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Kuura mnpenctaBaseT coGofi KpaTKoe H CPaBHUTEJLHO
sJieMeHTapHoe YueOHoe mocolde, NMPUrofHoe KakK AJA mep-
BOHA4YaJMbHOro, TaK H AJs YrJAyGJAeHHOr0 H3Y4YeHUS TEOPUH
urp. [Ias ee YTeHUR HOCTATOYHO 3HAHUS 3JIeMeHTOB Mare-
MATHYECKOr0 AaHAJH3a H TEOPHH BeposTHOCTEH.

KHHra ectecTBeMHO JAeJUTCA HA ABe YacTH, MepBad H3
KOTOPBIX MOCBAIlEHA WUrPaM ABYX JIHMLU, a BTopas — Hrpam
n nuu. OHa oxBaTbiBaeT OOJIBIIMHCTBO HampaBJeHHi Teo-
pHH Hrp, BKJIIO4as HanGolee coBpPeMeHHbie, B 4YacTHocTH,
paccMOTPeHBl aHTArOHHCTHYeCKHE UTPH, HTPHl ABYX JHI[ C
HeHY/AeBoM CYMMON M OCHOBBl KJIAacCHYECKOR KoomepaTHB-
Hoit Teopud. YacTp MaTepHala B MoHOrpadHUeCKOM H3J0-
XeHHH mosiBfiserca BnepBbie. Kaxpaa riaea cHaGxena
3afiayaMH Pa3HOH CTeMeHH CJI0XKHOCTH. ‘

Kunra BhoosiHe jJocTynHa cTyJeHTaM H  acnupaHTaMm
YHUBEPCUTETOB, TEXHHUECKHX U 3KOHOMHYECKHX BBICHIMX
yueOHniX 3aBegeHHA., OHa MpeAcTaBlseT HHTEPEC He ToJIbKO
OJ11 MaTeMAaTHKOB, HO H AJS CHEeIHaJUCTOB B OGJacTH Hc-
CNell0BAHNA OMNepaLli, BOEHHOTO [AeNia, TeOpPHH Ympabie-
HUA ¥ MaTeMaTHYECKOA 3KOHOMHKH,

Pedakyus auteparypor no maremaruueckum Haykam



OT PEJJAKTOPA TIEPEBOIA

Teopus urp sBJAsETCA IMIHPOKO Pa3BeTBJACHHOH M Ooratoid pesyib-
TaTaMH COBPEMCHHOH MaTeMaTHUeCKOH TeopHed. MHorue ee daxTd

HMCIOT BecbMa CJOXKHYVYIO l'IpPIpOIly H yCTaHaBJIHBaIOTCﬂ ¢ HCIOJb30-
BaHUEeM annapara COBDEeMeHHOH TONOJOrHH rhvnwnun HAJBHOIo aHa-
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JU3a, TeOPpHH AU epeHIHaJbHbIX YPaBHEHUH U T. I

[Ipeanaraemas COBETCKOMY YHMTATENI0 KHUra NPEeAcTaBjsieT COOOH
HOCTATOYHO 3JEMEHTapHbIH YyueOHHUK, OXBATbIBAOIIUH OGOJbIIHHCTBO
COBpPEMEHHBIX HanpaBJjeHHH TeopudH urp. XoTfl ee coaepxKaHuHe 3a-
METHO OTJHMYAEeTCH OT NPOrpamMM COOTBETCTBYIOLIHX KYpPCOB, YHTAEMBIX
B HAIIMX YHHBEPCHTETAX H APYrUX BBICUIHX y4eOHbIX 3aBeJ€HHAX CTY-
JeHTaM pPasJHUHBIX CHENHaJpHOCTeH (HalpHMep, MaTeMaTHKaM HJIH
9KOHOMHUCTAM-KuOepHETHKAM), OHa C YCHE€XOM MOXKET OBITb HCIOJb-
30BaHa XaK nocobue NpH NPOXOKAECHUH 3THX KypcoB. KHUra BKAwuaer
JOCTAaTOYHOE KOJHYECTBO (PAaKTHUECKOrOo MaTepHaza o 3aeMEHTapHBIM
BOIpOCAM TEOpHH HIP, U — 4TO OCOGEHHO BaKHO — aBTOP He OrpaHu-
yuBaeTcAd H3J0XKEHHEM TPAAMLUHOHHBIX pa3/iesioB, a BBOJAMUT UYHTaTENS
B Kpyr JOCTATO4YHO HOBBIX npob6aem. Hacte marepuana B MOHorpadu-
YECKOM H3JIOXKEHHUH NOSABJAAETCA BHEpBbLIE,

B koHIe KaXJAOU r1aBel MPUBEJEHBl XOPOUIG NOJOGPaHHBIE 3a]auH,
CYIIECTBCHHO MOBHIUIANOLIHE NELATOTHUECKYI0 LEHHOCTb KHHTH. TpyA-
HOCTh 3THX 3ajad H3MEHseTCd B BecbMa UIHPOKOM JHafla3oHe: OT
3/J€MEHTAPHbIX NPHMEPOB Ha pelleHHe HEGOJBUIHX KOHKPETHBIX Mar-
PUYHBIX HUI'P HAM 3ajay JAHHEHHOrO NpPOTpaMMHPOBaHHA KO npobaem,
peLIeHHs] KOTOPBIX CTAHOBHJHCh BAaXKHBIMH COOBITHAMH B HCTOPHH T€O-
puu urp. [as Toro yro6sl 06J€rYuTh CAMOCTOSATEADHOE pElICHHUE 3a4ay
nociaeHErQo THNA, aBTOP paculeHseT Ka>KAyKw H3 HHX Ha NOYHKTHI,
NPERCTABJAIOUIHE YKe AOCTATOYHO NpocThle 3agauu. CucTeMaTHUeCcKOoe
pelleHHe TakuX 3ajay siBasieTcsl BecbMa BBICOKOH (opMoOil H3yueHUSA
TEOPHH UFp, HEMOCPEACTBEHHO MOABOAMAILEH UHTATENARA K CAMOCTOATE/]b-
HOH HayuyHOH pabore.

Cnenpyer OTMETHTb, OJHAKO, UYTO aBTOP OrpaHHUYHUBAETCHA HU3JOXKe-
HUEM KOHKPETHBIX Hay4yHbIX (aKTOB, HE CTPeMACH CBfA3aThb HX B €JHU-
HYI0 CHCTeMY, KaKOBOH B CYIHOCTH H SIBIIeTCA TE€OPHS MID, M HOYTH
He yAeasieT BHUMaHHg OOIIMM BompocaM. ITo 06CTOATENAbCTBO NpPEX-
CTaBJg€TCA BeCbMa CYLIeCTBEHHBIM NOTOMY, YTO KHHTa HOCHUT IO Mipe-
HMYIIECTBY yueOHBIH XapakTep, M HeAb3d OTPAHHYHUTBHCH HaJexKAaMH



6 Or pedakropa nepesoda

Ha TO, UTO YHTATE]b O3HAKOMHUTCHA C HEKOTOPHIMH OCHOBHBIMH BOHPO‘-
caMH NpeAMeTa N0 APYTrdM pYKOBOACTBaM.

Jns toro 4ro6bl KOMIEHCHPOBATb 3TOT HEAOCTATOK AaBTODCKOTO
HU3JM0XKEHUS U OOJerudTh HCIONb3OBAHHE KHHIH B KauecTBe yqeﬁuoro
nocoGHs, ee TEKCTY NpeAnocaana BCTYMHTENbHAA CTATbHl, HalHCAHHAA
H. H. Bopo6beBbiM. B Helt u3naraercst oGiuil B3rasil Ha TEOPHIO HID
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daukTa.

Tlepeson Buinonuuau M. H. Bpybaesckaa (ra. I—Iii), I'. H. Hdio-
6un (ra. IV u VII) u A, H. Jlanynos (ra. V—VII, IX, X u npuio-
KCHHE).

A. A. Kopbyr



NPEAMET U COAEPHAHUWE TEOPUUN UTP

H. H. Bopoboes

§ 1. OCHOBHBIE NIOHATAA TEOPUN MTIP

PasymHasi uenoBeueckasl AESATEJbHOCTb B OGOJBIUHHCTBE CJydaeB
COCTOHT B TOM, YTO U€JOBeKY AJsA AOCTHIKEHUS TEX HJIH HHBIX Leded
HpHXOAUTCA NpUHMMATh pemieHus. IIpu 3TOM npeAcTaBAseTcA BIOMHE
eCTEeCTBEHHBIM CTpEMJEHHE TNMPUHUMATh ONTHMAJAbHB € pelIeHHuS,
KOTOpHI€ pEAaJH3YIOT IIOCTABJEHHble IeJH B HauboJblIed CTENEHH.
Hayunble NOCTAHOBKH BONpOCa O BHIOGOPE ONTUMAJbHBIX peLICHHH
BCTPEYaJHChb H BCTPEYAIOTCA B PAa3JHUYHBIX TEOPETHYECKHX M TNpH-
KNaAHbIX AHCHHUIJIHHAX — MEAUIHHE, Ipase, BOCHHOM JeJe, 3KOHO-
MHKe, TexHHKe M T. A. [Io Mepe pa3BUTHA M MaTeMaTH3aUHH ITHX
JAHCHHIJHH COOTBETCTBYIOLIHE TNPOLECCH NPHHATHA pelleHHd ¢opma-
JH3YIOTCH M NpuobperaloT XapakTep MaTeMaTHUeCKHX mojened. Teo-
pUsi MaTeMaTHUeCKHX MOJeaeH NMDUHATHS ONTHMAJbHBIX PELIEHHH Co-
\CTaBJASET HbIHE OOLUHPHYIO OTPACAb HAayKH, Ha3blBaeMYI0 HCCJAEAO-
BaHUEM oll€paLHH.

Oco6oe MeCTO CpelH YCJAOBHH, B KOTOPBIX INPUXOAHTCS NPHHHMATH
pelleHHUs], 3aHHMAIOT YCIOBHA KOHG(AHKTA. IJT0 0c000€E MOTOKE-
‘HHe ONnpeAeasiercs, BO-NEPBBIX, NPAaKTHUYECKOH BaXKHOCTbIO, KOTOPYIO
HMeIOT KOH(JHKTH B KH3HH W Pa3BHTHH 00GIIECTBa, M, BO-BTOPBHIX, Clie-
uu¢Hueckoll CJAO0XKHOCTBIO KOH(DJIHKTA KaK siBJAEHHUA, B CBA3H C KOTO-
phIM [PHXOLUTCS NPUHHMATL pemleHHe. Jleno B TOM, uUTO B YCJAOBHAX
KOH(JIMKTA NPHHUMAIOIIEMY pelIeHHS CYObeKTY HPUXOXHTCA CUHTATHCA
He TOJBKO €O CBOMMH COOCTBEHHBIMH LleJsIMHM, HO Takxe C TEMH IIe-
JSMH, KOTOpbie CTaBAT nepek coboit ero naptHepsl. IloMumo srtoro, oH
JOJKEH YUYHTBIBaTh, KpPOMe OOBEKTHBHBIX, H3BeCTHBIX €My 0G6CTOsi-
TeJbCTB KOH(AHUKTA, €lie W Te pelleHus, KOTOpble NPHHHMAIOT €ro
UPOTHBHHKM H KOTOPBHIE €My CaMOMYy, BOOGIIe roBops, HeusBecTHol. M3
CKa3aHHOTO BBITEKAET, UTO pas3jel MCCAeLOBaHHUA Olepaluy, 3aHUMalo-
muiics TeopueHl MaTeMaTHUECKHX MOJeJNeH MNPHHATHA ONTHMAaJbHbIX
peluleHHi B YCAOBHAX KOH(MINKTOB, ABJASETCA BeCbMa CHELUPHUECKUM
# BeCbMa CJOXKHBIM. DTHM pasfejoM SBJSAETCS TEOpHSHA HUTP.

TTocKOABKY TEOPHSI UTp eCTb TeOpuA MO A eJ€H NPHHATHA pelle-
guil, OHa He 3aHUMAETCAd 3THMH DPEUICHHSMH KaK NCHXOJOTHYECKHMH,
BOJEBLIMH aKTaMH; HE 3aHHMAaeTcsd OHAa M BONPOCAMH HMX PaKTHUECKOH
peanusanud. B pamkax TeOpHM Wrp NpHHHMAaeMble DELIEHHS BBICTY-
AT KaK KOCTATOUHO YNPOILEHHBIE H HACANH3HPOBAHHBIE CXEMBI pe-
anpuelx apaeHuit. [Ipu stoMm, pasymeercs, CTENeHb 3ITOTO YNPOLICHHA
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He AOJI2KHA NPEBOCXOAHTb H3BECTHBIX NpPeesOB, 33 KOTOPbIMH 1
€ yTpauMBaeT CYyLleCTBEHHbIE YepPThl SIBJACHHS.

Hanee, Teopusl HTP ecTb TEOPUSI MAaTeMaTHUEC K H X Mojesel;
OHa fIBJAfeTCH pas3fesioM MaTeMaTHKH. DTO 3HAYHT, UTO KOHCTPYHpYe-
MBl€ B Hel MOJAeNH fIBAAIOTCA (opMajbHBIMH, 3HAKOBHIMH (a HE, cKa-
JK€M, MaKETHbIMH WJH aHaJIOTOBbIMH) MOAENfAMH H HX (HOPMHPOBAHHE
H CpeiCTBa MX aHaJH3a TakxKe ¢opMmanabHbl. B uacrHocTH, ¢opManabHO
JOJI2KHBI BBOJAUTBCSI B PACCMOTPEHHE H OCHOBHBIe IIOHATHS TEOPHHU UTp.
[IpakTHuecKH 3TO O3Hauaer, 4TO 3TH MNOHATHA [NOJKHB 3aLaBaTbCs
CBOMMH OCHOBHBIMH CBOHCTBaMH, KOTOPBIM Te€M CaMbiM HpPHAAETCA
cMbIc akcHOM. JlanbHeluiee 06pa3oBaHue MOHATHA W yCTAHOBJEHHE
CBOHCTB MOKET BECTHUCh YyKe 0e3 MOBTOpHOro obOpallieHHst K MX cojep-
JKaTeJbHOMY CMblcny H 0e3 Ttoro, utobsl npuberatb K KaxkuM-iunbo
«HHTYHTHBHBIM> coob6paxenussM. CKasaHHOe OTHIOAb HE€ OCHapHUBaeT
NpaKTHYECKOH uenecooﬁpaaﬂocm HCHOJIb30BAHHA HHTYHLHH, OCOBEHHO

| F@2 0 g sl s fale ﬁﬂ TN
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3yJbTATOB.
B coorBercTBUM €O CKasaHHBIM NIpU NOCTPOEHHH TEOPHH HMIP C-Ca-
MOro Hauaja Heo6XxoZuMo (OpManH30BaThb T€ MOHATHHA, KOTOpPbIE BXO-
OAT B €€ onpefesneHHe: KOHPAHKTA, NDPUHATHSA pEMWEeHHUSI
H ONTHMAJAbHOCTU pemeHHA. ITOMy B CBOIO OYEpEHAb HOJ-
’KHO TIpEALIeCTBOBATbL SICHOE COAEpKaTeIbHOe NpeACTaBAeHHe O CYII-
HOCTH 3THX INOHSITHH H HX OCHOBHBIX CTPYKTYPHBIX KOMIOHEHTaX.

aVT !Iﬂ{"l[ﬂ ﬁnOBe 0 n\rneuu T v no_

§ 2. KOHOJIHUKT U ETr0o ®OPMAJIBHAA MOJEJL

KoHpAUKTOM eCTeCTBEHHO HAa3bIBaTb BCAKOE SABJEHUE, NPHMe-
HHUTEJABHO K KOTOPOMY HMeeT CMBICA TOBOPDHTb, KTO H KaK B 3TOM
SIBJICHHH Y4YacTBYeT, KakKOBbl €ro BO3MOXKHBIE HCXOABl, KTO B 3THX
HCX0JaX 3aUHTEPeCOBAH H, HAKOHEL, B 4eM COCTOHT 3Ta 3aHHTEpeECcOo-
BaHHOCTb. Takum o06pas3oM, B (opManbHOe onpeieseHHE KOH(QPJIHKTa
JOJIXKHBl BXOAHTHL T€ MJAU HHBle (opMaJsbHble 3aJaHHUA TOJAbKO UTO
NepeunCcAeHHbIX ero KoMmoHeHT. JloctatouHo o6mias NOCTaHOBKAa BO-
npoca COCTOMT B TOM, uTOObl OMHCaTh Haubojaee NPOCThIM 0OpasoMm
KaXXAylo U3 OATH YKa3aHHbIX KOMNOHeHT KOH(JAMUKTA B TepMHHaX mep-
BHYHBIX MaTEMAaTHUYECKHUX NOHATHH, a HMEHHO — B TepMHHaX albCTpaxT-
HbIX MHOZKECTB H OTHOILIEHHH.

ByzeM B COOTBETCTBHM ¢ 3THUM CUHTATh, YTO NMPHHHMAKOIIHE yda-
CTHE B KOH(JHKTE CTOPOHH CYTb 3JE€MEHTBHl HEKOTOPOTO abCTPaKTHOIO
MHOKeCTBa. (TO 3HAuMT, 4TO MBI ANPHOPH He NPEANOJaraeM, 4TO
OHH HajejeHbl KaKHMH-AHO00 CORepXKaTeNbHBIMH HJAM XOTA Obl ¢op-
MaJbHbIMH CBOHCTBamH.) HacTo oxasbiBaeTcql Le1ecO0OpPasHBIM CYH-
TaTb HX NOAMHOXECTBAMH HEKOTOPOrO0 YHHBEpPCAJIbHOTO MHOXKECTBA;
3JI€MEHTBHl NOCJAEAHEro NPUHATO Ha3blBaTb HTPOKAaMH, a NOAMHOXKe-
CTBA HMI'POKOB, KOTOpble ABJASIOTCA AEHCTBYIOIIMMH CTOPOHAMH B KOH-
¢bauKTe, —KOAaAHUHAMH JeHUCTBHUA (pa3AuuHbBIE  KOAJHIUH
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ACHCTBHSI MOTYT MEpECeXaTbCd W Haxe COAepiKaThCs OfHA B ApYroii).
Muoxectso Bcex xoanuuuil AeficTBUS B KOH(IHKTE fajece Oyzer 060-
3Ha4aThcA yepe3 K.

Kaxnaas u3 koanuuuil gefictBust K npuHuMaer HekoTopoe peuleHue
3 HEKOTOPOr0 MHOXKECTBA Sk NOCTYNHBIX /151 Hee peuieHuil .Byaem noxa
CUHTATD, YTO MHOXKECTBO Sk fBARETCA aO6CTPAKTHBIM, M NPOLECC IIpH-
HATHS pEIeHHs CBORHTCH K (JOPMAJbHOMY H IPHTOM MNPOH3BOJBLHOMY
BHIOOpY 2JIEMEHTa M3 3TOTO MHOXKECTBa. JDJAEMEHTH MHOXKeCTBa Sk
HasbIBAlOTCA CTpPAaTETUAMH Koaauuuu K.

Bubop xaxkzoil U3 koanuuuil geficTBus HEKOTOPOH CTpaTeruu ompe-
A€AAET TO, YTO €CTeCTBEHHO Ha3BaTh ucxodom KoHbaukrta. [Ipu atom
He 06s13aTeJbHO, YTOObl 3TOT HCXOJ MOHHMAJCH KaK OZHO3HAYHO OIpe-
A€JEHHOE NeTepMUHHUPOBaHHOe saBJAeHHe. JlOMycTHMO, 4TOGBHl TOT HJIH
HHOH H3 3THX HCXOJOB Obll MHOXKECTBOM (DH3HUYECKUX SABJCHHMH HIH
XKe CAYYalHBIM fIBJCHHEM, T. €. MHOXKECTBOM SIBJEHHH C BepOSATHOCTHOH
Mepoi Ha HeMm. KpoMme TOro, HEKOTOpHle KOMOHHALMM BBIGPAHHBEIX
KOQJIMIHAMH [EHCTBHA CTPATETHHl MOTYT 0Ka3aTbCsi HECOBMeCTHMBIMH
M NOTOMY HEOCYILeCTBHMBIMH. B 3TOM cllyyae MOKHO CUMTATB, YTO
KOH(JUKT He COCTOAJNCS (B MPUMEHEHHH K CAJIOHHBIM MJIY CHOPTUBHHM
MrpaM 3TO MOXKeT BbIPAXKATbCSi B MNOSIBJEHHH HEKOTOPOH NOMexH,
BOCHPEMATCTBOBABIIEH OKOHUAHHIO UIPHI).

Bce ucxoanl kondauxra HaselBawTcs curyayuamy. U3 cKasaHHOTO
BbllI€ CJACAYeT, 4TO CHTYAUHH COCTaB/IAIOT HEKOTOPOE MHOMKEeCTBO S,
ABJAOLIEECST NMOAMHOXKECTBOM MHOXeCTBa BCeX KOMOHHAIuii cTpaTe-
930 Koanumg’i_neﬁc'rsuﬂ, T. €. JeKapToBa MNPOHU3BEJEHHS MHOXKECTB

ATETHN: c
cTpar K;Iﬁa Sg.

[Io noBoay 3aMHTEpPECOBAHHBIX B HCXOA2X KOHQJIHKTA CTOpPOH
MOKHO NMOBTOPHTDb MOUTH BCE, CKA38HHOE B CBA3H € KOAJMUHSIMHU Heli-
ctBuA. MX ecrecTBeHHO Ha3biBaTh KOAJHILHUSIMH HHTEpECOB,
M OHH CYHTAIOTCA 37AeMEHTAMHM HEKOTOPOro aGCTPaKTHOTO MHOXKECTBa,
KoTtopoe panee Oymer o603Hauatbes uepes RK,. O6bUHO AOCTATOYHO
CUHTaTh, UTO KOAJHUHH HHTEPECOB CYTb IOAMHOXKECTBA TOTO K€ MHO-

}KeCTBa HIPOKOB, YTO U KOAJHUMH [NelicTBHA.

B HameM H3M0KEHHH MHOXKeCTBA KOAJTHUHH HeHCTBHA M MHOMKe-
CTBA KOAJHMUHA HHTEPECOB pacCMATPHBAIOTCH KaK pasJuyHble, STO
Cle/laHO He paiW OAHOH JAuiub (opMaabHOH o6umHOCTH. Bo MHOrHX
PeasibHbIX KOHQHKTAX MOTYT BCTPEUATBCS KOAJHIHH AEHCTBHS, He
ABAAIOUUECS KOANMIHAMHE HHTEPeCOB, H Hao6opor. Hanpumep, nabmio-
Jalonui 3a GyT6ONBHBIM MATYEM N0 TeJeBHACHHIO 00JeNbIIKHK 3aHH-
TEPECOBAH B MCXOAE MaTya, HO HE MOXKeT BJAHATL HA ero xon. Hao6o-
poT, CyAbst 3TOrO0 MaTya MOXKET BeCbMa CYIIECTBEHHO BJHATbL HA €ro
XO&, HO He MMeeT npaBa OOHapyXHBATb 3aUHTEPECOBAHHOCTb B ero
HCX0oe.

Paccmotpum, Haxonen, dopmy BolpaKeHHS 3aHHTepeCOBai

A7 KOANMUHMA MHTePECOB. IJTa 3aHHTEPECOBAHHOCTb NPOSBJISETCS

>
=
C
C
s
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B TOM, 4TO Kaxaas H3 3THX KOAaJUUHH IpeanoyuTaerT ©JHH HCXOAR
KOHPJAUKTA APYruM. DTO ONHCHIBAETCS B BHAE HEKOTOPOrO OTHOIMIEHHA
npeAnouTeHust — a6CTPaKTHOr0 OHHAPHOTO OTHOLIEHHS >k Ha MHO-
jkecTBe BCex cutyauui. ToT (akt, uto Koaauuus uHtepecos K mpexn-
[OYMTAET CHTYAHMIO X¥ CHTyallHH Yy, 0603HAYaeTcss KakK X >xY.

Boo6iie roBops, HHKAKUX CBOHCTB y OTHOUIEHHS >k (KPOMe ero
GHHAPHOCTH) He NpPEANOnaraercs, XoTs OObIYHO OHO CUHTAEeTCA TpaH-
3UTHBHBIM (T. €. M3 X >>gy M Y >k 2 ClelyeTr x >k2). B dacTHOCTH,
He Tpe6yercs, 4TO6B OTHOLUEHHE OBLJIO JHHeHHBIM, T. €. 4TOOH Jio0ne
[B€ CHTyallHH ObiIH CpaBHHMbl APYT € APYroM (B ¢hopmanbHON 3afMHCH
nas MO6HX ABYX DA3JMYHBIX CHTyalluh X M Y Ju60 X >xYy, nHGO
y >k x). Jonyckaercs faxe, uTOObH HEKOTOpHIE CHTyalluH BoOOIIE HE
NOAJABAJHCh CPAaBHEHHIO 10 MPEANOYTHTEJBHOCTH C KakuMu-1u6o
APYTHMH CHTYaLHAMH.

Hepeaxo OTHOIIEHHE NPEANOYTEHHA 3aaeTCs cAeAylolluM o6pa-
som. Ha MuoxectBe cutyauuii S onpenensercs ¢yHxuus Hyx, NpHHH-
Maiollas BEIIECTBEHHbIC 3HAUEHHS H HasplBaemas @ynkyueld soitie-
peiwa xoanuuuu uHtepeco K. Ee 3nauenne Hyx(x) moHHMaercs Kak
BBLIMFpHILI, KOTOPBIA Koaauuus K mosyuyaer B CHTYallHH X. EcTecTBeHHO
NPUHATB, 4T0 X >g Y, ecant Hx(x)> Hx(y).

Hrak, dpopManbHoe onmucaHHe KOH(QIMKTA COCTOMT B 3aAaHHH CH-

CTEMBI
F=<Ra, {SK}KE% , S, &, {>K}KeRu>’

rAe IMepeydCaeHHble B JIOMaHbIX CKOOKax MHOXKECTBa M OTHOLIEHHS
CBSI3aHBl IPYT € APYTOM, KaK 370 GBlIO OmHucaHo Bhime. Takas cucrema
aBAseTcs QopManbHOH Mozenbio KoHdaukra. OHa HasbiBaercs uepod.
Teopusi urp 3aHUMaeTCst H3yYeHHEM HIpD HMEHHO B 3TOM . NOMUMAHHUH.

Pasymeercs, mpuBefeHHOe oOnpefesieHue Hrpbl ABAAETCA 4Ype3Bhl-

_-;-._“.--A Py fr\p--;—_vi'vnf\_')ri TH .
YauHO OOIHM. WaKTHUYECKH upHXGﬁHTCF{ HMEeThE AeJ1I0 €O 3HAYHUTCABHO

Gosee y3KkMMH KjaaccaMu urp. Hekoropble W3 3THX KJaccoB paccMar-
puBaloTcs B KHure OysHa.

®dusgueckas H CoLHaJbHAs NPUPOJA KOMIOHEHT HIPBl H, B ua-
CTHOCTH KOAJHIHH JefCTBHS, KOAJHIHMA HHTEPECOB H HIPOKOB, MOJKET
6blTb BecbMa pa3Hoo6pa3HOH: MOpHAHUECKHE JHIE, CHOpTHBHBIE
KOMaHJE, KOHKYDHpPYIOIIHe (HPMB, BOWIOIIHE CTOPOHBI, GuoJorHye-
CKHe BHABI B Oopb0e 3a cyliecTBOBaHHE H T. [.

HekoTopble 3auHTEpecOBaHHBIE CTOPOHBI MOTYT Aaxe He CYyLleCTBO-
BaTb p€asbHO, a fBJAATbCA JHID OTpaxKeHHeM ONpEACJCHHBIX TNpeA-
CTaBJEHH#A, KOTOpHI€é MOTYT BO3HHKaTb B TeX HJH HHbIX YCJAGBHUAX
y peasibHBIX 3aHHTepeCOBAHHBIX CTOPOH. DTOT CAy4aH, KaK 9TO HH 1O-
KaXKeTCs Ha NepBblii B3ridl CTpaHHBIM, fABJsSETCS NOCTATOYHO pac-
NpOCTpaHEHHBIM,

Ipeanonoxum AAsS MPOCTOTH, YTO MBI HMeeM €40 C eLHHCTBEH-
HbIM CyOBEKTOM, NpPHHHMAIOIIHM pelleHHs H NIPHTOM HENOCTATOYHO
OCBeXOMJAEHHBIM 00 O06CTaHOBKe, B KOTOPOH €MY TIPHXOJAHTCH - 370
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Aenate. OH Jomyckaer HacTymJieHHE DPasiMUHBIX NOCHAEHCTBHY B pe-
3yJAbTaTe NPUHATUA KaX[OTO CBOErO peEIIEHHS, U 3TH NHOCAEACTBUA
HMEIOT [J/11 HEro pa3fH4YHyI0 npeanouyTuteavHocts. Ha camom gese
HACTYN/ICHHE T€X WM HHBIX NOCACACTBHH 3aBHCHT OT HEKOTOPOH Hewus-
BECTHOH €My 3aKOHOMEPHOCTH NPHPOAH. [103ToMY OH MOKeET RONYCTHTD,
YTO MCTHHHAA 3aKOHOMEDHOCTb NPHPOAB! ABJASETCA AAS HEr0 HAHMEHee
O6naronpHsATHOH. DTO 3HAYHUT, YTO CyObEeKT MNpeAcTaBJasieT cebe Aeno
TaK, KaK OYATO BMECTO OGBLEKTHBHON, HO HENO3HAHHON IpUPOAHI
€My DPOTHBOCTOMT CO3HATENbHbIH IPOTHBHHMK, CTPEMSI(HACSE K CHTYya-
n4AM, HaHMEHee MNpennoydtaeMblM CcyObekToM. B 3TomM cMBiciae MH
MOMEM HMHOrJa TNPHYHCAATE K YYaCTHHKAM KCHQJIHKTa TPHPOA Y.
OueBHaHO, B 9TOM He 3aKJI0UEHO HHUKAKOM aHTpPONOMOpGHU3anUU IpU-
poabl. Onucannas ¢(OpMa NPHUHATHS pPEWIEHAS OGBIYHO HA3BIBAETCS
NPHHATHEM DELIEHHH B YCAOBHAX HeoNpeAeaeHHOCTH. OHO HOCHT KOH-
aukTHBIA XapakTep 1 GopMaamsyercss B BHAe urpel. Takum oGpasowm,
MAaTEMaTHYECKOE MOZEAHPOBAHHE NPUHATHA ONTHMAJbHBIX pelIEHHH
B yCJOBHAX HEONPENEICHHOCTH TAKXKe MOXHO eCTECTBEHHBIM 06pa3oM
OTHECTH K TEOPHH UID («UrPhl IPOTHB NPHUPOABI®).

Cronb ke pasHooGpas3HOi MOXKeT GbITb H NPHPOAA OTHOUIEHUH
npeAnouTeHus. OQueBHAHO, UTO NMPH PACCMOTPEHHH BONPOCA B HaHGO-
Jiee o6GIieM BHAe [0KAa3aTeNbCTBAM HOAZAIOTCH JIHIUD OTHEJbHEIE,
H NpHTOM He CJAMIIKOM TAyGOKHe yTBepxXAeHHA. B weasx mocrpoenus
‘CONCPKATSIPHOH TEOPUH KeNaTeNeH Nepexox K Gogee KOHKD €THBIM
OTHOIIEHUAM NpeanouTeHHss. OueHb YacTo B TEODHH HLP OTHOLIECHHS
TIpEANOYTEHHA CBOAATCA K (YHKIMAM Bolurpoima. Hekotopwie Bompo-
CEl, Kacalolluecst BO3MOXHOCTH TaKOrO CBEJEHHH, PacCMaTPHBAIOTCH
8 ra. VL

Bonpoc o mpupoze crparermit medicTByiommx CTOPOH paccMaTpu-
BaeTCa B CAeAYIOlleM nmaparpade.

§ 3. ®OPMAJIN3AIIAA NPUHATHA PENIEHUSA

Mbl paccMoTpuM aBa acmekTta 3TOro Bonpoca. Has Toro 4rto6ml
6e3 KaKuX-1160 CHenHaNbHBX OTOBOPOK TOBOPHTb O BHIOOpE CTpaTeruu
K3 MHOXKECTBA BC€X CTpAT€rHii KaK O BHIGOpE 3/71€MEHTa H3 MHOMKe-
CTBA, HEOOXOZUMO NpPEACTaBAATb Ce6e, B KAKOM CMHCAE U 10 KAKOW
CTENCHH 5Ta KOAMHIHMs B COCTORHHMM OTJIHYATb CBOH CTPATETMH Kak
OJHY OT APYTOH, TaK H OT UHBIX 0GBEKTOB, He ABJTIONIHXCS €€ cTpare-
ruAiMu. Eciu MHOXeCTBO cTpaTernit y koanuuuu aefictBus KOHEYHO, TO
TaKOro poia pasiavye€HHfA AJs Hee BO BCAKOM CJIyYyae NOTEHLHAJBHO
OCYIECTBUMBL # 3Ta CTOPOHA BONpOCa O BHIGOpE CTpATErHH OTHALAeT.
L NPOTHBHOM XKe CJyYae HEKPUTHYCCKHE MPEACTABJICHHS O HEOTpaHH-
HeHHBIX BO3MOMHOCTSX BbHIGOpA CTpATEruM MPUBOAAT K CAMUIIKOM GOJMb-
WoH cBOGOAE B KOHCTPYHDOBAHMH CAMHX HTD H KaK CJACLCTBHE 9TO-
PO —X NOCTPOCHHMIO HID, AHANM3 KOTOPHIX NPHBOZHT K HapagoKCalb-
8biM ABJMCHHAM. CJEAYyeT NORYEPKHYTh, YTO MOJy4aeMble B TCOPHUH HTP
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napafoxKCel NMPOTHBOpeYaT He TOJBKO CJAOXKHBIICHCH MaTeMaTHYecKOH
NpakTHKe, HO W MNpeACTaBJAeHHAM XUTeACKOro 3ApaBOro cMuiCja; I0-
9TOMY aHAJH3 KW PacKPbITHE 3THX NMAPaJOKCOB OKa3biBaercss 0COGeHHO
BaxKHBIM K aKTyaJbHBIM.

Jlanee, B NpeAcTaBJeHHH O pellleHHH KaK 00 3jeMeHTe abCTPaKT-
HOTO MHOXKeCTBa HHKAaK He OTpaxaerc BO3MOXHBIA JHHaMHYeCKHi
XapakTep pellieHHs, KOTJa OHO NPHHMUMAETCH He KaKUM-IH60 OJHO-
KPaTHBIM aKTOM, a BblpaGaThlBaercs MOCTeNeHHo, war 3a waroM. [as
TOrO 4TOOBl y4ecTb 3TOT AMHAMUUECKHH XapaKTep, HeOOXOAMMO KOH-
KPeTH3HpPOBATb MOHATHE CTPATETHH, pacCMaTpHBas ee He NPOCTO Kak

QATTARM AT ABCTNAKTIATN wiilnsW AnTR A a I ¥ -
FVILNILILL dVLILIPARINnUL Y zv'il'lu.a\\.,\.luu, a Ka}{ 06'158}{'1‘, HMEEL‘H’IP} BH}’TE}QH

HIOIO CTPYKTYPY M KOHCTPYHPYEMHIH B HeKOTOPOM IMpouecce, NMpHYEM
pes3ysabTaTbhl OTAEJbHBIX IIArOB 3TOr0 Mpouecca MOryT H3MeEHSTbCS
B 3aBHCHMOCTH OT TeX WJK HHBIX OOGCTOSITeNBbCTB, ABJASIACH TeM CaAMbIM
bdyHKOHAME 3THX obcrodresnbeTB. O6aacTbio 3aaHua KaxXAoH Ta-
Kol (yHKUMH SBAAETCH MHOXKecTBO Bcex NpeACTaBAeHHH NPHHHMAIO-
iero peureHua cyGbekra (T. e. Koaaunum AelcTBus) 00 obGcraHOBKe,
B KOTOPOH NPHXOAHTCA INPHHHMATHL pelleHHs. 3hecb BAXKHO OTMETHUTD,
YyTO apryMmeHTOM (YHKIHH-CTpaTernH SABJAAETCH HE HCTHHHOE COCTOSIHHE
cyObekTa, a ero cy6beKTHBHOE MNpeAcTaBleHHe O HeM (ero HH-
dopMaumuoHHOe cocrogHue). Kaxagoe nHpopmMannoHHOE COCTOSHHE
cy6beKTa MOXKHO NMOHHMATb KAK HEKOTOPHH Kjaacc ero HCTHHHBIX CO-
CTOsIHHH, B KOTOpBIH 06 BeAMHAIOTCA COCTOSHUA, He pasjnuaeMble CyOb-
eKTOM B MOMEHT NPHHATHS MM pellleHua. Bo3MOXHBIMH 3HAYEHHAMH
(GYHKIHE Ha KaxXAOM K3 HHGOPMANHOHHBIX COCTOSIHHH ABJAAIOTCA Te
yacTHUHBlEe pelIeHHsl, KOFTopble CyObeKT B COCTOSIHHM NPHHATD B 3TOT
moMeHT. OueBuAHO, 067acTh 3HaueHWH (YHKIHHK-pelIeHHs B pasJipy-
HbIX HH(OPMALUOHHBIX COCTOAHHAX ONpeJessieTcst TeMH Ke BHeIIHHMH
10 OTHOILUEHHIO K CYOBeKTy 06CTOSITeNIbCTBAMH, YTO W CaMH HHpOpMa-
[IHOHHbIE COCTOMHUS.

OnucaHHOe MpejCcTaB/eHHe O CTPATerHH Kak O QYHKUHH, 3aZaHHOH
Ha MHOXKecTBe MH(GOpPMAIIHOHHBIX COCTOSIHMH cyObekra, BeCbMa Xapak-
TepHO AJS GOJBUIMHCTBA CAJIOHHBIX M CHOPTHBHBIX WIp, a TaKxke AJfd
6OMbUIHHCTBA KOH(IHUKTOB, MOAEJNSAMH KOTOPBIX NpH3BaHb ObITb HIPBI.
ITosTomMy B psile PYKOBOACTB MO TEOPHH WTP K B TOM UHC/AEe B AaHHOH
KHHUTE K3J0XKEHHe HAUMHAETCSl ¢ OMHCAHHUA HTP HMEHHO TAaKOK AHMHAMH-
yeckod npupods (cMm. § 1.2).

§ 4. ONNTAMAJBLHOCTH

IMoHsiThe ONTHMAJBbHOCTH MNPHHHMAEMOrQ pelleHHsT 3HAUYK-
TeJIbHO TPyXHee MOAAAeTCA (POopMasin3aluH, 4eM MOHATHS KOHGNIMKTA
W NpHHATHA pelleHus. DTa 3ajaya ABJAAETCH ceiiyac OJHOH H3 OCHOB-
HbIX B TEOPHH HIP.

[Tpu coBpeMeHHOM COCTOfIHHH TEODHH HrP NpeAcTaBasercs Han6O-

jgee eCcTeCTBEHHbIM c.ne,uyromuﬁ Noaxox K BOIOpocaM TakKoro poja.
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OTBJieueMcst Ha MTHOBEHHe OT TeOPETHKO-HIPOBBIX CJAOKHOCTeH M pac-
CMOTpHM OOBIYHYIO 3aJauy SKCTpeMaabHOTO Tuma. IIyCTb MBI XOTHM
MAKCHMH3HPOBATb 3HaUeHHe HHTepecylolled Hac dyHkuum f, Koropas
3ajaHa Ha HEKOTOPOM MHOXKeeTBe M u npuHEMaeT BellleCTBeHHbIe 3Ha-
yeHud. Ilpu stom Gynem npeanosarath, 4To B Hailled BJacTH BBIGPATh
A06YI0 TOUKY uaM A100ble TOYKH MHOXKecTBa M.

[MocraBaeHnylo 3afKauy MOXKHO C(])OPMyJIPII_iJOBaTb HEeE€KOJIbKKMH, KaK
J€TKO BUIETb, 3KBHBAJEHTHBIMHU cnocobamu. Hanpumep:

I) HaiTH TOUKHM X, B KOTOPHIX 3HaueHWe GYHKIHM | He MeHblle ee
~ 3HaueHuil B KaKuX-Tu60O APYyrux Toukax M:

)=y (ye= M),

2) HaliTu TAKHMe TOUKH X, 4TO JMI06Oe OTKJOHEHHe OT HHX B npexe-
nax MHoxecTBa M He yBenuurBaer 3naueHuss GpyHKuud f;

3) HaUTH Takoe MHOMKECTBO TOUYeK R, 4TOo nJ4 TPOM3BOJBHBIX
X, § € R He moxer 6uiTb f(x) > f(y), a Ana m06ot Toukw 2'¢: R Haii-
AeTcs Takasl Touka X & R, urto f(x)> f(2).

- SlcHO, 4TO ecaM MBI BMeCTO MaKCHMH3AllMi 3HAYCHHS Gyuknuu
GyAeM B3aHMMaTbesi TOMCKAMW Haubojiee NpPeaNOUTHTENBLHOH ~TOUKH
B MHOXecTBe M B ycoBusx JAnHeilHOTO
OTHOUIEHHS NpeAnoyTenus (cM. § 2) Ha L3
3TOM MHO2KeCTBe, TO 3TH (OpMYJUPOBKH Py
OCTaHyTcsl 3KBHUBaJeHTHbIMK. Ho ecau |
OTHOUIEHHe NPeANOYTEeHHs He JHHeHHO,

a HOCHT OoJiee CAOXKHBIR XapakTep, TO
npHBe/JeHHble QOPMYJAHPOBKH YXKe mnepe-
CTAIOT OBITb 3KBUBaJiEHTHBIMH. 0
Paccmorpum, nanmpumep, TpexmepHoe D X
eBKJHIOBO NPOCTPaHCcTBO. Ero Toukamu
IBASIOTCA TPOHKH BelleCTBEHHBIX YHCeJ
X = (X1, X9, x3). Bosbmem B kauecTBe 2, /5
MHOoXecTBa M Tpeyroabauk P,P.P; ¢
Bepuuiamu (1,0,0), (0,1,0) u (0,0,1) Pue. L
(cMm. puc. 1), -
Mycrs x = (%1, %2, %3) u y =(y1, Y2 y3) — ABe TOuKM 3TOrO Tpe-
yroipHuka. Ilomoxum x>y u Gygem FOBOPHUTb, YTO TOYKa X
NMpesnoYyTHTENbHEe YeM TOYKA Y, ecJH BHIIOJHAETCS XOTS

ﬂL‘l MITITA A TFLII ATTYI TR, s o omesr ¥ P p—

ubl GAHa M3 C-HCA)‘IULLLHA TPOCK 'epchuchf

X2 =s X34, x>y, (1)
HIAH

N+ X3 =2 x>y, X35> Y, (2)
HJIH, HaKoOHell,

Xg+ X3 =23 %> Yo, X35>y (3)

Harnsgnas uHTEpIpeTallus TaKOro MOHMMAHMA TpeINOUYTEHHS pas-
Gunaercsl B § 5 sToro BBeaeHust, a Takke B § VIII.4 kKuuru.
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PaccmoTpum Tefepb TPH 3afauM: -
a) HalkTH TOYKH X, KaXXhas U3 KOTOpbIX OoJsiee NpennouTHTeNbHA,
yeM Kakas-au6o Apyras Touka y us M:

x>y (ys M)

(oueBHAHO, OAHHAKOBO NPeANOYTHTEJbHBIX TOYEK B paccMaTpHBaeMhbiX
yCAOBHAX He OBIBAaeT);

6) HaliTH TakHe TOYKH X, UTO /060e OTKJOHeHHe OT X B TNpele-
nax M He NpuBOAHUT K Gojee npeANOYTHTEAbHBIM TOUKAM,

B) HaliTH TAKOe MHOMXecTBO Todek R, 4TO JJAS NPOH3BOJABHBIX
X, y = R ne Moxer 6LITb X >y, a KakoBa Obl HH Oblla TOuKa Z¢& R,
HalJercs Takas Touka ¥ & R, 410 X > 2.

DTn 3aza9d B NMPUMEHeHHH K HCCAeJNOBAHHIO NMPEANOYTHUTENbHOCTH
Touek B cMbICJe CBOHX GOpPMYyJHPOBOK MOJHOCTBIO COOTBETCTBYIOT NpH-
BEJICHHLIM BhHIE TpeM 3ajauaM O HAXOXJAEHMH 3KcTpeMyMa (yHK-
uun f, OXHAKO OHH yXKe He ABJAAIOTCS IKBHBAJEHTHBIMH.

JleficTBUTENBHO, 3ajada a) BOBce He HMeeT pellieHua. B camom
JeJe, BO3bMeM IIPOM3BOJBHYIO TOUKY X = (X1, Xg, x3). IlycTs mns ompe-
KEeNEeHHOCTH X3— OTJHYHAS OT HYJS KOOpJAHHATa 3TOH TOukd. Toria
y TOYKH '

y={(x;+ x3/2, X3+ x3/2, 0)

ABe KOOpAHHATH GoJbllie COOTBETCTBYIOMIMX KoopauHar Touk# X. [lo-
3TOMy He MOXET ObITb X > Y.

Pemenne 3anaun 6) COCTOMT M3 eXMHCTBeHHOH Toukm ('f3, Y3, Ys).
B camom gene, nycTs ¥ = (Y1, ¥2, Y3) > x. Ilo onpesesenuio otHo-
LIeHHst IPeNIOYTeHUS 3TO 3HAYHT, 4TO AH6O

Nty =Y 51> 12>,
Wty =Y > ys>'s

Yot s =% 2> ¥s>Ys

Ho Hp ofHa H3 3THX TPOeK HePaBeHCTB, OYeBHIHO, He COBMeCTHA.

3uaunr, (s, /s, Y/s) sBasercsi uckoMo#t Ttoukoh. ITokakem, uTO
HHBIX TOYeK C€ S3THM CBOHCTBOM HeT. JleficTBUTeNBHO, HOyCTh X =
= (%1, %2, X3) % (s, /3, /3) . TIycTb ANt ONpEREeHHOCTH X3— HAHGOMb-
lags u3 KOOPAMHAT 9ToH Toukd. Torma, oueBMAHO, X3 > !f3, Tak uto
X1 + %3 < ?/3. BospMem Tenepsb croab manoe g > 0, yro

Xy xo+ 28 =2, x3—2e>0,

6o

aAubo

0 NOJOKAM

Xi+e=y, Xte=y, x3—2e=y,
Mu noayuaeM -
Nty =1lw > X, Ya> X
T. €& Y > X,
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Pewrum, Hakonen, 3apauy B). DBosbmeM gansi aToro TOUKY
O = ('/3,/3,'/s) u coeaAuHUM ee ¢ cepeXHHAMH BCEX TPeX CTOPOH Tpe-
yroibiuka PiPePs, 1. e. ¢ Toukamu K = (13, Y5,0), L =(1/5,0,1s)
# M= (0,,/2), K&k 3T0 nokaszaHo Ha puc. 2. OObenuHeHHe Tpex
orpeakoB OK, OL u OM o6o3uauum uepes R. ITokaxkeM, 4TO MHOXKe-
CTBO R aBifleTcsl HCKOMBIM.

Bo3bMeM HEKOTOPYIO TOUKY X == (X1, X2, X3), IVIst KOTOPOH X -+ Xo =2/,
'JT0 3HAYUT, YTO TOYKA X HAXOAWTCs B TpeyroiaeHuke ABP; OrHolie-
HHE X; > Y; o3Ha4YaeT, 4YtTOo TOU- Py

Yy = (Y1,Y2Ys) pacnojoxena A .

AMLITIe AT BanIiDULy . Oows v
QUIDLLAT Vi1 DUpLunnDt 4 jy TN A, !

_T. €. YTO OHa HAXOZHUTCA B Tpa-
‘neuuun CDP,P;. Touno Tak xe
[ X > Yo O3HAUAET, YTO Y HAXOAHMT-
¢ B Tpaneuuu EFP3P,, Taku

i
]:m

aKHM
o6pasoM, nJsi Bcex Y, Jiexa- L
mux B napainenorpamme CxFPj C
(cauras, yro cropounl Cx u xF

0
A A
- mapasieorpaMMy He  NIPHHAjf-
Jnexar), x >4y
[MocrpouB Takme mapanneno- .
- TPAMMpbi H3 Bcex TOYeK, Jexa- P,
T K DK

' HiHX Ha orpeskax LO u OM, mu

'«3aMeTeM>» BeCb 4YeThbIpexyroJb-

suk OMP,L. 3nauut, pas kax- Puc. 2

Ro#i TOYKH § H3 3TOTO uUeThipex-

yrojbHHKa (3a HCKIIOYeHMeM Touek Ha JomaHoit LOM, 1. e. Touek,
npuHagaexamux R) nafijgeres Takoe X & R, uro X >y. Beuny cum-
MeTpUH BCeH KapTHHB, Takoe X € R Halizercs W Boo®ile AJA KaXAOH
TOYKH TpeyroJbHHKa, He NpUHaAAexKallel R.

Bmecre ¢ TeM HM ORHAa M3 TOueK R B TaKo#d MNapajsieiorpaMM He
nonager. CaenoBaTenbHO, AJAA X,y € R OTHOLIEHHe X >y HEBO3~
MOXKHO.

Mb1 BuauM, 4YTO He3HauyMTeJbHble pa3nudud B GopMyJHpPOBKax
ONTUMAJIbHOCTH AJS TPAaJAHUMOHHBIX 3JKCTpeMaJbHLIX 3ajay lpeBpd-
a10TC B €YHIECTBEHHO pa3Hble KOHIENUUH ONTHMAJNbHOCTH HAR 3a-
“jlay 6oJiee IIHPOKOrO THNA. DTO MOKA3hBaeT, B HaCTHOCTH, YTO BONPOC
'0 dopmaau3auud MOHATHS ONTHMAJbHOTO pelleHHWA He MOXKeT OHITb
pellieH B paMKaX TeOpHM urp ogHo3HauyHo, bosee Toro, oka3niBaercH,
4TO AJAA OAMHX KJACCOB HIrP €CTECTBEHHO NPHHHMAaTh OJHH NPHHIHUNBI

ODIMITUMANTEHOATY,. 24 O ANDVUNNY — CORCAM UHREe U Oa%e NMTDHOTHRONDEAUA-
e Mr’} A LRLLN N Vot B AR N a8 Py E S

84 B FLIVAGAVALFEEN/N_ L K1) [ S L N LVA  KAAR L4 & 0 S tlv.llnuvr\.r LA

Hi¥e MepBbIM.
Hanpumep, untaTesb MOXeT HeNOCpeACTBEHHO OOpaTHTbCA K NpH-
mepy VII. 1.4 (munemma sakmiouenHoro). B aTofi urpe ydacTByioT ABa
UrpoKa, KOTOpbie OAHOBPeMEHHO SIBAAIOTCHA KAK KOANMUIHAMH ReHCTBHA,
TAK ¥ KOAJAMLHAMH HHTepecoB. CTparerMsMu IepBOrO0 HIPOKa
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ABAAIOTCA CTPOKH MaTPHUbl, a CTPATETHAMH BTOPOro — ee CTOJAOGIBL.
[Tapa umuces, HanucaHafd B KaXJOH H3 UYeTbIPpeX KJAETOK MaTPHLBI,
npeacTaBasieT co6ofi BBIUTPHILI NMEPBOTO H BTOPOrO HI'POKOB. 3/1echb
'BBIGOp MTPOKAMK HX NEPBHIX CTPATETrHH ONTHMaJjeH B TOM CMbICIE,
gyTo 06a OHH NOJy4alOT AOCTAaTOYHO Goablive BHUrPbHIIM. Bumecre
C TeM HHKAaKasi B3auMHasl JOTOBOPEHHOCTb WTPOKOB BHIOMPaTh HMEHHO
NMepBble CTPaTern He MOXKET CUHTATbCA yCTOHUMBOH, TAK KaK KaXKAbiH
HAPYUIMBUIMH ee MrPOK MOJyyaeT OT 3TOrO HapylleHHs GOJBLIAH Bbl-
urpeiml. HaoGopor, BoIGOp MrpOKaMu CBOMX BTOPHIX CTpaTerwid NpH-
BOIAMT K YCTOHYHBON CHTYalMH, HO BBIHFPOLIMIM HIPOKOB B HeH MaJbl.

§ 5. KIACCHOUKAIUA WP

dopmanpHOe ONpefeNieHHe HrpH, NMpHBeAeHHOe B § 2, ocraBaser
BecbMa UIMPOKYIO CBOGOAY BBIGOpa KOHKPETHBIX BO3MOXKHOCTeH AJst
KOMINIOHEHT, COCTaBAAWIIKX urpy. Hangarasgs Ha 3TH KOMIOHEHTHl Te
WJAM HHble OTPaHHYeHus, Mbl MOXeM MOJy4aTh PasJHyYHbIEe KJAACCH KT,

B kauecTBe nepBOro KJacCHPHKAIMOHHOIQ NIpH3HAKA BO3bMEM MHO-
JKecTBO Koaaupuii uHTepecoB &,. Ecin 370 MHOXKecTBO mycTo, TO KOH-
(GJIMKT BHIpOXKJaercs B ABJCHHE, B HCXOJAaX KOTOPOr0 HUKTO He 3aHH-
TepecoBaH. MaTeMaTHueCKHe MOJEJH TAKOTO pOoJia ABJEHHH COCTABJAIOT
cojiepxKaHde TPaAHIHOHHOH OnMucaTeNbHOH MaTeMaTHKH.

