecTBe ceji-
aosoit Touky ||0 O}, Tak Kak #JA BeeX MeHCTBUTEABHHX T H Y

0— 22< 02 — 02 < 2 — 02,

(dror TpEMep He YAHMBUTENEH, TAK KAK TAINEPGOINYECKUI
napabomony

2=y —2?

00BIYHO HABHIBAETCA CEIOBHAHON NOBepxHOCThIO. OnHAKO
HY’KHO B3aMeTUTh, 4TO Halle ONpeJeleHNe CeJI0BOH TOYKM
HUKOMM o0pasoM He COBHIAJaeT ¢ HOHATHEM, YIOTPEeGIAeMbIM
B AudpdepeHnUanbHON TIeoMeTpUH; HANPUMEDP, COTJIACHO Ha-
meMy ompefeseEnmio ¢yHKmua z?— y? He HMeeT CeIIOBOI
TOYKH.)

Teopewma 1.5. Tycmo f(x, y) — Oeiicmeumesvnas Gymx-
yus, onpedesennas 0an z€A u y€B, u cywecmeyom

max min f (z, ¥y) .
xEAYEB

min max f (z, y).
UEBXEA




4. IPAMOYTIOJIbHBIE UIPbl ¢ CEOJOBLIMI TouKaMn 25

Toeda neobxrodumoe u Oocmamouroe ycaogue moz20, MobuLL

maxmmf(r, y) = mlnmax/(x Y),
xEAYEB YVEBXEA

cocmoum & mom, wmo f(x, y) Oosdrcna umemsv cedrosyio mou-

ky. Kpome moeo, ecau ||[xy y,| ecmv cedaosan mouka gymr-
yuu f(x, y), mo

f (2o, Yo) =maxminf(z, y) = min max f(z, y).
xXEA YEB YEB XEA
JdoxaszartenbcTno. Jlokaskem JoCTATOYHOCTD YCJIOBHA,
Oycrs |z, yol — cennonaa Touka Qymxnmn f(z, y). Tornma
A BceX TEA m yE

F(®@s yo) <[ (s Yo)> (4)
[(@os Yo) <f(zor w). ©)
Ws (4) MBI 3akaodaeM, 4TO

glgff(xv Yo) <[ (Zos Yo)s

©a m3 (D) ciepyer, 4TO

/(xov Yo) < melnf(xm Y),

TaK d9To
meaicf(x, Yo) < f 7y, Yp) < melnf(xm ). (6)
[TockoasKy
min maxf(r, y) < maXf(ft, Yo)
VEBxEA x€A
n

min f (z,, ¥) <maxminf(z, ),
yEB xEAYEB

Mbl 3akaiodaeM us (6), 4To

mmmaxf(:r Y) <f (g Yo) <maxminf(z, y). (7)
yEB XEAyYyeB -

Ho no Teopeme 1.1 mepmmiii uimeH mepaBeHcTBa (7) He MeHee
TPeThero; Jla MBI 3aKJII09aeM, 9TO BCE TPH WieHA PaBHHI,
9r0 W TPeboBaIOCh MO0KaszaTh. YUroOH yGegdThCH B TOM,
qTO YCJI0BUE HEOGXOZMMO, MOUYCTHM, 9TO 7, €CThb AJIeMeHT



26 I, I. OPSIMOYTOJBHDBIE HI'Pb

MHO;keCTBA A, OPU KOTOPOM
min f (z, y)
VEB
HMeeT MAaKCHMaIpHOe BHAYEHWE, a Yo — DIEMEHT MHOMKe-
crBa B, mpm KotopoM
max f (z, ¥)
x€A
HMeeT MAHEMAIbHOe 3HAUEHWe; MHade roBops, HYCTb T, U Y,

COOTBETCTBEHHO HJIEMEHTH MHO)KecTB A 1 B, ymoBieTBOpAIO-
e yCJIOBUAM
min f (z,, ) =maxminf(z, y),
veEB xEAYEB (8)

max f (z, y¥,) = minmax f (z, y).
x€EA YyEBXEA

[Toxaskem, 970 || Z, ¥, || €T cefIoBasA TOIKA dyurun f (z, y).
TlockonpKy MH IIpefmojiaraeMm, 9To

max min f (r, y) =minmaxf(z, y),
x€A yeEB YEBXEA

To m3 (8) ciaepyer PaBeHCTBO

min f (25, y) =Max (@, y,)- (9)
yeEB x€EA

s oupeaeseHnA MUHUMYMa HMeeM N

min f (zy, ¥) <f (o> Yo)>
YEB

u, ciemoBaTenpHO, yumThiBag (9), momydaem

max f (x, ¥o) <[ (% Yo)
xEA ‘

3 nociefHero HepaBeHCTBAa H 113 ONpeJeNeHHs MaKCUMyMa
ME BaKJIiouaeM, 4TO IS BceX €A

f(z, yo)\/f(xo’ yo)v

a »To ectb yciaosue (1) ompenerennsa 1.4. AHamOrUTHO HOKA-
spBaeTcsi yciaosme (2) ompememenns 1.4, 9ro 3aBepmaer
TOKAa3aTeJasCTBO.

3ameganne 1.6. Ha ocHoBaHMu uHTepmpeTaiui Mart-
PUIBL KaK feiicTRUTeNbHOM YHKINN (3ameuanue 1. 2) bl BH-
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AHM, UTO CeJUIOBas TOYKA MATpUI(bl €CTh Hapa NeJBX dh-
cex ||i j!|, Takux, 4To a;; B OAHO I TO e BpeMA Npei-
cTaBJIsAeT MUHAMYM CBOEH CTPOKM M MAKCHMYM CBOETO cronbua.
Taxum o6pasoM, MaTpuIa

21 11 31
32 0 4
umeer ceaoByio Touky |1 2], Tak Kax 11 HpeJICTa‘BJIHeT

HAWMEHbIINI pIeMeHT B NepBOH cTpoKe M Hamboapmuil die-
MeHT Bo BTOpoM cToibme. Marpuma

12 13 12
10 31 9
mveer nse cemiopsie Touku |1 1] m [[1 3. Marpuna
12 13 12
10 31 13

MMeeT JUIb OHY CeAJIOBYIO TOUKY, Tak Kak 12 me Apiaerca
MaKCHMYMOM TPeThEero CToibua.
Wcnonpaya MOHATHE CENJIOBOH TOYKM MATPMIILI, MBI BBIBE-
IeM Temeph W3 TeopeMsl 1.0 ciemyiolee CiefCTBHE.
Cnengctrue 1.7. Ilycrs

Ay .- O
A= ... .

aml M a’mn

n

Heob6xoquMEIM ¥ JOCTATOYHHIM YCJIOBHEM TOrO, 9TO

max min ¢;; = min maxa,;;,
i j i
SABJIAETCA CYIeCTBOBAHNE CENJOBOH TOYKE MATPHUILEL A, T. €.
CyIecTBOBaHMe TApsl WeJHX ducel ||, /ol AXA KOTOPHIX
a;j, ABIACTCA OJHOBPEMEHHO MHUHIMYMOM CBOell CTPOKH

M MaKCAMyMOM CBOEro crosbma.
Kpome Toro, ecan | iyj,| — cenmosas TodKa MaTPHIb A,

AT -

a.

igdo = max m[n a;; = m;n max aij.

i ) i
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U3 caepcrsua 1.7 mbi BummM, gyro (1) cmpasepsnBo Torja
¥ TOJABKO TOrAa, KOrJa MaTpuma A uMeeT CeAJIOBYIO TOUKY.
ToaTomy, eciW Marpuia NpsMOYTOJBHOM HIPH AMeeT Ce/JyIo-
BYIO TOUKY | Z, ¥, || (B 9ToM ciydae Mbl GyjeM mHOTHA roBO-
PUTH JUIA KPATKOCTH, 4TO caMa Hrpa MMeeTr CejloByio Tod-
Ky), To musa P, myuame BHOpaTh Z,, a 1A P, — y,. Cornacuo
3TOMY HA30BeM T, U Y, ONMUMALLHBLMU EHO0OPAMU COOTBET-
cteenno agua P, u P,, a BennynHy a yenoli WIrpLl
(maa P,).

Tak, HaupuMep, MaTpuia

XoYo

_5 ‘

31 20
b) 5 4 6
—4 -2 0 =5

AMeeT CeJIOBYIO TOUKY ||2 3|, Tak Kak 4 ABIATCA MHUHU-
MyMOM BTOPOl CTPOKH M MAaKCHMyMOM TPEThero cToibua.
CrnenoBaTelbHO, HPH Hrpe B HPAMOYTOABHYIO UTPY, HMeO-
Myl TAKY0 MATpHI(y, ONTHMAJBHEIM BHGOPOM I p,
spaserca 2, mis P, — 3. Ilema mrpu pasHa 4. BmiGpas 2,
P, MoeT OHTH yBepeH, 9T0 OH HOJYYMT IO MeHpIIe: Mepe
4, a BmGpas 3, P, MoMer He JONYCTHUTH, aroGer P, momy-
aun Gomee 4.

HysxH0 3aMernTh, 4T0 KOrjJa MHl TOBOPHM, 9TO OITH-
MajJbHHM BEOOpoM musA P, sBaserca 2, MH He UMeeM B BHLY,
9To NI Hero Beero pasyMHee OyjeT BHOWparh 2 HPH Beex
obcToaTennereax. Hampumep, pmogycrum, d9ro P, sHaer, 9T0
P, subeper 4 (uycts P, sHaer, 910 P, Bcerpja cieniyer coBery
HOKOETO0 4deloBeKa, W P, MOKymm1 mociefiHero, 4ToOH OH
coseroBan P, BHOMpaTh 4); TOrjia, KOHETHO, BCEro Jydme
paa P, smbupats 1 BMecTo 2, Tak KaKk NPH STOM OH HOIYy-
qur 20 Bmecto 6. Ho mrpox Mo:KeT 3HATH O HaMePeHHAX
CBOET0 INpPOTMBHHKA JNMIb B HCKIIOIHTENbHBIX Ciaydasx,
M0sTOMY BOOOmIe JydYme MHIPaTh MaTeMaTHIeCKA ONTHMAJb-
HHIM CIIOCOGOM.

TakuM 00pasoM, A TOTO cjydas, KOT/la MaTpuNa nps-
MOYTOJNBHOH WIPH HMEET CeJIOBYI0 TOUKY, MH MOTyIaeM
TEOpHIO, YKA3HBAWOILYI0, KAaK BCEro Jydme Mrpare B 3Ty
mrpy. OfHaKo y HAac QcTaercs BOMPOC O TOM, KAk Hrparh
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B HIpy C MaTpHIell, HampuMep
-
—1 20’

KOTOpast He HMeeT CeJJI0BOM: TOUKH. dror Bonpoc OymeT pac-
cmorpen B raase 1I.

BuGaunorpadraeckue 3aMe4yaHus

[lepBsie paGoTel 1O TeOpuA HIp W IPUMEHEHHH aToit
TeopMH K DKOHOMHAKe NPHHAAIEKAT $oH Heiimamy [88]%),
Kamemapy [54]. Teopus Obima BechMa IOJIHO paspaborana
B kuare ¢on Heiimana u Mopremmrepna [92], m3 KoTOpOU
MHOTOE BOII0 B oTy Kmmry. OOmuii o63op 9T0ro BOmpOCa
6st cpenan B 1949 r. Ilakconom [93], a Gomee momyaAp-
HOe WBIOkeHHe CcojiepskuTea B paborax MaxgoHanmbAa [711,
[72] u [73].

YnopakHeHHuA

1. Kax Bm cumraete, sxoHoMuka Pobmnsona Hpyso OpuOIMKAeTCA
Gonpme K OpETaHCKOH sromommie 1900 rosa minm 1952 rona? IMouemy?

2. Ecim A — MHOKeCTBO ReHCTBHTENBHEIX 9HCel, TO HuowcHell 2pa-~
Huyeti MHOMCCTBA A MH Ha3bIBaeM 4HECJI0 Y TaKoe, UTO Yy < Z MudA
m060r0 € A; mounoli HuoscHel epanuyel (nnm nuoscHel 2parvio)
MHOMecTBAa A Ml HashBaeM TaKyl HIDKHIOIO TIpaHmNy, Koropas
ge MeHblde, ueM Jofas [pyrasd HIKHAI PaHULA. Vraskute mpEMep
MHOMeCTBa, HC HMeION[ero HMmxHell MPAHMITE. ITokaxATe, 9TO HAKAKOE
MHOJKECTBO /eHCTBUTEJLHEX UHceJ He MOMKeT uMeTh Gospme OXHON
TOUHOHM HEMKHEH I'DAHHUIBL.

3. OmpefesuTe BePXHIOI PAHHIY M TOYHYIO BEPXHIOO rpaHnIy
MHOMOCTBA TeHCTBHTENbLHHX YHCEN, AHAIOrHYHEe HIDKHAM TpaHAIaM
B TOYHMM HIJKHOM TpPAaHANAM, M JOKAKATe YTBEPHIEHHA, aHAIOIMY-
HEle YTBeD/K/JEHHAM YNDAKHEHHA 2. -

4. Ecnnm f(x)—HfeficTBATeqbHA] QYHKIHA, ONpe/leJlenuas Ha MHo-
wecTBe A, TO

inf f (%)
x€EA
0603HAYaeT TOUHYI0 HIDKHIOK IPaHUIy MHOMKECTBa B Bcex 3nauenuit

¢yakume f(x), T. e. MHOMKeCTBa B Bcex umceld y TaKUX, YTO IS
RaKIOro z € A

y=f(%)

*) Ugena B KBajpaTHblX CKoOKAX OTHOCATCH K paboram, yxasai-
HEIM B Oubamorpadmn B KONIE KINOTH.
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AHaJIOTUYHO, uepe3

sup f (%)

x€EA
ME 0603HAYaeM TOYHYI BepXHIOIO IDAHHIY MHOxeCTBa B Bcex sHaue-
auii gysxnun f(x). [okamuTe, 9TO eCAM YKasaHHbIe IDaHHNE CyIIc-
CTBYIOT, TO

sup[—f (z)]= — inf f ()
xEA xEA

_inf [—f (%)= —sup [ (2).
xEA XEA

5. [lokaskmTe, YTO OPH CYUICTBOBAHMH YKa3aHHEIX I'DaHMI Clpa-
BeJ/IABE HepaBeHCTBA:

sup [f (=) +¢ (@] <supf (®)+supg ()

inf /() inf g (=) < inf [f (2) ¢ (=)

6. [lokaxure, 4T0 3HaKE < B yIpaskHeHH® D HeJb3#d 3aMEHUTD
3HAKAMH =.

7. Makcumymom MHOMKeCTBA A TeHCTBHTENbHEIX YHCeJN MBI Ha3H -
BaeM HIeMeHT MHOMKECTBA A, KOTODHIil ABIATCA BepXHell rpaHumel
MuOecTBa A. IloKasKhTe, 9T0 MAKCEMYM MHOKECTBA, eCli OH BOOOII®
CymecTByeT, eJHHCTBeHeH H HABJAETCA TOYHOH BepxHei rpaHmIei
MHOMecTBA. 1IOKaKHTe, YTO MHOMECTBO NeHCTBUTEJBHEIX YHCEeNl MOMKeT
AMeTh TOUHYH BEPXHIOI TpaHHIy U He UMeTh MaKCHMyMa.

8. Onpefien¥Te MEHHMYM MHOMKECTBA AeHCTBUTENLHLIX THCEN aHa-
JOTHYHO ONpefeJeHHI0 MaKCcHMyMa B YODa:KHeHHH 7 M JIORQKHTE
yTBep#eHHsl aHAJIOTMYHEIe YTBEPHKIGHAAM YyIPAKHEHHUA 7.

9. Ecan f(x)— AeficTBATeNbHAS (QYHKUMS, ONMpe/iesieHHas Ha MIIO-
mecTBe A, TO

max f ()
xEA
ofo3HauaeT MakKcuMyM MHOKecTBa B Bcex suavennii pyHrnuma f(x)
a1 xz €A,
AHaJOru4HO,

min f ()
x€EA

ecTh MUHZMYM MHOMeCTBAa BceX sHAUeHAil QyHrumu f(z) At x € A.
IMokaHATe, YTO eCHH YKAa3aHHEHE MAKCUMYMH M MHAHUMYMEL CyIIe-
CTBYIOT, TO

max [—f (z)]= —min f (z)
xEA xEA
n
min [— / (2)] = — max f (z).
XEA XEA
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~ 10. lloxamure, YTO eciH f(x) m g(x)— AelcTBATEIbHEIE dyHK-
num, oupefeleHHBe T x €A, u eclM MAKCAMYMH M MHHEMYMH

I HAX CYIecTBYOT, TO
max [f (2)+¢ ()] < max f (z)-}-max g ()
xXEA XEA XEA

min f (z)4-min g (#) < min [ () +8 (#)}.
xEA xEA xEA

11. IlokammnTe, YTO €CIH f (x, y)— medcTBUTEJIbHA ¢dynrknu
ABYX IepeMeHHHIX, ONpefelenHHad A z€A u y€B, 1 ecin yKasaH-
HHe MaKCEMYMH ¥ MUHMMYMH CYHIECTBYIT, TO

max max f (z, y)=max max f (z, y)
xEA YEB yeEB xEA

min min f (z, y)=min min f (z, ¥).
xEA yEB YEB xEA

12. JlokammTe Cilenyollee MpejIoKeRUe: eCIH f (z, y) —neiicTBH-
reabHAs (GYHKIAs ABYX MeflcTBHTENBHHIX NepeMEeHHHIX, ompefielieHHAs
A z€A 7 y€B, u ecnu

sup inf f(z, ¥)
x€EA y€B  °

inf sup f (=, ¥)
yEB xEA

CYICCTBYIOT oba, TO
sup inf f(z, y) < iof supf(z, y).
yEBXEA

xEA YEB
13. Haiijure cefyIOBEE TOUKA CIEIYRIUX MaTpAll:
2) 1 3 ‘
—2 10|’
3 56 2
b) NE
2 6 11
o ||I> 22 21|
’1 2 3 4
2 2 2 2
o | .
2 2 3 4
14, Haligute min max a;j 1 max min a;j A7 CIEAYIOMed MaTPAIH
J i i J
1 3 6
D 21 3

6 2 1
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15. oramute, uto ecunm || 2 y;|| u || %5 y2||— ceunoBbie Toukn
ReHCTBATENBHOH QYHKIOWH, TO TAKUMU e TouKaMmd OyAyT ||z, ¥s ||
u || 25 y,||. UTO 3TO 3HAYAT B MpEMeHeHHH Ik MaTpUmaM?

16. Haiigure max min a;; | min maxa, juIs NIATeKHON MaTPHITE
1 J 7 i
nByxmaibmeBoii Moppa.

17. B tpexmameneBoii Moppa HrpoK mNOKashBaeT ONMH, ABa WX
TPM TNaJbNA H OJHOBPeMEHHO HOEITAETCA YrajaTh YUCJO MAJAbOEB, HOKAa-
3aHHHIX ero NPOTHBAMKOM. OcTalbHHE NPaBHIA TaKwme e, KAK B JBYX-
nanbneBoi Moppa. Haifiimre nuaTexuHyi0 MaTpHIy W HOKasKkATe, 9TO
Arpa He NMeeT CeJIOBOH TOYKM.

18. Jlpa w®rpoka HMeIOT O 7 [OJIAPOB M HpeAMeT IeHolo ¢ > 0.
Kamnuil wrpox’ medaeT 3afBKY B 3ameYaTaHHOM KOHBepTe, Tpeyia-
rag i momnapoB (rfe {—oOJHO U3 MedsX umced oT 0 [0 n) 3a mpep-
mer. IIpenmomxmBmuil 66MbmIyI0 CYMMy moJyYaeT mpegMeT W IJIATHT
Apyromy mOpeljioKeHHYI0 UM cymMmy. Ecam o6a ErpoKa mpejmaramor
ONHYy W Ty e CyMMY; TO IpeAMeT HasHauaeTcA 06e3 KOMIEHCHPYIO-
mero OAHOCTOPOHHErO IJATeXa OJHOMY M3 MIPOKOB myTeM Gpocamus
MOHETEI, TaK YTO OMKHJaeMasd J0JA KaKIOro B IpeMeTe B STOM CJy-

uae cocraBiseT 50. Hamnmure NJaTeXHYI0 MaTpuUIly H OHpenelnTC,

HUMeeT JU OHAa CeNJIOBYIO TOYKY.




FIABA 1
OCHOBHAA TEOPEMA IJIA OPAMOYTOJIbHBIX TP

1. Cvemanssle cTparernn

PaccmorpaM  mpsaMoyroabHyo mrpy, mMenomyio MaTpUny

A e
r 1 -1
/- 2| =1 1]°

Hockonbky maTpuma He mMeeT cenIoBoii TOYKH, Hammu
IpEeKHNe METOAB HeJ0CTATOYHE, UTOOH IO3BOIHUTH HAM Ompe-
ACINTH ONTHMANBHEE CHOCOOH urpu mas P, m P,. Kpome
T0ro, Oespasnamdno, Brbeper am P, 1 mmm 2, Tak Kak
B ofonx cayvasx oH moxydnr 1 wmmm —1, ecam, coorser-
CTBeHHO, P, clenaer Takoil jxe WM IPOTHBOMONOKHKIH BHGOP.
C ppyroit cTOpOHH, ecim P, 3maer, raxoit BHGOp cpemaer
P,, 10 P, MOer NOCTYymATH TaK, 4TO P, nomxen Gyper
sammaTuth eMy 1 (AnA aToro om MoMKeH cpenaTh IPOTHBO-
nonokueid BEGOp). Takum obpasom, okasmBaercs, 9to s
P, BecbMa Ba)kKHO cfenaTh TaK, 4YToGH P, Gwumo Tpymmo
yraaare, Kaxkodl BHOOD OH HaMepeBaercs cpeldaThb. Omume m3
cnoco6oB, KOTOPEIM P, MomeT 3TOro HOCTHYB, ABIAETCH cIy-
TalfHEH BHOGOD.

Honycrum, Hanmpamep, uro P, pemaer ciexaTh CBOi BH-
Gop myreM OpocaHus MoHeTH, BmOmpas 1, ecam Momera
IOKa3HBaer repb6, u BHOWpasg 2, ecid OHAa HOKA3HBAET
pemky. B sToM ciyuae, moCKONBEKY BepOATHOCTH TOTO, 4TO
P, BuGeper 1, pasHa !/, u BeposTHOCTH TOrO, UTO OH BHIGE-
per 2, Takas ke, MaTeMaTHYeCKOoe OKUJAHME BBHINIPHIIA

3 . Mak-Kunck
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mis P, B caydae, ecad P, Buibupaer 1, paBHO
1 1
1-?4-(—— 1)-5-_:0,

v oHO OymeT TaKUM e, €CIH P, BriGeper 2. CneoBaTelbHO,
ecau P, Bribupaer aTHM cImocoboM, TO MaTeMarHIecKoe Oiu-
[aHWE ero BHHTPHIIA Gyner paBHO HyIo, He3aBUCUMO oT
Toro, 4TO IpeAnpHHAMAET b,

B peficTBUTEIBHOCTH 9TO eduncmeennplit €10cod, KOTO-
puM P, moser HUrpars B paccmMaTpuBaemyio HIpy, HE IIOL-
Beprasgch PHCKY NDOMIPEIMA, Jaske B TOM Clydae, eciu b,
ysHaeT, KaKoi pubop OH cofmpaerca CAexard. Jomycrum,
yro P, mpuMeHAeT MeETOX ciaydaitEOro BHO0PA, KOTOPHI#
ompeyensier, 4T0 BEPOATHOCTD BuGopa 1 pasHa & M BEPOAT-
HocTb BEHOOpA 2 paBHA 1 — 2, IPE/IOJOIM, uyro P, sHaer,
Karoll cydaiiHEIl MEXAQHW3M HMPHMEHACT P,. Torpa mareMa-
THaecKoe OKMAHNe. BHUIPHINA HIPOKA P,, ecin P, BHIONW-
~paer 1, paBHO
1.24(—1) (1—z)=220—1,

g ecam P, BmOupaer 2, MaTeMaTmyecKoe OKHJAHMG BHINT-
pHIDA MCPOKA P, paBHO

(—1)z+(1) 1 —2)=1—22.

1
Ecamn >, TO 1—2; < 0, Tag UTO MATEMATHIOCKOE
OKUIaHHIE BHATPHIIA P,, ecmu P, suibupaet 2, MeHBIIE
gyas; m oecas T < 5, TO 2z — 1 < 0, mareMaTH9eCKOe 0N~

jaEme BHErpHma Py, ecim P, suGupaer 1, Toje MEHBIIC
T HYJIA.

Orciofa ciefyer, 49T onTHMATBHBI BapHAHT HIPHL B OTY
urpy Aaa Py (a, mo TeM ke OpUIMHAM, I P,) — Buibuparb

1 2 1 P
anm 2, Kagoe ¢ BePOATHOCTRIO 3. Ilema mrps AuA Iy

(T. e. MaTeMaTHIeCKoe oyKuNaHEe ero BHUIPHING, eciad OH
@rpaeT ONTHMAIBHBIM coocobom) paBHa HYIIO.

B mpuBejieHHHX BHIIIC paccyKIeHHAX MH BCe BpeMsA
roBopHAM 06 HCIOIB30BAHAN CHIYUaiiHEIX MeXaHH3MOB KOTO-
pHie OmpefeaioT BepPOATHOCTH PA3IMIHEIX prbopoB. Onnaxo
MHOI[A MHTYMTHBHO IIPOILe _roBOpATH 00 OTHOCHTENbHHIX
qacToTax PAasAMIHBIX prGopos. Ha cuepyiomux cTPaHHIAX
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MB 9acTo GyMeM YIOTpeGHAATh STOT MeHee TOYHKIH cmocob
BHIPaKEHNA.
PaccMorpuM Temepsr HECKOJBKO Goiee CIOKHHII IIpuMep:
OpAMOYTONBHYI0 UIPYy © Manan[neﬁ
e 3
2|4 2

[loCKOIBKY MAaTpuUIla He MMeeT CeJIOBOd TOYKH, TO, NO-
suguMoMy, it P, m P, jkelaTeJbHO MIPaTh TOIBKO G Ompe-
meleHHHME dacroramd. llpeamomoxuM, 49TO P, suiGupaet 1
¢ wacToToif  m 2 ¢ gacroroii 1 —z (Tak wro Hum z, HE 11—z
He OTpHIaTeNnbHH), a P, BHOmpaer 1 ¢ dgacroToli y m 2
¢ wacroroii 1 —y. Torga mareMaTdH9ecKoe OKH[IAHAE BBIWT-
puma gua P, pasHO

E@ y)=1ay+3z(1—y)+4(1—2)y+2(1-2)(1-y)
Ilepeq HaMu BO3HMKAaeT 3ajada — ONPHNATH TOUHBI MarTeMa-
THdecKil CMHICI HHTYUTHBHOMY MOHATHIO ONTHMAJIbHOTO BHI-
Gopa BenuwuuHH % (MaA P)) w onTUMAaABHOTO peIOOpa Bend-
unaH y (Raa P,).

BnoTHAS leMeHTapHHe ajire0pamdeckue mpeo0pasoBa-
HUA, IMOXYTUM

E(z,y)= —4ey+2+2y+2=

=-4<x-—%—><y——};>+%- (1)

1
Orcioma BuAHO, 9To ecim P, GepeT =, To MaTeMaTude-
o 5
CKOe OKWJaHWme ero BHUTPHIA IO Kpaiimeit mepe Gyner 5 .
Bomee Toro, 0H He MOMeT obecmedHTh cefe BHUIPHI foibire

5 1
7+ TaK Kak, B3fB Y= 1, P, wmoer rapanTEpoBaTh, 4TO

oKumaeMuil Buurpum y P, Gyger Kak pas -g—, u He Gosbme

qeM -g— Urax, P, MoeT CTaBUTh HA -g— u, BHOpaB x=-;— ,
uonyYuTh 3ty cymmy. llogo6mo sToMy P, MOMeT mpuMH-
PUTHCA ¢ TeM, 9TO OH HOAYIHT — =, H, BHOpaB y=_[1; ,
Uony9ETs 5Ty cymmy. CiefoBaTelbHO, RIS TOH HTPH MH

3
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BOpaBe CKa3aTh, UTO ONTHMAJBHEN cmocob mrpu jias P, —
pubupars 1 ¥ 2 opguHAKOBO 9acTo, 2 ONTHMANILHHIN CHOC06

urps aas P, — BrGupats 1 ¢ BepoOATHOCTEHIO % n BHOHpaTh 2

3 5
¢ BEPOATHOCTBIO - . OueBH/HO, B 3TOM CIydae 5 MOMKHO MpH-

HATH 3a IeHy 9TOH HTPH.
Nz pasemcrsa (1) MH BaxofuM, 9TO [Jid BCeX T U Y,
nesxamux mexpy 0 um 1,

o1 1 1° 1
E(:C, -4—><E<7,—4~><E<—2—, y> (2)
11
Taxum o6pasoM, TOIKa “—2— T l ecTh cefIoBas TOIKA QYHK-

wnu E (z, y). Hepasercrso (2) Boo0IIe MOKHO IPUHATH 34
oupefeNeHEe ONTUMAIbHEX TacCTOT AJA m060 TPAMOYTOIb-
HO# MrpH ¢ Marphmed 2 X 2.

Wrax, ecan E (z, y) —MaTeMaTHIECKOE OXKU[AHUE BHIUT-
pHIIA mepBOro UrpoKa B rakoii mrpe, xorga P, BrGmpaer 1
# 2 ¢ OTHOCWTEJIbHHIMH YacTOTaMH T H 1—z, a P, Bubu-
paer 1 u 2 ¢ OTHOCHTENbHHIMH 9YacTOTaMu y H 1—y, T0 MH
TOBOPHM, 9TO ¥ ecTh omTHMaJbEAg dacroTa mia P, a y*—
oNTHMANbHAA YacToTa A P,, eciu AIA BCEX T W Y, Jewa-
mux mexny O u 1,

E @, y*) <E@* y*)<E@* y).

PacupocTpaHuM 3TO OnpejielleHne Ha BCE HIpPOU3BOJILHEIE
IpAMOYTONbHBIE HIPHL (T. €. HPAMOYroJbHLIe ATpHl, MATPHIIHL
KOTOPHX HMeT IPOM3BOIBHOE THCIO CTPOK U ¢T0oabI0B).

PaccmMoTpuM OPAMOYTOJBHYIO UIPY © MaTpuIe

aqy Qe+ o0y

A= Aoy QAyo - + Qg

Ay Qpe- + mn

Cmewannoi cmpameeueli pua P, mpt OyfeM HasHBaTh
YIOPALOYCHHYI0 CHCTeMy m AeHCTBUTENBHHIX HEOTPHNATEIlD-
HHX 9HECE], YAOBIETBOPAIIMUX YCIOBHIO

m
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mpUYeM dUMCIa MOKHO PacCMATPHBATH KAK YACTOTH, € KO-
topuMu P, BuGupaer umcia 1, 2, ..., m. Byaem Bopens
ynoTpedaaTh CEMBOX S, AJMA 0603HAYEHHA HTOTO MHOMKECTBA
m-MEPHEIX BEKTOPOB (CMEMAHHHX CTpaTerui).

AHalorm4no, cMemaHHOH cTparermei ama P, MB Gynem
HAa3HIBATh 3JIeMEHT MHOMKecTBa S,, T. €. YNOPAJOYEHHYIO
cUCcTeMy HeOTPUIATeIbHAX AeHCTBHTEABHBIX THCeT || ¥; ... Yy ||,
Y[OBIETBOPAIOMIAX YCIOBHIO

n
2 y=1
=7
Muorma Mu 6Gydem HaswBaTh camu dmexa 1, ..., m
wucmumu cmpameeusmu wrpoxka P, a umcma 1, ..., n—

yucmeLmu cmpameeusmu urpoka P,. Ouermpno, gTo juas P,
Arpa ¢ 4dCTOH cTpaTermei Kk »sKBUBAJEHTHA HIpe CO cMe-
mamHOM crpaTernel ||z, ... Z,|, e z,=1 m ;=0 mia
ik

Ecan P, npumensier cmemanuyio crpaternio X = || £, ... Zp, ||,
a P, mpuMeHseT cmemanHylo crparermio Y =y, ... ¥,
TO MareMaTHYecKoe O)KHJaHWe BHUTpHma A P, onpepe-
aseTcA GopMyIon

E(X,Y)=3 3 ayny;

Ecam oxasmBaeTca, 4T0 Ayid mHewkoroporo X* €S, u Heko-
toporo Y*€S, m jus Bcex X €S, u Bcex YES,

E(X, Y*) <E(X* Y¥ <E(X*Y), (3)

To MH HasHBaeM X* um Y* onmumasbHulMU CMEULAHHBLMU
cmpameeusmu fis P, u P,, a E(X*, Y*)—yenoi urpu
maa P,. Ecam X* m Y*— omrumanbHBe CTPaTeTuy COOT-
BeTcTBeHHO A P, u P,, To MH Ha3HBaeM HHOLJa ymopA-
OOYEeHHYI0 Napy |’[X*, Y*|| pewenuem WrpH WIM cmpame-
2uveckoli ce0n080l MOUKOW.

WNaTyurusaas ajeKBaTHOCTh BHIIEU3JIOKEHHHIX OIpefie-
JeHNil 3axiogaeTcsA B caenyoimem. Ecmm X* m Y* —cwme-
MaHAEe CTPATerud, YAOBIeTBopAlIue yciaosmio (3), To,
IpHMeBAA~&Y, P, MOKeT TrapaHTHpOBaTh ce0e, 9T0 OH
Ooixyunt mo Menblmel Mepe K (X*, Y*), mesaBucumo or
TOoro, Kak mocrymur P, Amanormumo, wucmoab3ys Y*, P,
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moxker Ee naTh P, momyunts Gombme gem E (X*, Y*). Uraxk,

E(X*, Y*) mpencraBuseT Ty CyMMY, KOTODYIO P, momert

HaJeATbCA IONYYATh — OH MOJKeT INONYdIMTb €8, BHIGUpaA

X*, a P, Mo)KeT OrpaHUIUTH €TI0 arToll cyMMoii, BHGupas Y¥.
Ecau aBe BeIUduHH

v, = max min E(X,Y)
XeS,, YeS,

v, = minmax E (X, Y)
Yes, XeS,,

CyIecTBYIOT U DPaBHBI MEXIY coGoii, To HA OCHOBAHUM TeO-
peMr 1.5 CymecTBYIOT CMeWaHHEIE CTPaTerui, YLOBIIETBO-
pAlomITe yCIOBHIO (3), TaK UTO Arpa uMeer IeHy U UMEIOTCA
oNTHMATbEbE CTPaTerdH [JiA 0GOMX HIPOKOB. Taxum obpa-
30M, BOODPOC O CYIECTBOBAHWE U; M Up M DABEHCIBE HX
MEIKIy cO0OH ABIAETCA OYeHb BaKHBIM. B § 3 MH moka-
KeM, 9TO OHM BCerjja CYIecTBYIOT M PaBHBI MERLY coboit,
M, CJef0BATENbHO, ONPEMeNeHmi HTOT0 naparpaga mgocTa-
TO4HO MjiA TOTrO, 4TOOH HAUTH IeHY IPOU3BONBHOHR TIPAMO-
yroApHOH HIPH ¥ ee ONTUMAIbHEIE CTpaTermmu. Tlpempe
geM oGpATATHCA K JOKA3ATEIBCTBY BTOT0 IOTOMCHIA, yno6u0
BBECTH HEKOTOphIe TeoMeTpUYecKne MNOHATHA W TEOPEMH,
KoTopHe mOHamo0ATCA HAM B danbHeHmeM.

2. I'eomerpuueckoe 00OCHOBaHHE

Eeraudogoim  N-MePHBIM  NPOCTRPAHCIMNEOM (oGosHauMM
ero E,) M 6yfeM HasHBATh MHOMECTEO BCEX YHOPALOTEH-

X cucteM n uwnced ||z, ...z,ll, TAE Ty ...y z, — Aeii-
crpurempmpie  wmeaa.  Bem X =z ...aw’|| w
X®=|z® ... 27| —aABe TOIKE MHOKECTEA E,, T MH

ompefielisieM paccmoanue d(X®, X®) memmy XU xX®
dopmyoit
d (X(D, X(z)) — V(xltl) ‘xiz))2+ L+ (xg) __x;?)){
[MogmuokecTBo X MHoxectsa E, HasuBaercd o2panu-

weHHbLM, €CIE CyIecTByeT TaKoe THCI0 M, 9TO0 IS BCOX
rogek XV 7 X® w3 X

d(x(l), X(z))<M.
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Jlerko DoKasaTh, uYTO e00XOHUMBIM I JOCTATOYHBIM
yCIIOBHEM OTPAaHWYEHHOCTH MHOKECTBA ABIAETCA HAXOKIeHHE
ero B HEKOTOpo#l rumepcdepe, T. e. CyIeCTBOBaHME TOIKH
a muoxectsa E, n umcaa R rtakux, 4To pisA Besxoro € X

d(x,a)<R /

HasoBem rouxy z npoctpamctsa E, npedeavroii mouxoii
noamuoskectBa A w3 E_, ecam amA BeAKOro momoKmrenn-
HOrO & CYmIecTByeT TOUKa y €A, ONIMYHAS OT & M /TaKas,

aro d (z, y) < &.
Tak, ecim A ecTb MHOMKECTBO ToUeK ||z y/np'ochan-
crBa E,, mas KoTopHX

?+y* <A1,
10 Jiobas TouKa || %, Y,|l, ANA Koropodl BHIIOMHAETCA pa-
BEHCTBO

x:“"y::i’

ecTh IpefelbHAad Touka MHOKecTBa A. Cmemgyer oOparuTh
BHUMAaHHMe, YTO KOHEYHOe MHOKEeCTBO TOUEK HE MMEeT Ipe-
penbHbX Todek: G Xpyrofl CTOPOHH, BCAKOE OrpaHMYCHHOE
feckoHeYHOe MHOKECTBO TOYEK MMeeT IO MeHbIIel Mepe
OflHYy IIPElENbHYI0 TO4KY.

Bambikanuem MHOMECTBA HA3EIBAETCH MHOMKECTBO, IOIY-
YeHHOEe NyTeM [06aBieHWs K TaHHOMY MHOKECTBY BCEX ero
opeflenbHHX TodeK. Tak, 3aMEIKaHHe MHOKecTBa A ynoms-
HYTHX BHIIE TOYEK eCTh MHOKeCTBO TodeK || y || mpocTpan-
crBa E,, Takmx, uTo .

24yt

Homeunoe MHOMKECTBO COBHAJ[aeT CO CBOWM 3aMEIKaHHEM.
MuoskecTBO HA3HBAETCA 3AMEHYMbLM, €CIH OHO COBOAXAET
co cBomM 3aMEKaEMeM. Taxkum o0pasoM, BcAKOe KOHETHOe
MHOKECTBO 3aMKHYTO, TaK K€ KaK, HANpPHMep, MHOKeCTBO,
cocrosimee n3 BCeX Touek ||z, y|| mpocrpamcra E,, mua
KOTOPHIX

24+ yt>1.

Muo:xeeRa. HA3HBACTCH OMKEPLIMNbLM, €CIN eT0 NONOTHEeHNe
3aMkHyT0. Tak, MHOMecTBO A, YIOMAHYTO€ BHIIIE, OTKDEHI-
10. Hekorppeie MHOecTBa He ABIAIOTCA HU OTKPHTHIMA,
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HE 3aMKHYTHMO. MHOMECTBO TOYEK T npocrpanctBa E,,
AJA KOTOPHX ’

o< x<£,

He OTKDHTO W He 3aMKHYTO.

Brympennas uacmy MHOMECTBA €CTb [IONOIHEHTE 3aMHI-
xagus ero pomonHerns. CienoBarTesabHO, BHYTpeHHell JacThIO
MHOJKeCTBA TO9EK I  IPOCTPAHCTBA E,, muA KoTOpHX
0 < <1, ABAACTCA MHOKECTBO TOUECR I npocrpancrsa E,
rakux, 9ro 0 <z < 1. BayTpenne#i 9acTbio m1060r0 KOHEY-
HOTO MHOKECTBA sBIAETCA IycTOe MHOMKECTBO. Jlerxo Bn-
[eTs, dYTO 3aMHKAHWE m060r0 MHOJKECTBA 3aMKHYTO H
BHYTPEHHAA YacTh mo6oro MHOKecTBa OTKpHTa. [lomoiHe-
He TOGOT0 3aMKHYTOr0 MHOMECTBA OTKPHTO, & JOIOIHE-
H@e J060r0 OTKPHTOr0 MHOKECTBA 3aMKHYTO.

Muosecrso E, mma moGoro n OTKPHTO H 3AMKHYTO,
M TO jKe CHPAaBeJIEBO JUIA TyCTOr0 MHOMKECTBA; 9TO e/luH-
CTBeHHHE MHOMeCTBA, KOTOpHIe X OTKDHITH, ¥ B3aMKHYTHL.

T'panuyell MHOMeCTBA MBI HABHIBAGM mepecedeHne €ro
3aMBHKAHAA ¢ 3aMEIKQHHEM ero JOmONHEHHA. Tag, rpasnnei
yIOMAHYTOTO BHINE MHOMKECTBA A sBIAETCS MHOMKECTBO
Boex Touek ||z y|| mpocrpamcTsa E,, Taxmx, 9To

24yt=1.

NS

Ecuu B ecTs MHOMKeCTBo BceX TOUeK || y|| mpocTpan-
ctBa E,, Takmx, 9r0 I H y CyTh DANUOHAILHLIE qucia,
70 TPAHWNA MHOMKECTBA €CTb BCe HPOCTPAHCTEO E,.

MEOsKeCTBO HABHIBAETCA CEA3HGLM, €CIH ero  Helb3d
IpeficTaBATh B BHEAE CYMMBI JABYX HellePeceKaoMuXca MHO-
JKecTB, HA OJHO M3 KOTOPHIX He COJepAT npefeabHOI
Touxm npyroro. Tak, YNOMAHYTOe BHIIE MHOIKECTEO A—
CBA3HOE, TO ke CIpaBeJIHBO, HAmpuMep, JJl MHOMKeCTBA
Bcex ToueK ||z y z|| mpocTpamHCTBA E;, ansa KOTOPHX

3r+2y+52="T.

Ecan C ecth MHOMKECTBO BCCX TOUEK ||z y|| mpocTpam-
crea E,, A1 KOTOPHX & =+ 0, To muOomecTBo G He CBA3HOE;
AeficTBUTEIHHO, €CIH C. ecTh MHOKECTBO BCBX TOUEK ||z vl
nias Kotopux & >0, B bz ecTh MHOKECTBO BeeX Todek ||z ¥ ||,
IS KOTOPHIX Z < 0, o C ecTp cyMMa MHOMKECTB C, n G,
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z mr oxmo ms MEokectB C; u C; He colep:KAT Ipejesb-
Holi TOYKH Apyroro. .

TloMEMO 9TUX OOMEX HOHATUH, MH HCHOIb3yeM TaKike
Gosee CIeMUANbHEE MOHATHA, OTHOCAIIMECA K eBKIUAOBY IpPO-
CTpPaHCTBY. OTH HOHATHA CBA3AHEL © Teopueil BHIIYKIHX
MHOMKECTB, KoTOpag camMa Ho ceGe Ipe/cTaBlseT XOPOMIO
paspafoTaHHY0, BEChMa CIENHAIBHYIO ofmacTh MaTeMa-
THKM, MH QUM B87eCh JHIb OCHOBH BTOH JHMCIIMIIMHBI
¥ OrpaEmdmMcS TeMH IONOXKeHHAMH, KOTOpHIe 6ynyr mo-
7esHH B CBA3W C Teopmeil urp.

IIycrs
x(l) — ” xil) . x;‘l) ”’
e® = z® ...z |,
x® =z ...z |

=2y 2l

¢yt Tourm mnpocrpaHcTsa K llay ... a.||—omemenT MHO-
mecrBa S, (1. 6. ;>0 pua i=1, ..., T Ha+...+a= 1);
NPeIoNOKAM elne, 9T0

2 =axd + a2 + ... +arx§r) paa j=1, ..., n.

Torga MH 6yfleM TOBOPHUTH, 9TO X €CTh GuNYKAIAA AUHEIHAR
rombunayua togex z, ..., z™ ¢ eecamu a,, ..., Gy U 33
MHCHBATh HTO TaK:

z=axP+ ...+ a,z™m.

Tax, manpumep, TOYKa 10 15| rlpoc'rp.aulccrlsa.'E2 ecTh BHI-

nyknas nmBefiHas KomOmHamus Touex [|6 12|, II—9 15
1 1 1
u |4 16| ¢ Becamu '3 H 3
Ananormamo Touka | —1 2 11| mpocrpancrea E; ecrs
BHITYKJIaA Jmmjlﬁna;x xombmrarus Touex || 3 6 9] m || -3 012]|
¢ BecaMu % %

Mu BagpiBaeM DOJMHOKECTBO X mpocrpancta E, 6bi-
nykawim, €CIM BCAKAsd BHIYRIAA JAHEHHAA KoMOmHANAA
Togex MmoxcecTBa X ecTh Touka Mpoxecta X. Tax, MHo-
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.kecTBO A, cocToAmee M3 Bcex Todek ||z y||, Takux, uro
sy < 1,

Il MHOKecTBO B, cocTosmiee W3 BCeX ToueK ||z y|l, Tamux,
TO

4P,

o6a smnykiasie. Muoxecrso C, cocrosAmee W3 BCeX ToYeK
|z y|, Takmx, dro

B4y =1,

u MHOMecTBo D, cocrosmee u3 Bcex Touek ||z y |, Takux,
910

24y >1,
06a He BHIYKJIHE; AeHCTBUTEIbHO, TOUKA |0 0| ectb BHI-
“ 1
nyKTadg J@mHeHHas KoMOuWHAIUSA (c BECAMH 5 U 7) TOYeK

II1 O m ||—1 O}, xoropsie IPUHAAIERAT U MHOMECTBY C
u mHOectBy D; cama e rouxa [|0 Off me mpmmazmesxut
amr k C, sm k D. '

MH onpefelHmIE BHOYKIOE MHOKECTBO KakK MHOMKe-
creo X, Takoe, uro worga Y, ..., y(® —oieMmenTH
MEOKecTBA X W | @, ... a,| mpuHapmexmr S,, To B

y=ay+. .. +ay®

npumagmerxxnr X. OpHako jerko mokasark, 4TO A TOro,
9TOGH MHOKECTBO OBLIO BHIOYKJIEM, HEo0X0NMMO W J{0CTa-
To4HO, 9TOOH BHIIEYKa3aHHOE YCJIOBHE BHIOJHANOCH A
p=2; TakuM 06pasoM, MHOkecTBO X BHIIYKJIOe, eCiH BCer/a,
xora y° m y® npmEasmexar X u | a; a,|| mpuHagme-
AT S,,

y = aly(l) + azyﬂ)

TOKe NpUHAJIEKHT X.

Buinyxaoii o6oaouroii MHOxecTBa X HashiBaeTcs mepece-
gyeHHe BCEX BHINYKIBIX MHOKECTB, HOJMHOMKECTBOM KOTO-
pux semsercs X. Taxk, BHOYKIOH 060709K0l MHOMECTBA D
BCeX ToUeK ||z y||, Takmx, 4r0

24yi=1,
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ABJIAETCA MHOMECTBO BCeX Todek ||z y ||, Takmx, 4TO
2?2 +yi <.

Bruykioil 060I09KO0l MHOKECTBA BCeX Todek ||z y ||, Taknx,
970

2 +yt > 1,
ABJsieTcs BCA WIOCKOCTh E,. .

ITockonpKy mpocTpamcTBo E, BHIYKJIOe, 0Y€BHIHO, JIO-
Goe MHOMKECTBO COJEPUTCSA IO MeHpIIeH Mepe B OXHOM
BEIIYKJIOM MHOKECTBE, H, CJIe[0BATeNbHO, J000e MHOM<e-
¢TBO MMeeT BHINYKJIyI0 obomouxy. Herpymuo mokasare, 9T0
BHIYKIasg ofomoura MHOKecTBa X COCTOMT KaK pas U3 Tex
TOYEK, KOTOPHE ABIAIOTCA BHIYKIHIMH JUHEHHHMU KOMOH-
HaguWsaMH TOYeK MHoxecTBa X. B sTom pasmene Ml He Oy-
IeM TpPWBOJUTH HE OJHOTO JA0KAa3aTeNbCTBA, TAaK KAk Teopus
BHUIYKJIHIX MHOKECTB IpeJCTaBjfAeT JHUIb MaTeMaTHIeCKHi
IO[TOTOBUTENbHEIA ammapar K Teopuu urp. Teopema ODpen-
Kejisi, KOTOPYI0 MHI 3/ech UpUBOAWM, He OyneT HCIOIb30-
BaHA B DTOM IiaBe, HO OHA HaM OyHeT Heo6Xoguma mosjHee
npu JokasaTembcrBe TeopeMbr 11.5.

Teopema 2.1. Ecau X ecmv Hexomopoe nodmmodnce-
cmeo npocmpancmsa E,, mo awbas mouxa ewnyraoll o6o-
aouku nodmmomcecmea X moxcem Owimd npedcmasiena Kak
sunykaas auneinas kombunayus n+1 movex us X. Ecau,
kpome mozo, nodmmoncecmgo X c6a3H0, MO abas moura
guinykaoll 06osouxu nodmmoxcecmsa X moncem Geimbv nped-
CMasieHa Kak eunykaas AuHelnas kombunayus n movek X.

3avMeganmue 2.2, Jlia moscHeHHA TEOPEMHl NOIyCTUM,
‘aro X cocrour ms wermipex Togek |0 OJ, |0 1], |1 1]
u |1 0| mpocrpancrea E,, 1o ectb X cocronT m3 dUeThHpex
Bepmun kBagpata (puc. 1). Torma BEmyKmod o0Gomod-
roit X, ou€eBHAHO, ABIAETCA BeChb KBaJApaT, BKIOIAA
ero rpammgy. Kaskayo Touky TpeyroisEmKa abd MomHO
Ipe[CcTaBUTh KaK BHOYKIYIO JHHEHHYO KOMOWHAIWIO Tpex
TouweK a, b W d, M AHAJOrMYHO HIOOYI0 TOUKY TpPeyroib-
HUKA bcd MOKHO HpeACTaBUTh KaK BHIOYKIYIO JIMHEHHYIO

lcomﬁnna%& Tpex Todek b, ¢ u d. Touka H—;— —2—” , He Ha-

XOfAmascad HN Ha TpaHdme Ksajpara, HA HA OJ(HOW W3
nwaromameit ac n bd, He Moxer OBITH TpeACTaBIeHa KakK
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BHOyKIas JHHefHAA KOMOMHAIMA JIBYX TOUEK IOMHOKE-
crea X.
C ppyroit cropomsi, ecy:m X —ceagHoe MHOMECTBO,
cocTosimee W3 BCeX TOYEK, JEKAIUX HA rpaHmine Keaipa-
Ta, TO BHIOYKIag 000I09Ka ecTb
AL, cl7 7]  TO e TOIMHOKECTEO; B 9TOM ciuy-
- gae moOyl TOUKY BEIIYKJION
000T09KH MOKHO IpejcTaBUTh
KaK BHIYKIyO JIAHEAHYIO KOM-
fumamMo X BYX TOUeK MHOMKe-
crea X.
Hycrs ay, - .., G, CYTh L Ji€il-
a\7 0V crpurempEMX umcen, He  BCe
a)o ol paBHHe HyIO, U TNYCTh b — xa-
' Puec. 1. Koe-HHOY b AefcTBUTEeILHOS
quCiIo; TOrAA MHOMKECTBO TOUEK
|z, ...z,| mpocrpamcrsa K, rakmx, [To

az,+ ... Faz,=b,

HasHBaeTcA eunepnaockocmoio mpocrpancrsa E,. Tak, MmHo-
JKeCTBO TOUeK || %, &y &g L4/, MAA KOTOPHX

2x1 + 3x2" 7:1:3 + Ty = 7,

eCTh THOepINIOCKoCTH mpocTpancTa E,. I'umepmiaockocTs
npocrpancta E; ecTh 0fBYHAA INIOGKOCTH, THIEPILIOCKOCTH
npocrparcrsa E, ecTh mpaAMas, a TENePIIOCKOCTH MPOCTpak-
crea E, ecth TOUKA.

Ecau

a x4+ ... +ax,=b

—ypaBHeHHe THNEPILIOCKOCTH, TO HOJ ABYMA NoAynpocmpar-
cmeaMu, COOTBETCTBYIOMUMH JAaHHOH TMIEPIIIOCKOCTH, GyfeM
HOXpasyMeBaTh MHOMKECTBO TOUeK ||z, ... %y||, ymosaerso-
pAOIUX YCIOBAIO

axy+ . AT, > b,

¥ MHOKECTBO TO4UeK ||Z,...Z,l||, YROBIETBOPAIOUIUX yCIO~
BHIO
aZy+ .. F a3, < b
OueBHHEO, THNEPIJIOCKOCTh W [{BA IOJYOPOCTPAHCTBA He
nepecerarorea, n ux cymma ectb E,. Chopmynmpyem Temepb

-
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teopemy, Koropas OymeT WMCHONG30BAHA HO3AHES B 9TOH#
riase.

Teopema 2.3. Ilycmb X — awboe samMrpHymoe evlRYE=
40€ NOOMHONCECMBO NPOCMPAHCIEd E,, u nycmv x —moukd
npocmpancmea E,, He npunadaencawas MHoxecmsy X;
moeda cywecmeyem  unepnaocKocmy P, codepmcawas x,
maras, 4mo X ecmbd NOOMHOHCECMEO 00H020 U3 nOAYNPo-
cmpancms, onpedeseHHLLL 2unepnAoCKoCmbIo b.

B saxaoderme asroro maparpada MHl BBe/jeM emle O/(HO
pomATHe ¥ chopMyIHpyeM TeopeMy, KoTopad Oymer MCOONb-
sosana B raase 11I.
~ Ecam X ecTh IOJMHOMKECTBO ~NPOCTPAHCTBA E, o
IKCMPEMALDHBIN MHONCECTNEOM K (X) HaseBaeTcs MHOMKECTBO
rouek x, OpumHagje;kamux X, KOTopHe He MOTyT OHITH
npejcTaBieHH B BHJe :

1 1
.’L‘=—2-$1+-§'$2,

e «, U I, — PasIudHbIe TOYKHM MHOKECTBA X.

TaxaM 06pasoM, dKCTpeMaNbHBIM MHOKECTBOM B3aMKHY-
toro kpyra (T. e. Kpyra BMecTe C €ro rpaHuLeil) ABJIAETCH
rpaBmna Kpyra. OKcTPeMajbHOE MHOKECTBO 3aMKHYTOI'0
TPeyroMBHHKA €CTh MHOKeCTBO, COCTOANIee W3 TPEX BEpIIMH
TPEeyToIbHAKA.

OuepmjHO, y HOICTOTO MHOKECTBA MOKeT GHTH HycToOe
pKCTpeMaibHOe MHOMecTBO. Tak, SKCTPEManbHOe MHOKECTBO
pcero mpoctpaHcTsa E, mycToe, TaK Kak m060e OTKPHITO®
MHOIKECTEO HMEeT TyCToe sKcTpeMaibHoe MHOmectso. Cire-
AyiOImas TeopeMa YKashBaer JOCTaTOYHOE YCJIOBHE TOrO,
9TO6HL HKCTPEMANHHOE MHOMKECTBO He GBLIO MYyCTHM.

Teopema 2.4. ITycmv X— mHenycmoe . 02parutcKHoe
3aMEHYMOE  GLINYKAOE NOOMHONCECEO MPOCIMPAHCTEL E,.
Tozda K (X)— nenycmoe MmHONECMEO0, X ecmb eunyraan
o6oaouka muoncecmea K (X).

3. JloxkazaTeabCTBO OCHOBHOIl TeopeMbl
VISl TPOU3BOJBHBIX HPAMOYTOJLHBIX MIP

B sroM maparpade MH [OKa)KeM A IPAMOYrOJbHHIX
Arp OCHQBHYIO TeopeMy, KOTOpas HMHOrAA Ha3HEIBAeTCA «Teo-
peMoil 0 MUHHMAKCE». Mu moxaxem, 4ro ecau ¢ymEruus E
ompefie;leHa TAaK, KaK B pasjiene 1, To pmua moGoi mWPAMO-
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YLOJMBHON HWIPH BeJWYWHE

max min E(X,Y) # min max E(X,Y)
XeSm YeSn YESn XESm .

CYIeCTBYIOT B DaBHEL MEXRAY co0oii.
HdokaeM mpegBapuTeJIbHO JeMMYy O MaTpHUIax.
JJemma 2.5. IIycmv dana mampuya

Qy1--- Qn
A=|. . . .
Gy« v+ O
To20a 1) aubo cywecmeyem osemenm ||z, ... X, || MHoMcEs
cmea S,,, maxroi, 4mo
a2 + UyiTo+ -+ AT >0 dan j=1, ..., n,
2) aubo cywecmsyem oaemeHm ||y, ... Y, || mHomcecmea S,,
makoil, umo
it CGinYet+ oo F Y <0 Oan i=1, ..., m.
JdorasateascTBo. B »2ToM [oKasaTelbCcTBE MH

GymeM MCHoONb30BaTH [eabTa-cUMBOJAE HpoHekepa, KOTO-
pHie OMpefeNsAnTCs CACAYIOMAM 06pasoM:

s {0, ectu isj,
v 1, ecom i=j.

[Tonosum ;
6(1)"’” 611 621 amlll,
3P =813 855 ... Bpsll,
8™ = |81, Ba -~ Byl
Torga 89, rge j=1,...,m, ecTb TOYKA OPOCTPAHCTBA

E,,, /-1 xoopmmHata KoTOpoil paBHa 1, a Bce npyrme Koop-
AMHATHL PAaBHE HYIIO.
Monoxum Tarxe

a? =llay o ],
a® =|lay .. Gpglls

L Y

a™ = ”a’ln vt Gy ”
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Taxum obGpasoM, a», rae =1, ..., n, ectb TOYKA,
KOODAHHATE KOTOPOil — dJIEMEHTH j-ro crombma MarpHIHI A
[Iycts C— BHOYKIASA 0GooUKa MHOMKECTBA M -+-7n TOIEK  °

6(1)’ ey 6(1'")’ a(l)’ ceey a(n).
Iiycts z=10 ... 0| —nazamo xoopAuEAT mpoctpancTsa K.
PasGepem ABa caydad, KOraa 2€C n z2€CeEcan z€C, T0
2 ecTh BHOYKIasg JHHEHHAA xomOmmamua Todexr O, ...

L, 0™ a®, L, a™ . ClefoBaTelbHO, CYyIECcTBYeT aJeMeHT
Ny oo Uy Uy oo Un || MmomecTBa Spns TaKkol, 4TO

u Y+ ..+ u, 0™ + v,a®+ ... +0v,a™ =12 (4)
Ws ypasuenna (4) caenyer . .
u0;+ - A Ui+ VBt +0,8,=0mai=1,....m
@IH, KaK 9TO CIE[(yeT W3 OmPe/leNeHu J1eJIbTa-CAMBOJIOB,
u;+vlail+...+vnam=0, rge i=1,...,m. ()

Tak Kak |8y ..« &y V1 -+ Un || € S,puns TO @; HEOTPHIATEND-
HO, CJefloBaTeNbHO, W3 PaBEHCTEA (5) nmomyumm
vlau+...+vnam<0 gia i=1,...,m (6)
3ameTHM Temepb, UTO
o4 ..+ >0, (M
raKk KAk WHAYe, MOCKOIBKY 0, >0 mia i=1,...,n MU
HOIKHBl AMETH
Uy =Ug= ... =v,=0,
10 ecTh Ha OCHOBAaHHE PaBEHCTBA ()
u,=0 paa i=1,....m,
Y10 ImPOTHBOPEYAT TOMY, 9TO Ny o B 0y - Un | €Spin-
MMosToMy MHL MOMeM HOJOKHTD
R - s
1 v1+ oo + Un !
Vo= T
2 Ul+~~~+”n’ . (8)
TR - > y _ vn
2T o4+ tup”
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W3z mepasencts (6) m (7) Mm saxmouaeM, uro
ylau+ e +ynain<0 oA i= 1, N /(R

Tax xak us pasemcts (8) owesmmmo, uro || Yi -+ Ynll€S,,
MEI 3aKJI098eM, 9T0 ycioBMe (2) JeMMH 2.D BHIOJHfeTcH,
TaK 49TO JeMMa B ciydae, Korxa z€C, cmpasepmusa.
Ipenmomosm Teneps, ato z€C. Torga mo Teopeme 2.3
CYIECTBYeT T'OepIVIOCKOCTh, COHEPKAmas z W TaKasd, uTo
Bce Tourkm C comeparca B ogHOM m3 COOTBETCTBYIOIIAX
noxynpocrpancts. IlycTs ypaeHeHme aToll rmmepmmocKOCTH

_ bty .. byt =b,,,.
Tak Kak z JNeMUT HA TENEPILIOCKOCTH, TO MEI HMeeM
b0+...45,0=0,,,
M clejoBartenbHo, b, ., =0.

Taxum oGpasom, ypaemennme rumepmiaockocTu mMeer BUJ

bty + ... +b,t,=0. 9

Moxmo mpepmomoxuts, uro mobas Touxa Ity ... t,]| mmO-
mecrBa C ynosmersopser mepaBeHCTBY

bty + ... +b,t, >0, (10)

u6o ecnm Toukm MHOMectBa C ymOBIETBOpSIOT HEePaBEHCTBY
Gl e, <0,
T0, YMHOKAsi €ro HA — 1, momyunm
(_01)t1+ R +(—-cm)tm> 0,

4 MOKHO momyduTh Hepasencrso (10), samemus —c; mHa b;.
Hepasencrso (10) momxmo 6mrh cmpasemmmso, B 9aCTHOCTH,
Ana rouex 8V, ..., 8™ mmoskectBa C; TaruM obpasom,

bdy+...4+8,8,,>0 (i=1, ..., m),

a 3T0 O3Ha4aeT (COTIIACHO OIpeMeNeHNI0 HelIbTa-CUMBOJIOB),
qr0 -

b, >0 (i=1,...,m). (11)
HKpome Toro, (10) mommmo 6mrs CIPaBeIMBO [JA TOYEK
a®, ..., a"™; Takum oGpasom,

bay+ ... +b,a,; >0 t=1, ..., n). (12)

e
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W3 mepasemcrsa (11) sacmo, uro b+ ...+b, >0, =
Ccllefl0BaTeNLHO, MBI MOKeM HaImmcaTh

P
Sl W
P S
2T bt by (13)
T, = bm
m = .. b

U3 Bupaskenmit (12) u (13) ME 3axmiouaeM, 4T0
Ty + ..+ Ty, >0 i=1,...,n)

- 71 TeM Golnee

83+ s F 20 >0 (i=1,...,n). (14)

Ilockonpky w3 supaskenmit (11) u (13) caeayer, dTo
lzy ... z,||€S,, To HepaBencTBO (14) O3HadYaer, YTO ycCHO-
Bue (1) 1eMMH BHIOXHAETCA. ITO 3aBepPIIaeT JOKA3aTeIbCTBO.

Jloka)eM OCHOBHYI0 TeOpeMy TeODHH NPAMOYTOIBHHIX

urp. }
Teopema 2.6. Tycmo
Gy -« Oin
A=|l. .. ...
Q1 + -+ O

— HEKOmOpas Mampuya, U NYCMb MAMEMAMUYECKOE 0HCUOa-
nue ewuzpuuwia E (X, Y) dan awboeo X = ||z, ... x,| u aw-
6oco Y=|y, ... y,|l, asaswowurca coomsemcmsenno sae-
Menmamu  muomcecms S, u S,, onpedeseno caedyowpum
00 pasgom: .

m n
EX,YV)=3 3 asm;
Toeda seaunwumns

max min E (X, Y)
XeSm YeSn

- min maxE(X, Y
e fon P B (L)
cywecmeylom u paervr mexncdy coloi.

4 I, Mak-Kumcn
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JlokazaTeibCTBO. Jlust wamporo Y =y .- Ya ll
dysxmus E (X, Y) ecTs HempepHBHAS nuHeiHaA ¢QYHKIUA
or X =|gx1 ... T, onpefenenHas HA 3aMKHYTOM TOAMHO-
skectBe S, mpocrpascrsa E,; orciona
max E (X, Y)
XeSm
cymecTpyer Aas aoGoro Y u3 S,. Hanee, jerxo y6epATHCs
B TOM, ¥TO
’ max E(X,Y)
- XeSm
ecTh HeIpephiBHAS KycouHo-IuHeliHas# QYHKIUA ly1--- Yaull-
[TockoABKY S, ecTh 3aMKHYTOe HOIMHOKECTBO NPOCTPAHCT-
sa E,, Mu 3aKiiodaeM OTCIOAA, ITO

min max E (X, Y)
YeSn X€Sm

cymiecTByer. AHaJIOTMYHO MOKHO IOKa3arhb, q9TO0

max minE (X, Y)
XeSm Y€Sn

CYIECTBYeT.
Eca nepBoe ycioBHe JeMMH 2.0 BHOOJIHAETCH, To C¥-
mecTByeT saeMeHT ||z ... T | MHOmECTBA S,, TaKoi, 9TO
A%y + AgiZo+ - - - +a,r,>0. (=1 .. n),

4, CIIeNOBATeNbHO, TaKoil, 4To Ay JoGoro YeS,
n
E (X, Y)=521 (a,ﬂud— et Oty Y >0 (195)

Tak kak (15) cupaBefauBO M mo6oro Y €S,, TO

min E (X, Y)>0
YESn

H, Ccllel0BaTeJIbHO,
max min E (X, Y)>0. (16)
XeSm YeESn
AHAJIOTMYHO 3aKI0YaeM, 9YTO eciay YycjoBHe (2) memmul
2.5 BHIOOJHEHO, TO

min maxE (X, Y)<O0. 7
YgSn XeSm '

L
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Ho mockonsky eimonHsercs amGo ycaosme (1), mm6o
ycaosme (2) memMmu 2.5, To IO KpaliHedl Mepe OfHO H3 JBYX
HepaseHCTB, (16) wiu (17), ROMWKHO BHIOJHATHCH, H, Cle-
JI0BAaTeJIBHO, HEPaBEHCTBO ‘

max min E (X, Y) < 0 < min max E(X, Y) (18)
XeSm YeSn YeSn X€Sm

HE MOKeT OHTH CIpaBemuBo.
IIycts A, —MaTpuma, KOTOpas NOJydYaerca H3 A npm
BEYMTAHAA K W3 Ka)KAOro djeMeHTa MaTpuib A, TO ecTh

ay—k ... a,—k

A=l A,

Ay —Fk .. G —

u oyers E, — vareMarudeckoe OKHM[aHWe BHINTPHINA A
4,, Tak 910 QIA moboro X m mioboro Y, sABIA0OmMAXCA
COOTBETCTBEHHO JIEMEHTaMH MHOMecTB S, M S,, MH HMeeM

m

E, (X, Y)=i ) 21 (a;; — k) z, yj. (19)

=1 )=

Torma, TOYHO TaK e, KaK MH IIOKa3aad, 4T0 HEPABEHCTBO
(18) HeBepHO HiA A, MH MOKeM LOKa3aTh, ITO HEPABEHCTBO

max min E, (X, Y) < 0 < min max E, (X, Y) (20)
XeSm YESn YeSn XeSm

mesepro mias A,. Ho ms pasencrsa (19) mzerxo yBmjers, ITO
E,(X,Y)=E(X,Y)—k, (21)
a m3 ycaosmit (20) m (21) MH 3aKmiodaeM, 49TO HePaBEHCTBO

max min E(X, Y)—k <0 < min maxE(X, Y)—k (22)
XESm YeSn - YeSn X€Sm
mesepro. CiefoBaTeJbHO, HEBEPHO HEPABEHCTBO
max min E (X, Y) <k < min max E (X, Y). (23)
XESm YESn YeSn X€Sm \
Mockonpky (23) HeBepHO A mM0GoTo k, MBI 3AKII0YaeM,
4TO HePaBeHCTBO

max min £ (X, Y) < minmax E(X, Y)
XeSm YESn YESn XESm
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HeBepHO, OTCIOfia CIIPABEITHBO HEPABEHCTBO

max min E (X, Y)> min max E (X, Y). (24)
XeSm YeESn YeSn XeSm

C mpyroil CTOPOHH, COTJIACHO TeopeMe 1.1, ML EMeeM

max min E (X, Y) < min max E (X, Y); (25y
X€Sm Y€Sn YeSn XeSm

n3 HepapeHCTB (24) m (25) cmemyer, 4TO

max min E (X, Y)=min max E (X, Y),
XeSm YESn YeSn XESm
4TO 3aBepmiaeT [OKa3aTeJbCTBO TEOPEeMHL.
B TepMmBax Teopuu Hrp Teopema 2.6 moxxer OHTH cop-
MyJIHPOBaHA CIefylomum oGpasoM.
Teopema 2.7. Bcakas npamoyz04vHAs UZpa umeen
yewy; U2poK € npPAMOY204bHOE uzpe scezda umeem onmu-
MAABHYIO cmpamezuio.

JloKa3aTepCTBO TEOPEMBl IeTKO BHITEKAeT W3 TeopeM
2.6 m 1.5. :

4. CpoficTBa ONTHMAJBHBIX CTpATErnii

MHorna MOMKHO OLPEfeTUTh HeHy UIPH W3 HHTYATHBHHX
co00paskeHMir WM W3 HEMOCPe/[CTBEHHOr0 PacCMOTDEHMA
urpH. B TaKEX cayTasx s OTHCKAHASA ONTHMAIBHEIX
crparernii 1A 000MX HIPOKOB 9acTo OriBaeT yMOGHO IOIB-
30BaTHCA Cclefyomeil TeopeMoil. ‘

Teopema 2.8. ITycmv E — mamemamuueckoe oncuda-
Hue eblUSPLIUA 8 NPAMOY204bHOU u2pe C mampuyeii nopadka
mX n, umeowei yeny v. Tozeda, Oas mozo umobsl ssemenm
X* muoocecmea S, 6b.4 onmumaivrol cmpamezueii Oas b,
Heo6z0dumo u docmamouno, 4mobel 045 kKawcdozo saemenma Y
MHOMCECMBA S, UMEL0 MECMO HepPAseHCTME0

v< E(X*, Y).

Ananozuuno, 04z mozo wmobs 9semenm Y™ mHoucecmsa
S, 0wt onmumaavholl cmpamezued Oasn P, Heobzodumo
u Oocmamouro, 4mobvl O4s 6CAK020 dAeMEHMA X muoncecm-
éa S,, uMELO MECTNO HEPABEHCME0 :

E(X, Y*)<uv.
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JokasaTeabCTBO. Ecma X* — onTuManpHasi CTPa-
rerma pmaa P,, To wMmeercd 3JIEMEHT Y* wmuokecTBa S,
rakolt, uro | X*Y*| ecrp cefuoBasg TOUKA dysRIUE
E (X, Y), u, cueoBaTelbHO, TaKoif, 4T0 AJA BCAKOTO YeS,

v=E (X*, Y¥*) < E(X* Y),
4ro u TpeGOBAJIOCH OKA3aTh.

C ppyroft CTOPOHH, NPeJNONOMKAM, {T0 X* — pneMeHT
MHOMKecTBA S,,, TaKoi, 94T0 IS BCAKOTO Ye€S,

V< E(X* 7). (26)

Ha ocmoBaHI: TeopeMsl 2.7 CYIIECTBYET TOHUKA Xy,
TaKas, 9T0 AJA BCeX XeS,, n Beex Y€S,

E (X, Y')< E (X', Y)KEX', Y); (27)
a DOCKONBKY II0 YCJOBHIO U €CTb I[eHA MIPHI, MBI MMCEM
EX', Y)=v. (28)
Ws (26) m (28) Mu 3aKma09aeM, ITO
E(X', Y)<E(X*Y). (29)

Jamenas Y Ha Y' B HepaBeHCTBEe (29), = samemas X Ha
X* B meproil UacTu HePABEHCTBA (27), momyduaem
EX* Y)<E(X', Y)<E(X* Y').
Nrax,
EX,Y)=EX*Y’). (30)
Us (27), (29) = (30) mur 3awmioYaeM, €UTO
EX, Y)<EX* Y’ <E(X*Y),

rak uto || X*Y'|| ecTh cemyoBas TOUKA pynxnmz E (X, Y)
H, claefoBaTenbHo, X* eCTh ONTHMAIBHAL crparerns A Py,
aro m TpeGosayoch AoKazaTh. JloKa3aTENBCTBO BTOPOH 4acTH
TeopeMH AHAJOTHIHO.

Cregyiomas TeopeMa I0O3BOIIET HAM CPABHATENHHO
65HICTPO IPOBEPUTE IIPeIONOKEHHOe PEIIenus HrpEt H, Kpome
TOro, KaK MH BCKOpe YBHANM, CBECTH 3a/ady OTHICKAHNAA
pemenuii K 3ajmade JleMEHTApHON aJreGpH. Yro6u yupoc-
TaTh GopMYMpoBKY BamadH, MH GyemM mmcarh

E(,Y)
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BMeEcCTO
E(X, Y),

rge X; —oineMenT MHOMecTBa S, i-1 KOMIOHeHTa KOTOpOTro
paBHa 1, a Bce Jpyrme— HyN0; AHANOrMYHO MEL Oynem
nncaTh

E(X, 7
BMECTO

E(X,Y),
rae Y; —oanement mMHomecTsa S,, j-1i KommoHeHTa KOTOpOro
PaBHa 1, a ocrambEEE — Hymo0. Ecmn X=|lz, ... 2, m

Y=llgy ... ynll, 10
E(l, Y)=j§‘ aijy,«

E(X, j)= izf ;.

3ameruM TakKe, uTO
m n
E (X, y)=§1 E (i, Y)a, =;§‘ E(X, )y,

Teopema 2.9. Tycmv E — mamemamuuecroe oscudarue
Seluepouila npamMOY20abHOl Uepsl ¢ Mampuyeil nopsdka m X n,
nycmo v — delicmeumenvroe wucao, uSnycme X* y Y*_—
COOMSEMCMBERHO  dneMENMbL MHOMHCECTIE S, U S,. Toeda,
048 mozo wmobs. v 6w yenoll uezpnl, a X* u Y* — onmu-
MALLHOLMU  cmpamezusmu  coomeemcmeenno Oan P, u p,,
Heo6zodumo u docmamourno, wmobe das I<i<mu i< i<n

E@ YY) <v<E(X* j).

HorkasateascTno. Heo6xogumocts yemosna ciexyer
HENoCPe/ICTBeHHO W3 ODPeJeNeHnA CefioBoi TOYKU — YIPH 3a-
Mee X Ha i u Y ma j.

C mpyroit cropomw, eca:m yemosme BHINOJHAECTCA, TO MJIA
moboro X =||z, ... z,|, ABIAOmMErocs bIeMEHTOM MHO-
wecrBa S,

DA Y*) 2, < ) vz, =0,
i=1

te=t
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4, CJieJloBaTelibHO,
E(X, Y¥<v. (31)

Anajormuso, ana mo6oro Y =|y, .., y,|, ABaAtomero-
cA 3JIeMEHTOM MHOKecTBa S,

<E(X*, Y). (32)

U3 uepaBencTB (31) u (32), samenss X Ha X* nY nHa
Y* Mwu noaydaeM COOTBETCTBEHHO

. E(X* Y*<Kvu
H , .
v< E(X*, Y*),
1, CJIe[[0BATeJIbHO,
v=E(X* Y*). - (33) .
‘Torpa us mepasemcts (31), (32) u (33) Mu momygaeMm
EX, Y)<E(X* YH<KE(X" YY),

tak 9ro ||[X* Y*| ecrp pdelicrBuremsHO cejmoBad TOUKa
¢yaxnuu E, a v—1eHa urpsH.

Cuenyromas TteopemMa ABIAeTCA ciefcTBHeM Teopembl 2.8;
IHOKA3aTeIbCTBO €e MBI OCTaBjiAeM 9YHTATEN0 B KadecTBe
yupayKHeHH.

Teopema 2.10. Tycmv E—mamemamuueckoe omcudarnue
8blUBPLIUIA NP AMOY204bHOU U2PLL ¢ Mampuyel nopadka m X n,
yena romopoi ecmv v. Toeda, O0an mozo «mobet daemenm
X* mromcecmea S, 6va onmumansvrol cmpameaueti Oan P,
Heobxodumo u Oocmamourno, umobwn Ous 1< j<n eunoans-
£0Ch

v<E(X, ).

Ananoeuxno, 048 mozo umobv ssemenm Y* mroorcecmea S,
Goie onmumanvholl cmpamezueir dasn P, Hneobrodumo u do-
cmamouno, umobst O0as 1<<i<<m eunoanasocs

E(@ Y)<v
Teopema 2.41. ITycms E — mamemamuueckoe .oocu-
danue evuepsua np.n.uoyewwnozi uzpwl ¢ mampuyeii nopadka
mxn, u nycmb I X*Y*|' — pewerue smoi uepu. Tozda
Tmax E (i, Y*)= min E(X*, .
t<igm 1<i<
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HoxasarenscTBo. Ha ocmoBammm teopemm 2.10
pa 1<j<n
v< E (X" ),
Iie U —IéHa HI'PH, CJe10BATeIBHO,
v< min E(X*, ).
1<ign
Ho ecan
v< min E(X* j),
1<ign
To g 1<<j<n -
. v< E(X*, ))
U, CJIef0BaTelbHO,
n n
2 i< 2D EX*, )y,
i

v< E(X*, Y¥).

Ho »To mpormBopeunt ycioBmio, 9To U ecThb IeHA HrPHL.
Orciona MH 3aKIi09aeM, 4TO

v= min E (X*, j).
1<ign

AH&JIOI‘I&}"IHO N OKasbIBaercsa, 4ro

v= max E (i, Y*). _
CAiKm :
Crenyomas Gosee uacTHasA TeopeMa OKa3HBAETCH HEPELKO
OYeHb IMOJIE3HOA IPH OTHICKAHNM DPENIeHPs [JAaHHOH HUIPH.
Teopema 2142, [Tycmv E — mamemamuueckoe oocu-
Oanue evluepvluua 044 npamMoyeosvnoll uzpsl c Mmampuyei
nopadka m X n, umelowed yeny v, u nycmv X*=|zf ... x|

u Y*=|yI ... yn||— onmumasvusle cmpameeuu coomeem-
cmeenno Oas Py u P,. Toeda 0ast 06020 i, npu Komopom |
E(i, Y <v, ;

umeem MeCcmo paseHcmeso
*
X = 07

a 0as wwobozo | makoeo, umo
v< E (XY, ),
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umeem mMmecmo paseHcmeo
*
Yi = 0.

MoxasarenscTso. JomycTuM, 9TO A1 HEKOTOPoro A
E(, Y <wv
Hu
zh0.
Torga MH 3aKI09aeM, 9TO

E (h, Y*)ai < vah. .
Hocromery, mas k=1, ..., h—1, b1, ..., m
) E(k, Y*) <v,
#, ClefloBaTeNbHO,
E (k, Y*)z} < vz,
MH 3aKJI09a€eM, 9TO

m m
2 E (i, Y9al < 3 vef,
= f=
M, CJIeJ0BaTeIbHO,
EX* YY) <o,

9TO IPOTHBOPEYHT YCJIOBHIO, 9TO U ecTh I{eHa MrpH. Bropas
9acTh TeopeMHl [OKA3HBAETCA AHAIOIMIHO.

IloxasaTeapcTBO CHEAYIOMeHl TeopeMH MHE  OCTaBIAeM
9uTATENI0 B KadecTBe YNPajKHeHHA. :

Teopema 2.13. Iycmv E — mamemamuueckoe oncuda-
HUe GLLU2PbIULG NPAMOYSOAbHOE uzpel ¢ mampuyeld nopadka
mxXn, u nyemv X* u Y*—coomeemcmeenro siemenmul
muoncecms S,, u S,. Toeda umerom mecmo caedyiowue 9k6u-
gaseHmuyie ymeepicoeHus: )

1) X* ecmv onmumasvnas cmpameeus Oas Py, a Y*
ecmb onmumansvras cmpameaus 0aa Py,

2) Ecau X ecmv aw6oll asemenm Mmuoncecmea Sy, @
Y — aioboii saemenm muoncecmea S,, mo

EX, YH<E(X*, Y)<E(X'Y).
3) Ecau i u j cymv wobvle yeave 4wucia, marue, umo
1<IKMaBint<j<n, mo
E (i, Y)<EX* Y)<E(X* )).
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[Tokasxem Temepr Ha HECKOJBKUX MPEMepax, KaK MOMKHO
NPUMEHUTH STU TeOPeMbl JJfA BHYNCICHAsA LEeH W pemeHmi
MaHHHX Urp. B msnoskeHHOM BHje 9TH CIOCOOH YPe3BHIYANHO
TPYAOeMKH ¥ TpeGyi0T MHOrO BPeMeHH; IO3JHee MH yrasem
MeTOAH, COKpAaIaniiie. MPONecC BHYUCICHHA.

ITpumep 2.14. Tpebyerca HaliTH IeHy W ONTHMATb-
Hble CTpaTernd ofGOMX HTPOKOB HNJsA NPSAMOYTOJbHOH HIPH,
MMelomIel CcIeqymyio MaTPHILY:

1 -1 —1
-1 -1

-1 2 —%
Ha ocmosanum teopemmt 2.9 mocraToumo Haiitm wmcaa w,,
Zyy X3, Yy, Yg Ys» Uy YHAOBIETBOPSIONINE CIHEAYIOMHEM YCJIO-
BHAM:
T+ 2tag=1, y+y.+y=1,
0<z, <1, O<y<t,
0<z, <1, 0<y, <,
0<zs <, O0<ys<,
(1) &+ (= 1) 2, + (— 1) 23>0,
(=D z+ (=1 2+ (2) 25 >0,
(=2 + @)z +(— 1) 23>0,
) v+ (=D ve+ (=D ys <o,
(=D +(=Dy+E) rn<y,
(=D yn+@y+(—Dys<v.

O6runble cnOCOGH 2JIeMEHTAapHON anreGpH He MAIOT HaM
BO3MOKHOCTH pemaTh CHCTEMEl, COJepsKallifie HepaBeHCTBA
HapAny ¢ paseHcTBamu. OIHAKO MHN 3HaeM u3 TeopemH 2.6,
9T0 CHCTeMa HMeeT peImIeHHe, M MH MOKEM DPacCMOTPETh
OTAeIbHO 2% BOBMOKHBIX CJIydaeB, HONYYalOM[UXCA IPH 3aMeHe
3HAKOB < ¥ > B INECTH NOCHEHNX HEPABEHCTBAX COOT-
BEeTCTBeHHO Ha 3HAKN < M = W 3HAKM > U =. 3aMeHHOM
CcHavama Bce 3TH IIecTh nepaBeHc'rB paBeHcTBaMI/I. ITpm sTOM
MBI IOXYdHM:

xl——x2—$3 =1, Y1—Ya—Ys =0,
— Ty =%+ 203=0, —Y —Y,+3Yy=0,
—xl+31'2—-x3=07 ‘—y1+2y2"?/8=v’
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M, OYEBHIHO, TAKe

i+ zta=1 Yy t+ytys=1.

ITpumensas m060i U3 M3BECTHHIX METOLOB 3JIEMEHTAPHON
.anre0pH, MH HAXOAUM, 9YTO 3TAa CHCTeMa. YDABHeHWH MMeeT
caefyomee pemeHue:

N 3 4
xl—ﬁ’ IZ:B' $3=—§,
6 4 '3
hW=13" Y2=13 ¥=713>
o= — 1
= 3

IIoCKOMBKY Z,, Ty %3, Yy, Y U Y, HAlJEHHBE TAKUM
06pasoM, OKa3HBAIOTCA HEOTPHI[ATEIBHEIMH, MBI HAILIA pelle-
HOe Hamedl IepBOHAYANbHO CHCTeMH YypaBHeHHiT W Hepa-
serctB. Mrak, omrumampHHA cmoco6 pguAa P, — BHOGHpaTh

6
amena 1, 2, 3 ¢ COOTBETCTBYIOIIUMM BEPOATHOCTAMH 17 ,

3 4 4.
13 13’
gucaa 1, 2, 3 ¢ COOTBETCTBYIOMAMH BEePOSATHOCTAMMU —1% ,

Aoy 2 [lera Arps pasHA — L. 1o sagur, 4ro mrpok
3 3 PH P 3 1 p

P, moser wurpaTh TaKmM o06pa3oM, dTOOH TrapaHTHPOBATH

a ONTHMAJBHHIEA crocol urpel amns P, — BHOGHpaTh

1
ceGe, 9YTO TpoUrpaer He 6OJIBI]16E, a P, mMomer wurparh
TaKUM oﬁpasom, 9706 P, HaBEePHAKA NPOUTPa] IO MEHb-
meil Mepe 3 -

CJIGJIYIO]I[PIH OpuMep IOKa3HBaeT, KaK MOMKHO oﬁonm
3aTPY/HeHNsA, BO3HMKAIONME B TOM CJIydae, KOTAA ypaBHe-
HOS, COOTBETCTBYIONIME INeCTH YPaBHeHMAM IPEAHAYMEro
IpEMepa, OKASHBAOTCA HECOBMECTHHMH IIH He HMeIoT
pemenuii, nexkamux B uatepsaie [0, 1].

Ipumep 2.15. TpeGyerca HaiiTh NeHy W ONTEMAIbHEIE
cTpareruu oﬁonx UTPOKOB IS MPAMOYTOILHOH ATPH, WMEIo-
meil Marpumy

. 3 -2 4

—1 4 2

2 2 6
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Ha ocmoBammm teopems: 2.9 mocraTousmo maiitm wmeaa
T1» T Ly Yy, Yy Y3 B U, YROBIETBOPAIOMEE CJIEAYIOIHEM
ycaoBEAM:

Ttz +rs=1, Yy, +ys=1,

0<x1<1’ 0<y1<1:
0<(B2<1, O<y2<1’
0<x8<11 0<y3<17

3% = 2o+ 2z >0, 3y, — 2y, + 4y, <,
— 22+ 42y + 223> 0, —y+4y, + 25 <0,
4o, +2z,4 623> 0, 2y, + 2y, + 6y; <v.

PaccmoTpnm cragama caywaii, xorga Bce mecTb Hepa-
BEHCTB 3aMeHEeHH PaBeHCTBAMI:

32y —xy+ 225 =0, 31— 2y, + 4ys =,
— 22+ 42,4+ 205 =0, —y, 44y, + 2y; =0,
4z, + 22y + 62y =v, 2y, 4+ 2y,+ 6y, =0,
Tt Ztr; =1 oy tyty, =1,

Jlerko yGeaurnes, uro sTH YPaBHEHUA HE HMEIOT TaKOro
'pemenus, 4TOOH Bce WHCTA Z,, T, T3 Yy, Y Y3 Onutm
HEOTPHIATENbHE. JHAUNT, Helb3A HANTH pelleHWe HAaIIeil
8a/laud NyTeM B3aMeHH BCEX HEPABEHCTB paBeHCTBAMH.
Iostomy ME paccMoTpuM NAPyroi ciydaii. 3aMeHUM B mep-
BOM HEPaBEHCTBE 3HAaK > 3HAKOM >, &, OCTaJbHHEe HepaBeH-
CTBA — PABEHCTBAMU, :LOAYIHM

32— 2y + 225 >0, 3y, — 2y, +bys =0,
— 2z, + 47, + 223 = 0, — Y1 +4ys+ 2ys=v,
4z, + 2254625 =0, 2y, + 2y, + 6y, = v,
T+ 2tz =1, Bit¥etys =1.

Hockonery 3z, — x5+ 2z,> v, TO Ha OCHOBAHME Teo-
pemir 2.12 y, =0. Ilopcrasus BMecTo ¥, Hyus, oy IuM
cuCTeMy ypPaBHEHWH, KOTOPHe HYKHO PEHATh OTHOCHTEIHHO
Tyy Ty, Ty, Yp W Ys. OfiBaKO, KaK IerKO BHAETH, OTH ypas-
HEHUA HECOBMECTHH, DOITOMY MH [OKHH IIepPedTH K
Apyromy caydaio (Teopema 2.6 flaerT HaM yBepeHHOCTB, uTO
MEL B KOHI|e KOHIOB HalifleM CHCTeMmy, HMeOIyio pemlenue).
[Ipomomxas mocTymars TaKEM 06pasoM, MH paccMoTpHM,
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'‘HaKoHeI, cleAylomuii ciaydain:
3z, —my 4223 =v, Iy —2y+4ys<v,
— 2z, 4z + 225 =0, —y+4y,+2ys=v,
b, + 22y + 623 > v, 2y, + 2y, + 6y, =0,
42+ 2 =1, Yit+yt+ys =1.
N3 crpororo nepasencTBa 4%, + 27, + 6z, > v BHTeKaer,
Ha ocHoBamum TeopeMm 2.12, uto y3;=0, a w3 crpororo
HepaBencTBa 3y, — 2y, +4ys < v BHTeKaeT, 9T0 7, =0.
Wrak, HaM HY)KXHO pemuTh CIEAYOIMY CHCTEMY ypaB-
HEHWA:
— T, 4 223=0, —y +4y,=v,
da,+ 2z =v, 2y,+2y,=v,
Ttz =1, i+ Y =1
JTa cucTeMa ¥MeeT peIeHHe

2 3
2,=0, z3=1, yy=%, Yo=7%, v=2.
=
M=u mopcraBiseM 3HAYeHUSA

B IIePBOHAYAJBHYI0 CHCTEMY HEDaBEHCTB M HAXOJHUM, dTO
OHa yNOBIETBOPAETCH.

TakuM o6pasoM, meHa urps papHa 2, Bexrop |0 0 1] —
ONTUMajJbHAA CTpPAaTerwsa MAJsA OepBOro HUrpoKa, a BEKTOp

”‘i‘ —3— OH—onTnmamHaa cTpaTerus JAJA BTOPOrO HTPOKA.

5. CooTHOmEHAA HPEBOCXONCTBA

Kax M Bupmenn B paspfeme 3 riaBe I, mHOrga HA OCHO-
BaHHH NPOCTOTO PACCMOTPEHHMA MATPHIH HPAMOYTOIbHOM
OTPH MOMKHQ.GKA3aTh, ITO HEKOTOPHIE HHCTHE CTpaTeruu
MOT'yT BOATH B ONTHMAJbHHE CMOIMAaHHLE CTPATerHH UMb
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¢ HyJIeBOH BepoATHocThi0. Tak, HaIpHMep, ecian

17 2f
6 2 7 (34)
51 6

—MaTpuna OpAMOYTOJIBHOR HrPH, TO, KAK MOJCKA3HBAIOT HH-
TYHTHBHEE COO0PasKeHUsA, HA NPU KAaKOH ONTHMATbHOLM cTpa-
Termd Urpoka P, He cieyeT NPHIMCHBATEL IOTOKUTEABHYIO
BEpPOATHOCTH TPeThell CTPOKe, m60, uTo GH HE Aeman P,,
Auas P, nyume BHOMpAaTh BTOPYIO CTPOKY, 9eM TPeThIO
crpoxy. Tarum o6pasoM, oxassBaeTcs, 9To AIA pemmenuA sTol
UrPH HAM J[OCTATOYHO HANTM peNIeHHe HrPH ¢ MAaTPUIeil

1 7 2
6 2 7” (39)

[lenst o6eux Mrp AOKHH GHTH OXHHAKOBH; P, momkeH
uMeTh B 00EMX HIPax OXMHAKOBBIE ONTHMAJNbHHE CTDPATErHH.
Ecan ||z, %,|| ects ontamamemas crpaterms ams P, Bo BTO-
poii wmrpe, To ONTHMAaxbHAaA cTparerus A P; B mepsoil
urpe GyzerT ||z; z, O]

HockombKy KaMiIEI pIeMEHT HmepPBOTO cToabma MATpPHIBL
(35) MenbIe COOTBETCTBYIONIETO BIEMEHTA TPETHEI'0 CTOJOLA,
U HOCKOMBbKY P, X04eT cBecTH IIaTe K MUHEAMYMY, TO MH
MOKeM BHYEDKHYTH Tpetuii cromben marpumsl (35) u mouy-
9ATH MAaTPUIy : ~

; 1 7
s

Tarkum oGpasoM, MH MoxeM HaliTH pemenWe IepBOHA-

9anbHO# MIPH, pemas Urpy ¢ marpuueii (36). I[ema mrps,

umelomeil Marpuny (36), pasma 4, m moCKOIBKY “—%— %”

(36)

1 1 .
u ”'2_ —2-” eCThb ONTHMaNpHBIE cTparermd P, m P,, To M
BOpaBe NPeANONOMUTH, HYTO IEHA IIEPBOHAYANLHON HUTPHI
2 3
TOKe paBHa 4, ”-5- 5 O” — ONTHMAaJIbHAsA CcTparerus jjs P,

1 .
u ”% 5 0 "—OHTHMaJILHaH cTpaterns  nas  P,; nerko
OpOBEPHTH, 9TO 3TO TaK U €CTh.




5. COOTHOIIEHMA NPEBOCXOICTBA 63

ITh pacCy)K[AeHHA MOKHO HECKOIBKO 0600muTh Ha TOT
clIydail, KOTJa 9IEMEHTH OJHOM CTDOKM He Bce MeHbIe
COOTBETCTBYIOIUX DJIEMEHTOB JPYTOil CTPOKH, HO BCE MEHbIIe
HEKOTOPHX BHIIYKIHX JIWHEHHHX KOMOMHAIMA COOTBETCTBYIO-
MUX 2JIeMEHTOB Apyrux cTpor. Tak, HampuMep, paccMor-
pUM WTPY ¢ IIaTe;KHOW MaTpHIel

24 0
0 8j. (37)
4 5
3ameTuM, 9TO
b< 424500,

) < '11:'O+_2"87

4, CIefoBaTeNbHO, JiA P, Oymer HepasyMHO CTaBUTb Ha
TpeTsI0 CTPOKY, OH NOCTYMHUT Jy9ile, PasfgeluB Mejy mep-
BHIME JByMs CTpPOKaME (B oTHOmeHuWnm 1 K 3) BepoOATHOCTS,
KoTopylo OH MOT 6B HpmnmcaTh TpeTheit crpoke. B arom
cIydae MH OIATH MOKeM HAlTH IeHY W ONTHMajbHHE CTpa-
Teruy, pemas Hrpy ¢ MaTtpuneit
24 0
0 8

[ockonpKy IeHa mocaefHeil Wrpsl paBHA 6 M HOCKOIBKY
1.3
“Z 7{” eCTh ONTHMAaIbHAS CTPATeTHA JJIA KajK[AO0ro MIpoKa,

MH 3aKJTI09aeM, 9TO WTpa, EMeomas Marpumy (37), Takske
1 3
uMeeT IeHy, paBHyO 6, “Z’ I 0" ecTh OITHMAJNbHAA CTPa-
1 3 -
rerus Aaa P, m ”-4— T O” €cTh ONTHMAJHHAA ' CTPaTerus

.
.

Rasa P, ‘

AHAJOrHIHO, 6CIM KasKHlil 5leMEeHT HEKOTOPOTo cTonbna
Goavuie HEKOTOPOH BHIOYKION JMHEHHOH KOMOHHAMA COOT-
BETCTBYIOMMX DIEMEHTOB HEKOTOPHX XPYrHX CTOXGHOB, TO
BTOT CTOJGEN MOKHO MCKIIOYATH. TaK, MH MOKEM Ppemursb

Arpy ¢ Marpuiei

T

|1006
010 7\’
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pelmas HIPy ¢ MaTpunei

10 0
0 10

HOas toro d9ro0Hl cTpOro 060CHOBATH 3TOT MeTON, YHOGHO
BBECTH HEKOTOPHE OUpeeJeHns.

Ecim a=|la,...a,|| m b=]b,...b,| ects Bexropm
(aMm  CTPOKM, MM CTONONE MATPUIEI) M eciam a;>b;
(i=1, ..., n), To MH TroBOpHM, 9YTO a npesocxodum b;
ectm a;>b; (=1, ..., n), MH TOBODHM, 9TO a cmpoeo
npesoczodum b. OGa 9TH COOTHOMEHWA TPAHSUTHBHH: eCJIH
a TWpeBOCXOAUT b W b mMPeBOCXOAMT ¢, TO @ NIPEBOCXOAUT C,
U TaKoe ¥Ke COOTHOIIeHWEe HMeeT MeCTO IJA CTPOroro Ipe-
BocxoAcTBa. MHI 3aMegaeM TaKKe, YTO COOTHOIIEHWE IIpe-
BOCXO/ICTBA pediIeKCHBHO, TaK YTO BCAKAA BeJMINHA IPEBOC-
xogaT caMa cels, a COOTHOMEHHE CTPOTOTO IIPEBOCXONCTBA
HepeQIeKCHBHO, TaK YTO HUKAKafg BEJMINHA CTPOTO He Ipe-
Bocxogur cama ceGa. Opgmako, HPUMeHAA JTA DOHATHA,
Bcerja HY)XHO MMeTh B BHAY, 4TO KOrjla JBa BEKTOpa pas-
AUYHH, W3 TOTO HE CJeAyeT, 9TO O[WH M3 HUX 00A3aTeJbHO
OPeBOCXOMUT [APYrodl: HampuMep, 3TO BHAHO HA BEKTOPAax
11 2] w2 1.

BiesieM TakiKe TOHATHE DaCIIMpPeHAs CMEMAHHOH CTpa-

Terun Ha i-M Mectre. Ecam z=||z, ... z,]| ecrs amemeHT
muEOxkecTBa S, ¥ 1<i<n+1, mo pacwupenuem saemenma
- Ny
& Ha i-M Mecme HA3HIBAETCHA BEKTOD || 3}7 v 2340 Lz ).
2

: 1
Tag, pacmupeHueM dleMeHTa “F) 16 1—0“ Ha 2-M MecTe sAB-
1,2 7],
JIsIeTCA BEKTOP “’17) 0 15 E”’ pacmuperuem Ha 1-M Mecrte

1 2 7
asngerca Bexrop |0 55 6 qGlls pacmmpenmeM Ha  4-M

'MecTe — BEKTO "—1- 2 7 O” OueBngHo, €COIM Z €CTh
P om0 AiHO,
KaKoi-1H060 9JIeMeHT MHOMKecTBa S, , TO BCAKOe pacmumpe-
HHe 3JIeMeHTa X HA I-M MecTe ABJAETCA 3JIeMEHTOM MHO-
ecTBa S, ;.

Teopema 2.16. ITycmv T — npamoyzoavras uzpa c
mampuyei A. I pednoaoorcum, umo i-o cmpoky mampuyse A
Oas Hekomopo20 i npeeocxodum HeKomopas 6uNYkAAS AUHell-
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Haa Kombunayus Opyeux cmpok nmampuyve A; nycmov A’ —
Mampuya, nosyuawowaica ug A nocae uckawuerus i-i cmpoku,
u nycmo I — npamoyeosvnas uepa, mampuya KOmopoil ecmb
A’. Toeda yena uepw T' — makas orce, kak yena uzpw T
6CARAR Onmumanvras cmpameeus uzpoka Py ¢ I’ ecmv makosce
onmumasvhas cmpameeus uzpoka P, ¢ I'; ecau w — awbas
onmumaavraa cmpamezus uepoka Py ¢ T u x — pacwupe-
Hue cmpameeuu W HA I-M Mecme, MO T eCMbd ONMUMALL-
KHaf cmpameeus uzpoka P, ¢ T'. [Janee, ecau i-io cmpory
smampuysr A cmpoeo * npegocxodum BUINYKEAAR AUHCLHAR KOM-
6unayus Opyeuz cmpox mampuyw A, mo awboe pewerue
uepst I' moocno noaywums yrasammem cnocobom uz pewe-
nua uepw I'. . '
Horasatexbctso. [ycrs

Gy --- Qg
A=\ .. ... ..

Qpy - Opp

Moxro mpegmomomurs, me mapymas O0IMHOCTH, dYTO
OOCTENBIOI CTPOKY Marpuibl A IIpeBOCXOAWT BHOYKIas
MUHEEHAA KOMOUHAnUA APyrux crpok. IlosTomy CYIIeCTByeT

DNEMEBT Z=|2, ... z,_, || MHOmecTBa S, ,, Takoi, 7To
m—1 *
amj<i2‘ aijz; (G=1, ..., n). (38)
Ilyets v—nena urpu I, w=|w, ... w, | — onTwMae-
Haa crparerusi urpoka P, B I' w y=|y, ... y,|—

OnTHManbHaA crparerua wurpoxa P, B I''. Torma mo teo-
peme 2.9

Z: aiy; <0 (=1, ..., m—1), (39)
)=

m—~—1
o< D ww (=1, ..., n). (40)

s pokauT8TscTRa IepBOA 49acTH TeOPeMH Temepb
AOCTAaTOYHO ‘TMOKABATh, 9YTO U €CcTh TakKe INeHa urpH I,

5 J. Makr-Kuncu
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y — onTAMajbHas cTpaTerusurpoka Py 3 u|w, ... w,,0]—
onTHMaibHaA cTparerua wrpoxa P, B T.

U3 Teopern 2.9 ciemyer, 4TO AJaA BTOTO HYKHO HOKa-
3aTh CHPABEJIMBOCTD CJIEAYIOMUX HEPAaBEHCTB:

_zaaijyf<v (=1, ..., m), (39a)
i= . .

m—1 -
0< Dagwitand (=1, oom). (400)

[TockompKy HepaBeHCTBo (40a) ecTh odeBHIHOE CIECTBHE

HepaseHcTBa (40), TO 0CTATOYHO OKA3aTh HepaBeHCTBO (39a).

- CieioBaTebHO, MOIb3yACh HepaBeHCTBOM (39), MocraTouHO
OKa3aTh, UTO

i A
521 amj Yi <. (41)

Ho u3 mepasencts (38) u (39) mMm ]IOJIY‘I&‘éM Hemocpes-
_CTBEHHO

n ’ n m—1. m—1 n m—1
Yoamipi<Y X wizyi= 2 X GiYin< 2 05=0,
j=1 i=1 i=t i=1 j=1 i=1 .

9T0 JOKa3HBaeT NEPBYI0 YacTh TEOPEMHI.

Jlna pokasaTelbcTBA BTOPOM 9acTh TEOPEME JOCTATOIHO
-OTMeTHTH, 9TO €CIM HH B OJHOM ¥M3 COOTHOIIEHMil (38) mer
paBeHcTBa, TO

n n m—i

3 _
D amiyi < ) D @i 2,y < U
i=1 =1 i=1

CrenoBaTenbno, u3 TeopeMsl 2.12 BmTeKaeT, 4To y BCAKOM
ONTHMANBHON cTpaTerum mrpoka P; B I' m-1 KoMmoHenTa
Oymer paBHA HYJIO.

IoKasaTeNbCTBO CeAYOmell TeopeMB aHAJOTUYIHO, W MHI
ero OmycTHM.

Teopema 2A47. ITyemv I —npamoyeosvras uepa
¢ mampuyeii A. ITpednosoxncum, «mo i-i cmoabey Mampuysl y: |
045 HEKOMOPO20 | NPesocTodUm HEKOmOpPYIo SLINYKAYI0 AUHEl-

-
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HYylo Kombuwayuio Opyeux cm0ﬂ6qoe mampuyst  A; nyemb
A’ — mampuya, noayuaowasca uz A nocie UckaueHUs j-20
cmoabya, u nycms I' — npamoyzosvnas uzpa ¢ mampuyei A’.
Toeda yewa uepn I makas e, xak yena uepw T'; ecaras
onmumasvHas cmpameeus uzpoka P, 6 T’ ecmv makace
onmumansvHas cmpamezus uzpoka P, ¢ T'; ecau z—uawbas’
onmumaavHas cmpameeus uzpoka P, ¢ ' u y— pacwupenue
cmpamesult z HQ J-M Mecme, M0 Y ecmdb ORMUMAALLHAA
cmpamezus  uepoka . P, ¢ T'. [lasee, ecau ]-ti cmoabey
mampuyst A cmpoezo npegocrodum SuNYKAYH AUHEEHYIO KOM-
6unayuiwo Opyzux cmoabyos mampuysl, mo aboe peweHue -
uepet I' mowcno nosywumv smum cnocobom us peweHus
uzpu I, .

ITpuseneM HeckombKo -Gosee CJIO)KHHH UpHMEp HpMMeHe-
HHES 3THX TeopeM.

IIpuvep 2.18. Ilama cuenymorias miaTe)kKHas MaTpUIa
OPSAMOYTONbHOH HUrpHL:

0
4
0 .
8

O W w
[« N

Tak Kak TpeTbA CTPOKA MATPHIEI NPEBOCXONHUT IEPBYIO,
TO, BHIYEPKUBAsA HEPBYI0 CTPOKY, MH IIOJLydaeM:

3 4 2 4
4 2 40
0 4 0 8

B HoBOH MaTpHIe ImepBH cToa0el mPeBOCXOMNT Tpe'mn,-
BHYEPKHUBAsA HEPBHIl cTONGeI, MH NOIyJaeM:

4 2 4
2 40
4 0 8

B oroit Marpume Hukaxas cTpoka ( HHKaKoi cToaGer)
He NPeBOCXONHT JIpyrde CTPOKU (H CTONONEI); HO IEPBHIl
cronfer " HPPROCXOMUT BHIOYKIYIO JMHeiHy©0 KoMOmHAIIHIO

5*
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BTOPOTO ¥ TpeThero crojbIoB, IOTOMY 4UTO

1 1
4>—2-',2 +‘§'4y
1 1
2-5-4-1—7.0,
1 1
4=7-O+§-8.
IMoaToMy MH HCKIIOYaeM IepPBHIH cToa0en W IoxydJaeM:
. 2 4
4 0
o 8

B cBo0 ouepenb B 3TOi . MAaTpUIle BEIOYKJIAsA JWHeHHAA KOM-
OuHauus BTOPOH W TpeThedl CTPOK OPEBOCXOAMT IepBYIO
'CTPOKY, TaK Kak

1 ' 1
2=—2- . 4‘+-§--0,
. =1t.orl.s.
‘ =50+58.
Taxum ofpasoM, mama MaTpuma OpuBefeHA K MaTpHIe
4 0
0 8 .

: " ‘
Llena urpm c¢ aToit Mannnen PaBHA —, A ONTHMANLHASA
cTpaTerus [JiA TePBOro WUIpoKa (M /AJA BTOPOTO HIPOKA)
: 2 1
O0yfeT paBHa ”3 gll CiremoBaTeabHO, MOCKOJBKY MBI TONY-
9WIn MATPEIY 2 X 2 H3 IepBOHAYAIBHOM MATPHIE 4 X 4
IIyTeM BHYEPKHBAHMA NMEPBHX NABYX CTPOK U MHEePBHIX ABYX
CTONGIOB, MBI 3aKJII09aeM, 9TO ONTHUMAJIBHAS CTpPATerdfd A
[epBOT0 UrpoKa (U [JsA BTOPOrO MCPOKA) B IEPBOHAYAIbHOU
urpe Gyner “00——”

3ameuanue 2.19. Uz Teopem 2.16 m 2.17 wmoxHO
3aMeTHTh, 9T0 KOTAA MH BHYEDKHBAeM CTPOKY (WiIH CTOI-
6em), KOTOpasi CTPOTO WPEBOCXONHT UT0-IMG0, MH TMOIYyYaeM
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MaTpuny, KOoTopasg IpPHUBOAUT K TOYHO TaKOH jKe cHcTeMe
peleHmil, KoTopad Ioiyduiaach OH IpH pemeHH:d mepBo-
HauanbpHO#i mrpe. OgHAKO HTO He MMeeT MecTa, KOTJa COOT-
HOmEHNe IIPeBOCXOfCcTBA HE SBIAETCA CTPOTHM; B 3TOM CIy-
9a® MH MOMKeM «IO0TePATH» HeKOTOpHe U3 pemeHuil mepBo-
HATAJIbHOA MaTPHUILH.

B KadecTBe mpmMepa paccMOTPHM urpy ¢ IUIATeXKHOI
Marpuiei

0 0 0
0o 1 —1.
0 -1 1

Jlerko y6emuThca, 4Uro OGO 3IEMEHT MHOMKeCTBa Sy
puna ||a bb| Gyxer ontumanpHoi cTpaTterueit nua P,. C mpy-
rofl CTOPOHEI, €C/ii ME BEHYepKHEM IIEePBYI0 CTDOKY (KOTO-
PYI0 IPEBOCXOAUT, HO HE CTPOro, BHIIYKIasA JUHEHHAS KOM-
OuHANUA ABYX APYTHX CTPOK) W 3aTe€M BEIYEPKHEM nepm;m
ctonGel, M HOJYIUM MATPHUILY

.

1 —1
S —1 1

AN I{OTOPOH P nMeeT e[WHCTBeHHYI ONTHMaJIbHYIO CTpa-

TeruIo u “ ; TakmM o6pasoM, 3THM cmocofoM MH IOXY-
TN 6H mm NePBOHAYAIBHON WrpHl IUIMb OXHY ONTHMAJb-
. 11

HYI0 CTpaTeruio: "O —2-—2—" .

6. I'padmuecknii mMerTon pemenns :

B »s10M paspeme Mu onmmeMm rpadmueckmii MeToji HaXo-
KIGHAA PEINeHuil MPAMOYTOIALHON UrpH. IJTOr MeTo[ OUeHb
IPOCTO NPHEMEHATh K MrpaM, AMEOMUM MATPHIE 2 X n Wil
mXx 2. Ero MoHO TarKe upumeHATH (TOMY, KTO YMeeT
9ePTUTH TPeXMEPHHE IHArpaMMBI) K MIpaM, HMeEOIMuM
MaTpune 3 X n H-m X 3; HO OH HENPUTOfeH A MaTPHI

‘mXn, Korja m u -n Gojbme 3. Mu moACHEM 5TOT METON

Ha HECKOJBKAX UPEMEPAaX PemeHEs urp 2% n,



() IJL IL.OCHOBHAA TEOPEMA JUIA OPAMOYTOJBHBIX HT'P
ITpumép.2.20. PaccMoTpuM Urpy ¢ mIaTe:RHOM MaTpHIe

[1][2](3]

2 3 1

¢

.......

75 2

7

Pue. 2.

npuMeHseT CMemaHByio cTpaTermio ||z 1 — x|, a Py— adcTyIio
CTPaTernio [_L|, TO ODAEMHIH - uIaTe; uwrpory P, 6ymer

2e+T7(1—2)=T7—52.

Anajnormuso, ecin P, mpuMeHAeT 9ACTYIO CTPATETHIO ri_l .
TO OKUAiaeMHIl IIaTe’k Mrpory P, paseH
3z+5(1—2)=5— 2z,

a ecim P, mpmMeHseT YHCTYIO CTPaTermio |3|. TO OKHEIae-

MBIl TIJIATe’K MrpoKy P, pasen

Mz -+ 2(1 —x)=2+4 9.
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Iposenem ma ﬁHTepBane [0, 1] Tpu npamure,
: y=T7—05z, y=5—2z, y=2+92,

H 060BHAYMM HX COOTBETCTBEHHO WUepe3 | 1], [_2[ u (3—]
(pme. 2). Ilpm raxmom BHGope mrpokoM P, crparerdm z om
MOKeT GHTB yBepeH, UTO NOIYIHT WO KpaiiHedl Mepe Ham-
MEHBIIYI0 M3 OPAMHAT TPEX INPAMEIX, COOTBETCTBYIOIAX Z.'
Taxam ofpasom, mus P, pubGpats ontEMambHOE., T — 9TO
SHAYMT- BHOPaTh TaKoe z, IPH 'KOTOPOM HAWMEHbHIIAA W3
TPeX OPAWHAT BOBMOYKHO GOJNBINe; M3 DUCYHKA BUHO, 9TO
ONTBMANbHHIM Z Gymer orpesok OA, a mema wurpH pasHA
orpesky AB. Mu MosKeM, clle[0BaTelbHO, HAHTH ONTHMAIb-
HYIO CTparermio ajus P, (B 5Toif Urpe, KaKk BAIHO W3 PHCYHKa,
A P, -ecTs Tombko ofHA omTEMarBHAA cTpaTerus) W IHeHy

" UTPHI, PEmuB COBMECTHO ypaBHEHHS

y=9—2z, y=2+409z.
Ilpopenas Brramcnenns, MH HaXODMM, 9TO ONTHMAJIBHASM

. 3 8! 49

cTpaTerus s PI'—”H 1—1” H IeHA WIPH paBHA ;.
Hanee, m3 pucyska BHJHO, 49TO cTpaTerus D] HE BOHeT
B ONTHMANbHYIO CMEMAHHYI CTPaTermio mrpoka P,. Cumejo-
BaTelbHO, MBI MOXKeM HalTH ONTEMAIBHYI0O CTPATETHIO
nas P, OpE HOMOIH MaTpHI(H ' :

3 11
o 2’
TaK 9TO0 ODTHMAJBHAA CTpaTerua Aias P, pasma ”0% 1—21” .

3amevanmme 2.21. Ilema wrps B mpuBeseiHOM BHIIE
IpuMepe 'HAXOAWTCA CiaeAyomuM obpasom: GepeM MaKcu-
MaJbHYI0 OPAMHATY BHIIYKIOTO MHOKECTBA, KOTODPOE OIpa-
HITYEHO CBEPXY NpAMEIMU juHUsAMEH. Tawoit ke cmoco6 mnpu-
MeHsieTcA AJA JHo0o# WIpH ¢ Marpmmedr mopagka 2 X n.
s urps ¢ marpumeit mopsaka m X 2 rpagmgeckoe mocTpoe-
HUe, 0YeBU]IHO, AHATOrUYHO, HO B HTOM Ciyyae IeHA HIPH
PaBHA MAHMMAJNBHOH OP/IMHATE BHIYKJIOIO MHOMKECTBA, Orpa-
HUYEHHOTO CHU3Y NPAMHIME JINHUAMHU,

llepeiinemws&oneps K npumepy, xorma P, umeer mmuoro
ONTHMAJILHHIX CTPaTerHii. : :
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Mpumep 2.22. PaccMOTpUM UTDY € nnaTesHOM MaTpUIeH

2 4 11
7 4 2

O6o3rauns ctpaTerud, kKak B upumepe 2.20, m mposeis
COOTBETCTBYIONME IpsAMEeE, KaK B TNpeXHAyIieM Ipumepe,
MH OOJAydYaM pHC. 3. :

&

o 4, 2 "

W3 puc. 3 BugHO, 9Yr0 IeHa WrpH paBHA 4 ¥ 9YTO
nw6Goe z, yrosmersopsawmee ycaosmio 04, <z <O0A,, 6yner

onmTmManbHHM s - P;. Pemas coBmecTHO ypaBHeHHA l 2|

n l—f{\ , ’_1—_] u [___2——! , HAXO[[MM COOTBETCTBEHHO, ITO 0A1=-§- ,

a OA, =%—. Nrak, onTuMajibHO# cTpaTerueit nuasa P, asnsgerca
aobas mapa || z'1—z||, rme —g—<x<%. OnrumanbHas cTpa-
terusa ans P, B sroit urpe paema [0 1 0]

Bameuanume 2.23. B npumepe 2.22 MH HamiId, 9YTO
MHOKeCTBO ONTHMAIBHHX CMemaHHHX crpartermii urpoxa P;
COCTOUT M3 TOUEK NPAMOJMHEAHOT0 OTpe3Ka; OYEBHAHO, 3TO
Bcerfa GyJeT mMeThb MECTO A WIPH 2 X n (XOTsA, KOHEYHO,
OTPEe30K MOKeT CTAHYThCA B OJ(HY TOYKY, KaK B mpuMepe 2.20).
Jlanee, ¢ TOMHHIM OCHOBAHWEM MOKHO NPEJNONOKATH, ITO
IS UIPH ¢ MaTpameil TOPAAKA m X I MHOMKECYBOM ONTH-
MAIBHHIX CTpaTerwii KaskIoro Mrpoka Oyjmer ecTecTBeHHOe
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0000IMeHne oTpesKa IPAMOA B NmPOCTpPaHCTBe GoOjiee  BHICOKOM
pasMepHOCTHM, a WMEHHO BHIOYKIasas 000J0YKA KOHEYHOTrO
MHO}KecTBa ToueKk (MHororpaHuuk). Ilompo6GHoe mokasaTens-
CTBO 9TOTO UMTATeNh HAWNeT B ClefywoImedl IiaBe.

BnGanorpaduaeckne 3ameqanns

IlepBoe pmokasarenbCcTBO OCHOBHOI TeopeMHl (Teopemsl 2.6)
6uo pano ¢on Heiimamom [88], aro mokasaremxncTBO OBHLIO
OCHOBAaHO Ha TOMOJOIHYECKoit Teopeme Bpayspa o HemomBm«-
Hoii Touke; nosmpee Bumap [109] pmam amemenTapHoe moka-
sarenbcTBo. B kmure ¢om Heitmama u Mopremmreprna [92]
GHIIIO J1aHO HPOCTOe JOKA3aTeJabCTBO, OCHOBAHHOE HA TEOPUH
BHIYKJIBIX MHOKECTB; [OKa3areJIbCTBO, IPUBEJlEHHOE BLIIIe,
M0 CymecTBY ecTh joKa3aTeabcTBo, §oH Heiimana m Mopresn-
mrepHa. Jlpyrue [oKasaTeabcTBa STOH TeopeMH mid ee
0606menna Mouo Haiitm y Bomem6Gaycra u Hapmmma [9],
y Bpayna n ¢oun Heiimana [19] mn y Beitna [122].

Jna panpHefimux cBeleHMT O TEOPUMH BHIOYKJIBIX MHO-
MMEeCTB peKoMeHgyercsa obparurbecsas K paboram I'mesepmama
u IlonTparuna [46] wim Bonnesena n Qemxens [12]. ‘

YnpakaHeHnsa

1. Ilycte A —wMHOMeCTBO Bcex Touek mpocrpasctBa Eg, xoopum-
HATH KOTOPHX || &Yz || YAOBIETBOPAIOT YCIOBHAM

2y 22 < 4, z—yF220.

Haiipnre 3aMEIKaH¥e, BHYTPEHHIOO 9acTh U IPAHMIY MHOMKeCTBa A.

2. Tlokamkute, 9TO0 BCAKOE BEIMYKJIOE MHOMKECTBO SBJAETCA CBA3-
uplM. JladiTe OpHEMep CBA3HOrO MHOMKECTBA, KOTOPOe He SBJIAETCS
BLIITYKJIBIM.

3. HaifiguTe oKCTpeMagbHOEe MHOMKECTBO MHOMKECTBA A, omIAcaH-
HOrO B ynpaykHenuu 1. .

4. TlocTpoiiTe MOKa3aTeJbCTBO TeopeMH 2.3 MJ® ' Haligmre ero

" B JiATEpaType.

5. Iloxamxure, uto Teopema 2.3 He OymeT cHOpaBefAauBa, €CIH ME
OmyCcTHM YCJIORHE, 9YTO X eCTh BHIIYKIOe MHOKECTBO.

6. Ilokaskmre, 9T0 Teopema 2.3 He Oymer cmpaBefInBa, €CAH MHl
omycTEM ycJjosue, 9T0 X eCTh 3aMKHYTOE MHOMECTBO. )

7. HOowasxure teopemy 2.3 pmiaa n=2. (YKasaume: IyCThb y eCTb
TO9YKa MHOMKecTBa X, Oamkaiimag K #; pacCMOTPUTe NPAMYI0, NPOXO-
IOAMY0 4epe3 & W MOPHeHJAKYIAPHYIO K NPAMON, COeUHAIMER ¥ B ¥.)
3ateM mompobyiiTe 0606mMATE 9TO HOKA3aTENLCTBO TaK, dTOOLI ycTa-
HOBUTH CHPaBEJIMBOCTh TEOPeMBl JIfA IPOU3BOJLHOLO .

