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IIpenucaoBue

3ech mpencTaBien 6a30BbIit Kype Jexunii "Teopust urp", KOTopbIit unuTascs aB-
TOPOM J1JIsT cTyIeHTOB 1-To Toga maructparypsl POII B 1993-2001 rr. Kypc pac-
cunTaH Ha 28 Jekiwit (xoTst (hopMabHO B KHUTE MaTepuaJl pasouT Ha 24 Jeximm).
BaHaTus ObLIN MOCTPOEHBI CEAYIONUM 00pa30oM: exKeHeIeIbHO UNTATUCH JIBe JIeK-
IIUH, TIPOBOJIMJICS CEeMWHAP, MaBaJoCch 3aJaire Ha JOM, KOTOpoe MPOBEPAIOCch 1
OTICHUBAJIOCH accucTeHToM. [loce Kaxkabrx 14 JeKiuit mMpoBOINJICS SK3aMeH.

Kax m3BecTHO, TEOPETUKO-UTPOBOI TIOJXOJ cefiTac MPOYHO BOIIEJ B apceHal
METOJIOB HKOHOMUUIECKOTO aHajm3a. OCoOEHHO 9TO KacaeTCsh MUKPOIKOHOMUKH.
Bee cranmaprhbie yuaebHnkn mo mukposkonomuke (Mackoseit u ap., Kpene, [Tun-
naiik u Py6enderb1) BKIOIAIOT TIaBBI, TOCBsIIEHHbIe Teopul urp. CobCTBEHHO,
OCHOBOTIOJIOZKHUKY Teopun Urp - ¢hor Heitman u Mopremurreps - passuBaiu (BBO-
JTAJTN, TIOHUMAJIH) 9Ty TEOPHIO KaK aJIeKBaTHBINA (hOPMasbHbIN armapar Jjist u3y-
YeHUsT SKOHOMUUIECKOro moBejieHnst. B akagemudeckoit mporpamme POIIl Teopus
UTD BBIjIeJiena KakK OTIeTbLHBIN KypC.

XOTs Ha PYCCKOM sI3bIKE NMeeTCsl JOBOJTHLHO MHOTO KHUT, TTOCBATIEHHBIX TEOPUN
WTD, TIOIXOJISIIET0 TIOCOOUsST MHE HAWTH He yIaaoch (0 PeKOMeHIyeMoil iurepaTy-
pe Oyner ckazaHo HuKe). Bee-takum 6osbIast 4acTh yIeOHUKOB Ha PYCCKOM SI3bIKE
MOCBSATIEHA UTPaM ¢ HYJEBOH CYMMON W B JIyUIIeM CIydae 3aKaHIuBaeTCsa PaB-
HoBecusaMmu Hama. Jlanbueiimne pa3paboTku MOHATHsS paBHOBecus Haima, Takue
KaK COBEpINEeHHbIEC U KOPPEJIUPOBAHHBIC PABHOBECHsI, UTPHI ¢ HEMTOJHON nH(pOpMa-
eit, He HAIIA COOTBETCTBYIOIIETO OCBEIEeHUsI. A OHU WTPAIOT BaXkHYIO POJIb B
SKOHOMUIECKNX TTPUIOKEHUIX.

CkakeM KpaTKo O CTPYKType Kypca. IlepBbie 4 JeKIUM TOCBAIIEHBI KaK Obl
ocHoBanusAM. HopMmasabHas m paszsepHyTas (OPMBI UTPHI U MEPEXO], OT OJHON K
JPYroii, TOHATHE BEPOATHOCTHBIX CMecei (CTpaTeH/H‘/’I u I/ICXO,D;OB), TeOpUsd OXKUa-
eMoli mojilesHocT. HaunHuas ¢ msiToil JIeKIIMM Mbl TIEPEXOINM K OCHOBHOM 3ajatue
- YTO OYJIyT JeJaTh UTPOKHU, TO €CTh K MOHATHUIO pelieHusd. Mbl paccMaTpuBaeM
MOCJIeIOBATE/ILHO HECKOJIBKO MOHATHH - OCTOPOXKHOE MOBEJICHUE, TOMUHUPYIOTIINE
CTpaTeTny, MOCaeIOBATeIbHOE NCKIIOUeHe JOMUHUPYEMBIX cTpaTeruit. Bermom
SABJIAETCS TOHATHE paBHOBecUs H31a, pa3subiM CTOPOHAM KOTOPOTO TIOCBSIIEHBI
nexmyn 9-12. 3aTeM MBI paccMaTpHUBaeM HEKOTOPbIE YCUJIEHWsT ¥ MOIU(DUKAIIH
pasHoBecuit Hala - moHsiTUsi cOBEpIeHHBIX (B TOM WJIM WHOM CMBIC/IE) PaBHOBE-
cuil, KOppeanpoBaHNble PaBHOBECHS, TIOBTOPSIONNECT UTPHl W UTPHI ¢ HETIOJTHON
nngopmanueir. Ha sTom 3akaHuMBaeTCsA HEKOOTEpaTHBHAasS YacTh Teopuu. JIek-
nus 19 (3a7aua TOpra) CJIyKHUT TEPexXOJHbIM MOCTHKOM YK€ K KOOTEPATHBHOM



wqactu Teopun (yektun 20-23). Ocoboe BHUMAHUE 3/1€Ch Mbl yeJseM MOHITUHM
sgapa u BekTopa Illemaun; Apyrue MOHATHSA pelleHus YIOMSHYTHI JUITb BCKOJIb3b.
BakaiounTeabHas JIEKINSI O MeXaHn3MaxX I'PYIIIOBOTO BLIOOPA MOMKET PacCMaTpy-
BaThCsl KaK BBEJEHHE B TEOPHUIO KOHCTPYUPOBAHUSA SKOHOMUYECKNX MEXaHU3MOB
(mechanism design).

DT JIEKIUHU aIPEeCOBAJINCH SKOHOMUCTAM: U sI CTAPAJICS UJLTIOCTPUPOBATH T10-
JIOXKEHU$T TEOPUU Ha SKOHOMUYIECKUX TTpUMepax. TeM He MeHee CTUIb 3/1eCh CKopee
TeopeTuUuecKuit n MartemMaTuueckuii. OCHOBHOE BHUMAHNE B HUX YIEJSLIOCH OOTh-
1le KOHIIEIIUAM U NPUHITUIAM, HEeXKeJ TPUMEHEHUSIM K SKOHOMUYECKUM MOJIe-
nsiM. Bee-takn s1o seknun mo TEOPUN urp; npumenenune Teopun urp K 3KOHO-
MHUKe MOTJIO ObI OBITH ITPeIMETOM OTIAEJILHOIO KYpCa.

Bonee menkum mipudgroMm HabpaH MaTrepua, KOTOPhI MOYKHO MPOIYCTUTH MPU
IIePBOM UTEHUH.

O snureparype, KOTOpasi MOXKET OKa3aThCsI TOJIE3HON TPH U3y YEHUH STOTO KyP-
ca. bamke Bcero K HeMy HaXOIUTCS KHUTA,

R.B.Myerson, Game Theory: Analysis of Conflict. Harvard University Press,
Cambridge, London, England, 1991.

QaKTUIECKN BCE TEMbI, OCBEIaeMble B JJAHHOM Kypce, MOXKHO HalTH B 9TOI
kuure. KpoMme Bcero, aTa KHUTa UMEETCsl B JTOCTATOYHOM UHCJIE SK3EMILISIPOB B

onoamnorexke PIIII.

YyTh B MEHBIIEH CTENEeHN CKa3aHHOe OTHOCUTCA U K yUCOHUKY

A .Mas-Colell, M.Whinston, J.Green, Microeconomic Theory, Oxford University
Press, New-York, 1995.

DopMaIbHO TTOCBANICHHAS MIKPOIKOHOMUKE, OHA COJCPKUT HECKOILKO TJIaB, TIe
JIOBOJIBHO TIOJTHO OCBEHIACTCS TEOPHA WP, BKJIOYAs MOHATHE CEKBEHIMAJILHOTO
paBHOBeCUs. AHAJIOTHUHYIO CTPYKTYPY (J1aske ¢ erie GOIbITM aKIEeHTOM Ha Teo-
PUIO UTD) UMeeT KHUTA

D.M.Kreps, A Course in Microeconomic Theory, Princeton University Press,
1990,
OJTHAKO $1 He PEIucs Obl PEKOMEHI0BATh ee JJIsI TEPBOr0 UTEHNsI.

OueHb MHTEPECHO HAMMCAHA KHUTA

K.Binmore, Fun and Games, Heath and Company, Lexington, 1992.

B neit HeT dyHIaAMEHTATIHLHOTO M3JI0XKEHNST TEOPUH, HO ¢ MIyTKAMU U TpUOAyTKa-
MHI aBTOP PacCKa3bIBaeT MPO JTOBOJLHO TOHKME Bellld THIa OOIIero 3HaHWSA WJIN
AyKIIMOHOB.



Haxkomerl, cTOUT OTMETUTE JBe€ KHUTH, B KOTOPBIX MMEETCS MHOTO 9KOHOMUUE-
CKHUX TIPUMEPOB. DTO

R.Gibbins, Game Theory for Applied Economists, Princeton University Press,
Princeton, 1992,

1 UMEIOIIAsICST Ha, PYCCKOM SI3bIKe KHUTA,
P.C.ITunnaiik, J1.JI.Pyoundensa, Muxposxonomuxa, deno, Mocksa, 2000.

Kax y»e ToBOpPHUJIOCH, TJIaBHbIE NMPUMEHEHUs B MUKPOIKOHOMUKE HUCIIOTH3Y-
10T HEKOOTIEPATUBIHYIO Teopuio UTp. [1ouTn yHuKaIbLuoi sSBIgeTcs Mo3TOMY KHUTA
9.Myunena, mocBsIeHHAs TTPUMEHEHIIO KOOTIEPATHBHOM TEOPUH K MUKPOIKOHOMHU-
Ke:

H.Moulin, Cooperative Microeconomics: A Game-Theoretic Introduction, Prentice
Hall, London, 1995.

s HMEIOINXCA Ha PYCCKOM fA3BbIKE KHMI' IIO TEOPUU UT'D £ OBbI OTMETHJI

9.Mynen, Teopusa uep. C npumepamu us mamemamuseckoti sxonomuru. Mup,
Mocksa, 1985,

[.Oy»su, Teopus uep. Mup, Mocksa, 1971,
1 TIPEKPACcHO HAMMCAHHYIO, XOTS U O€3HAJICKHO YCTaPEBIIYIO
P.J1./Ibtoc, X.Paitcda, Hepv u pewenus. Mocksa, NJI, 1961.
[TonpobHee MO3ZHAKOMUTRLCSI ¢ TeOpUei MEeXaHM3MOB MOXKHO 1O MOHOTpadun

B.M. Janunos, A.1.CorckoB, Mexanusmol 2pynnosozo eévibopa. M., Hayka, 1991.
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Jlexiusa 1. Hopmaabuasg u pa3BepuyTad (pOpMbI UT-
PhI

IIpenmer Teopum urp. Teopus urp msydyaer CHUTyallud TPUHATHS PEIICHUN
HECKOJIbKVMU B3aUMOJICHCTBYIOMINMY WHIWBUIAMEI (areHTaMu, YIaCTHUKAME, B
JaJbHEHIIIeM HA3hIBACMBIMU U2Pokamu). Takue CUTYalny 9acTo BOSHUKAIOT B 9KO-
HOMUYIECKOM, TTOJIMTUYIECKO, Onosioruvueckoit u ap. oobcranoske. Hac OyayT nnte-
pecoBaTh B OCHOBHOM SKOHOMUUecKue cuTyannn. CTaHgapTHBI TpuMep - u3yte-
HUE OJINTOTIONNH, HO UMEETCSI U MHOXKECTBO JPYTHUX - TOPTU U ayKIIMOHBI, MEXK Y-
HapOJIHAs TOPTroBJsA U T.11. [losToMy Teopust UTrp cTaaa COCTaBHON JacThio KyPCOB
MUKPOIKOHOMHUKH, OTIACTH ee si3bIikoM. QOydeHne 95ToMy sI3BIKY - 3ajada MUHU-
MyM JIaHHOTO KYpPCa.

Teopust UTP yCJIOBHO JIETUTCA Ha HEKOONIEPATUBHYIO W KOOTIEPATHBHYIO JaCTH.
B nepBoit cyObeKTOM TPUHSTHST PEIIeHUit CIYyKUT WHAUBUI, BO BTOPOI - IPyTI-
1a WK KoaJuius. B mepBoit MHANBUL XapaKTepU3yeTcsl CTPATETusSIMHU 1 TTPEIIT0-
YTEHUSIMU, BO BTOPOI MCXOJHBIM MaTEPUAJOM CJIYKAT BO3MOXKHOCTH KOAJUIINN.
B nepBoit uHIMBHUIBI TPUHUMAIOT DEIeHUsT HE3aBUCUMO (UTO He MCKJI0UYaeT Tie-
PErOBOPOB MeXKJIy HUMH), BO BTOPOIl JOMYCKAETCST BOSMOXKHOCTH 00A3L6AI0ULUT
coramenuit. Mbl HaUHEM U JT0JITOE BpeMs OyJieM UMETh JeJI0 ¢ HEKOOTIepATHBHOMN
JacThio. U umb nociennne 5-6 JEKIUi MOCBAIIEHBI KOOTIEPATUBHON TEOPUH.

Anann3 KOH(MIMKTHON CUTyalnyn HAUUHAETCS ¢ TOCTPOeHust (popMabHON MO-
JleJId, T.e. IpeBpallleHns ee B urpy. EcTh HECKOIBKO Pa3HbIX CIIOCOOOB TpeacTaBIe-
Hust Urpbl. Hanbosee BaxkHble - pasBepHyTast (IKCTEHCHBHAS, WM TTO3UIMOHHAS )
1 cTpaTernieckas (HopMasbHasi) (hOpMBI, ecTh TakkKe Baitecosa dbopma. Haunem
¢ boJiee IPOCTON - HOPMAJILHON (DOPMBI.

Hopmasabnasi dopma urpet. Urpa 6 nopmaaviot, (Wam crpaTerndeckoil)
opme COCTOUT U3 CIeINPUKAIINNA TPpexX Beled:

1. Crincka uepokos,

2. JInst Kask10ro UIPOKa 3a/1aeTCsT CIUCOK (MHOXKECTBO) cmpamezud,

3. Jlust Kaxk10r0 Mpod s CTpaTeruit yKasbBaercst mpobuib naamesrced, (Bbi-
WTDBIIIIEi ) UTPOKOB.

[TosicuuM cMmblcst 9TuX JaHabiX. O003HAYNM MHOXKECTBO HUIDOKOB depes V.
(Betomy HzKe OHO TIPEJTIONATAETCS KOHEUHBIM M MOXKET OBITh OTOXKJECTBJIEHO C



{1,2,...,n}. OnHako cjepyer MOMHUTD, YTO TaKOE YIOPSIOUEHHE HIPOKOB - ITO
HEKOTOPBIN BOJTIOHTAPU3M, U JIYUIIIE TTPEJICTABISITH MHOXKECTBO N HECTPYKTYPHUPO-
BaHbIM. ) TUNHUHBIA UTPOK 0O603HAUAETCsT cuMBOJIOM 4. asee, muist Kaxoro i € N
3aJIaeTCsT MHOXKECTBO CTpaTeruit S;; TUIWYIHAsI cTpaTerns - S;. [Ipodpuian cTpaTe-
rufi - 970 HAOOp TO CTPATErwu JJIsT KAyKJIOTO WIPOKA, T.e. SN = (81,82, ..., Sp);
9TO BJIEMEHT JIeKapTOBa MPOM3BEIEHNS MHOXKECTB Sy = X;enS;. Hakomer, mis
KaKJIOTO UTPOKA YKA3bIBAETCsT (DYHKIINS €ro BhIMIphIia u; : Sy — R (st mpo-
CTOTBI, MOXKHO CUNTATh, UTO BBIUTPHIINI JaeTcsd B PYOJsSIX WU JOJIapax; IMO37Ke
MbI BEDHEMCsT K 9TOMY BOIPOCY ).

Hedopmanbho, KaxKablit UIPOK BRIOMpaeT HEKOTOPYIO CTpaTeruio s; € S;; Ko-
IJIa 9TO CIIeJAl0T BCe, CTAHOBUTCS $ICEH €r0 BBIMTPHINT u;(Sy ). Kaxkapiii urpok
CTPEMUTCSI TTOJIYINTH BBINTPLIIT 000 IbIIe. OCHOBHAS TPYIHOCTL B TOM, UTO 3TOT
BBLIUTPBIIT 3aBUCUT HE TOJBKO OT €ro JeWCTBUM, HO U OT JIeHCTBUMA (CTpaTer'?I)
OCTAJIbHBIX UTPOKOB. VI KaK[blii UTPOK JOJIKEH (MM MOXKET) YIUTHIBATH ITO B
cBoeM moBenenny. MoXKHO cKa3aTh U TakK: B UI'Pe B HOPMaJIbHOM (dopMe UTPOKU
CTpaTerniecKr He3aBUCUMbI, OHU MOI'YT BLIOMPATD JIIOObIE CTPATErni, HO OCTAIOT-
Cs1 CBSISAHHBIME Uepes mosie3HocTu. K 1meHTpaabHOMYy BOIPOCY O TOM, Kak OyIyT
BeCcTH cebsT UTPOKHU, MBI eIlle BePHEMCs, a MOKa 3aiiMeMCsl YNCTO MOCTAHOBOUHOM
3aJa4ei.

IIpumepsni. Ocoberto mpocTo 3a1aBaTh UTPLI ABYX JHIL. I JIsI 3TOro HEKOTOPO-
I'0 UTPOKa yYCJIOBHO HA3BIBAIOT TIEPBLIM, a JAPYTOTo - BTOPhIM. Y pucyroT Tabdsuniy,
IJIe CTPOKHU COOTBETCTBYIOT CTPATErUsIM MIEPBOT'O UT'POKA, & CTOJOIIBI - CTPATEIHsIM
BTOPOTO. B KJleTKax 3alMuCchIBAIOT BLIUTPHIIIN - CHAYAJIa TIEPBOTO, 3aTEM BTOPOTO.
[To sToit mpuunHe Takue UTPhl HA3LIBAIOT OMMATpUIHBIMK. [IpoBeneMm Tpu mpo-
cTefux (UIPYIIeTHBIX) TPUMEpPa, KOTOPhIe OYIyT 4acTo BCTPEUAThHCSL.

1. Opaanxa (MM MATY TICHHN )

t1 | t2
sU|1-1]-1,1
2|11 1-1

DTO MpUMeEp UTPHI ¢ T.H. HYJEBOH CYMMOiA.
2. Jusremma 3aK410%eHHLT

t1 | t2
sl 55 |-1,6
s26,-110,0
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[lepBole cTpaTeruu MOXKHO Ha3BaTh KOOIEPATUBHBIMU , BTOPHIE - 3TOUCTUIECKI-
mu. K Taxoit urpe mpuBOINT MPOCTEHIINI BAPUAHT IYOIIOJINH, KOTIa TePBLIE CTpa-
TEIUHU - BLICOKME TEHBI, & BTOPOH - HU3KHE.

3. Cemelinoid cnop (MM TEPEKPECTOK, WK UHKEH )

t1 | 2
sl |54 1,1
20,0 |45

HedopmanbHo: iepBbIit UTPOK - My»K, BTOPOii - »KeHa. [lepBbie cTpaTeruu - ujaTn
Ha OOKC, BTOpBIE - B TeaTp. My»Ky O0bIle X0UeTcs TOUTH Ha OOKC, YKeHe - B TeaTp,
HO UM JIy4Ille BMECTe.

B coBcem yTpUpOBaAHHOM BH/JIE 9Ta UT'Pa MPEBPAINIACTCS B UTPY KOOPIMHAIMH
("Berpeua B Huio-Mopke™) ¢ Tabmeit

1,110,0
0,0 [ 1,1

PasBepnytas ¢popma urpsl. [Ipn takom 3aganuu urpbl O0IbIE BHUMAHWS
yIESIeTCsT TIOPSIKY XOIOB ¥ TOH MH(MOPMAIINN, KOTOPasl TP STOM OTKPBIBAETCS
urpoky. Haumem ¢ mpocTefinmx, T.1H. TO3UIIMOHHBIX UT'D, WJIK UTD ¢ TIOJTHONR HHPOP-
Malmeit. ['1aBHOe 37ech - JepeBo UIPbI; 9TO HaIlpaBJIeHHbIH rpad 0e3 IMUKIIOB C
BBIJIEJIEHHON BepIIuHON - KopHeM. CTpesIKi UIyT B HAPaBICHUN OT KOpHs. Bep-
IIWHDBI IepeBa M300paskaloT TMO3UINK UTPHI, MEeCTa, e KaKIe-TO UTPOKK JOJXKHbI
BBLIOPATDL XOJI - OJIHY U3 CTPEJIOK, BLIXOISIINYIO U3 9TOH BepIuubl. [1losToMy y KaxK-
J0#i (HeTepMUHABHOM) BEpITIHBI CTOUT METKA TOTO UI'POKA, KOTOPBIi JIeiaeT Xoj
(rOBOpAT ellie - KOHTPOJIUPYET ITY BEpIIUHY). B TepMUHANBHBIX BeplvHax (Tjie
WIpa 3aKAHIMBAETCST) CTOMT BeKTOD (MPOdUIIL) BBIUTPHIIIEH HTPOKOB.

Bor npocreitiast mosunuonnas urpa. Mrpa naunnaeTcs B IMO3UIUH, TAe TIep-
BBLIfl NTPOK BLIOMpAET XOJ: BBEpX WU BHU3. [I0TOM XOIMUT BTOPOI - HAIIPABO WK
HAJIEBO, U UT'Pa 3aKaHINBAETCA. JlepeBo UTPhl BLITJISIIUT TaK:

(0,0)
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Bonee cioxubIit mpuMep MpeicTaBaseT UT'pa B KPECTUKU-HOJUKN Ha, JIOCKE 3 X
3. B HavaJbHON MO3UIIMK Y TTEPBOTO UTPOKa 9 XOMOB, 3aTE€M Y BTOPOTO 1O 8 XOJIOB
B KaKJIOf m3 9TuX 9 mo3uIuii, 3aTeM y MepBOTO UTPOKa MO 7 XOJ0B B KaXKJI0W 13
TOJTYJAIOIIUXCs (2 TIO3UINM, 1 T.]I.

Crparerun. Kaszajoch Obl, UTO B UTPe B pa3BepHyTo#l dopme JeiicTBUs OJ1-
HOT'O UT'POKa ONPAHNYMBAIOT BO3MOXKHOCTH APYTOTO. DTO JEHCTBUTE]HHO BEPHO B
oTHOMIEHUN X0dos. OIHAKO €CJIi Mbl TTPABUILHO OMPEJEeNM TIOHSITHE CTPATETHH,
MBI TTOJIYUUM CTPATETHICCKYIO HE3aBUCUMOCTh U, TEM CaMbIM, UTPY B HOPMAaJlb-
Hoit popme. UTo Ha3BaTh cmpamezued 1 TO3UIMOHHON UTphl? KaxX apIit nrpox
B KaXXI01 TTO3UIINN, KOTOPOM OH YIIpaBJISACT, JTOJXKEH YKa3aTh HEKOTOPHIN xo. Ta-
KM 00pa3oM, y Hero "MHoro” crpareruii (IpUKUHbTE TPUOIU3UTESHHO, CKOIBKO
WX B urpe "Kpectuku-aosinku”). Ecin Bce UTpoku BHIOPAIM 1O CTPATEruH, TO U3
KaxKJI0i (HETEePMUHAIBHOI) BEPITUHBI BBIXOJAUT YKA3AHHbBIA XOJ, W MOXHO JIBH-
raThCsl OT KOPHEBOI BEPIMUHBI 110 3TUM OTOOPAHHBIM cTpejikaM. B KoHIle KOHIIOB
MbI JI0OEPeMCsi JI0 KOHEUHOU (TepMUHAJIBLHON) BEPIINHBI (€CJIH JIePEBO KOHEUHO,
9TO MOJTYAJIUBO TIPEJITONATAETCS ), & TaM YKA3aHbI BHIUTDBIIIIH.

Tem caMbIM, TTO KarKJ0# TO3UIIMOHHON WTPe MOYKHO KAHOHUYECKH MOCTPOUTH
UTPy B HOpMAaJbHOI (opme.

OpHako MBI cpas3y BUAUM, UTO HEU OAHY 13 dopM 1, 2, 3 HeIb3sT MPeJCTaBUTh
Kak mo3unnonuyo urpy. [logemy? demo B TOM, 9TO B 3TUX UT'PAX UT'POKU JIEJIAIOT
XOJIbl OJTHOBPEMEHHO, M HUKTO He 3HAET, KTO KaKO# BRIOPaJ X0/, A B MO3UITMOHHDIX
MOPSIIOK XOJOB UEeTKO OINpeJesieH, ¥ BTOPOH MIPOK 3HAET, UTO CIeJaJl MEPBHI.
Urpokn B HOpMaJibHOM (hopMe He 3HAIOT, YTO BHIOpaIu Apyrue. YToObI yUecTh
Takoe "He3HaHWe , Hy»KHO MOJUMDUINPOBATH PA3BEPHYTYIO (DOPMY WTIDBI, BBEsd
TyJa "mHMOPMAIMOHHBIE MHOXKECTBA .

Nudopmarnmonnbie MHOXKeCTBaA. Korj1a UTPOK JIOKEH BBIOPATH CBOM XOJI,
OH MOXKeT He 3HaTh, B KaKOH M3 MO3UIMI UIPLI OH HAXOIUTCS, MOTOMY UTO He
3HAeT, KaKoi X071 ObUT ¢yiesial Ha mpeablayieM(x) xoje(ax). U Bee Takume "Hepas-
JIMUUMBIE’ JIJIsT HEerO MO3UIUN OObeJUHSIIOT B OJHO MHMOPMAIIMOHHOE MHOXKECTBO
(Ha pucyHKax nx 0OBOJIST KOHTYDAMH U T.IL.). B KAKOM-TO CMBICIE [T HTPOKa 9TO
OJIHa ¥ Ta YK€ TIO3UINsI, XOTsI PeaJbHO OHI PA3JINYAIOTCA U JTaJLHEHIIIAs SBOIIOINS
UTPBI 3aBUCUT OT HACTOSIIEH MO3NUIINN.

Ho ecnn urpok ne MoKeT pa3anduTh MO3UINN, TO U XOIbI, BO3SMOXKHDBIE B 9TUX
MO3UIIUSIX, JIOJXKHBI OBITL ~OIMHAKOBLIMU . Bojee TouHo, mist Kaxkjaoro uudop-
MAIOHHOTO MHOXKECTBa h JOIKHO OBIThL YKA3aHO COOTBETCTBYIOIIEE MHOXKECTBO
M (h) "xomoB”, a TakKe i KaxKIoil BepiiuHbl & € h "peaiusaiis’’ MHOXKECTBa
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M (h) crpenkamu, BbIxosamuMu 13 x. Haxosacs B 060ii mosutnu ¢ € h, Urpok
BhIOHpaer xon m € M(h). Tpy6o roBopsi, XoI UI'POKa JOJIKEH OBITh OTHUM U TeM
’Ke BO BCEX 'HEPA3IUINMbBIX JIJIs Hero mosuiuit. [Tosromy MbI TOMKHBI MOaR(MHU-
IIPOBATH TOHSITAE CTPATETHUH: 9TO BLIOOD XOJa JJIsI KayKIOTO WHMOPMAIIHOHHOTO
MHOXKECTBa, KOHTPOJIUPYEMOro urpokoM. C yaeToM 3TOro 3aMevuaHus Mbl OISITh
MO pa3BepHYTO# (dopMe MOXKEM TTOCTPOUTH HOpMaJbHyIo hopmy. U Temeph yxe
mobasi urpa B HOPMaJIbHOM (HhopMe MOKeT ObITh TpeJCTaBeHa (HeoIHO3HAUHO!)
urpoit B paspepuyToit ¢popme. Mbl octaisem 6e3 oTBeTa TOHKHN BOMPOC - 9KBU-
BaJIEHTHBI JIN pa3JndHble "pasBepHyThle NpEICTABICHNUS OTHON 1 TOW »Ke "HOP-
MaJTbHOU (DOPMBL.

DopmasibHOE OMUCAaHNE UTPHI B pa3BepHYTOM dropme. [locre mpeni-
Jymnx HedopMasTbHBIX 00bICHEHUT TTOpa JIaTh TOYHOE OIpejeeHre (a 3a0/IHO
¥ BBECTH OOO3HAYEHWsI, KOTOPHIMU MbI GyJIeM JAJbIIe MOJb30BATHCS) ITOTO JI0-
BOJILHO 3aITyTaHHOTO MOHsTHsI. VIrpa B pazsepnymoti ¢popme COCTOUT U3 deThIpex
Beleit: a) jmepesa urpbl I, b) pactpeesienist BepIIMH-TIO3UINH [0 UTPOKAM, C) WH-
HOPMAIMOHHBIX PasOUeHuil O3l KasKI0T0 UIPOKa, d) BHIMTPHIIIEi. Y TOYHIM
KaXKJIbIA TTYHKT.

a) Jepeso uepw I' cocront u3 (KOHETHOTO) MHOXKeCTBa BepinuH (mosutuii) X u
MHO)KeCTBa, cTpesiok A C X X X. MHOXKeCTBO CTPesIOK, BLIXOISIIIX U3 BEPITHHBI
x, obosnauaercss A(x). Kpome moro ectsb BbifeenHas "HavagbHast mo3UIUs (K0~
penv nepesa). [Ipennonaraercs, ITo, BHIXOAA U3 KOPHS U JBUTASCH TIO CTPEJTKAM,
MOXKHO JIOCTUYb JIIOOOH TIO3UIUN U TPUTOM €JIMHCTBEHHBIM 00pPa30M.

b) Ilopsadox xodos. Bepmna ¢ € X HazbiBaercst mepmunaivnot, ecin A(zx) =
(). MHOXKecTBO TepMUHAJLHBIX BepmnH oboznadnM 1. ITopsanok XomoB 3ajaeTcs
orobpaxennem ¢ : X \T — N, rine N - MHOXKeCTBO UTPOKOB. 17151 urpoka i € N
obozHamM depes X; = ¢~ 1(i) MHOMKeCTBO TIo3UIHT, "KOHTPOMUPYeMBIX JTAHHBIM
HUTPOKOM.

¢) Ungopmaua. s Kaxk0ro UrpoKa i 3a71aHo pasbueHne MHOXKecTBa X; Ha
"uHbOpMAIHOHHBIe MHOXKeCTBa . TUNHYHBIN 9/eMeHT 9Toro pasbuenust (TO €CThb
WHOOPMAIIOHHOE MHOXKECTBO) 0003HaTaeTCsT h; a MHOXKECTBO TAKUX MHOXKECTB
Kak H;. Takum obpasom X; = [, g, h. Hanee, nyis1 kax1oro h 3a71aH0 MHOKECTBO
M (h) xonoB (mmu ux "MeToK”), MOCTYNHBIX B WH(MOPMAIMOHHOM MHOXKECTBE A.
Hakower, 1ist kax10fi mosuiwn © € h 3ajano orobpaxkenue a, : M(h) — A(zx).

d) Buuepviwu. st kaxkpoit TepMuHaIbHOM Beprunbl ¢ € T ykazaH BEKTOD
u(t) = (ui(t)) € RY. j-as xoopammaTa u;(t) 9TOro BeKTOpa CrenubHIIPYeT BbI-
UTPBII, KOTOPBIH TOIydaeT UTPOK 4, €CJIN UTPa 3aKAHINBAETCS B MO3UINH t.
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Urpa B HopMaJibHOMN dopMe, CBsI3aHHAs ¢ pa3BepHYyTOH (hOPMOit, OIpeaesrseTcs
tak. MHOXKecTBO cTpareruit i-ro urpoka - S; = Xpeg,M(h). Eciu Bce urpokn
OTIPEJIETIINCH CO CBOMMM CTPATErHsSIMH, MBI CHOBa MOMydaeM, UTO U3 KaxKIoi
(HeTEPMUHAJILHOM ) BEPIIUHBI & BBIXOJAUT OJ[HA OTMEUEHHast CTpesika a,(h), rie h
- 9TO TO eAWHCTBEeHHOE MH(MOPMAIMOHHOE MHOXKECTBO, KOTOpoe comepXKut x. M
CHOBA, JIBUTASIChL M3 KOPHSI MO 3TUM OTMEUEHHLIM CTPEJIKaM, MBI JOOMPaeMcs 10
TePMUHAILHON BEPIIMHBI U TOJIYIaeM IPOQPUIIL ILIaTesKed.

Ecii pasHble BepIIMHBI KMEIOT pasHble HHDOPMAIMOHHBIE METKH (TO €CTh (hak-
THYIECKHU eCJTH MBI HMeEM JIeJIO ¢ TIO3UIMOHHOI UTPOii ), TO TOBOPAT 00 UI'pe ¢ cogep-
wennot undopmavuet. To Handosee MPOCThIE UTPHI; TAKUME SIBJISTIOTCS TIAIITKH,
MIAXMATEI, HO He KaPTOUHDbIE UTPDI.

ITpuBenennas HopMaabHada popma. [IpuBesem y1oOHbIH cocob 3amucu ctpaTeruii. Jlo-
MYCTHM, YTO HaM HYYKHO 3alUCBIBATH CTPATETMH BTOPOrO UTPOKa. TOTIa MOMETHM CHMBOJIAMU
2,2 2" u t.0. BCe MHMOPMATINOHHBIE MHOYKECTBA 9TOTO UTPOKA (KeJTaTeTbHO O Mepe YIaJeH-
HOCTH WX OT KopH#). Jomycrum, A, B, C, ... - CAMBOJIBI X0JI0B B WH(MDOPMAIMOHHOM MHOYKECTBE
2,a,b,¢,...-82, a, 3,7, ... - 82" u t.1. Torma crpareruu BTOpOro UrPoKa - 3TO MOCTIEI0BATEb-
Hoctu Buga Bavy..., Aaf... n T.m. Iloap3ysach TaKUM TpeICTaBJIeHHEM, BbI He OyIeTe MyTaThCs
MEXKIY XOJAMH U CTPATETHSME ¥ MPABIIBHO IIPEICTABIATH ¢ebe THCIO IMOCTEIHUX.

flcHo, uTO B 0OOIEM CIydae UnCaO cTpaternit “Gonbimoe”. 3aMeTnM, OJHAKO, UTO MHOTHE
CTpaTeruu ABAAIOTCA "IKBUBATEHTHBIMI . PaceMoTpuM, HanpuMep, urpy (B pasBepryToil dhop-
Me), TJIe TIePBbI UTPOK MOKeT ToiTu Hasepx (U), W TOTjia UTpa 3aKAHUYNBAETCS, WIN TTOUTH
BHH3 U ITOCIE TOTO XOIUT BTOPOH, 3aTeM CHOBa MepBHIi u T.1. PoOpMaIbHO Y IEPBOrO UTPOKA
nMmeeTcsa Macca crpareruit Buma U..., TJe ... YKa3bIBAIOT €ro JefCTBUS B "HUKHUX MO3UIUSX
(mm uHGOPMAIMOHHBIX MHOKECTBaX). Ho COBEpIIEHHO SICHO, UTO HU HA YTO 9Ta CremuduKa-
nus "HUKHUX TeHCTBUN WK XOJA0B He BauseT. B mpuHIue, 11 MHOTHX BOIIPOCOB JOCTATOYHO
OBLJIO OBl PACCMOTPETh OJHY CKJIeeHHYI0 cTpaTteruio U.

T'ubpugnasa dopma urpsi. Kpome HOpMATLHON M pa3BepHYTOHl (HOPMBI WHOTIAA OBIBA-
eT mosie3Hoit rubpugaHas dopma. Bariganem na mosuimonuyio urpy. PakTHUECKW B KayKIou
TO3UIIUH STOH UTPHI MPOUCXOIUT KAaK Obl MUHUUTPA OJTHOTO UTPOKA, KOTOPBI BHIOMPAET XO/I.
OcTaJbHble HTPOKU B 9TOT MOMEHT KaK Obl He YIACTBYIOT (WK y4acTBYIOT buKTHBHO). Ves
COCTOUT B TOM, UTOOBI B KayKI0il (HETEPMUHAJILHON) MO3UIMU & PA3BITPHIBAJIACH CBOSI MUHHU-
urpa B HOpMaJbHON dopme G(x) ¢ MHOKecTBaMu crparernit S;(z), ¢ € N. ExuncrBennas
OTJINYUE COCTOUT B TOM, YTO BMECTO OTOOPAKEHUS BBIUTPBINIEH TYT 33JaeTcs OTOOparKeHue
az : Sy(r) — A(x). To ecTh pe3ysIbTaT ITOI UIPHI - CJIEAYIONAst MTO3UINA HA JepeBe Urpsl 1.

KouTponbHblit BOTPOC - KaK M0 THOPUIHON UTpe MOCTPOUTH UTPY B HOpMaIbHON (opme?

KcraTu, To, 9T0 CTPYKTYpa UTPHI 33a€TCA T€PEBOM, HE TaK YK U BarxKHO. BaxKHO TOJIHKO
TO, YTO JIBUTASCh OT KOPHS IO CTPEIKAM, MBI PAHO WU TO3HO YIHPAEMCS B TEPMUHAILHYIO
BEPIITHHY.

IIpencraBiaenne nadopmamun. Boiime Mbl nHGOPMAINIO HTPOKA, O TOM, B KAKO MO3UIINN
HAXOINTCS UTPa, 331aBAJH ¢ TOMOIIHIO pa3dueHus Ha WHAMOPMAIMOHHBIE MHOKecTBA. OTMeTHM
HECKOJIBKO JIPYTUX (9KBUBAJEHTHBIX) CIOCOOOB 3a71aBarTh nHMopManuio. [Ipn 9ToM MbI OTBIIe-
KaeMcsl OT UTPOBO#t creruduke u 00Cy UM OOIIYIO CUTYAINIO.
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Hexkoropsiit "Hab01aTe b’ HHTEPECyeTCss "cOCTOTHIEM TTPUPOIBI; MHOXKECTBO BO3ZMOYKHBIX
cocTostHmit 0603HaUNM X . Y HEero ecTh "Tpudop”; KOTOPHIH BBITAET HEKOTOPBIN CUTHA WU COO0-
menne. Pabora 3Toro mpubopa onuckiBaercs orodpaxkenunem [ : X —> M, rme M - MHOXKeCTBO
BO3MOXKHBIX coobOtennit. [ToayunB Kakoi-To curHaa m, HabJIogaTe/ b TOHUMAET, UTO ~TPUPO-
na” HAXOJUTCS B COCTOAHUM W3 ToaMHOKecTBa f~1(m) C X. A cam npubop 3a71aeT pasouenne
Py muoxkecTBa X Ha "madopmannonusie MHoKecTBa” [T (m), m € M. (PeaqbHo Bce KOHETHO
CJIOZKHEE - MBI MOYKEM He 3HATh TOYHO (DYHKIUIO f, ¥ CUTHAJBI BOCIPUHAMATH ¢ UCKAYKEHUSIM,
HO TIOKA OTBJIEYEMCS OT ITOTO.)

Bumecro pasbuenuii P (wau 1puGopoB f) MOXKHO paboTaTh ¢ OTHOIIEHUSIME SKBHBAJEHTHO-
cru. CKazkeM, UTO COCTOSHUSA T U Y SKBUBAJIEHTHBI ("HEPA3IUIUMbl’ TPUGOPOM f, T ~ y), ecau
f(z) = f(y). Torna pasbuenue - 570 pa3bueHNe Ha KJIACCHl KBUBAJIEHTHOCTH. A cam “mpu-
60p” MOXKHO BOCCTAHOBHTH KaK KaHOHWUIECKOe OTOOpazkeHHe X HAa MHOXKECTBO X/ ~ KJIaccoB
SKBUBAJIEHTHOCTH.

Haxoner, MokHO TOBOpUTH B TepMuHaxX ByseBwix aareop. [lommuoxkectBo A C X Haszo-
BEM UBMEPUMbBLM, €CTH OHO COCTABJIEHO U3 HEKOTOPBIX WH(MDOPMAIMOHHBIX MHOKECTB (WM, B
TEPMUHAX OTHOIIEHUs SKBUBAJIEHTHOCTH, ecin & € A u y ~ x ciaeayer, uro y € A). Usmepu-
Mbl€ TIOIMHOKECTBA 3aMKHYTHl OTHOCUTEIBHO OO0beINHEHUil, Tepecedennit u JTOTOTHEHH, TO
ecThb 0Opa3yior Bynesy aareopy. O6patHo, eciun gana Bymesa aiareopa B moaMuo:kecTB X, MBI
MOXKEM BOCCTAHOBHUTH OTHOIIEHWE IKBUBAJIEHTHOCTH ~, TOJAras T ~ Y B TOM CIydae, eCiu Y
TMPUHAIEKUT Jrodomy A € B, comep:xKaiemy .

Orobpaxenne g : X — M’ HazbBaeTcss uamepumvim (OTHOCUTENbHO ByseBoii anreGphi
B), ecmu f~Y(m') € B ans mo6oro m' € M'. JIerko MOHATH, 9TO ¢ W3MEPUMO OTHOCUTETHHO
anreOpsl By, mocTpoeHHoil Mo IpHOOPY f, TOTa U TONBLKO TOTAR, KOTJA ¢ MPOIyCKaeTcs Tepes3
f, To ecThb gBIsIeTCA KoMnosunueii f ¢ HeKoTopbiM oTobpaykennem M — M.

BosBpamasch K UrpaM W CTPATETHsIM, Mbl MOXKEM CKa3aTh, YTO CTPATErUAME (JJIs UTPHI C
UHGOPMAIMOHHBIME MHOYKECTBAMH) SIBJSIIOTCA U3MEPUMBIE OTOOPAYKEHUS UX MO3UIAI B XOJBI.

Mpsl mpefocTaBIssieM YUTATET0 MOIUMDUINPOBATH JAHHOE BBINIE OIpeje/eHne THOPUIHOMN
bOPMBI ¢ yIeTOM HeCOBepITeHHOH NHMOPMUPOBAHHOCTH UTPOKOB.
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Jleknusa 2. Caydaiinble Xoabl U JJOTepen

Cay4aiiabie xo/bl. lMeeTcs erie 0IMH MCTOYHUK HEONPEJICTCHHOCTH UTPOKOB
OTHOCHUTETHHO COCTOSTHUSI TIO3MIINU - ciaydaii. Hampumep, B KapTOUHBIX HUTpax
WTPOKH OOBITHO He 3HAIOT KAPThI MApTHEPOB (HEIAPOM WX TINATEJHLHO TepeTaco-
BBIBAIOT TIEPEJ pasfiadeii), i 9TO TOKe HY>KHO OTPa3uTh B onucaun urpbl. OiHa-
KO, B OTJINUNE OT TIPEIbIAYIIEeH HeompeaeJeHHOCTH, 3Ta HeOMpeaeJeHHOCTh HOCUT
BEPOSITHOCTHBIN XapakTep W UMILIAHTHPYETCS CPaBHUTENbHO Jerko. PopMasbHo
MPOCTO K CITMCKY UT'POKOB JIOOABJISACTCA (PUKTUBHBIH WTPOK - TPUPOJIA, KOTOPas
TOXKE BBIOMPAET CBOM XOJIbI, HO JIeJIAET 9TO HE CBOOOIHO, KaK OOLIYHBLIE UTPOKHU, &
C TIPeATMCAHHBIMU BEPOSITHOCTSIMHU.

st mpuMepa paccMOTPUM CJIEIYIONIYIO TTapoanio Ha 'mokep . IlepBrwiit nrpox
(Bamnst) mosmyuaer kapry, koropas B 1/6 ciydaes GnaronpusitHa jyist Hero. Ilo-
CMOTDEB KapTy, OH MOXKET JIn00 "moBbIcuTh cTaBKy (R), mmbo "crnacoBars” (P).
Bo BropoM citywae urpa 3akaHanBaeTcs, u Baws orgaer Bropomy urpoky (Marie)
10 p. B mepBom ciyuae Mala, He BUIS KapThl, MOXKeT JIMOO "MPUHATE ITOBBIIIIE-
uue’” (r), mbo Toxke "crnacoBars’ (p). Bomrpsim Bann (tak Kak urpa ¢ HyJ1eBoi
CYMMOI1) B PA3JIUIHBIX CUTYAIIUSAX MPUBEJICHBI Ha PUCYHKE HUKE

—10 —10

P P
1

10 /6 9 5/6 o1’

R

—60 30

Bnech y Bann ma nndopmaimontsix muoxkectsa 1 u 1/, a y Marmu - ogso (Tak
KaK OHA He BUJUT KapTy).

Moxxno sin mo Takoit urpe obpazoBarh HopMaabHyto dopmy? Co crpaTerusaMu
0cobbIx mpobsem HeT. CHOBa KaXXIbli UT'POK JIOJIXKEH PEIINTh, KaK OH BEJEeT ce-
651 (Kakoi X0/ BBIOMPAET) B KaxKJI0M cBoeM MH(MOPMAIMOHHOM MHOXKecTBe. Bams
JIOJZKEH PEIIUTD - UTO OH JieJlaeT MU Xopolieil kKapre (B mosurmu 1) u 410 - npu
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mioxoit, B mosunun 1. Tak uro y nero 4 crparerun: RR', RP', PR' w PP'.Y
Marmm - gBe cTpaTeruu: r u p.

A BOT ¢ BRIMTpBIIAME BO3HUKAET HeKOTOpas mpobiema. Jomycrum, Bamst Bbi-
opan crparernio RR', a Mama - r. Eciu kapra xopomas, Bans noxygaer 90 p.,
ecyin mtoxast - Tepsier 60 p. Kak ke orernTsb ero Buurpshini! [Ipocreiinuit BbIxos
- mocuuTaTh MaTeMarnueckoe oxuganne 90 - 1/6 — 60 - 5/6 = —35. Anasornano
MOYKHO 3aIOJHATEH OCTAIbHbIE KJIETOUKH.

OHaKO HACKOJBKO MPaBUILHO OpaTh MaTeMaTudeckoe oxupanne?! K stomy
BOTIPOCY MBI BEPHEMCsT Ha, JIEKIHN 3. A TIOKa OCBOUMCS C JIOTE€PESIMH.

ITousitue gorepeun. PopMasbHO TOBODS, B MPEBILYIIEI HIDe UCXOJ JJIs TIep-
BOTO UT'POKA - 3TO HE UMCIO0, a OoJiee CIOXKHBIN 00BEKT - BBIUTPBIII, 3aBUCIIINIH
OT ciydast. B JKU3HU ¢ TAKMMU BEIlIAMU TOCTOSHHO MPUXOAUTCS CTATKUBATHCSL.
[Ipumepsl - pyJeTKH, JoTepen, KapToYHble UTPbI, JIOMAUHbIE fera, CIOPTHBHBIE
WIPBI W T.11. YDPOXKail 3aBUCHT OT KAIPU30B MOTOJIbI, BHIPYUKA - OT KOHBIOHKTY-
pbl. CTpaxoBanue - 1eJas WHJYCTPUs, TTOCTpOEHHAast Ha HeompeesnennocT. Kak
e OIEHMBATD TaKKe HeompeiesieHHble Belnu. Jlasee Mbl OPpaHHIMMCsT TeM CITyda-
eM, KOTJIa CYIIECTBYIOT BEPOSITHOCTH HACTYIIJIEHHUsI TOTO WJIM WHOTO HCxXoja. Jist
KOHTPACTa CTOUT OTMETHTh, YTO B UI'DaX MPUXOAUTCS UMETh JIEJIO ¢ HeOompeie-
JICHHOCTBIO 60JIee CypOBOif, 1eM BEPOATHOCTHAS - 9TO HEOTPEICJICHHOCTD BBIOOPA
cTpaTernii mapTHepaMu Mo urpe. MOXKHO JM CYUTATH, YTO UX JEHCTBUS BCETIA
MOXKHO OTUCATH B BEPOSITHOCTHBIX TePMUHAX !

Uexon, saBucsinuit or ciryudast, GopMaiusyercst TOHITHEM A0mepeu, WIH CITy-
yaiinoro mcxona. IlycTh maHo MHOXKecTBO X "MHMCTHIX  HMCXOJOB; MPOCTOTHI pa-
m Oyaem cuantath X KoHewnbiM. Torma jorepess 7 (Ha X)) 3a1aeTcst yKazaHueM
BeposATHOCTEH 7(x) HACTYTIeHHsT Kaxkaoro uexoa ¢ € X. HUucna 7(z) weorpu-
naTeJbHbIe W B CyMMe paBHBI Hys0. VTak, jorepes - 910 mpocto dhopMaibHas
KoMmOumaims sujga » . m(x) ® z, rae x npoberaer X, m(z) > 0 aaa moboro
u y .. m(z) = 1. Ha Gosee MaTeMaTHIeCKOM sI3BIKE 9TO BEPOATHOCTHASI Mepa Ha
X. Hocumesem notepen (Mepbl) T Ha3blBaeTcst OAMHOXKecTBO supp(m) = {x €
X, m(x) # 0}.

Jlorepen puCyiOT CXeMaMu THIIA

1/

X
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(B manHOM CiIyuae TyT m300pazkeHa Jjorepes 1/3 @ x + 2/3 ® y) wiam tabauiaMu
BpOJIE

| noayanth 100 pyo6. | nonacTh B TIopbMy Ha 10 JjeT | MOOBIOT |
| 0.3 | 0.5 0.2 |

Omnepamuu ¢ Jjorepesamu. HecoMHeHHO, BbI 3HAKOMBI ¢ TIOHSITHEM BEPOSIT-
Hoctu. Ho Teneps Hac OymeT MHTEpecOBATh He OfHA KaKas-TO BEPOSTHOCTL MJIN
JIoTepest, a MHOXKECTBO BCeX JIoTepell W, B YaCTHOCTH, €CTECTBEHHBIC ONEPAINH C
JIOTEPESIMH.

O6osuaunm vepes A(X) MHOKeCTBO Beex JioTepeil Ha MHOKecTBe X . Baxk-
wefitedi cTpykTypoit Ha A(X) sIBASETCS BBITYKIOCTh. DTO O3HAUAET, UTO €CITH
MMEIOTCS JIBe JIoTeper A U i, a Takxke uucao « € [0,1], To MoxHO 06paszo-
BaTh cocmashyio jgorepeio aX + (1 — a)p. Ilo onpenenennio aX + (1 — a)pu =
Y o(aA(z) + (1 — a)u(z)) ® z. Unae rosopst, A(X) ABISETCA BHITYKIIBIM MOJI-
MHOYKECTBOM B BEKTOPHOM mpocTpancTBe R ® X, mopoxgennom X.

Hamee, ¢ KaykIbIM "IuCTBIM UCXOAOM & € X MOXKHO CBA3aTh 'BBIPOXKJICHHYIO
gorepero 1 ® x (WM TPOCTO ), TApAHTHPOBAHHO JAONIYI0 9TOT MCXOJ . Tem
CaMbIM HCXOJ[HOE MHOXKeCTBO X peasmsyercst Kak mogmHoxkectso A(X), mpuuem
MMEHHO KaK MHOXKeCTBO BepInuH. To ecth reomerpudecku A(X) - 970 cuMILIEKC,
warauyThiit Ha X. Ecin X cocrout u3 2 smementon, 10 A(X) - 0Tpesok, ecan u3
TpeX - TPEYTOJILHUK, €CJIA U3 UeThIPpeX - TeTpas3ap, U T.I.

z

T Yy

Omneparust A yHKTOpHAIbHA. JTO 3HAUNT, uT0 ecan f : X — Y - oTobpa-
JKeHIe MHOXKECTB, TO OHO TIPOIOIKAETCS €CTECTBEHHBIM 00pa3oM JI0 0TOOparKeH s
A(f) = fo : A(X) — A(Y). Ioapobuee: ecin p - notepesi (mepa) Ha X, TO
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norepest fi(p) yerpoena tak: st y € Y

B skonoMuveckoit TepmuHOIOrIH Mepa fi(p) HasbiBaeTcst mapeunaavnot. [Ipu-
aem orobpaxkenue f, : A(X) — A(Y) cornacoBaHo ¢ BBITYKJIBIMU CTPYKTYPAMH
Ha A(X) u A(Y).

Ha s1o Mmox#O B3tIsAHYTH 1 nHaue. [Iycth f - oTobpazkenne X B gvinyk.i0e MHO-
x)ecrso C'; Torna f no “nuneiinoctu” (a Tounee, 0 adGUHHOCTH) TPOJOIKAETCS
10 adbdumnnoro otobpaxkenus f : A(X) — C. O6brano B kauectBe C' Gepercst
HEKOTOPOE BEKTOPHOE MPOCTPAHCTBO (& [alle Beero - mpocTo mpsivasi R); B 9ToMm
cIyae f HA3BIBACTCS cayuatinot eeauvunot, 1 TOTIA f HASBIBAGTCS UNMEZPANOM
(mmu cpepaum suadennem) f. Tounee, jiis Mepsl (oTepen) 4

) = /X fdu = E,(f).

B wactnoctu, mus moboro momMuoxkectsa A C X MOXHO IPOMHTErPHPOBATD
xapakTepuctuueckyto Gynkimo 14 u noayants mepy p(A) maoxkecTBa A.

[Tocnemmsis BaykHas onepanns - Ipou3BeieHne Mep min jgotepeit. [IycTs ganb
JBa MHOXKecTBa X m Y, n jorepen: A Ha X u p #a Y. Torma MoxkHO 0Opa3oBaTh
mepy (aorepero) A ® p Ha X X Y, monaras

(A @ p)(z,y) = Mz)u(y)-

[Tpoeknnsa A ® p va X u Y maer kak pa3 A u pu. CojmepskaTenbHO MPOU3BEICHNE
Mep-J0oTepeil OTpaxkKaeT X He3aBUCUMOCTD.

BaiiecoBa nHTepnperanus pyHKTOPUATBLHOCTHA. BepHeMcs K BOIPOCY O HAOTIOTEHUSIX
u undopmauu, 3aTpouyTeix B Jekmun 1. CuoBa X - coctosuus "mpupoast”’, u f : X — M
- mpubop. OTHAKO Temepb MBI TMPEAMOI0KIAM, ITO HA X MMeeTCs "alpuopHOoe” pacipeieneHne
BeposgtaocTH 1 € A(X). Torma dyHrTOpHATBHOCTE A Jae€T BEPOSITHOCTHOE DACTIPEICTeHNe
noxyuaeMbix Habmogennit, f.(n) € A(M). Kpome Toro, Kaxablii moxydeHnblii curaaa m € M
TO3BOJIAET CKA3aTh HE TOJBLKO TO, UTO COCTOSHUE TPHUPOIBI HAXOAUTCA B TOJAMHOXKECTBE X, =
f7Y(m), HO M mepecUUTATH BePOSTHOCTH € YIETOM 3TOTO CATHAIA. A MMEHHO, MOYKHO 0Opa30BaTh
HOBYIO Mepy fi,, Ha X, mojaras

pfm(z) =0, ecmn f(x) #m, u fip(z) = M(x)/ﬂ(f_l(m))a ecmu f(z) = m.

Konewno, 970 He 4TO WHOE KaK YCJIOBHASI BEPOATHOCTD. (37€Ch HESIBHO MOIPA3yMeBAETCsI, UTO
w(f~1(m)) # 0; B IPOTHBHOM Cilydae MBI He MOTJIH OBl TOMYYHTH curHan m.) Hocureas fiy,
JIEXKUT B MHOMKECTBE X, TIO3TOMY MOYKHO CUUTATD, UTO [i;, - Mepa Ha X,,.
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O6paTHO, 3HAHUE YCIOBHBIX BEPOATHOCTEM [i,, (m € M) m MaprunanbHoit Mepbl f,(u) mo-
3BOJISIET BOCCTAHOBUTH UCXOTHYIO MepPY fi. A WMEHHO,

p= /M i f.(12) ().
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Jleknusa 3. Teopus oxkxmaaemoii 1mojae3HOCTH

Bepuemcs Tenepnh K BOIPOCY, IOAHATOMY B Hauaje Jeknun 2. Hackoabko omnpas-
JIAHO MCTIOh30BAHNUE CPETHUX (OXKUIAEMBIX) 3HAUCHHU{ TPU OIEHKe TOJEe3HOCTH
JoTepen?

Teopus Heiimana-MopreHIiTepHa. DTa TeOpHsi TOBOPUT O TOM, KaK YCTPO-
eHbI IpeinouTenns Ha cuMiiekce jorepeit A(X), yI0BaeTBOPSIONITE HEKOTOPHIM
"eCTeCTBEHHDBIM  YCJIOBUSIM.

Bynem HazbBaTh npednoumenuem Ha TPOU3BOJILHOM MHOXKecTBe X OMHApHOE
orrorenne = ("He Xy¥xke”) Ha ITOM MHOKECTBE, KOTOPOE SIBJISETCS CIAObIM MOPSIT-
KoM (T.€. TIOJIHOE U TpaH3uTuBHOE). THUIUIHBIE TpeIOYTeH s 3a1a10TCsT (DY HKIII-
sIMU TIOJIe3HOCTH; ecan uMeercs dpyuknuga U : X — R na namem MHOXKecTBe, TO
MOXKHO TofoknTh ¢ <y y < U(z) < U(y). U obpatro, "npakTudeckn Beerua’
JI000€e TIpeIOUTeHe UMeeT TaKOi BU]L.

Obpatumcs K jorepesim Ha MHOXKecTBe X . [Ipeamonoxkum, 9To y HaIero areH-
Ta uMeeTcsa byHkIiusa nogesnoctn u : X — R, Oorcudaemoti nosesmocmaio jo-
tepen m € A(X) HazbIBaETCSI MaTEMaTHIECKOe OXKUJIAHUE U, T.€. THCTO

U(r) =) w(z)u(z).

Takas (addunnast) bynkmus U va A(X) nossossier cpaBHuBaTh joTepen. Teope-
Ma Heitmana-Moprenmrepta 006 0XKugaeMoii OJE3HOCTH YTBEPXKIaeT 00paTHOe:
ecin mpeanourenue Ha A(X) yaI0OBIETBOPSIET HEKOTOPBIM MPOCTHIM AKCHOMAM,
TO OHO WMEET TIPUBEJICHHBIN BBIMIE BUJI, T.€. SBJSICTCS OXKHUIAECMON MOJE3HOCTHIO
Juts HekoTopoit gpyukiun v : X — R. Bosee Toro, dpyHKIMS u onpejenaeHa oj-
HOBHAYHO ¢ TOYHOCTBHIO J10 (MOHOTOHHOTO) addunuoro mpeobpasosanus. Takas
dbyHKIMA © HazBIBaeTCA nosesnocmuvio Hetimana- Mopeenwmepia.

Teopema 06 oxkmgaemMoii IOJI€3HOCTMH.

[Tycth »= - 6unapuoe oruorenne Ha A(X). ChopmynupyeMm HEKOTOpbBIE Tpe-
GoBanust (yCJIOBUS, AKCUOMBI) Ha 9TO OMHapHOE OTHOIIEHHE (TIe p, ¢, T - JOTepen
na X):

1. > - cabblit TOPSIIOK.

2 (akcmoMa 3aMeleHus, Wi He3aBUCUMOCTH). Eciu p > ¢, To jajst jiio6oit
sorepen r 1 jioboro « (mexkry 0 u 1) semmosasiercst ap—+(1—a)r = ag+(1—a)r.
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3 (nempepbiBHOCTE). OTHOIIEHEE = 3AMKHYTO (WMJIM: HUKHUAE U BEPXHUE "KOHY-
ca’ < 3aMKHYTHI).

fcno, aTo OXKMIACMas TOJIE3HOCTH YIOBICTBOPSAET STUM aKcuoMaMm. BepHo u
obparHoe:

Teopema (Heiiman-Moprenurrepn). Tyems X - koneunoe mMHosHcecmeo, u
npednoumenue = na A(X) ydosaemesopaem axcuomam 1, 2 u 3. Tozda cyue-
cmeyem pynkyua u na X, maxas wmo npednoumenue = 3adaemca oocudaemol
noaesnocmuvio U(q) = > q(z)u(z). Hpu smom dynkyua u onpedesena ¢ moy-
HOCMBIO DO NOAOIACUMEALHO20 APPUNN020 NPEOOPA3OCANHUA.

B 1em cyTh oxumaemoit mosesnoctr U? B ToMm, 1T0 970 Aunetinaa (nnm TouHee
- addunnas) dynkusa na A(X). Torga ee "kpusbie 6e3paznniust’ TapaiIebHbL.
Ho mMeHHO 3TO U JJaeT aKCHOMa 3aMeIIeHNsI, MOTOD 3TON TeOPEeMB.

x*

Ty Yy

MBI HAMETHM JIOKA3aTeJIbCTBO TEOPEMbI, OCTABJIAS JeTaan caytrareasam. O6o-
SHAYMM Yepe3 &* MaKCUMAJbHBIH 3JIeMeHT MHOXKeCTBa X OTHOCHTENLHO > (TIOHU-
mast X xax moamuoxkectBo A(X)). B cuny koneunoctu X ou cymectsyer. Kax
BUJIHO U3 CJIEJYIONIEil JIeMMbI, OH OyIeT MaKCUMaJIbHBIM He TOJBKO Ha X, HO U Ha

Becem A(X).

JlemMma. FEcaup > q up>r, mop > amoboti cmecu q ur.

Heficruressho, ag + (1 —a)r [ap+ (1 —a)r Rap+ (1 —a)p=p. O

AHAJOTUYIHO CYIIECTBYET MUHUMAJBHBINA SJIEMEHT .

Bosmoxubt iBa ciydast. [lepsorii - korga z* ~ z, (orHommenue "6espasiniust’
~ O3HAYAET, YTO BBITIOJHSIETCS OMHOBPEMEHHO = 1 = ). B arom ciyuae Bee jtore-
per IKBUBAJEHTHBI, U B KadecTBe (DYHKIINU MOJE3HOCTH U MOXKHO B3SITh JIIOOYIO
nocTostnuyio (pyHkKIimo #Ha X. BTopoit, n ocHoBHO# ciayuail, korma x* > . TyT
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MBI TIOCTYITMM TaK: aJbTepHATHBE ™ TIPUTIUIIEM MOJe3HOCTD 1, a T, - MOJIEe3HOCTh
0. TTosesHocTr ocTATBHBIX JOTEpEdi Gy/IeM OMPEJIENATh ¢ MOMOIIHIO AKCHOMBI 3.

Bosbmem s06yto sorepeto p € A(X) u Ha orpeske [z*, 2] oTMeTnM Te TOUKH,
KOTODBIE > P, ¥ KOTOPbIe = p. DTO JBA 3AMKHYTHIX OTPE3Ka (3aMKHYTBIX B CUILY
AKCHOMBI 3), TEPBBIfi COIEPKUT ¥, BTOPOi - Z,. KoHeuHO, OHU TlepeceKkatoTes,
npuueM 1o ofnolt Touke (nokasarn!). Unade rosops, cymecTByer (OHOZHAUHO
onpegiesientoe) uncyao U(p) mexay 0 u 1, Takoe 910

p~U(p)z’ + (1 - U(p))z.

dAcno, aro U npencrapiser NpemouTeHne <.
MsuI yTBep:KIaeM Ternepb, 9To Tak omnpejenentas dhyukunsa U #a A(X) kom-
MYTHPYeT ¢ 00pa30BaHueM BePOSTHOCTHBIX CMeceil, T.e. UTO

Ulap+ (1 —a)g) = aU(p) + (1 - a)U(q).
[Ipoepum 3t0. [Io onpenenenuio,
p~Up)z"+(1-Up)z. uqg~U(gz"+ (1 -U(qg))z.
[To akcrome 3amertenns moaydaem, 9to ap + (1 — a)q SKBUBaJEHTHA JIOTEpee
a(U(p)z”+ (1= U(p))z.) + (1 = a)(U(g)z" + (1 = Ulq))z),

kortopas pasHa (aU(p)+ (1 —a)U(q))z* + (a(1 = U(p)) + (1 — a)(1 = U(q)))z+.
Ocraercs sametuts, 110 (1 — U(p))+ (1 —a)(1 = U(q)) =1 — (aU(p) + (1 —
a)U(q))-

Terneps yske BUANO, ITO ecan jotepes p pasHa y . p(z) @ x, T.e. ABIsgETCA
CMECBIO UHCTLIX albrepHatus x ¢ BecaMmu p(x), o U(p) = > p(z)U(z). Te.
dynkiua U gaBisieTcd 0xKuaeMoi MoJIe3HOCThIO.