Ecnin MHOXecTBO &, COCTOMT K3 €IMHCTBEHHOW KOAJHIHH HHTe-
pecoB, TO Mbl TaKXKe yTPauHBaeM KOHQJHKT B OOBIYHOM CMbICJE 3TOrO
CA0Ba, a UMeeM [eJ10 ¢ fABJEeHHEM, B KOTOPOM €/IHHCTBEHHaAs 8aMHTepe-
COBaHHas CTOpPOHA CTpeMHTCH BbIGpaTh HamGojee NPeANOUYTHTENBHVIO
Ans ceba curyanuio. MatemaTuueckasi TPakKTOBKA 3TOT0 Kpyra BONpo-
COB CBOJAMTCA K PasHOro poAa 3KCTpeMaJbHBIM 3ajauyaM, KJjaccuie-
CKMM, Kak, Halpumep, peuiaemble B auddepeHunnanbHOM WIH BapHha-
IIHOHHOM HCUHCJAEHMAX, HWIH COBPeMeHHbIM, KOTOpbie COCTaBJAIOT
mpeAMeT pasJdMYHBIX OTpacieil ONTHMA/bHOTO NPOrPpaMMHUPOBAHUS (JH-
HefHOT'0, AHMCKPETHOro, AWHAMHYeCKOro, CTOXAaCTHYECKOro MporpaMMu-
poBaHud U T. 4.).

Co6CTBeHHO Teopusl HIP HauMHaercst TOTAA, KOrfa MHOXecTBo &,
HAacUWTHIBAeT He MeHee ABYX 3aMHTEPeCOBAaHHBIX cTOpOH. [lanee Mol
GyleM Bce BpeMf CUKTATh, YTO HMeeM [eJO C 3THM Cay4daeMm.

CaenyoliEM NPH3HAKOM, O KOTOPOMY €CTECTBEHHO ITPOBECTH /1a/lb-
HeHIIYIO KJAcCH(PHUKALMIO KIp, sIBASETCA KOJHYECTBO KOaJHLUH OeH-
CTBHA.

ITpex e Bcero coBepUIeHHO ICHO, YTO PacCMOTpeHHe HrP € MyCTHIM
MHOXKECTBOM KOaJHIMH JelcTBHA JAUIIEGHO CMBICAA: 37€Ch MHOXKECTBO
CHTyallBli cOCcTOUT He Gojiee yeM M3 OJHOTO 3JeMeHTa ¥ BOMpoc 06
OTHOIUEHHSIX HPEANOYTEHUs BOOOIE He BO3HHKAET.

Ecau e B urpe umeercs xoTs Obl OZHa (H JaxKe TOJbKO OXHA)
Koaduius mefictBua K, To MccaeJOBaHHe UTPbl CTAHOBHTCS COJAEpIKa-
TeAbHBIM. B 3TOM cayuae uMeercfl €XMHCTBEHHOe MHOXKECTBO CTpaTe-
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ruit Sk, a MHOXKeCTBO BceX CHUTyaluil fIBAseTcsd ero NOAMHOXKECTBOM:
S < Sk. [losromy paccMoTpeHre Urpbl MOXKHO HAUHHATH C 3TOTO MHO-
KeCTBA cuUTyauuH, cuYuTad HX CTPATErHSIMH eLMHCTBEHHOH KOaJNUIHH
AencrBusi. TlocKoABKY A/ TaKMX UID CTPATErWH COBNAJAOT C CUTya-
UHAMH, MOXHO NPHMEHHTENbHO K HUM TepMHHA «CTpaTelHsi» He yIloT-
pebadTe BOBce. B cBfA3M ¢ 3TUM Takoro poAa Wrpel 4acTo NPHHATO
HaspBaTe HecTpaTerHueckumu K uumcay HecTparternueckux
HTp QTHOCSITCSE KOONEpaTHBHbIE HTphl, paccMarpuBaemble B § VIII. 2 —
VIIL. 4 u B ra. IX, ux oGoGiienus, onucelBaeMbie B [J. X, a TAKXKe TaK
'HaselBaeMbie apOutpakHole cxembl (§ VII.2), Teopus yrpos (§ VII. 3)
‘M CXeMHBl PBIHOYHOTO THNa (OAHA H3 HUX — MOZeNb PHHKA MO DIKBOP-
Ty — pasobpana B § VIII. 5).
~ OO6was cxema HecTpaTerwueckol HIPHI COCTOMT B cieaymoomeM. He-
KOTOpOe AeHCTByIOLlee HayaAo (eAHHCTBEHHAst KOAJHIHS JeflcTBHS)
€H0COGHO TOPOAMTHL JIOGYI0 CHTYAaLHMIO W3 3apaHee 3afaHHOTO MHO-
2#ecTBA, 3aMHTepecoBaHHble Hayada (KOaJiMIMK HHTEPeCOB) HAa OCHO-
BaHHy UMEIOWHXCA ANA HHX OTHOIIeHHH NMpPeANOYTEHHS A/ CHTYaLui
IPEABABAAIOT K CHTYalUsM Te uiAu MHble TpeGoBanus. COBOKYIIHOCTb
9THX TpeGOBAHH# MMeeT 3HAueHWe MPHHIHIA ONTHMAJBHOCTH: CHTya-
oud, yAOBJeTBOpsilOHIaf MM, Ha3blBaercss onTtuMaabHo#. [locne
3TOTO peanusyercs Jiobasi U8 ONTHMAJbHBIX CHTyallMi.

3a madocTpanmel o6paTHMCa K npuMepy u3 § 4. OueBHHO, B 3TOM
npuMepe Mbl HMeeM [Jes10 ¢ HecTparerndeckoii urpoil. Tak kak Bo Bcex
CHTYRLHAX

X1+ X9 X3= 1,

3TH CHTyauHH €CTeCTBEHHO NOHHUMATb KAaK JeJe’KH CYMMBl, paB-
HOH 1, MexXly TpeMst HHAMBUAYYMaMu. MOXKHO CUHTATH, UTO B 3TON urpe
HMEIOTCSI TPH KOAJHUHMHM HHTepecoB: Kjo, Kiz u Ky (mpuumubl TakoH
HyMepalkH KOadHIHA WHTEPecoB CTaHYT SCHB M3 AaJjbHeHIIero).

ByneM cuuTaTth, YTO Jese-CHTyalusl X NpeANOUTHTENbHee feslexKa-
CUTYauun § AAa koasuuur Kyp, eciu BHINONHSETCS TpoHKa Hepa-
BeHCTB (1); ¥ mpeanourutenvhee y mns Ky, ecnu poimonHsieTcs (2) w,
HaKOHell, ¥ MpeanoyTuTeNbHee Yy Ay K, ecin Boimoansercs (3).

Takoe mpefcTraBAeHue O MpeAnOYTeHHSIX OKA3BBAETCH BIOJHE Ha-
TS AHBIM, €C/H NPHHATD, YTO B pAcCMaTpPHBAEMOH Wrpe HMeEIOTCSH TpH
urpoka: 1, 2 # 3, a x,, xg, X3 — CyMMBHI, KOTOpble 3TH MIPOKHE NOJAYYAIOT
B CHTyaumn x = (xi, Xy, ¥3). Takum oGpasom, wuepasenctBa (I) Ka-
caloTcs MrpokoB 1 u 2, HepaBeHcTBa (2) —urpokoB 1 um 3, a Hepa-
BeHCTBA (3) —HMrpokoB 2 # 3. DTO eCTeCTBEHHO NOHMMATHL TaK, HTO
Koanuuua Kip cOCTOMT M3 urpokoB ! u 2, Ki3—us urpokoB 1 u 3,
a Ko3— u3 urpokos 2 u 3. '

SICHO, YTO KaX/ABli M3 HIPOKOB CTPEMHUTCS YBEJHYHTb CBOH BbI-
MIpBIl, T. €. MaKCHMH3HPOBATh 3HAaUYeHHe COOTBETCTBYIOLIEH KOOP[H-
HaTbl. [lpeanonokum, OHHAaKO, 4YTO MHEHHe KaxKioOro M3 HTPOKOB
B OTAE/IDHOCTH HE HMeeT 3HAaueHHs, HO UX Naphl COCTABJASIOT KOAJUIUU
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HHTEPecOB, ONpefesifloliMe OTHOLIGHHA TPeANOYTEeHHs ANA CHTya-
LU,

BbisichuM cMbici OTHOIIeHHA NPEANOYTEHHS > B TOM ciyyae, KO-
ra 3TO MPeANoYTeHHe NPOSBAsSETCA KAK MPeANodYTeHHe AN KOAJHIUR
Ky, T. e. KOTZa OHO omucekiBaercs: HepaBencrBaMu (1).

Bosbmem nepBoe u3 3THX HepaBeHCTB:

Xo+ %3 = s

Ono osHauaert, uyTo AAs TOro, 4roGel Kodauuust Kz Moraa cpaBHMBaTh
AeneX X ¢ KaKuM-aAu60 ApyruM J[eJeKoM, HeoOXOAUMO, 4TOGH CyM-

Lid

oS o N 4 s o o e e — o e = = = - e o= o= = .

MapHas HOIfl ee wieHOB GbiJia He CAHLIKOM O0JbUIOH, KMEHHO, He Mpe-
BocxoauAa 2f3. Ato uHcaA0 2f3 MOKHO MOHAMATh KaK CyMMy, TIONyYeHHe
- KOTOpOH Koanuuus Kz MoxeT cebe
oBecHeuuTp TpH JIO6GHX 00CTOMA-
TedbcTBax. [loatomy ecau et 6ymer
MpefjoXeH JHeleX X, B KOTOPOM
X1+ X9 > 2[5, TO efi ocraercs TOJAb-
KO Cpa3y CoOrJacuTbCA Ha Takoe
peraoXKeHue,
Beimoanenue ocraBuiuxcs AByX
HepaBeHcTB u3 (1)

x1>yl’ x2>y2

I

: JOCTAaTOYHO NMPO3payHo H O3HAYaeT,

[ YTO B CHTYalidH, MpeANOYHTaeMOH
Par koaqaunue K, Kaxablfi u3 4JeHOB
Koadauiue (KUrpokoB | u 2) goiaKeH
MOJAY4YUThL Oojblle, 4YeM B aJjbTep-
HaTHUBHOH cHTyauur. OnNHCAHHBIT
I0AXOA K BOMPOCY AOJKeH HOCHTb HOPMATHBHBIE XapakTep, T. e. A0J-
JKeH B KaxK[OM Clydae yKasblBaTb, KAKas UMEHHO CHTyallus SBJASETCHA
onTuManbHod. OgHaKo KaK pa3 B 3TOM OTHOLIEHHWH OH cTpajaeT H3-
BeCTHOK HeNoJHOTOH.

Bo-nepBhiX, kak yKe oTMedadoch Bbillle, KOAJHLIHK HHTEPECOB MO-
YT NPHAEPKHBATHCA BecbMa Pa3HOOGpPA3HBIX NMPHHLKIOB ONTHMaJb-
HocTH (npuMmepdl cM. B § 4, a Takxke B ra. VIII u IX). dro aBasercs
OLHHM H3 HCTOYHMKOB MHOXKEeCTBEHHOCTH OTBETOB Ha BoONpoc 06 ONTH-
MaJIbHOH CHTYalHH.

Bo-BTOpbIX, camM0O pelleHHe MOXKeT OKa3aTbCsl HeeLHHCTBEHHBIM.
Tak, B npumepe u3 § 4 B 3agaye B) HapsiAy ¢ NPHBEJEHHHIM peLlIeHHeM

R cymiecTBYIOT ¥ gpyrue, CKaKeM, NOJiydaeMble B pe3y/bTarTe NPOU3-
BOJIbHOT'O HE3HAUMTEJBbHOTO CABHra NPAMOJHHEHHBIX OTPe3KOB, BHIXO-
AAINUX H3 UEHTPa TpeyroJbHHKa cHTyauud (cM. puc. 3). B cBg3u c aTum
BO3HUKAeT BONPOC o Buifope M3 MHOXKeCTBA BCeX ONTHMAJbHBIX pelle-

UIII"' HarsrAm
IlKixl 11w U1

TEIT v PR 7dat MRET ¥ TT T o =4 v e

0 OXHOro (B KakKOM-TO cMbicie «HauboJjiee ONTHMaib-
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B-Tperbux, Kampmoe oTaenbHOe pellleHne MOXET COCTORTb 3 6OJb-
®IOro 4uucha curyauuil. IlpuMep ToMy Mbl yKe BHAEAU. DTO ONATh-TAKH
HOPOXKAaeT BONPOC O TAKOM AajbHelllieM YTOUHeHHH NMPHHIMIA ONTH-
MaJbHOCTH, 4TOGH M3 NOJIy4EeHHOTO pelleHHs BHIGPATb HEKOTOPYIO
€AHHCTBEHHYIO CHTYalUHIO.

Haxoneli, B-ueTBepThiX, pelleHue, ONpefeasieMOe HEKOTOPHIM HPHH-
UulOM ONTHMAaJbLHOCTH, MOMXeET M He CYyHiecTBOBAaThb, Kak, HalpuMep,
B 3ajade a) u3 § 4. ITo o3Havaer, yTo BHOPaHHMA NPHHHMN ONTH-
MaJIbHOCTH, ABAAIOIHACA Ha MePBHIH B3TASLA HKOCTATOYHO Pa3yMHBIM,
MOXET TeM He MeHee NPOTHBOPEYUTb YCAOBHAM KOM(JIHKTA, TaKXKe AO-
CTATOYHO eCTeCTBEHHbLIM.

HecTpaTeruieckum WrpaM npoTHBOCTOAT HIpH, B KOTOPBIX ydacT-
ByeT OGOojee ORHOH KOANHUHM JeHCTBHA. ITH HIPH HA3bIBAKOTCA
¢cTpaTerndyeckumu B GoabuwmncrBe paboT mo Teopuu Hrp pac-
CMATPHUBAIOTCA TaKue CTPaTeTHYECKHe MIPbl, B KOTOPBIX MHOXKeCTBa
KOaNUIMi AEHCTBHA M KOAJHUIMA HHTEPECOB COBMAAAIOT (kak Te, Tak
U ApYyTde KOAJHIHK HA3BIBAIOTCSH B 5TOM ciAydae HTPOKa M H), MHO-
JKECTBO CHTyaluH cOBmajaeT ¢ AEKAPTOBBIM NPOU3BeZeHHeM MHOMKECTB
crparerufi: S =KIIR Sk, @ OTHOUIEHHS NMpeANOYTeHHs (NI UrPOKOB)

SRy
ONPEAEAIOTCH, KK 3TO YKA3biBaJ0Ch B § 2, COOTBETCTBYIOMUMH (DYHK-
HAAMH BRIMTpHiIA. TakHe HUrpel HashBalOTCH 6GecKoOaJuUuoH-

HHE MH,

M3 cxaszanHoro suano, uto GecKoaJuIHOHHAS urpa MoxeT OniTb
8a/laHa B BHAe CHCTeMbl

P={, {Sd; <) Hi <),

rlle [ — MHOXeCTBO WIPOKOB, S;— MHOXECTBO CTpaTertii Urpoka i
(i), a H;—ero ¢pyuxkuus Beurpbima, T. e. PyHKuus, 3aKanHas Ha
MHOXKeCTBe BCeX CHTyalu#l M NMPUHMMAIOILAS BelllecTBeHHble 3HAYeHHS.
B nanuofi xHMre paccMaTpHBAIOTCH TOJMBKO TakKde GeCKOATHIHOHHbIE
Hrpbl, B KOTOPHIX 4MCAO HIPOKOB paBHO 2. O Gosee o6umeM cryuae
Julih Gerso ynomuHaercsa 8 § VIIIL 1.

BaxXHBIM YacTHBIM ciyyaem GecKOAJMIHMOMHON WIDH SBJASETCH TOT,
KOTja 4HCJAO HTPOKOB paBHO ABYyM (oObiuHo mosarawoT [ = {I, II}),
4 3HaYeHHs MX QYHKUMl BBIMTPBHIA B JI0GON CHTyallHH PaBHH [0 Be-
JIHYHHE ¥ NPOTHBOMOJOMKHDBI 110 3HAKY:

Hy(s) = — Hy(s). 4)

Takue urpsl HaswIBalOTC! AHTATOHHCTHYECKHMH, HIH HIpaMHu
ABYX JMIl C HYJeBOH cyMMoH (uaM, Kopode, HyJieBBIMH HTpaMH).
STOMy KJAaccy Mrp MOCBSILIEHB! MepBbie NSTh IJ1aB KHUTH.
BeckoanuunonHbie Mrpsi AByX /Hl, He SBASIOMIMECS aHTATOHUCTH-
deckuMH, paccMatpuBalores B § VIL 1. Iponecc nporekanus Geckoa-
JUUHOHHOH WFPBl MOXHO TNPeACTaBHTH cebe CleXYIOLHM oGpasowm,

Kax /il 13 UrpOKOB HE3aBHCHMO OT OCTAJBHBIX BHIOMPaET HEKOTOPYyIO
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CTpaTeruio (nepel TeM, KakK 3TO cHenaTb, WIPOKH MOTYT, BOOOGLIE TO-
BOpS, BCTyNaTh MeXKAy COO0H B NeperoBOPbl M 3aKJIYATh CONJIalIeHUs]
OJHAKO HH Te, HM Apyrue He ABJAAIOTCA OGASHIBAIOUIMMH; NocaegHee
B CYIHOCTH H O3HayaeT He3aBHCHMOCTb BHIOOpa WrpOKAMH cTpaTeryh).
[locne Toro xak B pe3ysibraTe BEIGOPOB chopMupOBanaCh HEKOTOpAsH
CHTyalUHs, KaXAblH HrpoK NOMy4aeT BbIMIPBIUI, DABHHIK 3HAYEHHIO
cBOell (PyHKI MU BHIUTPHILIA B 9TOH CHTyalluH.

OCHOBHBIM H3YYaBIIMMCS O CHX TOP NPHHIHNOM ONTHMAABHOCTH
B 6eCKOaNHIIHOHHBIX HIpax SABJAETCS CTpeMJAeHHe WIPOKOB K CHTya-
IIUIM PaBHOBeCH#A, ONHCHIBAeMBIM onpefedeHueM I, 4.1 (cM. Takxke on-
peaenerune VII. 1.1). DToT npuHumMn oNTHMaJbHOCTH WHOTAA Hasbi-
BaeTCI NPUHUHUNOM OCYI[eCTBHMOCTH I[€JdH MNOTOMY YTO
TOJNBKO CUTYallMH PAaBHOBEeCHS MOTyT OBITh NpPeJMeTOM NPEeABAPHTENb-
HBIX JOTOBOpPOB, KOTopble OyayT cobawonarbcsd. (Ecam B moroBope 3a-
¢uKkcupoBaHa HepaBHOBecHast CHTYAHHA, TO XOTS Obl OJHH H3 HIDOKOB
OyZeT 3aHHTepecOBAH B HapylieHHH JOTOBOPa W CHTyalus (QakTHUeCKH
He OyaeT HOCTHUTHyTA.) . ,

B cayuae aHTaroHHUCTHYeCKOH MIPBl NPHHIKN OCYL{ECTBHMOCTH
IeJqu NnpespamaeTcs B OpuHIMnD MakcuMHHA (cM. § I1.4), a curya-
IIHK PaBHOBeCHsI CTAHOBATCA CeJJAOBLHIMH TOYKaMH.

[Mpunuun ocyumecTBUMOCTH Heau, NOZOGHO MPHHUMIAM ONTHMAJb-
HOCTH B HeCTpaTerHueCKMX HMIpax, cTpajaeT. HEMOJHOTOH: COOTBeT-
CTBYIOILHE €My pPelIeHHS HUrpbl (T. €. CHTyalMH paBHOBECHsi) AJAST MHO-
TUX HTP He CYHIeCTBYIOT; BMeCTe C TeM MHOTHe Wrpbl uMeloT H OoJee
opHoro pemleHusi. OTCyTCTBHe y WP pelleHHH KOCTAaTOYHO yCNeUIHO

pEo0/IeBACTCA BBeleHHEM TaK HA3bBAeMBIX «CMEUIAHHBIX CTpaTe-
ruit» {cm. § II.3), NpeofOsIeHHe K€ MHOXKECTBEHHOCTH pelleHHH SB-
JAfeTCs BaXXHOHK M HepellleHHOH Npo6.aeMOH.

§ 6. OCHOBHDBIE BOIIPOCHI TEOPHWH HUIP

B cooTrBercTBuu ¢ npuBeseHHbIM B § 1 ompepeneHueM TeopHH HIp
OHa fABJASieTCA TeOPHEeH MaTeMaTHUECKHX MoJeseH MPUHATHS ONTHMAaJb-
HbIX pellleHHHd B yClAOBHAX KOHGMJAHMKTA (a Taxkxe B YCJIOBHAX HeOrmpe-
penenHoctn). [loatoMy BONpocH, cBSiI3aHHblEe ¢ ONTHMAaJbHBLIM MOBeJe-
HHEM CTOPOH B KOHQIHKTAX, C XKeJaTeJdbHbIMH HCXOAAMH KOH(IHKTOB,
SIBJSIIOTCSI OCHOBHBIMH B TEOPHH HUID.

HemocpencTBeHHBEIX BONPOCOB TAKOrO poAa TPH.

1) KakiMye npuHEOMNaMH ONTHMAaAbHOCTH CJAEeAYeT PYKOBOACTBO-
BaTbesi MPH PACCMOTPEHHH KOHGJHKKTOB TOTO0 WAK MHOro THna? HMuaue
roBopsi, B 4eM COCTOHUT (onTuMadbHOE) pellleHWe TOR MM MHOH HIPHI?

z) Peanusyem ju npuMeHHTeNbHO K AAHHOMY KJAACCy HIp Bbxﬁpaﬂ-
HBIH ANst Hero NPHHIKN ONTHMAaJbHOCTH? POPMAaNbHO 2TOT BONPOC CBO-
AMTCl K CYLIECTBOBAHHIO Yy MFp K3 3aJaHHOTO KJacca Tex pelueHuf,
KOTOpble BBIOpAaHHBIM NPHHHHNOM KBaJu#(QUUHPYIOTCS Kak ONTH-
MaJibHbBIE.
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3) B uem coctout npumeHeHue BBIGPAHHOI'O MPHMHIKIA ONTHMAJb-
'HOCTH K JaHHOH wrpe (Wi K ZaHHOMY Kjaaccy urp)? OTBeTOM Ha 3TOT
BONPOC AOJKHO CAY2KHTb HaXOXK/JeHHE PelleHHS HrPBl B TOM 2Ke CMbi-
C/le CJIOBA, B KAKOM NPHHATO FOBOPHTb O HAXOXKICHHUH PelleHHs MpH-
MeHHTeJbHO K JI000H MareMaTnueckoii 3agaue.

DOJIbLIMHCTBO BBHIMOJHEHHBIX pa6oT MO TeOpHH HTP CBA3AHO C OT-
BeTaMH Ha 3TH BONpochl. B COOTBETCTBHM C 3THM MM NOCBSiEHH NO-
4TH Bce MaTepHajbl, BOHIEAIIHe B COCTaB JaHHOH KHurd. HemHorue
HCKJIIOUEHHS KacaloTcst ecTecTBeHHOro 0600lieHHs TpeTbero u3 cdop-
'MYJIHPOBAaHHBIX BOMpPOCOB, HMEHHO, YCTAHOBJAEHHS CBOHCTB peuleHHH
urp, NpHHaAJeXalHX HeKOTOpOMY KJjaccy. TakoBbl Tteopemsl [.4.5
# IV.4.2 (oHH MMelOT BHA THNHYHBIX TEOpeM CYIecTBOBAHUA, OLHAKO
B Je[CTBHTENIBHOCTH B HHMX [OKa3blBaeTcs He MPOCTO CyIIeCTBOBaHHe

CHUTyallid paBHOBECHf, a CyIIeCTBOBaHHe CHTyaluH paBHOBecHs B Y u-
CTHIX CTpaTeTrusX), a TakKe paccyxzneHusg uz § IV.5 u V. 1.

$akT pelleHE MIpbl B cMbiCJe HEKOTOPOrO NMPHHIMIA ONTHMAaJb-
HOCTH MOXHO MOHMMATh [BOSAKO. KaK HaXOXAeHHe XOTH Obl OZHOrO
M3 pelleHHHA M XaK NepeuyncyeHHe Bcex peuleHuH (pasymeercs, cooT-
BeTCTBYIOIIHX MaHHOMY NPHUHUUNY onTuManbHOcTH). CA0XKHOCTH BTO-
poH 3ajauyu Mo CPpABHEHHIO C NEPBOH HepeoKO BBIXOAMT 3a MNpeJeJsl
YHCTO TeXHHUECKHX TPYAHOCTEeH M npuobperaeT NpUHLKNHMANBHHH Xa-
paktep. Tak, aprop B nmpumepe IV.6.3, ykasbiBaf ofno u3 pelueHuit
HIpbl H HaMeuas OyTb NOJiydeHHs faJbHeHIIHX ee peuleHHH, faxKe He
CTaBHT CBOEH LIeJIbI0 ONMHMCAHKA BCEX PelleHuit WIpol.

B cayuae aHTaroHucTuyeckod Mrphl Bce pellleHHst SBAAIOTCH B M3-
BECTHOM CMbIC/I€ «B3aUMO3aMeHsieMbIMK» (TOYHBIA CMBICA 3TOrO yTBep-
XKAEHHST CONepKHTCS1 B ¢opmynupoBke Tteopemsl [I.1.2). Tlostomy
B TaKHUX HMI'Pax HaxoXJeHHe OJHOTO K3 pelleHHH AN NpPaKTHYeCKHX
teedd gocratouHo. OfgHako B ofmeM cAyuae 3TO jJalekKo He Tak, W
npumepsl VII. 1.3 u VIII. 4.5 ABasoTcA B 3TOM OTHOIIEHHH AOCTATOYHO
yOeRuTebHBIMH,

Bce nepeumcaeHnble BONPOCH MO CYLIECTBY CBA3aHbl ¢ HeC/JAefOBa-
HHeM OTAeJbHbIX urp. OxHako A/ MaTeMaTHKH — OCOOEHHO AMAS CO-
BpEMeHHOH — XapakTepeH Mepexof OT H3YUEHHS H30JHPOBAHHBIX 00D-
€KTOB K COBMECTHOMY pPAacCMOTPEHHKIO LeJBIX CHCTEM OJHOTHIHBLIX
O0OBEKTOB M ONlepalluil HAJ HUMH, MepeBOAAINX OZHH OGBEKTH B Apy-
rue. Tak, Hanpumep, BOZHHKHOBEHHE MaTeMaTHYECKOr0 aHaJjH3a CBf-
3aHO ¢ NepeXoJoM OT oONucaHud cBOHCTB (YHKUMH (B TOM uHclde #X
AndepeHuraNbHbIX W HHTETPAJbHBIX CBOHCTB) K NOCTPOEHHIO AH(D-
(epeHIHAABHOIO M HHTerpajbHOI0 HCUYHCJEHHUH, a mosBjdeHne
¢yHKUKOHAABHOTO aHaJHu3a — ¢ BBeleHHEM B PACCMOTpeHHe (GYHKIHO-
HaJbHLIX NPOCTpPAHCTB.

Teopus urp TakxKe uier mo stTomy nyTu. B Heft ucnosmbsyiorcs pas-
HOTO poja pPeAyKUMHM OLHHMX Urp K APYTHM, B TOM HJH HHOM CMBIC/e
Gosee mpoCcTO yCTpoeHHBIM. B kauecTBe npuMepoB MOXKHO yKa3aTh Ha
CBeJeHHe MHOTOLIATOBBIX WTP K MAaTpuuHBIM (cM. r1. V), a Takxke



22 Ilpedmer u codepxcanue Teopuu uzp

Ha BBeflende (0, 1)-peayunposannoit GopMbl KoolepaTuBHHX-Urp (CM.
teopeMy VIIIL. 3.6). TlpocTefiiumMy ncunCIeHUsIMH MTP MOXKHO B H3Be-
CTHOM CMBICJie CUMTATHE ﬂl‘p}g_ Ha BHIXUBAHHE CTOXACTHUECKUES, NOKUN.

1261% SSRS TEESARASTSS LA AV ARM IR NNy \,;;J r

cHBHHE ¥ fHpdepeHnanbHple HrpH, onucanHpie B § V.2— V. 5. Kax-
Jas U3 MTp ITHX KJACCOB NpelcTaBasieT co6oil ceMelcTBO OJHOTHITHEIX
Hrp ¢ (QUKCHPOBAHHHM HauaJbHBIM COCTOsiHMeM. IIpomecc MHOrouia-
TOBOH Hrphl OKa3biBaeTcs ollpeiesieHHbIM 06pa3oM yCTpOeHHOH CHCTe-
MO# NepexonoB OT OJHOH TAaKOW UTPH K APYrof.

HanvHefilllee pa3BHTHe 3TOTO KPyTa BONPOCOB BHIXOAHT 3a paMKH
fipelljlaraeMoro 3JeMeHTapHOro Kypca.



IIPEUCIIOBUE

Yxe B TeueHMe HeCKOJBbKHX JeT OLlyllaeTcs 3aMeTHas norpeb-
HOCTb B KHHIe, BCECTOPOHHe OCBemjalolieii OCHOBHBIE. aCeKThl TEOPHH
Hrp (KaK ABYX JHL, TaK # 7 JHI) ¢ MaTeMaTHYeCKOH TOYKH 3peHHS.
$1 Haneioch, UTO HACTOAIIAasi KHMTA B KakKOH-TO Mepe BOCHOJHHT 3TOT
npoGed.

MoxHO cuuTaTh, 4TO rAaBbl 1 —V 006pa3yloT nepBYIO YaCTb KHUTH
{Teopus Mrp ABYX JHl), a Cleiylomiyue NATb IaB — ee BTOPYIO HaCTh..

. b
fmannua yrn 72 oty Drp apa TacTy U8 2aRUCAT ANHA AT NTNVPNH U MON-
AICVPIAA NIl p de AT . 1A ADY HabIA NN SADRMAaL vAnd Vi Ap ys v o bl

ryT paccMaTpPuBAaTbCA KaK OTAeJAbHble OJHOceMecTpoBele Kypchel [lo-
ZOGHBIM 3Ke 00pa3oM MOXHO IMOCTPOHTb OOLIMH 3JeMeHTapHBIt KypcC
(c TeopeTnyeCKol OpHEHTHPOBKOH), B3AB ToAbko raasml 1, II, VI, VIIL
u IX. Tak mor Gb TIONYYHTHCHA XOPOIMIMH OZHOCEMECTPOBBIH LuMKJ. Bo-
ofie, npenojaBaTtelib MoxeT 0ToGpaTe TeMbl AJf Kypca MO CBOEMY"
JKEJAaHMI0, He UCHBITHIBasg 0CO00H HeOOXOAMMOCTH OOpaliaTbCcss K Ma-
TepuaJdy ocrasuiuxcs raas. Cnenyer no6aBuTh, 4TO GOJAbIIMHCTBO PY-
KOBOACTB MO 3TOMYy I[peiMeTy OXBaThiBaeT BONPOCH, H3J0XKeHHbIe-
B raasax II, III, VIII u IX. |

[TIpu H3JM0XKeHUM MaTepHana sl CTapaJjcid HeM3MEHHO BBIAEDKHBATH--
MaTeMaTHueCKyl0 CTPOrocTb. B TO Xe BpeMsi MOMM XejJaHumeM Obijo,
0co0eHHO BO BTOPOH 4YacTH KHHTH, HaTh, HACKOJbKO 3TO0 BO3MOKHO,.
TaK¥Xe U 3BPUCTHUECKYIO HHTeplperalHlo MareMaTHYeCKHX paccyxie-
Huii. Teopus urp siBjsiercs, B KOHIle KOHIIOB, MaTeMaTHYeCKHM ONHCa--
HMeM OnpeleseHHbIX COILMOJOTHYECKHX sBJAEHHR;, MOITOMY H3J0KEHHE, .
He CBA3LIBAIOLIlEE MAaTeMaTHKy C KOHKDETHBIMH CHTyauuAMH, Obljio OB
MOUCTHHe YOOruM.

ITpu noxGope maTepnana AJs KHUTH MoOeHd OCHOBHOH IeJbI0 ObiJIO
MpenoJHECTH TEOPETUKO-UrPOBble HAEH CTYAEHTAM, KOTOPble TOJIBKO -
NPUCTYNAIOT K camocToATeNbHbiM 3aHaTHAM. [losromy s cumran, uro-
Jiyulie BCero Obijio Onl HauaTh KHUTY C HEKOTOPHIX pelleHHHX 3ajad.
3T0 MOXKET AATh H3y4yaiolleMy NPUATHOE CO3HAHME TOrO, UTO OH HMeeT
HeNo C 3aBeplIeHHBIM BONPOCOM; BHipaxKascb (UrypaJbHO, OH MOJY--
yaeT HeUTO, Ha YeM OH cMoxeT ucrnpoboBatb u cBou 3y6nl. C Teopueit
HTp ABYX JML AeJO oOCTOMT MMEeHHO Tak. 5l HaMepeHHO ONMyCTHJA He-
KOTOphie CTOPOHH 3TO# Teopuu, 0coGeHHO Bompoc 06 uHbOpMaAUUU
B NO3HUHOHHBIX HTpax,— NPH YTEHHH KyPCca y MeHS HeH3MeHHO BO3-
HWHKaJO0 BHeuaT/JeHHe, 4TO BBeleHHE 3THX NOHATHH He TOJABKO He-
ob6seruaeT MOHUMAHMA OCHOBHOrO MaTrepuasa, HO CKOpee MelLUaeTr €My,
B Jyullle BCEro OCTaBUThb 3TOT Bompoc aasa Oojee yrayGaeHHOro-
OCBOeHus TeopuH urp. M3ydeHue TeOpHH NOJAE3HOCTH OTIOKEHO ACs
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BTOPOH YACTH KHMIH C TOH e Lebl0: 9Ta TEOPUA SBJACTCS LEeHTPab-
HOM NPH H3Y4YEHHH MTP A JIKI, HO AJA TEOPHH AHTATOHHCTHYECKHX HTP
OHa OKasblBaercsi, BOOOllie TOBOPs, MOMEXOH. _

Sl nymalo, UTO HeKOTOpble M3 paccMaTPHUBaeMbIX B KHHTE - BONPOCOB
NOABJASAIOTCA B CHCTEMATHYECKOM H3JIOKEHHH BlepBble. ITO OTHOCHTCH
K AiddepenunasbHpiM urpam '), K ycTOHYMBBIM MHOXKECTBAM H K HT-
paM € KOHTHHYYMOM HTIPOKOB, §1 H3/0Xua 5TH BOmpoChl MOXPOGHO,
XOTHl ¥ ONYyCKas HEeKOTOpble HamboJiee CAOKHBle CTOPOHBI KaXXJ0T0 M3
HUX. BKilOueHne ux B JaHHOe HajoXKeHHe NOJKHO AaTh H3ydalolleMy
npeAcTaB/jieHHe 0G0 MHOTMX HOBBIX HanpaBJeHusix B TEOPHM HUTD.

JAs [NA0LOTBOPHOTO UTeHHs 3TOH KHHTH HeOOXOIHMO, KOHEYHO,
HEKOTOpOe 3HAHHE MATEMAaTHUECKOTO aHaJu3a M 3JeMEHTADHOH Teopuu
BepOSAATHOCTEH. 3HaHHe aGCTPaKTHOH TEOPHUH Mephl, eCTECTBEHHO, OHIJIO
OBl nose3Ho, HO HUKOUM 06paspM He siBAsercs Heo6xoAMMbIM. Hako-
Hell, 3HAaKOMCTBO €O CBOHCTBAMH BBINYKJbIX MHOXKeCTB K (YHKIHHA
onpeaeseHHO Heo6xoaHMo. OfHaKo OGBIYHO Takue Kypchl B GOJbLIKH-
CTBe YHHBEDCHTETOB He UMTAIOTCH, M NOITOMY # BK/A0UMI Haubosee
BaXKHble 3JIEMEHTBl 3TOH TeOpHM B NMPUIOXKeHHe B KoHlle KHHTH. TodHO
TaK e BKJIOUeHbl 0Oe3 J0KasaTeJbCTB TeopeMbl Dpayspa u Kakyraum
O HENOIBHKHOI TOUKe, KOTOpble O4YeHb IMOJe3Hbl BO MHOTHX pa3lienax
TEOPHHU HUTP.

amangy n ﬁnnLrnuunmn
r L 1l

LI* Iv airalg
el e TR ey ¥ 4 e L AL Fe N o [# I

y XX

TYP
HHE COCTOHT B TOM, 4YTO OHH AAOT KOHTpIpuMepn A Pas3JTHYHBIX
MpaBAONONOOHBIX INPEANOJOXKeHHH AN Ke HabGpocku A0Ka3aTeNbCTB
HEKOTOPBIX BaXKHBIX TeOpeM, KOTOpble f He CcTaJj BKJ04aTh NOJHOCTDBIO.
HekoToprle 3afaun ABASIOTCA MPOCTO 3JeMeHTAPHBIMY YIPaXKHEHUAMH.

1 nonbitancst cgenate Oubauorpaduie JOCTAaTOYHO MNOAPOGHOH,
.C TeM 4TOOB! YHTATeNb MOT JIETKO BBHISICHHTb M3 NepBOHCTOYHHMKOB, Ka-
K¥e MMeHHO J[eraju ONyIleHbl MHOW TNpH H3JOXKEHHH TeX WAM HHBIX
BonpocoB. Bmecre ¢ Tem 3Ta Gubamnorpadus we npereHdyer Ha moJ-
HOTy; OoJee noapo6Hble Gubauorpadmuueckue crnucku OBAM omyOuau-
KOBaHbl paHee, oco6eHHo B npekpacHoi kuure P. JIbioca ¥ X. Palidel
«HMrpbl u pemenusi» (MJI, 1961. — Ped.) u B cGopuuke Annals of
‘Mathematics Studies Ne 40.

Mue xouercsa no6aarogapute npodeccopa Anpbepra Taxkepa
(ITpuncroHckuii yHuBepcurer) u npodeccopa Jxouna Ucbenna (Kei-
COBCKHH TeXHOJOTHYEeCKMH HHCTHTYT) 3a BecbMa LeHHble 3aMeyaHud
M NpeANoKeHus 10 yAydlUIeHHIO NepBOHauadbHOro Tekcra. Hexotopele
npuMepbl B yNpaKHeHHs OblM BKJIOYEHBl N0 MX peKoMeHAaIlKH.

. Oysn

'} Bro yrBepkieHHe aBTOpa, MO-BHAMMOMY, HYXKJAAeTCA B H3BECTHBIX KOPPEKTH-
‘Bax — AOCTATOYHO HanoMHHTh Kuury P. A#sekca «[dnddepesudalbubie UIphi»
{«Mup», 1967). — Hpum. ped.



Fnasa 1

ONIPEJEJIEHUE HUFPhHI

1. 1. OBHIME IIOHATAA

C o6muM npeacrab/ieHneM 06 urpe Kaxanil u3 Hac Xxopoulo 3Ha-
KOM B CBfi3¥ C Ca/IOHHBIMM HrpamMu. Taxkas urpa HauHHaeTcs U3 HeKo-
TOPOTO JNAHHOTO MOJIOXKEHHS M COCTOMT M3 MOCAEeNOBATENbHOCTH JIHY-
JHBIX XONOB, NMPH KaXKAOM M3 KOTOPbIX OJMH H3 HI'POKOB COBeplIaET
BbIGOp cpeAu HecKoibKHX BO3MoxHocTeH. Hekoropeie xomel moryr,
"Kpome TOro, GbIThb CAy4YaHHBIMM (TakOBBI, HampUMep, GpOCcaHHe KOCTH
'HJAM TacOBaHHe KOJOAB KapT).

IIpumepaMu urp Takoro THOa ABJASIIOTCSA LIAXMATbI, B KOTOPHX COB-
CeM HeT CJy4aiHbIX XOLOB (KpOMe pasbIrpulBaHUS TOFO, KTO 6yjeT
‘urpatb OenbiMH), OpuAXK, B KOTOPOM CJAyd4all wurpaeT 3HAYMTEIBbHO
GonbUIyI0 pOsb, HO BCe ellle BAXKHO HCKYCCTBO HIPOKOB, M PYJeTKa,
ABJSAIOIIASCA MONHOCTbI0O MIPOH Ciayyasi, B KOTOPOH MCKYCCTBO He MT-
paeT HHKAKOH DO,

ITpumepsl Gpuaxa n WAaxMaT NO3BOJSIOT YKAa3aTh APYrOil BaxKHBIR
sjieMeHT urpel. MIMeHHO, B maxmaTHOH urpe KaMXabll HIPOK 3HaeT
JA1060d X0, KOTOPBIA GblA CHeNaH A0 3TOr0 MOMEHTA, B TO BpeMs Kak
B OpuIxe 3TO 3HAHHe y Hrpoka OGBIYHO BecbMa HenoJHo. Takum 06-
pa3oM, B HEKOTOPBIX UIPaxX UIPOK He B COCTOSIHHH ONpENeNHTb, KAKOH
M3 HECKOMbKHX BO3MOXHBIX XOAOB Obll (hakTHdecku ciaenaH, 6ynp ToO
X0J OJHOrO M3 ero NPOTHBHHKOB MAM cayuyadHelfi xoa. Ha nmpakrtuxe
9TO O3Ha4aerT, 4TO, KOrJa HIrpOK JeJaeT CBOH XOJ, OH He 3HAeT TOYHOIL
MO3ULUMH MIPBl ¥ HOJKEH ReNaTb XOL C YYETOM TOTO, YTO HMeeTCSH
HECKOJIbKO BO3MOKHBIX TMO3UIHA,

B xoHue urpsl MrpoKum OGBHIYHO NOAYYAIOT KAKOH-AMG0 BBIMPHILI
(o Moxer GbiThb B (hOpMe [eHer, MPeCTHKA WX HHOTQ VAOBJIETBOpe-
Husl), KOTOPBIA 3aBHCHT OT NpOTeKaHHs urphl. Ero MOHO nmpelcTaBUTBH
ceGe Kak QyHKIHIO, KOTOpAsA KaXAOH «OKOHYATENbHOH MO3HLUU> HIPHI

CTaBHUT B COOTBETCTBHE OHPEB.EJIEHHI)I!?! BBIWT D BIILI.

1.2. MO3NIAOHHLIE ATPHI !

B Hawe o6wee nmpejcraBieHune 06 Hrpe BXOAAT, TakKuM 06pa3om,
TpH aJeMeHTa: 1) YepefoBaHMe XOHOB, KOTOPHIe MOTYT OHITH KaK AHY-
HBIMHM, TaK U CAy4YadHBIMH, 2) BO3MOXHAsl HeJOCTATOYHOCTh HHPOP-
Manuu 1 3) PYHKLMA BBIUCPBILIA.

1) B opurunane games in extensive form, 7. e. «urpet B passepuyTofi dopmes. ~—
Jlpum. nepes.
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Onpeneaum npexzne BCEro TOnOA02U4eckoe Oepeso, uiu Oepeso
uepbl, KaK KOHEUHYI0 COBOKYMHOCTH Y3/I0B, HAa3biBAEMBIX BEpUIUHAMU,
COeAHHEHHBIX JHHUAMH, Ha3niBaeMBIMH pebpamu, 1 IPUTOM Tak, 4TO TI0-
Jydaercsi CBsi3Has ¢urypa, He CcoAepxkalwas MPOCTHIX 3aMKHYTHIX
kpuBbix. OTciopa ciledyer, yro AJs JIOOHX ABYX AaHHBIX BepIUMH A
¥ B cymecTByer eAMHCTBeHHAas NMOCJENOBATeNIBHOCTh pebGep M BepIlMH,
coeaunsiomasn A ¢ B.

Hrak, Mbl nonyyaeM ciaepyiollee onpefeyneHue.

[.2.1. Onpexnenenne. Ilycts I'— TOmonoruueckoe KepeBO C BHI-
AeneHHoli BepuinHo#t A. BDyaem roBoputh, uto BepwinHa C caedyer
34 ncpiﬂifi"\’)ﬁ o, eJn NnodAcAOBaTC/AbHOCTL peoep, COoeAHHAIOLIanA A
¢ C, npoxoaut uepes B. Byaem roBoputb, uto C caeayer 3a B reno-
cpedcrsenno, ecan C caenyer 3a B u, KpoMe TOro, cyiiecTByer pebpo,
-coegundiomee B ¢ C. Bepmnna X HasbiBaercs oKox4aresvHol, ecian

.3a X He cJefyeT HH OLHOH BepIUMHEI.

[.22. Onpenenenue. I1o0 nosuyuoHHoid uepot n AUy NOHH-
‘MaeTcs cJaeAymoliee:

{ﬂ\ TONOJIOTHUECKOE JiePEeBRO I' ¢ BH
‘BaeMOH HAYaAbHOL nosuqueu uzpbl;

(B) dyHKuuMsA, Ha3blBaeMas @yHKyuel eviuzpbiiia, KOTOpasi CTaBHT
‘B COOTBETCTBHE Kamnoﬁ OKOHYATEbHOM No3uuuu (T. €. OKOHYATeNbHOH
BepuinHe) gepeBa I ucnu1upnm 11-BEKTOP,

(y) pas6GueHue MHOMKeCTBa BceX HEOKOHUATENbHBIX Mo3uuuil (T. e.
HEOKOHYaTe/bHBIX BepluuH) AepeBa I' Ha n -+ 1 muHOXecTB Sy, Sy, ...
..y S,, HA3BIBAEMBIX MHOXCECTBAMU O4EPEOHOCTU,

(d) BeposTHOCTHOe pacnpefiefleHHe s KaxKAOH MNO3UIUH U3 Sp
‘Ha MHOXXeCTBe HeNoCpeJCTBEHHO CAEAYIOWIHX 3a HeH NO3KLMMH;

(¢) mompa3Guenne MHOxecTBa S; AAa kKaxiaoro i=1, ..., n Ha

MOJAMHOXKecTBa S), HasbiBaeMble UHPOPMAYUOHHbIMU MHOKECTEAMU,
NP 3TOM MO3MLIHMH H3 ONHOrO H TOrO Ke HHDOPMaUMOHHOTO MHOMKe-
'CTBa MMEIOT OAHHAKOBOE YKCJIO HEMOCPeACTBEHHO CAeAYIOIIMX 3a HUMH
NO3NILHH, T. €. QAbTEPHATUE, ¥ HUKAKAfA NO3MUHA He MOXeT CJNAe0BaTh
3a apyroi noszumnue# u3 TOro ke caMmoro uHdOpMalUMOHHOrO MHOMe-
CTBa;

(¢) AAs Kaxkporo uHGOPMALMOHHOTO MHOXKecTBa S} MHOMXeCTBO
HHIeKcoB /] BMecTe ¢ B3amMHO OJHO3HAUHBIMM OTOGDAKEHMSIMH MHO-

sectBa /! Ha MHOKecTBa asbTepHATHB Kaxnoll mosunuu u3 St

Mgul 6ynem o6o3HauaTh Hrpy Takxke yepes T

34eCb NepeunucaeHbl Bce JIEMEHTH Mrpel: ycaosume (o) VCTaHaB-
JIUBAaeT, YTO HMMeeTCH HAYaJbHAA NO3ULHKA; (B\ 3ajlaeT (hVHK_I_mlo REI-
urpeimia; (y) paszensier MHOXECTBO HEOKOHUATEbHbIX TO3WIMY Ha
MO3ULUU C XOA0M cayuasi (Sp) M JMYHble MO3ULUH, COOTBETCTBYIOLIHE

KaXIO0MY U3 n urpokos: (Sy, ..., S»)'}; (8) 3anaer cxemy paHioMH-

1) B nosuuun us S; ouepeap XOHA NPHHAMIEKHT wrpoky i — Hpum. nepes.
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-

3anMu B KaXKAOH mo3uuuu cayyas; (&) pa3buBaeTr NOSHLUHUH KaXKAOro
HrpokKa Ha «MHGOPMANMOHHBIE MHOMKECTBA». UTPOK 3HAeT JHIlb, B Ka-
KoM uudOpMaLHOHHOM MHOXKeCTBe OH HAXOAMTCHA, HO He 3HaeT, B Ka-
KOH MMeHHO NO3HLMM 3TOT0 MHOXKeCTBal).

1.23. [Tpumep. B urpe B opasnxy (puc. 1.2.1) urpok I Bubu-
paer «peterky» (P) uan «rep6» (I'). Urpox II, He 3Has BeIGOpa Hr-
poxa I, Takxke BniOupaer «pe-

merxky» Hian «rep6». Ecam o06a (1,1) (L= 4,-) -1,1)
OPOTHBHUKA COBepILAOT OAMHA- . ’
KoBhiii Bhi6op, To urpok Il Bh-

Srr IR R TTLATIN %7 TR T r P r P

HTPBIBAET €JMHHLY Yy HIPOKa I,
R TNPOTUBHOM cJyuyae HIpoK
BLINTPBIBAET €JHHHLY Y HIpPO-
®a II. Ha nepere urpm (puc.
i.2.1) BexTOPHI NPH OKOHYATEJNb- r p
HbiX MO3HIMAX [OPEICTaBASAIOT \/
(GYHKLUHIO BBHIMIPHIILIA; YUCJAO NPH

KaXJ0H H3 OCTaJbHBIX MO3UIUH Al
O03HayaeT  HrpokKa, KOTOpoMYy Puec [L2.L
npuuHajjeXuT ouepeib Xo&a B

9TOH Mo3uuuH. 3aTeHeHHAas 06JacTh OXBaTbIBA€T MO3NLHHU 3 OAHOTO

HHGOpPMARMOHHOT0 MHOXECTBA.

.24, [Tpumep. KaxaoMy u3 ABYyX HTPOKOB CAHAZETCH MOJHAR
MacTb Kapt (rpuHaiauate kaprt). TpeThd MacCTb Tacyercs, M 3aTeM
KapTHl 3TOH TPeTbell MacTH OTKPHIBAlOTCA OfHA 3a APyroi. Kaxaeli
pa3, KOraa Kapra OTKPHITa, 06a urpoxa no CBOEMY XKe€JiaHHI0 OTKPBI-
BAIOT OJHOBPEMEHHO KaKylO-TO ORHY M3 CBOMX KapT; TOT, KTO OTKPBLI
CTapHIYI0 KapTy, «BolurpbiBaer» Tperpio. (Ecan oba urpoka OTKpHI-

AW KapTbl OXHHAKOBOro AROCTOMHCTEAQ, HHKTO He Bb!ﬂl‘prBaeTi) Tak

IpOZOJXKaeTcsl AO TeX NMOP, MOKa BCe TPH MacTH He OYAYT HCuepnaHbi-
[Mocae 3TOr0 KaxAbIH HIPOK NOACYUTHIBAET KOJAHUYECTBO OUKOB Ha Kap-
rax, KOTOpbie OH «BBIMTPAJI»; «CYET» BeleTcsl MO Pa3HOCTH BBIMTpBILIEH
HrDOKOB. _

B cayuae TPHHAZLATH KapT KaxkAOH MacTH RepPeBO TaKOd Hrpbi
e/IMIIKOM BEJUKO I TOFO, 4TOGBI €r0 MOXKHO OblI0 NMPHBECTH 3AECh.
Mb n306pa3UaN JHIIb Y4aCTh AepeBa AJs aHAJOTHYHOH MTPBI C MACTH-
Mu u3 Tpex kapt (puc. 1.2.2).

B ar0ii urpe ecTh 0AMH CIy4YaHHBIA XOR, TACOBAHME, YIOPANLOYHBAIO-
fiice KapThl OAHMM M3 LIECTH BO3MOXHBIX CHOCOOOB, KaXKABIH M3 KO-

4

TOpHIX HMeeT BepOATHOCTD /6. [loCie 9TOTO XOXBI COOTBETCTBYIOT ABYM

1) ({) BBOAMT OAMHAKOBBlEé HHAEKCHl Ha MHOXECTBAaX aJbTePHATHB BCeX MTO3ULH

M3 ojHOr0 WHGOPMAUHOHHOrO MHOXKECTBa;, TEM CAMbIM KaXXablll HHAEKC oMNpene/ser

O OfHOR aJbTepPHATHBE B KaXAOM MMOSHUHE NAaHHOTO WHGOPMAUHOHHOIO MHOXECTBA.

RO MEepeBOAUT HIPYy H3 HEKOTODOH MOSHIHH B KaKyio-To ee ajprepHatuBy. — Il pum.
pes.
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urpokaM I u IlI, noka urpa He xoHumrca. Mul uso6pasunu uacth ne-
peBa HUrpbi, COAEPKAINYI0O HAYAJbHYIO NOBHLIHMIO, HECKOJLKO BeTBeil
U 4eTblpe OKOHHYaTedbHble mMo3ulmu. OcTadbHble BeTBH TNORXOOHBI M30-
Opa keHHBIM,

(-2,2)0,-NE N (2,2)

312 4(0) —

Pue. .22

ITo noony uHpopmaurr chopmyaupyem caeayioliee onpene-
JeHue.