8. orajitye-teopeMy 2.4 [IJs 9acTHOrO CJydas, KOTZa rpa-
HWTa MHOKEeCTBA X HEe CONEP:KUT OPAMOJINHEHABIX OTPE3KOB.
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9. Hafigure meHH OPAMOYrONBLHKIX WIDP, MATPHOE KOTODHIX VKa-
BaHH HWKe, W Hal[ATe ONTUMAJLHEIC CTPATETHH [JIA OOOHMX HIPOKOB:

01 2
a)f[2 0 1],
120
0 5 —4
6) |3 9 —6|,
3 —1 2
1 —1 2
S PR &
10. Tama mpamoyromsHag Hrpa ¢ MAaTpHNedl mopaAKa m X m
ay ... G
A=) . . . .. .|,
Amy -+ Amm)

rue
_ 1, ecun i + j,
Hj= { —1, ecam i=j.

Iloka)kaTe ¢ IDOMOMmMBIO TeoPeMEE 2.9, UTO ONTHMAIBHHIN Cm0c06
WCPBl [JIs1 KQKIOr0 HIPOKa-— BHIOMpaTh Ka)k[Joe W3 umcesa OoT 1 go m
€ OfAHAKOBOU BEPOATHOCTHIO, T. €. MTPAThL CO CMENMAaHHON CTpATermei

1 1 1
— — ... — ||, ¥ HOKaMKHUTe, 4TO
m m m
m—2
o= .
11. Ksagpatmas maTpmia i
. Qi +-- Om
A= . . ..
am oo Amm
HABEIBAETCA KOCOCUMMEMPUYUETKOU, €CHN a;j= —aj; (Aaa i=1, ..., m
A j=1, ..., m), TAK 9TO, B YACTHOCTH, @;;= —a;; (BAA i=1, ..., m)

u, CcaefoBaTenpHO, a;;=0. IlokamnTe, 9TO meHA NPAMOYrOILHOU
ArPH ¢ KOCOCHMMETPHYECKOH MaTpumeil paBHA HYM:IO, U ecidm || X*YV* ||
eCTh CTpaTermyecKad CeANIOBAsd TOYKA TaKOH WIPH, TO TaHOH Ke
ABIseTCH W TOUKa || Y*X*||.

12. [loxasute Teopemy 2.10. .

13. B nprmepe 2.15 MH HAmIIM, 9TO ONTHMAlbHAsd CTpaTerus
nas Py pasra ||0 0 1|, To ecThb Bcero Jyume mjia Hero Bcerga BeiOm-
patb qmcio 3. IlocKOJbKY DepBHE ABA dleMeHTAa IOCHeHnell CTPOKH
MaTpPHANH PaBHE, TO MOKeT NOKa3aThCA, YTO ABJAETCH HECYIECTBEH-
HBIM, KaKYI0 CMeMIaEHYI0 CTPATeTHIO | ¥;Ysy3|| mpuMmenser P,, eciam
o Geper yz=0. Ilouemy ato He Tar?
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14 JaiiTe mpuMep, MOKA3KBAIOIAN, YTO BHIONHEHNE DaBeHCTB
"E (X%, Y*)= max min E (X, Y)= min max EX,7Y)
X€eSm YeSn YESn XeSm
He ecTb JOCTATOYHOe YCIHOBHE, 9106m1 || X*Y*|| OwiNo pemenmeM mps-

MOYTOIBHOH HIPHL.
15. Marpmua HeKoTOPOH IPAMOYTOJBHOE HIPH €CTh

ay ... a4y,
A= . .. ...,
am .. Qpy,
a MaTpHna BTOPO# HrpH
kan cen kain
A= ... ... ,
kapy ... ka,,

rjge k—NoJOMKNTeNbHAA KOHCTAHTA. Ilokaskure, 49ro 5TH ABe WIPEI
KMeIOT OMHAKOBHEIE OHTnMaHBHHe CTPATeTHH H 4YTO €CJIM ¥; €CTh HeHa
uepBon WrpHI, & vg—I€eHa BTOpOK HArpei, TO

vg—kvl

16. IlokammTe, 9TO yTBEPH/CHHE, upnnenennoe B yOpa:KkeeHun 15,
te GyJeT cmpaBelJHBO, €CIH MH OUYCTHM YCHIOBHS, 9TO k monomu-
TEJILHO.

17. Marpuua mopAgKa m X m HA3KBAETCH AAMUHCKUM Keéadpamom,
eClIi KaMasA CTPOKA W KamKmui cTounbenm ee co;xepmar BCe Iejnle
ymena or 1 o m, HampmMmep,

1 3 2 4 -
2 4 3 1
31 4 2
4 2 1 3
Moxraxnre, 9TO0 Wrpa m X m, y KOTOpOH MAaTpHOA eCTh JATHHCKHI
KBAZpaT, ¥WMeeT INeHY (iéﬂ .
18. IlokaskwuTe, YTO IEeHA UTPH SBIAETCA e[MHCTBeHHOM.
19. IlokaxuTe, q’rol 00 152 0 = 12 0 0” ecTh  ONTHMAJbHAA

CTpaTerus fiA KamAoro Hrpoka B 'rpexnansuenon Moppa (ommcanHOi#
B yn%muennn 17 raaBu I).

Haiinure, mcmonb3ys HOHATHe IPEBOCXONCTBA, pellleHHe MpA-
MOYrombHOM HIpH, WMelomed CIeYOmMY0 MATPHIY:

000 0 00O

4 2 0 2 1 1

14 3 1 3 2 2

P 4 37 —5 1 2
4 3 4 —1 2 2

4 33 —2 2 2
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21. Ucmonssyiite rpaduuecknit MeTo, OmMCAHHHI B pasfele 5,
4T00H HaiiTH pelTeHHe NPAMOYrOMLHOM HIPH, AMEINIel TAKY0 MATPAILY !

19 15 17 16
I 0 20 15 5“ ’
22. PemuTe rpaguuecKuM MeTOOM HIpy ¢ OJATEKHOH MaTpmued
' 27
35
1 2

CpaBuHTe PUCYHOK I 9TOM HIPH ¢ pHUCYHKOM mnpumepa 2.20
(cm. 3amedanme 2.21). :




PIABA 1II
PEIIEHNA IMPAMOYTOJbHBIX UIP

1. MnoskecTBO pemepmii

B sroit rraBe MH OyneM HU3yd9aTh MHOKECTBO PpelIeHMA
[IpOM3BOIBEOI mpaMoyTonbHoi urps I, Iockomsky mapa | XY ||
sBiIsAeTca pemenneM urpu [T Torma W TombKO TOrAa, KOTAA
X u Y cyrp onTuMajbHbE CTPATeTHA COOTBETCTBEHHO [If
HepBoro M BTOPOTO MIPOKOB, TO [OCTATOYHO WMCCIENOBATH
muoxecto T, (I') omrTmManbHEIX cTpaTerwui Hrpoka P, m MHO-
aecro T, (I') onrumamsHHX crparteruii urpoxa P,. Mu ysu-
amM, 9710 ecam ' ecTb Wrpa ¢ MaTpumeii mopagka m X n;
1o T, (I') ects BHnyknas o00i049Ka HEKOTOPOro KOHEYHOTO
MHOeCTBA TOYeK M-MEPHOTO HPOCTPAHCTBA M, AHAJIOTHIHO,
T, (') ecrp BryKIas 000N0YKa KOHEYHOTO MHOKeCTBa TO-
yeK n-MepHOTO UpOCTPaHCTBA., TakuM oOpasoM, MHOMe-
crea T, () m T,(I') wumeloT uPOCTyi0 TeOMETPHIECKYIO
MHTEPOPeTal}Io — OHM IPefcTaBIA0T coGol0  MHOrOrpaH-
HEKu, J[OKa3aTeabcTBO ITOrO IONIOMKEHMs NPHBEJET HAC K
o0ImemMy MeTOAY OTHCKAHWA PemeHHi NaHHOH UPAMOYTOJb-
HOit umrpsi, Gollee KOPOTKOMY M Jydile IPUCHOCOGIEHHOMY
A MANIMHEHOTO BHYMCJIEHWSA, YeM cIoco0, ONMUCAHHBIH
B Komie riaaBsl I1.

3ameuanue 3.1. Hexoropsie AoKasaTeabcTBa 3TOM
raBbl, BEPOATHO, OKaKyrTca Oojee TPYMHEIMH, deM JOKaza-
TeIbCTBA, NPUBOANMEE B OCTATIbHHX IJIaBaX KHATH, 0COGEHHO
I TeX, KTO Maj0 3HAKOM ¢ Marpudmoil amre6poii. Ilpu
HepBOM UTeHHM MOMKHO ONYCTHTh [(OKA3aTelIbCTBA JIEMMEI
3.5 u Teopemnr 3.6, a TawKe pasfeasl 2 M 3, TOCKOIBKY
B OCTanbHOM TEKCTe Ha HUX HeET CCHUIOL.

JJemma 3.2, Ecau I' — npamoyeosvras uzpa ¢ mampu-
yeii nopadka mxn, mo T,(I') u T,(I') cymv nenycmeue
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02PAKRUYEHHbIE BHINYKAbIE U 3AMEHYIblEe NOOMHOMCECME COOM-
6EMCIMBEHHO M-MEPHO20 U N-MEPHO20 NPOCMPAHCME.

Hoxasarenbcrno. [oramxem eMMY 3.2 TOIbKO- JJIf
T,(T); noxasaremscro mua T, (') amamoruumo. Coraacuo
reopeme 2.3 T, (T') — memycToe.

ITockoanky T,(T) ecTp mOAMHOMECTBO MHOMeCTBA S,
TO, JNA TOr0 9YTOOBl [IOKasaTh OTrPAaHMIEHHOCTH T, T),
AOCTATOYHO [0KA3aTh OrPAHMAYEHHOCTH S,,. DT0 0YEBHAHO,
TaK KK KUKIBIH o]IeMeHT MHOMecTBa S,, ecTh BeKTOD || ;. . . 2, Il,
KOMIOHEHTE KOTOPOTO YAOBJIETBOPAIOT YCIOBHIO

LTyt otz =1,
rae
;>0 (i=1,...,m)
“H, CIIeJI0BATENBHO, ’
' 4. i<,

Tak 9ro S,, gexmr B rumepcdepe pagmyca 1 ¢ LEeHTPOM
B Hadajie KOOPAMHAT, e .
Ilycrs mnare:xnas matpuna mrpst I' ecTs

Qype e Qyp

A=

Ay - Gy

u- NyCTb MAaTeMaTHYeCKoe OKHAaHWe BHUrpHma mrpe I
pasHo E, Tak 4ro ecam -

X =0y [l €S, 1 Y =gy .5, €S,
TO

E(X,Y) =,-§4 iZaiJ'xi Y- (1)

Oyers v—mena nrpu. Uro6m yGemmrscs B ToM, uTo
mHokectBO T, (') BEIyRIOE, BO3BMEM OGBHIE DIeMeHTH

XM XM yEomecTsa T,(T) m HexkoropHii snemeHT
0= 0,...0.| mBOKeCTBAa S, 0bpasyeM cymmy

X*=0, X4 . 4a, X0 (2)

Hysx#o moxasars, aro X*€ T, (I'). Hockoasxy XV ,.. XM
3 T, (), 10 mo Teopeme 2.8 musm Beskoro amemenTa Y
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MHOKECTBA S,
‘ V<EXDY) ma i=1,...,r. - (3)
MockoasKy a; >0, To u3 HepaBeHCTBA (3) momydaeM, 4TO
v<0, E(XP,Y) mua i =1,.
W CJIeJ0BATEIRHO,
U+ ... +a,v<a1E(X(”,Y)+ o+, E(XD,Y),
N
<LEXMYY)+ ...+, EXD,Y). (4)
U3 smpaskennit (1) m (2) maxommm -
aE (XD, Y)+ ...+, E(X7,Y)=
=E(@XV+... 40X, Y)=EX*Y), - (5
a m3 (4) m (9) caemyer .
v< E(X*,Y). 16)

ITockonbKy HepaBeHcTBO (6) CmpaBeqauBO JJA BCAKOTO
aldeMenTa Y MHo:KecTBa S,, TO U3 TeopeMm 2.8 cieayer,
gr0 X* NpHHAMIE;KUT MEOKECTBY T, (I'), 9T0 m TpeGona-
J0Ch TOKA3aTh,

Ilna goxasarenscTsa 3amkHyToCTH T (I') BO3EMeEM mociieio-

parensaocts XV, X®,... onemenros mmomxecrsa T, (T),
cxopamyoca Kk sexropy X*. Ilockonery S,, saMKHyTO, TO,
oueBmgHO, X*€S,,; HaM Hy;KkHO mokasatb, uro X*€T,(T).
Tax nak x® €T;(T), To HA oCHOBaHHH TeopeMsl 2.8 npaa
BCAKOTO dileMeHTa Y MHOMecTBa S, .

v<E(XD,Y). o

Ho rax xax E(X,Y) ectp numeiitmasa (m, crefoBaTelbHO,
HempepniBHAsA) (YHKNUA KommoHeHT X, TO Ha OCHOBaHUH
gepasencTBa (7)

v< E(X*,7Y).

Crenosarenkgo,. Mo Teopeme 2. 8 X"‘ET1 (T'), 4ro m TpebGosa-
JI0Ch JIOKA3aTh.
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3ameusanne 3.3, U3 BHOyKiocTH MHOMecTBa T, (T
caexyer, 4to ecau T, (I') mmeer Gompme ommoro dJIeMEHTa,
TO OHO mMMeer OecKOHedIHOe 4mCIO dieMenToB. To e camoe
copasefyuso pus T, (I'). Urak, mpsamoyroapmas Arpa mMeer
aubo TOABKO OXHO, IMG0 GEeCKOHETHOe 9HCJI0 pemeHwuit.

Ws axemmm 3.2 Mm BuguM, wro MHOMmecTBa T, ()
n T, (T') ynosrersopsioT ycmoBmio TeopemH 2.4. Takum obpa-
ToM, muOkectBa K [T, (T')] (n1s i =1,2) me mycrsr, m wam-
AHH 3IIeMERT MHOMeCTBa T;(T) ecrs BEmykmas numeitnas
KOMOUHAIINSA DIEMEHTOB MHOKECTBA K[T;(l')]. Iosromy,
JUIA TOrO 9TOOH: HAHTH BCe AMEHTH MHOKECTBA T, (T),
AOCTaTOYHO HAUTH BCe .DJIeMEHTH MHO}KecTBa K[T; (D).
Hoanmee B aToll TmaBe Mm moxaskem, wGTo K[T; (I')] ects
KOHEYHOe MHOKEeCTBO. | .

2. Hekoroprie cBoiicTsa maTpmn

B yrBepmpenusx m moxasarenbcTmax CHeIYIONMAX JIBYX
JIeMM MH Oy[eM MHPOKO IO0/b30BAThCSA Teopmeli MaTpwI,
~ O6osmauum uepes [, mMarpumy IopsAfiKa n X n, KasKAHi
9JIEMeHT TJIABHOI JMArOHANM KOTOPoi paBeH 1, a Bce Ipy-
TAe — HYJII0; HanpuMep: ‘ :

Ii=111]),

10
L=lo 8]
o1t o0 0
I3= 0 1 O .

0 0 1

Yepes J,, o6osmaumm BexTop (. e. MaTPHILy, COCTOAMYIO
U3 OJIHOH CTPOKY) C N KOMIIOHeHTAMH, KasKias M3 KOTOPHX
. baBra 1; manpumep:

=1,
Te=|111],
To=l1 1 1.

Mep:
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Matpuny, TpPaHCUOHHDOBAHHYIO II0 OTHOIIEHHMIO K MaTpuie A,
‘obo3BauuM uepes A'; Hanpmaep'
2 3 l
= 4
1 4”

Taxmm obpasom, mias ao6oro n
In=1,.
Jn ecTb MaTpuma, cocroAmas M3 OXHOTO CTOIOIA:
’
Ji=[l 11,

i=| 1]

1
1
1

Ectu A —wmarpuna, a k— HexoTopoe 4mcio, To CKalsp-
Hoe mpomssefienue A Ha k obosmaumv uepes Ak wim k4.

Ji=

HaIpUMep:
12 1 2 3 6
313=-2||=||3—-2||3=| 9—6

7 0 7 0 21 0

[IponsBenenne marpunm A m B Oynmem oGosnaanb gepes A.B
WIE mpocTo AB; Hanpuwmep:

—lli g il

01
5 6

Cano 11420435 1.242.443.6]_
A°B—AB—“1.1+3.0+4.5 1-2+3-1+4-6”“

——— _ |16 22l
N 2129

G Isx. Mak-Kuucn
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Ecau A — KBajparHas MaTpHIa 7-To IOPAAKA, To mox A"

GyfeM NOHAMATH TAKYI0 MATpAmy (eCAH oOHA CyIIecTByeT), '

A KOTOpo# .
A A=A 4=1,

Martpuna A™! HasmBaeTcs o6pamHoii k marpune 4. Tax,
obpaTHoil Marpumeii K MaTpuUIe

|5
.4.7 -9
|5 74l

Marpuna A uMeeT o0paTHyI0 MaTPHUIy TOTKA M TONBKO
TOTZa, KOTHA OHA HEBHIPOKAEHHAsA, T. €. KOTHA OIpe/esInTellb

Oymer

Marpunsl A, KOTOpHi# Mul 060o3HAUaeM dYepes |A|, OTIHYEH .

oT HYyJ.
" Ecam A— Mannua, EMeomas JUMDb OfAH 3IeMeHT a,
u ecma a0, To A7 ecTh Marpuna, MMeIOMAaA eXHHCTBEH-
ueit saement 1/a. Taxk, '

o= ]

Marpuna ||0||, oueBugHO, He mmeeT oGpaTHOH MATPHIHL.
Ecnu | a||—marpuna, umeomas Jumb ONMH BIEMEHT, MEHI
OyneM MHOTHA ONYCKAaTh [BOWHEE BepTUKAJbHHIE JMHAW,
_ carysxamue s -0003HaYeHIA MATPUILH, H HCATH IPOCTO @ BMe-

ero |l

Ilycts A — xBamparHas marpuna. Haszosem npucoeduneH-
noii ® marpume A (m oGosmaumM gepesd adj ) marpumy, Io-
Jy9amylocs TP 3aMeHe 3JIeMEHTa i-il CTPOKH U j-r0 cToub-
na marpugil A Ha anrebpamuecKoe MOIONHEHHE 3JIEMEHTa
j-ii crpoku i-ro croabua. Tak, mampumep,

1 23] -2 10
adjl|2 4 6 4-2 0f.
111 |-2 10

Ecan A — Marpuma, NMeOIasA UMb OAUH 3JIEMEHT a, To
He3aBHCHMO OT BeJIWYMHH ¢ MH mojaraem adjA=|/1|, Tar

o
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- 910
adj[[4f| =adj|| - 3|[=adj[|O||=[1]=1.
OTMeTrM, YTO MJIA BCAKOH KBaApaTHOH MATPHUIH CyIne-

CTBYeT NpPUCOeMHEHHAS MaTPHIA; eciM A — HeBHPOKIeHHAA
. Marpura (Tak 4ro A™! cymecTtByeT), TO

A1 A| = adj 4,

e | A| ects ompefenurens marpunst A. Ecim A w B—
ABe MATPHOH € ONMHAKOBHIM YHUCJIOM CTPOK M CTONGIOB,
TO MBI OyzeM 0003HAYATH cymmy Aun Buepes 4+ B, apasnoctb
marpu A u B —uepes' A — B. Tax,

l1z3+'023| 1+0223+3‘
4 5 6 4-—6 0 4+4566+o

s _¥ o

n

”1 2 3” ”0—2 3“_l1~0 2—(—2) 3— 3“

45 6| |l4—6 of Tl 4 5-(—6) 6-0
’ _fr 4 o0
011 6"

" YMHOKeHrAe MATPUI[ AUCTPUOYTHBHO II0 OTHOINEHHIO K CJIOKe-
HUI0O U BHYATAHUIO, TAK 4TO Jiad JoOux A, B u C

A4.(B+C)=A-B+AC

A.(B—C)=A.B—A-C.

ITodmampuyei marpunstr A mut 6yaem HaseBaTh MaTpuny B,
KOTOpasA Wi TOKJecTBeHHA ¢ A, Wal Mo)keT OHITH IOJyde-
Ha n3 A BHIYEDKHBAHMEM HEKOTOPHX CTPOK H CTOJGIOB.
Tak, manpumep, Marpuma

4 5 6

123”

6*
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uMeeT CJIefyIOmue HOoMaTpPUI[EL: E
1.2 3 1 2 1 3 2 3
o5 ol o sl La sl 5l
1 2 30, |14 5 8],

1 2 3
4 9 5 » 6 ] .
[<]- 150 3]
A e Ve BT
b : , 1 ’. ’ I .
Yro6Hn ympocTaTh ofHO U3 HOCIeAYIOMUX J[0KA3aTeILCTB,

HOKaKeM CJeNyIOIyI0 JTeMMY.
Jlemma 3.4, ITycmo

.......

Qpye .y

-K6adpamnas mampuya nopadka r u nycmo
ay+z...0y.+
A, +2x...04;+x
—Mampuya, nosyuerknas us A nymem npubasienus K Kae-
domy u3 ee saemenmos HeKkOmOpo20 deilcmeumesvH020 Yucaa . ,
Toz0a ;
J.adjA,=J, adj 4; 8) -
. ’

| 4| =[4|+ 2], adj AT;. 9)
lorasateascrro. Kak merxo Bumers, paBeHCTBO

ay+ by ay,...ay,

g1+ by ag,...a,, _

................

_ cla | (10)

......................
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ABJIAETCA TOMAECTBOM. AHAJIOTHYHOE TOMIECTBO, OYEBUIHO,
CIPaBeNINBO [JA [POM3BOMBHOH CTPoKM (HiM croabua).
VMHOKHUB HepByI0 CTPOKY OIpefennTe]s JieBoil 4acTu HA &
1 BHYTA ee U3 Kask[oll IOCHe[ywIieldl CTPOKH, MOMHO y0e-
MUTBCA B CHPABEIMBOCTH CIHE/[YIOMEro PaBeHCTBA:

1 1 ... 1 1. 1 ... 1
Qo+ A+ T ..o Qg+ T| |Gy Ggp -.. Gy | -
C e T . " (11)
Gqa+2 apt+x ... a,+x Qpy Gpg oo Gy

AHaloruuHOe PaBEHCTBO, OYEBUAHO, CIPABEJJINBO MJIA
NPOM3BONBHOM CTPOKM (WIM cTOMOHA). '
MoKHO Jerxko MoKasaTh, 4TO

1 1 ...1. Ay .. Gy

. Gy Qg ... Qg
‘IradJA= A R [ I L (12)

Gy Qg --- Gy | |1 o1

Kpome Toro, 04eBHAHO, 4TO PaBeHCTBO (8) HEmOCPEeACTBEHHO
caenyer m3 pasenctBa (11). Uro6m ycramoBuTh CupaBemIH-
BocTh paBenctsa (9), samernm, uro us pasemcrBa (10) BH-
TeKaer:

z oz ...z R
ey g .. ag e e e e e _
le|=|A|+ e e e e e e e +. L N O P
Ay Gpg -+ Gy z Sz
1 1 ...1 an oeaq,

=|4A|+z a.h a22""a.2r L ar—;-l:"ar—lyr -A13)

Gy Opg o oo Gpy 1 |

U, BaKoHemmeomOCTaBIAA MOCJIE[HEE BHPa)keHUe W DaBeH-
crBo (12), momyuaeM, dTO WieH B KBaJiPaTHEIX CKOOKax B
Buipaswennu (13) pasen J, adj AJ;.
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3. Onmpenenenne Beex pemennii

Jemma. 3.5. Tyems T — npamoyeosvnas uepa, naamedrc-
has mampuya xomopod ecmv A, nycmv v (T)—yena uepu,
omauunas om wuyss, X€T (T) u Y€T,(T). Toeda, Ousn
mozo «mobw X € K[T,(T')] & Y€K[T,(I)], neo6zodumo u
docmamouno, wmober cywecmeosaia Hegbiponcdennas nodmam-
puya B mampuywr A maras, wmo

1

: J, B

: J(B7Y) '

Y= T BT (16)
ede r ecmv nopadok mampuyn B, X — BEEMOP, NOAYUEHHbLE
us X nymem guiueprusanus zaemenmos,” coomeemcmeyouus -
UMEPENYMbLM CMpoKam npu obpasosanuu mampuyst B usz

smampuynt A, a' Y ecmo 6eKmop, noayuenwuidi ug Y nymem

BUNEPKUBAHUR 94eMEHMO8, COOMEEMCMEYIOWUT EHUCPKHYMBLM

cmoabyam npu obpasosanuu mampuys B us mampuyst A.
HoxasateanscTBo. [omomnm

UTo6H y6eauThes B [OCTATOYHOCTH HAMIETO ycioBHsA, Ipef-
OTOKUM, 9TO MMeeTcsi HeBHIPOMKIEHHAS Marpuma B, yZ0B-
JerBopsomasn_ycuosuaMm (14), (15) u (16), u urto mpm atoM
yemosua X €K[T,(T)] u YeK[T,(I')] me Bmmomsmorcs
ONHOBPeMeHHo, Tak 90 1160 X¢€ K[T, (T')], mubo Y €K [T, (I)].
Hoxasmem, aro npepmonomenne, 6ygro X €R[T, (T')], npm-
BOIUT K OPOTHBOPEYMIO; NOKA3ATENBCTBO NPOTUBOPEYMBOCTH
npeanonoxenus Y € K[T, (I')] amamormuso.

ITockonpry sajaua onpenerenus pememumii Mrps He Me-
HAETCA CYIMECTBEHHO IIpH NePecTaHOBKe CTPOK WIH CTOJIG-
00B, MBL MOKeM, He Hapymas OOIHOCTH, MOJOKHATH, 4To B
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'HaXOJMTCA B JIEBOM BepXHeM Yriy MaTtpunsl A, To ecTh 4T

Ay« Gy,

Taxam obpasom, ecmu X = ||z, ... 2, |, To X =2, ... z,|.
Ho mockounsky X €S,,, To x€>0 (nmst i=1,...,m u, cie-
noBaTensHO, TeM Goxee mua i=1,...,r). Jlamee, us pasen-
crBa (15) MH 3aKmoduaeM, 4TO :

T . ] 177
zxi=X.J;=§:—BB-_lj—f=1.
i=1 T
[oaTomy ‘
XeS, (A7)
.
z; =0 (r<igm). (18)

ITockonsry Mm mpepmomomund, aro X € K[T, (T)], cue-
MoBaTelbHO, CYIMECTBYIOT HECOBHAJAMINEG MeKAY CoGoil
smementHl U =|lu, ... u,|| 8 W=|w,... w,| maomecTBa -
T, (T'), Takxme, uTO

X=3(U+W),
TO €CTh TaKue, 4TO
‘xi=%(u¢+ w) (i=1,...,m). (19)
s B‘Hpamennﬁ 17, (18) = (19) .
u,=w;=0 (r<i<gm). (20)

CuegoBarennro, GyneM HMeTh:
U454 oo F Urari = U805+ oo+ Upmj (F=1,...,m). (21)
Ho mockomsry [u, ... u,| € T,(T), 10 .
Uagi-t+ ...+ 8,ami >0,
b, CIef{0BAT&IRHO, Ha OCHOBaHWM papeHcTBa (21)
' Uy + ... +ua,;>0; (22)
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COBEPIIEHHO AHAIOTWYHO MOMKHO TOXYIUTDH
Wiayi+ ..+ W05 > 0. (23)
Wz pasercrs (14) u (15) mmeem:

en JBB _ J,
XB= 7,50, = T =

0, CJIefoBaTeabHO, 4
a1+ .. Fxa= j=1,...,n),
TaK 4ro, menmombsya (19), momywaewm:

%(u1+wl) ait ... +%(ur+w,) arj =2,
nnn . 4 :
[wa1i+ ... o]+ [wag+ . . . 4 w,a,5] = 20. (24)
U3 surpasenmii (22), (23) m (24) mmeem: .

[wa15+ ... + u,ar] =[wa45+ ... +wa5]=0  (25)
(7=1,...,7),.
0, ClIef0BaTeIbLHO,
U.B=W.B,
OTKyZla BHTEKaeT, 4To i
U.B—W.B=0,
W, CIIeOBATENIbHO, 4TO
(U—-W).B=0,. ' (26)
Iockonsky mpegmonaranocs, aro U m W pasnmumiie Bek-
TOPH, TO
U—-WwW = 0,. - (27)

Torma ws Brpamennmit (26) m (27) caemyer, uto B ecthb
BEIPO’K[€HHAS' MATPHIA, UTO IPOTUBOPETHUT YCIOBHIO.

OcraeTcst mOKa3aTh, 9TO ycI0BHEe HEOGXOMUMO. Honycrum,
aro X€KR[T,(T)] m YEK[T,(T')], u moctpomM HeBHPOH-
MeHHyl0 Matpuny B, ynosmersopsiomyio ycmomam (14),
(15) m (16). :
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He mapymas oOImHOCTH, MBE MOMeM MpPEANOJOKATH, ITO
CTPOKM MaTpHIB A pPacHoJIOKeHH TakuM o0pasoM, 910

z, 0 (i<m’) (28)

z;=0 (i>m'), (29)

§ KpoMe TOTO, TDENNOJIOMUM, 9TO CTOMOIE MaTpuusl A
PACIONOKEHE TAKNM 00pasoM, dTO

yi =0 (j<n’) (30)
u :
yi=0 (j>n'). (31)
Ha ocroBammm Teopemsl 2.9 ME 3aKii9aeM, 4TO
a8+ . o+ amiy, =0 (;:=1,...,n') (32)
i .
it .o Oy =0v (=1,...,m'). (33)

[lamee, He Hapymas OONIHOCTH, MH MOKeM TaKie Ipef-
[OJIOKATH, 9TO CTPOKM M CTONOIEI MATpHmbl A pacmomoe-
HE TaknM o6pasoM, 4TO AJA HeKoToporo n’ > n' M HEKOTO-
poro m” >m'

1%+ oo+ Uiy =0 (j=1,...,n", (34)

a1+ oo Qi >0 G>n"), . (35)
Y+ oo Y =0 (i=1,....,m"),  (36)
Capit ety <vo (@E>m). 37

Ilycts D; ects BekTop |/aij...amj|, rme j— moboe
medoe 4meao m3 muoykecrsa {1, ...,nkL Onpene.rmm PeKRyp-

PEHTHO HEKOTOPHIE MHOMKECTBA IeJHX ducel Ay, Ay, . . o An—n.
[Tomoxum

A,={1,...,n'}
[IpegmonvkuB, 9t0 A, ONpefeNeHO W PaBHO

Ap=1{ky, .. kL)
ME OyaeM pasimdaTh ABa CIydas: ‘

Cayuaii 1. CymecTtByeT memoe 4YmCIO j B MHOMKECTBe

{1, 2,..., m==A,  Taroe, uro exrop D; nnmeiliHo He3a-
BacAM OT BeKTOpoB Dp,, ..., Dy,, TO eCTb Takoif, d9To He.
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CymiecTByeT NOCTOAHHBIX YHCE] Cps ooy Cr,»> ONRHOBDPEMEHHO
OTJIAYHEIX OT HYJIA B YAOBIETBOPAIOMNX YCJIOBUIO

Dj = chhl +...4+ ckuDku- S

Cayuali 2. Takoro menoro wmeia ] He cymecTByer.
. B mepsom ciyuae, oGosmavas uepes Jo HamMeHbIIee Ie-
J0e THca0 B MHOmecrse {1,...,n"}—A,, Takoe, uro Dj,
JIMHEHHO He3aBHCHMO OT Dy, ""Dhu’ NGIOKAM

Aryi =-Ak U {7l .
Bo Bropom cayuae cumraem Ap,y = A,.. Ionoxum Tenepp

A. = An’—n'.

He mapymas o6muoctu, ME MomeM UPeATmONOKUTD, YTO
CTONOIE MATPEOH A DACHONOMEHH B TAKOM nopAgKe, 4TO
JIA HEKOTOpOro I .

A={1,..,0 0" +1,...,4).

Torpa nerxo Bupmerh, uTo AIA N’ < J <t Bertop D; nuueii-
HO me 3aBucur ot BeRTopoB D, ...,D;_y, Djy,...,D,;
Kpome Toro, ecan ! < j<n’, to D; numeiiHo 3aBUCHT OT

1,'..., te

AHajOru4mo, €Ciu mMOJIOMKHATH
Ci=llay...aml,

rae i — moGoii sieMent MHOmecrsa {1,...,m}, To mo ama-
JOTUIHHIM COO0pasKeHMAM MBI MOKeM, He Hapymas OGIHO-
CTH, OPE/INOJIOMATE, UTO CYIECIBYeT IeNoe S, yHOBIETBO-
pAlomee yciosmio m’ <s<m’, Takoe, 4T0 AL m’ < i <$
BeKTOp C; IMHEHHO He 3aBHCHUT OT BeKTOpoB Cy, ..., Ci_y,
Citi,...,Cy; ecm e s <igm’, To C; nuHeitHO 3aBHCAT
or Cy, ...,C,. ’
[lonoxum Temeps

au...au
B=|---..1.

Qg ... Gy

Honycrum, dro Marpuma B BIpogeHa, TAK 9UTO IHGO
CTPOKHU, juO0 CTOJGUE ee IMHEeHHO 3aBUCHMEL PasGepem
cilydall JIWHEHOH BaBUCHMOCTH CTPOK (B Ciyyae JInHeHHOM
3aBACHMOCTH CTONGIOB [OKA3aTENbCTBO AHAJOTHUHO).
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“Haa i€{4,2,...,m} BeemeM oGo3HaueHme
Bi=|lay...a, ”

ITockoNMbKy CTPOKH MATpumsl B 3aBHCHMH, TO CyHIeCTBYIOT
TaKHe NOCTOAHHHE Cy, ..., C, HE BCE DABHEE HyJIO, 4TO

01B1+ o +CSB3= 0[. (38)

Kpome Toro, mus i > m' MH ROWLKHH nMeTh c; =0, Tak
_ KaK B IPOTHBHOM cJydYae MH Moriau Ol pasfeiaTb paBeH-
_creo (38) Ha ¢; ® mpuiTH K BHBOAY, 4To B; nuHeiHO 3a-

pucur ot. By, ..., B4, B, ..., By B, clefoBarelpHo (TaK
Kak C;—4dactb Bekropa B;), C; IuHe#iHO 3aBHCUT OT
Cy - Cicty Cist, .., Cy 9TO NPOTHBOPETAT NOCTPOEHHIO.
IMoatomy m3 ycmosuit (28) u (29) saxmogaeM, 49TO
;=0 pmua z;=0 (i=1,...,7). (39)
Ha ocHoBamumu paBeHcTBa (36) mMeem:
ap
||y1....yn|| =0 (i=1,...,m"),
a

in
u, caemomareibHo, a3 (31), ygureBas, 9ro n’' <1, TMOIyIaeM:

i
: .lly?.‘..y,n =v.
: T
WNrak, nomaras Y*={y, ...y, ||, amMeem:
Y*.(B) =v (i=1,...,m'). (40)

Ucnonrsysa (40) m (38), MEI BUJUM, YTO

v o= 2 (’ci=L§ Y*_(Bi)'ci"_'.'

8

— , =Y* 2 (B)e;=Y*(0,) =0._

i=1
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a IOCKOJBKY, MO ycioBdio, v = 0, 1o

. =
ITonoxum Temepp ¢; =0 gua s<i<m u
C=|ler...cnl (42)
Uz ycmosna (39) m m3 ompepeneBus c; aas i > S EMeeM:
=0 mna z;=0 (i=1,...,m). (43)

Ins mo6oro AefcTBATENHOTO 9UCHA 0 onpefeanm BeKTop X -

Xy=X+aC. (44)

Tak Kak He Bce KOMIOHEHTH BeKTopa C PpaBHH HyJIO,
oueBHHO, 9T0 Xq=X TOrja W TOALKO TOrAa, Korpga o =0;
B obmem ciyiae X,= Xg Torga m TONBKO TOrxa, Korja
a=§.

U3 pasercra (41) BrTexaer, aro ecim Xo=|2, ... 2,
TO :

m " m m m )
Zzi=2(xi+aci)=2xi+a2 ¢,=14+a-0=1. (45)
i=1 i=1 © =] fa=q .

Ilanee, us yciosna (43) Buamo, uro, BHOpPaB @ AOCTATOYHO
MaibM, Mbl MOMeM NONyIuTh 2, =2; +ac; >0 auaa

i=1,...,m; clegoBaTeIbHO, CYI[eCTBYeT TaKoe &;, 9TO
Xa€8, (|a|<e). . (46)
OGosrauus gepes A") -ii cTonbern MannnH A, MH BEAMM
Ha ocHOBaHmE (43) m (38), aro mas j=1.....7.
Gy

C-AV=|lc;...c.| - =

Amj
=C1a1j+ o FCplmi=0C1ayi + ... +ca,5=0. (47)
‘Eemu ¢t < j<n’, 10, kak Mm pmmennm pwme, D; numHeiiHO

sapacut or Dy, ..., D,. Takum o6pasoM, CymecTBYIOT TaKHe
nocrosnnse dy,,,.,d;, 410

D;=dD+ ... +d,D,.
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OTCiofa, HCHOJNB3YS paBeHCTBO (47), momydaem:

. ayj 5
C.AD = o=
—-;llcl...cmu =”c1...cm' ” ) =
A | Am’j

=lley - e |- Dj=
=|l¢y... cpl-[dyDy+ ... +d,Di]=
=lley. . Cm || [ AN+ ... 4 d,AP] =
| =C[d AV 4. .. +dAD] =
=d,CAD 4+ ... +d,CAP =0. . (48)
Taknm o6pasom, u3 pasencts (47) u (48) cmenyer )
C.AP=0 paa j=1...,n",
m moatoMy miA j=1,...,n" momyuaeM paBeHCTBO
Xg- AP = (X 4+ 0.C) AP =X. A")+a C-AD=X.AD =y,
(49)
cHpaBeIMBOe TIPH BCEX Q.

Ilna seex j > n” mmeem X-A? > v, Cuepopatemsno, Mst
MOY<eM HAliTH TaKoe &,, UTO

X, A9 — (X +aC) A0 = x. A(j)_;.vac- AP S g (50)
opu |a| < e,.

Beemem ofosHagenme &= min (g,, &,). Torma ms (46), (49)
u (50) momywam, 9ro puA |a| < e Bemonmsaerca Xq€S, m

Xg-AD >0 (j=1,...,n), moaromy Xq€T,(T'). B =acrmo-

CTH, IIOJIOKUB ﬂ::-ga, MH TOJydYHuM: :
 OXGeT, (D) 8w XeT, (D),

Ho rar wax , )

= l (Xﬂ + X"B)’

10 X € K[T, (T')], aro mpormsopednt ycaosmo. Orcioma 3a-
KijouaeM, 9TO MAaTpuia B HeBHpOkAeHHad, 9T0 m TpeGoBa-
70CHh JIOKa3aRam.
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Hns saBepmenus pokasatemncTBa oOCTaeTcA OPOBEPHTH
BhNONHeHHe 1A B pasencts (14), (15) m (16). Ilockomsky
Matpuna B- HEBHIDOMJICHHAA, S§=1{; MNOJOKHEM 7r=3§=1,
Torga

arl e

Ilyers X=|lz,... 2, || m Y=|ly,...y,|. Bexrop X
nonydaerci u3 X IyTeM BHYEPKIBAHAA - IEMEHTOB, COOT-
BeTCTBYIOIIAX -BHUYEDKHYTHIM CTpOKaM ' Dpu o6pasosammm B

us A; Bexrop Y mHomydaerca amamormummM o6pasom. Ecim
BepPHO paBeHCTBO (34), To TeM Gomee cmpaBeanuBo, 9TO

At =0 (F=1,...,7),
U, ClIefioBaTeNbHO, NOCKOMBKY Z; =0 (i > r), T0 ‘
yZy+ .ot ar.=v (j=1,...,7). (51)
U3z (51) cmemyer, gwto :

' .X-B=v./r,

a OTCiofia B CUIY HEBHPOMeHHOCTH B _
X=XBB'=v/ B (52)

AHaJOTM9HO, ¢’ TOMOMBIO PABEHCTBA (36) MBt saxmouaem,
910 .

G+ ay=0 (i=1,...,7),
OTKy/Ia : ’ ‘
YB'=vJ .
CiiegoBaTensHo, o .
Y=VYB (B)i=0J,(B)1=0v],(BY. . (53)
M3 pasenctBa (52) MH momydaeM:

o[/ B =(v],) (B V) =XBB; =XJ=1, (54)

OTKy/a
p= i

TR
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Jro ®m ecth paBemctso (14) mameit demMEel. Pasemcrma (15)
g (16) BHTEKAIOT HENOCDeNCTBEHHO W3 PaBeHCTB (92), (93)
n (54). JloxazaTeibcTBO 3aKOHIEHO.

Teopema 3.6. ITycm» I'—npamoyzostnas uspa ¢ mam-
puyeii A. IIpednonomcum, wmo X€T(T) u Ye€T,(I).
Toz20a, daa moz0 wmobn X € K[T,(T')] u YeEKR[(T,(I)],
neo6xodumo u docmamouno, wmobel cywecmseosana Kkeadpam-
nas nodmampuya B mampuywr A nopadxa r, makas, wmo

‘ J, (adj B) J{ 0
u : .
___1B| : '
U=T diB)T] (55)
X J.adj B , (56)

= 7, (adj B) 7]

o Jr(adj BY
Y =T B 7

ede X ecmv eexmop, noayuenhuii us X nymem evvepkuea-
HUSR IANEMEHTNO8, COOMEEMCMEYIWUT BHIUEPEHYMbIM CIMPOKAM

npu ofpasosanuu B us A, a Y ecmv eekmop, nosyuen-

Hulii u3 Y nymem GuIePKUSAHUS DAEMEHINOG, COOMEEM-

CMBYIWUT GbUepEHYMBLM coA0yam npu o6pasosanuu B us A.
Norasateascrso. J[uaa v(l)+#0 reopemy ierxo

BEIBECTH M3 JeMMH 3.D, ecii BCIOMEHTB, UTO A HEBEIPOK-

neHHOUl MaTpunu B ‘

_adjB

Bl

Ias v(T) =0 mu ompefensiem HOBYIO Hrpy I'' ¢ Marpumeit A',

npuGaBias K KaKAOMY dJeMeHTY Matpunu A ducio b=+0.

Hamnpumep, opn ‘ ' N

B‘l

mojaraeM
a¢i5=aii+b ma 1<is<m, 1<jKn, (58)
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TO €CTh

...... .

a

.........

’
Ay + v A

Tenepr merxo nposeputs ¢ moMoOmbIO Teopemnt 2.6, dro

v(T)=v()+b=0b=0, (59)
U fajee, 4TO ,
) T,(M)=T,(T) - (60)
- Ty (I7) = Ty (T), ‘ (61)
TaK 9TO, OYeBHJIHO,
) K[T, (I')] = K[T,(T)) (62)
KT, (I")] = K[T, (T)]. (63)

Hockonery, cormacmo (59), v(I)= 0, TEopeMa cIpa-
sepmBa s I (cm. prime). Ws pasemcrs (60) n (61) mo-
aygaem X €T, (T") m Y€ T,(I'’). Ioatomy, mus Toro wroBr
XeKR[T,(I')] = YEK[T,(I)], meobxomumo H [0CTATOYHO,

9TOGH CymecTBOBAIA KBaJApaTHAA MOAMATPRIA B’ Marpuns A’ -

HopsAKa r, Takag, 9TO
J.(adjB’)J; 0,

"N | B
il )= Fad; BYJT ,
. Jyadj B’ (64)

=T adjB) T

_ J.(adj B’y
- T T (adj B)JL

rie X m Y cyTb BeKTOPH. MOIyYeHHHE IyTeM BHYCPKEBA-
HUA BJIEMEHTOB, COOTBETCTBYIONIMX BHIYEPKHYTHIM CTDPOKAM
u cronbmam mpu obpasoBannu B’ ms A’.

Uz pasemcts (62) m (63) mu BuamM, uTo CymecTBoBa-
HAe MaTPUNBL, yROBIETBOPsiomedl ycnoBuaMm (64), ects Tarxe
Heo6XofMMoe M MOCTATOYHOE YCJIOBHE TOTO, 9TO

XeR[T,(I)] u YEK[T,(D)].
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R 4

[IpennonosxmM, 4T0- B — Marpuna, ImOJydYeHHAs Wu3 B’
[yTeM BHUHTAHMA b M3 KamkAOro siAeMeHTa Marpuus b';
oueBdmAHO, B ecTh KBajpaTHAas NOAMATPUIA MATPUIE A,
KOTOpasg MOKeT GHTh HOTydeHA W3 A IyTeM BHYEPKUBAHIA
TeX e CTPOK d CTOJNOIOB, KOTOpPhIe BHIYEPKUBAIOTCA U3 A
npn o6pasosamuu B’. Torpa w3 dopmyast (99) u aemm 3.4

BUHO, 9T0 ycuoBus (64) paBHOCHIBHEL CJIEAYIONINM:

J,(adjB)J; #0,
_ 1B
*(0) =757,
; J,adjB

_ Jr(adj B)
~ i (adjB)Jy "

-

JTO0 3aBEpIIaeT N0Ka3aTelbCTBO TEOPEMEHL.

Teopema 3.7. Ecau I' — nekomopas nNpAamMOYy20ivHa s
uepa, mo muomcecmsa K[T,(I')] u K[T,(T)] xomeunw, a
T, (L) u Ty(I') aeasomcs coomeemcmeento UL GuINYKAbIMU
o6oaouramu; caedogameavro, T, (T') u T, (') — mnozoepannuru
¢ 6EPUIUNAMU 6 MOYKAT, NPUHAOAEHCAUUL COOMBEMCIMEEHHO
K(T,(I)] u K[T,(I)].

lloxasaTeabcTBo. Ha ocropanun reopemst 3.6 moGoii
saementr MHOoectBa K [T, (I')] moxmo momyunre u3 KBaf-
paTHO#t momgmartpunsl Marpunel A urpu I', a mamHas Ksaj-
paTHas TOAMATpHIa He MOKeT o6pasoBarhb foyree OMHOTO
anemenra muosectsa K [T, (I')]. IlockonbKky MaTpuna A mmeer
JAVMb KOHETHOe UYMCIO IOAMATpPHUI, TO OTCIOfA CJIexyer, 4To
K[T, ()] ecth Komeumoe MHOmecTBO. [lOKa3aTEABCIBO KG-
neanoctt K [T, ()] amamormumo. OcTambHBE NPeJIOKEHNs
TeOpeMH CIEeAYIOT U3 JeMMH 3.2. N

Bameuganne 3.8. Teopema 3.6 maer Ham ciefymomnii
VIOOHEIH MeTOJi HaXOK[eHUS BCEX pemeHmil MNPAMOYTOIbHOIl
UTPHL:

Ilycts mama HpAMOYroibHAfg WIPa ¢ MIATe;KHOH MATpu-
meit A, MH paccMaTpEBaeM moodepeHO KaskAYI KBa/[pPaTHYIO
nogmarpuny B marpunsl A. Jlaa nmopmaTpHns B nopaaka r

u3 ¢popmya reopemst 3.6 mE ompegemsem v, X W Y m pe-
b - - .
MaeM Tpekjie Bcero, npuHamae:xar au X m Y MHOMKECTBY S,.

7 IIm. Mak-Kuucn
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Ecam mer, mMp orGpachBaeM »Ty momgmarpumy B m mepexo-
OMM K [Apyroii kBajgpaTmoii mogmarpmme. Ecim X u Y oba
OpUHAJIeKAT MHOMKECTBY S,, TO MH 00pasyeM BeKTOPHI

X nY, npubasnaa k X u Y HyleBHe KOMIOHEHTH, COOT-
BETCTBYIOIMIME CTPOKAM M CTOI0IMaM, BHYEPKHYTHM u3 A giaa
obpasoBaHuA B, u oupefieiseM ¢ NOMOmEBI0O Teopemu 2.9,
meiicrearensao au X €T, (') m Y€T,(I'). Ecim mer, mm
raiKe orGpackBaeM B m mepexonuM K Jpyroil KBajpaTHOR
mopgmarpune Marpunst A. Ecnm ga, 7o || XY || ecrs pemenne,
u, Kpome Toro, Ha ocmoBammH Teopemu. 3.6 X ¢ K[T, ()]
1 YeR[T,(I')]. Tak MH M0KeM onpefequTh BCe 3IeMEHTH
muoskects K[T,(T')] m K[T,(T')] n, cregoBatensro, maiitn
Bce paemenTH mHOMkects T, (I') u T, (T'), oGpasosas BHIYK-
Jbple JIUHeHHBe KOMOMHAUMU 37€MeHTOB MHOKECTB COOTBET-
creerno K [T, (T')] u K[T,(I)].

B cBasu ¢ »TuM orMermM, 9TO Ham He CIeJyeT paccMa-
TPUBaTh TOAMATPUIE IIEPBOTO MOPSJAKA, TAK KAK OHHU Ompe-
JenAioT pemenus mo (opMymaM TeopeMH 3.6 Torga M TOXBKO
TOTAAa, KOr[la COOTBETCTBYIOIUE TOYKHM ABIAIOTCA CeJIOBHIMO
TOYKAMH IIePBOHAYATBHON MAaTPHIIH.

IloscauM 5TOT METOJ Ha HECKONBPKHX NpUMEpax.

ITpumep 3.9. Paccmorpum mrpy I' ¢ mmarexmoil ma-
TpALei
2 40
1 0 4

IlockonbKy Marpuma He MMeeT CeAJIOBOH TOUKM, MH pac-
CMOTPAM TPH NOJMATPHLOH 2-TO MOPAIKA:

A=

.

2 4
B=11 "o
2 0
C=ly 4|
40
D=1y 4|

Jlerko mnposepuTh, 4TO
|B|=—4
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am=] 73

cJje0BaTeJabHO,

|
Takum oOpasoM,
Jy(adjB)=|—1 -2,
Jy(adjB) =||—4 1]

J,(adj B)Jp = —3.

MMoncrapisa 5TH 3HaUeHWs B (GOPMYJIBl TEOPEMEHI 3.6, MBI
HAXOAUM Teneph, 4TO

=it
L= 5]
SR

Ho mocKoNbKy BTOpas KOMIOHEHTA BeKTopa Y OTpHIa-
TelbHA, TO YE%, OTCIOZla JelaeM BHIBOJ, 9TO MaTpHIa B

He jaer pemeHus Hamell Wrpe (TOT YAKT, ITO Y € S,, MOXKHO
BmBecm TaKyKe M3 TOTO, YTO HE BCe KOM]]OHGHTLI BEKTOpa
J, (adj B)’ omsoro 3Haxa).
O6pamasch Kk Matpume C, MB HAaXOJuM o dopuyaam
Teopems 3.6:

8

H —?,-ii’
7=+ 5l
rae X€S, n Y€S, Tarx kak mpu obpasosamnn C ns A
7*

Il
S c.nlw

il

s
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CTPOKH He BBIYEPKUBAJUCH, TO

=x-| ZH

a IOCKONbKY mpu obpaszoBanuun C w3 A 6Geur BHIYEPKHYT
BTOpOIi crosber;, TO
v=|5 03]
Hanee, nposepsas sermuuusl v, X n Y COrJacHo Teope-
M€ 2.9, MBI HaxXommMM, 4TO

Ex =22y ia-8_y
E (X, 3)-3 4+~ O—-%g>v,
E(X,3) =304 24=3 =0,
. - 4 8
]l(17y)=—-2+0~ —{—? -—_E=U,
B2 Y)=4 14004 td=_y,

Urax, maigennse X u Y MefCTBUTEIBHO TP CTaBINIOT
pemmenue.

BosBpamascs k D, Mn HaxommM us TeopeMH 3.6, uro
N

v=2,
=]z .
P[4 4.
x4 4]
y=[ o0 4.

Ho npm mposepke Bemuunmn X, Y u v cormacuo Teopene 2.9
MBI HaXOMHM, UTO

E(X)=g52441=3 <0,
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u, CJIeqOBaTeNbHO, HAilTEeHHbIE X u Y He CcOCTABIIAAIOT pele-
pusa. (Heratm, 3TO MOKHO GHIIO Tpe/BUAEeTh M3 TOTO, 4TO
jojiydeHHas IeHa WIPHI OTIMIHA OT IEHE, HaliienHoll W3
varpuns C, KOTOpas, Kak MH y/Ke BUENH, cocTaBiIsgeT

pewieHmue. )
Nrak, urpa uMeeT eJHHCTBEHHOE DEMIEHMC:
8
U=-5— y
3 2
x=|5 %[
4 1
v=[z 0%

DTOT Ppe3yJabTAT MOKHO JIETKO IPOBEPHUTH rpagmaecKuM
cocobom, mamomennsim B raase 1.

IMpumep 3.10. Paccnorpum urpy I' ¢ njaTe;KHOH MaT-
pueil

1
21 0
4= ZH
Msul mojaraem
: 2 1
B=lo 1|
. 2 0
C=lo 2|
10
D=y 2
[puvensia GOpMYIH TEOPEMBI 3.6 & B, MBI HaxoguM, 4YTO
0=1, ‘
5 1 1
=z 3.
Y=10 1],
W, CiaefoBaTelbHO,
1 1
- x4l

Y=[|0 1 0.
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W3 reopembr 2.6 mm BugmM, 9TO OTH BeTHYMHEL nedcrBm-
TeAbHO TPe/CTABIAIOT pemIeHHe NePBOHAYAIBHOA MAaTPHILH.
Amnasnorndro, mcmonssys marpuny C, ME OOJIyd9aeM:

v=1,
=]t 4.
r-lto 4],

H, TpuUMeHAA Teopemy 2.6, omaTe yGemmaemcs B ToM, uTO
5TO €CTHh pemeHme.
Haxomern, ucnonssys marpuny D, IoTydaeM, 9TO

v=1,
x-|z [,
Y=|0 1 0},

TO €CTh TO K€ pemeHNe, 9TO U HAWAEHHOE ¢ MOMOM[BIO MAT-
punu B.
Wrax, B oaroit mrpe K[T,(I')] comepmnar mmms OfuH

3JIeMeHT, a HMEeHHO ”% %” a, cxefosarensHo, T, (I') co-

fiepnaT ammb opma sievert. Ho mmomectso K ([T, (T)] co-
Aep:KUT ABA diemenrta, a mmenHo [0 1 O o ”% 0 %“
HosTomy oGmmit s;memenr mmoecTBa T, (T') MmosxHO HammCcaTs
B BHfe

“a,]'0 1 Ol|+a2”% 0 %”

E

e [la; 0,]/€S,. Aro smaunmr, wro mam P, Gyper omrmmans-
HOil m06as cTparerns, Koropas yKaskBaeT eMy BHIOHpaTh
TEDBHIA U TPeTHl CTONGel] OXMHAKOBO TacTo.

IIpumep 3.11. Pacemorpum UTPY ¢ MIATEKHON MaTpHUIeH

-1 3 =3
A= 2 0 3| -
2 1- 0

WIN TIPOCTO

1 1
g0 4 5
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[l 5TOM MaTPHIE

-3 -3 9
adjA=|| 6 6 —3|,
2 7 —86

OTKY/ia HOaydaeM pemieHue

x|t 3] v=[ £ 41

U3 nessaru mopMarpum HopAmKa 2 X 2 aumb OfHA MaeT
HDOIONHUTEIbHOE pelneHne, a UMEHHO

3 —3
B=ly |

I KOTOpOH
y_|L 2 v =2 )
“ 3 3 3 3 “ ’

orciofa

X=“% 2 o], v=|o 2 %H

Urak, P, umeer @MHCTBEHHYI0 ONTHUMAIbHYIO CTPaTETHIO

x4 # 0|

B TO BpeMsA Kak P, uMeer MHOMeCTBO onTUMAILHHX cTpa-
Terumi
2 1 ‘
0 3 3

e || @,0, || — OpOMBBOMBHEI BIEMEHT MHOKECTEA S,. Iena
urps pasHa 1. .

3ameuanne 3.12. Ciaegyer oTMeTHTH, 9YTO METOH pe-
IeHMS IPAMOYTOABHHX WUIP, H3INOKEHHBIA B 3TOi TJaBe,
XOTs W BechbMa NpoO3padeH (H, KoHeYHO, Gomee sdderTuseH,
YeM TPY/NOeMKHl MeTOJi, YKasaHHHI B TIaBe I1), Bce xe
NOPUBOAMT K rPOMO3JAKHM BHYHCIEHHAM [Js UIP C GonpImuMHI
IIATeKHBEIME MaTpHiiaMu, n6o 9uca0 KBajPaTHHX MOAMAT-
PHI, MMEQUIEXCS y MaTPHIl BHCOKOIO HOPANLKA, caMo OYeHb
BEJIMKO, W IOSTOMY HYpesBHYAHHO YTOMHTEJbHO BEITHCIATH

1 3 1
T 5 3“"*‘“2

Y=a1|
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HPUCOeMHEHHYI0O MATPHMIY KBaJPAaTHOW MATPUIBl BEICOKOIO
nopsAnka. Yuemo apupMermdecKHX omepamuii, HE06XOTHMBIX
IpH 3TOM cmocofe, TaK OHCTPO BO3pacTaer € MOBBIMEHNEM
HOpA/AKAa MATPAIB, 4TO MpPEJCTABIAETCA Mal0 BEPOATHHIM
IpUMeHeHHe JasKe COBPEMEHHEIX BJIEKTPOHHBIX BBITHCIMTETh-
HHIX MAaIIWH [JIA pelleHus Urp mopsjgka, ckasem, 100 x 100.

3ameuanue 3.13. U3 BeiBogoB oT0ji T1aBH caegyer, 4To
I MHOTHX IPAMOYTOJNBHHX UTP AMeercs GECKOHEYHO MHOTO
ONTHMAJNbHBIX CTPaTeruii Kak MJAA OfHOLO, TAK WM JJIA NBYX
urpokos. KEcTecTBeHHO, BOSHUKaeT BOIPOC, BO3MOKHO [N
crenaTh BHIOOD . MeKAY PpA3IMIHBIME ONTHMAJbHHIMHA CTpa-
TeTMAMH. ITO MOKHO CHeNaTh PasiNdHBIME CrOCOGaMH, OfHH
"3 KOTOPHX Oyaer ceifuac omucaH.

[Ipegmonoxum, 9T0 KOrZa mepBHil MIPOK BHIOHpaer cme-
maHHylo crparermio X, a BTOPOi — YHCTYIO cTpaTerdmio j,
MaTeMaTMIecKoe OKMaHMe BRHUTPHIIIA [EPBOT0 UI'POKA PaBHO

E (X, ).

Msi roBopuM, uTo cMemaHHas cTparerusi X TPeBOCXOJHUT
cMemianHyio crparermo X', ecln Aaf Ka:KAOH YUCTOl cTpa-
Terun j urpoxka P,

EX, )= E(X",)),

1l CymecTBYeT mO MeHbINeli Mepe Of{HA CTpaTerus j urpoxa P,
TaKasg, 4YTO

E(X, ) > E (X', ).

Mz HaspiBaem crpareruio X Hausyuuied, eciu OHA ONTH-
MajJbHA M HHUKAKafg [pyras cTpaTerus HE NPEBOCXOUT ee.
AHAJOruYHO ONpENeNAOTCA COOTHOMEHNS IIPEBOCXONCTBA
1 HawIydmue crpaterus Aas P,.

WNarynrusrOe 060CcHOBaHME STHX ONpeeieHUll 3aKII0YaeT-
cA B TOM, 470 ecau X mpeBocxomuT X', 70, HE3ABUCHMO OT
TOTO, KaK pemiaeT mOCTymuTh urpok P,, P, 3aBegoMo mocTy-
OUT He Xy)Ke IPHM HMCHOJh30BaHMM X, 4eM IpPH WUCIOIB30Ba-
nun X'. Jladee, eciu P, pgenmaer KaKue-TO OMUOKH, AJs
P, nyame npumenars X, wem X’'. Urak, crparerma X mo-
3BOJIsieT Jydme, 9eM X', MCIOJB30BATH BO3MOMKHEIE OMMOKH
nporusrnKa. [lostoMy Mrpox Mosker BmoiHe BHOpaTh CTpa-
TeTUIO M3 Kiacca «HAWIyYImuX». JIerko moKasaTh, 4TO BO
BCAKOH IPAMOYTONBHOI Mrpe CyImecTBYIOT HAWIydmue crpa-
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Teruu. JIOKaBaTeJILCTBO 3TOTO MEI OCTaBjJiAéM B KadecTBe

ynpasKHeHUsL.
Npumep 3.14. Paccmorpum urpy ¢ mIaTeRHOR MaTpRiel
2 3 4
2 5 6|

[TocKoNBbKY Ka/K[AHH H3 57eMeHTOB MepPBOTO cToJI0Ia AB-
Jsercs CeJJIOBOM TOUKOi, TO 00as CMeIMaHHAA CTpaTerus
[epBOTO HIPOKA ONTHUMAIBHA.

Ecnn P, mpumenser CTparermio ||zzs)|, TO MaTemMaTHTeE-
cKOe OKHTAaHWE ero BHUIpHIIA B 3aBUCHMOCTH OT TOTO,
kaKoii cromben BhiGmpaer P,, Gymer:

E(||zy ;1) =224 22, =2,
E(||lz; ,],2)=3z+ 9%y,
E(||xy xl, 3) =4z, + 6z,.

B wactHOCTH,

E(I0 1], 1)=2,
E(0 1],2)=5,
E(|0 1],3)=6.

MockonbKy Ajs BeeX ||z, || B3 Sy
2>2,
5> 3z, + 0%y,
6> 4z, —{- 6z,,

Bl 3akmiodaeM, uro |0 1] ecTh efUHCTBeHHAS HAUIydmasn
crparerus gasa Pi. -

Jlna P, wnmeerca UMb OfHA ONTHMAIbHAA cTparerus,
a nvemmo |1 0 O], u, cregoBaTesbHO, TaK:e JUIIL ofiHa
HawjIydinas CTpaTerus.

Bu6anorpaguyeckue 3aMedaHuA

Marepuai aToii riaBHl OBl B3AT B OCHOBHOM U3 paboTh
Ilemmu u Cmoy [101]. C sapaueii, KoTopo# MBI 37€Ch 3aHH-

MaeMcs, Teemo CBA3aHa TaKag 3afada: HaiiTH yCJIOBH,
KOTOPHIM JOJKHBL Y/IOBJIETBOPATH JBA MHOMKECTBA XnY
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AJA TOTO, YTOOHI Ay HEKOTOPOH IPAMOYTONBHOM HArpH MMeNIH
mecro pasenctBa X =T, (') m Y= T,(I'). 9ra sagaua pe-
meHa B paGore DBomemGmycra, Hapmmsa un Ulenaw [10]
u B pabore I'eitma u Illepmana [42].

Ilonnyio Teopmio MokHO HaiiTm B Kmumrax Boxepa [8]

1 Mak-Jlapdu [68]*).
Ynpaxkaernns

1. TIpEMeHAA MCTOXH, M3NOMKEHHEIe B 5TOH riaBe, HAjmTe BCe
PeIleHns UrP CO CIeAYIIIMA MATPHLAMHE:
3 6
5 5
9 3

0 0 0
0 —1 1
0 1 —1

1 2 3
6 1 2
3 5 0

a)

)

6)

’

B)

2. HaligaTe BCe pemeHHMA WIPH, HMCIOINEH MaTPHIY

6 4 —6 19
1 0 3 =5
2 0 2 3
-5 —2 16 =35
Hcnonpayiite mpm 5TOM MOHATHE NPELOCXOACTBA H MPHMEHATe METONH,

W3JI0KEeHHble B 3TOM TIuaBe, JJIA MATPHOL HopAaka 3 X 3.
3. IokakATe, YTO Wrpa ¢ MaTpHEOel

a 0 O
0o & 0},
0 0 ¢

rae a >b>c¢ >0, ameer eamucTBeHHOe pemenne. Haiimmre ero m neny
urpsl. HakoBo Gyaer pemerme, ecim a>b>c u ¢ < 0?
4. Ilycts T'—mpAMOYroiisHas Mrpa, EMeOMAA MaTPHILY

c ¢ ¢
¢ 3 4.
c 5 1

*) Cu. marmke [202] u [207]. (ITpum. ped.)
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[Ilpr KakAX B3HAYEHHAX ¢ MHOMKECTBO T, (I';) 6ymer GeckomeaHsiM?
[Ipr KAKEX 3HAYeHUAX ¢ MHOMECTBO Ty (I';) Gynmer OGecxkoHeUHBIM?
[Moramure, 9t0 v (I'c)=c¢ Ajaa Bcex c.

5. [loKaskATe, 9T0 Mrpa ¢ MaTpHOei

a 0 1
1 a O
0 1 a

nMeeT eJUHCTBEHHOEe pelleHwHe.

6. Iloka)kHETe, UTO eCJH DIeMEeHTH MaTpPHObl HEKOTOPOd HIphl
cyTh Hedble 9ACHA, NEeHa HCPHl eCTh PANIOHANLHOO THCIO.

7. Mycrs E—MaTeMaTHYeCKOe OKH[aHHE BHIATPHIMIA [ OPAMO-
yroasHoil mrpa I' ¢ Marpumeii mopaika m x n; X, ..., XM —aje-
\ents: MuoskectBa T, (T'); ¥ —amement muomecrBa Ty (T); [[ @y ... @l
npuBagiIeRaT MuokecTBY Sy. Ilokaskmre, uro

GE (XD, Y)+ ... +GE (XD, Y)=E(@XV+ ... +0,XD, 7).

8. Hailimre BCe pelIeHHSA ABYXHambleBodl Moppa, ommCaHHOH B pas-
nelie 3 TIaBhl

70————-'—)02

. N
| ;/4/ \3/2

——a——

Puc. 4. Puc. 5.

9. Cemesas Wrpa OmIpeneisdeTcA CIENYOMAM o6pazoM: HMMEIOTCA N
TOYEK; HEeKOTOPHe MAaphl 9THX TOYEK COe[MHEHHI CTpelKaMH, Kak MOoKa-
3aHO HA pHc. 4. OGa Wrpoka OJHOBPEMEHHO BLIOHpAIOT IO TOYKE; eCId
oHn BHIGMpAOT OfHY W Ty ’Ke TOUKY WJIM pasHble, HO He COe[HHEHHBIE

7 2 7 2
PR k] ¢ —— o
4o —— o3 G o —— 3
Puc. 6. Puc. 7.

CTPeIKOH, IJaTe’X PaBeH HYIIO: eCIH OHH BHOMpalT CBA3HYI0 Hapy
TOYEK, TO WrPOK, BHOpABMIAA OCTpPHe CTPEAKH, MOIYyIaeT OT CBOEro
nporuBHAKA 1.

Pemnre cereByH HIPY, COOTBETCTBYIOULYIO pHC. 5.

10. Pemmnre ceTeByO Hrpy (cM. Opefblfymmil OpHMEp), COOTBET-
CTBYHIYI pAC. 6 B pHC. 7
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11. Haligure HAmIydmyl CTPATETHIO JJIA KaKAOro MIPoKa B OpA-
AOYTOJNBHOH HWIrPe, MMelOMed MaTpHIy

1 2 4
5 3 1
14 7 —1

12. IlokamnuTe, uYTO KaMIBIA UIPOK BO BCAKOM MPAMOYIOJbHOM
urpe mMeeT mO MeHbIIell Mepe OJ[HYy HAWIYYIIyio CTPATerHio.

13. IMoxkak@Te, YTO MHOMKECTBO HAWJNYYNNX CTPaTerwii JaHHOIrO
HIPOKA 3aMKHYTO.




FrJIABA 1V

METOJ IIPUBJINKEHHOI'O OUPEEJIEHUSA
IIEHB! UTPHI

B 570ii riaBe MH W3JI0MKUM METOJ NPUGIMKEHHOrO peme-
HUs TPAMOYTOJBHOH WIPH, KOTODHA MO3BOJUT HAM HAXO-
JUTH [EeHY M ONTHMAJbHbIe CTPAaTerMHM ¢ KaKOil yrogHo cre-
[IEHLI0 TOYHOCTH. 3arpaTa TPYy/[a NPH MCIOJL30BAHUHM B3TOTO
MeTOfia pacTeT, Tpy60 TroBops, NPOMOPUUOHATLHO THCIY
CTPOK M CTONGI0B MATPHIBI, TAK YTO HJIA UIPEHI C OUeHD GoIB-
HOH MaTpuIeii 3TOT cHocol 3HaUMTeNbHO OBlCTpEE IIO3BOJIUT
HaiiTi pemieHue UTPHI, YeM TOYHBIA METOJ, ONMCAHHLINA B IIa-
se III. Mp He 6yaeM MOKa3kBaTh, 4T0 yKa3aHHBIA MeTOJ|
[eficTBUTENbHO IPUBOMUT K NPHOIMKEHHOMY peIlieHuio, IMo-
CKOJIBKY 9TOT BOIPOC MOBOJBHO CIIEIUaleH.

OnucriBaeMbi HaMd NpPUGIMKeHHBIH MeTO/l OCHOBAH HA
Cle[[yIOIMUX WHTYHTUBHHX coobpaxenusax. [JlomycTum, €T0
1Ba d9ejoBeKa MIPAOT DA NapTHil JaHHOM WIPH, NpUYeM
{11 OJMH M3 HUX He 3HAET OITHMAJbHON cTpaTeTun (BOBMOKHO,
110TOMYy, 9TO OHM He 3HAIOT TEOPUM UIPH WIH MOTOMY, 9TO
MATpPHIA WTPH CIMIIKOM BeJMKA, 4TOOE OHM CMOTJH IIPO-
u3BecTH HeOOXoAmMHIE BHYUCIEHNA), TOTAA MOMKeT CJIy-
yuTHCA, 9TO KaIKIp M3 HAX peIIaeT BECTH ceba Tak, KakK
ecyu Ol OH WMell J[eJI0 ¢ HeoAyimeBJIeHHHIM IIpefiMeToM, & HE
¢ pa3syMHHEM IPOTHBHHKOM, TO €CTh HIpaTbh TaKUM obpa-
30M, 9TOGH MAKCHMAJAbHO YBeJIMYATH CBOH BBHUTIDHII, IpPea-
mojiaras, 410 «6ynymiee GyAer HOXONUTb HA IPOMIIOEeY. Ecau
W3BECTHO, 4TO CHeJaJ KaKABI M3 MTPOKOB B mepBoil map-
TMM, TO STOT NPMHOWI MAKCHMM3alMu IpHBEIET K ompe-
1leJIeHHOH IOCJIeT0BATeABHOCTH IapTHil UIPHL. s rammoit
HapTEH 3TOH IOCTEe0BATeTBHOCTH MOKHO BHTHCIUTE BEPX-
HIOI0 W HUKHIOI TPaHUIBl IEHH HIPHI, a TaKXKe opuban-
JKEHHYIO OIMEMAIBHYI0 CTPaTeTHio AJIS KaKIoro Urpoka.
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. He nmurasces gaBath moapoGuoe m TOYHOE OmMCAaHMe 3TOIO
cocoba B ofmeM ciydae, Myl O6BACHAM ero Jumrb AJis He-
KOTOPOW WMTDHl ¢ MaTpuiedl mopagka 3 X 3.

Ilycrs pgama urpa ¢ Marpumeit

1 2 3
4 0 1.
2 3 0

OGosnaumM BO3MOHBIe crpaTerus aixa P, wepes A,
B m C, cauras, uto BhGOp crpaTerum A o3madvaer BriGOp
IepBOii CTPOKH; BHIGOD crparerun B — BHGOD BTOpPOit 1 T. 1.
AHanoru4HO cTpaTermum urpoka P, (tpm cToxbma) 0Goama-
unM depes a, B u y. IIpeanmonoxum, aro B meproit maptun P,
Boibupaer A, a P, Bubupaer a. Bo Bropoit naptau P, 3Haer,
aro P, B mepsoit maptuu Bri6pan A, u, MOCKOTbKY OH IIpeJ-
noxaraer, 910 P, OGymer mocrymate Tak e m B GymymeM,
OH HMeeT [el0 CO CJeAylomeil cHTyamueil:

eciu P, BriGeper o B v
OH NOJY9HT -1 -2 -3

Hockompry P, xoder ofecmeduth cefe MAKCHMyM BBIAI-
pHINa, OH pellaeT CHOBA BHIGPATH .. AHAJOTUYHO, IOCKONIb-
Ky P, mepes mauagoMm BTOpO#l maprum 3maer, uto P, B mep-
BOW HmapTuu BHOGPAN @, OH MMeeT [eio (B IPe/IONO0KEeHNHN,
aro P, B Gynymem GyjeT mOCTyIAaTh TaK ’Ke, KaK  paHbIIe)
co clepyomeil cuTyammein:

ecaun P, BriGeper A B C,
OH TOJIyIHUT 1 4 2.

Hockonbry mauGombmee us stux wucen 4, P, BO BTOpOil
naprun Bubupaer B. Taxum oGpasom, mocie BTopoit map-
THU OKaskercs, 9T0 P, BHGpan onum pas A m oxum pas B.
CocraBnm Temeps Tabumiy (TaGamma 1), Koropas mOKa3H-
BaeT, uro P, Gruro Ger myume BuiGparb P B 06enmx maprmsx:
T03TOMY OH pemmaeT B TpeTheil mapTuu BHIGPaTh P.

Amajoruano, mus P, Mbl momydaem TaGmumy 2, KoTopas
HOKasuBaeT, 410 P, omarte pemaer BHGpaTh B.

e

Lo

i

e
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Tabamma 1
Buurpeim Pg
aprua thz__’tliop o 8 v
1 A —1 | —2 | =3
2 B —4 0 —1
WToro . —5 | —2 | —4
Tabunumwma 2
Y
Briurpsin Py
Tapran vl A B c
1 a 1 4 2
2 o 1 4 2
Uroro . 2 8 4

Temeps MH cocTaBiseM Ta6auny 3, COOTBETCTBYIONIYIO

nepBHIM TpPeM IapTHAM,

KajKIEOTO MrpoKa CKIAIHIBAIOTCA. Kax
B wereproii maptu: P, omars BrGupaer P, a P, onsarp

pribupaer B.

B KOTOPOH OuJaeMble BHUTDPHIIIH

MOMHO BHJETH,

Tabuamma 3
CyMMapHHI omuaae- CYMMAa.pﬂbIﬁ ossumae-
Maprasa | Bubop Py MEIl BRINTDHII Pg Bubop P2 MBIl BRIMIDHI Py
a B y A B | c
1 A —1 —2 —3 a 1 % 2
2 B | —5|-2|—4| a 2 | '8 | 4
3 B —9 —2 —5 B 4 8 7

TR TS -
IIpofoizkass o1y Tabauiy, MBI IIOJydaeM TabaUIy

w~
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Tabuamuna 4
Ilepepie BoceMb mapTHii Hrpsi

Cymga DHHil Osujiae- | CyMMapHBIA Omuiae-
Tlaprua | Bricop Py | Bridop Ps MBI BEINIDHIII Py MBIl BRIMTpPBIOI Pg
A B C 1] [ Y

1 A . o 1 4 2 —1 —2 | -3
2 B o 2 8 4 —5 | —2| —4
3 B B 4 8 7| —9| —2| —5
4 B B 6 8 10 | —13] —2| —6
5 c B 8 8 | 13 | —15| —5| —6
6 c B 10 8 | 16 | —17| —8| —6
7 c Y 13 9 | 16 | —19 | —11 | —6
8 6; Y 16 10 16 | —21 | —14 | —86

Hna cnegyromux mapruit (moce BOCHMOIT) Hauie IIPaBUIIO
B TOM BHJe, KaK OHO CPOPMYJIHPOBAHO, HEJOCTATOYHO IS
HaXOMleHns ciefylomero BaiGopa mus P,. [leitcTBuTensHo,
MaxcuMyM umcexn 16, 10, 16 mocruraercs B JIBYX Caydasx,
a IPaBuiIO He JaeT BO3MOMKHOCTH CHeJaTh BRIGOp Mexmy A
1 C. B Takux ciy9asx Msl paspemaeM Bce mom0GHEe 3aTPy.-
HeHUs, yCIaBINBAsACh BHOUDATH CTpaTernio B ajpaBuTHOM
nopanke. Tak, B pamnoM ciygae P, momxen BHGpaTh A;
ecnu ero ompaemiie BHUrpumu Gemm 10, 16, 16, To emy

Tabunumma 5
IMaprun ot pesaToii no ABafUATOH
CyMMmapHEIi omumae- | CyMMapHBLA OMULaC-
Bhioop Bribop MBIl BBEIMT'PBINT MbIif BBEIHI'DbINI
ITaprua 2 Py Py P
A B | ¢ a | B v
9 A Y 19 11 16 —22 | —16 —9
10 A Y 22 12 16 —23 | —18 | —12
11 A ¥ 25 | 13 | 16 | —24 { —20 | —15
12 A Y 28 A4 16 25| —22 | —18
13 A Y 31 15 16 —26 | —24 | —21
14 A Y 34 16 16 | —27 | —26 | —24
15 A Y 37 17 16 —28 | —28 | —27
16 A Y 40 18 16 —29 | —30 | —30
17 A o 41 22 18 | —30 | —32 | —33
18 A a 42 26 20 | =31 | —34 | —36
19 A o 43 30 22 | —32 | —36 | —39
20 A a 44 34 24 | —33 | —38 | —42

R
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Hy#Ho BHGparh B. Ilpm >TOM HOBOM YCIOBHH MBI MOMKEM
NPOAOKATE TaGaumy 4 ¥ TMOAyIuM TaGaumy 5.

Ilycrh v; — MaKCMMaabHOE M3 4mcel B i-if cTpoke Tabmu-
1L, COOTBeTCTBYWOMieil BHUrpHImY P;.

M3 tabaum 4 m 5 MB HMeeM:

0, =4, 0, = 16, 0y =25,  04=40,
v,=38, v, =16, Uy =28, v, =41,
vs=38, vy = 16, v,3=31, Uy = 42,
v, =10, v, =19, Uy = 34, v, =43,
v, =13, Uy = 22, 0,5 =37, Ugo = 44.

[lyeTh v; — MaKCHMaIbHOE YHCJO B i-if CTPOKe TabAuIH,

COOTBETCTBYIOINell BHUrpHmy P,, HO ¢ OTpUIaTeAbHHM 3Ha-
won. Taxum obpasoM, m3 Tabamy 4 U O MH AMeeM:

v, =1, g = 6, 911=15, 916=29,
U= 2, Up = 6, V= 18, Upp = 30,
v3=2, v =6, v=21, v,=31,
U= 2, Uy=19, V=24, U,=32,

Uy =9, 9_10= 12, Ui =27, Uyp= 33.

Jlast mo6oit mrpm ' MoKHO mOKasaTh, 4TO 4YUCAa U; U U,
HafileHHBle TAKMM CrOCO0OM, YAOBJIETBOPAIOT HEPABEHCTBY

Y% v

=5 U <=
JJIA Bcex i) 3flech U — IeHa HIphl. Tak, Hampumep, 1A Ha-
med Wrpe MH AMeeM:

I
e

—
It
N
Q
N

\

Y/
y
Q

N
@
n N

[y
]
SNSRI RIS

N
S
N

l
o] o

-

[N
I
N
s
N

-

R

S N A N S LS

.
.
.
.
.

8 Ix. MéH-Huch



114 IJI. IV. METOI ONPEIEJIEHUA HNEHB UTPHI
Hanbonee GumarompuarHbie n3 HalIeHHHX TaKmM oGpasom

HepaBeHCTE: :
=2

ol

(S

'°°|°S"

0>28 204 8195,

Wrak, Mm mnolydaeM JOBOIBHO XOPOMYI aIPoKcHMAMHIO
AJA MEeHs Wrph (KOTOpas Ha camom Jele pasHa 1,85).
MozxHo TaK:xe MOKa3aTh, 9T0 U ecTh TOYHAS HIKHAA TPa-

v; v,
HAOA BeJWIUHB —f— ¥ TOYHAA BePXHAA IPAaHUIA BeANITHEL :li .

JT0 faeT HaM YBepEHHOCT:L B TOM, 4T0, WPOBEAS CIOCOD
npubIIKERAs JIOCTATOYHO JANeKo, ME MOMEM HAWTH IeHy
UTPH U ¢ KaKoOH YrogHO CTemeHBI0 TOYHOCTH.

llpuaas Bo BHEMaHWE unCIO BHIOOPOB Ka KON gueTOMH
cTparernu B { CTYNEeHAX BHINEONHCAHHOIO cHoco0a mpuGim-
JKeHHH, MBI MOKeM TaK)Ke HANTH ampOKCHMAIMIO [ ONTH-
MangbHO# crpaTeruu. Tar, MB BHAMM, 9T0 B mepBHX BOCHMH
crpokax Tabmun 4 u 5 P, Bmbupaer crpatermio A4 opmH pas,
crpareruio B Tpm pasa, crparermio C dWeTkrpe pasa; CiIefo-
BaTeNbHO, ANMPOKCUMALMA ONTUMANbHOH crparermnm jua P,

Oyner ”%—%—g—“ . Ilyere masa wampmoro i

XO = 2oz f

ecTh HalileHHAsA TakWM 06pasoM cTpaTermsa Erpora P,; ama-
JIOTUYHO, TMYCTh

YO — | gy

ecTh Hal[leHHAsAd AHAJOrMYHHIM 0GDPAasOM CTPATerus HIPOKa
P,. Urax,

xV=j1 0 oy Yy =1 0 oy,
x@ _ _;_ % o, , Y®=(1 0 0],
) N e R
X<'zo.)' 3_32% .2_[2)'1.’ Y('zé).:.“é%.é%g”..
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(MO)KHO IIPOBEPUTH, 9YTO TOYHHIE ONTHMAJbHBIE CTpaTerun
GynyT :
M 4 5 |8 7 5
w||U 4 5 «_[|8 75
X ”20 20 20” m Y*=|5 5 2o| )
MOKHO IOKa3aTh, 9To ecium y P, WMMeeTcs eIMHCTBeHHAs
OTNITHMAJIbHAA cTpaTerus X, TO IIOCJIENOBATEIbHOCTH

xM x® X9, L (1)

exomnTesa K X; aHANOTWYHO, eclIM y P, mmeercA eJIMHCTBEH-
Had ONTUMAJBHAS CTPATerHsA, TO COOTBETCTBYIOMAad IocJe-
[0BaTeIbHOCTh cXofmTess K Heil. Ecau ke P, mmeer Gombme
yeM ONHY ONTHMAJIbHYIO CTpAaTeruio, TO MOKeT CIydJHuTcsd,
4T0 mocienoBareibpHocTh (1) He cxopmmresa. MokHO, ofHAKO,
[JOKa3aTh, 4T0 B JIOOOM Ciydae BCAKasg CXOQAMAACA IIOAUO-
clefoBaTebHOCTH TOCTeoBaTeabHOCTH (1) cxomurea K om-
TUMaJipHOH cTpaTerun Ausa Pi.

BuGnuorpagmueckne 3aMedaHua

OnmcaEHEHi B HTOM riaBe cIoco0 OTHCKAHUA NPAGITKEH-
HHIX pemeHMiA NPAMOYTOJBHHX Hrp Obll cdopMyImpoBan B
paGore Bpaynma [17]. Cxogumocts mpormecca Ghira J0Ka3aH&
B pabore Po6urcona [96].

YnpaxkHeHHA

1. Wcnomsaysa cmocol, H3JIOKeHHEH B 9TOM riase, HalinTe C TOY-
HOCTBIO 710 ABYX MECATHUHHX 3HAKOB IeHY HIPH, HMelomed MaTpany

020
0 0 2|.
2 00
2. Hafiggre Ileny HICpH, mMelomeill MaTpaly
0o —1 0 —2 3
1 1 —3 1 0

—2 2 0 3 1
worandp 0 —1 4 0 —1
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3. IIycrts
Ay ... Ainl|

Ay -+ Qinn

MaTpuUa WUrpe, B KoTopod ||1 1||—cemmoBas Touka, TO ecTh B
KOTOPOU a;; €cTh MMHHMYM NEDBOH CTPOKH H MaKCAMYM IIePBOTO
cromdma. Ilowamute, uTO cHOCOO, OMMCAHHLIT B 3TONH riase, yRasbl-
BaeT i NeHB WIPH BeJHYHHY ayq.

4. [loxamute, 410 HIA UIPH 2 X 2 ¢ CeJUIOBOil TOYKOI (paciosuo-
HEHHOHl He 00A3aTeIBHO B BEPXHEM JeBOM YIWy) ONMCAHABIH 37cCh
CIoco6 flaeT UCTHHHYIO IeHY HIPHL.

5. Ilokaxkute OMMCAHHBIM 3jech CIOCOGOM, Y4TO HIpPa ¢ MaTpueil

[ |
‘—1 1

HMCeT JIeHY HYIb.

{



r JI ABA YV
ArPbl B PABBEPHYTON ®OPME *)

1. Hopmanbhasa u passepHyTas (opmbl

Brimie Mbl YCIOITHO PacCMOTPENH permeHne MPAMOYToib-
{O# WrpHL ABYX UL, TO €cTh HaJu WHTYHTHBHO IIPHEMIEMOE
ompejielieHNe IeHH X ONTHMAJBHEX cTparermit AJA Taroi
WrpH, 0Ka3ald, 9T0 PelleHs Beerja Cymecrsylor, i name
MOKa3aii, KaK NX MOKHO BHYHUCIHUTH. Ho paccyxpenus,
K KOTODHIM Mbl Ipuberanu, XoTs foJapmeil 4acThIO N JIEMEH-
tapHb, He BCerjja BIOJHe TPUBHATBHEL, W THTATENHA, BO3-
MOKHO, I[yraeT 3ajiada pPaclpocTpPaHeHHsA JTHX BLIBOIOB Ha
urpsl Gomee ofmero BuAa, TO eCThb C HMCIOM MIPOKOB >2
I Takme, B KOTODHX HEKOTOPHe XOJBI, BO3MOJKHO, CBAZAHBL
¢ OpuMeHeHmeM CIyYafHEIX MeXaHN3MOB, HIDOKRK MOTYT
AMeTh 1O HECKOJbKY XONOB KaiK[Hid, M 3HaHWe O paHee
IpoWCIIeAilieM MOeT MEHAThCA OT XOfla K XOAy.

OmHAKO IONOKeHHe He TaKk Y IIOX0, KaK MOMET HOKa-
3aThCH ¢ TEPBOTO B3TAAAA, W60 OKa3HBAaeTCA, UTO 3ajdtda
pemrenns WrpH, B KOTOPOW HIPOKM JeaioT BHIGOPH W3 KO-
HeUHHX MHOMKecTB (Mbl OyJeM HasHBaTh TaKHe HIPEHl KOHeu-
HblMUL), Beerja TOecTBeHHA C 3ajadeil pemnieHUA HEKOTOpO
npsamoyroxpHO# mrpe. [loaTomy mamu BHIBOJBI' O IIPAMO-
yIOTBHKX HIPaX MOMKHO IPUMEHUTH B fomee obmeM Bupe
x mo6oft mrpe BYX JMIl ¢ HyJeBoil cyMMOt. dToT MmpOILece
OTHICKAHUS IPAMOYTOJBHON HIDH, HKBHBAJIEHTHOH HEKOTO-
poii IMpOM3BOJLHON UIpe, HA3HIBACTCA HopMmasuzayuel, a mo-
Jdyvaomasaca OPAMOYroibHasg Hrpa Ha3HBaeTCsA WUrpoil B
HOpMaAbHOL opme; KOTa HYKHO MPOBECTH pasinine MeRAY

*) B oTeugGLReHHON JuTepaType HIDH B pasBepHyTOil Qopme Ta-
ALBAIOTCH TaKKe MO3ULWORAKME Arpamu. (ITpum. ped.)
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9TUMH BUJAAMM MTD, MH OyJAeM Ha3HBATh IPOUBBOJHHEE
HTDH HTPaMA 6 passepnymoii gopme. Haumem ¢ nmpuMepa
UTPE B pa3BepHYTOH ¢opme.

Hpumep 5.1. Xoxg I. Urpox P, BuGupaer umcio
u3 MHOMKecrBa {1, 2).

Xop II. Urpox P,, 6yayun HHPOPMUPOBAH O TOM, KaKOe
qdcao r Geuo BHODaHO Ha IEPBOM XOXY, B CBOIO ogepenb
BHIOMpAeT UHCII0 y M3 MHOMKecTBa {1, 2}.

Xon III. Mrpox P,, Gynyunm HHPOPMHPOBAH O TOM, 4TO
BTOPOil UTPOK BHGpaN ¥, W HOMHA, 9TO caM OH BrIOpall Ha
HepBOM XOAy z, BHOUpaeT YHCIO z M3 MHOMKecCTBa {1, 2}.

[loce Toro Kax Gem BHGpaHm TP dMcIA Z, Y W Z,
UTpOK P, mmatut urpory P, cymmy Mz, y, z), tme M ectp
$yHKOHA, onpepenenmas ciemyiomum o6pasom:

M@, 1, )= -2, M@, 1, 1)=5,
M1, 1,2)= =1, M2, 1, 2)=2,
M1, 2, 1)=3 M2 2 1)=2
M1, 2 2)=—4 M@, 2 2)=6.

Uro6m 06bsacHNTS, Kak IpHBecTH HUIPy K IPAMOYTrOJbHON
dopme, BBenem ofmee momATHE cTpaTeruu, KOTOPOe MEI pac-
CMAaTpUBANA 10 CUX HOP JAMb [JA OPAMOYTOXLHHX Wrp.
Cmpamezueii [amHOTO WIpOKa B MAaHHOM Hrpe MEL Ha30BeM
HOJIHALA HAGop yKasaHmil, KOTODHE TOBODAT eMy, KAk HYKHO
HOCTYyNUTL BO BCeX MHCIMMEX CHATYaOUAX WJIH, BepHee Io-
BODs, IIPA JTI060M MEICJEMOM COCTOS HUE, HHDOPMAIIMH, KOTO-
PY10 OH MO’KeT uMeTs 8 JA1060i Mmoment mapruu. Tak, mampu-
MEp, OffHa M3 CTpaTerwi, KOTOPY0 MOKeT INpHMeHATh P,
B paccMaTpUBaeMoil Urpe, COCTOMT B TOM, 4TOOH BHOupats 1
BO BpeMA 060uMX XOfOB (HE3aBHCHMO OT TOTO, 4TO TeIaeT p,
Ha BTOpoM Xofy). [lpyras BosMommas cTpaTerus mis P,—
BHOHpPaTh 1 Ha mEpPBOM XOAy m 3aTem Ha TpeTheM BHOUpATH
TO ’Ke 4Mca0, Koropoe Bubpan P, na BTopom xoay. Bosmosx-
Has cTparterua Aus P, —subpars 1 mHa BTopoM XOAy, Hesa-
BUCHMO OT TOTO, KaKoil BHOGOp clexman P, Ha mepBoM XOfy;
Apyrad BO3MOKHAg cTparerus aas P, — subpars 1 Ha BTO-
POM XO[ly, eclM Ha NEPBOM X0y OblI0 BHOpPaHO 2, W BH-
6path 2, ecim Ha HepBOM Xoxy Ghiia BHOpaHa equHNIA.

Jlerxo Bugers, wro y mrpoka P, B sroii mrpe uersipe
CTPaTeruu, TO €CTh KaK Pa3 CTONBKO, CKOJBKO UMEETCH CIIO-

e,
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co6oB orToGpakenms mmoxecrsa {1, 2} B ceba. Ecam mu
o6osHaumM gepes f;; TaKylo (QyHKIHIO, YTO
fy) =i, fi;(2)=1,

TO WeTHpe cTpaTernu urpoKa Py ¢yTh fuy, fia) for ¥ fog. ToBODA,
uyto P, mpumenser, Hampumep, CTPaTeruio fai(x), MH TOI-
pasymeBaeM, 4T0 OH pemmi BHOparh 2 Ha BTOPOM XOfy,
ecam P, pui6pan 1 Ha mepsom, u BHGpPaTs 1 HA BTOPOM XO7IY,
ecniu P, BrOpan 2 Ha IIepBOM.

C mpyroit cTOPOHH, cTpaTerns Urpoka P, MOMKHA yKasH-
BaTh €My, 9TO HYKHO cfleJaTh Ha IEPBOM W HA TPEThEM XOAy.
[TocKOIBKY IIepBOMY XOXy HHYTO HE IPeAmecTBOBaNO, y HEr0
HeT CBeJeHHI, KOTOpPHE IO3BOJMIM OBl eMy OTAWIaTh pas-
HEIE CJy4YaH; [OJTOMY CTpaTerds JOJKHA IPOCTO YyKA3H-
BaTh eMy, HyHO Jqu BrGpars 1 muu 2. Ilepex TpeTbUM X01OM
cTpaTerus NOJIKHA CKa3aTh eMy, KaKoe z HYHKHO BHIGPATh
IS KasKIOTO BO3MOMKHOrO BHOOpA BeNUYHH L H Y. Uraxk,
cTpaTermio MIPOKa P; MOKHO HpefcTaBATb KaK CHCTEMY

Ilio\l iy 1a oy izz,” Ils

re I, — 9YMCIO0, KOTOpPOE emy Hy)KHO BHIOpaTh HA HEPBOM
XONy, a ij, — 9MCI0, KOTOpoe eMy HYXKHO BEIGpaTh Ha
TpeTbeM XOJy B TOM ciydae, eClu j GrII0 BEIOpaHO Ha Iep-
BOM X0y # k Ha BTOPOM (IIOCKOJBKY Kajknoe i MOMeT MMeTh
nBa sHadenus, y P, mmeercd Bcero 32 BO3MOKHEE cTpaTe-
run). Ecau rosopures, 410 P, npuMeHseT, HampuMmep, cTpa-
Teruio :
102121yl -

10 5TO 3HAUMT, 4To P, BEOupaer 1 Ha mEpBOM XOAY; 3aTeM,
ecau Ha mepBOoM XOAy Orura Bri6pama 1 m Ha BTOPOM XOAy p,
tamsKe BeOpax 1, To Erpoxy P; Ha TpeTbeM XOANy HYKHO
BHOpaTh 2, © aHAJOTUIHO paA Tpex APYTHX BO3MOMKHOCTeN
oA TPeThero Xofa.

B »Toil mrpe OmuMCaHHEE HAMH CTPaTerHu HIPOKa P,
061agaoT HEKOTOPOil M36HTOYHOCTHIO; TAK, BTOpPOe «2» B HaH-
HOM IIpuMepe GecIolesHO, TAK Kak OHO 03HAUaeT, UTO eC.H
Ha BTOpPOM XoAy Onua BHOpama 1, a Ha mepBOM 2 (uero He
MOTZIO GHTB, TaK Kak MaHHAs CTPATeTUs YKas3eBAET UIPOKY
P, uro Ha TIEPWOM X0y HYHO BHOGpPaTh 1), TO Ha TpeTheM

xony HyxmuO BHOparh 2. (CremoBarTenpHO, 9TO «2» TOBOpPHT
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ArpoKy P, 4TO HejaTh B TaKoM Ciydae, KAKOTO He MOJKeT
OBITB, €U OH LNpPHMEHSeT JAHHYIO crpareruo!l). Aty us6H-
TOYHOCT MOKHO yCTPAaHUTh, CIMTaA CTpaTermeii mrpoxa P,
cucremy || i |lip 4, || [, rme i — wmecamo, woropoe mysmo
BHIGPATh UTPOKY ]31 Ha MePBOM XOAY, & i) U i, — UHCIa, KOTO-
PHle eMy HY}KHO BHIOpaThb Ha TPETHEM XONY, COOTBETCTBEHHO
ToMy, BuOpan au P, ma BTOpOM xomy 1 mum 2. Urax, B sTom
caydae Mbl MOTIH OB YIDPOCTUTH OmMCAaHIe cTpareruit mrpo-
Ka Py, ecIm y49ecTh, 4TO OH IIOMHHUT CBOIL IEePBHIA XOf.

Ho manmwme stux usbmrounmx ceememuii me OPUHOCHUT
CyIIECTBEHHOTO BpeAa, a olucaHuWe CTPATeTHil s 06mero
CaIydas BeChbMa yCIOMKHUTCA, ecan ME 6yeM IHTaThCA Beerna
usberars ux. Iloamnii pasGop aroro BOIIPOCA CMOTpHTe
B paGore Kpenrens, Max-Kuncn n Kyaitma [61] u B paGore
Hanru [22].

BriGpats BOsMOskHYIO cTpatermio mus UTPHL M 3aTeM
UIpaTh COTIACHO JTOM CTPATETHMM “— BTO. PABHOCHIBHO TOMY,
9TOOE COCTABUTDL BCe BOBMOKHEI® pEMICHWs nmepes HavaJIoM
urpsl. Hax tompko kampumit mrpox BHOpaa cTpaTermio, Hu-
RaKuX APyrux BrOOPOB eMy He HYMKHO [elaTh, UGO cTpare-
TuA Npenonpenenser IOBefleHMe WUIPOKA BO BCe TaKme MO-
MEHTEl MTPH, KOTZ]a OH [0uKeH O OH IPHHMMATH peme-
HUA, ecau OB OH He BHGpaJ cTpaTeruio. BuiGop crparernu
OMPEAeNIACT MCXQN UTPH, TAK 9TO CAMY UIPY MOTIA O IIpo-
BeCTH BHYMCIUTENbHAA MAIINHA.

Ipexmonoxum, aro B paccMaTpuBaeMoit urpe urpox P,
pemaeT IPUMEHATh CTPATETHIO

10212 2]

a Urpok P, pemaer IpuMeHATH cTpaTeruio fo1- U3 ommcanus
CTpATeInu Wrpoka P, Mbl BujuM, 9T0 Ha THepBoM XORy OH
BEOUpaeT 1; W3 ommcamms crpartermu urpoka P, cuenyer,
UT0 Ha BTOPOM Xoily OH BHOupaer 2. Bosppamasch k cTpa-
Termn Urpoxa Py, Mbl 3ariiodaeM, 9T0 Ha TpeTbe xoay P,
sei6upaer 1. Torxa, nockonbry M(1, 2, 1)=3, M BHIIIM,
HTO ECJIM UTDOKU IIPUMEHAIOT 3Ty MaPy CTPATETHit, TO UTPOK b,
HnomxeH Oymer sammaTuTe 3 urpoky P,. Paccympas amamo-
THYIHEIM 006pa30M S APYTHX BO3MOMKHBIX map crparteruit,
MEI MOEM 3allucaTh MATPUIy cTparermit (Matpuma 1) pus
TPAMOYTONBHON MIPH, K KOTOPOi MPUBONUTCA NaHHAS urpa
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fu fre far - foe
TR T O N —2 —2 3 3
ft o1 1 o1 241 —2 —2 3 3
ft ot 12 1 —~2 —2 3 3
nt 1 12 20 —2 —2 3 3
1t g1 2 1 1 —2 —2 —4 —4
ft ot 2 4 201 —2 —2 —4 —4
ot 2 2 141 —2 —2 —4 —4
nL 1 2 2 204 —2 —2 —4 —4
T N S N T —1 —1 3 3
Ne 2 14 1 2904 —1 —1 3 3
Nt 2 1 2 191 —1 —1 3 3
1t 2 1 2 2y —1 —1 3 3
o2 21 14 —1 —1 —4 -4
ez 2 1 20 —1 —1 —4 —4
2 2 2 141 —1 —1 —4 —4
He N2 2 2 24 —1 —1 —4 —4
N2 gt 1t 14 1y 5 2 5 2
p2 111120y 5% 6 5 6
12 1 1 2 4 2 2 2 2
nz 4t 1 2 201 2 6 2 6
12 gt 2 1 141 5 2 5 2
12 0Nt 2 1 24| 5# 6 5% 6
1z N1 2 2 141 2 2 2 2
H2 1t 2 2 251 2 6 2 6
t2 Nz 1 1 1| 5 2 5 2
12 12 1 1 20 5% 6 5% . 6
ne g2 1 2 191 2 2 2 2
N2 2 1t 2 241 2 6 2 6
2z 12 2 1 191 5 2 5 2
nz 12 2 1 2914 5* 6 5* 6
2 12 2 2 1| 2 2 2 2
12 12 2 2 2| 2 6 2 $

TR i
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JTa MAaTPUIA MMEeT CeflIOBhie TOYKH, KOTOPHE OTMEYEHH
spesfouramu. llena urpm paa P, pasua 5. JloGas u3 werts-
pex cTpareruit '

Iz 120y [1201 21 2],
2021120 2122 12]]

ABIseTCS ONTHMANbHOH musa Py, a miobGas u3 cTparermit fi,
wiu f, ABIAeTca ontuManpHoit muaa P,. Ilo oTHOmenmio
K urpe B ee IepBOHAaYalbHON dopMe 3TO 3HAUMT, YTO ONUH
U3 ONTHMAJBHHX Cm0C0G0B HrpH ita P, crepyromuii: Ha
HepBOM XOAy BHOpaTh 2; Ha TpeTbeM XOAy BHODATh To Ke
9ucio, Koropoe P, BrGpan Ha BropoM. OIMH W3 ONTHMAb-
HBIX cH0COGOB HrpH ansa P, Ha BTOpOM X0fy BHOpaTh 1
He3aBUCHMO OT TOro, 4To BHOpanx P, ma mepsom xofy. Hpy-
roif ONTMMANBHHA CHOCOG WIpH [AJIA P,: puGpaTe gucio,
OTINYHOEe 0T TOr0, KOoTopoe BEOpad P, Ha mepsoM Xofy.

2. T'padmueckoe mpepcrasienne

Mnorga xopomo momoraer rpadmaeckoe mao6pasKeHue
urpe. Ee moxB0 IpefcTaBuTh MOCPENCTBOM TaK Ha3HBAEMOTO
«mepesa», TO €CcTh IIOCKOH QHUTYpH, COCTOANEH M3 Y3JI0B
M KOHEYHOI0 YHcja HaIpPaBlIeHHHX BBepX NIPAMOJMHEHHBIX

5
Puc. 8. -

orpg3koB. Hasknmeii yseam coeuHmeTcA TONBKO ¢ ONHAM
y3710M Ha HW;KHEM YDOBHE, a HA CaMOM HH3IeM ypPOBHe
UMEeTCSI BCero OfMH y3esl (TePMHH «IEpeBo» IPUMeHSeTCH
B TOIOJIOTMM B HECKOJBKO G6ojiee o0meM cMEICHe). ¥ 3JH
n300payKaloOT XOMB; ¢ HAMH MH CBA3HIBAEM CHMBOJH, yKa-
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3bIBAIONIME, KAKOH MIDOK [ejlaeT COOTBETCTBYIOMMI XOI.
Tak, TOIBKO 9TO paccCMOTpeHHas Urpa usobpaskeHa Ha puc. 8.
OKOJI0 HWIKHEro ysia CTOMT CHMBOJ «Pp», KOTOPHIA yKash-
BaeT, 4TO NEePBHIH X0/ AexaeT UIPOK P,; ABa ysma Ha BTOPOM
ypOBHE M300paskaioT BTOPO# XOJ, KOTOPHIA feaaeT UIPOK P,;
weTHpe y3ia Ha TpeTseM ypOBHEe HM30Gpa’kaloT TPEeTHH XOf,
koropsiii pemaer P, m 1. a. Jlsa orpeska, maymme BBepX

Puc. 9.

73 HUKHETO y3jia, u300pa’kaoT ABa BHOOpPa, MMEHOIHUECS
y mrpoka P, ma mepBoM XOAy; oHH coorBercrBylT 1 m 2,
eCJIM MATH IPOTHB YaCOBOM CTPEJKH; TAKUM 00pa3oM, IpAMasd
¢ IOJOKUTeIBHEIM HAKJIOHOM O3HadaeT, 4To UrpoK P, BhOU-
paer 1, a mpsAMas ¢ OTPUIATeJILHEM HaKJIOHOM O3HAaYaer, 4TO
urpok P, Bu6upaer 2. Ecau y P, Ha mepBoM X0y Tp¥ aJabTep-
HaTHBH, Mrpa msobpaskanack 6B Kak Ha puc. 9.

7
Pume. 10.

B stoM rpajgudeckoM IpeAcTaBIeHAN BCA HAPTUA HUTPH
A306paxkaeTcsa JoMaHO, UAymed 0T HIKHETO y3iIa K OJHOMY
n3 epxEnx. IlocKombKy 4YmCiIO TaKMX HyTeil pPaBHO UHCIY
BepXHHUX yaJOH, M BHIUM, 9TO B HMIpe, M300pakeHHON Ha
puc. 8, BoceMb BO3MOKHEIX HapTHH, a B Hrpe, m300parkeH-

v
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HOI Ha puc. Y, neenagumars. [lpu usydeHnyu TakuX guarpaMmm
o6sraHO yro6Hee mucaTh He «Pp B «Py», a mpocTo «I» m 2».
Takum o6pasom BMecro puc. 9 Mul moaydaem puc. 10.

Urpa, pa306paHHa;1 B mpumepe 5.1, ecThb Tax Ha3HBae-
Masg Urpa ¢ «IoJHOil mHpopMammed», TO ecTb Urpa, B KOTO-
poii Kam Bl MIPOK BCErfa 0CBeOMIIeH O BCE MpeAmecTsyIo-
meit mcropuu urpel. To, gro MaTpuma cTpaTeruit Auas aToi
UrpH 0Kasajach NMeIomel celI0oBYI0 TOYKY, He ecTh MPOCTas
caydaiiHOCTH; B raaBe VI Mp moKajkeM, 9TO BCAKAsS UTpa
¢ moiHOi mHPOpMarmeil o6aamaeT STHM CBOHCTBOM.

3. Undopmaunonnsie MHOKECTBA

Crepyromum puMmepom GymeT urpa, B KOTODPOH pocTym-
Hasg UrpoxaM uHGopMamusa He ABisercsa moxHoi. Urpox Py,
memasi TpeTmit X0, He 3HaeT, Kakoil BHOOp cperan P, Ha
BTOPOM XOfy, H fake He NOMHHT, KaKoil BHOOp fAexan OH
caM Ha TepBOM XOHy. JTOT Ipobesa maMATH CO CTOPOHH P,
MOJKeT OCYIIeCTBUTHCA HA MPAKTUKE, €CJIN UTDOKOM SABIAETCA
KOMaH/[a U3 IBYX Y€JOBEK, W3 KOTOPHX ONMH flelaeT IepPBHI
X0[l, a [pPyroil — Tperuii.

IHpumep 52. Xog I. Urpok P, sBHOuUpaerT 4ucIo T
u3 MHOMKecTBa {1, 2}.

Xop II. Urpox P,, sHas, Kakoe 4uclio ¥ OBUIO BHOGpaHO
B NEPBHI XOX, B CBOI OdYepenb BmﬁnpaeT 9HUCIO0 y M3 MHO-
wxectBa {1, 2}.

Xon III I/IrpOR P, e 3Hast 0 BHIGOpe WUCIA ¥ U 3aGHiB,
Kakoe OHJIO BHIOpaHO x, BHIOMpaeT YHCIO z M3 MHOMECT-
Ba {1, 2}.

Mocae Toro wrak OmuIm BHOPaHB TPH 4YMCIA T, ¥ U 2z,
urpok P, mnarur urpoxy P, cymmy M(x, y, ), rne M(x, y, z) —
¢yHKIUA, ompefeNeHHag B mpumepe 5.1.

Uro6r moayauts rpadudeckoe IpefiCTaBlieHHe BTOM
UrpHl, Heo0XOMMO KaKHM-TO 06pa3oM yKasaTk, 9T0, Korja P,
mesaeT TpeTuit Xoj, OH He 3HaeT 0 MPOMIJIHIX X0[aX, TO eCTh,
lenas TpeTuil Xon, P, He 3HaeT, B KAKOM UMEHHO y3Je puc. 8
OH HAaXOAUTCA. OTO [OIOJHHUTeIbHOE YCJIOBHe YYTEHO Ha
puc. 11; spmech ueTHpe yama, KOTOpHe P, He MOMKeT pasiiu-
9UTh, JeJgas TPeTHH XOJ[, OKPYKEHH IYHKTHPOM.

OpHako MBI HECKOJNBKO BUOM3MEHUM 3TO M300pasKeHue,
0603HAYNB DYHKTHPHHIMH JIMHASMEA HeKOTopoe pasbuenme
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BCErO MHOKECTBA Y3JIOB (32 HCKJIIOYEHHEM CaMBIX BEPXHHX
y3J10B, u300pasKalomux KOHEYHEE TOYKU WTPH, KOIfa HH-
KaKux BHIGOPOB fenaTh He HYKHO). Tar mbl monygaem puc. 12.

7
Puc. 11.

Ha mem camuiii HmKHUIAL y3ea sABIgeTcs B cBoeii obsacTu
eMHCTBEHHEIM. IJTO TOKa3kBaer, 94To P; BO BpeMs MePBOTO
XOfla 3HaeT TOYHO, B KaKOi TOUKe JepeBa OH HAXONUTCH;

7}

Pme. 12.

TO jKe MMeeT MeCTO MJisi ABYX Y3JIOB, COOTBETCTBYIOIIUX
Bropomy Xony. Mul 6ymem 0003HA4aTH MHOKECTBA, Ha KOTO-
pueie pasOUTH y3Ibl, UHPBOPMAYUOHHHMU MHONCECTNEAMU.

ITepeiinem Temeps K ONUCAHUIO CTpaTerMi 3TOH MIpHL.
Ouepupino, y P, mMeioTcsi Te sKe cTpaTermu, 49TO M B IIPH-
vepe 5.1, a umeHHO, weThpe QYHKIMU fy,, fig, fo; ¥ fy. Ho
NMOCKOJABKY P; HHYero He B3HAET O NPENBIAYIIEM TeYeHHUII
HIpH, ero crparterumeii GyjgeT NMpPOCTO OfHA M3 yHOPALOUYEH-
weix map wmeea: || 1 1|, |1 2, |2 1,2 2|
Hampumep, Korga ropopaT, 4To P, IpHMeHAeT CTPATeruio
'+ 2|, To aTo 3HaumT, 9T0 OH BHOGHMpaer -1 Ha mepBOM
X0Qy u. 2 Ha BTOPOM.

UcnonpsyR*Bnpenenenue QyHrmun M, Jerko HamucaTb
JUTs HOBOM WIpPHl MaTPHIy CTpaTeruii.
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Mé\'rpnua 2

fll f12 . f21 f22

1o | —2 | —2 3 3
N1 2y | —1 | —1 | —4 | —4
12 1] 5 2 5 2
12 2y 2 6 2 6

Msr 3ameuaeM, 9To 9Ta Mrpa He HMeeT CEMJIOBOH TOUKH.
C nmomompio Teopemul 2.9 ydammiicsi MOeT IPOBEPUTH, UTO

eHa Wrpsl paBHA —-, ONTHMajbHAsA cTpaTerusa i P,—

o -; % || # onTuManpHAS cTpaTerma A Pz—Hé % 0 O“

Takum oGpasom, B 3T0d urpe P, HomMKeH paccYUTHBATH Ha
MEHBIIMI BHMTPHII, 9€M B Urpe, ONMCAHHON B IpuMepe
5.1; 9TO U HeyIUWBUTEJNHHO, TaK KaK OH HAXOAUTCA Temepb
B MeHee BHITOJHOM MOJOKEeHNM.

damegannme 53. B mpumepe 5.2 maTpuma urpsl
B HOpMaJbHOH (JopMe MMeeT MOPAMOK JHmb 4X 4, Torga Kak
B mpumepe 5.1 marpuma urps mopsiika 32X 4. Boo6me mpu
YMEHBIIEHNH KOMMIECTBA MOCTYMHOH WMHPOPMAmUM yMeHb-
[IaeTcsi YUCJI0 BO3MOMKHEIX CTPATETHH M TeM CAMEIM YMEHb-
maeTcA pasMep MAaTPHOB. OTO MHOINA KarkeTcd ydalluMcdA
NapafioKcaJbHEIM, TAK KAaK yMeHbIIeHWe WHPODPMAIUM [OJK-
HO GHUIO 6B IPMBECTH K YBEIWYEHUIO TPYRHOCTell, a He K HX
yMenpmennio. Ho pasmep MaTpuubl He ABIAETCH BePHBIM
mOKasaTelJeM TPYAHOCTH MIPH; KpoMe TOro (3TO MmOYTH Bee-
o6mas WMcTHHA), 9eM MeHbIIe MEHI 3HaeM, TeM Jerde HaM pe-
MAThCA Ha 4To-HUGyAb (Hampumep, TIIAYXOMY dYeJIOBEKY
Jerde BHGpATh 3KeHy, 4eM 9eIOBEKY ¢ HODMAIbHEIM CIYXOM).

NsmennB mHGOpMATUOHHBIE MHOMKECTBA, MOMKHO IIONY-
9UTh APyrue MOSMQHKANIYN UTPH, ONUCaHHOHW B mpuMepe 5.1.

Mpuwme p 5.4 Xox I. Urpox P, Bubupaer  us MHO-
maectBa, {1, 2}.

Xon II. Urpox P,, me 3Has 3Ha4YeHUA Z, BHOupaer ¥y
3 muOKecTEa {1, 2}.

Xopm ITI. Urpor P,, 3Had 3Ha4eHWe T ¥ Y, BHOUpaeT z
na MHO:KecTBa {1, 2.

Inartemnaa ¢yHKIAA UTPH TaKas e, KaK B mpumepe 5.1.

PG g
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Jas sToit urpsl MH IOJdydYaeM AuarpamMmy, u306parken-
gyl Ha puc. 13; 3mech ME BKIIOYWIN [Ba y3ja, COOTBET-
cTBYIOIIME BTOPOMY X0y, B ONHO M TO ’Ke MHYOPMAIUOHHOE
MHOXeCTBO, IIOTOMY 4TO BO BPeMS BTODPOro XOXa HIpok P,
He 3HaeT, B KaKo#l M3 3THX TOYeK OH HaXoauTcsa. Ml ocTa-
BJIfeM B KauecTBe YNpasKHEHUA OIMCAHWMe CTpPaTermd 3ToH
UIPHL M OMNpefeleHNe MaTPUIH CTpaTeTHi.

Pne. 13.

ITpumep 55. Xoxg I. Urpok P, Bubupaer £ s MHO-
mecrBa {1, 2}.

Xop II. Urpok P,, He 3Has 3HAYeHUA Z, BHIOMpaeT Y
u3 MHOMectBa {1, 2.

Xop III. Urpox P,, He 3Hasa HU 3HAYEHUA T, HU 3HAUE-
HEA Y, BHOuUpaeT z W3 MHO;ecrBa {1, 2).

Puc. 14,

Tlnarexkmas ¢yHKOHA HUrpH Takas e, KaK B IIpUMe-
pe 5.1. T

Iasa sTofl Mrpsl MH IoJgydYaeM AMArpaMMy, m3o00paskeH-
Hyi0 Ha puc. 14. ’

B aroit urpe crpaterus mrpoxka P, cocTomT mpocTo u3
mapst wncen || ¢ j ||, rme { — ero BHGOpP Ha mepBOM XOAY,
a j — ma TpeTheM. Crpaterumeil urpoxka P, sBiserca ducio i,
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npejicTaBAgIONee ero BHGOp Ha BTOpoMm xomy. Urak, y P,
UMEIOTCS 4eTHpe crparterum, y P, — nBe. MaTpume# cTpare-
rHfl ABIsAETCA MATPHIA 3.

Martpurna 3

1 2
e 1) =2 3
1t 20 | —1 | —4
e 1y 5 2
e 2] 2 6

Mosxno gerko IIPOBEPUTh, YTO I€HA UT'PEI paBHA 70 onTu-

: 4 3
MaipHas crparerus pias P, —| 00 = = || W omTHMaTbHASA

cTparerus gisa P,— “% %“ . Taxum o6pa3oM, OKa3HBaeTcHd,

YTO IeHa 3TOW MIPH TaKasg jKe, KaK IeHa HMTPH, OIUCAH-
HOl B mpumepe 5.2; MTaK, MBI BHAUM, YTO CBEJEHHA, KOTO-
pEiMu oGaagaeT P; B 3TOH HMrpe, He IPUHOCAT €My IIOJB3H.
Ho »sr0 mpocro caywaiiHOCTh, KOTOpas BHI3BAHA TeM, 9TO
Vi oNpefiefieHUA IIATeKHON GyHKIMM GBI B3ATH UMEHHO
T umcaa. QueBupHO, BoOOmE P, MoMeT GHTH B IydmeM
[OJIOKeHMN B HIpe TAKOr0 THIA, KAK ONHMCAaHHAA B IpPHU-
Mepe 5.2, ueM B Takoil mrpe, Kak B-Ipumepe 5.5.

MoskeT mokasaThes, 9To mpumep 5.5 mpefcTaBiIseT Kpai-
HIOI0 CTeIleHb HeBeJNeHNA, B KAKOM MOTYT OKa3aThCa UIDOKH,
u00 HM OJMH W3 HUX HH B OJMH MOMEHT He 3HaeT, KaKOBHI
6butn mpomutsie BEIGOPH. Ho 8TO HE coBceM Tak, IHOCKOIBKY
urpox P,, memas Tpermii Xom, 3HaeT XOTA OBl TO, ITO BTOMY
Xo[y mpenmecTBoBaau ABa. Hiskecaenywmui npuMep MOKa-
3HBAET, YTO MOTYT GHITH IOJNOMKEHHA, KOTNAa HeT faKe 3THUX
CBeeHH.

Mpumep 5.6. [ama urpa AByX Jaum, B KoTopoil P,—
ONMH deg0BeK, a P, — KOMamH#a M3 JAByX uemosex A m B.
ITH TpU UesOBeKa HB0JMPOBAHHL JPYT OT APyra B OTAENB-
HHX KOMHATaX W BO BPeMs HI'DH HE MOTYT cOO0IMATHCA MEMRAY
co6oit. B Hauame mapTHH cy/ba BXOAUT B KOMHATY, B KOTOPOi
Haxomures P,, W mpepmaraeT eMy BEHOpaTh 9MCIO & U3 MHO-
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mectsa {1, 2}. Ecan P, Bubupaer 1, To cynba uAeT B KOM-
HaTy, B KOTOpOil HaxomuTcs A, M IpefjaraeT eMy BHOpaTh
qucno y w3 mHOMecrsa {1, 2}; ecam ke P, Bmbupaer 2,
cynbs UAeT B KOMHATY, B KOTOpoii Haxopurca B, m mpepia-
raeT eMy BeOGpars umcao y us muomkecrsa {1, 2}. Ilocue
TOT0 KaK GHIIO BRHOpaHO ¥, Cy[bA HAeT B KOMHATY, B KOTO-
poil HaXomuTcs Apyroil wieH KomaHg P,, m Ipexmaraer
emy BHOpaTh 4mcino 2z m3 muOKecTsa {1, 2}. Ilocme Toro
Kak BHOpaHH Tpu 4dmciaa, P, mmatur HMrpoky P; cymmy
M(z, y, z), rae M ompepeleHO CIeAYIOIIMM O00pPa3oM:

M@, 1, 1)=0, M(@2, 1, 1)=4,
M{A, 1, 2)=2 M@ 1, 2)=0,
M@, 2 1)=6 M(2, 2 1)=5,
M@, 2 2)=8 M(E2 2, 2)=6.