YTBepXKIeHne mpo eIuHCTBeHHOCTh U 1oBONBHO Jerkoe. ['pybo roBopst, euH-
CTBEHHOE MECTO, TJI¢ OBbLI TPOU3BOJ B IIOCTPOCHUN - 9TO KO MBI MPUMIHCATHA 1
anbTepHaruse x* u 0 ajbrepHaTUBE T. HasHauenue APYruxX UUCES JACT MOHO-
ToHHOEe adphuHHOE n3MeHeHue (pyHKInun u. [

ITonesnocTs meHer. OaHO U3 CTAHIAPTHBIX TMPUMEHEHWH TEOPUM OKUIAEMON MOIe3HO-
CTH OTHOCUTCA K A€HbI'aM. XOTH BO MHOI'uUX CJIy4adX ITOJE€3HOCTbL MOXKHO OTOXKIECCTBJIATL C
J€HbraMu, IIpu 60J1ee TOHKHUX U PEAJJUCTUYIHLIX PaCCMOTPEHHUAX IIOJE3HOCTL ACHEr HeJInHeHHA.
Haunbosee apkuit 1080 B TOIB3Y HeJUHEHHOCTH jaeT T.H. [leTepOyprekuit mapaaokc.

[pencrasum cebe orepero (Mpasa, GECKOHETHYIO )

| HOpms | 2 | 4] 8 |...] 28 |...
| Bepositnoets | 1/2 [ 1/4 [ 1/8 ... [1/2% | ... ]
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MaTeMaTHYHCKOE OYKUJIaHUE ITOH JIOTeper paBHO
2-1/244-1/4+..=1+1+..

T.e. OECKOHETHOCTH. 3HAUUT JIH TO, UTO BBl TOTOBHI TIOXKEPTBOBATH JTIOOBIM OOTATCTBOM, ITOOBI
KYTIUTH OWIET JJIs YIACTUs B TaKOi JloTepee? 3aMeTUM, YTO BEPOSITHOCTH MOJYIUTh BBIUTPHITIT
6omee 1000 py6. MeHbIIIe OHOM THICAYHON. MaJto JTroei cormacaTcs MHOTO 3aILIATUTh 33 TaKYIO
JIOTEpeIo, M JIEI0 KaK pa3 B TOM, UTO TOIe3HOCTH feHer nemmneiinad. Tax, ecmu u(z) = z'/2, To
TIOJIE3HOCTH ITOH JIoTepen paBHA

V2124 VA 1A+ =12+ 1A+ o= 1/2(1 — 1/1/2) ~ 2.44

JleHesKHBIA SKBUBAJICHT 3TOH JoTepen pasen (2.44)2 ~ 5.95.

JIoBOJILHO €CTECTBEHHO CUMTATh, UTO MoJe3HOCTh H-M B ciyuae geHeKHBIX JoTepeit obsa-
JlaeT CBOWCTBOM MOHOTOHHOCTH. A ec/ii, KaK 9TO YacTO OBIBAET, UMEETCs ellle W OTBpAIleHne K
pHCKY, TO u BorHyTa. OTBpaleHne K PUCKY O3HAUAET, UTO CpejiHee (GapUIEHTD) JOTEPEr Mpe;i-
MoUTUTEIbHEe caMoil joTepen. Bripodyem, TeM He MeHee, MHOTHE JIIOIN YIACTBYIOT B JIOTEPESX,
YTO CBUJETETHCTBYET O HAPYIIEHUU /I HUX ITOH aKCHOMBI.

Yucnennoit Mepoit orBparienust K pucky (wiu Borayrocru ¢yuxmun H-M u) B Touke - ciry-
KuT qucao k(u, r) = —u'(x)/u'(x). OHo Ha3BIBaETCS KOdPPHuyuenmom abcosommozo omepaue-
nuA K pucky B Touke x. DyHKIUSA 1 BOcCTaHABIUBaeTCs 10 k(u, <) ¢ TOIHOCTBIO 710 adbdUHHOTO
npeobpa3oBAHISI.

HauBug HA3BIBACTCS HEUMPANLHLM K PUCK]Y, €CJTH €T0 TOJe3HOCTD U JUHelHa, T.e. eCJIN KO-
> dunmenT oTBpalieHns K pucKy ToxKaecTBeHHO paBeH (. B 3ToM ciiydae mMoe3HoCTh JoTepen
P paBHa ero oxKumanuio Kp.

[Toapobuee 06 OTBpaIIeHNN K PUCKY, CTOXaCTUICCKOM JTOMHUHUPOBAHUH, CTPAXOBAHUHU M T.II.
MBI pekoMenayeM KuHury MacKomes u jp.

Teopusa CeBumxka. OHa OTHOCHTCS K 0oJee CypOBOil HEONpeIeIeHHOCTH, KOT/Ia HeT 00b-
eKTUBHBIX BEPOATHOCTEI (B 9TOM ¢jiydae TOBOPAT WHOTJA O A0wadunnll ckaurax). CIBUIK
MPEIJIOKII CUCTEMY aKCHOM, KOTOpast O0bSICHSAET TTOBeIeHNe NHANBUIA IBYMs BelaMu: GpyHK-
1ueit MOIe3HOCTH U HA UCXogaX X U CYObeKTHBHON BEPOSTHOCTLIO 7 HA MHOYKECTBE COCTOSHUM
OpUpOb! {); MHANBH IPU ITOM MAKCHMU3UPYET oxKugaeMoe (1o 7) 3Hadenue u. CMBICT 9TOTO
MOJIXOJa B TOM, YTO (CYOBEKTHBHBIE) BEPOSTHOCTH COOBITHH M3BJIEKAIOTCH U3 TIPEINOYTeHuUt
HHITBUIA.

CxkazkeMm KpaTko 00 5ToM. [IpuMuUTHBHBIE TIOHATHS: MHOYKECTBO X UHCTHIX MCXOJI0B, MHOMKE-
CTBO A(X ) JIOTEPEHHBIX MCXOI0B, §) - KOHEUHOEe MHOYKECTBO COCTOSHU mpuponsl. JleiicTue -
510 oTobpazkenue [ : ) — A(X); MmHO)KecTBO nX obo3navaercsa L. Ha L 3amano npeanourenne
=<, KOTOpOE YJOBJIETBOPSIET TEM K€ aKCHOMaM: CJIAOBIH MOPsIIOK, HE3aBUCUMOCTD U HENPEPHIB-
HocTh. Torjma < mpejcTaBigeTcs 0600MEHHON 0KuIaeMOll TOME3HOCTBIO BIAA Y o Uy (f(w)).
DaKTHIECKH ITO yzKe OBLIO JOKa3aHO.

HoBoe nosiBisieTcs, ecam Mbl TOTpedyeM, 9ToObI mosie3HocTu U, He 3aBUCETN OT COCTOSHUS
npuponsl w. Hampumep, 3TOro MOXKHO T0OUTHCsI, JOOABUB K YK€ YIOMSHYTBIM TpPEM aKCHO-
MaM aKCHOMY MOHOTOHHOCTH. UTOOBI ee chOpMyINPOBATE, 3aMETHM, UTO MOCTOSHHBIE JTOTEPEN
MO3BOJMISIOT MHIYIUPOBaTh Ha cuMiLieke A(X) npeamourenne < ¢ MHOKecTBa L, KOTOPOE N30~
OpazkaeTcs TOit yKe OYKBOIi.

4. Akcuoma MoHOTOHHOCTH. IlyeTh f U g - 1Ba AeiicTBus, n ny1st mo6oro w € Q f(w) = g(w),
torga f = g.
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Kak JIlerko MOHATH, B 9TOM ¢aydae npeanoutenns Ha A(X), unayuuposanubie GhyHKIAAMA
U,, He 3aBucaAT 0T w. 113 equncTBennoctn nonesnoctn H-M creyer, uro U, = m(w)U 4+ a(w), n
m(w) > 0. Hopmupys 7, MOXKHO CIHTaTh, 9TO y (W) = 1, T.e. ABIgeTCA TpeOyeMoit BepOATHO-
cThio Ha . ITonesnocts Ha L B 910M cirydae npejcrasisgercs ynkmueii f — [ U(f(w))dr(w).
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Jleknus 4. IloBegenveckue u cMeliaHHBLIE cTpaTe-
TN

IloBeneH4deckue crpaTerum. BoopyKUBIINCH BEPOSTHOCTHBIMHU TIOHSITUSIMHA,
BEpPHEMCsI K UT'PaM B pa3BepHyTo# (bopMme co cayuainbiMu xogamu. [1ycTs urpokn
OTIPEJIESTNIINCH CO CTPATETUSIMI; TOT/A U3 KaXKION MO3UINY IepeBa UI'PhI, KOHTPO-
JIUPyeMOit UTPOKAMHU, BIXOJIUT HEKOTOpast OTMeUeHHas cTpesika. OIHAKO eCTh elle
U TIO3UIUH, TJIe XOJ JIeJIaeT TPUPOJIa’, U 9TH X0l UMEIOT CJIyUaiHbIf XapaKTep.
Benencrsue 3Toro TpaeKTopusi UTPHI TEPsIET ONMPeeIeHHOCTh U TOXKEe CTAHOBUTCS
CJIyYaiiHOM.

O0bsicauM 310 OoJIee GhopMaJbHO, HO MPEIBAPUTENHHO 3aMETUM CJIeIyTollee.
Pa3z y»k MBI omyckaeM ciydaifibie XoIbl TPUPOIOit, MOXKHO MPEJOCTABATD 9TY BO3-
MOXKHOCTb ¥ UI'POKaM. DTO O3HAYAET, UTO HAXOJACH B HEKOTODOi mo3uruu (Tou-
Hee, B WHGOPMAIMOHHOM MHOXKECTBE h), UTPOK MOXKeT, "6pocuB MOHETY”, ¢jieaTh

0899

CITydaifHbIN X0, TO €cTh BBIOpaTh He aucthiii” xox (a1nement w3 M(h)), a “cme-
mranublii” (To ectb anement n3 A(M (h))). Bamernm, UTO TaKOE BTOPXKEHUE CIIyYast
HE OTPAHWIMBACT CYBEPEHUTET WIPOKa: BHIOOD TO-MPEKHEMY MPHHAJIICKUT €My,
U TPHU >KeJaHUW OH MOXKEeT BBIOpaTh IMCTHIK Xoi. 3adeM eMmy oOpaliaThcsa K
"pyJieTKe” - 3TO OTJETbHBIN BOTIPOC, K KOTOPOMY MBI €Ille BEPHEMCS.

Tak MBI IPUXOJUM K MOHATHIO nogedenueckol] crpareruu. 1o BHIOOD UTPO-
KoM 4 cMmerantoro xoga G(h) € A(M(h)) B kaxaom “coem” mHMOPMATTHOHHOM

MHoxectse h € H;.

TpaekTopust urpsi. Korjia Bce Urpoku BbIOEPYT MOBEJICHUCCKIE CTPATEIUH,
TO JIJISI KaKJI0i HeTepMUHAJBHON MTO3UNINN & lepeBa UTphl I Oy1eT yKazaH ciydaii-
Heiit xoz (mmn crpeska) B(z) € A(A(z)) (manomunm, uto A(x) - 970 MHOKECTBO
CTPEJIOK, BBIXOJSIIMX U3 Bepiunbl x). Kakum Gyger ucexop (KOHETHO, TOKe CIIy-
qaﬁHmﬁ) B 91Ol curyaruu? VHate ToBOpsi, YTO Ha3BATh TPAEKTOPUEH PA3BUTHS
urpbi? ZcHo, uTo 9T TpaekTOpHs OyIAeT 'CMemaHHOW; TaK BOT KaK MPHUINCATH
BEPOSITHOCTH KaXK10# KOHKPETHON TpaeKTopun?

Henaercst 910 nocrenenno. Mpl mpumumiem wucio m(x) Kaxk 1ol nosuimn  (Be-
POSITHOCTD TIPOXOXKIEHUST UTPHI depe3 9Ty nosutunio x). KopHesoii (HauaibHO)
MO3UIUY TTPUMHACHIBAETCS IUCT0 1. OCTaJbHBIM MO3UIINSIM UNCTa TPUITHCHIBAIOTCS
o nHAYKIu. [IycTh o - HeKopHeBast mo3uiinsi. Toraa cyIecTByeT eInHCTBeHHas
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CTpeJiKa a, KOTopasi BXOauT B . OO03HAUNM Uepes3 Yy HAUaJO STON CTPEJKH, TaK
aro a = (y, x). [losunus y naxonnutcs "6mKke K KOPHIO ¥ TTOSTOMY JIJIsT Hee yiKe
onpegesiero uuciio mw(y). Homoxum reneps 7(z) = 7(y)B(y)(a). (HesBro Ty
COJIEPAKUTCST TIPEJIOTIOKEHNE O HE3ABUCUMOCTH PAHIOMU3AINY B PA3HBIX BEPIIU-
Hax, HO OHO HeBUHHO.) Tax Imar 3a maroM Mbl IPHUTHUIIEM YHCTa BCEM TIO3UIHSIM,
B TOM YHCJIe TEPMUHAIBHBIM. JIerko moHsThH (JIoKaxuTe!), aro cymMma duces ()
10 BCEeM TepMUHAJIBHBIM no3ulusaM (2 € T') paBHa 1, TO €CTh MbI OJIYYaeM Bepo-
STHOCTHYIO Mepy Ha T'. DTO U eCTh UCXOJ] UTPHI; KOHEYHO, OH 3aBUCUT OT BHIOODA
TOBEJIEHIECKUX CTPaTeruii.

Eciii B TepMHHATILHBIX BEpIIMHAX YKA3aHBI BEIUTPHIIIHN (B TEPMUHAX TTOJIE3HO-
cru Hefimana-MopreninmepHa), Mbl MOXKeM TepedTH K CPeTHUM U MOJYUUTh yKe
YUCIOBbIE BHIUTPBIMIN. Te€M caMbIM MBI IO UTPE B pa3BepHYTON (popMe MOy IUTH
HEKOTOPYIO UT'PY B HOpMaJIbHO# opMme - nosedenueckoe pacuupene.

CwMernraHHbIe cTpaTeruu. Boillie Mbl NCXOIUIN W3 UTPBI B pa3BepHYTOH (hop-
Me. [loxoxkyto omepalnio "cMeIanHoro paciiupeHust , U Jaxke ellle MMpolre, MOXKHO
¢JleJIaTh U JIJIst UTPhI B HopMaJbHo#t (popme. Ilyerh gana urpa B HopMaabHOI (hop-
Me u : X;S; — RY ., wm myume - urposas dopma (Mexanmsm) r @ Sy — A.
Cmewannoti crpaTerneit urpoka i HasbiBaeTcs Jorepes o; € A(S;) Ha MHOXKeCTBe
YUCTBIX cTpareruit S;. I'pybo roBopsi, BMECTO TOTO, UTOOBI U€TKO TTPHIEPKIBATHCS
BCETJIa, OJHON W TO¥ »Ke CTpaTeruu S;, UTPOK OpOocaeT MOHETY U B 3aBUCHUMOCTHU
OT 9TOTO NMPUMEHSET TY WM UHYIO CTPATETHIO.

Y10 XKe cUnTaTh UCXOIOM, €CJTU UTPOKU TTPUJICPIKUBAIOTCS CMEIIAHHBIX CTpaTe-
ruit ;7 Konewno, notepero 7, (01®. . .®0,) € A(A). Hessro Ty npemosaraercs,
YTO PAHJOMUBAINN OTACJBHBIX UTPOKOB HEKOPPEJINPOBAHBI, HE3aBUCUMBI. B 1po-
TUBHOM CJIyYae Mbl MTOJYIaeM T.H. KOPPEAUPOSAHHBLE CTPATETUH, O KOTOPHIX €IIe
TIOTOBOPUM B CBOe BpeMd. Eciam ke HAC MHTEPECYIOT UNCTCHHBbIE 3HAUCHUS BhI-
UTPBITIEH, MBI JIOJKHBI OPaTh CPeJHUE BBIUTPBIIIH, TO €CTh f uid(al Q...0 an).
Nuade roBopst, (cpeHuil) BHIMTPBIIT UTPOKA 4 TPU TpOdUIe CMEIIAHHBIX CTPaTe-
ruii (o1, . ..,0,) paBeH

Zui(sl, ey Sp)o1(s1) o on(sn);

CYMMUPOBAHUE BEJIETCS TI0 Sy, TO €CTh O BCEM NMPOMUIAM TUCTHIX CTPATETHH.
[Tonyuennas urpa (B HOpMaJIbHOH (hopme)

xiA(S;) — RY

HA3BIBAETCST CMEWaHHuM pacwuperuem urpbl G u obosnavdaercs G™.
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CpaBHeHIEe CMeIIaHHbIX U MMOBeJeHYeCKUX cTpareruii. Takum obpasom,
eCTh JIBa CTI0Cc0o0a BBEJICHUS PAHJIOMU3AINN B UTPY, 3aJaHHYIO pa3BepHyTO#H (hop-
moit I'. Onun - B3sTHL OBemenIecKoe pacimpenne. Bropoit - oOpa3oBaTh cHaudaa,
HOpMaJIbHYIO (bopMy G 1 3aTeM ee CMelTaHHoe PaCIIupenne. 3aMaTuM, ITo hop-
MaJIbHO OHU PA3IUIaiOTCs - Y HUX Pa3Hble CTpaTerndeckne MHOXKECTBa. B mepBoit
WTpe CTPATErHst UTPOKA 4§ - 9TO yeMeHT MHOXKecTBa X e, A(M;(h)), Torma kak
BO BTODOIf - siemMenT MHOXKecTBa A(X pem, Mi(h)).

Kro-To mpemioxkun Takyio aHajgoruio. Uucrtas cTpaTerws - 9TO KHUTA, CTPAHUILI KOTO-
poit COOTBETCTBYIOT MHMOPMAIIMOHHBIM MHOYKECTBAM, a Ha KazKJIOH CTpaHUIle 3aMucaH TOT XOI,
KOTOPBII HY:KHO ¢eaTh B 9TOM MecTe. Habop Bcex 4mMCTHIX cTparernit - ombamoreka. Uto-
OBl peaTm30BaTh CMEIIAHHYIO CTPATETHIO, HYXKHO CIYIallHO BHIOpATh KHUTY. A TOBeIeHYeCKAs
CTpaTerud - 3TO CHOBa KHUTA, TOJHKO Ha KayKJION CTpaHUIle YKa3aH He OJIMH XOJI, & BEPOITHOCTH

BHIOOpA XOJIOB.

JIOBOJIBHO $ICHO, UTO MEXKJLy STHUMHU JIBYMsI BADHAHTAME DAHJIOMU3AIIN UMECT-
cs1 TecHast ¢Bsi3b. CkaxkeM 00 3ToM Oosiee TouHO. Tak Kak pednb OyIeT WIATH TIPO
KasKJIOr0 MIPOKa OTJIEJBHO, MBI OIYCKAeM HHJEKC WIpOKa i. Torjga moBejieHwe-
CKasl CTPATerHus - 3TO yeMeHT MHOXKeCTBa X e A(M(h)), a cmermannast cTpare-
rust - sieMeHT MHOKecTBa A( X peg M (h)). BagaBumcs noBeeHIeCKoil cTpaTernedi
B = (B(h),h € H), Mbl Jerko 06pasyeM cMelianuyio crpareruio o = &p5(h).
Ob6patHo, ecn fana cMeniantas crparerust o € A(XpegM(h)), MOXKHO CTIPOEK-
TUPOBAThL Ty Mepy Ha Kaxkjaoe M (h) u nomyqaurs wabop (B(h),h € H), To ecthb
MOBEJIEHYECKYIO CTPATErHIO 3.

OJ1HAKO, HECMOTPST Ha €CTEeCTBEHHOCTD 9TUX OIEPAIiii, COOTBETCTBYOIIHE JIPYT
JPYTY CMeIllaHHas 0 U TOBeJieHYecKas (3 CTpaTeruu MOIYT TIPUBOJUTH K PA3HBIM
ucxoziaM. TlosicHuM 910 Ha TIpuMepe.

ITpumep. rpox Ha mepBoM Iare MoxkeT moi#iTu jubo Hampaso R, mubo HajaeBo
L. Ilocse sroro on "3abbiBaeT”, UTO Aejall Ha IEePBOM IIare, 1 CHOBa CTOUT Iepe/I
BBIOOpPOM 7 WH 1.

a b c
[Ipumep 3a0BIBYNBOTO UTPOKA
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CooTtBercrByfomne 4 ncxona obo3naunm a, b, ¢ u d.

Nrpok umeer 4 uncreie crparvernn: (L,l) ¢ ucxomom a, (L,7) ¢ wexomom b
u T.71. Pacemorpum cmeratnyio crparernto 0 = 0.5 ® (L,1) + 0.5 ® (R, r); ona
npuBOIUT K rcxony 0.5 ®a+0.5®d. AcconunpoBantas MoBeIeHIecKast CTpaTer s
COBETYeT B KarkKJOM M3 WHMOPMAIIMOHHBIX MHOXKECTB ¢ PABHBIMU BEPOSTHOCTSIMU
VJITH HATPaBO WM HaJjieBo; mHade roBops, S(1) = 0.5 Q@ L+ 0.5® R u f(1) =
0.5® [+ 0.5® r. Takas noBejieHUeCKasi CTpaTerusi ¢ paBHBIME Tiatcamu (1o 1/4)
MPUBOJIUT K McxonaM a, b, ¢ u d.

Bosnee BHUMAaTeNbHBIN aHAJIM3 TTOKA3LIBAET, UTO TaKas  TATOJOTUSA BO3MOXK-
Ha TOJIbKO TIPHW HecoBepIleHHOo# mamaTu. Hamr urpok He MOMHHUT, YTO OH JIeJaJl
Ha TIPEIBIIYINNX XoaaX. Kcim e urpa ¢ cOBepIIeHHOH MaMsIThIo, TO, KaK ITOKa-
san Kyn (1953), mobas cMmenantasi cTpaTerusi SKBUBAJEHTHA aCCOIMUPOBAHHOM
¢ Helt oBeeHYeckoit. B najbHeitiieM Mbl Oy1eM BCIOAY TIPeIroaraTh COBEpPIIeH-
HYIO TTaMsiTh. [ToaToMy MBI He OyjeM pas3iaudarh CMeIIaHHbIe U MOBeJIeHUYECKNe
CTpaTeruy MPU PACCMOTPEHUN PAHIOMU3AINN PA3ZBEPHYTHIX (DOPM.

CoBepinienHas namMsaTh. Fie 6osiee pa3suTeTbHLIN TPUMEP OTCYTCTBUS TAMSITH JIaeT CIe-
Jyromuii IpuMep (CHOBA € OHUM UTPOKOM).

A A A
N 0
D D
0 4

3abbIBUMBLIi 110hep

Bmech Beero jiBa Xoja u ape (uucreie) crparernn: A (Bnepen) u D (Buu3). OGe Jai0T BHIUTPHIIIL,
paBubiit 0. COOTBETCTBEHHO, JII00OAsT CMENTAHHAsT CTPATeTHus JTaeT HyJeBO# BLIUTpHINL. OIHAKO
nmoBeienveckast crpaterus = 0.5 ® A+ 0.5 ® D B cpeHeM j1aeT BHIUTPHIII, paBHbIT 1!

He BiaBasich B TOUYHBIE OTPEIETCHNA W JOKa3aTeqbcTBa (cM. MailiepcoHa), MOSCHUM BCe
JKe, ITO O3HAYAeT COBEPIIeHCTBO MaMsaATH. COBEPIIEHCTBO MAMITH O3HAYAET TPU TPeOOBAHUS.
[Tepoe. IIpeanono:kum, 9TO B MO3UIUMHN & UTPOK JEJTA€T XOJ U TMEPEBOIUT UTPY B MO3UIHIO .
Torna x u y He BXOAAT B OAHO WH(MOPMAIMOHHOE MHOYKECTBO 9TOT0 Wrpoka. Hedbopmanbho -
UTPOK TIOMHUT, CAeJaJ JIK OH XO/A. Bo BTopoMm mpuMmepe 3T0 TpeboBaHHMe HapyIieHo. Bropoe.
[TpeamooKuM, 9T0 HEKOTOPBIT UTPOK B MO3UIUN T MOXKET CJIeJIaTh JBa XO/a, TEePEBOIATINE
urpy B nosunuu y u y'. IlycTb, najee, TO3UIMS 2 BCTPEUALTCs TMOCTE Y, a MOo3unus 2’ - moce y'.
Torma z u 2z’ He MOryT BXOIUTHL B OAHO MH(MPOPMAIMOHHOE MHOMKECTBO JJIs HAIIETO UIPOKA. DTO
TpeboBaHme HAPYIIEHO B IIEPBOM IIpUMepe 3Toi Jjekiuu. Hakonen, eciu y u y' - ABe MO3UIINH,
HAXOJISIINECS B PA3HBIX WHGMOPMAIMOHHBIX MHOYKECTBAX, & ¥ U y' KaK paHblle, TO CHOBA 2z U 2
He MOTYT BXOJIUTh B OJHO WH(MOPMAIMOHHOE MHOYKECTBO /TSI HAIIETO MTPOKA.

Tem me Menee, Jaxke B cIydae COBEPIICHHON TaMATH, HYXKHO HEMHOTO MOJUMUIITPOBATH
KOHCTPYKIINIO TTOBEIEHYECKOl cTpaTteruu [ mo cMermanuoit crparerun o. [lycts mano nudopma-
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[MUOHHOE MHOXKeCTBO h € H; UIPOKAa 7; Mbl JIOJXKHbI YKa3aTh BeposTHOCTHYIO Mepy B(h) € M;(h).
[TpuBesennoe BhIme "HauBHOE” OMpeNEJEHEe COCTOSIO B TOM, YTO MBI Opanu B KadecTe [3(h)
ycpenuennstit mo ¢ xox B nosunuu h. To ects cumranm, uro B(h)(m) = Y o(s)s(h) (3aech
m € M;(h), a s mpobGeraer MHOKECTBO S; YMCTHIX cTpaTeruii. [IpaBuibHOe ONpeeIeHne cocTo-
UT B TOM, YTO MBI BMECTO YCPEIHEHUs 110 0 JOJZKHBL YCPeIHATh M0 YCJIOBHOM Mepe, oIy YeHHOM
IpH YCIOBUH, YTO CTPATETHs § B NPUHIIKAIE JTOMYCKACT MPOXOXKICHIE TPACKTOPUH UIPHI Yepes
h. Bostee TOYHO, CKazKeM, UTO CTPATETHsI § JONYCKAEM Nporoxcienue uzpov, wepes h, ecam cyiie-
CTBYIOT CTPATErHU IPYTUX UTPOKOB, IPU KOTOPHIX BEPOATHOCTD 7 (h) MPOXOXKICHUS TPACKTOPUH
urpsl gepes h nomoxurenbua. O6oznaunm uepes S (h) C S; MHOKECTBO CTPATErHit -r0 UTPOKA,
KOTOpBIE JOIYCKAIOT MPOXOKAeHue urphl uepes h. 1 Torma

Blh)(m) = ( Y als)s(h)/( D o))

seS; (h) seS; (h)
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Jlekiiua 5. PanmonaabHble UTPOKU

Bamaqda Teopun urp. Hamomunm erie pas, 94To urpa - 970 urposas dhopma (uin
mezanuam) p : Sy = XienS; —> A, JTONONHEHHAs! TIONE3HOCTAME (BBIUTDHITIIA-
MH, payoffs) urpokos. Bemrpbiin urpoka i 3amaercs ¢yakuuneit u; : A — R u
cumnTaeTcs nojesnoctbio Hefimana-MoprenimrepHa (T.e. pacipocTpaHsaeTcst Ha JIO-
Tepen Kak MaTeMaTHIeCKoe OXKUIAHNE); KOMIOHUPYS C P, MOKHO CUUTATH, UTO U;
3aJIaHbl Ha Sy, U TeM caMbiM UcKI0unTh A. Taxkum obpaszoMm, urpa - 9T0 TPoOitKa
(N, (1), ()

OcHoBHas 3a7ada HEKOOIEPATUBHON TEOPUN WTD 3aKII0UaeTCsT B TOM, UTOOBI
JaTh OTBET Ha BOIIPOC - YTO Ke MPOU30NIeT B KaxKI0M KOHKPETHOW UTpe, KaK OHa
Oymer pasbirpana? MHade roBopsi, Kakyto (MM Kakue) cTpareruio s; € S; Bbibe-
per KaxK[blii urpok 7 IIpu 9roM (MONTIAIMBO WK SBHO) UCXOJAT U3 CJIEYIONINX
TIPEJIIOIOKEH I (TTPE/IITOCHITOK ):

[. Kakaprit uTpoK CTPEeMUTCS MaKCUMU3UPOBATH CBOI BBHIUTPHITIL.

II. KaxXaplit 13 UTPOKOB 3HAET UTPY.

ITI. CBou cTparernn UTPOKU BHIOUPAIOT OJHOBPEMEHHO U HE3aBUCHUMO.

IV. Urpa urpaercs oIHOKPATHO.

Kak J1erko nousTh, nprBejieHHbIe (1 JOBOJILHO PACIUIBIBUATHIE) TPEOOBAHNUS He
OTIPEIEJISIIOT OJTHO3HAYHO PellleHne UTPhI, HO SIBJSIIOTCS JINIIb HEKOTOPHIMU HABO-
JSIIITAMY COOOpaKeHMAMY [IJIsI TIOUCKa onpeenennsi. OOCy M 9TH TPeIIoIoxKe-
HUS.

O6cyK1eHne npeanochbLIOK.

I. Kax y»ke oT™Medasoch, TJiaBHas TPYJIHOCTb TYT COCTOUT B TOM, YTO BBHIUTPHIII
UT'POKA ¢ 3aBUCUT HE TOJIHLKO OT €0 CTPATerni, HO 1 OT CTpaTernit ocTaJbHbIX. [1bI-
TasgiCh YHTH OT 9TOH HEeOIpeneJeHHOCTH, TeOPUsl UT'P IMBITAETCs aleIupoOBaTh K
MOHATHUIO PaUUoOHarbHocmu. VITpoK paloHaseH, eI OH MaKCUMU3UPYET CBOM
OXKMJIaeMblI#f BBHIUTPHIII ¢ YI€TOM BCelt mMmerornelicst y Hero nudopMmanmu. Takum
obpa3oM, TepBasi TPeIrnochlIKa (POPMYIUPYETCss KaK IMPEINoJoXKeHne O Pallno-
HAJILHOCTU BceX UIpoKoB. Ho nazke eciim coryiacuThCsT ¢ 9TUM, OCTAETCSI BOIIPOC -
a Kakas ecThb nHdopmMmalnusa y urpokos. Ha 3To oTBedaeT BTOpast MpeIrnochLIKa.

II. B nmepByto oyepesb 9TO 03HATAET, UTO KarK bl U3 UTPOKOB 3HACT CBOI BhI-
WP u;. HO TaksKe BBIMTPHININ OCTATIbHBIX UTPOKOB (u_;). U ecsu mepBoe Ka-
JKETCsI COBEPIIeHHO eCTeCTBEHHBIM, TO BTOPasl YaCTh BbI3bIBAET CUILHOE COMHEHME
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U BBITJISAIUT BECbMa CIMOPHBIM. MOYXKHO JIOTyCTUTB, UTO UTPOK ¢ 3HAET (pusmde-
ckue” uCxo/pl (T.€. 37eMEHThI A), HO OTKY/Ia OH MOYKET 3HATDH MOJE3HOCTh WX JIJIs
npyrux urpokon? Jlaxke ecam JOMYyCTHTH, UTO MCXOIbI BbIPayKeHBI B JI€HEXKHOM
¢gopMe 1 UTO BCe YIACTHUKU JIIOOAT JCHBIH, JaxKe B 9TOM CJIyUae, KaK Mbl 3HACM,
MOJIC3HOCTH JICHET MOXKET ObITh HeJTuHelHOoM. OTKy/1a UTPOK ¢ MOYKET 3HATH TaKHe
TOHKWE BeIH, KakK K03 DHUIMEHTH OTBpAIeHNs K PUCKY ApyTruxX urpokos? Kpowme
TOTO, B TIOJIE3HOCTD MCXOJIA JIJIsI OJTHOTO UTPOKA MOXKET BXOJUTH YUET TOJE3HOCTH
JPYTOTO (€ TOJOKUTEIHHBIM WM OTPHUIATETBHBIM 3HAKOM); 9TO TOYKE BDPSIJ JIH
KOMY TOYHO H3BECTHO, KPOME CaMOro Urpoka. HekoTopbie MONBITKH yCTPaHUTH
9TU TPYAHOCTH OOCYXKJIAIOTCA B JICKIIUK TIPO UTPHI ¢ HETIOJTHONW WHQpOPMAIIei.

Boitee Toro, oprofiokcaibHas TeOpUsi BBOIUT MOCTYJIAT, YTO 3HAHUE UTPhI (KaK
W PAIMOHAIBHOCTh YIACTHUKOB WIPBI) SABJISIETCA 00UUM 3HAHUEM: WTPOK i He
TOJIbKO 3HACT BBIUTPHIININA BCEX WTPOKOB, HO 3HACT TaKXKe, UTO OCTAJIbHBIC 3HAIOT
BBIUTPHIIIHI BCEX, ¥ UTO BCE 3HAIOT, IYTO OH 3HAET 00 3TOM U T.J. 10 OECKOHEUHOCTH.

ITI. Cwmbica aToro TpeboBanus HampaBaeH Ha yrounenue nmyHkTa II. [Ipuanmast
CBOE pellleHne, NTPOK He 3HAeT O BhIOOpe CTpaTernii IPYyTUMHI UT'POKAMHU. DTO He
UCKJIIOYAET TOTO, UTO Ha OCHOBE JIOCTYIHOM eMy WH(MOPMAIUKA OH MOXKET JIe/IaTh
YMOBAKJIIOUCHUN O BEPOSATHOCTU UCIIOIB30BAHUS JIPYTUMHU UX cTpaTeruit. OmHako
TOYHON (POPMYJUPOBKH MHTEJJIEKTYAJbHBIX CIMOCOOHOCTEH s1 HUTIe He BCTpedall.

Croia »Ke ecTeCTBeHHO BKJIIOUAETCS TPEANOChLIKa 00 OTCYTCTBUU OOMeHa MH-
dbopmMarmeit Mex Iy UrpoKaMu (JJOMIPOBBIX MEPETOBOPOB, CrOBOPA, YIPO3, 0053bI-
BAOIINX COTJIAIIEHUH U T.IL.)

IV. Cumblicst 3T0it TPEINOCHIIKY siceH. VITPOKY BCTPETUTUCH, CHITPAJIN U HABEKU
PA30IIINCh; HUKAKOH MECTH WM OIAarofapHOCTy (MJIH, KAK MTPUHSITO B TEOPETHKO-
WTPOBO# TepMUHOJIOrHH - TpaHcdepon). Eciiu urpa mpoBouTest MHOTOKPATHO, 9TO
yKe Ipyrast urpa.

ITouarue pemtenusi. Camoe medagbHOE B TOM, 9TO JarKe TPUHAB JKECTKHE
COBEPIIEHHO HePeAJTUCTUIeCKNe TPEIIOCLLIKE 00 00IeM 3HAHUKU UTPbI, OPTOI0K-
caJibHas TEOPHUs He TIpeycriesia B PEIeHUH CBOEH OCHOBHOW 3aJladuu - Ompejesie-
HUW TOHSITUsI perieHnst urpbl. COMHUTETBHO, YTOOBI 9TO MOYKHO CJIeIaTh BOOOIIIE.
Bsamen ona mpejiaraeT MHOTO TIOHSATHI pellieHns (JOMUHUPYIOIIE CTPATErnH,
OCTOPOXKHBIE CTPATErnH, NCKJIIUeHNe JOMUHUPYEMbIX CTPaTernit W, Kak BeHell,
paBHOBecue HsIma), OKa3bIBAIOIINXCST TOJE3HBIME B T€X WJIH WHBIX CHTYAIHSIX.
Huzxe MBI 6yeM 3HAKOMUTBCA ¢ HUMU OoJIee TIoIpOOHO.

EctecTBenmbIil €1oco0 MOCTABUTH MOHATHE PEIIeHNsT UTPHI Ha TBEPYIO MOUBY
- 9710 (hpopMaTU30BaTh MOBEJCHUE UTPOKOB. KOHEUHO, U TOCIe 9TOro MOXKHO Oy-
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JleT BO3PaXKaTh, TOBOPsI, UTO TIPeJIOXKeHHas (popMaInu3alinis He YIUThIBAET TO U
TO, HO 3TO yKe aApyroe jeyo. TakuM (HyHIaAMEHTOM MPECTABISETCS THIIOTE3a, O
pannoOHAJbLHOCTH UT'POKOB. Kak MBI yKe TOBOPUJIM, PallMOHAJbLHBIN UIPOK MaK-
CHMU3KPYET CBOIO MOJE3HOCTH (OXKUIaeMYI0) Ha OCHOBE BCell MMEIIeHCs y Hero
nHQOPMAINN. JTO onpeeneHne TpedyeT yTOUHeH!s IBYX MOMEHTOB: UTO Ke 3Ha-
er UrpoK (T.e. Kakas y Hero uH(OpMaIus), 1 KaK Ha OCHOBE 9TOH MHMOpMAINK
dopMUpPOBaATH OKUJTAEMYIO TIOJE3HOCTD.

HeobaiiecoBckuii moaxon. B coorsercTBum ¢ mneobalteCOBCKUM T0IXOIOM
(M3710KEHHBIM B KOHIIE JIEKIINU 3) B 3ajade UrpokKa (0GO3HAUMM €ro i) MMeercst
HEOTIPeJIeJIEHHOCTh OTHOCUTEIHLHO CTPATEruil OCTAJbHBIX, TO €CTh OTHOCUTEJHHO
MHOXKecTBa §2 = S_; = X;zS;. Kaxknaa cTparerns s; Halllero UTPOKa IIOPO-
xKaaer dyHKimo Ha () (geficrue), 910 u;(s;, ) : @ — R. Emy HyxHO BBIGpaTh
"HAUydIIyo~ cTpaTeruio. YTobbl ¢ieiaTh 9T0, HallleMy UTPOKY %, B COOTBETCTBUN
¢ Teopueit CaBurKa, Hy»KHO TIPUITUCATH '~ CYObEKTUBHBIE BEPOSITHOCTH COOBITHSIM
u3 Q. To ecthb chenars BepositHOocTHBIE “noranku” o_; € A(S_;). Kak monbko
OH 3TO CIeJaeT, KaXKJasl ero CTpaTerus §; MoaydaeT ~OXUIAeMyI0 MOJIE3HOCTD
Ui(si) = ui(si,0-;) = [wi(s;,-)do_;(-). Y urpoky ocraercst B3sTh (11000y10) CTpa-
TEeruio, Jarnryo Makcumym Uj.

TyT Bce MOHATHO, KPOME OJHOTO - OTKY/a UTPOKY B3SATh CBOIO MOTaJKy o_;!
CoszraeTcst BrieuaTyieHre, 9To Mbl HCXOJIHYIO 3a7ady (0 BBIOOpE MIPOKOM 4 CBO-
el cTpaTeruu si) CBEJIN K JIPYTOi, Oojiee CIOXKHOM - yragaTh, 9To OyayT AesaTh
npoTuBHUKY. Ecim oH (MTpoK 4) Takoit “mora inBbiii’, moueMy Obl eMy cpasy He
yraJarh, 9To OymeT JesaTh OH CaM?

Tem He MeHee, Takasi TTOCTAHOBKA MMeEET HEKOTOPBIH cMbicia. To, 4To OyayT
JieJIaTh €ro MPOTUBHUKHU-TIAPTHEPHI, 3aBUCUT OT WX TOJE3HOCTEH (Belb OHU TO-
JKe palroHATbHBbIE UTPOKH!). A 3HAUNT W Hallla JOTAJKa JOJKHA OCHOBBIBATHCS
Ha HAIINX 3HAHUSIX O TIOJE3HOCTSIX TIPOTUBHUKOB. JIpyrast BaskHas (KpoMe moJies-
HOCTH) COCTABJISIONIAs BHIOOPA TIPOTUBHUKOB - WX JIOTAJKKU O BBHIOOpE IPYIuX, 1
MO9TOMY Hallla JOTa IKa, JOKHA YIUTHIBATH Hallle 3HAHNWE O 3HAHWK TPOTUBHUKOB.

Moe obbsicHeHrEe HeyIauu ¢ OnpejeeHeM MOHATHS PeIleHnsT UTPhl 3aK/I01a-
eTCsl B TOM, 9TO OJHUX MOJE3HOCTeH MAaJo AJs TOTO, YTOOLI CKa3aTh, UTO Oymer
nesath Urpok. K MmosiesHocTsiM Hy»KHO J00ABUTH elle, YTO UTPOK 3HaeT (M 1ero
He 3HaeT!) 0 JIPyTuX UrpoKax: 06 WX MOJNE3HOCTsIX, 06 WX 3HAHUX, 06 uX “mora-
JIUBOCTH W T.II.

XoTs HeobaitecOBCKMI TOIXOI He MO3BOJsIeT ChOPMYJINPOBATL B OOIIEM CJIy-
qae, ITo OYIYT JeJaTh PAlMoOHaAILHbIE UTDOKH, B HEKOTOPBIX YACTHBIX CUTYAIMSIX



32

on paboraet. Huxe MbI 06CYINM HECKOIBKO TAKUX CUTYalii (OCTOPOXKHbIE CTpa-
T, JOMUHUPYIOIINE CTPATETHH, TPUHITUI UCKIIOUEHUST JOMUHUPYEMbIX CTPa-
teruit). A 3arem nepefiiem K camoMy obleMy TOHSITUIO paBHOBecus Hara, ocHo-
BaHHOMY Ha MPUHIINAIIE COTJIACOBAHHOCTU JOTaI0K ¢ peabHBbIM MoBemenneM. Kcin
YTOIHO, 3TO TPUHITUIT COBEPULEHH020 NPEISUICHUA T PAUUOHANDHBLT 0HCUIAHUT,
JaCTO NCIIOJb3YEMbIA B 9KOHOMUKE.
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Jlekmms 6. OcTopoxkHOoe IIoBeeHIe

OcTopoKHBIE cTpaTernuu. PaccMOTpUM CHUTYyalnio, KOTJa YUaCTHUKY COBEp-
IIEHHO HEM3BECTHBI TPETIOUTEHNST OCTAJBLHBIX. B 9TOM cIydyae OH He MOXKeT c/e-
JIATH HUKAKWUX MPEJICKA3aHIii O CTPATErMsIX OCTAJIBHBIX U JIOJYKEH OPHEHTHPOBAT-
sl Ha caMBbIii TTOXOH (Jyist cebst) MCXOI.

[IycTh Urpok ¢ BBIOEpPET cTpaTeruio s;. Toraa ero BHIUTPLINT B CAMOM TLIOXOf
CUTYyallud, TO €CTh TaPAHTUPOBAHHBIN BBHIUTPHIII, paBEH

u;(s;) = rglin THETRCEN N
i
PyKoBOJCTBYSICH TaKUMU OXKUJAHUSMHI, OH JIOJKEH BLIOpATh CTPATErwio ¢ Haw-
GOJBIIAM TapaHTHPOBAHHBIM BBLIUTPHITIEM
rrg?xgi(si) = max rgl_lln wi(Si, S—;)-

D10 uncnao obozHauaercst Kak ;. CTpaTernst Sy;, JAONas MaKCUMyM (YHKIINN
u;(+), HA3BIBaETCST ocmopoorchot; (prudent) crparerneit UTpoka i a IUCIO oy - 2a-
panmuposantuim pesysvmamon (security level) wmm maxcumunom.

Eciu Bce Urpoku BefyT ¢ebsi OCTOPOXKHO, MBI HOJIyYaeM PasHoGecue 6 0Cmo-
PostCHHIT cmpame2uaT (Syy ). S3AMETHM, 4TO B OOIIEM CJIyUae BHIUTPLIIIN B TAKOM
PABHOBECUH TTPEBOCXOJISIT TIECCUMUCTUICCKIE OXKUTAHUS, T.e. Ui(SxN) > .

IHTepec rapaHTHPOBAHHBIX PE3YJILTATOB (T.e. UHCEJ ;) B TOM, UTO HUKAKOE
pasyMHOe pellleHne He MOXKeT JIaTh WI'POKY MEHBIWH BLIUTPHIIL. B camom jere,
OH BCETJa MOXKET MepeiiT Ha OCTOPOXKHYIO CTPATETHIO U MOJIYUIUTh BLIUTPBII, HE
MEHBIIUA ;.

Hapsiy ¢ auciom q; TOJ€3HO PacCMaTPUBATD JIPYToe YHUCTO (MUHUMAKC)

B; = min max u;(8;, S—;).
S_; S
Ero orumaue ot a; B TOM, 9TO "MEPBBIMU~ JIOJPKHBI CXOJINTH MPOTUBHUKHU, & UTPOK
i y»Ke Ha MX XOJ jeiaer cBoil s;. OTCIONa COBEPIIEHHO SICHO, UTO BBLIMOJHEHO
dbyngamenTagbHOE HEPABEHCTBO

max min u;(s;, $—;) = a; < B; = min max u;(s;, S—;).
S; S S—j S5
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Brpouem, 3170 HEpaBeHCTBO JIeTKO J0Ka3aTh 1 popMaabHO. B camom feste, mycTh JaHa GyHK-
K 4 OT ABYX MepPeMeHHBIX, £ U y. Torma, s JI0OBIX T U Y UMeeT MeCTO HEePaBEeHCTBO

innu(x, ) < U(l’, y) < mlaxu(~, y)

(3mech ming O3HAUAET MUHHMYM IO BTOPOMY apryMeHTY, a MaxXj - MAKCUMYyM IO TEePBOMY).
[Tycth A 03HAYAET MHOXKECTBO "JIeBbIX” umces (TO eCTh UhCeJ BUAA Ming u(r, -), TPU BCEBO3-
MOXKHBIX . AHajmornaao B o3HauaeT MHOYKeCTBO “mpaBbIX’ unces. [Ipeawiayinee HepaBeHCTBO
TOBODHT, UTO JII00O0E JIeBoe Incao < Jiroboro mpasoro. Ho Torma u MakcuMyM (WM CyTIpeMyM)
JIeBBIX unces < MuHAMYMa (HHGUMyMa) TPaBBIX.

CuTtyanuio ¢ a 1 § B urpe yI00HO TTOHUMATh € TIOMOIIIBIO CJIeYIOIIel KapTUHKH.

Q Bi
| | - Ui
3a CUeT UHTEJIJIEKTa C ITOMOIIIBIO HapTHepOB

3a cYeT WHMOPMUPOBAHHOCTH

Bwarproimn, KOTOpbIit MOXKET TOTYIUTh UTPOK 1.

OHa TOBOPUT, UTO BBIMTPHIII MEHBINE (¢ UTPOK TMOJYydaeT TOJHKO €CJIU BeJIeT
cebs1 TUTyTIO WM a3apTHO. Ecim y Hero mmeeTcs KaKasd-TO WHGPOPMAIUA O XOJIaX
MapTHEPOB MO WTPe, OH MOYKET PACCUNUTHIBATH YBEJUUUTHL CBOW BBIUTPHIII 10 [3;
OJTHAKO €T0 TapTHEPhl UMEIOT BO3MOXKHOCTH HE JaTh €My BBIUTPATh Oosbile [.
Boiurparh 00sbIlie 5 OH MOXKET TOJBKO B TOM CJIydae, eCu MapTHEPbl eMy He
IIPOTUBOJEHCTBYIOT.

AHTaronucTudeckue Urpbl. [loHsaTHe TapaHTUPOBAHHOTO DE3yJIbTaTa
IPEJICTABIISAET UHTEPEC I JIIOOOH UTPBI, TAK KAK HUKAKAsT PA3YMHAsA CTPATETHsI S;
HE MOXKET JIaTh UTPOKY MeHbIIe, YeM &;. OCTOPOXKHbBIE K€ CTPATEruH TPEJICTaBIIS-
FOT MEHbINNH nHTEepec. TeM He MeHee NMeeTcst KIace Urp (HCTOPUYeCKH UIPaBIIIii
GOJTBIITYIO POJID), TJIe OCTOPOXKHBIE CTPATErMU TAKXKE TIPEJICTABIISIOT UHTEPEC. DTO
TAK HA3BIBAEMBIE GHIMAZOHUCTNUNECKUE U2Pbl. T10JT AaHTATOHUCTHYECKON UIPO MbI
OyjieM MOHWMATL WPy JBYX JIMI € HYJEBOH CYyMMOM, KOIJa BBIUTPHIII OJHOTO
WIPOKA B TOYHOCTH DABEH TPOUIPBINLY BTOPOTO, 43 = —ug. 110 9Toil mpuumnHe
YACTO YKA3BIBAIOT TOJBKO BBIMTPBHIII TIEPBOTO MIPOKA U HAZBIBAIOT TAKUE UIPbI
MaTpUIHBIMU (a He GuMaTpudHbiMHU). Tloj u Mbl TOHUMAEM U1,

[Iycth @ = @3 = max,, ming, u(s1, S2) - TAPAHTUPOBAHHBIN BBIMIPHIIT 1-T0O.
Torma

y = max min us(s1, $2) = maxmin(—u(sy, s2)) =

S92 S1 52 S1
= max(— maxu(sy, $3)) = — minmaxu(sy, s9) = —f1 = —f.
ED S1 52 51
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Hanmomuum, uro a < 3. CMBICT €10 MBI yKe OObSICHSIN: TPH TPaBUILHOMN
Urpe UrpoK 1 HUKOTIA HE MOJYIUT MEHbIe «, TPH TPaBUJIbLHON HTpe BTOPO-
ro urpok 1 HuKorma He MosydIuT Oosbire (3. OcoOblit MHTEpeC MpeICcTaBIseT TOT
ciydaii, Korga a u 3 coBmajaiotr. B aroM ciydae mpu “mpaBuiibHO” urpe (Gosee
TOYHO, TIPU UCTIONB30BAHUN OCTOPOXKHBIX CTpaTernii 06OMMHI UTPOKAME) TEPBbIi
WIPOK MOJIyYIaeT POBHO « (a BTOpOii mosyvdaer —a). B 9ToMm ciryuae roBopst, 4ro
Urpa umeem ueHy .

MoxHO maTh Apyryoo GopMyauposky. Boobime, mycTs ecth (uncioBast) byHKIHS U HA TPO-
ussegenun X X Y nByx muOKecTB. Cednosoti mowkot (wmu cedaosoti napoti) naa byHKIum u
HA3BIBAETCS TApa (T4, Yy ), TAKAST ITO

w(z, v) < ul(xy, yi) < uls,y)

g obbix © € X ny € Y.

IIpennoxkenne. Anmazonucmuveckas uzpa umeem ueny mo20a U Mmoavko moz0a, Ko20a
PYHKUUA U UMEEM CEON0BYI0 TOUKY.

JokazarenbcTBO. IIycTh S, - OCTOPOXKHASA CTpaTerusd MepBOro Urpoka. Torma, mo ompese-
Jernio, @ < u(Syy, $2). AHATOTHYIHO JIst BTOPOTO uMeeM (3 > u(S1, Sa4). Ecam urpa nveer reny,
T.e. @ = [3, TO

u(514, 52) > @ = B > u(sy, 52:),

JUTST JTIOOBIX §1 U Sg, UTO W 3HAYHUT, UTO (S14, So4) - CEJTIOBAS TAPA.
OG6paTHO, MYCTh €CTh CeIOBast Mapa (S14, Sox); TOTIA BBHITOIHIETCS HEPABEHCTBO

U(S14y S2) > w(S1, S24)

JUTSE JTIOOBIX $1 U So. SHAUUT U(S14, S2) > U(S1x, S24) JJI JOOBIX So, U, B YACTHOCTH, MiNg U(S14, +) >
U (814, S24). Tem Gosee a, KAK MAKCUMYM JIEBBIX YHCEN, GOJIBINE WM PABHO TPABOTO,

a > U814, S24)-

Cuvmerpuano, 8 < u(Si4, Sox). [Homyuaem, aro o« > . C mpyroit croponsi, Beerma « < 3,
sHaunT, o = 3. [J

Pasymeercs, ceiioBast TOUKa BIOJHE MOYKET He CYIIECTBOBATH (T.€. UI'Pa MOYKET
oKasaThCs cylecTBennoit). Bor mpocroii mpumep (opJistHKa)

1,—1]-1,1
111, -1

3/1ech HET CeII0BOI TOUKHM, KaK HET U IEHBI UTPhI.

Boimykabiit ciy4ait. [Tokaxem, 9To B OHOM BaXKHOM CJIyUae CeJIIoBast TOU-
Ka CYIIECTBYET. A MMEHHO, MBI Gy/IeM CUIHTATE, UTO

1) Muoxecrsa crparernit X n'Y cyts A(S1) u A(S2) - CHUMIITIEKCHI CMETTAHHBIX
CTpaTeruii;
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2) Oyukrums BeUrphia u(z, y) addunna no z € X (npu GUKCHPOBAHHOM )
u addunna mo y € Y (npu GuKCHpoBaHHOM ).

menno Takas cUTyalust BO3HUKAECT TTPU CMEIIAHHOM PaCITUPEHUH UTPHI.
Teopema (dbon Heitman). B amom cayuae cywecmeyem cedaosas mowka.

[IpuBoguMoOe HMKe paccyKJeHUe JaeT He TOJBHKO CYIIeCTBOBAHUE CEJJIOBOMN
TOYKH, HO ¥ CITOCOD ee HaXoxKIeHus1. JIj1s1 3Toro mojesno reoMeTpudeckn mpejcTa-
BUTH JIaHHBIE 3aJa4ui. Kak Mbl yBUINM JaJjee, TaKoe MpeJICTaBICHNE TTOJE3HO He
TOJILKO TIPU aHaJu3e aHTarOHUCTUYEeCKUX UTP.

I'eomeTpuyeckoe IpeacTaBIeHNe 3a0a4M UIPOKa. ByaeM npencTaBiaTh
CTpaTernn UTpoka (B JAMHOM CIydae - TepBoro) Kak BEKTOPhI B IpocTpancTse R,
A nwmenno, crpaternn s; € Sy comocrapiser BekTop u(sy, ) € R%2. (Ocobemnno
yI0OHO 3TO, KOTa y BTOPOTO UTPOKA BCETO JBE CTPATETNH; TOTAA BCE PUCYETCA Ha
mockocTH.) B pesy/braTe MHOXKeCTBO S| peannsyercs KakK TOAMHOXKeCTBo B RS2,

BrinycTum Tenepb U3 TOUKHM S OTPUIATENLHBIN OpTaHT §1 — R‘_gf. Baxmuyro
POJIb UT'PaeT IepecedeHne ero ¢ OUCCEeKTPUCoit’, Man mpaBuibHee - ¢ JUarOHAJIbIO,
B R%>. JlnaroHajpio Mbl HA3bIBAEM MHOXKECTBO BEKTOPOB C PABHBIMHI KOODIHHATA-
vu, A = {(z,...,z)} C R%. Tak BOT, mepecevenne HaIero opranTa (TOUHEE, €ro
TpaHuIlbl) ¢ A B TOYHOCTH YKA3bIBAET MapaHTUPOBAHHBII BHIUTPHIII TP UCTIOTb-
30BaHUM CTPATETUN S1.

Orciona BoIiBOj. Pacemorpum obbennpenne A MHOXKECTB S — R:gf 10 BCEM
s1 € S1; g Oyny Ha3bIBaTh €ro 'BHyTpeHHel obomoukoi” MHOXKecTBa S1. CMBICT
€ro Taxoii: mepecevuenue ero rpaiuibl OA ¢ Juaronaibio A - 3T0 B TOUHOCTH TOYKA,
(..., ).

Ananoruumno Mol MoyKeM n300pasuTh [, TOILKO JJIsl 3TOTO HAM MPUIETCS Pac-
CMOTpeTH “BHEIIHIOI 060/10uKy’ B Haiero muoxkectsa Si. OHa 3a7aeTcs CHCTe-
MOW JINHEHHBIX HEPABEHCTB

z(sy) < mlaxu(~, $2), 82 € So.

U croBa HeboIbIToe pasMbIIIIeHAe TeIaeT TOHITHBIM, ITO [ COOTBETCTBYET TOU-
Ke mepecedenns nuaronaan A ¢ rpanuneir 0B. Hepasencrso o < [ Bumgno us
ouesuaHoro Bryodenusa A C B.

YroObI BCe 3TO HE BBIMJISIEIO CIUIIKOM abCTPAKTHBIM, PACCMOTPUM KOHKDET-
HBIA TpUMep
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C’)\
O DN =
O DO >~

COOTBGTCTBYIOHIE%SI KapTHHKa BBITVIAOAT TaK:

t A

/MS/I g t

IIpencraBiienne cMeIlIaHHBLIX cTpaTeruii. [locMoTpuM Tenepn, 9To MpOnc-
XOIHUT, KOTJa MBI JOOABJISIEM CMeIIaHHble cTpaTeruu. HadumeM ¢ mepBoro Urpoka.
Kaxk n3o6pasurh na sToM pucynke cMech 0.5 ®s+0.5® 5”7, dcno, uro sra crpare-
rus JaeT oXKujgaeMbiit BRIUTpHI 0.5 14 0.5 -9 = 5, ecnu BTOpoit mpuMenseT t,
2, ecm Bropoit mpuMenset . Ho 370 kak pas cepeauna OTpe3Ka, COCANHSIONETO
toukn s u §”. Touno Tax ke obcTouT j1es10 1 B o61eM caydae. U ecan Mbl 1o6aBuM
BCE CMeIIaHHble CTPATErHH MEPBOTO YUACTHHUKA, MbI IIOJIYIUM HOBOE MHOXKECTBO
A" = co(A) = co(S1) — R, Brecs u nanee co(X) 03HAYAET BBITYKIYIO 060I04-
Ky MHOXKecTBa, X. Bumno, uto o' - o JJId CMEIAHHOTO paclIupeHus - Oyaydan
TOUKOI Tepeceduenns: nuaroHaan A ¢ O0JbIM MHOKeCTBOM A™, TOXKe BLIPOCIIO.

Temepsh mogyMaeM, Kak IIPEICTABISITL CMEIIaHHbIE CTPATErw BTOPOTO UIPO-
Ka. ET0 “HCTbIe CTPATernu COOTBETCTBOBAIN KOOPAMHATHLIM (DyHKIMsM 1a RS2:
u($1, $2) - 9TO TO ONPEJIEJIEHUIO So-ast KOOPJNHATA BEKTOPa u(S1, ). PaceMoTpim
cMech 09 = 0.5 ® s9 + 0.5 ® sb. dcHo, uTo

u(s1,02) = 0.5u(sy, s2) + 0.5u(sy, 55).

Tak uro u(s1,02) - 9TO He UTO WHOE, KAK 3HAYEHUE JINHEHHOTO (DYHKIHOHAJIA
0.55940.5s5 B Touke s1. U 910 BepHo B obimem cayvae. Takum 06pa3soM Mbl BUHM,
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YTO CMEIAaHHBIE CTPATEIMH BTOPOTO UTPOKa N300paKalOTCs (HEOTPUIATETbHBIMY )
JUHEHHBIMI (DYHKITHOHAJIAMA HA RS,

Temeps yake sicHO, KaK MOCTPOUTE "BHEIIHIO 00010uKy” B 1715 cMemanHoTo
pacinpenus: OHa 3a/aeTCA aHAJJOTUYHON CUCTEMON JTMHEHHBIX HEPABEHCTB, TOJIb-
KO HaPsAIy ¢ KOOPJANHATHBIMU (DYHKIMAME MBI JIOJPKHBI PACCMOTPETH BCE HEOTPH-
1aTeJbHbIe:

[(z) < gleaglcl(sl),

rie | mpoberaer Bee (HeoTpUIATENbHbLIE) JTHHeHHbIe (hyHKIHOHAIL Ha R, Teo-
MeTprUecky - B ecTh Tepecevdenne Beex MOIyTIPOCTPAHCTB, ColepKaluX S (Tou-
Hee, cofepxanmux A). I f™ - f s cMeMaHHOTO PACIINPEHUs - COOTBETCTBYET
nepecedennio guaronaan A ¢ B™.

Urak, mbl BugnMm, uro A™ - 910 BRIMyKIas obomouka coA, a B™ - sTo mepe-
ceuene MOJIyIpocTpancTs, comepxkaimx A. Ho ocroBHast TeopeMa 0 BBITYKJIBIX
MHOYKECTBaxX yTBepkKaaeT, 9To 3T n8a MuoKectBa COBITAJTAFOT! B wactHocTn,
a™ = ™ To ecTh CMeITaHHOe pacIInpeHre uMeeT IeHy.

Ha camom gmesme MBI TosydaeM cpasy W OCTOPOXKHBIE CMeEIIaHHbIE CTPATEruH
UTPOKOB. JIJIsT TEPBOTO - 3TO TOUKA, I, TePecevYeHnst INaroHaJi ¢ TpaHuIeil MHO-
kectBa A™ = B™. A pys Broporo - 310 dpyHKumonas l,, onopubiii Kk A™ = B™ B
TOUKE X.

B namem npumepe KapTHHA TaKast:

t/

3//

Touka x, = (3, 3); HY’KHO TOJBKO TPEJICTABUTH €€ KaK cMech Todek u3 Si. B
JAHHOM CJIyUae 970 JIeJIaeTCst OTHO3HAUHO: T, = (3/4)®s+(1/4)®s". B xauectse
L. my>kHO B3sTH dynkimonan (1/3)t+ (2/3)¢.

Teopema 06 OTIE/IEHUN BBIMMYKJBIX MHOYKECTB. Bbillie, Koraa Mbl 3asBisin, aro A™
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u B™ coBNaIaioT, MBI TIOJb30BAJIUCH CASAYIONIM (DYHIAMEHTATLHBIM YTBEPKICHAEM, KOTOPOEe
ycranoBu Munakosckuit. [Tycts K - BBITyKI0€ 3aMKHYTOE TIOJMHOZKECTBO B TpocTpancTee R™.
Torma K coBmajaer ¢ mepecevenneM (3aMKHYTBIX) TOIyTnpocTpancTs B R™, coneprkamux K.

Nnade roBops, ecim Touka x HE mpunamgnexur K, To ee Mox)mHo oTneauth or K rumep-
TJTOCKOCTRIO. [Ipotie Bcero B 9ToM yOeIuThcs Tak. PaccMoTpuM Ha mpocTpaHcTBe R eBKJH-
0By MeTpuKy. IlycTh Temepdb y - Oamkaiimag K ¢ Touka u3 K. B KadecTBe TUNIEPILIOCKOCTH
H, otnengromieit x or K, MOXKHO B3sITh THIIEPIOCKOCTD, TIPOXOIAIIYIO Uepe3 CepeinHy OTPe3Ka
[.y] ¥ MepIeHUKYIAPHYIO K STOMY OTPE3KY.
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Jlekuusa 7. /loMmuHUpoBaHUe cTpaTernii

JlomuaupoBanme. B ob1iem ciydae JiBe CTpATErwl UTPOKA HECPABHUMBI - B O/I-
HUX CUTYaIlUsIX JIyqIlle OJIHa, B APYTUX - apyras. OHAKO BCTPEUAIOTCA CUTYAIIH,
KOTJIa OJTHA CTPaTErust HECOMHEHHO JIyUIIe JPYTOii.