I.25. Onpenenenne. TIoBopAT, 4TO WU2poK i umeeT NOAHYIO
ungopmayuro B urpe I' uan uto I' ectb urpa ¢ noaxod ungpopmayued

045 u2poKa i, ecan Kaxkaoe ero HHPOpPMALMOHHOE MHOXECTBO 'S} co-

CTOMT M3 OAHOrO SjemeHTa. ['oBopsrT, uro I' ecTb urpa ¢ noanoti unghop-

mayueti, ecin B I' Kaxabli HTpoK uMeeT NOJHYI0 HHopManuio.
Hannu_Meg_}i HIAXMAaThl ¥ IUAIIKKW — 3TO UIrpbl ¢ NOJIHOH HHd,JQpMa-

114 lipt¥ AAldAavidlil ¥ 1 dllinvk LLLY i

uel, a 6pUAXK M MOKep — HeT.
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I. 3. CTPATETHHA. HOPMAJIbHAA ®OPMA HTPBI

B MHTyHUTHBHOM TNOHMMAHHH CTpPaTerus eCTb HEKOTOPHIH MJiaH
pasnrpelBaHus Urpbl. MOXHO CYHTATh, YTO UTPOK TOBOPHT cebe: «Ecan
CJIyanCﬁ TO-TO W TO-TO, TO i GyAy HeHCTBOBaThb TakK-TO H TaK-TO».
[TpuBeneM TouHOE ONpeae/IECHHE.

I.3.1. Onpenenenne. Crpareaus urpoka [ eCTb HEKOTOpas
¢dyHKUMA, KOTOpas CTABUT B COOTBETCTBHE KaXKAOMY HH(])OpMaH.HOH-

HOMY MHOXECTBY S! sroro HTpOKa HEKOTOprH HHEEKC 3 [}

MHoxecTBO Bcex crparterMi urpoka i mMpl O6ydem 0603Hauartb ye-
pes X

Boo6ime rosops, Mpl NPUBBIKJAM K TOMY, 4TO HIPOK NpHUHHHUMAeT
peuleHne 0 CBOEM XOJe B MIpe TOJNbKO Ha HECKOJIbKO XOAOB Brnepes,
a OOBIYHO — AK€ TOJBKO B TOT MOMEHT, KOTZa OH JOJIXKeH CHenaTh
AaHHelli xo4. Ha mpakTuke 3TO TaK M JOAXKHO OBITb BBHIY TOTO, 4TO
B TAKHX Urpax, Kax MIaxMaTbl WJIM NOKep, YHCAO BO3MOKHBIX XOJOB
HACTOJBKO BeJMKO, YTO HeNb3sl 3apaHee 3alJaHAPOBATb CBOM [eH-
CTBHS, VUHTHIBas Bce BO3MOXHhle oOcrosiTespctBa. OAHAKO C YHCTO
TEOPETHUECKOH TOYKHM 3peHHss MOXKHO alCTparupoBaTbCs OT TAKOTO
MPaKTHYECKOT0 OrpaHMYeHHs M MNpeAnojarartb, 4ro yxe OO0 HauaJja
UIPbl KaXABIH HIPOK PelInJ, 4TO OH OyNeT JelaTh B KaXAOM Cryuae.
Taxum o6GpasoMm, paxkTuyeCcKH MBI NpeAnojaraeMm, 4ro Ka>KABIH HIPOK

L aL FLiVs P RALYL LA A A L4 YL s lvi. TLANWS ILWCd 41N

BHIGHpaeET HeKOTople CTPATETHIO ellle A0 Hayaja Hrphl.

[MockonbpKy 3TO Tak, OCTaeTCd JHllb NPOU3BeCTH CAydalHble XORBL
Bosaee Toro, Bce cAyuaWHble XO0Abl MOXXHO 00BEIMHHTD B OAMH XOZI,
pe3yJabTaT KOTOPOTO BMecTe C BbHIOpaHHBIMM CTpAaTeTrHAMM oOupenesder
HCXOR urpbi!).

B gedcTBHTEABHOCTH HAcC, TAK K€ KAaK M YUYaCTHHUKOB HrPbl, HHTEpe-
cyeT, KakKue M3 CTpareruii ABJAIOTCA HaMJAYYUIMMH C TOYKH 3pEHHH
MaKCHMH3allHy [OJMH KaXHOTO HIPOKA B BBIMFpbilile (a WMeHHO, Hr-
POK i CTPEMMTCH MAaKCHUMH3MPOBATH i-l0 KOMNOHEHTY (YHKIMHM BBIHT-
peita). Tak xak, OXHaKo, pe3yAbTaTbl cAyuyalHBIX XOHAOB H3BeCTHH
TONABKO B BEPOSAATHOCTHOM CMBICJE, €CTECTBEHHO pacCcMaTPHBATh MarTe-
MATHYeCKOe OXHAaHMe (QYHKLMH BHIUFPHIIA, ONpeAeNeHHOe B Cayuae,
KOrfia MTPOKH MCHOJBb3YIOT RAHHBIA n-HabGop CTpaTerui, T. €. AAHHYIO
curyayuro. Tlosromy AN oONMHMCAHMST MaTEeMaTHUECKOTO OXHAAHHA
’{bVHKHHH BbIHl"DblIHa npu VCJIOBHH, dTO HUTI'POK { npuMeHsieT CTD&TEI‘HIO

SEENT

O; € X;, MOXHO yn0Tpe6nTb ciaepymwoliee o603HaUEHHE:

n(ol,-02’ ey Un)=(n1 (Gl’ ..oy O'n)’ ﬂ2(. . .)’ e ony nn (GI, “ ey Un))-
HUcxonss u3 srtoro, ¢pyHkuuwo n(oi, ..., 6,) Ha MHOMXKECTBe BCeX
BO3MOXHBIX 3HaUeHHH NepeMeHHEIX Oy, ..., On MQXHO BHPAa3uTb An00

) HbIMU cJlOBaMy, Onpefe/Ifiercss Moc1efoBaTe/bHOCTb pefep H BeplIHH OT
YadbHOW MO3HH|M AO HEKOTOpPOH OKoeHYaTe/bHOH
Tuf U BHIUTPHIN B uefl. — [Tpum. nepee.

[IO3HLHH, T. €. ONpeng/JAeTciA nag-
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B dopMe COOTHOLUeHHs, JUOO B BHAe N-MepHOH TabJauubl 1-BEeKTOPOB.
(B ciayuyae n =2 3Ta 3anuCb CBOAMTCA K MATPHIE, 3JeMeHTaMH KO-
TOPOH ABAAIQTCA NMapbl BELECTBEHHHIX uuCen.) Takasa n-mepHas Ttab-
JAUIa HasbiBaeTcsl Hopmaavuod gopmod urpel T.

[.3.2. [Ipumep. B urpe B opasuky (cM. npumep l. 2.3) xaxinii
MIPOK HMeeT ABe CTPATErHH: «peleTky» u «repO». HopmanbHoit dop-
MOH 3TOH urpel ABJAAETCA MaTpHUA

p r
p|(-—1, 1)|(1, -1)|
ria, -1 | (-1, ]

(3mech Kaxkaas CTpoOKa NpeAcTaBjaser cTpaTermio Hrpoka I, a kax-
auifi cronber — ctpaTernio urpoka II).

1.3.3. [Tpumep. PaccMoTpum caeAymoiyio HIpy.

Cayuaiino BuOupaercs Iedoe YMCJI0 2 C BO3MOXKHBIMH 3HAUEHHSIMH
1,2, 3, 4 (xaxnoe umeer BepostHocTh 1/4). HMIrpok 1, He 3Has peayasb-
TaTa 3TOro xo0xa, BbiGupaer nenoe uucao x. Mrpox 1II, He 3Has Hu pe-
3yJbTaTa cayuaiiHOro Xoda, HM BhiGopa urpoka I, BniGupaer nenoe

qucaA0 y. BeIMrpolm onpefensieTcs CAEAYOIIMM 00pa3om:
ly—zl—lx—z| [x—2zl—|y—2]),

T. €. Ieablo SABJAsercsd BHIOOpP uucaa, MO BO3MOXKHOCTM OJM3KOTO K 2.

B asroii urpe xax bl HIPOK uMeeT ueTelpe CTpareruu: 1, 2, 3, 4,
TaK KaK OT APYrMX LeAbX yuces manjo npoxy. Ecau, HanpuMep, wur-
pox I BeiGupaer 1, a urpok II BeiGupaer 3, T0 BelMrpuilll Gyaer paBeH
(2, —2) c BepostHocThio 1/4, (0,0) c BeposrHocTeio 1/4 m (—2,2)
c BeposTHocTblo 1/2. OxniaeMbli BHIMTPHILI Torga paseH n(l,3)=
= (—1/2, 1/2). [oacuutbiBasi Bce 3HaueHus mxn(0y, 02), MBI MOJydaeM
TaKywo tabauny:

1 2 3 4

i (0, 0) (—1/2,1/2) (—1/2, 1/2) (0, 0)
21(1/2, —1/2) (0, 0) (0, 0) (1/2, ~1/2)
31| (/2 —1/2) (0, 0) (0, 0) (172, —-1/2)
4 (0, 0) (—1/2, 172) (—1/2, 1/2) (0, 0)

[.34. Onpeneaenue Hrpa HaselBaerca Koneunoud, ecnan ee

J€peBO COAECPKHUT TOJADBKO KOHE€YHOE 4YMCJA0 BEPIIRH.
B stom cMmbicae GOABIIMHCTBO CAJOHHBIX UTP OKAa3bIBA€TCA KOHey-

A AR N UV A g AP I 2 NS e L 4 e R - % a

HeiM. [laxmarTel, HanpuMep, ABAAIOTCA KOHEYHOH HMIPOH B CHJIY TOTO
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fipaBuJia, YTO Hrpa ;peﬁpamaeﬁﬁ ocqde HEKOTOPBIX MocChAenoBaTe/ib-
HocreHl XOAOB. )

Cneayer OTMeTHTb, YTO B KOHEYHOH Wrpe KaxKAbli HrpoK HMeer
JHIIb KOHEYHOe YHCJIO CcTpaTerut.

I 4 CATYAIINN PABHOBECHA

I.4.1. Onpenenenune Ilycte maHa urpa I'; roBOPHAT, 4TO CH-

» L] L *
tyauMsi (1. e. n-HaGop crpareruit) (o}, 0y, ..., 0,) pasrosecHa, niu
4yTO OHa ABJAAETCH cutyayued pasnosecun, eCau AAA Jw06oro

i=1, ..., n n gaa Awoboro 6, X; uMeer MecTO HepPaBEHCTBO

ni(cr:, veey Op_yy Gy O - )= W (0], -1, )

Jlpyrumn ciaoBaMu, cCHTyalluss paBHOBeCHA, €CAH HU OAMH MTPOK He
HMeeT HHKAaKHX Pa3yMHBIX OCHOBaHu#it N/ M3MeHeHus CBoelt crpare-
¥l NP YCJAOBHH, 4TO BCe OCTajJbHble HUrpOKH COOMpAIOTCA TNpuaep-
MHUBAThCA CBOMX CTpaTeruii. B stoM cayuae, ecam KaXAWHA Hrpok
3HaeT, Kak OYAyT HIpaTb OCTaJbHble, OH HMMeeT OCHOBaHHe NPHAep-
JHUBATbCA TOH CTpATernH, KOTOpas COOTBETCTBYET 3TOH CHTyalMH paB-
HOBOCHSI; TeM CaMBIM HIpa CTAaHOBUTCA BecbMa YCTOHUYMBOM,

142, llpuMep. Jaa urpul B HopMasbHO# opme

~ ~

Pt Pe
a (2a 1) (O’ 0)
02| (0,0) | (1, 2) |

KaK (a1, B1), Tak u (ag, P2) ABAAIOTCA CHTYalHsIMM PaBHOBECHS.

K coxanenuio, He Kaxpas urpa obJajaer CHTYalUAMH paBHOBe-
cua. Hanpumep, urpa B opasuxy (npumep I.3.2) Ttaxoil curyanum He
HMeer.

Booliue, eciu urpa He MMeeT CHTyallUii paBHOBecCHs, TO OGBIYHO
HEKOTOPble MTPOKHM MBITAIOTCA OTrajaTbh CTpaTeru# OCTaJdbHBIX yyacT-
HHKOB, coxpaHsii COGCTBeHHBle CTpaTerHd B TaiiHe. DTO HABOILUT Ha
MBICTIb_ (1 3TO meHCTBHTENbHO BepHO), YTO B MIpax C NMOJHOH HMHOOp-
Manuesl CUTyalliu paBHOBECHS CYIIECTBYIOT.

Yro6pt 10Ka3aTe 3TO yTBepxAeHHE, MBl JOJKHBL M3YYHTb BONpPOC
0 Pa3NO0XkKeHHH HUTPHI.

bynem roBoputs, uto urpa I' passoxcuma B HeKOTOpPOH mosuuuu X,
eciu He CylecTByer MHGOPManMOHHHIX MHOMKECTB, KOTOpBIE COZep-
Xanu Obl MO3MUMM H3 CJACAYIOUMX ABYX MHOXKECTB OXHOBpeEMeHHO:
a) X ¥ BCe Ciepylollne 3a Hed MO3uLuM, 6) OCTAJbHBIE MO3MUUM Ae-

eBa urpel. B atom caydsae Mbl MoxkeM Boldenutb nourpy I'yx, co-
TosAWYIo u3 X 1 Bcex CledyoOLIMX 3a Heil nosuuui, n daxropurpy I'/X,
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COCTOAYI0O H3 BCeX OCTABUIMXCA MO3HLKH nJaioc X, T. €. pas3joxKHUTb
urpy I'. laa ¢akropurpel nosunusg X OGyJeT OKOHYaTe/lbHOH; B Kaue-
CTBe BBIMIpHIUIA 3/eCb MOXHO paccMaTtpHBaTb I'x, T. €. BBHIKTPBILIEM
B 3TOH MO3uilpH fABAserca naptust ') nogurpu I'x.

Hanee, kak Mbl BHAENH, CTPATerHs AJNN MIpPOKa i— 3TO (PyHKuud,
o6racte onpedejieHHss KOTOpPO# COCTOMT K3 HHGOpPMALHOHHBIX MHO-
JKeCTB 3TOTO KFpOKa. Ec/iu Mbl pasioxuMm Hrpy B X, T0 CMOXKEM TakKxke

M TR AT TR Y

pa3fOXKHUTDb CTPATETHIO ¢ Ha /IBE HaCTH. Ha Oy ryx ABAAKINYIOCH OTpa-
HHUCHHEM C HH(DOpMauHOHHbIMH muoxecrBamu 3 I'/X, u Ha GJI‘ ’

ABJAAIOILYIOCE OrpaHuuYeHHEeM ¢ HHOOpPMAaLHOHHbIMM MHOXKECTBAMH H3
I'x. O6patHo, crparerns aas I'/X w crparerus gns I'x moryr GHITH
o6beuHeHBl OueBHAHbIM 00pa3om B cTpaTerkio ans scefl urpsl I

1.43. Teopewma. [llycre T pasaoxena 8 X. [aa o€ Z; no-
cTasum 8 cooreercreue nosuyuu X (paccmarpusaemold KaxK OKOHYQ-
TeabHan nosuyus 048 T'/X) sviuepoiut

ﬂx(ﬂ'uI‘X’ 0’2fI'X, sy U'n|I‘X)-
B 3rom cayuae

ﬂ(ﬁz, reey Gn)=ﬂr/x (GIJI‘/X, « ey Gnirfx)-

JlokazaTteAbCTBO 5TOH TeOpeMBbl HEC/NOXHO M MOXET ObTb Npeno-

17
CTaBJACHO 4HHTaATe/i0 B KauelTBC YIHpaxKHCHHA. AOpOTKO riObBOpH, HE-

06X0OHUMO TOJIbKO NMPOBEPHTb, UTO AJA KaXKJAOT0 BO3MOXHOTO HKCXOAA
CAyUaWHBIX XO0JOB B KOHEYHOM CcUeTe JOCTHUTaeTcd OJHa W Ta XKe
OKOHYaTe/JbHAsi BEPUIMHA KaK /S HCXOAHOH WIPBI, TaK M AJISl Pasiio-
AEHHOH HIPHI.

Ha ocHOBaHMM 3TOrO0 MBI MOXKEM [JOKa3aTb ChAelyIOIee YTBep-
XK AEHHe.

' A A T Fa S a YR a Nl ¥ 2N, nftﬂmi_ F MDD ANVUNDLL Y V i1 #dtrTiE. M T V may o

L33, 1 e0peMAd. 1l 1 pusaviichld 6 A, U NyLro O; &= a; TA
K06bL, 4T0 a) (O1|Ty, --., On|Ty) €CT6 CuUTyayus pasrogecus daa I'y
u 6) (), - anI‘/X) ecto curyayua pasrogecus dasa T'/X ¢ abi-
uepoLutem 71| Ty, + s On|Ty), CONOCTABACHHbIM OKON4ATEALHOL HO3U-
yuu X. Toeda (oy, ..., 0,) ecTv cutyayusa pasnogecus 01 I'.

HdokaszarteanbcTBo. [lycts 6;=2;. Tak kak (GHI‘X’ R Un|I‘X)
sBnfeTcH cutyaunuelt papuoBecusd ang 'y, MBI umeem

ﬂi(GI!I‘X’ " eoey GiII‘X’ .y O'n]I‘X)_g-_ﬂi(UllI‘X, "0y Gn‘rx)-

C gpyroit cTOpoHH, B culy 6) Mbl 3HaeM, 4TO eciH MO3UNUKH X
MpHOKCAH BBIHTPHILI ﬂ(01|rx, cee, Un|rx), TO

(01 {TiXs « o0y Oi|T/Xy -+ o5 On|TyX) = T (O1j /Xy <+ oy On|Lix).

1) Cm. mpuMeuaHHe Ha cTp.
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Hanee, Boiurpoill (B AaHHOK CHTyalHH) ecTb B3BelIeHHOe cpef-
Hee BBIHIpbILIeH B HEKOTOPbIX M3 OKOHuYaTeNbHbIX MNO3HIHKE JepeBa.
ClemoBaTefipHO, eC/JH BHIATPHIII WFPOKa i B [JAaHHOW OKOHYaTelbHOM
nosuuup (X B HallleM clydae) yMmeHbllIaeTcf, TO €r0 OXHAAaeMblH BbI-
Urpslll npu J000M Bbibope cTpaTeruit Oyzer JHOO OCTaBaThCca TeM
xe, nubo ymenpmuTca. [Tostomy, npumenss teopemy I. 4.3, Mbl nony-
yaeM HepaBeHCTBO

ni(gl’ very 6!1! S ) o’n)gni(ol, ey Gn)’

tak 410 (01, ..., On) ABJAAETCH cHTyanHe# paBHOBeCHS.
Tenepp Mbl MOXKeM H0Ka3aTb CAeAYIOILHHE pe3yJ/bTar.

I.4.5. Teopewma. Jlo6as KOHeuHas uepa n AUy ¢ NOAHOL UHPOP-
Mmayueld umeer CUTYayuto pagHogecus.

JdoxasateabcTBo. OnpenenuMm ANUHY KTPbl KaK Haubonbliee
BO3MOXKHOe 4MCI0 pefep, KOTOpble MOXXHO NMPOKTH MNpexAe, ueM IIO-
nacTb B OKOHUATENbHYIO MO3KIIHIO, T. €. HAnOOAbUIee BO3MOXKHOE YHCAO
X00B 10 KOHna urpe. OQueBHIHO, YTO KOHEUHAS UTPA HMEET KOHEUHYIO
anuHy. JlokasaTelbCcTBO NPOBOAMTCSA HMHAYKIHKEH [0 AJAWHE WKIPbHI.

Ecnun T umeer aauny O, Teopema TpuBHaJAbHbIM 00pasoM CHpaBex-
nuBa. Eciu T umeer anuHy 1, To He O0jlee ueM OKMH HIPOK HMeeT
BO3MOXKHOCTb cAellaTh XO4 M OH HoGHBaercsi paBHOBecus, Bhbupas
CBOIO HaHAyylllyl0 anbTepHaTuBy. Ecau urpa I' umeer anuHy m, TO OHA
pasnaraercd (BBUAY TOro, 4TO HH(pOpMau#usg NOJAHAA) HA HECKOJIbKO
MOAHTD AJNuHbL, MeHblied m., Ilo npeamoNoXeHHI0O HHAYKHHHK KaXKxad
M3 STHX NOJMID HMeeT CHTYallHI0 PABHOBECHA; HAa OCHOBAaHMH Teope-
mbl 1. 4.4 oHn 06pasyioT cuTyanuio paBHOBecust AJst urphl I

Jadanu

1. BeckoHeuHas Hrpa, Aaxe c¢ NOJNHOH HHpOpMauHed, He 00s3aTeNIbHO HMeeT
CHATYAILHIO PaBHOBeCHS.

a) PaccMmoTpum Hrpy aByX JHL, B KOTOPDOH HIPOKH XOifIT MOOUYepenHO H MpPH
KaXnOM XOme Kaxpblii WIPOK BuiGupaer onHy n3 nByX uudpp 0 n 1. Ecau npu i-m
Xode Boibupaerca IH¢pa Xi, TO KaXno# MAapTHH HIPBl COOTBETCTBYET 4YHCJO

o0
xX= 2 X2
i=1

—i

u3 untepsata [0, 1]. Torma mrpok 1 Boirpsisaer exmnauy y urpoka II, ectin x € S,
¥ MPOHIPBIBAET €AMHHIY, ecaH xS, rae S — HeKoTOpoe moxMHOXectBO H3 [0, 1].

6) Kaxzueii HCPOK WMeer pOBHO 2N° crparermii, KOTOpble MOXHO OGOSHAUHTH,
TakHM O0DasOM, COOTBETCTBEHHO wWepes 0Op, T3 Ad1 P < &, rze o -— HaHMeHb-
Hee MOPAAKOBOE YHCJIO, KOTOPOMY MpeniiecTBYeT MO KpakHeH Mepe oM nopsanKoBBIX
vucel.

B) [Iycte (0, T) o3Havaer mapTHio (HJAH YACJO X), MOJYHalomylocs, ecllH Urpoku
BHIGEPYT CTpaTernd G H T COOTBETCTBeHHO. JAsi KaXno# crparerdH ¢ urpoka I
urpok II mmeer 2% crparernmit T, KOTOpbe NaAyT pasfduHble 3Hauenus mias (0, 1).
(AHanoruuno OGCTOAT xeNO ANA KaXAoH cTpaTternd T Hrpoxa II.)

2 3axk. 893
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r) MoxXuno mnocTpouTs (¢ HCNOJNB30BAHHEM AaKCHOMBI BHIGOpa) TaKOe MHOXe-
¢TBO S, YTO AJA KaXmoro O3 CywecTByeT 1g C (O’B, TB>¢S, a IJif Kaxmoro Ty

CYIECTBYET Oy € {0y, Ty) € S.

(-5,0,9) (3,-3,3)

0,0,0)

(91-81 0) (0, 010) (_31 3, 9)

Pue I 3.1

2. TlocTponts HOpMalbHyl0 (OpPMY nJ/8 HIPHl € HAepeBOM, H300paXXeHHbHIM Ha
puc. I. 3.1. Urpa HauxHaeTcA B no3nunu O (MO3HUMA cayuas); KaxKabl H3 TPeX Hrpo-
KOB HMeeT 10 OAHOMY HH(MOPMALHOHHOMY MHOXeCTBY C HBYMSA MO3HUHSAMH H C ABY-
Msi aJbTePHATHBAMH (0G03HAYEHHBIMH COOTBETCTBEHHO @ M b, ¢ m d, ¢ M |) B Ka-
KON NO3HLKH.
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AHTATOHUCTUYECKUE WIPDLI

Il. .1. ATPBl C HYJIEBOR CYMMON

IL1.1. Onpenenenne. Hrpa I' HassiBaerca uepod ¢ Hyasesol
cymmol, eClin B KaXKAOH OKOHUATeJbHOH MO3KIHH QYHKUMSA BHIUTPHIIA

(py, ..., Pn) YHOBJETBOpSET YCJAOBHIO
2 p.=0. (2.1.1)

i=1

Boob6iie roBopd, urpa ¢ HyJeBOH cyMMOH NpeAcTaBAdgeT cOO0H 3aM-
KHYTYI0 CHCTEMY: BCe TO, 4TO KTO-HHOYAb BbIMIpaJ, AOAKHO ObITb
KeM-TO MPOUTPaHo. DOJbIIMHCTBO CaNOHHBIX HTp ABJAfiETCA HIPaMH
tTakoro Tuna. krpel AByx Jum ¢ HyJeBOH cyMMoOi#l Ha3bIBAlOTCH aHTAa-
2OHUCTUHECKUMU, WU CTPOCO KOHKYPEHTHLIMU.

Ha ocHoBanuu ycaoBua (2.1.1) n-1 KOMImOHeHTa BeKTOpPa BbIHT-
pbilllel oOmpefensieTcsds OCTalbHbIMM n— 1 KomnoHeHTaMH. B cayuae
AHTATOHHCTHYECKOH WTpbl MOXKHO NpPOCTO 3ajaBaTh MNepBYI0 KOMIIO-
HEHTY BEKTOpa BBHIMIpHIIIeH; BTOpas KOMIOHeHTa 0053aTeNbHO paBHa
nmepBOE ¢ NPOTHBONOJOXKHbIM 3HaKOM. B sTOoM ciiyuae HasoBeM Hep-
BYI0 KOMIMOHEHTYy MNPOCTO 8biuepoitiiem, W 3TO O3HAYAEeT, 4TO BTOPOI
HTPOK OTAAeT 3Ty CYMMY NMepBOMYy.

Janee Mbl yBHAKM, 4TO AHTATOHHCTHYECKAS Wrpa OTAHYAETC OT
OCTallbHBIX HI‘D TEeM, 4TO B HPH HeT HUKAKHUX O(‘HOR.‘;IHHH O KaKHX

651 TO HK GHIIO MeperoBOPOB MeXAYy HFPOKaMH: B camMom Aele, eClu
OIWH BBIHTPbIBaeT, TO Apyroit mpourpoiBaerT. CMbIc/ 3TOr0 CBOHCTBA

BHAEH H3 cleAYIOUeH TeOpeMmsl,

IL1.2. Teopema. HyCTb (01, 09) 4 (71, T9)— dBe curyayuu pas-
Hosecus axHrazonucrudeckod uepot. Tozda
(i) (o1,7%2) ¢ (11, 09) TaKie ABASAIOTCA CUTYAUUAMU PABHOBECUA U

(ii) m(oy, 09) =7 (7, To) =7 (0}, 1) =7 (7}, T9). (2.1.2)

JokaszarenbcrBo. Curyanus (o, o2) paBHOBecHa. ClexoBa-
. TeJIbHO,
7 (07, 02) = n (T, 0y).

+ C nmpyro# cropoHsl, cutyanust (v, Te) TakxKe paBHOBecHa. [loatomy
ﬂr(TI, Uz)gﬂ:,(fg, Tz).

2*
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Takum ob6pasom,

n (o1, 6y) = 7 (Ty, 09) = w (7], To).
Ho, ananoruuno,

7 (%y, To) = 7 (o4, To) = Tl5(01, Gs),

M 3TH [Be CHCTEMB! HEpaBEHCTB AOKa3bIBAalOT paBeHcTBO (2.1.2).
Hanee, gns nw60ro 6

7 (61, 02) = = (0}, G9) = 7 (74, 09)

K Ijas J1b0oro 62

To) = 7 (T, O9).

i\

\ Y
) = T(Ty,

QP

:TT

CaenoBaTesHO, (1:,,02) ABJseTCA CHTyanmueH paBHOBECHS; aHano-
TMYHO, paBHOBecHa W cHTyauus (oi, T2).

dTa TeopeMa He MMeeT MeCTa AA9 APYTHX Wrp: TaK, B urpe, ONu-
canHO# B mnpumepe 1.4.2, (o, B1) v (o P2) SABASIOTCA CHTYaDMAMH
paBHOBecHfl, HO BBIUTPHIUIM B HHX pa3/HuUHbl M, KpOMe TOr0, HH
(a1, B2) HE (a9, 1) cuTYauusiMH paBHOBeCHS He GVIYT.

1. 2. HOPMAJIBHAS ®OPMA

Kak ™Mbl BHAenu, HoOpMaJabHasd (opMa KOHEUHOH aHTaroHHCTHYe-
CKOHM HWTpbI CBOJUTCSH K HeKOTOpOH MaTtpuiie A c 4MCAOM CTPOK, paB-
HbIM 4HCAYy cTpaTerHii urpoka I, B ¢ 4ucaOM CTONONOB, PaBHBIM YHCTY
crpareruii urpoka II. Boiurpoiin — ecim urpok I BeiGupaer i-i0 cTpa-
reruio, a urpok Il BoiBupaeTr f-10 cTpareruHio — npefcrasasier coboii
3/eMeHT a;; B i-H CTPOKe H j-M cTONOnE 3TOR MaTpHKUbL.

Kak BeIsicHMTCA Zafjee, cuTyauus (mapa crpaTeruii) Gymer pasHO-
BECHOH TOrZa B TOJDBKO TOTJa, KOF/la COOTBETCTBYIOILKH €l aJieMeHT a;;
siBJISieTCsT OLHOBpeMeHHO HaHOOMBIIHM B CBOeM CTOAOHE M HaHMEHb-
UM B CBOeH cTpoke. Takasti cuTyauus, eclH OHa CylliecTByeT, Hasbl-
BaeTc ced.0806 TO4K0f (N0 AHAJOTHH C TMOBEPXHOCTbIO celsia, KOTO-
pas HCKpuBJsieTcst BBepX B OAHOM HaNpaBJIeHHH W BHH3 B [pyrom).

[1.2.1. I[Ipumep. MaTpuna urpsl
5 1 3
Yy
\—3 0 1/
BMeeT CeAJIOBYI0 TOuYKYy BO BTOPOH CTPOKE H BTOPOM CTOJGe.
[1.22. [Ipumep. Marpuna urpol
—1 I
( 1 —1)

He¢ pMeeT ceadJOBbLIX TOUYECK,
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MOJNOXKHM, UTO eHCTBHTENbHO YyUacTBYIOT B Ma
pHUHOH wurpe. BblﬁHpaH cTpaTeruy, Wrpok I Tem cambimM BHIGHpaer
CTPOKY £, a Hrpok Il BmOupaer croaben j. Boiurpbilliem Gymer 3fe-
MeHT @;;. Tak Kak TakoBoH Oyzer cymma, Koropyio I noayugaer or II,
fICHO, uT0 urpok I 6yler crapaTbcst MakCHMH3HPOBATbH @;5, B TO Bpems
Kak urpok [l Oyner crapaTbci er0 MHHMMH3HpPOBaThb. K coxaJeHuIO,
HH OAHMH H3 HHX He 3HaeT HaBepHsIKa, KaKoi OyaeT cTpaterus mnpo-
THBHHKA, 4 3TO OOblYHO HMeeT GoJjblloe 3HaUYeHHe NPH peLIEHHH BO-
poca 0 TOM, KaKyio CTpaTeruio uCnoJb30BarTh.

Hanpuwmep, npu urpe B opasHky (cm. npuMep 1.3.2) moxHO npen-
cTaBuTh cebe, uTo Wrpok I paccyxpaer caeaywoumum obpasom: «O6bY-
HO WrpoKH BbiGHpaloT rep6 u motomy Il oxufaer, uto 1 Buibepy rep6
u Bbibeper rep6 cam, TakK uTO 1 LOJAXKeH Obl1 OB BbIOpaTh peLIETKY.
Ho, BosmoxxHo, # urpok Il paccyxpgaer takum ke o6pasom. On

OXKHujaeT, 4to 5 BBIOepy pelieTKy, Tak 4TO MHe Jyuaule Obl BuIOpaThb

A Hn npnaun
rep6. Ho, BoaMoxHO, Taxk xe paccyxnaaer # urpox II, Tak uro..».

B stom cayuae urpok I HHKOrfla He cMOXeT NPHUHATH pelUleHHe, NpPH
KOTOpOM OH uyBcTBOBaA Obl ce6a yBepeHHO, W HCXON HIpPbl OKasbl-
BaeTcsi HeompegeseHHBIM,

[Tpeanonoxum Temnepb, uTO Mbl HAXOLUMCSl B YCNOBHUAX HrPbl H3
npumepa II.2.1. B 3To# urpe urpok I, HaBepHOe, pelinn 6bI NpUMEHHUTH
au6o mepByio, Aub6O BTOPYIO CTPATErHio, ¥ MOXKHO ObLI0 Obl OXHAATH,
4YTO OH paccyXpaeT Tak: «5 HoJxkeH Ob1 Obl HMCNOJB30BaThb JHO0
nepByio, 60 BTOPYIO CTpaTerkio, HO ecau urpok Il moiimer aro, oH
MPUMEHUT BTOPYIO CTPATeruio, TaK 4TO MHe Jydlle HCNOJAb30BATb BTO-
pyio cTpateruio». Jlaxe ecau urpok Il oTrazaeT crpareruio urpoka I,
To urpoky I Bce paBHO nyullle mpuAepxuBaThca eel Takum oépasoM
MEXJAy STHMM [ABYMS HTpaMB HMeeTcd OrpoMHasi pasHuna. B oxHo#t
CEeKPETHOCTh BAaXHa, a B APYroii OHa He HMMeeT HHUKAKOrO 3HaueHHS.
[TpuunHa 3TOrO0 COCTOHMT, KOHEYHO, B TOM, 4YTO BTOpast Wrpa HMeeT

Fag: B 2% el mn'f' IrFLr
LCAMUDY' 10UKY.

II. 3. CMEHIAHHBIE CTPATEI'NA

[TpoBeseHHBIN Bblllle aHANH3 MOKa3blBaeT, KaK HIrpaTb B MaTpHY-
HYIO HTPY C CelJIOBOH TOYKOH, HO He BHOCHT HHKAKOH SICHOCTH B BOI-
poc O TOM, KaKOB Haw/lydlIKd BHIGOp KTpoKa B MoAaBJjsiolieM 60Jb-
IIMHCTBE HIP, HEe HMEIOIIHUX CeAJOBBIX TOUEK.

[IpennonoxuM Tenepb, 4TO Mbl HrpaeM B Hrpy Oe3 cen/noBOH

TOYKH, HAIpUMEP B HIpY
4 2)
1 3)°

Mbl He MoxkeM ckasaTh, uTo mpousoiiier. OAHAKO KOMYCTHM, YTO HalI

IPDOTUBHHK HE TOJbKO BeAeT CEﬁH HellpeACKa3dyeMO, HO M BceBeayIll:
OH Oyaer NPAaBUNBHO YrajHBaThk JAw000e Hallle pellleHHe B srom

J - » AT A& iy BFA Bk m A Al VR ARS W W AAEE [ L
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cjydae, ecyiH Mpl ocTaBum cebs Ha MeCTO Hrpoka I, To Gygem HchoJib-
30BaThb MEPBYIO CTpPaTEeTHIO, NPH KOTOPOH Mbl He MOMKeM BBIHrpaTh
MeHbllle ABYX €AMHHN, B TO BpeMs KaK NPH BTOPOH CTPAaTerHWH MH BH-
HrpaeM TOJNbKO OAHY €JAMHHOY. ITOT FapaHTHPOBAHHBIA BLIMIDHILUI MO
MeHbIUeHd Mepe ABYX eJQMHHI eCTb HAll «HHXHHH BBHHTPHIL», KOTOPbIH
Mbl 0603HauYuM depe3 :

vy = max [m}n a;}-

Ecan 6o1 mbr mocraBunu ce6st ma Mecto urpoka II, To Bu6pann
Obl (npu Tex ke yCJOBHAX) BTOPYIO CTPATETHIO, KQTOpas Zaja 6bl HAM
«BepXHHH TPOWIpHIU» Tpex eRHHuH. OO603HauUM 35TOT BepXHuHl Npo-
UTPHILI Yepe3

F i — .
Uy = min [m;_ax a,}-

Takum 06pasom, AJs MaTPHUUHBIX HIP Mbl KMeeM MOHATHS HUKHEro
BbIHFPBIIIA W ‘BePXHEro npourpsilia. bewio 6bl Hejeno oXHAATH, UTO
HHKHHH BBIMTPHILI urpoka | npeBblmiaer BepXHHUH NPOMCPBINI HIPO-
ka II. i meHcTBHTENbHO, JieTKO AOKAa3aTh, UTO

4

v; = vy, (2.3.0)

Jloka3aTesbcTBO 3TOTO HepaBEHCTBA 3JIEMEHTAPHO M MOXKET ObiTh
MpefoCTaBaeHo uuTaTenio. Eciu B HeM nMeeT MecTo paBeHCTBO, TO MbE
nojsiyuaeM CeAJIOBYIO TOUYKY; eCJH PaBeHCTBO He HMeeT MeCTa, TO Mbl
nosyuiaeM Hrpy 06e3 ceisioBbIX Touek. [l Takofi Hrpel He ompeje-
J€HO, YTO e B JeHCTBHTEJBbHOCTH MPOH3OHAET; MOMKHO JHRUIbL yTBep-
XKAaTh chaefywooliee: uepok 1 He 0doadxcer gbiuepars meHouie, 4em 4

uepok 11 He doasen npouzpate Goavuwe, uen v,

Ecnu B urpe 6e3 cefIOBbIX TOYEK Mbl pacKpoeMm NPOTHBHHKY Hally
CTpaTervio, TO Jyulliee, Ha 4YTO Mbl MOXKEM paCCUMTHIBATh, €cTb HJH
«HHXHHH BBIUTPBIUI» Uf, HJH <BEPXHHH MPOMTPbHILI» gy B 3aBHCH-
MOCTH OT TOTO, NOCTABKJH JIH Mbl ceO8 Ha MecTO urpoka | uiu Ha Mme-
cto urpoka II. Ecnu e Mbl Hageemcst JOGUTHCS Jydlero, To He cie-
AYyeT RONYCKATb TOro, 4TOObl MPOTHBHUK 3HAJ HAUIy CTPaTErHio.

DTO TPYAHO OCYLIECTBHTb, eCJH Mbl BbIGHPaeM CBOIO CTPaTETHIQ
Ha OCHOBAHHH HEKOTOPbIX Pa3yMHbIX COOOpa’KeHHH, TaK KAK HHYTO He
MellaeT NMPOTHBHHKY BOCINPOM3BECTH HAaWH paccyxiaeHuss. He cobGu-
pacMcd Jid Mbl 3THM CKasaTb, YTO Mbl AOJIKHBI BHIGHpaTb CBOIO CTpa-
TCTHI0 KepasymMHO? Ho kakyio nosas3y torga npeacrabJdser co6oil Bech.
Hall aHaJH3?

OTBer COCTOMT B TOM, 4YTO CTpaTerns HOJKHa BbIGHPATbCH CJy-
YaMHO — 3HAYMT, He Ha OCHOBAHHH KAKHX-TO Pa3yMHBIX co0Bpake-
Hulf, — HO caMa cXeMa PaHJOMM3ALHKH AOJKHA BbIGHPATbCA Pa3syMHO.
B 3TOM H cocTouT HAes HCMONb3OBAHHA CMEIIAHHKX CTpaTeril.
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11.3.1. Onpenenenune. Cmewannas cTpaTeeus Urpoka ecTb Be-
POATHOCTHOE pacnpejeseHHe Ha MHOXeCTBe €ro 4HCThIX CTpaTeru.
B cnyuae KOrga MFPOK HMeeT TOJBKO KOHEUHO€ 9HMCJIO /11 YHCTHIX
CTpaTernii, CMellaHHas CTPaTerusi NpeAcTaBafeT COGOH m-BeKTOP

X =(X1,...,%m), YAOBJIETBOPAIOLIHH yCAOBHAM
x; =0, (2.3.1)
m
> ox;=1. (2.3.2)
i=1

O603HauuM MHOXKECTBO BCeX CMelIaHHbIX CTpaTeruii urpoka I
yepes X, a MHOMXeCTBO BCeX CMeLIaHHbIX CTpaTeFHH HIpoKa II ye-
pes Y.

[Ipennosoxum, uto urpokd I u II yuacTByioT B Marpu4HOH mrpe A.
Ecau urpok I BhGrpaer cMeUlaHHYIO CTPATerHio X, a WrpOK Il BuiGa-
paer y, T0 oxudaembili gbiuepoius GyfeT paBeH

n n
Ax, y)= gl glxiaifyh (2.3.3)
UJaW B MAaTPHUHBIX OGO3HAYEHHSAX:
Ax, y)=xAy". (2.3.4)

Kax u npexpe, urpok I gomxkeH omacarscs, 4To Wrpok Il packpoer
ero Bo6op crpareruu. Ecau 6bl 3TO cayunaoch, T0 Mrpok I HecomHeHHO
BbiOpan Oul y Tak, uro6nl MHAMMu3HpOBaTb A(X, y); nuaue roBops,
OKHIaeMblii HUMKHHE BBIHCPBIL KrpoKa | B MpPEANOROKCHHH, YTO OH
HCNOJb3yeT cTpaTertio x, 6yaer paBeH

v (x) =min x Ay’. (2.3.5)

yeyY

Manee, xAyT MOXKHO paccMaTPHBaTb KaK B3BelIeHHOe CpelHee OXKH-
HAaeMblX BBIMTpBIIIEH OJA KWrpoka [, KOrjZa OH HCNOJb3yeT X IPOTHB
ypcThix crpareruil urpoka II. Takum 06pa3oM, 3TOT MHHHUMYM OyaeT
JIOCTHTaTbCA Ha HEKOTOPOH UHCTOH CTpPaTeruH j

v(x)=minxA.; (2.3.6)
i

(3mecb A.; ects j-it cronben maTprus A).
[MosTomy wurpok I moJskeH BbiGpaTh X Tak, 4TOOB MaKCHMH3HPO-
BaTb v(x), T. €. TaK, UTOOHI NMOJYUHTD
v;=max minxA.;. (2.3.7)
x=X
(CaemoBasio Gel AOKa3aTh, YTO MAKCHMYM CYyLeCTByeT; OAHAKO, TaK

kak X KOMNAkKTHO, a (yHKUHs v(x) HempepbiBHa, 5TO oueBHAHO.) Ta-
Kasi cTpaTeTHsd X HasblBaeTc MAKCUMUHHOU cTpaTerneil urpoka I,
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Anajoruyno, ecau urpok Il BmOGHpaer crpateruio y, oH Oyaer
KMETb OXKKAAeMblil BepXHHUHA NPOHTPHILI

v (y) = max Ay’ (2.3.8)

(rme A; ectb i-f cTpoka matpuiel A) H HomXeH BBIGHPaTh Yy Tak,
4YTOOB! UMeTh
oy = min max A.y7. (2.3.9)
yEyY i
Takast cTpaTerusi y Ha3blBaeTCs] MUHUMAKCHOL cTpaTeruell Hrpo-
ka Il
Takum o6Gpa3om, MBI TOJy4YaeM ABa 4YHucjaa Uy H U OTH 4Yucaa
Ha3blBAIOTCS 3Ha4eRuamu urpbl AJA HrpokoB I u Il cooTBercTBenHo.

II. 4 TEOPEMA 0 MUHHMAKCE

Jlerko mokasatb, 4uTo RIS dio6oii PyHkuum F(x, y), onpeXeneHHO
Ha NpPOH3BOJIbBHOM JAekKapToBoMm npou3BeseHur X X Y, umeer MecTo

HepaBeHCTBO
max min F (x.

nin X, U
= ONTTY T

xeXysY y-eYJE-éX
Ot1cona caefyer, yTo

A
S,
™~
=)
AS)
>
"y

x. u). (2.4 1}
7 \&. k. 1)

U1 = Uqp.

JT0 HepaBeHCTBO aHaxoruuHo (2.3.0). JleficTBHTesibHO, BHOJHE
€cTeCTBEHHO, YTO B 3TOM CJydae, KakK H Bbillle, HHXHHH BbIHIDbII
urpoka | He MoOXxeT mnpeBblIaTb BepXHero Npowrpbima urpoka II.
Opnako paHee ™Mbl BHAENH, UYTO PABEHCTBO BHINOJHSETCA TOJBKO
B MCKJIIOUHTeJBHBIX cayyadXx. B RaHHOM ke cayuae cnpaBeasuBa cie-
Aylolas Teopema.

I14.1. Teopema (Teopema 0 MHHHUMaKCE).
U1 =Y.

Dra BaxHeHUIas B TEOPHH WIpP TeopeMa Oblia JOKasaHa MHOTHMH

cnoco6amu. Mpl mpuBeleM 3Jech [0Ka3aTefbCTBO, NpHHaAAexalllee

¢on Helimany u Moprenmtepry. HauHem ¢ ABYX semwm.

[1.4.2. Jlemma (Teopema 06 onopHOi runepmiaockoctH). IHycrs
B —3amxnyTOe sbinyxi0e MHONCECTEO 6 N-MEpHOM eBKAUOOBOM HpO-

CTpancTse, @ X = (X1, ..., Xn)-— HEKOTOPAS TOYKQ, He npuradiexca-
wjan B. Toeda cyuwjecTeyor raKkue 4ucaa py, ..., Pny Pnyt, 4TO

n

121 PiXi = Pnii (2.4.2)
u

n
D P> Pasy 045 scex y< B, (2.4.3)

- i



41

11. 4. Teopema o munumakce

(FeomeTpHuecky 3TO O3HAYaeT, YTO Yepe3 TOYKY X MOKHO MPOBECTH
THNEpPIIOCKOCTh TaK, 4To B OydeT JeXaTb LEJNHKOM «Bbillle» 3TOH

THIEePNIOCKOCTH. )
JTokaszatenabcTBoO. IlycTh 2—Takad Touka u3 B, paccrosinue
KoTopoli oT x MuHHMasbHO. (Takas Touka CyIlecTBYeT, Tak Kak B

LA ] n’

samkHyT0.) IlTonoxum
i=1,.

Pi=2;— X,

n n
é Zixi - -2: x?.

Pn+1= -
[ =1

OueBuHO, paBeHcTBO (2.4.2) suinogHsercs. HyxHo mokasath, uTO

—

umeer mecto (2.4.3). MB! BEMeeM
n

n n
— 2

p.2 = N2 zx
R = B s TR

H, CJeJ0BaTeJbHO,
n n n n
— 2 2 = 2
- ] -— tn
[TosTomy
210121> Pt

JlomycTumM, 4TO cyllecTsyeT y & B, ana koToporo

n
Pr+1

IIA

AN )
iéal PiYi

Tak kak B BBHIIYKJIO, OTPE30K, COEAUHAIOIIHA ¥ C 2, HOJKEeH IeJHKOM
cogepxatbcsi B B, 7. e. w,=ry+ (1 —r)z&B nna Beex 0 =r = 1.

KBagpat paccTossHKEs OT X 00 W, HMeeT BUK
n
92(?5, w,) = 121 (x;—ry;—(1—r) 2,

[TosTomy
n

62

"3’;'=2Z(2i~y:)(xzwryi-(l —r)z) =
=

=9 zpiyi -2 Zpizi +2r Z(z,—y;)ﬁ.

Mpu r=0 (1. e. Npy w,=2) HUmeem
a 2
_C%'_]r-o =2 Z PiYt — 22!’121-
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3zech mepBOe caaraeMoe nO NPEeANOJIOXKEHHIO He NPeBOCXOAHMT 20741
a sropoe 6oavuie 2py4,. [TosTOoMy
dp? |

0
0r |pwp

-
T,

*

Orcioza caepyer, 4To mis r, ZOCTATo4dHO OAH3KHX K HYJIO,
plx, w,)<plx, 2).

Ho 370 NpOTHBOpEuMT BuIGOpPY 2; CielOBaTeNbHO, AId Bcex ye& B
ycaoBue (2.4.3) DOMKHO BBIUIOAHSATHCS.

11.4.3. Jlemma (TeopeMa 06 ajgbTepHaTHBax AAd MaTpuu). [lycre
=(a;;) ectv (m X n)-marpuya. Tozda cnpasedauso auGo yreep-
%Qenue (1), aubo yreepiuclenue (ii):
(i) Touxka 0 (8 m-mepuonm npoc:rpaﬁcme) COOePHUTCA 8 BLINYKAOLE
060.a04Ke m + n To4eK

ﬂ(all! vy ami)w
:( Qiny oo 0 amn)
u
e, =(1, , 0),
e, = (0, 1 0 .-y 0),
¥ MF?
em=10, 0, ..., 1)
(ii) cywjecrsyror wucaa X, ..., Xm, Yy0084€TBOPAIOUUE YCAOBUAM
" m
xi>0, ;{xim ’ izia”x,->0, j"-:l, ooy AL
JlokasareabctTBO. [IpeanonoxkuMm, 4TO yTBepXkAeHHe (i} He-
Bepro. Ha ocHoBaHuH Jemmsl 11.4.2 cylilecTBYIOT Takue 4YHCAA Py, ...

«v oy Pmg1, UTO

260 Pi= Pm+1

(oTciofa cleayer, KOHEUHO, UTO Pmyt = 0) H
21 piY:i>0
i==

JJIg BCeX y B YKA3aHHOM BLINYKAOM MHOXecTBe. B wacrnoctH, 3TO
BBHIIOJIHAETCA, €CH ¥ fABJAercd JAI00OBIM U3 m ~+ 1 BEKTOPOB aj, &;. Ilo~
3TOMY

m
Zaupi>0 oJst BCex f,
i=1

p; >0 nnaa Beex i.
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Tak kak p; > 0, noayyaem 2 p;>0, U MOXHO [OJOXHTb

gy = ik
i Zﬁi -

{CJle10BaTeJbHO,

m m
Z}ai1x5>0; x; >0, in=l.

i=}

Ha ocuoBanuu JABYX 3THX JIeMM MOXXHO J0Ka3aTb TeopeMy.

JHoxaszarteanbcTBOo TeopemMbl o MHHuMakce. [lyers
A — marpuynas urpa. Ilo aemme 11. 4.3 uMeer mecto M60 yTBepKie-
ane (i), aubo (ii).

Ecnu BepHO (i), T0 0 fABAsferca BuillyKJOH JuHelHOH kOMOHHAl e
#m + n BekTOpoB. [l0o3TOMY CyLleCTBYIOT TAaKHe Si, ..., Smyn, UTO

Ecau 6bt BCe yHcaa Si, ..., Sp ObIM paBHbl HYJAW, T0 0 OkasbiBaacs

‘6bl  BbIMYKJIONH JHHEHHOH KOMOMHAUHWeHd m eJHHUUHBIX BEKTOPOB

€y, ..., &y, UTO, OYEBHUIHO, HEBO3MOXKHO, TaK KaK OHH JHHEeHHO He3a-

pucuMbl, CjeloBaTesbHO, NO KpalHed Mepe OAHO U3 4HUCEA SI, ..., Snp
n

noA0XKUTENBHO H Y ;> 0. Torza MOXHO HOJOXKHTDH
i=1

8
I
Yy =—4
> 5
=1
¥ MBI IOJiy4aeM
n
yi g 03 Z
n
"-'S -
Ea,,y,— it =<0 pas Beex i.

J

I>4=

™
]

BHauyut, v(y)=0u v = 0.
[lpennonoxum Telepb, 4TO BepHO yTBepxaeHune (ii). Torpa
v(x) >0, tak yro vy > 0.
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CrnenosatenbHO, HepaBeHCTBO U= 0 <{ Uy He MOKeT HMeTb MecCTa.
[MpeanonoxuM Temepb, YTO Mbl H3MeHHJAH HIPy A, 3aMeHHB ee Ha
urpy B = (b;;), rae

b” = a,-; + k.

slcHO, uTO AAg JOOBIX X, Y

xByT = x Ay” + k.
4] (B) =01 (A) - k!
v (B) = vy (A) + &.

[TosTomy

Taxk kaK HepaBeHCTBO
' 01{B) <0< vy (B)
He MOXeT HMeTb MeCTa, TO HepaBeHCTBO
o {A)< —k<oy(A

Takxe He BoimosHsiercd, Ho % npousso.

;;;;; LA AL ll? a4 = S5 B Y

U1 = i1,

uTo U TpebOOBAJAOCH AOKa3aTh.