IIpu paccMoTpenun 3TOH WMIpPH HY}KHO HMeTh B BHAY, 9TO
KOTfla wieHy KoMaHAsl P, nmpexmaraioT cienaTh BHOOp, OH He

3HaeT, fellaeT AU OH BTOPOH mam TpeTuil Xop mapTum, Tak
Kak OH He 3HaeT, Kakoil BHOoD caenan P,. Urpa uszo6paskena
Ha pue. 15.

Y P, uMenTcsA [iBe CTPaTeTMH: OH MOKeT BHIGPATh I1GO
1, mu6o 2. Y P, — 4 crpaternu: A u B MoryT 06a BrGpars 1;
nin A moxer BuOGpaTh 1, a B Moser BeiGparh 2; mam A
MoeT BHOpa®ss2, a B MoKer BHOpaTh 1; minm o6a OHEH MO-
ryr BeIOpath 2. Mu mpefcraBiigeM 3TH deTHpe CTpPATeTHN

9 k. Max-Kuncn
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COOTBETCTBEHHO YHNOPANOYEHHHIMH Iapamu:
44, nr2f, w21y [z 2|

Yro6H MOHATH, KAK BHUMCIAIOTCA IJIATEMHU HJIA PABTHTHBIX
cTpaTeruii, mpefmoN0uM, HAUpumep, UTo P, Ipumenser
crparermio 2, a P, — crparernio |1 2||. Torpa ma mep-
BoM xony P, meGupaeT x = 2, Clle[0BaTeIbHO, CYMbA HJlET
cHagasa B KOMHATY, B KOTOpoii Haxoxurca B, KoTopHit BLIGH-
paer y = 2; HaKOHeI, Cy/bs UJeT B KOMHATY, B KOTOPOiil Haxo-
nutea A, xoropwii BoiGupaer z = 1. CiemoBaTeapHO, IIIATEX
oymer M(2, 2, 1)=25.

Marpuna 4 ykasmBaeT IJIaTe [JA BCEX BO3MOMKHEIX

- o . 12
KOMOMHaIM CTpPaTeruu. HeHa UT'PBl paBHA 5 ; OITHMAaJIb-

Has cTpaTerus IJIs P1—‘“‘§—'g—” , a gasa P, — “% 0 %0 ” .

Martpuma 4
1R T A 2 1 I T T A A
1 0 2 6 8
2 4 5 0 6

4, Cayuvaiiabie XOfbl

PaccMoTpUM WIpH, B KOTOPHX €CTh CJlydYaiiHHe XOJHI,
TO eCTh HEKOTOPHe BHIGODHI IPOUBBOJATCA CIAyIaWHHIME Me-
xaEmamamu, a He camumm urpoxamu. CnydafiHee XOfn
HMEIOTCA BO MHOTMX OGBIYHEIX CAJIOHHBIX HIpax, Hampumep
B GONBIIMHCTBE KAPTOYHHX HUIP KAapPTH CHAKTCA CIydailHO.

Ciy4aitHEIe XOJ[EL MOTYT BXOJUTD B UTPY TpeMs crocobamu:
1) usmensas IUTaTe, 2) M3MEHAA pasMep U OPHPOAYy MHO-
JKXeCTB, U3 KOTOPHX HTPOKU MOTYT [eaTh BHGOPH, W 3) ompe-
melsisi TOPANOK, B KOTOPOM HTPOKH OymyT mexaTh XOMHI
Mrr pacecMOTpEM NpUMEpPHI, MOACHAKIIME 3TH TP BapHUAHTA,
I B KaKIOM cjydae MOKakeM, KaK ONMCHBATh CTPaTeTHH,
qr0GH TpHBecTH MDY K IPAMOYTroidbHOH ¢opme.

Mpumep 5.7 Xom I. Bpocaerca momera.

Xop II. Urpox P,, He 3Has, BHIaja Ju MOHETa repGom
HIH pemKoii, BhOmpaer wmcio z ms mmoxectsa {1, 2}.

<.y

e

E*“*
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Xop lII. Urpor P,, me 3Hag mcxofa GpocaHWs MOHeTEHI,
HO 3Haf, KaKoe uMclo z 0o BHOpaHO HA BTOPOM XOAYy,
puGupaer umcmo y ms muoxecrsa {1, 2}. Tep6 mm Gynem
n306pakaTh efUHUNEH, a pemKy JBOUKOI. Torpga, ecanm
BHOOpPH 3a Tpu X0fa OHIM COOTBETCTBEHHO U, T, ¥, HTPOKY P,
yunaunsaercs M(u, x, y), rie M ectb QYHKIHA, ONPE/LIEH-
Has B mpumepe 5.1. (Taxum o6pasom, M (1,1, 1) = —2 o3Ha-
gaeT, 4TO eciW MOHera BhmajaeT rep6om, a P, m P, o0a
pri6upaior 1, To urpox P, mmatut urpory P, 2.)

L 0/
Puc. 16.

Wrpa mpepcraBaena Ha puc. 16, rge y HmxHero ysia
cronT cumBoi «O», KOTOPHI yKa3EBaeT, 4YTO HTOT XOJ Ompe-
neasercs caydaem (2 He urpokamu 1 muam 2). (Pagu o6muoctu
MBI TaKMe 3aKJII09aeM 9TOT y3eld B KPYyT, KaK eciau OH 3TO
GBI0 MHPOPMAIMOHHOE MHOKECTBO — XOTA, KOHEYHO, CIy-
qait Emuero me sHaer.) Crparermsa urpoka P, ecTs GpyHKIUA,
yKashBaomas eMy BHOOp 1 mam 2, B 3aBUCHMOCTH OT TOTO,
Kakoil cropomoil ymaida Mosera. Takum o6pasoM, cTpaTerus
ectb ¢ymaxmusa f;; (cM. mpumep 5.1), KoTopas oToGparaer
MHOKecTBO {1, 2} B ce6a. AHAJOIWIHO, CTPATEruA Hrpoka P,
ecth QyHKIUA f;;, YKasHBAalOmMas eMy, Kakoi c/exarsb
BHOOpD B 3aBHCHMOCTH OT BHGOpa P, Ha BTOPOM XOfy.

[IpexmomoskuM, Hampmmep, d9T0 P, IpuMeHseT cTpaTe-
rao f,;, a P, — crparernio f,. Torga Ml goKHH pasiu-
9aTh [BAa CAydYas B 3aBUCUMOCTH OT TOTO, YTO IOKA3HIBaeT
MoHETa —wepbd win pemiky. Ecau rep6 (to ects «1»), TO
cTpaTerds f,; yKaseBaeT HIPOKY P,, 94T0 HyXHO BHOpaTh 2,

0*
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a crparteras f,; yKasHBaeT HrPOKy P,, 9To HyMHO TaKkKe
BHOpaTh 2; TakuM oGpasom, mockoabky M(1, 2, 2) = —4,
miarex urpoky P, paBem —4. Ecam ke Momera Bmmaper
pemkoii, To P, BrGeper 1 u, cregoBarennno, P, Bubeper 1;
mockonbry M(2,1,1) = 5, nmatex urpoxy P, Gyner pasen 5.
Mu mpeamonaraem, 4To MOHeTa «IIpaBWIABHAS», TO eCTh Ta-
Kasg, A KOTOPOHl BePOATHOCTH BHILAfeHHsA repfa u pemiu
onuHakoBa (m paBHa !/,). MatemaTnueckoe OMKMIaHHe BHHT-
prma P, pasHo

(—4)5 +54=7.

EcTecTBeHHO paccMaTpmBaTh 3TO MaTeMATHYECKOe OKMIAHUE
KaK IjaTe:X UIPOKy P, B ToM ciydae, eciau BHGPaHH 3TH
CTpaTeruu.

ABaJTOTMYHHM CIOCOGOM MBI MOKEM BHYMCIHTEH ILIATE:K
UTPOKYy P, ;s Apyrux map crpaTeruit; Takum o6pa3oM, Ml
TMoJydaeM MaTpuiy b5:

Martpmua 5

fll f12 f21 f22
3 | 3 1 1
N
14 5
fl? 0 2 _2'“ 7
1 5
| 4| 5| 5 |t
5 5
fa2 7 1 5 1

Marpuna we umeer cemaoBo#l ToukHM. BuamcieHume NeHEH
M ONTHMAJBHHX CMeIIaHHHIX cTpAaTerdil MH OCTABJSAEM B Ka-
9gecTBe YIPaKHOHUA.

B cnenyromem mpnMepe mepes HaMm IpocTas UTpa, B KO-
TOpPO#l YUCNO aNbTePHATHB, UMEIOMUXCH y ONHOTO M3 MIPO-
KOB, 3aBHCHT OT CJy4Yas.
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IIpumep 5.8. Xog I. Urpox P, submpaer umecao z
a3 MHOMecTBa {1, 2}.

Xop II. Bm6npaeTca aucio y B3 MuHOKecrBa{ 1, 2} mo-
CPENCTBOM CIyYallHOTO MeXaHH3Ma, TaKOTO, 4YTO BEpPOAT-
HOCTb BHOOpa efuHUIH PaBHA !/, (ciIe0BaTeIbHO, BEPOST-
HOCTH BHIOOpa [BOfiKM paBHa 3/,).

Xop III. Urpox P,, 3nas 3HaueHue y, HO He 3HAA I,
BeIOMpaer 4ueio z m3 MHOKectBa {1, 2}, ecim y =1, u us
mHOkecTBa {1, 2, 3}, ecmm y = 2.

Ilocne Toro kak GBuIM cHeaHH TpW XO#a, HIPOK P,
ynnadusaeT urpoxy P, cymmy M(z, y, z), roe M ectp QyHK-
ous, OIpefeleHHAs CJAeAYIIMEM 00pa3oM:

M@, 1, 1)=2, M2 1, 1)=0,
M@, 1,2)=—2 M2 1, 2)=
M@, 2 1)=1 M@ 2 1)=—1,
M1, 2, 2)=0, M2, 2 2)=—
M, 2 3)=—2 M@, 2 3)=3

(Mer Be yraswiBaem 3mageHume M(1, 1, 3) m M(2, 1, 3), Tak
Kaxk P, He MoeT BHOparh 3, ecau caydaiiHHA MeXaHU3M
BriGpax 1.) Ha puc. 17 msoGpaskena gmarpamMma 3TOil HIPHL.
3meck cumBomamu «/,» u «3/,» 0603HAYEHEl [(Be aJbTepHA-
THBH, U3 KOTODHX CJXydafiHbii MeXaHM3M JeaaeT BHIGOP.

Bap;aqy ONNCAHUs CTpaTeTMii M COCTABICHHAA MAaTPHUIIH
CTpaTeTHil MBI OCTaBISEM B KAaYecTBe YIUPaKHEHUS.

B cllefiyiomeM IpuMepe. OICaBa WIrpa, B KOTOPOH ciry-
JaffHEI MeXaHWU3M ompefesseT, KaKOW u3 HTPOKOB cemaer
caepyomuit xof,.

IMpumep 59. Xox I. Urpox P, Bmﬁnpaer quCa0 %
n3 MHOMecTBa {1, 2}.

Xopm II. BH6npaeTca gucio y m3 MHOKecrBa {1, 2} mo-
CPEACTBOM CIYJaiflHOTO MeXaHH3Ma TAKOTO, UTO BEPOATHOCTD
BEHIOODA ' eIMHHUIE paBHA 1/, (CJIe,'[[OBaTeJII:HO, BEPOATHOCTH
BHOOpPa ABOMKE paBHA %/;).

Ecnam Ba BTOpOoM Xopmy BHOpaHa eqWHHUIA, TO Ha IOCHEN-
HeM xony P,, 3Hasd 3HaYeHHd z W Y, BHIOMpaeT uMciio z U3
MHOKecTBa {1, 2}; ecim ke Ha BTOpOM XOAy GHLUIO BHOGpa-
HO 2, To mocaexHuit xon Aexaer P,, KOTOpHIi, 3Has 3HAYe-
HEA Z U Y, PWémpaeT 4uciao z m3 muoxkecrsa {1, 2}. ITocue
Tpex XofioB HMrpory P, ymnaumsaerca cymma M(z, y, z),
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rne M ects QyHEmus, ompepeneHHas B mpumepe 5.1. [lma-
rpaMMa 5TOHf HWrpH mpefcTaBieHa Ha puc. 18.

ITockoasky y P, B 9710if Urpe UMeNTCA TPH BO3MOKHEIE
nEGOPMANOHHEEE MHOKECTBA U IIOCKOIBKY B KaKaoM HHGOP-

(
\j)

Pme. 18.

MallHOHHOM MHOKECTBE y Hero BHGOD M3 ABYX ajlbTeéPHATHB,
T0 Beero y P, mmeworca 28 =8 BoaMoskHHIX cTparermii, y P,
9eTHpe BOBMOKHHE CTpPATerHH.

s
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3afauy BHIYHCICHUS MATPUNB CTPATeTHH Mbl OCTABIAGM
B KadecTBe YIPaKHEHHSH.

Hockoneky sra mrpa ¢ momHolt madopmanmeir, Marpuma
CTpaTerdil mMeeT CeMJIOBYH0 TOYKY.

9. Urpsl ¢ umciaom urpokos Goabime nByxA

Ho cux mop ME paccmarpuBamu JMIO WCPH ABYX JINIL,
HO, OYeBHJHO, HAIM 3aMeYAHUSA LPHMEHAMH C COOTBET-
CTBYIOIUMHE BHIOM3MEHEHUAMH K UIpe 7 jjum, rae n > 2.
B gacrroCTH, AN HEe MOMKHO HaUepTHTH AMArpaMmy, BIOJIHE
AHAJOTWYHYI0 ONMCAHHHM BHIIe AUArpaMMaM [l HTD ABYX
aun. Bpens momaTHe cTparerum, MoMKHO IpHBecTH UTpY n
JHN K HOPMaJbHON (opMe (XOTA [0 CHX mOp MH eme He
yKasaml HHKAKOr0 cIocofa «pemeHHs» TakMX HIP B HOP-
MaJbHO# QopMe). JTH 3aMeYaHHs MH TOSACHEM HA CIeLYIO-
meM mpumepe.

Hpumep 5.10. Iepsmit xof 3akiodaercs B TOM, 4YTO
CTyJailHEI MeXaHH3M, HasHadaomui auciam 1 u 2 BeposT-
HOCTH COOTBETCTBEHHO /3 m 2/3, BHOMpaeT 4MciIo = M3 MHO-
sectBa {1, 2}. Ecim £ =1, To Ha BTOpPOM X0y HIpok p,,
3Has 3HAYECHME Z, BHIOMpaeT Tucio y us MHOMKecTBa {1, 2, 3}.
Ecam z = 2, To Ha BTOpPOM XOMIy HrpoK P,, 3pas snauenue z,
BHOMpaeT UMcI0 y U3 MmHOMecTBa {1, 2, 3}. Ecam y =1, ro
Ha TpeTheM XOAYy Wrpok P, 3Had 3HaueHWe y, HO He 3HAA Z,
BHOMpPAeT 4UCI0 z U3 MHOMKECTBA {1, 2}. Ecaiu y # 1, To na
TpeTheM XOMy urpok P,, sHas sHaueHwe z M 3Hasm, GHUIO Jn
BHOpanHo ¥y = 1 mun y 5 1, BHOHpAeT 9HCI0 2z U3 MHOMKECTBA
{1, 2}. Ilocue Toro Kak GrIN BHODaHH %, ¥ U 2, ATPOKaM P,
P, P;u P, ynmaunBaioTcs cOOTBETCTBEHHO cymmer M (z, y, z),
My(z, y, z), My, y, 2) u M,(z, y, z), tne M,, M,, My n

4 — HeKOTOpHe [edicTBATeNbHHE ¢yHKOUA. [lmarpamma
aToif MrpH usobpaxkema Ha pme. 19.

Crparerus urpoka P, ectb ofmo u3 wmces 1, 2, 3. Taxo-
Ba ke crparerus urpoka P,. Crparerusa mrpoxa P; ecTs
1 nmu 2. Crparerus urpoxa P, nomxma YKas3aTh eMy, Kakoe
SHa4YeHue z U3 MHOKecTBa {1, 2} Beibupars npu z =1 u z = 2.
OGo3HauuM weTHpe BO3MOKHEIE crparerun s P, uepes fq,
120 fa1 ¥ foe. Hampumep, xorma ropopAr, 4ro P, mpuMenser
CTPaTeTuIo Jy;, TO 3TO 3HAYAT, YTO OH BHOeper z = 2, ecam
z=1, 1 z=1, ectu z =2, N
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Uro6bl MOHATH, KAK BHYUCIATH DJIEMEHTH MATPHIIH CTpa-
Teruii, NPeNIIONOKUM, 9T0 P, mpumenser crpartermio 1, P, —
crpareruto 3, Py — crparermio 2 u P, — crpaTeruio f,,.
Kak uw mpm pasGope mpumepa 5.7, HYKHO paccMOTpPeTb
OTZeNbHO ciydam, Korga z =1 u_xorma = = 2.

g/
Puc. 19.

Ecau x = 1, To BTOpO#l X071 Aemaer Py, U, cel0BaTeJbHO,
y =1. Torpma rtpermii xom pmemaer P, u, clefoBaTenabHO,
z = 2. B arom cayuae muare:x urpory P; (rme i =1, 2, 3, 4)
pasen M1, 1, 2).

Ecau 2 = 2, T0o BTOpO# XOK KedaeT P,, m, clegoBaTelIbHO,
y=3. Torga Tpermit xop pmemaer P, u, CleX0BATeIBHO,
z2={f,(z) = f,(2) =1, B sroM cayuae WraTex wurpoxy P;
(mus i =1, 2, 3, 4) pasen M;(2, 3, 1). llockombKy BepoATHOCTD
TOrO, uT0 = = 1, paBHa /3, MH 3aKII09aeM, 9TO €CIU UTPOKH ‘
OpUMEHSOT yKasaHHbe CTPATeTHH, TO MAaTeMATHYECKOE OMKU-
HAaHHme BHMTpHImA urpoxa P; Gymner

M (1,1, 2)+5 M, (2,3, 1).

6. Orpanuyenns, HajaraeMple Ha HHPOPMAHOHHbIE
MHOKECTBA

. Kax Mz ugeam B mpuMepe 9.6, ysisl, mpmHajJIe/Kamue
naHEOMY HMHPOPMAIOHHOMY MHOMKECTBY, MOTYT He HAaXO0-
ANTBCA Ha OJHOM ypOBHE (TO ecTh MM He 06A3aTeJbHO JOIKHO
IpeIECcTBOBATh ONMHAKOBO® UMCIO Y3J0B); MODTOMY MOJKHO
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nHojfyMaTh, 9TO He clefyeT HajlaraTh KAKWX-IHGO orpaHmye-
Uil Ha y3dH, NpWHAJJIEKAMUue [AIHOMY HHGOPMATHOH-
HOMY MHOKECTBY, 3a MCKIIOYOHMEM OYEBHAHEIX YCJIOBHIL,

~~/

Puc. 20.

4T0 BCe OHU JOJKHEL OTHOCHTBCA K OTHOMY MIDOKY U IIpeo-
CTaBIATH €My ONHO M TO Ke dUHCIO anbTepHaTuB. OgHAKO
B MeHCTBUTEIHLHOCTH HEOOXONUMO ellle JOTMOTHUTENbHOE YCII0-
Bue, 4To0BI HIpa MOTIa OCYy-

MEeCTBATLCA: JIMHAA WUTPH He 4 % @ 4
HOJKHA IlepeceKaTh OJHO M TO
Ke WHPOPMAIMOHHOE MHOME-
c¢TBO 0oipme OJHOTO pasa.
JTo 3HAUAT, 9TO HUKAKAA HUIpa
He MO)KeT HMeTh TaKoil [ua-
rpaMmsl, Kak, HampuMep, Ha
puc. 20, Ha KOTOpOil M3 Tpex
ysaos A, B m C, cocraBisio-
mux mapruio, fsa ysuaa, A u C,
IpUHAJJIEKAT OJHOMY HHEPOP-
MaIlIOHHOMY MHOKECTBY. ITO YCJIOBME HMCKIIOUaeT TaKiKe
BOBMOKHOCTh TaKOil JAmarpaMmbl, Kak H300pa)KeHHas Ha
puc. 21.

Yro6H HOHATH, MOYEMY JOMKHO OHITH HAJOKEHO TaKoe
yclloBHe, IPeIOI0MKAM, HAIPUMep, YTO MbI IIHTAeMCA COCTa-
BUTh NeWCTBUTEJLHYIO IHApPTUI0 UIPH, MMeIOMel Amarpammy,
npencrapiaernyio Ha puc. 21. OdeBUmHO, NIA POIM HUIPO-
Ka P; HyMHQ.HMETh JByX 4UelOBeK, M060 eciu OH OJuH,
TO OpPH BTOPOM BHOOpe OH BCIIOMHHT CBOI MEpBHIl BHOOD H,
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clefoBaTeapHO, 6yneT 3HaTh, B KaKo# TOUKe AmarpaMMhl OH
HAXOQUTCA, TOT[A KaKk WHPOPMAIMOHHOE MHOMECTBO YKash-
BaeT, 9TO OH HE JOJ3KEeH HTOT0 3HATH.

Homyctam Temepsb, uTo P, COCTOMT M3 [ABYX deloBeK A
n B, KoTophle IOMEIMEHH B OTAeNbHEE KOMHATH U HE MOTYT
coobmarbeda Mexmy coGoit. B Hauase MrpH cymbsi HOMKeH
IONTH B OfHY KOMHATY W NPEJIOKUTh HAXONAMEMYCH B Hell
9ejI0BeKy BHIOpATh UMCIO W3 MHOMecTBa {1, 2}; 3areM OH
UeT B APYryl0 KOMHATy M OpeRJNaraer APYTOMY YelOBEKY
BHOpaTh 4mcao m3 MHOkecrsa {1, 2}). B pesyawsraTre urpo-
Ky P, Oymer ymnadeHa cymma M(x, y), rHe = ecTb IepBoe
BHOpaHHOEe d9uCcI0, Y — BTOpoe, a M — mHeroTopas fell-
cTBUTENbHAA (YHKINA, ONpeAelieHHAs HA NEKAPTOBOM IIPO-
n3BefeHNMH MHO;KectBa {1, 2} Ha cebs.

Urpokam A m B He paspemaeTcsa coo0mMaTbCa MEXIY
€007 BO BpeMs UTPH, HO MBI HPEANOI0KAM, 9T0 Hepes Haga-
JIOM WTpPH OHH BCTPETUINCH, YTOOH HOTOBOPUTHCA O TOM,
Kak UM ciefqyeT HocTynatb. OHH MO/KHE pemuTh, BHOEPYT JIn
onm o6a 1 wim 2, mnu A BuiGeper 1, a B—2, wau A Buibe-
per 2, a B—1. WUrpokun He 3HAWT, KOTO BLIfepeT cy[abs
cHavdaia, A uau B, m mosToMy He 3HaIoT, OyHeT MU 9YUCIO,
BHOpaWHOE HIPOKOM A, HA3HBATHCH (X» WIH «y»; IPUYEM,
KOHeUHO0, BOoBce He oGasarensno Gymer M(z, y)=M(y, x).
B pmeficTBuTeIEHOCTH, OHH [laKe He 3HAIOT BEPOSTHOCTH TOTO,
910 CYAbs BEIOGepeT cHepsa A; I03TOMy HM HEBO3MOKHO
BHIUMCJINTD OKUaeMBIii IJIaTe:K B ciaydae, eciu A BeiGeper z,
a B BwiObeper y. Ecim a ecTh BepOATHOCTH TOTO, 4TO CYHbA
meibeper cuepna A, To MaTeMaTHYECKOe OKUITAHUE BHIETPHIIIA
paBHO

aM (z, y)+ (1 —a) M (y, 2).

Moskro nogymarh, 9T0 3aTpy[HEHUH TAKOr0 pPoja MOMKHO
msfexarb, paccMaTpuBas abCTPaKTHHE MIPH, TO €CTh HTPH
He JIOfiell, A KAKUX-TO MaIlWH, He UMEOMUX NaMATA. B srom
ciyYae MOIYINM: €CIM MAIIWHA YCTaHOBJIEHA TaK, 4TOOH!
BHOpaTh NUPABYH ajbTepHATHBY B MH300paKeHHON BEIMe
urpe, oHa BHOepeT BTy albTepHATUBY 06a pasa u, CJejoBa-
TeJIbHO, 3aKOHIUT IIapTHIO B (J,; eciu OHa YCTaHOBIEHA Ha
BHIGOpD J€BOH albTePHATHBH, OHA O00A3aTEJIBHO 3aKOHIUT
naptuio B Q,. CieoBaTeIbHO,— U 9TO ABJIsAETCH HEIPEOno-
JAAMBIM TPONATCTRUOM — y3lW @, W ()3 AUKoOrma He OymyT
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HOCTATHYTHl, N HX MOKHO C TaAKHM jKe ycnexoM HCKJIKYATH

A3 JUArpaMMEL. 5

TaxuM 00pasoM, OKa3HBaeTCA HEBO3MOKHEIM HaWTH pea-
JIU3aIUI0 UTPH, COOTBETCTBYIOMEl puc. 21, B KoTOPOil HrpoKu
sHaau Obl OMuKaeMble IOCHENCTBUA, eclli OHH HOCTYHAT TeM
win uEHM o6pasoM. [loaTomy Mui He GyneM paccMaTpuBaTh
TaKde AMATPaMMH, TO ecTh ONpefieluM Hrpy TaK, 9TO0n OHa
He UpMella HONOOHOHW AMAarpaMMHL.

BubGauorpaguyeckue 3aneyanns

[logpo6roe ommcaHMe TP B Pa3BepHYTOd ¢popme LpuBe-
nemo B kmure ¢on Heiimama u Moprenmrepna [92]. Mu
B CBOEM HM3JIOKeHHM ONMpAIHch HA (OPMYIMPOBKU, IpHUBE
meHHble B paGore Hyma [63].

YHpamiiennn

1. HaiigmTe meHy 4 ONTHUMAJNbAble CTPATeIHH [JA HIphl, ONACAH-
uoit B mpmmepe 9.7.

2. OmpefieidTe MaTPHIE CTpaTeTHil W pemeHHA [JiA HTP, OOHECAH-
HHX B IpuMepax 5.4 u 5.8.

3. OnmmmTe MaTpHIy CTpaTerdii AJA HIPH, ONACAHHOH# B mpm-
mepe 5.3. HaiifuTe ONTHMalbHEe YACTHE CTPATErHH OGOHX HTDOKOB.

4. HauepTuTe AmMarpaMMy WIpDH, B KOTOpPOHl HPOUCXORAT Cleqyio-
muae XOJIBL:

Xox I. P, BufmpaeT 4mcio z W3 MHOMecTBa

{1, 2, 3, 4}.

Xon II. P,, sHasg dYeTHOe ¥ HIN HeYeTHOe, BHIOHpaeT 9HCIO y
a3 MHO:kectBa {1, 2}.

Xop III. Ecam y=1, To ciydYaiiHE# MeXaHU3M BHIOHpaeT YACIO 2z
#3 Muoskectsa {1, 2} TaxmM oGpas3oM, UTO BEpOATHOCTH BHOpaTh 1
paBHa 1/4o. Ecim y=2, 10 P,, 3Has 3HAYeHHA « U Y, BHOUpaeT YHCIO 2
u3 MHOMKecTBa {1,

Xopm IV. P,, 3Has 3HadYeHHe y, HO He 3HadA z W 2z, BHOHpaeT wmc-
0 w m3 MHokecTBa {1, 2}.

5. CKOJIBKO cTpaTernii B THK-TaK-Ty?

6. HaiinuTe nmiatexxnyo QyeKUm ), OpH KOTOPOH meHa HIDH
opuMmepa 5.5 OymeT oTiaMYaTbCA OT IleHH MTPH NpHMepa 5.2.

7. Ilorka)uTe, 9TO HHOTMAA MOJE3HO IMOMHHTEL, 9TO OHLIO C/IEJIAHO
paHbIIe.

8. Hana caenyromasn urpa. Xox I. Mrpox P, BuGHpaeT z B3 MHO-
mectsa {1, 2}.

Xop II. ¥¥epor P,, ne 3HasA 3Hadvendsi r, BHIGApaeT 4HCIO y H3
MBEOMKecTBa {1, 2}.
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Xop III. CnywailHHi# MeXaHW3M BHIGHpaeT WHCJIO z M3 MHOMKe-
crBa {1, 2} ¢ BepoATHOCTLIO o AAA 1 W BeposTHOCTRIO (1—a) musm 2.

ITocae Toro, Kax BHGpAaHH x, ¥y ® 2z, ATPOKY P, yliadmBaeTcs
cymma M(x, y, z) m HTPORY P, yniaumBaetca cymma M, (z, y, z). (Mu
He TpebGyeM, 9TobH M,(x, y, 2)=—M, (z, y, 2) AJA Bcex z, y, z.) Jlna-
TpaMMa 3TOif HTpH OpHBeJeHA Ha DHc. 22.

a2 e 7-a a J-c a 7-0

\7/
Puc. 22.

Onmmmre cTpaTermd 9TOfl HUIpH, HAWAATe OMKUJAeMHIl NIaTex
KaKOMY M3 UTPOKOB IJA KasKAO0H BO3MOKHOM IapH CTpaTerdil W Haii-
IuTe YCIOBUA, KOTOPHM IO/IKHE yHOBIETBOPATH O, M, B M,, 4dYTOGH
urpa GBlIa MIpoil ¢ HyNIeBOH CyMMO# (T0 ecTh YTOGH CcyMMa MaTeMa-
TAYECKUX OKAJAHHA BHATPHINA HIPOKOB P, m P, Bcerna GeJla paBHa
HYIIO).

Kaxwme ycloBUA Hy#HO HaJOMKHTH Ha M, B M,, uT06H urpa mMena
HYlIeBYI0 CYMMY He3aBHCHUMO OT 3HAa9YeHAA O

9. KHakmM ycloBHAM [OIKHH yA0BIeTBOPATh QyHKUmHE M,, M,,
Mgy wm M,, 9ToGH Hrpa, OHACaHHAs B mpuMepe 5.10, Gbiia HTpoi ¢ AyIIe-
BOM cyMMO#l (TO ecThb 4TOGHI AJA BceX CTPaTerdwil cyMMa MaTeMaTHye-
CKHX OMH[JaHM{ BHUTDHINe!l YeTHpeX HTPOKOB GHUIAa paBHA HYJO)?
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FTABA VI
OBINAA TEOPUA Ur'P B PABBEPHYTOH ®OPME

1. OGmee onpeperenne KOHEYHHIX HIP

B npumepax raaBn V 6510 09eHD moJIe3H0 MpefCTaBIATH
UTPH B Pa3BepHYTOH (opMe IOCDPEICTBOM HHATPAMM, KOTO-
PHe YacTO OKAa3HBAIOTCH IOHATHE!l, 4WeM CIOBECHHE Omuca-
aus. [ToaTomy ¢ popmManbHO CTOPOHE YHOGHO IPOCTO OTOMKIE-
CTBJATEL UTDH ¢ [UArPaMMaMH, CIYKAIOUMU A UX u300pa-
’KeHHUs1, 970 MH ¥ OyZeM [ejaTh B TOH IjaBe, IOCBAIMNEHHON
TOUYHOMY ONpefleleHHI0 MTP B pasBepHyToil gopMe u JoKa-
3aTeIbCTBY BAajKHOW TEOpDEMHI OTHOCHTEIBHO B3TUX HUIP.

Nrak, M Gymem paccMaTpmBaTh KOHEIHYI0 TPy 71 JIHIL
KaK CHCTeMYy, COCTOAINYI0 H3 CIEAYIIIMX 4YacTeii:

1. lepeBo T (B TOM cmHicIe, Kak OBUIO 00BACHEHO
B raaBe V). ‘

2. n pefictBuTenbBEHX QyHKmui F, ..., F,, omupepenen-
HHX B Ka)K[od 43 BepmuH jepeBa I Taxkum obGpasom, 4T0
ecau t ecTh BepmmHA, TO F;(t) ecTh cyMMa, KOTOpas [OJKHA
OHTH ymIadeHa WIPOKy P;, ecaum HmapTusi 3aKaHIMBAETCHA
B TOYKe I. K

3. HaGop wumcen O, 1, ..., n, Takmx, 9T0 Ka)Kmo#l ToUKe
pasBeTBiIeHNs pnepeBa I cTaBUTCA B COOTBETCTBUE UHCIIO,
yKa3HBaWINEe, KaKoil MIDOK feiraeT OYepemHOil XOi B pac-
cMaTpuBaeMoii Toure (dumciao O oshauaeT, 4TO B HTOH TOUKE
NpUMeHseTCA CIydYailHBI MeXaHusM).

4. Kampoit Touke ¢ pasBerBienus pmepesa I', KOTOpOii,
COTIacHO NYHKTYy 3, CTaBUTCA B cOOTBeTcTBHe umciao O,
COOTBETCTBYET DJIeMeHT || Z; ... %] MHOKectBa S). 37ech k
ecTh 9MCIQ, 3 JbTePHATUB B TOUKE ¢, TO €CTh UMCIO IPAMHIX,
BHXOAAMUX W3 q.



142 ra. V1. OBIMAH TEOPHMA UI'P B PASBEPHYTOD ®OPME

5. Pasbuenus ToYeK pasBeTBIEHMA Ha Hemepecexaio-
muecs W MOJHHECE MHOMecTBa (MHPOPMAaNMOHHLE MHOKECTBA),
YOBIETBOPAIOMAE CASAYIOMUM YCIOBHAM: .

a) Bce Toukm pasBeTBIeHMs, NpUHAJJIEKaIEe JaHHOMY
nHPOPMAOHHOMY MHOKECTBY, OTHOCATCA, COTJIACHO IYHK-
Ty 3, K OJHOMY HTPOKY. -

6) Bce Toukm pasBeTBIeHMsA, IIPUHAIEKAIUE OTHOMY
MHPOPMALNMOHHOMY MHOMKECTBY, HMeIOT OIMHAKOBOE YHCIO
aJTbTepHATUB, KOTODHE MH Oy/ieM HyMepoBaTh cIIpaBa HaJIeBO.

8) Ecam (cM. myHKT 3) TOuKe pa3sBeTBIEHMA ¢ HOCTABICHO
B coorpercTBue umcao (, ToO wHQOPMAIMOHHOE MHOKECTBO,
B KOTOPOM HAaXOJHUTCA ¢, COCTOMT TOJLKO M3 3TOH TOUKH.

r) Ecin § — maptia urpe, TO ecTh JOMaHAA JHHHSA,
uaymas OT OCHOBAaHMS [iepeBa K OfHOW M3 ero BepIIWH,
n eciu A — a06oe uEPOPMANUOHHOE MHOMKECTBO, TO CYIe-
eTByeT camoe 0GojbIlee OfHA TOYKA Pa3BETBJEHUA, HPUHAJ-
nexamas oGouM MHOKecTBaM S u A.

W3 mpumepoB, TpUBeJeHHHX B rdaBe V, NOHKHO OHTH
ACHO, KaKue (QYHKIWN BBIMIONHAIOT Pa3jiMYHHE JaCTH 3TOrO
#HHGOPMAIMOHHOrO anmapaTa W KaKue OPUIMHE HoOyAmIm
HaC IPUHATH UeTHpe BHINEYKa3aHHHX YCIOBUA M UHPOD-
MAIMOHHBIX MHOKECTB. Brpodem, KaK Jerko BHAEThb, yCIO-
BUE B) BIOJHE IPOM3BOJILHO W NPUHATO UMb [JIsA OImpe-
HeJeHHOCTH.

Monwaysics sTuM OGIMEM OmpefejeHNMeM Hrp, ME MOKEM
Temeph TAK ONpeJeNUTh CTPATETHU: cMmpamezueli urpoka P;
(mma i=1,...,n) MBL. HaswBaeM (YHKIHIO, KOTOpas Ompe-
JeleHa A KaKIOro WHQOPMAIMOHHOTO MHOMKECTBA, COOT-
BETCTBYIONIEr0 MrpoKy P;, ¥ 3HaUeHHe KOTOPOH AJA KayKm0ro
TAKOro WHQOOPMAIMOHHOrO MHOMKECTBA IIPE/CTABIACT ONHY
u3 ambTepHarTus, mmeromuxca y P;. Taxum oGpasom, cTpare-
ruA  yKashiBaeT HIPOKY, 4TO HY)KHO [eJaTh mupu Joboif
BO3MOKHON HWHPOpMammu.

Paccmorpum urpy, mmarpamMMa KOTOpOd MNpHBefeHa HA
puc. 23 (Ha sToM PHCYHKe IO IPUYMHAM, UBJI0KEHHEIM HIDKe,
MH fanu o0o3Ha4YeHWss TOYKaM pa3BeTBJACHAsS M KOHEYHEBIM
TOYKAM).

3nech nMe0TCA ABa MHGOPMAMMOHHKX MHOMKeCTBA MJIA Py:
{qss 93} 7 {Qg Gqo» 911} ¥ NBA HHPOPMAIMOHHEIX MHOKECTBA
ma Py {q,, q;) u {gs ¢} CuemosaTemnHo, cTparerueii
wrpoka P, sBisieTca mo0as w3 WeThipex (GYHKLWH, ompere-
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NeHHHX A apryMeHToB {qs s} 1 {9 T qy) ¥ upHHA-
maomux sHagenns 1 u 2. CrpaTerued HUrpoka P, spisercs

Is I bty e

4

Pmc. 23,
¢ymrnusa F, ounpefeleHHas 1A {q4) 92} % {5, q¢} U TaKadA,

q9To0
F({QM q7})6{1, 2}a
F ({5 g6} €{1, 2, 3}.

Ecan M rosopum, 4to P, BHOupaer, HanmpuMep, CIeAyOmMyo
cTpaTeruio:

F({qe ¢:})=1
F({gs q6))=2

To 5To SHAYHT, YTO €CJIA BO Bpems urps P, Haxogures
B ONHOIl M3 TOYEK ¢, WIH ¢,, OH BHOUpaer NpaByiO AIbTeD-
HATHBY, & €CIM B OJHOH M3 TOYeK ¢, WIH s OH BHIOHpaeT
CpeAHIO. -

Ecaun urpox P, BHOMpaeT crparermio z;, TO BEKTOP
r=|%,...2,| ompegerser mIA KayK[ofl aJbTepHaTHBHL
B Ka)K10il TOYKE pasBeTBIEHMs HEKOTOPYIO BEPOATHOCTb —
BePOATHOCTH TOTO, 9TO HAPTUA, [OCTHrmAad TAHHO# TOUKH
pasBerBienus, Oyfer MpPOROIKATHCH HO yKazaHHOH ajJbTep-
gatuse. Ecian BrGop B 9T0H TOYKe JOJKEH NeNaTh OAMH M3
HTPOKOB, TO 3Ta BeposATHOCTH Gyaer 1 mim 0, coOTBETCTBEHHO
ToMy, YKA3hBaeT JIM WIPOKY ero crparerms, BrGpaTh ATY
apTePHATMBY HIW HeT.
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Ecan pribop sBnstercss caywafineim; to BEPOATHOCTH ompe-
ACIACTCA COTIACHO OYHKTY 4 ompéjeneHus Hrpui. Mu 06o-
SHadaeM 9TH BEPOATHOCTHU 4epes p (T, ¢, i), Te T ecTh ymo-
PAJOYEHHOe MHOMKECTBO CTPATeTWHl, KOTOPHE HTPHMEHSIOT
UTPOKH, ¢ — TOYKA DA3BETBAEHMA, a I — aJbTePHATHBA.

Taxk, npegnonoxum, aro B urpe, n300paskeHHol Ha puc. 23,
P, npumenser crparermio F:

F({qa gs)) =1,

F ({9 9100 1)) =2,
a P, npumenser-crpatermio G:

G ({94 ga)) =2,

G ({5 gq6})=3.

OGosrauum ymopsagovenHyo mapy I|# G| gepes a. Torga
JerK0 NPOBEPUTH CJEHYIOMIE COOTHOIICHM:

1 2 7
P (@, T 1)=W’ p(a’ 1 2)=W’ p(a, qy» 3)=T61

P(a g5 1)=p(a, g5, 1)=1,
p(a g5 2)=p(a, g5 2)=0,
p(a, g5, 1)=p(a, g5 1)=0,
p(a, g;, 2)=p(a, 9e 2)=0,
p(a, 95, 3)=p(a, G 3)=11
P g4 1)=p(a, q,, 1)=0,
p(a’ 94> 2)=p(a, 97 2)=1’

1 2
p(d, 9y, 1)=§1 p(ar 99y 2)=§1

p(a, g 1)=p(a, 99, 1) =p (a, 9w 1) =0,
p(a, g, 2)=p(a, 99> 2)=p (a, 9 2)=1.

OnHako mus HeKOTOPBIX Iesieil HampaBlieHHE NapTHH I0CTe
BhGOpa mydme oGosHagaThH yKasaH@eM He YHclIa albTepHATHB,
2 BEPINWHE, K KOTOPHIM NPUBEJET 3TOT BeiGop. Tak, ma puc. 23
IepBasd aJbTePHATHBA AJA TOUKU G, MOKET [IPUBECTH K OJHOM
U3 BePIMIAH ¢, iI,, t3, 14, ls M tg, BTOpasg anbTepHATUBA —
K omHO#l w3 BepmuH ¢, sy M ty, a ltperbsi_ampTepHaTHBA —



|, OBIIEE ONPENEJEHUE KOHEYHBIX HIP 145

K OXHOM M8 BOPIIHEH ly, 15, ligr ly3) t1a B y5. llepBag aumb-
TepHATHBA [JA TOYKH ¢, MOKeT NPUBECTH K I, I, WIH I,
a Bropas aJbTePHATHBA — K l4, 5 WU Ig.

CumsonoM p (z, g, t), Tfie £ — yNOPAL0IEHHOE MHOKECTBO
cTparernii, ¢ — TOUKA pasBeTBICHWA ¥ { — BepIIUHA, Mbl Gy/iem
0603HaYaTh BEPOATHOCTH TOTO, UTO IIOCJE TOro, KAK B MapTHU
JOCTUTHYTa TOYKA pasBeTBIeHNA ¢, maprusa Oyjer HPOLOI-
JKaThCSl 1O IyTH, KOTOPHII oKomumrca B f. Tak, Ajs WrpH,
ms06parkenHoii Ha puc. 23, BMECTO Toro 9TofH mMHCaTh

1
p(a, 9y 1)=T0“1
MBI MOMEeM Hanucarb

1
pla, g t)= 10

HIH
1
pla, g, &)= 10

u T. . Bmecro rtoro urobsl mucaTh
p(a, qa 1) =0,
MH MOKeM HamucaTh

p(a, qas ty) =0
nIn

p(a, g t;,)=0.

IIpumensas sTo o6o3HAUeHHe, MBI, KOHEUHO, TaKiKe 'IOXYTAM
p(z, g, t) =0, Kora ¢ He sABIAETCSA KOHEYHOH TOUKOW map-
THH, OpoXojAmei uepes ¢. Tar, Hampmmep, IJiA{UTpHI,
n3o0pakeHHOil HA puc. 23, MH IOIYINM

p(a, g, t;)=0,

TaK KaK TapTusA, OPOXOAAIias depe3 ¢,, HE MOMeT B3aKOH-
quThes B !,. llocpemcTBoM 5TOM QYBKIMM MBI MOKEM TaKiKe
OIIpPeeuTh BEPOATHOCTH TOTO, 9TO AJA JIOOHX QHKCHPOBAH-
HEIX CTPATerwil MrPOKOB mapTuA 3aKOHYMTCA B JAHHON Bep-
muse. [IycTs x — ymopAmoueHHOe MHOKECTBO 4HCTHX CTpa-
Terdii 7 WrPOKOB, INyCTh ! — BEPMIHHA, COOTBETCTBYIOMAA
HEKOTOPOH NAPTHM, W NMYCTb ¢y, gy -, §,— TOUYKH PasBer-
BIeHHAA MAapPTHH, OKaH4YuBajpmieiica B Touke ¢. Torma ecam

10 &. Man-Kuamcw
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OOJIOHHATDL

r
p(x, t)"_-ig‘p(x’ q;» t)’

TO SICHO, 4TO p (%, !) €cTh BEPOATHOCTH TOTO, 9TO IAPTHA
3aKOHYNTCA B TOUKE f, €CIU UTPOKUM HPMMEHSIT YMOPARO-
YeHHOe MHOKecTBO crpartermit z. JcmompzoBaHme OfHOR
U TOi e OYKBHI p AnsA oGeux GYHKIHWHA He MOMKeT BHECTHU
OyTaHUIE, TaK KaK B OJHOM Ciydae aT0 (YHKIUA ABYX
nepeMeHHHX, a B ApyroM —rpex. Tak, Ans urpm, mnsoGpa-
JKeHHOH Ha puc. 23, HCHOAB3YS TO ’Ke MHOMKEeCTBO CTpaTe-
ruif @, Kak ¥ paHbIIe, MH HMeeM:

1
p(a, t) =p(a, g1, ty) p(as G 1)) P (2, g5 8y) =45 1-0=0,

\ ' 1
P(a, ) =p(a, 41, &) p(as Gy, 1) -p (@) G50 L) =T(j"1‘0=0’

1 1
p(a,ts) =p(a, q;, ts) p(a, Gy, ts) P (a5 G, t8)=_16"1'1=T(j .

AHaTOrUIHO
pla, t)=0, p(a, 4,)=0,
p(a, ts) =0, p(a, tu) =0,
p(a, t) =0, p(a, t) =0,

2 7
p(a, 47)=T(Tv p(a, t’3)=~3_().’

p(a, t) =0, p(a, t) =0,
7
p(a t)=0  p(a, ;) =5

[as mpoBepxkW MbI 3aMedaeM, 4TO

15
igp(a, L) =1.

Ncnonnsys BBefeHHbIE ceiiaac BEPOATHOCTH, MBI MOKeM Terephb
B CBOI0O OdYepe[b HANTU MaTeMaTWYeCKWe OKUIAHUS BHUTPH-
melf WrpoKoB IIPM PA3NIMIHHZX YUCTHX cTpaTerusax. IlycTs
¥ — yIopsAj049eHHOe MHOKECTBO CTPAaTeruil, MycTh &y, .. ., 1, —
BepIIWHH [UarpaMMH UTPe ® mycts H, —nmarexnas ¢ynn-
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nus gaa urpoxa P,. Torga MaTemaTAdecKoe OKHAaHNe BHIAT-

peima urpoxa P; BripaskaercA QopMyiroi

M; (z) = ’Z}‘ H; (&) p (= L))

Taxk, Hampumep, HPEANOI0MEM, UTo miartexHas ¢pynrmua Hy
JJIA TepBOrO’ MTPOKa B Wrpe, WsobpakeHHO# Ha puc. 23,
TaKoBa: K

H, () =10, H,(t5) =30,
H, ()= —10, H, (t,)=20,
H, (t5) =10, H, (t,) = — 30,
H1 (t) = 20, Hl (ta) = 0,

Hl (%)= 30, H1 (to) = 30,
Hl (te) = 0, H1§(t13) = —30,
H,(t,)= —10, H,(t,) =40,

H, (¢,5) =15.

Toraa Ais YUOPAAOYEHHOTO MHOKECTBA CTpaTermi a, pac-
CMOTPEHHOTO BHINE, MH MMeeM

15

M, (a)= ZH1(tj)P(aa t)=

j=1
1 2 7 7
=10'T6+(-10)‘m+("'30)'3—0+15-1—5= -1

MH Doxaszanu B o0meM Buje, 4TO. 3afada pemeHHA HPOH3-
BOJNbHON KOHEYHOH MIpH CBORUTCA K 3a/lade peIleHHud HUTPH
B IPAMOYTONbHON opMe. MEH HaxopuM 5Ty HOPMAIN30BaH-
Hyl0 $OpMy HMCXOJHOW HIpPH, NEPEUUCIUB BCE BO3MOMKHEIC
CTpaTerHl WIpOKOB U BEIMHCIHB 3aTeM 3HAYGHHA QYHK-

maik My, ..., M,.
My mMeeM Temeph IJIaTeKHBIe QYHKIMH [BYX BHUIOB:
1) ¢ymkumn H,y, ..., H,, KoTOpHe oONpe/leIeH HA MHO-

JKecTBe BEPIIMH [MarpaMMH HTPH ¥ YKa3HBAaKT, CKOIBKO
HOY9YNT Ka’K[Abll UTPOK, eCJM Urpa 3aKOHYMTCA B NaHHOH
sepmune; 2) gyprmma My, . . ., M,, xoTOpHIe OIpe/eNeHHl
Ha MHOMKecTBe YHODPAAOYEHHEIX YHMCTHIX CTpaTernd ¥ yKa-

10*
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SLIBAIOT, CKONBKO IONYYHT KaKAHH HIpOK (B cpejHeM),
eciI¥ Mrpoku OyAyT NPUMEHATH AaHHHE YUCTHE CTPATeIHH.
Jliis T0T0 9TOGH pasAMYMTH STH [BA BUJA TLIATEKHBIX QyHK-
Iuid, ME Gy7leM Ha3HIBATH [EPBEE NAAMEHHBMU BYHEYULAML
napmuu, a BTOPHE — NAAMENCHOIMU GYHREYUAMYL CMPATNESUN.
Ommako o6mgHO GyAeT BUAHO U3 KOHTEKCTA, KAKOi BUJL
IUIATeKHBX QYHKUME MBI MMeeM B BHAY, TaK 9TO MBI GymeMm
ONYCKATh 0603HAYEHUA «HAPTUH» W (CTPATETHM».

Cnexyer 3aMeTuTh, 9T0 HpABUIbLHOE OpE/ETEHHe WUIPHL
¢ HYJNEeBOW CYMMOH — BTO OIpefieJieHHe IOCPEACTBOM ILIA-
TeKHHX (QYHKIMA cTpaTernm, a He IIATEKHBIX ¢yHRITIi
mapruu. Hrpa HaswBaeTcs uepoii ¢ mydesoii  cymmol,
ecau JUIA BCAKOrO n-MepHOro Habopa & CTpaTeruil ATPOKOB
Py, ..., P, Mu umeeMm

rae My, ..., M, cyrb unate;kHpe QYHKOME CTpPATerwm.
U3 ympamuennir 8 m 9 rmasm V BugmO, uTO 9TO ycaopme
MO}KeT OHTh BLIIOJHEHO B HEKOTODHX CJaydasX ¥ TOTja,
KOT/la COOTBETCTBYIOIige ypaBHeHHe [JIf IIATeKHHX QyHK-
nuil mapTHH He GyHeT CIIPaBefJIUBO.

2. Urpnt ¢ nonnoii madopmanmeii. Toukn paBHOBechs

O6paTuMcs Teneps k urpaM 0co6OR0 pofa — K TaK HA3H-
BaeMEIM UTPaM ¢ «IpAHOW mHPOopMamueiiy. ITH WUIPH Xapak-
TepU3yIOTCA TeM, YTO BO BCAKOH TOYKe B mM1060# maprum
UT'POK, 9bfA OYepPeNb feaTh X0/, TOYHO 3HAeT, KaKue BHOODH
0w cpenans pambme. o ormomenwio x mmarpamme urps
3TO 3HAYMT, 4TO N060e WHGOPMAUUOHHOE MHOMKECTBO CO-
CTOMT M3 OfHOro diemenTa. Tax, Hampmmep, mrpa, msobpa-
’KeHHAasi Ha puc. 24, ecThb urpa ¢ HOJHONH MHGOpPMamueit.
[lockonsky B pAmarpamMme WUrpsl ¢ WONHOH wHPOpManumeil
KayK[ad NYyHKTHPHAasA JUHUA 3aKI0YaeT JUMb OXHY TOUKY
Pa3BeTBICHNA, MBl MOKeM B Cjydae TaKUX HUTD OIYCTUTh
coBceM NUyHKTupHBe muHAuM. Taxum oGpaszom, puc. 24 Mu
3aMeHUM Ha puc. 25.

Yuamuiica caM MOMeT pacHo3HATh, KaKhe M3 OGHYHBIX
CAJIOHHHEIX WTD ABIAKTCA UIPAaMH C IOJHOH MHPOpMamueit.
Taxossl, HampuMep, THK-TaK-Ty, MANIKM, MAXMATH H TPHK-
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tpak. Hamporus, GoapmuHCTBO KapTOUHHX Hrp (Hampumep,
OpusK, IOKep, KaHacra) He ABIAETCS HTPaMi ¢ IIOJHOM
mHpopManmeli, TaK KaK HrPOKM He BHAIT, KAaKHe KapTH
OBUIM BHIJAHBL JPYTHEM HUTPOKAM.

M mokaskeM Temepb, 4TO MATpHIa J1060i MTPH B HOp-
MaJbHOH (opMe MBYX /MLl C HYJIeBOil CyMMO#l M TOXHOH
uadopManueil mMeeT CelIOBYI0 TOUKY, TO €cTb B TaKoil HIpe

7
Pnc. 25.

ecTh ONTHMAIbHHE 4HCTHe crpartermu. Jlas Taxoil mpocroi
HIpH, KaK THK-TAK-Ty, 3TO, KOHEYHO, M3BECTHO KaXK/IOMY,
KTO KOrJa-HUOYIb MIPAl B STy MUIDYy XOThb HECKOJBKO pas.
Kasspiii MTPOK B THK-TAK-Ty MOMKeT UTrpaTh TaKUM 06pasoM,
4TO OH-BHIHTDAeT (ecau APYroifi Urpok GymeT Urpars Hempa-
BUJIBHO) WiH Robbercss Huubeit. Ilo aTolt mpuwmHe B3pOCIHE
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pefxo HWrpalT B THK-TAK-Ty: I[OCIe TOT0 KaK OHH Y3Haln
ONTHMAaJIbHbIE CTPATeIMM [JJIA 9TOH WTPH, OHA YiKe He CTaBHUT
gepef HAMH YMCTBeHHHIX 3affad. UToGH HaliTH TaKWe ONTH-
MaJlbHEE CTPaTerud WrpH, HYKHO UMb IepemucaTh Bee
CTpaTeruu WUIPH, HamucaTh Marpuny (mocrasus «1l», «O»
4 «—1» ausa «BHArpHINA», (HAYbEH» M (IPOUTPHINA») U BH-
6path cemmosylo Touky. Ho umemo BO3MOKHEIX cTpaTeruit
LI maxMaT TaK BeJMKO, 9TO BpAJA 1T BO3MOMKHO TPO-
BeCTH Takoe Iiepeamciaenue. [lostomMy, mBeposaTHo, mI0AM
OyAyT eme [0Jroe BpPeMA yBIeKAaThCs Wrpod B max-
MATHL. .

Beaeacreme Toro, 4ro Hame ZoKasaTedBCTBO GyMeT HpO-
'BOAMTBCHA IIyTeM MaTeMaTHYecKON HHAYKIUH, OKa3HBaeTCs
yHoOHee MOKas3aTh HECKOJBKO Goiee cuALHOE yTBep:eHHe,
9eM YIOMAHYTOE BHIIe, — TeOPEMY, OTHOCAMYIOCA KO BCEM Mr-
paM ABYX JuI ¢ IOIHOH MHpOpMamueil, a HE TOIBKO K UTPaM
OBYX JHI ¢ HyJneBoil cymmoii M momnoit madopManuei. [liaa
$opmynupoBKn 3TOit GoNee cHIBbHOM TEOPEMBI HEOOXOLUMO BBE-
CTH IOHATHE TOYKM PaBHOBECHS, ABIAOINEEcs 06OOHIeHNeM
TOHATHA CeJJIOBOI TOUYKH.

Ilycts mnare;xHble pYyHKIMM CTPATeTHH HTPHL 7 JIAI CYTh
My, ..., M,, MBO¥KeCTBO 4MCTHX cTparermii mrpoxa P; (s
i=1,...,n) ecTs A;, I A — IeKapTOBO IpOM3BEIEHHE MHO-
HecTB A,, ..., A,. M rosopuM, 410 dieMeRT ||, ...Z,||
MHOKECTBA A ecTh MOYKa DAGHOGecUs, €CHAM A KasKmoro [
M s 1000r0 3jIeMeHTa Y MHOMKECTBA \Ai

M (xy, .. 2) > M (T o Ty gy Yy Tyaq. -+ o s Tpy)-

WBTYyRTHBHBIH CMBICI TOYKH PaBHOBeCHS TAKOB: BTO TAKOM
cnoco6 HrpH, 910 €CiAM BCe UI'DOKHM, KPOMe OIHOr0, NPWHH-
MAKT €ro, TO H OCTAaBImEMYCS WIPOKY JIydilie BCEro TOKe
OPUHATH 3TOT CII0COD.

B ciywae mrpel AByx mamm ¢ HyJeBOH CyMMOii TOUKa paB-
HOBeCcHMsA €CTh TO jKe caMoe, 9TO M CeJI0Basg TOUYKA MATPUIH
IJiA UTPHL B HOPMAaJIBLHOH ¢dopme. JlelicTBuTENIbHO, TpPEANOIO-
UM, 9710 ||, Z,|| ecTh TOYKa paBHOBECHS WTDH JABYX JIHI]
C HYJIEBOA CyMMOW W INIATeXHHMH QYHKmmamu M, u M,,
B uycrb A; u A, — cTpaTeruu, uMeOmuecs y Arpokos P, u P,.
[ockomsky ||z, x, | ecTs Touka paBHOBecHA, MH HMeeM IS
m06oro dreMeHTa Yy, MHOXKecTBa A, W M06OTO diemMeHTa iy,
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MHOMeCTBa A,
M, (%1, x0) > My (Y15 Z),
My (xy, 25) > M, (24, Ys)-
Ho IIOCKOJBbKY HIrpa mMeeT HYJIEBYI0O CYMMY, MBI HUMeEeM:
My (z), ) = — M, (2, %),
M, (xy, ya) = — M, (%3 Ya);

[H03TOMY U3 BTOPOI'0 HEPAaBeHCTBA, HAMNMCAHHOI'O BhINE, Ml
3aKJI09aeM, 4TO
— M, (%, %) > — M, (x;, Ya)s
Wi
M, (zy, x3) < M, (%), ¥p)-

Orciopa MB IOJyYaeM:
MMy, %)) <M, (x), 25) <M, (21, ¥o)-

910 BHAYUT, UTO TOUKA ||, &, || ABIAETCA CeNIOBOH TOYKOM
MaTpUIH UTPH B HOPMAIBbHOE (opme, dYTo W TPeGOBAIOCH
moxazath. G XpYroil CTOPOHH, JerKo y0efuTbCa B TOM, 4UTO
cenJioBas TOYKA eCTh TAKKe TOYKA PaBHOBECH.

b L W Ll L L L4 4L b4

Pmc, 26.

FWrak, uro6H mOKa3aTh, 9TO BCAKAA HI'Pa [ABYX JUI[ C HY-
JieBoil cyMMOl U IOJIHOI MHGoOpManueil uMeeT CeJIOBYI0 TOUKY,
[OCTATOUHO TOKA3aTh, YTO BCAKASA MIpa [ABYX JHAI C MOJHOIM
pHpOpMaIeit MMeeT TOYKY pABHOBECHS; BTO MH ceifac
A CHeaeM.

Yro6r. mPQBECTH HAme [0KA3aTelIbCTBO, YAOGHO BBECTH
OOHATHe yceweHUs WIPH C HonHo# mrdopmammein. Mu mopt-
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PadyMeBaeM IIOJ| 3THM HIpy, KOTOpas NOIYdaeTcs U3 HaHHOI
HCKJII0O9eHHEM mepBoro xofa. Tak, mpefmomouM, uro mrpa
UMeeT JAUarpaMMy, IOKasaHHYy0 Ha puc. 26, m niaTexxsasg
dyuknua mua P; (gus (=1, 2) Bupaxaerca feficTBUTeNbHOMN

$ysrnueit H;, onpepgemeBHON B Toukax fy,...,%,. Torna
bs Le L % 4 5
b Lu 2 Ty 2 7
o
Xy > Z,
/ 1
Pame. 27. Pumc. 28.

AMEIOTCA TPU yCeUeHHS HTOH UTPEI, COOTBETCTBYIOILME TPEM
aTbTepPHATABAM NIpH mepBoM xope. X quarpaMMsl IpMBeeHE
Ha puec. 27, 28, 29. Ilnareskmme QyHKOUM AaA STHX yce-
9eHHHIX HTDP CYTh IepPBOHAYAJbHEIE IIATeKHBE (QYHKIUH,
HO mX o0macTu ompemene-
% b 4 4 4 4, HESL COOTBETCTBEHHO OTpa-
mugeHsl. Tak, miaresxkpas
¢yrruua gua P; urps, uso-
OpakeHHOIl Ha puc. 27, ecTh
¢yrruua K;, ompeneneHHas
B TOYKAX 5, &3, Ly by W
rakasg, dro K;(t;)=H,(t;)
s j =12, 13, 14, 15.
(Hysxno Bamerurp, uTo
Pme. 29. TAaKOH C1noco6 o6pazoBaHmsA
YCedeHHHX UrD BO3MOMKEH
HOTOMY, 9TO MTPa ABIAETCA WTPON ¢ MOTHONA HHPOpMAIHe.
Ecnm 6v1 MBI IONDBTATACH ONpEeNUTh YCEUeHUS A TaKOH
UrpH, Kak, Hampumep, Wrpa, mnsobpaskeHHas Ha puc. 23,
TO IIepej; HAMU BO3HHKIA OB 3afada pasfgeldNTh KaKMM-
HuOyAs oGpasoM HHpODMANMOHHHE MHOMeCTBA {g,, qs} u
{94, q5}.)
HocxonbKy crpaTermsi mrpoka B Wrpe ¢ IosHOH HHPOD-
Mamnuei ecTh GYHKINA, ONPENeIAON[asd HEKOTOPYIO aJabTep-
HaTUBY NPH Ka)KIAOM XO/ie MI'POKA, MH MOKeM TaKMe pac-

2
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cMaTpUBaTh YCEYEHHs NAHHOH CTpaTerdd, COOTBETCTBYIOMIHE
yCeUeHHAM [aHHOW WUIDPHl, YCeueHue cmpameauu onpeensaerca
TOJIBKO B TOYKAX pasBeTBIEHUA COOTBETCTBYIONIETO yCEUeHUS
urpe u BHOUpaeT Te jKe albTePHATUBH B TOYKAX pasBer-
BIeHHs, 49TO M IepBOHA4YajbHAA CTpaTermda.

Teopema 6.1. Tycmv A u A® — mnomcecmsa cmpame-
ewit, umerowuzcs y P, m Py, ¢ uepe dsyx auy c noarnot ungop-
magueit, u nycmv A —ux dexapmoso npouseedenue. To20a A
uMeem MOYKY PAeHOBECU.

HoxazaTenbcTBO. MH AoKaeM TeopeMy MHAYKLUei
00 JJMHe WUrPH, TO ecTh MO YHCIAy TOYeK pasBeTBIICHUS
B caMOii JIMHHOM BO3MOKHOII HApTHU WTPHI.

Iaa urp guuseoo 0 (To ecTh AAA urp, He UMEOMUX XO-
moB) Teopema odeBnpHa. /[leficTBUTeNRHO, B 3TOM Ciydae
KasKkAH1i W3 UTPOKOB HMeEeT TOIBKO OfHY CTpaTermio, KOTo-
pas cOCTOMUT B TOM, 4TO0H HHYero He JelaTh, M, Cle[oBa-
TENBHO, [EKAapTOBO IIPOW3BENEeHUHe A COLEPIKUT JHIIb OfMH
5JeMeHT, KOTOPHIH 10 ONpeJeNeHuI0 ABIAETCA TOUKOW pas-
HOBeCUA.

Mu npenmosmaraem, 9TO TeopeMa CIPaBefJiMBa A BCeX
urp AAMEH MeHbme k; mycts I' —urpa pmmnmoii k. Tlpemno-
JIOKEM, YTO [AJA NEPBOr0 Xofa HMeITCA 7 albTePHATHR,
u nyers I}, T,, ..., I, — r yceuenmit urpu I' (omu cymecr-
BYIOT moToMYy, 4To Mrpa I' ecTp mrpa ¢ momHOi mHpOpMAa-
mueit). :

Mycrs mua kaxmoit ms urp I, (i=1,...,7) AP’ ecrs
MHOKECTBO UWCTHIX cCTpaTermii, umemomuxea y P,, A® —
MHO’KECTBO UMCTHX CTpaTeruif, umeiomuxca y P, m A;—
mexkaproBo mpoussefeHne MuoiectB A{” m AP, Cormacuo
yeaopuaM TeopeMbl, AY m A® cyTh cTpaTernu, MMeOMUECA
y P, u P, B nepponauanpHoit urpe I', u nmycTs A— mexap-
TOBO npousBefenne MHOKecTB AV m A%,

ITo ycsopuo MEAYKINN, NIMEETCA TOUYKA PABHOBECHS B KaK-
mom u3 muoskects A;. Ilycers ||ff g| maa wampgoro i ecrs
Touka paBHOBecma MHoskecTBa A,;. Torma, oGosmaums mia-
Te;kHBe QyHKuuu cTpaTermii B urpe I'; wepes M§° m M,

nMeeM:
MP (fi, g0) > ME (fis 8 } |
P 8> M (L 8) )
paai=1, ..., r, pas moboro f, w3 A{" u qua moboro g; s Af®.



154 ra. V1. OBIMlAA TEOPHMA UIP B PABBEPHYTOR ®OPME

Mu Gymem pasmmaars Tpu ciyyas: 1) mepssiit Xox urps I
CIydYailHHi, 2) mepsmit xof urpu [ memaer P, m 3) mep-
B Xof urpu I' gemaer P,.

Caygait 1. Ecium g ects TouKa paspermienns ofHoil (W3
yceueHHHX mrp [';, cooTBeTcTBylOmas XOAYy, KOTODHI e-
aaer P,, To MH momaraem

*(9)=Fi (q).
AHaJIOTHIHO, €CAM ¢ ecTh TOYKA pa3BeTBIEHHS ONHON m3
ycedeHHHX urp [;, cooTBercrByomas xofy wurpoka P,, M
gosiaraeM

g* (@) =gi (9.
[ockoneky mepBmii Xoi BHOUpaer ciaydaii (To ects HH P,
HE P,), oueBmpmo, f* ompemeneHa B moGoil TouKe pasBel-
BieHMs Urpet I', cooTseTcTmyomeit xony, Koropwit memaer P,,
H, CIefl0BaTeJbHO, €CTh 3JIEMEHT MHOKectBa AV,

Amnasoruyso, g* ectb ameMeHT MHoMecTBa A®. MH Xo-
THM II0Ka3aTh, 4TO ToUKa || f*g*||, maxopsamasca, Taxum
o0pa3oM, B A, ecTb TOYKA DPaBHOBECHS MHOMKeCTBa A.

Ilycrs anprepEaTHBAM IPH IEPBOM XOJle HABHAIEHE! BEPOAT-

14
HOCTH Gy, Oy, - .., @, TAK 910 0; >0 (i=1, ..., 7) u Yo, =1.
. i=1
Hyers M 1 M® — nnarexusie pyHKImn cTpaTernii B urpe I
coorsercrBeHHO Ama P, m P,. Torpa owesupso, 4dro ecim f
u g —mobsie crparernn wrpoxos P, m P, B urpe I' m ecan f,
n g;(i=1,...,n)—yceleHns 3TUX crpaTermii A yCedIeH-
Hoit mrper I';, To ¢

M? (f, g)=i§aiM%” (fir 8)»

M®(f, §)= X aM®(fy, g,)-

B wacrmocTn, mockoNBKy crparerud f, ..., f* cyTh ycegenns
crpatermu f* u gf, ..., g7 cyTh yceuemmsa crparermu g*, MuI
AMeeM:

r
M (f, g*)=i§ o.M (f;s &7),

: @
M¥ (P, g)= B aMP (F, g).
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a
r

M@ (%, g% = 3 aMP (f}, gl),
. (3)
M2 (7%, g% = 3 aM® (11, &),

N3 mepasenctB (1), ¢ yderoM HeoTpUIATeILHOCTH BCEX
0y - .., 0y, BHBOLUM:

Z uMP (f), gt) > 2 o.M (fir g},
= (4)
ZGM?)(/N g1 Z Q,M“”(f” gt)

[MopcraBmaa (2) u (3) B (4), nomywaem:
M®(f*, g%)>M® (f, g*)
M@ (%, 8%)> M (*, 9),

TaK 4T0 mapa || f*g*|| meficTBuUTenBHO €CTh TOUKa pPaBHOBE-
cua urpu I', uTo u TpeGosamock J\0Ka3aTh.

Cny‘lan 2. B stoM cayuae mepBHit XOX ¢, urpe I’
memaeT P,. MHo:kecrBo amces

{A'Im(/l' gl) Mm(,fz’ ;‘),...,M;'D(i:' g:)}

KOHEYHO If, cJe0BaTeJbHO, UMEET MAKCHMYM. HyCTI: 1ejoe
qHUCI0 U TaKOBO, 49TO

M2 (fir gil) = max M(f, gi)- ©)

Ompefennv pysHKnHIO f*, MONIOMKAB
* () =, (6)

a ecau 'q —TouKa ofHoil. ws3 ycedeHHmx urp I';, cooTser-
CTBYIOIIasA X0y, KOTODHI femaer P,, To

* (@) =fi ().

Mu ompepensem ¢ymrumio g* ToUHO Tak e, Kak B mep-
BOM ciydae,™g"¢ecTh ecaum g — TOuKa o;anon U3 yCedeHHHX
urp I';, coorBeTcTByIOmMAs X04y, KOoTOpHil Aedaer P, Te MH
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pnoJjiaracM
g*(9)=2g: (q).

OugeBugHo, f* W g* cyTh cTpaTernm COOTBETCTBeHHO Miasa P,
n P, B urpe I'. MB xoTuMm mokasats, aTo || f*g* || ecrs TouKa
paBHOBecusi MHo;kectBa A. I3 paseHcrsa (6) MH BHANM,
4To ecam g ecTh Jjobasa cTpareruda urpoka P, 3 I' m ecanm
gu ecTh ee yceuemme juasa uwrpu I',, TO

CME(fF, g) =My (i, gw) )

M® (f*,g)=MP, (fi, gu)- 8)

W3 pasercte (7) m (8), NMOCKOABKY g €cTh ycedeHUe
crparermn g* pmaa wrpu [,, MH mDoxydaeM, B YacTHOCTH,

M®(f*, g%) =My (i gn) ©)
M®(f*, g*) =M (fu, gh)- (10)

Urak, ecam g ectp miobas crpaTerus urpoka P, 3 I' m ecimu
gy ecTh ee ycedeHuwe AaA urpe 'y, To MH BHAUM H3 pa-
peHcTBa (10), m3 Broporo Hepasescrsa (1) u us pasencTsa (8),
910

M® (f*, g%) = M2 (£, g8) > M (ff gu) = M@ (f*, ). (11)

Ilycrs Temeps f— moGas crpatermsa urpoka P, B T'. Ilpex-
MOJOKAM, 9T0 f BHOMpaeT i-10 aJbTepPHATHBY HA IEPBOM
X0ny, TO ecTh

f(go) =1t.

ITycrs f; —ycegenne crparerun f maa I';. Torga mer Bugmm,
9r0 ecam g ecTh Jw0bas crpaterua mrpoka P, B T' u g; ects
ee yceueHme HuA urpst I';, To

M®(f, g)=MP (f; &)

B 9acTHOCTH,
M®(f, g*)=MP (f,, g))- (12)
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U3 paBenctBa (5) MH mMeeM:
v (fus gi) > M® (ff, g7). (13)

Uz (9), (13), mepporo mepasencrsa (1) m m3 (12) M 3a-
KJII09aeM, 9T0
M (1%, g% = M (f, &) > M (7, g1) >

> MP (f;r g:) =M®? (f, g%). (14)

Ws (11) m (14) Mz Bupmm, ato || f*g* || ects Touka paBHo-
Becuss Mrpel [, 910 M TpeGoBasOCh MOKA3aTh.

Crnywait 3 amamormuen ciydao 2.

TeopeMa mOKa3aHa.

Cnemcrrue 6.2. Marpuna mo06oii Urps B HOPMAIIh-
HOM ¢opMe MBYX JuUI ¢ BYJeBOk cyMMoil u moaHo# uHpOpMAa-
nueil MMeeT CEJIOBYI0 TOUKY.

HoxraszaTenbcTBO clefyeT u3 TeopemH 6.1, MOCKOTBKY,
Kak OBUIO yKasaHO BHINE, TOYKA DaBHOBECHS WTPH JBYX
INn ¢ HYJNeBOH CyMMoOH SBJISETCA CeNJoBON TOYKOM.

3dameuanune 6.3. Teopemy 6.1 MosHO cTOOXB Ke
JerKo MOKasaTh A UTD 1 Iunm, HO o0o3HAYEeHUA OGyAyT He-
CKOJIBKO CIIOKHEee. JTO PACHIUpeHne TeopeMBl MBI OCTABIEM
B KauecTBe yIOparKHEHUS.

Mur ompenmenmin TOUYKH PaBHOBECHS TOMBKO CDEJW MHO-
JKeCTB WMCTHIX cTpaTermit. OXHAKO MOMKHO, OYEBHMIHO, OIpe-
[eaUTbh TOYKM PABHOBeCHA TAKKe CPEIM CMEIIaHHBIX CTpa-
Teruii. [leficTBUTeBHO, MOKHO OKA3aTh, 9TO BCAKAA UTPA 1
JUI, WMEeT TOYKY paBHOBECHS B MHOKeCTBe CMeIIaHHEIX
crpareruit. JdroMy (akTy Goxbmoe 3HAYeHWE NpPUAAIOT Te,
KTO JlejieeT HaJesk[Ay IIOCTPOUTH BCIO T€OPUIO PAIMOHAIBHOTO
coco6a UTPH B UTPAX N JWI| HA MOHATAA TOYKA DaBHOBECHS.
He mpummMmas DONHOCTBIO 5Ty TOYKY 3DeHHS, MBI MOMKeEM,
oo KpaifHeit Mepe, cHenaTh ciaefyomee 3aMedasme. Horma
Ipynna JMI, 9acTO W B TeUeHHe JO0JrOr0 BpPEMeHH HTpaeT
B HEKOTOPYI0 WIpPy, OHM HMHOIZa IpPHOGPETaloT NPHUBHUKY
BHOUDPATh TOUKY paBHOBecus. Ecim kro-EGynb UrpaeT B o1y
UTPy ¢ WIeHAMM KAHHOH TPymIH, caMoe Jydiiee HJs Hero —
caMOMy BHOpDaTh TOUKY paBHOBecHA. Takum o6pasoM, TOUKa
paBHOBeCHs IpPeJCTAaBIAET, TAK CKA3aTh, IPHHATYI0 HOPMY
IIOBEJIEHNUS A TPYNOH: HAPYMAIOMui corjiamenue pACKyeT
Opourparh, ecamsemy He yAacTcsi yGeguTh M JPYTHX Hapy-
MUTH COTJameHue.
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3. Urpsl ¢ upeanpHOii MaMATbI0 M CTPATErdlm HOBENEHAA

WnTepecHEM u I0JIe3HBIM 00OOImeHMeM urp ¢ IOTHOX
nEQOopManMell ABIACTCA NOHATHE UTDP C UJCALbHOU NAMAMDBIO.
Wrpoii ¢ umeaabHONl MaMATHIO ME HasHBaeM HTPY, B KOTOPOi
KayKIHA M3 MIPOKOB Bcerja IIOMHMT Bce, UTO OH [Aejajl HiH
3HAaJ BO BpeMs KasK{oro m3 csoumx xopos. Taxum oGpasom,
BCAKAS UTPa ABYX JHI[, B KOTOPOH MOTYT MrpaTh JMINbL IBA
genoBexa (a He KOMAHAH) MABIAETCA HUTPOil ¢ HiealbHOR
HaMATHI0; HaIlpIMep, FUIMIY eCTh Urpa ¢ uAealbHOl MaMATHIO,
a GpHIK HeT, TOTOMY 9TO B OpWske KasK/hlii MTPOK — 3TO
KOMaH/[a U3 [BYX UeJOBEK, I HU OlNH N3 HUX HE 3HAeT, KaKue
KapTH OBIM CHAaHH APYyToMYy.

9To NMOHATHE WIPH ¢ MAEANbHOA HNaMATHIO MOKHO OIpe- -
HAeIUTh TOYHO depe3 HHOOPMAIMOHHEE MHOMKECTBA WIDHL
Urpa ¢ upeanpuoil maMAThI0 — 9TO MIPa, YAOBIETBOPAIOIMAsA
clefyomeMy yciosmio: mycts P um () — miobhe [Ba XOfa,
KOTOpHe [lelaeT OJJWH UIPOK, U TaKie, 9T0 B HEKOTOPOil map-
tnu urpst xox P mpeamectsyer xopmy Q; U m V — mndop-
MaIMOHHHE MHOMKECTBa, COJepyKalle COOTBeTCTBeHHO P
n Q; Kaxkgaa Touka MHOkecTBa U HaeT k adbTepHATHB;
U, (i=1, ..., k) — MOXecTBO BceX Y3NO0B [iepesa (To
ecTb XOf[0B), KOTODHX MOKHO ROCTHUTHYTB, BHIGpaB i-10 alb-
TepHATHBY B HEKOTOPOH Touke MHOMecTBa U; Torxa mis
aw6oro i Msl mmeem VC U;.

O6paruMcsa Temeph K IOHATHIO ~CTPAaTeTHMu MOBe/leHUA.
Ouesunno, BHGOD ‘CMEIMAHHON cTpaTeTHH paBHO3HAaYeH IpPH-
MEHEHHIO CIyYaflHOTO MeXaHH3Ma AJA TOro, 4ToOH BHODATH
qUCTYI0 CTPATErHio, TO €cTh PEeNINTh, ITO [AelaTh HA KaiK[OM
xony urpe. Ilofo6HO 2TOMY MOMKHO UPHMEHATH CIydafHBIA
MeXaHH3M Ha KaKIOM X0y, 9TOOHI PemuTh, KaKyH aabTep-
HaTUBY BHIOpaTh Ha 9ToM xofxy. Takas cucTeMa UIPH Ha3H-
BaeTca cmpamezueill nosedenus. B IMHMPOKOM CMBICIE CTpa-
Terus NOBefeHHs JAAaHHOTO WrPOKa ecThb QYHKIHUA, oOmpene-
JNeHHasd HA Kiacce ero HMEQOPMANUOHHEIX MHOMKECTB, KOTO-
pas HasHauaeT Kaxkiomy mHEPOpMamuoHHOMY 'MHOMkecTBy U
3lleMeHT MHOMKecTBa S, rfe I ecTh UYHWCI0 aJAbTePHATHE,
roropoe maetr U. OueBmaHO, mo AaHHOM cTpaTeruu mosefe-
AAs OJHOrO0 MIPOKAa M IO AAHHOLN YHCTOH HIM CMeImaHHOH
CTpaTeru| WU CTPaTerdd MOBeeHAs APYroro HrpoKa MOKHO
BHUHCIATH OKHIAOMHI BHUTPHM KaMJIOTO WTPOK3.
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Pacemorpum, Hampumep, urpy, juarpaMMma KOTOpOH M30-
6paxxena ma puc. 30; 3mech mudpaMu y BepIIMH JepeBa MEI
0603Ha9MIN IJIaTe:X IEPBOMY MTDOKY NIPH Pa3JUYHEIX BO3-
MOKHBIX ncxomax. CTpaTerus mMoBefeHAs AJId HePBOTO UTPOKA
ects ¢ymxmus, ompepeidenHaa Ha {U;, U,, Ug}, amemenTsl

-4 -3 =7 41 47 -] =4 -3

Puc. 30.

KOTOpOil IpHHAJIEeKAT MHOMKeCTBY S, (TaK KaK B KaKIOM
u3 3THX WHPOPMAIMOHHHKIX MHOKECTB MOKHO BHOpaTh OFHY
a3 asyx aabrepHatus). G gpyroit cropoHH, cTpaTerus mOBe-
memma mas P, ecrs gyHKUMsa, ompefenenHas Toipko Ha Uy,
co 3HaqermeM B S,. Urak, crparerns- nosefenma puasa P,
B 9Toif urpe N0 CYIECTBY — TaKad jKe, KAK M CMeIlagHas
cTparerns; 9T0, OYEBH/IHO, BCET/[a MMeeT MeCTO, KOrja y ur-
poKa JIMIIb OfHO WHYOPMAIMOHHOE MHOKECTBO.

Temeps upeAnososkuM, 4Tro P, mpuMeHsAeT CTPaTEruio
noBejeHuA f TaKyio, UTO

f(Uy) =|le, 1""11“ .
f(Ug) =[lay 1—a,],
f(Us) =|loz 1—as],
a P, NPUMEHAOT CTPATErHWIO TOBeJICHHA g TAKYIO, ITO

g(U)=|Ip 1—BI.

Torpma MazgMATHYECKOe OKHAAHME BEHIATDHIA Hrpoka P,
E(f, g), nmm (kak Mer Gymem wHOTAa nucats) E (a4, a,, 0g; ﬁ)
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BEIpaykaercs ¢GopMmyJIon
E (0}, ay,05P) = —40, 0, —3 0,05 (1—P) —
—o (1 —ag)p+a;(1—as) (1—0)+
+(1—o0)a,p—
— (=0 ay(1—P)—4 (1—ay) (1—ay) fp—
—-3(1l=-a)(l—a)(1-P)=
= 0,03 — 30, 0,p — 40,05 — 20,0, —
" —o,f + 3a,p + 4o, + 20, — p— 3.

WaTynTUBEO O0YEBUMAHO ¥ HETPYRAHO JOKa3aTh (OpMalbHO,
9T0, NpUMEHSAA CMeIIaHHHE CTPATerWd, UTPOK IIOCTYIIaeT II0
KpaliHell Mepe He XyKe, 4eM B ciydae IpUMEeHEHHsA cTpaTe-
ruil OBe/IeHN; HO JIErKO IOCTPOUTD UIPHL, B KOTOPHX HIPOKY
JAydime OpuMeHSATH CMeIIaHHEIE CTpaTeruu, 4eM JI00yi0 cTpa-
rermio mopefienusas. C Apyrofl CTOpOHBI, MOKHO HOKa3aTh,
9T0 Mrpa ¢ UAeaJbHON MaMATHIO BCerja WMeeT ONTUMAJbHEE
cTpaTerum NOBefeHUsA; ecau [ ecThb MaTeMaTHdecKOe OKM-
JaHWe BEMIPHIIA JJIA UIPH ¢ UALAIBHOH NaMATHIO, TO HMEETCS
cTpaTerus mnoBefeHHsA f masa P, m crpaTerus IoBefeHUsA g
nrs P, rakue, 4T0 ecam a u f — di00pe cMemaHHEEE CTpa-
tTerud (mim m100BEe CTpaTerMu IOBENEHHUS) COOTBETCTBEHHO
nas P, u Py, 10

E(a, g) <E(f, 9) <EY/, B)-

(B mcropuueckux u GubamorpaduuecKux 3aMe4aHUAX B KOHIE
9TOM TJIaBHI YKA3aHO, Ifle MOKHO HAMTH [OKAa3aTeabCTBO ITOU
TEOPEeMBL. ) ’

II puwmep 6.4 Paccmorpmm mrpy, amarpamma KOTOpOH
npusefiena Ha puc. 30. IlockombKy 3TO Wrpa ¢ mMaeanbHOM
HaMATHIO0, OYEBHJIHO, UMEIOTCS ONTHMAJIBHEIE CTPATErMH IIO-
BefileHusa Aisa obomx Mrpokos. Hak m pampme, Mel mmeem:

E (ay, a,, ag; B) = 0,05 — 30,0,f — 4,05 — 20,0, —
— 0, f 4 3ayf + 4oy 4 20, — f — 3.

Koaddumuenr mpu a; B 3ToM ypaBHeHMEH paBeH (a,f—
—4a,)=a,(B—4); Tak Kak OH HHKOTAA He OBIBAeT IIOJIOMKU-
TEABHBIM, TO, OYEBHJHO, UIPOK P, MOCKOJABKY OH XO04Yer

i
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yseauuuts E(ay, a, ag; B), momkKen B3ATH
(13 = V.

Koappunuenr mpu a, paBeH
— 30,8 — 20, +3p+2=(3p +2) (“@1’1‘1)

I HUKOTHA HE MOMET OBITH OTPNILATENBHLIM, NMOITOMY HIpo-
Ky P, nyume BCero B3ATH

Mockoasky, HaKOHeI,
E(ay 1,0;B) = —4a,p + 20, + 28 —1 = — (20, —1) (2B —1),
MH 3axiiodaeM, 49ro Ajas P, mxydume Bcero B3ATH

1
al=§,

# momoGHO ATOMY AAA Hrpoka P, myummil BHXOA -— B3ATb

1!

Urak, onTEMajbHAs cucreMa urpsl auas P;— Gpocutsb
MOHETY, 9TOOBI peIIHTh, KAaKyl alXbTepHATABY BHIOpaTh
s U,, BuOupatsh Bcerjja JeByl0 aJbTePHATHBY B U, n BHOU-
parh Bcerma mpasylo anbrepuataBy B Us.

Bameuanue 6.5. Ciegyer saMeTuTh, 4UTO BOOOIIE
9UCI0 MapaMeTPoB, KOTOPHE HYMHO OMPENeNHTh IPU BRIAC-
JIeHUU ONTHMAJLHBIX CTpaTeruil HoBefeHUsA, TOPA3J0 MeHbIIe,
9eM 9MCIO TMApPaMeTpOB, CBABAHHHX C BHIYHCIAEHMEM ONTH-
MAJTBHHX CMeMaHHMWX crpaTermii. Tak, B mpuMepe 6.4 mpu
BHUMCIOHMA ONTHMATBLHOR cTpaTerum IopemeBuma mia P,
HaM Hy/KHO GBUIO HMeTH [eJO JUIb C TpeMs HapaMeTpamu.
C Apyroii CTOPOHHI, IOCKOABKY UTPOK P; B aToll Mrpe umeer
BOCEMb UMCTHX cTpaTerwuii, cMeIIaHHAA CTPaTerws ecTh diie-
MEHT MHOMeCTBa Sg W, CJEL0BATeJIbHO, BHYACIEHNE ONTH-
MaJIbHHX CMeMIAHHBEIX cTpaTernii cBA3aHO C CEeMbI0 He3aBH-
CMMEIMH IIapaMeTpaMH.

OmHAaKO 5To NPEMMYUIECTBO CTpaTeruu IOBeJEHHsS, IO
Kpalimeil Mepe d9acTMYHO, KOMIEHCHpyeTcs TeM, 9TO MaTe-
MaTHYecKoe OKH[aHMe OOLdHO ynoGHeC BLIpasKaTh depes
cMeImaHHEE CTpaTerun.

1 k. Mak-Kouen
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BnGanorpagnueckne sameyarma

Hannoe Brme dopmanbmoe OIpejie/leHNe UTP B passep-
HyTo#t gopMe BechMa cXomHO ¢ OIIpefleIeHNeM, KOTOPOe IIpu-
BefleHo B paGore Kyma [63]. Tam sxe IpUBEIeHO HOKa3a-
TexbeTBo Teopemu 6.1. Ilomatme Toukm paBHOBecus Gnuro
BBEIeHO B paGore Hama [85]. Om e pmanm pmoxasatemberpo
TOT0, 9TO BO BCAKOM UTpe 1 JUI cpegy CMeMAaHHEBIX cTparte-
THil ¥WMeeTcs TOYKA pPaBHOBECHS.

Moxasarensereo Toro, uro mrpa c UeaJbHON MaMATHIO
UMEET ONTHMAJbHBIE CTPATeTHH IIOBENEHHS, MOMKHO HANTH
y Kyma [63].

YnpasksHenns

1. Chopmyampyiite m moxasmure o6obmenne TeopeMu 6.1 nas
ATPH 1 JINL.

bl 4y 4

A

L 4

Pnc. 31.

S
2. Haiigare TOYKH paBHOBecHS (BCero BOCeMb TO9eK) AJIA WIPH
¢ MOJIHOR MHpopManHeli, EarpaMMa KOTODOi Azobparkena Ha pmc. 31,
a IIaTe)XHHe QYHKIAN NPHBefeHH B TaGiamme 1.
Tabaumma 1

t Hi(t) | Ha(t) | Hs(t) t Hi(t) | Ha(t) | Hs(t)
t 1 5 3 t, 7 3 11
t, 2 6 4 tg 8 4 12
tg 3 7 1 ty 9 11 5
t, 4 8 2 o 10 12 6
ts 5 1 9 t 1 9 7
te 6 2 10 to 12 10 8

P r—

|
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3. Hoxaxute, 9TO B UIrpe ABYX JHI C HyJlIeBO# CyMMOMA Ce/I0BAA
TO9Ka ABIAETCH TaKKe TOUKOH paBHOBECHA. .

4. OmpefellATe TOYKY PABHOBECHA AJI MHOMKeCTBA n-MepHHX BeK-
TOPOB CMEIIaHHHIX CTpaTernii HOPMAJM30BAHHOA HIPH n JHI.

5, Mcmonpaysa mOHATHe TOYKHE PABHOBECHA [JIA CMEIIaHHHX cTpa-
Terdii, Ompe/ieleHHOe B YyIpPaKHEHNH 4, maiifATe TOYKY PaBHOBECHI
71 MPAMOYTOJBHOW HIPH JBYX IAL, ¥ KOTOPOIi mJIaTe)KHbie MaTPHIE!
NepBOro H BTOPOTO MUTPOKA TaKwe:

35 6 —2
42|° —3 8

6. IToxaxhTe, 9TO BCAKAA Mapa CMEIIaHHEIX cTpaTeruii ecTh TOIKA
paBHOBeCHA A MIpPH, EMelONleil IIaTeKHble MATPHIL

23| —1 —1
23|’ 0 0

7. Haiignre mrate:xkHyio QyHKIHIO AJA UTPH C HyJIeBOi CyMMOi,
JHarpaMMa KoTOpoii maofpaieHa Ha pHC. 32 ®m y KoTopoii HeT cefIo-
BOli TOYKHE (B UHCTEIX CTPATETHAX).

Pmc. 32.

8. HaiigaTe ONTHMAJbHEG CTPaTeTHH NOBeJEHHA JUIL MTPH C Ta-
Koii 7Ke AHArpaMMOii, kKak Ha puc. 30, HO B KOTODOH MIaTeXm, CIUTAA
clleBa HANmpaBo, TaKHe:

—_101 "’9’ —'11 +1, +3) "_21 ""101 —9
BMOCTO .
""'4, —31 -1, +1’ +1»"—'1a —4, —3.
9, IlocTpoiiTe mpmMep HIpPH, He AMEOMEH ONTHMAJNBLHOH cTpaTe-
[HH IOBefeHHA Ijasa P,.

10. VmerIcs TPH OfMHAKOBEIE KOJOABI H3 n KapT, KaKIE HAGOD
KapT 0603HAYEH MOJOKUTONbHEIMA JHCIAME Z1, . « . » ¥n. Kamaeiii us

11*
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IIByX HI'DOKOB JEPIKUT. OFHY KOJOAY, & TPETLA MOJIOKEeHA BHA3 JHUIOM,
IIrpa mMeeT TpH 3Tama, cocToAmMme B CIeAYIOMEM:

1. Bepxuaa kapra TpeTheii KOJNOAH NepeBOPAIMBAETCHA BBEPX
JIMLOM,

2. Urpokm BHOApaloT OFHOBPEeMeHHO IO OOl KapTe U3 CBOMX
KOJIOf.

3. Wrpok, mOMOKUBIIMII CTAPHIYI0O KapTy, BHIETPHBAET y CBOEro
OPOTHBHAKA CTOMMOCTH HePeBepHYTOIl KapTH H3 KOJOAH (ecadm OHH
KIaflyT Kaprhl ¢ OJMHAKOBHM HOMepOM, TO HHKTO He miaTuT). Hrpa,
OYeBHIHO, HMeeT IleHy HyJb, TaAK KaK OHa CHMMeTpHUYHA.

ITocTpoiiTe gMarpaMMy 5TOil HTPH JJIA n = 2 H NOOKaKATE, 9TO
B 9TOM clydYae CyImecTBYIOT ONTHMaJbHBE YACTHe cTpaTerdd. Iloka-
JKHUTe, KPOMEe TOTO, 9YTO MMEIOTCA YMCTHe CTPaTeTdmd HJIA n = 3, ecin
z; =1, x,= 2 7 23°= 3. HaligaTe onTHMalbHEe CTpaTeTHU AMA n=3,
ectn z,=2, r,=3 0 x3=4.




IFr'ddABA VII
Ur'Pbl C BECKOHEUHBIM YUCJIOM CTPATEruil

Jlo cux IOp MBI OrpaHWYMBAJIMCH PAaCCMOTPEHHEM KOHed-
ubix urp. OZHAKO B HCKOTOPHX IPAKTHIECKN BAKHBIX CHTYa-
IMAX, KOTOPHE yA00HO M3ydYaTh C TOUKH 3DEHUS TeOpud
JIFP, YYACTHUKH IPOM3BONAT BHIOOPH M3 GECKOHEYHHIX MHO-
skecTB. Tax, mpeqUmoJaosKuMM, HaIpuUMep, 4TO MpeJNpPHHUMA-
TeJh CTAJKHBAETCA C BOMPOCOM, KAKOH BeJIMYMHEL [eaTh
KyCOK MBLIa, KOTOpHIA OH HaMmepeBaeTca HpOAaTh 3a [eCATb
uenToB. EMy xoremoch 6B cuenaTb €ro A0CTaTOYHO 00ab-
muM, 9To0H OHTH B COCTOSHHHM YCHEIIHO COPEBHOBATHCA
¢ PYTHME IIPEIPUHAMATENAMI U, TAKAM 06pasoM, HPOXATH
MHOTO KYCKOB, HO, KOHeYHO, OH He XOUYeT JieJaTh ero cToIb
GoapmuM, 9ToGH TepmeTh YOLITOK Ha KayKIOM IHIPONaHHOM
Kycke. IToCKONBKY OH [OIUKeH CTPEMHTBCA KAK-TO yTajl-
BaTh [elicTBMA APYTHX NpeIIpHHUMATeseil, MHTepecH KOTO-
PHX NPOTHBONOJOMKHE €ro MHTepecaM, IOaydaercd HEUTO
10/106HOe urpe. A MOCKONbKY KYCOK MBLIa MOMKeT HMeTh Gec-
KOHEYHOe UYMCJIO BEeCOB (MM Takoe 6OIbIIOe KOHEYHOe JHCIO,
4TO ero ymob6HO paccMaTpuBAaTh KAk GECKOHEUHOE), MH CTall-
KuBaeMcs ¢ HTrpomofo0HOii cuTyammeidl, B KOTOPOH HIPOKM
IPOMBBOXAT BHOOPH M3 GecxoHeuHHX MHOmKecTB. [loaromy
Ipe/icTaBIAeTCA IOJE3HHIM DACIMpUTh Halle MOHATHE UTPH
TaK, YTOOH BKJIIOUHTh TaKKe OeckOHeumble WTPH, TO eCThb
ATPH, B KOTOPHX HEKOTODHE N3 BHOOPOB HMIPOKH COBEP-
maioT u3 OeckoHeuHHIX MHOMecTB. OpHaKO MBI UX Oynem
pasbupaTh fmalexo He B TaKoil oOmeit popme, B KaKOi MHI
paccMaTpuBaIH KOHEWHBie Hrphl. Bo-mepshix, MEl OymeMm
paccMaTpMBATh JUIIb HIPHL C OfHMM XOMOM JJIA KasK/[0ro
HIPoKa M TAKWe, 9TO HE OfMH U3 UTPOKOB HE TOMyTaeT uudop-
manun o suioope japyroro. Takum o6paszom, Me Gymem nMeTh
leI0 JNMb € UTPAMU, B KOTOPBIX, KaK B NPAMOYTOJBHHX
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Urpax, ompefeleHHHX B raase I, urpor P, Brbupaer sie-
MeHT Z W3 MHOKecTBa A, a urpok P, Brbupaer simement y
n3 MaOKectBa B. Hpome Toro, Kak m mias mpAMOYTrOJBHEIX
HTP, MBI IPeNNoJIOKUM, 9TO uMeeTcsa AedcTBuTeTbHasA QyHK-
musi M AByX mepemeHHHX, TaKas, 94TO ecid UrpoK P, BHOH-
paer z, a urpoxk P, pubupaer y, To urpox P, maatur urpo-
Ky P, cymmy M(z, y). Urar, M 0600maeM moHaTHE IIPAMO-
YrOJBHHX WIDP TOJBKO B TOM OTHONIEHWH, UTO MOIyCKaeM
OecKoHeuHBle MHOMKecTBa A m B. )

Hame panManue GyAeT H0YTH HCKIOYUTEALHO OTPAHNIEHO
ciaydaeM, Korga oGa MHOMecTBa A u B cyTh saMrHYyTHE
narepsansl [0, 1]; Mul Gymem HasHBaTh TaKkume UTDH Henpe-
puSHBMU. ITO Ha3BaHME IPOMCXOMUT OTTOTO, 9TO 3aMKHY-
THH MHTePBAl (TOYeK WM JAeHCTBUTENbHHIX 4HCeNx) MHOTHA
Ha3HBal0T KOHTUHYYMOM, a HE OTTOTO, 94T0 Ha (QyHKImI0 M
HajaraoTcsa Kakue-mu0o csoiicrBa HempepmBrOcTu. Ciemyer
3aMeTHTh, 9TO HTO OrpaHWYEHUME HAIA MHOMKecTB A u'B me
TaK CYIIECTBEHHO, KAK MOKET IOKA3aThCA ¢ IEPBOTO B3TIAMA:
eciu A m B — g00ne 3aMKHYTHe MHTEPBAJH, TO IIPOCTHIM
mepeuMeHOBAaHMEM JJIEMEHTOB MHOecTB A m B Mm momy-
9uM TPy, B KOTOPOil BHOOPH COBEPMIAITCA M3 3aMKHYTOTO
nurepsana [0, 1]. Nrak, menmpepnsHOil Mrpoil (wim urpoi,
KoTOpasg MOKeT OHTh NIpUBefeHA K HEIPepHBHOM wurpe)
Ha3HBaeTCA Urpa, mogo0HAA NPAMOYIONBHOH, HO B KOTOpOH
UTPOKM [IeNaI0T BHOOPH N3 KOHEYHHIX 3aMKHYTHX . MHTEPBAJIOB.

IMpumep 7.1. PaccMorpum, HanpiMep, Urpy, B KOTO-
poit P, subupaer wuciio z u3 unrepsaxa [0, 1], a urpox P,
HE3aBUCHMO OT HEro BRIOMpaeT 4mcji0 y M3 TOrO Ke WHTep-
Bajla U B KOTOpPOH miaaTes® Wrpory P, paeen

M (z, y) = 22 — y>

9dra urpa mo CymecTBy TaK IMpPOCTa, 9TO MEL MOKEM Cpasy
y3HATHh ONTUMAJBHEE CTpaTermu Mrpokos: P, skemas oGec-
meunts MaxcuMyM QyHxuum M(z, y), Buibeper z =1, a P,,
q9106H oGecmeunTs MUHUMYM PyHKmuUn M(z, y), TakKe BHGe-
per y =1; Torga mmarex Oymer paseH 1.

Mpumep 7.2. B xauecrBe mpumepa HemuOro Gouee
CIIOKHOM HEeNpPepHBHON HIPH PACCMOTPUM CIENYIOMYIO CH-
Tyalumio: HeKWil IOJIKOBHEK, Ha30BeM ero bBioTro, xouer
aTaKoBaTh JIBe PaBHONEHHHE Ho3unuu A u B, mocias 49acTh
cBoero monka K A, a ocraxpHy0 9actk (1—z) — x B. Ero

iy A SR e o
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[IPOTUBHUK, 3aIIUTHUK STHX IO3MIKIl, HMeeT B CBOEM pac-
IMOPsKEeHUN JUIIb 9acTh ImoJdKa &, rae 0 < a <1, KOTOpYIo
eMy HYHO pasjenutb Meskny nosunusamu A u B. Ilonycrum,
970 BAMUTHUK BHIENAET JOAI0 ¥ cBOMX cuil Ha A m (1—y)
Ha B, Tak 9ro 06opoHAKIMUE CHIH PaBHH COOTBETCTBEHHO
ay u a(l—y) monra. JJouycTum, 4T0 Bee CXBATKU CMEPTEIbHH,
# ofle CTOPOHE IOTEPSAIN ONUHAKOBOE IUCIIO JIOfell — 4uuelo,
paBHOE YMCIEHHOCTH MEHBIIEro OTPAMAA, U IMOBUIUA B Pe3yib-
TaTe 3aXBaThBaeT Goxpmmit orpsax. Jas kaskmoil mosunum
BHIUTDHIOIEM mo0efuTesss CYMTaeTCs caMa WO3MIusA (OUeHH-
BaeMas B OJUH IOJK) ILTIOC YUCIO YHEJEBIINX COJIAAT; eCiH
HUKTO He 3aXBaTWJ [MO3UIVIO, BEIMIPHIMN pPaBHH HyJIO.
CrnemoBaTenpHO, MBH MOMKEM B3allMCaTh BHUTPHION IOJIKOB-
Hrka Bmorro TakmM oGpasom:

M(z, y)=sgn[z—ay]+r—oay+
+sgn[l—z—a(l—y)]+1—z—a(l—y),
TAe Sgnz ompefenAercA TaK:

—1, ecmm 2 <0,
sgn z = 0, ecim z=0,
1, ecam z > 0.

Bosspamascs k ucclie0BaHUIO 33{a9X B 00IIeM BUe, MH pac-
CMOTPUM Temeph UTPy, UMEOMY Wiareskuyo Qysrmuio M.
ITyers cymecTByOT

max min M (z, y)=70,
o<r<t 0<y<t

min max M (z, y)=10,.

o<y<t Ot
Torma, paccy:xpad, kKak B raase I, Mel BuguM, 910 P, Mo-
JKeT cjeJaaTh BHOOpP, KOTOpHIA ofecneduT eMmy IIOXydeHHe
Do MeHbmeHd Mepe v;, a P, Mosker mo3afoTuThCA O TOM,
qro6sr P; momyumn me Gompme v, Ecmu v,=v,, To Ha
ocnonalmn Teopemsi 1.5 Mm BugmM, uro M mMeer Ce[IOBYIO

TOURY || %, Yipheed. -

M (4, Yo) =01=10,.
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B 5ToM ciyuae ecTeCTBEHHO HAa3BATh £ M Y, ONTUMAILHLIMU
cuocobamu urpst st P, m P,, a v, (1, cIeJoBaTelbHO, v,)
meroit urpui. Tax, B mpumepe 7.1 mbi IMenu:

M (z, y)=22%—y>.
Dra yHKnmA mMeer ceinoBylo Touky |1 1[|; orciona
M, 1)=0,=v,=1.

Hamporus, B mpumMepe 7.2, KaK MOKHO IOKa3aro, celI0BoMI
TOYKHU HeT. .

Hawm ocranucs gBa Gomee TpymHuix caydam: 1) ciy4vai,
Korga v, M U, He CYNECTBYWOT, H 2) cayuait, korga obe
OTM BeIWYMHH CYOIeCTBYIOT, HO He OfMHaKoBH. Bropoit
ciydait Gymer paccmMoTpeH B raase X Iocie TOro, Kaw
g rnasax VIII u IX MH BBE[leM HOEKOTOPHEe HEOOXOUMELIE YHCTO
MaTeMaTwdecKue IOHATHA. UTO KacaeTcs mepBoro ciydas, TO
MBI OTPAHHYHMCH TeM, 9TO TOKayKeM BOBMOKHOCTh TAKOM CHTY-
aImum. :

Yacro, KOTfia v, M U, He CYIIECTBYIOT, MHl  He 3HAEM,
KaK ONpeflelHTh IeHy AIPH WIH ONTHMAJbHHE CTPaTerun
18 060MX UrPOKOB.

Opumep 7.3. Ilnaresxmas ¢yHKnua HempepbiBHOM
UTPHL OTpeJieJieHa Ciaefyomuy 06pasom:

M (z, y):-}v—-—%, ecin £+ 0 u y=+0,
MO, y) = —%, ecan y + 0,
M (z, O)=—i, ecan z = 0,
M (0, 0)=0.

Ouesupino, urpoky P, He ciemyer Bcerpa Bribupars 0, mu6o
tTorga P, MOeT BHuUrpars OonbmHe CYMMH, 0epa auA
y monoKUTeNbHEE Majse ducia. Jlamee, urpory P, He cie-
IyeT BHIGMpATL BCe BpeMsA OHO H TO jKe 9Ymcio, ubo Torga
P, moker BHUIpaTh, BHOpaB y IOJOKATEIbHOE, HO MEHBIIE,
gem z. Ilosromy urpoxky P, mo-BuguMoMy, cjegyer BHOHU-
paTh T NpPH IOMOIIM CIYJIaiiHOTO MeXaHW3Ma, HO TaK, YTOOHI
MajJHe NOIOKUTeJIbHLIE 3HAUYEHWsA BHOUpaAMCh damie, deM
ponpmue. OgHAKO M TAKOH cmoco6 He MOKeT OBITH ONTI-
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MaJbHBIM, M60 P, MOKeT Bcerja YBeIWIUTH CBOH O)KUgae-
MBIl BHUTDHII, OPUMEHHB [APYTrOi CcOyJailHH# MeXaHH3M,
KOTOpHIil NMOBBONUT eMy BHOMPaTh eme Gojee Manble dHCIA
¢ maHHEBIMH 9YacToTamu. VITak, mo-BUAUMOMY, MBl HE MOMEM
OpUIHMCATh KAKYO-THOO IeHYy 9TOH Hrpe M He MOMKeM NoKa-
3aTh, 9TO JJIA Hee CYIECTBYIOT ONTHMAJbHEE CIOCOOH HIPHL.

Ongmako He cliefyer AyMaTb, 9TO TaKasd CHTYyallus UMeeT
MECTO BO BCeX ciaydasx, Korga v; M U, He CYIIecTBYIOT.
Hanporup, MOKeT [jajKe OKa3aThCs, 9TO MIPA MMEET CeATo-
Byl0 TOYKYy, XOTS U, M U, HEe CYMeCTBYIOT. Paccmorpum,
Hampumep, HempepsBHYI0 UrpPy, Yy KOTOPOH NJaTeRHAA
¢ynkuus M onpefeleHa CIeyOIEAM 06pasoM:

M (x, y)=—i——%, ecu x = 0w y+0,
M (z, 0)=M (0, y)=0.
Jlerrko ybemmtbes, aro min M (z, y) RIS % 0 me cy-
mecTpyer. llosTomy max uminM (z, y) He cymecTByer,
i minmax M (z, y) TaR}RJé Heycymecmye’r. C pmpyroit cro-

y x
pOHBI, (QYHKIUA HMeeT CeJJIOBYI0 TOUKY |0 0. Hrax,
y P, nmeercs cmoco6 mrpsl (a MMEHHO, B3ATH z=0), KoTo-
DIl rapaHTHpyeT emy, 9TO OH NOJYIHT IO MEHbIIei Mepe
M, y)=0, n y P, ectb cmocob urpsl (a HMEHHO, B3SATH
y=0), KOTOpHii rapaETHpyeT eMy, 4ro P; moxyduur camoe
Goxpmee M (x, 0)=0. ITosromy MH MOKeM BIIOJIHE 06ocHO-
BaEHO HaseaTh ( T1eHOH 9HTOH WIpHl U CKazaTh, 9YTO
ONTHUMAJIBHHEIEN c¢10c006 urpsl Aias P, — B3ATb z=0, a ontu-
MampHLIE c10co6 mrpst mas P, —msare y=0.

Bameuanue 7.4 Jlerko Haiitm ¢ymknmuo M aByX
epeMeHHEIX TaKyIo, 9TO

max min M (z, ¥y) (1)
o<t 0<y<t

u
min max M (x, y) (2)
o<y<t 0<x<t

He CYMIECTBYIOT, 2 BeIMIUHEI

mers- gup  inf M (z, ¥y) (3)
0<agt 0yt
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u
inf sup M (z, y) (4)
0<y< 0t
ofe cymecTBylOT ¥ paBHH. Ecam y HempepwBHOH HIpH
nMeerca mTOAo0HAA IIaTe:KHas (YHKIWA, TO, XOTA HUTpa
U He MMeeT CeNJIOBOHl TOUKH, obIlee 3Ha4UeHHe Bemruaud (3)
u (4) wHOr[a HAsHBAIOT MeHOH UTrpu v. B Taxkom ciyuae
P, BooGme He MOKeT BHOPATh CTPATErMIo ¥y, KOTOPAA rapanTu-
poBama OBl emy, 4TO JJA JIO0OH cTpaTeruu y,, BHOPaHHON
urpoxom P,,

M (zy, y) >0,

HO OH MO;KeT, TeM He MeHee, Mia a00oro & > () BrOparh crpa-
TETHIO Tg, TAKYIO, YTO JIJIA JI060T0 ¥/, BHOPAHHOTO HIPOKOM P,,
M (xe, y)>v—c¢.

Taxnm obpasonm, P, MoKeT HOJOHTH KaK yrogHo OIM3KO

K ONTHMAJBLHOMY CI0CO0Y HIPHI.

Ilpumep 7.5. Ilnaresxuas ¢ynxnua M HempepHBHOM
HUIPLI ONpefeleHa CJelyIOmUMU yCIOBAAMM:

Mz, y)=z+y mmaz+1 m y=£0,
M1, y)=%+y pas y 0,

M (z, 0)= —;-»l—x nia.x + 1,
M (1, 0)=2.
B srom cayuae Mb Jerko yGesmaemcs, uro Beamumusr (1)
u (2) #e cymectByioT. C Apyroit CTOPOHEI, MHl HMeeM:
inf sup M (z, y) =1=supinf M (z, y).
Yy x x Y

IlosTomy M mnassiBaeM 1 memoit »sroit urpe. Bunb6pas
Ze=1—¢, urpor P, MoxeT GHTH yBepeH B TOM, 4TO A
a1060r0 Y, BHOPAaHHOTO MI'poKoM P,,

M (ze, y) >1—c¢.

Ananornano, BufpaB Y. =&, urpok P, MomeT GHTEH yBepeH,
4970 AMA moboro x, BHIOpPAHHOTO HIpoKoM P,

M (z, ys) <1-+te.

wtsin
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Bubanorpaduueckne 3amMeyanns

Ilepruiii o0muii 0630p GECKOHEYHHIX WIP MOMKHO HalTH
g pa6ore Buna [109].

Yopakuenna

1. HenpepsiBRas Urpa mMeeT IUIaTexHY0 ¢yHkmmio M, ompefe-
JIeHHYIO CleyomuM oOpasoM:

11
M(z, y)=2y—5ae—5y.

1 .
IToxkamure, 4TO TOUKA “—;— '3—“ — ceJqjioBasg JJdg 9TOH (I)yum:um.

VIEHIMA cI0BaMH, BCIOMHEB oNpeJeleHMs, MaEHBE B riase 1, IOKa-
JKATE, YTO HEPaBEHCTBA

1 1 1 1
(o5 )<n (g 5)<n(zv)

cOpaseiJuBLl JJSA BceX ¥ B Yy, JIeHamH@AX B B3aMKHYTOM HHTepBa-

ae [0, 1]. Orcioa BEIBeAHMTe, 9TO HIeHa HrpH (Aasa P;) paBHA -5

. 1
7 9TO ONTHMANBHEI Cn0co6 Hrpel Ais P)—B3ATh g=-5, & ONTAMANE-

. 1
Hblil cooco6 Hrpsr s Py, — B3ATH y=7-

2. HenpepHBHAs Wrpa mMeeT INIATERAYIO @yzmumo, ompejeieH-
HYIO CIeAYIIMAM 06pasoM:

M (z, y)=[<x——> ( ——> ] [1+(y——)0(m y)]
+[ y_._.> _< __3_> [1+<x—7>H(w, 0],

rie G u H cyTs QysKUmH, ONpefiesieHHLIE HA 3aMKHYTOM eJMHHYHOM
kBazpate. Ilokaxure, 9TO meHa mrpH pasHa O, ONTHMANBHOW cTpaTe-
rae#t ana P, 6yaer BHOOp =, a quA P, — BEIGOD y==- WupiMa
CJIOBaMM, IMOKaKATe, UTO HePaBEHCTBA

1 1 1 1
u(w 5 )<u(5. 5 )=0<u(g. v)
cOpaBeJIABEL JAJIA BCeX 2 H Y, JIeRAMMUX B 3aMKHYTOM HHTEp-
saxe [0, 1].
3. Mycts M —nnaresxuas GYHKOWSA HeNPePHIBHOH HMIpH, M IycTh
oM 3M

Ery TOYRICCTBYIOT BO BCEeX TOYKAX OTKPHITOI'O €eJWHHAYHOTO
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KBajgpaTta, ro ecTh sl BCeX z M Y, TAKUX, UTO
0z <1,
o<yt
[lorakuTe, u4TO cclau || o Yol €cTh CeloBasl TOUKA HIPH, Jerkaua:l
B OTKDHITOM e[HIHYIOM KBajipaTte, TO

oM 7]
—— =0wn om =0.
81‘ xX=x0 8y x=x¢
y=yo Y=o
4. G NOMOMBIO MPENJIOMENUs!, YCTANOBJICHHOIO B yUDasKueHmn 3,
HaiiAATe CeJOBYI0 TOUKY M, CJ€[0BATEJIbHO, LeHY M _OUTHMAJbible
cTpaTernu HenpephiBHOW ArpH, mMeomcll mraTexnylo Pynwunio
M (z, y)= 152y —3x—>5y 2.
5. Haiigute snaucnme k, Takoe, 9To0H Arpa ¢ MIATCKIOH QynRuuci
M(z, y)=102y—xz—y-+k
mMeJIa HYJICBYIO LIEHY.
6. TloxamuTe, 4TO Hrpa € NAATCKHONH Qynknuci
M(z, y)=xy+oty
fe mMeeT CeMJIOBOI TOUKHW BHYTPH OTKPHITOIO CAHHHYIOIO KBajpaTa.
[loxamuTe, UTO WMrpa lic WMCET CCIOBOM Toukhm BHAA ||0 y,l|l. Hait-
UTe YHCIO ¥y, TaKoe, uto ||z 0| Gymer cegoBoii TOUKOIL.
7. HalfiguTe mepaBeucTBa, KOTOPHIM JIOJKHHL YIOBIETBOPATL KO3Q-
gunmentst o u B, yTobs mrpa ¢ naaremuoii PyHRmECI

M (z, y)=zy—axr—Py+vy
AMelIa CEeJJIOBYI0 TOUKY B OTKPHITOM eJMIHYHOM KBagparc.
8. Ilokakute, 4TO BCAKAsA HellpepHBHAS Arpa, MMCION{as HJIATCH-
Ay QYHKOMIO BHAA ~
M(Qf,’ y)=xy—ax_ﬁy+Y’
AMeeT Ce[JIOBYI0O TOUKY (KOTOpas, OJIIAKO, MOMKCT JICKaTh Ha Ipa-
HANe eJAHAIHOrO KBAJpaTa).
Yrkasaune. lcnonpayiiTe m3BeCTHOe IIOJIOKEHHME, UTO BCHKHM
MOoroujen JAHHOT'O TMIA MOKeT OLITh TIPC/CTAaBJIeH B BHMe
(+a) (y-+b)+e,
.rhe a, b ¥ ¢c—AedCTBUTENbHEE YACIA.
9. IMoxamATe, 4TO HeNpephiBHAA Urpa ¢ IiaTexuol Pynxiuuei
M(z, y)=(z—y)
COBCEM HE HMeeT CeIOBOH TOYKH, TO €cThb He HMeeT CeJJIOBOH TOuKH

HU BHYTPH eAWMHAYHOr0 KBagpara, HA Ha ero rpaHmme.
10. IlokasuTe, UTO HempepblBHAA HIPA € IJIATERIOR QYHKIHei

) 1

4 =——
VTR 2@y
COBCEM HE€ HnMeeT CO}IJ]OBOH TOUKH. ’

M (
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11. Ilyers, F, u F,—nenpepuBHsic BoapacTaiomue (QyHKOHE
(TO ecTh Takde, uTO W3 u >v clegyeT Fy(u)>Fy(v) m Fy(u) >
> F,(v)), yAoBaeTBOpdIoNiAe pPaBEHCTBAM

Fy (0)=F2 (0)=0,
Fi(1)=F,(1)=1,
w nyceth Qyurnusa M onpefiesiena cieAyoImuM o6pa3on:
M (z, y)=2F; (z)—1 pra ¢ <y,
M (z, y)=F, (x)—F,(y) pan z=y,
M(x, y)=1—2F,(y) g1 x >y.

llokakuTe, 9TO Hrpa, MmuarexHas QYyHKIHS KOTOPOi ecth M, He uMeeT
CC/IIOBOM TOYKH.

Yrkasaume. Vs ycuosmn otuHocmiensno F; m F, craeayer,
uTO Cym[ecTBYeT efMuCTBenHas Touka u B [1, 0], Takas, 4to

Fy (u)4Fy (u)=1.

12. ToxkamaTe, 4TO Mrpa ¢ MiaTeRHOU QyHKOmell sgn (r —y) AMeeT
CEIIOBYIO TOUKY (CMOTDHTE ONpefielIeHne CAMBOJIA «SgN» B IpAMepe 7.2).
-13. BriumcauTe v; M U, AJIs1 MrpH, OOUCAaHHOH B mpmMepe 7.2.

14. Tloxka)kWTe, YTO Wrpa, ONWCAHHAs B IpHMepe 7.2, HMeeT IeHY,

ecam npmuaTh 0 << a << —;— . Haiigure 3Ty Heuny ® Iapy ONTAMAJIbHBIX

cTpaTerui.

15. Wsmermte (OpMYJHPOBKY mpHMepa 7.2 [Jsi TOroO ciayuas,
Korja mosandsa A #WMeeT HmeHHocTh B 1 HONK, a nosunmua B umeeT
OeHHOCTb B ¢ IOJKOB (¢ >1).

16. Mokaxmre, uTo ecad M ecTh orpanmieHHas (yHKOuA, ompe-
JelleHHAs HAa eWHUYHOM KBajipare H HMeIOUAas CEJIOBYI0 TOYRY, TO
sup inf M (z, y)

o<t Oyt

inf sup M (x, y)
0<y<t Ot

CYIMECTBYIOT M PaBHH MexZy coboil.
17. Ilnaresxnan QYHKUHEA ACPH OHmpefeJIiCHA TaK:

M (x, y)=10zy —y—>5z pus x#li()’

1
M(T(jv y>=_y'

Haligute meny urps v. HKakaa cTparerms urpoka P, rapaHTapyer
€My, 9TO OH NONYYHT MO MEHbIed mMepe v —&?

TRAVEGH



IT'JIABA VIII
OYHRIUN PACIIPEJEJIEHUA

1. MaTynTHBHBIE COOOpPAKEHHA

HamoMBUM, 49To AJA OTHICKAHUA OOTUMAJNBHBIX ¢110c0o60oB
ArPH B NpPAMOYTONbHEE UTPH (€3 CEIIOBHX TOYEK OKasa-
Jioch HeOoOXOZWMHIM paccMarpmBaTh CMemaHHEIe CTpaTerud,

%

%
0
%
%
Pume. 33.

%

%

N

TO €CTh CIO0CO0EI, M03BOJIAIO-
Mmue JejaTh BHIOOPH Hayma-
4y W JUmb C U3BECTHEIMH
sepositaocTsaMu. OdeBnpgHO,
HEe4TO AaHAJOrMIHOe HYKHO
cHelaTh [JiA HePepHBHHIX
urp 0es cemJoBHX TOYeK
(mpumepsl Takux HMrp GLIN
NaHH B ympakHeHHAX 9 u
10 rgasu VII).