OHpe,ILeﬂeHI/Ie. Crparerust s; Urpoka i CuAbHO JOMUHUPYEM CTPATETUIO sg
et u;(8;, S—;) > ui(sh, s—;) mas moboit s_; € S_;. Eciu Berogy crost >, To
TOBOPAT O CAGOOM JOMUHUPOBAHUL.

KoHTponbHBIH BOTPOC: MOYKET JI JOMUHUPOBATHCS OCTOPOXKHAS CTPATETUS !

B TepMmHaX reOMeTPUUECKOTO TPEICTABICHUS U3 MPEILIAYINeH JeKIUI JOMHU-
HUPOBAHWE O3HATAET, UTO TOUKA S; JIEKUT “BBIIIE” TOUKHU S, B TPOCTPAHCTBE RS-,
Eciu crparerusi s; CHIIBHO JOMUHUPYET CTPATETHIO S, 1O u;i(Si, 0—;) > ui(s;, 0_;)
15t J11000i# (KOppesmmpoBaHHoii) cMmerantoi crpaternu o—; € A(S_;) (u ob6parHo,
KOHETHO). DTO O3HAUAET, UTO HW MPHU KAKWX ~morajkax’ HUTPOKa § OTHOCHTETHHO
TIOBEJICHNST OCTAJILHBIX UTPOKOB €My HEBBITOJIHO UCTIOIh30BAThH CTPATernio ;. VM-
ITUKAIIISIMA 9TOTO 3aMeYaHust JJIsI HaXOXKIEHUsT PEIIeHnsT UIPLI MBI 3afiMeMcs B
creaytomeit ek, A B 9T0#H 00CYIMM COBCEM YK pemdaifiimii caydait - Koraa
CYIIECTBYeT JOMUHUPYIONIAs CTPATErHsI.

Homunupyromue crpareruu. Omnpenenenne. Crpaterus s; UTPoKa i Ha-
3bIBaeTCS domunupyrouseti (MM TOMUHAHTHON), ecau oHa (C1ab0) JTOMUHUPYET
JIOOYIO cTpaTeruio u3 S;.

Hcnonb3oBanne JTOMUHUPYIONIEH CTpaTerny PAIMOHATIBHO TPH JIOOBIX JIOTaI-
Kax. Eci y urpoka 4 ecTh Takas CTpATerus, To eMy He HY»KHO CTPOUTh HUKAKNIX
JIOTAJIOK, ¥ B YAaCTHOCTH, BOOOIIE 3HATH UTO-JHOO0 O TOJE3HOCTH OCTaJbHBIX. I
OY€Hb MPABIONOMO0HO, YTO PAIMOHAJIBHBIN UTPOK OyJIeT UCTIOIB30BATH JOMUHU-
PYIOIIYIO CTPATETHIO, €CJIM OHA Y HErO NMEeeTCH.

[Ipumenenue TOMUHUPYIONIUX CTPATETUH HA TEPBBIH B3TVISAI TPEICTABISIETCS OECCTIOPHBIM.
Ho tak s 310 HA camom fese? PacemoTpum mpumep

101,0 | 1,1
100,100 | 0,0

3nech crpaterus s1 JOMUHUPYIOAs U Ha Hee oTBeT 2. B pesyabrare oba mosydaior mo 1.
Ho npencrasum, uto uspeka (¢ gactoroii 0.02) 1-it urpox ucnosab3yer "mioxyo” cTpaTeruio s2.
Torna mst 2-ro urpoka craneT 60jiee TPUBJICKATEILHON cTpaTerud t1 W OHU TOIYYAT: MEPBHIi
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mo npexxkueMy Oosbiie 100, a BTOpoit - okoso 20. CtouT Jim 1-My TOHATHCA 32 MeJOUEBKOI,
9TOOBI B Pe3y/IbTaTe MOJYIUTh XYAIMUH HCXOT!

[ToaToMy 0UeHb 310POBO, KOT/1a XOTsI ObI Y OJIHOTO UTPOKA UMEETCST JJOMUHUPY 0
mast crparerusi. Torga ero moBeIeHrue MOXKHO CUNTATh U3BECTHBIM, UTO TO3BOJISET
UCKJIIOUUTh €r0 U3 YHCJIa UTPOKOB. VaeasnbHas »Ke CUTyalus - KOTJa JOMUHUPY-
IoMIasl CTpaTerusd €CTh y KaXK/I0I0 UT'PoKa.

Curyanust (wmu npodmwib crpaternit) sy = (81, ..., S,) HA3bIBAETCS Pa6HOGE-
CUEM 6 JOMUHUPYIOUWULT CMPATNE2UAL, €CTA JIJIS JTIOOOTO UTPOKA ¢ CTPATErHus S;
sIBJIeTCsT JoMuHUpYIomieit. Ecian Takue paBHOBeCHs CYIIECTBYIOT, UX ¢ OOMbIINM
OCHOBaHUEM MOXKHO CUUTATHL PEIICHUAMU UTPLI.

Tyt cTrout cmenats omHO TpemocTepexkenne. MoKeT CIYINTHCS, UTO €CTh HECKOJBKO T0-
MUHUPYIOMHUX crpareruii. Koneuno, onu paBHOIEHHBI 11 UTPOKA %, HO MOTYT JIaBaTh Pa3HbIe
BRIUTPLITIN IpyruM. [IpocToit mpumep:

10,100, 10
10,0 | 0,0

[TepBoMmy Bce paBHO - s1 mau $2, HO BTopoMy He Bce pasHo! Uro BHIGEpeT 1-if, eciin OH He
3HaeT moJiesHocTell mapTHepa? A ecan 3HaeT?

HTYynTHBHO SCHO, YTO JIOMUHUPYIOIIHE CTPATETHH OBIBAIOT OUeHb pegKo. Tem
He MeHee BCTPEYalOTCA UTPBI, B KOTOPBLIX €CTh PaABHOBECUA B JOMUHUPYIOIINX
CTPaATETUsAX.

JInjaemMa 3aKJ/JII0YeHHBIX. Hanmwmdaue JOMUHUPYIONINX CTpaTernit gaeT pej-
KYI0 BO3MOXKHOCTH MI'POKY HalTH ONTHMaJbHOE pelleHne Jarke He 3Hasl Ipejl-
MOYTeHn# ocTaJbHbIX. HO He HY»XHO ayMaTb, YTO MOJyUYEeHHOE pellleHne BCeria
xopoiree. KoHTpIIpuMep JOCTaBIsIeT 3HAMEHUTAsT JUAEMMA 3AKAIOUEHHVIT C Ta-
osuteit

55 |—3,8
8,—3] 0,0

Takyio UTpy MOXKHO MHTEPNPETUPOBATH KaK JAYOTOJHIO. Kcim yJacTHUKM JIOTO-
BOPATCA TPOJIaBaTh TOBAP MO BLICOKON TieHe, OHW BhIpydaT mo 5. Ho ecim npwm
9TOM OJINH CHU3UT IEHY, a BTOPOil OyjeT MpoposKaTh TPOJaBaTh MO BBICOKOM
IIeHe, OH 3aXBATUT PBIHOK U MOJYUIUT OOJBIIYIO MPUOBLTH, TOT/IA KaK €ro comnep-
HUK OCTaHeTCs B Tpourphinie. Ecim orn 06a TOPryioT Mo HU3KUM IleHaM, TPUOBLIN
HYJIEBbIC.

B 910it urpe cymecTByoT JOMUHUPYIOIINE CTpATeruH, 9T0 $2 U 2 (0OBITHO UX
HA3bIBAIOT STOUCTUIECKUMHU, WM HEKOOTePATUBHBIME). Ho OHI jaloT He Jrydiimii
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(mpsAMO CKaxKeM, TIOXOM) MCXOf. DTO, BIPOUeM, ObIIee MeCTO: HEKOOTIePATHBHOE
MOBEJIEHUE B OOIIEM CIydae TJI0XO COTJIACYETCS ¢ KOJJIEKTUBHBIMU UHTEPECAMHU.
Mpr ermie BepHEMCs K 3TOI UTpe U pobsieMe HedDPEKTUBHOCTH TTPU 00CY K IEHUN
UTP C COOONICHUSMU U TIOBTOPSIONINXCS UTP.

AyxkimoH BTOpO# 1ieHBI. [IpeinosokuM, UTO HEKTO XOUeT TPOJIaTh CBOIf
JIOM, 1 eCTh JBa nokymnaressi, A u B. Bygem cunrtarh, 9TO MOJE3HOCTH JOMa JIJIsT
nokymareseit papaa 3 wim 4 maH. pyo. Kak ke opranmsoBaTh ayKIInoH?

[Tpocreitmuit BHIXO BUIUTCA TAKUM: MOKYIMATEJN B 3amedyaTaHHOM KOHBEpPTE
npejiaraior 1meny. KoHBepThl BCKPBIBAIOT U JIOM TIEPEAeTCsS TOMY, KTO TPEJIJIo-
SKIJT OOJIBINYIO TIeHY, KOTOPYIO OH M TIATHUT. [[JIsd TPOCTOTHI MOYKHO CUUTATH, UTO
MHOXKECTBa cTpareruit - uatepsad [3, 4]. Eciu nennocts s wannsuga A paBha
3, TO eMy HeT CMBICTIa Tpejjiarath bosee 3. A BOT ec/iu EHHOCTh JIJTsT WHINBU/IA
paBHa 4 MJIH., TO €My JIy4dIlle BCErO MPEIIOXKUTh IyTh OOJIbIe, YeM Mpe/IaraeT
€ro comepHUK. Tak UTo y HEro HET B 9TOM CJIydae JJOMUHUDPYIOIIEH cTpaTeruu.

OTHAKO BO3MOXKEH JIPDYTOi COCOO OPraHW3allii ayKINHOHA (T.H. ayKI[MOH BTO-
poit TieHbl, WK aykimon Bukpn). B Hem mobeanTesh onpeessieTcss Kak paHblie,
HO TIeHa, KOTOPYIO OH TIJIATHT 33 JIOM, PaBHA MPEJIJIOKEHUIO BTOPOTO TTOKYTIATE .
B srom ciyuae y mokynarens A (kak u'y B) ecTh JOMUHUDYIONIAs CTPATETHS, &
UMEHHO, COOOIIUTL CBOIO UCTUHHYIO OLIEHKY. B camMoMm niesie, mycTh MpejioKeHune
B pasno y. Eciu nennocts a1 A pasHa 3, To Bee sicHo. [lycTh Temephb MeHHOCTH
pasua 4. Ecin npennoxkenne A < y, To OH JOM He TOJyYaeT, HO HUYErO U He
maaTtut. T.e. mo HyasMm. Eciau e ero npeajoxkenue > g, TO JOM OH TOJyJaeT, u
maaTuT y. T.e. apdekT ToT Ke, KaK ecau OH Ha30BeT 4 MJIH.

Koukpernbie uncia (3 u 4 MJIH.), a TaK¥Ke TO, U4TO MOKYIATEeNst BCETO JBa, He
uMeloT 3Hadenus. Ha aykimone BTODPOil TEHBI Y KaXXKJIOTO MOKYTATEIsd WMEETCS
JIOMWHUPYIOIIast cTpaTerusa. bojee Toro, 3To mpocTeiiias cTpaTerus - TOBOPUTH
paB/y, Ha3bIBaTh CBOIO UCTUHHYIO OIEHKY.



Jlexnua 8. Vckimovenne JOMUHUPYEMBIX CTpaTeruit 43

Jlekmusa 8. NMckiiodenme JOMHUHUPYEMBIX CTpaTe-
TUAn

Nudopmariua u BuIOODP. B npeabayiumx AByX JEKIUSIX Mbl PACCMOTPENN JBa
cIydasi, KOTJia ONTUMAaJbHas CTPATETUs WTPOKa OMPEeNsinach UCKIIOTUTETHHO
€ro COOCTBEHHBIMHU TTOJIE3HOCTSAMU. [IepBhIii - KOT/ia UTPOK COBCEM He 3HAET TMoJIe3-
HOCTel IPYTUX W OPUEHTUPYeTCs] Ha OCTOPOXKHYIO cTpaTeruio. Bropoit - xorya y
HEeTO eCTh JOMUHUPYIOIAS CTPATET U, U €My TTPOCTO He BayKHO, KaKne TOJIE3HOCTH
y APYTHUX.

B obrmiem ciydae TIOBeJIeHUE UT'POKa 3aBUCHT OT €ro MH(MOPMAIUU O JPYTHUX
UTPOKAX, B YACTHOCTH, 00 MUX TMOJE3HOCTAX. [IyCTh, 71 TPOCTOTHI, JBA UTPOKA.
Ecnm nepBbIit 3HaeT MOJE3HOCTH BTOPOTO W 3HAET, UYTO BTOPOH He 3HAET ero IMo-
JIE3HOCTH, OH OyJIeT YBEPEH, UTO BTOPOH MPUMEHUT OCTOPOXKHYIO CTPATETHIO Si9,
1 TOTJIa caM MPUMEHHUT CBO¥ HAWIYUIINN OTBET Ha S49. A KakK OBITh, €CJTU TePBhIi
3HaET TIOJIE3HOCTH BTOPOTO, HO HE 3HaeT, 3HAeT JIM BTOpOW ero mosesnoctu! B
JaJTbHENTIIeM MBI COCPEJIOTOUNM BHUMAaHWE Ha JaCTHOM, MOXKHO CKa3aTh - BBIPO-
JKJIEHHOM - CJTyvae, KOTOPBIM TOJIHLKO W 3aHNMAJIach OPTOJOKCATbHAS TeOpUs UTP,
Ha cyydae noanot ungopmavuu. Ilog 3TUM MOHUMAETCSA, UTO BCE UTPOKU 3HAIOT
MOJIE3HOCTH JIPYT JIPyTa, 3HAIOT, IYTO BCE TO 3HAIOT W T.JI.

Meton nckiroduenus. Ha npenpinymeit Jexkium Mbl TOKa3aad, 9TO PaIUo-
HAJILHBIM UTPOK HE MCIOIh3yeT JOMUHUPYyeMble cTparernu. PaccMoTpuM urpy

] 2 t3
s1|4,3] 2.7 | 0,4
s2|5,5(5, —1|—4, —2

Bugno, uro crpaterus t3 dBHO ILIOXasl JJIsI BTOPOIO MUIPOKa; Oojilee TOTHO,
oHa JOMUHUDPYyeTCs (cuibHO) crparerueii t2. IlosTomy 2-if UTPOK ee TIPUMEHSIThH
He Oyzmer. ¥ 1-ro Urpoka JOMUHHUDPYEMBIX cTparernii Her. OHAKO €ciyu OH 3HAEeT
MOJIE3HOCTH 2-T0, TO OH MMOHUMAET, U4To 2-it He OyeT npuMmenaTs t3. Ho Torma urpa

pesynupyeTcs K
t1 | t2

s1]4,3] 2,7
s215,5|5,—1
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Ho B aTOM caydae y urpoka 1 cTpaTerus s2 CUJIBHO JOMUHUPYET CTPaTeruio sl,
1 OH OyJeT MCIoJb30BaTh TOMbBKO s2. Hakownell, Tak Kak 2-#f UTPOK 3HaeT MOJe3-
HOCTH 1-T0 U 3Haem, uro 1-if 3HAET ero (2-r0) MOJE3HOCTH, OH MOXKET 3aKJII0UNTh,
YTO MEPBBII UCIOIb3YeT S2, a 3HAUUT €My HY>KHO NMPUMEHATDH 1.

[ToBO/IsT UTOT, MBI BU/IMM, ITO B 9TOf UTPe eCTh ecTecTBeHHOE perienye (s2,t1)
¢ HeroxuMu Bemrpbitamu (5,5). TloguepkueM JunmHmii pas, 9To Tpe/IoXKeHHbIH
CTI0CO0 pacCyXJAeHUs OUeHb CUJILHO OMMPAETCs Ha WH(MOPMAIMOHHBIE TUTIOTE3bI:
perrenne BTOPOTO UTPOKa TPUMEHATH t1 0cHoBaHO Ha €0 YBEPEHHOCTH B TOM, UTO
nepBuIit Oymer ucrnoab3osarh s2. Ho mouemy Bropoit yBepen B 3tom? IloTomy uto
OH 3HAEeT, UTO MePBbIi 3HAET ero (BTOpOro) MOJe3HOCTH U MOHUMAET, YTO BTOPOi
He OyJIeT UCTONb30BaTh t3, a TOTJIa, I MEePBOTO JIyUIlle BCETo S2.

Meto, KOTOPBIit ObLT 3/1€CH HCIOMBL30BAH, HA3BIBAETCSA NOCACIOBAMENDHBIM UC-
KAIOMEHUEM CMPO20 QOMUHUPYEMBIT asvmepramus. VITphl, Tae Tako#l mporece
MPUBOJIUT K ycrexy (T.e. UCKIIOYaeT BCe CTPATErny, KPOMe OJHOM), HA3BIBAIOT-
csT paspeuwumvimu no domunuposaruro. Jagmm dopmanbaoe onpenenenune. I1po-
IIECCOM TTOCTIETOBATETHHOTO NCKJIIOUCHUS JOMUHUPYEMBIX CTPATETUIl HA3BIBACTCS
TIOCJIETOBATEIbHOCTH MHOXKECTB

Si=S'>8'>...0o8>...

. k+1
Tl KaxKJIOTO UTPOKA 7, Tae .S,

COCTOUT W3 HEJOMUHUDPYEMbBIX CTPATETHii B UTPe
(N, (SF), u;|S*). deno, wro (B cuny KomewHocTH MHOMKeCTB S;) 9Ta MOCIEIO0BA-
TEJIbHOCTH CTAOMIN3UPYETCsT Ha MHOXKECTBaX, KOTOPhIE MBI YCJIOBHO ODO3HAUNM
S°. Urpa paspermiMa 1o TOMUHUPOBAHNIO, €CJIN Bee S;° COCTOAT U3 €INHCTBEH-

HOIT cTparerun (MM U3 9KBUBAJEHTHBIX CTPATETHH JIJIs UTPOKA 7).

Urpsr ¢ coBepriennoit madopmariueii. Hanmomuum, uTo urpa B pa3BepHy-
Toit popMe Has3BIBAETCsT UTPOH ¢ cosepuwentotli unpopmayueti, ecim Kaxxjaoe UH-
dopMaImoHHOEe MHOXKECTBO OHo3IeMeHTHOe. T.e. B J1I000# MO3UINN UTPHI JTI000M
UTPOK MOJIHOCTHIO KOHTPOJIUPYeT cuTyannio. K TakuMm urpam mpuMeHnMa, Tpole-
Jypa, OYeHb HATIOMUHAIOIIAsT UCKII0UeHe JOMUHUPYEMbIX CTPATErnit.

A umemnno, paccMoTpuM npeaduHAILHYIO BepIIuHY . B Heil gesaeT xo1 UTpok
1. VI coBeplieHHO $ICHO, KaKOit OH CJIeJIaeT XOJ - TOT KOTOPBIN JaeT MaKCHMaJlh-
Hoe 3Havenne u;. (Moxer, mpaB/ia, OKa3aThCsl, YTO €CTh HECKOJIBKO XOJIOB ¢ MaK-
CUMAJIbHBIM U;. DTO MCTOYHWK HEOTHO3HATHOCTHU TIPOIENYPHI, OJHAKO €CJIN BbI-
UTPBIINNA BCEX UTPOKOB BO BCeX (DWHAMBHBIX BepPINMHAX pasHble, TO IIPOIEIypa
yKe OJJHO3HAUHA, T.e. sIBJISETCS aJropuTMoM.) B 9ToM ciiydae Mbl MOXKeM cjie-
JaTh Hally mpenduHaIbHYI0 BepIuHy y (hUHATHHON, TTOMECTUB TY/Ia TLIaTeXKN
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To#t pUHAIBLHON BEpPIINHBI T, B KOTOPYIO MoitjaeT urpok ¢. VM Tak 1mar 3a marom
MBI PeIyIIpyeM BCIO WTPY B HAYAJbHYIO BEPIIMHY. Bce 9TO HA3BIBAIOTCA aA.A20-
pummom Llepmenro-Kyna.

[TokaxkeM 3TO Ha TTpUMEPE UTPHI

(2,2)

D

(3.1) ——5——(0,0)

Urpox 2, mocTaBjiieHHbIN TIepe] BLIOOPOM XOJ0B [ U 7, HECOMHEHHO BBIOEpeT [.
[TosToMy MBI MOXKEM PeIyIIPOBATH UCXOAHYIO UTPY K BUIY

(2,2)
U

o1
D

(3,1)

[Tocse aToro sicho, uro 1-it BeIGeper D, u Mbl ipuxoauM K perienuto (D, 1).

Bugno, 9TO 9TH apryMeHTbl OJIM3KKA K apryMeHTaM HCKJIIOUYeHWsT JOMUHUPYe-
MBIX CTpaTeruii, 1 3TO JeHCTBUTEILHO TaK. Te cTpaTeruu, KOTOpble MOIYIaloTCs
asroput™MoM KyHa, BBRKUBAIOT TTPU UCKJIIOUEHWH 10 (C1aO0MYy) JOMUHUPOBAHUIO,
a OCTAJIbHbIE UCKJIIOUAIOTCSI. DTO YTBEPXKIeHNE N3BECTHO KakK meopema Kyna. 1o-
Ka3aTeJbCTBO CM. B KHUTe MyJsena, ri. 2.

Oo611iee 3HaHMe. 3aMeTHM, YTO pa3pellenre 10 JOMUHAPOBAHNIO CYyIIeCTBEH-
HO ONUPAETCs Ha 3HAHKME BCEMU NIPeAIOUTeHnit BceX, a TaK»Ke Ha PalllOHAJIHLHOCTD
Bcex urpokoB. Ho He Tonbko. Bepruemcsa kK mepsomy npumepy. Urpok 2 uckmoda-
eT cTpaTeruio t3, MOTOMY UTO pallMoHaJeH, HO OTKYJa TePBLI UTPOK 3HAET, ITO
BTOPO# ee mckmounT?! s 9Toro Hy»KHO TPEeATOIOKUTL, 9TO 1-# UIPOK 3HAaerT,
YTO BTOPOil pamuoHaer. A BTOpoil mpuMeHsieT cTpaTreruio t1 moToMy, UTO 3HAET,
4TO TEePBBIA 3HAET, YTO BTOPOH paluoHaJeH, a TaKKe, YTO MepBbIA palnoHaJieH
(aro6bl HCKITIOUUTH S1).

OmnuM cJI0BOM, He TOJLKO KayKJbIii MTPOK paIMOHAJEH, HO 3TOT (DaKT sIB-
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JIsIeTCsT, KaK TOBOPUTCs, obwsum 3nanuem (common knowledge). Hekwit dpakt A
SIBJISIETCST OOIIMM 3HAHUEM, €CJIM BCce 3HAIOT A, Bce 3HAIOT, 9TO Bce 3HaIOT A, Bee
3HAIOT, UTO BCe 3HAIOT, 9TO Bce 3HaoT A, u 1.1, UToOB! JiytIle MpovIyBCTBOBATD
970, MpuBejieM OfHY (ObITh MOXKeT, He CaMyto JIyUIyto, HO MPOCTyIo) Gafiky mpo
ob1ee 3HAHUE.

PeanbHo pacckas bojiee CJIOXKHBIN, U 51 yIPOCTIII ero o npejaena. [Ipegcrasum,
YTO B KyIle BaroHa BUKTOpHAHCKON 3MOXM HaxXoAATcss Bob m ero maeMsHHHUIA
Anuca. ¥V xaxxoro ucrnadkano juno. OnHako HUKTO He KpacHeeT OT CThIIa, XOTs
moboit Bukropuanckuit maccaxkup mokpacHes Obl, 3HasI, APYro#l 4eJoBeK BUIUT
ero rpsisabiM. OTCIOa MbI JejlaeM BBIBOJ, UTO HUKTO U3 MACCAXKUPOB He 3HAET,
YTO €T0 JINIO I'PA3HOE, XOTsI KayK bl BUANT IPS3HOE JIUIIO CBOETO KOMITAHBbOHA.

B 310 Bpemsi B Kyme 3arisgjibiBacT [IpoBomHUK U 0ObBABILET, 9TO B BaroHe
HAXOJIUTCSI UeJIOBEeK ¢ Ipsa3ubiM aurioM. [loce sToro Anmnca nokpacnena. Ona mo-
HslJla, ITO ee JIUIO ncnadkano. Ho moueMy ona monsiia 910? Passe mpoBOAHUK He
COOOIIIMIT TO, UTO OHA Yoice 3HAAA!

[Tpocaenum 1enoUKy paccykKaeHuit ATnch.

Aauca: Tlpeanomoxxum, moe jmno uncroe. Torma BoO, smas, 4To KTO-TO M3
HAC TPSI3HBIN, JOJKEH CIeNaTh BBIBOJI, UTO TPSI3HBIH OH, I TIOKpacHeTh. Pa3 on He
KpacHeeT, 3HAYUUT, MOsI TOCBLIKA PO MOe TUCTOE JIUTIO JIOXKHAS, MO€ JIUTIO TPSI3HOe,
U 5 JOJIPKHA TTOKPACHETD.

[TpoBomnuk mobapua K mHpopMalnu, n3sectuoit Annce, nndopMaluio o 3Ha-
nnsix boba. o saroro ona ne 3uaja, aro Bob 3HaeT, 4T0 KTO-TO U3 HUX UCIATKAH.
Kopoue, coobitienre MpoBOAHIKa TPEBPATUIO 3HAHWE O TOM, UTO B KaOWHE eCTh

Y€JIOBEK C I'PA3HBLIM JIMIIOM, B 06’(1466 3HAHUE.

QaKTUIECKH, 3TO YIPOITEHHBIIT BapuaHT OaiiKu PO MYIPeroB B KPACHBIX Kosmakax. O0brv-
HO ee TIPEMOIHOCAT B OoJee CJIOKHOM BapuaHTe ¢ TpeMs myapenamu. CUAAT TpU yMHHUKA, HA
KaKJOM HaJeT KOJMaK KPacHoro 1sera. KasKaplit BUANT KOMMAKW JAPYTUX, HO HE BUJINT, Ka-
KOit kKomak Ha HeM. U Ka)Kaomy, 9YTOOBI TIOKA3aTh CBOIO MPOHUIATEILHOCTh, HYKHO yIrajiaTh
BT CBOETO Kosmaka. [Ipoxoxkuii (Mau 9K3aMeHATOp) OObSIBISIET BCEM, UTO OJUH U3 KOJINAKOB
KpacHbIit. Torma oIuH U3 MyIperoB MOHUMAET, YTO Ha HeM KpacHbIN Koimak. Paccy:kmaer oH
TaK: JIOMYCTUM, Ha MHe HaJeT Oenblit Koamak. Toraa aBa oCTaBIINXCS YMHUKA, Y3HAB MOICKA3ZKY
MPOXOKET0, OBICTPO co0Gpa3mIn Obl (CMOTPU Tpeas Iyl pacckas npo boba u Asncy), dro
HA KOM-TO U3 HUX KPACHBIH KOIMAK, U OObABUIN OBl 06 9TOM. A pa3 OHH MOJYAT, 3HAUUT HA
MHe KPacCHBIl KOIIaK.

Koneuno, TyT MOKHO MOCTABUTH JTIF000€ UUCIO MY/IPEIOB.

Kax y»e roBopmioch, KJIacCUIeCKUM TOCTYJIATOM OPTOJIOKCAJIHLHON TEOPUH UT'D
SIBJISIETCST TIPEJITONIOXKEHTE O BCeOOTIeM 3HAHUN UTPHI (B TACTHOCTH, MOJIE3HOCTE ),
a TaK>Ke paImoHaJbHOCTH UT'POKOB. HacKobKo peasncTudnHa 9Ta TUnoTe3a, MmoKa-
3BIBaeT CAEAYIONNI mapagoKCaJIbHLII IpuMep.
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CopokoHOKKa. PaccMoTpuM BapmaHT cOpOKOHOKKM Pozentassa. OQuH IKCIEHTPUIHBIH
bUIAHTPO TOTOB MOAPUTH YHUBEPCUTETY MUJLIHAP/ J0a1apoB. OH MPUTIATIAET TPE3HIEHTOB
yHEBepcnTeToB Venbpumaka n Xapdopaa n 00bICHsIeT, ITO OHH IOTZKHBI Pa3bIIPATh CIEIYIO-
nryio urpy. lepeBo ee mMmeeT BH,

1 2 1 2 2 1 2
I ~O ~O ~O— v =0 ~O ~O ~ (0,0)

N T .

1,0 0,10 100,0 0,1000 0,10 10%,0 0,10°

Ha mepBoM xoze (bIIAHNTPOI TIpeJIaracT IpesnIenty eabpumka 1 1otap, KOTOpBIi TOT
MOXKeT TPUHSTh WIN OTKa3aThCA. K oH OTKa3bIBaeTCs, (DUIAHTPOI TpeIaraeT Mpe3nIeHTy
Xapdopma 10 go11apoB U T.7., TOBBINIASA CTABKKM KasKIblil pa3 B 10 pa3.

[Tpumenssa anroput™m Llepmesnro, MBI BUANM, YTO KazK/IOMY U3 TMPE3UIEHTOB HAJI0 MPUHUMATD
npemtozkerue. [109TOMY Hrpa TOMAKHA 3aKOHUITCS HA IEPBOM Ke XOIY - Ipe3naent Venbpumka
cxpatuT 1 gomnap! UyBcTByerTcs, 9TO 31€Ch YTO-TO HE TaK.

PaccmoTpuM, HampuMmep, CUTYAlMO B BepIiiwHe 4, KOTAA Mpe3ujeHT Xapdopaa permaer -
B3aTh 1000 mommapos mwim orkasarhea. O6partHag wHayknus (aaroput™ Ilepmeno) rosopwur,
4TO HaMO coramarhbes. Ilogemy? IToromy uto mpesument Menbpuizka paruoHaATbHBIH U T.0. 1
nodToMy Ha caeayomeM mare xamaeT 10000. Ho eciin oH Takoit pannoHaJbHBIH, TO UTO Ke OH
Ha TpeJblIyleM mare oTkazajacda oT 100 gommapos? A Kakx 6Bl Bl caMi UTpaJjd B 3Toit urpe'?

OHUM CJTOBOM, MBI JOKHBI MPU3HATH, YTO apT'yMeHTHI, Ha KOTOPHIX OCHOBaHA oOpaTHAast
WHIYKIAS, BKIIOYAIOT He TOJBKO THIIOTE3Y O PAIMOHAJIHHOCTH, HO M TUIIOTE3Y O HETTOKOJIeOMMOit
YBEPEHHOCTH B PAIMOHATBLHOCTH HECMOTPS Ha sIBHBIE CBUJIETETHCTBA O HEPAITMOHAJILHOCTH Ha
MPEIBIIYIINX TIarax.

Ocnabaenus. norma nporeypa UCKIIOUEHUST TTPUBOIUT K €IMHCTBCHHOMY
UCXO/Ty, HO Yallle - HeT.

MoxkHo 0BLTO OB UCKIIOYATH W CJ1a00 JIOMUHUPYEMbIe CTPATEruu, KaK 3TO TI0
cymiecTBy u jgenaerca B anroputme llepmeno-Kyna. Onnako uckimoudenue ciabo
JOMUHUDYEMbIX CTPATeruii y»ke He CTOJb HECOMHEHHO (M He BBIBOJUTCS U3 I'H-
MOTe3 O PAIMOHATBHOCTH UTPOKOB). BO-MepBbIX, HAUMHAET UIPATH POJIb MOPSTOK
uckiodenus. Ho a1o monbepr. Xyxke, 9To ¢1abo JOMUHUDYEMbIE CTPATETH MO-
I'yT BXOJUTh B paBHOBecusdA. PaccMoTpuM urpy

t1 2
s| 1,1 | 100,0
20,100 [ 100, 100

13 mech MOKHO YBUAETH AHATIOTHIO ¢ PACCKA30M O “HEOKMIAHHON TIpoBepKe”. YUnTeLHAIA TOBOPUT
yUIeHWKaM, 9TO OHA YCTPOUT WM TIPOBEPKY B OJWH W3 JHel Oyayimeit negenn. Korma? - cnipocnan yde-
HUKH. Kor,ua BBl HE OKHUTaeTe 3TOTO, OTBETUJ/IA YUNTE/JIbLHUIIA. OHI/I pPemnan, 4YTO 3TO HE MOXKET 6]:>IT]:>
TSITHUTA, HO TOTJA W He YeTBepT, W T.J. TaK OHM PeNTuan, 9TO TPOBEPKU He Oy7eT, U He TOTOBUIHNCD.
HO B TIOHEJCJIbHUK YUYUTEJLHUIlA YCTPOUJJIAa TPOBEPKY, U JJid BCEX 3TO OKA3aJIOCH HeO}KI/I,ILaHHBIM!
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3yech mepBbIit cTosOel ¢1ab0o TOMUHUPYET BTOPOH, KaK M TepBasi CTPOKa, CJIabo
JoMmuHEpyeT BTOpyio. Mekmouenne Takux "craboix'cTpareruit JaeT BLIUTPHIIIHT
(1,1). Ho ectnb Gostee xopotriee perete (s2,t2).

JdoMuHupyemsblie cTpaTerumn. Boilie Mbl HCKIIOYATIH T€ CTPATETHH S, KOTOPHIE CIILHO
JOMUHUPOBAJIUCH HEKOTOPOit Gosee sydmeii crparerneit s'. Ha camom mee MOXKHO HEMHOTO
PACHIUPUTH CIIUCOK UCKII0YaeMbIX cTpareruil. Takme “maoxue” crpareruu OyaAyT HA3BIBATHCS
domunupyemoimu. Mbl TTPUBEJIEM JIBA ONpeeIeHNsT JOMUHUPYEMOCTH ¥ 3aTeM MOKAXKeM, UTO
OHU HKBUBAJIEHTHBI. 3/1€Ch MBI (PUKCUPYEM OJHOTO UTPOKA ¥ MHUIIEM S BMeCTO S;. MHOXKECTBO
cTpaTeruif OCTaIbHBIX UTPOKOB 0003HAYUNM Kak ).

[TepBoe onpenenenne. CTpaTerus s dOMUHUPYEMCA, €CIH s 000 “cMeranHol TOYKN
€ A(QQ) maitnercst crparerus ' € S, Takas 9ro s(p) < s'(p).

Koneuno, ecan HeKoTOpas cTpaTerusd s TOMUHUPYET S, €e MOXKHO HCIIONL30BATH B TEPBOM
onpegenennn. OpHAKO B 00MEM cIydae "TobeuTe/ s’ CTPATErnd § 3aBUCAT OT CUTYAIUH (TO
eCTh OT [1).

Bropoe onpenenenne. CtpaTerus s domunupyemcs, eCIu Hal1eTcs "cMelianHass CTpaTerus
o € A(S), KoTopas CHJIBHO JOMUHUDYET S.

Buanro, ¥T0 BTOpOE MOHATHE TOCUIbHEE. 3aMedaTeTbHO, YTO Ha CAMOM Jejie OHU COBIIAIa-
IOT. 9TO CJIeACTBUE TEOPEMbl O Pa3deJICHHN BLIITYKJIBIX MHOXKECTB M (baKTI/I‘-IeCKI/I ViKe BLLIO
ycranossieno B Jlexkmun 6. OgHAKO He MeIIaeT W MOBTOPHUTD.

IIpenmoxxenne. O6a npedvdyuur noOHAMUA QOMUHUPYEMOCTNY COBNAIAIOM.

JlokazatebcTBo. CHOBaA Oyj1eM cTpaTeruu u3 S Mbl 1300pazKaTh BEKTOPAMK B TTPOCTPAHCTBE
R?. Tax uto S peasmsyeTcss Kak KOHeUHOe TToaMHOzKecTBo B R, Ecam Teneps A - "BHyTpeHHA
obosouka” S B cmbicae Jlekiuu 6, To cTpaTerus s JOMUHUPYETCS BO BTOPOM CMBICTE, €CTH OHA
nomaJja BO BHYTPEHHOCTD A.

[IpeamonoxuM Temepb, UTO CTpATerwss S He JOMUHUPYETCS BO BTOPOM CMBICTE, TO €CTh
He monasaer BHYTph A. Torma ona Jsexxut Ha rpanune A (u gaxe Ha TOH YaCTH TPAHUIIB,
KOTOpas MOMaJaeT B BBHIIYKIyIO 06omouky S). Ho Torma mo Teopeme 06 OTIe€HUN BBITYKJIBIX
MHOYKeCTB CyIecTByeT JuHefinbit dynkunonant p na R?, kortopeiii (HecTporo) otTaesser s oT
A. D10 3naunt, uro p(s) > max pA. OueBUIHO, YTO P MOJOKUTETHHBI; €CIN OTHOPMHUPOBATD
ero, Mbl mosyauM cmech 1 C A(Q) makyto uro s(pu) > o(p) g modoro o € A. B gactHOCTH,
s(p) > §'(p) st mo6oro s € S. Ho 910 03HawaeT, crparernsa s He JOMUHUDYETCS B MEPBOM
cMmbicae. [
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Jlekiima 9. PaBuoBecusa H»amia

PaceMoTpeHHbIE 10 CUX TIOP MOHSATHSI PelleHust (JIOMUHUPYIOIINE CTPATErNH, OCTO-
POXKHBIE CTPATETHH U MOCTIEI0BATEIbHOE HCKITIOUEHNE IOMUHUPYEMbIX CTPATErnii)
HOCUJIM B UeM-TO MeXaHM4ecKuil xapakTep. Tenepb Mbl OTKa3bIBAEMCs OT TAKOT'O
IPAMOJIMHEHHOTO TIOX0a, OT TPeTeH3nil Ha TpecKazaHne TOTo, 4TO OyIeT Je-
JIATh KazKJIbIi UTPoK. BMecTo 3TOro Mbl (hopMyIupyeM HEKOTOPLIE YKeJaTebHbIC
cBoiicTBa pertenust. [locse 9TOro pereHuii MoXKeT OKa3aThCsl HECKOIbKO (M TOT/Ia
BOZHUKAET BOIPOC, KAKOE U3 HUX OCYIIECTBUTCS) WM HU OJIHOTO (M TOT/A JIaHHAS
KOHIIETITNST He paboTaer).

Pasnosecne Hsma. Panuonanbnblii IOAX0] K HaXOXKICHUIO DEHICHU UTPbI
MPEJITIOIATAeT, UTO KaxK/IbIii UTPOK ¢ (popMupyer ~"n1orajxy’ s(_zz 0 JefiCTBUAX OC-
TaJbHBIX U BHIOMPACT B KAUeCTBE S; CBOW HAWIYUIIUIl OTBET Ha 9Ty norajky. Kak
yKe OTMEeYaJIoCh, TPYJHOCTH 3/IeCh B TOM, KaK (OPMHUPOBAThH 3Ty Jorajky. Bce
’Ke OJIHO TpebOBaHUEe COMJIACOBAHHOCTH BBITJIAJUT MOYTH HECOMHCHHBIM HIIA, BO
BCSIKOM CJTydae, YKeJaTeJbHBIM: JIOTaJIKN s(lz JIOJIKHBI COBIIAJIAThH C PEAJbHBIM Bbi-

oopoMm s_;. B aToMm ciydae momydaercs JOTHUIECKN CTPOHAsT KAPTUHA: 51 BHIOMPAIO

8j, TOTOMY YTO 3TO JIYUIITUit OTBET Ha BAIly S_;, & Balll OTBET HAWJIYUIINI Ha MOIO
cTpaTeruio s;. MoxKHO cKazaTh TakKe, UTO paBHOBecue Haima ycToiframBo K OT-
KpoBeHM0. BriOupast ¢BOIO CTpaTeruio S;, Bbl He 3HaeTe, UTO BhIOpAJH OCTaJbHbIE.
smennTest in Bale pelenre, eCau Bbl y3HaeTe JefiCTBUS OCTAJILHBIX?

Omnpenenenne. Curyarnust sk B urpe HasbiBaercs pachosecuem Howa, ecim
JIIsT TI0O0OTO UTPOKA ¢ M JII0OOH ero cTparerun §; € S; BLIMOJHIETCS HEPABEHCTBO

wilsy) 2 wilsi, %),

Nnave ToBODS, S; - HAWIYYIIMH OTBET Ha S°, JJIS KayKJIOTO MI'POKA ¢. JTO Ta-
Kasl CUTyalldsd, YTO HUKOMY HE€ BBITOJIHO OTKJIOHATHLCS OT Hee, eCTU OCTaJbHbIE ee
TPUICPKUBAIOTCS.

HaI/IJIy‘{IlII/Ie OTBETHI. B,Il;er CTOUT CKa3aThb O IMOHATHUU HaWJIYYIIEero orneTa.
OHpeILeJIeHI/Ie. CTpaTeFI/IH S; UT'POKa 1 Ha3bIBACTCH HauAYHWUM O0TNEETOM
Ha HpOCbI/IIIb CTp&TGI‘Hﬁ S_; OCTaJIbHBIX UT'POKOB, €CJIM B TOYKE §; JOCTHUTACT MaK-

cuMyM DyHKIWST Ui(-, S—;).
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MuoxkecTBO Hammyqnmx orBeToB, Argmax(uw;(-, s—;)), obosnaunm Best;(s_;).
DTO TMOAMHOXKECTBO B .S;, HEIyCTOE MPH JOBOJLHO cJ1abbiX ycioBusax. CooTBer-
crBust Best; : S_;, = S; HaWIy4IINX OTBETOB UTIPAIOT BayKHEHIIYIO POJIL IIPU
aHaJjm3e IOoBeIennst UTpoka ¢. Hampumep, sy - paBnosecue Hama Torma u TOILKO
Torja, Korna s; € Best;(s_;) mms mo6oro i.

Amnasornuno onpeessieTcst HauIy dIiiii OTBeT Ha 'CMeIIaHHyIo” JOTaJKy o_; €
A(S_;). O6bIUHO B 9TOM CJIyuae B KaueCTBe OTBETOB TAKKe TPUBJIEKAIOT CMelllaH-
HbIe CTpaTerni. KOHTPOILHLIH BOIPOC: UTO MOXKHO CKa3aTh O CTPATETHH S;, KO-
TOpast SIBJSIETCST HAMIYIIINM OTBETOM Ha, Jiobyio s_; € S_;7 A ecnu s; HUKOTIA
He SIBJISICTCSl HAWIYUIIUM OTBETOM?

O6cyxk1eHne IOHATHS paBHOBecus. PasHosecre Haia - ryrtaBHast KoHiern-
I[Us pellleHnsl B HEeKoomepaTuBHOM ciydae. [loaroMy cTouT mompobHee oOCYINTD
ee CMBICJI U 3HaUeHne. XOTsd MOHATHE paBHOBecus HsIa u BHINISIIUT BIOJHE pa-
3yMHBIM, OHO y»Ke He CTOJIh OeCCIOPHO, KaK PaBHOBECHE B JOMUHUPYIONIUX CTPa-
TerudX.

[Tonsite pasHoBecust Haa coennnseT nBe TUIOTE3bl O MOBEIEHUN UT'POKOB.
IlepBas - ecnu cuTyalusi Sy HEpaBHOBECHA, TO €€ HEJIb3s paccMaTpUBaTh KaK
YCTOWIMBOE COCTOAHUE. T.e. eclii KaKoW-TO UIPOK ¢ BUJNT, UTO OTKJOHEHHUE OT
S; IpUHECET eMy OOJIBIITUI BHIUTPHIIII (B HaJIeXK e, YTO OCTAJILHBIC COXPAHAT CBOU
CTpaTePI/II/I), TO OH HEMIPEMEHHO OTKJIOHUTCS, TOAIACTCS COOMA3Hy. DTO COTIACYeT-
Cd C TUTIOTE30# palmoOHaJIbHOCTHA (,Ha}Ke JUKTYEeTCS eIO). OHaKo UTPOK HEe MOXKeT
He MOHUMAaTDh, UTO €ro OTKJIOHEHHE MOXKeT BbLI3BAaTh HENPEACKa3yeMyIo Ilelb OT-
BETHLIX PEAKIMil OCTAJbHLIX UT'POKOB, KOHEYHDLIE TTOCIC/ICTBUA KOTOPON TPYAHO
OICHUTD.

Bor npumep. /IBa yuacTHuKa, KazK/IbIH HA3BIBAET 1€10€ HEOTPUIATEThHOE Yncao. Ecan 0ba
Ha3BaJM OJHO W TO Ke UHMCI0, KaxKabli moaydaer mo 100 py6. Ecan pasusle, To TOT, KTO Ha-
3Bas1 Oosbiee, moaydaer 101 py6., a apyroit - 0. Pazymuo kaxkaoMy Ha3BaTh HYJIb, HO 9TO He
paBHOBecHe.

Takoe oTKI0HEHTE (yﬂqualomee 110 CpaBHEHUIO CO CTATYC KBO s*) OTIPaBIAHHO
TOJIBKO B TOM CJy4Yae, €CJIN €CTh YBEPEHHOCTDL, YTO OCTaJbHbIC JIeHCTBUTEIHLHO
COXPAHSIT HEM3MEHHLIMU CBOM CTpaTeruu. A B o0meM ciaydae Hy»KHa KaKas-TO
MOJIEJIb PEAKIIUUA OCTAJIHLHBIX.

Bropas runotesa - ecau KayKablit UTPOK BUJIUT, YTO OTKJIOHEHUS OT S; He JIafoT
€My VJAYUIIeHUA, TO OH COXPAHUT 3Ty CTPATETUIO s;k, Kak Obl HeJjemna oHa Hu ObLIa.
B nmanbHeiiieM MBI ellle BCTPETUM MHOTO HeJIENBIX, JyPalKhX PaBHOBECHIA.

Bor nkpswriit Takoit mpumep. [Tycts Tpu yuacTHUKA MO TPABUITY OOJBITUHCTBA BRIONPAIOT U3
JIBYX aJbTEPHATUB T W Y, U JJs Beex x Jiydrre y. [Ipeamonoxkum, uro Bce Hazpaan y4. Torma
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HUKTO MHIAUBUIYAJIbHO HE MOZKET YJIYYIIUTL UCXOM Y, TaK UTO (l)OpMa,JIbHO 9TO paBHOBECHE. Ho
TPYAHO IPEeACTaBUTDL, KaK TaKad CUTyallud MOXKET BOSHUKHYTbD.

Buavenne pasHoBecuit Hamia moxkao cymmuposats Tak. Ilycts Teopust (wiam
COBETHUK) TPEJIMNUCHIBACT KAXKJIOMY UTPOKY HEKYIO CTPATETHiO, U BCEe OHU 3HAIOT
9TO TIpeJNHCaHNe U CJIEIYIOT eMy; TOTHa JUOO 9TO JOMKHO OBITh paBHOBECHEM
H»sma, 6o KTo-TO BejieT cebsa mppannoHaaIbHO.

Mp1 He yTBepX)mgaeMm, 4To Atoboe paBHOBecue Hala roauTcst Kak mpejckasa-
Hue ucxoa (TeM 6osee, ITO MOTYT OBITH HECKOIBKO paBHOBecHit). PaBnoBecHocTnh
no Hamry - 3710 jumms #HeobXoauMoe yCaoBue TPaBUILHOTO  OTBeTa, MpeicKasa-
Hus. TeopeTKO-UTPOBUKU TPEPUHAIN MHOTO YCUJINi, 4TOOBI Cpe PaBHOBE-
cuit Harma octaBuTh TOMHKO pa3yMHbIe. DTa MPOTpaMMa HAa3bIBAETCST OUUIIEHITEeM
(refinement), wiam yroHbUeHWEM, ¥ MBI T03Ke 0OCYIUM 0O0JI€e JTeTaTbHO ITH BO-
TPOCHI.

Cruenapuu. PaccMorpuM Tenepnb BOIPOC O TOM, KaK UTPOKK MOTJIN ObI TIPUATH
K paHOBecuio Hama. U 31ech HeT nonuoit sscroctn. He ymaercs gath pasyMHOTO
00bSICHEHMSI, OCTABAsICh MOJHOCTHIO Ha HEKOOTIepATUBHON ToUuKe 3penus. [ToaTo-
My HEKOTOpbIe TeOPEeTHKH CUNTaloT paBHOBecwe Hsira moaykoomepaTHBHBIM ITO-
HsiTHeM. Hike MBI TIpeijiaraeM HEeCKOJNBKO CIieHAPHUEB MOSIBJICHUST PABHOBECHSI 110
Hosmy.

Ilepewiti. Irpa pasbIrpbIBaeTCss MHOTOKPATHO, W M3 MPOIILIOTO OTBITA UTPOKH
HAUMHAIOT TPEICTABIAThH, KaK OyIyT WTpaTh MapTHEPHI, BHIONPAIOT HAWJIYUIIIE
OTBeTHI, U (B KOHIIE KOHIIOB) TOMaAatoT (7) B CUTYAINIO PABHOBECHSI, B KOTOPOIl 1
ocTaloTcst. K 9ToMy ke MOXKHO OTHECTH ¥ TpOIienypy HaurynbiBanus Kypuo. On-
HAKO TIPEANOJOXKEHNEe, UTO UI'Pa PA3bITPHIBACTCST MHOTOKPATHO, CHJILHO MEHSeT
Bcio KapTuny. PopmasbHO, MBI MTonagaeM B HOBYIO urpy. O0 aTom OyaeT paccka-
3aHO B JIEKIINU O TIOBTOPSIOIINXCS UTPaX.

Bmopoti cuienapuit. YuacTHUKH (GUKTUBHO PA3LITPBIBAIOT UTPY, UM Pa3perneHo
B OTIPEICJIEHHOM TOPSIIKe MEHSITL CBOM cTpareruu. Korma mooskenne cTabuIns3m-
POBAJIOCH, T.€. MBI TONAJN B YCTORINBOE COCTOSTHUE, UTPa PA3bITPHIBACTCS Peaib-
HO. YeToiumBoe cocrosinne - 970 paBHoBecue Hama (Moxker, He joboe). Bospa-
JKeHUsT KaK BbIle. B 000MX 3TUX ClieHAPUsIX UTPOKY He HY>KHO 3HATDH MOJE3HOCTH
JIPYTHUX UTPOKOB.

Tpemuti cienapuit. Kaxkaprit u”rpok caM aHaJU3UpyeT UTPY U HAXOIUT CUTya-
IIIIO PABHOBECHsI. DTOT CIIEHAPUI TTOUTH HIeAJeH, eCIi PABHOBECHE €INHCTBEHHO.
Ho npu HecKoIbLKHX HEpaBHOIEHHLIX PABHOBECHSIX BO3HUKAET BOIPOC, KaK BLIOH-
parh cpean nux. Hampuwmep, B urpe
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1] t2
s1]3,30,1
521,022

(moxozkeit ma Berpewy B Hpro-Mopxke) ects jgBa pasmosecust (s1,t1) m (s2,12).
Ha kaxoe 3 nux oprenTrpoBarhcs urpoky 17 Kaszamoch Obl, mepBoe paBHOBECHE
JIydine Jjisi 000X UI'POKOB, W €CTEeCTBEHHO OBLIO Obl OCTAHOBUTHCS Ha HeMm. Ho
MepBbIil UTPOK (KaK ¥ BTOPOH) MOXKeT paccykaaTh Tak. Jlomyctum: s BBIOEpY
sl B pacuere Ha COOOPA3UTENBHOCTH BTOPOro. A BIPYT OH MOCTYIHUT WHaYe 1
Boibepet 127 Torma s momydy Tombko 0. Ecau ke s BBIOEpY BTOPYIO CTPOUKY,
TO rapaHTupoBaHHO Toaydy 1. Tak uTto He daxT, uTo OymeT BHIOpaAHO MEPBOE
paBHOBeCHE.

Ho naxke ecim paBHOBeCHe €IMHCTBEHHO, CHOBA He (haKT, UTO UTPOKU BHIOEPYT
ero. PaccmoTpum urpy

35 |438]3-1000
5-1000 | 6,8 | 3,10

B neit emuncTBennoe pasHosecue (s2,t3). Ho urobbl pemurbest Ha t3, BTOpOi
UT'POK JOKeH ObITh OYeHb CUJIBLHO YBEpEeH, 4To 1-# mcrmosb3yer s2, 9TO OH He
OTKJIOHUTCST OT $2 Jlaske B pesysbrare ciaydaitnoii onmbku. (Keraru, mepsomy B
9TOll cuTyalun abCOMIOTHO BCe PABHO, UTO UCIOIb30BaTh - s1 wim s2.) Bosee
HaJIeKHOMN sBJdeTCsa cTpaTerus t2, ¢ rapanTueit gaiomias 2-My BBIUTPLIIT 8.

Yemeepmuiti ctienapuii. Irpoku mepes urpoit 3aTeBaloT MePeroBOpPbl U ITPUXO0-
JIAT K HEKOTOpOMY (HeOoOsI3bIBAIONEMy) COMJIANeHNo Sy. Ecam 910 coratienue
SN sBJsieTcss paBHOBecueM H»ama, To ecTh OCHOBaHUS OXKUIATH, UTO OHU OYIYT
cJIeJTIOBaTh 9TOMY coratiernio. OIHaKO TYT ToXKe Hag0 (hOPMaJIN30BaTh MPOIECC
MIEPEroBOPOB U 3aKJIOUEHNsT COrJIAlleHns, 3TO HOBas urpa. Mbl oOCcyauM 3TOT 1
CJIeIYIONIUI clleHapuit B JIEKIIMN 00 UTpax ¢ COODIIEHUSIMU.

ILamwiii, oberaromunit, crieHapuit TeCHO ¢BsI3aH ¢ YeTBepThiM. VIrpoku obpailiia-
FOTCST K TIOCPEIHUKY (MJIH AHATUTHKY ), KOTOPBIH aHATU3UPYET UIPY U TMpeJJiaraet
BCEM CJTEJIOBATH HEKOTOPOMY MPOMUIIIO cTpaTeruii sh (KOTOPHIf OH IPOMKO 00b-
SBJIsIET BeeM ). B IpHUHIUTIE KaXK bl MOYXKeT OTKAa3aThCs U BBIOPATH JAPYTYIO CTPa-
ternto. OHAKO eCIu TOCPeHUK TpejaaraeT paBHoecre Hsima, To BceM BBITOI-
HO ¢JIeJIoBaTh yKa3aHnoo. KoHeYHO, U TyT BO3HUKAIOT CBOM BOMpockl. Hampumep,
KaKoe PaBHOBECHE TIPEJIOKUTH MOCPEIHUKY, ecan ux MHoro? Vam - yBepen s
UTPOK, UTO €ro TMapTHeP YCJIbINIA yKa3aHue Tocpe HnKa !

Eme 3ameuanus. [leppoe - paBHOBecre MoXKeT ObIThH Heapherxmustvim. Bro-
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poe - MOXKeT ObITh MH020 Pa6HOBECU.

[Ipumep K mepBoMy yTBepXKJaeHHO jaeT JlnmeMma 3akJodeHHBIX. MBI yike
00CY>K a1 ero. DTO TMPUMeD TOTO, KaK palfoHaIbHOe TpecieoBaHe CBOUX NH-
TePEeCOB MOXKET BECTH K ILJIOXOMY MCXOIY JIJIsT BCEX.

[TpumMep ¢ HECKOIBLKUMY PABHOBECUSIMU - CEMEHUHBIN CIIOp ¥ T.II.
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Jlexmusa 10. PaBuoBecusi Hama (mpomonkenne)

CpaBHeHI/Ie C MpeabIAYIIIMMHU ITIOHATNAMMN. Pasnosecue Haa Tecto ¢Bsizano
C IpeAbIAYINIMMHU TTOHATHUAMUN PEIICHNA M XOPOIIO COIVIaCyeTCdA ¢ HUMMU.

a) Jomunupyrowue cmpamezun. OUEBUIHO, UTO PABHOBECHE B JJOMUHUDPYIOTAX
CTpaTerusax sIBJsieTCs paBHOBecreMm Harma.

Brpouewm, Hapsiy ¢ JOMUHUDPYIONIMMU PaBHOBECUSIMU MOTYT BCTPEUATHCS U
Ipyrue, Kak MpaBmliIo, aypalikue. PaccMoTpuM, Hampumep, ayKIHOH BTOPO Iie-
Hbl. OH WHTEpPEeceH TeM, U9TO MPHU ero UCIOIb30BAHNN Y KaXKJIOTO YIaCTHUKA €CTh
JoMUHHUpYoIas crparerus. OQHAKO €eCTh U MHOTO APYTUX, TJIOXUX pPaBHOBECHIl
Hsmia. A wmenno (ecim yyacTHUKOB > 3), ist JiIOOOTO yUacTHUKA 4 U JH0O0TO
qncaa p < u; CylecTByeT paBHoBecue Hala, mpu KOTOpOM yYaCTHUK % MOJIYUaeT
npeaMeT 3a 1eny p. s 9Toro Bce, KpoMme i-T0, peaaraioT 1eHy p, a OH Ipej-
faraer tery, 6osbinyio max(u;). B arom “myparkom” paBHOBeCHH TIPEJMET TOPTa
JIOCTAETCST U JIENIeBJIe, U He TOMY.

b) Ocmoposrchvie empamezuu. OCcTOpOXKHBIE CTpaTeTHu B 0OIIEM CJIydae ciabo
CBsI3aHbI ¢ paBHOBecusaMy Hama. OnHako st aHTarOHUCTHIECKUX UTP CBSI3h YCH-
smBaercs. PasHoBecne Hatma B Takoit urpe siBiisiercst ceiioBoit mapoit (1 o6paTHo),
[IO3TOMY PABHOBECHBIE CTPATEINH SIBJISIIOTCST OCTOPOXKHBIMEU. OIHAKO €CIN UTPa, He

UMeeT TeHBI, TO OCTOPOXKHBIE CTPATETHH He 00Pa3yioT paBHOBECHE.

OTmeuy ere, 9TO B CIydae aHTATOHUCTHYECKUX UTP paBHOBecus H3ima o0amaioT AByMs
JIOTIOTHUTETHHBIM TIeHHBIMU Y€PTaMU, BHITEKAIOTIIMHI U3 TOTO, YTO OHU COCTOAT U3 OCTOPOKHBIX
CTpaTerui.

[TepBast - 9TO I HAXOXKICHNST PABHOBECHOMN (=0CTOPOYKHOIT) CTpAaTernu KazKIblil 13 Urpo-
KOB MOYKeT JIefiCTBOBATh WHAWBUIYATHHO. B oTim4ne oT o0IIero caydas, eMy He HyKHO 3HATH
WA JeIaTh JOTQJIKA OTHOCHUTENbHO §*,. [Jisgjs TONbKO Ha TabauIly (CBOWX) BBIUIDBIIIEH OH
MOYKET BBIJIETUTHh MHOXKECTBO P; CBOUX OCTOPOXKHBIX CTPATEruil U BHIOPATH NPOU3BONLHbIT dTTe-
MeHT B HeM B KadecTBe S;. B wactHOcTH, MHOXKecTBO NE pasmoBecmit Hsma ycrpoeno xak
npousBenenne Py, X P, u 11000e paBHOBeCHe JaeT YUACTHUKY OJHY U TY K€ TOJ€3HOCTb.

Bropasg - uTo paBHOoBecue 001a/1aeT JOMOJHUTEIHHBIM CBOMCTBOM ycToiunBocTu. [lo ompe-
JleJIeHnIo, paBHOBecue H31ma ycToddmBO 1O OTHOIMEHWIO K COOCTBEHHBIM OTKJIOHEHUSIM: €CJIH
MPOTUBHUK TPUIEPKUBACTCA PABHOBECHOW CTPATETHH, TO BalllM OTKJIOHEHUS OT PaBHOBECHS
HUYEro He JaIyT. B caydae ocTOPOXKHOM CTpaTeruu J1o0ble OTKIOHEHNST TPOTUBHUKA HE YMEHD-
wam Ball BRIUTPBIII, & MOTYT TOJBHKO YBEJIUYHUTDH €T0.

Bepuemcs cnoBa kK obmuM urpam. Vimeer mecto ciienyiolee odiiee yTBEep:K Ie-
HHe: PABHOBECHDBIN BLIUTPBIII HE MOXKET OLIThL MEHBIIIe rapaHTHPOBAHHOIO YPOBHS
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a;. MoxxHO cKazaTh, 4T0 HaleBcKure nexoabl WHAWNBUIYAJbHO PAIMOHAJIBHHI.

Jlemma. Ecau sY - pasnosecue Howa, mo u;(sy) > «; das 4106020 uepoka i.

B camoMm jieste, cpaBHUM DPaBHOBECHYIO CTPATETHUIO S; ¢ OCTOPOXKHON Sy;. Mbl
meeM u;(sF, s*.) > ui(sy, %) > a;.0

Ha camom Jiesie BepHO (M CTOJB e TPOCTO JOKA3BIBAETCsI ), UTO DABHOBECHBIE
BBINTDBIINIY HE MeHbIIe [3;.

c) Hexarovernue domunupyemoir cmpamezuti. Hanbosiee nuTepecta CBs3b ¢ Uc-
KJIIOUCHNEM JOMUHUDPYEMBIX cTpaTernii. Kax Jierko moHsaTh, CUJIbHO JTOMUHUDYeE-
Masl CTpaTerus He MoyKeT ObITh paBHOBecHOM. Ha camom jese BepHO Oojtee CHJIb-
Hoe yTBEPXKJEHNe: eCIU CTPATETHsl BXOJIUT B paBHOBECHE, TO OHAa BLRKWBAET TPU
OC/IeTOBATEIHLHOM UCKJIIOUEHUH CHIHHO JOMUHUPYEMBIX CTpaTeruii. 9To cieyer
13 ¢IeJAHHOTO BhINe 3aMevalns U TPUBUAJILHON

Jlemmbl. [Tycmov das kasicdozo i 3adanv, nodmnoscecmsa S, C S;. IIpedno-
A09cuM, wmo sy - pasnosecue 6 uepe (N, (S;), (u;)), u kpome mozo sf € S; daa
a06oeo i. Tozda sy asasemcs pasrosecuem 6 uzpe (N, (S;), (uils:)).0

Ecmn G* - urpa, mosydeHnHas mMocjae UTEPATUBHOIO UCKIIOUYEHUS CUIBHO J10-
MUHUPYEMbIX CTpaTeruil, To npeablayliee 3aMedanue 1aeT BKIIoUeHne

NE(G) c NE(G™).

Ha camom meste, MOYKHO TIOKa3aTh, 9TO JI000€e paBHOBecHe B urpe G™° sBsieTcs
paBHOBeCHEM U B UCXoHON urpe G, T.e.

NE(G) = NE(G™).

DTO PaBEeHCTBO OODLSACHSIET CMBIC UCKIIOUEHNS CUILHO JTOMUHUPYEMBIX CTpaTe-
ruit. Ecim mocne mocieoBaTeIbHOTO UCKTIOUEHHUST OCTACTCA OJIMH TPOUTH, OH
pPaBHOBECEH B UCXOMHOM Urpe. A ecn ocTaaoch HECKOILKO, HAIO0 CPEIN HUX TOUC-
KaTh PABHOBECHDI.

[Ipeapbiayinee OTHOCUIOCH K CHJILHOMY JIOMUHUPOBaHMIO. UTO KacaeTcs ciado
JOMUHUPYEMbIX CTpaTeruif, To, KaK Mbl YK€ TOBOPWJIM, OHU MOTYT BXOJUTL B
paBHOBecHus. PaccMOTpUM UTPY

1,1 | 100,0
0,100 100, 100

Brech crparerust s2 cyabo poMuHUpyeTcst crpaTerneii s1, Ho mapa (s2,t2) obpa-
3yeT paBHOBECHE, TPUIEM HETIJIOXOe.
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Ecsit MbI BHIGPOCHITH HEKOTOPYIO ¢J1ab0 JOMUHUPYEMYIO cTpaTernto (1 0603HA~
TUITH TTONTYIeHHYI0 UTpy Kak G'), TO Jierko mokasath (mokaxwure!), 1To

NE(G) c NE(G).

[To mHAYKIMKM MBI UMeeM aHAJOTHUYHOE COOTHOIINEHUE TTOCTe HECKOJbKUX MCKJIIO-
yenuit. B wactaocTn, anroputm Lepmeno-Kyna g5 MO3UIIMOHHBIX UTD JA€T PaB-
HoBecusa Hama.