Takum o6pa3om, Mbl BHAMM, YTO NPH HCMNOJb30BAHHH CMEIUAHHBIX
CTpaTterHil HHXKHHMH BBIMIPBILI HrpOKa | B TOYHOCTH paBeH BepXHeMY
npourpbily urpoka II. OOmas BenuuuHa v 3THX ABYX 4YuceJ HAa3bl-
BaeTCH 3Hawexnuem Urpbl. Mbl BUIHM, YTO CTpaTeris X, yILOBJAETBOpPSIO-
ias yCcJAOBHIO

2 xia”' 2 0, .’__" 1: I (S (24‘4)

ABJISIETCS ONTUMAAbHOU 1Sl WTPOKa I B ToM cMmbicie, 4TO He Cylie-
CTBYeT CTpaTeruH, koropas Jaja Obl eMy GOAbUIMA OXHpaeMbld Bbl-
MIpBILI, YeM U, IPOTHB KaXAOH crparerun urpoka II. O6parno, ecan y
VI0BJIETBOPSIET YCJAOBHUIO

n
IZI aijy_] é 0, [ = 1: ey M, (2.4.5)

TO Yy SABJAKETCA ONTUMAAbHOU CTpaTerded naa urpoka Il B Tom ke
cmeicae. Jlanaee, o4eBHHO, YTO

xAyT = v,

TaK KakK ecJu Obl IpaBas 4acTb 3TOTO PaBeHCTBA Gbljla MeHblle JeBOil,
TO 3TO NPOTHBOpeuno 6wl (2.4.5), a ecau Obl OHa 6bia GoJgblie Je-
BOH, 3TO npoTHBOpeuuao Obl (2.4.4). CaenoBarTenbHo, OnTHMAaJbHbie
CTPAaTerWH X M Yy ABAAIOTCA TaKKe ONTHMAJAbHBIMH OJHA MPOTHB ApY-
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roit, a Takxe NpoTHB J1060H HHOH onTHMaJNbHOH ctpaTerun. Bygem Ha-
sbiBaTh JI00y10 NMapy ONTHMaJbHBIX CTpaTerHB (X,Yy) peuieruesm UTPHL

B nanpnefimem okxaxkeTcs noJe3HOH caepylolias Teopema (He-
CKOJIBKO 0oJjiee cHabHAfA (popMa TeOpeMbl 0 MHHHMAakKCe).

I1.44. Teopema. B uepe ¢ (m X n)-marpuyeit A aubo uepox 11
umeerT ONTUMAALHYI CTpaTeauto Y, 8 KOTOPoi yn > 0, aubo uepox I
umeer ONTUMAAbHYIO CTpATe2UI0 X, AR KOTOpPOU

i
2 ainxi> 0.
i=}

Hdns pokasareabcrBa Teopemb! 11.4.4 mnpuBeleM cHayada OmHO
onpejeneHue.

k % k
[1.4.5. Onpenenenue. fTycto r*=Ir;, ..., rn),k= I, ..., p,—
CHCTeMa p n-BekTopoB. Toraa nNon 86inyKAabism KOHyCOM, TOPOMKAEH-
HbIM BEKTOpaMu r!, ..., r?, MOHUMaeTcd MHOXKeCTBO BCEX TAKHX BeK-
TOpPOB X, 4TO
[
e V4 2
X = 23 Apf
=1
AJisi HEeKOTOPBIX HEOTpHUATENAbHBIX Ay, ..., Ap.

Jlerko NPOBEPHTb, YTO TAKOH KOHYC AeHCTBHTEJbLHO SIBJISIETCH Bhi-
IYKJIBIM.

I1.4.6. Jlemma (Papxkam). Hycro rk=(r§", e 1Y), k=1, ...
..., p+ 1, —r1akue n-sexropni, uro a06sie {q,, ..., §n), ydosiergo-
paouue ycao8uo

n
Ziqu’;go, k=1, ..., p, (2.4.6)
I=

6YydyT TaKie yOOBAETBOPATH YCAOBUIO
n
Mg retl = (2.4.7)

i & ] ] xe

j==1

Tozda rrt! npunadaencur goinykaony xouycy C, nopoxcdeHHoOMy gex-
Topamu r', ..., re,

Hokxaszateabcrso. Honyctum, uro rPH & C, Ilo aemme 11.4.2
CYLIECTBYIOT TakHe YHCAA Gy, ..., Gnil, YTO

n
2 q}'r?-i-t =‘?n+l

i=1,

n
leqfs;>qn+; ansa Bcex seC,



46 Ta. H. Aunraconucrudeckue uzper

Hanee, 0 € C; cnenoBaTenbHo, gny; < 0. JlonycTum, Kpome TOro, 4TO

n
cymma q;S;OTpHLaTeslbHa AAf Jw06oro s € C. Jaa Bcskoro nogo-
i=1

KHTeAbHOTO 4Kcaa o uMeem as & C. Torpa, B3sB ¢ JOCTATOYHO 6OJIb-
M, MOXKHO GbLIO Obl caenats Gopmy qo8;=0a )3 G;S; MeHblle,
YyeM Gn41. OTCIO4A CAELYeT, 4TO

rott <,
Er 9
HO

Eq,s,%(} aas Bcex s C

M, B YaCTHOCTH, AJsi r==rl ..., rP, a 370 IIpPOTHBOpPEUHT npeAnoso-
JKEHHIO JIEMMBI.

Hokaxem Ttenepp Teopemy I1.4.4. IlpeanosoxuM cmauana, uTO
v(A)=0. Paccmorpum m + n m-Bekropos

a;=(ay, ay, ..., amy),
an—i=(al.n—h a?! n—lsy « -y am;."!'—i)!
“'an=('—" Qipgy — Qopy + - -, _amn)'

Torna —a, Aubo [IPUHAAJACKHT BbINYKJIOMY KOHYCY C, [TOPOXKICH-
HOMY OCTaJAbHBIMH m -+ N — 1 ToukaMH, AUGO HE MDUHALICKUT oMV

......... ’ prrIlQ v C/Inel i \.,1\‘1)’.

II,OI'IYCTHM, qyT0 —a, & C. TOI‘I{a CyllleCTBVIOT TaKHe HCOTpHIlaTeJdAbHble
YUCAA Uiy oevy Wmy Ay o vy An—i, UTO
m n—1i
_ Ay X L .
— Qi = j;;i ]J.]e!-j + A A.fa” onaa Bcex i,
4 3TO O3Ha4aerT, 4YTo
n—1
% 4 . o .
ad A,}va”- T A= — n; = U ang Bcex Ii.
=1

ITonoxum tenepn

Yyi=——7T~, I=1...,n-1,

' 1
1+ 3a,’ y"_1+ZAI'

flcro, uto ¥y = (y1, ..., Yn) AIBAETCHA TAKOH ONTHMANDHOLN cTpareruef
Anas urpoka I, gro. y, > 0.
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ﬂOHYCTHM Telepb, 4UTO —a, $ C. TOI‘,D,a CyLleCTBYIOT TakKHe 4YHCaa
qu Cery Qma 470

_Zqieijgﬁ aAs Bcex j=1, ..., m, (2.4.8)
i=1
m
2 qay=0 pan j=1,..., n—1 (2.4.9)
i=1
e m
-E; g:(— a;,) <0, (2.4.10)

B cuny (2.4.8) umeem ¢; =0, a no (2.4.10) He BCE ¢; paBHB HYJIO.
ITo3TOMY MOXKHO NOJAOXKHUTH

qi . |
g e

m ¥

xi':'

f=1
u u3 (2.4.9) u (2.4.10) nHenmocpeACTBEHHO CAeAyeT, YTO X SIBJseTCA

Tako# ONTHMAJbHO cTpaTerueil n1a urpoka I, uto | X, > 0.

[Ipepnonoxum tenepn, uro v(A) =k 0. Kak u Bbille, nocrpoum
matpuny B =(by), rae by = a;;—k; 10Kas3aTeabCTBO Jasblie IIpoO-
BOIHMTCA TakK Xe, Kak B TeopeMe [1.4.1.

il. 5. BHIYACIEHUE ONTHUMAJILHBIX CTPATErmil

Teopema I1.4.1 (Teopema 0 MHHMMakce) rapaHtupyer, 4YTO Kaxpgas
AHTArOHHCTHYeCKas Hrpa HMMeeT ONTHMAaJbHble cTpaTerud. K coxaJe-
HUIO, NIPHBEeHHOEe [J0Ka3aTeJbCTBEO fABAAETCH J0KAa3aTeabCTBOM CyIle-
CTBOBAHHUA U He VKa3bIBaeT, KaK CAeldyeT BbIYHCIAATD 3TH ONTHMAJbHbIE
CTPATETHH.

Mbl onuuieM Telepb MeTOAbl pelleHHs npocredmiux urp. B ra. III
peub OyaeT MATH O Gosec 06lieM MeTOJe.

[1.5.1. Cennosole ToukH. [lpocrefiium fABJAdercs TOT cayuai,
KOrja CylecTByeT CeiJjioBaf Todka, T. €. KOTJa CYyILIeCTByeT 3Je-
MEHT a;j, ABJAAIOWHNACE MaKCHMaJabHbBIM B CBOEM CTOJGHEe H MHHHMAaJb-

HbIM B CBOeH cTpoke. Torpa yucCThe CTpaTeruu { M j (UJM, 4TO PaBHO-
CHJIBHO, CMelIaHHble CTPATEeTHH X M Y, AJA KOTOpPHIX x; =1, y; =1,

------- -~y [ T

a BCe OCTajibHble KOMMNOHEHTH PaBHBI HYyAK) GYyAYyT ONTHMAaJbHLIMH
crpateruamu anast urpokoB I u Il coorBercrBenHo.

I1.52. JomuunupoBanue. Ilycte nasva marpuua A; 6ymem ro-
BOPHTD, YTO [-f CTpOKa OOMUHUpYET R-10 CTPOKY, eCJIH

a;; = ap; ANAsT BCeX | (2.5.1)

H
@;j > ap; 1O KpaiiHed Mepe AR OZHOTO j. (2.5.
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Ananoruuso, OyneM roBOpHTb, 4TO j-i cronGen Jomunupyer I-ii
cronaber, ecau
a;; = ay Las BeeX (2.5.3)

a;;<a; 10O KpaiHed Mepe JAas OAROTO i. (2.5.4)

Kopoue, roBopsT, 4TO OAHA YHCTAas CTpaTerHs (NpeacTaBieHHAs
CBOEll CTPOKOH HWJIH CTOJNOLOM) HOMHUHHpDYET APYFyl0 HYHCTYIO CTpa-
TerHio, eCau BHIOOp MepBOl (IOMHHHpYIONIeH) CTpaTerud NO KpaliHeH
Mepe He Xyxke BblOOpa BTOPOH (ZOMHUHHPYEMOH) cTpaTerud, a B He-
KOTOpHIX cayuyasx M Jjayume. OTcioga cjeayeT, 4TO HIPOK BcCerja Mmo-
KeT oOoHTHCh 6e3 NOMHHHpPYeMbIX CTpaTerHd H HCHOJAb30BaTh TOJBKO -
HeJIOMHHHUPyeMble CTPAaTerHd. 3TO YTBepXKIeHHe COLEPXKHTCA B cJje-
nyionieii npuBOAHMOM 0e3 noka3aTeJbCTBa TeOpeMe.

11.5.3. Teopema. [lycto A — maTpudnan uzpa, u RYcTb CTPOKU
i, i9, ..., iy maTpuyst A domunupyrorca. Tozda uepox 1 umeer raryo
ONTUMAAGHYIO CTPATE2UI0 X, HTO X; =Xy = ... =x;, =0; &Kpome
7020, 21068 ONTUMAAbHAA CTpaTezust OAA uzpbi, nosydarouelca e pe-
3yabTate yodasenun OomuxHupyembvix cTpoK, 6yder TaKHe onTUMAAbHOL
cTparezuetl 040 nepsoOHAYaAbHOLL UepbL.

Anajnoruynas TeopeMma CHpaBelJIMBa H 4Jf JOMHHHPOBAHHA CT0JG-

e e ] - P N gy P g

10B; OOIIHH pe3yabpTaT 3THX TeoOpeM COCTOHT B TOM, HTO BCe AOMH-
HHpyeMble CTPOKH H CTOJOIbB MOryT ObiTb OTOPOIIEHB, a 3TO NO3BO-
JsieT HMeThb AeJIO C MeHblleli MaTpHiel.

1L.54. [Tpumep. PaccmoTpuM Mrpy ¢ Matpuue
2 0 1 4
1 2 5 3.
\4 1 3 2/

fcno, uro BTOpOil cTosbert moMHHHpYeT ueTBepThiii. Orcloga cie-
ayer, uto urpok Il HHKorja He OyAeT HCIO/Nb30BaTh CBOI0 YETBEPTYIO
CTpaTerkio, a NO3TOMY MOKHO He oOpailiaTb Ha Hee BHMMAaHHS H pac-
CMaTpHBaTb MaTpHIY }

/9 0 I\
1 2 5 1.
4 | 3

B 3TOft Marpulie TpeTbsd CTPOKa AOMHUHHPYeT NEpBYio, YRansd ee,

noJysaem
{1 2 5)
\4 1 3/

¥
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a B 3TOH Marpuile TpeTuil cronbel, AOMHUHHPYeTCS BTOpbiM. CjemoBa-
TeAbHO, UCXOAHA# MaTPHIAa CBOJUTCH K MaTpHie

(4 1)

M HYXHO HCKaTb ONTHMAaJbHble CTPATErHH TOJNBKO [AJSf MaJjoft Mar-
puuHOi (2 X 2)-urpel. Takwe Hrpm paccMaTpuBalOTCA B ClefyiolieM
NyHKTe.

IL5.5. (2X2)-urpe. flycrs nama matpuunas (2 X 2)-urpa

(au 012)
sy Qoo

MO}KET oxasa'rbca, yTO 3Ta Hrpa HMeeT C&D,JIOBy[O TO‘-IKy; eCJH 3TO
TaK, TO HHUKAaKOH npobsembl Her. llpeamosoxum, 4To Wrpa He HMeer
cenioBo Toukd., OTC0ga CJAeAyeT, YTO ONTHMAJbHble CTpaTeruu

Xx={x;,%) U y={(yi,Y2) HNOAKHB HMETb MNOJOKHUTEJbHbIE KOMIIO-
HeHTbl, Jlasee, eclu 3Ha4YeHHe UTPBI eCTh U, TO

Ay X Yy + QX Yo + Ao Xl + QoeXolyy = 0,
HJTH
Xy (@Y + ayys) + xo (agy) + axys) =v. (2.5.5)

Kaxnoe 3 1ByX sbipaxkenuit B cko6kax B jeBoi uyactu (2.5.5) Mensp-
lie HAH paBHO U, TAK KakK Y, MO NPeANOJ0XKEHHIO, ABAAETCH ONTHMAJb-
HOH crpaTerredt. JlonycTuM, 4TO OQHO M3 3THX BbIPAXKEHHH MEHbIIE U,
T. €. AONyCTHM, YTO

anyy + Y <0, (2.5.6)
A91Yy + Aoty = 0. (2.5.7)
Torna, mockonbky %y >0 H x| + X2 = 1, neBas wacts B (2.5.5) Gyzer

crporo meHpuie v. OTClofa caefyer, 4TO 06a BBIpAXKEHHS, 3aKJI0YEH-
Hple B CKOOKH B (2.5.5), ROMXKHBI GbITb PaBHBI U. 3HAUMT,

a4t + QY =0, (2.5.8)
Ay + agpys = 0. (2.5.9)

AHaNOTHYHO MOKHO 10Ka3aTh, YTO
ayx, + agx; =10, (2.5.10)
Qi2Xy + QgaXe =0, (2.5.11)

M4 B MaTPUYHOU (popme: ,
AyT=(Z ) (2.5.12)

xA=(v, v). (2.5.13)
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DTH ypaBHeHUS BMeCTe C ypaBHEHHSIMH
X+ x5=1, 14}
Yi+y=1 }

O3BONAIOT HalTH X, y U v. JelicTBUTeNbHO, ecld MaTpuila A HeBbl~
pOXKAeHHAs, TO

3

—

o
o1 O
i

1]
L -

pr——

x=uvJA""

rae J—pekrop (1, 1). Temepp uckmouum v, 3ameuas, 4To CymMMa
KOMNOHEHT X, T. €. xJT, nonxkHa ObiThb paBHa l; oTcioza mosnyuaem

oJ AT =1,
W
Ty ...___l.__. {0 5 151
v ]A-"!]T 4.0, 1UF
. i
JA™
AHaaoru4yuo
A~YT

Ecan A — BbIpOXJeHHasi MaTPHua, TO BCe 3TO, KOHEUHO, JHIIEHO
cMblicaia. Ho Torpa smerko Bupers, 4to GopMyabl

T A*
JA

X = (2.5.19)
8 r
Al

y"""' JA*JT (2.5.20}

(rne A* —npucoenunenHas !y marpuua ans A) Aa0OT ONTHMAaJdbHbIE
cTpaTerdd; samerum, uro (2.5.19) u (2.5.20) cosnmagaior c¢ (2.5.17)
u (2.5.18), ecaiu marpuna A HeBbIpoXKpeHHAast. SICHO Takxe, 4YTO

SECS 2.5.21
jatir? (2.5.21)
roe |A|—onpesenurens Marpuubl A, gaer 3HaueHHe MTPbl Kak IJd

BbIDOXKACHHOH, TaK H AN HeBbIpOXKAeHHOH Matpuubt A. O6benunnm
YCTAHOBJIEHHBIE NIpaBHJIA B clellylolileldl Teopeme.

11.5.6. Teopema. Ecau A — narpuunas (2 X 2)-uepa, He umero-
wan ce01060t TOUKU, TO ee eJUHCTBeHHble ONTUMALbHbIE CTPATe2UU U

'} Ee snementhl paBubl COOTBETCTBYIOUIMM aJreSpaHuecKHM JONOJHEHHAM AJIs
TPAHCIOHHPOBAHHONW MaTpHubl. — Ilpum. nepes. '
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3Hauenue onpedeanorca dopmysamu

1A*
AT
__14]
U - JA*]T ] (205.24)

20e A* — npucoedunennas marpuya daa A, |A|— onpedesureas mar-
puyol A, I —aextop (1, 1

I1.5.7. I[Tpumep. PewrniTe MaTpHUHYIO HTPY
1 O)
\—1 2/
Jlerko IpPOBEpHTb, YTO 3Ta Hrpa He HMeeT CenoBoli Touku. [asee,
npucoejdHenHas matpuna aasg A ecTob

; 9 o
(1 1)
n |A|=2, JA* =(3,1); AYIT =(2,2) n JA*JT = 4. Takum ob6pasom,

x =34, Y4}, y = (Ya, Y2}, v="1. MoxHO NpOBepUTb, YTO 3TH CTPa-
TeTHH X H y AeHCTBUTEJNBbHO TapaHTHPYIOT BbIMTpbIUI /s.

I1.58. 2Xn)- u (mX2)-urpo. Creaywmue OpoCcTeHIIHe HUTPBHI,
KOTOpble MOMHO PEIIHTb, — 3TO HIpbl, B KOTOPBIX OJHH H3 HIDOKOB
HMeeT TOJNbKO ABe crpaterud ({2 X n)- uau (m X 2)-urpst)}. Mbr pac-
cMOTpHM 3aech (2 X n)-Hrpbl; aHAJOTAYHBIA aHAJNH3 MOXKET ObiTb IIPO-
BefeH U ans (m X 2)-urp.

3apaya Urpoka [ cCOCTOHT B MakCHMH3alHH

14 (JC) = m;n {a”-x, “+ a2,x2}.

Tak kak x; = I — x5, Mbl HMeeM

vix)= mfn {(ay; — ay)) %o+ ay 3}

Takum o6pa3oMm, v(x) aBjagerTcd MHHUMYMOM 71 JHHEHHBIX (QyHKUHH
OJHOW nepeMeHHOH Xp; MOXKHO BblUepTHTb Tpa(pUKH 3THX GYHKUUH H
3aTeM MaKCHMH3HpOBATb UX MHHHMYM ¥ (x) rpad@uueCKHMH MeTOJaMHu.

[1.5.9. [Ipumep. PaccmoTpuM HIpy C MaTpHueH

2 3 1 b
4 1 6 0/
apuxku ysKUHH (G2; — Qg

™a
P

"
METHTb, YTO OHH JOJIKHBI NMPOXOAHTb yepe3 Touku (0 ,a,x) H {
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/KupHasa JomaHas JHHHA HpeldcraBiasger ¢yHKuuio vu(x). Beicuas
TOYKa 3TOH JAUHHM X HAXOAUTCA Ha NEpPeceueHHH MNPSAMBIX, COOTBET-
CTBYIOIIHX BTOPOMY H TpeTbeMy crosabunaMm. AGcuMcca 3TOR TOUKH
paBHa 2[7, a opauHara 7/;, CnemoBaTteinbHo, X = (3/7,2/z) u v =17/,
ITU BeJUYHHB MOTYT OHITL BBHIYHC-
JIEHBl TaKXKe MPH MOMOUIH (POPMY.JI
(2.5.22) u (2.5.24) pnsa (2X2)-mar-
pHIBL, COCTOSUlelr M3 BTOPOro H
TpeTbero croJ6H0B HCXOAHOH Mar-
punpl. Ilpumenenne (2.5.23) kK
3TOA MaTpHuue Jaer TaKxe Y =
= (0, 5/7,2/7,0); Je€rK0 OpPOBEpHUTb,
YTO 3TO AEHCTBHTEJNBHO ONTHMAaJb-
Hble¢ CTpaTeTMH H 3HAYEHHUE HIPHI.

ITUM HCuepnbIBaeTC MNPOCTEH-
Ui THN Urp; ob6o6lIeHUs yKasaH-
HbIX METOAOB Ha ApYyTHE HrPbl, €CaU

Puc. IL51. U BO3MOXHBI, TO CJAHINKOM TPYHAO-

€MKH, 4YTOObl NPHHECTH KaKylO-TO

MpakKTHYECKYIO Noab3y. [as Gosee 0OGIHX HIP HCMOJB3YIOTCH HEKOTO-

pole Apyrue cxembl. Camas npocras anas oObBSICHEHHS cXeMa NpPHBO-

KUTCA HHKe., Mpl He maeM JoKasaTenbCTBa CXOAMMOCTH 3TOH CXEMBI;
€ro MOXKHO Ha#iTH B COOTBETCTBYIOLUEH JHTepaType.

m

|

B 2~ N b,

0 - N Dy

[1.5.10. Pemenue npu nomMowu PHKTUBHOTO pas3blrp-
poiBaHufl!), [Ipeanosioxnm, yto gBa HUTPOKAa, BO3MOXKHO, He 3HAlO-
ide TEOPUHM HIp, pelaloT pasnrpaTte urpy MHoro pas. He 3nas teo-
pUH HTp, OHH TEM HE MEHee CK/JAOHHBbl K CTATHCTHKE H NMOTOMY CJAeLAT
3a YHCTBIMH CTpPaTerHAMH, KOTOPble MCNOJAb3YyeT NPOTHBHUK B OTHeJb-

hLlv MNMASLITNLINALTIIIayY TAITM™LY l Iﬁrr 7 AN ITARY MAQGEITMETID ATITITY Y7 A NF T IET
[T R .Y lJ(..I.OIJll }:uu)annru\ | 40 ) l.}l)l.., & lk}!’l DNAMIV VL PCIDDIJ. iJDlDClnl’.lﬂ namjiibDlxl

HTPOK AeHCTByer Tak, 4TOOB MAaKCHMH3HpPOBATh CBOI OXXHAAEMbIH Bbl-
MIPBIII TNPOTHB HaO0JI0AaeMOro 3MIHPHUYECKOTO BEPOATHOCTHOTO pac-
npeAeJeHHst NPOTHBHHKA: ecad Mrpok Il mcnoap3oBan cBow j-10 cTpa-
TeTHIO ¢; pas, to urpok I BeiBeper i Tak, uTOO6B MaKCHUMH3HPOBATb

2. ;;q;. Ananoruuso, eciu uwrpok I HCNOMB30BAA i-10 CTPATErHIO pj
i

pas, To urpox II BbiGeper j Tak, yTOGbl MHHMMH3HPOBATH Oy ayp;.
i

CK0Jb HH HaHMBHBIM KaXXeTcst 3TOT MECTOL, NOPASHTCABHBIM ABJJAECT-
Cd TO, 4YTO TaAKHE 3MIOHpHUCCKHE pacnpeieeHusa cxoasitcts K ONOTH-

MaJbHbIM CTpaTerusiM. TouHee, nycTb pY —4YHCIO HCNOAB3OBaHHUI

urpokom I i-it cTpaTerum B TeueHue nepBbIX N pasbIrpeIBaHHAl HIpBLL
Ecnu nonoxute xY=p)[N, to oueBuawo, uro xV aBifercs cMeuaH-

11 - - s

'Y B10oT MeToA 4vacTO HA3BIBAETCH HTCPATHBHBIM METOAOM (bpayHa — Po6usx-
COH). — fTpum. nepes.



1. 6. Cummerpuurvie uzpol 53

HOWl cTpaTerHedl. Ata NOCAEHOBATEABHOCTb CTPATETHHl He 0693aHa cXO-
AHTbCS; OJHAKO, NMOCKOJbKY OHAa HAXOAUTCA B KOMNAKTHOM MHOXKeCTBe
CMEIIaHHBIX CTpaTeruil, OHa AOJKHA COAEpKAaTb CXOLANIYIOCH IOJMNO-
caepoBartessHocTb. CnopaBelJIMBO YTBepXKAEHHE, 4TO npeden a1060i
cxo0aueidca nodnocaiedo8aTebHOCTY S8AAETCA ONTUMAAbLHOL cTparte-
aue.

Mbl onmyckaem JAOKasaTeJbCTBO 3TOH TeOpeMbl, MNOCKOJABKY OHO
CJAMIIKOM ¢10kKHO. KopoTko roBops, 0HO OCHOBaHO Ha TOM (akKTe, 4TO
ecnu x¥ u yN¥ —nosiyueHHble YKa3aHHBIM BbIIIE€ CNOCOGOM CTpaTErHHu
urpokoB I u Il coorBercTBeHHO, TO GyJET BHINOAHEHO PABEHCTBO

im {o (y¥) — v (")} = 0. (2.5.25)
N—=>ow
ITOT MeTOH, MeXAY NpouuM, Haubosee noseseH B cayuae oueHb 60Jb-
WHX Hrp (T. €. Urp ¢ GOJbIIHM UYHC/IOM YHCTBIX CTPATETHH), K KOTO-
pbiM JOBOJIbHO TPYAHO NPHMEHHTb KaKOH-AHGO APYTrOfl METOA BC/ek-
crBHe MX o0bema. (Habpocox mokasaTenbcTBa 3TOH TeopeMsl CM. B 3a-
naue I11.9.)

Il. 6. CAHMMETPHYHBIE UI'PbI

Mbl 3aKOHYMM 3Ty TJaBy KpaTKUM pacCMOTPEHHEM OZHOro YacT-
HOTO KJiacca Hrp.

I1.6.1. Onpenenenne. KBagpatHas Mmarpuna A = (a;;) Hasw-
BaeTCa KOCOCUMMETPU1ECKod, ecnu Q;; = —Q;; AAs Beex I, j. Martpuu-
Hasi Hrpa HasblBaerTca CUMMETPpU4HOLl, €CH €€ MaTPHia KOCOCHUMMET-
pHueckas.

[1.6.2. Teopema. 3JHaueHue cumMmeTpuudHoOil uzpbl PasHo HYAO.
Kpome t1020, ecau x ecto ontumasvHas ctparezus 0is uzpoxka 1, 1o
X ecTb Takjxce ONTUMaAbHas cTparezus daa uepoka 11,

HoxasarenbctBo. Ilycts A —marpuna wWrpel W X — npous-
BOJIbHAs cTpaTerus. Jlerko Bugetn, uro A = —AT, CaefoBatedpHo,

xAxT = — xATxT = — (x Ax")T = — x AxT.

[Tosromy xAxT = 0. Orciona caenyer, 4rto AAa A1060r0 X

m v Al < n

min xAa = v,

11l

o

i
Y
TaK 4TO 3Ha4€HHE€ HIDbl HEMOJOXKUTCJALHO; B TO K€ BpeMd

max yAxT = 0,
Yy

1

TAK 4TO 3HAa4yeHHEe Hrpbl HeoTpuuatedbHo. ChemoBaTenbHO, 3HaUeHHe
MCPbl paBHO HyMw. Jlajee, eciu x-— ONTHMaJbHAs CTpaTETHsl HIPO-
ka I, To

xA=0.
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Ho orciona
x(— ANy =0,
TaK 4TO
xAT =<0
WK
AxT = 0.

3HauurT, cTparerus X ONTHMaJibHAa Takxe W AJa urpoka Il

Jns pelieHuss CHMMETPHYHbIX HFp OBl NMpeAJoOXeH HUTepaTUBHBIHR
anropudM, HeckOJbKO HANOMHHAKIIHHA MeTOld, TpHUBEAEHHBIH B
n. II.5.10. B oranune ot Meroza u3 n. II.5.10, opuBoasiiero Kk mHCK-
peTHOH MNMOCJeA0BATENbHOCTH CTPATETUH, 3TOT METOA, NMpHRAAJEK alllHH
¢on Heiimany u DBpayHy, ocHOBaH Ha HeNpepbIBHOH MOAH(DHKALHH
JAHHOH CTpaTerHd, 4TO B Mpeleje AaeT ONTHUMAJBHYIO CTpaTeruio.
OpHako ero npakTHyeckas HEHHOCTb BecbMa orpaHuyeHa (ecid He
CYHTATb TOTO, UYTO OH HA€T KOHCTPYKTHBHOE AOKA3aTENbCTBO CYIIECT-
BOBAHHSA [JI TEOPEMBI O MMHHMAaKce), TaK KakK BO3HHKAIOLLHEe NPH €To
npuMeHenun anddepeHnuanbuble ypaBHeHuda, Boobule roBopsa, He MO-

Aaa¥ateIlN.22 X020 ALY el JA 1T L% W

ryT ObITb pelleHbl aHAMTHYECKH.

11.6.3. [1pumep. PaccmoTpum urpy c marpHued

0 1 -2
—1 0 3
2 -3 0

Ee MoxHO cuHTaTb OOGOOLIEHHEM XOpOLIO M3BECTHOM HAETCKOH HrpH
«KaMeHb, MeUIOK M HOXHHHbl». Tak Kak Marpuma KOCOCHMMeTpHue-
cKas, 3HaueHHe UTpbl JOJXKHO ObiTh paBHO HyJ0, OueBHIHO, 3Ta Urpa
He HMeeT CelJjioBoil TOYKH. KpoMme TOro, omTuMasbHas CTpaTerus He
MOZKET HCMOJIb30BaTh TOJMbKO [Be YHCTble CTpaTeruud; AeHCTBHUTENBHO,
ecsiu, Hanpamep, Xy >0, xo >0 u x3 = 0, To Jerko BUJETh, UTO TaKas
CMEIIaHHas cTparerusi AJAs urpoka [ paer oTpHuaTe/bHBIE OXHAae-
MBLH BBIHFPBIUI NpOTHB NepBofi ukcTON crparerud urpoka II. Tlostomy
BCE KOMMOHEHTHl ONTHMAaJbHOM cTparerud x OyAyT MOJOXKHUTEAbHBIMH.
dra crparerds ONTUMAaJbHA TaKXKe U AJad urpoka Il, u paccyxnenwue,
nopo6uoe npoBeldeHHomy B 1. II.5.5, nokaspiBaer, yTo KOMIOHEHTH X
JOJDKHBl VIOBJIETBOPATh CHCTEMeE JIMHEHHbIX YpaBHEHUH

— X9 QJC3 = 0,
xl - 3x3 = O,
— 2x;+ 3% =0,

X;+ Xot+ Xxg3=1.

Pewenne 3tux ypaBHeHui#t (‘fq, /3, 1/s) Herpynno maiitu. daa oboux
HTDOKOB 3TO €IHHCTBEeHHAsl ONTHMAaJbHas CTpaTerts.
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Jasanu

1. Tlokasars, uro ecin C — MI060e BHITYKNOE MHEOKECTBO H X — JO62R TOUKa
T

X
¥ 1] v o Y
rpanunbl C, TO CyLIeCTByer TaKOH BekTop p=£0, 4ro ?E xp,=0u Xyp, =

Bast BeeX y & C. (3TO HECcKOJBKO GoJiee CHALHBIY BapHaHT TeOpeMbl 06 OMOPHOH ru-
nepnaockoctd. BocnoansydTech 3TOR TEOPeMOR M TeM OGCTOATENBCTBOM, YTO eciH X

HaXOAUTCH Ha rpahuue C, TO cymecTByeT MOCAeZOBATeNbHOCTh ToueK x ¢& C, KOTo-
pas CXOQHTCA K X.)

2. INoxasaTs, YTO MHOMECTBO ONTHMAJbHHIX CTPaTerHii BCerja 3aMKHYTO, BHINYK-
JI0 M OrpaHHYEHO M, CIeJOBATE/bHO, ABJSAETCH BHIMYKAOHK OGONOUKOH CBOWX KpaiHUX
TOUEK.

3. Tlokasarb, 4TO ec/aM NPEACTABHTH MaTPHUHYIO (m X n)-arpy Kak TOuKy B
Mn-MEPHOM €BKJHIOBOM NPOCTPAHCTBE, TO 3HAYeHHe TAKOH WLPH OKAa3biBAeTCH Hee
fNPePHIBHOR (QYHKIMEH MIphl.

4. Tlokasarp, 4ro 0TOGPaXKEHHE MATPHUH Hrpbl Ha MHOXECTBO e€ ONTHMAJbHEIX
g,parerﬂﬁ ABJAETCS NOJNYHENPEphIBHHM CHH3Y :

JE A Rt i wln EE X E R L L Y T £ S0

5. TlokasaTh, 4TO MHOXECTBO MATPHuUMHX (M X n)-Urp ¢ efUHCTBEHHBIM pellle-
HHEM BCIOAY NJOTHO i OTKPHITO, :

6. Ilycts X W y-- KpafikMe TOYKH MHOMECTB ONTHMANbHBIX CTPATErHi HrpH €

Matputieir M u HeHyZesmM 3nauenueM. Tlokasats, uto M uMeeT Takyw KpajpartHyio
HEeBLIPOXKIEHHYIO MOAMATpHuy M, uro

L Y ) LA
T T Tt

rae J — BeKTOp HYXHOR Da3MepHOCTH, BCe KOMMOHEHTH KOTOPOrO paBHb! 1.

a) Ilpoussesenue x ma JmoGoi croabew us M, npeHasdexamui M, KOMKHO
paBHATBCA U,

6) Ipoussenenre y ua mobyw cTpoky us M, npemamdexamyio M, zoaxuc
PaBHATHCA U,

B) i-1 cTpOKa u J-fi cTonGen W3 M [O/MKHH TpuHafjexats M, ecan £i >0 n
y; > 0.

r) K marpuue M MoXHO HOGaBNsITH CTPOKM U CTONGLUbE {npn 3TOM AOMKHEI Bbi-
OOJHATbCH CBOHCTBA a) u 6)) [0 TeX nOp, NOKa OHH OCTATCH JAMHEHHO He3aBU-
CHMBIMH, 4

A) Ecnau nocrpoennas TakuM cnocoBoMm MaTpUlla MMeeT JIHHeHHO 3aBHCUMBIe-
€TPOKH, TO TOYKa X He ABJAETCA KpalHed. Ecan cronbubl JnHelHO 3aBHCHMHL, TO
TOUKA Y He fABJATCA KpahHed.

7. [lyete A = (a4;) — KOcOoCHMMeTpUYeCKAS  MATPHUA urpo.  [lyers x =
= (X1, ..., ¥m) =~ CMeLIaHHas cTpaTerdd. BBefeM 0603vaucHuA:

m
up= X azixj, @ (u) =max (0, uy),
j=1

m
D (x) = 3

IokazaTe, yT0 ANs M0G0 «HauaNBHORD cTpaterHu x° peiienue cucTeMbt Aupdepen-.
nHaMbHEIX YpaBHEUUH
dx;

7 =0 ()~ x® (x), x(0)=x°
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CXOAHWTCA K ONTHMAJbHOM CTpAaTerdH B TOM CMbicJe, UTO OHO MOJIKHO HMMETh IHpe-
JielbHBIE TOUKH U JAl06asi npefielibHas TOYKa ABJAETCH ONTHMallbHOR cTparerdef.

a) Ecau x¢ — ctparerus, to x(f) Gymer crparerueft npe Bcex i

6) dynxuusa P yAOBJIETBODAET YPaBHEHUIO

%m— 20 (x) P (x).

%)
YO E YT O

8. [yets A = {a;;7) — npon3asosibHast (m X n)-marpuna. PaccMoTpum, nanee,
(mn X mn)-MaTpuny B = (bpg), onpefelsieMyl0 CJIeAYIOMUM 0GpasoM:

bl nti. (=1 net =Gy — dpye

TlokasaTe, yro MaTpuua B KOCOCHMMeTpHUecKas; C/JeHOBaTeAbHO, OHA NpPEACTaBJfAET
cnMMerpHuHylo urpy. Kpome toro, nmokasate, uro eciu A = (A;, ..., Amn) — oOnTH-
MalbHas crpaTerds s B, TO BEKTOpH X W Y, OnpejelsieMbie DaBeHCTBAMH

n
"i’""“le Aimn) ney

m
y;”izla'(i.—i)ni-j’

ABAAIOTCH ONTUMAaJdbHBIMU cTpaternaMi B A nas urpokos I u Il coorBercrsenHo.

9, (Pewekne wurp NpH NoMOmWU (UKTHBHOLO pasmrpuiBanus). PaccMoTpeM cle-
AYIOmMER npoece ans MaTpuusoli Hrpnl A = (ag;). JlBa Hrpoka pasbIpuBaiOT 3Ty
urpy Muoro pas. Ilpu nepBOM pasbirpbiBAHWM OHH MOTYT HCNOJB30BATh JOObie CTpa-
perun. I1peanoJIOXUM, 4YTO 22 nepBele £ passirpeiBanufi urpox 1 Hcnosbsesan i-io

Ll fiEl. REpeaRarveiloanaing Sl URIBAlLY

CTpAaTerumo X? pas (i=1, ..., m), a urpok I ucnoab3osan j-10 crpareruio Y’; pas

(j=1, ..., n). Torna np# (£ + 1)-M pasmrpuiBaHuUE HIPOK I OyJeT HCTO/Nb3OBATH
ip41-10 CTpATErulo, a urpoK Il — cBOIO fi+1-10 CTPATErHIO, TAe

k E_
IZ aik‘*’l’] Y]- --=miax ; ai}vY}v Uk
k . k_
2,-] 5, fpq, X1 =MD ;} a, Xi=V,

{TakeM 06pa3oM, NP KaXAOM pPasbTPHIBAHMM KaXKABA HrPOK BHIOHPAeT TakKyio
CTpaTeruio, KOTOPas sABASeTCH HauAyylled MO OTHOWIEHHWIO K HAKOIJIEHHHIM MNPOLIIBIM
sn6opamM nporuBHuKa,) [Tokasarh, yro MmoGas npefedbHas TOUKa Naphl NocleAoBa-
tenpnocTelt X3/k, Y2 /E ectb pelliekHe urpe A.

a) DyaeM roBOpHTB, UTO ig-si CTPOKa ABJsieTCA noAxcAfmeRk B uHTepsase [k, &),
€C/lH CYIECTBYeT Takoe &y, k =< k) =< ¥/, uro

k
FIJ ;¥ i’ = Upps
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A

H aHaJoruuHo jo-fi cronlel sBAsieTcs NOAXOASILEM B uWHTepBane [k, k'], ecau cyie-
CTBYeT TaKoe kg, B = ky =< &/, urO

k
; aihxizﬂ szc

Torna, ecnn Bce CTPOKH ABARIOTCA NOAXORAMUMH Ana [k, {], To
Vi—U; = 4a (k—1),

rae a = max|ia;;].

6) Oaa moboro & >0 cymecTsyer Takoe Ky, uto Vp— Up = ke pans Beex
k = ky. [loxasate/bCTBO BeCTH HHAYKuMefl no pasmepam MaTpHus. Eciw A ecrts
(1 X 1)-Marpuua, ato ovesugno. IIpefinoNOXEM, 4TO 3TO BepHO AJMA BCeX MOIMAT-
puu A Marpuupt A. BuiGepem k* Tak, uto V,.—U,. = ke/2 aas scex A. Torpa
ko == 8ak*/e ypoBnerBopser HameMmy TpeGosamuio. ([1okasaTh, HTO eclH Kakaf-au6o
CTPOKA WJH KakOW-MHGO cronbel| aBJAITCA HeNOAXOAAIIUMH IJI HEKOTOPOro HH-
TepBasia, TO X MOXHO B 3TOM HATepBaje BHIYEPKHYTh H HCCAEA0BATb TOJBKO OUTAID-
HIyioca NOAMATPHILLY; DACCMOTPETh HHTepBadbl BuAA (R, b+ k*), rae k4 k* < k)



T'nasa I11

JJUHENHOE TTPOTPAMMMNPOBAHUE

I11. . BBEJIEHNE

Kopotko rosopsi, 3ajauya JHHEHHOTO NMPOTPAMMHPOBaHHA €CTb 3a-
Haya MAKCHMH3aunuH (MM MHHMUMH3AnuH) JHHeHHOH (yHKIMH (Ha3bl-
BaeMoll yeaesoi (pyHkyueid) TpH HAMMUHH JAHHEHAHBIX OTpPaHHUYEHHIL.
OO0bluHO OrpaHH4YEHHS UMEOT BHA HEeCTpOTHX HEpPaBEHCTB, a Ha Mepe-
MedHBE HAaJaraercs Yc/IoBHe HEOTPHHATEIbHOCTH. TakuM 06pasom,
camaa oObluHag ¢opMa 3ajaud JHHEHHOTO TNpPOrpaMMHUpPOBAHHSA Ta-

KoBa: HallTH (X1, ...,Xm) TaK, 4TOOBI

MaKCHMH3HPOBATb > cix; (3.1.1)
i=1
IIpH YCJOBHAX ha ayx; =b;, j=1, ..., n (3.1.2)
X; = 0, (_3.1.3)
WJAH B MaTpPUYHBIX 0003HAYEHHAX:

makcumusupoBatb xCT (3.1.4)
NpH YCJOBHAX xA = B, (3.1.5)
x=0. (3.1.6)

Cnenyer yKasarb, uT0 Takaf (opma 3anucu 3ajayd JAHHEHHOTO MpO-
rpaMMHpOBaHHA He sBJaserca Haubojee o6med. [lefcTBATeNBHO,
MOXeT NoTpe6GoBaTbCs He MaKCHMH3HDPOBAThb HEAEBYIO QYHKUHIO, & MH-
HEMu3dpoBaTh ee. Hexoropble orpanuyenna MOryr HMeTe ¢opMy pa-
BEHCTB, a HEKOTOpble NMepeMeHHble NMPHHUMATb U OTPHHATEJAbHbIE 3HA-
yenus. Caeayer, 0JHAKO, yKas3aTb, 4TO MHHAMH3auua QyHKnHH paBHO-
CHJIbHA MAaKCHMH3anuy 3TOH (YHKIHH, B3SATOH C INPOTHBOMOJOXKHBIM
3HaKOM, PABEHCTBO MOKHO 3aMEHHTb JABYMs NPOTHBONOJIOXKHBIMH He-
paBeHCTBAMH, a TNepeMeHHYI0, He HMEIOULYI0 OrpaHHYeHUs Ha 3HaK,
MOXHO BbIPa3HTb B BHAE PA3HOCTH ABYX HEOTPHLATENbHBIX MepeMeH-
Hetx. IlostoMy, crporo roBopfl, NMpH pacCMOTPEHHH 3aJaud B BH]E
T

{21 1\___(31.6} MBI He Te

\J.i.1)— aeM o61HoCT

™
\.,Pll ¥i ALY LARS L § ¥
H

II.1.1. Onpeneanenune MHOXECTBO BCEX TOYEK, YAOBJETBO-
paownx orpanuyednam (3.1.2) u (3.1.3), mbl Gyaem HasbiBaTh dony-
ctumoim mHowcecrgon 3apmaun (3.1.1)—(3.1.3). Maxkcumym Bblpaxke-
Husi (3.1.1) Ha3sbiBaeTcst 3HaueHuem 3ajaud.

YAl 1iv
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MoXHo NOKasaTh, uTO peuleHHe MATPHUYHOH HMIPbl MOXKHO CBECTH
K 3ajaue JIHHedHOro mnporpammupoBaHus. [HelcTsuTesbHo, ecan
Urpok I Hcoosb3yer CTpaTeruid (Xi, ..., Xm), OH obecneuuBaer cebe
OXKHAAeMbIH BBIUIPBINI He Me€Hee A, THe A — J060e 4HCAO, TaKoe, 4TO

m
Zla”xtg?u, j=1, ..., n.
‘=

IToaroMy 3anmaua HaXOXKAEHUsi ONTHMAJNbHON CTPATErHH AN HIPO-
Ka | cBoauTCS K 3afaue AUHe#HOro NporpaMMupoBaHuS:

MaKCHUMH3HPOBATb A (3.1.7)
m
OpH ycJOBHUSAX HZa”xf-i-th, j=1, ..., n, (3.1.8)
i=1
m
X, =1, (3.1.9)
i=1
X, =0, i=1,..., m. (3.1.10)

AnanoruuHo 3ajlaua asa urpoka Il cBoaMTcs x 3amaue Junelinoro
NporpaMMHpPOBAHHA:

MHHHMH3YPOBATH (3.1.11)

IPH yCAOBHAX -«-ga”y;+u20, i=1, ..., m, (3.1.12)
éyﬁ I, (3.1.13)

y; =0, j=1,..., n (3.1.14)

11L. 2. IBONCTBEHHOCTH

PaccMoTpuMm fBe 3afauM JHHEHHOrO NPOrpaMMHPOBAHHS:

MakcuMHu3upoBarp xCT (3.2.1),
NpH YCAOBUAX XA = B, (3.2.2)
x=0 (3.2.3)
MHHHMH3HDpOBaTh ByT (3.2.4)
MPH YCJI0BHUSX yAl = C, (3.2.5)

y=0. (3.2.6)
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3agaua (3.2.4)—(3.2.6) HasbBaeTcd 080lcT8eHHOY K 3ajaue
(3.2.1)—(3.2.3). Kpome Toro, ecau uameHuTb 3Haku y A, B u C, ToO
(3.2.4)—(3.2.6) MoxHO nepenucaTh KaK 3ajfayy MaKCUMH3aLHH:

MakcuMusupoats y (— B)T (3.2.7)
TpH YCJOBHSAX y(— AT) = —C, (3.2.8)
y=0. (3.2.9)

IBoticrBeHHoli 3amauesi ansa (3.2.7)—(3.2.9), xak onpeldeseHo
" BbillIe, JOJKHa ObITh 3aja4da:

MuHUMH3HpOBaTh —CxT (3.2.10)
TIpH YCJOBHSX x(— A)= (3.2.11)
X = G. (3.2.12)

Ho oueBugno, uro (3.2.10)—(3.2.12) 3kBHBaJEHTHO (%.2.1)——

b
FEo ) Q\ Pnn OBaTeNBHO., MOXKHO VTBENK Hﬂ’l‘k uTo nnnur"l‘RP HOH 2ana-
U".U Wil AUU“I\;I{JU&IU’ INIAWFIASILY) J din R4 L AF WS KR N B e e (e Lo s g ay

yelr AR (3.2.4)—(3.2.6) gamasercs 3anaua (32 1)——(323) [Tosromy
ABOMCTBEHHOCTb fIBJsAETCA B3aMMHO OOpaTHLIM OTHOIIEHHEM: ABE 3a-
Aauu (3.2.1)—(3.2.3) u (3.2.4)—(3.2.6) ZHBOfiCTBEHHB! ORHA ApPYTOH.

Caenyolllge Aajee TEOpEMBl YTOYHAIT STO COOTHOLIEHHE MEXAY
JBOHCTBEHHBIMH 3afaiaMH JHMHEHAHOTO NpOrpaMMHPOBAHUA.

I11.2.1. Teo peMma. Hyc:rb X U y npuxadaexar OOnYCTumbim MHO-
11 {

AL AV 2 Y aa f\nlqn4 ‘:) a0 2N Y IQ 0 A [Q 0 Q\ LOANTLIDTHTOOOLIUN
HCECTBAM JSUaUaH (sl 7™ 0.4.0) W \W.&T)7 (Vs U) CUVIOCIvIiOCnY,

Toz0a

xCT = i X6 = g} X; (; a”y;) = (mo (3.2.3) u (3.2.5))

= i (i xia”) Yy = i biy; = ByT (mo (3.2.2) u (3.2.6)).

[11.22. CaepncrBue. [Ipednosoxum, 4ro sexropo. x* u y* npu
Hadaexcar Oonycrumoim mHOXMcecTsam 3adaw  (3.2.1)—(3.2.3) u
(3.2.4)—(3.2.6) coorsercreenno u uro x*CT = By*T, Toeda x* u y

ABAAOTCA peuwleHuamu arux 08yx 3adau.

3anaya JHHEHHOr'0 MPOrpaMMHpPOBaHHS B 00llieM cayuae He 00s3a-
TEbHO HMeEET penleHKe. IDTO MOXET NPOM3OATH MO CACAYIOUIUM ABYM
npuuuHaM. C OJAHO#l CTOPOHBI, eclH CHCTeMa OTpaHHYEHHH OKaxeTcs
HeCOBMECTHOMH, To IONycTHMOe MHOXKecTBO nycro. B arom caydae 3a-

Kaua HasbBaercs Hedonycrumoil. C Apyroil CTOPOHBL, MOXET CAVUHTBCH,
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YTO HCKOMBII MakcuMyM (MIH MHHHMYM) HeE CyIIecTBYeT, AaxKe
ecaM 3ajada donycruma, Tax Kak nejeBafs (QYHKOMS MOXKeT [IpHHH-
MaTbh Ha AOMYCTUMOM MHOXKECTBE NMPOU3BOJBHO GOJbLIHE (HIH MaJible
B cAyyae 3afaud MHHAMHU3anuu) 3HaueHus. Hanpuwmep, sagaua

MaKCUMH3UpPOBaATL 2x

e %x-(_:}, x =0

L)

HE HMEET peuleHus, TaK Kak pesieBasg QyHKuHS MOXKET NPHHHMATH 1pO-
#3BOJbHO OoJbliyMe sHauenus. Taxkas 3ajkaua HasblBaeTcs Heo2paHu-
HYEeHHOU.

YkaxeM eme oaHo caeacTsue u3 teopemn 111.2.1.

[IL.23. Cnencreue. Ecau 3adaua auHelnozo npozpammuposa-
Hua (3.2.1)—(3.2.3) neoepanuyenna, ro dsolicreennan s3adawa (3.2.4) —

(5.2.6) Hedonycruma. AHaasozuuto, ecau 3adaya (3.2.4)—(3.2.6)
nHeoeparudenta, 1o (3.2.1)—(3.2.3) Hedonycruma.

HoxasarteabcrBo. [Ilpeanonoxum, uto 3agaua (3.2.4)—
(3.2.6) nonycruma, T. €. y NpHHAMJEKHT HONYCTHMOMY MHOXKECTBY
nas (3.2.4)—(3.2.6). Toraa neneBas ¢yuknus xCT orpaHHueHa cBepXxy
BenuuuHoii ByT. CraenoBareabno, 3amaua (3.2.1)—(3.2.3) He 6yner
HEOrpaHUYEHHOH.

O6pamenue caencrBus 111.2.3 ue umeer mecra. Muaue rosops, ecan
3ajlaya HEROMYCTHMA, TO OTCIOAA He CJAEeAYEeT, YTO ABOHUCTBEHHAas el
3aflaua HeorpaHuueHHa. MozKer oxaszaTbcs, uro o6e 3ajaud Heaony-
CTHMBI.

I11.24. TIpumep. [ABoficTBeHHBIE 3aJaUH:
MaKCHMH3HPOBATb OXi + X

NpU YCJAOBHAX X=X =1,
- X + X9 é - 2:
X, %2 =0,
H

MUHUMHU3HUPOBATD Y1 — 2>

NpH yCcJOBHAX y1—Yys =5,
“yl+y2 g 1)

TI 7 s-_ §

Iy Y2 = ¥

06e ABASIOTCA HEAONMYCTHMBIMH.

Takum oOpasom, ecau 3afaya HEJONMYCTHMA, TO [ABOMCTBEHHafd eff
3ajaya MoXeT OBITP HEOrpaHHUEHHOH WJAHM HeAonycTuMmoil. Mbl moka-
JKeM ceHyac, 4TO ApYTrdX BO3MOXKHOCTEH HeT.
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[11.2.5. Teopema. [lycto 3adaua (3.2.1)—(3.2.3) donycruma,
a Osolicteexnas 3adaua (3.2.4)— (3.2.6) nedonycruma. Tozda 3adaua
(3.2.1)—(3.2.3) HeoeparuuenHa.

NokasatreabcTBo. Ilycrs 3agaua (3.2.4)—(3.2.6) nepony-
cruma. Paccmorpum urpy ¢ [m X (n +1)]-marpuneit

(— AiCT), (3.2.14)

noJiyueHHoi 1oGaBienneM Bekropa-croa6ua CT k marpuue —A. [Ipen-
MOJIOXKHUM, 4TO 3HAYEeHHE 3TOi WTPBl OTPpHUATENbHO. Toraa, ecan § =
= (S, ..., Sn, Sny1) — ONTHMAsbHag crparerus urpoka lI, To

n
—Za”s,+cisn+1<0, i=1 ..., m
=1

Ecin spy =0, 10

T. . BekTop ks ynosnerBopaer (3.2.5) u (3.2.6), Tak urO0 3ajaua
(3.24)—(3.2.6) momyctuma. Ecnun ke Spy >0, TO HONOXKEM Y; =
= §;/Sn41; TOTAA y yAoBaerBopaer (3.2.5) u (3.2.6). Takum o6pasowm,
3Ha4eHue 3TOL uzpol Q0ANHO GblTb HYAEBHIM UAU NOAONCUTEAbHBLM,

[MpeanosoxuM Tenepb, uTO 3HAUEHHE STOH MIPBI PABHO HYJIO;
nPeANoNOKHUM TaKkKe, uTo HrPOK Il MMEET ONTHMAaNbHYIO CTpATErHio S,
B KOTOPO# Spyi > 0. Ec/iv mONOXKHTD Y3 = $j/Sny1, TO CHOBA OKaxeTcH,
yro y ynosnaerBopsier (3.2.8) u (3.2.6), a 370 NMPOTHBOPEYHT NpelNo-
JIOXKEHHIO 0 HeJONMyCTHMOCTH 3ajaun (3.2.4) — (3.2.6).