Ipesae Bcero HYKHO
HCKII0IUTH OMUOOTHOE ITpef -
CTaBIGHWE O TOM, d9TO CMe-
MaHHAsA CTpPaTeTHA Hempe-
PHBHOII WIPH eclb IIPOCTO
OpaBmI0, NPHOUCHBAIOILEE
HEKOTOPY10 BEpPOSITHOCTh

KasK[OMy 9HCIy, JeskameMy B samxHyToM maTepsade [0, 1],
160 MOMKeT CIYYuThCH, 9TO IIPH ciydaiiHOM cmocoGe BrGOpa
KasKIOMy YMCIy B MHTepBaie IPHIHCHBAETCA BepoATHOCTS 0
I Ja)Ke 7Ba CIOyYalHHX cHocoGa MOTyT OHWTbH pasuudHBI,
X0TA 00a OHM TPHUOMCHBAIOT Ka)KAOMY OTHEIBHOMY HGHUCTY

BeposaTHOCTh 0.

Tak, npexmonoxnM,
0<z<1, N0 OKPY/KHOCTM CAWHHYHOW mamHE (pHC. 33),

9TO

MBI HaHOCUM YHCJIA xI
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KPYTHM CTPeIKYy W BHOHpaeM 9HCIO, COOTBETCTBYIOIEE TOMY
MeCTy, Tfle OCTaHOBHJACh CTpeldka. Ecaum pomycTaTts, dUro
0Ch CTPEIKM XOPOmO cMa3aHa M Bech NPHGOP cjemad o-
CTaTOYHO XOPONO, TO BEPOATHOCTH (B CMBICIE OTHOCHTENb-
HOIl 9acTOTH) TOTO, 910 CTPEIKA OCTAHOBUTCA B HEKOTOPOM
UHTEpBaje, pPaBHA IIPOCTO JJMHE WHTepBajia; HampHMep,
BEePOATHOCTH TOTO, 4TO OHA OCTAHOBUTCA B MATEpBate [%/g,"%/4],
paBHa 1/,. BooOme, BepoATHOCTH TOro, 4YTO BHOGPaHHOC
9UCI0 TOmajer B HHTePBAJ

1 ey 1 e %
[2—(3) z+(3)] vem- %
Ha 6. -‘Tak Kak BepoATHOCTH %
P(-%—) TOro, 9TO0 CTPEIKa

OCTAaHOBUTCA HA 50 KOHEYHO,

He GospIne, 4eM BEPOATHOCTH O
TOrO0, 9YTO OHA OCTAHOBHUTCS

epsare | — 8)
B HMHTEDPBa [7—- 5 )

%+—§—],- To p(é—><enﬂﬂ %
BCEeX IOJIOKUTEIBHHX &, W, 7
CJIe[[0BATENBHO, P (%) =0. Puc. 34.

ITocKOMBKY 3TO jOKa3aTelb-
CTBO HE OCHOBAHO Ha KaKOM-HUOYAb 0COGOM CBOMCTBE TOIKH
—;—, MBI IMeeM clyuaitHEIl cnocol BEIGOpa dUmcia M3 HHTEP-
Baga [0, 1], opum KOTOPOM KasKAOMY OTHEIBHOMY 4YHCIY B
AHTepBajie IPUIACHBaerca BepoaTHoCTs 0. )

Honyctum Temeph, 4dYTO YCTPOMCTBO CJerKa  M3MEHWIH,
Hameca gmeaa oT 0 o !/, HA mepBOH YeTBEPTH OKPYKHOCTH,
a gucaa ot !/, 1o 1 — Ha OCTAJNBHHIX TPeX 4erBepTAX, Kak
nokaszaso ma puc. 34. flcmo, uTo BepoarHocTh BHOOpA Ka-
Koro-mu6o oTHempHOro umcia omarh pasHa 0. W Tem me
MeHee TOT croco0 BriGopa umeaa us wnTepsaia [0, 1] orm-
9aeTca OoT mepBoro, W60 B mEPBOM cI0co0e BEPOATHOCTH IIO-
JyunTh umclo, Jexamee mesxay O m '/,, Oplma paBHA 1/,
a Temeps OHZ PaBHA /4.

PasMnmusasa Haj »THMH npuMepaMu, Mu yOexkpaemcs,
YT0 i GOpMATLHOrO MATeMATHIECKOTO ONHCAHHA Ciydaii-
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HOro mpoiecca BrGopa umciaa ua uHTepBana [0, 1] mocra-
To4HO 3amaTh ¢yHKum [, raxyo, 4910 F (a) mus Bcex a
13 [0, 1] ecTh BepossTHOCTDH TOTO, 9TO BRIGPaHHOE YuCIO0 GyAeT He
Gorbme a. Opgmako g yqoOCTBA MaTeMaTNYeCKUX BHIBOJIOB
B M3JaraeMoil HuKe TEOPHH OKA3HIBAETCA Jydmie HeECKOIBKO
U3MEHUTH TO ompenenende s ciaydas, xorga a=0. Ilo-
5TOMY MH paccMarpusaem QyHKmuu F, Taxue, aro F (a) paa
a =+ 0 ects BEpOATHOCTH TOrO, UTO BH6paHHOB ancio Gynmer
Frr) He Gonpme a, u F (0) =0 (cremo-
" partenbHO, F (O) €CTh BePOATHOCTD
TOT0, 9TO BRHIOpPaHHOE 9HCio GygeT
7¢ MeHbIle HYJA, a HE TOr0, YTO OHO
Oyner me Gompme myasa). Ecanm
a u b cyrs ABa dmcia M3 HHTEP-
Baxa [0, 1], raxue, ut00 < a < b,
10, ouesupHO, F (b)—F (a) ecth
BEePOATHOCTH TOTO, 9TO YHCIO Z
7 s Z Oymer BHOpPaHO B UHTepBaie
a<r<b, a F(b)—F(O0) ecrs
Puc. 35. BEPOATHOCTh TOTO, WUTO 9HCIO &
Oyger BoiGpamo B HATepBaJIe
0<z<b. Takaa ¢ymxuma F HassBaeTca uUHME2PAAbHOL
b Jmcz;ueu pacnpedeqerus WnA, NS KPATKOCTH, IIPOCTO
Pynryuel pacnpedeserus.
QOyuKnusa pacipejeieHus AJA IepBOLO U3 IPHUBEJEHHBIX
BbLIIe TPHMEpOB ecTh TaKas ¢yaroEs F, 9ro A Beex &

B (0, 1]

F(x)==x.

Ha pme. 35 mpepcrasiuen rpaduk sroii Gymxmum (PyHK-
i, O4YEeBHHO, ompefeleHa Todapko Mia 0 <<z <<1).

Mymknua pachopefeneHds [Jjs BTOPOro HpHMepa ecTh
Takasg QyHkmus F, d4rto

F(w);—zl—x s O<x<; ,
L3 1
lf(x)=7x——-2—mm <:c < 1.

I'padur sroii pymxmum mpencrasiaen ma puc. 36.
Mur 3amedaem, uto obe 3T QYHKUUR Heybwsaloupue, TO
ecte F(z)<F(x,), npn z,<, (Ha rpadmxe sro BHpa-
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JKAeTCSA XapaKTepoM KPHUBHX, HAymMUX Hampaso BeepX). Hax
MH Cpasy BHIAM, BTO CIPaBE[JIUBO JAJNA BeAKOW QyHKIUH
pacupesieneHus, u60 eCan 2y < Ty, N‘I ; o
TO BEPOATHOCTH TOT'O, 4UTO BHI-
GpaHHOE 4HCJO IEKUT B HHTEP-
pare [0, z,], momwkHA GHTB mO |
MeHBbIIell Mepe PaBHA BEPOATHO-
CTH TOT'0, 9TO OHO JIGKHT B HHTEp-
sane [0, z,].

PaccMoTpeHHEle HaMH  fiBe
qacTHHEe (yHKIME CyTh TaK Ha- 7|
BEIBaEeMEIe 6ospacmaiowyue QyHK-

nmH, 10 ects F(z,)<F(z,), xorma - }/ . z
#, <z, Ho sTo me Bcerna BHIOI- z
HseTca Aaa QyHKOouil pacmperne- Puc. 36.

aemms. Taxr, mampuMep, QyHK-
A PACIpeJieTeHHsl MOYKeT WMeTb TaKOM rpaduK, Kak Ha
puc. 37. Dopr3oHTANBHHI OTPe30K HA 3TOM rpaduke moKa-

3HIBAET, 4TO
3 1 .
F(3)-F(3)=0
CJe0BATeNbHO, BEPOATHOCTH TOTO, 4TO BHOpaHHOE YHCJIO
OymeT Je;KaTh B HHTepBaJe 1,<x<3/,, pasna 0. Jlerxo
BHJeTh, KaK MOMHO IOCTPOHTH cIy4ailHEIH MeXaHU3M, KO-
Topui GymeT MOPOMAATH TAKyIO QyHKIWIO pacmpeeIeHUA:
Flz/ HY/KHO JUII H3TOTOBAUTH yCTPOH-
¢TBO, IO00HOE BHIICOMNCAHHOMY,
wl HO MCKTIOURTH HHTepBad [1/,, 3/, 1.
Mu 3aMedaeM, d9TO Bce Ipa-
¢uKM mPOXORAT depes TOUKY
1 1. 370 momxmo GHrb ANA
BceX (YHKIUI pacIpefieeHu,
' o T0o ecThb A J060i QyHRIHH
A DA Z pacmpepeieHnA F MLI IIMCCM:

Pmc. 37. F()=1.

DTO BHTEKaeT HEIOCPEJCTBEHHO M3 OIpeleleHHs QyHK-
IUN pacmpefielieHus; AefcTBUTENHHO, BHOOPH COBEPIIAIOTCA
B maTeppawe~{0, 1], m, crmemosaTe;pHO, BHOpaHIOE IHCHO
3aBefioMo He Gyner mpesmHmaTh 1.

12 M. Maw-Kyien



178 UL VIIL. O VHKIUKM PACUPENEIEHA

Kpome roro, B ompepenenun $yHRIUKT pacﬁpéneneuml

YKas3HBAeTCST, 9T0 IPaduK GyHKIUH JOIKEH MPOXOLUTE gepes’

roury [0 0.
Bee pacemorpennsie fo cnx mop ¢yukuum pacmpenesnenus
HEHPEPHIBHL, HO 5TO OTHOCHTCH He KO BeeM (QyHKIUAM pac-

mpepemenns. Ilpocreitmmii o6pasen paspmBHOI dyHKIUII

Flz, pacmpeniejieHusT MOMKHO IIOJYIUTh
HOCPEeCTBOM «CIAy4ailHOTO» MeXa-
7 HHU3Ma, KOTODHII Becerna BoibH-

paer 0. Oynkuns pacmpenenenns
YAOBJIETBOPAET TOTAA CJAE/YIOMIM

YCIOBHSAM:
Fz)=1 paa 2>0,
- z F (O) =0, .
c / a rpaduk ee IOKasaH Ha puc. 38.
Puc. 38. Ipusemem wmenee rtpupmambHEIL

. npumep. Mur Gpocaem mpasris-

Hylo MoHeTy. Ecam oma mokasmsaer rep6, MH BHOEmpaem

1/,; ecam oHa IMOKa3HIBaeT PeIKy, TO mpUMeHseM ycTpOHCTBo,
usobpasenHoe Ha puc. 33, Mg BHOOpa wHCclIa U3 MATepBaia
[0, 1]. Torga, ouesuano, pynx- 7 :
s pacopepenenus F ymoB-
JE€TBOPACT CHEAYIOMHAM YCIO- 7
BHLAM:

1 1 %
F(x)=?x as z <,
5 ] %
12 (3;):%(1 +w) mas x >%. “

I'padux sroit ¢pyskuum mpen- %} .
cTaBieH Ha puc. 39 (sKupHas Ui

TOYKAa B JIeBOM KOHIE BepX- ! ! | -— 2

Z 7 3 g
Hero OoTpesKa yKa3HBaeT, 4T A/ B '
F(1/,) =5%/5, a me 1/). Pumc. 39.

'padux, nsoGpasxennsiit Ha
puc. 39, mMeeT cKa4oK Ipu T = !/,, TO €CTH B TOYKE, KOTO-
Poil PpyHKIUA pacmpefelieHHs NPHIUCHBAET KOHEYHYIO (me

HYJIeBY10) BePOATHOCTS. JIerKo BUAETH, 9TO TOUKH, KOTODHIM'

IPUOHMCHIBAETCA KOHEWHAsA BEPOATHOCTh, BCETia COOTBETCT-
BYIOT TOYKaM pasphiBa rpadpmra (GyHKIHME pacupemeieHnd.
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Bce paccMOTpeHHE® [0 CHX Hop (QyHKIUE pacmpeeine-
HEA uMenn rpadukm, cocroAmue nubo M3 NMPAMOIMHEHHOTO
orpeska, 1u60 u3 psAaa Takux orpesxos. Ho us caexylomero
IpuMepa MOKHO BHJETH, 9TO BTO He BCET/A Tak. Homycrum,
4T0 B ycTpoitcTBe, M300paskeHHOM Ha puc. 33, KOHIMK CTPEIKH
¢eaH W3 CTAaM ¥ B ILIOCKOCTH KPyTa IOMemeH HeGOIbIIoi
MarHHT CIpaBa OT TOUKA € .,
orMeTKoit «!/,». Torpa crpes-
ka GyneT dame OcTaHABIHM-
paThCs BOIM3HM OT !/,, 9eM B
APyrux MecTax (HO BepOAT-
HOCTL OCTAHOBKM B OJHOM
NaHHO# TOUKe IO-IpeKHeMY.
pasua 0). IIpu sTom, ogeBup-
Ho, GpyHKI[UA pacupefeleHus
GymeT WMeTh KPUBOMMHEHHEI
rpaduk, momoGHEHI m300pa-

3

1 o
seHHoMy Ha puc. 40. Y 7 7z
PaccmorpuM, HaKOHEIL, He-
CKOTBKO MEHee dJIeMeHTapHoe Pnc. 40.

¢BOMcTBO QyHKIUM pacipese-
nemns. Jlaa 3TOro BBefieM OJHO ONpejeIeHue. Oyurmusa F
Ha3HBAETCA Henpepsisroll cnpasa B TOUKe T, €CIU

lim 7 (z+¢) = F (z).
820

AHAJOrHYHO Mbl HashBaeM GQYHKIUIO Henpepblenoi caesa
B TOUKe ¥, €CIHu

lim F (x — &) = F (x).
626

Ms samedaeM, 9T0 yHKIEs, H306payKeHHAsA HA pHUC. 39,
B TOUKe Z = !/, HempepHIBHA CIPaBa, HO He HEIPEePEIBHA CJIEBA.
Mynxnus, n3o6paykeHHas Ha PHC. 38, B Touxe x =0 He He-
mpephiBHA CIpaBa.

Mo uMeeM CIEAYIOIIYI0 TEOPeMy.

Teopewma 8.1. Beakas @ynryus pacnpedeseHus He-
npePLBHA LRPABA 6O 6CET MOUKAL  OMEDHINMO20 unmepeaLd
0, 1).
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HloxasateascrTno. Hycre F — ¢pynxuua pac-
pefenenus, u mycrs 0<z<1. Mum xoTmm MoKasaTh, 9TO

]ilgl[F(x‘ks)—F(x)]:O.

e>0
Beamumnna

Fe4-e)—F(2)

TI0 OIpefe;eHuio Gynknum pacmpegesenis paBHa BepoAaT-
HOCTH TOTO, YTO YHCJIO z, BLIOPaHHOE COTJIACHO 3TOI PYHK-
IMIL pACIPe/(C/IeHNs, yAOBIETBOPSET HEePaBeHCTBY

T zLxte.

Ho past sio6oro 3a/laHHOTO 2z MOKHO HAlTH TaKoe Majoe
TOJOMUTENLHOS €, YTOGHI DTO HEPABEHCTBO CTAO HEBO3-
MoKHBIM. Cieffoatensmo, BOPOATHOCTH TOr0, 410 2z Oymer
YAOBIETBOPATH 3TOMY HepaBEHCTBY, CTPEMHUTCA K HyJIo0,
ROTHa & CTPEMHTCA K HYJIIO, 9TO 3aBepmaeT H0Ka3aTelBLCTBO.

2. @opmaanHbie BBIBOJIbI

WUrax, Mot suaum, uro ynknmsa pacnpenenenus F Bcerma
YHOBJIETBOPACT CIENYIOMHM yCIOBHAM: 1) F(x) >0 ngaa amo-
6oro z m3 [0, 1]; 2) #(0) =0 u F(1) = 1; 3) F(z) ecrs mey6u-
BAIOMAA QYHKIUA B 3aMKHyTOM untepsaie [0, 1]; 4) F(r)
HEIIPEPHIBHA CNpaBa B OTKPHITOM HHTepBAje 0, 1).

C Touku 3penns mammx WHTYUTHBHBIX JIOTAJIOK O BepPOAT-
"HOCTH HPeJCTaBIAACTCA, BO3MOMKHBIM TaKOe YTBep:KIeHue:
aw06as  QyHrmus, YAOBNIeTBOpAIOMAA ycmosuam (1), (2),
(3) u (4), ectp yHRUMA pacmpemeneHus, To ecTh ecnm F—
HeKoTopas QyHKIusd, YAOBIETBOPAIOMAS ITHM yCIOBHAM, TO
cymecrsyer cmoco6 BmGopa wumcen wus uarepsama [0, 1],
HMeIOIMIl  cBOeil QyHKMueit Pacmpenenenna ¢yaxnuio F.
Bo Besikom cayuae, momsatue GyHKIUM pacmpenenenus craHer
MaTeMATHIECKI CTPOTUM, €Ca:m MHI Gyxem BIpeNs NPHMEHATH
9TOT TePMHH HPOCTO AJiA 0GO3HAYeHUH dysroHN, ymoBie-
TBOPAIOMEH YKA3aHHBIM WeTHPEM yCIOBUAM. Hrak, daro6m
IPOBEPUTE, YTO HEKOTOpasA PYHKIUA ecTs ¢yBKIMA pacmpe-
ACJeHHA, HaM He HYKHO- OIIHCLIBATD CaM CTydYailHEII mpo-
LeCC, KOTODELIA ee MOPOMAET, a CilefyeT Mmmb IIPOBEPHUTD,
ATO OHa ompefeseHa Ha 3aMKHYTOM HHTepBaie [0, 1], me
TPIHHMAeT OTPHUATENbHLIX 3HaweHNH, He yGHBaer m T. .
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Mo 6ymem mpumeHsaTs OykBy D miis 0603Ha4eHHsI MHO-
jKecTBa Beex (QYHKIMI pacmpefejieHusi, TO €CTh MHOKeCTBa
Bcex (yHKIum, KOTOpHE YAOBJIETBOPAIOT YKAa3aNHEIM YeTHI-
peM YCIOBHSM.

[IpuBenieM TeopeMy, MONe3HY B JajbHeiimeM.

Teopewa 8.2, Beakas nocaedogamesvrocmv Gynrkyui
pacnpedeaenus ~colepucum  nonocaedosamesbHOCMb, cxods-
wyiocs K Hekomopold Pyrkyuu pacnpeleaenus F 60 ecakod
mouxe wenpepbisrocmu gynkyuu F.

JloxasaTteuanbcTso. VaBecrao, 910 mpapmIbHLIe Apobu
MOKHO PACIIONIOKUTH B yNOPA/IOYeHHYI0 GECKOHEYHYIO MOCJIe-
JoBaTeqbHOCTh. MBI MOKEM 9TO cjenaTh, Hampumep, Tak:
Ha mepBOe MCCTO IIOMCCTHM €JMHCTBEHHYIO NPaBHIBHYIO

Apo6b, UMeENYI0 3HaMeHaTelb 2(3 HMeHHO - ); B3aTeM B

HopAAKe BO3PACTAHAA PACIONOKUM NPABUILHEIC npobu,
IMejoIie 3HAaMeHaTeab J; 3aTeéM Apo0H CO 3HaMeHaTeleM 4
(mpomycKas yiKe samuCaHHBE) X T. . Taxk ME mOXydnM:
1 1 2 1 3 1 2 3 4 1 5 1
T3 3435575566 1T

OueBuHO, TAKIM IIyTeM MOKHO JOHTH M0 M0G0l mpasuib-
HOit ;po6u. 3amumieM NOJydYeHHYIO IIOCJe/{0BaTeNbHOCTh Tpa-
BIVILHHEIX Jpo0eil TakK:

Ty Tos T3y «ovon Tpa oo
IIycts
Gy Gy ooy Gy o 1)

ecTh IMPOU3BOMbHAS IOCJIEL0BATENbHOCTh (YHKIMI pacmpe-
nenenusa. PaccMoTpuM CHadajla IIOCJIEN0OBATeNbHOCTH HIICEJ

Gy (1)), Gy (1)) - +s G, (), -

HOCKOJIBI(y 3Ta MO0CJeJ0BaTeIbHOCTDH 6eckoHeUYHa 1 orpaHu-
YyeHa, OHa COJEP'KUT CXORAIYIOCA IO II0OC/IeJ[0BATEIbHOCTD

Gil (I‘l), Gi2 (7‘1), ey Gin (7'1), e
Iomomus
PP (x) =G (z) nua n=1,2, ...,
MBI BHJIIM, 9TO [0CJIe/[0BaTeIbHOCTh

LTS 1 1 1
) ) [$9)
FO,F®, R, L
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©CTh IIOATOCJeN0BATENbHOCTE HOCIeoBaTeAbHOCTH (1), cxXo-
MAMAACA K Ipefielly B TOUKe r,.
Teneps paccMOTPEM HOCIe[I0BATEIBHOCT THCEN

FP(ro)s P (rg), oo, B2 (ry), ...

Kax n pampme, mm BmamM, wTo sTa mochefoBaTeIBHOCTD
COAEPIKUT MO MOCHe[0BATEIbHOCTE

FiJ (ry), Fi)(1y), .. S FE (),

KoTOpas sBagercs cxomameiicsa. ITomoskus
F2@)=F)(x) pmai=1, 2, ...,

n
MBI 3AaKJII093a€M, 9TO MOCJEeHOBATEILHOCTH
(2) 2) 2)
F® F®, . F®, ...

€CTh IOATOCHe[0BATeNBHOCTh MoCHefioBaTeabHOCTH (1), cXoO-
AAIMAsACA K IPefieNly Kak B TOYKe ry, TaKk X B TOUKe r,.

Hponomxas sTor mpomecc u mamee, MB moywaeM mocite-
A0BATEIBHOCTH IOCJIEN0BATEIbHOCTEMH

(¢ ] (1) [$ 9] (1)
F®, FP, F®, ... FP, ...
(2) (2) () (2)
F®, F®, F®, ... FP, ...
[¢:)] (3) (3) (3
F®, F®, F®, ... F®, ...

F™,Fgo L Fa L Fao, .

Hampaa ms »rmx mociegoBarenbHOCTE, MmO TIOCTPOEHUIO,
€CTh MOANOC/IeJ0BATEIPHOCTE BCEX HMPENBIAYIMUX W, CIeHo-
BaTeJbHO, NepBONaYalbHON IOCHenoBaTenbHocTU (1), mpuuem
m-s TOCIefl0BAaTeJbHOCTh CXORHUTCA K Ipefeay B TouKax
Ty evy Tppe

U3z arolt mocmenoBaTenbHOCTH IOCIETOBATENBHOCTEH MEI
ofpasyem Temepb «AHaTOHATLHYIO IIOCIEOBATEILHOCTEY

Fy, Fp ..., F,, ... 2)
OJIOKUB
F,=F (n=1, 2,...).

OueBugHO, (2) €CTh NMOAIOCIETOBATENHHOCTD IOCJIe0BATEb-
nocru (1). Kpowme Toro, mia moboro m Bee (3a mCKAIOUeHTeM

e
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KOHEYHOI'0 THCIA) BIEMEeHTH IIOCaefoBaTeIbHOCTH (2) mpu-
HazJeskaT MoceoBaTeIbHOCTH

m) m) m)
Fw, Fem R

U, CIeoBaTelbHO, IOCIeOBATENBHOCTE (2) CXOAUTCA K IIpe-
nely IAA BceX NPABWIBHHIX JApobeii.

Teneps MH onpefgenuM QYHKIUIO ¢ HA HPaBWILHHX JpPO-
64X, IONOMKUB A NI000# IpPaBHIBHOH Apobu r

¢ (r) =lim F, (r), )

u sareM ompefenuM ¢yEKImMo F Ha BCeX dUncIaX B OTKDHI-
TOM eMHMYHOM WHTEpBaJe, NOJIOKHUB JJjA JMOO0r0 TaKOTO

qucaa
F (z)=inf @ (r); (4)
rT>%
MBI TOJIaraeM TaKxKe
F(0)=0, ;
F()=t, } ©)

tark uro F ompefeneHa Ha BceM eIMHMIHOM HHTepBajie (BKIIO-
yasg ero KoHedHHe TouKH). JlJIa JoKasaTeIbCcTBA TEOPEMEL
JIOCTATOYHO IIPOBEPHTH, 9T0 F ecTh QYHKNUA pacmpejede-
HAA § 9TO IOCJE0BaTEeILHOCTH (2) cxommrea K F BO BCAKOM
Touke HempepmHoct: F. M3 (D) caexyer, uro mus aroro,
B CBOIO OYepedb, AOCTATOYHO IOKa3aTh, 4ro F HeyGmBalo-
mas ¥ HempepHBHA cupaBa. Ecam z u y — mobwe uncia,
Tak®e, 9410 Z < ¥, TO MHOMeCTBO A, BCeX palMOHAJIbHBIX
yncen, GoALMEUX 4deM Y, ecTh MOAMHOKECTBO MHOMecTBa A,
BCeX PANMOHAIBHBIX TMCeN, GONBIIMX UeM I; CJeN0BaTebHO,

inf ¢ (r) < inf @ (r),
TEA, rGIAu

uin, Ha ocHoBaHMHU (4),
F(z)<F(y).

Urax, F— mey6upaoman ¢ynrnua. Yro6s mokasaTs, aTo F
HeIpepHIBHA CIIpaBa, MH 3aMeJaeM Upesje BCero, 4ro
dysxmusa ¢, mo ee ompepenenuio (3), meybmisaromas. IIpex-
TOJIOMKEM, UTQ......

Tys Tgy eony Tyy - on
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ecTh MPOou3BOJIbHASA YOBIBAIOMAS [OCIEA0BATENBHOCTD TUCE,
npejiell KOTOPHIX ecTh Touxa x muTepBada (0, 1); mam mywx-
HO MOKa3aTh, 4TO

F(z) = limF (x,)

W3 (4) mmr Bugum, wto s Beskoro & >0 cymecTByer
" palOHANBLHOE YHCIO 7, TAKOe, UTO

r>x, (6)
9 (r)-F(z) <e. (7)

Baas crons Goxpumoe memoe N, dro 7 < xy < 7, TOdy-
q9iIM i Bcex n > N

<l x,<r,

#, CJefl0OBaTeJbHO, BBUAY TOTO, 9T0 QYHKUUA /' HeyGHBaIO-
masA, u BBHAY (4)

F(x) <F () <@ (r). 8)
3 (7) n (8) MBI 3awiiowaem, 9to s n > N
0Kl (x,) — F (%) < &,
TaKk YTO
lim (£ (z,) — F (z)] =

n—>co

S

4T0 M TpeboBaJoCh [OKA3aTh.

pesxne dgem mepeiiTm K mocJenHedA dYacTH J[I0KA3aTelb-
CTBa, YMECTHO 3aMEeTHThH cJefyioliee cliefcTBue W3 (4): mas
PAIMOHATBHOTO ' W MPOMSBOJBHOIO Z (7 < Z) MBI HMeeM:

@ () <F(2). )

Haxowmer, MH mOKajkeM Temepb, 4TO [MATOHAJIBHAS II0-
ciejloBaTelbHOCTh (2) cxonurcesa K [7 Bo BCAKOU TOUKe He-
upepsrsHOcTHl PyHKUUH /. Ilycrs & — TOUKa HempepHIBHOCTL
F, m nycTs &— mpomsBOJIBHOE IOJIOKUTENbHOe dmciao. U3
(4) MB HeMe[IEHHO 3aKII09aeM, d9TO CYIECTBYCT pPalyo-
HaJIbHOE 9HCIO 7, TaKoe, 4TO 7 > & U

<o —F@)<~+. (10)

g e AN 4 DA - i

e AR e e



2. ®OPMAJBHBIE BbIBOJLb 185

U3 mempepmiBHOCTM (yHKIMM /° B % MBl BUAUM, 4TO
cyliecTByer HeKoropoe ¥y, y < ¥, Takoe, 4TO

0<F(2)—F @) <e- (11)
[ycTs Temepws s — mofoe pamUOHANBHOE YMCIO, TaKoe, 4TO
y <L s <. (12)
Mz (12), (4) 1 (9) samimovaeM, 4TO
Fy) <o (s)<F(2)y (13)
mamee, ma ocxoBamuu (11) m (13),
0<F (2)—g(s) <5 - (14)

M3 (3) MBE BuguM, 4YTO CYIICCTBYeT Ifejoe THCIIO N,
taKoe, 9T0 Hjia Bcex n > N

lo(N—Fu(NI<¢ (15)
1
1@ (s) —Fu(s) | <5 - (16)

Ilamee, moCKOABKY F,, ecTh QYHKIHSA pacrHpejfejeHus H,
clle0BaTelbHO, HeyOHBalomas QYHKIHUA, TO

Fo(s)<Fp(@) <F,(r). ~ (17
U3 (16), (14), (10) m (15) mE1 modydaem Temeps:
| Fo (5) = Fo (1) | < Fo () — 9 (8) |-
+lo () —F(2)|+[F(2)—¢ () |+

+I(P(")A—Fn(")l<4<%>——-j.—§-s. (18)
Uz (17) u (18) caepyer, uto
|Fo(2) = Fuls) | <o e. (19)

Ns (14), (16) u (19) mH 3aKI09aeM OKOHYATENbHO, YTO
s Beex n >N

| F(2) = I (@) |<IF (@) — @ () |+ |9 (s) = Fp () [+
'ikll"n(s)—Fn(x)l\<%+%+§s=s, (20)
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H, cJIe/{0BAaTeIbHO,
F (z) =lim F, (z),
N—~»00

9TO 3aBePMAaeT [[0Ka3aTeJbCTBO TEOPEMH.

Crenyoomas TeopeMa faeT HaM IONE3HHH CHocol Io-
CTPOPHHsI HOBOH (YHKIMA pacipefeieHHA MO JAHHHIM (QYHK-
IUAM.

Tcopema 8.3. Tycms F,, ..., F, — unoocecmeo gynx-
yuil pacnpedeserus, || a, ... a,| — nexomopuili ssemernm MHo-
acecnsa Sy, u gynkyus F onpedesena dasn scex x ¢ [0, 1]
coommuoweHuem

F(z)=a,F (z)+ ... +a,F, (z).

Tozda F ecmv makowce Pynkyus pacnpedeserus.

Hoxasareancrso. Mexoms us Toro, uro ¢dyarIIN
F.eD, 1. e. ymoBuersopsior yciopuam 1 — 4, moxamem, 9To
$ynrnma F rarme yHOBIETBODSET TUM UeTHPEM YCIOBHSM.
IIpesxpe Bcero, Ml mMeeM:

F(x)=alF1(x)+ e "{'anFn(x)>O’
TaK Kak mo yciaoemio a; >0 u F, (z) >0.
Hanee, mockoiabky F i (1) =1, umeem:
F)=a,F ()4 ...+ a,F,(1)=0a;+ ... +a,=1.
Amnarormuso fokassiBaercs, uro F (0) =0. .
Homoxmm Teneps, 410 u M v — mobsie wuema B [0, 1],

TaKkWe, 4TO U > U; HaM HY;KHO NOKasaTh, 9r0 F (u)> F (v).
IMockombry kampmas F; meyGmBajomas,

Fi(u)>F; (v),
H, CIlefloBaTeIbHO, B CUIY HEOTPHIATENLHOCTH da;,
@, F; (1) > a;F; (v). .
CrramBas 5TH HepaBeHCTBA, TOMYdaeM:
aFy(u)+ ...+ aFp (u) > aFy (v)+ ... +a,F, (0),
i
F(u)>F (v),

9TO M Tpe60BaJIOCI: AOKa3aTh.
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Jlna 3aBepImennA Hamero JA0Ka3aTelbCTBA OCTAeTCsA INO-
KazaTb, uTo F mempepsiBHa cmpasa B (0, 1). Bospmem mpoms-
BosbHOE monoskurenbHoe udeno x u3 (0, 1). Torma ma ocHo-
BaHHHU TOrO, 9T0 Kasxpaa u3 ¢yHKnmir F,, ..., F, Hempe-
PHBHA CIpaBa B £, MB HMeeM:

llmF(x—l—e)—hm[alF (x+e)+ ... +a,F,(x+e)]=

e—~>0
e>0 e>0
=q limF (x+e)+ ... +a,limF, (z4¢€)=
g0 £—0
e>0 e>0

=a,F (x)+ ...+ a,F, () =F (),

9T0 M TpeboBasoch TOKa3aTh.

3ameuanume 8.4, VYcraHOBIEHHYIO BHIIE TeOopeMy
MOXKHO 0000IIMTH B TOM CMBICHE, YTO MOKHO IIOCTPOMUTH
¢ymrnuo pacupepenenus F mo GeckOHETHON Mocie0BaTeNb-
woctu Fy, F,, ..., F,, ... QyBEKNuii pacupejiejeHdsa u IO
GecKOHEYHOH TOCIEe0BATEABHOCTH @y, g, - -5 Ay, - .. HEOT-
pUNaTeNbHBLIX 9HCeN, CymMMa KOTOPHX paBHa 1, momoxus

[e ]
F(z)= 2 aF, (@)
Ho nockonsky MH He OyfeM IpUMEHATH TeopeMy B 9TOM
dopme, MH OTPaHMYMIHCH TeM, YTO NOKA3adH ee [JsA KoHed-
Horo umcia (yHKIWHA pacopegemenusa. J[oKasaTelbcTBO ee
niua OecKOHEYHHIX IOciefqoBarenbHOCTEll (QYHKIUi pacmpe-
JelleHNA OCTABIAETCH B KadecTBe yHparKHEHHA.

B sammouenne mONe3HO BHIAENUTH JACTHHIA KiIace @yHK-
it pacmpegeenus, Ha KOTOPHI# MH Gy/[eM 9acTO CCHIIATHCA
B panpeeidmeM. Ilyctp uMeerca KoHeuHas BO3pacTaloman
HocJIef[0BaTelbHOCTh Todek uutepsama [0, 1]

L < Ty <L X< e < T,y

TaKkasg, 4TO (QYHKUUSA pacupegeneHds F uMeeT PaspHBH B
KajKHo#l U3 9TUX N TOUeK, HO IIOCTOAHHA BO BCEX [PYrux
T09KaX, To ecTh F (u) =F (v), ecaum Mg HEKOTOPOTO i MHI
nmeeM z; < u < %;,, B %; < v < &;,;. Torga F masmiBaercsa
cmynenuamou Ppynryuel en cmynenamu. MH o6o3HadaeMm
Kiace BceX CTYyNeHYaTHX QYHKIHiic n cTynenamu depes D,

Tpadur cCTyiiemaaToli GyHKIAM BCErga COCTOUT H3 KO-
HEYHOr0 YUCJIAa TOPH30HTAJBHEIX OTPE3KOB, IpepHBAIMUXCA
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B TOYKAX paspniBa; Tak, uanpumcp, ¢yHKLHA Pacupejeic-
Husl, ma3o0paskeHHaa ma puc. 41, ecTb suemenr wuacca Dy,

«

uMeromuii paspwuiBsl npu O, 77 U 1.

Jlerxko Bupgers, uwro ecau /7, ..., F, cyTh cTyneHuarnie
QyHKIOUHM T ecau a@,, ..., 4, CYTh HEOTPHIATe/]bNBIE Jeli-
CTBUTEJbHBIE YHCAA, CYMMAa KO-
Fiz) 10 1 r
pux paBua 1, Tro pyakmua /7,
7 L ompefeseHHass COOTHOIMIEHHEM
, F(@)=al (@) + ...
%} -— -
N _§‘ an/’n (t)’
7] T — TaK;Ke ecTh CTyleHdaTas QyHK-
nua. Ymeao paspsiBoB PyHK-
An nuun  F  He Goapme CyMMEI
I 9ucjia  paspriBoB  (QyHKIMIT
. | | Fy, ..., F,; ecin HUKaKue U3
7 T dynkmmit /|, ..., F, He umeioT
o6mux Touex paspeBa u a; + 0
Puc. 41. (i=1, ..., n), To 9ucio pas-

PHBOB QyHKIUN /' paBHO 9TOM
cymMe. JuemeHTHl Kiacca D, umMeioT amumib OfHY CTYUeHS,
paspHB B KOTOpOil paseH e,[lPIHI/II.[e Ileoromy paa ykasanms
aumemeHra Kiacca D; mocraroymo ammb ckasaTh, T7e IpPO-
HCXOAUT 3HTOT cnaqow cumBogioM [, oBGo3HaUaeM 9ieMEHT
Ki1acca D), nmeromuii ¢cKagok npu z = @ Urak, /, pnaa +=0
YIOBIETBODAET PAaBCHCTBAM

Ii(1)=0 (z<a),
ly(@)=1 (z>a).
QDynknus [, ynosiersopsier paBeHCTBaM
1,(0)=0, N
I,(x)=1 (x> 0).

.

Bubauorpadunueckue sameuanusn

Bonee nojpo6moe paccmorperie ¢yHKNmii pacmpepede-
HHA MoykHO Haiitm y Hpamepa [21]%*

*) CM. Tarxe [189] u “951. (U pus. ped.)
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Yupaxkucuoun

1. Hafigure Qynknmio pacnpenesnenus, COOTBCTCTBYIOLIYIO CJICHYIO-
lueMy caydaiHoMy mpomeccy BuGopa umciaa m3 [0, 1]: 1) GpocaloTes
IBe MOHeTEl; 2) eclm 0o6e MOHeTHl IOKAa3BIBAOT reP6, BHOGHpaeTcs umc-
1o 1/,; 3) ecim 06e MOHETHI IOKa3HBAIOT Peliky, TO YACIO W3 MHTEP-
Bama [0, 1] seibmpaerca mocpegcTeoM mpmGopa, n306pasKeHyoro Ha
puc. 33; 4) ecidm OomHa MOHETa NOKa3HIBAET rep6, a ppyras— pednxy,
T0 umcno m3 mHrepsaia [0, 1] BuGmpaerca mocpencTBoM mpuGOpa,
uaoﬁgameﬂﬂoro Ha puc. 34.

- Haiiure Qynrmmo pacmpeseneunms mia cregyiomero caydai-
Horo mpomecca: 6pocaeTcA MrpaibHAg KOCTh B GepeTcs umCcao, o6paT-
HOe TOMY, KOTOpOe IOKAa3HBaeT KOCTh. ‘

3. Iloxaskmre, 4To eciim (YHKUAA HOMpEPHIBIA CupaBa W HCIIpe-
PbiBHa ClieBa B JAHHOH TOYKe, TO OHA HENPEPHBHA B 9TOH TOUKe.

4. TloxaxuTe, 9T0 CHOCOGOM, YCTaHOBIGHHEIM B Teopeme 8.3, m3
9IEMEHTOB Kiacca D; MOKHO mocTpomTs ;Goi aieMeHT Kiaacca D,
naa gmoboro n.

5. Jlokaskure ciepyiomee 0GoGuienre Teopemsr 8.3: mycts F, ...
<oy Fp,. .. —0OecKoHeuHas IOCHEOBATENBHOCTE (PYyHKIMH pacmpepedc-
umd, @y, ..., 4,, ... —0GecKoHeyHaa MOCIeNOBATEILHOCTL HEOTPHIA-
TeNLHBIX JeHCTBATENBHHIX YHCeJ, TAKHX, UTO

a4 ...ta,4... =1,
n Pyrxuna F onpefenena Tax:
F(z)=a,F ()4 ... +a,F,()+...;

TorAa F ecTh TakxKe (QYHKOHA paclpefelleHHsd.

6. Ilokamre, YTO MHOMKECTBO Pa3pHBOB (YHKIUHE pacHpefcieHus
He MOeT OHITH Gollee YeM CUETHBIM.

7. ToxauTe, uto ccnm 0 La b1, 10

o () Iy (z) =1y (2).

8. Ilokammre, 94TO Mpom3BesieHEe ABYX (yHKUmE pacnpepepcHus:
€cThb TaKie (QyHKUWA pacmpefesieHAsA, TO ecTh ecim F,, Fo€ D, 10 u
FeD, rpe :

F (x)=F, () Fy (x) past Bcex « B [0, 1].

9. IlokaskuTe, 4TO NPOM3BEACHHE IABYX CTYNCHYATLIX (PYRKIMii
ecTh cTymenuaras PyHkuma. IToxaskmre, uto ecim F; €D, u Fy¢ Dy,
TO CymECTByeT THCIO ¢, ¢ < r-|s, Taxoe, uyto FiFy € D;.

TR



FITABA IX
MHTEI'PAJI CTWJITBECA

[IycTh fama HempephlBHAA UTPa ¢ IaTeRHOU dpynkumeis M,
u P, suGupaer gmciao y,. Toraa mma kammoro z, KoTOpoe
mosker BHOpath P,, Buurpem P, ompenensercsa ¢yHKuuei

G(xy=M (z, y,)-

IIpegmomnoxuM Temeps, 910 P;, BMecro TOoro 4roGhl Bcerpa
BHIOMPATH OfHO W TO jKe TUCJIO I, pemaeT OPMMeHUTH CIy-
qafiHBI MEXaHU3M, KOTOPOMY COOTBETCTBYeT (YHKIUA pac-
npenererns F. Ouesupno, urpoky P,, Ana toro 4robH cje-
JaTh BHOODP MEXKAY pAas3INYHBIMU BOSMOKHBIMEH (QyHKIUAMA
pacmpeiesienusi, HeOOXOMMMO YMeTh HAXOMTE MaTeMATHIECKOe
0KEJaHMe CBOEr0 BHHUTPHINA, €Ciau OH mpuMeHndeT F.

Urak, mepex Hamm ciefyiomas 3ajada.

Myers G (z) mua 0<z <1 ecTh cyMma, KOTOPYIO IOIY-
aur P,, ecin om BHOgper z (mpuuem P, memaer BHGOPH 1O
dysrauu pacupepenenus F). Haxopo mareMaTHdecKoe OKH-
mamue BRUIpema y P?

OvueBnAHO, MH He MOKeM CKasarh, 4TO 9TO0 MaTeMaTHIe-
CKoe OKHJaHWe PAaBHO cyMMe BceX mpomssefenmii G (x) P (z),
rge P(z) ecTh BepoaTHOCTH Toro, uro GyAeT BHOGpaHO Z,
nbo, Kak MH BHJeIM B Ipeabymieil riaBe, BepPOATHOCTb
P (z) moxker GHITH paBHA HYJIO AJIA BCEX I. S

C Apyroid CTODOHH, MareMaTW4ecKoe OKujaHUe BHIUT-
PHIIA MBI MOEM BHPA3UTH IPUGIIKEHHO CJIe/yiomuM 00-
pasoM. Bepem Tpu 3Hauennus , ckaxem, £ =0, = -;- nzx=1,
M COCTABIfAeM CJEIYIOIee BhHIPaKeHue:

s([F(H) o] vom [Fw-r($)].



NI IX. NHTETPAJT CTUITBECA 191

Ilepseiit wien sToit cymmu PaBeH BHIUTPHMY P, ecim OH
1
BEIOEpeT 3 » YMHO/KEHHOMY HAa BEPOATHOCTH TOTO, 9YTO OH

) 1 o
BpIGepeT = B mHTepBaie O<x<—2- ; BTOPOH 9JIeH paBeH BBIUT-
peumy ero B ciaydae, ecadm BhiGeper 1, yMHOMeHHOMYy Ha

- 1
BEPOATHOCTH TOT'0, YTO OH BEHIGEpPET x B WHTEpBale T <z<tl

Hpyroe npnémmkenne moskHo IONTYYHTh W3 NAHHOTO pasbie-
HUA HHTEPBaja, HATNCAB

G (zy) [F(%}—-F(O)] +G(x2)[F(1)—F(%>] :

1
rie x, M z,— mobHe Yucia us HHTEPBAJIOB O<xl<—2-

1
Ho < z,<1. Ecim G usmensercs mesmaunmrensro B HHTep-

Base [O;%] WK B MHTEpPBaJe [%, 1|, 1o arm pgma mpum-

Onmxennsa He 6YAyT CHIBHO OTINIATHCS Ipyr ot gpyra. Ecmau
ME GyfieM CYMTATh, YTO MEHEMATBHO® BSHAYCHHG B HHTEP-

1 -
Bate 0<z <= G upmEmMaer mpu Z,, a B UHTepBaJe
2 . 1

1 -
=< x<1 npm z,, TO Hame WHTYUTUBHOE mpe CTaBJ/IeHNEe
2 2

IIONCKA3HIBALT, IT0 MATEMATHYECKOE OKU/{AHAe BHUTPHIIA s
P, paBEo 1m0 Memmmeit Mepe

G (z,) [F(—;—)—F(O)].{-G(Ez)[F(l)—F(%)] .

AHanornuHo, eciu G UPMHEMAET MaKCHMAIbHEE 3HaYeHUSA
B 9THX [IBYX MHTepBATaX COOTBETCTBEHHO OPH 2z, W Z,, TO
MaTeMaTHdeCKoe OMaBHMe BRIATPHIMA Mius P, paBEo camoe
Gombmee

'G(zl)[F(-;-)_F(O)] +G (2,) [F(i)-F(%)] .

Ho oxasmBaercs, ato mommo moayumrs Gomee Toummne Bepx-
HIOIO M HIKHIOIO T'PAHMNEL [JA MaTeMATHIECKOTO OKHLAHMA
BEIUTPHIMA Hrpoka P,, ecim B3fATh YeTHpe TOIKH Pasbuenus;
WM eme Jydme —nArk u T. A. Wrak, mam HymxuHO paccmo-
TPeTh pasGueHnd finreppama rouramu 0 — o<z, <... <zp=1
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1 o6pasoBaTh CyMMY
D) G (%) [F (7)) = F (z;.)),
i=1

rae z; < %< (i=1,...,n). Warymrusmo mnpeficTas-
JSICTCST OMCBIIIBIM, 9TO ecld (G ccTL (YHKOUA «IpHeMJIe-
MOT0» BHJ{A, TO MOKHO NOAOHTH KaK yromgHO OIHM3KO K Ma-
TeMaTHYeCKOMY OKUJAHWUIO BHUTDHMA Hrpoka P,, Gepa n

A0CTATOYHO onpmNM U ciaenda 3a TeM, 9T00BI BCe pasHocTH

x; —Z;_, CTPEMHUJIHUCh K Hym.i0 Opa Bospactanud n, (Ecan G
He (IPUTOJAHA» JNJI# TOro, dYT00H NPUOCIUKEHHe CHelaTh
CKOJIb YTOJHO TOYHHIM, TO MKl y3Ke He MOKEM BIOJHE yBepeH-
HO CKasaTh, YTO HMEHHO HAa3BaTb MaTeMaTHYeCKAM OKH[a-
HYeM BHUTDLIIIA Hrpoxa P,.)

Cymma

D G (z) [F (z) =T (@i y)] 1)

i=1

1IMeeT IeKOTOopoe CXOACTBO C CYMMOﬁ

D G (z) [z —x,], (2)
i=1 :

NN

UPUMEHAEMOI MpyU onpefenennu o0HYHOIO (PUMaHOBA) HHTEr-
pana; peifiCTBHTeNbHO, cyMMa (2) ecTh JMMb YaCTHHHA Ciy-
vyait cymmer (1), Korma pmas Bcex z F (x)=x. Ilostomy
€CTeCTBEHHO paccMaTpmBarhk mpefen cyMMH (1) Taitke Kak
uHTerpan. Mpr mepexopuM Temeps K (opManbHOMY ompefe-
JeHUI0 MHTeTPajia 3TOTO0 BHUIA, KOTOPHIl HASHBAETCA UHMeEs-
pasom Cmuamveca. , .

Onpepgenenne 9.1. Ilycts A oGosHagaer pasbueHnme
nHTepBaNa [a, b] TouKaMu z,, Z;, ..., T,, THe

a=2, <2< ... <%y < x,=b.
O6osmaunm HanbomBmyIo W3 pasHOCTCH

Ty—Lgy To—Tyy ouoy Ty — Ty
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gepes ||A||. Ecan npegen
n
}jm 2 G@)IF (z)—F (z,_,)] 3)
ljAjiS0 i=1 .
(rne z; 1 <z,<z;, i=1,...,n) CYIecTByeT #W He 3aBHCHT

oT BHIOODAa 3HAUEHWH 2;, TO BTOT TPEJe] HABHIBAETCH LHMeEe-
paaom Cmuamveca ¢ynknmu G mo F or a no b m obo-
BHATAETCA TaK:

b

\ 6 @) aF ().

a
Mu MoiKkeM Temepb CKasaTh, 4TO ecjin G (z) ecrs BHUTPHII
urpoxa P,, Korja om BhGHpaer z, M ecim OH BHOHpaeT z
no GyHKImuM pacmpenenenns F, To MaTeMaTHueCKoe 0 aHUe
€ro BHUrpuma 6yAeT pasHo

1

§M@W@y

Hockonbky maTerpam CrmiaTheca OmpeNeleH MyTeM CIIOMHOrO

Hpe/ieTbHOr0 HepPexofia, He yHUBHUTEIBHO, 9TO OH He BCETLa

cymecTsyeT. B wacrHoct®m, smerko mokasaTh, 4ro OH He

cymecrByer, ecid G m F umenor ofmyi TOYKy pasphipa.
Hanpumep, nycrs ‘

F(@)=G(z)=0 O<z <),

I OycTh
F(r)=G(z)=1 1<zL2).

3pech onHa u3 pasmocreit F (z,) — F (r,_,) mpu 0Lz, <,

1<z, <2 He Moxer 6HTH clelaHa meHbme 1. G-(z;) moker

6mTH paBHa auGo 0, anGo 1, B 3aBHCEMOCTH OT BHIGODA 2.

CrenosaTenbHo, B aTOM CiIydae cyMMa (1) paBma mmbo O,

au6o 1, B 3aBHCHMOCTH OT TOTO, paBHA G (2,) Hymo wnin

epunune. WUrax, mpemen (3) zaBucur or BetGopa z;, m, cCie-
Jl0BaTeNbHO, WHTETPaj

2
§mmwu)

T Seamrod
He CyIecTByer.
13 IIm. Max-Kuncu
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Tenepsr MB cPopMyIHpyeM H [OKa/KeM TeopeMy, KOTO-
pas  yKashBaeT [OCTaTOYHHE YCIOBASA CYMeCTBOBAaHUA
uaTerpana Crunrseca.
Teopema 9.2. Ecau Pynkyus G nenpepuisna 6 unmep-
ease [a, b] u Pynryusa F —neybuisarowas, mo urmezpas
A .
g G (2) dF (z)
a

cyujecmeyem.

3ameuanue 9.3. B gacruom ciyuae, korpa F (z) =,
TeopeMa 9.2 CBOAUTCA K H3BECTHOW TeopeMe MHTErPajibHOTO
WCYNC/eHAd, KOTOpas Ijacur, 9TO eciid lf} HempepHBHA HA

nurepsase [a, b], To maTerpan Pumana SG(x) dx cymecrt-
a

ByeT. BBuAy 9TOTO COOTHONEHWs €CTECTBEHHO, 9TO HOKa-
3aTelbCTBO TeopeMH 9.2 BechbMa IIOXOjKe HA [JOKa3aTelbCTBO
COOTBETCTBYIOMEH TeopeMsl JAJs uHTerpama PumaHa, XO0TA
B HeCKOmbKO ciosKHee. JlokasaTembcTBo TeopeMsl 9.2 MH
JaguM TOTHOCTHI), HO ONYCTAM [OKasarelbCTBAa JPYTHUX
TegpeM, AHAJIOTMIHHIX COOTBETCTBYIOIMM TeopeMaM OTHOCH-
TeapHO MHTErpastioB Pumana.

BreieM HeKOTOPHE AONOIHUTENbHEE 0003HaYeHHA, KOTO-
psie Gyayr NPUMEHATHCA B JOKA3aTeNbCTBE TEOPEMEI 9.2
M HeKOTOPHX BCOOMOTATeIbHHX JeMM. Mul mpuHEMaeM
Beape, 9T0 A, A;, A, W T. T. cyTH ~pasOueHHA WHTepPBAJIA
[a, b], G BenpepmBHa HA [a, b] u F — mey6riBaomas Ha [a, b].
Mu ompepensem: ,

M,= max G(z),
T S,
m,= min G (),
xp_y SI<E

SA ES 2 M’i [F (.’1:,) —F (xi-l)]’
i=1
n
SA = 2 mi [F (xi) - F (xi-l)]’
i=1 :
Ouesmnmo, m, < M,; & mockoapky F me yGrsaet, 10 sa < Sa.
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Toukn z,=a, 2,, ..., T,4, Z,=0b, KoTOpHE ompefe-
agioT pasbuenume A, HA3HBAOTCA Movkamu pazbuenus A.
Ecnn BeAkas TouKa pasGueHMsA A, ecTh TaKke TOYKa pas-
GueHusa A,, To pasbwenme A, HasmBaeTcs nodpazbueHuem
pasbuenusa A,. OueBmaHo, ecim A, ects moppasbmenume A,,
a A, ects moxpasbuenme Ay, To A, m A, TOXHECTBEHHEH.

Jlemma 9.4. Ecau A, ecmv nodpasbuenue pasbuenus A,
TO SAq 2> SA-

NokasareascTBo. IlycTs Touku pasGnerus A cyTs
Zgy &gy + ..y Tp, @ pasbuenme A, BKm04aeT B cefa Bce ToU-

KNI A WIoc ele OMHY TOYKY Z, KOTOpaA He ABIAETCA TOU-
Koit pasGuemua A. ITycts

mj= min G (z)
xi_1<x<x
a
mij= min G (z).
x<x<x;

OueBnpno, mj>m; n mj> m;. CienoBaTelnHO,
mi[F (@) — F (2;_)14+-mj[F (z;) — F (2)] > m; [F (z;)—F (2;.1)],

npugem g i=1,2,...,7—1, 7+1, ..., naxen m; [F (z;)—
— F (z;_,)] BXoiur m B BHpasKeHNe ANA Sp, ¥ B BHPAKEHUE
RaA Sp,. CruemoBaTeIbHO, B DTOM YACTHOM CIOydae Sa < Sy

Ecaun A, ects Karoe-mubo mnojpasbneHue pasbmerua A,
oTAWYHOE OT caMoro A, TO WMeeTcA KOHeYHAas Ienb pasbume-
HOf, HaduHAKOMmMasgca ¢ A ¥ KoHuUaomasca A, m HMeromasd
TO CBOMCTBO, YTO KajKjoe pasbueHme 3TOH Ienu (3a HCKIIO-
genneM A) ecThb Takoe nojpa3bHeHHe IpeJByIiero, Koropoe
COCTOUT U3 BCEX TOUEK NMpeNHAYyINero pasduenns u eme OfHON
HOBOIl Touku. Temeph JemMMa JIerKO YCTaHABIUBAETCA IYyTEeM
HOBTOPHHX IPAMEHEHWHA BHIIEYKA3aHHOIO PaCCYKICHUA.

ABaJIOTMIHO [OKA3EIBAETCA

Jdemma 9. 5. Ecau A,—nodpasbuenue pasbuernus A,
mo Sp,<Sa.

JJemma 9.6. Ecau A, u A, cymv pasbuenusn unmepéaia
[a, b], mo sp; < Sa,.

Horaaaxrenbcrso. [Tocrponm pasbuerme Az, Kamaas
TOYKAa KOTOPOro ecTh TOo4YKa jubo A,, manbo A,. Torma A,

13*
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ecTb moyxpas6uenne pasGuenmii A, m A,. CremoBarenpno, Ha
ocHoBaHWE JeMM 9.4 M 9.5 sp, < Sag M Sag < Sa,. [ockonbky
SAg < SAg, MH TOJSYyYaeM MCKOMHIA BEIBOJ.

W3 sroro mpepmoxeHus caefyer, 4ro ecadm A; — HEKOTO-
poe pasbmenne, 10 Sa, ABIAETCA BepXHei rpammen qUCel Sp
a1 mo0ex pasOuenmit A. CliefoBaTeabHO, YHCIA Sy HMEIOT
HAMMEHBIOYI0O BEPXHIOI0 TPAHUIY, KOTOPYIO MHl 0003HAYMM
gepes s. AHAJTOTHYHO, YUCIa S) EMEOT HANGOABIIYI0 HIKHION
TPaHUIY, KOTOPYI0 MH o003HauuM depes S.

Jemma 9.7. lim Sp= lim s =8=s.

 lAll-0 ||All—0

HorxasatennbcTso. ITockonsky G HempepEHIBHA B 3aMK-
HyTOM HHTepBaie [a, b], oma paBHOMepHO HempepHBHA B HeM,
TO ecTh A awboro & >0 maigerca & >0 Takroe, d9ro

|G(2) —G(z)| <e, Kak TouBKO |2, —2z,|<<d. 10 BHAUMT,
aro ecau |A]| <8, o |[M,—m,|<e aas k=1,2,...,n.
CaepmoBaTennHo,

O<SA—3A=2 M;[F (z;) = F (z;_))]—

i=1

=\ my [F (2) — F (2,)] =

i=1

_ S (M) [F (5 = F )] <

i=1 i

<& D) [F(z)=F (5;.)]=¢[F (b) — F (a)].
. i=1
[losToMy ME MOMeM HamMCATH:

0<Sa—sa=(Sa—38)+ (S—58)+ (s— sa) < e [F (b) — F (a)].

Kasknaa ms Tpex ckoGok Heorpuiarenbna. CiegoBaTeanHo,
IDOCKONBKY pasHocTh F () — F (a) durcupoBana u & mpous-
BOJIBHO MAJ0, KayKIaA M3 TPeX CKOOOK J[OMKHA CTPEMHTHCH
K Hyno, Korfa | A| cTpemurca k Hymo. 9TUM 3aBepmiaercs
TOKAa3aTeIbCTBO.

HoxasatenncTBo Teopemu 9.2. Mz omnperemennii
CHMBOJIOB My, M,, sx m S, cuegyer, uro Aas aoboro pas-

e

L R T
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6menusas A m jgusa mo6oro Beb6opa BeIWYHH Z; B (3) MH HMeeM:

< 2 G (2) [F (z;) — F (z;_)] < Sa

i=1

W3 storo mepaBeHcTBa m u3 deMmel 9.7 BHTeKaeT, 4TO Ipe-
mex (3) cymecTByeT um paBeH s=3.
3ameuanmue 9.8. Jlerko mokasars, 4UYro YCIOBH,
HaJloKeHHbe Ha G U F, He saBudgiorcd HeOOGXOXMMEIMHA A
b

CyIecTBOBAaHUA HHTETpaja SG(x) dF (z). B uactHOCTH, OYe-
a
BUJHO, 4TO BMecTO HeyOniBalomed ¢yHKnmm F MOMKHO B3ATH
HeBoapacraomyn. BoaMokxusl gpyrue o06o0ImeHns, HO M
Hamux mejieid omm He HY;KHH. Cieqywoliue XeBATH TeOopeM
MOKHO YCTAQHOBUTEL IOCPEACTBOM OUYeHb NOPOCTHX JI0Ka3a-
TeIbCTB, U3 KOMX HEKOTOPHEe AaHAJOrMIHH OOHYHEIM [[OKa-
3aTeILCTBAM IOMOOHHX ;K€ TeOpPeM OTHOCHUTEIHHO PHMAHOBHX
uHTEerpasoB. MH omycTuM TaKme MOKa3aTeILCTBA.
Teopema 9.9, Ecau a <<b<ec, mo

c b
S G (z) dF (z) = S G (z) dF (z) +S G (z)dF (z)

npU YCA0BUU, UMO IMU UHIMELPAABL CYUWECIEYIOM.
Teopema 9.10. Ecau yrasanwsle nudwce UHMeZPaAbL
cywecmeyiom, mo

e

(6 (2) +H ()] dF (2) = { 6 () dF (@) + S H (z) dF ().

Teopema 9.11. Ecau ykasaumbie Huice umnmezpasbl
cywecmeyiom, mo

b b b
{ 6 @ o) + H @)= ( 6@ dF @)+ | 6 (2) aH (2).
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Teopema 9.12. Ecau yrasanuvie nuoxce unmezpatsl
cywecmsyiom u ecau k— awboe Oelicmeumenvhoe wucao, mo

b b
g kG (z) dF (z) = k S G (z) dF (z).

Teopema 9.13. Fecau yrasannsie wuorce unmezpanst
cywyecmeyiom u ecau k — awboe Odeticmeumenvroe wuc.ao, mo

S G (z) d [kF (z)] = k SG(x) dF (z).

Teopema 9.14. Ecau yrasannwe nuowce uwmezpaast
cywecmsyiom u ecau F — neybuigarowas gynkyus, mo

| §G(x)dF(x)|<§ ]G(x)ldp(x),

Teopema 9.15. Ecan ykasannvie wnumce unmezpante
cyupecmeyom, ecau F — neybuisarowpan u ecau G (z) <H (x)
Oas ecex x uz [a, b], mo

b b
6@ ar@< { # () ar @.

Hanee, ecau F nenocmoswma na [a, b], ecan G u H ﬂenpe-
pusny na [a, b] u ecaun G (x) < H (x) s scex = us [a, b], mo
b , b
S G (z) dF (z) < S H (z) dF (z).
a a
Teopema 9.16. Ecau F ecmv awbas gynryus pacnpe-
deaenus, mo
1
g 1 dF (z) = F (1) — F (0) = 1.
'
Teopema 9.17. Ecau yrasanwwe Huwce unmezpanst
cyujecmeyiom, mo
b b
S G () dF (z) =G (b) F (b) — G (a) F (a) — S F (z) dG (z).

a
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3ameuanue 9.18. Teopema 9.17 coorsercrsyer ofmie-
H3BECTHOMY CI0CO0Y WHTETPHPOBAHMA IO YACTAM OOBLITHEIX
HeoIIpe/leleHHHX WHTErpaJos,

Mz moxaskem -Temeps TeopeMy, KOTOpas IIO3BOIgeT HAM
B HEKOTOPHIX CIyYaAX CBECTH 3aJady BLIYHCJIEHMA MHTErpa-
aa CTuaTbeca K 3ajade BEIYHC/ICHHA OGEITHOTO (pmmaHOBa)
uHTEerpaja.

Teopema 9.19. Ecan yrasannwe wume unmezpais
cywecmeyiom u ecau Pynkyus F umeem npousgoduyio F'
6 Kaxncdoli moure [a, b], mo

b b
SG(x) dF (@) = SG(x)F’ (@) dz.
a a

Hoxasartenscrro. Ilyecrs Toukm u,, Zyy veny Ty

obpasyior pasbuenne A mnrepsaina [a, b]. IMockonbry F umeer
OpPOM3BOAHYIO B [a, b], To mo Teopeme o cpefHeM wu3 3TOTO
CIeAYeT, UTO HMEITCA YTHCHA ¥y, ..., Y,, TaKHe, UTO
Zia<y;<z; (i=1,...,n) n
F(z)—F () =F (y;) [2,—2;_y]. (4)
b

ITockonbky muTerpan Pumana SG(x) F' (z)dz cymectsyer,

a
TO CymecTBYyeT W IIpeeJ

n .
iirg D G F ()[4 —2; 4],
A fl—>0 =1

He 3aBHCAWMI OT BHGopa Bemmdue y;,. Beumy (4) mmeem:

n
}ilg Z‘, GW)F' (y;) [z, — 4] =
A0 i=1

n
= lim 2 G @) [F (2) = F ()]
n—->o0o
lAl-0 =1 ‘
Tenepb Hanie npen.uomelme BBRITEKaeT M3 3TOro paBeHCTBA

1 U3 yCIOBR&,.NTO yKasaHHEE B TeopeMe JBa WHTerpaia
CYIecTBYIOT.
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Temepp MbI goKakeM Teopemy, KoTOpas DO3BOAHT HAM
BHYnCHAT, uHTerpan Crmatneca or ¢ymrumm G (r) mo cry-
nendyaToil pyEKIuUn F (z).

Teopema 9.20. Hycmv a, b u ay, a,, ..., a,— Oeil-
cmeumenvHule wucaa, Y008aemeopaOWUe HEPASEHCMBAM

a<a;< .. <a, <b,

nycmov by, ..., b, — Oelicmeumeavnile uwucaa, u nycmv Ccmy-
nenuamas gynryus F onpedesena caedyowum o6pazom:

F(z) =bda (2)+ byla, (x) + ... +b,1q ().

ITycmv G — awbas Pynryus, onpedesennas HA UHMED-
éane [a, b] u menpepwsnas 6 mourax da,, Ay ..., a,. Toeda
b
S G (z) dF () = b,G (a) + ... + b,G (a,).
a
SamMeuanue 9.21. 3amMermM, UTO eciU YCJIOBHE Hempe-

puBHOCTH (yBEKIUNG B TOUKAX 4y, 4y, ..., G, He BHIIOJHEHO,
TO HWHTerpax He cymecrByer. CiemoBaTelbHO, TeopeMa IO~
b

8BOJIACT HAM BHYMCJIATH MHTEI DA S G (z) dF (z), xorga F —
a

cTyneHuarasg QYHKIMA W HMHTErpall CyIIecTBYeT.
Hamomunm, urto [, (z) MH oIpegelsiin B IOCIeTHEM
adzame riasm VIII. N
JloxkasaTeabcTBO TeOpeMH Y.20. Ha ocHOBaHME'
reopem 9.10 u 9.12, oueBmgHO, MOCTATOYHO [OKAa3aTh TEO-
peMy RJs ciydas, KOrga

F (2) =1, (2).

Qysruusa G HenpepHBHA OPH Z = a,; CIEJOBaTeIbHO, BCHA-
KOMY TOJNOKUTEILHOMY HYMCIYy € COOTBETCTBYET WOMOMKH-~
TeapHOe gmCI0 O, Takoe, 4To ecam |z —a,| <6, T0|G (x) —
—G(a,)| <e. Ilyete A —Herkoropoe pasbuenwe uHTep-
Bana [a, b], aaa xoroporo || A || < 8, u mycTb T4, Zyy. .., T, —
trouku pasbmenua A. Ilycrs z; , < a,<z;. Torma F(x;) —
—F (z;_)=1,unF (x;) — F (x;_,) =0 pasai+;. Cnenoparemsno,

?:‘1 G (z) [F (x;) — F (z,_)]1 =G () [F (zj) — F (2;_)] =G (2;).
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ITockombry zj_; < @, < Zj, i1 <2 <% W |xj_;—z;|<8,
0 |z;—a,| < 8. CuregoparensHo,

n
| 2,6 @) IF (@)= F (2.)] =G (a) | =]G (z) = G ()] <e.
Orcrona HemocpefCTBEeHHO BBITEK&eT

n
lim X G (z;) [F (z;) — F (2;,)] =G (@)
n—co i=1
[1all~0
Teopema noxasana.

B saxaouenne 5Toit riaBHl MH JTOKasKeM TP CHEHUAJb-
HEIe TEOPEeMH, KOTOPHIMHM BOCHOJb3YyeMCA B IIOCJE[yHOIUuX
riaBax.

Teopema 9.22. Ecau G — Henpepbisnas PyHEYUA 6 3aMK-
nymom unmepsaae [0, 1], mo

1
min S G (z) dF (x)
FED

cywecmeyem u
{

min S G (z) dF (x) = min G (x);
FED B <<t
Kpome moeo,
1
max S G (z)dF (%)
FeD o
cywecmeyem U

1
maxg G (z)dF (z) = max G (z).
FeD ht 0<x<t
HDoxasateascTBo. Hamommum, aro D ects MHOMKe-

cTBO Bcex ¢ymKmuiA pacupepenenus. ITockompky ¢ymEmus G
HenpepHBHA B 3aMKHYTOM HHTepBaje, To min G (z) cyme-
) 0t
creyer. Ilycts a—uucxo B wmmrepsame [0, 1], Taxoe, 9T
e G(a)= min G (z).
o<
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Ho mockomery pua scex z s [0, 1]
G (@) <6 (2),

To Ha ocHoBawmm TeopeM 9.16, 9.12 m 9.15 pgua moGoir
dysxuun pacnpegenesus F

1 1 {

G (@) =G o) { 1dF (1) = \ 6 () dF(x)<S G (2) dF (z),

0 0 0

U, CJIe0BaTeIbHO,

) g
G (a) < inf g G (z) dF (z). (5)
FeED b
HKpome rtoro, ma ocHosammm teopems 9.20 mmeem:
! 1
inf { 6 () dF (2) < \G@ a1, (2) =G (). 6)
FeD 4 b
U3 (5) u (6) sakmiouaem, dTo
1 1
inf { G () dF (1) =G (a) = SG(x) dl, (z).
FeD 5 0

Wrak, TouHas HwKHAs rpadp mo F ducen
i
S G (x) dF (z)
0

AellcTBUTeNbHO HOCTHTAercsA (aMeHHO, mpum F =] 2); @ B3To
3HAYUT, 9TO :

1
min 5 G (z) dF (z)

CYIIECTBYET M dTO

. °, | A
min g G (z) dF (z) = G (a). M
FED b

Irum 3asepmiaeTcAa A0Ka3aTeJabCTBO nepBoﬁ 4acTH TeOopeMHl.
BTOpaH YacTh [JOKa3hIBaeTcA 3HAJOIMYIHQ.




rJ1. 1X. MHTETPAJL CTHIITBECA 203

Teopema 9.23. Ecau G ecmbv Henpepvishas  PyHkyus
¢ samknymom uumepsane [0, 1] u ecau F,, F,, ... —no-
caedosameavocmy  PyHryull  pacnpedesenus,  crodauadics
k gynkyuu pacnpedeaenus F (60 6cakoil mouke wHenpepuig-
nocmu gynryuu F), mo

1 1

lim S G (z) dF, (z) = S G (z) dF ().

t—oo b 3

3aMeuanune 9.24. Ilpum moxasaTenbcTBe 2TOH TEOPEMBI
MH npuMeHuM oGo3HadeHWe, BBejeHHoe ueper deMmoi 9.4,
KOHKDETH3UPYSI ero A ciydas, Korjga wuHTepBanx [a, D]
cosmajaer ¢ orpeskom [0, 1]. Mu mcnomesyem Tamke cie-
AYOMYIO JeMMY, M0Ka3aTelhCTBO KOTOPOl He NpefcTaBiseT
TPyZAa ¥ 37ech He HpuBOAUTCA (CM. ynpaskuenue D raaset VIII).

JJemma 9.25. Ecau F— Pynryus pacnpedesenus u § —
NOLONCUMENDHOE YUCA0, MO CYULECBYIOM MOYKU

O=z, <2, < o0 <2y <x,=1,

makue, wmo F nenpepwigna npu z;(i=1,...,n—1) u
|z, —z;, 1| <8 (i=1,...,n).

HoxraszareabcTBo Teopemu 9.23. Ilycrs Bamamo
HOJIOKNTEIBLHOE YHCIO0 €, U IYCTh O — MONOMKHUTENbHOE THCIIO,
Takoe, 9T0 ecaum A, —mioGoe pasbmenume wuuTepBaza [0, 1],
mas koroporo || A, || <6, 1o Sa, —sa, < &. Bubepem pasGue-
mue A marepsana [0, 1], maa xoroporo ||A|| <8 u Takoe,
970 TOUKH Xy, &y, +.., &, OOpasylomue pasbuenme A (3a
HCKITIO9eHreM, OBITH MOKeT, ¥, U 2,), CYTh TOUYKHM Hempe-
peiBHOCTH QyHRIUM F (reMMma rapaHTHpPyeT HaM, 970 TaKoe
pasbueHHe CYMECTBYeT). .

ITockonpKy mnociefoBarenbHOCTH F,(z;) (t=1, 2,...)
cxouurcsa K F (z;) pna moGoro i, To oTciofa ciefyer, dUTO
cymecrnyeT memoe I', raxoe, 4ro ecau (>1, 1o

|Fy(2)—F ()] < — (=0, 1, ..., n).  (8)

Iockoubky Sy —sp < €, T0

n 1
| St —Feal-{cwar@|<e @
i=1

0
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a
n 1
| 2 mlF @) —F (@] — {6 @ aF @) <.
=1 o
Haxnee,
n 1
2 M [F, (%) = Fy (7;.0)] > Q G (z)dF, (z)
i=1 0
u .
1 n .
V6@ ar,@)> 3 mF, (@) =F (5]
0 i=1
[Tycrs

4 = max | G(x)|.
0<x<t

Torpa M; <A (i=1,..., n). Ho ecim ¢t>T, M wumeeM:

|2 M0 (0) = F (@91~ 3 M, [y () — (a0 =

= | 3 Mi[F (@) = Fo (@) + Filag) = Pzl <

<A[Z 1 F @) = F @)+ 2| F (@0) —F (2] < 24e,(13)

i=

Tfle mociefHee HepaBeHCTBO BHITeKaeT u3 (8) u (9). s 9)

1 (13) nmeem:
1

Henonbaya (10) m (13), amamormuso moiydgaem:

1 n

(6@ dr@)— 3 m(F ()= F (@] <L+ 24)e. (15)

0 i=1

S 6@ ar@— 3 MiF @) - F @l <@ +24)e. 14
0 i=1

(10)
(11)

- (12)
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Wz (14) u (15) sBupy (11) m (12) BmTeraer, 4To
1 1
| S G () dF (2)— | G (2) dF, (x)l<(1 +24)e. (16)
0 0

Tockoasry 2A-+1 ¢urcmpoBaHo, a € IPOUSBOIBHO, TO W3
(16) caenyer: )
1
lim { 6 (2) aF, (z) = S G (z) dF (z),
t—>co b Y

910 M TPeGOBAJIOCH JOKAa3aTh.

Ilpesxpe 9eM AOKazaTh MOCIENHIO TeOpeMy JTOH IIaBHI,
BBEJIEM OIHO OHmpejeleHHe.

Ounpepgenenue 9.26. Ilycrs F — dynxmus, omnpepe-
neHHas B HHTEpBame [a—h, a], rAe h— DONOKUTENbHOE
gucao. IlpefmosnoxuM, 9To HJA BeAKoM yOnBawomed mocie-
OBATeNLHOCTH &, €y, ... HEOTPUIIATEJBHBHIX YHCEIN, CTPeMsA-
muxcs K HyJIO IpA 1 —> 00, AJA KOTOPHX &;<h, MH

uMeeM:’
lim [ F(a)_F(a_S“)J =c,.
n—o 8n

Torma MH TOBODHM, 4TO ¢ €CTh npoussodwas gynryuu F e
mouke a caresa.

Amamoruaso, nycTh F ompepnesnena B unrepsaie [a, a4 A],
rae h — mo6oe MONOKUTEIbHOE YHCI0, W NYCTh AJA BCAKOM
yOEBajOMell MOCIeOBATEIbHOCTH €, €, ... HEOTPUIIATEe]b-
HHX 9UCeI, CTPEMAMUXCA K HyIo, [IA KOTOPHX g, <h,
MBl MMeeM:

lim [ £ (““g)—F (@) ]:d.

n—>o n

Torga Mu rosopuM, 4to d €cTh npoussodnas Gywkyuu F
¢ mouke a cnpasa. QUeBWIHO, eCiau NpousBojHad PpynKnuu F
B TOYKEe 4 CYIIECTByeT, TO CYIIecTBYIOT 06e OZHOCTOPOHHUE
Ipou3BOAHKe, DaBHEE 3T0i npomsBofnoit. OOpatHO, ecau
ofe OAHOCTODOHHWE IPOM3BOAHEIE CYIIECTBYIOT M PaBHEI
MexIy coboil, TO m o6HYHAsA NpoM3BORHAA GyHKIUA F TaKiKe
cymecTByeT. IlockonbKy QyHKOMA pacmpefeienns HeyOH-
Balomas, OHA He MOKeT WMeTh OTPUIATeJbHON MPOUBBONHON
HHU cjeBa, HIl CHpPaBa.
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Teopema 9.27. ITycmv H (x) — nenpepuisnas @ynryun
na [0, 1], v— deiicmsumenvroe wucao, makoe,umo H (z)<v

Oan ecex z€[0, 1], u F(z)— Pynsyus pacnpedeserus,
makas, wmo
1

§ H (z) dF (z) = 0.

Tozda, ecau x — awban mouka unmepsasa 0 < z <1 u npo-

useodnas cieea Pynryuu F 6 mouke x ne pasna wyso (mo
ecmv nosoncumenvua ual Geckoneuna), mo

H (z) =v.
HloxasartexncTBo. [omycruM, 4To Teopema HeBepHAa.

Torpa H (a?)_—-v—Ze, rae & mojoxkurensHo. Ilockomsry H
HeNpepsIBHA, CYMECTBYeT IONOMHUTeNbHOE dYmcao O, Takoe,
aro H (x) <v—e, Korma |z —z|<8. Mu umeem, pauee,

1 x—08 x
v= SH(z)dF(x): S H (z)dF (z) + S H (z) dF (3) +

0 0 x—8
x—8

H (2)dF (z) <v § 1dF (z) + (v —e) S 1dF (z) +

x—0

.+.

RIL0

+0 1dF (z) =

| e 81

(-4

KIC”0

1
1dF (x)=vS 1dF (z) — &
=) )

=v—e \ 1dF(z).  (17)

]

| 8

x
Jlerko moxasarb, 4TO

.

e8I

1dF (z) = F (z) — F (z— ). (18)
x—8
[ockonbky F — meyGHBaOmMAs M .ee HPOM3BOXRAH CJeBa
B TOYKe & OTIMYHA OT HyJfA, TO

F(z)—F (z—8) >0,
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TaK 49TO

BS1M@»Q
x—0

Tak Kak 570 mporuBopeunt dopmyre (17), To MH BaKiIio-
9aeM, 4TO TeopeMa CIpaBe/lIdBa.

Budanorpadudeckue saMmeyaHus

Bomee moapobuit pasGop muTerpana CTmiTheca MOMKHO
paittm B paborax Bmamepa ([123] um [124], ma KoTOpIX
B GOJIBIION CTemeHH OCHOBaHA HACTOAMMAs IjaBa*).

YopamHeHHA

1. Ilycrs ¢ynrmua F ompefeieHa clIefyoOMHEM obpasom:
F(z)=0 pan x<-;—,

F(z)=2* paa x}% .

Briuncianre mHTErpaJbi:

1
S 28 dF (),
0

1

g sinz dF (x).
0

2. Mycrs ¢ynxnma G ompenejeHa CJIefYRIMAM obpasom:
G (r)=0 pan x<%,

<<y,

1

G(x)= 0 Juis

=S

<
Lzl

G(z)=2a% paa

*) Cu. Tatome [194] u [206]. (ITpum. ped.)
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Briumenute HHTerpaJ
1

S e* dG ().
0

3. BuumCIMTe HHTErpaJ
1

S 22 db (),

0
rae "

R=0 ™

4. Tlyers F —¢ynrnna, onpepenernas B yopakaeHuu 1, a G—
dyuKnus, ompegerennan B yopasxsenud 2. ITokamdTe, 9T0 HMHTerpa

1

S G () dF (x)
0
HE CYUIeCTByer.
5. Hoxaxute Teopemy 9.9.
6. Jlokasmre Teopemy 9.10.
7. loxaxure Teopemy 9.14.
8. Horammre Teopemy 9.25.
9. JloxauTe paBeHCTBO (18). ’
10. IToxamure, 4T0 BHBOX TeopeMmil 9.14 me 6ynmer BepeH, ecan
MHL OnycTAM ycioBhe, 9To GyHKnua F HeyGwBaOm[as.
11. Mokaxnre, uro Pynrmus F, onpeneiennas ypaBHenneM

F(x)=|=z|,

uMeeT mpH z =0 HPOM3BOJHHE cleBa W CIPABA.
12. MMycrs ¢ynrnmsa F onpenenena caeqywomnm obpasom:

F(2)=xzx sin% , ecan z=£0,

F(0)=0.
[MokamnTre, 910 OpE r=0 ¢yurnna F He mMeeT HH OfHOH OJTHOCTO-
POHHEH IPOU3BOMHOML.

13. IocTpoiiTe QyHKUMIO, KoTOpas nMMeaa Ol upr z=0 mnpons-
BOJIHYIO CIPaBa, HO He MMelNa GH NpPOM3BOJHOH clesa.




V

FTABA X
OCHOBHAAA TEOPEMA JJid HEIPEPHIBHBIX HI'P

1. Ilena HenmpepwiBHOIi Urpsi

OGpaTmMcsi Temeph K OIPEeJENCHHI0 TeHH HemlpepHBHOM
UrPH U ONTHMMAJIBHHX CMEIIAHHHIX CTpaTermi auas oGoux
UrpoKoB. MEl MOKakeM, 9TO LIPW HENPEPHLIBHON IITAaTeHKHOM
¢yHKIMA 5TH BeIUYMHH BCET[a CYIIECTBYIOT.

IIpenmomosum, aro M ecTs miaTeskHas QyHKOUA Hempe-
pHIBHOI MrpH, um uycts P, BrGupaer z us [0, 1] coraacuo
pynknun pacmpepenerms F, a P, Bmbupaer y wus [0, 1]
cornacHo ¢ysKmuum pacmpefeneHus G. Torma pus moGoro
3a/{AaHHOTO ¥ MaTeMATH4ecKOe OKHUJaHWe BHIUTPHINA y WIPO-
xa P, Gyner ,

(M@, ydr @),
b

U, CJe[0BaTeNbHO, NMOCKOIBKY Yy BHOpaHo mo PyHKOUH pac-
npenenenns G, o0mee MaTeMaTHIeCKOe OKUJaHIe BHUTPHIIA
y P, Gynmer

1 1

([ M@ par@]dcm.
00
JTO MOMKHO HANMCATH NMPOCTO TAK:
11

V(¥ @ ar@ae .
Homomxus "o

11
-l G) = § ‘ M (z, y) dF (z) dG (y),
0 .

14 I, Max-Kuscy
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MBI TeM CaMHM TOBODHM, 9TO MaTeMaTHJecKoe OKHIaHHe
Buurpema fua P, ecaim P, npumenser ¢yHKimio pacupere-
aenus F, a P, — pyHknuio pacupenenenus G, pasuo E (F, G).
Ilockoapky sTa Mrpa ¢ HyJIeBOH CYMMOH, MaTeMaTHIecKOe
oHujaHme BHMIPHma puasa P, paesmo— E (F, G).

Momxno mokasare (cM. pabory Bpes [15]), uto ecam M
HeIlPepHBHA, TO

11 11

\ $ M (@ 9 a6 ) aF (@)= M (@, ) aF @) dG ).
00 . 0 0

CremoBaTenpbHO, Kora M HempephsBHA, ME MOTJHX GBI TOYHO
TaK ke ompefenuts E (F, G):

11

B 6=\ \ 1w 4 a0 (4) dF ().
0

Ecan oxasmBaercsi, 9To

v, =maxmin E (F, G)
FED GED

v,=minmax E (F, G)
* GED FED

o0a CyIecTByIOT, TO, KaK MOKHO }Qennwbcﬂ (myTem pac-
CY’K[eHHs, aHATOTMIHOTO MCIOIL30BAHHOMY B IiaBe 1 B cBA3H
¢ DPAMOYTONBHEIME Hrpamm), P, moer BuGpaTh QyHKIHIO
pacupefielleHusi TaK, YToOH GHITh YBEpeHHEIM, 4TO OH IIOXY-
9ur 1o MeHbmeit Mepe v, a P, MokeT BHOPaTh TaKyIo
QYyHKIMIO pacmpefeieHus, KOTOpas BOCOPENATCTBYeT UIPOKY
P, nonyaurs Gonbme deM v,. Ecam v, u v, pasmH, TOo P,
MOKeT IIOJy9UTh B TOYHOCTH U, (= U,) ¥ He MOMeT HafAeAThCH
moNyIuTH Gosbine, ecIW TOabKo P, He coBepmaeT riaymocrei.
ITosToMy BOmpoc o TOM, KOrja U; M U, CYIIECTBYIOT M PaBHHI
MeKAY c000if, 09eHb Ba;KeH NJA TeOPUH UTP.

) Horpa seamumust v; W v, CymeCcTBYIOT W DaBHH MeHAY
co0010, MH Ha3HBaeM WX o0mee B3HaUeHNe yeHol WUIPH
(nra P,). B drom caygae, Kak OBLIO IOKA3aHO B TeopeMe
1.5, cymectByer cemnoBas Touka || F G, | dyskmmn E (F, G),
TO ecTb mMeercss mapa Qymxmuit pacmpenenenus Fy m Gy

R Rk
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TAKUX, 9T0 AJaA BceX ¢yHKIuil pacupenemrenua F u G
E(F, G) <E(Fy G)<E(F, G).

Takaa F, mnn rakas G, Ha3HBAETCH ONMUMAALLHOL
CMEWAHHOU cmpameguell COOTBeTCTBeHHO njA P, mim P,.
Mz nassiBaem mHOrfma ymopspouennyio mapy || F.G,|| onrtm-
MaJIBHHX CTpPaTerdii 060MX UTPOKOB peuwdeHueM UTPHL.

2. Anre0panmueckne JeMMbI

Uro6sl [OKa3aTh OCHOBHYI0 TeOpeMy O HeIPePHBHKX
urpax, yMecTHO CHAYaja YCTAHOBUTL [Be aiarefpamgecKue
JIEMMEL.

Jdemma 10.1. Tycmo

n
121 A4jT; = Qyy%y + Q1%+ o o+ AT,
n
jzl 09iT5 = Qg Ty + QgaZy . . . + Agpy,

n
_ 21 Amji%; = Q1 Ty + QoTo+ .« o o+ Ay ®y
J=

cymb m 00nopodnuix aumelnsr gopm n neussecmubiz (¢ deii-
CIBUMENbHVIMU KOIPPuyuenmamnu), u nycmv v-Oelicmeumens-
HOe wuucao, makoe, 4mo Oas 6CAK020 afeMmenma ||z, ... Z, ||
B S, cywecmsyem yeaoe wucao k< m, 048 kKomopozo

v

ak].’lt,' < V.
1

-7

Tozda cywecmeyem saemenm ||y, ... ¥y, || #romecmea S,
makoii, «mo 048 6caKoeo aaemenma ||z, ... z, || mHomecmea S,

m n1 .
> Z a3 iYL <<V,
i=1 j=i

Moxaaaxeabctso. Iyers ||z ... Tyl Yy -+ - Y ll—
ONTVMMaJbHbEIE CTPATEru?l COOTBETCTBEHHO A Pl u P2 B IpA-

14*
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MOYTONIBHOH Hrpe, UMeOIIell MaTpUIy

Ap G v Gy
Qg Qgp + v Qpo
Qin Qo+ -+ Qg |-

(9T onTUMajgBHEE CTPATeTWW CYINECTBYIOT HA OCHOBAHUH
teopemn 2.6.) Ilo ycmoBmio memMmMBl uMeeTcsa memoe k,<m,
TaKoe, 9TO

n
21 ApgiZi <V
]=

IOycrs ||yiy3 ... ym| —oaemenT MBOMecTBa S, Takoill, 4TO
y;=1, ecnu i=ky, n y,=0, ecum ik, ,[[anee ecnu
[z, ... z,] ecTs mioGoii 2IeMeHT MHOMKecTBA S,;, TO MH

HojydaeM, HCIOJb3ys Teopemy 2.6,
2 21 auysz 2 2 aﬂgz;j

i=1 j=
m _ n
. -
< 12‘ ,21 a;Yi % = 521 Aroi%j <V,
= 7= =

910 M TpPeGoBaIOCH JIOKAa3aTh.
CrrefyOMYyI0 1eMMY MOKHO HOKa3ayh TAKHM 3Ke o6pa30M‘
JJemma 10.2. :ITycmo

S

2 0yjTj = Qy3Ty + 012%s + + - - A+ A1 Ty,
]—

S

= Agj%j = O Ty + Gooly + . oo + ATy,
fm

Y

I

A5 = Q1 Ty + Cpg®o + « o+ ATy

.
Il
R

cymb m 00HOpOOHBIL AuHelHbL opm n Heuzsecmmuwz (¢ Oeli-
cmeumenvriimu kosfguyuenmanu), u nycmv v— Oeiicmeu-
meavHoe Yucao, maroe, 4mo Oas 6cako20 asemerma ||, ... z, ||
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6 S, cywecmsyem yeaoe kL m, 04a Eomopozo

n
2‘ Api%i > V.
i=

Toaé)a“ cywecmeyem aaemerm || Yy, ..., Yp || Mmoxcecmea S,
maxoii, wmo 0aa 6cakozo daeMenma ||, ... &, || mHONCce-
cmea S,

m n _
2 2 4y >v.
i=1 j=1

3ameganue 10.3. Cruegyer oTMeTuTb, 4YTO XOTH
aemmut 10.1 m 10.2 sBasiorca 9ucTO anre6paudecKAMH, MBI
MOKAa3ajim MX NPH MOMON(Y TeOpeMHl, OTHOCAMEHCS K HrpaM
(teopema 2.6). C pmpyroil CropoHH, NDWHAB 3TH anrebpau-
gecKme JeMMEI, MHE JIeTKO MokeM JOKasaTh TeopeMy 2.6.

3. OcnoBHas Teopema

Teopema 10.4. Ecau M ecmv menpepviéHas @Pywk-
yus 06YxT NEPEMEHHbIT 6 IAMKHYMOM eOuHuuHOM Keadpame,
mo 8eAuUUH

11
max min g % M (z, y) dF (z) dG (y)
FED GED § ;

1

1

min max S S M (z, y)dF (z) dG (y)
GeD FED 3 ¢

cywecmeyiom U pagHsl Mexncdy cobod.
JNoxasarteabcrso. Ilockomsry M (2, y) HempepHBHA
0 x W y, MH 3aRII0O9aeM, 9TO JJA ool GyHKUuM pacmpe-

merennss G
1

\ M pacw
0
HempepsBHasA (GYHKIOUA oT z B 3amxHyToM maTepsaie [0, 1].
TlosToMy Ha ocHoBam#Rm TeopeMbl 9.22
' 1

1
Wmaxg SM(:L', y) dG (y) dF (x)
. FED 00
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CylmecTByeT 11
11 ’ 1

FeD 5

O6osHaunp uepes z; sHadenme Z, TNpU KOTOPOM HHTerpai

B IPABOH 9acTh PaBEHCTBA MMeeT MAKCHMAIBHYIO BeJINYUHY,
Oy 9UM:

1 1
max § M, ) d6w) =\ M@e, nicy). @
0

[Tocxoasry M (zg, y) > min min M (z, y), 10 us (1) = (2),
x v
Ha ocHoBaHHHU TeopeMH 9.15, cmegyer, gto
14 1

max { \ ¥z, y) a6 (y) ar )=\ M (a5, 9) dG () >
FED 3 %

1

> %[minminM(x, ¥)] dG (y) =
g o= v

1

= [min min M (z, y)] § dG (y) = min min M (z, y).
. x Yy X Yy
™

[Tockoabky »To HepaBeHCTBO cllpaBeqauBo AAA Jjio6ore G
U mpaBasg 9acTh He Cofep:uT G, MH 3aKI09aeM, 4TO
11
maxS SM(x, y) dG (y) dF ()
FeD J 3 ,

MMeeT HIDKHIOI I'DaHANY H, CJ1eJ0BaTeNbHO, HWKHIOW I'DAaHb.
TTonosum

11

i = inf max g § M (z, y) dG (y) dF (z). (3)
GED FeD b

Us onpemenenmsa mmxmeit rpannm CIIEyeT, YTO CYIIeCTByeT
nociefoBareabHocTh Gy, G, Gs, ... GyERIuil pacopexene-

max S SM(x, y) dG (y) dF (z) = max § M (z, 4)dG (y). (1)
0 * :
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HUA TaKag, 9TO
11

p=lim max % SM (z, y)dG, (y) dF (z). (4)
n—c FED i b .

B coorsercTBum ¢ Teopemoir 8.2 MH BupaBe mpegHONOMKUTS,
9T0 nociaefopaTenbHocTh Gy, G, Gs, ... BHOpaHa TakK, 4To
OHA CXOAMTCA K QYHKIAM pacupepenenna G, BO BCeX TOIKaX
HenpepHBHOCTH QyHKIUU G,.
Ilycts x — 3Hauenme x Takoe, 4TO
1 1
max \ M (@, ) dG, () = | M @ ) dGo(w). )
b
ITo Teopeme 9.23 mMH uMmeeMm:
1 1
lim \ M@, y) d6, )= (M & »aG, ). @)
N0 b §
Iockombky mus Kampmgoro n
1 1

§ M (=, y)dG, (y) <max M (z, y)dG, (3),
0

MH BHIUM, 49TO
1 1
lim SM(Z, y) dG,, (y) < lim max‘§ M (z, y)dG, (). (7)
n—»co X

n—>oco
0

U3 (5), (6) m (7) MBl momydgaem:

1 1
max %M(x, y) dG, (y) < lim max S M (z, yydG, (y). (8)
x 0 n—oo x h

.

Ha ocmoBapum Teopems 9.22 MH 3akiio4aeM U3 HepaBeH-
cTBa (8), uro
{1

maxg gM(x, y) dG, (y) dF (z) <
FeD 00

11

e < lim maxS SM(:::, y) dG, (y) dF (z), (9)
n—>co FED b0
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U, CJeJoBaTeIbHO, HA OCHOBAHHA PaBeHCTB (3) m (4)
11
max { { ¥ (z, y) d6, () aF (z) <
FED § %
11

< inf max S SM(x, y) dG (y) dF (). (10)
GED FeD 00

C mpyroit cTOPOHHI, M3 ONpeelleHAA HWKHeHl TPAHH CIeyeT,
9710
11

inf maxg § M (z, y) dG (y) dF ()<
GED FeD ¢

1
<maxg §M(x, y) dG, (y) dF (z), (11)
0

OTKyZia 0NOJNy4YuM:
11

inf max S S M (z, y)dG (y) dF (z) =
GED FED ) &

11
=maxS §M(x, y) dG, (y) dF (z).  (12)
Fep P .
Pasencrso (12) osHauaer, 4To HWIKHAA TPaHb BHPAKEHHA
11 -
max S SM(x, y) dG (y) dF (z)
FeD § §
pocturaercst mpu G =G,, W CIe/lOBATENBHO, BTO BHPAMKEHHE
nMeer MHUHEMYM. I[09TOMy MH MOKeM HammcaThb:
11
§ = min maxg S M (z, y)dG (y) dF (z). (13)
GED FED ]
JloKasaTexbCTBO CYIIECTBOBAHUA BeJIWIMHEI
14
v = max min % g M (z, y) dG (y) dF (z) (14)
FeD Gep ) o
aHAJIOrMIHO,

o AR -

e
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Ocraercss morasats, aro p=v. Eciu G ects moGoii aie-
MeHT MHOKecTBa D, 10 m3 (1) m (2) Mu BugmM, 9To 4HUCIO Zg
YIOBIETBOPSAET CIEAYIOMEMYy YCIOBHIO:

1 1

\ (w6, 9) 46 () =max | M (z, 1) 6 (s) =

1
§ M (z, y)dG (y) dF (z) >

11
> min max S S M (z, y)dG (y) dF (z) =
GED FED  §
OTCIOI(& MH 3aKI09aeM: A Beaxoro G uz D CYIIECTBYET
z 8 [0, 1] Takoe, uTO
1

§ M (z, y) dG (y) > p. (15)

B

ax
€D

oL

o]

IIycts Temeps & — mo6oe HomosKUTENbHOE ymeao. VI3 Hempe-
pHBHOCTH QYHKIHU M MH BUIZUM, 9TO CYIIEeCTBYeT TaKoe N,

aro, Korja |z’ —z" | < i |y —y| <i ,ameem: | M (z', y')—

—M @, ¥ <e. Ecnn nt=|p, ... p,ll ectb moBoii aie-
MeHT MHOKecTBa S,, To mycTh Gy ecTb CTymeHuaTas ¢QyHK-
I¥s, oupefeleHHAsA CIeAYIOIMUM ofpasoM:

Gx(y) =0 pua y<-i—,
Ga(y) =Py mnm =+ <y<%,‘
Gr (y) =P+ P, A

........................

Gu(yY)=p1+ .- +Ppy nIA 'n;;—<?/< 1,

.Gu(y)=p1+...+pn=1 g y=1.
OqunnHo,. nna moboro x m3 [0, 1] cymecrByer i < n Takoe,

. i A
qaTo lx——; "n—, n, cjegoBaTeJIbHO, BBUY HEIIPepPLEIBHOCTH
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¢oyaxmuu M Takoe, gTo
1 1

|\ M@ pacaw - (L, y)acw|=
0 0

1

=|{[# @ w-m(L,y)]am)]|<

0
1

.<§sdaa(y>=e.
0

Urax, mna seaxoro z wms [0, 1] cymectByer i< n Taxoe,
910

1 1

\ (50 9)d6x()> (M (@, 4)d6a () —e. (16)
0 0

Us (16) m (15) mur saxmouaem, uT0
. . :
V(50 9) ) >n—e. (17
0

OnenuBas nepyio wacTh Bhpaskenna (17) ¢ momompio Teo-
peMur 9.20, MH 3aKmodaeM, 9TO CYIIeCTBYeT i< 7N TaKoe, 4TO

jélﬁ(%, L) pr>u—e.
=1

Utak, MH mOKasain ciefyiomee: [JIA BCAKOTO IOJIOMKHTENb-
HOTO & CYImecTBYeT TaKoe N, YTO AJA BCAKOTO 3JIEMEHTA
Py ... p,| MmOmecTBa S, cymecrsyer Taxoe i, urTo

n . .
Su(5 Dpzp—e. (18)
j=1

Ina ¢urcnposarmoro n BeswaHEE M <% R —1—> M <% , %) s

n
|
M (—n—, —n—> n T. #. mocroasEHH. TaxuMm ofpasoM, MH
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HMeeM 71 JUHeHHHX (opM
n > .
l .
2M(7, %}m (i=1, ..., n)
i=1

C n HEeUSBeCTHHIMH p,, ..., p,; HepaseHcTBo (18) osmauaer,
9710 3TN POpPMEI Y OBIETBOPANT yeaoBmo jgemmu 10.2. Cie-
JosaTelbHO, Ha ocHOBaHMH JeMMHE 10.2 MB 3argo0gaeM:
IS BCAKOTO TOJIOMMTENIBLHOTO € CYImEeCTBYeT 4WHCIO N

u smeMenT | g, ... q,| MHOecrBa S, Takme, uro mMus
BCAKOTO dieMeHTa || p; ... p,| MHoecTBa S,
n n 3 3
i
> Z}M<;, ;)qui>u—e- (19)

i=1 j=1

Onpepennm Teueps crymendaryio gysKmuio F,, monoxKnB

Fo(z)=0 (O<x<%\),
Fy ()= g, (F<2<2),
Fo(@) =g+, (%@c <%)

n—1

Fo(x)“-’,ql+’-’+‘1n-1( n <1‘<1>,
Fo(x)=q,+... +q¢,=1 (z=1).

Torma ms Teopemmr 9.20 Mm BUgUM, YTO HJA BCeX y

1 n

\ M@ pir,@=3M(<, y)a

0 i=1{

B wactHOCTH, MEH MMeeM:

1 . n . .
0SM@, —;m}dffo(x)=i§M<-;—, LY g (=1, ...,m).(20)
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Vuuomaa j-e ypasmemme B (20) Ha p; M CKIajBIBasi,
MH nony‘laeM HA OCHOBAHHI (19):

2 [;;,SM(x, LYar, @) ] =

i=1
=5§1 [mEMG, LY ]=
=§§M({7 LY pig>n—e. (21)

i=1 j=1

. MockoapKy (21) cHpaBe;IHBO AT BCEX DIEMEHTOB || Py . - . Py |
u3 S,, MH MOKeM, B WacTHocTH, B3ATh pj=1 m p,=0 mpu
k < j; orcioma MH 3aKJI0YaeM, 4TO

iM(x’%>dFo(x)>p—e G=1, ..., n). (22
0

W3 mempepuiBROCTH $yrKIuUM M BHITEKaeT, 4TO [JIA BCAKOTO Y
cyme(:TBye'r HEKoTopoe [ TaHoe, 9TO

SM(x, y) dF, () > %M(z )dF @) —e. (23)

W3 mepasencts (22) m (23) 3aKII09aeM, 9TO A BCAKOTO Y
1

SM(x, y) dF, (z) > p — 2. (24)
]

[Ipumensas teopemy 9.15 k wHepaseHcTBY (24), MH BUAMM,
9T0 AJA BCAKOH (yHKIUHA pacnpenenennﬂ G
11 . 1
{ $ @ y) aF, @ a6 @) > § (4~ 2046 (1) = —2e..
00 0

H, CleloBaTeIbHO,
11

gaeigg \ M@ yaf,@dG@)>p—2e. ()
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Ws (14), (25) = oupepmeneHna MaKCHMyMa MEl IIOTydaeM
Tenepb, 9TO

11
v = max min Q S M (z, y) dF (z) dG (y) >
FeD GeD 3 o)
11 .
> min g S M (z, y) dF () dG (y) > p — 2e.
GED § 9

ITockonpKy HepaBEHCTBO

v>u—28
AMeeT MeCTO [JIA BeeX IOJOKUTENbHHEX €, ME 3aKII09aeM, 9T0

V2> W,

C npyroit croponn, Ha ocnoamnu (13), (14) u Teopemn 1.1,
MHl MMeeM:

v,
OTKyJa
. p="v,
910 M TPebOBaIOCh [OKA3aTh.

4. Cooco0bl BbIYHCIEHAA W NPOBEDKA pemieHuil

Xorsi MBL Temeph YBePEHH B TOM, 9YTO HeNpepHBHHE
UrPH C HENPEPHBHHIMA NJIATENKHEIMHA (QYHKUAAMY HMEIOT
pemenus (To ecTh MMET HEHH W ONTHMAJbHEE CTPaTerui),
y Hac elle HeT HMKAKOTO CHOc00a BHYMCIEHMA DeMIeHMI s
3aflaHHHIX IUIAT&KHHX QYHKOWA. OJTo BoolIme TpyqHAS
3amada, TaK KaK JJjd ee PeIleHds HY)KHO HaNUTH MaKCHUMaJb-
Hoe 3HaueHwe wuHTerpana CTHiThECA OTHOCUTEIBLHO MHOMKE-
crBa Bcex QyHKNmil pacapefgedeHus. BuogHe o0mux Mero-
JIOB pellleHWA 9TOM 3aja4W y HAc HET, HO B CIeAYOIIAX
ABYX IJIaBaX MH PAacCMOTPHM [iBa YacTHHX CJIy4as, B KOTO-
PHIX MOKHO HaliTH pemieHus.

JlokakeM HEKOTODHE TEOPeMH, ¢ IOMOMBbI KOTOPHX
MOKHO PEIINuTh, ABIAIOTCA JM [JaHHHE CTpaTerud JAeicTBH-
TeJbHO ONTHMAJIbHEIMA.

T eopomasd).5. [Tycme M — nenpepvisnas naamencnas
Pynryus nenpepwisnoil uzpel, u nycmv Fo u Gy— Pynkyuu
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pacnpedesenusn. Tozda umeom mecmo caedyowjue pagHocub-
Hble YCAOBUL:

1) F, ecmb onmumaavnas cmpameeus 043 Py, a G, ecmb

onmumanvnas cmpameeusn Oas Py,
2) ecau F u G— awbve gynkyuu pacnpedeseHus, mo

M (3, y) dF (@) dG, (y) <

M (z, y) dF, (x) dGq (y) <

\ M (z, y)dF,(z)dG (y);

OL/ - O,/}o-a ([ TS
OLA I DI Ol

3) ecau z u w - mobvie mouku uwmepsasa [0, 1], mo
1

ng, y) dGy (3) < S\M(x y) dFy (a) G (4) <

1
<S M (z, ©)dF, @).

0

HorasarenbcTBo. PasmocumsHOCTS yeuosmit (1) u (2)
CIIeAyeT NPAMO U3 TeopeMmEl 10.4 m w8 ompejieJeHAA CeMJIO-
Boit Touku. UTOGH * yGeguTbcA B TOM, 4TO W3 ycjaoBua (2)
BHITeKaer ycaosue (3), mui Gepem F () =1, (z) u G (y) =1, (y)
u npuMensiem Teopemy 9.20. UtoGm yﬁep;m'bcﬁ B TOM, 4TO
u3 ycuopus (3) BHTegaer -ycjiosHe (2), TPeNUOTOMHM, ITO
nasa Beex z B w B [0, 1] Mu umeem:

1 1 1
M yacw < | M@y ar, @ d6, @) <
0 00
’ 1
<S M (z, ©)dF, (z).
0

3ameHnB ZHAa x B NEPBOil YaCTH 9HTOr0 HEPaBEHCTBA, MH
moayumm (Ha ocHoBammm Teopemel 9.15) mus moboit QyHK-

il
.

R D
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OuR pacupenesneHns F
11

§ (M@ g e, @) ar ) <

00
1
<\[
0

1
i SM(x, y)dFo(x)dGo(y)]dF(x)=
00

1

1
={ { M@ yar, @ a6, w).
00

AnamornausiM 06pa3oM MH MOKEM INONYYMTH BTOPYIO 9acTh
HepaBeHCTBAa (2) M3 BTOpPOil dwacTH HepaBeHCTBA (3), dTO
3aBepIIaeT JOKAa3aTeldbCTBO.

Teopema 10.6. ITycmv M — nenpepvignas niamexcrasn
Pyrryus Henpepuieroi uzpul, HeHa kKomopol pasna v. Dyuk-
yua pacnpedesenus Fy ecmv onmumasvhas cmpamesus 0as
nepeozo ugpoka moeda u mosvko mozda, Koeda 0an 6caK020 Y
us [0, 1]

1
v< SM(x, y) dF, (z).
b

Qynryus pacnpedeserust G, ecmb ONMUMAALHAL CMPAMe2Us
Oas 6mopoeo uepoka moezda u moavko moz2da, koeda Oas
écarozo x us [0, 1]

1

\ M (z, y)dé, @) <o.
0

HorxasarexscTBo. Ecam Fj— omrumansHas crpare-
I'HA NEePBOTO MIpOKa, TO HAa ocHoBaHWH Teopemsl 10.5 Mu
3aKJII09a€M, 9TO i BCEX ¥

1
o< (M@, y)aF, ). (26)
0

[Ipegmonosxmm Temeps, 910 Fy ecTh QYHKIUA pacupe/eieHus,
KoTopas ' y[OBJeTBOPsieT HepaBeHCTBY (26) Aaa Bcex y.
Ilycts G — quauManbHasg CTpaTerwsi AJs BTOPOTO WIPOKa,
Ha ocmopammm Teopem 9.16 m 9.15 us mepasercTBa (26) MH
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3aKjadaeM, 49TO
1 11

v={vda) < (M@ yif@d@@. @)
0 0 0

TlockompKy G onTHManbHA, MH BAXEM HA OCHOBAaHHH TeO-
pemst 10.5, aro ams moboit Ppyrxmum pacnpepenenus F

1

i
\ (¥ (@ y)aF @) &G @) <v;
00
B JaCTHOCTH,
1

1
\ (M (2 y) aF, (2) dG ) <. (28)
0

<

Mz (27) u (28) MH umeem:
11
o=\ (M (2.9) aF, (2) dC (v). (29)
0 0

u, cilefgosarelpHo, u3 (26) ama Bcex ¥y
1

11
\ § M @ ) aF, (2) i) < { M (@, ) dFo @), (30)
00 0

Tockomsky G onTuMalpHa, MH 3aKkimodgaeM u3 Teopemst 10.5,
9T0 mJA BCeX T

1
§ M (z, y)dG (y) <o,

U, CIeN0BATeJbHO, B COOTBETCTBHH C paBeHcTBoM (29) mpum-
XOqUM K BHIBOAY, 4TO
i 11 _
(M@ picw< | (Mepd@de. @Y
0 [

s (30) m (31) ma ocmosammum Teopemsr 10.5 ME B3aKiio-
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daeM, 910 F, ecTp ONTHMaJpHASA CTpaTerdsa MJA TEPBOTO
ATrpoOKa, 4T0 # TpeﬁoBanOCL IOKa3aTh.

JoKa3aTexbCTBO BTOPOI YacTH TeopeMbl AHAJOTHMYHO.

Teopema 10.7. ﬂycmb M — uenpepriHas naamencHas
Pynkyus Henpepuisnoii ueps, v — deiicmeumenvioe wucao u F,
u Gy cymv gynryuu pacnpedesenus makue, ¥mo 048 écer &
uy us [0, 1]

1 '

\ M @ 9)d6, (1) <v< § M (@, y) dF, (2).
) |

Toeda v ecmv yena uepw, a Fy u G, cymv onmumass-
Hble CMmpamezuu COOMEeMCMEEHHO Oa% Nepeozo U emopozo
uzpoka.

Horasarenbcrro. U3 ycnosus Mu 3akmodaeM, Kak
1 B JoKasaTedbcTBe Teopemun 10.5, uro pmua Bcex (ymrmumi
pacupemenesus F u G

1 1 11
\\ M @y aF @) a6, ) <v< § (M@ ) ar, @) de @)
00 0 0
orciofa
1 1
v = minmax S S M (z, y) dF (z) dG (y) <
G F 5o
11
<m1§x S S M (z, y) dF (z) dG, (y) <v<
0 0

11
<min8 SM(x, ) dF, (x) dG (y) <
G
0
11
< maxmin { g M (z, y)dF (z) dG (y) = v,
F G
b0
Tak 49T0 v =0. Teneph Ha ocHoBaHm:m Teopemu 10.6 BEITe-
kaeT, 4t0 Fy m G, CyTh ONTHMAJbHEE CTPATErwu,
Tonbko 0 noxasannme TEOpeMH [alT HAM CHOCOGEI
IpPOBePKM pemieHds MrpH. MH NOACHAM 3T0 Ha IpuUMepax.

15 k. Max-Kuren
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ITpumep 10.8. Ilnarexmas ¢yHKHMA HeOpepHIBHON
UFPH €CTh

1

M@ Y =1y
Mu xormm MOKa3aTh, 4TO pemeHNe UTPH olpefenasercda TaK;
oo i
=y

Fo(x)=li(x)’
3

"Gy (y) =5 Lo (®) +5 11 ).

ITo teopeme 10.7 HaM HeoOXOAWMMO MM IOKA3aTh, 4TO

’45‘ % [14 = y)a]df_; (z) pma 0<y <1,

u
1
§[1+(24—y)2] [2I(y)+211(y)] % pia 0<z<1.

Ha ocuosamunm Teopem 9.11 um 9.20 BMecTo 3TOrO MH
MOKEM nonasan paBHOCEJIBHLIe HepaBeHCTBA

1+<——y>’ nm\0<y<1, . (32)

>

1 1 4 .
7[1_]_1.2 +1+($_1)3]<'§ Ansa O (E<1 (35)
VYmuOasg ofe gacTu HepaBeHCTBA (32) Ha TONOMKUTENHHYIO

BEJAIAHY : [1+<—1——y>2]
5 ,

mojlydaeM pPaBHOCHJIbHOE HEPABEHCTBO

4+4<—;——-y>8<5

KOTOpOe B CBOIO O4Yepelb PaBHOCHIBLHO HEPaBEHCTBY

(z-v)<%

a IocjefHee, 04eBUHO, BHINOJIHAercA Naa Beex y mu3 [0, 1].
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AHanOrHIEHIM 06pa3oM, yMHOMKas o0e d9acTH HepaBeH-
crBa (33) Ha mpomsBejeHMe 3HAMeHaTeledl BXOJAIMX B HEroO
npoGeit (T0 UpPOM3BeJeHHe MOJOMHTENIbHO) W (POUSBOASA
OYeBU[HHE YOPONEHUs, MPUXOAUM K PABHOCHIBHOMY Hepa-
BEHCTBY

814 — 16234 142> —62-+1 >0,
KOTOpOEe MOMKHO TaK;Ke 3a0MCATh TaK:
2z — 1) [2* + (x — 1)] > 0.

ITockonpKy mociHe{Hee HEPaBEHCTBO, OYEBHJHO, UMeeT
MEeCTO IIA BCeX Z, MHl 3aKJ09aeM, 4To (33) BHOOIHSETCS W,
cJeOBaTeqbHO, TPeNJOMKeHHEe BeINIUHE [1eACTBATENHHO
OpeficTaBIAIOT PeIeHHe NaHHOH MIDH.

Teopema 10.9. ITycmv M — nenpepbisnas NAAMEHCHAS
PYHKYUSL HenpepuigHOU uepdl, Yewa KOMopoid paska v,
u nyemv F, u G, — onmunmasvHele cmpamezuu coomeem-
cmeeHHo Oan nepsoco u emopoeo uzpoka. Ecau mwul nosoxrcum

1
H(z) = § M (z, y) dG, (y)

i
K (y) = §M(x, y) dF, (2),

mo
v=max H (z) = min K (y).
x v .
HoxasarenscTBo. Ilo Teopeme 10.6 Mm nmeem jas
BCEX Z ‘
H@)<v
H, Clef{0BaTeNbHO,
max H (z) <v.
x

Honycrum Teneps, gToO
R g
max H (z) < v,
X

15*
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Torma mas Bcex z
Hx)<v
", CJe0BaTelbHoO,
A 1
v= g H (z) dF, (z) < S vdF, (z) =v.

0 0
Mu mpumianm K nporusopeumio. ClenoBaTensHO,
max H (z) = v,
X

4T0 B TpPeGoBaIOCh JOKa3aTh. AHAIOIMYHO JOKA3HKIBAETCHA, YTO
min K (y) = v.
Y

Crenyomasa TeopeMa JaeT [AOCTaTOYHOE YCJIOBHe TOTO,
9TO WHCTAasg CTPaTerus, ecid OHa OPHMEHseTCA HPOTUB OITH-
MaJbHO{l CMeIIaHHOH CTPaTerM! NPOTUBHUKA, [AAeT LEHy UIPHL.

Teopema 10.10. ITycmv M — Henpepviéras naamencras
PynEyus Henpepuvlenoll u2psl, YeHA KOMOpol pasHa v, nycmd
F, u G,— onmumansbisle CMEUWAHHBIE CMPAMe2Ul COomeem-
cmeenHo Oas hepgozo u emopoz2o uzpoka. IToaoxcum

1
H@) =\ M@ y)d6,@)
Y
u >

1 .
K ()= M (2, y)dF, ().
0

Toz20a, ecau x ecmv awbas mouka uwmepsasa [0, 1], ¢ Komo-
poii npousgodnas caesa Pywkyuu F, omauuna om wyas (mo
€CMb NOAONCUMENVHA U KOHEYHA Uau GeckoHeuna), mo

H (z) = v=max H (z);

ananozuuno, ecau y ecmdv awbas mouka unmepsasa [0, 1],
6 Kkomopoii npousgodnasn caesa Pynryuu G, omaudHa om
HYAR, MO

K (y) =v=minK (y).
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B wacmunocmu, ecau Fj— cmynenuamas @GyHkyus, mak 4mo

Fy(x)= .21 ailai (%), rme a; =0,

mo )
H(a))=H (ay) = ... =H (a,) =v=max H (z).

A ecau Gy— cmynenvamas @GyHKYUL, mak 4mo

Go(y) = 2 Bils; (v), tme B0,

K (b) =K (b)) =... =K (b,) =v=min K (y).
v

NoxasatenbcTBo. Ilo Teopeme 10.6, nus Beex z
u3 [0, 1] MBI mMeem:
H(x)<v.

Jlanee, 10 oLpeAeNeHNIO IeHBl ATPHI, MBI [IMeeM:
1
S H (z) dF, (z) = 0.
b
Orciofa, ecau TpOM3BofHAs cleBa QyHKmumm F, OTaAMYIHA OT

HyJf OpH T =2, MH 3aKmodyaeM (Ha ocHoanmm Teopem 9.27
un 10.9), gto

H@)=v= max H (z).

B wacTHOCTH, eci¥ a; €cTh TO9KAa, B KOTopod F, mmeer
CKA40K, TO NpousBojHas ciaepa ¢yskmum F, B TodKe a;
paBHd GeCKOHEYHOCTH, M, CIeOBATENBHO,

H (a;) =v=max H (z).

JlokasaTensCTBO OCTAJABHON 9acTH TEOPEeMBl aHAJIOTMIHO.
Crefyiomuii mpuMep yKa3biBaeT JOCTATOYHO OOIIMI MeTON
MefiCTBATeIbHOTO HAXOMKeHHAsA PemeHus faHHo# urpe. Merox
COCTOMT B OCHOBHOM B TCM, YTO IHTAIOTCA HAlTH pemleHne
MaHHOro WM (B HameM ciydae B BUAe CTyHeHYATHX QyHK-
umit). Ecnia merom He Raer pemeHHA AamRHOd ¢opMBI, M
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MOeM OpofioJKaTh OpPo0OBaTh (YHKIMM JAPYroro Bmaa
(mampuMep, cryneHYaThHe QYHKOUH ¢ GOAbmUM  9mciaoMm
cTyDeHeit).

Opamep 10.11. lana miarexnas QYHKOUA HempepHB-
HOH HUTpH
1

M (z, y) =
145 (@—y)

Mu xormM maiitm onTHMambHHE CTpaTernm OGOMX HIPOKOB

B BHTE .
Fy(z) =1, (), }
Gy (y) =B1, (y) + (1 —B) L, (y).

Homyckas, aTo mMeercs pemeHme Buga (34), MBl HOTydmMm:
11

1
o= ((— 1 4, (1) da, (y) =
508 BRI

(34)

p 1—f
5 + 5
147 (a—0bp I+ (a—o)p

creftoBarenbHo, no Teopeme 10.6 mus Bcex y ms [0, 1]

1
147 (a—b)? 4 (a—c)p? y g —y)p?
— . (35)
1-|-z(a—jy)2
ITockonbry c€[0, 1], u3 (35) MH moayumM, B 9acTHOCTH,
e —< > ’
1+Z (a—0b)? 1—|—-Z (a—c)? 1+z(a—c)2

i -
3 p <—s p . (36)
Itg (=t 147 (@—0?

Ilpnmensas cmoco6u, omucammsie B rixape VII, Mu Moskem
HoKasarth, 9T0 ¢Oymkuua M (z, y) He UMeeT CeJIOBOH TOYKH
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B eMHUYHOM KBajJpaTe, I03TOMY WIpa He MOMKET NMeThb
pemesuit Bufa (34), rie p=0 mmm 1— B =0. Urak, us =e-
paBeHcTBa (36) MBI 3aKmiouaeM, 4TO

i 1
5 <3 :
14— (a—b)? 1+—(a—c)?
4 4
AmanormaHo, moxpcrapasd B (35) b BmecTo y, MH HoxydaeMm:
1 1
5 < 5 1
I4pla—ef 14 (a—b)?
OTKyJa
i 1

1+i2—(a——c)’ - 1+%(a—b)2

W3 sroro paBeHcTBa Ha OCHOBaHMM (3D) MH 3aKII0YaeM, UTO
mas Beex y us [0, 1]

R SR I o - L
itz @=b) At+7(e—b) A+ @—y)
i
i (37)
I+ @—b 1+ (a—y)?
OTKYZa
(a—bp> (@ — ) (38)

W3 mepasencrsa (38) Bmrexaer, uro au6o b= 0, nxabo b=1.
Anpanormgso mmbo ¢ =0, auGo c=1. amee, b He MoxeT
OHTH PABHO ¢, IOCKONLKY M He WMeeT CefJIOBO TOUKH.
He orpamuamesas o6mHOCTH, MH MOMeM CYHTaTh, 4TO

b=0 39
c=1. } (39)
U3 (38) u (39) momygaem:
a®> (a—1)%
OTKyHa
. 1

a}i .
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Amnanorugno,

15
N
| =~

o=,
2
Uraxr, ¢yaxmun F,'m G, uMe0T CIefyOIMA BUA:
Fo(2) = Iy (2),
Gy (y) =By (z)+ (1 —B) I, (),
M MH IOJy4aem:

V= ﬂ + —B
T b T R WA S RS

ITonoskus

1
H @)=\ M@, 3 d6, () =—L—+—=F
0

(40)

16

=ﬂ°

(41)

142 Af D@t

MH BuguM (Ha ocHopaHmm Teopemn 10.10), gro

H (—;->=mixH ().