PasuoBecusa H31ma n KOHKypeHTHBbIE paBHOBecud. KOHKYDEHTHBIE PABHOBECHST, KOTO-
pBIe BCTPEUAIOTCS B TEOPUH OOTIETO SKOHOMUIECKOTO PABHOBECHS, OUeHb TIOXOXKW Ha PABHOBECHS
H»sma. Onumrem B caMbIxX o0IHX YepTax oOInee paBHOBecue. TaM mMeeTcs HeCKOJIBKO areHTOB,
KOTODbIe Dearupyst Ha MEHbl P, TPUHAMAIOT KaKnue-T0 (ONTUMAJbHbIE) peleHust 2;. KOHKypeHT-
HOCTH TIPOSBJISIETCS B TOM, UTO OHM TOJIHKO PEarupyioT Ha IEeHBI, HO CAMU Ha HUX HE BJIUSIOT,
He TBITAIOTCS MEeHATh. PaBHOBeCHe - KOTJIa PelieHns X; yIOBAETBOPSIOT HEKUM OajiaHcam, Ha-
npumMep, koraa y ., z; < 0.

Ty nonesno BBecTH (GUKTHBHOTO UTPOKA O, KOTOPHIt KOHTPOTUPYET TEHbI U 3aHUMAeTCS J10-
criKenneM Gasnanca. OGBIYHO eMy IPHIUCHIBaeTca (PUKTHBHAS MOTE3HOCTD, paBHasd p() . T;).
Torna pasnosecne Homra (p*, (x})) B 9T0i BCOMOTaTeNbHON HIpe JaeT KOHKYPEHTHOE YKOHO-
MHIYecKoe paBHOBecme. B caMoM fieste, IO ONIpeJIENICHNIO &) - HAWIYYIINe OTBETHI areHTOB IPH
1eHe p*, W OCTAeTCs TPOBEPUTD, UTO BHIMOIHEHBI OaTaHchl. Ecin HEKOTOphle KOMIIOHEHTHI BEK-
TOpa Y X} MOJOKUTETBHBI, TO ONTUMasbHOe (11st urpoka 0) suauenue p* (> zF) > 0. C apyroit
CTOPOHBI 13 3aKoHa Basibpaca cromMocTs » | ) B Tekynmx nenax pasua 0. IToaydwenmoe mpo-
THBOpeune u gaetr, uto »  x; < 0.

[IpuBegeHubIit BBIIIE TPIOK TO3BOJSIET WHOT/IA YCTAHABINBATL CYIIECTBOBAHNE KOHKYDPEHT-
HOTO PaBHOBECHSI.

T'onocoBanus ¢ onpocom. Ul gest, 6.1u3Kast K paBHOBECHIO, TPUMEHUMA, U /TSI HCCIeT0BAHUST
cxeM rosiocoBarust. ITyctb X - MHOKECTBO albTepHATHB (MM KAHJIUJATOB); ¥ KAXKI0TO UTPOKA
byHKIUI Toae3H0cT u; Ha X. ['olocoBanme MPOU3BOAUTCS MyTEeM 3aIlOJHEHHs OIoJIeTeHeit;
OOBITHO OHM OJIMHAKOBHI JJIsT BCEX UT'POKOB, HO MBI BCE PABHO 00O3HAYNM Uepes3 S; MHOKECTBO
samonHennii st urpoka (m3bupatessi) i. CxeMa TOJOCOBAHUS 33aeTCs OTOOparKeHWeM f
xS; — X. Tak BO3HUKaeT Urpa.

OnHako B Hell CTIOXKHO Pa300paThCs, MOITOMY JeJaeTCs TAaKOH MEeTOTOJOTHIeCKH# TPIOK.
loBoputcst, uTo 10 ToJOCOBaHUS TPOU3BOIUTCI OMPOC HACETEHUS U TH PE3YIbTAThl JTOBO-
JIaTcs 10 cBefenus myoaukn. MHOXKECTBO BO3MOXKHBIX PE3yJIbTATOB ONMPOCa 0003HAYUM Y5 9TO
MozkeT ObiTh A(X) - TpecKazaHue O MAHCAX KaHIUIATOB, & MOXKET OBITh TpeJCKa3aHue O
pacrmpeiesieHu TO0COB. [JTaBHBIN CMBICT ONMPOCa - YTO OH TIOMOTAeT ONMpeJIeTuThCs H30upaTe-
JIM, TIOMOTAeM MM DEITUTh, 332 KOTO TOJOCOBAThH (KAK 3aloNHAThH Orosiierenn). Mbl yaapuMcst
B KpaHOCTh U Oy/JeM CUAUTATDH, U9TO Y KarKJI0T0 M30UpaTesis eCTh ¢Bost DYHKIHUS ¢; : Y — S;
(3aBucsAmast oT mpeanouTeHuit u;). Tem cambiM ompeseseno orobpaxkenue V@Y — X,

Kaxk mpoBoauTcst Opoc 1 KaK MOABOISITCS UTOTH, MOJIEIh He YTOUHsIeT. BMecTo 3T0Or0 Tpeby-
eTCsl, 9TOOBI Pe3YIbTAThl OMPOCa KAaK-TO COTJIACOBBIBAUCH C PEATHHBIM HCXOJI0OM TOJTOCOBAHMS.
[Mocennee 3amaerca orobpazkenneM (GbITh MozKeT, MHOTO3HAuHbIM) W : X — Y. PaBHOBeCH-
eM B TaKOil cucTeMe HasbiBaeTcs mapa (r*,y*) u3 peasbHOTO MCXOMA TOJOCOBAHUS ¥ M Ompoca
y*, Takas aro W(z*) = y*, a ¢(y*) = x*.
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ITpumenenus K osmromnosmu. PaBHoBecus Hsia HezaMeHNMBI TPU U3yde-
HUU OJINTOTIOJINH, KOT/Ia HEeCKOJIbKO (DUPM KOHKYPUPYIOT Ha OJHOM pbiHke. Cob-
CTBEHHO, TYT BIIEpBbIe 9T0 MoHsTHe ¥ BO3HUKIO (y Kypro B 1838 1), X015 U He
OBLI0 0POPMIIEHO KaK TeOPETUKO-UIPOBas KOHIEMINS, TTOTOMY UTO caMa TeOPHsI
UT'P TOSIBUJIACH TOJBKO JIET CTO CITYCTS.

OrpannanMcst Jyist TpocToThl AByMst upMamu. Ilyers ux usgepku (pu Bbl-
mycke ToBapa B KoimuecTe ¢) sajatorcst yukuusamu Ci(q). Kaxmas dupma
HE3aBUCHMO IPUHUMAET PElIeHre O BLITycKe g;. I1oanbIil BeImycK QQ = g1+ ¢s. Le-
Ha, TI0 KOTOPO OH MOXKeT ObITh TPOJIaH, 3a1aeTcsa (06paTHoil) dyHKImel crpoca
P = P(Q). Tlosromy npubbiib KaxKofi GhupMbl paBHa

i = ¢ P(q1 + ¢2) — Ci(q;).

Kaxxnast pupma cTpeMuTcss MaKCUMU3UPOBATh ;. KypHO, KOTOPHIit BIIepBhIE UC-
CJIeTOBAJI ATY 3321y, TPEATOJIOXKII, ITO TIPU STOM BBIMTYCK JAPYToit (DUPMbI HEU3-
MeneH. [losToMy ycaoBust MaKCUMU3aIUK MTEPBOTO TOPSIIKA, UMEIOT BT

P(qi + q2) + ¢:P'(q1 + ¢2) = (dC;/dgi) (@)

YmpocTum Bee, cumntas usnep:kku juneitnbivu, Ci(q) = cq, a P(Q) = M — Q
(Tak uTO M - 970 MaKCHMaJbHAS TI€HA, TI0 KOTOPOH MOXKHO TIPOJIATh ToBap). Toria

mi(q1,q2) = (M — ¢ — 1 — ¢2)qi.

Haitgem styurmii orser 1-it pupmbl Ha BIOOD qo. Om1/0q1 = M — ¢ — 2q1 — ¢o;
IPUPABHUBAS €r0 HYJIIO, MbI TIOJIyIaeM

¢ = Ri(qe) = (M — c— q2) /2.

Ananornano naa Bropoit pupmbl. PaBHOBECHE TIOMYYIACTCA B TOUKE TIEPECEUCHNUS
KpUBBIX peakiwii, u ¢f = (M — ¢)/3. LUenst pasust p* = (M + 2¢)/3.

DTOT K€ Pe3yILTAT MOKHO TOJTYIUTH METOIOM TOCIEI0BATEILHOIO UCKIIIOUe-
HUSI CHJILHO JOMUHHPYeMBIX cTparernit. Hy>Kno HapucoBaTh KpuBbIe peakIyuu 1
MOCTEIICHHO CTUPATL AOMUHUPYEMBIE CTPATETMH; B MPEese OCTAHYTCA PaBHOBE-
cusl.
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q

M/
KpuBas peakiuu 1-it pupmbl
M/
SM /ZW; aBHoBecue KypHo
M/ KpHUBast peaknun 2-it pupMbl
- q1
0 M/4  M/2 M

[Mepsas dupma BUIUT, 9TO BTOpast ucnoyb3yer crpareruu ot 0 1o M /2. Tlosromy ee nau-
JIyUIllHe OTBETHI PACTIONIOXKEHBl Ha oTpeske [M /4, M/2]. CooTBeTCTBEHHO HAWIYUIINE OTBETHI
BTOPO# (bUPMBI HAXOAATCs Ha oTpeske [M /4, 3M /8]. Torpa Hanrydime OTBETH MepBoii (hupMbl
pacmonaraoTcs Ha otpeske [5M/16,3M/8]. U tak nasee. DTu BJIOKEHHBIE OTPE3KH CXOJATCS
K Toukam M /3. 3nech aisa mpoctots ¢ = 0.

BameTum, UTO ecau Obl ObLIa MOHOMOJHUsI, T.e. OfHA (DUPMa C TeMH XKe W3-
JePKKAMHU, TO ee TPUOBLIL MaKCuMU3UpoBasach obl ipu ¢ = (M — ¢)/2 1o uene
p™ = (M + ¢)/2 (koneuno, cunraercsi, aro M > ¢). T.e. mpu MoHOMONNU Tie-
HBI BBIIE, a BBIMYCKU MeHbIne. [Ipn KOHKypeHInn 1eHa p° = ¢, a BBIMTYCK paBeH
M — c. Keratn, KOHKYPEHIIHIO MOXKHO PAcCMaTPUBATL KakK OJIMTOTIONKIO ¢ OOJTh-
IITUM 9IUCJIOM (DUPM.

JlobpoBosnbpHOEe (pmHAHCHUpPOBaHIEe 00ITecCTBeHHOTO OJ1ara. [Ipencrasnm,
9TO IPYIIa NHAXBUIOB NMECT TEXHOJIOTHIO, CIIOCOOHYIO MTPEOOPA30BLIBATH JICHLIH
t B obmiecrBentoe 61aro y = f(t). Ecam Tpancdepabenbhas monesHocTsh 001Ie-
CTBEHHOTO GJiara it MHIMBHIA 4 3ajaercst GyHKImeil u;(y), Mbl TIoTydaeM urpy.
CrpaTernu UTpoKa ¢ 3aJ1al0TCst YUCIaMu t; (CKOJIBKO OH YKepTByeT Ha OOIIeCTBeH-
HOe 6JIar0), a BBIUIPBIIIT U3MePsIOTCs (hYHKIUAME

Uz‘(f(ztj)) — t;.

[Tocne aToro MoxkHO UcKaTh paBHOBecusi Hatra. Paccmorpum jiBa, Oosiee KOHKpeT-
HBIX TIPUMepa.
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[Tpumep 1. 20 coceneit B mepeBHE AYMAaIOT MOCTPOUTH OacceitH s KyHmaHUs.
[Tonesnocth Oacceitna Jjs Kaxkjaoro pasHa 16, a Bech npoekT crout 200. Yrto
MPOU3OMIET - cKazaTh TPYIHO, KOO MMeeTCsT Macca PaBHOBECHIA.

[Ipumep 2. Kapress u3 9 pupM x04eT IpOTOTKHYThH 3aKOHOITPOEKT, CyJIsmii (B
cydae TpuHATH:) Kaxk 1ot (pupme mpubasok B 40 000 mommapos. i so66uposa-
HUSI 3TOT0 3aKOHOMPOEKTa (pUPMbBI TOOPOBOJBLHO BHOCSIT 110 t; ThicsTd. BeposiTHOCTD
IPOXOKAETns TpoeKTa pasua p = t/(10+1¢), tne t =Y . 1;.

Haiiiem pasrosecue Hamma. Oxujaemblit BBIATPHINT GUPMbI paBeH (B ThICsSUaxX
nonnapos) 40(t/(10+1t)) —t;. Tuddepennupys, nonydaem 40-10 = (t+10)2, r.e.
t = 10. Uroro 6ymer cobpano 10 Toicau (B cpegreM ¢ Kaxo# dbupmbr mo 1.100).
[Tonras mpubbLIL KapTess: coctaBuT 170 Toicsd. B To Ke BpeMsi ONTHMAaJILHBII
JIJIsT KapTeJist yPOBeHb 3aTpaT HAXOMUTCst 13 Makcumusarmu dyukimu 9-40(¢/(10+
t)) —t, aro maer t = 50 (mpumepno no 5.5 ¢ dupwmbi). [loanas mpubbLTL KapTessa
coctasuia Obl Torna 300-50—250 ToIca.

CymiectBoBaHue paBHoBecuii Hamma. Hecomuentno, onHUM U3 BayKHBIX aT-
pUOYTOB JIIOOOTO MOHATHUS ABJIACTCSA €ro cylecTBoBanne. Mbl yke yOeUInCh, ITO
paBHOBecue Haira - 10BOMBHO pasyMHOE MOHATHE, U TO3TOMY Topa bosiee 00CTOsI-
TeJIbHO 3aHsIThCs €70 cylecTBOBaHueM. [[oHsITHO, UTO paBHOBeCH MOXKeT He ObIThH
coBceM. C Apyroi CTOPOHBI, MBI 3HaeM JBa UaCTHBIX PE3YJILTATA O CYIIeCTBOBA-
HUU:

1) ecm urpa ¢ HYJIEBOI CYMMOH, TO CeJIOBas TOUKa AT PABHOBECHE;

2) amroput™ Hepmesno-Kyna naer paBHoBecue B "passepHyToii” urpe ¢ coBep-
eHHo# nndopmalmeii.

CymuiecrBoBanue (M BBIYUCTIEHUE) DaBHOBecHii B OOIEM CIyuae OCHOBAHO Ha
aHaJjm3e COOTBETCTBUI HAWIYUIINX OTBETOB. PaHbIe MBI JIJIsT KasKIO0TO UTPOKA &
ompeaeauan coorBercTue Best; 1 S_; = \S;, unn nogMmuoxecrso Best; C Sy.
Tax BoT MHOXKeCTBO paBHOBecuit Haima - 3170 B TouHOCTH 0011IMEe TOUKY BCex Best;.

[Tonb3ysich 9TIM, MOXKHO HAXOAUTL PABHOBECHST B ONMATPUIHLIX Urpax. HyKHo
B KaXXJIOM CTOJIOIE OTMETUTL HAWIYUINNE OTBETLI IMEPBOr0 WTPOKA, & B KaXKIOM
CTPOUKE - HAWJIYUIlNe OTBEThI BTOpPOTO. Ilepeceuenust u OyIyT COOTBETCTBOBATH
paBHOBecusaM. Hampumep, paccMOTpuM MaTpUIHYIO UTPY

00 1 |&7
4 |20 3
&9 0@ 00

31ech Mbl 3HAKOM o OTMEUAJIHN JIYUIlie OTBETHI TIEPBOTO MI'POKa, a 3HaKOM ) -
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JIydinue oTBeThl BToporo. O6a 3HaUKa CTOAT B KJIETKE ¢ 2; 9TO U €CTh PABHOBECHUE
H»sma B pannoit urpe.

DTO Ke TTOKa3bIBaeT, MOYeMy PaBHOBECHN MOXKET He OBITh - 'CKaIKW U JIBIPHI .
Ho ecu gplp M cKauKOB HET, MOXKHO PACCUUTHIBATHL Ha CYIIECTBOBAHUE DPaBHO-
Becuit. Kimacenaecknit pe3yabTaT B 9TOM HampaBieHuu yctanoBua Hsamr B 1951 1.
['py6o TOBOPSI, OH YTBEPKIAET, IYTO B BHIMYKJION CUTYAIINN PABHOBECHS CYTIIECTBY-
IOT.

Teopema Hatma. IIpednosooscum, wmo 6 uepe (N, (S;), (u;)) 6ce mnoorcecmea
Si - 6LNYKABIE KOMNAKMOL, 6 GYHKUUL 6bUPYWG U; - HENPEPLIEHDL U B0ZHYMbL
no ceoeti nepemennoti (m.e. u; 6oznyma no s;). Toeda cywecmeyem xomv 00Ho
pasnosecue Hawa,

JokazaTenbeTBo (haKTUIECKH yyKe TPUBOAMIOCH B JICKINAX O HEIOIBUKHBIX
ToyKax. HamoMHum ero ocHoBHbIe MOMEHTHI. JIjis1 KaxK0ii curyannu sy € Sy =
S1 X ... XSy, ¥ KaXKJI0r0 UIPOKA § PACCMOTPUM ero Haustydiuii orer Best;(sy) =
Argmax(u;(-, s—;)). D10 HemycToe (HEMPEPHIBHOCTH ;) U BBHITYKJIOE (BOTHYTOCTh
u;) moaMHOXKecTBO .S;. Pacemorpum teneph cootBercreue F : Sy = Sy, KoTO-
poe TOUKY Sy TIePEBOJUT B MHOXKecTBO Besti(sy) X ... X Best,(sy). JoBombHo
JIETKO TIPOBEPUTH (MpoBepbTe!), UT0 970 3aMKHYTOE (UJIH IOy HEIPEPBIBHOE CBEP-
xy) coorBetctire. [losToMy mpumennma TeopeMa KakyTann, KoTopast yTBepK a-
eT CyIIeCTBOBAHNE HEMOABIKHON Toukn sy € F(s%y). [lomarno, aro sy Gyzaer
pasunoBecueMm Hamra.[]

[Tome3Ho cpaBHUTL ATOT pe3yJabTaT ¢ aHAJOrH4IHON Teopemoit ¢dpon Helimana
B aHTArOHUCTUUECKOM clydae. flcHo, uro Teopema Haima mocuibhee, Torma Kax
Teopema Heiimana saBHO Oostee "ameMenTapHast .

B obimem ciaydae cieiyer oXugaTh, 9TO CYIIECTBYET KOHEUHOE TUCIO PABHO-
Becuii, M 9TO Bce OHM HeONTUMAJBLHLI 110 [lapero. B Hamem npuMepe ¢ pyonosmei
1 (bUHAHCHPOBAHUEM OOIIECTBEHHOTO OJ1ara ObLJIO MMEHHO TaK.
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Jlekmus 11. PaBnoBecusa H»amia B cMennmaHHBIX cTpa-
TEeTrudgx

Pangomu3upoBaHHBIE cTpaTerumn. Kiaccuieckoe nmpuMenenne TeopemMbl Ha-
118, OTHOCUTCS K CYIIECTBOBAHUIO PABHOBECHUII B CMEITAHHBIX PACITUPEHUSIX, WJIH
CMEINaHHBIX cTpaTerusax. Kak y»e roBopuaoch, MHOTHE UT'PhI HE UMEIOT PaBHO-
Becus (B YUCTHIX CTPATErusx). PaccMOTpUM UTpPY

1,—1]-1,1
111, -1

Snanne UrpokoM 1 Xo/a UTPOKa 2 TO3BOJSIET eMy JTOOUThCS MPEeNMYIIECTBa U TO-
JIy9aTh BHIMTPHINI. SHATUT 2-My (KaK U EPBOMY ) HY?KHO CKPBITh CBOM HAMEDEHHSI.
Ho rme B3TH TapaHTUM, YTO Balll TPOTUBHUK He y3HAET BaIll XOI !

K cuacTbio, ecThb €1ocob ¢enarh coOCTBEHHbIH BHIOOD HEpecKazyeMbiM (J1a-
xKe Jist cebst!) - 9TO ¢JiesiaTh ero CIydaifiHbiM, HCIOMb30BAThH, KAK TOBOPUTCST, PaH-
JOMU3UPOBAHHYIO cTpaTernio. KoHeuHo, Hy»KHO T03a00THTHCsI, ITOOBI TPOTUBHUK
He BHJIE] Pe3yJIbTaTOB PabOTHI BAIero JaTunKa, CIyJailHbIX Trcel.

DopMaJIbHO 9TO O3HAYAET, YTO UI'POK OT MHOXKECTBA, UMCTHIX CTpaTeruit S;
MePeXOIUT K MHOXKeCTBY ~cMmermanubix” crparernit A(S;). Bemrpsium ompeessi-
IOTCST ¢ TIOMOIIBIO OXKHUAaeMoit mogesnocT. CoOCTBEHHO, 3/1eCh BIIEPBbIe CTAHOBST-
Cs1 BaXKHBIMY UNCIEHHbIE 3HAYEHNS BLINTPLIIIEH, a He COOTBETCTBYIOIINE MTPEIIT0-
arenus. [lepexon ot urpet G = (N, (S;), (v;)) x urpe G™ = (N, (A(S))), (U;))

HA3BIBACTCS CMEWAHHLM pacwupenuem. Mbl y:ke ToBopuan o0 sTom B Jlekiuu 4.

CwMelnanHble paBHOBecHusi. Tak Ha3bIBarOTCs paBHOBecus Haira B cMmeran-
HOM DAaCIIUPEHNN, U PAaBHOBECHS B PAHIOMU3NPOBAHHBIX cTpaTerusx. Boobie,
OJIE3HO CPABHUTDL NCXOANYIo urpy (G ¢ ee cMernannniM pacimmpenunem G™. Hampu-
Mep, Kak nsmenarcst a; u ;7 Hac »ke nnrepecyior pasnosecus: Hama. [Tonoxxenne
JleJT ¢ PaBHOBECHSIME TIPOSICHSIIOT CJIEIYIONINEe YTBEPIKICHUS.

A) Jlemma. Kaosicdoe pasnosecue 6 uepe G AGAAEMCA PAGHOBECUEM 6 CMe-
warnom pacwupernuu G™.

B camom gente, mycTh Sy - paBHOBecHe B GG, T.e.

wi(sf, %) > wi(sq, s7y)
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J1IsT J1I000i11 (HHCTOI'?I) cTpaTeruu s; Urpoka ¢. Hy»KHo mpoBepuTh, 9TO TO Ke OyIeT
JUTs J1I000# cMerannoit crparernu ;. Ho

Uz(au zuz Siy S 0'1(32) < Uz zaz 32 = ul(sjasti)'m

B) Ecau npoguav wucmox cmpamezutd, sy asaaemca pasnosecuem 6 G™, mo
SN - pasnosecue 6 ucxroonoti uepe G.O

DTH JIBa YTBEPKIEHNST MOYKHO BBIPA3UTDL OJHON (hopMyoif
NE(G)=NE(G™)N Sy.

B) MoryT mosiBUTHCsT HOBbIE CMeITaHHble PABHOBECHsI. PacCMOTpUM TIpUBE/IeH-
HYIO BBIIIE UTDPY ~OPJISHKA , B KOTOPO# HET UMCTBIX paBHOBecuil. B cMmernanubix
CTpaTernsix paBHOBECHE €CTh: HY>KHO IMEPBOMY HCIOJIL30BaThL cTpareruio 0.5 ®
s1+ 0.5 ® s2, a BTOpOMY Tak:Ke ¢ paBHBIMU ITalcaMy 3aMemuBaTh t1 u t2.

') MpunnunuaabHbiM (HaKTOM SABJISIETCS TO, UTO B PAHJOMU3UPOBAHBIX CTPa-
TErusIX PABHOBECHS BCETJIA CYIIECTBYIOT.

Teopema (Ham). Jaa w060t kwonewnot uepw G cyuecmeyiom pashosecus 6
emewanmom pacwupernuu G™.

B camom peste, crpaterndeckue Muoxkectsa A(.S;) urpbt G - BBITYKJIbIE KOM-
nakThl, a GyHKknuu BeUrpeima U; aduHEbl (3HAYUT BOPHYTHI) 1O TIepeMeHHO
0; ¥ HEMPEPBIBHBI. SHAUUT MPUMEHUMa NpeIbIIyIas Teopema.l]

O6cyxKneHne cMenaHHbIX paBHOBecuii. HyxHo oTnaBaTh cebe oT4eT, uTo
MCTIOJL30BaHNE PAHIOMU3UPOBAHBIX CTPATETHi caMo 1o cebe He BeJieT K yBeIne-
HUIO BBIUTPLITTa. CMeliannas cTpaTerus He MOXKET JIaTh OOJIbINe, UeM UUCThIC
CTpaTernu W3 ee HocuTessi. HamoMHUM, 9TO Hocumenem PaHIOMU3NPOBAHHOM
crpaterun o € A(S;) Ha3BIBACTCSA MHOXKECTBO

supp(o) = {s; € S;, o(s;) > 0}.

Bostee Toro, ecin o; - gy mmmii OTBET Ha 0_;, TO BBIUTPHIII TPU 0; PABEH BBIUTPBITILY
IPU UCTIONIB30BANH JIIOOOH THCTOH CTpATernn U3 HOCHTENIS 0.

910 ouenb Baxknoe MecTo! OKa3bIBACTC:, ¥ UTPOKA ¢ (MOUTH) HET HUKAKHUX CTH-
MYJIOB, 4TOOBI BHIOUPATH MMEHHO DABHOBECHBIIT HAOOD BeposiTHOCTE! 13 supp(o}).
Bee crparernn uz A(supp(o})) ABASIOTCS HAMIYUINIAMA OTBETAMH Ha 0. DTO
JIA€T OCHOBAHNS COMHEBATHCA B MPAKTHIECKON 3HAUNMOCTH CMEIIAHHLIX DAaBHO-
Becnit. Ecim B urpe HeT UMCTBIX PABHOBECHif, 9TO OOBITHO TOBOPHUT O TOM, UTO
3aJ1ata TJI0X0 [OCTABJIEHA.
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EnuncTBEeHHOE OMpaBiaHie CMEIIaHHBIX CTPATErWii B TOM, YTO OHM 3aIlyThI-
BalOT MPOTUBHUKA, TTOPOXKJIAIOT ¥ HETO HEOTPEICTICHHOCTh, TPEBOTY U BHI3HIBAIOT
HY>KHYIO peakIuio. "KceHOo(pOHT Mucaj, YTO 3HaAHUE TOTO, YTO TJIe-TO HAXOIUTCA
OTPsJT TPOTUBHUKA 0e3 3HAHUS €T0 MEeCTOTIONIOKEHWS U CUJI, pa3pylnaeT Oe3omac-
HOCTH, U BCE MeCTa HeM36e:KHO cTaHOBATCs mojo3puteabubiMu’ (Toii6o). Bero-
MHUM B 9TOf ¢Bsi3¥ cKa3Ky [IyIKuHa O 30JI0TOM TeTYIIIKe.

Baed. Moxuo Tak»ke cKa3aTh, UTO PAHIOMU3AINS - 3TO MAaTEMATUIECKOE BbI-
paxkenue uaen oO.sepa. [oscuum 910 HedOPMAIbHBIM 00CYKICHUEM OJIHON YIIPO-
mennoit Kaprounoit urpbl. rpoku (Ixon u Mspnu) craBar no pybusio u 3arem
Mbspu nonaydaer ciaydaiinyio KapTy. KapTa ¢ paBHBIME HIaHCAMHU MOXKET ObITh XO-
poreit wu 1oxoit. IIpu xoporieit kKapre BeIMTpbIBaeT Mapu 1 MOXKET TTOJTYIUTH
py0ah. OHaKo, MOTJISIIEB Ha KApTy, OHA MOXKET YIBOUTL cTaBKy. A JIXKoH - mpu-
HSITh 3TO yABOEHHUE, WU CIacOBATD.

Ecmun Mspu Oyaer yaBanBaTh TOJBKO TPH XOpoIei Kapre, 3TO OyeT SBHBIM
curtajom st JIykoHa, 9TO y Hee Xopolliasi KapTa, U OH OyzeT macoBaTh. B pe-
3yJbTaTe Ipu Xopoiieit Kapre Mspu BoIUrpbiBaeT 1, a Ipu IJI0XOH - IIPOUTPHIBAET
1 (B cpemuem). st mosyaenust 6osee JIydIiero pesysbrata eil HyKHO 6J1edoBaTh,
T.e. yJIBamBaTh WHOIJA U TpU ILIOXo# KapTe. Kak dacTo - 00 3TOM W TOBOPUT
CMeIIaHHOe PaBHOBECHE.

Buanmo, cMmenanibie paBHOBECHST TTPEJCTABIISAIOT HHTEPEC TOJIBKO B TOJ00HBIX
MHOTOKPATHO TIOBTOPSIIOIINXCST UTPaX.

Boeranciaenne paBuoBecuii H»ama. Boobie, HeT Kakoro-to mpocToro pe-
TIeTITa HAXOXKJIEHWsT PABHOBECHH (CMEITaHHBIX), TOTOMY UTO 9TO CBSI3aHO ¢ HAXO-
KJIEHUEM HETOJBIKHBIX Touek (¢ Teopemoit Kakyranu nim Bpayspa). Oanako
HEKOTOPbIEe COOOparkeHnsT MOTYT OKa3aThCsl TTOJE3HBIMU.

1) IlepBoe u3 HUX - BCe TO ¥Ke UCKIIOUEHNEe TOMUHUDPYeMbIX cTparteruii. MHorna
MTOJIE3HO UCIIOJIB30BATh CUMMETPHIO.

2) Bropoe cBsizaHo B mepe6opoM BapuaHTOB. MHOXKECTBO TeX UHCTBIX CTpa-
Teruit, KOTopble BXOAAT ¢ HEHYJEBOH BEPOSTHOCTHIO B PABHOBECHBIE CTPATETHUN
(T.e. HOCHTEJb), €CTh BaXKHbIH KAUEeCTBEHHbIH acTieKT paBHOBecHs. [ HaxXOX e-
HUsI PABHOBECHIT MOXKHO I HadaJa mepebupaTh Bce moaMuoxkectsa D; C S; u
JUIsT KaXKJIOTO TBITAThCSA PEIUTh COOTBETCTBYIOILYIO CUCTEMY DPaBEHCTB (M Hepa-
BEHCTB), TIPUPABHUBAST BBHIUTPHINIH HEKOTOPOMY (HCKOMOMY) 3HaUYEHUIO w;. Bosee
TOJIPOOHO, JIJIST KaXKJI0TO ¢ MbI UMeeM CJICIYIONYI0 CUCTEMY PABEHCTB

Ui(z,0-;) = Ui(y, o)



64

JUI MoObIX ©,y € D; n ycioBust
supp(o;) C D;

(rutioc, kouewno, wepasencta Ui(xz,0-;) > Ui(z,0-;) nna z ¢ D;). Kaxmoe i
naer D; — 1 ypaBHenne, Tak UTO ypaBHEHUI CTOJIHKO K€, CKOJLKO HEM3BECTHBIX.
[TonyuatoTcsa B obtieM ciyuae HeJwHelHbIe ypaBHeHus. Tem He MeHee B 00IIEeM
cydae y HUX KOHEUHOe YHCIO PelleHui.

Koneuno, mjst 60IbIINX UTDP TaKO# aJropuT™Mm paboOTaeT ILJIOXO.

3) [Monoxkernue Uy Th yIPOIAETCsS, €CIIH BCETO JIBa UTPOKa. Toraa NpuBeIeHHbIe
BBIIIE ypaBHeHnust (M HEPABEHCTBA) ABIAIOTCA JuHedHbiMu. [Ipu 9ToMm ecm Dy #
Dy, 1o (cHOBa B 00MIIEM ciiyuae) pemienuii Her. B camom nene, eciiu Dy > Ds, 1o
MBI TIOJTy9aeM mojcucreMy us Dq ypasuennii ¢ Dy HeN3BeCTHLIMU.

4) Ilycrsh cHOBa JiBa WIPOKa, TPUYEM Y BTOPOTO BCETO JIBe CTpaTerwu - t u
t'. Cmermratinast cTpaTerust BTOporo - Touka 7 Ha otpeske [t,t']. Torma crparernu
MepBOTO MOYKHO HM300pakaTh Kak addunubie DyHKIMH Ha 9TOM oTpeske, S;(t).
Komeuno, jjis1 11060ro T ecTh HAMIYUNIuil oTBeT $*(T), eIMHCTBEHHBII B Ciydae
obrero 7. U ecstnt 7, B €BOIO 0U€pe/ib, SBJISETCS HAMTYIIINM OTBETOM Ha $*(7), MBI
moJTydaeM paBHOBecHe (B OOIEM CIydae TAaKOe MOYKET CIYUUThCsT TOJBKO KOTJIA
7 = t wm t'). Ho B HekoTOpBIX TOUKax Oyjer jBa (omaThb B 00IIEM CIydae)
HAMJIYUIINX OTBETa IIEPBOrO UTPOKa. Torma Hy»KHO IIPOBEPUTD 3TO BCE HA, IPEIMET
HAMJIYUIINX OTBETOB BTOPOIO.

Uy
\ o
\82
54
t Tl T 7_// t/

Hanmpumep, B cutyanun Ha pUCyHKE €CTh JBa TOIO3PUTETbHBIX 3HAUCHUS T.
OcobeHHo MPOCTO BCe, KOTJa W y MEpBOTO JBe cTpaTerun. TyT HaI0 pUCo-
BaTh TPEX3BEHHBIC 3ur3aru. MyJsieH pazomBaeT oOIIre TaKue UTPhl Ha, TPY KJacca.
[TepBoiii - KOT/IA y KOTO-TO €CTh JOMUHUPYIOIIasi CTpaTernus (HeTHITUIHBI Tpe/I-
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craBuTesh - JJnmeMmma 3akimoueHHbIX ). BTopoit - Koria HeT IuCThIX paBHOBECH
(a0 "opes-pemika'"). Tyt mosiBaIsIeTCst OTHO cMelanHOe paBHOBecHe. Tpernii - Ko-
714 €CTh JIBA YMCTHIX PABHOBECHs (TUITMIHBII MPEICTABUTEND - "CeMeiHHBbIi crop”).
Kpowme aByX 9MCTBIX, €CTDH €llle OJHO CMeIIaHHOe paBHOBECHe.

5) B cirydae aHTArOHUCTHYECKO UTPBI, €CJIH Y OJHOTO (BTOPOTO) MIPOKA BCETO
JIBE CTPATErNH, PABHOBECHA MOXKHO MCKATH CIIOCOOOM, TPUBEICHHBIM B JIeKINH 6.

Hanpumep, B 3a1ade o 6mede Bourpeimn Mapu - gersipe crpouku: (0,0),
(0,1/2), (1,—1/2), (1,0). Ecsit HapmcoBaTh, MBI TOJYIAM OTPE30K, COCMHSTIO-
umit (0,1/2) ¢ (1,0); on nepecekaer 6uccekrpucy B Touke (1/3,1/3). Orciona
BYJTHO TIeHy UTphl (OHa paBHa 1/3 ayist Mapu) u paBHOBeCHbIe cTpaTernu. B qact-
nocrn, Mapu ¢ BepositHocThio 1/3 jnomxkua G1edoBaTh, T.e. yIBauBaTh CTABKH
HECMOTDS Ha, TIOXYIO KapTY.

ITpumep. V xo3guna paboraer paGOTHUK; OH MOKeT paborarh Xoporno (X) minm caukoBaTh
(C). Xozstuu mMoxet mbo npoepats ero (I1), mubo wer (H). Tabauua BHUTpHIIIei TakoBa

X | C
1] 10,2 (4,0
H][10,2 4,3

B s710it urpe aBa paBHOBECHUs, HO, KOHEYHO, XO3AUHY JIyUIle MMPOBEPATD.

[IpencTtaBum Temeph, ITO ¥ XO3AWHA ABA pabOTHUKA, HO TTPOBEPUTH OH MOYKET TOJTHKO OJTHOTO
(a BBIUTPBINH JUIsI XO3AMHA CKJIAIBIBAIOTCS). Torga y Hero ecTh JBa PaBHOBECHS: TPOBEPSITH
NepBOro PabOTHUKA (UM TOTJIA TEPBbIil cTapaeTcs, a BTOPOH CAUKyeT; BBIUTPHIII XO3STMHA PABEH
14) wu mpoBepaTh BTOporo. Ho mpejcTaBuM, 9TO XO3SIMH UCHOIb3YET CMENIAHHYI0 CTPATErHIO
7 C PABHBIMH BEPOATHOCTIMHU TPOBEPSET TOTO W JIPYroro. Kaxk Jierko MOHATH, B 9TOM CJIydae
KasKIbIil pabOOTHUK OyIeT CTapaThCsl, U XO3IUH MOIYUUT BhIUTPHITT 20.

He npotuBopevnT it 3TOT IpuMeEp CACTAHHOMY BBLITIIE 3aMEYAHUIO, UYTO CMEIaHHas CTpaTe-
TUs HE MOXKET JIaTh OOJbIe YUCTOH?
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Jlexmusa 12. PaBuoBecusi Hama (okonvanue)

9 mymant 3akKoHIUTDL ¢ paBHOBecHsiMu Harma, HO Koe-Kakasi MeJI0Ub OCTAJIACH, U He
XOTeJI0Ch OBI OpOCaTh.

Eme pa3z gomuHuMpoBaHmMe. ¢ y»e TOBOPWJ, UTO TPU HAXOXKJICHUU PaB-
HOBECHIT MOXKHO MCKJIIOYATH (CHIIBHO) JIOMUHUpPYEMble cTpaTeruu. Bee e CTOUT
cKazaTh 00 3TOM ellle pas 1 IOTOUHEE.

B J11060#i urpe CuIbHO TOMUHUPYEMas CTPATerus He MOXKET BXOJAUTL B PABHO-
Becue o Hoarmry. Unate ropops, ecin sy = (shy) € NE(G), o aist 1106010 Urpoka
i cTpaTerus S He CTPOTO JOMHUHUPYETCS. DTO OUEBHIHO.

Bropoe 3aMedanne OTHOCUTCS y2Ke K CMeIanHoMy paciupennio. [Tycrs G™ -
cMelanHoe pacumpenne (konewHoit) urpst G. Ilyets 0; u o) - 1Be (cMernaHmbie)
CTPaTerun UIPoKa ¢. Kak MOHUMATh ITO 0; JOMUHUDYET O, Ha YUCTHIX CTPATETHSIX
OCTAJILHBIX, WK Ha JIOOBIX cMemanibix? O4YeBUIHO, UTO BCE PABHO KaK.

Tperbe zameuanue. Eciu B CMeIIaHHyIO CTPATErWIO BXOAUT ¢ HEHYJICBOH Be-
POATHOCTBIO CHJILHO JOMUHUPYEMasi CTPATErtsi, TO ¥ CMEMIAHHas CUILHO JOMHU-
Hupyercst. B camom gese, myctb 0 = a ® s + (1 — a)7, @ > 0 u crparerus
s JOMHUHHUpYeTcst crparerueii s’ (MOXKHO qaxke cmernannoif). Torma cmeniantas
crparerusi 0’ = @ ® s’ + (1 — )7 (CWIBHO) TOMUHUPYET CTPATETHIO O.

Cobupast Bce BMeCTe, MBI TIOJIyJaeM yTBepXKaeHre, 00001aolee IprBeIeHH b
paree dhakT: nycmv muoocecmesa Si codepoicamea 6 S; u noayuwenv yoasenuem
cuavno domunupyemoir cmpamezuti. Tozda

NE(G™) = NE(G™).

Ecan »xe Mbl yaajiseMm c1ado JOMUHUDYeMble CTpaTeri, TO UMeeT MecTo (hop-
MyJIa,

NE(G'™) = NE(G™)nG"™.

DddekT pokaabHOM Touku. Kak mokasniBaeT urpa 'ceMeitnblit crop”’, pas-
HOBECHiT MOXKeT ObITh MHOTO. [1033Ke MBI pACCMOTPUM HECKOJILKO yTOHBUEHHH (pa-
dbunnposanmit) Hama, Ho naxke 91i paduHAIK MOTYT OBITH MHOKECTBEHHBIMH.

Korna paBHOBecuit MHOTO, MO3UIMU TEOPETHUKA CTAHOBATCS IMATKUMU. JI1000e
U3 PaBHOBECHUil, OXKUJaeMOe WTPOKAMU, 00JIaJaeT CaMOOIPABIBIBAIOIINM CBOT-
cTBOM. UTO Ke MOTJIO OBbI 3aCTaBUTh UTPOKOB UMILJIEMEHTHPOBATH HEKOTOPOE CIIe-
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nragbHoe paBHoBecue? [la srobast Bellb, 3acTaBisdoNas nxX GOKyCHpOBaTh BHHU-
MaHue UMeHHO Ha 9ToM paHoBecuu. [lemmunr B kuure The Strategy of Conflict,
Cambridge (1960), nassas 1o afexmom dorarvrol mowku. ro n06OE CBOM-
CTBO, BBIJEJISIIONIEe KOHKPETHOE PaBHOBECHE CPEIN BCEX OCTAJLHBIX. VM Moryr
OBITH TPAUINN, CTATYC KBO U T.IT., TO €CTh KaK MPABUJIO, BHEMO/IEJIbHBIE BEIIIH.

dokaabHOE PABHOBECHE MOXKET ONPEIesIThCs U CBOcTBaMU (DYHKIHUH TOIe3-
noct. Paccemorpum urpy - deaestcka doanapos. Ecth 100 momamapos; Kaykablit
HasbiBaeT uncyao ot 0 go 100. Eciu cymma < 100, KaxK OBl moJyIaeT 9TO TPOCIT;
wHaue 1Mo HyaaMm. Ectb Macca pasHoBecuit (Hampumep, (91, 9) u maxe (100, 100)),
HO CpeJin HUX ecTh U okasbhoe: (50, 50), T.K. KaXK/Iblii HTPOK MOHUMAET, UTO ITO
3¢ peKkTBHOe U CIpaBeJINBOe pellleHre. KoHeYHO, 3TO He 3HAUUT, UTO JI00Oi
9P DEKTUBHDLIN 1 CIPaBEINBLIA CXO MOXKET OBITH PABHOBECHEM.

C TeopeTnKo-urpoBoit TOUKHU 3PEHUST KYALTYPHOLE HOPMbL - FTO TTPABUIIA, KOTO-
phle 0DIIEeCTBO UCIOIb3YeT JJIsl BhljIeseHns (POKATbLHBIX PABHOBECH B KOH(MJINKT-
HBIX cuTyalusix. Hampumep, npaBmuio e31uTh 10 JOpore ¢ IpaBoil CTOPOHHL.

Beckoneunnie crpareruu. o cux mop Mbl B OCHOBHOM PACCMaTPUBAJIU KO-
Hevnble urpbl. Cnesano 3To ObLIO TJIABHLIM 00OpPa30M JIJIST TTPOCTOTHI, ITOOBI M3-
OexkaTh MaTeMaTHIeCKNX ycaoxkHeHuit. Temeph MbI KPaTKO PAaCCMOTPUM CJIyUaii,
KOT'JIa, MHOXKECTBa, cTpareruit S; - MeTpudecKrne KOMIakThl. ['pybo rosopsi, "Bee”
PEe3YILTATEI JJIs KOHEUHBIX MHOMKECTB OCTAIOTCSI BEPHLIMHU, KOT/Ia YCIOBHS KOHE -
HOCTH 3aMEHSIIOTCST Ha, KOMIIAKTHOCTD.

[Ipexkyie Bcero, HaMm Hy>KHO Teperectn onpesenenne A(X) ¢ KOHEUHBIX MHO-
»KecTB X Ha MeTpudeckue KoMIakThl. HameruMm BKpaTie, Kak 9T0 caenaThb. Ilep-
BOE: OTIPEJIEIUM TTPOCTHIE JIOTEPEH Ha X KaK KOHEUHBbIC "BBHITYKJIbIE KOMOWHAIINN
>, 0@z (0 >0, > 0; = 1); MHOXKECTBO HIPOCTLIX JoTepeit obozmatmm Ag(X).
Bropoe - mepernecem wva Ag(X) merpuky p ¢ X. leraercs 910 tax. [Tyets pu v -
JIBE TaKWe JoTeper (UM pacipeeJieHHbIe eTMHITHbIe MacChl ). PaccTostHne MK Iy
HUMHU - 9TO MUHIMAJbHASA CTOMMOCTD TIEPEBO3KN MaCCHI f4 B V; CTOUMOCTH OepeTcs
B ""ronno-kuaomerpax". Hakoner, A(X) - sro mononuenne Ag(X) B 9101t MeTpH-
ke. Mbr apromaTudecku momydaem Ha A(X) MeTpuky (MpooKaONy0 METPUKY
p Ha X ¥ Ha3bIBaeMyto Tpojokernem Kanroposnua-Py6umiireiina) n KoMmaxT-
nocth A(X).

Mg yTBepKgaeM, ITO eClIu BCe CTpaTerndeckne MHOXKECTBa, S; sIBJISIOTCS MeT-
PUYECKUME KOMTaKTaM¥ (yIaCTHUKOB TMO-TIPEsKHEMY KOHEUHOe UHCII0), a (DYHK-
WM BBIUTPBIIIA HETPEPBIBHbI Ha Mpon3Be et X; (B TOMOJOTHH TPOU3BEIEHNs),
TO cyiecTByer (cMmernantoe) pasHosecue Harma.
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Teopema (InukcOepr, 1952). Ecau cmpamezuneckue mmoocecmea S; KoM-
NAKMML, G NONE3HOCU U; HENPEPVIGHDBL, MO cyulecmeyem pashosecue Howa 6
PAHAOMUSUPOBAHHDIL CMPAMELUAL.

JlokazaTenbcTBO. MOXKHO BOCIIOIB30BAThHCS “OeCKOHETHOMEPHBIM 00001IeHIeM TeopeMbl Ka-
kyTauu. OHAKO eCTh 1 OoJIee dIeMeHTAPHBIN My Th, KOTOPHIH MBI HAMETHM B 00IUX depTax. OH
OCHOBAH Ha KOHEUYHOU alllpOKCUMAaIIAU Halllei (6eCKOHe‘{H0ﬁ) UTPHL. 371eCh TOJIE3HO CJIEIYIONIee
nousaTne. CkazkeM, YTO CHTYAlUs Sy ABIACTCA £-PABHOBECUEM, €CJTH JJI JI000TO UTPOKA i U
10001 S; ‘

ui(s;, s%;) > ui(si, st;) —e.

[Ipuctynum K goka3aTeabcTBY. Tak Kak (DYHKIUU BBHIUTPHIIIA U; HENPEPHIBHBIE, OHU PaB-
HOMEDHO HeTPePHIBHBI, T.e. JUist J06oro ¢ > 0 cymectsyer 6 > 0, uto |u;(s) — u;i(s')| < ¢
upu p(s,s’) < 0. BosbMeM Jig KazKJI0rO UIPOKA § KOHEUHYIO d-ceTh X; C S;. Torma MOKHO
pacemorpers koneunyio urpy (N, (X;), (u;]x,)) u B Heii HeKoTOpoe (CMeImaHHOE) paBHOBeCHE
on € X;A(X;). Koneuno, 51or mpoduib CMEIaHHBIX cTpaTeruii He 00si3aH ObITH PABHOBECH-
eM B HCXOJHON urpe (TouHee, B ee cMemaHHOM paciupenun). OJIHAKO, KaK JIETKO MOHSTh, Oy
ABJISIETCS e-paBHOBecreM B G™.

B camoMm Jieste, yCTh 0; - Tpou3BoIbHAsA crparerus u3 A(.S;); Mbl yTBEPKIAEM, UTO

ui(05,0-;) — e < w0y, 0-).

ZlcHO, UTO MBI MOYKEM CUHTATH 0; MPOCTOH CMeChio, TO ecTh 0; = Y, «(j)s(j), rme a(j) - Be-
ca, a $(j) € S;. Ecim s xazkoit Toukm s(j) B3aTh OumzKaiimyio K Heil Touky x(j) u3 X;
u obpasosath o, = »_ a(j)z(j), To u;i(0;,0-;) ormuyaercsa or u;(ol, 0_;) MeHee UeM Ha £. A
ui(ol,0_;) < ui(04,0_;) yxKe U3 ONpeJIeIeHNs] PABHOBECHSL.

Wrak, nas kaxkgoro € > (0 MBI HalLm e-paBHOBecre. OCTaeTcs yCTPEMHUTL € K HYJIIO U
BOCIIOIB30BATLCsT KOMIAKTHOCTRIO A(S).0]

IIpumep. Kumaitickut noxep. HToObI BbI He 000IBIAINCE, TPUBELY CTAHIAPT-
HBIIl TpuMep OeCKOHEUHON UI'PHI, Ile paBHOBECH (ﬂame CMelHaHHbIX) Het. /IBa
UT'POKa, KaXKJbIl Ha3bIBaeT HATYPAJbHOE UUCJIO; HA3BABINNN MEHbIIIee YNCIO T1Ia-
T 1 pyOab apyromy. 31ech MHOXKECTBO S UHCTHIX cTparernit - N, KoHeuHo, 9T0
HEKOMTIAKTHOE MHOYKECTBO. $1CHO, UTO UMCTHIX PaBHOBECHI 37€Ch HET, U KaxKaas
crparernsi (cnabo) mpomuuupyercs. Ho B JefiCTBUTETHLHOCTH HET W CMEITAHHBIX
paBHOBECHUi.

OTMeTnM, 9TO TYT COBEPIIEHHO SICHO, YTO CUNTATh CMEIIaHHOM cTpaTeruii, Tax
yTo npobseMa He B 3ToM. CMelaHHas CTpaTeruss ¢ - 9TO TOCIEI0BATEILHOCTD
(0(n)) neorpuIaATeILHBIX THCE, TAKHX UTO » . o(n) = 1.

[Touemy ke met paBHoBecuit? IlycTh Balll TPOTUBHUK UCTIOIH3YET CMEITAHHYTO
cTpareruio 7. Balma cTparerus OyaeT HaWJIYUIIIM OTBETOM TOJHKO TOT/A, KOT/Ia
HOCHTEJIb Ballleil cTpaTerni ¢ pacloyioXKeH BhIIIe HOCUTENS T; B TPOTUBHOM CJTy-
yae BbI MOXKeTe YJIYUIINThL CBOW OXUIaeMbIil BLIUTDHINI. B camom nese, mycThb
Batl (OXKUIaeMblil) BBIUIDHII pasel 1 — g, riae € > 0. Bossmure 1esoe 1ucio n
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takoe uto 7(n) + 7(n + 1) + ... < €/2 u TpuMeHuTe YUCTYIO cTpaTernio n. Barm
BBIUTPBIII B 9TOM CJiydae Oyjger paseH

T()+..+7(n—-1)—7(n+1)—...,

aT0 cTporo boubiie, ueM 1 —g/2—¢/2 = 1 —¢. Vtak, ecim y Bac €CTh HAUJTyUIIHi
OTBET, TO HOCUTEJL Ballleil CTPATErMN PACIONOXKEH BBIIE HOCUTENS TIPOTUBHUKA.
Ho rorma Bami mpoOTUBHUK HUCIOIB3YET HE ONTUMAJIBLHYIO CTPATErHIo. Tak uTo pan-
HOBECUIl HeT.

PaBHoBecusi B pa3pbIBHBIX Urpax B uem xe geno? UTo TyT He MOIXOINUT
o, TeopeMmy I'nukcbepra? ITpore Beero ckazarh, 4T0 MHOXKECTBO N HEKOMITAKTHO.
A ecam ero kommakTuduimponath ! Toraa GyHKINNT BRIUTPHINIE OYAYT Pa3phIBHEL.

Tem He MeHee Jaxke B cIydae pa3pbIBHBIX (DYHKINN HHOTIA OBIBAIOT paBHOBE-
cusi. He mpeTenayst Ha oXBaT TeMbI, PACCMOTPUM OJINH TTPUMeEp - "IUKWH~ ayKIMOH
Jnosapa, wian maarsaT Bee . EcTh n > 1 yuacTHUKOB, OHM Ha3bIBAIOT unciaa x; > 0.
Haspapimit Haubosrbiiiee 9ucyio moyvdaeT Joiap (CInTaeTcst, 9To MeHHOCTh €ro
JUTst Beex paBHa 1), n kaorcowd (!) mmatur ;. Takum 0Opa3oM, BBIUTPHIIT yIaCT-
HiKa (MbI TIpeHeOperaeM CBsI3KaMu) § paBeH

—z;, ecom x; < T¥,
u(z;, x—;) = .
1—z;, ecm x; > x%;

rie ¢, = max(zj,j # 1). (Iloxoxue yukiun BLUrpoiuta 6yIyT B OJUTONOIHHT
Beprpana.) JIoBOJBLHO JIETKO TIOHATH, YTO WCTONL30BATH YUCTa > 1 CMBICTA HET
(XOTs1 B peasibHbIX PO3BITPHINIAX ITOH UIPHI HAPOJ, JACTO TUIATHI 34 JOJJIap To-
pasno Gosbine foiapal), IOITOMY B KadecTBe MHOMKECTBa CTpaTeruii S; MOXKHO
npuHATH 0Tpe3ok [0, 1].

dleno, 9To paBHOBecHit B UMCTLIX cTpareruax HeT. OIHAKO CMEMIAHHLIC paB-
HOBECHs CYIIECTBYIOT; IpuBeaeM oano. Ono 6ymeT CUMMETPUYIHLIM U OoJIee TOro,
pasMasalHbiM 10 Beemy orpesky [0, 1]. Ilycrs F(x) - dbyHKust pactpeneenus
UCKOMOW CMeIlIaHHOW cTpaTeruu (T.e‘ BEPOSATHOCTH TOTO, 4YTO T; < :z:) Haiinem
OXKUJTAEMBIH BBIMIPBIIT UIPOKA 4, KOTJA OH UCTOJB3YeT (YUCTYI0) CTPATETHIO .
Ero Beurpeiin paen 1 — 2, eciiu Bce OCTaJbHbe HA3BAJIW YHCIA, MEHbIMe T (&
BepoATHOCTDL 9Toro pasha F(z)"~!), n pasen —z B mpoTmBHOM crydae. Taxmm
obpasoM,

Bui(z)=(1—-2)F(z)" ' —z(1 - F(z)" ") = F(z)" ! — 2.

Mrpox BKJIIOUAET B CBOIO PABHOBECHYIO CTPATETHIO T€ X, KOTOPBIC JAI0T €My MaK-
cumyM 1ol dpyukiuu. 1o yeaoBuio Bce x JOMIKHBI ObITH PABHOBBLITOJIHBIMU, T.€.
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Bee nosmkibl nasats HYJIEBOU oxumaemsrit BLmrpsim. Tak Mol oTydaeM, ITo
F(z)" ' =2, wm F(z) = Y/,

Kak Jierko nocunrars, Ez; = 1/n (rpybo roBopsi, KayKJ0My UIPOKY HYy¥KHO
Ha3plBaTh npuMmepno 1/n), tak uro E(), ;) = 1 n ycrpontens aykumona B
cpejiHeM Hu4ero He BhimrpbiBaet! K coxasenuio (7), B XKU3HU JIIOJU PEJIKO BEJIYT
cebst B COOTBETCTBUU C ITHM MPABHUJIOM.
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Jlekiusa 13. PacdhunupoBanue paBHOBecHii 114 pas-
BEPHYTOII (POPMBEI

Barasana Brepen. Mbr oocyaunu pasaoBecust Haa, meHTpaabHOe MOHSITHE HEeKO-
OTIepaTUBHON Teopuu Urp. UTo Hac KAeT masbine?! Mol Bumesn, 9T0 paBHOBECHS
(BO BCAIKOM Cytyuae cMerianublie) “Beerna’ cymectByoT. OHAKO X MOXKET ObITh
CJINIITKOM MHOTO, U CPEIN HUX MOTYT OBbITh Ayparnkue. EcTecTBEeHHO BO3HUKAET
BOTIPOC - HEJIB3sI JIN HAJOXKUTH Ha PABHOBECHS HEKOTOPBIE Dosiee XKecTKre Tpeho-
BaHMsI, KOTOPBIE OTCEKAJN Obl TII0OXMe, MATKie pPaBHOBECHs! DTO TeMa pahuHu-
poBanus Haimma n coBepIiieHHBIX paBHOBECHIA.

Bropas Tema - MonuduKaIiuy Urphbl WK TOHSITAS PABHOBECHsI, KOTOPhIE Pac-
MTUPAIOT BO3MOYXKHOCTH pernieHnit. K 9ToMy OTHOCATCS UTPBI ¢ COOOIIEHUAMU, KOP-
peJInpOBaHHbIE PABHOBECHUS U TIOBTOPSIONINECS UTPDI.

Haxomnerr, Hy»KHO 0OCYTUTh BayKHOE TIOHATHE UTP ¢ HECOBEPIIEHHON nH(OpMa-
1ueit 1 COOTBETCTBYIOIIee MoHsITHE baitecoBa paBHOBECHSI.

Crporue paBHOBeCHsI. BCTOMHUM OJIMH TIPUMED € TyPANKAMHI PABHOBECUSIME: TOJIOCOBA-
HU€e TPOCTHIM OOJBIMMHCTBOM IPH ABYX KaHammaTaX. Bee mobat A, HO ronocyioT 3a B. 910
paBHOBeCHe, HO OUYeHb jIyparikoe. KoHeTHO, HHINBUIYAJIbHOE TIepekTiouenne ¢ B na A He yayd-
maer ucxom, Ho u He yxymmaer xke! Crparermst A nomunupyer B (cia6o, konedno). B sroii
JaCTHON CUTyaIlny y WTPOKA JIBa JYUIUX oTBeTa - A u B, m OH BBHIOpAI He caMmblil JIydIITHii.
[Tomo6HBIX Ka3ycoB, MOYKHO HAJEAThCs, He Oy/IeT, €CJIU PABHOBECHE TAKOBO, UTO JIYUIIHA OTBET
OJTHO3HAYEH [T KarKJI0TO UTPOKA.

Shve) Xopoi1ee IoHdATune, e,ILI/IHCTBeHHbIﬁ HEeJOCTAaTOK - 9YTO OHO HUCKJII0OYaeT CMellaHHbIC paB-
HOBeECHUd, a IO3TOMY He BCer'Jla U CYIIECTBYeET. MozkHO IPEeaJOzKUTh HEKOTOPOE €Ir0o CMATYeHue.

Omnpenenenne. Ipodbus crpaternit (s¥) € Sy HasHIBAeTCA CMPO2UM PAGHOGECUEM, €CITH
JUIA JTF0O0TO UTPOKA ¢ CTPATErus S; sBJseTCs HAWIYYIINM OTBETOM He TOJIBKO Ha S*,;, HO Ha
. *
mobott mabop s_;, Tae 55 € Best;(s* ;).

HenoctaTok ongaTh B TOM, UTO TaKue PaBHOBECHsI He BCETIA CYIECTBYIOT; IPUMED - OPJISTHKA.
Huzxe MBI 00Cy1nM HECKOJIBKO GoJlee YVIAUHBIX MOHATHN padhUHUPOBAHUSI.

HemnpaBaonmogobHbIe yrpo3bl. PaccMOTpUM CIeIyIONIyI0 UTPy
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1,1

)

DTy Urpy MOXKHO TMOHUMATH KaK TPOCTeitnyio (popMy CUTyarmn BXOJa B OT-
pacan’. Pupma 1 (arpeccop) moxker He BxoauTh (U) B HEKYIO OTPAC/b 3aHIATYO
MoHomosrcToM 2. JInbo moxer Boiitu (D), u Torga "Haceaka” 2 MOXKET OTBETHTh
6o Boiinoit nen (1), mmbo mogoaBUHETCA (1) W OHU TIOJEJNAT PBIHOK. UTO XKe
MPOU30iIeT B 9TO# urpe?

Asropurym Lepmeno-Kyna gaer pasaosecue (D, r) ¢ sumrpbimamu (1, 1). Og-
HAKO ecTh npyroe pasHobecue, a umenHo (U,l) ¢ omrpbimamu (—1,0). 31ech
"HacesKa” KaK ObI yrpoxkaeT arpeccopy: Eciau Thl BOWIEIb, TO s OYIY CparkaTh-
cda, u Thl nosyuninb —1”. Ecau arpeccop BocnpuMeT 3Ty yTIpo3y KaK peasibHYIO,
OH BO3EpPKUTCSA OT Bxoja. ONHAKO CKOpee BCero OH BOCIIPUMET 9Ty YTPO3y Kak
HerpaBaono100Hy0. Jleso B ToM, UTO eciu TepBbIif Bce-TaKu BOWIET, TO BTOPO-
My HUTI'POKY OyJeT HeBBITOIHO MPUBOANTHL yIpo3y B ncrnosHenne. [lonnmast 370,
MePBBI UTPOK CKOpee BCero He TIOBEPUT B YIPO3y U MPOUTHOPHUPYET ee.

B uewm ke nedeKTUBHOCTEL crpaTerun [? B Tom, 9T0 OHa HAXOAWTCST BHE PABHO-
BECHOT'O TIYTU U TTOTOMY He TOJIBEPTaeTCsl PeaJbHOMY UCTBITAHUIO Ha ONTUMAJIb-
HOCTBh. DOpMabHO OHA ABJIAETCA HAWTYUIIUM OTBETOM Ha cTpaTeruto nepsoro U,
HO (HAKTUIECKU 9TO He HAWIYUIINN X0 B COCTOSHAN 2. DTO MPOSIBISETCS U B TOM,
4YTO cTpaTerud [ cjabo JOMUHUPYETCS cTpaTerueit r.

DTOT mpuUMep MOTHUMAET eIlle OJUH WHTEPECHBIN BOMPOC. YTPO3a MOXKET ObIThH COOOIIeHA
TOJIBKO €CJTH €CTh COODIIEHMST; MBI YK€ TpeJIoIaraeM, 9To urpa uaet moada. Kak ke Torma 1-it
MOXKET Y3HATH, YTO COOMPAETCS IeIaTh 2-i B MO3HUINH, KOTOPas JeXKUT BHe myTH urpei! Cropee
9TO HE TO, UTO coOMpaeTcs nenarh 2-#, a To, uto 1-it mymaeT 06 3Trom. Ho Torma momyvaercs,
YTO CTpPATeruu 2-ro BeIOUpaeT 1-brii!

HenpaBaomogooHbIe obelaiusa. BLiTh MOXKeT, eCTh TTOX0XKHe TTPUMEPDI 1 ¢
HeTIPaB/IONOIOOHBIMY OOCIIAHUAMEU, XOTSI MHE He YJIaJ0Ch TPUIYMaTh TaKO# TpH-
Mep ¢ 1ByMs urpokamu. OIHAKO MOJ00HAS CUTYAIINsT YaCTO BCTPEUIALTCS B HKOHO-
MUUIecKOM KoHTekcTe. Hampumep, doupma MoxkeT mooOeIaTh MOKymaTeasaM, ITo
OHa BBIMYCTUT OT'PaHUYCHHOE YUCIO M3JCaUi u oHu OyayT peakocThio. [lokyma-
TeJI 3aMHTEepecOBaHbl KyNuTh paputer. Ho te rapanTuun, 9to ¢gpupma He HAUHET
B ITOTOHE 3a TMPUOBLIBIO JeJaTh JOTOJTHUTENbHbIe TapThn u3nenuii? OrcyTcTBre
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TaKWX TapaHTuil (Jlayke TPHU YECTHBIX HAMEDEHUsIX (DUPMbI) MOYKET TMPUBECTH K
OTKa3y TOKyTaTesel, 9To MmIoxo u TeM, u aApyruM. Ho He Tak-To mpocTto yoem-
TeJIbHO ¢BA3aTh cebsa. [Ipumep ¢ kmamsnuurom: ko moxutmya M»spu u roros
OTTIYCTUTD €€ 33 YMEPEHHBIN BBIKYM, HO OOUTCS, UTO TOCTE OCBOOOXKIEHUST OHA
3aJI03KUT ero. Mapu ducrocepieqHo oberaeT eMy, 4To He MPOJIAcT, HO TJie rapaH-
tun? U ecinn eit He ymacres Kak-To yoenuTh J>koHna u JaTh TBepable TapaHTHUH,
eMy TIpUJIeTCs M30aBIAThCS OT HEXKEJAHHOTO CBUJIETEI.