CaepoBaTe/ibHO, 3uayeHue MarpuuHoil wurpel (3.2.14) neoTprua-
tenbHo. Kpome Toro, ecnm 3To 3HaueHWe paBHO HYJIO, TO A/ Beex
ONTHMAJbHBIX CTpPaTeruit § urpoxka Il mMbl ZOJXKHBI HMETH Snyt = 0.

U3 teopem II. 4.4 u 11. 4.6 caenyer, uto urpok I mosxes umerb ra-

Ky1o crpateruio { = (¢, ..., tm), 4TO
m
gi(_ai_f)tigo, j=1»-'-a n,
n
20,-t,->0.
i=1

[To nmpeanonoxenuwo, 3agada (3.2.1)—(3.2.3) nmonyctuma. Ilycrs
X = (Xy,...,Xm) TNPHHALJIEKHT €€ AOMNYyCTHMOMY MHOXKecTBY. Toria
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AUt JIIOGOTO MOJIOKHMTENbHOTO HHCAA O BekTOop X + af Takke Gyner
npuHajiexarb 3ToMy AONYyCTHMOMY MHoxecrsy. Kpome Toro,

w1 re
X+a

—

¥ npaBasl 4yacTb ITOFO PABEHCTBA MOXeT OHTb clefaHa NPOK3BOJIBLHO
Go/iblIO 3a cueT yBeauueHHs o. 3Hauut, sagaua (3.2.1)—(3.2.3) He-

AT N TYITTTATITIT A

i pann Hoernrnd.

Takum 06pasom, a/is napbt ABONCTBeHHHX 3afau (3.2.1)—(3.2.3) u
(3.2.4)—(3.2.6) BOo3MOXHBI ueTbipe BapuanTta. JIuGo 06e 3amaum AB-
JA0TCA HeAONMYCTHMbIMHK, nu00 OfHa 3ajaya HeLOHMYCTHMa, a Apyras
HeOrpaHH4eHHa, Ju60 ob6e AONyCTUMBbI KM OrpaHuyeHHnl., B nociennem
clydae TOT (akT, YTO AONYCTHMOE MHOMECTBO 3aMKHYTO, MNO3BOJSIET
yTBep&Aath, uto 0O0e 3ajauyu Oyayr umers peuienusa. Chaeayiolias
OYeHb BaxkHasi TEOPEMa MOSCHAET COOTHOLIEHHE MEeXAY HUMH B 3TOM
noc/jieJHEM cJ/ydae.

[11.2.6. Teopema. Mycre 06e dsoiicreennsie 3adauu (3.2.1)—
(3.2.3) u (3.24)—(3.2.6) ssaswrca donycrumoimu. Tozda o06e oHu
Umeior pewienun x* u y* cOOTBETCTBEHHO U, KPOME TO20,

x*cT= By*T’

L

T. €. 00¢ 3a0a4u uMeroT OCHO U TO Xe 3nadexue.
JloxasarenbcrBo. Paccmorpum urpy ¢ matpuuei

[ 0} AT{_BT\
Bi—Ci 0
rae 0 npeicraBisieT cOG0H MaTpHIy COOTBETCTBYIOWIMX PasMepoB, Bee

3/IeMEHTbl KOTOpOH paBHbi HyJaw. Marpuna M KococumMeTpuyeckas:
Cllel0BaTeNibHO, 3HAYEHHE UIPbl PaBHO HY.JIIO.

- Ilpeanoaoxum Ttemepb, 410 § = (Sy, ..., Smyni1) — ONTHMANBHAS
cTparterua asa urpoka l. IMonesxkum
y={(s5, ..., S,),
x - (Sn_},,i, s ey Sn_!_m),
W= Snimyi-

BBuay onrumainbHocTH § u Toro, uTo 3maueHue MTPbl PaBHO HYJIO,
Mbl IOJ1YYaEM

~xA +wB =0,
yAT — wC =0,
— yBT + xCT = 0.
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[Tycrs @w >0, Ecin nonoxuth x* = x/w u y* = y/w, 10 dcHO, 4TO
x*A=B,
y'AT=C,
<, y=0

x'CT = y'B".

A1o 03HayaeT, 4yro X* ¥ y* NpHHALJIECKAT AONYCTHMbIM MHOXKeCT-
BaMm aisa 3azad (3.2.1)—(3.2.3) v (3.2.4)—(3.2.6). U3 Teopemnl I11.2.1
u caeacrsuda 111, 2.2 nonyuaem, 4to x* u y* ABJAAIOTCA PELICHUSAMH 3THX
JIBYX 3a]a4 H, KpoMe TOro,

x'CT =y BT,
[TpeanoniokuM TENepb, UTO HU AJS KAKOH ONTHMaJbHOH CTPaTETHH
s urpoka I He MMeeT MeCTO HEPABEHCTBO Sminy1 > 0. B atom cayuae
no teopeme II. 4.4 urpok Il umeer onTuMa/nbHyI0 CTPATErHIO r= (ry, ...
..., 'mynsi1), CKaNipHOE NMPOH3BEACHHE KOTOPOH € MOCAEIHEH CTpOKO#
marprllbl M orTpunartensHo. Tak Kak o6a Mrpoka UMEOT OJMHAKOBBIE

MHOMECTBa ONTHMAJbHBIX CTPaTeruil, Mbl AOJIKHB HMETb Fmynyt = 0.
Ecan nooXXuth Tenepb

y={rb"':rn)’
x=(rn+l, ..oy rm+n),

yAT =0,
— yBT + xCT > 0,

TO

HJ/I4, paBHOCHJIBHO,
xA=<0,
yAT = 0,
xCT > yBT. (3.2.15)

B unepasenctBe (3.2.15) nn6o JeBas 4YacTb MOJOXKHUTENbHA, JHOO
npaBas 4YacTe OTPHUATelbHa. JlomycTuM, 4YTO JieBas 4acTb NOJIOXKH-
renvHa. Ilo npeamonoxkeHulo, 3azada (3.2.1)—(3.2.3) nmomyctuma;
nycTh X’ MpHHALJIEXKHUT €€ AONYCTHMOMY MHOXecTBY. Jlerko BHaeTh,
uto ¥’ + ax aia A60ro MOJOXKHTENbHOTO Q. TaKXe NPHHALJEKHT HO-
nycTHMOMYy MHOXecTBy H (X' + ox)CT moxer ObiTb CHEMAHO NMPOM3-
BOIbHO OOJIbIIMM npu Bo3pacTaHuu «. 3HayuT, 3ajada (3.2.1)—

(3.2.3) neorpaHuuenHa. Ho 3To o3mauaer, uto 3agaya (3.2.4)—(3.2.6)
Hezonycruma. AHajoruiHO, eciH npasas yactb (3.2.15) orpuuaresb-

Ha, To 3azaya (3.2.4)—(3.2.6) HeorpaHuueHHa, a 3ajaya (3.2.1)—
(3.2.3) nueponycruma. [lonyueHHoe npoTHBOpEUHE [JOKA3LBAET TEO-

pemy.
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II1. 3. PEHIEHHE 3AJTAY JIMHEAHOTO NPOrPAMMHAPOBAHNASA

Ha nepBmifi B3rasiy MOXer noKasaTbecs, YTO 3a4auu JHHEHHOTO
NpOrpaMMHPOBaHMS MOXKHO pelllaTb METOJaMH MaTeMAaTHYECKOTO aHa-
nu3a, Mosaras 4acTHbie MPOH3BOJHBIE PAaBHBIMH HYJIO. Oparako Ha ca-
MOM JeJie IeseBast QYHKUMA JHHEHHA, TaK 4YTO BCe €€ YacTHble MPOHU3-
BOJHBIE NOCTOSHHBI, pelleHHe 3ajadyu JIHHEHHOro NPOrPaMMHpPOBAHHA
Gyner HaXoAuTbCA Ha IpaHHIe AONYyCTHMOrO MHOXKecTBa. Merton, Ko-
TOpHIl OOBIYHO HCHONb3YyeTcs /s pPelleHus 3ajad JHHEHHOro Mnpo-
rpaMMHPOBAHKS, OCHOBBIBAETCS HA C/ICAYIOWMX COOGpaKeHHAX.

(3.3.1) nnnvn'rumrnp MHOMECTRO fABRJIALTCS

\U il l’ PeNWTAL Y L TRITAV AVA RANS LN

KX HNOJYNPOCTPAHCTB, TAaK KAaK Kaxjoe HO.HYIIpOCTpaHCTBO BbIl'IyK.HO
JONYyCTHMOe MHOXX€eCTBO OKA43bIBA€TCA BbINYKJbBIM MHOTOTpPAaHHHKOM.

*a
=
(D

(3.3.2) Tak kak gonycTHMOe MHOMKeCTBO BbIIVKJO, a LeneBas ¢GyHK-
uus JKHeliHa, J10000 JOKANbHBIA 3KCTpeMyM LejseBOH (QYHKUHKH OyIeT
rs106a/bHBIM 3KCTPEMYMOM,

(3.3.3) Tak kak neneBasi (yHKUMS JHHEHA, 3KkcTpeMyM Oyaer mo-
CTHTaTbc B OJHOH H3 KpaHHuX TO4eK (BEpUIKH) AONYCTHMOIO MHO-
XecTBa (MHOTOIpDaHHHKA).

C reoMerpuueckOii TOYKH 3PEHHSI CHMIJIEKC-METOJA MOXKeET OBITh
onucaH caeayoiuM o6pasom. Haxoaurcss ogHa u3 BeplUIMH MHOrOTpaH-
HHKa (3TO MOXHO CAejsaTh M aHAJIKTHYECKH, pellas CHCTEMY N ypaB-

HEHHP'I 3ajaBaeMbix OI‘paHH‘{eHHﬂMH) SaTeM paCCManHBaIOTCH BCe
nebpa. cxopduivuecd B Q’I‘nu BenIIIuHe Fr‘nu eJsaeBas rhvum!uq HEe MN-

Fevprsy = HALYILL? DR nllle aldl wiarnasladd JIAONARNAJL 1l W AVA WS

)KeT ObITh yJaAy4yUICHA MNpPH [Iepe,H.BH}KEHHH BOJIb 106070 K3 3Tux pebep,
TO JaHHas BepllHHa fIBJAAETCA JIOKAJbHBIM 3KCTPEMYMOM, a CJield0Ba-
T€JbHO (HAa OCHOBAHHHK 3aMeanHﬁ (3.3.2}), u raobanbHbIM 9KCTpeMmy-

[ Y ¥ .S ¥ Enn'r AFMA TTAITATIA T ‘YYI"I”I"I"H TEETYTTITY &4 % v °F e 8 Tt ate

MOM. LCJAH 2Ke LIeJieBasd P yohlihlni _y.u_y‘uudt:u.n BAOJb OJHOIO B3 pcucp.
TO Mbl nepexonHM no 3TOMY p86py K BepL[IPIHe pacnonomeﬂﬂon Ha
ﬂpyFOM €ro KOHueE, H HOBTOpHEM 3TOT l'IpOH.ECC Tak KakK LeJsiepas (l)YHK-
OHSA Ha K&)Kﬂ,OM urare yAaydiiaercH, ‘IEPGB OOHY H Ty X¢ BEpUIKHY
HE/IB3A [IpOHTH JBax ] bl. HO [NOCKOJ/IbKY BMECETCH JIHIIDb KOHECUHOE YUCJIO
BepUIHH 3TOT HPOHCCC qepe3 KOHCHHO¢ 4uCaAQ LIaros OpUBEACT HAC
K peE€HICHHIO.

IL 3.1. ITpumep. Hoscuum 3Ty umero Ha npumepe:

MaKCHMH3HPOBaTh @ = 2x + y
NpH YCAOBHAX x=1,
y=1,
2x + 2y < 3,
x, y=0.

2 3ak. 893
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Honyctumoe mHoxectBo Ha puc. [I11.3.1 3areneno. Crpesika ykasbl-
BaeT I'paiveHTt Ue/ieBod ¢yHkuuu. Ecian HauuHaTe U3 Hauana KoOpiu-
HaT, TO Mbl BHIHM, YTO W BO3pacTaer BAOJb JI00OOr0 HauuHaIOLIEroco
B HeM pe6Gpa. Bosbmem, Hanpumep, pebpo, nayutee x (1,0). B Touke

(1,0) mbt Hax0AHM, YTO W BO3pacTaer BAOJb peGpa, HAYIIErO B TOUKY

(0,1

(0,0

Puc. IIL3.L

(1,!5). B atoii Touxke Haxoaum, uro w yOwoiBaer BAO/ib 06OMX cX0ad-
muxcss B Hell pebep. Ilostomy MOXHO 3akniouuTh, uto Touka (I, 1)

ABJACTCA PCIICHHECM Halllel 3ajayn.

IL 4. AJITOPAOM CHMILIEKRC-METOIA

Temepb omullleM YKA3aHHbIH Bhille MeTOJ, a/re6panueckH.
Beenem oaHo cXeMaTwueckoe ob6o3HaueHpe, 4TOOH HOOHTHCH HEKO-
TOpOT'o yOpoIleHus cuMBOJMKH. IlycTh naHa crcreMa HepaBeHCTB

apxy+agxe+ ... Fanxn=b,,
QX+ Apxeot o0+ Aok = by, (3.4.1)
@Kyt onXe oo F QX = b,

KOTOpast BMecTe ¢ OOBIYHBIMM OTPAHHYEHHAMH HEOTPHIATEIbHOCTH Xa-
pakKTepPH3yeT AOMYyCTHMOE MHOXKECTBO HEKOTOPOH 3ajJauM JMHEHHOTro
nporpaMMUpoBaHus. ITY CHCTEMY MOXKHO NepernucaTh B BHAE

a1 X, +a21x2+ e O Xm — bl = — U,

@yoXy + Xt oo+ Ampkm — by= — uy, (3.4.2)
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rae u;, j=1, ..., n,— Tak Ha3biBaeMble c80000Hble NEepEMEHHbIE, O]~
YHHEHHblE YC/IOBHIO HeoTpuuaredbHoctH. OrpaHuuerua (3.4.1) cse-
AEeHbl TENepPb K 3TOH cHCTeMe YPaBHEHHH BMecTe ¢ OrPAaHHYEHHSIMHU
HeorpuuarensHocta x;==0, #;=0. Mpl 6yaeM OTOXIECTBJATb CHCTEMY
ypaBHeuul (3.4.2) co cxemo#

Xy X9 ... Xp l

ay Ay ... Gm — b |=—u,

i9 Q9o .. Amo — b2 = — U, (3‘4'3)
aIn a2n .0 amn - bn = = un

Hrak, kaxiasa CcTpoka BHYTPH PaMKH 3TOH CX€MBl NpeacTaBAsieT
JHHe{HOe YpaBHEHHe, KOTOPOe MOJAyyYaeTcsi B Pe3y/bTaTe yMHOXKeHHS
KaXKJ0To 3/€MEHTA CTPOKH Ha JIEMEHT, PACMNOJIOXKEHHBIH HaJ, CTPOKOH
(BHe paMKu) u COOTBETCTBYIOIIMM CTONOLOM; MOJyueHHas cyMMa 3a-
TeM NpHUpPaBHHBaeTCA 3IJEMEHTy, CTOAUleMy BHe paMkH cnopaBa. [.as-
HOoe MPEHMYINECTBO TAKOH CXeMbl, KakK OTME€YaJOcChb BhIIIE, COCTOMT
B TOM, YTO OHa MO3BOJisieT H30eXaTb MOBTOPEHHS MEPEMEHHBIX X, .
..., Xm ¥ TEM CaMbiM YOPOIIA€T 3amuch. MOXHO TaKXe BBECTH B CXeMY
(3.4.3) u uenreByw ¢yHkuuio, obo3Hauas ee, HampHUMep, uepes W H
NnpunuchiBasd ee K cxeme, T. €. 1006apjasaa BHU3Y CTPOKY

€, ... Cp 0 |=w. (3.4.4)

Ecnau clenats Bce 3TO, TO MOXKHO BHIETb, YTO CXEMY, COOTBETCT-
BYIOIyI0 3ajaye JiKHEHHOro mporpammupoBaHus (3.2.1)—(3.2.3),
MOXHO TakKXe€ HCHO/b30BaTh [J/if1 MOJyYEHHS ABOICTBEHHOH 3anaud
(3.2.4)—(3.2.6), leficTBuTENbHO, A NPENCTABIECHHS ypaBHEHHH cu-
crembl (3.2.5) MOXHO KCHOJ/1b30BaTh CTONOLBL. B pesysibrate Mbl mony-
4aeM JBOHHYIO CXeMy

\ x; x2 . e s xm l
Yyil ay asy .. Qm | — by |=—uy,
Yo| Qo Qoo oo Qua | — by | = — uy,
. . . . . . - . . - . . . . - (3.4.5)
Yn| Qin Qop . Q| — bn = = Uy,
""‘I Cy Co Cm 0 = w,
[ I I\
vy Uy ... 0, -—w N
KOTOpasi OnuchiBaeT JABe J[BOHcTBeHHbie 3agaum (3.2.1)-—(3.2.3) u

(3.2.4) —(3.2.6) ogHOBpEMEHHO.

%
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PaccmorpuMm Temepn 3ajauy Makcumusamdu (3.2.1)— (3.2.3), npen-
CTABJIEHHYIO CTpOKaMH cxXembl (3.4.9). Mbl nMeem cuctemy n -+ 1
YPaBHEHHI ¢ M + n + | HEU3BECTHHIMH Xi, ..., Xm, U1, ..., Un B W@.
MoxHo, BooGuie roBopf, BHlpasuTb 7 + | 3THX HeW3BECTHHIX yepes
OCTasibHble m Heu3BeCTHbIX. CXeMa, KOHeUHO, JaeT mpeacTaBjieHue st
Uy, ..., Un U W Yepe3 X;, HO, KpPOME BHIPOKAEHHBIX CJyYyaeB, KOT4a MbI
cTa/KuBaeMcst ¢ OOpaluleHueM BBHIPOKAEHHOH MATPHIb, MOXKHO BBIpa-
3HTDb J100ble 7 + | Heu3BeCTHHIX uepe3 OcTajbHblE 1. |

peanonoxum, uto Mbl yxe BhIpasuin 7 + | MepeMeHHbIX Sy,
$2 ..., Sn, W HEpe3 MepeMeHHBIE r1, Ty, ..., I';m K NOJIYUMIH HOBYIO
cXeMy (cuMmuexc-tabJ/uiny)

ry Iy ' 1

! ’ ! N —

ay, Gy ... 4a, bl Sps
’ ’ ’ P

Qo gy «vv Ay [ —b, [=—35,,
- » L 4 - L] L] - ' - L] - -
lrt 2ﬂ * mn n S‘i'
Id F r —

c, € Cpn 0 |=w,

TIe KaXXIbli 3/71eMEHT HHXKHEH CTPOKHM (KpOMe, MOXKeT ObITb, CTOSLIETO
CpaBa 3JIeMEHTa §) ¥ KaX[Ablii 3JME€MEHT KpaiiHero npaBoro cro.bia
(cHOBa KpOMe HHXKHETO 3/1eMEHTa) HEMOJOXKHTeNbHH. Ecau 310 Tak,
To Tabanna (3.4.6) naer pewenwe sagaum (3.2.1)—(3.2.3). [leiicTBu-
T€IbHO, eC/M Mbl HOJIOXKHM Bce MepeMeHHble Iy, ..., ', PaBHBIMH
HYJO, TO KaxJas U3 NePEMEHHbIX §; OyZeT paBHA COOTBETCTBYIOLIEMY
b;. Ho BeanunHbl —b; Henmosoxute babl, Claef0BaTENbHO, BCe S; 6y nyT
HeOTpHLATeNbHbIMH. Tak Kak Bce r; paBHbI HYJIO, 3Ta TOYKA NpPHHAJ-
JEXKUT JONYCTHMOMY MHOXecTBY AJas 3agauu (3.2,1)—(3.2.3). Kpome

TOTO, HHXHSAA CTPOKA JaeT ypaBHEHHe
w=cir,+ ... +c’r_+3,

i

e Bce cf HENnoJoXuTe/bHbl. JICHO, YTO HauboJabllIce BO3MOXKHOE 3Ha-

HEHHE AJis W MOJNYYHTCH, €C/IM NMOJIOXHTb BCe r; PAaBHBIMH HYMIO (Tak
KaKk MeHblle OHu Obitb He MOryT). Takum o06pasom, pelleHHe 3apauu
(3.2.1)—(3.2.3) nonyuaercs u3 (3.4.6), ecau MONOKHUTD

r; =20, i=1,..., m, (3.4.7)
s;=0b, j=1,...,n, (3.4.8)
0. (3.4.9)

Mel uilleM MeTOA, KOTOPHIi MO3BOJIHT MEPENUCATDH cucreMy (3.4.5)
B Bulle (3.4.6) c HEMONOXKHTENbHLIMK 3JEMEHTAMK B MPABOM CTONGHE
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U B HHXKHeHl CTpoke (KpOMe, GbiTb MOKET, NPABOTO HHKHETO S1eMeHTa
8). JlaguM cHauana HEKOTOPHIE ONPEAENEHHS.

I114.1. Oupepgenenne. B cummiekc-rabauie (cxeme) (3.4.6)
nepeMEHHbIE $; Ha3bBAIOTC 6A3UCHbIMY NEPEMEHHBIMH, & NE€pPEMEHHbIE

ri— He6a3ucHoimy nepeMeHHbIMH.

L

[14.2. Onpepenenue. Cumnnekc-Tabnuua OyLer Takxke Ha-
aniBaTbead 0a3uchoi Toukoid. Ecim Bce anieMeHTH B mpaBoM CToJ0ue
(kpoMme, GHITb MOsKeT, HHXKHETO 3/E€MEHTAa) HEMOJOKHTEIbHb, OHa Oy-
JeT HasbiBaTbecs GaszucHoil Oonycrumoii Towkoid. Ecim Bce 3neMeHTH
HHXKHEH CTpOKm (kpome, GbITb MOXKET, KpaiHero npaBoro 3/1€MEHTa)
HenoJI0XKHTEIbHE, OHa OyaeT HaspiBaTbCs Oa3uUCHOL OB0UCTB8EHHO do-
nYCcTUMOU TOYKOL.

Kak ye OTMeuaJsioch, eClIu 3J7eMEHTH NpaBoro cronbua HemoJo-
3KUTE/IbHBI, MBI 0/1y4aeM TOYKY B JONYyCTHMOM MHOXKECTBe A/ 3a/auu
(3.2.1)—(3.2.3), nonaras Heba3ucHble NepeMeHHble PaBHBIMH HYJIO.
HMeHHO 3TO M nmoHrMaercs noj 0OasucHoit monmycruMoil Toukod. Ecsn
BCe OJIEMEHTH HUXKHEH CTPOKH HEMNOJIOXKHTENbHBI, TO Mbl NOJy4aeMm
TOYKY B JONYCTHMOM MHOXeCTBe [BONCTBeHHOH 3agauu (3.2.4)—
(3.2.6). Aro GasucHasi ABOHCTBeHHO AonmycThMmas touka. Hakomen, ecin
Ga3ucHas AOMNYCTHMAas TOUKa €CTb Takxe W O6asucHasg ABOHCTBEHHO [0-
nycTHMas TOUKa, TO, KaK OblJi0 OTMEYEHO BHIIE, OHA ABJACTCA pelle-
HHEM 3a]a4H.

C reomerpuueckoi TOUKH 3peHHst OasmucHas jgomycTuMast TOUKa
IpeCTaB/AsieT HEKOTOPYI0 BEPIIMHY BbINYK/JIOTO MHOTOTpaHHHKA, fAB-
Jdloulerocss AONYCTHMBIM MHOXe€CTBOM Jaf 3agaum (3.2.1)—(3.2.3).

pbie OPOXOAAT yepe3 3Ty BEPUIMHY, MJIH, UYTO PABHOCHJbHO, Te BEpPLIH-
Hbl, KOTOPbIe JieXKaT Ha APYTuX KOHHax 3tux pebep. Bepuiura mosy-
yaercs, ecNy MNOJOXKHUTb m nepeMeHHbIX (HeGa3sucHBIX) paBHLIMH
Hy/M0; peOpo mosydaercs, ecau MOJNOXKHUTbL m— 1 3THX MNEpeMEHHBIX
paBHbLIME HYyJ10. Pe6po npoxoguT yepes BepuIMHY, ecan 3Th m— | me-
pEMEHHBIX HaXOAATCS CpPelH TeX 1, KOTOpble COOTBETCTBYIOT BeplIHHE.
3HayuT, ABe BEPUIMHBI J€XKaT Ha oaHOM pebpe, eciu OHK uMeloT 00-
mumMe m— 1 cBoux HeGasHCHBIX NEpeMeHHbIX. IJTO NPHBOAUT K cJe-
AYIOUIEMY ONpe/eNEHHIO.

[11.43. Onpenenenne JIBe O6asucHble TOYKH Ha3bIBAIOTCHA
CMEXCHBbIMUY, €CIM OHE NPEACTaBJAIOT Pas3/HyHble TOUKH B MPOCTpaH-
CTBE M HX MHOXecTBa 0Ga3uCHHX NMepeMeHHBIX pas/ndalTcs He OoJee
yeM OJHKM 3JIEeMEHTOM.

Cnepyer 3aMETHTh, YTO ABE€ CUMIJIEKC-TAGJHubpl MOTYT NpeacTaB-
JAATb OAHY M Ty € TOYKY Aaxke B TOM c/aydae, Koria ux OasucHbie
nepeMeHHble pa3/iH4Hbl, JleHCTBHTe/NbHO, HHYTO He MEUIAET jieMEHTam

r
fipasoro cro/ibna 6uiTh paBHBIME HYJIO. Eciin kakoe-To b; paBHO HYIO,
TO COOTBETCTByMWOIee S; Oyner HyJjeM, koraa HebGasHcHble NepeMeEHHbIC
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Gyayr Hysn€BbiMH. 3Hayur, MOXKHO NOMECTHTb €r0 CPelH Heba3HCHBIX
nepeMeHHbIX 6e3 u3MEHEHHsI TOUKH, MPEACTaBAeHHOH Tabauue.

I11.44. Bepymue npeo6pasoBanusd Beaymee npeobpaso-
BaHue €CThb Omepamusi M3MeHeHHs1 MHOXKecTBa 0Ga3uCHBIX MEPEMEHHBIX
Ha OJMH 3J€MEHT; MHaue roBops, 3TO onepauus pemieHus m 4 1 ypas-
HeHuH u3 (3.4.6) oTHOCHTENbHO 7 — | MepeMEHHHX Sj, OAHOH M3 mepe-
MEHHBIX r; U MEPEMEHHOH W; 3TH MNEPEMEHHble BbIPAXKalOTCA Yepe3s
ocraBliuecs m nepeMeHHbX. [lokaxem, Kak 3To Jenaercs.

ITycre mbi X0THM cpenats §; HeGasucHOi mepemeHHoil, a r; — Ga-
3HCHOH nepeMeHHOH. Pemlaem ypaBHenue

ayrit+agro+ .. Fauiry— b= —s;
OTHOCHTEJNBHO —T1 ;.
ay; ap_y i ! A b!
E—rl+ . " +—_—a_-_rl_i+a_s‘f+ « s +_rm—_-—=~ri

i i i a;; a;;

(npeamnosiaraeM, KOHEYHO, uTO a;; +0). IT0 HOBOe ypaBHeHue Gymaer
j-ii cTpokoit npeoBGpaszoBaHHOH cummiekc-rabaunb, i Toro 4ToGnE
AOJyUHTb OCTAJbHble CTPOKH, HYKHO NMOACTAaBHTb B HHUX 3TO BhipaXKe-
HHe 1af r;. Torma (npeamoJaraem, uto j5 1) mepBoe ypaBHeHHe Gy-
AeT UMETb BH]

a a; a..
i -1, 1
(a““——f)r1+ ‘e +(a,-..,_;-—--———-—-’ ‘f)ri....l——-—’ Sf+ . e

a;y a;y a;q

AHAJIOTHYHO HM3MEHATCS M APYyrHe yPaBHEHHst (KPOME, KOHE€YHO, j-T0).
Uro6pr mosyunTb HOBYIO Tabusimily, Mbl MPOCTO MEPECUHTHIBAEM KO-
(bUIMEHTH U MEHAEM MeCTaMH MepeMeHHble r; H S;.

ONIeMEHT 4;;, KOTOPHIH He MOXeT ObIThb HYJEBHM, Ha3biBaeTcsi ge-

Oyujum 3remenrom mnpeobpasoraHusi. Camo npeoGpasoBaHHe Ha3mbl-

Baerc Bedyujum npeobpaszosarues. 10 npeobpasoBaHue MOXKHO

KOPOTKO u300pa3uTb COOTBETCTBYIOIIEH AHATpaMMOIi:
!

Lo
[ﬁ Z]"’{—_pf s_pif_}' (3.4.10)
p p

3Aech p OpeAcTaBisfer BeAYLIHH 3JeMeHT, g — soGoil Apyroi ase-
MEHT BeAylLUeH CTPOKH,r — J1060# Apyroil 3/7€eMEHT BeIyLlero crogabua,
a S—3JeMeHT W3 CTPOKH, COOTBETCTBylOUleil r, u CTONOIA, COOTBET-
cTBylolllero 4. Takum o6pasom, Benyllluil JEeMEHT 3aMeHsAeTcAd Ha 06-
paTHblit emy ssemenT I/p. OcranbHble 374eMeHTH BeAYHIEH CTPOKM MPO-

Hrag awss =2

CTO AC/NAATCS HA p, a OCTAJbHbIE 3/E€MEHTH BEAyIIEro croibua AeasiTces
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Ha p ¥ MEHAIOT 3HaK. HakoHeu, ocTa/lbHble 3JeMEHTH Tab/uIb yMeHb-
IHAOTCSl Ha NPOM3BEAEHHE 3JEMEHTOB TOH XK€ CTPOKM M BeAVIIEro
crosbua, u Toro xe croibua u Beayliel CTPOKH, AEMEHHOE Ha p.

111.4.5. I1 pumeyp. Ilycty nasa cummiekc-rabiuna

r; ) rs 1
4 1 3 2|=-5s,
—-I* 2 —1 4 = — 8o,
L 2 2 0|=—s, (3.4.11)
0 ]. 4 1 =""S4.

CHCTEMY YpaBHEHUH, Pa3pelIeHHVIO OTHOCHTEIBHO S
Sz, S3, Si, KOTOPbI€ BbIPArKEHbl YEpE3 Iy, F2. r3, @ MBI XOTHM PELIKTb 3TY
CHCTEMY OTHOCHTENIbHO Si, Iy, S3, S4 H BHIPA3UTb HX YEPE3 Sy, 73, rs. Be-
AyIWiHM OGyA€T TOTAA OTMEYEHHBbIH 3BE3LOYKOH 3/1€MEHT, KOTOpbIA pac-
MIOJIOKEH HHXKe ry K JieBee S;. BHNonHsAs npeoGpasoBaHue, onucaHHOe

8 (3.4.10), n MeHAAA NOMIOXKEHUS I U Sy, NOJAYYAEM TaAGJHILY

OHa npeacTaBsier

Sy Iy rs 1

—1 —2 1 —4 =—Ty
1 4 1 4l=—s (3.4.12)
0 l 4 l — —-84.

MoxHo MPOBEPuTb, YTO cHcTema ypaBHeHui (3.4.12) paBHocmibHA
cucreme (3.4.11).

I11.46. IBolficTBeHHada 3angaua. B IIl. 4.4 6olia onpejesneHa
¢opma npeobpasoBaHufA, KOTOPOE HYXKHO TPOWU3BECTH HAJ CHMILIEKC-
Tabauied /g Toro, 4To6bl CHCTeMa YypaBHEHuH, NpeacTaB/iseMas
CTpOKaMu HOBO#A Tabsuubl, Oblia PaBHOCH/IbHA CHCTEME, TpeACTaBJjse-
MoH crapoit TabGnuneit. C APYroél CTOpPOHE], Mbl TOBOPH/JIM BHILUE, YTO
Tabiuua MOXeT ObiTh MCIONb30BAHA A/ MPEACTABIEHHS Hapbl JBOM-
CTBEHHBIX 3aJay OJHOBpeMeHHO. OcTaerca MpOBEpPHThH TOT/A, YTO ypaB-
HEeHHA, NPEACTaB/igeMble CTOIOUAMY 3TOH TabauIlbl, TakXKe GyLyT pas-
HOCHJIbHBI CTAPOH CHCTEME,

CronGen { tTabaunp (3.4.5)

3necp, KOHEUHO, U; ABAAIOTCS Ga3uCHBIME NEPEMEHHBIME, a §; — Heba»
3UCHBMH. ITycTh Mbl XOTHM MEHSTHL PONSMH U; M i, T. €. Mbl XOTHM
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caenarth y; 6a3ucHOll mepeMeHHOMH, a v; HeGasucHoH. Kak u Bblllle, BHI-
pakaeM H3 3TOTO ypPaBHeHHs y; uepe3 U; H OCTaJbHble Y; U NOJAyiaeM

ail ain :’""1 + 1 + + ci y
- yl -—leeas y!_l -_— Ui . _—= I.
a; 9 9 %
TMogcTaBuM 3TO 3HadeHWe AJfA Yy; B OcTajJbHble ypaBHeHHS; TOTAA AJif
nepeoro croafua nmoayduM (nmpeanonarasi, KOHEUHo, [+ 1)

L5 OCTAaJbHBIX CTOJNGLOB NOJAYYalOTCS aHAJOTMYHbIE pe3yabTarsl. Eciu
npefcTaBHTL 3TH peo6GpasoBaHus cXemarudeckH, Kak B (3.4.10), 7o
noJayyaeM Auarpammy

r 1 g 1
[P q ] PP
—
r s _L 9
P p

Ho sTo B Tounocta cxema (3.4.10). Takum oGpasom, npeobpa3oBaHue,
KOTOpOe COXpaHseT NMpAMYyIo 3ajady (3.2.1)—(3.2.3), 6yner coxpaHfTh
W ABOHcTBeHHylo 3afauy (3.2.4)—(3.2.6). Muaue rosop#, aio6asi cuMIl-
JeKc-Tabaula, TOJAydeHHas NpH TOMOILM Belyliux npeoOpasoBaHui,
GyZer NpedcTaB/sATb Napy ABOMCTBEHHBIX 3aja4 ORHOBpeMeHHO.

I1L 5. AJTOPA®M CHMIIJIEKC-METOJA (ITPOJIO/KEHHE)

Mpl fanu ONHCAHHe OCHOBHOTO Befyllero npeoGpasoBaHHsi, KOTO-
poe fiBAsierci TJIABHBIM OpyAHeM CHMIIeKc-Meroja. Tenepb HYXKHO
VCTaHOBHTb, KaK IOJb30BaThcA 3THM opyAueM. B camom nene, cumm-

iexc-Tabauna Oyger, BooOule ToBOps, HMeThb MHOPQ HeHYJeEBBIX 3Je-
MEHTOB, KOTOpPble MOT'YT ObITb MCNOJb30BaHH B Ka4yecTBe BelyILHX; He-
06X0ANMO TIPaBUNO, yKasblBalolllee, KaKoH H3 HHX cjeayeT Gpare.

O6paulafich K reOMeTPHYECKOl MOJeJiH, Mbl 3aMeuaeM, YTO KaxkAyKo
u3 m + n NepemMeHHbIX X1, ..., Xm, Y1, ..., Un MOXKHO CUHTATH Npea-
cTaBjisiolleli TPaHUYHYI0 THIEPIVIOCKOCTh HOMYCTHMOrO MHOXKeCTBa,
T. e. Ty THOEPIJIOCKOCTb, Te 3Ta MNepeMeHHas oGpauiaercs B HyJb.
Torza TOuKka NepeceueHHs /M TAKHX THIEPIJIOCKOCTeH (eCAd CUMTATH
HX HE3aBHCHMbIMM) SfBJAsieTcss 0a3HCHOH TOYKOH HOMYCTHMOTO MHOXe-
ctBa. Ecau Bce ocrajbHble NiepeMeHHble TaK»Ke HEOTPHLATE/bHBL, TO
GasucHas TOYKa HAeHCTBHTeNbHO siBJdgeTcs 6GAasHCHOH AONYCTHMOH TOY-
Ko#i, T. e. GyJAeT npUHAAMEXKATb JONYCTHMOMY MHOXeCTBY.

Bei6op Bexyuiux npeoGpasoBaHuii Gyler NpecieloBaTb ABe LeJH.
CunauaJsia, HauHHas ¢ 6Ga3uUCHOI TOUKH, MBl JOJIKHBI JBHUraThcs K 6asuc-
HOH JONyCTHMOH TOukKe. 3areM, uMes 0asHCHyI0 NONYCTHMYIO TOUKY,
Mbl KOJKHBI CTapaTbCst yAyYIUMTb (YBEJHYUTb WIAH YMeHBLIHTb) LeJe-

Bylo (yHKUMIO, DPHAEpXKHBasch Bce BpeMsA OasHCHBIX JOMYCTHMBIX
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ToueK, NokKa He Oyder HOCTHUTHYTO pellleHHe (T. e, Takad TOuKa, 4TO
HajbHelilllee yJyuuieHpe HeBO3MOXKHO). Mul Aagum, Takum o6pa3om,

IBa Halopa npaBu/a: nepBoii (6e3 BCAKHX aNPHOPHBIX NpeAnoJioXKe-
Huﬁ) 6}7}19’1‘ Karath 0A3HUCHVIO JONYCTHMYIO TOUYKY; BTQpnﬁ (B nnenno-

Asga e RS Ladd g AN J s xaiv g | A L | e Tl

JOXEeHHH, 4TO MBI HauyuHaem ¢ Oa3uCHOH AOMYCTHMOH TOYKH) Oymper
IaBartb peliieHue. HasoBem ux cootBeTcTBeHHO caydaem [ u cayuyaem Il.

IIL5.1. [TpaBuna BeiGopa Beayuero 3JeMeHTa.

(3.5.1) Cayua#n I. Tlycte —b, ecTb HauMeHBbIUKH NOJOKHUTENb-
HBIl 37eMeHT B NpaBoM CToJ0ne (KpoMe, MOKeT ObITb, HHKHero). Bosn-
MeM HPOM3BOJIbHBIH OTPHUATE/IbHBIH 3JeMeHT a,, B k-it crpoke. Be-

Ryl 3ieMeHT Oyaer B ip-M crosnbue. Ilanee, aaa Bcex [ ==k, mas
KOTOpHIX -— bj/aw OTpHLIATeJbHO, IYCTh fo €CTb TO 3HaYeHue j, AJA KO-
TOpOro 3T0 OTHOWleHue Hauboubliee (T. e GJMKe BCero K HyJI0).
Torna a,, Oyder nckoMblM BepywuM dJemeHTOM. (Ecau umeercs

paBeHCTBO, TO MOxkeT ObiTh BbIOpaH /A10060H H3 TeX 3JeMEHTOB, KOTO-
pble JAIOT MaKCHMYyM.)

(3.52) Cayuaii IlI. Ilycrbc, — 10601 MOJMOKHUTEABHBIH 3J1eMEHT

HuKHed CTpoKM (CHOBa HCKJ/loyasi, ObITH MOXKeT, KpaliHuil npaBblii
aneMenT). Benymuii anement 6ymer B ip-M croabue. as Bcex j, Ajs
KoTopbix — b,[a, , OTpHuaTeNbHO, MYCTb jo eCTb TO 3HaueHHe j, A

et Tats Vel ~ AT M TTY mww o Py e ' ETERTF o T -

KOTOpOT0o 3To OTHOILICHHe HAHOOJbiliee (T. €. OauKaiiliee K H‘y’.H}O).
Torna a, ., Oyzer uCKOMBIM BeLyuiuM 3JeMeHTOM. (B cayuae paBen-
CTBa CHOBA MOXHO BbiOupaThb A1000#f K3 COOTBETCTBYIOUIHX 3J1€MEHTOB. )

[I1.52. loxa3aTeAbCTBO CXOQHMOCTH. Tenepb foKaxem,
4TO YKa3aHHBIH anropudm HefCTBUTENbHO CXOAHTCA Yepe3 KOHeyHOe
yucao waroB. Cpoenaem npeAnonoKeHwe O HeBBIPOXKIAEHHOCTH, T. e.
O TOM, YTO HH HHXKHAIS CTPOKA, HH NpaBblii croabel] He COAepKaT HY-
Jied (CHOBa 3a HCK/I0UeHHeM NPaBOr'0 HUXKHETO 3JeMeHTa).

(3.6.3) B cayvae I Mbl Hoxka:keM, 4TO BCe 3JIeMeHTBI HPaBOTo
crosbua HuXKe R-To JMeMeHTa OCTAIOTCA OTPHLATENBHBIMH, a R-fi 3Je-

RIAITT UURAAATILTITTAAMA Y
AVILC 111 ym.anu..laCI\..n.

Mbp1 3HaeM, 4TO AN KaXKAOTO j5=j, 3MeMeHT —b; GyleT 3aMeHeH Ha

,_ Ao,
b!-— b!+—aio!o .
Mbl TaKXKe 3HaeM, 4TO — bh/amo oTpuuarespHo. ClegoBaTeNbHO,
ecJiH au<0, TO, O4YeBHEHO, —-—b;< — bj..
Ecau, ¢ APYrOH CTOPOHHI, a,;>0, To Mbl 3HaeM (cornacHo HallemMy
IpaBuay), 410 aad j =k 6yger
by

— a3 T
Qiote

L/

a4y
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— b =q — b! + bie
i bsf ’

a a
fof lafo
Unen B ckob6kax GyneT HeNOMOXKHTeAbHHM. Clen0BATENbHO, — b <0.

Haxonen samerum, 410 — b;, 6yneT 3ameHeHo Ha — byjay,;,, KOTO-
poe, MO NPeANONOXKEHHIO, OTPHIATEBHO.

CrnegoBatenbHo, ads [ >k wumeem b;<0. Kpome Toro,
— by < — by CymecTByer TOJAbKO KOHeHUHOe YHCJAO BO3MOMKHBIX
CHMILJIEKC-Tabnull, 1 NO3TOMY ecAK MPOZOAKATH ONpefeliTh BelVHIHE
37eMEHTHl COracHO yKa3aHHOMY NpaBuay, TO B KOHHe KOHLOB Oyrert
nonydeHa Tabaupa, B KoTopoit —b; << 0 ans xaxmoro j = k. Toraa
npeoGpasyem NpeAblfyliylo (CBepxy) CTPOKy M T. L., OKa Bce 3Je-
MeHThl NMPaABOro crosiblla He CTAHYT HENOJOXHTeJAbHBIMH,

(3.5.4) B cayuae Il Ha Tex e OCHOBaHHSIX, YTO M BhIlle, KaxKA0e

r ’ N ")
—b; Oyner 3ameHeHo Ha - b;, rae — b; = 0. HuxHuii npaBeiii 37e-
MeHT § Oyaer 3aMeHeH Ha

Torna

A
Mut 3maem, uro ¢, >0, a —b,/[a,, <0. Cuenosarenbuo, §'> 8.

Hanee § u § sABAsOTCH 3HAUEHHAMH HeseBoil (GYHKIuM B ABYX HaH~
HblX 0as3HcHBHX RONYCTHMBIX TOYKax. 3HAuuT, HedeBasi PYHKuusi BO3-
pactaeT. Tak KaK HMeeTcs TOJBKO KOHEYHOE YKcJ0 GasucHBIX AOMYCTH-
MBIX TOYeK, Mbl B KOHIl¢ KOHIIOB JOCTHTHEM pellleHus.

Takum o6pa3om, Mbl noaydyaeM, 4T0 (MPH OPEANOJAOKEHHH O HEBBI-
POXKIEHHOCTH) €CJAH MOXKHO HPOAOJXKATh HAXOAWTH BeAYIHe 3JeMEHTht
cordacHo npasuiam u3 lI1.5.1, To adaropupM cumniekc-mMeroga Aact
peliieHHe 3aJauy JHHEHHOTO NPOrPaMMHPOBaAHHUS Yepe3 KOHEUHOe YHUC/IO
waro. OpHako MoXer CJAy4HTbcS, YyTo Habopni npasua (3.5.1) =
(3.5.2) ocyurecTBuTH He yAacTcs. 3Aecb MOIu Obi He IPOHTH HBa
NyHKTa. B ciydae | MoxKeT oKasaTbesl, 4TO BCe 3JeMeHTHl CTPOKH, KOH-
yaloiieficAd NOJIOXKUTeJNbHBIM 3JeMeHTOM, HeOTpullaTedbHbl. B cayuae 1T
MOXKeT 0Ka3aTbCsl, YTO B CTOJOIeE, HMeIolleM NOJOXKHTEeAbHbBIH HUXKHHIL
3JIEMEHT, Bce OCTaJibHble 3JeMeHTH HeNoJ0oXuTedbHbl. B 06oux ciy-
yasix HeBO3MOXKHO cjenoBatTh npaBuiam I11.5.1. Mul yBuaum umxe, 410
B TaKo§ CHTyauuu 3ajgada HepaspeiiuMa (n1u60 No mpHuKHe HeZOMy-
CTHMOCTH, JH60 O NpHUHHe HeOTPAHHYEeHHOCTH).

Hrax npeamojoxum, 4to B caydae | Bce 3/JeMeHTH CTPOKH, KOH-
yaloilleAcs NOJOXKHTENbHBIM 3JeMeHTOM, HeOTPHUATeNAbHbl. JTa CTPOKa
NpeAcTaB/asSeT ypaBHEeHHe '

m .
gl ayry— by = — . (3.5.5)

Torna Bce ai; u 7i, MO NPeANONOKEHHIO, HEOTPULATENbHB, a —b;
nosioKuTeabHo. Ho 370 03Hauaer, yTO S; KOMKHO OHTH OTPHIATENBHO.
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CaefnoBaredbHo, OrpaHHueHHs] HECOBMECTHEI, T. €, 3aJ4aya sBJisgeTcs He-
JOTNYCTHMOH.

B cryuae Il npeanosoxuM, 4T0 B cTOAGLE ¢ NMOMOMKHUTEALHBIM HUK-
HHUM 3JIeMEHTOM OCTaJjlbHble 3JIEMEHTH HeNOJOMHUTeNbHbl, TOTAa, ecln
KO3 HUHEHT a;; HeNoNOXKuTeNleH, H3 ypaBHeHusi (3.5.5) clAefyeT, 4To
; MOXeT HeOTpaHM4YeHHO BoO3pacTaTb Ge3 yOniBaHus S; Tak KaK Bce
3JeMeHTbl AAHHOTO CTON6NA (KpOMe HHXKHErO 3JeMeHTa) HelOJI0XKH-
TeJIbHbI, OTCIOAA CJAeAyeT, YTO Mbl MOXKeM HeOTDAHHYEHHO YBeJHYHBATbH
ri, OCTaBJAA BCe OCTa/ibHble ri» PaBHBIMKM HYJI0 M COXpaHAf HX B JO-
myct#mom MHOXectBe. Ho Tak kax HuKHuil afemeHT yKasaHHOro
cToNI61a [OMOXKKTesleH, 5T0 GyleT HEOrPAHHYEHHO YBeJMUHBATH Iele-
Byio ¢yHkuuio. CregoBarenbHo, 3aa4a HeOrpaHUUYeHHa.

I11.53. Beipoxmennocts. B npegsiayuinx pacCcyXIeHUuax
Obi/I0 CAeNaHO SIBHOe NPeANOJIOKeHHe O HeBBIPOKAEHHOCTH: Mbl npex-
nojarajd, 4TO HYJM HHKOTAa He NOABJAIOTCS B NPaBOM cToJGIe
(KkpoMme, OBITL MOXer, HHXKHeEro siemenTa). Ecau Ke Hynm nossdarcs,
TO ACHO, WTO HEKOTOPble CTPOrHe HepaBeHCTBA, KOTOPble NPUBOAMIHCD
Bblllle, JO/KHBI ObITb 3aMeHeHbl HeCTPOTHMH HePaBeHCTBAMH. Hanpu-
Mep, HepaBeHCTBO 8’ > §, KoTopoe xapakTepusyer Belylime npeobpa-
30BaHus B clydae II B mpeanono:keHHn HeBBIPOMKAEHHOCTH, NOJKHO
ObITe 3aMeHeHO Ha Gosee caaboe 8 = 6. Ho 8’ > § o3uauaer, uro me-
JleBast QYHKIHsI BO3pacTaeT NpPH KaXAOM Npeo6pPasoBaHuu, OTKYZa
CJAELYeT, UTO MBl He MOXeM NpPOXOAMTh ABAaXABl Yepe3 OXHY W TY XKe
Ga3uCHyI0 IONYCTHMYIO TOUKY. DTO TapaHTHPYeT OKOHYAHHe npouecca.
bonee cnaGoe HepaBencrso & = § AONYCKaeT BO3MOXKHOCTb, YTO MBI
BBINOJIHAM BefyluHe NpeoGpasoBaHHs HeCKObKO Pa3 M MOCAe BCeX
9THX IHATOB CHOBA NOJYYHM Ty JKe CaAMYIO TabJHlly.

BHpoXAeHHOCTE 3afaud, xapakrepusyeMasi MHOABJACHHEM HyJdel
B NPaBOM cTO/01le, BO3HHKAET TOTJAA, KOrAa Gosee ueMm m epeMeHHBIX
ORHOBpeMeHHO obpaliaercss B HyJdb, T. e. KOorda 6ojlee ueM m THIep-
IUIOCKOCTeH, OTPAHHYMBAIONIMX AONYCTHMOE MHOMECTBO, MPOXOAAT de-
pes oamy TOuKy. Takum 06pasoM, HeBBIPOXKIEHHOCTD Gyzer UMeTb Me-
€TO, ecu M + 1 OTPAHHYMBAIONIUX THNEPIIOCKOCTeH HAXOASTCE B 06-
flieM NoJoxenun B npocrpancrBe. Ho ato osnauaer, uto B BEIpOXAeH-
HOM 3ajade NPOM3BONLHO Majoe BOSMYIIEHHe OFPAHHYEHHH VCTPAHUT
BBIPOXAEHHOCTD. g

OGb14HO A1 BOPBOHI ¢ BBIPOKAEHHOCTBIO HCIOJb3yeTcst MeToJl BO3-
mywerust. Ecan onHa us crpok sakanmumsaercs HyJdeM, T. e. eCId OHa
HMeeT BUJ

lay; ay ... am; O|=—g,,

TO MBI 3aMeHseM NePEeMEHHYIO S; Ha NepeMeHHYIo §;=s,+¢& u noxay-

i
4aeM CTPOKY ’
Ia” a21 " a0 am! _8,_—_8’ _
Tlle e npeanonaaraercsd HOJIO)KHTeJlebIM, HO O4YeHb MaJbiM, ﬂa-ﬂee pe-
laeM MOAM(HIHUPOBAHHYI0O 3afayy CHMIJEKC-MEeTOLOM. Hockoabxy
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TakHe BO3MYIeHHs yCTPaHSIOT BCAKYIO BBIPOXKAECHHOCTb, 3afaua, 3Me-
HeHHAas KOHeuHbIM YKCJOM BO3MYlleHui, 6yaer 3TUM cnocoGoM pellleHa
(eciun oHa uMmeer pemenue). Pemenne Oyger pyHxuuedt Habopa Bosmy-
uleHu#t, T. e. 3HaYeHHH MepeMeHHBIX Xy, ..., ¥m OYIAYyT 3aBHCeTb OT
YACTHBIX 3Ha4YeHKH, KOTOpble NOAYYaIOT &, BBelleHHBIe NIPH 3THX BO3MY-
weHusx. Ofrako, BooOIlie rOBOPS, 3HAUEHHUs NMepeMeHHBIX JHHelHO 3a-
BHCAT OT 3THX €, OCTaeTcf MPOCTO MOJOKHTH BCe € PABHBIMH HYJIIO,
noJyyasi TeM CaMmblM pellleHHe HMCXOAHOH 3ajauu (6e3 BO3MyieHH).