(42)

IMockonsky H pudpdepennupyeMa B OTKPHTOM HMHTEpPBAJe
(0, 1) m mockomBKY - Haxopures B BTOM HHTEpBAaJe, MH

3aKJII09aeM M3 PaBeHCTBA (42), 4TO NPOWBBOMHAA
d
7= H ()

npu x=—;— no/kEa OHTH papHa Hymo. Tar Kak

g —SU—PHE—

[1+-x=] Tt [14—%(:5_1)3 ]2

MBl NIONy9aeM OTcrxa:

—58(5 } 2(1—6)(—2——1)
T

d%H(x)

K

J
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H, Cle0BaTelbHO,

B=— . (43)

Urax, ms (39), (40) m (43) MH 3aKmodaeM, 4T0 eCiu
LIA Hamelf WrpH CYIECTBYIOT ONTUMAaJjbHBIE CTpaTeruy,
nMeromue gopmy (34), TO MH HO/GKHE AMETH:

Fo(z)=1,(2),

G ) =5To@® +5 L (1), (44)
16
U"-—"—ﬁ.

Kax B mpumepe 10.8, Mu yGesxmaemes, aro (44) meilcTsu-

TEABHO eCTh pemenue.
Cieflylommii IpuMep NOKa3HBaeT, KaK MOMKHO HPOBEPHTH,
4TO [aHHHe HempephBEBE QYHKIHWA pacupefeNeHus Ipei-
CTABIAIOT ONTUMAJbHEE CTPATerwd Aiad AAHHOH WIDH.
Npumep 10.12. Ilnaresxmas QyHKOUA HeOpPepHIBHOI
UTPH eCTh
(1+2)(1+y)
(1+=y)?
Mpbl XOTHM IIOKa3aTh, 9TO pelieHue WIPH Oymer:
P
T1g2’

Ig (1
Fo(a)=2ED

Ig(1
Go () = BT

M(z, y)=

Mockonmeky F, nuddepennupyema B mareppame [0, 1], mu
BHAMM Ha ocHoBaHHM TeopeMH 9.19, uro musa scex y us [0, 1]

1 1
\ M (@, y)aF, @)= ( M @, y) 7 Fo (2) do =
0 0

1

= § (A+=) (1+y)

1 ’ 1
e ) T () [eromz] -5z @
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Amnanormgso, aua scex z B [0, 1]
1

\ M (2 9400 (4) = 1. (46)

U3 pasenctB (45) u (46) ma ocmoBamm TeopeMmsr 10.7 ME
3aKII0YaeM, 9YTO MAaHHEE CTPATEerWd [eliCTBUTEIbHO ONTH-
MaJibHH ¢ )
_1
V= E .

Crepgyiomas TeopeMa IO3BONAET HaM B HEKOTOPHIX CJIYYaAX
cpasy HaXoguTb I[eHy HeNpepHIBHOM WIPHL.

Teopema 10.13. IIycms M — naamesscnas @Pyrkyus
HENpPepuIsHOE U2Pbl, UMelwel pewerue, U NOAOHCUM, MO
Onn ecex x u y us unmepsasa [0, 1]

Mz, y)=—M(y, z).

Toeda vyena ueps pasna HYw, u 410003 ORMUMAALHAL
cmpameezus 00n020 uzpoka Oydem makyce ORMUMALLHOL
cmpamezguell 6mopozo uzpokda.

IlokasaTeascTBO. Ilycrs v —meHa Hrpel, M OyCTh
F, onrnMampBas cTpaTeérus mepBOro Wrpoka, a G,— omnrm-
MajibHasg cTpaTerus BToporo. Torga Ha OCHOBaHHM Teope-
Mt 10.5 MB BuguM, 9T0 [ BceX (YHKImI pacmpepee-
gug F o G

11
\ (M@ yar@de, w)<
0 0

1 1

<\Vue par,@acw. @
00

[IpumernB K HepaBeHCTBY (47) ycioBue
Mz, y)=—M(y, ),

11 .
(M @, y)aF, (@) d6, () <
0

MBI TOJNY9IVIM:
11

1
\ =M, 2)dF @) d6, ) < | (M @.y) dFo(2) 46, () <
0 00

S

1

i
<\ {-M @, 2 dr, @) a6 ),
00
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OTCION A

11 11

\ (M @ ) dF, @ de ) < - §M(x,y)dFo (=) dG, () <
. 0 .

0 0
1

\ M@, 2)aF @) d6, ). (@)
0

<

(=T T

VsmennB 0603HaYeHRA IepeMeHHHX HHTerpupoBaHuA B (48),
MBI TOTydaeM:

1 “ 11 :
{{ M@ pde@ar, < - § \M (@,9)dF, () dGy ) <
00 0

1

< § M (z, y) Gy (z) dF ().  (49)

Ot =

U3 (49) Ha ocmoBammu Teopemul 10.7 sakmodaem, 49TO
11

_g SM(x, y) dFy () dG,y (y) = —v,
(VY]

v

otkyaa v=0. Ianee, us (49) m reopemn 10.7 BHTEKaer,
uto Fy, m G,— onTuMajbHEeE CTpaTerum KakK JJa IepBoro,
TaK M JJS BTOPOTO MrpoKa.

B cnegyromem mpumepe, kak u B mpumepe 10.11, crtomr
3aada OTHICKAHMS ONTHMAJBHHX CTpaTeruil KaHHON (POpMEL,
HO B 9TOM cjydae MH OyleM HCKaTh He cTymeHIaTHe (QyHEK-
UM, a HenpepsBHHE QYHKIWN pacOpefercHUusT JaHHOTO
BHJIA.

Ilpamep 10.14. Ilnarexmas ¢QYHKOHA -HempepHIBHOM
HTDH ecTh

M (z, y) =sin 25 (x — y).
Hamo maiiTu omrmMasibHHe cTpaTerud [Ajs O0GOHX HIPOKOB
B BHJle:
F,(00=0, F,(x)=a,+a,x paa z=+0,
Gy (0)=0, Gy (y)=b,+by nma y=+0. } - 00

" e
Hockombxry F, ectb QyHKRIMA pacnpefeNeHHA, MBl TOIKHEL
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HMeTh:
I=F,(1)=0a,+a,

U, CIe0BaTeIbHO, @y=1—a,. MNTak, omyckas mEIeKc, Mml
MOJKeM HamucaThb:

Fyz)y=a+(1—a)x pma z+0
M aHaJOrMYHO .
Go(y)=b+(1—=0by nma y=0.
Mu 3ameuaeM, ¥ro
M(y, z)=sin2n(y—2)= —sin22n(z--y) = —M (z, y),
Tak u4T0 HA ocHoBaHum Teopemn 10.13
v=0,

u Jjrofas oNTAMAJBHASA cTpaTerusa [Jid HepBoro Urpoxa ecrb
TaKKe OoINTMMaJbHasg CTpaTerusa JJjid BTOPOT'O MrpoKa, TO eCcTh
MBI MOMKEeM NOJIO0UTh:

Fy)=a4+(1—a)x pas xqeO,}
Gy(y)=a+(1—a)y mmx y=+0.

[Mockomsky Touka ||0 O] He ecTs cemmoBasg TOYKa (yHK-
man M, B (51) me moxer Ourh a=1. CiaegoBareinHo,
nocKoIbKY QyHKIUA F, MMeeT MON0RUTEIBHYIO NPOM3BONHYIO
(B 9aCTHOCTH, TONOMUTENHHYI0 IPOMBBOJHYIO CleBa) BO BCS-
Kot Touke x 3 otkpsiToro mHTepBama (0, 1), MB 3awimio-
gaem (Ha ocHoBaHmm TeopeMit 10.10), uro mns Besxoro x

us (0, 1)

(®1)

M_(:L", ].) dGO (y) = 0’

= T

TO CCTh

1
§ sin 2n (z — y) dG, (y) = 0.

Hockonsky G, mpu y =0 wuMeer CKaI0K BeJNYUHEL 4
I HenpepeBHA BCIOAY, KpoMe BJTOHl TOYKH, MBI Jerko
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HAXOUM:
1

S sin 2n (z — y) dG, (y) =
0

1
=asin2x (z —0) 4+ (1 —a) S sin 2t (x —y) dy =
. 0

— a'sin 2z + (1 — @) o {cos (— 2az) — cos (27 (1 —2)]} =

=asin2nz + (1 —a) (2—;>O = a sin 2nx.

Nrax, MH uMeeM:
asin2nz =0

[iaa Beex x n3 orkpeiToro mureppama (0, 1), a orciofa ME
3aKII09aeM, 49TO

a=0.
Taknm 06pasoM, MH IOXydaeM:
v=0,
Fy(r)==, (92)
Gy (y)=y-

Temepr ierko nposepurb, Kak B mpumepe 10.12, wro
(52) meficTBUTENBLHO €CTH pemeHue JaHHOM WI'PH.

B kauecTBe mDocxefHero TpEMepa pPaccMOTPUM 3ajady
OTHICKAHMS pEINIeHHs HEKOTOPOil WIPH ¢ PaspHIBHOHE ILIa-
TesxHONM ¢ymkmmeii. Ilpm pemenun 3TOH HIPE MBI BOCIIONb-
ayeMcsl HEKOTODHIMH TeopeMaMu (Kak, HampHMep, Teope-
ma 10.10), xoTsi HemsBecTHA BOBMOKHOCTh MX NPUMEHEHUA
K DaspHBHBIM ILTATeKHHM (YHKIMAM; HUKAKoi OmMHOKH OT
5TOro, KOHEYHO, He TIpOM30ffleT, TaK Kak MBH NpOBEpUM
monydeHHHl orBer. B aTOM IpEMepe HAM Y[acTCA CBECTH
zafagy K pememmio AuddepeHnEaILHOrO YpaBHeHHA; K €O-
JRaJeHENI0, HTOT cIocob, X0TA M BechbMa OCTPOYMHEIH, OKa-
3HBaeTCA 1NPHMEHHMBIM TOJBKO K OYeHb CIENHMATLHBIM
HTPAM. - smasmwonn--
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[ 3

IIpumep 10.15. IInareskmaa QyHKOUA HempepHIBHOI
urpst M raxoBa:
M@, y)=z—y+zy pa z<y,
Mz, y)=0 opaAa xz =y,
Mz, y)=2—y—=zy maa z>y.
Mo xoruM maiitn HempepmBHYIO ONTHMAJIBHYIO cTpareruio F,

AJA MEePBOTO MIPOKa, YAOBIETBOPAIOMIYIO CIHEAYIIIAM YCJIO0-
BUSAM:

Fo(z)=0 pm 0<z<a, (53)
Fy(z) mBampasl paddepenmupyema npu = £ a, (54)
d
e Fo@) +0 pmna z>a; (95)
37ech 0 — QUKCUPOBAHHOE YHUCIIO.
Hockomerxy M (z, y)= —M (y, ), To Ha oCHOBaHWH
teopembt 10.13 ME BEguM, gTO
v=0

u uTo F, - ONTUMaNbHAA CTPAaTErHA TAaKXe [JIA BIOPOTO
HT'POKA.
Az (55) n teopemsr 10.10 Mz sarmouaem, 9to mis z > o
1
(¥ (@ y)ar, ) =v=0
0
. AN
H, CJIe[0BaTeIBHO,

x 1
\lz—y—=yldF, )+ e~y +2y1aF, (1) =0. (56)
) |

x

Hockonmexy mo ycumosmo F, pudpdepenmupyema, M moma-
raem:

P, (y) = 3 Fo ();

manee, mcnombsysa Teopemy 9.19, Mm mnomyuaem u3 pasem-
crBa (56) mma mo6oro x > @ paBeHCTBO

x 1

\ 2=y =291 Py ) dy+ § [~y + 2] P, () dy =0,

0 x
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KOTOpOe JIeTKO NPHBOJAMTCA K BHRY

1 x 1 .
e\ vP @) dy—2 \ yPo ) dy+z (yPo)dy=0. (7
0 0

x

Inpdepennupys (57) mo = u UPAMEHAA MPaBIIO nud-
(epenmupoBaHUA IOJ| 3HAKOM HHTerpaia, NOJIydaeM:
1

t— (yPy () dy — 2 1-2Py @)+ yPo (4) dy—a-1-2Ps (1)=0,
0 x
nin

x : 1
— 1420 () + { wPo () dy — § wPy (9) dy=0. (59)
0 x

Hupdepenmupya (58) omaATh WO z, MOTyIaeM:
4aPy (2) + 22* & Py (2) + 2Py (2) + =Py (2) =0,
n 0TCIONa
22 P, (z) + 32Py (z) = 0.

CnenoBaTeabHO, JJIA Z > 6 MB JAO/UKHBH HMeTb:

d .
T o P, (z) = — 3P, (z).

Pemasn sro nubdepeHnuasbHOe ypaBHEHHE, MBI TNOJYyTaeM:
k
Py (z) = Pl (29)
rae k — HeKoTOpas KOHCTaHTa, M OTCIONA
—k ) ,
rge h— TakyKe KOHCTAHTA.
Wrak, ME uMeeM:
Fy(z)=0 (z<a),

Fo(@)=Hm+h (@>a). (61)

HockgpKy pasencTBo (56) cmpasejiuso ATA BCEX T > Q,
TO BBUAY HeIPePHBHOCTH (GYHKIHHM MH 3aKII09aeM, 9T0 OHO
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CIpaBeINBO TaKiKe A r=q. I/ITaK,
a

1
\ 2=y =) aF, )+ (la—y +ay)ar, () =0. (62)

Ho us mepsoro pasemcrsa (61) ME mMeem:
a

\ la—y—ay)ar, @ -o,
0

1, CaefosaTenbHQ, m3 (62) momywaem:
1

} 6=y + aylaF, () =0,

a

Wi, BBUAY BTOPOTO paBeHCTBa (61),
1

Vlo—y+ayld [ 2L+ r]=o0,

unu
1

Sh—y+aw[£de=Q

Ho nockoasky oyuruEAa M we mmeer CeJJIOBOI TOYKH, MBI
BUIUM, 910 k %= 0 u, ciegosaTembmo,

1
a 1 o
VGt )a=o,
PANTY
[Iporoga UHTerPUPOBaHAe, HAXOLUM:
a 1 o’ a 1 a
-r"?'*'T—TJ“[‘W"'E_F]:O’

[

1
M, CIEeAOBATENBHO, JIu6O o=, am6o a=1. Ho TIOCKOJBKY

opa o =1 ¢ymknua M wumera 6 CelJOBYI0O TOYKY, MHEI
3aKIIc9aeM, 9710

o=y (63)



T
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Ilockompry F, HempephIBHA, TO HA OCHOBAHHYM DABEHCTB
(61) MM HOKEH WMOTH:

1 9k
0=Fd®=ﬂ(§>=—7+m
TaK 49TO
=%, (64)

[Tockomsky F ecTh QyHKIHUA pacOopefeseHUsA, MBI JODKHBI
UMeTh:

k
1=F (1) = —5+h,

TaK 910
h= 1. (65)
Pemasa cosmecTHo ypaBmenus (64) u (65), Mmb maxomum:
9
h=5,
; (66)
k=-.

Urak, ecim uMmeercA Kakasg-aIunG0 ONTHMajibHAS CTpaTerus,
yaoBieTBopAoman ycaouam (03), (94) u (55), To pemenue
ArpH OIpejesAeTcs CAeqYIONIUMU PaBEHCTBAMM:

0=0,
Fy(@)=0 (0<z<3),
Fo(e)=§— 5 (g<e<t), b (67)
Gy (y) =0 (0<y<3),
GW=5-5 (3<y<t).

ITposepum Temeps, 4uro pasenctsa (67) pAelficTBETENHHO AAOT
pemenue, - TO eCTh MOKakeM, 910 ecam F w G cyTts mo0nie
$yHKRIEN pacmpenenenus, TO

E(F,G) <E(Fy, G)<E(F,,G) (68)

16 1. Max-Kumcu
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u
E(F,, G))=0. (69)

Jlerko yGemurhes, uro (69) cmpaBemmuBo; JeTKo Takke IIO-
KasaTb, 4910 (68) cupasemamBo A Bcex QYHKIUIA pacmpe-
Aenaenus, menpephBHHX B uuTepBame (0, 1]. Ho ms3 Toro,
aro M (x, y) paspmBHa npu z =y + 0, ME BHAUM, 9TO Be-
auauen £ (F, G)) u E(F,, G) ne cymecrsyior, ecitu F u G
IMeIOT PaspHBH B MOAYyOTKpPHTOM umETepBase (0, 1].

CrenoBarenpHo, B cuily onpepeienus materpana CTaarbeca
HepapeHcTBa (68) me mMeor cmbicia, ecam F u G mmeror
paspuBe B (0, 1], moaToMy MH MOMeM JuIIb CKa3aTh, 4YTO
HepaseHCTBY (68) ymoBieTBopsioT BCe QyHKIUEM pacmpeese-
wna F m G, umempepueaste B (0, 1]. OpHako MH MoeM
YCTpaBUTL dTO 3aTPy[AHEHHEe, 0000MUB Hame OmNpeeIeHue
unrerpana Cruntbeca, a MMEHHO, BBe[S NCHATHE WHTErpaja
Jle6era — CrraTheca, KoTophil cBa3al ¢ naTerpasom CTuaTheca
(umorma maspiBaeMeiM mETerpasom Pumana — Cruareeca) npu-
MEPHO TaK e, Kak umETerpan JleGera cBsAsaH ¢ WHTErpajoMm
Pumana. Eean mMu momoxum:

11

EF 6=\ (M@ y dr@de),
0 0

Ifie MHTETPaJE HOHUMAalOTcA B cMuicae JleGera — CruaTheca,
TO HepaBeHCTBO (68) MMeeT CMBICH M CHpaBeIMBO [JIA BCEX
dysxmuit F u G, maske mias paspHIBHEIX.

B sro0if KHUre MH He OGymeM BBOIMUTL HMHATerpann Jlebe-
ra — Cruirheca, MOTOMY 49TO AJIA HMBIOMKEHHS HaJIerKarmei
TEOPMM 3THX WHTETPajioB HeoOXONUMO OCHOBATEIBHOE B8HA-
KOMCTBO ¢ APyruMu paspenamu Martemaruru. Ho m me BrOmISA
9TO INOHATHE, MBI MOKEM CKas3aTb, 9T0 [JaHHEe (QYHKIHA
pacmpefietleHAs MPENCTABISIOT ONTHMAJIbHEE CTpPATerdu [Jis
000MX WIPOKOB B TOM CMEICIe, YTO [JISI BCAKOTO Z W Y W3
[0, 1] mMBr mmeem:

E(z,G)<E(Fy, G) <E(F,, y).

3ameganue 10.16. B npumepe 10.15 mam ymamoch
HaliTA pelleHNe HENPEPHIBHOW WIPH C Pa3PHBHON IJIATEK-
HO#l (yHKIMeit. Taxum o0pasoMm, oKaswBaeTICda, YTO TeEOpeMY
10.4 MomuO 0GOOmUTL Tak, UTOGH OXBATUTH HEKOTOPHIE
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paspsiBHHe QYHKIUA. B MaTeMaTH9eCKOH JIUTEpPaType MOKHO
HallTH NoJo0HKE mpnMeps, HO ME He cobupaeMcda WX IpH-
goguts. Cienyer IMmb OTMETHTh, YTO MOKHO WHTYHTHBHO
npuiite K 06o6mennto Teopemsr 10.4. IIycrs nmeerca urpa T',
miarexHaa QyHKkmua M KoTopoil He HeENpPEPHBHA; CyIle-
creylor ¢yskmum © u @, BlamMHO 0JHO3HAYHO OTOOpaKa-
omue maTepsaa [0, 1] Ha ceba, u QpyHKIUA

M’ (z, y) =M (8 (z), @ (y))

nenpephiBra. [lockonsky M’ menpepriBEa, To urpa I, mmero-
mas mIaTexHyl OyEKnuo M’, uveer pemenme. Ho Tax
kax ' momygaercs ms I'' myTeM mepeMMeHOBAaHHA T M ¥, MH
BAAMM, 910 Mrpa I' Taxike mMeeT pemeHHe.

Wrak, IycTh MMeeTcs Urpa, Y KOTOPOH paspHBHAA ILIA-
texxaan QyExnuA M ompepeneHa ciefyiomuM o06pasoM:

(z — y)? mas O<x<% u 0<y<%,
1 \2
(«’c—l—y—g) ana O<x<—%~ u %< Y,
]"I(.l', y)= 1\ \ .
<x+y—7> pa <z u0<y<gyg,
(x—1y)? Jigis:¢ —;—<x n %<y,

Omnpegenns O ycaoBuaAMEI

@(u):%—u A O<u<%,
1
BO@u)=u A <u,

MH BUAUM, 9T0 © OTOGpa)kaerT B3aMMHO OJNHO3HAWHO WUHTEP-
Bax [0, 1] Ba ceba mw 4TO AJIA BCEX T H Y

M (z,y) =M (O (z), O(y) =(z—y)*

Mockonsky M’ HenpephHBHA, MH 3aKI09aeM, 4TO Urpa,
y Koropoii miaTe:kHas (yHKIuA ecTh M, TaKke uMeeT pe-
mieHne.

OnEako HY/KHO 3aMeTATh, 9TO HCPa C PaspHIBHOM IUa-
TeKHOH (QyHKIUeH MOKeT BooOIe He MMETh HUKAKOU T[eHHL.
[lpumep mrpeeys-#oTOpPas TO WHTYHTHBHEIM CO00pa’KeHHAM

16*
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ACACTBATENBHO HE JOMKBA HMeTh LeHEH, OBl IpuBeeH
B raase VII (mpmmep 7.3).

Crepyomue TeopeMn GyAyT 110JIe3HH B JaibHeHmImX ria-
Bax IPH PeNIeHAN HEKOTOPHX HIP.

Teopema 10.17. Hycmv M — nenpepuisras naamexcnas
Pynkyus nenpeprienoii ueps, u npednososcum, wmo Oas
Nep6020 uzpoka cyugecmeyem onmumanvras cmpamezus éuda I ,.
Toz0a yena uzps v onpedeasemea gHopmyaoii

v=max min M (z, y),
0<x<1 0<y<t
a 6 Kauecmee EOHCMAHMuL a Mmoxcem Ovimb npunsmo awoboe
peutenue Ypaguenus
min M (a, y) =v.
o<y<t
Ananozuuno, ecau 0as 6mopozo uzpoka cywecmeyem onmu-
ManvHas cmpameeua euda I,, mo
v= min max M (z, y),
I<y<t 0 )
a 6 kauecmse koHcmanmul b moxcem Gwmb npunamo awboe
pewenue YypagHenu.s
max M (z, b) =o.
o<t

Hoxazareaxbctso. Yro6H HoKaszarsh IepBYI0 YacThb
TEOPEeMEl, MBI 3aMeYaeM, YTO IO YCJIOBHIO CyMEeCTBYyeT ONTH-
MajbHAasA CTPATerws [JA [ePBOTO WUrPOKa, IPHHAIJIEKAIAsn
MHOieCTBY I); (MHOMECTBY BCEX OHOCTYHEHUATHIX (YHK-
umit). Otciona, menennsys Teopemy 9.22, moxydgaem:

. 14
0= max min § \ M@, y)aF @) da () =
FED GeD o
14
= maxming § M (z, y)dl, (z) dG (y) =
IaED1 GED S
1 -

= max min S M (a, y) dG (y) =
0<a<t GeED b

= max min M (e, y) = max min M (z, y),
0<a<t O<y<t n<xt 0<y<t
9T0 ¥ TPeGOBaJOCH J[OKA3aTh.
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Ianee, ecim [, — onTHMAaNbHAA CTPATErUsA MEPBOro UTPOKA,
to mo Teopeme 10.9
1

v= min § M (z, y)al, (z),
f<y<t

i

v= min M (a, ¥). (70)

0<y<t
Wrax, ecam [, ecTh onTEMalbHAafA CTpaTerud NepBoro
ATPOKA, TO a AOIKHO ymosiersopath pasenctBy (70). G apy-
rofi CTODOHH, eCIM MH TPEJNONOMKEM, UTO a — KaKoe-1mbo
amesno, yhaoBiaeTBopsaomee paseHcrsy (70), To pas Bcex y

{

v< M (a, y)=S M (z, y)dl, (%),
0

TaK 4To na ocHoBaHuu Teopemsr 10.6 7/, ecrhb onTUMasbHAA
crparernsi. J[0Ka3aTenbCTBO BTOPOH dACTH TEOPEMHl AHAJIO-
TUYHO.

3ameuannme 10.13. U3 reopemn 10.17 BrTEKAET
OueBMHOE CIENCTBHE, YTO ecou [/ —HenpephiBHAsA NJIATEX-
Hag (QYHKIWA HENPEPHBHOH MIPH W ecid CYI[ecTByeT ONTH-
MagpHasA crparterus [, Mad NepBOro MIPOKa W ONTHMAJbHAA
crparerus [, aaA BTOPOro WrpoKa, TO M HMeeT CeiJIoBYIO
TOUKY. .

Teopemy 10.17 nerko o6odmuTh paA HUrp, B KOTOPHIX
CYImEeCTBYIOT OOTHMAJbHEIE CTPATeTHH, ABIAIOMUECH CTYHeH-
qareIMu QYHKI@AMA JI000T0 JAHHOTO KOHEYHOTO HOPANKA.
Mu cpopmymupyeM 3T0 0000ImeHMe, OCTABUB [[0Ka3aTeJbCTBO
(BechMa ToXokee Ha fokasaTeabcrso Teopemu 10.17) B xa-
qecTBe yIPAKHERHA.

Teopema 10.19. Iycmv M — nenpepbi8HAS NAAMEHCTIAL
PyHEYus HenpepulsHOL Uepbl, U NYCMb CYuecmsyem Onmu-
MaabHAS cmpamezus OAs nepgo2o uzpoka 6 eude

0ylo + ...+ Opla,, (2).
To20a yena uepst v onpedessemcs GHopmyrol

m
v= “mmx max min 2 ;M (a;, ¥),
1<a,<. . <a, <t Loy, . 0 11€S,, 0<y<t i=1
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ede 6 Kauecmee Kowcmanwm o, ..., q, Ay, ooy Gy MOHCHO
83aMb M0bbie PeuleHus YPasHEHU R

m
min Y o, M (a;, y) = v.
o<y<t i=1

Ananozuuno, ecau cywecmeyem onmumasvhas cmpamezus
daa emopozo uzpoka ¢ gude

511131 o+ .. +ﬁnlbn (%),

mo
) n
v= min min max D B,M (z, b)),
0<b,<. . . <b, <1 || By. . .Bn lIE€S,, O<x<t i=1
a 6 kavecmge koncmawm Py, ...,B, u by, ..., b, mowro

83AMb Al06ble PEUIEHUS YPABHEHUR

max BM (z, b)) = v.
0ot i=1

Mas mocrenyomux cCHUIOK MHB BRIOTIEM TBE TEOPEMEI, KO-
TOpHie GyAyT WMCHONB30BaHHL B TaaBe XI. Joxrazatenicrsa
9THX TEOPeM MEI OCTAaBJsAeM B KaueCTBe yMpPasKHEHMIL.
Teopema 10.20. Jlwbas sunykaas auneiinas Kombu-
RAYUA ONMUMALLHOLT CIMPAMERUll ecmb ONMUMAILHAR cMpa-
meaus,. =
Teopema 10.21, Ecau

Fp, Fy ..., F,, ...

nOC4e006amessHOCID  ONMUMANSHHEL — cpamesud, KOmopas
cxodumes k @ynkyuu pacnpedeaenus F 60 ecanod mouxe
nenpepeienocmu  gynkyuu F, mo F ecmv onmumassmasn
cmpamezus.

Bn6anorpaguueckne 3amevanas

Bueperie moxasaremscrso teopemnr 10.4 Gruto JIaHO B pa-
Gore Bunsa [109]. [loxasarenscra oGobmenmii 5Toif TEopeMbl
AaHel B paGorax Bampma [115] m Kapmmma [56).
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YopamxuaeHnusa

1. HNokaxmre memmy 10.2. .
2, TlpoBepbTe HemocpefCTBeHHHMH alre6pamdecKHMHA BEHIKIASKAMH,
910 eciH

1% -} G12%,
a2 %1+ A22%2
ABe OJHOPORHbIE JWHeHHHle (OPMEI, TaKWe, 9TO NJA BCAKOrO || &y, ||
B S, ambo
ay %+ a39%2 <0,
nn6o
1%y 89572 < 0,
TO CYI|eCTBYeT BJIEeMeHT “;152“ MHO}KecTBa S, TaKOH, 9T0 [AJIA BCex
|| z12, || M3 Sp
(81121 - 819%3) Y1 (a1 %1+ 820%5) Y2 < 0.

3. Iycts T'—HempepsBHAA Urpa, y KOTOpO#l miarexxsas Qymxums
ecTh

! 1
M (z, y)—m )
rae 0 < A,<—f;—. IoKakuTe, YTO CIEAYIOIHE PABEHCTBA COCTABIHIOT

pemennme urpu I':
Fo(2)=1y (%),
2

Go ()= o () + I, @),

p=—
=7

4. Tloxasxkmre, uto mrpa mpmMepa 10.11 He mMeeT TaKOIo peleHHd,
9T06H ONTHMANLHAA CTPATETHA BTOPOrO HIPOKA OblIa DIEMEHTOM MHO-
mecTBa Dy, TO ecThb 9TOGH MH HMeln JJA HEKOTOPOro a

Gy (y)=1Ia ().

5. IlokaxmTe, 4YTO ¢ciaW [ ecTb HempepeIBHAA (yHKOHA, Takas,
9T0 JIA BCEX U

flut1)=f(w),
B eClIH MBI IOJOMHEM
- M (z, y)=f(z—y),

R -7 WO
TO HempephIBHAA HTPa, y KOTOPOi miatesxHag GyEKmms ects M, AMeer
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cllefiyiomee pemmenne:
Fo(@)==,

Gy (v)=1y,
i

v= S f(u)du.

0
6. Ilmaresuas QyHKOAA HempepHBHOMH UIPH €CTh

1
M=

[loraskare, uTo He CymeCcTBYeT ONTHMAJbHHX CTpaTerdil, HMeOmuX
eJeyiomuii BAL:

Fo (2)=14 (z),
Gy (y)= 61151 (y)'l‘ﬂzlbz (v).

7. Hafipute omTuMambHHe crparermm VIS Arpel yOpaskHeHms 6,
HMeIOMue ClefyOnAi BUL:

Fy ("')=‘111al (9")"|‘0‘21a2 (=),
Go (y)= b‘lbx )+ p’lbz (¥).

8. Iloxammre, 9To ecim

Fy(z)==,
Gy (y)=y
CyTh ONTHMAJbHLE CTPATErWH B Hrpe, EMeIOmeil HeMpePHBHYIO IJa-
Temuylo Gysxouio M, To >
! F* () =22,
G* (y)=y*

CyTh ONTHMAJLHEC CTPATErWA B Wrpe, Y KOTOPOR miaTeskHas (yHk-
ouA M* ompepelifeTcs ypaBHeHHeM

M* (=, y)=M (=%, v?).

9. O6GoGmmure mpenoMeHHe, YCTaHOBJIEHHOE B yNPasKHEHMHA 8.
10. ITycrs a— (pMKCHPOBAHHOE ~MONOMRETENBHOE YACIO, W HyCTh

M(x, y)=a(x_y)+xy AJLs x<y1
M (2, y)=0 ana =y,
M(z, y)=a(z—y)—zy maz z>y.

Hafipnre pemende Wrps, mia KOTopoit Niatessas (yHKIUA ects M.
1. Toxammre Teopemy 10.20.
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12. IlokamnTe, 9TO CYIeCTBYeT pelieHde WIPH, mJaTe:KHasd QYHK-
nma KOTOpOil ompefielieHa CleRymommM o6pasom:

MO, 9)=1—y,
M@ y)=|z—y| pa 0<z,
MW{, y)=y.

Ykasanme, IIpmMennte QyHKHEIO O, ONpefeleHHYI0 clefy-
ommM 06pasoM:

8 (0)=1,
8=z mma 0<a<1,
8 (1)=0.

13. Ilnare:xuHan QyHKOMA HempepPHBHOH MTPH €CTb
M(z, y)=¢"" pma y<w,
M(z, y)=€¢"" ma y>a.

Haiijate pJjia 970l WIPH ONTHMAJbHEIE CTPATEI'HH, HMEIOIIHe Clefy-

OMAR BAN:
Fy (2)= 0, Fy (2)+ g [T () 411 (#)],
Go ()= P1G1 (¥)+ B2 [Lo () +11 (W],
rae Fy, u G, cyTs mBaskas nuddepeEnmpyeMble QYHKIME paclipejielie-
HAA OpH
Tdr

14. IOna wrpet npmmepa 10.14 Hadigmre onTAMalbubie CTPaTeTHH,
MMEOIHe BUA:

dFl(x):;&O, ‘_i_GJluLy_)#:O u a; >0, 6l>0’

Fo(x)= allal (=)+ ‘121% (=),
Gy (y)= ﬁllbl (y)“i"ﬁzlbz ().

15. Iloramxmure Teopemy 10.20,
16. Hoxasxmre Teopemy 10.21,

TR A ra-o



FIIABA XI
PA3JIEJINMBIE UI'PhI

1. Merox oroGpaskenus

B »sroit rmaBe ME paccMoTpuM ZoBOMBHO MUPOKUHA KjIace
urp ® omumeM meTon ux pemenus. Oymknua M (z, y) asyx
UCPEeMEHHEIX HABHIBACTCA PA3deaumoll (WM NOAUHOMUALLHOLL),

€CIH CYMECTBYIOT 7 + N HeNPEePHIBHNX GYRKIMIA 7y, ..., 7y
S5 ++.s Sy I MN KOHCTAHT 4y, . . ., G, TAKHX, 9TO TOK-
HeCTBEHHO 10 T W Y BHINOXHAETCA
nom
M(z, y)=D) > a;;ri (%) s; (). (1)

i=1i=1
Tar, pysruma M, onpegemennas ypaBHeHHEeM
M (z, y) =zsiny+ z cos y 4 222
pasjgemumMa; 37ech ME MOKEM B3fiTh: R
r(z)=z, s (y)=siny,
ry (@) =% s,(y) = cosy,
s3(y)=1.

OueBnpHo, nammas pasgemnmas QYHKROUA MOKeT GHTD mpen-
cTaBieHa B ¢opme (1) mHOrmMEM cmocoGamu. Hanpumep, pus
YKa3aHHOH BEINE QYHKINM MH MOMEM TaKsKe B3fTH:

1 (z) =2, 8, (y)=siny +cosy,
ry (%) =222, s, (y) ———%.

Ecan ¢yuxkmma M pasfennMa, To IO OIpefeleHNi0 ME

nUMeeM TOMAECTBEHHO IO T U Yy
m

M y)=2 3 ayri@ s @) =2 [X ayr: @) s; )

=
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clieloBaTeNbHO, IIONOMIB:
m
t; (z) =§1 a;ri () (=1, ..., n),
ME MOKEM HalIUCaTh:
n
M@ y)= 2 @) @), (2)

rae QYHKIUHU ¢; W S; HeIpPePHBHHL.
Muorounen or AByX mnepeMeHHHX ecCTh, O4eBHAHO, da-
CTHHII caydait paspgenumoit ¢pymkmun. Tak, mHOrowien

xy + 2%+ zy? + 222y + 2%y*
MOeT GHITH IpeficTaBieH B opme (2), eciam B3ATH:
n@) =2z Ly =y+y
ry(x) =22, t,(y)=1+2y,
r3(z) =2% l3(y) =y

Pasdesumoii (nnm nosunomuasvroll) uzpoii ME Ha3HBaeM
HeMPEPHBHYI0 MIPY, Yy KOTOPOil WiaaTexsas QyHKIuUS pas- -
nenuma. Taxum o6pasoM, B pasgeinuMoil Wrpe INIATeKHAA
dyHKnua ymoenersopser ypasHeBmio (1), rme r; M S
(1<i<m m 1<j<n) cyrb HempepHBHHe (QYHKIUH Ha
3aMKHYTOM eJMHMIHOM WHTEpBaje.

Ecmn M — nnarexxsas QyBEKIUA pasfgenuMoil HCPH U eciu
P, mpuvenser cvemannywo crpareruio F, a P, mpumeHser
CMeINaHHyI0 crpatermioo G, TO MaTeMaTW9ecKoe OKUIaHAe
E(F, G) puurpuima gaa P, (Ha ocHopanum ypasmeHus (1)
M HEKOTOPHX MPOCTHX CcBoMcTB mHTerpama Grmiarneca)
OLpefeNseTcsa Tak:

11

E(F, G) = § SM(x, y) dF (z) dG (y) =
0

n m

11
= \ S [2 2 7 (2) s (y)] dF (z) dG (y) =
00 Jj=1i=t ‘

. 1 1
=2 X a; \ (@ dF () §sj () dG (3). (3)
0

j=1 i=1
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Taxum obpasom, E(F, G) zaBucwr or F n G qumb mo-
CTONBKY, IOCKONBKY F u G BIUAIOT Ha 3HAUYEHHE KOMIOHEHT
ABYX BEeKTOpPOB

r () dF (x) ... 1& T () AF (x) ”
0

O

n
1

(A6 W) .. §sn @ 4G )|

Jlerko Bumers, 4TO
1

H S r (2) dF® (z) . .. i r (x) AP (r) “
0 0

=

1

” S r (z) dF® (2) ... i Fon (@) AF® (2) “
0 0

MOTYT OpefCTaBIATh OMH M TOT JKe BEKTOD, ecam paske KV
u F® He TOMEeCTBeHHH, HO ecidm 1Ba BEKTOpa TOMK7e-
CTBeHHBI, TO He3aBUCUMO OT TOTO, TO:KAecTBeHHH FV m F®
WA HeT, BHIIOIHAETCSH

E(Fm, G):—-E(Fm, G)

AJaA BCAKOH QYyHKIMHM pacnpefenenus G, m He MMeeT 3HAUe-
HuA, npuMeHser ju P, crtpartermio F® wmmm crparermio F®.
Hoatomy, Korfa ABa JAHHEIX BEKTOpa OTHHAKOBH, MH GyHeMm
HasHBaTh crparernn F mw F® skeuganenmusimu (KOHEHO,
OTHOCHTeNbHO gaHHOH urpar). Taxum ofpasoM, eciu mMeeTcs
HeIpepEIBHAA Wrpa, IJIaTe;KHasg QYHKIUA KOTOPOH Y OBIe-
TBOpser ypasHenuio (1), To, kax Me BEguM, maa P, BrGop
CMeIIaHHOH cTparermn F® cBogurca K BHOOPY TOYKH
@, ..., ui|| m8 HexoToporo mommmoscecrBa U m-MepHOTro
eBKIAJI0BA IIPOCTPAaHCTBA. ITO MHOMecTBO U, KOTOpoe MEI
Oynem mHOrAa HaseHBaTh mpocTpaHcTBOM U, COCTOMT W3 Beex
Touer ||uy, ..., U, || Taxmx, urto mua HEKOTOpoil (QYHKIUYU

i gl
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pacupeneienus I
u, = S r, (x) dF (),
%)

1
u, = § T (%) dF (z).

Korpa u=|lu, ... u,| m F ynosuersopser pasencrsam (4),
MBI TOBOpUM, 4To u W F coomeemcmeyiom Opye dpyey (nam-
HasA TOYKa B mpocrpaHcTBe U OymerT, BooGIIe TroBOps, COOT-
BETCTBOBATbH PAa3IMIHEIM (QYHKLUAM pacmpefieleHns).
Amanormano, gas P, BruGop cmemaHnHoii crpaTeruum G

CBOAATCH K BHGOPY TOUKH lw® ... wy| us mHOmecTBa,
KOTOpoe MH HazoBeM npocmpancmeos W, TO ecTh M3 MHO-
#eCcTBA BCEX TOYeK || W, ... W,|| n-MepHOro eBKJIMTOBA MpO-

CTPAHCTBA TAaKHUX, 9YTO MNJIA HEKOTOPO QYHKIUU pacrpeje-
JeHusA

w=\% (y) dG (y)’

I T

-

Wy =\ 8, (y) 4G (y).
0

Cuenyer samernts, uro MHOsecTBa U m W OTHOCATCA K JaH-
HOMY 4YacTHOMY IIPeACTaBIEHWI0 ILTATeKHOH (yHkmum M.
Hax mm1 Bugenu pampme, omHa u Ta ke QynKmua.-M Moser
YAOBIETBOPATh KaK DPaBEHCTBY

2 3
M (z, y) =j=.21 t__)_% a;;r; () S (y),

TaK M DPABEHCTBY
2

M (z, ?/)='i§i ri (%) 4 (y)-

[Ipn nepBom .gpescTaBIeHnN ¢ysrnuu M mupocrpamctso U
€CTh IO[IMHOJKECTBO TPEXMEPHOTO0 eBKJIM[0Ba IPOCTPAHCTBA,
a npm BTOpoM — aBymepHoro. Ho Mpl wacro Gymem omyckars
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CCHUIKY Ha 3Ty 3aBUcuMocth MHOMecTB U m W oT cpocoBa
npefcrasnenus ¢ynrnum M, Tak Kak upm pasGope maHHOM
UrPH MH 0GHYHO moaraeM, 9To IPefCTABIEHHMe 3aJAHO pas
1 HaBcerja.

Ho cux mop MH cumramm (GYHKIHIO MaTeMATHIECKOTo
O'KUJAHUA BHUTPHINA E ompefesieHHOA TONBKO AN QyHKITHI
pacmpenenenus (B KauecTBe aprymentoB). OmHAKO s He-
KOTOPHX TalbHEAMNX PACCysK/ACHNI YMECTHO FOBOPHTD TaK:Ke
0 MaTeMaTH4eCKOM OMJAAaHW BHUTDHIIA Urpoka P,, korja
P, Bubupaer Touky u wu3 mpocrpascTBa U, a P, BriGupaer
TOUKY w w3 mpocrpanctBa W. IlosTomMy Mm pacmmpsem
ofnacte ompefeneHus Qymknuu E  ciaedyomaMm o6pasowm:
ecan u — ao6as Touka npoctpamcTBa U, a w — mo6asa Touka
npocrpanctBa W u ecim F — mobasa ¢Qymxnma pacnpepeme-
HHA, COOTBETCTBYIOIAs TOYKe ¥, a G — mo6Gas PyRKnma pac-
TpefiefieHNsd, COOTBETCTBYIOMAA TOYKe @, TO MH mHoJIaraeM:

E(u, wy=E (F, G). 2

w——

2 b .

E—

W3 sroit popmymnuposkn scHO, uto E (u, w) opm sToMm ompe-
fieleHAa KOPPEKTHO, TO €CTh, eclUM U COOTBETCTBYeT u F, i
n F’, a w cooreercteyer u G, m G, o L

E(F,7 G')=E(F’ G),

e

Hn MBI MOMKEM TaK;Ke HaNmcaTh:
.
E (u, w)=E (¥, G').

U3 (3) mm BupnM, wro ecim u=|u,, ..., U, | — mobas
Touka mpocrpancra U, a w=||w,, ..., w, | — 106as Touxa
npocrpaHeTBa W, To

n m
E(u, w)= 3 > auw,
j=11i=1
Urak, E ecth 6uiuBeiinas gopmMa 0T KOOPAMHAT U ¥ W.

Jlna Bamux memeil skemarenbHO Teleph YCTAHOBUTH He-
KOTOpHIe TreoMeTpUYecKkue cBoiicTBa mnpoctpaHcTs U um W
U OMHCATh COOTHOWCHWE MEKJY KaKABM M3 OTHX HpO-
CTPAHCTB M MHOKECTBOM BceX OYHKIUA pacipesleleHns.
Jdra  momoyikenmA GyAyT CHOPMYIMPOBAHEL B HECKOMbKUX
narbHeHmAX TeopeMax.

. |
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B raase II ME ompegemnmnu moHATHe BHIIYKJIOH THHei-
HOH KOMOWHAIMM KOHEYHOI'0 YHCJIA TOYEK eBKIHMIOBA 7I-Mep-
HOTO IIpocTpaHCTBAa. Ilo aHamormm ¢ 9TUM NOHATHEM MH
roBOpUM, 9T0 QYHKOEA F ecTh GunykAas AUHElHAs KOMOU-
wayua Gymxmmi FU, .., F™ ¢ pecamu Ayy +v-y Qp, €CIH
lla;, ..., a.||€S, u ecmu mua Bearoro z ms [0, 1]

F () =a,F" (@) + a,F® (@) + ... +a, 7" ().

Horga F ects Takad BHOYKIAA JIWHeHHad KOMOMHAIHA
pymxmmi F, . FO, yp OymeM mnwcaTh OPOCTO TaK:

F=aF®4a,F®+ .. . +aF7,
Teopema 11.1. Dyems F®, ..., F® _ $yukyuu pac-

npedeaernus, u®, ..., ulP) — coomeemcmeyowgue mouku npocm-
pancmesa U pasdeaunoi ueper u ||a, ... a,| — m0boi asemenm

muoomcecmea S,,. Tozda mowra
u=au®+ ... +au®
ecmv mouka npocmpancmea U u coomsemcmsyem @Pynkyuu
pacnpedeseHus
F=aF®+ .. 4aFP.

AHanoTHYHOE NPpefJIoKeHHe CHOPABe[INBO [JA pPOCTPaH-
crBa W.

HoxasareascrBo. IlycTs mumarexnas ¢ymkmua pas-
TeauMod WIPH yZOBIETBOPSAET PAaBEHCTBY

n m
M(z, y) =],_21 A a;;ry (%) s; (y)-
Iyers a®=|luf® ... a@®| (i=1, ..., p). Iocromsry
u® coorsercTByer F® (=1, ..., p), ME umeem:

1
ulh) = § r () dFD (z) puai=1, ..., puapgnaj=1, ..., m. (5)

Oycrs u=|lu, ... u,||. ockonsxry

u=a,uV+ ... +au®,
MH BHJ{HM, 9TO
ST R

uj=aui’ 4 ... +au® mma j=1, ..., m. (6)
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s (9) u (6) mm 3armogaem, aTo mus i=1, ..., m
u; =a, § ri (2) dFY (@) + ... +a, § r; (z) dF® (z),
0 0
1, CJIE0BATENLHO, HAa OCHOBAHMM COOTBETCTBYIOMIAX TeOpeM
06 mHTerpamax Crmatbeca, mas =1 ..., m
;= § r; (@) d[a,F (2) + ... 40, FP (2)] = i r; (z) dF (z).
b ]

M
Hockonsky mo Teopeme 8.3 F ects QYHKIOMA pacnpefeieHns,
MEL 3aKmodaeM, 910 4= |lu,, ..., u, || coorsercTByer PymK-

Uy pacnpegeneHus F, u, ClIegoBATEIbHO, MmO OIIpe/IeIeH IO,
U NPUHA/IEKUT TPOCTPaHCTBY U.

HoxrasatemscTBo mus mpocrparcTBa W anajormaso.

Mz moxem xmaccmdpunmposats Touxm mpocTpadcTBa U
1O THIAM COOTBETCTBYIOIIMX WM (GYHKUMA pacmpeeleHns.
Ocobenno BaskHOE mOAMHOMECTBO npocrparcrea U — a1o mop-
MHO3RECTBO, CO/ePKaIiee Te TOUKH, KOTOPHE COOTBETCTBYIOT
ONHOCTYNIeHIAaTHM ¢(GyHKmuaM. M o6osHauuM 3T0 IOgMHO-
#ecTBO vepes U*, a aHAJOrHYHOE mOMHOKECTBO NpoCTpaH-
ctBa W dwepes W*, Becsma monesma clefymomas, Jerko
HOKas3HBaeMas

Teopema 11.2. ITycms naamedcnas Pyuryus M pas-
Oeaumoli uepw. npedemassena pasercmeom

n m

M(x’ y) =52 A a;iry (x) §; (y)’

=1 i=

ede r; u s;— nenpepuisnbie PYHKYUL coomeemcmeenHo om
u y. Toeda muoncecméo U* (no omuowernuio % dannomy nped-
cmasaenuio) cocmoum us ecex mouer ||u,, ..., u,,|, makuz,
umo 0as nexomopoeo t us [0, 1]

uy=ry(t),

Up =T, (2).

Amanormano, mmomecTBo W* cocromT m3  Beex TOYeK
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lwy ..y w, | Takmx, w9ro mua HEKOTOpOro ¢ wus3 [0, 1]
w, = s, (£),
W, =s, ().

Hoxasarexncrso. Ilo ompexemenmio MEOMKecTBA u*
TOYKA |4y, ..., U, | npumamzesxwnt mpocrpancTBy U Torga
1 TONBKO TOTAA, KOT/a MMeeTCA COOTBETCTBYIOMAsA “eif OfHO-
crymendaras ¢Qysxknua [, To ecTs, KOTJa 1A HEKOTOPOro
te[0, 1] Mu mmeem:

U, =

ri(2) Ay (z) = ry (1),

ry (@) dI, () = 14 (1),

l = § m (@) A1, (2) = (9.

JloKa3aTelbCTBO BTOpOH UACTH TEODPEME AHAJOIMIHO.

+Crepgcreme 11.3. Mumomecrea U* m W* mus mwoGoit
PasfeanMoil UIPH CYTH OTPAHMYEHHEE, 3AMKHYTEE, CBA3HEIS
MHOKeCTBa.

JloKazaTenbCTBO BHITEKAET W3 TOro, 4TO ¢ysKmmn r; us;
CYTh HeNPEPHBHEe QYHKNUH, OIpPefeleHHEE HA BAMKHYTOM
HHTepBale.

Teopema 11.4. ITpocmpancmeo U das wwo6oi pasde-
UM uzpsl ecmb gunykaas o6osouka mroxmcecmea U*, g npo-
cmparcmeo W — evinykaas o06040uka mmoxncecmsa W* (ce-
AOBaTeIbHO, MPOCTPaHCTBO U — M aHAIOTMYHO NPOCTPAHCTBO
W —ec1n - 3aMERyTOe OrpanmieHHOE BHIIIYKJI0E MHOECTEO),

HoxasareancTBo. Iycrs U’ — Bunykmaa o6omoura
mEojkecTBa  U*. MH xoTHM mokasats, uro U’ coBma-
AaeT ¢ mpocrpaHcTBoM U, 10 ectpr U’'=U. ITockonbkry
U*C U, Mu BOAEM HemocpejcTBeHHO W3 TeopeMH 11.1, uro
U'C U. HosToMy ocraercs ammp mokasaTs, uTo ucu'.

HomycTaMy=sTo mMeeTca Touka 2=z, ... 2,|, npu-
Hapme:xamasas U, Ho He mpumajgmerkamas U’. Iockonbry,

17 Hom. Man-mecu
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corgacuo ciefacteuio 11.3, U* orpammdeHo u 3aMKHYTO, MBI
puamM, dro U’ TakyKe 3aMKHYTO M OrPaHMYEHO; KpoMe TOro,

U’ — unykiaoe. Ilockomsky z=|2, ... 2, || He Haxomurcs
B U’, To m3 TeopeMn 2.3 MH 3aKiI093eM,; 9TO CYyM(ECTBYIOT
[OCTOAHHHE @y, ..., Gy, D u 8, TNie 8 > 0, takme, 4TO
a1z1+...+amzm+b>0, 8)
u as 060l TOURM ||Uy . .. U, | MmOxecrsa U’
au,t ..t agl, +b<—8<0. 9)
Us (8) u (9) MBI BHAEM, 9TO JJIS BCAKOM TOUKM [y ... U I

muoxecTBa U’

(@2, + .o+ a2z, +0) — (@8 + ... + apl,+b) > 9,

M, ClIef[0BaTeIbHO, ITO
(@214« o Q) — (@ - o ) > 6. (10)

Mockonbky (10) cnpaBeftnBO MiA BCAKOH TOUKH || Uy . .. Uy ||
3 U’, OHO CIPaBeINBO, B 9aCTHOCTH, JUIA BCAKOH TOIKH
3 U*. Orcrona Ha ocHOBaHMU TeopeMmsl 11.2 Ml 3aKmiogaeM,

aro pas Beex t€[0, 1]
(a2, -+ 2] —[ar () + - o+ anrn (] > 8. (11)
Mycrs Temeps F — QyHKuuA pacmpepieleHus, KOTOpoi
COOTBETCTBYeT TOUKA ||z ... Z,|| mpocrpancrsa U, To ecTh
TaKas, 9TO

S

1

1
z1=grl (x)dF(x):Srl(l)dF(t),
0
......... (12)

tn=\ 7 (@) dF (x)=§ r. (t) AF ().

<

Uz (11) mu 3akmodaeM, 9TO
1

§ {[ayzy+ oo +ap2,]—
1

—[ar, )+ - e ON AP @) > §8dF (),
- 0
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n, cJIex0BaTeJIbHO, IOCKOJBKY BC@ BeJIMYMHEI 6; Qyy « -y Qs
Zyy ooy 2,, TOCTOAHHHI,
1 1
1012y + -+ -+ + Qi) S dF(t)—alg r(t)dF () — ...
0 0
1

1
o= @ aF @ >ag drF (1),
win ’ ’

1
layz,+ ... +auz,]—a; S r(t)dF () — ...
0

1

...-—amS ro (8) dF (1) > 6,
0
niau, HaKowen, Ha ocHoBaHMH (12)

(@24 - Fanz,]— [z 4 +apz,] >0,
i
0>3.

Ho sro mpoTmsopednt ycioBumio nosaoskutensnocta 8. Orciona
MH 3akmiogaeM, uro UC U’, aro u TpeGoBajOCh A0Ka3aTh.

ITockonpky U’ = U, W MOCKOJBKY MH BHUMENH, 9TO MHO-
mecTBo U’ orpaHwveHHoe, 3aMKHYTOe M BHIIYKJIOe, MEL 3a-
KaodaeM, 4T0 MHOKecTBO U TakiKe OorpaHMYeHHOE, 3aMKHY-
TOe W BHIYKIOe. JTO 3aBepmaeT MoKasaTeabcTBo. Jlokasa-
TeNBCTBO A MpocTpaHcTBa W aHAJIOTMIHO.

Teopema 11.5. ITycmv M — naamexncrnas GHyHEYUS
pasdeaumoii uepsl, U RYCMov .

n
M y)=3 @t

Toz0a ecaras cmewannas cmpamezusa (060ux u2pokos) skeu-
éaneHmMHA cmynewvamol GHYHEYUU € YUCAOM CTYNeHeld He
Goavuie n; 8 wACMHOCIMU, KaxcOulll uepok UMeem Onmumanb-
Hylo cmpamesulo, KOMOpas AeAAemMCA CMYNEHUAmoi GHyHk-
yuel ¢ wucaom cmyneHell we Goavuie n.

HoxasesenncTBo. Ilycrs F — mobas GpyEKIEA pacmpe-
NeleHus, W IyCTh 4 =||u, ... u,'|| — Toura mpocrpanctsa U,

17
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CoOTBeTCTBYIOmAA ~¢yHKOUE F (NOKasarTenscTBo O6ymer ama-
JOTMIHEIM, ecliM MH Gepem ¢QyHKIHIO pacupepenenua G
Ans Py m paccMaTpmBaeM Touky npocrpanctea W, koTopas
coorsercTByer Qymkmmu G). Tlockompky npocrpancTBo U mo
Teopeme 11.4 ecTs BImyKias oGoouxa CBSIBHOTO MHOKeCTBA
U* 1 nocxonsky mpocrparcteo U ecrs MO MHOKECTBO eBKJIN-
AOBa n-MEPHOTO HPOCTPAHCTBA, MH BHAWNM HA OCHOBAHUH

TeopeMH 2.1, uWro HMMeOTCs TouKH a), ... u™ g3 U* n
ameMenr |(a, ... a,| ms S, Takwme, uro

cu=au4 L g um,
Hockonsry u(V), ..., u™e U*, 10 wumenorcs CTyIeHJaTH e
Pyurun 1’1’ eovy Iy, mamme, wro u® (mma i=1, R )

COOTBETCTBYeT (JyHKLIHI I,i. Torma mo reopeme 11.1 Mur Bm-
maM, uro ¢ysknua I, ompenenemmas PaBeHCTBOM

[=(11111+ e —|—anlin,

coorBercTByer Touke u. OweBuano, / ecTs crymemuaras PyHK-
nus, uMelomas camoe Goabinee n cryneneii, u / m F sksuBa-
JEHTHHI, TMOCKOIbKY 00e GYHKINE COOTBETCTBYIOT OXHOM 1 TOM
e TouKe mpocTpamctBa U.

B gacrmocru, mobas ourmmanbmas crpaterus F (o Teo-
peme 10.4 Takas cymectByer) sKBUBajeHTHA CTYIEeHYaTOR
¢yurnuu I, umeromeii camoe Goxpmee JU CTyIeHed, W Takas
dysxnua I, koHedno, cama ONTHMANBHA.

Oxapakrepusyem Temepp Te TogKH npocrpascte U u W,
KOTOPEIE COOTBETCTBYIOT OOTAMANBHKIM cTpaTernsaM. Jlis aroro
YMECTHO ompe/iesinTb oTo6pakenne ToueK mpocrpamcTsa U
B MHOKECTBO To4YeK HpocTpaHcTBa W U oToGpaKkeHme TodYek
mpocrparcTea W B MHOkecTBO Touer mpocrpamcrsa U. Ecam
u —mobaa Togka upocrpamcrBa U, To0 00 pasom mouku u MH
OyfleM Ha3HBATh MHOKECTBO TOUEK W mpocrpancrBa W Ta-
KAX, 9TO0

E (u, w)=min E (u, y).
VEW

Bynem o6osnauats o6pas Tourm u gepes W (2). Amanormuno,
eciu w —mobaa Touka mpocrpaHcTBa W, ToO 06 pasom mouku
© M GyfeM Ha3HBATH MHOKECTBO BCOX TOUGK U mpocTpaH-~

1
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crea U rakmx, duro
E (u, w)=max E (z, w).
xeU

O6pa3 Toukm w oGosmHauum dgepes U (w).

Ecau Tourka u mpocrpanctsa U B, TOYKA @ NPOCTPaHCT-
Ba W raroBs, 910 @€ W (u) m u€ U (w), To Mu HasHBaeMm
TOURY u ukcuposarnoi moukoli mupocrpanctBa U, a TOUKY
w — gpukcuposannoii moukoii mpocrpancrea W.

Teopema 11.6. Ecau F—awbas @ynkyus pacnpede-
AEHUA U ecall U — COOMEEMCmeyowas eil mouka npocmpar-
cmea U, mo F ecmv onmunmaavhan cmpameeusn 0aa P, moeda
u moavko mozda, kozda mouka u Purcuposanmas. (AHamdo-
. TW9HO, QYHKIMA pacupefeleHns G eCcTh ONTUMAalbHAH CTPa-
reras #as P, Torga W TONBKO TOrfHa, KOTHA COOTBETCTBYIO-
mas ToYKa w mpocTpaHcTBa -W ecTh PuKCUpoBaHHAA TOYKA.)

HorasareancrBo. Ilyetrs F,— Qyurnma pacupene-
JeHNs, W OyCTh U — COOTBETCTBYIOIIASl €l TOYKA MpPOCTPaH-
crBa U. Ecam rosopmtes, uro u ecTh (MKCUpPOBaHHAA TOYKA
mpocrpadcTBa U, To 9TO 8HAUMT, YTO AJAA HEKOTOPOH TOYKH
w mpocrpancTea W mul nmeeMm w € W (u) n u€ U (w), T0 ecTp

E (u, w)=minE (u, y),
YEW
13
E (u, w) =max E (z, w). (13)
xeU .
Ecnu o6osnauurs wepes G, pyHKUMI pacupefelieHus, KOTO-
poil COOTBETCTBYeT TOYKA W, TO N3 ONpPEeNeHUs QYHKIHT
E (u, w) crenyer, ato pasencrsa (13) paBHOCHIBHH paBeH-
CTBaM

E(Fy G)=minE(F, G;) =maxE (F,, G),

KoTOpHe, cormacHo Teopeme 10.5, osmagaior, uro F, ects
ONTHMaJIbHAA cTparerns Amaa P,.

Teopema 11.7. Ecau u— mobas Pukcuposarnnas moura
npocmparcmea U u w —aobas gukcuposannas mouka npo-
cmpancmea W, mo u€U(w) u we W (u). ’

HorxasateancTso. IlockonbKy u ectb (HKCHpoOBaH-
Hasgd ToYKa Mpeerpamcrsa U, TO CymecTBYeT To4Ka @' mpo-
crpanctBa W rakas, uro u€ U (w’) m w' € W (4), To ecTs
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TaKas, 4To
E@, w)= meaé;E (z, w) (14)
u
E(u, w')=minE (u, y). (15)
YEW

ABanoruuHO, MOCKONBKY W €CTh (UKCHpoBaHHAS TOIKA mpo-
crpadcrBa W, To mmeercsa Touka u’ mpocrpamcrsa U Taxas,
910

-E (u’, w)=;nea§E(x, w) (16)

E (u', w) =min E (u’, y). 17)
YEW
Torga M mmeem:

E (u, w)<max E (z, w) u3 OmpeseNeHns MaKcaMyMa,
xeU

=E (u', w) Ha ocHoBamnz (16),
=min E (4, y) Ha ocHoBaumu (17),
YEW :
<E®W, w) M3 OIpefielleHNsA MUHAMYMa,
<mg§ E (z, w’) U3 ompefielleHAS MaKCHMyMa,
x
=FE (u, w’) BHa ocHOBaHMu (14),
=min E (u, y)k Ha ocHOBaHmM (19),
VEW :
<E(u, w) U3 oNpefiefeHNsA MHUHAMYMa.

Hockonpry mepBHift M WOCTeHUI WIeHE 3Tol Memy pPaBeHCTB
I HePaBeHCTB OAMHAKOBH, MBI 3aKJI09aeM, YTO Bce BXOJAMUE
CIOfia BEINYMHHI PAaBHBI, B 9aCTHOCTH . :

E(u, w) = max E (z, w),
x€U

=min E (u, y),
VEW

a aTo sHaumt, 9To u€ U (w) n w€ W (1), uro u TpeGosamocs
IOKa3aTh. .
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2. IloacHurenbHbIi mpEMep

JloxazanHEle HAMH TeOpeMH AOCTATOYHHI IS TOrO, GTOOHI
AaTh O0muil MeTox MOAXOXA K 3ajade OTHICKAHWA pemeHmit
ANA  pasflelMMHX WUrp: a) MH 49epTEM KpmBhe U* u W*
(COOTBETCTBEHHO B M-MEPHOM W N-MEPHOM MpPOCTPAHCTBAX) W
onpe/iesiAeM MX BBHIIYKIble 060J0YKH, KAKOBEIMH IO TeopeMe
11.4 apnsiorea coorsercreerro U m W; 6) MH Haxommm
W () pna mo6oit Touskn uw€U w U(w) maa moboit Togxu
w€W (370 paBHOZHAYHO OTHICKAHUIO TOYEK B HEKOTOPH X
3aMKHYTHX BHIYKIHX MHOMECTBaX, Iie HaHHEE JWHeHEe
GopMH TPHHEEMAIT CBOM MMHUMANbHEHE W MAKCUMAJIbHEIE
BHAYEHUA); B) MCHONB3YA Pe3yAbTaTH NyHKTa 6), MH HaXo-
muM QuKCAPOBaHHEE TOYKM mnpocTparctB U u W; r) MH
npefcrapisfieM (HKCHPOBAHHBIE TOYKM KaK BHITYKIBE JIHHEMH-
Hile KOMOMHanuH TodeK MHOMecTB U* m W* cooTBeTcTBeH-
HO W ¢ moMomplo Teopembl 11.1 maxommm ¢ymnrmmm pacmpe-
leleHNA, KOTOPHM COOTBETCIBYIOT (UKCHPOBAHHEIE TOUKH. .
JTn QyHKOUE pacmpefeneHEA Oy[AyT ONTHMANbHBIMU CTpaTe-
raamu. [loscanm »TOoT MeTox Ha mpumepe.

Mpumep 11.8. Ilnarexxnas ¢ymknus M pasgennmoir -
UTPH  ONpefieIAeTCA CJAeAYIOIUM DPaBeHCTBOM (MisA J06oi
TOYKM || 7y || 3aMKHYTOr0 eJMHMIHOIO KBAJpaTa):

M (z, y)=cos 2nx cos2ny +z + y.
3necs MH mpuMeM:

r(z) ==, $1(Y) =y,
Ty (%) = cos 2nz, 8, (y) = cos 2ny,
rg (2) =1, 83 (y) =1,

TaKk 4T0 )M TpefcTaBleHA CIEAYIOIMUM o6GpasoM: .

M (2, y) =r;(2) 53 (y) +r1(2) 85 (y) +75(2) 8, (y).
Ouesnpno, mpocrpamcrso U nexur B miaockoeTn ug=1, a
npocrparctBo W — B miockocru @y = 1. Haueprum ama mpo-
CTOTH JBYMepHOe M300pajKeHue 3THX NPOCTPAHCTB.

HKpupaa U* pripamaercs ciieyomaME IapaMeTpEIecKIMI

YPaBHEHUAMMU:
. u, = t,

u, = cos 21t,
u3 = 1.
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Ipocrparcto U ects BHOyKIas obormouxka kpupoi U*, mpex-
CTaBAALMAA YacTh INIOCKOCTH Uz=1, OTpuHEUEHHYIO IpA-
Monuneiinbivu orpeskamu AB, AC m BD m pyroil kocm-
gycounsl CQD, wak wuzobpaxkeHo Ha puc. 42 (Ha TOM ke
pUCYHKe HOKazaHo MpocTpaHcTBO W, KOTOpPOE TO/EeCTBEHHO
npocrpaucrsy U). )

1744 177
X B A 8
47 (47)
7 ® 4 %
c Vi
Q

Puc. 42.

Haiinem KoopmummaTel To4KH C’', KOTOpHE IOHAm0GATCA
Haum BrocaencTsun. O6o3nadnm Toury C’ gepes || y, cos 2ny, 1]|.-
Haxnor m upamoit A'C’ Takoil ske, KQK HAKIOH KPHBOU

' wy=cos 2nw,

B TOUKe W, =Y, CJIBJIOB&TOJII)HO,

m=S22NL — _ ousin 2ny,;  (18)
0TCI0O1a MBI noJjydaem:
__ 1—cos2my; __
2y = —nomy, = 8 W (19)

rae Znyl—yro.u BO BTOPOM KBaJipaHTe. Pemas sro Ypas-
HeHue, ME HaX0AMM ¢ TOYHOCTBIO [0 MABYX HOE€CATHYHHIX
8HAKOB:

y1=0,37,

m= —4,55.
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Taxnm o6pasom, koopraurars roarn C’ cyTs || 0,37 —0,68 1.
Eciu F— nwbaa crparerns urpoka P, u G — mobas crpare-
rua P,, To maremarudgeckoe osxupanue E (F, G) pasno

St - 1
E(F, G) = S cos 2nx dF (z) S cos 2ny dG (y) +
0 0 ' )
1 1
+ {2 dr @+ (y de ).
0 0
BemommmM, 4To TouKa ||u,u,| UpHHAIEKHT HPOCTpAH-
crBy U Torma M TOABKO TOT/IA, KOTHA MJA HEKOTOPO# (yHK-
nquua F

L oL

z dF (z),

U

cos 2nz dF (),

u2=

7 TouKa ||w, w, 1| mpmmagmesxmt mpocrpamctBy W Torpa
¥ TOJILKO TOTAA, KOTAA AJMA HEKOTopoil (yHKouu G

[ |
w1=§ y dG (3),

|
W, = Scos 2ny dG (y).
o

Mur BummM, uto ecim P, BHOupaer TouKy u=|lu, u, 1| m3
U, a P, suGupaer T09ry w=||w, w, 1|| 138 W, To Marema-
TH4ecKoe okumanuwe E (u, w) puaa P, ompefensierca popMmymoi

E (u, w) =u,w,+u, + w,. (20)

Hama 3amaga cocrour B TOM, 4TOGH HafiTm ABe TOYKH

U ¥ w, TpAHAJJIe;KaNmMe COOTBETCTBEHHO IpocTpancTBaM U
2 W u obnagaiomme TeM CBOHCTBOM, 9TO
S

2€U(w) 1 wEW (),



266 I'JI. XI. PABIEJIMMEE HIPHI

TO eCTh TarKue, 4TO

.max E (u, w)=minkE (u, w)=E (a, w).
ueUuU wWEW

MuosxecrBo U (w) aaa Beaxodl Touku w€ W ecTh HOJMHO-

’ecTBo mpaBoii rpammny BDQ mnpocrpancrBa U. B camom

nexe, ponycrmM, 410 U (w) copep:uT TOUKY a=||a, a, 1|,

He Haxofamywoca Ha BDQ. Ilyers a'=|a,+d a, 1| —

TOPU30OHTANLHAA TPOEKNUA ToukH a Ha BDQ, rpe d ects

paccrosinde (momosknrenpnoe) or a Ao a’. Torma uz (20) mur
BAIHM, 9TO -

E(@, wy=E((a, w)+d,
a 9T0 moKasmBaeT, uro max F (u, w) He mmeer Mecra mpm
ugevU

u=a, T0 ecTh a He npuHamIe;kHT K U (w). Amajorauso,
AsA Besxod Toukm u€ U ob6pas mmoxecrBa W (u) ectsh mop-
MHOKeCTBO JieBoit rpamuner A’C’Q’ mpocrpancrsa W.

Tenmeps Mpt maiieM W (¢) A HpPOUBBOJBLHOH TOUKE a4 =
=|la,cos2na, 1| myru QD xocumycomgsi, obpasyiomeit

gacTh rpammnel npocTparcrBa U. Touxa b mpocrpamcrsa W

nprnagaexur K U (a) Torga m TOIBKO TOrga, Kormga

min E (a, w)=E (a, b).
WEW

B cmry (20) aro osmagaer, 9T0 HaM HYy;KHO HANTH TOUKY

II W, W, 1| =a JeBoj rpaHme mpocrpanctea W, misa KoTo-
poil BHIpayKeHme . »

w; 4 w, cos 2na, + a,

MUHOMAJIBHO. OTa 3a/ladd, O4YEBHAHO, PAaBHO3HAYHA CJEHYIO-
meii: MaHO ceMeHCTBO HMPAMBIX JTHHMIIA

i w, + w, cos 2na, =k,
HY/KHO HAHiTH TPAMEE 3TOTO CeMeHCTBa, IepeceKalomhe mpo-
crpascTB0 W, NIA KOTOPHX k UMeeT MUHAMampHOE 3HAYe-
HMe, W 8aTeM HAATH TOYKM, B KOTODHX B5TH HpAMEe mepe-
cexaior upocrpamcrBo W. Haknmon kammoi mpamoit atoro
ceMelicTBA paBeH '
—1
cos 2na; °
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IlockoabKy ||, cos2ma, 1]| ects Touka Ha AyTe KOCHHY-
count @D, 10 cos 2ma, oTpUmaTeneR wu, CIeOBAaTEIbHO,
HAKIOH nosourened. Orciofla Cleayer, 4T0 MUHMMAIIbHOE
3HAYeHHe & MOKHO IOIYTHTb, €CIM HPOBECTH IPAMYIO

W, + w, cos 2na, =k

KaK MOKHO JIeBee, HO TaK, 4ro0H OHa IepeceKaxa IPOCTPaH-
creo W. 910 smaunt, uTo IpAMas momkHA LIPOXONATE Yepes
TOYKY . A’, a NOCKONBKY ee HAKJIOH noxoskmteneH, A’ Gynmer
eAMHCTBeHHO’ TOYKOH B mpocrpaHcrBe W, meskameil Ha pTol
upAMoit. Wrak, ecmu a nesur ma gyre QD, W(a)=]011].

AHaloruiHo, ecin a=||q, a, 1]| — n06as Touka ma mpa-
MonuHeiiHOM orpeske DR, 10 W (a) coctomT ms Towex opo-
cTpancTBa W, I KOTODHIX HMeET MecTo MUHEMYM BHIpasKe-
HUSA

E @, w)=w,+a,+w,a,.

CrnemoBarensno, u B sroM clIydae 3ajada CBOANTCH K OTHI-
CKAHUWIO IPAMEBIX ceMelicTBa

w, + a,w, = k, (21)

nepeceraomunx npocrpancTB0 W, 1A KOTOPHX 3HaYeHHe k

MUHAMAJIBHO. A TOCKOJGKY @, OTPHIATE]bHO W HAKIOH 3THX
1

OPAMBIX PaBeH ———, MBH HAaXO[WM, pacCy:aasd TaK e,

2
Kak 1 panpme, uro W(a) =|0 1 1]
Tenepr My Gepem a=|[a, a, 1|| Ha DpaAMommHeiHOM OT-
peske RB u maxogum W (a). Benommms, 9to m ects HaKJIOH
npamoii A’C’, M paccMoTpmM Tpu; clygas:

Canygait 1
1
o | > ml;
Cayuait 2
1
, o | =Iml;
Cnyuait 3
1
al<lm.

Crnywait g, B srom clydae MH OUATH HAXOAWM, UYTO
W(a)=||0 1 1]|, mcooasays mo CyImecTBY MeTOX, HpHMe-
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HABmIMiCA BHmie. EAUHCTBeHHOe pas3jmdme COCTOMT B TOM,
410 Temeps mpAMHe (21) uMeoT OTPUIATEIBHBI HAKIOH; HO
IOCKONBKY a0COMIOTHAA BENWIMHA 9TOr0 HAKIOHA Gosbmre.
HakKioHa m upamoit A’C’, To OTCIOfia clefyeT, KaK M paHb-
me, 9TO €cHM MOpsAMas NPOBOJUTCA KaK MOMKHO JieBee, HO
Tak, uToGH OHa Iepecexkama mpocTpaHcTBo W, TO y Hee
GyZer numb OffHA O0IMas TOYKA C LPOCTPAHCTBOM W — 1ou-
Ka A'. : :

Cuayuait 2. B aroM caysae mpsammie (21) mmeior BCE
raxoii ke HaxioH, Kak mnpamas A’C’. CuepoBarembso, k
MuEIMaBHO, Korma (21) cosnamaer ¢ A’C’. OuesupHo, B
pToM caydae W (@) COCTOHT M3 BCeX TOUEK NPAMOJMHEAHOTO
orpeska A'C’. .

Cnyuait 3. B srom caydae mpamsie (21) mmeior oTpH-
HaTeqbHHI HAKIOH, KOTOPHHE 10 abCONIOTHON BeJMINHe
mempme, deM Hakaom upamoid A’C’. IlosroMy TOUKA
w=|w, w, 1|| 8 npocrpamctee W, pisa KoTopOH k mumn-
MaJIbHO, NMO/DKHA GHITH TOUKOH KacaHMs Kpusod C'Q' ¢ ca-
Mol HWEHell mpsmoii ceMeiicta (21), emle mepeceKalomel
mpocrpacrBo W. 9Ta TouKa KacaHMA €IMHCTBEHHAA, eCiIH
a, BHIOPAHO TaK, YTO HMEeT MeCTO cayuait 3. CuenoBarens-
HO, B 9TOM ciaydae W (@) COCTOMT 3 O/IHOH TOUKH KpuBOH
C’'D’, woropas, OYEBHAHO, ONpeelseTcs BHGOPOM TOIKH a.
Wrak, M IOKasag#, Kak Haxogurh obpas W (a) Bcex To-
ek @, Je;Kamux Ha Tpasoil rpammne QDB mpocrpaHCTBA U.

IlyreM TOYHO TAKOTO Ke AHAJIM3A “~MOMKHO Haiith 00pas
U (b) moboii TOUKH, mexaimed Ha nesoit rpammme A'C'Q’
npocrpanctea W. Ilpusemem Ges moKasaTenbCTBA CJeylo-
‘mue pe3yJAbTaTH 3TOTO AHAJMBA.

Oyers b=| b, b, 1||—Touka mepoil rpaHUILI A'C'Q’
npocrpancrea W. Ecirm by>0, 1o U (b) ectn Touka || 1 11
npocrparcrea U. Ecmm b, <0, To Mb uMmeeM Ciefyiomue
yeaoBHA:

1) Ecan marioH —% TIPAMEIX
uy+ byig =k (22)
MeHpme, deM Hakion — m upamoii DB, o U (b) — emmucT-

BeHHAs TodKa, Jdexkamas Ha KpuBoit QD rpamunsl mpocT-
pamctsBa -U.
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2) Ecmr marmon upamux (21) Goubme, weM —m, TO
U (b) ectp Touka B mpocrpamctsa U. :

3) Ecam —-;—= —m, to U(b) ects Bech mpsMonanmeii-
2

HHi orpesok DB.

M=u MoxeM Temeph HCIOJIB30BATH 9TH BHIBOJBL JJISL TOTO,
9TOGH OmpeNeNnTh, KaKMe TOYKH CyTh (MKCHPOBaHHEIE.

ITpexxnme Bcero Mn 3amedaem, 9to A’ He ecTh ¢(uKcHpo-
BaHHaA Touka, Tak Kak U (4')=B, u W(B) ectb Touka
kpusoit C’Q’. CuemoBarenbHo, mWo TeopeMe 11.7 mHukakas
Touka a mpocrpaHcrBa U, muia Koropoir W (a)=A’, He Mo-
JKeT ORITH PUKCUPOBAHHOE TOYKOM.

Hamee ME samegaeM, 9To HE ofHa Touka Kpusoit C'Q’
He ecTh (UKCHpoBaHHAfA, ubo Mad oGOH TaKoidl TOYKA b
U (b) cocrour m3 ommoit Touknm ¢ Ha kKpusoii QD, a W (a)
s mo6oit Touxn a Ha KpuBoit QD ects Touka A’. Caemo-
BaTeabHO, mo Teopeme 11.7 Hukakas Touka @ mpocTpaHCTBA
U, nna xoropoit U(a) ectp Touka Kpmeoii C'Q’, He MomKer
OHTH (QUKCHPOBAHHOH TOYKOH. ITO B3HAYHMT, YTO HHUKAKAA
‘TouKa a=|a; a, 1| orpesna DB, paa roropoi

He MOKeT OHTH (UKCHPOBAHHOH To4yko#l mpocTpascrsa U.
N3 sroro M sawriiouaeM, 9T0 eJUHCTBeHHHIE (QHUKCHPO-

BaHHHE TOYKH mpocTpaHcrBa U CyThb Te TOYKH, KOTOpHIE

DPeXyCMaTPHBAIOTCA cnyqaeM 2, To ecTh Te TOUKH a, A

KOTOPHIX

1

as

=|m|. (23)

AmanorudaasM 00pasoM MH 3aKIYaeM, 9T0 (HKCHPOBAH-
HEle TOUKHM IpoCTpaHCTBA W CYTb TOJBLKO Te TOYKM b, mis
KOTOPHIX

4| =Iml- (24)

Mu xoTtMM Temepb BHYMCIATh KOOPAMHATH TOYEK IIPO-
crparcrBa U (okaskeTcs, 9TO ecTh JAIIb OfHA TaKasg Tod-
Ka), JJIA KOTOPHX cupasefmuBo (23). OdeBUpHO, TOCKOIBKY
HAKJI0H Hpsddeii-A'C’ paseH m, maxinom mpsamoit AC Taxme
paBeH m; moaTOMY u3 cmMmMeTpmu mupocrpaHcTBa U oTHOCH-
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TeJAbHO WPAMOH u, =1/, MH 3aKii09aeM, 9TO HAKIOH IpA-
moit DB pasen — m. Urak, ypasaenue npsamoit DB Takoso:
Uy —1= —m(u,—1).

CaenosaTebHoO, ’

i -t

o i—m(ag—1)°

TaKIM 00pa3oM, MBI HMeeM:
et S
1—m(a,—1)

OTKy/a

_ At m4-m?

=t

1

Q= ——.

m

ay

CrnenoBarenbHO, e[UHCTBeHHAs (UKCHpOBAaHHAA TOYKA IPO-
crparcTBa U ecTb TOYKa
= 1+m--m? 1
u=| Imgm? 1 1“
m m

AmHayormiHo, efuHCTBeHHAs (QHUKCHPOBAHHAA TOYKA IPOCT-
pamcrBa W ecTh TodYKa

L

m2 m
A
Ilena mrpw (mus P,), Kak MH BHAEM, pPaBHA
== = = == i4m?
E (u, w)=u, + @; 4+ U0y =—-—".
B saxmouenne HaiiieM ¢yHKnuum pactnpefemenma F u G,
. KOTODHE COOTBETCTBYIOT (PMKCHPOBAHHBIM TOYKAM

[ ]

u=|

e

Touka

o= 45" & 1
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MOKeT OHITH IpeJCcTaBJCHA BHIYKJION JTuHEHHOH KoMOmHA-
mmeit Touxm A’ =0 1 1| m Tourm C’ =]y, cos2ny, 11,
ecau II0JIOKUTH
1—m
w1= =(1—t)‘0+ty1,

m

OTKY/la MH TOJIy4aeM:
=1z (25)

. ylmz )
Oymxnnsa pacmpepenerus [, COOTBETCTBYeT TOUKe A" =
=01 1}, a ¢pynxnaa pacupeneseHA I, coorsercTByeT
Touke |y, cos2mny, 1|. CaepoparenbHO, MO TEOPEME 11.1
QyBKIAA

G=(1—1t) Iy+y, (26)
rne y, m ¢ ompefensiores dopmynamn (18), (19) = (29),
cooTBeTcTRyer Touke C’ = | yy cos2my, 1| m MOTOMY ~ OHA

gBIsieTcs ONTHMAibHOM crparermeit mua P,. (Mosmo nake
HOKasaTh, YT0 (YHKmUs pacupenenenus G (26) edurncmeen-
as ONTHMANbHAS CTpaTerusa mif P,, HO ME ONYCTHM 3TO
nokasarenscrso.) I[lopcrasusas B (25) smavenua y, W m, MH
HAXO[UM € TOYHOCTHIO MO ABYX JECATHIHHIX 3HAKOB

t=0,73.

CiexoBaTenbHO, I[eHAa MIPEL PaBHA IPHMEPHO 1,05, a mupm-
GaUKeHHOe 3HAUEHMe Hamrywmeii crparermum paaa P, ecTs

0,271+ 0,731¢,37.

AHaJOTrMYHHIM TyTeM ¢ TOMOMIBIO ¢pEKCHpOBAHHOH TOUKH
7 MBl MOMKeM HAiiTH ONTHMANBHYIO (eIMHCTBEHHYIO) CTpaTe-
rmo s Py :

3. DurcupoBaHHbIE TOYKH

B pasGope mpepmymiero IpuMepa MEI MOTTAIUBO no-
nycxamm, Iro npocrpancTBo U MoeT cofepiarb ¢urcupo-
BaHHYI0 TOUKY HA IPAMOI BD u, xpome Toro, UKCHPOBAH-
HyI0 TOUKY Ha Jyre QD. Oxasajoch, 9T0 DTOTO He MOKeT
6rTb. MH [OKaskeM cefidac TeopeMy, KOTopas HOKAsk-
paer, uTo eciu Oit Ha BD(Q Gsum jse ¢uKcupoBaHHbE TOY-
KH, W3 KOM&-QXHA He Ha BD, To oTCIOfA BHTERAIO OHI,
4T0 WMeeTcs QUKCHPOBAHHASA TOUKA BHYTPH NPOCTPAHCTEA U.

’
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Teopema 11.9. Mus woboii pasfesumsii uepvr muoosce-
cmeo  gukcuposannuixr mouex npocmpancmsa U  seasemes
SAMEHYMLIM U 6binykavim. (OTO CUHPapeliiABO TaKiKe A
MHOeCTBAa (JUKCHPOBAHHHX TOYeK MPOCTPAHCTBA W.)

HorxasarenbctBo. Mm AOKYKEM TeopeMy A IIpo-
crpancrBa U; nokasarenscrBo mms/mpocrpamcrea W amajio-
THYHO.

IIyery z©, 22, ... — nocnejﬂma’re.ubnocu PuKCcupoBan-
HBIX TodeKk mpocrpamcrea U, ¢xomamasca K Touke y; Ham
HaJlo TNOKa3aTh, 4TO Y TaKke (QUKCHPOBAHHASA.

Hyecrs touke «( coorsercryer dpymrmua pacopefiesieHus
H;(i=1, 2, ...). Hocaegorarensuocts H,, H, ... Qyux-
nuii pacnpesielleHnA CONEPKHT (o Teopeme 8.2) mopmocire-

IOBATEIHHOCTH H‘x’ Hiz, ..., KoTopas cXofuTca K QpyHKOUR
* pacnpepenernns F Bo BCAKOH Touke HEeNPePEBHOCTA (PYHK-
nun F. J[na ynpomenns oGosHAYEHHIT MOIOMAM

. Fi=Hi . (j=1,2,...)
a
yh =24 (=1, 2, ...).

Torma y, y®, ... ecTh moCIEOBATEIBHOCTS ¢urcaposas-
HHX T0UeK mpocrpaHcTsa U, KoTopas CXOAMTCA K TouKe Y;
Touke y® coorsercreyer QyHEmUA pacupepenenns F;
(i=1, 2, ...), mocmegoparemsmocTs F,, F,, ... cxomgurca
K F Bo BcAKOH Toure HempephIBHOCTH ¢yuxnun F. Ilo Teo-
peme 9.23 MH 3aKm0OYaeM, 9TO TOUKe Y COOTBeTCTBYeT PyHK-
muA pacnpenenennss £, Ha ocHoBamum Teopemnt 11.6 wmmu

BUJMM, 9TO Kaxpasd u3 QyHKOuii F;, IOCKONBKY OHAa COOT-

BeTCTBYeT ()UKCHDOBAHHON Touke y(), ecTh onTHMambHASA
crparerua pmas P;, a mo Tteopeme 10.21 orcooma caeayer,
910 F ecTh onTHMaibHAA CTpaTerds A P,. Tlockombry y
COOTBeTCTBYeT (GyHKImA F, MH sakIiogaeMm (Tarxe mo Teo-
peme 11.6), 9t0 y ectr PurcHpoBammas TOYKa, 9TO W Tpe-
60BaJIOCH [OKA3ATH.

YroGs yGemurhess B TOM, 910 MHOMKECTBO duxcupopan-
HHX ToYeK mpocrpancTBa U BHOyKIOe, NONOMHEM, €TO
), ..., ) — gwbue Ppuxcuposanne Touxm, F 1 oeeey Fp—
COOTBETCTBYIOMHe QYHKIUH Pacupefienenns, u ||a, ... a, || —
JM1000d 3JeMEeHT MHOKeCTBA S,. Torma mo Teopeme 11.6 kask-
mag Fy (i=1, ..., r) ecrs omrmmambHas crparerms i P;.
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AN
Cnernosatemsno,\uo reopeme 10.21 pynxnusa 7, onpeielieHHas
PaBEHCTBOM

F=aF,+ ... +alr,,

€CTh ONTHMaNbHAA cTparerma AaA P;. Kpome Toro, mo Teo-
peme 11.1, Touxra ‘

r=a V4 .. 4azm

ecTe TouKa mpocrpancrsa U, m oHa cooTBeTcTBYeT pyHKIHH
F; urax (cmosa mo Teopeme 11.6), z ecrs PuKcupoBanHas
TOYKA, 9TO M TPeGOBANOCH JOKA3ATh. .

Meronr, KoTopsiMu MH moNmB30BaNMCH 0 CHX WOD, IPH-
MeHUMBl K JIOGOMY IIpe/[CTaBIeHMIO pasfAeqmMoil MIpe. Mu
YCTaHOBHM Ceii9ac HEeCKONbKO TeOpeM, KOTOPHE NpHMEeHMMH
TOILKO K Pa3feluMbIM WrpaM, IPeJCTABICHHBLIM ONpeeleH- -
HEIM 00pasoM, HO KOTODHE B 3TOM CJIydae 9acTo II03BOJAIOT
HAiTH pemenne Gomee JerKUM IyTeM, WeM IIpAMeHSABIIHECH
paHbIIe MEeTOMHL.

Paccmorpum paspgemmmyio urpy, y koropoii miaTe:xHAas
¢ynxnma M npepcraBiaena B Taxoi dopume: .

M@, y)=2 X ari(=)s @)+

+§1 b;r; (z) + féi ¢;si (y) +d, (27)

[puYeM BHIOJHAIOTCA clepyomue yciaopusa: 1) ¢yErmun
Tt «vvs Tpi §yp «v., S, HENPEPHBEH Ha wuHTepBaie [0, 1]
u 2) onpepmenurens

Ay ... Gy,

Ay« Gpp
oriandeH oT Hyas. Besroe mpencrasienue paspmemuMoit hynk-
man B gopme (27), yAOBIETBOPAIOIIEe 5THM JABYM YCIOBHAM,
ME OyfeM Ha3HBATh KAHOKUYECKUM npedcmasienuem (Win
kanonuxeckoll ghopmoti) $yuxmmm M.

Mu samedwaem, aro gopma (27) me Gomee m me meHee 06-
ma, gem Popma (1), moka MW He HakIaJAHBaeM ycIOBHe 2).
Hpeamymecrpg dopmst (27) mepen dopmoit (1) Ans mamux
Ileieii COCTOMT B TOM, 4TO NIpEMeHeHHe (opmH (27) dwacTo
18 mm. Max-Kmmem - '
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usbaBisieT Hac 0T HeoGXOAMMOCTH npnnncr?écrb KOHCTaHTaM
$yHKIMOHAJBHEIE CUMBOJIEL F; U S; H TeM CaMBIM II03BOJIAET
YMeHBIIAT PasMePHOCTE HPOCTPAHCTB, , COREPHRAMHX  MHO-
mectea U m W,

3ameuanmme 11.10. Ilockompky, Kak MBI BHJEIH B
HavaJe IJIaBH, BCAKAA pasnemmagi $yRKIEA MOMET OBITH
OpeficTaBieHa B BUJE

2 b () 55 (9)»

Ifle OmpefeNuTeNb PaBeH 1, OIEBMAHO, BCAKasA pasfenuMasn
PyHKIUA UMeeT KaHOHWIECKYIO (opmy.
ITpumep 11.11. Ilycrs M oupepesena ypapHeHHEM

M (z, y) =zy —ze? + 2x cos y+
+ 26"y + 3¢*e¥ + €* cosy + 9 cos xe¥ — 3 cos x cos .
Ecali MH TOJOMKHEM BeCh:

r (@) =z, 51 (¥) =9,
re (z) = €%, sy (y)=¢,
rg (z) = cos x, s3(y) =cos y,
TO
Q11 Q1 Oy 1 -1 2
Qg1 Gy G |=| 2 3 1|=0.
(34 G3y Oss 0 5 =3

N
Ho ecim Mu momo:xum:

ri(z)=z—2cosz, s (y)= y—l——-cosy,

ry(x)=¢"+cosz, s;(y) =ey——53—cosy,

TO
(x y) =ry (2) s;(y) — 1y () s, () +
u + 2, (2) sy (y) + 373 () 55 (¥)
a4y g t -1
Qg1 Qg =!2 3|=5=#O’

TaK 9TO 9TO WpeficTaBJeHHe KaHOHHYEeCKOe.
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Ecan

M (@ y)= 2 2 ar ()5 () +

+ 2 bir @+ X s @) +d @D

eCTh KAHOHWYECKOe MpPEe/ICTABICHAE TUIATeKHOW QYHKIMA pas-
JIBJIKMQﬁ UI'pHl, TO MBI MOKEeM MIpeacTaBUTh MaTeéMaTHUICCKOe
oxufague g Pp caegyomum ob6pasoM:
n n n n
E(u, w)= 2' 2 a;j uiwi"‘Z biui"’z cjw; +d=
i=1 j=1 i=1 =1
n

= Zi (Z‘ a;5u; +¢;) wj—l-;:)‘ bu,+d=

=1 i=

n k(] n
= 21 (El a;;W; + bi) u; + ’}:]i cjw;+d.

[Mockonsxry

TO CHCTeMa ypaBHeHHI

§1 ay 4+ ¢, =0,
...... Ce (28)

n
2-1 QU+ Cp=0
1=

uMeeT eJUHCTBEHHOE pellleHre, KaK M cucTeMa ypannemz;ﬁ

]'gi alj w]' + bl = O:
(29)

n
= 3 gy b, =0,
18+
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Mu masoBeM pemeHme cmcTeMH ypaBHeHH (28) nepeoii
KPUMUYECKOl moukol UTPH (N0 OTHOWIEHAIO K JAHHOMY mpefi-
CTaBJIEHHIO), & pemenue cucTeMbl (29) emopoii kpumuueckoi
MOYKOl WIPH (IO OTHOIEHWIO K JAHHOMY DpPEACTABICHRIO).

Mosxer, xomewno, oxasarbcss, d9To mepBas KpuTHIecKas
TOUKa He JeHUT B mpoctpancrse U; MH B3HaeM Jumb TO,
9T0 OHA JIEWKUT TJle-To B n-MEPHOM mpocTpaHctee, a U He
00513aTeIbHO OIGKHO BKIIOMATH BCe N-MEPHOE IPOCTPAHCTEO.
Touno Tak ke Bropas KpuTHUECKam TOUKA He 06L3ATEILHO
JIeUT B mpocTpancTBe W.

Teopema 11.12. ITycmv dana naamesncras Pyuryus M
pasdeaumols ueps ¢ kanonuueckoii gopme QR p=|lp1... pal|
u q=|qy ... q,|— nepeas u emopas KDUmuueckue mousu,
PEU u geW. Tozda p u g cymv puncuposanmsie mouru,
U yena uzpsl pasua

n n
v =i2_—:1 bipi +d ‘=521 ¢iq; +d.

I[ OKagaTexabcTBO., Ilo OoupeneNeHni0 KPHTHYECKHUX
TOYeK MHB HMeeM:

n

gi 4ipi+¢i=0 pua j=1,...,n (30)
H -
< Sh
gian’qi'ﬁbi=0 A i=A1, ..., n. (31)
- Mu nmeem Tarmme mus moboii Tourm w=|w ... w, || mpo-

crpasctea W

E(p, w)= j§j (gi @5 i+ ¢j) Wi+ ;‘ bip; +d,
umm u3 (30)
E(p, w) =1-2-"1 b,p;+d.

Iockombky 910 BHIpAsKeHme He 3aBECHT oT W,. OTCIOHA CJie-
AyeT, 4To

W(p)=W.
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Ananoruano
U(q)=T.

Crenosarensno, p€U(q) m g€ W (p), Tak uT0 p M. ¢ CyTh
¢uKCHpOBAaHHLEIE TOYKHU, H
n n
E (p, Q)=§1 bips+d=j21 ciq; +d
ecTh IleHA WIPHI. ‘

Bameuanume 11.13. Hyxuo wuckaTh KaHOHHIECKOE
npefcTasienne QyHKIUH MM, KOTOpoe BRJI0OTAJIO 6B BO3-
MOKHO MeHbINe QYHKIHA r; W §;, TAaK KaK €CJIU MEl IPEMe-
HaeM Gonpme QyHKIuU r; 1 §j, IeM 3TO HeoOxouMO, TO cle-
EyOIasg TeopemMa CTaHOBHUTCA Geccmuicaennoin. Ecmn M
prpaxeno B gopme (27), To U m W cyTs mopmmOKecTBa
n-MepHOTO eBKIMIOBA IIPOCTPAHCTBA; a €CJH, Haupumep,
$yukunm r; numeitno 3aBucumu, To U Gyner JgeskaTh B rANEp-
IJIOCKOCTH 7-MepPHOTO eBKINJ[0BA HOPOCTPAHCTBA, H, CIEN0-
patenpno, ero uyTpemnsas gacts [ (U) Oyner mycroif, Tak
YTO mpeANoJIOAKeHEe BTOPOi JACTH TeOPeME He GymeT BHI-
HDOMHATHCA.

Teopema 11.14. ITycmb naamexncras gynkyus M pas-
deaunoii uepy sadana 6 Kanowuueckod gopue (27) u I (W)
(enympennocms npocmpancmea W) colepmcum gpurcuposar-
Hylo moury; moeda nepeas KPUMUNECKAR MOYKQ npuradae-
acumm npocmpancmey U, u omo eduncmeerras gurcuposan-
nas mouxa npocmpancmeéa U. (Amamormino, ecin I (U) co-
fep:KuT GUKCHPOBAHHYIO TOYKY, TO BTOpasgs KpHTHIECKAA
Toura mpuHajIe;RUT mpoctparcTsy W, M 9T0 eMHCTBEHHAS
PurcupopanHad ToUKA IPOCTPAHCTBA W.).

JlokasaTeldbCTBO. Mu pgokaykeM JHMmb HePBYIO
9acTh TEOpeMHl; AOKAa3aTeNCTBO BTOPOi JACTH AHAJIOTATHO.

Mycts t=||¢ ... t, || — puKCHpOBaHHAA TOUKA HPOCTPaH-
crea W, nexamas B I (W), z=| 2, ... 2,||— HexoTopas
¢urcupopanHas Touka npocrparcTsa U # p=|py ... P || —
mepBag KpATHIECKAsd TOYKA; MH XOTHM TOKa3aTh, 9TO
z=p. Ipexuonoxum, 910 2z = p. IlocKombKy p ecTb eLHH-
CTREHHOe pelleHMe ypaBHEHHA (28), Mbm HMMeeM JJfA HEKOTO-
poro k<n

n
= Y aggt+a=8+0. (32)
[
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Ilyects h — meficTBuTensroe wmeIO TNPOTHBONOJOKHOTO
3HaKa 00 CPABHEHWIO ¢ § W MOCTATOYHO MaJjoe, 9TOOH TOIKA

t=|lty ... tiaty+htyy ... 4
Jexana B W,
Mu umeem:

n n ’ n
E(z 1) = j>11 (21 332+ ¢;) ¢ + 21 bizi+d
. = 1= 1=

u

E(z, ) =E(z ) +h (21 A%+ ) =
| =E(z,0)+hg < E(z1). (33)

Ho aro smaumr, at0 € W (2), a nmo Teopeme 11.7 3TO TpO-
THBOPEYUT HAmeMy  [ONymEHHIO, UT0 z U ¢ CyTh (PHKCH-
pPOBaHHEE TOIKH.

N3 reopemmr 11.12 u 11.14 memocpescTBenHO BHTEKAIOT
TaK@e CJeNCTBUA:

Caepcreme 11.15. Ilycrs mmatesmas Qyrrmus pas-
llemuMoi WrpH 3a7aHa B KaHOHHYecKoil (opme m nepBas
KpUTHYeCKas TOYKa He NPMHANJIEKHT HpocTpancTsy U; Torxa
BCAKAA (QUKCHPOBAHHAA TOYKA mnpocTpancTBa W HaXOgmTCA
B B (W) (rpammme mpocrpamctea W). Amamormwmo, ecim
Bropas KDPUTHYeCKasd TOYKA He NPUHAJJEHHUT IPOCTPAHCTBY
W, 10 Beakas ¢urcuposanHas Touka Hpocrpamctsa U mHa-
xopurea B B (U). *

Caepcrsme 11.16. Iycrs mirateskmas Gymkmusa pas-
AEIAMOH WIDH 3ajjaHa B KAHOHMYECKoH (opMe, p m g —
COOTBETCTBEHHO TepPBasjg M BTOPAasg KPUTHUECKHE TOUKH,
p€l(U) m gel(W); Torma p ecTh exuHCTBeHHAS ¢urcupo-
BaHHaA ToYKa mpocrpamcrsa U, a g — egnucTBenHas ¢urcn-
pOBaHHAA TOYKA IpocTpaHCTBA W.

3ameuanmue 11.47. Mm 3amewaem, uTo mIaTexHAs
dymaxnua M unpamepa 11.8 moker GmiTo TIpeicTaBieHA B
KaHOHUIECKOH (hopMe, eciii, MOIOKATS:

r, (x) = cos 2nz, 81 (y) = cos 2my,
(%) =2, 2 (¥) =y,
rs (%) = —x, ss(¥) =y,
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TAK YTO MBI HMeeM:
M(z, y)=ry(2) 5, (y) + 72 (z) 2 (¥) +
+ 73 () 83 (Y) — 75 (%) + 53 (3).

ME HaXOZUM:

Ay Qi Gy | 1 0 0
a21 022 a23 = O 1 0 = 1 # 0.
a3y Qg Qg3 0 0 1

Ho mpu srom BmGOpe BHaUeHMH r; M §; MHB BHIMM, 4TO
mepBas KpUTHYECKAasA TOYKA He HPWHAJJIEKHT IPOCTPAHCTBY
U, a Bropas He NPWHAJIEKHT NPOCTPAaHCTBY W; HOITOMY
npennoxenns 11.12, 14,14, 11.45 n 11.16 rosopar aummp
0 TOM, 9To (QEKCHPOBAHHHEE TOUKU [AOJKHB TPUHALIEKATDH
rparunam npocrpancts U m W. Ho B (U) =U, mockoabky
ry (%) m ry (z) mumeiino sapmcumsl; u anamormino B (W) =W,
Iostomy mpemmosxenus 11.12, 11.14, 11.15 u 11.16 B neii-
' CTBHTEIBHOCTH HMYero HaM He -TOBOPAT.

4. anbueiimue mpaMepbl

IHpumep 11.18. Inaresxnan Qynkmma M pasgemgmoil
HTDH  yHOBIETBOPSET CJeAyIIeMy paBeHCTBY (s oGoi
TouKH || zy || B8AMKHYTOro eJWHMYHOTO KBajpaTa):

M (z, y) = 3 cos Tz cos 8y + 5 cos Tx sin 8y -

+ 2sin 7z cos 8y -} sin 7z sin 8y.
Bosbpmem : .
r,(z) =cosTz, s,(y)=-cos8y,
ry(z) =sin 7z, s, (y)=sin8y,
tTak uto M mpeJcTaBUTCA CIEAYIOMUM o6pazom:
M (z, y) =3ry (z) s, (y) + 57y () 55 (y) +

+ 21y (2) 51 () + 75 (%) 52 (¥).-

. Wrax, mpocrpamcra U m W umeior mBa msmepenus. s

paxokpeana U* MB 4YepTMM KDHBYIO, COOTBETCTBYIOILYIO
napaMerpHdecKuM ypaBHeHHAM ‘

u, = cos 7t,

- TR .
uy =sin 7¢.
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Hra KpHUBasA, OYEBUIHO, 6CTH OKPYKHOCTH pajmyca 1 ¢ menT-
poM B Hadajile KOODAMHAT (NOCKOABKY MBI 9epTUM KPUBYIO
mia 0<t<1 u nockombKy 7 > 2%, TO 9acTh OKPYKHOCTH
wepTHTCA [BaXKIH, HO ceffgac 9T0 AMA Hac (e3pasimiHo).
CaeosaTeapHo, U (Bumykmas oomouka wmHoMecTa U¥)
ecTh 9Ta OKPY/KHOCTh BMEcTe C €e BHYTDEHHEH 9acThio.
AmajormaHo, HOCKOJBKY 8> 2m, kpmBaa W* Tompmect-
perna ¢ U*, a W tompmecrsenno ¢ U.

QOueBufHO, NAHHOE IpeicTaBieRne ABJIAETCA KaHOHU-
9ecKUM, TaK KaK

3 5
‘ 9 =~ 7+0.
IInsa sToro mpmMepa ypasHeHAsA (28) 3amMCEIBAIOTCA Tak:
3u, + 2u, =0,
oy +uy = 0,
a ypasmenua (29) rak:
3w, + 5w, =0,
B 2w, +w,=0.

Pemenust sroii cucrem®, ouesmpHo, Takme: p=|0 Of mn
g=]0 0}. Urax, mepsas KpUTHIECKAA TOYKA IpPUHALIE-
sur muomectsy I (U), a sropas — mudmectsy I (W). Cie-
HoBaTenbHO, mo Teopeme 11.16, p — enmEcTBeHHAA (UKCH-
poBaHHas TOYKa mpocTpaHcTBa U, a ¢ — e[MHCTBeHHAA QUK-
cupoBaHHag ToUKa mpocrpamcTBa W.

TakuM o6pasoM, 3afada OTHCKAHHAA PeMeHHH NXAHHOH
@rpH CBONHUTCA K. 3ajjade OTHCKaHmsA QYHKIWHA pacmpesie-
nenns, kotopuM coorsercrByer Touka |[0 O] UroGs maii-
TN KOHKDEeTHYI0 ONTMMAIbHYI0 CTpaTermio Auf P,, MH 3a-
MegaeM, 9ro Touka |0 O] ecTh BHIyKmas JMHeAHAA KOM-
" umanma asyx rouek ||1 O m || —1 Of|. HeitcrBurenbHo,

lo of=5lt Ol+gl—1 0l -~ (4

Mockonery ||1 0| ects Touxa mHomecrsa U¥, arofl Touke
COOTBETCTByeT OfHocTymeH4arad OQyEKOuUs [,; HUTaK, MH
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nMeeM:

1
1= § r (@) dI, (&) =1, (1) = cos Tt,
: .

ry(x) Al (z) =1y (1) =sinTt.

OTE ypaBHEHHS HApAAY ¢ HEPaBEeHCTBOM
‘ okt
21

yKa3wBaT, dT0 JIU0O t=0, 'mubo ¢==; HTAK, TOIKA
|1 O]| coorBercTBYeT ofHo# W3 ABYX  CTYNEHIATHX PyHK-
muit: [, wim Isn;. AHamormiHo 3aMedaeM, 49TO  TodKa
| —1 O] coorsercrsyer cTymemdaTol dynrquun L7, Us
BTHX COOTHOMEHMI M W3 paBeHCTBA (34) MEI Temephb 3aKJIO-
qaem mHa ocHoBaHME Teopemm 11.1, uro QyHKUHA pacmpeje-
JleHnAs :

1 1

5‘ I 0 + ) I /7
ecTh ONTMMAJbHAA chaTemm B Pl’ #u, 049¢BHJHO, TO Ke
OTHOCHTCSI K (QYHKIMU pacnpe/ieeHnd

1 1
5 Lo +5 In:

Obo6mas »To paccyJendme, MH HAXORUM, dYTo HauGoiee
o6muit BAN QYHKIUM pacHpefelNeHAs € [ABYMA CTyUEHAMH,
cootrercraylomeii Toure |0 0| mpocrparcrea U, Takoit:

1 1
‘—2'It1+-2‘11m

n
rme 0<t, <t, <11 ty—t =" Hrax, Me HamazZ Gecko-
HeqHOe CeMeiicTBO ONTEMANbHHX cTpaTermit aaa P,.
AnayorngH0 MOKHO HamucaTh o0Iee BHIpa)KeHEE A

ONTUMANBHOH CTpaTernm urpoka P,, cofep:kamieil Jammsb ABe
CTyIEHH:

i 1

'2' I t1+ —2' I gy

TRIE s

rre 0<t, <ty<t Wit —t;=3.
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O,T.[HaI(O CyIeCTBYIOT TaKiKe oNnTHUMAaJbHBIE CTpaTernu

Gompme Wem ¢ gByma crymeEAmu. Ecma a®, ..., u'® cyTh
Touru MHOmectBa U* rtakue, uro |0 0| maxogurea B BH-
nykaoit obomouxe.muokecTBa {u?, ..., u'®}, T0O MH MOKeM

BHPAasATh TOIKY ilO 0| Kak BHIYKIyIO JHHeHHYIO KOM-
Gupanuio Todex u®, ..., u'’” W HaWTH CTyNEHIATYIO QyHK-
L0 C p CTYNEHSAMH, COOTBETCTBYIOUYIO TOUKe |0 0]. Tax,
HampaMep, paccMorpuM Tpm  Toukm: |1 o, |0 1]

u ”—% —K;iu Yro6u Brpasursk ||0 O xax BHOYKIYIO

IuHeHHYI0 HKoMOMHANHUIO 9TNX TOYeK, ME no/pKEb HalTH
HeoTpUIaTelbHEE 9YHCIA @), d; B O3, YAOBJIETBOPAIIIUC
paBeHCTBAM

a1+a2+a3=1,
a1-1+a‘2-0+a3<-—é—>=0,
a1-0+az-1+a3< —-]—fz—§>=0.

Pemas cOBMECTHO »TH ypPaBHEHHA, NOJyIaeM:

3—V'3

LT
V3—1

. a2= 3 y B (35)
3—V'3

a3=—3g .

MockonpKy, Kak Jerxo smaetb, [, cOOTBercTByeT TOUKe

|1 OJ, Ia/1s cooTBeTCTBYET TOUKE TIO 1|| u Iuns21 cOOT-
1 V3

BETCTBYeT TOUKe || —— ——5— (|, MB 3aKmOTaeM OTCIOfIa,

910 GyHKIHEA pacnpereneHnss
(1110 + azln/M + aglén/m )

the a,, G, W Q3 OUPENENANTCA YPaBHEHUAMH (395), ectp

onTuManbHAA crparerus mas Pj. ‘
Komeuno, cymecTBYIOT TaK:Ke ONTUMAJIbHEIE CTpaTerud,
Ho ABIAMmUeca CTymeEdarThiMu Qyskmumamu, Tax, QyHKIEA

AR
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pacupenenesuss F Taxkas, d49T0
Tz 2n
F(x)=5— pun 0<r< =,
F2)=1 am 2 <o<t

ecTh HeNmpepHBHAs ONTHMAJbHAA cTpaTerds aias P,.
N3 Teopemur 11.12 cmexyer, uro mema sToit mrpm mus P,
pasua 0.

HOpumep 11.19. Inarewmas Qymrmusa pasmeauMoit
urpst (A1 mo6oit Toukd ||x y| B3aMKHYTOrO eXMHEYHOTO
KBa/J[para) yHOBIETBOPAET CIENYIOMEeMY PaBeHCTBY:

M (z, y) = 3 cos 4x cos Oy + 5 cos 4x sin Sy +
+ sin 4z cos 5y + sin 4z sin 5y +
4-4 cos 4 z + sin 4z + cos 5y + 2 sin Sy + 3.
M= mpumeM 3gech
ry () = cos 4z, s, (y) = cos 5y,
ry (x) =sin4x, s, (y)=sindy,
TaK 970 M MOKHO HpECTABUTH CIEAYOMEM 00pasoM:

M (z, y) = 3ry (z) s, (y) + 57y (%) 85 (y) + 75 (2) 5, () +
+ 72 (%) 83 (y) +4ry (%) + 75 (2) + 5, () + 25, () + 3.

Ms 3amedaem, uTo

3 5
1 1

u ciefoBaTensHo, M mpepmcraBieHa B KaHOHWYecKo# ¢opme.
Benomams, uro x memur B untepsaie [0, 1], Mu BHgEM,
gro kpmBaA U* ecTh 9acTh OKPYKHOCTH :

u; ¥ ul=1,
npencrasieHHas Ha pme. 43 xayroi ABC (yron L,/ AOC
paBeH 4 pajmaHam), W 4To IpocTpaHcTBoM U ABIAETCA 3a-
mrpuxosanHaa obzacts. Ilpocrpamcrso W wusoGpasmaercs
3aMTPUX0BaHHON 007acThI0 Ha puc. 44,

Ilepsyto KputHuecKyio TOYKY MH HAXOQUM, pemas
YPaBHEHUA

=0,

Buy+u,+1=0,
Suy -bu,+2=0.

T RaTRe -
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' 11
Orciofia 3aKmoTaeM, 9To TOUIKa || @y Uy = ”—7 —2—n ABIAET-

¢ BHYTpeHHell TOUKOH NPOCTPAHCTEA Iij Bropas xpnTH-
1
wecKasd TOUKa e€CcTh ||w; W, ||="——7 —-—2-”. 910 BHYTpEH-

HASA TOYKA IPOCTPAHCTBA W. U3 caencreua 11.16 Buirexaer,

Pumc. 43. ’ " Puc. 44,

_ 11 1 1
410 TOYKH \ -3 7“ n “-— 5 -'—-—2—“ CyThb eMHCTBEHHBIC

$uKCHPOBAHHEIE TOYKA COOTBETCTBEHHO npocrpancrs U u W.
C.1e0BaTEIBHO, MU OTHICKAHUA Demlenni 9TOfi UrPH HYKHO
AMmp HaiTA (QYHKIUN pacOpefieaeHHs, KOTOpPHE COOTBET-

CTBYIOT TO4YKaM “—% —;—H u “—-% *L—é—”, 3T0 MOJKHO
¢henaTh CHOCOGOM, AaHAJOTHIHEIM IpHMeHABIIEMYCA B IpH-
mepe 11.18. :

Hpumep 11.20. Ilnaremnas PyEKmUA pasmeruMOi
urpsl AaA 0ol TOUKH ||z y|| samxEyTOro eJMHHTHOTO
KBajipaTa yHOBIETBOPAET CIeIYIOIeMy DaBeHCTBY:

M (z, y)=3[1+ cos 2nz] [1+ cos 2ny]+
+ 5[1 4 cos 2nz] [1 + sin 2ny] +
+ 2[1 4+ sin 2zz] [1 4 cos 2ay] -+
+[1 + sin 2az] [1 4 sin 2zy].
IonosxuB. '
ry (z) =1+ cos 2nz, s (y)=1+cos 2y,

ry(z) =1+8in2nz, & (y)= 1 + sin 2ny,
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MB HMEOM:

M (z, y) =3r(z) s, (y) + 57y () 53 (¥) +-
+2r, (2) 8, () + 74 (%) 55 ().

Teneps merko y6eguTbecss B TOM, 9T0 mpocTpancTBo U coCTOHT
U3 TOYEK, JeKaIuX HA WIH BHYTPH OKPYKHOCTH

(= 1)+ (u,—1)*=1,

a mpocTpancTB0 W COCTOHMT M3 ToYeK, JeKAMUuX HA WIH
BHYTPH OKPYKHOCTH

(W —1)* + (W, —1)*=1.

Ileppass m Bropasa kpurmieckme touku cyTsh |0 0. Ilo-
CKOJIBKY HadJajo KOOPAWHAT He JeKuT Hu B mpocrpaHcree U,
HE B mpocTpaHcTBe W, MH BumuM m3 caefctsusa 11.15, gro
¢ukcupoBapHHe Toukd mpocrpascts U m W HaxogArca Ha
rpasune. Jamee, rpannma npocrpancTsa U eCTh OKPYIKHOCTD

(= 1) (g — )2 = 1.

Ecan 6s U comep:xano [Be pasimuHble (HUKCHPOBAHHEIE
To4KN (KOTOphie ofe MOMKHH OHLIM GH JesKaTh Ha BTOM
oKpysKHOCTH), TO mo Teopeme 11.9 Bce Tourm XopmEI, coenu-
HAKMEH 3TH (UKCHPOBAHHHE TOYKH, TaKKe OBIH OH
QUKCHPOBAaHHHIME. JTO DPOTHBOPEUMIIO OH YTBEP/KCHUIO, UTO
BeAKasg QuUKCHpoBaHHAA TouKa mpocrpancTea U Jessur Ha
rpaaune U. Iloatomy mpocrpamcrso U comepxut Jumb
ofiny (UKCHUPOBAHHYIO TOYKY. AHAJOIMIHO IIPOCTPAaHCTBO W
COJ[ePIKUT TO}Ke JUIMb ONHY (PUKCHPOBAHHYIO TOYKY.

Ilockonexy B sTom mpumepe U* coBmagaer ¢ B (U), mu
3aKi04aeM, 49TO CYMECTBYIOT ONTHMAJIbHHE dYACTHE CTpa-
TerHM JJA MHepBOr0 M BTOPOTO WIPOKOB, TO €CTH Hrpa
nMeeT CefJIOBYIO TOUKY.

Crnepylomuit npumep nokasmBaer, 4910 korga B (U) m
B (W) conepsxaT mpsaMonuWHefHbE OTPesKH, TO MOKET OHTb
GecKoHETHOE UHCIO PUKCHPOBAHHHX TOYEK — eCJIH NaKe Iep-
Basg KPATHIeCKad TOYKA He NPUHAAJIEKAT npocrpanctsy U,
a Bropas — mpocTpascTey W.

IlpuMep=dd.21. [Inarexnas ¢yuxuma pasmeaumoit
HIPH ygoBaersopder (gias mioboit Tourm ||z y| samkmyroro
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e[ MHMYHOTO KBaJparTa) cjefyollemy paBeHCTBY:

M (z, y) =5[2+ cosx (1 + )] [sin ny] +
+2[sinn(1+2)][—2+ cos ny]+ [sinw (1 + )] [sin ny].

Honosns

ri(@@)=2+cosn(1+x), s (y)=—2+cosny,
ry(x)=sinn (141x), s,(y)=sinmy, ‘

MBL HMeeM:

M (,y) = 5ry () 83 (y) + 275 (2) 1(y) 4 75 (2) 82 (¥),
n oTciofa . ’ .

E (u, v) = 5u,v, + 2u,0; + Uy¥;. .

I mepsas, u Bropas kpurmdeckue Touru cyts [[0 O] Mz
JeTKo Mosem yOemuthesl B ToM, d9ro mpocrpancrBa U u
N300 paKa0Tes 3aMTPUXOBAHHHME 00JacTAMH COOTBETCTBEH- (
HO Ha pmec. 45 u Ha pmc. 46. Jlanee, BeAKas TOUKA OTPE3KA '
AB ecTh QuKCHpOBaHHAF TOYKA IIPOCTPAHCTBA U, a BcAKasA
¢uKcupoBaHHAA TOYKA OTPE3KA A’B’ ects (QuxcumpopaHHAS
Todka mpocTpaHcTBa W.
Uz

Zp
g l
W II’
/%4
) 4 & ’

Puc. 45. Pnc. 46.

B npumepe 11.20 MBI BUmenn, Kak MOMKHO MCHOJB30BATDH
caegcreue 11 15 maa pasGopa HEKOTOPHIX WIP, B KOTOPHIX
mm ogHo m3 mpocrpancte U mmm W He COAeP/KHT B cebe.
cBOMX KpuTudeckHX Togek. Ciepyromuit OpuMep MOACHAET,
KaK MOKHO HCIOJIB30BAThH 3TO CJIEJICTBHE [ MCCJIe0BaHUA
Urp, y KOTODHX OfHA KPHUTHYECKas TOUKA JEHHT B COOT-
BETCTBYIOMeM el IPOoCTPaHCTBe, & APyrad He JIEHKUT.

Hpumep 11.22. Ilnarexnan QyHRIUA M pazmemumoit
urps (naA moGoii Toukm ||zy|| 8aMKHYTOTO eAHHMIHOTO
KBaJ[PaTa) YAOBIETBOPAET CIeAYIOIIeMy DPaBEHCTBY:

M (x, y) = 3[cos 2nz] [2+ cos 2my]+ 5 [cos 2nx] [2 + sin 2ny]4-
+ 2 [sin 2rz] [2 4 cos 2my] 4 [sin 2nz] [2 - sin 2ny].