PadunupoBanne paBHoBecuit Hamra. Hanuuane mamonpasaonogo0HbIx
paBHOBECHI 3acTaBUJIa TEOPETUKOB MCKATL OoJiee CHJIbHBIC YCIOBUA Ha, PaBHO-
BeCHsi. DTa MpOrpaMMa M3BECTHA IO Ha3BaHUEM paOUHUPOBAHMUsI, YTOHLUCHNUS,
ycoBepIeHcTBoBanusA. CKaxKeM cpasy, ITO OKOHIATETHLHOTO, TPUEMJIEMOTO BO BCEX
CIyYasix OTBeTa MOJYUINTh He YIaJ0Ch; UMeeTCsl HECKOJILKO aJbTePHATUBHBIX IO
xoznoB. OO0IIiee B HUX TO, YTO NPEJIATaeTCs TPUHUMAThH B pacdeT U HEBEPOATHBIE
COOBITHSI, KOTOPBIE NMEIOT HYJIEBYIO BEPOSTHOCTD TIPHU JIBUKEHUN IO PABHOBECHO-
MY IIyTH.

Moryio OB TOKa3aThCsl - 3aUeM YUNTHIBATL OBeJeHNe B HEBEPOSTHLIX COCTOSI-
HUSX, KOTOpPbIE He Peaau3yioTcs B paBHoBecuu! Jleso, omHako, B TOM, 9TO JacTO
HeJlerbie PABHOBECHsT BOSHUKAIOT UMEHHO TIOTOMY, YTO HEKTO BejeT cebsi nppariu-
OHAJILHO BHE PaBHOBECHOI'O IyTH, KaK B IIPUBEIEHHOM BBIIIIEe IIPUMEPe CO BXOIOM
B oTpacib. [Ipumdyem 3T0 cocTosiHMe TOJIHLKO MOTOMY U He BCTPEUaeTCsl Ha PaBHO-
BECHOM IIyTH, UTO TaM BTOPOW UTI'POK BeneT cebst ppaIioHaIbHO.

CoBepIleHCTBO OTHOCUTEJIBHO TIOABITP. V1es HenpaBaomnoJo0HbIX yTIpo3
paboTaeT He TOJBKO B CIyUae Urp ¢ CoBeplieHHoi nrdopMarmeit (Tae oHa mpuBo-
JUT K 0OPATHON WHJIYKIWHA ), HO B HEKOTOPBIX JIPYIHUX CJIydasix. Hanpumep, Koria
MBI 0OCY?KJIaJIM KOHKYPEHTHOE PAaBHOBECHE, MbI TTPEJINOIAraan, 9TO TOTPEONTEN
(mocste BBIOODA TIeH) By T cebst "KOHKYPEHTHO”, He MBITasiCh CBOUM HEPAIHOHAb-
HBIM TIOBEJICHUEM TOBJUATH Ha TeHbl. Vim, BepHeMcs K TPUMEPY C BXOJIOM B
oTpacib. JIomycTuM, 4TO €Cu arpeccop perruyi BXOJUTh, ¥ HEr0 TOXKe eCTh BO3-
MOXKHOCTb BECTHU ceOsI TTaCCUBHO WJIM HAUYATh aKTUBHYIO OOphOy ¢ "Haceakoit”. T.e.
UTpa BBITVISJIUT KaK Ha PUCYHKE HUXKE.

I ecam BTOpOIt HACTPOEH AKTWBHO, TO TIEPBOMY JIYUIlle HE BXOIUTE (a B Crydae
BXOJIa - BCe PABHO KaK BECTH). A ¢ JIPyroif CTOpOHBI, B Urpe 2 X 2, HAUMHAIO-
mieiics mocsie Bxosia, y 060MX MUIPOKOB €CTh JIOMUHUpYIOIUe crpareruu (p, p'), u
9TO €JINHCTBEHHOE PaBHOBECHE B 3TOM mojbirpe. [ToaToMmy arpeccop mosken Bpoje
MOHUMATh, UTO ¢ CJIydae ero BXOja BCe 3aKOHUMTCsT MUPHBIM ucxomoM (1,1), u
CMEJIO BXOJIUTD.
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Nes coBepuIencTBa - ONTUMAJILHOCTD MOBEJICHNS BO BCEX TOJBITPAX, ITOOLI
pPaBHOBECHE OCTABAJIOCH PABHOBECHEM HAYMHAA € JIIOOOH MO3UINY, HE3ABUCHMO OT
TOTO, CKOJIb HUUTOKHA BEPOATHOCTD TONAJAHUSA B 3Ty nosunnio. OIHAKO TYT Ke
BO3HMKACT BOIPOC, UTO CUNTATE NOALINPoit. Kazanoch Obl, BO3bMeM 00y 10 BepIIy-
HY ¥ BKJIIOUNM BCe, 9TO uJeT nocie nee. Ho Benn mmerorea eme nndpopMannonabie
MHOXKeCTBa, 1 OHU He JIOJXKHBbI BLIBOJIUTH 3a MpeJesibl Halleil "ToIbIIPhI .

Bostee Touno, mycth t - BepinuHa Jepea Urpbl, n G(t) - MHOXKECTBO BepIIIWH,
crepyiomux 3a t. Ecan aysa mo6oit Beprunbl ¢ € G(t) Bee unbOpMAIMOHHOE
mHokecTBO h(t') smeskur BHyTpu G(t), MBI TOBOPUM, UTO t OTpPEJIESIET TOIBITDY
G(t) ¢ nauanom B t.

[Tpoduiib MOBEIEHICCKNX CTPATErUH HASBIBACTCA COGEPULENHBIM DAGHOGECUCM
(orHOCUTELHO TIOABITD, subgame perfect equilibrium), ecsin ero orpanuvenue Ha
MOOYIO TIOJILITPY ABJIACTCA paBHOBecHeM Harma. 9To od9eHb MHTEepecHoe MOHATHE
obL10 peioxkerno CenternoM B 1965 T

CBoiicTBa COBEpIIEHHBIX paBHOBecuii. s urp ¢ cosepiennoit nndop-
Malueli coBepIeHcTBo copmajaer ¢ asropurMom Lepmeno-Kyna (umm obpartHoit
wHIyKIwedt). Boee Toro, 910 0HOBpEMEHHO YUUTHIBAET U BOZMOXKHYIO HEOJHO-
3HAYHOCTDH AJITOPUTMA, ¥ BO3MOKHOCTH HECOBEPINEHCTBA WHQMOPMAIUH (T.e. BO3-
MOYKHOCTB HH(MOPMATIMOHHBIX MHOKECTB).

Tak Kak MCXOAHAsT UT'Pa TOXKe TMOIbIIPa, COBEPIIEHHOE PABHOBECHE SIBJISETCS
pasnoBecreM Hsmra. Ho, komneuno, #e m00bIM, KaK MOKA3bIBAIOT TIPUBEIEHHLIE
BBIIIIE TIPUMEpHI.

Hanee, moapirpa J000# moAbITphl UTPbl G ABJsgeTCst IOABITpoit urpbl G. Ilo-
9TOMY COBEpIIEHHOe PABHOBECHE OCTAETCSI COBEPIIEHHBIM PABHOBECHEM U B JIIOOO
nogeirpe. M BooO1tie, ToABITPEI UTPhl (G caMu 00pa3yIoT JepeBo. ITO 0OCTOATEN b=
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CTBO TIOJICKA3BLIBACT, KaK NCKATh BCE COBEPINeHHbIe paBHopecns. Hy»kHo, Kak B Me-
ToJI¢ 0OPATHON MHIYKINU, HAYMHATL ¢ KOHIA, B KazKJ0H TePMUHATLHON MOJBITpe
HAXOJWTH PABHOBECHUS, N CTABUTH B HAYAJIO ITUX MOJBITD OJNH U3 MOy IaIOIIXC s
1Cxo10B. [TOMUMO TIPOYEro 9To JlaeT TeopeMy CyIIeCTBOBAHWs COBEPIIEHHbBIX (K
TIOJIbITPaM) PABHOBECHIA.

IIpumep. Jyonosua IlImaxkesvoepea. B 1934 IlTakkean0epr MpesIoxKII MO-
Jesb jryononuu ¢ (upMoii-yiuaepom (mepBoii BHIOUpaoieii 00beM CBOEro BbIMyC-
Ka) 1 dbupmoii-ocienoBareseM. [IpuMepom MoxKeT CIy>KuTh KoManus ~Jzkene-
pan Moropc” B aBromobmannoit npombiniiernoctu CIITA, nin IBM na pobiike
ePCOHATHHBIX KOMITBIOTEPOB.

Peaxiust BTopoit (pupMbI:

Ry(q1) = (M —q1—¢)/2.

3Has 9Ty peakIuio, meppas GupMa MaKCUMU3UPYET

(M —q— Ro(q1) —¢) =qn(M — ¢1 — ¢),

uq; = (M—c)/2, ¢35 = (M —c)/4. Hanomunm, uto B paBHOBecur KypHO BBITYCKE
cocTaBysiin TpeTh o1 M — c. [lokynatensam Jydine, Jujepy Jydiie, a BTOPOR
dupme - xyxKe.

Moryio ObI TOKa3aThCd CTPAHHBIM, UTO 3HAHUE BTOPOI (bUPMOI BBIMTyCKa JIH-
Jlepa yXyamaeT ee nosoxkenune. Kak 9ro jonogHUTENbHAS WHMHOPMAIIAST MOYXKET
YXYAINTH Balie ogaronoayane?! OTBeT B TOM, UTO BTOpOH dupMe BpeIuT He ee
3HAHUE 1, a 3HaHWe TepBOi (PUPMBI O TOM, UTO BTOpasT 3HAET 1.

ITpumep. Paccmorpum B3auMooTHOIIeHHsT GUPMbI (GECKOHETHO YKUBYIIEH, ¢ JTUCKOHTOM
d & 1) 1 OCJIEJOBATETIBHOCTHIO PAGOUNX, KAXKIbIH 13 KOTOPBIX KUBET OJUH Meproj. B KaxK oM
epuo/Ie TAMIHT TaKOH: cHavasa pabovnili BEIOMpaeT ypoBeHb YCUINi: BKAIBIBATE, TTPOU3BOJIA
JJTst bUPMBI TOBAP CTOUMOCTBIO 3 PYOJIsT U TOIyYas AUI0TUANTA 1 py6/Ib, WK CAYKOBATH. 3a-
TeM bUpMa CMOTPHUT Ha BHIIYCK W Ha3HAUaeT 3apriary w 0 sromy pabouemy. (MoxkHO cauraTh,
yro w = 0 win 2.)

flcHo, 9TO B OHOKpATHOM MoJeIn pelrenne Takoe: pupma miatut w = 0, a pabounit cauxy-
eT. OHAKO B OECKOHEUHOM CUTYaAlUs MEHSIeTCS: TaM eCTh U 0oJlee MHTePeCHbIe PelleHus], eC/In
paboune moayvYaloT WHMOOPMAINIO O TPEIBIAYINEM TeYeHUW WTpbl. Bojee TouHO, mMeeTcs Ta-
Koe cab-reiiM-TiepdeKTHOEe paBHOBeCHE: pabOUNii BKAJIBIBACT, €CJIi (pUPMa 10 ITOTO OILIAYNBAIA
Tpya (a He Ge3lenbe) MPeIbIyIuX pabounX, U CAYKYeT BO BCEX OCTATBHBIX Caydasx. Pupma
IJIATAT W = 2, ecau Pabounit BKAJIBIBAET, U He TJIATUT B TTPOTUBHOM CJIyUae.
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Jlekmsa 14. CekBeHIuaJbHbIe PaBHOBECUS

HenoctaTouHocTs moawIrp. IlousaTue copepimencTBa paBHOBECHSI IO OTHOIIE-
HUIO K TIOJILITPAM JIaeT MOIIHBIA TPUHIIAT OTCenBaHus TIoxXxux papHopecuit. O1-
HAKO OH ILJIOXO pabOTaeT, eCid B UT'Pe MAJIO TOJLITD. DTO MOXKHO TPOIEMOHCTPH-
poBaTh Ha CJIeIyIoleil MOI(UKAIINY IPEIBIIYINEro MpuMepa.

0,2
d]

e

p
%Q
L1 0,

a
2 n)
/ /9/ \Q/
-1 -1,0 -1-1

ITo cymecTBy, 9TO Ta ¥Ke UIrpa, OJHAKO TeNeph B Hell HeT COBCTBEHHBIX MOJBITD.
Pacemorpum eme onnn npumep (Cenren (1975)):

1 A 2 a

MD 8 (3,3,0)
d

)

B wneit mveercs pasaosecre (D, a, L). 910 paBHOBECHE COBEPINEHHO, HO TOJHKO
MOTOMY, UTO 3JIeCh HET COOCTBEHHBIX TOABITD. OIHAKO BHIOOP BTOPHIM WTPOKOM
cTpaTeruu a crpaHeH. Benb ecim oH yBepeH, uTo 3-# Oyjer ucrnoib3oBarh L, TO
eMy HaJ0 ObL10 ObI BIOpATh d. [1ycTh maxke maHc ¢aeaTh XO 1 2-TO HIITOYXKEH,
1o d syurre a! 1 ecim on Boibeper d, To 1-it mepekmounTest Ha A, a Torma 3-ii
nepexsounTces Ha R. Ho Torma 2-it BepHercs K a, 1-it ocranercs Ha A, n 3T0 JaeT
BTOpOE paBHOBecue (A, a, R).

31ech HeT MOJLITD, U OYKBa, OIpeneNeHss MOIUIUT, HO AyX COBEPIIEHCTBA Tpe-
OyeT ompeseIeHHO U SICHO: u2pok 6 10001 nosunyuy dossicen deticmeosamsv on-
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mumandvbro, JaxKe €ClIn MaJIOBEPOATHO, 9YTO yJaCTCA OIaCTh B 9TY ITO3UIUIO. Kax
XKe IIpnJaThb 3TOMY cMbIc?

PamuonanbHOCTH 1 Bepbl. HyXHO0 sicHO TOHUMATD, B YeM 3aKJII0UaeTCs TTpe-
MSITCTBUE K TMOHATHIO ONTUMAJBHOTO TIOBEIEHNST B HEKOTOPOi mosumyn. Mbl yxke
OTMEYAJTH, UTO BHIUTPBIIIT UTPOKA i (KOHTPOJUPYIOIIETO X0/ B TIO3UINH X ) 3aBUCHUT
OT cTpaTeruit ocTaJbHbIX. HOo He 9TO mpenaTcTBue, OTOMY UTO B JyXe paBHOBE-
cust Harmma TyT mpeamosaraeTcst, 9To CTPATErHd BCEX OCTAJBHBIX UTPOKOB (DUKCH-
POBaHbI W U3BECTHBI. [JIaBHOE TPEMSITCTBUE B TOM, UTO BBHIOOD XOJa B TIO3WUIINHU T
ABTOMATHYIECKN MEHSIET XOJ ¥ BO BCEX TO3UIUSX M3 WHMOPMAIMOHHOTO MHOMXKE-
ctBa h(z). A 3HAUUT U BBIUTPBIIIN HA TE€X MYTsIX UIPhI, KOTOPBIE TTPOXOJSAT Yepe3
npyrue nosutnu &' € h(x). [TosToMy MBI He MOXKeM TPOCTO HAYATH “MOABITPY” ¢
MO3UIINN T, HY>KHO HAYMHATH €€ N3 WH(OPMAIMOHHOTO MHOXKECTBa, h.

Teneph OCHOBHasT HEOTIPEIEJEHHOCTh HAIIETO WTPOKA & 3aKJI0UaeTCs B TOM, B
Kakoil 13 mo3unuit B h HaxoguTcs urpa. T'yT HUYEro He MOJeJAellb, JIJis pa3pe-
IIIEHWS TOM HEOIPeIeIeHHOCTH HYXKHO 3ajaBaThca Bepoil” Ha h. To ecTh Urpok
i JToJKeH 3ajlaThesl HeKoTopoit BepostHocTHOl Mepoit u(h) € A(h).2 Kak Tonbko
TaKas Bepa 3aJjaHa, TO MOXKHO 00PA30BBIBATH OXKHUIAeMble BBIUTDBIIIN (B 3aBHCH-
MOCTH, CKayKeM, OT X0jia B h) M OIeHMBATH ONTUMAJIBHOCTh UCIOIB3YEMOTO XOJIa
B h.

Samernm, 9T0 MHMOPMAIMOHHBIE MHOXKECTBA JIPYTUX UTPOKOB MOTYT Tepe-
cekary’ Hamry ‘mopbirpy”’ G(h), HaunHawoolyocs u3 h, HO 9TO HAC HE JOJIKHO
BOJIHOBATDH: BEJb CTPATETNN TaKUX UT'POKOB (pUKCHpoBaHbl. A BOT ecin uHdopMa-
IIMOHHBIC MHOYKECTBA TOTO K€ UI'POKa 1 HATHYT BblIe3aTh u3 G(h), 9170 MOTIIO GBI
CTaTh UCTOUHUKOM HempusaTHOCTeH. K ¢IacThio, 151 UTP ¢ COBEPIIEHHOM MaMsIThio
(em. Jlexiuio 4) TaKOTO MPOM3OUTH HE MOXKET.

OHUM CJIOBOM, ITOOBI TOBOPUTH 00 OMTUMAJTHHOCTH B KaXK 10N TO3UINN, HY K-
HO 33/1aThCs HE TOJTBKO CTPATETUSIMI 0, HO ¥ BepaMu . U 9Tn naHHbIe - CTpaTeruu
U BEPBI - JIOJKHBI OBITH COTVIACOBAHBI JIPYT ¢ ApyroM. MbI ckaykeM mojipobHee 0o
9TOM UyTh HUXKE, & MOKa 3aMeTHM TOJLKO, UTO U Kjaccuieckoe pasHopecue Ha-
1118, MOYKHO BOCIIPHHUMAThH B TAKOM Ke jiyxe. [Ipeamososkum, 9To Jijist KarKJ10ro
WIpoKa ¢ 3ajaubl crpaterus o; € A(S;) u Bepa u; € A(S_;); oHE 00pa3yOT pas-
nopecre Hamma, ecin: a) o - HAWIyYINnii OTBET TIPU Bepe fi;, W 0) Kaxkasi Bepa
i COBIIAZAET C ®;£;0;. MbI BUINM 371eCh COIVIACOBaHUE JIBOSKOTO BUJA. YCJIOBUSA
a) BBIPAXKAIOT PAIMOHATILHOCTH KAXKJOTO UTPOKA MPU MMEIOIUXCST Bepax. YCJIo-
BHst 6) TOBOPAT O (HOPMUPOBAHUU BEp - OHU B TOYHOCTH COBIAJAIOT C TEM, UTO

2K Bompocy 0 ToM, Kak (HopMUpoBaTh 3Ty Bepy ji(h), MBI elie BepHeMCs.



78

JIEJIAIOT OCTAJIbHbIE, MOYKHO CKA3aTh - UCTRUMHYE. B 9TOM CIydae Bepbl OJJHO3HAU-
HO BOCCTAHABJIMBAIOTCS MO CTPATETHIM (JIPYTUX UIPOKOB, 3aMeThbTe!l), U TOITOMY
WX MOXKHO MCKJIIOUUTL U3 ompejeienus. OJHAKO B NPHUHIIUIE MOXKHO ObLIO Gbl
BMECTO 0) HAKJIAJIbIBATH 1 MEHee YKeCTKUe YCJIOBHs, HAIPUMED, YTO HOCUTENb 0 _;
COTIEPKUTCS B HOCUTENE f; (MM HA0OOPOT).

Cnaboe cekBeHIIMAJbHOE paBHOBecme. Kak yxKe ObLIO CKa3aHO, CEKBEH-
I[HaJbHOE PaBHOBECHE COCTOUT M3 JAaHHBIX JIBYX TUIIOB - cTpaTeruii m Bep. Bo-
nee popManbHO, npoduas (nosedenueckur) cmpamezuti 06pasyeT ceMeficTBo o =
(on,,h € H), e h npoberaer muoxkectBo H nHMGOPMAIMOHHBIX MHOXKECTB Ha-
et passepuyToii urpsl, a o, € A(M(h)) (manomuum, aro M (h) - MHOXKECTBO
XOJIOB WM aKIuif, JOCTYHBIX B HHGOPMAIMOHHOM MHOXKecTBe h). Cucmemoti éep
naspipaetcs cemedictso u = (u(h), h € H), rme p(h) € A(h).

Y106b OBITH CEKBEHIMATBHBIM PaBHOBECHEM, Mapa (0, () TOIKHA YI0BIETBO-
pATH JBYM yCI0BUsAM Bpojie a) u 6). [lepsoe yciioBue Tpebyer paruoHaIbHOCTD
MOBEJICHUSA KayKJIOTO UI'POKa B KaXKJIOM 'cBOeM WH(MOPMAIIMOHHOM MHOXKECTBE.
[Tpeamonoxkum, 9TO JaHO WHGMOPMAIIMOHHOE MHOXKECTBO hy, KOHTPOJIUPYEMOE HUT-
POKOM 4o, U HekoTopas Bepa g € A(hg). Ilycrs Takxke 3a7aH HEKOTOPBIi TTPO-
dbusb noBejieHYecKuUX cTpareruii o = (o).

Onpenenenne. CkazkeM, 9TO UTPOK 4o CERGEHUUAALHO PAUUONAAEH 6 UNHPO-
MAUUOHHOM MHodicecmee hg npu eepe iy, €Ciu, TpU (PUKCUPOBAHHBIX CTPATETH-
SIX OCTAJBHBIX UTPOKOB, OKUJIAEMBbIl TTPU Bepe [i) BBIUTPHIIT UTPOKA iy B MOMIbI-
rpe G(hg), HaunHatomeiics B hg, JTOCTHTAET MaKCHMyMa HMEHHO Ha CTPATErvH
(O'h, h € Hz)

QakTraecKu, Ipu PUKCAIINN CTPATErnil OCTAJbHBIX, HAIlla UTPa TTPEBPAIIACTCs
B urpy oxHoro Jjuma. Tpebyercsi, urobbl B mojgbirpe G(hg) Urpok ig Bes cebs
ontuMaabHo. OTMETHM, UTO peaJbHOe OTpaHWIeHne 3/1eCh HAKJIa bIBAIOT TOJbKO
p(hg) ¥ cMeraHHble XOJbI HAIET0 UIPOKa B WH(MOPMAIMOHHBIX MHOMXKECTBaX A,
PACTIONOXKEHHBIX TTOCTe hy.

Hanpuwmep, B urpe "ocink Cenrena” crparerudeckuit mpoduis (D, a, L) ycio-
BUIO PAIMOHAJHLHOCTH B BEPIIUHE 2 HE YVIOBJIETBOPSET: €CIU 2-1f UTPOK CUUTAET,
qyTo 3-it urpaer L, To oH BbIOepeT d, a He a.

Onpenenenne. Ipoduns cTpaTernii ¢ HA3BIBACTCA CEKGEHUUAALHO DPAUUO-
HAAOHHLM OTHOCUTETHHO CHCTEMBI BepD (i, €CJIU KaXKIblii MTPOK CEKBEHIINAJIbHHO
palnroHaJieH BO BCeX CBOMX MH(MOPMAIMOHHBIX MHOXKECTBaX h.

Bropoe ycioBue (yske Ha Bepbl) TpeGyer, 4ToObI BepbI 1 ObLIH He TIPOU3BOJIBHBI,
HO OIPaBIBIBAJINCEH 00Jiee paHHUM IOBEJIeHHEeM O XOTs Obl B CJIeAYIOIIeM ' CJia-
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6om” embiciie. Ecin utdopmanmnontoe MHOKeECTBO h nocturaercs (mpu mpoduie
cTpaTeruii o) ¢ MOJOKUTENTLHOR BEPOSITHOCTHIO, TO Bepa p(h) JOMKHA BBITHC-
JISAThCA TI0 TIpaBuy baiieca. Ecim ke wHMOpMaIMOHHOE MHOXKECTBO h JIEXKUT
BHE TIyTH UTPbI, Bepa (k) MOKeT ObITh MPOU3BOIBLHOI. Byaem rooputh B 9T0M
cydae, 9To BEPhl CAaO0 €02AGC068aHbL €O cTpaTerusamu. ['pybo roBops, Bepa He
JTOJI?KHA, TTPOTUBOPETNTH HAOIIOIEHUAM 38 XOJOM UTPHI.

Takoit Habop (0, 1) HASBIBACTCS CAGOBIM CEKBEHUUANLHOIM Pashosecuem. T1o
CYIIECTBY 9TO MOHsTHE (B CUJIBHOM BapuanTe) ObLI0 BBeleHo Kpercom u Yusco-
rHoMm B 1982 1. OrMmernm, uto ycioBue Ha Bepy ((h) B uHGOPMAIHOHHOM MHOXKE-
cTBe h HAKJIAJILIBAIOT TOJLKO CMEIIaHHbIe XOIbl 0 B MHOXKecTBax h', pacroso-
>KEeHHBIX paiee h.

CekBeHImaJibHbI€ paBHOBecHUs 1 paBHOBecust Hama. utyntnsHo sicHo,
YTO TIOHSITHE CeKBEHIINAIHLHOTO PABHOBECHSI SIBJISIETCST YCUJIEHUEM TIOHSITHAST PaBHO-
Becust 1o Hamry. Bo BesikoM cirydae Mbl BUIEIN B TIPUMeEpE, UTO He BCSIKOE PaBHO-
Becre Harma MoxeT ObITH TOJAep:KaHO CUCTeMO Bep 10 CeKBEHIHAILHOTO.

Ckazkem Tounee. [IycTh o - mpoduib TOBEIEHIECKNX CTpaTeruii, 00pasyouii
pasrosecrie Hamra. Torma npasuio Baiieca omnosnauno ompesessier Bepbi fu(h)
B TeX WHMOPMAIMOHHBIX MHOXKECTBAX, KOTOPbIE JIOCTHKUMBI (IIPH CTPATETHSIX
0) ¢ TOJOXKUTENLHON BEPOSITHOCTBIO (J1eXKaT Ha TMyTH urphl). Torma cTparerun
0 CEKBEHIIMAJbHO PallMOHAJIbHBI B TAKUX HH(MOPMAIMOHHBIX MHOXKECTBAX ¥ TIPU
TaKuX Bepax. B caMom fesie, B TPOTUBHOM CJIydae UTPOK, IO Xo1 B h, MOT
OBl TIONTYIUTE GOJBINHIT (YCIOBHBIN, B 'TOABITpe”, HAUMHAIOIIEHCST B h) BBIUTPHIIL,
M3MEHUB CTPATErnd B 3TOH MOIBITpe.

Ob6paTHO, TyCTh 0 - TPOMUIH TIOBEIEHIECKUX CTPATErnil, CEKBEeHIINAIBHO PaIlyi-
OHAJILHBIX B MHMOPMAIIMOHHBIX MHOXKECTBAX, JIEXKAIIUX Ha MyTH UT'PhL. MbI yTBEp-
JKJaaeM, ITo o - paBHoBecue Hamra. B camom mene, mpenctaBuM, UTO HEKOTOPBIH
WTPOK § MOYKET YJIYUIIUTh PE3YJIbTAT, TPUMEHUB AJbTCPHATHBHYIO CTPATETHIO O
Ho Torpma on mosmkeH chirparh JIydllle ¢; B HEKOTOPOM CBOEeM MHMOPMAIMOHHOM
MHO)KecTBe h. Hy»XHO B34Th camoe mepBoe TaKoe MHOXKEeCTBO; TaK Kak 0 Hero
CTpaTeruu He MeHSJINCh, TO He MeHsIIUCh 1 Bephl. Ho B TakoM ciiydae cTpaTerus
0; OblIa He CEeKBEHIINAILHO PalNOHAJILHON B 9TOM h.

Tak MBI TOJIyUaeM cJiefiyionee yTBepKaerne (Gosee TOApoOHOE JOKA3aTe b
cTBO MOXKHO HaiiTn y Maiiepcona min y Mackoses u ap., [Ipemnoxkenne 9.C.1):

Teopema. Ilpojusrv nosedenwveckur cmpamezut o AGAAEMCA PABHOBECUEM
Howa m. uw m.m., xoeda natidemca maxas cucmema 6ep [k, 4mo

(1) cucmema [ caabo coznacosana ¢ npopunem o;
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(11) npouav o cexsenyuarLHO PaLuOHaeH (NPU GEPAT 1) 60 GCexT UNPOPMa-
YUOHHBLT MHOAHCECMBAT, NEHCAULUT HA NYMAU UDPbL.

Orcroa MOXXHO ¢/leJiaTh JIBa Ba)XXHBIX BbIBOJA. [lepBhIit - BIOJDL MyTH UTPHI
(re Bepbl OJHOZHATHO OMpPEJIeJISIOTCsT TpaBUiioM bBaifeca) paBHOBECHBIE CTpaTe-
U CeKBEHIMATILHO PaIHOHAJBLHBI. BTOpOi - ceKBeHIMAIbHAS PAIMOHAJILHOCTE
yCUIMBaeT paBHOBECHOCTH (1o Harry) mem, 1m0 TpebyeT ceKBeHIUATIbHYIO PAINO-
HAJILHOCTD He TOJLKO BIIOJIL PABHOBECHOT'O IIYyTH, HO ¥ BO BCEX OCTAJILHBIX HHQOP-
MAIMOHHBIX MHOXKECTBAX. DTUM OHa COMMMKAETCST ¢ TpeOOBAHMEM COBEPIIEHCTBA
OTHOCHUTEIHLHO TIOABITP. Y JeficTBUTeIBLHO, U3 TPUBEIEHHOTO BBIIIE MTPEIJIOKEHS
JIETKO TOJIYUNUTh, UTO JTI000€ CEKBEHIMAILHOE PABHOBECHE COBEPIIEHHO K IMOMIbI-
TPaM.

CusibHOE CEeKBEHIIMAJIbHOE paBHOBecCHE. B CHIbHOM CeKBEHIHAIbHOM PABHOBECHH MBI
0oJ1ee CTPOTO TOIXOINM K (OPMUPOBAHUIO Bep B MH(OPMAITHMOHHBIX MHOYKECTBAX, JIEKAIIIX BHE
MyTH UTPHL. PaccMOTpUM TpUMeEp, aNMe LTHPYIONHUH K CTPYKTYPHOU cocTodaTebHOCTH. [IycTh
UTpPa UMeeT BU/L

00

1 mycts mepsbiit urpaer u. KakoBbl MOTYyT ObITH Bephbl ¥ 2-T0? Tak kax 1-it He pasiuda-
eT TH COCTOAHUsI (TIPaBOe W JIEBOE), OH U OTKJIOHSTHCSA B HUX JIOJIKEH OJUHAKOBO. I103TOMY
€CTeCTBEHHO CYUTATh, YTO BEPHI 2-TO - 370 .2 U .8.

Jaaum Teneph 001Iee ONpeIeIeHne CATLHON CONTACOBAHHOCTA BEp €O CTpaTeruaMu. Ilose-
JleHIecKnit TpouIh 0 HA3BIBACTCA GNOANE CMEWAHHBLM, €CITH JI00asd TMO3ANAA JTOCTUTACTCS
C TOJIOKHUTEJLHON BEPOATHOCTLIO. B 3TOM ciaydae mpapmio Baifeca olHO3HaYHO ompemesger
COTJIACOBAHHYIO C 0 CUCTeMY Bep [i(0).

Omnpenenenne. Cucrema Bep ji HA3BIBACTCA CUADHO CO2AACO6a1HHOT ¢ TPODUIEM CTpATermit
0, eCIU CYTIEeCTBYET TOCTeI0BATEIbHOCTh BIIOJHE CMEIIAHHBIX CTpaTerndecKux mnpoduieit o,
Takas UTo 0, CXOIUTCSA K 0, & COOTBETCTBYIONINE BEPHI [i, = ji(0),) CXOAATCS K .

CG%’G@HQU(L/L’A)HOG pasHosecue - ITO Ilapa (O', ,u), 9TO [ CUJIBHO COTJIaCOBaHa C 0, a 0 CEKBEH-
IIHaJIbHO palliOHaJIbHA OTHOCUTEJIBHO [i.

Creaytommuit mpuMep TeMOHCTPUPYET ¢1aboe CeKBEHITNATLHOE PABHOBECHE, KOTOPOE HE CHUIb-
HOE CeKBEHIHAILHOE.
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[TycTs TpeTuit UTPOK BEPUT, UTO PeAJTU3yeTCs JieBas BEPITUHA B €70 WH(POPMAIIMOHHOM MHO-
kecte. Takast Bepa BMecte co crpaterusmu (R, A, r) aBiagercs: c1abbM CEKBEHITUATHHBIM DaB-
HosecrueM. OTHAKO OHO HE ABJISCTCA CUIBHBIM CeKBEHIINAIBHBIM PABHOBECHEM, TIOTOMY UTO Bepa
TpeThero, CUJILHO COTJIACOBAHHAA CO cTpaTerumamu R m A, yKasplBaeT Ha MpaBYIO BEPIIUHY B
nHGOpMAIHOHHOM MHOKeCTBe 3. CHIBHBIM CEKBEHIMAILHBIM PABHOBECHEM (€JIMHCTBEHHBIM?)
snech Oyzaer (R, D,1).

Teopema. Jliobas konewnas uepa (6 passeprymoti dopme u ¢ cosepwennoti namamovio)
UMEEM CUNLHOE CEREEHUUANDHOE PAGHOGECUS.

JToKa3aTeJbCTBO TEOpeMbl OyJIeT JaHO MO37Ke, TMOC/Ie ONPEIeJeHNs COBEPIIEHHOTO PABHOBe-
Ccusl.

OTMeTuM TakyKe, UTO Jarke CHAJIbHBIE CEKBEHIMAILHOE PABHOBECHA He BCETIA HUCKIIOUAIOT
c1a60 JTOMUHUDPYIOIIHE CTpaTernt (IpUMep ¢ JIypPAIKUM TOJOCOBAHUEM TPEX).
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Jlekmius 15. CoBeplnieHHbIE paBHOBeCUs IJIsI HOP-
MaJIbHOI (hopMBI

poxartast pyka. Kak mpenpiayinme TOHSITHS ¥ UIEW Peajn30BaTh /s UTP B
HopMaJibHOI popme? TloHsATHE CeKBEHIMATHLHOTO PABHOBECHS TIOACKA3BIBAET, UTO
HNCKOMOE paBHOBECHE JIOJXKHO MOJYUIAThCS KaK Tpees HEBBIPOXKICHHBIX ~TOUTH-
PaBHOBECHBIX  CHUTYaIHil.

[Touemy HEBBIPOXKAEHHBIX? 37€Ch OOLITHO PACCKA3LIBAIOT CKA3KY PO IPOXKa-
YO PyKy. UTo J11000# UTPOK MOXKET COBEPIINTHL OIMIUOKY M ¢ MaJioil BepOsSTHO-
CTHIO OTKJOHUTHCSA OT paBHOBecus. V1 Mbl HHTEpecyeMcsi paBHOBECUSIME, KOTOPhIE
YCTOHIMBEI K TAKUM MaJIbIM OTKJIOHEHUSIM.

[TosicauMm 3TO Ha mpuMepe. PaccmoTpum urpy

t1 | 2
s1] 10,0 | 1,1
210,100, 10

[Tpodbuss (s2,t1) paBHOBeceH; 1-if cuacTuB co cTpaTerueit s2, moka 2-it He M-
moJib3yer t2 (3aMeTnM, paBJia, 9TO ITO PABHOBECHE BOBJIEKAET CJ1ab0 TOMUHUPYe-
Myto crpareruio s2). Ho npejcrasum, uro (Hanpumep, n3-3a CJIydaitHoil OMMOKY)
BTOPOl UTPOK HCIOAL3yeT crparernio t2. Torga s2 CTAaHOBUTCA HEONTHMAJLHOI,
U UTPOK 1 JOBOJILHO PE3KO TepekJodaeTes Ha s1. A Torma m 2-if mepekoJyaeT-
cs1 Ha t2. U1 onn cBasmBatoTcs B paBHoBecue (s1,¢2) (¢ Xyammmm, HaI0 CKa3aTh,
BBIMTDBITIAMH).

Dra uges dopmanusyercs crepytonm obpazom (Cenren, 1975):

Omnpenenenne. (Cvemannbiit) npobuis crpaternit oy = (0;) HazbiBaeTCs
cosepuwiernvim (OTHOCUTETHHO JIpOKaIlell PYyKW) PABHOBECHEM, €CJIU CYIIeCTBYeT
MOCJIEI0BATEBLHOCTD (0, n = 1,2, ...) BIOJIHE CMEIIaHHBIX CTPATEeruii, KOTopas
CXONIUTCS K O, U TaKas, UYTO JJIsI KayKJIOTO UTPOKA ¢ U M CTpaTerus g; eCTh Hau-
JTy4mmit oTBeT Ha mpoduib o’ .

Cwematinas crparerust o € A(S;) Ha3bIBAETCSA 6N0AHE CMEWAHHOT, €CIT OHa
NPUHAJJIESKUT BHYTPeHHOCTH cuMiuiekca A(S;), To ecTh ¢ HEeHYJIeBbIMHI BepOsIT-
HOCTSIMU UCTIOJIb3YEeT BCE YNUCThIe CTPATETnH.

Unave roBops, crpaterusa o; JOMKHA OBITH OMTUMAJLHON HE TOJLKO OTHO-
CUTENILHO 0—; (UTO TONYYIaeTCss TPeJeTbHBIM MePeXOIOM), HO U OTHOCHTEHHO
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HeKOMOPHIT CKOJb YTOMHO MAaJbIX BO3MYIIEHUH 0_;, B KOTOPbIe BXOAAT (TyCTh
¢ HUITOKHO MAJIBIMU BEPOSITHOCTSIME) YK€ BCE UHCThIE CTPATETHH OCTATBHBIX. K
COYKAJICHWIO, TOJIbKO HEKOTOPBIX; CTPATETUN 0; CTAHOBATCS IyTh OOJIee ONTHMAJIb-
HBIMH - CYIIECTBYIOT HEBBIPOXKIEHHbIE (U CKOJIb YTOJHO OJIU3KKE K 0_;) CTPATErH-
YecKue MPOoMUIN OCTaTbHBIX, TTPOTUB KOTOPBIX 0; TOXKE HAMJIYUIIAN oTBeT. Ecim
OBl MBI TTOTPEOOBAJIM ONTUMAJILHOCTD CTPATETHH 0 TTPOTUB JIHOOBIX (CKOJb yTOJI-
HO MAJIbIX) OTKJIOHEHUH JPYTUX YIACTHUKOB OT WX CTPATErHil 0_;, Mbl 3aBEIOMO
MoTepstIn ObI CYIECTBOBAHHUE.

IIpennoxxenne. Kaocdoe cosepuiernoe pasHOGECUE ABAAECMCA PAEHOBECUCM
Hswa. I

HoBONBLHO 0UEBHIHO, UTO CJIab0 JOMUHUPYEMbIE CTPATETHH He BXOAAT B COBEP-
IeHHoe papHoBecre. Kperce cuutaeT oTCyTCTBHE ¢1ab0 JOMUHUPYEMbIX CTpATernit
B PABHOBECHU BarkKHOH 4epToil "XOpOIero’, OUnIeHHOTO PABHOBECHSI.

Cy1iecTBOBaHIE COBEPIIIEHHBIX PABHOBECHIA.

Teopema. Jlaa 1106010 Koneunoti uepvl CyuLecmeayem cogepuetntoe Pa8HOGECUE.

TToxazateabeTBo. O603HAUNM 15 "6071bI0T0” uncia k depes AF cummieke B A 4yTh MeHb-
mero pasmepa (Korjga Bee KoopauHaThl > 1/k). Orpanudum Hairy (CMEIIAHHYIO) UTPY Ha TH
CUMILTEKCH W 0603HAYIMM ToayanBIIyiocs urpy G¥. YV mee, Koneyno, ecTh paBHOBECH, KOTOPLIE
MBI 0603Ha9UM 0%, B Uy KOMIAKTHOCTH MOYKHO CUHTATh, UTO 0F cxomarcs (mpu k — 0o) K
HEKOTOPBIM cTpaTterusM o; € A(S;). Mbl XoTHM TOKa3aTh, YTO JJIs1 JTIOOOTO MIPOKA i CTpaTe-
rus o; OyJeT HAWIYYIINM OTBETOM Ha oF , Ipn Beex (mocrarouno Gospmux) k. Torma To mbl
MTOJIYIUM COBEPIIIeHHOe PaBHOBECHE Ty .

Cpa3zy 3Toro yTBep:K/aaTh Heab3sd. OTHAKO B CUIY KOHEUYHOCTH UUCIa TpaHeil y CuMILIeKca

MOYKHO BBIOPATH TONOCTEI0BATEILHOCTD &, TaKyIo 9To oF jexkaT Ha "oamoil m Toif e’ rpann

2
cummiekca AF(S;). flcro, uTo IpeiebHas cTpaTerus o; ToxkKe JesKUT Ha "Toit we” rpanu A(S;).
[TokazkeM Terephb, UTO CTpaTerus ¢; O6yeT HAWIydIIuM OTBeTOM Ha oF . Tl 9TOTo HaOMHIM,
uro dbyukiuu nonesnoctu Us(+, oF ) addbuHEb, 1 ectu OHI TOCTHTAIOT MaKCHMYMa B HeKOTODPOii
TOuKe 0F, TO OHM MPUHUMAIOT Te ¥Ke MaKCHMaJbHble 3HaUeHHs BO BeeX BeplIMHAX 3TOH TpaHu
Ak(S;). Ho 3Ta rpann napasienbua coorsercteytomeii rpanu A(S;). 3uaunt dbynkmusa Uy (-, oF )
NPUHAMAET MAKCAMATbHBIE 3HAUEHUS HA TOM ke rpaHm cumiuiekca A(S;), 1 B 9acTHOCTH, 0; -

HamTydImit oTseT Ha oF . [

ITpumeHeHUEe K CeKBEHIMNAIBHBIM paBHOBecuAM. OHO ONMUPAETCs HA CBA3b CEKBEHIN-
AJLHBIX U COBEPIIEHHBIX paBHOBecHit. Mbl He OymeM MOAPOOHO HA ITOM OCTAHABINBATHCS, A
CKaykeM O4eHb KpaTKo U 3cKu3no. [lycts [' - urpa B passepuyToit ¢hopme, u G - COOTBETCTBY-
folasi urpa B HOpMaabHOU (dopme. Kak 00baCHATIOCH B JEKIUU 4, CYNIECTBYeT TeCHasd CBA3b
moBeieHvYeckux crparernit B I' m cmemanubix crpaternit B G. Tak BOT BepHa ¢J1eIyIOMAs

Jlemma. ITycmo o - cosepwentoe pasrosecue 6 G. Tozda cyuecmsyem makoti eexmop eep
i, wmo (o, ) - cexsenyuanvroe pasrosecue 6 L.

Unes nokasatenbcTBa. [1o ompeesieHUI0 COBEPIIIEHHOTO PABHOBECHUSI CYIIECTBYET MOCTIET0-

BaTebHOCTL ok cTpaternit (B G mmm T'), KoTophie CXOAATCS K 0, KOTOPble HeBHIPOKICHBI I
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T.n. B cuty HeBHIPOKIEHHOCTH 0% MOXKHO OJHO3HAYIHO OMpeeuTh HaOOp Bep iy, COTIacy-

touxcs ¢ o%. OcTaeTcss yeTpeMuTh fy, B Tpejiey ji. Tak KakK cTpaTerds 0; UTPOKa i GbLIa
HAUTY9ITIM OTBETOM Ha oF | oHa Gy/eT onmTHMATbLHBIM OTBETOM TIPH CHCTEMe Bep [, U TPH X

npenene p. [J

Caenctsue. I[Iycms I' - koneunas uepa ¢ cosepwenrot namamowio. Tozda 6 weti cyuecmy-
10M CUNDHDBLE CEKBEHUUANALHBLE PABHOGECUA. [
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Jlexkiua 16. IloBTopgioimecs Urpol

Jlo cux Top MBI pacCMaTPUBAJINA UTPLI, KOTOPBIE UTPAIOTCS OJIHOKPATHO ; UTDOKH
MOIYIaiOT BBIUTPHIIHN U pacxomarcs. OIHAKO YaCTO TPUXOIUTCS MHOTOKDPATHO
UrpaTh 'OJHY U Ty YKe UTPY~ € TeMH Ke mapTHepaMu. TaKyio CUTyalnio Ha3bIBaOT
MOBTOPSTIONIUMUCS UT'PAMU, U UM TOCBSIIEHO MHOTO ucciaeaoBanuii. Hekotopbie
ACTIEKThI MbI U PACCMOTPHUM.

['maBHBIN WHTEPEC TTOBTOPSIONINXCA UTD CBA3aH ¢ MHTYUIIMEH, ITO JIIOAM NHAYUE
BEJIYT ceOsT ¢ TEeMU, ¢ KeM OXKUJIAIOT TIOJCPYKUBATE JIOJITOBPEMEHHBIE OTHOIIICHMS.
Ecnu urpa urpaercst OJJHOKPATHO, TO UTPOK MOYKET Oe3HAaKa3aHHO HAPYIIATH JIEO-
Oble IpeIBapUTENIbHBIC JJOTOBOPEHHOCTU. BOT modyemy peko paBHOBECHs ObIBAIOT
onTuMaJbHBIMU. OIHAKO €CJIH UTPa PA3hITPHIBAETCS MHOTOKPATHO, TO HEKOTOPhIE
COTJIAIIIEHUsT MOTYT CTaTh paBHOBecusiMu. [loTomy 4TO HapyleHue coryialieHus B
OJTHOM payHJIe MOYKET TTPUBECTH K HAKA3aHUIO B MOCISAYIONUX payHaax. K sromy
’Ke OTHOCSTCS BOTPOCHI penyTainu. Hanpumep, pemyTanus HecrubaeMoro, »Kect-
KOT'0, HEUCITPABUMOT'O MOXKET ObIThH IICHHBIM aKTUBOM B OyaymIeil urpe.

IToBTOpsItOIIECsT UTPHI. [Ipn paccMOTPEHUN TOBTOPSIONIUXCS UTP HYXKHO
YTOUHUTD CJIEIYIONINE BEIH: IIUTEJIHHOCTD UTPhI, HAOIIOIEHNUsI, CTPATEIUN U BbI-
UTPLIIIIH.

1. Taumenvrocms. VItpbl MOTYT UTpaThcsa (PUKCUPOBAHHOE KOHETHOE KOJIMYE-
¢TBO pas. N Geckoneunoe. Bosmoxken 1 Oojiee CIOXKHDBIN coiydait, KOrma BpeMst
UTPHI PAHIOMU3UPOBAHO.

2. Habarodenua. Bo3aMOXKHOCTL HaKa3bIBATL MTPOTUBHUKA, 38 HAPYIIEHNIE COTJIa~
IIIeHNsT OCHOBAHA, Ha TOM, UTO BBI 3HaeTe, KaK OH UT'PaJI Ha MPeIblIyInX payHIax.
JL1st IpOCTOTHI, MBI GyJIeM CUUTATE, UTO BCs MPOTIIast HHMOpMAIus (0 XO1ax, Bbi-
WTIPBIIIAX) JOCTYTHA.

3. Cmpamezuu. DTo yXKe HE TPOCTO IMOCIEIOBATENHLHOCTL XOIOB B KaXKIOM
payHje; y Bac MOSBJSETCS BO3MOXKHOCTH JI€JaTh BHIOOD B 3aBUCUMOCTH OT HMe-
1omieitcst nndopmannn. st Toro, 9To0ObI ¢ieaTh 3To 00Jee sICHBIM, PACCMOTPUM
JIBYXKPYTOBYIO UTPY.

[Tycts HAM JaHa Kakas-HUOYIb TPOCTast UTpa, ABYX JIUIL CO CTpaTerusaMu sl, s2
u t1, t2. Bouto ObI OMMOKOI CYNTATE, UTO CTPATETHUECKIE BOSMOYKHOCTH UI'POKOB
MCUEPIBIBAIOTCS MHOXKeCTBaMu S; X S;. [1aBHas HOBOCTB - UTO TP COBEPIIEHIH
BTOPOT'O XOJIa WIPOK MOXKeT YUUTHIBATH TO, UTO MPOU3OIIO B MEPBOM payHIe.
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[Tpousotieiiee B epBoM payHje (ucmopua) 3a1aeTcst MHOXKECTBOM S1 X So = S.
[TosTomy empamezus urpoka 1 - 970 mapa (s, f), Tjie s - X071 B IepBOM payHjie, a f -
oTobpaxkenue n3 S B S, BO3SMOXKHbBIE €70 PeaKIINu Ha UCTOpHio. B Harrem mpumepe
peakimii 2% = 16, MOTOMY KaxKIbIil UTPOK UMeeT 32 CTPATETHH B IBYXPayHI0BOI
urpe.

Tak uTo cTpareruit JoBoabHO MHOTO. KoHewHO, TyT MHOTO JuitHero. Hampu-
Mep, 3aUeM UTI'POKY pearnpoBaTh Ha CBOIO cTpaTeruio? Bosee ecTecTBeHHO OTrpa-
HUYIUTHCST oTOOpaskeHussMu [ u3 So B Si, UX yKe TOMbKO 4, TaK YTO MHOXKECTBO
cTpaTeruii Kaykjaoro Mo CyIecTBY COCTOUT U3 8 3JIeMEHTOB.

Anajlornuno oO6CTOUT Heso W B obmieM ciaydae. Ecam mcexommasi urpa OblLia
(N, (S;), (u;)), To cTparerus urpoka i Ha t + 1-om 1rare - 370 0TOOpaXKeHUe

t+1 . ot
FH s — S5

Muoxectso Sk (T.e. t-a cremens Sy) ecTh MHOXKECTBO BCEX MCTODUi PA3BUTH
WTPHI 10 MOMeHTa £+ 1. A mostHas cTpaterns - 3To nocaeopareabnocts f;i = (f}),
rje t mensiercst ot 1 o T. Ecn gan npoduns Takux crpareruii (f;), ¢ € N, o
WH/TyKTHBHO OTIPEJICNIACTCA TIOCIeI0BaTeIbHOCTL X008 st t € {1,..., T}, rae

1 1 2 271 k+1 k+1/ 1 k
S’i =f’L S’i =f’i<SN)?"'78i+ :fi+ <8N7"'78N)7"‘7

T.€. TIPOIECC UTPDI.

Kax BuaHO, cTpaTeruit MHOIO U OHU MOTYT OMUCLIBATHCS CJIOXKHO.

4. Buuepviuu. Hakoner, Hy»KHO cKazaTh TPO BBIUTPHINU. Ecam MomenT T
OKOHYAHUSI UI'PHI KOHEUHDIH, TO ¢ BLIUTPBIIIEM BCE SICHO: 3TO CYMMAaPHBIH BbI-
urpsin Yo wi(sy), win ayume, cpegmuit Boiurpsin (1/T) S, ui(shy). Ecmu
CAyYaifHBIE MOMEHT T, TO 9TO OXKHUJIAaeMbIii cpennnit BeIrpbiinl. Hanbosee men-
KATHBIM SIBJISIETCS OIpeJieJieHne BBIUTPhIIa B ciaydae T = 00. 371ech 00BIYHO
MOCTYTIAIOT OJHUM U3 JBYX (MJIH TPeX) CIoCOOOB.

[TepBoiii - 06pasyIoT Cpeanuii BLIMIPHIIL ZtT=1 u;(s%)/T wu yerpemmsior T
6eckoneunocTr. Hebobioe mpensaTeTBie COCTOUT B TOM, UTO STOT TIPEIE MOXKET
HE CYIIeCTBOBATDL. Torna 6epyT, HApUMeD, HUXKHUN TIpejiest

Ui(fi) = im()  ui(sh)/T) (1)

mpu T' — o0.
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Bropoit crocod - 06pazoBaTh IUCKOHTUPOBAHHLIN BRIMTPLIIIL. st 3T0r0 (hUK-
CUPYIOT HEKOTOPBIH AUCKOHT § < 1, U mosiaraior

0@}

Ui(fy) = (1=8) ) 6" ui(shy) (2)

t=1

Vunoxkenne na 1 — 6 = 1/(Y 52, 81 npoussopures st ynobeTsa; Tora Bhl-
WTPBIIT MOYKHO PACCMATPUBATD 9TO KAK BBITYKIYIO CMech u;(shy).

B ciyuae T = oo nmosrydaomasnca urpa Has3bBaeTcsa cynepuepoti. Itak, moBTo-
puM, 9TO HabOp cymepcTpaTeruit fy cHadasna mpeobpasyeTcs B TOCIEIOBATEIb-
HOCTL X008 (sh), 1 <t < T + 1, a oHA - B TIOCIEIOBATEILHOCTD BBHIUTPBITIEH
u;(sy), mo koropoit yxe onpenenserca “cpenuuit’ semrpoit Uy (fiy).

IloBTOpsAIOMIadgca uiaeMMa 3aKJaI0YeHHbIX. Haunem ¢ JuieMMbl 3aKiiio-
YeHHBIX. YJI00HO ee 3a7aTh TaK. Kaskaplit 13 UrpokoB obparaercs K Boiciemy
CYIIECTBY ¢ OJHOM M3 MPOChO: - JaTh €ro KOMIAHLOHY 2 J0JIapa, WIN - ITOOLI
0HO JaJi0 eMy caMoMmy 1 mosutap. TaOauiia BRIUTPHIIIEH nMeeT B,

C|E
C12,2]0,3
E[3,0]11

Crparervn FE moMuHUpYOIIHe W TPUBOAAT K ucxoy (1,1), uto xyxke Koore-
patuBHOro ucxoja (2, 2). Kazanoch 661, UTpoKaM TMOJIE3HO CrOBOPUTHCST U UCTIOJb-
zoBaTh crparerun C. OQHAKO ecin Urpa MPOUCXOIUT OIUH Pa3, U UTPOKU JETAI0T
XOJIbl HE3aBUCUMO U OJTHOBPEMEHHO, KaXK/IOMY BBITOJIHO TIepeiiTH Ha cTpaTeruio F.
M3meHnTCS T CUTYAIUS, €CTH OHU UTPAIOT MHOTOKPATHO?

[Tycth cHavasia urpa urpaercs JABYKpaTHO. /[0BOJBHO SCHO, YTO paBHOBECHAs
cTpaTerus Oy1eT aroucTuieckoit. Bo BTopoMm nepmnojie KaykJIoMy BBITOTHO UCIOJb-
30BaTh F, HE3aBUCUMO OT TOTO, 9TO ObLIO B TepBoM. Ho Torjia u B iepBoM payHe
urpaiorcs crparerun E. To e 3aKIi0UeHre COXpaHAeTCs TpH JI0O0H KOHETHOM
IPOAOJIKUTEILHOCTH 1.

OJHaKO ec/ii UTpa MPOJIOIKACTCA OECKOHEUHO, CUTYAIlUA KapINHAJBHO MEHsI-
ercsi. PacemotpuM Takyto “cBuperyio” (grim, uiamM TPUTTEPHYIO) CTPATETHIO MOBE-
nmennst 1-ro urpoka: mpuaep:kuBaThesa C', TOKa 9TO JeJaeT UTPOK 2; W MepeiTH
Ha F, Kak Toabko 2-oif mpumenut F. Amnajornvno BemeT cebsi BTOpO WIDOK.
Briurpeim 6yaem onpeenats mo gopmyse (1). Tlpu ucnonb3oBanny mpuse/eH-
HBIX BBIIIE CTPATErHii UTPOKU B KAXKJIOM payHJe MOIydaror (2,2), I09TOMY U UX
CPeJIHUIT BHIMTDBINT paBeH (2, 2). Mbl yTBepKIaeM, 4TO 9TO paBHOBECHE.
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B camowm jsene, mycTh TepBBIH UTPOK OYAET TPUMEHSTH APYIYIO CTPATETHIO, a
BTOPOI1 OCTaeTCs IpHu cTapoil, cBupenoii. Ecin Ha 1mare T mepBblii UTPOK BIIEPBBIE
IPUMEHUT D, TO MOCIEI0BATEILHOCTL €r0 BLINTPLIIIEH NMeeT B/

2, 2, ceey 2, 3, LT+1y ooy

e x; ipu t > T pasubl 0 mwin 1. Cpennee 3uavenne Oymer < 1, moTOMy UTO
OECKOHEUHBII TIJIOXO0# XBOCT CHECT BCE MPEUMYIIECTBO, MOJTYUYEeHHOE HA TEePBLIX 1
payHnax. Takum oOpa3oM, OTKJIOHEHWE OT TPUBEJICHHON BBINIE CTPATETUU TOBE-
JIeHWsT He JTaeT ycrexa mepBoMy. AHAJTOTHIHO JIJIsT BTOPOTO UT'POKA.

Bimskuit pesyabTar gaet u crparerus 3y06-3a-3y0” - geaaTh TO, UTO BAIl KOM-
MaHbOH JIeJIall Ha TPEeIbIIYIIEeM Irare.

Takum 0b6pa3oM, Ha STOM TPUMEPE MbI YO IMINCH, IYTO OECKOHETHOE Pa3bIIPhI-
BaHWE MOYKET MIPUBECTU K KOOTIEPATUBHOMY TIOBEIeHUIO. KOHEUHO, TYT BayKHO, UTO
UTpa HE UMeeT KOHIIA.

JMCKOHT. A ITO TOTYIUTCs, €CTHM UCTIONB30BATh B CyTIEPUTPE TNCKOHTHPOBAH-
HY10 cymMmMy Bbiurpbitieit (2)7 Ecan npuMmensiioTest yKazaHHbIe CTPATETHH MOBEJIE-
HUs1, BBINIPBIN CHOBa paBHbl (2,2). Ilycrh mepsblil OTKIOHSIETCS, W IOy YaeTCs
TIOCTIeIOBATELHOCTL €TI0 BHINTPLINIel, Kak BoIle. Fe orenka paBHa

(1—=0)(2+25 +26% 4 ... + 2671+ 367 + [meuro < 1] x 677 /(1 —6)) <

<(1=-0)21—-6")/1-68)+36" +5"M/(1—68)] <24 6T — 26"

[Tosromy eciu 2§ > 1, Te. eciiu § > 1/2, T0 OTKJIOHEHHE HEBBITOJIHO.

BriBom: mpu AUCKOHTE MHOI'O€ 3aBUCHUT OT TOr0, OJTM30K Ju AUCKOHT K 1. Ecian
0 &~ 1, ToO BO3MOXKHO KOOIEPATUBHOE ToBegenne. HanmpoTus, ecin IUCKOHT OJIu-
30K K 0, TO B KaXKJ0i MapTUU UTPOK KUBET CETOIHSIIITHUM THEM, MAJO AyMasi O
TTOCJIeICTBUSIX.

B uyem ke nmeno? [lanee BCiomy MBI OymeM Mpeanonararth, 9TO JUCKOHT paBeH 1 (T.e.
MOJIB30BATHCS KPUTEPHEM CPETHETO BBIUTPHIINIA). BOmpoc, KOTOPHI 1 X04y O0CYAUTH - B €M
JKe JIelo ¢ Takoit pasHuteil B orBeTe Ha Inmemmy B ciaydae 7' < oo u T = 0o. HUTo-T0O 371€CH
HENMPaBWILHO - HO Tae?

Buanmo, Hy»KHO YCOMHUTHCS B OTBETE ¢ KOHEUHBIM MOBTOpeHUeM. MbI BUIeH, ITO OH ITO0-
JIyUeH MHAYKIWel ¢ KoHNa (hakTUuIecKn 370 TeopeMa: CYIMEeCTBYeT e JUHCTBEHHOE COBEPIIEeHHOe
(K mogBpITpaM) paBHOBeCHE B KOHEUHO-TIOBTOpsitoreiicss Tmmemme). A 910 mpeamnosaraeT oueHb
BBICOKYIO, €CJIU He CKa3aTh - UYPE3MEPHYIO, CTeNeHb PAMOHAIHHOCTH. Majo Toro, 4To Mrpo-
KU PAIHOHAJIBHBI U YTO 9T PAIMUOHAIBLHOCTD ABJISETCS OOIIUM 3HAHUEM; 9T YOEXKICHHOCTH B
PaIMOHAJIHLHOCTH APYTOrO JOJKHA OBITH HEMOKOIeOnMOoit HuKakuMu haxktamu. V1 odeHb BazKHO
TOYHOE 3HAHUE BCEMHU KOHIA UTPHI.
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Ecnmm ke ecTh coMHeHus B JIUTETHHOCTH UTPHI WU PAIUOHAJIHHOCTH OMMOHEHTA, BBIBO-
JBI IPU KOHEYHOM (HO OGOJIBIIOM) YHC/Ie MOBTOPEHUH MOTYT TPHOIHKATHCA K OECKOHETHO-
MOBTOPAIOMNMCS. JOTycTUM, 9TO MO TPOTUBHUK CUUTAET, UTO s OYAY MPUMEHSATH CBUPEIYIO
CTPATETUIO: MEPEKTIOUNTHCS Ha D, KaK TOJbKO OH MPUMEHHUT . XOTS ITO W He JIYUIIasi MOs
crparerud. Torya emy unTepecuee Oy1eT TPHUAECPKUBATHCA cTpaTeruu K modT 10 caMoro KOH-
IIa UTPBl. A B MOUX HHTepecax - He pa3ybekJIaTh ero OTHOCUTEJHHO €r0 WLTIO3UU, U TOXKe
urpatsh K.

Tax MBI BHIUM, 9TO KOOTEpaIus BO3MOXKHA W TPU KOHEUHOM moBTOpenuu Jlmmemwmbl. B
PEANHbHBIX IKOHOMUYECKUX UTPAX ObIBaeT W To, u jpyroe. [lunmaiik u Pyoundensn npuBoggar
MpUMep WHIYCTPUU BOJOMEPHBIX NMPUOOPOB, TJI€ €CTh MOTYAIUBAA KOOMEPAIlUs, W MPUMEpP ¢
aBWaTepeBO3KaMu, Tjie ee HeT. OObACHEHNEe B TOCTEIHEM CIYIae COCTOUT B OTCYTCTBUU MPSIMBIX
nabsomenuit crparernit. [TosToMy HescHO, TOUYeMY KOHKYPEHT MeHsieT TEeHBI - TO JU 9TOOBI
O/Ipe3aTh MeHs, TO JIU MOTOMY, UTO U3MEHWTHCH U3ePIKKHU !

Hexkoropsnie obiine 3amMevanusi. UToObl JIydllie MpeIcTaBiasaTh cebe paBHO-
BECHbBIE BLINTPHIIIN B CyTIEpUTPax, MBI CAeJIaeM [Ba IMPOCTLIX 3aMedanust. [lepsoe

- YTO PABHOBECHBII (CPEHUI) BHIMTPBIII HE MOXKET OBbITh MEeHbIIe TapAHTHPOBAH-
HOT'O YPOBHS, T.€. 4YTO

Ui(fn) > ;.

JleficTBATEIbHO, eCI UTPOK ¢ UCIOML3YeT TYNO CBOIO OCTOPOXKHYIO CTPATETHIO,
ero CPeJHNIl BLIMTPLINT > (v TIPU JIIOOBIX CTPATErUAX OCTAJIBLHBIX.

Ha camom jsiesie, oH He MeHbINe [3; = min,_, maxXs, u;(S;, S—;). DTO BUIHO U3
CJEYIONIeH JIEMMDbI:

JlemMma. Jlaa a106020 uzpoka i u cynepempamezudi f_; cyuwecmeyem cynep-
cmpamezua f;, maxas wmo Ui(f;, f—i) > Bi.