Ha caMmom pene Bo3MylleHHS, KOTOpble 3aMeHAIT OrpaHHYeHHs

= 0 Goslee ca6bIMi OrpaHuueHHAMH S;==0, HMEIOT TEHACHLKIO yBe-
JIHqHBaTb JonycTHMOe MHOxKecTBo. Hac uHTepecyloT XpaiiHue TOUKH
JONyCTHMOTO MHOXeCTBa; SICHO, YTO NIPH TaKOM BO3MYILeHHH MeHSIOT-
csl TOJIBKO Te M3 HHX, AAfA KOTophX S; =0, B xaxkzmoil u3s Hux (a ux
TOJBKO KOHeqHOe qucno) BO3MYUleHHEe YBEJHYHUT (mm YMEeHbUIUT) iie-
JEBY1O OYHKIMIO Ha HEKOTOpOe KpaTHOe 4ucJjaa e, upeauuuumm\i Te-~
nepb, 4TO pellleHHe 3aZayd JOcTHraercs B Kpafinwelt Touke P;. Cymiecr-
BYeT Takoe NOJOXKHTeNbHOe YHCAO 1), 4TO ecad P, — mwbaa npyras
KpaWHAs TOuKa (He fABJAAIOMIAsACH pelleHHeM 3ajgaudu), To W(P:) =
= w(P;)—n (rae w(P) —3HaueHne peneBoHl GyHKUMmH B TOouke P),
$IcHO, yTO eciau Bce e JOCTATOYHO MaJibl, TO IleJeBas q;yuxuua He MO-
XeT yBelnuuTbcsl GoJlee ueM Ha M HH B Kakol kpafiHell Touke. OTcrola
ciaefyer, yTo Py He MOXeT ObITb pelleHHeM MOAu(PHUIHPOBAHHONH 3a-
Jayd, Tak KaK OHa He Oblja pelleHueM HCXO0AHOil 3azauu. CjhenoBa-
TeJIbHO, pellleHne MOAM(DHUUPOBAHHOH 3ajayu Bcerfa JAaerT pellieHHe
HMCXOAHOK 3aJayd.
BooGuie roBopsi, pellleHue 3aKauuy MeTOAOM BO3MYILUEHHSH, XOTS OH
U 10Je3eH (FJIaBHb[M o6pa3oM AJs J0KA3aTeJbCTBAa KOHEUHOCTH CHMII-
Jdekc-aaropudma), — fedo AOCTATOYHO YTOMHUTEJbHOe, 0cOOeHHO u3-3a
TOT0, YTO HHUKOTAA He H3BeCTHO, CKOJb MAaJbIMM HKOJKHBI ObITb 3TH €,
yToGbl TAPaHTHPOBATh, YTO pellleHHe MOAUPUIHPOBAHHOH 3ajauu Oy-
AeT HaBaTp pellleHue HcxoaHoi 3agauM, Ilpu npoBeseHuH BolUMCAeHMH
OKasblBaeTcs JieTde IOPy4YaTh BBIYKCAMUTENbHOH MallilkHe OeHCTBOBAaTDL
cayyailHelm o6pa3om, Korja HY2KHO BHIOMpPATh OAHH M3 HECKOJBbKHX
BO3MOXKHBIX BeIYIIHX 3JeMEHTOB. ITO TapaHTHPYeT € BepPOSITHOCTHIO
eAMHHULA, YTO 3aIMKAUBaHHUA, KOTOpOe YCJOXKHseT aaropudm B nomo6-
HBIX CAyuasX, He NpPOH30iifeT (NOCKOAbKY B AEHCTBHTEJNBbHOCTH TaKoe
3aHHK/IMBaHHe NPOHCXOAUT TOJBKO TOTZA, KOTAa CyILecTBYeT CHCTeMa-
THUECKHH MeTOoR BHIGOpa BeAyllero SJIeMEH’I‘a).

I1I1. 6. IPUMEPBI

Temeps paccMOTprM HeCKOJBKO NPHMEPOB pelleHus 3ajay JuHel-
HOTO NpPOTrpaMMHPOBAHHUS CHMIJIEKC-METOAOM.

[1L6.1. [Ipumenp.
MaxcumusupoBath 5x) + 2xp + X3
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MpH YCJAOBHUSAX X, +3x,—x3=6,
X9 + X3 é 4,
3x;+ X5 =17,

X1, X9, X3 = 0.

Ctpoum Tabauny:

X 22 X3 1

1 3 —1|—6 |=—u,

0 1 1) -4 =-—u, (3.6.1)
3 1 0| =7 |=—us,,

5 2 1 0 |=w.

Tak xak Bce CTOJIGU,bI HMEIOT [TOJOXKHUTeJbHbIe 3JeMeHTbl B HH2KHel

1)
Fali R aValrday ™ ArTanrTa RAanTuvIrITarn MNASNI LIIN DLTﬁn aAmL. ‘rn.nﬁnu fald i) nﬁan Mﬁ\l]=
vl PU[\C, D hhdiaouvl o UL’AJ JEE RS Y N AV FI SN, UULUIJ(..I.I. L vAIMNIUUIL CIWVJIVLLL. LY RV

HO, Hampumep, BeIOpaTh HepBbiii cTosbell: TOrga BeAyliuMm Oyaer oT-
MeueHHBIl 3Be3foukoil 3/eMenT. CoBeplllasi BeAylliee npeoGpasoBaHue,
Mbl nofydaeM Tabaully

tis XQ X3 1

=13 83 —1 =5 |==uy,
0 1 I'f—4 i=-u, (3.6.2)
s s 0| -7 = — X

"5/3 s 1 B |=w.

CHOBa HCHOJBb3ysi OTMEUEHHBIH 3JIeMEeHT B KauecTBe Be4yliero, Io-
JydaeM

U3 X ., Uo 1
"'““"1/9 II/D 1 "'-239 —_ _ul.
0 1 1 —'4 = = x3, (3.6.3)
1 i _—
/3 /3 0| =7 |=—x,
2 _
“‘5/3 —*f;  —1 47/3 = w.
OueBHAHO, YTO 34ech MBl moayuuau pemenue: (/3 0,4). dnas aroro
Habopa mepeMeHHBIX 3HAYeHHe @ paBHO /s
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I11.6.2. TIpumep.
MunumusupoBats 641 + 442 + 7y3
IpH YCJAOBHAX Y + 3y =5,
3Y1+Ys+ Y3=2,
— Y1+ Y, =1,
Y1, Y2, Y3=0.

Jlerko BHJAETb, YTO 3Ta 3ajaya fABJdeTcs
paun 111.6.1. Ecnu 3anucare Tabauny (3.6.1)
yana obe 3agauu, U AeHCTBOBaTb, KaK BhIlle,
O6yaer uMeTb BHA

JIBOUCTBEHHON aAAd 3a-

TaK, 4

TOOLI OHA BKJIO-

TO HOocJenHsAsd TabauLa

Us Xo Uo 1
gy | = U 1 — 2
03 0 I 1 _‘4

4 /s I/3 0 ~ 3

—1| =% =% -1 Yl

- fl f
Y3 (¢ Yo w

CanepoBaresabHo, peiedneM 3anaup I11.6.2 6yzer (0,
HHe 3TOH 3ajaud TO :Ke, yto u 3agaum I11.6.1, 1. e. 47/s.

111.6.3. [Tpumep. Pemintb MaTpuuHyo urpy

3 6 1 4
5 2 4 2.
1 4 3 5,

(3.6.4)

%/3). 3Haue-

Pemenne 3anumeMm 3agauy MakcuMusalud B popme:

MaKCUMH3HUPOBATL A

3x1 + 5%+ x3=A,

6x; + 2%, + 4x5 = A,
xi+4x,+3x, =)

XY 1 vy ivy

npH YCAOBHAX

dxy + 2x,+ Dx3 = A,
X+ %+ x3=1,
X1y Xoy X3 =0,
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Ato paer tabanny

X1 X9 X3 A
-3 -5 =1 1 [=—u,
-6 =2 —4 1 |=-—u,,
—1 =4 =3 1 |=—uy, (3.6.5)
—4 -2 -5 1'|=—u,
-1 -1 =1 0 |=-1,

3/ech HYXKHO MpexK/Je Bcero COBePLIMTb TaKOe BeAyllee npeobpaso-
BaHHe, 4TOOBI NepeBecTH A B YHCJAO GA3MCHBIX MepPeMeHHbIX, a 1 B YHCJIO
He6asucHbiX. K coxasieHuto, afieMeHT, PacHOJOXKeHHEIH HHXe A B CTPO-
Ke, COAepxKallled 1, paBeH HyJI0; MO3TOMYy NpHAETCH cAeNaTh He OXHO,
a ABa Beliyliux npeobpa3oBaHus.
Clefylomux Aanee Tabaunax Ana 0003HAYEHHS BeRYINHUX 3Je-
MEHTOB Ha KaXX[OM Ilare HCMNOAb3YIOTCS 3Be3R0YKH:

1 =3 4 -1 |=-u,
“""2 0 l “"‘I “""ug, 3
3 —2 2 -1 |=—gy (3.6.6)
—4 ~2 5 1 |=-2,
-1 -1 -1 0 |=-—1,
X X9 1 U,
—3 -7 4 -] = — U],
-3 -1 1 — 1 = = Uo, o .~
1| —3 9 ~1 |=—u, (3.6.7)
I 3 =5 1 [=-—2,
1 | — 1 0 = = X3

Tenepb nepecTaBuM CTPOKHM M CTOAGLBI Tak, YTOGH! IpaBblil cTOAGeL

bl o L iy

OTBedaJ CBOOOJHOMY 4WieHy, a HHXKHAs CTPOKA — LeJeBOH QyHKLUHH A,
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HM3menuB takKe 3HaKu B HHKHell CTPOKe, MBI NIOYYUM Tabauuy

X1 X9 U, 1

-3 —7 1| 4}=—u,
3 =1 =1 1|=—u,
I "‘""4 ‘-].i.I 2 =""u3,
-1 -3 -1 5 |=A.

(3.6.8)

Hanee mefictByem no mpasuaam (3.5.1), noka He noayyuM Gasuc-

HYIO JONYCTHMYIO TOUKY:

X Xo Uy 1
-4 ""'3 “"""'1* 2 = - U,
-4 3 ~1 | ~1 |=—u,,
~1 4 =1 | -2|==—g,
1 0| =1 |=—ux,
—2 1 -1 3 | =24,
X1 Xq U 1
4 3 —~1 —2 = - U,,
0 6 —~1 | —3|=-—u,
3 7 -1 ““‘4 == = U
l l 0 ""'"1 =“"x3,

r—
‘mb
(]
[{e]

Mg’

(3.6.10)

Tenmeps, umesn OGa3ucHylo HONYCTHMYIO TOUYKY, Mbl HeHCTByeM IO

npasunam (3.5.2):

X Uy 78 1

4" =y =l = | = —u,,
0 I/a "‘i/a ~lfy | = = x,,
3 - Ys t —=1o |= —uy,
1 =1 Yo | =e |= — %5,
2 =% =] 3 |=h

(3.6.11)
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u3 o ui I
4] 1/4 "‘l/s _1/8 “I/s = —Xn
U 0 e “ifs —lfy = — X,

-3 19 13 1 = —u,,
Yy 1/4 t [24 7 /24 3/8 — 4 (3.6.12)
v3 | — /s —'lu /24 -y | = = X3,
-1 “‘“[/2 ““““'5/12 “1/12 13/4 =M.
Il il fi f
Ys - Yo Y1 2

Ta6anua (3.6.12) nmaer pellleHne: onTuMajbHaAd CTpaTernst Hrpoka l
ecTb (!fs, /2, %/s). IlBOiicTBeHHBle TlepeMeHHble, KOTOpble ObLIM ONOY-
HIeHbl B NPOMEXYTOUHHIX TalJdHIAX, YKa3blBalOT, 4TO ONTHMaJbHaf
crpaterus urpoxa Il ecrb (Y19, 3/i2, !, 0). 3Hauenue urpet pasHo 13/,

B cBA3u ¢ 3THM NPUMEpPOM MOXKHO CAeAaTb HeCKOJbKO 3aMedaHuH,
ITepBoe cocTouT B TOM, UTO NpH NPOBeleHHH BeAyilero IpeobpasoBa-
Hus B Tabaune (3.6.8) momeHsJHce MecTaMu JBe NepeMeHHble Uy U Ug.
Ho caefyomuii mwar MeHsieT MecTaMH Uz ¥ Ui, MBl Morau Gbl C5KOHO-
MHTDb LIAar, Cpa3y NOMeHAB MeCTaMK Ui U Uy, H TeM CaMbIM NepelTu OT
Tabanns (3.6.8) x (3.6.10) 3a omun mwar. Takum o6pasom, MBI BUAUM,
yTo NpaBuAa (3.5.1) He BCeria HalOT Pe3yJbTaThl CaMblM OBLICTPHIM
cnoco6oM; MOXKHO CAeNaTh BHAOHM3MEHEHHUS, KOTOPble 3HAUMTEJBbHO CO-
KPaTAT 4YHCJO0 HeoOXOAMMBIX oNepauuit (a cjJeZoBaTedbHO, H
Bpems).

Bropoe 3ameuanue cienyromee. Tabnuna (3.6.8) He maer GasucHoft
ponycTumMoi Toukn, OJHaxKo oHa Aaer Ga3uCHYIO ABOMCTBEHHO AOmy-
cTHMYI0o TOUKY. MoOxHo BuioudaMeHuThr npaBuia (3.5.1) Tak, 4T06BI
ABUTaTbCsl He N0 06a3ucHBIM AONMYCTHMBIM TOYKaM, a MO GasHCHHIM
ABOMCTBEHHO RONYCTHMBIM TOYKaM, NOKa He MOJYYHM pewieHue. py-
rHMH CJAOBaMHM, Halll MeTOJ HaudHaer ¢ 6a3uCHOW ABOMCTBEHHO HOMNY-
CTUMOH TOuKH u3 (3.6.8), HO He ucnoJb3yeT TOT (hakT, 4TO 3TO Ba3uc-
Hasi JBOHCTBEHHO MONycTMMasi TO4Ka. BmecTo 3TOro cHauana Haxo-
AATcst Oasuchble AONYCTHMHE TOYKH, NMOCJAe 4Yero HINETC pelleHHe.
Ecau nmpu noucke 6asuUCHOH AOMYCTHMOH TOYKH MBI CTpPEMUMCH NpPH-
AepXKHUBaTbCst TAbJHI, COOTBETCTBYWOIIMX Ga3uCHBIM ABOHCTBEHHO HO-
NyCTHMBIM TOYKaM, TO SICHO, 4TQ NepBasg NOJyYeHHasa Ga3ucHas KO-
nycTuMas Touka OyZHeT pellieHueM.

Tperbe 3aMeuaHue OTHOCHTCS K TOMY, YTO He HYXKHO CJA€RHTH 3a
ABOHCTBEHHBIMH NepeMeHHBIMH ¥; u v;. Ha camoM gene kaxpoe y; He-
06X0AMMO OYAeT pacmoiOXKeHO HPOTHB COOTBETCTBYIOUIErO u; 3aZaud
MaKCHMH3AlKH; TO Xe BepHO 4Jg U; U x;. IlelicTBUTeNbHO, OYEBHAMO,
4TO KaXXfioe Belyliee MNpeoOpasoBaHue cOXpaHAeT TaKoe B3auMHOe
pPacnoJjioxeHue.
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111.64. ITpumep.
MakcumusupoBatb x; + Xp
=26+ Xy = -3,
X —2x, = 4,
X1, Xo= 0.

IIPH YCAOBUSAX

Pemenue. Mbl nonyuaem Tabaumy

X1 Xo I

_2 1 _"3 e ull
1 ,_,,2* 4 = uz’ (36.13)
1 1 0 |=w.

Henas BelLyllue npeo6pa3oBaHHA ¢ OTMeYEHHHIMH 3Be3XOUKOH B3ie-
MeHTaMH, noJayyaeM TaOauIb!

X, Us 1
—7, 1, 5 |=— g,
—Yy =l | =2 = —x,, (3.6.14)
3/ 1/, 2 |=w,
iy Uy 1
= = ~%f | = —x,
—2 =9, | =2 |= = x,, (3.6.15)
6.«’7 9 14 Y, 1= w.

Hs (3.6.15) scHo, uTo aTa 3afaya HeorpaHuyeHHA.

111.7. ATPBI C OTPAHAYEHUAMNA

Teopus suneliHoro mporpaMMMpoBaHHSI HMeeT MHOTO npuMeHeHn R
NMOMHMO T€OPHH MTp. XOTS MHOTHME M3 HHX CaMH mo ceGe BecbMa HMHTe-
pecHbl, Mbl He MOXeM J[eTaJbHO Ha HHX OCTAaHABJAMBATLCH. YKaKeM
3A€Cb OLHO NMPHMEHEHHe, KOTOPOE MMeeT OTHOUIEHHe K TEOPHH HTp.

Paccmotpum urpy, B KOTOpOil ZomyckaioTcs He Bce CMellaHHbie
crpareruy. OOblYHO [/ 3TOTO MMEKTCS ompeieieHHble NnpaKTuiecKue

OcHOBaHH4. HMrak NpeRNOJA02KHM, UTO CMellaHHbIe CTpaTer¥u X 1 Y CO-



111.7. Hepot ¢ o2panuvenuamnu 83

Y

OTBETCTBEHHO AOJKHbI BBIOHpPAThCcsi H3 HEKOTOPBIX BbINYKJbIX MHOTO-
TPaHHHUKOB, T. e, 43 HONYCTHMBIX MHOXKECTB, OMpefensieMblx JHHeM-
HBIMH HepaBeHCTBAMH U YDABHEHHSAMH,

Ecau MaTpHlla HIPH eCTb A = (a;;), To 3amaya urpoka I cocrout
‘B TOM, 4TOOb! HANTH

max {min x AyT}, 3.7.1)

xeX yeY

-

The IBa MHOXectBa X u Y omnpefensioTcs cOOTBeTCTBEHHO HepaBeH-
CTBaMH

xB = C, (3.7.2)
x=0 (3.7.3)
H
yET = F, (3.7.49)
y=0. (3.7.5)
Amnanoruuto, 3afaya urpoka Il cocToutr B ToMm, uToOL! HAHTH
min {max xAy’}. _ (3.7.6)
yeY xsX

Paccmorpum Bbipaxenue (3.7.1). BeaumuuHa, crosimias B ckobkax,
OUeRUITHNO, ABJdeTCd l’hVHKHHPH X, TOLIHPP OHAa 4dBRJgeTCcd 3IHAUYeHUEeM

L AR EF L LV I FLARv RIS AN, T FEPL YR JLws 4} L1 S o aala LA P L) ) S 19 R/ Ry QU 9P ¢4 LW

3afauu JHHEHHOro IIpOI‘p&MMHpOBaHHH, meneBasi (hYHKUHS KOTOPOH
uMeeT K03(pPuIUHEHTH, 3aBucAllHe OT x. [To TeopemMaM ABOHCTBEHHOCTH
us § 111.2 Mbl 3HaeM, yTo ecau 3Ta 3ajada KONMYCTHMa M OTpaHHYeHa
(uro, BOOOUIE TOBOPA, He 3aBUCHT OT X), TO ABe 3aJa4H

MHUHUMH3upOBaTh (X¥A)yT (3.7.7)
TpH YCJAOBHAX yET = F, (3.7.8)
y=0 (3.7.9)
u

MakcuMusnpoBatTe 2FT (3.7.10)
IIpH yCJAOBUAX 2E = xA, (3.7.11
z2=0 (3.7.12)
6yAyT UMeThb ORHO M TO e 3HaueHue. 3HAUMT, 3ajaya urpoka I cso-

OHTCA MPOCTO K 3aJadye MaKCHMHU3AIHH:
MaKCHMH3HpoBaTh 2FT (3.7.13)
NpH YCJAOBHAX 2zE—xA =0, (3.7.14)
xB=C, (8.7.15)
2, x=0. (3.7.16)

drta 3ajaya, KOHEYHO, MOXeT OBITh pellleHa OGBIYHBIMH METOJAMHM Ju-
HEHHOro MpoTpaMMMPOBAHHS (CHMINJAEKC-METOAOM).
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AnanoruyHo, MOKHO mokasaTb, 4To 3azaua (3.7.6) mrpoka II cBo-
JHMTCA K 3aJlaue MUHHMH3aANHUU:

MuHUMU3upoBaTh CsT (3.7.17)

NpH YCJAOBHSX sBT — yAT =0, (3.7.18)
yET = F, (3.7.19)

s, y=0. (3.7.20)

MoxHo nokasarb, uro 3agada (3.7.17)—(3.7.20) asaserca ABoOH#CTBeH-
Ho#t anst 3amaun (3.7.13)—(3.7.16), Ilosromy ecau o6e st 3amaun
OONMYyCTHMBI, TO BbipaxkeHus (3.7.1) u (3.7.6) Oyayr paBHBI H, TAKuM
obpasom, urpa c orpaHuueHusIMH GyZeT MMeTb pellleHHe B CMelIaHHBIX
CTpAaTerusx.

Jadauu

I. 3anucarts pBOACTBeHHble 3afauW AJA CAEYIONHUX 3a4a4 JUHEHHOrO APOrpam«
MHpPOBAHHSA:

(a) maKcHMH3HpOBaTh X;+ 3X;— X3

fIpH YCJOBHAX 3x1+ x, = 5,
X1—3x;+ x3 = —6,
Xy + 3x3 = 4,
= 0, i=1,23;

(6) MUKRHMH3UPOBATDH 2x; 4+ 5x5 + 6x3
NpH YCJOBUAX X1+ 3x,+ x3 =5,
3, +2x3 =7,
Xy + x3 =3,

2. Tlokazath, UTO 3ajaua

MHUHUMH3HUPOBATH 2%y — 3x, + 4x;
OpH YCJAOBHAX 2%, — x5 = —2,
—"Ex; -+ 3x3 % 3,
Xy — 3%, = —4,
x,= 0, i=1,23,

-

i

HMeeT 3HaueHue, paBHOe HYJIW. (Y Ka3aHHe: mnoxa3aTh, YTO OHa JONYCTHMa; 3a-
TeM HAWTH ABOACTBEHHYIO 3anauy).

3. Ilyctb  A(x, y) — venpepsiBHafs GYHKIUHA X H 4§ B EHUHHUHOM KBajipare
[0,11 X [0,1]. Tlyers &(y) u c(x) ompenmeledst ® HenpepbiBHbl Ha [0, 1]. Tloxasars,
uTo ecau f(x) H g(y) — HenpepbiBHBIE HeoTpHUaTesabhBle (yHkuuu Ha [0, 1], Taxue,

yTo
i

[amptiwa=sw
6

1
[atpewav=ce,
0
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TO
1 1

[ewimars o620 .
0 0
4. Tlyete A — maTpHuHas Wrpa, H OyCcTb B — MaTpuma TeX Xe DasMepop, uro
u A. OGosHauns uepes v(A) snaueHue Hrpsl A, onpenenum
do (A) v {A+ aB)—uv (A)

{
———" = lim .
0B 0> 40 a

[loka3arts, 4TO

do {A) . T
— "~ = max min xBy,
oB anX* ysy?* Y

rme X* H Y* — MHOXecTBa ONTHMAJBHEIX CTPaTerHii COOTBETCTBEHHO Hrpoxos I
u 11 paa nrpst A.

5. 3a0aua © nOTOKe COREPKHUT CHUCTeMy y3J0B (BepIiHH), MPOHYMEPOBAHHBIX
quemamu 0, 1, 2, ..., n4 1 H ceasaunnix peGpamu Ai; (i=5j). Yauabl, OTMeueH-
Hoie O H n -+ 1, BEIZeJieHbl; OHM HA3BIBAIOTCA COOTBETCTBEHHO UCTO4HUKOM U CTOKOM.
Pe6pa HeODHEHTHPOBaHHBIE, CJenoBaTelbHo, A:j W Aj; coBmanaor. Kaxnoe peb6po-

L]
uMeeT nponyckayio cnocobuocts Cij, W KaMABA y3ell Takxe HMEET NpPONyCKHYIO

cioco6rocts Ci;. (Hexoropsle peGpa A;; MOryr OTCYTCTBOBaTb; B 3TOM cayvae
Ci; =0.) Iorox sBnnercss BeKTOPOM X = (X;;), B KOTOPOM KOMHOHEHTa Xi; NpeX-
CTaBJfeT KOJNHuECTBO, «mpOTekalomee» OT y3ala { K ysay j. TloToxk noJKeH, KOHeu-
HO, YAOBJETBOPATH OUEBHIHbIM OrpaHHUCHUAM

xngcif, i, j=1, ..., n,
X, = 2 X = ‘z_x].i, i=1 .., B
i+ f¥i
n+l
Xoo = Exoj,
j=1

n
1
Xoit,nt1= 20 %, na1e

j=0
3uauenue MOTOKa €CTh WHCJO Xgo. 110Ka3aTh, uTO Xgo = Xn+1, ntl. -
Paspesom naspiBaeTc HaGop pebep K y3JOB, KOTOPH mepeceKkaeT JMoOyio nenb-
W3 pefep M Y3JOB, HAYIYIO OT HCTOUHHKA K'CTOKY. 3HaueHMe pa3pesa PaBHO CyMme
npONYyCKHBIX cmocofHOcTelt peGep M y3JIOB B COOTBETCTBYIOLIEM Habope. JloxasaTb-

TeopeMy O MaxKCHMAaJbHOM [1OTOKe W MHHUMAJbHOM paspede. SHaYEHHC MAaXCcUMAJb-
HOro nmoToKa paBHO 3HAUEHHI0O MUHHMAJBHOIO paspe3a.

6. MakCHMH3HPOBATH 2x; + 5xy
ApH YCAOBHAX H+=17,
2x1+ X2 =6,
X1, Xo = 0.
7. MuuumusupoBarhb 3x1 4 6x,—~ x3
OpH YCJOBHAX X;+4x, 4+ 5x3 =17,
3x,+ x3 =35,
3x; — x3=8,

X3, X9 X3=0.
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8. MakcUMH3upoBaTh X3+ 4x, —6x3
NIpY YCJOBHAX 3x; +2xy— x3 =05,
X3 +dx; = 7,

—x;+4x4+ =38,
X1, X2y X3 g 0.

9. MuruMu3upoBaTth Xy 4 xo 4 xg + X4
ApH YCJIOBUAX 3x;+ 2%+ x4+ x4 1,
Kot X3— X4= 6:
X; + x3 +2x, = 8,

X1, Xo, X3, X4 = 0.

HafiTh napy ONTHMaJbHBLIX CTparerufi ¥ 3HaueHue AJR

ALY Urn
11111111 e

10. 4 31 4
(2563).
1 07 0
1. 0 5 -2
3)
6 —4
12, 5 8 31 6
4 2 6 3 5
2 4 6 4 1%
i 3 2 5 3



I'nasa IV

BECHOHEUHBIE WMI'PhbI

IV.1. ATPBI CO CYETHBIMH MHOKECTBAMH CTPATETHH

Jdo cux mop Mbl HMeJH AeJo FJaBHBIM 00pa3oM ¢ KOHEYHbIMH
MTpaMH, T. €. C UTpaMH, B KOTOPHX KaxKAblfi HTPOK HMeeT KOHeuHoe
yucao crpateruil. [epelifem Tenepp K GeCKOHEUHBIM HMTPaM.

paCCMOTpPIM npexje BCero urpbl O CYETHBIM MHOXECTBOM YHCThIX
crpareruil. O6biuHo 3Ty cTparerun GyAyT HyMepOBAaTbCS LEJIBIMH I10-
JAOKHUTeJbHbIMH uHMcAaMH. Kak B KOHeuHBIX MTpax, OyCTh d;; NpeACTaB-
JsieT BHIMTPBIM, moJydaemblii urpokom I or urpoxa II npu ycnoBus,
yTo Hrpox I BeiOHpaer i-10 crpaTeruio, a urpox II — cBow j-10 4ucryio
CTpaTerulo.

B srom cayuae cMelaHHOMH CTpaTeI‘HEH urpoka I 6yzer nociaezno-
BaTeAbHOCTb (X1, X3, ...), AJA KOTOpPOH

> x=1, (4.1.1)
%, =0, (4.1.2).

Cwmewmannoii  crparernein urpoxa Il Oyzer mnocieRoBaTeabHOCTb.
(y1, Y2, ...), ompepenseMas aHaJOrH4HO. PYHKUMA BbIUTpBINIA MpPH
CMeIIaHHbIX cTpaTerusix (x,y) onpelensercd ciefywliuM o6pa3oM:

Alx, 9)= ;1 g7 (4.1.3)

NpH YCJOBHH, YTO 3TOT PAL abCcoMI0THO CXOAUTCH.

Urper co cUYeTHBIM 4YHCJAOM cTpaTerufli o0jafaT paIoOM Hexenda-

n
A AR Pul A% A LAAMFRLYA A AL NrVAS LYL l-l A Wrdh LA KL WA A R fiy AN r!
TeJbHHX CBOHCTB, KOTOPBbIX HET Yy KOHEYHbIX HIP. Sne b MOFYT BO3HHUK-
HYTb CJeAyIOlliHe TPYAHOCTH: BO-mepBHIX, pan (4.1.3) He obs3arenbHo:

CXOIMTCA H MOXKeT CJAYYHTLCA, YITO CYMMbI

gl g £1841Y (4.1.4)
H
g{ 12-1 Xia;1Yq (4.1.5)

CYyIieCTBYIOT, HO DA3J/JHYHBLI. BO-BTOprX, MHOXeCTBa CMelldaHHBbIX CTpa-
TermMd He KOMMOAKTHBI H, TAKHM 06pa30M, MaKCHMYMBl B MHHHMYMbER
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He OyAyT cymiecTBoBaTb. JlAst TOro 4TOGHl NPOXEMOHCTPUPOBATH 3TH
TPYAHOCTH, Mbl NpHBeAeM [Ba NpHMepa; cJaelyeT 3aMeTHTb, YTQ TOT
MHTEpeC, KOTOPbIi MPEeACTaBAAIOT HUIPH CO CYETHHIM YUCJIOM CTpaTerui,

Hl‘\ AMIFITAMAIZII ITAITAATILTN AAMALCT OmITR

aR1TrHECKH HCHEPIIbIiBAcTCA 3THMHU TNIDHMEDAMU.
I 1

IV.LLI. fIpumep. Paccmorpum urpy ¢ ¢yHKumeit BHHrpbiua
a;; = sign(i —j). (B cymmuocTn 3Ta mrpa NpUBOAMT K ClEXYIOLIEMY:
KaXXAblH Mrpox BbiOupaer HaTypasibHOe YMCJO;, BbIGpABIUMI MeHblee
YUCJIO NJAATHT NPOTHBHHUKY elWHMIY.) Taxas urpa mpeicraBiasiercs He-
7eno#, HO B JeHCTBUTE/bHOCTH ZeJI0 OGCTOUT ellle XYXKe.

HeldcTBUTENbHO, NPeNNOJOXKHM, 4TO X — CMelllaHHag CTpaTerus
urpoka 1. HUsBectHo, uto njs A1060r0 3agaHHOro e > 0 MOMKHO HAHTH
takoe N, 4yro

‘H, TaKkuM 00pa3om,

i X; <&, (4.1.6)

[peanosoxkum, 4ro ecau Hrpok I BHIGpaA cMEIUAHHYIO CTPATErHIO X,
‘Hrpok II BelGeper cBoio N-10 4ucTyio crpareruio. Torza, oueBHEHO,
-OKHMJaeMbliil BLIMTPHILI NMEePBOrO HTPOKa paBeH

Zi aiNxt< — 142
iH MO3TOMY

inf X a;px;, = — 1.
NG
Ho crparerus x npousBosbHa; cedoBaTesbHO,
supinf D a;yx; = — 1. (4.1.7)
x N i
AHaJIOTHYHO MOXKHO MOKAa3aTh, 4TO

inf sup 2, ayy;=1, (4.1.8)
y N ]

M MBI BHAMM, YTO TeopeMa O MHHHMakce (faxe 06GOGLIEHHAS NyTeM
3aMeHbl min ¥ max Ha inf u sup) He umeer Mecra. 3aMeTHM TaKiKe,
‘UTO Ka)KAas CTPOKA M KaxKAbli cronabern ZOMHHHPVIOTCH.

IV.1.2. [Tpumep. PaccMorpum wurpy ¢ marpumeii BBIMTpBIILEH
@i =1i{—j. Kak u B npumepe IV.l.1, Bce neno 3gech B BhGOpe Kaxk
MOXKHO GoJsbuiero yucaa. OZHAKO 3TO YCAOXKHEHO TeM, YTO (DYHKIHSA
BbIUTpLIIIA HE OrpaHHueHa.
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PaccMOTpUM Temepb CTpaTeruio X, onpefedsieMyl0 paBeHCTBaMHU
[ 1/(2i), ecau i=2% k—yenoe,

n T N TE TR TE N RA ATrErIT AL
L U B HpUTHBHUM (dyHdc,

X;= (4.1.9)

Jlerko npoBepuTh, UTO 3TO AEHCTBHTENbHO cTpaTerus. Temepb RIS JA10-

-

6oro j

o0 [+ o] e 0] 00
_ina”=2 ixi—_z jx;———z l.xi—]..
i=1 i=1I i=1 i=1
TTosTomy

X %=+ o0 (4.1.10)
i=1

H, cAegoBaTeJbHO, MaTeMaTuuyeckoe OXHIAHWe BBIUTpbIla Hrpoxa I,
ecJH OH NPUMEHSET cMelUIaHHYI0 crTpaTeruio x, a urpox II mwobyio du-
CTYI0 CcTpaTertio, paBHO GeckoHeuHocTu. Mnade ropops, mepBbIH HUI'POK
MOXKeT rapaHTHpoBaTh cefe OecKOHeYHOe MaTeMaTHYECKOE OXulaHHe
BHIMTpBIIA, KaKk Obl HH nocrynmaa urpox lI. Ho urpa cummerpuuHa, #
nostomy Hrpox II taxke moxker oGecneduTh cebGe GeCKOHeUHOe Mare-
MaTHUYecKOe OXKHAaHue BHIMrpbiIa. TakuM 00pas3oM, Mbl MMeeM MaTo-
Aoruueckyio wurpy. [He#crButenvno, npumep IV.l.l1 mnporuBopeunt
TOJILKO TeopeMe 0 MHHHMakce, MOcJAeJHUH Ke NpHMep NPOTHBOPEYHT

MpOCTO 3APABOMY CMBICAY.

IV. 2. ITPBI HA KBAJIPATE

Bakublii Kaacc OGeCKOHEUYHBIX HUFpP COCTaBJASIIOT HMIPbl, B KOTOPhIX
KaXXAbli HTPOK HMeeT KOHTHHYYM HYHCTBIX CTpaTerui, 0OGbIYHO Npea-
craBaseMblx Toukamu uHTepBana [0, 1]. Torma uucroit crpaterued
KaXX[O0ro H3 HIpOKoB OyHeT yHcAO H3 ITOrO HHTepBaJja, a (QyHKUHel
BHIMTpHIILIA — BelecTBeHHO3HauHasg ¢yHkuus A(x, y), ompeleneHHas
Ha eauHuunom kBazapare [0, 1] X [0, 1]

Kak u npexpe, cMeulaHHas crpaTerus npeiacraB/isier coGoil Be-
pOSITHOCTHOE pacnpefieNeHHe Ha MHOXKeCTBE YHCTHIX CTpaTerui. B Ha-
IIeM cJaydae cCMellaHHasi cTpaTerusi moxer ObiTb npeicraBjeHa yHK-
nuell pacnpeneneHus, T. e. pyHkuued F, onpenenennod Ha [0, 1] u Ta-
KOH, 4TO

F (0) = 0; (4.2.1)
F(l)=1; (4.2.2)
eciu x>x', 10 F(x)=F(x); (4.2.3)
ecad x50, 10 F(x) = F(x+0). (4.2.4)

Ecan urpok I ucnoab3yer umcTyio cTpateruio X, a Wrpok II—cme-
wagayio crparerdio G, TO OXuJaeMblH BBIMFPBILI PABEH HHTErpaay
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CTuapTheca
1

E(x, G)= [ Alx, y)dG (y). (4.2.5)

0

“Ecau xe urpok Il ucmoswn3yer 4ucTyio crparterdio y, a Mrpok [—
CMeIIaHHYyI0 cTpaTeruio F, TO OXuaaeMmblii BbIMIpbILI paBeH

E(F, y)= j A(x, y) dF (x). (4.2.6)
0

Hakonen, ecau urpox | ucnoabsyer F, a urpox II ucmoansyer G,
TO MBI HMeeM

1 1
PRV P

E(F, Gy=| | A(x, y)dF (x)dG (y), (4.2.7)
0 &

cydTaf B KaXJOM cJaydae, YTO HHTerpasbl cyllecTByIOT. Pasymeercs,
€CJH OHM CYIecTBYIOT, TO

1 1
E(F, G)= [ E(F, y)dG (y) = [Et, G)aF(.  (4.28)
0 0

OnTeMaJbHbie CTPATerdH ¥ 3HadYenHe Hrpbnl. Kak M B KOHEUHBIX
Wrpax, MOXKHO ONpeJesMTh ABa 4HCJa

vy =supinf E (F, y) (4.2.9)
F y

(3 I

2.10)

o = inf sup E (x, G). (4.
g x

Bosuukalor ABa Bonpoca. !) DByJer au BHINOJAHATbCA PaBEHCTBO
v; = on? 2) Moxuo au supinf u infsup 3ameHuTb Ha maxmin u
min max coorBercTBeHHO? Ecau orBer Ha o6a 3TH BONPOCA NOJIOXKH-
TeJieH, TO ONTHMAaJbHble CMellaHHble CTPAaTerHH CYUIeCTBYIOT, €CAH HX
MOJKHO HaHTy, TO Mrpa onpefeseHa CTOJb XKe XOpOIIO, KaK ¥ KOHeyHble
Arpel. B Takom cayuae, KOrga OTBETHTb YTBEPAHTENbHO MOXKHO TOJBKO
Ha nepBbIl BOOpOC, Hrpa HMeeT 3Hauyenue (0OIlas BelAHYHHA U1 M V),
HO He UMeeT ONTHMaJbHbIX crpaTeruil. TeM He MeHee oHa OyldeT HMETh
¢-ONTUMaJbHble CTpaTerud; HHaue roBops, AJaa Jawoboro &> 0 cynie-
CTBYIOT Takue cMelnaHHbie crpaterud F u G wurpokoB I u Il coorBert-
CTBEHHO, 4TO

E(F, ))>v~¢ | (4.2.11)
E(x, G)<v+e (4.2.12)

-H
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Aas aw6oro x u y u3 [0, 1). Takum o6pasoM, x0T urpa onpeneneHa
He CTOJIb 2Ke XOpOIIO, CKOAb KOHEYHbie UTPhbl, OHa 06JajaeT U3BeCTHOH
YCTOHYUBOCTEIO.

1V. 3. ATPHI C HENIPEPBIBHEIM fAIPOM

Cpenn urp Ha xKBajpaTe caMbIMH OYEBHAHBIMH «KAHAMZATAMH Ha
fpOBepKy» ABAAIOTCA HUrpbl, B KOTOPhIX GYHKIHA BHurpbima A(x, y)
(00b1uHO Ha3biBaemas A0posm) HenpepbiBHA. JIAst TaKHX MTp ONTHMAJb-
Hbl€ CTPATErHH CYIIECTBYIOT, 4TO Mbl ceHuac M HOKaxKeM.

iV3.1. Teopema. Ecau adpo A(x,y)— Henpepoigras pynxyus,
To sup inf « inf sup mozyr 6bire 3amenenbr Ha max min ¥ min max
€00T8ETCTBEHHO.

HoxkazareabcrBo. Hssecrno, uro dyskuua A(x,y) Hempe-
poiBHA. [TosTomy ana aw6oit F dyHkuua

1
E(F, 4)= | Alx, y)dF (x)
0

HenpepbiBHA 10 Y. Tak Kak unrepBad [0, 1] xomnakren, E(F,y) B He-
KOTOPOH ero Touke OyAeT AOCTHraTh MHHHMyMa. Takum o6pa3om,
sup inf MOXKHO 3aMeHHTh Ha Sup min.

Ilo onpenenenuio vy Aas M1060r0 1 CYLIECTBYET Takoe paclpexene-

veee~ IV —~
HHEC I'p, HIU

min E (F,, y) > v;— 1/n.

y

3aMeTHM Tenepb, 4TO M3 M0GOH NOCAeNOBATENBHOCTH (YHKUMH pac-
npefenerus (Fy, Fy,...) Ha [0, 1] MOXHO H3BJeub HeKOTOpPYIO MOTO-
Ye4HO CXORAulyocs moanocaenoBateabHocTb. Ilycth Fo— npenen aToi
moanocjaeqoBaTenbHOCTH. flcHO, uTOo Fy YyAOBAETBOpfAET YCAOBHAM
(42.1), (4.22) u (42.3), Tak Kak HM YyJOBJETBOpSieT KaxAas H3
dyuxkunin F,. C gpyroil croporbl, Fo He 06f3aTesbHO YAOBJETBOpPSET
(4.2.4), motomy 4TO 3TO CBOACTBO He COXpaHfeTCH NPH MNpeLeJbHOM
nepexone, Tem He Menee onpenenum ¢GyHKUHIO Fy CAEAVIOLM 06-
pasom:

[ 0, ecan x=0,
Fo(x)=1{ Fo(x+0), ecim 0<x<1, (4.3.1)
I, ecan x=1;

JIETKO BHJETh, 4TO Fo siBAsieTcs crpareruned. Pyuxuuu Fo u Fo orau-
YalTcd TOAbKO B TOYKAX pPa3peiBOB; HO Tak Kak 3TH (YHKIUK
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MITTY T MMAYIT?TYT TX¥wr s, st altisTals) ngﬂﬁﬂivtf\m SUYT ST T MR W ST SN e FRLTR 34 i s Ve
vunhbl, 1VUMAN HMA PdAdSPDIDUD UUPdJyN'l' Laeilnue Moumcellibu n 11uU-
JAst BCEX Y

W
=
=]
=

<

3

| 1
[ Atx, y)dFy(0)= | A(x, y)dFq (x).
0 0

dyuxkuua A(x,y) HenpepoiBHA H, CJAeJOBaTeNbHO, paBHOMEPHO He-
npepoiBEa. BBuHAYy Toro uro Fy fBadercd mnpeaeoM MOANOCAEeI0Ba-
TeABHOCTH U3 F,, MBI HMeeM

1 1
[ Atx, 9 dFy () =lim [ A, gy dF. ().
0 9

‘Ho nmocarenHuit npenen He Menblue vy AJs Ka)KAOro 3HauyeHus y. Ta-
kMM 00pasom,

min E (F,, y) = vy (4.3.2)
Y

H Ha Fy KocTHraercs TpeGyeMblH MaKCHMYM.
AHasorMyHO MOXKHO MOKa3aTh, uyTO infsup MOXKHO 3aMEHHTb Ha
min max.

IV.3.2. Teopema. Ecau adpo A(x,y) Henpepbi8HO, TO Up = U11-

HokasaTteabcTBo. Jas nA060ro neaoro 4ucia # paccMOTPHM
[(n+ 1) X(n + 1)]-marpuny A, =(a},), rae

af, = A(ifn, jln), i, j=0, ..., n, (4.3.3)
HUrpa ¢ marpuueil Belurpoima A, MMeeT 3HaueHHe W, M ONTHMAJbHblE
crparerun r,=(r%, ..., r") u s, =(s§, ..., s?) urpokos [ u II co-
OTBETCTBEHHO.

dyukuus A (x,y) HenpepbiBHa. Tak KaK KBaJpaT KOMNakTeH, To A
paBHOMEPHO HenpepelBHa. Taxkum o6pasoM, AJAs 3afaHHoro &> 0
MOXHO HalTH Takoe & > 0, UTo ecJH

Vix—xF+—-y)r<s,

s Y

|A(x, y) — A, ¥)i<e.

TO

Bosemem n croap GosbwuMm, uTo6el 1/n << 8. OnpepenuM cTpaTeruio
F,(x) paBeHcTBOM
[nx]

F_ (x)= go rn (4.3.4)

(3nech [nx] o6o3HauaeT HeAYI0 YacTb YUCAA hHX),
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Jlas awo6oro y noaoxuMm j = [ny]. SlcHo, uro

yl 5
E(F,, jin)= g nr > (4.3.5)

¥ TaK Kak |y —j/n| <8,
| Ax, y) — A(x, jin)|<e,

|E(Fm y)mE(Fm j/n)|<3'

HMEEM

CaegoBaTtenbHo, A JA1060T0 Y

E (Fm y) > Wy —
H NO3TOMY
0> w, — &. (4.3.6)
AnaNOTHYHO MOXKHO NOKa3aTb, YTO
op<w,+e. (437)
M3 aByX NOCAEAHUX HEPABEHCTB NOJyYaeM

Ho u3 Toro, 4to vy==0p ¥ & NPOU3BOJDBHO, CAEKYET, 4TO

U= 0. (4.3.8)
W3 poxasarenbctBa Teopemnl 1V.3.2 cnepyer, uTo, BO-NMEPBHIX,
v=Ilimw, (4.3.9)
n

H, BO-BTOPBIX, YTO CTPaTeruu F, annpoKCHMHPYIOT ONTHMAJABHYIO CTpa-
TETHIO CKOJMb YIOLHO TO4YHO. B 3TOM cMBIc/e MaTPHUHBIE HUIPBHl annpok-
CHMHpYIOT HenpepoiBHyo urpy A(x,y). Ecanm aaxpo oueHp raagkoe,
TO MOXKeT 0Ka3aTbcf, UTO yXe IPH OueHb HeOOABILIOM N anmnpoKcHMa-

o

nus 6yner gocratouHo xopouleld. C APyro# CTOpOHBI, eCAH AAPO CJAHLI-

wNAM HanhatvIIdnuanNn TN niaa nnr‘nnnu AMMNNAKCLCUIMAITUN mnnﬁummr\q ANTTE -
SV 8 lAkav& Yuidapinv, 1V aeid J\Ut}umull QuUUPpUALANGQINR Jpvwyivivia vuao

mMe 3HaueHHs 7. Meronbl, B GOJBIUHHCTBE CJAYYae€B HCNOJAbL3YEMble
IAS pElIeHHS MaTPHYHBIX Hrp (MeToJ (UKTHBHOIO pasbiTpPHIBAHUA H
CHMIICKC-METOA), He MO3BOJIAIOT AOCTAaTOYHO OBICTPO pelaThb HIPHI
pasmepoM, ckaxem, 100X 100. Takum o6pasom, npeaNouTHTENbHEE
6bl10 Obl HAXOJUTDH PEUIeHHA TAKUX HI'p anajduTuueckd, K coxkanaenuio,
o6IUX METOJ0B IJfl 3TOr0 M0Ka He cyIlecTByeT. PasBHTHe TakHX Me-
TOLOB — OJlHA W3 HACYIIHBIX 3ajauy Ha ceroausi. Belio 6b Takxe
XKenateapHO HANTH cnoco® BBISICHEHHST TOTO, MOMKET JAU ONTHMAJb-
Haa crparerud F OblThb cTryneHyatodl ¢yHKUHWEH, T. €. JAOCTATOUYHO JH
KOHEYHOTO YHCAA YHUCTBIX CTPATETHH HAH K€ JOJXKHBl HCIOJAB30BAThCH
HenpepuiBHble QYHKIHMH pacnpeneneHus. Caepywoomue naparpadsl no-
Ka3blBalOT, KAKHX YCIEXOB MOXHO ROOHMTBbCA B 3THX HalpaBJCHHAX,
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IV. 4 BOTHYTO-BBITYKJILIE HTPHI

IV.41. Onpenenenune. FoBopsAT, uTo Hrpa Ha KBaApare 60-
2HYTO-8binyKaa, ecu ee AAPO A (X, Y) BOTHYTO O X NPU KAXKIOM 3Ha-
YEHUHM § ¥ BHINYKJAO N0 Y NPH KaXJAOM 3HAaYeHHH X.

ITo cymiecTBy BOrHYTO-BbINyKJasi Urpa ZOJXKHA HMETb CEI006pa3-
Hoe AApo. Tak kak fApo ceanoo6pasHo, CAedyeT OXHAAThb, UTO HIpa
OydeT UMeTb CE[JIOBYI0O TOYKY B YHMCThIX cTpaterusix. To, uto sto geil-
CTBUTENPHO TaK, JOKa3blBAeTCS — NPHU AOMOAHHUTENbHOM MPEANO0NKE-
HMH HENPEPBIBHOCTH — CJAEAYIOUM 00pasom.

IV4.2, Teopema. [lycro soenyro-svinykaan uzpa A(x,y) He-
npepbisra. Toeda ona umeer onTumasbHbie YUCTbIE CTPATE2ul.

NokasarteabcTBo. Tak kKak urpa HenpepoiBHa, OHa HMeEET
onTumanbuble crpateruu. Ilycre umu 6yayr F u G pas urpokos I u 11
COOTBETCTBEHHO. Tenepn MONOKHM

1
Xo= f x dF (x), (4.4.1)

Yo= f ydG(y). (4.4.2)

Tak xak ¢yHkius A Bormyra no x, To aas m0Goi 3agaHHOH y cyue-
CTBYET TaKoe o, 4TO GYHKIUSA

B,(x)=A(x, y) —ax

AOCTHraeT CBOEr0 MAKCHMaJbHOrO 3HauyeHusd (NpH UKCHPOBAHHOH y)

B TOuke X,. MBI HMeeM
1

E(F, y)= [ (B, (x)+ ax) dF (x),
0

E(F, y)= f B, (x)dF (x) +a j % dF (x). (4.4.3)
0 0

Oyukuusa B, AOCTHTaeT MAKCHMyMa B X, CJACZOBATENbHO, NEPBLIR
uHTErpan B paBeHcTBe (4.4.3) He mpeBocXoAHT By (xo). IMostomy

E(F, y) = B, (xo) + axo= A(x,, y), (4.4.4)

OTKyZAa CJAeAyeT, 4TO Xxp He Xyxe F npotuB Jw60H y. AHaAOTHYHO
MOXHO MNOKa3aTb, 4TO Yo He xyxKe G nportuB awboii x. Takum o6pa-
30M, Xp H Yo— ONTHMAJbHBIE YHCTBIE CTPAaTErdd.

HU3BECTHOM CMBICAE [J0KA3aTeNbCTBO TeOPEMBI 1V.4.2 usngumue

N G § 1vi JIvrel 2R 2 LR R A VSN B AV, A N Wr

YCAOZKHEHO. ExnBa an KeJaTeJbHO, YTOOLI B €€ J0KA3aTeJAbCTBE UCNOJb-
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30BaJIMCh CMENIaHHble CTPATErHH, B TO BPeMsA KaK caMa OHa Kacaercs
JIMIIb YHCTBIX cTpaTeruil. IlosToMy MBI ZafuM Q0Ka3aTeabcTBO, B KO-
TOPOM HCHOJNL3YIOTCH JMUIb YUCTBHIE CTPaATErHH, MPH HECKOJABKO GoJjee

L-] L1l
b} YT P mmrr T Ly oWt Y T ET T e e m—

pOrGon BOTHVTOCTH H CTPOrOH BBINVKJIOCTH.
V

n
CHJIBHOM NPEATION0XKEHHH C

IV43. BapuaHT AoOKa3aTeabcTBa TeopeMmun IV42
(B MpeAnON0XKEHHH CTPOrOil BOTHYTOCTH H BHINMYKJOCTH).

Jdns mwo6oro 3HaYe€HHA X CYIIECTBYET €AHHCTBEHHOE

DITAITATITIN
JildTIvILI y

(BBHAY CTpOro#fi BBINYKMOCTH), KOTOpoe MuHHMH3HpyeT A (X,y). O6o-
3HAYUM 3TO 3HauyeHue y uepe3 @(x). Takum obpasom, Ml H

A(x, 9(x))=min A(x, y). (4.4.5)
y

=
@
@
=

Tlpeanonoxum, uro pyHkuus ¢ He HenpepbiBHA. [lycTb, ckaxem, g(x)
paspeiBHa B TO4YKe Xy H @(Xp) = yo. Torza cyuiecrsyer Takag nocaeno-
BaTEJNbHOCTb YMCEN (X1, Xg,...), YTO Xo ABASAETCA NPEAECAOM X, a 4o
He ABAsercd npexeioM ¢(xn). B cuay koMnmakTHOcTH cymiecTByer Ta-
Kasg TMOANOCAEAOBATENBHOCTD {Xn } mocaenoBarensHoctH {x,}, uTO

R
4
@ (Xn,) CXORHTCH K Y, TAC Y’ 5 Yo

Hanee,
A(Xnys @ (%n,) ) < A (Xnps Yo)s

a MO3TOMy, NMePEXOoAsi K Mpefesy U HCNOAb3YSA HenpepuiBHOCTb A, mo-
JydaeMm

A (xQ, y,) = A(an yO)'

Ho yo— eduncreennoe smauenue y, kotopoe MuHHMH3HPYET A (X0, ).
D10 MpOTHBOpEUHe NMOKa3bIBaeT, YTO ¢(X) ZOJMkKHA GBITb HempepHBHOM
¢ VHKIHEH.

AHanoruuHO MBl MOXEM OnpeRenuTs QPyHkuuio P(y) Kax 3Haue-
HHE X, KOTOpOe MakcuMHuaupyer ¢yHxkuuio A(x, y), T. €.
AP (y), y) =max A(x, y). (4.4.6)
X

PaccMorpuM Tenepp KOMNOSHUHUIO PYHKUHE o @. OueBHAHO, 4TO
3TO HenpepbIBHOe oToGpa)keHue orpeska [0, 1] B ce6s. IMo Teopeme
bpayspa 0 HenogBM:KHO# TOUKE HOJXKHO CYIIECTBOBATb TaKoe ¥, UTO

X=vpe ()
Ecau Mbl monoxum j = ¢(%), To mocaeaHee GymeT 03HauaTh, UTO
x =9 (), (4.4.7)
g=q(X). (4.4.8)

Ho sto u 3HauuT, 4To T u § 06pa3yioT CeANOBYIO TOUKY, T. €. SB-
JIRIOTCA ONTHMAJBHBIMH CTpaTECHAMH.
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IV4.4. [Ipumep. PaccMoTpuM HIpPy C AAPOM
Alx, )= — 2%+ y? + 3xy — x — 2y.