S
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ITonoxus
ry(x) =cos2nz, s, (y)=2+ cos2my,

ry(z) =sin2nz, s,(y) =2+ sin 2y,

MBI MOKeM Jerko ybeputhest, d9To mpocrpascrso U mpef-
CTaBIIAET OKPY/KHOCTH

2 2 __

ui +u;=1

BMecTe C ee BHyTDeHHeil 49acTbio, a mpocrpancrBo W mpej-
CTaBIfAET OKPYKHOCTD

(@, — 2)* + (w, — 2)* =1

BMECTe ¢ ee BHyTpPeHHeH dacTpiw. B 5TOM ciysae KpuTm-
qeckasf Touka ecth |0 O]. Ora Touka He maxomures B W, -
HO JeKHT BHYTpPH IpocrtpanctBa U.

ITockompKy BTOpafg KpHTHYECKasd TOYKA He IPUHAJJIEHKHT
npoctpanctey W, To Ha ocHoBaum: chexcrsua 11.15 Mu
BUAMM, 9TO (UKCHPOBAaHHBE TOUKM mpocTpaHctBa U Haxo-
aarcsa Toabko B B (U). Ilpm momomu paccy:xmenus, amaio-
THYHOTO TeM, KOTOPHE MBI NPAMEHANIM MJs 9TOH Iemu
B npuMepe 11.20, M pgowraxkeM, uro B U ecTs aump opgHa
¢urcupopannaa Touka, ckaskeM, u*. Ho ecam Gm B I (W)
Haxoaunace PuUKCHpoOBaHHAA ToUKa mpocrpamcrsa W, To 1o
teopeme 11.14 mepsas Kpurmueckaa Touka |0 O| Geura 6m
¢purcupopanHoit Toukoi mpocrpancrea U. 9To mpoTHBOpeYHT
YTBeD)K/IeHNI0, 9TO eJWHCTBeHHad (UKCHpPOBaHHAS TOYKA
npocrpanctBa U aexur B B (U). Caegosarteanno, $urcupo-
BaHHHIe TOYKM NPOCTPaHCTBA W MO/UKHEL JIEKATh TOILKO
B B (W); a mockoxsky W ecTb KPyr, MH 3aKimiodaeM (OIATH
IpH IOMOINY TAaKWX Ke paccy:KneHmii, kak B npumepe 11.20),
aro B W mMeeTcsa aumpb ofHa puxcuposanHas Touka. Hrak,
MH BHAuM, Kak u B mnpmmepe 11.20, 410 wrpa mmeer
Ce[ITIOBYI0 TOUKY.

5. PemeHme npAMOYroabHOH HIPhl Kak PasferumMoil Hrpb

B arom maparpage M mokaikeM Ha UpHMepe, 4TO DpA-
MOYTOTLHYI0 HI'Py MOKHO pemaThb Cmoco0aMu, IPUMEHHME-
MU JiA  pasfelMMHX Hrp. B mpmMepe paccMarpuBaerca
Marpana 3.X.J,.HO M3IaraeMslil MeTOJ MOMKHO JeTKo 0606-
IATH HA NPOU3BOJBHEIE NJIATE;KHHI® MATPHIH. PaccMorpum
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CIeNYIOMYIO NIATEKHYI MATPHIY:

-3 2 0
A= 0 1 2.
1 2 1

CMmemanHas cTpaTerud Urpoka P, ecTb clefAyioIiuid BEKTOD:
u=|u, u, 1—u,—u,f, e O0<uy; <1 (i=1, 2) m

2
> u;<1. Cmemannas crpaTerna Hrpoka P, ecTh BeKTOp
=1 ;

zaz)=||w1 w, 1—w,—w,|, e 0<w;<1 (=1, 2) =

D w; < 1. Matematudeckoe oxupjaHue BHArpHMmMa P, pasHO
i=t

E (u, w) = (— 38, —2u,) w; + (u,— 2u,+1) w, +
+(—utu+1)=(—3w,+w,— 1)y, +
+(— 2w, — 2w, + 1) uy + (W, +1).

Bo-mepBhix, MH 3aMedaeM, 9TO MaTeMAaTHYECKOe OKUJIaHHe
BHIATDHIA ecTh OuiuHeiiHas opMa KoopiumaT u u w. s
BHIIENPUBECHHEX HEPABEHCTB MBI BUAHMM TaKKe, 4TO IPO-
ctparcTBo U ecThb paBHOGEeJDEHHHEI NPAMOYTOJBHHE Tpe-
JIONBHUK ¢ eIMHMYHHME KaTeTaMd, a mNpocTpaHcTBo W
Tompaectenno ¢ mpocrpanctsoM U, Bo-Bropmx, otcioma
‘BHITeKaeT, uTo mpocypancrsa U m W cyTh 3aMKHyTHe orpa-
HWYeHHHE BHNYKIHe MHOKecTBa. TakuM ofpasoM, MH
IMeeM TaKyl0 CHATyanuio, Kak ecau O y Hac Oma ciefy-
jomas pasgenumas umrpa: P; Bmbupaer Touky u€U, P,
BHOHpaeT Touky w € W, a IuaTe:x ecThb OminmneitHas dopma
E (u, w). Yro6s pemuTs Urpy, mcciaenyeM (UKCHPOBAHHHIE
toukn mpocrpancte U m W. IIpm oTsickammm obpasa W (u)
Kaykgoi Touku u€ U yMeCTHO IOIOMHUTH

= —3u;—2u,, py=u;—2u,+1.

B ra6mmne 1 mpencrasienst oToOpaskeEma Ha W Kampmoi
rouku u upocrpancrsa U.

Monoxum Temeps ¢,= — 3w, +w,—1, ¢,= —2w,—

—2w,+1; gua aToro cayuad B rabarne 2 IIpefCTaBICHH -

oroGpasennss Ha U Kaskfoli Toukm @ mpocTpamcTBa W.
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TaGamma 1
OGpasbl’ Touek npocrpanctea U
Has o6iacry, °‘;,%§,’},‘;’,‘;iﬁf,§’f‘ 06pa3 W (u) Touxu u
U, >0, pp>0 10 Of
U, <0, ps<p: 11 of
Us P:<0, pe<<P1 10 1
U, =<0 lat—al, TRe 0So<t
Us pi=0<p, |la o], TRe oI<agt
Us P=0<p [0 af, rRe 0<a<d
U, P=p=0 lapll, T 0<o B<H
a+p<1
Tabnuma 2
. OGpassl Touek npocrpamcTa W
Oana obaactu, ompefeieHHOM YCIOBUAMH, o6pas U (w) TOYKM W
w, <0, <0 1o ol
W, g2 >0, ¢:<4qs o 1]
W 1>0, ¢<a |1 ojf
W, @1=¢,>0 la 1—a]l, rre 0L a1
W; ¢1=0>4¢; [la O]l, tne 0 a1
W, :=0>q [10 al|, tne 0L a1
W7 1=¢q2= ”a b”y rae O<a’b<ly
a4-b<1

" C poMompio 3TUX TA0JMIl ME MOKeM OIpeJieldTh, KaKue
toukn mpocrpancte U m W cyTh QUKCHPOBAHHEIE H, CIET0-
BaTeJbHO, KaKWe TOYKM ABIAIOTCA ONTUMAJBHEIMU CTpaTe-
ruamu A P, m gua P,. Hanpumep, MEL 3amedaeM, 9TO HA
omgHa Touka obGmactm U, He sBisgeTcA ¢uKCHPOBAHHOM TOY-
xoit, 6o W (u)=0 O]|, rorma xax U (|0 0[)=]0 1],
u oTE Toukm npuEagaexar obmactu U,, a me U, ITogo6ao0
3TOMy MBI MQKeM MOKasarb, 4TO HH OfjHA TOUYKa obacTeit
U,, U3 w U, me ssuderca ¢mxcmposannoit. PaccMoTpnM

19 O. Max-Kuncu



290 I'JI. XI. PA3JIEJIUMBIE UTPEI

teneps obnactb U;. [Iuna mee mu mveem W (u)=|a O].
Monaraem w=|a 0|, Torga

10 Ol man o>+,
U@)={ ||0 a| pura a=%,
10 1| pgaa a<—;—.

Hockomsry u=10 O0||€U;, 1o oTcloma BHTeKaer, 4TO
|0 0| — ¢purcmpoBannras Todka mpoctpanctBa U, a Touka

1
|la O, rae o>+, ectb ¢uKCHpPOBaHHAA TOYKA IIPOCTPAH-
ctBa W. Jlpyrumm cioBaMiu,.MBL HMEEM:

10 OfleU(lla Of) = [la OeW ([0 Of),

1
e a=-5. Jlerko yGemuThCsi, 9TO 3TO €UHCTBEHHBIE (QUK-

CApOBaHHEBIE TOYKHU. CJIBI[OB&T(:‘JIBHO, ONTHMAJBbHLIE CTpaTermu
UT'PEl TAKOBHI:

10 0 1] (mma Py)
lw, 0 1—w,|, rme %<w1<1 (mna P,).

Ilena wmrpu paena 1.

6. Pemennme Wrpnl ¢ OTpAaHHYEHHAMH KAaK PasieluMoil HMrpbl

ITpeamomoskuM, dYTO CMEmIaHHBIE CTpaTeruy IPSIMOYTOMb-
HOH WMrpH [JO/KHEL YJOBIETBOPATh HEKOTOPHIM [OIOJHUTENb-
HHIM IUHeAHHIM HEPaBeHCTBaM, IIOMHMO TeX, KOTOpPHe oImpe-
MeXAI0T CMEMAHHYI0 CTpaTermio; TOTJa MH HMeeM u2py
¢ oepanuvenusmu. Takue MrpH BCTPEIAOTCA YacTO B MaTe-
marmaeckoit cratucruke (cm. raasy XIII), xorga paccma-
TPUBAIOTCA 3aJa9d CTaTHCTHIECKOTO pEemeHHus KaK HrpH
MEKIy CTATHCTHKOM M MPHPOAOH, W60 CTATHCTHK OOHTHO
UMeeT B NaMATH JOCTATOYHO ONMBITHHIX JAaHHHBIX OTHOCHTEIBHO
OpOIJIOro IOBeJeHAs UPHPORL B [aHHOH o6aacTh, 9YTOGH!
cyMeTh TIO KpaiiHeii Mepe YCTaHOBHTH BepXHHMe H HIDKHHUE
PPAHUIB JA YACTOT OMKUJAeMHX sABJIEHMI,
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HomonuurenpHbie nuHeNHBE HEpPaBEHCTBA B HIpPe ¢ Orpa-
HUYEHHAMH UPHBOAAT K TOMy, 4To upoctpanctBo U um mpo-
cTpaHCTBO W U3MEHAIOTCSA, HO OHHM TIO-TIPEKHEMY OCTaroTCA
3aMKHYTHIMH, OrpaHMYeHHBIME ¥ BHNYKIHMHA. llnarexnas
¢GyHKOUA, KOHEYHO, OCTAeTCsA HeW3MEeHHOl H, B 9acTHOCTH,
ounnneiinoit. IlosToMy MOKHO NpPHMEHATh METOXH, MCIOIb-
3yeMble OJf PasJeJuMBIX HTp.

2 /73

§

%
Puc. 47. Puc. 48.

My MoskeM pemaTe Wrpy nyTeM MCC/ICIOBaHHA (PUKCH-
poBaunBIX Touek. Hanpmmep, paccmorpum wurpy, pasobpan-
HyI0 B mpefbiAymieM naparpage. JomycTuM, 94TO MBI Haja-
raeM Clefylomue OMOJHUTEJbHEIE IHHEHHHEe OTPaHHYEHNA
HA CMeIaHHBIE CTPATEeTHH:

1 1 2

3 U<7, wz—w1+§<0-
MaremaTHdecKkoe oMAaHWe BBHIMTPHING OCTAaeTCA MPEKHUM
a MMEHHO!

u, >

E(u, w)=(—3u,— 2u,) w, +
+ (U= 2uy+ 1) wy + (—u;+uy -+ 1).

U3 pomomHMTeNBHEX HEPABEHCTB BHITEKAeT, WTO MPOCTPAH-
crBo U mpexcraBaser coboit  gwerwpexyroasauk ABCD
(puc. 47, samTpuxoBamHasg 0061acTh), a mpocTpaHCTBO W —
TpeyronbEuk LMN (pue. 48, samrpuxoBaHHAs 061acTh).

Mur pemaem sty Mrpy myTeM uccaefoBaHUA (UKCHPOBAH-
HHX TodeK B mpocrpancTBax U m W. U3 reomerpugeckoit
CTPYKTYpH upoctpanctBa U caefyer, 4T0 [JA BCEro Mpo-
crpancTea U MBI nmeem:

P <0< p,.
19*
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CrnegosaTenbro, o6pas W (u) BeAKOM TOIKH u TPOCTPaH-
crea U ecrp Toura |1 0. Ho U(]1 OH)=H% O‘.

CremoBarensHo, l—?l’— O” m ||1 O] cyre ¢umrcnposanHbBIE

toukm npocrpancts U m W. OnruMampHBe CTPATerdd UIrpo-
KOB CYTb

150 2] o,
110 0] (nan Py).

Ilera urpum paBHA ——;— .

BuGanorpaguueckne 3amMeyaHuA

dra riIaBa OCHOBaHA B OOJBIIOH CTelNeHW HAa BHIBOMAX,
npuBeeHEHX B paGorax [[pemepa, Kapimma m Illemmu [35]
u Jlpemepa u Hapmmua [34], a Taxe Ha HEKOTOPHIX dacT-
HHX coobmenusax Jpemepa. Cm. Taxske paGory Jpemepa [32].

YuopakHeHn A

1. TloKaskHTe, 9TO BCAKAA pasfeNnMas HUrpa, Y KOTOPOH miuaTem-

HaA (QYHKIOHA MOKeT OHITH 3alHCaHa B BHJE
M (z, y)=r(2) s (y)tar (z)4-bs )+,

HEMEeT CeIOBYI0 TOUKY. ~

2. B npamepe 11.19 mafigure ONONHATENHHO Kaxme-THOO OUTH-
MaJibHHE CTPaTerdd s 060MX HEIPOKOB.

3. Ilpu kakmx ycioBEax mia A, B, C m D pasperumas Hrpa
¢ IIaTe:RHOU (PyHKiHeR
M (z, y)=A cos Tz cos 8y -} B cos Tz sin 8y -

--C sin 7z cos 8y D sin 7z sin 8y
6y;(e1:, HMeTh TaKHe jKe ONTHMAJbHEE CTPAaTerdd, KAaK Hrpa mpEMepa
11.18?

4, Pemmte pasfelEMYI0 Brpy, HEMEIOIYI IIATeXHYI (yHKIHIO

7 T B I
M (x, y)=3cosTxcosTy+50057x51n—2-y+

LT T ST T
+2sin - % o8 —2—y+s1n—2- zsin—5-y.
5. PemmnTe pasfelEMyI0 Arpy ¢ IIaTe:kHOl QyHrmmei
M (my y) =($—y)2'
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6. PemnTe paspgeiEMyI0 ATPY ¢ IIAaTeKHOH QyHKIHe

e CHREIE!

7. PemnTe pasfeluMylo HIDY ¢ IJATEXKHOH QyHKIHei

M (z, y)=(z—2) <y—%>+2(x—2) (ys.—.?t_>_|_

+5(@5—2) ( ——;-) + 10 (2*—2) <y3 —5)-

8. PemmTe paspeiquMy0 Arpy ¢ IJATeKHOH PyHKmmed
M (2, y)= cos 2%tz cos 2y +z4-2y.

9. PemnTe pasferuMyio Arpy ¢ IIaTe;KHOH (yHKmueit
M (z, y)=cos 4nix cos 4y +z+y.

10. Jloxa)kaTe cIefyOmyI0 TeopeMy:
Ilycts nuaTesxkHas QYHKIAA pasgellEMOd HrpH HMMeeT KAHOHH-
9ecKoe ' peficTaBlleHNe .

n n

M (2, y)=) 21 a;jri (2) 8 (y)+§]‘ biri .(w)-l-jE‘ ¢js; (¥)+d

i=1 j=

1 u—mobaa Touka mpoctpaHcTBa U, OTIMYHAA OT NHepBO# KpATHUe-
CKOY TOYRH, TOTHA

U (w) C B(V).

AHaiormgso, ecim w—mo6asg TOYKa mpoctpaHcrsa W, OTIHYHAA OT
BTOpOH KPHTHYECKOH TOUYKH, TO

W (u) C B(W).

11. JoxanTe CIeTYIOmY Teopemy:

Ecianm Beskaa (uxcupoBamHas Touka npocTpaHcTBa U paspennmoi
arps  mpuHagieRaT MHoskecTBy B(U) m ecadm B (U) He comepsKAaT
OpAMOJIAHEHHEIX OTPe3KoB, TO B mnpocrpanctBe U mMeercs ofHA
I TONbKO OfHA (HKCHpOBaHHAsA TOUKA. AHAJOrAYHOE yTBEpK[CHHe
CIpaBeAJIMBO JIA NPOCTpaHCTBa W.

12. Ilyctb nnaTexuad QyHKUHA pasgesdMoil WIPH ecTh

M (z, y)= Ae%eV -+ BeXe¥* | Ce*’ev -1 De*eV” -
! T .
+Ee*4-Fe** - GeV-+ HeV* K,
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rue
A B
¢ p|*%
HadipuTe pelleHMsa WIpH [JA pasinuHnX sHauenuid 4, B, C, D, E,
F, G, HuK.
13. HaiinuTe pemieHMA HIpHI, UMEONEH DIATEKHYIO MATPHILY
1 2
30
2 1

A CMeIIaHHEIC CTPATOIHMM, IONYMHEHHBIE CJeIYIONHAM OrpaHuYeHHAM:

1 4 1
'§<y1<g, ?<xl+x2<

14. PemnATe Wrpy, UMeINYIO INIATERHYIO MaTPHIY

3 39 30 I
3 9
28 4 25

U CcMelllaHHBIe CTpaTernu, NOJAYAHEHHEIe CJ[eJIyIOH.lKM OTpaHMYCHUAM:

1 4 1 1
WSHU<E, 5pS<h<7) B8>F (1—-—:::1),

1 1
’1—0<y2<2y1, Ys = =%

NP

o



FriIABA XII

UTPBI C BBIOYKJIBIMH INIATEKHBIMI
OYHKIAMUI

1. Bomykasie Qynxmnn

JpyrumM xmaccom urp (mommmo mrp ¢ PasgeauMBIMU TLIA-
TeRHHIMU QYHKIMAME), A KOTOPOTO CPABHATEIHHO JErKO
HaXO[ATh DPeIeHHs, ABIAETCA KJIACC WUTp, HMMEOIHUX ILIa-
TeKHYI0 (QYHKIUO, HOIPEPHBHYIO U BHIYKIYI0 OTHOCHTEILHO
OnHOM mepemeHHOW. B sToM maparpade Mu mpusemem Heko-
TOpHe H3BECTHHE IONOKEHHA IJS 3THX HID.

Qysxnma [ peiicTBUTeNHHOR IepeMeHHOW Ha3HBaeTCH
éuinykaol ‘B MHTEpBade (a, b), eciam AuA BCAKOTO HiIeMeHTa
[ A1 As || MBOReCTBA S, M MuA MOGOH MapH pasTMIENX wHCex
T, ¥ z, naTepsaxa (a, b) MH uMeeM:

F Ay 4 Aomy) < Af (1) + Aof (z,).

Ecmu mia A, == 0, A, 5= 0 Bcerga mmeer mMecTo rmms cTporoe
HEPABEHCTBO, TO (YHKIHUA [ HABHIBAeTCA CMPO20 GLLRYKAOI.

UYro6s mOHATH TeOMEeTPHYECKUI CMBICA TOHATHA BHILYK~
JOCTH, paccMoTpuM rpadur ma puc. 49.

Hocromeky aGenueca Touku P, pasHa Z,, OpAMHATA KpU-
BOit B TOuKe P, pamHa f(x,), To ecTs

P,A=f(x,).
Ananorugno
P,C=f(x,)
n
QD = f (M, + Moy).

IMockonbKy a®emscca Tourm Q pasma Az, A,z,, ogeBmpgHO,
Q pemnt orpesok PP, B ormomemmm A,:Ay Kpome TOrO,
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[OCKOIBKY HWHCTA A, H A, 002 HONOMATENbHE, () JeXHAT
meskny P, m P,. Ha ocHopammm 1momoGusi TpPeyroJbHUKOB

0 Bly) 4z Aa) Blz) 7
Puec. 49.

MH 3arkmouaeM, d4ro B pemat AC B orHOmEHME A, :A, m,
cIe0BaTEeIbHO,

QB = Mf (%) + Aof (x2)-

Urax, us HepaBeHCTBA, ONPEeAEIAIOMEr0 BHOYKIYIO PyHK-
IUIO, BHITEKaeT, 4T0

QD < @B,

To ecTh rpaduk (GYHKIMH He MOKeT JeKaTh BEIIIE IIPAMO-
JINHEAHOT0 OTpPe3Ka, COeAUHAIONEro nP0ne ABe TOYKH TIpa-
pura. Oysrnud ABIAETCA CTPOr0 BHINYKIOW, ecidm rpadgmk
GyHKIUM Bcerga JIEMHT Hudce RAHHOTO IPAMOIMHEHHOTO
oTpesKa. )

Jlerko BHperh, UTO eUHCTBEHHEE BEIIYKJbe QYyHKLUH,
He SBIAIMUEcS CTPOrO BEIIYKIHIMH, cyThb QyHKmum, rpa-
¢uKE KOTODPHX COCTOAT YACTUYIHO WJIM MOTHOCTBIO U3 NPSAMO-
nuueitEEX orpeskoB, Cuepylomme QyHKIUH BEIOYKIH B HH-
TepBajie (— o, -+ o), TO €CTh BO BCAKOM KOHEYHOM WHTEP-
BaJe: ,
x4, 3—Tx+z% €, €% |z|

Bce oTm ¢yHKmum, 3a WMCKIOYeHHEM IOCIejHeil, CTPOTro

BLIIYKJIbIE. ) _
OueBuaHo, MOTyT OHTH (YHKIUH, BHIOYKIHE = JIHIIb
B HEKOTOPHX uHTepBanax. Hanpumep, ¢ynkmmsa sinz
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BHNyKJa B uHTepBate (— i, 0), HO OHA He ABIAETCA BEIOYK-
noit B mutepsaie (0, 7).

U3 nuddepennuapEOr0 MCYUCICHUA H3BECTHO, 4TO PyHK-
Onsa  ABIAETCA CTPOr0 BHOYRJOA B HMHTepBaie, ecad OHA
AMeeT IOJOKHUTEeNbHYI0 BTOPYIO HPOMBBOTHYIO BO BCAKOW
touxe maTeppama. C JApyroft cTopoHH, GyHKIMA MOMeT OHTDH
CTPOTO BHOYKJIOH B HHTEpBAJe, €CIH Jla)e OHA HMeeT BTO-
pyl0 TpOM3BOAHYI0 He BO BCeX TOYKax murepsala. Tax,
Hanpumep, QYHKIHsA f, ONpefeleHHAsA YCIOBUSAMH:

f@)=2+@+4 (230,
fla)=24@—4® (z<0),

He MMeeT BTOPOil IpOMBBOAHON (H Aake mepsoit mpu z = 0),
HO JerKo NpOBepuTh, 4TO 5Ta (YHKIOUA CTPOr0 BHIIYKIAA
B mATepBase (— oo, -+ ).

Ecnm y ¢yBKIunm JBYX IepeMeHHHX OJ{HA IepeMeHHasd
¢purcupoBana, TO MH moiaydaeM (YHKNMIO OIHOH HepeMeH-
Hofi, m oTa (YHKIMA MOKeT OKasaThCA BRIMYKJIOH (Uim
CTPOTO BHIYKIIOI); Tak, QyHKIuA

f (2, y) =522 —10y?
CTpOro BHINYKJIad 0O z JJA Mo6oro ¥, Tak Kak
Sr=10>0;
HO OHA HEe BHIIOYKJIAA 10 Y s JIIO6OI‘O x, TaAaK KaK
P~ _20<0.
oy?
Oyaxnung
f(z, y) =22+ y*—3zy +1

ecTh CTPOT0 BHOyKIada (QYHKOUA - mo r A moboro y
7 cTporo BHOyKJIasd QYHKIAA IO y AJA m06oro .

MoskHO Taxs;ke 00OOHUTH MOHATHE BHUYKJIOCTH Ha QYHK-
UM HECKOIbKMX mnepemeHHHX. Ecam f ecrs ¢ymknua n
IepeMeHHH X, TO M HaskBaeM QYHKIHIO [ 6unykaoll BHYTDH
n-MepHOH 06macTH, ecim JJA BCAKOro aaeMenta ||A; A, ||
MHOKECTBA murdg... 1 AJIA 060 1apH PasIMIHHEIX TOYEK

Nz, ... o]l ® |2y ... %,| oBmactm BmimomHAETCA  COOT-
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HOIMEeHUe
Fazy + 0521, vy Ay + Ay,) <
KM@y oos @) Fhof (T4 ...y 7).

Hak m B cirygae gynkumu ofHOi# mepeMeHHOH, MHB HA3H-
BaeM QyHKumio f cmpozo uinykaot, ecim upn A, # 0, Ay 0
UMeeT MECTO CTPOroe HepaBeHCTBO.

IdTO WOHATHe BHINYKIOCTH HE CBOAUTCA K IOHATHIO
BHIYKJIOCTH II0 KasK[OH mepeMeHHOW B orpeabnoctn. Tak,
dynrnua f(r, y) Momer GHTH BHOYKIOH 1O Z AiA m060T0 Y
M BHIOYKIOH MO ¥ AdA mio6oro z, -He OyAydYW BBILYKJION
Ho /iByM NepeMeHHEM ofHoBpeMenHo. Hampumep, Qymrmmsa

(2, x5) =2} + 25 — 32,7, + 1

€cTh BHIYKIasd QyBKOHA MO , MIA JO60T0 T, W BHIYKIAasg
¢yBKnEA 10 T, AMA M0GOro Z,, HO OHA HE ABIAETCA BHIOYK-
Joit ¢pyHKmue:R mo x, M z, OJHOBPEMEHHO, B 4eM JEI'KO ybe-

RUTBCSA, eCIH B3ATH A=Ay ==, |7y &y|l=|—-1 —1] =

o gall=II1 1]

HEKOTOPOM CMHICTE OGPaTHBEIM INOHATHIO BBILYKIOCTH
AsnAerca monatue Bormyroctd. Oymkous f masmBaerca 6o-
enymoii, ecnun pyEKIMA — f BHnykaas., MoskHO TaKse roBo-
pUTh O BOTHYTOCTH IO HECKOJIbKHM INEPeMEeHHBIM, CTPOTOii
BorEyTocTn u T. X. CBoHicTBa BOTHYTGCTH JIETKO BEIBECTH
U3 COOTBETCTBYIOI[UX: CBOMCTB BHIIYKIIOCTH.

Jlemma 12.1. ITycmv ynkyus f Henpepvisha u cmpozo
6oInYKEAG 6 3amkrymom unmepease. Toeda [ npunumaem
MUHUMAAbHOE 3HA4eHue 68 O00HOU U mMOoAbKko 6 00moil mouke
uHmepeasa.

HMoxasarenxbcrBo. Ilockonsky f HempepmBHa, OHa
NpUHIMAaeT MEHUMAJIbHOe 3HAUYEHNE U0 MeHBIIeH Mepe B OHOH
Touke mHTepBasia. Ho ecnm f mpnnuMaer mMuHmManpHOe 3Ha-
9eHHe B [BYX PA3MMYHHX TOYKaX @ W b, TO MH JOIKHEL
UMeTh B CHNIy CTPOroii BHIYKJIOCTH (YHKIHU:

1(F) < s f@+ i =21 @+ 510 =f@,

9TO IIPOTHUBOPEYUT TOMY YCJIOBHIO, YTO B TOYKEe a HOCTH-
raercsa MI/IHPIMyM,
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- 2. EnuAcTBeHHasA cTpaTerua 1A OXHOr0 HIPOKA

OGpatuMca Temepb K PacCMOTPEHMIO HENMPEPHIBHHX HIP,
Yy KOTODHIX NJIaTeKHHe (YHKIUM BHIOYKIH [JIA HIPOKa,
n00MBaOMerocs MUHEMyMa IJIaTe)Ka.

Teopema 12.2. yemv M (x, y) — naamexncrnan @pyuk-
Yus HenpepvieHOl uzpvl, HenpepeléHAsL N0 08YM NepemeHHbLM
u cmpoeo ewinykaax no y Oas awboeo z. To20a umeemcs
eOuHCmeeH AL ONMUMAAbHASL cmpame2us 048 8MOP0oeo U2Po-
Ka, ABAKOWAACK cmyneHuwamoii Pynkyueli nepgozo nopadka,
mo ecmov umeemcs wucao ¢ € [0, 1] maroe, yumo eduncmeermoi
onmumanvnoll cmpamezuell 048 6mMOPO20 U2POKG SEALEMCH
cmynenwamasn @Pyrryus I,. Lena uepwr onpedensemcs gop-
MYa0l

v= min max M (z, y),
o<y<t 0<x<t

a kowcmamwma ¢ ecmd e0uHcmeeHHoe pewernue Yypasrenus

max M (z, c)=uv.
o<x<t

HoxasareabcTBO. Ilockoabky /M HempepsBHA, TO
u3 teopeMmul 10.4 BrITeKaeT, 9TO CYIIECTBYIOT OLTHMAJBLHEIE
cMemaHHHeE crpareru? Aias obomx urpoko. Ilycts v —1ena
arpu u F* — p06as puKcMpoBaHHASA ONTUMAJIbHAA CTPATeTUsd
oas mepsoro urpoka. [lomoyxmm

1 .
¢ (y) = § M (z, y) dF* (). (1)

Uz menpepuBHOCTH ¢ynkmum M MOMKHO JETKO BEIBECTH,
970 ¢ ecTb HempepmBHag ¢yHKmuA or y. B camom meue,
ecim M HempepeIBHA, TO [JIA BCAKOrO € MMeeTcA Takoe 9,
4T0 ANA Y, — Y| < O MBI mMeeM:

TG

|M (x, y) =M (z, yo) | < e.
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Torma

J ,
low) =0 |=|{ M (@ v~ M@ waF @) |<
0

<\ IM(z, y) — M (z, yp) |dF* (z) <

(=T X

<§adF*(x)=ede*(x)=a.

Ilanee, m3 Toro, aro M (z, y) CTPOro BHOyKIA [0 ¥ AJA
mo6oro &, BHTEKaeT, 9T0 ¢(y) CTPOr0 BHOYKIA IO Y.
B camom pmeme, mo Teopeme 9.15 ’

1

P (M + Mool = § M (@ My + hays) AF* (2) <

1
<\ M @, 0) +0aM (@, 4] AP* (@) =
[\}

1
M\ M (z, yy) dF* (z) +hy \ M (2, Yo) AF*(z) =
0

O

- M@ (1) + M@ (¥).

Cire{oBaTe BHO, @ yAOBIETBOPAET ycaopuam demmsl 12.1,
OTKyZla MHl 3aKigiodaeM, 9TO ¢ IpPIEUMaeT MUHUMAJLHOE
3HadeHNe B OMHOM U TOJHKO OJHOH TOUKE ¢ MHTEpBAjJa
[0, 1]. Urax,

@ (c)= min ¢(y)
o<yt

Pl)<@(y) naay=+£c.

[TokajkeMm, 4T0 eMHCTBEHHOH ONTAMAJbHOH CTpaTerwed mJs
BTOpOro wurpoka sBiafgerca (GYHKOUA pacnopefereHud I..
ITockomBEKY MBI 3HaeM, 4YTO y B5TOro HIpOKa HMeercA IO
MeHBIIEA Mepe OfHA ONTHMAJbHAA CTPaTeTHd, MOCTATOYHO
II0Ka3aTh, 49TO BCAKAdA ONTHUMAJbHasA CTPATerusa 3TOTO HIPO-
Ka TokpecTBeHHa ¢ I.
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IIycte G* — mo6as onmTHMAaNbHAA CTPATErds A BTOPO-
ro mrpoka. ITokamem, ato G*=1I,, 10 ects G*(y) =0 mua
y<c @ G*(c)=1. IOaa *aroro, o4eBHAHO, MOCTATOYHO HO-
Ka3aTh, UTO JJIA BCAKOTO MOJOKUTEILHOTO YHCJIA & MBI MMEEM:

G* (c &) —G*(c—e)=1.
Ho mockonsky ¢ HempepHBHAa M NpUHAMAaeT CBoeé MHHH-
MaJbHOe 3HAYeHHe TOMBKO NpH ¢, HMeeTcsA MOJIOKHuTemnpHoe O,
rakoe, 4r0 AmA O0<y<<c—e U gaa c+a<y<1 MH IMEeeM
Q) >¢(c)+98, m Takoe, uTO AMA c—EKY<C+E MH
nmeeM @ (y) > @ (¢). Orcioma M 3aKi09aeM, 9TO
1 c—¢e c+e

§ o) d6* (1) = | e d6* W)+ | o) d6* (1) +

0 c—¢&
c—e

1
+ { ewdcrm)> \ [o()+8146* () +

cte
c+e

+ {e@ac* @)+ \ o ©+81d6* () =
1 ot c—sc ° 1

={o@acw+ § sacr @+ § 846+ ()=
0 0 cte
=@ (c)+0[G* (c—e) —G*(0) + G* (1) —G*(c+e)] =
=@ () +8[1+G*(c—e)—G*(c+e)]
Ianee, na ocHoBaHMU TeopeMH 9.22
11 1

o= (M (@, y) ar* @) de* ) = § ¢ (y) dG* (y) =
0 0

Fe 3 o

1

= mi dG = i =
rg;g§q>(y) (%) Or\g;iiw(y) ¢ (),

W, CJIel0BATEIbHO,
Q)= () +0[1+G*(c—e)—G*(c+e)]
IMockonbry §,> 0, MBI 3akmo9aeM oTciofia, 9TO
1+G*(c—e)—G*(c+¢e) <O,
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U, CJIe[[0BATeNLHO,
G*(c+¢e)—G*(c—e)>1.
Ho, ouesumno,
G*(c+e)—G*(c—e) <1,
o, cleJ0BaTeIsHO,
G*(c+e)—G*(c—e)=1,

970 U TpebOBaJOCh HOKA3aTh.

CnpaBenMBOGT  IOCIeHErO NPEIOMKEHHA  TeopeMbl
BHITEKaeT HeIlocpefcTBeHHO w3 Teopemul 10.17.

CoBepmeHHO TaKMMM Ke PaCCyKIeHUAMM OKA3HBAETCH
caefyomas Teopema.

Teopema 12.3. Iyemv M — naamesncnas @yuryus
HENpepLiGHOlL Uzpbl, HENpepseHas Nno 000UM nepeMerHbLM
u cmpoeo eozwymas no x 0as abozo y. Tozda y nepsozo
uepoka umeemcs eJUHCMEEHHAA ONMUMALLHAR CMPAMesus,
ABAAOWAACA cmynenuamol PyHEyueill nepsoezo nopadka, mo
ecmv  umeemca wucao c€ [0, 1] maroe, umo eduncmeernoii
ONMUMANbHOIL cmpamesuel nepeoeo U2POKA ABAAEMCS CIMY-
nenwamasn gynkyus I,. Ilena ueper v onpedeasemes gop.my-
a0i

v= max min M (z, y),
0t 0yt

a KOHCMAWMA ¢ ecmb eDUHCMEEHHOE Pewienue YPaASHEHIL
‘min M (c, y) =o. .

o<yt
IIpumep 12.4. Iycrs

M (z, y) =sinn—(x2—l_—y) .

ITockomnky

02 2 .

-axif= ——(%) sin LZ—I_y)—\<\0 ma 0<zr<1 uw 0<y <,

10 M (z, y) ects BormyTaa QyHKOUA OT z A moGoro y.

Cuemoaremsno, mo Teopeme 12.3
U= max min sinw.

o<a<t O<y<t 2
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7 (2+y)
2
(UKCHPOBAHHHIX 3Ha4eHMWT T MH JIETKO MOJyYaeM, 9TO eCld

1
Iz 5 TO

W3 paccmorpenns rpagmka sin I PasINIHBEIX

min sin
o<yt

aETy (xz—l—y) =sin—‘§—x , (2)

a eclm <x <1, 10

min sin n(xf—]—y) = sin n(xz—l—l) . 3)
o<u<t 2 ‘
Uraxk,
y=maXx| max min sinf—(%i@— , max min sinﬁ—(x;"—y)] =
0<x<1 o<y<i ;<x<10<'u<i .
= max [ max sin%, max sin ﬁ%ti—)] =
o<x<y J<ast
Cmax (V2 Y2 _V2
=max{m5-, 5= -
Kpowme Toro,
1
o “(3“) %)
min sin ———= ="~
o<yt
V2 .
CrnenoBaTelpHO, IleHA Urphl paBHA —» U  eUHCTBEHHOI

ONTWMAJBbHOH cTpaTerueil JIJA MepBOTO HrpoKa ABJIAETCA
¢yHKnua pacnpemenenus /g .
2

3. Crpareruu mua Jpyroro Mrpoka

B npuBegeHHOM BHImME NOpHMepe MH MOTJH ONpPefeNHTh
ONTHMAJBHYI0 CTPATeIMI0 [JA NePBOr0 MIPOKa, HO He A
Broporo. JlBe ciexywoliue TeOpeMHB NO3BOJAIT HaM Ompe-
JenuTh OUTHMAJbHEIE CTPATeruu Ajs 000MX HIPOKOB.

B. atux_teopemax cumBomamu MY (r,y) u M® (z, y)
MH 0603HA9aEM YACTHHIE npomspofnsie Qynxmun M (z, y)
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COOTBETCTBEHHO 1o z m y. Taxkum oGpasoM,

Mo (x’ y) —_ lin&M(x—}—z’ ?/Z"'M (=, ¥) (4)
"
M® (x, y) = !L%M(x' y-l-’;)—M (=, ) . (5)

Hockoneky MH orpaHHdmBaemMcsa (yEKIEAMHE, ompeseseH-
HEIMH Ha 3aMKHYTOM efMEMYHOM KsagpaTe (0<z<1,
0 <y <1), ro mpomssonrre M (0, y), M© (1, ), M® (z, 0)
u M® (z,1), cormacHo sTHM ompefeleHAAM, He HMeIH G
cmutcra. Iloaromy mop M (0, y) mm Gymem moppasymesats
npefesn BHPaKeHUA (4), KOrAa z IPAHMMAET JAMb IOJOKM-
TeIbHEe 3HadeHHMA, a mox M™ (1,y) M Gymem moxpasy-
MEBaTh NPpeJiell STOr0 BHPAKEHHA, KOTJa z NPUHEMAeET
JUMb OTPANATeNbHEE SHaUeHHA. AHAJOTHYHO ONPeeNsaIOTCs
M?(z,0) m M® (z, 1).

Teopema 12.5. IIyemv M — naamescnas Pynryus
HENDEPLIGHOIL U2pbl, HENDePbeHas No 06ym nepementvim;
M® (z,y) cywecmsyem Oan awbuz z u Y 6 eduHuumom
xéadpame u M (x, y) cmpoeo swnykaa no y das wiobozo .
ITycms I,,o—eauncmeennaﬂ ORMUMANLHAR CMPAme2ns Oas

6moOpoz0 u2poka, u v—yena ueps. Ecau y,=0 uiu y,=1,
MO0 Y NeP6020 Uzpoka uMeemes ORMuUMALLHEA cmpamezus | x, 20e

KOHCMAKwmou x, moxcem Gumv aioboe wucao, ydosaemeopasio-
uee ycaosuam: :

0Lz, <1,
M (x,, yo) =0,

<0 mna y,=1.

Ecau 0<y,<1, mo y nepsozo uzpoka umeemecs onmu-
MALOHAA cmpamesus caedyowezo euda:

ol (z) + (1—a) I, (2);

6 Kavecmee ., x, u Xy MOMCHO 83amMb Ato0ObLe wucaa,
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ydosaemsopsiowue Yci08uIM:
o<z, <1, 0Ky, <1, O0<ax,
M (x4 yo) =0, M (25, Yp) =0,
M® (25, yo) >0, M® (x3, yp) < O
- aM® (zy, yo) + (1 — @) M (zy, y,) =
Hoxasareascrso. Honyecrum cmavama, 110 y,=0.

ITockonbky [, ecTp omTHMMainbHAs CTPATerWsA HAJA BTOPOTO
Hrpoka, MH BufuMm no teopeme 10.6, d4To mam Beex

1
§ M (z, y) dl, (5) <v,

U, CIIe[0BATeIbHO, A BCEX T
M (z, 0) <v; (6)
Zajee, MOCKOJBKY mo Teopeme 12.2
U%olél;:léM (z, 0),
T0 cymecTtByer z,€[0, 1] Takoe, urO
M (x4, 0) =o. (7

IIpepmomokuM Temeps, 9TO BCAKOE UHCIO Z,, YHAOBIETBOPAIO-
mee paBeHcTBY (7), ABAAETCA TAKUM, 4YTO

M® (z,, 0) < 0.

Torga mua sesiroro z € [0, 1] cymecrsyer monosRuTeNBHOE €
TaKoe, 4To

ME,yy)<v pim O<y<e. (8)

Ilna rajkaoro ¥ MH ompefeiseMm &€ (r) KaK BepXHIOI0 I'DaHb
BCeX dHCeJd €, YNOBAETBOPAIIUX HepaBeHcTBY. (7). Uz
HenpepHBHOCTH QYHKIUM M ciemyer HeIpepHBHOCTH QYHK-
nuu &(z) mo xz B 3aMxEyToM wmurepBaime [0, 1]; xpome To-
ro, &(z) Bcerja MOJNOKUTeIbHA M, CIeNOBATeIbHO, HMeeT
nonomuTeNEERE  Mummmym. Ilyers e, > 0 — MIEIMATEHOR

20  Tm. Max-Kuncp
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sHatuenue & (z). Ecam mu BrGepem y, Tax, ato 0 < y, < &,,
T0

max M (z, y,) < v,

<t

U, cJefoBaTeNbHO, IO Teopeme 12.2

v= min max M (z, y) < max M (z, y,) < v.
0<u<t Ot o<x<t
Mzt mpmmmm x nporusopeumio. CiepoBaTenbHo, CYIIecTByeT
TUCIO Zy, KOTOPOe YHOBJIETBOPAET PaBEHCTBY (7), u, KpoMe
TOTO, : '

M® (z,, 0)> 0. 9)

HOycrs Temeps z,— moGoe wncio us waTepsata [0, 1], ymos-
Jersopaomee yciaouaM (7) m (9); mokaskem, 9To I, ects
ONTHMAJNBHAA cTpaTeruA AJA mepBoro urpoka. Ho mockous-
Ky M (zy, y)—BHIOyKNasd QyHKNUA OT ¥, TO H3 (7) u (9)
BHITEKAeT, 4To U ecThb MunuMyMm ¢ymxnumm M (z,, y), Tak
9TO JIiA BCAKOLO Y

1

V<M (20, 9) =\ M (2, y)dl,, (x)
0

4, clefoBaTenbHO, 1o Teopeme 10.6, IxO €CTh ONTUMAJbHAA

CTpaTerus JJs MEPBOrO HMIPOKA, 9T0 M TPeGoBaToCh HOKa-
3aTh. JTHM 3aBepPIIAETCA [OKA3aTeNbCTBO NJIA CIydas Yo=0.
HorasarenscTBo AnA caydas y,=1 amamormuso.
Honmycrum Temeps, gro 0 < Yo <1. Hak u B cayuae
Yo=0, MH BUAWM, 4TO AmA BCex z

M (z, y,) <v (10)
U A HEKOTOPOTO %
M (z, y,) = v. (11)
Ecaiu 6w moGoe z, ymomerBopsiomee yCI0BHIO (11),
OBLIO TAaK®M, 9TO
M® (z, y,) <O, (12)

TO MB npumiadm G K NIPOTHBOPedMI0, KaKk M B cjydae
Yo=0. Wrax, mumeerca wmemo z, KOTOPO€ y/I0BJIeTBOPAET
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ycaosno (11), m, xpome ToTO,
M® (2, y,) >0,
TO €CThb MMEeTCA 9HUCIO I, TaKoe, UTo
o<z, <1,
M (2, yo) =0, (13)
M® (z,, ;) > 0.

Anajormano MH yGe:KjaeMcsi B TOM, UTO UMEETCH UHCIO T,
TaKoe, 9TO
O < xz < 1»
M (x5, yo) = v, (14)
M® (x4, y,) <O0.

Paccmorpum temepn dynrmuio
F(B) =EM® (zy, yo) + (1 — &) M® (x5, y,).
Mp1 sameuaeMm, dT0

F(0) =M™ (x,, y) <O

F(1)=M® (z,, y5) >0

[Tockompry QyHKOUA f HempephiBHA, MH 3aKI0YAeM, 9TO
CYIIECTBYeT ¢, y[AOBIETBOPAMILEE COOTHOMEHUAM

0<axg, } (15)

f(a) =aM® (z,, yo) + (1 —a) M® (z,, y,) =0.
1A 3apepmeHHA OKA3aTeIbCTBA TEODPEMHI HaM HYKHO
JAmb TOKa3aTh, dYTO €CIH Z,, &, M a— ao0be 9ucia,

yhosmersopaiomue ycaosusam (13), (14) n (15), To pyHrnmA
pacupeeienus

alx (z) +(1—a) I, (z)

€cTh ONTAMANbHAS CTpPaTerus MJsA 0epBoro wurpoxa. Hs
Toro, 4ro ¢ymknua M (z, y) HempephBHAa m0 Y AaA mo6o-
TO Z, MHL 33jjyodaeM, 9T0 QyHKOUA

g(y)=aM (zy, y) + (1 —0) M (z,, y)
20%
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BHOyKaIa mo y. Hpome rtoro, ms ypasmemus (15) mur Bupnm,
9T0 NPOM3BOJHAA PYHKIME g (y) PaBHA HYMIO IPH y = Y,.
CrnemoBarensHo, g (y) NPUHAMAaEeT MAHUMAILHOE BHAYCHHE
B Touke ¥, Hrak, mockomsky Ha ocHopamm:m (13) m (14)
MBl UMeeM:

g (yo) =aM (z,, yo) + (1 —a) M (z,, o) =av+ (1 —a) v=1,

TO MBI BHUAMM, 9YTO U €CTh MHMHMMAJbHOE 3Ha4eHHe QYHK-
nua g (y), To ecTh AIA BCeX y:

v<aM (-’1’1, ) +(1 —a)M (xz’ v),

niIn
1 ‘
v \ M (2, y) d[als, (2) + (1 — o) I, (2)].
0

Teneps Teopema BHTEKaer u3 Teopemn 10.6.

Tax se. MoKHO HOKasaTh CJeAYOIIYI0 TeopeMy, aHAJO-
TMIHYI0 TOJBKO 9TO JAOKA3aHHOM.

Teopema 12.6. ITycmv M — niamexcras @ynryus
HenpepeleHol uzpbl, HENPEPLIBHAR N0 O8YM NepeMeHHblM;
M® (z, y) cywecmsyem das awbozo x u 4106020 y 6 edunuy-
Hom readpame; M (z, y) cmpoeo eoenyma no z das awbo-
20 y; I — eduncmsennas onmumasvnas cmpameeus Oas
nepgozo uepoka, u v—yena uepst. Ecal =0 usn z,=1,
MO UMEEMCS ONMUMANLHAZ CIMPAMESUs Iyo das  emopozo
uepoka, 6 Kauecmge KOHCMAHMYL Y, MOWCHO 63amo ai0boe
uucao, Y0osaemeopouee YCA08UIM:

0<y, <1,
M (zy, yo) =0,
<0 gna z,=0,

33}
M (ﬁoy yo) { >O e $0=1.

Ecam 0 <2y <1, T0 umeercs omrumambHAs crpaTerns
AJsL BTOPOTO WI'POKA, MMeIOmas CHeNyomui Bu:

aly (y)+ (1 —a) Iy (y),
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mpudeM B KadecTBe KOHCTAHT @, Y, U Y, MOKHO BB3ATH
n00Ee 9HCHIa, YZOBIETBOPSAIONIHE YCIOBHAM

O<y<t, 0<y, <1, 0<exl,
M (zy, y3) =0, M (2o, ) =70,
M® (x4, 1) >0, -MP (g, ¥5) <O,
aM® (z,, y) + (1 —a) M® (x4, y,) =0.

4. 3ameuanus U mpmMepsi

3ameuanne 12.7. Cmegyer saMeTuTh, 9TO OITHMAJb-
HEe CTpaTerud, CyMeCTBOBAaHHE KOTOPHX OBLIO yCTaHOBJIEHO
B [ByX IpefLAYyIUX Teopemax, He 00A3aTeJbHO ABIAIOTCA
eIWHCTBeHHEIMHU, Tak, HampmMep, IycCThb

M (z, y)=<y +%>2-

Qymsenua M yhoBiaeTsopser yciaoBuio TeopeMm 12.5, Tak
qT0 y IepBOr0 MIPOKa CYImEecTBYeT ONTHMAJbHAsA CTpaTerus
BHA

ol () + (1—a) I, @);

HO 9TO He e[UHCTBEHHAS OUTHMAJbHAA CTPaTerud AJA Iep-
Boro mrpoxa. B camom pene, mockomexy M (z, y) He B3aBu-
CUT OT Z, TO IOBE/ieHWE IEPBOr0 MI'DOKA HE BIWAET HA DJa-
TEeM; I0ITOMY [AJA IEPBOTO WIPOKa 400as cTpaTerus sABIAeT-
¢A ONTHMAJbLHOMH.

Bameganue 12.8. C momompio Teopemn 12.6 merxo
HAliTH ONTUMAJNBHYI0 CTPATETrHIO JJA BTOPOro UIPOKa B HUIpe,
omucamnoit B mpumepe 12.4. Ilockompky MH HamLIM, 4TO
A 3TOH HIDH xo—_—.-iz— ,
poro WMrpoKa MMEeTCHS ONMTUMAJbHAA CTPATeTuA CJeyIoniero
BHAA: .

TO MOKHO 3aKJII4YUTh, 4YTO Yy BTO-

fac ok U

aly (y)+(1—a) 1y (y),
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rjae a, yl n y2 YJIOBJIBTBOPHIOT YCJIOBHAAM:
0<y, <1, 0<y, <1, 0<ax1,

[ 5 (hen)] Y2 i[5 ()] -2,
cos[ <2+y1>]> %cos[%(%ﬁ-y )] <0,

agcos [7K-2-+y1>]+(1—0)—008[%< +y2>] =0.

IToCKOMBKY eNMHCTBEHHHe 3HAYCHHS y€ [0,1], ynosmue-
TBOPAIOIYE yPAaBHEHMUIO

sin[ 3 (54+3)] =%,

cyts 0 m 1 u nockoabky

——cos[ (2+0>]=%¥>0

Feol5(300))=5(- ) <o

TO MH 3aKymo1aeM, 9ro ¥, =0 m y,=1. U3 ypasHenusa

a% cos [%(%-F OD]—1—(1——0;)%(;0'5\.\[-;l <%+ 1)] =

, 1 .
MBI 3aKJI09aeM [aJjiee, UTO (I=7 . HOQTOMy ONTHMAJIBHON

CTpaTerMedl [iiA BTOPOTO WIpoKa sABIseTcS (YHKIHEA pac-
Ipefieaenns

il (y)+—1—l (v)-

Nrak, ONTUMATBHB cmocol aJs BTOPOTO HIPOKA — BHGR-
pats 0 m 1 ogmmakoBO wacro.

IIpumep 12.9. Teneps _IpH TIOMOIH ¢10c0G0B, M3I0sKeH-
HEIX B 9TO#l IWlaBe, MH HalileM pemeHHe HUrpHl, MMeOMmel
MIaTeXHYI0 QYHKITHIO .

M (z, y) = 16y® — 3zy + 22.
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Hockoapky

aM

ro ¢pyuknua M swmykaa mo y Aaa jgwboro 2. Ilostromy
Ha OCHOBaHMEM TeopeMh 12.2
v= min max (16y®— 3zy+ 2?) =
o<y<t 0<x<1( y y )= 729
Hpome Toro, ME umeem:

max [16( ) 3( >x+x2
d<x<t 729 !
OTKyfla mo Teopeme 12.2 MEI 3aKii049aeM, 970 eJWHCTBEHHOH

ONTUMANIBHON cTparerweil [JA BTOPOrO0 HIPOKAa SABJIAETCSA
OYHKIHA pacupefereHis

14 (y).
3

Tak wax ¢ymaxuma M wMeeT uUpPOMSBOAHHE BCIOAY, TO

1
ycmonss TeopeMul 12.5 BrimomHsiorcsa. IlocKoabry Yo=-5

1 o
n v=7.—f9 , HaM TpeGyeTcs HaliTH pemleHHWe ypaBHEHUSA

M ( ’ 3) 729 !
TO ecTh ypaBHEHUS

16(5) — 3( Jotat= .

Mur cpasy Baugum, 49To pemieHHe OyneT Takoe: x—O nzxr=1.
Beugy rtoro, 4ro

M® (z, y) = ﬂ‘_g;_y) 964° — 3z,

oAy 32
M® (o, §> =2

T M(2)<1, 3)_ 211

MBI HUMeeM:
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CremoBaTensHo, npumenas oGo3HAYEHUS TeopeMn 12.5,
MBI MOKeM B3fATh £, =0 m z, = 1.
Pemas rteneps ypasmenume

aM(2)<O, %) +(1-—a)M<2><1, %)=o,

MBI HaxXOgHM, 9TO G=§i—; .

CTPaTerueid JJIA NePBOr0 HMIPOKA SBJISETCS QyHKIUSA pac-
npeJiesieHus

CnegoBarennHo, oOmTAMAJILHOM

211 32
mlo (=) +m[1 (x).

3amMewamue 12.10. Mmu chopMyIMpPOBATE TeopeMEl
0 BRINYKIBIX QyHKIOUAX B HOBONBHO cHaGoli M 9acTHOM ¢op-
Mé U3 TexX JUmMb coo0paKeHmil, 4TOOH W36GeKATH CIHIKOM
CJOKHKX NoKasaTenbcTB. Ilonoikenns, yeraHoBIeHALe B 5TOM
TIaBe, MOMHO YCHIATh U OGOCIETL B HECKONBKHX HATpa-
BIICHAAX,

Bo-nepsrx, mosHO omycruts B Teopemax 12.5 m 12.6
yCJIOBHE CYMECTBOBAHUA HPOMSBOAHKX. Ho B sroM cayuae
HYKHO HMCHOJIB30BATH TO TOJOMKEHHMe, UTO BHIIYKIAd MIH
BOTHYTas QyHKIUA Beerzta MMeeT 06e OHOCTOPOHHMe IIPOU3BOJ-
HEle B KaXJI0fl TOoUKe WHTepBala OIpeJeieHHS $yHKIHH,
38 HCKMOYeHHeM, OHTL MOMKeT, KOHEYHOTO uMCIa TOUCK.
Torma ycmoBus, mamoMeHHNEe B 3aKIOYMTENLHEIX npefo-
AEHUAX 3TUX TeopeM HA M) (z,, y,), MO (24, yy), M (2, y,)
u M3 (x,, y,), 3aMenamTCA COOTBETCTBYIOINAMH YCIIOBUAMH
AJSL O{HOCTOPOHHUX IIPOMSBOAHHX B YKA3aHHMX TOUKAX,

Bo-sropsix, ycmome crporoit BHIYKJIOCTH HJIH CTPOTOH
BOTHYTOCTH IIIaTeKHOH (YHKONM MOKHO ocnabuTh, 3aMeHNB
YCJIOBHEM, 9TO OHA COOTBETCTBEHHO IPOCTO BHOYKIA WIH
BorHyta. Ho B srom caydae omrmmambmas CTpaTerma miaa
BTOpOro Wrpoka, ykasaHHAaA B Teopeme 12.2 (mmm nma mep-
Boro mrpoka B TeopeMe 12.3), BooGme yme me sBmmETCH
eIMHC TBEHHOI1.

Haxkomen, BHBOgH MOryT GHiTh PacupocTpaHeHH Ha CJIy-
9aif, KOIa HIPOKH BMECTO TOTO, WUTOOLI BHIOHPATh IIPOCTO
dncia M3 3aMKHYTOTO e[MHHYHOr0 HHTePBajia, BHOGMpPAIOT
TOYRM M3 n-MepHOTO eIMHUYHOTO KyGa. B sToM cayuae Heol-
XomuMo  mpumeHsATh Gosee o0miee MOHATHE BHIYKIOCTH
(BHIIyKIOCTH 110 HECKONBKEM nmepeMeHHEIM),
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Bubanorpajugeckne 3amMevaHms

Teopems, mokazaHHHe B 3TOH riaBe, ABJAIOTCA YacT-
HEIME ciIygasAMu Gosmee oOmHUX TeopeM, [0Ka3aTelbCTBa
KOTOPDHX MO;KHo Haiitm B pabore Bomembaycra, Hapmmma
n Ilemmm [11].

Yopakaennsa

1. IlpuBepmTe npuMep QYHKOWE, CTPOr0 BEINYKIOH B HHTepBaJe
(——00,2+oo), HO He HMemeldl Hpom3BOJHOH B ToyKax =0, z==1
nr=2.

2. IlpmBenure mpuMep GyHKOUE [ ABYX HepeMeHHHX TaKOH, 4TO
f(z, y) Bormyra mo z mia nw6oro y W BOCHYTAa IO y AaA m;woboro z,
HO He ABJAETCA BOTHYTOH OJHOBPEMEHHO IO COBOKYNHOCTH Z H Y.

3. ToxkamnaTe, 9T0 e€CJH (YHKOAA f HelpepHIBHA W CTPOr0 BOTHY-
Ta B 3aMKHYTOM HHTepBaje, TO WMeeTCA OfHA M TONBKO OfHAa TOYKA
HHTepBaja, B KOTOpod QYHKOWA NpPAHAMAaeT CBOe MaKCHMAajbHOE 3HA-
9eHHe.

4. TlokaskATe, 94TO CyMMa [BYX BHOYKIHX (yHKO® BHOyKIA,
a ImpomsBejieHne BYX BHIYKIHX (QyHKNWiA He 00A3aTessHO BEITYKIO.

5. IlnaTexHas QyHKOHA HENpPePHBHOH HMIPH €CTh

M (z, y)=sin (2z+y).

HaiiguTe eHy HrpH B OUTEMAJIbHBE CTPATErHE IS 060MX HIDOKOB.
6. Pemmre ypaBmemme 5 raaBu XI cmocobamm, M3N0KeHHBIMHA
B HACTOsAMeH TiaBe.
7. Inatexuasn QyHxous HeNPePHBHON WIDH ecTh

M (=, y)=80y8—5Sxy--a*.

Haitngre meRy HWrpal ¥ ONTAMAJBHEE CTpaTernym Jas ofomx
ATPOKOB.
8. lnaTtexkHasa (yHKOUA HelTPePHIBHOM HI'DHl €CTh

M (.’L‘, y)=Ay1°—4xy+:c°,

rae A— 9YHCIO, YROBIETBODPAIINee HePaBEHCTBAM
219
<A< %

HaiifuTe meHy WrpH B ONTEMAaNbHEE CTPaTerdd NJIA OGOHX HTpo-
KOB (KOHEYHO, HEKOTOpHE OTBETH MOTYT OHTH BHIpaKeHH Yepe3 mapa-
MeTp A).

9. [okaknTe CIeXYOIYI TeOpeMy:

Ilyets M (x, y), My (2, ¥), M2 (2, y), -.. HEIPePHIBHK HA eAHHAT-
HOM KBajfipaTe B

| My (@, 9)—M (7, 9) | <

ans aoGoro no B fjas BceX TOUeK ||« y|| M3 eNMHHYHOro KBajpaTa.
Ilyets v, Aas d000r0 n—IleHA HeIPePHIBHOM WIPH, HMe[omed Ma-



v
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TexRAYI0 GyHRIEIO M, (z, y); F, (z) & G,, (y)—onTAMaNBHEbIe CTPATETHA
COOTBETCTBEHHO IS NEPBOTO U BTOPOTO UIPOKA B 9TOH Hrpe; KpoMe
TOTrO,

lim v, =w,

N—>0

lim 7, (x)=F (z),
n—oo

lim G, (y)=G (y),
N-—->00

rie F m G—¢ynxnnu pacnopenenemna. Torda » ectb meHa HeIPepPHB-
HOI WMIPH, Yy KOTOPOH mNJaTeXHAA ¢bynrmua ects M (z, y), a F(z)
u G(y) CYyTr ONTHMAJBHEE CTPATETHH COOTBETCTBEHHO A TIepBOro
H BTODOTO HrpoKa B aToii mrpe.

10. IToxaxnre, uT0 ecam dbyHKmma M (x,y) BHIODYKIA 00 ¥ AuA
100010 T | eciE n—I060e MONORATEIHHOS Ijejoe 4UCI0, TO GyHK-
nus

M, @, ) =M (2, 9) 4 LY

CTPOTO BEIOYKIA IO ¥ JJsa Ji06oro z.

11. Toxammre (MCHONb3yA BHBOMH yHPAXKHEHHHE O U 10), xax
MOMHO YCHAATL TeOPeME 12.2 m 12.5, 3aMeHHB cIoBa «CTPOTO
BHIOYKJIEEY CHOBOM «BHIOYKIEIEY.

12. Tloxamure, 9T0 GYHKNMA, BHIOYKIAT B OTKPHTOM WHTepsBale,
HelpepLIBHA, W NPHBeJATe HpAMeD GYHKIWH, BHIIYKIOH B 3aMKHYTOM
HHTEpBaJe, HO MMEIOHEeH PaspHB. :

13. MokaxnTe, 9T0 BHOYKNan GYHKOAA EMeeT 06e OTHOCTOPOH-
HHe NPOH3BOJHbE (He 00A3aTeNLHO paBHHE) B M0GOH TOuKe HHTep-
Bajla ONpefieieHAA, 38 HCKIIOYeHUeM, GHITh MOMKeT, KOHEYHOTO YHCia
TOYeK.

14. ChopmymmpyiiTe B ROKaxuTe (HCHONESYH BHIBOJHI yupakHe-
Hus 13) o6obmenme Teopemu 12.5, B KOTOpoM He npejIoJiaraeTcsa
cymectBoBanue mpomssomuoi M @) (z, y).

15. B Hexoropylo Hrpy Hrpair CleAyomEM o6pasoM: NepBEL
ArpoK BHOHpaeT TOUKy || %, ! W3 3AMKHYTOr0o eIMHNYHOTO KBagpa-
Ta, a BTOPOM WrpoK, He 3Hasd BHOOpPa WEPBOro HIpoOKa, BHIOHpaeT
TOUKY || ¥y ¥ || W3 Toro e KBampata. Ilpm atoM BBIATPHII IEPBOro
HIPOKAa paBeH

M(xl: T2y Y1, yz)’

rie GyERous M (x,, @, ¥, Y,) CTPOro BOTHYTa mo ||z, ry || mas
MOOHIX || ¥y Y2 || M cTPOTO BRIYKNA [O || ¥y Yo || ANs mioOwX || 2 Z ||

[ToKamnATe, 9T0 y KaMKIOr0 ArPOKA UMeeTCA eJHHCTBEeHHAN UMCTAs
cTpaTerus.



TIABA XIII
IIPUIMEHEHIAA TEOPUN UI'P K CTATHCTUKE

B raase I MH ykazamm, 9TO KOTZla 4elOBEK CTPEMHUTCH
HONY9NTh KAK MOMKHO GonpIle Kakux-iuGo Gmar, TO ero
noJoKeHue GyfeT pa3aiudHO, B 3aBHCUMOCTH OT TOTO, JOJIKEeH
au OH 6OPOTHCA TOJBKO HPOTHUB CUJ NPHUPOBL WIU OH BHHY-
KIeH TaKKe NPUHUMATH BO BHUMAaHHe IIOBeJleHWEe KaKOIo-TO
IPYroro pPasyMHOTO CyIIecTBa, KOTOpOe, BO3MOMKHO, XOder
yMEHBIIUTH TO camoe 6iaro, KOTopoe HEPBHIA XOUeT yBeau-
qurh. CHTyanun mepBOTO M BTOPOTO BHAA MOMKHO paccMaTpm-
BaTh KaK UTPH: IepBas CHTyaUHsa IpeficTaBIgeT UTPYy OXHOIO
auma, a BTopas — mrpy n aun upu n>1. Hakx ussecrHo,
IpHPONY, O CYMECTBY, HeJIb3s IPEJACTaBUTH TaK, OyATO OHA
OHTaeTcsA HePeXUTPUTh HAC U HAXOMUTCA C HAMHM B IPAMOM
aHTATOHU3Me, KaKOH BCTpedaeTcs, HaIpuMep, B UIPe JBYX
maun ¢ mysiesoil cymmoii. IloaTomy mrpy opgHoro amma ¢ He-
HyJIeBoii cyMMoii (Arpa OfHOro JHIA C HYJIeBOH CyMMoIH,
0YeBHIHO, COBEPIIEHHO TPUBHAJIBHA) MOKHO pPaccMaTpPHBATh
Kak 3aJady Ha OTHCKaHMe MaKCHMyMa B KIIacCHYeCKOM
CMEICHIe, KOTAa He HY)XHO IIPOTHBOMeHCTBOBATH XOHaM NPY-
roro pasyMHOTO CYIIECTBa.

Ho mecmorpsa Ha Goixpmoe pasimuue MeRAY STHMHU JBYMHA
CHTyaIAsAMHE, [ja’ke B UTPe ¢ HeHyIeBOi cyMMOil HPOTHB IIpH-
POABL MOKET CIYIHThCS, YTO HT'POK 3aX09eT ONpe/ieTuTh HaM-
Xy[uree, 9TO MOMKET eMy cfieJaTh IPUPOAA, TO eCTh BHTMC-
JAUTH, KaKOH MMHHMYyM OH MOKeT cefe rapaHTHPOBAaTH NpH
COBepPUIEHHO HeGIArONPHATHOM CTedeHUHM OGCTOATEIBCTB.

Tlogo6HKe cHUTyanuyi BO3HMKAIOT, B YaCTHOCTH, B CTATH-
CTHKe, H6O CTaTHCTUK 9acTO 3aHWMAeTCA 3a/jadaMu Clefyio-
mero Thma: AOGMTHCA MAKCHMAJIBHOH TOYHOCTH B ONpere-
JeHNA NAHHOW=STOMMOCTH; CBECTM K MHUHMUMYMY CTOMMOCTBb
ompeeseHAs KaKoOi-IuG0 BeIMYUHE C AAHHOH TOTHOCTHIO;
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[o0UTBCA MAaKCUMAJBHOH BHIOAH /A IpeIpHHAMATEN
IyTeM paspabOTKH COOTBETCTBYIOIIET0 METOfa IIPOBEPKU
€ro NPOAYKIMH (3TO IIpmMeHeHHe CTATHCTUKM HABHBAKT
KOHMPOJseM Eauecmsa).

CBA3b TeOpUEM WID cO CTATHCTHKOM OKa3axach CTOIb Tec-
HOW, UTO B IIOCIeJHHE TOAHl MATEMATHKU-CTATUCTUKH eI
9TOMY BOIPOCY MHOTO BHMMaHHUsA. M TeMm He MeHee He Gymem
¢opmynuposaTs 06mue TeopemH IO 3TOMY BOIPOCY, Orpa-
HIYMBAsACH PaCcCMOTPeHNEM HEKOTOPHX CHeNUPMIecKHX Ipu-
MepPOB NMPUMEHEHUA TEOPUH HTP K CTATHCTMISCKMM 3a7adaM.

PasGupaeMbie HaMu NIpEMEpH MOTYT IIOKAa3aTheA IOUTH
TPUBHANBHEIMH, 9TO OOBACHAETCA CTPEeMIeHWeM W3IaraTh
Bonpoc 0e3 mpefBapUTENbHOTO 3HAKOMCTBA CO CTATHCTHUe-
CKOI Teopmeil M jKeJaHMEM IOJbL30BATHCA CTOMb MAJIBIMU
MaTpunamMa, 4ro6H MX MOMKHO OBHUIO pemarh 6e3 IIOMOIIA
BHYMCINTENbHHX MamuH. TemM He MeHee B 5TMX OpPOCTHX
opuMepax y4acTBYIOT Te Ke IIPUHIUNEL, 4TO M B 3ajadax,
Gosee GAMBKMX K eACTBUTEILHOCTH.

OGHIYHO CTATUCTHK CTAJIKHBAeTCA ¢ 3afadeil cocTaBie-
HUA HEKOTOPOH ONeHKH GOJBIIOr0 Kiacca NIpPEeAMETOB Ha
ocHoBe mcciaefoBanua BHOOpkm. (Tak, mampumep, mommTu-
9ecKuil JeATeb MOMKeT IOIHITATBCA MPEJCKA3aTh WUCXON
npuGIMKAIOMUXCA BHGOPOB Ha OCHOBAHUM MHTEPBBIO ¢ M36HU-
pareiamu.) CraTHCTHK OGHYHO MOMKET YBENWYHTH HaJerK-
HOCTb CBOEH OIeHKH, yBEeJIWYMB pasmep BHGODKH; HO IpOBe-
fleEne GOJBINETrO YMCIA HCIHTAHHA CRA3HO C JONOSHHTENh-
HEIMu pacxopmamu. IloaToMmy mepenm cratucTuxom BeraeT Bo-
IIpoCc — KaKo#i BeIWIMHE BHIOGODKY €My Jydile BCerO B3ATh.
B caenylomem mpummepe mpuBefieHa yHmpOIIeHHAs WAealA3M-
pOBaHHAA MOJeNb TaKoM 3ajgaun.

Ilpumep 13.1. UsBecrno, 9T0 B ypHe HaxomsaTcs ABa
mapa, KaK[OHA M3 KOTOPHX G0 depHHH, au60 OGesiil.
CratucTuk § HOMKEH ONpPENEeNIUTh, CKOIBKO TaM HUepHBIX
mapos. Ecau ero mpemmonoxenne IpaBUIbHO, eMy KOJIKHO
0BT ynIadeHO @; €CIU ero OTBeT OTIMIAETCH OT IpPABHIb-
Horo orBera Ha 1 (mampumep, oH ykasniBaeT 1, Korma B feii-
CTBUTENBHOCTH 2 UePHHX INapa, MIM YKasHBaeT 2, KOIKa
B feficrBuTenbHOCTH 1 map, u T. A.), TO eMy HOJIKHO GHTDH
ynnageno f; eciu ero OTBET OTIMYAETCA OT MPABHIABHOTO
oTseTa Ha 2 (yKasmuBaer 0, Korga B meiicTBuTeNbHOCTH 2 mapa,
miau HaoGOpOT), eMy MOMKHO OHTH ymiadeHo y. Mu moma-

N ol A
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raeM, 9To & > f > y; HO MH He JelaeM HUKAKHX IPeIIOI0e-
HUI O TOM, HOJOKUTEIbHEL HTH BeJNYMHE MM OTPUIATEIBHEL
CTOMMOCTh WCCIeOBAHUA OFHOTO IHapa [JiAd CTaTHCTHKA
pasEa 8. B onmcmBaeMoM ciydae eCTeCTBEHHO IIPeNoJIO-
JKMTH, 9T0 O HUYTOKHO Maj0o, HO MH He HajaraeM TaKOTo
orpammuenus. Uro6H 3a7ada B 3TOM OTHOIIEHHH 6s11a Goaee
IpaBoMO06HOH, YNTaTeNh MOMKET CYMTAaTh, 9YTO IIAPH He,
gepHBIe W Geible, a HMEIOT Pa3HEHe OTTEHKH CepOro; eciiu 3TH
OTTeHKY [OYTH OMHAKOBHE, TO MOTyT HOTPEGOBATHCA CIOKHbIE
HCCTe[0BaHHUI M5 OIPeJielIeHus , KAKOT0 OTTeHKA aHHbIA map.

V S umeercs BoceMb BO3MOMKHHX CIOCOG0B COCTABUTH
IpeoJIosKeHue 0 KOIUYecTBe YePHHX Mapos (To ecTh y HEero
BOCEMBb UMCTHIX CTpPaTeruit):

I. He gemars mcubiTaHWil M IPeNHOIOKHUTH, UTO o06a
mapa YepHEHE.

II. He pemaTs HMCHOHTAHUA ¥ TPEANOJOKUTH, ITO OMUH
map 4epHHA M OfUH Geblil.

I11. He menaTh MCUWTAHMI H NpPEANONOKHTH, 4TO 00a
mapa OeJste.

IV. IlpoeepuTsh OfMH map X HPEAHOTOMUTE, YTO APYTOil
map TAKOTO jKe I[BeTa, 4TO W IPOBEPEHHHI.

V. Ilpopepurh OfuH IMap ¥ HE3aBHCHMO OT TOTO, KAKOIo
OH IBeTa, IPEANONOKATH, 4TO APYroil IMap WYepHHI. ‘

VI. IlposepuTh OfUE Iap ¥ HE3ABUCUMO OT TOr0, KAKOTO
OH I[BeTa, IPEeAIONOKATh, 4T0 APyToit map Oesril.

VII. IIpoBepuTh OMUE MmMap ¥ UPEANONOMKUTE, 9TO APYroi
map TPOTHBOIOJIOMKHOTO IBETA.

VIII. Ilpopeputrs oGa mapa ¥ o0BABUTH HpPaBUILHOE
9pcsI0 9epHHX MapoB (KOTopoe, KOHEYHO, Temephb HM3BECTHO).

ME He HepeYMCIAMIH CIOCOO0B, XOTA M JIOTUYECKH BO3-
MOJKHHIX, HO HeJeNbX, HAIpuMep, MH He paccMaTpuBaeM
BOSMOYKHOCTB TOTO, 4To S HpOBEPUT OAUH INap M 3aTeM,
ec.ad Jake MPOBePeHHHIT map — Oesbi, HPeANoN0RUT, ITO
o6a mapa dYepHHE.

Jlamee, y MpPUPOXH HMEIOTCA TPH BO3MOMKHOCTA: HeT HHU
OXHOTO UepHOTO Mapa, OfMH INap 9YepHHi  o6a mapa wep-
Hte. Mu o6osmagaem st crparermm mHomepamm O, 1 m 2.

PaccMoTpuM IIaTesK CTATHCTHKY S IPH Pa3AUYHEX cOde-
TaHMAX 3TUX CTpPaTeruii.

Ecan S~apuuenger crpaterumio I, a mpumpoga mpumesser
crpaternmio (), TO 9TO 3HA4MT, UTO S HpepmOIaraeT, UTo JBa
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mapa 9epHbe, a B 1e/ICTBUTETBHOCTH HeT HU OfIHOTO 9ePHOTO
mapa. Taxum oGpasom, S ommGaercs Ha gBa, n eMy ymia-
9MBAaeTCA Y. AHANIOTMYHEE INPOCTHE DPACCYKIEHUS IO3BO-
JA0T HaM y9ecTh BCe CIydYaW, KOrja S IPUMEHseT cTpaTe-
run I, T, III wan VIII, u caywanm, worpa NpUpofa IpuMme-
HaeT crparteruio 0 wam crparermio 2.

. Uro0H moHATH, KaK BHUMCIAETCA MIATEIK B APYTUX Ccay-
9aAx, AONyCTHM, HANPUMeP, 9T0 S mpUMeHsAeT cTpaTernio V,
a mpupona — crpareruio 1. Torma, ecam S pmemaer oguo
ACIHITaHWE, BEPOATHOCTH TOTO, HUTO MCHBITHIBAGMHl Imap
OyneT 4epHEIM (KAaK M BEPOATHOCTH TOTO, UTO OH Oymer Ge-
n6IM), paBHa !/,. Ecim o wepHmit, To, TOCKOJNBKY S Hpume-
HAET CTpaTeruio V, oH mpepmonaraer, 9To ofa mapa gepHHE,
u, ciefoBaTeabHO, ommbaercss Ha 1; WTak, mIaTeX B BTOM
ciydae, ¢ yueTOM CTOMMOCTH HPOBEeHNs MCHHTAHUA, GyaeT
pased B —98. Ecim e ucuHTHBaeMBIi map OKasHBaeTCs
GemrM, TO S Ipexmosiaraer, 9T0 ONUH map Geunlit, TO ecTh
YKashlBaeT NPABUIBHO, U, CJE0BATENbHO, OH IOJIYIUT o — .
Wrax, maremaTuueckoe ounamme BHMIpHma s S pasHO

7B=0+ 5 @—8)=4(+B)—0.

IIpopomxas paccyRuaTh Tak e, MH HOIydgaeM MaTpuny 1.

Marpumga 1
0 1 2
I % B a
II p a B
111 a B Y ,
v a—38 p—3o a—9o
v p—5 %(a—}-b)—é a—b
VI | a—8 %(a—]—ﬁ)—é B—b
VII p—o a—3§ p—o
VIII a—28 a—20 a—20
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Howneuno, ecau 611 S 3HAT BEPOATHOCTH HPUMEHEHUS IIPH-
pofoii ee cTpaTerdii, TO CTOAMAs Iepe;y HUM 3ajada AOCTH-
JReHMsA MaKcumyMma Obura OH mpocTa — eMy HY)KHO ORLIO OH
BHOpaTh CTPOKY, KOTOpas [id HAHHHIX YacTOT CTOJGIOB
maja OH eMy MaKCHMajibHOE MaTeMaTH4ecKoe OKUIaHue
BHUTpHIA. Mu mpeamnomaraem, 9ro S He 3HaeT, Kak OymerT
ce6s BecTH IMpUPOfa, HO M B 3TOM CIy9ae OH MMeeT BOBMOIK-
HOCTh BHUMCIMTh MUHUMAJIBHYI) BeINIUHY, KOTOPYIO OH
MOYKeT HaJeAThCA IOJYYUTH IpH HanGojee HeGIArompUATHOM
BO3MOKHOM COYETAHUHM BEPOATHOCTE!, BROPAHHEX IIPUPOHOIi.
3amaua pemaercs, ecaM paccMaTpuBath Marpuny 1 Kak
IJIATeKHYI0 MaTPHMIy UIPH [ABYX JHI ¢ HYJXEBOH CYMMOii.
Eciu y § mer ocHopaHmMil 0}KMEATH, 9TO IPUPOJA IOCTYIUT
TaK, a He MHAdYe, TO OH BIOJNHE MOMET CYATATh, UYTO BCETrO
pasyMHee s Hero (M, KOHEYHO, BCeTo HajleKHee) BHIOPAThH
CTpaTernio Tak, Kak eciau OH OH HIPajJ He IIPOTHB [PYroro
HrpOKa, a MPOTHB IIPHPOXH. '

Ilena urps mas S ¥ onTUMAaIbHEE CTPATeIMd UIPHL 3aBH-
CAT OT OTHOCHTEJIBHHIX 3Ha4eHuit o, f, y u 9.

Tak, ecim Me BosbMeM a=100, p=0, y=—100 u 6=1,
TO MH IOJIy4uM Marpunmy 2.

Marpnma 2

0 1 2
I —100 0 100
11 0| 100 0
111 100 0 {—100
1AY 99| —1 99
A —1| 49 99
VI 99-( 49 —1
VII —1] 99 —1
VIII 98| 98 98

VY aroit MaTPUOBL HET CEIOBOI TOUKU. Jlerko ybemauThes,
970 nena urpH Ajia S pasHa 98, omTumanbHaA CTpaTerws M
§ — errop |0 00 0 0 0 0 1|  onTuManBEHAA CTpPATErHA

s npnpbm‘,f“'—“—"“% -%- %“ . Takum o6pasom, B BTOM ciIydae
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CTAaTHCTHKY BCEro Jyd4mle IpoBepuTh 06a mapa. 9T0 M He-
YAMBHTEIBHO BBAAY TOTO, 9TO CTOMMOCTDb MCIHTAHUA MaJa
10 CPaBHEHHMIO ¢ [PYTHMM BXOJANUMH CIO[a BeINIMHAMH.
Hamporus, ecim crommocTs HCHHTAaHHE OUYeHL BHCOKa, TO
BCeTo JIyqmle AJA CTaTUCTHKA BO-
Bce He jeaarh menuramil. Tax,
pomycruM, gro 0==100, B=0,
y=—100 m 8=200. Torma Mmu
0 1 2 HOXy9InM MaTpumy 3.

Jlerko y6emurThes, 4TO IeHa
I |—100| "o 100| urps pas .S pasma 0, omTumann-
it ol 100 0| Hag crparerms nna S pasHa
111 100 0/—100| |01 0000 00|, aontamans-

IV 1—100/—200| —100| pgamg cTpaTerms g OPHAPOIH —
v |—200|—150|—100| [ B AT TIPHPOL
VI |—100|—150 | —200 “—2- 0 ?“ . Urax, gua cratuceru-

VII |—200|—100 | —200
VIII | —300|—300| —300| ¥a& Bcero Jaydmie Bcerja mpeamo-

JaraTh (He IPOH3BONA HMKAKHX
UCOHTaHui), 9T0 OfUH map dep-
: HEI ¥ ofguH OeJHii.

Haxomen, ecim 8 mMeeT mpomexyTounyo BeJmamuy, To
MOKeT OKasaThCs, UTO /A S BCEro Jydllle NMPEMEHATH CMe-
man#Hyi0 crparernio. Tax, mampmmep, Gepa a=100, B=0,
y=—100 1 8=50, Mu momrygaem

Marpmma 3

MaTpuny 4. MarTpEna 4
Jlerko yGeguThcs, 4TO meHA
MrpH gas § paBma 25, omrtu- - I 2
MaJbHAsA cTparerusi paAg S —
1 1
”0—2- 05000 O” , & ONTHMAIb- II _108 08 108
Hafg CTpaTeTHA [ HPUPOIE — I 1
bl Aisl BpHpOR mro| 100 —100
‘ 7 -§” (IOCKOIBKY MUHEMYM v 50| —50 50
. \J —50 0 50
KasKJ0H cTpoKuM Membme 25, TO VI 50 ol —50
y § Her uncTofl ONTHMAIBHON VII | —50| 50| —50
crpaterum). Mrak, omrumanpusii | VIII 0 0 0
croco6 urpm pIsa S ciemyomuii:

0H OpocaeT NPAaBUIALHYI0 MOHETY;

ecju MOHeTa IIOKashiBaeT repl, OH IpefmonaraeT (He Rejad
MCIHTaBNiT), 9T0 oquH map GeJblil U OV H YepHEIiA; ecliu MOHETa
IOKAa3HBaeT PemKy, OH IpoBepseT OfUH map ¥ IIpexmola-
raer, 9470 o0a mapa TOTO Ke I[BeTa, YTO W IMPOBEPEHHBIH.
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Samevanmue 13.2. [pyroit cnoco6 pemenus o106~
HHX 337129 (KOTOPHIA, OHAKO, IPEACTABIACTCS Mal0 0GOCHO-
BAHHHEIM) COCTOMT B TOM, YTOGHI NPUMEHHTh, TaK CKa3aTh,
(IOBOJ OT HEBHAHUs». ITO 3HAUUT, UTO, HOCKOABKY MEI CO-
BEPIICHHO He 3HaeM BePOATHOCTell pacHpeneleHHA mapos,
OJ(UHAKOBO BOBMOMHHL CIeAYIONHE aibTepHATHBR: 1) 06a
mapa 9YepHEe, 2) NePBHI AP 4epHHHA, a BTOpOi Gesri,
3) mepBmil GenEli, a BTOPON WepHEI, 4) ob6a mapa Gexse.
IlockonbKy cayugaii, Korma onumm map dYepHHIi, ecTh code-
Tamue cirydas (2) m caydas (3), oTH aNBTePHATHBE CBOXATCA
K TPeANON0KEeHNI0, YTO IPEPOAA IPUMEHsET CMEMIaHHYIO

CTPaTeruio H-}; % %” . My Bupum us matpunm 1, ato ecau

Iph 3TOM OPeNOJIOKeHAN § IpuMeHseT crparternio I, To

MaTeMaTH9eCcKOoe OKugaHue ero BLIMTPBIITA 6YJIeT PaBHO
1

I v+ % B+ % o= % (@ 4 2B + y); maTeMaTHUeCcKUCE OKUIaHNA

BEMTDEINIA MDA APYINX HMEIONHXCA y HEro CTpaTermsix
oymyr:

L 7 (@+28 1),
I1. T (2a+2p),
1. T (@28 +y),
Iv. T (204 2B — 49),
v, + (20428 — 48),
VI 7 (204 28— 48),
VII. + (20428 — 49),

VIIL. + (4o —89).

Hax MBI BHAEM, OpH NpeNNOIOKEHHAX, 9UTO o >B>y
u 8 >0, BeamumHa, cooTBeTCTByHOmMan crpareruu II, sag-
adercA Han(omMmell W3  CeMU NepBHIX  BeJHUIH. Urax,

21 k. Mas-Tanen
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S MOMKCH y4uTHBaTh Junmub cyparernu I u VIII, TO eCTh
1 (20 +2B) w4 (4a—80).

CuemoBarenpHo, ecan 20 + 2f < 4a — 88, To ecTh ecian
0 < %(a—ﬁ), to S [oaeH mNpOBepUTH 00a mapa; eciau

6> %(a——ﬁ), eMy He CJefyeT OPOBOJMTh HHWKAaKHX HCIHBI-

Tanwii, HO MPOCTO TPEANONOKUT, ITO ONMH INAp 9YepHLI
W ommH map Gexsiii. IToT cmocob juA MaTpER 2 M 3 mpu-
BOJUT K TaKOMY ke OTBeTy, KaK M TeODeTHKO-MrDOBOH mof-
X0f, a B caydae MaTpumsl 4— K m;pyromy orsery. B me-
CJefiHeM CJIydae «0BOJ OT HE3HAHWs) IPEJANUCHIBACT HIPOKY
S Beerma mpumenaTs crparermio 1I. B arom ciydae, ecau
IpUpoAa MeicTBHTENBHO NPUMEHsFeT CMEMaHHYI CTPaTeruio

“% 1 %H, S noayamr 50, To ecTb Goibmme 25, KOTOPHIE

2
OH MokeT cele rapanTuposarhb, NpuMeHAA CMeEmaHHYIo CTpa-

TEruIo “O —i— 0 —;— 000 O“; HO CJeAyeT B3aMeTHTh, dTO

npEMeHsA HCKMOThTeNbHO crpatermio 1I, S He Mosker ra-
panTHpOBaTH cefe Aaike 25, TaK KaK NPH 3TOM, €CIn Ipu-
pona Oymer npumensth crparermo |1 0 0], om momer
nanesaTses noxydmts aumb 0. Wrak, oxasmBaercs, 9TO
B oTOM caydae (IOBOJ OT He3Hammsa» He faer A S
TaKOi ke HAJe/KHOM CTpaTerud, Kak CTpaTerus, OCHOBaHHASA
Ha Teopu:m WUrp.

Jamewanme 13.3. Xora Mp paccmorpenn mpumep 13.1
kak OOHUHyH Wrpy ABYX JIHI C HYJNeBOH CyMMOil, HYKHO
MOMHMTB, 9TO TPHPONA HA CaMOM Jelle He SBJIAETCS CO3HA-
TenbHEIM pasyMumIM cymectoM. Horga urpox S mpuMmeHseT
CBOIO ONTHMAJBHYIO CTPATETHIO JUIA 9TOH WIPH, OH IPOCTO
ycTaHapIMBaeT HIKHIOI TPaHb MaTeMATHIeCKOro OMJAHUA
CBOErO BHIUIPHINA; OH MOKeT CO3HABATH, 9YTO JJIA HEro
pasyMHO mOCTYnaTh TakmM 00pasoM, HO T0 He 3HATAT,
4T0 OH CYMTAaeT NPHPORY HeJZoOpOKeIaTebHBIM PasyMHBIM
cymecToM., Ero mosoikeHme HECKOMBKO MOXOAMT HA MOJO-
JKeHUe JeJoBeKa, KOTOPHH X04eT IOMECTATH CBOW KAMUTAJIBI
Tak, 4ToGH He OKasaThCcA OAHKPOTOM HH OT uHQIAINHT,
HU OT feduAIui. JT0 He 03HAUAET, YTO OH HCHPEMEHHO yMaer,
4To PHHOK GYNCT BCETlla MCHAThCA HamGoiee HeOIaronpuaT-
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npIM 1A Hero o6pasoM; HO €CJM OH He B COCTOAHMHE IIpe]-
CKa3aTh CKOJbBKO-HMOYIb TOYHO JABIKEHUE I[eH, OH, BO3MOKHO,
3aX09eT MOVKHHEIM 00pa3oM IIOJITOTOBHThCA K J1060i ciydaii-
HOCTH. .

Taxum oGpasom, ecanm A; — MHOKECTBO CMEIIAHHBIX CTPa-
Termil, MMemUXCA Y S, a A, — MHOKECTBO CMEMIaHHEIX CTpa-
Termil, WMeOmuXcA y UPAPOAH, To S MOMKeT BHYMCIHUTDH
BEJINIUHY

v, =max min £ (§, 1),
EEAL MEA2

rae E — MaTeMaTuuecKoe OKHJaHUe BBRIATPHBINIA; ¥, BO3MOKHO,
ecad OH OCTOPOKEeH, OH 3aX04YeT I0oCTynaTrh TakK, 4TOGH He-
IPpEMEHHO NOJNYy9IUTh U;. Ero Be oueHb uHTEpecyeT BeJINYMHA

v, = min max E (§, n),
MNEA2 EEA)

M OH He.0CO0EHHO CTPEMUTCA K TOMY, 4TOOH U, = U;.

9ro 3aMedaHmMe HAXOIUT MpaKTH4YecKoe IPHMeHEHHe B TOM
ciaydae, Korja S UMeeT HEKOTODHE CBEJEeHUA OTHOCHTEIHLHO
BO3MOKHEIX CMEIIAHHHX CTpPaTeruil NMPUPORZE W HA OCHOBE
aTUX cBefeHumil § MOKeT OrPAaHWIHUTHCA PACCMOTPEHHEM JIMIIbL
HEKOTOPOro IOAMHOKECTBA JOTHYECKN BO3MOKHBIX CMEINAH-
HHIX CTpaTeruii IPUpPOAH; TaK, OH MOMKeT 3HATh, 4T0 Jiobas
npuMeHseMas IPAPOOM CMEMIAHHAA CTPATeTHs || 1; M, Ns|| Oy-

HeT TaKoi, 4To, HAIpPHMep, O<n1<w 0 <Ny <5 wm

n+ n§+n§=%. B osToM ciiyuae mepex HaMH UTpa ¢ Orpa-

HUYeHHAMH, AJA KOTOpOH TeopeMa O MHWHHIMaKce MOKeT OHITh
HeBepHO#T (Kak GHUIO IIOKa3aHO, TeopeMa BooOlle HeBepHA,
ecIM MHOKECTBA CTPATerdil, HMEIOIUXCA y IPUPOAH, He
ABIAIOTCA BHITYKJISIMY ITOJ{MHOKECTBAMI eBKIN[0BA IIPOCTPaH-
crea). Bce aro He GyJHer mHTepecoBaTh CTATHCTHKA, KOTO-
pHii 3aHAMAeTCA JMIIL BOIPOCOM CYIECTBOBAHMA H 3HAYEHUA
BEJINIAHEI

maxmin £ (§, 1)
EEAL NEA2

(rme, KOHeYHO, A, O3Ha4YaeT Temeph MHOKECTBO CTpPaTerui,
KOTOPHIME ,QTDaHMYeHA UPHUPOJAA HA OCHOBAHMH CBEJIeHMH,
umelomuxcs y §),
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O6patumca Temeph K IpHMepPy, HOSACHAIKIIEMY IpHMe-
HeHHe TeQpHH HUIrP K KOHTPONI0 KadecTsa.

IIpumep 13.4. Tpebyerca HBroTOBATH HEKOTOpHIil
0YeHb MOpOTOil 00BEKT, COCTOAMMH M3 COENMHEHUs Tpex
ONUHAKOBEIX dacTell, TaKWX, 9YTO Bech OOBEKT GymeT yHOB-
JIeTBOPUTEJILHEIM TOJBKO ‘B TOM CJydYae, €ClIu YIOBIETBO-
puTeNIbHA Kajkmas u3 aTux dacreit. Ilas ompememensocTH
MBI GyAeM mogpasymeBaTh IOJ OGBEKTOM, HAmpUMep, KOJeco
¢ TpeMa cnupaMmu. [[aa TOro 4roGH Kogeco GHUIO YHOBIETBO-
PHTeJBHBIM, KasK[as CHUIA JOJKHA, CKAaYKeM, MMETh oIpe-
OeJeHHYI0 IMPOYHOCTh (AOPOTOBH3HY Kojeca MOMKHO 00bgac-
HUTH, HAIPHUMeEp, TeM, 9TO OHO JOBOJHHO GOJBHIOE U BHIpE-
3aeTca M3 ONHOTO KycKa KBapia).

IlorpeGurens TOro Koseca, A (IpaBHTEABCTBO W,
MOKeT ObiTh, acTPOHOMIIECKasa abopaTopusA), caMm He MOMKET
U3TOTOBIATE Kojeca; MOTOMY A 3aKIIOUaeT ¢ IMpefIpPHHIMA-
TeneM M caempyromuit gorosop: A ynmauusaer M ompenener-
HYI0 CyMMy 3a H3TOTOBJeHHE KOJeca COTJIACHO TeXHIUYEeCKHUM
yCIoBHAM (MaTepHaJs, pasMepH M T. A.); HOCJe TOr0 KAk
KOJIeCO M3TOTOBJIEHO B COOTBETCTBHU ¢ STHMHU TeXHHIECKUAMII
yeaosuamu, M mosker 1uGo BHOGPOCHTH er0 (EHHOCTH Kojeca
KaK yTHJIBCHDbA IIPHHUMAeTCa PaBHON Hy0), aubo mepe-
naTth ero A, KOTODHIl MCHHTHBAaeT Koxeco B pabore; ecil
OHO NIPH3HAHO YHOBJAETBOPHTENbHBM, A miaatar M momos-
HUTEJBHYI0 CYMMY O; €clI¥ OHO Hey[JOBIeTBOpUTEAbHO,
ymnaunBaer A mrpad B (¢ m P, KOHEYHO, IIOJIOKH-
TeJbHH). .

Ho nockonsxy A yske ymratun M 3a u3roroBienme Ko-
jJeca M TOCKOIbKY A He ’KeJaeT HOOYCTATH BO3MOMHOCTI,
uyTo M M3TOTOBUT KOJECO JHIIb PALH HTOT0 IEePBOHAYAIBHOIO
nnaresa, A cTaBUT MOMONHMUTENBHOE ycioBue, 4to0 M He
NOJJKeH BHOpAacHBAaTh KOJECO, €CIM ONpejeNeHHOe HCIIbi-
TaHNEe He IOKAajKeT ero HerofHocThb (XOTA mpu sKemaHum M
MOeT IepedaTh ero A, He NUPOM3BOAA HCUHTAHMM). ITO
HCOETaHME MOMKHO IIPOM3BONMTH HAa KaJKTONH M3 TpeX CIHI,
npudeM CTOMMOCTD HCIHTAHUA KaKmoi cuunsl gias M pasna y.
Uconranme cocrour B cienylomem: A IpusHAaeT Koieco
YAOBIETBODUTEIBHEM TOT[la M TOJBKO TOTHA, KOTMA KaKEas
cIuNa, MOofBepraeMas MCHHTAHNIO, BHACPIKAT €ro.

Tenepp mepeg M BcTaeT BOIPOC O TOM, MCHHITHBATHL I~
KOTOpHE HJU BCe CIIIE, MpeKae 9eM IPHHATH KOJeco (TO
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ccTh Ipesrae geM HepenaTh ero A). Y Hero mmenTcs 4eThHpe
BOSMOMKHBI® JWHUM IMOBefeHWs (YeTHpe CTpaTeruu):

I. lpunsats romeco Ge3 mcHBITAHUA.

I1. Bubpats Haymauy ORZHY u3 COHI] M HCIHITaTH ee.
Ecau comma ymoBieTBOpUTe bHA, NPUHATH Kodeco. Ecau oHa
HeyLOBJIETBODUTENbHA, 3a0paKOBaTh.

I1l. Wcnmrares BHOpaHHYI0O Haymauy cuuiy. Ecian oHa
perojHas, 3a0paKkoBarb Koyeco. KEcaum OHA YHAOBIETBOPHU-
TeJbHA, BHOPATh HAyHady ONHY M3 OCTAJILHEIX CIUI[ M HCIIH-
taTh ee. Ecau sra comma HeromHas, 3a0paKoBaTh KOJECO.
Ecim oma ynoBierBOpuTeabHA, NPUHATE.

IV. Ucnmrats BeGpauHyn Haypady cmuny. Ecam omsa
HerofHas, 3a0paKoBaTH KOJECO, eCiW YXOBIETBOPHUTENBHA,
BHOpAaTh HAyJa4y OfHY M3 OCTAJABHHX CIHL M HCIHTATH €e;
ecaW »Ta COUIA HerojgHas, sabpaxosaTh Koxeco. Ecau omHa
yIOBJIETBOPUTENbHA, HCIHKTATh TPETHI0 CHOUIy U IPUHATH
1K 3a6paKkoBaTh KOJeCO B 3aBHCHMOCTH OT KAUecTBa IOCIe[-
Hell CHHITH.

Hlamee, y IpUpPOXHI UMEIOTCS WETHPE BO3MOYKHOCTH: MOKET
OHTH HEroJHOM HM OJiHA, OfHA, ABe WM Tpu cumisl. Mu 06o-
BHAYMM 3TH cTpaTermu npupopan Homepamu O, 1, 2 u 3.

UccnenyeMm, kaxopa Gymer npuGbuib M npu pasidgHBIX
COYeTAHMAX STUX CTPATErHi.

Ecan M npumenser ctpatermio I, a mpupoma — ctpare-
ruio 0, To M He IpousBOAMT MCIHTAHAN W HET HU OFHOH He-
ucnpapuoit cmunsl. CiuegoBaTenbHO, A TpU3HAET KOJIECO
YAOBIETBOPHTEJNBLHEM H 3aIIaTUT OPEANPHHUMATENO .
Buurpem upeaupmHuMaTess B 3TOM Ciaydae DaBeH d.

Ecam M mpumensier crpareruwo 1, a mpmpoma — ctpare-
ruo 0, To M upoussomuT OAHO McuHTaHWe M A HpHBHAET
KoJieco yaoBiaeTBopuTeapHHM. Torma M momxyuntr or A
CYMMYy O, HO €My HYXHO OyHeT u3pacxofoBaTh Ha WCIH-
tragme . CiemoBaTelqbHO, BHIUTDHIN UpeJUPHHUMATENSA pa-
BeH o — 0.

Ecnu M upumenser crpareruio 111, a mpupona — crpare-
ru0 0, To BRUIPHIN mpegupuHuMaTens Oyaer a — 28, a ecan
M upumensier crpateruio IV, a upmpoma — crpatermio 0,
TO BHMTDHIN IpegupuHUMarteds Oymer a — 30.

Ecan M upumenser crpareruio I, a mpupoma — crparte-
rmio 1, To M-mepemaerT Komeco morpebuTenio A, KOTOPHIR
npusHaeT ero HeropHeM. Torga M [1odeH 3anjiaTHTh
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norpebuTenio mrpad P; cnenona'renmo €ro BHUTPHIN PaBeH
—B (B aTOM caydae, mocKoNbKY M He IPON3BONUT HCIHTAHAMH,
y Hero HeT pPacxofoB Ha MCHHTAHUE).

OueBnpro, Korma M mnpuMeHAET CTpaTerHio I a mpu-
poma — crpaTerno 2 Wid J, BHUTPHII HPEANPHHAMATENA
Tak:e pasen — f.

Ecan npupoma mpumenser crpartermio 3, TO BCo CHOHMIH
Heropunie. Torpma, ecmum M upoussogut a06Goe HCIOHTAaHHE,
OH OOHAPY/KHT IPH IePBOM WMCHHTAHWUM, 4TO KOJeco Heroj-
HOe 1, cliefoBaTelbHo, 3a6pakyeT ero. Taxum o6pasom, mia-
Te:k npegupuHEMaTenio M paBeH JIUIIb CTOMMOCTH WCIH-
TaHAA OJHON CIUIBI, a UMEHHO — y. OTO OTHOCHUTCA K TOMY
cayvan, KOTHa IpPHpOia NpHMeHseT cTpaTeruio 3, a M mpu-
meHsaeT crparermio II, III mam IV.

Ecam M upmmensier crpatermio 11, a mpmpoma—crpare-
ruio 1, T0 BepoATHOCTH TOTO, yT0 M OGHAPYKUT HErOLHYIO

CHHIY, PaBHA ~ , & BEPOATHOCTH TOTO, 4TO OH He OGHAPYIKUT

paBHa -%— Ecau on oGmapysuT HerogHyio cuuiy, OH

noxyaut — y. Eciau M He oGHapyXuT ee, OH MONKEH yILIa-
THTh WTpad B, moMUMO pacxoxa Ha MCIHTAHHUE; UTAK, B HTOM
caydae miaarex paseH — f—vy. CiemoBaTeapHO, MaTeMaTH-
gecKoe OKHAaHWe BHUrpuma pajgs M paBHO

(- v)+3(—ﬂ V=—2p-7v.

Paccymnaﬂ AHAJOTHYHBEIM 00Pa30M, MBI BI/II[I)IM, 970 eCcau

M npumensier crpateruio II, a mpupoma—crpaternio 2, T0

MaTeMaTHYeCKOe OKHaHUe BHUTPHINA IpegupnanMaTtens M
paBHO
2 1 1

F(—V+5(=b—v)=—35B—vV

Ecmm M upumenser crpartermio 111, a mpupoma — crpa-
Teruio 1, To BepOATHOCTH TOro, 9T0 M OGHAPYKUT HETOMHYIO
. 1
CIMNY UpH IePBOM HCHHTAHWM, DaBHA —; BEPOATHOCTD
TOTO, YTO OH OGHAPYKMT ee MpPH BTOPOM HCIHTAHWH, pPaBHA,

2 .1 1 :
CA€T0BATeJIBHO, FRl = Fl ; BEPOATHOCTD TOr0, 9TO HerogHad

R e o s
U Uit bt A
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. o 1
cTIIa IpoiiieT HeoOHapYKEeHHOIT, paBHa 1——(—; 3 >= 5 -
[}

Ecan HerogHywo cnuily OOHAPYKMBAlOT UPH NEPBOM HCIH-
tTaHuM, BHUrpLim M paBeH — Yy, eclIum ee OOHAPYKHBAIOT
npu BTOPOM WCHIHTAHUH, TO BHUTPHIN paBeH —2y; a eCJH
oHAa OcTaeTcs Heoﬁnapymennon TO BHArPHII paBeH — f—
—2y. CueoBaTelpHO, MaTeMaTHYeCKOe OKUTaHMe BHHUTPHIIA
npennpuaaMarenxs M paBHo

%(—vH——i—( 2v)+ (—Bp—2y)= %ﬁ—%v

[Ipopgoikas paccy:KaaTh TaKUM ke 06pa3oM, MBI TIONydaeM
MaTpuny o.

Marpuriua S
0 | 2 3
I a —b —B —B
2 1
I a—y — 3 by —gh—v -y
1 5 4
111 a—2y ———3—|3——§v -3V -y
, 4
A a—3y —2y —gY —Y

Hena wurper gag M um ero onTMMajbHEE CTpaTerMH B 9ITOil
IITPe 3aBUCAT OT COOTHOIIEHWA BEJIHYHMH o, P o

Tax, mampumep, ecau Mu 6epem a=100, f= 300 u y=3
(rak 9ro mTpad 3a MOCTABKY HETOXHOTIO Kolleca 0Y€HH BEJIHUK
[0 CPaBHEHHI0 CO CTOMMOCTHIO MCHBITAHHA), TO MBI MOJYIHM
mMatpuny 6.

JIIeMEeHT MATPHIGI, OTMEYEHHBI 3BEe3OUKON, IIpeacTa-
BIfET cemaoByl Toury. MTak, camoe Xxyjmee, 4TO MOMKET
OxazaThes g  HpeATpUHMMATe]Iss — 9TO OJHA HerojHas
CTMTA KOJeca u Jydie Beero nas M npumensts crparernio 1V
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Marpunua 6
0 1 2 3
I 100 | —300 —300 — 300
1I 97 —203 —103 —3
I | 94 | —105 —4 —3
v 91 — 6% —4 —3

(To ecTp mcmEITaTh Bce cUmIB Koseca). IIpmmeHsas crpare-
ruio [V, M moxer GwiTh yBepeH, uTo ero yOmTOK OymeT He
6oasme 6 (moaTOMy IIpM cocTaBieHHH Rorosopa M mosker
¢ TOJHHM OCHOBaHMEM HAcTaMBaTh HA TOM, YTOOH HpERO-
JaraeMueli miatesk morpeburens A He MeHbIIe dYeM Ha 6 eu-
HUI{ TPEBOCXOAUI CTOMMOCTH M3TOTOBJIEHHA).

Ecan e a=100, =300 n y=303 (Tak 9To mMpOM3BOAHUTH
ACIIHITAHAE HOPOTO), TO MBI HOJYYMM MaTpULRy 7.

Martpumua 7

0 1 2 - 3

I 100| —300* | —300% | —300*

I |—203| —503 —403 —303
IIT | —506| —605 —404 —303
IV | —809| —606 — 404 —303

3mech Tpm »jIeMEHTa, OTMeUeHHHE 3Be3[0UKaMH, CYThb
cemyioprie Touku. Taxmm oOGpasom, Xynmiee, 9TO MOMeT cpe-

..
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JaTh NPHPOJA TIPEJNPHHIMATENI0 — BTO CAeJaTbh Herop-
HBIMII O{HY I 6oJjiblilee 9icyI0 couI (6e3pasmifyHo, CKOIBKO
umerHo). s M Bcero nydme IPEMEHATH cTpaTermio I (o
ecTh COBCEM He IPOMBBONATH HcunTammit). Wrak, mpu yse-
IAYeHHOW CTOMMOCTH HCILITAHUNA OH ysKe MOYKeT TapaHTH-
poBATH JHIB TO, 9TO ero yOHITOK Oyzer He Goaxpme 300.

Ipu coorBeTcTByOmeM BEOOpe a, f 1 Yy MOMeT Jaxe
oKa3aThCs, UTO MATpPUIA He mMeeT cefioBoil Touxu. Tak,
ecaum mbl BospMmeM a=100,

=900 u y=300, T0 momy- Marpuua 8
ypM MaTpuiy 8, KOTOpas
He HuMeeT CeNJIOBOM TOYKH. 0 1 9 3

Jlerko yGemurhCd, dUTO
ONTHMATbHAA CTPATEIHA IS

upupongs  Oymer  Temephb I 100 | — 900 | — 900 | —900
“% —zi 0 O” , ONTHMAaJib-
uas crparerus maa M — II |—200|—900|— 600 |—300

H % 00 -g—“ ¥ meHa UIPH
pasaa — 650. WUrak, camas
HenmpuATHAsA Auasa M crpare-
I OPUPOAH CIEAymas: | IV |—800|—600|—400|—300
BEPOATHOCTH TOTO, UTO KO-

11 |—500|—800 |—400 | —300

1
Jeco Xxopomiee, paBHa -, a

BEpPOATHOCTH TOTO, 9TO y HEr0 HEMCIPABHA OJ(HA CIHIA, PaBHA
3
7" Ilas M camoe nydmee — OpoCHTh HTPaBHYIO KOCTH I

3aTeM NMOCTYIHTh CJIe[yHImuM 05pasoM: ecjii KOCTh IOKA3LI-
paeT 6, TPOMyCTHTH KOxeco 6e3 MCHHTAHMSA; B OCTATBHBIX
cIy9asx HMCUHTHBAaTH Bee Tpu crumbl. IlockonbKy IeHa
urpu pasHa — 650, M Bupase TpeGoBaTh NMEePBOHAYATBHOTO
miaTeska Mo MeHbImeir Mepe B 650 epmumHUI, TOMHMO CTOMMO-
CTH H3TOTOBJEHUA.

Buauorpadguucckue 3aMeyaHus

O IpuMeHeHHM TEOPHM HTp UHTATedb MOKET IPOYECTh
B caegylomux paGorax: Barbx [114], [115], [116], [117],
dppoy, Bmswysnn m Tupmux (3] u Jleopenknit, Baung
u Bomsdosua [36].
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Yupamunenunas

{. Haiigure neuy Mrpn # OUTHMAJBUYIO CTPATErdIo Ajsa S, ecan
B MaTpuue mpmmepa 13.1 a =100, B=—100, y=—200 u & =110.
2. IMoraskute ¢ movoniso Marpuusl 1 mpmmepa 13.1, urto np6an
ONTHMaJbHAA CTpaTerus ;s .S B mpuMepe 13.1 oJKHa Beera Npunnch-
BaTh 9actory 0 crparerunm VII. Kaxos
UUTYHTHBHBIT CMBICI 3TOro (axra?

oty
2

! & 2 3. Hoxasmure, yto ecnu ff >
|

i f >a—0, roB MaTpuue 1 mpumepa
13.1 umeeTcs onTHMaXbHASg CTpaTerus
8 Y M OPEPOABl, MPHOUCHBAOINASL CTpa-
rernn 1 wactory O.

4. Toxkamwmre, 910 ecam 0<§ n
1 B a f y<f<a, To Marpuua 1 nme mmeer cen-
JIOBOIT TOYKH.

5. B mpmmepe 13.1 Mul mpegmoJio-
2 |y p a KUJH, 9TO IJIATeXKH CTAaTHCTHKY S 3a
UpaBWIBHEE WM HeNPaBUJIbHbE [pe/-
MOJIOKEHUA  ONPENIe/AIOTCA  BepXHeil
. Matpune#t, rme 0, 1 mw 2 B JeBoMm
CTOA0NE YKashlBUOT YHCIO YepPHHX INAPOB, HAXOAAMAXCH B ypue
0O NpefmoA0KCINIO §, a UAC]Ha B BepXHeil CTPOKe YKA3HBAIOT 4UHC-
JI0 9ePHHX IMApOB, NEUCTBATENLHO HAXONANAXCA B YPHEe; TAK, ecld S
IpejmonaraeT, 4To OfWH INAp YepHHI, a Ha caMOM Jelle /[Ba YePHHIX,
TO OH HNOXYYHT [; 0HAKO MOMKET CILYIATHCSH, UTO MIATENKU (WIH mTpa-
¢bI) pasIMYHE, B 3aBHCHAMOCTH OT
'TOro, ABIAeTCA JW NpeAlonaraeMoe
9HCA0 CHUITKOM GOJNbIIMM WM CJTHII- 2
KoM MaiuuM. Taxk, pomycraM, wro
IVIATeHA QNPCACHAIOTCA HIIKHeH Mart-
‘puieit. .

Haiifure B 5ToM ciydae munartesk- 0 a p Y
NyI0 Marpany (COOTBETCTBYIOLLYIO MAT-
puue 1). Haligate meny urpsl m onTn-
MaJbHYIO CTpaTermio mis .S, Korjga { B’ a A
a =100, f=1, p'=0, y=—100, y'= :
=101 m 6=50.

6. Bo' mHorux cayuasx. okash- 9 v B’ q
BaeTCHA, YTO CTOMMOCTH JBYKDATHOTO
HCOHTAHASA BO3pPacTaeT M0 CPABHEHHIO
CO CTOHMOCTEI0 ONHOKPATHOIO WCIHH-
TaHAA MCHbIle 9eM B JBa pasa. Hak m3menmTca Martpmma 1, ecam
HCMBITATE OJHMH NIAp CTOHMT §, a MCOHTAaTh JiBa mapa cTodT 8-+08' (rme
0<d’ <d)?

7. Cdopmynmpyiite 3amady, aHATIOTHIHYIO npaMepy 13.1, gas
caydad, KOIA ypHA CONEP)KAT TPH Mmapa, M HANAWATe MATPHIY,
COOTBeTCTBYIOIyIo MaTpuile 1 (oHa Gyger mMers 19 cTpoK m 4 CTONONA).
Haligure ontmmaneusie crpateruu nas S upm HEeKOTOPHIX TUIHYHEX
- 3llageNldAX TapaMeTpoB.
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8. Cdopmynmpyiite sagavy, aHajormuuylo nopmmepy 13.1, maa
¢aydas, KOTa YPHA COZleKAT JBa IMapa, Kam[IHil H3 KOTOPHX MOMKeT
6HITH YePHHIM, GeJHM WK KPACHEIM, H HamumuTe MaTpany 1 (ona Gyner
uMeTh 34 cTpoKn # 6 croi6os). Haiiiure oNTEMANEBHEE CTPATer AN A S
MpH HEKOTOPHX THNWYHHX 3HAYeHAAX HapaMeTpoOB.

9. Hajignre onTmMaipHyl0 crpateruio mis M B npumepe 13.4,
ecim a =100, =210 m y=102.

10. Ioxaxare, 9o mp:m B>0 m y>0 y mpuUpOAH HMeeTCA ONTH-
MaJbHAA CTpaTerns, OpUOHCHBAoIag croabmam 2 m 3 vacrory O.

1. Ilpm Kakmx 3HAYeHHWs X NapaMeTpoB Matpmua 5 6ymeT mMeTh
CeIOBYI0 TOURY?

12. Hpe;mgnnuMaTenb M poiyKeH TpPOHM3BeCTH HeKOTopoe H3[ie-
ane pjaA morpebmrens A. IorpeGurens corsiacell 3allIaTATh NpeANpH-
numMarteldio M HeKOTOpyIo CyMMy 3a HM3flejiue, HPOHN3BEJeHHOE COOTBET-
CTBEHHQ HEKOTODHM OGIIAM TeXHMYIeCKEM ycroBuaAM. Ilocae Toro rax
usfenne mepefano A, ecim A TIpH3NAeT Cro YAOBJIETBOPHTENLHEIM,
OH JOJIeH yIiaTuTs M [ONONHATeNbHYI0 CyMMY @; ecllm OHO HeymoB-
feTBOpHTeNBEHO, M foiken ymiatuth A mrtpad f. M Moxer moaBepr-
HYTh H3felne JBYM Ie3aBHCAMEIM WCOHTAHHAM TaKHM, 9YTO eCIH
n3felide MPOXOAAT 06a MCHEITAaHMA, A NPA3HAET eT0 YJAOBIETBOPHATENb-
HEIM. CTOMMOCTH OJHOT'0 HCHLITAHAA A M cOCTaBIAET Y, & CTOEMOCTD
[PYTOT0 HCHUHTAHEA cocTaBiger y'. Mu momaraeM, 4ro 0<a, 0<p
i 0<y<y’'. [epeurcinre BO3MOMHEE CTpaTerdWd JJs M U HaNMIIATe
MAaTpHILy, aHAJOTAYHYI0 MaTpHue 5 mpuMepa 13.4. Hailigure omraMaits-
iEe cTpaTernd M M NPH HeKOTOPHX TANMIHEIX 3HAaYeHHAX Hapa-
MeTPOB.

13. IIpegmonokuM, 9T0 B CHTYAaL[HH, COOTBETCTBYIONIeH MAaTpALE 2,
CTaTHCTHK 3HAeT M3 IPOMIJIOTO ONMETA, YTO BEPOATHOCTH TOTO, 9TO HET
1A OJHOr0 YepPUOro mapa, He GoJbme !/qo. Haiifute mMewy HIpH A ONTH-
MaJbIyI0 cTpaTeruio mia S,

v
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JINHERHOE IT1POI PAMMUPOBAHUE

B sroit rmase mb pasGepen 0cobpie THIEL 3a/{ad Ha OTHIC-
KaHWe MUHUMYMa WMJM MaKCHMyMa, a MMEHHO TaK HA3hBae-
MEI® Bajad AUHElH020 NpOZPAMMUPOSAKUL, KOTOPHIE YACTO
BCTpetaloTcA B 9KOHOMUKE M TECHO CBA3AHHL C Teopmel mrp.
Mrr mawmem ¢ mpumepa. Tlycrs mexmii wemoser Caur obna-
PYU, 9T0 AJs TOTO, 4TOGH GHTH 3T0POBHM, eMy HE0GXO-
AMMO IpUHUMATH IO MeHBIIEHi Mepe b, eAWHUI] COCTABHOTO
XUMHIECKOTO BemecTsa B, (BuTamMuHa maum HeKoTOpoit COJIH)
M IO MeHbINEH Mepe b, eJWHMI] COCTABHOTO XMMHUIECKOTO
semectsa B,. Jlomycram, mamee, uto oH He MOMKerT TOKY-
nate B, miu B, B umcToM Bupe, HO MOKeT MOKYNATh JIeKap-
¢tBo €'y 110 p, EHTOB 3a YHIWIO, IPIYeM KarKmas YHIUA cofep-
JRUT @y, e[UHUIl BemecTBa B, u a,, equHAI BemecTsa B,,
W MOMET TaKKe HOKymaTh Jexkapctso C, IO p, HEHTOB 3a
YHIHMIO, TIPWYeM Kajk[Aasg YHIUA COJNEDIRUT @, eJUHHAI Be-
mecrsa B, u a,, equnun Bemectsa B, - Cmury vamo pemuts,
Rakne OTHOCUTeNbHEIe KOIM4eCTBAa JexapeTs C; m C, emy
HY/KHO HOKyIaTh €/eJHeBHO, YTOGH IOLyduTh TpeGyemoe
KOJIM9eCTBO BellecTs B; u B, 10 MUHUMAIBHOH CTOMMOCTIL.
Ecim Cmur moxymaer z, yummit TexaperBa C), u 2, yHuuii
Jexapcrsa Cy, TO 3TO GyAeT emy CTOHTEH

P1%y + Pay,
Y OH MOXYdNT KOMHYeCTBA BemecTB B, u B, cOOTBETCTBEHHO

A%y + g2,y

@157y + Agos.

N S,
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Clef0BaTe bHO, OH X04eT BHOPATh TaKHe HEOTPUIATENBHHE 2y
Il 2,, 9TOGHl OHH YHOBJIETBOPAIA HEPABEHCTBAM

a3y + Ay Ty > by,
A%y ey > by
i 9T06H OMHOBPEMEHHO BeIUINHA
D1t Pets

OBIJIa BO3MOJKHO MeHblIIe.

[Ipn mMaHAHX 9ICIOBHX 3HAYEHMAX NAapPaMeTPOB BTy 3a-
Jady MOKHO PemHTh IPOCTHIMII MeTOTaMH aHAJINTUIECKOT
reomerpnu. Tax, manpnmep, JONyCTHM, 9TO

allza22= 1, (112::(121—_—_5, b1=[)2=’15,
pl=1’ P2=3-

Torxa HaM HyKHO BHOpPATh U3 Nap YmCed || z; Z, ||, yXoB-
JeTBOPAOLIUX YCIOBHAM:

napy ||%; %, |, AaA KOTOpOil auHeiHASA popma

xy -+ 3,
iMeeT MuHAMYM. MBI IpOBOJAUM mpAMbIe
¥, + 9z, =15
n
5901 + Xy = 15,

KaK moKasaHo Ha puc. D0, I 3aKJ0FaeM, UTO MaPH ||y Zg ||»
yZIOBJIETBOPAIONINE AAHHHM HEPABEHCTBAM, CYTh KOOP/MHATEH!
TOYeK BsamITPHXoBaHHOK ofmactn pucynka. Msr mpososuM
TaK;Ke CeMeCTBO 1apasuieJIhHLIX NPAMBIX

T4 3z, =p
AJA PasHLIX 3HAYeHMi p, KAk INOKA3aHO HA pucynxke. L3
pHCyHKa 0" cmegyer. uTo HanMeHbllee 3HaYeHWEe P MBI
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noaywiM, BHIOPAB ||z, z,|| Tak, 4To6H_npamas
43y =p

npoxXofuiaa yepes A-—TOUKY HEpeCedeHMs IpAMBIX
Zy -+ 5:1:2 = 15,
oLy + Zy = 15.