B camowm sene, mycTh urpaetrcs t-it payua. 1 mycers Xy_q - mpeabicTOpus; st
OTIpeJIeNIenus f; MBI JOJDKHDBI CKasaTh, deMy pasuo fi(X;_1). s sToro Mur mo-
JOKUM §j = f}(Xt_l) pU j 7 4; TeM CAMBIM OTIPeJIeeHbl JIeHCTBUST OCTATBHBIX
B MOMeEHT t, S_;. Tak BOT, IyCTh §; - 9TO HAWIYUIINI OTBET UI'POKa ¢ Ha S_;. Tax
KaK U;(S;, S—;) > i, TO BBHIMTPHINI UTPOKa i B payHje t Oymer He MeHbINe [3;, a
MIO3TOMY ¥ CPeIHUI BLIUTPLIII IO BCeM BpeMeHnam Oymer > 5.0

C Jpyroit CTOPOHBI, JOBOJBHO SICHO, UTO (CPEJHUI) BBIUTDPLIT (MIPU JIFOOBIX
CTPATETUSAX, HE 00SI3aTELHO PABHOBECHBIX) JIEXKHUT B BBIMYKJIONH 0OOJOUKE BbI-
UrphIIei B ucxoaHoi urpe G.

Hapoanas teopema. Ona yTBepxkKaaer, 4ro Jito6oii Habop BIMTPHIIIei (T.e.
BEKTOD TN € RY ), KOTOPBIH JIEKUT B 30He BBIUTPHITIEH urpel GG (T.e. B BBITYKJION
060510UKe BEKTOPOB UN(SN), Sy € SN) U KOTOPBIil WHIUBUIYATHHO PAI[MOHAJICH
(6y;LeM MOHUMATh 3TO KaK T; > BZ) MOKET OBITH pean30BaH HEKOTOPBIM PaBHO-
BeCUeM B CyIllepurpe.
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PesynbraThl TAKOTO COPTa HABLIBAIOTCA Hapoonoti meopemoti.

O6DbACHIM OCHOBHYIO UJEIO JTOKA3aTEILCTBA HAPOAHON TeopeMbl. CHauasia Mol
MOKaXKeM, KaK Peajiu30BaTh BHIMTPHINT Buja uy(sy) > By. HyXHO npeabasurh
paBHOBECHDIE CTpaTeruu f; B cymnepurpe. Vaes mocTpoennst Takux cymeperpaTernii
TAKOBa: UI'POKY ¢ HY’KHO TPUMEHATD S;, MOKA BCE MPUICPKUBAIOTCA Spy; €CIH XKe
HEKOTODBIf (OJINH) UTPOK j OTKJIOHWUJICS, TO TIOCJe 9TOrO (10 KOHIA) HAKA3bIBATH
ero. YTOUHNM TOCTe/Hee.

O6o3naunm gepes s* (i) Takoit HaGOp CTpaTeruit UTPOKOB, OTIUIHBIX OT 7, KO-
TOpBI peausyer Argming  max,, u;(s;, s_;). DT0 3HAUUT, UTO JyIA JHOOOH CTpa-
ternu s, € S; Bemonasierca w;(s;, s*,(i)) < B;. Tax BoT cynepcrparerus f; onpe-
nessgerca Tak. [Iyers mana npeawicTopusa X;_1. Eciam Bce xompr 10 MoMenTa t — 1
BKJIIOUATEILHO ObLIH PaBHBI Sy, TO fi(X;—1) = s;. Eciu e He Bce paBHBI Sy, TO
HY>KHO B3SATDH MEPBbIi MOMEHT T < t, Korjia ObLI0 OTKJIOHEHWE, W B3sITh HEKOTOPO-
TO UTPOKA jJ, KOTOPBIH OTKJIOHWJICS (BCEe PABHO KAKOTO, HO JJIsT OMPEJICIeHHOCTH
¢ HAUMEHBIITUM HOMEPOM ), U TOJMOXKUTh st ¢ # j fi(Xi—1) = s(j). Crparerun
fi(Xi_1) onpezensiercss IPOU3BOIBLIIO.

MbI yTBEpsKIaeM, UTO MOJIydIaeTcs cyneppaBHoBecre. B camoM jene, ecin Bee
TIPUIEP’KUBAIOTCST CYTIEPCTPATETHH f;, TO BRIMTPHINT UTPOKa. ¢ paBeH u;(sy). IIpes-
TIOJIOZKUM, ITO OH OTKJIOHSIETCS OT f;, a Bce ocTasibHble mpuepxusaiorcs f;. Toraa
760 MPOU3OIJIET HUKAKMX M3MEHEHUH, OO B HEKOTOPOM payHje t st Buepsbie
Gyer orutHO OT 8; (a octasbubie s5 = s;). VI Toraa Bo BCEX OCTATBHBIX PayH-
Jax ¢ HOMepaMu > ¢ y9acTHUKN j (OTIHIHBIE OT 1) OyayT gesnaTh XOabl s*,(7).
[TociieoBaTeILHOCTL BLIMIPLIIIEH UTPOKa ¢ UMEET BYI

ui(sy)[t — 1 pas], ? B moment ¢, n u;(?,s*,;(i)) < 5; B MOMeHTBI > ¢.

[Tosromy u cpemuit BHIMTPHIIT < [3;.

[TosichuMm Temeph, Kak MOAyYaTh JAPYTHe BEKTOpa BBHIUTPHIIIEH. JIoboit apy-
TOif BEKTOD TIPEJICTABJISIET BBIMYKJIYIO CMECh BHIUTPBIIIEH Buia uy (Sy), T.e. Ty =
Y e Aun(syg). Ecm Ap - pannonasnnisie wncia ¢ mepuogom P, TO HyXKHO BbI-
6paTh TeproEIecKyio (¢ mepuogiom P) TpaekTopuio sF, B KOTOpO#t Sy ; BETpea-
eTcs Hy»KHoe uncyio pas. [loce aToro cymeperparerust fy CTPOUTCS AHAJIOTHIHO:
eCJTM TIPEJIBICTOPHSA COBMAJIACT ¢ TpackToprel s, To f1(X;_1) = s'. Ecin B nepsbrit
pa3 KTO OTKJIOHMJICSA, TO €r0 HaKa3biBaTh O€3 KOHIIA.

B obmeM ciydae HY>KHO TPUOIMKATL A PAIMOHAILHBIMU YUCIAMU U OpaTh

BCe OobINNe Tepuo b, [

KoMmMeHTapum K HapoJIHONH TeopeMme.
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1. 3a cuer mepexoja K CymepurpaM yIaeTcs JUKBUIANPOBATH TJABHBIT MUHYC PaBHOBECHi
Hsma - ux o6myoo HeaddeKTUBHOCTD.

2. 3aTo B cymepurpe moJydaercs 'oYeHb MHOTO’ CylMeppaBHOBECHi, U He OUYeHb TOHSITHO,
KOTOPOE M3 HUX PEATbHO OCYIIECTBUTCS. TYT CHOBa BOSHUKAIOT BONPOCHI ¢ (POKATHHBIMH TOU-
KaMu.

3. Hapojuble TeopeMbl YCTAHOBJIEHBI HE TOJIBKO JJIs KPUTEPHUs CpeIHero BuIMTphIia. OHI
W3BECTHBI [/t KpuTepus neperona (overtaking) (Pybununreitn, 1979), 11g qUCKOHTHPOBAHHOTO
kpurepus (Bacun, 1977; @ynendepr u Mackun, 1986). Koneuno, B mocsieiaeM ciydae JUCKOHT
0 IOoJKeH OBITH OJIM30K K 1.

4. "Cosepwennas” HapodHas meopema, Uil KMO 0TPaHAem oxrpaHHukros. Vmes, Jexkaiias
B OCHOBE YCTOWUIHMBOCTH CYyNEPpPaBHOBECHUil, 3aK/II0UaeTCsl B HAKA3aHUU YKJIOHUCTOB. Ho BoTHE
MOXKeT OKazaThcs (He B Jlumemme), UTO HAKA3BIBATH HAKJAIHO W HE BHITOAHO. VIHave TOBODSI,
paccMaTpuBaeMoe CyTeppaBHOBECHE MOYKET ObITh HECOBEPIeHHBIM (BO3MOXKHAS TIPHYNHA Pas-
Basta nupwnmsaiuii?!). Hanpumep, cBupenas cTparerust HeCOBEpIIEHHA B ceMeHHOM cmope. A
MOKHO Jii HaiiTn cosepirernoe? OkasbiBaeTcs, uTo JIA. AKKypaTHOe T0Ka3aTeabCTBO TpeOyeT
BO3HMU, HO WJies SICHA - HY>KHO HAKA3BIBATD TeX, KTO YKJIOHSIETCS OT HAKA3AHUSA, U T.]I.

[ogicustiotmuit mpuMep - MEePEKPHIBAIOIINECS TTOKOJICHUS, MATh-104b. ~XOPOoIiee” TOBeIeHIe
- KOPMUTH MaTh, €CJIM OHA KOPMUIA CBOW. V He KOPMUTH, €C/iM Ta He KOPMUIA. DTO PABHOBE-
cme, HO He COBepIlleHHOe. A coBepIlleHHOe OYyJIeT, ecii HaKa3hiBaTh HOH-KOH(MOPMUCTOB. VIrpok
CUUTACTCA KOHPOPMUCTOM, €CTH OHA KOPMHUT CBOIO MATh TOT/IA W TOJIHKO TOT/A, KOTJIA Ta TOXKE
KOH(DOPMHUCTKA.

[ToxoxKast cuTyaruss paccMaTpuBaIach B KOHIIE JIEKIIUU 13 Tpo 3apIiaTy.
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Jlekmms 17. VIrpel ¢ coodIieHusIMn

o cux mop mpenosnarasoch, YTO UTpa UAET MOTYa, ITO UTPOKH HE MMEIOT BO3-
MOXKHOCTEH COOOIMATHCS APYT € APYTOM, €CIIN ITO ABHO He MPEYCMOTPEHO B CTPa-
TerusAx. 4To Ipou3oiiieT, ecau OHN MOTYT TIOTOBOPHUTH Tepe]] NTPOit, OOMEHAThC
serkum tpemom (cheap talk)? Ectb ma cmocoba cuenars 910. [lepshiil - BBecTH
BO3MOXKHOCTH TI€PETOBOPOB ABHO B CTPATETWH, MepefiTH K HOBOW UIpe, KOTOPYIO
Hy?>KHO aHAJIM3WPOBATH CTAPBIMU criocobaMu. JIpyroif - M3MEHUTH TOHATHE pe-
MIEHNs, YIUTBIBas BO3MOXKHOCTH TIEPETOBOPOB B KAKOM-TO OOOOIICHHOM CMBICIIE.
meHHO 5TOT BTOPOIt ¢110cOO MBI 371€Ch B OCHOBHOM U OOCYIVIM.

JlourpoBble mieperoBophbl. byjiem mpeanonaraTth, YTO UTPOKK TIEpe] UTPOit
MOTYT BCTPETUTLCS Ha TOTYACHKA U OOCYIUTL TPEACTOSINyIo urpy. B wactmo-
CTH, OHM MOTYT JOTOBAPUBATLCS O CTPATETHSIX, KOTOPLIE OHM OyIyT IMPUMEHSTD,
HO 9TO JOTOBOPEHHOCTHU He ABAANOMCA 00A3BIEAOUUMY CO2AGUEHUAMY. TOTIA,
9TOOBI JIOTOBOPEHHOCTH OBUTH TIpaBaonoaobHbiMu (credible), oM MOMKHBI OBITH
paBuoBecusimu Hama. Tak 4To, Kazajgoch Obl, JJETKHUi Tper MoXKeT TOMOYb peaJin-
3alli HEKOTOPOT'O PABHOBECH, HO HE MOXKET J1aTh HOBBIX PEIeHMU.

Opmmnako 9T0 He coBceM TaK. Bo BpeMmsi JIETKOrO Tpela MOXKHO JTOTOBOPUTLCS
0 KOHMUHEHMMHBLT TeHCTBUSIX, T.e. IeHCTBUAX, 3aBUCAIINX OT 3HAUEHNI HEKOTO-
PBIX COBMECTHO HAOIOMAEMBIX CTydaiiHbix Besmant (cobbrtuit). [loscHum 910 Ha
npumepe urpbl TlepekpecTok”

M B
M| 2,2 | 0,3
Bl 3,0 |—1,—1

Y KaxKIOoro UrpoKa €CTh IBE CTPATETNU, MUPOTIOOUBAsS ¥ BOMHCTBEHHAS. 3I6Ch
ecTh JBa dnCTHIX pasHOBecwsi (M,B) u (B,M), u onHO cMmemanHOe paBHOBecHe,
KOTJIa ¢ DABHBIMH IAHCAMHU UCTIOIB3YIOTCS MUD U BOMHA (BBIUIPBIIIHT TOTJIA PABHBI
(1,1)). Irpoku MOTYT JOTOBOPUTKLCS O CJIEIYIOMEM: Mbl 6pOcCaeM MOHETY, U eCJin
BBITIAJET opest, To urpath (M,B), a ecsu perika - 70 (B,m). Cpeqauit BHIMTPHIIT j11sT
KaxK 1010 Oymer mo 1.5. DTo XyxkKe KOOMepaTuBHOTO (M HEJOCTHIKUMOTO) HCXOJIA
(2,2), Ho syuie mcxoma cmMeranuoro pasaosecust (1,1). MuoxkecTBO MCXOIOB,
KOTOPBIC MOT'YT OBITEH TIOJYYeHLI Ha 3TOM IIyTH, K300parkeHbl Ha, KaPTUHKE.
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U2
621

€1 - Uy

31ech €1 U €5 - UCXOABI YNCTHIX PABHOBECHUH, 0 - UCXO.T
CMeIIIaHHOTO PABHOBECHS. p - CMeCh YUCTO PaBHOBECHBIX
HCXOJO0B. € - UCXOJ KOPPEJIUPOBAHHOTO PABHOBECHUSI.

DaxrTHIeCKH, eCJIM MOSIBJISETCST KaKasi-T0 HaOJ0laeMasi BeJIMIuHa (9Ta mapo-
Vst Ha COODIIEHNE ), TO MEHSeTCsT UTPa: HaYaJIbHbIH X0/ JIeJaeT MpUpo/ia U UTPOKH
BUJIAT pe3ysbTatT. Tak UTo MeperoBophl OMSTh CBOAATCS K JJOTOBOPEHHOCTH O PaB-
HoBecun H»ama B 9T0# HOBOIT Mrpe.

Urpsl ¢ mocpeJHUKOM, U KOPPEJIUPOBAHHBIE cTpaTernuu. Kie 60Jb-
I1Te BO3MOXKHOCTEH TOSIBJISICTCSA, KOT/Ia UTPOKU MOTYT OOPATUTHCS 38 MOMOIIBIO K
TOCPETHUKY. A OH MOYKET TPEJJIOKUTh UM HEKOTOPYIO KOPPEJINPOBAHHYIO CTpa-
TErHnIo.

Omnpenenenne. Koppeauposannoti cmpamezuet] Ha3bIBaeTCst TPOU3BOTLHDIT
srement p € A(Sy).

Orauame OT paHee MCIOJb30BAHHBIX CMEIIAHHBIX CTPATETHil B TOM, UTO Terephb
He TpebyeTcsi He3aBUCHMOCTh BHIOOPOB UT'POKOB. Vcmob3oBanue Takoit Koppesu-
POBAHHOI CTpaTeruu JaeT UTPOKY ¢ OKUJaeMbIil TIaTex

Ui(p) =Y nlsw)ui(sw).

[IpeacraBum, 9To TOCPETHUK BRIGHpaET (OBITh MOXKET, MO COTIIACOBAHUIO ¢ UTPO-
KaMH) HEKOTOPYIO KOPPEJMPOBAHHYIO CTPATErHIO [ U COOOIIaeT 06 9TOM BCeM
UTPOKAM, TaK UTO f CTAHOBUTCS OOIUM 3HAHUEM. 3aTeM OH ¢ TIOMOIIbIO PAHIOMU-
3aTOpa BHIOMpAET HEKOTOPIH PO UL CTpaTernit Sy U3 HOCUTENS [, U COOOIIaeT
cekpeTHo (1) KaxKJIOMy UTDOKY i TY CTPATETHIO S;, KOTOPYIO OH €My DEKOMEHJIyeT
HCTIONIH30BaTh B JIAHHOM CIydae.
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B HaimeM mpumepe ¢ MepekpecTKOM, PacCMOTPUM KOPPEIUPOBAHHYIO CTpaTe-
TUI0, KOTOpas ¢ paBHbIMH Trancamu (o 1/3) seibupaer curyannu (M,m), (M,B) n
(B,m). Eciiu urpoku ciiefiytor yKasaHusiM MOCPEJHUKA, OHU TIOTYYAI0T BBIUIPBIIIH

(2,2)/34(3,0)/34(0,3)/3=(5/3,5/3),

aT0 OOJIBIIE, YeM cTaphlit pekops (3/2,3/2).

Opmnako OyAyT M yKa3aHus MOCPEIHNKA BLITOIHATLC! ByayT gm oHu camo-
nopepxKuBatonmmucs (self-enforcing)? Bosiee TouHO, BBITOJHO JIM UTPOKAM CJTe-
JIOBATh peKOMEHIAIMsIM mocpeannka’ Pacemorpum mepsoro urpoka. Ecan on mo-
JydaeT yKazaHUe UCTONb30BaTh crparerito "B’ To oH 3HaeT (3Hast 1), 4TO BTOPOii
UT'POK TOMyun ykazanue M. [Ipeanonarasi, arto 2-it UTpok OyIeT cjieoBaTh yKa-
3aHUIO, TIEPBLIIl UTPOK TOXKE TOCTEAyeT JAHHOMY €My yYKa3aHUIO, TaK KakK OHO -
HAUJIYIIIHiI ero oTBeT Ha "M,

[IpencTaBuM Temephb, UTO OH MOJIyYaeT yKa3aHHe IPUMEHUTH cTpaTernio M.
Temepn oH yrKe He MOXKET ONPEIEIEHHO 3HATH, UTO OBLIO PEKOMEH IOBAHO BTOPOMY.
OiHaKo OH MOXKeT ¢JieJaTh BEPOSTHOCTHOE CY:KJIEHUE, OCHOBAHHOE Ha YCIOBHBIX
BEPOSTHOCTSX. YCJIOBHAS BEPOSITHOCTH TOTO, UTO BTOPO¥ TMOMYUNMJ yKazaHue M,
paBHa,

pMon) / ((Mp) + (M) = (1/3+1/3)/3 =1/2.
AnasoruaHO yCIOBHAs BEPOSITHOCTH yKasauust "B’ paBHa Takke 1/2. Oxkumae-
MBIl BBIUTPBIN 1-TO TIpU UCTOIh30BaHnn yKasauus "M’ papen .5 -2+ .5-0 =
1. OxugaeMblii BRIMTPHINT 1-TO MPH MCHOIB30BaHUE cTpaTternu "B’ Toxe papBeH
534 .5(—1) = 1. [Tosromy 1-My HeT BBITOJBI OTKJIOHATHCS OT TIPETIOKEHHOI
emy ctpaterun M. To ke mjs BTOpOTO.

KoppesupoBaHHbIe paBHOBecHs. Teneph MOXKHO JaTh 00IIee OpeIesIen e,
npeoxkernoe Aymantnom (1974).

Omnpenenenne. Koppemmposanmas crpaterns p € A(Sy) HasbiBaeTca xop-
PEAUPOSANHBIM PAGHOGECUEM, CCITH JIJIS JIIOOOTO UTPOKa ¢ 1 JII060T0 0TOOParKeHNs]
(orksoneHus1) §; : S; — S; BHIMONHACTCST HEPABEHCTBO

Ui(p) > p(sw)ui(8i(si), s-3)-

3J1ech §; - ITO TJIaH Peaklny UIPOKa 4 Ha peKoMeHanuu nocpeannka. A U;(p)
- 9TO OXKWJIAEMBIl BBIUTPHIII %, €CJTU OH CJIe/IyeT YKa3aHUAM MOCpeIHnKa. Takum
00pa3oM, ITU HEPABEHCTBA TOBOPST, UTO OTKJOHEHWE OT PEKOMEHJalWii He Ja-
10T yayuienus. X MoXKHO paccMaTpuBaTh, Kak obobiienue ycaosuit Hamma Ha
paBHOBECHE.
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[TpuBegennoe BLIIE YCIOBUAST PABHOCHILHBI CIEAYIONEH crucTeMe HepaBeHCTB:
JUTsT JII00OTO ¢ 1 JIIOOBIX cTpaTeruil s;, e; € .5;

Z p(siy S—i)ui(si, s—3) > Z p(si, s—i)ui(ei, s—;) (3)

[Ipyr bUKCHPOBAHHOM §; 9TO O3HAUAET, UTO YCJIOBHBIN (P TOTyUEHUN yKa3a-
HUST S;) BBIUTPBINI OT CTPATETWH §; HE MEHbIIe, YeM OT CTPATETUH €;.

OTH YCJIOBUS MOYXKHO MOHUMATh TAKXKE KAK COGMECMUMOCTIG ¢ NoOYIHCIer.A-
mu (incentive compatibility) npenmaraemMoit KoppesnpoBanHoii crparernu p. OT-
METUM, UTO MHOYKECTBO KOPPEJTUPOBAHHBIX PABHOBECHH f - BBIMYKJBI MHOTO-
TPaHHUK, KOO OHO 3aJIaeTCst JIMHEHHBIME HepaBeHcTBaMu (3) (IUIIOC yCIoBHe, UTO
{ - BEPOSITHOCTD). [109TOMY BBITIYKJIBIM MHOTOTDAHHUKOM SIBJISIETCST U 00JACTh
BBIUTPBIIIEH TPU KOPPEJUPOBAHHBIX paBHOBecusX. OHa, KOHEUHO, COJIEPXKUT BCE
paBHOoBecus Hsima, Ho MOXKeT ObITH OOJTBINE BBIMTYKJIOW 000JOUKN TAaKUX PABHOBE-
cHhit.

HedopMasibHo MOHATHE KOPPEJTUPOBAHHOTO PABHOBECHUS TIPEJIIONATAET, UTO: )
MMeeTCsT TIOCPeTHUK, U 0) MMeeTCsT KaHaJ CBSI3H, TO3BOJISIONIHI MTOCPETHUKY TTO-
CBLIATh CEKPETHOE COODIIEHUE KaXKIOMY UTPOKY.

WUrpa c HabIOAeHUAMU. ZIBJISETCS TN TTOHSITHE KOPPEJTUPOBAHHOTO PaBHO-
BECHsT YeM-TO MPUHIUINATILHO HOBBIM 110 CpaBHEeHUIO ¢ papHoBecreM Hamra? Her,
TPOCTO MBI 3aMeHsIeM UCXOIHYIO UTPY HEKOTOPOit ee Moandukarmeii. CHagasa o1
nesaer npupoia (§) ¢ MpeJnncaHHbIMU BEPOATHOCTSIMU, 3aTeM HabJIOeHUs e
natoT urpoku (Bumar ;). Hakower, pasbirpbiBaercst mepoHadaibhasg urpa G. A
yKe B 9TOI HOBOI, BUIOM3MEHEHHON ¢ MOMOIIBIO HH(MOPMAIMOHHONW CUCTEMBI &,
urpe G(&) pacemarpuatorcst papaosecust Harma. KoHeuHo, HY»KHO TTOMHUTE, 9TO
CTpaTeruy UTPOKa Terepb S; MOTYT 3aBUCETh OT HaOJII0JaeMOro 3HadeHus &;, T.e.
SIBJIATOTCS (DYHKIUSIMU S; @ = — 5.

CTouTt, OBITH MOXKET, TPUBECTU TMOHATHE UHPOPMAUUOHHOT cUCMeMbl. DTO 00b-
€KT, COCTOSIIINI 13: MHOXKeCTBa {2 COCTOsTHUI MPUPOILI, oToOpakeHuit ) — =;
(nudopmarus, moaydaeMas i-M MIPOKOM) U Tpuopa (Beposithoctn) v € A().
Ecnu mepenect BEpOSITHOCTD BIIEPEJI, TO MOXKHO OTPAHUUINUTLCS OOJIee IaCTHBIM
MOHATHEM HHQOPMAINOHHON! CHCTEMbBI: 3TO MHOMXKECTBO-TIPOU3BEIeHe = = X;Z;
C BEPOATHOCTHON Mepoil V Ha HEM.

B caydae urpbl ¢ MOCPeIHUKOM MHOXKECTBa, =; COBIaJaIu ¢ S;; 0Oojee TOro,
HaOJTI0JaeMoe 3HatUeHre ObLIO TIPOCTO TOACKA3KONW UI'POKY - Kak UrpaTh. Koppe-
JINPOBaHHOE PpaBHOBECHE TOLJA - 9TO TOCIYIIHOE , TOXKIeCTBEHHOEe paBHOBECHE B
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"pacimmpentoii”’, ocHaienHoi urpe. Kazasoch Obl, BbIIIe OLLIO TPEIIOXKEHO TO-
pazjio Oosee obiee moHATHE. OKa3bIBAETCS, ITO 1O CYIIECTBY Mbl HE TIOJTyYaeM
Huuero Hoporo. Jlobas urpa ¢ HaOJIOJEHUSIMA CBOJINTCA K KOPPEIUPOBAHHOMY
PaBHOBECHIO. 371€Ch BIIEPBbIE MPOSIBJISIET ce0s JOBOJBHO OOIIUI U TTPOCTON npuH-
yun evasaenua (the revelation principle). Ou cocTout B TOM, UTO JIE06OE PaBHOBE-
cue B J1000# Urpe ¢ HAOJIIOJIEHUSIMU CBOJIUTCS (SKBUBAJIEHTHO B KAKOM-TO CMbICJIE)
K KOPPEJUPOBAHHOMY PABHOBECHUIO, T.€. K UT'Pe ¢ MPSIMBIMUA YKA3AHUSIMHU O TOM,
YTO JIE€JATh.

O6bsicuuMm, B 9eM TyT jgeso. [lycts si(+) - paBHOBeCHBIE CTpATErwu B UTPe
G(&) co cayuaitnoit Benmuunoit £ € A(X;Z;). Paccmorpum rorga orobpaskenue
s* 1 =y — S, mepeHeceM ¢ €ro MOMOIIBIO BEPOSITHOCTHYIO Mepy ¢ =y Ha S 1
0003HAYNM MapruHaJ KakK (. FICHO, ITO TMPHU 9TOM IMOJYUIUTCS KOPPETUPOBAHHOE
paBHOBecue. B camoMm jiesie, ecyii UTPOK ¢ HalizeT [1Jist ceOs BBITOJHBIM UCIOIb30-
BaTh JIPYryto (HETOXKIECTBEHHYIO) cTpareruto 0; : S; — S;, 1o u B urpe G(&)
eMy ObIIO OBl BBLITOJHEE MPUMEHATH CTpaTernio 0;(s)), I9To TPOTUBOPEIUIO ObI
Hsrmesoctu s*.

Y3Ke 9T0 TIPOCTOe cooOparkeHne TOMOTAeT ONNCATH MHOYKECTBO BCeX TLIaTexXKeil,
JMIOCTUYKUMBIX PABHOBECUSIMU B UTPaX ¢ HAOMIOZEHUAME. TaK KaK OHU COBIIALAIOT
¢ KOPPEJINPOBAHHBIMY PABHOBECUSIMU, 3TO YKa3aHHbBIN BHINE MHOTOTDAHHUK.

ABHbIt yuyeT cooOIeHuit. Boillie MbI TO3BOMIIN UTPOKAM UYTO-TO HAOIIOIATH. UTOOLI
3aMOJEeJINPOBATL IEePETOBOPLI, MBI JOJIZKHBI BKJIIOYUTL B KaPpTUHY U COO6H_[€HI/IH, IIOChLJIaEMBIE
Y49aCTHUKaMU APYTUM yYaCTHUKAM. PaCCMOTpI/IM OOHY M3 BO3MOZKHBIX MO,II;Q.HGI';I.

[IpencTaBuM, 9TO UTPOK ¢ UMeeT MHOXKECTBO R; TocaaHuil, KOTOpble OH MOYKET OTIPABHUTH
(kyma? B cucreMy coolmiennii), u mycTh M; - MHOXKECTBO COOOIIEHHI, KOTOPBIE OH MOKET TI0-
ayuanth. Cucrema coobIeHnit (KOMMYHUKAIHMIT) mepepabaThiBaeT TMOCHLIAeMble COOOIIEHNs B
nosnygaeMble. Eenmu R = X;R;, a M = X;M;, To paboTy CUCTeMBI 0e3 TOMeX MOYKHO M300pa3uTh
oTobpazkenueM vy : R — M. OaHako moe3HO ¢pa3y ¥Ke JOMYCTUTb BOZMOXKHOCTD CJIYIalHBIX

MOMeX, 1 TOTJIa CHCTeMa KOMMYHUKAIHii - 570 orobpakenue v : R — A(M).
Crparerndyeckoe MHOYKECTBO UTPOKA ¢ IPEBPAINAETCS TeIeph B

Bi={<7‘,5), reR;, §:M, —)S,L}

T.e. y9acTHUK pelraeT, KaKoe COOOIIEHNEe eMy TMOCJaTh, U KaK OTPearnpoBaTh Ha MOJYUIEHHOE
coobOtienne. Boiurpoimm U; TakKe JIETKO BBITUCHIBAIOTCS: 9TO

> " y(mlryui((8:(mi)).

Bonee Harasano 3To MO:KHO TOHUMATD TakK. JIJIsT KaKJI0ro yUYacTHUKA ¢ U €ro 'CTpAaTeruu pea-
rupoBaHusa’ §; MBI IMeeM OTOOPAYKEHWS

R -1 A(M) 25 A(M;) 255 A(S)).
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Teneps, ecau gan npoduas crparernit ((r;,d;)), MOxKHO ob6pasoBaTh r € R u ero obpas B
x;A(S;) (mmm B A(x;S;)). Tlocnenaee MHOYKECTBO BBITYKJIO, TOITOMY /I J11000# cMecu Tpodu-
JIeil MOXKHO CMeITaTh 06pa3bl U MOMYIHTh d1eMeHT 3 A(S), T.e. KOPPETUPOBAHHYIO CTPATETHIO.
Temepb MOXKHO TIEpEATH K MOJE3HOCTSIM.

TakuM 06pa3oM, KOMMYHUKAITMOHHAsE cucreMa v : R — A(M) mopoxaaeT HOBYIO KOMMY-
nukayuonnyto uepy G(7) co crparerngmu B; n Bburpbimamu U;. U1 MOXKHO HAUHHATH aHAJIH-
3upoBaTh paBHOBecHs B urpe G(7), CpAaBHUBATH WX CO CTAPBIME U T.1I. Hampumep, ecim MHOXKe-
¢TBO R BBIPOXKJIEHO (U3 OJHON TOUKM), KOMMYHUKAIIMOHHAS CHCTEMA TIPEBPAIIACTCS B JIEMEHT
A(M), 1.e. B undopmarmonnyio cucremy. /la u B 001eM crydae, mMocae TOro KaK Bee TOCIAHUS T
OTIpaBJIeHbI (3abUKCUPOBAHDI ), MBI MOTyYaeM HHGOPMAIMOHHYO crucTeMy. [109TOMY He yInBu-
TEJILHO, UTO KazK/10e paBHOBecHe B G(7) TaKKe SKBUBAJEHTHO HEKOTOPOMY KOPPETUPOBAHHOMY
PABHOBECHUIO B MCXOHO urpe G. DTO CHOBA MPOSIBJIEHNE TTPUHIUIIA BHISTBICHUS.
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Jlexiusa 18. VIrpel ¢ HenoJiHOI nHdoOpMaliueii

Urps! ¢ HenoaHo nurndopmamnmeii. /lo cux nmop mpu OMUCAHUNA UTPHI MbI TIPEJI-
MoJIaTaJi, 9TO BCE WIPOKW 3HAIOT BCE O CTPYKType urpe (M 9To 9To jaxke 06-
1ee 3HaHWeE), B YACTHOCTH, OHU 3HAIOT BBIUTPBIIIN BCEX JIPYTUX UTPOKOB. OHAKO
TTPEJIMONIOKEHTE ITO JAJIEKO OT PEAJHHOCTH; OOBIMHO MBI BEChbMa MPUOJIUZUTETHHO
PEJICTAaBIAEM TPEJANOUTCHUS JPYTUX. IDTO YKE MOXKET OTHOCUTHCS W K JPYTUM
9JIEMEHTaM UTPhI, HATPUMED, K 3HAHUSIM O COCTOSHWU MPUPObl. OTHUM CIOBOM,
UTPOKU MOTYT eIlle JIO HavuaJia UTPhl KMETh KaKyIo-TO JUIHYIO HH(MOPMAIUIO, KOTO-
pas oTcyTcTByeT y jnpyrux. Jpyras wHdoOpMalns n3BecTHA BCEM, TPEThsd MOXKET
OTKPBIBACTCA TIO Mepe Pa3BUTHUS UTPHI.
Kak e anaJn3upoBaTh Takue cutyaiuu! Hadgrem ¢ mpocToro nmpumMepa.

IIpumep. dyonoaus Kypno ¢ acummempuunoti unpopmayuet. dyomomms
Kypro, pbrHOUHBIH ciipoc 3amaercst reHavmn P(Q) = M — Q, tne Q = ¢1 + @2 -
CyMMapHbIfi BBITYCK ABYX dbupM. Uznepxkku (yaeabHbie) mepBoii hUpMbl H3BECT-
HbI BCEM U PaBHBI ¢. U3j1epKK (TOXKe yienbHble) BTOpoi (hbupMbl paBHbI J1u60 ¢,
mmbo ¢’ (¢ < ), ¢ BeposrHOCTSIMEU 6 1 1 — 6 cooTBeTcTBEHHO. Bropast dbupma
3HAET TOUHO CBOW U3AEPIKKH, HO MEPBas 3HAET TOJIHKO BEPOATHOCTH 6.

EcrectBenno, uto BTOpast ¢gpupma OyaeT BecTu cebsi Mo paszHOMY Tpu OO0Jb-
IINX WA MaJIbIX u3ziep:kkax. O603HaunM 3T KOJUIecTBa ¢' U ¢”; BLITYCK TIEepBOil
pUpMBI 0003HAUNM ¢ .

Bropas dpupma npu HU3KUX U3JCpKKaX ¢ pelraer 3aady

q(M —q—q — ) — max,
¥ perierre ee (Kak (QyHKIMS OT ¢) PABHO
g =(M-q—))/2

Ananornuno,

q// — (M . q]_ _ C//)/Q.
[lepBas pupma He MOXKET pas3auvaTh ST CJIyUIand W JOJKHA BLIOUPATDH €JINHOE (1;
ee 3aJ71a1a

QM —qg —¢ —¢)/2+(1—60) (M —q — ¢" — ¢)/2] — max,
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1 pelenne
q=(M-c—0d—(1-0)q")/2.

(MBI BCIOIY TIpeanoJiaraeM pereHne BHyTpeHHI/IM). OTBer 1i1a epBOMA cbI/IprI
TaKOM’:

¢ =[M—2c—6c - (1-0)"]/3,

¥ TIOXOXKHME OTBETHI Jijist Bropoit dupmbr ((M — 2¢ + ¢) /3 MumHyc HEKOTODBIH 10-
6aBOK B cirydae HU3KuX usnepkek u (M — 2¢” + ¢) /3 mnoc HekoTopHbIit 106aBOK
B CJIyuae BBICOKUX M3/IepKeK). TO ecTh BBIMYCK BTOPOi (hUPMbI GOJIbIIE TIPH BbI-
COKWX M3JIEP’KKAX 10 CPABHEHUIO O cIydaeM mosHoi nahopmupoanuocTu. (ITo-
gemy? [Toromy urto mepBast bupMma W3-3a HE3HAHUST CHUXKAET CBOI BBIMYCK (160
MOTJIO OBl CJIYUIUTHCS, ITO ¥ BTOPOH HU3KUE UBACPKKU U OHA MPEJIOKHUT OOJIbIIE
Ha PBIHOK), & TI09TOMY BTOpas (pupMa MOYKET HEMHOTO YBeJMIUTh CBOM BBIMYCK. )

[TocmorpuTe, uTo MBI caeaan. Mbl mTpecTaBUIN CUTYAIIUIO ¢ HETIOJTHOW WH-
dopmanueit urpoit B paspepHyTOii (hopme, rie HemoaHoTa nHpopManun 1-it pup-
MBI O Tume 2-# (hpuUpMbl BhIpaXKaeTCs KaK HECOBEPIIEHCTBO uHMOpMAuu 1-bM
UTPOKOM OTHOCUTEJILHO X0ja Npupoibl. HecoBepiiencTBo nndopmanymu pupm ot-

HOCHUTEJBbHO XOJOB JPYyT Apyra OTpaxXKaeTCd KaK O0OBITHO.
/

q

-
—

—

1

q

PaszpepuyTtas urpoBas dopma a1 AyOTOINN. BRIUTPHIIT HE YKA3aHBI.

BaitecoBsl urpsi. Xapiranbn (1967-68) mpeioskust obImuii crnocob mpeicTas-
JIeHUs UTrp ¢ HemojHoW wuHbopMmarmeit. JInanasa uHdopManusa oTparkaeTcst Mpu
9TOM MUNOM UTPOKA, KOTOPBI BKIIOUaeT B ceOs MOJEe3HOCTH, WH(MOPMUPOBAH-
HOCTb U TIPEJICTaBJICHUST 00 OCTAIBHBIX. Takoe mpejcTaBieHne Ha3biBaeTcst Batie-
c0601 u2poti. BaltecoBbl UTPHI TIOUTH CTOJD YKe MPOCTDI, KAK U UTPHI B HOPMAJILHOI

dopwme.
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I nsa zaganusa baitecoBoit UTPHI HY>KHO yKa3aTh MHOXKECTBO UTPOKOB N, U JIJTsd
KaXkJIOTO Urpoka ¢ € N 3aJaTh MHOXKECTBO €ro BO3MOXKHBIX deticmeuti A;. DTo
BCe ObLTO panbiie. HoBbIM siBJIsteTCsT 3ajaHne JIJIsT KaXkKI0TO UTPOKa, ¢ MHOXKECTBA,
BO3MOXKHBIX THIIOB T; 9T0T0 Mrpoka. THI urpoka oTpaxkaer ero mojesHocTu (Bbi-
WIPBITHN) U ero WHGOPMAIHIO. DTO JeJaeTcst ¢ TOMOIIBHI0 (DYHKINI MOJe3HOCTH
u; : Ay X Ty — R (9acTo 1mosiesHocTb u; 3aBUCUT TOJBKO OT TUIA WIPOKA 4) 1
¢ omMoIbo ero Bep p; : T, —» A(T-;).

[TosiciuMm n1Be mocsennne Benn. C MOME3HOCTSIMI BCE sICHO. BBIUTPBIINT UTPOKA &
3aBUCHT HE TOJILKO OT BRIOOpA JIEHCTBHI ay (9T0 OBIIO U paHblile), HO ¥ OT THIIA 4
(1, GBITH MOXKET, OT TUTIOB OCTAJIbHBIX ). [lepe s HauaIOM UTPhI KasK IbI{i MTPOK 3Ha-
eT CBOMW THIT; UTO KACAETCS TUIIOB OCTAJBHBIX UI'POKOB, TO OH MMeeT O HUX JIUIIb
BEPOSITHOCTHBIE TIpejicTaBienusi (Bephl). [Ipepcrapienne (3HaHue, Bepa) UIPOKa
THMA t; O TUTIAX OCTAJBHBIX 3a/Ia€TCs KaK BeposTHOCTHAsT Mepa p;(t;) = (pi(t—i|t;))
na T_; = X;z1;. Hanpumep, sta Bepa MoxeT OBIThL ero cyObeKTUBHBIM TIpei-
CTaBJIeHNeM, HUKaK He CBSI3aHHBIM ¢ peaJbHBIM TUIIOM ero maprHepa. OnHako Ha
MPaKTUKE OOBITHO CUUTACTCS, UTO UMEETCSI HEKOTOPOE allPUOPHOE pacipeeseHne
BeposaTHOCcTH P Ha Ty. U Tora nHanBuayaJ bHbIe BEPOATHOCTH p; (DOPMUPYIOTCs
KaK yC/IOBHBIE BepoaTHocTH, T.e.pi(t_i|t;) = P(t)/(3_,  P(r—it;) ana Beesos-
MOXKHBIX t = (t;,t_;) u i. D1u mauusie (T}, u;, p;) CINTAOTCS U3BECTHBIMU BCEM 1
JlaxkKe TPeroaaraoTcst OOIINM 3HAHIEM.

Kak ke MbiciuTes pasputue urpbl! CHavaiga npupoja (PyKOBOACTBYSICh BEPO-
ATHOCTHIO P) BeiOMpaeT Tut ty. 3aTeM KaxK bl HIPOK y3HAET CBOi COOCTBEHHbIH
THTI t; ¥ TIO9TOMY CBOIO TIOJIE3HOCTH 1 CBOM Bephl. [loce 3Toro on moskeH BbIOpAThH
CBOM JIeHCcTBHUs (3aBUCAIINE OT €ro nHGOPMAINK, TO ecTh oT Tuma t;). [Tlosromy
cmpamezueli Ha3pIBAIOT oToOpaxkenue s; : 1; —» A; U3 TUIIOB B IefCTBUA.

Moro 661 TOKa3aThCs CTPAHHBIM - 3a9€M UTPOKY HYXKHO (DUKCHPOBATH BeCh CBOIl HAOOD
JeficTBUIl TIPpU BCEBO3MOXKHBIX €r0 TUIAX, KOTJAa OH 3HAeT CBOW TEeKYIIUA TUI U €My HYKHO
BBIOpPaTh COOTBETCTBYIOIIee AeficTBue. /lelo B TOM, UTO JAPYrue He 3HAIOT €ro THIL, YTOOBI UM
HafTH HAWIYUIIU# OTBET, UM HYKHO 3HATh €ro JeHCTBUS BO BCEX CUTyaluAX. B mpumepe c
acuMMeTpudHO nyanonueit Kypuo mepBas ¢pupma, 9T00bI HARTH ONTUMAIBHBIN OTBET, TOTKHA
sHaTh u ¢, u q".

BaiiecoBsl paBHOBecuda. UTo Xe cunTarh paBHOBecueM B baitecoBoit urpe
(N, (A, T;, ui,pi, @ € N))? Kak 06bI1HO, B3aWMHO HAWJIYUIIHE OTBETHI. 1lycTh
UTPOKM BLIOpaJm 1o crparernu s; : 1; — A;. KakoB nx BLIUTPHIIT, TOUHEE, KAKOB
BBLINTPLIII UTPOKa 4, uMmelomiero tun t; € 1;7 Eme 6oee TOIHO, KaK OIEHUBAET
CBOIl BBIUTPBINI TAKOH UI'POK, 3HaA cTpaTeruu S_;? IIpencTaBuM Ha MUHYTY, 9TO
OH 3HaeT TUTIbI {_; OCTAJLHBIX UIPOKOB. Torma oH 3Haer ux mpeiicrsust s_;(t—;), u
MOXKET TIOCUUTATH CBOH BBIMTPHINT Kak u;(S;(t;), s_i(t—;); (i, t—;)). Oamnaxo on He
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3HAET B TOYHOCTH t_;, & 3HAET TOJBLKO BEPOATHOCTH p;(t_;|t;). TlosTomy oH MoxeT
MOCUUTATD 09tcudaemoe 3HAUCHIE CBOETO BLIUTPLIIIA,

Ui(snlt) = Y piltailti)uilsi(ts), s—i(t—); (ti, t-3))-

t_;€T_;

Teneps pasnosecuem (Batiecosuim) Gymer takoit HabOp cTpaTeruii Sy, ITO JJIs
Joboro 1, moboro t; € T; u m0060it apyroit crparernn r; : T; —> S; BBITOTHAIOTCS
HePaBEHCTBA,

Ui(8N|ti) 2 Ui(ri,s_i|ti).

AHAJIOTUYIHO ONPEeJeNAIOTCsl pABHOBECHST B CMEIIAHHBIX CTPATETHX.

QakTrUecKn MbI IpeBpaTun baiiecoBy UTpy B OOBITHYIO UT'PY B HOPMAaJILHOM
dopme 1 ucoaL30BaNN B Hell moHsiTHe paBHOBecus Hatra. Bomee Touno, Mbl BB
BMECTO KaXKJ0r0 UTPOKA ¢ MHOXKECTBO 1; ero THUIIOB, TaK UTO UUCJIO UTPOKOB PE3KO
yBeIMIIIoCh. OIHAKO y KaXKIOro TaKOTO MUI'POKa cTpaTernn crapoie - A;. Ectb
JIPYTOM, MO CYIIECTBY SKBUBAJEHTHBIN CIIOCOO 00pa30BaTh UTPY B HOPMAaJLHOIM
dopme. B Helt MHOXKECTBO UTPOKOB OCTAETCS CTAPBIM, HO KaXKIbIH UTPOK MOXKET
JefiCTBOBAThH B 3aBUCHMOCTH OT MPUXO/IsAIIeil K Hemy uHbopManuu (o ero "tume”,
TaK UTO €10 CTPATerni - 570 oTobpakenust 13 T; B A;); BHIUTPHIII XKe OH YCPeIHsIeT
o BeeMy MHOXKecTBY 1. TyT mosie3Ho BCMOMHUTD 06 Urpax ¢ cOOOIeHnsIMY (U
HaOJTIOICHUSIMHT ); €IMHCTBEHHOE HOBIIECTBO 3/16Ch B TOM, UTO BBIUTPBIIT MOXKET
3aBHUCETH OT THUMA (MM HAOTIOICHHS).

Ayxkrmonsl. Tlonatue BaitecoBa pasHoBecuss He3aMEHUMO NPU aHAJN3E ayK-
nonos. Haumem ¢ mpocreiiero mpumepa.

Hsa nokynaress (6uagepa) XoTsT KynmuTh Hekuit mpeaver. Omenka mpeimMera
v JJTsT KayKJIOTO PaBHOMEPHO pactpeiesiera Ha orpeske [0, 1]. [eiicTByer aykunon
mepBoii 1eHbl (TO eCTh TPeJMeT JOCTAeTCs TOMY, KTO MPEeJIOKUT HAUOObIIIi
OU, ¥ OH IUIATUT NPEJIOXKEHHYIO [eHy; IPOUTPABIINI HIUEro He MOJydaeT U He
maTuT). Bujaepbl HefTpaSbHBI K PUCKY.

Yrobbl ¢esnaTh 910 BaitecoBoit Urpoit, Hy>KHO YTOUHUTD JIEHCTBUS, TUITHI, Be-
pbl 1 BRIUTpLI. TyT Bee sicHo. CTparterun - orobpaskenus orpeska B R, (HestBHO
9TO O3HATAET, UTO TOJE3HOCTD TIPeIMeTa, JJTst Tpojiasiia pasha ). [1jist yrmporenus
OyieM nckaTh paBHOBecHe B apUHHBIX cTpaTerusx; To ecthb by(vi) = ay + ¢y,
rie ¢; > 0, u ananoruvno jjsi Broporo. (Koneuwno, BHIOUPATH ONTHMAJBHYIO
CTPATETnIO OHU MOTYT KaK YTOAHO, Mbl IIPOCTO WINEM PABHOBECHE TAKOTO CIICIH-
asibHOTO BHa.) MbI 06HADYKUM, uTO B paBHOBecHn b;(v;) = v;/2. To ecTh areHThI
HA3LIBAIOT TIOJOBUHY CBOEH OICHKHU.
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Irak, mycts urpok j npumenser crparernio bj(v;) = a; + ¢;v;. Ilpn mannom
¥; BLIUTPBIIT UTPOKa ¢ paBeH

('Ui — bZ)PI’Ob(b@ > aj + ijj).

deno, uro b; HyKHO HasHauaTh Ha OTpe3Ke [aj,a; + ¢;], U 9TO s Takux b
Prob(b; > a; + ¢jv;) = (b — a;)/¢j. Orciona jerko HOHATH (MAKCHMU3HPYS
KBAIPATHIHYIO 110 b; (DYHKIMIO), UTO HAWIYIIIUH OTBET

bi(vi) = (v; +a;j)/2, ecm v; > aj, ¥ = a; B TIPOTUBHOM CIIytae.
Mpbr BuanM oTCIOfa, 9To ¢; = 1/2, u uto a; = a;/2. Tak Kak cuMmeTpudno
¢j=1/2wna; =a;/2, 70 a; = a; = 0.

Koneuno, eciu pacmpejiesienne oleHOK HepaBHOMEPHOE, HYy»KHO MCKATh Pellie-
Hre B HEeJWHENHBIX CTPaTernsX.

Bonee ob6uuii mpumep. [IycTh n urpokos 60proTes 3a oauH (HemeuMblit) mpeamer. Kazxk-
JIBI 3HAET, HACKOIBKO TPEIMET TeHEH /I Hero; 4To Ke KacaeTcs OCTAJBHBIX, TO MEeHHOCTH
pacnpeenenst Ha uuTepBade [0, M| ¢ kymyaarusabiM pacupenenerueM F (F nuddepenmupy-
emas HeyObBatomas dbynkus). VIrpokn menarwor npeoxenust (3amedatanusie ouap) b; > 0;
JeUCTBYeT ayKIMOH MEePBO 1EeHBbI.

ByneMm uckarh cuMMeTpHYHOE PABHOBECHE B COOTBETCTBUU C HEKOTOPOH Bo3pacTaiorieit (pyHK-
et § (oT ero neruHoil oneHku v). IIycTh mpu MCTHHON MEHHOCTH ¥ WIPOK JIEJAeT BUJ, UTO
1meHuT B w. Tora ero 0XKugaeMblil BRIUTPHIIT PaBeH

(v = B(w)F(w)",

Tak Kak F'(w)""! - 3T0 BepOATHOCTH TOTO, UTO BCe OCTATIbHBIE TIEHAT MPeJMeT MEHbIIe W U Hal
UTPOK MOOEKTAET HA AYKIIMOHE. YCJIOBUE TIEPBOTO MOPSIKA JAeT COOTHOIIECHUE

(v = B(w))(n = F(w) = §'(w)

JUIg onTuMasbHOTO w. [lo ompesaesennio, w JOMKHO COBNAIATH ¢ v, TpudeM npu Bcex v. [lo-
9TOMY MBI ToIydaeM aud bepeHnuaabHoe ypaBHenne jis hyHknun [

B'w)=(n—1)(v~-B)F(v).
Pemas 9T0 ypaBHEHHe, HOIYdIaeM
B(x) = F(z)~"(n —1) /0 LR (1)t
B ciiyuae paBHOMEPHOTO PacIpeieeHns 3T JaeT ByHKIHIIO
B(v) = (1—1/n)v na [0, M].

B ciyuae n = 2 MBI IPpUXOAUM K CTAPOMY OTBETY: MpeJIaraTh MOJOBUHY CTOMMOCTH.
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Bosee moapobHO Tpo ayKIMOHBI MOXKHO moyuTaTh ¥ Maitepcona niu Burmopa.

CpaBHeHue aykumoHOB. CpaBHUM DACCMOTDEHHBIN BbINEe AyKIMOH MepBOil MeHbl (J1/1s
IPOCTOTHI - ¢ JABYMs YYACTHUKAME ¥ PABHOMEDPHBIM paclpeleseHneM IIeHHOCTH Ha OTpe3Ke
[0,1]) ¢ ayKImoHOM BTODPO# TIeHBI. A MMEHHO, TIOCMOTPHM, CKOJIBKO B CPEJHEM TIOTyYaeT Mpo-
JIaBel] TpeIMeTa TIPU ayKIMOHe TepBoi MeHbl. Mbl BUIEH, YTO TPH NEHHOCTAX (v, Us), KOTJIA
V1 > g, TIPOJABEIN TIOAyIaeT v1 /2. TI09TOMY €10 0XKUIaeMblilt BBIUTPHIIT B 9TOH CATyAIUN 38,1~
eTCA WHTErPAJIOM

1 V1 1
1/2/ (/ dU2)UldU1=1/2/ vidv, =1/2-1/3 =1/6.
o Jo 0

Bropast mosioBuHa curyarun (Korma vy < vg) JaeT elle CTOJIbKO Ke, TaK ITO TOJTHBIH (0xKugae-
MBIii) BHIUTPBIII MPOIaBIa paseH 1/3.

[Ipu aykmmone BTOpOIl TEHBI, KOTJAA ¥y > Vs, MPEAMET JIOCTACTCSA TMEPBOMY UTPOKY, W OH
IJIATUT Vo. [[09TOMY BBIUTPBITI TPOJABIA TTPU TAKUX YCIOBUSAX 33/1a€TCS WHTETPATIOM

1 1 1
/ (/ d’Ul)’Ugd’UQ = / (1 — ’UQ)’UQd’UQ = 1/6
0 V2 0

Bropast monoBuna (Korga vy < v9) JaeT CTOIBKO Ke, U MPOoJaBel] CHOBa moayvaer 1/3.

MBI BUOUM, 9TO JBa TaKHX Pa3HBIX aYKIHOHa Jal0T B CpeaHeM OAWH MU TOT 2K€ BLIMI'PLIII
POAABIYY (M MOKYIATESIM, €CTH TPOJIeIaTh AHAJIOTHIHBIE BhIUUCIeHus). V1 910 He ciydaiinoe
COBIAJCHEEC. 3HAMCHHUTAS TeOpeMa 00 3KBUBAJICHTHOCTH ayKIIMOHOB YTBEPZK IAeT, UTO, Tpy6o To-
BODA, JIIOOBIE AYKIMOHbI (C JTIOOBIM IHCIOM CUMMETPUIHBIX TIOKyTIATe e ) SKBUBAEHTHBI B TOM
CMBICJIE, 9TO O}KI/I,H‘aeMBII';I BBIUT'PLITIT JIIO6OI‘O V49aCTHHUKa HE 3aBHCHUT OT BbI6paHHOI‘O AYKIIMOHA.
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Jlekiua 19. 3amada Topra

Hauwnnas ¢ aToit teknun Mbl Oy1eM TOCTENeHHO TePeXouTh K KOOTIepaTUBHOMN Te-
opun. lentp BHMMaHUs OymeT MEPEeHOCUTHCS ¢ WHANBUIYAJTbHBIX JEHCTBUN Ha
KoomepatupHble. COOTBETCTBEHHO aKIeHT OyJeT yrKe He Ha CTpaTerusx, a Ha
BBINTPHIIIAX, MTOJYIAEMbIX OT COBMECTHBIX cTpareruit. Koomepalns o3HavaeT co-
TPYJIHUYIECTBO, COBMeCTHBIE aeficTBusa. TyT BO3MOXKHBI JiBa mojaxoaa. IlepBbiii -
KOTJIa UHAWBUIBI [IEJTMKOM PACTBOPSIIOTCS B HOBOM CYyObEKTe - KOJIJIEKTUBE, ¥ KO-
TOPOTO KaK-TO (POPMUPYETCS CBOS 11€JIb, OBITH MOXKET, CJ1a00 CBI3aHHAs ¢ TEeJIIMU
UHIUBUIOB. MBI He OymeM 3TUM 3aHUMaThCsA. BTOpoit - Korma WHINBULYaJbHbIE
MHTEPECHI COXPAHAIOTCA, a KOOMEpallds COBEPINACTCS JIJIsT TOTO, YTOOBI BCEM KO-
omeparopaM’ cTaJjo Jjyduiie. Bor 570 OyaeT mpeaMeToM HaIlero paccMOTPEeHHs.

MbI HaUMHAEM €O CIydast JBYX MIPOKOB (MOXKHO TIPEJCTABJISITb, UTO YKEHUX
1 HeBeCTa 0OCYKJIAI0T BapUAHTHI OPAYHOrO JOrOBOpa, WU JIBa KOMIIAHBOHA 00-
CY’KJIAIOT BapWaHThl KOHTpakTa). [IJisi TOCTAHOBKY 3aJlaul HYXKHO YUeCcTh JIBE
Bery. [lepBas - BO3MOXKHOCTH, KOTOPBIE JOCTaBJsIeT Koomepalus. Bropas - To,
YTO MPOU3OHIET MIPU OTCYTCTBUM KOOIEPAINH, TO €CTh UTO TTOIYIal0T YIACTHUKH,
JIeCTBYsT WHANBUTYATbHO.

DopmaapHag 3amadva. [Ba urpoka. To, 9To MOTYT TOJIYUIUTH UTPOKH B Pe-
3yJIbTaTe COBMECTHBIX JefiCTBUIl, n3obpaskaercsa MHOXKecTBoM X B R? mpocrpan-
crBe nosesnocreit. Touka (21, z9) € X o3HavaeT, 9To UMeeTCs (3a KaJpoM) HEKO-
TOPOE COBMECTHOE JeficTBIe, Jaloliee B pe3ybTaTe MOJe3HOCTh L1 MEPBOMY U TI0-
JIe3HOCTH T9 BTOpoMy HTpoky. Kpome Toro, ykasbipaercs Touka d = (dy, ds) € R?
pasnozaacua (disagreement point) uim cmamye x6o. OHA TOBOPUT, KaKyIO MOJIE3-
HOCTH TIOIyYaT UT'POKHU, €CJIN HE CMOT'YT JIOTOBOPUTHCS.

Takum o6paszom, opmanbHo 3adava mopea - 910 mapa (X, d) B mpocTpaHcTBe
R2. O6BIYHO MpenoaraeTcs, YTO MHOXKECTBO X 3aMKHYTO, OrpaHudeHo (XoTs
OBl cBepxy), BBIMYKJO, U uto d € X. Pemmrh 3amady Topra - 3HAYHT yKas3aTh
HEKOTOPYIO "XopoIyi’ Touky x* € X.

Bot HekoTopble TPUMEPHI TTOSBICHUS 331a91 TOPTa.

1. ITycth pmanma urpa OByX JuIl B HOpMasbHOW dopme. Torma B kaugectBe X

MOXKHO B3sITh MHOXKeCTBO u(Sy ), cocrosiiee u3 nap (u1(sy), uz(sy)), rae sy mpo-
OeraeT Bce cTparernydeckue nmpoduin. B kauecTBe d 6epyT 0OBITHO TOUKY TapaH-
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TUPOBAHHDBIX BRIUTPLIIIEH, T.€.

d; = a; = max min u;(s;, 5—;).
S; S_;

3ameTnM, ITO B 00IIEM cayuae d MOXKeT He TpuHaIexkaTh X . UToObl n3dexarh
9Toro HeynobcTBa, BMecto MHokecTBa X = {u(sy), sy € Sy} 00bI9HO paceMa-
tpusaior muoxkectso X = (J, (u(sy) —RY). Conepxarennio 910 o3nauaer, 410
eCJI UTPOKAM JOCTYIIeH HEKOTOPbI JIesiek, TO JOCTYIIEeH U Joboit Xymimit. fcHo,
UTO TaKash MOIM(PUKAINS ePErOBOPHOrO MHOXKECTBa, 6e30011Ha.

Unrepnperanus 5Toit 3amaun Takasd. 1o Urpbl UTPOKKW MOTYT MONBITATHCS 0~
TOBOPHUTHCS OTHOCUTENBLHO JII0OOTO mcxona. Ecam onm moroBapuBaioTcst, OHU 3a-
KJII09aloT 00si3bIBalolnee coryalienne. Ecay He I0TOBapUBAIOTCS, OHU JOJXKHBI
HE3aBUCUMO BLIOPATH CTPATErHHU U MOMYUIUTH pe3yabTaT. MoXKXHO HaIesaThCsl, ITO
OH He OyJIeT XyKe «; (CM. JIEKIUIO PO OCTOPOIKHBIE CTPATEINH).

2. CuoBa urpa, HO X COCTOUT TOJLKO M3 TIOJE3HOCTENl pABHOBECHBIX CUTYAIINI;
d KaK pampire. 3aMeTUM, UTO JI000e paBHOBECHe JIEXKUT BoIe” d.

3. BenomuuM Mpo KOppeJupoBaHHbIE cTpaTerun. D10 sinemenTsl n3 A(Sy).
Eciu u306paarh BBIUTPBININ, MbI MOJYUUM BBITYKIYIO ODOJOUKY MHOMKECTBA,
u(Sy). Touka pasnoriacust d Kak paHblie.

4. Bpars B KauecTBe X MHOMXKECTBO MOJE3HOCTEN 711 KOPPEJUPOBAHHBIX PABHO-
BECHil; OHO IyTh MEHBIIIE TIPEIBIIYINEro. DTO MOHNMAETCs TaK. KoppeanpoBanibe
paBHOBECHs TpejJjaraeT Mocpennuk, apouTrp. Ho ux MHOro, Kakoe ke MpejIo-
JKUTH! ApOUTp MOXKET MCXOAWTH MPH 3TOM U3 COOOpaykeHuit CIpaBeIuBOCTH 1
9 HEeKTUBHOCTH.

1 Boob1ie, TyT yMECTHO TOBOPUTL 00 apOUTpe, MO3ITOMY 3aJadl TOpPTra JacTo
HA3LIBAIOT apOUMPAACHOLMU CTEMAMIL.

5. Bajada Topra MOXKeT BO3HHUKATh U cama 1o cebe, 6e3 nrpnl. Knaccudeckast
3ajiava - mojesuM josiap’. JAByM ydacTHHKaM TpEIIaraioT MOJETUTh MEXKIY
co00it ToJITIap; €CI OHM He JOTOBOPSTCs, OHU He MoaydaT Hu4uero. B saBucumoctn
OT TIOCTAHOBKU MOXKHO CUUTATh, 4T0 X J1b0 oTpe3ok {(z1, x2), z; > 0,21+ 9 =
1}, 6o tpeyronbuuk { (1, z2), z; > 0,21 + z2 < 1}. Buecs d = (0, 0).

6. Touka paszHOT/IaACHS MOXKET (POPMUPOBATHLCS 1 DOJIEE CJIOXKHO.

Pemenune 3ama4uu Topra. [loropopum Tenepb o TOM, 9TO CJI€IOBAJIO ObI CUM-
TaTh peIeHUeM 3a71aun Topra. Mbl y»Ke TOBOPUJIN, UTO 9TO O3HAYACT BHIOOP HEKO-
Topoit Toukn z u3 X . Ho ognm Touku Jrydime A1 mepBoro, Apyrue - s BTOPOTo,
TaK YTO OJHO3HAUHOTO OTBETa OXKUJATh TPYAHO. Bce ke HeKoTopble TpeboBaHMA
MPeJICTABISIOTCS €CTECTBEHHBIMU.
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IIepsoe. Tlo caMoMy CMBICTY TOUKH PA3HOTJIACHST PelleHre T He JTOTKHO OBIThH
Xyxke d. DTO yCJIOBUE M3BECTHO KaK TpeOOBaHUE UHIUGUIYAALHOT PAUUOHANDHO-
cmu. HUKTO He corytacuTes moTydaTh MeHbIIe, YeM NP OTCYTCTBUHU COTJIAIIEHNUSI.

Bmopoe. Pemenne x nomxuo 0bTh [lapeTo-sdpdpexTusnoit Toukoit B X. B ca-
MOM JieJie, apouTp, MPeJIOKUBIITN HeI(MDMEKTUBHYIO TOUKY, OyJIeT TOJIBEPTrHYT
KPUTUKE U CMEIIICH.

MuoxkecTBO ToUeK X, KOTOpbIe 3(pHEKTUBHBI U WHIUBUIyAJTbHO PAIMOHAJILHBI,
MHOT/Ia HA3BIBAIOT NEPE20GOPHILM MHONACECTNEOM. ITO OJUIKO K TTOHITUIO KPUBOI
KOHTPaKTa, DIXKBOPTA.

Tpemwve. HacTo HYKHO TIPEJJIOKUATH PEIICHUE He JIJId OJHOM KOHKDPETHOM 3a-
Jlady Topra, a IJis 1eJIoTo Kiacca. I Torga ecTecTBeHHBIM BBITJIAIUT TpeboBaHue,
YTOOBI PEIIeHNsT OTIEIbHBIX 33,181 OBbLIN COIVIACOBAHBI B KAKOM-TO CMBICJIE.