Jlerko BupgeTh, ur0 Ayy = —4, Ay, =2, nosToMy 3TO Hrpa AEHCTBHU-
TeJbHO BOTHYTO-BbiykJasi. Mbl BUAHM, 4TO

A, =—4x+ 3y —1;

rojaras 3TO BbIpakK€HHC paBHBIM HVJIIO, HajgeM

_ 3y—1

A Ld
b 1

X

dto 3HaueHue x Makcumusupyer A. OpHako OHO He Bcerja JEXKHT
B €IMHMYHOM HHTepBaje, GyAyud OTpHIaTeNpHHIM npu y < 1/3. B mo-
cAeAHeM cAyyae Mbl MmojyyaeM MakcuMywm, nosaras x = 0. CuaenoBa-
TEJbHO,

{ 0, ecad Yy =1,
bly)= | By—1/4, ecmn y=1. (4.4.9)

AHaJOTHYHO HAaXOJHM

OTKYZA CJAELVeT, UTO
: { (2 -3x)/2, ecam x= 0
)= 0, ecan  x = ;. (4.4.10)

Tenepb J€rKO HaHTH ONTHMAaJIbHBIE CTPATETHH M 3HAYCHHE MIPBHI:

x=%q §="% v= 13!1?-

[N |

Iv.5. ATPBI C BHIBOPOM MOMEHTA BPEMEHH

Boiliie Mbl YIIOMHHAJAH, YTO HENPEPLIBHBIC HIpBI BCerAa HMCIOT ONTH-
MaJbHble CTpaTerHH, HO OOMHX AHAJHTHUECKHX METORXOB HX BBIUHC-
aenus Her. C Apyrosl CTOPOHB, B TO BpeMA KaK Mbl HE MOXKEM GBITH
yBEpPEHBI, 4TO BCE€ HIPBl C Pa3PBIBHBIMM fAApaMH HMEIOT ONTHMAJTbHbLIC

CTpaTeruH, B HEKOTOPHIX CAyyasfiX HMEHHO PasphHIBHOCTD MO3BOJISET HAM
HAaXOAHTh ONTHMAaJbHble CTpaTerHd (€CcAH OHM CYIUECTBYIOT) aHaJjH-
THUECKUMH METOJaMH.

3gech Hac OyaeT MHTepecoBaTh OZMH THN WP HA KBajapare, Ha-
apIBACMbIX U2pamu ¢ ebi6opom momexnra gpemery. IIpoToTrnoM TakoH
Urpbl SABJAETCS MTPa, B KOTOPOH Ka)KAblH HIPOK MOXET CHeJaTb TOJb-
KO OLHO AeHCTBHE B TeueHue KAHHOTO HHTepBana BpemeHH. ITopsanox,
B KOTODOM HIPOKH AeHCTBYIOT, upe€3BblvailHO BaxkeH. DTOT (JaKT AB-
AsieTcd NpHuUMHON paspeiBa fiApa BAOJb AMAroHaju X = y KBajipara.
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Paccemotpum urpy ¢ sapom A(x, y) suza

[ K(x, y), ecanm x<y,
A{x, y)=1 9(x), ecan X =y, (4.5.1)
L(x,y), ecanm x>y,
rae ¢GyHkuus K onpejefeHa W HENpepolBHA HAa MHOMECTBe (== x =<
=y=1, ¢yukuua L onpeseseHa u HempepbIBHA Ha  MHOXKECTBE
0=y=x=1, a dyskuus ¢ uenpepuiBHa Ha [0, 1]. Henp3s GbiTh

YBEPEHHbIM, 4YTO ONTHMAJbHBIE CTPATETHH B 3TOH HIPe CYLIECTBYIOT.
Tem He MeHee Mbl MOXeEM ONPEAEAHTh HEKOTOPHE CBOHCTBA ONTHMAJb-
HBIX CTPATE€ruil B NPEANONOKEHHH, YTO OHH CYILECTBYIOT,

[Mycrb F— cMemannas crparerusi urpoka I Jlas y [0, 1] mu

HMEEM
Y

E(F, y)= [ K(x, 9)dF () + 9 @) [F (4) = F (y — O] +

0
I

~

-+ 1 L{x, y)dF (x). (4.5.2)

y

Eciu F —HenpepoiBHass (yHKIHA pacnpefeseHHs, Mbl, pasdyMeerc,
MOXEM ONYCTHTh CPERHEE BbIPAXKEHHE U MOJYUHM

y 1
E(F, )= [K(x, 9dF (9 + [ L(x, 9dF (). (453)
0 y

[Ipeanonoxum, uro F ¥ G — onTUMadbHHE CTPATErUH UrpokoB |
u Il 1 uto 00e OHH ABAAIOTC HENPEPHIBHBIMH YHKIHAMHU pacnpege-
aAeHus. MsBectHo, uto ecau F u G onTuManbubl, a Yo — TOUKA, B KO-
TOpOH

G’ (y))> 0, (4.5.4)
TO

E(F, yo)=v, (4.5.5)

rie v-—3Ha4yenue urpel. Temepnb, ecam G’ MoJOXKHTeAbHA B TOUKE Y,
TO OHAa NOJAOXKHTENbHA H B HEKOTOPOH OKPECTHOCTH Yo. [TosTomy pas
A1060r0 Y, NOCTATOYHO OJH3KOLO K Yo, Mbl Gymem uMete E(F, y) = v.

Ho 3to0 3nauut, uro

OE (F, y)/oy = 0. (4.5.6)
¥YpaBuenue (4.5.6) MoxHO'mepenucaTs B BuAe
y

[ Ky (x, 9)F (x)dx+

1
»

[L(y, v) = K (y, )] F_’ (y) =

0

S.'.J‘l
]

~
T3
Sy
——
¢
e
£
o
—
S’
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(nuTerpajspHOe ypaBHEHHe OTHOcHTeldbHo F’, KoTropoe wuHoria jo-
BOJIBHO JIETKO pellaTh). '

[IpeanosioxXum Tenepb, YTO HaM AaHa Urpa c AApoM BHAa (4.5.1).
Mbl He MOXKE€M TapaHTHPOBATh CYLIECTBOBAHHE ONTHMAaJbHBIX cTpaTe-
rufi. MBl gaxe He 3HaeM, OVAYT A4 OHHU HENPEPBLIBHBIMH, AHCKPETHBIMH
HJIH YACTMYHO HENMPEPBHIBHBIMH M YacTHYHO KMCKDETHBIMH pacnpepesne-
HuaAmu. OJHAKO HOBOJABHO €CTECTBEHHO CHYHTaTb, YTO ONTHMAaJbHbIE
crpaterun F u G SIBASIIOTCH HENPEPBLIBHBIMH pacnpelejEHHAMH, a HX
npousBoansie F/ u G’ monoxuTenpbHsl Ha WHTepBanax (a,b) u (c,d)
COOTBETCTBEHHO M paBHB HYJK BHe 3THX HMHTepBanoB. Temepb Mbl
MMeeM HECKOJbKO COOTHOLIEHHMH, cBA3biBawmiux ¢yekuuun F, G H

yucaa a, b, ¢, d, v. Bor onu:

E(F,y)=v naa ye<(c, d), (4.5.8)
E(F, yy=uv nanas Bcex Y, (4.5.9)
E(x, G)=v paa x&(a, b), (4.5.10)
E(x, G)=uv pJag Bcex x, (4.5.11)

[L(y, 9)— Ky, )] F (y)=

y 1
= [ K, (%, 9) F' (x)dx + j L,(x, ) FF(x)dx nas ye<(c, d), (4.5.12)
0 Yy

[K(x, x) = L(x, )] G’ (x)=

x f
ﬁ,_" L.(x, y) G'(y)dy + f K,(x, y) G'(y)dy nas x<(a, b). (4.5.13)
0

X

KoHeuHO, K 3THM LIECTH COOTHOLIEHHSIM Mbl AOJXKHB HOGABHTb Orpa-
HuueHus 0 =a<b =1, 0= c<d = 1; kpome 1010, F ¥ G JOJKHHI
6uiTb cTpaterusiMu. Ecau BeAd cucTeMa HMeEET peuieHue, TO 3TO pelle-
HHE JACT HAM ONTHMAJbHbIE CTPATErHH, a TakXke 3HaueHHe Urpel, Ecau
pEILEHHst HET, TO Mbl 3aKJIOYHM, 4TO Hrpa JHGO HE HMeEeT ONTHMaJb-
HBIX CTpaTeruii, 1u6o, ecu OHa MX HMEET, TO OHH He TAKOTO THNA, KaK
NpeANnoJaarajoch BHIIIE.
HMHorpa fAApoO KOCOCHMMETPHUHO, T. €.

L(x, y)=—K(y, x), (4.5.14)
¢ (x)=0. (4.5.15)

Ecau 3TO Tak, TO aHalAu3, aHaJoOrHuHblil mposesenHomy B § 11.6, mo-
Ka3blBaeT, UYTO 3HAYEHHE HUTpbI, €CJAH OHO CYIIECTBYET, AOJXKHO paB-
HATBCS HYJI0, @ ONTHMAaJbHbIe CTpATErHH, €C/IM OHH CYIIECTBYIOT, LOJ-
KHbBI ObITh OHHHAKOBH AJMf1 060HX HrpokoB. Takum oO6pasoM, MH
oynem umerb F =G, a=r¢, b=d u v =0, u ykasaHHbI€ BbIllle COOT-



1V.5. Hepot ¢ svibopom momenta spemenu 99

HOILEHHS OPHUMYT BHL

E(F, y)=0 ann ye(a, b), (4.5.16)
E(F, yy =0 gas Bcex vy, (4.5.17)
[L(y, y) =Ky, 91 F’ (y)=b |
Yy

= [K, (6 ) F () dx+ [ L(x, ) F (x)dx pas g (a, b). (4.5.18)

» L

a y

OTa cHcTeMa BMecTe ¢ OGbIYHBIMH OTPAHHYEHHAMH AACT HAM PelIEHHE
HIPBI, €CJIH TaKO€ PellleHHe CYLIEeCTBYET,

IV.5.1. [Tpumep. PaccmorpuM caeayiomyw Ayaae. JIBa AysasHTa
(«urpoka») B MOMeHT { = 0 HAauyMHAIOT UATH HaBCTpeuy APYT APVYTY.
Ounu BerperaTcs (ecad HUYTO He momellaer) B MomeHT f = 1. Kax-
Abld HMEET IMCTOJIET TOJNBKO ¢ OAHOH Nyjedl U MOMKET BBICTPEAUTDH
B /1000 MOMEHT, KOTAa noxeaaer. Ecau emy yaanoch nopasurs npo-
THBHHMKA, a CaM OH HEBPEAUM, TO Ay3/db HEMEAJIEHHO Npekpalaercsd,
H TOT, KTO BBICTPEJHA YCHELIHO, ABAfeTcsa nobeaureneMm. Ecaum oba
AY3J9HTa NPOMAaXHYJAHCh, TO Ay3Jb OKaHuMBaeTcss BHUuUbIO. Ecau oba
CTpensiJd ORHOBPEMEHHO H KAaXKAbIH NOpas3usa NPOTHBHHKA, TO AY3Jb
TaKxe CYHUTAeTCA OKOHUMBIUEHCH BHHUBIO.

o TTan \ s
Crnenaem ABa npeanosoxcHus. [TepBoe — MeTKOCTb Bbic

MIPOK BBICTPEJIHA B MOMEHT [, TO BEPOATHOCTh MOpaXKE€HHA TNPOTHB-
HuKka pasHa !. Bropoe — pysab ABAsieTcs GecliymMHOM, T. e. HIPOK He
3HA€T, YTO €ro NPOTHBHHK BHICTPEAHJ (€caH, KOHE€YHO, TOT NpOMax-
HyJACH).

Hahigem sgpo astoit urpwl. Ecau urpok I BroiGupaer MomeHT x,
a Hrpok II-—momenr y > x, 1o urpok I ¢ BeposTHOCTbIO X momajgaer
B NPOTHBHHKa (B 3TOM cjyuyae ero Beiurpeimr paBeH +1). Ecaum on
npoMaxHy/cs (c BepPOATHOCTbIO 1 — x), TO OH GyAET NOpaxkeH ¢ Be-
POATHOCTBIO ¥ (MOJYUYHT BbIUTPBIL —1),

Takum o6pa3oMm, Mbl HMeEM

K, y)y=x—y+ xy. (4.5.19)
OueBHIHO, 3Ta UrPa CHMMETPHUYHA, O3TOMY

Lx, yy=x—y—xy (4.5.20)
H

¢ (x)=0.

Mbl uMeeMm Takxe

K,(x, y) = — 1 +x, (4.5.21)

L(x,p)=—1—x (4.5.22)

-

Ly, )~ K(y, y) = — 24 (4.5.23)
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Ilpeamosoxum Tenepp, uTO ONTHMAaJbHAs cTpaTerHs siBJAfeTcA He-
npepulBHON GyHKIUHER pacnpefeaeHus F ¢ MONOXKHTEAbHOH NPOH3BOA-
HOH B uHTepBane (a, b). Toraa

y b
—202F ()= [ (= 1+ 9 F (x)dx + [(=1=x)F(9dr. (45.29)

a

ITO0 HHTErpajbHOe ypaBHEHHe MOXeT ObITb NpeobpasoBaHo B AHP-
pepeHuuansHoe auddepeHnupoBanuemM o0edX uacTed, 4To Aact
—4yF - 2P’F"=(y— 1) F +(y+ 1) F,

HJIM TIOC/€e yIPOLIeHHH
yF” = —3F'. | (4.5.25)

Penrenne nocieZHero ypaBHeHHs: TakoBO:
F' (y) = ky™3. (4.5.26)

Tenepb HyxHO HafiTh a, b u k. Tlpeanoaoxum, uro b < 1. Mol 3Haem,
yTo AJA Beex y & (a, b)

E(F, y)=0.
Ho dyukuusa E(F,y) HenpepblBHa IO Y, OTKYAA CAELYET, 4TO

E(F, b)=0.
ClenoBaTeNbHO,

b
I (x—b+bx)dF (x)=

Ho ecau b < 1, 10

b
[(x——l+x dF (x) <0,

u nostomy E(F, 1)< 0, uro nporusopeunt ycaosuio (4.5.17). Takum
obpasowm,

b=1. (4.5.27)
Tak kak b =1, o E(F, 1) = 0. Beuny artoro

1
k[ Etdx=0,

OTKyJAa ClefyeT
3a°—4a+1=0,
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3TO ypaBHEHHe MMeEET ABa pelleHHA: a =1 U a = ;. fcHo, 4TO 3Ha-
YyeHHE @ = ] HEBO3MOXKHO, Cle€Z0BATENbHO, :

a=". (4.5.28)
Tak kak F — crparerus, 10
I
f kx~3=1,
14
3
¥ MO3TOMY
k = §/4. (4.5.29)
Q'I‘n }lﬂﬂ"‘ HamM OI‘IT“MQ“LI—I\III\ CTNATArIIN Q3N INATN U2 TRrYY UrrNhin-
L LS W R A ELLVA W4 [ \.rll.lu 4 %wi ERI) ARLd FAM LRI L VT L) AIJ'J FeN XL X l.lu

A5L4d LY a va A J Ay

=

k0B. OHa sBAseTCS HeNpepulBHOH (yHKIIHE!
JIeHHOH caeayiolmuM 00pas3om:

pacnpeacacHud, onpeae-

P __{ : ecan  x<'/s,
(x) = 1/(4x%), ecmu x>

MOXXHO HenmocpeACTBeHHO NPOBEPUTH, UTO 3TO — PEILUEHHE.

(4.5.30)

IV.5.2. IIpumep. Paccmorpum cHOBa Ay3fb, ONMHCAHHYIO B npe-
ABIIYIIEM TNpHMepe, 33 ONHHM HCKAIOYEHHEM — AydJb Tenepb OyAeT
IIyMHOH, T. €. MFPOK 3HAaeT, yTO ero MPOTHBHHK BHCTPEAWA H TIPO-
Maxsyiacs. B Takom cayuae oH, €CTECTBEHHO, He CcTpeisieT O MOMEHTa
t =1, korga oH nonajaer HaBepHska. [losromy, ecau urpok I BhI-
6pan x, a urpox Il BeiGpan y > x, To urpok I ¢ BEpOATHOCTBIO X MO-
OeXAaeT U ¢ BepPOATHOCTBIO 1 — x npourpeiBaer. CiaenoBaTeabHO,

K{x, y)=2x—1, (4.5.31)
L{x, y)=1-—2y, , (4.5.32)
p(x)=0. (4.5.33)

Mui morsi 6bl MBITaTbCs NPUMEHHTH K 3TOMY NpPHMePYy paccyxie-
HHUS TOrO XK€ THNA, 4TO ¥ K npeablaymemy. OfHAKO JIETKO BHAETDh, 4TO
Hrpa HMeeT CEJJIOBYIO TOUKY B UHCTHIX cTparerusx. B camom gene, mu

HMeeM
Allfs, ) =L(x, y)=1—-2y>0, ecan .y<lfs,

A(Yfe, y) =@ () =0, ecan  y =1,
AClz, Yy=K (Y2, y)=0, ecan  y> 1y,

H N03TOMY !/ — ONTHMAaJsibHaf YHCcTad CTPaATErHA.

IV. 6. BOJIEE BhICOKAE PASMEPHOCTH

B nocnemnnx wernipex naparpadax paccMarpHBajdHch HIPHl Ha
KBajaparTe, T. €. HI'PH, B KOTOPBIX YHCTbIe CTpaTerMH KaXKAOro Hrpoxa
o6pa3oBbiBaM OZHOMepHbIH KOHTHHYYM. Paaymeercs, M1000e MHOXe-
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CTBO, PABHOMOIHOE KOHTHHYYMY, MOXHO B3aMMHO OXZHO3HAYHO OTO-
OpasuTh Ha €IMHHYHBIH MHTEPBAJ.

Takum oGpasom, Jwb6asa urpa, B KOTOPOH KaKAbIH MrpOK HuMeeT

pPaBHOMOIIIHOE KOHTHHYYMY MHOXECTBO YHCTHIX C’I‘Da’I‘EI‘HH_ MOXeT
OBITH NPEeAcTaBJEHA KaK Hrpa Ha €AHHHYHOM xBa;{paTe OxaHaxo Tpya-
HOCTb COCTOMT B TOM, YTO HpPH 3TOM MHOTHE CBOHCTBa (PYHKUHH BHI-
MrpBIlia MOTYT OBITb NMOTepPsiHB. Mbl mpeamounTaeM NO3TOMYy COXpa-
HHTH CAMVI0O €CTECTBEHHYIO CTPYKTYPY MHOXKECTB CTpaTerwi.

Kak u npexne, mbl 6yaem umeTb PpyHxuuio A(x, y)— AApO HrpHI,
KOTOPO€ ONpefeseHO Ha NPAMOM NpousBeleHHH X X Y IBYX MHOXECTB
yHcThlx crpareruil. CmewaHHOH crpaterueii urpoxa 1 Oymer Takas

Mepa Ly 3aidHHasa Ha X, qHTO
w(X)=1, (4.6.1)

H aHAJOTHYHO cMeumaHHO# crparerneil urpoxka Il Gymer takas mepa v,
yTO

v(Y)=1. (4.6.2)
OxXuaeMblii BEIUTPHII ONMPEAENUTCH CACAYIOUM 00Opa3oMm:
Ew, y)= [ Alx, g)du(x), (4.6.3)
X
E(x, v)= [ A(x, g)dv(y), (4.6.4)
Y
E(wv)= [ Alx, p)d@xw), (4.6.5)
XxXY

€CJIH 3TH HHTEerpaJbl cyumectByioT. Caeayer 3aMeTUTh, YTO €CJAH HHTET-
paa (4.6.5) cyuiecTByer, T0 OH MOXeT OBITh 3aMeHeH Ha JI060H u3
COOTBETCTBYIOLIHX MOBTOPHBIX HHTErpaJoB.

3HaueHHe HUTpBl M ONTHMAJbHBIE CTPATETMH AJASA 3THX HIP onpe-
REASIOTCA TOYHO TAK K€, Kak ¥ IJs Urp Ha xBaiapare. Mul npusenem
cAefyIoliHe TeOpeMbl — HenocpencTBeHHble 0060011eHHst COOTBETCTBYIO-
IHX TE€OpeM AJIs UI'DP HAa €IMHUYHOM KBajpare.

IV6.1. Teopema. Ecau muomcectsa X u Y xomnaxkrHe, a adpo
A(x,y) HenpepbigHO, TO U= U1 4, Kpome TO20, CYWECT8YIOT ONTU-
MAAbHbIE CcTpaTezul.

IV.6.2. Teopema. Ecau muomecrea X u Y — sbinykabie Kom-
NaKTHbLe NOONPOCTPAHCTBA HEKOTOPLIX AUHEUHbIX npocTPaHcrs, A0po
A (x,y) HenpepbigHo, a Takice 80eHYTO no x (0as Kaxdoz0 y) u 8bi-
nykao no y (041 Kaxdo2o x), TO u2pa uUMeeT peuwlerue 6 4HUCTbx
cTparegusx.

JloxasarenbcTBa treopem IV.6.1 u IV.6.2 aBasiiorcs nerkumH 0606-
LIeHUSIMH HokasateabcTB Teopem IV.3.1, IV.3.2 u IV.4.2. (3amerum,
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YTO 3TH [10KAa3aTeJbCTBA HE HCIOJb30BAaJH KOHKPETHBIX 0coGeHHOCTel
CTPYKTYPbl MHOXKECTB YHMCTBIX CTPATE€rHi, a TOJbKO HX KOMIOAKTHOCTb
# BBINYKJOCTb.) 3aecb Mbl He OydeM WX NPHUBOAMTbL. Kak u npexne,
He0OX0AMMO YKa3aTb, 4TO OOIIHX METOLOB pELIEHHUS] HENpepPBhIBHBIX
HFp NMOKa He cO3LaHO, HO Pa3pLIBHOCTL OY€Hb YacTo OYAET AaBaTbh HaM
BO3MOKHOCTb pelliaTh TaKU€ UTPbl AaHAJHUTHUECKH.

IV63. [Ipumep. JBa reHepana, KOMaHAYIOIIHE OZHHAKOBLIMH
APMHUAMH, KOJMKHbI GOPOTbCS 3a 3aXBAT TPEX CTPATErHYECKHX NYHKTOB.
Ilpu aTom GoeBble ycAOBHA TAaKOBbl, 4TO Ta CTOPOHA, KOTOpas pacIo-
Jiaraer y AAQHHOTO NYHKTa GOAbIINM YHCJAOM cOJJAT, 3aXBaTuIBaeT ero.
Cunuraercsa, uto o6e apMHH OECKOHEUHO AEAMMbI, a BBIMIPHII DaBeH
TIPOCTO YKCAY 3aXBAYEHHBIX NYHKTOB. ‘

MHoxectB0O X OyAeT TakKMM MHOXKECTBOM BCE€X YNOPALOYEHHBIX
TPOEK X = (X1, X2, X3), 4TO -

X1+ X+ X3 = 1, (4.6.6)
X, =0, i=1, 2 3, (4.6.7)

MuoxectBo Y ompemenserca aHanoruuHo. @OYHKUMSA BHIUCPHILIA
©CThb

A(x, y)=-sign (x; — y) + sign (xy — y5) + sign (x3 — y5). (4.6.8)

ITO JKBHBAJEHTHO TOMY, YTO KaXKAblii H3 HIPOKOB BuIGHpaeT TPH
HEOTpHIATebHBIX UHCJA, CyMMa KOTOPHX paBHa 1. Urpok noGexpaer,
€CJAYM ABa U3 ero uucea GoJblie,
YeM COOTBETCTBYIOILME [Ba 4HCJa, (0,0,
sbIOpaHHbIe €ro HPoTHBHHKOM. Ecau 2
Kakue-1u6o HBa COOTBETCTBVIOIIHX
Huuped.

Mb MOXKeM mNpeAcTaBHTh MHO-
XKecTBO X pPaBHOCTOPOHHHM Tpe-
yroabHukom (puc. IV.6.1).

MoxHO 3aMeTHTb, YTO €CJH HT-
POK BbIOHpaer HEKOTOpPYIO TOuKy P
(KaK noKkasaHo Ha pPHCYHKE), TO
OH NOGEJAHT, €CJAU €ro TNPOTHBHHUK :
BbiGepeT JIOGYI0 TOUKY, cojepiKa- Q 0
mywocs B obaactax D, E u F,unpo- ‘" 0)
HT'PaET, €CJM €ro NPOTHBHUK BhIbe- Puc. IV.6.1.
per JM00yI0 TOYKY, COAepKalyocs
B o6nacrsix A, B u C. (IIpu BblGOpe NpOTHBHUKOM TOYEK Ha OTpe3Kax,
Pa3nensiioIiuX 3TH 006JacTH, HTPa 3aKAHUMBAETCS BHHYBIO.)

IIpeanosioKuM, YTO ONTHMAJbHBIE CTPATETHH CYLUIECTBYIOT H 4YTO
OHH SBJASIOTCSA HENPEpPLIBAbIMU PaclpeeaeHHIMH, KOTOpPbEle MOTYT OBITh
fipefcraBiaeHsl HHTErpanaoM Jle6Gera or HeKOTOpOH QYHKIHUH f, MONMOKHU-

(0,::'1'. 0)
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TelbHOA BHYTPHM HEKOTOPOTO CBS3HOTO MHOXKecTBa M u paBHO# HyJi0
BHE €rO. |

[Mpeanonoxum, paJnee, 4To [ NOJOXKHTENbHA B OKPECTHOCTH TOU-
ku P. Ecau P’ = P 4+ AP — mo6asi apyras Touka M3 3TOH OKPEeCTHO-
CTH, TO Mbl 3HaeM (BBHAY CUMMETPHH HIDBI), 4TO

E(u, P)=E (s, P)=0.

Tor ¢axT, uro E(u, P) = 0, o3Hauaer

fdG’ = 1/2 ' (4.6.9)
AlBYcC

(rae o — mepa Jlebera). AHanOTHYHO

[ tdo=1p, ' (4,6.10)

A'U.B’UC’

rae A’, B’, C’ — MHOXKecTBa TOYEK, KOTOPbl€ «BBIHTPBIBAIOT» y P’
N3 puc. IV.6.2 nerko ycmorpers, uTo ABa MHoxectBa AU B UC
u A’UB’UC’ oranvaloTcs npocTo Ha TPH MOJIOCKH, JexKallue MEXAY
npaMbeiMd L, Ly, L;, mpoxoasimumu
yepes Touky P mnapananenbHo CTOpO-
HAM TPEyroJbHHKa (CHJOLUHBIE JH-
HHH), H COOTBETCTBYIOIIUMH NYHKTHP-
HBIMH NPAMBIMH, POXOASIIHMH UY€pe3
Touky P’. Ecau P = (x1, x5, x3), a
AP = (Ax,, Axy, Ax3), TO MOXKHO 3a-
METHUTb, UTO AAA Manblx AP pasHoCTh
MEXAY JeBbIMH YacTfIMH paBEHCTB
(4.6.9) u (4.6.10) npuGAUKEHHO MOK-

HO BbIPA3HTb KaK

Ax, ffds+Ax2ffds+Ax3_ffds

(4611)

(roe s — auneitnas mepa Jlebera). Bripaxenue (4.6.11) pomxkHO 06-
pamaTtbcsd B HyJb NpPHU BCeX 3HAaueHUAX Axi, Axe, Axs, yROBAeTBOpSIO-
II{HX YCJAOBHIO

Ax;+ Axo+ Axy =0, (4.6.12)
JTO 3HAYHT, 4TO
rfdcg fdo fF de=~5%, (4 B6.13)
J I bt J I hd J I \* L
L, La Ly

Takum 06pa3omM, MBI MOXKEM YTBEPKAAThb, YTO HHTErpan or ¢yHxkuuu |
HMEeeT ONHO M TO XKe 3Hauy€HHe BJOJb BceX OTPE3KOB, NapadielbHBIX
CTOPOHAM HAIlIEr0 TPEYTOJbHMKA M NEpeceKaloIHX MHOXecTBO M.
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Tenepp MBl AOMKHBI ONpefeAHTb MHOXKecTBO M. Ilpeamosnoxum
mpexAe BCETo, YTO 3aMblKaHHe MHOXKecTBa M He xacaercs npsMoH
x1 =0, u Hafigem Touky P 3TOro 3aMblKaHHf C MHHHMAaJbHBIM 3Haue-
HueM x;. IIOocKOAbBKYy 3Ta TOYKa NPHHAMACKHT 3aMBIKAHHIO MHOXKe-
erBa M, B Hefl HOJKHO BLINOJAHATbCA paBeHCTBO (4.6.9). Paccmorpum
TOUKY

P =(x;—2¢, xo+e, x3+¢); :

Toria — ¢ yderom (4.6.11)— mul umeem

[ fdo=tp+2 [fds—e[fds—e

o [

f fds.
A’yBuc’ L] Ly Ly

4
Tpsmasi L), OuYeBHAHO, He MepecekaeT MHOXKeCTBO M, TaK KakK Ha
Hell 3HayeHHe MepBOH KOOPAMHATH MEHbUIE, YeM B TOuke P, rae 3To
3HaueHHe Jocturaer muHuMyma B M. C npyroii cropoubl, xoTs Obl

OJHa H3 NPAMBIX Ls u L3 nonxHa (IpH JOCTAaTOYHO MaJOM g) mepe-
cekate M, Tak KakK no MNPeAnosOKEHHI0 M cBA3SHO H He MOXKET Je-
JKaTb NMOJHOCTBIO B 00JAacTH, OrpaHUHuYeHHOH npsaMelMH Ly, L; u cro-
pOHaMH TpeyrojbHUKa (3Ta 06/7acTe B TOYHOCTH COBNAJA€T € MHO-
kectBom F). Orcrona caenyer, 410 \

fdo <1/,
A'UB'YC’
¥ nosromy E(w, P)<0. Ho 310 03Hauaer, uto p He ONTHMa/bHA.
Takum o0pas3oM, 3ambikaHue mHOxXecT8a M O0AXHO KacaTtovCs Tpex
CTOPOH TPEYSOAbHUKA.

[TosTroMy MBI BHAMM, YTO MHHHUMAJbHBHIE 3HAUECHHS X1, X2 M X3 Ha
MHOKecTBe M ROMKHBI ObITh paBHBHI HYJI0. UTo6b HalTH MaKcHMAaJb-
Hble 3HAYEHHs, 3aMETHM MNpExKAE Bcero, yro ecau M cBA3HO, TO Kax-
Ias npsMas x; = a OPHU a, JeXKaIIUX MEXAY HyJdeM H MakKCcHMaJbHbIM
3HaueHHeM r; KOOpAMHATHl X;, mepecekaer M. Ho 3To 3Hauut, 41O
MHTerpaa or f no mMHOXKectBy M paBeH rik. CaenoBatennHo, ry = 1/k.
AHajnoruyHo, MakcHMaJbHbBIM 3HaueHHeM X M X3 (Ha M) Oyaer

= 1/k.

Taxum o6pa3oMm, Mbl HalLIH, YTO MHOXKecTBO M BmnuchHIBaeTcs B Lie-
CTHYTOJbHHK, NOKa3aHHHHA Ha puc. IV.6.3 u onpeneneHHbld HepaBeH-
¢TBaMH

Oéxiéf, i=l, 2, 3.

ITycrb Tenepb P—Touka (B sameikaHHH M), Aas KOTOpOH X3 =r.
MOXHO 3aMeTHTb, UTO

E(w, P)=E(u, Q)

rie Q =(0,1—r,r), TaKk KaK 3TO BHIpaKeHHe NOCTOAHHO BJOJb MNps-
moii PQ. Ha prcyHke NyHKTHpPHas npsAMas, NpOXOAsmias depes Q,
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genur M Ha aBe yactu. Ta yacte M, KOoTOpas J€KHT Bhblllle 3TOH Npf-
MOH, COCTOHT K3 TOYEK, KOTOpble «[IPOUTPHIBAIOT» TOuKe Q; yacTh, KO-
TOpas JEXKHT HHXKE 3TOH NPSAMOH, COCTOHT M3 TOYEK, KOTOpbIE «Bbl-
urpeiBalot» y Q. CuaegoBaTesbHO, HHTErpad OT [ IO BepxHeH uyacTy
M ponxen GelTe paBeH 1/2. Jlanee, Bce npsiMble X; = @ NPH g M3 MH-

tTepBasa (0, | —r) mepecekaioT 3Ty 4YacTb; NO3TOMY HHTErpaJ oT | no
aToi yactu paseH £(l —r). CaexoBarenbHo,
(1 - r)/r = 1/2,
TaK 4TO
r=2/, (4.6.14)

Taxkum o6pasoMm, Mbl HamaH, 4T0 M ZOMKHO OBITb CBSSHBIM MHO-
JKeCTBOM, BIIUCAHHBIM B WIECTHYroAbHUK 0 = x; = 2/;. OyHKuua | ra-
KOBa, 4YTO OHA paBHa HYJIO
BHe MHOXKecTBa M M nojo»u-
TeJlbHa Ha M, a uHTerpas orf
B5OJb nA1000H npamo#, na-
pajasieJbHOH OAHOH H3 CTOPOH
TPEeyroJsibHHKA H IepeceKkalo-
weit M, pasen 3/2.

ITi coobpaxKeHus elie He
onpemenstor | unu M oaso-
3Ha4yHO; BooOlie roBops, Cy-
IHECTBYE€T MHOrO ONTHMaJb-
HbIX cTpaTeruii. Mel MOxKeM,

ITATINTY Fal MYTTIMAMmEL Imim A _
3 HalipdMEp, CHHMTATh, HTO /M —

@
(1-r,r,0) Kpyr (SICHO, 4TO IUECTHYTO.b-
HUK TpaBUAbHBIA), a [ aB-
agerca ¢yHKnHeH, 3aBucs-
ILeH TOABKO OT pPacCTOSSHUSA
OT LeHTpa xpyra. Torma, ecam | Boi6paHa Tak, YTO €€ HHTErpadf
ONIHHAKOB BAOJIb BCEX NMpAMbBIX OJHOTO HAMpaBJCHHS, TO OUEBHAHO, UTO
OH OJHHAKOB BO/b Bce€X NpAMbBIX, KOTOPbHle Hepecekaior M.

Paccmorpum tenepn kpyr x? + y2 =< 1. Ham HyXHO HalTH Taxyio
¢yuxuuo f(R), 4ro aas aAwboro x =(—1, 1) unrerpan

(P, 1-r, 0)

Puc IV.63.

[ Fe2+®ay (4.6.15)

TO TIOJYUYHM
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n uHTerpan (4.6.15) npumer BHf,

;
f V1 — 22f (x2 + £2 — 1242 dt.
0

Tlo ycaoBuIo 3TOT HHTErpPasJ He 3aBHCHT OT X, [TOSTOMY MBI NMPOAH(Pe-
PEHIUPYEM ero N0 X U NOJIOXKHM NPOU3BOAHYIO paBHOH HyJio. [Ipous-
BoAHas, pasymeeTrcs, npeacraBaseT co00d HHTErpaJ; AOCTATOYHO IO-
JIOXKHTb TNOJMHTErpaJbHOE BbIpa:K€HHE PaBHbIM HyJw. TakuMm obpa-
30M, MBI nojsydaeMm IHddepeHIHalbHOE ypaBHEHHe

xf (R)=2x(1 = %) (1 =)' (R),
KOTOpO€ NMPUBOAHTCS K BHAY
f(R)=2(1 —R)["(R).
Pewernue 3T0r0 ypaBHEHHS €CThb
FRY=C/[VI=R=c|/VT="r.

[Mpumenum 310 K Hallell 3agaue. Mbl TeM He MeHee HOJXKHBI IIO-
MHHTb, YTO Pafuyc Kpyra, ¢ KOTOPBIM Mbl HMeeM [eJ0, PaBeH TOJbKO
TpeTbell YacTH eAuHHUIbl. TakuM 00pa3om, Mbl HMEEM

f(xl) X9, JC3) = C/VI - 9!'2,
rage .
r2=(x; = 3 + (X2 = 15)* + (x3 = 1/5)% (4.6.16)

Koncraury C J€rKo BHIYHCJAUTH, BCIOOMHHB, 4TO HHTE€rpan BAOJb
fIipAMOH HOMKeH paBHATbcsA 3/y; aro maer C = 9%, Taxkum o6pasowm,
ONTHMAaJbHAfl CTPATErusi paBHa

f=9/(2VT=99 (4.6.17)

JJsT TOYeK Takux, 4to r = !/s, u paBHa 0 BHe 3TOTO MHOKECTBa.

Jadauu

1. Mycts K(x, y) — aapo urpel Ha eguuuuHoM KBaapare. [Ipeamonoxum, uro K
MMeeT HelPepPHIBHBIE MPOU3BOAHLIE N-TO MOpPAJKA H YTO

a"K/oy™ = 0

fla BceM eJMHUYHOM KBajgparte. Ilokaszats, uto urpok II umeer ONTHMAaJNbHYK cTpa-
Terulo, B KOTOpO# HCMOJb3yercd He Gojee deM n/2 ToueK (NIpu YCJAOBHH, YTO €C/H
HCnoMb3yeTcst KOHUEBAsi TOYKA WHTEpPBaJja, TO OHA cuuTaercf 3a [MOJIOBHHY TOUKH).

a) [lpepmonoxuM cuauana, uyro 0*K/dy» > 0. [lpenmosoxum, 4ro F(x) sB.-
JifgeTc onTHUMaJbHoi crparerueir urpoka I, [loxkasars, uto JK6asi cTpaTerus, ONTH-
MaibHag MpoTHe F, MOXKeT HCOJL30BaTh He GoJee n/2 Touek.
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6) Bynem cuntate temeps, uto 9"K/dy™ = 0. Ilycts L, (x, y) = K(x, y) + ey™,
rac & > 0. [lyets Gy — ontumadbHaa crparerus urpoxa IT B urpe ¢ sapom L.. To-
ria ecmu Gy asnsercs mpesenom crpaternit Gy, To Gy 6yneT ONTHMANLHOR cTpaTe-
rueit urpoka II B urpe ¢ aapom K. (Ananoruyuo, ecnmu Fg — ontuMassHast crpaTterus
urpoka [ B urpe ¢ agpom Lg, a Fo #ABaserca mpemenaoM Fp npu €—>0, ro Fo—
ONTHMAaMsHAS cTpaTerus B urpe ¢ agpom K.)

2. Ilokasats, uro ecau ¢yHxkuua K HempepwiBHa H Kyy; = 0 Ha BceM eJMHUYHOM
KBaApaTe, TO UrpoK | uMeeT ONTHMAJbHYI0 CMEMWIAHHYIO CTPATErHIO, HCMOJbB3YIOMYIO
He 60Je¢ ABYX TOuYEK.

a) Iloxkazatp, uro Hrpok Il uMeer ONTUMAJBHYIO YHCTYIO CTpPATerHO Yo.

6) Ecam F — ontuManbHas crparterns, 10 K(X, yo)=7v AJaa Mo60H TOUKH X,
nenosb3yeMon B F.

B) Ecau urpok [/ He HMeeT oNTHMAJbHOA HHUCTOR CTpPaTerHd, TO OH JOJKeR
HMeTb ABe TaKHe YHCTHie CTPATerHu Xj W Xg, 4TO Ky (X1, yo) >0 u Ky (%2, yo) < 0.

r) Hrpok I uMeer OnTHMaJbHYI0 CMEINAHHYIO CTpPATeruio, HCMOJb3YIOILYIO TOJb-
KO X1 U Xa.

m n
3 Myers Px, p)= > a”x‘yf—ﬁnpo WCPH Ha eJHHHYHOM KBajpare.
i=0 j=0

a) Ecim nse ¢yukuuu pacnpenenenus Fi(x) u Fg(x) HMeloT oAuHaKOBhie MO-
MeHTH, T. e ecd gaa i=1, ..., m

i 1
F(ln=J. xidFl (x) = J' xidFQ(x)=F(i).
0 0

to F; onTtHMaibHa TOrAa H TOJBKO TOrAA, KOrga ONTHMasdnHa Fz.  AHAJOrHuHo,
ecaiH Gi(y) u Gi(y) umeloT OAHHAKOBbie MOMeHTH, TO () onTHMa/JbHa TOrga H
TOJIKO TOrAa, Korga onruMannna Ga.

6) Momentn F( mo6ofi ¢yHKnUH pacnpefeseHHA CcOAepXKarcss B BLIMYKJOR
060/104Ke KPHBOH, Jexailed B M-MePHOM INPOCTPAHCTBE U 3aJaHHOR YPaBHEHUAMH
ry =rt.

B) Urpoxu I u Il umewor onrtumMa/bHbie cTpaTerHH, UCMOJb3yloilue caMoe 60/b-
ee M U 1 TOYEK COOTBETCTBEHHO.

r) Bupasuts byurpuio E(F, G) uepez Momentsl F() u GU),

[TokasaTs, YTO ONTUMAJbHbLIE CTPAaTerH¥ OGOUX HIPOKOB MOMKHO BRIYUCIAUTL, pe-
mas HeKOTOPYIO CHCTeMY aJire6panueckuX ypaBHeHHH.

4. Tor ¢axr, uro urpa Ha efHHHUYHOM KBajJpaTe HMeeT HellpepLIBHOe HJIH jfaXe
panuoHAJNBbHOE AP0, He HaeT FapaHTHH, YTO HLPOKH HMEIOT ONTHMAJbHbE CTPATeruy,
HCMOJb3YIOILHE TOJHKO KOHEYHOe YHCJIO TOueK.

a) Ecmu K(x, y) — HenpepbiBHAsA papuoHasMbHafs OYHKIHA W Hrpok 1 HMeer
ONTUMAJHHYIO CTPATErHio, HCMOJb3YIOMYIO He OoJiee m TOHEK, TO 3Ta ONTHMAJbHasA
cTpaTerua MOXeT OnTh MOJyYeHa H3 pellleHHS CHCTeMH ajreGpavyecKHX YpPaBHEHHH.

&Y Fermu dwvowvrnua Kiy o) napwouankdHa 2 7)) THAHCHAHNTAHTUO. TO HUH ONUH U2
U’ B W LKL \i’: ll‘\l—kll‘l ‘\ \", y’ Pu“‘lvllu'lu.‘w, = L lr“ll‘l—ﬂ\ll‘H\ll‘l llv’ AW AdlL vH‘lll L2V )

HFPOKOB He HMeeT ONTHMAJbHHIX CTPATEerHfl, KOTOpHe HCMOMb3YIOT JHllb KOHEuHOe
YHCJIO TOHEK.
B) Hrpa ¢ aapom

K(x, g) =1+ 1+ (0 —x9)/(1+xy)?

HMeeT oNTHMAaJbHble CTPaTerHl

a 3HayeHHe UTrpH paBHO 4/m.
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5. Urpa fgaxe ¢ «OueHb peryjAapPHbM» AAPOM He O0f3aTesbHO HMeeT 3HAuEHHe,
PaccmoTpuM aapo

[ —1, e x<y<x+y,
K(x,y)={ 0, e x=y um y=x+1s
l +1 B NPOTHBHOM caywae. .

a) IOna moGoi crpateruu F(x) cymectsyer Takoe y, wto E(F,y)=1/s. (Pac-
cMoTpets ABa cayuan: F(lfo—0)=Ys u F(e—0)> )

6) Haa mo6oit G(y) cywmecrsyer Takoe X, 4ro F(x, G) = 3/;. (PaccMotpers TpH
cayuan: (i) G(1—0)= 3/ (i) G(1 —0)<s a G(/2—0)</y (i) G(1—0)<
<37, a G(e—0)="/7)

B) Taxum o6pasoM, v1 = Y3, a vn = /7. [lokasaTs, YTO B JeHCTBUTENLHOCTH
3HauyeHHs /3 u %/; Aocruraiorcs Ha cTpateruaX F* W G* coorseTcTBeHHO, rae F*
ucnonbayer Juub 0, Y B 1, a G* — s 1, /s m 1. HaliTu BepOSITHOCTH, C KOTO-
PHIMH 3TH TOUKHM HcMOJb3yloTed B F* u G*,

" 6. HafiTy 3HaueHHe U ONTHMAJIbHLIE CTPATeTHH UIPH C AAPOM
2x—y+xy, ecau x<y,
Ax,y) =10, eCIH X =y,
l X—2y—xy, ecam X>y.
7. HafiTH MeToj pelleHHsi HCPH-AY3JIH, B KOTOPOH XKaXJbli HIPOK HMeeT JBe

nyiu BMecTo ofHoH. [Ipeamonaraercs, 4ro Ays/Mb OGeClyMHa, TaK 4YTO HH OXHM
M3 HFPOKOB HE 3HAeT, BHICTPEJNWJ JH Apyrofi (ecu TOT MPOMAXHYyJcs).

8. Mycrb ¢y, €3, €3 — MOJOXKHTeJbHbBIE YHCJA, YAOBJETBODAIOUIHE CTPOTOMY «He-
PABEHCTBY TPEYrONIBHHKA» ¢; + €; > cx. PaccmoTpeTs ciaefylomlyio Hrpy. Mrpok I
BLIGUpAeT HeOTpHIATeNbHbEe YHCAA (X, Xp, X3), CyMMa xoTopnX pasHa 1. Auanoruy-
Ho urpok II Bui6upaer (yi, Yo, ys). PYHKIUMSA BIMIPHIIA

A (%, y) = ¢y sign (xy — ;) + ¢z sign (x; — ys) 4¢3 8ign (x5 — y3).
HalTty onTUMaibHLie CTPATETHH.

9, laxe wrpa c pauHOHaJbHOR (YHKiHeH BBHIUTPHILA MOXKET HMETb CHHryJsp-
Hoe pemenue. Paccmorpum ¢yukuuio Kanropa C(x), xoropas YROBJETBOPAET COOT-

HOWEHUSAM
C(x/3)=C(x)/2, CHx)+C(l—-x)=1,
eCIH X1 == X3, T0 C{x1) = C(x3). '
a) Jasa mo6oi uHTerpnpyeMoR GyHKunu f

l '3 1
[tmacm=[1@dcw+ [ 1w dc @.
0 0 s

6) Ecnu f~— npoussosibHaA HelpepuiBHas QyHKUUA, TO

!

t
[ 12r =10 —213) + 1 xr) dC () =0
0
B) PYHKuHA

{x.
N

=% 5

n=0
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HempepblBHA H panMOHaysbHa Aaa 0 =x=1, 0=y =1 (dan pokazarenncTBa
HYXXHO PacKpHhTh KaXhOe cJaraeMoe H NPUBECTH MOAOGHLIe uJennl,) Kpome TOrQ,
C(x) n C(y) —onruMaJpHble CTPATErHH OGOHX HIPOKOB. 3HAUYEHHe MWIPH DABHO
HYJIO,

r) Hycre F(x) — mo6Gasn onrHMaJpHas crparerus Hrpoka 1. $ymkuua E(F,y)—
aHaJuTH4Yeckas (yHkuusa oT y. ClefOBATENBHO, JHG0 OHA paBHA HYJI0 HA BCEM HH-
tepBaJie [0, 1], 1160 HMeeT Ha HeM JHIIL KOHEYHOE HHCJO HYJeH.

¢) Ecau E(F,y) He o6pamaercsn B HyJb Ha BceM uHrtepsane [0, 1}, 10 C(y) ne
MOXeT ObiTh ONTHMAJbHOM cTpaTerHei urpoxa 1l.

K) Tor daxr, uto E(F, y)=0 Ha BceM uHTepsase [0, 1] gas J060% onrTuMAaJb-
MOt CTpaTerud F, MO3BOJIET HaM BHLIUHCJIHTL ee MOMeHTH F(9), ClefoBaTesbHO, JABe
JI06bl¢ ONTHMAJIbHBIE CTPATerHH HMEIT OAWHAKOBble MOMEHTbl. ([1o H3BecTHOM TeoO-
peMe 3TO O3Hauaer, yTO JIoObie ABe ONTHMAaJbHHE CTPaTerHH HAeHTHuHH.) [loaToMy
C — eIVHCTBEHHAa ONTHUMAJBHAN CTPATErud,

A A 1
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V. {. CTPATECMH HOBEJEHRA

PaccMoTpumM MHOTOXOZOBY HIpy. DTo MOXKeT OblThb BecbMa Ipo-
cTas urpa, HaIpuMep <«KPECTHKH H HOJHKH», CTOJb 1pocTad, 4To Ha-
yUMTBCSE MTPaTh B Hee MoxeT naxe peGeHox. IlpeanonoxumM, onnaxo,
YTO Mbl XOTHM COCYHTATb YHCJO CTPaTerHii MepPBOrO MTpPoOKa. 3aMeTHM
(npeHeGperass cuMMeTpued), 4To Ha MEPBOM XOAe OH HMeeT AEBATHb
anpTepHatuB. [asee pas awo6oro M3 BOCbMH BO3MOXHBIX OTBETOB Ha
cBOeM BTOpPOM Xoie y Hero Oyjer cemb anbrepHatuB. Ecau mbt pac-
cMOTpHM TOJbKO NEpBble [Ba Xofa NEPBOTO HTPOKa, TO MBI HaHAEM,
yro y mero 9-78=51883209 umcreix crpaTernii. EcrecTBeHHO, HH
0 KaKOW NMONBITKE NMEepedHCAHTb WX HE MOKeT OblTb M peun. Jlaxe ecan
Mbl YUTEM CHMMETPHIO, TO YBHAHM, YTO YHCJO YHCTBIX CTpAaTerHii B 3TOH
Hrpe acTPOHOMHUECKoe. A Befib 9Ta Urpa 4pe3BHYAaHHO MpocTa (B Ipak-
THYECKOM CMBICAE CJ0Ba B IIPOTHBONOJIOXKHOCTbH LIaxXMaraM, KOTOpble
TOK€ IPOCTbl B TEOPETHKO-HIPOBOM CMbIC/]€, HO IPAKTHYECKH BecbMa
CJIOYKHBI) .

Takum 06pa3oM, SCHO, YTO YHCTble CTPATETHH OCTABJAAIOT XKeJ1aTh
MHOrO JydlIiero. BcnoMHuM onpefesieHHe YHCTOR CTPATErHd: 3TO (PYHK-
LM, ONpeleNeHHAs Ha COBOKYNHOCTH HH(QOPMALHOHHBIX MHOXKECTB
OJHOTO MFPOKa M IPHIOHCHIBAIOLlAf KaKAOMYy HH()OPMAauHOHHOMY MHO-
XKecTBy umcao Mexay | u & (rde R-—uuciio ajbTePHATHB B JKaHHOM
uH(pOpMalMOHHOM MHOXectBe). Takum ob6pa3om, ecau y Hrpoxa N
HH(POPMAUMOHHbIX MHOMECTB H B KaXKAOM H3 HHX R ajbT€PHATHB, TO
o6lilee YHCJAO YHCTBIX CTPATerHii paBHO RN, a 5TO YHCAO MOXKeT OGHITH
OUeHEL OOJIBILIHM.

Wt A es i s VaAantalaaal

BosBpaiasich X IpuMepy ¢ «KPecTHKaMH M HOJIMKAMH», Mbl BHAHM,
4yTO HHKTO HE WrpaeT B 3Ty HIpy, (PakTHuUeCKH paccMaTpuHBas BCE BO3-
' MOKHBlE YHCThle cTpareruu (T. €. Bce BO3MOXKHbIE€ MNOCAEAOBATE/bHO-

2 4 o
CTH XOBOB ¢ IepBoro Ao nocaezuero). Cxopee, B Hee Hrpawor, pac-

cMaTpHBasi Ha KaxKJOM XOJe Bce BO3MOXKHbIE aJbTEPHATHBHl TOJLKO
A/ 3TOrO XOJa W BBHIOMpAs M3 HHUX HauaAyumyio (HUcxoAs u3 cob6CTBeH-
HOro OMBITA MJH KaK-Au6o HHaue),

Mrak, CYUHOCTb YNPOIIEHHS COCTOHT B TOM, 4TOOBI paccCMarpH-,
BaTh XOAbI 10 OZHOMY 3a pas. DTOT NHpHEM CBOAMT OAMH BbIGOD H3
kiko ... ky BO3MOXHBIX cTpaTeruii Kk N BoiGopam u3 R; BO3MOXHBIX
aJbTePHATHB B KaXX/0M HH(pOpMALHOHHOM MHOXKeCTBE. DTO NPUBOAUT
K cJaefyiolieMy ONpeAeNeHHIO.
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V.I.1. Onpeneanenne. Crparezuei nosedenus HaspBaeTcd Ha-
Gop N BepOATHOCTHLIX paclpeleneHHH, Kax/oe H3 KOTOphIX 3aJaHo
Ha MHOXECTBe BO3MOXHBIX aJbTEPHATHB B KaXXJ10M HH(MOPMAIlHOHHOM

MUONW oarTRO
IV IAZCL L D,

V.1.2. ITpumep. Hrpoky cpaercs kapra u3 konoam B 52 Kaprsl,
IIOCMOTPEB Ha CBOIO KapTy, OH Moxer Ju6Go crmacoBaTbh, JuOO nocra-
BUTH HEKOTOPYI0 (UKCHPOBAHHYIO Be/jMuuHY. OOliee uuc/I0 HHUCTHIX
cTpaTeruii paBHO 2%2; clieJ0BaTesbHO, MHOXKECTBO CMEIIAHHBIX cTpare-
ruii Oyzer umeTb pasmepHocTb 252 — 1. C apyroit cTOpoHbl, cTpaTerus
NOBeJeHHs TPHIUCHIBAET KaX[OH# KapTe BEPOSTHOCTH TOFO, YTO MTPOK
noctaBut (1. e. 4dcao mexpay O u 1). Takum o6pasom, pasmepHOCTb
MHOXeCTBa cTpaTeruii MoBeleHUsl paBHa 52,

Mrak, MHOXECTBO CTPaTeruii moBeieHUss HMeeT, Boobuie rOBOp,
rOpasao MeHbIIYi0 Pa3MEpHOCTb, Y€M MHOXKECTBO CMeLIaHHbIX cTpaTe-
rui. C Apyro#l cTopoHB, HE0O6XO0-
AMMO 3aMeTHUTb, YTO IPH HEKOTOPBIX
YCJAOBHAX HE BCE CMELIaHHBIE CTpa-
TETHH MOXKHO MOJAYYHUTb, MCNOJMb3YA
CTPATErHH, NOBEACHHUS, KaK MOKa3bl-
BaeT CJAEAYIOUWMH npumep.