Pemas COBMECTHO dTH [Ba YpaBHEeHUA, MBI HAXOINM:

b
Xy =Xy = 7 .
Urax, cammiii jlemeBbi Kypc jedemns nodydaercss B ToM
ciaydae, ecau 6pare mo °/, ymmmn gexapers C; u C,; upm

ZZ

/

Ty
A\ //////’////////////{{{/////////////,,,,
V3

. 1.~

+
o+ z,=175 - Z,+52,=75
Pnc. 50.
3TOM HEOOGXO/HMOe KOJMYEeCTBO BEI[ECTB B, u B, 6yaer mo-
Jy9eHo 3a

=+ 3-% =10 menTos.

| en

Hy:xHo samernTb, 910 NMpH 1HEKOTODHX 3HAYEHHAX p, H D2
pemmenue 3Toil 3afgadu He oGecrmewnt CMUTY MOMyYeHTe TOYHO
by m b, epmmni Bemects B; n B,. Tax, IPefNONIOKAM, 9TO
BHAYEHUSA gy, Gy, Oy, Ayy, by W b, TakHe, Kak yKaszaHo BhImIe,
o p,=1 u p,=20. B atom cyaae oxasmBaercs, aro camas
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jemeBas KoMOHMHAL\s JIeKapeTB  IOJYHaCTed, ecau B3ATDH
B KadgecTBe map || 7y 7 || KOOPAMHATH TOUKM B na puc. 50, T0
ecTh ecam B3ATh ;=10 1 z,=0. Torpa CmuT 1OJIydUT
camoe nemesoe TpeGyemoe jedenne, DORyHad quws Cy, HO
coBceM He mowymnas C,; mpu 5TOM OH 34

15 4+ 20-0 = 15 nentos

mosydaeT efHHUI BellecTsa B,
154+5.0=15
1 eXMHHI[ BelecTsa B,

5.15 +0="75> 15.

3aMeTHM, 4TO OGHYHbE €OOCOOH OTHCKAHMA MaKCHMY-
MOB WM MUHHMYMOB C TOMOIIBIO nudpPepenuaIbHOro MCIUC-
jgeHmA Majio IOMOrajT NpH pemeHnn sajfad, mof00HBIX OIH-
CaNHON BHIE. OTO 00BACHAETCA TeM, 1TO MEIHENMAaJbHEE WY
MAKCHMAJbHEE 3HAUeHWA (QyHKIEHA JOCTAraoTed B TOYKAX
rpaHIIbl 3amTpUXOBAaHHOH ofxacTH, a He B TEX TOYKAX, rfe
IIPOM3BOJHEE PABHEL HYJIO.

Haxomer, caegyeT 3aMeTHTh, 9TO IpUMEHeHHBIH HaMH
reoMeTPHYECKAR cmoco6 pemeHus 3ajadu 6B OB WPE3BHI-
qaiiHo TPOMO3JKAM NpH pemeHun 3ajaz ¢ 6OJIbIIAM IHCIOM
mepeMeHHBIX. Tax, manppuMep, eciH Gul HysEHO OHIJIO C/leNaTh
pubop W3 IIecTW JeKapcrs, a He M3 NBYX, TO TpU ITOM
crocofe Hy;kHO OBIO OB _paccMaTpPHBATH obmacTu MIECTH-
MepHOTO TPOCTPAHCTBA. IMocKonpKy 3ajaum TaKOro POAA
oueHb BayKHEL (OHW BOBHHKAIOT, HAmpumep, I COCTABJICHNA
rpaduKa JBHAEHU TOBapUHX HOE3JL0B, nepeBosAMUX JlaH-
HOe KOJMYecTBO TOBAPOB NIpH MEHMMANBHEIX 3aTparax win
5 MEUHHMAIbHOe BpeMs), HeoGXORUMO HMETh obmue MeTOo/Ibl
HX PpeIIenus,

Tak Bo3HUK 0COOBI Pasfies MaTeMaTHKH, KOTOPHL Ha3H -
BaeTCH JAUHElHbM NPOZPAMMUPOSTHUEM. Tox samadeil JIMHEH-

‘HOTO nporpammnponanna ImOHUMaeTcsa 3a7a4a OTHCKaHUA

MUHIMAJBHOTO HIM MAaKCHMaJbHOro 3HAUCHU nuHeiHO#
yHKuEE, Korja mepeMeHHbIE MONYMHAITCA JUHEHHHM He-
pasenctBam. OGmiyio 3anaty JIMHeAHOT0 IPOrpaMMHPOBAHAA
MOKHO COBPMyampoBaTh CJIeAyIomuM oGpasom: BHOpaTh
cpefur n-MEpPHBIX BEKTODOB |y, - ¥nll. ynommeTBOpAIOMAX
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HepaBeHeTBaM

all.z/l + e + a]nyn> bl’

amlyl + S + amnyn > bm’
N-MEPHBIH BeKTOD ||y, ... Yull, Ans xoroporo mocturaercs
MINMMYM uin MARCHMYM JIHHeHHOH (ynkimy

Pt A pay,.

Ms1 He magmm KaKoi-1mGo obieit Te0puM JIMHEHHOro mpo-
TPAMMUDOBAHUA, TaK KakK 370 HaxXoQuTCA BHE paMOK Ha-
CTOAILEH KHUTH, a OFPaHNYIUMCA yKa3aHmeM HEKOTOPHIX cBA3eil
MEXAY aTHM Bonpocom u, Teopmeit urp. Mm YBURUM, 4TO
337a1y pelleHuns 1POUBBONIBHOM IPAMOYTOIBHOMN UT'DH MOMKHO
PaccMaTpuBaTh Kak ocobyio 3ajaqy JIuHEHHOro mporpaMmu-
POBaHAA, u obpaTtHO, MHOrme 3a/1aull JHUHEHHOro mporpam-
MAPOBAHUA MOKHO TIPHBCCTH K 3ajlayaM TeopHm HUrp.

Ho Upe:xne 4em mpucrynute K baccMorpernio cBssm

Pemlennii 3aau nmmeiinoro IPOrpaMMIpPOBaHUs,

Ipessné Bcero O9€BHJHO, 9TO 3ajada JIMHEHHOro npo-
PAMMADOBaHUA He 0613aTeIbHO AOKHA HMeTH pelleHue.
Mosxer OKa3aTbCA, HAIPUMEp, UTO IaHHEHE HEPaBeHCTBA He-
cosMecTuMu. Tax, me wmmeer PelmeHus 3amada oTHICKaHUSH
MEHEMy~Ma QyHKIUN

Y1+ 2y,
Opu cobmoienun HepasencTs
Y1ty >3,
—Yh— Y. >4

Ho pmame B Clydae COBMECTHOCTH HepPaBeHCTB 3ajmada
MOReT He WMMeTb pemeHWs BciegcTBHe HEOrPaHA YeHHOCTH
MHORECTBA TOYeK, KOOPIMHATH KOTOPHIX yJIOBIETBOPAIOT
MaHHBIM HepaBeHCTBaM. Tak, me HMeeT penleHHsa 3afavua
OTHICKAHHA MHHUMyMa QyHKIUK

1“"%“?/2

e
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upH co0MIOJ\eHAY HePaBeHCTH
Y > 1,
Yo > 2.
C npyroii cTOpoHEH, 3ajaua JAuHENHOro IpOrpaMMUPOBAHNA

MO;KeT uMmerh Gonbme ofHOro pemenns. Tax, mo6as mapa

ly1y, || ABIsieTcA pemenmeM 3amaum oTiLiCKAHHS MHHAMyMa
byHKLHI

0-y;+0-y,,
NpA COGMIONCHUAN HEePABEHCTB

O'y1>/0’

0.y,>0.
Jlerko moxrasars, uto mo6as BHIOyKIas JUHEAHAS KOM-
OuHammaA pemeHuii 3ajaum JIHHENHHOTO nporpaMMHEpPOBaHUSA
TaKKe eCcTh pelleHne; IO0dTOMY, €ciIM 3arada JHHeHHOTro

OpOrpaMMHUpOBaHUs HMceT GOJblle OJHOTO pemeHds, TO OHA
HMeeT GecKOHeYHOe UMCJIO pemmeHWit.

Haxonen, caepyer ykasarp, ato MHOTHe sajadu, ¢ mep-
BOro B3rIAfa He ABIANIUeCA 3aladaMH JIHHeHHOro mpo-
I'PaMMHMDOBAHHSA, MOMKHO JIETKO NPpec6Pa3oBaTh B 3aa9M TOTO
tuna. Tak, 3aflaya OTHICKAHUWS MUHMMyMa ¢yHKIIH

DYy + P2Ys + Psys
npu CoGMLIOfeHNH PaBEHCTB

anY1+ a2y, = by,
Q93 Y1 + ApoYq = by,

09€BU/(HO, PaBHO3HAYHA 3aa4e OTHICKAHI MHHUMyMa (QyHK-
187371

Pyt PoYs+ Psys
4upu co0JI0NleHNN HEePaBeHCTB
' any1+aY, > by,

— 1Yy — GyYp > — by,
s g1y + Qgsls > by,
—Ag1Yy — AgYy > — by;

22 Juk. Mas-Kunen
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338 L X1V, MMHEAHOE NPOIPAMMHUPOBAHUE
aTa 3a/la4a yiie Apjsgercs 3sajadeii JMHEHHOIro nporpamu-
poBaHus. ’

M»1 noxakeMm Tenepb, UTO pelleHHe OPOM3BOJIBHOH npsi-
MOYrOJbHOH MI'PH MOKHO CBECTH K PeDIeHUIO 3aa9Ml JHHei-
HOro IporpammupoBaHus. Paszbepem 8Ty Bafiady [Jjis WrphHl
¢ MaTpumeil 3 X 2 (3T0 orpaHwveHue MH HajaraeM JIUIOb [Js
yupolleHnsA 0003HAUYeHMil; B ciaydae HIPH /M X B HMCCIeJ0-
BaHMe AHAJOTUTHO).

Iycre MaTpuma urps Taxas:

Q) Gy
gy Qg2 || »
gy Az

U U— [eHa HUIDHL.
Ilena v ecTh HaumMeHbIIee YMCJI0 z TAKOe, YTO JJA HEKO-
TOpOTO 3jIeMeHTa ||y, Y, | MHOMecTBa S,

a1y + 019Ys < 2,
A21Y1 T Ag9Y5 < 3 (1)
- AgYrt A3Y < 2,

a no reopeme 2.10 crpaterus ||y, y,|| ontumanbEa mas P,
TOra M TOABKO TOTAA, KOTHA Y; H ¥, YAOBIETBOPAIOT
nepasencrsaM (1), ¢ samemoit z mav. Ho, ogemmmmo, Tpu
qucaa Yy, Y M 2 YAOBJIETBOPAIOT HepasencTsam (1) Torpa
¥ TOJBKO TOTJA, ‘KOIJia MMeJOTCHA TaKHe HeOTPHIaTeJbHBIe
qncia z;, z, U 2z, 9TO

anys+apY, + 2, =13,
Ao1Y1 + oYy +- 23 = 2,
a3 Yy + a3y, + 23 = 2,
TO €CTb TaKue, 4TO
Z=anY; + dyolYs + 2y,
(@, — 1) Y1+ (@op — Q1) Yo + 2, — 2, = 0,
(ag, — ay)y + (‘133 —Qy,) Yy +23— 2= 0,
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HTar, pacecmarprpas cucremy

Z=any;+apY,+ 2, ]
(@51 = 41) Yy + (Ggp — Q12) Yo+ 2, — 2, =0,
(azy — @y1) Yy + (A3p — @y5)Yy + 23— 2, =0, (2)
Yitya=1 1>0, >0,
Zl>0, 2220, Z3>0, )

MBI BUAHM, 4TO U ecTh HaUMeHbIIee BHAYeHWE 2z, KOTOPOE
oupefiesAeTcsA HEKOTOPHIMHU UUCTAMH Yy, Yy, 21, 2, U Z3, YAOB-
sersopAomuMu cucreme (2). Iamee, crparerus ||y, y, || onTn-
MaspHa I Py TOT/a 1 TOABKO TOTAa, KOTAR Yy, Vs 21, 2 H g
(RAsL HEKOTOPHIX z;, 2, W 25) YAOBJETBOPAIOT cucrTeme (2)
npu.3aMeHe z Ha v. JMTak, 3ajaga OTHICKaHMA I€HBI WMIPHL
M ONTHMAJbHEIX CTpaTeruii Mus urpoka P, cogurcsa k peme-
HEIO CHCTEMH (2) KaK 3a/[adus JWHEHHOTO NPOrPaMMUPOBAHESA.
ITopio6HBIM 3Ke 006pasoM MBI MOKeM PemuThL 3afady OTHCKa-
HASA ONTMMANIBHEIX CTpaTerwii AJsa mrpoxa P;; B aToM caydae
3ajlaya JNHeHiHOro MPOorpaMMHPOBAHUA NPEJCTABIAET 3a7aTy
OTHICKAHMA MaKCEMyMa HEKOTOPOH BeIWIMHEL
Takum o6pasoMm, MBI HAmIM, 4TO 3aj{aya pemieHUs MpO-
M3BOJILHOM TNPAMOYTONIBHON HIPH MOMeT OBITh TpHBEJeHA
K JIMHeWHOMY NPOrpaMMHDPOBAHHIO 0C000i GOPMEL:
z=piy+ ..+ Pplin,
Anly+ . o F Ayl > by,
Uil + oo+ @i, >0, ¢ 3)
u, >0,

\AY

u, >0.

(B TompbkOo dTO paccMOTpeHHOH HUrpe MBI HMEJIH N =J
HUy =Yy, Uy=1Y,y, Ug=2;, U =2y, Uy=23. Ocobvuii Xapaxrep
9TOM Bajaum JHHEHHOr0 HPOrpaMMUPOBAIMA IIOABIAETCS
BCJIENCTBAe BKIOYEHHMs N IOCHETHUX HepaseHCTB u, >0, ...
., 4, >0.) ObpatHo, BCAKasA 3ajada TUHEHHOTO NPOrpaM-
MHUPOBAHHA 3TOTO CIENUAJBHOIO BHAA PABHO3HAUHA 3ajaue’
npAMOYroibHO# urpsl. Mm He OyfeM NpPOBOAMTH [HOKa3za-
TeJIbCTBO CIHRABEAIMBOCTH 3TOTO YTBEP)K/@HHA, a OTpPaHu-
TUMCH HATHCAHIEM MATPHIH cooTBeTcTRylomell urpw. [lia

22%
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3aaqil JIMHEHHOr0 1IPOrpaMMMpOBAHIA, B3aJMAHHOH ClicTe-
MOit (3), MaTpuma UIpel, IpU YCIOBHH, 9TO MH XOTHM CBECTH
K MUHHMYMY BeJIN9uHy 2z, Oy/leT TaKoBa:

0 ... 0 Ay oo Uy — Py
0o ... 0 A oo Wy — Py
B=| —a, ... —a,,, 0 ... 0 by
e~y O 0 b
L 2R R L 0

Mosno Temepr moKasaTh, 4TO CHPaBEIUBO caeayomee
NpeJiJIo;eHue: 33/ia9a JMHEHHOr0 NPOrPaMMUPOBAHNA, 3aaH-
Hag cuCTeMO (3), IMeeT pemeHHe TOIfZa H TOMBLKO TOTMa,
KOrfila B mrpe ¢ Marpuneii B ecTh OoNTHManbHas crpare-
PHA ||y ... 2y || TaRAA, 10 .., 5 0; panee, ecam
| &y« .. @pon,1 || —ONTHMaTBHAR cTpaTerms wrpm Tamas, wTo
Zpina 70, M eca MBI mOMOKAM

2!
I,[l =5 y
Tmin+l
u, = 'rl‘v
Tmen+l

1
Z2=pyly+ ... + Py,

TO Uy, ..., U, U 2z IPEACTABIAIOT PCHICHMUC 3a/(a9M JMHEHHOTO
IPOTPaMMUPOBaHHMS:

BubGanorpaduyeckue sameuanusn

JloKasaTenbCTBO PaBHOSHAYHOCTH 3ajaYM DEMICHIIA MIPbi
C 3a/iaeil JTUHEHHOr0 NPOrpaMMUPOBAHUA CMOTpUTE B pabo-
tax Jlamgura [24] mmm Teitis, Kyna m Taxkepa [41]. [ipy-
rHe BBIBOAEI, CBA3aHHBIE C TeOopHeil JmHCIiHOro mporpaMmu-
posanus, cmorpure B paborax [lammmra (23], [25] n [26]
u Jlarnura n Byga [27] *).

*) IIpRENANAAIbHbIE OCHOBHI JMHCIIOrO nPOrpaMMUPOBAHHS H3JI0-
#enbl B paborax JI. B. KamtopoBmua [197]—[200] n I'. TIL. Py6nu-
wreitna [204], [205]). (IT pum. ped.)
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YnpaskHecdusn
1. Haiiinte MaKkcHMasibHOE 3Ha4YeHHMe JIMHeHHOW (QyHKIUH
r+y
L £ MY, YIOBJIETBOPSIIONUX 1ICPAaBEHCTBAM
y—x <10,
2y-lx < 36,
y 2z < 45,
2. Haiijure MarcmMaJbiioe 3nadyenne JHHeHHOH QyHaRIUIN
2y —x

A 2 1Y, YAOBICTBOPHIOI(MX HEPaBEUCTBAM YNpaskHenms 1.
3. Haiijute MakcHMabiToe 3uadenue JAnciimoi Gynruuu

Y2

Ias1 x Wy, YAOBIETBOPAIOIUAX HepaBeHcTBaM yupakuendmsn 1. Haii-
AmTe Bce Maphl ||z ¥ ||, AAOmMHEC 3TOT MAKCHMYM.
4. Iycte p, q, a, b ¥ ¢ —rakume umcaa, 9TO

rp g

- 0.
a b *

HOREURI&TO, uTo caepgymoniasy 3agaua JUICHITOro IIporpaMMupoBanms1
He mMeeT DCUIEIHs: HAWTH MaKCHMaJIbHOe 3HAaUYeHHe (byHKIIPIPI

prt+qy
JUIA X H Yy, Y/JOBJCTBOPSIONIUX ICPABCHCTBY
ar+by > c.
5. llyeTs umena p, q, by, b, ay,, a9, a3 U a3 TAKAC, YTO

an G2
>0.
a2 Qg

IokakuTe, UTO NpH BTOM ClIeAyOIAe 3afaqW JUICHNIOr0 MPOIpaMMHE-
POBaHHUS PaBHOBHAYHEL:

3amaua A. Haittm MakenvMyM QysHxumn
pe+4qy,
Ijie ¢ U Y HOJUANEHH HePaBeHCTBAM
a3, % a1y 2> by,
ag)% a9y > by
3agau a E. Haiitem MaKcaMyM QyHKunm

(a99p — a919) uy(ay g — 252 p) us,
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rje uy I up HOAYRICHH LiCPaBEHCTBAM
up=by,  ug=b.
3anava B. Haiitn makcumyMm (PyHrnnn
(a2:P — @219) W1+ (219 — 319P) Wa+- (a2 P —a919) by + (2119 —a12P) bo,
rie w; A W, NOXYAHEHH HepPaBeHCTBAM
w; >0, wy>0.

6. ChopmynupyiiTe m pemurte ympamnenuc, aHaJOTHUHOE YIPHK-
MCHAUIO D, NPA YCIOBHH, 4YTO ’

- . Gy
< 0.

Aoy Qoo
7. Pasbeputc 3anauy A ynpakHeHdst 5 Upu JONYLICHHE, YTO

an Q2| 0

Qa1 Qo

8. Hyere u=||u; ... up|| w u'=||u; ... up||—nBa BeKTOpA,
KOTOpBIE YAOBJETBOPAIOT HepaBeHCTBAM (3) M NAIOT 2 MAKCHMAIbHOE
3HayeHWe. IJOKa;kmTe, 9YTO JI06ad JHHedHAs KoOMOuMHamusa u #H u’
TaKkKe Y/OBIETBOPAET DTHM HEPABeHCTBAM M JaeT z MAKCHMAalIbHOE
3HAUEHHeE.

9. Iyeth ||# ... Tmyn,||—oONTHMaNbHAR cTpaTernsi B HIPe,
AMeloINel MaTpuny

0 ... 0 ayy - Amy— Py
0 ... 0 agn ... Gmup~>n
B= —Qy; 4. —Qn 0O ...0 bl ,
—amny - - - _amno e O bm
Py - Pp—b...—by O

H NYCTh Tyyn,; * 0. [TookaAM

Zy
Uy = —,
Tmenset
Tman
Umyn= =
Tminsl
ITokamure, 910 || 4, ... u, || cCTh pemennc clefyioiled 3ajauu JA-
He{HOr0 MpOrpaMMHPOBAHUA: HAHTH 4HCIAA Uy, ..., Up, AAOIHC MHA-

AMAJNbLIIOC 3HaAYenmne (X)YHRIIKH

ity + Pty

[S——
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upu cabnoJcHAN NCPABCHCTB
apu + ..o ety > by,

' amity+ oo Faanln > ba,
ul> 0’

un=0.

Y kasamnme: obpaTuTe BHEMAaHHC HA TO, YTO Marpuma [ Koco-
CHMMeTpHYecKas, H, CleJ0BAaTeJbHO, MeHA MrPLl PaBHA HYJIO.

L T N



FrTABA XV
UTPBI »n JIAIT C HYJEBOII CYMMOI1

1. Xapakrepucrnueckue $pynkuun

Mo cux mop mu orpaEmUMBaTHCH paccMOTpeHHen urp
ABYX JAI, ¥ B 3T0 06IacTH cyMesu aTh HHTYUTHBHO IpHeM-
JleMble OUpeNeNeHs LeHBl WIPH (I Kammoro HMrpoxa)
I ONTUMANbHEIX cTpaTernii. Temepb Mu oGpaTuncsa k Komeu-
HBEIM HTPaM C 9YHCIOM HTPOKOB (OJbIle ABYX.

K comanenuio, s aroro, Gosee mupoxoro kmacca HTP
HET TeOPHH, KOTOPas Gbiia Gbl HHTYHTHBHO CTONB e IpHEM-
jieMa, Kak Teopus HUrp ABYX Jan. XOoTda OOJbMAas d9acTh
kraurn gon Heiimana u Moprenmrepra [92] (mpumepmo
400 crpamum u3 600) mocsamena mrpam ¢ gmCIOM HT'POKOB
Oonbme ABYX, MaTeMaTHKH B OCHOBHOM, TO-BHAMMOMY, He
YHOBICTBODEHH TeOpueli, M3JIOeHHOWl B 3Toll kmmre. 3a
IoC/Ie{HIe HECKOJBKO JIeT IO BTOMY pasfeldy TeOpHH HIp
OLIO mpOBEIEHO CPaBHHTENBHO MAI0 HCCIeTOBAHMIL.

Hecmotpa ma To, wro Teopus urp n aum mpu n>2 ma-
XOJUTCA B HE COBCEM YA OBJETBOPMTENBHOM COCTOSHHH, yda-
uleMycs HeoO6XO/MMO O3HAKOMHTBCA € 9TOf Teopumedl B ee
COBpPeMEeHHOM BHJe, 160, GeccIOpHO, B Hell NMEITCH HeKO-
TOphle PadyMHEIe JJIE€MEHTH, XOTsA U Tpefylomme naxpHEil-
uero ycosepmencrsoBaHHsA. Ilocemy aTor maparpad Gymer
NOCBAMEH M3I0KEHAI0 3TeMEHTOB TeOPUM UTD 7 JHI[ B TOM
sune, Kak ee paspaGoramm ¢om Heiiman u Mopremmreps.
Mu Gynem, komeuno, IO Mepe BO3MOMKHOCTH IIPUBOIATE
HHTYUTHBHBE OGOCHOBAHMA BBOJMMEIX OIIPefieNeHUIl, HO
OCHOBHBHI® OIpejleleHus OYyAyT MaHBL B TOM BHIe, KaK OHH
umetores y pon Heitmama m Moprenmrepna, eciim gaske BBOIH-
MBle TIOHATHS IOK&KYTCA CTPAHHHIMA M He OTHOCATMMUCH
K Jlery.
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IIpesse Bcero Ml 3ameTHM, 9TO KOTjja KOHeHHAsd HIDA 7
JUI BKJOYaeT JacTUUHyl HHPOpMaruio, Hagudue OGO0JHIIe
YeM OTHOTO XO/ia y KaKOTOo-HMOYAb UTPOKA, CAydaliHEE XOIH
II TOMY 1T0706HOe, TO Bce 3Ke BO3MOJKHO, BBe[A IMOHATHE CTPA-
TETHU, ONMCATh 3KBHBAJEHTHYIO IPAMOYrOABRHYIO» HIDY,
TO €CTh UT'PY, B KOTOPOI KasKABI HTPOK JeJIaeT OfHH U TOTBKO
O/{NH BHGOD 3 KOHEYHOTO MHOKeCTBA; IpUYeM He 3HAET BHOO-
POB APYTIHMX MTPOKOB. 9T0 Gputo moscHeHo B mpmmepe 5.10.

Taxum o6pasoM, MB MOMKeM OIDaHAYATHCA PACCMOTPE-
HHUEM NpAMOY204bHHT Wep n IdL ¢ Hymesod cymmoin. Takas
Urpa uMeeT n XOfoB; Ha i-M xoay (i=1,2, . . ., n)uarpox P;,
He 3HAaA MCXOfa HU OHOTO M3 MPeJLAYIUX XO[0B, BHOWpPaeT
qucno x; us xomeunoro muo:xectsa C;. Ilocae Toro rak cpe-
JaHB 1 X0foB, urpok P, (i=1,. .., n) momxyzaer cymmy

M, (2, xg, «.., 2,).

Ilockonbky Hrpa mmeer HYJIEBYH cyMMy, QYHKIUH
M, My, ... M, YAOBIETBOPAKT (TOMIECTBEHHO 1O Iy, ...
..., %,) paBeHCTBY

‘ZiMi(xl,...,xn)=0.

CpemaeM Temepb HECKOJABKO HEOOXOAUMBIX 3aMedaHWil
0 3HaYeHMAX, UPUHAMAEMHIX IIaTeKHbIMU PyHKmuamu. Odge-
BUHO, [l UTPOKOB BTH 3HAYEHHUA NOJIKHEL OHTH XOPOIMMMHE
WM IJIOXWMH, NpU4IeM, HAUpUMep, OHU HNO/KHEI CYUTATH
+2 ayume, wem +1, O wan —1. Ho aro6m mare Hammesxa-
mEi pas6op Mrp ¢ UMCIOM MrPOKOB (oJbile [BYX, IpefcTa-
BigeTcA HEOOGXOMUMBIM NPUHATH [ONOJHUTEIbHOE OIyIIe-
HHe O TOM, YTO 3HAYEHHA ILIATeKHHX QYHKIUH ABIAOTCA
oboekmugnbimu u nepenocumiimu. Tak, -2 HyKHO IOHU-
MaTh KaK HEYTO BpOJe (IOAY4eHHA NBYX [OJJAAPOB» WU
«osrydeHus ABYX (yHTOB cmareTTm»*), a He dTO-EHOYAD
THIA HOJyYeHUSA [BYX €JUHAI BKYCOBOTO Y[OBOJBCTBUY,
nGo cmareTTH cyTh HEUTO BHEIIHee II0 OTHOIIEHWI0 K HaM,
¥ ero MOMXHO TI€DelaBaTh OT OFHOTO YeJOBeKa K APYTOMY,
a BKYCOBOe YHOBOJIBCTBHE CYIIECTBYET TOJNBKO AJNA KasKAOTO
UHIUBAAYYyMA, W €ro HeJb3sg MEePeHOCHTH OT OJHOTO K ApPY-
roMy (B caMOM jese, [ajJeKo He O4eBH[HO, UTO MOHO IIPH-

*) ToHK®E.-MaKapouLl.
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nicaTh KaKOH-HUOYAb TMPAKTHYECKMIT CMBIC] TaKOMY yTBep-
spennio, kak «ToHE monywaer cTOMBKO Ke BKYcOBOro ymo-
BOMILCTBHA OT TAPEIKU CHareTT, Kak YaHr oT wamku prcay).

ITockonbKy, TakuMm 0GpasoM, MIATER CUMTACTCA OODBEK-
TUBHBIM ¥ IE€PEHOCUMEIM, HAYTO He HpeIATCTBYET MIPOKAM
IPOM3BOJUMTE MeMNy coGoit Takme miare:xu («moGodmEe»),
KaK BOSMeNIEHHE 33 KaKWe-HHOYAb BHAH COTPYXHHYECTBA.
Tax, manpumep, MOMeT CAyduTBCH, YTO HrPOK P, BEHMrpaer
ropasgo Gosxbmie, ecaum oH yGegur wrpoka P, BHGpaTh He-
KoTOpOe gucio (Hampumep, M, (2, 2, z) MoskeT GHTH Gosbie,
uem M, (z, y, z) npn y+2), ecim faske 3TOT BHOGOD He macT b,
HeIOCPE/(CTBEHHON BHITOAB (HANPHMEDP, MOMKET OHTH, UTO
My(», y, 2z) He BaBUCHT OT %, y W z W Bcerga MMeeT IOCTOSH-
HOe 3HaweHme v). B Takom ciywae, oueBmuHO, mrpoxy P,
cle/lyeT yNIaTATh HUrpoky P, KoNOXHATENBHYIO cyMMYy,
u4r06bi  yGemuth ero cfemaTs BHOGOD, BHIOTHHIL 118 P,
Teopust urp n aUI B OCHOBHOM pPaccMAaTPUBAET BOIPOCH. O
TOM, KaKie cOodYeTaHus («KOAJIMIUH») HTPOKOB GymyT obpa-
30BaHBl M KaKue BO3HATPAKJAGHUA OYAyT yHIa4dBATH
UTPORH JPYyr APYrYy B BAAe NPUMAHOK [AJA BCTYILIEHAA B
KOAJIMILHH.

Haa ofo3HaueHyusi HI'POKOB MBI [0 CHX MOp IPUMEHSIH
cumBomst Py, P,, ..., P,. Opnaxo sopens GyAeT HECKONBKO
ynobmee o6o3Hauath HMX npocto mudppamm 1, 2, ..., n.
Ms1 Gymem oGosHagaTh MHOMKECTBO Hrpokos ueped N, tak 4ro

N=1{1,2, ..., nj._

Jonyctum Temeph,; 94TO MIDOKM MHOKecTBa N Tpynnu-
pywotcss B gBe koaaunuu: T u N—T = — T, tak uro uje-
Hpl Koasnmuu T coTpyammualor Mesxay coGoii B BhGope crpa-
TeTHH, M TOKe COTPYMHAYAIOT MeKOYy coboil 9ieHBI KoaJHd-
nuu  —T. Torga me Moxem paccmarpmsate T m — T
KaK JIByX MI'DOKOB B Urpe ABYX Jaui. Vrak, mpeamonxomkmm,
9TO B NMEePBOHAYANBHOW Wrpe urpok i (i=1, ..., n) BuGu--
paer umcio W3 KoHeyHoro MuomecrBa C;, m myets T =
={i, ..., ,,)un =T={j, ..., j}. Torna B o6pasoBarnoii
HaM# MCKYCCTBeHHOH HMrpe ABYX anr ¢ urpokamm' T m — T
KomneKTHBHb wmrpor T BHOupaer ameMeHT u3 mexapToBa
npomssefenus C mmomecrs G, ..., C;,» u ananormaso
ko/IeKTHBHLH urpok — T BHOUpaer saemeHT m3 AekaproBa
npomssesiennsi €’ muokects C; , ..., G; .
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IIyets C={4,, ..., 4,} u» C={(B,, ..., B,). Toraa,
odeBufHO, nMmerotea ¢pyuxuun M,, M,, ..., M, Takume, 4TO

ecTh mIaTesx Nrpoky i, xorga T mnpumensier crparermio A;
n — T npumensier crparernio B,; JeficTBUTENbHO, eciiH
Aj=llzy, .. 2 || 8 By=|ap, ... z
TO
M (4;, By)=M;(x,, ..., ),
rae M; ecth i-A miaaTe;xHaA QyHKIUA NePBOHATANbHOM UI PHI.

Ecan T npumensier crpareruio 4;, a — T npumenser crpa-
rernio By, To o6muil maaresk mrpoky T Gyner

My (45, B) =3 Mi(4; B,

a o6muii maaremx mrpoky — T 6y)1eT
M_r (Aj’ Bh) fez_q{wi (Aj' Bk)-

IlocKonbKY mepBoHAYa/bHASA UTPa HMeJa HYJIEBYIO CYMMY, TO
M_T (Aj, Bk) = MT (A], Bk)‘

[Tockombky MHO;KecTBO C COJEPKAT U 3JIEMEHTOB, CMeIIaH-
Has crparerus mrpora T ecTh naemeHT MHOMecTBa S,. AHa-
JOrMYHO, CMEINAHIIasg crpaTerus urpoka — T ecTh 3JIEMeHT
MHOsKecTBa .

Ho ecm 7' mpuMensieT CMeIaHHYI0 CTPATerHio || a, .. . a, ||
u —T npumenser cmemannylo crparernio |[B; ... Byl
10 0bmee MaTcMaTHuecKoe o:kmpaHue BEHArpuma aua T pasmo

vou
k_}; ZLMT (4;,B1) o;fy,

a obmee MaTeMaTHUecKoe okmpanve Beurpsima pag — T
paBHO

e

M_1 (A, By) ;P e

< sees

v
2
h=1

Monowus g=||a, ... a,|| 1 P=]|B, ... B,|l, Mbt Mosem
UpeACTaBUTE ATH MATEMATAYECKHE OKHJIAHNA COOTBETCTBEHHO

j=1

o
||
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waK
Er(a, ) u £_r(a, P).

Iockonbxy M _x (4;, 4,)= —Mr(4;, A,) nas Beex j u k,
TO 09eBUIHO, 9TO

E_r(a, B)= —Er(a, ). (1)

Ha ocHoBanmm Teopmm TpAMOYTrONBHEIX HMrp ABYX JIHII
MBI 3aKII09a€EM:
max min £ (¢, B)=min max Er (a, p).
aES, BES, BES, a€S,, ’
[Tonaraem
v(T) =max min E7 (a, p).
aESy BES,

Wrak, Mu nMeem QyHKOMIO U, onpeleleHHYIO AJA BCSH-
Koro moamuokecTBa T MmHO:kecTBa N m 3Hadenme KOTOpOIT
npeacrasisger s mo6oro T ofmyio cyMMy, KOTOPYIO MOIYT
HAJeAThCA MOJYINTh WIeHH MHOKectBa T, ecam oHII cocTa-
BAT KOAIUIMIO; Mbl HA3HIBAGM U Tapakmepucmuieckol @Gymk-
yueii arpei. Beagy Toro, uro miartesk mepeHocmM, MBI Bnpa-
B¢ IpeAmojararh, 4T0O BCEe BONPOCH OTHOCHTENHHO KOAIUIIUK
1 D0GOYHHX NJIaTe)Keil MOKHO DeIINTh HA OCHOBAHWH OJ(HOIL
JUIb XapPAKTEPUCTHICCKON (PyHKIUN; HAIpUMep, eciu IIaTa
HUTPOKY 33 IpHCOeAMHEHNEe K HeKOTOPOil KOaJHIUM B NAHHOMN
urpe paBHa N, TO oHa OyJer TOYHO TAaK Ke paBHA I B IIO-
0oil ApyToil Mrpe ¢ TaKoif e XapaKTePUCTHIECKOH PyHKIueil.
JTOT BONPOC, OYEBMIHO, MOr GHITH DaspemeH ONpPefeJeHHO,
ecim OB MH MOTVIM [aTh HaJJe:allyl TeOpHI0 WP 7 JIHI|
TOJIBKO Ha OCHOBe xapakTepucrumdeckux ¢ymxiumit. ®on Heii-
MaH 1 MopresuITepH monaraT, 9T0 UM 3TO Y/AI0Ch CHEJATh.

Mpbl ycTaHOBEM Temepb HEKOTOPHIE MaTeMaTHYeCKHe CBOIi-
CTBA XAPAKTePHCTHYECKUX (YHKIMM.

Teopema 15.1. ITycme v — zapakmepucmuveckas Fynk-
yus ueptl n auy ¢ nyaseoii cymmoii, e0e N — mnoorcecmeo
uepokos. Tozda

(1) v(N)=0;

(2) Oaa awbozo nodmmuomcecmea T mmoscecmsa N mol
umeen v(—T)= —ov(T);

(3) ecau R u T — nenepecekawowuecs nodmmuoxcecmea MmHo-

acecmea N, mo
o(RUT)>0(R)+0(T).
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Hoxasartenbcrro. [lua nokasaremscrea (1) pasge-
JIEM MI'POKOB MHOecTBa N Ha mBe xoamumun Nu N — N= A,
TOTAa He CyIecTsyeT CTpaTernid a4 BTOPO KOAXALUM
(mycroro MHOKecTBa HTPOKOB), a cTpaTerus (YIUCTasm) MepBOii
KOQUIMIUK eCTh yNOpPsAN0IeHHBIA n-MePHEIH BeKTOp ||z, . .. 2, |},
rie 2, €C; (i=1, ..., n). CrenoBarensbHo, KasKaad u3 dyHK-
nuit M; ecTs QYHKOUST OMHOTO JMINb HICMEHTA A; MBONe-
crea C. Wrak, nma ool crparerunm A;, BHGpaHHOH Koa-
munumeir N, obnuit mmarexx Koamummn N (BBEHAY Toro,
YTO NEepBOHAYAJbHAs HIpPa UMeJa HYIeBYl0 CYMMY) paBeH

My (A;) =DM, (4;)=0.
i€EN
Orcioma HENOCPEeCTBEHHO CJefyeT, 4YTO

v (N) = max Ey (a) = max [2 My (4)) ;] = measx [210‘ a;] =0,
a o j=1 o

u €Sy = u =

4T0 W TpPeGoBaIOCh A OKAa3aTh.
Haa poxasateascrsa (2) numem:

v(—T)=max min E_g (a, p) =max min (— Ex(a, p))=

aesusesv aeSnBeSv
= —min max F'y (a, B) = —max min Ey (a,p) = — v (T).
a€ES, BES, BES, AES,

Mur moxaskeMm (3) Tombko A WCpH TpeX JHUI[; J0Kasa-
TeJIbCTBO I 061Iero ciaydas mo CYLIecTBY TaKoe :Ke, HO Tpe-
Oyer Gomee caommrx momsatuit. Ilyers N={1, 2, 3}; M no-
KajKkeM, 9To .

v({l, 2) >0 (1) +o({2).

Hycre crparermn (amcrme) urpoxos 1, 2 m 3 cyTh coorset-
CTBEHHO

Cl={1" 2, ce vy nl},
Co=11, 2, ..., n),

Co=1{1, 2, ..., ny).
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Torpa umeTHEe cTpaTerum KoaJmmEmE IBYX anx {i, j}, -THe
i < J, obpasywr MHOKecTBO C,; yHOPAZOYGHHHX map lzy |l
rae z€GC; m y€C;. Mrak, C; comepuT n; YMCTEIX cTpare-
ruit, a G;; comepRUT n,n; YHCTHX CTparerwui. )
CmemanHas crpaterus urpoka 1 ecTb BeKTOp || a; ... ,, ||
MHOKeCTBa Snl, KOTOPHIil NpunucHBaeT 9acToTy o; (i=1,...
..., N;) UNCTON CTpaTeruu i; aHAJOTHMIHBIE cTpaTeruu ume-

I0Tcsl y urpokos 2 m 3. CMemanHas crTpaTerns KOAIMIEH
{1, 2} ecrs BerTOp

[P @ ng a1 v Oy ol
MHOKeCTBA S, ., KOTOPHIl IPHINCHBAET YACTOTY O;,; THCTOf
cTparermu || ij||; aHATOrWYHHE CTPATErHH MMEIOTCA Y KOAJH-
umit {1, 3} u {2, 3}.

Iycrs a*=|la, ... on [|—omemenr mHomectsa S, Ta-
KO, 9TO /
v({1})=max min Ey,(n, §)=min Ey, (@} §). (2)
n ny € ngng 87!2113
Oycrs p*=||pr ... ﬁ:zll—anemen'r MHOMKecTBa S, Ta-
Koii, 49TO
v({2)) = max_min E) (n, &)= min E, (B* ). (3)
NESn, 850 my € Snn,
Jlerxo ybemmrbcs, 9TO BEKTOD
®
oy aifs ... aiph,|

NPUHAMJIEKAT MHOMKeCTBY S, ., . Iloaromy mmecn:

v({1, 2}))=max min E  , (n, &=
MES, 10, BES,,

=max min X M, (i, ], k) n; i8>
nes EESnai,fyk

ning
> min 2 Mg, 2y (i, ], k) aipiE, =
tes, ik
=min » [M,(@i, j, k)+M,(i, |, k)]aiBit, =
€€ Sngi' i,k

min |

=t 2 MG RBIB o+ DM o aiBiE. (4)
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ITockogbKYy MUHEMAJbHOEe 3HA4YeHHEe CYMMH ABYX (GYHRIII
e MeHbIle CYMMEl HX MHHAMAJbHBIX 3HAYEHWIH, MBI 3aKJIIO-

qaeM u3 (4), 4TO

U({i’ 2})) > nenn[ 2M (i, ], k) ofBi&] +

ng i) 7,
-+ min [M2(l» j’ k) (l? ;gh] (5)
Bes,,
Mycts Temepsb |lyf ... yn, | — odement MHOKecTBA Sp
TaKou, 4TO

2 M, (i, j, k) aiBiyt = min X My (i, /, k) aiBfEs  (6)

gesn i,0,k
n nyers |8 ... 85 || —oamemeHT MHOkecTBa Sn TaKol, 4TO
2 M, (i, , k) aipfdi = min 2 M, (i, j, k) aipi&.. (7)
i, 3, k §€Sn i, 7,

N3 (5), (6) m (7) MBI moaydaem:
ot 2)> 3 My jy K atBii+ 3 M G ) alpros
i, 3, Lk
®)

Mockoasxy | 1B ... B5 [|€Ss, m|Iv] ... va |l € Sn,s Ml 3aKTIO-
qaeM, 9TO BEKTOD

I B3ve Brvs - - - Ba,va,

(IPUHAJIEKNT MHOMKECTBY Snpn. . CnenoBaTesbHO,

2 M, (i, /, k) oipiyi> min > M, (i, [, k) aibir =
§ nyng b 3k
= min E( (@* §). 9)
g'38"2"3
U3 (2) n (9) M 3akmodaeM, 9TO

2 M (i, f, k) aiivi>o({1)). (10)

sy ids 1t
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Tax ke sakmowaem, wro
2, Mo G/, k) ofBI0E > 0 ((2). (11)
Haxonern, u3 (8), (9) u (11) mur BmauUM, wro

v({1, 2)>0({1) 40 ({2},

410 M TpeboBaJoCh [OKA3aThH.

Mu Bcrope moxamenm Teopemy, obpaTHyi Teopeme 15.1,
a IIMEHHO, 9TO BeAKaA ¢(yHKuna o, YAOBIETBOPAOMANA TPEM
YCIOBUAM TeopeMsl 15.1, ects XapaktepmerTmueckasm dyHRDEA
HEKOTOPO#l HIPH ¢ HyJNeBoil CyMmoit, Hasa sroro ymécrao
IPEABAPUTENLHO BLIBECTH HEKOTOPHE IIPOCTHIe CIeICTBHA
U3 Tpex ycuomuit Teopemmt 15.1.

Jdemma 15.2. Mycms N — HeKomopoe MHOMCECNEO U U —
delicmeumensras Pynryus, onpedeaennas das eécarozo nod-

mroncecmsea T mruomcecmea N u ydosaemsop siowas ycaosusm
meopemst 15.1. Toeda

(1) v(A)=0;

(2) ecau Ty, ..., T, — nenepecerarowguecs nodmmoncecmea
MHoorcecmea N, mo

oMU .- UT)>0(T)+ ... 4 0(T);

(3) ecau Ty, ..., T, — nenepeceraiowuecs nodmmoncecmea
Mironcecmsa N, cymma kKomopwvir ecmv N, mo

0(Ty) + ... +0(T,) <0,

dorasarenncrno. Yreepsaenne (1) BLTeKaer Heno-
Cpe/icTBeRHO 3 ycmoBmi (1) u (2) Teopemnr 15.1, ubo

v(A)=0(—N)= —0o(N)= —0=0.

YrTBepmenue (2) BuBoguTCH M3 ycaosua (3) teopemsr 15.1
UHAYKOHeHd 10 r. YTBep:xkgenue (3) BRITekaer m3 yrBepsue-
Hus (2) m ycaoBust (1) Teopemmt 15.1, nbo

9(T)+... +0(T)<o(TU...UT,)=0v(N) =0,

Teneps Mo MomeM mokasars YOOMAHYTYIO BHIIE TeopeMmy,
obpatHyIo Teopeme 15.1.
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Teopema 15.3. ITycmv N —xoneunoe mroorcecmeo,
cocmoswjee u3 n uzpokog W U — Oelicmeumenvian PyrrEyus,
onpedesennas Oan ecaroeo nodmmomcecmea T mmoocecmsa N
u ydosaemeopsiowas mpem ycaosusm meopenst 15.1. Tozda
cywecmeyem uzpa n AUy ¢ HYLegoll cymmoi, daa komopol
v Aeasemcs xaparmepucmudeckoli gynryuei.

HoxasarexscTBOo. Mu onpenenseM uUrpy, B KOTOpOW
UrpoKM CcyTh WieHH MHOKecTBa N, cienyomuM o6pasom:
KOKIBIA WieH 2 MHOKecTBa N Jemaer OfHMH XOJ, COCTOAMMIA
B BHOOpe noxmHokecTBa T, MHoecTBa N Taroro, dro
z€T,; np:m coBepmeHMM Ka/KAOr0 W3 BTUX XOI0OB HMIPOKY
HEHW3BECTHH XOAH APYTAX HIPOKOB,

Yrobu ompefennTh uiaTe;RHEE (YHKIWM, MH BBefeM
cHa9aja BCHOMOrarelbHOEe HOHATHE XAaPaKTEPHOTo IOJMHO-
yecTBa MHO;KecTBa N.

IlogmuoxecTBo T MHOMKecTBa N HasHIBaeTcA rapakmep-
wetM (DO OTHOMIEHMIO K JAHHOH DApPTHM WIDH), ecaHu JIu6o

(a) T,=T pmasa Besxoro =z B T, au6o

(6) T ects MHOMKecTBO, coflepskamiee TOJBKO OJMH 3ie-
MEHT Z, KOTOPHIi He NPHHAJIEKUT HHKAKOMY MHOMKECTBY,
Y/IOBIIETBOPSIONEMY YCJIOBHIO (a).

Jlerko BumeTh, 4ro AJA SAaHHOH IApPTUM HMIPH XapaKTep-
HHle TOAMHOKeCTBAa MHOKecTBa N He IepeceKalnTcA M UX
cymma ectb N. '

IlpepnonoxuM Temeps, 49To AJMA [AAHHOH MAapTHH HIPHI

xapaKTepHbie TmopMHOKectBa MEMKecrBa N cyts Ty, ..., T,
u uro T;(j=1,...,p) comepsur n; saementon. Torxa,
ecmu urpok i(i=1, ..., n) npuEagmexxur mHOMKecTBY Tj,

TO BBIMTPHIOI €T0 oupegensgercAa TaK.

»
1
Lo (T)—~ 3 o(T,),
] r=1
rie v — gauHas GyHKIUA.

Ms mokaskeM cHadajia, 970 Urpa, OUpefeleHHAA TaKUM
obpasoM, ecTs urpa ¢ myiesoil cymmoil. Ilpenmonosxum, Kax
d paHbiie, 9TO JJA JaHHON NMapTHM XapaKTepHEIe HOJAMHO-
mectBa cytp Ty, ..., T,, rae T; comepmur n; s1eMeHTOB.
Mn 3aMedaeM, YTO BHIUIPHIIN JIOOHX ABYX 9ICHOB OJHOTO
u Toro ke quoecrsa T; ogmmakoss. CirenoBaTenbHO, CyMMa
BHUTDHIeEHR dieHoB MHokectsa T; mna mioboro j pasHA

23 k. Mak-Kuncu
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OPOCTO NpPOM3BENleHWI0 7; HA BHUTLPHM KajKAOr0 dYieHa
MHOKecTBa Tj, TO ecTh

n,-[%v(Tj)—%iv(T,,)].
r=1

Cymma prurpsimeil Bcex wienoB MmHOecTBa N pasma,
cneaonarenwo,

Zn,[——v(T,)—— Do)]=
r=1

Z )'——nZU(Tr)"

i=1 r=1

Jlnsa  3aBepmIeHHA [OKA3aTEIbCTBA TEOPEMH OCTAETCH
Temeph IOKa3aTh, UTO U €CTh XapaKTepUCTHIeCKasaA (QYHKUMA
urpsl, ompegenennoit Beime. [IpexgmomoxuM, dro v — xapak-
TepacTHYeCKAaA (GYHKIMA STOH MrpH; HAM HY}KHO IIOKAa3aTh,
9TO [JA BCAKOro noxMHO:KecTBa T MHOKecTBa N MH mMeeM
v(T) = v(T).

ITo ycaoBuio TeopeMHl, v yHOBIETBOPHAET TPEM YCJIOBHAM
Teopembl 15.1, a v yjmoBIeTBOpAET JTUM YCJIGBHUAM MOTOMY,
9TO OHA ecTh XaPaKTepUCTHIECKAs QYHKUHUA ATPH ¢ HyJe-

Boii cymmoii. OTciofa BHTEKaeT, 4TO v U v- yJJ;OBJIeTBOp}IIOT
TaK:Ke TpPeM ycJaoBusAM jeMMel 15.2.

Mur moxakeM cHadama, 970 I BCAKOTO HOJMHOMKECTBA
T muomxecrsa N

o (T) >0 (T).

Hdna T=A »sro BhTeraer u3 yciosusa (1) memmm 15.2.
B caywae T # A wurpoxm mmuoskectsa T Moryr oGpasoBaTs
KOAJMIMI0 ¥ YCJIOBUTHCA, UTO KMKALIN 4neH x muo:ecTBa T
6yner r6upars T, =T. Ilpm stom T cramer xapakTepHHIM
MHO}KeCTBOM OTHOCHTeNBHO paccMaTpuBaeMmoil naprum. Ilpep-
IONOMKAM, 4YTO XapaKTepHHE MHOKeCTBa NapTHH CYTh
Ty, ..., T,, rae T,=T. Torga xaxpasii urpox muoskectsa T
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MOIydaeT
p

1 1 ©
ZU(T)—7Z v (T,),
r=1{
|, CIefoBaTeNbHO, OOmMMI BEIUIPHIN WIEHOB MHOMKECTBA T

pasen
p

p
1 1
m [ o@—7 o) ] =oM—3 2 v(T).
r=1 r=1
[MockoabKy WiaeHh MHOskecTBa T MOTYT TrapaHTHpPOBaTh
ceGe, 9TO OHM TOJyYaT NO MeHbINeil Mepe
P
o (D)~ 22 3 o(T,),
r=1
MH 3aKIi09aeM, 9TO
P
(1) >0 (T) === ) o(T,). (12)

r=1
N3 ycmosua (3) memmbr 15.2 MBI BUAHM, TITO
P R
> v(T,) <O. (13)
r=1
Uz (12) m (13) ¢ yIeToM NOJOKHUTEIBHOCTH 7y M i MBL 33~
Kio9aeM, 49TO
v(M>u(T). (14)
Tlockonpry (14) cmpasepmuBo [ BCeX HONMHOMKECTB T

MEOKecTBa N, TO OHO OcTaeTcf CIpPaBeIUBHIM IOCIE 3aMEHBL
T ma — T. Urax,

v(=T)>v(-T).
Ha ocmopamumn yciosua (2) Teopems 15.4 ma aroro
BHITEKAeT
—v(T)> —o(T),
W, CIIeOBATeNbHO, A
T o(T) > v(T). . (15)
23*
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Uz (14) u (15) M saxmogaeM, 970
: v (T) = v (T).

910 BaBepmiaeT [[OKa3aTeNbCTBO TEOPEMEI,

3amMeganue 15.4. Teopema 15.3. morasmsaer, 4To
TP yciaoBuA TeopeMbl 15.1 [OCTaTOYHH s IOJHOTO OUpe-
meleHuA XxapakTepumcTudeckux ¢yHnuii. Ilostomy, worma
MH OyfeM rOBOpHTH BHPEAb O XapPaKTePUCTAYECKUX (yHK-
nuax, HAM He HYKHO YIOMUHATH 00 mrpe, Koropasg HX IIO-
pOK/laeT; HAM HYKHO JWINb IPENUONOKUTEH, YTO OHH YHIOB-
JIETBOPAIOT TpeM. yCJAOBUAM TeopeMmul 15.1.

2. lpusegennaa dopma

OcHOBHHE BONPOCH, KOTOpHe MH Pas30upajd B Teopud
HTD 1 JHI,— 3T0, KaK OBUIO CKa3aHO BHIOIE, BOIPOCH O TOM,
HacKOJBKO CHJIBHH OYyAyT CTPeMJIEHHA HTPOKOB OOPA3OBHI-
BaTh KOAJIUIHN M KaKue B3HOCH HIDOKHM [O/IKHH yIUIAYd-
BaTh [PYyT APYry IPH BCTYIUNIEHUA B MaHHYI KOAJIUIHIO.
Ecnu mBe urph He'pasIndaloTcsa B 9TOM OTHOIIEHUH (XOTA GH
AX IIaTe’KHEle QYHKOUN ¥ XapaKTepucTUYecKde (yHKIUH
u GBUIA pPasiWYHH), TO ¢ HAmeH TOYKW 3PEHUA OHM GyAyT
10 CYUIECTBY OJMHAKOBH. ¥MECTHO [aTh KaKOe-HUOYIb HA3BA-
HUEe TAaKOMY COOTHOIIEHWIO MEKIY ABYMsA HTPAMH; MH HA30-
BeM DTO COOTHOWIEHHE CMPAMELUNECKOll IKEUBAIEHMHOCTLYIO.

Koneuno, mousTne crpaterndeckoii YKBHBAICHTHOCTH €CTh
UMb WHTYHTHBHOE IOHATHE Ge3 KAKOro-1nGo MaTeMaTHde-
CKOTO cofiepianns, N60 OHO OCHOBAHO Ha TaKAX LOHATHAX,
KaK «cTpeMieHne K 00pa3s0BAaHMIQ KOAIMIMMY», KOTOPHE CaMHd
He OBUTM ompefeneHH MaTemaTwdeckdu. Ho, owesmpmmo, 31O
MOHATHE Ype3BHYAHO Ba)KHO [ Hallell mejau, M OfHA W3
OCHOBHHIX 3ajlad TeopHM Hrp — HAHTH [JId HEro TOYHOE
MaTeMaTHYecKoe ompepnenenne. MosKHO IpuBecTH Ipuemie-
Mble WHTYUTHBHHIE [OBOJL, KOTODPHE HOKAKyT, 4TO HEKO-
TOPHE YCIOBUA [OCTATOUHHI IJsi CTPATerMUecKOd DKBUBA-
JeHTHOCTH; MH CJejaeM dT0 B ciefylomux ab3amax.

HomyeruM, 910 #aM [aHH ABe UPAMOYTOILHEE HTPH N
auy ¢ ByaeBoit cymmoirt I' m I'', m B ofeux mrpax Wrpok i
(i=1, ...,n) nmemaer BmGOp @3 MHOMectBa C;; mycTs mia-
resknbie pymknuu B I' u I' cyre coorBercTBemmO My, ..., M,
wuM;, ..., M. JlomyctaM, pmajee, 4TO CymecTBYeT HOJO-
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JEATeNbHOe dmeao k, TaKoe, UTO MU i=1,..., n u gaa
n06oro ayeMenta ||, ... Zy || us mexapToBOrO HPOM3BEAEHHA
muoxects Cy, ..., Cp
’
M (g, - .r Ta) =M, (2, ey Tp). (16)

Torga METYHTHBHO OYeBHJHO, 9YTO UIPH T' u IV crparern-
qecKN »KBUBAJIEHTHB, TaK KaKk MK MOMKEM pacemaTpuBaTh k
OPOCTO KAK KOHCTAHTY, H3MEHSIOMYIO [CHEKHYI0 eUHUIY
(manpumep, U3 IeHTOB WM MIMJLIMHTOB B AOJJIapH), a NOBe-
[eHHe DPasyMHOTO YelOBeKa B MIDe HE 3aBHCHT OT eUHUIL,
B KOTODHIX BHIPayKkaeTcA IIaTe. Wrax, Mpl HamInm AocTa-
TOYHOE yCJOBHE NIJIA cTpaTerndecKoii sKBUBAIEHTHOCTH.

Jlpyroe AOCTaTOYHOe YCJIOBHE MEL [OJIyYuM, B3aMEHUB
yeaosne (16) muxecey0muM: CYIIeCTBYET L TUCET @y, -+ +» Oy
TaKUX, 4TO

a+...+a,=0,
w g i=1,...,n @ Kus moGoro sIeMEHTA fz, ... 2.l
M3 JieKapTOBOTO HPOM3BEJEHMA MHOMECTB Cp.-r Gy
M (g «oor @) =M; (2g, ceey Zy) Fay. 17

YroGel B 3TOM ciaydae yOeguThCA B cTpaTermdecKoil sKBH-
pasegrEocTE ' m I, samMeTHM, 9T0 IVIATE}KU UIPOKY is I’
raxkme ke, Kak B I, ¢ Toi pasmumeif, 4T0 OH IOJydaerT
[OIOJTHUTEIBHYI0 CYMMY @; (xoTopasd, KOHEYHO, MOKET GHTB
OTpUIATeNbHOM) M 3Ty CYyMMy &; ArpoK i TOXydaeT He3a-
BHCHMO OT TeueHHA HTPH. TakmmM 00pasoM, OYEBHAHO, HTO
crpaternn mrpe [ He M3MEHMIUCEH Gbi, ecau OB IJIATERHE

@y, + -+ Gy TPOUSBONMINCH B gagajie UCPH, a HE B KOHIIE,
B ecam OB HX COBCEM He GBII0, Kak 9T0 HMeeT MecTOo
B mrpe I'. :

Jlanee MBI BHXEM, 9UTO A toro, grobs I' m I Ouam
cTpaTermiecKu IKBUBAJNCHTHH, B AeficTBUTEILHOCTN HE 067-
3aTeALHO IPEANOJaraTb, Kak MBL [IeIaJH passme, 9TO
KJIacChl, W3 KOTOPHX UIPOKH JieJaioT BHOOPH, AefCTBUTENLHO
TOKIeCTBEHHE!, AOCTATOYHO WPOCTO HPeJIIOI0KATE, UTO OHU
MOryT OHITH IOCTABIEHBl COOTBETCTBYIOILIM cmocoGoM  BO
B3aMMHO OTHO3HATHOE COOTBETCTBUE.

Dt cooGpaskeHNs IO/ICKA3HIBAIOT HAM BBECTH caexyromee
HOHSATHE S-5KBHBAICHTHOCTH, KOTOpOe, KaK BHITEKACT n3
HAIWX HHTYMTUBHEEX JOBOJOB, Hpe/CTaBJAeT coboit mocra-
TouHOe YCIAOBEE TIA ¢TpaTermuecKoli 9KBABAJICHTHOCTA.
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Onpegenenue 15.5. IIyers T n I'" — nge urpsr n g
C HYJNEBO# CyMMOH, B KOTODHX BROODHL IIPOM3BONATCA COOT-
BeTCTReHHO w3 Mmomects Cy, ..., C, u C), ..., C. m mua-
TeKHEIE QYHKIUA CyTh COOTBETCTBEHHO My ..M, aM,, ..
ooy My, Mrpu T mw T’ masmsaores S-sxsusanenmuvimu,
€CIM  CymecTByOT QyEKmuEM f,, ..., f,, neiicTBUTeabHbIE
JUCIA ay, ..., G, W NeHCTBATEILHOS NONOKATENbHOE qHCHO kK,
YAOBIETBOPAOIIME CIELYIOIAM yCIOBAAM:

n

1.) .21; ai = O;

2) f; (i=1, +.., n) orobpaaer C; B3amMHO OftHO3HAYHEIM
o6pasom na Cj. . .

3) Hus i=1, ..., n n nua moBoro aehenta 2y ...z,
AiekaproBa npoussenienus muomects C,, ..., G, .

M@y oo 2) =kMi[fy (@), ..., f ()] + ;.

Moxasarenscrsa crenyomux asyx TeOPeM MEI OCTaBJIsAeM
B KadecTBe ynpasKHeHwuii.

Teopema 15.6. Coomuowenue S-skeusaenmmnocmu peg-
ACKCUBHO, CUMMEMPUIHO U MPAHIUMUEHO.

Teopema 15.7. Ecau T u TV — dee uepl n auy c wyse-
60U cymmoti, Komopsie - S-9K6usaseHMHB OMHOCUMEALHO KOH-
Cmawm a,, ..., a, u k u ecau v u v' — raparmepucmue-
ckue gynryuu uep T' u T coomeememsento, mo 045 a06ozo
nodmnoncecmsa T mmuoocecmea N

o(T) = ko' (T) + iEZTT"ai.

B cuny teopemsr 15.7 nBe xapakrepmermueckme OyHRIUNH
v w v’ Ha3HBa©OTCH S-sKeusasenmubimy, ecia;m onm yHOoBJe-
TBOPAIOT YPABHEHUIO 3TOH TEOPEMH, TO ecThb €CIM MMeeTcs
TOMOUTENbHASA KOHCTaHTA kK W KOHCTAaHTH a, ..., a,

n
(npn 2 a;=0) Takme, 9To mUA BCAKOTO noaMHos;KecTEa T
i=1
MHOKecTBA N
0(T) =kv' (T)+ D) a;.
ieT

Cormacno Teopeme 15.6 cooTHOmeHWEe S-pKBUBATCHTHOCTH
pasOHBaeT Kiacc BCex HMIp n JHN ¢ HyJNeBOH CyMMOH Ha
HemepeceKalom7ecs KJIacCH TaKue, 4To JIoGHe [iBa smeMeATa
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OHOTO Kiacca S-)KBUBAJICHTHHI, & dJIeMEHTHl Pa3HBHIX Kiac-
cOB He S-sKBUBaJeHTHH. [l HEKOTOPHIX Ieneil ;keaaTelbHO
[MEeTh BO3MOKHOCTH BHIOHPaTh M3 3THX KJACCOB OCOGEHHO
OPOCTON dIEMeHT; MJA BTOr0 MH CHOPMyIHpyeM Ciefyiomee
omnpefeneHye.

Onpenemenme 15.8. Urpa n mami ¢ xapakTepucru-
qecKolt GyHKIMeH v HaskIBaeTCA UTPOI 6 npusedernHol gopme,

ecau . )
v((1)=0(2)="... =v(r) ="

rae 6o y=0, anbo y = — 1. Korga stu ypasHemus cmpa-
BeIMBH, MBl TOBOPMM TaKKe, dYTO XapaKTepuCTHIECKad
QyHKIUA ecTh XapaxTepucTHiecKad QyHKIUA 6 npuseden-
Hoil gpopme ¢ modysem Y.

Teopema 15.9. Ecau v— rapaxkmepucmuueckas @yHk-
yua & npusedennoii gopme ¢ modyaem y u ecau T — nodmro-
acecmeo muoxmcecmea N, coleprcawjee p 9AEMEHMO8, MO

py<v(T)<(p—mn)y.
NoxasaTennbcTBo. W3 ycmopms (2) memmu 15.2 Mmbt
BUJHEM, 9TO
2. v () <v(T),
i€T
u, clef0BaTe]bLHO,
py<v(T). (18)
Tax xak mepasemctso (18) cmpasegmumso mua moGoro T, To
Mu MoxeM samennth B Hem T ma —T; mockombry —T
COZIEP/KUT N — p IEMEeHTOB, MHBl NOJyJaeM OTCIOAA, ITO
' (n—py<o(=T). (19)

Us (19) Mm 3axkmodaeM, Ha OCHOBamMH ycioBHA (2) Teo-
peMu 15.1, uro

(n—p)y<—v (D),
U, CJIel0BaTeNbHO,

v(T)<(p—n)v- (20)
Vpasrenns (18) u (20) coBvecTHO W BHPAKAIT yKa3aHHYIO
TEOpeMy. .

Cuanepmctrue 15.10. Ecam v ecTp XapaKTepuCTH9ECKAA

$ymkuma B TpuseseEHoil ¢popme ¢ momyqaem 0, TO A
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BcAKOro mogMuoxxkecTsa T Muo:kectBa N
v(T)=0,
B camom pmeme, Ha ocHoBammE TeopeMm 15.9 Mu uMmeem:
p-0<o(T)<(p—n)-0,
OTKy/a
v(T)=0,
4T0 ¥ TpeboBANOCh MOKA3ATH.
Teopema 1511 Ecau v u v cymv S-skeusasenmmuvie

rapaxmepucmudeckue Gyrkyuu ¢ npusedernroli @Gopme, mo
Oan 6caroco nodmuomcecmea T mmoorcecmea N

v' (T) =v(T).
HorasarensbcTso. Ilycts mopyan ¢ymrnmii v u v’

pasHH coorsercrhenHo y ¥ Y.  Ilockoasky v mw v’ S-skBm-
BaJIGHTHHI, TO CYMECTBYeT NOJOKUTENbHOE qucio &k W TUCIA

@y ..., Gy, Cymma Koropeix paBHa 0, Takme, 49TO JuIA
BeAKOro mopMHOectBa T muomecrsa N
o' (T)=ko(T)+ > a;. (21)
ieT

B uwacrmocrm, °
v {i)=ko({i})+ae; (@(E=1,...,n). (22)

CxragmBas Bce ypaBHEHHA cucTeMu (22), MH moxy-
qaeM:

S =k S 0@+ 3 a=k 3o ();
i=1 i=1 i=1 =1

U, CJe/[0BaTeJbHO, IOCKOJBKY 00e (yHKIMM B mpuUBEJEeHHON
$opwme,

ny’ = kny.
Hrax,

Y = ky,

u, KpoMe Toro, y m y’ aubo oba paBHH Hymo, IH60 06a
pasEsl — 1. Ecam o6a pasHH Hy:I0, TO Ha OCHOBAHUH
caemcrBua 15.10 mu mmeem mis Bcsxoro T

o' (T)=0=0(T).
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Ecan o6a momyis pasHm —1, TO k=1, n, ciefoBaTeIbHO,
u3 (22) MB HMeeM:

(=)= (=D+a

rak uro a;=0 (g i=1,...,n); TakaM o0pasom, u3 (21)-
MB mmeeM mia aoGoro T

o' (T) =kv(T)+ ) a;=1-v(T)+0=v(T),
ieT

9T0 3aBepIiaeT NOKA3aTelbCTRo.

Teopema 15.12. Bcakas TQPAKMEPUCINUYEcKaR PYHE-
yua S-sKeusaseHmMHA 00m0il U Moavko 00K Taparmepucmu-
weckoll gpynkyuu 6 npusedernol gopme.

JloxasaTexbCTBO. [ycrs U—XapaKTePUCTAIECKAA
¢yaxnuma. Urobu mokasaTs, |ro U S-pKBUBAJIEHTHA XapaKTe-

pucTiIecKoi QyHKIUE B npuBefieHHON  opme, MBI OymeM
n

pasnmyarh fABa clydad, COOTBETCTBEHHO A 20({i})=0

i=1

w30 (i) # 0.
i=1

B mepeoM ciydae M Oepem k=1 n a;= —v({i})
(i=1,...,n). Torpa

3 a,= — 3 0 (i) =0
i=1 i=1

Tlanee, mo Teopeme 15.7 xapaKTepUCTHIeCKAsA pynrmma v,
S-pKBuBajleHTHAA QYHKIHEM U OTHOCHTEIBHO OSTHX KOHCTAHT,
yhoBiersopAeTr AN i=1,..., n yCclOBHIO

o (i) = ko ({i}) + a; = 10 () — v ({H =0.
Ecan iv({i}) =+ 0, mur GepeM: '

i=1
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Torna
i n S o (i)
) So=—n+-=L__ _
=t ';‘v ({i)
n
o' ({ih = kv ({i}) +a,= , '
=-= (i) - 14— __ g
;v (%) ; v (i})

Tor ¢axrr, aro xapakrepuermaeckas dyBKumsa me S-sxBu-
PAIICHTHA I\BYM DAasINIHBIM XapaKTePUCTUYECKHM (yHKIIAM
B NpUBeJeHHOW (opne, BhTeKaer u3 Teopevm 15.11 u m3
TOTO, 9TO COOTHOMEHNE S-dKBUBANEHTHOCTH TPAH3UTHBHO.

3amevanne 15.13. Uz TeopeM 15.12 u 15.7 caegyer,
9T0 I TOrO 4TO0H [aTh HAJIEKAI[YIo TEOPHIO BCEX UTp N
JHO ¢ HYJNeBOi cymMoif, nocTaTouHO paccroTpers JaMmE
WUTPH B NPHUBENeHHOH (fopme. -

Caencrene 15.10 IIOKA3EIBACT, 9TO WIPH B IPHBEJEHHOM
dopme ¢ moxgymem O pesko orimuarTeH oOT TP ¢ MopyaeM
— 1. Jeiicreurensro, ms 15.10 mur BHIIMM, YTO Korja
monynb pases 0, mo6oe MHOMECTBO UTpOKOB moaydaer 0
UTa¥, B TAKOH Wrpe HET CMHICIA OGPAsOBEIBATH KOAJInIam,
U HE MOKeT OHTh,peYd 0 MOGOYHHX mIaTerKax IJas Toro,
91065l MOGYANTE Arpoka BeTymuTH B KOAINIHI0; clleoBa-
TOIbHO, JJIA TAKAX MrD He HYKHO HNKAKOH 0c0Goii TeopRu,
Ioaromy mMur Mokem BIPEIb OTPaHAIATHCS ATPAMH B NpuBe-
AeHHON dopme ¢ momymem —1. Mu 0yaeM HasHBaTH Takue
AIPEL Cyujecmeennsiny, B OTIMIME OT HTP ¢ MOAYIeM 0,
KOTOPHIe GYAYT HABHBATBCA HeCYujecmEeH LML,

Urpsr Be B mpusenemuoit dopve MbI HasmBaeM cyme-
CTBEHHBINM W/IH HECYMECTBEHHHMH B 3aBHCHMOCTH OT TOTO,
ABNAIOTCA MM OHM S->KBUBATECHTHHINH CYIECTBEHHEIM ¥LIH
HECYINECTBEHHHIM UrPaM B TIPHBENEHHOH (opxe,

Caepyomume e Teopemsr namor YCIOBUA TOro, YTOGH
Urphl (He 00s3aTeNbHO B IPHBECHHOMN dopre) Goiim Hecy-
MECTBEHHBIMA; NOKA3ATENbCTBA MEH OCTABEM B KAadecTBe
YIpaKHeHNIH.
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Teopema 15.14. Hepa necywecmsenna moeda u moavko
moeda, Kozda ee rapaxmepucmuyeckan Pynkyus v ydossemso-
paem ycaosuio

1o (i) = 0.
;gv({l})

Teopema 15.15. Hepa necywecmsenna mozda u moas-
K0 mozda, Koeda ee Tapakmepucmuieckas PyHKGuL U Maras,
umo ecau P [T =A, mbl umeem:

o(RUT)=0(R)+0(T). -

Wrak, B CyImecTBEHHON Hrpe MMeeT MeCTO IOJOMKUTeNb-
Hafg TeHAEHIHA K 00pasoBaHMI0 KOAJNHIIAH.

Uz cuencrema 15.10 Mm BEguM, 9TOo Ans do6oro n
B mpefienax S-3KBUBAJIEHTHOCTH MMEETCH JIMIb O/iHA HecyIe-
CTBeHHAA WIpa n iui. VIHTepecHO OTMETHTh, 9TO AIA n =3
IMeercs TalkyKke JHITh OfHA CYIIECTBeHHAsA HUrpa n JHQ
B IpuBejeHHoil gopme. B camom pnerne, ecam v — XapakTepn-
cTudecKad (YHKIUA TaKOi HMI'PH, TO MHE HMeeM:

v(()=ov({2P=0(3})=—1,
@, CceoBaTeIbHO, HA OCHOBAHIM yclIoBus (2) Teopemsr 15.1
v({2, 3)=0v (L, =0l 2)=+4
MOCKONbKY MBI HMeeM TaK:ke
v(A)=v({1, 2, 3})=0,

TO MH 3aKmodaeM orciofia, 49ro sHaueHme ¢ymkmunm o (T)
onpeneneno maa moGoro T. VITak, MoHO ToBOPHTH 00 onpe-
Oesernnoil cyIecTBeHHOR Arpe TPeX JIAL B NpUBEEHHOI (opme.
Hanporms, mns n > 3 uneerca OeckoHeYHOe THCIO
CYIIeCTBEHHHX WTp n JHI[ B mpuBelieHHoO# ¢opme. Msr mc-
cTleflyeM 3TOT BONPOC HECKONbKO MOAPOGHee i n=a4.
Ecam v— xapakrepucTudecKas (YHKIUA CYIecTBeHHOM
urpsl 4 nun B mpuBefieEHoN ¢dopme, TO MEI cpasy BUAUM,

9T0
0 0
-1 1
v(T)=) 4, xorma T cocrodT u3)3 HIEMEHTOB. (23)

-0 4
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WUrak, snawenme ¢ymkuuu v (T) ompeneneno, sa mckmode-
HueM cayvad, Korja T copmepsxur pBa snementa. Ho B cumay
TOTO, 9TO

v((2, 3) = —v({l, 4),

v({ir 3)=—v ({2’ 4}),

o({L, 2)= —o ({3, 4,
BHa4eHHA U GyIyT MOTHOCTBIO ONPeAeNeHH, €CIM MH 3aja-
nuM sHaveHus Qymrumit o (1, 4}), v ({2, 4)) = v ({3, 4&).

Hamnee, no reopeme 15.9 M BngmM, uro ecim T ecThb
n1000e MHOMKECTBO C [JBYMS DJIEMeHTaMH, TO

—2<v(T)k2.
Urak, ecom MBI HOJNOMKHAM
v({1, 4)) =2z,
v ({2, 4}) = 2x,, (24)
. v ({3, 4}) =2z,
To MH OyneM mmeTh
v ({2, 3) = — 20,

v ({1, 3})= — 2z, (25)

v ({1, 2)) = — 2,

u NS
-1z, <t a i=1, 2, 3. (26)

Hanee, merko y6emuThes, 9T0 eciu z;, T, M Ty — MobHe
9ncia, YHOBIETBOP:MiOmMUe COOTHOMEeHWI0 (26), M ecim MH
ompeneasiem v (T) coormomenmamm (23), (24) m (25), To
U ecTh XapakTepucTHieckas (YHKOHUsA CyIDeCTBEHHOHR WUIPH
9eTeIpex Jun B npmsefenvoii gopme. as atoro meoGxommmo
qMmb JIO0Ka3aTh, 4TO QYHKIOUA U, ONUpeAeleHHAA TaKUM
o6pasoM, ymoBierBopsier ycaoBdasM Teopembl 15.1.

Urax, ecim wmena z,, , m T3 MB paccMaTpuBaeM Kak
IeKapTOBH KOODAMHATEL TOYKHA B TPEXMEPHOM eBKJIMIOBOM
OPOCTPAHCTBE, TO COBOKYNHOCTh CYM[ECTBEHHHIX WID YeTHIPex
JuIl B OpuBefleHHOH dopMe, OUEBHIHO, COOTBETCTBYeT B3a-
UMHO OJ{HO3HAYHO TOUKaM ||z, %, Z, ||, KOOpAMHATH KOTOPHX
YROBIeTBOPANT yeaomio (26) (370 Toukm HEKOTOpOro Kyba).
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I[IpuMeHsisA TeoMeTPUIECKYI0 TEPMHHOIOTHUIO, MEI MOJKeM
cKaszaTh, 4TO B TO BpeMs KaK ecTh JHMB OfHA CYINECTBEH-
Hag Wrpa Tpex IHAI B IPHBEJCHHOH dopme, CyIECTBEHHBIX
Urp deTeipex JHI[ B mpmBefieHHOl opMe mMeeTCA GecKoHEY-
HOCTH B KyOe.

IIpamep 15.16. Virpa, HasmBaeMad «OAHMH T HAHY ,
HPOBOAUTCA CJEAYIOMUM o6pazoM: Kajblil M3 HT'POKOB (ux
BCero TpH) UHEMeT Ha JHCTKe Oymarn «rep6» MIM «PemKay.

Tocme Toro, Kak KakAbl Mrpoxr BHOpam CJ0BO, CYABA
CpaBHABaeT TPW HANACAHHEIX CJIOBA; €CIM BCE UIPOKHE Ha-
OMCANE OHO CJOBO, HT HEKAKWX IIIaTesKeif; B INPOTHBHOM
clIydae oKasaBMWiicsA B OfMHOTECTBE INIATHT OCTAJbHBIM II0
Honapy.

Taxum obpasom, ecin M,, M, n M,—mnnarexxuse QyHK-
OUH [Jisi TpeX UTPOKOB M ecid oGosmaanyM «rep6» Kak «1»,
a (pemKy» KakK «2», TO

M., 1, 1) =M, (2, 2, 2)=0,
M4, 1, =M, 2 2 =M1, 2 )=M 21, 2=1,
M (1, 2, 2) =M 2 1, 1)=—2

# amamormamo auas M, u M.

IIpexmonoxuM Teneps, 9T0 HIPOKH 2 m 3 cOCTaBIAIT
xoammmuo mporus mrpoxa 1. Mrpox 1 mMeer, OYEBAAHO,
AWmpb JBe CTpaTeruu: OH MOKeT pe6pars 1 mam 2. Hoamm-
nust {2, 3} umeer deTHpe CTpATeIHiu: ofa wurpoxa MOryT
prbpars 1; 06a mrpoka MOryT BHGpATh 2; HrPOK 2 BHOU-
paer 1, a mrpox 3 BHOmpaer 2; urpor 2 BhOupaer 2,
a mrpok 3 Bubmpaer 1. M3 ompefeneHus ¢ynxuumn M, MH
Jerko MOJKeM BHIYMCIMTH INIATE;KHYI0 Marpully HrpoKa
Uil Pa3TEYHHX BHODAaHHBIX crpareruit. Tak, ecam, Hampu-
mep, urpox 1 BHOmpaer 1, a xoammmmsa {2, 3} BHOuUpaer
|1 2|, To mockoisky M, (1, 1, 2) —1, pumrpsm urpoxa 1
oynmer paser 1. Iloxmoit maTpumed Gymer Marpuna 1.

Marprua 1
IR N2l N2y | n2z2l
1 0 1 1 | —2

2 —2 1 1 | 0
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Hocxonsky Bropoit m Tpermit cToa0n s MaTpunst 1 mpe-
BOCXOJAT MEPBHIHA, MH BUAUM, YTO eCIiH Koammuua {2, 3}
XO09eT MPUMEHATH ONTAMAIBHYIO CTPAaTermi, TO HIPOKA He
Gynyr HEKOrMa mpEMeHATH cTpaTermm 12 u ||21].
Pemes marpumy, mer maxoamm, wro neHa Mrpe (mas arpo-
ka 1) pasma —1. Wrax,

v({1}) = —1,
v ({2, 3})=1.
Wa cummerpunm mur 3aKJII093eM, 9TO
e =u(3) = —1
o(lt, 3))=o(1, 2Z)=1.

Hanee (kak m mua mo6oit UTPH TPeX JHI, ¢ HyJIeBOH
CyMMOit)

b, CJe0BaTeNbHO,

n

v(A)=v({1, 2, 3})=0.

Wrax, Mo monHOCTBIO ONIPE/leTMIN  XaPAKTePHCTHIECKYIO
$ymrmmo sroit urps. Ilmaresxuas PyHKmUA B sTOM Ccirydae
OKa3BIBaeTCA TaKOM, 4TO XapakTepucTAIecKaa QyHKOUA yixe
AMeeT NPHBeNeHHYI (GopMy. .

BuGanorpaguveckne samevanma

Marepnan aroft raaBs Mommo mHaiiTn TAABHEIM o0pasom
y ¢om Heiimama n Mopremmrepna [92]. Tlommeit pasGop
S-aKBUBAJEHTHOCTH €CTH y Max-HKuncn [74].

YnpaxkHenus

1. B npamoyroxsmoii mrpe TPeX JIAN ¢ HYJEBOH CyMMOH KaKmhi
HrpOK coBepmaeT BHOOP m3 MHOMecTBa {1, 2}. Maarerxunie Pynxuun
ompefiesieHEl CleAyIOmAM 06pa3om:

My (4,4, =1, My(1, 1, )= 41, My (1, 1, 1)=—2,
My(1, 1, 2)=—1, My (1, 1, 2)=—1, My (1, 1, 2)= 42,
My(1, 2, )= 1, My (1, 2, )= 41, M,y (1, 2, )= —2,
My (1, 2, 2)=—1, Ma(1, 2, 2= —1, My(1, 2, 2)= 42,
My(2, 1, )=—1, My (2, 1, )= —1, M, (2, 1, 1)= |2,
My(2, 1, 2)=+1, M3 (2, 1, 2)= 41, My (2, 1, 2)= —2,
My (2,2, D=—1, M, (2, 2, 1)= —1, My(2, 2, 1)=}2,
M@0 2 =41, M3 (2, 2, 2)=+1, M,y (2, 2, 2)=—2.
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HaiinaTe XapaxTepHCTAYECKYIO $YHKIMIO ACPH.

9. Haiiqare xapaKTepucTHIECKYI) $yHHROAIO B npuseferHol dopue,
KoTOpas S-9KBUBAJNEHTHA caeqyomei XapaKTepHCTHIECKOM $yHKOEE ¥
JJIfl UTPHL deTHpeX JIAM:

0(A)=0, v({29 3})=0r
v({1})=—-1, v ({2, 4)=0,

. U({2})=——2, v ({3, 4})::0:
v({3)=—2 v({1, 2, 3)=0,
v({4})=0’ v({1, 2, 4})‘_‘2’

v({1, 2H=0, v({1, 3, 4)=2,

v({1, 3})"‘_‘07 U({z’ 3, 4})'——"17

v ({1, 4H=0, v({t, 2, 3, 4})=0.

3. Ompeneanre Mrpy <OIHH aumuniiy [ 9eTHpex HUrpoxOB (o
aHAJOTHE C BapraHToM Jisi Tpex ArpoKoB, ONHMCAHHLIM B npmMepe
15.16) u maiiaute ee xapaKTepHCTHICCKYIO $yaRnuo.

4, JlokaskuTe TEOpeMy 15.6.

5. JowammTe TeOpeMY 15.7.

6. JlokauTe TEOPEMY 15.14.

7. JowamnuTre TeopeMy 15.15.

8. lrpa n aam HA3BBAETCH cuMmem purKoll, eCIIl BO BCEX caydanx,
xorma T, m Tp—nBa HOIMHOMKECTBA MHOKECTBA N ‘¢ OonmHaKOBHIM
YUCJIOM DJIEMEHTOB, v (T =0 (Ts). [okamure, 9YTO HMeeTcA JHIND
oNHA CHMMeTpHYHAs] CYMECTBeRHaH Arpa ueThIpeX JAI B npuBeieHHOM
dopme, m mainure €e XapaKTepHCTHIECKYIO $yHKIUIO.

9. Tloramurte, 49TO HMEETCI GeCKOHEUHOE WHCIO CAMMETPHYHHIX
CyilecTBeHHBX Arp UATH AUL B npusenennoi gopme.

10. Tloramure, 9TO /A WrpH, onpene.nenﬁoﬁ B [{OKa3aTelbCTBe
teopembl 15.3, XapaKTEPHBIE TOIMHOKECTBA MHOMKECTBA N me mepe-
ceKalTcd, B UX CyMMa ecTb ‘



PIIABA XVI
PENIEHUA UTP » JINL

1. Hexopn

Hax 65110 YKasaHo, B Wrpax n jun M HATepecyemMcs
BOIIpOCAMH 0 TOM, KaKme ROAmnOuan MoryT GHTH o6pasoBanst
a1 970 Gymer ymaageno KOKNOMy HUrpoKy (moclle mpomsBof-
CTBa NOOOYHKIX nnarexeli) B ciaysae oGpasopamms JaHHOK
Koammnun. Buurpsumu meckomprnx HIDOKOB NaHHOH Koajm-
ua @ noGovHEe MIaTemMu MoyKHO OPe/ICTAaBUTh KaK BeKTOp

T, T, .. .;xnli, TRe z; (i=1, ..., n) ects CyMMa,. KOTOpyio
Homygaer i-ii urpox.

Ho mockonnky UI'Pa ¥IMeeT HYJIEBYI0 CyMMy, Tak 4ro
ACHBTH HE CO3LAOTCA U He YHAYTOKAIOTCSA, OYEBUIHO, BHI-
UTPHIIA UIPOKOB JO/KHE B CyMMe IaBaThb HYJb, TO ecTh

n
Dz, =0. N

=1t
4

Mu samegaem Aajiee, 4o TaKoi BeKTOp ||z, ... Z, || Momer
GBITH peanmsoBaE TombKo B ToM CIydae, eCim A KakIoro
! MBI MMeeMm: ’

x> v ({i}),

TaK KaKk WUIPOK i MOMKeT 103aGOTHTHCH o TOM, 9TOGH moy-
aures U ({i}) camocrosTenpHO (To ecTs ecam mame om me Mo-
eT ybenuTh KaKoro-mm6o APYTOTO HUrpPOKAa COTPYAHHYATE ¢
HOM), B HO3TOMY OH HABEpHOe OTBeprHeT J00yI0 cHcTeMy
pacnpenenenns, xoropas pmact eMy MeHbme, dem v ({i}).

Iockombry Mpr wacTo GyneM rosopurs o BeKTOpax, yLoB-
JICTBOPAIOMNX yKa3aHHEIM JIByM YCIOBHAM, yMECTHO paTh
UM Ha3BaHHe.
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Onpenenenne 16.1. Ilom ucxodom nus UrpH n JIAI
¢ XapakTepucTHYecKoi ¢yHKNWe#r v MH GyfeM NOHHMATb
BEKTOD

Wy «n z, ||
TaxKo#, 4To
n
) 2
u
2) z, >v({i}) ma i=1, ..., n

Sameuanue 16.2. Moxro nogymMarh, 4T0 BTOpOE yCIO-
BHe HAIIETo OUpeJeTeHHA MOKET OHTh YCHUICHO TAK, YTOOH
B HeM TroBOpHJIOCh, dro ecan T ecTh I1060e MOJAMHOIKECTBO
MHOoKecTBa N, TO

> z;> v (T).
ieT

Ho unTyuTHBHHE OCHOBAHMA 3TOro Gojlee CHIBHOTO yCIO-
BHA HE CTOJb OYEBHIHH, KaK OCHOBaHWA Gosee cmaGoro yc-
noBusa. B camoMm jmerne, xoTa urpoku Muokectsa T, cocraBus
KOaJuOuio, MOryT OHTh yBepeHH, YTO KOJUIEKTHBHO OHH IO-
xyuar v (T), coBceM He OYeBMIHO, UTO OHH 3aXOTAT 0GbeNH-
HATHCA TakuM oOpasom. [lamee, ¢ popMalbHONW TOUKH 3PEHUSA
MOKHO JIETKO MOKa3aTh, 9TO IPU TAKOM YCJIOBHH KIacC HCXOJ[0B
Boobme Gymer mycTeM. Tak, HanpmMep, ecau 6B DTOMY ycC-
JIOBMIO YHOBIETBOPSAN HCXOX ||z, Z, 4|l [AaA cyIecTBeHHON
ATPH TpeX JAN B NPUBEJEHHOH (opMe, TO MH uMenad O

n+z,>0{l, 2)) =1,
d, CIef0oBaTeIbHO, MOCKOIBKY Z;+ Ty Z3= 0,
—2z3>1,
HiIu
< —1;
HOCKOJBKY
>0 (3) =—1,

MBL uMeJH OB OTCIONA

- zg= —1.

24 Thr. Man-Kuscu
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ApanornaaeM 0o6pa3oM ME MOTJIM GH IOJYyYATH
2, =—1

.’l)l=—1,

a 9TO MPOTHBOPEYHUT NOTYINEHHMIO, 4TO Z, -+ Z,+ 23 =0; wrak,
IUIA 9TOH WrpH He CYIMECTBOBAJO OH MCXOfa,
3ameuanne 16.3. Jlerko yGenurThcsa, 4TO MHOMKECTBO
BCeX MCXOJ0B [JA HIPHL N JHUI €CTh BHIYKJIOE IOIMHOMe-
CTBO N-MEPHOT0 €BKAMJOBa mnpocrpaHcTa. llosToMy ecan
UMelOTCSI N1BA DAasJNIHEE HCX0Aa [JIS JaHHOH WUrpPH, TO
nMeeTca OecKOHEYHOe YHCIO MCXO[MoB. Mul 3amedaeM, 4TO
HECYIIeCTBeHHAA MI'Da WMeeT JUINb OOUH HMCXOM, a MMEeHHO

lo(1}) ... v({n))|. Hanporus, cymecrBemHas ¥rpa mMeer
OecKOHEYHOE THCIO0 NCXO[OB.

Uecxon ||y, ... Y, || urpox i, oueBumuo, mpenmodurer uc-
xony ||, ... .||, ecim oH pacTt emy Goabuie, TO ecTh
ecan

Yi > ;.
Agpanormuno, moxmuoxecTBo T MHomecrBa N Bcex murpoxos
npefnodTeT MCXOk ||y, ... ¥, |, eca:

y; > z; naa seex i m3 T.

Opmako, ecim He OyfeT MMeThb MeCTO COOTHOLICHUE

o(T)> Dy,

ieT
TO IPeANoUYTeHNe MCXONA || Yy ... Y, || co cropour T Gymer
He000CHOBAHHBIM, TaK KaK UIPOKN OKa3KyTCA HE B COCTOSHHUM
(Ges mocTOpOHHEH moMoIMW) TrapaHTHPOBATH cefe, 4TO OHHU
moayJaT CyMMY, KOTOPYI0 MM IO3BOJAET IOAYyYHUTh HTOT
HCXOR,.

9T coobpasKeHnsA TPUBOAT HAC K HOHATHIO IPeIodYTe-
masA. MB umeeM B BHAY 0GOCHOBAaHHOE NpEJNOYTEHHE CO
CTOPOHH HEMyCTOTO MHO}KECTBAa MTPOKOB, KOTOPOe Ompereiser-
¢ clefyiomuM o6pasoM.

Onpenenenme 16.4. Ilyers ||y, ... y |l m iz, ...
... Tp||—HMCXOXH B WIrpe, HMMEMEil XapaKTePUCTHIECKYIO
¢yuxnuio v, u T — HEKOTOpOe TOJMHOMKECTBO HIPOKOB.
Torza MB roBopmM, 4To ||Y; ... Y,| npednowmumenvheil
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fzy ... z,|| no ommowenuw x T, ecaim BEIDONHATCA ciTe-
AyloIiae yCIOBHA:
1) T =+ A.

2) v(T)zg.Tyi.
3) y; >, nasa scex i B T.

Horpa ||y, ... y,|| npexmoururemvmeit |z, ... Z,| mo
ornomenuio K T, MH Ioumem:
190+ Ballzllon oo 2l
Ecmu ||y, ... y,| mpemmoutwmrembmei ||z, ... z,I| mo oTHO-
meHuio K ai06oMy MEOKecTBy T, TO ME roBopuM, 4T0 || ¥, ...
«++ Yn || npednoumumenvrei ||z, ... z,| u nnmem:

lg v Ynll >y -on za.

3ameuanme 16.5. MarepecHo mcciaenoBaTh HEKOTOpPHE
o0Imue cBOWCTBA COOTHOINGHHWS NIPEANOYTeHHA.

«U3 ycaosua (1) ompenemenma 16.4 caegyer, 4To ofuE
HICXON He MOMKeT OHTbL MpeAIoYTUTeJbHedl APYroro mo OTHO-
IMeHAI K IycToMy MHO;kecTBy. [lamee, ms ycaosua (2) om-
penenenua 16.1 u us 16.4 MH BuauM, 9TO OOUH MCXOH HE
MO;KeT OHTh NPEANOYTUTEIbHEH APYroro MmO OTHOMEHWIO K
MHOKECTBY, COCTOAMEMY M3 OAHOTO 3TeMenTa, 6o ecin GBI

MBL MMeJIH

Ny, «-- yn“>”"31 cee Zylls
{i}

TO MBI MOIJIM OBl 3aKIMOYUTH W3 YCI0BHA (2) ompeneleHHsA
16.1 u ycmosusa (2) ompenenenua 16.4, aro

Y =0 ({l})’ .
W, CcJef[0BaTeabHO, W3 ycaoBusa (3) ompepenenna 16.4, dro

v ({i)) > ;.
910 mpormsopeumsio 6bi ycuaopumio (2) ompenmemenus 16.1.
Anajormgno, MH BHAMM Ha ocHoBaHum yciosua (1) ompe-
menenusa 16.1, 9ro ommH MCXOA He MOKeT OBITH MPeRNOUTH-
TeJbHEH JPYroro U0 OTHOMEHHIO K MHOKecTBY N Becex
arpoxoB. MrTak, ecam oXMH MCXO/ mpeimouTHUTeNLHEH ApPY-
roro mo oTHomgEmio K muOxectBy T, o T momxmo copep-
MaTb He MeHee 2 M me Gosee (n— 1) wreHOB.

24
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Uz ycnoBusa (3) ompenenenus 16.4 odeBHAHO, YTO MCXOL
He MOkeT GHTH HpefmouTHTeJbHeH caMoro ceGa (mO OTHO-
menuio K mobomy MHOxectBy T). [anee, ama moGoro ¢m-
KCHPOBAHHOr0 MHOKecTBa T COOTHOmMEHNME NpPeJUOITeHUSA IO
orHomenu K T TpamsuTUBHO, TO €CTh, €CIH

N Y P

Ny, --- yn”?llxl cee Zy s

TO TaKIKe
2y ... zn”?Hxl von ol

Wrax, cooTHOmeHMe mpefnOYTeHAs IO OTHOUWIEHMIO K (-
KCHPOBAHHOMY MHOKecTBY T ecTh Tak HassBaeMoe «4acTHd-
HOe yHopAfodeHme». ITO HE €CTh <IOJHOEe YIOPAMOICHIUEY,
TaKk Kak OOHYHO OYAYT CYMIeCTBOBATHL MCXOMH, U3 KOTOPHX
HU OfIMH He TpeANodYTHTeNbHeil [Apyroro; Tak, HaIpnMep, B
CyImecTBeHHOM Hrpe TpeX JUI[ B UpuUBeAeHHOH ¢opme HE
OfNH W3 HCXOMOB

I 01 —01 0],
I| —0,1 0,1 0]

He NpeAmouYTHTelbHeld JpPYroro IO OTHOMIEHUI0 K MHO-
mectBy {1, 2}.

Onnaro, paccmaTpusas COOTHOTIEHNE NPeINOUTeHNS BooG-
me (TO ecTh KOTAAa NPENIOYTEHHE paccMaTPUBAETCA He IO
OTHOIIeHUI0 K QuKCHpOBaHHOMY MHOecTBYy T), ME mMeeM
GoJiee CIIOKHYIO CUTYAIHIO. B osToM ciyuae Tak:ke crpasef-
JMBO, 9TO HUKAKON MCXOJ He mpeAmodYTHTeNbHEH caMoro cebs,
HO COOTHOINeHHMe NpefMoYTeHUA yke He TpaHsuTHBHO. Tak,
HalpuMep, paccMOTPUM cjiefyiollue TPH MCXOAA:

| 04 04 —0.2],
I 0 0 0 |,
-0, 0,2 —0,1

[isi CYIIeCTBEHHOH WMIpH TpeX JHUIl B NMpuBefleHHOH ¢opme.
Mu BupuM, 4TO

10,4 0,4 —0,2] > [0 0 O
(1,2}
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48
100 0] > =04 02 —O0.],
{1,3}
TaK 4TO
104 0,4 —0,2[[>[[0 0 0]
n N

10 0 0 >|| —0,1 0,2 —0,1];
HO C JApPYro#i CTOPOHH, MH BHAWM, 9TO COOTHOUIEHUE
10,4 0,4 —0,2[>] —01 02 —01]|

HeRepHO. B camoM feme, MOKHO [aKe NPUBECTH NPAMEp
UTPH TATH JUI C JByMsA HCXOJAMH, W3 KOTOPHIX KK b
mpef{IoYTUTeIbHEH KPYroro.

2. Onpepnenenne pemeHus

Mbl XOTHM Temeph PpPaccMOTpers BoOmpoc o ToM, KaKue
MCXOAE MOI'YT BOBHUKHYThH B [iefiCTBUTEIBHEIX HaPTAAX ATPHL.
Cpagaza HaM DOpeACTaE:seTca CIefyIOIUA OTBeT: MHCXON
a={0; ... 0| Moxer GHTb peamm3oBaH B HapTHH HUIDH,
eCli He CymecTByeT HCXoja f, KOTOpHIA npefnoYTHTeNbHE R
@, TAK KAK HA OfHO MHOKECTBO HIDOKOB HE HMMEJO (i35
HIKAKOr0 MOBOJA K TOMY, 9To0Bl CMEHHTH G Ha KaKoOi-
AuGYAp ApYToli MCXOM; IMOITOMY, €CIH IpPH 3aKJOYeHHU CHe-
JOK OBUI GBI TPEIOMKEeH HCXOX &, TO KB MOHAI 0OHI,
9TO0 OH HEe MOMKeT IOJyddTh Goibmme, deM eMy obemiaer AaTh
HCXON o TaKk Oblr0 OB AOCTHIHYTO COTJIAIIEHME.

Ho, & coxanenmio, Boo0me He CYIMECTBYeT TaKOrO MC-
xonia. [leficTBUTe BHO, MBI MOMeM IIOKasarh (3a HCKIOTe-
HEeM CiIydasd HeCYIIeCTBeHHOHl WIPH, B KOTOPOH mmeeTcs
JMmb ONMH HMCXOJ), UTO BCAKOMY HCXOAy MOkeT GHTH mpen-
[0YTeH KaKoH-EAOYNH Apyro#t mexof. Ilyers ||z, ... z,|l—
KaKoi-HHOy/b MCXO[ B CYNIECTBEHHOH uUIrpe n JIHI. Torpma
cymecTByer meioe 9mcao k, Takoe, 4TO

zy > v ({k}),

n60 WHAUe ME mMeau O mo Teopeme 15.14
n

— g%=2uw<&

= i=
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4T0 mpoTHBOpeduT ycaosmio (1) onpememenua 16.1. Ecmm
MBI [OJIOMKUM :

Y= ({k})
u
—v ({k .
yi=xi-|—Ln_i(1{—})- ans ik,
TO JIeTKO yOe uThess, 970 |[yy ... ¥, | ecth meXon, KoTOpEHLA
MOxeT OHITb NpennouTen ucXopy |[Z; ... 2,| mo ormome-
HUI0O K MHOMecTBY {1, ..., k—1, k+1, ..., n}.

Hockonbky MBI TakmM o0pasoM szamum, mO-BHIUMOMY,
B TYIUK, BepHEMCA Ha3aj © PacCMOTPHM CYNIECTBEHHYIO HTpY
Tpex Jum B TPUBEAEHHOH Gopme. Spech, HO-BHAMMOMY, HMMe-
OTCA JAMb TPH BO3MOMKHOCTH — TPH cnocoba o6pa3oBaHms
roamuuun. Ecom wmrpokn 1 m 2 ofpasyor Koanmmumio, To
MOXHO BIIOJIHE 0GOCHOBAHHO NPEAION0KATE, 9TO OHH BO3BMYT
COBMECTHO CTONBKO, CKOJNBKO CMOTyT (a mMeHHO, - 1), a
BHUIPHIN MIPOKa 3 COCTAaBMT, ciefoBatembHo, — 1. laxee,
BBUJly TOTrO, 9TO Urpa NMONHOCTHIO CHMMETPHYHA (TaK UTO HHU
OWH U3 WIPOKOB He HaXOAMTCA B Gojiee BEITOJHOM IOJOMKe-
HUM [0 CPaBHEHUIO € JPYruM), MB MOIJIHW Ghl MHTYHTHBHO
OKUNATh, YUTO OHM PA3HeNAT CBOM BHATPHIIH TNOPOBHY;
CJief{0BaTeNbHO, eciid Urpoku 1 u 2 oGbequHAIOTCA, MBI [OK-
HH NOJYYUTH MCXO[ “-;— % —1“. Momo6ro aromy, ecam
o0BeuHAIOTCA Wrpokd 1 m 3, MH TOIKNEH 0JKHJATh MCXOJ,

1 1 i
“? —1 2‘” » & ecan 00BeAMHAIOTCA UIPOKA 2 M 3, — MCXOf

1 1 N
“ 1 7?”. Taxkum ofpasoM, MH mDomydYaem ciefyomee
MHOXeCTBO TPEeX HCXOMOB:
=L L _ i_ill_ii“
A—122 1”‘2 12’ 122}'

JTO MHOKECTBO XapaKTepHU3yeTcsh TeM, 9T0 HHE OfUH W3
HCXOOB He LpefmnodTHTeNbHell apyroro. Kpome Toro, Besaxo-
My HPYroMy HCXORY MOMHO NPeNIOYecTh 0O MeHbimlel Mepe
OMH WIeH MHOMecTBa A. JleficTBUTeNbHO, NOMYCTHM, UTO
|z, z; x5 || ecTb mexopm, KOTOPEIT He comep:RUTCA B A B Ko-
TOPOMY HeNb3A NPEJ0YecTs HA OMMH DIEMEHT MHOMKeCTBA
A. IlockonbKy mexony ||z, z, z3|| He mpegmoumrTaeTcs mCXO
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11 —1 HOCKONBRY -1—+—1—-—1 MH 3aKjo49aeM, 4TO
2 Ze n ygtTaoaT5o J

Mbl JIOJKHHL MMETH 1160
1
B>y

anbo

[IpexnonoKuM, 94T0 CPABEJJIWBO IEPBOe U3 9THX Hepa-
BEHCTB (ecau CIIPaBe[IRBO BTOPOE, JOKA3ATEIBCTBO AHAIO-
rUYHO), TO €CTh

x> % .
ITlanee, MOCKOIBKY HCXONY ||#; %, Tg| He 1pepmoumTaer-
ca “—1 % -% I , TO MH BHAUM, 9TO JIu6O
o225
au6o
.y

IlomycTuM OUATH, ITO CIPABEIEBO MEPBOe W3 HTUX He-
pasemcrs. i Apyroro ciyvas [OKa3aTeNbCTBO AHATOIMLO.
Torpa MH mMeeM

1

>3
u
ey
IMockombKy
T+ xy= —x3<,

MBI 3aKjO4YaeM, 4TO

n 4170 L.
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TaKk 4TO ||z, T, 23]|€ A, a sT0 mpoTHBOpewHT TIIPHHATOMY
YCI0BHIO. Py

Tonexo 4TO ycramommeHHEIE cBoficTBA MHOMecTBa A Ha-
CTOJBKO BajKHEI, YTO YMECTHO NAaTh HAaNMEHOBAHME MHOKe-
CTBaM HCXOMOB, 00JaJalmuX STAMH CBONUCTBAMI.

Onpegenennme 16.6. MuoskecTso A HCYONOB JaHHOM
UIPEL 71 JIAI{ HA3BIBAETCH PewleHUeM WUTPH, eCIn

1) Bm onmHOoMy sieMeHTY MHOsKecTBa A HemB3s OTHAATH
UpefnoqTeHne N0 OTHOMEHMIO K APYTOMY IeMEHTY MHOMKe-
cTBa A;

2) BCAKOMY aJieMeHTY, He BXOJAIMEMY B A, MOMKHO Tpef-
T0Y€CTh HEKOTOPHIA 5iIeMeHT MHOMKecTBa A.

3ameuanme 16.7. B paseuroii gor Heiitmamom Teopun
Urp n JMIn HOHATHE (pemeHuii» B TOJBKO 4UTO OIpejeleH-
HOM CMEICJIe 3aHHMMaeT IeHTpaidpHOe Mecto. Teopusi cocroumt
OO0 CymecTBy B OTHCKAaHWM pemeHWH M PacCMOTPeHAH HX
CBOHCTB.

Unryntusroe oGocHoBanme ynoTpeGieHus ciioBa «petne-
HUe», KOHeYHO, CHIHHO OTIMIaeTcA OT TOro, KOTOPOe OBLIO
DaHO AJIA Wrp ABYX JIAI. .

B mepeoM caydae mop pemmenmem mompasyMeBasioch MHO-
/KECTBO BEPOATHOCTEH, ¢ KOTOPHIMH MIPOKY HY}KHO BHIGHpATH
CBOM YHCTHIE CTpaTern, 9YTOGH MOAYIHTh MAKCHAMAJILHMWI
oupaemslit Beurpum. Ho B caywae urp n aun (nasa n > 2)
pelleHMe WMeeT Ielbl0 NPOCTO YKAa3alh MHOMKECTBO BO3-
MOMKHHX C€IOCO0OB pacmpepeaeHAA BHUTPHIEli B KOHIE
naprun, ,

Heroropsix MaTemarnkoB He yAOBIeTBOpAIAa WHTYHTHE-
Hasg OCHOBA YTOr0 NOHATHA, W OHJI HOAHAT BONPOC O TOM,
RacT 1M WTrPOKY 3HAHUE PEMEeRAA AaHHOH WIPH 7 JHN BO3-
MO}KHOCTb UIpaTh B Hee ¢ GOJBIIMM MATeMATHYECKHM OKH-
JauneM BHUTPHINA, 4eM eciau GH OH COBepHmIeHHO He BHAJ
aToit Teopurt. Ecmm Gbr M0HO GOburo IpUBECTH TpUMep mr-
PHI, He obnafalomeid pemenweM B cMEcae ¢ou Heiimana,
TO, 09eBHJIHO, Te, KTO YTBEP;KAeT, YTO ITO MOHATHE Pelenus
He TpeficTaBlIAeT HAJJIe:Kallell OCHOBH MNJfA TeOpUH HTP n
aan, Gwarm GH BOONHE NpaBH B CBOEH KpUTHKe. Ioaromy
0YeHb BA}KHO IOKa3aTh, 4TO BCAKAA HIPA n JUI UMeeT pe-
menve (B MAHHOM CMEICHE), HO, K COMAJCHHIO, ITOTO He
yaamochk moOKa CenaTh; MEl 3HAeM JHIDb TO, 9TO HEKOTOPHE
9acTHEI® BU/(Hl UTP AMEIOT pelleHWA (HAIpuMep, HM3BECTHO,
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9T0 BC€ UTpPH Tpex JMI[{ W BCe HULPH YeThIpeX JHIl HMEeIoT
pellieAWs, HO BTOro He OHLIO MOKA3aHO A Urp OATH JUN).
MH yBuimM, 9To 3Ta oOIas 3ajada Mo;keT OHTH NpuBefe-
Ha K COOTBeTCTBYIOmeil 3aj(ade JJIA HTP B NPHUBefeHHOH dopme.

3. Uszomopdusie urpb

Onpenenenune 16.8. JIpe urpsi n aumy v U v° HA3H-
BAIOTCA U3OMOPPHBIMU, €CIU CYMECTByeT B3aUMHO OJlHO3HAY-
HOe COOTBETCTBHE <——> ME/KIy MCX0faMu urp v m 0’ Takoe,
qro ecam @ u P — MCXOAH &g v M o u B’ — HCXOomH A

vV 1 a<——>a’ u P<——f’, TO ANA BCAKOTO MOAMHOMKECTBA
urpoxos T

a>f B WTpe 0
T

TOrja M TOJBKO TOTrAa, Korja
- a > B’ B urpe v'.
T

Jlerxo mokasaTh, 4TO COOTHOLIeHHWE M30MOpdHE3Ma pediexcHB-
HO, CHMMETPHYHO M TPaHSUTHBHO. Hpome Toro, MH mMeeM
CIEYIOMYI0 OYeBURHYIO TeopeMy.

Teopema 16.9. ITpednososrcum, wmo ueper v u v° uso-
MOPPHUL NPU COOMHOULEHUU <——>, A — pewlenue uzpel U U
A" — mHomcecmeo gcex ucxodos o' makoe, umo a<——>a’ dan
newomopozo a 6 A. Toeda A’ ecmv pewenue uepsl v'.

Crenymomas TeopeMa IIacuT, 9T0 S-3KBHBAJIEHTHOCTL €CTh
J0CTaTOYHOE YCIOBME I m3oMopdusma. MoKHO TakKe ImO-
KasaTh ([OKA3aTeabCTBO MHL OIycKaeM), 4UTO 3T0 YCJIOBUE
He00X0H MO,

Teopema 16.10. Tycms v u v —dee uspw, S-sxsuea-

Aenmubie npu Koncmawmazx k u ay, ..., a4, Ecau |2, ... 2, ||
ecmd Kakoli-4u6o ucrod 04s U, Ml NOLOHCUM
lzy ... 2y |l<——> k214 ay ... kx,+a,].

To20a coommowenue <——> YCMAHABAUBAE WUIOMOPPHUIM
mexncdy v u v'.
HorasateancTso. CHavaja moKajkeM, 9TO €CIU
|z, ...z, || — xakoii-1u6o nexon g v, 10 || kzy 4@, . . . kr, +
n

+a, || —ncxon ana v'. B camom fiene, TOCKOIBKY > a; =0,
=1
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MBl MMeeM
n n n
D (kr;+a)=k X z,+ X a;=k-0+0=0.
i=1 i=t i=1
Jlamee, masA KaMKporo ! MH uMeeM (M3 YCIOBHS S-pKBH-

BaJIeHTHOCTH):
o' ({i}) = kv ({i}) +a;3
a HOCKOJBKY (BBHIY TOTO, 4T0 ||Z; ... &, || ecTs mcxop mis v)
z; > v ({i}),
MBI 3aKII09aeM, 9TO0
kz; 4 a; > 0" ({i}),

970 M TpeGOBalOCh [OKA3aTh.
Hasn 3aBepmeHns [[0KasaTelbCTBA [JOCTATOYHO TOKAa3aTh,

aro ecam T — m060€ TOAMHOMKECTBO HUTPOKOB H  €CJn
||z ooy |l # ||Yy -+ Yp||— TaKEe HmCXOXH (Raf U), 9TO

Joa e 2all > 191 - wll  wpe o,
TO .
| kzy + ay ...kacn—i-anni-“kyl—l—a1 .. ky,+a,| B urpe v'.

Ho paa no6Goro gaiaena [ MHO)KecTBa T MBI mMeeM

. . Z; > Yir
H, B CHJIy HOJOMKUTeIbHOCTH K, “
’ " kx> ky;,
cIe10BaTeNbHO,
Hamee, mOCKOIBRY
2 xi < 4 (T) ’
ieT

MH BHAUM Ha OCHOBaHHM TeopeMm 15.7, wro
kx, +a))=k . . < ko (T . =0 (T).
Dyt a) =k 3 it 3 o <ho(T)+ 3 o, =0 (T)

Teopema moxasana.
Caepgcraue 16.11. Ilycts v u ¢’ — gBe mrph, S-skBH-
BQJIGHTHHlE IPDM KOHCTAHTaX kK u ay, ...,a,, A — pemeHnme
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UrpH v, ¥ A’ — MHO}KeCTBO BCEeX HCXOJ0B, MMEIONMHUX (opMy
|kxy+ay oo bz, +a, s

e |2y ...2,||€A. Torma A’ ecTh pemennme Wrpu v'.

dro cregyer us Teopem 16.10 m 16.9.

Cunepcrsue 16.12. Ecanm BcAakag mrpa B mnpuBeleHHOMH
dopMe mMeeT pelleHne, TO BCAKAA COOTBETCTBYMOImasA edl mpo-
N3BOJIbHAS MIPA HMMeeT pelleHle.

910 cmenyer ua Teopemsl 15.12 m cmepcrsua 16.11.

SamMeganue 16.13. MNrak, 91008 mOKa3aTh, UTO
BCAKAsg Mrpa HMeeT pelIeHHe, NOCTATOYHO IOKAa3aTh, 4UTO
BCAKag Mrpa B IpUBeJAeHHONW (opMe mMeeT pemieHMe (mpHu-
gem caencreue 16.11 mosBosmT HaM gajke HAWTU pelleHUA
MPOU3BOJIBHHX HIDP, €CIH MH CMOMKeM HalTn pemeHHs BceX
urp B nmpusefieHnoit gopme). Hpome Toro, Kaxk M BHMIENH,
Bcerja HMEeTCH JHINbL ONWH HCXOX JJA HecyMmecTBeHHOH
urps B upuBemennoit dopme, a mmenso [[0 0 ... Of,
U MHOKeCTBO, COCTOAIiee M3 DTOr0 ONHOTO MCXofa, ecTh
rpuuanbuoe peumeHue. IlosToMy ocTaeTcss JMmb IIOKasaTh,
9TO0 BCAKAA CcyNmeCTBeHHas Mrpa B TpHBeJleHHOH ¢opme
HMeeT pellleHme; HO 9Ta 3a7a4a OKA3HBAeTCA MOBOJIBHO TPYHA-
go#. CieflyeT 3aMeTHTB, 4TO HOCKOJBKY CYINECTBEHHAA Urpa
Tpex JWI B IpUBEJAeHHOHW dopMme mMeeT pemeHme, TO OTCIOAA

' BHITeKaeT, YTO BCAKAS Wrpa TpeX JIMI MMeeT pemeH:He.

Sameuanue 16.14. Moxuo mogymMaTs, 970 s TOTO,
9T06H CYMTATh OIpefelieHNe peMeHusa YHOBJIETBOPHUTENb-
HEM, HE0OXO0AUMO, YTOOH [MaHHAA MIPa HMeJa eIUWHCTBEHHOE
pemenne. OnHaxo gon Heiiman He cormacen ¢ 3TuM B3IJIAAOM
¥ c4MTaeT, YTO [aHHOE pelleHHe IpefcTaBIsgeT HPOCTO IIPH-
HATHHA 00mMEcTBOM CTaHAApPT HOBeNeHHA, M, CIEJOBATENBHO,
MOMeT M MOJGKHO OHTH MHOTO pemeHHH, COOTBeTCTBYOIMX
MHOTHM BO3MOKHEIM YCTONUYMBEIM COCTOSHHAM 0GmecTBa.
Ero mosmmug B 5TOM OTHOIIEHUM cTaHeT HaM Goiee siCHOH
mmocae TOTOo, KaK MH HaiifieM ¢moco0 OTHCKAHMA BCeX pemie-
HMH Urp Tpex Jum. ’

4, Urpol Tpex aum

Iina HaxojeHUsA peMEHUA CYNeCTBEHHOH MTPH Tpex
IMI B IpUBefeHHOX PopMe yMECTHO BBeCTH HOBYIO CHCTeMY
xoopauHaT T €BRIAMAOBON INIOCKOCTH.
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B rawecTBe oceii BOzEMeM TpH IpPOXOfANIME Uepes OIHY
TOYKY MpAMBe, COCTABJAAIONNE MKy coGoi yram 60°,
a WOJ{ KOODAMHATAMHM IPOM3BOJBHON TOYKM GyaeM IOApasy-
MeBAaTh DPACCTOSAAHMA OT 3TOH TOYKM [0 yKa3aHHHX Tpex

Pmc. 51.

OpPAMHX, INpU9eM PacCTOAHUS CUMTAIOTCA IOJOKHUTENILHEMA
WM OTPHIATEIHHEIMU COOTBETCTBEHHO TOMY, KaK IIOKa3aHO
Ha puc. 51 (Tak, HAIpUMep, Z; IONOMKUTENBHO [ TOUCK,
Je}KAUX BEINE FOPU3OHTANBHONW IPAMOH, W OTPHILATENBLHO
IJIA TOYeK, JeKaIlluX HUKe DBTOH IIpsMoii).

ITockonbsKy, Kak M3BECTHO, TOUYKH €BKIMIOBON ILTOCKOCTH
MOKHO IIPefCTaBUTh ¢ IIOMOMBIO JAMb ABYX KOOPAMHAT
(xax, HanpuMep, B 06HYHOI TeKapTOBOI ercTeMe), MH J{OJYKHBL
OKUJATh, 4TO 3TH TPH KOOPAWHATH He GYAYyT B3aUMHO He-
3aBucuMbl. W meficTBUTeTBHO, MOKHO JIETKO IIOKa3aTh (C IO-
MOIIBI0 HEKOTOPHIX TPUTOHOMETPHYECKUX COOTHOMEHZI), 9TO
IS BCAKOM TOURM || 2, T, 23 || MBI MMeeM

Ty +xy +23=0.

Hamee, ecin r,, T, # Tz — TpU 9mcaa, CyMMa KOTOPHX
paBHa HyJIIO, TO B INIOCKOCTHU CYIIECTBYeT TOUKA, KOOPAMHATH
KOTOpOit CyTh || o) &, T3 ||. VITak, MH mMeeM KoOpAMHATHYIO
cuCTeMy, KOTOPas AaBTOMATHYECKN Y/AOBJIETBODPAET ONHOMY
U3 YCJIOBUM, ONpeAeNAI0MUX HCXO[ (IS HIPH Tpex Jum).
Hpyroe ycmoBme roBopHuT, 4T0 TOYKA, COOTBETCTBYIOMAs
HCXOMy, MOJKHA JIeKATh B 3alITPUXOBAHHOM TPeyTOJbHUKS,
KaK IHokasaHo Ha pHC. 52. Takmm oGpasoM, 9Ta 3amTpuxo-
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pagHag 006JacTh, KOTOpyH MH OydeM HaswBaTh «pynma-
MEHTAJbHLIM TPEyTOJBHEKOM», IIPeJCcTaBisAeT BCE HMCXOMbI
AJiA 3TOH HTIPHL

Mu of6paruMcsa Temeph K reoMeTpmyecKoMy MpexcTaBie-
HHUI0O COOTHOIIEHMA npeAnodTenua. Mu Bupeau, 9T0 ONURH
HCXOJ He MOKeT OHTh mpejnodTes APYroMy N0 OTHOMEHUIO

Pume. 52.

K DyCTOMY MHOMKECTBY, MHOMKECTBY, COCTOAIIEMY H3 OJ[HO-
r0 »JA€MeHTa, WA MHOMKECTBY BCeX HIPOKOB, MO3TOMY
HY/KHO PAcCMOTPeThb B CIyYae WIP TPeX JUI JHIIb Npefnod-
TeEMe 0O OTHOMEHMI0O K JBYXJIEMEHTHLIM MHOMKECTBAaM.

Jlamee M 3aMedaeM, 9TO €CIM ||y T, Z4|| — Kakod-1mbo
HCXOf, TO

z 2, <v ({1, 2}).
B camom pmene, ecou OB MB MMeJH

z1+ 25 > v ({1, 2}),
TO MB MOTJIH OB 3aKJII49UTH, 4TO

—x3 > —0({3}),
M, CJIe[l0BATEeIhHO,
xz < v ({3}).

Ho oTo mpOTHEOPEdIHT OLpeeIeHHI0. HWCXONA. Agasoruano
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MBI 3aKJIH0YaeM, 9To
-+ 23 <v ({1, 3})

Ty + 23 <v ({2, 3}).