Wrax, moa pelenne 3a1a4u TOPTa Mbl OyAeM IIOHUMAaTh claeayioliee. lan Kiaacce

B sagau (X, d). Pewenuem naspisaercsa orobpaxene ¢ : B — R%, takoe uTo
#(X,d) € X mra moboro X € B.

YTuantapusM m srajJgurapu3M. Kak Mbl 3HaeM, Xopolnit BLIOOpD ObIBa-
eT TpU MAKCUMU3AIUK (PYHKITUN MOJE3HOCTH. [[oaTOMy MOXKHO 3ahUKCHpPOBaThH
nekotopyto dbyuknmio U na R2, u Touxy ¢(X,d) uckarh Kak TOUKY MaKCHMyMa
U na X. Bonee TouHO, 4TOOBI Cpa3y y/IOBJIECTBOPUTH YCJOBUIO WHIUBUIYAJILHOI
PAIMOHAJBHOCTH, JIYUIIIe UCKATh MAKCUMYM Ha, MHOXKECTBE

Xg={zreX,z>d}=XN(d+R2).

Omno nemycro, ecnu d € X. A 9T06b! monyuarh 3hGEeKTUBHBIE TOUKH, HYXKHO Tpe-
ooBaTh oT U MonoTonnocth: U pacreT, eciu 06e KOOPJAWHATHI TOUKH BO3PACTAIOT.

31ech cpasy IPUXOIsIT Ha YM JIBA ITPOCTHIX MPUHIIUIA - Pachoti 6bi200b, 1 HAU-
boavwezo O.naza. B mepBoM ciaydae yIacTHUK FOBOPUT: 'BbI JOJXKHBI ¢lIeJIaTh 9TO
JIJIST MEHsI, TIOTOMY UTO ¢ Jiesiaio OOoJIbIle JJjis Bac ; BO BTOPOM - 'clenaiiTe HEUTO,
MOTOMY YTO 9TO NPUHECET MHE TOJh3bI OOJbINe, YeM BaM - Bpeaa’. B mepBom
cJIyuae Mbl IIPUXOINM K 92aAUMAPHOMY PEIIEHNIO, KOTIa PABHDLI IPUPAIIEHNS 0
cpaBrenuio ¢ d. Bo BTopoM - K ymusumapnomy, KOTI1a MaKCUMU3UPYETCST CyMMa,
r1 + x2. B mepBoM ciryuae makcumusupyercst dbynkius min(xy — dy, £o — da).

Obobwenue. B mpepiayieM ciydae Kak Obl ITOIPa3yMeBaJOCh, UTO NMEETCsT
o0IIast eIUHAUIA, [1JIsT U3MEePEHusl TToJIe3HOCTel 0bonx yyacTHUKOB. Ho MoxHO nte-
JIATH TO K€ CaMOe, B3BEIINBAas OJE3HOCTH, T.€. VINTHIBAs ITOJE3HOCTH UTPOKOB C
pasHbIMU Becamu. 3adUuKCupyeM mapy MOJOKUTENbHBIX Tucesi-6ec08 A = (A1, Ag).
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OnpeneneHune. A-szaiumapnsim pewienuem Ha3bIBaTCS ToUKa 13 X4, B KOTO-
poit focturaer Makcumyma dbyakng min(A(z1 —dy), Aa(z2—dz)). I'pybo rosops,
9TO HAWJTydIas ToUKa, riae Aj(z1 — di) = Aa(xe — da).

A-YMUAUMAPHBIM PeULeHUEM HABBIBACTCA TOUKA 13 X4, B KOTOPOI MaKCUMAaJIb-
Ha PYHKIUST A1 + Aoxo.

OTMmeTuM, 9TO IPH poOcTe A IIaTeX 1-TO yIacTHUKA yOBLIBAET B A-3TaJIATap-
HOM ¥ BO3PACTAET B A-YTUIUTAPHOM PEIIEHNH. DTO HAMEKAET, UTO CYIIeCTBYIOT
TaKHe BeCa A, TP KOTOPBIX A-STAJNTAPHOE PEIeHNe COBIAIAET ¢ \-Y TUIUTAPHBIM.
Takue Beca A fnator ecmecmeennyto wrary mst 3agaqan (X, d).

Pemtenue Hamta. Briepprie 3a1auy Topra pacemorpes Haim, KoTopblit u mpe;i-
JIOYKUJI WHTEepecHoe U HanboJiee TomyaspHoe pererre. OH OrpaHuIIICs CIeLyio-
M Kiaccom 3azad (X, d):

a) MHOXKecTBa X BBIMYKJIble, 3aMKHYThIe, HOPMAJIbHbIE U OTPAHNYEHHBIE CBED-
xy. HopMasibHOCTH 03HaUaeT, 9TO BMECTE ¢ KaxKJI0# TOYKON & MHOXKecTBO X CO-
JIEPXKUT U BCE MEHbIMEe TOUKH. OrpaHMUeHHOCTh CBEPXY MOYKHO TTOHUMATh Kak
cymecTBoBanue Takoil Toukn M € R2, uyro X < M.

b) mouka d jexur Bo BHyTpeHHoCTH X .

B sToit cutyarun Ha1mm npeiyioskni1 B KauecTBe pelieHns TOUKy u3 X, B KOTOPOi
JIOCTUTAET MaKCUMyMa T.H. npoussedenue Hawa

U(ZL’) = (5171 — dl)(fbg — dg)

Kaxumu xopormmmu cBoficTBaMu obsagaer pemenne Hamia? Bo-mepsBbix, oHO
eJINHCTBEHHO. BO-BTOPBLIX, OHO HE 3aBHUCUT OT J00ABJEHUsT KOHCTAHT K TIOJIE3-
HocTaM. [loaToMy Bceryma MOXKHO CUMTATh, UTO TOUKa d HAXOIUTCA B HyJje. B-
TPETbUX, €CJU MbI NIPOBEJIEM depe3 TOUKY-pellleHne & KacaTeJbHyio K TuinepbosIe
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X1Xs = zyz9 (a oHa OyjeT KacaTeJbHON W K MHOXKeCTBY X ), TO OTPE30K Ka-
CaTeJILHON MEXKJIy KOODJIMHATHBLIMEU OCAMHU Pa300LeTCs TOUKOH X MomojaMm. DTo
HETPYJIHO TOJICUYUTATH (CM. PUCYHOK BBIIIIE).

DTo 03HAUACT, KaK JIETKO MOHATH, YTO PEIICHUE HE 3aBUCUT U OT BLIOOpa Mac-
mrtaba mosesnocTeit. Kpome Toro, 3To 03HavaeT, UTO €CAU B KavuecTBe A; B3ATh
1/z;, To Touka Hatma sBjisieTcss OTHOBPEMEHHO A-STaJUTAPHBIM U A~y TUIIATAPHBIM
pelrenneM. BBLIMOMHACTCA TaKyKe CBONCTBO CUMMETPHN: €CJIN MHOXKECTBO X CHM-
METPUIHO OTHOCUTEJHHO MuaroHasu (mojgpasymenaercs, uro d = 0), 10 z1 = zo.
Haxkoner, 5To pemenue o6Ja1aeT CIeIyIONM CBONCTBOM He3a6UCUMOCTU 01 NOo-
cmoponnuz asvmepramue: ecin Y C X ux = ¢(X,0) €Y, 10 x = ¢(Y,0).

Hsmr mokasas, aro Beprno um obpatnoe. Bosee Touno, mycrtsh kiace B 3amad
BBIOOPA TAKOIl KaK Bblllle, U perenne ¢ : B — R? ynosieTBopseT cieayonmm 5
AKCHOMAaM:

Axcuoma 1 (3cdpdektuBrocts). ¢(X,d) € X, u eciu z > ¢(X, d) nna x u3
X, 0oz =¢(X,d).

Akcuoma 2 (nHOAMBUAYAIbHAS PAIMOHAIBHOCTD). ¢(X, d) > d.

Axcuoma 3 (ckassipHast KoBapuaHTHOCTS). [Iycts A(z) = Az + v - npe-
obpazopanue miaockoctn R2, e A = (A1, A2) > 0, a v = (71, 72) TPOUBBOIBLHDIIL

anement R?. Torma ¢(A(X), A(d)) = A(¢(X, d)).

Axkcuoma 4 (HE3aBHCHMOCTb OT TOCTOPOHHUX ajbTepHaTwuB). Ecin
YCXuo¢(X,d)eY, o o(Y,d) =¢(X,d).

Axkcuoma 5 (cummerpus). Ecin di = dy uw X cummerpuano, To
¢1(X7 d) = ¢2(X7 d)

Teopema. Eduncmsenioe pewenue ¢, ydosaemsopaowee axcuomam 1-5, smo
pewenue Howa (Mmakcummsupytommee dbyukumio (z1 — di)(z2 — d)).

HokazarenbcTBo. [IycTh MakcuMyMm gocTuraercss B Touke x. Jlenas nuHeitHoe
npeobpasoBaHne, MOXKHO cautaTh, uto = (1,1),ad = (0, 0). F'unepbona B TouKe

x umeer HakyioH —1. [TosTomy paccmorpum muoxkectBo F = {z, 21 + 29 < 2};
X CE.

Cornacuo cummerpnn n sddexrusroctn ¢(E,0) = (1,1) = z. ITo akcnome 4
Mbl umeeMm ¢(X,0) = z. O
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d

Jpyrue pemenusi. Ham npegmoxkun cBoe permrenne B padore 1950 r. ITos-
JKe ObLIN TpemJIoXKeHnbl U Apyrue pemtenus. Hampumep, MOXKHO OTKa3aThCsS OT
CIMMETPUN, OCTABUB OCTAJbHBIE 4 aKCHOMBIL. Torma Mbl IPUAEM K MAaKCHMU3AIINAN
obobuernozo npoussedenus Howa x‘f‘xg .

Kasman u Cmopoguncku (1975) npeyioxKuimi pelenne, OCHOBaAHHOE Ha co0Opa-
JKEHUSAX MOHOTOHHOCTH. Bymem cmoBa cumrtarh, uro d = 0. Oupemennm ducia
m;(X) kak mMakcumywm y;, tie y € X u y > 0. Torya oHE TpeTaraloT JIeIuTh &

MTPOTIOPITNOHATHLHO M.

mQ(X)

X4q

mi(X)

JLJ151 9TOTO pelnenust TaKKe NMeeTCsT AKCHOMATHIECKAsT XapaKTePU3AIHsl. 3/1eCh
HapyIIaeTcs akcnoMa He3aBuCUMOCTH. OHU BMECTO Hee MPEJTIAraloT aKCHOMY Uh-
dusudya.nvnoti monomonnocmu: npeamnoaoxum, uro my(X) =m(Y), n Y C X.
Torma ¢2(Y) < ¢2(X); n aHATOTHYHO JJIsT BTOPOTO UTPOKA.

Mmuoromeproe 06o6mienue. Perenne Hama (u apyrue perenust) jomycka-
10T MHOTOMEpHOe 00001IIeHne, KOria UTPOKOB bostee aByX. OHAKO OHU MeHee MH-
TE€PECHBI, TIOCKOJILKY B HUX HE YUNTLIBAIOTCS BO3MOXKHOCTU KOAJUINNA. DTUM MbI
zafimeMcsi 6ojee TTOJAPOOHO B CJIEAYIONINX JEKIUIX, MOCBSIIEHHBIX YKe IeJTUKOM
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KooTlepaTuBHBIM acriekTaM. Chaydait Topra ABYX JINIL JiexKasl Ha IpaHu HEKOoolepa-
TUBHOW U KOOTEPATUBHON TEOPUN.
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Jlekusa 20. KoonepaTuBHbIE UTPHI

Ilepexon kK KOAJUITMOHHOM Teopuu. Tenepb Mbl OKOHYATEIHHO TIEPEXOINM K
KOOTIEPaTUBHBIM UTpaM. Kak y»Ke 0TMedasioch, yIop 37eCh EPEHOCUTCS CO CTPa-
TErUIeCKNX acTeKTOB Ha BO3MOXKHOCTH Koajmiuit. [TonpazymeBaercs, 4To UTpOKM
MOTYT 0OpPa30BBIBATDL BCEBO3MOXKHDIE KOAJUIMN U BHYTPU HUX TTOANNUCHIBATH 00sI-
3BIBAIOIIIE COTJIAIIEHUS ¥ JOTOBOPa. JTO 3HAUWUT, UTO JJI KAXKJIOW KOAJUITIH
UMeeTCsT MHOYKECTBO TeX TOJIE3HOCTEH, KOTOPhIe OHa MOYXKET ODeCIednTh CBOUM
YIeHaM.

3/1ech 1 asiee UCIOMb3YeTCs CeyIoNtas TepMuHoaorusa. Koasuyua - 310 TOjI-
MHOXKecTBO UTpoKoB K C N; koanunusa N HasbiBaeTca momanvhol. Hna Ha-
6opa crpareruit sy = (s;, ¢ € N) uepe3 sk 0603HAUAETCST €TO TPOEKIINS HA
Sk = XiekSi; aHATIOTUIHO TIOHUMAETCS S_[ .

I[Ipennonoxum, ato y mHac umeercs urpa G = (N, (S;), (u;)) B HOpMATLHOI
dopme. Eciu Bce Urpoku J0roBOpATCS UCTONB30BATH CTPATETHUECKUH TTPOMUITH
SN, TO BBIUTPBIIIN UTPOKOB yI00HO n306paxkarsh BekTopoM u(sy) = (ui(sy)) €
RY. Korna Mbl mepebepeM Bce cTpaTerndeckne Npoduin u3 Sy, MbI TOJYHHM
HEKOTOPOE MHOMKCCTBO B TIpocTpancTBe RY, KoTopoe 0OBITHO 0603HAMAIOT Kak
V(N). Eciiu urpa koHeTHasl, TO TMOITYyYaeTCsl KOHEUHOE MHOXKECTBO, U 9TO HE CO-
BceM y00HO0. [ToaToMy 0OBITHO ¢ KaxKbiM BekTOpoM B V() BKIIOUAIOT W BCE
menbive. (Ecim nomyckarsh KoppeanpoBaHHble CTPATETHH, T.e. BMECTO Sy UCTIOJb-
soBath A(Sy), To MEHOXKecTBO V(N) MoyvaeTcst gayke BBITYKJIBIM. )

[Toxoxue mMuOKecTBa V (K) MOXKHO CBA3ATH HE TOJIBKO ¢ TOTAJIBHOM KOAJMIIH-
eit, HO 1 ¢ KaxkJ10il KoaJsuiueit K, XOTsI 3TO MOXKHO CIeJaTh PA3HBIMU CIIOCOOAMMU.
Mpb1 obcyum cefitac Hanbosiee ecTeCTBEHHBIH U yoTpeOnMbIil crocod. Ckaxkewm,
a0 Koasuima K eapanmupyem Bektop nonesnocreit  n3 RY | ecym cymecrsyer
KoppesmpoBaHHas crparerust o € A(Sk), Takas aro jist J060i 0_ g BHITOIHE-
HbI HEPABEHCTBA,

ui(og,0-g) > x; Vi€ K.

O6osuauum depe3 V(K), unn npocro depes V(K), MHOXKECTBO TeX BEKTOPOB B
npocrpatcrse RY | kotopbie moxker rapantuposars K. 1o CyIiecTBy, 3T0 MUHH-
MaKCHAasl UJICOJIOTHUS.

Yro MOXKHO cKa3aTh mpo 91 MHOKecTBa V' (K)? Bo-miepBbIX, OHM BBIMYKJIbIE
(mpoBepbTe camu!) ¥ HOpMaJbHBIE (B TOM CMbICJIE, UTO € JIIOOOI TOUKOH comep-
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KaT MeHbIIme). Bo-BTOPBIX, OHI 3aMKHYTHIe W OTPaHUYEHHbIE CBEpXY (KOTJIa Urpa
KOHEUHa). B TpeThux, BBHITIOIHEHO CIeIyIoIee CBOHCTBO cynepaddumusrocmu; ec-

s koasmimn K u K ne nepecekatorca, To V(K U K') comepur mpounssejiene
V(K) x V(K"). IIposepsre!

Koamurmonnbie urpbl. O0600111as1 TPEILIIYINYI0 KOHCTPYKIHIO, BBEIEM TIO-
HSATHE KOAJUIIMOHHOM UTI'PBI, WU UTPHI B KOAJUIIMOHHON (hopMe.

[Tycts N - MHOXKECTBO WTPOKOB. Koaruyuonmnoti uepotli Ha3bIBACTCA 3aaHue
Jutst Kaxk o koasmin K C N Hemycroro MuoxkectBa V (K) C RE . MuoxecTBo
V(K) ormedaeT MHOXKECTBO TeX TIATEXkKei (mosiesnocTeit), KoTopble Koasuimst K
MOYKeT TapaHTHPOBATh ¢BOMM WieHaM. OOBITHO MPEATIONaraeTcs, IToO MHOKECTBA,
V(K) 3aMKHYTBIe, HOpDMaJIbHbIE, OTDAHUYEHHBIE CBEPXY. JacTo, XOTs U He BCera,
MPEJINONATAeTCS CYNePaIATUBHOCTL. B cilyuae JByX yYaCTHUKOB 3TH JAHHBIC
paxTUIecKn COBMAAIOT ¢ JaHHBIMU 3aJIaU1 TOPTa.

[Tpumep 1. Uepa pwnka. IlycTs Kaxkaplii yIaCTHUK ¢ BIaJeeT HEKOTOPBIM Ha-
JaTBHBIM 3amacoM w(i), TPUHaIesKAIIM TPOCTPpaHCTBy Tobapos R, , n ume-
eT (PYHKIUIO TTOJTE3HOCTH U; : Rﬂr — R. Koamunusa K moxer mepepacipeie-
JUTH cBOM pecypchl (T.e. mepeiitn Kk nabopy x(i) C RL, takomy uro z(K) =
Yiex (i) = w(K)). Baecs V(K) = {ui(z(7)), i € K, z(K) = w(K)} (unm
HOPMAJIH3AINS 9TOTO MHOKECTBA).

[Tpumep 2. Mapwvasic. Umeerca muoxkecTtBo My»kunH M n >xkentua W, KoTopbie
MOTYT 3aKJI0UaTh Opaku (MOHOTAMHBIE U TeTepocekcyasibible). CuutaeTcs, 9To y
KaXKJIOTO yIacTHUKa e€CTh (DYHKIUS TOJe3HOCTH u; > (0 Ha MHOXKeCTBe TOTEHIH-
AJIbHBIX TMapTHEPOB (Hampumep, ecin ¢ € M, 1o u; : W — R,). Ilonesnocts
onmHOUKHY (717151 TpoCcTOTHI) paBHa 0.

Kax 510 npejcraBuTh Koaauiuonnoi urpoii? B kauectse N Bo3bMeM 00beIu-
nenne MuoxkecTB M 1 W. O0bsicHuM cHavYasa, KaK OpeieuTb MHOKecTBO V (V)
JIJTsT TOTaJIhHON Koaumun. VexoqoM ecTecTBEHHO CUMTATh MapocovYeTaHne HEeKO-
TOPBIX MYXKUUH U XKEHIUH; OCTAJTbHBIE OCTAIOTCsT XOJOCThIMI. POpMabHO Tapo-
coueTanue - 31o oueximsa p dyactu Myxkuun M’ C M n vactu xenmmun W C W.
C KaK/IBIM TAaKUM MapocovyeTanueM (MaTUMHIOM) 4 CBAXeM BekTop z, € RY.
"MyzkcKre” KOOPJMHATBI ITOTO BEKTOpa PaBHBI U, (u(m)), eciu m € M’ u
paBHbl () B MPOTUBHOM CJIy4ae. AHAJOTHYHO 3aJal0TCsI YKEHCKUE KOOPINHATHI:
Ty = (™t (w)), ecin w € W', u HyneBble, ecn sKeHINHa w ouHouKa. Haxo-
ner, muoxkectso V (N) ecth obbeaunenue muoxkects , — RY | korya p npoberaer
BCE MATUNHIH.

Anasornuno onpegensiercss MuEOX)ectBo V (K) 1ist TPOM3BOIBLHON KOAJUIAH
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K C N. Hyxwno tomeko M n W zamenuts na M N K nu W N K. B pesynbTraTe
MBI TIOJTy9aeM KOAJUIMOHHYIO UTpy V.

TpancdepabdbenbHble moje3HOCTU. Cpa3y MOXKHO BBIJIEINTH OJNH BayKHBIN
YACTHBIA coydait - caydait T.H. mpaHchepadesvnovix noseanocmed, WA KOOIepar-
TUBHBIX UTD ¢ N0GOYHbLMU naamedcamu (B 0OIIeM cydae TOBOPSIT PO UTPhI He3
nobounvr naamesicet}). A UMEHHO, TMPEJMONOKIM, UTO B CHCTEMe UMeeTcst Oes3-
I'PAHUYHO JICTUMBI U KeJaTebHBI TOBAp - denv2u, W ITO YIACTHUKU MOTYT
cBODOIHO TIepeaBaTh ero ApyT APyry. Bosee Toro, mpeamnosoXuM, UTO MOJIe3-
HOCTb 9TOTO TOBapPa, JUHEHHO BXOIUT B (PYHKIMIO MOJE3HOCTH, TaK UTO J0OABJIE-
HUE eJIMHUIIBI JICHET YBeJIMUNBaCT TTOJIE3HOCTD KayKJI0ro Ha euHuIly. Torna BMecte
¢ KaxKJ10#t ToUKoit 2 B MHOXKecTBO V (K') BXOAUT M JT100ast TOUKA Y € TOH Ke CyM-
MO#t KoopauHat. [y KpaTKOCTH MBI HCHONb3yeM obosHadenus: (K) = Y . p ;.
Torna x € V(K) ny € RE, 2(K) > y(K) Brneuer, uto y € V(K). B ciyuae
TpatcdepabebHBIX Toe3HOCTel BMecTo MHOXKecTB V (K) 3a7ai0T dncia

v(K) = maxz(K), rue z npoGeraer V(K).

B cBoto ouepenn,
V(K)={z € RF 2(K) <v(K)}.

Takum 06pasoM, KOAJUIMOHHAS UTPa ¢ TOGOUHBIMHU TIATEIKAMY - 9TO ceMeii-
cro v uncen (v(K), K C N), napamerpusosannoe koamuiusmu K. Tosopsar
TaKkKe PO UTPY B Tapakmepucmuieckot, gopme.

[Tpumep 3. Céopocwvi 6 o3epo. Bokpyr osepa pacmosoxkenbl n (habpUK, KOTO-
pble UCTIONL3YIOT JIJIsI CBOUX MPOU3BOJACTBEHHBIX HY¥KJ| YUCTYIO BOLy. CTOMMOCTD
OUMCTKHU COOCTBEHHON MCIOIL30BanHoi Boanl pasua C. Ecin m dabpuk copocu-
T B 03¢PO HEOUYUIIECHHYIO BOLY, TO CTOMMOCTL OUYUCTKH O3CPHON BOIBI pABHA, MC.
IIpennonaraercs, uro ¢ < C < nec.

Kak 3T0 ecTeCcTBeHHO TPEACTABUTL B BUJIE UI'PBI B XapPaKTEPUCTHICCKOH (hop-
me? Tlox v(K) mbl OyieMm oHuMaTh u3jepkKu Koasuiun. Koneuno, v(K) pasao
MUHAMAJILHBIM n3aepKkkaM koaquimu K. TToka koamunus maga, eif BLITogHee He
ountath copoc, u Torma v(K) = kne, tne k = |K|. Oanako Kak TOTbKO pas-
Mep KOAJIUIMU cTaneT bosbiie, ueM C'/c¢, eif BbIroHee ouniaTh ¢CBOU cOPOCHI, 1
B 9ToM caydae v(K) = k(C + (n — k)c). Dto nmpuMep T.H. CHMMETPUIHON (WK
AHOHWMHOH ) WIpbI, Tak Kak v(K ) 3aBucut ToibKO OT pazmepa | K| koamumun K.

[Ipumep 4. IIpocmuwe uzpvi. d1o korma v(K) = 0 win 1. Takue urpsl BeTpe-
YAIOTCA TIPU aHajm3e cxeM rosocosanust. O6braHo mpepnonaraercs, 1aro v(f) = 0,
v(N) =1, u v MOHOTOHHA.
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[Ipumep 5. Hepw npouszsodcmea. Bynem HasbBaTh TexXHOIOTHEH GYHKINIO
f: Rﬂr — R, KoTOpast OMUCHIBaET, KaK Pecypcehl (B KonaecTse [) mpeodpasyoTest
B BBIMYCK (B JeHexHoit popme). [TycTsh KaxK bl yIacTHUK ¢ BJIajieeT HabOpOM pe-
cypcos w(7). Torna xoammmus K siageer pecypcom w(K) = >, w(i) u Moxker
nonyunth v(K) = f(w(K)) mener. [omyuqaercs KoaJuInoHHast UTpa. v.

O 60J1ee KOHKPETHBIH TIPUMep UIPhI MPOU3BOCTBA Mbl DACCMOTPHM B CJie-
JYIOIIEM TIPHMepe.

[Tpmmep 6. ITomoxu 6 cemax. CHada I8 HECKOTHKO OOIIUX MOHsITHIT. OpHEHTHPOBAHHBIM I'Da-
dbom (opepagom) vassiBaercst mapa (V, A), e V - (KoHeuHOE) MHOKECTBO BepimuH, a A C VXV
- MHOXKECTBO CTPeJIOK Wau AyT. Hy:KHO TpeacTaBisiTh, YTO pedb WJIET O HEKON TPAHCTIOPTHOM
cucreme (70por, TPyGOIPOBOIOB U T.I.) UTOObI YCHIUTH 9Ty TPAKTOBKY, BBIJICJUM JIBE BEPIITH-
HbI, $ - UCTOYHUK, U { - CTOK.

Cemuwio maswsiBaercst oprpad (V, A) Bmecre ¢ dbyukumeit ¢ : A — Ry; 1(a) - 910 TIpPO-
MyCKHAs CIOcOOHOCTh "Tpyonr” a € A. IloTok B Takoit cetn - 310 oTOOpakenne ¢ : A — Ry
(¢(a) - morok 1Mo TPyGe a), Takoe UTO Jisd JII00ON BEPIIUHBI ¥, OTIUYHON OT § U f, CKOJBKO
BTEKAET, CTOILKO W BHITEKAET; KPOME TOTO JIOZKHO BBIIOMHATHCA orpanudenue ¢(a) < ¢(a) Ha
IPONMYyCKHbIE CHOCO6HOCTI/I. ﬂeI‘KO IIOHATDL, YTO U3 MCTOYHMKaA BBLITEKaC€T CTOJLKO 2Ke€, CKOJIHBKO
BTEKAET B CTOK; 9Ta OOTIAs BEJININHA HA3BIBACTCS geaununoli nomoxa ¢. Yepes f(1)) obosnaunm
MAKCHMAJTBHOE 3HAUEHNE BEJMUMHBI TTOTOKA Yepe3 ceTh 1) (KOPOTKO - MAKCUMAAbHYT NOTOK).

- ;O >~

[TpencraBuM Temepb, UTO KaXKIblii YIACTHUK i BJIAJEET HEKOTOPBIMH CTPEJKAME (Iyramu,
Tpy6amu). Ero BHIUTPHINT - TO, YTO OH MOYKET TMEPEKUHYTh MO CBOMM TPyGaM. AHAJOTHYHO
BBIUTPHITIT KoAJUIUKA K - TOT MAaKCUMAJIBHBI TTOTOK, KOTOPBIHt MOYKHO TTepebpOoCuTh 10 TpybdaM,
npuHaIeKamuM K. PopMaabHO MOXKHO TPEICTABUTH, YTO YYACTHUK ¢ BIAJEET CETHIO 1);, a
Koamus - coorsercrByiomeit cymmoit. 11 Torma v(K) = f(3 ), x ). Taxk uro 310 wacTHLI
cJIydail Ipou3BOJICTBEHHON UTPBI.

Pacnpenenenusi. Bepremcst x o0ImM KoauIMOHHBIM UrpaM. Pacnpedenenu-
em (distribution) 6yem HazbBaThL TPOM3BOMLHLIA BekTop o 13 RY; donycmumoe
pacnpedeserue - Bexktop u3 V(N). Peternne KoaJuiunoHHON UTPBI TOMKHO YKa3bI-
BaTh HEKOTOPOE JOMYCTUMOE PacIpejieieHre, KOTOpoe MoJydaeTcs B pe3ysabTare
PAIMOHATILHBIX JlefcTBHi (JIoroBopoB) UrpokoB. CHOBa TYT HET OJHO3HATHOTO
otBeTa. OOBITHO TEOPHs UeT MO MYTH (POPMYIUPOBKHE HEKOTOPHIX TpeOOBaHU K
peleHunio, KOTOpble MPeICTaBIA0TCsI pasyMHbIMuA. Hampumep, ecrecTBeHHO Tpe-
60BaTh, YTOOBI pellleHne JaBaJ0 KaXK/IOMY UIPOKY He MEHBIIEe TOr0, ITO OH MOXKeT
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JTOOUTHCST B OMMHOUKY (TpeboBanue undusudyaivnotl payuonasvnocmu). Ho ana-
JIOTHYIHOE TpebOBaHNe MOXKHO BBICKA3aTh M IO OTHOIIEHUIO K JII0OOH KOAJUIIN
(ecsim oHa MOXKeT 0OPa3’0BaThCsl, UTO Mbl HesIBHO mMpejnosiaraeMm). TyT yao6HO
BBECTH COOTBETCTBYIOIINI SI3BIK.

JoMmuaupoBanue. s nyx pacipenenennit z u y u3 RY u xoammmun K
OyIeM mucaTh
x>y, ecmax; >y ViE K.

[oBopsiT, UTO pacupeesenne x domMunupyem pacrpeneseHne y, ecau HaigeTcs
(memycrast) xkoasmuus K, takast uto ¢ > y u xx € V(K).

CMBICT 9TOTO B TOM, UTO Koanuius K He COTIacuTCs Ha BEKTOD IIaTexkeit
Y, €CIIN, NEHCTBYS CaMOCTOSATENHHO, OHA MOMKET MOMYyUWThL Oojee JIyUImwii s
Hee HAOOp ToJesHocTel x . TyT 3aMellanbl ABa Pa3HBIX CBONCTBA: YTOOBI T OBLI
JIydine 11 Koaguiuu K, u OMHOBpEeMeHHO, 9TOObI & ObLI JOCTHUKUM KOATUIHel
K.

OTMernM cpasy, 9TO OTHOIIEHHE JOMUHUPOBAHUSI Ha, MHOXKECTBE BCEX pacIpe-
Jesennii B 00IeM caydae He sIBJISeTCs] TPAHSUTUBHLIM W aHTHCHMMETPUIHBIM
(moromy uto K MOMXKeT MEHsIThCsl OT CJIydast K ciydato). TeM He MeHee OHO TO-
3BOJISIET KaK-TO aHAJIM3UPOBATDL JOMYCTUMbBIE pacipenenenns. EcrecTBento, Han-
OONBINNI WHTEPEC BBHIZLIBAIOT MAKCHMAJbHBIE SJIEMEHTHI OTHOCUTEILHO JOMUHHU-
pPOBaHUSA, NN HEJOMUHUPYEMbIE PAcTIpeIeeHts. DTO TPUBOAUT K TMOHSITHIO siIpa,
U JIPYTUM MOHSATHS PELICHUST KOAJUIIUOHHBIX UTD.
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Jleknusa 21. Peinenns KoaJuIimOHHBIX UTP

Anpo. Hdpom xoamunoHHON UTPHI V' HA3BIBAETCS MHOXKECTBO BCEX TOTMYCTHMBIX
HEJIOMUHUDYEMbBIX pacrpejiesientit; obosnauaercst ono C'(V),

B cnity BaXKHOCTH 9TOTO MOHSITHSI CJIETKa, TepenuieM onpeaenaenne. Ilyers ga-
HO pactpejesienne x. Ckaxem, uro koasuuus K omeepeaem x (MM MOXKeT €ro
YIIYUIITAT ), €CJTH CYIIECTBYeT Takoi BeKTop yx 13 V (K), uto 1yist 1106010 Hrpoka
1 u3 Koayunuu K BLITOIHEHO 1; > x;. Torma siapo COCTOUT W3 TAKUX JIOTYCTH-
MbIX pacrpejiesiennit (T.e. smementoB V(IV)), KOTOpble He OTBEPraloTCsi HUKAKOM
koasuipedi. MoxkHO U Tak mepenucarth: asemenm x npunadiescum adpy C(V)
mozda u MoAvko mozda, x020a

a.z € V(N), u

b. Tas amoboti (nenyemoti) xoaruyuu K npoexuua g ne npunadiescum eny-
mpennocmu muootcecmea V(K.

Orcrofia BUHO, ITO PO - 3AMKHYTOE U OpaHuIeHHOE TTOAMHOXKeCTBO B V (IV).

DJIeMEHTHI U3 sSIApa MOTYT TPETEeHI0BAThL Ha 3BaHHe XOPOIIEro PeIeHns UTPh.
Onn ontumaneabl 1o Ilapero (nexar wa rpannne [lapero V(N)), n ungusu-
JIYaJIbHO PAIMOHAJBHBL. PO MOXKET OKa3aThest GOMBIUM (M TOTJa TMPEJICTOST
MPUATHBIX XJIOMOTHI C BBIJICJIEHUEM KaKOTO-TO ~'CaMOT'0 XOPOIIEro’ 3JeMeHTa W3
a1pa). Menee mpusaTHO, € sA1po mycTo. A Tak ObIBaeT J0BOIbHO Yacto. Hampu-
Mep, nycTh Tpoe aenar 100 pyo., u grobas mapa MoxkeTr obecreunTth cedbe 100 pyo.
TyT gap0o MycTO, U OHKW BPSJ JIN JTOTOBOPSITCS. Hike MBI HEMHOTO CKayKeM, UTO
JeJaTh MPU TIYCTOM sIpe.

H,z[po skoHOMUKHU. [lonarue dapa HHTEPEeCHO T€M, YTO OHO €CTeCTBCHHO BO3HUKAECT B KO-
HOMUKE. CO6CTB€HHO, KaK W IIOHATHE PaBHOBECHA, OHO TaM BIEDPBLIC U IIOABUJIOCH, XOTd U B
JACTHOM ciiydae. Y DKBopTa, B 1881 T, 33 MHOTO JIeT JI0 OSIBJICHNS €ro B Teopun urp (Lxui-
e, 1959).

[IpeacTaBuM, 9TO UMEETCS SKOHOMHUKA 0OMeHA. DTO 3HAUUT, UTO YIACTHUKHU § UMEIOT HAUAIb-
HbIE 3aI1aCHl W;, IPHHa/ITexKalie IpocTpancTBy ToBapos R’ . Kpome Toro y KazK10ro yqacTHIKA
nMeeTcsa (PYHKIUS TOJTE3HOCTH U;, OMpeIeIeHHasT Ha STOM OPTaHTe.

Pacnpedeneruem (allocation) naspiBaercs cemeifcTBo BekTopoB x; € R, i € N, Takoe 4T0
> =y w; (wmm <, B 32aBECUMOCTH OT TIOCTAHOBKH). CIpalnBaeTcs, KaK UM “IPABIIHHO”
nepepacnupeac/JimTh CBOM HadYaJIbHBIC 3amacol? KOHe‘{HO, Ka}K,II;bII';I YV49aCTHUK OTKaXKeTCd y4acCT-
BOBATh B OOMEHE, €CJIM OH B Pe3yJbTaTe TMOJYYAT MEHbINe (B CMBICJe MOJE3HOCTH), YeM CBOii

HavaJbHBIN 3anac w;. Ho To ke MOXKHO cKa3aTh u O 000 Koaauun. Koaaumus K oTBepruer
pacmpeenenne (x;), €CIn MONb3YsICh TONBKO CBOMME HAYAJBHBIMHA 3alacaMu w;, e i € K, ona
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MOXKET TaK MePEPACTPESeNTh UX, YTO MOJE3HOCTh JIJIA €e WIEHOB OyaeT Gombine, ueM u;(x;).
910 u ecth s1apo. Cam DIKBOPT TOBOPUI O KPUBOH KOHTPAKTA, TOTOMY UTO PACCMATPUBAT
cIydait IBYX YYaCTHUKOB W PHCOBAJ MUK DJIKBOPTA”.

Bonbimoit ynaueit sBisgeTcss TO, 4TO PO SKOHOMHUKH HEMYCTO TP MPOCTHIX YCJIOBUX. Bu-
JINMO, TIPOIIE BCEro yOeIuThCsT B 9TOM C MOMOIIBIO MOHATHS KOHKYPEHTHBIX paBHOBecmit. Ha-
MOMHHM, YTO TAK HA3BIBAETCS paclpejenenue (x;), s KOTOPOro Haiimercs meHa (T.e. BEKTOD
p € R%), Taxoit uTo 1 KaXKA0TO ¢ HAOOP ¥; ABJIATCA HAUTYUIINM B OI0IKETHOM MHOZKECTBE
B;(p) = {z,pr < pw;}. Kak serko moHsaTh, J1060€ PABHOBECHOE DACIIPE/IeTeHTe TPUHAIEKHUT
anapy. deficTBUTEILHO, TPEANONOKNAM, UTO KOAJUIUs K MOXKeT Tak IepepacipeeuTh CBO
HAYATBHBIN 3a1aC (Ui, Y sepe Ui = D iex Wi), 9TO y; cTamn Jtydnte, dem x; (114 i € K). Tak kax
2; OBLIN HAWIYUITAMHA B OIO/IZKETHBIX MHOYKECTBAX, MBI JTOMKHBI 3aKIIOUNTH, 9TO UX CTOMMOCTH
MPEBBITIAIOT CTOMMOCTH HAYAIBHBIX 3aMacOB, py; > pw;. CKIaapBasg mo ¢ € K, MbI TIOTydaeM,
qT0 P(d ek Yi) > POk Wi), 9TO TIPOTHBOPEUUT PABEHCTBY » .op Ui = D ;i Wi [

OcTaeTcs 3aMeTUTh, YTO MPHU JOBOJBHO CIAOBIX YCIOBUAX (TUNA BHIMTYKJIOCTH TIPEIIOUTe-
HUif) KOHKYPEHTHBIE PABHOBECHsI CYMIECTBYIOT.

WuTepecHass 3KOHOMUYECKAs IPOoOIeMa, TaKyKe MOTHATas DIKBOPTOM, COCTOUT B IPHUOJIH-
JKeHUN paBHOBecuil sapom. /leo B ToM, 9TO B OCHOBE KOHKYPEHTHOTO TOBEIEHUS JIEKUT TI0-
CTYJIAT, YTO KaXKJbIl yYACTHUK HACTOJIBKO MaJj, 4TO HE MOYKET TOBJUATH Ha IeHy. [losromy
MOYKHO OKHUJIATh, YTO KOTJIA YIACTHUKN MAJbI, TO JIpO 'MOUYTH’ COBIAIaeT ¢ KOHKYPEHTHBIMU
paBHOBecusAMH. IMeeTcst TOBOTLHO MHOTO PE3YIbTATOB, KOTOPBIE YTOUHSAIOT 9TO YTBEP:KICHIUE.
B maubostee ancToM BHUIE OHO peaJn30BaHO AYMAHHOM: €CTH UMEeETCs] KOHTHHYYM yUIaCTHUKOB,
TO SIIPO B TOUYHOCTU COBMAIAET ¢ MHOYKECTBOM KOHKYPEHTHBIX PABHOBECHIA.

Pemenne Heiimana-MopreHnmirepHa. Bepaemcst K KOaJUITMOHHBIM UTDAM.
BosmorkHas mycToTa A1pa BLIHYIUIA UCKATL APYTHe, bosee caabble TOHATUA Pe-
menns. VI TyT Heab3d He yImoMsHyTh UCTOPUUYCCKH MepBOe MOHATHE PElIeHUs 110
Hetimany-Moprenurrepny (nnn H-M-perrienne).

Hasosem desescom (ummyranueit) onTuMaIbHbI U UHAXBUIYAJTHHO PAIMO-
HaJbHBINH BekTOp = U3 V(IN); nHaUe roBOps, & JTOJXKEH JiekaTh Ha rpanuie [la-
pero muoxkecTBa V(N) 1 15 JII0OOTO 4 JIOTKHO BBIOIHATHCSA HEPABEHCTBO T >
max(y,y € V({i})) = v;. O6osnaunm uepes E(V) MHOXKeCTBO BCex jesexkeii
urpol V.

Onpenenenne. H-M-pewenuem urpsl V HasbIBaeTC MOAMHOKECTBO Z C
E(V'), KoTopoe yJIOBJIETBOPSIET JIBYM YCIOBHSIM:

(*) ecin y € E(V) \ Z, o Haiinercs © € Z, KOTOPbIH JOMHUHUDYET .

(**) eco ke W y U3 Z, TO T He TOMUHUDYET .

MoxHO ckazaTh, uTo (**) - 970 ycjroBHe BHyTpeHHEH CTabHIbHOCTH Z, TOTJA
Kak (*) - yciosue BHerHedt crabunbrocTr. ['py6o roBopsi, perieHne B COBOKYTTHO-
CTH JIOMUHHDPYET BCe, & BHYTPH cebsl CBOOOIHO OT JOMUHUPOBAHUS.

Hanpumep, B urpe 6osbimmacTBa (genexka 300 mommapos; v(1,2,3) = 300,
v(2-anmemenTtHbIx Koamuimit) =300, v(urpoka)=0) MHOXKECTBO U3 TPeX paclpeje-
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nennit (150,150, 0), (150, 0, 150), (0,150, 150) obpasyer H-M-pemenne. B camom
Jlesie, KakK JIETKO TOHATH, HUKaKON U3 3TUX Jefexxel Ipyr ApyTa He JOMUHUPYET.
C nmpyroit ¢TOPOHBI, BO3LMEM TPOU3BOILHLIA Tesrex (:Cl, T, .’133); 3TO 3HAYUT, YTO
x; HeoTpuIaTeIbHBI U B cymMMe paBHB! 300. Ho Torma aBa unciia u3 Tpex MeHbIIe
nan paBabl 150. Ilycrs x1, £9 < 150. Torma 3ToT AeeX TOMUHUPYETC JETIEKOM
(150, 150, 0).

KcraTtu, B 910it urpe ectb Muoro japyrux HM-perenmuii.

He6oabmoit kommenTapuii. Hano ckazars, yro Heitman u MopreHiTepH, mpeaIoKiB-
mue noustue HM-pemenns, He ynmoMuHamu o sape (OHO GBLIO BBEIEHO sIBHO JieT depe3 15).
9TO BBITVIAIUT IIOPA3UTC/ILHBIM. MHe npeacTaBadeTcd, 9YTO OHU CO3HATEJIbHO HE€ TOBOPHUJIN IIPO
SITPO, TOHUMAST, ITO YACTO sIAPO mycTo. OHM ¥Ke XOTEIN TMPEITOKUTh TAKOe pelteHne, KOTOpoe
"Bceryia’ cyimecTByeT. U paju 3TOro OHM TONULIA HA TPU KEPTBBHI. Bo-TIepBBIX, YTaWIN TOHSI-
THe siapa. Bo-BTOPHIX, CMUDPWINCH ¢ TeM, YTO peIlleHre - 9TO He Jeexk, a CUCTeMa Jjeserkei
(MHOKECTBO Z). B TpeTbux, NPUILIOCH BCE eIle JOMYCKATh MHOKECTBEHHOCTD PEIeHHUi.

Vx magexpl He onpaBiaauck. B 1967 r. 6bu1 moctpoen npumep urpsl (10 ) 6e3 H-M-
peliennsi. 9TO CUILHO TOmOopBaso nuTepec Kk H-M-perenusiv.

Tem me menee mouarue HM-pemennus sapisercs dbyHIaMeHTATBHBIM, U JOMXKHO OBl BCETIa
CYIIeCTBOBATH. MBI BepHEeMCs ellie K 3TOMY BOTPOCY U MOKaxKeM, 4To "apooubiii” Bapuant HM-
peltiennst 1efiCTBUTEIBLHO CYIIECTBYET BCETIa.

Hyxkieonyc. 910 mousaTHe TPUMEHNMO TOJHKO K UTPaM € TOOOTHBIMU TLIa-
TexkaMu. HauHeMm ¢ TEXHUUIECKOTO TepMHuHa. Ikcuecc KOATUIUH S TP JaHHOM
MJIATE2KHOM BEKTOPE T €CTh YUCIIO

e(S,x) =v(S) — sz
€S

Henexx x NMpUHAICKUT SAPY TOTJA U TOJBKO TOTJIa, KOrja Bee Kciecchl < ().
e-s1JIpO - KOTa Bee 9Kcrecchl < €. Okoa0-a0dpo (near-core) - HAMMeEHbIIee HEYCTOe
-51JTpO. DTO BBIMYKJIOEe MHOKECTBO. Ecm uitn erre gasbine (CABUTAsS CTEHKH MHO-
rOrpaHHUKa, 3aJIAI0IIEro A71pO), MbI TIPUJIEM K €JIMHCTBEHHON TOUKe, HA3bIBAEMO
HYKNEONYCOM.

B orsnume or Bekropa lerin (0 KoTOpOM MBI ellie cKazkeM TojgpoOHee), Hy-
KJICOJIYC SIBJISIETCST KYCOUHO-JIMHeiHOM (DyHKIIMeH Ha MHOXKeCTBe BceX urp. l'eo-
MEeTPUYIECKH 3TO "TeHTpabHass ToUKa s/pa, KOTJa OHO HEMyCTO.

ITeperoBopHOe MHO2KECTBO. [lepe206opHan mouka UTPHI U - 3TO TaKas UM-
My TaIus v, IYTO JIJIsd JTIOOBIX JIBYX UTPOKOB ¢ U j JI000e "BO3parkeHue” ¢ MPOTUB j
HATAJKUBACTCST Ha "KOHTpBO3paxKenwe” j mpoTus i. 37ech sospasicenue (objection)
- 9T0 KoaJsuiust S (cofepKaiast 4, HO He j) U UMITyTanust [, J0CTymHast S U JIyd-
ast Mo CpaBHEHUIO ¢ « JJIsd Beex 4ieHoB S. KoHTpBozpaskenne - KoaJauiust 1
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(comepskarmas j 6e3 1) u momycTuMas Jyist T UMITyTaIus 7y, Kotopast (ciabo) Jyd-
e, em (3, qist wienos S N'T, u (cnabo ke) sgyudrie, yeM o, s aigeros T — S.

Takoe moHATHE OBIIO WHCIIMPUPOBAHO HAOJIONCHUEM 33 UTPOKAMHU B IKCIEPU-
MeHTaJbHBIX cUTyIMsaX. [1o cpapuenuio ¢ HM-perieruem, oHO BhIparkaeT cTabUIIb-
HOCTb eduncmeentoti MITYTalluu, a He TeJIoro MHoKecTBa. CyIiecTByeT BapuaHT
oTipeJieIeH s, TJe UHIUBUILI § ¥ j 3aMEHSIOTCS KOAJTUITHSIM.

B crenyiomux AByX JEKIUIX Mbl Oojiee TOIPOOHO OCTAHOBUMCS Ha, TOHSITUSIX
siapa u BekTopa Illemnn.
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Jleknuga 22. Zapo

Hanmomuuanwusi. [Iycrs N - muoxkectso urpokos, u V. = (V(K),K C N) -
KoaJuiuonHast urpa. Hamomunm, uro supo C(V) cocrouT u3 TakKux BEKTOPOB
BoArphIeit © € V(N), uro xx He npuHaIeKUT BHyTpeHHoctr V (K) Hu s
Kakoil (Hermycroit) Koammunn K.

Kak y»ke ToBOpHIIOCh, SIPO 9acTO ObIBAET MyCTHIM. 371€Ch Mbl 3afiMeMCs yCI0-
BUSIMU, KOTOPBIE TADAHTHPYIOT HEMyCTOTY siapa. U HavHeMm ¢ Gosiee MpocToro Ciry-
dag Urp ¢ TOOOYHBIMHU TITATEXKAME. DTO 3HAYUT, YTO I KasKI0# Koamurmu K
sagano uuciao v(K) - “nennocts” Koasuimu. XOTs 9TO He TaK BaXKHO, MOXKHO
cautarh, 9To v(i) = 0 masa J060T0 UTPOKa i, ITO (YHKIMST ¥ MOHOTOHHA W CY-
nepaJyInTHBHA. S1po B TpaHcdepabesbHOM CIIydae COCTOUT M3 TAKMX BEKTOPOB
z € RY, gro

a) 2(N) =v(N), n

b) z(K) > v(K) pnst moboii (nemycroit) xkoammmnu K.

3nech ans xoanuiun K z(K) obosnauaer ) .. x;. OTMETHM, YTO B JaHHOM
ciydae siIpo 3a/1aeTcst HabOPOM JIMHEHHBIX HEPABEHCTB, U MOITOMY SIBJISIETCS BbI-
MyKJIBIM (OTPaHIIeHHbIM) MHOKECTBOM B TIpocTpancTse RY .

CynepMmonyJsapuble urpbl. Oyuxuust v ua Oynesoit pemterke 2V (Takue
bDYHKIMT HA3BIBAIOT Takke (HDYHKIMSIME MHOXKECTB) HA3BIBACTCS CYNEPMOOYAAD-
noti (unm ewnykaotl) uepot, ecau nist moObIX ABYX Koayuimit K w K’ Bermoms-
€TCsT HePaBEHCTBO

v(K)+v(K') <v(KNK')+v(KUK'). (4)

Mur cunraem takske, uto v() = 0. OTMeTHM, UTO CyIepMOLyAAPHOCTH BIEUET Cy-
epaIINTUBHOCTE. B KAKOM-TO CMBICIIE 9TO 03HAYUAET, IYTO BLITOLHO 00PA30BLIBATD
BCe OOJILIITNE KOAJTUIINH.

JIOBOTLHO JIETKO TPOBEPHUTD, UTO CYOMOMYIAPHOCTD SKBUBAJIEHTHA BHITIOTHEHUIO 0OJIee KO-
HOMHO# CHCTEMbl HEPABEHCTB:

v(S)+v(SUiUyj) >v(SUL) +v(SUY)

(nist mo6bix S C N u i,j € N). Unrepnperanus depes mpejesibHble TEHHOCTH UTPOKOB (WX
pocT).

['maBubrit HWHTEPEC BLIIIYKJIBIX UI'D B TOM, YTO AP0 BCErJa HEIIYCTO.



Jlextus 22. apo 121

Teopema (Illern). Ecau uepa v cynepmodyaapna, mo adpo C(v) nenycmo.

Boutee Toro, MOXKHO SIBHO yKA3aTh 3JIEMEHT U3 sijipa (1 JaxKe TeJioe CeMeiicTBO).
PacckazkeMm 00 3To#t KOHCTpYKIINK OoJiee ToIpoOHO.

Ynopsimounm kak-1o urpokos, N = {1,2,...,n}, u obosnaunm uepes K; ko-
ammunio {1,2,...,4} TepBLIX ¢ UTPOKOB. [locie ITOro OmpeeuM JIeJiesk & 110
dopmye

T, = U(K@) — Q)(Ki_l).

Cwmpicat TyT mpocroit. Koamuim K; 06pasyoTcsa 1o odepein, myTeM TPHCOe/nHe-
HIs1 HOBOTO UT'POKA, W HTOT UI'POK ¢ TONYIACT BCIO JTOTOJHATENbHYTO (MM MApTH-
HaJTBHY10) TprobLTL v(1, ... 1) —v(1,...,i—1). OueBuzano, uro 2(N) = v(N), n
OCTAaETCs TONBKO MPOBEPHUTD, UTO ITOT JIENIEK YCTPAuBaeT JI00y0 Koamumuio K.
T.e. uro BemosnHenbl HepaBercTa x(K) > v(K). DTo yTBepKIeHEE MBI OyIeM
JOKAa3bIBATH MHIyKIHeH 1o ancay wienos K; s K = ) ono oueBuno.

[Tycts 4 - HAMOOMBININI HOMED yUaCTHUKA, TOMABIIET0 B KoaJauimio K. DTo
sHaunT, utro K C K;, m K ne comepxurca B K;_1. 13 onpenenenus cymnepmory-
astpHOCTH (4) MBI HMeeM

v(K) 4+ v(Kiz1) <v(KNK;i—1) +v(KUK;_4).

IIpu stom K U K;_1 = K;, a K N K;_1 collep>KUT MeHbIIee YUCJIO UJECHOB, U K
HeMY TTPUMEHNMO WHIYKTHUBHOE Tpeanosoxkenre. [103ToMy MBI TTosrydaeM

'l)(K) S U(KHK‘_1)—|—U<Ki)—v<Ki_1) S .QZ(KHK‘_l)—FQZ(KZ‘)—QZ(Ki_l) = .QZ(K)

U

Ha camom nesie pjist Tr000T0 yHIOPsIIOUMBaHUs T MHOXKeCcTBa, N Mbl TIOJTydaeM
CBOIO TOUKY L, W3 si7[pa, TAK UTO MBI MPEIbIBUIN JayKe n! Touek u3 syipa (Ta-
Kie TOYKN HA3BIBAIOTCS TOYeMy-TO mowkamu Bebepa). Boree mpuniunmaibHbiM
SABJISICTCSA CJICJIYIONIEe YTBEPXK ICHHE.

IIpenmoxkenne. /Jasa svnyxiol uepo v adpo C(v) asasemes suunykaoti 060-
A0uK0T mouex . Boaee mozo, mouku Tp ABAANOMCA SEPUUHAMY BHNYKAO20
mrozozpannura C(v).

DTO HOBOILHO JIETKUH pakT, HO MBI He OyJeM ero jokasbiBaTh. MHTEpec ero
B TOM, UTO JII0OOE pacipenesenye U3 siapa MOXKHO pPeaJn30BaTh KaK BBIMTYKIYIO
(Wi BEpOSITHOCTHYI0) CMECh TOUeK BUJIA L.

[TPUMEPBI Bomykabix urp.
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1) Urpa "egunornacus’. Ilycts v(N) = 1 u v(S) = 0 ma Bcex S # N. Oue-
BYJTHO 9Ta WTpa BhIMyKJIa. Boobime, /s moboil (HemycTolt) Koaauun S MOKHO
OTIPEJICJIUTH OJIUTAPXUIECKYIO™ UTPY Vg MO MPABUIY:

1, eem K DS, n
vs(K) =19
B OCTAJILHDLIX CJIyYasix.

Haiinure ee sapo.
2) Urpa "sarosop”. CesizkeM ¢ Koasmiueii S TaKyio CTpaHHYIO UIPY Ys:

(K) = 0, ecmm K C S,
75 | —1, B IPOTUBHOM CIy4ae.

B 9roit urpe nosisienne xorst 6b1 OJJHOTO MJIOXOT0 UTpoKa” (He 13 .S) MOPTUT BCIO
koasniuio K (mpenaresib, joxKa Jerts). JJoBOJBHO JIETKO TOHSITH U3 Olpe/Iee-
HUSI, 9TO 9TO TOXKe BhIMyKJaas urpa. [lonbsysch I[IpeniokenneM, mokaskuTe, ITo
SIpo 9Tof urpel paao —A(N — 5).

3) Urpa "emkoctu’. IlycTh UTPOKY ¢ HY>KHO (HEJACTHIHO) HEKOTOpOe ~0bIie-
cTBeHHOE” 6JIaTO B pasMepe y;, TPOU3BOJACTBO KOTOpOro crout c(y). Bosuukaer

UTpa v, JJid KOTOPOW
v(K) = —c¢(max(y;, i € K)).

[IpuMeps! TAKNX CHTyalnil: CTPOUTENIBCTBO B3JIETHOI TTOJIOCHL, JUMT, achalbTu-
poBaHue JIOpOru KyJIa-To.

YTBep:KIACTCs, UTO €CJIM ¢ MOHOTOHHA (UTO €CTECTBEHHO TSI M3/ICPIKEK ), TO
9Ta UI'pa CYNepMOAYJIApHA. DTO JOBOJBHO OUEBUIHO W3 KPHUTEPUs IIPeJIebHOI
IIEHHOCTU UT'POKa, OCOOEHHO €CIU YIOPSAOUNThL UTPOKOB TaK, UTOOBI ¢ < to <

< yp. Ilo gpyromy sTo yTBepKjaeHHE MOYKHO ITIOJYUUTh U3 MPeJCTaBJICHUL
TaKOU UTPHI KaK (TOJOKUTETbHOM) THHEHHONH KOMOMHAIINY UTD 7Ys.

CrabusibHble cucTeMbl KoaJuliuii. VIHTYUTUBHO SICHO, YTO spO ObIBaeT
MyCTO TOTJIa, KOT/Ia TMPETEH3UN ~MaJbIX KOAJUINN BEJIMKK 1O CPABHEHUIO C BO3-
MOYKHOCTSIMU TOTaIbHON Koasuiuu N. B 9ToM paznesne Mbl PacCMOTPUM TOT CJTy-
Taif, KOrJa HEKOTOPbIe KOAJTHIMN BOOOIIE He MOTYT 0OPA30BBIBATHCs (HAPUMED,
110 TOW TPUUINHE, UTO BEJTUKN U3AEPKKH UX (POPMUPOBAHUS, UK TTO JAPYTUM (DU3u-
YeCKUM WU FOPUJNIECKUM TPUIHHAM ). B HEKOTOPBIX TAKMX CUTYAIUAX HEITYCTOTA
SITIPa CJIEIyeT yaKe U3 CynepaIuTUBHOCTH .

[IpeacraBum, HapUMeD, 9TO JH0OAsT HETPUBUATbHAS (HEOTHOIEMEHTHAST ) KO-
JIMTIAS JTOJIKHA COJIePKaTh UrpoKa 1 (opraHusaTop, Wik BeTo-urpok ). Torma Mox-
HO OT/IaTh HTPOKY 1 Bech cloprumoc, To ecTh Jath emy 1 = v(N) — Y., v(j), a
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OCTATLIBIM JaTh 2; = v(j). flpepnocts 9TOTO Mesexka (nanpumep, ato 1 > v(1))
crenyer u3 cynepagautusnoct: v(N) > Y v(7).

Teneps MoxkHO JaTh obIIee onpenenenue. [lycrs 3anano cemeiictso F mormy-
CcTUMBIX KOATUIMIL; MbI OyieM cuutath, uto {1} € F mis jawoboro urpoka i € N
u auro N € F. Hazosem F-uepoii orobpaxkenune v : F — R. dapom F-urpsn
Has3bIBaeTCs Jlesiek & = (1;), Takoit uto (N) = v(N) u 2(S) > v(S) s moboii
"nonyctumoit” koasunun S € F. F-urpa v : F — R mazniBaercsa cynepaddu-
muenoti, eciu yist moboro pasbuenns S = [] i S;, re Bce S; n S "nomycTuMsl’,

BBITIONHEHO HepasencTso v(S) > 35 v(S)).

Onpepgenenne. CemeficTBo Koanumuit F Ha3bIBACTCS CMabUALHLM, CCITA I
moboit cymepajauTusHoi F-urpel v ee supo C(v) Hemycro.

Britie Mbl y2Ke MPUBOJIUIN MPOCTON MpUMep cTabUILHOTO cemeiicTBa. [aanm
nIBa 060JIee HTEPECHDBIX U CJIOXKHBIX IMPUMepa.

1. ITpumep - mapbsk. PakTudeckn 31o npumep 2 u3 Jlekruu 20. B sToit urpe
JesieyK T MPUHAJIEXKUT SIAPY, €CIU BBIIOJIHEHbI COOTHOIIEHUsT ABYX THUIIOB:

a) MHAMBUIyaJbHAs PAIMOHATBHOCTD: ; > 0 mist moboro 1 € N = M U W,

b) cTabuabHOCTD: HET TaKo maphbl (M, w), 9T0 Ly < U (W) U Ty < Uy (M).

Kopoue - cucrema OpakoB JOKHA OBITL CMaduAbHa: JjsT JI0O00T0 MOTEHIIN-
asbHOTO Opaka (m, w) JnbO KeHa M He Xy¥XKe w, JHO0 MyXK w He Xy¥Ke M.

B srom mpumepe cemeiicTBo Koasuimit F COCTOUT U3 BCEBOSMOXKHBIX Tap (1, ),
rie i € M, j € W (u ogurodek). OKa3bBaeTCsI, 4TO 9TO cCeMeficTBO Koanutuii F
YHUBEPCAJIBLHO CTAOMILHO, TO €CThL BCETIA CYIIECTBYET CTAOMILHLIN Mapbhsik.

Hnsa nokazarenbcrBa leitn n [lenyn npeamoxkuim Takyio Npoleaypy: Kak-
JIBIH My2KUMHA CBATAETCS K HAMJIYUIIeH (¢ ero TOYKH 3PeHNs) JKeHIINHe; KaxK1ast
JKEHIIMHA BBIOMPAET U3 XKEHWXOB HAMJIYUIIero s cebsi 1 BpeMEHHO aHTasKupyeT
ero. OcraBimmecss My>KUUHBI TTOBTOPSIIOT CBATOBCTBO (He OODAIAsICh MOBTOPHO K
OTBEPIHYBIINM UX YKEHIIUHAM ); JKEHIIHHBI CHOBA BHIOUPAIOT (CPEeJIN HOBBIX YKEHMU-
XOB TUTIOC aHTaXKUPOBAHHBIH Myx)kunHa). U Tak manee. B pesynbrare momydaercs
cTaOUIBHBIN MaphsaK. B caMoM jiesie, pacCMOTPUM MOTEHITHATLHYO Tapy (m, w).
Eciu w Gosee mpuBekaTebHa, JIJIs M, T€M €T0 XKeHa, TO M0 KOHCTPYKITUU TTPOIIe-
JIypBI OH y2Ke Jiesiaj TPEJIJIOKEHNe W U MOJYUU OTKA3; 3TO 3HAUUT, UTO 1M XyXKe
JUTST W, 9eM ee HbIHEITHWH CYTpyT.

2. Ilpumep. [IpenmonoKum, 9T0 yIaCTHUKH PACIIOIOKEHDI B BEPITNHAX HEKOTO-
poro gepesa 1. Torga ecTecTBEHHO CUUTATD, UTO ~JAOMYCTUMBbIE KOAJTUITUH  TOJIHK-
HBI COJIepKaTh BCEX TTPOMEXKYTOUHBIX  yUacTHUKOB. MHaue roBops, cemeitctBo F
COCTOUT U3 CBsI3HBIX MoArpadon (momgepesbes) aepesa T'. Xopoiiee yrnpakHeHIe
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- MPOBEPUTH, YTO F CTAOUIHLHO.

CoaJstaHCcUpOBaHHBbIE UTPHI. YCIOBHUE CYyTIEPMOIYJISIPHOCTH UTPHI ¢ TTODOUHBI-
MU TIJIATEXKAMHU JTOCTATOTHO JIJIsT HEITYCTOTDI S/Ipa, HO He SIBJISIeTCS HEOOXOINMDIM.
Hnatue roBopsi, OLIBAIOT HEBBIMYKJIbIE UTPHI ¢ HEMYCTHIMU SIAPAMI.

OxkazbIBaeTCs1, MOYKHO HAITMCATh U HEOOXOINMbIE YCIOBHS HEIYCTOTHI siapa. Ha-
YHEM C TIPOCTOTO CJIyvasi UTPhbl Tpex Jiul. Ecin BekTop & = (&1, €9, T3) TPUHA-
JIEYKUT SIAPY, TO

z; > o) s i =1,2,3,

1+ 2 > v(1,2), 21+ 23 > v(1,3), 2+ 23 > v(2, 3),

1+ z9 + 23 = v(1,2,3).

Orciofia MBI TIOJIyYaeM, UTO
v(1) +v(2) +v(3) <v(1,2,3),

v(1,2) +v(3) <v(1,2,3),v(1,3) +v(2) <v(1,2,3),v(2,3)+ v(1) <v(1,2,3),

n

v(1,2) +v(1,3) + v(2,3) < 2v(1,2,3).
Moxmo y6€,HI/ITbCﬂ, H9TO 3TH YCJIOBHA TaKXKe N JOCTATOYHLI AJIs HEIIYCTOTDHI A1pa.