2

V.13. Ilfpumep. B wurpe, ne-
pPEeBO  KOTOpOH H306pa*keHO Ha
puc. V. 1.1, Mbl MoxeM 00603Ha4YUTh
YHCTBI€ CTparerud urpoka II ue-
pes JIJI, JIII, TLJI, ITIl. Cmemasn-
Has CTPATerHs ecTb BEKTOp (X, Xa,

Puc V.LI, X3, X4), YIOBJETBOPAKOIHUHA 06bI-

. . HBIM OTpPaHHUEHHSIM; CTPATErHd Mo-
BeieHusA ecTh mapa 4ucesa (Yi, Yo), YAOBJIETBOPAIOILAA JHIHL YCIAOBUAM
0 = y; = 1. Crpareruu noBejeHHs (Y1, Y2) COOTBETCTBYET cMellaHHas
cTparterus

(yye, i (1 —y2), (1 —y)ys (1 =y} (1 —yo)). (5.1.1)

Hanee, ontumadsibHas crpaterus urpoka I ects Bekrop (0, 5/7, 2/7,0)
(cm. mpumep 11.5.9). flcHo, yTo OH He MOXKeT ObITb NIpeAcTaBJeH B BHJeE
(5.1.1). CnenoBarenbHO, 3Ta Hrpa He HUMEET pellieHHS B CTpaTErusx
NOBeAEHHUS.

TpyasocTh ¢ nmpumepom V.1.3 B HEKOTOPOM CMBICJIE€ COCTOHT B TOM,
yro Mrpok Il Ha cBoeM BTOpPOM XOj€ HE 3HaeT, yTO OH AeJiaj Ha CBOEM
nepBoM xoae. [oBopsAT, 4TO Takas Urpa UMEET HENOAHYH namars. dTa
TPYJHOCTb YCJIOXKHSAET MOJIOKEHHE: HET YBEpPeHHOCTH, AONYCKAIOTCH JiH
Bce cMellaHHble cTpaTerud. B Opuike aBa mapTHepa paccMaTpHBaIOT-
CAi KAK OLHH HMTPOK, KOTOPBIH «3a6biBaeT» HEKOTOPBIE H3 CBOMX HpEebi-
nyux BeiGopoB. Tak Kak cexpeTHble COTJIAIUEHHs 3allpelleHbl, mapT-
Hep He MOXKeT 3HaThb, ObiJIo JiM MPEeNJOXKEHHUE, CAeJaHHOE ero mapTHe-
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pOM, UYECTHBIM HJIM OHO ObUIO PAacCuMTaHO Ha MCHXOJNOTHUECKME 3¢-
¢heKT, XOT OH MOXKET 3HaTb BEPOATHOCTb TAKOTO <«ICHXOJIOrHYECKOTO»
1peaa0KEHHUS.

Mer He Gynem BpaBaTbest 34€Ch B 3TH TPYAHOCTH. THm HTp, KOTO-
poie Mbl coOMpaeMcs H3y4aTb, BecbMa ONH30K K HUI'paM ¢ MOJHOH HH-
¢opmalnueii: nocie 3aJaHHOTO YHCia X0H0B 06a Urpoka (OJHOBpeMeH-
HO) MOJY4alT MOJHYI0 MH(pOpManuio (Koropas He 3abwbiBaercs), Tak
YTO B HEKOTOPOM CMbIC/ie HTPY MOXKHO HAYHHATH CHOBA M3 JaHHOH MO~ -
sunun, O6mas cxeMa urpb Gyaer TakoBa: NEPBBHIM XOAHMT HIpoK I, 3a-
TeM Hrpok Il (He sHasm mpenpiaymero xona urpoka I); masee NpOH3BO-
AUTCH CHAY4aWHBIE XO1, mocie yero 06a Hrpoka MOJAYYAOT MOJHYIC
uHpopmauuio. (Idra obmas cxemMa MOXKeT MEHATbCA, HO JIHUIb HE3Ha-
HUTeNbHO.) Kakapiil M3 9TMX LUKAOB GyneT Ha3HBATLCS MA2OM HTPEL.

V. 2. HTPBl HA PA30OPEHHE

Tenepp Mbi Oyaem paccMaTpuBaTh Hrpbi TAKOTO THOA, B KOTOPHIX
KaX bl WIDOK HAUYHHAET UIPYy, MMEH HEKOTOpble OrPAHHUEHHBIE pe-
cypcl. Ha kaxjom Iare Wrpbl pecypcel OJHOTO M3 HIPOKOB YyMeHb-
WaloTc Ha €AMHMIY. BemrpaBuium cuuTaeTcs TOT, KTO HCTOLIHT pe-
CypChi CBO€ro MPOTHBHHKA (pasopur ero). BosMoxkHO Takke, 4T0 Ha
Kax10oM Llare UrpoK MOXKET BLIHFPATh OYKO, TOTJA BbIUTpaBIUUM Oy-
AET TOT, KTO MePBHIM Habeper (HKCHPOBAHHOE YHCJAO OYKOB. SIcHO, uTO
B NepBOM ciyyae o6llasi BeJHMUYHMHA PecypcoB 06OHX HIPOKOB yMEHb-
MIaeTcs Ha eQHHHMIY; BO BTOPOM cjyuyae obulee YHCJIO OYKOB BO3pac-
TaeT Ha eauHuny. CienoBarenbHO, 5TH HIpel Beerga GYayT 3akaHuu-
BAaTbCsl NOCJAE€ HEKOTOPOTo HUKCHPOBAHHOTO UHCJAA XO[OB.

LlenecooGpasHo pellaTe 9TH MrpHI, ABUTASCH <OT KOHIA K Hauamny».
O6uias uaes COCTOMT B TOM, 4TO KaXABI AT MOXKHO paccMaTpUBaTh
Kak oTaenvHylo urpy. Ilocime Ttoro kax crparerum pas 5Toro Iuara
BoiOpaHbl, BBIMTPBHIL oONpejensercd JHG0 Kak OGBIUHBIN BBIUTPBIL]
(ecin MHoromlaroBas Mrpa 3akoHueHa), JH60 Kak 063aTeNbCTBO pa-
3bIFPBIBATD CJAEAYIOIIMH AT UTPHIL.

Tak Kak 0ObiuHO Mbl HMEEM [€/I0 C MAaTEMaTHUECKHMH OXKHIAHHS-
MH, Mbl MOXeM 3aMEHHTb 00SI3aTeNIbCTBO DPasbITpbBATb HIPy 3HAue-
HHEM 3TOH OTAEJBbHOH MIPHI.

V2.1. TIpumep. PaccmoTpum Hrpy ¢ MaTpHuel

(a“ F*‘) ~ (5.2.1)
Iy ap/’ o

rae aneMeHTo! I'y M I'y mpepcrasasior co6oii 06593aTeNbCTBO pasbIrparhb
COOTBETCTBEHHO JIB€ APYTHE HIPbl C MaTPHIAMH

by, btz) Ciy 012)
P = . =
: (bm baa/’ & ('321 Coa/ " (5.2.2)
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Ecan 3Hauenuss urp Iy m T2 paBHB COOTBETCTBEHHO Uy H Uz, TO
B CMBbICJIE MAaTEMaTHUECKHUX OXUJAHMH MEepCNEKTHBA UTPaTh B 3TH HUIpPbI
9KBHBaJICHTHAa HX 3HaueHusaM. [lostomy matpuuy (5.2.1) Mbl mMoXeM

3aMEHHTb MaTpHLeR
ay U )
. (5.2.3)

Uy Qo

Tenepb MOXKHO pellHTh Mrpy ¢ Marpuued (5.2.3); peuleHHe JacT HaM
ONTHMAaJibHbl€ CTpPATEerdd K 3HaueHHe urpol (5.2.1).

Takum 06pasoM, 4Js UIp Ha pa3opeHHe Mbl HauHEeM C HaXOXxJe-
Husl pPElIEHHH BO BceX urpax, B KOTOpbIx 06a urpoka HayuHAIOT, uMest
JMIIb OJHY €AMHHLY pecypcoB. Tak Kak Takas Hrpa AOJXKHa 3aKOH-
YHTbCHA TOJBKO 3a OJHH IIArT, €€ MOXKHO PEUIHTb HeNocpeAcTBeHHO. Kic-
MoMb3ys 3HAUY€HHE 3TOH HIpLI, Mbl MOXeM 3aTeéM pEUIMTb BCE HUTpHI,

B KOTOpBIX 00Iasi BEIHUHHA PECYPCOB OG0UX UIPOKOB COCTABJIACT TPH

eIMHUIB. DTH pelleHuA JadyT HaM BO3MOMKHOCTb PEUIMTb MIPHl C Be-
JIMYHHOH pecypcOB B ueTblpe €IHHHIIbl, 3aT€M B OATb ¥ T. I,

Boo6uie roBops, 4Jisi Urp ¢ HeOGOJDBUIHM KOJHYECTBOM pecypcoB
(T. €. At uTp, KOTOPblE JOJIKHBI 3aKOHYUHTHCA MOCJAe HEGOJBILIOro 4uc-
Jia WIaroB) 3HAYEHHE ¥ ONTMMAaJbHbIE CTpaTeTHH MOXHO HAWTH Hemo-
cpeAcTBeHHO. B urpax c GospligM YHMCJIOM WIAroB [Jsl 3HAYCHHA Ha
KaXXJOM I[Iareé MOXHO BbIBECTH DEKYPPEHTHOEe COOTHOIIEHHE, ITO pe-
KYPPEHTHOE COOTHOILEHHE OOBLIYHO MMEEeT BHJ PasHOCTHOTO ypaBHEHMs,
KOTOpPOE€ MOXKET JIETKO MOAJaBaThCs PEUICHHIO, 3 MOXeT W He NoAAa-
BaTbca eMy. Ecau yaacrcs peluuTh 3T0 pasHOCTHOEe ypaBHEHHe, TO 3HA-
yeHHMs HTP JJIs KaxKJOr0 LIara MOMKHO HCMOJNb30BATb AJISl HAXOXKAEHHS
onTHMaJbHbBIX crpateruii. Ecin pasHocTHble ypaBHEHHSA PEIIHTb HEJb-
3, TO TEM HE MEHEE MOXET OKa3aTbCfA BO3MOMKHBIM MOJYyUUTh PasyM-
Hple NPUGIHKEeHHS K 3HAYCHHAM MCp M ONTHMAJIbHBIM CTpPATErusiM.

V.22 . [Ipumep (urpa uHcnektupoBanua). Mrpox 1 (mapyuiu-
TeJb) XOYeT COBEPIUHTH HEKOTOPOE 3ampelieHHOe AedcTBHE; umeercs NV
nepuoAOB BPEMEHH, B KOTOPble 3TO HAEHCTBHE MOXKeT ObiTh oOcylile-
crBreno. Urpok 11 (uHCmeKTOp), Xesaloluil NpeloTBPATUTh 3TO AE€H-
CTBHE, MOXeT MNPOBECTH TOJBKO OAHY HHCHEKHHIO B Jil0OOH M3 3THX
nepHoAOB BpeMeHH. Beiurpsinr paBen 1, ecsiu 3ampelieHHOe A€HCTBHE
NpOBOAKTCA M OCTaeTcsl HeOOGHAapy:KeHHBIM; OH paBed —Il, ecau Hapy-
i¥Teqp NOfiMad (370 OydeT B TOM cJjyuyae, Korja AJsd COBEpUICHHHA
JE€HCTBUA OH BbLIGHpaeT TOT K€ caMbli MepHOoj] BPEMEHH, UTO H HHCIHEK-
TOp AJifl MPOBEPKHU); BBIHFPHILI PaBeH HYJIO, eC/i¥ HAPYIIUTEb HE A€H-
CTBYET BOBCE.

B nepBoM nepHole (Ha mepBOM IIAare) Hrpbl KaXKAbl HIPOK HMeET
aBe anpTepHaTuBH. Mrpok I moxer npeanpuHuMaTh JEHCTBHE HJIH He
npeaNpUHHMATEL €ro; HrpoK II MOXKeT HHCMEeKTHPOBATH HJIH HE HHCIEK-
tTupoBaTb. Ecau urpox I peiictByer u urpok II uncnektupyer, To urpa

3aKaHuYMBaerTcd M BbMrpHIL paBed —1. Ecau urpok 1 peiicrByer, a ur-
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pok Il He MHCOEKTUpYET, TO Urpa 3aKaHYMBAETCA H BHIUTPHII paBeH l.
Ecmu urpok I ne neictByer, a urpok Il uHcmektupyer, To urpox

MOXKET NPEANPUHATL ACHCTBUE B CHEAYIOLHHA NEPHOL BpeMeHH (B mpej-
nojoxeHuy, yuro N > 1) u BHurpeim Ttakxke paBed 1. Ecam urpox |
He jJedctByer M urpok Il He HHcnekTHpyeT, TO MBI MepeXxOoAuM K cle-
AylollleMy Liary HFpbl, KOTOpbiH OT/AMYaeTcs OT NpEeAbAYLIEr0 TOJbKO

TEM, 4TO 40 KOHHA HIPbI OCTA€TCAd MCHBIICEC YHCJAO0 NCPHOIOB BPEMCHH.

CnepgoBaTesbHO, MATPHNA [Jif NEPBOrO IIara Urpbl BHIMVIAJUT CAEAYIO-
UM 0Gpa3oMm:

(—l 1 ) )
1 Ty )" (5.2.4)
DTO IaeT HaM CJAEAYIOLIiee PEKypCHBHOE onpepeseHue !)
-1 1 '
vN=va1( 1 UN—I). (5.2.5)

Hanee scHo, uTo Uy_; < 1; CAenoBatesibHO, MaTpuua (5.2.5) He umeer
ceanoBoi TOukd. IToaromy MBI MOXeM NPUMEHHTb (popmyay (2.5.24)
¥ NOJYy4YUTh PA3HOCTHOE YpaBHEHHE

Oyt 1
Uy = 5.2.6
N — UN—I +3° ( )
KOTOpoe BMECTE ¢ HauaJdbHbBIM YCIOBHEM
0, =0 (5.2.7)
Oﬂpeﬂ,eJIﬂeT On. MbI MOXKEM pEHIHTb 3TO ypaBHEHHe HOHCT&HOBKOﬁ
ty=1/(vy —1), (5.2.8)
UpHBOﬂﬁmeﬁ K HOBOMy paSHOCTHOMy ypaBHeHHI'O
fy =ty —1/2, (5.2.9)
tl= —1. (5.2.10)

3JTto YpaBHEHHE HMEET OUCBHIHOEC PEUICHHE

oy = (N — DN +1). (5.2.11)

Takum o6pasom, (5.2.11) paer Ham 3HaueHHe HTPBl Ha KaXAOM
ware, Ilocse 3TOrO MBI MOMKeM BBIYHCJAHTL ONTHMAJIbHBIE CTPATErHH
Ka)joro urpoka Ha KaXpaom mare. JleficTBHTEJIbHO, MaTpHIla HUrpHl
(5.2.3) Tenepb mpHHUMaAET BHA

~1 1
( [ (N___2)/N) (5.2.12)

OTKY L a

1) Yepes val A ofosnauaercs amauenue wrpm ¢ marpuueir A, — Tpux. nepes.
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H ypaBHeHus (2.5.22) m (2.5.23) paloT HaM ONTHMAaJibHbiE CTPATETHH

¥ = (1/(N+1), NJN+1)), (5.2.13)

- ree A7 o~
AJad N P

yV=(1/(N+1), N(N+1)). (5.2.14)

(\%

V.23. [Ipumep (KEHIUHB H KOIUKH NPOTHB MHLIEH H MYXKUMH).
B sroit ¢aHTacTHueckodi urpe rpynna I cocToHT M3 m; KeEHIUH H Mg
kowek; rpynna II cocrour us n; mbimeidr u ny myxund. Ha xaxgom
miare Kaxpaas rpynna BueGupaer npepcraButens. OINMH M3 IBYX Bbl-
OpaHHbIX MPEACTABUTENEH yCTpaHAETCs, COTJACHO CJAEAYIOLIMM NpaBH-
JaM: JKEHIIMHA YyCTpaHSET MYXKuMHY; MYXKUYMHA YCTPaHSET KOUIKY;
KOLIKA YCTPAHHAET MBIIUb, MHIUb yCTpaHAeT KeHWHHY. HMrpa npono-
XKaercs A0 Tex NOp, MOKa B OJHOH H3 TPYNOD HEe OCTAaHYTCA HIPOKH
TONbKO OJHOro tuma. Korjga rpynma He umeer Gosblie BeiGopa, Apy-
ras rpynna, O4eBHAHO, BbIMrpbiBaeT. Martpuua urpe, BooOlie rosopt,
OyAeT UMETb CJAEAYIOLIUA BUI:

P 1 33 ° 3 s 3 | I S . +
frty = 1, Iigy, Iy, Ioj L{my, My, Ny, NHyp— 1

)\
I my, Mma; n;““‘l, n2) P(mls my—1; ny, n2))a (52.15)

R pacCyXXi€HHsdA, aHAJOTHUHBIE pacCyXICHHUAM NI

H DACCYXACHHA, aHAJNOTHUI a V22, n
BOAAT K PEKYPPEHTHOMY COOTHOLLIEHHIO
o{m—1Do{my~1)=v(n—~1)v(ny—1)

v(m;, mo; Ny, n2)"—“ U(m;w-l)+0(m2-1)“0(n1”1)“0(n2—'l)

(5.2.16)

(3nech NPHHATHI CJAEAYIOIIHE COKpAallieHHBIE 3ATHCH:
v(m,—)=v(m —1; my n,, ny),
v (m2 - 1) =v (mb g —~ I; ny, n2)’
v(im—1)=v (my, my; ny—1, no),
~ th . f___ e s ,, - [N
bh—1}=0\mny, my, N, Np— 1j},
KOTOpPO€ BMECTE C I'PAHHYHBIMHM YCJOBHSAMH

e f e i s em ny . i 3 -
oumny, me, n;, Uy=ov{m,;, My, U, Ny} = 41,

ecnn my, my>0; (5.2.17)
v(my, 0; ny, n)=0(0, my; ny, ny)=~1,
ecm ng, no >0, (5.2.18)

HHAYKTHBHO ONpeenifeT 3HaueHue urpel. K coxkasenuio, 370 HenuHel-

HOE€ ypaBHEHHEC B 4H4aCTHLIX pasiocTax pPEWHTb HEJICTKO. OpHako Meko-
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TOpblE PE3YJdbTAaThl MBI MOJYUHTbH MOXKEM; HANpHUMeEp, eCJH Mg == n; ==
= Ny = 1, TO MBI HMeeM

o(m, 1; 1, 1)=

U B CHJAY CHMMECTDHH

vo(m-—1, 1; 1, )41
—-o(m-1,1;1, 1)4+3

(5.2.19)

o(l, 1; 1, 1)=0. (5.2.20)

Ho 3T ypaBHEHHS B TOYHOCTH COBNAajaloT ¢ YPAaBHEHHSIMH HpUMepa
.V.2.2, npuBeaeHHbIMU Boie. Cuie10BaTebHO,

vim, I; 1, )=(m—1)/(m+1) - (5.2.21)

¥ ONTHMAJIbHBIE CTPATETHH B 3TOM CJyuae TakKe B TOYHOCTH COBIa-
AAlOT ¢ NpUBEJCHHLIMH B npumepe V.2.2.
V. 3. CTOXACTHYECHHEE ATPBI

ITH WUIPHI AHAJOIHYHb UrpaM, paccMoTpeHHbnM B § V.2, HO oTaH-
YalTCH OT HHX B HEKOTOPBIX BaXKHBIX OTHOLICHHAX. 34€Ch HMeeTcs
TOJIbKO KOHEUHO€ YMCJIO0 Pa3JHMUHBIX NMO3HIHH, HO UFpa MOXKET BO3Bpa-
IaTbCA B MOpPEAIIECTBYIOUIYI0O MO3HIHIO, TaK 4YTO TEOPETHUECKH 3TH
WIpEl MOTYT MpojoJjxaTbes OeckoHeyHo. Kpome Toro, Ha KaxKaoMm
miare Hrpel 0ObIYHO omnpeneseH BBIMTDBILI, TAK 4TO O6ecKOHEYHBIH BHI-
Hrpb[m CHOBa T'e(_)peT‘ﬁquKH BO3MO2KEH. UﬂHaKU [lpaBHﬁa Hr pbl BKJIKO-
Yal0T pPaHJOMH3aLMI0, KOTOpas TapaHTHPYeT, YTO IJsd BcexX BblOOpOB
CTpaTeruil BepoOATHOCTh O€CKOHEYHOH MAapPTHH paBHa HYJIO H MareMma-
THUECKOE OXMJAaHHe BHIUTPHIIIA KOHEUHO.

Tounee, croxacruueckas urpa ectb Habop p «UzpOBLLY IAEMEHTOBY,
win mnosunud Iy, Kaxani nrposon 3JIEMEHT MNpE€ICTaBAACTCS
(mr X np)-marpuueii, sJeMEHTE KOTOPOH HMEIOT BHJ

+ 2 q” I (5.3.1)"
TAE
¥ =0, (5.3.2)
Iy
D gi <. (5.3.3)

=1

dnemeHT «of, onpepeneHHnfl B (5.3.1), o3HauaeT, 4TO eChAH B R-M
if

 HrpoBoM 3JieMeHTe HUrpok I BBIGHpAeT CBOIO i-10 YHCTYIO CTPATerHio,
a nrpox II BoiGHpaeTr CBOIO j-10 YHCTYIO CTpaTeI‘HIO TO Bbxm‘pmm pa-
BeH = aj, H, KpOMe TOro, C BEPOATHOCTBIO ¢jF; Mmi=1,...,p

pasnirpoiBaercs [-H HTPOBOM 3JE€MEHT, a ¢ BepOﬂTHOCTbIO

P
g =1— ZJI g4 (5.3.4)
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napTHs 3akaHuuBaercd. YcaoBue (5.3.3) yTBep:KAaeT, UTO Ha KaxKAOM
1are BEPOATHOCTbL TOFO, YTO MAPTHA 3aKOHYHTCH, MMONOXKHTeabHa. Ta-
KMM 06pasoM, BEpOATHOCTb TOTO, YTO MAPTHs OKaXKeTcsi GecKOHeyHOH,
paBHA HYJI0 U MAaTEMAaTHYECKOE OXHIAHHE BHIMIPBIIIA KOHEYHO.

V3.1. Onpeneanenue. Crparerua urpoka | mpeacrasaser co-
Oolt nng k=1, ..., p 4 BceX NOJOXKHUTEJNbHBIX LeablX { HaGOp my-Bek-
‘TOpOB X%, yNOBJIETBOPAIOIUX YCAOBUAM

My
S aft=1, (5.3.5)

i=t

x# = 0. (5.3.6)

‘Crparerus Oyner HasblBaTbes CTAQyUOHAPHOW, €ciau OJsl Bcex R Bek-

‘TODL! vkt HEe 3aBHCHT OT f
A% JCLIIILI. L) Wl L)

Ananoruyno ctpaterus urpoxka Il ecte Habop n,-BekTOpOB yhi.
Kopoue roBops, uHcji0 x¥ ecTb BepOATHOCTb BhiGopa Hrpokom I

Ha [-M 11are Urpel B urpoBoM ajaemeHTe 'y cBoeH i-W uHMCTOH cTpaTeruu.
Tak kak 3nemeHT 'y MOXKeT HrpaTbcsl HECKOJBbKO pa3, urpok | Heols-
.3aTEJIbHO JOJNXKEH MCHNOJb30BATh OJHH U TE€ K€ BEepOATHOCTH BCAKHUM
pas, KOrAa 3TOT 3JieMeHT paabirpbiBaercs. Ecau Ke, ofgHako, OH jgefl-
CTBHTEJNIbHO HCIOJAb3yeT OAHY H TY € DPaHJOMH3AIHOHHYIO CXEMY
BCAKHH pas3, Koraa pasbiTpblBaeTcd 3TOT HITPOBOH 3A€MEHT, TO TOBO-
PSAT, UTO CTpaTerus cTalldOHapHAa. EcTecTBEHHO, 4TO C TOUYKM 3peHHA
TpOCTOTH CTALlMOHAPHAS CTpPATErHs MpPEINOUYTUTENbHEE.

Ecau pana mapa cTpaTeruii, To MaTeMAaTH4YE€CKOE OXHJAHHE BHI-
HIPBILIA MOXHO BBIUHCIUTD A jgi06oro B =1, ..., p B npegnosoxe-
HHM, 4YTO HepBbIM Liarom Hrpel Oyier urposoét ajemeHT I'x. Takum
‘.06pa3oM, MaTeMaTHYecKOe OXHJaHUe BBIMIPBHIIUA JJis MHapel cTpare-
FHH MOXHO pacCcMAaTpHBATh KakK p-BeKTOp. Kak u B OOGBIYHBIX MaTpuy-
HBIX Mrpax, 3TO NPUBOAMT K ONPEIECJCHHIO ONTHMAJBHBIX CTpAaTerHi H
.3HAUEHHS Hrpbl, MNpHYEM 3HAu€HHe HrPbl eCTb pP-BEKTOp U =
= (01, U2, ..., Up).

$IcHO, 4TO eciu BEKTOp 3HA4YEHHH CYILIECTBYET, TO MOXKHO 3aMe-
HHTb HCPOBOW 37eMeHT I', KOMNOHeHTOH vy 3HaueHusa. OTciopa cie-
JAYET, 4TO Mbl AOJKHBl UMEThb

2

U=

m

n i ~\
Dk (D-Oo{)

Ve
rae By ectb (my X np)-matpHua (b”), onpeaeseHHad HopMyJioH
. , LS
biy= aiy + 2% bijuy. (5.3.8)
=]

STO, KOHE€4HO, JHUIb HEABHOC onpcacyjeHue; Mbl OO0JXKHBI MOKa3arTh,

I AUTITAATRYYAT B TALTITAATI) MATIIIT DAY TN { o PR ‘rﬂnn b fat
ER AV \._yu_l.\.a\.,ll)'ybl D 1UHSIVULY 1YL wiariil DLI\IUP \Ul, LI Up;, )‘J.I,U -J ™

psawomui ypaBHeHusaMm (5.3.7) u (5.3.8).

MmN
1DV~
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V3.2 Jemma. Mycro A =(a;) u B=(bi;) cyrv (m X n)-mar-
puybl, yoosaeTsopaouue YCA08UIO

a;;<by+Rk, i=1, ..., m j'=l, coey N, (5.3.9)
d0as Hekotopozo k. Tozda val A < val B + k.

AokasarteabcrtBo. [lycrs v = val B, a y — ontumasibHas cTpa-
tTerus urpoka II B urpe B. Torga pnas Bcex i

Zaify;<2b¢1y,+k2w§v+k,

TaK 4TO Yy JAaeT BEPXHIO [paHHIy NpoHrpbilla B urpe A, KoTopas
MeHplie v + &.

V.3.3. Teopema. Cyujectsyer 8 TOUHOCTU 0dun 8eKTOp
v=(vy, ..., Up), yoossersopaouuti coorHowenusm (53.7) u
(5.3.8).

JlokasartenbcTBO. JlokaxeM CHayaia €JHHCTBEHHOCTb.
ITpeanonioum, 4TO CYIIECTBYIOT ABAa TaKHX BekTOpa, v H w. IlycThb.
k — HOMEp KOMIOHEHTHI, AJisi KOTOPOTO BeJHuHHA |vp — wy| HauGodb-
masi, ¥ NPeANOJOXKHM [Jisl ONPENESEHHOCTH, 4TO Up — Wy = ¢ > 0.

OnpenenuM aBe MaTpuunl By ¥ By COOTHOLIEHHSAMH

k k &l ~k k -2}
q bit =a + 2 qijvy, bip=ai+ 2 qijW;.
CHO, 4TO :
k &k ki '
Ibtf““Etfl = qijl vy —wyi<c

¥ U3 jgeMMbl V.3.2 caenyer, 4To0
val B, <val B, + c.

Ho rak kak, mo npeanojioxenuo, v 4 @ o6a yaposjaerBopsilor (5.3.7)
u (5.3.8), T0
V<< Wy +c.

OpHako Mbl NPEANOJOXKHM, 4TO Up — Wy = C. ITO NPOTHBOPEUHE [0~
KashiBaeT €JHHCTBEHHOCTb.

Jlokaxkem Temeppb ‘cyliecTBOBaHue. Mbl IOCTPOMM MOC/€A0BATENb-
HOCTb BEKTOPOB, KoTOpas Oyaer cXOAMTbcA K TpebyeMOMY BEKTOpY-
3HayeHui. OnpenesuM HHAYKTHBHO

v0=(0, 0, ..., 0, (5.3.10)-
b?;=a’f,+§q§§v§, r=1,2 ..., (5.3.11)
vit! =val B} = val (b%). (5.3.12)

Ham HyxHO nokas3artb, uT0, BO-mepBLIX, MOCJEAOBATCJABHOCTH BEKTO-
PoB v"=(v{, ..., v}) CXomHTcA W, BO-BTOPHIX, HNpeles oOGJaasaer
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-TpebyembiMu cBoiictBamu (5.3.7) u (5.3.8). Ilosoxum

s=max{ i q’f;‘f}. (6.3.13)

R, I, j L=l

B cuay (5.3.3) M KOHEUHOCTH MHOXKECTB HHAEKCOB B, i, j umeem s < 1.
Ecau Mpl N0J0XKHM
— r+l __ gyr
£, mfx{lvk v, ]},

‘TO JierKo moka3satb (mo jemme V.3.2), uto {, = S{,_; H, cjel0BaTENbHO,
i, =< s7t,. Orcloga chaejyeT, 4yTO MOCA€J0BAaTEJNbHOCTb BEKTOPOB U7
€CThb MOCJEeA0BATEABHOCTh KOUIY H mO3TOMY JOJKHA CXOAHUTLCHA K Hpe-
_xeny; o603HauuM 3TOT mpeaes depes v. [lonoxum Tenepb

TAE

‘Mbl yBHAHM, 4TO Wy = Up AJA Bcex k. JlefictBuTedbHO, ads sio6oro
£¢>0 Mbl MOXEM BHIOpaTb r cTogb OGosblinM, 4TOOBI AJA Beex R
BHINOJIHAJMCE HEpaBeHCTBa

| v, —v,|<ef2, (5.3.14)
|0yt —v, | <e/2. (5.3.15)

Jlerko nokasaTe, uto u3 (5.3.14) u aemmb V.3.2 caeayer, 4to AJd
Bcex k Gyger |vyt!—w,|<e/2; ato Bmecte ¢ (5.3.15) osHauaer, uTO

IJI Bcex R
I Wp — Up '<8

Ho Tak kKak & NpOU3BOJIBHO, Uy = Wh.

Bropass uactp JOKasaTenbcTBa TeopeMHl V. 3.3 KOHCTPYKTHBHA,
OHAa JA€T HaM BO3MOXHOCTb aNNpOKCHMHPOBATb 3HAYeHHH MIPOBBIX
gjgemeHTOB Iy AocratouHo 3¢¢ekTHBHBIM cmocobom. Ecaw Mbl nmpen-
MOMIOXKHM, YTO Hrpa OyJeT NPOAOJKATbCA KaK CTOXACTHYECKad, MOKa
Mbl He ChITpaeMm r pas, a 3aTeM He0OXOAMMO 3aKaHuMBaeTcs (ecJH OHa
yxe He 3aKOHUHJACh), TO MBbl MOJYYHM HIpy Ha pasopeHHe (yceueH-
HYI0 HTPY), a He cTOXacTHuecKylo Hrpy. Ecam mbl pelmmm sty Hrpy
Ha pa3opeHue Merozamu § V.2, To MBl NOJNyYyHM 3HAuY€HHS U U ONTH-

MaJibHbIe CTPATErHH B MaTpHuHbIX Hrpax Bj. Ymucio s, onpepeneHHoe
dopmyJaoi (5.3.13), obaasaer TeM CBOHCTBOM, 4TO 8EPOATHOCTbL TOR20,
yro uzpa Gyder npodoaxcarsca 6oaee r wia208, kakde Gbl cTpaTeruu
HH HCIOJb30BaJjivch, He npeeocxodur s’. Takum 06pasoM, eciu r no-
CTATOYHO BEJMKO, TAK 4YTO S' MpeHeOpeXXHMO MaJio, TO MBI MOXKeM

Uy e AN LRI A1 BALVE L viddJiWS,  1L7  IvilM

ANNPOKCUMUPOBATL CTOXACTUHECKYIO u2py u2poil, yceueHHod nocae r
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wq208. VIMeHHO B 3TOM CMBICA MNOCTENOBATENbHOCTH BEKTOPOB U,
Kpome Toro, onTHMasibubie CTpATErHH X*" M Yk yceueHHBIX Urp B mpe-
nesie CXOAATCA K ORTUMAAbHOIM CTAUUOHAPHbLIM CTPATE2URAM CTOXACTH--
4YeCKOH Hrpol.

V.34. ITpumep. HUrpoku I u Il umeror BMecte nare epunun. Ha
Kaxa0M uiare urpsl urpok I BeiGupaer aubo «rep6», JUGO «pelIeTKy»;
urpok II, He 3Has BeiGopa wmrpoka I, npenaer anasorwunmii BeiGOD.
Ecnn BuGophl coBmaaawt, urpok II maartur urpoky I auGo Tpu, aubo-
OIHY €AHHHIY B 3aBUCHMOCTH OT TOrO, 4TO GbiJIO BBIOpaHO, «rep6» WM
«pewerka». Ecau BoiGopb He coBnajgaioT, Hrpok | nmatur urpoxky II
JBe eauuuipl. flocne kaxporo mara GpocaeTcsl MOHeTa AJsl TOTO,
4TOGB! ONpPENENTb, NPOAOKATL HIPY HJIH 3aKOHUHTH,€€; KpOMe TOrO,
Urpa 3akaHYHBa€TCsl, KaK TOJIbKO OAMH 13 HIDOKOB pasopurca. Mul
HaKJaabiBaeMm eille JONOJHHTENbHOE YCJOBHE, COCTOAIEE B TOM, UTO:
HHY OJHH UTPOK HE MOXET MJIATHTb 00Jibllle, 4eM OH HMEET.

DTy Hrpy MOXKHO MpeACTaBUTh YETHIPhMs HIPOBLIMH 3JCMEHTaMH
Iy, TAe k— BennunHa, KOTOpY0 uMeerT Mrpok | B Hauaje paHHOro
nara, caeaymomum obpasom:

3+T,/2  —1
r1=( iy 1+r2/2)' (5.3.16)
3 -2
rzm(_g 1+r3/2)* (5.3.17)
37\=24Ty/2 141,92/ o
r4z(__2+1,2/2 , ) (5.3.19)

Ecau Mbl ucmonbsyem mHAyKTHBHBIE dopmyas (5.3.10)—(5.3.12),
TO B KauecTBe HayaJbHbIX NPHOJIHKEHHH K 3HAUYECHUAM MOJAYUUM

v®=(0, 0, 0, 0),

vl =(0,33; —0,13; —0,29; —0,5),
v?=(0,26; —0,19; —0,29; —0,53),
v3=(0,26; —0,19; —0,31; —0,55),
v*=(0,26; —0,19; —0,32; —0,55),

£ vt ecTob BEKTODp 3HaYECHHH C TOYHOCTBIO A0 ABYX AECATHYHBIX 3HAKOB.
leflepp MH MOXEM HCOOJb30BaTh U AJis HaXOXKJeHHS ONTHMAJbHBIX
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.cTpaTeruii B KaXXKAOM MrpoBoM ajeMeHTe. JleHCTBHUTENbHO, nMeeM

5 ( 2,72 —1 )
O | 0,91/’

3 —2
B2=(—2 0,84)’
2 1,87
B3=(--1,87 0,72)’
[ 1 =210

Bi=\_910 1 )

H 3TN ManH‘{HHe HPpr HMEIOT COOTBETCTBEHHO CJ!GIIYKJIILHG OIITHEM adb-
Hble CTpaTeruH: .
£ =(0,34; 0,66), y'=/(0,34; 0,66),
¥ =(0,38; 0,62), i=1(0,38; 0,62),
x%=(0,40; 0,60), y®=1(0,40; 0,60),
¥t =(0,50; 0,50), y*=1(0,50; 0,50).

DTH BEKTOPH HalOT ONTHMAaJbHble (CTAlMOHApDHBIE) CTPATETHH B CTO-
XacTH4YECKO#R Hrpe.

V. 4. PEKYPCHABHBIE UTI'Phl

V.4.1. PekypcuBHble HIpHl aHaJOTHYHB UTpaM Ha pasoOpeHHE H
CTOXaCTHYECKHM HTPaM, MO COAEPHKAT HEKOTOphie YCJHOXKHEHMS, OTCYT-
CTBYlOLIME B XPYTHX Hrpax. KaKk # B CTOXaCTHYECKMX HIpax, UrpOBLIE
ajaeMeHTH (MO3MUMM) MOTYT NMOBTOPSATHCA; KaK M B Mrpax Ha pasope-
Hue, BePOSITHOCTH OKOHYaHMA Ha HEKOTOPOM Iare MOTyT ObITb paBHEI
ny/io. Ho 3ti ABa (akra AesaloT BOSMOXKHON He TOJIbKO GECKOHEUHYIO
NapTHIO, HO U €€ OCYLIECTBJEHHE C MOJOXHTEAbHOH BeposSTHOCTbIO. [lais
-Tor0 4TO6GH 3HAYEHHS GBbIIM KOHEUHBI, BHIMTPHIUI OOBHIYHO OTNpeenseTcs
TONBKO MOCJEe OKOHYaHus Urpbl. B caydae 6eCKOHEUHOH MapTHH TaKkKe
MOXKeT ObiTb ONPEeAeseH BbIUIPHI Q.

I'naBHAst TPYEHOCTb B 3THX HI'Pax B MPOTHBOMOJIOXKHOCTb CTOXACTH-
yecKHM COCTOMT B TOM, 4TO alNpoKcuMamusa peKYpCHBHBIX HIp Yyce-
YeHHBIMM OBBIYHO HeBO3MOXKHA., JlefCTBUTENbHO, TaK Kak OeCKOHeuHast

napTHs MOXKET HMMETb NOJOXKHTEAbHYI BEPOSITHOCTh, He CYUIECTBYET
TaKoro uyucaa r, 4ytobnl 3dGPEKTOM ycCeueHHs IOCae 7 maroB MOXKHO

L R ¥ 2 a4 WS ara b

6us0 6bi mpeHeOGpeub. KpoMe Toro, Tak Kak ycioBue (5.3.3) 3ame-
HseTcs 6odee caabolmM YCAOBHEM

14
=1, (5.4.1)
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0w
cucreMa ypaBHeHui#, aHajoruunas (5.3.7) u (5.3.8), Heob

6yner uMeTb €IMHCTBEHHOE pellIcHHE. AHanoruuHo, nocjaefoBaTeNb-
HOCTb BEKTOPOB U, ompefeneHHas Kak B TeopeMe V. 3.3, Heoba3aTedb-
HO GydeT CXOAUTbCA K HCTHHHOMY 3HAYEHHUIO MIPBHI IIpuBenem B Kaue-
CTBe NpuMepa pPEKYPCHBHYIO HTPY C €AHHCTBEHHBIM HTPOBBIM 3JIeMEHTOM

(") 54

B srom cayusae sicHo, uro ecau Mel BozeMeM v' = —I1, 1o 0!, 0?
H T. 1. 6yayT paBHbI v°, a ecan Mol BosbmeM 00 == —1, to 0!, v? u 1. 1.
6yayr paBubl —1. CiaexoBaTesbHO, XOTS MOCA€AOBATE/NBHOCTb 3HAueE-
HUil CXOZUTCS, OHA HeoOGA3aTENbHO CXOAMUTCA K HCTHHHOMY 3HAYEHHIO
HTpbl, KOTOPOE PaBHO, OUEBMAHO, GOJbIIEMY M3 ABYX UHCed do M —I.

Tounoe omnpegedaeHHe 3aKJIOUAETCH B CJAEAYIOUIeM: peKypcHBHas
Hrpa COCTOMT M3 KOHEYHOTO uucia HIpPOBbIX 3JeMEHTOB I'x, 3aiaBae-
MBIX MaTpuuamMu Ap, 3J€MeHTbl KOTOPBIX UMEIOT BHJI

af, = qRaf, + gpl g5, (5.4.3)
rae ¢¥ yRoBAETBOPAIOT YCAOBHAM
g) g =1 (5.4.4)
g% = 0. (5.4.5)
Ecan mMBl Temepp paccMOTPUM COOTHOUIEHHA
v, = val By, (5.4.6)

rie By — MaTpuia c 31e€MeHTaMHU
D
bk = qRak, + 2 qilo (5.4.7)
i = 9l A 9t et

TO MB YBHAMM, YTO 3TH COOTHOUIEHHS HMEIOT pelIeHHe, XOTs, BOOOIIe
rOBOpsi, 1 He eAuHCTBeHHOE. JleficTBUTENbHO, HETPYAHO MOKAa3aTb, 4YTO

dbyskuus
f(vy, Vg +.., U,)=(val By, ..., val B))

HenpepbiBHa (B AEHCTBUTEJBbHOCTH OHAa YROBJETBOPAET YCJAOBHIO Jlum-
mwuna ¢ KoHcraHTod 1). Kpome Toro, HeTpyaHo mNOKasatb, 4YTO €C/H
Bce Uy NPHHAAAEXKAT MHTEPBANY
‘1 gk k
min a%, maxaﬁ],
5,1,k Lk
k

TO Bce by, a CAefOBaTeNbHO, M 3HAUeHHs MIp ¢ MaTpuuamu B, Tak-
XKe OpuHagaexar 3tomMy uHrepBaiay. Ilo Teopeme Bpayspa o Henmon-
BIDKHOA TOYKe CYLUleCTByeT Takod Bektop o, uro [(v) =v. K
COXaJeHuIo, TaKuX BEKTOPOB MOKeT ObITb HECKOADbKO, XOTfl BO MHOrHX
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‘MHTEPECHBIX NPHUJIOXKEHHAX OHU €ANHCTREHHDI. BooG11le roBops, BEKTOPOM
3HaueHuil Gyxer BeKTop, OmyKaMIuuii B HEKOTOPOM CMHICAe K YHCAY
Q. (OTHOCHTENBPHO GoJiee MOAPOBHOrO M3JIOKEHHS, a TaKKe HOKa3a-
TeJbcTB cM. IJBepert [V.6] m Muanop u Llenau [V.10]) Hakouen
‘CAICAYyeT 3aMETHTb, YTO MOTYT CYILUIECTBOBAThb JHIIb g-ONTHMAaJbHBIE
CTpaTerny, a ONTHMAJIbHBIX CTPATErMH MOXET ¥ He GbiTb BOBce. [lpu
g —( MaTeMaTHYECKOE OXHMAaHHE TPORONKUTEIbHOCTH HIPHI MOMKET
HeOrpaHHYEHHO BO3pacTaThb; CAELOBATEAbHO, MaTeMaTHuecKoe OXHUEA-
HHe BHIMTpHIIA OyAeT MUMeTh pPa3peiB, TAK KaK NpH mepexoie K mpe-
JEAbHOH CTpaTeruy BBIUIPHIL OYAET MEHATHCH € ¥ HA Qoo

Hro6bl MPOMAJIOCTPUPOBATL HEKOTOPHIE M3 MEPEuMCACHHBIX BHILIE
TpYAHOCTEH, npuBenem caedymowwmii npumep (cm. Isepert [V. 6]). Stor
TpuMep MpencTaBasier co6oil ORMH 3 BapuaHTOB Mrp bBaorro, Hasw-
-BaeMblX TaK MO MMEHM «IJIaBHOTO reposi» MOJKOBHMKa BJaotTo,

V4.2, lipumep. Ilonkosuuk Biorro, uMes Tpu noapasiesenus,
JOJXKeH 3aXBaTHTb BpaxKeCKuH ¢opnoct, 060poHsemblil ABYMS MOApas-
meneanaMu. OH JOJXeH, OfHaKo, 3a60THTbCSA O TOM, 4TOGH B TO Bpe-
M KaKk OH aTaKyeT BpayKecKMd (popmocT, NPOTHBHHK HE 3aXBaTHJ €ro
COGCTBEHHBIH Jarepb. ATakylouieMy AJs ycllexa HeO6XOAMMO HMETb
Ha OZHO MNOApasiesieHHe Gojplie OGOPOHAIOLIMX CHJ; €CaAH aTaKylo-
IIMe. CHAB HEAOCTATOYHO BEAHKH, TO OHH NPOCTO OTCTYNAIOT B CBOM
Jarepb, ¥ Urpa HauYMHAETCs CHOBA Ha caeAylomuil deHb. Bolurpeim pa-
Bed +1, ecinm Baorro saxBaToiBaer Bpaxeckuii Qopnoer, He Tepss
TpH 3TOM CBOH JIarepb, M PaBeH —I, ecau NPOTHBHHK 3aXBaThIBaeT
Jdarepb Bnorro. Jlns 6ecKOHeuHOH NMapTHM BBIMIPHILI TPeANOJaraercs
pPABHHIM HYJIO.

DTy PEKYPCHBHYI0 HMIPY MOXHO HNpPEACTABUTH OJHHM HIPOBBHIM
anemedTom I'. Crparerun B I' COOTBETCTBYIOT MPOCTO AE/AEHHIO HA aTa-
Kylou#e u 060pOHSIOLNE CUHIIb; TaK, BI0OTTO nMeer yeThipe cTpaTeruw,
.cootBercTByomne 0, 1, 2, 3 arakyiowuM noapasjieneHusAM, a ero
NIPOTUBHUK — TPH CcTpaTerud. Marpuuna 3Toif urpm OydeT Takopa:

/P I P\

r r 1 |
T o1l (5.4.8)
1 -1 -1

Mo>xHO noKasaTp, 4YTO 3HAYCHHE 3TOH urpel pasio +1, a e-ontu-
MaJjbHble cTpaterun biaorro mmeror Bup (0,1 — 8 —82 9, 62). Uem
menbiue §, TeM Gonbilie y BAOTTO RepoATHOCTh NOGeAB U TeM GOoJblle
MaTeMaTHYECKOe OXHAaHHE NPOLOJIKHTEAbHOCTH Mrpol. Takum o6pa-
B0M, CaMO€ BaXXHO€ 3A€Chb, MO-BUAMMOMY, TepneHue. OLHAKO eciu MK
nonoxum 8 = 0, To urpa Moxker GECKOHEUHO MOBTOPATHCA. TaKHM 06-

pasom, y biorTo He cyuiecTByeT ONTHMAaJAbHON cTpaTerni.
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V4.3. O6o6meHuns. MoxHo 06cyauTb 00600ILEHH pPEKypCHB-
HBIX ¥ CTOXACTHUECKHX HIP B pa3HbiX HanpaBaeHusax. OJHa BO3MOXKHOCTb
morsia 66l cOCTOATb B TOM, YTOOH AONMYCKATb NMAATEXKH B PEKYPCHBHBIX
Wrpax fae TOTAa, KOrZa Mrpa He KoHdaeTcs. TpyAHOCTB 34eck, KO-
HEeYHO, COCTOMT B TOM, YTO B HEKOTOpPBIX CHTyauusix He Oyder cyuie-
&TBOBATb MaTEMaTHYECKOr0 OXHAAHUSA BHIMrphILIA. 3/€Ch MOTYT BCTpe-
TUTbCR pacXoAfAlliuecs PAH, NOpHYEM OHH MOTYT JUGO pacXOAUTbCA
' +oo WAM —oo, AU60 OCUHAAHPOBATH. B mepBBIX ABYX clyuasx Mbl
-MOrJiH 6bl CKasaTb, YTO MaTeMaTHuecKoe OxHAaHue OE€CKOHEYHO, HO
‘® cay4ae OCHHIIHPYIOIIMX PAKOB MAaTEMATUYECKOr0 OXHAaHusd, KOHeY-
BO, He CyLIecTBYeT.

" Bropasi BO3MOHOCTb MOXET COCTOfiITb B TOM, YTO HrpOBHE 3J]€-
MeHThbl ', MMeIoT GecKOHeuHOe YHca0 YMCTHX crpareruid. Tak, I's moryr
HMeTb BHA MFp Ha KBaApare WM faxe Gosee clOXHbBIA BHA. IJBepeTT
{V.6] nokasasa, uTO NpH HEKOTODBIX PasyMHbIX MPEANONOKEHHUSIX ITH
HIDHl TaKKe HMEIOT 3HA4YCHHME H e-ONTHMAaJbHblE CTPATEr#H; NPH 3TOM
.£-ONTUMAaJIbHBI€ CTPATErMH, OZHAKO, MOTYT OBITb HeCTALUOHAPHBI.

V. 5. THOGEPEHIAAJILHBIE UTPhI

JIpyroe BO3MOXHOe OGOOGIIEHHE CTOXACTHUECKHX M pPeKypCHBHbBIX
HIp AAOT HTPB, B KOTOPHIX NPOMEXYTOK BpEMEHH MEXIy XORaMH
yGbIBaeT M, HAKOHel, B Npefese MoJyyaercsl urpa, B KOTOpo# KaXk pift
UIPOK JOJIKEH A€]aTh XOA B KaxkAblli MOMEHT BpeMmeHu. BBupy roro,
YTO XO4bl COBEPLIAIOTCSH HENPEPBHIBHO, €CTECTBEHHO MNOAO3peBarhb, 4TO
HTPOBOM 3/eMeHT OYyNeT MEHATbCA BECbMa HE3HAUYMTELHO B TeuCHHE
MaJbIX NPOMEXYTKOB BpDEMEHM; MHaue rOBOpS, HFPOBOH 3JEMEHT Me-
“HfeTcs HenpepuiBHO. TakK, ecaM HrpoBOi 37€MEHT NpeAcTaBJeH TOYKOH
‘B eBKJMAOBOM NPOCTPAHCTBE HEKOTOPOH pa3MEPHOCTH, TO OOBIUHO CUH-
TAIOT, UTO CTPATETHH ONpPEAEASIOT ABMKEHHE 3TOH TOuKM (HIPOBOTO

sjemeHTa) nocpeacTsoM AuddepeHnHaabHBX ypaBHeHHH.
Tounee roBops, Mbl MOXEM AaTb CAeAylolllee ONpeRe/cHHe: HIpo-
BOii SJIEMEHT mNpeAcTaBAfeTcs Ha6opoM #n  BellleCTBEHHBIX YHCeN

\
Xnj, Ha3biBaACMbIX REPEMEHHbIMY COCTOAHUAMU.

£ o
&7 PRIPI
B kaxawii momeHnT BpemeHm ! urpok I sbiGupaer HaGop p Belle-
CTBEHHBIX 4ucel ¢ = (@1, ..., Qp), NONURHEHHBIX, BOOGIe TOBOPH, He-
KOTOPHIM OTDaHMYEHHMSAM, OGLIYHO HMMEOIIUM BHI @; = @; = b;, rae
‘a; u b; — KOHcTaHTH, AHajoruyHo, urpok II BeiGupaer HaGop ¢ 9H-
cea Y= (P, ..., Pgq). BEKTOPH @ H P HASBIBAIOTCA YNpasARIOUUMU
nepemerHoimy. YUpaBafiollde nepeMeHHble BAMAIOT 3aTEM Ha H3MeHe-
HHe MEpPEeMEHHBIX COCTOSIHMSI B COOTBETCTBHM C CHUCTeMOH auddeped-

UHAJBUBX YpaBHEHuH (Ha3bIBAEMBIX KUHEMATUHECKUMU YPABHEHUAMU)
=F 0 0 ¢), i=1, ..., n (5.5.1)

r£Ae &; — npaBas NpPOU3BOAHAST OT X; [0 BpEMEHHU.



T'a. V. Muozowazosoie uzpot




























































































































































































































































































