Urak, pByxamemenTtHOe MHOMecTBo T B urpe Tpex amm Beer-
Ia y[AOBIeTBOpseT yciaoBuio (2) onpenenenusa 16.4, n Mot 3a-
Kmo9aeM. 9TO UCXOf ||z, Zy 73|l momken GuTh mpepmodren

HCXONY | Y, Yo Ys | TOTAA T
TOJBKO TOrAa, Korpma Jambo

Ty >Yy B Ty > Y,
160

Ty >y B 23>y,
6o

2y > Yy M Ty Yg.

Orcroma MH 3aKIIOUaeM, 49To
acxon |la, x, 2;|| mpeanou-
Puc. 53. TATeNbHe, 9eM Te HMCXOMH,

KOTODHIe JIe)KarT B 3aMTPAX0-

BAaHHBIX 00nacTAX puc. 53 (sa MCKIIOYEHMEM TpeX IPaHITHHX
OPAMEX, NPOXOJAMUX Yepes TOUKY ||y Z, Z3l)). Mu Bugnm,
KpoMe TOro, 9TO BCAKAsA TOYKA B HE3aIITPUXOBAHHHIX 00-
JMacTAX IpefcTaBlser MCXoH, Goiee MPEXNOYTUTENBHEH, YeM
HCXOX || %y @, x3]|. Taxum oGpasom, ecmm |z, z, z, | =
|1 92 ¥sl| — aBa mcxoma, mm opmm wus KOTOPHIX He Inpefi-
DoYTATeNbHEH JAPYTOro, TO COOTBETCTBYIONHE TOYKH JIGHKAT
Ha NPAMOM, MapajlefbHOH OHHOH W3 KOOPAMHATHHIX OCei.
Mu o6patumcs Temepp K 3ajjade OmpefeleHHsA BCeX pe-
mennii sroii urpwt. Ilockoabky mrpa cymecrBeHHAs, MBI BH-
AuUM u3 TOCTpoeHMsA B 3aMedanmu 16.5, 9To BCsiKOe pemenue
A nomxHO comlep;kaTh IO MeHbmedl Mepe 1Ba HCXOHA. Kpowme
TOTO, BCAKME [(BA DJIEMEHTA MHOKECTBA A IO/KHH JIe/KaTh
Ha NPAMOil, MApajlIeJbHOH OXHOH W3 KOODPAMHATHHX OCei
(u6o mHaZe ofWH M3 HUX Clef0BamO OH NpEeNNOYECTh ApY-
romMy, 9TO mpPoTWBOpeIAT yciomio (1) ompepemenus 16.6).
Mu Gymem pasmmaats fgBa ciryuas, COOTBETCTBEHHO TOMY,
Ne}KAT JM BCe TOYKH MHOKeCTBA A Ha OAHOA mpaMoll mim
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Her. Bo BropoM ciydae MH NPHXOJUM K PemIeHUIO

T ERE ‘ 1 1| 11
={l= = 1 L1 = -1 + =
s={lzz -1 bz -t (-t ==l
KOTOpOe paccMarpuBaiochk panbme. B mepsom cmydae Mu
3aKJI0YaeM, 9TO A JOJUKHO COJepKaTh BCe TOYKH BHYTDH
dyHAaMeHTaNBHOTO TpPEeyroJNbHMKA, Je/Kallue Ha NaHHOM
OpAMoil, M, KpoMe TOTO, 9YTO AOJIKHO BHIIOJHATHCA OXHO

U3 CIeAyIOMUX TpexX ycCIOBMI:
1) A cocromT mu3 BCcex MCXOMoB [ ¢ Zy g, rmi ¢
50
2) A eocrouT M3 Bcex HCXOmoB ||z ¢ Iy, Tme ¢
¢ukcnmpoBamO M yroBneTBopsier HepaBeHCTBaM —1 <c< 55

3) A cocromr a3 Bcex mCXonoB ||z, Z; c||, THe ¢

¢ukcupopano u ynoBlerBopsieT HepaseHcTBaM —1 ¢ <

¢urcupoBaHO M yAOBIeTBopseT HepaseHcTBaM —1 ¢l 5 .

Bameuanne 16.15. Takum o6pasoM, [Jd cyMeCTBEH-
HOH WTpH TpPexX JHI[ MK HMeeM 3aTPy[HUTeldbHOe H300mime
pemenuii. [loMuMo KOHETHOTO pelmeHUs (COCTOAIIETO W3 TPEX
HCXOJ[OB), C KOTOPOro MH HA4ajd Halle HMCCIef[0BaHUE, MEI
gaman GeckoHeunmit HaGop Geckonewnsix pemenmii. Hpome
TOTO, BCAKAA TOUKA (yHIaMEHTAIbHOTO TPEYTOJbHUKA JIEKHUT
mo MeHbIIeii Meépe B ONHOM U3 ONMCAHHHIX MHOKECTB, TaK
9T0 BCAKHIA HCXOJ IPUHAJIEKUT XOTA OH OJHOMY peIIeHNIO;
UTaK, HU OfUH W3 BO3MOKHHX MCXOJ0B He HCKIIOYaeTcs.

®on Heiiman oGbacHAeT 3Ty cuTyaluio TeM, 4TO, Kak
OHI0 YIOMAHYTO paHBIIe, Pa3iIMYHLIE DeNeHUs IpefcTa-
BIAIOT pasHbIe CTaHAAPTH OGIMECTBEHHOTO IoBefieHusA. B pac-
cMaTpmBaeMO#l Mrpe TpeX JHMI{ OH HA3HBAaeT eMHCTBEHHOE
KOHEYHOe pelleHHe <«HeJUCKPUMUHUDOBAHHHIM», a Apyrue
peImenya «IUCKPUMUHHpOBaHHEMUY. Tak, Hampumep, peme-
HHMe, COOTBETCTBYIOIEE YKa3aHHOMY BHIme yciosuio (3),
npeficTaBiaseT o0MecTBeHHOE CoTJIamieHue, IO KOTOPOMY
urpoxu 1 m 2 pemaiT MCKIIOYUTh UTPOKA 3 U3 CBOMX Hepe-
FOBOPOB, HO AT eMy QUKCHPOBAHHYIO CyMMy ¢ (9eM MeHb-
me ¢, TeM, KOHeuHo, Xye Jus urpoka 3). Hak urporu pas-
menaT Meny coboil cyMMy — ¢, Teopus He peIaer;
IOpefnosaraeTcsi, 970 9T0 OyAeT ONpeleNsAThCA TaKUMHU IO-
cTOpOoHHUMH (PaKTOpaMu, Kak cuiaa ybesxAeHHA H YIOPCTBO
arpokoB. 7
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Ecim mpefcTaBATh Bce 9T0 B BO3MOMkHO Gonee 6Gaaro-
OPHATHOM CBeTE, TO, MO-BHAUMOMY, 5TH BEIBOJBI YKAa3HIBAIOT,
9T0 KOTI[a TPU YeJOBEKA UTIPaloT B CYIECTBEHHYIO UT'DYy TpPex
auI B npuBenenHol gopme, To mubo (1) ABOE M3 HUX JOIKHEL
peluTh UCKIIYUTH TPEThero 13 BCeX HepPeroBOpoB M Mpous-
BONIBHO HA3HAYMTh €My (UKCHDOBAHHYI0 CYMMy ¢, DelluB
MEeXAY co6oit (KakuM-HUOYAH CIOCOGOM, KOTODHA He yTOd-
HAeTcA), KaK pAasfelquTh CymMy — ¢; JuGo (2) HEKTO He
HCKI0YaeTcA M3 IEeperoBopos, HO /Ba M3 HUX peimaloT Jarb
TpeTreMy —1 ¥ pasfeauTh MeKHY €060l HOpOBHY +1..

TpyAaHO IOBEPHTH, YTO ITH BHAHUA AAAYT BO3MOMKHOCTH
UrpaTh yBepeHHee M ¢ GOJbIIEH BHIOAOM, 0CO0EHHO eclHd
IpyTHe f[Ba MrpOoKa He 3HAIOT 3TOr0 IPAaBIIBHOTO cmocoba
urpsl. IlosroMy Teopms Mrp n JuIN, HO-BHAMMOMY, eme He
ABIAIETCA BIOJNHE YIOBIETBODPHTEIBLHOM.

Bu6avorpaguueckue 3aMEUaHM:A

Upesphuaitno moapoGHEIT M TmATeNbHHIR pasfop perme-
Hug urp n amn pgaE B pabore ¢om Heiimama m Mopren-
mrepua [92]. ‘

Jlpyroit moxxop K mrpam n mui msuoxeH B paGore Ho-
ma [85]. B paGorax Borra [14] u IMlemmm [98], [99] ects
Apyrue BHIBOTH, CAMIIKOM HOBHE, 9TOOH nX o6cyRIaTh
B DTOH KHUTe.

~
, YnpaskaeHHEA

1. Xapaxrepmcrnieckas QYHKO@A v HEKOTOPOH HIPHl OATH JHAL
onpefenena cleRyiomuM obpasom:

v(T)= 0, ecam T comepmur 0 2iIeMeHTOB,
v(T)=—1, ecam T comep:xut 1 saeMeHrT,

~v(T)= 0, ecam T comep:AT 2 dieMenTA,

’ v(T)= 0, ecam T comepXHT 3 dIEMEHTA,
v(T)=-+1, ecam T cogepnT 4 SIEMEHTA,

v(T)= 0, ecam T COEEPKHT 5 3JIEMEHTOB.

[lokak|Te, UTO KAKIHIN U3 JBYX HCXOROB
a=|—0,1 —0,4 —02 —0,2 0,6},
p=||—02 —0,2 —0,1 —0,1 +0,6]]
pefIOYTHTENbHEH JpYTOro.
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2. TIoKakATe, 9TO €CIH HMEIOTCSA ABA HCXOAA AJA ATPH n NI, Kark-
I M3 KOTOPHX HpeAmodTHATEeNbHEeH ApYyroro, 10 n > 5.

3. Moka)KHTe, 4TO B CYNIeCTBeHHOU HTPe TPex JnN B IPHBEIeH-
HO#f OpMe CymeCTBYIOT TPH HMCXOJA, KOTOpHE He HpeqHOodTHTEJbHEH

KaKkmx-1u60 apyrax mcxofoB. OGOOmHETe HTOT BHIBOJ Ha Ciydait cy-
IeCTBeHHOH WIPH n JHAL.

4. Haiimre Bce pelIeHMA WIPH TPeX AN, y KOTOPO# XapakTe-
pacTHdeckas QYHKONA v oIpefielieHa CJaeAYOMAM oGpasoM:

v (A)=0, v({1, 2})=38,
v({1h)=—4%, v({1, 3})=3,
v({2h)=—3, v ({2, 3})=4,

v ({8h)=—38, v({1, 2, 3})=0.

5. Joraxure Teopemy 16.9,

6. IToxaxuTe, 9TO COOTHOmeEHEe W30MopduaMa Hrp pedieKcHBHO,
CHMMEeTPHYHO M TPAH3NTHABHO.

7. XapakrepuctndecKas GYHKOUA U HEKOTOPOH MIpHL Y4€THIpEX JIHI,
onpenesieHa cleAymMuM o6pasoM:

v(T)= 0, ecam T copepmnr 0 pIEMEHTOB,
v(T)=—1, ecanm T comep:ur 1 smeMeHT,
v(T)= 0, ecam T comep:xur 2 ajeMeHTa,
v(T)=+1, ecam T comep:xuT 3 sieMeHTa,
v(T)= 0, ecam T comepsxuT 4 saeMeHTa,

IloxasxnTe, 9TO ClleaylOWlee MHOKECTBO M3 TPHHAANATH HMCXOLOB
€CTh pefeHHMe HIPEHL:

TN T

lzoz =1 Jz = 2o |z o2

|z =to 2] Jozz ] |-+ 2 20

o s 2 s o4 o 14 4]
|—1 0 % %l

8. HailigaTe Apyroe pemeHHe HIDH, ONpefiefieHHON B YIPAKHOHHH 7,

1/4 25 mm. Max Kuncn
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UTrPHI, B KOTOPHIX CYMMA BbINT PBIIIEL
MOKET BbITh HE PABHA HYJIIO.
TEOPNA ®OH HENMAHA — MOPTEHIITEPHA

1. XapakrepucTrgeckne QyHRIuU

Ilo cux mop MH PACCMATPHBAIM JHIb UIPH € HYJIeBOH
cyMmoii, TO eCTh HIDH, B KOTOPHX CyMMa MaTeMAaTHIeCKHX
OKU[AHMH BHETpHMmel ArpoxoB pasHa Hymo. XoTA CAJIOH-
HHle ATPH YacTO OTHOCATCA K 3TOMY BHAY, UIPH C HeHyJe-
BOH cymMoil (kKak 61O yHOMAHYTO B IiIaBe 1) oueHD BaKHBHL
¢ TOUKE 3peHMs IpUMeHeHHH B sKoHommKe. Tak, Hampummep,
ecqEm MH paccMaTpuBaeM BaamMofelicTeme mpodeccmoHANb-
HOro €0I03a W IOPOMBIIIeHHON ¢UPME Kaxk WIpy ABYX JIHIL,
T0, 0UEBHHO, 9Ta MIPa He ecTh Hrpa ¢ HyJIeBOil CyMMoi, Tak
Kak HEKOTOpHe JeifcTBHA (HamPEMep, COTJIAIICHHe O JOTO-
Bope) BHTORHE 00emyM cropoHaM. [TosroMy Teopus urp ¢ He-
HyJIeBOi CyMMOHl BaHMMAeT YUPE3BHUYAHO Ba/KHO® MECTO
B pa3BUTHH OOIECTBEHHHX HAYK.

Jra raaBa GydeT mOCBAIMEHA H3YYEHHIO HIP, B KOTOPHX
yciaoBme HyJIeBOH CYMMH MOXKET HE BHIIOJHATHCA. Ho mo-
CKOJBKY He)KeJaTeJbHO MCKIIOYAaTh B3 PACCMOTPEHHA HIPH
¢ HyaeBoll cymMMoil, MH GyJieM NPEMEHATH BHPAKeHHe (MIPH
o6mero BEAA» A 0603HAUCHAA HTP KAK C HYJIEBOH, TAK I C He-
HyseBoll cyMMoii; ME Gy/ieM TOBOPHTE IPOCTO «@IPay BMECTO
«arpa ofmero BUJA», KOTJA 3TO HE MOKeT NPHUBECTH K He-
A0pasyMeHHAM.

K ‘coskamennio, oKa3hHBaeTcsa, 4TO HECMOTPA Ha Goibmmoe
3HageHne Urp o6mero BUAA AiA o0MEeCTBeHHEBIX HAYK, 0 CHX
Hop He CyMECTBYeT MCCIE[OBAHMS TAKMX HTP, KOTOpOe
MOMKHO GBIIO OH CUMTATHh JOCTATOYHO YHOBIETBOPHTEJIBHEIM.
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He 6ynem masaTh mOMHOrO H3JIOKeHHA Teopmit, paspaboran-
HHX B 9TO# 06JacTdH, OTPAHNIAMCA JHIMBb KPATKAM OYePKOM
reopud ¢on Heiimana m Moprenmrepna.

Ilpu paccmoTpern: Hrp o0mero BHAA OYEBHIHO, Hperye
BCEro, UTO ‘HAM HYKHO PacCMaTPHBATh JHMb WIPH B IPAMO-
yrousHO# (opme. B caMoMm pene, BBesa MOHATHE CTPaTerum,
MEL BCETJia MO)KeM IPHMBECTH BCAKyl0 WTpy o0mero BHAa K
urpe B NpAMOYTOABHOL dopme.

TaxkaM oOpaszom, Erpa n aurg ofmero BAAa ¢ HIPOKaMHO
{1, ..., n} Gyzmer NOJHOCTBIO 3a/{aHA, €CIH MH ONHUIIEM 72 MHO-
mects {Cy, ...,C,}, 13 KOTODHX HIPOKE IPOM3BOJAT BHGO-
pH, I n mnaTexuHx ¢ysxuwmi {M,, ..., M,}. Ilaptaa arpu
cOCTOHT B cjenyomeM: urpok i (i=1, ..., n) Bubupaer sme-
MeHT Z; m3 MEOKectBa C; m coobmiaer cBo# BHOOp cyAbe
(20 He JpyruM MrpoKaM); HOCJe TOT0 KaK BHIOODH C/leNaHH,
Cy[bsi YIIIAYUBAET UTPOKY &; CYMMY

M (Z1s s0esZy)e

Ecau rampmoe ms MHOKecTB (; KOHeYHO, MH Ha3hIBaeM
camyio HIpy koreunoii. VIrpa ecthb mrpa ¢ HyJIeBOHl CyMMOi,
ecaum B TeX Cayiadx, Korja ||z, ...x,| DpuBEajyemurT me-
KaproBomy npoussefiernio C; X ... X G, muoskecrs Gy, ..., GC,,
MH HMeeM: .

n
2 M, (zy, o5+, x,) =0,
=1

-B pmanpmeiimeM M 0o6ngHO He OyieM IpefmojaraTs, 9TO
9TO PABEHCTBO BHIIOJHAECTCA.

C HEKoTOpO#l TOYKW 3peHAA MOKHO PacCMATPHBATL UTPY
n aum ofmero Buga Kak ocoOuil eup mrpu (n-1) mmna.
- JleiicTBATOMBHO, MyCTh Y HAC MMeETCA Hrpa n JuIL obmero
Buma ¢ wurpokamum {1, ...,n}, MHOMecTBamMu A BHOGOpa
{Cy, ..., C,} m nnmarexsnmu ¢ysxkmmamm {M,, ..., M,};
BO3bMeM IIpou3BOIbHOEe MHOMecTBO C,,, W ompenemum ¢yHK-
muio M,,;, TONOKHUB A JoGoro sleMeHTa |z, ...Z,| =8
npomssefiernss Cy; X ... XC,

»
Mnﬁ““l‘r -0')xg)= —gi Mi (.’Dl, ...,a:,,).
25‘
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Torpa Mz mosxem pacemarpmsats’ {Cy, ..., Co Cpuy} 1
My, ....M,, M,,,} ®ak wMHOMecTBa mJA BEHIOOpa U miIa-
Te;HEE ¢yHEKOMm wurps  (n+1) amma ¢ urpoxamm
{1, ..., n, n+1}; xpome Toro, u3 cnocoba, KOTOPEIM ORLIIA OH-

penenena M, ,,, MH cpasy BHAEM, UTO 3TA HOBasg HIpa €CTh
HTpa ¢ HyJeBOHX CyMMOI.

Homeuno, orciona me caepyer, aTo 870 mocTpoenme mosso-
Js7€T HaM OlHMM IIAarOM IIPHBECTH TEOPHIO UTp obmero BHAa
K MrpaM C HyJeBoil cymMol, m6o mocTpoeHHass BHme wHrpa
(n+1) amma umeer mexoropsie ocolte coicTsa. IIpenme
BCero, 3HaYeHHs, KOTOphle NPHAEAMAIOT IIATeKHbe QYHKINH,
He 3aBHCAT OT BHOOpA, MPOM3BOJAMMOrO0 HTPOKOM 71— 1; m,
4ro GoJee CyMeCTBeHHO, MrpoKa n -1, IOCKOJIBKY OH HB-
NAeTCA JMINb MaTeMaTHIecKOod QuKIHeld MO OTHOmEHWI0 K
IePBOHAYAILHON WIpe, HENB3A NPEACTABIATEL cefe KaK BCTY-
TaIEero B KOUIMOUYM WIA NPOM3BOIAMeEro noGouHHe mJa-
resxd. Tem He memee sTo mpepcrasienne UTPH n JIun ofme-
T0 BANA Kak Wrpe n-+1 juma ¢ mymepoit cymmoii mpmmocuT
HeKOTOPY10 GOpMalbHYI0 WOIEB3Y.

Oycrs T'—wurpa n amn obmero suga m IY — BBejeHEOE
BHIIIE ee IpefiCTaBleHHe Kak UrpH (n-+1) auna ¢ mymesoit
cymmoi. I3 BuBomos rnasm XV M Bufum, uto I mMeeT
XapaKTePUCTHICCKYI0 QYHKIMIO, TO €CTh HMeeTCsa eiCTBU-
TeabHass QYHKIHA v, ompejeNeHHAs HA BCOX MOAMHOMKECTBAX
maoxectsa N, ;= {1, ..., n, n+1} urpoxos mrps I u Ta-
Kag, 4910 v (T) maa Beaxoro noamuokecTBa T MmHOmecTBa
N,.: m306pakaer CyMMY, KOTOPYI0 MOI'YT BHHATIDATH HTPOKH
nogmuOkecTBa T, ecam oHM - 06BEAUAAIOTCA B KOAIHAIUIO.
Yrasammaa GyHRIuA v Tem Gojee ompefeleHa HA MHOMKe-
cree N, ={1,...,n} urpokor nepBoHauampHO# HUIPH, X
v(T) mna moGoro mopmmoskecrsa T Mmoxectsa N, Takse
u306paskaeT cyMMy, KOTODYIO MOTYT BHUIDATh HTPOKH HOJ-
muOKecTBa T, ecnmu oHEM coctaBAT Koanunmmio. MH HasnBaem
TaKyl0 QYHKOWIO U (KOIZAa ee He3aBHCHUMEE MepeMeHHHIe
OTPaHMYEHH HOAMHOMKecTBaMu MHOxectBa N,) zapaxmepuc-
museckoll gynryueli nepBoHadanbHoil urpw I

Jlerko mokasats, uto ecam I' — mrpa ¢ HyxeBoi CyMMOit,
TO XapakTepuctudeckas ¢(yskmuAa urpm I', ompedesnemmas
BHIIIE, TOMKAECTBEHHA ¢ XapaKTePHCTHIECKOH (ymKmueit,
ompenenenHoil B raase XV. Mrak, Hame HoBoe ompejeseHne
COBMECTHMO ¢ IPEKHHM OIpefieleHdeM, W MH MOKeM TOBO-



1. XAPAKTEPUCTUYECKNE OYHKIINA 389

pATh 0 XapaKTePUCTHIeCKUX PYHKOMAX HTP Boobme, Hesa-
BUCHMO OT TOTO, ¢ HYJNeBOH MIM HEHYNeBOW CyMMOH Hamu
UTPHL. :

My nmeem pamee caeftylomyio Teopemy.

Teopema 17.1. Ecau v—zapaxmepucmuueckas Pyrryus
uepel (0bweeo 6uda) ¢ uzporamu N, ={1,...,n}, mo

1) v(A)=0;

2) ecau R u T — Henepecexarowueca nodmmomncecmea mio-
acermse N, mo

f(RUT)>v(R)+o(T).

. Hpome mozo, ecaw v—mwbas Oeiicmeumeavrasn Pynryus,
OnpeC: 1enHa A KA KAACCE BCeT NOOMHONCECNE MHONCECEA N,, u ydo-
saemeop siowjas ycaosuan (1) u (2), mo cywecmsyem uepa (o6uezo
uda) T, umerowas raparmepucmuneckyio @yuryuno v.

Moxaszartennvcrno. Ecam v— xapaxrepmcrmaeckas
¢yarnua urpsr o6mero Bmma I' ¢ urpoxkame N,, T0o mo ompe-
ACJIEHUI0 CYINeCTBYeT UIpa ¢ HyJeBoit cymmoir IV u wmrpo-
Kami N, ;, Takas, 9T0 XapaKTepucTHdecKas PyHKOAA ATPH
I yposnerBopsier pasencTBy

v(T)=0v" (T mna TCN,. (1)
llo ycmoemio (1) memmmr 15.2 Mb BuuM, gTO
v (A)=0, (2)

a u3 ycaosus (3) teapemnt 15.1, ecim R u T cyrs Herepe-
CeKamumecs MNOJMHOMecTBa MHoxecTBa N,.; (1 Tem Goiee
eci OHM HellepeceKalomuecs NOJMHOMecTBa MHOKecTBa N,),
MH HMeeM: i

o (RUT)>0 (R)+0 (T). (3)

lepsasg 9acTh TeOpeMH BHITEKAeT W3 COOTHOMICHMIL (2)
u (3) npu Bammumm paBeHcrBa (1).

YUro6H A0KA3aTh BTOPYH YaCTh TEODEMEI, IPEJ|MOMOKIM,
9T0 U — mobas AelicTBUTenbHAsN QYHKLUA, ONpeleacHHAs Ha
Kjacce BCeX NOJMHOMECTB MHOkecTBA N, W yJOBIeTBOPA-
omaa yenosusam (1) m (2). Mu onpenensem ¢ynxnmio v’
Ha ¥jnacce BCeX MOJMHOMKECTB MHOecTBa N, ., Cirefyomum
obpasom: )

v’ (T) =v(T), ectm (n+41)¢T, (4)
' (Tfy="-v(N,,; —T), ecm (n+1)€T. ()
26 Ix. Max-Kumrcn /&» 7
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Uz (4) u u3 ompenexeHus XapaKTepaCTHIeCKOH ¢(YHKIUH
Wrps OOIMero BHAA MBl BHJAMM, 9TO OCTAaeTCA NOKAa3aTh, 4TO
v ecTb xapakTepucTmdeckas (ynkuaa urpe (n+ 1) mmna
¢ HylZeBoii cymMoil. B camom feme, Ha OCHOBAHMH TEOPEMHI
15.3 [OCTaTOYHO TNOKasaTh, dYTO U’ YHOBIETBOPAET TpeM
ycaosuam Tteopemut 15.4. Ho ma ocmoBanmm yCiI0BUA (1)
u coorHomenus (D) cpasdy cilegyer, 4ro v’ yromieTBOpseT
yemosmio (1) Teopemsmt 15.1; a m3 (5) BemOCDEACTBEHHO BEI-
Texaer, 4To U’ yHoBIerBopAer yciaoBumio (2) Teopemmr 15.1.
Tlamee, ecmz mu R, Bm T He copepxar (n -+ 1), T0 ycmoBue (3)
reopemsl 15.1 cgeayer mpamo m3 ycaosua (2) H3 (4);
a ecru 1 R, m T comepsar (n+ 1), To yemosue (3) Teope-
mer 15.1 Tpuemanbuo Bepro. IlosToMy HOCTaTOYHO HMOKa3aTh,
qro yemosue (3) teopemsr 15.1 Bmimommsercsa, ecam n+1
npuHafIeKUT ofHOMy u3 MHosects R mmn T, Ho He mpu-
pagaesxuT Apyromy. He Hapymasa o0mmocTH, MBI MOMKeM
PeNIION0KUTE, ITO

(n+1)€R, ®)
(n+1)ZT. @

Muomectsa T u N,,,— (RJT) cyrs Hemepecekaommecs
HOJ{MHOKecTBa MHOKecTBa N,,; clefloBaTe/lbHO, HA OCHOBAHUU
yciopusi (2)

0 (TUNpoa —(RUTD]) > 0(T) + 0[Ny, — (RUT)] (8)

Hockomsky R m T me mepecekaworcs, TCN,,, - R u, crue-
I0BaTeILHO, !

TU[Npoi— RUT)] =TU[Np,y —RI=N, i =R (9)
Uz (8) u (9) mmeem: :
0 (Npor— R) > 0(T) + 0[N,,,, — (RUT)],

U, clefoBaTelbHO, Ha ocHoBaHmu (5) I (4)

—v' (R)> v (T)—o (RUT). (10)
Uz (10) mytem mnepecTaHOBKM YJIEHOB ME 3aKioo9aeM, 4TO
v RUT) >0 (R)4 v (T),

970 W TpeGoBasoCh FOKA3aTh.

P

B
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Temeps MOKHO NepeHeCTH OHATHE S-IKBUBAIEHTHOCTH
¥ WHTYWTUBHEE MOBOMBL, CJy;KaImime A ero o0OCHOBAHWSA,
C OTP ¢ HYJEeBOW CyMMOii Ha WIpPH o0mero Bupa.

Ounpenenenue 47.2. Ilse xapakrepucrudecKue (QyHK-
ouy n gaun (fAaA Arp n JuI ofImero BHUAA) U M U’ HA3H-
BalOTCA S-9K6UGAAEHMHBLMU, €CITH CYIEeCTByeT ITON0KUTeTh-
Hagd KoHcTaHTa k m n u9ucen a,,...,a, TaKuX, 49TO AJA
BeaKoro mopmuokecTsa T Mmuomecrsa N,

v (T) =kv' (T) +iEZ,Tai.

3ameuanume 17.3. IlocKoabKy MH yske He OrpaHH-
9MBaeMCSa UIPaMU ¢ HYJIeBOH CyMMOii, HAM HeT He00XO0ZMMOCTR
IpH ONpefesieHUH S-3KBUBAJEHTHOCTU HAJIAaraTh OrpaHMIe-
HHe, 4TO

di=0.

e

1

o
I

ITosroMy HyskHO 3ameTuTh, 4TO ompenesnenue 17.2 He-
CKOJIBKO DacIupseT KJIAcC HUrp, S-SKBUBAJEHTHHIX [AHHOM
Hrpe ¢ HyJeBO#l CyMMOIi, Mo cpaBHEHHUIO ¢ onpeneaenueM 15.5
(m samewanmem, ciefyromumM 3a Teopemoi 15.7).

B camom pene, mrpei ¢ HyneBo#l CyMMOH 110 HOBOMY
ompefieleHNI0 MOTYT GHITH S-SKBUBAJIEHTHBI UTPAM € NOCIMOAH~.
HOW CYMMOL, TO €CTh MI'PaM, y KOTOPHX XapaKTepUCTHIeCKue
GYHKIOUM yAOBIETBOPAIOT yCIOBHIO

U(T)+0(Nn_T)=v(Nn)

Ansa BeAgKoro mojamHOo;kecTBa T Mmuo:kectBa N. Bo umsbexa-
HAe CBABAHHBIX C 3TUM HeJopazyMeHuH MEH OyfeM BUpesh
Beerfia IPUMEHATh TePMUH «S-3KBUBAJEHTHOCTbY B CMBICIE
onpenenennsa 17.2.

Crnenyiomee moHATHe NpUBESEHHHX ¢(OPM uUrp olmero
BUJ1a, OYEBH[IHO, COBIAJaeT C IIOHATUEM NPUBEHEHHHX HOPM
UID ¢ HyIeBOH cymMMo#, ompemenenHeM B 15.8.

Onpenenenue 17.4. WUrpa n naumm obmero Buxa
¢ XapaKTepucTudeckoi QyHKIMed v HAa3HBAeTCSA UTPOit ¢ npu-
sedennoli gopme, ecim

o) =o({2)=... =0({n}) =v.
26%
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rae au6o y=0, mbo y= —1, u, Kpome TOrO,
v(N,)=0.

Mu1 massiBaeM y mo0ysem @yrryuu 0.

JlokasaTenrcTBo ciaenyiomeidl TeopeMH AaHAJOTHIHO [O-
KasaTenbcTBy Teopemur 15.12.

Teopema 17.5. Ecau v—xapakmepucmuveckas HyHk-
yua kakoli-au6o ueps obwgeco suda, mo v S-skEUEANEHMHA
00noll u moavko 00HOW Taparmepucmuyeckold GyHKyuu ¢ npu-
gedennoii gopme. ‘

Kak u B ciyuae uUrp ¢ HyJeBoil cymmoid, MH HashBaeM
urpy obmero BAAa cyujecmeerHol, ecIH OHa S-dKBUBAJNEHTHA
urpe B IpHUBETeHHON ¢QopMe ¢ MOAyiaeM —1; B HPOTHBHOM
cilydae OHA HA3HBAGTCA HeECYUjecmeeHHoil.

2. Nexonpr m pemenns

Kak u B ciysae urp ¢ HyJIeBOit CyMMOil, BBe/ieM MOHATHE
yDOPANOYEHHOH CHCTEMH || Z; ... X, || AelCTBUTENbHEIX THCe
maa o0osHadYeHMA pacnpefieieBus [eHer Me;xJy HIPOKaMu
B KoHNe mapruu. Hak u pambme, HaM He HyKHQ paccMaTpu-
BaTh pacnpefeneHns, OPH KOTOPHIX KTO-HUOY[b M3 WUIPOKOB
momydYaeT MeHbIle, 4eM OH MOI HOJyIAThH 6e3 MOCTOPOHHEi
IOMOIY; MOITOMY MBI HaJjaraeM yclOBHe

z; > v ({i}) (i=1,...,n).

Ilamee, mMOCKOMBKY MH AOIYCKaeM COTJMIICHHA W WO/ 00HHE
IATeKN MeKAY HrpOKamMu, NpeJCTaBIAETCA YMECTHHIM pac-
CMATpUBATH JIMITG TaKde pacupefieeHus | ... Z,||, aro

Yax,=v({l,...,n).
i=1

B camoM [ene, WrpoKu, OYEBHAHO, MOTYT COBMECTHO MO03a-
GoTuthcA O ToM, 4ro6e moayumts v ({1, ..., nj), cocraBus
KOAJMIMIo, TAK CKa3aTh, «IPOTAB NPHPOAE». A eciu ObLI0 GH
IPeJTONOMEH0 TaKoe paclpefielenne, IT0 :

i z, <v({4,..., n})
=t

TO MOKHO OBIO GH yKasaTh cmocoG Wrpel M cmocol pac-
IpeflelleHMs] IJiaTe;edl B KOHI® NapThH, KOTOPHM pacT
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urpory it (i=1, ..., n) Gonbme, 9eM z;, a MMEHHO, TaKoii
cmocod Wrpsl, 9TO KAMKAHIA UIPOK MONYIHT

xi-l—%[v({l, cees n})—-ix,] > z;.

i=1

- Ilosromy MH ompegensieM MCXOX [yis UrpH OGMEro BHAA
cIenymuM 00pasoM:

Onpenenenne 17.6. Hczodom Arpsl ofmero BuU1a,
uMeomell XapaKTepUCTHIECKYd (YHRIHMIO U, MH HasHBa-
eM BeKTOop '

(LR
TaKod, 4TO
1) 2 =v({1, ..., n})
n
2) zy>o({i}) maai=1,...,n

3ameuanune 17.7. B tom caydae, ecim urpa obmero
BH/la OKa3bIBaeTcAd MIPoil ¢ HyJeBOil CyMMOil, MH mOJyJaeM
TaKoe jKe NMOHATHe Mcxofa u3 ompefenenusa 17.6, kak m m3
ompenenerusa 16.1. B camom pgeme, ycaosme (2) ompememe-
aua 17.6 TomnecrsenHO ¢ ycmoBmeM (2) onpepemenus 16.1;
a ecau Wrpa ABJIAETCA UIPOH ¢ HYIEBOH CyMMOH, MH mMeeM:

v({1,...,n})=0,

Tak 9To ycuosme (1) ompemenenma 17.6 Tamoe ke, Kak
ycaosue (1) oupepenenus 16.1.

Mu MosKeM Temeph BBECTM MOHATHA npemchrenna u pe-
MU TOYHO TAK e, KAK M B Cilydae Wrp ¢ HyJNeBOd Cym-
Mo (cM. ompefienenus 16. 4 m 16.6). 3ameuamua oTHOCH-
TeJBHO BTHX INOHATHH, clenamHne B riase 16, oTHocATCA
€CTeCTBeHHO M K urpam ofmero supa. B wacTtaocTH, ocraercs
CIpaBe[IUBHM, 4TO S-3KBHBAJEHTHHE HIPH H30MOPPHEI 0O
OTHOMIEHWIO K IPeJNoYTeHnIo; TaKuM oGpasoM, HaM M 37ech
HY}KHO PaccMaTpWBAThH JANIb TpUBeHeHHEE GOPMH mrp.

Uro6H NOACHATL TNOHATHE DeNIeHHA, MH HalimeM Bce
pemenna Wrp HABYX JuME B mnpusejenHoit ¢opme. Ecim
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U—XapaKTepHCTHIECKAasA (YHKIUA TAKOH HIPH, TO
v(T)=0, xorga T comepsxur O amemenToB,
v(T)=vy, xorga T copmepsxnar 1 amemenT,
v(T)=0, worpa T comepxmT 2 ameMeHTa.

Taknm o6pasoMm, XapaKTepucTHdeckas (QyHKOUA BIOJHe
ompefiesieHa, €caAM MAHO Y, M HAM HYKHO Da3jW4aTh JHIIb
mpa ciydas, Korga y=0 mm y= —1.

Eciu y=0, ™ v paBHa TOMECTBEHHO HYyJIIO, M Hrpa
ApJIAeTcA HeCymecTBeHHOH. B sroM ciaydae umeeTcs Jumin
opua wmcxon, a umenHo |0 O}, a MHOmKecTBO, cocTosamee
U3 Hero, ecTh pellenne (09eBH[HO, eANHCTBEHHOE BO3MOMKHOE),

Ecin y= —1, To uMeerca GecKOHEYHOe THCIIO PEIIEHUIL,
a WMEHHO, MHOKECTBO BceX map ||, &, j, Takux, 4To

—1<z, —1<,

x1+x2=0.

Wrax, ucxon ecth awbada yuopAgoueHHAA ©apa BHA
|z —z|, tie —1<2z<1. Ho mm 3amegaem, 970 HE OJIMH
HCXO0]] He MOMKET OHTb NpPeAmodTeH [APYroMy; 3TO MOKHO
BUJIETh W3 PACCMOTPEHMS PA3NMIHEIX BO3MOKHHIX MHOKECTB
urpokos. Tax, manpumep, ecau GH MH HMeJH

x —x > - 2

Iz ==l 3]y ~yl

TO MH TOJyIuad OH o

y<z<o({1))
U, CJIe0BaTelbHO,

y<v({1}),

970 OPOTHBOPEIAT YCIOBHIO, 9T0 ||y —y| ects mexon.
WNTak, MHOMeCTBO BCeX WCXO0B TaKKe eCTh pelleHue wu,
OYeBHIHO, €JWHCTBEHHOE.

Orciofia cieyeT, 4To pelleHHe CyMeCTBeHHOH MTPH IBYX
au1 (o6mero Buia) B HeIPHUBEeHHOH GopMe eCTh MHOMKECTBO
BceX map ||z, zy||, TMe ¥, ® Z, YAOBIETBOPAIT YCJIOBHAM

({1} <2y,
o({2}) <z
z,+z, =0({1, 2}).
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HcronkoBanme 3TOro pesyabTaTa MAJsS HUIPH  JABYX I
¢ HEHyJeBou cyMMOI?I cilefylomee: HIPOKH [OKHE HaliTH
cmocob urpH, KOTOPHI 00eCIeINT UM MAKCUMAJIBHYIO CYMMY
BHOTPHIIeH, a 3aTeM pasNeIATbh MEXKIy co0oll 3Ty cymmy
TaKOM 00pa3oM, UTOOH Kam[blii TOJYYMJ N0 MeHbIIeil Mepe
TO, 9TO OH MOI' OH NOJYYUTH IPH «CAMOCTOATENbHOI» HMrpe,
KOrja Jpyroifi uWrpor crpeMmicsa OK NPUIMHAUTL €My BO3-
MoxHO Goxbme Bpega. IToMmumo 3TOro mociegHEro yCJaOBHA,
TeopnA HEe YKasmHBaeT cmocofa, KaK HYKHO pa3feauTh
BHIMTPHIIIA,

IIpaumep 17.8. PacemoTpuM urpy ABYX JMI, B KOTO-
poil y KasKJ0ro MrpoKa HMeioTcsA [Be CTPAaTerWu M B KOTOPOH
nJaTe}KHbe MATPHUIBl Ciefyiolue:

1 =2 1 3

—1 1)’ 4 —1
(rak, Hampmmep, ecau urpok 1 BmHGupaeT cBOW HepBYIO
CTpPaTeruio, a MrpoK 2 — CBOI0 BTOPYIO CTPATEruio, TO IEpPBHLi
HCPOK MOjiyIaeT — 2, a BTOPOil HrpoK noJyTaer 3)

Ho v({1}) ectp mema mrpu ¢ Hyuesoit CYMMOI/I HMeIom et

MaTpHOYy

-2
—1 1

Hraxk,
o((1))=—+.

Urpox 1 moxer GWTb yBepeH, 9TO, OPHIMEHAA CMEMAHHYIO
2 3 .
CTPaTeruio “3 3“, OH IIOJYYUT N0 MeHbImei Mepe—%.

ITomo6GHO aTOMY v ({2}) ecTp IleHAa MIpPH € HyJIEBO#l CyMMOH,
nMeomeil MaTpuIy

1 4

3 —1y"

v({2) =+

Urpok 2, mpiffersaa cMeMaBHYIO CTPATErUIO || ” MOKeT

Urax,
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. . 13
¢ rapaHTHell HOJy9dTH [0 MEHBIIEHW Mepe — . Has orwicka-

mna o({1, 2}) Ml mpocto GepeM MaKCHMAaJbHOe 3HAYEHUE
CyMM COOTBETCTBYIOIIMX 3]IeMEHTOB [(BYX TePBOHAYAIBHO
NAHHHX MATPHI:
v({1, 2})=3.
Haxomnern,
v(A)=0.

CnefiopaTebHO, pEIIEHMe BTOH WHIPHL €CTh MHOMKECTBO
Bcex map ||z, z,|| Tawmx, 9TO

xl'l' x’=3,
1
z, > _'g' ’

13
x2>—7" .

TakuM o6pasoM, MIPOKM MOTYT pACCUMTHIBATE HA TO, 9UTO
OHM TOJydYaT

1 47 13 47

rae 0 — umeao, JesKamiee MKy 0 m 1, xoropoe ompepe-
JISeTCA IePerOBOPaMH MKy UTPOKaMM.

MokHO TaKke HAaliTH BCe DeIIeHHA MIPH TPeX JHI ¢ He-
HyJIeBoli CymMMoil. JTO HMCCIefoBaHWE HY CIMIHKOM TPYLHOE,
HO MK ero omycTuM. BmecTo 3TOro ofparmMcs K KDUTHKe
O[[HOTO H3 OCHOBHHIX [ONYTeHWH Teopuu (omH Heiimana.

CiemyeT 3aMeTHTH, 9TO BCA TEOPUS ¢ou Heiimara gas urp
06mero BHAa OCHOBaHA HA IOHATHH XapaKTePHCTHICCKOH
$yHKIuUH. DTO 3HAUMT, UTO €CIIL JIBe HIDH UMEIOT OMHAKOBLIO
XapaxTepucTAiecKne (GYHKIEM, TO OHM UMEIT OJAMHAKOBHIE
pemenus. Ho kaercs CIOPHLIM, ABIASTCS JIN TO HHTYHTHB-
HO mocTaTouHmM. CBABaHHBE ¢ 3THM MHTYHTHBHHE 3aTPYA-
HeHWS MOJKHO IOSCHHUTH Ha ClefylomeM mpumMepe.

I pumep 17.9. Paccmorpum Mrpy ABYX JHAI B HPAMO-
yronsHoit ¢opme, B KOTOPO# y IEepBOTO MIPOKa HMEeeTCH
MUIMB OfHA (dMCTas) CTPATerHs, & y BTOPOro — /iBe cTpare-
ron. TlnaTe;KHBE MATPUIBL HTPH TAKOBHL

|0 10}, || —1000 O].
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Taxum o6pa3oM, ecim BTOPOH MI'DOK IpPUMEHsAET cTpaTe-
ruio 1, To mepsnii urpox moayuaer O, a BTOPOIl HIPOK
—1000; eciu oH MpUMEHsET CTPATeTUI0 2, TO MEPBHIl UIPOK
noxyaer 10, a BTOpoil Mrpox moxydaer O (sTo, KOHeUHO,
urpa ¢ HEHyIEeBOH cyMMoii).

WNaryutupHo mpefcTaBisgeTcs ' 000CHOBAHHBIM IIPEAIIOJNO-
yKeHme, 4T0 MTPOK 1 HaXoAwuTcs B JydiNeM IIOJOMKeHWH, deM
arpok 2. B camom fgeine, ecau urpok 2 XoueT IMOCTyHaTh TaK,
9T06GH JOOUTHLCA MAKCUMAILHON BeJMINHE CBOET0 BHUTDHIIA,
T0 0H BHOeper crparermio 2 u moaydur 0 Bmecro — 1000,
u B aToM ciaydae urpok 1 moaygmr 10. Moskro, KoHedHo,
HoyMaTh, YTO UTPOK 2 CMOKeT HOJYdYHTH OT MI'POKa 1 He-
KoTOpyl fomio or »rtoit cymmun 10, yrpoas NIpHMMeHHTH
crpaTeruio 1, KoTopas HmpUBEfeT K yMeHBIIEHHIO BHIMIDHIIA
urpoka 1 ¢ 10 o 0; Ho BBEAY TOrO, 9TO MI'POK 2 caM IOTepseT
CIAMIIKOM MHOTO, €CJIM OH BBIIOJHUT CBOI Yrposy (meicTBU-
TelIbHO, OH IOTepAeT ropasmo Gosabime, 4eM UTpok 1), Malo-
BePOATHO, 4TOOK UrPoK 1 mpmHAT yrposy Bcephes. YIpomKad
tTakuM 006pasom, HIPOK 2 ymopoburcsi pabGoueMy, KOTODHIA
cKkazal OH cBoeMy xo3auny: «Ilockombky Bs moTydaeTe
npuUGHIbL OT MOEro TPyAa, A TpeGyo, 4TO0H BH Pa3/eanin
3Ty HpUOHIIL CO MHOIT; €CiM BH OTKa)KeTech, A M3yBedy cebsa
TaK, 9TO BOpeAb A GyAy HE B COCTOAHHI paﬁofrawb H BH He
Holy4uTe OT MEHSA HMKAKONH mpubhuIM», paGoumit Bpajx JaH
MoOT GH OKUIATH 4ero-HuGyAb APYroro, KpPOMe OTKa3a TAKOMY
TpeGoBaHNUIO.

Opnako /i1 Hameil Heiu Jaxe He 0043aTeABHO TOBOPUTD,"
910 UTpoK 1 cMOKeT coxpaHUTh Belo cymmy 10; Hame moio-
KeHHe OyleT M0Ka3aHO, eCIM MH Hpu3HaeM, 4T0 Hrporu 1
1 2 HaXOHATCA He B OMMHAKOBEIX YCJIOBMAX, TAK YTO MI'POK 1
CMO’KeT COXPAHHTH Gonbmre 5. BosmoxHO, IpaBUIbHAA [OCTA-
HOBKA 9TOi WMHTYMTUBHOI 3aJa4d — 3TO CIPOCUTH celbs,
Oymer nu HaM (e3pasiUYHHIM IIDH UTPe B 3Ty HTPY B3ATH
Ha ce0sa poab Urpoka 1 mam poap Mrpoka 2.

BoapmmucTBo mpeamouryT GHTH HrpoKom 1, m mae
0OJBIMMUHCTBO 3aILIATUIAN O MeHBIH, q'ro6m 6HnTh urpoxoM 1,
a He WUIPOKOM 2,

Ecau unpmsnaercs, uTo B sTON Mrpe Urpok 1 B aydliem
HOJIOKeHNM, 9eM MTPOK 2, TO SICHO, YTO BCAKOE (PeIeHme»
urpsl JOBKHQ OHTH OmpefielleHO TaK, YTOOH OTPABUTH 3Ty
acummerpuio. Ho mia pemenus B cMbicie ¢on Heiimama aTo
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He BHIONHAETCH, W60, KaK MH BHfI€NIH, peIeHHEe OIpefie-
JIgeTCSI MOJHOCTHIO depe3 XapaKTepHCTHIecKYI0 (QYHKIMIO,
a XapakrepucTudeckas (GYHKUNA 3TOH HIPHl CHMMETPUIHA
OTHOCHUTENBHO IIEPBOTO M BTOPOTO MTPOKA; [EiCTBUTEIHHO,
JerKo IpPOBEPUTh, YTO XapaKTepHcTHUeCKasaA QyHKUAA v
TaKoBa:

v(A)=0,
v({1}) =v({2))=0,
v ({1, 2}) = 10.

Taxum oGpasom, pemenne 3Toil mrpsl B cmuicie ¢om Heii-
MaHa ecThb MHOMKeCTBO BCeX YIOpAMOYeHHHIX map |z y |,
rie £ U y — HeOoTpHIaTeJpHEe UACHA, CyMMa KOTODHX paB-
ma 10.

BuGauorpaguueckoe 3ameuanne

Matepuan 3Toli TaaBH B3AT B OCHOBHOM H3 PabGOTH
¢or Heitmana m Mopremmrepna [92], rmasu 5 u 6.

Yopaskaenusa

1. PaccMOTpEM clefyomyio HUIpy: B OfHO H3 rHe3x GapaGama
peBoBBepa KiameTcA NyJs (IPYrWe THe3Ha OCTABIAIOTCA IYCTHMH);
KayKIBii A3 UTPOKOB KpyTHT GapaGan, OpUCTaBAeT PEBOJbLBEp K CBOel
rojioBe W Ha)kmMaeT cob0auky. VITpokm urpaioT mo ouepenm, MOKa Bce
He IpOfigyT Mo pasy Wid LOKAa ONMH M3 HEX HE 3acrpenmrcsA. IlaaTem
Ka)KIOMy HIDOKY — JuGQ cMepTh, Jn60 YyBCTBO 06JerdeHns, IIo-
ABJIAloNleecs OpH M30aBIeHHH OT CMEPTH.

flpasieTca Jm Ta Wrpa Arpoll ¢ HyJNeBOH CyMMOii? .

2. PaccyMoTpEM -HTPY ABYX Jum, B KOTOPOH y KajKIOro HrpoKa
WMeIOTCA [Be CTPATerWH H IJIaTe)KHBle MATPHOM A 000HX HIPOKOB

—1 2

TAKOBHI:
l 1 3
0 10§’ 51

Haiinmre XapaKkTepHCTAYeCKY0 QYHKIHIO ITOH WIDHL.
3. Haiinarte mpuBeneHayio dopMy ciaepylomei XapaKTepHECTATECKOMH
QYHKOUZ AJA ATPH TPEX JHAL:

»(A)=0, 2 ({1, 2)=3,,
» ({1)=0, 2 ({1, 3)=6,
»(12)=1, » (12, 3)=1,

U({3})=4, v ({1, 2, 3})=8
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4. Haiinnre pemenme (B cmucie dom Heitmana) gas Hrper Tpex
NHL, AMelmel CIeAYONMYI0 XapaKTepHECTHEIECKY10 PyHKOUIO:

v (A)=0,
v({1h=»({2)=» ({3h=—1,
v ({1, 2)=2 ({1, 3h=2 ({2, 3})=v ({4, 2, 3P=0.
5. Nowamknre teopemy 17.5,

6. Jorakmte Teopemy 15.9 mis mrp obmmero Bmpa.
7. Nokaxurte TeopeMmy 15.15 jaiaa mrp oGmero BHAA.

=k



TTABA XVIII
HEROTOPBIE HEPEIEHHBIE 3AJJAYN

1. Tea Bmma sagau

Temeps yuammitca ysxe Ge3 commenns IOHAJ, 9TO TeopHs
Arp eme pamexa or sasepmenus. HKomeuno, B moGom
basjene MaTeMaTHKHM, KaK OH OH HEH GBI cTap, mo-
IIPe:KHEMy BCTDPEHAlOTCS TPYMHHIE 3afad; HO B ycramo-
BUBIIAXCA MUCHUILIMHAX (TAKHX, Kak, HalpuMep, Teopus
4nCeN) HepelleHHHe 3a7aul MMET YeTKuil u oIIpefiesieHHHI
XapaxTep; Bce, IO-BUAMMOMY, TOYHO 3HAIOT, 9TO O3HadYaer,
ckaxxeM, Bemnkas Teopema Depma; memo mump B TOM, 9TOGH
HAMTH [[0Ka3aTeIbCTBO WM OIIPOBEP3KeHne 3TOTO ACHO cPOop-
MYIHPOBaHHOTrO NpeANokeHnA. B Teopum urp mmr Tarske
BCTPEHYaeMest ¢ TPYNHHME 3a/laYaMi, TaK CKa3aTb, «IpUHIH-
IManbHOroy xaparrepa. Ilon arum mompasymesarores 3aya-
9d, NOfo6HHE Cclefyomeii: Kakme dopmanbHne 060Gme-
HUA MaTeMaTHYeCKOl TEODHH MOTYT GHITH IIONe3HH B TpaK-
TWIECKUX NPUJIOMEHUAX U KAKUe UBMEHOHHA HyKHO npous-
BECTH B CYIMeCTBYIOWEH Teopum, 9TOGH ee MOMKHO GHUIO npu-
MEHUTL K NaHHHM NPAaKTUYECKUM CHTyamuam. B maumGoiee
00I(emM CMEICIe 3TH 3ajad9l CBOTATCA K BOOPOCY O TOM, KAaKOMH
PopMaNbHEI MaTeMaTwUeCKmil almapar Jyd4iie Bcero IpH-
TOMCH B KadecTse OPYAMA HCCIE[OBAHUA CHTyamuil, BCTpe-
JAIOMHXCA XIPH CTOJNKHOBEHUAX MEKAY DasyMHBIMH JiesiTe-
JSAMHA; TaKUM 06pasoM, NPHHIUINAILHBIE 3ajlaud, B IpO-
THBOIOJIOKHOCTE, TaK CKAa3aTh, (TEXHHYECKHM», CB3AHEL
C BOIIPOCOM O TOM, KaKOH HayKOil JOMKHA GHITEH TeopusA urp,
a He 0 TOM, KaKMe TeOPeMH MOKHO YCTAHOBHUTEH B pasgemax
Te0OpuH (06 BTOM yiKe MOCTUrHYTO OPUHOUIAANLHOE COTJIA-
meHue).
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Homeuno, sro pasnumume mesxny Texmmueckmmum u IpHH-
- IUOUANLHEBIME 331a9aMU He OYeHb Pe3KOe: MHOTHe 3ajadd
ABJIAITCA OTIYACTH TEXHUYECKUME W OTYACTH NPUHIMIINAIB-
HEME. B oroft rmaBe M pacemoTpum Tpu us HamGomee BaK-
"HBIX HEPeIeHHHX 3a7a4 TeOPUH WIrp; IepBasg M3 HAX OT9ACTH
TeXHUYeCKasA, a OCTAJbHLIE [Be B OCHOBHOM NPHHIIIHAJILHEE.

2. Urpsi, npoBofuMbIE HA mpOCTPaHCTBE ¢ynrnumii

Pas6upas B rmase VII GeckoHeunsle MIpH, MH OUeHb
OHCTPO mepemum K 9acTHOMY CJIy4al0 HeIIPepHBHOI UIPH,
B KOTOPOi#l KajKABA MIDOK BHOMpAeT 4MCIO U3 BAMKHYTOTO
eANHNYHOTO0 HHTePBANa, a BCe MCCIE[OBAHUE B CJEYIONIX
IJIaBax OrPaHMYMBAJIOCH 3TUM CIydaeM M ero TPUBHATIHHHIMHI
MonupUKaIIAMY.

Ho mocronbky mempeprisHEe (beckoHeuHBIE) UTPH aHa-
JIOTUYHBl MPAMOYTOJBHEM (KOHEIHBIM) MI'DAM, MOMKHO HOTY-
MaTh, 4TO BBEEHUEM CTPATEIWIl MBI MOTJIM GH IPUBECTH BCsA-
KYI0 6eCKOHEUHYI0 UTPY K HEIPEPHBHOI, KaK i BCAKYI0 KOHET-
HYI0O Urpy BBefleHHEM CTpPAaTerWil MOMKHO IPHBECTH K IIPAMO-
yroapmoit urpe. OmHaKO, K COKaJICHHIO, BTO He BCEria Tak,
100 BIIOIHE BOBMO}KHO, 9TO, HATIPEMED, YACIO CTPATEIHil OKa-
MeTcd TaK BEJIHMKO, YTO UX [Aake HENb3d NOCTABUTH BO B3aHM-
HO O/{HOBHAYHOE COOTBETCTBHE C [EHCTBUTENHHHIMU UMCJIAMH
3aMKHYTOTO eIMHWYHOIO HMHTepBaJa.

Tak, sanpumep, mpefmomoKuM, 9TO WIpPa WMeeT dYeTspe
xoza: :

Xon 1. P, Buibupaer feicTBATEIBbHOE THCITO z,.

Xop II. P,, snaa 3navenne Z,, BHIOHpaeT MeficTBUTEIHHOE
9HCAO Y.

Xon III. Py, snan y,, Ho 3a6HB Z,, BHOUpaeT NeftcTBH-
TeIBbHOE YHCIO Z,.

Xog IV. P,, znan Y, U Z,, HO 3a0HIB ,, BHOUpaeT Aeii-
CTBUTENIBHOE UHCIO Y.

IInares mpum sroM ectb Hexoropas QyHKus 9eTHpex
HePEeMeHHHX ), Ty, ¥; U ¥Y,. Udcras crparerus urpoka P,
ecTh ynopsAnodeHuasa mapa || a f ||, rae a — pgeficTBuTennHOE
9MCI0, a f— QYHKIMA OIHOro [eHCTBHTENHLHOTO IIepeMeH- -
HOTO ¥,; 9MCTas CTpaTerus Mrpoxa P, ecTh ymopsmodeHHAs
napa || g k|, rAe g — OYHKIEA ONHOTO HNEHCTBHTEILHOTO
MePeMeHHOTO0 Z,, a h — QYHKOUA [BYX [eHCTBUTEIHHHX
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OepeMeHHBIX Y, U Z,. Hocnonmy ¢yuxnuil geficTBmTENLHOTO
IepeMeHHOro GoJbine, 4eM JIeHCTBUTENBHHIX THCET (B CAMOM .
Jeje, eciu ¢ — YHCAO NEHCTBUTENBHHX dYHCel, TO MMEEeTCA
2° $ymrumit pmeficTBUTENILHOTO mEPeMEHHOTO *)), oweBHIHO,
HU cTpaTerud urpoka P,, Hm crpaTerum urpoka P, meanss
DOCTABUTH BO B3aMMHO OfHO3HAYHOE COOTBETCTBHE C TOU-
KaMil 3aMKHYTOT0 UHUTHOT0 WHTEPBajIa, U, clIef0BaTelbHo,
9Ty MIDY HeJNb3s CBECTH K HEIPePHIBHOI.

B JIefiCTBUTeNPHOCTH JIETKO ONMCATh HMIPH, B ROTOpHX
KasKIBl NTPOK MMeeT JUIIb OAMH XOJ W HU OJUMH U3 UTPOKOB
He 3HaeT O BHOOpE APYroro, HO KOTOPHe He IKBHBAJEHTHEL
HeImpepHBHHIM urpaM. Uro6H 06iaeryuth OIMMCAaHHE IPOCTOM
UTPH 10J06HOr0 posia, 0603Ha4nM depe3 F MmHOMecTBO Beex
ynrnuit f, onpeneneHHHX Ha 3aMKHYTOM eIMHHIHOM HHTep-
Bane, Taknx, 4r0 0<f(z) <1 (mas 0Kz < 1) u marerpan
1

S f(x)dz cymectByer. Urpa cocromr Temepp B ciemyromem:

b
P, Bubupaer anemenT f muoxkectsa F, a P,, He 3Hasa, Kakoil
BHOOD cpmeman P,, BeOupaer siemeHT g MHOkecTBa F;
3aTeM MTpOK P, mmaTuT uUTpoxy P, cymmy

1
M, )= 1 @) — ¢ @) da.
0

ITockonpry, xak usBecTHo, F comep:xur Gonbmie sieMeHTOB,
9eM MMeeTcd AeificTBUTeNbHHEX YHCeJd, MBr ONATH BHIHM, UTO
3Ty UIDY Hexb3s NPHBECTH K HEIPepHBHON, M3MEHUB 060-
SHa4YeHNs DHIEMEeHTOB MHOKecTBa F.

OueBupnno, miaTemxHasa QyHKIOUA HUIPH TOJBKO UTO- OIHU-
CaHHOTO BHja He 00s3aTeIHHO UMEET CENJIOBYI0 TOYKY, I IIO-
3TOMY €CTeCTBEHHO MPEAIONOKUTh, YTO MIPOKM NPHMEHAT
CMeIIaHHEe cTpaTeruu. B maHHOM ciaydae cmemmaHHas cTpa-
TeTNA ecTh PYHKIUA paclpefesieHus Ha MHOKecTBe F mum,
KaKk WMHOTHA TOBOPAT, QYHKIUSA pACHpefleeHHs HA Npo-
cmpancmee @Pynryui. Ho temepp BO3HEMKaeT Bompoc: Ka-
KOMy KJaccy A IOAMHOMKeCTB MHO;KecTBa F mpummchBarth

*) 9Ta ycloBHAA 3alHCh O3HAYaeT, ITO MONIHOCTL MHOMKeCTBA Jeii~
CTBATENILHBIX (YHKIMI CYMECTBEHHO HPEBHINAaeT MONIHOCT: KOHTH-

syyMa (c). (ITpum. ped.)
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pymrmum pacmpenenenmsa? Jlerko mokasaTp, UTO MHL He
MOKeM TOJyduTh HWHTYNTHBHO TPUEMIEMHX BBEIBOLOB, ec-
JE TpefToNoKEM, 9TO A ecTh KJIace BCeX IOJMHOMKECTB
muO:kecTBa F; a, ¢ [pyroif CTOPOHE, Pa3 MH HAYaJIH
HCKJAYATL IIOAMHOecTBa u3 F, HeacHO, rie HYKHO
ocTaHOBUTHCA. QUeBHIHO, 9TOT BOIPOC CBA3AH ¢ BOIPOCOM
0 TOM, KaK MBI OLPeJleIMM MaTeMaTHdecKoe oMmuanue L Py,
ecam P, npumensier pynkmmio pacupenenenns F Ha F, a b,
npumenser pyEKuuio pacnpenerenus G ma F.

Jlasi cpaBHeHMs MOKHO B3aMeTUTh, 9YTO Hamle OIpefe-
JeHHe (YHKIME pacupefelleHMsA Ha eIMHUIHOM HHTepBaje
(8 rmase VIII) cBomuTca K UpPeANOJOMKEHUIO, 4TO BEPOAT-
HOCTL oNpelelieHa HA BCAKOM MHOKecTBe, M3MEPMMOM IIO
Jle6ery. Ho me oueBupHO, MMeeTCA JU CTOJNb K€ €CTECTBEH-
HHIT Kiace IOMMHOMECTB IPOCTPaHCTBA QyHKIMIL.

9ra 3ajmaga B TOM BHUAe, KaK OHA ONKMCAHA, SBIAETCA
HO4TH TOJMHOCTHIO IPUHIMIMANBHOA. Safgada OTHICKAHUA
MHTYHTHBHO yJIOBIETBOPUTENBHOr0 cHOcO6a BBeJEHUS QYHK-
muii  pacmpefieleHHs Ha HpocTpaHcTBe (YHKIUH OKa3kHl-
BaeTcs Upe3BHUANHO TPYAHOW, W BIOJHE BO3MOKHO, qro
ee pemmenne He Gyner HaiifleHo. B aToM cirydae eme ocTaHETCHA
TeXHMUECKAsA B3ajada BHGOpAa HEKOTOPOTO GONBIIOrO IOA-
KlIacca Wrp Ha mpocTpaHcTBe (QYHKOWA, KOTOPHE MOMKHO
Gsuto 6B pemaTh, He npuGerad K IOHATHIO QYHKIHUH pac-
Ipefelenus; IpUeMIEMBIM KaHAWJATOM, MONyCKalOIAM Ta-
KyI0 TPAKTOBKY, IPEACTABIAETCA KIAcC UTP Ha IPOCTPaH-
cTBe (PpyHKUHmi, cOCTOAMMN 13 MTP, BHIIYKIHX A UTPOKa,
cTpeMsmIeroca K MUHEMAJIBHOMY ILTaTeXy (ompesiesieHue
BEIIYKIBIX yHENmit, mamHoe B raase XII, mMoxHO Jerko
0606IATH Ha yHKIUH, Y KOTOPHIX apTyMeHTH CyTh QyHKImH).

3. TlceBmourpn

Jlpyro#i BaskKHBI BOIpPOC — 3TO 3ajiada OTHICKAHWA pa-
[UOHAJIBHOTO CII0C06a MCCIefOBAHAA KOHQIMKTHHX CHTya-
mmit, $opMaTbHO He ABNAOIMXCA UIPaMu ¢ HyIeBOH CyM-
MO, HO BechbMa MOXOKUX Ha HUX. UTOGH naTh UM Ha3BaHHe,
yCIOBUMCA HA3HBATh TaKWe CUTYAIMU nNces ouzpamu.

Opup u3 caydaeB, KOrja KOH(IMKTHas CUTyanus He
ABIAETCA FLPO#H,— 3TO cjiydyail 3ampemleHHs MTPOKAM MpH-
MeHSTh CMemaHHEe crpaTeruu. Cmryammm TaKoro poja
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0coGeHHO uacTo MOTYT BO3HHKHYTH B CBA3M C BOCHHEIMHU
meiicrBusamu. Tak, HPEAIIONOKIM, YTO JIBA 4IeHA GOeBOM
TPYIIIEl BBHIHYK[AEHB DPasiyunThbca W He MOTYT obmarthcs
MeRAy co60if uam co cBoeii Gazoir BBUIY OIACHOCTH PacCKpEHI-

THS CBOHMX MECTOIIOJIOKeHMiT npotuBHUKy. Ilpm stoMm, ecanm

AQKE TJIA HUX MOMKeT GHITh IKeIaTenbHo MPUMEHATL COB-
MECTHO CMEIIAHHYI0 CTPATeTHio, OHH MOTyT GHITH He B cO-
CTOAHUN 3T0 cnienarsb. (MoskHO moxmyMath, 4To omu Morau On
H30eTHYTh 3aTpynHEHUs IIPOCTO TEeM, 9YTO KaKAHIT M3 Hux
BO3BMET ¢ co0oit COOTBETCTBYOIUHA ciaydaiHErH IepeveHs
CTPATernit, KOTOpHE HYMKHO IPEMEHATH TIOCTIeOBATEABHO;
HO JlaKe 3TOT CIOCO0 MOKeT GHTH HEOCYIeCcTBUM H3-3a TOTO,
UT0 3aXBAT TAKOTO MEPeYHSA IIPOTHBHIKOM OPUIUHUI OH
CIAUMKOM 60apmoit ymepG.) B rarom ciysae momer oxa-
8aThCsA, 9YTO «UTPa» He GyneT uMeTh (IeHB, U O0HYHYIO
TEOpUI0 UTP ABYX JHUI ¢ HyJXeBoii CYMMOH yiKe Henp3sa Oyner
IpumenATs. OueBnAHO, uUrpoxnm BRIHYKICHH OTrPaHUYHTE
CBOM CTpaTerdu IIOBEICHHS, W MOIMKET OKa3aThbesA, 4TO HWTpa
He GyMeT WMeTh ONTUMATBHEIX CTpPaTeTH# moBefeHuUs:.

Cxonurie o6cTosiTenbeTBA MOTYT IPABECTU K HCEBIOATPAM,
HapymalomuM nomymenue 5, 1) raass VI, 1o ectp K TAKUM
ATpaM, DapTAN KOTOPHIX IIePEeCeKAIOT OfHO M TO e uapop-
MAIMOHHOe MHOKeCTBO Gosnee ofmHOTO pasa.

3amada HccmemoBaEHMA Takmx IICeBHOUTD OKA3HBAETCH
TeCHO cBa3aHHON ¢ 3apmauei OmpeNneNieHusA OINTUMANbLHEIX
CI0COGOB IIpOBeJeHUS WIPH B HOpMaIu30BaHHOL (opme,
B KOTOPOIl 3HAYCHMA 3JTEMOHTOB MAaTe;RHoi MaTpuIH TOYHO
HEM3BECTHHI, HO NOMKHBI JHIIH YAOBIETBOPATH HEKOTOPHIM
HEPaBEHCTBAM.

B cBasu ¢ atum Mu ymomamem 3lech CUTyaIud, KOTODHe
dopmanbHO He ABAAIOTCH UTpaMu (BBUJY HEKOTOPHIX 0COGEH-
HOCTe#l IIaTexHLIX ynrmuit). Mpr Beerna npepmnonaraiu,
4TO 3HAYEHAA IUIATCHEHX (QYHKOUN MOMKHO NIEPEHOCATh OT
ONHOTO MTPOKA K APYrOMY M OHH MMEIOT IJIA BCEX OJIMHAKO-
Byio nonesnocrs. Ho ma mpaxruxe, OYEBU/IHO, MOMKET OKa-
8aThed, UTO 3HAYCHMA INIATEKHOH (yHKIum IpeficTaBIgIoT,
HalpAMep, JeHeKHHe CYMMH, M (UHAHCOBHE IOJIOKEHMs
UTPOKOB CTONb DPa3NAYHEL, 9YTO [Jif ONHUX HOIIap HMMeeT
ropasgo Gonbmee 3madeHme, wem s APYTHX; MOMKeT make
OKa3aTpCA, 49TO 2uadeHUs ILIATEIKHOH (yHKIHH IpepcTa-
BIAIOT TaKWe BeIlM, KAaK Y/OBJIETBOpPEHHe, Ipoucx oy Amee
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OT BHUIpHINA ITAXMATHOH MapTUM, MIM CMEPTh IPH IIpo-
UrPHIIE B Hrpe, OMUCaHHO# B ynpamuennn 1 k rmase XVII,—
BeIlli, coBceM He mepeHocumesle. IloaTomy Ham ocraerca TpyA-
HasA 3ajfiaya — KAaK ONpeJleJuTh pelleHHe HUTrpH, B KOTOPOi
HAJOEeHH OrpPaHMYeHUS HA BO3MOKHOCTH MEpPeHOoca IeH-
Hocreii.

4. Urpel ¢ HeHyleBOii cyMMoii m urpm N Jun

B macrosmee BpemMs B Teopnu uUTrp HauGojee ocTpo omiy-
maercsa HeoGXoAMMOCTh B GoJsiee yMOBJIETBOPHUTENLHON TeOpHUH
UIp ¢ HeHyJNeBoil cymMmoil u mrp n auim (aas n>2).

Teopus ¢on Heiimana B mqyumem ciaydae paccMaTpuBaer
JMIOH MOBOJBHO WACTHHIN BHUJ TAKUX HUIP: MIPH, B KOTOPHIX
[OIyCKAIOTCA COTJAIIeHNsi, IIePeroBopu M MOGOYHEE mua-
TexM Mexy urpoxamu. HoHeuno, B [IefiCTBUTEIBHOCTH MHO-
rMe CHTyalu#, K KOTODHIM MBI XOTelu OBl IPUMEHATH TEO-
pHI0O UTD, HE OTHOCATCA K 3TOMY BUAY. Tak, ecam MH XOTHM
paccMaTpEBaTh MOBEJEHHE TPeX AKIUOHEPHHX O0INeCTB Kak
MTPy, MH CTaJKHBaeMCS ¢ TeM, UTO 3aKOH, HAIPaBJICHHHI
OpOTHB TPECTOB, BSalpemaeT HM COCTABIATH KOAIUIHIO.
(Umorma roBopsAT, YTO TAKYyH CHTYali0 IO CYIIECTBY CJe-
IyeT paccMaTpuBaTh KaK MIDY 4UeTHpeX Jul, B KOTOPOH
IPABUTENLCTBO IIPEACTaBIAET 9UETBEPTOTO UTPOKA; HO IIOA-
XOM K 9ToH Gojee MMPOKOH CATyaluu KAaK K MIPe HpUBeN
6B, MeKAy NMpodYUM, K CTPAHHOMY MOIYINEHHIO, YTO MpPaBM-
TEIBCTBO MOMKET BCTYIATh B KOQIMIMIO ¢ IacTHOH (MpPMOil.)
Kpome Toro, KoaiMmuu u MOGOTHBIe IIATEH 3aMPEMEHE!
® B GOJBLIIMHCTBE CAJOHHHIX HTD.

B cBasm ¢ aTuM caexyeT 3ameTuTh, 4ro Hem pasmmgaer
HekoonepamugHle U koonepamugHsie uzpsl. B mepsrx mrpax
MeKIy MrPOKAMH He HOIyCKAaeTcA HUKAKo# cBA3W, B dacI-
HOCTH MM He Pa3pemreHo COCTABIATH COIVIANIeHHSA O M060d-
HHX ILIaTe)Kax; B KOOINEPATHBHOI WIDe CBA3H MOIyCTHMA.

Hom cunraeT HEKOOIEPATUBHEE MTPH OCHOBHEIMHU ¥ ITHI-
TaeTCA CBECTH KOOIEDPATHBHHE HIPH K HEKOOIepPaTUBHBIM
caegyomuM o06pa3oM: IeperoBOPH KOONEPAaTHBHOR HUTpPH
BKIOUYAIOTCH KaK (OpMajipbHEE XOIH B HEKOOIepaTUBHYIO
urpy (9TH XONH COCTOAT, HANMpUMEDP, W3 TAKUX [eHcTBuI,
Kak IpejioKeHne IN0GOYHOr0 IUIaTe’ka OXHUM HI'DOKOM
mpyromy). BCEolo ouepenp 0B HccaexyeT HeKOONEDAaTHBHEI

27  IIm. Max-Knnucu
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ATPE, BBONA MOHATHE TOYKMW paBHOBECHS (3T0 MOEATHE GrITO
00bsicHeH0 B ruape VI HaCcTOAmeH KHurm). .

Hymno samernts, uro treopua Hsma xorg u npencra-
BIACT 3HAUMTENBHHE mar Bmepes, mMeer HEKOTOPHIE cepnes-
HbIe HeJI0OCTATKY, M, KOHeYHO, ee HeJb3s pPaccMaTpPUBaTh Kak
OKOHYATebHO® pemleHMe IPUHIMMHALLHBIX 33739 3TOH
obmacTu.

Bo-nepsrix, urto xacaercs HeKOONepaTuBHOfl WUTrpH, TO
SHAHNE NOJNOMKEHNA TOYEK PABHOBECHS MOKeT He IpuHecTH
0c00eHHOR MOJIB3EL, Taxk, PacCMOTpUM MIpy ABYX JmI (c me-
HYJIeBOH cymMoii), UMEIOIMYIO CJIe/ylomue MaTpUIib:

4 —3 —20 —30!
1 —2 10 40!'

Ilockonbky 4 > 1 u —20 > —30, Mb BEmEM, uT0 WMeeTcs
TOYKa DABHOBECHA B BePXHEM JIGBOM yray (Tak 4ro, ecmu P,
[IPUMEHAET HePBYI0 CTPOKY, TO s P, camoe mywmee mpu-
MCHATL HepBHit croabem; u o6paTho, ecinm P, unpumenser
mepBEId cronbenm, To mus P, camoe myumee NPAMEHATH Iep-
Byio cTpory). IlomoGmo aromy, MOCKOABKY —2> —3 5
40> 10, umeeTcs Touxra PaBHOBECHA TaKiKe B HIDKHEM IIPAaBOM
yray. B mamrOM cayuae P, mpepmourer, KOHEYHO, TOYKY
PaBHOBECHS B BepXHeM JeBoM yray, a P, mpepnourer Tou-
Ky DPaBHOBecUs B HIGKHEM IpaBoM yray. Teopus Hama,
HO-BUIUMOMY, He IpPOJHMBAaeT CBeTa Ha BOIIPOC O TOM, Kak
BECTH ce0a B wmrpe, mmeromei TAKYI0 Hapy ILIAaTeKHHX
Marpum. ;

Bo-sropsix, ecim 6: mame TCOPUS HEKOONepPATHBHHX UIp
u GBI B y7O0BIeTBOpATENBHOM COCTOAHUH, BOBHMKAIT TPyH-
HOCTH HpU NPUBEAEHNM KOOIePATHBHEIX UTP K HEKoomepa-
THBHEIM. Ha mpaktuke upessmruaiino TPYAHO BBECTH B KOO-
UEPATUBHEE UIDH XOIH, COOTBETCTBYIOMIIE - IePerosopam,
TaK, 9TOGEl OTPasUTH Bce GeckoHewmoe PasunooGpasme, pomy-
CTHMOe B KOOIEPATMBHOH Hrpe, B To 3Ke BPeMA He HaBag
O/THOMY M3 HTIPOKOB MCKYCCTBEHHOTO IpemMymecTsa (cka-
PHEM, BCJIEACTBHE TOTO, 4TO OH MMEET BO3MOMKHOCTD cllesaTh
penoxenne mepsrm). ITosTomy, HECMOTPsI Ha BCe 0CTPO-
yM#e, NPOABIEHHOE NPH pPaA3ATIHBIX IOfiX0ax K 3apmade
UTP N JUMI[ ¥ UTD C HEHyJIeBOi CYMMOH, MHI, I0-BUAMMOMY,
eIe He NPUILIN K YAOBIETBOPHTENBHOMY MOHATHIO peIIeHHsA

?
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TaKO#d UTPH. ITO CTABHT Iepeli MATOMATHKAME HACTOSATENb-
HYI0O U1 OYeHb Ba/KHYIO 3ajauy, BBI3BAaHHYIO HeOﬁXOI[I/IMOCTL}O
IPUMEHEHHSA TeOpHM HUTP K 0YeHb IMUPOKOMY KiIaccy Ipak-
THYECKUX CHTyamuit.

BuGauorpaguueckne samewanna

Ilepsas n BTOpas 3ajaum HTOH IIABH GHUIM MOCTABIOHKL
B paGore Xeasmepa [49]. OtHOCHTeTBHO APYTHX HepPeIeHHbIX
337121 B Teopuu urp cMorpure paGory Kyma m Takkepa [65].

Bonee nosre pabors B o6mactn UTD n JUO U UTP ¢ He-
HymeBoit cymmoii: Borr [14] u Ilemnm [99] (mocnenmasn
cTaThA Aaer pemenme sajauu (10) Kynma m Takkepa [65]).
Cmorpure Tarse paGors: Homa [84] n Paiippa [95].

27*



10.

11.

12.

JINTEPATYPA

.Anderson. 0., Theorie der Gliicksspiele und Skonomisches

Zerha]ten, Schweiz. Z. Volkswirtschaft und Statistik 85 (1949),
6—53.

.Arrow K.J.,, Barankin E. W, Blackwell D,

Admissible Points of Convex Sets, Contribs. to the Theory of
Games-11, ed. H. W. Kuhn and A. W. Tucker, Ann. Math.
Study 28, Princeton Univ. Press, Princeton, N. J., 87—91.

.Arrow K. J., Blackwell D, Girshick M. A.,

Bayes and Minimax Solutions of Sequential Decision Problems,
Econometrica 17 (1949), 213—244.

. Bellman R., Games of Bluffing, Rend. Circolo mat. Palermo.
.Bellman R., Blackwell D., Some Two-person

Games Involving Bluffing, Proc. Nat. Acad. Sci. U. S. A. 35
(1949), 600—605.

-Bitter R., The Mathematical Formulation of Strategic

Problems, Proc. of the Berkeley Symposium, ed. J. Neyman,
Univ. Calif. Press, Berkeley (1949), 223—228.

.Blackwell D., On Randomization in Statistical Games

with k& Terminal Actions, Contribs. to the Theory of Games-II,
ed. H. W. Kuhn and A. W. Tucker, Anny, Math. Study 28, Prin-
ceton Univ. Press, Princeton, N. J. (1953), 183—187.

-Bdcher Maxime, Introduction to Higher Algebra, The

Macmillan Company, New York, 1907.

.Bohnenblust H. F., Karlin S., On a Theorem of

Ville, Contribs. to the Theory of Games, ed. H. W. Kuhn,
A. W. Tucker, Ann. Math. Study 24, Princeton Univ. Press,
Princeton, N. J. (1950), 155—160.

Bohnenblust H.F., Karlin S.,, Shapley L.S.,
Solutions of Discrete Two-person Games, Contribs. to the Theory
of Games, ed. H. W, Kuhn, A. W. Tucker, Ann. Math. Study 24,
Princeton Univ. Press, Princeton, N. J. (1950), 51—72.
Bohnenblust H.F.,, Karlin S., ShapleylL.S.,
Games with Continuous, Convex Pay-off, Contribs. to the Theory
of Games, ed. H. W. Kuhn, A. W. Tucker, Ann. Math. Study 24,
Princeton Univ. Press, Princeton, N. J. (1950).

Bonnesen T. Fenchel W., Theorie der konvexen
Karper, Ergebnisse der Mathematik und ihrer Grenzgebiete 3,
M 1, Verlag Julius Springer, Berlin, 1934.




13.

14.
16.
17.

18.

19.
20.
21.
22.

23.

24.

25.

26.
217.

JUTEPATYPA 409

Borel E., Applications aux jeux de hasard, Traité du calcul
des probabilités et de ses applications. 4, II, Gauthier-Villars .
& Cie. Paris, 1938.

Bott R., A Certain Simple Class of Symmetric n-person
Games, Contribs. to the Theory of Games-II, Ann. Math. Study
28, Princeton Univ. Press, Princeton, N. J

.Bray H.E., Elementary Properties of the Stieltjes Integral,

Ann. Math. 20 (1919), 177—186.
Brems H., Some Notes of the Structure of the Duopoly
gzoblem, Nord. tidskr. for Tekn. ekonomi 1—4 (1948), 41—
Brown G.W., Iterative Solutions of Games by Fictitious
Play, Activity Analysis of Production and Allocation, Cowles
Commission for Research in Economics, Monograph 13, John
Wiley & Sons, Inc., New York (1951), 374—376.
BrownG. W., Koopmans T.C., Computational Sugge-
stions for Maximizing a Linear Function Subject to Linear
Inequalities, Activity Analysis of Production and Allocation,
Cowles Commission for Research in Economics, Monograph 13,
John Wiley & Sons, Inc., New York (1951), 377—380.
Brown G. W., Neumann J. von, Solutions of Games
bgr Differential Equations, Contribs. to the Theory of Games,
ed. H. W. Kuhn, A. W. Tucker, Ann. Math. Study 24, Princeton
Univ. Press, Princeton, N. J. (1950), 73—79.
Champernowne D. G., A Note on J. von Neumann’s
Article, Rev. Econ. Studies 13, 1 (1945—1946), 10—18.
Cramér Harald, Mathematical Methods of Statistics,
Princetorr Univ. Press, Princeton, N. J. (1946).
Dalkey N., Equivalence of Information Patterns and
Essentially Determinate Games, Contribs. to the Theory of
Games-1I, ed. H. W. Kuhn and A. W. Tucker, Ann. Math. Study
28, Princeton Univ. Press, Princeton, N. J.
Dantzig G. B., Application of the Simplex Method to
a Transportation Problem, Activity Analysis of Production and
Allocation, Cowles Commission for Research in Economics, Mono-
graph 13, John Wiley & Sons, Inc., New York, 1951.
Dantzig G.B., A Proof of the Equivalence of the Program-
ming Problem and the Game Problem, Activity Analysis of
Production and Allocation, Cowles Commission for Research
in Economics, Monograph 13, John Wiley & Sons, Inc., New
York, 1951, 330—335.
Dantzig G. B., Maximization of a Linear Function of
Variables Subject to Linear Inequalities, Activity Analysis of
Production and Allocation, Cowles Commission for Research in
Economics, Monograph 13, John Wiley & Sons, Inc., New
York, 1951, 339—347.
Dantzig G.B., Programming in a Linear Structure, Econo-
metrica 17. (1949), 73—74.
Dantzig G.B.,, Wood M. K., Programming of Interde-
endent Activities: I. General Discussion, Econometrica 17
(1949), 193—199.



410

JIATEPATYPA

28. Davies D. W., A Theory of Chess and Noughts-and-Crosses,

29,
30.
31.

32.
33.

34..

35.

36.

37.

38.

39.

40.

41.

42,

43.

44.

Sei. News 16 (1950), 40—&4.

Demaria G. Suuna Nuova Logica Economica, Giorn. deg-
li Economisti e Ann. Econ. 6 (n. s.) (1947), 661—671.

Dines L.L., On a Theorem of von Neumann, Proc. Nat. Acad.
Sci. U. S. A. 33 (1947), 329—331.

Dorfman R, Application of the Simplex Method to a Game
Theory Problem, Activity Analysis of Production and Allocation,
Cowles Commission for Research in Economics, Monograph 13,
John Wiley & Sons, Inc., New York (1951), 348-—358.
Dresher M., Methods of Solution in Game Theory, Econo-
metrica 18 (1950), 179—181.

Dresher M., Games of Strategy, Math. Mag. 25 (1951), 93—99.
Dresher M., Karlin S., Solutions of Convex Games as
Fixed-points, Contribs. to the Theory of Games-II, Ann. Math,
Study 28, Princeton Univ. Press, Princeton, M 5, 75—86.
Dresher M.,, Karlin S., Shapley L. S., Polyno-
mial Games, Contribs. to the Theory of Games, ed. H. W. Kuhn,
A. W. Tucker, Ann. Math. Study 24, Princeton Univ. Press,
Princeton, N. J., 1950.

Dvoretzky A.,, Wald A, Wolfowitz J., Elimi-
nation of Randomization in Gertain Problems of Statistics and
gééhez’ggeoryof Games, Proc. Nat. Acad. Sci. U. S. A. 36 (1950),
Fisher R, A., Randomization and an Old Enigma of Card
Play, Math. Gaz. 18 (1934), 294—297.

Friedman M., Sav age L.J., The Utility Analysis of
Choices Involving Risk, J. Political Economy 56 (1948), 279—304.
Gale D.,, Kuhn H. W, Tucker A. W., On Symmetric
Games, Contribs. to,the Theory of Games, ed H. W. Kuhn,
A. W. Tucker, Ann. Math. Study 24, Princeton Univ. Press,
Princeton, N. J. 1950, 81—87.

Gale D.,, Kuhn H. W., Tucker A. W., Reductions of
Game Matrices, Contribs. to the Theory of Games, ed. H. W.Kuhn,
A. W. Tucker, Ann. Math. Study 24, Princeton Univ. Press,
Princeton, N. J. (1950), 89—96.

Gale D.,, Kuhn H. W.,, Tucker A. W., Linear Prog-
ramming and the Theory of Games, Activity Analysis of Pro-
duction and Allocation, Cowles Commission for Research in
Economics, Monograph 13, John Wiley & Sons, Inc., New York
(1951), 317—329. .

Gale D, Sherman S., Solutions of Finite Two-person
Games, Contribs. to the Theory of Games, ed H. W. Kuhn,
A. W. Tucker, Ann. Math. Study 24, Princeton Univ. Press,
Princeton, N. J. (1950), 37—49.

Gale D.,, Stewart F. M., Infinite Games with Perfect
Information, Contribs. to the Theory of Games-11, ed H. W. Kuhn
and A. W. Tucker, Ann. Math. Study 28, Princeton Univ. Press,
Princeton, N. J. (1953), 245—266.

Gillies D., Inflated and Bargaining Solutions to the (n, k)-
games, Contribs. to the Theory of Games-II, ed H. W. Kuhn and




45.

46.
47.

48.
49.
50.

51.
52.

53.
54.
55.
56.

57.

58.

59.

60.
61.

62.

JUTEPATYPA 411

A. W. Tucker, Ann. Math. Study 28, Princeton Univ. Press,

Princeton, N. J.

Gillies D, Mayberry J.,, Neumann J. von,

Two Variants of Poker, Contribs. to the Theory of Games-II,

ed. H. W. Kuhn and A. W. Tucker, Ann. Math. Study 28, Prin-

ceton Univ. Press, Princeton, N. J

Fnesepman M. E.,, Momrparmn J.C., Tepecese-

Hua B MHOroo6pasuax, YMH 2:1 (17), (1947), 58—155.

Glicksbergl, Gross O., Notes on Games on the Unit

Square, Contribs. to the Theory of Games-11, ed. H. W. Kuhn and

A. W. Tucker, Ann. Math. Study 28, Princeton Univ. Press,

Princeton, N. J. (1953), 173—182.

Guilbaud G.T. La théorie des jeux — contributions criti-

ques 3 la théorie de la valeur, Econ. Appl. 2 (1949), 275—319.

Helmer O. Problems in Game Theory, Econometrica 20

(1952), 90. .

Hitchcecock F. L., The Distribution of a Product from

Several Sources to Numerous Localities, J. Math. and Phys.

20 (1941), 224—230.

Hurwicz L. The Theory of Economic Behavior, Amer.

Econ. Rev. 35 (1945), 909—925. :

Justman E. La théorie des jeux (Une nouvelle théorie de

é‘fguiéibre économique), Rev. d’Economie Politique 5—6 (1949),
—633.

Kakutani S., A Generalization of Brouwer’s Fixed-point

Theorem, Duke Math. J. 8 (1941), 457—459.

Kalmar L., Zur Theorie der abstrakten Spiele, Acta Szeged.

4 (1928—1929), 65—85.

Kaplansky I, A Contribution to von Neumann’s Theory

of Games, Ann, Math. 46 (1945), 474—479.

Karlin S., Operator Treatment of Minimax Principle,

Contribs. to the Theory of Games, ed. H. W. Kuhn, A. W. Tu-

cker, Ann. Math. Study 24, Princeton Univ. Press, Princeton,

N. J. (1950), 133—154.

Karlin S., The Theory of Infinite Games, Ann. Math. 58,

N 2 §1953), 371—401.

Karlin S., Reduction of Certrin Classes of Games to Integral

Equations, Contribs. to the Theory of Games-II, Ann. Math.

?ggdy 28, Princeton Univ. Press, Princeton, N. J. (1953), 125—

Karlin S., On a Class of Games, Contribs. to the Theory of

Games-II, Ann. Math. Study 28, Princeton Univ. Press, Prin-

ceton, N. J. (1953), 159—171.

Kaysen C., A Revolution in Economic Theory, Rev.

Econ. Studies 14, 1 (1946—1947), 1—15.

Krentel W.D, McKinsey J.C.C., Quine W.V,,

A Simplification of Games in Extensive Form, Duke Math. J.

18 (1951), 885—900.

Kuhn H. W., A. Simplified Two-person Poker, Contribs. to

the Thpoué,p_[l Games, ed. by H. W. Kuhn, A. W. Tucker, Ann.

Math. Study 24, Princeton Univ. Press, Princeton, N. J. (1950).



412 JUTEPATYPA

63. Kuhn H.W., Extensive Games, Proc. Nat. Acad. Sci., U. S. A.
36 (1950), 570-576.

64. Kuhn H. W., Extensive Games and the Problem of Informa-
tion, Contribs. to the Theory of Games-II, ed. H. W. Kuhp and
A. W. Tucker, Ann. Math. Study 28, Princeton Univ, Press,
Princeton, N. J. (1953), 193—2186.

65. Kuhn H.W.,, Tucker A, W., Preface, Contribs. to the
Theory of Games, ped. H. W. Kuhn, A. W. Tucker, Ann. Math.
Study 24, Princeton Univ. Press, Princeton, N. 7J. (1950).

66. Leunbach G., Theory of Games and Economic Behaviour,
Nord. tidskr. fér Tekn. okonomi 1—4 (1948), 175—178.

67. Loomis L. H. On a Theorem of von Neumann, Proc. Nat.
Acad. Sci- U. S. A. 32 (1946), 213—215.

68. MacDuffee C.C., The Theory of Matrices, Chelsea Pub-
lishing Company, New York, 1946.

69. Marschak "J., Neumann’s and Morgenstern’s New Appro-
ach to Static Economics, J. Political Economy 54 (1946), 97—115,

70. Marschak J., Rational Behavior. Uncertain Prospects, and
Measurable Utility, Econometrica 18 (1950), 111—141,

M. McDonald 7., Poker, An American Game, Fortune 37
(1948), 128—131, 181—187. ,
72. 1\% ¢ D1 oon ald J., The Theory of Strategy, Fortune 38 (1949),

100—110.

73.McDonald 7., Strategy in Poker, Business, and War.
W. W. Norton & Company. New York, 1950.

4. McKinsey J.C.C., Isomorphism of Games and Strategic
Equivalence, Contribs. to the Theory of Games, ed. H. W, Kuhn,
A. W. Tucker, Ann. Math, Study 24, Princeton Uniyv, Press,
Princeton, N. J. (1950), 117—130.

75. Mendez J., Progresosen la Teoria Econémica de la Conducta
Individual, Riv. Trimestial de Cultura Moderna, Univ. Nacional
de Colombia 7 (1946), 259—276.

76. Milnor J. W., Sums of Positional (zames, Contribs. to the
Theory of Games-II, Ann. Math, Study 28, Princeton Univ.,
Press, Princeton, N. J. (1953), 291—301.

77. Morgenstern 0., Demand Theory Reconsidered, Quart.
J. Econ. 62 (1948), 165—201.

7. Morgenstern 0., Oligopoly Monopolistic Compretition
agd tge Theory of Games, Proc. Amer. Econ. Rev. 38 (1948),
10—18.

79. Morgenstern O., Theorie des Spiels, Die Amer. Rundschau
5 (1949), 76—87.

8). Morgenstern 0., The Theory of Games, Sci. Amer. 180
(1949),” 2225,

8. Morgenstern 0., Die Theorie der Spiele und des Wirt-
schaftlichen Verhaltens, 1, Jahrb. Sozialwissenschaft 1
(1950), 113—139.

82. Morgenstern O., Economics and the Theory of Games,
Kyklos 3 (1949), 294308.

8. Motzkin T. S., Raiffa H., Thompson G. L.,
Thrall R. M., The,Double Description Method, Contribs.




84.
85.
86.
87.

88. N

89.

90.
91.

92.

93.
94.

95.

96.

97.
98.

99.

100.

101.

JHTEPATYPA 413

to the Theory of Games-1I, ed. H. W. Kuhn and A. W. Tucker,
Ann. Math. Study 28, Princeton Univ. Press, Princeton, N. J.
NashJ. F., Equilibrium Points in n-person Games, Proc.
Nat. Acad. Sci. U. S. A. 36 (1950), 48—49.

Nash J. F., The Bargaining Problem, Econometrica 18
(1950), 155—162. )

Nash J. F., Non-Cooperative Games, Ann. Math., 54 (1951),
286—295.

Nash J. F.,, Shapley L. S.,, A Simple Three-person
Poker Game, Contribs. to the Theory of Games,ed. H. W. Kuhn,
A. W. Tucker, Ann. Math. Study 24, Princeton Univ. Press,
Princeton, N. J. (1950).

eumann J. von, Zur Theorie der Gesellschaftsspiele,
Math. Ann. 100 (1928), 295—320.

Neumann J. von, Uberein §konomisches Gleichungssystem
und eine Verallgemeinerung des Browerschen Fixpunktsatzes,
Ergebn. math. Kolloquiums 8 (1937), 73—83.

Neumann J.von, A Model of General Economic Equi-
librium, Rev. Econ. Studies 13 (1945—1946), 1—9.
Neumann J. von, A Certain Zero-sum Two-person Game
Equivalent to the Optimal Assignment Problem, Contribs. to
the Theory of Games-II, ed. H. W. Kuhn and A. W. Tucker,
Ann. Math. Study 28, Princeton Univ. Press, Princeton, N. J.
(1953), 5—12. ’
Neumann J. von, Morgenstern O., Theory of
Games and Economic Behavior 2d ed., Princeton Univ. Press,
Princeton, N. J. (1947).

Paxson E.W., Recent Developments in the Mathematical
Theory of Games, Econometrica 17 (1949), 72—73.

Possel R.de, Surla théorie mathematique des jeux de hasard
et de reflexion, Actual. scient. et industr. 436, Hermann & Cie,
Paris, 1936.

Raiffa H., Arbitration Schemes for Generalized Two-person
Games, Contribs. to the Theory of Games-11, ed. H. W. Kuhn and
A. W. Tucker, Ann. Math. Study 28, Princeton Univ. Press,
Princeton, N. J. (1953), 361—387.

Robinson J., An Iterative Method of Solving a Game, Ann.
Math. 54 (1951), 296—301.

Ruist E., -Spelteori och ekonomiska problem, Econ. tidskr.
2 (1949), 112—117.

Shapley L.S., Quota Solutions of n-person Games, Contribs.
to the Theory of Games-II, Ann. Math. Study 28, Princeton
Univ. Press, Princeton, N. J. (1953), 343—359.

Shapley L. S., A Value for n-person Games, Contribs. to
the Theory of Games-II, Ann. Math. Study 28, Princeton Univ.
Press, Princeton, N. J. ((1953), 307—3117.

Shapley L.S., Information and the Formal Solution of
ggzny:r’l\'}lgved Games, Proc. Internat. Congr. Math. 1 (1950),
Shaplgx.L.S.,, Snow R. N., Basic Solutions of Discrete
Games, Contribs. to the Theory of Games, ed H. W. Kuhn,



414 JUTEPATYPA

A. W. Tucker, Ann. Math. Study 24, Princeton Univ. Press,
" Princeton, N. J. (1950), 27—35.

102. Sherman S., Games and Sub-games, Proc. Amer. Math.
Soc. 2 (1951), 186—187.

103. Shiffman M., Games of Timing, Contribs. to the Theory of
Games-II, Ann. Math. Study 28, Princeton Univ. Press, Prin-
ceton, N. J. (1953), 97—123.

104. Singer K., Robot Economics, Econ. Rec. 25 (1949), 48—173.

105. Stone R., The Theory of Games, Economic Journal, 58
(1948), 185—201.

106. Thom pson G. L., Signaling Strategies in n-person Games,
Contribs. to the Theory of Games-II, Ann. Matﬁ. Study 28,
Princeton Univ. Press, Princeton, N. J., 267—277.

107. Thompson C. L., Bridge and Signaling, Contribs. to the
Theory of Games-II, Ann. Math. -Study 28, Princeton Univ.
Priss, Princeton, N. J.

108. Tukey J. W., A Problem in Strategy, Econometrica 17
(1949), 73.

109. Ville J., Sur la théorie générale des jeux o intervient
I’habilité des joueurs, Traité du calcul des probabilités et de ses
applications, par E. Borel 4, 2, Gauthier-Villars & Cie, Paris
(1938), 105—113.

110. Wald A., Uber die eindeutige positive Losbarkeit der neuen
Produktionsgleichungen, Ergebn. math. Kolloquiums 6 (1935),
12—20 (c mo6aBinenneM K. Menrepa).

111. Wald A., Uber die Produktionsgleichungen der 6koromischen
Wertlehre: I1. Mitteilung, Ergebn. math. Kolloquiums 7 (1936),
1—6.

112. Wald A., Uber einige Gleichungssysteme der mathematischen
Okonomie, Z. Nationalokonomie 7 (1936), 637—670.

113. Wald A., Generalization of a Theorem by von Neumann Concer-
ning Zero-sum Two-person Games, Ann. Math. 46 (1945), 281—286.

114. W ald A., Statistical Decision Functiens which Minimize the
Maximum Risk, Ann. Math. 46 (1945), 265—280.

115. Wald A., Foundation of a General Theory of Sequential De-
cision Functions, Econometrica 15 (1947), 279—313.

116. Wald A., Statistical Decision Functions, Ann. Math. Stati-
stics 20 (1949), 165—205.

117. Wald A., Statistical Decision Functions, John Wiley & Sons,
Inc., New York, 1950, 179. .

118. Wald A, Wolfowitz J., Bayes Solutions of Sequential
Decision Problems, Proc. Nat. Acad. Sci. U. S. A. 35 (1949),
99—102. . :

119. Wald A, Wolfowitz J., Bayes Solutions of Sequenti-
al Decision Problems, Ann. Math. Statistics 21 (1950), 82—99.

120. Wald A., Wolfowitz J., Two Methods of Randomization
in Statistics and Theory of Games, Ann. Math. 53 (1951),581—586.

121. We yl H., Elementare Theorie der konvexen Polyeder, Com-
ment. math. Helv. 7 (1934—1935), 290—306.

122, Weyl H., Elementary Proof of a Minimax Theorem Due to
von Neumann, Contribs. to the Theory of Games, ed. H. W. Kuhn,

..



123.
124.

125.
126.
127.
128.
129.

130.
131.
132.
133.
134.

135.

136.

137.

138.
139.
140.

141.
142.

IOOIMOJIHUTEJIBHBIN CIIHCOK JHUTEPATYPHI 415

A. W. Tucker, Ann. Math. Study 24, Princeton Univ. Press,
Princeton, N. J. (1950), 19—25.

Widder D. V., The Laplace Transform, Princeton Univ.
Press, Princeton, N. J., 1941,

Widder D. V., Advanced Calculus, Prentice-Hall, Inc.,
New York, 1947.

[ononAnTenbHbI CONCOR JUTEpaTypHl

Bellman R. On the Theory of Dynamic Programming,
Proc. Nat. Acad. Sci. U. S. A. 38 (1952) (a), 716—719.
Bellman R., On Games Involving Bluffing. Rend. Circ.
Math. Palermo, Series 2, 1 (1952) (b), 139—156.

Berge C., Sur une théorie ensembliste des jeux alternatifs,
J. Math. pures et Appl. 32 (1953) (a), 129—184.

Berge C.,, Schiitzenberger M. P., Jeux de Nim et
solutions, C. R. Acad. sci. 242, No 13 (1956), 1672—1674.
Berge C., Le probleme du gain dans la théorie généralisde
des jeux sans informations, Bull. Soc. Math. France 81, N 1
(1953), 1—8.

Bernard J., The Theory of Games of Strategy as a Modern
Sooiolo%y of Conflict, Amer. J. Sociology 59 81954), 411—424,
Birch B.J., On Games with Almost Complete Information,
Proc. Cambridge Philos. Soc. 51 (1955), 275—287.
Blackwell D., An Analogue of the Minimax Theorem for
Vector Payoffs, Pacif. J. Math. 6 (1956) (a), 1—S8.
Blackwell D., Girshick M. A., Theory of Games and
Statistical Decisions, John Wiley & Sons, New York, 1954.
Bott R., Symmetric Solutions to Majority Games, Contribs.
to the Theory of Games-II, ed. H. W. Kuhn and A. W. Tucker,
Ann. Math. Study 28, Princeton Univ. Press, Princeton, N. J.,
1953, 319—323.

Burger E.,Zur Theorie der kooperativen Zweipersonenspiele,
Arch. Math. 7, 2 (1956), 143—147.

Burger E., Spieltheoretische Behandlung eines Reklampro-
blems (Variante eines Spielmodells von Gillman), Mitt. Math.
Statist. 6 (1954), 39—52.

Charnes A, Cooper W.W,, Henderson A, An
Introduction to Linear Programming, John Wiley &.-Sons, New
York, 1953.

Charnes A., Constrained Games and Linear Programming,
Proc. Nat. Acad. Sci. U. S. A. 39, \¢ 7 (1953), 639—641.
Choquet G., Sur le théoréme des points—selle de la théorie
des jeux, Bull. sci. math. 79 (1955), mars — avril, 48—53.
Churchman C.W., Ackoff R.L.,, Arnoff E.L,,
Introduction to Operations Research, John Wiley & Sons,
New York, 1957.

Danskin J.M.,, Gillman L., A Game over Functions
Space, Riv. mat. Univ. Parme 4, N¢ 1—2 (1953).

D a n t z i-g.{. B., Constructive Proof of the Minimax Theorem,
Pacif. J. Math. 6 (1956), 25—33.



416
143,

144,

145.

146.

147.

148.

149,

150.
151.

152.

153.
154.

155.

156.
157.
158.

159. K

160.

161.

162.

JOIIOJIHUTEJIbHBI CIUCOK JINTEPATYPH]

Doob J.Z., Stohastic Processes, John Wiley & Sons, New
York, 1953.
Dulmage L., Halperin I., On a Theorem of Frobeni-
us—Konig J. von Neumann’s Game of Hide and Seek, Frans. Roy.
Soc. Canado, Sec. 3, 49 (1955), June, 23—29.
Fleming W.H., On aClass of Games over Function Space
gx;g Rselzted Variational Problems, Ann. Math. 60, N 3 (1954),
—594.
Gale D., A Theory of n-Person Games with Perfect Informa-
tion, Proc. Nat. Acad. Sci. U. S. A. 39 (1953), 496—501.
Gillies D. B., Discriminatory and Bargaining Solutions to
a Class of Symmetric p-Person Games, Contribs. to the Theory of
Games-II, ed. H. W. Kuhn and A. W. Tucker, Ann. Math. Study
28, Princeton -Univ. Press, Princeton, N. J. (1953).
Gillies D.B.,, Rubin H., A Bayes Approach to a Quali-
ty Control Model, Ann. Math. Statistics 23 (1952), 114—125.
Glicksberg J.,, Gross O., Notes on Games over the
Square, Decision processes, ed. R. M. Thrall, C. H. Combs and
R. L. Davis, Wiley, New York (1953), 173—184.
Glicksberg J., A Derivative Test for Finite Solutions
of Games, Proc. Amer. Math. Soc. 4, 6 (1953), 895—897.
Goldman A.J.,, Tucker A. W., Theory of Linear
Programming, Contribs. to the Theory of Games, ed. H. W. Kuhn
and A. W. Tucker, Ann. Math. Study (1956) (b), 53—97.
Hannan J. F, Robbins H. E., Asymptotic of the
Compound Decision Problem for two Completely Specified Dis-
tributions, Ann. Math. Statistics 26 (1955), 37—57.
Hausner M., Multidimensional utilities, in Thrall, Coombs,
Davis 1954, ctp. 167—180. .
Hodges J.L.Jr.,, Lehmann E.L., The Uses of Provi-
ous Experience in Reaching Statistical Decisions, Ann. Math.
Statistics 23 (1952), 396—407.
Inada, Ken-ichi, Elementary Proofs:f Some Theorems about
the Social Welfare ,Function, Ann. Ins. Statist. Math. 6 (1954),
115—122.
Isaacs R., ACard Game with Bluffing, Amer. Math. Month-
ly 62, Nz 2 (1955), 99—108.
Isbell J. R., A Class of Game Solutions, Proc. Amer. Math.
Soc. 6 (1955), 346—348.
Keeping E.S., Statistical Decisions, Amer. Math. Monthly
63 (1956), 147—159.
uhn H. W., On Certain Convax Polyhedra, Bull. Amer.
Math. Soc. 61 (1955) (abstract 799), 557.
Kuhn H. W, Tucker A. W., editors. Contributions to
the Theory of Games-1I, Ann. Math. Studies 28, Princeton Univ.
Press, Princeton, 1953.
Kuhn H. W,, Tucker A. W., Linear Inequalities and
Related Systems, Ann. Math. Studies 38, Princeton Univ.
Press, Princeton (i956) &ll)).
Laderman J., On the Asymptotic Behaviour of Decision
Procedures, Ann. Math. Statistics 26 (1955), 551—575.



163

164.
165.
166.

167.
168.

169.
170.
171.

172.
173.

174,
175.

176.
177.
178.

179.
180.
181.
182.
183.

184.
185.

OONOJHUTENBHBIN CIIACOK JIXNTEPATYPEI 417

.Lehmann E. L., On the Existence of Least Favorable
Distributions, Ann. Math. Statistics 23 (1952), 408—416.
Luce R. D., A Definition of Stability for n-person Games,
Ann. Math. 59 (1954), 357—366.

Luce R. D., k-Stability of Symmetric and of Quota Games,
Ann. Math. 62 (1955) (b), 517—527.

Luce R.D., Tucker A. W, Contributions to the Theory
of Games, 4, Ann. Math. Studies, 1958.

Luce R. D, Raiffa H. Games and Decision, 1957.
May K. O., Intransitivity, Utility and the Aggregation of
Preference Patterns, Econometrica 22 (1954), 1—13.
McKinsey J.C.C., Some Notions and Problems in Game
Theory, Bull. Amer. Math. Soc. 58 (1952) (b), 591—611.
Mises R., UberdieJ. von Neumannsche Theorie der Spiele,
Moth. Nachr. 9, Mo 6 (1953), 363—378.

Milnor J. W., Games Against Nature, Contribs. to the Theo-
ry of Games-II, ed H. W. Kuhn and A. W. Tucker, Ann. Math.
Study M 28, Princeton Univ. Press, Princeton, N. J. (1953).
Molls W.H., The Four Person Games-Edge of the Cube, Ann.
Math. 59 (1954), 367—378.

Motzkin G. S, Raiffa H, Thompson G. L.,
Thrall R. M., The Double Description Method, Decision
processes, ed R. M. Thrall, C. H. Combs and R. L. Davis, Wiley,
New York, 1953, 51—73.

Nash J., Two-person Cooperative Games, Econometrica 21
(1953), 128—140.

Norman R. Z., On the Convex Polyhedra of the Symmetric
Traveling Salesman Problem, Bull. Amer. Math. Soc. 61 (1955)
(abstract 804), 559.

Nikaido H.,, Isoda Kazuo, Note on Noncooperative
Convex Games, Pacif. J. Math. 5, Suppl. Ne 1 (1955), 807—815.
Otter R.,, Dunne J.J., Games with Equilibrium Points,
Proc. Nat. Acad. Sci. U. S. A. 39 (1953), 310—314.
Richardson M., Extension Theorems for Solutions of
Irreflexive Relations, Proc. Nat. Acad. Sci. U. S. A. 39 (1953)
(a), 649—655.

Richardson, Solutions of Irreflexive - Relations, Ann.
Math. 58 (1958) (b), 573—590.

Richardson, Relativization and Extension of Solutions
of Irreflexive Relations, Pacif. J. Math. 5 (1955), 551—0584.
Richardson, On finite Projective Games, Proc. Amer.
Math. Soc. 7 (1956), 458—465. :

Savage L.J., The Foundations of Statistics, Johns Wiley &
Sons, New York, and Chapman & Hall, London, 1954.
Shapley L.S. Additive and Non-Additive Set Functions,
Pi};) D. thesis, Departament of Mathematics, Princeton Univ.
(1953) (c).

Shapley, Stochastic Games, Proc. Nat. Acad. Sci. U. S. A.
39 (1953) (d), 1095—1100.

Thrall R.M, Coombs C.H.,Davis R.L., editors,
Decision Processes. John Wiley & Sons, New York, 1954.



418

186.
187.

188.

189.

190.
191.

192.
193.
194.
195.
196.

197.

198.

199.

200.

201.

202.

203.

204.

205.

206.
207.

JINTEPATYPA HA PYCCKOM SISHIKE

Vajda S., Theory of Games and Linear Programming, John
Wiley & Sons, New York, 1956.

Weiter C.P., The Theory of a Class of Games on a Se uence
of Squares, in Terms of the Advancing Operation in a Special
?912)“1)2'00 roc. Koninkl. nederl, Akad. wet. ASF, No 2 (1954),
Williams J. D., The Complent Strategist Being a Primer on
the Games of Strategy, McGrow-Hill Book Co, New York, 1954.

JluTeparypa Ha pyccroM AzbIKe

Bermrneas E. C.,, Teopusa BepoaTrHOcTe#, M., 1958.
Bentgens E.C., 9aements Teopum urp, M., 1959,
Bopo6besn, H. H., Penyuuposaunune CTpaTerdu Ajig Urp
B o6obmennoii popme, TAH 115, No 5 (1957), 855—857.
Bopo6ubes H. H., CuTyanmm pasnoBecHs B GuMATPATHEIX
urpax, Teopus BeposarnocTeli n ee mpmmenenme ITI, N 3 (1958).
Bopo6bes H.H., Koneunte GeckoalnunonHbe urps, YMH
14 : 4 (88) (1959).

IFT'masenxo B. U., Usrerpar Crmirseca, M.—JI., 1936.
'menesro B. B.,, Kypc Teopun BeposaTHOcTelt, M., 1954.
3 e M 6 a, HempepuiBHLIE ATPH ¢ 1OJHOM mapopmanmeit, Biomra.
HNonsckot AH, Ota. 3, Ne 10 (1955), 509—511.
Kauntoposmua JI. B., MaremaTuueckne MeTOIK OpraHmsa-
oM M HI3HADOBAaHAA NpPOH3BOAcTBA. M3n. Jlemmmrp. ywu-Ta,
Jlenmarpan, 1939.

Kanroposmw J. B, Tasypur M. K., ITpo6irema
HoBLIIeHNA appexraBHOCcTH Tpamcmopra, C6opumk, May. AH
CCCP, 1949, ctp. 110—138.

Kamroposmu JI. B., danraxmxmep B. A., Pacuer
PanmoHABLNOr0 PacKpod MPOMBIIITeHHLIX MaTepHuanos, Jlennaaar,
1951.

Raumrtoposmwa JI. B.,, O meronax amaimsa HeKOTODHIX
9KCTPEMANbHBIX IIIAHOBO-IPOM3BONCTBeHHRIX 3ajad, JMAH 115
(Ne 3) (1957). !

JIHHelinbie HepaBeHCTBA H CMEMKHHE BONMpPOcH, C6. mepeB. IOR
pen. HRauroposmaa m Hosommiosa, WNJI, 1959.

Mansnges A. U., OcuoBu xanmmeitnoit anreGpsr, M., 1948.
Momansckwit An, B3em6b6a A.,, O GecKOHeTHLIX HIpaX,
Boxx. [onsckoit AH, Ota. 3, 3, Me 3 (1955), 135—138.
Py6uuamreitn I'. IIl., 3agaua o kpaiineii Touke mepeceve-
HHUA OCA ¢ OrpaBMYeHHHM BBUIYKIEIM MHOTOrpaHamioM, JAH
100 (N 4) (1955).

Py6omuamreiin I. II., O6o6menme 3amau;m o KpaiiHeil
TOYKe IEePeceYeHNs OCH ¢ OrpaHWmYeHHEIM BHIOYKILIM MHOTOTDaH-
maxom, HTAH 113 (N2 5) (1957).

®uaxrenroasy I'. M., Kypc nupdepermuanpHoro m muTe-
rpajasHOro mcumcienms, t. III, M., 1949,

Ilnunos I. E., Bsemennme B TeopHio AHHEHHHX IPOCTPAHCTB,
M., 1952.




IPEAMETHBIN YKA3ATEJ/Ib

BuGop 15

— OOTHMAaJbHEA 28

BHIOyKIag Aufeitnas KOMOMHALUA
TOYeK ¢ BecaMu 41

— — — ¢yuxoui ¢ Becamu 255

— o6omouKka MHOKecTBa 42, 257

T'moepmiockocTh
En
I'panmna muoskecrBa 40

(mpocTpaHcTBa

HMensra-cnmBons Kpouexepa ()
46

Hepeso 122
Hosoxg or nHesnamma 321

EBKinmoBo n-MepHOe mNpocTpaH-
ctBo E, 38

Hrpa 14

— OGecxomewnas 17, 165

— B HOpMaJbHOI (opme 117

— — TpHBefeHHOH ¢opMe 359,
9

— — pasBepHyTOii Popme 118

— wxomewnag 17, 117, 141, 387

-— KOOHepaTWBHAA  (HeKoomepa-
TuBHAA) 405

— HenpepHBHag 166

— HecyllecTBeHHasa 362, 392

— n amn 344, 368, 405

— — — ¢ HyIeBO# cyMmMoii 344

—, NpOBOIHEMAsA Ha NPOCTPAHCTBE
¢ynrumit 401

— nmpamoyronenaa 11, 17, 20,
69, 77, 345

— —, pemenue 77

— —, —, Tpadmaeckmit Merop 69

— — € CelJOBHMH TOYKaMu 20

— paspenaMas (IOMEHOMAATbLHAS)
250

— cereBasg 107

— ¢ HAeaJbHON maMATbIO 158
— cEMMeTpHuHas 367

— C HeHylIeBO#l CymMoii 386, 405

Urpa ¢ mynesoit cymmoir 16, 148
—- — orpasmuennamMu 290
— 4_8 noanodl madopmanmeir 124,

— — OOCTOAHHOM cymmoir 391

— cymecTBeHHas 362, 392

— — ompefielennasg 363

Wrps usoMoppume 377

-, cgpaTemqecKn SKBUBAJICHTHEHIE
35

— S-9KBHBaJeHTHHe 358

Unterpan Crmarbeca 190, 193

Hcxox wurpm 369, 392

HKanonmaeckoe TpeAcTaBlIeHAe
(xaHonnveckas ¢opma) Qymk-
man 273

Huacc D Beex cTymenuarsx dynx-
umit ¢ n crynesamm 187

Ronrponr xagectsa 316

JlarmBcKmii KBajgpat 75
Jluneiinoe mporpaMmMupoBande 332

MaxcaMyMm Muo;ectBa 30

MaremaTuueckoe OmgaHde BH-
urpsiua 34, 193, 209, 251, 254

Matpuua xococumMerpudeckas 74

— ofparHag 82

— miIarexksHas 18

— mupucoennnennas (adj A) 82

—,cBoiicTBa 80

Meron oroGpaskenna- 250

— TOpAGIMKEHHOTO ONpe/eleHus
IeHsl ATpH 109

MuomecrBo 38—41, 372

— A @cxofoB mrpu n amn (pe-
mcHue) 376

— nndopmannonnoe 125

~— peuicHA# NPAMOYTOIBLHON HI-
pe 77

— T; (I') onmTmMaxeHHX cTpare-
raii urpoka P; 77 -

— 8KcTpeManbHoe K (X) 45

Mopyne ¢yaxnumn 392



420 IIPENAMETHBIA VKABATEJID

Hwxuaa rpaamma MuomecrBa 29

— — — TOYHAA (HM/KHAA IPaHb)
29

HopManusaumsa 117

O6pa3 Toukm 260

MMapraa 14

— C HYJIeBO#l cymmoii 16

ITogmaTpuna 83

HonmuomecTBO xapakTepmoe 353

Ilongpastnenne 195

Monynpoctpancrsa, coorsercrny-
&nme JaHHOM TANepIIOCKOCTH

[Ipoussognas $ynkumm B TouKe
ciesa (cmpasa) 205

Ipoctpancteo U 252

— W 253

Ilcesgourpur 403

Paccrosnme Mesxgy Toukamm u3
E,
Pacﬁmp.exme -9lIeMeHTa & Ha i-M
MecTe 64
Pemenne urpmu 37, 69, 77, 86, 211,
221, 287, 290, 368, 373, 376, 392

CoorserctBEe TOwkm u W3 mpo-
crparctBa U m $ysxuumm pac-
npefenenns F 253

Cooznomelme mpeBocxofcTBa 61,

— — JJA CMeHIAHHHIX CTPaTermi
104

— NpefUNOYTeHHA HCXOHOB (>)
1

- — -— 1O OTHOMEHHI0O K HEKO-
TOpOMY IOAMHOKECTBY nI‘pOROB
T (>) 370

T

CrpaTernn 5KBHBaJeHTHEHIE 252
Crparerusa 118, 142

— Hamayaman 104

— ONTAMAJIbHASA, cBocTBa 52, 22 1
— moBefiennsa 158

— — onrtmManesHaa 160

— cMemanHag 33, 36

— — omruMaibHas 37, 211

— ugmcraa 37

Teopema mia HempepHBHEIX HID
ocHosHag 209, 213

— O MuHHMakKce 33, 49

— @penxens 43

Teopnsa ¢on Heiimana m Mopren-
mTepHa 386

Toura KpuTHYeckas mepBas (BTO-
pas) 276

— mnpefensHag 39

— pasHOBecusa 150

— pasbmenna 195

— cemuoBasg 24

— — cTparermdeckas 37

— duxcupoBannas 261, 271

Ycedenne Mrpe ¢ MOXHONE MHPOD-
Manmen 151
—_cTparernz 153

®opma mpusefieHnas 356

QYBEKIEA XapaKTepuCTHIECKHe S -
9KBHBalleHTHEEe 358, 391

Qyrknna Bospactaiomas 177

— BHOyKIag 295, 297

— — ctporo 295, 298

— HeIpepHBHag cupaBa (clIeBa)
B TOouKe 179

— Hey6mBawomas 176

— IIaTe)XHag nmapTum 148

— — cTpaterun 148

— pacmpefieJiennsa (HHTerpalb-
masg) 174, 176, 180

— — Ha IpocTpaHcTBe (QYyHKUMI
0

— —, cBoiictBa 180
— CTyneHYarag ¢ »n CTyOEHAMH
187

— XapaKTrepuctadecKasa 345, 348,
386, 388

— — B NpuBeleHHOI fopMe ¢ MO-
ayiem (y) 359

Xon 14
— cayuvaissi 130

Iena wrpm 28, 37 170, 210
— HeNpepmBHON urpm 209

YactoTa ontuManbHaa 36