[lepeiinem Temeps K obmiemy ciaydato. Ilyeth gana urpa v, T.e. ceMeiicTBO Un-
cen (v(K), K C N). B npocrpanctse RY pacemorpum muororpamnuk P(v) = P,
sagannbiii Hepasercrsamn ¢(K) > v(K), K C N. Touku 9TOro MHOTOTDAHHH-
Ka n300paXkaloT "MpeTeH3un” KOAJHUIWH, TO eCTh TaKue pacipeie/ieHus, KOTOPhIe
ycTpauBatoT Bee Koagunun. ObosHaunm depe3 Min MUHUMYM JIMHEHHON (DyHKITIH
1(z) = 1y(z) = ), z; ma P. Ouesnamo, aro Min> v(N),  9T0 s1p0 HEMycTO T.
u T. T., Koryia v(N) =Min.

OcHoBHOIT (DaKT BBHIMYKJIOrO aHagu3a (TeopeMa JBOMCTBEHHOCTH) MO3BOJISET
JPYTUM CIOCOOOM BBIPA3UTh 9TOT MUHUMYM Min. {1 9T0r0 HY:KHO BCEBO3MOXK-
HBIMH CTIOCODAMH TIPEICTABUTH (DYHKIMOHA 1 B Bujie (HEOTPHUIATELHBIX ) KOMOH-
nannit gyukimonanos 1g (1x(z) = z(K)). lyers 1 = ) 1 A1k, tie Ag > 0.
Tak Kak jiy1s J1060ro & € P srimonneno 1k (z) > v(K), To cKIaIpBast 9TH Hepa-
BeHCTBa, moiaydaeM 1(z) > > Agv(K), otkyza Min> > Agv(K). Teopema
JIBOHCTBEHHOCTH YTBEPKIAET, UTO

Min = m?XZK: Agv(K).
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31ech y100HO BBECTH CJIEIYIOIIHE

Omnpepnenenns. Hab6op uncen A = (Mg, K C N) HaspBaeTca cbanamcupo-
BaMNbIM cemeticmeom, ecin A > 0, 1 Y .. Ax = 1 1u1a moboro ¢ € N.

Nrpa (¢ mMOOOUHBIMHU TTATEIKAME) HABBIBACTCS COQAGHCUPOGAHHOT, €CITH JIJIs
060T0 COATTATICHPOBANHOTO ceMeicTBa A Buimommsaercs y - Axv(K) < v(N).

[Ipenpiaymime paccy>kIeHus JTOKA3BIBAIOT CICTYIONIYIO TCOPEMY.

Teopema (Bounapesa, 1963). Hepa v umeem nenycmoe Adpo mozda u moavko
mozda, Koz2da oHa COGNAHCUPOBAHA.

MozkHO TakKe CKa3aTh, 9TO CJIeJaB 0a.4aHcuposky Urpbl v (T.e. 3amenus v(N)
na max()_ x Axv(K)) 1o BceMm cOATAHCHPOBAHHBIM A), MBI TOJYIHM UTPY C HEITy-
CTBIM SIJIPOM.

IIpumep - cereBasi urpa. BenomuuMm urpy ¢ tpancnopthoit cetbio (V) A, 1) u3 Jlekunu
20, tme yuactauku ¢ Baageor Kyckamu A; ([[; A; = A) sroit cern. Buurpsim v(K) koann-
mun K paBHAICS MaKCHMAJbHOMY TOTOKY 1O U;cx A;. YI00HO 3TO TPEICcTaBUTh TaK: MaK-
CUMAJIbHBIH TOTOK B ceTh 1) 0003HaYuUTh [(1)); TOrJa YYACTHUKH BJIAJICIOT MOJICETSIMHU 1);, W
v(K) = f(Q ek ¥i)-

4 yrBepxkmaro, uro sra urpa cbamancuposana. eiicrBurenbho, myctb A = (Ag) - cba-
JAHCUPOBaHHBIH Habop Kodbdunnento (r.e. 1y = Y Aglg). Ham Hy)HO TOKa3aTh, 4TO
v(N) < > Agv(K). ObosHaunM depe3 ¢x MAKCHMATBHBIN TOTOK Yepe3 CeTh g = Y . ;.
Ham HyzKHO TIPOBEPHUTH, UTO TOTOK Y Ak@x JOIMYCTHM CeThio 1 = » . 1; = y_ Ag¥g. Ho s10
TPUBUAJIBHO CJIEIyeT U3 CJIOXKEHUsT HePaBEHCTB ¢; < ;.

[TomyuaeM, 9TO 97pO CETEBON UTPHI HEIYCTO.

Ha camom sieste, mpeabiayiiee paccy:KaeHne MOKa3biBaeT cOATaHCHPOBAHHOCTD JIIOOOH UTPHI
MIPOU3BO/ICTBA, MPOU3BOICTBEHHAS (DYHKIMSA KOTOPO# [ BOTHYTa M OTHOPOIHA.

MozxHO Ootee IBHO TMPEII0KHUTD IeMEHTH U3 sapa. Paspe3om B ceTu Ha3bIBaeTCs HAOOD
D crpesiok (ayr) oprpada, Takoit 4To JI000i TPOCTOi OPIYTh M3 UCTOKA S B CTOK  COMEPIKHUT
onuy u3 crpenok D. Cymma t(a), a € D, mponyckHbIX cnocobHOCTed ayT paspesa D Ha3biBa-
eTCsl TPOITYCKHON cmocOOHOCTBIO paspe3a D (o6osnaunM ee p(D)). O4eBUIHO, UTO BEJIUINHA
MOTOKA B ceTH 1) He mpesbimaet (D) ausa moboro paspesa. A 3ameuarenbaas Teopema Popia-
DankepcoHa yTBEPKIAET, UTO Haiijerca (1ag gaHuol cetn 1)) paspe3s D (T.H. munumasvhii
paspes), aro f(¢) = (D). Tak BoT, HAJIO B3ATH MPOU3BOIbLHBIN MUHUMAIBHBIH paspe3 D st
cern 1 = Y .1, U B KaUeCTBe sIePHOTO PACIpeleTeHnus AaTh yIacTHUKY i x(i) = (D).
Od4eBuHO, YTO

1) (N) =), (D) = ¢(D)=(reopema Dopra-Dankepcona)=f(y) = v(N), n

2) v(K) (T.e. MaKCUMAJIbHBII TIOTOK 9Yepe3 ceTh Yy ) He mpesbimaer Y (D) = z(K).

Bameuanne. 11 1o, u Apyroe MOKa3bIBAIOT, UTO sIAEPHOE paCIpeleNeHrne Hy:KHO MOHUMATh
KaK KacareJbHywo (Tounee, cynepandddepennuan) K byHKIum v B Touke N.

Anapa urp 6e3 modboYHBIX MmaTexkeii. [loce Toro, Kaxk MbI pazodpaJn Cy-
Jait urp ¢ TpanchepadbesbHBIMI TOJE3HOCTSIMU, MOYKHO TIEPEXOAUTE K KOAJTUITIOH-
HBIM UTpaM 6e3 TOOOUHBIX TIaTexkeil. HamoMHuM, 94T0 OHM 3a1a10TCA ceMelCTBOM
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vuoxects (V(K), K C N), V(K) C RE. Mui sugiesu, uto (B Tpancdepabenbrom
cydae) BaXKHYIO POJIb UTpaeT yeaoBue coanancupoBantocT. Ckapd mepenec 3o
MOHSITHE Ha OOIIMe TPl ¥ MOKa3aJl, ITO OHO TaKXKe BJeYeT HEIYCTOTY siapa.

91 mpuBey HMXKe HEKOTOPOE 0bIIee yTBEpKIeHNE, CIeICTBIEM KOTOPOro Oyaer
teopema Crapda. B ero ocmope jexXut uuest, 9T0 pe3yabTATOM KOAJUINOHHOTO
B3aMMOJIEHCTBIS JIOJIKHa ObITh mapa (z, A), rae x = (z;, ¢ € N) uzobpazkaer
nenex (pacupesenenue Boiurpeima), a A = (A(K), K C N) orpaxaer ¢hop-
muposatue Koamumuii (A(K) - 970 ypoBeHb, MHTEHCUBHOCTE (OYHKITMOHUPOBAHIIST
koasmin K). Koneuno, sra napa He npoussosbHas. [Ipex;ie Bcero, T0MKHO BbI-
TMOJTHATHCSA YCIOBUE cOATaHCHPOBAHHOCTH,

I. Habop A cbamancupoBaH.

To ecTh KaxKbIii UTPOK JOMKEH OBITH MOJHOCTHIO 3aHAT AEHCTBYIONUMEI KOAJH-
USME. DTO ¢BOeOOpa3HbIi OaIaHC MO TPYIY.

Bo BTOpBIX, BEKTOD BBIUTPHINIEH & JOMKEH ObITh JOCTUXKUM YCUIAAMEI CHOp-
MupoBasimxcs koamuimit. [log stum g nornnmMato, aro eciu A(K) > 0 mist Hexo-
topoit koasunnu K, 1o zx € V(K). (To ectb ecoin koanuiust K (byHKIHOHUPYeT,
OHa JIOJZKHA 00ECTIeTNBATh CBOWX WJIEHOB TPEINNCAHHBIME ToTe3HOCTIMIE. ) O60-
sHavas depe3 V(\) MHOXKECTBO BEKTODPOB ¥, Takux 4T0 yx € V(K) s moboii
koasuin K ¢ A(K) > 0, Mbl 3amuiieM BTOpOe YCIOBHE Kak

II. z € V(A).

Hakowerr, ecsin jiejiexk & MOxKeT ObITH yJIydIlieH HEeKOTOpoil Koasuimeir K (r.e.
rx € Int(V(K))), cnoxusiuascst CTpyKTypa KoaJuiuii A 6yaer paspyiiena. dro-
OBI TOTO HE TMPOUCXOJIUIIO, BBEJEM TpeOOBaHNE HEJIOMUHUPYEMOCTH

III. st mo6oii koamuiun K Touka 2 He puHaiexkuT BuyTpentoctu V (K).

Habop (z, ), ynosrersopstionuit I-111, nazosem B-adeproim (unu pashosec-
HbLM).

Teopema. asa 110601 uepv cywecmsyrom B-adeprvie ucrodul.

Ckapd nasbiBaer urpy V' coaaancuposannot, ecim V() C V(N) mis Jmo-
boro cobanancupoBannoro nadbopa A. VM oueBUIHBIM ClIeICTBAEM HAalllell TeOPEMbI
sIBJIIETCsT cejyroras Teopema Ckapda.

Caenctsue (Ckapd, 1967). Ecau uepa V' cobanrancuposana, mo ee A0po neny-
cmo.

B kauecTBe CJIEACTBUS MBI CHOBA TOJyYaeM, YTO SAPO B BBIMYKJION MOJETN
SKOHOMHUKH UHUCTOr0 0OMeHa HemycTo. B camMoM fese, JIerko MpoBepPUTh, UTO COOT-
BETCTBYIOIIAsl UT'PA sIBISIETCs COAJaHCUPOBAHHOM.
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Joka3aTeabcTBO T€OpeMBI. Bynem ¢MOTpeTh Ha KOATUIHOHIYIO UTPY ¢ SKOHOMHIECKOH
TOYKH 3PEHNS, TOHUMAsT KOAJTHUINH KaK HeKUH GUPMBI, KOTODBIE JIst CBOEiH pabOTHI IIPHUTIAIIA-
0T YYACTHUKOB 9TOM Koasnumun. Pob men (wim srydmme - 3apiiar) 6y/1eT BHIIOTHATH BEKTOD .
B 3aBucuMocTy OT BesntuHLL T (a ToUHee, T ) Koamumusa K mbo Ge3mecTByeT (ecIn He MOKeT
IJIATATD TAKYIO 3apILIATY ), IUO0 TPOSIB/ISAET PA3YMHYIO AKTHBHOCTD, JTHOO PA3BUBACT GEIICHYIO
AKTHBHOCTH (€CTH MOZKET MPEJIOKUTD BCEM yIaCTHHKAM Oonblne). B koHeunoM utore pupMbl
IPETBABISIOT CIPOC Ha YIACTHUKOB. ECIM CIPOC Ha HEKOTOPOTO YYACTHHKA i MPEBHIIMaeT 1
(T.e. IpeUTOZKEHNE), TO T; YBEININBACTCS, €CIN HET, yMEHbIIaeTcs. HemoasuKmas Touka gaeT
ANepHBII NCXO.

Bonee touno, mur o6osmatunm wepes A = {A = (MK)),0 < MK) < 2 VK}. X - map
6ompmoro paauyca Bokpyr 0 B mpoctpanctse RY . Mbr onpenesmnm cefiaac (MHOTO3HAUHOE) OTO-
Opaxkenne F' muoxkecTBa A X X B cebs, T.e. 10 mape (x, \) onpegennm HoByIO mapy (', \').

Ompegenenne 2'. 910 Argmax ma X muneitnoit Gyukmun Y A(K)1x — 1y. 910 TOUKA Ha
rpanuiie Tapa X KpoMe TOTO CIydasl, KOTaa A cOaJaHCHPOBAHO.

Omnpenenenne N. g koamunun K 1OJ0KAM

0, ecu 2 ne mpunamtexut V(K),
N(K) =< moboe ancio mexay 0 u 2, ecin 2 gexut Ha rpanuie V(K),
2, ecam T momagaer ¢Trporo BHYTph V(K).

fcno, uTo TMOCTpOeHHOE OTOOpayKeHMe (COOTBeTCTBHE) F' 3aMKHYTO W MMeeT HEMyCThle Bb-
nykJsie o6passl. [Tosromy mo Teopeme Kakyranu cymecTByer HemoaBm:KHast TOUKa (z*, A*).
4 yrBepkaaio, 4To ona B-saepHas.

HeficTBuTeIbHO, ecin o* JeKUT Ha TpaHUIe Mmapa X, To HeKOTopas KOODIWHATA T ~"00JIb-
mas’. Ho Torna Hukakas koanauims K, comeprKaias i, He MOXKeT 00eCTeunTh YIACTHUKY 4 TaKOH
Gonbimoit BumrpsIt, u 3HaduT A(K) = 0, cmpoc Ha 9TOro yuacTHUKa | paseH 0, U x} JOTKeH
ynactb. AHasornvano ecau z} "cibHO oTpuiaTeabHo”, Torma zf € IntV (i), smauur A(i) = 2.
"Copoc” Ha 3TOTO yYacTHHWKA BeJIUK, W ero 3apmiara x; > 0, 9T0, KOHEYHO, IPOTUBOPEYUT
HCXOTHOMY TIPEINOMOKEHUIO "CUIbHON OTPUIATETHHOCTH .

TakuM o6pazoM, z* JexuT BHYTpH X, OTKyAa A cOanancuposano. Ecau A(K) > 0, To
u3 onpenenenus N BugHO, uTo T € V(K), T.e. BhimomHsercs II. Hakower, B cuty Toif e

coamancupoBannoctn A\(K) < 1, me. xx He monagaer crporo BuyTps V(K) Hu amsa kakoit K,
t.e. [I1.0J

ITpumenenne k¥ HM-pemrenuro. [Iycts X - HekoTOpoe MHOXKecTBO, U D - OGUHApHOE
acnmMerpuaHoe otHomierne Ha X (“momunuposanne”). (PaxTuueckn 310 CTPYKTYpa oprpada
Ha X.) (A6crpaktabiv) HM-perenuem B 9TOi CHTYalnl eCTECTBEHHO CYUTATH MOIMHOXKECTBO
Z C X, KOTOpOe yJIOBJETBOPSET IBYM TPeOOBAHUEM:

1) BHYTpeHHsSA He3aBUCUMOCTD: D|z mycTo (TO €CTh 3JI€MEHTHl BHYTPU Z HECDABHUMbI MEK-
Jy €o6oii);

2) COBOKYITHOE JIOMUHUPOBAHUE: JJIst JTIOO0TO & & Z cyllecTByeT z € Z, Takoii uro zDx.

(B reopun rpacdos 310 HazbiBaercst kernel.) UyTh yaobuee BMecTo D paceMoTpeTh pediiekcuB-
HOe oTHOMmeHne D* = DU "nnaronans”. B stux repmunax TpeboBannsg 1) u 2) mepenuchbiBaoTcsa
KaK

1’) D*|z - TOXKIeCTBEHHOE OTHOIIEHNE HA Z; U

2") nag moboro x € X cymecrByer z € Z, zD*x.
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dAcno, yro HM-pemmenne cymectByeT He Beeraa. JIocTaToqHo B3ATH MUK U3 TPEX SJTEMEHTOB.
[ToaTomy ecTecTBEHHO OOPATUTHCS K PEJAKCAIIUN STOTO TOHSITHSI, TO €CTh K TIOHATHIO dpobH020
HM-pewenus (JHMP). dns ero dbopmymuposru HazoseM yenvio (s (X, D*)) moaMHOKeCTBO
C C X, rakoe uto nHaynupoBanuoe orHomenune D*|C' sBasiercsa monabiv nopsakom Ha C.

Omnpenenenne. Jpo6rvm HM-pewenuem nasbiBaeTcs (HeoTphIaTebHasg) Mepa i Ha X,
KOTOpas 00IaJaeT IBYyMs CBONCTBAMHU:

1) ana moboit e C' pu(C') < 1,

27) st moboro x € X cymecrsyer nenb C' ¢ u(C) > 1, takast uro cD*x qyis so6oro ¢ € C.

Hanpuwmep B ke u3 tpex snementoB JTHMP anserca mepa, mpu KOTOpoil Bec KazKI10TO
U3 TPeX 3JeMeHTOB paBeH 1/2.

Teopema. Fcau muootcecmeo X xonweuno, mo cyuiecmeyem THMP.

JlokazatesnbcTBo. HazoBem "urpokom” B Hammeil cutyarnun Jio0yio 1enb C. DieMeHTs © € X
Oy/J1eM TIOHUMATh KaK "KOAJUINN TeX UTpoKoB-Tieneit C'; KOTopble cojepKaT . Takas KoaJaumnusa
x paet urpoky C' monae3HocTh, paBHyto "Boicore” x B menn C' (Tak 9TO MUHUMAJBHBIH SJI€MEHT
nveerT BbicoTy 0, m T.J1.). Kpome Toro, KazKablit UTPOK MOXKeT "HHANBHIYAJBHO’, TO €CTh He
BCTYTIasl HU B KaKWe KOAJTUIUHU, TIOIYIUTh MOJI€3HOCTh — 1.

[IpumeHsas TOMYYEHHYIO BBITIIE TEOPEMY O PABHOBECHBIX MCXOJAX, MBI TOIYyYIaeM CYIIECTBO-
BaHue Tmaphl (u,\), TJIe U - HEKOTOPbIii BEKTOP BBHIMIPHINIEH HAMUX Urpokos-teneii O, a A :
X — R, - BeKTOp WHTEHCUBHOCTEH KOAJIUIMII, TpUYEeM 3Ta mapa 00JaJaeT COOTBETCTBYIO-
mumvu csoiictBamu [-111. Coanancuposannocts (yerosue 1) maer cpoitctso 1”). Caoiicrso 11
unTeprnperupyercst Tak: e x € C' u M(x) > 0, To u(C) < "Boicors” x B neru C'. TIpescra-
BUM Telepb, 4To i 0ol memu C') nomunupytomeii z, A(C') < 1. DTo 3HAUUT, ITO yKe
Juist ioboit ern C', comepxkaeii 2, moaesnocts u(C) ctporo Mmenbire, yeM "Boicota” = B C.
Ho 1o mpotuBopeunt cpoiictBy III, moromy uTo TOrna BEKTOP BBIUTPHIIIEH /I UTPOKOB U3
"KOAJTUIINKN & CTPOTO BHYTpeHHUIA. [



Jlexnusa 23. Bekrop lemiu 129

Jlexkiua 23. BekTop lllemn

Bekrop ITenmu. PaccmoTpentbie 10 CiX MOP pelieHnst KOATUITMOHHBIX UTD (51/1-
po, HM-pemienue) obaaganu AByMsi OUEBUAHBIMU HEJIOCTATKAMU: WX MOTJIO He
OBITH COBCEM, WJIM WX MOTJIO OBITH MHOTO. A XOTesoCh OBl UMETh TaKoe TOHSTHE
pelenns, KOTOpoe ¢ KaxKJI0# WTpoil CBSI3BbIBAJIO Obl €IMHCTBEHHBIN [e/esk. DTO
MeUTa TEOPUHU UTP - CBA3ATH C KaxKI0# UTpoit ee anavenue, M yeny urpbl. OHO
u3 Takux perenuii npepoxui lemmm (1953); HasbiBaeTcst OHO BEKTOPOM (M
suadenuem, Shapley value) e, Ml usnozkum reopuio suavenust [lemnmm s
UT'P € TTOOOUHBIMHU TIJIATEXKAMIA.

IIycTh MMeeTcs: KOAUIMOHHAS UI'pa ¢ TObOYHbIME TiaTexamn v : 2V — R,
3aannas cBouMu BuiurpoimaMu v(K) mas BeeBosmoxkubix koamuuit K (v(() =
0). HamoMHuuM, 9TO MpH paccMOTPEHUH CYNEepMOJYJISIPHBIX UTP MbI € KaXKJIbIM
VIIOPsI0UeHIEeM UI'POKOB T CBA3AIN HEKOTopbIi neex 7 € RY . Yropsagodennem
(mi HyMepalyeit) UrpoKoB HasbiBaeTcs Oouekiwst 7 : {1,...,n} — N, a genex
z” ycTpoeH Tak: UIpoK T(%) ¢ HOMepOM 4 Tosydaer mosesnoctb v(7{1,...,i}) —
v(t{l,...,i — 1}). naue roBopsi, UTPOK TOJyUaeT TOT TPUPOCT, KOTOPBIH OH
MIPUBHOCUT CBOMM TIPHUCOEIUHEHNEM K KOAJUIINN TIPEINIECTBYONINX €My UTPOKOB.

B ciydae BBIMYKIBIX UTD JedeKd &7 TPUHAJIEKAJIA sIAPY UTPhl v, U Oojee
TOTO, 0OPA30BLIBAIN KpaliHue TOUKM spa. B 9acTHOCTH, HEHTP TIKECTH TOUYEeK
2" (1.e. Touka =¥ = (D _7)/n!) TakkKe JEKUT B AApe U, B HEKOTOPOM CMBICIE,
SIBJIsIETCsT HanboJiee CIPaBeIJINBLIM SIIEPHBIM JIEJIEXKOM.

Unea lenyn 3akmaiovyaercss B TOM, YTOOBI 9TOH ke (OPMYJIOH OmpeIe/uTh
JeJiexK IS TPOM3BOMBHBIX UTP. A mMeHno, eexmopom, win snwavenuem Illenau
UTPBI ¥ HA3BIBACTCSA JIEMEHT <I>(U) e RV , 3aJIAaHHBIH BHON (hopMyJIOii:

®(v) = (Y _a7)/nl. (5)

Hamomuuwm, uto 7 npoberaeT 3/1ech Bce HyMepaIuu UTPOKOB.

NMurepuperarus. Crangaprhas untepnperarus Gopmyssl (5) takas. [Tycts
UTPOKH B CJAYIaiiHOM TOPSIIKE BXOAAT B 3a/1. IIpu 9TOM KaKIblii UT'POK TOIyYa-
eT BBITJIATY, PABHYIO TOH JOMOJHUTENBLHON MEHHOCTH, KOTOPYIO OH JI00aBJIsIeT K
coOpaBIIeiics 10 HEro KOAJUINU. ¢ TOBOPIO - J00aBJIAET, XOTd B OOIIEM CJIydae
9TO MOXKeT ObITh U OTpHUIATe bHAs BesrnarHa. CpeHuil IaTex (CIUTaeTcs, 9To
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BEPOSITHOCTD KayKJIOTO yTOpsIoUeHust paBHa 1/n!, rje n - 9ucio urpokoB) U ecTh
COOTBETCTBYIOIIAA KoopAuHara Bektopa Ilemm.

[IpuBesennyo BuIe (hOPMYITy MOXKHO MEPENUCATD, Jeasd aKIeHT Ha 3HAYCHUN
®(v) M1 KOHKPETHOTO UIPOKa 4. BOT MIpoOK ¢ BOIIEs B 3aJl, U BMECTe C HUM B
3aJie oKazajach KoaJquius K. B 9ToT MOMEHT OH TOJydJaeT BBHIIATY, PaBHYIO
v(K) — v(K — i). Ham ocraercst mocuutaTh, TPU CKOJBKUX YTOPSIOUEHUSIX T
TIPOMCXOUT ITO COOBITHE (T.€. UTO MOCTE 3aX0/ia 4 B 3aje COOUPALTCST KOAJUIINS
K). Iycrs 4 Bxogut k-M 1o ouepenu, rie k = |K|. o ero 6buta koasmuus K/ =
K —i w3 k— 1 genoseka. 910 paer (k—1)! Bo3aMoKHOCTel U151 BXOJIA Y IACTHHKOB
w3 K’ 1o i. [ocre Bxoma ¢ octatorest eme (n — k)! BosMoxkHOCTEl U151 BXO/IA
oCTaJbHBIX UrpoKoB, n3 N — K. Takum oOpa3om MOJHOE YUCIO BO3MOXKHOCTeH
pasuo (k—1)!(n—k)!. VI mbI mostygaem crreyioriyto hopMyJty Jist i-if KOOpANHATHI
BekTopa Illemnnn

)= FZ DRy ke ), ©)

n!
€K

rie k = | K|. 3iech cymmupoBamue uet mo KoaauiysiM K | cofepKaiiM UTpoKa .
O 1HaKO MOYKHO CYMMUPOBATD 1 110 BeceM Koautusm K, T.K. ecin K He cOIepKUT
i, 70 K — {i} = K, v 9TOT “WieH HU1Iero He MeHsier.

CsoiictBa BekTopa Illenam. Ecin ucxoanyio urpy v moHuMaTh Kak (hpyHK-
U0 MHOXKECTB (B TOM CMBICJE, UTO OHA MPHUMHUCHIBAET HeKoTopoe 1ncio v(K)
npousBobHOMY ToaMHOKecTBY K C N), 10 3nauenue lemn - 910 addumue-
naA PYHKITIS MHOYXKeCTB. TaxkuMm obpazom BekTop lllemmm MaTeMaTwniIecKu HYK-
HO TIOHUMATH KaK MPAaBUJIO, TTPeoOpa3yoliee Mpon3BOIbHbIE (DYHKIUN MHOYKECTB
B aTHBHEICS . KakimMu cBoficTBaMI 067181aCT 3TO TIPABHIO?

ITepBoe - 3hPeKTUBHOCTL. DTO 3HAUNUT, YTO CYMMa BCEX KOOPAWHAT BEKTOPA
®(v) pasua v(N). B camom jgerne, ®(v) ectb cpemree U3 feieskedi, MOITOMY caMm
SIBJISIETCST JICJTEIKOM.

Opnako B ob1eM ciaydae Bektop $(v) He Jexur B stape (sIpo MOXKET ObIThH
MyCTO, W JIaYKe eCJIN HemycTo). B obieM ciydae oH Jaxke He WHIAWBUIYAJIbHO Da-
IHOHAJIEH (eC/TM UTpa He CYTepaInTUBHA).

Bropoe - cuMMeTpus, Wi aHOHUMHOCTh. 3HadeHne Bektopa Ilermaun st urpo-
Ka 3aBUCAT TOJILKO OT TleHHocTel v( K ), HO He oT uMenn urpoka. Bosee dopmasis-
HO, C KayKJIoi mepectaHoBKOil m : N — N UTI'POKOB MOXKHO CBA3aTh HOBYIO UTPY

3B HEKOTOPOM CMBICTIE 9TO HAWIydIlee JTUHEHHOEe TTPUOINKEHNE K U, YIAOBJIETBOPIONIEE TOTOIH-
TeJILHOMY YCJIOBHUIO COBIIAJIeHUsT B TOUKe V.
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T 10 popMmyJie:
m(K) = v(n Y(K)).

Tak Bor BekTop ®(v) mpeobpasyercs Mo Toi ke dhopMmyIie, T.e.
7®(v) = P(mv).

D10 ouesnano u3 Gopmyinl (5) mas Bekropa [lemmu. B wactaocTu, eciu nsa
WIPOKa CHMMETPHYHBI B UTpe v, TO U 3Haderns P(v) Iyist HUX COBIAIAIOT. DTO
CBOMCTBO MOXKHO TPAKTOBATh KaK CIIPABENJNBOCTD.

Tperbe - mureitnocTs. Onepanus nepexoma K 3uadennio lemmn muneittna B Tom
cMbicse, 9To 3Havenue Ilermmm s cyMMBI IBYX UTP PABHO CyMMe UX 3HAUYCHUIA,

O (v1) + P(v9) = P(v1 + v2), P(av) = ad(v).

Cymwma wurp onpefessiercs odeBuaabiM obpaszom: (v + w)(K) = v(K) + w(K).
D10 Toxe ouenHO U3 bopmyInl (5) wim (6).

YeTBepToe CBOWCTBO COCTOUT B TOM, UTO HECYIIECTBEHHBIE UTPOKH (60TBaHbI)
MOJTYyYAlOT HYJIEBYIO MOJE3HOCTh. B0.a6aHoM HA3BIBAETCS TAKOI UIPOK 4, UTO JJIs
moboit koasmummu K soimosnserces v(K Ud) = v(K). [Jobasienune Takoro urpoka
K JTI000# KOAJMINY He MEHsIET ee MeHHOCTh. VI3 dopmyssr (5) uin (6) BugHO, 9TO

6osiBaH He moTydyaeT Huuero B BekTope lllemin.

Bumecto 601BAHOB MOYKHO TOBOPHTH O HOCUMEAe UTPhl. Tak HAa3bIBAeTCs MUHUMAJIbHAS KO-
amumus S, aro v(K) = v(S N K) maa moboit koammmuu K. O4eBHAHO, 9TO HOCHTETb - 9TO
JIOTIOTHEHHE K MHOZKeCTBY GONBAHOB (JToKazKuTe!).

AxkcnomaTuka BekTopa Illemmu. OxasbiBaeTcs, UTO NpPUBEIEHHBIE BHIIIE
yeThipe cBoiicTBa BekTopa lemmm momHocTwio ero 3amaioT. Bosee Touno, HazoseMm
anavenuem oboe orobpaxkerue P U3 BCEBOSMOXKHBIX U (¢ MOOOUHBIMHU TITATE-
wamvm) B RY; smauenme ® ma urpe v obozmaumm ®[v]. Mbr Gymem mpeamonaraTh,
YTO BBIMOJHEHBI CJIEIYIONINe CBOWCTBA:

N
Al. Orobpaxkenne ® - 310 muneitnbIi oneparop n3 R B RV,

A2. & cummerpuuHo, T.€. s g000i epectaHoBku 7w N —> N
O[rv] = 7wdw].

A3. dns moboro 6onsana i Fv](i) = 0.
A4. Cymma koopmunar Bekropa ®[v] pasua v(N).

Teopema (Ilemmn). Cywecmeyem eduncmeennoe snavenue, yooiemeopao-
wee axcuomam Al — A4, u ono 3adaemea dopmyarot (5).
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HokazarenbcTBo. Hy»XHO TTpPOBEpUTH JINIIL €IUHCTBEHHOCTD. [lJIs 9TOTO MBI
BBEJIEM B PACCMOTpEHNE ClienrabHble '0a3ucHbIe”, W MPOCThIE UTPLI, KOTOPhIE
00pa3yoT 6a3uc B JIUHEHHOM IPOCTPAHCTBE R2" =19 peex urp. A uMenno, ¢ Kax-
JIo# HemycTo# Koasunuein S CBSIKEM CBOIO UTPY Vg, KOTOPas ONPEIesIsieTcsl CJie-
nytoreit hopmyoii:

vs(K) = { 1, ectu S C K
0, eciu S ¢ K
Takux urp posHo 2" — 1, MO3TOMY MOXKHO PACCUUTHIBATH, YTO OHW 0OPa3yIOT
6asuc (2" — 1)-MepHOTO BEKTOPHOTO TIPOCTPAHCTBA R2" {9} peex Urp. OTO BUJIHO,
HAIPUMep, W3 TOTO, YTO OHU JINHEHHO He3aBUCHMBI (Tovyemy?). OJHAKO MOXKHO
1 HEMOCPEJCTBeHHO YOeIuThCs, UTO J00as Urpa v paszjaraeTcd 1o vg. B camom
JieJie, yCTh v - Urpa, U S MUHUMAJTbHAS KOAJUIUS, JIJIs KOTOPoit v(.S) OTIindHo
ot uymsi. Torma MoxHO pacemorpers urpy v = v — v(S)vg. s nee v'(S) = 0,
KaK W JJIsT MEHBITUX KoaJuiuii. /IBurasch Takum 0Opa3oM, MbI Pa3aoKUM U IO
vg. MOXXHO TIPEIJIOKUTh U ABHYIO (DOPMYJTY:

v=>Y u(S)vs, tae p(S) =Y (—1)¥I-ly(T). (7)
S TCS
OrmernM, 9To AJ1s1 J1I000# Koamuiun K
= > u(S
SCK

TTO TIO3BOJISET pacecMaTpuBaTh ((S) Kak BKJIA MMEHHO KOAJUINY .S, OUUIIEHHbIH
OT BKJIAJIOB MEHBLIITUX TOIKOAJIHITNH.

B cuny sroro eguncTBeHHOCTD P 1OCTATOUHO MIPOBEPATH IJIsI IPOCTHIX UTP V.
A nna aux Bee sicno. Urpokn #e u3 S - 6onsanbl, 1 oun moaydaior mo 0. Urpokn us

S BCe PaBHOIIEHHDLI 1 IIOTOMY ITOJIYHalOT IIOPOBHY. A cKoIBKO - TOBOPUT aKCHUOMa
A4 O

KcraTn, MBI TIoJTyUaeM ere oJiHy cbopMyJIy Juta BekTopa [lermm:

d[v](i Z,u (1/s),

€S

=Y u(S)1s/|S]. (8)
S

rie p - obpatHoe mpeobpasosanue llemn (waw mpeobpasosanue Mebuyca) v.
Dopmyiia (8) ecTecTBEHHO TpaKTyeTCst Kak jiejex ~musugenta’ p(S) koamuuuu S

nJm

IIOPOBHY MEXKAY €€ YHaCTHHKaM.
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[IpuBenem ere oJHy UHIYKTUBHYIO (OPMYJTY, TOIYyIeHHYI0 XapToM U Macko-
JleeM ¥ KOTOPYIO HETPY/HO u3Bjedb u3 (5):

Sh(N,v) = (3 (Sh(N —i,v),0(N) = o(N — i) /n. 9)

7

ITpumep. Ecth MHOTO TPUMEPOB € rojlocoBaHueM. Mbl 0CTaHOBUMCS TOJTHKO HA
urpe “nomernuk u 6arpaku’. Ilycrs ects momenuk (MIaHTATOD ¢ yUACTKOM 3€MJIH)
u n — 1 barpak. BymeMm cunmtarh, UTO TOMENINK, HaHAB k OaTpakoB, MOIydaeT
or cbopa ypoxas jgoxon f(k), qacTh KOTOPOTO OH OTAaeT OaTpakam. BaTpaku
caMu 110 cebe JOXO[I MOy IUTh He MOT'YT. DTO TPUBOJIUT HAC K UT'Pe ¢ TTOOOTHBIMU
IaTeXaMu v, T]1e

o(K) = { f(K|-=1), ecn 0 € K,
0 uHaye.

[Tocuntaem suadenue [emmu mus momermuka (urpoka (). Tlomermnk ¢ BeposiT-
HOCTBIO 1/m 3ax0uT Ha k-M IIary, TOITOMY €ro 3HAUEHHe PABHO ZZ;% f(k)/n.
[TpubansuTe bHO 3TO TIOMALL MOA KpuBoi f. 3HaueHus Ay 6aTpakoB PaBHBI
MeX Ty coboit. I B cyMMe ¢ BBIMTPBINIEM MOMEIUKa paBHbL f(n).
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Jlekmus 24. MexaHu3Mbl TPYIIIOBOTO BBIOOPA

Ilonsarue mexanu3ma. [lorosopum o0 MexanmsMmax - 00bHEKTaX, OUEHL OJM3KUX
K urpam. [IpejinosoKnmM, 9ro rpyria yaacTHUKOB (areHToB) N MO/KHA BBIOPATH
OJIMH W3 3JIEMEHTOB U3 HEKOTOPOro ((hbUKCHPOBAHHOTO, 3aJIAHHOTO) MHOMKECTBA
anbrepraTuB A. Beibop Oyjer 3aBuceTh OT MpeANOYTeHUl yIaCTHUKOB OTHOCH-
TeJbHO A, HO TaK»Ke ¥ OT NpOIeIyphl, TpaBuia BeiOOpa. BoT 910 mocnennee u
HA3bIBAETCS MEXaHU3MOM (TPYIIIOBOTO BBIOODA); YIOTPEOHM TAK:Ke TEPMUH game
form. ®opmasnbro, meranusm (mpu ganubix N u A) - 970 oT0OparXkeHmue

f : XiGNSi — A.

MuoxkecTBa S; Ha3BIBAIOTCS MHOXKECTBAMU COOOIIEHUI WM cTpaTeruil yaacTH-
Ka 7, a caMo orobpaxkenne f - yHKIMEH nexomga. Y YaCTHUKHU TOCHIIAI0T KaKhe-
TO COOOIIEHNsS 8; € S;; MEXaHW3M BBITAET OTOOPaHHYIO aibrepHaTuBy f(Sy) =
f(s1,...y8n) € A,

Kak ™Mbl BUIUM, 9Ta CTPYKTypa OUYEHDb TOXOXKa Ha WUIPY; HEJTOCTAET TOJBKO
npeanouTennit uan nojesnocreil. Kenn 3aman npodunas mpegmnourennit Ry =
(R;, i € N) na A, wmu npoduisb nosesnocreit uy = (u;), Mbl TOJyIaeM UTDY
B HOpMaJIbHOH bopme, Koropast obosnauaercst G(f, uy) wm G(f, Ry). Moxuo
CKA3aTh, YTO MEXaHU3M - 9TO MaTephajbHas YaCTh UIPhI (MM TPABUJIA UTPHI),
TOT/Ia KaK MPEeINouTeHust (M Bephl) - 9TO UjeasbHasi, HaJCTpoedHas dacTh. Hajo
CKa3aTh, YTO MHOT'HE UTPHI 3a,Jal0TCsI KaK MeXaHu3Mbl. Jlayke eci B HUX YKa3aHbI
JIEHEXKHDBIE BLIUIPBIIIN U BCE CTPEMSITCS MAKCUMU3UPOBAThL 3TOT BLIMIPLIIIL, HY K-
HO YTOUHHUTEL IO KpaiiHeil Mepe JBe BeIln: KaK areHThl OTHOCSITCS K BLIUTPHIIIIAM
JPYTUX (3aBUCTH WM aJbTPYN3M) U KaK areHThl OTHOCSATCS K JioTepesiM. [Ipyroit
IpUMep MEXaHU3MOB - ayKIMOHBI. HakoHell, Tpoteyphbl rojocoBanus (BEIGOPOB
JIOJIZKHOCTHBIX JIWI UJIH OOIIECTBEHHBIX MTPOEKTOB) TAK¥XKe JOCTABJISAIOT TIPUMEPDI
MEXaHU3MOB.

I3 mpoiinentnoro MaTepuaa MEXaHU3MbI Oojiee BCero HAOMUHAIOT BaiiecoBn
UTPHI ¢ coobImennsiMu. Kak n tam, Hanbosiee eCTeCTBEHHBIM COOOITICHIEM OBLIO OBl
coO0IIIeHNe YIACTHUKA O CBOUX TIPEINOUTEeHUsIX. Takne MeXaHU3Mbl, IJe CTpaTe-
THYeCKue MHOYKECTBa S; COCTOST W3 BCeX (JIOMYyCTUMbBIX JTaHHOW 3a1aueit) mpe/-
MOUTEHUH yIACTHUKA ¢, HA3BIBAIOTCI NpAMoLmy. OTHAKO TacTO MPUMEHSTIOTCS 1
HempsiMble MeXaHu3MbI. Jlaxke MpH roJJoCOBAHNU Bac OOBITHO TMPOCAT He YIOPSIIO-
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IUTh BCEX KAHMIATOB, & OCTABUTE B CIUCKE OJHOTO (perke - HECKOMbKUX ) Hanbo-
Jee JIOCTOMHOTO KaHIuIaTa.

Kaxkaplit y9acTHUK CTPEMUTCs TOCIATh TaKoe COODIeHne, KOTopoe Najo Obl
HanboJIee TIPEIMOYTUTEbHBIN UCXOd. TyT MBI IPAMO TOTAaeM Ha 3BIOKYIO TTOY-
BY KOHIIENIIINK pellieHnsi. Kak Mbl BUJCTN, B TEOPUHW UTD HET OJIHOTO, TTPUTOTHOTO
BO BCEX CJIyUasX MOHSATHUS PellleHnst Urphbl. Bee 3aBUCHT OT MPUBXOISIIIX 00CTO-
ATEJbCTB, KOTOPbIE YaCTO HE OTOBAPUBAIOTCA U JOJXKHBI YTOUHATHCA OTIACIbLHO.
Hampumep, MOTYT T yIACTHUKY COOOIIATHCS ¥ KOOPJMHUPOBATH CBOU JCHCTBUS
(cTparterun)? [lajsee Mbl B OCHOBHOM OyJIeM MPUAEPKUBATHCS HEKOOTIEPATHBHOI
TOYKHU 3PEHUsI, XOTsI ObI MOTOMY, 9TO KOODPJAMHAIMS JeHCTBUT TmpenoaaraeT Ha-
JIMYUEe OTICJILHOTO MeXaHu3Ma KOOPAUHAIINN.

Jpyroit akieHT, OTAeSIONINN MeXaHn3Mbl OT UT'D, NHMOPMAIMOHHBIN. B nrpax
CUNTAJIOCH, UYTO TIPEJTMOUTEHIS BCEX BCEM M3BECTHBI. [Ipr MeXaHU3MEHHOM TTOIXO-
Jie OOBITHO TTPEIITONIATAeTCsl, ITO MPEAIOUTEHNST areHTa U3BECTHBI TOJIBKO eMy. UTo
Ke JI0 TIPeJIIIOUYTeHUl IPYTrux, TO TYT BCTPEYaAeTCd IeJIbIH CIEeKTP - OT MOJHOrO
He3HaHUs 4epe3 BaitecoBckue anmpuopHble Bepbl K MOJHOMY 3HaHMIO. KonewHo,
OTBET OTHOCUTEJHLHO TOTO, YeM 3aBEPIIUTCA UTpPa, CUJILHO 3aBUCUT OT ITUX WH-
dopMaAIIMOHHBIX THUIIOTES.

JloMUHaHTHO-CTpaTerndeckmne MexaHu3Mbl. Bornpoc o mpecka3zyeMocTn
paboThl MexaHu3Ma - ONWH M3 BakKHehmmux. Jlejgo B TOM, 9TO 9acTO MPUXOINT-
s KOHCTPYHPOBATH MEXaHU3MbI ¢ 3aJIaHHBIMU CBoficTBaMu (mechanism design);
HANpUMep, >KeJaTesIbHO, UTOOBI MeXaHU3M BhIaBaJs Bcera [lapero-ontumaabHbie
ncxojibl. Ho 17151 3TOr0 HY»KHO 3HATH, KAKOB OYIET UCXO/I; TOJBKO TTOCIE STOTO MMe-
€T CMBICT 00CYKIaTh JOCTOMHCTBA 3TOTO MCX0Ja. [[osICHUM 9Ty MBICIL Ha OTHOM
puMepe.

[TycTh ABa yuacTHMKA BHIOMPAIOT U3 YEThIpEX aJbTepPHATHUB X, Y, 2, t, U TPej-
MOYTEHUS WX UMEIOT BUJ

+—\|H~N@R
w’u-m 8 <

(kak OOBIUHO, UTO BBIIIE, TO JIydIle). BHIOOPHI MPOUCXOMAT MO TpaBwiy Bopma.
(Bopaa - dpaniysckuii yaensrii, xxusiuii Bo Bpemena OpaHIry3cKoii peBosonmy. )
OH TIpeITIOKIIT CJIeJIytolee MPABIIO (MEXaHu3M): YIACTHUKYM PAHKUPYIOT KaH-
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JINJIATOB, U B 3aBUCHMOCTH OT MECTa B 9TOM DPAHXKWPOBAHUU KaKJbIH KaHINIAT
nosydaeT 6asutbl (3a mocientee mecto () OUKOB, 3a mpeanocyienHee - 1 u T.01.).
[TobenuTenem oObABIsIETCS KAHIUIAT ¢ HANOOJbIIEH cyMMOit O6aJIIoB.

B mammeii curyaruu Gosibliie Bcero 04koB (10 5) HaOUPAIOT KAHJUAATHI T U
Y, ¥ KTO-TO U3 HUX JIOJKEH CTaTh mobenutesieM. UTOObI YMEHBIINTH IAHCHI Y
U YBEJIWUNTH IAHCHI X Ha 100y, TePBBIi BMECTO MCTUHHOTO DPAHKUPOBAHUSI
(KOTOpOE 3HAET TOJHKO OH) MOXKET OObSIBUTH, UTO €r0 DAHKUPOBAHUE UMEeT B/

rT=z>=1>y.

B srom ciyuae y nabupaer TosbKo 3 ouka (Kak u z), u nobexjgaer z. Ho anaso-
TUYHO MOYKET TIOCTYIHUTDL YYACTHUK 2 U OOBLABUTL CBOMM PAHXKHPOBAHAEM

y=z>=1> .

Teneps mobenuTeseM OyaeT KaHAuAaT z, KOTOPLIH BooOiie He Ilapero onTuma-
jer. YTo ke mponsoiigeTr Ha caMoM Jieie, CKa3aTh TPYIHO, XOTs IPHU IPaBINBOM
nosejennn npasuio Bopaa gaer, ouesuano, [lapeToBckue nCxobl.

[TpakTuueckn UMeeTcs TONILKO ONMH CIyUail, KOTIa ¢ OOJIBINON BEPOATHOCTHIO
MOXKHO TIPEICKA3aTh HEKOOIEPATUBHBIN MCXO, - 9TO KOIJIa ¥ KayKI0TO UT'POKa, €CTh
JTOMWHUPYIOIIAsT CTPATETHsI.

Onpepenenne. Mexanusm f HA3BLIBACTCA JOMUNGHMNO-CIMPAINE2UNECRUM, CC-
M JIJIST JTIOOBIX TipeinouTennit yaacTaukoB Ry B urpe G( f, Ry) cyiuiecTByet pas-
HOBECHE B JOMUHUPYIOIMINX CTPATETHIX.

MoxkeTr mokasaTbCsi, 9TO TaKoe penko ObiBaeT. UToOBI JOMUHUPYIONIAS CTPa-
Ternst ObLIa y BCEX UT'POKOB? Jia ele MpH JioObIX npeanodrennax’! TyT Hy»KHO
¢JlesiaTh JIBa TOsiCHeHUWsA. Bo MepBBIX, B3ATBHIN HayTa) MEXaHU3M KOHEYHO He Oy-
JleT JOMUHAHTHO-CTPATErnIecKuM; KaK U BOODIIE BCe XOpollee, OH BCTPEdaeTCsI
Kpafie pemko. Ho B sToM u cocTouT 3ajada m3obpetatess (jgusaiiHepa) mexa-
HU3Ma. BO BTOPBIX, KaK MBI YBUJIUM, CUTYAIMs CUJILHO 3aBUCUT OT TOI oOJacTh
IpeIIoYTeHni, B KOTOPOi JOMXKeH JIeiicTBOBaTh Halll MexaHu3M. KEcan MexaHusm
JIOJIXKEH XOPOIIo paboTaTh B J1t000# obcTaHOBKE (MMETh JOMUHUDYIOIINE CTpaTe-
TUW TIPY JTIOOBIX MBICIUMBIX MPOMIIIAX MPeINOUTeHui ), To BHIOOP KpafiHe orpa-
unden. HampoTtus, ecin ob6cTaHOBKA HOCTATOUHO y3Kasl, JIC-MexaHn3MOB MOXKeT
OBITH JIOBOJILHO MHOTO. [lajbHeliee MOXKHO paccMaTpPUBaTh KaK HMJLTIOCTPAIINIO
3TOTO OOIIEero 3aMedyaHusl.

B caydae mpAMBIX MEXaHM3MOB MOXKHO YTOUHWTBH JIOMUHAHTHYIO CTPATETrHy-
HOCTb. A MMEHHO, MPAMON MEXaHU3M HA3BIBAETCSI HEMAHUNYAUPYeMoiM (YTIOTPe-
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OUMBI TepMUHBL Straightforward i strategy-proof), eciau st JTOOBIX TPEATOUTE-
Huit R; mpaBauBasi cTpaTerus R; aBjseTcda foMuHUPYoMieit. B 9Toil ¢BaA3n MOXK-
HO CHOBA, BCIIOMHUTH NPUHUUN 8bLABAEHUA. DTO TOBOJHHO MPOCTOE YTBEPKICHNE,
YTO €CJIN eCTh JOMUHAHTHO-CTPATernIecKuil MexaHu3M f, TO CyIIecTBYeT ¥ Tpsi-
MOt HEMAHUITYJIUPYEMbIit MeXaHW3M, 9KBUBAJEHTHBIH B HEKOTOPOM CMbBICIIE HCXOI-
HoMmy. Ilo aroit mpuumne B HajbHeiilieM MbI OTPAHUYIUM CBO€ BHUMAaHME TOJHKO
IPSIMBIMI HEMAaHUTTYTUPYEMBIMI MEXaHU3MAaMI.

Cay4aii ogHOro y4vactHuKa. [Ipu oHOM ydacTHUKE CYIIECTBYET JIOBOJIb-
HO MHOTO HEMaHUIYJHUPYEMbIX MEXaHWU3MOB, U 0OJiee TOTO, MOXKHO JIaTh TOJHOE
ux omucanue. A nMeHHO, 3adUKCUpyeM HEKOTOpPOEe TOJMHOMKECTBO Z B MHOXKE-
ctBe A, u onpejennM Mexanusm f dbopmydioit (31ech R - mpenouTenne HaIero
eJIMHCTBEHHOTO YIACTHUKA)

f = ArgmaxR|Z.

T.e. MexaHusM OTOMpaeT HAMJIYUIIYIO AJbTEPHATHBY B TOJAMHOXKeCTBe Z (MBI
UTHOPUPYEM BOTIPOCHI CYIIECTBOBAHUS ¥ HEEINHCTBEHHOCTH MAKCHUMAJBHBIX 1€~
MeHTOB). JIOBOJIBHO SIBHO, UTO 9TO HEMAHUTTYJTUPYEMbIHi MEXAHU3M, W ITO TAK BbI-
IAAAT J100oi Takoit. IIpu sTom Z - 310 00pas f.

Boobme, ecin Mexanu3Mm f 3aBUCHT TOJBKO OT COOOINEHMI OJHOTO U3 YUACT-
HUKOB (M WTHOPUPYET COOOINEHHsT OCTATBHBIX), TO TOBODST, UTO OH 00H000KUl
(yHusIaTepasabHbIi), win dukmamopcrud.

Cay4uait aByX ajbTepHATUB. ECin aqbTepHATHB BCETO JIBE, TOXKE CYIIe-
CTByeT Macca HEMaHWIYJHPYEMbIX MEXaHU3MOB. IIpocteiiuii U3 HUX - TIPABUIIO
mpocToro GosbiuHeTBa. KaxKIblil 03 y4acTHUKOB OTMEYaeT OJIHY U3 ajlbTepHATUR
(mammyurnyto st cebst). [Tobex maet ta (U3 IBYX) adbTepHATHB, KOTOpas Habeper
GoThIIIe TOJIOCOB (CJIyUan paBeHCTBA Mbl ceifuac urHopupyem ). JIoBoIbHO SICHO, UTO
OTMETHB He CBOI JIYUIIYIO aJbTePHATUBY, BbI HE YJIyUIIUTEe UCXOJ, TAK UTO 9TO
HEMAHUTYIUPyeMblii Mexan3M. MoxKHO pasHOOOPa3UTh 9TO MPABUIIO, HATIPUMED,
IpUIaBasi PasHbIM yUACTHUKAM Da3HBI Bec.

Teopema I'n663paa. Hy a MoxxHO 7 MpuayMaTh MeXaHU3M, KOTOPBIH ObLI
OBl HEMaHUITYIUPYEMBIM IIPH TPexX 1 bosiee anbrepuaTuBax! KoHKpeTHo, peus mia
0 HEMaHUIIYJIUPYEMbBIX CHCTEMAaX TOJ0COBaHUs. JJ0BOJLHO HABHO OLLIO 3aMevueHo,
4TO BCE M3BECTHBIE CHCTEMbI TOJIOCOBaHUsT (TIPOCTOrO GONBITMHCTRA, TTPaBUIIO Bop-
JIa, MHOTOKPYTOBBIE BHIOOPBI ¥ T.11.) OCTABJISIIN BO3MOYKHOCTHY JIJIT MAHUITYIHPOBa-
aust. B 1973 r. Tu66sps (a mosske - n CarrepeseiiT) npeBpaTuit 910 HabI0IeHIe B
CTpOTHIt pe3yabTaT. A IMEHHO, OH JTOKa3aJ clenyiomee yreepxkgenne. Ilycms o
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npocmomu, A - KOHewHoe MHONCECTNGEO, 4 P - MHOJMICECTNBO 6CET CAGOUT (UM AU-
netinoir) nopadkos na A. Ecau f : PN — A - nemanunyaupyemviti mezanusm,
mo aubo f odnobokud, aubo obpas f cocmoum u3d d8yx saemenmos.

Wnate roBopsi, €c/in MbI JOMYCKaeM JII0ObIe PENOUTEHUs U eCJIU MbI OTOpa-
ChIBaeM KaK MAJIOMHTEPECHBbIC NUKTATOPCKUE U JUTIOJbHBIE MEXaHU3MBbI, TO BCe-
12 BCTPETUTCs Takas cuTyanus (Mpodusib MpeoYTeHnii), Korjga HEKOTOPOMY
VIACTHUKY OyJIeT BBITOJHO COBpaTh (MCKA3UTh CBOU Mpejanodrenus). Jpyroe me-
JIO - TIOWJIeT OH Ha 3TO, WJIM HET, HO 9TO yKe 3ajiada IMCUXOJOTUN WJIN STUKHU, HO
HE TEOPUU UTP.

OTMeTnM cpasy, ITo ITOT pe3yIbTaT aHAJOTHUeH 3HAMEHUTOH TeopeMe Dppoy,
KOTOpasl YTBEPXKIAET, 9TO TOJIHKO JUKTATOPCKOE MPABIIJIO T'PYIIIOBOIO BBHIOOPA
V/IOBJIETBOPSIET HEKOTOPBIM €CTeCTBeHHbIM TpeboBanusiM (akcuomam). Kak yxe
TOBOPUJIOCH, OIWH U3 BBIXOIOB U3 IIECCUMUCTHIECKOTO TymuKa ['mb03paa cocTouT
B OTKa3€ OT YHUBEPCAILHOCTH MeXaHm3Ma, TOUHee, B OTPpAHNIEHUN OOJACTH €ro
npumenuMocTu. OO oj1HOM TaKkoit 001acTH, HarnboIee IKOHOMUIECKHT OCMBICIEHHOT,
MBI ¥ PACCKasKEM.

Mexanu3ambl Knapka-I'poyBca. JomycTuM, 9T0 MBI HAXOUMCS B CUTYaIlUN
TpancdepadbeabLHoil mosesnocTn. T.e. UMeTes JeHbru t, KOTOpble JIMHEHHO BXO-
JaT B (DYHKIUIO TOJIEe3HOCTH (Tak uTo OHa mMeer Buj u(a,t) = v(a) + t, re a -
HeJIeHeXKHAsT JaCTh UCXOJIA) U KOTOPbIe MOXKHO TIepeIaBaTh IpyT ApyTy. B Takoii
CUTYAIMN COOOIEHNSIMN YIACTHUKOB €CTeCTBEHHO cunTaTh GyHkmmm v : A — R
- JIeHeXKHBbIe OTIeHKM MMHU MCXOJ0B n3 MHOxKecTBa A. IIpsmMoit MexanusM mepepa-
6aTbiBaeT TPodUIb ONEHOK vy = (v;) B ucxor (a; ty, ..., t,), TIe a - 00IIecTBeHHAS
aJIbTePHATHBA, a t; - TeHeXKHbIE TIATeXHN YIACTHUKY 1.

MprI yKe CTaJKUBaJIUCh C TPUMEPOM HEMaHUIYJIUPYEMOT0 MEeXaHU3Ma B TaKOi
CHTYaIlUu - ¢ ayKIWOHOM Bukpwu (miu BTOpOil 11enbl). Tam peus mmia o6 ogHOM
mpejiMeTe, KaXK bl Ha3HadaJ KaKyrio-TO OlleHKY v; € R, mobexpaa ToT, KTO Ha-
30BET HAMOOJIBIIYIO TIEHY, HO TJIATUJ OH BTOPYIO TeHy. UTOObI 000OIIHUTH 9TOT
mpuMep, HY»KHO TPABUJIBHO TOHSTH MPHUHIUI, KOTOPBIH obecrednBaeT HeMaHU-
nyaupyeMocThb. OH COCTOUT B TOM, UTO JIEHEXKHbIE TpaHChephl JOTKHBI KOMICH-
CUPOBaTH TOT yIIEepO, KOTOPHIH YUACTHUK HAHOCUT OCTAJHLHBIM CBOMM YUaCTHEM.
Ota nmest popMaIn3yeTcs Tak.

[Tycth v; - coobienne yuacTHUKA 4, U MycTh a*(vy) - Ta ajbTepHATHBA, HA
KOTOPBIX JOCTHTACT MAKCHMyMa CyMMapHas ToJesHocTb » ..y v @ A — R
Tora Hall MexaHU3M OTOMpaET aJbTepHaTHBY a*(vy) U HA3HAYAET YIACTHUKY i
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JIeHEeXKHBI Tpancdep

—_ . e . *
= ti(ow) = 3 vj(a* (o).
J#i
Wnade roBops, JeHEKHBIE BHITLIATHI YIACTHUKY ¢ PABHBI BBIUTPBINTY BCEX OCTAJb-

HBIX OT IPUHSITUS TTPoeKTa a*. BMecte ¢ "HaTypasibHON qacTbio noesHocTr v;(a*)
WIPOK 4 MOJIYy9IaeT JEeHEKHYI0 9acTh B PA3Mepe

vi(a’) + ) wi(a) =) w(a”).
JFi J
T.e. CYMMAPHYIO MOJE3HOCTb BCEX YUACTHUKOB. MOXKHO €Ka3aTh, UTO JICHEXKHBIE
Tparcdepbl yCTPOEHBI Tak, YTOOBI CIeJIaTh TOXKICCTBEHHBIME TIEJIH BCEX yIaCTHH-
KOB, CTE€PETh Pa3JInuie MeXKJy JUIHBIM U TPYIIIOBbIM HHTEpecoM. B amom 00bsic-
HEHMEe HEMAHUITYJIUPYEeMOCTH.

Kakne ocTonHCcTBA PEUIOKEHHOTO MexaHu3Ma?! [lepBoe u riiaBHOE - OH HeMa-
HUTIYIUpyeM (U 3HAYWT, MpejickasyeM ). Bropoe - on otbupaer nexo/sl a*, Koropble
MaKCUMU3UPYIOT CyMMapHY1O OleHKY rpymibl. OHaKO cpasy Opocaercs B ryias3a u
TJIABHBIH HEJIOCTATOK MeXaHu3Ma - ero hpUHaHCOBas HeCOATAHCHPOBAHHOCTD. [ie
e B3ATh TaKylo IPOPBY JIeHer; 4To0bl BhIIAMUBATL KaxKaoMy Y, vj(a*)? Xo-
TeJI0Ch Obl, YTOOBI CyMMapHBIe BHITLIATHI (TpaHcdepbl) paBHsAIMCH HyJo. OHE XKe

paBHbBI
Y tilon) =) wila’) = (n-1V(a),
i i g
rie V =) . v; - cyMMapHas OlleHKa aJbTePHATHB BCEMHU yIaCTHUKaMU rpymbl. 11
9TO YHUCIO B OOIIEM CIyUdae OTIUIHO OT HyJid. KTo ke OymeT BO3MEIaTh pacxobl
10 (bYHKITMOHUPOBAHUIO STOTO MEXaHU3MA !

O 1HaKO BO3MOXKHOCTH TIO KOHCTPYUPOBAHUIO MEXAHU3MA €I1le He NCUePIIaHbl JI0
KOHIIA. DTO BUJHO XOTs ObI M3 TOTO, UTO CAMU OIEHKHU ¥; ONIPEJICTICHBI ¢ TOTHOCTHIO
J1o KOHCTaHTHI. I BooOIIIe, K JICHEXKHBIM BBITLIATAM 0e3 yiepba Jjisd HeMaHUITyJ T1-
PYeMOCTH MOXKHO MPHOABJISITH BbIpaxkeHus Buia h;(vy—_;), KOTOpble He 3aBUCAT
OT COOOIIEHNET yIaCTHUKA 4 (M TeM CaMbIM He BJIHSIIOT HA BBIOOD UM CBOETO CO00-
menust v;). Taknm obpazom, Gostee obITHil BT IeHEKHBIX TpaHchepoB Takoii:

ti(on) = > _vi(a*(vn)) + hi(vn—s),
J#i
r7ie, HATIOMHIO, a* (V) MAKCUMU3UPYeT CyMMapHYIo otleHKy V' = > v;. Mexanusm
TAKOTO BUJIa Ha3bIBAIOT Mmeranusmom I'poysca (Groves). MoxHO mokasarhb, 4To
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JII000I HEMAHUTTYTUPYEMbIil MEXaHW3M siBJIsseTcst Mexanu3MoM ['poysca. [Tonbu-
pas Te WM UHbIe KOPPEKTUPYIOIIHe 100aBKN h;, MOXKHO MBITATHCS CTPOUTH HEMa~
HUTTYJIUPYEMBI MEXaHU3M ¢ TeMU WJIN WHBIMU JOTOJHUTETLHBIMA CBONCTBAMHU.
nTepecHbrit cmocod KOPpPEeKTUPOBKH JICHEXKHBIX TPaHCHEPOB NMpe oK Kiapk.

U est ero B TOM, 9TO yIaCTHUK, Oe3pa3IUdHbI K OOIIECTBEHHBIM aJbTepHATHBAM
(T.e. y KOTOPOTO OleHOYHAsA (DYHKINS v; SABJIAETCS KOHCTAHTOR ), He TIOJTyJaeT U He
IJIATUT JeHer. B ob1em ciydae oH IIaTUT 38 TOT yIIepd 715 OCTAIbHBIX, KOTOPHI
OH HAaHOCUT CBOMM Bo3zehcTBHeM. Takum obpaszom, t; Bcerja HemoJOXKUTeTbHbBI
npu Mexanusme Kiapka. "Hajorom” obsaraioTcst Julllh Te YIaCTHUKU, KOTOPHIE
AKTHBHO BJIMSIOT HA BHIOOD, T.H. KitoueBbie (pivot) yuactauku. HykHO oTMeTHTS,
YTO ITOT MBJIUIIEK JIeHeT He JOMKEH PaCIpPeIeaThCsd MEeXKIY OCTaIbHBIME YIacT-
HUKAMHU (9TO HAPYUTHIO Obl HEMAHUTTYJTUPYEMOCTh ), & JOJKEH BHIOPACHIBATHCS HA,
BeTEp, CXKUTATHCsT (MU OCTABJISITHCS Y OPraHM3aToOpa ayKIuoHa). Tak duro Me-
xaam3M Kiapka Takxke (hUHAHCOBO HecOAJTAHCUPOBAH, XOTsI U B MUHUMAJLHOM
CTETIeHH.



